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Abstract  

 

Atrial fibrillation (AF) is the most common heart rhythm disturbance and percutaneous catheter 

ablation is widely used to reverse paroxysmal AF. This approach has been much less successful 

for patients with persistent AF and real-time mapping of 3D electrical activity is needed to 

identify ablation targets in this complex arrhythmia. 

 

Balloon mounted or open multi-electrode basket catheters have been used for mapping of 

complex focal arrhythmias, but it is hard to achieve uniform contact between electrodes and the 

atrial endocardium. Inverse methods, in which endocardial surface potentials can be 

reconstructed from noncontact recordings, provide a better alternative. In this thesis, we have 

developed a novel inverse mapping approach which can be used with open multi-electrode 

basket catheters when some or all electrodes are not in contact with the atrial wall. Our 

systematic computational analysis demonstrates that 1) region-of-interest (ROI) mapping with 

noncontact open basket catheter can be used to reconstruct accurate local endocardial 

electrograms, and 2) reliable global mapping is feasible with potentials recorded by electrodes 

uniformly distributed within the cavity.  

 

In addition, an experimental study was carried out in sheep with pacing-induced atrial dilatation 

to validate our intracardiac inverse mapping approach. Constellation
TM

 64 channel catheters with 

different diameters were introduced into the right and left atrium (RA & LA) or both to record 

atrial electrograms, with only a few electrodes in contact with the atrial wall. Endocardial 

electrograms were then recovered from the recordings using our inverse mapping approach, and 

these results confirm our computational proof-of-concept analysis firmly. Inverse potential maps 

across RA and LA were reconstructed repeatedly with different catheters at various locations. 

Consistent activation times were estimated from most reconstructed electrograms and panoramic 

activation time maps were physiologically realistic. Amplitudes of reconstructed electrograms 

were nonuniform regionally. Electrograms in regions where the mapping catheter was close to 

the wall were all reconstructed with large amplitudes. The morphology was similar to contact 

recordings, and the timing of depolarization was matched closely. On the contrary, with mapping 

electrodes distant from atrial wall, electrograms in the corresponding regions were relatively 

poorly reconstructed.  

 

The proposed intracardiac inverse approach proved that it can provide flexible and robust 3D 

atrial electro-anatomic mapping with a noncontact open basket catheter. Potentially, this 

approach can be used to improve our understanding of the mechanisms underlying AF, and guide 

catheter ablation for patients with AF to achieve higher success rate.
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1  Introduction  

Atrial fibrillation (AF) is the most common cardiac heart rhythm disturbance and its prevalence 

increases with age and heart disease (Wolf, Abbott et al. 1991). In AF, atrial activation is rapid 

and chaotic, which leads to irregular ventricular contraction and impairs the pump function of the 

heart. AF can give rise to distress and it increases the risk of stroke, and treatment of this 

condition is an increasing economic burden on the health care system (Lloyd-Jones, Wang et al. 

2004). Clinically, AF is divided into three categories: paroxysmal, persistent, and permanent AF. 

Paroxysmal AF is intermittent, with episodes terminating spontaneously. AF that lasts longer 

than 7 days is classified as persistent and treatment with drugs or application of a defibrillating 

shock (cardioversion) may be needed to reverse it. Permanent AF, on the other hand, cannot be 

stopped with pharmacological therapy or by cardioversion (Brooks, Stiles et al. 2010).  

 

Pharmacological therapy or cardioversion for AF often lose efficacy and have side effects 

(Brooks, Stiles et al. 2010). Catheter ablation is an emerging and yet involving approach used to 

treat patients with recurrent AF, who are resistant to anti-arrhythmic drugs or cardioversions 

(Bunch, Crandall et al. 2011). The intention here is to isolate cardiac electrical activity that 

triggers arrhythmia or to disrupt abnormal electrical pathways that sustain it by heating or 

cooling tissue regions. Pulmonary vein isolation (PVI), continuous ablation lesions around the 

sleeves of all four pulmonary veins at their junction with the left atrium, is the most common 

such treatment for AF, with success rates of 80% reported for patients with paroxysmal AF 

(Haissaguerre, Jais et al. 1998, Zhao, Butters et al. 2012). However, PVI has proved much less 

effective in reversing persistent and permanent AF, henceforth identified as PeAF. Even when 

PVI is combined with ablation of other potential targets, long-term success with PeAF is around 

30% (Brooks, Stiles et al. 2010, Chao, Tsao et al. 2012). These low rates have been attributed to 

failure to identify the regions that drive PeAF or the anatomic substrates that sustain it (Iwasaki, 

Nishida et al. 2011, Zhao, Butters et al. 2012). There are two reasons for this. Firstly, unlike 

paroxysmal AF, the mechanisms responsible for PeAF not well understood, Potential 
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drivers/substrates are distributed in a complex fashion across both atrial chamber and their 

locations vary among patients (Rocken, Peters et al. 2002). A second reason is that the 

electro-anatomic mapping systems used to identify ablation targets in PeAF have serious 

limitations (George Syros and V.Orlov 2011).   

 

Electro-anatomic mapping systems are essential for guiding catheter ablation in the clinical 

management of heart rhythm disturbances (Knackstedt, Schauerte et al. 2008). Such systems 

provide an integrated platform for mapping and visualizing electrical activity acquired on the 

inner surface of heart chambers and for tracking the 3D locations of mapping and ablation 

catheters within the heart. This in turn requires an appropriate reconstruction of the 3D geometry 

of the heart chamber or chambers of interest.  

 

The platform most commonly used for electro-anatomic mapping is the CARTO
TM

 system 

(Biosense Webster, Inc.), where, electrical maps are constructed from sequential recordings 

across the inner surface of the heart chamber of interest. This approach is time consuming. 

Moreover, while it is possible to reconstruct spatio-temporal activation patterns when heart 

rhythm is repetitive, this cannot be done in PeAF where electrical activity is nonstationary and 

changes rapidly over time. Real-time 3D electrical mapping methods have also been developed 

using catheters that deliver expandable multi-electrode recording arrays and these can be 

subdivided into two distinct categories: noncontact and contact methods. With the former, 

electrical activity is recorded at multiple sites within the cavity or on the body surface and 

mapped onto the 3D heart surface by solving an inverse problem. With the latter, the 

multi-electrode array is expanded until contact is made with the heart wall and direct recordings 

are then made. Both approaches have demonstrated the benefits of real-time 3D electrical 

mapping in PeAF, but both have significant problems that limit their utility.   

 

Reentrant electrical pathways or "rotors" have been identified in PeAF using contact mapping 

catheters in both right and left atria (Narayan, Krummen et al. 2012). Reports of sustained 
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reversal of PeAF following transmural ablation of atrial tissue at the centre of these rotors led 

(Narayan, Krummen et al. 2012, Narayan, Baykaner et al. 2014) attracted considerable interest. 

However, the effectiveness of the approach has been questioned (Benharash, Buch et al. 2015). 

Furthermore, the distribution of electrodes on the basket catheters currently used for contact 

mapping is not uniform and this is exacerbated by the fact many electrodes do not make adequate 

contact with the heart wall.  

 

Noncontact mapping systems that use multi-electrode arrays mounted on a balloon catheter 

(EnSite
TM

 St Jude Medical) have also been used to guide ablation in PeAF (Friedman 2002), but 

the balloon is small and intracardiac potentials are acquired at the centre of the chamber well 

away from the walls. This increases the probability of artifact with inverse mapping, particularly 

in PeAF where the atria are often grossly dilated (Friedman 2002).  

 

Atrial activation can also be reconstructed from body surface potentials using inverse methods 

(Rudy 2013) and ablation targets have been successfully identified in PeAF with this approach 

(Haissaguerre, Hocini et al. 2014). However, there is compelling biophysical and experimental 

evidence that inverse body surface mapping can produce qualitative guidance only (Zemzemi, 

Dobrzynski et al. 2015). On the other hand, there is a good empirical basis for arguing that 

inverse mapping could be used to reconstruct 3D atrial activation with acceptable accuracy from 

noncontact potentials recorded with an expandable basket catheter provided that the electrodes 

were sufficiently close to the atrial wall. As far as we are aware, no systematic investigation of 

such an approach has been reported.                

 

The objective of this thesis is to investigate the potential utility of using inverse mapping to 

reconstruct electrical activity on the 3D endocardial surfaces of the atria from potentials recorded 

in the atrial chamber with a steerable and expandable basket catheter where some or all of the 

electrodes are not in contact with the wall. A brief summary of the organisation of the thesis is 

provided below.  
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Chapter 2 is an outline of the pathophysiology of atrial fibrillation. It covers the structure and 

function of the normal atria and deals with the mechanisms that give rise to AF. Finally, methods 

that are used to treat AF and particularly PeAF are covered systematically. 

 

Chapter 3 covers the theory and application of inverse methods in cardiac electrophysiology with 

specific emphasis on intracardiac inverse mapping. 

 

Chapter 4 is a computational proof of concept of inverse mapping from noncontact potentials 

recorded open basket catheters. Factors that may affect the accuracy of this approach are 

analysed systematically using structurally realistic 2D and 3D models of the left atrium. 

 

Chapters 5 and 6 focus on experimental studies carried out in the sheep, where the intracardiac 

inverse mapping approach applied in Chapter 4 are tested in a setting that closely matched the 

clinical cardiac electrophysiology laboratory. Chapter 5 is a detailed outline of the methods 

developed for these studies, while chapter 6 deals with the results that were obtained. 

 

Finally, Chapter 7 is a brief commentary on the outcomes of the research completed for this 

project, their potential translational utility and future work that should be carried out in this 

research area. 



 5  

2  Background  

2.1 Overview of Cardiac Function and Structure 

2.1.1 Functional Anatomy 

The role that the heart plays in cardiovascular system is to pump blood throughout the body. The 

mammalian heart consists of four separate chambers, with the thinner walled right and left atria 

immediately above the corresponding ventricles (Figure 2.1). De-oxygenated blood flows into 

the right atrium (RA) via the superior vena cava (SVC), inferior vena cava (IVC) and coronary 

sinus, and then into the right ventricle (RV) from where it is pumped to the lungs. Carbon 

dioxide is released from the blood and oxygen is absorbed in the lungs. Oxygenated blood then 

flows into left atrium (LA) via the pulmonary veins. From the LA, the blood moves into the left 

ventricle (LV) which pumps it into the aorta and throughout the systemic circulation. The cardiac 

valves ensure that blood flow through the cardio-pulmonary circuit is unidirectional. 

 

The capacity of the heart to pump blood depends not only on the integrity of the valves but also 

on coordinated contraction and relaxation of the four cardiac chambers. This is achieved by a 

synchronized wave of electrical depolarization that propagates through cardiac muscle cells in 

the heart and triggers contraction (Rhoades and Tanner 1995). 

 

http://en.wikipedia.org/wiki/Left_ventricle
http://en.wikipedia.org/wiki/Left_ventricle
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Figure 2.1: Structure of the heart and the conduction system. The electrical impulse begins at the 

sino-atrial node (SAN). Then the electrical stimulus passes through the atrioventricular node (AV node), 

the bundle of His, the left and right bundle branches and the Purkinje fibers. All these components 

coordinate the contraction and relaxation of the heart chambers. Typical cardiac electrograms along the 

conduction pathway and the associated ECG recordings are displayed at the right-hand side. (adapted 

from Noble (1979)).  

2.1.2 Electrical Activation of the Heart 

The electrical impulse is initiated in the sino-atrial node (SAN), the pacemaker of the heart. 

Electrical activation then propagates throughout the RA and LA, stimulating contraction of the 

atrial chambers. The atrioventricular node (AVN), which connects atria and ventricles, is 

activated during this process. The AVN functions as a delay line, slowing electrical propagation 

from the atria to the ventricles, so that atrial contraction precedes ventricular contraction. 

Activation then spreads to the His Bundle (the distal portion of AVN), which splits into two 

branches in the interventricular septum (the right and left bundle branches), These bundles give 

rise to the Purkinje fibre network that ramifies across the endocardial surfaces of the right and 

left ventricles (Figure 2.1). Electrical propagation in the His-Purkinje system is much faster than 

cell-to-cell activation in working ventricular myocardium (2-5 m/s compared with 0.7-1 m/s). 

http://en.wikipedia.org/wiki/Sinoatrial_node
http://biology.about.com/library/organs/heart/blatrionode.htm
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This ensures that electrical depolarization spreads across the ventricles in a rapid and coordinated 

fashion, giving rise to effective ventricular contraction. 

 

The electrical activity of the heart is reflected in the electrocardiogram (ECG), the difference in 

potentials recorded between electrodes on the body surface throughout the cardiac cycle (Figure 

2.1). The P wave of the ECG corresponds to atrial depolarization and the PR interval reflects 

delay in the AVN. Ventricular depolarization gives rise to the QRS complex on the ECG. 

Because the ventricles have a much larger muscle mass than the atria, the amplitude of the QRS 

complex is substantially greater than the P-wave. Finally, the T wave of the ECG is due to 

ventricular repolarization, restoration of cellular kinetics to the resting state in ventricular 

myocardium. 

 

The mechanical function of the ventricles during the cardiac cycle is determined by the extent of 

ventricular filling immediately prior to contraction and ventricular inotropic state (calcium 

binding to Troponin C in ventricular muscle cells that enables interactions between the 

contractile proteins to occur) (Rhoades and Tanner 1995). The atria play a crucial role in 

ventricular filling. During ventricular contraction, blood returning to the heart is stored in the 

compliant atrial chambers and, with ventricular relaxation, blood is transferred rapidly from atria 

to ventricles (rapid filling). Atria and ventricles fill together throughout most of the remaining 

diastolic interval. Finally, atrial contraction displaces additional blood into the ventricular 

chambers. Under resting conditions, atrial contraction normally contributes relatively little to 

ventricular filling (~10%) (Wolf, Abbott et al. 1991, Ganong 2005). However, the role of atrial 

contraction is much more important in exercise (Rhoades and Tanner 1995). 

2.2 Atrial Anatomy 

Understanding atrial structure is fundamental to investigating the basic mechanisms and 

therapeutic approaches to AF. The basic components of LA and RA are the same (Figure 2.2): a 

venous portion, an appendage and a vestibule that leads to the atrioventricular valves. The two 

http://en.wikipedia.org/wiki/ECG
http://en.wikipedia.org/wiki/QRS_complex
http://en.wikipedia.org/wiki/ECG
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chambers are separated by the interatrial septum (Ho and Sánchez-Quintana 2009). Both atria 

begin at the venoatrial junctions which are the entrances of the caval veins or the pulmonary 

veins into the atria, and terminate at the fibro-fatty tissue plane that marks the atrioventricular 

junction (Ho and Sánchez-Quintana 2009). 

 
Figure 2.2: The front view of casts of the ventricular chambers of a normal heart. The “right” side is in 

blue and the “left” side is in red. Here AO = aorta, PT = pulmonary trunk, SVC = superior vena cava, 

RAA = right atrial appendage, LAA = left atrial appendage, RV = right ventricle, LV = left ventricle. 

(adapted from Anderson (2007)). 

 

The two atrial chambers are different in shape. The dominant feature of the RA is the large right 

atrial appendage (RAA). The atrial appendage, which forms the entire anterior wall of the atrial 

chamber, can be easily distinguished from the rest of the atrium because of the ridged appearance, 

of the endocardial surface, the ridges are formed by the pectinate muscles. The RAA extends 

around the vestibule of the tricuspid valve, and reaches to the septum (Figure 2.3). The rightward 

part of RA is occupied by the systemic venous sinus. The SVC opens into the top of this part and 

IVC opens into the bottom. The coronary sinus (CS) opens into the inferior part of the chamber 

to the left of the IVC. The CS originates at the site of the oblique vein of the LA (Marshall 1850) 

on the anterior-lateral LA, and it is the continuation of the great cardiac vein (Ho, Anderson et al. 

2002). The entire systemic venous sinus is smooth-walled, and extends towards to the floor of 
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the oval fossa, the dominant structure of the posterior interatrial septum. The vestibule of the 

tricuspid valve forms the leftward margin of RA (Anderson and Cook 2007). The SAN, 

pacemaker of the heart, is situated in the superior RA anterior to the opening of the SVC, where 

the crista terminalis (a thick band of atrial muscle at the medial margin of the atrial appendage) 

meets the intercaval venous tissue. 

 

Unlike the RA, the left atrial appendage (LAA) is much smaller and has tubular shape 

(Stollberger, Schneider et al. 2003). The vestibule of the mitral valve forms the leftward and 

anterior atrial border, and the pulmonary venous components form the left atrial roof, two from 

the left lung and two from the right lung. Like the caval veins, the atrial musculature extends 

over the walls of the pulmonary veins to varying extends circumferentially and distally (Nathan 

and Eliakim 1966, Lunkenheimer, Redmann et al. 2000, Saito, Waki et al. 2000, Ho, Cabrera et 

al. 2001), these sleeves of ordinary atrial myocardium are more extensive in the superior veins 

than in the inferior veins (Zipes and Knope 1972). When viewed from above, the four pulmonary 

veins (PV) enter the corners of the atrial roof. Muscle bundles pass in front, between, and behind 

the entry points of the pulmonary veins. One of these bundles, the septopulmonary bundle (SP) 

(Papez 1920), passes across the atrial roof, between the right and left pulmonary veins, joining 

with the muscular sleeves of the veins (Ho and Sánchez-Quintana 2009). 

 

The interatrial septum is the wall of tissue that separates the right and left atrial chambers, it 

includes the floor of the oval fossa, which is surrounded by a raised muscular rim (Ho, Anderson 

et al. 2002). A broad muscle bundle known as Bachmann’s bundle (BB) can be found along the 

anterior atrial wall crossing from right to left, and is composed of myofibers that are aligned 

parallel to the plane of the atrioventricular junction, and it is the most significant electrical 

interatrial connection.  
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Figure 2.3: Epicardial myoarchitecture viewed from different orientations. (A) The epicardial 

myoarchitecture viewed from the front. The BB and SP run in different orientations. (B) The 

posteroinferior aspect of the atrial chambers shows multiple muscular bridges (small arrows) across the 

posterior and inferior parts of the septal raphe. Here SVC = superior vena cava, IVC = inferior vena cava, 

RAA = right atrial appendage, LAA = left atrial appendage, BB = Bachmann’s bundle, LI, LS, RI, RS 

represent left and right inferior and superior pulmonary veins respectively. 
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2.3 Atrial Electrical Activation 

To understand the factors that give rise to reentrant atrial arrhythmia and AF, we first need to 

understand the mechanisms of atrial cellular activation, which is the fundamental source of any 

cardiac conduction. The cardiac cellular action potential (AP), the change in transmembrane 

potential with time during a depolarization and repolarization cycle is generated by the 

movement of sodium, calcium and potassium cations across the cell membrane (Schram, 

Pourrier et al. 2002, Nerbonne and Kass 2005, Nattel, Maguy et al. 2007) and is a key 

determinant of cardiac electrical activity. 

 

Figure 2.4 is a schematic of a cardiac AP and the principle currents involved in its different 

phases. There are 5 phases (labeled from 0 to 4 in Figure 2.3A) to the cardiac AP, beginning with 

initial depolarization (phase 0) and ending at the resting state (phase 4). In the resting phase, the 

intracellular potential in working atrial cells is -80 to -90 mV, with respect to the extracellular 

potential.  When the membrane potential is brought to threshold, cells are depolarized by the 

rapid entry of Na
+
 through Na

+
 channels, generating a large inward-flowing (depolarizing) 

Na
+
 current (INa). This reduces the permeability of the potassium channels that maintain the 

resting membrane potential, IK1, and also prompts opening of the channels that carry the slow 

calcium current, Ica,L. Early repolarization is due to K
+
 flow through a rapidly activating and 

inactivating transient outward current (Ito) K
+
 channel. Thereafter, inward (Ca

2+
 through the 

L-type Ca
2+

 current, ICaL) and outward (K
+
) currents remain in balance during the plateau phase 

(phase 2), a time in which the cell remains absolutely refractory (effective refractory period). The 

duration of the plateau phase is determined by the progressive increase in potassium ion currents 

carried by delayed rectifier channels (Iks IKr, IKur), which initiate repolarization (phase3). During 

this phase, resetting of sodium channels enables activation to take place, but the action potential 

will be abnormal since not all channels have fully recovered (relative refractory period). 

Propagated electrical activity cannot be elicited during the effective refractory period (ERP) 

while activation during the relative refractory period (RRP) will give rise to slow electrical 
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propagation. 

 

Figure 2.4: Different ionic channel contributions underlying atrial electrical activity. (A) Different phases 

of the action potential and their corresponding ionic currents. The horizontal blue lines at 

the bottom indicate the portion of ionic flow occupied in the whole process. The effective refractory 

period (ERP) during which a propagated action potential cannot be elicited regardless of stimulus strength 

is followed by the relative refractory period (RRP) during which stimuli of greater than those that 

normally reach threshold can generate a propagated action potential. This is followed by the supernormal 

period (SNP) when smaller stimuli than normal can generate propagated activation. Action potentials 

generated in the RRP and SNP propagate slowly. (B) Left: electrical conduction throng the whole heart. 

Right: APs corresponding to the propagation of the left schematic. The short vertical lines indicate 

starting time of activity in the SA node for one beat. (adapted from Nattel (2007)). 

 

The rate of spread of activation through the heart is influenced by the AP, thus abnormalities in 

the AP can lead to abnormalities in the spread of electrical activity through the heart and cardiac 

dysfunction such as AF (Ten Eick, Bassett et al. 1983, TenEick, Houser et al. 1989). The 

relationship between the AP and heart disease was first described by Trautwein et al. in 1962 

(Trautwein, Kassebaum et al. 1962). AF can be caused by a variety of pathologies that lead to 

ion-channel remodeling, such as congestive heart failure. On the other hand, AF itself is also a 

trigger of ionic current remodeling. This auto-perpetuation phenomenon has led to the phrase 
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“AF begets AF” (Wijffels, Kirchhof et al. 1995, Allessie, Ausma et al. 2002, Dobrev and Ravens 

2003, Nattel, Maguy et al. 2007). Detailed AF mechanisms will be described in chapter 2.4.2.  

 

In addition to the influence of the atrial AP, the spread of electrical activation through the atrial 

chambers is also determined by the geometry and muscular architecture (Ho and 

Sánchez-Quintana 2009). In summary, the propagation of the sinus impulse originates from SAN 

then spreads to the CT, where it propagates rapidly around the boundary of the RA chamber and 

via the pectinate muscle through the RAA. Early activation will also proceed to the 

anterosuperior part of the LA through BB. Subsequently, the sinus impulse propagates towards 

the inferior region of RA and the anterolateral and posterior walls of LA. The latest activated part 

is the posterolateral wall of LA (Boineau, Canavan et al. 1988, Ponti, Ho et al. 2002, Zhao, 

Butters et al. 2012). There is limited direct contact between RA and LA and myocytes are 

oriented in the direction of the inter-atrial septum. Hence there is slow propagation between RA 

and LA except for the rapid early activation spread via Bachman's bundle. The middle period of 

atrial activation, firstly activated the medial area of the anterior wall and the left side of the 

septum, then reaches the posterior wall and propagates with a medial to lateral orientation. The 

two components finally rejoin at the posterolateral wall, where the sinus impulse propagation 

ends. The atrial epicardial surface of a human heart and its corresponding activation map during 

sinus rhythm (SR) (Zhao, Hansen et al. 2015) is shown in Figure 2.5. Atrial bundle 

rearrangement is associated with dissociation of electrical activity and the development of AF 

(Maesen, Zeemering et al. 2013). 
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Figure 2.5: High-resolution optical and structural mapping of an explanted human heart during SR. A: 

Coronary-perfused, explanted intact human atria; white box indicates optical mapping field of view from 

the epicardial surface. B: Electrical wavefront originated at SAN in the superior CT and propagated from 

the right to the left atrium (RA and LA) through interatrial muscular bundles. Here, IVC = inferior vena 

cava; LAA = left atrial appendage; LI = left inferior; LS= left superior; PLA = posterior left atrium; RA = 

right atrium; RAA = right atrial appendage; RI = right inferior; RS = right superior; CT = crista terminalis 

and SVC = superior vena cava. (adapted from Zhao (2015)). 

2.4 Atrial Fibrillation 

2.4.1 Clinical Background of AF 

AF is characterized by non-uniform and rapid atrial activation (300-500 beats/min) (Go, Hylek et 

al. 2001, Ganong 2005). During AF, coordinated atrial contraction no longer occurs, which 

constrains ventricular filling and can limit the capacity to increase cardiac output in exercise. In 

addition, because of the prolonged refractory period of the AV node (Wijffels, Kirchhof et al. 

1995), only a subset of these impulses is transmitted to the ventricles. As a result, the ventricles 

have an irregular rhythm (80-160 beats/min) (Lown 1967), which may further impair cardiac 

pump function.  

 

AF is associated with increased cardiovascular morbidity and mortality, and the occurrence of 

AF increases with age, from 0.5% at age 50~59 to nearly 10% at age over 80 (Kannel, Wolf et al. 

http://europepmc.org/abstract/MED/7733127/?whatizit_url=http://europepmc.org/search/?page=1&query=%22cardiovascular%20morbidity%22
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1998). AF may be symptomatic or asymptomatic. Common symptoms include heart palpitations, 

shortness of breath, chest pressure, lightheadedness and reduced exercise capacity. 

 

In the long term, absence of regular atrial contraction may result in blood pooling in the atria, 

potentially leading to thrombus formation. Patients with AF are five times more likely to have a 

stroke and ~15 percent of all strokes are attributable to AF (Wolf, Abbott et al. 1991, Lilly 2012).  

 

Clinical trials also indicate that AF may lead to heart failure, and that it increases all-cause 

mortality (Vidaillet, Granada et al. 2002). Typically, the effects of AF are relatively benign 

during the 6-month period after the initial episode of AF. After this period, AF episodes tend to 

last longer and more often in many patients and the risk of mortality in AF patients increases 

progressively with 89% of women and 66% of men having a major cardiovascular event (death 

or hospitalization) within 20 years of onset of sustained AF (Stewart, Hart et al. 2002). Mortality 

is particularly high in patients with heart disease and congestive heart failure. AF and other 

cardiac diseases, such as congestive heart failure, frequently occur together, and their 

combination is associated with increased morbidity and mortality compared with each disorder 

alone (Wang, Larson et al. 2003, Naccarelli, Hynes et al. 2004). 

 

AF is categorized clinically as paroxysmal (normally lasting <7 days), persistent (>30 days, 

PeAF) and permanent (> 6 months) (Pappone, Rosanio et al. 2000, Lip and Hee 2001, Oral, 

Knight et al. 2002). Clinical studies suggest that persistent AF is a transitory state between 

paroxysmal and permanent AF (Schotten, Verheule et al. 2011). Progression from paroxysmal to 

persistent or permanent AF involves changes in the electrical function of atrial cells (electrical 

remodeling) or structural changes in the atrial tissue (structural remodeling) that include 

distributed fibrosis and atrial dilatation (Jacquemet, Virag et al. 2005). 

2.4.2 Mechanisms of AF 

While the exact mechanism for AF still remains unclear there have been enormous advances in 
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understanding of AF over the past half century (Nattel 2002, Wakili, Voigt et al. 2011). Genetic 

predisposition (Fox, Parise et al. 2004), multiple rapidly firing foci (Winterberg 1907), structural 

remodeling (Spach and Boineau 1997, Iwasaki, Nishida et al. 2011), autonomic dysfunction, 

abnormal pacemaker activity across atria and in the PV sleeves (Oral, Knight et al. 2002), are all 

thought to contribute to initiation of AF (Cerutti, Mainardi et al. 2007). 

 

Experimental studies have suggested that AF is due to multiple reentrant wavelets (Mines 1913, 

Schmitt and Erlanger 1928), which is a generally accepted feature of AF. It has been 

demonstrated that stable or unstable reentrant circuits with short cycle lengths in or near the PVs 

play an important role in generating episodes of arrhythmias in patients with paroxysmal AF 

(Oral, Knight et al. 2002, Cerutti, Mainardi et al. 2007).  

 

Reentrant rhythm disturbances are generated by a self-sustaining electrical circuit that repeatedly 

depolarizes a region of the heart more rapidly than the intrinsic rate of the SAN (Lilly 2012). The 

reentry circuit model initially described by Schmidt and Erlanger in 1928, provided a 

comprehensive description of the substrate necessary for reentry (Schmitt and Erlanger 1928). 

Figure 2.6 illustrates the conditions in which reentry may occur. The figures depict electrical 

activity as it flows through a branch point within the conduction pathways of the atria. Panel A 

shows the propagation of normal conduction. The impulse passes through point “X” and reaches 

two parallel pathways 1 and 2. Then it travels down into the more distal conduction tissue. 

Because the two pathways have identical conduction velocities and refractory periods, a portion 

of each wave will collide in the distal conduction tissue and extinguish each other. Panel B 

shows what will happen if conduction is blocked in one pathway. Here the block occurs in 

pathway 2, so that activation propagates through track 1 only into the distal tissue. As the 

impulse is still travelling in the distal tissue, it will encounter the distal end of pathway 2 at point 

Y. If the impulse can now pass retrograde along pathway 2, unidirectional block is said to be 

present. If, as shown in Panel C, the impulse reaches point X when tissue is within its ERP, 

propagation will again be blocked and will die out. However, if it travels sufficiently slowly to 
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reach X during or after the RRP reentrant activation will be set up as shown in Panel D. 

 

Figure 2.6: Mechanism of reentry. (A) Normal conduction. When a potential reaches a division in the 

conduction pathway (X), the impulse travels both pathway 1 and 2 to activate distal conduction tissue. (B) 

Unidirectional block. Forward passage of the impulse is blocked in pathway 2, but proceeds normally in 

pathway 1. When the impulse reaches Y, if the backward conduction of pathway 2 is intact, the potentials 

will enter pathway 2 and conduct in a backward fashion. (C) The impulse reaches X while pathway 1 has 

not repolarized completely, then it dies out. (D) If the conduction through the backward pathways is 

slower than normal the impulse reaches X after pathway 1 has completely repolarization. Pathway 1 will 

be activated again, and a reentrant loop is formed. 

 

The average size of reentry pathways during AF is dependent on atrial wavelength. Atrial 

wavelength is defined as the distance travelled by the depolarization wave during the effective 

refractory period. A direct local estimate of the wavelength λ is obtained by the product of 

conduction velocity (CV) and ERP: λ=CV*ERP. The number of wavelets that fits onto atrial 

surface at any time is decided by atrial size, CV and ERP. A decrease in wavelength, either by 

shortening ERP or by decreasing CV will increase the vulnerability to AF. Previous studies have 

shown that AF relies on a sufficient number of reentrant wavelets, and the wavelength needs to 

be below the critical value of 9-11cm for AF to be sustained (Jacquemet, Virag et al. 2005). 
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From these four figures, we can conclude that two main conditions must be met to develop 

reentry in a region of cardiac tissue. (1) Unidirectional block, and (2) Slowed conduction through 

the loop tissue. These two conditions may arise because neighboring cells have different 

conduction velocity and refractory periods (Lilly 2012). 

 

Two distinctly different mechanisms for AF were proposed initially. These were that AF is 

caused by multiple rapid-firing ectopic foci (Winterberg, 1907) and alternately that it results 

from the formation of macroscopic reentrant circuits (Mines 1912). However, Moe and 

Abildskov (Moe and Abildskov 1959) argued that it was most unlikely that either specific 

ectopic foci or reentry circuits could be sufficiently stable for AF to be maintained by these 

mechanisms for periods of years. Instead, members of this group advanced the multiple wavelet 

hypothesis (Moe, Rheinboldt et al. 1964): That longstanding AF was the result of multiple 

wavelets constituting macroreentrant circuits which were self-sustaining. Subsequent 

experiments, in which electrical activity was mapped in vivo in dog atria, demonstrated that 

multiple propagating wavelets could give rise to turbulent activity in the atria. Support for the 

multiple wavelet hypothesis has been provided by studies in dogs and humans (Cox, Canavan et 

al. 1991, Wang, Pagé et al. 1992, Kirchhof, Chorro et al. 1993, Wang, Bourne et al. 1993). 

  

The idea that AF is driven by focal activity has been resurrected on the basis of more recent 

clinical and experimental findings. The discovery that pulmonary vein isolation reverses 

paroxysmal AF in the majority of patients has been interpreted as evidence that rapid ectopic 

activity in the sleeves of the pulmonary veins near their junction with the LA is responsible for 

this rhythm disturbance (Jai, Hai et al. 1997, Haissaguerre, Jaïs et al. 1998). Furthermore, 

electrical mapping in the sheep heart following AF induction demonstrated that it was driven by 

stable high frequency sources in the ostium of the pulmonary veins (Pertsov, Davidenko et al. 

1993, Jalife, Berenfeld et al. 1998, Skanes, Mandapati et al. 1998, Mandapati, Skanes et al. 2000, 

Mansour, Mandapati et al. 2001). More detailed analysis of electrical activity in this region 

during AF revealed vortices rotating at the drive frequency (Mandapati, Skanes et al. 2000). 
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These spiral waves were defined as rotors and interpreted as micro-reentrant electrical activity 

that is inherently stable and can anchor to anatomical heterogeneities in the cardiac muscle 

(Pertsov, Davidenko et al. 1993, Jalife, Berenfeld et al. 2002). 

 

Despite the compelling evidence for rotors as focal micro-reentrant sources in AF, it is difficult 

to accept that this is the only mechanism involved. The development of PeAF is associated with 

complex patterns of structural and electrical remodeling all of which increase the probability of 

macro-reentry (Nattel, Maguy et al. 2007). Dilatation increases the capacity of the atrial walls to 

support macro-reentry, while proliferation of interstitial fibrosis gives rise to tortuous conduction 

and reduced effective conduction velocity which reduces the wavelength for reentry. 

Furthermore, experimental studies in normal dog hearts with acetylcholine-induced AF have 

shown that focal activity and macro-reentrant pathways can both contribute to the arrhythmia.  

2.4.3 Treatment of AF 

Three main options are available for clinical management of patients with AF (Van Gelder, 

Hagens et al. 2002) 1) drug treatment 2) cardioversion, and 3) ablation of atrial regions that give 

rise to AF. 

 

In general, drug treatment is the first course of action in AF. Pharmalogical rate control is 

directed toward increasing the refractoriness of the AV node, thereby reducing the number of 

impulses that reach the ventricles from the atria (Cerutti, Mainardi et al. 2007). Beta adrenergic 

receptor antagonists (β-blockers) and calcium channel antagonists are most commonly used for 

this purpose. Rate control is considered effective if symptoms are relieved and ventricular rate is 

maintained between 60 and 80 beats per minute at rest and 90 and 115 beats during moderate 

exercise (Rawles 1990). If rate control doesn't work, then a rhythm control medication may be 

used to try to restore normal SR (Van Gelder, Hagens et al. 2002). Rhythm control involves the 

use of anti-arrhythmic drugs such as amiodarone which can have adverse side effects and the 

long term benefits of this approach have been questioned (Olshansky, Rosenfeld et al. 2004). 
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Electrical cardioversion is achieved by delivering an electric shock to the heart which resets the 

chaotic activity of AF and restores normal SR. The shock can be delivered externally via 

electrodes on the chest, or directly to the heart during open chest surgery or percutaneous 

catheter intervention (Lown 1967). Electrical cardioversion has a very high initial success rate, 

but only 23% of patients are still in SR 1 year later, further reducing to 15% at 2 years (Dalzell, 

Anderson et al. 1990). 

 

Catheter/cryo-ablation is commonly used to reverse AF when neither pharmacological treatment 

nor cardioversion proves effective. This approach is reviewed more comprehensively in the next 

section.  

2.5 Percutaneous Catheter Ablation of AF 

With this procedure, an ablation catheter (introduced into a vein in the groin or neck) is advanced 

into the RA. In some cases, right atrial ablation is sufficient. If a further ablation is needed in the 

LA, the catheter is then introduced into the LA via transseptal puncture. Principle of ablation is 

to target tissue adjacent to the ablation catheter tip to create lesions that abolish micro-reentrant 

sources or interrupt macro-reentrant pathways (Calkins, Kuck et al. 2012, Jacquemet 2016). 

Lesions are created by delivering light, microwave, ultrasound or radiofrequency energy to the 

catheter tip (Calkins, Kuck et al. 2012) or by removing heat through the tip (cryo-ablation) via a 

refrigerating fluid (Rodgers, McKenna et al. 2008).  

 

Initial attempts to reverse AF with catheter ablation sought to replicate the surgical Maze 

procedure by creating multiple linear lesions in both atria (typically a roof line and a mitral 

isthmus line) to block macro-reentrant pathways and also constrain the interaction of potentially 

fibrillatory wavelets (Cox, Boineau et al. 1993, Cox, Jaquiss et al. 1995). The objective here is to 

trap and extinguish potentially fibrillatory wavelets (Ernst, Ouyang et al. 2003, Calkins, Kuck et 

al. 2012). The approach is difficult, time consuming, and associated with significant 

complications (Nademanee and Oketani 2009).  
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The breakthrough for AF ablation came with the demonstration by Haïssaguerre and members of 

the Bordeaux group (Haissaguerre, Jaïs et al. 1998) that PVs are important focal triggers for AF. 

Pulmonary vein isolation (PVI) seeks to prevent possible arrhythmogenic electrical activity that 

originates in the PVs from reaching the LA and it has become the cornerstone of AF ablation 

approach nowadays (Nademanee and Oketani 2009). PVI is now widely used to treat patients 

with paroxysmal AF and success rates of more than 80% are reported (Nademanee and Oketani 

2009, Ganesan, Shipp et al. 2013). However, results with patients with PeAF are much less 

satisfactory, with a long term success rate of ~28.4% by a single ablation procedure (Brooks, 

Stiles et al. 2010, Chao, Tsao et al. 2012, Lambert, Ibrahim-Verbaas et al. 2013). Incomplete or 

non-transmural isolation may contribute to recurrence of AF. However, differences in the success 

rates for paroxysmal AF and PeAF indicate sources other than the PVs contribute to the 

development of sustained AF and that atrial substrate outside of the PVs plays an important role 

in sustaining it. Linear ablation has been used as an additional ablation strategy to PVI, although 

it remains controversial for PeAF since the most recent clinical trials suggest that linear ablation 

plus PVI does not improve the success rate of ablation compared with the PVI alone in long-term 

reversal of PeAF (O'Neill, Wright et al. 2009, Verma, Jiang et al. 2015). 

 

In addition to these essentially empirical anatomy-based approaches mentioned above, attempts 

are now being made to identify patient-specific ablation targets. The identification of complex 

fractionated atrial electrograms (CFAEs) is one such approach. (Roux, Gojraty et al. 2008). This 

technique targets highly fractionated atrial electrograms recorded during AF. Ablation of CFAEs 

may be performed on PeAF patients who often have triggers elsewhere in the atria besides the 

PVs, it is suggested that the CFAEs represent electrophysiological markers for the substrate 

maintaining AF (Nademanee, McKenzie et al. 2004). Ablation of the CFAEs can be used as a 

stand-alone ablation strategy or as an adjunctive strategy to PVI. The former is insufficient for 

the treatment of PeAF, but was argued that the latter combination approach can significantly 

increase the mid-term success rate (Estner, Hessling et al. 2008). However, most recent clinical 
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studies suggest that the CFAEs ablation plus PVI does not offer any improvement over the PVI 

alone (Brooks, Stiles et al. 2010).  

 

Targeted ablation of rotors/AF re-entrant drivers is the most recent approach (Narayan, 

Krummen et al. 2012). Simultaneous electroanatomic maps are reconstructed by intracardiac 

basket catheter (FIRM trial) (Narayan, Krummen et al. 2012) or from body surface recordings 

(Haissaguerre, Hocini et al. 2014). These maps can be used to identify the presence of rotors 

during AF and guide catheter ablation. Narayan’s group argued that rotors were stable in spatial 

and temporal spaces, while Haissaguerre and his colleagues suggested that the rotors appear in 

the same locations over time but are not stable in temporal space. However, almost all groups 

agree that rotors tend to appear around fibrotic border regions that can provide stable pathways 

of reentry. Gadolinium-enhanced MRI is a powerful tool now widely used to study fibrotic 

structures noninvasively, and enable patient treatment stratification and the prediction of the 

locations of rotors (McGann, Akoum et al. 2013). The clinical trial of a novel ablation strategy 

guided by fibrosis characteristics is an ongoing study. The FIRM study has a huge impact on 

cardiac community and it has shown that the combination of rotor ablation and PVI can 

remarkably increase the success rate than PVI alone, especially for persistent AF, which is 82% 

vs 45% in 9-months and 79% vs 39% in 3-year follow up (Narayan, Krummen et al. 2012, 

Narayan, Baykaner et al. 2014). However, some of more recent results using this approach are 

not so promising. In one study, the 18-month success rate of PVI+FIRM strategy for paroxysmal 

or PeAF was 47% (Buch, Share et al. 2016). A second study of 29 patients with PeAF conducted 

by Gianni et al. using FIRM alone (without PVI) had a success rate of 28% after 6 month follow 

up (Gianni, Mohanty et al. 2016). The FIRM study used a panoramic basket for recording and 

novel signal processing tools (phase mapping) to guide ablation in the clinical trials, and has 

demonstrated that AF reentrant circuits are more likely the mechanisms behind AF in humans. 

However the clinical outcomes using the FIRM approach are subject to ongoing debate (Buch, 

Share et al. 2016, Gianni, Mohanty et al. 2016).  
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2.6 Electrical Mapping Approaches 

An accurate characterization of the spatiotemporal patterns of electrical propagation in patients 

will help clinicians to have more clear understanding of AF and facilitate the identification of 

ablation targets in the patient-specific heart. In general, electro-anatomic mapping systems 

enable doctors to visualize structures and electrical activities in 3D in real time and create 

appropriate lesions to block abnormal electrical pathways. However, current mapping techniques 

for substrate identification in PeAF are relatively ineffective and all present a number of 

problems, which will be described in detail in 2.6.1~2.6.3. 

2.6.1 Contact Methods 

The most commonly used contact mapping system is the point-to-point contact mapping catheter 

under the CARTO system (CARTO, Biosense Webster Inc - see Figure 2.7A). Electrical activity 

is recorded sequentially across the atrial endocardial surface and spatial coordinates of recording 

sites are measured at the same time to construct a 3D electroanatomic map. This approach works 

well for repetitive activation patterns such as normal SR or atrial flutter, but it has limited 

success in capturing rapidly-changing abnormal electrical activations in the atrial chambers. 

Furthermore, this is a time-consuming process, particularly if the integrity of long linear lesions 

is to be assessed, or if multiple stable arrhythmias require mapping (Iaizzo 2009). 

 

Basket mapping catheters widely used under the EnSite NavX system (St. Jude Medical) are 

primarily designed to have maximal contact with the atrial endocardial surface. The 

Constellation
TM

 catheter (Boston Scientific) is a typical contact mapping catheter with a 

multi-electrode array (Figure 2.7B) to reconstruct extracellular electrograms. This catheter, 

which is introduced and expanded via a guide sheath, consists of an open catheter shaft with a 

collapsible, basket shaped, distal end. It is an expandable basket catheter available in a range of 

sizes, each with 8 splines, each containing 8 electrodes, providing a total of 64 unipolar or 56 

bipolar electrodes, providing the ability to record panoramically contact electrograms across 
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atrial chambers (Friedman 2002). However, the Constellation
TM

 catheter has its drawbacks. In 

principle, expansion of the Constellation
TM 

catheter of appropriate size within a cardiac chamber 

will enable contact recording of unipolar potentials at up to 64 sites on the endocardial surface of 

the heart. However, uniform full contact is not easily achieved in the atria because of their 

complex geometry. Recent studies showed that, in some cases, nearly half of the electrodes were 

not in contact with the atrial wall, leading to uncertainty and even misleading results (Narayan, 

Baykaner et al. 2014). The Constellation
TM

 catheter has been used in recent high-profile clinical 

trials (FIRM) (Narayan, Krummen et al. 2012), demonstrating its effectiveness. A phase mapping 

method was used to analyze data acquired with the Constellation
TM

 catheter and rotors were 

identified on this basis (Narayan, Baykaner et al. 2014). 

 

Topera is a company setup by Narayan and recently was sold to Abbott. They have developed 

another contact mapping catheter, called FIRMap Catheter (Abbott Electrophysiology, CA, USA) 

(Figure 2.7C), which is regarded as a further refinement of the Constellation
TM

 catheter. It also 

has 64 electrodes but they are more evenly distributed along the spline with increased 

inter-electrode spacing along each spline than the Constellation
TM

 catheter to maximize the 

mapping coverage. The distal and proximal electrodes are located more towards the catheter tip 

and shaft, allowing recordings from hard-to-reach areas. The manufacturers also claim that its 

high flexibility allows it to conform the shape of the heart chamber so that it can achieve more 

uniform contact. However, recent studies using this catheter reported poor mapping 

contact/signals in some areas and thus a lack of full panoramic coverage. (Buch, Share et al. 

2016, Gianni, Mohanty et al. 2016) 

  

Finally, a smaller basket catheter system has been developed by Rhythmia (Boston Scientific) 

which has its own mapping platform (Figure 2.7D). The Rhythmia is a region-of-interest contact 

mapping system (Nakagawa, Ikeda et al. 2012). It consists of a small (2.5 mm electrode spacing), 

expandable 64 electrode array with a diameter of 18 mm (in comparison, the smallest diameter 

for the Constellation
TM

 basket is 31 mm) which is small enough to be placed in the atrial 
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appendage and PV sleeves. This system has high spatial resolution and efficiency in anatomic 

and electrical mapping. However, to map a panoramic activation pattern across atria, multiple 

regional maps are needed. Therefore, this mapping approach can be used panoramically only for 

repeated patterns of electrical activity, such as SR and atrial flutter, or for region of interest 

mapping. No studies have suggested that it can be used reliably to provide panoramic maps for 

nonstationary AF. 

 

Figure 2.7: Widely used contact mapping catheters. (A) A point-to-point contact mapping catheter used in 

the CARTO mapping system (Biosense, Diamond Bar, CA, USA). (B) The Constellation
TM

 catheter with 

64 recording electrodes (Boston Scientific). (C) The topera catheter with 64 electrodes (Abbott 

Electrophysiology, CA, USA). (D) The Rhythmia catheter with 64 electrodes (Boston Scientific).  

2.6.2 Noncontact Methods 

Besides contact mapping system, some noncontact mapping systems are also used to reconstruct 

atrial electrical activity. In contrast to contact mapping systems, noncontact systems record 

electrograms from either within the lumen or on the body surface and use an inverse solution to 

project the potential distribution back to the atrial endocardial or epicardial surface. 
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2.6.2.1 A Brief Outline of the Inverse Mapping Approach 

In principle, inverse methods can be used to reconstruct electrical activity in the heart from 

noncontact potentials either recorded on the body surface (2.6.2.2) or within a cardiac chamber 

(2.6.2.3). The theory and practice of inverse cardiac mapping is discussed in detail in the next 

chapter, but key features of the approach are outlined here. To solve the inverse problem it is first 

necessary to specify the forward problem. In the forward problem, electrical potentials in one 

location are derived from measured electrical potentials in another location, using an appropriate 

transfer matrix. The forward problem/matrix can be set up by incorporating i) 3D electrode 

locations ii) 3D cardiac surface geometry, and iii) a full description of electrical properties within 

the domain of interest. This can be done empirically by recording noncontact potentials 

generated by sources applied systematically at different points in the heart or with a 

structure-specific computer model that incorporates the electrode locations, the cardiac surface 

geometry, and a full description of electrical properties within the domain of interest. Having 

obtained the forward matrix, the inverse approach is to go backwards to calculate the source by 

inverting the forward matrix. There are two caveats on this approach. Firstly, cardiac potentials 

that can be recovered are constrained by the independent 3D information acquired with the 

noncontact electrodes. Secondly inverse methods are prone to instability and error, because the 

problem is inherently ill-posed.  

2.6.2.2 Body Surface Inverse Mapping. 

Body surface inverse mapping is used to reconstruct potentials on the heart surface from 

potentials recorded on the body surface. CardioInsight Technologies (Figure 2.8) 

(CardioInsight Technologies, Cleveland, Ohio) is the most widely used system for cardiac 

inverse mapping (Cappato, Calkins et al. 2010) providing a noninvasive mapping approach to 

reconstruct time-varying electrical activity maps across both atria. Electrical activity on the body 

surface is recorded using a multi-electrode vest. The inverse mapping approach requires accurate 

3D anatomic representations of body surface and epicardial geometry, information that is 
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acquired using CT or MRI. Heissaguerre's group in Bordeaux have used CardioInsight to map 

rotors in persistent AF patients and have successfully terminated AF guided by this technique 

(Haissaguerre, Hocini et al. 2014). However, there is skepticism among researchers working in 

the field about the technical efficacy and accuracy of the approach which is clinically and 

financially costly given the need for prior anatomic imaging and image analysis. A further 

drawback to the approach is that local epicardial signals derived with this system cannot be 

directly related to the endocardial electrical signals recorded during ablation procedures. 

 

Figure 2.8: Multi-electrode body surface vest (CardioInsight Technologies, Cleveland, Ohio) which 

records body surface signals for use in an inverse mapping approach to relate body surface potentials back 

to the atrial epicardial surface. 

2.6.2.3 Intracardiac Inverse Mapping. 

In contrast to body surface inverse mapping, intracardiac mapping is used to reconstruct the 

potentials on the endocardial surface from electrograms recorded by catheters located within the 

cardiac chamber, though not touching the atrial walls. The noncontact intracardiac mapping 

system that has been most used clinically is the EnSite multi-electrode array system (St Jude 

Medical). This 18 46 mm catheter consists of a 64 electrode array mounted on an inflatable 

balloon (Figure 2.9A). The catheter is positioned at the centre of the cavity of interest and 

provides real-time 3D panoramic maps of potential distribution on the cardiac surface. These can 
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be analyzed to obtain activation time maps or substrate maps which identify areas where 

potential magnitudes are low throughout the cardiac cycle. The inverse problem can be defined 

based on the location of the catheter acquired by the EnSite workstation and atrial endocardial 

surface constructed using a steerable mapping catheter. Subsequently the endocardial 

electrograms can be reconstructed based on recorded potentials and previously built forward 

transfer matrix. However, because the catheter has a space-filling sealed balloon, it can impair 

atrial blood flow and is difficult and risky to deploy in the LA due to its size and elongated shape 

(Figure 2.9A). Furthermore, reconstructed activation patterns have low accuracy if the distance 

from the mapped area to the centre of the multielectrode array is more than 40 mm, which is 

common for PeAF patients who often have dilated atrial chambers (Bhakta and Miller 2008). 

 

Acutus Medical (Carlsbad, CA, USA) also supply a noncontact mapping system (Figure 2.9B), 

which uses a previously established method for noncontact cardiac electrical mapping. In this 

case, electrical activity recorded with a multi-electrode basket catheter in an atrial cavity is used 

to estimate an equivalent electrical dipole distribution within the atrial wall. It is argued that this 

provides an optimal representation of underlying atrial electrical activity. The Acutus catheter is 

relatively small (25 mm diameter) and contains 48 electrodes, and like the EnSite multi-electrode 

array, it is positioned at the centre of the atrial cavity. The Acutus mapping system is equipped 

with ultrasound probes, which enable efficient reconstruction of 3D atrial surface geometry. 

However, the dipole distribution is an inferred measure that cannot be equated directly with the 

surface potentials measured by clinicians during the ablation process. Finally, the relatively low 

channel count inevitably constrains the spatial resolution that can be achieved and the 

dimensions of the catheter preclude its use in atrial appendages and PVs. 
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Figure 2.9: Noncontact mapping catheters. (A) EnSite multi-electrode array catheter with 64 sealed 

electrodes (St. Jude Medical). (B) Acutus catheter with 48 electrodes (Carlsbad, CA, USA). 

2.7 A Novel Non-contact Intracardiac Mapping Approach 

To overcome the limitations of the aforementioned mapping systems, we propose to develop a 

novel 3D noncontact atrial mapping approach that will enable reconstruction of electrical 

activation across the atrial endocardial surfaces for individual cycles of AF (Figure 2.10). This is 

an intracardiac inverse system that enables potentials to be mapped quickly onto the atrial 

endocardial surface from a representative set of noncontact electrodes. It can be used i) for 

panoramic mapping through a basket mapping array with a large diameter at the "centre" of the 

cavity, so that the potential distribution can be reconstructed through the whole endocardial 

surface more reliably; and ii) for region-of-interest (ROI) mapping with arrays of smaller 

dimension in closer proximity to specific regions of the atrial wall, where a number of electrodes 

will most likely be in contact, and the potentials on the corresponding surface can be calculated 

accurately. 
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Figure 2.10: Schematic overview of the proposed panoramic electro-anatomic mapping system using an 

open multielectrode basket catheters in LA. (A) An open basket catheter is located in LA to record atrial 

electrograms. (B) A short episode of atrial electrograms is displayed from one of the 64 recording 

catheters. (C) The flowchart of source potential reconstruction on the endocardial surface of LA.  Here 

RA = right atrium; LA = left atrium. 
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We have conducted a feasibility study of the proposed mapping approach using a rapid 

pacing-induced large animal (sheep) model of heart failure. The sheep (N = 4) underwent 6 

weeks of rapid ventricular pacing and 3 weeks off-pacing before the electrophysiological study. 

For inverse mapping, the atrial surface, the location of the basket catheter and recorded atrial 

electrograms are required. To acquire the atrial surface data the sheep were anaesthetized and 

scanned using a Siemens 3.0T Magnetic Resonance imaging (MRI) scanner. From the scan data 

the atrial chambers were segmented and reconstructed in 3D prior to the mapping study. Two 

basket catheters (64 unipolar electrodes) were used to record simultaneous potentials in both LA 

and RA. The 3D locations of electrodes of the open basket catheter were determined using 

biplane ciné-fluoroscopy. Electrical activities were then mapped onto the atrial endocardial 

surface using a potential-based inverse solution. In this way, we could make full use of all 

recoding electrodes on the catheter in order to provide a panoramic activation map so that we 

could have a better understanding of global activation patterns across both atrial chambers. In 

addition, the 3D potential maps are linked to the highly detailed atrial anatomy derived from the 

MRI. The strengths of our approach are that it is potentially flexible, accurate and efficient and 

eliminates many of the weaknesses of alternative mapping methods. We will discuss the basic 

concept of forward and inverse problems, and the mathematical foundation for our proposed 

non-contact intracardiac mapping in the next two chapters. 
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3 Inverse problems and electrocardiology 

3.1 Introduction  

Electrocardiology, also known as cardiac electrophysiology, is the study of the electrical function 

of the heart, both normal and abnormal. In general, electrocardiologists base their clinical 

judgment on recordings that reflect the electrical function of the heart. 

 

An important requirement for clinical interpretation of electrical function is electrocardiography, 

the recording of potentials (or potential differences) generated at the body surface by the 

electrical activity of the heart. The first human electrocardiogram (ECG) was recorded by 

Augustus Waller in 1887 (Waller 1887), but Willem Einthoven (Einthoven 1903) was responsible 

for the development of electrocardiography as a widely used medical tool. Over a little more than 

a century, there has been a progression from cumbersome devices in which the ECG was 

recorded by submersing the hands and feet in saline filled buckets to the 12-lead ECG (Li, Li et 

al. 1998) that is now the clinical standard, as well as systems for mapping body surface potentials 

with much higher spatial resolution.  

 

An example of a forward problem is calculation the body surface electrical potential distribution 

from signals on the heart surface. Over the past forty years (Barr, Ramsey et al. 1977), it has 

been argued that it should be possible to reconstruct cardiac electrical activity from body surface 

potential measurements and this has been identified as the inverse problem of 

electrocardiography.  

3.2 The forward problem of electrocardiology  

In terms of electrocardiography, electrical activity on or within the cardiac wall generates the 

time-varying potential fields that are recorded on the body surface. The transfer matrix which 

describes that relationship is the basis of forward problem. Inversion of the forward transfer 



Inverse problems and electrocardiology 34 

 

 

matrix enables the cardiac source to be reconstructed from body surface potential measurements 

(Gulrajani 1998, Zhang, Desouza et al. 2013). However, there are well-established limitations on 

the capacity to solve this problem. The inverse problem of electrocardiography is inherently 

ill-posed. Electrical activity recorded on the body surface is blurred and attenuated and therefore 

does not provide sufficient information to entirely recover the spatio-temporal complexity of 

electrical activity at the level of the heart. 

 

The simplest forward model represents cardiac electrical activation as an equivalent current 

dipole, whose location, orientation and magnitude vary throughout the cardiac cycle, and treats 

the torso as a uniform volume conductor (Geselowitz 1964). In a further simplification of this 

model, equivalent dipole orientation and magnitude was derived from unipolar or bipolar limb 

leads on the assumption that the distance from limb electrodes to center of the dipole need not be 

accounted for (Einthoven, Fahr et al. 1950). This formulation has the advantage that there is a 

unique solution of the inverse problem, that is, a projection of a dipole can be reconstructed from 

simultaneous recordings on any two limb leads. However, the equivalent dipole model provides a 

very crude representation of electrical activity in the heart and it cannot account for the complex 

potential distributions on the body surface close to the heart. Geselowitz (Geselowitz 1960) 

defined a multipolar current dipole model by demonstrating that, for a homogeneous isotropic 

volume conductor bounded by an insulating surface (shaped for instance like the human torso), it 

is possible to identify a set of multipoles located at a common point within the conductor that 

reproduces measured surface potentials. It follows that it is possible to define multipole sources 

at the heart that would generate recorded body surface potential distributions throughout the 

cardiac cycle. A problem is that there is no obvious linkage between multipole source models and 

the physiological mechanisms that give rise to electrical activation in the heart.  

 

Distributed current dipoles that move with the wavefront of electrical activation in the heart 

provide a simple, more realistic source model (Gulrajani, Roberge et al. 1984). This approach, 

also called the uniform double layer model was first introduced by Wilson in 1933 (Wilson, 

Macleod et al. 1933) and it provides a good qualitative basis for interpreting ECG waveforms 
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(Holland and Arnsdorf 1977). The equivalent double layer model is an extension of the uniform 

double layer by assuming that myocardium can be represented as interpenetrating intracellular 

and extracellular electrical domains (the bidomain theory), and that local gradients of 

transmembrane potential act as a local current dipole density (Van Oosterom 2002, van Oosterom 

2010). This approach depends on the assumption that anisotropy ratios in intracellular and 

extracellular domains are equal (Geselowitz 1989, Geselowitz 1992) and has the advantage that 

it enables current sources to be represented throughout the activation cycle including 

repolarization (Van Dam, Oostendorp et al. 2009). 

 

An alternate approach is to use bioelectric theory to remove the need to specify cardiac current 

sources explicitly, so that potentials on a surface encompassing the myocardium are the effective 

electric source (Martin 1970). Such a potential-based model enables potentials on the epicardial 

surface of the ventricles, for instance, to be related to potentials on the body surface (Yamashita 

1982). Potential-based models have the advantage that they can be directly validated by 

measuring potentials on a cardiac surface (Burton, Tate et al. 2011), and allow potentials to be 

reconstructed on the epicardial surface of the heart from potentials sampled on the body surface 

(Schilling, Peters et al. 1998, Voth 2005).  

 

In rest of this chapter, we will develop a theoretical basis for formulating the forward and inverse 

problem of electrocardiology and implement it in our intra-cavity mapping. We 1) outline the 

bioelectric theory necessary to set up transfer functions that specify the relationship between 

recorded and source potentials 2) describe approaches used to formulate and solve the forward 

problems in electrocardiology, and 3) discuss the numerical methods that have been developed to 

solve the corresponding inverse problems. In our project, we have elected to use potential-based 

models as the basis for intra-cavity inverse electrical mapping because it allows the most direct 

and detailed reconstruction of the unknown potentials on the atrial endocardial surface.  

3.2.1 Basic bioelectric theory 

Potential distributions in the body are governed by Maxwell’s equations (Plonsey 1969) and the 
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derivation of the cardiac forward problem from them is described in detail elsewhere (Plonsey 

1969, Lines, Buist et al. 2003). Here, we recast this well-established approach briefly in our 

problem. Because the heart is the main source of the electrical activity, the contributions of other 

organs are relatively small and can be ignored. This means that the problem can be simplified as 

being quasi-static with the cardiac chamber approximated as a passive volume conductor. 

 

Because extracellular potentials generated by cardiac activation have a relatively limited 

frequency content (0-200 Hz), the capacitive contribution to tissue impedance is negligible. That 

is, tissue and body fluids may be treated as a resistive medium in which potential fields 

associated with current sources are not time dependent. Under these conditions, the total current 

may be expressed as the sum of the conduction current and any source currents. Thus J, the total 

current, is given by 

         3.1 

where E is the electric field strength,  is the bulk conductivity tensor and Js is the net source 

current within the region. J is current density, A.m
-2

. 

 

Electromagnetic wave affects are also ignored. Therefore         and  

         3.2 

where  is the scalar electric potential.  

 

The net current flow into and out of a region is zero, i.e. 

                 3.3 

Since, in the blood inside a cardiac chamber, the conductivity tensor σ is a symmetric and 

positive definite matrix, Equation (3.3) is an elliptic partial differential equation (PDE). If there 

are no sources inside the region of interest (i.e. within the cardiac chamber), the problem can be 

simplified to Laplace’s equation 

            3.4 
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Because the conductivity tensor  is isotropic and homogeneous within cardiac chambers, the 

governing equation can be reduced to 

        3.5 

Laplace's equation (3.5) can be solved on an arbitrary domain if appropriate conditions are 

defined on its boundary,  (Figure 3.1). Solutions  of the Laplace's equation can be obtained 

throughout  when values of the function (Dirichlet boundary conditions, i.e., endocardial 

surface) or their normal derivatives (Neumann boundary conditions) or a mixed of the two are 

specified on (Polchinski 1995, Ng, Chan et al. 1999). The Dirichlet boundary condition 

(   ) is relatively simple since the potentials on the boundary are known. For the Neumann 

boundary, 
  

  
  , and g specifies the set of known derivatives on the boundary. 

 

 

Figure 3.1: The Laplace equation is defined on the domain Ω surrounded by the boundary denoted by 

Once a proper boundary (Dirichlet or Neumann) condition is given, there exists an unique solution for 

the Laplace equation. n is the outward pointing normal vector on   

 

The potential gradient 
  

  
 along the normal to the boundary determines the current which 

enters . From Equations (3.1) and (3.2) 

 
   

  

  
 3.6 

If the boundary  is insulating, (e.g., EnSite multi-electrode array shown in Chapter 2), there is 
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no flux across it, i.e., 
  

  
   on the catheter boundary (Schilling, Peters et al. 1998). However, 

this non-flux boundary condition does not always hold, for example, the intracardiac mapping 

problem using an open basket catheter in our project. For Ensite array, because the catheter is a 

sealed balloon and insulating, and only 64 points are conducting, we consider the balloon as 

determing a non-flux boundary. For open basket catheters used in this thesis, the splines are very 

thin and it is assumed that the influence to blood and current flow are small and can be ignored. 

We consider the basket (including spline and electrode) to not create a flux boundary 

 

Any function that satisfies Equation (3.5) is called a fundamental solution of Laplace’s equation. 

Additionally, any linear combination of different fundamental solutions is also a fundamental 

solution (Brebbia, Telles et al. 2012). By definition, the potentials generated by a current source 

(or sink) in a conducting medium must obey Laplace’s equation. Assume that the potential field 

is generated by a monopole current source in an infinite volume conductor that generates a 

current Is. In a spherical coordinate system, a monopole current source in a volume conductor 

can be represented as 

             3.7 

where      is a three dimensional Dirac delta function 

       
      
                   

  3.8 

According to Gauss’s theorem, the outward flux of a vector field through a closed surface is 

equal to the volume integral of the divergence over the region inside the surface, which relates 

the divergence of the current density in a volume , to the current density through the surface  

of the volume   

 
      
 

        
 

   3.9 

where n is the outward pointing normal vector on . Equation (3.9) shows that the volume 

integral of the divergence of J equals to the net flux through the surface  

 

With the point source Is (3.7), Equation (3.9) becomes 

http://en.wikipedia.org/wiki/Flux
http://en.wikipedia.org/wiki/Volume_integral
http://en.wikipedia.org/wiki/Divergence
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  3.10 

Then, the outward current of a point source in an infinite, homogeneous, isotropic medium can 

be derived as 

 
           

  3.11 

Substituting            and          , and taking the integral over the boundary of 

the sphere 

 
      

  

  
     3.12 

Integration of Equation (3.12) from infinity to r (the distance from the current source) and with 

the potentials vanishing in infinity yields 

 
      

  

        
  

    

 

 
  3.13 

In 2D, the equivalent derivation for the fundamental solution of Laplace’s equation is 

 
     

  

   
     3.14 

We can derive further useful information about the fundamental solutions. While it is clear that 

the function      
 

 
 satisfies Laplace’s law in 3D everywhere except r = 0 , it also follows 

from Equations (3.4), (3.5), (3.10) and (3.13), that 

 

       
 

                

    
    

  

    
    

  
      3.15 

However, for a monopole source 

 
                  

  3.16 

therefore 

 
     

 
            

 
  3.17 

The fundamental solution of Laplace’s equation can be used to derive explicit solutions for the 

potential in a source-free volume conductor using Green's theorem and Green's 2nd identity, in 

particular. Green's 2nd identity is 
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 3.18 

where   and   are continuously integrable scalar functions that satisfy Laplace’s equation 

throughout . The function   = 1/r satisfies Laplace’s equation in , where r is the distance 

from a “source” not located in V. If we incorporate this function into Equation (3.18) and make 

use of the fact that         in , the expression reduces to    

 
     

 
       

 

 
 

 

 
     

 
  3.19 

Incorporating Equation (3.17) into the left hand side, we have 

 
        

 
    

 
                

 
       3.20 

The right hand side reduces to 

 
      

 

  
    

 

 
      3.21 

and therefore 

           
 

    
    

 

   
         3.22 

That is, using the fundamental solution of Laplace’s equation, the potential  (r) in  can be 

expressed in terms of the potential   and the potential gradient    on the boundary surface . 

On the basis of this theory, it is relatively straightforward to formulate the intracardiac potential 

forward problem, which relates instantaneous potentials on the inner surface of a heart chamber 

to potentials measured on a surface inside that chamber. 

3.3 Numerical formulation of the forward problem 

To solve the forward problem numerically, the first step is to subdivide the solution fields into a 

set of discrete points, components or elements. Four different numerical methods have been 

widely used for this purpose: The finite difference method (FDM), the finite element method 

(FEM), the boundary element method (BEM), and meshless methods (MMs). 
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3.3.1 Finite Difference method 

The FDM is widely used for solving PDEs due to its simplicity (Mitchell and Griffiths 1980). 

With this approach, a regular grid of evenly spaced discrete points is used across the solution 

domain . The derivatives in the PDEs are approximated by function values at neighboring 

points using the finite differences derived from truncated Taylor’s series expansions.. The 

resultant linear matrix equation can be solved either directly or iteratively for the solutions of the 

forward problem (Pruis, Gilding et al. 1993, Buist, Sands et al. 2003, Meng, Zhao et al. 2012). 

 

Here we use a 2D example to illustrate the working principle of the FDM. The 2D version of the 

general Laplace Equation (3.5) is written explicitly as 

 
    

   

   
 

   

   
    3.23 

The potential at the point (i,j) in the solution domain is denoted by     . Each point has 4 nearest 

neighbours separated by a uniform distance h along the x and y axis (Figure 3.2). 

 

 

Figure 3.2: 5-point finite difference stencil at the point (i,j) for the 2D Laplace equation. 

Taylor expansions for  i-1 and  i+1 can be written as follows 

                
  

  
    

   

   
  

  

  
 

   

   
  

  

  
               

         
  

  
    

   

   
  
  

  
 

   

   
  
  

  
       

3.24 

Combining these equations we get 

 
 
   

   
        

               

  
  3.25 

The potential values for corresponding points along y-axis can be estimated in a similar way and 
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both combined to evaluate the Laplacian at the point (i,j)  

 
 
   

   
 

   

   
        

                   

   
                   

    3.26 

Combining the Equations (3.26) and (3.23), the potential of an interior point is 

 
     

 

 
                              3.27 

To express the boundary points (   
) from the first interior surrounding point (    ) on the 

normal direction of it, a forward/backward difference approximation between potentials of these 

two points can be written as  

    
     

 
   3.28 

Normal component of the potential gradients (hereafter called normal potential gradient) on the 

virtual boundary could be estimated as indicated in Equation 3.28, providing a constraint on all 

potentials adjacent to it. This is sufficient to develop a full set of equations describing potentials 

inside the domain and at the cardiac boundary using Equation 3.27, then we can rewrite them 

into the following linear matrix equation. 

AX = Y 3.29 

The block matrix A on the left hand side is called forward matrix which relates the potentials on 

interior points to those on the boundaries. The vector X contains all source potential values 

within the domain. The Y contains all information about boundary conditions, which could be 

obtained either directly from the specified Dirichlet boundary condition or from numerically 

derived Neumann boundary conditions.  

3.3.2 Finite element method 

FEM is another numerical method that is widely used for solving PDEs. With this approach, the 

domain is represented as a set of elements and the solution field is interpolated within them to 

obtain a piecewise approximation of solution.  



Inverse problems and electrocardiology 43 

 

 

 

The FEM represents complex 3D structure such as the cardiac ventricles in Figure 3.3A by 

dividing them into subdomains or elements with corner nodes as shown in Figure 3.3B. Any field 

within an element can be defined by interpolating field values defined at the element nodes using 

local coordinates             

 

Figure 3.3: Finite elements. A region of the myocardium (A) is defined by interpolation of nodal 

parameters (B) within an element using   -coordinates (C) that range from 0 to 1. 

 

The 3D interpolating polynomial basis functions are generated as tensor products of 1D basis 

functions. For example, the 1D polynomials       and     can be used to generate the 3D 

trilinear basis functions              as follows: 

 

                                

                              

                              

                           

                            

                          

                         

                      

3.30 

in hexahedral elements. Note that every basis function, when evaluated at an element node 

(where the    coordinates are 0 or 1) has the value 0 or 1 to ensure that the interpolated field 
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value takes on the value of the nodal value. Any field variable can then be interpolated over 

          -space using nodal parameters   for n=1...8 

                           

     

 3.31 

To provide compact continuous representations of complex geometries, high order basis 

functions such as cubic Hermite polynomials can be used (Pullan, Cheng et al. 2005). 

 

FEM solutions of Laplace's equation use a weak form of the equation 

 

    
 

         3.32 

where w is an arbitrary weighting function.  

 

From Green's first identity, the left-hand side of the Equation (3.32) can be expanded as 

 

    
 

        
 

       
 

        3.33 

Combining Equations (3.32) and (3.33), we get 

 

    
 

             
 

  3.34 

Prior to numerical evaluation of Equation (3.34) the domain Ω is subdivided into a set of finite 

elements. The continuity requirement of    and    on Ω is relaxed, enabling net flux to be 

balanced across element boundaries. The weight function w represents the variation of   

throughout the domain Ω. Since   satisfies essential boundary conditions at there is no 

variation of   at essential boundary and w =0. 

 

Within each element, it is assumed that the solution to Equation (3.34) is given by  

 
                      

 
                  

 
    3.35 

where m is the number of nodes.  i is the functional value at each node and  i is an interpolation 
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function also defined at each node. In the most common Galerkin formulation of the FEM, 

Equation (3.35) is substituted into Equation (3.34) to form a linear matrix equation of the form 

       3.36 

where K is the forward matrix of the FEM formulation and its size is equal to the number of finite 

element nodes. The vector F represents the numerical approximation of the right-hand side of 

Equation (3.34) using the boundary condition. 

3.3.3 Boundary element method 

BEM uses Green’s theorem to reduce the region on which Laplace's equation is solved to the 

boundaries that enclose a volume in much the same way as was demonstrated in Section 3.2.1.  

 

The first step in deriving the BEM is identical to that for FEM given previously. Equation (3.34) 

is rearranged  

    
  

  
 

 
         

 
    3.37 

and the Green-Gauss theorem is applied to the second of the two integrals to give  

 
  

  

  
 

 
     

  

   
         

 
    3.38 

With the BEM, the weighting function w chosen so that the final volume integral in Equation 

3.37 is easy to evaluate and is most commonly set to the solution of  

             = 0  3.39 

where       is the Dirac delta function centred on the point (P0). Substituting Equation 3.39 in 

Equation 3.37 and invoking the properties of the Dirac delta function we can write 

      
  

   
    

  

  
 

 
        3.40 

This equations hold everywhere within the domain Ω, but a special case arises when the singular 

point P0 is on the boundary  which is the most common numerical problem.  
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It can be shown (Pullan, Cheng et al. 2005) that the 3D boundary integral equation for any point 

P0 is  

 
             

  

   
    

  

  
 

 
     3.41 

where  

                      
 

   
  

  

           

                        

                         

                          

     

is the inner solid angle at P0 

 

In order to solve the boundary integral equation 3.41, is discretized into a set of L elements 

 
     

 
     3.42 

and given the basis function  , Equation (3.37) becomes 

 
                

 
        

    
        

 
       

  
     3.43 

where      and      are the values of   and q at node   on element   . This equation holds 

for any point on the surface  One equation is generated per node by assigning Po to each node 

in turn. If the point is at node i, then  

 
          

 
         

    
        

 
          

    3.44 

Equation (3.44) can be written in more abbreviated form as 

 
          

         
   

  3.45 

These equations are then assembled into a matrix of the form  

 A =Bq 3.46 

where the   and q are the vectors of nodal values. 

 



Inverse problems and electrocardiology 47 

 

 

At each node, a value of   or q (or some combination of these) must be specified if the problem 

is to be well-defined. Because there are N equations (N = the number of nodes) and N unknowns, 

the matrix system can be rearranged as 

 AX = Y 3.47 

where X is the vector of unknowns. The matrix A is fully populated and not symmetric, in 

contrast to the sparse and symmetric transfer matrix K (Equation (3.36)) in FEM. The size of the 

matrix A depends on the number of surface nodes, while K is dependent on the number of FEM 

nodes within the 3D domain Ω.  

3.3.4 Meshless methods 

The Method of Fundamental Solutions (MFS) is a newly developed MMs technique which has 

been used in mathematical and engineering applications to provide approximate solutions of 

PDE in domains with complex boundaries, without requiring a complex description of the 

boundary geometry (Fairweather, Karageorghis et al. 2003, Hon and Wei 2004). MFS 

approximates the solution of a PDE by a linear combination of fundamental solutions of the 

Laplacian operator    (Fairweather and Karageorghis 1998, Wang and Rudy 2006).  

 

The objective of our intracardiac inverse problem is to determine the electric potential on the 

endocardial surface from the recorded potentials on the open basket catheter, which constitutes a 

Cauchy problem for Laplace’s equation (equation 3.5) (Hon and Wei 2005), with the Dirichlet 

boundary condition:                , and Neumann boundary condition: 
     

  
 

           , where    is the surface bounding the catheter. 

 

In MFS, the approximation solution is a linear superposition of source functions (fundamental 

solutions) located on a set of points (virtual sources) over an auxiliary surface    (   encloses the 

auxiliary domain   , which contains the real domain  ). Except for the real sources, Laplace’s 

equation (Equation (3.5)) is satisfied everywhere in the domain   (Figure 3.1). In addition, the 

specified boundary conditions are defined at a set of boundary points (collocation points) on the 
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domain boundary  . Because the fundamental solutions don’t have singularities at the points on 

the boundary  , standard quadrature rules can be used to approximate the surface potential and 

its normal gradient when computed on the boundary (Golberg and Chen 1998).  

 

MFS can be used to discretize the Dirichlet and Neumann boundary conditions in Equation (3.6) 

as 

 

Dirichlet condition 

 
                  

 
                                3.48 

Neumann condition 

 
   

             

  

 
                                   3.49 

where      
 

   
 is the fundamental solution of Laplace’s equation in 3D,           is the 

distance between   and   in a Euclidean coordinate system,   is normal to the measurement 

surface,    is the constant component of       and    is the coefficient of a virtual source at 

a location   .    and    have different units in this system. The conductivity within this 

volume is reflected by the coefficient   . M is the number of fictitious points, and N is the 

number of real boundary points on measurement surface.  

 

Boundary conditions are satisfied on N catheter points   . In equation 3.48,        is the 

recorded potential at electrode’s position   . In equation 3.49,    represent the normal 

potential gradients. The location of the fictitious points    are configured based on the particular 

domain geometry, in this problem, it is in the surface which is composed catheter surface and 

atrial endocardial surface (       ), and the fictitious sources are on the two auxiliary 

surfaces (          ), which are determined by the catheter surface and atrial endocardial 

surface. The fictitious boundary corresponding to the endocardial surface     is obtained by 

inflating the real heart surface by a constant number in equal proportion relative to the center of 
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the heart, and for the catheter surface,     is obtained by deflating the catheter surface with the 

same proportion of the inflation( e.g. if     is deflated by 0.8, then     is inflated by 1.2). 

 

Expressing Equation (3.48) and (3.49) in matrix form, we get Y=AX, where A is of dimension 

        , x and y are vectors of dimension M+1 and 2N, respectively. Once the coefficients 

vector x is obtained,      can be computed at any point in the domain. 

3.3.5 Comparison of these four methods 

Four numerical methods for solving the forward problem have been described, FDM, FEM, 

BEM and MMs. The FDM and FEM are both volume methods and will be compared first. 

Likewise, FEMs and BEMs employ related numerical methods and their advantages and 

disadvantages will be outlined. Finally, we will consider the relative effectiveness of MMs.  

 

Compared with FDM, the main advantages of FEM is the application of unstructured numerical 

meshes while FDM needs regular meshes. Therefore, FEM provides the same numerical 

accuracy as the FDM but requires significantly fewer solution points (Frehner, Schmalholz et al. 

2008). Many FDM implementations are restricted to regular geometries and uniform meshes. 

FEM can be applied to non-rectangular grids, but grid construction is relatively difficult and may 

influence the calculation of any boundary current flows (Pruis, Gilding et al. 1993, Buist, Sands 

et al. 2003). On the other hand, an advantage of FDM is that numerical implementation is 

considerably simpler. 

 

FEM and BEM, have clear advantages and disadvantages. The main advantage of FEM is that 

anisotropic, inhomogeneous regions in geometrically complex solution domains can be 

discretized readily. A disadvantage is that it can be computationally expensive (Yamashita and 

Takahashi 1984, Reddy 1993, Pullan and Bradley 1996, Frehner, Schmalholz et al. 2008, 

Huebner, Dewhirst et al. 2008). In contrast, for BEM, only the boundary of the domain needs to 

be discretized. The solution at the boundary is calculated first and then the solution at domain 

points may be calculated as a separate step, if required (Pruis, Gilding et al. 1993). Because of 
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the reduction in size of the mesh, construction of complex geometric meshes is less time 

consuming. Also, in many cases, an entire domain solution is not required, which makes the 

BEM more efficient. In addition, BEM involves no approximations of the differential equations 

in the domain, only approximations of boundary conditions, which may improve accuracy 

(Frehner, Schmalholz et al. 2008). However, BEM does have problems. If the boundary is not 

smooth, then the solution of the boundary value problem has singularities at the boundary. This 

also happens if the boundary conditions are discontinuous. With BEM these singularities have to 

be treated more directly than FEM. 

 

However, a limitation of all mesh-based methods is that they demand high-quality meshes. 

Disordered or low quality meshes lead to errors and meshing is time consuming. In addition, 

mesh-based methods cannot deal with problems which flow from discontinuities that do not 

align with element edges (Belytschko, Krongauz et al. 1996, Nguyen, Rabczuk et al. 2008). 

 

MMs were developed with the objective of eliminating difficulties associated with mesh 

construction since in this method the solution approximations are based only on nodes. In 

general, the method is robust and it is much simpler to formulate numerically. However, MM 

also has some limitations. In the setting of electrocardiology, it is not easily extended to 

anisotropic, inhomogeneous solution domains and the incorporation of boundary conditions is 

not as straightforward as in mesh-based methods (Belytschko, Krongauz et al. 1996, Nguyen, 

Rabczuk et al. 2008, Yan, Yang et al. 2009). 

 

Despite of all the similarities or differences in these four numerical methods, the forward 

problem in all cases simplifies to a matrix equation. The transfer matrices generated by all four 

methods are ill-conditioned and the inverse problem is ill-posed. Appropriate regularization tools 

are therefore necessary to obtain stable inverse solutions.  

3.4 Regularization of inverse problem in electrocardiology 

Solution of the inverse problem is much more demanding than the forward solution. Because the 
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inverse problem is ill-posed, unique solutions do not exist (Hadamard 1923). That means that 

relatively small levels of noise in the forward model or measured potentials will result in 

disproportionately large errors in the solution. To overcome this inherent instability, 

regularization tools which maintain the uniqueness and smoothness of the solutions must be used 

for inverse mapping (Barr and Spach 1978, Gulrajani 1998). 

 

Inverse electrical mapping requires sequential inversion of a set of independent, quasi-static 

problems of the form  

      3.50 

where A is the geometric transfer matrix, x and y are vectors that represent source potentials and 

measured potentials, respectively.  

 

Potential distributions on source and measurement surfaces vary throughout the electrical 

activation cycle, which means that potential distributions are reconstructed separately at each 

time step, as follows 

      

   3.51 

where    

 
 is the regularized pseudo inverse of A at time t. Tikhonov and Truncated singular 

value decomposition (TSVD) are the most widely used regularization methods to solve the 

inverse problem of electrocardiology. These two spatio-temporal regularization are further 

described in Section 3.4.1 and 3.4.2. 

3.4.1 Tikhonov regularization 

Tikhonov regularization approximates solution of the inverse problem by minimizing the 

following function (Tikhonov and Arsenin 1977) 

 
                        3.52 

where λ is the regularization parameter, which is a user defined scalar value (Engl, Hanke et al. 

1996). The first term is the least squares solution to Equation (3.50), and the second term defines 
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a spatial constraint on the solution depending on the choice of the regularization matrix R and 

weighting parameter   . 

 

The regularization matrix R changes depending on the type of Tikhonov regularization used. For 

zero-order Tikhonov regularization, R=I (the identity matrix). For first-order Tikhonov 

regularization R=G (the surface gradient) and for second-order Tikhonov regularization R=L (the 

surface Laplacian). Combining Equations 3.51 and 3.52, we get 

 
   

         
          3.53 

Rudy and Messinger-Rapport used an eccentric model to prove that zero-order Tikhonov 

regularization method performs as well as higher order types (Messinger-Rapport and Rudy 

1988), and zero-order Tikhonov regularization has therefore been viewed as the standard 

Tikhonov regularization. 

 

We gain some insight into the way in which Tikhonov regularization works via the method of 

Singular Value Decomposition (SVD). SVD determines the principal components of the 

information contained within a matrix (Press, Teukolsky et al. 1992). When SVD is applied to 

the transfer matrix A, we have 

 
              

 

 

   

 3.54 

where U and V are orthogonal matrices and ∑ contains the singular values. In the rightmost 

expression,    and    are vectors forming orthogonal matrices and    are the singular values 

with i=1,…,N 

 

Expanding Equation 3.53 for zero order regularization and combining it with Equation 3.54, we 

have 

 
         

               
        

    

 

   

     3.55 

where          is the inner product of the two column vectors.      is the n
th

 singular value, 
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and      and      is the n
th

 column vectors of the Singular Value Decomposition (SVD) of A. 

The Tikhonov filter       is defined as: 

 

 

 

      
    
 

    
    

   

                  
    
 

  
                      

    3.56 

Hence regularization reduces contributions of x corresponding to singular values less than a 

threshold defined by   , but leaves SVD components corresponding to large singular values 

almost unaffected. If         , the solution begins to be damped by the regularization. 

3.4.2 Truncated SVD regularization 

Another way of compensating for the ill-posed nature of transfer matrix A is to derive a new 

problem with a well-posed rank-deficient transfer matrix (Hansen and O’Leary 1993). This 

matrix theoretically does not contain noise and error can be estimated by truncating the SVD 

expansion defined by Equation 3.54. 

 
           

            
  
      3.57 

where N is the full rank the matrix and the size of    determines the level of regularization.  

 

The TSVD solution is then obtained by minimizing the function 

 
                 3.58 

The pseudo inverse for the problem is given by: 

 
   

            3.59 

where    and    contain the first    columns of the orthogonal matrices and    are the first    

singular values.  

 

The solution to Equation (3.50) using TSVD regularization is given by: 



Inverse problems and electrocardiology 54 

 

 

             
        

    
    

  
      3.60 

 

3.4.3 Regularization parameter estimation 

It is necessary to select an appropriate value of the regularization parameter to achieve accurate, 

smooth solutions (Engl, Hanke et al. 1996, Hansen 1998). The solution typically depends on the 

regularization parameter in a sensitive fashion. When regularization is too great, the result is 

over-damped, while insufficient regularization leads to overly noisy solutions. The most 

commonly accepted method for regularization parameter determination is to test several values 

and pick one based on some criterion (Golub, Heath et al. 1979, Franzone, Guerri et al. 1985, 

Hansen and O’Leary 1993, Johnston and Gulrajani 1997).  

 

One approach that is commonly used to choose the regularization parameter automatically is the 

L-curve method (Cheng, Bodley et al. 2003, Modre, Tilg et al. 2003, Sapp, Dawoud et al. 2012). 

Here, the residual norm (         ) and the weighted solution norm (     ) are presented 

as a log-log plot. When uncorrelated Gaussian noise in the body surface potentials dominates 

correlated geometric noise, the resulting curve shape looks similar to the letter “L” (Figure 3.4). 

The corner of the “L”, or the point of maximum curvature, represents the regularization 

parameter, which provides an optimal balance between the residual norm and the regularization.  

 

 

Figure 3.4: The L-curve is a log-log plot of the residual norm,            , against the regularization 

norm,         . The corner of the “L” strikes the balance between the residual of the solution and the 
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regularization norm. 

 

When little regularization is used, the solution is dominated by the residual norm. This situation 

is called under-smoothing and corresponds to the upper left component of the “L” (Figure 3.4). 

On the contrary, if excessive regularization is applied, the solution is dominated by the 

regularization error. This situation is called over-smoothing and corresponds to the lower right of 

the “L” (Figure 3.4). 

 

A problem with the L-curve is that measured potentials with low levels of Gaussian noise have 

flatter curves, which makes it hard to identify a definitive point of highest curvature. The 

Composite Residual and Smoothing Operator (CRESO) criterion does not have this problem 

(Franzone, Guerri et al. 1985). This CRESO method calculates the regularization parameter by 

maximizing the difference between the derivative of the smoothing term and derivative of the 

residual term. That is, the smallest value of   
2 

produces the relative maximum of: 

 
          

     
  

   
    

    3.61 

where the function       is the derivative of the function 

 
        

     
         

    3.62 

This method is usually used in the literature and has shown improvements over L-curve method 

in the presence of both geometric and measurement noise (Shahidi, Savard et al. 1994, Johnston 

and Gulrajani 1997, Wang and Rudy 2006, Zhang, Desouza et al. 2013).  

3.5 The intracardiac noncontact inverse mapping 

Figure 3.5 is a diagram of intracardiac noncontact mapping method that is the focus of this 

project. A basket catheter is located in an atrial chamber and potentials are recorded on a “virtual” 

surface  C which bounds the multiple electrodes on the catheter. We seek to reconstruct 

potentials on the atrial endocardial surface  H from these measured potentials using inverse 

mapping.  
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Figure 3.5: Diagram of intracardiac noncontact mapping. The dashed lines are the virtual surface on the 

open basket catheter, and the outside boundary represents endocardial surface.  

 

This differs from the inverse problem of electrocardiography in which potentials are measured on 

the body surface. The body surface is insulating and therefore 
  

  
   at this boundary. Nonflux 

boundary conditions also apply at the measurement surface of intracardiac balloon catheters, 

such as the EnSITE system described in Chapter 2. However, with a basket catheter, the virtual 

measurement surface is open and current flows through it. Therefore, 
  

  
   and gradients are 

not inherently specified on this boundary.     

 

From aforementioned numerical methods, it can be shown that information on potentials and 

potential gradients is required on the measurement surface for inverse solutions based on the 

Green-Gauss theorem. Likewise, gradient information at the measurement surface is required for 

FDM and presumably also FEM inverse solutions, also. A key question in this work is therefore 

to determine how this issue should be approached with intracardiac inverse mapping using open 

basket catheters.
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4 Inverse Intracardiac Potential Mapping: 

A Computational proof-of-concept  

The forward and inverse problems in intracardiac mapping were outlined in Chapter 3. We 

argued that it is necessary to specify potentials and normal potential gradients on the surface 

which bounds the electrodes in order to recover potentials on the endocardial surface of the atrial 

chamber with mesh-based (FDM, FEM and BEM) inverse methods. 

 

This presents no difficulty with balloon-mounted mapping catheters such as the EnSite 

multi-electrode array (see Chapter 2), because the closed surface of the balloon is nonconducting 

and therefore ∂ /∂n=0 on  c (Khoury, Berrier et al. 1998, Schilling, Peters et al. 1998). However, 

it has been shown that the accuracy of this approach is degraded if the catheter centre is more 

than 40 mm from the wall of the cardiac chamber being mapped (Thiagalingam, Wallace et al. 

2004). This problem cannot be addressed by increasing balloon dimensions, because this impairs 

atrial filling.  

 

The objective of this project is to investigate the use of open basket catheters for inverse 

potential mapping. This approach has potential advantages over other inverse intracardiac 

mapping methods. Unlike balloon catheters, basket catheters are open and can be expanded to 

bring electrodes closer to the chamber wall. Intracardiac noncontact mapping may also be more 

robust than inverse body surface potential mapping because i) the electrical properties of blood 

in the heart cavity are uniform and isotropic; and ii) the magnitude of potentials measured in the 

cavity can be higher than on the body surface. However, normal potential gradients are nonzero 

on the virtual surface that bounds the electrodes and therefore boundary conditions are not fully 

defined. 

 

In this chapter, firstly, a 2D computational analysis of forward and inverse intracardiac problems 

is outlined to test the effect of catheter boundary conditions on intracardiac potential fields, and 



Inverse Intracardiac Potential Mapping: A Computational proof-of-concept 58 

 

 

then a novel method for estimating normal potential gradients on the open surface  C is defined. 

After confirming the accuracy of estimated gradients, an intra-atrial inverse mapping is applied 

to a more realistic representation of 3D atrial geometry based on the gradients by employing a 

well-established FEM inverse solution package. 

4.1 A 2D Computational Analysis of Forward and Inverse 

Intracardiac Problems  

4.1.1 Mathematical Background and Approach 

The intracardiac inverse problem is represented in Figure 3.5. We seek to reconstruct potentials 

at the heart surface H from potentials measured at electrodes that lie on an open surface C 

within the heart cavity. In the previous chapter, we demonstrated that the potential   at any 

point in a uniform isotropic conducting domain  can be determined, if the potential and normal 

potential gradient 
  

  
 are specified at its boundary see Equation 3.18).  

 

Barr et al (Barr, Ramsey et al. 1977) were among the first to successfully address the closely 

related body surface inverse problem. They used Equation 3.18 to construct a discretized transfer 

relationship which related potential distributions on the body surface to those on the epicardial 

surface of the heart. We have adapted their approach to the corresponding intracardiac inverse 

problem. We define the composite surface             (see Figure 3.5) and then use Equation 

3.22 to generate potentials at a series of points on both boundaries. 

 

For points xi on the heart surface  H. 

          
  

  
  

  

  
           

  

  
  

  

  
            

  4.1 

the normal on catheter surface is defined to be positive outward, for an equivalent set xj on the 

catheter 
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 4.2 

The change in sign in Equation 4.2 reflects the fact that normals on  H and  C have opposite 

reference directions. If Equations 4.1 and 4.2 are discretized, we can generate a set of matched 

simultaneous equations in four variables:       and 
      

  
 in  H and       and 

      

  
  in 

 C.  

 

Of these,       is known and one unknown can be removed by combining Equations 4.1 and 

4.2. Barr et al (Barr, Ramsey et al. 1977) used this approach to set up a single linear set of 

equations relating       and      . They removed the potential gradients at the heart surface, 

which are non-zero and cannot be set a priori, but were able to set potential gradients at the body 

surface to zero, because no current flows across it. In our case, however, current flows freely 

across  C with an open basket catheter and it is necessary to estimate 
      

  
 to solve this system 

of equations.   

 

In this section, we:  

1) Compare potential fields in the intracardiac domain  when  C is an insulating boundary 

and when current flows freely across it. 

2) Outline a novel numerical method for estimating 
      

  
 when  C is open. 

3) Analyze the effects spatial complexity of intracardiac field and electrode density on the 

accuracy with which 
      

  
 can be estimated on  C. 

4) Demonstrate that accurate inverse solutions can be obtained when normal potential 

gradients are estimated on  C. 

 

Our analysis is limited to 2D problems with simplified geometry and idealized potential fields 

because it is simpler to demonstrate the concept here. More importantly, it is readily extended to 

3D. 2D chamber geometry was discretized on a Cartesian grid (512 512) and representative 

potential distributions were imposed at the surface  H. Forward and inverse solution schemes 
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were purposely developed using FDM. All programs were written in the MATLAB programming 

language (The Mathworks, Natick, Massachusetts). 

 

Root-mean squared error (RMSE), relative root-mean squared error (rRMSE) and correlation 

coefficient (CC), were used to compare different potentials.  

 
          

    
    

   

 
  4.3 

where   
  

and
   

  are separate estimates of potentials at a common site i and M is the number of 

such sites.   

 
       

    
    

    
   

    
    

   

  4.4 

CC measures the correspondence between potentials independent of scale 

 
    

    
        

     
 
   

     
          

      
 
   

 
   

  4.5 

where 1 and 2 are mean values of the two potential estimates   
  

and
   

 , respectively.  

4.1.2 Effects of Open Catheter Boundary on Intracardiac Potential 

Distribution 

In this section, we investigate the extent of the error that could be introduced in inverse 

intracardiac mapping with an open basket catheter if normal potential gradients at the catheter 

boundary are not accounted for. We do this by comparing solutions to the forward problem in the 

intracardiac domain  when  C is an insulating boundary and when it is an open boundary. A 

relatively simple potential distribution is specified on the boundary  H. Potential distributions in 

 and at the boundary  C, in particular, are estimated for a range of different catheter dimensions 

assuming 1) that current flux across  C is not impeded and 2) that  C is an insulating boundary. 

In the first case, the potential field in  is estimated with the specified Dirichlet boundary 

conditions on  H. In the second case, the potential field is estimated in the domain bounded by   

=  C    H. Mixed boundary conditions are used with 
  

  
     on  C. 
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Potential fields with open and closed boundaries are compared in Figure 4.1 for different 

boundary dimensions. Potential distributions for open and closed boundaries are presented in 

Figure 4.1A-C for 3 representative boundary dimensions. Finally, the RMSE and rRMSE 

difference between potential distributions on  C for closed and open boundaries are given as 

functions of boundary diameter in Figure 4.1D and E, respectively. 

 

Potentials on  Cdecrease progressively with distance from the exterior boundary  H for open or 

closed internal boundaries. However, potentials in  are greater at the same locations when  C is 

a closed boundary, because potential is dissipated over a smaller region. Potentials on  C are 

therefore greater with a closed than an open boundary for all cases except  H =  C. The results 

for RMSE and rRMSE in Figure 4.1D and E reflect this. RMSE reaches a maximum and then 

decreases with reducing internal boundary diameter as the impact of the closed boundary on the 

field in  becomes less marked. However, rRMSE increases progressively with decreasing 

catheter dimension. Despite the differences in potential magnitude, relative spatial variation 

around  C is very similar, with CC >0.99 in all cases.  

 

This simple analysis shows that the relationship between potentials on  H and  C (the forward 

problem) is affected by the boundary conditions that apply at  C. That is, the two cases 

considered represent different formulations of the forward problem. It follows that failure to 

specify 
  

  
 on  C will lead to errors in the inverse problem that will affect the magnitude of the 

potentials recovered on  H.  
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Figure 4.1: Comparison of solutions of forward problem with the same potentials on the external 

boundary when the inner boundary is (A) conducting and (B) insulating. Potential distributions around the 

inner boundary are plotted in (C). Red and blue represent open and closed inner boundaries, respectively. 

RMSE (D) and rRMSE (E) for potential differences on open and closed inner boundaries as functions of 

boundary diameter.  C/ H reduced from 0.923 to 0.154. 
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4.1.3 Estimation of Normal Potential Gradients at Catheter 

Boundary  

We have argued that accurate solution of the intracardiac potential inverse problem requires both 

potentials and normal potential gradients to be specified on  C. In this section, we propose and 

test a novel way of estimating these boundary conditions for an open intracardiac catheter.  

 

Our method is based on the following reasoning. Because there are no electrical sources or sinks 

in the subdomain bounded by  C, Laplace's Law holds throughout it. Therefore, if potentials 

sampled on  C are interpolated on the boundary, potentials immediately adjacent to it can be 

estimated by solving Laplace's equation in the subdomain bounded by  C. This provides 

sufficient information to derive potential gradients on  C numerically.  

 

However, it also follows that spatial frequency of the potentials sampled on  C must be sufficient 

to enable the potential field on this boundary to be recovered fully with interpolation. Here we 

investigate the accuracy with which normal potential gradients can be estimated on an open 

intracardiac boundary and how this influenced by the complexity of the potential field on the 

boundary  C and spatial frequency with which potentials are sampled around that boundary. 

 

Key features of the methods used in this study are represented in Figure 4.2. The field in a 

domain  with a simple closed boundary  H was constructed by solving Laplace's equation using 

potentials specified on  H (Figure 4.2A). Potentials were sampled at discrete points distributed 

uniformly around an open internal boundary  C (Figure 4.2B) and the potential distribution on 

that boundary was reconstructed from the sampled potentials using radial-based interpolation. 

The interpolated potentials were then used as boundary conditions to estimate the potential field 

inside  C (Figure 4.2C). Laplace's equation was solved in the region bounded by  C using an 

FDM scheme on a polar grid centred on the origin. Normal potential gradients at the boundary 

were estimated using FDMs. Boundary potentials and potential gradients estimated from 

sampled potentials were compared with equivalent measures derived from the initial potential 
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field in A. Multipole expansion, or other source models, could also be used here instead of the 

numerical approach used in this thesis to calculate the normal potential gradient. 

 

Figure 4.2: Numerical validation of proposed Neumann condition estimation from potentials sampled on 

an open internal boundary.  (A) Reference potential distribution in a simplified 2D domain. (B) 

Potentials are sampled at discrete points distributed uniformly around open internal boundary. (C) 

Potential distribution within internal boundary estimated from potentials sampled on boundary. Color bar 

represents potential values. 

 

The effects of spatial sampling frequency on potential and normal potentials gradient estimates 

are presented in Figure 4.3. The field near the outer boundary (Figure 4.3A) has regions of rapid 

potential variation, as well as areas where potential is more uniform. The field also becomes 

progressively more attenuated and smoothed away from the outer boundary. These features are 

consistent with what is seen in the heart. Because the inner boundary  C is relatively large, it is 

close to the wall and exposed to relatively rapid spatial variation of potential in some regions. 

Figure 4.3 B-D show that increasing the number of sampling sites improves the accuracy with 

which potentials at the boundary (and adjacent to it) can be reconstructed. The sampling 

frequency in Figure 4.3B is clearly not sufficient to capture the rapid potential variation from 

135-215°. Recovery of the potential distribution on  C improves progressively as the number of 

sampling points is increased to 16 and 32 (see Figure 4.3 B-D).  
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Figure 4.3: Effect of spatial sampling frequency on the accuracy with which boundary potentials 

distributions are reconstructed. Red: true potentials on the boundary; blue: interpolated potentials on the 

boundary. 
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The effect of sampling frequency on interpolation error is quantified in Table 4.1, where CC, 

RMSE for boundary potentials and mean normal potential gradient error at the boundary are 

presented for 8,16 and 32 sample points in the presence and absence of 10% Gaussian noise. 

Normal potential gradient error is the RMSE of normal potential gradients estimated at the 

catheter “surface” from the measured potentials with respect to the actual normal gradients 

determined on this boundary with a full solution of the forward problem using cardiac boundary 

potentials. The findings are unremarkable. Increased sampling frequency increases CC, and 

reduces both RMSE and gradient error. The reliability of boundary value estimates is degraded 

by noise, but this can be offset by increasing sampling density. In this particular example, 16 

samples provide optimal boundary estimates in the absence and presence of noise.  

 

 

Table 4.1: The accuracy with which boundary potentials and potential gradients can be reconstructed from 

potentials sampled on the boundary in the absence and presence of Gaussian noise. 

 

In Figure 4.4, a smaller internal boundary with 16 sampling sites is positioned in different 

regions of , all adjacent to  H. In each case, the field bounded by  C is reconstructed with 

considerable accuracy, reflected by the low RMSEs for boundary potentials and potential 

gradients in Figure 4.4B-5D. This reflects the fact that spatial sampling frequency is relatively 

high around the internal boundary. However, an obvious corollary to this is that, while specific 

regions of the field in  can be reconstructed faithfully with ROI sampling, this does not 

necessarily provide comprehensive information on the field throughout the domain. That is, 

while the field in position C (Figure 4.4D) is recovered accurately, the boundary values estimated 
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might not be expected to provide reliable inverse potential reconstructions on a region of the 

external boundary distant from this region, for instance at A or B. We hypothesize that a 

representative "sample" of the field in , will need to be acquired for effective inverse global 

mapping and this issue will be investigated in greater detail in the remainder of this chapter.  

 

Figure 4.4: Estimation of potential distributions and potential gradients on  C at multiple regions within . 
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Red: true potentials on the boundary; blue: interpolated potentials on the boundary. 

4.1.4 Inverse Solutions using Estimated Boundary Conditions 

Here, we investigate the extent to which boundary conditions estimated from potentials sampled 

on an open intracardiac boundary  C can be used to recover potentials on cardiac boundary  H, 

using inverse mapping. The approach is very similar to that described in the previous section The 

field in a domain  with a closed circular boundary  H, was constructed using potentials 

specified on  H (Figure 4.2A). Potentials sampled at 16 discrete points distributed uniformly 

around an open, circular interior boundary  C were interpolated on the boundary using 2D 

polynomial functions. The field in the region bounded by  C was then estimated from these 

boundary potentials by solving Laplace's equation in this subdomain, enabling Dirichlet and 

Neumann boundary conditions to be specified on  C. A forward transfer relationship was set up 

by evaluating Equations 4.1 and 4.2 for a set of points on  C and  H. Inverse solutions were 

obtained employing Tikhonov regularization and the regularization parameter was chosen using 

the L-curve method (Tikhonov and Arsenin 1977). Boundary value estimation and inverse 

solutions were implemented in polar coordinates. The influence of relative dimension of the 

sampling boundary  C and complexity of the potential distribution on the outer boundary  H 

were considered. The study was carried out by Dr Judit Chommoro-Servent, a postdoctoral 

fellow at the Auckland Bioengineering Institute in 2014-2015, and relevant journal publication is 

in press currently.  

 

In Figure 4.5, the initial potential distribution on  H is compared with distributions reconstructed 

from potentials sampled on open inner boundaries using inverse mapping. Inner boundaries with 

diameters of 0.469 and 0.375 relative to the outer boundary are considered. The results in Figure 

4.5A demonstrate that inverse mapping can be very reliable when both Dirichlet and Neumann 

boundary conditions are accurately specified on  C. In this case, there is excellent 

correspondence between initial and estimated potentials on  H with CC=1.0 and rRMSE=0.02. 

Accuracy is degraded, however, when the relative diameter of the sampling boundary is reduced 

from 0.469 to 0.375 (see Figure 4.5B). While the form of the potential distribution is well 
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recovered (CC = 0.99), the magnitude of the potentials on  H is systematically overestimated 

(rRMSE = 0.14). 

 

Figure 4.5: Inverse solutions with Dirichlet and Neumann boundary conditions estimated on open inner 

boundary. Initial potential distributions on outer boundary is compared with potential distribution 

reconstructed from potentials sampled on inner boundary with diameters (A) 0.469 and (B) 0.375, relative 

to outer diameter.  

 

Figure 4.6 presents the results of a very similar comparison, this time with a more complex initial 

field in  Again, the initial potential distribution on  H is reconstructed faithfully when the 

relative diameter of the sampling boundary is 0.469: CC = 0.99 and rRMSE = 0.06 (see Figure 

4.6A). In contrast, the performance of inverse mapping is much worse when the dimension of the 

sampling boundary is reduced (see Figure 4.6B). Here, CC = 0.70 and rRMSE = 0.43. The loss 

of accuracy with inverse mapping when the relative dimensions are reduced is certainly not the 
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result of inaccurate estimation of potentials or potential gradients on the sampling boundary. As 

shown in the previous section, spatial sampling frequency is increased and potential distribution 

is more uniform in this case. The most probable explanation is that  C itself is too small relative 

to  H to "sample" the field in adequately. 

 

Figure 4.6 Inverse solutions with Dirichlet and Neumann boundary conditions estimated on open inner 

boundary. Initial potential distributions on outer boundary is compared with potential distribution 

reconstructed from potentials sampled on inner boundary with diameters (A&B) 0.469 and (C&D) 0.375, 

relative to outer diameter. 

 

This explanation is reinforced by the results in Figure 4.7. Here a sampling boundary with 

relative diameter 0.469 is positioned asymmetrically with respect to  H, close to the external 

boundary in one region and progressively further away from it elsewhere. In this case, the 

potential distribution on  H is recovered faithfully in regions where  C is close to the external 

boundary, but much less well elsewhere. For the ROI indicated in Figure 4.7, CC = 1 and rRMSE 
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= 5x10
-3
. However, across  H as a whole, CC = 0.76 and rRMSE = 0.2.  

 

Figure 4.7: Inverse solutions with Dirichlet and Neumann boundary conditions estimated on asymmetric 

open inner boundary. Initial potential distributions on outer boundary is compared with potential 

distribution reconstructed from potentials sampled on inner boundary in (B). Region indicated by arrow in 

(A) where sampling boundary is close to the outer boundary corresponds to grey region in (B). 

 

In summary, this 2D computational analysis of the forward and inverse intracardiac problems has 

provided valuable insights into these problems, despite the simplicity of the boundary geometries 

and potential fields considered. We have demonstrated that:   

 

1)  Failure to specify normal potential gradient 
  

  
 on an open intracardiac sampling boundary  C 

leads to error in formulation of the forward problem that will result in errors in the inverse 

solution. 

 

2) Potentials and normal potential gradient 
  

  
 on an open intracardiac boundary  C can be 

estimated faithfully from potentials sampled on that boundary, provided that spatial 

sampling frequency is adequate. 

 

3)  Potentials on a cardiac boundary  H, can be reconstructed from potentials sampled on an 

internal boundary  C if appropriate boundary conditions are used (see 2, above). For faithful 

recovery of the potential distribution on  H, it is necessary to "sample" a representative 
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fraction subdomain of However, accurate ROI mapping can be achieved using inverse 

mapping, when this is not the case. 

 

The next step in this computational proof-of-concept analysis is to consider more realistic 3D 

geometry. 

4.2 A 3D Computational Analysis of Inverse Intracardiac 

Potential Mapping  

The general approach employed in the 2D computational proof-of-concept studies above was 

followed in a similar investigation of intracardiac inverse potential mapping using more realistic 

3D geometry. For representative atrial geometry, we used a 3D reconstruction of the endocardial 

surface of the sheep LA, acquired previously from fixed embedded atria using surface imaging 

microscopy (Gerneke, Sands et al. 2007). The spatial resolution of the surface was 300x300x300 

µm
3
 and it was closed at the origin of the pulmonary veins and at the tricuspid valve ring.  

 

Forward and inverse problem solutions were obtained using the open-source SCIRun 

environment developed at University of Utah (Burton, Tate et al. 2011). SCIRun contains a 

powerful FEM-based forward/inverse solver and it is possible to specify both potentials and 

normal potential gradients in inverse solutions.  

 

Atrial geometry was further smoothed and a surface mesh was fitted using Biomesh3D, the 

tetrahedral mesh generator integrated with SCIRun (Callahan, Cole et al. 2007). The virtual 

surface  C bounding the basket catheter was represented as a sphere and also fitted with a 

tetrahedral mesh using Biomesh3D. Diameters of 38, 48 and 60 mm were used, consistent with 

the dimensions of Constellation
TM

 catheters.  

 

For each computational study, the following steps were followed and these are illustrated in 

Figure 4.8. First, a potential distribution was specified on the atrial endocardial surface and the 
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forward problem (Laplace's equation) was solved to obtain the field within the atrial cavity. This 

field was sampled at points on  C and the potential distribution on this surface was then 

reconstructed from the sampled potentials using radial-based interpolation. The field inside  C 

was estimated by again solving Laplace's equation, this time with the interpolated potentials as 

boundary conditions. This enabled estimation of normal potential gradients on  C. Finally, 

potentials on the endocardial surface were reconstructed from the potentials and potential 

gradients on  C by solving the inverse problem and the results were compared with 

corresponding reference potentials. While all forward and inverse solutions were carried out in 

SCIRun, interpolation of surface potentials and estimation of potential gradients on  C were 

performed separately in MATLAB and the results were transferred back into SCIRun. 

Simulations were run for different catheter sizes at a range of locations relative to the atrial 

surface. The number of electrodes on the catheter was also varied. For more detailed information 

on our use of SCIRun, see Appendix A.  

 

Figure 4.8: Computational pipeline for assessing effectiveness of inverse intra-atrial potential mapping. 

(A) Representation of 3D left atrial (LA) endocardial surface with spherical mapping catheter in the 

cavity. The reference potential field in the LA is determined from the potential distribution specified on 

the LA endocardial surface (3600 FEM node points) assuming that there are no electrical sources or sinks 

in the cavity. (B) Potentials sampled at points on the virtual surface  C that bounds the catheter are 

interpolated and used to estimate potentials within this domain. Sampling points uniformly distributed 

along equi-spaced meridional lines that intersect as shown. (C) Endocardial potentials reconstructed on 

low resolution LA mesh (370 node points) by inverse mapping from potentials and normal potential 

gradients on  C (estimated in B). 

4.2.1 The Effects of Surface Mesh Resolution on Inverse Solutions 

A fundamental difficulty with inverse intracardiac mapping is that the formulation of the inverse 
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problem is inherently under-determined. This is illustrated in Figure 4.8. Here, reference 

potentials in A are specified on a high resolution (3600 nodes) representation of the endocardial 

surface, but are sampled at just 64 points on the catheter surface in B. Potentials and potential 

gradients can be estimated at many more points on the virtual surface  C that bounds the 

electrodes via interpolation and solution of Laplace's equation. However, the spatial resolution of 

this mesh must be greater than that of the endocardial surface if the system of linear equations 

solved in the inverse problem is to be well-determined, because the surface area of the former is 

always less than that of the latter. That is, the number of the FEM nodes at which boundary 

conditions are estimated on  C must be greater than or equal to those representing the 

endocardial surface, or the inverse problem will be underdetermined. Furthermore, for the 

example in Figure 4.8, the inverse solution was most stable when the number mesh points 

defining the endocardial surface was substantially less than for the catheter. Attempts to solve the 

inverse problem with too high a resolution on the endocardial surface led to instability, despite 

the use of well-established regularization tools. Almost certainly, this reflects the ill-posed nature 

of the problem; the fact that the independent degrees of freedom of the potentials recorded on  C 

are inevitably less than those on the endocardial surface due to attenuation and blurring of 

potentials within the cavity. 

 

The interaction between these factors was tested for an inverse mapping example, in which outer 

and inner surfaces were concentric spheres with diameters of 38 mm and 76 mm respectively. 

Solution accuracy was quantified by estimating the CC for reference and reconstructed potential 

distributions on the outer surface for different combinations of mesh resolution on both surfaces. 

In Figure 4.9A, CC is presented as function of the number of outer surface nodes when 1130 

nodes were used to represent the inner surface. CC decreased and solutions were less stable with 

more than 350 outer surface nodes. On the other hand with 335 outer mesh nodes, CC increased 

when the number of inner mesh nodes was increased from 100 to 1200 (see Figure 4.9B). Finally,  

increased mesh resolution has associated computational costs; with 2300 inner nodes, the time 

taken with SCIRun to set up the inverse problem with 180, 370 and 3360 nodes on the outer 

surface was 0.5, 2 and 24 hours, respectively.  
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For the remaining computational studies, we set atrial endocardial mesh resolution to 370 nodes 

which provided an excellent compromise between accuracy and efficiency. The average distance 

of these nodes is 3 mm, which is sufficient to fit the uniform atrial patterns. Resolution on the 

simulated catheter surface was set to 2300 nodes to ensure accuracy in estimation of potential 

gradients. As a result, the resolution of this inner surface mesh was considerably greater than 

needed to ensure accurate inverse solutions (see Figure 4.9B).  

 

Figure 4.9: Effects of mesh resolution on inverse solution accuracy. The correlation between 

reconstructed and reference potentials on the outer surface is presented as a function of the number of 

surface nodes on (A) the outer surface and (B) the inner surface. The inner surface is represented by 1135 

boundary nodes in (A) while the outer surface is represented by 335 boundary nodes in (B).   

4.2.2 Effect of Catheter Diameter on the Accuracy of Inverse 

Mapping  

The influence on inverse mapping accuracy of relative catheter dimension is presented in Figure 

4.10. In Figure 4.10A, endocardial potential distributions reconstructed using 38, 48 and 60 mm 

diameter mapping catheters are compared with initial reference potentials. Potentials were 

sampled on 8 equi-spaced meridional lines on  C, intersecting at the centre of the catheter in the 

image plane. Eight sampling points were uniformly distributed along each meridional line, a total 

of 64 electrodes in this case.  
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Figure 4.10: Effect of catheter size on accuracy of inverse mapping (A) Reference endocardial potentials 

and endocardial potentials reconstructed from potentials sampled at 64 points on 38, 48 and 60 mm 

spherical catheters. Potentials were sampled on 8 equi-spaced meridional lines with 8 sampling points 

uniformly distributed along each. (B) CC and (D) rRMSE for the 3 catheter sizes with (red) and (without) 

estimated normal gradients. 

 

Visually, the correspondence between reconstructed and reference endocardial potentials appears 

reasonable in all three cases, although potential distributions most distant from the mapping 

catheter are not well recovered. The accuracy of inverse mapping was quantified by evaluating 

CC and rRMSE for the three different sized catheters and these data are presented in Figure 

4.10B and C, respectively. The 60 mm diameter catheter fills much of the LA cavity and, in this 

case, CC is high (0.97) and rRMSE is relatively small (0.22). CC decreased to 0.86 and rRMSE 

increased to 0.4 when catheter dimensions were reduced. When estimated potential gradients 

were not used in the inverse solution, the correspondence between reconstructed and reference 
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endocardial potentials was worse. The inclusion of gradient information in inverse potential 

mapping had limited impact with the 60 mm catheter, but rRMSE was reduced by ~10% for the 

38 mm catheter. 

4.2.3 Effect of Catheter Position on the Accuracy of Inverse 

Mapping  

 

Figure 4.11: Effect of catheter location relative to the LA wall on the accuracy of inverse mapping. 

Potentials are sampled at 64 sites on the catheter as in Figure 4.8 and 4.10. Reference potentials are 

compared with endocardial surface potentials reconstructed with catheter located (A) in the centre of the 

LA cavity and (B) close to its lateral wall. Local CC (LCC) is compared for regions adjacent to the 

catheter and more distant from it for both A and B and results are presented in (C) and (D) respectively. 

The ROI over which LCCs are estimated are indicated by the white circles. 

 

Catheters were deployed at different locations inside the LA to investigate the effect of position 
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relative to the LA wall. A typical result is presented in Figure 4.11, where reconstructed 

endocardial potentials are compared for a 48 mm catheter located at the centre of the LA cavity 

(Figure 4.11A) and close to the atrial region where surface potential variation is most marked 

(Figure 4.11B). As in the previous example, potentials are sampled at 64 sites on the catheter. 

Endocardial potentials were recovered more faithfully in the latter case (CC is 0.96 compared 

with 0.80) and the results presented in Figure 4.11C and D provide further insight into why this 

is the case. Here, CCs are estimated for two regions (indicated by white circles) on the atrial 

surface, one adjacent to the catheter and the other more distant from it. The endocardial field in 

the region adjacent to the catheter was reconstructed with a high level of accuracy and local CC 

was 0.99 in both cases. On the other hand, the relatively complex field close to the lateral LA 

wall is recovered less well when the catheter is in the centre of the cavity and the local CC was 

reduced to 0.65 in this case (see Figure 4.11C). The reduction in local CC distant from the 

catheter in Figure 4.11D was less marked (0.96), because potentials in the region least well 

addressed by the catheter are relatively uniform and close to zero.  

 

These results are largely predictable. They indicate that endocardial potentials can be recovered 

with high accurately with ROI inverse mapping. It is intuitively obvious that the effectiveness of 

global mapping will depend on how well the catheter samples the field within the cavity.  

4.2.4 Reconstruction of Complex Endocardial Potential 

Distributions with Inverse Mapping 

The issues raised in the previous section were explored further with more complex potential 

distributions on the endocardial surface with catheters of different size in different locations. For 

the typical case presented in Figure 4.12, potential is distributed nonuniformly across much of 

the atrial endocardial surface. Here, endocardial potentials were recovered faithfully adjacent to a 

60 mm catheter located close to the rightmost wall, but poorly in the regions most distant from 

the catheter with an overall CC = 0.74. On the other hand, a 48 mm catheter at the centre of the 

cavity provided an arguably more complete picture globally, despite the fact that accuracy was 
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compromised in all regions. As in the previous examples, potentials were sampled at 64 sites on 

the catheter. 

 

Figure 4.12: Accuracy of inverse potential mapping with spatially complex endocardial potential 

distributions. Reference potentials on endocardial surface compared with potentials reconstructed from 

potentials sampled with (A) a 60 mm catheter close to the right-hand wall of the atrial chamber and (B) a 

48 mm catheter at the centre of the chamber. Potentials are sampled at 64 sites on both catheter as 

previously. 

4.2.5 Effect of Electrode Distribution on the Accuracy of Inverse 

Mapping  

The extent to which the accuracy of inverse intra-atrial mapping is influenced by the number and 

distribution of electrodes on the mapping catheter was investigated as follows. The different 

reference potential distributions in Figure 4.11 and Figure 4.12 were compared with endocardial 

potentials reconstructed from potentials sampled at 64 and 128 positions on catheters of the same 

dimension and at the same location. Potentials were sampled on 8 and 16 equi-spaced meridional 

lines with 8 sampling points uniformly distributed along each. In Figure 4.13, typical results are 

given for a 60 mm catheter located close to the rightmost wall.  
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Figure 4.13: Effect of sampling resolution on accuracy of inverse mapping. Endocardial potentials 

reconstructed from potentials sampled at 64 and 128 locations on 60 mm catheter located close to the 

rightmost atrial wall are compared with reference potentials with (A) and (B) a spatially simple 

distribution, and (C) and (D) a more complex distribution. Sample points are uniformly distributed at 8 

points along 8 and 16 meridional lines oriented as indicate in the middle panel of this figure.  

 

These results demonstrate that the reduced accuracy with which the more spatially complex 

endocardial potential distribution was recovered using inverse mapping in Figure 4.13C is not a 

result of inadequate sampling frequency. Doubling the sampling resolution produced a negligible 

improvement in CC (see Figure 4.13D). Similarly, increasing the number of electrodes had no 

impact on inverse mapping when the reference field was less complex (compare Figure 4.13A 
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and B).  

4.3 Discussion  

This is the first systematic computational analysis of inverse intracardiac potential mapping as 

far as we are aware. The correspondence between reference potentials on the endocardial surface 

of the atria and potentials on this surface reconstructed from potentials sampled on closed virtual 

surfaces within the atrial chambers has been investigated with progressively more realistic 2D 

and 3D simulations. This has allowed us to quantify the effects of endocardial surface geometry 

and surface potential distribution, as well as mapping catheter dimension, position and design on 

the accuracy of inverse potential mapping.  

 

We have demonstrated that failure to specify normal potential gradients as well as potentials on 

the virtual surface  C, which bounds the mapping catheter, would introduce error in the forward 

problem hence causes inaccuracy in the inverse solution. We have also proposed and tested a 

novel method that enables potential gradients on  C to be estimated. Our approach makes use of 

the fact that the cardiac chambers are a uniform isotropic conducting domain, which contains no 

electrical sources or sinks. Therefore, the instantaneous potential field in the subdomain bounded 

by  C can be estimated by solving Laplace's equation, provided potentials on this surface are 

sampled with sufficient resolution. Under these circumstances, both potentials and normal 

potential gradients can be reconstructed everywhere on  C.  

 

Using simple 2D geometries, we showed that potentials on an outer boundary can be recovered 

faithfully from potentials sampled on an open inner boundary, if potential and normal potential 

gradient distributions are estimated accurately. However, accuracy was degraded when the 

dimension of  C was reduced relative to  H and/or when the inner boundary was distant from the 

outer boundary. Consistent results were obtained with more realistic 3D boundary geometries. 

Again reference potentials were mapped with acceptable accuracy, which was dependent on the 

dimension and location of the mapping catheter relative to the atrial endocardial surface. There is 
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an important qualification to these findings however. While local inverse mapping precision was 

excellent when the mapping catheter could be positioned in the vicinity of ROI, global accuracy 

was reduced when the spatial distribution of the endocardial reference field was complex. In 

particular, local potentials were not reproduced faithfully in regions with convoluted geometry 

that was difficult to address with a mapping catheter. When a catheter was located relatively in 

the centre of the atrial cavity and used as global mapping catheter, doubling electrode density 

would not reduce the inverse error. However, for ROI mapping, increasing the number of 

electrodes on the catheter would be helpful to capture rapidly changing potentials hence improve 

the accuracy of ROI mapping. 

  

Our 3D analysis also showed that both CC and rRMSE improved when normal potential 

gradients were estimated at the boundary of the mapping catheter. Consistent with the 2D 

analysis, the error associated with failure to include this information was inversely related to 

catheter dimension. However, incorporation of Neumann boundary conditions in addition to 

Dirichlet boundary conditions never enabled global potentials on the endocardial surface to be 

recovered completely as was demonstrated in specific cases with the 2D analysis. At best, it 

produced a 10% improvement in rRMSE. This observation is also foreshadowed by the 2D 

analysis. It was shown in Figure 4.1 that the error introduced in the forward problem by setting 

normal potential gradients to zero increased as catheter dimension was reduced. In Figure 4.5 

and Figure 4.6, accurate specification of normal potential gradients minimized inverse mapping 

error when the diameter of the centrally located mapping catheter was around half that of the 

domain Ω. However, appreciable error was introduced when its diameter was reduced further and 

our explanation for this was that  C was too small relative to  H 

adequately. We would expect the balance between these two factors to be affected by extending 

the problem from 2D and 3D. In addition, we would expect global error to be further magnified 

by the convoluted boundary geometry that characterizes the atrial endocardial surface. 

 

These observations highlight an important difference between ECGi which seeks to reconstruct 

potentials on the epicardial surface of heart from potentials sampled on the body surface and 
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inverse intracardiac potential mapping. As stated previously, the accuracy with which epicardial 

potentials can be recovered with ECGi is limited 1) by the fact that potentials recorded on the 

epicardial surface are attenuated and blurred and 2) the isotropic volume conductor models used 

to describe the relationship between body surface potentials and epicardial potentials, which is 

manifestly incorrect. However, despite the ill-posed nature of the inverse problem, it is inherently 

well-determined in that the heart is surrounded by the body surface. With intracardiac mapping, 

on the other hand, electrical activity is acquired from a subdomain within the heart chamber with 

a smaller surface area and more uniform geometry than the endocardial surface of the chamber. It 

is necessary to account for this explicitly to ensure stable inverse solutions. However, it is also 

necessary to sample intracardiac potentials across a representative subdomain within the cavity 

in order to achieve faithful global mapping. 

 

On the basis of the analysis presented in this chapter, the global performance of the EnSite 3000 

noncontact mapping catheter would be expected to be poor. This device consists of a 64 

electrode array mounted on a closed balloon ~7.5 mL when inflated, with dimensions around 30 

mm x 18 mm. This is small relative to atrial cavity volume, particularly in persistent AF where 

the atria are typically dilated. While the Acutus noncontact mapping system reconstructs an 

equivalent dipole distribution rather than endocardial potentials, its employs a 25 mm diameter 

basket catheter with 48 electrodes, too small we would argue to provide a reliable sample of the 

potentials within the atrial cavity. 

 

In summary, this computational analysis indicates that potentials on the endocardial surface of a 

cardiac chamber can be reconstructed faithfully from potentials recorded with a multi-electrode 

basket catheter, when the electrodes are not in contact with the endocardial surface. Our study 

suggests 1) that local endocardial potentials can be recovered with excellent fidelity when the 

catheter "addresses" the ROI and 2) that reliable global mapping is also feasible provided that 

potentials are recorded from a representative subdomain within the cavity. These results are 

novel and exciting. Corresponding experimental studies are needed to establish the utility of this 

approach, which will be described in Chapter 5 and 6.  





 85  

5 Experimental Assessment of Inverse 

Intracardiac Mapping: Methods 

An experimental study was carried out in sheep to validate the intracardiac inverse mapping 

approach in Chapter 4 and the results of this work are used in Chapter 6. Here we describe the 

methods that were developed to acquire, analyze and visualize data in this study. 

 

In this project, a sheep experimental model is used to provide preclinical proof of concept. The 

sheep is used widely as an experimental animal model to study cardiac diseases, because their 

hearts are similar in scale, anatomy and function to those of humans (Huang, Hunyor et al. 2004). 

It is also relatively straightforward to induce key features of human structural heart disease in 

this species (Batista, Santos et al. 1996, Mansour, Mandapati et al. 2001). However, when 

translating from animal models to human devices and therapy, interspecies differences in 

anatomy and physiology need to be taken into account (Abarbanell, Herrmann et al. 2010). It 

should be noted that, unlike in sheep where the atrial appendages are near equal in size, the 

human left atrial appendage is normally considerably smaller than the right (Zhao, Butters et al. 

2012, Butters, Aslanidi et al. 2013). 

 

Our validation strategy was firstly to compare estimated potentials on the endocardial surface of 

the atria with signals recorded at the same locations. Secondly, we sought to demonstrate that 

endocardial potentials constructed with inverse intracardiac mapping produced repeatable, 

physiologically realistic activation patterns for repetitive atrial rhythms. 

 

Experiments were therefore designed to enable potentials to be recorded from multipole basket 

catheters in the widest possible range of intracardiac locations in one or both atrial chambers (the 

catheter can be used with maximum contact to the atrial endocardial surface or as noncontact 

mapping catheter). These data were acquired for SR and atrial pacing and during AF. Key 

information required for inverse intracardiac potential mapping includes the 3D geometry of the 
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atrial chambers and the 3D locations of all electrodes on the catheter for each electrical 

recording. 

 

This chapter describes the procedures that were developed 1) to acquire this information 2) to 

process experimental data so that inverse intracardiac potential mapping could be carried out, 

and 3) to establish an integrated computational platform for efficient visualization and 

assessment of outputs at all stages of this process. 

5.1 Experimental Procedures  

All surgical procedures were approved by the Animal Ethics Committee of the University of 

Auckland and conform to the guide for the Care and Use of Laboratory Animals (NIH 

publications No. 85-23). Intracardiac noncontact mapping inside atrial chambers was performed 

in vivo on a total of 4 sheep (30-50 kg) with 6 weeks sustained ventricular pacing (VP) to induce 

heart failure and 3 further weeks with no pacing. It has previously been shown in dogs that this 

leads to atrial structural remodeling, which is proved to be strongly associated with sustained AF 

(Li, Fareh et al. 1999, Burstein, Comtois et al. 2009). Experimental data was obtained from 4 

sheep. For one animal, the boundaries of the interested structures are not readily identifiable due 

to motional artifact. Complete datasets were obtained from the other 3 animals, one has been 

processed and analyzed to create the results presented in this thesis. Two remaining datasets will 

be processed next. 

5.1.1 Experimental Model 

Crossbred sheep were anaesthetized initially using intravenous (IV) propofol (5 mg/kg) and 

maintained with isoflurane (2-5%) in oxygen using positive pressure ventilation (Harvard). 

End-tidal CO2 fraction was monitored and ventilation was adjusted to maintain this at 5%. 

 

The jugular vein was exposed via an incision in the neck and prophylactic antibiotics were 

administered. Pacing leads were introduced into the jugular vein and positioned in the RA and 
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RV under fluoroscopic guidance. The leads were tunnelled to the inter-scapular region where a 

subcutaneous pocket was formed for the pulse generator. The neck incision was closed and the 

animal was allowed to recover. 

 

After a recovery period of 24-48 hours, a non-invasive electrophysiology study was performed 

via the pacemaker using a "programmer" module held above the pacemaker in the sheep's neck. 

Surface ECG electrodes were applied to three sites. RA refractory period was measured by 

delivering atrial premature beats following 8 beat drive trains at two pacing cycle lengths (400, 

300 msec). Subsequently, an AF induction protocol was undertaken. Single, double and triple 

atrial premature beats were delivered in sequential order after a drive chain series (200 or 300 

msec cycle length) until the atria become refractory or AF was induced. If AF was not induced, 

atrial burst pacing (30 pulses at a cycle length of 200 msec then decrementing by 10 msec) was 

initiated until AF was induced or atrial refractoriness occurred. AF was defined as a sustained 

atrial arrhythmia ≥ 1 min duration. 

 

The pacemaker was then programmed for VP at 220 beats/min and the sheep were returned to the 

farm. The sheep were paced continuously for 6 weeks, followed by no pacing for an additional 3 

weeks. Animals were monitored for signs of heart failure (tachypnoea, lethargy, loss of appetite 

and changed behavior) and pacing was discontinued if there were evident signs of distress. The 

pacemaker was interrogated every two weeks throughout the stay on the farm for evidence of 

spontaneous AF. At these time points, AF induction was attempted as described above. 

5.1.2 Mapping Procedures  

Sheep were returned to the large animal surgical laboratory after completing the VP programme. 

The animals were anaesthetized and ventilated as outlined in 5.1.1. Once stable anaesthesia was 

achieved, the previous incision in the neck was reopened, the implanted pacemaker was removed 

and pacing leads were extracted. The anaesthetized animal was then transferred to the adjacent 

MRI facility for in vivo 3D anatomic imaging of the atria. 
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Gadolinium (Gd-DTPA, 0.2 mmol/kg) was injected intravenously (IV) to enhance contrast 

between atrial myocardium and blood (Moon, Reed et al. 2004). The atria were imaged with a 3T 

Siemens Magnetom Skyra MRI Scanner (Erlangen, Germany) using respiratory and ECG gating. 

XQ gradients were 45mT/m peak amplitude with a slew rate of 200mT/m/ms. A 

FLASH_3Dslab_bas protocol was used to obtain high-resolution images with the following 

parameters: echo time 4ms, repetition time 8.6ms, flip angle 20°. The imaging plane was aligned 

approximately with the atria and axial slices were 1.6 mm thick with an in-plane resolution of 1.0 

×1.0 mm
2
. Images were acquired with the lungs inflated and late in diastole. The sheep were 

maintained with a portable ventilator, anaesthetic machine and oxygen supply during in vivo 

imaging and during transport to and from the MRI facility. 

 

On return to the surgical laboratory, animals were ventilated with a mixture of oxygen and 

nitrous oxide (both ~50%). Nitrous oxide is an analgesic that enables isoflurane levels to be 

reduced, thereby minimizing the cardiodepressant effects of this anaesthetic (Lynch 3rd 1986). 

An Avanti+ 8F introducer and sheath (Cordis, Johnson & Johnson) were inserted into the right 

jugular vein. The right carotid artery was cannulated and connected to a strain gauge pressure 

transducer. Needle electrodes were introduced to form the four standard ECG limb leads. Arterial 

pressure and ECG were displayed continuously with a Powerlab system (ADInstruments). 

Physiologically balanced saline/dextrose solution was administered IV, end-tidal CO2 was 

maintained at 5% and eye reflexes were tested regularly to assess the level of anesthesia. 

 

An EnSite/NavX system (St. Jude Medical) was used for instantaneous visualization of electrode 

locations in mapping catheters introduced into the atria. Electrodes used by this system for 

impedance triangulation (Estner, Deisenhofer et al. 2006) were positioned subcutaneously at 3 

pairs of approximately orthogonal reference locations on the neck and thorax. Right atrial 

geometry was reconstructed as follows. An ablation catheter in a steerable sheath was inserted 

into the RA via the right femoral vein and swept across endocardial surfaces of the RA chamber 

under fluoroscopic guidance (PHILIPS BV Pulsera). This created a data cloud defining atrial 

chamber geometry, which was refined to form a representation of the surface. Catheters and 



Experimental Assessment of Inverse Intracardiac Mapping: Methods 89 

 

 

associated electrodes were then continuously displayed with atrial surface geometry overlaid on 

the mapping system. A transseptal puncture as then performed, allowing the catheter to be 

positioned in the LA for characterization of LA geometry. 

 

For electrical mapping in RA and LA simultaneously or in the LA alone, it was necessary to make 

a hole in the interatrial septum (transseptal puncture) though which the catheter can be passed 

from RA to LA. This is technically difficult in the sheep and an intracardiac echocardiography 

(ICE) system (Vivid, GE) was used to guide this step. An ICE probe was introduced into the IVC 

via the left femoral vein to visualize RA and LA chambers and the interatrial septum. A needle 

was then advanced into the RA via the jugular vein and its tip located near to the foramen ovale 

in the interatrial septum. The septum was punctured following ICE demonstration of septal 

"tenting" when the needle was advanced. A guide wire and sheath were positioned in the LA. 

Subsequently it was possible to introduce catheters into the LA via the RA.  

 

Pacing leads were introduced via jugular and femoral veins and positioned in the RAA and 

coronary sinus (CS) under fluoroscopic guidance. Systematic RA mapping was completed before 

transseptal puncture. Expandable 64 channel Constellation
TM

 catheters (38 mm and 48 mm, 

Boston Scientific) were introduced into the RA via the right jugular vein guided by fluoroscopy 

and the NavX system. Following transseptal puncture and LA geometry characterization, 

Constellation
TM

 catheters (38 mm, 48 mm and 60 mm) were also deployed in the LA and 

electrical mapping was completed in the LA, and in LA and RA simultaneously. 

 

Mapping was carried out as follows. Catheter positioning was guided by fluoroscopy and 

EnSite/NavX, with electrogram quality checked initially using the EnSite system. However, this 

system was unable to acquire all signals from RA and LA simultaneously, and data transfer from 

it is extremely inefficient. A purpose-built connection box was therefore used to switch the 

Constellation
TM

 catheters to a UnEmap multi-channel acquisition system (Auckland UniServices 

Ltd). Up to 128 unipolar extracellular potentials were acquired simultaneously at a sampling 

frequency of 3000Hz (12 bits resolution; bandwidth 0.5Hz-1.5kHz) in SR (~10s) followed by 
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RAA pacing (~10s). Biplane LAO/RAO (angle 90°) ciné X-ray (25 frames/second) were 

recorded immediately afterward. A concurrent Lead II ECG signal was added to the video for 

synchronization with the cardiac cycle. The ventilator was switched off during fluoroscopy to 

minimize artifact due to respiratory motion in subsequent reconstruction of 3D electrode 

locations.  

 

Atrial electrical activity was recorded separately in the RA and LA, and in both atria 

simultaneously, using different sized catheters in various states of expansion in a wide range of 

locations within the atrial chambers. Specifically, electrograms were recorded in a number of 

locations in the RA with fully open 38 and 48 mm catheters located relatively close to the centre 

of the cavity. Recordings were made with fully open 38, 48 and 60 mm catheters at different 

locations in the LA. The 38 mm catheter was used for ROI mapping in the LA (collapsed and 

touching the posterior wall). Finally, simultaneous recordings were made in RA and LA with a 

48 and 60 mm catheters, respectively.  

 

On completion of recording, all catheters were removed and the heart was arrested by IV 

injection of 15% potassium citrate. The chest was opened with a midsternal thoracotomy and the 

heart was excised, and perfused with cooled physiologically buffered saline and then 

perfusion-fixed with 3% formalin in phosphate buffer. The atria were then dissected, 

photographed and stored in this fixative, in a sealed container. 

5.2 3D Reconstruction of Basket Catheters 

It is necessary to develop a robust method of reconstructing accurate 3D locations of each 

electrode on the Constellation
TM

 catheter to finish the intracardiac inverse mapping. Navx system 

(St. Jude Medical), which has been designed to locate and navigate electrodes in real-time in the 

human torso, is widely used in medical field. However, given the fact that the shapes of sheep 

anatomy is completely different, the Navx system cannot give reliable locations of electrodes in 

our sheep experiments. Hence, the open basket catheters were all reconstructed from the biplane 

ciné X-ray recordings made during the experiment. In this subsection, we will outline the 
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reconstruction procedures.  

5.2.1 The Fluoroscopy System 

Real-time projection X-ray imaging, more commonly known as fluoroscopy, has been used 

clinically since shortly after Roentgen’s discovery of X-rays (Röntgen 1896). Fluoroscopy 

enables doctors to capture and display real-time 2D images across the interior organs of a patient 

at a high frame rate (Kruger, Mistretta et al. 1979) and allows accurate catheter placement in our 

study. 

 

A typical fluoroscopy system comprises four key components: i) an X-ray source, ii) a table on 

which the subject is placed, iii) an image intensifier which converts X-ray signals into 

intensity-based images, and iv) a means of rotating the source and intensifier so that different 

views of the subject can be obtained. The PHILIPS BV Pulsera fluoroscopy system (Philips 

Healthcare, NL) used in our study acquires 1024x1024 images with a pixel resolution at the 

image plane of 0.29×0.29 mm
2
. This C-arm system allows the operator to rotate the imaging 

plane as shown in Figure 5.1 (Bourantas, Kourtis et al. 2005).  

 

Figure 5.1: The C-arm system can be rotated around two different axes: (A) Cranial/caudal and (B) 

RAO/LAO orientations. 

X-ray source 

Image intensifier 
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5.2.2 Distortion Correction 

X-rays can penetrate solid objects and the degree of penetration is influenced by the energy of 

the X-ray quanta. High energy incident radiation is required to capture identifiable X-ray images 

of nonstatic objects (i.e. a catheter is moving in an atrial chamber because of the contraction). 

However, extreme X-ray doses are carcinogenic (D'Angio, Farber et al. 1959) and image 

intensifiers are used to minimize the radiation to which patients are exposed during routine 

X-ray.  

The image intensifier converts low-intensity X-rays to a bright visible light output, which allows 

well resolved images to be acquired (Beatty and Barsky 1995, Marx and Ellis 1996). The main 

drawback is that this introduces a combination of pincushion (Figure 5.2B) and S image 

distortion (Figure 5.2C) (Launay, Picard et al. 1995, Coste, Gibon et al. 1997, Wang and 

Blackburn 2000).  

 

Figure 5.2: Image distortion introduced by an image intensifier is illustrated here. (A) The original mesh 

grid. (B) The 2D image with the Pincushion distortion. (C) The 2D image with the S distortion. 

 

This combination of distortion also appeared in our images, as shown in Figure 5.3C. Here, the 

fluoroscopic image of a calibration grid used in our experiment reflects pincushion distortion 

around the periphery and S distortion in the centre of the image. 

 

To correct image distortions for a given system, a transform matrix needs to be generated. This 

can be done by imaging a perforated steel sheet with precise hole size and spacing and then 

applying open-source distortion correction software XROMM (X-Ray Reconstruction of Moving 

Morphology), developed by Brown University, to reverse geometric distortions in the images 
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(Brainerd, Baier et al. 2010). XROMM applies the local weighted mean (LWM) distortion 

correction algorithm to calibrate the distortion, by inferring a polynomial at each control point 

using neighboring control points. The mapping at any location depends on a weighted average of 

these polynomials. It compares the spacing between the holes in the fluoroscopic images with the 

optimal spacing (in the centre of the whole sheet) and then generates a transformation matrix to 

correct the distortion throughout the image (Chung and Masri , Brainerd, Baier et al. 2010).   

 

Figure 5.3: Correction of fluoroscope distortion. (A) Raw, distorted image of perforated metal sheet. (B) 

Correction of hole dimensions near the edge reduces overall image size. (C) Distorted image of 
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calibration grid. Pincushion distortion can be observed near the edge and S distortion is evident at the 

centre. (D) Corrected image of the calibration grid. Overall, the corrected image is markedly improved 

although there is still some residual distortion at the edges. 

 

To correct distortion in our fluoroscopy system, a standardized perforated metal sheet was taped 

against the image intensifier and an image was collected (Figure 5.3A). An LWM transformation 

matrix was then generated on this basis. Figure 5.3 (A & B) shows the raw and corrected images 

of the perforated sheet. The transformation matrix was then applied to Figure 5.3C, which is a 

distorted image of a calibration grid and the corrected image is given in Figure 5.3D. The 

transformation matrix works well except at the boundary. This residual edge distortion had 

limited effects on 3D reconstruction accuracy for our atrial study, because catheters were 

typically located close to the centre of the imaging field. 

5.2.3 Identification of Material Points in Biplane Images 

The first step in reconstructing a 3D point from biplane images is to identify unique points in 

each view that are associated with the 3D object. We need to identify not only electrodes on the 

basket catheter, but also other fiducial points such as the tips of pacing leads and guide catheters. 

This enables more accurate registration of reconstructed electrodes with atrial anatomy acquired 

with in-vivo. Figure 5.4 is a representation of a 38 mm diameter Constellation
TM

 catheter 

showing its 8 splines with 8 electrodes on each. A double electrode is located on each spline and 

its position on each changes systematically from spline A to spline G. Spline H has no double 

electrodes. The double electrodes are used to identify individual splines and electrodes in RAO 

and LAO views. 
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Figure 5.4: Structure and parameters for different sized Constellation

TM
 catheters. The left hand schematic 

shows the structure of a Constellation
TM

 catheter with diameter of 38 mm. The right hand table displays 

basket diameter and electrode spacing of catheters with different sizes. 

 

Corresponding points in different views can also be identified using the epipolar geometry 

method (Smets, Van de Werf et al. 1990, Garreau, Coatrieux et al. 1991, Dumay, Reiber et al. 

1994, Wahle, Wellnhofer et al. 1995, Zhang, Deriche et al. 1995, Chen, Hoffmann et al. 1996, 

Chen and Metz 1997, Hoffmann, Williams et al. 1997, Dorsaz, Dorsaz et al. 2000, Cañero, 

Vilariño et al. 2002). The concept underlying this approach is illustrated in Figure 5.5. Here, 

S1/S2 are X-ray sources in two different orientations and IP1/ IP2 are the corresponding image 

planes. Given that M1 is the projection of the point M, we aim to locate the corresponding point 

on IP2,, e.g, M2. The 3D position of M along S1M1 direction can be any point (  
 ) on the straight 

line between S1 and M1. Based on S2 and S1M1, a new plane is defined. This is the so-called 

epipolar plane which forms a line on IP2 that is identified as the epipolar line. The corresponding 

point on IP2 can be determined by taking the intersection point of the epipolar line and the 

projective line (L2) on IP2. If the epipolar line has more than one intersection point with L2 on IP2, 

M1 can be moved to generate more epipolar lines, and the movement of the intersection point can 

be used to select the appropriate target.  
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Figure 5.5: The diagram of epipolar geometry method. IP1/ IP2 are the corresponding image planes, and 

S1/S2 are the X-ray sources. M1 is the projection of an interested point M on IP1, the target is to find out 

projective point of M on IP2. 

5.2.4 Reconstruction of 3D Points 

Given a pair of calibrated 2D images, 3D reconstruction can be performed using various 

approaches (Zheng, Ballester et al. 2006, Kurazume, Nakamura et al. 2009). Dumay (Dumay, 

Reiber et al. 1994) proposed an approximate approach, called retro-projection, for robust 

reconstruction of objects in 3D. This is illustrated in Figure 5.6.  

 

Here, a material point M is imaged with the axis of the imaging plane in two different 

orientations, S1 and S2. M1 and M2 are the corresponding 2D projections of M on the image plane. 

In theory, M should be located at the intersection of the lines S1M1 and S2M2. In practice, 

however, these lines may not intersect due to displacement of the imaging system or the 

movement of point imaged between views. With Dumay’s method, the 3D location of the 

material point is estimated by minimizing the distance between the projection lines S1M1 and 

S2M2 . 
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Figure 5.6: Schematic of 3D reconstruction from bi-plane images. Given two projective points (M1 and 

M2) on two biplane fluoroscopic images and X-ray sources S1 and S2, the estimation (M
’
) of object M is 

the midpoint of C1C2, which is perpendicular to both S1M1 and S2M2. 

 

This defines points C1 and C2 on the line segments S1M1 and S2M2, respectively, and it can be 

shown that the line segments C1C2 was perpendicular to both of them. Following the methods 

outlined by Dumay and co-workers (Dumay, Reiber et al. 1994)  

 
                           5.1 

where C1C2, S1M1 and S2M2 are the vectors corresponding to each of the line segments identified 

above, while the vectors S1 and S2 are both referred to the origin coordinate system. The terms σ 

and ɛ were determined by substituting equation 5.1 into the perpendicular constraints below: 

 
                      5.2 

The 3D reconstruction of the point was approximated as the mid-point, M’, on the line segment 

C1C2, and was calculated as follows  

             
 

 
      5.3 

This procedure was used to reconstruct initial electrode locations for all recordings. 
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5.2.5 Synchronization of Bi-plane Images  

Because biplane images are acquired sequentially rather than simultaneously, it is necessary i) to 

minimize artifact caused by respiratory motion and ii) to ensure the 3D reconstruction is 

performed with views captured at matched times during the atrial cycle. The first of these 

objectives was addressed by turning off the ventilator during image acquisition and the second 

by synchronizing both views with respect to the ECG, which was recorded simultaneously with 

the ciné X-ray. 

 
Figure 5.7: Two biplane fluoroscopic images of basket catheters were matched at the same phase (the red 

line) within one cardiac cycle. 

 

The process is illustrated in Figure 5.7. Here sequential ciné records were acquired with 

ConstellationTM catheters in right and left atrial chambers in LAO 55
o
 and RAO 35

o
 orientations. 

An ECG was recorded with the fluoroscopic images. The ECG signal enables the 



Experimental Assessment of Inverse Intracardiac Mapping: Methods 99 

 

 

synchronisation of the electrical signals with the physical geometry derived from the images. The 

ECG signal can then be extracted from each video, each biplane frame from RAO/LAO is related 

to a certain ECG phase.“Peak detect technique” was used to synchronize the QRS complex, after 

that, the corresponding biplane frame at the same phase can be synchronized as well. In Figure 

5.7 corresponding LAO 55
o
 and RAO 35

o
 views are shown together with a single representative 

ECG trace. A MATLAB GUI (The Mathworks, Natick, Massachusetts) was developed so that a 

scrollbar could be used to present paired biplane images at different times within the ECG (red 

line in lower panel). To match with the atrial geometry which was reconstructed from in-vivo 

MRI during cardiac diastole, we chose the X-ray images taken at the same phase (late diastolic). 

5.2.6 3D Reconstruction of Intracardiac Electrodes  

Corresponding electrodes on the basket catheters were identified in both views, as well as other 

fiducial markers such as the tips of pacing catheters. These unique points were then reconstructed 

in 3D. In Figure 5.8, LAO and RAO projections are presented for electrodes and catheter tips 

reconstructed from the biplane images in Figure 5.7. From the bi-plane video clips we can see 

the catheter was deformed by contact with the atrial wall at some points, so the reconstructed 

surface formed can be very different from a regular sphere shown in Figure 2.7B. In addition, the 

3D paths of catheters and sheaths have also been approximated. Reconstructed projections of the 

electrodes match the biplane recordings faithfully. Furthermore, average intra-spline spacing 

between electrodes reconstructed for the 48 mm diameter catheter in the RA was 4.0 ± 0.3 mm 

(vs 4.0 mm measured), and was 4.8 ± 0.4 mm (vs 5 mm measured) for the 60 mm diameter 

catheter in the LA. 
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Figure 5.8: The result of catheter reconstruction in 3D. The tracks of the sheath were approximated, 

unlike the open basket electrodes, RAA pacing catheter and wire tips of the Constellation
TM

 catheters 

(within red circles) were uniquely identified and reconstructed with high accuracy. 

5.2.7 Refined 3D Representation of Basket Catheters  

It was necessary to develop further stages of refinement for 3D representation of the intracardiac 

basket catheters. Firstly, inaccuracy in electrode reconstruction magnifies error in inverse 

mapping, independent of the approach used, so a physics-based smoothing method was used to 

reduce reconstruction error. Secondly, the intracardiac inverse problem is inherently 

under-determined which can lead to considerable instability when potentials recorded at ≤64 

intracardiac electrodes are mapped onto the endocardial surface of the atrium which is more 

complex in structure and greater in extent than the catheter. With mesh based methods, such as 

FEM and BEM, it is necessary to interpolate potentials across a smooth virtual surface that 

contains the electrodes to set up a well-determined set of equations. 

 

In relation to the accuracy of 3D reconstruction of individual electrodes, more careful 

investigation indicates that there is appreciable residual scatter. This is illustrated in Figure 5.9A 

and Figure 5.9B, where electrodes on a 60 mm Constellation
TM

 catheter in the LA are 



Experimental Assessment of Inverse Intracardiac Mapping: Methods 101 

 

 

represented. We note that there is evident oscillation along the spline highlighted. In reality, the 

splines of the Constellation
TM

 catheter are quite stiff and would therefore be expected to follow a 

relatively smooth path. To mimic this physical constraint, electrode positions along each spline 

were smoothed with least squares spline functions (Reinsch 1967), with knots set to allow 

realistic spatial variation. This produced a smoother, more realistic electrode distribution (see 

Figure 5.9B and Figure 5.9C) in which variability of intra-spline electrode spacing was reduced.  

 

Figure 5.9: Improvement of the reconstructed catheter by spline functions. (A) The preliminary model of 

Constellation
TM

 catheter reconstructed based on biplane images which has some irregularity. (B) 

Electrodes on one spline before (blue) and after (red) smoothing. (C) The smoothed Constellation
TM

 

catheter. 

 

The second step in constructing a smooth virtual surface was to interpolate between the splines. 

There is no inherent stiffness in this direction and periodic spline functions were used to fit 

corresponding electrodes on the eight catheter splines. The "longitudinal" and "circumferential" 

splines fitted in this way also define interpolation functions in the surface patches between 

electrodes (De Boor, De Boor et al. 1978). The surface fitted to the smoothed electrodes in 

Figure 5.9C above is shown in Figure 5.10A.  

 

A final issue is that it is necessary to fit a smooth closed surface to the catheter for mesh-based 

inverse solutions. In order to do this, two arbitrary reference points were defined, above and 

below the electrode array. A periodic spline function was then fitted to the smoothed electrode 
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positions in each contiguous pair of splines (ie Spline A and Spline E, Spline B and Spline F, etc) 

and the full surface was interpolated as outlined previously. The result for the data set in Figure 

5.9C and Figure 5.10A is given in Figure 5.10B.  

 

Figure 5.10: Interpolated Constellation
TM

 catheter surface. (A) interpolated surface without top and 

bottom. (B) Interpolated surface with top and bottom. 

5.3 3D Segmentation of Atrial Chambers from MRI 

In vivo MR images of the atria were segmented using the AMIRA (Zuse Institute Berlin) 3D 

visualization and analysis software platform. Atrial surface geometry was reconstructed in 3D, 

prior to fitting the computational mesh needed for solution of the inverse problem. Key anatomic 

landmarks were also identified and these were used for registration of mesh and basket catheter. 

Representations of the MRI image stack are presented in Figure 5.11. 

 

Segmentation can be performed manually, automatically or semi-automatically. While automatic 

segmentation techniques have been developed for cardiac MR images using level-set (Li, Huang 

et al. 2011) and active contour methods (Yushkevich, Piven et al. 2006), it is difficult to achieve 

precise identification of the endocardial surface, because there is considerable variation in 

contrast between the gadolinium labeled blood and the darker walls of the cardiac chambers. On 
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the other hand, while manual segmentation can be accurate, it is also very time-consuming. 

 

Figure 5.11: Respective MR images (three orthogonal planes, xy, yz, and xz) with clear contrast between 

difference structures. Here, LAA = left atrial appendage, LA/RA = left/right atrium, MV = mitral valve, 

TV = tricuspid valve. 

 

In this project, we opted to use a semi-automatic approach in which a region growing method 

was initially used to segment individual MR image sections and this was then refined manually. 

Region growing methods are based on one or more seed points and successively merge 

neighboring pixels based on a chosen threshold value, until a region within a specified target area 

is filled (Zucker 1976, Jain, Kasturi et al. 1995, Sonka, Hlavac et al. 2014). In this atrial 

segmentation, the seed point was chosen as the centre of atrial chamber. This typically has the 

highest contrast and region growing approaches based on this produced contours that coincided 

reasonably well with the endocardial boundary. Blurred or complex boundaries were then refined 

manually (Figure 5.12A). Triangular meshing of the segmented surfaces was also performed by 

AMIRA (Figure 5.12B), and the location of the atria within the chest is shown in Figure 5.12C. 
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Figure 5.12: Reconstruction of RA and LA. (A) Extracting endocardial surface of LA and RA using 

AMIRA. (B) Reconstructed LA, RA and PV.(C) Location of segmented structures. Here, LAA/RAA = 

left/right atrial appendage, LA/RA = left/right atrium, PV = pulmonary veins. 

 

Based on successful ablation therapy targeting the atria (and excludes ablation on appendage 

sites), it is assumed that electrical activation patterns in the atrial appendages have a minor 

contribution to AF. In addition, the atrial appendages are structurally complex. The appendages 

are a mass of pectinate muscle and blood spaces and it is very difficult to make and interpret 

measurements inside them. Therefore, for the purposes of inverse mapping we chose to truncate 
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endocardial surfaces so that they did not include the atrial appendages. Measurements made 

adjacent to this surface were not included in the gold standard set of measurements used here. 

Therefore, for the purposes of inverse mapping we chose to truncate endocardial surfaces so that 

they did not include the atrial appendages (Figure 5.13). The complete atrial structure including, 

PVs, IVC and SVC was used for catheter registration because it provided a richer set of 

landmarks.  

 

Figure 5.13: Truncated atrial endocardial surface without the atrial appendages. 

5.4 Initial Registration of Catheters with Respect to Atrial 

Geometry 

Once atrial geometry was reconstructed, atrial landmarks were used initially to register the 

basket catheters in Figure 5.14. Because catheter electrodes and fiducial points such as the tip of 

the RA pacing catheter were reconstructed together, atrial landmarks provided constraints on this 

process. For example, the LA catheter was advanced via the IVC into the RA and then through 

the punctured Foramen Ovale (FO) into the LA. The 3D location of this catheter was therefore 

limited by the fact that we had identified the origin of the IVC and location of the FO in the 

reconstructed 3D atria. In addition, the magnitude and frequency content of electrograms 

recorded at the electrodes also provided further information which was used to optimize the 
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registration of the catheters and this is described in a later section. 

 
Figure 5.14: 3D representation of basket catheter in LA and RA. Both left and right catheters were 

inserted through IVC, and left Constellation
TM

 catheter was inserted through the interatrial septum. Here, 

LAA/RAA = left/right atrial appendage, SVC = superior vena cava, IVC = inferior vena cava. 

5.5 Signal Processing  

Signal processing was carried out using code written in the MATLAB programming language. In 

addition, a specialized graphics user interface (GUI) was also developed as an integrated 

platform for visualization, processing and analysing of the multi-channel spatio-temporal data 

used for inverse mapping as well as the outputs of this procedure. With this GUI, we could 

display panoramic potential/activation times (AT) field for any individual channel or all 64 

channels, and relate their locations to 3D atrial surface anatomy interactively. Also, 2D or 3D 

representations of recorded data can be presented as movies or snapshots. The signal processing 

functions in the GUI was outlined below and the GUI is described in detail in Appendix B.  

5.5.1 Filtering 

Temporal and spatial filtering options were embedded in the GUI. These included a low-pass 
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filters, procedures for drift removal and a range of options for spatial filtering. These simple 

filters worked well across the short data intervals analyzed in this work. Alternative filters could 

be investigated and could be helpful when dealing with more complex distributions. 

 

The low-pass filter was an nth order digital filter (Parks-McClellan-Reez algorithm) that was run 

in forward and then reverse order to ensure that phase shift was zero (McClellan, Parks et al. 

1973, Knutson, McNeely et al. 1991, Laughner, Ng et al. 2012). In the GUI, the cut frequency 

could be set at 50, 75, 100 or 150 Hz with a drop-down menu (Appendix Figure B.1). In this 

thesis, a passband of 0-150 Hz was used for all recorded electrograms.  

 

A variety of factors, including respiratory and cardiac motion artifact, introduced baseline 

variation in the recorded signals. A polynomial function was fitted to the signal baseline to 

remove this drift (Chouhan and Mehta 2007). In Figure 5.15, a third-order polynomial (green) 

fitted in this way was subtracted from original signal (black) to generate a steady baseline (red). 

The GUI provided the option of first to fourth order polynomial fitting from a drop-down list 

(Appendix Figure B.1).  

 

Figure 5.15: Drift removal. Drift from the raw data (black) was removed by fitting a third-order 

polynomial equation to the background drift, and then subtracted from the raw signal to remove drift (red 

line). 
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Spatial filtering options were also provided. In general, a spatial filter replaces each pixel (Fi,j) 

with the weighted sum of that pixel and its nearest neighbors. This convolution is controlled by 

specifying the kernel (Laughner, Ng et al. 2012). For instance, with a 3 3 uniform spatial filter 

value of the centre pixel is set to the mean value of all 8 pixels in the neighborhood. For noisy 

data, a larger filter extent can improve signal-to-noise ratio (SNR), but does so at the cost of 

spatial broadening or reduced fine scale detail. Spatial broadening can be reduced if a Gaussian 

kernel is used, in which pixels closest to the centre have greatest weight. In the GUI, uniform 

spatial filters with 3 3, 5 5, 7 7, 9 9 neighborhoods were available (Appendix Figure B.1).  

5.5.2 Electrograms and Optimization of Catheter Registration 

 

Figure 5.16: Intracardiac electrograms recorded in SR with a 60 mm Constellation
TM

 catheter in the LA. 

(A) The 60 mm Constellation
TM

 catheter was registered in LA based on atrial landmarks. (B) All 64 

electrogram recorded by the catheter during atrial activation. 

 

Filtered electrograms on all 64 electrodes were displayed for a single atrial activation complex 

using the GUI as shown in Figure 5.16 below for a 60 mm diameter catheter in the LA. This 

demonstrates the variation in the intra-atrial electrograms measured with noncontact open basket 

catheters. As one would predict electrodes close to the atrial wall record large amplitude 
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electrodes with rapid temporal variation, whereas electrograms recorded further from the atrial 

surface are more slowly varying and have low amplitude. Finally electrograms toward the centre 

of the cavity and closest to the inlet valves appear to have very little signal content. 

 

In the upper panel of Figure 5.17 we choose 3 atrial electrograms which exemplify these 

different characteristics. The left most electrogram varies from +4 to -6 mV, with a substantial 

rate of change during depolarization and was identified as being in contact with the cavity 

surface in the ciné-fluoroscopic recordings. The middle electrogram was recorded further from 

the wall and electrogram magnitudes are relatively low. Despite the relatively slow rate of 

change, depolarization timing is still clear. The rightmost electrogram was acquired close to the 

mitral valve and appears to contain noise, but no signal. Corresponding power spectra are 

presented in the lower panel and the red line shows the bandwidth (BW) which accounts for 80% 

of signal power. We note that both signal power and BW are progressively reduced across the 

three examples. This change is amplified when we multiply the total power (TP) and BW to form 

a power-bandwidth product. TP BW = 33.30, 2.84 and <0.1, respectively for the three examples 

below.  

 

Figure 5.17: Three typical atrial electrograms (upper panels) and their corresponding power 

spectrum (lower panels). From left to right, power-bandwidth product for these three examples 

are 33.30, 2.84 and 0.03, respectively. These electrograms were manually chosen on the basis 
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that their morphology is what would be expected if the electrode: C2 is in contact, D2 is 

noncontacting and E6 is just noise. Red lines in lower panels indicates the number of harmonics 

can occupy more than 80% power over half harmonics. BW=Bandwidth, TP=total power. 

 

We hypothesize that when TPxBW is ≥ 5, the corresponding electrodes is touching or very close 

to the atrial wall. For 0.1 TP BW 5, the electrode is distant from the wall. While magnitudes 

are relatively low these signals still contain clear phase information. If TP BW is smaller than 

0.1, the signal is too weak to provide any useful information. However, this hypothesis only 

applies to healthy substrate. For fragmented and fractionated signals with low voltage and high 

frequencies, the power-bandwidth could be large even if the corresponding electrode is in large 

distance to the atrial wall. Thus, this method works fine for the signals measured in the thesis, 

but it may not work for signals from AFib patients. 

 

Based on power bandwidth product values, and combining with the ciné-fluoroscopic recordings, 

signals with TP BW 5, are picked out as “gold standard” signals for validating the accuracy of 

inverse solutions (see Section 5.8). 

 

Figure 5.18: The relationship between power bandwidth product and the distance from the corresponding 

electrode to atrial wall after optimization of the registration. 
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The power bandwidth product was also used to optimize registration between catheters and atrial 

wall on the basis that electrodes with TP BW ≥5 were most likely to be close to the atrial wall. 

The catheter was systematically translated in 3D within a volume constrained by atrial geometry 

to maximize a presumed inverse relationship for all electrodes between TP BW and 3D 

Euclidean distance between electrodes and the atrial wall. This relationship is shown after 

optimization in Figure 5.18 and it was calculated from all datasets collected in this experiment.  

 

While the distribution of points in Figure 5.18 falls within an envelope that conforms to an 

inverse relationship, it is evident from the scatter that the signal power is not dependent on 

electrode-atrial wall distance alone. Local wall thickness will also affect signal strength, while 

electrodes near to the interface between atrial chamber and atrial appendage, close to AV valve 

leaflets or with electrical faults may have very low gain bandwidth products, but register as being 

close to the atrial wall. 

5.5.3 Electrogram Interpolation 

As previously noted, with mesh-based inverse solutions, it is necessary to interpolate the 

potentials recorded with intracardiac catheters across a representative virtual surface i) to ensure 

that the inverse problem is well-posed and ii) to obtain realistic estimates of potential gradients 

across this surface. Initial attempts to do this using radial basis function (RBF) interpolation 

(Sahin 1997), proved unsatisfactory. 

 

This is illustrated in Figure 5.19A where potentials recorded at each of the 64 electrodes on a 

Constellation
TM

 catheter at a single time are represented as a color map on an 8 8 matrix. Each 

block represents a channel, with splines indicated by letters A-H, and electrodes on each spline 

are numbered 1-8 (as per Figure 5.4). The results of RBF interpolation are shown in 2D (Figure 

5.19B) and 3D (Figure 5.19C). The resultant potential distribution is not uniform, but exhibits 

maxima at individual electrodes and falls away between electrodes, particularly across splines, 

where the distance between electrodes can be relatively large. This is because the RBF is a 
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real-valued function whose value depends on radial distance from control points (Buhmann 

2003).  

 

Figure 5.19: The RBF interpolation result. (A) 64 potentials were recorded using Constellation
TM

 catheter 

in the LA during SR at t=50ms. (B) RBF interpolation result in 2D. (C) Map the interpolated potentials to 

3D Constellation
TM

 catheter surface. 

 

In Figure 5.20A we display electrograms recorded at pairs of electrodes (blue and black), along a 

spline (E4&E5) or across neighboring splines (E5&D4). An electrogram interpolated at the 

midpoint between electrodes using RBF is shown in red. Although electrograms at D4 and E5 are 

very similar (Figure 5.20A), the interpolated electrogram is markedly attenuated. In Figure 5.20B, 

a similar interpolation is made between adjacent electrodes along a spline (E4 and E5). In this 
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case, it is clear that a relatively uniform wavefront of depolarization is propagating in 

approximately the same orientation as the spline, but the interpolated electrogram captures this 

poorly during activation, when temporal variation is rapid.. This artifact is the result of rapid 

propagation between electrodes as well as the relatively sparse and nonuniform spatial 

distribution of electrodes. That is, electrograms are not accurately interpolated here because the 

spatial density of electrodes is not sufficient to recover electrical activity in regions of rapid 

spatio-temporal variation. 

 
Figure 5.20: Potentials recorded by two pairs of electrodes, A: D4&E5, B: E4&E5, and the potentials 

reconstructed using RBF for the points which is between each pair of electrodes. 

 

It is noteworthy that the interpolation methods used here are wholly spatial and do not account 

for time history. On the other hand, the time-course of electrograms at each point in space is 

encoded in their Fourier spectrum. We hypothesized that the amplitude and phase spectra have a 

more uniform spatial distribution than instantaneous potentials and that spatial interpolation in 

the Fourier domain might better recover propagating waves of potential variation. This was 

tested as follows: 1) Magnitude and phase spectra of recorded electrograms were evaluated with 

the Fourier transform 2) The magnitude and phase of points between electrodes were estimated 

by bilinear interpolation, and 3) corresponding electrograms were reconstructed at these points 

using the inverse Fourier transform. A more detailed outline of this procedure is given below. 

 

Assume that waveforms are fi(t), fi+1(t), etc. are sampled potentials from the recording array, 

where i =1…63 and 0<t<T is digitized as a series of points that runs from 0<n<N, here T equal to 
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N, which is the length of the signal.  

 

The fast Fourier transform (FFT) yields real and imaginary spectra that can be converted into 

amplitude and phase spectral as follows: 

 
                      5.4 

and 

                

     
  5.5 

An original waveform fi(t) can be reconstructed from its amplitude and phase components as 

follows: 

       
     

 
                                    

   
     5.6 

where 0<n<N. Equation 5.6 uses the principle harmonics. This approach was chosen to reduce 

the workload of unwrapping the phase data.  

 

Amplitude and phase were interpolated bilinearly between adjacent points, as follows: 

 

Figure 5.21: Bilinear interpolation schematic. The four red dots show the data points and the green dot is 

the point to be interpolated. 

 

The amplitude A(x,y) of point P was determined from values at the four nodal points Q1- Q4 in 

Figure 5.21. Interpolating first in the x-direction 
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We then interpolated in the y-direction to obtain A(x,y) 
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The phase  (x,y) was calculated in the same way. 

 

Typical results are shown in Figure 5.22. Uniform interpolation is achieved both along and 

between splines producing much more realistic results than in Figure 5.20. 

 
Figure 5.22: Potentials recorded by two pairs of electrodes, A: D4&E5, B: E4&E5, and the potentials 

reconstructed using IFFT for the points which is between each pair of electrodes. 

 

This interpolation procedure was used in all cases, with two additional refinements. Firstly, 

bilinear interpolation introduces some discontinuity which is evident in the 2D map in Figure 

5.23A. A 3x3 uniform spatial filter was therefore used to further smooth the interpolation result. 

The corresponding 2D potential map is shown in panel B while a 3D representation referred to 

the catheter is presented in C. Both are smoother and more realistic than shown previously in 
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Figure 5.19.  

 
Figure 5.23: Spatial filtering result of interpolated potentials in 2D and 3D. (A) The 64 potentials were 

interpolated by IFFT interpolation approach. (B) The interpolated potential was smoothed by a 3 3 

binning. (C) The 2D interpolation result was mapped to the 3D surface on Constellation
TM

 catheter. 

 

In this thesis, Fourier interpolation assumes uniform distribution of amplitude and phase spectra 

between electrodes. This approach overcame some of the limitations of nonuniform spatial 

under-sampling of our basket catheters. We used information about waveform spread and high 

temporal sampling at individual electrodes to accommodate the constraints of the sampling 

theorem.  
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However, spatial sampling is still a limitation, and this is likely to be more important when 

processing AF data. The method will need to be tested to determine the ability to represent AF 

characteristics such as complex local activation (such as a line of block). In addition, we applied 

Fourier interpolation on the principal harmonics only, so this approach may not work for 

fragmented or fractionated electrograms. A more sophisticated way of dealing with fragmented 

and fractionated EGMs might be to use a spatio-temporal decomposition such as wavelet 

analysis which enables different spatial and temporal scales to be identified.  

 

Despite these limitations, the Fourier interpolation proved valuable for the boundary based finite 

element solvers in SCIRun. 

5.6 Inverse Mapping  

In this project, finite element and MMs were used to solve the 3D inverse problem.  

 

FEM solutions were implemented in SCIRun (Burton, Tate et al. 2011), which contains the 

powerful forward/inverse solver utilizing FEM. Using this platform, it was possible to specify 

normal potential gradients as well as potentials at the catheter. As previously shown in Chapter 4, 

the inverse problem is more well-conditioned with the estimated normal potential gradients. 

Gradients estimation and solution of the inverse solution in this setting has been described in 

detail in Chapter 4, and our approach is summarized below. 

 

Firstly, the frequency domain methods outlined in (5.5.3) were employed to interpolate potentials 

on the 3D catheter surface throughout atrial electrical activation from the 64 electrograms 

recorded with each Constellation
TM

 catheter. These interpolated potentials were used to solve a 

forward solution thereby estimating the potential field inside the inside the catheter (Appendix 

Figure A.3) throughout activation. Normal directions at the interpolation surface were then 

constructed using structure tensor approach (Zhao, Butters et al. 2012). Finally, gradients were 

approximated at each surface point with a first-order numerical derivative for successive time 

steps throughout activation. 
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A transfer matrix in which the truncated atrial chamber was represented by 402 mesh points and 

the virtual 3D surface bounding electrodes on the Constellation
TM 

catheter was represented by 

6720 mesh points was generated by SCIRun (Appendix Figure A.4). This was found to provide 

the most stable inverse solutions Tikhonov regularization was employed and the L-curve 

technique was used to estimate the regularization parameter (Appendix Figure A.5).  

 

Inverse solutions using MMs were carried by a colleague Dr Laura R. Bear (IHU-LIRYC, 

Bordeaux Université, Bordeaux, France), which enables near real-time inverse mapping. With 

this approach the inverse problem can be solved directly from the electrograms recorded with the 

Constellation
TM

 catheters only. These inverse solutions ran on a laptop in near real time (<1 

minute), produced results that were very similar to those obtained with FEM and were not 

improved by interpolation or the inclusion normal potential gradients. A more detailed 

comparison of the two approaches is given in Chapter 6.  

5.7 Validation of Inverse Mapping 

Inverse mapping is most directly validated by comparing electrograms reconstructed at different 

sites on the atrial endocardial surface with electrograms recorded at the same sites. A weaker 

forms of validation is to demonstrate that electrograms reconstructed at representative atrial sites 

in periodic or quasi periodic atrial rhythms (pacing or SR) are not altered when catheter size is 

changed and/or the catheter is moved within the atria. A further validation is to show that the 

spread of activation across the atrial surface reconstructed with inverse mapping is consistent 

with known patterns in SR or during pacing and that these activation maps are not substantially 

altered when catheter size or catheter location changes. Methods developed to facilitate this 

validation are described below. 

5.7.1 Comparison of Electrograms 

rRMSE and CC were used to compare recorded and reconstructed electrograms at specific site, 
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as well as electrograms reconstructed with different inverse solutions. Different from rRMSE and 

the CC defined in Chapter 4, here time instant was taken into account. 

 

rRMSE quantifies the difference between two electrograms throughout an activation sequence: 
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where i is the time instant and   
  

and
   

  are potentials at a common atrial site.  

 

CC measures the correspondence between electrograms independent of scale 
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where  1 and  2 are mean potentials.  

 

Finally, we have also evaluated a time shifted CC which gives the time difference between 

electrograms at which CC is maximized. 

5.7.2 Time-delay Methodology for Activation Maps 

The standard method for calculating activation time (AT) at any point is to identify the maximum 

negative derivative in the unipolar electrograms (Spach, Miller et al. 1979). This method works 

well for signals that are strong and only with one peak, regardless of whether they are 

experimentally recorded or inversely reconstructed. However, it often produces unreliable ATs 

for fractionated low amplitude electrograms (see Figure 5.24). Signals such as these are common 

with inverse electrical mapping.  
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Figure 5.24: Electrogram reconstructed from inverse solution (top) and derivative (bottom) for three mesh 

points of left atrial chamber in which the maximum derivative method is defined as (A) reliable and (B) 

unreliable. Reliability is defined by a threshold for neighboring derivative peaks (red) that is half a 

standard deviation greater than minimum of the derivative (green). 

 

An alternative, more robust, approach was developed by Dubois et al (Dubois, Labarthe et al. 

2012). Here a global activation field is fitted to local activation delays in between adjacent 

electrograms. We refer to this as the "time delay" method and it has been evaluated 

experimentally with epicardial optical signals (Walton, Bernus et al. 2013), and it has also been 

used clinically for identifying atrial arrhythmias in body surface inverse mapping (Cochet, 

Dubois et al. 2013).   

 

The method is based on the theory that the time required for an activation wavefront to travel 

from one point,  , to another point,  , is equivalent to the AT difference between these two 
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points, that is: 

                             5.12 

For N points over which the global activation map is computed, the resulting system of equations 

is: 

       5.13 

Where the activation times,            are unknown and            are known time 

delays between each pair of points. In this study, the time delay are calculated as follows: 

 

i): Electrograms neighboring a local signal of interest, j, are defined. 

ii): The cross-correlations between j and each adjacent electrogram, i are calculated. 

iii):     is defined as the time of peak correlation within a pre-specified time window, this 

window is specified based on the distance between neighboring points and a physiologically 

reasonable conduction velocity across the surface. 

 

In order to define a fully determined system of equations, reliable ATs based on the maximum 

derivative method are used. ATs are defined as unreliable when two or more peaks of the 

electrogram derivative are within half a standard deviation of the maximum negative derivatives, 

as demonstrated in Figure 5.24. 

5.7.3 Comparison of the Maximum Derivative and Time Delay 

Methods 

The performance of the time delay and maximum derivative methods were compared by 

evaluating ATs from the potentials reconstructed for LA by solving inverse problem based on the 

signals recorded by a 60 mm Constellation
TM

 catheter during SR. Figure 5.25 shows these two 

different activation maps. 
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Figure 5.25: ATs determined using (A) maximum derivative and (B) time delay methods for inverse 

solution based on potentials recorded by a 60 mm Constellation
TM

 catheter in LA during SR. Here LAA = 

left atrial appendage. 

 

In conclusion, because inverse mapping can give rise to local instability, this can give rise to 

significant artifact. AT maps constructed with the maximum derivative method (Figure 5.25A) 

exhibit a great deal more spatial scatter than maps constructed with the time delay method 

(Figure 5.25B). The time delay method seeks to minimise this local variation across regions by 

minimising activation time-delay between nearby regions, which is judged, subjectively, to 

produce more reliable results(Dubois, Labarthe et al. 2012). On this basis the time-delay method 

was used for AT mapping in this study. 
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6 Experimental Assessment of Inverse 

Intracardiac Mapping 

6.1 Introduction 

AF is associated with abnormal spread of electrical activity in the atrial chambers. Ablation of 

AF drivers remains the goal in the interventional treatment of peAF, despite widespread debate 

about how these targets are best identified (Narayan, Krummen et al. 2012, McGann, Akoum et 

al. 2013, Haissaguerre, Hocini et al. 2014). However, current electroanatomic mapping 

procedures do not have sufficient spatio-temporal resolution to identify ablation targets reliably 

in PeAF. In Chapter 4, we used computer modeling to demonstrate that representative global 

mapping and highly accurate region-of-interest mapping is possible in principle using noncontact 

multi-electrode basket catheters.  

 

In this Chapter, we present the results of experimental studies in sheep (described in detail in the 

previous chapter) that were intended to validate our proposed inverse potential mapping 

approach. First, we characterize key features of electrograms acquired at various locations within 

right and left atrial chambers in sinus rhythm and during atrial pacing. We then consider the 

extent to which electrical activity on the endocardial surfaces of the atria can be recovered from 

noncontact electrograms using inverse potential mapping. This is quantified by constructing 

surface electrograms and activation time maps, and comparing both with "gold standard" 

measures. Finally, we compare inverse solutions based on FEM and MMs.  

6.2 Recorded Intracardiac Electrograms  

6.2.1 Electrogram Characteristics  

Intracardiac atrial electrograms were recorded with Constellation
TM

 catheters in right and left 

atrial cavities. Data were acquired during SR and pacing from the RAA with catheters of various 
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sizes in different states of expansion at a range of 3D locations in either or both atrial cavities. 

Typical results are presented in Figure 6.1 to Figure 6.6. Three-dimensional atrial reconstructions 

are shown together with corresponding, spatially-registered reconstructions of the catheters used. 

Recorded atrial electrograms are given for all 64 electrodes on each catheter.      

 

Results for SR with 60, 48 and 38 mm catheters in the LA (Figure 6.1 to Figure 6.4, respectively) 

provide insight into factors that influence the intra-atrial electrograms recorded with expandable 

basket catheters. There is considerable variation in the magnitude and shape of electrograms. In 

part, this is associated with the proximity of individual electrodes to the atrial wall. Electrodes in 

contact with the wall or adjacent to it were identified in the registered 3D reconstructions of 

atrial chamber geometry and electrodes shown in panel A in Figure 6.1 to Figure 6.4. This was 

confirmed from associated biplane cine-angiograms on the basis of spline deformation and 

electrode motion during atrial systole. Electrodes in closest contact with the wall are color-coded 

blue and green in the upper panel for each figure. Corresponding electrograms are indicated with 

the same colors in the lower panels of these figures. These electrograms typically had the 

greatest magnitude (albeit, with some variability ±3 mV to ±10 mV) and were characterized by 

rapid change in potential during depolarization.  

 

There appears to be a progressive reduction in magnitude and blurring of electrograms with 

distance from the atrial wall. Electrodes most distant from the atrial wall and corresponding 

electrograms are color-coded red and mauve in Figure 6.1 to Figure 6.4. In general, these 

electrograms have poor signal-to-noise ratios with little qualitative evidence of useful 

information content. Overall the fall-off in electrogram quality appears to be greatest for 

electrodes toward the centre of the cavity that are also closest to the mitral valves.   

 

Comparable results for the RA are presented in Figure 6.5 to Figure 6.6 (recordings for 48 and 38 

mm catheters, respectively, in SR at different RA locations). Again electrodes closest to the wall 

are colored blue and green and those most distant from it are red and mauve.  
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Figure 6.1: Intracardiac electrograms recorded in SR with a 60 mm Constellation
TM

 catheter in the LA. 

Reconstructed 3D position electrode positions are registered with respect to a representation of the surface 

in the upper panel (A). An end view of reconstructed splines and electrodes on the catheter is also shown 

in this panel. Electrodes close to the LA wall are indicated in blue and green, while electrodes most 

distant from the wall are indicated by red and mauve shading. Panel B presents all 64 electrogram 

recorded with the catheter during atrial activation. The letters A-H represent splines and numbers 1-8 are 

electrodes along individual splines (see Panel A). Electrograms for each of the color coded electrodes are 

indicated in B. 
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Figure 6.2: Intracardiac electrograms recorded in SR with a 48 mm Constellation
TM

 catheter in the LA. 

Reconstructed 3D position electrode positions are registered with respect to a representation of the surface 

in the upper panel (A). An end view of reconstructed splines and electrodes on the catheter is also shown 

in this panel. Electrodes close to the LA wall are indicated in blue and green, while electrodes most 

distant from the wall are indicated by red and mauve shading. Panel B presents all 64 electrogram 

recorded with the catheter during atrial activation. The letters A-H represent splines and numbers 1-8 are 

electrodes along individual splines (see Panel A). Electrograms for each of the color coded electrodes are 

indicated in B. 
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Figure 6.3: Intracardiac electrograms recorded in SR with a fully open 38 mm Constellation
TM

 catheter in 

the LA. Reconstructed 3D position electrode positions are registered with respect to a representation of 

the surface in the upper panel (A). An end view of reconstructed splines and electrodes on the catheter is 

also shown in this panel. Electrodes close to the LA wall are indicated in blue and green, while electrodes 

most distant from the wall are indicated by red and mauve shading. Panel B presents all 64 electrogram 

recorded with the catheter during atrial activation. The letters A-H represent splines and numbers 1-8 are 

electrodes along individual splines (see Panel A). Electrograms for each of the color coded electrodes are 

indicated in B. 
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Figure 6.4: Intracardiac electrograms recorded in SR with a collapsed 38 mm Constellation
TM

 catheter 

which is close to the posterior wall in the LA. Reconstructed 3D position electrode positions are 

registered with respect to a representation of the surface in the upper panel (A). An end view of 

reconstructed splines and electrodes on the catheter is also shown in this panel. Electrodes close to the LA 

wall are indicated in blue and green, while electrodes most distant from the wall are indicated by red and 

mauve shading. Panel B presents all 64 electrogram recorded with the catheter during atrial activation. 

The letters A-H represent splines and numbers 1-8 are electrodes along individual splines (see Panel A). 

Electrograms for each of the color coded electrodes are indicated in B. 



Experimental Assessment of Inverse Intracardiac Mapping 129 

 

 

 

Figure 6.5: Intracardiac electrograms recorded in SR with a 48 mm Constellation
TM

 catheter in the RA. 

Reconstructed 3D position electrode positions are registered with respect to a representation of the surface 

in the upper panel (A). An end view of reconstructed splines and electrodes on the catheter is also shown 

in this panel. Electrodes close to the LA wall are indicated in blue and green, while electrodes most 

distant from the wall are indicated by red and mauve shading. Panel B presents all 64 electrogram 

recorded with the catheter during atrial activation. The letters A-H represent splines and numbers 1-8 are 

electrodes along individual splines (see Panel A). Electrograms for each of the color coded electrodes are 

indicated in B. 
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Figure 6.6: Intracardiac electrograms recorded in SR with a 38 mm Constellation
TM

 catheter in the RA. 

Reconstructed 3D position electrode positions are registered with respect to a representation of the surface 

in the upper panel (A). An end view of reconstructed splines and electrodes on the catheter is also shown 

in this panel. Electrodes close to the LA wall are indicated in blue and green, while electrodes most 

distant from the wall are indicated by red and mauve shading. Panel B presents all 64 electrogram 

recorded with the catheter during atrial activation. The letters A-H represent splines and numbers 1-8 are 

electrodes along individual splines (see Panel A). Electrograms for each of the color coded electrodes are 

indicated in B. 



Experimental Assessment of Inverse Intracardiac Mapping 131 

 

 

In the RA, also, electrograms acquired near to the wall are characterized by their magnitude and 

frequency content. Both factors are attenuated with distance from the endocardial surface 

particularly for those splines facing the tricuspid valve orifice. A representative set of similar 

results during RA pacing is also shown for catheters in RA (Figure 6.9 with 48 mm catheter) and 

LA (Figure 6.9 with 60 mm catheter). 

 

Recordings were acquired with widely different catheter sizes and positions in RA and LA. For 

this reason, although there are similarities between electrograms in any catheter along a given 

spline, we would expect very limited correspondence between electrograms recorded on different 

catheters. Similarity has been quantified by estimating correlation between equivalent electrodes 

on different catheters and averaging the results. The results are presented in Table 6.1 below. 

 

 LA Mean CC  RA Mean CC 

 60mm/48mm 0.41±0.51  48mm/38mm -0.07±0.43 

 60mm/38mm 0.05±46    

 48mm/38mm 0.36±0.37    

 

Table 6.1: Correspondence between atrial electrograms in the same chamber recorded at equivalent 

electrodes with different catheters in SR. Mean CCs for all electrodes are presented for catheters of 

different dimension at different locations first in the LA and then in the RA. N=64 in all cases.  

 

These results indicate that there is very little correspondence between the individual electrograms 

that were compared. This is hardly surprising and it reflects the fact that 3D electrode location 

for equivalent electrodes on different catheters varied between studies. We note that while 

correspondence between 38 and 60 mm catheters and between 38 and 48 mm catheters in the LA 

is low, it is statistically significant. This is explained by the fact that the catheters are in 

overlapping positions within the LA and there a repeated spread of activation from septum 

toward LAA in all cases.   

 

Finally, Figure 6.7 to Figure 6.9 relate to a study in which 48 mm and 60 mm catheters were 
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located in RA and LA, respectively. The location and geometry of the catheters with respect to 

the atrial chambers is shown in Figure 6.7. Electrograms during SR and a corresponding 2D 

activation map are given in Figure 6.8, while equivalent results for RAA pacing are presented in 

Figure 6.9. The coding of electrode location along each spline is reversed for the LA catheter in 

these figures compared with Figure 6.1 to Figure 6.4. This was done to enable more direct visual 

comparison between electrogams recorded in RA and LA adjacent to the inter-atrial septum.  

 

Figure 6.7: Registration of 48mm catheter in RA and 60 mm catheter in LA. (A) Locations of two 

catheters in LA and RA. (B) Geometry of two catheters. Spline C&D of 48 mm catheter were close to the 

anterior wall of RA and Spline E&F were facing the valve. The 60 mm catheter in LA was more deformed 

than RA catheter. Spline E was touching LA roof, spline D was close to the roof. Spline G and F were 

facing the valve. The corresponding potentials were shown in Figure 6.8 (SR) and 6.9 (RAA pacing). 
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Figure 6.8: Electrograms recorded by 48 mm catheter in RA (right) and 60 mm in LA (left) during SR 

(top) and the corresponding activation maps. The grey squares in bottom panels indicates no reliable 

activation time detected. 

 

Comparing Figure 6.8 and Figure 6.9, we observe that propagation in SR and during RAA pacing 

is totally different. In SR, activation spread from Spline B and C in the RA catheter, which were 

close to SVC, and ended at the RAA and LAA. With RAA pacing, propagation across LA was 

not changed much, but RA activation started at the pacing site rather than the SVC.  
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Figure 6.9: Electrograms recorded by 48 mm catheter in RA (right) and 60 mm in LA (left) during RAA 

pacing (top) and the corresponding activation maps (bottom). 

 

Individual electrograms contain information about activation timing across a wide range of 

signal amplitudes. In Figure 6.8 and Figure 6.9, activation times across the catheter estimated 

(maximum negative derivative) from the corresponding electrograms are represented as an 

isochronal color map. While activation times cannot be reliably determined for low level 

electrograms indicated in grey blocks, an internally consistent pattern of activation spread is 
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evident across most electrodes. 

6.2.2 Analysis of Electrograms 

It is evident from the previous section that most intracardiac electrograms carry information 

about the spread of electrical activation. Here, we use frequency analysis to investigate their 

information content in greater detail. The amplitude spectra of intracardiac electrograms acquired 

near to the atrial wall have a greater amplitude across a wider range of frequencies, in general, 

than electrograms recorded more distant from it. The power-bandwidth product (PBWP) defined 

in Chapter 5.5 is a metric evaluated from the amplitude spectrum that captures these features. 

Table 6.2 presents PBWPs for electrograms recorded in the LA (see Figure 6.1 to Figure 6.4). 

The PBWPs fall into three distinct clusters: Very high values (shown in red) are seen for a 

relatively small subset of electrograms from adjacent regions of the catheter and are most likely 

close to the wall. On the other hand, very low values (shown in grey) also occur for small groups 

of adjacent electrodes. These electrograms are from regions distant to the wall and are judged to 

contain noise only. However, the remaining electrograms, most of which would be rejected for 

contact mapping, appear to have useful signal content.    

 

Table 6.2: Power bandwidth product for electrograms recorded in LA. Red: signals judged to be close to 

the atrial wall. Black: electrograms recorded by noncontact electrodes thought to have usable signal 

content. Grey: noise. 
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Figure 6.10: Phase spectra for atrial electrograms segmented on the basis of PBWP. (I) LA electrograms 

acquired with 60 mm catheter (gold standard signals are shown in red) and (II) 2D activation map. 

Numbers in (II) represent activation time (msec) of the corresponding signal. (III) Individual electrograms 

(middle panels) and (IV) corresponding unwrapped phase spectra (bottom panels) at adjacent electrodes 

along a spline (C1-C3), at adjacent electrodes across splines (B2-D2), and at adjacent electrodes on spline 

E (E5-E7). As the electrical activity propagates faster, the slope difference of phase spectra is larger. The 

numerical value of the PBWP for each electrogram is shown alongside the electrograms in I. 

 

This hypothesis is tested in Figure 6.10, where electrograms and corresponding phase spectra are 

compared for the 3 categories of electrogram identified on the basis of PBWP. In Figure 6.10C, 

there are three adjacent electrograms with large amplitudes (PBWP>5) from one spline C) in the 

left most panel. The middle panel displays three adjacent electrograms from splines B, C and D, 
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in this case the electrograms from splines B and D are of lower amplitude and blurred 

(0.1≤PBWP≤5). The rightmost group of electrograms, acquired close to the centre of the cavity 

facing the mitral valve, are of very low magnitude and appear to be noise (PBWP<0.1). 

Corresponding phase spectra in the first case exhibit a linear phase difference between 

electrograms with frequency consistent with pure time delay. There is a similar relationship in 

the second case although this holds over smaller frequency range. In contrast, there is no 

coherent information in the phase spectra displayed in the final case. These examples suggest 

that most of the noncontact electrograms recorded carry information although their frequency 

content is degraded with distance from the wall. We note that activation time estimates in Figure 

6.10B are coherent and physiologically realistic except in the grey regions where signal to noise 

ratio is vanishingly small (PBWP<0.1). These observations are replicated for the other 

recordings analyzed above in Figure 6.11.  

Figure 6.11: 2D activation time maps for electrograms recorded with LA catheters during sinus rhythm. 

(A) collapsed 38 mm catheter (B) fully open 38 mm catheter, and (C) 48 mm catheter. Grey indicates 

regions with (PBWP<0.1), where reliable activation times could not be estimated.  

6.3 Inverse Mapping 

Potentials on the endocardial surfaces of the atria were reconstructed from electrograms acquired 

with intracardiac basket catheters in sheep employing the methods outlined in Chapter 5. In brief, 

potentials were interpolated on a virtual surface enclosing each electrode on the catheter using 

the IFFT method (Chapter 5). At each instant during the atrial activation sequence, the forward 
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problem was solved to reconstruct the field inside this virtual surface, enabling normal potential 

gradients to be estimated on it. Inverse problems were then solved at each instant during atrial 

activation with interpolated potentials and normal potential gradients as inputs.      

6.3.1  Potential Maps 

In Figure 6.12 to Figure 6.16, we present inverse potential maps which correspond to the 

electrograms in Figure 6.1 to Figure 6.4. The electrograms were recorded in SR using 38, 48 and 

60 mm catheters in different locations in the LA chamber. For each figure, snapshots of recorded 

and reconstructed potentials are shown in anterior and posterior views at representative times 

throughout atrial activation. Recorded potentials are interpolated on the virtual surface bounding 

the catheter electrodes in the leftmost panels for anterior and posterior views, while reconstructed 

potentials are mapped onto a truncated endocardial surface in the rightmost panels in each view. 

 

From Figure 6.12 to Figure 6.14, reconstructed atrial activation spreads in a consistent pattern. 

Local excitation can be identified as a propagating region of hyperpolarization (red) followed by 

depolarization (blue). Activation appears first on the anterior surface near the inter-atrial septum 

and spreads progressively leftward toward the LAA. The amplitude of recovered potentials is not 

uniform across the endocardial surface of the LA with lower potentials toward the mitral valve 

ring, particularly on the anterior wall adjacent to the LAA and on regions of the posterior wall. In 

all three cases, the catheters were closer to the LA roof than the base of the LA. In addition, the 

catheters were oriented by the puncture site in the Foramen Ovale, so that electrodes were distant 

from the inferior anterior wall toward the junction of the LA chamber and LAA. In addition, 

electrodes were distant from the posterior wall close to the septum with the 60 mm catheter in 

Figure 6.12, but less so with the 48 mm catheter in Figure 6.13. Finally, the reconstructed 

potential maps are relatively coarse spatially, a direct result of the reduced atrial mesh resolution 

introduced to facilitate regularization of the inverse solution. 
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Figure 6.12: Interpolated potential distributions on virtual surface bounding electrodes on 60 mm catheter 

in LA and potential distributions reconstructed on endocardial surface by inverse mapping. Snapshots of 

anterior and posterior views at successive times through the atrial activation cycle are presented for SR. 
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Figure 6.13: Interpolated potential distributions on virtual surface bounding electrodes on 48 mm catheter 

in LA and potential distributions reconstructed on endocardial surface by inverse mapping. Snapshots of 

anterior and posterior views at successive times through the atrial activation cycle are presented for SR. 
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Figure 6.14: Interpolated potential distributions on virtual surface bounding electrodes on 38 mm catheter 

in LA and potential distributions reconstructed on endocardial surface by inverse mapping. Snapshots of 

anterior and posterior views at successive times through the atrial activation cycle are presented for SR. 

 

To provide further information on the outcome of inverse potential mapping, endocardial 

electrograms reconstructed from signals recorded with the catheter were compared at 64 

reference sites on the LA, as shown in Figure 6.15A. These are distributed in 4 layers between 

roof and mitral valve, each with 16 reference sites, half on the anterior wall and the rest on the 

posterior wall. The spacing between sites is roughly uniform. In Figure 6.15C, we present typical 

electrograms recovered with a 48mm catheter in sinus rhythm. The amplitudes of the recovered 

electrograms are not uniform and signal quality is very poor at ~25% of sites. Elsewhere, the 
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morphology of electrograms mapped onto the atrial surface appears to be more consistent than 

those recorded with the catheter, with clear activation times and some reduction in blurring. The 

"bare" patches, where signal quality is poor, are on the lateral anterior wall near the LAA (region 

I), closest to the mitral valve orifice (region II) and on the lower posterior wall adjacent to the 

inter-atrial septum (region III). All three are regions in which the mapping electrodes are most 

distant from atrial wall. LA endocardial electrograms reconstructed with 38, 48 and 60 mm 

catheters are compared at these sites in Section 6.4.1. 

 
Figure 6.15: LA endocardial electrograms reconstructed with recordings from 48 mm catheter in sinus 

rhythm. (A) Reference sites on LA surface. (B) 3D location of catheter with respect to LA. (C) 

Reconstructed electrograms at reference sites in A. 
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Figure 6.16: Interpolated potential distributions on virtual surface bounding electrodes on collapsed 38 

mm catheter in LA and potential distributions reconstructed on endocardial surface by inverse mapping. 

Snapshots of anterior and posterior views at successive times through the atrial activation cycle are 

presented for SR. 

 

Unlike the 60, 48 and 38 mm catheters in Figure 6.12 to Figure 6.14, which were opened as far 

as possible, the 38 mm catheter was also collapsed to minimize its dimensions and located close 

to the LA posterior wall near the inter-atrial septum. Figure 6.16 shows that effective inverse 

potential mapping was achieved in region closest to the mapping catheter. However, recovery of 

surface potentials distant from the catheter was poor. This demonstrates that small catheters, 

which can be steered more readily within the atria, can be used for region-of-interest mapping. In 

principle, it should be possible to achieve higher spatial resolution in this situation, because 
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inter-electrode spacing is around 3 mm along splines and <2 mm between splines in the 

collapsed 38 mm catheter. This is not as evident here as might be expected because of the low 

spatial resolution of the LA mesh. Ideally, local mesh resolution should be matched to catheter 

proximity and electrode spacing, but this was difficult to achieve in the SCIRun environment.  

 

Figure 6.17: Interpolated potential distributions on virtual surface bounding electrodes on 48 mm catheter 

in RA and potential distributions reconstructed on endocardial surface by inverse mapping. Snapshots of 

anterior and posterior views at successive times through the atrial activation cycle are presented for SR. 

 

In Figure 6.17 and Figure 6.18, we present inverse potential maps for the RA in SR reconstructed 

from electrograms recorded with 48 and 38 mm catheters, respectively. Both recover activation 

spread that starts near the anterior junction of the SVC and the RA, and then splits with separate 
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propagation toward the RAA and IVC. However, there are subtle differences. The larger 48 mm 

catheter was located near the centre of the RA chamber and provides a reasonable global map of 

activation spread. On the other hand, the smaller 38 mm catheter was close to the SVC and RAA. 

Activity was mapped effectively in this region, but recovered less well elsewhere.  

 

Figure 6.18: Interpolated potential distributions on virtual surface bounding electrodes on 38 mm catheter 

in RA and potential distributions reconstructed on endocardial surface by inverse mapping. Snapshots of 

anterior and posterior views at successive times through the atrial activation cycle are presented for SR. 

 

Figure 6.19 shows typical RA endocardial electrograms recovered with a 48mm catheter in sinus 

rhythm. As per Figure 6.15, electrograms are presented at 64 representative sites (see Figure 

6.19A). Again, electrogram magnitude and frequency content is variable, but it is possible to 

identify activation times at most sites and the morphology of the recovered electrograms is 
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broadly consistent with contact mapping data reported elsewhere. Reconstructed electrograms 

are of low quality close to the junction of the SVC with the RA (region I in Figure 6.19C) and 

facing the IVC (region II in Figure 6.19C). Finally electrogram magnitudes are reduced near the 

tricuspid valve orifice. There is an important issue that should be noted here. Firstly, unlike LA 

mapping studies, the catheter here is located at the centre of the RA. However, despite this, there 

are very few electrodes in the subvolume adjacent to the IVC. This is a result of nonuniform 

electrode distribution in the Constellation
TM 

catheter, which has an extensive bare region at its 

base (see Figure 6.5). 

 

Figure 6.19: RA endocardial electrograms reconstructed with recordings from 48 mm catheter in sinus 

rhythm. (A) Reference sites on RA surface. (B) 3D location of catheter with respect to RA. (C) 

Reconstructed electrograms at reference sites in A. 
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Figure 6.20: Inverse potential maps for the RA and LA in SR reconstructed from electrograms recorded 

simultaneously with 48 mm (RA) and 60 mm (LA) catheters. Interpolated intracardiac potential 

distributions are shown in the left column with inverse potential maps at the right. 

 

Figure 6.20 presents inverse potential maps for the RA and LA in SR reconstructed from 

electrograms recorded simultaneously with 48 mm and 60 mm catheters. The progression of 

activation outlined previously for studies in RA and LA alone is replicated here in the bi-atrial 

maps. That is, activation spreads from near the sinus node in the RA toward the intra-atrial 

septum and the RAA, while in the LA it propagates from the septum toward the LAA along the 

roof and spreads downward toward the base of the LA. However, in this case, activation is 



Experimental Assessment of Inverse Intracardiac Mapping 148 

 

 

detected first in the LA adjacent to the septum. This is likely due to the absence of electrodes at 

the base of the Constellation
TM

 catheter, which means that electrical activity adjacent to the 

junction of the SVC, where the catheter enters the RA, is poorly recorded.     

 

Figure 6.21: Inverse potential maps for the RA and LA during RAA pacing reconstructed from 

electrograms recorded simultaneously with 48 and 60 mm catheters. Interpolated intracardiac potential 

distributions are shown in the left column with inverse potential maps at the right. 

 

In Figure 6.21, we show corresponding bi-atrial maps reconstructed during RAA pacing. Here 
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again activation spread is physiologically consistent in LA and RA. Depolarization propagates 

from the RAA and into the anterior roof adjacent to Bachman's bundle. Thereafter activation of 

the LA follows a very similar pattern to SR. Finally, total activation is slower for RAA pacing 

than in SR.  

 

In summary, we have demonstrated qualitatively that repeatable and physiologically realistic 

potential maps can be recovered during atrial electrical activation using a range of catheters of 

different dimension and locations in RA and LA, despite the fact that few electrodes are in 

contact with the atrial wall. With our approach, noncontact electrograms that are commonly 

rejected in contact mapping applications, are used to reconstruct electrical activity on the 

endocardial surfaces. While reasonable global potential maps can be reconstructed, the potentials 

recovered are not uniform. This is almost certainly due to inadequate sampling of the intracardiac 

field by the catheter and is exacerbated by the nonuniform distribution of electrodes on the 

Constellation
TM

 catheters used. In addition, poorly recorded electrograms with electrical faults 

would also restrict the ability of inverse mapping. As we can expect, a more accurate registration 

of catheter and comprehensive electrograms recorded with evenly distributed electrodes would 

further strengthen our approach. The results also demonstrate that smaller catheters can be used 

for local mapping. This offers the possibility of high-resolution inverse potential mapping in 

regions-of-interest. However, mesh refinement is required to take full advantage of this. 

6.3.2 Activation Time Maps 

Figure 6.22 displays activation times on the LA endocardial surface estimated from inverse 

potential maps recovered from recordings in SR with 38, 48 and 60 mm Constellation
TM

 

catheters. The activation time maps were fitted using the time-delay method (see Chapter 5) 

which minimizes the effects of local instability in reconstructed electrograms. In general, the 

maps replicate the activation spread described in the previous section. Again, though, there are 

minor differences that are likely influenced by electrode location. Most notably, for 38 and 48 

mm catheters latest activation occurs on the anterior roof and posterior wall close to the junction 

of the LA chamber and the LAA and we note that these catheters were close to this region. 



Experimental Assessment of Inverse Intracardiac Mapping 150 

 

 

Regions of greatest variation across activation time maps is on the inferior anterior wall adjacent 

to the LAA and the posterior wall adjacent to the inter-atrial septum, which were most distant 

from all three catheters. 

 

Figure 6.22: LA activation time maps estimated from inverse potential maps in SR for 38, 48 and 60 mm 

catheters. Catheter locations in LA indicated in left panel, with anterior and posterior views, with 

corresponding activation time maps in middle and right panels, respectively.  

 

Corresponding activation time maps for the RA are presented in Figure 6.23 for 38 and 48 mm 

catheters. Again, these replicate the general activation spread in the inverse potential maps in 

Figure 6.16 and Figure 6.17. However, the activation time map for the 48 mm catheter captures 

the spread of electrical activation along the Crista Terminalis and toward the RAA better than the 

38mm catheter. 



Experimental Assessment of Inverse Intracardiac Mapping 151 

 

 

 

Figure 6.23: RA activation time maps estimated from inverse potential maps in SR for 38 and 48 mm 

catheters. Catheter locations in RA indicated in left panel, with anterior and posterior views, with 

corresponding activation time maps in middle and right panels, respectively.  

 

Finally, bi-atrial activation time maps are presented in Figure 6.24 in SR and during RAA pacing. 

These correspond to Figure 6.18 and Figure 6.19 and intracardiac electrograms were recorded 

with a 48 mm catheter in the RA and a 60 mm catheter in the LA.  

 

Figure 6.24: RA and LA activation time maps in SR and during RAA pacing estimated from inverse 

potential maps with 48 mm and 60 mm catheters. Catheter locations in RA and LA are indicated in the left 

panel. Activation time maps in SR and during RAA pacing presented in middle and right panels, 

respectively. Anterior views are shown at the top and posterior views at the bottom. 
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Our previous comments with respect to these results apply here also. Activation spread is more 

rapid in SR (total activation time ~65 ms) than in RAA pacing (total activation time ~85 ms) and 

is physiologically realistic in both cases. However, activation of the anterior wall adjacent to the 

junction with the LAA is earlier than expected in both cases. 

6.4 Inverse Mapping Validation 

6.4.1 Global Mapping Comparisons 

 

Figure 6.25: LA endocardial electrograms reconstructed from intracardiac electrograms recorded with 60 

mm (red) and 48 mm (blue) at reference sites in Figure 6.15A. Color codes correspond with Figure 

6.15A.  
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LA endocardial electrograms reconstructed with different catheters in sinus rhythm are compared 

at 64 reference sites in Figure 6.25, where we superimpose electrograms recovered with 48 and 

60 mm catheters. In both cases, the recovered electrograms vary in magnitude and there are 

"bare" patches on the lateral anterior wall, particularly toward the base. However, depolarisation 

timing appears coherent and the shift in electrode locations has provided a consistent and 

detailed composite map of endocardial electrial activity over much of the LA. Time lag, CC and 

rRMSE were estimated for each of these 64 pairs of reference electrograms and the results are 

presented in Figure 6.26. From top to bottom, median time lag increases from 0 to 13 ms, while 

median CC drops from 0.91 to 0.81. In both cases, the spread widens and is most marked closest 

to the base. The trend for rRMSE is less clear. Median rRMSE is between 0.2 and 0.5 indicating 

differences in the amplitudes in reconstructed potentials at each level. 

 

 

Figure 6.26: Comparison of reference endocardial electrograms mapped from 48 mm and 60 mm 

catheters in LA. (A) Time lags, CCs and rRMSE of all reconstructed potentials at reference sites. (B), (C) 

and (D) Box plots of these measures. Solid lines indicate the median, boxes represent inter-quartile ranges, 

error bars represent range and red crosses mark outliers. Color codes correspond with Figure 6.15A. 
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Very similar results are obtained when reference electrograms for 38 and 60mm catheters are 

compared, although the correspondence appears marginally worse. Again the distribution of 

amplitudes is nonuniform with "bare" patches in similar locations. In this case, median time lag 

increases from -3 ms to 6 ms from top to bottom, while median CC decreases from 0.84 to 0.71. 

In all cases, variation is greatest toward the base of the atria.   

 

 
Figure 6.27: Comparison of reference endocardial electrograms mapped from 38 mm and 60 mm 

catheters in LA. (A) Time lags, CCs and rRMSE of all reconstructed potentials at reference sites. (B), (C) 

and (D) Box plots of these measures. Solid lines indicate the median, boxes represent inter-quartile ranges, 

error bars represent range and red crosses mark outliers. Color codes correspond with Figure 6.15A. 

6.4.2 Gold Standard Validation 

The appropriate "gold standard" for validation of inverse electrical mapping would be to record 

contact electrograms at uniformly distributed locations across the inner surfaces of the atrial 

chambers in a stable electrical rhythm. These could then be compared with electrograms 

reconstructed at the same points using noncontact electrograms acquired in the same rhythm. 
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This would have added considerable additional complexity to our experiments and we did not 

seek to acquire contact data in a systematic fashion. However, in the LA, we were able to 

determine the locations of electrodes in close contact with the atrial wall (2-11 across 5 

recordings) on the basis of PBWP and spline deformation during atrial contraction observed 

during biplane fluoroscopy. These are shown in Figure 6.28, below. Unfortunately, most of these 

points are clustered on the LA roof, with a few outliers: 12, 13, 20, 22 and 27.  

 

 

Figure 6.28: Locations of gold standard electrodes in LA.  

 

Gold standard and reconstructed electrograms were compared in sinus rhythm for three separate 

recordings with 38, 48 and 60 mm catheters in different locations. Typical results are presented 

for the 48mm catheter in Figure 6.29. Superimposed actual (red) and estimated (blue) 

electrograms are presented for the 27 reference locations in three approximately contiguous rows. 

Time delay, maximum CC and rRMSE are also tabulated for each site. In general, time lag was 

low and electrogram morphology was recovered well. It should be noted that only 3 of the 

electrodes for this catheter were judged to be near to the atrial wall and the distance of electrodes 

to the nearest point on the atrial surface ranged from 0.82 to 23 mm. We also note that 

reconstructed electrograms can substantially overestimate or underestimate the amplitudes of the 

gold standard electrograms, presumably due to mis-registration of the 3D electrode locations 

with respect to the atrial wall.   
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Figure 6.29: Comparison of gold standard electrograms (red) and electrograms (blue) reconstructed with 

48 mm catheter in LA during sinus rhythm. (A) Superimposed electrogram pairs at reference sites. (B) 

Time lag, CC and rRMSE tabulated for each site. Time lags are in ms. 

 

Results with 38 and 60 mm catheters were very similar and box plots for time lag, maximum CC 

and rRMSE are presented in Figure 6.30. Median time lag was ~1 ms, while median CC ranged 

from 0.82 - 0.9. A criticism of this validation is that all three catheters were located close to the 

roof where most of the gold standard electrograms were recorded. On the other hand, few 

electrodes on any catheter were in contact with the wall and most were some distance from it. 

These results therefore demonstrate the high accuracy that can be achieved with ROI noncontact 

mapping. 
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Figure 6.30: Comparison of gold standard electrograms and electrograms reconstructed with 60, 48, 

38mm catheters in LA during sinus rhythm. Box plots of (A) time lag, (B) CC and (C) rRMSE Solid lines 

indicate the median, boxes represent inter-quartile ranges, error bars represent range and red crosses mark 

outliers. Time lags are in ms. 

 

Figure 6.31: Comparison of the electrograms reconstructed at reference sites in an LA ROI from 

noncontact electrode arrays close to and distant from the region. (A) Locations of collapsed and open 

38mm mapping catheter with respect to posterior reference sites (red dots labeled from 1-8). Electrograms 

reconstructed at these sites in sinus rhythm with (B) adjacent collapsed and (C) distant open catheter.  
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The importance of adequate sampling of the intra-atrial field in inverse potential mapping is 

further emphasized in Figure 6.31. Here, reconstructed electrograms are compared at 8 reference 

sites along a line from inter-atrial septum to the midpoint of the posterior wall. The electrograms 

are recovered from noncontact signals recorded with a collapsed 38 mm catheter that is near to 

the ROI and a fully open 38 mm catheter distant from it. The amplitudes of the reconstructed 

electrograms are larger and more uniform in the former case. Furthermore, there is a progressive 

time delay that is not replicated with the more distant open catheter. 

6.5 Inverse Mapping with Meshless Methods 

As noted in previously, inverse potential mapping with MMs based on the MFS is 

computationally much more efficient than the FEM-based approach used here. We have 

compared the performance of both for four of our LA data sets. Existing code for inverse 

electrocardiographic imaging (ECGi) was adapted for inverse intracardic potential mapping by a 

colleague Dr Laura R. Bear (IHU-LIRYC, Bordeaux Université, Bordeaux, France) who also ran 

the solutions. Electrograms reconstructed with the two methods were compared for the LA in 

sinus rhythm using electrograms recorded with 60, 48 and 38 mm catheters.  

     

A reduced version of the meshless solution was performed with data from electrodes only and 

with no interpolation of potentials on virtual surface bounding the catheter. Number of factious 

points used in MMs is the same as the number of mesh points used in FEM. Solutions took 

seconds to complete compared with the hours to set up and solve FEM-based inverse maps. In 

Figure 6.32, we compare inverse mapping performance for both approaches. Activation time 

maps for the 48 mm catheter are very similar (see Figure 6.32A). Electrograms reconstructed in 

this case are compared at the reference sites used for gold standard validation in Figure 6.32B. 

The timing of electrograms coincides very closely in both cases, but MMs recover the 

electrogram morphology less well and do not recover the rapid deflection of electrograms close 

to the surface faithfully. These results were replicated with all three catheters and box plots for 

time lag, maximum CCand rRMSE are presented in Figure 6.32C. Median time lag across 

catheters is 0 - 3 ms and median CC is > 0.85 in all cases.   
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Figure 6.32: Comparison of electrograms reconstructed using FEM and MFS in sinus rhythm. (A) LA 

activation time maps reconstructed from electrograms recorded with 48 mm catheter. (B) Corresponding 

electrograms at reference sites in Figure 6.28. Blue (FEM) and green (MFS). (C) Box plots of time lag, 

CC and rRMSE for 60, 48 and 38mm catheters. Solid lines indicate the median, boxes represent 

inter-quartile ranges, error bars represent range and red crosses mark outliers. Time lags are in ms. 
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In summary, this work demonstrates that MMs could be used for near real-time inverse potential 

mapping. with little degradation in performance in terms of timing. However, it did not recover 

gold standard electrogram morphology as well as our FEM-based approach. This is probably 

explained by the fact that frequency domain interpolation was not used with MFS and it 

therefore does not have sufficient spatial sampling density to reproduce the rapid spatio-temporal 

potential variation that occurs near the endocardium.   

6.6 Sources of Error 

In generally, errors in inverse mapping may be introduced by i) reduced signal to noise ratio in 

recorded intra-atrial electrograms ii) inadequate sampling of the intra-atrial potential field, which 

will be exacerbated by nonuniform distribution of electrodes on the Constellation
TM

 catheter, iii) 

inaccurate reconstruction of 3D electrode locations, and iv) mis-registration of electrodes. The 

first two are generic issues that will be considered more completely in the Discussion section. 

However, we have quantified error associated with the two final factors and will consider the 

results now. 

6.6.1 Electrode Reconstruction Error 

For accurate biplane reconstruction of the 3D points in two viewing planes, it is essential that 

points are in the same location and that the viewing planes are rotated with respect to a common 

axis. With our C-arm fluoroscopy system we acquired sequential images in two views 

synchronized with respect to the activation cycle. Error will therefore by misalignment imaging 

system or movement of the catheter between views. In the latter case, respiratory heart wall 

motion was suppressed by turning off the ventilator during imaging. Figure 6.33 shows the 

averaged Euclidean distances between electrodes along each spline of reconstructed catheters. 

For the LA these were: 4.7 0.5 mm, 3.8 0.4 mm, and 3.1 0.3 mm for 60, 48 and 38 mm 

catheters, respectively while in the RA they were: 3.8 0.3 mm and 3 0.2 mm for 48 and 38 mm 

catheters. Specified and measured inter-electrode spacings for 60, 48 and 38 mm catheters are 5, 

4 and 3 mm, respectively.  
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Therefore, relative 3D catheter positions are reconstructed with acceptable precision The fitting 

of least square splines to the 8 electrodes along each physical spline probably contributes to this. 

It applies a physically reasonable constraint to minimize the scatter in the initial estimates of 3D 

electrode location. 

 

Figure 6.33: Estimated electrode spacing along splines in 60, 48 and 38 mm diameter basket catheters. 

Results are presented as Mean ± Standard deviation. 

6.6.2 Accuracy of Catheter Registration   

Registration of reconstructed 3D electrode positions to reconstructed atrial surface geometry is 

compromised by the fact that few unique material points can be identified in X-ray views and 

also in MR images of the atria. However, comparison of electrograms recorded with different 

catheters at apparently adjacent reconstructed locations provides information about their 

registration with respect to each other and the atrial wall. We would expect electrograms 

recorded at the same site to be identical and differences between electrograms to be explained by 

differences in location.  
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Figure 6.34: Comparisons between electrograms recorded in sinus rhythm at closely matched 3D 

locations in LA with 48 mm (blue) and 38 mm (red) catheters. Pairs of adjacent electrograms in regions 1, 

2 and 3 are superimposed in the lower panel. 

 

This is illustrated in Figure 6.34, where electrograms recorded at 3 closely spaced sites were 

recorded sequentially in sinus rhythm with 48 mm and 38 mm catheters. Here electrograms 

closest to the atrial wall have higher amplitudes and more rapid rates of change, as expected, 

while the time lag between electrograms is consistent with the spread of electrical activation 

from intra-atrial septum to LAA. These observations are replicated in Figure 6.35 for 28 pairs of 

closely spaced electrograms selected from those shown in Figure 6.34. 

 



Experimental Assessment of Inverse Intracardiac Mapping 163 

 

 

 

Figure 6.35: Comparisons between electrograms recorded in sinus rhythm at adjacent 3D locations in LA 

with 48 mm (blue) and 38 mm (blue) catheters. 28 pairs of electrograms are compared and CC is 

indicated for each. 
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6.6.3 Analysis of Sensitivity  

We investigated the sensitivity of inverse solutions to mis-registration of catheters and atrial 

surface geometry, by comparing inverse solutions recovered before and after linear translation of 

the catheter. Figure 6.36 shows effects of 5mm translations parallel to and along the central axis 

of the catheter. In the first case, electrodes near the roof are moved closer to the atrial wall and 

recovered electrograms decrease in amplitude. However, median time lag is ~1 ms and the CC is 

close to 1. These results are hardly surprising. At any instant, smaller potentials on the roof are 

needed to reproduce the potentials on electrodes that are nearer to it. The morphology and time 

lag of the electrograms is relatively unchanged, because there is little translation with respect to 

the roof line.   

 
Figure 6.36: Sensitivity analysis of inverse solution with small shift in catheter. The 60 mm catheter in LA 
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was shifted towards valve or LAA (A I) by 5 mm (A II). (B) Box plot of time lag, CC and rRMSE 

between original and shifted results. 

 

For the second case, the electrodes are shifted with respect to the roofline leading to a time lag 

between them in sinus rhythm where activation spreads in the LA from the inter-atrial septum 

toward the LAA. This is reflected by the modest increase in time lag and the reduction in CC. 

However, median CC is still >0.95. 

 

In conclusion, the type of error introduced will be related to the direction of the registration error. 

This may be a reduction of amplitude if the catheter is registered closer to the atrial wall than it 

really is, or a timing error if registration is tangential to direction of a depolarization wavefront. 

6.7 Discussion  

This chapter describes a detailed study in which contact and noncontact electrograms were 

acquired at different locations in the RA and LA chambers of a single sheep heart, using 64 

channel Constellation
TM 

basket catheters with a range of dimensions. The 3D geometry of atrial 

endocardial surfaces was reconstructed from late diastolic gadolinium-enhanced MRI images 

phase-locked to the respiratory cycle. Relative 3D positions of electrodes and other fiducial 

markers on the basket catheters were reconstructed in end-diastole from synchronized biplane 

images using established methods. Electrodes and atrial geometry were then registered by 

co-localization of fiducial points identified in both reconstructions. Simultaneous atrial 

electrograms acquired with the catheters were used to reconstruct potentials on virtual surfaces 

within the atrial chambers that bounded the electrodes at successive instants through the atrial 

activation cycle. This was done using a novel frequency-domain interpolation approach, which 

mitigated the effects of the limited and nonuniform spatial distribution of electrods on the 

Constellation
TM 

catheter. Normal potential gradients were estimated on these surfaces for each of 

the recovered instantaneous potential distributions. Atrial endocardial potentials were then 

reconstructed from the intracardiac potential and normal potential gradient distributions by 

inverse FEM mapping. This was repeated at successive instants throughout the atrial activation 
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cycle for each of our experimental data sets. Atrial endocardial electrical activity was also 

reconstructed for a subset of these data with an alternative inverse mapping approach which 

employed meshless methods rather than FEM.    

6.7.1 Findings 

In this study, we have shown that that meaningful information can be recovered from noncontact 

electrograms and referred to the atrial endocardial surface using inverse potential mapping. This 

is the first detailed experimental analysis of the topic, as far as we are aware.  

 

The intra-atrial electrograms recorded with Constellation
TM 

catheters were not easily related to 

electrical activity on the atrial surface. A few electrodes (typically between 2 and 12) were in 

direct contact with the atrial wall or very close to it. The remaining electrograms were attenuated 

with distance from the atrial endocardial surface, while their morphology was distorted and 

blurred. Most of these recordings would be discarded in contact mapping application. However, 

we demonstrated that while some of these noncontact recordings contained no coherent phase 

information, most did.      

 

Inverse potential mapping enabled the information in all intra-atrial recordings to be referred to 

reconstructed atrial surface geometry. The propagation of depolarization across left and right 

atrial endocardial surfaces was reconstructed repeatedly in SR and during pacing with different 

catheters at various locations. Furthermore, the time-course and patterns of bi-atrial activation 

spread in both rhythms were reasonable physiologically. On the other hand, the amplitudes of 

these activation wavefronts were not uniformly distributed across the atrial surface and were 

greatest in regions where the mapping catheter was closest to the wall.  

 

These observations were reinforced when reconstructed electrograms were compared at 

representative sites on the the atrial surface. The morphology of electrograms reconstructed on 

the atrial surface was similar to contact recordings and inverse mapping extended the regions 

over which "realistic" surface electrograms were recovered. However, magnitudes and rates of 
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change of reconstructed electrograms were nonuniform regionally and both were dependent on 

the proximity of noncontact electrodes to the atrial surface.  

 

Despite regional variation in their morphology, consistent activation times could be estimated 

from most reconstructed electrograms and panoramic activation time maps were repeatable and 

reproduced the spread of electrical activity from the sino-atrial node in sinus rhythm and from 

the RAA during pacing. The time delay method used to estimate activation spread added a 

further level of spatial regularization on the activation maps, albeit at the cost of reduced degrees 

of freedom. 

 

Detailed analysis of the efficacy of inverse mapping in the limited regions for which we have 

"gold standard" contact data, shows that electrograms can be recovered with a high level of 

accuracy from noncontact recordings made up to 15 mm from the atrial wall (median time lag < 

2 ms, median CC >0.84). This performance was clearly impaired when the mapping catheter was 

more distant from the wall and electrograms were not recovered faithfully in atrial regions 

addressed by electrodes with low signal to noise ratios. 

 

On this basis, we argue that noncontact mapping can be used to obtain useful panoramic 

information about 3D atrial activation and that, to optimize global noncontact electro-anatomic 

mapping, the distribution of mapping electrodes should be as uniform as possible with electrodes 

<20 mm of the atrial wall. On the other hand, electrograms can be recovered with a high degree 

of fidelity with ROI noncontact mapping and under these circumstances electrograms can be 

reconstructed over a wider area, by scanning the mapping catheter. We hypothesize that a 

combination of global mapping to identify general activation patterns with ROI to obtain more 

precise local information could provide an efficient approach to recovering information in atrial 

flutter and PeAF. However, for this to be feasible, near real-time inverse mapping and improved 

mapping catheters would both be required.        

 

Our comparison of FEM-based inverse potential mapping with a simpler alternative that employs 
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MMs indicates that real-time noncontact mapping is possible. While electrogram morphology 

was less faithful in the latter case, amplitude and timing were recovered with good precision.      

 

These experimental results are explained the modeling results presented in Chapter 4. There, we 

demonstrated that it was theoretically possible to recover surface potential distributions from 

potentials sampled within the atrial chamber using inverse methods. However, we showed that 

the accuracy of inverse solutions was dependent on sampling from a representative internal 

subregion and that error increased as with distance of sampling surface from the atrial wall.  

 

As stated previously, there are no previous studies with which we can directly compare our 

findings. However, they are consistent with findings reported in a number clinical studies on 

noncontact and contact electro-anatomic mapping. For instance, it has been shown that 

noncontact balloon catheters recover atrial activation patterns very low accuracy when the 

distance from the wall is greater than 40 mm (Bhakta and Miller 2008). Furthermore, the 

problems associated with using basket catheters for contact mapping have been covered in detail 

elsewhere (Benharash, Buch et al. 2015, Pathik, Walters et al. 2016) Our results suggest that the 

dimensions of the Ensite multi-electrode balloon catheter and the Acutus catheter that is 

currently being developed for inverse mapping are too small for reliable electro-anatomic 

mapping.   

6.7.2 Limitations 

A key limitation of these experiments is that we have not analyzed or AF data. Also, unlike our 

computational proof-of-concept studies, we don't have "gold standard" electrograms across the 

entire atrial surface against which we can validate endocardial electrical activity reconstructed by 

inverse potential mapping. As a result, we have been forced to adopt weaker validation criteria. 

These include the repeatability of electrograms reconstructed in the same rhythm at 

representative reference sites on the atrial endocardial surface with catheters of different 

dimensions in different locations within the atria. In addition, we have also assessed whether AT 

maps estimated in this way replicate site of initial stimulation and are physiologically realistic. 
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Finally, we were able to identify a subset of electrograms acquired from electrodes either in 

contact with atrial endocardial surface or in close proximity to it and use them as gold standard 

electrograms.  

 

Validation is complicated further by uncertainty in the relative 3D locations of electrodes and 

atrial surface geometry. While we believe that acceptable accuracy was achieved with our 3D 

reconstruction methods, we are less confident that registration was achieved faithfully in all 

cases. This should not be viewed as a constraint on potential future clinical application of our 

inverse mapping approach. In the clinical setting, accurate co-registration could be achieved 

using the advanced fluoroscopy systems, typically installed in most cardiac electrophysiology 

laboratories. For example it is possible to reconstruct a 3D atrial endocardial surface using a 

fluoroscopy system in "spiral CT" mode, and therefore to ensure that fluoroscopic images of 

catheters acquired with the same system are inherently registered.  

 

For LA mapping, positioning of the Constellation
TM

 catheter was constrained by the intra-atrial 

puncture site in the Fossa Ovalis through which it was introduced into the LA and also by the 

topology and stiffness of the sheath used to introduce it. This means the catheter was inherently 

oriented from anterior septum toward the roof and lateral posterior wall of the LA. While 

catheters of different dimension were moved into different relative positions along this axis, it 

was not possible to change the orientation. Hence for the infero-lateral region of the anterior wall 

in LA, electrode is completely absent and not able to capture signals. As a result, it is impractical 

to alter the "bare" patches at this region with Constellation
TM

 catheter. In addition, 

Constellation
TM

 catheter is not optimal for intracardiac mapping. Electrode distribution on it is 

not uniform and is completely absent toward the base. Also, it is difficult to steer within the LA 

cavity in particular and it cannot be introduced into the LAA. 

 

The constellation catheter works well to detect uniform propagation (typical depolarization in 

sinus rhythm or RAA pacing). However, it is not a good choice to detect complex patterns such 

as AF or microreentries. Whether or not the complex patterns can be detected depends 1) on the 
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spatial frequency of the activation process and 2) on how well that is matched by the spatial 

distribution of the electrodes relative to this process. According to sampling theorem, to 

complete recovery of a sampled signal, the sampling frequency must be greater than twice the 

highest frequency component in the signal, which means catheters with 1mm uniform electrode 

spacing can resolve a spatial frequency with a wavelength of 2 mm. The Smallest Constellation 

catheter has interelectrode spacing along splines of 3 mm and a maximum un-deformed 

equatorial spacing ~12 mm. Furthermore, it has a region without electrodes at the lower pole. We 

would not expect to be able to resolve fine scale circuits (micro-reentry or fine-scale flutter with 

precision) using this catheter. Our group is developing new catheters which support a higher 

spatial sampling. 

6.8  Future directions 

We have argued that combining global mapping with finer ROI mapping provides a potentially 

powerful approach to reconstructing atrial electrical activity in AF on the 3D atrial endocardial 

surfaces. For optimal global mapping, we need to sample representative sub-volumes of the atrial 

chambers and catheter dimensions should match this requirement. For ROI mapping, a smaller 

catheter that can be readily steered within the atrial cavities is desirable. In both cases, higher 

channel counts and more uniform electrode distributions are desirable to ensure that rapid 

spatio-temporal variation in potential is captured. Current catheters do not provide these features. 

 

In addition, we real-time mapping analysis and visualization software systems would be needed 

for clinical translation of this approach. We have demonstrated that this is possible, but 

customized MMs inverse solvers with adaptive source distributions are needed for intra-atrial 

mapping.    

 

Finally, we need to demonstrate the efficacy of our approach in AF. 
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7 Conclusions 

At present, percutaneous catheter ablation is not very effective for treatment of PeAF due to a 

lack of understanding of the substrates underlying PeAF thus limiting identification of effective 

targets for ablation. It is difficult to construct accurate activation patterns on human atrial surface 

during AF using current mapping techniques. The development of our inverse techniques for 

reconstructing atrial electrical activity from potentials recorded by an open basket catheter is 

motivated by the expectation that the inverse reconstruction can provide clinically useful 

information for the electrical activation patterns on the atrial endocardium. This information can 

then be used to identify the mechanism(s) underlying AF, to locate AF driver locations and in 

turn to aid more precise, targeted ablation approaches. The main focus of this thesis is to propose 

novel, panoramic mapping of the atria by developing a robust numerical approach to inversely 

reconstruct potentials on atrial endocardial surface from the potentials recorded using an open 

basket catheter positioned in the atrium. We also developed an experimental model of heart 

failure in sheep induced by prolonged rapid ventricular pacing, to evaluate our methods. 

Although the concept of the inverse problem is a century-old, to our knowledge, there are no 

prior studies applying this technique using an open probe. 

7.1  Intracardiac Inverse Computational Framework 

The most significant contribution of the thesis is that we proposed a novel intracardiac 

noncontact inverse mapping approach. Our work differs from other previous studies 

investigating the inverse solution in electrocardiography, in which potentials were all mapped 

between two closed and insulating surfaces. In our study, the potential distribution on the atrial 

endocardial surface can be inversely reconstructed with high accuracy from the electrograms 

recorded using an open basket catheter predominantly not in direct contact with atrial wall. 

Furthermore, for the first time, the new concept of an open boundary condition has been 

introduced to an inverse model.  
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Our computational analysis indicated that source potentials can be faithfully reconstructed with 

accurate information about potential gradients as well as potentials at the probe surface. In this 

thesis, to solve the inverse problem with an open boundary, we have proposed a numerical 

derivative algorithm to estimate normal potential gradients at the virtual boundary of the open 

basket catheters. The gradients estimation method has been investigated with progressively 2D 

and 3D simulations. We have shown that 1) with ROI mapping, local endocardial potentials can 

be recovered with extremely high accuracy, and 2) reliable global mapping is feasible with 

potentials recorded from a representative subdomain within the cavity.  

 

To validate our proposed novel mapping approach, we have developed a large animal model 

(sheep). The Constellation
TM

 (Boston Scientific) catheter was introduced into the RA and/or LA 

of sheep with pacing-induced atrial dilatation. Atrial electrograms were recorded with different 

dimensions at a range of different atrial locations during sinus rhythm and RAA pacing. The 

proposed inverse method was used to recover endocardial potentials from the noncontact 

recordings under varying conditions. The efficacy of intracardiac inverse potential mapping from 

open basket catheter was assessed by 1) physiologically realistic inverse potential maps, 2) 

consistent and repeatable global activation time maps, 3) comparing electrograms reconstructed 

with different catheters at reference sites distributed around atrial surface, 4)comparing 

contact/near-contact electrograms acquired at distributed atrial sites in SR with electrograms 

reconstructed at these sites from noncontact recordings. Local electrogram morphology and 

timing were recovered with extremely high accuracy with ROI mapping. Performance of inverse 

potential mapping is consistent with our computational proof-of-concept analysis. 

 

Different techniques were developed to carry out the intracardiac potential mapping. 3D 

locations of each electrode in the mapping catheter was reconstructed from biplane 

cine-fluoroscopy, and the atrial chambers were segmented and reconstructed in 3D using in-vivo 

MR images. Reconstructed catheters were then registered into corresponding atrial chamber and 

the location of the catheter was optimized by analyzing the power of the recorded signals. In 

addition, a specialized graphics user interface (GUI) was developed as an integrated platform for 
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visualizing, processing and analyzing the multi-channel spatio-temporal data used for inverse 

mapping and the outputs of the inverse solution. In addition, we developed a new approach to 

interpolate potentials in frequency domain, which can reproduce the uniform spread of an 

activation waveform across the whole virtual surface on open basket catheter. Accurate potentials 

estimated on the virtual surface provided a solid basis for gradients calculation and inverse 

solution.  

7.2 Clinical Perspectives 

Overall, the proposed intracardiac mapping approach developed in this study may provide a 

more robust panoramic reconstruction of electrical signals on the endocardial surface over other 

mapping methods currently available in clinical practice. This new developed intracardiac 

mapping technique has huge potential clinical implications since it may facilitate management of 

the most common sustained heart rhythm disturbance, AF. 

  

The exact mechanism for AF still remains unclear and may vary between patients. Potential AF 

mechanisms include focal sources, rotors, multiple reentrant wavelets, and AF reentrant drivers. 

Lack of an effective mapping system is one of the biggest barriers to identifying the underlying 

mechanism AF in a given patient. The benefits of our proposed mapping are as follows: 

 

1) Compared with other intracardiac mapping catheters, such as a balloon mounted catheter, 

open basket catheters have more flexible splines and electrodes can be expanded closer to the 

atrial wall. Due to mapping limitation to region within 40mm to the center of the array, 

electrodes closer to atrial wall can provide a more reliable recording. In addition, non-sealed 

catheter will not influence the atrial filling. 

 

2) Unlike body surface inverse mapping which relates potentials between the epicardial surface 

and the body surface, our approach is more accurate and able to provide a representative 

view of electrical activities across atrial endocardial surface. Because i) the electrical 

properties of blood in the heart cavity are uniform and isotropic, the influence of other organs 
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is negligible; ii) the magnitude of potentials recorded within atrial chambers is higher; iii) 

highly-accurate ROI mapping is not possible to be achieved by body surface mapping; iv) 

potentials can be reconstructed directly on the endocardial surface instead of deriving from 

the epicardial potentials. Due to complicated internal structures inside atrial chambers, 

epicardial signals cannot be related to the endocardial electrical signals directly during 

ablation procedures.  

 

3) Full contact is hard to achieve for all electrodes on multi-electrode basket catheters in the 

atria. In our mapping system, we makes full use of each recorded signal, whether it is in 

contact to the atrial wall or not, which provides a more panoramic view of the endocardal 

surface. In addition, the frequency domain interpolation technique enables us to reconstruct a 

smooth and consistent propagation over the whole catheter, which is a more straightforward 

and easy way to visualize the potential activations in atrial chambers.  

 

Given the aforementioned advantages, our proposed mapping approach can identify AF driver 

locations more accurately and guide ablation. Haissaguerre's group in Bordeaux have 

successfully terminated AF by ablating rotors reconstructed by body surface mapping technique 

(Haissaguerre, Hocini et al. 2014). However, the technical efficacy and accuracy of this approach 

is debatable among researchers working in the field. Because the ablation is applied to the 

endocardial surface, the AF drivers indicated from epicardium may not be an accurate guidance 

for the ablation target. Narayan et al. (Narayan, Baykaner et al. 2014) have recently used 

Constellation
TM

 catheters in their study and demonstrated that it was possible to ablate AF with 

relatively limited ablation by targeting the rotor of AF drivers. However, they used the catheter 

as contact catheter, thus limiting the ability to create a 3D map of electrical activation in relation 

to the atrial structure. In addition, up to half of the electrodes were not in contact with the atrial 

wall, and this data was not used in their final analysis, precluding a detailed understanding of 

atrial activation throughout the chamber. 

 

Potentially our approach could be implemented into real-time atrial activation mapping with 
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better precision to analyze AF patterns and guide catheter ablation approaches thus ensuring a 

higher success rate. The approach can be easily applied to real human data and accurately locate 

the AF driver on the atrial wall. In addition, reconstruction of potential distribution on the 

endocardial surface can help us to better understand the mechanism(s) of AF.  

7.3 Limitations and Future Improvements 

This thesis has proposed a novel intracardiac mapping approach to accuaratley reconstruct 

endocardial potentials from electrograms recorded by noncontact electrodes. Efficacy and 

accuracy of this approach has been experimentally validated.  

 

The accuracy of our result can be improved if the locations of electrodes of open basket catheter 

in atrial chamber are more accurate. There are couple of factors that may affect the accuracy of 

the location. In our experiments, the experiment-specific anatomy was acquired by MRI in vivo 

prior to measuring atrial activation patterns. Since the anatomy and the potentials were not 

obtained simultaneously, the geometry of the catheters may not have been perfectly matched to 

the corresponding atrial chambers. Although the locations of catheters can be optimized, there is 

still room to improve the accuracy of catheter registration. Despite the fact that a small shift of 

the catheter position would not introduce a big change to the data derived from the inverse 

solution, a relatively more accurate orientation and location of a catheter will help to improve the 

reliability of the final result. Some of these uncertainties in our approach can be improved by 

evolutions in the technology of advanced fluoroscopy systems, with which fluoroscopic images 

of catheters and 3D atrial "shell" can be reconstructed using the same system, and therefore 

enable inherently accurate registration. This system was not available for our experiments.  

 

The current Constellation
TM

 catheter employed in this thesis is not optimal. Nonuniform 

distribution of electrodes over the catheter prevents a panoramic and comprehensive recording 

within atrial chambers and rapid spatio-temporal variation can hardly be captured. Also, it is not 

steerable within the cavity. In addition, positioning of the Constellation
TM

 catheter in LA was 

constrained by the intra-atrial puncture, which makes it not possible to fill the catheter in LA and 
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cover all regions. As we can expect, intracardiac inverse mapping can be improved if endocardial 

potentials can be recorded by more uniformly and evenly distributed electrodes. We are now 

developing new models of catheters to fully map cardiac chambers. 

 

The gold standard in validating the inverse solution is to compare the inversely reconstructed 

potentials with the ones recorded by the contact electrodes, evenly distributed across the overall 

inner surfaces of the atrial chambers. However, due to lack of real contact data in our 

experiments, we chose signals with high power as a reference in the validation. In the future, a 

comprehensive validation with contact potentials recorded by ablation catheters will be used to 

further validate our approach. 

 

The approach developed in this thesis was based on the potentials recorded during sinus rhythm 

and RAA pacing which can be well mapped back to endocardial surface for the uniform 

propagation. However, the non-uniform propagation in AF is more complex, which may likely 

increase the uncertainties in the inverse solution. In the future, we will further test the 

performance of our methodology by using real AF data collecting from patients. 

 

The reconstruction of electrograms in our approach developed in this thesis adapts the 

finite-element method (FEM), which is computationally inefficient. The use of meshless methods 

may improve efficiency in our data analysis.   

7.4 Closing Remarks  

This thesis has proposed a comprehensive intracardiac inverse mapping system, through the 

acquisition of a novel in vivo experimental data set and an experiment-specific computational 

model. We demonstrated that our approach can provide flexible, accurate, real-time 3D atrial 

electro-anatomic mapping using open basket catheters, that may potentially improve mapping 

and long term outcomes of ablation of AF. 
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Appendix A: 

Forward/Inverse toolkit in SCIRun 

The SCIRun forward/inverse toolkit was used to solve 3D inverse problem of electrocardiology 

based on FEM. Here the main networks and modules used in our project were shown and 

described as follows. 

 

A.1 FEM mesh alignment 

 

Figure A.1: SCIRun network for mesh alignment of atrial surface and Constellation
TM

 catheters.  
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The first step is to generate the FEM mesh aligned the endocardial atrial surface and the 

interpolated surface on Constellation
TM

 catheter, the network is shown in Figure A.1. In this 

network, the two surfaces were meshed together using tetgen (Si and TetGen 2006) in order to 

produce conformal boundaries. The inputs of this network are the two surfaces which are 

imported from the module ReadField. The output is the tetrahedral mesh contains one inner 

surface (Constellation
TM

 catheter) and one outer surface (atrium). 

 

A.2 Module description for finite element method  

 

The forward/inverse problem was solved based on the aforementioned aligned mesh. Two most 

important modules for the forward finite element solution are the BuildFEMatrix and the 

AddKnownsToLinearSystem modules. The inputs for the former one are the FE mesh (generated 

by Figure A.1) and chosen conductivity (0.30 mSmm
1
 (Pullan, Cheng et al. 2001)), and the 

output is a stiffness matrix based on Galerkin method. The second module enables to add known 

values as boundary condition to the linear system, which in our project is the estimated flux 

values on Constellation
TM

 surface. A is the stiffness matrix, b is the right hand side vector, which 

is known in the forward problem and unknown in the inverse problem. 

 

Figure A.2: The two most important modules for the forward finite element solution. (A) The module that 

computes the stiffness matrix. (B) Module that enable adding boundary conditions.  
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A.3 Example networks for finite element solutions  

There are two networks given to calculate the potential-based forward problem using FEM. One 

network is to directly calculate the projection of the cardiac source to the whole cardiac 

chambers, satisfying Laplace’s equation. The other network involves the generation of the 

forward matrix, which is the basis for solving inverse problem. Both of these two networks were 

used in our project.  

 

 

Figure A.3: Potential calculation within the source surface without forward matrix using FEM. 

 

The first network was used to calculate the inward forward within the Constellation
TM

 catheter 
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(Figure A.3). There is no other source existing in the atrial chamber, the flux flow through the 

Constellation
TM

 catheter is equal to the total flux originated from the endocardial wall, thus here 

the recorded potentials can be treated as source and forward problem can be solved within the 

Constellation
TM

 catheter. Normal directions at the surface of the catheter were constructed using 

structure tensor approach, and flux value can be estimated. The geometry used here can also be 

generated by the network shown in Figure A.1. Instead of aligning catheter and atrium, the input 

for inward mesh generation within catheter is just the Constellation
TM

 itself. The inside FE points 

can be pre-defined, including the points on the normal directions. 

 

Figure A.4: Computing the FEM based forward matrix. 

 

The forward matrix can be generate by another network (Figure A.4). This network solved and 

collects the solution vectors relating isolated points on the atrial wall to the Constellation
TM
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catheter. To calculate the forward matrix with this network, the user needs to 1) Make sure the 

CollectMatrices module have not been executed. 2) Set step delay in the 

GetColumnOrRowFromMatrix module to sufficient interval so that all the modules can fully 

execute before the next iteration. 3) Set the initial column to 0 and press the “play” in 

GetColumnOrRowFromMatrix. Inputs of this network are the aligned atrium-catheter mesh and 

an identity matrix whose size is the same as the number of nodes on source surface. 

 

A.4 Inverse solutions  

 

Once the forward matrix is generated, the inverse problem can be solved by inverting the 

forward matrix. Regularization tool is employed in inverse solution to reduce the sensitivity 

caused by the ill-posedness. Figure A.5 is the network for inverse problem. The measurements 

(interpolated potentials on Constellation
TM

 catheter) and forward matrix are the inputs. The 

regularization parameter of this method can be controlled via the interface in Figure A.6. The 

output from this network is the inverse solution.  
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Figure A.5: SCIRun network for Tikhonov inverse solution.  

 

The regularization parameter can be defined manually by user or automatically selected by 

L-Curve algorithm. In Figure A.6, an example of L-Curve is shown. The automatic procedure to 

find the L-Curve corner evaluates the curvature at each of the discrete points of the L-Curve and 

estimates the maximal absolute curvature.  
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Figure A.6: Choosing regularization parameters for Tikhonov approach. 
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Appendix B: 
 

Graphics user interface for data 

processing and visualization 

An interactive Matlab GUI customized for our project was developed to process, analyse and 

observe recorded data. The GUI design and layout was derived from previously published signal 

processing tools in other research fields (Delorme and Makeig 2004, Laughner, Ng et al. 2012, 

Yassi, O’Grady et al. 2012), while the functions in it were specifically designed for our data. All 

of our datasets were analyzed using this GUI, it is very easy to use and convenient to observe all 

the recordings. Figure B.1 shows the main layout of our customized GUI. The GUI is organized 

into 6 sections and different functions, they are: 

 

1: Data loading 

2: Movie screen  

3: 3D visualization and inverse validation 

4: signal display window 

5: signal processing 

6: 2D activation map and overall signal visualization 

 

In the next subsection, each part of the GUI will be described in detail. Signals recorded by a 60 

mm Constellation
TM

 catheter in the LA was used here to demonstrate the GUI functions. 

Frequency of the recorded data was 3000Hz so the time unit is 1/3 millisecond. 
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Figure B.1: The main window of our custom developed GUI to process panoramic electroanatomic atrial 

electrograms interactively. The 1
st
 part is to load the signals, atrial geometry, Constellation

TM
 geometry 

and the inverse solution on the endocardial surface. The 2
nd

 part is a N M pixel screen that displays the 

2D data at one particular frame, the data can be the 64 potentials recorded by Constellation
TM

 catheter, or 

interpolated potentials which will be described in subsection 6.5. The 3
rd

 part is the 3D visualization part, 

which can be used to observe the location of the Constellation
TM

 catheter in atrial chamber and validate 

the inverse solution in 3D. The 4
th
 part contains 8 signal display windows, which can show the chosen 

signals. The 5
th
 is the signal processing part, which includes spatial filtering, band-pass filter and drift 

removing. The 6
th
 part is about the 2D activation map calculation and correction. 

 

B.1 Data loading 

 

First step of data loading is choosing the folder that contains all .mat files including coordinates 

of 64 electrodes on the Constellation
TM

 catheter, atrial geometry, recorded potentials and inverse 

solutions. Once the potential file is loaded, the first frame of it is shown in the movie screen 

automatically. 
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B.2 Movie screen and signal display window 

The key component of main window is to show the signals in the movie screen, which is a N M 

pixel screen that displays the 2D data at one frame. In our particular case, the potential recorded 

by the open basket catheter is shown in a 8 8 screen, from bottom to top, rows represent spline 

A~H, and from left to right, columns represent electrode 1~8. After ‘Play Movie’ is clicked, the 

window will continuously displays frames from the current time onward until the ‘Stop Movie’ 

button is clicked or until the last frame is reached. The scrollbar can adjust the current frame that 

is displayed on the Movie window. 

 

Figure B.2: 64 potentials were recorded using a Constellation
TM

 catheter in the LA during SR are 

displayed at 90, 135, 180 and 225 1/3ms. 

 

Given potentials recorded by left catheter, B.2 shows the potentials recorded at 4 different time 

from 90 to 225 1/3ms (from panel A to D). The 8
th

 electrode of each spline is the closest to the 
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wire, so here the potentials shown in the rightmost column are close to the interatrial septum and 

leftmost are close to the appendage in the left atrial chamber. B.2 displays a complete atrial 

activation during SR, from which we can tell the propagation starts at around D8 and ends 

around E/F8. The propagation can be verified by the function ‘2D activation map calculation’ in 

this GUI, which will be described in 6.9.4.  

 

The ‘Display Wave’ button enables users to view the signal of one pixel for the entire time 

duration on the ‘signal display window’ (part 4 in this GUI). First click the ‘Display Wave’ 

button and then choose the centre of a pixel to get the potential of it, different colored markers 

will be labeled on the movie window (Figure B.3A), and the corresponding potentials with the 

same color are shown in the ‘signal display window’ (Figure B.3C). Below the ‘signal display 

window’, users can zoom in the signals by specifying the starting time and ending time(Figure 

B.3).  

 

Another feature in this GUI is that it can relate the locations of electrodes to the potentials they 

recorded by clicking the ‘Cons in Atrium’ button, from which we can characterize the potentials 

around some specific areas in the atrial chambers. Figure B.4 is an example about the 

relationship between electrodes’ locations and recorded signals in LA. The colored markers 

correspond the electrodes to the potentials in Figure B.4B and C, respectively. The data shown in 

Figure B.4 suggests that the atrial potentials recorded around mitral valve are weak (red and 

white potentials), and the signals recorded near septum contains two or more peaks (black, cyan 

and purple potentials), which are not reliable. In contrast, electrodes close to the endocardium 

usually capture clear and strong signals (blue, green and yellow potentials). This function is very 

useful to validate the registration of Constellation
TM

 catheters in the atrial chambers. 
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Figure B.3: The chosen potentials were zoomed in, the atrial activation part was expanded. 

 

 
Figure B.4: The GUI relates electrodes’ locations to the corresponding recorded potentials. (A) 8 

electrodes were chosen and displayed in (C), and their locations in LA were indicated in (B). Two purple 

vertical strings in (C) gave the rough time range of atrial activation. Here, LA = left atrium, LAA = left 
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atrial appendage, MV = mitral valve. 

 

B.3 Signal processing 

 

There are three main functions in the signal processing part, spatial filtering, band-pass filter and 

drift removing (Chapter 5.6).  

 

Spatial filtering of pixels, as described in 5.6, is a straightforward methods for high-frequency 

noise reduction. In this GUI, the drop-down list includes 4 different sizes bins (3 3, 5 5, 7 7, 

9 9), which is a very useful tool to smooth the interpolated potentials. The second signal 

processing function is band-pass filter. By clicking the drop-down menu of filter, the band can be 

adjusted to 0-50Hz, 0-75Hz, 0-100Hz and 0-150Hz. The third function is to remove drifting. 

This GUI provides the option of the first to forth order polynomial fitting from the drop-down 

list. After applying suitable signal processing tools to the original data, the post-processed signals 

are then used for the downstream analysis in this study. 

 

B.4 2D activation map and overall signal visualization  

 

Activation times (AT) summarizes the temporal spread of excitation, and activation map 

illustrates the propagation pathways on the endocardial surface. The standard method to calculate 

ATs is the time of the maximum negative of the derivative of unipolar electrograms (Spach, 

Miller et al. 1979). In this GUI, to calculate the AT for each signal, we need to define i) the 

threshold which is needed in peak detection algorithm (Hamilton and Tompkins 1986, Shin, Lee 

et al. 2009), and ii) the length of signal to be used. Once the parameter setting is pre-defined, the 

ATs computation and the overall activation map generation (Figure B.5A) can be executed by 

clicking the ‘activation map’ button. Figure B.5B and C was generated by the execution of 

‘potentials with activation times’ and ‘gradients with activation times’. B is the 64 channel 

potentials during the pre-selected period which is manually defined, and C is the derivative of all 
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the 64 potentials in B. Red dots in B and C represent the ATs. 

 

However, for weak potentials, the signal itself is almost flattened (e.g., the grey part in Figure 

B.5A which are corresponding to electrodes G4-7 and H3-5), making it difficult to determine the 

maximum negative of the derivative. Also, the ATs are not reliable for signals with two or more 

peaks (D6-7). In this GUI, users can manually change the AT for those unreliable signals to make 

the 2D activation map more consistent and smooth.  
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Figure B.5: Estimated ATs of potentials recorded in the LA during SR. (A) Estimated activation map of 

LA. (B) Potentials during atrial contraction period recorded by 64 electrodes in LA. (C) Derivative of 

potentials in B. Red dots in B and C represent the maximum negative of the derivatives of relatively 

reliable signals. 

 

B.5 Inverse validation 

 

Another advantage of this GUI is that it can be used to validate the inverse result. By clicking the 

button ‘inverse validation’, users can select three different functions for their specific use (Figure 

B.6): i) activation map calculated by time delay method, ii) activation map calculated by the 

maximum derivative method, and iii) select the points from the atrial chamber and show the 

corresponding potentials.  

 

Figure B.6: Question dialog box about inverse solution validation. 

 

Figure B.7 shows the activation map calculated by time delay method (A) and maximum 

derivative method (B), respectively. Compared with the maximum derivative method, the ‘Time 

delay’ activation map is more consistent and smooth. In Figure B.7A, the propagation starts from 

the septum and ends at the LAA and valve area, while in B, some parts around valve were 

activated early. This is because the potentials recorded around this area are not reliable, which 

lead to an unreasonable result in the inverse solution.  
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Figure B.7: Activation map calculated by (A) time delay method, and (B) by finding out the maximum 

negative of the derivative of signals. 

 

By clicking on the ‘Select Points’ button, the points on the atrial chamber can be selected and the 

corresponding potentials will be displayed in a pop-up window (Figure B.8). The potentials 

(Figure B.8) from top to the bottom corresponds to the points labeled from 1 to 8 in Figure B.8, 

which are selected from the septum area to the LAA area.  

 

Figure B.8: Selecting points from the atrial surface (A) and show the corresponding potentials(B). 
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