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Abstract

Invariant manifolds of equilibria and periodic orbits are key objects that organize the
behavior of a dynamical system both locally and globally. In slow-fast systems, that is,
systems with sets of variables that evolve on two different time scales, there also exist
so-called slow manifolds, along which the flow is very slow compared with the rest of the
dynamics. Slow-fast systems are often found in various applications, including models for
nerve conduction, physiological models, chemical models, ecological models and climate
models, and slow manifolds play an important role for the overall dynamics. In particular,
slow manifolds are known to organize the number of small oscillations of what are known
as mixed-mode oscillations (MMOs). For slow-fast systems in R3 with two slow and one
fast variables, slow manifolds are surfaces that can be either attracting or repelling, and
intersections of two slow manifolds of different types are known as canard orbits. In
addition, slow manifolds are locally invariant objects that may interact with invariant
manifolds of equilibrium and periodic orbits, which are globally invariant objects. Such
interactions may produce complicated dynamics about which only little is known from a
few examples in the literature.

This thesis focuses on such interactions in a slow-fast system with one fast and two slow
variables. We present a numerical approach that allows for the systematic detection of
canard orbits and intersections between other manifolds. The aim is to understand the
consequences of the interaction between a global invariant manifold and a slow manifold
for the overall dynamics in a slow-fast system. Specially, we study the generic situation
of a quadratic tangency between the unstable manifold of a saddle-focus equilibrium and
a repelling slow manifold. This scenario occurs in a system where the corresponding
equilibrium undergoes a so-called supercritical singular Hopf bifurcation. We compute
these manifolds as families of orbits segments with a two-point boundary value problem
setup and track their intersections, referred to as connecting canard orbits, as a parameter is varied. We describe the local and global properties of the manifolds, as well as
iii
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Abstract
the role of their interaction as an organizer of large-amplitude oscillations in the dynamics.

In particular, we find and describe recurrent dynamics in the form of MMOs, which can
be continued in parameters to Shilnikov homoclinic bifurcations. We detect and identify
two such Shilnikov orbits and describe their interactions with the MMOs. Furthermore,
we study the overall dynamics organized by these global orbits. This involves the study
of the invariant manifolds of a saddle periodic orbit to reveal different sources of recurrent
dynamics, including the existence of a chaotic attractor.
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1
Introduction

In many areas of application one encounters behavior that is characterized by dynamics
with slow and fast episodes; well-known examples are chemical reactions, non-harmonic
oscillations, spiking and bursting [18, 53, 54, 57, 71]. Their mathematical description
leads to vector-field models, called slow-fast systems, that have state variables separated
into groups that evolve on different time scales. In the simplest case there is one group of
slow and one group of fast variables, with a small positive parameter determining the ratio
between the two time scales. In slow-fast systems it is common to see dynamics that are
a mixture of periods of slow and fast evolution, such as relaxation oscillations where intervals of relatively slow motion are interspersed with fast jumps [94]. Geometric singular
perturbation theory [2, 16, 32, 33, 55, 67], introduced by Fenichel in the late 1970s, exploits this splitting of time scales by constructing actual trajectories from concatenations
of slow and fast segments that exist in the respective limits of the slow and fast dynamics.
This approach has been very successful in explaining complex oscillations when there is a
single slow variable [5, 44, 53, 72]. More recently, there has been a lot of interest in understanding the dynamics of systems with two slow variables [11, 16, 39, 41, 46, 66, 71, 92, 95].
Key objects here are attracting and repelling slow manifolds, which are surfaces in phase
space that govern the slow motion of trajectories of a slow-fast system. Their existence
is guaranteed by Fenichel theory [32, 33, 55], provided the condition known as normal
1
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hyperbolicity is satisfied. These types of manifolds are formally introduced in Chapter 2.

It is known that among the relevant geometric objects in the context of classic dynamical
systems theory we find equilibrium points, periodic orbits, their corresponding invariant
manifolds and, when they exist, orbits connecting these objects. These invariant objects
provide the skeleton for understanding how the phase space is organized. A crucial question here is how changes in system parameters may affect the topological configuration
of phase space locally and globally. Bifurcation theory of dynamical systems has developed tools to approach these questions, and it has proven very successful in providing a
deeper understanding of many different real-life phenomena [49, 56, 84, 85, 91, 97]. We
refer to local bifurcations when a perturbation in parameters leads to changes of stability
of equilibrium points and/or periodic orbits; these bifurcations produce local topological changes, where local here means in a neighborhood of the object of which stability
changes. On the other hand, global bifurcations refer to interactions between invariant
manifolds of equilibria and/or periodic orbits. They occur when parameters vary and
produce global topological changes that affect the overall dynamics; well known examples
are homoclinic and heteroclinic bifurcations [43, 50, 51, 68, 78, 90].

Together with equilibria, periodic orbits and their corresponding invariant manifolds, slow
manifolds organize the dynamics and the slow-fast nature of a slow-fast system globally.
All the natural questions from classic dynamical systems theory about the local and global
configuration of phase space mentioned above are still valid for slow-fast systems, yet the
existence of different time scales gives rise to new questions in the slow-fast context. In
this thesis, we study the interaction between different types of manifolds, specifically,
those between global invariant manifolds and slow manifolds. Our goal is to explore how
the classic theory of dynamical systems interacts with the theory of slow-fast systems. To
this end, we study how slow manifolds interact with global invariant manifolds, and what
local and global consequences ensue for the overall dynamics.

We are particularly interested in three-dimensional slow-fast systems with one fast and
two slow variables. In this setup, the corresponding slow manifolds are two-dimensional
surfaces and determining their geometry in R3 may be quite challenging. Such systems
are known to exhibit mixed-mode oscillations (MMOs), which are orbits of a vector field
characterized by an alternation of both small and large-amplitude oscillations (SAOs and
LAOs, respectively). MMOs were first discovered in the Belousov-Zhabotinskii reaction
[52, 86], and since then have been found in a broad range of chemical, ecological and
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Figure 1.1: The time series of the y-coordinate of a mixed-mode oscillation of system (2.11) with
MMO signature 17 .

biological systems [14, 16, 31, 37, 48, 69, 79, 93]. Figure 1.1 shows an example of an
MMO. It corresponds to an orbit of system (2.11), introduced in Chapter 2, for parameter values at which the global dynamics is organized by the interaction between a global
invariant manifold and a slow manifold; more details can be found in Chapter 5. The
time series of the y-coordinate in Fig. 1.1 shows that the orbit has seven SAOs followed
by one LAO. Formally speaking, there is no agreed criterion for the distinction between
what is considered a large and what is considered a small amplitude. However, as long
as the separation between large and small is clear one can speak of MMOs. In general,
an MMO features at least two distinct amplitudes; when L1 LAOs are followed by s1
SAOs, L2 LAOs, s2 SAOs, and so on, we will refer to the sequence Ls11 Ls22 . . . as the MMO
signature. The MMO regime shown in Fig. 1.1 is periodic and exhibits 1 LAO followed
by 7 SAOs in each period; hence, it has signature 17 . MMOs may be periodic, aperiodic,
or even chaotic; see [16].

The phenomenon of MMOs is strongly associated with the existence of multiple time
scales. There are several studies providing mechanisms that give rise to the SAOs within
MMOs [16, 17, 18, 19, 40, 46, 95], including passage near special points in phase space
called folded singularities and oscillations arising from a so-called singular Hopf bifurcation. However, very little is known about how the LAOs are created. We want to address
this question in this thesis, and study mechanisms that make a global return available
to the dynamics and, thus, generate LAOs. We found that one such mechanism is due
to interactions between global invariant manifolds and slow manifolds. To show this, we
consider a three-dimensional slow-fast vector field with two slow and one fast variables,
which will be introduced as system (2.11) in Chapter 2. This system is near a singular
Hopf bifurcation, it has a saddle-focus equilibrium point and an attracting periodic orbit,
and we study the interaction between a repelling slow manifold and the unstable manifold
of this saddle-focus equilibrium. In the model (2.11) these manifolds are two-dimensional
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surfaces and their intersections create special orbits that we call connecting canard orbits.
As we will show in Chapter 5, these are global objects responsible for the appearance of
complicated slow-fast recurrent dynamics.

Besides their interactions with global invariant manifolds, two slow manifolds of different
type may also interact with each other. In particular, in our slow-fast setup with one fast
and two slow variables, slow manifolds are surfaces in the three-dimensional phase space
that can be either attracting or repelling under the dynamics. In R3 the intersections
of an attracting slow manifold with a repelling slow manifold are generic, and give rise
to canard orbits. The literature about canard orbits in R3 is extensive; see for instance
[4, 10, 28, 46, 63, 65, 92, 95] and Chapter 2, where we discuss some of their properties.
Rather than a purely theoretical object, canard orbits are often found in applications. For
example, they have been studied for explaining the organization of SAOs within MMOs
appearing in many applied models [11, 15, 27, 83, 96]. It is therefore extremely important
to have methods that allow the detection of such canard orbits, as well as the connecting
canard orbits mentioned earlier.

In this thesis we take advantage of some of the theoretical and numerical results related
to slow manifolds and canard orbits in R3 and approach this problem from a numerical
point of view. Two-dimensional slow manifolds and global invariant manifolds can be
computed reliably with recently developed numerical methods [35, 44, 47, 60, 61]. The
computations in this thesis are based on the continuation of solutions to suitably formulated two-point boundary value problems, which are implemented and solved with the
package AUTO [26]. One of the benefits of this approach is that it gives reliable results
even in the presence of the extreme sensitivity with respect to initial conditions, which is
an important feature of slow-fast systems. Our setup allows us to calculate slow manifolds
away from the singular limit when the ratio of time scales is not necessarily very small.
Moreover, we are able to extend slow manifolds past regions containing points where
normal hyperbolicity is lost. We take advantage of the flexibility of this computational
technique to calculate the respective manifolds themselves, as well as their intersection
sets with suitable two-dimensional cross sections.

Furthermore, in this thesis we compute the intersections between the different types of
manifolds (that is, orbits connecting the respective manifolds). To this end, we implement
a Lin’s method approach [70]. It relies on the computation of the manifolds of interest up
to a suitable codimention-one cross section and it has been used in different contexts to

1.1 Motivation and goals
detect connecting orbits, such as heteroclinic and homoclinic connections [36, 62, 74]. The
underlying idea is to represent the sought-after connecting orbit as a solution to a twopoint boundary value problem over a finite-time interval by imposing boundary conditions.
This ensures that the two end points lie in corresponding sets used for parameterizing the
respective manifolds as families of orbit segments. Lin’s method is a way of defining
suitable test functions that can be monitored; their zeros indicate that a connecting orbit
has been found. In this thesis, we think of both canard and connecting canard orbits as
orbits connecting different types of objects. Particularly, for the detection of canard orbits,
we develop a more flexible version of Lin’s method that allows the systematic detection of
all the canard orbits near a folded node singularity. This constitutes an improvement over
the current inspection-correction based methods for finding canard orbits. Lin’s method
also proves to be the key to the detection of the connecting canard orbits studied in
Chapter 5.

1.1

Motivation and goals

One motivation of this thesis lies in the efficient detection and continuation of orbit segments that form intersections between different types of manifolds in slow-fast systems.
Particularly, we extend the list of existing applications of Lin’s method by presenting a
novel and versatile implementation that allows the systematic detection of canard orbits.
In addition, we implement Lin’s method for the detection of connections between global
invariant manifolds and slow manifolds, which allows us to determine their moments of
tangency.

Armed with these advanced computational tools, we explore sources of recurrent dynamics
in slow-fast systems. Our focus is on system (2.11), introduced in Chapter 2, which features a complicated slow-fast dynamics and it has been an active focus of research over the
last years. For instance, the study [16] shows that there are parameter regimes for which
an equilibrium of (2.11) involved in a singular Hopf bifurcation has a two-dimensional
unstable manifold. The authors of [16] identify a tangency between the global invariant
manifold and a repelling slow manifold; see also [40] and [46], where a different model
is used. The tangency was obtained locally by computing selected backward trajectories
of the repelling slow manifold and forward trajectories of the invariant manifold up to
a suitable two-dimensional section; this phenomenon is associated with SAOs and was
far from being completely understood. In part, the consequences of these tangencies remained unclear. Motivated by these previous works we present a detailed study of the
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local and, more importantly, of the global implications of such a tangency. We compute
the respective slow manifold and invariant manifold as global surfaces in phase space in
order to gain a better understanding on how this tangency unfolds and organizes the
overall dynamics.

In some regions of parameter space, system (2.11) encompasses the Koper model for an
idealized chemical reaction, which was introduced by Koper and Gaspard in [58, 59]. The
Koper model showed evidence of having a Shilnikov homoclinic bifurcation involving slow
and fast motion, but Koper and Gaspard’s attempts for finding such a homoclinic orbit
were unsuccessful. Later on, the study in [45] found a Shilnikov homomoclinic orbit in
the Koper model by first finding it in (2.11) and then bringing it to the parameter region
where (2.11) reduces to the Koper model. We find evidence of an overall global structure
that includes Shilnikov homoclinic orbits and chaotic dynamics as a consequence of the
existence of recurrent dynamics in (2.11). This type of dynamics is associated with MMOs
created in interactions between the manifolds mentioned above. Therefore, we set out to
investigate how the MMO structure can evolve into regimes with homoclinic orbits and
what new types of dynamics can appear from there.

The main goals of this thesis can be summarized as follows:
• to present a numerical method for the systematic detection of all canard orbits near
a folded node in R3 .
• to present an implementation of Lin’s method for the detection of orbits arising as
the intersection of global invariant manifolds and slow manifolds in slow-fast systems
in R3 .
• to study the complete unfolding of a tangency between the unstable manifold of
a saddle-focus equilibrium and a repelling slow manifold in (2.11), after a singular
Hopf bifurcation.
• to study the global effect of the interaction between the manifolds mentioned above
for the dynamics of system (2.11), in particular, the role of their interactions in the
creation and organization of MMOs.
• to study the evolution of MMOs in system (2.11) as system parameters vary.
• to study the existence of Shilnikov homoclinic bifurcations and their role for organizing the slow-fast dynamics of (2.11).

1.2 Outline of the thesis

1.2

Outline of the thesis

This thesis is organized as follows. In Chapter 2 we present the necessary background
on slow-fast systems with one fast and two slow variables. We discuss the main concepts
and results from the theory of slow-fast systems called Geometric Singular Perturbation
Theory, and provide the corresponding references for further reading. We formally introduce slow manifolds, canard orbits and system (2.11).

In Chapter 3 we discuss the numerical techniques used in this thesis for the computation of
invariant manifolds of equilibrium points and periodic orbits, as well as for slow manifolds.
We describe the different techniques for finding initial orbits satisfying the corresponding
boundary value problems, which is the first task that one faces in the computation of slow
manifolds. We briefly present the different setups and provide the respective references.

Chapter 4 deals with the detection via Lin’s method of the different types of connecting
orbits we study in this thesis. First, we describe the numerical setup for the detection
of connecting canard orbits as the intersection between a global invariant manifold and
a slow manifold in (2.11). We also discuss how we use it for detecting a tangency between the corresponding manifolds, which is crucial for determining the overall dynamics
studied in Chapter 5. The second part of the chapter is dedicated to our method for
the systematic detection of all the canard orbits near a folded node. Here, we describe
the general setup and then show with two examples how the implementation works: the
normal form for a folded node [95] and the Koper model [57, 58].

Chapter 5 is dedicated to the study of the two-dimensional unstable manifold of a saddlefocus equilibrium and the repelling slow manifold of system (2.11), after a singular Hopf
bifurcation. We analyze the consequences for the dynamics of their interaction, from
both a local and a global point of view. We find that the repelling slow manifold wraps
around the one-dimensional stable manifold of the equilibrium in backward time. In the
parameter regime that we consider, the unstable manifold of the equilibrium accumulates
in forward time on, and is bounded by, the attracting periodic orbit that is born after the
singular Hopf bifurcation. As soon as the unstable manifold of the equilibrium interacts
with, that is, becomes tangent to, the repelling slow manifold, it is forced to make large
excursions in phase space before accumulating on the periodic attractor. As a consequence, the unstable manifold of the equilibrium scrolls around the periodic orbit and
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returns back to near itself as it comes close to the stable manifold of the equilibrium. We
show that this return creates secondary intersections between the repelling slow manifold
and the unstable manifold of the equilibrium. Furthermore, this global interaction gives
rise to a one-parameter family of periodic MMOs that are linked with the attracting periodic orbit. These new MMO periodic orbits are not part of the family of periodic orbits
created at the singular Hopf bifurcation.

In Chapter 6 we identify Shilnikov homoclinic orbits as an organizing center for the dynamics of (2.11). We first find parameter regimes where the Shilnikov homoclinic orbit is
likely to exist by continuing the family of MMO periodic orbits from Chapter 5 to high
periods. We then calculate the nearby Shilnikov homoclinic orbits via Lin’s method. As
we will see, the Shilnikov homoclinic orbits are a huge source of complex dynamics. In
particular, the periodic orbit from Chapter 5 is linked with the Shilnikov homoclinic orbit
and, in this parameter regime, it is of saddle type. This means that its two-dimensional
stable and unstable manifolds may interact with the manifolds of the equilibrium point,
as well as with slow manifolds. We find homoclinic orbits to this saddle periodic orbit,
as well as connections from the saddle equilibrium point to the saddle periodic orbit. We
also give evidence for the existence of a chaotic attractor.

We conclude this thesis in Chapter 7 with an overall summary and some final remarks,
as well as a brief discussion of some directions for future research.

2
Background on Slow-Fast Systems

In this chapter we review the necessary background and relevant results for slow-fast
systems. Even though most of the theory and the results are true for systems in Rm+n
with m slow and n fast variables, in this chapter and throughout this thesis we focus on
slow-fast systems in R3 with two slow and one fast variables; further details can be found
in, for example, [2, 16, 32, 33, 55, 67].

2.1

Geometric singular perturbation theory in R3

We consider a slow-fast vector field of the form
εẋ = f (x, y, z, λ),
ẏ = g1 (x, y, z, λ),
ż = g2 (x, y, z, λ),

(2.1)

where f , g1 and g2 are smooth functions and λ ∈ Rk is a vector of parameters. Here,
0 < ε  1 represents the ratio of time scales, so that the variable x ∈ R is fast and the
variables y, z ∈ R are slow. In this thesis we only encounter the case that f , g1 and g2
9
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do not depend on ε. System (2.1) evolves on the slow time scale τ , so that the dot in
system (2.1) represents differentiation with respect to time on the slow time scale. One
can rewrite system (2.1) with respect to the fast time scale via a time rescaling by ε to
obtain
x0 = f (x, y, z, λ),
(2.2)
y 0 = εg1 (x, y, z, λ),
0
z = εg2 (x, y, z, λ),
where the prime denotes the derivative with respect to time on the fast time scale t. Note
that the two systems (2.1) and (2.2) are equivalent as long as ε 6= 0. We refer to any of
such systems with 0 < ε  1 as a singularly perturbed system.

Solutions of slow-fast systems can be thought of as a concatenation of slow motion with
fast segments. It is then natural to consider the slow and fast epochs separately. Considering system (2.1) for ε = 0 gives the reduced system
0 = f (x, y, z, λ),
ẏ = g1 (x, y, z, λ),
ż = g2 (x, y, z, λ),

(2.3)

for the limiting slow motion. It is a differential-algebraic equation (DAE), also known as
the slow flow. On the other hand, fast segments of solutions of (2.1) are approximated by
solutions of the fast subsystem or layer equations
x0 = f (x, y, z, λ),
y 0 = 0,
z 0 = 0,

(2.4)

which is a family of differential equations on the fast time scale, obtained as the singular
limit of (2.2) for ε = 0. Here the x0 -equation depends on y and z, which are now parameters.

One of the goals of Geometric Singular Perturbation Theory (GSPT), developed by
Fenichel in the late 1970s [32, 33] is to analyze the full system (2.1), or its equivalent
system (2.2), for 0 < ε  1 by studying both systems (2.3) and (2.4). GSPT has the considerable advantage that one reduces the dimension of the full system, and that in (2.3)
both variables evolve on the same time scale.

2.2 The critical manifold

2.2

11

The critical manifold

The algebraic constraint given by the first equation of (2.3) defines the two-dimensional
critical manifold
S := {(x, y, z) ∈ R3 : f (x, y, z, λ) = 0},
which is the nullcline of the fast variable x. The critical manifold S represents the switch
between slow and fast motion: in the respective singular limits, the dynamics is slow on
S and fast off S. Note that the critical manifold S is a manifold of equilibria for the fast
subsystem (2.4). In fact, all equilibria of the overall slow-fast system lie on S, because
they are necessarily also equilibria of the fast subsystem. It is possible that S may have
singularities [64]; however, we assume that S is smooth unless otherwise stated.

The properties of the critical manifold S come from the fast subsystem. Accordingly, we
say that a subset N ⊂ S is normally hyperbolic if all its points are hyperbolic equilibria
of (2.4). In other words, N ⊂ S is normally hyperbolic if, for all p ∈ N , the Jacobian
Dx f (p, λ) has no eigenvalues with zero real part. Since system (2.1) has a single fast
variable, the normal hyperbolicity is reduced to fx (p, λ) 6= 0; hence, system (2.4) implies
that the critical manifold S may have parts that are either attracting or repelling. More
precisely, the attracting sheet is
S a := S ∩ {fx (x, y, z, λ) < 0},
and the repelling sheet is
S r := S ∩ {fx (x, y, z, λ) > 0}.
Sheets S a and S r of S may meet at fold curves that are defined by
F := S ∩ {fx (x, y, z, λ) = 0}.
Normal hyperbolicity of S in (2.1) then occurs away from the set F . Figure 2.1 shows an
example of a critical manifold. The attracting sheet S a is red and the repelling sheet S r
is blue. The fold curve F is represented by the black curve. The arrowed lines correspond
to fast fibers, that is, solutions of the fast subsystem; the arrows indicate the direction of
the fast flow.
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Sa
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z
x

Figure 2.1: Example of a critical manifold for a system of the form (2.1). The attracting sheet S a
(red) and the repelling sheet S r (blue) meet at the fold curve F (black curve). The arrows indicate the
direction of the flow along fast fibers.

2.3

The slow flow and folded singularities

The fast dynamics of (2.1) is well understood by analyzing the one-dimensional system (2.4); its solutions are one-dimensional fast fibers that are attracted to or repelled
from S, where points on F usually correspond to saddle-node bifurcations when we consider the slow variables as parameters. On the other hand, the slow dynamics deserves
a more detailed analysis. Since the reduced system (2.3) is restricted to its critical manifold, one can use the normal hyperbolicity of S away from fold curves and apply the
Implicit Function Theorem to describe S locally as a graph x = φ(y, z) and, thus, obtain
a two-dimensional system projected onto the plane of slow variables
ẏ = g1 (φ(y, z), y, z, λ),
ż = g2 (φ(y, z), y, z, λ).

(2.5)

2.3 The slow flow and folded singularities
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Unfortunately, S is not a graph over the slow variables near F . Alternatively, to study
the dynamics on S, one can choose, say, x and z as the defining variables and use the
constraint f = 0 and the equations for ẏ and ż in (2.3) to obtain the system
−fx ẋ = fy g1 + fz g2 ,
ż = g2 .

(2.6)

For the example shown in Fig. 2.1, this formulation holds for all of S, though the system
is singular at fold curves. System (2.6) can be desingularized by rescaling time by the
factor −fx . This way, one obtains
ẋ = fy g1 + fz g2 ,
ż = −fx g2 ,

(2.7)

which allows the extension of (2.6) to fold curves. System (2.7) reverses the flow on the
repelling sheet S r . Generically along a fold curve, trajectories of (2.3) approach F in
either forward or backward time on both the attracting and repelling sheets S a and S r
of S. Singularities of the desingularized system (2.7) lie on F and are known as folded
singularities. At such points trajectories of the slow flow (2.3) pass from S a to S r . A
point q ∈ F is a folded singularity if
fy (q, λ)g1 (q, λ) + fz (q, λ)g2 (q, λ) = 0.

(2.8)

The stability of a folded singularity q comes from the analysis of q as a singularity of
(2.7). Let λ1 and λ2 denote the eigenvalues of the Jacobian matrix of the desingularized
system (2.7) at q. We call q a
• folded saddle, if λ1 λ2 < 0 and λ1 , λ2 ∈ R.
• folded node, if λ1 λ2 > 0 and λ1 , λ2 ∈ R.
• folded focus, if λ1 , λ2 ∈ C with Im(λ1,2 ) 6= 0; in this case λ1 = λ2 .
Note that folded singularities are not singularities of the full system (2.1), and they are
only defined for the desingularized system (2.7).

Folded singularities can undergo bifurcations, so that one can also have degenerate folded
singularities. Important in this thesis are folded saddle-node singularities, which are
saddle-node bifurcations in the reduced flow (involving folded singularities). One can
distinguish two types of folded saddle-node singularities [66], depending on the relative
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position of the fold curve and the center manifold W c (q) corresponding to the zero eigenvalue of the folded saddle-node singularity q. We speak of a folded saddle-node of type I if
W c (q) is tangent to the fold curve F . In this case a folded saddle and a folded node collide
as in a classic saddle-node bifurcation, and this involves slow variables only. On the other
hand, in a folded saddle-node of type II the center manifold W c (q) is transverse to F ;
this involves both slow and fast variables and corresponds to a transcritical bifurcation of
a folded singularity with an actual singularity of the full system (2.1). In the latter case,
the equilibrium of (2.1) undergoes a singular Hopf bifurcation at a distance O(ε) from the
folded saddle-node of type II in parameter space [40]; see section 2.5.

2.4

Slow manifolds and canard orbits

Now that we have a good impression of the situation for ε = 0, we can activate ε and
combine the dynamics of (2.3) and (2.4) to understand the full system (2.1) or its equivalent version (2.2) for ε > 0. The dynamics far from the critical manifold S is nearly
one dimensional, but what about the dynamics near S? For 0 < ε  1, Fenichel Theory
[32, 33, 55] guarantees in the full system (2.1) the existence of attracting and repelling
smooth slow manifolds Sεa and Sεr that are O(ε) away from S a and S r where these are
normally hyperbolic, that is, away from fold curves. Trajectories of system (2.1) with
ε > 0 are attracted to Sεa and repelled from Sεr in forward time at fast exponential rates;
trajectories that lie on a slow manifold remain slow for O(1) time on the slow time scale.
Slow manifolds are not unique, but the distance between a pair of slow manifolds of the
same type is O(exp(− Kε )) for some K > 0. This is one of the main results of GSPT,
summarized in the following theorem [32, 33]:

Theorem 2.4.1 (Fenichel). Suppose N = N0 is a compact normally hyperbolic submanifold (possibly with boundary) of the critical manifold S of (2.1) and that f, g1 , g2 ∈ C r , 1 ≤
r < ∞. Then, for ε > 0 sufficiently small, the following hold:
i. There exists a locally invariant manifold Nε diffeomorphic to N0 . Local invariance
means that Nε can have boundaries through which trajectories enter or leave.
ii. The manifold Nε has a Hausdorff distance of O(ε) from N0 .
iii. The flow on Nε converges to the slow flow as ε → 0.
iv. The manifold Nε is C r -smooth.

2.4 Slow manifolds and canard orbits
v. The manifold Nε is normally hyperbolic and has the same stability properties (attracting, repelling or saddle type) with respect to the fast variables as N0 .
vi. The manifold Nε is usually not unique. In regions that remain at a fixed distance
from the boundary of Nε , all manifolds satisfying (i)-(v) lie at a Hausdorff distance
O(exp(− Kε )) from each other for some K > 0, where K is O(1).

Slow manifolds can be extended in forward and backward time by the flow; however,
their behavior is not controlled by the singular limits (2.3) and (2.4). In particular, one
can extend slow manifolds close to folded singularities, where Fenichel theory does not
apply and slow manifolds are no longer approximations of the corresponding sheets of the
critical manifold; in fact, attracting and repelling slow manifolds may exhibit complex
oscillations in a neighborhood of a folded node and start interacting.

In our slow-fast setup with two slow and one fast variables, slow manifolds are two dimensional surfaces. Their intersections give rise to canard orbits, which are special trajectories
of (2.1) that ‘connect’ an attracting and a repelling sheet of the critical manifold. In particular, canard orbits remain on Sεr for O(1) time on the slow time scale, in contrast
to most trajectories of (2.1), which jump at folds along fast fibers. Canard orbits are
generic objects in R3 . They divide domains with large relaxation oscillations from domains with small-amplitude oscillations (SAOs) and their existence is closely related to
the phenomenon of mixed-mode oscillations (MMOs) [16, 86].

Canard orbits in R3 have been classified and analyzed in [4, 11, 92, 95] by using GSPT
and blow-up techniques. In particular, folded nodes are associated with the existence of
canard orbits. Generically, for a folded node q one has an inequality of the form |λs | > |λw |
for the eigenvalues. The corresponding eigendirections γ̃s and γ̃w are referred to as the
strong and weak singular canards, respectively. The ratio µ := λλws < 1 between the weak
and the strong eigenvalues of q determines the number of secondary (maximal) canard
orbits that arise as additional transverse intersections between Sεa and Sεr for 0 < ε  1.
This is summarized in the following theorem [92, 95]:
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Theorem 2.4.2 (Canards in R3 ). For the slow-fast system (2.1) with ε > 0 sufficiently
small, the following hold:

i. There are no maximal canards generated by a folded focus.
ii. For a folded saddle the two singular canards γ̃s , γ̃w perturb to maximal canards γs
and γw .
iii. For a folded node, let µ = λλws < 1. The singular canard γ̃s (strong canard) always
perturbs to a maximal canard γw . If µ−1 ∈
/ N, then the singular canard γ̃w (weak
canard) also perturbs to a maximal canard γw . We call γs and γw the primary
canards.
iv. For a folded node, suppose k > 0 is an integer such that 2k + 1 < µ−1 < 2k + 3 and
µ−1 6= 2(k + 1). Then, in addition to γs and γw , there are k other maximal canards,
which we call secondary canards.
v. The primary weak canard of a folded node undergoes a transcritical bifurcation for
odd µ−1 ∈ N and a pitchfork bifurcation for even µ−1 ∈ N.
We close this section with the following theorem, which deals with small oscillations of
canard orbits near a folded node; see also [92, 95]:

Theorem 2.4.3 (Small oscillations) For a folded node with eigenvalues λs < λw < 0,
µ = λλws , and m ∈ N such that 2m + 1 < µ−1 < 2m + 3, assume µ−1 6= 2m + 2 and ε > 0
sufficiently small ε > 0. Then following holds:

i. The primary strong canard γs twists once around the primary weak canard γw .
ii. The k-th secondary canard γk , where k = 1, . . . , m twists 2k + 1 times around the
primary weak canard γw .
√
iii. These rotations have amplitudes O(ε) and occur within O( ε) distance of the folded
node.

Here a twist corresponds to a rotation of 180◦ , so the number of small oscillations of the
k-th secondary canard orbit near a folded node is 2k+1
. These canard orbits bound regions
2
a
on Sε where orbits have the same number of small oscillations. These so-called sectors of
rotation organise the SAOs in certain types MMOs.

2.5 Singular Hopf bifurcation

2.5

Singular Hopf bifurcation

A Hopf bifurcation [43, 68] is a well-known bifurcation of codimension one that is characterized by an equilibrium with a pair of complex-conjugate eigenvalues crossing the
imaginary axis with non-zero speed. As a consequence of this change of stability, a family
of periodic orbits is born whose amplitude grows in a square-root fashion with respect to
the parameter distance from the bifurcation. On the other hand, a singular Hopf bifurcation [9, 16, 40, 46] is characterized by a rapid growth in the amplitude of the emanating
periodic orbit due to the imaginary part of the eigenvalues that cross the imaginary axis
growing without bound as ε → 0. It occurs in slow-fast systems with one fast variable
and at least two slow variables, such as (2.1). This feature is associated with the slow-fast
nature of the system, and the fact that both the fast and slow variables are involved in
the bifurcation. To be more precise, the imaginary parts of the eigenvalues involved in
the singular Hopf bifurcation are O( √1ε ).

The author of [9] gives generic conditions for an equilibrium point of (2.1) to undergo a
singular Hopf bifurcation. Among them, we highlight the following:

(H1) Dx f = 0,
(H2) Dy f Dx g1 + Dz f Dx g2 < 0, and
(H3) Dxx f 6= 0,

where the derivatives are evaluated at the equilibrium point. These conditions are related
to the existence of a pair of complex conjugate eigenvalues with singular imaginary part
and the fact that the equilibrium point does not lie in a fold curve. Geometrically, what
occurs is that an actual equilibrium of the full system (2.1) collides with a folded singularity when it crosses a fold curve of the critical manifold S, becoming a folded saddle-node
of type II [71]. Then, the equilibrium crosses transversally the fold curve and undergoes
a singular Hopf bifurcation extremely close to the fold curve as a single parameter is varied.

The conditions (H1)–(H3) are used in [9] for the construction of a normal form model for
a singular Hopf bifurcation. Guckenheimer [40, 46] introduced a ‘geometric’ model that
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can also be considered as a normal form for a singular Hopf bifurcation; it is given by
εẋ = y − x2 ,
ẏ = z − x,
ż = −ν − ax − by − cz,

(2.9)

with a, b, c, ν ∈ R. The equilibrium that undergoes a singular Hopf bifurcation crosses
the fold curve of the critical manifold at the origin as ν varies near zero; the bifurcation
occurs at a value of ν that is O(ε). After an ε-dependent scaling in variables, parameters
and time, (2.9) can be written as
x0 = y − x2 ,
y 0 = z − x,
z 0 = −ν − Ax − By − Cz,

(2.10)

where the new parameters A, B, C, ν ∈ R. Note the absence of ε in (2.10), which provides
a zoom of the neighborhood of the folded singularity of interest; in [40, 46], system (2.10)
is called the system of first approximation and it is used for studying unfoldings of a
singular Hopf bifurcation. Some authors have studied a modified version of (2.9) without
the term −by in the third equation, because it is of higher order in ε after the scaling.
However, it has been proven that this term is important since it is contained in the first
Lyapunov coefficient of the Hopf bifurcation, so it is necessary for the unfolding [40].

In Chapters 5 and 6 we consider a slightly modified version of (2.9), also introduced by
Guckenheimer [16, 40, 46], given by the system of differential equations

εẋ = y − x2 − x3 ,
ẏ = z − x,
ż = −ν − ax − by − cz,

(2.11)

with a, b, c, ν ∈ R and 0 < ε  1. System (2.11), which encompasses the Koper model of
an idealized chemical reaction [57, 58], has an additional cubic term in the first equation.
This modification does not change the structure of the singular bifurcation but makes it
richer: by adding the cubic term the critical manifold becomes S-shaped, which gives rise
to a global return mechanism that is able to produce MMOs [16]. System (2.11) therefore
exhibits MMOs for which the SAOs are organized by a singular Hopf bifurcation.

2.5 Singular Hopf bifurcation
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Figure 2.2: One-parameter bifurcation diagram of system (2.11) for ν ∈ (−0.6, 1.4). Panels (b1) and
(c1) show enlargements of panel (a) near the singular Hopf bifurcations. The corresponding panels (b2)
and (c2) show the projections on the (x, y)-plane of a selection of periodic orbits, as indicated by the
numbered crosses in panels (b1) and (c1), respectively.

Figure 2.2(a) shows a one-parameter bifurcation diagram of (2.11) for a = 0.008870,
b = −0.5045, c = 1.17, ε = 0.01 and ν ∈ (−0.6, 1.4); these parameter values are taken
from [16]. Here, the variable x is plotted on the vertical axis with the parameter ν on
the horizontal axis. The black curve represents equilibria of (2.11). The upper and lower
branches correspond to saddle equilibria with one unstable eigenvalue and two stable
real ones. These branches collide with the middle branch in saddle-node bifurcations for
L
R
ν = νSN
≈ −0.416 and ν = νSN
≈ 1.277, respectively. The middle branch corresponds to
points p = p(ν) := (xν , x2ν + x3ν , xν ), where xν is the root nearest to 0 of the equation
ν + (a + c)xν + bx2ν + bx3ν = 0,
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L
R
for ν ∈ (νSN
, νSN
). The equilibrium p is unstable for νHL ≤ ν ≤ νHR , where νHL ≈
−8.587 × 10−5 and ν = νHR ≈ 0.8607 are supercritical singular Hopf bifurcation points.
Both singular Hopf bifurcations give rise to the same family of periodic orbits Γν of (2.11).
The green curve in Fig. 2.2(a) shows the maximum value of the x-coordinate of Γν for
ν ∈ (νHL , νHR ). After the singular Hopf bifurcation at ν = νHL , as ν increases, there is a
very small interval where the amplitude of Γν grows in a square-root fashion, as is to
be expected near a Hopf bifurcation [68]. The amplitude then grows extremely rapidly,
a phenomenon that is known as a canard explosion, until it reaches a plateau that corresponds to relaxation oscillations. The same phenomenon occurs near ν = νHR when ν
decreases; see panels (b1) and (c1) of Fig. 2.2. The stable periodic orbit Γν that emanates
from the supercritical singular Hopf bifurcation becomes unstable in a period-doubling
bifurcation and becomes stable again after another period-doubling bifurcation; the stability of Γν does not change during the relaxation oscillations. The numbered crosses
on the curve of periodic orbits in panels (b1) and (c1) correspond to the periodic orbits
displayed in panels (b2) and (c2), respectively; here, the periodic orbits are shown projected onto the (x, y)-plane together with (the projection of) the x-nullcline (thick gray
curve). These panels, hence, show the rapid growth of the periodic orbit during the two
canard explosions, which characteristically involves slow segments that follow the central
repelling slow manifold.

For ν ∈ (νHL , νHR ), the saddle-focus p has one stable real eigenvalue and a pair of unstable
complex-conjugate eigenvalues. The Stable Manifold Theorem [43, 76] implies that p
has a one-dimensional stable manifold W s (p) and a two-dimensional unstable manifold
W u (p), which are formally defined in Chapter 3. The interaction of these manifolds, more
particularly of W u (p) with the repelling slow manifold Sεr is the main topic of Chapter 5.

3
Numerical Setup: Boundary Value
Problem Formulations

In this chapter we discuss the numerical setup used for the computation of the stable
and unstable manifolds of an equilibrium point or a saddle periodic orbit, as well as
the slow manifolds considered in this thesis. We approximate these manifolds via the
continuation of solutions to a two-point boundary value problem implemented in the
package AUTO [20, 26]. We also track intersection sets of manifolds with a suitable
codimension-one cross section. In contrast to shooting methods, the continuation routines of AUTO use orthogonal collocation with piecewise polynomials [3, 13], and the size
of the pseudo-arclength continuation step is determined from the entire orbit segment.
This computational approach copes very well with sensitive systems, in particular the
slow-fast systems we study for this thesis; see [30, 35, 44, 47, 60, 61] for more background
information. Once the data is generated in AUTO we export it into MATLAB, where we
process it to render manifolds as surfaces and produce the figures.

In the boundary value problem formulations we describe here, instead of a slow-fast system
of the form (2.1), we consider its equivalent version (2.2) written in the fast time scale,
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which contains the ratio of time scales ε as part of the right-hand side of the equation.
As standard in AUTO, we rescale time and write system (2.2) in the form
u0 = T F (u, λ).

(3.1)

Here, u = (ux , uy , uz ) ∈ R3 , F : R3 × Rk → R3 is the right-hand side of (2.2) and λ ∈ Rk
is its vector of parameters. Importantly, u : [0, 1] → R3 so that any orbit segment is
parametrized over the unit interval [0, 1]; the actual integration time T is considered as
a separate parameter. The function u is a unique solution of (3.1) if suitable boundary
conditions are imposed at one or both end points u(0) and u(1). Therefore, the manifolds
we compute are defined in terms of the conditions one imposes upon u(0) and u(1) of each
orbit segment. This is done in such a way that the part of the surfaces under consideration
is foliated by orbit segments that satisfy the given boundary value problem.

3.1

Computation of stable and unstable manifolds

For the parameter regimes studied in Chapters 5 and 6, the equilibrium point p of (2.11) is
a saddle-focus with one real stable eigenvalue λs and a pair of complex conjugate unstable
eigenvalues λu and λu . According to the Stable Manifold Theorem [43, 76], the equilibrium
p has a one-dimensional stable manifold W s (p) and a two-dimensional unstable manifold
W u (p), which are defined as
W s (p) := {q ∈ R3 : ϕt (q) → p when t → ∞},
W u (p) := {q ∈ R3 : ϕt (q) → p when t → −∞},

(3.2)

where ϕt denotes the flow induced by the vector field. The sets W s (p) and W u (p) are immersed manifolds that are as smooth as the vector field and tangent at p to the associated
stable and unstable linear eigenspaces E s (p) and E u (p), respectively.

3.1.1

Computation of W s (p)

The easiest computation we perform here is that of the one-dimensional stable manifold
W s (p) of p. To calculate W s (p), we consider an orbit segment u(t) that is a solution
to (3.1) with the boundary condition
u(0) = p + δ s ws ,

(3.3)

3.1 Computation of stable and unstable manifolds
where ws denotes the stable eigenvector of p, which spans E s (p). To guarantee that the
orbit segment is a good approximation of W s (p), one choses u(0) to be near p; here, we set
δ s = 10−5 . Note that this defines a one-parameter family of orbit segments parameterized
by T ; in other words, continuation in T < 0 solves the initial value problem for the
initial condition given by (3.3). It is also possible to impose a further boundary condition
at the end point u(1) of the orbit; see [60]. Specifically, we let u(1) be free, monitor
its coordinates during the continuation in T and and stop the computation when the
condition
u(1) ∈ Σ
(3.4)
is satisfied for some chosen two-dimensional section Σ ⊂ R3 ; this is done by checking,
e.g., its z-coordinate uz (1), as a user-defined point in AUTO. In this way, one obtains
the intersection point of W s (p) with a chosen section Σ. Note that a one-dimensional
(un)stable manifold of any saddle equilibrium point, not necessarily a saddle-focus, can
be computed in the same way.

3.1.2

Computation of W u (p)

The two-dimensional unstable manifold W u (p) is an important object of study in Chapters 5 and 6. In contrast to W s (p), the computation of a two-dimensional invariant
manifold requires one to define a suitable representation by a one-parameter family of
orbit segments. How this is done best depends on the type of the hyperbolic saddle equilibrium, namely on whether its eigenvalues are real or complex conjugate. The end point
u(0) of the orbit segment has to lie in the linear unstable eigenspace E u (p), at a sufficiently
small distance from p. One then needs to identify what is know as a fundamental domain,
which is a finite curve segment parameterized by a single parameter κ ∈ [0, 1), such that
points on it are all in one-to-one correspondence to the orbits on the invariant manifold;
see [60] for details. What makes the difference between real and complex eigenvalues in
the computation of W s (p) is how one defines the fundamental domain. For the case of
real eigenvalues, the fundamental domain is given by a small circle or ellipse in E u (p)
near p; see [60].

Here we describe the case of a saddle-focus, which is the topological type of the equilibrium point p of (2.11) in Chapters 5 and 6. When the unstable eigenvalues are complex
conjugate, the end point u(0) lies in a fundamental domain of W u (p) that can be written
in the form
u(0) = (1 − κ)w0u + κw1u ,
(3.5)
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with κ ∈ [0, 1). Here, the two points w0u and w1u in R3 are chosen in the following way.
We consider
(3.6)
w0u = p + δ u wu ,
where wu ∈ E u (p) is a normalized vector from the two-dimensional unstable eigenspace
of the linearzation matrix at p, which can be obtained as a unit generalised eigenvector
of p, and δ u > 0 is small and fixed; we set δ u = 10−5 here. The point w1u is defined as
the first return in the same direction of the orbit starting from w0u to the local section
through p spanned by wu and the stable eigenvector ws of p.

There are many different ways to impose conditions on u(1), so that W u (p) is uniquely
defined as a one-parameter family of orbit segments. Throughout Chapters 5 and 6, we
compute W u (p) for different parameter values up to two sections Σ = Σ1 and Σ = Σ3 .
This is done by fixing uy (1) and uz (1), accordingly. This allows us to compute the inter+ c
c1 ⊂ Σ1 and π13
section sets W
(W1 ) ⊂ Σ3 in Chapter 5; here, we exploit the flexibility of
+ c
+ c
c1 to Σ1 and π13
c1 to Σ3 ,
our method and also compute the return π11
(W1 ) of W
(W1 ) of W
which is done by fixing the same condition of the end point u(1), after allowing orbits to
perform one or several global excursions.

In Section 5.2.2 we compute the entire surface W u (p) to see how it accumulates on the
stable periodic orbit Γν , among other global features. To this end, instead of imposing a
condition on u(1), we compute W u (p) as orbit segments with a fixed maximal arclength
L = Lmax , where
Z
1

L=T

0

kF (u(s), λ)k ds.

(3.7)

This works very well; see e.g. Figures 5.5(a) and (b), where we set different values for
Lmax depending on its overall shape and size. The computation of W u (p) in Fig. 5.5(c) is
more challenging; here, some orbit segments track a repelling slow manifold Sεr and spend
a very long time near a connecting canard orbit. For calculating W u (p) in this case we
impose the condition
(T − Tmax )(L − Lmax ) = ρ.
(3.8)
Here ρ is a small fixed parameter, Tmax is a fixed maximal integration time and Lmax is
a fixed maximum allowed arclenght as before; here, we set ρ = 10−3 . In this way, when
the integration time T of an orbit segment reaches Tmax , the arclength L decreases and
vice versa, so that the computation can proceed past obstructions of finite L, such as the
connecting canard orbits ζ1 and ζ2 ; see [25] for the general idea and also Chapter 5.

3.2 Computation of slow manifolds

3.1.3
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Computation of W s (Γν ) and W u (Γν )

For the parameter values in Chapter 6 system (2.11) has a saddle periodic orbit Γν , which
has two-dimensional stable and unstable manifolds W s (Γν ) and W u (Γν ); the manifolds
W s (Γν ) and W u (Γν ) are defined in a similar way as those for an equilibrium in (3.2).
The computation of these manifolds is also done with a similar setup to the one used
for the computation of W u (p), but instead of the vector wu ∈ E u (p) one needs, for
r ∈ Γν , the vectors ws (r) and wu (r) defined as follows. At each point r ∈ Γν there is a
well-defined stable and unstable linear eigendirection spanned by the unit vector ws (r)
and wu (r), respectively, corresponding to the eigenvalue of the Poincaré map at r with
modulus less or greater than 1, respectively; the families of vectors {ws (r) : r ∈ Γν } and
{wu (r) : r ∈ Γν } form the stable and unstable eigenbundle E s (Γν ) and E u (Γν ) of Γν ,
respectively. By extending system (3.1) in AUTO, one obtains a discretized version of
these eigenbundles. For r ∈ Γν fixed, one computes W u (Γν ) by defining, as in (3.6),
w0u = r + δ u wu (r)

(3.9)

with δ u small. Similarly, one can define
w0s = r + δ s ws (r)

(3.10)

for the computation of W s (Γν ), with δ s small; see [29] for more details.

Intersection sets of these manifolds with suitable cross-sections can be computed in the
same way as for two-dimensional manifolds of equilibria; see Chapter 6.

3.2

Computation of slow manifolds

We follow the approach in [16, 17, 19, 60] and compute a slow manifold as a family of
orbit segments that is parameterized by the position of one end point on a suitable line
segment L on the critical manfold. For the other end point, one can use any of the conditions described in Section 3.1.2. Throughout this thesis, we compute slow manifolds
up to a suitable codimension-one section Σ that depends on the specific problem, and
determine their intersection sets in Σ.
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For an attracting slow manifold Sεa , the orbit segments representing it are solutions to the
boundary value problem
u0 (t) = T F (u(t), λ),
(3.11)
u(0) ∈ L ⊂ S a ,
u(1) ∈ Σ,

where the line L lies on the attracting sheet S a of the critical manifold S, such that it
is parallel to and sufficiently away from a fold curve F of interest. Solutions to (3.11)
provide an accurate approximation of Sεa , since Fenichel theory [32, 33, 55, 67] ensures for
ε > 0 the existence of slow manifolds as O(ε) perturbations of the corresponding sheets of
the critical manifold away from fold curves; see Chapter 2. In other words, we compute
Sεa as the ‘unstable manifold’ of the line segment L ⊂ S a . The end point ua (1) of an
orbit segment that satisfies (3.11) lies on Σ and traces out (a curve in) the intersection
set Sεa ∩ Σ, which is the diffeomorphic image of L in Σ under the flow. The line L and,
hence, the entire family of orbit segments is parameterized by a single parameter.

For the computation of a repelling slow manifold Sεr we employ the same boundary value
problem setup (3.11), where now the line segment L lies on the repelling sheet S r of the
critical manifold. Note that the direction of the flow along orbit segments is reversed.
Alternatively, one can interchange the conditions for u(0) and u(1). Hence, the total
integration time T is negative.

3.2.1

Finding an initial orbit segment

Finding a ‘good’ initial orbit segment that satisfies the boundary value problem (3.11),
which is to be continued along L to compute the corresponding slow manifold, is more
challenging than for the computation of invariant manifolds. In [17], slow manifolds are
computed for a normal form model where the initial orbit comes from an explicit solution. However, this is not possible in general. For the computation of slow manifolds in
Chapter 4, where the section Σ contains a folded node, we follow [16, 17] and compute
an initial orbit on Sεa by two homotopy steps as follows. Starting with the trivial solution
of (3.11) u ≡ p0 (where p0 is the folded node) with T = 0, we continue u(0) along the fold
curve by setting L = F and keeping the condition u(1) ∈ Σ until u(0) is far enough from
p0 ; here, Σ is chosen such that it contains p0 . We then continue u(0) on the attracting
sheet of the critical manifold until u(0) ∈ L again, keeping the condition u(1) ∈ Σ; the
same procedure applies for the computation of an initial orbit on Sεr .

3.2 Computation of slow manifolds
For the computation of Sεr in Chapter 5 we do not study its dynamics near a folded node
and we initially compute Sεr up to a section Σ = Σ1 , which is transverse to the repelling
sheet S r of the critical manifold of (2.11). Here, we want to compute a part of Sεr that
follows S r all the way up to a fold curve. We also use homotopy steps for finding an
initial orbit, where we start with a solution of (3.11) with u(0) = u(1) ∈ S r ∩ Σ1 ; then,
we continue the point u(0) along S r away from Σ1 and keep the condition u(1) ∈ Σ1 . The
orbit segments on Sεr are computed in backward time, and a fold in the integration time
T corresponds to a trajectory that follows S r for the longest time. We choose this orbit
segment as the initial solution of (3.11). The value of uy (0) is then used to define the
line segment L on S r . Once we have a part of Sεr from L to Σ1 , we can continue solutions to (3.11) and free u(1) to detect their intersections with sections Σ2 and Σ3 . We can
also free u(0) and compute secondary backward intersections of Sεr with Σ1 ; see Chapter 5.

Overall, we can compute reliable representations of stable and unstable manifolds of
equilibrium points and saddle periodic orbits, as well as attracting and repelling slow
manifolds. We can also trace out their intersection sets with suitable codimension-one
sections. On top of this, there may exist intersections between these manifolds. We
can use our boundary value problem setup to find and then continue such intersecting
trajectories, and this is the topic of the next chapter.
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4
Lin’s Method Approach for Detecting
Connecting Orbits in Slow-Fast
Systems

The existence of connecting orbits in a system such as (2.1) may be responsible for significant changes of the global dynamics; including the appearance of chaotic dynamics; see
[43, 68, 77, 90]. The main examples in support of this statement come from the theory
of homoclinic and heteroclinic bifurcations, where connecting orbits arise as intersections
of stable and unstable manifolds of a single saddle object or between two different saddle
objects. It is then crucial for theory and applications to find and follow connecting orbits
in system parameters.

Due to the global nature of connecting orbits, finding these special orbits requires the use
of advanced numerical methods [6, 7, 12, 21, 22, 23, 24]. In this context, Lin’s method
[70] appears as an analytical theory that can be used to detect connecting orbits and
analyze the recurrent dynamics near them. The underlying idea is that, for any value
of the system parameters, there are two (or even more) well-defined orbit segments from
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one of the saddle objects to a suitable section Σ and from Σ to the other saddle object;
these orbit segments do not meet in Σ, but their difference in Σ lies in a d-dimensional
subspace called the Lin space. From a computational perspective, these orbit segments
are solutions to two-point boundary value problems and their end points on the Lin space
give rise to d well-defined test functions called the Lin gaps. The connecting orbit is
found numerically by closing each of the Lin gaps one by one via continuation runs of the
overall underlying multiple-segment boundary value problem. This has proven to be very
successful for the detection and continuation of homoclinic and heteroclinic connections;
see [36, 62, 74] as examples. For a different approach based on homotopy methods, see
[23, 24].
In this chapter we present a Lin’s method approach in a different context, where we find
the connecting canard orbits near a singular Hopf bifurcation studied in Chapter 5, as
well as canard orbits near a folded node. Both cases correspond to slow-fast systems in
R3 with one fast and two slow variables, such as (2.1), which implies that the section Σ is
two dimensional and the dimension of the Lin space is d = 1. In this context, we consider
these special orbits as connecting orbits arising from the intersection of different types of
manifolds, which includes slow manifolds in this case. Specifically, Section 4.1 deals with
the detection and continuation of connecting canard orbits, while Section 4.2 is dedicated
to the detection of canard orbits. We describe the numerical setup for each case.

4.1

Lin’s method approach for detecting connecting
canard orbits

The existence of connecting canard orbits is crucial for the global return mechanism
and the recurrent dynamics described in Chapter 5. A connecting canard orbit arises
in system (2.11) as an intersection of the unstable manifold W u (p) of a saddle-focus
equilibrium p with a repelling slow manifold Sεr . We implement a Lin’s method approach
to detect such connecting canard orbits. As usual, we calculate W u (p) and Sεr via the
continuation of a two-point boundary value problem setup with the package AUTO [20,
26] by using the methods described in Chapter 3. The manifolds are then computed
as families of orbit segments that are solutions of their corresponding boundary value
problems described in Section 3.1.2 and Section 3.2 of Chapter 3, up to a section Σ.

4.1 Lin’s method approach for detecting connecting canard orbits

4.1.1
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The unstable manifold W u (p) intersects Σ several times; see Chapter 5. For the detection
of a connecting canard orbit we initially consider only the first intersection of W u (p) with
c1 . We also consider the intersection set
Σ, denoted by W
Sbεr := Sεr ∩ Σ.

Both intersection sets can be obtained by computing, up to Σ, a family of orbit segments
on W u (p) and Sεr , respectively. The orbit segments ur on Sεr are solution of the boundary
value problem
u0r (t) = T F (ur (t), λ),
(4.1)
ur (1) ∈ Lr ⊂ S r ,
ur (0) ∈ Σ,
where the line Lr is chosen as described in Chapter 3. An initial orbit segment that
satisfies the boundary value problem (4.1) can be found with the homotopy steps, which
is also described in Chapter 3.

The orbit segments um on W u (p) are solutions of the boundary value problem
u0m (t) = T F (um (t), λ),
um (0) ∈ D,
um (1) ∈ Σ,

(4.2)

where the set D represents the one-dimensional fundamental domain in the linear unstable eigenspace E u (p) close to p, as described in Section 3.1.2.

The main idea of Lin’s method is to combine the two boundary value problems (4.1) and
(4.2) together as a new multi-segment boundary value problem for the two families of
orbit segments ur and um . The missing ingredient is the definition of the Lin space Z
in Σ, which defines the Lin gap η. To define Z we consider two points, pr ∈ Sbεr and
c1 . We choose them as the end points pr := ur (0) and pm := um (1) of the first two
pm ∈ W
orbit segments that we compute, one obtained during the homotopy steps for ur and the
other forming an initial orbit on W u (p). We then use pr and pm to define the unit vector
vZ :=

pm − p r
∈ Σ,
kpm − pr k
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as well as its normal unit vector nZ ∈ Σ, with nZ ⊥ vZ . The vector vZ spans the Lin
space, that is,
Z := span{vZ }.
Note that Z is defined by the initial choices for pr and pm . The genericity conditions
c1 ,
for Z require that the Lin space Z is transverse to the intersection curves Sbεr and W
which are unknown at the beginning of the calculation. Nevertheless, Z will generically
c1 .
be transverse to both Sbεr and W
Once the vectors vZ and nZ are defined, we consider the family of solutions to the boundary
value problems (4.1) and (4.2) with the additional boundary conditions
(um (1) − ur (0)) · nZ = 0,

(4.3)

vZ · (um (1) − ur (0)) = η.

(4.4)

The boundary condition (4.3) ensures that the end points um (1) and ur (0) lie along the
Lin space Z during the continuation of the overall boundary value problem, and (4.4)
defines the signed Lin gap η. The boundary value problem (4.1)–(4.4) is well defined and
the test function η depends on a single internal parameter, which can be thought of as
identifying the end point ur (1) ∈ Lr or, alternatively, um (0) ∈ D. Here, T and η are
free parameters that move as the end points of the corresponding orbit segments move
along Lr and D. Again, once chosen, vZ and nZ remain fixed during the continuation
of (4.1)–(4.4). Continuing this boundary value problem and monitoring η allows us to
detect a connecting canard orbit automatically as η = 0.
Fig. 4.1 is an illustration of the Lin’s method setup for finding the connecting canard
orbit ζ1 of system (2.11) for ν = 0.00712; compare Fig. 5.4. Panel (a) shows a global
view, where a part of W u (p) and a part of Sεr are computed up to Σ := Σ1 ⊂ {y = 0.03}.
Orbit segments on Sεr are solutions of (4.1), where S r is the repelling middle sheet of the
critical manifold S of (2.11); the orbit segments on W u (p) are solutions to the two-point
boundary value problem (4.2). Highlighted are the two initial orbit segments ur and um
on Sεr and W u (p), respectively, that define pr and pm and, hence, the Lin space Z and the
Lin gap η. Fig. 4.1(b) shows the situation when η = 0, meaning that the Lin gap is closed
and the concatenation of um and ur forms the connecting canard orbit ζ1 , shown in gold.
Note that the second connecting canard orbit ζ2 shown in Chapter 5 can be obtained as
a second zero of the Lin gap η with exactly the same setup and in the same continuation
run. The same approach can be applied for finding secondary and further intersections
between W u (p) and Sεr , this time considering further intersections of W u (p) with Σ that

4.1 Lin’s method approach for detecting connecting canard orbits
(a)
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(b)

Sεr
Z
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Sεr

b
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Σ1
pr

η
b

ζ1

W u (p)

b

pm

W u (p)

Σ1

um

p
Figure 4.1: Illustration of Lin’s method applied to system (2.11) with ν = 0.00712. Panel (a) shows
a general view of Sεr (blue) and W u (p) (red) computed up to section Σ1 , including the orbits ur (blue)
and um (red), on Sεr and W u (p) respectively; their end points pr and pm in Σ1 define the Lin gap η along
the Lin space Z in Σ1 . Panel (b) shows the Lin gap η closed, so that the connecting canard orbit ζ1 (gold)
is detected.

come from orbit segments on W u (p) with a global return; see Chapter 5.

4.1.2

Detecting a tangency as a fold point

Once a connecting canard orbit is found, we consider the connecting canard orbit as a
single orbit segment that can be continued in a single system parameter as a solution
of (4.1)–(4.4) with η = 0 fixed; here, one end point of that single orbit lies on the
fundamental domain of W u (p) and the other end point lies on Lr . Note that we can still
track the intersection points ur (0) = um (1) ∈ Σ1 . Fig. 4.2(a) shows the x-coordinate of the
intersection point of the connecting canard orbit with Σ1 , as a function of the parameter
ν of system (2.11). For sufficiently large ν in panel (a), there exist two connecting canard
orbits ζ1 and ζ2 that correspond to the upper and lower branches of the curve, shown
in gold and brown, respectively. For these ν-values, the intersection between W u (p) and
Sεr is transverse; see Fig. 5.4 as a reference. The two branches join at a fold point at
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-22.05 (a)

(b) ν = ν ∗
c1
W
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7.1

ν

7.2
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7.3 ×10

Sbεr

Σ1

Figure 4.2: Continuation of a connecting canard orbit of system (2.11). Panel (a) shows a curve
in the (ν, x1 )-plane, where x1 is the x-coordinate of the end point on Σ1 of the connecting canard orbit.
Panel (b) shows a tangency between Sεr (blue) and W u (p) (red) on Σ1 for ν = ν ∗ , which produces the
connecting canard orbit ζ ∗ (orange dot).

ν = ν ∗ ≈ 0.00705579, which is detected during the continuation run as a fold with respect
to the parameter ν. The value ν ∗ corresponds to a quadratic tangency between W u (p) and
Sεr along a single orbit. This tangency gives rise to the non-transverse connecting canard
orbit ζ ∗ ; see Fig. 5.3. For ν < ν ∗ , there is no interaction between W u (p) and Sεr ; compare
c1 and Sbεr in the section Σ1 and the connecting
Fig. 5.2. The first tangency between W
canard ζ ∗ are shown in Fig. 4.2(b); note that this is the case ν = ν ∗ from Fig. 5.3.
Secondary connecting canard orbits and the secondary tangency at ν = ν ∗∗ ≈ 0.00715523
were detected with the same approach; see Chapter 5 for more details.

4.2

Lin’s method approach for detecting canard orbits near a folded node

Geometrically, canard orbits in R3 arise as intersections between an attracting and a repelling slow manifold in a slow-fast system; as such a canard orbit has the unusual property
that it follows a repelling slow manifold for a considerable amount of time [10, 42, 92]. In
this context, a canard orbit can be thought of as a connection from La to Lr , where La
and Lr are the line segments on the attracting and repelling sheets of the critical manifold of (2.1), used for the computation of Sεa and Sεr as in Chapter 3, respectively. The
canard orbit is found as a concatenation of an orbit segment on Sεa from La to a suitable
cross-section Σ, and another orbit segment on Sεr from Σ to Lr . Hence, this is already a
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natural setting for the use of Lin’s method.

The use of advanced numerical techniques has been very successful for the computation
and visualization of slow manifolds and canard orbits. So far, the detection of canard
orbits relies on the computation of orbit segments on the two-dimensional attracting and
repelling slow manifolds up to a cross section near a folded node, to obtain intersection
curves with the section. If the system has symmetries, it may be possible to use them
for the detection of canard orbits; see Section 4.2.2. More generally, canard orbits are
detected by inspection. In the boundary value problem setting, an approximate canard
orbit consists of two orbit segments on Sεa and Sεr with a small discontinuity in Σ, corrected by the continuation software to an actual canard orbit from La to Lr , which can
then be continued in parameters [16, 17, 18, 19]. This way of detecting canard orbits is
quite ad-hoc and needs to be set up locally near observed intersections points of Sεa ∩ Σ
and Sεr ∩ Σ. These two intersection curves in Σ tend to spiral considerably in a counterrotating fashion near a folded node [95]. Furthermore, one generally wishes to find all of
possibly a considerable number of canard orbits, either by shooting or by the boundary
value problem approach of Section 4.1.

Here we address the issue that, so far, no systematic way has been developed to detect
all canards orbits in a given slow-fast system. More specifically, we present here a Lin’s
method approach for the systematic detection of all canard orbits that arise as intersection points of Sεa and Sεr . To this end, as in Section 4.1, we compute orbit segments on the
slow manifolds up to a suitable section Σ, subject to the restriction that their end points
in Σ lie along a one-dimensional Lin space Z; this again gives rise to a well-defined test
function, the signed Lin gap η. Our scheme allows for the detection of all canard orbits
near a folded node as zeros of the Lin gaps associated with canard orbits near a folded
node.

Slow manifolds near folded nodes have the special feature that they are counter-rotating
scrolls, so their intersection curves in Σ become tangent to any fixed one-dimensional
Lin direction Z. In general, this is a problem because Z must be transverse to both
manifolds under consideration [62]. In our context of the detection of canard orbits with
Lin’s method, the computation does not find all canard orbits in a single continuation run
if Z is kept fixed. Therefore, we introduce an adjustment step were we change the Lin
space Z when a tangency is detected. More specifically, we perform a continuation of Z
until a tangency with both intersection curves in Σ is detected. As we will show, the Lin
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space Z is then fixed and the next canard orbit is detected. Our overall method is able
to detect all canard orbits while no previous knowledge of the intersection curves in Σ is
required. As an additional benefit, we compute the slow manifolds and their intersection
sets in Σ at the same time as we find the canard orbits. This is demonstrated with two
examples.

4.2.1

Numerical setup

Our numerical implementation of Lin’s method for canard orbits uses part of the setup
for the computation of the slow manifolds Sεa and Sεr from Chapter 3. Throughout, we
assume that system (2.2) has a folded node p0 ∈ R3 for some λ = λ0 . We write Σ as
Σ = p 0 + YΣ ,

(4.5)

where YΣ is a two-dimensional subspace of R3 that is normal to the fold curve containing p0 . We consider the intersection sets

and

Sbεa := Sεa ∩ Σ
Sbεr := Sεr ∩ Σ,

which can be obtained by computing, up to Σ, a family of orbit segments on Sεa and Sεr ,
respectively. For completeness we repeat the setup from Section 4.1.1. The orbit segments
ua on Sεa and ur on Sεr are solutions to the boundary value problems
u0a (t) = T F (ua (t), λ),
ua (0) ∈ La ⊂ S a ,
ua (1) ∈ Σ,

(4.6)

u0r (t) = T F (ur (t), λ),
ur (1) ∈ Lr ⊂ S r ,
ur (0) ∈ Σ,

(4.7)

and

respectively, where the lines La and Lr are chosen appropriately on the sheets S a and S r
of S, as described in Chapter 3.

As in Section 4.1.1, we combine the two boundary value problems (4.6) and (4.7) as a
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new multi-segment boundary value problem for the two families of orbit segments ua and
ur . To define Z we now consider the points, pa ∈ Sbεa and pr ∈ Sbεr , chosen as the end
points pa := ua (1) and pr := ur (0) of the first two orbits segments obtained during the
homotopy steps for ua and ur . With pa and pr fixed we define the unit vector
vZ :=

pa − pr
∈ Σ,
kpa − pr k

and its corresponding normal unit vector nZ ∈ Σ, meaning that the Lin space Z is again
defined as
Z := span{vZ }.
As in Section 4.1.1, Z will generically be transverse to both Sbεa and Sbεr , which are yet
unknown. As before, we consider the family of solutions to the boundary value problems (4.6) and (4.7) coupled through the boundary conditions
(ua (1) − ur (0)) · nZ = 0.

(4.8)

vZ · (ua (1) − ur (0)) = η,

(4.9)

to complete the implementation of Lin’s method.

In order to cope with the counter-rotating spirals of Sbεa and Sbεr it is convenient to represent
vZ and nZ as follows. One can always find an orthonormal basis on the subspace YΣ that
defines Σ in (4.5), so that
vZ := (cos(2πα), sin(2πα)) and nZ := (− sin(2πα), cos(2πα))

(4.10)

in that basis. Here, the single parameter α ∈ [0, 1] parameterizes vZ and nZ , and it is
initialized by the choices of pa and pr ; fixing vZ and nZ means fixing α. We stress that,
for the detection of a single canard orbit with Lin’s method, vZ , nZ and the parameter α
remain fixed during the continuation.

Overall, the boundary value problem (4.6)–(4.9) is well defined and the test function η
depends on a single internal parameter, which can be thought of as identifying the end
point ua (0) ∈ La or alternatively ur (1) ∈ Lr . Continuing this boundary value problem
and monitoring η allows us to detect a canard orbit automatically as η = 0, provided the
initial solution to the boundary value problem is close enough. However, our goal is to find
all canard orbits as zeros of the Lin gap η. As we will see, this requires adjustment of the
Lin direction Z at detected points of tangency with Sbεa or Sbεr by moving the parameter α
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appropriately. We proceed by demonstrating the setup for the special case of the normal
form of a folded node.

4.2.2

Systematic detection of canard orbits in a normal form of
a folded node

As an illustrative example, we consider the normal form vector field for a folded node,
introduced by Wechselberger [95], which is given by
ẋ = 21 µy − (µ + 1)z,
ẏ = 1,
ż = x + z 2 .

(4.11)

Here, the variable z is fast, x and y are the slow variables, and the parameter µ ∈ R is
such that µ−1 corresponds to the eigenvalue ratio of the folded node singularity of the
reduced flow. The normal form (4.11) does not have the ratio of time scales ε as part of
the equations, because it has been obtained via ε-dependent blow-up and rescaling; the
√
remainder terms are O( ε); see [95] for details. In spite of the absence of ε in system
(4.11) and in order to be consistent with the standard notation, we denote the attracting
and repelling slow manifolds by Sεa and Sεr and their intersection sets in Σ by Sbεa and Sbεr ,
respectively.
One advantage of using system (4.11) is that it has an easy representation of the folded
node and the relevant objects that are necessary for the slow-fast analysis. The critical
manifold of (4.11) is
S := {(x, y, z) ∈ R3 : x + z 2 = 0},
which has the attracting sheet
S a := S ∩ {z < 0},
and the repelling sheet
S r := S ∩ {z > 0}.
They meet at the fold curve F , which is the y-axis and contains the folded node at the
origin. We choose the section
Σ := {y = 0},
which is transverse to the flow and contains the folded node. System (4.11) possesses the
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time-reversal symmetry
(x, y, z, t) → (x, −y, −z, −t),
which implies that Sεa and Sεr are related by this symmetry; this means that one can
obtain Sbεr by reflecting Sbεa with respect to the x-axis in Σ, which is represented as the
(x, z)-plane. Hence, the intersection points between Sbεa and Sbεr in Σ, that is the canard
orbits, occur exactly when Sbεa and/or Sbεr cross the line z = 0 in Σ. The geometry of the
slow manifolds in (4.11) and how it depends on the eigenvalue ratio µ was studied in [19],
which showed how canard orbits organize the number of small-amplitude oscillations near
the folded node. Slow manifolds were computed with a boundary value problem setup
and the symmetry was used to detect canard orbits, for different values of µ, as zeros of
the z-coordinate of points on Sbεa .
We now demonstrate how our Lin’s method approach detects canard orbits in (4.11)
without monitoring the z-coordinate along Sbεa and/or Sbεr . Throughout this section we
consider system (4.11) with µ = 8.5, which implies the existence of five secondary canard
orbits [95]. We define
La := S a ∩ {x = −3}
and
Lr := S r ∩ {x = −3}.
Due to the symmetry of system (4.11), it is natural to choose the initial orbit segments
ua and ur defining pa and pr , respectively, as symmetric counterparts. This means that
Z is the vertical direction on the (x, z)-plane Σ.

Figure 4.3 shows the setup of our implementation of Lin’s method for detecting canard
orbits in system (4.11). Panel (a1) shows Sεa (red surface) and Sεr (blue surface) up to Σ
from the line segments La (red) and Lr (blue), respectively. The initial orbit segments ua
and ur that define pa and pr and, hence, the Lin space Z, are shown as the highlighted
red and blue trajectories, respectively; the Lin space Z is the dark gray vertical line in
Σ (green plane). Note that the curves Sbεa and Sbεa intersect on both sides of Z in Σ.
Panel (a2) shows the intersection curves Sbεa (red) and Sbεr (blue) in Σ together with Z, as
defined by pa and pr , and the Lin gap η. Panels (b1) and (b2) show what we would like to
achieve: the same objects when the canard orbit ξ1 (orange) is detected as η = 0; here Z is
shown in orange through ξ1 and the orange orbits on Sbεa and Sbεr connect as ξ1 from La to Lr .
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Figure 4.3: Lin’s method setup to find canard orbits in system (4.11) with µ = 8.5. Panel (a1)
shows Sεa (red surface) and Sεr (blue surface) computed from La and Lr , respectively, up to Σ. The initial
orbit segments ua (red curve) and ur (blue curve) are each other symmetric counterparts and define the
Lin space Z = span{(0, 0, 1)} (dark gray line) that defines the Lin gap η. Panel (b1) shows the situation
when the Lin gap is closed and the canard orbit ξ1 (orange) is detected. The relevant objects in Σ are
shown in panels (a2) and (b2), respectively.

Figure 4.4 illustrates the continuation runs to find the first two canard orbits ξ0 in row (a)
and ξ1 in row (b), respectively, which are located on either side of the initial choice of Z
(thick dark gray line). Shown are the intersection sets Sbεa and Sbεr in Σ and the points pa
and pr defining Z. The light-gray vertical lines are translations of Z at selected points
on Sbεa (and Sbεr ) during the computation, so that we can appreciate how the Lin gap η is
changing; the arrows indicate the direction of the end points ua (1) and ur (0) along Sbεa
and Sbεr during the respective continuation run. Figure 4.4(a1) shows the first continuation
run, when the corresponding end points tracing out Sbεa and Sbεr initially move to the right.

Here, we monitor η and detect the canard orbit ξ0 when η = 0. Panel (a2) illustrates
that the end points ua (1) and ur (0) continue past a simultaneous tangency of Z with
both Sbεa and Sbεr at the points pta and ptr , respectively. While the computation continues,
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Figure 4.4: Illustration of the Lin’s method approach to detect canard orbits in (4.11) with µ = 8.5
in section Σ, represented by the (x, z)-plane. Shown are the intersection sets Sbεa (red curve) and Sbεr (blue
curve), together with the Lin space Z (vertical dark-gray line). Panels (a1) and (a2) show the detection
of the canard orbit ξ0 (cyan), and panels (b1) and (b2) show the detection of ξ1 (orange).

no further canard orbits exist past the double tangency. Figure 4.4(b1) shows the second
continuation run, when ua (1) and ur (1) initially move from pa and pr to the left. The
Lin section Z becomes again tangent to both Sbεa and Sbεr simultaneously, at the points
pta and ptr . Panel (b2) shows that the end points on Sbεa and Sbεr are continued past the
double tangency. Monitoring η, as in each continuation run, results in the detection of
the canard orbit ξ1 when η = 0. Note that panels (b1) and (b2) are part of the same continuation run, which continues past further double tangencies and results in the detection
of all the subsequent canard orbits ξ2 –ξ4 . In between any two consecutive canard orbits,
that is, zeros of η, the normal form (4.11) has a double tangency of Z with both Sbεa and Sbεr .
Figure 4.5 represents a three-dimensional view of the result of all the continuation runs.
Shown are the critical manifold S with the fold curve F , the slow manifolds Sεa and Sεr
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Figure 4.5: Three-dimensional view of the slow manifolds Sεa and Sεr , and all canard orbits ξ0 –ξ4
of the normal form (4.11) for µ = 8.5.

computed from the line segments La ⊂ S a and Lr ⊂ S r up to Σ, the intersection curves
Sbεa and Sbεr and the canard orbits ξ0 –ξ4 . Note that ξ1 –ξ3 lie between ξ0 and ξ4 , which
correspond to the strong and weak maximal canard, respectively. Furthermore, from ξ0
to ξ3 the number of twists of the canard orbits around the weak maximal canard increases,
as predicted by the theory [92, 95]. Note that for part of Sεr and Sεr and the respective
canard orbits shown in Fig. 4.5, the flow on La and Lr initially points away from the fold
curve F . However, this does not affect their crossing through Σ and the detection of the
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Figure 4.6: Illustration of the Lin’s method approach in (4.11) for µ = 8.5 with a Lin space Z in
general position, this time without using the symmetry of the system. Panel (a1) shows when Z becomes
tangent to Sbεa as the end points tracing Sbεa and Sbεr move to the right, and panel (a2) shows that it is not
possible to detect a canard orbit by keeping Z fixed. Panels (b1) and (b2) show a similar situation when
the end points tracing Sbεa and Sbεr move to the left.

canards with our approach.

4.2.3

Lin space in general position

The choice of Z as orthogonal to the symmetry axis is natural, but non-generic. This
makes the detection of canard orbits in Fig. 4.4 quite special. Figure 4.6 shows the setup
of Lin’s method for a different, more typical Lin space Z, which comes from a different
choice of the points pa and pr . Panel (a1) shows the first continuation run, when ua (1)
and ur (0) move initially to the right. The Lin section Z becomes tangent to Sbεa at the
point pta before the canard orbit ξ0 is detected. Panel (a2) shows that the continuation
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can go on and ua (1) keeps tracing Sbεa further, but ur (0) turns around and goes back over
the same part of Sbεr . Even though the tangency point pta is extremely close to the canard
orbit ξ0 , it is not possible to detect ξ0 by Lin’s method for this choice of Z. Similarly,
row (b) of Fig. 4.6 illustrates the second continuation run; this time the end points on Sbεa
and Sbεr move initially to the left. Panel (b1) shows a tangency of Z with Sbεa at the point
pta , and panel (b2) shows that ua (1) continues along Sbεa , while ur (0) goes back along Sbεr
as in row (a), no canard orbits are found for this choice of Z.
Overall, we conclude that a single tangency of the fixed Lin section Z with one of the
curves Sbεa or Sbεr poses a problem for the detection of canards orbits. The curve that has
the tangency is traced past the fold, as was shown. However, as a result, the continuation
of the other curve also enforces a ‘fold’, meaning that the curve is traced back along the
part that was already computed. Because of this, the next canard orbit cannot be found.
This artificial turn-around is a result of the coupling between the two intersection curves
by the boundary condition (4.8). This also explains why our approach works well when
a double fold occurs; a double tangency of Z with both Sbεa and Sbεr does not have this
issue and both curves are continued correctly past the double fold. Since there is an
alternation of canard orbits and (double) tangencies due to the counter-rotating spiral of
Sbεa and Sbεr , a general algorithm will need to deal with the issue of single tangencies. To
have a good general method that finds all the canard orbits, we need to be able to move
Z, so that the nearby double tangency occurs. The idea for achieving this is to continue a
single tangency by varying Z until the second tangency is also detected. Once the double
tangency has been found, Z is again fixed.

4.2.4

Detecting a double tangency and overall method

Instead of defining a fixed Lin section Z that will become tangent to both Sbεa and Sbεr
simultaneously, which is generally impossible, one can first detect a single tangency of Z
with either Sbεa or Sbεr , which is generic. To this end, we introduce the projections
βa = nZ · ua (1),

(4.12)

βr = nZ · ur (0),

(4.13)

and

of the end points ua (1) and ur (0) in Σ onto nZ , respectively. Specifically, the boundary
conditions (4.12) and (4.13) introduce the parameters βa and βr that represent these pro-
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jections.

We continue the overall boundary value problem (4.6)–(4.9) with the additional boundary conditions (4.12) and (4.13), where vZ and nZ are parameterized by α as defined
in (4.10), the parameter α is fixed, while T , η, βa and βr are free continuation parameters. We monitor βa and βr and detect their folds; namely, a fold of βa or βr indicates
that Z has become tangent to Sbεa or Sbεr , respectively, since it corresponds to an extremum
of the projection on nZ . AUTO is able to detect such a fold as a limit point; once it is
detected, such a fold can be continued. To this end, α in (4.10) becomes an extra free
parameter. Hence, the Lin direction Z rotates while the fold (tangency) that was found
is also continued, that is, its existence is preserved. A second fold of βr or βa , respectively, can be detected at, say α = α∗ . This new fold then corresponds to a simultaneous
double fold, where Z is tangent to both Sbεa and Sbεr . We then fix Z by setting α = α∗ and
resume the detection of canard orbits as zeros of the Lin gap η for this adjusted Lin space.
Our general approach for the systematic detection of all the canard orbits via Lin’s method
therefore consists of the following steps:

(I) Initialization. Define a Lin space Z, that is, vZ and nZ , by computing pa and pr .
(II) Main continuation. Continue the overall boundary value problem (4.6)–(4.9) with
the extra boundary conditions (4.12) and (4.13) for fixed α with T , η, βa and βr as
continuation parameters, while detecting canard orbits as η = 0 and monitoring for
fold points in βa and βr .
(III) Intermediate step. If a fold of βa , that is, a tangency of Z with Sbεa , is detected,
continue this fold with α as a continuation parameter until a fold point of βr detected
for α = α∗ ; and similarly for a first fold of βr . Then fix α = α∗ and return to step (II).

We briefly mention a few technical implementation issues. First of all, when one activates the fold detection in AUTO, the continuation routines can possibly detect folds
with respect to different parameters. Therefore, it is necessary to be particularly careful
to ensure that one, indeed, detects a fold in either βa or βr . Secondly, at the moment
of detecting the double tangency, one needs to take care that the end points ua (1) and
ur (0) on Sbεa and Sbεr are continued in the correct direction when resuming step (II). This
can be ensured by continuing ua (1) and ur (0) ever so slightly past the double tangency,
meaning that the detection of canard orbits with the Lin space given by α = α∗ is not
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started right at the tangency points.

We now show that this overall implementation is able to work for a practical example.

4.2.5

Systematic detection of canard orbits in the Koper model

We consider the idealized model of a chemical reaction introduced by Koper [57, 58]:
ε1 ẋ = ky − x3 + 3x − λ,
ẏ = x − 2y + z,
ż = ε2 (y − z),

(4.14)

where x, y and z are real numbers representing chemical quantities. System (4.14) was
analyzed by Koper to study complex oscillations of chemical systems, where the mixedmode oscillations are related to the presence of a Shilnikov homoclinic bifurcation [68].
This system has very rich dynamics and different sources for small-amplitude oscillations,
such as folded nodes and singular Hopf bifurcations [9, 16, 40]. We use (4.14) here as
a more typical test-case example of a three-dimensional slow-fast system with two slow
variables. To this end, we set
λ = 7,

k = −10,

ε2 = 1 and ε1 = 0.01,

so that x is fast and y and z are slow.

The critical manifold of (4.14) is
S := {ky − x3 + 3x − λ = 0},
which is a cubic surface that has two attracting sheets
S a,+ := S ∩ {1 < x}
and
S a,− := S ∩ {x < −1},
and one repelling sheet
S r := S ∩ {−1 < x < 1}.

(4.15)
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Figure 4.7: Three-dimensional view of the slow manifolds computed up to section Σ ⊂ {z = −0.8}
in the Koper model (4.14) for the parameters values given by (4.15).

The attracting sheets S a,+ and S a,− meet S r at the fold curves F + and F − , respectively,
given by
F + := S ∩ {x = 1} and F − := S ∩ {x = −1}.
System (4.14) with the parameters given by (4.15) has a folded node at the point
p0 = (−1, −0.9, −0.8),
that lies on the fold curve F − , where Sεa,− interacts with Sεr . Therefore, we look for canard
orbits that arise from the intersections between these two slow manifolds. To simplify the
notation, from now on we denote S a,− simply by S a and F − by F . As usual, in order to
implement the coupled boundary value problem (4.6)–(4.9) we consider the section
Σ ⊂ {z = −0.8},
which contains the folded node p0 and is transverse to both the flow and the critical
manifold, together with the lines
La := S a ∩ {x = −1.5}

47

48

Lin’s Method Approach for Detecting Connecting Orbits
(a1)

p0a

Sbεa

(a2)

p0a
Sbεa

ξ0
pta

Z0

Z0

Sbεr

ptr
Sbεr

p0r

p0r

(b2)

(b1)

p1a
Sbεa

ξ0

Z2

p1r
pta
ξ1

Z1

pta

ξ1

ξ2

p2r
p2a

Sbεr

Figure 4.8: Illustration of the Lin’s method approach to detect canard orbits in (4.14) with parameter
values as (4.15) in section Σ, represented by the (x, y)-plane. Shown are the intersection sets Sbεa (red
curve) and Sbεr (blue curve), together with the corresponding Lin space (dark gray line). Panel (a1) shows
the detection of the canard orbit ξ0 (cyan) and panel (a2) shows a tangency of the Lin space Z0 with Sbεr .
Panels (b1) and (b2) show the detection of ξ1 (orange) and ξ2 (green), respectively.

and
Lr := S r ∩ {x = −0.2}.
In the same way as for the general setup described in Section 4.2.1, we use homotopy
steps for finding initial orbits on Sεa and Sεr that define the points pa and pr in Σ and the
Lin space Z. The situation here is generic in the sense that there is no symmetry as for
the normal form for a folded node singularity. Figure 4.7 shows a three-dimensional view
of the parts of Sεa and Sεr computed up to Σ. Here La and Lr are not shown, since they
are too far from F , outside the frame of the figure, which focuses on the spiraling of Sεa
and Sεr near F .

The inverse of eigenvalue ratio for p0 is µ−1 ≈ 10.6. Hence, there exist 6 canard orbits.
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Figure 4.9: Intermediate step (III) for the detection of a simultaneous tangency of the Lin space
with Sbεa and Sbεr , for the Koper model (4.14) with parameters as in (4.15). Panel (a1) shows the detection
of the points defining the Lin space Z1 and panel (a2) shows the corresponding fold of βa . Panels (b1)
and (b2) show step (III) for the detection of the points defining the Lin space Z2 .

Figure 4.8 shows the continuation runs for the detection of the canard orbits ξ0 , ξ1 and
ξ2 , in the same layout as in Fig. 4.4. Panel (a1) shows the first continuation run. Here,
the points p0a and p0r in Σ define the Lin space Z0 for α = α0 , and the corresponding end
points tracing out Sbεa and Sbεr move initially to the right. The canard orbit ξ0 (cyan dot)
is detected when η = 0. Then the continuation detects a fold in βa , meaning that the
Lin section Z0 becomes tangent to Sbεa at the point pta ; the intermediate step (III) from
Section 4.2.4 changes the Lin section so that the computation can continue (not shown),
but there are no further canard orbits past this point. Figure 4.8(a2) illustrates the second
continuation run, when ua (1) and ur (0) move initially to the left. Here, a fold in βr is
detected, where the Lin space Z0 is tangent to Sbεr at the point ptr . This single tangency is
very close to the double tangency, yet we know from Section 4.2.3 that the continuation
cannot go past it to find the next canard orbit. The intermediate step (III) detects the
double tangency as a fold also on βa for α = α1 near α0 ; the points p1a and p1r of double
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tangency of the Lin space with Sbεa and Sbεr , respectively, define the new Lin space Z1 for
α = α1 . Figure 4.8(b1) shows the next part of the computation, that is, the return to step
(II) with the Lin space Z1 . The end points ua (1) and ur (0) now move to the right, past p1a
and p1r , and the canard orbit ξ1 (orange dot) is detected when η = 0; note that ξ1 is very
close to the double tangency of Z1 with Sbεa and Sbεr . The continuation then detects a fold
in βa , that is, the point pta of tangency of Z1 with Sbεa . Applying the intermediate step (III)
again, the double tangency points p2a and p2r are detected, which define the Lin space Z2
for α = α2 . Panel (b2) shows the continuation run with the subsequent detection of the
canard orbit ξ2 (green dot), up to the moment when Z2 becomes tangent to Sbεa at the point
pta ; the process continues with steps (II) and (III) until all canard orbits ξ3 –ξ5 are detected.
As illustrated, finding a double tangency of the Lin section with Sbεa and Sbεr through the
intermediate step (III) is the key for our systematic detection of canard orbits. Figure 4.9
illustrates in rows (a) and (b) the continuation runs with the intermediate step (III) for
finding the updated Lin spaces Z1 and Z2 , respectively. Panel (a1) shows an enlargement
near the double tangency of Z1 with Sbεa and Sbεr . The continuation run starts with the Lin
space Z0 (gray line) through the point ua (1) ∈ Sbεa and the first detected tangency point
ur (0) = ptr ∈ Sbεr , which is the situation just after step (II). Since we are continuing a fold
in βr , the intermediate end points uia (1) and uir (0) move along Sbεa and Sbεr , respectively,
in such way that the line through them, that is the moving Lin space (light-gray line), is
always tangent to Sbεr . The continuation then detects a fold in βa as well, that is, the two
points p1a ∈ Sbεa and p1r ∈ Sbεr of double tangency that define the Lin space Z1 (dark-gray
line). Figure 4.9(a2) shows the fold in βa during step (III), which is best observed when
it is plotted against the (AUTO) L2 -norm k · k2 of the corresponding orbit segment. Similarly, panel (b1) shows an enlargement near the double tangency of the Lin space Z2 with
Sbεa and Sbεr , and illustrates step (III) for finding and updating Z2 when starting from Z1 .
Notice that the angle between the Lin sections Z1 and Z2 is now much larger, so that it
is easier to see the process. The fold of βr , again best observed when plotted against the
(AUTO) L2 -norm k · k2 , is shown in panel (b2).
Figure 4.10 shows a three-dimensional view of Sεa and Sεr together with the section Σ and
all canard orbits ξ0 –ξ5 , which were detected systematically as just described. Note the
spiraling of the slow manifolds and the different numbers of small oscillations performed
by ξ0 –ξ5 , where ξ0 and ξ5 are the strong and weak maximal canards, respectively. The
situation is qualitatively the same as for the normal form in Fig. 4.5, as one would expect,
but without exact symmetry between Sεa and Sεr . Importantly, ξ0 –ξ5 are nevertheless
found systematically via the alternation of steps (II) and (III).
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Figure 4.10: Slow manifolds and the canard orbits ξ0 –ξ5 in the Koper model for the parameter
values (4.15).

4.3

Conclusions

We presented a Lin’s method approach for the detection of connecting orbits in slow-fast
systems in R3 with one fast and two slow variables, based on the continuation of solutions
to a suitable two-point boundary value problem. We showed new contexts where the
overall idea of Lin’s method can be implemented numerically. The approach requires the
implementation of two independent well-posed boundary value problems that are coupled
through additional boundary conditions.

We showed the versatility of the method for the detection and continuation of connecting
canard orbits, where global invariant manifolds interact with slow manifolds. In particular, we are able to find tangencies between such manifolds, which are crucial for the
organization of the overall global dynamics near a singular Hopf bifurcation studied in
Chapter 5.

Furthermore, we presented a Lin’s method approach that allows for the systematic detection of all of the canard orbits arising as the intersection of an attracting and a repelling
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slow manifold near a folded node. It has the novel feature that the Lin space is updated
in an suitable way during an intermediate continuation step. In this way we detect double tangencies of the Lin space with both slow manifolds, which overcomes a geometric
obstruction that arises, due to the counter-rotating nature of slow manifolds near a folded
node. The approach has been demonstrated with success for the Koper model.

Once a connecting orbit is detected, it is natural to continue it in system parameters to
study how the interaction between the corresponding manifolds unfolds. To this end, one
can either fix the condition η = 0 in the overall boundary value problem or concatenate
the two orbit segments that form the connecting orbit, so that it is considered as a single
orbit segment.

5
Recurrent Dynamics Near a Singular
Hopf Bifurcation

The results presented in this chapter are an adaptation of [73].
In this chapter we consider system (2.11) introduced in Chapter 2:
εẋ = y − x2 − x3 ,
ẏ = z − x,
ż = −ν − ax − by − cz.
More specifically, we study the local and global consequences of the interaction between
the repelling slow manifold Sεr and the unstable manifold W u (p) of a saddle-focus equilibrium p, defined in Chapters 2 and 3, respectively. Throughout this chapter, we use the
same parameter values as in [16] for which a tangency between these two manifolds was
first found, namely,
a = 0.008870,

b = −0.5045,

c = 1.17 and ε = 0.01,

and consider ν as the bifurcation parameter.
53
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We know from Chapter 2 that, for ε > 0 but small enough, Fenichel Theory [32, 33] ensures the existence of attracting and repelling slow manifolds Sεa and Sεr that are smooth
O(ε) perturbations of the sheets S a and S r of the critical manifold S away from fold
curves. Trajectories of the full system (2.11) with ε > 0 are attracted to Sεa and repelled
from Sεr in forward time at fast exponential rates; trajectories that lie on a slow manifold
remain slow for an O(1) time on the slow time scale. In contrast to standard invariant
manifolds, slow manifolds are locally invariant objects; this finite-time invariance, caused
by the presence of different time scales, allows orbits on a slow manifold to leave along
fast fibers. Even though slow manifolds are not unique, the overall dynamics described
here does not depend on a particular choice of a slow manifold, and we refer to a slow
manifold as the slow manifold for simplicity. In this chapter we study global features of
the slow-fast nature and the associated return mechanism as encoded by the slow manifold
Sεr , which we compute as an (extended) manifold formed by families of orbit segments
that are slow near S r . Since our numerical setup extends the slow manifold past the folds
of the critical manifold, we are able to determine the global properties of Sεr as a surface in
the three-dimensional phase space and how it interacts with the global invariant manifold
W u (p).

From Chapter 2 we also know that for ν ∈ (νHL , νHR ), the saddle-focus p has one stable real
eigenvalue and a pair of unstable complex-conjugate eigenvalues. According to the Stable Manifold Theorem [43, 76], the equilibrium p has a one-dimensional stable manifold
W s (p) and a two-dimensional unstable manifold W u (p). The main goal of this chapter
is to study the global effect of the interaction of W u (p) with the (extended) repelling
slow manifold Sεr on the dynamics of system (2.11). We compute and visualize the respective manifolds and analyze the consequences for the dynamics of their interaction,
both from a local and a global point of view. We find that Sεr wraps around W s (p) in
backward time. In the parameter regime that we consider, W u (p) accumulates in forward
time on, and is bounded by, the attracting periodic orbit Γν . As soon as W u (p) interacts
with Sεr , it is forced to make large excursions into phase space before accumulating on Γν .
As a consequence, W u (p) scrolls around Γν and returns back to itself as it comes close
to W s (p). This return creates secondary intersections between Sεr and W u (p). Furthermore, this global interaction gives rise to a one-parameter family of periodic mixed-mode
oscillations (MMOs) that are linked with Γν . These new periodic MMOs are not part of
the family of periodic orbits created at the singular Hopf bifurcation shown in Fig. 2.2.

This chapter is organized as follows. Section 5.1 briefly reviews the slow-fast setting for
this model. Section 5.2 describes the interaction between W u (p) and the repelling slow
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manifold, both from a local and global point of view; here, we focus on the transition
through a quadratic tangency between these two manifolds as ν varies. How the initial
tangency leads to secondary tangencies and intersections that organize the global returns
is presented in Section 5.3. Section 5.4 shows the existence of MMO periodic orbits, linked
with the attracting periodic orbit Γν , in a parameter regime where secondary interactions
between the repelling slow manifold and W u (p) take place.

5.1

Slow-fast setting

We now present a slow-fast analysis of system (2.11) as needed for the rest of the chapter.
For further details, see Chapter 2 and the references within.

We know from Chapter 2 that system (2.11) is a slow-fast system. The variable x ∈ R
is fast, the variables y, z ∈ R are slow and 0 < ε  1 represents the ratio of time scales.
The reduced system for the limiting slow motion is
0 = y − x2 − x 3 ,
ẏ = z − x,
ż = −ν − ax − by − cz,

(5.2)

where the constraint on the first equation defines the critical manifold
S := {(x, y, z) ∈ R3 : y − x2 − x3 = 0},
which is the nullcline of the fast variable x. For system (2.11), the critical manifold S
does not depend on z, so it is a surface for which every cross-section with z constant is
the gray S-shaped curve shown in panels (b2) and (c2) of Fig. 2.2.

The dot in systems (2.11) and (5.2) represents differentiation with respect to time on the
slow time scale. As usual, one can rewrite system (2.11) with respect to the fast time
scale via a time rescaling by ε to obtain
x0 = y − x2 − x 3 ,
y 0 = ε(z − x),
z 0 = ε(−ν − ax − by − cz),

(5.3)
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where the prime denotes the derivative with respect to time on the fast time scale. The
fast subsystem here is
x0 = y − x2 − x 3 ,
(5.4)
y 0 = 0,
z 0 = 0,
where the x0 -equation depends on y, which is now a parameter.

Recall that from our slow-fast setup, with a single fast variable, that the critical manifold
has either attracting or repelling sheets. More precisely, the attracting sheets of S are
S a,− := S ∩ {x < − 32 } and S a,+ := S ∩ {x > 0},
and the repelling sheet is
S r := S ∩ {− 32 < x < 0}.
They meet at the fold curves F − := S ∩ {x = − 23 } and F + := S ∩ {x = 0}. Hence, S
is an S-shaped surface that is folded with respect to the fast variable x along F + and
F − . Figure 5.1 shows S (gray surface) with F + and F − highlighted in black. The black
dot is the equilibrium p and the green planes are the cross sections Σ1 , Σ2 and Σ3 used
throughout the rest of the chapter.

5.2

First tangency between Sεr and W u(p)

A first tangency between Sεr and W u (p) occurs at ν = ν ∗ ≈ 0.007056. We first focus
on the associated local dynamics near p as ν varies from 0.007 to 0.00712 through the
tangency. We then consider the global picture arising from the interaction.

5.2.1

Local picture near the equilibrium p

Throughout, the two-dimensional repelling slow manifold Sεr is represented as a blue
surface, the two-dimensional unstable manifold W u (p) as a red surface and the onedimensional stable manifold W s (p) as a light-blue curve. To illustrate the nature of
their interaction, we consider also their intersection sets with three local two-dimensional
sections Σ1 , Σ2 and Σ3 that remain fixed as ν varies. Section Σ1 ⊂ {y = 0.03} is chosen
transverse to Sεr and lies between the fold curves F ± ; sections Σ2 ⊂ {z = −0.007} and
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F−

F+
Σ3

Σ1
S a,+
p
S

b

r

Σ2
S a,−

Figure 5.1: The critical manifold S (gray surface) of (2.11). Shown are the attracting sheets S a,±
and the repelling sheet S r , the fold curves F ± (black curves) the equilibrium p (black dot), together with
the cross sections Σ1 –Σ3 (green).

Σ3 ⊂ {z = −0.0017} are chosen transverse to either branch of the one-dimensional stable
manifold W s (p). Additionally, for i, j = 1, 2, 3, we introduce the map
πij+ : Σi 7→ Σj ,
which maps points in Σi under the flow ϕt to their first intersection with Σj in forward
time. Similarly,
πij− : Σi 7→ Σj
maps points in Σi under the flow ϕt to their first intersection with Σj in backward time.
The maps πij± are not defined at every point of Σi but are local diffeomorphisms in their
respective domains of definition. For convenience of notation, we define the image of a
set X ⊂ Σi as πij± (X) := {πij± (x) : x ∈ X ∩ D(πij± )}, where D(πij± ) denotes the domain of
definition of πij± .

Fig. 5.2 shows in panel (a) the relative positions of Sεr , W u (p), W s (p) near p for ν = 0.007
before the first tangency between Sεr and W u (p), together with sections Σ1 , Σ2 and Σ3 .
In order to describe the dynamics near p, we consider the intersection sets of W u (p) and
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Σ2
Σ2
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W s (p)

Figure 5.2: Interaction between Sεr (blue surface) and W u (p) (red surface) of system (2.11) with
ν = 0.007 before a tangency. Panel (a) shows the manifolds in (x, y, z)-space and panels (b) and (c) show
their intersection curves with sections Σ1 and Σ2 , respectively. The equilibrium p (black dot) lies near the
bottom of W u (p) and its one-dimensional stable manifold W s (p) is formed by the two light-blue curves.

Sεr with Σ1 , denoted by a hat over the respective symbols, and investigate how Sbεr is
−
−
mapped in backward time to Σ2 and Σ3 by π12
and π13
, respectively. Panel (b) of Fig. 5.2
c
shows a local segment W1 of the first intersection set of W u (p) with Σ1 . Throughout this
c1 , but note that the full first intersection
section, we consider only the local segment of W
set of W u (p) with Σ1 is larger; it is presented in Section 5.3.1. The parabola-shaped
−
−
c1 shown in Fig. 5.2(b) locally forms the boundary between D(π12
curve W
) and D(π13
).
r
r
b
The intersection set Sε of Sε with Σ1 is locally an approximately straight line that lies
−
−
− br
to Σ2 while π13
(Sε ) = ∅. Geometrically,
entirely in D(π12
). Hence, it is mapped by π12
r
this means that Sε is a band that crosses Σ1 and then follows W u (p) spiraling towards
p, due to the existence of complex-conjugate eigenvalues of the Jacobian matrix at the
point p. As Sεr approaches p in backward time, it is pushed down and spirals around
− br
W s (p) as it intersects Σ2 . The corresponding intersection set π12
(Sε ), shown in panel (c),
is a single curve that spirals in and back out, as Sεr is stretched and folded during the
− br
passage near p. The end points of π12
(Sε ) correspond to the trajectories that bound the
computed segment of Sεr .
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− br
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(Sε )

Σ2
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Figure 5.3: First tangency between Sεr (blue surface) and W u (p) (red surface) along the connecting
canard orbit ζ ∗ (orange) of system (2.11) with ν = ν ∗ ≈ 7.056 × 10−3 . Panel (a) shows the manifolds in
(x, y, z)-space and panels (b) and (c) show their intersection curves with sections Σ1 and Σ2 , respectively.
The equilibrium p (black dot) lies near the bottom of W u (p) and its one-dimensional stable manifold
W s (p) is formed by the two light-blue curves; compare with Fig. 5.2.

The moment of the tangency, at ν = ν ∗ , is shown in Fig. 5.3, with panel (a) displaying the
same view shown in Fig. 5.2(a) of the manifolds in (x, y, z)-space. The tangency between
Sεr and W u (p), as found in [16], is best observed in Σ1 . Panel (b) of Fig. 5.3 shows that
c1 is an apparent parabola that just touches the apparent straight line Sbr ; this is clear
W
ε
c1 at
evidence that there is a quadratic tangency between the intersection sets Sbεr and W
the point ζ̂ ∗ in Σ1 . The existence of ζ̂ ∗ ∈ Σ1 means that Sbεr intersects the boundary of
−
−
−
) and almost every point of Sbεr still lies on D(π12
); hence, Sεr does not
D(π12
) and D(π13
yet intersect Σ3 . The intersection point ζ̂ ∗ is the only point of Sbεr that does not lie in
−
D(π12
), and it corresponds to the isolated trajectory ζ ∗ ⊂ Sεr ∩ W u (p) (orange curve),
which converges to p in backward time. We refer to ζ ∗ as a connecting canard orbit because it possesses some of the characteristics of a canard orbit obtained as the intersection
between an attracting and a repelling slow manifold [92, 95]. Specifically, ζ ∗ remains on
Sεr for an O(1) time on the slow time scale. In fact, the connecting canard orbit ζ ∗ stays
on Sεr for an arbitrary long time. The existence of ζ ∗ means that Sεr remains closer to
W u (p) than before the tangency, and the stretching, folding and spiraling of Sεr around
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Figure 5.4: Intersection between Sεr (blue surface) and
canard orbits ζ1 (gold curve) and ζ2 (brown curve) of system
the manifolds in (x, y, z)-space and panels (b) and (c) show
and Σ2 , respectively. After a tangency, Sεr also intersects Σ3 ,
Figs. 5.2 and 5.3.

− br
(Sε )
π12

Σ2

W s (p)
W u (p) (red surface) along two connecting
(2.11) with ν = 0.00712. Panel (a) shows
their intersection curves with sections Σ1
which is shown in panel (d); compare with

W s (p) in backward time is much stronger. Panel (c) shows that, since ζ ∗ approaches p
− br
when t → −∞, the intersection set π12
(Sε ) ⊂ Σ2 is no longer a single curve, but consists
of two curves that each spiral into the point W s (p)∩Σ2 , which is the light-blue dot located
at the center of Fig. 5.3(c).

After the tangency the structure of Sεr changes dramatically. Figure 5.4(a) shows the
same three-dimensional view as in Figs. 5.2 and 5.3(a), now for ν = 0.00712 where the
intersection between Sεr and W u (p) is transverse. Panel (b) of Fig. 5.4 shows their respec−
c1 , so it intersects both D(π12
tive intersection sets in Σ1 . The curve Sbεr is transverse to W
)
−
and D(π13
), creating two intersection points ζ̂1 (gold) and ζ̂2 (brown) which correspond to
the connecting canard orbits ζ1 (gold) and ζ2 (brown) that accumulate on p in backward
time. The repelling slow manifold Sεr then intersects both Σ2 and Σ3 , and it is divided into
c1 in panel (b)
three pieces by ζ1 and ζ2 . The two segments of Sbεr that lie to the left of W
−
belong to D(π12
) and correspond to orbits on Sεr that follow W u (p) from the ‘outside’;
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the corresponding pieces of Sεr are stretched, folded and pushed down by W s (p) as they
− br
approach p, intersecting Σ2 in backward time. The intersection set π12
(Sε ) ⊂ Σ2 shown
in panel (c) then consists again of two curves that spiral around the point W s (p) ∩ Σ2 and
−
accumulate on it. The bounded segment of Sbεr that belongs to D(π13
), on the other hand,
c1 in Σ1 , and it corresponds to a connected family of trajectories on
lies to the right of W
Sεr that follow W u (p) from the ‘inside’ and, as they approach p, spiral up around W s (p)
− br
to intersect Σ3 in backward time. The intersection set π13
(Sε ) ⊂ Σ3 shown in panel (d) is
a single curve that connects at both ends with the point W s (p) ∩ Σ3 : it spirals out from
W s (p) ∩ Σ3 and back into it.
As soon as Sεr interacts with W u (p), the dynamics of Sεr around p changes. Figure 5.3(a)
corresponds to the situation described in [16], where the tangency between Sεr and W u (p)
was first detected with a shooting approach. Instead, we use here a boundary value
problem setup, as described in Chapter 4 which provides accurate results in spite of the
extreme sensitivity of system (2.11). This allows us to track the intersection sets in Σ1
as ν varies, and to detect the connecting canard orbits as a codimension-zero transverse
intersection between Sεr and W u (p). Once the intersection between Sεr and W u (p) is
transverse, with our computational setup the detection of one connecting canard orbit
implies the automatic detection of the other one. More importantly, our method also
provides a way to detect the connecting canard orbit ζ ∗ together with the tangency point
ζ̂ ∗ in Σ1 as a fold with respect to the parameter ν in the continuation of the connecting
canard orbits; see Chapter 4 for more details on how we find connecting canard orbits and
detect the tangency point in Σ1 . Overall, we are able to provide a complete understanding
−
−
of the local picture by studying how Sbεr crosses the boundary between D(π12
) and D(π13
),
r
and by extending Sε past Σ1 in backward time to Σ2 and Σ3 , respectively. We now focus
on the global consequences of the first tangency between W u (p) and Sεr . To this end, we
extend W u (p) past Σ1 in forward time.

5.2.2

Global implications of the first tangency between Sεr and
W u (p)

The interaction between Sεr and W u (p) changes the shape of the repelling slow manifold
and how it spirals around W s (p) when approaching p in backward time. As a consequence,
the transition through the tangency changes the behavior of orbits on W u (p) relative to
Sεr as well. The tangency between Sεr and W u (p) occurs for ν = ν ∗ ∈ (νHL , νHR ), where
system (2.11) has a globally attracting periodic orbit Γν . This means that all orbits on
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Figure 5.5: Global view of Sεr (blue surface), W u (p) (red surface) and Γν (green curve) in (x, y, z)space before, at and after the tangency in panels (a), (b) and (c), for the same values of ν that are used in
Figs. 5.2 to 5.4, respectively. The connecting canard orbits ζ ∗ , ζ1 and ζ2 are the orange, gold and brown
orbits, respectively.

W u (p) accumulate onto Γν . Figure 5.5 shows a global view of the interaction between Sεr
and W u (p) before, at and after the tangency in panels (a), (b) and (c), respectively. The
parameter values are the same as for Figs. 5.2 to 5.4, respectively. Each panel uses the
same view point and scaling, so that one can appreciate how W u (p) grows in size as it

5.3 Secondary tangencies of W u (p) with Sεr
interacts with Sεr . We compute Sεr as a family of orbit segments with one end point on
a line Lr that is transverse to the flow and lies on the repelling sheet S r of the critical
manifold S, close to the fold curve F − ; the other end point either lies on Σ2 , converges
to p (connecting canard orbit) or lies on a local two-dimensional section parallel to and
above Σ3 . The repelling slow manifold Sεr , therefore, tracks the repelling sheet S r of the
critical manifold S all the way up to Lr .

Figure 5.5(a) shows the situation before the tangency. Here orbits on W u (p) spiral out
from p and come close to Sεr before converging to Γν (green curve). For this value of ν
the two stable Floquet multipliers of Γν are complex conjugate; therefore, W u (p) already
scrolls around Γν as it accumulates on the attracting periodic orbit. The repelling slow
manifold Sεr has very little influence on the shape of W u (p). The moment of the tangency
is shown in panel (b). The existence of the connecting canard orbit ζ ∗ (orange curve),
implies that a trajectory on W u (p) tracks the middle branch of the critical manifold all
the way up to the fold curve F − . As a result, W u (p) has grown bigger and a substantial
part of phase space is now pushed towards W s (p) and funneled back into a neighborhood
of p; compare panels (a) and (b) in Fig. 5.5. Figure 5.5(c) shows a global picture of
Sεr and W u (p) after the tangency, together with the periodic attractor Γν (green curve).
The unstable manifold W u (p) grows even larger in size as it intersects Sεr transversally;
it crosses the sheets S a,± and S r of S. Additionally, the unstable manifold W u (p) folds
back over itself before accumulating onto Γν due to a global return mechanism that brings
orbits back to a neighborhood of p. This global return contains a slow passage tracking
S r , a jump along a fast fiber and a second slow passage tracking S a,+ towards p. The
connecting canard orbits ζ1 and ζ2 (gold and brown curves) perform the global return and
are now situated well inside the range of W u (p).

5.3

Secondary tangencies of W u(p) with Sεr

Figure 5.5(c) shows that, for ν = 0.00712, the unstable manifold W u (p) folds back over
itself and returns to a neighborhood of p. The presence of a global return mechanism in
+
+
c1 ⊂ Σ1 intersects D(π13
the dynamics of (2.11) implies that W
) and D(π11
), which allows
us to compute the intersection sets of W u (p) with Σ3 and Σ1 in forward time, respectively.
c1 between the domains of
As we have seen, the crossing of Sbεr through the boundary W
−
−
definition of π12
and π13
results in a part of Sεr going up above p to Σ3 in backward time.
This indicates the existence of parameter regimes where there are families of orbits on
W u (p) that interact with Sεr after the global return; we refer to these interactions as sec-
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Figure 5.6: Secondary intersection of the unstable manifold W u (p) with Σ1 associated with the
global return for ν = 0.00712.

ondary interactions between W u (p) and Sεr . Figure 5.6 shows an extended part of W u (p)
computed for ν = 0.00712, seen from the same local view point as in Fig. 5.4. Panel (a)
illustrates the existence of a second intersection of W u (p) with Σ1 in (x, y, z)-space. The
+
c1 under π11
secondary intersection set shown in panel (b) corresponds to the image of W
,
− br
r
which is also a parabola-shaped curve. The intersection sets π12 (Sε ) of Sε with Σ2 in
− br
panel (c) and π13
(Sε ) with Σ3 in panel (d) are the same as in Fig. 5.4, but the extended
+ c
u
part of W (p) gives rise to an intersection set π13
(W1 ) ⊂ Σ3 in panel (d) that is mapped by
+ c
+ c
+
+ c
the flow to a secondary parabola π11 (W1 ) in Σ1 . Note that π11
(W1 ) = π31
(π13
(W1 )) ⊂ Σ1
+ c
+ c
−
and π13 (W1 ) = π13 (π11 (W1 )) ⊂ Σ3 ; see panels (b) and (d). We get a good impression
of the global nature of the return by considering the connecting canard orbits ζ1 and ζ2 .
As shown in panels (b) and (d), the connecting canard orbits ζ1 and ζ2 intersect Σ1 at
the points ζ̂1 and ζ̂2 , respectively, and appear to come extremely close during the global
+
+
(ζ̂1 ) and π13
(ζ̂2 ); they remain close as they
return before they intersect Σ3 at the points π13
+
+
intersect Σ1 again at the corresponding points π11 (ζ̂1 ) and π11
(ζ̂2 ). In fact, the secondary
+ c
+ c
local parabola π11
(W1 ) ⊂ Σ1 and the curve segment π13
(W1 ) ⊂ Σ3 shown in panels (b)
and (d) of Fig. 5.6, respectively, consist of two curve segments that lie extremely close to
each other. For both connecting canard orbits ζ1 and ζ2 , there exist small curve segments
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Figure 5.7: Secondary parabolas for ν = 0.00712. Panels (a1) and (b1) show a three-dimensional
view of parts of W u (p), as defined by segments Iζ1 and Iζ2 in Σ1 , that produce secondary parabolas.
Panels (a2) and (b2) show the intersection of W u (p) and Sεr with Σ1 , with enlargements shown in panels
(a3) and (b3), respectively. Panels (a4) and (b4) visualize the secondary parabolas by plotting their xcoordinates xΣ1 in Σ1 versus the parameter κ that identifies the corresponding orbits on W u (p) in the
fundamental domain near p.

c1 ⊂ Σ1 that contain ζ̂1 and ζ̂2 , respectively, and correspond to orbits
Iζ1 and Iζ2 in W
on W u (p) that exhibit a global return creating an intersection with Σ3 and (locally) a
secondary parabola in Σ1 . In spite of being extremely close together, the two secondary
parabolas must be different, because they are diffeomorphic images of two different disconnected segments under the flow.
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Figure 5.7 shows the two families of orbits that create the two secondary parabolas for
ν = 0.00712; compare with Fig. 5.6. Panel (a1) shows a three-dimensional view of the
family of orbits on W u (p) that first intersect Σ1 in the small curve segment Iζ1 . This part
of W u (p) looks like a thin band as it spirals out from p, crosses Σ1 , gets stretched in the
global return before reaching Σ3 ; it stretches even more when it spirals in and out of a
neighborhood of p finally to intersect Σ1 again to form a secondary parabola. Panel (a2)
+
c1 and π11
illustrates the two intersection sets W
(Iζ1 ) of W u (p) with Σ1 and their relative
c1 and Sbr at
positions with respect to Sbεr ; an enlargement of the intersection between W
ε
ζ̂1 is shown in the inset panel (a3). Panels (b1)–(b3) show the same visualizations for
the different family of orbits on W u (p) associated with the segment Iζ2 . Numerically, we
compute W u (p) as a family of orbits segments that are solutions of a two-point boundary
value problem, so that we have control of the two end points of each orbit segment. Particularly, for the parts of W u (p) shown in panels (a1) and (b1), one end point lies in what
is known as a fundamental domain for W u (p), which is a finite line segment parameterized
by a single parameter κ ∈ [0, 1], such that points on it all correspond to different orbits of
W u (p); see Chapter 3 and [60] for details. The other end point lies on Σ1 and is controlled
by boundary conditions, so that we can monitor their coordinates (xΣ1 , yΣ1 , zΣ1 ) ∈ Σ1 ;
by definition of Σ1 , we have that yΣ1 = 0.03. Figure 5.7(a4) and Fig. 5.7(b4) provide
evidence that the second parabola that is visible in Fig. 5.6(b) consists indeed of two
curves. The graph of xΣ1 as a function of the parameter κ for the families of orbits that
create the parts of W u (p) are different, as is shown in the corresponding panels (a1) and
(b1). The disjoint κ-intervals show that the parabolas are generated by two completely
different families of orbit segments. Therefore, there are two distinct secondary parabolas.

Figure 5.8 illustrates that, when ν increases slightly, it generates a secondary quadratic
+ c
tangency between Sεr and W u (p), that is, Sbεr is tangent to π11
(W1 ), which gives rise to
∗∗
a secondary connecting canard orbit ζ . This secondary tangency occurs at ν = ν ∗∗ ≈
0.007155. As before, panel (a) displays a local view of the surfaces in (x, y, z)-space, and
panels (b)–(d) show the intersection sets in Σ1 –Σ3 , respectively. Since ζ ∗∗ intersects Σ1
+ c
−
c1 . This
at a point ζ̂ ∗∗ on π11
(W1 ), it must also intersect Σ1 at a point π11
(ζ̂ ∗∗ ) on W
pre-image of ζ ∗∗ must belong to either Iζ1 or Iζ2 . We found that Iζ1 provides the orbit
in Sεr ∩ W u (p) that generates the first secondary tangency. Moreover, ζ ∗∗ lies extremely
close to the (primary) connecting canard orbit ζ1 . Figure 5.8 shows the manifolds for
ν = ν ∗∗ together with the (primary) connecting canard ζ1 up to its second intersection
+
+
π11
(ζ̂1 ) with Σ1 . The point π11
(ζ̂1 ) ∈ Σ1 lies extremely close to the tangency point ζ̂ ∗∗
+ c
+ c
− br
(not shown) of π11
(W1 ) with Sbεr in Σ1 . Furthermore, π13
(W1 ) is also tangent to π13
(Sε ) in
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Figure 5.8: A secondary tangency between the manifolds W u (p) and Sεr associated with the global
return for ν = ν ∗∗ .

+
Σ3 and the intersection point π13
(ζ̂1 ) of ζ1 with Σ3 is also extremely close to the tangency
−
− br
+ c
∗∗
point π13 (ζ̂ ) between π13 (Sε ) and π13
(W1 ) in Σ3 ; compare panels (b) and (d).

Figure 5.9 shows a transverse secondary intersection of W u (p) with Sεr for ν = 0.00722.
There exists a part of W u (p) that crosses Σ1 , is reinjected to a neighborhood of p by
spiraling around W s (p), leaves the neighborhood of p and crosses Σ1 again, where it intersects Sbεr transversally. This part of W u (p) contains ζ1 , for which the second intersection
+
+ c
(ζ̂1 ) with Σ1 lies to the left of Sbεr ; see panel (b). Hence, the intersection of π13
(W1 ) and
π11
− br
π13 (Sε ) in Σ3 is now transverse as well, and the connecting canard orbit ζ1 intersects Σ3
− br
+
at the point π13
(ζ̂1 ) located in the interior of the open region bounded by π13
(Sε ) ⊂ Σ3 ;
u
see panel (d). Note that Γν is still the boundary of W (p), but some orbits of W u (p)
take much longer to converge to Γν because of the multiple returns to a neighborhood of
p and, thus, to Σ1 .

+ c
Since π11
(W1 ) consists of two parabolas locally in Σ1 , the transition illustrated in Fig. 5.6,
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Figure 5.9: A Transverse secondary intersection between W u (p) and Sεr associated with the global
return for ν = 0.00722.

Fig. 5.8 and Fig. 5.9 must include another secondary tangency between Sεr and W u (p),
+
c1 . This
namely, one involving the parabola in π11
(Iζ2 ) generated by the segment Iζ2 ⊂ W
tangency follows immediately after the first one at a value of ν that is only slightly larger
than ν ∗∗ . The exact parameter value for that tangency is numerically indistinguishable
from ν ∗∗ , even though the corresponding orbit segments can be distinguished clearly.

The transverse secondary intersection between W u (p) and Sεr implies the existence of
secondary connecting canard orbits, which is very important for the organization of recurrent dynamics in system (2.11). After a secondary tangency occurs, the unstable
c1 under
manifold W u (p) has parts that perform several large excursions since images of W
+
+
π11
intersect D(π11
) near Sbεr . Additionally, W u (p) folds back over itself several times and
its geometry becomes far more complicated. In the same way as for the study of the local
dynamics described in Section 5.2.1, our boundary problem setup allows us to compute
secondary connecting canard orbits and detect secondary tangencies between W u (p) and
c1 of first intersection of W u (p)
Sεr in Σ1 . We have considered a local segment of the set W
with Σ1 . Now we describe global consequences of the existence of secondary connecting

5.3 Secondary tangencies of W u (p) with Sεr

69

(a1)
(a2)

−3.9288
−
π11
(ζ̂)

ζ̂1
−3.9288

−
π11
(µ̂)
+ c
π11
( W1 )

(a3)

c1
W

ζ̂

ζ̂

−3.9289

Sbεr

−3.9289

ζ̂2

Sbεr

− br
(Sε )
π11

Sbεr

+ c
( W1 )
π11

+ c
π11
( W1 )

c1
W
Σ1

(b1)

(b2)
− br
π13
(Sε )

+ c
π13
( W1 )

−
(ζ̂)
π13
b

+ c
π13
( W1 )

− br
π13
(Sε )

Σ3
c1 ,
Figure 5.10: Global views of sections Σ1 and Σ3 , respectively. Panel (a1) shows the sets W
+ c
− br
r
b
and Sε , while panel (b1) shows the sets π13 (W1 ) and π13 (Sε ). Panels (a2), (a3) and (b2) are
enlargements near the intersections between the sets in the corresponding sections.
+ c
π11
(W1 )

c1 . To this end, we consider how the maps
canard orbits and where they come from in W
+
−
c1 .
π11
, π11
act on the full intersection set W
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5.3.1

Global view of sections Σ1 and Σ3

In order to understand the global nature of the interaction between W u (p) and Sεr , we
+ c
c1 and π13
compute the entire first intersection sets W
(W1 ) of W u (p) with Σ1 and Σ3 past
c1 ⊂ Σ1 and
the secondary tangency, namely again for ν = 0.00722. Figure 5.10 shows W
+ c
c1 ⊂ Σ1 (red) is
π13
(W1 ) ⊂ Σ3 in panels (a) and (b), respectively. Panel (a1) shows that W
+
c1 ⊂ D(π13
c1 is mapped diffeoa simple closed curve. For this parameter value W
); hence, W
+ c
morphically onto Σ3 as the simple closed curve π13
(W1 ) shown in panel (b1). This curve
− br
spirals around π13
(Sε ) while it is compressed strongly, so that it looks like a single curve.
+ c
− br
Notice that π13 (W1 ) intersects π13
(Sε ) in Σ3 , thus creating secondary connecting canard
+ c
orbits. As Fig. 5.10(a1) shows, π11
(W1 ) lies inside the region bounded by the closed curve
c
W1 . Notice the extreme expansion in the fast direction x and the compression in the slow
direction z in forward time. It is hard to see from the global view in panel (a1), but the
+ c
curve π11
(W1 ) is also a simple closed curve.
We already know from Fig. 5.9 that the secondary intersection of W u (p) with Σ1 is such
that it generates further intersections with Sεr . This is illustrated further in the enlarge+ c
ment panels (a2) and (a3) of Fig. 5.10. Recall from Section 5.3 that π11
(W1 ) contains
+ c
r
b
two local parabolas in Σ1 . Hence, the point ζ̂ ∈ π11 (W1 ) ∩ Sε , shown in panel (a2),
corresponds to a secondary connecting canard orbit ζ, this point ζ̂ is one of the four inter+ c
section points between π11
(W1 ) and Sbεr . Panel (a3) provides an even closer enlargement
+ c
around ζ̂. Since ζ̂ ∈ π11
(W1 ), this point comes back to Σ1 in backward time at the point
−
c
π11 (ζ̂) ∈ W1 . The point ζ̂ also lies on Sbεr , so there exists a segment of Sbεr that returns in
backward time to Σ1 . Despite the strong expansion in backward time and the extreme
− br
sensitivity of system (2.11), we managed to compute (a part of) the return π11
(Sε ) of
−
r
r
r
Sbε to Σ1 . Figure 5.10(a2) shows that π11 (Sbε ) lies extremely close to Sbε in Σ1 and in−
c1 . More importantly, π11
tersects W
(ζ̂) is one of the intersection points; it is expected
that there are four of them. The recurrence to Σ1 can also be understood in Σ3 , where
W u (p) and Sεr already interact. Figure 5.10 (b2) shows an enlargement around the point
+ c
− br
−
(Sε ), illustrating that the intersection set consists of four points.
π13
(ζ̂) ∈ π13
(W1 ) ∩ π13
+ c
− br
(W1 ) intersects not only Sbεr , but also
Since π11
(Sε ) lies so close to Sbεr , we found that π11
− br
−
π11
(Sε ). One such point is labeled π11
(µ̂) in the enlargement panel (a2) of Fig. 5.10(a1)
+ c
− br
near the point ζ̂; the enlargement also includes π11
(W1 ) and π11
(Sε ). By the same argu+ c
−
r
ment as for ζ̂ ∈ π11 (W1 ) ∩ Sbε , the point π11 (µ̂) in panel (a2) corresponds to an intersection
+ c
− br
−
− br
(W1 ) and π11
(S ) in Σ1 , so there must exist a backward image π11
(π11
(S ))
between π11
ε

ε
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Figure 5.11: The connecting canard orbit ζ1 (gold) for ν = 0.00722, which converges to the periodic
orbit Γν (green). Panel (a) shows ζ1 and the critical manifold of (2.11) in (x, y, z)-space and panel (b)
is the projection onto the (x, y)-plane.
− br
−
−
−
− br
of π11
(Sε ) in Σ1 and a point π11
(π11
(µ̂)) in Σ1 that lies on the intersection of π11
(π11
(Sε ))
−
c1 . In addition, there must exist a forward image of π11
with W
(µ̂) that lies on Sbεr , which
+
+ c
implies that there must exist a third intersection π11
(π11
(W1 )) of W u (p) with Σ1 .

Overall, Fig. 5.10 indicates that a transverse secondary intersection between W u (p) and
+
+
−
−
, π13
, π11
and π13
Sεr has additional global consequences. The domains of definition of π11
c1 intersect some of these sets. Every
interact in a complicated way, and both Sbεr and W
+
c1 under π11
time a forward image of W
intersects Sbεr in Σ1 , there must exist a next return of
−
W u (p) to Σ1 . Similarly, every time a backward image of Sbεr under π11
intersects a forward
+
r
c
image of W1 under π11 in Σ1 , there must exist a next return of Sε to Σ1 in backward
time. Hence, the interaction between W u (p) and Sεr produces some kind of tangle in Σ1
in the shape of an incomplete horseshoe composed of finitely many curves. Even though
we only have the beginning of a horseshoe structure, we expect the existence of periodic
orbits different from Γν in system (2.11) involving both slow and fast motion.

5.4

Global MMO periodic orbits

It is known that the existence of a full horseshoe structure in a dynamical system implies
the existence of chaos and countably many periodic orbits [8, 76, 89]. We expect that
the finite horseshoe-like structure found in system (2.11) implies the existence of peri-
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odic orbits as well. Such periodic orbits will exhibit periodic motion with both LAOs
and SAOs and, hence, they are examples of MMOs. The simplest such MMO periodic
orbit would have a similar structure (of global return) as the connecting canard orbits ζ1
and ζ2 , which are maximal canards since they track S r all the way up to the fold cuve
F − . Figure 5.11 illustrates how ζ1 lies relative to the critical manifold S, which is shown
globally in (x, y, z)-space in panel (a) and in projection onto the (x, y)-plane in panel (b).
Note that ζ1 has seven SAOs and one LAO before settling down on Γν . More specifically,
the SAOs are due to spiraling in a neighborhood of the saddle focus p and the LAO corresponds to a global return after a slow epoch of tracking the repelling sheet S r and the
attracting sheet S a,+ of S, with a jump between S r and S a,+ along a fast fiber. Therefore,
we expect to find MMO periodic orbits nearby, with seven SAOs and one LAOs, that is,
with signature 17 .

In order to find such an MMO periodic orbit, we truncate the connecting canard orbit
associated to the point ζ̂ in Fig. 5.10 to a finite orbit segment of signature 17 , whose end
points are both in Σ1 . The distance between these end points is very small, and this
orbit segment is used as the initial guess for the solution of the two-point boundary value
problem defining a periodic orbit, that is, where the two end points in Σ1 are the same.
The closing lemma [80, 81] implies that such a guess should be expected to converge to a
nearby periodic orbit when the parameter ν is allowed to change. This is indeed the case
and the MMO periodic orbit Γ1 that is found can be continued in parameters as usual.
It turns out that Γ1 lies on an isola of MMO periodic orbits with signature 17 .

Figure 5.12 shows this isola and associated further bifurcations. Panel (a) shows solution
branches in terms of the (AUTO) L2 -norm k·k2 of the MMO periodic orbits in dependence
on the parameter ν. The 17 isola (red curve) is created at a fold bifurcation of MMO
periodic orbits at a value of ν that lies extremely close to, but just past ν ∗∗ ≈ 0.007155
for which we detected a secondary tangency between W u (p) and Sεr . The MMO periodic
orbits exist until ν ≈ 0.007983, at which another fold bifurcation of periodic orbits occurs.
The lower branch of the isola is unstable, while the upper branch changes stability several
times. Importantly, the MMO periodic orbit 17 is stable along a considerable part of
the upper branch. There exists an interval Ibs of bistability, where the periodic orbit Γν
born after the supercritical singular Hopf bifurcation at ν = νHL is still stable; see already
Fig. 5.13. There are more small intervals of bistability, most of them too small to be
visible in Fig. 5.12(a); for example, near the fold bifurcation that forms the left boundary
of the large interval of stable MMO periodic orbits.
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Figure 5.12: An isola of MMO periodic orbits with signature 17 in panel (a). The periodic orbits are
stable along the solid branch and of saddle type otherwise. The dots in panel (a) indicate the position of the
periodic orbits Γ1 –Γ4 shown in Fig. 5.13. Enlargements of the boxes around period-doubling bifurcations
are shown in panels (b) and (c). The dots in panels (b) and (c) similarly indicate the position of the
periodic orbits Γl , Γ2l , Γ4l , Γr , Γ2r and Γ8r shown in Fig. 5.14(a).

Some of the changes of stability of the upper branch of the isola involve period-doubling bifurcations. Panels (b) and (c) of Fig. 5.12 show enlargements as indicated by the boxes in
Fig. 5.12(a). Subsequent period-doubling bifurcations create branches of period-doubled
periodic orbits, which are mostly unstable. The period-doubled periodic orbits are MMOs
as well, and some of them are shown in Fig. 5.14.

Figure 5.13 shows the MMO periodic orbits Γ1 –Γ4 , represented by dots on the isola
in Fig. 5.12(a), together with Γν . Panel (a) shows in (x, y, z)-space the saddle MMO
periodic orbits Γ1 and Γ2 with the stable periodic orbit Γν for ν = 0.00722. Note that,
during the global return, Γ1 and Γ2 are very close to the connecting canard orbits ζ1
and ζ2 , respectively, which is why Γ1 and Γ2 have been given the same colors as ζ1 and
ζ2 , respectively. Moreover, Γ1 and Γ2 are both (topologically) linked with Γν . Similarly,
panel (b) shows Γ3 and Γ4 , which are the continuations of Γ1 and Γ2 , respectively, to
ν = 0.0076 ∈ Ibs ; the MMO periodic orbits Γ3 and Γ4 are also linked with Γν and Γ4 is
stable. The time series of the y-coordinates of the stable periodic orbits Γ4 and Γν are
shown in Fig. 5.13(c). They are displayed from t = 0 to t = 24 × TΓν ≈ 3 × TΓ4 , where
TΓν ≈ 81.297 is the period of Γν and TΓ4 ≈ 645.893 is the period of Γ4 ; this illustrates
how the SAOs of Γ4 arise from it spiraling away from p.
Figure 5.14 shows some of the period-doubled MMO periodic orbits that lie on the
branches of period-doubled solutions arising from the isola. Panels (a1) and (a2) show the
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Figure 5.13: MMO periodic orbits Γ1 –Γ4 , which are linked with Γν . Panel (a) shows Γ1 , Γ2 and
Γν for ν = 0.00722, and panel (b) shows Γ3 , Γ4 and Γν for ν = 0.0076. Panel (c) shows the time series
of the y-coordinate along the stable periodic orbits Γ4 and Γν from panel (b).

periodic orbits Γ2l (purple) and Γ4l (gray), respectively, each with Γl (red) and Γν ; these
periodic orbits are for ν = 0.00733, as indicated by dots in Fig. 5.12(b), and their color
matches that of the corresponding branch of period-doubling bifurcation. The MMO
periodic orbit Γl lies on the isola, while Γ2l and Γ4l lie on the primary and secondary
branches of period-doubled solutions, respectively. Panels (b1) and (b2) of Fig. 5.14 are
for ν = 0.00792 and show the orbits Γ2r (olive) and Γ8r (blue), each with Γr (red) and
Γν ; these periodic orbits are again indicated by dots in Fig. 5.12(c), where it can be seen
that the MMO periodic orbit Γr lies on the isola, while Γ2r and Γ8r lie on the first and
third branch of period-doubled solutions, respectively. Even though the periodic orbits on
the different secondary branches of period-doubled solutions perform more global returns
before closing up, each LAO is still followed by seven SAOs. Hence, the period-doubled
MMO periodic orbits Γ2l and Γ2r have signature 17 17 , the MMO periodic orbit Γ4l has signature 17 17 17 17 , and Γ8r has signature 17 17 17 17 17 17 17 17 ; note that they are all linked with Γν .

We found a complicated structure of 17 MMO periodic orbits lying on an isola, where
the periodic orbits undergo further bifurcations. Figure 5.12(c) suggests an accumulation of unstable branches of high-order period doublings. One might suspect that this
could lead to a period-doubling route to chaos and the existence of a chaotic attractor.
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Figure 5.14: Period-doubled MMO periodic orbits. Row (a) shows the periodic orbits Γν , Γl , Γ2l
and Γ4l for ν = 0.00733 from Fig. 5.12(b), and row (b) shows the periodic orbits Γν , Γr , Γ2r and Γ8r for
ν = 0.00792 from Fig. 5.12(c).

However, we have not found numerical evidence for this. Rather, the structure appears
to be of saddle type. More specifically, our investigation showed that some orbits with
initial condition close to one of the saddle period-doubled MMO periodic orbits wander
around the coexisting saddle periodic orbits for a long time before they accumulate on
the attractor Γν . These ‘wandering’ orbits feature long transients of 17 MMO signature
with short segments of different MMO signatures.

Figure 5.15(a) shows an example of an orbit for ν ≈ 0.007871 that accumulates on Γν
after a long transient. The time series of its y-coordinate up to t = 45000 shows that it is
characterized by having MMO signature 17 for a long time before the orbit settles down
on Γν . However, the highlighted segment at the beginning of the time series has MMO
signature 17 15 ; an enlargement is shown in Fig. 5.15(b). The two end points of the orbit
segment, chosen to lie in Σ1 , are extremely close to each other. Hence, with the same
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Figure 5.15: Panel (a) shows the time series of the y-coordinate of an orbit for ν ≈ 0.007871 that
wanders around the period-doubled saddle MMO periodic orbits before settling down on Γν . Panel (b) is
an enlargement near the highlighted orbit segment with MMO signature 17 15 . Panel (c) shows the time
series of the nearby MMO periodic orbit with signature 17 15 .

procedure as before the gap between the end points in Σ1 can be closed in a correction
step of the respective boundary value problem. This yields an MMO periodic orbit with
signature 17 15 ; the time series of its y-coordinate is shown in Fig. 5.15(c).

The continuation of the MMO periodic orbit with signature 17 15 forms an isola as well.
Figure 5.16(a) shows the 17 15 isola (dark red) and the 17 isola (gray) from Fig. 5.12(a) over
the range ν ∈ (0.0071, 0.0081). For ν = 0.00787125, there are four coexisting saddle MMO
e1 -Γ
e4 on the 17 15 isola, marked by dots. Panel (b) shows Γ
e1 (blue), with
periodic orbits Γ
e2 (black) and Γν (green), panel (c) shows Γ
e3 (magenta), with Γ
e1 and Γν and panel (d)
Γ
e4 (golden), with Γ
e1 and Γν . All the MMO periodic orbits along the 17 15 isola are
shows Γ
of saddle type and linked with Γν .
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Overall, the interaction between W u (p) and Sεr generates complicated dynamics in system (2.11), which is organized by returns of W u (p) and Sεr to Σ1 . We suspect that there
are only finitely many such returns to Σ1 , yet this configuration still gives a considerable
amount of recurrent dynamics. We found MMO periodic orbits lying on isolas, which
are generically quite hard to find. This demonstrates the strength and versatility of our
boundary value problem setup for detecting and continuing special orbits. In particular, it copes well with the sensitivity of slow-fast systems such as (2.11). All the MMO
periodic orbits of an isola have the same MMO signature and are linked with Γν . We
conjecture that these isolas, and possibly other ones, are generated by the saddle structure we found in system (2.11), in the parameter range where branches of period-doubled
solutions accumulate.
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6
Shilnikov Homoclinic Bifurcation
Organizing Slow-Fast Dynamics

The recurrent dynamics shown in Section 5.4 is characterized by having a saddle-focus
equilibrium p with a two-dimensional unstable manifold W u (p) and a one-dimensional
stable manifold W s (p), together with a global return mechanism involving slow and fast
episodes. Some orbits are reinjected to a neighborhood of p along W s (p) and spiral out
along W u (p). This suggest the existence of a Shilnikov homoclinic bifurcation [43, 68] for
nearby values of the parameters. In this chapter we discuss the existence of a Shilnikov
homoclinic orbit in system (2.11), its relation with the MMOs studied in Chapter 5, and
some of the consequences of the existence of the homoclinic orbit for the overall recurrent
dynamics.
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6.1

Shilnikov homoclinic bifurcation involving MMOs

Koper and Gaspard introduced a three-dimensional model to analyze an electrochemical
diffusion problem in which layer concentrations of electrolytic solutions fluctuate nonlinearly at an electrode [58, 59]; their model is known as the Koper model, and it is a
subfamily of system (2.11). Koper and Gaspard suspected the existence of a Shilnikov
homoclinic orbit, but were not able to find such an orbit in their model equations. Guckenheimer and Lizarraga [45] reported the detection of the Shilnikov homoclinic orbit in
the Koper model, which they found for the specific parameter values
a = −0.2515348,

b = −1.650823,

c = 1,

ε = 0.01 and ν ≈ 0.023895.

(6.1)

They identified a homoclinic orbit in system (2.11) and then continued it in parameters
until it lies in the submanifold in parameter space that corresponds to the Koper model.
To find the specific homoclinic orbit in (2.11), Guckenheimer and Lizarraga extended the
parameter space by introducing an extra parameter into the system, which parameterizes
the unstable manifold of p. They then applied numerical shooting to find a homoclinic
orbit as a transverse intersection of the families of the stable and unstable manifolds of
the curve of equilibria in the system. The homoclinic orbit is defined in the extended
parameter space P̄ by an equation of the form ψ = 0, where ψ : P̄ 7→ Σ measures the
difference between the end points of orbit segments of W u (p) and W s (p) in a suitable
transverse section Σ.

We now show how this and other Shilnikov homoclinic orbits in (2.11) can be identified
directly in a systematic way with a boundary value problem setup. The starting points
are given by the MMOs from Section 5.4, more specifically those from the 17 isola. Since
the MMO periodic orbits from the 17 isola approach p after the global return, it is logical
to think that they may become a Shilnikov homoclinic orbit when parameters are changed
in a suitable way. One may also think that it would be enough to continue the isola in one
parameter to get close to a Shilnikov bifurcation. However, we find no transverse intersection between W u (p) and W s (p) when a single parameter is changed. This is because
Γν remains stable and trajectories on W u (p) converge to Γν when t → ∞, so they fail to
connect back to p. The MMO periodic orbits from the 17 isola disappear in saddle-node
bifurcations when they are continued in ν. Nevertheless, they still can be continued in a
sequence of parameters and it is possible to identify in this way high-period MMO periodic orbits, which are candidates for nearby Shilnikov orbits.
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Figure 6.1: Isola of MMO periodic orbits for a = −0.251348, b = −1.650823, c = 1 and ε =
0.01, continued from the isola in Fig. 5.12(a). Panels (b)–(e) show in (x, y, z)-space the orbits for the
corresponding labeled dots in panel (a).

To demonstrate this idea, we continue the 17 isola toward the parameter values (6.1),
where it is know from [45] that a Shilnikov homoclinic orbit exists. Figure 6.1 shows in
panel (a) the isola of MMO periodic orbits (cyan) when a, b, c and ε are as given by (6.1).
Here the MMO periodic orbits are represented by their period T as a function of the
parameter ν ∈ (0.006, 0.036). This isola is quite different from the 17 isola in Fig. 5.13(a),
and we point out two main differences: First of all, the number of SAOs changes along
the isola in Fig. 6.1(a) so that one can no longer speak of an isola of 17 MMO periodic
orbits. Secondly, there are two (locally) high-period periodic orbits on the isola, which are
candidates for intersections of W u (p) with W s (p). Panels (b)–(e) of Fig. 6.1 show periodic
orbits corresponding to the labelled points on the isola. The MMO periodic orbits (b)
and (c) seem to spiral around W s (p), but they do not get close enough to p. The MMO
periodic orbits (d) and (e), on the other hand, look like Shilnikov homoclinc orbits. They
are local maxima of T on the isola at νd ≈ 0.029496 and νe ≈ 0.027436, respectively.
Figure 6.1(d) and (e) show that the high periods are due to a very close passage near the
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Figure 6.2: Shilnikov homoclinic orbit of system (2.11) for a = −0.251348, b = −1.650823, c = 1,
ε = 0.01 and ν = νhom1 ≈ 0.023897. Panel (a) shows W u (p) and W s (p) computed up to section Σ3 ,
together with Γν . Panel (b) depicts the intersection sets of W u (p) and W s (p) with Σ3 . Panel (c) shows
the actual homoclinic orbit linked with Γν , and the enlargement panel (d) highlights the spiraling behavior
around p.

saddle-focus p. We remark that the SAOs in (d) and (e) are so small that they are not
visible due to the fast contraction toward p. Since we found two candidates for parameter
values, we now set up a boundary value problem for finding homoclinic orbits. Specifically,
we implement a Lin’s method approach [62, 70, 74] to detect codimension-one transverse
intersections between W u (p) and W s (p). It is effectively the same method discussed in
Chapter 4 that we use for detecting connecting canard orbits in Section 5.2, but now we
+ c
c s (p) ∈ Σ3 , which are the corresponding intersection
consider π13
(W1 ) and the point W
sets of W u (p) and W s (p) in Σ3 . Moreover, we need to include a system parameter in the
continuation in order to detect the intersection.

Figure 6.2 shows this setup, where we start from the parameter values for point (d) in
Fig. 6.1(a), with a, b, c and ε as in (6.1) and ν = νd , and compute W u (p) and W s (p)
up to Σ3 . Panel (a) shows W u (p) (red) and W s (p) (blue) computed up to Σ3 in the
implementation of Lin’s method, where we included Γν (green) for completeness. Note
that Γν is no longer attracting for these parameter values. The homoclinic bifurcation
+ c
c s (p) are very close
does not occur for ν = νd , but the intersection sets π13
(W1 ) and W

6.1 Shilnikov homoclinic bifurcation involving MMOs
+ c
c s (p) (blue dot) and π13
to each other already; see panel (b), which shows W
(W1 ) (red
curve). The computed part of W u (p) includes a global return of orbits before this manifold
intersects Σ3 . Lin’s method provides a well-defined test function to detect the moment
+ c
c s (p) lies on π13
W
(W1 ) as ν varies. The Shilnikov homoclinic orbit has been detected with
our approach at ν = νhom1 ≈ 0.023897. The orbit on W u (p) that makes the connection
+ c
with W s (p) is highlighted in Fig. 6.2(a). Panel (b) shows the intersection sets π13
(W1 ) and
s
u
s
c (p) in Σ3 of the computed piece of W (p) and W (p), respectively, for ν = νhom1 . Note
W
+ c
+ c
c s (p) and how π13
c s (p), as expected
the spiraling of π13
(W1 ) around W
(W1 ) terminates at W
for a Shilnikov homoclinic bifurcation [1]. Figure 6.2(c) shows only the actual Shilnikov
homoclinic orbit (gray) for ν = νhom1 , obtained as the concatenation of the corresponding
orbit segment of W u (p) and W s (p). Also shown in Fig. 6.2(c) is the periodic orbit Γν ,
which is now of saddle type and still linked with the homoclinic orbit. In other words, this
topological invariant persists even when Γν is no longer attracting. Panel (d) shows an
enlargement near the equilibrium point p, highlighting the spiraling dynamics on W u (p)
near p.

The value νhom1 ≈ 0.023897 we found agrees with the value of ν in (6.1), found by
Guckenheimer and Lizarraga [45], up to an error of less than 10−6 , which is within the
accuracy of our AUTO calculation. In addition, the orbit they found and the one we
found have the same shape. Therefore, we conclude that the Shilnikov homoclinic orbit
in Fig. 6.2(c) is the one found in [45].
The saddle quantity at ν = νhom1 is negative, which means that we are dealing with
a chaotic Shilnikov bifurcation [87, 88]. Therefore, we expect to find more (chaotic)
Shilnikov homoclinic orbits nearby. To illustrate this, we compute W u (p) and W s (p) up
to Σ3 for ν = νe and, by setting up Lin’s method again, we detect a different chaotic
Shilnikov homoclinic orbit for ν = νhom2 ≈ 0.023894, which is at the same order of
distance from ν in (6.1) as νhom1 ; this homoclinic orbit is also linked with Γν . Figure 6.3
illustrates the homoclinic orbit in panel (a) together with Γν . Note that the shape of this
new homoclinic orbit is completely different from the one at ν = νhom1 , even though their
corresponding ν-values are very close. An enlargement near p of the homoclinic orbit is
shown in panel (b). Figure 6.3(c) shows the same homoclinic orbit, this time together
with two saddle MMO periodic orbits Γb (black) and Γm (magenta) and Γν (green); the
orbits Γb and Γm are coexisting MMO periodic orbits for ν = νhom2 from the isola from
Fig. 6.1(a). Panel (d) is an enlargement near p and Γν . It suggests that Γb approaches
Γν along its stable manifold W s (Γν ) and then leaves the vicinity of Γν along its unstable
manifold W u (Γν ). Similarly, for ν = νhom1 there are also two saddle MMO periodic orbits
interacting with the corresponding Shilnikov homoclinic orbit and Γν .
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Figure 6.3: Shilnikov homoclinic orbit of system (2.11) for a = −0.251348, b = −1.650823, c = 1,
ε = 0.01 and ν = νhom2 ≈ 0.023894. Panel (a) shows the homoclinic orbit (gray) with Γν (green) on phase
space, while panel (b) shows an enlargement of the orbit near p. Panel (c) shows the same homoclinic
orbit and Γν coexisting with the MMOs Γb and Γm (black and magenta, respectively), with an enlargement
close to Γν in panel (d).

6.2

Global invariant manifolds of Γν organizing
recurrent dynamics

Figure 6.3 is a clear indicator of the existence for more complex dynamics involving, for
instance, chaos in the form of a suspended horseshoe, homoclinic orbits to Γν , interactions
between more invariant objects and EtoP connections. Moreover, it suggests the existence
of a large chaotic attractor associated with the global return, as well as a small chaotic
attractor associated with Γν . In this section we investigate this type of recurrent dynamics.

6.2.1

Homoclinic orbits to Γν

For the parameter values given by (6.1) with ν = νhom1 (or ν = νhom2 ), the periodic orbit
Γν is of saddle type; therefore, it has a two-dimensional stable manifold W s (Γν ) and a
two-dimensional unstable manifold W u (Γν ). In addition, the Floquet multipliers of Γν
are negative, which means that W s (Γν ) and W u (Γν ) are both non-orientable [75].
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Figure 6.4: Stable and unstable manifolds of Γν for parameter values from (6.1) with ν = νhom1 .
Panel (a) shows part of the two-dimensional unstable manifold W u (Γν ) of Γν (dark-orange surface) near
the equilibrium p, with the saddle periodic orbit Γν in green. Panel (b) shows the same local view of part of
the two-dimensional stable manifold W s (Γν ) of Γν (light-blue surface), with Γν in green. Panel (c) shows
the two surfaces computed up to the cross section Σ ⊂ {z = 0.005}. Panel (d) shows the intersection
curves of the manifolds in Σ.

Figure 6.4 shows the manifolds W s (Γν ) and W u (Γν ) in phase space for parameter values
from (6.1) with ν = νhom1 , computed up to the cross section Σ ⊂ {z = 0.005} with the
techniques described in Chapter 3. Panel (a) shows W u (Γν ) (dark-orange surface) near
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the equilibrium point p, and panel (b) shows W s (Γν ) (light-blue surface). The global
return mechanism in system (2.11) also affects the global shape of W u (Γν ). Figure 6.4(c)
shows a global view of both W s (Γν ) and W u (Γν ). Here, orbits on the computed part of
W s (Γν ) spiral out of W s (p); however, they pass near p before accumulating on Γν . On the
other hand, orbits on W u (Γν ) spiral out of Γν , make a large excursion and then return to
a neighborhood of Γν while spiraling around W s (p), that is, around the Shilnikov homoclinic orbit. Generically, two-dimensional manifolds in a three-dimensional space intersect
transversally. In this context, the intersections of W s (Γν ) with W u (Γν ) create homoclinic
orbits to Γν . These intersections are best observed in the section Σ. Figure 6.4(d) shows
c s (Γν ) and W
c u (Γν ) of W s (Γν ) and W u (Γν ) in Σ, as the light-blue
the intersection sets W
and dark-orange curves, respectively. The two curves take the shape of counter-rotating
spirals, which are reminiscent of those for the slow manifolds near a folded node studied
c s (Γν ) and W
c u (Γν ) in Σ can be
in Chapter 4. Hence, the generic intersections between W
detected with the same Lin’s method approach, but now they correspond to homoclinic
orbits to Γν . Some of these intersection points in Σ are labelled h1 –h4 in Fig. 6.4(d); note
that there are even more intersection points near the center of the spirals in Σ.

Figures 6.5 and 6.6 show some of these homoclininc orbits to Γν in phase space. Computationally, they correspond to concatenations of one orbit segment on W s (Γν ) with
one orbit segment on W u (Γν ). Figure 6.5(a) shows (seven) homoclinic orbits together
with the Shilnikov homoclinic orbit (gray curve), Γν (green), W s (Γν ) (light-blue surface)
and W u (Γν ) (dark-orange surface). This illustrates where the homoclinic orbits are situated with respect to these invariant manifolds and the Shilnikov orbit. Panels (b)–(d)
of Fig. 6.5 show the individual homoclinic orbits h1 –h3 , respectively, together with the
the y-coordinate uy of their representative solution u(t) over [0, 1] in the corresponding
inset panels. The latter illustrates that the spikes that each homoclinic orbit has when
it moves away from Γν are interspersed with small-amplitude oscillations around the
Shilnikov orbit. Figure 6.6 shows the same visualization for the homoclinic orbits h4 –h7 .
c s (Γν ) with W
c u (Γν )
The homoclinic orbits h1 –h4 are the shown intersection points of W
in Fig. 6.4(d), while h5 –h7 are located closer to the center of the spiraling intersection
curves. Figure 6.6 shows that, the closer a homoclinic orbit is to W s (p) in Σ, the larger is
the spike in the time series and, therefore, the larger is the global excursion. In addition,
Fig. 6.6 also shows that these homoclinic orbits to Γν have a passage very close to the
equilibrium point p. This implies that h4 –h7 follow the Shilnikov homoclinic orbit more
closely when they are reinjected to a neighborhood of Γν . Due to the non-orientability
of W s (Γν ) and W u (Γν ) and the linking of the Shilnikov orbit with Γν , all of the homoclinic orbits hi to Γν are linked with Γν . Similar dynamics in system (2.11) is expected
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Figure 6.5: Homoclinic orbits to Γν for parameter values from (6.1) with ν = νhom1 . Panel (a) shows
seven of these homoclinic orbits together with Γν (green), the manifolds W s (Γν ) (light blue) and W u (Γν )
(dark orange), and the Shilnikov homoclinic orbit (gray curve). Panels (b)–(d) show the homoclinic orbits
h1 –h3 with the Shilnikov orbit and Γν in phase space, respectively. The insets show the y-coordinate uy
of the orbit segment u(t).

for parameter values from (6.1) with ν = νhom2 , that is, for homoclinic orbits to Γν that
coexist and interact with the second Shilnikov homoclinic orbit that we found at ν = νhom2 .

Overall, a Shilnikov homoclinic bifurcation in system (2.11) creates homoclinic orbits to Γν
that interact with the Shilnikov homoclinic orbit. This produces robust, complex recurrent
dynamics, which adds more ingredients to the already intricate dynamics described in
Section 6.1.
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Figure 6.6: Homoclinic orbits to Γν for parameter values from (6.1) with ν = νhom1 . Panels (a)–(d)
show the homoclinic orbits h4 –h7 from Fig. 6.5(a) with Γν (green curve) and the Shilnikov homoclinic
orbit (gray curve). The insets show the y-coordinate uy of the orbit segment u(t).

6.2.2

Robust EtoP Connections

The large excursions and passages close to p performed by the homoclinic orbits to Γν
depicted in Fig. 6.6 suggest the existence of transverse intersections between the twodimensional manifolds W s (Γν ) and W u (p). This produces robust connections from the
equilibrium p to the periodic orbit Γν , or EtoP connections for short.

Figure 6.7 shows the unstable manifold W u (p) of p (transparent red surface) computed
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Figure 6.7: The unstable manifold W u (p) (red surface) of p interacting with W s (Γν ) (light-blue
surface) and W u (Γν ) (dark-orange surface). Panel (a) shows W u (p) (transparent red surface) with Γν
(green curve) and its invariant manifolds for the same parameter values as Fig. 6.4. Panel (b) show their
c u (p) and W
c s (Γν ) in Σ, and panel (c) shows an enlargement of the intersection
intersection curves W
curves in Σ near the homoclinic orbit h4 .

up to Σ, together with the manifolds W s (Γν ) (light blue) and W u (Γν ) (dark orange)
already shown in Fig. 6.4, for parameter values from (6.1) with ν = νhom1 . Panel (a)
presents the manifolds together with Γν (green) in phase space, and shows that W u (p)
already interacts with W s (Γν ) and W u (Γν ). Indeed, part of W u (p) gets extremely close
to W u (Γν ), especially during the global return of orbits to a neighborhood of p when
spiraling around W s (p). This can be seen best by considering their intersections with Σ,
as shown in panel (b). The vicinity of W u (p) to W u (Γν ) implies that the intersection set
c u (p) of W u (p) in Σ (red curve) almost looks like W
c u (Γν ), and so intersects W
c s (Γν ) as
W
c u (p) with W s (Γν ) correspond to the EtoP connections.
well; the intersection points of W
Panel (c) is an enlargement of the intersection sets in Σ close to the point that corresponds
c u (p) and W
c u (Γν ) are, indeed, close but
to the homoclinic orbit h4 ; it also shows that W
different. For each homoclinic orbit to Γν , there exist two EtoP connections as a result of
c u (p) with W
c s (Γν ). This is a consequence of
the intersections of the computed part of W
+ c
the overall shape of the intersection set π13
(W1 ) shown in Fig. 5.10; see also Chapter 5.
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Figure 6.8: Robust EtoP connections arising as interactions of W u (p) with W s (Γν ) for parameters
values from (6.1) with ν = νhom1 . The EtoP connections e1 , e4 , e5 and e6 are shown in panels (a),
(b), (c) and (d), respectively, together with Γν (green) and the Shilnikov orbit (gray).

However, infinitely many EtoP connections exist, because the global return of W u (p) to a
neighborhood of p produces infinitely many returns of W u (p) to Σ; this follows from the
Λ-lemma [76] and the existence of homoclinic orbits to Γν .

Figure 6.8 shows some of these EtoP connections. Four connecting orbits, labeled e1 ,
e4 , e5 and e6 , are shown together with Γν (green) and the Shilnikov homoclinic orbit
(gray) in panels (a)–(d), respectively; they correspond to EtoP connections arising as the
c u (p) with W
c s (Γν ) near the homoclinic orbits h1 ,
intersection of one of the branches of W
h4 , h5 and h6 , respectively. As each EtoP connection leaves a neighborhood of p, it first
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passes near Γν and then exhibits a large excursion; then, due to the shape of W s (Γν )
shown in Fig. 6.4(b), it returns to a neighborhood of p to finally accumulate on Γν ; see
the insets. Moreover, the orbits e5 and e6 intersect Σ closer to the center of the spiraling
c u (p) and W
c s (Γν ) in Σ, so they remain close to the Shilnikov homoclinic orbit
curves W
for longer. In particular, the connecting orbit e6 follows the Shilnikov orbit closely during
most of its global return.

We already know that W u (p) returns to Σ infinitely many times. In addition, the existence
of EtoP connections implies that the stable manifold W s (Γν ) also returns infinitely many
times to Σ, in backward time. Figure 6.9 provides an insight into this structure. Shown
is the stable manifold W s (Γν ) (light-blue surface), this time computed as a family of
orbit segments with fixed arclength L = 2.5, together with Γν (green) and the Shilnikov
homoclinic orbit (gray) for parameter values from (6.1) with ν = νhom1 . Here we show
the (extended) Möbius strip W s (Γν ) accumulating on the Shilnikov homoclinic orbit in
backward time. This implies that W s (Γν ) has to come back to Σ in backward time,
creating secondary EtoP connections corresponding to secondary intersections between
W u (p) and W s (Γν ). These are given by either forward returns of W u (p) with the primary
c s (Γν ), backward returns of W s (p) with the primary intersection set
intersection set W
c u (p), or forward returns of W u (p) with backward returns of W s (Γν ) in Σ; that is, these
W
are created in the same way as secondary interactions between W u (p) and Sεr as described
in Chapter 5.

6.2.3

Chaotic attractor

Sections 6.2.1 and 6.2.2 show that system (2.11) has complex recurrent dynamics that
is organized by a Shilnikov homoclinic orbit. The co-existence of the chaotic Shilnikov
homoclinic orbit with homoclinic orbits to Γν and EtoP connections suggests that there
exists a chaotic attractor associated with this overall recurrent structure.

To ascertain this for parameter values from (6.1) with ν = νhom1 , we consider several
initial conditions, all located in different positions in phase space, and compute forward
trajectories of (2.11) from these points with a very long integration time. We find that
these trajectories all behave in the same way after transients: they accummulate on the
same geometric structure. Figure 6.10(a) shows the Shilnikov homoclinic orbit in red and
the attractor in blue, rendered from one of the orbits mentioned above, ignoring tran-
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W s (Γν )
p

Figure 6.9: The stable manifold W s (Γν ) of the periodic orbit Γν accumulating in backward time on
the Shilnikov homoclinic orbit for parameter values from (6.1) with ν = νhom1 .

sients. As panel (a) shows, the attractor involves both slow and fast motion, a passage
extremely close to p with SAOs increasing in amplitude, as well as the global return induced by the S-shaped critical manifold, with a funneling action during the reinjection
back to a neighborhood of p. The attractor has a band-like shape past p, a bit like the
Rössler attractor [34, 82]. However, there is a rather different overall structure here.

Figure 6.10(b) is an enlargement near p. It illustrates that the computation of the attractor is very sensitive, because of a mixture between the spiraling and strong contraction
near W s (p), followed by an enormous expansion after the passage near p. This appears to
be the mechanism that creates a chaotic attractor, in a similar way as it creates the horseshoe dynamics associated with the Shilnikov orbit. To get a better insight into the structure of the attractor, we compute its intersections with the cross section ∆ ⊂ {x = −0.4},
that is, in a region of phase space where the attractor is band-like. The intersection set
in ∆ appears to be one dimensional and the intersection points lie near the Shilnikov
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Figure 6.10: Chaotic attractor in system (2.11) for parameter values from (6.1) with ν = νhom1 .
Panel (a) shows an approximation of the chaotic attractor in phase space, plotted together with Γν (green)
and the Shilnikov orbit (red), and panel (b) is an enlargement near p. Panel (c) shows the intersection
set of the chaotic attractor with the section ∆ ⊂ {x = −0.4}.

homoclinic orbit. We compute the line L that best fits this set of intersection points, in
the sense of least squares, and find that the least-squares error is less than 10−6 for all
points on the attractor; see Fig. 6.10(c).

These computations suggest that there is be a one-dimensional map associated with the
attractor. We have attempted to find this map by computing the return map from L to
itself, both via continuation and numerical integration techniques. The extreme sensitivity shown in Fig. 6.10(b) already illustrates that it is very hard to compute this return
map. The results we obtained indicate that the map is multi-modal, maps an interval
over itself several times, and presents an accumulation near the Shilnikov orbit. However,
the properties of the return map are highly dependent on the accuracy settings of the
computations, to the extent that we do not have full confidence in these calculations.
Nevertheless, this initial result is an indicator of the interesting dynamics that should be
studied in the parameter-dependent setting mentioned above, where homoclinic orbits to
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Γν and EtoP connections co-exist.

Overall, we find that the complex recurrent dynamics in system (2.11) is organized in part
by the Shilnikov homoclinic bifurcation. It is know that a chaotic Shilnikov homoclinic
bifurcation produces chaos in the form of a suspended horseshoe. We found that, at the
moment of the bifurcation, other sources of recurrent dynamics appear in system (2.11);
in particular, the saddle periodic orbit Γν and its associated robust homoclinic orbits and
EtoP connections. It appears that these would lead to the existence of a chaotic attractor
rather than horseshoe dynamics in system (2.11). All of these phenomena occur at the
same parameter values, that is, for parameter values from (6.1) with ν = νhom1 . We
expect a similar situation for ν = νhom2 .

In addition, the accumulation of W s (Γν ) on the Shilnikov orbit shown in Fig. 6.9 indicates
that system (2.11) is very close to a transverse intersection of W s (p) with W u (Γν ), that
is to a codimension-one EtoP connection. This type of connecting orbit may play the role
of a boundary crisis [38], which may effectively lead to the creation or destruction of a
chaotic attractor or to the appearance of transient chaos.

Finally, the chaotic Shilnikov orbit implies the existence of infinitely many Shilnikov orbits nearby in parameter space. Such homoclinic orbits may present one or several global
returns to provide intricate recurrent overall dynamics with associated further homoclinic
orbits and EtoP connections, of which there will also be infinitely many.

The overall bifurcation structure of (2.11) near these Shilnikov homoclinic orbits and the
exact overall mechanism that organizes the dynamics is, therefore, quite complicated and
it remains an interesting challenge for future research to uncover the bifurcation structure
completely.

7
Conclusions and Final Remarks

This thesis presents the first systematic study of the consequences of the interaction
between a global invariant manifold and a slow manifold for the overall dynamics of a
slow-fast system with one fast and two slow variables. We considered a normal form
model with global return near a singular Hopf bifurcation and studied the unfolding of
a quadratic tangency between the two-dimensional unstable manifold of a saddle-focus
equilibrium and a two-dimensional repelling slow manifold. This generic intersection organizes complex oscillations and it is a source of sustained recurrent dynamics in the system.
Moreover, the dynamics described here leads to chaos organized by a Shilnikov homoclinic
bifurcation. A chaotic Shilnikov orbit involves suspended horseshoes and infinitely many
nearby periodic orbits. Here, we found other ingredients that are also responsible for
recurrent dynamics, particularly a linked saddle periodic orbit, that may create a chaotic
attractor. This represents a new bifurcation scenario for chaotic dynamics near a Shilnikov
orbit.

More specifically, we considered the interaction of the unstable manifold W u (p) of a
saddle focus equilibrium p with the repelling slow manifold Sεr of system (2.11). We
computed both local and global properties of W u (p) and Sεr . By investigating Poincaré
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maps between suitable cross sections we described and illustrated the transition through
a quadratic tangency between W u (p) and Sεr , and discussed the local and global consequences of this interaction. Its most immediate consequence is the dramatic growth of
W u (p) with a small increase in the parameter ν. The unstable manifold W u (p) covers
a much larger region of phase space and the dynamics becomes intricate. Moreover, we
found secondary interactions leading to jump-left/right canard orbits and mixed-mode oscillations. It is known that small-amplitude oscillations near a singular Hopf bifurcation
are organized by a saddle-focus equilibrium and the small-amplitude limit cycle Γν that
originates from the bifurcation. Here, we described how the large-amplitude oscillations
are created from the interaction between W u (p) and Sεr . Their tangency provides a global
return of W u (p) due to the presence of a second fold curve on the critical manifold, where
the existence of connecting canard orbits plays an important role. This first tangency
produces secondary intersections between W u (p) and Sεr in a robust manner as ν varies,
and gives rise to families of MMO periodic orbits close to W u (p); these are all linked with
the periodic orbit Γν , which is an attractor in this parameter regime. We found two such
families, namely isolas of MMO periodic orbits with signatures 17 and 17 15 , respectively.
Other combinations and different geometric mechanisms creating them may exist, but we
did not pursue them in this thesis.

We also followed the family of MMO periodic orbits in various parameters to find highperiod periodic orbits near Shilnikov homoclinic bifurcations of MMOs. This allowed us
to find two homoclinic bifurcation points and the associated Shilnikov homoclinic orbits,
one of which had already been identified in [45]. At the Shilnikov homoclinic bifurcation
points, the periodic orbit Γν is of saddle type and has non-orientable two-dimensional
stable and unstable manifolds interacting with each other, creating generic homoclinic
orbits to Γν that coexist with the Shilnikov homoclinic orbit. In addition, the stable manifold W s (Γν ) of Γν also intersects W u (p) in generic EtoP connections. All this complex
dynamics lies in a parameter regime where there is a chaotic attractor, which involves
slow and fast motion and a global return.

The computation of the actual basin of attraction, how the chaotic attractor depends
on parameters and the further study of this complex overall dynamics is an interesting
challenge beyond the scope of this thesis. It is a complicated structure where the nonorientable two-dimensional manifold W s (Γν ) accumulates on the Shilnikov homoclinic
orbit (a closed one-dimensional curve) in backward time. It would also be of interest to
investigate further homoclinic bifurcation points in parameter space, which arise from different interactions between the manifolds W u (p) and Sεr . The MMO periodic orbits from
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the 17 15 isola can be continued in parameters and should provide additional Shilnikov homoclinic orbits. Furthermore, for some parameter regimes, Γν is no longer the boundary
of W u (p); hence, the geometry of W u (p) is expected to change and give rise to interesting dynamics. Moreover, the periodic orbit Γν undergoes period-doubling bifurcations,
where the period-doubled periodic orbits could provide different MMO signatures if the
interaction between W u (p) and Sεr persists.

The interaction of Sεr with W u (p) dramatically changes the overall dynamics in (2.11) by
making the global return available after the tangency. The recurrent objects found as
a result, including different types of MMOs, are structurally stable. Since the tangency
between Sεr and W u (p) is a generic phenomenon one should expect to find this transition
and the ensuing recurrent dynamics in other multiple-time-scale systems with the respective geometric ingredients. In particular, because our study concerns a normal form of a
singular Hopf bifurcation [16, 46], the dynamics described in this thesis is expected to occur in slow-fast systems with a singular Hopf bifurcation and a global return mechanism;
the Koper model is a specific example, and other good candidates are models for calcium
dynamics and for neuron spiking and bursting. An alternative way of looking for the
dynamics discussed here would be to identify a slow-fast Shilnikov bifurcation point and
other codimension-one homoclinic bifurcations arising near a tangency of a slow manifold
with a global invariant manifold of a saddle equilibrium or periodic orbit.

The study presented in this thesis required the computation of different types of twodimensional manifolds in phase space. We computed all of these manifolds via the continuation of orbit segments in AUTO as solutions to suitable boundary value problems; in
addition, we used a boundary value problem formulation to detect intersections of curves
of respective pairs of global and slow manifolds. Throughout, we used a Lin’s method
approach to detect these special orbits, such as connecting canard orbits, homoclinic orbits to an equilibrium and to a periodic orbit, EtoP connections and canard orbits. The
detection of these orbits was crucial for understanding the organization of phase space.
In particular, we presented a novel implementation of Lin’s method that allows for the
detection of all the canard orbits arising as the intersection of an attracting and a repelling
slow manifold near a folded node. The idea behind this method is to be able to detect and
continue tangencies of the Lin space with the intersection curves of the slow manifolds
in a cross section Σ, so that the Lin space can be updated suitably. As was demonstrated in the Koper model, this overall method is able to find all intersection points of
counter-rotating spiraling curves in a section; this computational approach works for slow
manifolds near a folded node, as well as for the invariant manifolds studied in Chapter 6.
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Once detected, one can readily continue the connecting orbits in parameter to study how
the connections depend upon system parameters, as we did in Chapter 5. The overall
boundary value problem implementation presented in this thesis may also be useful in
the detection of connecting orbits in a more general situation, where the corresponding
intersection sets in Σ are more complicated.

Finally, the study presented here demonstrates the strength and versatility of our approach of continuing orbit segments in a boundary value problem setup as a tool for
studying global dynamic properties and new phenomena in slow-fast systems. Importantly, a suitably defined boundary value problem remains well posed despite the extreme
sensitivity of slow-fast systems with respect to initial conditions. We expect that this
computational approach will also be useful for further investigations of other slow-fast
phenomena arising in applications.
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[82] O. E. Rössler, An equation for continuous chaos, Physics Letters A, 57(5) (1976),
pp. 397–398.
[83] H. G. Rotstein, N. Kopell, A. M. Zhabotinsky, and I. R. Epstein, Canard
phenomenon and localization of oscillations in the Belousov-Zhabotinsky reaction with
global feedback, Journal of Chemical Physics, 199 (2003), pp. 8824–8832.
[84] R. Roy, T. W. Murphy, J. T. D. Maier, Z. Gills, and E. R. Hunt, Dynamical control of a chaotic laser: Experimental stabilization of a globally coupled
system, Physical Review Letters, 68 (1992), pp. 1259–1262.

105

106

BIBLIOGRAPHY
[85] D. Ruelle and F. Takens, On the nature of turbulence, Communications in Mathematical Physics, 20 (1971), pp. 167–192.
[86] R. A. Schmitz, K. R. Graziani, and J. L. Hudson, Experimental evidence of
chaotic states in the Belousov-Zhabotinskii reaction, Journal of Chemical Physics, 67
(1977), pp. 3040–3044.
[87] L. P. Shilnikov, A case of the existence of a denumerable set of periodic motions,
Soviet Mathematics Doklady, 6 (1965), pp. 163–166.
[88]

, A contribution of the problem of the structure of an extended neighbourhood of
a rough state to a saddle-focus type, Mathematics of the USSR-Sbornik, 10 (1970),
pp. 91–102.

[89] S. Smale, Differentiable dynamical systems, Bulletin of the AMS, 73 (1967), pp. 747–
817.
[90] S. H. Strogatz, Nonlinear Dynamics and Chaos: With Applications to Physics,
Biology, Chemistry and Engineering, Adison-Wesley, Reading, MA, 1994.
[91] H. L. Swinney and J. P. Gollub, Hydrodynamic Instabilities and the Transition
to Turbulence, Springer, Berlin, Heidelberg, 1985.
[92] P. Szmolyan and M. Wechselberger, Canards in R3 , Journal of Differential
Equations, 177 (2001), pp. 419–453.
[93] F. Tracqui, Organizing centres and symbolic dynamic in the study of mixed-mode
oscillations generated by models of biological autocatalytic processes, Acta Biotheoretica, 42 (1994), pp. 147–166.
[94] B. Van der Pol, On relaxation oscillations, Philosophical Magazine, 7 (1926),
pp. 978–992.
[95] M. Wechselberger, Existence and bifurcation of canards in R3 in the case of a
folded node, SIAM Journal on Applied Dynamical Systems, 4 (2005), pp. 101–139.
[96] M. Wechselberger, J. Mitry, and J. Rinzel, Canard theory and excitability,
in Nonautonomous Dynamical Systems in the Life Sciences, eds. P. Kloeden and
C. Poetzsche, eds., Lecture Notes in Mathematics 2102, Springer, 2013, pp. 89–132.
[97] S. M. Wieczorek, Global bifurcation analysis in laser systems, in Numerical Continuation Methods for Dynamical Systems: Path Following and Boundary Value
Problems, B. Krauskopf, H. M. Osinga, and J. Galán-Vioque, eds., Springer, The
Netherlands, 2007, pp. 177–220.

