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Abstract

This thesis deals with bifurcations of vector fields, which occur in models of choice in nu-

merous applications. More specifically, we are concerned with a type of global bifurcation

called homoclinic flip bifurcation, which is known to generate complicated dynamics.

When a real saddle equilibrium in a three-dimensional vector field undergoes a

codimension-one homoclinic bifurcation, the associated two-dimensional invariant mani-

fold of the equilibrium closes on itself in an orientable or nonorientable way. The main fo-

cus of this thesis is to study how the global invariant manifolds of different saddle periodic

orbits and equilibria reorganize phase space for a vector field close to a codimension-two

homoclinic flip bifurcation. This is the point of transition between having the orientable

and the nonorientable case. Such a codimension-two homoclinic flip bifurcation point un-

folds generically in three different cases, denoted A, B and C; case A has been considered

previously.

In this thesis, we focus on cases B and C, which are organizing centers for the cre-

ation and disappearance of saddle periodic orbits (a new feature compared to case A).

To explain how the global manifolds organize phase space, we consider Sandstede’s three-

dimensional vector field model which features these bifurcations. We compute global

invariant manifolds and their intersection sets with a suitable sphere by means of contin-

uation of suitable two-point boundary problems. In this way, we are able to understand

their variations in geometry as different codimension-one bifurcations are crossed and their

roles as separatrices of basins of attracting periodic orbits. We present the unfoldings of

both cases B and C in unprecedented detail. In particular, we find heteroclinic orbits

between saddle periodic orbits and equilibria, which give rise to regions of infinitely many

heteroclinic orbits for both cases B and C. In particular, we identify and characterize

conjectured results about chaotic and sensitive dynamics for case C; furthermore, we also

discover a plethora of additional bifurcation phenomena for both cases.

Overall, we present a geometric picture of the many different bifurcations involved.

Apart from being of interest for completing the theory of homoclinic flip bifurcations,

our results and associated numerical methods are also relevant for models that describe

physical phenomena, like the Hindmarsh–Rose model and the Van der Pol–Duffing model,

where homoclinic flip bifurcations have been identified as important ingredients to explain

observed behaviors.
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3.1 Poincaré Compactification . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.2 Configuration of equilibria . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.3 Analytical study at infinity . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.4 Summary of compactification . . . . . . . . . . . . . . . . . . . . . . . . . 36

4 Invariant Manifolds close to a Homoclinic Flip Bifurcation of Case B 39

4.1 Bifurcation diagram of an inclination flip of case B . . . . . . . . . . . . . 40

4.2 Manifolds in the open regions near the inclination flip point BI. . . . . . . 42

4.3 Intersections of the invariant manifolds with a sphere . . . . . . . . . . . . 47

4.4 Transition of the homoclinic orbit through the inclination flip . . . . . . . 55

4.5 Orbit flip of case B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.6 Summary of case B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

5 Invariant Manifolds close to a Homoclinic Flip Bifurcation of Case C 65

5.1 Definition of the winding number . . . . . . . . . . . . . . . . . . . . . . . 66

ix



x Contents

5.2 Bifurcation diagram near CI . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.3 Transition through the homoclinic bifurcations . . . . . . . . . . . . . . . . 72

5.4 Cascades of homoclinic and heteroclinic bifurcations . . . . . . . . . . . . . 77

5.5 Smale–horseshoe region . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5.6 Transition to a strange attractor and period-doubling cascade . . . . . . . 91

5.7 Global picture in the (α, µ)-plane . . . . . . . . . . . . . . . . . . . . . . . 97

5.8 Summary of case C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6 Boundary Value Problem Formulations 105

6.1 Computation of a stable manifold . . . . . . . . . . . . . . . . . . . . . . . 106

6.2 Computation of the curves CC+ and CC− . . . . . . . . . . . . . . . . . . 114

7 Discussion and outlook 115

Bibliography 119



1
Introduction

Dynamical systems has been an active area of research since the work of Henri Poincaré

on celestial mechanics [57]. More recently, the bifurcation theory of dynamical systems

has become a tool for understanding different phenomena as far ranging as the excitation

of neurons [19, 28, 33], turbulence in fluid flows [59, 67], and the dynamics of laser systems

[58, 70]; more applications can be found, for example, in [25, 66]. The models arising in

such applications are often vector fields of the form

ẋ = f(x, µ), (1.1)

where x ∈ Rn is the state, µ ∈ Rm is a (multi-)parameter and f : Rn × Rm → Rn is a

sufficiently smooth function. For any fixed value of µ, system (1.1) defines a flow φt on

the phase space Rn for all t ∈ R. In bifurcation theory, one wants to understand how the

phase portrait of the flow φt changes topologically when µ is varied. One way for such

topological changes to occur is through changes of stabilities of equilibria and periodic or-

bits in phase space. These are known in the literature as local bifurcations, and they have

been studied in detail by normal forms and desingularization techniques [25, 38, 56, 66].

Global bifurcations, on the other hand, are topological changes arising from interactions

between global stable and unstable invariant manifolds of saddle equilibria and saddle

periodic orbits. These manifolds have dimensions determined by the number of stable

and unstable directions, and they organize the phase space globally [54, 65]. Of all the

possible interaction between global invariant manifolds, homoclinic bifurcations, —the

intersection of the stable manifold of a saddle equilibrium with its unstable manifold—,
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2 Introduction

have been studied most extensively. Indeed, they lie at the heart of complicated dynamics

in smooth vector fields. Since the work of Shilnikov [63] on homoclinic bifurcations to a

saddle focus, which is now called a Shilnikov bifurcation, a lot of attention has focused on

the consequences of the existence of homoclinic bifurcations. Under certain conditions,

the existence of a homoclinic bifurcation creates regions in parameter space where one

finds chaotic dynamics associated with a Smale–horseshoe; see [32] for a comprehensive

review. Apart from being an interesting object of study in dynamical systems, homo-

clinic bifurcations appear in many applications, such as mathematical biology [39, 42],

laser physics [70, 71] and electronic engineering [35]; more applications can be found, for

example, in [25]. Hence, the study of homoclinic bifurcations is important as a first step

in the pursuit of understanding complex behavior that arises in mathematical models of

different physical phenomena.

1.1 Homoclinic flip bifurcations

The main focus of this thesis is to gain a better understanding of a special type of ho-

moclinic bifurcation of a real saddle equilibrium (with only real eigenvalues), which is

referred to as homoclinic flip bifurcation. Generically, a homoclinic orbit of a real saddle

exists as a codimension-one bifurcation, meaning that one encounters it when a single

system parameter is changed [38, 64]. The homoclinic flip bifurcation of a homoclinic

orbit occurs in three- or higher-dimensional vector fields and it is a codimension-two phe-

nomenon. It is known to be an organizing center for the creation of periodic orbits and

multi-pulse solutions [29, 74]. Moreover, it is a mechanism to create Lorenz-like attrac-

tors in vector fields with reflectional symmetry [16, 23, 60]. For example the existence

of a homoclinic flip bifurcation explains the creation of spiking behavior in mathematical

models of neurons, such as the Hindmarsh–Rose system [42].

The unfolding of a homoclinic flip bifurcation (which determines the dynamics for

nearby parameter values) depends on the eigenvalues of the saddle equilibrium. In gen-

eral, three generic cases have been identified, denoted A, B and C [32]. In case A a single

attracting (or repelling) periodic orbit is created. The unfolding of case B involves saddle

periodic orbits, a period-doubling bifurcation and an additional homoclinic bifurcation

curve nearby [22, 32, 34]. Finally, the unfolding of case C gives rise to period-doubling

cascades, n-homoclinic orbits, for any n ∈ N, a region of Smale–horseshoe dynamics

[11, 29, 61], and strange attractors [49, 50]. These results for the three cases have been

obtained theoretically by using techniques including return maps [11, 29], Shilnikov vari-

ables [34] and Lin’s method [61]. The exact nature of the unfolding of case C is not as
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well understood as that in cases A and B, because infinitely many saddle periodic orbits

are created and the interaction of their respective stable and unstable manifolds gives

rise to many other global bifurcations. This phenomenon is caused by the existence of

Smale–horseshoes dynamics [11], and is linked to the eigenvalue conditions that define

case C [29].

These theoretical results concerning the unfoldings of homoclinic flip bifurcations were

obtained by studying the dynamics in a small tubular neighborhood of the homoclinic or-

bit in phase space. The drawback of restricting attention to such a tubular neighborhood

is the difficulty of studying the implication of such bifurcations in terms of interactions of

global invariant manifolds with other invariant manifolds of additional saddle equilibria

and saddle periodic orbits outside the tube. Throughout this thesis we take a more global

approach that relies on using numerical continuation techniques. We numerically compute

the relevant invariant manifolds in a representative three-dimensional vector field as fam-

ilies of orbit segments that fulfill a suitable two-point boundary value problem (2PBVP)

[36, 69]. These techniques have been applied in order to compute and understand dif-

ferent “global phenomena” as far ranging as isochron computation and their interaction

with invariant manifolds in two-dimensional vector fields [27, 40, 41], the global reorgani-

zation in the preturbulent regime of the Lorenz manifold [14] and its α-flip and T-point

bifurcation points [10], the global behavior in laser models [70], the mechanism of spike

adding in slow-fast systems with two fast and one slow variables [20], etc.; see [26] for

a comprehensive survey of different applications of these techniques. In particular, they

have been used in [1] to understand how the global manifolds rearrange phase space for

the simplest case of a homoclinic flip bifurcation of case A. Already for this case an extra

bifurcating branch of heteroclinic folds was found that had previously not been identified.

We also use these powerful continuation techniques to gain a more detailed picture

of the implications of the homoclinic flip bifurcations. More specifically, we extend such

numerical techniques to characterize the unfolding of the harder cases B and C on the

level of the invariant manifolds that exist in phase space. Throughout, we show the

topological changes in phase space arising from the respective homoclinic flip bifurcation

in the three-dimensional vector field

Xs(x, y, z) :





ẋ = P 1(x, y, z) := ax+ by − ax2 + (µ̃− αz)x(2 − 3x) + δz,

ẏ = P 2(x, y, z) := bx+ ay − 3
2
bx2 − 3

2
axy − 2y(µ̃− αz)− δz,

ż = P 3(x, y, z) := cz + µx+ γxz + αβ(x2(1− x)− y2),

(1.2)

which was introduced by Sandstede in [62]. We choose parameters in system (1.2) such
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Figure 1.1: The stable manifold W s(0) of system (1.2) at a codimension-one homoclinic bifurcation
in R3. Column (a) shows an orientable and column (b) a nonorientable homoclinic orbit. The top row
illustrates the tangent spaces of W s(0) around the homoclinic orbit Γhom. The bottom row shows a
portion of W s(0) in phase space. Shown are W s(0) as a rendered surface with one half colored dark
blue and the other half light blue, the one-dimensional strong stable manifold W ss(0) as a light-blue
curve, and the unstable manifold Wu(0) as a red curve. Column (a) is for (a, b, c, α, β, γ, µ, µ̃, δ) =
(0.22, 1,−2, 0.3, 1, 2, 0, 0, 0) and column (b) is for the same parameter values except α = 0.65.

that the equilibrium located at the origin 0 ∈ R3 is a saddle with two different negative

(stable) and one positive (unstable) eigenvalues λss < λs < 0 < λu. Since the origin is

hyperbolic, the Stable Manifold Theorem [54] implies the existence of an immersed two-

dimensional stable manifold W s(0) and an immersed one-dimensional unstable manifold

W u(0). The stable manifold W s(0) is a surface foliated by orbits that converge to 0 as

t → ∞, and W u(0) consists of two curves that converge to 0 as t → −∞. In particular,

system (1.2) is at a homoclinic bifurcation when W s(0) ∩W u(0) \ 0 6= ∅, that is, at the

moment when there exists a trajectory Γhom that converges both forward and backward in

time to 0. We can choose values α, µ and µ̃ in system (1.2) such that a homoclinic bifur-
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cation occurs, that is, one of the branches ofW u(0) lies entirely inW s(0); see Section 2.3.

Consequently, under certain genericity conditions that will be outlined in Section 2.2, the

respective local part of W s(0) closes back on itself and is either topologically equivalent

to a cylinder or to a Möbius band. This classifies the homoclinic bifurcation as orientable

or nonorientable, respectively [11, 29, 34, 73]. Figure 1.1 shows two homoclinic orbits

of system (1.2), together with the associated stable and unstable manifolds of 0; they

share the same parameter values except that α = 0.3 in column (a) and α = 0.65 in

column (b). The top row shows a linear approximation of W s(0) around the homoclinic

orbit Γhom, which is computed as the span of the tangent vectors of W s(0) around Γhom.

The bottom row shows W s(0) in a larger region of phase space. The stable manifold

W s(0) is rendered in two shades of blue to illustrate the orientability properties of the

manifold. In Fig. 1.1 panel (a1) we see that W s(0), near Γhom, is a topological cylinder;

while in panel (b1) this local part of W s(0) is a topological Möbius band. Indeed Fig. 1.1

illustrates how W s(0) closes generically on itself along the strong stable manifold W ss(0)

at the moment of the homoclinic bifurcation. It was proven in [62] that system (1.2)

exhibits a homoclinic bifurcation along the parameter line µ = 0, with the parameters as

chosen in Section 2.3. Hence, it seems that one can transition between panels (a) and (b)

by varying α continuously. However, a cylinder and a Möbius band are not homeomor-

phic surfaces, so there must exists a transition point αo, where W
s(0) does not close in

either of the two ways as depicted in detail in Fig. 4.5 and Fig. 4.6. Such a transition is a

homoclinic flip bifurcation point; that is, the homoclinic flip bifurcation characterizes the

moment when the closure of the associated stable or unstable manifold of the real saddle

changes from orientable to nonorientable [32, 34, 64].

1.2 Saddle periodic orbits and the geometry of their

manifolds

In applications, saddle periodic orbits do not show up in experimental data, because they

are unstable objects. Yet, their stable manifolds allow us to understand the boundaries

of basins of attraction of attracting periodic orbits and equilibria, which are seen in

experiments. Understanding these boundaries and their annihilation allow us to obtain

detailed information of different phenomena modeled by vector fields. Particularly, if one

were to perturb a generic codimension-one homoclinic bifurcation, as the ones shown in

Fig. 1.1, then one may obtain saddle periodic orbits. These periodic orbits have two-

dimensional stable and unstable manifolds that may or may not be orientable; this is
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Figure 1.2: The stable manifolds W s(Γo) and W s(Γt), and unstable manifolds Wu(Γo) and Wu(Γt)
of periodic orbits Γo and Γt of system (1.2), respectively. Column (a) shows the orientable and column (b)
the nonorientable case. The top row shows W s(Γo) and W s(Γt) in a small tubular neighborhood of Γo and
Γt, respectively, while the middle row shows Wu(Γo) and Wu(Γt) in this same small tubular neighborhood.
The bottom row, shows a large portion of these manifolds and how they are interacting with other one-
dimensional manifolds in phase space. Shown are W s(Γo) and W s(Γt) as cyan surfaces, Wu(Γo) and
Wu(Γt) as orange surfaces, Γo and Γt as green curves, Γa

o as a blue curve, Wu(0) as a pink curve, and
W s(q) as a cyan curve. Column (a) is for (a, b, c, α, β, γ, µ, µ̃, δ) = (0.22, 1,−2, 0.3, 1, 2, 0.004, 0, 0), and
column (b) is for the same parameter values except α = 0.65 and µ = −0.004.
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illustrated in Fig. 1.2 for saddle periodic orbits at parameter values close to case B for

system (1.2). The first column shows an orientable saddle periodic orbit Γo, and the

second column a nonorientable or twisted periodic orbit Γt. Figure 1.2 shows portions of

the two-dimensional stable manifolds W s(Γo) and W
s(Γt), and of the unstable manifolds

W u(Γo) and W u(Γt) of the saddle periodic orbits Γo and Γt, respectively. The first row

shows W s(Γo) and W s(Γt) as contained in a small tubular neighborhood with radius

d = 0.01 around Γo and Γt. The second row shows W u(Γo) and W u(Γt) in the same

respective tubular neighborhoods. The third row illustrates a larger portion of these

manifolds in phase space. Panels (a1) and (a2) illustrate that both W s(Γo) and W
u(Γo)

are homeomorphic to a cylinder. In panel (a3), we see that W s(Γo) is unbounded but

any bounded portion remains a topological cylinder; one side of W u(Γo) accumulates on

an attracting periodic orbit denoted Γa
o and the other side is bounded by W u(0). Since

W s(Γo) is unbounded and orientable, it acts as a separatrix that bounds the basin of

attraction of Γa
o. In contrast, Fig. 1.2 (b1) and (b2) illustrate that W s(Γt) and W u(Γt)

are topological Möbius bands. The nonorientable nature ofW s(Γt) andW
u(Γt) is hard to

appreciate in panel (b3), but we can see that W s(Γt) spirals around the one-dimensional

stable manifold W s(q) of an additional equilibrium denoted q, and the unstable manifold

W u(Γt) is bounded by W u(0).

As saddle periodic orbits unfold generically from the homoclinic flip bifurcations of

cases B and C, we take advantage of their existence to characterize in great detail the

corresponding bifurcation diagrams of these cases. Recall that one of the biggest advan-

tages of using numerical techniques is the possibility to study the interactions of their

manifolds more globally with other invariant manifolds of saddle objects and basins of

attraction. In this way, we can determine how the overall phase space is organized as dif-

ferent bifurcations occur close to the corresponding homoclinic flip bifurcation point. We

expand on this idea in Fig. 1.3 by computing additional manifolds for the orientable case

in panel (a) and the nonorientable case in panel (b) of Fig. 1.2, as the parameter values in

these panels lie close to a homoclinic flip bifurcation of case B. Specifically, we also show

the two-dimensional stable manifold W s(0) and the two-dimensional unstable manifold

W u(q) of q. Figure 1.3(a) illustrates how W s(0) spirals towards the topological cylinder

formed by W s(Γo). Moreover, W s(Γo) does not interact with W
u(q), which accumulates

onto Γa
o; indeed, W

u(q) lies in the basin of attraction of Γa
o and W s(0) does not. The

nonorientable case in Fig. 1.3(b) is quite different: Γa
o does not exist and W s(0) together

with W s(Γt) roll around W
s(q). As a consequence, W s(0) and W s(Γt) intersect W

u(q),

implying the existence of heteroclinic orbits from q to 0 and from q to Γt.
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Figure 1.3: Interaction of the different manifolds of system (1.2) in R3. Shown are W s(0) as
a dark-blue surface, W ss(0) as a blue curve, Wu(0) as a pink curve, Wu(q) as a red surface, W s(q)
as a cyan curve, W s(Γo) and W s(Γt) as cyan surfaces, and Wu(Γo) and Wu(Γt) as orange surfaces.
Panel (a) is for (a, b, c, α, β, γ, µ, µ̃, δ) = (0.22, 1,−2, 0.3, 1, 2, 0.004, 0, 0), and panel (b) is for the same
parameter values except α = 0.65 and µ = −0.004; compare with Fig. 1.2.
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Figure 1.4: Bifurcation diagram in the (α, µ)-plane near an inclination flip bifurcation point BI of
system (1.2) with all other parameters as given in Section 2.3. The inset shows the theoretical unfolding
of case B from [31, Fig. 5]. Shown are the homoclinic bifurcations Ho and Ht as brown curves, the
homoclinic bifurcation 2Ho as a blue curve, the saddle-node bifurcation SNP of periodic orbit as a cyan
curve, the period doubling bifurcation PD as a red curve, the fold bifurcation F of heteroclinic orbits as
green curve, and the loci CC± as purple curves. [The inset is reproduced from Journal of Dynamics
and Differential Equations, Resonant Homoclinic Flip Bifurcations, 12(4), 2000, pages 807-850, A. J.
Homburg and B. Krauskopf, ©Plenum Publishing Corporation 2000 with permission of Springer.]

1.3 Case B: Single saddles

Homoclinic flip bifurcations of case B feature a saddle periodic orbit that may be ori-

entable or nonorientable. Figure 1.4 shows its bifurcation diagram in the (α, µ)-plane

for system (1.2), as well as the theoretical unfolding of case B, as reproduced from [31].

On the level of the codimension-one homoclinic bifurcation, note the transition from an

orientable homoclinic bifurcation H1
o to a nonorientable bifurcation H1

t . The theoretical

unfolding predicts that the following curves emanate from the central codimension-two

point of case B: a saddle-node bifurcation of periodic orbits, a period-doubling bifurca-

tion and a codimension-one homoclinic bifurcation, denoted SN1, PD1 and H2
o in the

inset, respectively. Indeed, we find these curves numerically in the (α, µ)-plane of sys-

tem (1.2); in our notation, they are SNP (cyan curve), PD (red curve) and 2Ho (blue

curve), respectively. Furthermore, we are able to compute and identify three additional

curves that emerge from the homoclinic flip point BI. The curves CC± (purple curves)

enclose the region in the parameter plane where the Floquet multipliers of an attracting

periodic orbit Γa are complex conjugate. In particular, this region is fundamental to the

bifurcation diagram of case B as it explains the change in geometry that the basin of

attraction of Γa has to go through so Γa can disappear at the bifurcations SNP and PD

as an orientable and nonorientable attracting periodic orbit, respectively. The other new
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curve is a codimension-one fold curve F (green curve) which represents the moment when

the manifolds W s(0) and W u(q) (of the extra equilibrium q mentioned above) become

tangent. We are also able to find regions with infinitely many structurally stable hetero-

clinic orbits from q to 0 in the bifurcation diagram of BI, which is due to the interactions

of W u(q) with W s(Γt), and W u(Γt) with W s(0) in light of the λ-lemma [54]. We are

able to gain knowledge and understanding of these phenomena by studying the invariant

manifolds of the different saddle objects at representative points near the homoclinic flip

point BI as presented in Fig. 1.3. We delve into the details of these interactions and

present a comprehensive view of them in Chapter 4.

We already remark that these phenomena regarding the heteroclinic orbits were not

identified in the theoretical unfolding of case B. It is clear that they appear due to the

existence of q, and go beyond the unfolding of the homoclinic flip point in the tubular

neighborhood. In fact, the existence of the extra equilibrium q allows us to understand and

characterize different behaviors more globally in phase space. This point of view will also

be crucial for the most complicated caseC. To complete our study, we analyze all equilibria

in system (1.2) and consider their bifurcations for parameters close to the homoclinic

bifurcation. We find that some equilibria disappear at infinity for finite values of the

parameters. Therefore, we utilize Poincaré compactification [17, 24, 46] to characterize

system (1.2) at infinity and to complete the bifurcation diagram of these equilibria; see

Chapter 3 for details.

1.4 Case C: Putting the saddle on the horse

Of all the cases, case C involves the most interesting dynamics due to the existence of

Smale–horseshoe dynamics close to the homoclinic flip point. In fact, cascades of saddle-

node, period-doubling and homoclinic bifurcations in the unfolding of this case serve as

a mechanism to annihilate the infinitely many saddle periodic orbits that exist in the

Smale–horseshoe region [29]. Case C also has two closely related yet different unfoldings

that are called an outward twist Cout and an inward twist Cin; depending on extra

geometric conditions regarding the creation of the Smale–horseshoe; see Section 2.2 for

details. Figure 1.5 shows a sketch of what is known the theoretically about the unfolding

of a homoclinic flip bifurcation of case C for an outward twist Cout, reproduced from [31].

The unfolding consists of a principal homoclinic branch that contains the flip bifurcation

point Cout; the following bifurcation curves emanate from it: a saddle-node bifurcation

SN1 of periodic orbits, a sequence of period-doubling bifurcations labeled PDn, n =

1, 2, 4, 8, ..., and a sequence of n-homoclinic bifurcations labeled Hn
t , n = 2, 4, 8, ..., where t
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Figure 1.5: Sketch of the theoretical unfolding of an outward twist point Cout of case C from
[31, Fig. 5]. [The figure is reproduced from Journal of Dynamics and Differential Equations, Resonant
Homoclinic Flip Bifurcations, 12(4), 2000, pages 807-850, A. J. Homburg and B. Krauskopf, ©Plenum
Publishing Corporation 2000 with permission of Springer.]

indicates that these are codimension-one nonorientable homoclinic bifurcations. The value

for n indicates the number of loops made by the homoclinic orbit before convergence both

backward and forward in time to the equilibrium point. After each homoclinic bifurcation

occurs, a saddle periodic orbit with n loops is created. The Smale–horseshoe region lies

in between the period-doubling and homoclinic cascades; however, the boundaries of this

region are not delimited in the sketch. Note that the orientability of the saddle periodic

orbits, labeled 1u and 2u, are not explicitly stated in the sketch and the labels are not

unique to each saddle periodic orbit. An orientable saddle periodic orbit 1u bifurcates

from the orientable homoclinic bifurcation H1
o , which we label Γo in this thesis. This

same label 1u is also used for the nonorientable saddle periodic orbit that bifurcates from

H1
t , which we refer to as Γt in this thesis. Note in the sketch that Γo and Γt exist during

the cascades of period-doubling and homoclinic bifurcations, and they disappear in the

saddle-node bifurcation SN1, after Γt becomes an attracting periodic orbit, labeled 1s

in the period-doubling bifurcation PD1. Even thought this is not illustrated in Fig. 1.5,

the unfolding is known to have infinitely many saddle-node bifurcation curves that also

emanate from Cout and occur along the period-doubling cascade [32].

Most of the literature on case C does not delve into details about bifurcations related

to interactions of manifolds of saddle periodic orbits. This is seen in Fig. 1.5 where the

bifurcation diagram only shows local bifurcations of saddle periodic orbits or homoclinic

bifurcation of the real saddle. As mentioned in the previous section, the possibility of

computing the interaction of the manifolds of these saddle periodic orbits with other

objects allow us to present the unfolding of case C in a new light. Throughout this thesis,
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Figure 1.6: Bifurcation diagram in the (α, µ)-plane near an homoclinic flip bifurcation point CI of
system (1.2). The inset shows an enlargement of the indicated area. Shown are the curves of homoclinic
bifurcation Ho and Ht (brown), saddle-node bifurcations SNP of periodic orbits (dark-green), period-
doubling bifurcations PD (red), fold bifurcation F of heteroclinic orbits from Γo to 0 (blue), heteroclinic
bifurcations Q

Γt

0
from 0 to Γt (lilac), heteroclinic bifurcation Q

Γo

0
from 0 to Γo (purple) and homoclinic

tangency bifurcation TanΓo
of Γo (violet). The Smale–horseshoe region SH is the gray region. The other

parameter values are (a, b, c, β, γ, µ̃, δ) = (0.7, 1,−2, 1, 2, 0, 0).

we center our attention on the saddle periodic orbits Γo and Γt, and their corresponding

manifolds. To exemplify the relevance of their interactions in the unfolding of case C,

we show in Fig. 1.6 the bifurcation diagram for system (1.2) in the (α, µ)-plane near

a homoclinic flip point CI of case C. Here, we show the principal homoclinic branch

(brown curve) together with representative period-doubling PD (red curves) and saddle-

node SNP (green curves) bifurcations of periodic orbits. In addition to these curves,

we also compute representative codimension-one heteroclinic and homoclinic tangency

bifurcations in system (1.2) of the saddle periodic orbits Γo and Γt. One of the most

apparent differences with respect to the sketch in Fig. 1.5 is the cascade QΓt

0 [mΓo], with

m = 1, 2, 3, 4, in Fig. 1.6 of heteroclinic connecting orbits between 0 and Γt (purple

curves). In particular, we are able to show in this thesis that for each curve QΓt

0 [mΓo]

there exists infinitely many homoclinic and heteroclinic bifurcation accumulating on it.

Furthermore, we are able to distinguish each homoclinic bifurcation according to the

number of rotations made by the corresponding connecting orbit around different saddle
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periodic orbits, and label them accordingly. See also how the cascade of heteroclinic

bifurcations QΓt

0 [mΓo] in Fig. 1.6 accumulates onto a final heteroclinic bifurcation QΓo

0

of a connecting orbit between 0 and Γo (dark-purple curve). We are able to identify

this bifurcation as the termination point of the homoclinic and heteroclinic cascades, and

as one of the boundaries of the Smale–horseshoe region SH (gray region) in the (α, µ)-

plane. Note also in Fig. 1.6, how the period-doubling and saddle-node bifurcation curves

accumulate onto the homoclinic tangency bifurcation TanΓo
(lilac curve) of Γo. This

curve represents the other boundary of the region SH, and also the termination curve

of the period-doubling and saddle-node cascades. Hence, by studying the interactions of

these saddle periodic orbits, we are able to identify the boundaries of the SH region. We

also show in this thesis that the bifurcation TanΓo
acts as the mechanism to destroy the

strange attractor, which was conjectured to exist during the cascades of period-doubling

and saddle-node bifurcation [49, 50]. Finally, we also find a bifurcation curve F (blue

curve), similar to the ones found in [1, 22] for cases A and B, that represents the moment

when W s(0) becomes tangent to W u(Γo). In particular, we are able to identify the

existence of transversal heteroclinic orbits from Γo to 0 as an important ingredient to

explain the cascade of heteroclinic and homoclinic bifurcations, as a consequence of the

λ-lemma [54].

It is clear that we are able to understand case C in more detail by studying these

intersections between the different manifolds of the saddle objects. However, as there

exist infinitely many bifurcation curves emanating from the codimension-two point and

continuation techniques only allow us to sample finitely many of them, we define a winding

number ζ for system (1.2). We show that ζ is an topological invariant for system (1.2) and

run a two-parameter sweep in the (α, µ)-plane to compute it. This helps us identify open

regions with constant ζ-value and their respective boundaries correspond to codimension-

one bifurcation curves [21]. Parameter sweeping techniques have particularly been used

to understand the nature of cascades of homoclinic bifurcation close to Bykov T-points in

the Lorenz system [5] and Shimizu-Morioka system [5, 73]. It is also useful to illustrate

spike adding in neuron models; for example, see [3, 4]. By combining all these techniques,

we are able to characterize different phenomena not only in the vicinity of the homoclinic

flip bifurcation point of case C, but also far away from it. In fact, these accumulation

processes onto heteroclinic bifurcations can be seen more clearly if we consider a larger

portion of the (α, µ)-plane, as will be discussed in Section 5.2. As we move farther away

from the pointCI, we are able to find a global phenomenon where two different homoclinic

bifurcation curves emanating from CI meet and create bubbles in the (α, µ)-plane. This

phenomenon has been conjectured in [31] and was also confirmed numerically in [51] to
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explain the transition from homoclinic flip bifurcations of case B to case C as part of a

codimension-three phenomenon. However, the study of such bubbles only considered the

homoclinic bifurcations arising from the homoclinic flip point. In particular, we study

the role of heteroclinic bifurcations of saddle periodic orbits in creating infinitely many

of these bubbles.

We expand on all of these results and present a comprehensive explanation of all these

phenomena through the study of the invariant manifolds of Γo, Γt and 0 at representative

point near the homoclinic flip point CI of case C.

1.5 Outline of the thesis

This thesis is organized in the following way:

In Chapter 2, we first introduce the notation used throughout the thesis. We then

present the genericity conditions for the homoclinic orbits shown in Fig. 1.1 to exist as

codimension-one bifurcations [38, 64]. By breaking a specific condition, the homoclinic

bifurcation becomes a codimension-two homoclinic flip bifurcation, which may be an

inclination or an orbit flip bifurcation, depending on which condition is broken [32]. We

present the eigenvalue and geometric conditions for cases A, B, and C for both the

inclination and orbit flip bifurcations. Furthermore, we present an overview of different

results concerning them. Finally, we introduce system (1.2) in more detail, as well as,

the parameter values that we use throughout this thesis for the study of the homoclinic

bifurcations of cases B and C.

In Chapter 3, we introduce Poincaré compactification and then describe how to use

the corresponding compactification to embed the dynamics of a three-dimensional vector

field inside the three-dimensional sphere. We apply this compactification to system (1.2)

to compute the bifurcation diagram of the equilibria for both the inclination and orbit

flip bifurcations of case B. By using this compactification, we are able to follow equilibria

as they interact at infinity, which allows us to justify the parameter values chosen for our

desired equilibria configuration. Finally, we use stereographic projections in an analytic

study of system (1.2) at infinity.

The results for both inclination and orbit flip bifurcations of case B are presented in

Chapter 4. We first show the bifurcation diagram of an inclination flip bifurcation of

case B. Then we study the interaction of the different manifolds of saddle periodic orbits

and equilibria as we transition through different codimension-one bifurcations close to this

point. We show representative phase portraits and, for the purpose of understanding the

nature of the basins of attracting periodic orbits, we also provide figures of the intersection
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sets of the stable manifolds with a suitable sphere. Next, we focus on the orbit flip

bifurcation of case B and present representative intersection sets with a sphere, as done

for the inclination flip case. Throughout this chapter, we are able to characterize the

changes in geometry of the different invariant manifolds and the boundaries of basins of

attraction of stable periodic orbits for both the inclination and the orbit flip bifurcations

of case B. In particular, our results confirm the suggestion from the theory that the

two unfoldings are the same. Furthermore, we prove how the existence of transverse

intersections between the manifolds of the saddle-focus q and different saddle objects

implies the existence of infinitely many heteroclinic orbits from q to 0 in the bifurcation

diagram of case B. In particular, this result proves to be vital also for the understanding

of case C.

We focus our attention on the homoclinic flip bifurcation of case C in Chapter 5.

As case C is much more complicated than case B, we only consider an inclination flip

bifurcation of an outward twist type. We first introduce a winding number ζ as a topo-

logical invariant for case C in system (1.2), and then present the bifurcation diagram of

case C where continuation and parameter-sweeping techniques to determine ζ are com-

bined. Next we study the interaction of the different manifolds of saddle periodic orbits

and equilibria as we transition through different codimension-one bifurcations close to

the codimension-two point of case C. We present phase portraits and intersection sets

with a sphere at representative points around the inclination flip point of case C. We

then investigate in detail different sequences of homoclinic and heteroclinic bifurcations

in the creation/destruction of the Smale–horseshoe and chaotic attractor. Finally, we

present detailed bifurcation diagrams in a larger region of the (α, µ)-plane, and study

the existence of homoclinic bubbles and codimension-two heteroclinic cycles. Overall, we

are able to characterize in unprecedented detail the role of the invariant manifolds of the

saddle periodic orbits Γo and Γt in the organization of the codimension-one bifurcations

emanating from the homoclinic flip point of case C. In particular, we identify different

bifurcation phenomena in the unfolding, some of which have only ever been conjectured

before, such as the existence of a strange attractor and the mechanism of its annihilation.

The computations in this thesis are performed with the pseudo-arclength continua-

tion package Auto [12, 15] and its extension HomCont [8]. In particular, the global

manifolds are computed with a two-point boundary value problem set-up [6, 36] and the

heteroclinic orbits are obtained with Lin’s method [37, 75]. The parameter sweeping of

ζ in the parameter plane, its visualization and post-processing of the data are done with

Matlab®. For completeness, we present in Chapter 6 an overview of representative

two-point boundary problem formulations as used in this thesis to compute the different
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types of manifolds and connecting orbits. Throughout this chapter, we put emphasis on

the new formulations specifically designed for this thesis. In particular, we center our at-

tention on the selection of an appropriate fundamental domain for saddle-periodic orbits

with Floquet multipliers close to 0, the computation of a stable manifold inside a tubular

neighborhood, and the computation of the moment when the Floquet multipliers of an

attracting periodic orbit change from real to complex conjugate.

We finish this thesis in Chapter 7 with a discussion and summary of the results, and

an outlook for open questions and future research.



2
Preliminaries and Definitions

In this chapter we present the relevant notation used in this thesis. We also provide

background material on homoclinic flip bifurcations: how they can be classified as incli-

nation and orbit flip bifurcations, and how one distinguishes the different cases in their

unfolding in terms of corresponding eigenvalues and geometric conditions. Furthermore,

we provide a brief overview of differents results on homoclinic flip bifurcations. Finally,

we discuss Sandstede’s model in more detail and introduce the parameters values used to

study cases B and C in this system.

2.1 Notation and set-up

Recall that we consider system (1.2) as a representative example of a three-dimensional

vector field of the form (1.1) with a hyperbolic real saddle equilibrium at 0 ∈ R
3. We

choose parameters such that the Jacobian Df(0) of 0 has two stable and one unstable

eigenvalues λss < λs < 0 < λu; we denote by ess, es and eu the respective associated

eigenvectors. The global stable and unstable manifolds of 0 are defined as

W s(0) := {x ∈ R
3 : φt(x) → 0 as t→ ∞}, and

W u(0) := {x ∈ R
3 : φt(x) → 0 as t→ −∞}.

The Stable Manifold Theorem [55] guarantees that both W s(0) and W u(0) are im-

mersed manifolds that are as smooth as f and tangent at 0 to the linear eigenspaces

Es(0) = span{es, ess} and Eu(0) = span{eu}, respectively. Furthermore, W s(0) has a

17
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one-dimensional strong stable manifold W ss(0), defined as the subset of points on W s(0)

that converge to 0 tangentially to the linear eigenspace Ess(0) = span{ess} in phase space.

For the focus equilibrium q, we denote by W ss(q) the subset of points that converge to

q tangent to the eigenvector associated with the real eigenvalue of q.

The stability and invariant manifolds of a periodic orbit Γ of system (1.2) are defined

in a very similar way. We denote its two nontrivial Floquet multipliers by Λ1,Λ2 ∈ C;

they are the eigenvalues of the variational equation along Γ over the period of Γ. Note

that there is also the trivial Floquet multiplier 1 associated with the tangent direction of

Γ. In a three-dimensional vector field, Λ1 and Λ2 are always such that their real parts

have the same sign; moreover, each has an associated eigenfunction that is referred to as

the Floquet bundle [65].

If Λ1,Λ2 ∈ R and 0 < Λ1 < 1 < Λ2 then one speaks of an orientable saddle periodic

orbit, which we denote by Γo. Its stable and unstable manifolds W s(Γo) and W u(Γo),

respectively, are locally cylinders [52, 65]. If Λ2 < −1 < Λ1 < 0, then the saddle periodic

orbit is nonorientable, denoted Γt, and W s(Γt) and W u(Γt) are locally Möbius bands

[52, 65]. The associated stable and unstable manifolds of a saddle periodic orbit are two-

dimensional immersed manifolds that are tangent to the Floquet bundle of the periodic

orbit associated with Λ1 and Λ2, respectively.

On the other hand, if Λ1,Λ2 ∈ C such that |Λi| < 1 for i = 1, 2 then we speak of an

attracting periodic orbit, which we denote by Γa. This implies the existence of an open

set U ⊂ R3 that satisfies

∀t ≥ 0, φt(U) ⊂ U and
⋂

t>0

φt(U) = Γa. (2.1)

Furthermore, the basin of attraction B(Γa) of Γa is defined as the set of all points in phase

space that converge to Γa, that is, B(Γa) =
⋃

t≤0 φ
t(U). If |Λ1| < |Λ2| < 1 are both real

then we define the strong stable manifold W ss(Γa) of Γa as the set of points that converge

to Γa tangent to the Floquet bundle associated with Λ1 in phase space. This strong stable

manifold W ss(Γa) is a two-dimensional immersed manifold. Using the same terminology

and notation, we denote the periodic orbit as Γa
o and its orientable strong stable manifold

as W ss(Γa
o) if 0 < Λ1 < Λ2 < 1. We denote the periodic orbit as Γa

t and its nonorientable

strong stable manifold as W ss(Γa
t ) if −1 < Λ2 < Λ1 < 0. We also denote by B(A) the

basin of attraction of any stable object A.

Let S1, S2, S3 be hyperbolic saddle invariant objects of system (1.2) with mani-

folds W u(S1),W
s(S2),W

u(S2) and W s(S3) that are all two-dimensional. If there ex-

ist structurally stable heteroclinic orbits from S1 to S2 and from S2 to S3, that is, if



2.2 Homoclinic flip bifurcations 19

W u(S1)∩W
s(S2) and W

u(S2)∩W
s(S3) are non-empty transversal intersections, then we

use S1 → S2 → S3 to represent this situation.

2.2 Homoclinic flip bifurcations

Let Γhom be a homoclinic orbit of 0; that is, Γhom ⊂ W s(0) ∩W u(0) \ 0 6= ∅ converges

forward and backward in time to 0. The homoclinic orbit Γhom is of codimension one,

provided the following conditions hold [29, 34].

(G1) (Non-resonance) |λs| 6= λu.

(G2) (Principal homoclinic orbit) In positive time the homoclinic trajectory approaches

the origin tangent to the weakest stable direction es.

(G3) (Strong inclination) The tangent space TW s(0) of the stable manifold, followed

along Γhom backward in time, converges to span{ess, eu}.

For any codimension-one homoclinic orbit, a portion of W s(0) folds over and closes up

along W ss(0); hence, the immersion of W s(0) in the three-dimensional phase space be-

comes orientable or nonorientable close to Γhom; see panels (a1) and (b1) in Fig. 1.1.

If precisely one of the genericity conditions is not fulfilled then the homoclinic orbit

is of codimension two, leading to different kinds of unfoldings. If (G1) fails, then one

speaks of a resonant homoclinic bifurcation [9, 31]. We focus on the orbit flip (OF) and

the inclination flip (IF) bifurcations that occur when only conditions (G2) and (G3)

fail, respectively. In both cases, one speaks of a homoclinic flip bifurcation, which is

of codimension two, if additional genericity conditions are satisfied. Then there exists a

curve of homoclinic orbits in any suitable two-parameter plane along whichW s(0) changes

from orientable to nonorientable at the codimension-two flip bifurcation point [29, 34].

The unfolding of a flip bifurcation depends on the eigenvalues of 0. Three cases have

been identified for the inclination flip and the orbit flip bifurcations; they are denoted A,

B and C. The unfoldings of these cases are topologically the same for both IF and OF

but they satisfy different conditions [32]. More specifically, the eigenvalue conditions and

the unfoldings for the respective cases are as follows:

A. If λu < |λs|, then a single attracting periodic orbit Γa is created, for both the orbit

flip and inclination flip bifurcations.

B. Suppose the following respective conditions for the inclination and orbit flip bifur-

cations are satisfied:
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(IF) λu/2 < |λs| < λu and λu < |λss|;

(OF) |λs| < λu and λu < |λss|.

Then the unfolding consists of a homoclinic-doubling bifurcation, a period-doubling

bifurcation and saddle-node bifurcation of periodic orbits (in a tubular neighborhood

of Γhom).

C. Suppose the following respective conditions for the inclination and orbit flip bifur-

cations are satisfied:

(IF) |λs| < λu and |λss| < λu, or |λs| < λu/2 and λu < |λss|. Furthermore:

(i) |λs| 6= |λss|/2.

(ii) If |λs| < |λss|/2 then the homoclinic orbit must converge to 0 tangent to

es in a typical way. We mean by typical in this context that the homo-

clinic orbit is not contained in the one-dimensional leading (weak) stable

manifold tangent to 0, which exists uniquely as a smooth manifold under

these eigenvalue conditions; for further details see [32].

(iii) If |λss|/2 < |λs| then the invariant manifold of the homoclinic orbit, which

is tangent to the span{es, eu} backward in time, must have a nondegenerate

quadratic tangency with W s(0) along the homoclinic orbit.

(OF) |λs| < λu and |λss| < λu. In addition, λss must be a real and simple eigenvalue,

and the homoclinic orbit Γhom(t) must satisfy limt→∞ e−λsstΓhom(t) 6= 0.

Then the unfolding for both the IF and the OF homoclinic flip bifurcation contains

k-homoclinic bifurcations [29] for any k ∈ N, and a region with Smale–horseshoe

dynamics exists. Two different bifurcation diagrams can be drawn depending on

global conditions regarding the geometry of the stable manifold W s(0) during the

creation of the Smale–horseshoe. The corresponding codimension-two points are

called outward twist Cout and inward twist Cin in the literature [11, 29].

For both IF and OF, the unfoldings and eigenvalue conditions for cases A and B were

proven for any smooth vector field of dimension n ≥ 3; see [34, 61]. On the other hand,

for case C, the existence of regions with Smale–horseshoe dynamics, cascades of period-

doubling and homoclinic bifurcations, and strange attractors have only been proven for

three-dimensional vector fields [11, 29, 30, 34, 49, 50]. Moreover, our understanding of

the exact nature of the unfoldings of case C is not as complete as that of cases A and B.

Since the eigenvalues of an equilibrium depend continuously on the parameters for

smooth vector fields, the transitions between cases A, B and C, for both inclination and
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orbit flip bifurcations, are codimension-three phenomena caused by resonance. This is a

violation of condition (G1); such a resonant homoclinic flip bifurcation was studied in

[31] and explored numerically in [51]. Furthermore, in [48] it was shown that C1-near a

vector field exhibiting an orbit flip of case C, there is a vector field with an inclination

flip; this approximation result for C1-flows provides further insight into the similarities

between these two types of flip bifurcations. It was also shown in [7, 45] that codimension-

two heteroclinic cycles between a saddle equilibrium p and a saddle periodic orbit Γ in

three-dimensional vector fields, —where the two-dimensional stable manifold of p has a

quadratic tangency with the unstable manifold of Γ—, result in Smale-horseshoe dynamics

and cascades of homoclinic bifurcations with inclination flip bifurcations.

We remark that the conditions for the homoclinic flip bifurcation of a hyperbolic equi-

librium have been studied for the nonhyperbolic case, namely for the case of a transcrit-

ical bifurcation [43]; the authors showed that the nonhyperbolic equilibrium gives rise

to new heteroclinic orbits and that its unfolding is different from the hyperbolic case.

In [16, 23, 60] the creation of a Lorenz-like attractor in a homoclinic loop configuration

has been studied as a consequence of homoclinic flip bifurcations; this happens when two

homoclinic orbits connect to the same equilibrium due to symmetry of the system.

2.3 Sandstede’s Model

Sandstede [62] introduced a model vector field that exhibits codimension-two flip bifur-

cations and is particularly suitable for studying their unfoldings. The system has been

constructed in such a way that the different cases of both inclination and orbit flip bifur-

cations occur; the homoclinic orbits is always of the equilibrium 0.

Recall that system (1.2) has the form:

Xs(x, y, z) :





ẋ = P 1(x, y, z) := ax+ by − ax2 + (µ̃− αz)x(2 − 3x) + δz,

ẏ = P 2(x, y, z) := bx+ ay − 3
2
bx2 − 3

2
axy − 2y(µ̃− αz)− δz,

ż = P 3(x, y, z) := cz + µx+ γxz + αβ(x2(1− x)− y2).

Indeed 0 is an equilibrium of Xs for all parameter values; furthermore, if δ = 0 then the

z-axis is invariant, the eigenvalues of 0 are given by

λ1,2 = a±
√
b2 + 4µ̃2 and λ3 = c,

and the eigenvector associated with λ3 points in the z-direction. Taking into account the
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parameter ranges found in [51] for IF and OF of case B, we choose the following values

for the other parameters:

(IF) For (a, b, c, β, γ, δ) = (0.22, 1,−2, 1, 2, 0), there is an inclination flip at (α, µ, µ̃) =

(αB, 0, 0) where αB ≈ 0.4664012. At this point λ1 = 1.22, λ2 = −0.78 and λ3 = −2.

Note that λss = λ3, so for this and nearby parameter values, W ss(0) is the z-axis.

The codimension-two bifurcation is unfolded by α and µ, and we denote this point

by BI.

(OF) For (a, b, c, β, γ, δ) = (−0.5, 2.5,−1, 0, 0, 0), there is an orbit flip at (α, µ, µ̃) =

(1, 0, 0). At this point λ1 = 2, λ2 = −3 and λ3 = −1. The codimension-two

bifurcation is unfolded by µ and µ̃, and we denote this point by BO.

Note that the choice γ = 2 for the case IF differs from the values taken in [1, 51]. In [1],

the value γ = 0 was used, but for case B this value does not give an inclination flip. In

[51], the value γ = 3 was used, but it turns out that the choice γ = 3 is rather unfortunate

with respect to the existence of additional equilibria; we justify our choice of γ = 2 in the

next chapter. For the parameters as chosen in this thesis, there is an additional saddle-

focus q with a two-dimensional unstable manifold W u(q) and a one-dimensional stable

manifold W s(q).

As the unfolding for case C is much more complicated than case B, we only study the

inclination flip bifurcation of case C in this thesis. The orbit flip bifurcation is left for

future work. Using the parameter regimes chosen in [51] as a reference to study this case

in the (α, µ)-plane, we choose the following parameter values:

(IF) For (a, b, c, β, γ, µ̃, δ) = (0.7, 1,−2, 1, 2, 0, 0), there is an inclination flip at (α, µ) =

(αC , 0) where αC ≈ 0.3694818. The codimension-two bifurcation is unfolded by α

and µ, and we denote this point as CI. At CI, the equilibrium 0 has eigenvalues

λ1 = 1.7, λ2 = −0.3 and λ3 = −2, which confirms that 2|λs| < λu, as required for

case C. Note that the strong stable manifold W ss(0) is the z-axis. The bifurcation

diagram found for this paper identifies the inclination flip bifurcation point CI as

an outward twist Cout [31, 32]; see Fig. 5.2.

The alternative condition |λss| < |λu| to obtain case C cannot be achieved in system (1.2);

see [62]. Under the parameters for IF of case C, there is an additional stable-focus q with

a basin of attraction B(q). We are not interested in choosing parameters such that q is a

saddle-focus as in case B. Indeed, there exists a saddle periodic orbit Γo, which bifurcates

generically from case C and whose unstable manifold W u(Γo) plays the same role as

W u(q) in case B; see Chapter 5.



3
Poincaré Compactification and

Configuration of Equilibria

The results reported in this chapter have been published in [22].

In the study [1] of the unfolding of case A in system (1.2), it was found that the

existence of an additional saddle-focus q creates a fold curve F of heteroclinic orbits ema-

nating from the codimension-two point. To understand the consequences of the existence

of this additional equilibrium in the presence of saddle periodic orbits, we searched for

parameter values for which the configuration of equilibria for case B is exactly as the

one studied in case A. In the process, we found out that the structure of equilibria in

system (1.2) is complicated; in particular, different equilibria disappear and/or appear

at infinity when parameters are varied. To characterize and study this phenomenon, we

compactify system (1.2) to a ball of radius two using Poincaré compactification and stere-

ographic projection. The dynamics in the interior of the ball is described by a new vector

field with dynamics conjugate to that of system (1.2); furthermore, on the sphere it de-

scribes the dynamics at infinity of system (1.2). The advantage of deriving this new vector

field by compactification is the possibility to continue with Auto the different equilibria

of system (1.2) as they interact with infinity. In this chapter, we give a brief explanation

of Poincaré compactification for three-dimensional vector fields; we also describe the bi-

furcation diagram for system (1.2) for both the inclination and orbit flip bifurcations of

case B in the respective parameter planes chosen in Section 2.3. Finally, we perform an

analytic study of system (1.2) at infinity.

23
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Figure 3.1: Sketches of the transformations for Poincaré compactification of R. Panel (a) shows
how the central projection sends R (purple curve) to the upper (red) and the lower (blue) hemispheres of
the circle, denoted S+ and S−, respectively. In panel (b), the stereographic projection from the south pole
is applied to send S± back to the intervals on the real line, as indicated by the corresponding colors.

3.1 Poincaré Compactification

To explain Poincaré compactification [17, 24] of the three-dimensional vector field (1.2),

we first describe the Poincaré compactification of a one-dimensional system on R. As

is illustrated in Fig. 3.1(a), the one-dimensional phase space (purple curve) is identified

with the tangent space of the one-dimensional sphere, the circle S ⊂ R2, at its north pole

(0, 1) ∈ R2. Each point r ∈ R (green dot) is related via inverse central projections f±

to antipodal points f±(r) ∈ S, one on the upper half-sphere S+ (red dot) and one on the

lower half-sphere S− (blue dot). In a second step, shown in Fig. 3.1(b), the south-pole

projection g is used to map the northern hemisphere S+ to the interval (−2, 2) and the

equator S0 to its boundary {−2, 2}. Note that g maps S− \ {(0,−1)} to the two open

intervals (−∞,−2) and (2,∞), which constitutes a second transformation of R that is

not compact. For our purposes, it makes sense to work with only S+.

To understand how a vector field X defined in R is transformed by the maps f±, we

refer to the following commutative diagram:

R
f±

−−−→ S±

X

y
yXS±

TR = R
Df±

−−−→ TS±

Here, TR and TS± are the respective tangent bundles of R and S±, the map Df± is

the Jacobian of f±, and the two vector fields XS+ and XS− defined on S+ and S− are

conjugate to X , respectively. Consequently, we can write the transformed vector field
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XS± as XS± = Df± ◦X ◦ f−1
± . It is possible to extend the domain of definition of XS± to

the whole of S provided X is polynomial; when doing this, the dynamics at the equator

of S are invariant and represent the dynamics of X at infinity. Let ρ(X) be the extension

of XS± in S. We have that g generates the vector field X = Dg ◦ ρ(X) ◦ g−1 on R, where

the flow on (−2, 2) is conjugate to the flow of X and {−2, 2} represents the dynamics

at infinity. This procedure can be generalized to higher dimensions; the best-known case

is the compactification to the Poincaré disk of polynomial vector fields on R
2 [17, 24].

We are interested here in R3, which has been studied for certain models [44, 46, 47, 68]

through the use of coordinate charts.

3.1.1 Compactification of R3. Recall that system (1.2) is defined as the polynomial

vector field

Xs(x, y, z) :





ẋ = P 1(x, y, z) := ax+ by − ax2 + (µ̃− αz)x(2 − 3x) + δz,

ẏ = P 2(x, y, z) := bx+ ay − 3
2
bx2 − 3

2
axy − 2y(µ̃− αz)− δz,

ż = P 3(x, y, z) := cz + µx+ γxz + αβ(x2(1− x)− y2),

for (x, y, z) ∈ R3. We wish to apply a conjugacy transformation such that Xs is topologi-

cally equivalent to a vector field X when restricted to the open ball B2(2) ⊂ R3 of radius

2. As the first step, we extend the system into R4; that is, we transform system (1.2)

such that it is defined on the unit hypersphere S3. Then the two-dimensional sphere

S
2
R4 :=

{
(x1, x2, x3, x4) ∈ S

3 : x4 = 0
}
⊂ R

4

is the equator that contains the dynamics at infinity of system (1.2). Analogously to the

one-dimensional case, we use the inverse central projections f± : R3 → S3
± defined by

f±(x1, x2, x3) = ±(x1, x2, x3, 1)/(1 + x21 + x22 + x23)
1/2; note that the radius x21 + x22 + x23

plays the exact same role as r2 in the one-dimensional example. We perform a conjugacy

transformation to the vector field Xs on R3 so that we obtain the vector fields Xs
S±

=

Df± ◦Xs ◦ f−1
± defined on the tangent bundle TS3

±. It turns out that both Xs
+ and Xs

−

can be expressed as

Xs
S±
(y) = y4




1− y21 −y1y2 −y1y3

−y1y2 1− y22 −y2y3

−y1y3 −y2y3 1− y23

−y1y4 −y2y4 −y3y4




◦Xs

(
y1
y4
,
y2
y4
,
y3
y4

)
, (3.1)
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where y = (y1, y2, y3, y4) ∈ S3
±.

System (3.1) is not well defined on the hyperplane y4 = 0. We can salvage this issue

via multiplication by a factor yk−1
4 , where k is the maximal degree of the polynomials

that define Xs. Since k = 3 for system (1.2), we define the corresponding Poincaré

compactification on S3 as

ρ(Xs)(y) = y24X
s
S±
(y), (3.2)

that is, ρ(Xs) is defined on S3
± as well as the equator. We can think of (3.2) as a vector

field on R4, for which S3 is an invariant manifold. Note that, if k were even, the dynamics

of ρ(Xs)(y) on the hemisphere S3
− would only be conjugate to Xs by reversing time.

3.1.2 Projection back to R3. As illustrated for the one-dimensional vector field in

Fig. 3.1(b), we now project S3 \ {(0, 0, 0,−1)} ⊂ R4 back to R3. We define g : S3 \

{(0, 0, 0,−1)} → R3 as

g(y1, y2, y3, y4) =
2

y4 + 1
(y1, y2, y3) ,

which corresponds to the stereographic projection from the south pole (0, 0, 0,−1) to the

hyperplane tangent to S3 at the north pole (0, 0, 0, 1). The set g(S3
+) is contained in the

three-dimensional ball B3(2) ⊂ R3 with radius two. Its Jacobian is given by

Dg(y) =
2

y4 + 1




1 0 0
−y1
y4 + 1

0 1 0
−y2
y4 + 1

0 0 1
−y3
y4 + 1



,

and the composition with Df± becomes

Dg ◦Df±(y) = 2
y4

(y4 + 1)2




−y21 + y4 + 1 −y1y2 −y1y3

−y1y2 −y22 + y4 + 1 −y2y3

−y1y3 −y2y3 −y23 + y4 + 1



. (3.3)

Let p̄ = (x̄, ȳ, z̄) ∈ R3 be a point in the new compactified phase space. The inverse of
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g transforms p̄ to the point

(y1, y2, y3, y4) =
4

|| p̄ ||2 +4

(
x̄, ȳ, z̄,

4− || p̄ ||2

4

)
∈ S

3 \ {(0, 0, 0,−1)},

i.e., ||g−1(p̄) ||= 1. In these coordinates, equation (3.3) becomes

Dg ◦Df(p̄) =
4− || p̄ ||2

|| p̄ ||2 +4




−x̄2 + ȳ2 + z̄2 + 4

4
−
x̄ȳ

2
−
x̄z̄

2

−
x̄ȳ

2

x̄2 − ȳ2 + z̄2 + 4

4
−
ȳz̄

2

−
x̄z̄

2
−
ȳz̄

2

x̄2 + ȳ2 − z̄2 + 4

4



.

Then the vector field Xs = Dg ◦ ρ(Xs) ◦ g−1 = y24Dg ◦Df± ◦Xs ◦ f−1
± ◦ g−1, defined on

R3, can be expressed as

Xs(p̄) =

(
4− || p̄ ||2

|| p̄ ||2 +4

)2

Dg ◦Df ◦Xs

(
4x̄

4− || p̄ ||2
,

4ȳ

4− || p̄ ||2
,

4z̄

4− || p̄ ||2

)
. (3.4)

Note that the closed ball B3(2) of radius two is invariant under system (3.4) and its interior

is conjugate to the original system (1.2) on R3.

3.2 Configuration of equilibria

We start by determining the equilibria of system (1.2) and their stability. Following the

discussion from the previous section, we use the compactified system (3.4). In particular,

system (3.4) can be used to track the different equilibria of system (1.2) in Auto as they

move through infinity.

Figure 3.2 shows the corresponding bifurcation diagrams of the equilibria of sys-

tem (1.2), as determined by using its compactification (3.4), for both the inclination

and orbit flip cases. Specifically, panel (a) shows the inclination flip case IF in the (α, γ)-

plane of the compactified model (3.4) for (a, b, c, β, µ, µ̃) = (0.22, 1,−2, 1, 0, 0), and panel

(b) the orbit flip case OF in the (µ̃, γ)-plane for (a, b, c, α, β, µ) = (−0.5, 2.5,−1, 1, 0, 0).

Starting with IF in panel (a), we focus on the region near γ = 3. The origin is always an

equilibrium and the squares indicate the number and stability of the additional equilibria.

A blue square corresponds to an equilibrium with at least two stable eigenvalues; other-

wise the square is red. Squares with a cross refer to saddles and solid squares to sinks
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Figure 3.2: Bifurcation diagram of equilibria for system (1.2). Panel (a) shows the (α, γ)-
plane with (a, b, c, β, µ, µ̃) = (0.22, 1,−2, 1, 0, 0) and panel (b) the (µ̃, γ)-plane with (a, b, c, α, β, µ) =
(−0.5, 2.5,−1, 1, 0, 0). Each equilibrium is represented by a square, where color and filling indicates its
eigenvalue configuration as explained in the legend. Shown are saddle-node bifurcations SN as red and
blue curves, inclination flip IF and orbit flip bifurcations OF as pink curves, Hopf bifurcation HB as
a light-green curve, torus bifurcation T as a dark-green curve, transcritical bifurcation GT as a yellow
curve, and degenerate transcritical bifurcation at infinity DT∞ as a brown curve; the point DCP∞ is a
degenerate cusp point at infinity. An attracting periodic orbit Γa

o exist between HB and IF in panel (a),
and between HB and OF in panel (b).

(blue) or sources (red). System (1.2) and its compactification are symmetric under the

transformation (z, α) → (−z,−α) when µ = 0; hence, there is no need to show the nega-

tive values of α in Fig. 3.2. The blue curve represents a saddle-node bifurcation, labeled

SN, that gives rise to a sink and a saddle; similarly, the red curve SN gives rise to a source

and a saddle. The line γ = 3 (brown) represents a degenerate transcritical bifurcation at
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infinity, labeled DT∞. Along the bifurcation curve DT∞, an equilibrium reaches infinity,

namely at the nonhyperbolic equilibrium (0, 0, 2) ∈ S
2(2). After the equilibrium crosses

the curve DT∞, its z-coordinate and all its eigenvalues change sign, that is, it reappears

at (0, 0,−2) with the opposite stability. The curves labeled SN meet in a degenerate cusp

point DCP∞ on DT∞. The curves IF (pink) and HB (green) are bifurcations of homo-

clinic or periodic orbits. Since µ = 0, there exists a homoclinic orbit irrespective of the

choices for α and γ [62]. The homoclinic orbit is orientable for small α and changes type

at the inclination flip curve IF (pink); the homoclinic orbit is nonorientable for values

of α to the right of IF. The Hopf bifurcation HB gives rise to an orientable attracting

periodic orbit Γa
o that merges with the orientable homoclinic orbit and disappears in the

homoclinic flip bifurcation IF. We choose to focus on the same situation that was stud-

ied in [1], namely, where there is a single extra saddle-focus equilibrium q ∈ R3, with a

two-dimensional unstable manifold W u(q) and a one-dimensional stable manifold W s(q).

For this reason, we fix γ = 2 and vary α > 0, which is equivalent to the situation shown

along the horizontal line γ = 2.8 in Fig. 3.2(a).

Figure 3.2(b) shows that there is a similar configuration of equilibria for parameters

µ̃ and γ for the case OF. We again find a degenerate transcritical bifurcation DT∞ at

infinity at γ = 1.5, two curves of Hopf bifurcation HB, and two saddle-node bifurcation

curves SN. We also find a curve of torus bifurcation T (dark-green curve) and a generic

transcritical bifurcation GT (light-green). There exists a curve OF of orbit flip bifurca-

tions at µ̃ = 0 in the (µ̃, γ)-plane. However, the homoclinic orbit that goes through these

orbit flip bifurcations cannot be found in this parameter plane.

For the case OF, we again consider the situation where system (1.2) has an additional

equilibrium q with the same properties as described before. For this reason, we can study

the orbit flip bifurcation by setting γ = 0, which is equivalent to the horizontal line

γ = 1.3 in Fig. 3.2(b).

3.3 Analytical study at infinity

Since the sphere S2(2) is invariant for system (3.4), we are interested in characterizing the

behavior of the flow on it to understand the dynamics at infinity of (1.2). In its general

form, system (3.4) is too complex to study on the boundary S2(2) of the compactified phase

space. Instead, we study the dynamics at infinity for the differentiable vector field ρ(Xs) as

given by (3.1). To this end, we analyze the dynamics on specific coordinate charts of S3 and

its equator S2
R4 [46, 47]. We consider three different local charts, namely, (Ui, φi) for i =

1, 2, 3, where Ui = {y ∈ S3 : yi > 0} and φi : Ui → R3; the transformations φi correspond
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to the central projections with respect to the tangent planes at the points (1, 0, 0, 0),

(0, 1, 0, 0) and (0, 0, 1, 0), respectively, which are similar to the projections f−1
± used in

Section 3.1.1. The three-dimensional vector fields in these projections contain subsets

of the equator S2
R4 that correspond to invariant planes. Hence, the problem of studying

the dynamics at infinity can be simplified to a study of two-dimensional vector fields

[44, 46, 47, 68]. For ease of notation, we use the variables x̃, ỹ, z̃ and w̃ interchangeably

in the different charts. Specifically, w̃ represents the proximity to infinity; that is, w̃ = 0

corresponds to the projection of the dynamics at infinity in the corresponding charts.

We show the construction for U1, that is, the half of S
3 with y1 > 0. Similar to f±, the

inverse central projection with the hyperplane tangent to S3 at (1, 0, 0, 0) adds 1 as the

first component and normalizes the vector. Hence, its inverse φ1(y) for y ∈ U1 is defined

as φ1(y) = (y2/y1, y3/y1, y4/y1) =: (ỹ, z̃, w̃) ∈ R3, and the corresponding Jacobian is given

by

Dφ1(y) =
1

y1




−
y2
y1

1 0 0

−
y3
y1

0 1 0

−
y4
y1

0 0 1



.

Then the composition with Df± becomes

Dφ1 ◦Df(y) =
1

y1




−
y2
y1

1 0

−
y3
y1

0 1

−
y4
y1

0 0



. (3.5)

Rewriting (3.5) with respect (ỹ, z̃, w̃), we have

Dφ1 ◦Df(ỹ, z̃, w̃) = w̃



−ỹ 1 0

−z̃ 0 1

−w̃ 0 0


 . (3.6)

Finally, we use the fact that y4 = w̃/(1 + ỹ2 + z̃2 + w̃2)1/2 and (3.6) to represent the
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vector field on U1, that is, X
s
U1

=Dφ1 ◦ ρ(X
s) ◦ φ−1

1 , as

Xs
U1
(ỹ, z̃, w̃) =

w̃2

1 + ỹ2 + z̃2 + w̃2
Dφ1◦Df ◦X

s =
w̃3

1 + ỹ2 + z̃2 + w̃2



−ỹP 1 + P 2

−z̃P 1 + P 3

−w̃P 1


 , (3.7)

where P j = P j(1/w̃, ỹ/w̃, z̃/w̃) for j = 1, 2, 3. The dynamics on the chart U2 with

φ2(y) = (y1/y2, y3/y2, y4/y2) =: (x̃, z̃, w̃) ∈ R3, where y ∈ U2, are given by

Xs
U2
(x̃, z̃, w̃) =

w̃2

1 + x̃2 + z̃2 + w̃2
Dφ2◦Df◦X

s =
w̃3

1 + x̃2 + z̃2 + w̃2



−x̃P 2 + P 1

−z̃P 2 + P 3

−w̃P 2


 , (3.8)

where P j = P j(x̃/w̃, 1/w̃, z̃/w̃) for j = 1, 2, 3. Finally, the dynamics on the chart U3 with

φ3(y) = (y1/y2, y3/y2, y4/y2) =: (x̃, z̃, w̃) ∈ R3, where y ∈ U3, are given by

Xs
U3
(x̃, ỹ, w̃) =

w̃2

1 + x̃2 + ỹ2 + w̃2
Dφ3◦Df◦X

s =
w̃3

1 + x̃2 + ỹ2 + w̃2



−x̃P 3 + P 1

−ỹP 3 + P 2

−w̃P 3


 , (3.9)

where P j = P j(x̃/w̃, ỹ/w̃, 1/w̃) for j = 1, 2, 3.

Note that the denominator in each of the factors for (3.7), (3.8) and (3.9) is strictly

positive. Hence, this term can be viewed as a time rescaling that does not alter the

dynamics of the vector fields; therefore, it can be omitted. As mentioned before, w̃ = 0

is the invariant plane for (3.7), (3.8) and (3.9) that represents infinity. After substitution

of the corresponding polynomials and simplification of the expressions, we set w̃ = 0 in

(3.7), (3.8) and (3.9), which leads to the following three vector fields that represent the

dynamics of system (1.2) at infinity in the corresponding charts:

Xs
U∞
1
(ỹ, z̃) :





˙̃y = −3αỹz̃,

˙̃z = −α(3z̃2 + β).
(3.10)

Xs
U∞
2
(x̃, z̃) :





˙̃x = 3αx̃2z̃,

˙̃z = −αβx̃3.
(3.11)

Xs
U∞
3
(x̃, ỹ) :





˙̃x = αx̃2(βx̃2 + 3),

˙̃y = αβx̃3ỹ.
(3.12)
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Systems (3.10), (3.11) and (3.12) highlight that the dynamics at infinity depend only on

the parameters α and β, which are the coefficients of higher powers of the polynomials in

system (1.2). We observe that the three systems each have an integral of motion, namely

HU1
(ỹ, z̃) = ln

(
ỹ2

|3z̃2 + β|

)
, (3.13)

HU2
(x̃, z̃) = βx̃2 + 3z̃2, and (3.14)

HU3
(x̃, ỹ) = ln

(
|βx̃2 + 3|

ỹ2

)
. (3.15)

Given the parameter chosen in Section 2.3, we are interested in how the dynamics at

infinity change as β is varied and α > 0.

Note that, for a complete characterization of S2
R4 , one would also have to study the

charts (Vi, σi) with i = 1, 2, 3, where Vi = {y ∈ S3 : yi < 0} and σi : Vi → R3 are the

central projections to the tangent planes (−1, 0, 0, 0), (0,−1, 0, 0) and (0, 0,−1, 0). We do

not study these charts because the inverse central projections f± map to antipodal points

and the maximum degree of our polynomials is odd; therefore, the charts Ui and Vi are

conjugate to each other via the transformation p ∈ Ui → −p ∈ Vi for i = 1, 2, 3.

3.3.1 Dynamics at infinity when β < 0. Figure 3.3 illustrates the dynamics of

system (1.2) at infinity when β < 0. The first row shows phase portraits of systems (3.10),

(3.11), and (3.12) on the charts (U1), (U2), and (U3) in their corresponding labeled panels,

respectively. Panel (a) shows how these phase portraits are glued together on a cube,

and panel (b) shows representative computed trajectories of system (3.4) on S2(2) for

(a, b, c, α, β, γ, µ, µ̃) = (0.22, 1,−2, 0.65,−1, 2, 0, 0).

In the local chart U1, there are two equilibria, at (ỹ, z̃) = (0,±
√
−β/3), and their

Jacobian matrix is diagonal with eigenvalues ∓3α
√

−β/3) and ∓6α
√
−β/3, respectively;

the eigenvectors are (1, 0) for the first eigenvalue and (0, 1) for the second eigenvalue,

which is the strong direction. Note that ỹ = 0 is invariant, so that the strong (un)stable

manifolds are straight lines that coincide. Since the lines z̃ = ±
√

−β/3 are also invariant,

both equilibria have linear weak (un)stable manifolds as well; we denote these straight

lines by l±. The curves l± connect the points (0, 2, 0) and (0,−2, 0) in the phase space of

system (3.4).

In the local chart U2, as we see from (3.14), solutions of system (3.11) are tangent

to the family of hyperbolas with asymptotes z̃ = ±x̃
√

−β/3 when β < 0. The curves

l± correspond to these asymptotes in the local chart U2. They are the only trajectories

that converge to the origin, which is the point (0, 2, 0) of S2(2). The z̃-axis is a family of
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Figure 3.3: Dynamics of system (1.2) at infinity when β < 0; the first row shows different co-
ordinate charts that fit together as neighboring faces on a cube in panel (a). The sphere in panel (b)
shows computed trajectories (green) on S2(2) for the compactified system (3.4) for (a, b, c, α, β, γ, µ, µ̃) =
(0.22, 1,−2, 0.65,−1, 2, 0, 0).

nonhyperbolic equilibria of system (3.11) with one stable direction when x̃ < 0 and one

unstable direction when x̃ > 0.

The phase portrait of system (3.12) in the chart U3 with β < 0 is similar to that of

system (3.10) after the transformation (ỹ, z̃) 7→ (−ỹ, x̃) and rotation by −π
2
; panel (U3)

of Fig. 3.3 shows that the x̃-axis is invariant and corresponds to the strong manifolds

of the two equilibria (±
√

−3/β, 0); also, the vertical lines x̃ = ±
√

−3/β are invariant

and correspond to the projections of l± under the transformation φ3. However, due to

the factor x̃2 in the equations, the z̃-axis is a set of nonhyperbolic equilibria just as for

system (3.11).

The cube and sphere in the second row of Fig. 3.3 show how the curves l± connect the

two nodes in the chart U1 with the equilibrium (0, 0) in the chart U3.
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Figure 3.4: Dynamics of system (1.2) at infinity when β = 0; the first row shows different co-
ordinate charts that fit together as neighboring faces on a cube in panel (a). The sphere in panel (b)
shows computed trajectories (green) on S2(2) for the compactified system (3.4) for (a, b, c, α, β, γ, µ, µ̃) =
(0.22, 1,−2, 0.65, 0, 2, 0, 0).

3.3.2 Dynamics at infinity when β = 0. Systems (3.10)-(3.12) for β = 0 become

Xs
U∞
1
(ỹ, z̃) :





˙̃y = −3αỹz̃,

˙̃z = −3αz̃2,
Xs

U∞
2
(x̃, z̃) :





˙̃x = 3αx̃2z̃,

˙̃z = 0,
Xs

U∞
3
(x̃, ỹ) :





˙̃x = 3αx̃2,

˙̃y = 0.

The corresponding phase portraits are shown in the first row of Fig. 3.4; in the different

charts U1, U2 and U3. Panel (U1) of Fig. 3.4 shows a sketch of the phase portrait (3.10)

for β = 0. Note that the ỹ-axis consists of nonhyperbolic equilibria and the z̃-axis is

invariant. In fact, its first integral of motion (3.13) can be simplified to

HU1
(ỹ, z̃) =

ỹ

z̃
,



3.3 Analytical study at infinity 35

which means that any straight line through the origin is invariant. We can think of the

origin as a saddle-node equilibrium; indeed, as β < 0 increases toward 0, the two equilibria

from Fig. 3.3 move closer together and eventually, at β = 0, merge at the origin. Similarly,

the lines l± meet at the ỹ-axis for β = 0 and become a family of nonhyperbolic equilibria.

Panel (U2) of Fig. 3.4 shows a sketch of the phase portrait (3.11) for β = 0 and illus-

trates that the dynamics in the local chart U2 are reduced to one-dimensional dynamics.

The x̃- and z̃-axes are families of degenerate equilibria, and the horizontal lines are in-

variant. The nonhyperbolic equilibria on the z̃-axis are degenerate saddle-node points.

The dynamics in system (3.12) on U3 are also reduced to one-dimensional dynamics.

The ỹ-axis is a set of degenerate saddle-node equilibria and the horizontal lines are invari-

ant. In contrast to the limit argument used for the chart U1, the two hyperbolic equilibria

that exist for β < 0 do not disappear in a saddle-node bifurcation at β = 0; instead they

go to infinity in U3. More precisely, these equilibria disappear at a saddle-node bifurcation

on the local chart U1 and its antipodal chart V1, neither of which can be seen in the local

chart U3.

Figure 3.4(a) shows how the different charts can be glued together to form a cube. As

shown in Fig. 3.4(b), we also computed trajectories of system (3.4) on its invariant sphere

S2(2); here, (a, b, c, α, β, γ, µ, µ̃) = (0.22, 1,−2, 0.65, 0, 2, 0, 0). Note that the horizontal

trajectories in the charts U2 and U3 are translated to curves on S2(2) that connect the

poles at (2, 0, 0) and (−2, 0, 0). The great circles x̄ = 0 and z̄ = 0 both consist of

degenerate equilibria.

3.3.3 Dynamics at infinity when β > 0. Figure 3.5 shows the corresponding phase

portraits of system (1.2) with β > 0 on the charts at infinity in the correspondingly labeled

panels (U1), (U2), and (U3), respectively. On U1 there are no equilibria when β > 0 and

the z̃-axis is invariant under the flow. The first integral of motion (3.13) defines the

family of radical functions ỹ = ±
√
ec(3z̃2 + β) for c ∈ R. Meanwhile, on the chart U2,

the first integral of motion (3.14) for system (3.11) defines a family of ellipses that are

oriented clockwise and the z̃-axis is a family of nonhyperbolic equilibria. Finally, on the

chart U3, system (3.12) has a family of nonhyperbolic equilibria on the ỹ-axis. As in the

local chart U1, its first integral of motion (3.15) defines the family of radical functions

ỹ = ±
√
ec(βx̃2 + 3) for c ∈ R, where the x̃-coordinate increases with time.

Panel (a) of Fig. 3.5 shows how these projections fit together on a cube for β > 0.

Panel(b) shows computed trajectories of system (3.4) on S2(2). In particular, note

how each trajectory in U1 is translated to a curve that connects equilibria (0, ȳ, z̄) and

(0, ȳ,−z̄). The local charts U2 and U3 imply that the z̄-coordinate of the trajectories with
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Figure 3.5: Dynamics of system (1.2) at infinity when β > 0; the first row shows different
coordinate charts that fit together as neighboring faces on a cube in panel (a). The sphere in panel (b)
shows computed trajectories (green) on S2(2) for the compactified system (3.4) for (a, b, c, α, β, γ, µ, µ̃) =
(0.22, 1,−2, 0.65, 1, 2, 0, 0).

x̄ > 0 decreases with time, while it increases for trajectories with x̄ < 0; this agrees with

the orientation computed for the trajectories on S2(2).

3.4 Summary of compactification

In this chapter we used Poincaré compactification to compactify system (1.2) into the

interior of the three-dimensional sphere S2(2) of radius two. Using this compactification,

we successfully continued the equilibria of system (1.2) when they interact with infin-

ity. In this way, we characterized the regions with different equilibrium configurations

for system (1.2) for both inclination and orbit flip bifurcations of case B. This allowed

us to select the parameter regions for which there is only one additional saddle-focus

equilibrium q.
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We also performed an analytical characterization of the dynamics of system (1.2) at

infinity. We accomplished this by studying its Poincaré compactification in coordinate

charts tangent to the sphere S2(2). We found that the dynamics at infinity only depends

on α and β if α 6= 0. Furthermore, we showed how the dynamics at infinity changes as β

varies, and presented the corresponding phase portraits in different coordinate charts of

S2(2) and on S2(2) itself.
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4
Invariant Manifolds close to a

Homoclinic Flip Bifurcation of Case B

The results reported in this chapter have been published in [22].

Our main objective in this chapter is to study both inclination and orbit flip bifurcations

of case B in system (1.2). Unlike case A, this case is characterized by the creation of a

saddle periodic orbit that may be orientable or nonorientable. As such, the reorganization

of phase space around the codimension-two point vastly differs with respect to case A. We

now characterize how the associated invariant manifolds of the different saddle objects

transition through the different bifurcation curves that emanate from the homoclinic

flip point. In this way, we are able to characterize different phenomena close to the

codimension-two homoclinic flip bifurcation point, e.g., how the boundary of the basin

of attraction of the attracting periodic orbit Γa changes as different manifolds interact

along different bifurcations. The existence of the additional saddle-focus q creates a new

codimension-one curve in case A [1]; hence, it is a logical step to study the consequences

of the existence of q in the presence of saddle periodic orbits for case B. We show and

prove the consequences of the existence of q in the unfolding of case B. Even though its

unfolding is far simpler than that of case C, the results concerning the existence of q in

case B will be also useful for the understanding of case C in Chapter 5.

Throughout this chapter, we use the bifurcation diagrams for both inclination and

orbit flip bifurcations of case B as a reference to describe the changes in the organization

of the manifolds of system (1.2) in phase space as parameters are varied. We present

39
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representative phase portraits in R3 and intersection sets with a sphere of relevant stable

manifolds to describe such transitions as we cycle around the codimension-two point. We

also show the transition through the inclination and orbit flip bifurcations, respectively,

along the codimension-one homoclinic bifurcation.

4.1 Bifurcation diagram of

an inclination flip of case B

Recall that we denote the inclination flip IF of type B by BI; see Section 2.3. On the level

of the codimension-one homoclinic bifurcation, BI marks the transition from an orientable

homoclinic bifurcation to a nonorientable one by breaking condition (G3). Figure 4.1

shows the unfolding of BI in the (α, µ)-plane for system (1.2) with the other parameters

as stated in Section 2.3. The bifurcation curves that emanate from the codimension-

two point are a codimension-one orientable homoclinic bifurcation Ho (brown curve), a

codimension-one nonorientable homoclinic bifurcation Ht (brown curve), a saddle-node

bifurcation of periodic orbits SNP (cyan curve), a period-doubling bifurcation PD (red

curve), and a codimension-one homoclinic bifurcation 2Ho (blue curve), as proven in [34]

and shown in Fig. 1.4. We also find an additional curve of fold bifurcation of heteroclinic

orbits F and curves CC± (purple curves) that represent the moment that the Floquet

multipliers of an attracting periodic orbit become complex conjugate. These curves divide

the (α, µ)-plane into open regions, which are labeled by red numbers. Even though the

curves CC± are not bifurcation curves, they bound region 1∗ in Fig. 4.1 where the Floquet

multipliers of Γa are complex conjugate. Crossing through CC± and this region results in

the transition of Γa having a nonorientable strong stable manifold to having an orientable

strong stable manifold, so that this attracting periodic orbit can bifurcate at the curves

SNP and PD, respectively.

Starting from region 1, where an orientable attracting periodic orbit Γa
o exists, we move

to region 2 through Ho. This homoclinic orbit creates an orientable saddle periodic orbit

Γo in region 2, which disappears with Γa
o in the bifurcation SNP as we cross into region

3. The transition between regions 3 and 4 is the bifurcation Ht. As in region 2, the

homoclinic orbit becomes a saddle periodic orbit Γt in region 4, but this saddle periodic

orbit is nonorientable. As we move to region 5, the periodic orbit Γt undergoes the

bifurcation PD and becomes the nonorientable attracting periodic orbit Γa
t ; furthermore,

an orientable saddle periodic orbit 2Γo with twice the period of Γt is created. Next, the

transition between regions 5 and 6 is characterized by the disappearance of 2Γo in 2Ho
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Figure 4.1: Bifurcation diagram in the (α, µ)-plane near an inclination flip bifurcation BI of sys-
tem (1.2) with all other parameters as given in Section 2.3. Shown are the homoclinic bifurcations Ho

and Ht as brown curves, the homoclinic bifurcation 2Ho as a blue curve, the saddle-node bifurcation SNP

of periodic orbit as a cyan curve, the period-doubling bifurcation PD as a red curve, the fold bifurcation
F of heteroclinic orbits as a green curve, and the loci CC± as purple curves.

(blue curve) as it becomes a homoclinic orbit. As shown in Fig. 4.1. The curve F delimits

region 6 and marks the creation of a pair of heteroclinic orbits from q to 0 that exist in

regions 4, 5, and 6. These heteroclinic orbits represent the transverse intersection between

W s(0) and W u(q), which becomes tangent at F so that the two heteroclinic orbits merge

and then disappear in region 1′. Region 1′ is topologically equivalent to region 1 but the

attracting periodic orbit Γa
t is nonorientable instead of orientable for Γa

o in region 1. The

transition from region 1′ to region 1 occurs via a crossing of the curves CC− and CC+

where the Floquet multipliers of Γa
t (Γa

o) in region 1′ (1) change from being real positive

(negative) to complex conjugate. In region 1∗, bounded by CC+ and CC−, the periodic

orbit does not have a strong stable manifold due to the rotational dynamics transverse to

it. Chapter 6 gives details on the computation of the curves CC+ and CC−.

We use the bifurcation diagram in Fig. 4.1 to choose (α, µ)-points between the different

regions in the (α, µ)-plane to showcase the changes in the organization of the manifolds of

system (1.2) in phase space. Table 4.1 provides an overview of the representative values of

α and µ we selected from each region. We also illustrate the manifolds for representative

parameter points approximately on Ho, Ht,
2Ho, F, and BI; these values are given in

Table 4.2. We first present their phase portraits in R3, where the orbit segments that form

the two-dimensional stable (unstable) manifolds are computed by restricting one end point

to lie in the sphere S∗ := {x ∈ R3 : ‖x − c‖ = R} with c := (cx, cy, cz) = (0.5, 0, 0) and

R = 0.6.
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Region 1 2 3 4 5 6 1’
α 0.300 0.300 0.650 0.650 0.650 0.650 0.650
µ −0.004 0.004 0.004 −0.004 −0.007 −0.010 −0.014

Table 4.1: Chosen representative parameter values for the different open regions in Fig. 4.1.

Curve Ho BI Ht
2Ho F

α 0.3000000 0.4664012 0.6500000 0.6500000 0.6500000
µ 0 0 0 -0.0079047 −0.0134990

Table 4.2: Chosen representative parameter values at selected bifurcations in Fig. 4.1.

4.2 Manifolds in the open regions near

the inclination flip point BI.

Figure 4.2 shows phase portraits in each region and at the bifurcations 2Ho and F. Specif-

ically, we show the equilibria 0 and q along with their stable and unstable manifolds, as

well as the periodic orbits and their manifolds when they exist. In the following, we

cycle around BI through the bifurcation diagram in Fig. 4.1, starting from region 1, and

describe the transitions on the level of the invariant manifolds in phase space. To im-

prove clarity and understanding of Fig. 4.2, the accompanying animations in [22] show

the respective objects rotating clockwise around the y-axis.

4.2.1 Manifolds in region 1. Region 1 is characterized by the existence of an ori-

entable attracting periodic orbit Γa
o. The corresponding phase portrait in panel 1 of

Fig. 4.2 shows how one branch of W u(0) (red curve) spirals toward Γa
o (green curve). The

two-dimensional stable manifold W s(0) (blue surface) folds over W u(0) and trajectories

on W s(0) escape toward infinity backward in time. Furthermore, the two-dimensional

unstable manifold W u(q) (red surface) accumulates on Γa
o. In fact, Γa

o is the boundary

of W u(q). Since the Floquet multipliers of Γa
o are positive, its strong stable manifold

W ss(Γa
o) (purple surface) is a topological cylinder. We note that the one-dimensional

stable manifold W s(q) (cyan curve) lies in the interior ofW ss(Γa
o). Therefore, none of the

other stable manifolds outside of W ss(Γa
o) can accumulate onto W s(q) backward in time.

4.2.2 Manifolds in region 2. The bifurcation curve Ho, between regions 1 and 2,

creates the homoclinic orbit Γhom. As we transition to region 2, the orbit Γhom becomes

the orientable saddle periodic orbit Γo (dark-green curve) in panel 2 of Fig. 4.2. It has
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Figure 4.2: Phase portraits of system (1.2) in the different regions 1-6 and at the bifurcations Ho

and F of the (α, µ)-plane in Fig. 4.1. Shown are W s(0) as a dark-blue surface, W ss(0) as a blue curve,
Wu(0) as a pink curve, Wu(q) as a red surface, W s(q) as a cyan curve, W s(Γo) and W s(Γt) as cyan
surfaces, Wu(Γo) and Wu(Γt) as orange surfaces, and W ss(Γa

t ) and W ss(Γa
o) as purple surfaces. The

(α, µ)-values for each panel are given in Table 4.1 and Table 4.2. See also the accompanying animation
in [22].

two-dimensional stable and unstable manifolds W s(Γo) (cyan surface) and W u(Γo) (or-

ange surface), respectively. Since Γo is an orientable saddle periodic orbit, both W s(Γo)

and W u(Γo) are orientable, but W u(Γo) is bounded by Γa
o and W u(0), while W s(Γo) is

unbounded. As shown in panel 2 of Fig. 4.2, the one-dimensional manifold W u(0) no

longer accumulates on Γa
o, but one branch folds over W s(0) before both branches move off

to infinity. Furthermore, W s(0) now accumulates (backward in time) onto W s(Γo). Note

that W s(0) intersects W u(Γo) transversally; this implies the existence of a heteroclinic

cycle-to-point connecting orbit from Γo to 0, which exists in the open region 2 in Fig. 4.1.
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Figure 4.2: Continued. See also the accompanying animation in [22].

4.2.3 Manifolds in region 3. The transition between regions 2 and 3 occurs at the

saddle-node bifurcation of periodic orbits SNP. At SNP, the periodic orbits Γo, Γ
a
o and

their manifolds W s(Γo) and W
ss(Γa

o) merge and disappear as we transition into region 3.

Consequently, W s(0) now spirals toward q and accumulates on W s(q) backward in time;

see panel 3 of Fig. 4.2. The manifold W u(0) is now the boundary of W u(q) and the

manifolds W s(0) and W u(q) intersect transversally in region 3; this implies the existence

of a heteroclinic orbit γ1 (white curve) from q to 0.

4.2.4 Manifolds in region 4. Regions 3 and 4 are separated by a curve Ht of

codimension-one nonorientable homoclinic bifurcations. The homoclinic orbit Γhom be-

comes the nonorientable saddle periodic orbit Γt in region 4. The stable manifold W s(0)

accumulates onto W s(Γt) (cyan surface) backward in time. In contrast to region 2, the

nonorientable stable manifold W s(Γt) is not a separatrix but spirals toward q and accu-
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Figure 4.3: Intersection of global manifolds in region 4. Panel (a) shows the intersections of the
manifolds with the plane Σ; points in Σ have the same y-coordinate as q. Shown are W s(0) as blue curves,
W s(Γt) as a cyan curve, Wu(Γt) as an orange curve, Wu(q) as red curves and the point p ∈ Γt ∩ Σ as
a green dot. Panel (b) shows (scaled) time series in x of representative heteroclinic orbits from q to 0,
respectively.

mulates backward in time onto W s(q). Furthermore, we see intersections between the

different manifolds in region 4, although it is hard to appreciate their structure.

To illustrate the nature of these manifold interactions we consider their intersection

sets with the plane Σ := {(x, y, z) ∈ R3 : y = qy}, where qy is the y-component of q.

Figure 4.3(a) shows the intersection sets of W s(0), W u(q), W s(Γt) and W
u(Γt) with Σ in

a neighborhood of one of the two points p ∈ Γt∩Σ. Locally near p, there is a single curve

(cyan) representingW s(Γt)∩Σ and another single curve (orange) representingW u(Γt)∩Σ.

By considering the first return map induced by the flow of system (1.2) to the Poincaré

section Σ, we outline a proof of the existence of infinitely many heteroclinic orbits from q

to 0. Since W u(q)∩Σ intersects W s(Γt)∩Σ and W u(Γt)∩Σ intersects W s(0)∩Σ, there

exist structurally stable heteroclinic orbits from q to Γt and from Γt to 0, respectively.

Hence, we have that q → Γt → 0; see Section 2.1. As a consequence of the λ-lemma

[54, 72], the intersection sets W s(0) ∩ Σ (blue) and W u(q) ∩ Σ (red) consist of infinitely

many curves that accumulate in any neighborhood of p on W s(Γt)∩Σ and W u(Γt)∩Σ in

the C1-metric, respectively. Therefore, there exist transversal intersections between the

setsW u(q)∩Σ andW s(0)∩Σ, which imply the existence of structurally stable heteroclinic

orbits from q to 0. The λ-lemma guarantees that the sets W u(q) ∩ Σ and W s(0) ∩ Σ

intersect in an arbitrary small neighborhood of p; therefore, there exist infinitely many

intersection points. Each heteroclinic orbit from q to 0 only generates a finite number

of these intersection points; hence, there are, indeed, infinitely many heteroclinic orbits

from q to 0 in region 4. Panels (b1)–(b3) of Fig. 4.3 show the evolution of the x-variable

with respect to time for three heteroclinic orbits from q to 0 in region 4 of the infinitely

many that there exist. Observe how they differ in the number of big excursions before
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converging to 0; these excursions correspond to intersection points in Σ close to p.

We remark that the manifolds W u(q) and W s(0) shown in panel 4 of Fig. 4.2 are only

computed up to the first two of their infinitely many layers that intersect S∗; hence, the

accumulation of the manifolds W u(q) and W s(0) with the respective invariant manifolds

of Γo is not visible in panel 4 of Fig. 4.2.

4.2.5 Manifolds in region 5. When crossing from region 4 to region 5, a period-

doubling bifurcation PD occurs. The saddle periodic orbit Γt becomes a nonorientable

attracting periodic orbit Γa
t , and an orientable saddle periodic orbit 2Γo with twice the

period of Γa
t emanates from the period-doubling bifurcation into region 5.

Panel 5 in Fig. 4.2 shows thatW s(2Γo) (cyan) andW
s(0) accumulate onto q andW s(q)

backward in time. The periodic orbit Γa
t is attracting in region 5, but its strong stable

manifold W ss(Γa
t ) (purple) can be viewed as the continuation of W s(Γt). The portion of

W ss(Γa
t ) relative to W s(2Γo) suggests that the basin of attraction B(Γa

t ) of Γ
a
t is bounded

by W s(2Γo). Indeed, one side of W u(2Γo) accumulates onto Γa
t , while the other side

intersects W s(0). Hence, the situation is very similar to that in region 4: there exists one

transversal heteroclinic orbit from 2Γo to 0, and there exist infinitely many heteroclinic

orbits from q to 0. Furthermore, a two-dimensional submanifold ofW u(q) lies in the open

set B(Γa
t ); hence this submanifold accumulates on Γa

t and its boundary corresponds to an

intersection ofW u(q) andW s(2Γo), that is, there exist transversal heteroclinic orbits from

q to 2Γo. Also, as in region 4, the one-dimensional unstable manifold W u(0) is contained

in part of the closure of both W u(2Γo) and W
u(q).

4.2.6 Manifolds in region 6. The boundary between regions 5 and 6 is the curve 2Ho

of a codimension-one orientable homoclinic bifurcation. The moment of the homoclinic

bifurcation is illustrated in panel 2Ho of Fig. 4.2. The limit of the saddle periodic orbit 2Γo

is the orientable codimension-one homoclinic orbit 2Γhom at 2Ho. Note that 2Γo and its

manifolds have disappeared, and so have the heteroclinic orbits connecting 2Γo with 0 and

q. Hence there are no longer infinitely many codimension-zero heteroclinic orbits from q

to 0. We find thatW s(0) interacts nontrivially withW u(q) in two transversal heteroclinic

orbits from q to 0 that persist through the homoclinic bifurcation 2Ho. They bound the

two-dimensional submanifold W u(q) that accumulates on Γa
t . These two heteroclinic

orbits can be viewed as the continuation of the two heteroclinic orbits from q to 2Γo in

region 5. The other infinitely many heteroclinic orbits from q to 0 all disappear at once

in the homoclinic bifurcation 2Ho.

The homoclinic orbit 2Γhom disappears but the nonorientable attracting periodic orbit
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Γa
t and the two transversal heteroclinic orbits from q to 0 persist in region 6. In particular,

these two heteroclinic orbits still bound the portion ofW u(q) that is attracted by Γa
t . Note

that the branch of W u(0) that formed 2Γhom now spirals toward Γa
t . It is worth noting

that the phase space in region 6 is topologically equivalent to that of region 3 for case A

in [1].

4.2.7 Manifolds in region 1’. At the curve F, which is the transition from region 6

to region 1′, the two-dimensional manifolds W s(0) and W u(q) lose their two intersection

orbits in a quadratic tangency; see panel F of Fig. 4.2. Hence, the two heteroclinic orbits

merge to become the heteroclinic orbit γ∗, representing the last moment where W u(0) is

part of the boundary of W u(q).

In region 1′, the manifolds W s(0) and W u(q) no longer interact with each other, and

W u(q) accumulates entirely on Γa
t . The nontrivial Floquet multipliers of Γa

t in region 1′

become equal at the curve CC−; they are then complex conjugate with negative real part

close to CC− in region 1∗. Hence, there is not a well-defined strong stable manifold of

Γa in region 1∗. As we approached region 1 from region 1∗, the Floquet multipliers of

Γa cross the imaginary axis and become complex conjugate with positive real part close

to the curve CC+. At this curve, the nontrivial Floquet multipliers are both the same

positive real number. They then become two distinct positive real numbers in region 1,

so that Γa
o has a well-defined strong stable manifold again. This transition through CC−

and CC+ allows the twisted periodic orbit Γa
t to become the orientable Γa

o that then

disappears with Γo at the bifurcation SNP [52]. Our numerical computations indicate

that the two curves CC+ and CC− are not tangent to the homoclinic bifurcation curve

at BI but approach this codimension-two point at a nonzero angle; see Fig. 4.1. Since the

manifolds in regions 1′ and 1∗ are qualitatively the same as in region 1, except for the

properties of the strong stable manifold W ss(Γa), we do not show the respective phase

portraits in Fig. 4.2.

4.3 Intersections of the invariant manifolds with a

sphere

It is a challenge to extract the precise nature of the phase portraits in the panels of Fig. 4.2

in terms of the reorganization of the basins of attracting periodic orbits. Therefore, we

now study the intersection sets of the respective invariant manifolds with the sphere S∗

of radius R = 0.6 centered at c = (cx, cy, cz) = (0.5, 0, 0). Since S∗ is a compact set,
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all intersection sets of the manifolds of system (1.2) must be bounded. We consider the

following intersection sets:

Ŵ s(0) :=W s(0) ∩ S
∗, Ŵ ss(0) := W ss(0) ∩ S

∗, Ŵ s(q) := W s(q) ∩ S
∗,

Ŵ s(Γo) := W s(Γo) ∩ S
∗, Ŵ s(Γt) :=W s(Γt) ∩ S

∗ and Ŵ ss(Γa
o/t) :=W ss(Γa

o/t) ∩ S
∗.

In particular, the intersection sets of all two-dimensional manifolds that are transverse to

S∗ are curves, while the one-dimensional manifolds intersect S∗ in points. We also deter-

mine the regions on S∗ that correspond to the intersection sets of the basin of attraction

B(Γa) of Γa; we denote this set by B̂(Γa) and color it yellow in the subsequent figures.

It is convenient to represent these intersection sets in the plane; to this end, we use

stereographic projection onto the (x, z)-plane via the transformation

(x′, y′, z′) ∈ S
∗ 7→

(
R(x′ − cx)

R + (y′ − cy)
,
R(z′ − cz)

R + (y′ − cy)

)
∈ R

2. (4.1)

This transformation translates the center c to 0, and then projects a point on the (trans-

lated) sphere S∗ along the line through (0,−R, 0) to a point on the tangent plane of

the sphere at (0, R, 0), that is, the plane parallel to the (x, z)-plane through (0, R, 0).

Figure 4.4 shows the intersection sets with S∗ in each region close to the inclination flip.

As in the previous section, Fig. 4.4 starts with the situation for region 1 and cycles through

the bifurcation diagram of the inclination flip bifurcation. However, now we also show the

situation at region 1′. The left column of Fig. 4.4 shows stereographic projections of the

intersections sets of the manifolds in each region close to the inclination flip as computed

with Auto [12, 15]. The right column shows topological sketches of these projections to

illustrate and accentuate important features.

4.3.1 Intersection sets in regions 1 to 3. In region 1 the intersection set Ŵ s(0)

(blue curve) on S∗ is a single closed curve due to the fact that W s(0) is a topological

cylinder. The region enclosed by Ŵ s(0) contains the two points of Ŵ s(q) (dark blue).

The orientable attracting periodic orbit Γa
o that exists in region 1 does not intersect S

∗,

but the intersection set Ŵ ss(Γa
o) (purple curve) of its strong stable manifold intersects S∗

in two closed curves. The boundary of the basin B(Γa
o) is formed by W s(0) and W s(q);

hence, ∂B̂(Γa
o) = Ŵ s(0)∪Ŵ s(q). Note that its closure B̂(Γa

o) is a topological single closed

disk.

Panel Ho of Fig. 4.4 shows the homoclinic bifurcation at the boundary between re-

gions 1 and 2, where Ŵ s(0) closes back on itself along Ŵ ss(0). The basin B̂(Γa
o) is now
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1

B̂(Γa
o)
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Ŵ ss(0) Ŵ ss(0)

Ŵ ss(Γa
o)

Ŵ s(q)

Ŵ ss(0) Ŵ ss(0)

Ho

B̂(Γa
o)

Ŵ s(0)

Ŵ ss(Γa
o)

Ŵ s(q)

Ŵ ss(0) Ŵ ss(0)

Ho

B̂(Γa
o)

Ŵ s(0)

Ŵ ss(Γa
o)

Ŵ s(q)

Ŵ ss(0) Ŵ ss(0)

2
B̂(Γa

o)
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Ŵ s(0)

Ŵ s(Γo)
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2
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o)Ŵ s(Γo)

Ŵ s(0)

Ŵ s(q)

Ŵ ss(0) Ŵ ss(0)

Figure 4.4: Stereographic projections of the intersection sets of the invariant manifolds with S
∗ in

the regions and at bifurcations of the bifurcation diagram in Fig. 4.1 near the inclination flip BI; the first
column shows the computed manifolds of system (1.2) and the second column are topological sketches.

Shown are Ŵ s(0) as dark-blue curves, Ŵ ss(0) as light-blue dots and Ŵ s(q) as dark-blue dots, Ŵ s(Γo),

W s(2Γo) and Ŵ s(Γt) as cyan curves, Ŵ ss(Γa
o/t) as purple curves and B̂(Γa

o/t) as the shaded yellow region.
For respective parameter values see Table 4.1 and Table 4.2.

disconnected, and B̂(Γa
o) is topologically equivalent to two disjoint disks. Furthermore,

not all of Ŵ s(0) is part of ∂B̂(Γa
o) any longer.

In region 2 the homoclinic orbit Γhom becomes the orientable saddle periodic orbit Γo.
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Figure 4.4: Continued.

Instead of Ŵ s(0), the intersection set Ŵ s(Γo) now forms the outer part of the boundary

set of B̂(Γa
o); that is, ∂B̂(Γ

a
o) = Ŵ s(Γo)∪Ŵ

s(q). Note that Ŵ s(0) accumulates on Ŵ s(Γo),

which consists of two topological circles, reflecting that W s(Γo) is also a cylinder. The

accumulation of Ŵ s(0) on Ŵ s(Γo) is a consequence of the λ-lemma; the structurally stable

heteroclinic orbit from Γo to 0 forces Ŵ s(0) to spiral around Ŵ s(Γo). We remark that, as

the λ-lemma is local in nature, this accumulation may be lost if a bigger sphere is chosen
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Ŵ s(2Γo)Ŵ ss(Γa
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Ŵ ss(0) Ŵ ss(0)

Figure 4.4: Continued.

and Ŵ s(Γo) becomes tangent to the sphere.

The transition from region 2 to region 3 is via a saddle-node bifurcation (SNP) of pe-

riodic orbits, where Γo and Γa merge and disappear. As a consequence, Ŵ s(Γo), Ŵ
ss(Γa

o),

and B̂(Γa
o) are no longer present in panel 3 of Fig. 4.4. The intersection set Ŵ s(0) now

accumulates on Ŵ s(q), which reflects the existence of a structurally stable heteroclinic

orbit from q to 0.
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Ŵ s(0)
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Ŵ s(q)
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Figure 4.4: Continued.

4.3.2 Intersection sets in regions 4 and 5. Panel Ht of Fig. 4.4 is at the transition

between regions 3 and 4, characterized by a codimension-one nonorientable homoclinic

orbit. As for the orientable homoclinic orbit, shown in panel Ho, the intersection set

Ŵ s(0) connects back on itself at Ŵ ss(0), but now Ŵ s(0) does not bound two open

regions. Instead, two segments of Ŵ s(0) accumulate on the intersection points Ŵ s(q),

due to the persistence of the heteroclinic orbit from q to 0.

In region 4, the homoclinic orbit Γhom becomes the periodic orbit Γt. Compare Ŵ s(Γo)

in panel 2 with Ŵ s(Γt) in panel 4 of Fig. 4.4; for the former, Ŵ s(Γo) is composed of two

closed curves, while for the latter, W s(Γt) intersects S
∗ in a single curve that accumulates

on Ŵ s(q) as a consequence of the existence of a heteroclinic orbit from q to Γt. The

intersection set Ŵ s(0) consists of many curve segments: one segment accumulates on

a single point in Ŵ s(q), while the other segments connect the two intersection points

Ŵ s(q). In Section 4.2.4, we proved the existence of infinitely many heteroclinic orbits in

region 4; as such, there must be infinitely many curve segments of Ŵ s(0) accumulating

on Ŵ s(q). This is a consequence of the λ-lemma when applied to the time-one map of
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the flow of system (1.2). Since S∗ is transverse to W s(q), each transverse heteroclinic

orbit from q to 0 creates at least one intersection curve Ŵ s(0) whose end points are

Ŵ s(q). Furthermore, this set of curves accumulates onto Ŵ s(Γt). In panel 4 of Fig. 4.4

we only show three of these infinitely many intersection curves of Ŵ s(0); the existence of

infinitely many curves is indicated by dashed blue curves; the three dots illustrate their

accumulation on Ŵ s(Γt).

In region 5, the period-doubling bifurcation PD creates 2Γo and Γa
t . Note that 2Γo

is an orientable periodic orbit, yet its intersection set Ŵ s(2Γo), composed of two open

curves, is markedly different from Ŵ s(Γo) in region 2. This is due to the existence of the

two heteroclinic orbits from q to 2Γo that force the two curves in Ŵ s(2Γo) to accumulate

on Ŵ s(q); see panel 5 of Fig. 4.4. The closure Ŵ s(2Γo) is a topological circle that bounds

B̂(Γa
t ), namely, ∂B̂(Γa

t ) = Ŵ s(2Γo) = Ŵ s(2Γo) ∪ Ŵ s(q). Hence, the manifold W s(2Γo),

together with W s(q), plays a similar role as W s(Γo) in region 2. The set Ŵ s(0) does

not change qualitatively in the transition from region 4 to region 5, in the sense that

all segments are in one-to-one correspondence with their counterparts in region 4. The

only difference is that Ŵ s(0) now accumulates on Ŵ s(2Γo); more precisely, due to the

period-doubled nature of 2Γo, there are two sets of segments in Ŵ s(0) that accumulate

on different curves of Ŵ s(2Γo).

4.3.3 Intersection sets in regions 6 and 1’. Panel 2Ho of Fig. 4.4 shows how the

intersection set Ŵ s(0) meets itself transversally at Ŵ ss(0) in this bifurcation. As 2Γo

becomes 2Γhom, the infinitely many curves of Ŵ s(0) in region 4 disappear and only two

curves that connect Ŵ ss(0) and Ŵ s(q) exist. In addition, ∂B̂(Γa
t ) ⊂ Ŵ s(0)∪Ŵ s(q); that

is, W s(0) becomes the new separatrix in phase space. Although Ho and 2Ho are both

codimension-one orientable homoclinic bifurcations, their intersection sets are not home-

omorphic, as seen in the respective panels of Fig. 4.4; there exists a nontrivial intersection

between W u(q) and W s(0) at 2Ho.

In region 6, the intersection set Ŵ s(0) bounds B̂(Γa
t ); note that B̂(Γ

a
t ) is a topological

annulus. The intersection set Ŵ s(0) is composed of two disjoint curves that spiral into

the intersection points Ŵ s(q); hence the intersection set B̂(Γa
t ) is not a simply connected

set, which indicates the persistence of the two heteroclinic orbits from q to 0.

At the fold curve F, the unstable manifold W u(q) intersects W s(0) tangentially in

the heteroclinic orbit γ∗; see panel F of Fig. 4.1. On the level of the intersection sets in

panel F of Fig. 4.4, the set Ŵ s(0) is formed by one segment that accumulates on both

sides on a single point in Ŵ s(q). At this bifurcation, W s(0) cannot cross W u(q), as they

are in tangency, and B̂(Γa
t ) becomes a simply connected set in region 6. Hence, B̂(Γa

t ) is
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Figure 4.5: Transition along the homoclinic bifurcation through the inclination flip bifurcation BI

of system (1.2). Shown are different manifolds in R3 (left column) and their respective stereographic pro-
jections (right column). The color code is as in Fig. 4.2 and the parameter values are given in Table 4.2.
See also the accompanying animation in [22].

homeomorphic to a closed disk, as is the case in region 1.
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In region 1′, W s(0) no longer intersects W u(q) and this is reflected on the level of

intersection sets as a disconnection of Ŵ s(0) from both points in Ŵ s(q). Instead, Ŵ s(0)

encloses Ŵ s(q) and bounds B̂(Γa
t ). The only difference with region 1 is the topological

difference between Ŵ ss(Γa
t ) and Ŵ

ss(Γa
o), which are associated with a nonorientable and

an orientable attracting periodic orbit, respectively. As the transition through CC−

involves the disappearance of Ŵ ss(Γa
t ), because there is no well-defined strong stable

manifold in region 1∗, the two topological circles of Ŵ ss(Γa
o) appear only after crossing

CC+ into region 1. During these transitions, the other intersection curves and basin of

attraction do not change qualitatively.

4.4 Transition of the homoclinic orbit through the

inclination flip

We now focus specifically on the curve of homoclinic bifurcations and illustrate the transi-

tion through the codimension-two homoclinic flip bifurcation point BI. As illustrated in,

e.g., [51], the two-dimensional manifold W s(0) can violate genericity condition (G3) in

two different ways, which depend on the eigenvalues of the equilibrium, namely whether

|λss| > 2|λs| is fulfilled or not. Despite this difference, both mechanisms unfold in the

same way. Condition |λss| < 2|λs| was considered in [1] in the transition through the in-

clination flip point AI of case A. Here, we illustrate the transition through the inclination

flip point BI of case B for the case that |λss| > 2|λs|.

Figure 4.5 shows the transition through BI on the level of the invariant manifolds in the

left column, and their respective intersection sets with S∗ in the right column. We show

again the stereographic projections of the intersection sets at Ho and Ht for comparison

purposes. In the accompanying animation in [22] the phase portraits of Fig. 4.5 are rotated

clockwise around the y-axis. At the codimension-one orientable homoclinic bifurcation

in panel Ho, the branch of W u(0) that spirals toward Γa
o in region 1 now forms the

homoclinic orbit Γhom, while the manifold W u(q) accumulates onto Γa
o. Note that Γhom

returns to 0 along a direction that is clearly transverse to W ss(0) (light-blue curve) and

W s(0) closes back on itself along W ss(0). Furthermore, W s(0) is topologically a cylinder;

compare with Fig. 1.1(a1). On the level of the intersection sets, Ŵ s(0) closes on Ŵ ss(0),

so that the basin of attraction B̂(Γa
o) is a disconnected set. At the codimension-two point

BI, the middle panels of Fig. 4.5, the surface W s(0) closes back on itself at W ss(0) in

such a way that it makes a quadratic tangency with itself at W ss(0); the bottom panel

of Fig. 2. in [51] is misleading in this respect. Hence, if we follow the tangent plane
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of W s(0) along Γhom as t → −∞, it does not contain the strong stable eigenvector of

0; this violates genericity condition (G3). As a result, W s(0) meets and closes along

a single branch of W ss(0). Additionally, the attracting periodic orbit Γa
o is now the

homoclinic orbit Γhom, making it the boundary of W u(q) in phase space. On the level

of the intersection sets, both parts of Ŵ s(0) have a tangency with themselves at only

one of the intersection points of Ŵ ss(0). Finally, at the codimension-one nonorientable

homoclinic bifurcation in panel Ht, the stable manifold W s(0) makes half a twist before

closing along (both branches) of W ss(0), so that the homoclinic orbit is nonorientable.

An interesting difference between Ho and Ht is the existence of the heteroclinic orbit γ1

in panel Ht, caused by the transverse intersection of W s(0) and W u(q). In fact, the long

excursion of γ1 around q becomes Γhom at BI. On the level of the intersection sets, Ŵ s(0)

consists of two curves that accumulate on Ŵ s(q) as a consequence of the existence of γ1.

By looking at the stereographic projection in the right column of Fig. 4.5, we can see

a clearer difference between the two conditions. Condition |λss| < 2|λs| as considered in

[1] for the case A leads to a limit at the moment of the inclination flip, where one end of

the intersection set Ŵ s(0) spirals into one of the points in Ŵ s(q); this is similar to the

right segment in Ht; the other end closes back on Ŵ s(0), but along the weak direction

of W s(0); see Fig. 13 of [1]. In contrast, condition |λss| > 2|λs| as considered here for

case B leads to a limit at the moment of the inclination flip, at which the intersection set

Ŵ s(0) closes tangentially at only one of the intersection points of Ŵ ss(0).

4.5 Orbit flip of case B

A codimension-two orbit flip bifurcation occurs when condition (G2) is violated, that is,

the homoclinic orbit Γhom is a subset of the strong stable manifold W ss(0). Even though

the mechanism is different from that of the inclination flip, the orbit flip also results in

a change from an orientable to a nonorientable codimension-one homoclinic bifurcation;

moreover, the theoretical unfoldings of both codimension-two points are the same [61].

We now demonstrate that both bifurcations also have the same topological organization

on the level of the manifolds involved. Here, we consider case B, meaning that, the

equilibrium 0 satisfies the eigenvalue conditions as given in Section 2.2.

We start by the transition of the homoclinic orbit through the orbit flip bifurcation Bo.

Figure 4.6 shows the phase portraits and the intersection sets with S∗ at the bifurcations

Ho, Bo and Ht for the parameter values as given in Table 4.3. Note that the panels Ho

and Ht are topologically equivalent to the respective panels in Fig. 4.5 for the inclination

flip, but panel Bo is different. At the moment of the orbit flip, the one-dimensional strong
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Homoclinic Ho Bo Ht
2Ho F

µ -0.150000000 0.0 0.150000000 0.150000000 0.150000000
µ̃ -0.062331201 0.0 0.062381076 0.069351963 0.070562587

Table 4.3: Chosen representative parameter values at selected bifurcations in Fig. 4.7.

Region 1 2 3 4 5 6
µ −0.150 −0.150 0.150 0.150 0.150 0.150
µ̃ −0.060 −0.065 0.060 0.065 0.069 0.070

Table 4.4: Chosen representative parameter values for the different open regions in Fig. 4.7.

stable manifoldW ss(0) intersects S∗ in a single point, because the other branch ofW ss(0)

is Γhom. Hence, only one end of Ŵ s(0) closes back on itself. The other end spirals into

one point of Ŵ s(q); we indicate this accumulation by a light-blue shading. Note that

the relative position of the points in Ŵ ss(0) swaps before and after the orbit flip; see

panels Ho and Ht in Fig. 4.6. Unlike the case IF, the case OF does not have multiple

ways of breaking condition (G2), which depends on additional eigenvalue conditions.

Furthermore, the results that we find for the transition for the orbit flip of type B are

topologically equivalent to those found for case A [1].

We now present the unfolding of the orbit flip bifurcation Bo with respect to the param-

eters µ and µ̃. Figure 4.7 shows the bifurcation diagram locally near the codimension-

two orbit flip point Bo in the (µ, µ̂)-plane; here we use the coordinate transformation

µ̂ := 10(µ̃− 0.4157µ) to improve the visualization. Close to Bo, the bifurcation diagram

is topologically equivalent to the bifurcation diagram of the inclination flip; see Fig. 4.1.

In particular, we also find the fold F of heteroclinic orbits and the curves CC+ and CC−

in the same relative positions with respect to the other bifurcation curves. As we did for

the inclination flip in Section 4.2, we use the bifurcation diagram in Fig. 4.7 as a reference

to describe the reorganization of the global manifolds in phase space for system (1.2) with

parameters as given in Section 2.3. Representative points from each region we selected in

the (µ, µ̃)-plane are listed in Table 4.4.

For each point we compute the respective intersection sets with S∗, where we also

illustrate the manifolds for points on the codimension-one bifurcation curves 2Ho and F.

The parameter values µ and µ̃ at the bifurcation points are given in Table 4.3. Figure 4.8

shows the selected stereographic projections of the intersection sets of the stable manifolds

with S
∗ at all ten representative points. The insets are enlargements illustrating the

behaviour of Ŵ s(0) close to one of the points of Ŵ ss(0). As can be readily checked,
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Ŵ s(q)
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Figure 4.6: Transition along the homoclinic bifurcation through the orbit flip bifurcation Bo of sys-
tem (1.2). Shown are different manifolds in R3 (left column) and their respective stereographic projections
(right column). The color code is as in Fig. 4.2 and the parameter values are given in Table 4.3.

the stereographic projections in each panel are topologically equivalent to the respective

topological sketches in Fig. 4.4 for the inclination flip. This means that the interactions
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Ŵ ss(0)
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Ŵ ss(0)
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Ŵ ss(0)
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Ŵ ss(Γa
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Ŵ s(q)
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Figure 4.8: Continued.

between the manifolds in phase space for the inclination flip case are qualitatively the

same as those for the orbit flip case. In particular, we have the same conclusions about

the number of heteroclinic orbits between equilibria and saddle periodic orbits in regions

4 and 5. Moreover, in phase space, the boundary of the basin of the attracting periodic

orbit switches between the stable manifolds of the origin and saddle periodic orbits in

precisely the same way.
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4.6 Summary of case B

We presented a study of invariant manifolds of equilibria and saddle periodic orbits in

the vicinity of a codimension-two homoclinic flip bifurcation of case B. We computed the

unfoldings of both inclination and orbit flip bifurcation points in two-parameter planes

and presented representative phase portraits. In this way, we illustrated the role of the

two-dimensional stable manifold W s(0) of the real saddle equilibrium at the origin 0

and its interaction with other manifolds for the overall organization of phase space in

the vicinity of the codimension-two bifurcations; in particular, this study included the

invariants manifolds of q, which lie outside the tubular neighborhood of the homoclinic

orbit. Similar to case A, presented in [1], we found a fold F of heteroclinic orbits from

q to 0 for case B of the homoclinic blip bifurcation. Furthermore, the presence of saddle

periodic orbits in case B has implications for the interaction of the manifolds of 0 and q:

in certain parameter regions, there exist infinitely many heteroclinic orbits from q to 0

close to a homoclinic flip bifurcation; this phenomenon does not occur for case A. Note

that these heteroclinic orbits are distinguished by their numbers of large excursions; in

particular, large excursions in periodic orbits can be identified with spiking behaviors as

studied in the Hindmarsh–Rose model that describes the essential spiking behavior of a

neuron [42]. Our numerical results confirm that the local two-parameter unfoldings of

both inclination and orbit flip bifurcations of case B are the same, even on the level of

the interacting global manifolds, and including those of q; the only difference lies in the

phase portraits at the codimension-two points Bo and BI.

Our findings can be summarized as follows:

Results (manifold structure near flip bifurcation of case B). Consider system (1.2)

near an inclination flip or an orbit flip homoclinic bifurcation of case B at the origin,

such that there also exists a nearby unstable saddle-focus q. For an inclination and an

orbit flip, the bifurcation diagram is topologically equivalent to the ones shown in Fig. 4.1

and Fig. 4.7; where regions and bifurcations are labeled according to Section 4.2. The

configurations of the manifolds in phase space and their intersection sets with S∗ are as

follows,

BI At the codimension-two inclination flip point BI, the intersection set Ŵ s(0) on S∗

is a closed curve tangent to itself at one of the two points in Ŵ ss(0). The stable

manifold W s(0) in R3 closes back on itself along a single branch of W ss(0). More

precisely, we find that W s(0) has a quadratic tangency with itself at W ss(0). The

unstable manifold W u(q) accumulates on Γhom.
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Bo At the codimension-two orbit flip point Bo, the intersection set Ŵ s(0) closes on itself

at only one point of Ŵ ss(0), because the second intersection point Ŵ ss(0) becomes

the homoclinic orbit and does not intersect S∗. The segment Ŵ s(0) on the other side

of Ŵ ss(0) accumulates on Ŵ s(q). The homoclinic orbit bounds the two-dimensional

manifold W u(q) and part of W s(0) accumulates on W s(q).

1 In region 1 the intersection set Ŵ s(0) of the stable manifold of 0 encloses the basin

of attraction B̂(Γa
o) of the orientable attracting periodic orbit Γa

o; here, B̂(Γ
a
o) is a

connected set and its closure is homeomorphic to a disk, and Ŵ ss(Γa
o) is the union

of two topological circles. The stable manifold W s(0) is the boundary of the basin

of attraction of Γa
o, and the unstable manifold W u(q) is bounded by the attracting

periodic orbit Γa
o.

Ho Along the orientable homoclinic curve Ho, the intersection set Ŵ s(0) closes on itself

at Ŵ ss(0) and encloses the region B̂(Γa
o). The closure of B̂(Γa

o) is now homeomor-

phic to two disks. The stable manifold W s(0) closes along W ss(0) and creates a

homoclinic orbit Γhom that forms the boundary of W u(q).

2 In region 2 there exists a saddle periodic orbit Γo. The intersection set Ŵ s(0)

spirals toward Ŵ s(Γo). The closure of B̂(Γa
o) is homeomorphic to two disks that

are each bounded by a topological circle in Ŵ s(Γo). The stable manifold W s(Γo) is

the boundary of B(Γa
o), and W

u(q) is contained in B(Γa
o) and accumulates on Γa

o.

Furthermore, W u(Γo) intersects W
s(0) in a structurally stable heteroclinic orbit.

SNP At the curve of saddle-node bifurcation SNP of periodic orbits, the periodic orbits

Γa
o and Γo merge into a nonhyperbolic periodic orbit and disappear in region 3.

3 In region 3, the segment of the intersection set Ŵ s(0) spirals toward Ŵ s(q). There

exists a structurally stable heteroclinic orbit γ1 from q to 0, and W u(q) is bounded

by the unstable manifold W u(0).

Ht Along the nonorientable homoclinic curve Ht, the homoclinic orbit Γhom exists, the

intersection set Ŵ s(0) closes on itself at Ŵ ss(0), and segments of it accumulate on

Ŵ s(q). The stable manifold W s(0) closes along W ss(0), while it intersects W u(q)

transversally.

4 In region 4 there exists the periodic orbit Γt. The intersection set Ŵ s(0) consists of

infinitely many curves that spiral toward Ŵ s(q) and accumulate on Ŵ s(Γt), which

also spirals toward Ŵ s(q). There exists one structurally stable heteroclinic orbit



4.6 Summary of case B 63

from Γt to 0 and one from q to Γt. Furthermore, there are infinitely many struc-

turally stable heteroclinic orbits from q to 0. The unstable manifold W u(0) bounds

both W u(Γt) and W
u(q).

PD Along the period-doubling bifurcation curve PD, the periodic orbit Γt is non-

hyperbolic. It turns into an attracting periodic orbit Γa
t and creates the period-doubled

periodic orbit 2Γo in region 5.

5 In region 5, the intersection set Ŵ s(2Γo) consists of two curves that spiral towards

Ŵ s(q) and enclose B̂(Γa
t ). In a neighborhood of these curves, there are infinitely

many curves Ŵ s(0) that spiral towards Ŵ s(q). Furthermore, Ŵ ss(Γa
t ) also spirals

towards Ŵ s(q). The stable manifold W s(2Γo) is the boundary of the basin of attrac-

tion of Γa
t . There exist a structurally stable heteroclinic orbit from 2Γo to 0 and two

from q to 2Γo. Also, there are infinitely many structurally stable heteroclinic orbits

from q to 0. Moreover, the part of W u(q) bounded by the two heteroclinic orbits

from q to 2Γo accumulates on Γa
t , while the other part is bounded by W u(0).

2Ho Along the curve 2Ho the periodic orbit 2Γo disappears and the homoclinic orbit 2Γhom

is created. The intersection set Ŵ s(0) consists of curves that close along Ŵ ss(0) or

spiral towards Ŵ s(q). In the process, Ŵ s(0) encloses B̂(Γa
t ). The stable manifold

W s(0) is the boundary of B(Γa
t ). Furthermore, infinitely many heteroclinic orbits

from q to 0 disappear at once, and only two are preserved.

6 In region 6 the intersection set Ŵ s(0) forms the boundary of B̂(Γa
t ) and the closure

of their union is homeomorphic to an annulus.

F Along the fold F of heteroclinic orbits, the intersection set Ŵ s(0) encloses B̂(Γa
t ) but

only one curve of Ŵ s(0) goes to Ŵ s(q). Moreover, the closure of B̂(Γa
o) is again a

topological disk. The stable manifold W s(0) is tangent to W u(q) at the heteroclinic

orbit γ∗; this tangency is quadratic.

1′ In region 1′, the intersection set Ŵ s(0) no longer accumulates on Ŵ s(q); the situ-

ation is topologically equivalent to that in region 1 except that Ŵ ss(Γa
t ) accumulates

on Ŵ s(q). In phase space, W u(q) accumulates on Γa
t , and the heteroclinic orbits

between q and 0 have disappeared.

CC− At the curve CC−, the nontrivial Floquet multipliers of Γa are both the same negative

real number, meaning that the periodic orbit Γa
t becomes Γa. There does not exist a

well-defined strong stable manifold W ss(Γa).
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1∗ in region 1∗ the Floquet multipliers of Γa are complex conjugate and their real part

becomes positive when approaching the curve CC+.

CC+ At the curve CC+, the nontrivial Floquet multipliers of Γa are both the same real

positive number. In the transition to region 1, the periodic orbit Γa becomes Γa
o and

there exists a well-defined strong stable manifold W ss(Γa
o).



5
Invariant Manifolds close to a

Homoclinic Flip Bifurcation of Case C

In this chapter we characterize and explain the complicated dynamics that unfolds from

a homoclinic flip bifurcation of case C. As this case is more complicated than case B, we

only focus on an inclination flip bifurcation of outward twist type; see Section 2.3 for a

definition. We believe that the results obtained here for the inclination flip bifurcation

of case C should extend to the orbit flip bifurcation of case C, because the unfolding

depends on the geometry of how the Smale–horseshoe region is created and not on the

mechanism of how the change in orientation occurs; see Section 2.3. Additionally, the

results obtained in Chapter 4 and [48] also indicate that both inclination and orbit flip

bifurcations should unfold in the same way on the level of the invariant manifolds that

exist in phase space.

We start by defining the winding number ζ , which is then used in parameter sweeps

shown in the different bifurcation diagrams throughout this chapter. We present in more

detail the different cascades of homoclinic and heteroclinic bifurcations and how they

rearrange themselves; to this end, we combine continuation techniques with a parameter

sweep of ζ in the (α, µ)-plane. Following that discussion, we use the bifurcation diagram

as a reference to choose representative points, as was done for case B in Chapter 4. We

present the corresponding phase portraits in R3 and the intersection sets with a sphere

of the relevant global manifolds. In this way, we describe the reorganization of manifolds

and basins of attraction across the bifurcation diagram. We find that the bifurcating

orientable saddle periodic orbit Γo takes on a similar role as the saddle equilibrium q

65
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in case B; Therefore, we choose parameters such that q is a stable node (inside the

cylinder formed by W s(Γo)). In this way, we are able to identify the parameter regions in

the unfolding where codimension-one homoclinic or heteroclinic bifurcations can occur.

Furthermore, as Γo and Γt are linked to the unfolding of a homoclinic bifurcation of case

C, the results concerning their invariant manifolds and their bifurcations close to the

homoclinic flip bifurcation point should hold for any three-dimensional smooth vector

field with a flip bifurcation of case C. We finish this chapter by discussing the occurrence

of homoclinic “bubbles” in the bifurcation diagram of case C and the role of heteroclinic

bifurcations in their creation.

5.1 Definition of the winding number

Recall from Section 2.3 that we denote the inclination flip IF of case C by CI. The

unfolding of an inclination flip bifurcation of case C is characterized by the existence of

k-homoclinic orbits for any k ∈ N [29]. In [51], these codimension-one homoclinic bifur-

cations in the parameter plane are studied via the continuation of solutions to a suitable

two-point boundary value problem (2PBVP) during the transition between cases B and

C. A drawback of this technique is the limitation of sampling finitely many of these bi-

furcation curves, which increases the risk of missing subtle interactions in the parameter

plane. We define a winding number ζ for system (1.2) and run a two-parameter sweep in

the (α, µ)-plane to complement the 2PBVP approach. The value for ζ is essentially the

number of rotations that W u(0) makes around W ss(q). In the following, we describe the

quantity ζ and prove its invariance for system (1.2) close to the inclination flip point CI

in the parameter regime defined in Section 2.3.

Let V := {p = (x, y, z) ∈ R3 | x ≤ 0 and y ≤ 0} and let ∂V be its boundary. Since we

set b = 1 > 0 and δ = 0 in Section 2.3, we have ẋ < 0 on {x = 0}∩V \ {y = 0} and ẏ < 0

on {y = 0}∩V \{x = 0}. Furthermore, the z-axis, {x = 0}∩{y = 0}, is a subset of V and

it is invariant. Hence, V is a positively invariant set for system (1.2), i.e., φt(V ) ⊂ V for

all t ≥ 0. Therefore, any intersection of W u(0) with ∂V must be transversal and W ss(q)

cannot intersect ∂V . Since W ss(q) never intersects ∂V and W u(0) cannot follow W ss(q)

to undo itself by restriction of the flow of system (1.2), we may view the orbit segments on

W u(0) and W ss(q) as closed curves topologically by identifying their endpoints. Hence,

we view ζ , that is, the number of rotations that W u(0) makes around W ss(q), as a kind

of linking number, which can only vary through bifurcation.

Homoclinic bifurcations are a mechanism for ζ to change, as is illustrated in Fig. 5.1

for system (1.2) with α = 0.5 and three different values of µ. In panel (a) the manifold
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Figure 5.1: Illustration of the change of the winding number ζ for system (1.2). Shown are Wu(0)
(red curve), W ss(0) (dark-blue curve) and W ss(q) (cyan curve), Σ (green plane), the boundaries ∂V

(blue planes). The parameter values are µ = 0.001, µ = 0.0 and µ = −0.001 for panels (a), (b) and (c),
respectively. Furthermore, α = 0.5 and the other parameter values are as given in Section 2.3.

W u(0) loops once around W ss(q) before reaching ∂V , that is, ζ = 1. As µ decreases,

system (1.2) goes through a homoclinic bifurcation at µ = 0 in panel (b), after which

W u(0) makes an extra turn around W ss(q) before intersecting ∂V , as shown in panel (c);

hence, ζ increases to 2.

In practice, we calculate ζ by counting the number of intersections of W u(0) with

Σ := {(x, y, z) ∈ R3 : x = qx}, where qx is the x-component of q, and dividing this number

by two; see Fig. 5.1. Due to the properties discussed above, this number represents the

number of rotations ζ of W u(0) around W ss(q). The parameter sweeps of ζ shown in

Figs. 5.2, 5.18 and 5.19 are performed on a 1000 × 1000 grid over the corresponding

variable ranges.

5.2 Bifurcation diagram near CI

To make this chapter self-sufficient, we present again the bifurcation diagram shown in

Fig. 1.6. However, we now show it in a slightly larger range of the (α, µ)-plane and

combined with the parameter sweep of ζ . Figure 5.2 shows the resulting bifurcation

diagram of the unfolding of a codimension-two point CI of system (1.2), where the inset

shows the theoretical unfolding as sketched in [32] and already shown in Fig. 1.5. We

present the two of them in a single figure to showcase the level of detail that we are able

to obtain when combining continuation and parameter-sweeping techniques. Note that

we changed the orientation of the µ-axis from top to bottom in the bifurcation diagram

for ease of comparison. Recall that the sketch of the unfolding consists of a principal

homoclinic branch that contains the flip bifurcation point Cout of case C, from which the
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Figure 5.2: Bifurcation diagram in the (α, µ)-plane near an inclination flip bifurcation CI of case C

of system (1.2), with coloring of regions according to the winding number ζ as given by the colorbar. The
inset shows a sketch of the theoretical unfolding of case C from [31, Fig. 5]. Shown are the curves
of homoclinic bifurcation Ho and Ht (brown), non-principal homoclinic bifurcation (cyan), saddle-node
bifurcation SNPΓo

and SNP∗ of periodic orbits (dark green), Hopf bifurcation HB (light green), period-
doubling bifurcation PD (red), fold bifurcation curve F of heteroclinic orbits from Γo to 0 (blue) and its
extension F∗ (blue dashed curve), heteroclinic bifurcation QΓt

0
from 0 to Γt (lilac), heteroclinic bifurcation

Q
2Γt

0
from 0 to 2Γt (gray), heteroclinic bifurcation Q

Γo

0
from 0 to Γo (purple) and homoclinic tangency

bifurcation TanΓo
of Γo (violet). The curves SNPΓo

and SNP∗ meet at the cusp point CP, and SNP∗

ends at the generalized Hopf bifurcation point GHB. The curve F meets Q
Γo

0
at a codimension-two

heteroclinic cycle point HetCycle; the Smale–horseshoe region SH is indicated. We denote by 1, 2, 3 and
4 four different regions close to the CI point, and the line α = 0.5 is a dashed. The other parameters are as
in Section 2.3; compare with Fig. 5.18 and Fig. 5.19. [The inset is reproduced from Journal of Dynamics
and Differential Equations, Resonant Homoclinic Flip Bifurcations, 12(4), 2000, pages 807-850, A. J.
Homburg and B. Krauskopf, ©Plenum Publishing Corporation 2000 with permission of Springer.]

following bifurcation curves emanate: a saddle-node bifurcation SN1 of periodic orbits,

a sequence of period-doubling bifurcations labeled PDn, n = 1, 2, 4, 8, ..., and a sequence

of n-homoclinic bifurcations labeled Hn
t , n = 2, 4, 8, ..., where t indicates that these are

codimension-one nonorientable homoclinic bifurcations. The value for n indicates the

number of loops made by the homoclinic orbit before its convergence both backward

and forward in time to the equilibrium point. After each homoclinic bifurcation occurs,

a saddle periodic orbit with n loops is created. An orientable saddle periodic orbit Γo

bifurcates from the homoclinic bifurcation H1
o and a nonorientable saddle periodic orbit

Γt bifurcates from H1
t . These two periodic orbits exist during the cascades of period-

doubling and homoclinic bifurcations until they disappear in the saddle-node bifurcation
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SN1, after Γt becomes an attracting periodic orbit. Note that the boundaries of the

Smale–horseshoe region are not considered or shown in the theoretical unfolding, nor are

any codimension-one bifurcation related to saddle periodic orbits.

As mentioned before, the main panel of Fig. 5.2 shows the numerically generated bifur-

cation diagram for system (1.2). We computed representative numbers of codimension-one

heteroclinic and homoclinic bifurcations of Γo, Γt and the saddle equilibrium 0; the col-

ors indicate the value of the winding number ζ , from Section 5.1. We now discuss the

overall features of the bifurcation diagram, detail of which will be presented in later sec-

tions. As was already mentioned in the introduction, one of the most apparent differences

with respect to the sketch is the cascade QΓt

0 [mΓo], with m = 1, 2, 3, 4, of heteroclinic

connecting orbits between 0 and Γt (purple curves); see already Fig. 5.3(a). Note that,

in between successive curves QΓt

0 [mΓo], with m = 1, 2, 3, 4, there exist big regions of the

(α, µ)-parameter plane with constant values of ζ . The value of ζ in these regions increases

as we approach the bifurcation QΓo

0 (purple) of a heteroclinic connecting orbit between 0

and Γo. This indicates the existence of more bifurcation curves QΓt

0 [mΓo], for m > 4. The

labels of the codimension-one heteroclinic bifurcation are deliberately chosen to encode

information of the corresponding heteroclinic orbit in phase space. Figure 5.3 shows, in

phase space, representative heteroclinic orbits QΓt

0 and QΓo

0 (red curves) together with the

saddle periodic orbits Γt (purple curve) and Γo (green curve) at the moment of the corre-

sponding heteroclinic bifurcation. For simplicity, we use the same label of the heteroclinic

bifurcation to refer to the corresponding orbit in phase space. The heteroclinic orbit is

formed by one branch of W u(0), which is the branch shown in Fig. 5.3. In panel (a1), the

heteroclinic orbit QΓt

0 [Γo] makes an excursion close to the (x, y)-plane, and then follows

Γo for one rotation before accumulating onto Γt. In panels (a2)-(a5), the branch ofW u(0)

also accumulates onto Γt, but only after making two, three, four and five rotations near

Γo, respectively. Hence, the number of rotations that the respective heteroclinic orbit of

QΓt

0 makes in phase space around Γo increases until it reaches its limiting case, where the

number of rotations around Γo has increased to infinity, at QΓo

0 as shown in panel (b).

This accumulation is seen in Fig. 5.2, where the cascade QΓt

0 [mΓo] accumulates on the

final codimension-one heteroclinic bifurcation QΓo

0 of a connecting orbit between 0 and Γo

(dark-purple curve). Note also that the winding number ζ is at its computational maxi-

mum after this curve; this is due to the accumulation of the unstable manifoldW u(0) onto

q after QΓo

0 is crossed, as will be detailed in Section 5.5. This curve QΓo

0 represents the

last moment where system (1.2) exhibits a homoclinic or heteroclinic bifurcation close to

CI, after which the dynamics are complicated due to the existence of structurally stable

homoclinic orbits of Γo.
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Figure 5.3: Configuration of the unstable manifold Wu(0) of system (1.2) in R3 at the codimension-
one heteroclinic bifurcations. Shown are the heteroclinic branch of Wu(0) (red), and the periodic orbits
Γo (purple) and Γt (green). Panels (a1)-(a5) illustrate connections from 0 to Γt and panel (b) shows the
connection from 0 to Γo. Here, we used α = 0.5 and the respective µ-values for each panel are given in
Table 5.2.

It is hard to see the homoclinic cascades clearly in the bifurcation diagram presented in

the inset of Fig. 5.2 because the different bifurcations may be very to close to each other.

Nevertheless, we are able to compute them and find that there exist infinitely many ori-

entable and nonorientable homoclinic cascades accumulating on each curve QΓt

0 [mΓo]. We

also encounter this accumulation of homoclinic cascades onto the heteroclinic bifurcations

Q
2Γt

0 [mΓo, nΓt] (gray curves), with m = 2, 3, 4 and n = 0, 1, of connecting orbits between

0 and 2Γt; these are also hard to see in Fig. 5.2. In fact, these accumulation processes

onto heteroclinic bifurcations can be seen more clearly if we consider a larger portion of

(α, µ)-plane, as will be discussed in Section 5.7, where we study the bubbles phenomenon

that occurs in this problem.

It was proved [49] under the conditions of case C that a Hénon-like attractor unfolds

fromCI. In order to see such a phenomenon, the Smale–horseshoe region must be bounded

by a first quadratic tangency between the stable and unstable manifolds of a saddle

periodic orbit. However, it was not even clear at the time that such a first tangency exists

in the unfolding of an inclination flip point. We are able to compute this tangency as the

homoclinic tangency TanΓo
(violet curve) between the stable and unstable manifolds of
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Γo. After leaving the Smale–horseshoe region through TanΓo
, we find a strange attractor

in phase space that has a template that is topologically equivalent to the template of the

Rössler attractor; this will be discussed in Section 5.6.

For the remainder of this chapter, the subindices in the label of each saddle-node

bifurcation SNP of periodic orbits refers to the orientable saddle period orbit involved.

The same applies to the period-doubling bifurcations PD, where the subindices refer

to the corresponding nonorientable saddle periodic orbit involved. Specifically for this

bifurcation diagram, we only show a selection of the infinitely many curves that emanate

from CI, namely, the saddle-node bifurcation SNPΓo
of Γo (green curve) and period-

doubling bifurcation PDΓt
of Γt (red curve). At the bifurcation PDΓt

, the saddle periodic

orbit Γt changes to an attracting periodic orbit Γa
t and the corresponding attracting

periodic orbit 2Γa
t of twice the period disappears. Then Γa

t disappears in the saddle-node

bifurcation SNPΓo
with Γo.

Note that we also find a bifurcation curve F, similar to the ones found in [1, 22] and

presented in Chapter 4, that represents the moment when W s(0) becomes tangent to

W u(Γo). If one follows the curve F in Fig. 5.2, one sees that it intersects the curve QΓo

0

at a point that we labeled HetCycle. At this point, there exists a codimension-two het-

eroclinic cycle between 0 and Γo in system (1.2). The unfolding of this cycle has been

studied theoretically [7, 45] as an organizing center for the creation of chaotic regions in

the parameter plane and the creation of multi-pulse homoclinic solutions that exhibit flip

bifurcations close to it. This agrees with our computations because the Smale–horseshoe

region SH in Fig. 5.2 also unfolds from this point; moreover, different homoclinic bifur-

cation branches in the bifurcation diagram exhibit inclination flip bifurcation as will be

discussed in detail in Section 5.7.

Finally, note in Fig. 5.2 that the additional stable equilibrium q of system (1.2) goes

through a Hopf bifurcation labeled HB (light-green curve) and becomes an unstable

saddle focus. On the curve HB, there exists a generalized Hopf bifurcation point GHB,

which gives rise to a curve (dark-green) of saddle-node bifurcation SNP∗ at which Γo and

an attracting periodic orbit Γa are created. The curve SNP∗ ends in a cusp bifurcation

point CP with the curve SNPΓo
. The periodic orbits Γo and Γt disappear on the other

side of SNPΓo
and only Γa persists; hence, the bifurcation curves QΓo

0 and F disappear at

the point CP and the curve SNP∗, respectively. In particular, we find another curve F∗

(dash blue line), which represents the moment when W s(0) becomes tangent to W u(q);

this corresponds to the extension of F past its intersection with SNP∗.

In the following sections, we characterize the geometrical properties of global manifolds

in a neighborhood of the codimension-two point CI. To this end, we consider represen-
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1
2 3 Ho Ht1o 1t

α 0.200 0.500 0.200 0.500 0.200 0.500
µ 0.050 0.001 −0.001 −0.002 0.000 0.000

Table 5.1: Representative parameter values for the open regions 1–3 and the homoclinic bifurcations
Ho and Ht, as used in Fig. 5.4; all other parameter values are as in Section 2.3.

tative points in the (α, µ)-plane close to CI in the bifurcation diagram shown in Fig. 5.2,

just as we did for case B in Chapter 4. We start our study with the transition through the

bifurcations Ho and Ht, that is, the regions labeled 1, 2 and 3 in Fig. 5.2. Secondly, we

move along the line α = 0.5 in Fig. 5.2, and characterize the homoclinic and heteroclinic

cascades up to QΓo

0 . Then we center our attention on the Smale–horseshoe region SH up

to TanΓo
. Finally, we look at the period-doubling and saddle-node cascades and study

the existence of a strange attractor in this parameter regime, as predicted in [49].

5.3 Transition through the homoclinic bifurcations

In order to illustrate the difference between crossing the orientable homoclinic bifurcation

Ho and the nonorientable homoclinic bifurcation Ht in Fig. 5.2, we choose representative

points in the regions 1 to 3 and at the bifurcationsHt andHo; see Table 5.1 for the precise

parameters chosen. In particular, we choose two points in region 1, labelled 1o and 1t,

which are close to Ho and Ht, respectively. The phase portraits with the respective global

invariant objects in R3 are shown in Fig. 5.4.

Region 1 is characterized by the existence of the orientable saddle periodic orbit Γo, the

saddle equilibrium 0 and the stable-focus q. Panel 1o of Fig. 5.4 shows the corresponding

phase portrait, which consists of the stable manifolds W s(0) (blue surface) and W s(Γo)

(cyan surface), and the unstable manifolds W u(0) (red curve) and W u(Γt) (orange sur-

face). Note thatW s(Γo) is a topological cylinder that bounds the basin of attraction B(q)

of q. The manifold W s(0) accumulates onto W s(Γo) from the outside backward in time.

One of the sheets that form W u(Γo) lies inside the topological cylinder W s(Γo) and, as

such, it accumulates onto q; the other sheet is bounded by W u(0). The accumulation

of W s(0) onto W s(Γo) and the fact that W u(0) bounds one sheet of W u(Γo) are due to

the λ-lemma [54, 72]: the existence of a nontransversal intersection between W s(0) and

W u(0) implies the existence of a structurally stable heteroclinic orbit from Γo to 0. Notice

that W u(0) spirals once around Γo before escaping to infinity, so that ζ = 1 for this re-
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Figure 5.4: Phase portraits of system (1.2) in regions 1–3 of the (α, µ)-plane and along the bifur-
cations Ho and Ht near the inclination flip point CI. Shown are W s(0) (blue surface), W ss(0) (blue
curve), Wu(0) (pink curve), W s(Γo) (cyan surface) and W s(Γt) (purple surface). The (α, µ)-values for
each panel are given in Table 5.1.

gion. The boundary between regions 1o to 2 is the codimension-one orientable homoclinic

bifurcation Ho. At this bifurcation, the saddle periodic orbit Γo becomes the homoclinic
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orbit Γhom and the stable manifold W s(0) closes along its strong stable manifold W ss(0)

in a topological cylinder; see panel Ho of Fig. 5.4. However, the moment one transitions

into region 2, the homoclinic orbit Γhom disappears, allowing W u(0) to accumulate onto

q; see panel 2 of Fig. 5.4. Hence, the ζ-value in this region is infinite.

We now focus on the transition through the codimension-one nonorientable homoclinic

bifurcation Ht. At the point 1t, system (1.2) is close to a nonorientable homoclinic

bifurcation. Note that the computed manifolds in panels 1t and 1o are topologically

equivalent, but the way W s(0) approaches backward in time onto W ss(0) vastly differs.

In particular, note in panel 1t how the bottom part of the outer layer of W s(0) that ac-

cumulates onto W s(Γo) twists as it gets closer to W
ss(0). In the transition from region 1t

to region 3, system (1.2) exhibits the bifurcation Ht illustrated in panel Ht of Fig. 5.4.

At this bifurcation, the stable manifold W s(0) closes along its strong stable manifold

W ss(0) in a topological Möbius band. In contrast to Ho, the saddle periodic orbit Γo

does not become the homoclinic orbit Γhom at the bifurcation Ht. Then into region 3,

the saddle periodic orbit Γo persists and Γhom bifurcates into the nonorientable saddle

periodic orbit Γt; see panel 3 of Fig. 5.4. Its stable manifold W s(Γt) (purple surface)

accumulates onto Γo backward in time, and W s(0) lies in between W s(Γo) and W
s(Γt).

Contrary to region 2, the unstable manifold W u(0) spirals twice around W s(Γo) and then

escapes to infinity, so that ζ = 2 for this region. Furthermore, the two-dimensional stable

and unstable manifolds in region 3 have transverse intersections; in particular, we have a

configuration of the form Γo → Γt → 0, that is, there exist heteroclinic orbits from Γo to

Γt and from Γt to 0.

Following the same arguments as given in Section 4.2.4, the λ-lemma [54, 72] in a

Poincaré section of Γt shows that Γo → Γt → 0 implies, in fact, the existence of infinitely

many heteroclinic orbits from Γo to 0. Hence, we have the following:

Proposition 5.3.1. The phase portrait in region 3 is topologically equivalent to that in

region 4 for case B if we contract Γo to the point q; see Chapter 4.

Fig. 5.5 shows the same series of phase portraits in terms of intersection sets of the

stable manifolds with the sphere S∗ := {x ∈ R3 :|| x − c ||= R}, where c := (cx, cy, cz) =

(0.5, 0, 0) and R = 0.6; these intersection sets have been stereographically projected onto

one of the tangent planes of S∗. As in Section 4.3, we again denote with a hat the

intersection set of an object with S∗. However, we now use a different stereographic

projection of the sphere back to the plane; it was chosen to improve the visibility of

certain features of intersection sets specifically for case C. More precisely, we first apply
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the transformation

π =

(
u

||u ||
,
v

||v ||
,
w

||w ||

)
,

formed by the vectors

u = (0.5706, 0.1854, 0)T , v = (1,−(ux + uz)/uy, 1)
T and w = u× v.

We rotate and translate points (x, y, z) ∈ S∗ to points (x′, y′, z′) on the sphere of radius

R = 0.6 centered at the origin, that is, (x′, y′, z′) = π(x− c). We then use stereographic

projection from the south pole onto the tangent plane at the north pole, via the transfor-

mation

(x′, y′, z′) 7→

(
Rx′

R + z′
,
Ry′

R + z′

)
. (5.1)

The left column of Fig. 5.5 illustrates the transition through Ho and the right column

through Ht. Starting from panel 1o in Fig. 5.5, note how the intersection set Ŵ s(Γo)

(cyan curve) is made up of two topological circles that bound the disconnected basin

B̂(q), that is, ∂B̂(q) = Ŵ s(Γo). The intersection Ŵ s(0) (blue curve) is a single curve

that accumulates in a spiralling manner backward in time onto Ŵ s(Γo). The accumulation

is as expected: the λ-lemma implies that the transversal heteroclinic orbit from Γo to 0

causes Ŵ s(0) to spiral around Ŵ s(Γo). Note that these phenomena are only observed if

the sphere S∗ is chosen small enough. At the moment of the bifurcation, shown in panel

Ho, the curve Ŵ s(0) closes back on itself along Ŵ ss(0) and Ŵ s(Γo) disappears as Γo

becomes the homoclinic orbit Γhom; the basin B̂(q) is now bounded by a subset of Ŵ s(0),

that is, ∂B̂(q) ⊂ Ŵ s(0). Hence, at Ho, the boundary of the basin of attraction of q

is contained in W s(0). As soon as we enter region 2, the entire intersection set Ŵ s(0)

becomes the boundary of B̂(q), which is now a connected region that is topologically

equivalent to an open disk; see panel 2.

In panel 1t of Fig. 5.5, one sees the same topological configuration as in panel 1o,

because both phase portraits are from the same region; however, note how only one end

of Ŵ s(0) gets close to both points in Ŵ ss(0) in panel 1t. At the nonorientable homoclinic

bifurcation Ht, the intersection set Ŵ s(0) connects back on itself at Ŵ ss(0) in a different

way, as is illustrated in panel Ht of Fig. 5.5. Note that Ŵ s(0) does not bound two open

regions as in panel Ho. Instead, atHt the two segments that form Ŵ s(0) accumulate onto

the two topological circles Ŵ s(Γo) due to the persistence of the heteroclinic orbit from Γo

to 0. The nature of B̂(q) and its boundary is unchanged from panel 1o. As one transitions

to region 3, the homoclinic orbit Γhom becomes the periodic orbit Γt and the intersection

set Ŵ s(Γt) (purple curve) is a single curve that accumulates of both ends onto Ŵ s(Γo)
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Ŵ s(0)

B̂(q)

Ht
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Figure 5.5: Stereographic projections of the intersection sets of the invariant manifolds with S∗ in
regions 1–3 and at the homoclinic bifurcations Ho and Ht near the inclination flip point CI. The left and
right columns show the transition through the homoclinic bifurcations Ho and Ht, respectively. Shown
are Ŵ s(0) (dark-blue curves), Ŵ ss(0) (light-blue dots), Ŵ s(Γo) (cyan curve), Ŵ s(Γt) (purple curve)

and B̂(q) (shaded yellow region). See Table 5.1 for the respective parameter values.
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backward in time, due to the existence of a heteroclinic orbit from Γo to Γt. As mentioned

before, there are infinitely many heteroclinic orbits from Γo to 0 in region 3. Since S
∗ is

a sufficiently small sphere that is transverse to Ŵ s(0), there exist infinitely many curves

in Ŵ s(0). One curve in Ŵ s(0) accumulates onto a single topological circle of Ŵ s(Γo),

and all other cuves accumulate onto both topological circles of Ŵ s(Γo). These sets of

curves get arbitrary close to Ŵ s(Γt) from both sides; we say that Ŵ s(Γt) is a geometric

accumulation curve of Ŵ s(0). In panel 3 of Fig. 5.5 we only show three of these infinitely

many intersection curves of Ŵ s(0), namely, the outer curve that accumulates onto the

single topological circle of Ŵ s(Γo), and two other curves that track Ŵ s(Γt) on both sides.

We remark that the intersection sets shown in Fig. 5.5 are homotopic to the intersection

sets shown in Chapter 4 for the transition through Ho and Ht in case B, provided one

contracts Ŵ ss(Γa
o) to Ŵ

s(q) through Ho and blows up Ŵ s(q) to a closed curve through

Ht in case B.

The fact that Γo → Γt → 0 implies the existence of infinitely many structurally stable

heteroclinic orbits from Γo to 0 is going to be a recurrent phenomenon for different equi-

libria and saddle periodic orbits. For ease of exposition, we summarize the consequences

in general terms:

Proposition 5.3.2. Let A,B and C be hyperbolic saddle equilibria or periodic orbits

of system (1.2). If A → B → C then there exist infinitely many structurally stable

heteroclinic orbits from A to C. Furthermore, if W s(A) intersects S∗ transversally then

there exist infinitely many curves in Ŵ s(C). Each curve in Ŵ s(C) accumulates onto

Ŵ s(A) backward in time, and Ŵ s(B) is a geometric accumulation curve of Ŵ s(C).

Proof. The proof follows from the λ-lemma and is a variation of the proof given in

Sections 4.2.4 and 4.3.2 for the case q → Γt → 0.

5.4 Cascades of homoclinic and heteroclinic

bifurcations

We now focus our attention on the invariant manifolds of system (1.2) during the cascades

of homoclinic and heteroclinic bifurcations, which we study and illustrate along the line

α = 0.5 in the (α, µ)-plane.

5.4.1 Transition through 2Ht. Starting from region 3, we first encounter the

codimension-one nonorientable homoclinic bifurcation 2Ht which is shown in Fig. 5.6 as
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Figure 5.6: Stereographic projection of the intersection sets of the invariant manifolds with S∗ before,
at, and after the moment of the codimension-one homoclinic bifurcation 2Ht in panels (a), (b1) and (b2),
and (c), respectively. Panel (a) shows a sketch of the stereographic projection in region 3; panels (b1)
and (b2) show a sketch and the computed projections of system (1.2) at 2Ht, respectively; and panel (c)
shows a sketch after 2Ht. The color code and labeling of the regions is as in Fig. 5.5. Panel (b2) is for
parameter values (α, µ) = (0.5,−0.002880267).

a stereographic projection of the stable invariant objects on S∗ that exist in phase space.

Panel (a) shows a sketch of the intersection sets in region 3 shown in Fig. 5.5. The pink

region indicates the relative location of the infinitely many curves in Ŵ s(0) that accu-

mulate geometrically onto Ŵ s(Γt). At the moment of the codimension-one homoclinic

bifurcation 2Ht, the outer-most curve in Ŵ s(0) that connects both topological circles of

Ŵ s(Γo) split into two curves that close on Ŵ s(0) at the two points Ŵ ss(0); see the sketch

in panel (b1) of Fig. 5.6 and the associated computed phase portrait on S∗ in panel (b2).

The bifurcation 2Ht gives rise to the saddle periodic orbit 2Γt, and we find the following

transversal connections: Γo → 2Γt → 0, Γo → Γt →
2Γt and Γo → 2Γt → Γt. Panel (c)

illustrates the situation by way of a representative sketch. Note how the two curves of

Ŵ s(0) that end at Ŵ ss(0) in panel (b1) give rise to the two light-green regions, which
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represent the accumulation onto Ŵ s(2Γt) (dark-cyan curves) of infinitely many curves in

Ŵ s(0) and Ŵ s(Γt) due to the existence of Γo → 2Γt → 0 and Γo → 2Γt → Γt; we refer

to Proposition 5.3.2. Both circles in Ŵ s(Γo) bound one of these two regions, but only

one circle in Ŵ s(Γo) bounds the other region. Furthermore, since Γo → Γt → 0 and

Γo → Γt → 2Γt, the pink region must contain infinitely many curves of Ŵ s(2Γt), and

infinitely many curves in Ŵ s(0) also accumulate geometrically onto these curves. The

existence of both pink and light-green regions is important. As µ decreases, the outer-

most curve from the region that is closest to Ŵ ss(0) will meet Ŵ ss(0) at a certain value

µ∗; depending on whether this is a curve from Ŵ s(0), Ŵ s(Γt) or Ŵ s(2Γt), system (1.2)

exhibits a particular corresponding codimension-one homoclinic or heteroclinic bifurca-

tion. Furthermore, as the infinitely many curves in Ŵ s(0) accumulate onto either Ŵ s(Γt)

or Ŵ s(2Γt), infinitely many homoclinic bifurcations must occur before a codimension-one

heteroclinic bifurcation can take place. Whenever a homoclinic bifurcation occurs, the

above sequence of different kinds of bifurcations occurs again; that is, an additional saddle

periodic orbit is created, accompanied by two regions of accumulation with respect to the

stable manifold of the new saddle periodic orbit. Moreover, an accumulation of intersec-

tion curves from this stable manifold is created inside the already existing regions. In

addition, the closer Ŵ s(0) lies to Ŵ s(Γt) or Ŵ
s(2Γt), the higher the number of rotations

are for both the homoclinic orbit and the bifurcating saddle periodic orbit.

5.4.2 Transition through QΓt

0 [Γo]. We illustrate in Fig. 5.7 the transition through

the codimension-one heteroclinic bifurcationQΓt

0 [Γo] and its effect on the reorganization of

the stable manifoldW s(Γt) (purple surface) in phase space. The left column showsW s(Γt)

in a tubular neighborhood of Γt, showing that W s(Γt) is topologically a Möbius band.

The right column (2) shows a larger part of W s(Γt). Panels (a1) and (a2) show W s(Γt),

at µ = −0.002, before the bifurcation QΓt

0 [Γo] and the associated first homoclinic cascade;

panels (b1) and (b2) are at the moment of the bifurcation, when µ ≈ −0.002880324; and

panels (a3) and (b3) are for µ = −0.0035 in region 4 past the first cascade; see Fig. 5.2.

We first focus on the local behavior in a tubular neighborhood. In panel (a1), the

unstable manifoldW u(0) (red curve) makes one rotation close to Γo and one close to Γt and

then escapes to infinity. As discussed before, a sequence of homoclinic bifurcations must

occur before the bifurcation QΓt

0 [Γo] is exhibited by system (1.2). During this sequence,

the unstable manifold W u(0) gains turns around W s(Γt), thus increasing ζ , until its

limiting case at the bifurcation QΓt

0 [Γo]. However, note how the first loop of W u(0) is

still close to Γo before accumulating onto Γt; this situation is the same as in panel (a1)

of Fig. 5.3. After QΓt

0 [Γo], a sequence of homoclinic bifurcations occur which decreases
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Figure 5.7: The stable manifold W s(Γt) (purple surface) of the nonorientable saddle periodic orbit
Γt (green curve), together with Wu(0) (red curve) and W ss(0) (blue curve) before, at, and after the
moment of the codimension-one heteroclinic bifurcation Q

Γt

0
[Γo] of system (1.2) in rows (a), (b) and (c),

respectively. The left column shows W s(Γt) in a tubular neighborhood of Γt, and the right column shows a
larger part of W s(Γt). Rows (a), (b) and (c) are for (α, µ) = (0.5,−0.002), (α, µ) = (0.5,−0.002880324)
and (α, µ) = (0.5,−0.0035), respectively.



5.4 Cascades of homoclinic and heteroclinic bifurcations 81

the winding number of W u(0) around W s(Γt), thus decreasing ζ . Finally in region 4,

the unstable manifold W u(0) makes two rotation close to Γo and one again close to Γt

before escaping to infinity; see panel (c1). In particular, the orientation of the homoclinic

bifurcation of 0 that follows, depends on how W u(0) passes near Γo and Γt.

We gain a deeper understanding by studying a larger portion of W s(Γt) as shown in

the right column of Fig. 5.7. Panel (a2) illustrates howW s(Γt) spirals aroundW
s(Γo) due

to the presence of heteroclinic orbits from Γo to Γt; the outer rim of the computed part of

W s(Γt) is highlighted as the black curve. Note how part of W s(Γt) gets close to W ss(0)

before starting to spiral again. In panel (b2), this part of W s(Γt) has disappeared, and

the existence of the heteroclinic orbit QΓt

0 [Γo] forces W
s(Γt) to accumulate onto W ss(0)

backward in time. After the bifurcation QΓt

0 [Γo], the manifold W s(Γt) no longer accumu-

lates onto W ss(0); see panel (c2). Observe that W s(Γt) in panel (c2) seems identical to

W s(Γt) in panel (b2), but it exhibits one additional loop. This extra loop would spread

out if a much larger portion of W s(Γt) were computed, and it would get close to W ss(0)

in the same way as in panel (a2).

Figure 5.8 illustrates the transition to region 4 on the level of the intersection sets of

the invariant objects with S∗. Panels (a1) and (a2) are stereographic projections of the

intersection sets with S∗ at the moment of the first codimension-one heteroclinic bifur-

cation QΓt

0 [Γo] of Γt. At the moment of the bifurcation the curve Ŵ s(Γt) (purple) splits

into two curves that meet at the two points in Ŵ ss(0); see panel (a1). This phenomenon

is illustrated more clearly in the sketch shown in panel (a2), where the accumulation of

curves in Ŵ s(Γt) is represented by the pink shading. As mentioned before, each homo-

clinic bifurcation creates a saddle periodic orbit that gives rise to two new accumulation

regions in the intersection set with S∗; these are shaded in panel (a2) with different tones of

cyan and the label indicates the intersection curve of the principal stable manifold. Only

two pairs of accumulation regions are indicated in panel (a2). The gray region represents

the infinitely many regions created in further homoclinic bifurcations and specifies their

relative location in the stereographic projection. It is clear from panels (a1) and (a2) of

Fig. 5.8 that, after crossing of QΓt

0 [Γo], there is another cascade of homoclinic bifurcations

that terminates on the homoclinic bifurcation associated with the blue curve in Ŵ s(0)

that bounds the pink region in panel (a2); this last homoclinic bifurcation corresponds

to the last bifurcation that system (1.2) exhibits before transitioning into region 4 in

Fig. 5.2. Panels (b1) and (b2) in Fig. 5.8 show the situation in region 4 on the level of

the stereographic projections. In particular, each accumulation region is represented by

the main intersection curve of the stable manifold of the saddle periodic orbit that exists

on it. Observe how one of the curves of Ŵ s(Γt) and, thus, the corresponding accumulation
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Ŵ ss(0)
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Ŵ s(Γt)
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Ŵ ss(0)
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Figure 5.8: Stereographic projection of the intersection sets of the invariant manifolds with S∗ at
the codimension-one heteroclinic bifurcation Q

Γt

0
, in region 4, and at the codimension-one heteroclinic

bifurcation QΓo

0
in rows (a) and (b), respectively. The left column shows the computed projections and the

right column corresponding sketches. The color code and labeling of the regions is the same as in Fig. 5.5.
Panels (a1), and (b1) are for (α, µ) = (0.5,−0.002880324) and (α, µ) = (0.5,−0.0035), respectively.

region accumulate onto a single topological circle of Ŵ s(Γo), while the other curve accu-

mulates on both topological circles of Ŵ s(Γo). This is true for each of the accumulation

regions of the different saddle periodic orbits, while they accumulate at the same time

onto Ŵ s(Γt) (gray region).

5.4.3 Transition through QΓo

0 . The final step at the end of all cascades is the hetero-

clinic bifurcationQΓo

0 . The two-dimensional stable manifoldW s(Γo) does not interact with

any saddle invariant object, and it retains its topological properties during the cascades of

homoclinic and heteroclinic bifurcations. However, this changes as soon as W s(Γo) inter-

sects W u(0) at the bifurcation QΓo

0 , which is illustrated in Fig. 5.9. Specifically, the left

column showsW s(Γo) (cyan surface), together withW u(0) (red curve), in a tubular neigh-
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Figure 5.9: The stable manifold W s(Γo) (cyan surface) of the orientable saddle periodic orbit Γo

(purple curve), together with Wu(0) (red curve) and W ss(0) before, at, and after the moment of the
codimension-one heteroclinic bifurcation Q

Γo

0
of system (1.2) in rows (a), (b) and (c), respectively. The

left column shows W s(Γt) in a tubular neighborhood of Γt, and the right column shows a larger part
of W s(Γt). Rows (a), (b) and (c) are for (α, µ) = (0.5,−0.002), (α, µ) = (0.5,−0.004861805) and
(α, µ) = (0.5,−0.005), respectively.
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borhood of Γo and the right column shows larger parts of these manifolds. Panels (a1)

and (a2) show, at µ = −0.002, the situation before the bifurcation QΓo

0 , that is, during

the homoclinic and heteroclinic cascades; panels (b1) and (b2) are for µ ≈ −0.004861805

at the moment of the bifurcation QΓo

0 ; and panels (a3) and (b3) are for µ = −0.005, after

the bifurcation. It seems that, in the vicinity of Γo, the transition through QΓo

0 does not

manifest any topological change for W s(Γo), apart from its relative position with respect

toW u(0). Hence, in panels (a1), (b1) and (c1), one seesW u(0) outside, at, and inside the

topological cylinder W s(Γo), respectively. The difference becomes apparent only when we

consider a larger portion of phase space. In panel (a2), the stable manifold W s(Γo) is still

a topological cylinder, but note how part of W s(Γo) lies close to W ss(0). The moment

QΓo

0 occurs, in panel (b2), one trajectory of the unstable manifold manifold W u(0) lies

inside W s(Γo) which forces W s(Γo) to accumulate onto W ss(0) backward in time. After

the bifurcation QΓo

0 , as shown in panel (c2) of Fig. 5.9, the lower half of W s(Γo) starts

to spiral around its upper half. The spiralling accumulation is due to the existence of

structurally stable homoclinic orbits of Γo. Note in panel (c2) that one branch of W u(0)

lies in the basin B(q) and the other one lies in the positive invariant set V , as defined in

Section 5.1. Hence, the winding number ζ is infinite and there cannot be any homoclinic

or heteroclinic bifurcations occurring after QΓo

0 . This implies that QΓo

0 marks the end of

the homoclinic and heteroclinic cascade in the (α, µ)-plane.

5.4.4 Computation of bifurcation sequences. To determine different homoclinic

and heteroclinic cascades, and to understand their organization in the parameter plane,

we computed representative bifurcation points and their corresponding µ-values along

the line α = 0.5. These are listed in Table 5.2, which also lists the sequence of further

bifurcations past these cascades. We first discuss the global bifurcations up to QΓo

0 and

then the remaining bifurcations.

As µ decreases from the primary homoclinic bifurcation Ht at µ = 0, we encounter

homoclinic and heteroclinic cascades in a particular order, followed by saddle-node and

period-doubling bifurcations of periodic orbits. As mentioned before, a saddle periodic

orbit is created for each homoclinic bifurcation that occurs as µ decreases; e.g., the saddle

periodic orbits Γt and
2Γt are created from the homoclinic bifurcations Ht and 2Ht, re-

spectively. We now employ a similar notation as used for the heteroclinic bifurcations to

denote the subsequent homoclinic bifurcations where the corresponding orbit makes rota-

tions around certain saddle periodic orbits before accumulating backward and forward in

time to 0. For ease of exposition, we append this information in their corresponding labels.

For example, Ho[nΓo, mΓt] represents the codimension-one orientable homoclinic bifur-
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cation where the corresponding orbit makes n turns around Γo and then m turns around

Γt before accumulating forward in time to 0. In particular, the homoclinic bifurcations

Ho[nΓo, mΓt] orHt[nΓo, mΓt], form,n ∈ N, in Table 5.2 create saddle periodic orbits that

make n+m+ 1 loops (the first rotation cannot be assigned to any saddle periodic orbit)

and have the same orientation as the homoclinic bifurcation. Heuristically, one can get

information about the orientation of the homoclinic bifurcation by looking at the parity

of m, that is, the amount of times the corresponding orbit of the homoclinic bifurcation

rotates around Γt in phase space before converging to 0. In general the first turn changes

the orientation of the homoclinic bifurcation to nonorientable, and every time a rotation

occurs around Γt, the orientation swaps; hence, for odd m the corresponding bifurcation

is nonorientable and for even m it is orientable. For example, observe in Table 5.2 that

the homoclinic cascade of the form Ht[Γo, mΓt], with m even, increases in the number of

rotations around Γt until it accumulates onto QΓt

0 [Γo]; the number of rotations then starts

decreasing, with m odd, up to Ho[Γo,Γt]. In particular, Ho[Γo,Γt] is the last bifurcation

that occurs before transitioning into region 4. Note that between Ho[Γo,Γt] and Ht[2Γo]

there is a larger gap in µ compared to the previous homoclinic bifurcations. This is due to

the termination and the start of new homoclinic and heteroclinic cascades, respectively.

In particular, these two homoclinic bifurcations are related as they create the saddle peri-

odic orbits 3Γo and
3Γt, which disappear in the saddle-node bifurcation SNP3Γo

. Because

ζ remains constant at ζ = 3, we also have numerical evidence that during this gap there

cannot exist additional homoclinic or heteroclinic bifurcations.

We also present in Table 5.2 the µ-values of representative codimension-one heteroclinic

bifurcations from 0 to 2Γt. For example, at the heteroclinic bifurcation Q
2Γt

0 [2Γo], sys-

tem (1.2) exhibits a heteroclinic orbit that connects 0 to 2Γt while rotating twice around

Γo. This shows that there exist additional cascades inside the cascade Ho[2Γo, mΓt] with

m even, and the same holds for the cascade Ht[2Γo, mΓt] with m odd, as our topological

sketch in panel (b2) of Fig. 5.8 suggests due to the λ-lemma. In general, there must

be cascades of the form Ho/t[2Γo, mΓ∗], m ∈ N, where Γ∗ is a different saddle periodic

orbit, accumulating onto heteroclinic bifurcations QΓ∗

0 [2Γo]. Therefore, there exist entire

clusters of cascades. These clusters of cascades are repeated starting from Ht[2Γo] and

ending at Ho[2Γo,Γt], and again for the pair Ht[3Γo] and Ho[3Γo,Γt], and so on. In gen-

eral, the center of each cluster corresponds to the heteroclinic bifurcation QΓt

0 [nΓo], with

n = 2, 3, 4, 5, ..., which occurs only once in each cluster. For example, note from Table 5.2

that the heteroclinic bifurcation QΓt

0 [2Γo] lies in between the bifurcations Q
2Γt

0 [2Γo] and

Q
2Γt

0 [2Γo,Γt]. Furthermore, the last orientable homoclinic bifurcation from the second

cluster, i.e., Ho[2Γo,Γt], is associated with the first nonorientable homoclinic bifurcation
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Bifurcation µ× [10−3] Bifurcation µ× [10−3]

Ht 0.0 Ht[5Γo] -4.619987
2Ht -2.880268 Q

2Γt

0 [5Γo] -4.619993

Ht[Γo, 2Γt] -2.880324 QΓt

0 [5Γo] -4.620120

Ht[Γo, 4Γt] -2.880324 Ho[5Γo,Γt] -4.620128

Ht[Γo, 6Γt] -2.880324 Ht[6Γo] -4.704132

Ht[Γo, 8Γt] -2.880324 Ho[6Γo,Γt] -4.704235

QΓt

0 [Γo] -2.880324 Ht[7Γo] -4.757563

Ho[Γo, 7Γt] -2.880324 Ho[7Γo,Γt] -4.757636

Ho[Γo, 5Γt] -2.880324 Ht[8Γo] -4.792227

Ho[Γo, 3Γt] -2.880324 Ho[8Γo,Γt] -4.792278

Ho[Γo,Γt] -2.880325 Ht[9Γo] -4.815051

Ht[2Γo] -3.816057 QΓo

0 -4.861805

Q
2Γt

0 [2Γo] -3.816058 F -7.054355

QΓt

0 [2Γo] -3.816233 TanΓo
-7.076705

Q
2Γt

0 [2Γo,Γt] -3.816233 SNP10Γo
-7.077572

Ho[2Γo,Γt] -3.816234 SNP9Γo
-7.078122

Ht[3Γo] -4.249463 SNP7Γo
-7.080554

Q
2Γt

0 [3Γo] -4.249465 SNP6Γo
-7.083202

QΓt

0 [3Γo] -4.249668 SNP5Γo
-7.088049

Q
2Γt

0 [3Γo,Γt] -4.249669 SNP4Γo
-7.097747

Ho[3Γo,Γt] -4.249669 SNP3Γo
-7.120570

Ht[4Γo] -4.483178 PD8Γt
-7.151054

Q
2Γt

0 [4Γo] -4.483183 PD4Γt
-7.153300

QΓt

0 [4Γo] -4.483359 PD2Γt
-7.163762

Q
2Γt

0 [4Γo,Γt] -4.483360 PDΓt
-7.211185

Ho[4Γo,Γt] -4.483359 SNPΓo
-7.386406

Table 5.2: Computed µ-values at a selection from the infinitely many bifurcations points along the
slice α = 0.5 of system (1.2). The color of each bifurcation point matches the corresponding curve in
Fig. 5.2. The ordering and clustering of these bifurcations is illustrated in Fig. 5.10.

in the second cluster, i.e. Ht[3Γo], because they create the saddle periodic orbits 4Γo and
4Γt that disappear in the saddle-node bifurcation SNP4Γo

. These two homoclinic bifurca-

tions also form a big region in the bifurcation diagram Fig. 5.2 with ζ = 4 constant. After

Ho[2Γo,Γt] occurs, the rotation of W u(0) around Γt moves closer to Γo as µ decreases,

until it becomes Ht[3Γo]. Similarly, the third cluster of cascades ends with the orientable

homoclinic bifurcation Ho[3Γo,Γt], which is associated with the first homoclinic bifur-

cation Ht[4Γo], because they create 5Γo and 5Γt which disappear in SNP5Γo
; these two
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Figure 5.10: Sketch of the bifurcation sequence along the slice α = 0.5 for the bifurcation diagram
of system (1.2) in Fig. 5.2. Here, µ decreases to the right; see also Table 5.2.

homoclinic bifurcations also form an big region in the bifurcation diagram Fig. 5.2, now

with ζ = 5. In general, the last orientable homoclinic bifurcation of a cluster together with

the first nonorientable homoclinic bifurcation in the following cluster of cascades form a

big region in the bifurcation diagram Fig. 5.2 with the number of their loops correspond-

ing to the value of ζ . We are able to compute the homoclinic clusters up to Ho[8Γo,Γt]

and Ht[9Γo], and detect the heteroclinic bifurcations up to QΓt

0 [5Γo]. The cascade ends

on QΓo

0 , which marks the start, as µ decreases, of a regime with transversal homoclinic

orbits of Γo, that is, the existence of Smale–horseshoe dynamics [55].

5.4.5 Graphical representation of the bifurcation sequence. Figure 5.10

presents a sketch of the bifurcation sequence along the slice α = 0.5 from Table 5.2. Here,

we illustrate how the infinitely many homoclinic and heteroclinic bifurcations organize

themselves according to our discussion in the previous paragraph. The intersection sets

presented in Fig. 5.8 give us a good explanation for the gap betweenHo[Γo,Γt] andHt[2Γo]

in Fig. 5.10 and the corresponding gap between the µ-values in Table 5.2: the curves in

Ŵ s(0) involved in these two bifurcations are the boundaries of their respective clusters of

accumulation, which are locally isolated. Notice that this is the case for all pairs of homo-

clinic bifurcations Ho[mΓo,Γt] and Ht[(m+ 1)Γo], as found for m = 1, 2, 3, 4, 5, 6, 7, 8, 9

in Table 5.2. Furthermore, each gap provides a parameter window during which the extra

loop of W u(0), created in the respective codimension-one heteroclinic bifurcation QΓt

0 ,

moves closer to Γo; recall that the next homoclinic bifurcation of Γo will be nonorientable.

During these gaps, the value of the winding number ζ remains constant and is given by

the number of loops of the homoclinic orbits that bound the region in (α, µ)-plane. Note

that after every cluster of accumulation, the unstable manifold W u(0) gains a rotation

that lies closer to Γo. This mean that, as µ decreases, the ζ value in each gap increases

until it reaches infinity at QΓo

0 .

Figure 5.10 also illustrates the order of further bifurcations past QΓo

0 that are computed
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and list in Table 5.2. There is a Smale–horseshoe region SH after transitioning through

QΓo

0 ; this region is discussed in more detail in Section 5.5. Inside SH, the stable manifold

W s(0) becomes tangent to the unstable manifold W u(Γo) of Γo at the bifurcation F,

which plays the same role as the fold bifurcation curve of the heteroclinic orbit from q to

0 for cases A and B in [1, 22]; see Chapter 4. The other boundary of the Smale–horseshoe

region SH is the homoclinic tangency bifurcation TanΓo
of Γo, whereW

u(Γo) andW
s(Γo)

are tangent. Past this bifurcation, there are no more homoclinic orbits of Γo and one finds

small regions of existence of chaotic attractors [49], which are then destroyed via (reversed)

period-doubling and saddle-node cascades of periodic orbits. This is discussed in more

detail in Section 5.6. The right-most period-doubling cascade in Fig. 5.10, the one ending

with PDΓt
, changes Γt into an attracting periodic orbit Γa

t when 2Γa
t disappears. The

orbit Γa
t then disappears in the saddle-node bifurcation SNPΓo

, where it merges with the

only other remaining periodic orbit Γo; then, this marks the entry into region 2 is entered.

5.5 Smale–horseshoe region

Figure 5.11 shows the transition from the bifurcation QΓo

0 to the Smale–horseshoe region

on the level of the intersection sets with the sphere S∗. As before, the left column shows

the numerically computed curves and the right column shows sketches where the gray

and brown regions highlight the relative positions of the accumulation regions; each ac-

cumulation region is represented by the main intersection curve of the stable manifold

of the saddle periodic orbit that exists on it. We present the stereographic projection at

the codimension-one bifurcation QΓo

0 in panels (a1) and (a2). Notice in panel (a1) how

one of the topological circles in Ŵ s(Γo) forms a connecting curve between the two inter-

section points in Ŵ ss(0), as a consequence of W s(Γo) accumulating on W ss(0) backward

in time; see Fig. 5.9. In this limiting case, all the accumulation regions accumulate onto

this single curve Ŵ s(Γo), while spiraling around the other topological circle in Ŵ s(Γo).

The boundary of B̂(q) is formed by Ŵ s(Γo) and the segment of Ŵ s(0) in beween the

two points Ŵ ss(0). Before Ŵ s(Γo) connects the two points in Ŵ ss(0) at QΓo

0 , infinitely

many heteroclinic and homoclinic bifurcations must occur as the corresponding inter-

section sets accumulate in a spiraling manner onto Ŵ s(Γo); see panels (b1) and (b2) of

Fig. 5.8. This explain why the cascades of heteroclinic bifurcations QΓt

0 and homoclinic

bifurcation accumulate onto the bifurcation curve QΓo

0 in Fig. 5.2.

In panels (b1) and (b2) of Fig. 5.11, after the heteroclinic bifurcation QΓo

0 , the curve

Ŵ s(Γo) that connected the two points Ŵ ss(0) now accumulates onto the topological circle

in Ŵ s(Γo) that persists through this bifurcation. This accumulation is a consequence of
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Ŵ ss(0)
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Ŵ ss(0) Ŵ ss(0)
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Figure 5.11: Stereographic projection of the intersection sets of the invariant manifolds with S∗ at,
and after the codimension-one heteroclinic bifurcation Q

Γo

0
in rows (a) and (b), respectively. Column (1)

shows the computed projections and column (2) shows corresponding sketches. The color code and labeling
of the regions is the same as in Fig. 5.5. Panels (a1) and (b1) are for (α, µ) = (0.5,−0.004861805) and
(α, µ) = (0.5,−0.0065), respectively.

the existence of the homoclinic orbits of Γo and the λ-lemma. Since there are infinitely

many homoclinic orbits and heteroclinic cycles, there are infinitely many intersection

curves in Ŵ s(Γo), Ŵ
s(Γt), Ŵ

s(2Γt), etc., that accumulate onto the topological circle in

Ŵ s(Γo). Hence, the accumulation region in the intersection sets is more complicated; we

illustrate this change by the brown shading in panel (b2). Note also that the boundary

of the basin of attraction ∂B̂(q) of q after the bifurcation QΓo

0 in panels (b1) and (b2)

has changed from two topological circles to a topological circle with two handles, that is,

∂B̂(q) ⊂ Ŵ s(0) ∪ Ŵ s(Γo).

5.5.1 Dynamics inside the region SH. Past the codimension-one heteroclinic bi-

furcation QΓo

0 of system (1.2), we find structurally stable homoclinic orbits of Γo; hence,
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Figure 5.12: Configuration in phase space of W s(Γo) (cyan surface) and Wu(Γo) (orange surface)
of system (1.2) in the Smale–horseshoe region. Panel (a) shows a big part of W s(Γo) and Wu(Γo) in
phase space; while panel (b) shows a zoom of two transversal homoclinic orbits (maroon and lilac curves)
of Γo. Panels (c1) and (c2) show the x-component of the transversal homoclinic orbits of Γo separately;
while panel (c3) shows them together. Also shown are Wu(0) (red curve) and W ss(0) (blue curve). The
panels are for (α, µ) = (0.5,−0.0065).

there exist Smale–horseshoe dynamics in phase space [55]. Figure 5.12 (a) shows such

homoclinic orbits (maroon and lilac curves) in more detail. The manifolds W s(Γo) (cyan

surface) and W u(Γo) (orange surface) intersect along the homoclinic orbits Γo. Note how

the outer boundary of the lower half of the topological cylinder W s(Γo) (black curve)

accumulates in a spiraling fashion onto the top half of W s(Γo). Panel (b) shows an en-

largement of panel (a) around the homoclinic orbits, where this accumulation is illustrated

more clearly. The time series of the x-component of the two homoclinic orbits are shown
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in panels (c1) and (c2), and together in panel (c3). The lilac orbit moves faster away

from Γo than the maroon orbit. The existence of these homoclinic orbits implies infinitely

many secondary homoclinic orbits of Γo [55]. In addition, their existence also implies the

appearance of heteroclinic cycles between different saddle periodic orbits, such as Γo, Γt,
2Γt, etc., due to the accumulation of their stable manifolds backward in time onto W s(Γo)

and the accumulation of W u(Γo) onto their respective unstable manifolds.

5.5.2 Transition through F. The numerical results shown in Table 5.2 and Fig. 5.2

indicate that the fold bifurcation F, in the vicinity of CI, occurs before the intersection

between W u(Γo) and W s(Γo) becomes tangent, that is, before the bifurcation TanΓo
.

The left column of Fig. 5.13 illustrates the crossing of F, that is, the moment W u(Γo)

(orange surface) is tangent to W s(0) (blue surface). Note the transversal intersection

between W s(0) and W u(Γo) in panel (a1) that persists since its creation in region 1.

Since Γo → Γt → 0, there exist infinitely many heteroclinic orbits from Γo to 0, of which

we only show two in panel (a1) (green curves). As F occurs, which is illustrated in

panel (a2), the stable manifold W s(0) goes through a quadratic tangency with W u(Γo);

this is similar to cases A and B [1, 22], where W s(0) exhibited a quadratic tangency

with W u(q). In particular for case C, the infinitely many heteroclinic orbits merge in a

tangent heteroclinic orbit, shown as the white curve in panel (a2). After the transition

through F shown in panel (a3), W s(0) no longer intersects W u(Γo); hence, W s(0) no

longer accumulates onto W s(Γo) and the unstable manifold W u(0) no longer bounds

W u(Γo). In fact, we find that W s(0) no longer intersects any unstable manifold of any

other saddle periodic orbit.

5.6 Transition to a strange attractor and

period-doubling cascade

Past TanΓo
one finds chaotic attractors, and cascades of period-doubling and saddle-node

bifurcations. This allows system (1.2) to transition back to region 2; see Section 5.3.

5.6.1 Transition through TanΓo
. The right column of Fig. 5.13 illustrates the cross-

ing of TanΓo
, that is, the last tangency between W u(Γo) (orange surface) and W s(Γo)

(cyan surface). After the transition through F and before TanΓo
occurs, the intersection

between W s(Γo) and W u(Γo) still persists, as shown in panel (b1). As µ is decreased,

system (1.2) must exhibit a sequence of homoclinic tangency bifurcations of secondary
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Figure 5.13: Phase portraits of the transition through the bifurcation curves F (left column) and
TanΓo

(right column) in system (1.2). Shown are the effect of the transitions with respect to W s(0)
and Wu(Γo) (left column), and with respect to W s(Γo) and Wu(Γo) (right column). Shown are W s(0)
(blue surface), W s(Γo) (cyan surface) and Wu(Γo) (orange surface); also shown are the corresponding
tangency orbits (white and blue curves), Wu(0) (red curve), and W ss(0) (blue curve). Panels (a1),
(a2) and (a3) are for (α, µ) = (0.5,−0.0065), (α, µ) = (0.5,−0.007054355) and (α, µ) = (0.5,−0.00706),
respectively. Panels (b1), (b2) and (b3) are for (α, µ) = (0.5,−0.00706), (α, µ) = (0.5,−0.007076705)
and (α, µ) = (0.5,−0.0071), respectively.
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Figure 5.14: Stereographic projection of the intersection sets of the invariant manifolds with S∗ after
crossing the bifurcation curves F (top row) and TanΓo

(bottom row). The left column shows the computed
projections and the right column shows the corresponding sketches. The color code and labeling is the
same as in Fig. 5.5. Panels (a1) and (b1) are for (α, µ) = (0.5,−0.00706) and (α, µ) = (0.5,−0.0071),
respectively.

homoclinic orbits as proven in [55], until it reaches the last homoclinic tangency TanΓo
;

shown in panel (b2). The bifurcation TanΓo
represents the last intersection (blue curve)

between W u(Γo) and W
s(Γo). After the transition through TanΓo

, shown in panel (b3),

the manifold W s(Γo) stops accumulating on itself, because it no longer intersects W u(Γo).

Figure 5.14 shows additional details of the transition through TanΓo
by considering

corresponding intersection sets with the sphere S∗. Row (a) shows the situation in between

the bifurcations F and TanΓo
where the intersection set Ŵ s(0) is formed by a single

closed curve; the left column shows the computed stereographic projections and the right

column the corresponding sketches. Hence, the accumulation region (brown region) that is

sketched in panel (a2) does not contain any intersection curves of Ŵ s(0). We find that the

other intersection curves do not go through any significant changes for parameter values
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Figure 5.15: Approximation of the chaotic attractor of system (1.2) close to the homoclinic tangency
TanΓo

of Γo. Panel (a) shows three trajectories (red, blue and green), with initial conditions that differ
in the sixth decimal place. Panel (b) shows a portion of Wu(Γo). Here (α, µ) ≈ (0.5,−0.007076768).

in between the bifurcations F and TanΓo
. Panels (b1) and (b2) illustrate the consequence

of crossing TanΓo
. In particular, the intersection set Ŵ s(Γo) now consists of two single

closed curves that do not accumulate onto any other intersection curve. Nevertheless, the

existence of nontransversal intersections of the unstable manifolds of other saddle periodic

orbits with W s(Γo) forces the other intersection curves to accumulate onto Ŵ s(Γo). Since

there are no homoclinic orbits of Γo anymore, we color the accumulation region light gray

in panel (b2). As we will see in the next section, this region may correspond to the basin

of attraction of a strange attractor or of an attracting periodic orbit. Note also that

Ŵ s(Γo) is a topological annulus. The insets in panels (a1) and (b1) show enlargements

around one of the topological circles of W s(Γo), illustrating the accumulation of W s(Γo)

on itself and the lack of it before and after the transition through TanΓo
, respectively.

5.6.2 Evidence of the chaotic attractor. Figure 5.15 shows a chaotic attractor in

the phase space of system (1.2) for µ = −0.007076768. Figure 5.15(a) shows trajectories

of three different initial conditions that agree up to five decimal places. The trajectories

are shown after their transients have been discarded, to illustrate that they are attracted

to a lower-dimensional object in phase space. In particular, the trajectories do not remain

arbitrarily close to each other as time progresses, but they do remain arbitrarily close to

W u(Γt) as shown in panel (b). This is evidence for the existence of a chaotic attractor,

which would be the closure of W u(Γo).

As further evidence, Fig. 5.16 shows the successive returns xSci to the plane y = 0 of the
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Figure 5.16: First return map of the scaled x-coordinates of the three trajectories shown in Fig. 5.15
at the Poincaré section y = 0. The line xSc

i+1 = xSc

i is indicated (cyan dashed line) and the points are
colored according to their corresponding trajectories in Fig. 5.15.

x-coordinates of each of these three trajectories, plotted as xSci+1 versus xSci , where xSci is

scaled to the interval [0, 1]. Clearly, the return map in Fig. 5.16 is a unimodal map, which

is effectively another clear indication that system (1.2) has a chaotic attractor. In fact, it

was proven that the Poincaré return map close to an inclination flip bifurcation of case C,

up to some Cr-rescaling, is Cr-close to the family of unimodal maps ψa(u, v) = (0, 1−av2)

[49]. We infer from Figs. 5.15 and 5.16 that the closure of W u(Γo) can, therefore, be

identified with the template of a type of Rössler attractor [21]. This implies that the

strange attractor is destroyed by the tangency between W u(Γo) and W s(Γo), as was

conjectured in [49]. Hence, TanΓo
indeed separates the Smale–horseshoe region from the

cascades of period-doubling and saddle-node bifurcations.

5.6.3 Transition through PD back to region 2. The saddle periodic orbits that

are created during the homoclinic and heteroclinic cascades disappear in cascades of

period-doubling and saddle-node bifurcations as µ is decreased. During this process the

intersection sets of different stable manifolds disappear with the corresponding periodic

orbits. In fact, the accumulation region alternates between being a basin of attraction

of an attracting periodic orbit and that of a strange attractor. This is caused by the

saddle-node bifurcations that create periodic windows and start different period-doubling

cascades [21]. These period-doubling and saddle-node cascades terminate at the final

saddle-node bifurcation SNPΓo
, which marks the transition back to region 2.

Figure 5.17 illustrates the moment before and after the bifurcation SNPΓo
on the level

of the intersection sets of invariant manifolds with S∗; as before, the left column shows the

computed stereographic projections and the right column the corresponding sketches. In



96 Invariant Manifolds close to a Homoclinic Flip Bifurcation of Case C

(a1)
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Ŵ ss(0) Ŵ ss(0)
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Figure 5.17: Stereographic projection of the intersection sets of the invariant manifolds with S∗

before (top row) and after (bottom row) the last saddle-node bifurcation SNP of periodic orbits. The
left column shows the computed projections and the right column shows the corresponding sketches. The
color code and nomenclature of the regions is the same as given in Fig. 5.5. Panels (a1) and (b1) are for
(α, µ) = (0.5,−0.0073) and (α, µ) = (0.5,−0.0074), respectively.

panels (a1) and (a2), after the period-doubling bifurcation PDΓt
, all periodic orbits have

disappeared with the exception of Γo and an Γt, which is now attracting periodic orbit Γa
t .

Immediately after the period-doubling bifurcation, Γa
t has a nonorientable strong stable

manifoldW ss(Γa
t ); however, Γ

a
t becomes an attracting periodic orbit Γa

o with an orientable

strong stable manifold before reaching SNPΓo
. This happens at the curves CC±

Γa , which

we discuss further in Section 5.7, when we study the unfolding over a larger parameter

range. On the level of the intersection sets shown in Fig. 5.17(a), the former accumulation

region has now become the basin of attraction B̂(Γa
t ) of Γ

a
t (green). Furthermore, the basin

B̂(q) is a disconnected region with boundaries Ŵ s(Γo) and Ŵ
s(0). After, the saddle-node

bifurcation SNPΓo
, which marks the disappearance of Γa and Γo, we find ourselves again

in region 2, as is illustrated in panels (b1) and (b2). Hence, these panels are topological
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equivalent to panel 2 of Fig. 5.5.

5.7 Global picture in the (α, µ)-plane

We now focus our study on the global organization in the (α, µ)-parameter plane of the

codimension-one bifurcations emanating from the homoclinic flip bifurcation point CI.

Figure 5.18 shows the numerically computed bifurcation diagram of CI for a much larger

parameter range in panel (a), as well as two enlargements in panels (b) and (c). In par-

ticular, the parameter sweep of ζ now plays an even more prominent role for discerning

small and subtle interactions of the different bifurcation curves. In Fig. 5.18, we recog-

nize from Fig. 5.2 and Table 5.2 the principal homoclinic branch (brown curve) with CI,

as well as the curves of saddle-node bifurcation SNP (dark-green), of period-doubling

bifurcation PD (red), of homoclinic tangency bifurcation TanΓo
(light-purple), of het-

eroclinic bifurcation QΓt

0 (lilac), QΓo

0 (purple) and Q
2Γt

0 [2Γo] (gray), and of homoclinic

bifurcation Ho[mΓo, nΓt] Ht[mΓo, nΓt] (cyan curves). Note also the region SH where

Smale–horseshoe dynamics occurs, and the curve HB of Hopf bifurcation (green curve)

that transforms q into an unstable saddle focus. Panel (a) shows that the curve HB

does not interact with any other bifurcation curve for µ-values larger than that at the

generalized Hopf bifurcation point GHB. We also observe more clearly the curve F∗

(dashed blue); recall that this curve represents the moment when W s(0) becomes tan-

gent to W u(q) and it is the extension of the curve F past its intersection with SNP∗, as

shown in Fig. 5.2. At first glance, F∗ seems to bound the region where the homoclinic

curves exits, but this is not the case, as we are going to discuss in more detail in the

following section. We also show the curves CC−
Γa and CC+

Γa (orange) which represent

the moment the Floquet multipliers of the attracting periodic orbit Γa become complex

conjugate with negative and positive real parts, respectively. In addition, we also present

the curve CC−
2Γa (dark orange) of the attracting periodic orbit 2Γa; these are visible in

panels (b) and (c).

The curves QΓt

0 shown in Fig. 5.18 extend to the top part of the figure in panel (a).

They represent the extensions of the heteroclinic bifurcation curves in Fig. 5.2 past the

transition of Γt to the attracting periodic orbit Γa
t , where QΓt

0 corresponds to the inter-

section of the two-dimensional strong stable manifold W ss(Γa
t ) with W

u(0), which is also

a codimension-one phenomenon. As such, these curves terminate at the respective curve

CC−
Γa , that is, at the moment when W ss(Γa

t ) is no longer well defined. This also holds

for the heteroclinic bifurcation Q
2Γt

0 [2Γo] (gray curve), which can be seen to terminate at

CC−
2Γa in Fig. 5.18(b).
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Figure 5.18: Bifurcation diagram of system (1.2) for a larger region in the (α, µ)-plane than shown
in Fig. 5.2. Panels (b) and (c) are enlargements as indicated in panel (a). The color code of the regions
and labeling of the curves are the same as in Fig. 5.2. We also show the curves CC

±

Γa and CC
−
2Γa

(orange) of Γa and 2Γa, respectively.

5.7.1 Cascades of inclination flip bifurcations. The larger parameter range in

Fig. 5.18(a) reveals how the homoclinic bifurcations, which were hard to discern in

Fig. 5.2, fan out and are more distinguishable. Furthermore, we clearly see how each
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homoclinic bifurcation curve encloses a region in the (α, µ)-plane with a constant ζ value;

indeed, the ζ-value in each region increases as a heteroclinic bifurcation QΓt

0 or Q
2Γt

0 is

approached; see also Section 5.4.

It is an important feature of Fig. 5.18 that many of the homoclinic, saddle-node and

period-doubling bifurcation curves emanating from CI end at other codimension-two in-

clination flip bifurcation points. Notably, the principal homoclinic branch goes through a

secondary inclination flip bifurcation B∗
I of case B, which is the end point of the curves

2Ho and PDΓt
. Moreover, other homoclinic curves exhibit inclination flip bifurcations

Cn
I of case C, where n represents the number of loops that the corresponding homoclinic

orbit makes in phase space.

The bifurcation diagram near one of these inclination flip points, C3
I , is shown in

Fig. 5.18(b). Notice how C3
I is responsible for the transformation of the orientable homo-

clinic bifurcation Ho[Γo,Γt] to the nonorientable homoclinic bifurcation Ht[2Γo], both of

which emanate from the initial inclination flip bifurcation CI. Recall that these homo-

clinic bifurcations are related as they represent the last and the first bifurcation of their

respective accumulation cluster, as discussed in Section 5.4.4. Moreover, they create the

saddle periodic orbits 3Γo and
3Γt, respectively, and they bound a region in the parameter

plane where ζ = 3; see also Fig. 5.10. So it does not come as a surprise that SNP3Γo

(green curve) ends at the bifurcation point C3
I , as this bifurcation curve is responsible

for the disappearance of 3Γo and 3Γt; indeed SNP3Γo
plays the same role as SNPΓo

in

the unfolding of CI. In Figure 5.18(c) we observe that Ho[Γo,Γt] turns around before

reaching C3
I , and then the curve continues smoothly past C3

I as Ht[2Γo] before returning

to CI. This same scenario can also be observed for the inclination flip points C5
I and

C7
I . Moreover, Fig. 5.18(c) shows that there exist infinitely many regions with constant

ζ in between the two inclination flip points C3
I and C5

I . The boundaries of each of these

regions are homoclinic bifurcation curves emanating from CI, which also exhibit an incli-

nation flip bifurcation of case C along them and then come back to CI as an homoclinic

bifurcation curve of the opposite orientation. As a consequence, the respective saddle-

node and period-doubling bifurcation curves extend from CI to this additional inclination

flip bifurcation point.

5.7.2 Homoclinic bubbles. These overall bifurcation structure of a particular homo-

clinic curve is called a homoclinic bubble [31]. Recall our discussion of the gaps between

accumulation clusters along the slice µ = 0.5, which we found in Table 5.2 and sketched

in Fig. 5.10. Figure 5.18 (a) shows that the pairs of homoclinic bifurcations Ho[mΓo,Γt]

and Ht[(m+ 1)Γo], as found for m = 1, 2, 3, 4, 5, 6, 7, 8, 9 in Table 5.2 form bubbles in the
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parameter plane. In particular, identified cascades of these bubbles explain the disap-

pearance of the infinitely many codimension-one curves that emanate from the unfolding

of case C during a transition to case B. In fact, two types of bubbles were conjectured

[31] and subsequently confirmed numerically [51]: one is characterized by a homoclinic-

doubling cascade and the other by an additional homoclinic flip bifurcation of case C.

Figure 5.19 (a) shows the theoretical sketch of a single homoclinic k-bubble, for k ∈ N, of

the latter type, reproduced from [31]. Notice how an orientable k-homoclinic bifurcation

curve Hk
o emanates from the principal homoclinic flip bifurcation point Cout and then ex-

hibits an inclination flip bifurcation Ck
out, after which it is the nonorientable k-homoclinic

bifurcation curve Hk
t . In this way, the homoclinic and period-doubling bifurcation curves

of the form 2nk, for n ∈ N, emanating from Cout disappear in the unfolding of Ck
out.

For any k ∈ N, there exits k-bubbles that annihilate all the corresponding 2nk curves of

Cout. Those are exactly the bifurcation structures we observe in the bifurcation diagram

of Fig. 5.18 in the transition between the inclination flip points CI and B∗
I .

Figure 5.19(b) shows a different enlargement of the bifurcation diagram of CI. Here,

we use the coordinate transformation µ∗ := µ+0.1246α−0.06644 and plot the bifurcation

diagram in the (α, µ∗)-plane to improve visualization and comparison with the sketch in

panel (a). The homoclinic curve 2Ht exhibits the inclination flip bifurcation C2
I , which

allows 2Ht to become 2Ho so it can disappear at B∗
I . This is one of the most important

curves in the transition between the two cases [31]. However, this is not a bubble as

presented in [31] because both homoclinic curves do not emanate from CI. Nevertheless,

the inclination flip point C2
I plays the same role as the homoclinic flip point Ck

out of a

k-bubble for k = 2 in terms of absorbing/generating the respective bifurcation curves.

Notice in Fig. 5.18(b) how the cascade of nonorientable homoclinic bifurcation curves

(cyan) of the form Ht[Γo, nΓt], for n = 2, 4, 6, 8, and the period-doubling bifurcation

curves PD2Γt
and PD4Γt

(red) connect the points CI and C2
I as sketched in panel (a).

The same phenomenon occurs at the points C3
I , C

5
I , and C7

I , but the curves are much

closer together. Figure 5.19(b) clearly shows the complicated structure of how some ho-

moclinic bifurcation curves create bubbles and others connect to inclination flip points on

bubbles. It also shows how infinitely many homoclinic bubbles accumulate on QΓt

0 [Γo],

which is illustrated by the increase of ζ . Furthermore, notice how the ζ-value also in-

creases in the different regions in between bubbles, such as those of C3
I , C5

I and C7
I ,

each of which is associated with a codimension-one heteroclinic bifurcation of the type

QΓ∗

0 for a suitable saddle periodic orbit Γ∗; see Section 5.4. The accumulation of these

homoclinic bifurcation curves and bubbles onto a heteroclinic bifurcation of the form QΓt

0

was not identified in either in [31] or [51]. Another interesting detail about the bubbles
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Figure 5.19: Comparison of a theoretical and numerical inclination flip bubble. Panel (a) shows
the sketch of an inclination flip bubble from [31, Fig. 12]; panel (b) shows a region of Fig. 5.18 in the
(α, µ∗)-plane, where µ∗ := µ + 0.1246α − 0.06644. Color code of the regions and nomenclature of the
curves are as in Fig. 5.18. [The inset is reproduced from Journal of Dynamics and Differential Equations,
Resonant Homoclinic Flip Bifurcations, 12(4), 2000, pages 807-850, A. J. Homburg and B. Krauskopf,
©Plenum Publishing Corporation 2000 with permission of Springer.]

in Figure 5.18(b) is how they seem to be bounded by a single smooth curve, where the

inclination flip points C3
I , C

5
I and C7

I occur along it. At first glance, it appears that this

curve is F∗, that is, the fold curve of a tangency between W u(q) and W s(0), as shown in

panel (a) and (b) in Fig. 5.18. However, Fig. 5.19 (b) indicates that this is not the case.

This boundary curve represents a boundary crisis [53], and infinitely many inclination flip
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bifurcations of case C occur along it. We believe that this curve of boundary curve crisis

involve the tangency of an, as yet, unknown invariant object.

Finally, we remark that the eigenvalues of 0 do not change as α and µ vary in the

bifurcation diagrams shown in Fig. 5.18 and Fig. 5.19; see Section 2.3. This raises the

question of the existence of B∗
I in Fig. 5.18, because it fullfils the eigenvalue conditions

of case C. Preliminary work suggest that it also fullfils the necessary geometry condition

for case C. On the other hand, our bifurcation analysis identifies the point B∗
I as an

inclination flip bifurcation of case B. Further analysis of this codimension-two point is

beyond the scope of this thesis, and left for future work.

5.8 Summary of case C

We presented a detailed study of the unfolding of a codimension-two inclination flip

bifurcation of case C by computing the representative manifolds of saddle objects in

system (1.2) as well as their bifurcation curves in the (α, µ)-plane. In the same spirit

as in Chapter 4, we chose representative points in regions with distinct qualitative be-

havior, and illustrated the changes and consequences when different bifurcation curves

are crossed. To this end, we presented the global invariant manifolds in phase space

as well as their intersection sets with S
∗. Clearly, case C is much more complicated

than cases A and B. Indeed, one can find Smale–horseshoe dynamics, strange attractors

and cascades of homoclinic, period-doubling and saddle-node bifurcations in the neigh-

borhood of this codimension-two point in the (α, µ)-plane. Representative homoclinic,

heteroclinic, saddle-node and period-doubling bifurcations were computed in the (α, µ)-

parameter plane and they agree with the theoretical unfolding described in [29].

In pursuit of a better understanding of this unfolding, we defined a winding number

ζ and performed a parameter sweep in the (α, µ)-plane to delimit regions with different

ζ-values. We found that certain boundaries of these regions corresponded to homoclinic bi-

furcations that emanate from the inclination flip point but had not been identified before.

We also found that the homoclinic cascades re-organize themselves in different cascades

that accumulate onto codimension-one heteroclinic bifurcations that involve different sad-

dle periodic orbits, e.g. the nonorientable saddle periodic orbit Γt, and the equilibrium

0 [37]. We find that these homoclinic and heteroclinic cascades can be distinguished in

phase space according to the number of rotations that the respective homoclinic or hetero-

clinic orbit makes around different saddle periodic orbits. We computed and represented

the overall implications of these bifurcations near CI. We also identified the boundaries

of the Smale–horseshoe region as the codimension-one heteroclinic bifurcation QΓo

0 , which



5.8 Summary of case C 103

creates a heteroclinic orbit from 0 to the orientable saddle periodic orbit Γo. The other

boundary is the homoclinic tangency bifurcation TanΓo
of Γo. The bifurcation TanΓo

was conjectured to exist [49]; it is tied to the destruction of a strange attractor, because

it marks the termination of the period-doubling cascade. The bifurcation curves QΓo

0

and TanΓo
intersect in a codimension-two heteroclinic cycle between 0 and the orientable

saddle periodic orbit Γo, thus, delimiting a bounded connected region in the (α, µ)-plane

where system (1.2) exhibits Smale–horseshoe dynamics.

We also studied the global behavior of the codimension-one bifurcations emanating

from the homoclinic flip point of case C. We found a complex picture involving the

transition to an inclination flip bifurcation of caseB. We found that the certain homoclinic

bifurcations create bubbles in parameter plane, which exhibit an additional homoclinic flip

bifurcation of case C that changes the orientation of the respective homoclinic bifurcation.

These bubbles were proposed as a crucial ingredient in the transition from cases B and

C as codimension-three phenomena [31], and found numerically in [51]. We studied in

unprecedented detail the role of the heteroclinic bifurcations in the existence of these

infinitely many bubbles and described their accumulation on a specific boundary curve.

Even in this most complicated homoclinic flip bifurcation case, we found and compute

the bifurcation curves as predicted by the theory. Not only that, but we also computed

additional bifurcation curves which have not been studied before, and are created due

to the interactions of global invariant manifolds that unfold from these curves. Indeed,

the bifurcation phenomena described here are generic, and homoclinic flip bifurcations of

case C have been identified in several other vector fields; for example, in the Hindmarsh–

Rose model [42].
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6
Boundary Value Problem Formulations

In general, it is challenging to prove the existence of homoclinic or heteroclinic orbits

between saddle invariant objects that a system of the form (1.1) may have. Furthermore,

it is difficult to compute a connecting trajectory explicitly, let alone to approximate the

respective invariant manifolds that intersect involved in it. We employed throughout

this thesis the continuation of solution families of suitable two-point boundary value

problems (2PBVP), with the software package Auto [12, 15]. The idea behind 2PBVP

continuation is to represent the object of interest as a one-parameter family of finite-time

orbit segments of system (1.1) that satisfy suitable boundary conditions; see [13, 36],

for a general background of this approach. In general, any trajectory of (1.1) over the

finite-time interval [0, T ] can be represented as an orbit segment u : [0, 1] → R
n over the

interval [0, 1] that satisfies

u̇ = Tf(u, µ), (6.1)

which is simply the time-rescaled version of system (1.1) with (original) integration time

T . During the continuation, we impose boundary conditions at u(0) and u(1) to compute

the required object of interest and, in some of the formulations, T is allowed to vary.

In this chapter, we describe the most relevant 2PBVP formulations used in this thesis

in the context of three-dimensional vector fields, namely the following:

• Computation of a two-dimensional stable manifold of a saddle equilibrium or saddle

periodic orbit; used extensively to obtain the various phase portraits in this thesis.

We briefly describe some standard formulations and then present variations specif-

ically designed for this thesis to perform computations required for our study of

105
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homoclinic flip bifurcations; these variations can also be used in other contexts. We

restrict the discussion to the stable manifold; an unstable manifold is computed in

the same way by reversing the direction, that is, by swapping the endpoints u(0)

and u(1) in the respective formulations. We also discuss the use of Lin’s method to

generate initial orbit segments needed in the computation of the intersection sets of

a stable manifold with a sphere.

• The computation and continuation of a periodic orbit at the moment when two

Floquet multipliers change from real to complex conjugate; this allows us to find

the curves CC+ and CC− in Fig. 4.1 and Fig. 4.7.

6.1 Computation of a stable manifold

In general terms, to compute the two-dimensional stable manifold of a saddle equilibrium

or periodic orbit, one first defines a fundamental domain Fθ [6, 36]. This is a one-

dimensional smooth curve segment that intersects every trajectory in the stable manifold

exactly once, and it is parametrized by the variation of a parameter θ in a half-closed

and bounded interval. The Stable Manifold Theorem [55] is used to approximate Fθ by

means of the linearization of the manifold close to the corresponding equilibrium or saddle

periodic orbit. By starting from an initial orbit segment that satisfies (6.1) and has an

endpoint u(1) lying in Fθ, we construct the stable manifold as the collection of all orbit

segments obtained by a continuation run along θ. However, an additional boundary condi-

tion must be imposed to have a well-posed 2PBVP. For example, in certain computations,

we impose an additional condition on the starting point u(0) of the orbit segment, such

that it lies in a desired codimension-one smooth manifold M. This condition not only

allows us to have well-posedness in the formulation, but it also permits us to reconstruct

the intersection set of the stable manifold withM by collecting all the starting points u(0)

of all the orbit segments during the continuation run. In general, the BVP formulation

for a stable manifold has the form

u̇ = Tf(u, µ), (6.2)

u(1) ∈ Fθ, (6.3)

u(0) ∈ M. (6.4)

Throughout this thesis, we computed the intersection sets of different manifolds when
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M is a sphere of radius R and center c; hence, condition (6.4) takes the form

||u(0)− c ||2
R3= R2,

where || · ||R3 is the Euclidean norm in R3. In other cases, M is a plane determined by its

normal vector n and point c that lies on it. Then (6.4) takes the form

〈u(0)− c, n〉 = 0,

where 〈·, ·〉 is the Euclidean inner-product in R3.

Instead of imposing u(0) to lie in M, one can choose to impose conditions on the

arc length or period of the family segments that forms the respective part of the stable

manifold. This is the case in certain figures in this thesis, where we present phase portraits

of these manifolds in a large portion of phase space. In this case, condition (6.4) in the

2PBVP formulation becomes either

T = Tmax,

which fixes the time interval of all orbit segments to a fixed value Tmax; or

∫ 1

0

〈f(u, µ), f(u, µ)〉1/2dt = Lmax,

which fixes the arc length of all the orbit segments during continuation. Throughout this

thesis, we used the different variations for the definition of (6.4) as required.

In the following, we describe the choices for a fundamental domain Fθ used in this

thesis for an equilibrium or saddle periodic orbit.

6.1.1 Fundamental domain for the equilibrium case. Depending of the nature

of an equilibrium p of system (1.1), there are two alternatives ways of approximating the

fundamental domain Fθ. If p is a real saddle equilibrium such that its Jacobian Df(p) has

eigenvalues λss < λs < 0 < λu with respective eigenvector ess, es and eu, then condition

(6.3) can be formulated as

u(1) = p+ ǫ

(
es

|λs|
cos(θ) +

ess

|λss|
sin(θ)

)
, θ ∈ [0, 2π);

where ǫ is a small positive number; see [36]. This fundamental domain corresponds to

an elipse with center p and scale-factor ǫ. Because the two stable eigenvalues are real, it
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follows that each trajectory intersects Fθ exactly once as required for the computation of

W s(p). However, using this definition for the saddle-focus case is not suitable, because its

spiraling behavior around the equilibrium point generally creates tangency points. Hence,

there exist trajectories in the stable manifold that intersect the ellipse more than once;

which creates redundant computation in the continuation. To solve this issue, if p is

a saddle-focus equilibrium, that is, its Jacobian Df(p) has eigenvalues λs, λs ∈ C and

λu ∈ R with re(λs) < 0 < λu, then for (6.3) we use the choice

u(1) = θp1 + (1− θ)p2, θ ∈ [0, 1); (6.5)

where the two points p1, p2 ∈ R
3 are chosen as follows: p1 lies ǫ-distance away from p along

the one-dimensional space spanned by the real part of the eigenvector es ∈ C3 associated

with λs, that is, p1 = p+ ǫ · re(es)/ ||re(es) ||R3 . The point p2 is defined as the first return

(backward in time) of the orbit with initial condition p1 to the Poincaré section spanned

by re(es) and the eigenvector eu ∈ R3 associated with λu. This fundamental domain is a

line segment that uniquely represents each trajectory in W s(p).

6.1.2 Fundamental domain for the periodic orbit case. To define the funda-

mental domain for the stable manifold W s(Γ) of a saddle periodic orbit Γ, one first

needs to compute the stable Floquet multiplier with its corresponding Floquet bundle;

see [6, 18] for details on the computation of these objects. If one has computed the

corresponding Floquet vector vs ∈ R3 at a point p∗ of Γ, then a suitable condition to ap-

proximate (6.3) is again (6.5), where now the two points p1, p2 ∈ R3 are chosen as follows:

p1 at distance ǫ away from p∗ along the one-dimensional space spanned by vs, that is,

p1 = p∗ + ǫ · vs/ ||vs ||R3. The point p2 is defined as the first or second return (depending

on the orientation of Γ [2]) of the orbit (backward in time) with initial condition p1 to

a Poincaré section that is transversal to Γ and contains the points p∗ and p1. It is clear

that this procedure again defines a segment that uniquely represents every trajectory of

W s(Γ). This condition has been used for the computation of most of the manifolds of

saddle periodic orbits in Chapter 4; it has also been used extensively in different works,

such as [1, 22]. We remark that condition (6.5) is a good approximation of Fθ only if the

Floquet multiplier of Γ is not close to zero. Otherwise, the point p2 is far away from p1

making condition (6.5) unsuitable as an approximation of Fθ.

As this case occurs in our study, we developed another approximation of Fθ for saddle

periodic orbits with Floquet multipliers close to 0. Such saddle periodic orbits appear

naturally in the unfolding of case C, where they are created in period-doubling cascades;
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see Chapter 5. For this particular approximation, we use the 2PBVP formulation of

a periodic orbit together with its Floquet bundle approximation. We first extend the

three-dimensional boundary problem (6.2) to a nine-dimensional problem of the form:





u̇Γ = TΓf(uΓ, µ),

v̇Γ = TΓDf(uΓ, µ)vΓ,

u̇ = Tf(u, µ),

uΓ ∈ Γ,

vΓ ∈ R3,

u ∈ R3,

(6.6)

where the segment uΓ(t) is meant to represent Γ, vΓ(t) is its Floquet bundle and u(t) is

the orbit segment that lies in W s(Γ). Hence, TΓ is the period of Γ and Df(uΓ(t), µ) is

the Jacobian of f evaluated along uΓ(t). The corresponding boundary conditions are the

following:

uΓ(1)− uΓ(0) = 0, (6.7)

vΓ(1)− ξvΓ(0) = 0, (6.8)

〈vΓ(0) , vΓ(0)〉 = 1. (6.9)

Equation (6.7) corresponds to the periodic condition for Γ, equation (6.8) is the Floquet

bundle condition for the stable Floquet multiplier ξ, and equation (6.9) is the condition

that fixes the length of the initial Floquet vector to 1; see also [37].

Given that Γ is a periodic orbit, one has to impose an additional condition to obtain

a well-posed 2PBVP. The standard approach is to impose the integral phase condition

∫ 1

0

〈uΓ , f(uΓOLD
, µOLD)〉dt = 0,

where uΓOLD
and µOLD are the periodic solution and parameter value from the previous

continuation step; [13]. For our new formulation of Fθ for W
s(Γ), we replace the integral

phase condition with the two following conditions:

u(1)− uΓ(0)− ǫvΓ(0) = 0, (6.10)

〈uΓ(0)− c , nθ〉 = 0. (6.11)

Condition (6.10) implies that u(1) lies at distance ǫ away from uΓ(0) along the Floquet

direction vΓ(0); and condition (6.11) fixes the initial point of the periodic orbit Γ to lie

in the Σθ-plane determined by the normal vector nθ and a point c that lies on it. In

particular, the Σθ-plane rotates around a desired axis as θ varies, and we choose this
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family of Σθ-planes to parametrize Γ through their intersection at uΓ(0). In general, this

intersection must be transversal at a given θ to have a well-posed 2PBVP.

Figure 6.1 illustrates this formulation for the computation of a stable manifold W s(Γo)

of an orientable saddle periodic orbit Γo in system (1.2). As one continues in θ, the

Σθ-plane (green surface) rotates around the axis of rotation (purple curve), so that the

initial point uΓ(0) and its Floquet vector vΓ(0) move along Γo; hence, the end point u(1)

of the orbit segment and, thus the entire orbit segment, also rotates along with uΓ(0).

The fundamental domain Fθ (blue line) for W s(Γo) in this formulation lies on a tube of

diameter ǫ around Γo. Note that for an orientable saddle periodic orbit, one has to do

two continuation runs in θ, one for the top and one for the lower half of the topological

cylinder. For a nonorientable saddle periodic orbit, only one continuation run along θ

suffices; however, the interval of continuation in θ is twice the length compared to the

orientable case. We remark that, for saddle periodic orbits that arise from period-doubling

bifurcation, one needs to increase the interval of continuation to twice that of the original

one.

6.1.3 Computation of a stable manifold inside a tubular section. The orien-

tation of a two-dimensional stable manifold of a saddle periodic orbit can be illustrated

by computing a first local part. The approach described here finds it as the manifold

computed up to its first intersection with a tubular section of small radius d ≥ 0 around

the periodic orbit; see rows (1) and (2) of Fig. 1.2 and column (1) in Figs. 5.7 and 5.9.

Let Γ be a saddle periodic orbit in R3 and assume that we wish to compute a first

part of its two-dimensional stable manifold W s(Γ). We use conditions (6.6)–(6.11) to

define a fundamental domain for Γ and we extend the system by adding a copy of the

three-dimensional system that defines the periodic orbit Γ, that is, we add

u̇ΓCOPY
= TΓCOPY

f(uΓCOPY
, µ). (6.12)

The segment uΓCOPY
(t) is another copy of uΓ that we are going to use as an aid to compute

the intersection with the tubular section. Hence, TΓCOPY
= TΓ is the period of Γ and we

impose the periodic boundary condition:

uΓCOPY
(1)− uΓCOPY

(0) = 0. (6.13)
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Figure 6.1: Illustration of the computation of part of the stable manifold W s(Γo) for an orientable
saddle periodic orbit Γo of system (1.2) with the 2PBVP-formulation (6.7)–(6.11) with integration time
T = 0.5. Shown are Γo (purple curve), the two fundamental domains Fθ (blue lines), W s(Γo) (cyan
surface), the rotating plane Σθ (green surface), the one-dimensional axis of rotation (magenta line),
representative points along Γo (red dots) together with their corresponding Floquet segments ǫvΓ(0) (orange
curves) of length ǫ, and the orbit segments in W s(Γo) at θ = 0, 0.25, 0.5, 1 (red, yellow, green and brown
curves, respectively). The parameters are (a, b, c, α, β, γ, µ, µ̃, δ) = (0.7, 1,−2, 0.5, 1, 2,−0.002, 0, 0).

The tubular section with radius d around Γ is defined as

Td
Γ :=

{
x ∈ R

3 : min
y∈Γ

||x− y ||R3= d

}
.

We are interested in orbit segments u that satisfy (6.6)–(6.13), and also u(0) ∈ Td
Γ which

corresponds to a condition of the form (6.4). The family of all such orbit segments forms

the first portion of W s(Γ) and its endpoints u(0) form the intersection set W s(Γ) ∩ Td
Γ.

We parametrize this set on Td
Γ via the points on Γ that achieve the minimum d for the

point u(0), that is, we use the orbit segment uΓCOPY
of system (6.6) to track W s(Γ)∩Td

Γ.
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To achieve this, we impose the following two boundary conditions:

〈f(uΓCOPY
(0), µ) , u(0)− uΓCOPY

(0)〉 = α, (6.14)

||uΓCOPY
(0)− u(0)||R3 = d. (6.15)

When α = 0, condition (6.14) implies that u(0) lies in the plane normal to Γ at uΓCOPY
(0);

this is a necessary condition for uΓCOPY
(0) to achieve the minimal distance of u(0) to Γ.

Condition (6.15) defines the radius of the tubular section, that is, it ensures that u(0) lies

on Td
Γ. The sequence of steps to follow in Auto is:

i. Pre-compute from another run a periodic solution uΓ(t) with period TΓ and its

respective fundamental domain Fθ.

ii. Extend the system with the 2PBVP-formulation (6.6)–(6.15), and define a first

solution u = u(0) = u(1) ∈ Fθ with T = 0.

iii. Continue in α and let d vary until α = 0. This step rotates uΓCOPY
(0) along Γ until

|| u(0) − uΓCOPY
(0) ||R3 is minimal. Here, T = 0 and d are fixed, and TΓCOPY

is a

continuation parameter.

iv. Fix α = 0 and continue in d until a suitable distance is reached. Here, both T and

TΓCOPY
are free, but TΓCOPY

will remain almost constant while T increases.

v. Fix d and continue in θ while T and TΓCOPY
vary. The θ-family of orbit segments

computed in this run forms the local portion of W s(Γ) with u(0) ∈ Td
Γ.

If Γ is orientable, W s(Γ) ∩ Td
Γ consists of two closed curves; if Γ is nonorientable, on the

other hand, W s(Γ) ∩ Td
Γ is a single closed curve that is found in one continuation run

during which uΓCOPY
(0) rotates along Γ twice.

6.1.4 Lin’s Method and the intersection sets of a stable manifold Throughout

this thesis, we showed representative stereographic projections of the intersection sets of

the stable manifolds of different saddle invariant objects with a sphere S∗. This sphere

was chosen such that it was big enough to contain all these objects; in particular, the

heteroclinic orbits between these saddle objects did not intersect S∗. This may result in an

issue with the computation of the intersection sets of the corresponding stable manifolds.

This problem is more apparent when there exist heteroclinic orbits of saddle objects

A, B and C, such that A → B → C. As was discussed in Chapter 4, Chapter 5 and

presented in Proposition 5.3.2, this implies the existence of infinitely many structurally
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stable heteroclinic orbits from A to C; hence, the fundamental domain Fθ of W s(C) for

the computation of the intersection sets with S
∗ becomes the disjoint union of infinitely

many subintervals. This does not come as a surprise, as each subinterval defines a curve

in Ŵ s(C) that accumulates onto Ŵ s(A) backward in time, and Ŵ s(B) is a geometric

accumulation curve of Ŵ s(C), as Proposition 5.3.2 indicates. The biggest issue for the

computation of Ŵ s(C) is the relatively small size of these subintervals; hence, it is a

computational challenge to start from an initial point on a specific subinterval and find

the corresponding intersection curve in Ŵ s(C).

To address this issue and sample a good number of curves in Ŵ s(C), we take advantage

of Lin’s method [37] to obtain the heteroclinic orbit from B to C, and use this orbit to

create good initial orbit segment for the computation of the intersection sets. We start

with a 2PBVP formulation of the form




u̇+ = T+f(u+, µ),

u̇− = T−f(u−, µ),

u+ ∈ R3,

u− ∈ R3;
(6.16)

where u+(t) and u−(t) are meant to represent the orbit segments that lie in W u(B)

and W s(C), respectively, which together form the heteroclinic orbit from B to C. The

corresponding boundary conditions are:

u+(0) ∈ Fθ1, (6.17)

u−(1) ∈ Fθ2, (6.18)

u+(1)− u−(0) = δΨ, (6.19)

〈u−(0)− c , nω〉 = 0. (6.20)

Here, Eqs. (6.17) and (6.18) are the fundamental-domain conditions for the unstable man-

ifold W u(B) and the stable manifold W u(C), respectively. Equation (6.18) is the Lin gap

condition, where Ψ is the Lin vector and δ is the Lin gap [37]; hence, system (1.1) has a

heteroclinic orbit from B to C if δ = 0. Condition (6.20) fixes u−(0) to lie in a plane Σω

with normal vector nω and point c; as in Section 6.1.2, the plane Σω rotates around a fixed

axis as ω varies. One can now use formulation (6.16)–(6.20) to compute the heteroclinic

orbit by continuation in δ until it is zero, while T+, T−, θ1 and θ2 are allowed to vary. The

moment the Lin gap δ is closed, we perform an extra continuation step in ω up to one

entire rotation of the plane, while T+, T−, θ1 and θ2 are allowed to vary, in such a way

that u−(t) moves closer to B. We use the orbit segment u− obtained in this computation
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as an initial orbit that solves the 2PBVP:





u̇−

u−(1)

〈u−(0)− c , nω〉

||u−(0)− cS∗ ||
2
R3

= T−f(u−, µ),

∈ Fθ2 ,

= 0,

= R2.

(6.21)

Here, cS∗ and R are the center of S∗ and the distance from u−(0) to cS∗ , respectively.

We first perform a continuation in R up to the prescribed radius of S∗ while θ2 and T−

vary. In the next step, we perform a continuation in θ2 while ω and T− vary; hence,

u−(0) will trace an additional curve in Ŵ s(C). To obtain more curves in Ŵ s(C), one

has to rotate the heteroclinic orbit in formulation (6.16)–(6.20) more times, and then use

the corresponding orbit segment u−(t) as an initial orbit for the formulation of (6.21);

in this way, we obtain a good sample of curves in Ŵ s(C). This approach was used for

the computation of the curves in W s(0) in panel (a) of Fig. 4.3, the curves in Ŵ s(0) in

Fig. 4.4, and the curves in Ŵ s(Γt) in Fig. 5.11.

6.2 Computation of the curves CC+ and CC−

The strong stable manifold of an attracting periodic orbit Γa disappears when its Floquet

multipliers change from being real to complex conjugate. The curves CC+ and CC− rep-

resent the moment that two real positive or negative Floquet multipliers become complex

conjugate, respectively. We use the 2PBVP formulation presented in [18] to compute the

Floquet multipliers and their respective bundles, and follow these steps in Auto:

i. Continue the periodic orbit Γa with one of its Floquet multipliers and associated

eigenbundle in a system parameter µ1. Here, the period T a
Γ of Γa varies.

ii. The moment when the Floquet multiplier becomes complex is detected in Auto as

a fold point. One has to be careful, because Auto also marks an actual saddle-

node bifurcation of periodic orbits as a fold point, which occurs when the Floquet

multiplier is 1.

iii. Compute the locus of the fold point by continuing in µ1 and a second system pa-

rameter µ2. Here, the period T a
Γ and the value of the Floquet multiplier are free

parameters.

The set of points µ1 and µ2 computed in step 3 represents the curve CC+ or CC−. This

formulation was used to obtain Figs. 4.1 and 4.7.
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Discussion and outlook

In this thesis we investigated the global reorganization of phase space when a three-

dimensional vector field exhibits different codimension-one bifurcations close to a

codimension-two homoclinic flip bifurcation of case B or C. To achieve this, we con-

sidered Sandstede’s model (1.2) as a prototypical three-dimensional system that exhibits

such bifurcations, which was created for the purpose of studying them in a systematic

manner. We presented a detailed study of the interaction of the nearby invariant manifolds

of equilibria and saddle periodic orbits for both cases. To find and illustrate such interac-

tions, we computed these manifolds as the continuation of a suitable two-point boundary

value problem with the software package Auto. We then illustrated the changes and

consequences when different bifurcation curves are crossed by presenting representative

phase portraits and intersection sets with a suitable sphere S∗.

As previous work in [1] for case A indicated, the existence of an additional equilibrium

creates a new fold curve F of heteroclinic orbits close to the homoclinic flip bifurcation

point. Therefore, we chose parameters in system (1.2) such that there exists exactly one

additional equilibrium q as well. This allowed us to study the effects of q in the presence

of saddle-periodic orbits that characterize the unfoldings of cases B and C. Since certain

equilibria disappear at infinity under a variation of parameters, we performed Poincaré

compactification of system (1.2) to create a new compactified three-dimensional vector

field inside a sphere of radius two. The dynamics of this new vector field in the interior

of the sphere is conjugate to the original system, while on the sphere it represents the

dynamics at infinity of system (1.2). With the compactified system, we were able to

continue the different equilibria even when they interact with infinity. This is the first
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time in the literature, as far as we know, that continuation techniques have been used

successfully in the continuation of equilibria even after their interaction at infinity. We

also took advantage of the Poincaré compactification of system (1.2) to study analytically

the dynamics at infinity of (1.2). After defining the equilibrium configuration for case B,

we did not delve into the equilibrium configuration for case C because a bifurcating saddle

periodic orbit Γo plays the role of q.

Specifically for case B, we find the same fold of heteroclinic orbits F from q to 0

as for case A. Moreover, we discovered regions in the parameter plane where there ex-

ist heteroclinic orbits from q to a saddle periodic orbit and from this periodic orbit to

0. We used the λ-lemma to prove that this situation implies the existence of infinitely

many heteroclinic orbits from q to 0, and we also characterized their implications for the

corresponding intersection sets with S∗. Finally, we were able to describe in detail the

reorganization of phase space close to an inclination and orbit flip bifurcations of case B;

this included an explanation of how the boundaries of attracting sets change due to the

presence of saddle periodic orbits and their bifurcations.

Of all the three cases, case C is the least understood due to the complicated phe-

nomena that arise as a consequence of the creation and destruction of Smale–horseshoe

dynamics that were proven to exist near the homoclinic flip bifurcation point. In this

thesis, we were able to present the corresponding bifurcation diagram in unprecedented

detail. As a consequence, we obtained a much clearer picture of the interactions of the

infinitely many saddle periodic orbits that are created in case C and their role in its

unfolding. We accomplished this by combining state-of-the-art continuation techniques

for the computation of heteroclinic and homoclinic bifurcations and parameter sweeping

techniques of a winding number that we defined specifically for system (1.2). We were able

to characterize representative codimension-one homoclinic and heteroclinic bifurcations in

terms of the number of rotations that the corresponding homoclinic or heteroclinic orbits

make. We identified the boundaries of the Smale–Horseshoe region in the parameter plane

(which were not identified in the conjectured unfolding). We also found the conjectured

homoclinic tangency of a saddle-periodic orbit that separates the strange attractor from

Smale–horseshoe dynamics. Furthermore, we were able to illustrate in detail homoclinic

bubbles that must occur in the transition between cases B and C in parameter plane,

as well as the role of different codimension-one heteroclinic bifurcations that are part of

their formation. Overall, we described in detail the reorganization of phase space close to

the corresponding homoclinic flip bifurcation of case C and explained how the boundaries

of attracting sets change in the presence of chaotic dynamics.

For completion and clarity, we presented the key two-point boundary value problem
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formulations that we used. These include different formulations that were customized or

designed specifically for this thesis and which, due to their generality, can be applied to

other vector fields as well.

Overall, the work presented here shows a detailed numerical and theoretical exploration

of homoclinic flip bifurcations. The results obtained illustrate different phenomena that

were not considered before, especially for case C, and could, in principle, be extended to

a more abstract and general setting. In particular, this thesis exemplifies the important

role of numerical studies which can play, not just in applications, but for a better un-

derstanding of theoretical constructions. A deeper insight of phenomena can be obtained

that had not been considered due to the intricacies of the theory. In fact, theoretical

constructions that might seem esoteric at first glance and devoid of direct use, can be

put into a concrete context thanks to their detection through advanced numerical tech-

niques. Beyond the contributions to the theory, most of our results may be of interest to

applications that exhibit homoclinic flip bifurcations, where they can be used to uncover

the role of saddle periodic orbits and their manifolds in the creation and annihilation of

complicated dynamics. For example, it has been found that a combination of homoclinic

flip bifurcation and fast-slow dynamics can explain the creation of large excursions in

periodic orbits, also called spiking behavior, for example in the Hindmarsh–Rose model

[42].

A lot of interesting questions arise from our study of homoclinic flip bifurcations, which

we would like to address in the future. One of them is the existence of the homoclinic flip

point B∗
I of case B in the bifurcation diagram of case C in Chapter 5. This point fullfils

the eigenvalue conditions of case C, yet its unfolding is topologically equivalent to case B.

We have preliminary numerical evidence that this point also fullfils the generic geometric

conditions required for case C. Hence, there may be a phenomenon that has not been

considered before, which affects the unfolding of case C. Another question is: What is the

configuration of manifolds responsible for the inward twist case Cin. It is clear from the

theory that the relative position of the Smale–horseshoe region in the parameter plane is

different. For this reason, we believe that the boundaries of this region might differ from

the ones found here. However, we have no concrete example of a three-dimensional vector

field exhibiting this particular flavor of case C and, as such, are not yet in a position to

explore this particular case.

More generally, the results presented here can be seen as a showcase of the capabili-

ties of advanced numerical methods based on two-point boundary value problems in the

bifurcation analysis of a given system with complicated global bifurcations. Since global

bifurcations have attracted considerable attention recently as organizing centers for spik-

ing, pulsing and bursting, we hope the work in this thesis may contribute to future insights
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into theory and application alike.
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