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Abstract
Metamaterials have become very popular in the field of noise and vibration suppression, cloaking,
wave guide, wave shield, wave absorber owing to its frequency dependent material properties.
However, due to the dependency on the linear resonance, the performance of a linear metamaterial
is restricted to a narrow bandwidth, which limits its application. The main objective of this thesis
is to investigate the various possibilities towards the wideband metamaterial.
Resonating metamaterials can be mathematically modelled as a periodic chain of mass-in-mass
structures. As a first step towards the wideband metamaterial, an aperiodic or graded variation of
frequencies of each building block is investigated, instead of a periodic repetition of the mass-inmass units. Furthermore, keeping the periodic pattern of a metamaterial intact, the possibility of
bandwidth increment is evaluated by assigning nonlinearity to the resonating unit of the
metamaterial. The effects of the cubic nonlinearity and discontinuity on the vibration transmission
through metamaterials are investigated in this thesis. Semi-analytical and numerical solution
algorithms are developed to solve the wave propagation through these various nonlinear and
graded linear metamaterials and the associated dynamics are identified and validated
experimentally. Implementing 3D printing technology, initially curved beams are fabricated as a
representative model of the bistable metamaterial unit. Attaching this unit with an electro-dynamic
shaker, it is experimentally shown that the nonlinear metamaterial can be used for wideband
vibration isolation. Impacting metamaterials are tested on the impedance tube and found that it
can improve the acoustical performance of the light weight partition wall for a wide range of
frequencies.
A properly tuned graded metamaterial can extend the attenuation bandwidth almost 40% more in
the lower frequency side and by attenuating the second transmission band it can infinitely widen
the higher side of the attenuation band. Computationally and experimentally it is illustrated that
performance of nonlinear metamaterials depends on excitation amplitude. To achieve the desired
nonlinear behaviour, higher amplitudes are required. In low excitation level, the response is close
to the linear response and for medium levels it is mostly chaotic. The attenuation band increases
to infinity for the high nonlinearity. Impacting metamaterial can attenuate both the transmittance
peak and can widen the attenuation bandwidth simultaneously in the lower and higher frequency
side.
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Chapter 1 Introduction

The name metamaterials was coined by the pioneers in the field by using the prefix
meta, which can be translated from the Greek as beyond, to imply beyond conventional
materials. Metamaterials are a new class of complex composite materials that have
created considerable excitement because they could be engineered to exhibit any
desired electromagnetic, acoustic or mechanical effective properties up to and including
such exotic behaviours as negative refraction, negative bulk modulus or negative mass
under certain excitations. The physics of metamaterials and their interaction with waves
of all kinds can be extremely counter-intuitive, causing strong criticism and debate as
well as an explosion of research.
Metamaterials have a prehistory dating back many centuries; but modern development
really started in the mid-1990's when it was realized that split-ring resonators and thin
wire structures provided the means of constructing electromagnetic metamaterials with
a negative refractive index, which was first demonstrated experimentally by Schultz,
Smith et al at University of California, San Diago (UCSD) in 2000 [1]. Research in this
area, although active, remained something of a niche until Pendry's seminal paper [2],
published that same year, in which he described how metamaterials could enable the
perfect lens, one whose imaging resolution is not limited by diffraction, which would
have profound consequences for microscopy, spectroscopy and micro-fabrication. Also
in 2000, a group of Hong Kong University of Science and Technology (HKUST)
researchers reported the first elastic metamaterial and its ability to greatly affect
acoustic transmission in a narrow frequency band [3]. It was later shown to exhibit
negative density at those frequencies [4].
By 2006 both Leonhardt [5] and Pendry [6] had developed theories of electromagnetic
cloaking using metamaterials and later that year Schurig and Smith experimentally
demonstrated cloaking of a small region at one microwave frequency. Theoretical
concepts for acoustic cloaking were first published in 2007 [7, 8], but experimental
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results were not available until 2010, elastic structures being more complex as they can
support shear as well as longitudinal wave modes. Cloaks to protect marine structures
from waves [9], and buildings from earthquakes [10] have also been proposed recently.
Progress in cloaking is continuing, with the first optical frequency metamaterial being
produced in 2008 and the first cloak that operates over a range of frequencies in the
microwave spectrum being demonstrated in 2010. There are still major challenges, such
as the issue of losses, which is driving interest in superconducting metamaterials [11],
and how to achieve the desired effects over an usefully wide range of frequencies.
Although cloaking and super lensing continue to be major foci of metamaterials
research, the field has begun to broaden significantly over the past couple of years. A
team at Caltech is designing metamaterial coatings to improve the effectiveness of solar
cells; several groups are looking at applications involving THz focusing and imaging;
others at wireless communications in the 100 Mhz to 10 GHz range; some at controlling
heat transmission through phonons; yet others are using metamaterials to simulate black
holes and other aspects of the structure of the universe by exploiting the analogy
between metamaterials' ability to distort electromagnetic space and gravity's distortions
of space time. A team at Nanjing's Southeast University reported the first microwave
black hole in 2009 [12]. Callaghan Innovation (CI) identified a gap in published
research on elastic and acoustic metamaterials and a need in NZ's construction industry
for new approaches to sound insulation by locally resonant metamaterial structures at
frequencies below 1 kHz [13-16].
Despite the exciting engineering properties, one of the major challenges encountered
has been the narrow band nature of resonant based mechanical metamaterials. Inspired
from this challenge, a research project has been defined to research the various means
of widening the bandwidth of mechanical metamaterials. The theoretical investigations
of the different types of wideband metamaterial systems are within the scope of the
research. Experimental evidences of the analytical solutions are also incorporated in the
thesis. The scope of this thesis is limited to the study of the mechanical resonating
metamaterials. Electromagnetic metamaterials and other kinds of mechanical
metamaterials, such as phononic crystals, in which Bragg’s scattering [17] is the
essence of generating the band phenomena, are not considered within the scope of the
thesis.
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1.1

Definition of the problem and significance

Metamaterials are a special type of designed composites, having some unconventional
behaviours and responses which are not commonly encountered in natural materials.
Frequency dependent mass, Young’s modulus, and Poisson’s ratio are those key
features, exhibited due to the presence of a series of resonators inside the metamaterial,
which are responsible for the unusual out of phase response of metamaterials; whereas,
natural materials react in the same phase as the excitation. By reason of these properties,
metamaterials have been effectively used for cloaking, wave guides and vibration
absorption in the field of optics, electromagnetics, acoustics and elasto-dynamics.
Specifically, mechanical metamaterials have a comprehensive range of applications in
acoustic, vibration and seismic engineering; however, one of the key limitations is that
their effectiveness is limited to a relatively narrow frequency band as they are generally
based on the linear resonance mechanisms.
The main aims of the present study are to widen the attenuation band of a mechanical
metamaterial by introducing either nonlinearity or resonance distribution. Computation
of the attenuation bandwidth from the transmittance of waves through the impacting
nonlinear non-smooth system and the polynomial type highly nonlinear systems in
frequency domain is one of the major goals. The identification of different forms of
nonlinear responses of those forms of highly nonlinear systems is also another objective
of the project. The experimental validation of the proposed nonlinear system also lies
within the scope of the project.
The outcome of this project will contribute significantly to develop the model of novel
nonlinear metamaterials as well as to apply it for improving the acoustic privacy of
buildings where lightweight construction materials are used. In the future, this novel
metamaterial can be used for seismic or tsunami cloaking, vibration and shock
absorbing, increasing the resilience of the built environment and other potential
applications.

1.2

Objective

The goal is to create a much wider band mechanical metamaterial, as a metamaterial is
composed from building blocks that generally derive their unique effects from locally
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resonant behaviour. This entails the development of a suitable nonlinear resonant
mechanism for the building blocks and their integration into a system that synthesizes
the desired global behaviour from the individual units. Its intended application is the
attenuation of sound and vibration transmission. The research aims at the demonstration
of wideband transmission loss through simulation and experiment, which requires the
design and fabrication of a lab scale nonlinear metamaterial and the development of the
analytical methodology needed to underpin its design.
The main objectives of the proposed research can be categorised as follows:

1.2.1

Objective 1: Aperiodic linear resonating metamaterial

Resonating metamaterial generates attenuation band at the natural frequency of the
resonating units. Distribution of resonance frequency throughout a specific range of
frequency domain may increase the attenuation bandwidth of the metamaterial.
Exploration of that possibility through the analytical simulations is one of the research
objective.

1.2.2

Objective 2: Nonlinear resonating mechanical
metamaterial unit

The main shortcoming of the linear metamaterial is that, its bandwidth is very narrow
due to the dependency on the linear resonance. Nonlinear oscillations generally have
wider bandwidth compared to the linear one, because of the presence of sub and super
harmonic motion, which have a potential to act as a wideband nonlinear resonating
metamaterial. A thorough analytical study on the different forms of nonlinear system
needs to be performed to find out the system which has the widest bandwidth. The
experimental validation of the analytical result also should be conducted to achieve the
objective.

1.2.3

Objective 3: Wideband nonlinear resonating
metamaterial

Using the nonlinear metamaterial units, designed within the scope of the section 1.2.2,
a full metamaterial system need to be designed and analysed to assess its performance.
A thorough FEM analysis will be conducted on that metamaterial to check its acoustic
performance in the conjunction with the double leaf wall. The detailed designing of the
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material and specifically its connections will be thoroughly designed in this phase of
the research.

1.2.4

Objective 4: Experimental validation of the theory

Finally based on the design of the metamaterial, as discussed in section 1.2.3, a smallscale metamaterial system will be fabricated which can be attached with the double leaf
wall. Finally, an impedance tube test and elasto-dynamic shaker test will be performed
to validate our novel nonlinear resonating metamaterial with the reality.

1.3

Outline of the thesis

This thesis explores the different ways to widen the attenuation bandwidth of resonating
metamaterial and the experimental validation of these theory also incorporated along
with. The general structure of the thesis includes a literature review on the waves in
periodic medium, followed by experimental and theoretical investigation on graded
linear metamaterials and strongly nonlinear polynomial and discontinuous
metamaterials.
Chapter-2 provides a thorough critical review on the wave propagation through the
periodic medium because the conventional linear metamaterial is one of the special
class of the periodic medium. This review not only condensed the most relevant
research in this field but also illustrates the gap in current state of the art. It provides a
history on how the concept of metamaterial develops. Every medium has a specific
band structure which represents wave of which frequency wave can propagate and
which cannot. In this review, the associated band structures of several periodic medium
are discussed. Band structures of all the different types of 1D resonating metamaterial
are critically assessed.
Chapter-3 presents the concept of the frequency graded metamaterial. By varying the
resonating frequencies of the internal units, a wideband metamaterial can be
constructed. In this chapter, a backward substation based methodology is presented to
compute the transmittance thorough the graded metamaterial chain. All the
combinations from variation of the inner and outer mass and stiffness are considered
keeping the total mass of the system same.
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Chapter-4 is dedicated to the development of the nonlinear solver. The speciality of this
solver is that it can solve weak and strong polynomial nonlinear systems of equation
and stop automatically when steady state is reached. Validation with the existing
models also incorporated in this chapter. Optimum level of nonlinearity for the
maximum bandwidth is computed for the polynomial nonlinear system.
In Chapter-5, wave propagation through a nonlinear metamaterial is investigated.
Parametric analysis has been performed to perceive the effect of the different
parameters, such as, mass ratio, structural frequency ratio and nonlinearity, on the
transmittance spectra for successive monochromatic excitations. A random vibration
simulation is also incorporated in this chapter.
Chapter-6 devotes on the experimental verification and implementation of the nonlinear
metamaterial theory developed in Chapter-5. 3D printed initially curved beams are
printed and dynamically tested to understand its wideband attenuation performance
coupled with the vibration shaker.
Chapter-7 discusses about the impacting metamaterial. A semi analytical solver is
developed to compute the response spectrum of the impacting metamaterial single unit
and chain for over the full frequency domain. Using statistical methods effective mass
of nonlinear impacting metamaterial is proposed. In this chapter, zero effective mass
metamaterial has been obtained.
Chapter 8 provides the experimental validation of the impacting system developed in
Chapter 7 and shows that it can be effectively used for low frequency wideband acoustic
noise insulation.
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Chapter 2 Literature Review

Wave propagation through a structured medium has attracted the attention of
researchers for centuries due to its relevance to problems in condensed matter physics,
chemistry, optics, phononics, composite, acoustics and mechanics. Wave containing
certain band of frequencies can propagate, known as transmission band and certain
attenuated, known as attenuation band. This band structure for a continuum and its
equivalent lumped spring mass model are not identical, although continuum medium is
modelled as a chain of discrete periodic structures because the continuous and discrete
depend on the scale. These band characteristics are dependent on the properties of the
units, thus the effects of the different parameters, such as damping, stiffness and mass
ratios, nonlinearity, on the bandwidth are compared with each other in this review. To
cloak, modulate, guide, filter out or attenuate unwanted frequencies from the
propagating waves, metamaterials have been widely investigated as a special form of
the periodic structures from the past two decades. The main aim of this review is to
compare the bandwidth for one-dimensional periodic structures. Waves through two
and three-dimensional periodic mediums are not considered in the review because the
key band characteristics of the periodic system can be perceived in one dimension. The
methods for computing the wave transmission are evaluated in the non-dimensional
domain and the band characteristics of different one-dimensional periodic structures are
critically assessed in this review. This review will help the future researchers to choose
a proper periodic medium for getting a specific band phenomenon.

2.1

Introduction

The class of materials or structures, having a spatial periodicity in its constituent
materials or internal geometries, are termed as a periodic medium [18]. Newton’s
attempt to describe the sound propagation in the air [19] and Rayleigh’s study on
continuous periodic structures [20] can be considered as the historical origin of the
studies on the dynamics and the wave propagation through the periodic structures.
These types of the periodic medium can be perceived in nature in various orders of

8

magnitude, ranging from nanometer to kilometer; thus, the wave propagation through
periodic structures seek the attention of researchers in the field of condensed matter
physics, chemistry, optics, composites, acoustics, phononics, mechanical and civil
engineering. In nanometer range, the periodic arrangement of molecules in a crystal
lattice [21] determines the permeability and permittivity of the medium which controls
the optical characteristics of it [22]. Phonon transfer, which is defined as the quantum
of the vibrational energy in a crystal lattice, is also studied using the concept of waves
in periodic medium to model the heat transfer mechanism in a material [23]. Similarly,
the composite materials are also modelled as a periodic medium [24-27]. The theory of
wave propagation through a periodic medium is equally applicable in several areas of
aerospace, mechanical and civil engineering, such as, stiffening ribs of the aircraft
structures [28-30], multi-blade turbines [31], impact resistant foam [32] or cellular
dissipative materials and metamaterials [33, 34], periodically placed drilled piles [35,
36] or seismic metamaterials [37-39] for seismic surface wave insulation, foundation
of buildings [40], multi-storied buildings and multi-spaned bridges [41]. The literature
on waves in the periodic medium is proliferated drastically due to its versatile
application. In this review, authors have condensed different computational techniques
and their applications for one-dimensional medium. The band structure and the
dispersion relationship, which represents wavenumber as a function of frequency, for
each class of 1D material are compared. The scope of the review is limited to study
wave propagation through an only 1D medium; waves through 2D or 3D medium are
excluded.

Figure 2-1: Various forms of one dimensional periodic structure
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The different forms of a one-dimensional periodic structure are depicted in Figure 2-1.
An undamped or damped continuous homogeneous medium can be idealised as a
periodic spring-mass or a spring-mass-damper discrete monoatomic chain,
respectively. Similarly, a layered medium can be conceptualized as a bi-atomic super
lattice chain. To modulate the propagating waves through a medium, several internal
structures can be impregnated into the material matrix. These internal structures interact
with the propagating waves depending on their sizes and result in various band
structures. Scattering from the internal structures takes place when the sizes of the
internal structures are comparable with the wavelength of the propagating wave;
whereas, the presence of the small structures (dimensions < 1/10th of the wavelength)
can only modify the effective dynamic properties of the medium. These types of the
artificial materials or composites are commonly termed as a metamaterial. The name
“metamaterial” was coined by the pioneers in the field by using the prefix meta, which
can be translated from the Greek as beyond, to imply beyond conventional materials.
Metamaterials are a new class of complex composite materials that have created
considerable excitement because they could be engineered to exhibit any desired
electromagnetic, acoustic or mechanical properties, including negative refraction,
negative bulk modulus or negative mass under certain excitation regime. The physics
of the metamaterials and their interactions with all kinds of waves can be extremely
counter-intuitive, causing strong criticism and debate as well as an explosion of
research.
Based on the mechanics of the system, the elastic metamaterials can be classified as the
linear and nonlinear metamaterial. A linear metamaterial can be subdivided into
negative mass, negative stiffness and dual negative metamaterial. Because of the out of
phase response of the internal structures, a metamaterial shows amazing frequency
dependent properties; however, their bandwidth is limited to a very narrow range due
to the dependency on the linear resonances. To widen the performance bandwidth of
the metamaterial, nonlinearity is introduced into the metamaterial unit. Based on the
configuration of a nonlinear metamaterial, literature on this can be divided into three
main categories, namely, granular chain, nonlinear chain and nonlinear resonating
metamaterial. In the granular chain, rigid grains of various shapes are compressed
together; therefore, the wave propagation through that system encounters the nonlinear
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Hertzian contact effect. In contrast, the interactions between the two successive masses
are modelled with the nonlinear force law in the case of the nonlinear metamaterial
chain. For example, a chain of magnets can be conceptualized as a nonlinear
metamaterial chain. On the other hand, by introducing nonlinear oscillation at the
resonating unit, the nonlinear resonating metamaterial can be created. Mainly three
forms of the nonlinear resonating metamaterial exist in the current literature, namely,
sinusoidal, cubic and impacting as shown in Figure 2-1.
This chapter elucidates how the different computational techniques can be implemented
on the different types of the one-dimensional periodic medium shown in Figure 2-1 for
calculating their band phenomena. The aim of this review chapter is to critically assess
the attenuation and transmission bandwidths of the propagating waves through these
various one-dimensional periodic structures. All the models are non-dimensionalized
as the dimension of different forms of lattice structures may vary from nanometer to
kilometer range. The effect of each component on the band structure can be clearly
perceived from this review, which helps to improve the initial designing, analysis and
optimization. This comparative study among all the periodic structures will help the
future researcher to identify the most appropriate configuration among all the available
models to achieve the certain goal.

2.2

Wave through continuous homogeneous
medium

In this section, the different computational models to calculate the wave transmission
through a one dimensional (1D) homogenous material medium are discussed as a very
basic theory.

2.2.1

Continuum theories

The 1D continuous medium and the variation of stresses at the left and right boundaries
due to propagation of dilatational wave are shown in Figure 2-2.
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Figure 2-2 Dilatational wave propagation through a one dimensional elastic medium

According to the Newton’s law of motion, the equation of the wave transmitting in one
direction only can be written as follows:


 u
x

(2.1)

where  ,  , E and u stand for the longitudinal stress, density and young’s modulus of
the medium, and acceleration. Now, from the linear elastic constitutive law:

  E  E

u
x

(2.2)

Combining Eq. (2.1) and (2.2), the relationship between the displacement and the
mechanical property can be established as:
E

 2u
 2u


x 2
t 2

(2.3)

The solution of the second order differential equation can be assumed as:
u  x, t   A eit  x   A eit  x 

(2.4)

where  stands for the special frequency or the wavenumber and the temporal frequency
is denoted by  . The relationship between these two quantities with the material
properties can be expressed as:


E
c



(2.5)

where c is the velocity of the wave within the medium. Therefore, the relationship with
the displacement and the stress of the nth unit can be related with the A+ and A- is as
follows:
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 u  x    1


  x   iZ

1   A ei x 


iZ   A ei x 

(2.6)

B

where Z is the impedance of the medium which can be represented as Z   c2 . Now
if the thickness of the medium is h, then x R  x L  h .

 u  xR    1


  xR   iZ

i x  h
1   A e  L  


iZ   A e  i  xL  h  
B

 u  xR    1


  xR   iZ

B

(2.7)

0   A ei xL 


e  i h   A e i xL 

1  ei h

iZ   0
D

Now, the relation between the A+ and A- with the displacement and stress of the left
hand side of nth layer can be establish from Eq.(2.6).

 u  xL    1


  xL   iZ

u x 
1   A ei xL   A ei xL 
1   L  
  i xL     i xL   B 


iZ   A e
  xL  
 A e


(2.8)

B

Substituting Eq.(2.8) into (2.7), it can be derived that:

 u  xR  
u x 
1   L  

  BDB 

  xL  
  xR  


T
yR

(2.9)

yL

The transfer matrix, which relates both side’s parameters of a layer having thickness h
[42]:

1
T 
iZ

1  ei h

iZ   0

0  1
 i h  
e  iZ

1

cos  h 
1 



iZ 
  Z sin  h 

1

sin  h  
Z

cos  h  

(2.10)
The dispersion relationship for the continuous medium is estimated according to the
Floquet’s theorem [43], which states that the relationship between the state vector of
the left hand side and the right hand side can be expressed as:

yR  eiqh yL

(2.11)

13

where q is a one dimensional Bloch wave vector. Combining, Eq.(2.9) and (2.11), the
following eigenvalue problem can be derived:

Ty1  eiqh y1  T  eiqh I  y1  0

(2.12)

The dispersion relationship can be established from Eq.(2.12) as:
T  eiqh I  0  2 cos  qh   Tr T   0

(2.13)

 2 cos  qh   2 cos  h   q    2k

The solution of Eq.(2.13) shows q  R that for all the real value of  , which implies
harmonic waves with any frequency or wave number can transmit through the
continuous homogeneous medium. No attenuation bandwidth can be perceived during
the waves through the continuum. The dispersion relationship for the continuous
medium can be written from Eq.(2.5) as:

 

(2.14)

where  is the frequency ratio, represented as    0  , where 02  E  h2 and



stands for the non-dimensional Bloch wave vector    qh  .

2.2.2

Matrix based calculations (discrete monoatomic
chain)

A continuous medium can be conceptualized as a series of discrete spring mass systems
[44, 45]. The distance between consecutive masses can be considered as h, as shown in
Figure 2-3. This discrete model is also equally applicable for modelling the wave
propagation through the periodic crystalline structure.
h

1c1  Z1

……

k

k
m

m

……

k

k
m

k

k

m

m

……

k

……

m
E1 A
m  1hA
k
h
Figure 2-3: Discretization of an elastic continuous medium into equivalent spring-mass model
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The value of each discretised mass and stiffness can be expressed as m  1hA and

k  E1 A h . The wave equation can be realise from the dynamic behaviour of the springmass chain, as shown in Figure 2-3, in the absence of dynamic loads. Therefore, the
equation of motion of the nth mass of the spring-mass system can be written as:

mun  2kun  k  un1  un1   0

(2.15)

where, un denotes the displacement of the nth atom which is at xn distance. In the form
of harmonic plane wave according to the Floquet-Bloch’s [43] theorem, the motion of
the nth atom can be expressed as:
u  xn , t   un  t   uˆn   eit  u     e 

i  xn t 

(2.16)

where,  and  are the temporal frequency and wavenumber, respectively. The
amplitude of the frequency dependent displacement of the nth unit is uˆn   , which can
be expressed as:

uˆn    u     ei xn  u      ei n

(2.17)

where, a non-dimensional wavenumber    h is introduced by considering the
interatomic distance and the spatial period of the system [18]. By substituting Eq.(2.16)
to the Eq.(2.15) we can get:

 2 m  2k  k  ei  ei  u    ei nt   0



(2.18)

The nontrivial solution of Eq.(2.18), u     0 indicates that:

 2 m  2k  k  e i  ei   0
 2 m  2k 1  cos    0 

 2m
k

 2 1  cos  

(2.19)

The dispersion relationship can be computed by dividing both side of Eq.(2.19) by mass
as:

 2  2 1  cos  

(2.20)
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where,



is the frequency ratio, represented as    0  , where 02  k m ;

therefore, the relationship between



and

 , given in Eq.(2.20), represents the

dispersion relationship. The plot of the dispersion relationship helps to comprehend that
wave of which frequency range can transmit through the material. A real mapping exists
between the non-dimensional wavenumber and the frequency ratio for transmittance
frequency band or pass band; otherwise, wavenumber becomes complex for a real
excitation frequency at the attenuation band or stop band.

2.2.3

Comparison between the continuum and discrete
medium

The dispersion relationship for a one dimensional monoatomic chain, as formulated in
Eq.(2.20), is plotted in Figure 2-4. The real mapping exists between  and signifies
that a real wave, having temporal frequency  , can exists in the medium whose spatial
frequency is  .

(a)

(b)

Figure 2-4: (a) The transmission (blue) and attenuation (red) bandwidth for the monoatomic
linear periodic 1D chain (b) Comparison between discrete and continuum medium

Figure 2-4 illustrates the transmission zone by blue in colour and attenuation zone by
red in colour. Transmission of wave is possible when a real valued wave number exists
for a real frequency. Wave, having frequency ratio more than twice of the natural
frequency of the system, cannot propagate through the discrete monoatomic chain.
However, Eq.(2.14) illustrates that in case of the homogeneous continuous medium
wave of every frequency can propagate. This discrepancy arises due to the longwave
length approximation in the discrete medium. For higher frequency excitation
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wavelength of the wave in medium reduces; therefore, the long wavelength
approximation becomes invalid. The transmittance bandwidth for the discretised form
of the continuous medium is restricted to   2 .

2.3

Wave propagation through 1D layered
continuous medium

One dimensional periodic layered medium can be conceptualize as a 1D diatomic chain
[46] as shown in Figure 2-5 (a). In which, after a certain distance two different materials
or medium repeats. Wave propagation through various systems such as, heat transfer
through layered insulator, composite laminates [47], acoustic insulation by double leaf
wall system [48, 49] or multi-layered medium [50-52] , can be modelled as layered
continuous medium.

Figure 2-5: Periodic bi-layered continuum medium which thickness of alternating layers are h1
and h2, respectively. (b) Bi-atomic chain representation of the bi-layered medium

2.3.1

Variational method

Variational method equates the strain energy and the kinetic energy of each element of
the system. Implementing this method to each layer, Sun et al[53] provides the
dispersion relationship for 1D diatomic chain as:

 h1
 h2 Z12  Z 22
h
h
cos  qh   cos
cos

sin 1 sin 2
c1
c2
2Z1Z 2
c1
c2

(2.21)

where, hi, ci, Zi are the thickness, dilatational wave velocity and impedance of the ith
medium respectively and h is the thickness of the combined bilayer medium.

2.3.2

Direct method or transfer matrix method

Transfer matrix method is the most commonly used technique to solve the wave
propagation through a layered medium [50, 54]. The amount of energy transferred from
one side to the other through a single unit of the medium is first estimated in this method
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then it is extended to model the full chain. Transfer matrix establishes relationship
between the two parameters of the two ends of a 1D elastic medium. For example, the
relationship between the displacement and stress of the left side of one unit with its
right side can be established to compute the transfer matrix. Therefore, the
transmittance can easily be computed for each unit and multiplication of these
transmittances of each individual unit yields the total transmittance through the
diatomic medium.
For the nth unit the displacement can be written as:

un  x, t    An ei x  Ane i x  eit

(2.22)

According to the continuum method, as discussed in section 2.2.1, the transfer matrix
for the nth layer can be computed as Tn and from which the transfer matrix for the full
chain of the periodic layered medium can be established as:



 u N  xR  
 N
 u1  xL  

 cos  n hn 

   Tn 
 ; Tn  


 N  xR  
 1
 1  xL  

  Z n sin  n hn 
T
y
y
N

1

sin  n hn  
Zn

cos  n hn  

1

(2.23)
The dispersion relationship can be determined in a similar manner like Eq.(2.13) in the
following manner:
 2

T  eiqh I  0  2 cos  qh   Tr T   0  2 cos  qh   Tr   Tn 
 1

Z Z 
 2 cos  qh   2 cos 1h1  cos  2 h2    1  2  sin 1h1  sin  2 h2 
 Z 2 Z1 

(2.24)
N

where h   hn represents the total thickness of the layered medium.
n 1

2.3.3

Spectral element method

A spectral element is formed by coupling the two successive layers, unlike the previous
two methods where computation is carried out at each layer of the medium. Dispersion
relationship for the layered medium is computed by applying the spectral element
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method by Bin et al [55]. The displacement of the nth unit can be written as Eq.(2.22)
as:
s
s
s 
s 
un   x, t   U n eit   An  ei x  An  ei x  eit

The coefficient of

 A  , A  , A  , A   can
1
n

1
n

2

2

n

(2.25)

be computed after applying the

n

continuity condition for displacement U n   U n  and stress at the interface of the layer1
1

Z12 dU n  Z 22 dU n 
and periodicity condition U n s1  x  h   U n s   x  eiqh at the

1 dx
 2 dx
1

and 2

2

2

end boundary of the unit cell, which leads to:
1


Z2

1 1

1

i  qh 1h1 
 e

2
 Z1 ei qh 1h1 
 1 1

1
 2

Z

1

2

ei 2 h2
 2

Z

2
2

2

1

1
2
2

e

e
i 2 h2

1

2
1

Z

1

i  qh 1h1 

Z12

1

e

i qh 1h1 


  A1 
Z
  n  0 
2
 2   An 2  0 

 
e  i 2 h2   An1  0 

Z 22 i 2h2   An 2  0 
2
e

2
2
2

(2.26)
From Eq. (2.26) the dispersion relationship can be computed as[55]:
Z 
1 Z
cos  qh   cos 1h1  cos  2 h2    1  2  sin 1h1  sin  2 h2  (2.27)
2  Z 2 Z1 

The dispersion relationship derived in Eq. (27) is the same as Eq. (21) and Eq.(2.24).

2.4

Wave propagation through 1D discrete bi-atomic
chain

Similar to the section 2.3, the discretised bi-atomic medium can also be perceived in
the waves through NaCl crystal[44], bi-atomic chain. The layered medium can also be
discretised as biatomic chain. The analysis of the wave motion is based on the
expression of the equation of the motion of three consecutive units of a 1D bi-atomic
chain as shown in Figure 2-5 (b). To make the analysis general, the springs  k1 , k2  are
assumed to have different stiffnesses here; otherwise the discretised model of the bi-
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layered continuum medium has same spring constants k. The spring constant can be
calculated from the rules of mixture as:

k

E1 E2
E1h2  E2 h1

(2.28)

The equation of the motion for the bi-atomic medium with different values of stiffness
can be written as:

  m  k  k  u  k v
  m  k  k  v  k u
2

2

1

2

n

1 n 1

1

1

2

n

2 n

2

 k2vn  0

(2.29)

 k1un 1  0

where, u , v represents the displacements of the main and the auxiliary mass. Eq. (2.29)
can be condensed in matrix form as:

K

n

  2 M  xn  K n 1 xn 1  K n 1 xn 1  0

(2.30)

where, xn  un , vn  is the displacement matrix of the nth degree of freedom of the nth
T

unit cell of the lattice, and K n can be written as:
k  k
Kn   1 2
  k2

k2 
 0
0 k1 
; K n 1  
; K n 1  


k1  k2 
0 0 
 k1

0
0 

(2.31)

Eq.(2.29) can be solved assuming plane wave solution like:

xn    x    ein

(2.32)

which modifies Eq.(2.30) as:
 K n  ei K n 1  ei K n 1   2 M  x    ein  0;
 k1  k2    2 m1

i
 k2  k1e

k2  k1e i

 un  0 
   
 k1  k2    m2  vn  0

(2.33)

2

To determine the dispersion relationship, the determinant of the coefficient matrix of
Eq. (2.33) needs to be zero as:
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 k1  k2    2 m1

k2  k1e i

0

 k1  k2    2 m2
 m1m2 4   k1  k2  m1  m2   2  2k1k2 1  cos    0
k2  k1ei

 1

  4   12  22  1     2  21222 1  cos    0
 

1 

 1  cos    1    12   22   12 22
 


2.4.1

(2.34)

Finite difference method

Finite difference method is one of the popular methods to solve partial differential
equation by discretising it in both space and time. The finite difference method came
from the technique of central difference[56] and can be applicable for periodic medium
composed of multiple states[57]. Yang and Lee [56] found the band structure of a two
layered one dimensional composite material using finite difference method. The partial
differential equation for wave propagation through a medium can be expressed in finite
difference method as:
E

u  x  h   2u  x   u  x  h 
h2

   2u  x 

u  x  h   2u  x   u  x  h   

 2 h 2
E

(2.35)
u  x    u  x 
2

Enforcing the Floquet and Bloch condition on the meshed domain, the computation is
limited to only a single unit and Eq.(2.35) can be reduced to:

 e i  ei   2   2  u    ei  n t   0


  2  2 1  cos  

(2.36)

which yields the is exactly similar dispersion relationship to that of Eq(2.20).
The finite difference discretised form of the partial difference equation for wave
propagation can be written for bi-layer medium as:
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E1u  x  h   2 E2u  x   E1u  x  h     2 2 h 2u  x 
E2u  x   2 E1u  x  h   E2u  x  2h    1 2 h 2u  x  h 
 E1
E1
 2 2 h 2
u
x

h

2
u
x

u
x

h


u  x   22u  x 







E
E
E

2
2
2

2 2
 E2 u  x   2u  x  h   E2 u  x  2h    1 h u  x    2u  x  h 
1
 E1
E1
E1
 E1
E
 2

0


E1
E2

2
E2
E1

2

  u  x  h 
0 

u  x    22



E2   u  x  h   
E1  u  x  2h  

  u  x  


  u  x  h  
2
1

A(1)

(2.37)
Now,

using

Bloch’s

solution,

after

substituting

u  x  h   e  i u  x 

and

u  x  2h   ei u  x  h  in Eq.(2.37), dispersion relationship can be formulated as:
E1 i
E1
 2



2

e
2

  u  x   0 
E2
E2




 
E2
E

 u  x  h 
 0 
12  2  2 ei  

E1
E1 


2.4.2

(2.38)

Finite element method

The finite element method (FEM) can also be applicable for modelling the wave
propagation as a classical approach to solve a partial differential equation. Orris and
Petyt [58] shows the existence of band structures in phononic crystals employing FEM.
Farzbod and Leamy [59, 60] formulated the applied force to the boundary of each unit
cell using a novel form of finite element technique. The equation of a single unit cell of
a linear undamped system can be written as:

 2 Mq  Kq  0

(2.39)

where, M and K stands for the mass and the stiffness matrix of the system and q is the
nodal degrees of freedom and  is the excitation frequency. As the system is periodic
in nature; therefore, periodic boundary condition can be applied to the single
representative unit of the chain.
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Figure 2-6: a) single repetitive unit, b) condensed form

As the unit cell should be isolated from its neighbour; thus the condensed mass matrix
and stiffness matrix of the cell can be expressed as:

M  T T MT ; K  T T KT

(2.40)

where, M and K denote the mass and stiffness matrix of the isolated unit cell and M
and K stand for the mass and stiffness matrix of the unit cell after condensation. T is
the linear transfer matrix to relate the reduction of the degree of freedom. The transfer
matrix for the spring-mass chain can be written as:
 u1(i )   1

 
 u2(i )    0
i
u

 1(i 1)  e

0
 u1(i ) 
1  

u2(i ) 

0 

(2.41)

T

The mass matrices of repetitive unit of Figure 2-6 a) and condensed unit of Figure 2-6
b) can be written as:
 m1
 2
1 0 e  
M 

0 1 0  

TT

 i

m2


  1 0
  0 1    m1
 
  i
m1  e
0  
2
T


m2 

(2.42)

M

Similarly, the stiffness matrices of the same are:
 k1
1 0 e  i  
K 
  k1
0 1 0  

T

k1
k1  k2
k2

T

 1
k2   0
k2  ei

K

0
 k k
1    1 2 i
k  k e
0  1 2

k1  k2 e i 

k1  k2 

T

(2.43)
Therefore, the eigenvalue solution of Eq.(2.39) yields the dispersion relationship which
can be expressed as:
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1 

 2 M  K  0  2  2 cos   1    12   22   12 22
 

where i  

(2.44)

mi
. From Eq.(2.44), the dispersion relationship for the diatomic medium
ki

where k1  k2  k can be derived as:

2  2cos   2 12  22   1222

(2.45)

The dispersion relationship of the monoatomic chain of Eq. (2.20) can be derived from
Eq. (2.45) by replacing 1   2   .

2.4.3

Comparison of the bandwidth in bi-atomic chain

The dispersion relationship for the bi-atomic chain with varying stiffness and mass
ratio, as formulated in Eq.(2.44), is plotted in Figure 2-7. The stiffness between the two
consecutive masses are same in the discretised bi-atomic model of a continuous bilayered medium although variation of the stiffness can be perceived in discrete biatomic chain.

(a)

(b)

Figure 2-7: The dispersion relationship plot for bi-atomic chain having (a) constant mass ratio

  1 and varying  s , (b) constant frequency ratio  2  1 and varying 

Figure 2-7 shows that the band-structure of a bi-atomic chain having   2  1 is
analogous with that of the monoatomic structures. For constant mass ratio, an
attenuation band exists between acoustic and optical frequency range. For the reference,
the first and second transmittance band is commonly termed as acoustic and optical
frequency range. The attenuation band shifts towards the lower frequency side with
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increasing s . The lower bound of the optical frequency range shifts lower side when

 2  1 ; whereas, the upper limit of the acoustical frequency remain constant. In
contrary, lower end of the optical frequency remains constant, but the higher end of the
acoustical frequency range reduces with the increasing  2 specifically when  2  1 . For

 2  1 , the attenuation bandwidth between the acoustic and optical frequency range
increases with the variation of the mass ratio, the attenuation bandwidth for  is
analogous with 1  .
To compute the band structures of 2D or 3D metamaterial, multiple scattering and plane
wave expansion methods are widely used, but these methods are rarely adopted for 1D
metamaterials; thus, we have excluded the discussion of these two methods from this
review.

2.5

Wave propagation through 1D periodic
resonating metamaterial structure

In the recent decades, the wave propagation through 1D resonating meta-structures
attracted the attention of the researcher due to its unique behaviours. Because of the
internal resonance, the dynamic properties of the medium are changed and become
frequency dependent [61]. Elastic or acoustic wave propagation through a medium
depends on the impedance of the medium  Z 0  , which is the product of the mass density

   and the P-wave  v  or S-wave  vs  velocity of the medium, which depends on the
p

Young’s modulus  E  and Poisson’s ratio   of the medium. Therefore, the frequency
dependent material property changes the impedance of the medium which reflects the
incident waves back [13, 62, 63]. Due to the out of phase response of the resonating
unit near the resonance frequency, negative properties can be obtained.

2.5.1

Different types of metamaterial

As we can achieve any desired engineering property in metamaterial; therefore,
metamaterials can be categorized based on their unusual engineering properties. Mainly
four different classes of negative material properties are artificially conceptualized or
designed [64], which are mass, stiffness or bulk modulus, both the mass and stiffness
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[65, 66] and Poisson’s ratio. Former three are generally termed as resonating
metamaterial; whereas, the latter known as auxetic material. Negative Poisson’s ratio
[67-72] is generally achieved by foam like material [70, 73], Luffa sponge and auxetic
materials [74-82].

Negative effective density or mass metamaterial
According to Newton’s laws of motion, inertia or mass of a system is the measure of
the force required to produce unit acceleration. In case of the mass-in-mass resonating
metamaterial chain, the response of the internal mass is much larger compared to that
of the external mass. The response is in out of phase at a certain frequency band higher
than the resonating frequency of the internal structure; therefore, the total momentum
of the unit becomes out of phase with the excitation. This phenomenon can be described
by assigning negative mass to the equivalent SDOF system and that is why, this type of
metamaterial is known as negative mass metamaterial. Negative mass metamaterial can
be realized as silicone coated steel balls in the epoxy matrix. These silicon coats provide
the stiffness and the steel balls acts as the mass of the spring mass resonating unit. The
out of phase vibration of the internal steel balls near the resonating frequency turned
the total momentum of the system frequency dependent [13, 62, 63, 83-98]; therefore,
the incident wave encounters frequency dependent medium. A medium having
impregnated silicone rubber coated steel balls are depicted in Figure 2-8 (a).
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Figure 2-8: a) Schematic diagram of silicone coated steel balls in epoxy resin matrix as a
negative mass metamaterial, b) Mathematical idealization of the metamaterial
(mass-in-mass lattice),

The equation of motion of the ith unit of the mass-in-mass metamaterial chain is:

mr
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mmui  km  2ui  ui 1  ui 1   kr  ui  vi   0

(2.46)

mr vi  kr  vi  ui   0

Negative Young modulus or stiffness metamaterial
Helmholtz resonator is commonly used to attenuate the sound transmission and can be
realized as a negative stiffness metamaterial as shown in Figure 2-9 (a). The lateral
vibration of the water or liquid film in the cavity creates the variation of the volume in
the tube. The liquid film confined cavity has its natural frequency, henceforth the bulk
modulus and consequently the longitudinal stiffness becomes frequency dependent as
it is unidirectional. Theoretical formulation of the negative stiffness metamaterial [99104] is carried out to widen the attenuation bandwidth. The mathematical model of the
negative stiffness metamaterial is shown in Figure 2-9 (b).
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Figure 2-9: (a) Helmholtz resonator, (b) Mathematical representation of the negative stiffness
metamaterial where mass M and stiffness K represents mass and stiffness of the air inside
tube and m and k stand for the mass of liquid film and stiffness of the air in cavity

The equation of motion of the ith unit of the negative stiffness metamaterial chain is:



mmui  km  2ui  ui 1  ui 1   kr v2i 1  v1i 1





 Dh  k  v    v    Dh  0
1i

2i

mr v2(i )  k v2i   v1i   0

(2.47)
where,

v1 i   

the

displacement

of

the

frame

h
 ui 1  ui  according to [100].
2D


is

v1 . For small displacement
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Dual negative metamaterial
Implementing the concept of the negative mass and the negative stiffness metamaterial
simultaneously, the dual negative metamaterial [85, 105, 106] can be theoretically
conceptualized. Both the negative mass and negative stiffness metamaterial result in a
single attenuation band between the first and second transmission band, but due to the
contribution of negative mass and stiffness another transmission band can be perceived
inside of either of the transmission bands.

2.5.2

Effective continuum medium

Generally, the sizes of the internal resonators of a resonating metamaterial are orders
of magnitude smaller than their wavelengths; thus, the geometry of the internal structure
has minimal effect on the propagating wave. Neglecting the scattering effect and the
wave structure interaction, which is known as long wavelength approximation, the
resonating metamaterials can be analysed as an effective medium. An illustration of the
effective medium concept is depicted in Figure 2-10. Each mass-in-mass block can be
modelled as a lumped effective mass and effective stiffness, which helps to make the
mass-in-mass chain to a simple periodic monoatomic chain as shown in Figure 2-10.
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Figure 2-10: Discretized mathematical model of the effective medium

This effective mass and stiffness are frequency dependent as the vibration of the massin-mass system is frequency dependent. This effective mass can be computed from the
momentum balance. The equation of motion of the resonating mass can be written as
[17, 62, 86-88, 90, 94, 107]:

mr ur  kr ur  kr um
ur 

kr
1
um 
u
2
 kr  mr  1 r2  m

The momentum of the building block is:

(2.48)
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If the effective mass of the system is assumed to be Meff, then from momentum balance
we can write:
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M eff
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(2.50)

The effective density of the continuum medium is:

 eff 

M eff

(2.51)

h

Eq.(2.50) shows that negative effective mass generates in the range of 1  r  1   .
The effective Young’s modulus for negative Young’s modulus metamaterial can be
calculated from the force balance as [100]:
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(2.52)
where the effective spring coefficient of the effective unit is:

K eff 

Eeff

o2
 km  k
h
1  o2
2

Eq.(2.52) yields that negative stiffness zone occurs at

be represented in


 1   s2 2 

 r 

1
1   s2 2

(2.53)

 o  1 which can


.


Dispersion relationship
The discretised model of the metamaterial medium, as depicted in Figure 2-10, is
analogous to the monoatomic chain shown in Figure 2-3. The dispersion equation for
negative mass, stiffness and dual negative metamaterial can be computed from
Eq.(2.19). The dispersion relationship for negative mass metamaterial is:
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Similarly, the dispersion relationship for negative stiffness metamaterial can be
computed as:
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In case of the simultaneous negative metamaterial, the dispersion relationship is:
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2.5.3

(2.56)

1

Periodic boundary condition for 1D mass-in-mass
metamaterial

Periodic boundary condition can be applied to an isolated unit cell of the 1D mass-inmass metamaterial. As the unit cell should be isolated from its neighbour; thus the
condensed mass matrix and stiffness matrix of the cell can be expressed as:

M  T T MT ; K  T T KT

(2.57)

where M and K denote the mass and stiffness matrix of the isolated unit cell and M
and K stand for the mass and stiffness matrix of the unit cell after condensation. T is
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the linear transfer matrix to relate the reduction of the degree of freedom. The transfer
matrix for mass-in-mass chain can be written as:
 um ( i )   1

 
 ur ( i )    0
i
u

 m (i 1)  e

0
um ( i ) 
1  

ur(i ) 

0 

(2.58)

T

The mass matrices of original unit and condensed unit can be written as:

 mm 2
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(2.59)

Similarly, the stiffness matrices of the original unit and condensed unit are:

 km  kr
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(2.60)
Therefore, the eigenvalue solution of Eq.(2.39) yields the dispersion relationship which
can be expressed as:
 M  K
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2
r

2 2
r s

(2.61)

Eq.(2.61) shows that dispersion relationship generated by periodic boundary condition
is exactly similar to the Eq.(2.54).

2.5.4

Bandwidth from transmittance

Applying long wavelength approximation, the transmittance can be computed for
negative mass metamaterial [62] as:
T

N

T
n 1

n

,T 

Xn

X0

, Tn 

Xn

X n 1



km

km  2  Tn 1   M eff  2

(2.62)

Banerjee et al [108, 109] proposed another way to compute the transmittance by
expressing the amplitude of displacement of different units as:
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is computed by assuming X n to be unity. The method is

more general and can be applicable for aperiodic metamaterial chain as well. From
transmittance method cut off frequencies are first considered and then the attenuation
bandwidth is computed from that.

2.5.5

Comparison of various metamaterials

The dispersion relationships for three different types of resonating metamaterials, as
discussed in section2.5, are plotted in Figure 2-11 to Figure 2-14.
(b)

(a)

Figure 2-11: The dispersion relationships for negative mass metamaterial (a) for constant
mass ratio

  1 but varying s

(b) for constant

 s  1 but varying 

Figure 2-11 illustrates that an attenuation band exists between the acoustic and optical
transmission bands for negative mass metamaterial. The starting cut off frequency for
the optical band is r  1   which is independent of  s . The lower end of the
attenuation band increases and the width of the optical band reduces with increasing  s
. The lower end of the attenuation band increases and the optical bandwidth reduces
slightly with  . Banerjee et al [109] provides an analytical expression to estimate the
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exact location of these two cut off frequencies. It can be concluded that to achieve wider
attenuation band, both  , s need to be increased.
(a)



(b)



(c)



(d)



r

r

Figure 2-12: The dispersion relationships for

    1 and   10 (in which 0   r ) (a)

  1 but varying  s (b) for  s  1 but varying  , for (c)
dual negative metamaterial for   1 but varying  s (d) for  s  1 but varying  .
negative stiffness metamaterial for

(a)


(b)



(c)


(d)



r

r

  10,   1 and   1 for (a) negative stiffness
metamaterial for   1 but varying  s (b) for  s  1 but varying  , for (c) dual negative
metamaterial for   1 but varying  s (d) for  s  1 but varying  .
Figure 2-13: The dispersion relationships for

33

Figure 2-12 to 19 (a) and (b) illustrates that the higher end of the attenuation band is
remained constant to o  1  r    for negative stiffness metamaterial, but the
lower end of the attenuation band increases with  s and
bandwidth increases with

 . The second transmission

 but decreases with  s .

The existence of an additional transmission band can be perceived between the acoustic
and optical band in case of dual negative metamaterial. The simultaneous negativity of
the stiffness and mass turns the velocity of wave propagation through the medium real,
which is the main reason behind this extra transmission band.
Figure 2-12 represents the case in which the natural frequency of the negative stiffness
unit is more compared to the negative mass components 0   r . Figure 2-12 (c) shows
that for  s  0.5 
exists

due

1    r 

to


 1   ; therefore, an additional transmission band
 1   s2 2 
the

positive

effective

mass

and

stiffness

between


. In the contrary, for higher values of  s  1 , the
 1  s2 2 

additional band exists due to the simultaneous negative mass and stiffness between



 r  1   as
 1   . In case of  0   r , the
2 2
 1  s  
 1   s2 2 
additional transmission band always exists between





  r  1 because of the

positive value of the effective mass and stiffness as illustrated in Figure 2-13 (c) and
(d).
The additional transmission band can be omitted by setting 0   r , as shown in Figure
2-14 (c) and (d). Lower end of the optical band is remained constant to r  1   for
negative mass and dual negative metamaterial and to  r  1 for negative stiffness
metamaterials with varying  s . The length of the optical band is maximum for negative
stiffness metamaterial and minimum dual negative metamaterial and decreases with
increasing  s .
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(b)

(a)





(d)

(c)





r
Figure 2-14: The dispersion relationships for

r

    1 and   1 for (a) negative stiffness

  1 but varying  s (b) for  s  1 but varying  , (c) dual negative
metamaterial for   1 but varying  s (d) for  s  1 but varying  .
metamaterial for

For constant  s , the lengths of the optical frequency range remain constant and shift
toward the higher frequency side with increasing  for negative mass and dual negative
metamaterial although the optical bandwidth for dual negative metamaterial is less
compared to the equivalent negative mass metamaterial. In case of the negative stiffness
metamaterial for constant  s , attenuation bandwidth increases with

.

To eliminate the intermediate transmission band, the stiffness and mass coefficients of
dual negative metamaterial need to be designed properly.

2.5.6

Effective properties and bandgaps

When a wave propagates through the metamaterial then its effective mass and stiffness
affect the wave propagation. The effective mass and the effective stiffness of the
metamaterials in the  r domain is plotted in Figure 2-15 and Figure 2-16, respectively.
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Figure 2-15: Variation of the effective mass ratio for negative mass metamaterial

Figure 2-15 (a) shows that the negative effective mass region exists between

1  r  1   , which is analogous to the higher part of the 1st attenuation band[85];
whereas, in the lower part of the 1st attenuation band where  r  1 , the effective mass
is very high. The amplitude of the effective mass is high near  r  1 because resonance
occurs at the internal unit of the metamaterial at this frequency and as the vibration of
the internal structure becomes out of phase, the overall effective mass becomes
negative.

(a)

(b)

Figure 2-16: Variation of the effective stiffness (a) for constant mass ratio but varying
structural frequency ratio, (b) for constant structural frequency ratio but varying mass ratio

On the other hand, the negative stiffness exists in the region of  0  1 and the effective
stiffness suddenly increases after crossing  0  1 and then exponentially drops.
The negative values of the effective mass or stiffness makes the natural frequency of
the system imaginary therefore, the left hand side of Eq.(2.20) become less than zero
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and waves cannot transmit through it. Some literature communicates that attenuation
band generates only at the region of the negative effective properties, but in the reality
when the left hand side of Eq.(2.20) becomes more than 2 then also the wave cannot
propagate through the medium. For the negative mass metamaterial, this property
generates when the ratio between the excitation frequencies are more than √2 times of
the natural frequency of the medium calculated from the effective mass and the stiffness
of the medium. Therefore, as the higher effective mass reduces the natural frequency
of the medium, the attenuation band can be perceived in that high effective mass region
also. On the other hand, negative stiffness resists the waves but higher stiffness helps
the waves to propagate because it increases the natural frequency of the system.
Therefore, the second transmission band or optical band initiates from  0  1 in case of
the negative stiffness metamaterial.

2.5.7

Effect on the number of units on the bandgap

Numbers of unit have no effect on the attenuation bandwidth, even for single unit also
shows the similar band pattern[110]. Banerjee et al.[108] explicitly elucidate that the
transmittance at the attenuation band reduces and at the transmission band increases
with the number of units.

2.5.8

Transfer matrix from condensation for continuous
metamaterial

Transfer matrix method mostly used for modelling the continuous medium.
Implementing the basic condensation technique of structural dynamics, the dynamic
stiffness (D0) of these types of metamaterials can be formulated [111]. The equation of
motion of any kind of the resonators impregnated metamaterial unit can be written as:

 mm
0


0  q0   km  kr
 
M rr   qr   K rm

K mr  q0   F0 
  
K rr   qr   Fr 

1
F0    2 mm  km  K mr  K rr   2 M rr  K rm  q0



M rr  diag  mr1 mr 2

D0

mr 3

(2.64)

mrn  , Fr  zeros (n,1)

This method is applicable to the multi degree freedom resonators as well. The example
of this type of metamaterial is given in section 2.6.1.
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Transfer matrix can be formulated as [111]:


cos  n hn 
T  
  Z n sin  n hn 

1

 D
sin  n hn    0 sin  n hn  0 
Zn
Z

 n
cos  n hn    D0 cos  n hn  0 

(2.65)

The dispersion relationship can be computed by substituting Eq.(2.65) into Eq.(2.13)
as:

2 cos  qh   2 cos  h  

2.6
2.6.1

D0
sin  h 
Z

(2.66)

Special types of linear metamaterials: towards
wider bandwidth
Multiple resonating metamaterial

As the attenuation bandwidth exists near the resonating frequency of the impregnated
resonator; therefore, researchers inserted multiple resonators of different configurations
to achieve wideband insulation. Different types of multi-resonator arrangement can be
perceived in the existing literature, namely, parallel resonators [14, 112], series
resonators [111, 113], internal resonators [114, 115], continuous beam [116, 117] or
multi-frequency attachments[118].
Structurally the stiffness matrix components of the resonating units are changed with
the configurations. For the internal resonator stiffness matrix components are:
T
kr  k1 , krm  kmr
  k1 0 0

 k1  k2
 k
2

krr  




0 ,

k2
k 2  k3

 k3

 k3
kn 1  kn
 kn






kn 
kn 

(2.67)

For parallel resonators, the stiffness matrix components are:
n

T
kr   ki , krm  kmr
  k1 k2
i 1

 k3

kn  , krr  diag (krm ) (2.68)
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Figure 2-17: Three different types of multiple resonating periodic metamaterial unit (b) parallel
resonators attached to the unit, (c) internal resonator units, (d) series of masses attached to
the single unit

For series resonators, the stiffness matrix components are:
T
kr  k1  kn 1 , krm  kmr
   k1 0 0

 k1  k2
 k
2
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k 2  k3

 k3

 k3
kn 1  kn
kn

 kn 1  ,
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(2.69)

In case of the continuous beam or multi-frequency attachment, various vibrational
modes exist in the resonating structure. Each mode has its own modal mass and stiffness
and can be idealized as an equivalent single degree of freedom system. The stiffness
matrix components  kr , kmr , krr  can be computed following the parallel resonators
formulation as given in Eq.(2.68).

2.6.2

Piezoelectric coupled metamaterial

Coupling of piezoelectric material at the resonating unit changes the anti-resonating
frequency of the metamaterial chain and considerably affects the band property of a
linear mass-in-mass metamaterial [119]. The closed loop and open loop condition
changes the stiffness significantly which changes the bandwidth.

2.6.3

Aperiodic or graded metamaterial

The bandwidth of a linear periodic metamaterial is independent of the number of
repetitive units and restricted in a narrow band of frequency. To eliminate the limitation
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of the narrow attenuation band, graded or aperiodic structures, Ho et al [120] first
experimentally demonstrated that wide attenuation bandwidth can be obtained by
stacking three units with distributed resonances. After that, for wideband
electromagnetic microwave insulation in 2-4 GHz range[121], for low frequency
acoustic waves insulation in 50-500 Hz [14, 112, 122] and high frequency acoustic
waves insulation in 900-1500 Hz [123] and for seismic waves shielding of 1 to 10 Hz
[37, 124], frequency graded metamaterial has been successfully experimented.
Banerjee et al[109] presented a comprehensive analysis on the graded metamaterial and
concluded that graded arrangement of the resonating units can increase the attenuation
band theoretically upto infinity by attenuating the second transmission band, which is
impossible in case of periodic arrangement. The first transmission band also shortened
due to the graded arrangement. Variation in the number of units for more than ten unit
has negligible effect on the band structures; however, a significant variation can be
perceived in the band structure for less than ten units of graded metamaterial.

2.7

Wave propagation through damped 1D medium

Damping in dynamic systems is unavoidable; therefore, consideration of damping
improves the predictability of the mathematical model which can be estimated from the
experiment [125]. Rayleigh damping, modal damping and viscous damping are three
most popular types of damping. Damping dissipates the vibrational energy continuously
into other forms; therefore, to achieve the stronger attenuation compared to some
undamped medium, viscous dampers are often used. In this section, the effect of
damping in three different one dimensional medium, namely continuous, layered and
mass-in-mass metamaterial is reviewed. Hussein et al [18] subdivided the research on
the damped material into two main categories; such as, dispersion solution for harmonic
motion and free wave propagation. The key distinction between these two classes lies
in whether the frequency is restricted to real values (harmonic) or allowed to be
complex (free).
Harmonic wave propagation through damped medium is modelled using complex
stiffness [29, 30], inertial damping [126] by linear eigenvalue; whereas, quadratic
eigenvalue problem is also adopted [127-129]. Finite difference time domain [130],
plane wave expansion [131] and wave finite element method [132] are used to compute
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the harmonic wave propagation through periodic damped medium. Linear eigenvalue
problem considers only the mass and stiffness matrix of the system and the effect of
damping is considered; whereas, the main advantage of the quadratic eigenvalue
problem is that damping is incorporated within it. Linear eigenvalue can be solved as:

 M  K  y  0   M  K
2

2

0

(2.70)

whereas, quadratic eigenvalue is formulated as [133]:

  M  C  K  y  0   M  C  K
2

2

0

(2.71)

where M, C, K are mass, damping and stiffness matrix, respectively and y is the mode
shape. Linearization of Eq.(2.71) yields:

M
Lc    z  0  Lc      
0

0  C

I    I

K
 y 
;
z

 y
0 
 

(2.72)

which is the most common way to solve the quadratic eigenvalue. ‘polyeig’ command
of MATLAB yields quadratic eigenvalue and eigenvector.
On the other hand, free wave propagation through damped periodic medium is solved
using plane wave expansion [134-136], finite difference time domain [137, 138],
Bloch’s theorem [139, 140].

2.7.1

Damped bi-atomic chain and mass-in-mass
metamaterial chain

Wave propagation through damped 1D mono or bi-atomic chain is studied using
transfer matrix method [141-143] and modal damping method [144]. Hussein and
Frazier [144] discussed the effect of Rayleigh damping and general damping on the
band structure. On the other hand, effect of metadamping is reported by Hussein and
Frazier [145] after comparing wave propagation through the damped bi-atomic chain
and the damped mass-in-mass metamaterial chain.
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Figure 2-18: (a) damped bi-atomic chain and (b) single unit of a bi-atomic chain
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The equation of motion of jth unit of the bi-atomic chain can be written as:

m1u1j   c1  c2  u1j  c2u2j  c1u2j 1   k1  k2  u1j  k2u2j  k1u2j 1  0
m2u2j   c1  c2  u2j  c2u1j  c2u1j 1   k1  k2  u2j  k2u1j  k1u1j 1  0

(2.73)

And the same for the mass-in-mass metamaterial chain can be expressed as:

m1u1j   2c1  c2  u1j  c1u1j 1  c1u1j 1  c2u2j   2k1  k2  u1j  k1u2j 1  k1u1j 1  k2u2j  0
m2u2j  c2u2j  c2u1j  k2u2j  k2u1j  0
(2.74)

To get the dispersion relationship on the free wave propagation through those damped
bi-atomic medium, the generalized Bloch’s theorem, in which the frequency can be
complex, is used in the following forms [18]:
uj  n  x,  ; t   Uˆ  et  U ei x  n   U ei x  n t

(2.75)

Putting Eq. (2.75) into Eq.(2.73), the following eigenvalue problem can be formulated
for bi-atomic chain:

  2 m1    c1  c2   k1  k2   c1e  i  c2    k1e  i  k2   U  0 

 1   
   c1ei  c2    k1ei  k2   2 m2    c1  c2   k1  k 2  U 2  0 




(2.76)
and putting Eq.(2.75) into Eq.(2.74) for mass-in-mass metamaterial chain is:

 2 mm    2cm (1  cos  )  cr    2km (1  cos  )  kr 
 cr  kr  U1  0 

    
2
 cr  kr
 mr   cr  kr  U 2  0



(2.77)
The dispersion relationship for the damped bi-atomic chain and mass-in-mass
metamaterial can be computed by equating the determinant of  = 0, which is [145]:
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(2.78)
where, the parameters for bi-atomic chain of Eq.(2.78) can be written as:
a  2 1   2  1   , b  1    12   22   4 212 1  cos  
c  212 2  1 1  cos   , d  21222 1  cos  

(2.79)
and the parameters for mass-in-mass metamaterial of Eq.(2.79) can be expressed as:

a  r  2 1     4 1  cos    s  , b  r2 1     2 1  4 2 s  1  cos    s2 
c  4r3 1   s 1  cos    s2 , d  2r4 1  cos    s2
(2.80)
The computed  is the complex frequency of the system and essentially a complex
number having real and imaginary part as:

s   s    s     id    ; s  1, 2

(2.81)

s

The imaginary part denotes the damped frequency of the medium; whereas, the spatial
frequency

proportional

damping

ratio

can

be

estimated

as

 s      Re s     s    .
On the contrary, implementing the periodic boundary condition in Eq.(2.73), mass,
stiffness and damping matrix could be formulated as:
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for a bi-atomic metamaterial chain. For the damped mass-in-mass 1D metamaterial
system the mass, stiffness and damping matrix can be written as:
m
M  1


 2c 1  cos    c2

;C   1

m2 
c2


c2 
 2k1 1  cos    k2
;K  
c2 
k2


k2 

k2 

(2.83)
The dispersion relationship can be solved by solving Eq.(2.71) using M, K and C matrix
from Eq.(2.82).

2.7.2

Effect of Rayleigh damping for bi-atomic chain

In case of Rayleigh damping, damping matrix can be expressed as the linearly
proportional with the stiffness and mass matrix as:
C  pM  qK

(2.84)

where p and q are the constants of proportionality. Hussein and Frazier [144] shows
that three phenomena, namely velocity reversal, branch overtaking and branch cut-off
can be perceived in the band structures due to damping.
(a)

(b)

Figure 2-19: Dispersion relationship and the damping ratio for (a) stiffness proportional
damping p=0, and (b) mass proportional damping q=0 (data source ref. [144] )

Figure 2-19(a) illustrates that due to the variation of the stiffness proportional Rayleigh
damping the 1st transmission band reduced but the 2nd transmission band remains
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unaffected. In the contrary, due to the variation of mass proportional damping both the
transmission bands, optical and acoustic, are affected. Optical transmission band is
shifted to the lower frequency side. For high structural proportional damping, velocity
of the wave reversed for higher wave number, therefore, acoustic transmission bands
bend for higher wave number and attenuation occurs. However, for lower wave
numbers the similar phenomenon can be observed for increment of mass proportional
damping.

2.7.3

Effect of modal damping in mass-in-mass
metamaterial unit

The effect of the damping on the band structure of a mass-in-mass metamaterial is
illustrated in Figure 2-20.

 0

rd
  0.6


Figure 2-20: Variation of band structure of mass-in-mass metamaterial due to damping

The 1st transmission band of the mass-in-mass metamaterial chain is much less affected
due to damping; however, the 2nd transmission band structure changes drastically with
the modal damping. Figure 2-20 illustrates that for   0.4 , the 1st and 2nd transmission
band overlaps each other and eliminates the second transmission band. Medium level
of damping shortens the 2nd transmission band and the attenuation band between the
two transmission bands. Damping helps to attenuate the high frequency vibration wave
compared to low frequency, thus effect on the 2nd transmission band is more prominent
than the 1st one.
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2.8

Nonlinearity in the monoatomic chain

Wave transmission through weakly nonlinear monoatomic chain is analytically solved
using perturbation technique [146, 147], harmonic balance, multiple scales [148],
asymptotic method [149-151], and Volterra series [152]. The nonlinear monoatomic
chain is shown in Figure 2-21 where several chain units are considered featuring a
sequence of masses connected by nonlinear cubic spring.
h
m

m

k

m

m

m

k

k

k

Figure 2-21: Nonlinear monoatomic chain

The equation of motion for nonlinear monoatomic chain can be written as [146]:

mu j  k  2u j  u j 1  u j 1      u j  u j 1      u j  u j 1   0
3

3

(2.85)

where,  is a small book keeping parameter. According to the asymptotic method,
Eq.(2.85) is divided into two parts containing coefficients of  0 and  1 . The dispersion
relationship is formulated as [146]:

  2 1  cos    

3 A1(0)

 cos 2  4 cos   3
   2 
4 2 1  cos  
2

(2.86)

where, A1  is the amplitude of the wave and  is the non-dimensional parameter to
0

represent the nonlinearity coefficient. On the other hand, Chakraborty and Mallik [150]
provided the dispersion relationship for a nonlinear monoatomic chain with both end
fixed as:

3
4

 2  2 1  cos      A1 0

2

 2  2cos  

2

(2.87)

Both the equations, Eq.(2.86) and (2.87), show that the bandwidth is amplitude
dependent.
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2.8.1

Band phenomena in nonlinear monoatomic chain

In Figure 2-22, the dispersion relationship for waves in nonlinear discrete monoatomic
chain is plotted from Eq. (2.86) and (2.87).
(a)

(b)

(c)

Figure 2-22: The dispersion relationship for linear and nonlinear monoatomic chain for
Narisetti et al [146] and Chakraborty and Mallik [150] for amplitude =0.1. Variation of the
dispersion relationship for varying amplitude excitation of monoatomic chain based on formula
given by (b) Narisetti et al and (c) Chakraborty and Mallik

The dispersion relationship for the nonlinear mono-atomic chain, as shown in Figure
2-22, illustrates that transmission zone extends for weak cubic nonlinearity. The
relationship given by Narisetti et al [146] and Chakraborty and Mallik [150] are quite
similar. The increment of the amplitude of excitation increases the transmission
bandwidth. The transmission bandwidth is computed by the formula of Narisetti et al
[146] is larger than that of Chakraborty and Mallik [150].

2.9

Waves through the granular chain

Compressional wave propagation through a granular chain attracts attention of
researchers from last decades due to its versatile applicability on the shock wave
attenuation. Interaction between successive grains in a granular chain always arises
nonlinearity because it behaves like a nonlinear spring of power 3/2 during compression
but separated in tension. Based on the amplitude of the waves and the pre-compression
forces between the grains the wave transfer phenomena can be classified as weakly and
strongly nonlinear.

2.9.1

Weakly nonlinear

Low amplitude wave propagation through the strongly pre-compressed granular chains
behaves like a weakly nonlinear monoatomic chain as discussed in section 2.8, first
modelled by Fermi-Pasta-Ulma, and using KdV by Nasterenko [153]. Nesterenko [154]
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proposed the equation of motion for the compressional wave propagation through a
granular chain should follow:
ui  A  0  ui 1  ui  2   0  ui 1  ui  2 


1
4
A  E  2a  2 3 1  2  m  ; m   R 3 0
3
3

3

(2.88)

where, E,  , m and a are the Young’s modulus, Poisson’s ratio, mass and radius of the
grains and  0 initial closest approach of the particle centers. Strongly pre-compression
implies that ui 1  ui   0 , therefore Eq.(2.88) can be anharmonically approximated
as:
ui  3 A 0 2  ui 1  2ui  ui 1   3 A 0
2
8

1

1

2

 ui 1  2ui  ui 1  ui 1  ui 1 

(2.89)
Using long wavelength approximation, Eq. (2.89) can be written in the form of
nonlinear wave equation as:

utt  c02u xx 

c02 R 2
c2 R
u xxxx  0 u xu xx
3
0

(2.90)

Implementing KdV formulation, Eq.(2.90) can be further reduced to:

t  c0 x 
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cR
 xxx  0  x  0
6
2 0

(2.91)

Where   u x is strain. The soliton solution of Eq.(2.90) yields:

   0     m sech 2  x  Vt  L
1



 4 R  2
R
V  c0 1 
 m  , L   0 
 6 0

  m 

(2.92)

Where V is the soliton phase velocity and L is the characteristics width. On the other
hand, instead of formulating the KdV equations dispersion relationship can be directly
obtained from Eq.(2.90) by ref.[155] as:


 2  c02 2 1 


R2 2 
 
3


(2.93)
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Eq.(2.93) yields that no real value of frequency will not exists for the negative value of
the right-hand term. Therefore, for real wave propagation   3

R

.

For two identical elastic sphere of radius a, Coste et al. [156] concluded that cut off
frequency  f c  and velocity of the compressional wave

 cs  for

low amplitude

excitation in the pre-compressed granular chain are:

fc 

3
4 3 2 a

0.971
43

0 E
0 E
3
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c

0.971
s


1  2
1  2
2  a1 3
(2.94)

2.9.2

Strongly nonlinear

When the amplitude of the propagating waves is higher than the force due to precompression between the grains then strong nonlinear effects can be perceived [153].
In that case, the anharmonic approximation of Eq. (2.88) does not hold good as

ui 1  ui   0 . Nesterenko [157] formulated the approximated wave equation for
strongly nonlinear case by considering higher orders terms in the series expansion as:
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xx

From the solution of Eq.(2.95) long wave sound speed related to the initial strain can
be calculated as:

c0 

In the uncompressed chain

 0  0 

3 14 2
2E
c0 ; c 
2
 1   2 

(2.96)

the speed of the sound wave is zero. This

phenomena is defined as sonic vacuum [157, 158]. The solitary wave speed in terms of
normalized strain can be expressed as:
2
m
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(2.97)

And for high amplitude excitation the velocity of the wave in the granular chain medium
can be computed as:
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where Fm is the magnitude of the wave and F0 is the static force, g(.) is an implicit
function. They have concluded that even without the presence of static force, the pulse
was able to travel around ten times more than their length [156, 159].

2.9.3

Fragmentation in granular chain

Hinch and Jean [160] explains the fragmentation phenomenon of successive grains of
a strongly nonlinear granular chain having no initial compression. The equation of
motion can be written as:
xn  0   0, x1  0   1, xn  0   0 for n  2
mxn  k  xn 1  xn   k  xn  xn 1 




(2.99)

where   1,3 2 for linear and Hertzian contact law, respectively. Solving Eq.(2.99) by
fourth order Runga-Kutta method, for 7 and 25 numbers of particles in granular chains,
Hinch and Jean[160] illustrates that first 5 and 20 particles rebounded with more than
1% of the impact velocity and the remaining particles flyout in the direction of the
wave. Therefore, the granular chain fragmented and the contacts between the successive
particles lost. Using asymptotic method, Chatterjee[161] also illustrates that first half
of the elastic spheres of the full granular chain has negative instantaneous velocity
which may fragmented. Newton’s cradle is a classic practical demonstration of this
fragmentation concept.

2.9.4

Various types of contact geometry

The wave propagation velocity depends on the contact stiffness which is a function of
the contact geometry; therefore various other shapes are experimentally tested and
analytically evaluated. For example, elastic sphere [160-165], teflon beads [166],
cylindrical woodpiles [34, 167], mixture of cylinder and sphere [168], twisted cylinder
[169, 170]. This variation of the contacting object changes the area of contact and
consequently the contact stiffness. Cylindrical woodpiles are flexible and has different
modal vibration as well; therefore, the contact stiffness is reduced significantly which
slows down the propagating wave. Granular medium comprise with two different types
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of particle can reduce the amplitude of force in the particle by 40% [171, 172]. Finite
element modelling are employed to compute the velocity of solitary waves through
granular chains of different materials of varying Young’s modulus and density in ref.
[173]. Experimental investigation on the harmonic wave propagation through a periodic
granular chain is carried out in ref. [174, 175] and they identified a strongly nonlinear
intermediate state between the pass band and the stop band frequencies.
Bonanomi et al [176] and Liu et al [177] studied the wave propagation through granular
chain with local resonators. The main advantage of this configuration is that granular
chain has certain cut off frequency and resonating units results attenuation band gap
between two transmission bands. A proper tunning of these two features enable the
metamaterial to act as a wideband metamaterial.

2.10 Nonlinear resonating metamaterial
The attenuation band of a linear resonating metamaterial is restricted to a narrow
bandwidth due to the dependency of linear resonance; thus, the possibility of nonlinear
resonance as a valid solution towards wideband resonating metamaterial investigated
by many researchers in current decades. The literature in wave transmission through
nonlinear mechanical metamaterials is extremely limited compared to linear
metamaterial, but the research is proliferated to enhance the performance bandwidth of
the metamaterial. The literature on the nonlinear resonating metamaterial can be
divided into three major categories based on the nature of nonlinearity.

2.10.1

Sinusodial resonating metamaterials

In this class of metamaterial, the resorting force in the equation of motion of the
resonating unit is sinusoidal of the angular rotation. Vibration of pendulum generally
gives sinusoidal type vibration. Wave transmission through nonlinear oscillating chain
having attached pendulum in the oscillating unit can be perceived as the system shown
in Figure 2-23 [178-182].
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Figure 2-23: waves through nonlinear one dimensional pendulum chain

Georgiou [183] expressed the free vibration equation of motion for the sinusoidal
nonlinear chain as:
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(2.100)

From Eq. Georgiou [183] formulated the dispersion relationship by invariant slow
manifold method after calculating the kinetic energy and potential energy as follows:
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Cubic Duffing type nonlinear resonating metamaterial

Among all the different types of polynomial nonlinearity, Duffing type cubic nonlinear
systems are the most common and widely available. Stable Duffing type cubic
nonlinear systems are of two types, namely, monostable and bistable types. In case of
monostable type oscillation, a single potential well exists; whereas, the system
bifurcates between two stable positions in case of bistable type vibration.
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Khajehtourian and Hussein [184] developed the dispersion relationship for continuous
nonlinear elastic metamaterial as:



2  3 A1(0)   A1(0) 





2

2



(2.102)

Lazarov et al [185] considered the duffing type cubic nonlinear resonators of
monostable types attached with the main vibrating mass as shown in Figure 2-24.
Harmonic balanced method is employed to solve the equation of motion. The key steps
of the method are demonstrated in Figure 2-24 as a flow chart. Lazarov et al [185]
provided the dispersion relationship for weakly cubic nonlinear mass-in-mass one
dimensional chain, which can be represented in non-dimensional coordinate as:
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Figure 2-24: Solution of weakly cubic nonlinear resonating metamaterial chain

For the undamped case, the dispersion relationship of Eq.(2.103) can be rewritten as:
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On the other hand, Banerjee et al [186] computed the transmittance spectrum for the
cubic nonlinear mono-stable or bistable type system applying consecutively
monochromatic excitation on one end of the metamaterial. Different types of responses,
including periodic, sub and super-harmonic and chaotic are classified in that paper.

2.10.3

Impacting resonating metamaterial

The impacting event at the inner unit of metamaterial can also attenuate the vibration
of transmission through the metamaterial chain. Impacting oscillator is studied in [187].
Banerjee et al [188, 189] proposed an impact oscillator based metamaterial unit and
elucidated that the transmission peaks can be attenuated due to the impact within each
constitutive units; therefore, the attenuation bandwidth can be extended for a wide range
of frequencies. The conversion of the energy from lower to higher frequency is another
interesting feature of the impacting metamaterial unit, which can be inferred from the
proposed periodicity coefficient [189].

2.10.4

Comparison on nonlinear metamaterials

Figure 2-25: The dispersion relationship for linear and nonlinear resonating continuum
medium

Figure 2-25 depicts a comparison between the dispersion relationships for continuum
medium as given in Eq.(2.14) with its discretised form, given in Eq.(2.20) and the
nonlinear resonating continuum medium, as formulated in Eq. (2.102) by Khajehtourian
and Hussein [184]. The velocity of the wave propagation through the nonlinear
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continuum resonating metamaterial increase with the increment of the amplitude of
wave.

Figure 2-26: The dispersion relationship for linear and nonlinear resonating metamaterial
chain by Lazarov et al

Figure 2-26 depicts that the attenuation band shifts towards the higher frequency side
and its attenuation bandwidth increases with the amplitude of excitation because the
natural frequency of a weakly monostable oscillator shifts to the higher frequency side
with the increasing amplitude.

2.11 Concluding remarks
A comprehensive literature survey on the wave propagation through various one
dimensional periodic continuous and discrete medium is presented in this review. All
the different classes of one-dimensional periodic structures are categorized based on
their constitutional forms and geometries and their performance during dilatational
wave propagation. The main conclusions regarding the waves through various onedimensional metamaterials are as follows:


Discretisation of the continuous medium into a spring-mass model limits the
frequency of the propagating waves to the twice of the natural frequency of the
chain. Due to the reduction of the wave length for higher frequencies, long
wavelength approximation does not hold good for discrete medium.
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Bilayer medium creates an attenuation band due to the impedance mismatch and
the bandwidth grows up with the increment of the frequency difference between
the two layers.



A negative mass or stiffness or dual metamaterial shows band phenomena due
to the vibration of the resonating mass, and attenuation bandwidth elongates
with the increasing mass ratio. Attenuation band perceived at the region of the
negative properties as well as at the frequency ranges where the excitation
frequency is more than √2 times of the natural frequency of the effective
medium. Negative mass occurred for the excitation frequencies more than the
natural frequency of the internal resonating unit due to its out of phase motion;
whereas, negative stiffness region created for the excitations having lower
frequencies compared to its natural frequency. In case of the dual negative
metamaterial another attenuation band can be perceived due to the dual negative
property which results a real velocity.



Distribution of the resonating frequencies of a metamaterial throughout a certain
frequency range helps to widen the attenuation bandwidth. Improper
distribution may deteriorate the attenuation bandwidth.



Damped medium elongates the attenuation bandwidth by dissipating more
energy due to damping. Velocity reversal, branch overtaking and branch cut-off
can be perceived for highly damped medium. Acoustic transmission band is not
much affected due to high damping but optical band sometime disappeared due
to high damping.



Nonlinearity in the monoatomic chain increases with the transmission zone;
whereas, weakly Duffing type cubic nonlinearity at the resonating unit of a
mass-in-mass metamaterial elongates the attenuation bandwidth and shifts
towards the higher frequency side.
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Chapter 3 Graded Linear Metamaterial

A one-dimensional chain of coupled spring-mass oscillators is suitable for modelling
several physical systems arising from various scientific areas, such as condensed matter
physics, optics, chemistry, acoustics and mechanics. The metamaterials [17, 18] are a
special kind of artificial composite, designed to exhibit exotic behaviours, such as
negative effective mass [13, 62, 63, 83-94, 117, 190, 191], negative Poisson’s ratio [6772] and negative stiffness [85], in a certain range of frequencies due to the out of phase
responses of the multiple resonating units inside it. In fact, the presence of the resonating
mass inside each unit of a metamaterial changes the effective dynamic mass of the full
system. As the mass of a system has a considerable effect on the wave propagation, the
transmission of a wave through the metamaterial becomes frequency dependent. Each
block of metamaterial exerts frequency dependent impedance to the medium and
confines energy from the transmitted wave at the resonating frequency range, which
actually controls the wave propagation through the metamaterial [62, 85, 86]. As the
amount of the kinetic energy is directly proportional to the mass, a greater transmission
loss can be achieved by increasing either the resonating mass or the number of units.
However, the attenuation bandwidth is mostly independent of the number of units in the
metamaterial chain, although the transmissibility decreases with the number of units in
the chain [108, 192]. The attenuation band of these linear uniformly periodic resonating
metamaterials is limited to a very narrow bandwidth near the resonating frequency of
the internal unit. For many applications, such as acoustic sound insulation,
electromagnetic and mechanical wave shielding, a wide band resonating metamaterial
is more appealing than conventional linear narrow band metamaterials. By tuning the
properties of these metamaterials, one can shorten the transmission band between the
first and second attenuation band significantly, but entire elimination of the transmission
band is impossible[193]. Therefore, parametrically the graded arrangements of
resonating units are investigated here to determine whether its distribution of resonances
may remove this transmission band and broaden the attenuation band.

57

In this context, Ho et al [120] first experimentally demonstrated that wide attenuation
bandwidth can be obtained by stacking three units with distributed resonances. After
that, for wideband electromagnetic microwave insulation in 2-4 GHz range[121], for
low frequency acoustic waves insulation in 50-500 Hz [14, 112, 122] and for seismic
waves shielding of 1 to 10 Hz [37, 124], frequency graded metamaterial has been
successfully experimented. However, the effect of the number of units and the
coefficient of gradation on the widening of the attenuation bands have not been
addressed in the existing state of the art.
In most of the existing literature, the attenuation bandwidth of the metamaterial was
computed from the Bloch wave technique [193-196], by assuming the infinitely long
uniformly periodic chain although real metamaterials are finite in dimensions. To
compute the transmittance through finite dimensioned layered material [197, 198] or
super lattices[199], which can be modelled as biatomic chain, mostly transfer matrix
methods have been used. The use of transfer function method in the context of mass-inmass resonating metamaterial [184, 200], and Helmholtz resonator [201] is
comparatively new. In this chapter, a backward substitution based methodology is
presented to compute the transmittance spectrum and attenuation bandwidth for any
arrangement of internal and external structures. This method is not dependent on the
periodicity of the metamaterial units, thus it can be applicable for uniformly periodic as
well as the aperiodic or graded metamaterial structure, similar to that of transfer matrix
method (TMM).
In this chapter, widening of the attenuation bandwidth is achieved by the graded
frequency distribution of the resonating blocks. Four different types of linearly graded
metamaterials, namely, graded inner mass, inner stiffness, outer mass and outer
stiffness, are investigated keeping the total mass of the system constant. Parametric
analysis is performed on these systems for varying number of units to explicitly check
the effect of the number of graded units on the different components of the transmission
spectrum.
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3.1

Conventional approach to compute the
attenuation bandwidth

Metamaterials can be conceptually visualized as a chain of the mass-in-mass resonating
unit as shown in Figure 3-1.

Figure 3-1 (a) Schematic diagram of a uniformly periodic metamaterial, in which circles
(dotted white) represents rigid spheres coated with soft material in a matrix of elastic material
(grey), (b) mathematical representation of the metamaterial as mass-in-mass chain, and (c)
effective mass idealization of the mass-in-mass lattice structure

The equation of motion of the resonating mass of the ith block of the system can be
expressed as follows[17]:
mvi  t   k  vi  t   ui  t    0
 Vi 

1
  
1  2 
  
2

Ui 

1
U
1 r2  i

i  1: n

(3.1)

where vi , ui are the displacements of the inner  m  and outer  M  mass respectively,

Vi , U i are the amplitudes corresponding to those displacements,  is the forcing
frequency,  

k
stands for the natural frequency of the resonator, the ratio of the
m

excitation frequency to the resonating frequency is r   and the stiffness of the inner

and outer springs are k and K , respectively.
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Applying the momentum balance, the frequency dependent effective mass meff of a
single unit can be computed as [17, 62, 86-88, 90, 94, 107]:

 
 1 
mM
 1
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 r

2
 1  r
2

(3.2)

where  is the ratio of inner to outer mass.
Hence, the equation of motion of the ith effective unit of full chain can be written as:

meff ui  K  ui  ui 1   K  ui  ui 1   0

(3.3)

As the system is periodic in nature, from the Bloch wave technique the displacement of
the nth unit can be assumed as[43]:
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(3.4)

where U is the amplitude of the wave,  is the temporal frequency of the wave, and q
is the Bloch’s wave number.
Therefore, by substituting Eq.(3.4) into Eq.(3.3), we can derived as:

meff  2U  2 KU  KeiqaU  Ke  iqaU  0


1  r2   2 2
r  s  1  cos  qa 
2 1  r2 

where structural frequency ratio  s   and




K
M

(3.5)

is the natural frequency of the

external spring mass system.
Eq.(3.5) provides the dispersion relationship based on the Bloch wave technique for an
infinitely long repeating mass-in-mass lattice, in which the excitation frequency ratio is

r and the non-dimensional wavenumber is qa . In certain excitation frequency range,
only exponentially decaying solutions exists and that frequency range are known as the
attenuation band.
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The limits of the wave transmission zone can be mathematically computed from
Eq.(3.5) as follows. The limits of the frequency ratio r  and structural frequency ratio

s  are:
0  1  cos  qa   2  0 

1   r2   2 2
r s  2
2 1   r2 

(3.6)

The inequality formulated in Eq. (3.6) can be further simplified to calculate the exact
ranges of the wave propagation.
The first part of the inequality of Eq. (3.6) is satisfied in 0  r2  1 and r2  1  
(detailed solution is summarised in Table 1). The second inequality of Eq. (3.6) can be
simplified for two cases of r2  1 and r2  1 :
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(3.7)
By factorizing, Eq.(3.7) (a) and (b) can be further simplified to:
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where, f1 , f3 are the two roots of Eq. (3.7) (a) and (b), which can be computed as:
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Since, always   0 because:
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The variation of f1 , f 3 are plotted in  ,s  plane as shown in Figure 3-2, which shows
that f1 is always less than 1 but f 3 is always greater than 1.
Table 1: Summary of the solutions of inequalities
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Figure 3-2: Values of limiting frequencies (

r

, as a function of mass ratio

f1

and

f3

) in nondimensional frequency domain

  and structural frequency ratio s  .

The inequality solutions are summarized in Table 1 shows that Eq. (3.6) yields the four
limiting values of the nondimensional frequency  r that define the two transmission
bands where a real wave can propagate through the metamaterial medium and the
attenuation bands where a real wave cannot propagate. These two bands are:
Transmission

Attenuation

0   f

f12   r2  f 22

f 22   r2  f 32

f 32   r2  

2
r

2
1

(3.11)

The first attenuation band is divided into a low (LA1) and a high (HA1) sub-band. HA1

1  r

 f 2  exhibits negative effective mass, whilst the effective mass in LA1

 f1  r

 1 remains positive although its value increases significantly over the rest

mass. Analysis has shown that large positive effective mass can even create a bandgap
such as LA1 which is termed as Bragg gap [202, 203], and it has been hypothesized that
this effect is generated by strong spatial oscillation of the wave field [203]. This Bragg
gap is different from the well-known half-wavelength Bragg scattering gap where the
wavelength and the periodicity of the internal structures are of the same order of
magnitude. In resonating metamaterials, the internal structures are usually designed as
multiple orders of magnitude smaller than the wavelength. The second transmission
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band (T2), which ranges from f 2   r  f 3 , lies between the first and second
attenuation band.
To infinitely extend the higher part of the first attenuation band, f3 should be equal to

1   , which is only possible for  s   ; thus it is practically impossible to
eliminate the second transmission band for a uniformly periodic metamaterial or massin-mass super lattice. To overcome this limitation of uniformly periodic arrangements,
a graded arrangement is considered next.

3.2

Mathematical models of aperiodic or graded
metamaterial

Instead of the same repetitive units, the resonating mass (m) or stiffness (k) or external
mass (M) or stiffness (K) are varied from unit to unit, as shown in Figure 3-3.

3.2.1

Backward substitution based methodology

The equation of motion for the resonating mass of ith unit is same as Eq. (1) with a small
variation that  r should be  ri 


, where suffix i stands for the ith unit.
i

The equation of motion for the outer mass of ith  i  2 : n  1 unit is:
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Substituting Eq.(3.1) into Eq.(3.12) yields:
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For nth block the equation of motion is:
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Bn

The transmittance through the mass-in-mass material chain can be computed as:
  dB   20 log  U n U 


1



(3.15)

As the transmittance in Eq.(3.15) is the ratio of the displacement amplitude of the nth
block to the first block; hence the proposed scheme can start by choosing an arbitrary
value of U n . Then the displacement amplitude of (n-1)th block U n 1  can be computed
in terms of U n by solving Eq.(3.14). Backward solution of Eq.(3.13) leads finally to U 1
in terms of U n . Thus, the transmittance can easily be calculated for that system which
is independent of the arbitrarily assigned value of U n .

3.3

Graded metamaterial

To investigate the effect of the gradation of internal masses or stiffness, or external
masses or stiffness on the attenuation bandwidth, a linear gradation is applied to each
of these parameters:

n 1
2
xi  x 1   i     xi  x i ,  
, 
2
n 1
i

(3.16)
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where x stands for m for inner mass, k for inner stiffness, M for outer mass, K for outer
stiffness,  is the common difference and i represents ith unit. x denotes average of x.
Total chain mass and stiffness is kept constant for each case and is the same as that of
the uniformly periodic system used for comparison.
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The governing parameters of Eq.(3.13) and (3.14) are tabulated in Table 2.
Table 2: Governing parameters of Eq.(3.13) and (3.14) for various graded
metamaterial
Parameter

Internal mass

Internal
stiffness

External mass

External
stiffness

Mass or
stiffness of ith
unit

mi  m  i

ki  k i

M i  M i

Ki  K  i

 r2
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Eqs.(3.13) and (3.14) can be rewritten for different types of graded metamaterial using
the relationships tabulated in Table 2.
For graded internal mass metamaterial:
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For graded internal stiffness metamaterial:
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For graded external mass metamaterial:
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For graded external stiffness metamaterial:
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3.4

Results and discussions

3.4.1

Validation and verification

From the analysis of acoustic wave propagation through a linear resonant mass-in-mass
metamaterial, Zhou et al [113] reported the existence of band-gaps at 0.7654 <  r <
1.414 and  r >1.848. For the system they studied, the values used were
k K  s2  2 .

f1 

The

limiting

2  2 r  0.7654 r , f 2 

frequencies

predicted

by

  1 and

Eq.(3.11)

are

2r  1.414r and f3  2  2r  1.8478r , which

agree with the theoretical results from Zhou et al [113] almost exactly. Also the value
of the non-dimensional effective mass obtained from Eq. (2) is quite similar, which
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becomes very high, but remains positive in f1   r  1 (LA1); however it becomes
negative in 1   r  f 2 (HA1).
From the experimental measurements on a linear resonating mass-in-mass
metamaterial, Yao et al [62] reported that the attenuation band spans from 5.8 to 7.6 Hz
for a mechanical metamaterial with M=101.1 g, m=46.47 g, k=74 N/m, and K=117 N/m.
For this metamaterial, the nondimensional system parameters of the model presented
here are

  0.4596 and  s  1.1729 . Substituting these into Eq.(3.11), the limiting

frequencies for the first attenuation band can be calculated as f1  0.91 r  5.78 Hz
and f 2  1.208 r  7.67 Hz , which are within 1% of the experimental values. This
establishes the accuracy and reliability of the present model.

3.4.2

Effect of the structural frequency ratio on the
attenuation bandwidth

The wavenumber  qa  and the transmittance as a function of the frequency ratio (  r )
as calculated by Eq.(3.5) for a uniformly periodic metamaterial medium are plotted in
Figure 3-4. When a real wave number exists, then there is transmission; otherwise, there
is exponential decaying attenuation. As the non-dimensional frequency ratio r  or
mean of the non-dimensional frequency ratio r  are used to plot the transmittance;
therefore, the bandwidth is also expressed in terms of r or r . If the internal resonator
frequency is 200 Hz, and the lower part of the first attenuation band is 0.5 r , then the
attenuation band starts from 100Hz. All the transmittance based methods defines the
limits of the attenuation band from the negative value region of transmittance spectra
[62, 193].
The lower (LA1) and the higher (HA1) parts of the first attenuation bandwidth, and the
transmission band (T2) between the first and the second attenuation band along with the
three limiting frequencies f1 , f 2 , f 3 are plotted in Figure 3-4 for three different values
of structural frequency ratio s  . According to the transmittance plot in Figure 3-4, the
transmittance in the attenuation band is negative but finite, which signifies that a very
small amplitude vibration exists in the last unit of the chain. For example, the
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transmittance for  s  2 at  r  0.65 , which is inside the first attenuation band, is -150
dB. So the vibration amplitude of the ultimate unit is 10

150

20

 3.16 108 times of the

incident wave amplitude. This is due to the finite number of units and this amplitude
tends to zero with increasing numbers of units.

Figure 3-4: Comparison of the band structures for the uniformly periodic mass-in-mass chain

having   1 ; (a) dispersion diagram for infinitely long uniformly periodic mass-in-mass lattice
using Bloch wave technique, and (b) transmittance spectra for a finite mass-in-mass chain
with 7 units. The attenuation band are shaded for

s  1 .

To maximize the attenuation bandwidth, the metamaterial should have highest possible
LA1 and HA1 and lowest possible T2. Figure 3-4 shows that with an increasing
structural frequency ratio s  , the first and the second attenuation bands of the system
grow wider for a fixed mass ratio   . HA1 remain constant with s , while LA1
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increases but f 3 decreases with increasing  s . Therefore, T2 narrows as  s increases,
although it still exists even at higher values of  s .
Figure 3-5 compares LA1, HA1, and T2 as a function of  s calculated using the
proposed algorithm in section 3 and the conventional Bloch wave technique.

Figure 3-5: Comparison of the bandwidth parameters as a function of

 s ; (a) lower part of

the first attenuation bandwidth (LA1), (b) higher part of the first attenuation bandwidth (HA1),
(c) 2nd transmission bandwidth (T2) calculated by the proposed method and by the Bloch
wave technique for a uniformly periodic system having

  1.

The calculated bandwidth from the proposed method is very close to Bloch’s solution,
although the systems solved by these two methods are similar but not identical. The
internal and external parts of the units in both chains are exactly the same; however, the
system solved using the proposed method contains a finite number of repeating units
(eleven in this case), with a free boundary condition at one end and excitation applied
at other end, similar to Yao et al[62]; whereas, the system of Bloch wave technique is
infinitely long. Figure 3-5 also illustrates that LA1 increases with  s while HA1 remains
constant. T2 decreases and becomes asymptotic to zero, therefore, elimination of that
transmission band is not possible using a uniformly periodic metamaterial chain.

3.4.3

Effect of the common difference ( )

The transmittance for a linearly graded chain of eleven units is computed in the
frequency ratio  r  domain and depicted in Figure 3-6 and Figure 3-7 for various
values of the common difference   . A negative value of means that the mass or
stiffness of the successive units decreases along the direction of wave propagation,
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while a positive value means that they increase. Note that,   

 max where

 max  2  n  1 according to Eq.(3.16), represents the ratio of the variation.

Figure 3-6: Transmittance spectra for graded (a) internal mass, (b) internal stiffness, (c)
external mass, and (d) external stiffness metamaterial having   1 ,  0 and  s

2

Figure 3-6 gives transmittance spectra for negative  and the widths of the bands of
interest (LA1, HA1, and T2), are tabulated in Table 3 for different values of the negative
internal and external mass and stiffness common differences   .
Table 3: Length of the lower part, higher part of the 1st attenuation and transmission
band of various systems (  0 )


0.00
-0.25
-0.50
-0.75

Internal mass
LA1
HA1
0.45
0.41
0.45
0.48
0.45
Inf
0.52
Inf

T2
0.20
0.10
0.00
0.00

Internal stiffness
LA1 HA1 T2
0.45 0.41 0.20
0.46 Inf
0.00
0.46 Inf
0.00
0.58 Inf
0.00

External mass
LA1 HA1
0.45 0.41
0.43 0.41
0.41 0.48
0.39 0.53

T2
0.20
0.15
0.10
0.07

External stiffness
LA1 HA1 T2
0.45 0.41 0.20
0.46 Inf
0.00
0.49 Inf
0.00
0.51 Inf
0.00
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Figure 3-6 and Table 3 illustrate that LA1 and HA1 increase for increasing absolute
values of  at

s  2 . The transmission zone vanishes when   0.25 , in the case of

graded internal and external stiffness, and when   0.50 for graded internal mass,
thus the higher end of the attenuation band extends to infinity. But this infinite
attenuation band cannot be obtained with a graded external mass metamaterial.
The transmittance spectra for an linearly graded metamaterial with positive  and

s  2 are plotted in Figure 3-7 and its bandwidths (LA1, HA1 and T2) are tabulated in
Table 4.

Figure 3-7: Transmittance spectra for graded (a) internal mass, (b) internal stiffness, (c)
external mass, and (d) external stiffness metamaterial having   1 ,  0 and  s

2

Table 4: Length of the lower part, higher part of the 1st attenuation and transmission
band of various systems (  0 )


0.00
0.25
0.50
0.75

Internal mass
LA1 HA1
0.45 0.41
0.46 0.48
0.48 Inf
0.52 Inf

T2
0.20
0.06
0.00
0.00

Internal stiffness
LA1 HA1 T2
0.45 0.41 0.20
0.46 0.53 0.02
0.47 Inf
0.00
0.52 Inf
0.00

External mass
LA1
HA1
0.45
0.41
0.42
0.47
0.41
0.44
0.40
0.44

T2
0.20
0.11
0.11
0.10

External stiffness
LA1
HA1
T2
0.45
0.41
0.20
0.46
0.50
0.05
0.45
0.51
0.02
0.46
0.53
0.01
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Similar trends are evident for   0 and the   0 cases. However, for graded external
stiffness HA1 does not reach infinity because of the presence of very thin transmission
band. In both cases T2 continues to exist for the graded external mass metamaterials
even for higher values of  .
These results clearly indicate that variations in the internal components of the resonant
units provide more bandwidth control than variations in the external components..

3.5

Parametric study of the linearly graded
metamaterials

A comprehensive parametric study was carried out to map how the mean structural
frequency ratio s  , the common difference   and the number of units (n) affect
bandwidth parameters such as LA1, HA1, and T2. The sums of the internal and the
external masses were kept constant because an increment of the resonating mass
generally increases the attenuation bandwidth [108]. To evaluate the effect of n on the
bandwidth, chains having seven, nine and thirty-five units were considered.

3.5.1

Results of parametric study

LA1, HA1 and T2 contours are plotted in the    s coordinate system in Figure 3-8
through Figure 3-10, respectively, to illustrate the band’s dependency on system
parameters.
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Figure 3-8: Contour plots of LA1 in nondimensional frequency domain

r  for different

graded metamaterials. Columns (a) to (c) present results for graded metamaterials having
seven, nine and thirty-five units respectively; whereas rows (I) to (IV) plot the effect of graded
internal mass, internal stiffness, external mass, and external stiffness metamaterial
respectively

In Figure 3-8 LA1 increases with  s for all four cases (I-IV) irrespective of the number
of units. In rows (I), (II), and to a lesser degree in (IV), the LA1 contours form concentric
curves around

 ,s    0, 0 

that become better defined with increasing n. LA1

clearly increases with the  as well as  s , particularly for (I) and (II), and the
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contours can be conceptualized as a depression or basin with center at  ,s    0, 0 
. In Figure 3-8 (IIIa-c) the contours are approximately straight with a slight inclination,
which implies a minimal effect of

 . Physically this signifies that when the resonator

enclosures get heavier then it allows more low frequency waves to transmit, although
the effect is not strong. On the other hand, (IVa) exhibits the opposite inclination.
Figure 3-8 shows that grading can enhance LA1 up to 0.8, bringing the start of the
attenuation band down to
metamaterial having

 r  0.2 .

From Figure 4(a) the equivalent uniformly

  1, s  3 yields LA1 = 0.557. This shows that LA1 can be

extended by over 40% without increasing the mass of the resonators.
Unlike LA1, HA1 is not limited to unity. HA1 remains constant with 1    1 and has
no sensitivity to  s for uniformly metamaterials, as shown in Figure 3-5(b), but HA1 is
no longer constant for graded chains as shown in Figure 3-9. The coloured region
represents the zone of infinitely long attenuation band. Rows (I), (II) and (IV) in Figure
3-9 illustrate this region increases with  s and  for graded internal mass and stiffness,
and external stiffness. Infinite attenuation bandwidth is possible mostly for

 s  1 and

becomes asymptotic with   0 axis. These regions have very steep edges, as the value
of HA1 rapidly goes to infinity, thus a concentration of contour lines can be perceived
near the boundary of the region. As for LA1, HA1 contours also converge to a betterdefined shape with increasing n. The infinite bandwidth region is very small and highly
fragmented for the external mass gradient case, as shown in Figure 3-9 (IIIa-c).
Figure 3-10 illustrates that T2 transmission band shrinks with increasing
absolute value of



 s , with the

having little effect at low  s and n, but increasing in influence with

 s and n. The contour pattern of T2 is like a ridge with crest at s  0 . The coloured
region depicts the T2 = 0 zone, which clearly corresponds to the infinite HA1 region
depicted in Figure 3-9.
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Figure 3-9: Contour plots of HA1 in nondimensional frequency domain

r  . Columns (a) to

(c) present results for graded metamaterials having seven, nine and thirty-five units
respectively; whereas rows (I) to (IV) plot the effect of graded internal mass, internal stiffness,
external mass, and external stiffness metamaterial respectively

76

Figure 3-10: Contour plots of T2 in nondimensional frequency domain

r  . Columns (a) to

(c) present results for graded metamaterials having seven, nine and thirty-five units
respectively; whereas rows (I) to (IV) plot the effect of graded internal mass, internal stiffness,
external mass, and external stiffness metamaterial respectively

3.5.2

Discussion of the parametric study

The growth in attenuation bandwidth for graded 1D resonating metamaterials is clearly
more prominent for larger numbers of units. Each unit has two eigenfrequencies[189]
where the transmittance reaches local maxima and the natural frequency of the internal
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unit  r  , where transmittance drops to its minimum value. Due to the frequency spread
i

introduced by grading the units, these eigenfrequencies may overlap with  ri , which
tends to block transmission. With increasing n the graded frequencies are more closely
spaced which consistently reduces the transmittance over a wide bandwidth. For lower
values of n the frequencies are well separated limiting the attenuation band between the
two successive natural frequencies  ri if one or more eigenfrequencies lie between
them. This is a crucial difference between these graded metamaterials and the
conventional uniformly periodic chain, where the number of units has a negligible
influence on the attenuation bandwidth.
When designing a wideband graded 1D metamaterial the two main objectives should be
to increase LA1 in order for the attenuation band to start at as low a frequency as
possible and increase HA1 so as to extend it to as high a frequency as possible or even
to infinity. Note that in reality, there is an upper limit to HA1 where the long-wavelength
assumption underpinning the lumped mass and stiffness chain model is no longer valid.
Higher LA1 is more easily achieved with a graded inner stiffness, particularly for higher
values of

 s and  . A higher HA1 can be achieved through graded inner mass or

inner or outer stiffness, with the higher values of

 s at higher  . Generally, more

units produce a certain wideband performance for a higher  even in lower

s .

Graded inner mass is generally not as effective as graded stiffness, mostly in terms of
LA1, and graded outer mass has the poorest performance, particularly for HA1.

3.6

Summary

Wide attenuation bandwidth is a key attribute for several important applications and a
desirable property for resonant metamaterials. For uniformly periodic 1D
metamaterials, the second transmission bandwidth (T2) can be reduced but not
eliminated. The lower part of the first attenuation bandwidth (LA1) increases with an
increase in structural frequency ratio s  and mass ratio   , but the higher part (HA1)
remains constant for a constant mass ratio.

78

The potential for improvement in bandwidth in a graded 1D metamaterial is
theoretically investigated in this chapter. From the parametric study on the graded 1D
metamaterials, it can be inferred that a linear variation of the mass or stiffness can
significantly increase the attenuation bandwidth and for specific cases it may
theoretically be extended up to infinity. More specifically, the following characteristics
can be observed:


The number of units has a significant effect on the LA1, HA1 and T2 parameters
up to a certain threshold. It is observed that for chains with more than nine or
ten units the contours of these three parameters showed little change.



T2 can be eliminated by proper tuning of  and  s , and HA1 can then reach up
to infinity, at least in theory. In reality, there is an upper limit of  r or  r where
the long-wavelength assumption underpinning the lumped mass and stiffness
chain model remains no longer valid, but in any case,  s must be more than 1.0.



Graded internal or external stiffness is more effective at widening the attenuation
bandwidth than graded mass, particularly graded external mass. Graded external
mass has a limited impact on LA1 and HA1.

This analysis indicates that frequency graded metamaterials provide an avenue towards
additional controls over band structures. Further research is needed to understand the
effect of other gradient types towards the development of practical designs for wideband
resonant metamaterials.
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Chapter 4 Strong Nonlinearity

4.1

Nonlinear oscillations

Resonating systems are widely used for vibration and sound insulation for machine and
structures, vibrational energy harvesting for structural health monitoring, etc. However,
due to the dependency on the linear resonance mechanism, the effective bandwidth of
the linear resonating unit is narrow. Nonlinearity has the potential to widen the
resonating bandwidth of an oscillator by exploiting features, such as sub- and superharmonic resonances, period multiplications, and chaotic responses. Nonlinearity often
results in non-convexity of the potential energy well and unstable regimes of negative
stiffness that can significantly increase this bandwidth, better matching real-life
excitation spectra. For example, the vibration of a ferromagnetic beam [204-206] or a
beam with a tip magnet [207, 208] in the presence of a magnetic field can result in either
monostable or bistable Duffing type oscillations, depending on the position of the
magnets. Similarly, bistable and monostable oscillations can be found in the case of the
transverse [209-211] and the axial [212-218] vibration of post- and pre-buckled beams
[219], respectively. The transverse vibration of Euler spring systems [220, 221] or
various inclined spring systems [222] can also result in bistable oscillations. The
comparative studies between the bistable and monostable vibrational energy harvesters
[219, 223, 224] concluded that the bistable system has a wider resonating bandwidth
than that of the monostable or linear systems in terms of harvested energy. Recently, a
tri-stable energy harvesting device [208, 225] and a multi-stable bimorph cantilever
beam having a soft magnetic tip [226] have been proposed. In addition to that, the
vibration of buckled thick and thin cylindrical shell structured roof [227] produces
bistable and multistable responses for a concentrated load at the midpoint [228-231].
Snapping through between different stability positions and transition of various shapes
of a cylindrical [227, 232], spherical [233], elliptical [234] and conical shells can also
result in multistability [235]. Functionally graded cylindrical shells can also introduce
nonlinear forced vibration [236]. Multistability can be generated due to the vibration of
folding structures as well [237].
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It was analytically found that the resonating bandwidth of a nonlinear resonator is wider
than that of an equivalent linear oscillator. The performance of the different nonlinear
Duffing type oscillators as a tunned mass damper was compared by Brezski et al [238].
In the contrary, Owens and Mann [239] showed that nonlinearity could have some
detrimental effects on the bandwidth increment in case of energy harvesting. Ferrari et
al. [240, 241] have shown that when the slope of the inner wall of the potential well
becomes steep then the system confines to a single well because it cannot cross the
separatrix energy barrier, which reduces the response significantly [242]. It is
noteworthy that the correlation between the nonlinearity and the potential well was not
established in that study. To address this, a correlation between the potential well and
its resonating bandwidth is established in this work to answer whether an increment of
nonlinearity always implies an increment in resonating bandwidth or not. More
specifically, which shape of the potential well results in maximum resonating bandwidth
and what is the correlation between the resonating bandwidth with various factors, i.e.,
nonlinear coefficient, forcing amplitude, spacing between the two stable nodes and the
energy required to cross the separatrix barrier have not been explicitly addressed in the
existing literature to date.
In order to determine the frequency response of a nonlinear system, several methods
have been developed mainly based on perturbation, approximate and asymptotic
techniques. The harmonic balance (HB) method [243] is the most popular and widely
used technique to determine the frequency response of a nonlinear system [244-249].
For weakly nonlinear system, the HB method [250] is adequate. Among the techniques
that can deal with strong nonlinearity, the alternating frequency/time (AFT) method
[251], Homotopy method [252, 253] and He’s max-min method [254-256] have gained
popularity. All these methods are restricted near the resonating frequency or some
selected sub-harmonics; however, to compare the resonating bandwidths for the
different levels of nonlinearity, a full spectrum of the response is required. Thus, an
algorithm is developed here to obtain the frequency response of the strongly nonlinear
systems throughout the frequency domain of interest.
In this chapter, first, the equations of motion are non-dimensionalized into a single
nonlinearity parameter (κ) for monostable and bistable systems and into two
nonlinearity parameters (  and r ) for multistable systems. Second, the shape of the
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potential wells are plotted as a function of the nonlinearity parameters (κ and r ), and the
resultant effect on the resonating bandwidth is computed. A small modal damping (1%)
is assigned to the system’s equation of motion to reach the steady state solution. Based
on the 4th order Runga-Kutta (RK4) method, a numerical integration scheme is
developed to solve the nonlinear equation of motion and also to identify different classes
of response. The solver can stop the integration after the steady state is reached and
results in the amplitude of the motion. Otherwise, when the motion does not converge
to a steady state upto a specific number of cycles then this motion is treated as a chaotic
motion and the root mean square (rms) of the complete response is computed. The
response due to a harmonic excitation of each applied frequency is computed and the
applied frequency is swept over the full range to plot the amplitude spectrum over a
certain frequency range for each class of oscillator. The displacement and velocity
amplitude spectrum of monostable, bistable and multi-stable systems are compared in
parametric domain to get a wideband resonator. The initial condition is considered as
zero velocity and stable position as the system stays in the lowest potential energy state
at the static condition. Therefore, no variation of initial condition is considered in this
study.

4.2

Methodology

The general equation of motion for the four types of systems considered, namely linear,
monostable, bistable and multistable (polynomial type), can be written as:

Mu  2 Mu  K1u  K3u 3  K5u 5  ...   Mu g sin t
u  2u   2u  r1 2u 3  r2 r1 2u 5  ...  u g sin t

(4.1)

where M is the mass of the system, Ki is the stiffness coefficient corresponding to the ith
power of the displacement (u), is the natural frequency of the system, ξ is the damping
coefficient, ω is the excitation frequency, and u g is the amplitude of excitation
acceleration. By introducing u 

ug

2

x   and   t where x and τ are the

dimensionless parameters for displacement and time, respectively, Eq.(4.1) can be nondimensionalised as:
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x  2 x  x  r1

u g2



4

x  r1r2
3



u g4



8

x5 

  sin  

(4.2)

r

  sin  

x  2 x  x   x 3  r x 5 

where the frequency ratio is     . The corresponding potential energy U(x) and the
restoring force F(x) can be represented as:

F  x    x   x3  r x 5 
1

r 6
U  x    x2  x4 
x 
2
4
6

(4.3)

c

In reality, the oscillator remains at the lowest potential energy state before excitation.
The initial condition is always chosen to be the least potential energy points to compare
all the systems, namely linear, monostable, bistable and multistable, conforming to the
reality, hence no analysis has been carried out by considering the variation of the initial
conditions. Therefore, the initial condition  x, x  is assumed to be (0, 0) for the linear,
monostable and multistable systems; whereas, for bistable systems the initial condition
is (  1  , 0). The coefficients can be adjusted according to Table 5 to obtain a specific
type of system.
Table 5: Parameters to describe the equation of motion for various systems
Coefficient

Monostable
x

Bistable
-x

Multistable
X

 x3

 x3

0
0

0

 x3
r x5 where 4r<κ

Point of stability

Linear
x
0
0
0

c for calculating U(x)

0

0

x
 x3
 r x5

 1

1
4



   2  4r
0,
2r
0

In this chapter, to represent the nonlinearity of the system after incorporating the
amplitude of excitation within it, a nonlinearity parameter   r1

u g2

4

is proposed in

Eq.(4.2), and is the ratio of the nonlinear spring constant to the linear spring constant.
The variation of with respect to the other parameters is plotted in Figure 4-1.
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Figure 4-1: Plot of nondimensional nonlinear spring constant

  with natural frequency (ω)

  for a constant value of ratio of spring coefficient (r =1)

and excitation amplitude u g

1

The nonlinearity parameter increases parabolically with the excitation amplitude, and is
much higher at low natural frequencies (Figure 4-1).

4.2.1

Method of solution

The dynamic responses of the nonlinear systems are very rich and complex. Slight
variation of input excitation frequency may lead the steady state response to a chaotic
state or vice versa. The amplitude of the motion mainly depends on the shape of the
potential well and the excitation frequency. In case of linear forced vibration, the system
is vibrating at the excitation frequency; whereas, existence of other frequencies are also
present in the nonlinear responses. A time domain integration technique, adopting 4th
order Runga-Kutta method, is developed to get the response history of displacement and
velocity of the oscillator to characterize the type of response. This new solver can
automatically stop the integration when the steady state is achieved. After a specified
number of cycles (5000 cycles) if the response does not converge to a steady state then
it is treated as chaotic. The motion repeats after a certain time period (Tp) in case of
periodic steady state response. Periodicity coefficient, which is the ratio of the response
frequency and the excitation frequency, is used in this chapter to identify the period of
the resulting motion. To get a complete frequency response sinusoidal excitations of
varying frequencies are applied and corresponding amplitude is stored. To compare the
bandwidth increment of the two different classes of nonlinear oscillators in each case,
the initial potential energy is set to zero by assuming that the initial condition is at rest
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at a stable node. Thus, the initial condition is assumed to be (0, 0) for the linear,
monostable and multistable system; whereas, for the bistable condition the initial





condition is  1 , 0 . Figure 4-2 illustrates the flow chart of the developed solver.



Figure 4-2: Algorithm for computing the time domain response of various nonlinear systems

The excitation frequency, amplitude, nonlinear equation of motion in state space format
should be provided to the solver in order to get a dynamic time domain solution.
Adopting RK4 method solver solves the system and compute the responses at specific
fixed time interval. Atleast 500 points are considered in a single excitation cycle. For
low frequencies excitation, the time gap is specified at 0.1 s. The main features of the
proposed solver are as follows:
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It can detect when the steady state is achieved by matching the response with
previous cycles. When the response of last 20 cycles are within a specified
tolerance, here the value of tolerance is assumed to be maximum displacement
over 1000, then it is considered as the steady state is achieved.



It can compute the modified frequency and the time period of the system by
similar matching techniques.

For getting the frequency spectrum of different nonlinear systems, all excitation
frequencies within a specific range is applied to the system. A quantity bandwidth index
(BWI), defined as the ratio of the frequencies where nonlinear response is greater than
that of equivalent linear response, is proposed to quantify the response enhancement of
a system due to the nonlinearity.

4.3

Monostable cubic nonlinear system

The potential well and the restoring force profile of the linear and monostable nonlinear
systems with different nonlinearity parameters are plotted in Figure 4-3, based on Table
5.

Figure 4-3: a) Potential energy well and b) restoring force of a linear and a monostable cubic
nonlinear system for various levels of nonlinearity

Figure 4-3 shows the potential well becomes steeper and narrower in width, and the
restoring force shows more steep change with displacement hardening behaviour as the
nonlinearity increases. This signifies that the system encounters more force to oscillate
within the monostable potential well compared to that of an equivalent linear system.
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The displacement and velocity amplitude spectrum of the monostable system, having
varying nonlinear coefficient (κ), are shown in Figure 4-4.

Figure 4-4: a) Displacement (x) and b) velocity

 x  spectrum of the non-dimensional linear

and monostable systems with varying nonlinearity

Figure 4-4a) illustrates that the displacement response at low frequency is less compared
to the equivalent linear system and the starting point of the amplitude spectrum keep
reduced with the increasing nonlinearity. This phenomenon is quite obvious because the
system behaves like a static system at the zero-excitation frequency. The effective
stiffness of the system increases with the increasing nonlinearity, as shown in Figure
4-3; which eventually reduce the amplitude of the displacement response at the lower
excitation frequency. In the contrary, the amplitude spectra of the nonlinear oscillators
follow the linear amplitude spectrum for higher excitation frequencies, which are
greater than the resonating frequency of the nonlinear oscillator. On the other hand, the
velocity spectra of the nonlinear system follow the linear amplitude spectrum in both
the lower and higher frequency region which is depicts in Figure 4-4b). There are some
jumps presents in both displacement and velocity amplitude spectra due to the sub and
super harmonic responses.
From Figure 4-4 it can be noted that the resonance peak shifts to the higher side of the
linear resonating frequency and its amplitude reduces as nonlinearity increases, because
the potential well shrinks (i.e. its width decreases) with increasing nonlinearity. As the
potential well shrinks, the time taken to complete one oscillation (i.e. time period) is
reduced, thus the resonance peak shifts to the higher side of the frequency domain. The
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resonating peak’s frequency of the nonlinear system also increased with the coefficient
of nonlinearity. The resonating peak frequency is plotted with respect to nonlinearity
coefficient in comparison with the approximate expression proposed by Ramlan et al
[257].

Figure 4-5: Comparison of the resonating peak frequency for monostable system between
proposed method and approximate solution of Ramlan et al [257].

Figure 4-5 illustrates a nice matching of the resonating peak frequency between the
proposed algorithm and the approximate solution given in ref. [257], keeping in mind
that the proposed method has a resolution of η = 0.02; whereas, the approximate solution
is continuous.
Displacement histories of some specific frequencies are shown in the case studies to
elucidate the different kinds of dynamics present in the monostable type nonlinear
oscillator.

4.3.1

Case study for κ =1

The displacement and velocity amplitude spectra of the nonlinear responses are not
smooth as shown in Figure 4-4. Several displacement and velocity histories of some
specific excitation frequencies are discussed in this section to conceptualize the changes
in amplitude spectrum. The phase portraits for the low frequencies are not circular in
shape due to the presences of other frequencies in the steady state solution.
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Figure 4-6: Full time domain displacement response (top), only steady state part of the
displacement response (left bottom), and phase portrait of steady state part (right bottom) for
η = 0.28, 0.40, 0.46 and 0.69

Figure 4-6 illustrates time domain response and associated phase portrait for various
small frequency excitations. The time domain solutions elucidate that the solution first
starts with a transient part and after a few cycles steady state achieved. In all the plots,
phase portrait of the steady state part is not circular due to the presence of the other
frequencies, although the time period of the repetition of the response is similar to the
excitation frequency. Therefore, the periodicity coefficient is unity in all those cases.
The steady state time domain response plot also proves that the steady state is achieved
in these frequencies after a certain transient vibration cycles which validates the claim
that the solver can detect the steady state solution. All the responses of Figure 4-6 are
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symmetric about the displacement and velocity axis, which elucidates that the mean of
the displacement and velocity response at steady state are zero.

Figure 4-7: Full time domain displacement response (top), only steady state part of the
displacement response (left bottom), and phase portrait of steady state part (right bottom) for
η = 0.70, 0.72, 0.76 and 1.84

Unlike to the previous cases, the phase portrait of the response becomes asymmetric
from frequencies η =0.70 to 0.76 as shown in Figure 4-7 because the phase angle
between the dominating harmonics is mostly out of phase in this frequency range. Due
to these change in response a small kink is present in the amplitude spectrum at that
frequency range. Excitation frequencies 0.76 < η < 1.84 result in peanut shaped steady
state phase portrait which tends to a capsule shape with increasing frequencies. In this
range, both the amplitude spectra grow smoothly.
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Figure 4-8: Full time domain displacement response (top), only steady state part of the
displacement response (left bottom), and phase portrait of steady state part (right bottom) for
=1.85 and 3.00

Excitation frequencies more than the peak frequency suddenly reduce the displacement
and velocity amplitude as shown in Figure 4-4. Responses of the system at η>ηpeak
frequency range is plotted Figure 4-8, which illustrates that phase portrait becomes
circle or ellipse in this range because the response mostly contains only the excitation
frequencies and therefore both the amplitude spectra follow the linear spectra. For some
higher nonlinearity, around η=3.10, a jump can be seen in the response spectra as shown
in Figure 4-4.

Figure 4-9: Full time domain displacement response (top), only steady state part of the
displacement response (left bottom), and phase portrait of steady state part (right bottom) for
= 3.10 and 3.16

Figure 4-9 shows that there is a presence of other harmonics at the excitation frequency
corresponding to   3.10,3.15 . Most interestingly, in this range the periodicity
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coefficient becomes 1/3, for an example the response for η=3.10, the time period for
repetition of the nonlinear response (Tp) is 6.08s, thus the periodicity coefficient



2 1
 . The response follows the linear response again and λ becomes unity for
Tp 3

η>3.15.

4.3.2

Bandwidth Index for monostable system

Bandwidth index (BWI) is defined as the ratio of the number of excitation frequencies
in which nonlinear response is greater than that of linear response with total number of
frequency in the sample space.

Figure 4-10: Bandwidth index as a function of nonlinearity coefficient for monostable system
a) displacement and b) velocity response

BWI for the displacement and velocity response for the low and overall range is plotted
in Figure 4-10, which shows that the BWI generally increases with the nonlinearity for
overall ranges; whereas, BWI for the low frequency range get decreased with the
nonlinearity. For, displacement BWI of low frequency becomes zero, which signifies
that the nonlinear response is less for all the frequencies less than 1 compared to the
equivalent linear response.

4.4

Bistable cubic nonlinear system

The potential well and the restoring force profile of the bistable system for varying
nonlinearity are plotted in Figure 4-11.
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Figure 4-11: a) Potential energy well and b) restoring force of a linear and a bistable cubic
nonlinear system for various levels of nonlinearity

Figure 4-12: a) Displacement (x) and b) velocity

 x  spectrum of the non-dimensional linear

and bistable systems with varying nonlinearity

Figure 4-11 shows the variation of the potential energy and the restoring force of a linear
and a bistable cubic nonlinear system for three different levels of nonlinearity. It can be
noted that the stable nodes approach closer to each other with an increasing level of
nonlinearity. Negative stiffness results in the region between the two stable nodes. The
distance between the two outer walls (width) of the potential well reduces with the
increasing nonlinearity, hence the motion becomes confined between the two wells, and
the response decreases. Simultaneously, the energy required to overcome the separatrix
barrier decreases with nonlinearity which allows oscillation between the two wells and
increases the amplitude of the response. Therefore, an optimum level of nonlinearity
should exist at which the maximum response can be obtained in the case of bistable
systems.
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Figure 4-12 shows that the displacement and velocity amplitude spectrum of the
nonlinear system is larger than that of the equivalent linear response over a considerable
range of frequencies. The increased response is particularly noted at low frequencies,
which is of significant practical interest. Upon examination, the resonating frequency
bandwidth is found to be greatest for κ=0.5 among the three nonlinear systems. Most
interestingly, the response patterns among the weakly and strongly nonlinear bistable
systems have huge difference. The weakly nonlinear system follows approximately the
linear curve for low frequency ratios; whereas, the momentum-frequency curve for a
bistable system, having higher nonlinearity, starts from a much higher point than that of
the linear system. Figure 4-12 shows some drops are present in the frequency response
which is due to the transition from chaotic to quasi or multi periodic response.

4.4.1

Optimum nonlinearity for bistable system

To determine the optimum value of the nonlinearity parameter (κ) for a bistable system,
a full parametric analysis has been carried out. The bandwidth index (BWI) is the
defined as the range of the frequencies where the nonlinear response is more compared
to the equivalent linear system. The BWI for the overall range and low range of the
bistable system is plotted in Figure 4-13 with respect to the nonlinearity parameter (κ)
to obtain the optimum nonlinearity.
a)

BWI (η)

b)





Figure 4-13: Variation of the bandwidth index (BWI) for a) displacement and b) velocity of the
bistable system with the nonlinearity parameter (κ)

The maximum value of the BWI represents that the nonlinear response of the system is
higher in most of the frequencies compared to the equivalent linear system. To emphasis
the amplitude of the low frequency excitation, a plot of BWI in the region of η<1 is
shown along with the overall BWI. The overall BWI increases very rapidly at the low
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level of nonlinearity but for κ > 0.4 the dependency on the nonlinearity coefficient
reduces; hence the BWI remains almost constant. On the other hand, BWI in the lower
frequency region shows a dramatic increment upto κ=0.2 and then monotonically
decreases for both the displacement and velocity spectrum. Thus, it can be inferred that,
the bistable system, having 0.15 < κ < 0.20, yields maximum BWI for low range. Figure
4-13 also illustrates that at the optimum value of κ, a transition occurs. Actually, the
steepness of the inner wall of the potential well decreases with an increase in the
nonlinearity parameter, which enables the system to vibrate across the separatrix barrier
(snap through response) for more frequency ranges. Otherwise, the system’s vibration
remains confined in a single potential well (for κ < 0.15), thus the amplitude of
momentum of the system increases with the excitation frequency. Before the optimal
point for κ < 0.15, the motion is restricted for most of the frequency ratios to a single
potential well due to the higher separatrix energy. In fact, the separatrix energy is the
key parameter which affects the BWI directly in the single well dominated range. The
separatrix energy decreases with the nonlinearity parameter (κ) and results in the
increment of the BWI. On the other hand, in the snap through dominated ranges, the
effect of separatrix energy barrier is minor because of its low value, although the
distance between the two stable nodes decreases with nonlinearity which results in the
decrement of the BWI. In support of the above discussion, the bifurcation diagram of
the bistable motion dominated range and the single well confinement dominated range
are compared for the two systems, having κ<0.15 and κ>0.15, using the bifurcation
diagram in Figure 4-14.
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Figure 4-14: Bifurcation diagram of the bistable system of a) single well confinement
dominated range with nonlinearity κ=0.1, b) bistable dominated range with nonlinearity κ=0.5

Figure 4-14 shows the bifurcation diagram for two different bistable systems. The
bifurcation diagram is plotted from the Poincare’s return points after the excitation time
period. The dark blue line of the bifurcation diagram shows that steady state is achieved;
therefore, after certain transient points the response is attracted towards the steady state
attractor. Snap through motion can be judged when the plots are extended between the
two-bistable potential well. In Figure 4-14 it can be seen that the system with κ > 0.15
results in the snap through vibration for most of the excitation frequencies; whereas, for
κ<0.15 the motion becomes more single well confined. To highlight these two different
kinds of responses two case studies are performed on each category.

4.4.2

Case study κ = 0.1

For the low level of nonlinearity, the stability points are far and the separatrix energy
barrier is also very high. The time domain responses for some of the selected frequencies
of a nonlinear system, having κ =0.1, are plotted in Figure 4-15.
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Figure 4-15: Full time domain displacement response (top), only steady state part of the
displacement response (left bottom), and phase portrait of steady state part (right bottom) for
η = 0.36, 0.42, 0.48, 0.60, 1.00 and 1.30

From Figure 4-15 it can be seen that there are two types of responses, namely single
well confined and snap through. The displacement of the single well confined motion is
restricted into either well. Two types of cases are possible in this category; either the
motion cannot overcome the separatrix energy barrier at all or its steady state response
is confined into a single well. The displacement response corresponding to the snap
through motions are comparably higher than that of the single well confined motion
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which also reflects in the displacement spectrum as well. Sudden jumps in the amplitude
spectra are due to this transition between snap through and single well confined motion.

Figure 4-16: Full time domain displacement response (top), only steady state part of the
displacement response (left bottom), and phase portrait of steady state part (right bottom) for
η = 1.38, 1.48, 1.50, 1.70, and 1.90

Figure 4-16 illustrates the chaotic motion between except few frequencies. The time
domain response of the chaotic response does not converge to a specific steady state
pattern and the chaotic motion is snap through type. The resulting response is slightly
less compared to the snap through type periodic steady response. The steady state part
of the motion becomes single well confined after certain number of snap through
oscillation in this chaotic band at some excitation frequency ratios, such as =1.46 and
1.48. The amplitude spectra drop as in these two frequencies the steady state response
is single well confined. For the further increment of excitation frequency, the response
is confined into the single well.
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4.4.3

Case study κ = 0.5

The displacement and velocity spectrum of κ = 0.5 is completely different than that of
κ = 0.1; therefore, a separate case study is carried out to explore the dynamic responses
associated with this high nonlinearity.

Figure 4-17: Full time domain displacement response (top), only steady state part of the
displacement response (left bottom), and phase portrait of steady state part (right bottom) for
η= 0.10, 0.26, 0.60, 1.70, and 2.00

Unlike small cubic bistable type nonlinear systems, Figure 4-17 depicts that the
oscillation of the system is mostly snapped through between the two potential wells and
results in periodic type solution. The phase portraits of the lower frequency oscillations
are unsymmetrical; whereas, for higher frequencies   1.00,1.70 , the phase portrait
looks like a symmetrical peanut. But further increment of excitation frequency results
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in chaos, as shown in Figure 4-17. In the chaotic range the amplitude spectra is reduced
mass than the previous snapped through periodic case.

Figure 4-18: Full time domain displacement response (top), only steady state part of the
displacement response (left bottom), and phase portrait of steady state part (right bottom) for
η= 2.60, 2.74, 2.80, and 3.00

In the range of    2.60,3.00 , steady state response transfer from snap through to
single well confined, but the response gets single well confined when η >3.00.

4.5

Multistable nonlinear system

The changes in the shape of the potential well when  is equal to 0.5 and 2.0 are plotted
in Figure 4-19 along with the same for the linear, monostable and bistable systems. In
each case, different values of r were considered to assess the shape change. A tri-stable
system resulted when r < κ/4; otherwise a higher order monostable system is produced
(for r > κ/4) .
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Figure 4-19: Potential energy wells for different multistable systems compared to equivalent
monostable, bistable and linear system for a) κ = 2 and b) κ = 0.5

Figure 4-19 depicts the variation in the shape of the potential wells for different
multistable systems with different values of r and the same value of κ. These systems
are also compared with the equivalent monostable, bistable, and linear systems. It is
noteworthy that multistable potential wells get wider with decreasing r value. If the r
value is greater than κ/4, then multistability is not achieved, because the other two
stability points except the middle one becomes complex, as explained in Table 5,
although the width of the potential well increases significantly compared to equivalent
linear case. On the other hand, for r < κ/4, tri-stability occurs. The distance of the other
two stable points and the energy required to cross the separatrix barrier increases with
the decreasing κ. In Figure 4-20 the force-displacement curves are plotted for
multistable system along with the equivalent linear, monostable and bistable system.

Figure 4-20: Restoring force variation with displacement for the multistable systems along
with the equivalent linear, monostable and bistable systems for different nonlinearity
parameters a) κ = 2 and b) κ =0.5
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Figure 4-20 shows that all the multistable systems show softening behaviour close to
the central point of stability; whereas, near the far stability points, negative stiffness
occurs. Moreover, from Figure 4-20 it can be observed that the softening behaviour and
the negative stiffness region increase with the r value for those systems.

Figure 4-21: Frequency response spectrum of a) displacement and b) velocity of a multistable
system having =0.5 and three different values of nonlinearity

Figure 4-21 shows that for a constant value of κ, a decrease in r results in an increase in
the response of the momentum. The momentum response of the multistable systems is
much larger than the equivalent linear and monostable systems for the short frequency
range less than frequency ratio 1. The response of a multistable system, having r < κ/4
and r > κ/4, always yields higher and lower response, respectively, in short frequency
range than that of the equivalent bi-stable system. Although, the momentum-frequency
response curve of a multistable system, having r=κ/4, is analogous to that of the
equivalent bistable system in the short range. In contrary, the response of the multistable
system, having r=κ/4, for high frequency range is not much higher for multistable
system.

4.5.1

Bandwidth variation for multistable systems

To identify the trend of the BWI variation for the overall range of a multistable system,
a full parametric analysis is carried out. The trend of BWI variation for velocity and
displacement with the nonlinearity parameters κ and r for the multistable systems is
depicted in Figure 4-22.
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Figure 4-22: Contour map of BWI with the nonlinearity parameters  and r for the multistable
systems in the overall frequency region

Figure 4-22 illustrates the contour plot of the velocity and displacement BWI for low
and overall range. For r < κ/4 velocity BWI is higher but for very low value of r velocity
BWI is decreased. As shown in Figure 4-19 that the r < κ/4 only results in multi-stable
response, but the depth of the other two well also increases with the decrement of r.
Therefore, for higher value of κ and lower value of r, oscillation is confined into either
of those well which reduces the response very significantly. In contrary, response for
r>κ/4 reduces with increasing r because the width of the potential well gets narrower.
The time histories associated with these two classes of oscillator are elucidated in the
preceding section.
The system having κ=0.5 and r=0.5 is actually a monostable system. The phase portraits
of low frequency excitation are mostly symmetric but for few frequencies it becomes
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asymmetric. Upto a certain peak frequency displacement and velocity response
increases but it drops suddenly for higher frequency ranges as shown in Figure 4-23.

Figure 4-23: Full time domain displacement response (top), only steady state part of the
displacement response (left bottom), and phase portrait of steady state part (right bottom) for
η = 0.50, 1.00, 1.46 and 3.00
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Figure 4-24: Full time domain displacement response (top), only steady state part of the
displacement response (left bottom), and phase portrait of steady state part (right bottom) for
η = 0.50, 1.00, 1.50 and 3.00

In the contrary, the other two stability points exist for this multi-stable having κ =0.5
and r=0.05. In this case, the steepness of the potential well is very high for the two side
wells; therefore, sometimes after some transient state cycles, steady state motion gets
confined within either of the potential well for considerable number of excitation
frequencies, which shows sharp drop in the response spectra as shown in Figure 4-21.
An example of these phenomena is depicted in Figure 4-24 for η=0.50, 1.50. The system
can snap through among the three stability points for few excitation frequencies such as
η = 1.00. On the other hand, response cannot cross the separatix energy barrier and
confined only in the middle potential well for higher excitation frequencies, such as η =
3.00.
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4.6

Summary

This chapter investigates the correlation between the shape of the potential well and the
amplitude of the response after motivated from the question that which type of nonlinear
system can enhance the response of the system for maximum number of frequencies. A
comparative study on the resonating bandwidth of monostable, bistable and multistable
nonlinear systems is carried out in non-dimensional frame. The amplitude of the nondimensional displacement and velocity is compared in the frequency domain to examine
the effect of nonlinearity on the response bandwidth. The non-dimensional equations of
motion for these systems are numerically solved for the monochromatic excitations over
a range of frequencies. To consider only the steady state solution, a numerical algorithm
is developed in this chapter based on 4th order Runga-Kutta method. The response for
each monochromatic excitations maximum upto a certain frequency range is computed
to get the response spectra. The main interesting feature of the solver is that after
analysing the repetitive motions of the steady state response, solver can automatically
stop the integration and store the response parameter as a steady state output. Otherwise,
due to the lack of repetition in the chaotic response, the solver cannot identify any steady
state solution and stop the integration when the maximum time is reached.
From the study, the following conclusions can be drawn:


In a monostable system, the potential well becomes steeper with an increase in
the nonlinearity. Therefore, the nonlinearity dominated bandwidth of a
monostable system in the low frequency range is considerably lower than that
of the linear system and the resonating peak shifts to the higher side of the
frequency with increasing nonlinearity.



The energy required for overcoming the separatrix barrier decreases and the
stable nodes approach closer as κ increases in the case of a bistable system. Due
to this phenomenon, the threshold energy to achieve the bistable response is
reduced, which maximize the displacement and velocity in the low frequency
excitation. In contrary, the potential well becomes narrower and steeper with the
increasing, which reduces the velocity peak. For this reason, the nonlinearity
dominated bandwidth increases up to an optimum value and thereafter it
decreases. BWI for bistable system is higher for the range of 0.15 < κ < 0.20.
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Multistability in a system occurs for r<κ/4; otherwise it shows a higher order
monostable response. Unlike the bistable system, a stable node is situated at the
centre of a multistable system. Other two nodes shift apart and the depth of the
potential well increases with the decreasing r value. BWI for both the range (low
and overall) is very high near the line r= κ/4, much reduction of r confines the
system’s response in deep potential well which reduce the steady amplitude.

Finally, based on the result of BWI, it can be concluded that a bistable system having
between 0.15 to 0.20 gives the higher response for maximum number of frequencies
among all other polynomial nonlinear system.
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Chapter 5 Nonlinear Metamaterial:
Polynomial

Filtering properties of the periodic mass-in-mass chain received attention of researchers
due to its various applicability in the field of electromagnetic, acoustic and elastic wave
propagation. Within a specific band of frequencies, called transmission band, waves
can propagate unattenuated along the chain, whereas vibration attenuated and cannot
propagate through the mass-in-mass chain in the attenuation band. This type of massin-mass systems are commonly termed as metamaterial [13, 62, 85-94]. For example,
the periodic arrangement of the steel balls in a silicon rubber matrix can act as an
efficient sound insulator near the natural frequencies of the impregnated structure [13].
Near the natural frequency of the internal structure, the vibration of the inner mass is
very high and sometimes out of phase with the external mass [17]. Therefore, either the
total momentum of the mass-in-mass unit becomes out of phase with the excitation
which results in the negative effective mass or results in very high positive effective
mass. In this discussion, the definition of the effective mass is according to the
Newton’s second law of motion, whereby it is defined as the ratio of force to
acceleration, instead of the amount of matter contained in a material [13, 62, 63]. These
negative or very high positive effective mass attenuates the vibration through the massin-mass chain and resulted from the internal resonance; therefore, the region is
restricted to a very small range of frequency when the internal oscillation is linear in
nature [108, 109].
Nonlinearity has the potential to widen the bandwidth of oscillator-based metamaterials
by exploiting features such as sub and super harmonic resonances, period
multiplication, and chaotic response. Nonlinear metamaterials have already been
studied in the context of electromagnetic wave propagation, but to date, the
applicability of nonlinear metamaterials in other fields, such as acoustics insulation and
mechanical isolation has received little attention. Lazarov et al [185] provides the
dispersion relationship for weakly mass-in-mass duffing type cubic nonlinear
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resonators consisting of monostable type metamaterial chain using the Harmonic
balanced method. Khajehtourian and Hossain [184] formulated the nonlinear elastic
dispersion curve for the elastic continuum metamaterial using matrix transfer method
and concluded that the location and the width of the attenuation bandwidth of nonlinear
elastic metamaterial depends on the amplitude of the wave and the constitutive law.
Sinusoidal type [178-180] nonlinear metamaterial widens the attenuation band of a
metamaterial compared to equivalent linear metamaterial. By analysing a metamaterial
containing bistable nonlinear resonating units for low and high amplitude wave
motions, Nadkarni et al [258] found that nonlinearity is proportional to the amplitude
of wave and also enhanced the performance of the metamaterial as a filter. Effective
mass of the weakly nonlinear metamaterial unit is computed in the form of Jacobi
elliptical function [259]. However, the wave transmission through a strongly nonlinear
metamaterial chain has not been studied yet.
This chapter explores the effect of introducing nonlinearity at the resonating unit of a
mass-in-mass metamaterial chain on the attenuation bandwidth of an elasto-dynamic
metamaterial using time domain solution techniques. Moreover, the response of a
nonlinear metamaterial chain contains various types of rich nonlinear dynamic
responses, such as, multi periodic or chaotic responses, etc, which have a potential to
widen the bandwidth. In this chapter, different types of responses are identified and
evaluated for each excitation frequency, and the complete transmittance spectrum is
computed for nonlinear metamaterial. This method is first validated by plotting the
transmission spectrum for the linear system with the experimental result of Yao et al
[62] and thereafter, the method is extended to compute the frequency dependent
transmittance of the nonlinear monostable and bistable systems.

5.1

Conceptualization of the monostable and
bistable oscillator as a metamaterial unit

Figure 5-1 depicts a real concept of monostable and bistable systems. A single unit of
a metamaterial can be modelled as a two degree of freedom system. Calius et al [13]
showed that a silicon coated steel ball impregnated into the resin matrix can act as a
resonating unit of metamaterial, which can be mathematically modelled as 2DOF
system. In this system, the impregnated steel ball is modelled as the resonating mass,
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silicon coat as the internal spring and resin matrix as the outer mass (Figure 5-1a-b).
Now, a nonlinear metamaterial unit can be conceptualized by replacing the linear
internal spring with a nonlinear spring (Figure 5-1c). Monostable resonator can be
conceptualized as a beam with a tip magnet at one end and another magnet of opposite
pole fixed on the outer mass [240, 260, 261] (Figure 5-1d). Bistable system can be
perceived as a lateral vibration of a buckled beam [218, 262] or initially curved beam
[263-265] with a central mass (Figure 5-1e).

Figure 5-1: (a) A single unit of linear metamaterial silicon coated steel ball in resin matrix, (b)
Mathematical model of a linear system where km and mm represents the stiffness and the
mass of the resin matrix and kr and mr represents the stiffness and the mass of the silicon
coated steel ball resonator, (c) Mathematical model of the nonlinear metamaterial unit,
nonlinear spring is shown by the green coloured spring with an arrow, (d) Monostable
resonating system which can be conceptualize as a beam with tip magnet and another
magnet of opposite pole fixed with outer mass, (e) Bistable buckled beam with a middle
mass

5.1.1

Equation of motion of a single building block of
monostable and bistable metamaterials

In the case of a metamaterial, the dimensions of the internal units are two orders of
magnitude less compared to the wavelength; therefore, the geometry of the internal
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units has negligible effect on the propagating wave which is known as the long wave
length approximation. Implementing this long wavelength approximation, the equation
of motion of a single unit of nonlinear monostable or bistable metamaterial can be
written as:

mmum  2r mr  um  ur   kmum  kr  um  ur   kr 3  um  ur   kmu g sin t
3

mr ur  2r mr  ur  um   kr  ur  um   kr 3  um  ur   0
3

(5.1)
in which ‘+’ is used in case of a monostable system and ‘-‘ for a bistable system. Also
for the bistable system the initial location is assumed to be  ur  um ini  kr

kr 3

where

the potential energy is least.
Dividing Eq.(5.1) by mr and assuming, ur  Axr ; um  Axm ; t 

1

r

 where A is an

arbitrary constant. um  Ar2 xm ; ur  Ar2 xr

Ar2



xm  2 Ar2  xm  xr  

m2
2

3
Axm  Ar2  xm  xr   A3rr2  xm  xr   m u g sin 


r

Ar2 xr  2 Ar2  xm  xr  Ar2  xm  xr   A3rr2  xm  xr   0
3

(5.2)
Now, the arbitrary constant (A) can be assumed to be A  ug . With this Eq.(5.1) can be
modified to:

1



xm  2  xm  xr  

xr  2  xm  xr 

1



2
s

 xm  sin r    xm  xr     xm  xr 

 xm  xr     xm  xr 

3

3

0
(5.3)

0

And the initial location for the bistable system is  xr  xm ini 

1



; where   rug2 .

To comprehensively explore the parametric space, a non-dimensional coordinate
system is used in this chapter. The non-dimensional coordinate system can be derived
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by assuming  

m 

s 

mr
kr
as mass ratio, r 
as the frequency of resonating unit and
mm
mr


km
as the frequency of outer cell,  r 
as the frequency ratio, and the
r
mm

r
as the structural frequency ratio.
m

Eq.(5.3) can be written in the state space form to solve using ordinary differential
equation:

xm



 xm  
xr

x  
 r  

    2  x  x   1  x  sin     x  x     x  x 3  

m
r
r
m
r
m
r
 xm   
 s2 m

 xr  
3


2  xm  xr    xm  xr     xm  xr 
y


f  y

(5.4)
Eq.(5.4) shows that the response of the bistable or monostable system depends only on
the mass ratio  , structural frequency ratio  s , and non-dimensional nonlinear
parameter   rug2 .

Separatrix energy
The potential energy of the resonator can be written in the non-dimensional form as:
1
1
2
4
 xm  xr     xm  xr 
2
4
1
1
1
2
4
 bi    xm  xr     xm  xr  
2
4
4

 mono 

(5.5)

SE

In Eq. (5.5) SE stands for the energy corresponding to the separatrix energy barrier of
bistable type resonating metamaterial. It can also be found that the point of stability and
the separatrix energy barrier are inversely proportional to  .
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(a)
(b)
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Figure 5-2: (a) Variation of the initial location and separatrix energy barrier with nonlinearity

  (b) Conceptualization of a bistable realistic system with an example of buckled beam

The position of the stable point from the centre line of the buckled beam represents the
quantity xm  xr and the separatrix energy can be conceptualized as the minimum
energy required to snap through the buckled beam from one stable point to the other.

5.1.2

Equation of motion for metamaterial chain

The equation of motion for the single resonating unit of metamaterial can be extended
for nonlinear metamaterial chain.
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Figure 5-3: Nonlinear mass-in-mass resonating one dimensional metamaterial chain
k

m
m
Implementing the longNwave length approximation,
the equation
of motion for the

m

S

metamaterial chain for ith unit in the non-dimensional coordinate can be written as:
M

Monostable Duffing type
cubic nonlinear

M

M

Bistable Duffing type cubic nonlinear
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 2x
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(5.6)
where, i  2 to (n  1) . Now the equation of motion of the first unit (for i=1) is:
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(5.7)
Similarly, the equation of motion of the last unit (for i=n) is:
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(5.8)
where Fd (i ) and f d (i ) are the damping forces on the ith main and the ith resonating unit.
The damping matrix is computed as C   T diag 2i   1 according to ref[266], where

i is the natural frequency of the ith mode and  is the modal matrix containing all the
mode shapes. The damping force vector can be computed as:

Fd 1

fd1

Fdi

f di

Fdn

f dn   C  xm1
T

xr1

xmi

xri

xmn

xrn 

T

(5.9)

5.1.3

Solution procedure

The dynamic responses of the nonlinear systems are complex. Slight variation in input
excitation frequency may lead from a steady state response to a chaotic state or vice
versa. The amplitude of motion mainly depends on the shape of the potential well and
the excitation frequency. In case of linear forced vibration, the system vibrates at the
excitation frequency; whereas, other frequencies also exist in the nonlinear responses.
A time domain integration technique, adopting the 4th order Runga-Kutta method, is
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developed to obtain the response history of displacement and velocity of the oscillator
to characterize the type of response. This solver can automatically stop the integration
when the steady state is achieved. After a specified number of cycles (assumed to be
5000 cycles[189] in this work) if the response does not converge to a steady state, then
it is treated as chaotic. The motion repeats after a certain time period Tp  in case of
periodic steady state response. Periodicity coefficient, as defined by Banerjee et.al
[267], which is the ratio of the response frequency to the excitation frequency, is used
in this chapter to identify the period of the resulting motion. To obtain a complete
frequency response, sinusoidal excitations of different frequencies are applied
sequentially, and the corresponding amplitude is recorded. The schematic diagram of
the full method is shown in Figure 4-2.

5.1.4

Computation of transmittance

The transmittance that represents the amount of excitation that can transmit through the
unit is defined as the ratio of displacement amplitude to the excitation amplitude as
follows:

  dB   20log10 xm n

(5.10)

To plot transmittance in the frequency domain, monochromatic excitation having a
single frequency within the specific domain of frequencies is applied consecutively to
the system. The amplitude of displacement of the last unit is computed as:

xm n   2

1 t T 2
xm n  t  dt
T t

(5.11)

Where T is the time period of the response.

5.2

Validation of the proposed scheme

The proposed scheme is validated for the linear system with the experimental results of
Yao et al [62]. The transmittance spectrum through three consecutive units of linear
metamaterial reported by Yao et al and the same obtained from computation is shown
in Figure 5-4. The experimental metamaterial had three periodic units, each with
M = 101.10 g, m = 46.47 g, K = 117 N/m, and k = 74 N/m.
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Attenuation
bandwidth

Figure 5-4: Comparison of the linear model results against the experimental measurements of
Yao et al [62]

The comparison in Figure 5-4 shows reasonably good agreement between the analysis
and experiment. The numerical model developed can predict the attenuation bandwidth
quite accurately. In the attenuation band gap, the experimental results show
considerable difference in transmittance. It may be due to the fact that the presence of
surrounding noise can make accurate measurement of low amplitude vibration difficult,
which leads to the difference in the results. In the following sections, the mathematical
model is extended to nonlinear oscillators.

5.3

Comparison of linear, monostable and bistable
metamaterial unit

Nonlinearity depends on the ratio of the nonlinear to linear spring coefficients and the
amplitude of excitation. To elucidate the effect of nonlinearity on the displacement
transmittance through the metamaterial unit, the transmittance spectra of the three
different levels of nonlinearity, namely low, medium and high, are discussed in this
section for linear, monostable and bistable metamaterial units. Although there is no
clear border line between these three levels of nonlinearity, to discuss the variation,
medium level of nonlinearity is defined when κ is within an order of magnitude of unity.
Otherwise when the value of κ is more or less than an order of magnitude of unity are
considered as high or low level of nonlinearity. For example, in this section, κ = 0.001,
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1.0, and 1000, are considered for low, medium and high level of nonlinear system. The
transmittance spectra for each class are depicted in Figure 5-5.

Figure 5-5: Transmittance spectra for the linear and cubic nonlinear system with
for different levels of nonlinearity (a)

  s  1

  0.001 , (b)   1 , (c)   1000 ,

Figure 5-5a illustrates that for a very small value of nonlinearity, a monostable response
is mostly similar to the equivalent linear system. The slight shift of the second
transmission peak to the higher frequency side is the only perceivable difference
between the transmittance spectra of the monostable and linear system. On the other
hand, the transmittance spectrum of the bistable system for very low nonlinearity is
significantly different from that of the linear one. The point of anti-resonance and the
two transmittance peaks are shifted towards the higher frequency. The attenuation
bandwidth of the bistable metamaterial unit is almost twice compared to that of the
linear. A sudden drop and a jump in the transmittance spectrum near the second eigenfrequency can be perceived for weak monostable and bistable system, respectively.
At the medium level of nonlinearity, the monostable transmittance spectrum is
significantly different than that of the equivalent linear system as shown in Figure 5-5b.
The transmittance of the monostable system jumps and drops at certain excitation
frequencies due to the sudden change of the steady state response pattern which is
discussed in section. Bistable response becomes uneven due to the presence of chaos.
Figure 5-5c shows that the bistable and monostable responses become almost similar
for higher value of nonlinearity. The first cut off frequency, which is the lower bound
of attenuation band, shifts to the higher side, although the attenuation bandwidth
increases up to infinity as the second transmission peak is attenuated.
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5.3.1

Characteristics of low level of nonlinearity

The potential wells are stiffened with the increasing nonlinearity for the monostable
system. At low level of nonlinearity, the monostable potential well slightly deviates
from the linear potential well, thus the linear and monostable transmittance spectra are
similar.
On the other hand, the potential well for the bistable oscillator is bifurcated into two
wells, separated by the separatrix energy barrier. At low level of nonlinearity, the
separatrix energy barrier increases and the two stability points move apart as discussed
in ref. [268]. Therefore, the vibration of the bistable system confines within a single
well. Bistable oscillations with a low nonlinearity coefficient can be perceived as a
transverse vibration of a buckled beam where the mid-point of the beam can never cross
the centre line, either due to high curvature which shifts the stable point very far from
the centre line or due to very low amplitude of excitation. To explain this further, the
time domain responses of the bistable system for some specific frequencies are shown
in Figure 5-6.
(a)

(b)

xr  xm

xr  xm

xr  xm

xr  xm

Figure 5-6: Phase portrait of the relative velocity and displacement of the linear, monostable,
and bistable system (a)

r  1.1 and (b) r  2.04 . Linear and monostable results overlaps

on each other as the effect of nonlinearity is negligible.

Figure 5-6 shows that the displacement of inner mass is confined into either well
because its amplitude is less than the distance between two stable points.
These low levels of nonlinear vibrations are periodic in nature and usually have higher
frequency than the equivalent linear one. Due to this, the anti-resonating frequency
shifts towards the higher side for the bistable system as shown in Figure 5-5a.
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5.3.2

Characteristics of medium level of nonlinearity

In case of the medium level nonlinearity, the potential well of a monostable system
shortens, thus the natural frequency of the internal resonators increases which shifts the
anti-resonating frequency towards the higher end. To understand the jumps and drops
and non-smooth type response in the transmittance spectrum of a monostable and a
bistable mass-in-mass unit respectively, the phase portrait of the relative response of
the inner and outer mass are plotted for  r  1.28 , 1.30 and 1.62 in Figure 5-7.

Figure 5-7: Phase portrait of the relative velocity and displacement of the linear, monostable,
and bistable system (a)

 r  1.28

and (b)  r

 1.30 and (c)  r  1.62

Figure 5-7 illustrates that for  r  1.28 and  r  1.30 the bistable response are chaotic
in nature, although it becomes multi-periodic for  r  1.62 . Therefore, due to these
chaotic responses the transmittance spectrum is very rough or uneven. Unlike the low
level of nonlinearity, in this case the internal resonator snaps through between the two
stability points because the potential well for the medium level of nonlinearity is quite
flat due to the chaotic type snap-through motion. During snap-through, the inner mass
crosses the separatrix energy barrier, and depending on the amplitude and frequency of
excitation this snap-through motion may be steady or chaotic.
On the other hand, the monostable responses are multi-periodic in nature although the
phase portrait changes based on the value of r , which is the main reason for the jump
in the transmittance spectrum.

5.3.3

Characteristics of high level of nonlinearity

For the high level of nonlinearity, the two stability points approach very close, and the
separatrix energy barrier almost disappeared according to the Eq.(5.5), thus the

119

potential wells of these two different systems practically become analogous and the
cubic nonlinear term in equation of motion starts dominating. Figure 5-5c demonstrates
that monostable and bistable transmittance spectra are quite similar and in both the
cases the attenuation band increases significantly as the second transmission peak is
attenuated.

Figure 5-8: Phase portrait of the relative velocity and displacement of the monostable, and
bistable system (a)

 r  1.00

and (b)  r

 1.62

Nonlinearity governs the response of the system as the nonlinearity coefficient is very
high. Therefore, in this case mostly the responses are multi-periodic or chaotic for both
monostable and bistable system. For,  r  1 the relative phase portraits of both the
system are chaotic, whereas for  r  1.62 the relative phase portraits are multi-periodic.

5.4

Parametric study on the transmittance

To perceive the effect of the variation of other system parameters, such as mass ratio,
structural frequency ratio on the transmittance of the nonlinear metamaterial unit for
different level of nonlinearity, a parametric study is carried out in this section.

5.4.1

Single unit

The transmittance spectra for different parameters of a single unit of bistable and
monostable type cubic nonlinear system are plotted from Eq.(5.10) in Figure 5-9 to
Figure 5-10. The positive value of the transmittance implies that the wave of the specific
frequency can propagate through the system, which is known as the transmission band;
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whereas, the negative value implies that the wave cannot propagate through it, which
is known as the attenuation bandwidth[108, 109, 189].

Figure 5-9: Transmittance spectra for bistable type metamaterial having various structural

 s , starting from 0.5 (blue) to 4.0 (red) with an increment of 0.25. Column
wise, (a) to (c) represents three different mass ratios   0.1, 0.5 and 1.0, whereas row wise,
frequency ratio

(I) to (V) represents five different level of nonlinearity coefficient

  10-3,1,10,100,1000.
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Figure 5-10: Transmittance spectra for monostable type metamaterial having various

 s , starting from 0.5 (blue) to 4.0 (red) with an increment of 0.25.
Column wise, (a) to (c) represents three different mass ratios   0.1, 0.5 and 1.0, whereas
structural frequency ratio

row wise, (I) to (V) represents five different level of nonlinearity coefficient

  10-3, 1, 10,

100, 1000.

For each of these figures, the X-axis represents the non-dimensional excitation
frequencyr ; whereas, the Y-axis shows the transmittance  . Variation of  s
represents a change in the frequency of the inner and outer units; thus, each line with
different colour represents different systems. From the transmittance spectra in the
parametric domain the following conclusions can be drawn:


The anti-resonating frequency for a monostable system shifts towards the higher
side starting from  r  1 , whereas for a bistable system anti-resonating
frequency shifts towards starting from r  2 lower side with the increment
of nonlinearity coefficient.

122



For higher  value the second transmission peak always disappeared for
monostable and bistable types of nonlinear systems, which consequently widen
the attenuation band upto infinity. This is a very demanding phenomenon
towards the wideband vibration isolation.



The second transmission peak, shows a drop toward higher frequency side in
case of a monostable system, whereas, for a bistable system, the drop is at lower
frequency side.



The transmittance plots for higher  s values re converging to a particular shape
depending on the κ and θ.



Systems having lower  s are not ideal for wideband vibration attenuation as the
transmittance are mostly greater than zero.



For medium level of bistable nonlinearity, κ = 1 and 10, the transmission bands
of the systems having  s  1.5 are very large due to the presence of the chaotic
motion, therefore, their attenuation performance over a large range of
frequencies are very poor.



1st transmission bandwidth is independent on κ.



For low and high level of nonlinearity, either linear component or nonlinear
component of the stiffness dominates the response, respectively and therefore
the response reaches to a steady state. Whereas, for medium level of
nonlinearity, nonlinear the stiffness controls the response

5.4.2

Nonlinear metamaterial chain

Having analysed the transmittance through the single unit in the previous section, the
transmittance for three successive units of metamaterial is computed here to illustrate
the effect of the nonlinearity on the transmittance through a finite nonlinear
metamaterial chain. For different mass ratios, the transmittance through the chain is
plotted in Figure 5-11 to Figure 5-13.
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(1a)

(1b)

(1c)

(2a)

(2b)

(2c)

Figure 5-11: Transmittance spectra for mass ratio 0.1, 1st row shows monostable and 2nd row
for bistable system, column a, b, c represent nonlinearity coefficient to be 0.001, 1.0 and
1000.

(1a)

(1b)

(1c)

(2a)

(2b)

(2c)

Figure 5-12: Transmittance spectra for mass ratio 0.5, 1st row shows monostable and 2nd row
for bistable system, column a, b, c represent nonlinearity coefficient to be 0.001, 1.0 and
1000.
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(1a)

(1b)

(1c)

(2a)

(2b)

(2c)

Figure 5-13: Transmittance spectra for mass ratio 1.0, 1st row shows monostable and 2nd row
for bistable system, column a, to c represent nonlinearity coefficient to be 0.001, 1.0 and
1000.

The blue coloured region represents the attenuation zone whereas the yellow colour
shows the transmission zone. As there are three units, three transmittance peaks exist in
each of the low and high frequency ranges. Three low frequency transmittance peaks
can be observed in all the figures from Figure 5-11 to Figure 5-13, but at the high
frequency range three transmittance peaks are disappeared for high level of nonlinearity. The attenuation band exists near the anti-resonating frequency at  r  1 and

r  2 for weakly monostable and bistable type nonlinear resonating units and the
attenuation bandwidth is increases with  s and the overall attenuation bandwidth of the
bistable system is almost twice than the equivalent linear system. In medium level of
nonlinearity, the attenuation band almost disappears for the bistable system with a
medium level of nonlinearity due to chaos and this feature increases with the mass ratio
(θ). The reduction of dB is higher for the three units metamaterial chain compared to a
single unit.

Time domain response of some specific cases
Vibration transmission through a nonlinear metamaterial chain is much more
complicated than the single unit as in a chain each unit interacts with the neighbouring
units. Also as the natural frequency of a nonlinear system depends on the amplitude,
and the amplitude of the response of each unit of the chain is not constant, therefore,
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for some cases the nonlinear metamaterial chain acts like a frequency graded
metamaterial chain. The attenuation bandwidth of frequency graded metamaterials are
usually wider than the equivalent linear periodic metamaterial.
To understand the physics of the vibration transmission through a nonlinear
metamaterial chain and to elucidate the different types of dynamics associated with it,
phase portraits of three units are plotted.

Figure 5-14: The phase of the outer mass of the three units of metamaterial having

  1.0, s  1.5,   1,  r  2

for (a) linear, (b) monostable and (c) bistable systems

Figure 5-14 illustrates the phase portraits of linear, monostable and bistable types
metamaterial chain. Figure 5-14a shows that amplitude the response reduces gradually
along the chain which attenuates the vibration. In case of the monostable chain, the
amplitude of the 1st and 2nd units are almost same but for the last unit the amplitude
reduces. Response of the monostable units are multi-periodic and the vibration
attenuated at the last unit. In the contrary, the responses of units of the bistable chains
are chaotic and amplitude increases as it propagates.

Figure 5-15: The phase of the outer mass of the three units of metamaterial having

  1.0, s  3,   1000, r  1.6

and bistable systems

for (a) 1st (b) 2nd and (c) 3rd units of linear, monostable,
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Figure 5-15 illustrates phase portraits of the outer mass of each of the three units of
linear, monostable and bistable chain. Figure 5-15 shows that vibration attenuated for
all the cases. 1st unit shows chaotic response except the linear case, although at the last
unit chaotic response can be perceived for monostable and bistable nonlinear
metamaterial.

5.5

Response under random noise

Gaussian noise is generated from the random numbers and from that band-limited
Gaussian white noise is created after imposing the band pass filter in the frequency
domain. The filtered noise  u g  is applied to the nonlinear mass-in-mass metamaterial
chain to investigate the vibration transmission characteristics of the system. To
investigate the attenuation bandwidth of the nonlinear metamaterial based filters,
Fourier domain analysis is carried out on the output signal  un  of the last unit of the
metamaterial chain. A mechanical metamaterial of three periodic resonating units,
having M= 101.10 g, m=46.47g, K=117 N/m, k=74 N/m, similar to that of Yao et al[62]
is considered. The natural frequency of the linear resonator of the metamaterial is 6.35
Hz. A band limited white Gaussian noise, having frequency range from 2 to 20 Hz, is
applied to the one side of metamaterial and the response is computed from the other
side to visualize the effect of nonlinearity on the wave propagation through a resonating
metamaterial. More specifically, nonlinearity is proportional with the strength of the
attracting magnets. On the other hand, in case of the bistable system, nonlinearity is
inversely proportional to the distance between the stable positions of the
resonator[268].
Twenty different sets of random noise are applied to each system and their frequency
domain averages are considered to compute the bandwidth. The transmission bands are
defined as the range of frequencies for which the response is more than the excitation
amplitude, and in attenuation band the response amplitude is less than the applied.

5.5.1

Results

Monostable
Average transfer function for random noise excitations of monostable and bistable
systems are plotted in Figure 5-16 and Figure 5-17, respectively.
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(a)

(b)

Figure 5-16: Amplitude spectrum of the monostable mass-in-mass chain under bandlimited
Gaussian noise excitation (a) for a single unit and (b) for three units chain

Figure 5-16 depicts the amplitude of the displacement of the outer mass of the single
unit and outer mass of the last unit of the three units nonlinear metamaterial chain. For
low level of nonlinearity, the amplitude profile looks exactly similar to that of the linear
response profile, as Yao et al.[62]. The anti-resonating valley shifts towards the higher
frequency with the increasing nonlinearity, which eventually shifts the second Eigenfrequency as well in case of a single unit. For the nonlinear to linear ratio more than 10,
second transmission peak flatten enough and attenuated, which can be theoretically
considered as infinitely long attenuation band. Similar phenomena can be perceived for
three-unit metamaterial chain. The width of the 1st transmission band increases with the
nonlinearity.

Bistable
(a)

(b)

Figure 5-17: Amplitude spectrum of the bistable mass-in-mass chain under bandlimited
Gaussian noise excitation (a) for a single unit and (b) for three units chain

Figure 5-17 shows that for low level of nonlinearity (r < 0.1), attenuation bandwidth
shifted to the higher side as the anti-resonating frequency increases with the
nonlinearity. An additional high frequency transmission zone can be perceived around
20 Hz frequencies and this zone is more prominent for three unit chain compared to the
single unit. Unlike to the monostable resonating metamaterial, 1st transmission band
increases almost twice compared to the equivalent linear metamaterial for the bistable
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resonating metamaterial unit for the medium level of nonlinearity (0.1 < r < 2). For
higher level of nonlinearity, monostable and bistable response becomes similar because
in these cases nonlinearity dominates the response. The bandwidths of single unit and
three-unit chain are not same.

5.6

Summary

This chapter presents a comprehensive analysis on the vibration transmission through
the nonlinear resonating mass-in-mass chain for different levels of monostable and
bistable types of nonlinear metamaterial. Assuming the long wavelength
approximation, equations of motion for the bistable and monostable type resonating
mechanical metamaterial chain is formulated to solve for both weak and strong
nonlinearity, existing literature is limited to weakly nonlinear metamaterial only. To
facilitate the exploration of the parametric space, the equations of motion are nondimensionalized. By nondimensionalzing the equations of motion, a nonlinearity
coefficient is formulated. It is found to be proportional to the square of the excitation
amplitude and the nonlinear to linear spring constant ratio, on which the transmittance
through the metamaterial depends. To evaluate the strongly nonlinear system, time
history of every frequency content is analysed. The solution scheme is first validated
for the linear metamaterial with the experimental study of Yao et al [62].
From the analysis of the nonlinear metamaterial, the following conclusions can be
drawn:


For low level of nonlinearity since the potential well of the monostable
resonating nonlinear metamaterial unit is analogous to that of the linear one, the
transmittance spectrum is similar. On the other hand, in the case of low
nonlinear bistable system, the separatrix energy barrier is very high and the two
stability points are far apart from each other. Thus, the bistable resonator
remains confined into either of the wells. As the frequency of the single well of
the bistable resonator is higher than that of the linear resonator, the antiresonating frequency shifts to the higher side and the two transmittance peaks
corresponding to the eigen frequencies also modifies accordingly.
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For medium level of nonlinearity, the monostable potential well becomes
shorter, and the system frequency increases. Therefore, the anti-resonating
frequency shifts towards the higher side, and the second transmittance band
disappears. In the contrary, a bistable resonator with medium level of
nonlinearity can snap through between the two potential wells and generates a
chaotic response. The transmittance increases in that chaotic range.



For high level of nonlinearity, the potential wells of the monostable and bistable
systems become almost identical. Thus, the transmittance spectra of bistable and
monostable resonators closely follow each other. The second transmittance
band is eliminated for the system with a high level of nonlinearity.



Vibration propagation through nonlinear metamaterial may results various types
of responses at different units. Such as, chaotic response of one unit does not
imply chaotic response of the other units.

The second transmission band, which limits the attenuation bandwidth for linear
metamaterial, can be attenuated for high level of nonlinearity. This finding can improve
the performance of a metamaterials as wideband mechanical filters.
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Chapter 6 Verification of the Bistable
Model

6.1

Introduction

Bistable structures have two stability points separated by separatrix energy barrier as
shown in Figure 4-11. When the amount of excitation energy is more than the separarix
energy then the system can snap back and forth between the two potential wells[268].
Bistable Duffing type cubic nonlinear response can be classified into three broad
categories, which are single well confined, mixed single well and bistable response, and
completely snap through response. Lateral vibration of buckled beam [218, 262] or
initially curved beam [263-265] results bistable Duffing type responses. The initially
curved beam undergoes several modes due to the application of the lateral load before
snapping through to the another equilibrium state depending on the ratio of the apex
height and the thickness [269-273].
Initially curved clamped-clamped beam system results bistable response when it snaps
from one stability point to other [227]. The geometry of the curved samples follows the
equation of the first mode of buckling, which can be expressed as y  a 1  cos 2 x L 2
, where a is the apex of the curved shape and L is the length between the two supports.
Due to the application of lateral load, these samples can either snap through from one
stable position to the other which can result in bistable snap through type chaotic
response or vibrates about its original state without snapping through which is a single
well confined response.

6.2

Finite element analysis

To design the sample geometry, a thorough finite element analysis is carried out on the
several clamped-clamped polymeric beams using ABAQUS to compute its frequency
and snap through load. A phython script is created to conduct the parametric sweep
over several apex height ratios and thicknesses for a constant Young’s modulus
2.29GPa and constant length and width of 70mm and 10mm respectively. Apex height

132

is assumed as a factor (R) times the total length (L). For parametric study R is varied
from 0.005 to 0.1 with 0.005 increments. Total seven different thicknesses, such as,
0.05, 0.1, 0.2, 0.3, 0.5, 0.8 and 1.0 mm are considered. In all the models, a mass of 7.5
gm with finite dimension (2.8 x 10 mm) is attached at the middle of the initially curved
beam. Shell elements are used to mesh the full initially curved beam.

Figure 6-1: (a) ABAQUS finite element model of initially curved beam, (b) Natural frequency of
the initially curved beam in parametric domain

Figure 6-1 illustrates the variation of the natural frequency is not linearly proportional
with the apex height and frequency increases significantly with the thickness of the
beam.
To compute the static snap-through force, quasi-static analysis has been carried out over
the parametric space in ABAQUS. Keeping the length, width and Young’s modulus of
the beam same as before, six different values of thicknesses, 0.05, 0.1, 0.25, 0.5, 0.75,
1 mm and apex height ratios, 0.005, 0.01, 0.025, 0.05, 0.075, 0.1 are considered.
Figure 6-2 illustrates that requirement of snap through force increases with the
increment of the thickness as well as the apex height ratio. Most of the cases, a proper
snap through force-displacement diagram can be perceived, in which near the snap
through force displacement drops after a small increment of force. This is due to the
occurrence of instability. Interestingly, the quasi-static force-displacement diagram for
thick plate with low apex height is not exactly snap-through type; (top row of Figure
6-2). In these cases, the thickness is higher than the apex height; therefore, it deforms
instead of snapping through to the other stability point. The variation of the snap
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through force with variation of the apex-height and the thickness is plotted in Figure
6-3.

Figure 6-2: Result of the Quasi-static analysis of initially curved fixed-fixed beam in
parametric domain

Figure 6-3: Variation of the snap-through force (log scale) with variation of thickness and R
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From finite element analysis, it can be concluded that the force required to snap- through
increases drastically with R and thickness of the initially curved fixed-fixed beam. Snap
through cannot be perceived for those samples in which thickness of the beam is more
than the apex height.

6.3

Measurement of sample parameters

Implementing 3D printing technology, the curved beams with the desired shapes are
created. PA-2200, which is basically Polymide (Nylon) 12, are used in Selective Laser
Sintering (SLS) Nylon 3d printer for printing the initially curved beams. The density of
the material is 450 kg/m3 and the tensile modulus is 2.29GPa. A truss structure is used
to support the curved beam profile as shown in Figure 6-4.

Figure 6-4: (a) 3D printed curved beam sample, (b) microscopic image of a cross section of
the thickness of the sample

Among total 40 samples, first 16 samples have no supporting structures, thus these
samples have very less control on the apex height and length, the second 15 samples
have a supporting truss at the bottom. However, the bottom truss cannot provide enough
stiffness against the rotation of the end block therefore, in the vibration testing these
samples do not act like a clamped-clamped initially curved beam and the snap through
between the two-stability point cannot be perceived. In the last 9 samples, supporting
truss is in sidewise as shown in Figure 6-4. These sample set demonstrates snap through
type vibration, therefore, all the parameters of these samples are measured and dynamic
testing is also carried out on these specimens.
In the sample category c, three different sets of samples, having various apex height,
specifically 1.5, 1 and 0.5 mm for respectively set 1, 2 and 3 are ordered. All of them
were designed to have 0.4 mm thickness; however, the actual 3d printed samples
deviated from the actually design after printing because of the printing technology. The
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average grain size of the powder is 56µm. Grains can be visualized in the microscopic
image of the 3d printed sample. 3d printed structures are generated by melting the
powder using laser and then solidifying the conglomerates; therefore, the surface may
become discrete instead of continuous. The surface of a 3d printed sample is usually
very rough and uneven. To assess the unevenness of the thickness, we have taken the
microscopic measurement of all the samples. The variation of thickness influences the
stiffness significantly as its cube is proportional to the rigidity modulus. The variation
of the apex height also can be expected.
Table 6: Measured parameters of the samples
Sample ID

Apex

Thickness

Stiffness (N/m)

Height (mm)

Average (mm)

Std (%)

C 1.1

1.432

0.420

1.56

160.5

C 1.2

1.270

0.414

5.20

136.2

C 1.3

1.459

0.408

2.74

150.0

C 2.1

0.595

0.429

1.66

71.2

C 2.2

0.927

0.410

4.05

96.4

C 2.3

1.012

0.436

2.26

126.9

C 3.1

0.369

0.448

2.39

50.2

C 3.2

0.406

0.412

2.94

42.9

C 3.3

0.421

0.454

1.27

59.6

Table 6 elucidates that except sample id c2.1 all the samples have close apex height.
The variation of the thickness along the length of the samples is around 6% and variation
of the apex height is around 10% for 40 numbers of samples.

6.4

Dynamic testing

The main aims of the dynamic testing are to validate the theoretical model with the
experimental data, to identify the difficulties and limitations towards the designing and
fabrication of the bistable metamaterial systems, and to estimate the performance of the
3d printed samples for the applications in the field of dynamics.
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6.4.1

Description of setup

To perceive the response of the 3D printed curved beam sample under monochromatic
sinusoidal excitation the following experiment setup, as shown in Figure 6-5 is used.
Electro-dynamic shaker is used to vibrate the sample holder in which the sample is
attached. Force transducer is connected between the stinger and the sample holder to
estimate the force transmitted to the sample. There is spring attached between the force
transducer and the sample holder to define the outer mass and the outer stiffness of the
whole system properly. Laser vibrometer (LV) and laser displacement sensor (LDS)
measured the velocity of the attached mass and the displacement of the holder. All the
data measured by force transducer, LV and LDS are stored to the data acquisition system
and further processed by LABVIEW software. LABVIEW send the various
monochromatic signal to the data-acquisition system first and then through an amplifier
that signal is transmitted to the shaker as shown in Figure 6-5.

Figure 6-5: (a) 3D printed initially curved beam sample is attached with the sample holder of
27.77 gm. Double sided tapes are used to connect the sample with the holder. A mass of 7.58
gm is attached at the middle of the sample. (b) full experimental set up from left shaker,
testing specimen, experimental rig, Laser displacement sensor, vibrometer, amplifier, data
acquisition devices, computer with Labview, c) Top view of the testing specimen, from left
Shaker, stringer, force transducer, spring of stiffness 19kN/m, sample holder mounted on the
testing rig by rubber bands, and sample. (d) Flow chart of the full experimental setup
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6.4.2

Data processing

Shaker is a four degree of freedom system; therefore, its output is not same as the input.
To identify the input force on the system, the measurement of the force transducer is
very important. Force transducer measures the force from the strain in the piezo-electric
unit attached at the front side of it. Here the force transducer is inserted facing towards
the sample, thus it measures the reaction force coming from the spring attached to the
sample and the force transducer. The mathematical model of the full set-up is illustrated
in Figure 6-6.

Figure 6-6: Mathematical model of the experimental setup

The force f is measured by the force transducer. Therefore, the equation of motion of
the linear sample can be written as:

mr ur  cr  ur  um   kr  ur  um   0

mmum  cr  ur  um   kr  ur  um   cm  um  u g   k m  um  u g   0

(6.1)

f

f  cm  um  u g   km  um  u g 
From experiment, force  f  , displacement of the outer mass  um  and velocity of the
inner mass  ur  are measured for monochromatic excitations.
Replacing the damping and stiffness terms of the equation of the resonator with force,
we can derive:

mr ur  mmum  f  0
which represents force is the summation of the two inertias.

(6.2)
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Nonlinear bistable type buckled beam system can be modelled as Duffing type cubic
nonlinear system, thus the equation of motion of the bistable initially curved beam
coupled mass-in-mass metamaterial unit can be written as:

mr ur  cr  ur  um   kr  ur  um   k3  ur  um   0
3

mmum  cr  um  ur   kr  um  ur   k3  um  ur   f  0
3

(6.3)

The linear part of the stiffness of these nonlinear samples (kr) are considered as the
stiffness measured and tabulated in Table 6. The nonlinear part of the stiffness is
calculated.

6.4.3

Transmission loss computation

Measured force is dependent on the displacement of the force transducer itself, which
can be considered as base displacement (ug) and displacement of the external mass (um).
um and f is measured by LDS and force transducer. Therefore, ug can be easily estimated
as outer mass over the base excitation is measured as:
Fe  it  i cm e  it U m  U g   km e  it U m  U g 
F   i cm  km  U m  U g 
U g  Um 

(6.4)

F
k  4 2 2 km mm
2
m

where  is the modal damping and can be assumed to a small value such as 0.5%. Thus,
the transmission loss can be expressed as:

TL  20log10

6.4.4

Um
Ug

(6.5)

Validation of the measurement

To ensure that the setups are correct and correct conversion factors are used to convert
from measured voltage to the actual data, laser displacement sensor and the vibro-meter
both are pointed on the outer mass. The displacement and force spectra for three various
level of amplitude are shown in Figure 6-7.
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Figure 6-7: (a) Force output from the force transducer data for three different level of
excitation amplitude, (b) displacement measurement from the LDS (dotted) and Vibrometer
(solid line) data while both pointing on the holder very close proximity

Figure 6-7(a) shows that a peak and a trough respectively occur at the 27 Hz and 40 Hz
frequencies in the force spectra generated from the force transducer data. Force output
for the frequencies higher than 60 Hz is more constant in nature. Figure 6-7(b)
illustrates a nice matching between the laser displacement sensor’s data and the
vibrometer data, which ensures that the conversion factors are correctly applied. Figure
6-7 also shows that the experiment is repeatable.
To confirm that the sample holder is moving along the axis of the stringer and the
vibration in other direction is negligible, the linked video can be referred to video#1.

6.4.5

Corrections of the measured data

In this test setup, there are several possibilities to measure something wrong which are:


An angle between the axis of the stinger and the sample holder may exist,
therefore the force transducer measurement is not directly the longitudinal but
its’ some component.



Force-transducer has some tolerance of 15%.



Electro-dynamic shaker has its natural frequency around 20 Hz, therefore force
amplitude spectrum always has a peak around 20 Hz frequency. Any
measurement around this frequency range is affected by the interference of the
shaker’s natural frequency.



Force transducer is not mounted on a fixed frame; therefore, its measurement is
affected by the inertia of the force transducer.
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To encounter all these sources of uncertainty, the test is first carried out only with the
sample holder as a single degree of freedom system. The measured force transducer data
and inertia data are compared in the frequency domain to perceive the difference
between the two measurements. A correction factor, which is the ratio of the measured
force and the inertia, from nine experiments are plotted in Figure 6-8.

Figure 6-8: Ratio of the force and inertia spectrum over the frequency range for nine sets of
experiment having three different level of excitation amplitude

Figure 6-8 illustrates that correction factor of the force transducer for this setup depends
only on the frequency. The average correction factor spectrum is used for comparing
the experimental result with theoretical.

6.5
6.5.1

Results and discussion
Transmission loss

The experimental setup on which the nonlinear samples are mounted has frequency
132.1 Hz, but the frequencies of the samples are very low, around 20-22 Hz, thus ηs of
the system is very low 0.17.
The transmission loss spectrum of the experimental setup with only sample holder
without sample, only sample holder with attached mass same as samples, and sample
holder with an equivalent linear sample is plotted in Figure 6-9.
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Figure 6-9: Three different configurations of the experimental setup (a) sample holder only,
(b) sample holder with attached mass same as resonator, (c) sample holder with resonator,
(d) Full spectrum of the transmission loss (TL) for these three systems (e) zoomed view of the
TL spectra at the experimental frequency range

The transmission loss spectrum for the sample holder with added mass is lower
compared to that of the only sample holder mounted on the base in the experimental
frequency range. This phenomenon is occurred because the frequency of the
experimental setup is higher compared to the natural frequency of resonator.
From the experimental data, transmission loss of the various 3d printed samples are
plotted in Figure 6-10 to Figure 6-12, along with the only holder and holder with the
added mass (same as the total mass of the resonating structure) case to access the
improvement of the attenuation performance of the nonlinear metamaterial.
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Figure 6-10: Percentage of the transmission loss improvement due to the attachment of the
nonlinear resonator compared to the no resonator case. Column wise (left to right) amplitude
of excitation increases, and row wise (top to bottom) sample c1.1, c1.2 and c1.3 respectively.
Last row, illustrates the experimental results of the transmission loss plot for the sample with
respect to same for no resonator and no resonator but added the equivalent mass with the
main structure

The percentage improvement without added mass and with added mass plots illustrate,
how much more attenuation can be achieved due to the insertion of the nonlinear
resonator (case 3) compared to the only sample holder (case 1) and sample holder with
equivalent attached mass of the resonator (case 2). The transmission loss of the attached
mass sample holder is more compared to the only sample holder, respectively.
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Figure 6-11: Percentage of the transmission loss improvement due to the attachment of the
nonlinear resonator compared to the no resonator case. Column wise (left to right) amplitude
of excitation increases, and row wise (top to bottom) sample c2.1, c2.2 and c2.3 respectively.
Last row, illustrates the experimental results of the transmission loss plot for the sample with
respect to same for no resonator and no resonator but added the equivalent mass with the
main structure
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Figure 6-12: Percentage of the transmission loss improvement due to the attachment of the
nonlinear resonator compared to the no resonator case. Column wise (left to right) amplitude
of excitation increases, and row wise (top to bottom) sample c3.1, c3.2 and c3.3 respectively.
Last row, illustrates the experimental results of the transmission loss plot for the sample with
respect to same for no resonator and no resonator but added the equivalent mass with the
main structure

Figure 6-10 to Figure 6-12 show that experiments are repetitive and attachment of
nonlinear resonator increases the transmission loss for a band of frequencies and
decreases for some band. Except sample id c2.1, all the samples show very similar
response pattern in the dynamic testing. Response of sample 2.1 is much close to sample
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set 3. The transmission loss spectrum of the nonlinear resonator attached sample holder
is always higher compared to the only sample holder, having same mass of the total
resonator and sample holder.
From the trends, it can be concluded that for higher apex height (sample set 1),
resonators mostly show single well confined response for low level of amplitude which
is close to the linear resonator. The attenuation performance of the sample holder is
clearly improved due to the attachment of the nonlinear resonator, near the resonating
frequency of the nonlinear metamaterial. The attenuation performance mostly
deteriorates due to the increment of excitation.
In the transmittance spectra for the higher amplitude excitation (last row and column of
Figure 6-12), discontinuity can be perceived, which is very common property of the
nonlinear oscillator.
The experiment is conducted in a bad range of parameters. In this experiment, the
structural frequency was very high because the external spring coefficient is three orders
of magnitude higher compared to the stiffness of the samples. Therefore, the effect of
the resonator is very low. On the other hand, the decrement of the spring coefficient
does not provide enough force to snap through the sample. The available vibration
shaker has some limitation of the amplitude; thus the less stiff spring cannot be used for
the experiment. On the other hand, high stiffness of the resonating units increases the
separatrix energy barrier.

6.5.2

Time domain responses

To provide the evidence that snap through type of motion only occurs at the high
amplitude excitation, phase portrait of the relative displacement and velocities of some
samples at some frequencies are plotted in Figure 6-13 to Figure 6-17. In case of the
snap through type vibration, the relative displacement crosses the separatrix energy
barrier which is at 0 in xr-xm coordinate, thus for single well confined motion full portrait
just remained only one side of the 0 never cross 0.
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Figure 6-13: Phase portrait of relative displacement vs relative velocity for sample c1.1 for low
amplitude excitation (a) 20 Hz, (b) 25 Hz, (c) 35 Hz, (d) 42 Hz

Figure 6-14: Phase portrait of relative displacement vs relative velocity for sample c1.1 for
medium amplitude excitation (a) 20 Hz, (b) 30 Hz
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Figure 6-15: Phase portrait of relative displacement vs relative velocity for sample c1.3 for
high amplitude excitation (a) 20 Hz, (b) 30 Hz

Figure 6-16: Phase portrait of relative displacement vs relative velocity for sample c2.3 for low
amplitude excitation (a) 15 Hz, (b) 22 Hz and for high amplitude excitation at (c) 15 Hz and (d)
22 Hz
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Figure 6-17: Phase portrait of relative displacement vs relative velocity for sample c3.3 for low
amplitude excitation (a) 15 Hz, (b) 22 Hz and for high amplitude excitation at (c) 15 Hz and (d)
22 Hz

The different phase portrait shows that snap through occurs only for the high amplitude
motion. It is also noteworthy that that for steady state snap through type response, phase
portraits are not equally spared over the two potential wells, such as Figure 6-15(a) ,
Figure 6-16 (c-d) and Figure 6-17(c). This phenomenon indicates the twin wells are not
identical and the resonator is biased on the well it was printed. Occasional snap through
can be perceived in Figure 6-17 (d) which are chaotic in nature. For low and medium
level of excitation this snap through phenomena cannot be perceived.

6.6
6.6.1

Validation of numerical model
Improvement of the computational model

The computational model proposed in chapter 5, has a limitation that it assumes the
amplitude of the excitation remained constant throughout the frequency spectrum.
Therefore, the constant excitation part of the computational model is amended in the
revised model. In the revised model, the experimental force data after applying the
correction factor is supplied directly to the equations of motion which enables to solve
the system more realistically.
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6.6.2

Comparison with analytical result

The amplitude spectrum of the sample holder measured experimentally is compared
with the analytical result for sample c3.3 and c1.3 and illustrated in Figure 6-18. This
two samples are chosen because sample category 1 and 3 has higher and lower apex
heights respectively.

Figure 6-18: Comparison between the experimental data and the numerical data for sample id
(a) c3.3 (b) c1.3

Figure 6-18 illustrates the computational model can identified the main features, such
as the drop in the displacement, in the displacement spectrum. However, the
computational and experimental results are not exactly super imposed. The possible
reasons are as follows:


The damping of the 3D printed sample is quite high and unknown. In numerical
model, a damping of 10% is assumed.



The cubic nonlinear equation of motion for the resonator yields a symmetrical
potential well but from the phase portrait of Figure 6-17 (c) it can be concluded
that 3D printed models has preference to stay its original shape. Actually, in the
other stability point, bending stresses are generated.



The numerical model assumes the material property as elastic and linear, but in
reality, the property of the 3D printed polymer based samples maybe not elastic.



The thickness of the sample is not constant throughout its length; therefore, some
unwanted modes of vibration are generated which are not considered in the cubic
approximation.
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For very low amplitude vibration, the amplitude of the displacement is around
10-100µm (varies with frequency), thus the presence of environmental noise can
affect significantly on that.



Numerical cubic nonlinear model is valid if a point mass is attached exactly at
the middle and also it is assumed that the apex is at middle. In 3d printed samples
apexes are not always at middle and the attachment of the mass is not always
exactly at middle due to human error.



The effect of gravity also makes the apex height more asymmetric.



Twist of the resonating beam can be perceived in some frequencies, which is not
considered in the mathematical model.



In case sample c3.3 the apex height is less than the thickness; therefore, zero
displacement crossing phenomena is not like a snap-through rather like
deformation, as discussed in section 6.2.

Considering all those unavoidable and unmeasurable factors, it can be concluded that
the computational model yields fairly good result towards the prediction of the nonlinear
response of the initially curved samples.

6.7

Recommendations and further improvements

Designing of a nonlinear multi-stable system involves lots of challenges, as discussed
above. In this case, the required snap through force is estimated from the quasi-static
analysis and dynamic response is computed from the numerical simulation assuming
an approximate cubic Duffing type equation. In reality, snap through phenomenon in a
dynamic environment is different than that of a quasi-static environment as the presence
of the relative displacement, velocity, acceleration, damping, in dynamic environment
starts modifying the stability conditions. To ends up with an optimized designing by
considering all these parameters by some computational or numerical algorithm
requires enormous computational resources and time. To design a nonlinear system
considering all the parameters two possible ways can be possible. Firstly, develop the
analytical expressions to compute the bandwidth for various shapes in terms of their
geometrical and excitational parameters, which allows direct designing. Secondly,
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some meta-heuristic optimization algorithms can be developed to search the parametric
space in an efficient manner towards optimized design.

6.8

Summary

A pilot study on the designing of a bistable metamaterial unit has been presented in this
chapter. From the eigen frequency and quasi static analysis using finite element method,
frequency and the snap-through force are determined for the initially curved beam
sample. It is observed that when the apex height is less than the thickness, then the
structure goes to the other stability point by deformation instead of snapping through.
Using the 3d printing technology, curved beams are printed for performing the dynamic
testing. The several constraints associated with the 3d printed nonlinear samples are
identified. The samples have much higher damping and due to the effect of gravity and
the temperature during the printing process the apex are mostly shifted to either sides.
Computational model using Duffing equation can predicts the major characteristics of
the nonlinear metamaterial unit.
This experiment was performed in a bad zone of the parametric space due to the
availability of the resources. This difficulty proves the need of the development of an
optimization scheme for the design of nonlinear metamaterial unit.
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Chapter 7 Nonlinear Metamaterial:
Discontinuous

7.1

Introduction

The exotic frequency dependent properties of mechanical metamaterials are generally
based on the embedded resonance mechanism [17, 18], and this limits their applicability
to a narrow frequency range (bandwidth) due to a dependency on the linear resonance
[108, 193]. Nonlinearity has the potential to widen the attenuation bandwidth of
oscillator-based metamaterials by exploiting dynamic features such as sub and super
harmonic resonances, period multiplications, and chaotic responses [178-180, 184-186,
258]. For example, the nonlinear Hertzian contact in a granular chain also leads to a
wider attenuation band in elastic wave transmission through it [175, 176]. In other
fields, such as energy harvesting [274, 275] and vibration absorption[222], it has been
shown that nonlinearity widens the resonating bandwidth. Among the different form of
nonlinearity, impact events produce a discontinuity in the velocity response that
generates a strong nonlinearity. Impact occurs when either two nearby oscillators or an
oscillator and a rigid obstacle come in contact. The physical process of impact is very
complex and highly nonlinear. The velocity response of the impact event is
discontinuous in nature; giving rise to either a multi-periodic response or a chaotic
response. The impacting system dissipates energy and attenuates the vibration of the
surrounding structure through interference between the external excitation and the
impact's impulse force and kinetic energy losses during inelastic impact. This
counteraction is not explicit and depends on the natural and excitation frequencies,
excitation amplitude, and the interval between successive impacts.
Impact oscillators have attracted the attention of the researchers since at least
1945[276]. Their main challenges lie in the prediction of the period between successive
impacts, the changes in frequency of the impact oscillator, and the post impact
conditions after each impact. The post-impact velocity can be computed from the preimpact velocity using a verity of models: Kelvin element[277], nonlinear Hertz
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damped[278] or undamped [279, 280] model, stereo-mechanical[281] or non-smooth
unilateral[282-284] model. Based on the critical review on various normal
unidirectional impacting models in ref.[285] the stereo-mechanical model has been
adopted in this chapter. It is the most accurate in terms of post impact velocity
estimation and computationally easiest among the existing impacting models. The
velocity response becomes discontinuous at the time of impact because the impact
phenomenon is modelled as an instantaneous event in the stereo-mechanical model.
Impact oscillators can be subdivided into four main classes which are illustrated in
Figure 7-1. In Type A the impact is between one free and one spring-mass system, (no
coupling spring between auxiliary mass and main mass) having two-sided fenders [286292] and one-sided stopper [293], which is shown in Figure 7-1 (a). The Type B, dual
component system has two uncoupled spring mass systems which impact with each
other [294] as illustrated in Figure 7-1 (b). Type C is a coupled multi-degree of freedom
system [295] or two degree of freedom system (2DOF) [296-303] where impact occurs
between one mass and external fixed obstacles as shown in Figure 7-1 (c). Type D
consists of two coupled systems where impact occurs after closing the gap between
them[304, 305], as shown in Figure 7-1 (d).

(a)

(b)
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Figure 7-1: Different sets of possible impact oscillators (a) Type-A one free oscillator is
impacting with periodically exited forced limiter, (b) 2DOF structurally uncoupled but impact
coupled system, (c) 2DOF structurally coupled but impact uncoupled system, (d) 2DOF all
way coupled system
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A building block of an impacting metamaterial can be perceived as a type D system,
because it can be modelled as a mass-in-mass two degree of freedom system. Calius et
al [13] shows that silicon coated steel ball impregnated into the resin matrix can act as
a resonating unit of metamaterial, which can be mathematically modelled as 2DOF
system, in which impregnated steel ball is modelled as resonating mass, silicon coat as
internal spring and resin matrix as outer mass. Now, an impact system can be
conceptualized from that concept. If the amplitude of vibration of the steel ball is more
than that of the thickness of the silicon coat then steel ball can hit with the internal
boundary of the resin cavity, which can be modelled as a mass-in-mass system with
threshold limited stoppers as shown in Figure 7-2.

Figure 7-2: A single unit of metamaterial a) linear system, b) impact system

The dynamics of the Type D was first analysed by Masri et al [306], with the
assumption of two equispaced impacts per cycle, which signifies that within a single
time period of external force, the internal mass hits successively after an equal time
interval at the two opposite sides of the main vibrating system. The limitation of
equispaced impacts was overcome by Nigm and Shabana [307], but the assumption of
two impacts per cycles still remained. However, this assumption does not hold for all
frequencies and they were unable to obtain a solution in certain frequency ranges,
mainly around resonances[188]. For a complete analytical solution, it is necessary to
assume periodic motion after a specified number of cycles. This assumption reduces
the equations of motion to a solvable form. Peterka [308] has solved the type D system
with damping and friction and reported various types of n-p motions, where n is number
of forcing cycles and p is the number of impacts. In some frequency range, the
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impacting motion becomes periodic after p numbers of impact. To analyse this complex
dynamic phenomena, Peterka [309] and Luo [300] formulated the Peterka coefficient

 z  p n  , where

z  (  is the set of positive real number), which is the ratio of

the number of impact (p) and number of excitation period (n) in the excitation time
period. The Peterka coefficient is very effective for complete analytical solution such
as, z  1 , where n  N (N is the set of natural numbers). However, for all the irrational
n
values and rational values of z, specifically where p and n are quite high, the complexity
of the analytical solution increases. Phase portraits and bifurcation maps for different
excitation frequency motion for Type D system shown in ref.[310]. Most recently, Yue
[311] identified Period doubling bifurcation and torus bifurcation for the symmetric
quasi-periodic motion to comment on the stability of response of a Type D system.
Experimentally and analytically, Balachandran [312-314] provided complete response
spectrum for cantilever beam with tip mass impacts with stationary stoppers. However,
the complete response spectrum of the Type D impact systems has not been reported in
any existing literature. On the other hand, direct numerical solution using standard ODE
solvers with event identifier cannot stop the integration when the steady state is reached,
thus it solves throughout the full time domain which is time consuming. Therefore, an
analytical and numerical coupled hybrid solver is presented in this chapter to overcome
the above-mentioned issues.
Furthermore, the vibrational wave transmission through the impacting metamaterial
unit and chain are thoroughly discussed.

7.2

An exact solution scheme for impacting systems

To solve the complex dynamics of the impact oscillator, a solver is designed based on
the analytical procedure discussed in previous sections. In a particular system, mass and
stiffness of the inner and outer mass, modal damping for the system, gap between the
two fenders and inner mass, excitation amplitude and frequency are acting as input
parameters. In the contrary, the displacement and velocity histories in time domain and
the periodicity coefficient are the main output from the impacting process. The full
solution scheme is illustrated in Figure 7-3.
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Figure 7-3: Impact oscillator solution scheme

The flow chart of Figure 7-3 can be conceptualized in a following manner:


Using eigen value analysis the natural frequencies and the mode shapes of the
system are computed from the model parameters.



The system is translated into the principal coordinate system using modal matrix
to uncouple the system and to induce the modal damping in it.



The analytical solution of the system in principal coordinate can be obtained
from which feasibility of impact and instant of can be estimated.



The post-impact state in the principal coordinate system can be evaluated using
laws of impact and use those as the initial condition for the next impacting cycle.



The check for identifying the chaos as described in section 7.2.1 is implemented
after that and the periodicity of the impact oscillator is also computed.



The output of the scheme can be of three categories:
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a. No impact occurs, because the relative displacement is less than the gap
between the object and the fenders. The periodicity coefficient is one in
this case, and the periodic solution of displacement and velocity are the
two other outputs.
b. The second case can be defined as where impact occurs and steady state
is also achieved. In this case, solver yields periodicity coefficient, and
response of the system.
c. The last case is chaos, in which impact occurs but steady state response
is not achieved; therefore, solution is not converged to a specific
attractor.
Transmittance is computed as:
T  dB   20 log10

um

(7.1)

ug

where, um is the amplitude of the displacement of outer mass. During the impacting
sub or super harmonic oscillation, several time the periodic motion exhibited over an
arbitrary displacement rather than zero. In those cases, the amplitude um is computed
as ummax  ummin 2 . On the other hand, for chaotic response um is calculated as:
um 

7.2.1

1
N

N

 u
i 1

m

 um 

2

(7.2)

Identification of different periodic motion, chaos and
stopping criteria

Most of the time after a few impacting cycles, the response of the impact system
becomes steady; therefore, the solution should stop after reaching the steady state
solution to save the computational cost. Besides that, identification of the various types
of periodic response is also essential to estimate the effect of sub and super harmonic
responses and chaos on the overall system dynamics. Along the time domain, several
parallel planes, analogous to the Poincare’s plane, are chosen at the impacting time
which contains both the displacements and velocities of the impact oscillator. Each
plane contains both the post and pre-impact velocities because impact is assumed to be
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instantaneous. Now, if the displacement and velocity response at plane after jth impact
is identical with that of after mth impact; then, it can be concluded that after p=j-m
numbers of impact, the response repeats or become periodic. The time differences
between p numbers of consecutive planes (Tp) are checked and when the last twenty
values of Tp becomes equal then it is assumed that the steady state is achieved and
solution terminated. Otherwise, in case of the chaotic response, solution will not be
repeated; thus, it should continue up to a certain maximum number, for example 2000
numbers of impacting cycles.

7.2.2

Periodicity coefficient

Due to the counteraction of the external excitation by the resulting impulsive force,
impact oscillators demonstrate discontinuous rich dynamics which is mostly multiperiodic or chaotic because of the presence of sub and super harmonics. In general,
during the steady state of a forced vibration, a linear system vibrates in the external
frequency; whereas, in case of impact system this phenomenon is no longer presents.
In some frequency range, the impacting motion becomes periodic after p numbers of
impact, as described in the section 7.2.1; thus, the time period of the impact system
changes to the time duration for the p steady state impacts which can be assumed to be

Tp .The periodicity coefficient can be defined as the ratio of the system’s response
frequency  p  with excitation frequency   , which can be further simplified as:



 p 2

 Tp

(7.3)

This periodicity coefficient    can help to identify the characteristics of the motion.
The value of λ can be any positive real number, rational or irrational. For chaotic
response,  is assumed to be 0 as the chaotic system has no periodicity, and for the nonimpacting case, it is assumed to be unity as the system vibrates in the excitation
frequency during non-impacting linear motion.
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7.3

Single degree of freedom system

7.3.1

Solution procedure

Single degree of freedom system with stoper can be considered as a piecewise linear
system. The equation of motion can be written as:

mu  cu  ku  kug sin t

(7.4)

The natural frequency is   k m and viscous damping is c  2 . As the Eq.(7.4)
is a single equation therefore conversion to the principal coordinate is not required.
Now the transient part can be expressed as:
t

u  e t sin d t  A  cos d t  B 

t

u  d e t cos d t  A  sin d t  B   e t sin d t  A  cos d t  B 
(7.5)

where, A and B are two unknowns based on the initial condition, and damped natural
frequency d   1   2 . On the other hand, the steady state part can be written as:

where, Z 

ku g  2

1     2 
2 2

2

s

u  Z sin t     

s

u   Z cos t     

(7.6)



,   tan 1  22  ,    and  is an unknown

 1  

phase angle due to the impact, which represents the state when the impact occurs.
Therefore, the displacement and the velocity of the system in the principal coordinate
system can be expressed as:
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u  e t sin d t  A  cos d t  B   Z sin t     
u  d e t cos d t  A  sin d t  B  

 et sin d t  A  cos d t  B    Z cos t     





 e t d cos d t    sin d t   A  d sin d t    cos d t   B 

 Z cos t     
(7.7)
Assigning the initial conditions, u  0  , u  0  , for the complete solution of Eq.(7.7), it
can be derived that:

u  0   B  Z sin    
u  0   d A   B   Z cos    

(7.8)

 B  u  0   Z sin    


u  0  

Z
 A     u  0    Z sin       cos    
d
d
d
d

Therefore, the Eq.(7.7) can be rewritten in terms of the initial conditions by substituting
the values of unknown A and B from Eq.(7.25) into Eq.(7.22):

sin d t 



u  e t cos d t  
sin d t   u  0   e t
u 0 
d
d


Sdv  t 

Sdd  t 

S dd  t  Z sin      S dv  t   Z cos      Z sin  t     
  





u  e t    
 d  sin d t   u  0   e t  cos d t  
sin d t   u  0  
d



  d

Svv  t 

Svd  t 

Svd  t  Z sin      Svv  t   Z cos       Z cos  t     
(7.9)
Thus, the total response of the single degree of freedom system can be expressed by
summation of the transient and the steady state part, in the following manner:
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u  Sdd  t  u  0   Sdv  t  u  0   Sdd  t  Z sin      S dv  t   Z cos      Z sin t     
u  Svd  t  u  0   Svv  t  u  0   Svd  t  Z sin      Svv  t   Z cos       Z cos t     
(7.10)
In Eq.(7.10), d and v, which are used as the suffix of S, stands for displacement and
velocity, respectively. Therefore, Sdd  t  represents the coefficient of the displacement
of the initial displacement of it.
The unknown phase is needed when the initial condition within an impacting cycle is
unknown; however, in this case, the initial condition before an impacting cycle is
known either from the post-impact velocity and displacement from result of the
previous cycle or from the assigned initial displacement and velocity if it is the first
cycle. Therefore, the unknown phase of Eq. (7.9) can be eliminated which yields the
modified form of Eq.(7.10):

u  Sdd  t  u  0   Sdv  t  u  0   Sdd  t  Z sin    Sdv  t   Z cos    Z sin t   
u  Svd  t  u  0   Svv  t  u  0   Svd  t  Z sin    Svv  t   Z cos     Z cos t   
(7.11)
Now, if the gap between the fender and the initial position of the resonator is  then
impact occurs when

u 0

(7.12)

The first instant of impact  1  can be estimated by substituting Eq.(7.11) into Eq.(7.12)
. Therefore, pre-impact velocity  u   can be calculated from Eq.(7.11) as:

u1  Svd u  0   Svvu  0   Svd Z sin    Svv Z cos     Z cos  1   
(7.13)
Where S xx  S xx  j  . Post impact velocity can be calculated according to Newton’s law
of impact:

u j   u j

(7.14)
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After each impact, the initial conditions of the equation of motion need to be updated.
After jth impact, the pre-impact displacement and velocity would be  , u j  which acts
as the initial condition for the equation of motion.

7.3.2

Case studies

A SDOF impacting system having unit mass and stiffness with 1% modal damping is
analysed to illustrates how the transmittance and periodicity number can vary
throughout the frequency domain for two different gap ratios.

Response spectrum
The transmittance and periodicity coefficient spectra for two different gaps are plotted
in Figure 7-4.

Figure 7-4: left and right columns shows the transmittance spectrum at top row and periodicity
number at the bottom row for gap = 5.0 and 0.5, respectively.

Transmittance diagram shows that impact occurs near the resonating frequency and
impact band increases with the decreasing gap ratio. The amplitude of the impacting
oscillation is limited to a specific value depending on the gap ratio. As the impacting
amplitude is always less compared to the linear amplitude thus transmittance reduces.

164

Higher value of  represents that the frequency of the impacting system increases.
Lower gap ratio increases the numbers of impact in a specific time duration and slowly
the motion starts dominated by the impacting response. For higher gap ratio super
harmonic motion, having   1 can be perceived in some frequencies.

Time domain data
To understand the multi-periodic response time domain response and the phase-portrait
are plotted for various frequencies.

Figure 7-5: (a) Time domain displacement response of the system, (b) phase portrait of the
velocity and displacement response of the single degree of freedom system having mass 1,
stiffness 1 and gap ratio 0.5.

Figure 7-5 illustrates after few impacts the response becomes steady and the phase
portrait start converging. In this case, the frequency of the response increases.
On the other hand, for gap ratio 5, the frequency of the system sometime decreases
during impact. Time domain plot of the displacement reveals the reason behind the
frequency decrement as shown in Figure 7-6 (a).

Figure 7-6: (a) Time domain displacement response and (b) phase portrait of the single
degree of freedom system having mass and stiffness unity and gap ratio is 5.0.
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Figure 7-6 illustrates that the response repeats after 11 numbers of impacts in steady
state and the total time for the 11 impact is much more than time-period of the
excitation.

7.4
7.4.1

Mass-in-mass impacting metamaterial unit
Solution procedure

The equation of motion of the linear system which is shown in Figure 7-2 can be written
as:
0  um  cm  cr
 
mr   ur   cr

 mm
 0

 m

x

cr  um   km  kr
 
cr   ur   kr

c

x

k 

kr  um  kmu g sin  t 
 

kr   ur  
0

x

f

(7.15)
where,  m ,  k  are respectively mass and stiffness matrix of the system and suffix m
and r stands for the main and resonating unit, respectively.  c  denotes the damping
matrix, which cannot be predicted directly as there is no extra dampers attached to the
system. Generally, the based on the concept that damping is proportional to the
frequency, damping matrix [c] can be calculated from the modal damping, according
to ref.[266]. um , ur stand for the displacement of main and resonating units,
respectively, and the dot denotes the time derivate. f is the force matrix and



is the

excitation frequency in rad/s.
The natural frequencies of the two degree of freedom system can be expressed as:

k k
k
  r  m r
2mr  2mm
2
1,2


kr km 1  km  kr kr 
 
 
 
m
m
4
m
mr 
r
m
m



2

(7.16)

and the modal matrix, which contains the mode shapes for each natural frequency can
be expressed as:
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a
 1
1

a2 
m
; an   r n2  1

1
kr

(7.17)

Now, the Eq.(7.15) is a coupled second order differential equation. To uncouple this
Eq.(7.15), the system  x is transferred to the principal coordinate q , by coordinate
transformation, after assuming:

a1


2
uo   mm a1  mr
 
1
 ui  
x
 mm a12  mr



mm a22  mr   q1 
 q 
1
 2
2
mm a2  mr  q
a2

(7.18)



where,



is the mass normalized modal matrix. After shifting the coordinate system

to principal coordinate, the mass, damping, stiffness and force matrix changes to:
 21
1 0 
M  T m  
; C  T c  

0 1 
 0

0 
12
T
;
K


k



22 
0

0
T
;P   f
22 

(7.19)
where, M,C,K,P are modal mass, damping, and stiffness matrix and force vector,
respectively. Actually, the unknown damping matrix of Eq.(7.15) can be calculated as
c   T C according to ref.[266]. Therefore, Eq.(7.15) can be solved in two different

modes as two uncoupled single degree of freedom systems and the equations of motion
of the metamaterial unit in the principal coordinate system are:
1 0   q1   21
0 1  q    0

 2 

0   q1  12
  
22  q2   0

 qi  2i qi  i2 qi  Pi cos t

0   q1   P1 
      sin  t
(7.20)
22  q2   P2 

i  1, 2

where, the force vector in principal coordinate system can be evaluated as:
a1


2
 P1   mm a1  mr

  
a2
 P2  
 mm a22  mr

a1




mm a12  mr  kmu g   mm a12  mr
 0   
a2
1
 

2
2

mm a2  mr 
 mm a2  mr
1




 kmu g (7.21)
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The solution of the ith mode Eq.(7.20) can be written as the summation of the transient
and steady state part. Now the transient part can be expressed as:
t

qi  e it sin di t  Ai  cos di t  Bi 

t

qi  di e it cos di t  Ai  sin di t  Bi   i e it sin di t  Ai  cos di t  Bi 
(7.22)

where, A and B are two 2x1 unknown vectors based on the initial condition, and
damped natural frequency di  i 1   2 . On the other hand, the steady state part can
be written as:

q  Zi sin t   i   

s i

q   Zi cos t   i   

(7.23)

s i

where, Zi 

Pi i2

1     2 
2 2
i

2


 2i 


,
and
i

2

1


i
i 


,  i  tan 1 

i

 is an unknown

phase angle due to the impact, which represents the state when the impact occurs.
Therefore, the displacement and the velocity of the system in the principal coordinate
system can be expressed as:

qi  e it sin di t  Ai  cos di t  Bi   Z i sin t   i   
qi  di e it cos di t  Ai  sin di t  Bi  

i e  t sin di t  Ai  cos di t  Bi    Z i cos t   i   
i

(7.24)

di cos di t   i sin di t   Ai  
 e it 
   Z i cos  t   i   
 di sin di t   i cos di t   Bi 
Assigning the initial conditions, qi  0  , qi  0  , for the complete solution of Eq.(7.24), it
can be derived that:
qi  0   Bi  Z i sin    i 
qi  0   di Ai  i Bi   Z i cos    i 
 Bi  qi  0   Z i sin    i 


qi  0  i
i
 Zi
 Ai     qi  0    Z i sin    i    cos    i 
di
di
di
di


(7.25)
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Therefore, the Eq.(7.22) can be rewritten in terms of the initial conditions by
substituting the values of unknown A and B from Eq.(7.25) into Eq.(7.22):

sin di t 



qi  e it cos di t   i sin di t   qi  0   e it
qi  0 
di
di


Sidv  t 

Sidd  t 

 Sidd  t  Z i sin    i   Sidv  t   Z i cos    i   Z i sin  t     i 
 






qi  e it    i i  di  sin di t   qi  0   e it  cos di t   i sin di t   qi  0 
di
di



 

Sivv  t 

Sivd  t 

 Sivd  t  Z i sin    i   Sivv  t   Z i cos    i    Z i cos  t     i 
(7.26)
Thus, the total response in the principal coordinate can be expressed by summation of
transient and the steady state part, in the following manner:

qi  Sidd  t  qi  0   Sidv  t  qi  0   Sidd  t  Z i sin    i  
Sidv  t   Z i cos    i   Z i sin t     i 
qi  Sivd  t  qi  0   Sivv  t  qi  0   Sivd  t  Z i sin    i  

(7.27)

Sivv  t   Z i cos    i    Z i cos  t     i 
In Eq.(7.27), d and v, which are used as the suffix of S, stands for displacement and
velocity respectively, i represent the index of the mode, which can be 1 or 2. Therefore,

S1dd  t  represents the coefficient of the displacement of the 1st mode with the initial
displacement of it in principal coordinate system.
The unknown phase is needed when the initial condition within an impacting cycle is
unknown; however, in this case, the initial condition before an impacting cycle is know
either from the post-impact velocity and displacement from result of the previous cycle
or from the assigned initial displacement and velocity if it is the first cycle. Therefore,
the unknown phase of Eq. (7.27) can be turned down which yields the modified form
of Eq.(7.27):

169

qi  Sidd  t  qi  0   Sidv  t  qi  0   Sidd  t  Z i sin   i  
Sidv  t   Z i cos   i   Z i sin t   i 
qi  Sivd  t  qi  0   Sivv  t  qi  0   Sivd  t  Z i sin   i  

(7.28)

Sivv  t   Z i cos   i    Z i cos t   i 

7.4.2

Identification of the impact

As the gap between the two vibrating mass closes during impact, the instance of impact
can be computed as follows:
ur    um  0
 2i qi    1i qi  0

  21  11  q1    22  12  q2    0
1

(7.29)

2

1q1  j    2 q2  j     0
q2  j  



2



1q1  j 
2

The solution of Eq.(7.29) results the value of impacting time  j . Now, the substitution
of  j in Eq.(7.28) yields the point of impact and the pre-impact velocity. Purely linear
without impact case can be perceived when there is no real solution of

 j ; otherwise,

for a real valued solution of  j , impact happens.

7.4.3

Post-impact velocity in principal coordinate system

When two approaching bodies come in contact, then impact occurs and the velocity of
both the bodies changed to keep the total momentum constant. Assuming the resonating
mass and the main mass are comparable, the post-impact velocity can be calculated as
follows, from the stereo mechanical model:
 mm  mr  mr 1     um 
um 
1

 

 
ur  mr  mm  mm 1    mr  mm  ur 
x

G

(7.30)

x

where, + and – superscripts represents the post and pre-impact cases, respectively, and


denotes the coefficient of restitution. The post-impact velocity conversion factor in

principal coordinate can be estimated as follows:

170

x  q  x  q
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(7.31)
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(7.32)
where, R11o  a1  a2  a1   a2    , R11i  1     a1  a2 , R12 o  1     a2  a2 ,

R22o  a2  a1  a2   a2    , R22i  a1  1     a2

7.4.4

Post-impact equation of motion

To evaluate the complete time domain response, it is essential to determine the postimpact equation of motion of the 2DOF system. After impact the velocity suddenly
jumps, which induced discontinuity. The displacements and pre-impact velocities of
the two degree of freedom system in principal coordinate can be determined from
Eq.(7.28), after substituting the time of impact calculated from Eq.(7.29) as:
Qij  Sidd qi  j   Sidv qi  j   Sidd Z i sin   i   Sidv Z i cos   i   Z i sin  j   i 
Qij  Sivd qi  j   Sivv qi  j   Sivd Z i sin   i   Sivv Z i cos   i    Z i cos  j   i 

(7.33)
where, S xyz  S xyz  j  . As the displacement response is continuous, the pre-impact
displacement acts as post-impact displacement; whereas, the post-impact velocity
changes based on Eq. (7.31) and (7.32) as:

qij  0   Qij
qij  0   G p Qij

(7.34)
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The post-impact state acts as an initial condition for the post-impact equation of motion
generation. The time scale is also starts from zero for each impact and the previous
impacting time is stored and cumulated to get the final time-domain response.
Therefore, the equation of motion after jth impact can be derived from Eq. (7.28) just
substituting the initial conditions qi  0  , qi  0  with qij  0  , qij  0  .

7.4.5

Non-dimensional coordinate system

To explore the parametric space in more rational and legitimate manner, the nondimensional coordinate system is used in this chapter. The non-dimensional coordinate
system can be idealized by assuming

mr
  as mass ratio,
mm

km
 m as the frequency of outer cell,
mm

and

kr
 r as the resonating
mr


 r as the frequency ratio, and the
r

r
  s as the structural frequency ratio; therefore, in non-dimensional coordinate
m
system, Eq.(7.15) can be modified as:
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(7.35)
Assuming, ur  Ar yr ; um  Am ym ; t 

1
 where Ar , Am are arbitrary constant Eq.(7.35)
r

can be modified to:

 1


 ug

 1


 1 1  Am ym   2  1 1  Am ym   2 sin r 
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(7.36)

f
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Assuming, Ar  Am 

ug

s2

, Eq.(7.36) can be reduced to:
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 1 1  ym   2  1 1  ym  sin r 
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1
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 1
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0
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(7.37)
The condition of impact, given in Eq.(7.29), can be expressed in non-dimensional
coordinate as:
ur  um    0; Ar yr  Am ym    0
 yr  ym 

 s2
0
ug

(7.38)

g

where, g is the non-dimensional gap which is depends on ratio between the gap and the
amplitude of excitation, mass ratio, and the structural frequency ratio. Now, as the
response of the inner and outer mass depends on the structural frequency ratio s  and
mass ratio   ; it is expected that these two parameters present in the non-dimensional
gap.

7.4.6

Non-smooth responses

A system having  s  1,   0.5 and a specific gap ratio of  ug  0.5 was chosen for
analysis to demonstrate the methodology presented in previous sections.
A contour plot of the periodicity coefficient    as a function of excitation frequency
and coefficient of restitution provides a map of the different responses associated with
the impacting system, as shown in Figure 7-7.

173

Figure 7-7: Periodicity number map for the system having

 s  1.0,  0.5,  u  0.5

for

g

varying coefficient of restitution 0.2    1.0 . In the cross-hatched region impact does not
occur and elsewhere the nature of the response is identified by colour according to the
spectrum in the legend. White areas represent regions of sticking motion.

Figure 7-7 illustrates the following points:


The eigenfrequencies of the system are 0.717 and 1.414, calculated from Eq
(7.16), and are indicated by the red dotted lines in Figure 7-7.



For an excitation frequency ratio r  0, 0.4  0.87, 0.92   2.53,  of the
system, the internal mass doesn’t touch the fenders. This non-impacting region
can be found from Eq.(7.29).



The energy loss due to the successive impacts increases as the coefficient of
restitution is lowered, increasing the possibility of sticking, particularly for very
low coefficients of restitution. The sticking regions for high coefficient of
restitution are concentrated near the eigenfrequencies.



Subharmonic multi-periodic responses, with periodicity coefficient <1, are
depicted in medium to sky blue while super-harmonics, with periodicity
coefficient >1, ranging from sky blue to red.
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Time domain responses associated with the different zones as shown in Figure 7-7 are
discussed in the following portion:

Multi-periodic motion for perfectly elastic impact
Figure 7-8 shows the time history of the system for   1.0 , at  r  0.6 , which produces
a periodic response.

Figure 7-8: Response of impacting system at

 r  0.6

(a) non-dimensional displacement as

a function of non-dimensional time (b) last 7 impacting cycles of steady state part of the full
displacement response (c) phase portrait of relative velocity and relative displacement of the
steady state part.

The oscillatory motion of the inner mass for the equivalent linear system crosses the
limit of the two fenders; therefore, impact occurs. In Figure 7-8(a) it can be seen that
the resulting response becomes stable and repetitive after a few transient impacts and a
sample of this steady state part is shown in Figure 7-8(b). Figure 7-8(c) depicts the
phase portrait of the steady state part. The steady state response exhibits the following
properties:
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Two impacts, one with side A and the next with side B occur successively within
a single cycle or period of the impacting motion.



The consecutive impacting events are not equi-spaced, which also supports the
finding of Nigm and Shabana [307]. The nondimensional times between
consecutive impacts are 1.4524 and 1.2160 in this case, so the total interval
between two steady state impacts is Tp=2.6684. Given the excitation time-period
is Te  2  r  10.4720 .




Thus,

the

periodicity

coefficient

is

 p Te

 3.9245 .
 Tp

The response of the resonating unit is out of phase with the surrounding
structure although the linear response corresponding to that case is in phase.
This out of phase phenomena reduces the amplitude of the vibration of the main
structure, which is very interesting from the perspective of vibration and wave
attenuation.

The amplitude of the displacement of the outer unit is less in case of impact system
compared to that of the linear response of non-impacting case.

Chaotic motion for perfectly elastic impact
Figure 7-9 illustrated the chaotic time domain response of the system for   1.0 at

 r  1.4 . At frequency ratio  r  1.4 , the vibration of the inner resonating mass is out
of phase with the external structure when impact is not considered, and the relative
displacement can cross the stopper boundary. From the time domain response, as shown
in Figure 7-9 (a), it can be easily seen that the response is shifted to the negative side.
When computed over the shifted coordinate system the mean value of the nondimensional displacement is -0.3267 and its RMS value is 0.2396. A zoomed view of
the chaotic response is depicted in Figure 7-9(b), which shows the inner mass
successively hitting the fenders. The phase portrait of the chaotic response shown in
Figure 7-9(c) is clearly not repetitive in nature.
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Figure 7-9: Response of an impacting system in the presence of chaos (a) overall time
domain displacement response also showing the mean and RMS values (b) the chaotic time
domain response of the last 40 impacts (c) phase portrait of the relative velocity and
displacement for last 40 cycles

Multi-periodic motion for elasto-plastic impact
The steady state response shows that the double-sided impact is converted to a single
sided impact after a transient comprising a number of impacting cycles due to the
energy loss after each impact. This type of response can be found Figure 7-10 for

  0.6 and  r  1.0 as shown in Figure 7-10. The following points can be inferred
from Figure 7-10:


Interestingly, in this case also the steady state response of the inner mass is out
of phase with that of the outer mass. The periodicity coefficient is 4.421.



This single sided impact condition can be perceived from the phase portrait in
Figure 7-10(c). The phase diagram of the inner mass and the outer mass has a
velocity jump only in one side of the phase diagram and only one side of the
outer mass collides with the inner mass.
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The response reaches to steady state.

Figure 7-10: Response of an impacting system having

  0.6 at  r  1.0

(a) overall time

domain displacement response (b) section of the steady state part containing last 15 impacts
c) phase portrait of the steady state part.

Sticking type of motion for elasto-plastic impact
Figure 7-11 (a) shows that for lower coefficient of restitution the inner mass hits only
the one side of the outer mass because due to elasto-plastic impact a considerable
amount of energy is lost. For   0.4 , the phenomenon of chattering type impact and
subsequent sticking of inner and outer mass is observed. The chances of the inner mass
sticks with the outer mass after few impacts are more for low coefficient of restitution
because it dissipates higher amount of energy compared to higher coefficient of
restitution. After every impact, as energy is dissipated and the inner mass tends to move
out of phase with the outer mass, the number of impacts in a cycle increases, which
finally compels the inner mass to stick with one of the fenders of the outer mass and
oscillate together with the external unit. As the coefficient of restitution decreases, the

178

sticking occurs sooner. This type of response is undesirable from the vibration
insulation point of view.

Figure 7-11: Displacement response in time domain showing sticking type behaviour for

 r  1.35

and two different coefficients of restitutions (a)

  0.4 , (b)   0.2

In a nutshell, the response becomes periodic or chaotic after a certain number of elastic
impact cycles and in that case, the inner mass encounters both the fenders; whereas,
mostly for   0.7 , the double-sided impact becomes single sided impact only. With
further decreases of the coefficient of restitution the motion converts to a single sided
sticking motion.

7.4.7

Displacement transmittance

To elucidate the applicability of the impacting mass-in-mass unit as a vibration isolator,
the displacement transmittance through the unit is computed using Eq.(22).
Figure 7-12(a) illustrates the transmittance spectrum in the frequency domain of a
perfectly elastic impacting mass-in-mass system and compares it to that of the
equivalent linear system. The transmittance of the impact oscillator is considerably
lower for a wide range of frequencies than that of the equivalent linear system. In the
linear oscillator, the existence of two transmittance peaks limits the high-attenuation
bandwidth and is the most commonly encountered problem in the current state of the
art. Most interestingly, both transmittance peaks almost disappear due to the presence
of impact which considerably increases the high-attenuation band. This transmittance
diagram proves that counteraction between the external excitation and the impulse
forces resulting from impact reduces the response of the outer mass significantly.
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Figure 7-12: Frequency domain plots of (a) transmittance for impacting and non-impacting
systems and (b) periodicity number for an impacting system with elastic collisions.

Figure 7-12 (b) depicts the variation of the periodicity coefficient with the change of
excitation frequency. According to Figure 7-12 (b), impact does not take place for

r  0, 0.4  0.87, 0.92   2.53,  . For other r , mostly the impacting response is
multi-periodic, except near the eigen frequencies r  0.68,0.72  1.38,1.44 where
the response is chaotic. The value of the periodicity coefficient  is gradually
decreased from 7.5 to 3.6, 7.2 to 5.5 and 3.2 to 2.4 in the domain of r   0.42,0.86 ,

r  0.94,1.36  and r  1.46, 2.50 . Conversion of the response to higher frequencies
due to impact is evident from this discussion.

Elasto-plastic impact
The transmittance spectra of the system are plotted for various coefficient of restitution
in Figure 7-13.
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Figure 7-13: Transmittance spectra of the impacting mass-in-mass system as a function of
the coefficient of restitution and non-dimensional frequency. The yellow regions represent
zones of transmittance and the blue regions are attenuation zones.

Figure 7-13 illustrates that the transmittance with respect to r quite different in the
presence of elasto-plastic impact from that with purely elastic impact. For the purely
elastic case the attenuation band extended from  r  0.4 to infinity; whereas, for

0.9    0.7 , some transmission zone exists due to the presence of chaotic response.
During the sticking type of motion the inner mass vibrates together with the outer mass
and the transmittance follows the pattern of single spring mass systems. The
transmittance at every coefficient of restitution is also higher for low excitation
frequencies. For  r  2.5 , impact does not occur as shown in Figure 7-7; therefore, the
transmittance decreases with increasing nondimensional frequency in the same way as
the linear system presented in Figure 7-12.

7.4.8

Phase of the momentum of the inner and outer mass

Section 7.4.7 shows that transmittance reduces significantly as the inner and outer mass
of the mass-in-mass impact oscillator vibrates in out of phase during the multi-periodic
excitation. The phase difference of the two masses of the building block is of vital
importance because attenuation band for linear metamaterial is associated with the out
of phase response which turned the effective mass negative [113]. In case of linear
metamaterial it is computed from the momentum balance [17]. For the nonlinear
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impacting metamaterial as the concept of phase difference is not explicitly applicable,
thus based on momentum balance average effective mass is computed as follows:

M eff um  mmum  mr ur  M eff  mm  mr  ur um 
 eff 

M eff
mm  mr



1    yr ym  1  

1
1

(7.39)

where  stands for the slope of the points in  yr , ym  coordinates. In the nonimpacting linear motion, all the points lie on a straight line passing through (0,0)
because a constant phase difference always exists between the vibration of the inner
and outer unit as shown in Figure 7-14.

Figure 7-14 Momentum portrait in  ym ,  yr  plane, for the varying excitation frequency ratio
(mentioned within the plot) of a linear mass-in-mass metamaterial unit, having  s

  =1. The

momentums are normalized with the maximum momentum of either of the two mass (inner or
outer). A small modal damping ratio of 0.01 is assigned to the system to obtain the steady
state solution by damping out the transient part.
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Figure 7-14 illustrates that the slope of the straight lines are changing with the ratio of
the excitation frequencies. For r >1, the momentum phase portrait shifts to the secondforth quadrant from first-third quadrants because of the out of phase vibration. These
slopes are affected by the phase and the distribution of the vibration amplitude between
the inner and outer mass. It can be perceived from the plots of Figure 7-14 that the
standard deviations of slopes are very less as they are almost straight lines (in reality
these are ellipses, having minor axis several orders of magnitude less compared to its
major axis). Most importantly, it can be perceived that for r  2 , the mean of the
slopes of the points are -1, which results eff  0 according to Eq.(7.39). In the
following section, this concept of momentum portrait is used to compute the total
momentum and the effective mass of the impacting metamaterial unit.

7.4.9

Effective mass for a monochromatic excitation

Multiperiodic response
To illustrate the described method of computing the effective mass, steady state velocity
responses of impact oscillators of 2the resonator and the outer mass is plotted and the
slope of their relative phase is also illustrated in Figure 7-15.

Figure 7-15: (a) The velocity response of the outer and inner mass of the impact metamaterial
unit, having

 s    1 and  ug  0.2 , (b) phase portrait of the momentum of the outer and

inner mass in

 yr , ym 

plane, (c) the variation of the slope





  with time, (d) the variation

of the non-dimensional effective mass eff with time as computed by Eq.(6).
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Figure 7-15 (a) illustrates that the velocities of the inner and outer mass are apparently
out of phase with each other which reduces the effective mass of the system. Figure
7-15 (c) shows that the value of  is limited between -0.95 to -1.02 range which bounds
the non-dimensional effective mass in between -0.01 to 0.03. By taking the mean of the
effective mass over time, we can consider that the average effective mass of the system
is 0.017, which is very close to zero. In fact, the impacting events compel the outer and
inner mass to be out of phase and due to the conservation of momentum during the
impact, the effective mass comes to be near zero.

Chaotic response
On the other hand, this concept of the average effective mass does not hold good during
chaotic response because the deviation of the slope for chaotic response is very high as
shown in Figure 7-16 (c). The chaotic velocity response is not essentially out of phase
[189] as shown in Figure 7-16 (b).

Figure 7-16: (a) The velocity response of the outer and inner mass of the impact metamaterial
unit, having

 s  2,  1 and  ug  0.2 for  r  1.5 , (b) phase portrait of the momentum

of the outer and inner mass in

 yr , ym 

plane, (c) the variation of the slope





  with time,

(d) the variation of the non-dimensional effective mass eff with time as computed by
Eq.(6).

Unlike the linear vibration during the impacting vibration, the points become scattered
in small regions in  yr , ym  plane and therefore the slope through these points is not
constant with time. Although as shown in Figure 7-15, those points are scattered in
small region so the non-dimensional effective mass of impact resonator can be

184

estimated from the mean of  . This averaged effective mass concept holds good for
multi-periodic steady state response only. For chaotic response, the scattered region
extended widely and therefore the average slope cannot be representative as shown in
Figure 7-16.

7.4.10

Transmittance, periodicity coefficient and effective
mass spectrum

The differences in the transmittance spectrum and the non-dimensional effective mass

   spectrum between a linear and an impacting metamaterial building block having
eff

 s  1,   1 and a specific gap ratio of  ug  0.2 are illustrated in Figure 7-12 along
with the periodicity coefficient spectrum.
Figure 7-12(a) illustrates that the transmittance of the impacting metamaterial block is
considerably less than that of an equivalent linear system over a non-dimensional
frequency range r   0.4, 2.8 . The existence of the two transmittance peaks
circumscribes the attenuation bandwidth of the linear metamaterial building blocks.
Most interestingly as depicted in Figure 7-12(a), both the transmittance peaks drop due
to the presence of impact in the resonating unit. The drop in the 2 nd transmission peak
is large enough that it no longer interrupts the attenuation band. Figure 7-12(a) shows
much reduced propagation for almost all  r  0.4 , thus it has a potential to act as a
wideband metamaterial building block.
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Figure 7-17: (a) The transmittance and (b) the periodicity coefficient and non-dimensional
effective mass spectra of an impact and a linear mass-in-mass system, having
and a specific gap ratio of

 s  1,   1

 ug  0.2 .

Periodicity coefficient    , which is the ratio between the system’s response and
excitation frequency[189], is used to categorize the vibration of the impact
metamaterial unit into multi-periodic, chaotic and non-impacting region.   1, 0
represents no-impact and chaotic response respectively.  becomes some finite value
for the multi-periodic response. From the spectrum of the periodicity coefficient of
Figure 7-12(b) it can be perceived that mostly the impacting vibration results higher
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frequency response. Chaotic response occurs only near the eigenfrequencies due to the
very high level of vibration.
Figure 7-12(b) shows that eff is near zero at the impacting regions. According to
Newton’s law of impact, the velocity of the inner and outer mass distributed in such a
way that the total momentum before and after impact remains constant. Double sided
impact compels the inner and outer mass to vibrate in out of phase with other
irrespective of its natural phase during linear response and after a significant number of
impacts the steady state response is mostly governed by the impact. Due to the influence
of the out of phase response and the momentum distribution after each impact, the
momentum of the inner and outer mass becomes almost equal but out of phase. This
consequently makes the total momentum and the effective mass of the unit to zero. The
discontinuous scattered points near the two Eigenfrequencies  r  0.618,1.618
generated due to the presence of chaotic response.

7.4.11

Near zero effective mass and attenuation

Zero effective mass produces the rigid body vibration in a linear system but near zero
effective mass attenuates the vibration significantly in this impacting system. The main
reason of this paradox is that an impacting system is a nonlinear system and the steady
state response frequency of the impact metamaterial unit is much higher than the
excitation frequency, which is defined by periodicity coefficient    . This frequency
increment phenomenon cannot be simulated by any linear SDOF system. During the
impact, the counteraction between the excitation and impulse, and the necessarily out
of phase vibration of the inner and outer mass are the two main causes behind the
attenuation.

7.4.12

Parametric study

The case study shows that impact can reduce the vibration of the host structure
significantly over a wide range of excitation frequencies. The first objective of this
parametric study is to identify the regions of impact in the parametric space. The second
objective is to plot the periodicity coefficient, effective mass and the transmittance
spectra to identify the transmission and attenuation frequencies for different values of
the mass ratio   and gap ratio   u g  .
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In the parametric study two different values of mass ratio (1.0 and 0.1) and three
different values of gap ratio (2.0, 0.2 and 0.005) are considered to conceptualize the
trend of the variation of the effective mass and the transmittance. The periodicity
coefficient, effective mass and transmittance in r   s space is plotted in Figure 7-18
to Figure 7-20. A specific system has a constant  s and by moving along the r axis
transmittance spectrum similar to Figure 7-12 is obtained; whereas moving along  s
axis provides the response of different systems at the same excitation frequency.

Figure 7-18: Periodicity coefficient (left column), effective mass (middle column),
transmittance (right column) of a metamaterial unit, having  ug  2 for mass ratio
(top row) and

  0.1 (bottom row)

 1
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Figure 7-19: Periodicity coefficient (left column), effective mass (middle column),
transmittance (right column) of a metamaterial unit, having  ug  0.2 for mass ratio
(top row) and

 1

  0.1 (bottom row)

Figure 7-20: periodicity coefficient (left column), effective mass (middle column),
transmittance (right column) of a metamaterial unit, having  ug  0.005 for mass ratio

  1 (top row) and   0.1 (bottom row) in semi-log-x plot
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Pale brown coloured region in the periodicity plot, as depicted in middle column of
Figure 7-18 to Figure 7-20, represents the non-impacting responses where   1 . Multiperiodic responses    1 is plotted in cyan to magenta coloured shade, whereas   1
is plotted in grey scale.   0 represents chaos and shown in black colour. In the
effective mass contour plot, as depicted in middle column of Figure 7-18 to Figure 7-20,
negative effective mass is plotted in grey scale; whereas, the cyan to magenta shade
represents the positive effective mass. On the other hand, in the transmittance contour
plot, as illustrated in right column of Figure 7-18 to Figure 7-20, grey scale represents
the attenuation zone and cyan to magenta coloured shade shows the transmission zone.

7.4.13

Discussion

Impact regions and periodicity
The left most plots of Figure 7-18 to Figure 7-20 illustrates that the impacting regions
are concentrated around the eigenfrequencies, shown by red coloured dashed curve,
because the vibration peaks at the eigenfrequencies. The width of the impacting region
decreases with reducing the potential for impact. As the two eigenvalues get closer with
decreasing mass ratio   , the two corresponding impacting regions begin to merge,
which increases the chance of impact in the lower excitation frequency range. The
impacting region grows gradually in every direction over the eigenfrequency curve for
monotonic decrement of the gap ratio because as the gap becomes smaller relative to
the excitation amplitude the chance of impact become higher. The onset of impact is
dependent on the three main parameters, namely, structural frequency ratio s  , ratio
between the gap and excitation amplitude   u g  and mass ratio   . The feasible
region for impact is growing with the reduction of the gap ratio; therefore, to
accommodate the impacting area semi-log-x curve is used for gap ratio 0.005 in Figure
7-20; whereas, other gap ratios are plotted in the linear scales. From this discussion, it
can be perceived that a system, having the lower value of  s and  , has more chance of
impact.
For discussion purposes, the impacting zone is divided into four parts, i.e., lower
frequency side of first eigenfrequency (Region 1), higher frequency side of the first
eigenfrequency (Region 2), lower frequency side of second eigenfrequency (Region 3),
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and higher frequency side of the second eigenfrequency (Region 4), as depicted in
Figure 7-18 (top row, left column).
The chaotic zones are mostly concentrated at the higher  s regions and  reduces
gradually for increasing  s . The area of the chaotic zone of the region 1 and 4 decreases
with the decrement of the  ug and  ; whereas, an opposite trend can be perceived at
region 2 and 3.

Effective mass
The effective mass associated with the different types of impacting responses is mapped
by the contour plot in the middle of Figure 7-18 to Figure 7-20. The effective mass
maps illustrate that the near zero effective mass is located at the region where the multiperiodic impacting response occurs. As it is discussed in section 4.1 that the average
effective mass concept is not applicable for the chaotic response, the effective mass
values for chaotic parts should be ignored. In the non-impacting region, the effective
mass follows the linear relationship; therefore, at r  1  the effective mass is very


high and drops suddenly to the negative value at r  1  due to the out of phase motion


of the internal resonator.

Transmittance
Positive transmittance implies that a wave with frequency r can propagate through
the medium, while negative transmittance defines the attenuation region. Widening of
this attenuation band is essential for the vibration isolation and acoustic shielding under
wideband excitations. An attenuation band can be perceived near  r  1 between the
two transmission bands in a linear metamaterial. For lower value of structural frequency
ratio, the first Eigenvalue comes very close to anti-resonating frequency r  1 ;
therefore, the lower part of the attenuation bandwidth of the equivalent linear system
gets shorter. In the contrary, the second Eigenvalue diverge asymptotically with the r
axis for decreasing value of  s , which increases the transmission bandwidth in case of
the equivalent linear metamaterial, because the higher end of the attenuation bandwidth
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restricted to

1   [108]. Thus, the attenuation bandwidth reduced with reduction of

 s and  for the linear metamaterial.
From the right columns of Figure 7-18 to Figure 7-20, it can be concluded that multiperiodic impacting responses always reduce the transmittance, however the chaotic
impacting response is unpredictable. The study shows that the attenuation band can be
extended significantly by eliminating both the transmittance peak surrounding the
eigenfrequency region for an order of magnitude less internal mass, which is a much
desired phenomenon towards light weight isolation. The attenuation bandwidth
widening performance of the impact metamaterial enhanced for lower value of  s
compared to the higher, which is opposite to the linear metamaterial.

7.5
7.5.1

Mass-in-mass metamaterial chain
Conceptualization of the impact oscillator as a
metamaterial building block

The metamaterial can be mathematically modelled as a mass-in-mass chain, in which
the building block of the metamaterial is a two degree of freedom system. Calius et al
[13] shows that silicon coated steel ball impregnated into the resin matrix can act as a
resonating unit of metamaterial, which can be mathematically modelled as 2DOF
system, in which impregnated steel ball is modelled as a resonating mass, silicon coat
as an internal spring and resin matrix as an outer mass. Now, if the vibration of the steel
ball is more than that of the thickness of the silicon coat then steel ball can hit with the
internal boundary of the resin cavity, which can be modelled as a mass-in-mass system
with threshold limited stoppers as shown in Figure 7-2.
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Figure 7-21: a) Mathematical model of metamaterial chain, b) single unit of linear
metamaterial, c) single unit of impact metamaterial

To compute the transmission spectrum through 1D impacting mass-in-mass
metamaterial chain, the solution procedure developed by Banerjee et al.[189] is adopted
and modified from two degree of freedom to n-degree of freedom system. The
additional challenge associated with these multiple impact unit is that, a single impact
can occur at any units or simultaneously several impacts can be possible at different
units. An algorithm is generated and added to the previous method [189] to identify
each case and update the post impact velocity accordingly.

7.5.2

Solution procedure

The equation of motion of the metamaterial chain can be written as:

 mu  cu   k u   f  sin t

(7.40)

where u is the displacement vector. [c] is the modal damping matrix, which will be
computed from the eigen frequencies of the system. The mass matrix ([m]), stiffness
matrix ([k]) and force vector (f) of the mass-in-mass metamaterial chain can be written
as:
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(7.41)
The eigen values i2  and eigen vectors   2 n2 n  of the mass and stiffness matrix can
be computed using “eig” command of MATLAB. The coupled equation of motion is
uncoupled after shifting it to principal coordinate system q as: u   q , similar to
the ref. [189]. In principal coordinate system, uncoupled equations correspond to
several modes. The total displacement and the velocity of the system in the principal
coordinate system of the ith mode can be expressed as the summation of the steady and
transient part as [189]:

qi  Sidd  t  qi  0   Sidv  t  qi  0   Sidd  t  Z i sin   i   Sidv  t   Z i cos   i   Z i sin t   i 
qi  Sivd  t  qi  0   Sivv  t  qi  0   Sivd  t  Z i sin   i   Sivv  t   Z i cos  i    Z i cos t   i 
(7.42)
where, qi  0  , qi  0  are two 2n x 1 vectors based on the initial conditions, and damped
natural frequencies di  i 1   2 , amplitude and phase of the steady state
displacement are respectively Zi 

Pi i2

1     2 
2 2
i

i

,
2

 2i
2
 1  i

 i  tan 1 


 . In


Eq.(7.27), d and v, which are used as the suffix of S, stands for displacement and
velocity respectively, i represent the index of the mode, which can be 1 or 2. Therefore,
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S1dd  t  represents the coefficient of the displacement of the 1st mode with the initial
displacement of it in principal coordinate system. These different S coefficients are:

sin di t 



Sidd  t   e it cos di t   i sin di t   , Sidv  t   e it
di
di


 






Sivd  t   e it    i i  di  sin dit   , Sivv  t   e it  cos dit   i sin dit  
di
di



 

(7.43)

7.5.3

Identification of the impact

As the gap between the internal resonator and the external mass of the pth unit closes
during impact, the instance of impact can be computed as follows:
urp    ump  0    2 p i qi      2 p 1i qi  0





   2 p i    2 p 1i qi    0   pi qi  j     0

(7.44)

 pi

For each unit, Eq.(7.29) is checked and for a single or multiple units we may find the
equation is satisfied, then the value of impacting time is  j . Purely linear without
impact case can be perceived when there is no real solution of  j ; otherwise, for a real
valued solution of  j , impact happens. The substitution of  j in Eq. yields the point of
impact and the pre-impact velocities. Post impact velocities can be computed from the
pre-impact velocities as:

q j  1 u j  1G u j  1G q j








(7.45)

where G is a 2n x 2n matrix which relates the pre and post impact velocities. For impacts
at the units, index of the unit is stored at p, G matrix can be expressed as:
I 22 ,
no impact


G  diag (G1 ); G1   1
 mm  mr  mr 1     , impact (7.46)
 m  m  m 1    m  m  
r
m 
m  m
 r
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7.5.4

Identification of different periodic motion, chaos and
stopping criteria

Impacting responses are identified using periodicity coefficient    as proposed by
Banerjee et al. [189] as the ratio of the output frequency of the impacting response  p 
with the excitation frequency   . Transmittance is computed as:

T  dB   20 log10

um

(7.47)

ug

where, um is the amplitude of the displacement of outer mass. During the impacting
sub or super harmonic oscillation, several time the periodic motion exhibited over an
arbitrary displacement rather than zero. In those cases, the amplitude um is computed
as ummax  ummin 2 . On the other hand, for chaotic response um is calculated as:
um 

7.5.5

1
N

N

 u
i 1

m

 um 

2

(7.48)

Response spectra for impacting metamaterial

Response spectra and the periodicity spectra of a mass-in-mass impact chain having
only one unit and five units with unit mass ratio, structural frequency ratio are depicted
in Figure 7-22. The gap ratio is assumed to be 0.1.
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Figure 7-22: Transmittance and periodicity spectra for an impacting metamaterial (a) single
unit and (b) chain of five units, having

  1, s  1 and   0.1 . No-impact and multi-

periodic impact zones are shown by light orange and light blue shed, respectively. Other
zones result chaotic response.

Figure 7-22 illustrates impacting region and level of attenuation increases significantly
in multiple unit chain compared to a single unit. In case of single unit, impacts occurred
in the neighbourhood frequencies of the two eigenfrequencies, more specifically
between ηr equal 0.46 to 0.74, and 1.02 to 2.2. However, for the five units chain this
impact zone extended from ηr equal 0.18 to 0.24 and 0.32 to 3.72. Numbers of eigen
frequencies are twice than the number of units in a multi-unit chain. The transmittance
spectrum reduced around 60-70 dB in the presence of multi-periodic type impacting
response of the impacting metamaterial chain; whereas for a single unit it is around 1020 dB. This finding is similar to the linear metamaterial, in which level of attenuation
increases with the number of units[108, 109]. In both the cases, single unit and multiple
unit chain, chaotic response can be perceived near the eigen-frequencies because the
response of the system is significantly more in these ranges. For a multi-periodic
response of a nonlinear system generates as it vibrates either with the excitation, in case
of the weakly nonlinear, or follows the nonlinear interactions for strong nonlinearity.
In all the multi-periodic cases impacting interaction between the inner and outer mass
dominates but near the eigen frequencies the linear response is more and cannot be
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dominated by impact interaction which leads to a chaotic response. The vibration
amplitude of units in a metamaterial chain increases in the transmission band as after
crossing a single unit vibration gets amplified and possibility of impacts at the furthest
units increases. This phenomenon results a widening of the impacting band.
The attenuation band of both the linear metamaterial unit and chain is from 0.874ηr to
1.41ηr [109]; whereas, transmittance drops below zero from 0.46 ηr onward, for single
unit and from 0.32 ηr onward for five units metamaterial. The multi-periodic response
necessarily reduces the transmittance; whereas chaotic response is often higher than
zero, mostly for single unit. Figure 7-22 also illustrates that the periodicity coefficient
decreases with the excitation frequency.

7.5.6

Time domain response (multi-periodic)

To understand the dynamics of impacting mass-in-mass chain in more detail, time
histories of the displacement and phase portrait of the relative velocity vs relative
displacement of each units for the steady state part are plotted for ηr = 1.6 in Figure
7-22. Out of 13971 impacts, before reaching to the steady state, only 10, 6, 2 and 2
numbers of impacts occur at respectively from second to fifth unit and all other impacts
are taken place at the first unit. Except first unit, impacts happened only at transient
state, there is no presence of impact at steady state. Steady state phase portrait of the
first unit illustrates successive jump and drop. Phase portrait of other units are highly
nonlinear although there is no impact, which indicates that impact of the first unit
influence the full chain’s response. Figure 7-23 illustrates transient part of the
displacement response of the inner and outer mass of all the five units and phase portrait
of the relative velocity and relative displacement.
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Figure 7-23: Time domain plot of the transient part (left column) and the phase portrait of the
steady state response of the multi-periodic motion for

 r  1.6

(right column), first to last unit

from top to bottom. The steady state time domain response of the of the first unit illustrates
how the inner mass hits the two sides of the outer mass (last row)
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In the steady state, the response repeats after 0.7511, thus the periodicity coefficient (λ)
is 5.2282. The time duration between two successive impacts are 0.3625 and 0.3886,
which shows the successive steady state impacts are not equi-spaced.
The total momentum and the relative phase between the inner and outer mass are the
most vital quantities of a metamaterial, because near the resonating frequency of the
inner mass and outer mass vibrates in out of phase, thus total momentum becomes
negative. This negative momentum phenomenon is represented as a negative effective
mass in most of the literature of metamaterial. The total momentum of the ith unit can
be computed as:

u 
TM i  mmumi  mr uri  mmumi 1   ri   mmumi 1   i 
umi 


(7.49)

where  i represents the relative phase between the inner and outer mass. In steady state
motion, this  i is also becomes periodic with the period of the output response.

Figure 7-24: (a) Slope (in radian) of the relative phase portrait of velocity of inner and outer
mass for consecutive units from first to last (top to bottom), (b) to (f) shows velocity phase
portrait of the inner and outer mass from first to last unit respectively.

Figure 7-24 illustrates that first, third and fifth units have a consistent (with very less
variation) phase throughout the time, thus the points are situated in a straight line. For
second and fourth unit the points are mostly situated in two separated straight lines and
clustered around the origin. The variation of slope in these second and fourth unit is
very significant and average value should not be considered.
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From this discussion, it can be concluded that the phase, however exact phase angle
does not exist as the response frequency is changing, between the inner and outer mass
becomes mostly opposite. This out of phase response reduces the momentum of the
system henceforth the vibration of the propagating wave attenuated.

7.5.7

Time domain response (chaotic)

Near the eigen frequencies chaotic response occurs. Transmittance is more in case of
chaotic response because the vibration of the inner and outer mass is not out of phase.
Unlike to the multi-periodic response, impacts occur at all the units throughout the full
duration, which is illustrated in Figure 7-25.

Figure 7-25: (top row) velocity phase portrait of the inner and outer mass from first to last unit
respectively from left to right. (bottom row) relative velocity and displacement phase portrait
from first to last unit respectively from left to right. Excitation frequency is

 r  0.2

Top row of Figure 7-25 shows that mostly inner and outer mass of each unit are mostly
in phase and therefore the attenuation performance deteriorates due to the chaotic
response.

7.6

Summary

This chapter presents the concept of a novel wideband impacting metamaterial.
Limiting the relative displacement of inner and outer mass of each units of a
metamaterial, this impacting metamaterial can be conceptualized. Wave attenuated due
to the necessarily out of phase vibration of the inner and outer mass of each individual
unit during multi-periodic response. The output frequency of the impacting
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metamaterial also increases to the higher side; thus it acts as a mechanical converter.
Owing to the out of phase or apparently out of phase vibration the total momentum of
the system reduces during multi-periodic response, henceforth attenuation performance
improved. Five-unit chain of impacting metamaterial can reduce the vibration around
50 dB in multi-periodic range. Unlike to the linear metamaterial, the attenuation band
increases with the number of units.
This study only analysed the perfectly elastic collisions to understand the effect of the
impact interaction on the complex dynamics of the system. Future work should extend
this analysis to systems with more realistic inelastic collisions, 0    1 .
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Chapter 8 Verification of the Impacting
system

8.1

Introduction

The acoustical privacy of buildings are very poor where lightweight materials are used
for construction purposes to primarily reduce the dead load and increase the floor area
[315-318]. The low frequency sound insulation capacity of a wall mainly depends on
its mass density [317]. Specifically, it is reduced by around six decibels (dB) when the
mass density is reduced to half, which explains why, buildings having light weight
double leaf wall are noisy compared to the conventional masonry or concrete wall
[319]. Light weight double leaf wall which is commonly used as partition wall in New
Zealand, is made of two separated plaster boards supported by a steel or wooden frame
from inside, which creates a cavity inside it. To enhance the acoustical privacy of light
weight double leaf wall, a fibre glass blanket is used inside its cavity [320]. However,
its performance is poor for less than 1000 Hz frequency which is the most annoying
frequency range of audible sound [321-323]. A single layer linear sonic resonators
(LSR) are inserted in light weight double leaf wall as sonic barrier at low frequency,
for example 300-500 Hz [13, 14, 195, 324]. Exploring the concept of negative mass
metamaterial [13, 62, 63, 83-94, 108], a series of LSRs are also attached at different
faces of light weight double leaf wall to enhance the sound insulation capacity of the
wall [15]. The result of the comparative study [15]concludes; the use of 2-3 layers of
LSR with light weight double leaf wall provides comparatively better sound insulation
in low frequency range than any other existing methods; however, its performance is
limited to a narrow frequency band and mass ratio of the resonating mass to the partition
is also around unity.
To widen the attenuation bandwidth, an impacting metamaterial based nonlinear sonic
resonator is proposed in this chapter. Impact events are nonlinear and non-smooth in
nature; giving rise to either a multi-periodic or chaotic response. The counteraction of
the external excitation by resulting force and the dissipation of energy due to inelastic
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impact reduce the vibration amplitude of the main system for wider range of frequencies
compared to the linear one. Banerjee et al. [267, 325] have analytically concluded that
the attenuation bandwidth of an impacting mass-in-mass unit is wider compared to an
equivalent linear metamaterial, even for light resonating mass. Based on that concept,
in this chapter, a realistic design of the impacting metamaterial for low frequency sound
insulation is presented along with an experimental validation.
The sound transmission loss (STL) through a light weight partition wall coupled with
impacting resonator is estimated from the impedance tube test. Monochromatic
excitation is applied for 2s and then the amplitude and frequency of excitation is
gradually increased to cover a certain domain of interest. The experimental result and
the numerical solution is validated. Various statistical measures of a signal are
calculated on the experimental data. To demonstrate the effect of the gap a parametric
study is also carried out.

8.2

Methodology

The fundamental mode of vibration of a large panel can be modelled as uniform,
nonflexible partition of mass per unit area m mounted on viscously damped elastic
suspension, having stiffness and damping coefficient of s and r, respectively[81].
Assuming the area of the panel (A), the mass, stiffness and damping of the partition is:

m1  Am; K 0  sA; C0  rA

(8.1)

as depicted in Figure 8-1 (a). Linear resonator attached with the partition is sketched in
Figure 8-1(b) and Figure 8-1(c) illustrate how linear resonator can be converted into an
impacting resonator. A screw is attached to the partitioned wall so that when the gap
between the resonator and the attached screw is closed then impact occurs.
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Figure 8-1: Mathematical model of the partition wall (a) only wall, (b) with linear resonator (c)
proposed impacting resonator

8.2.1

Mathematical formulation

Single leaf partition wall
For the plane wave incidence on the partition wall, the equation of motion of the only
partition as shown in Figure 8-1(a) can be written as:
M 0 x0  C0 x0  K 0 x0  A  pi0  pr0  pt0 

(8.2)

where, i, r and t suffixes are stands for incident, reflected and transmitted wave, A is
the area of the partition wall and p denotes pressure.

pi  Pe
i

i t  kx 

; pr  Pr e 

i t  kx 


; pt  Pe
t

i t  kx 

it
it
 pi0  Pe
; pr0  Pr eit ; pt0  Pe
i
t

(8.3)

The amplitude of the reflected and transmitted wave is:

Pr  Pi  i ZX 0 ; Pt  i ZX 0
From Eq.(8.2), the velocity of the single leaf partition can be computed as:

(8.4)
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(8.5)
The sound transmission loss (STL), which is the ratio of the amplitude of transmitted
and incident wave, of this partition can be estimated as follows:

STLp  20 log10

Pt
2
 10 log10
;   2Z A
2
2
M0
2
Pi
 0
  0


1

2



 2  




 
(8.6)

Partition wall with resonator
On the other hand, equation of motion of the resonator as shown in Figure 8-1 (b) can
be written as:
M 1 x1  C1 x1  K1 x1  K1 x0

 

2

X1 

 12  2i1  M 1 X 1  K1 X 0
1
2

 2
  
  2  1   2 
 1
  1 

2

X 0 ; 1 

(8.7)
K1

M1



The equation of motion of the partition, attached with the resonator, can be written as:
M 0 x0  C0 x0   K 0  K1  x0  K1 x1  A  pi0  pr0  pt0 

Substituting Eq. (8.7) into Eq.(8.8), gives:

(8.8)
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M 0 x0  C0 x0   K 0  K1  x0  K1 x1  A  pi0  pr0  pt0 
 2
2
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 0    1  1     i  20  2 Z A M   M 0 X 0  2 Pi A
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(8.9)

The STL for partition with resonator is:

STLr  20 log10

Pt
2
 10 log10
2
2
Pi
 02
  0
12

 
 2  1  2 1       2




 
(8.10)

Partition with impacting resonator
The equation of motion of the partition wall coupled impacting resonator is:
M 0



  x0  C0
 
M 1   x1  

  x0   K 0  K1
 
C1   x1    K1

 K1   x0   A  pi0  pr0  pt0  
 

K1   x1  
0


(8.11)
As the reflected pressure (pr) and the transmitted pressure (pt) is calculated from the
velocity of the partition  x0  ; therefore, the right hand side of Eq.(8.11) is not constant.
Considering the effect of reflected and transmitted pressure with the velocity of the
partition Eq.(8.11) can be modified as:

pr0  pi0  Zx0 ; pt0  Zx0
M 0



  x0  C0  2ZA
  x0   K 0  K1
  
 

M 1   x1  
C1   x1    K1

 K1   x0  2 APi sin t 
 

K1   x1  
0


(8.12)
The impact occurs when the displacement of the resonator

 x1 

exceeds the gap

between the resonating mass and the screw. Therefore, the condition for impact is:

x1  x0  

(8.13)
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Assuming the coefficient of restitution to be  , from the momentum balance it can be
derive that the post impact velocities of the resonator and the partition are:

 M 0  M 1 M 1 1      x1 
 x0 
1
 

 
 x1  M 0  M 1  M 0 1    M 1  M 0   x2 
x

G

(8.14)

x

In order to compute the STL spectrum for the partition wall with impacting resonator,
monochromatic sinusoidal excitation is applied to the partition wall and its velocity is
measured. STL of the impacting resonator coupled partition wall is calculated as:
STLi  20 log10

Z 2  rms  x0 
Pi

(8.15)

This sound transmission loss spectrum computed in Eq.(8.15) is validated with the
experimental results.

8.2.2

Experimental setup

To validate the numerical scheme developed in previous section, impedance tube
testing is carried out as shown in Figure 8-2. Impedance tube test is the most common
experimental process to estimate the response for plane wave incidence.

Figure 8-2: Experimental setup for acoustic testing of the impact oscillator

Figure 8-2 illustrates an impedance tube is used to excite the impacting resonator
coupled partition. A speaker is used at one end of the impedance tube to excite the
sample of the other side. The sample is suspended using the rubber band of very low
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stiffness. The pressure inside the impedance tube is measured by the two microphones
as shown in Figure 8-2. Laser vibrometer is used to measure the velocity of the partition
wall. The time domain data from laser vibrometer and microphones are stored in a data
processing device.
To model the partition wall, a 120-mm diameter gib of paster board, which is the most
common building material used in light weight housing, is used. The mass of the gib is
measured to be 77.8 gm. Total weight of the resonator, gib, beam and the supporting
parts are measured to be 100.2 gm. From this M 0 and M 1 can be assumed to be 85 gm
and 15.2 gm respectively. The gap between the resonating mass and the screw is 35  .
The stiffness of the holding rubber bands is very small, hence the value of K 0 is
considered to be zero. The stiffness of the resonator  K1  can be estimated as:

K1 

ar2
 1

 M  1M 
0
1



(8.16)

where, ar is the anti-resonating frequency of the spring mass system. After assuming
the anti-resonating frequency at 186 Hz, the stiffness of the resonator can be computed
to be 17.61 kN/m.

8.2.3

Calculation of incident pressure

In the impedance tube test, a monochromatic sinusoidal excitation of constant
amplitude is supplied to the loudspeaker and the internal pressure inside the impedance
tube is measured at the two reference points using microphone. Generally, it can be
assumed that two opposite directional waves present in every instant inside the
impedance tube. Therefore, the pressure at any point inside impedance tube (P) can be
written as:
i t  kx 
P  x, t   Pe
 Pr eit  kx 
i

(8.17)

where, k is the wave number and  is the temporal frequency in rad/s. These wave
number and temporal frequency are related with each other by   2 ck , in which, c
is the velocity of the sound in air. Pi , Pr stand for the amplitude of incident and reflected

210

wave, respectively. Now, if we assume the positions of the microphones are at x1 and
x2. Then the pressures at those two points are:

P1  t   P  x1 , t   Pe
i

i  t  kx1 

 Pr e 

i t  kx1 

 ikx1
 eit  Pe
 Pr eikx1 
i

i t  kx2 
 ikx2
P2  t   P  x2 , t   Pe
 Pr eit  kx2   eit  Pe
 Pr eikx2 
i
i

(8.18)

Eq. (8.18) can be written in matrix form as:

 P1  t   it  eikx1

  e  ikx2
 P2  t  
e

eikx1   Pi 
 
eikx2   Pr 

(8.19)

T

The solution of Eq.(8.19) is:

 Pi   eikx2
    ikx2
 Pr   e

 P1  t  
eikx1 
eit


 ikx1 
e  2i sin  k  x2  x1    P2  t  

(8.20)

From Eq.(8.20) the values of incident and reflected wave amplitude can be computed
easily. This transformation is not valid for the singular value of the T matrix of Eq.(8.19)
. As, x1  x2 ; thus, singularity occurs in the T matrix only when k x  n ; n  I . In this
case, x is 0.12m; therefore, first singularity occurs at 8984.95 Hz frequency sound.
The experiment is ranged from 120 Hz to 220 Hz; thus, Eq.(8.19) can be used for
computing the amplitude of the incident pressure Pi on the partition and sound
transmission loss through the impacting metamaterial coupled gib board can be
measured using Eq.(8.15).

8.3
8.3.1

Result and discussion
Experimental validation of STL

Eq. (8.15) is used to estimate the sound transmission loss from the experimental and
numerical data. The comparison of STL spectrum for various level of excitation
amplitude is shown in Figure 8-3. The higher value of STL represents superior
acoustical insulation performance.

211

Figure 8-3: Sound transmission loss (STL) spectrum for the impacting resonating partition
wall from experimental, computational method with linear resonator and mass law for only gib
and gib with resonator. Different figures shows different excitation amplitude. Higher
amplitude gives wider band of impacting response

Figure 8-3 illustrates good matching between computational and experimental result of
sound transmission loss. Linear resonator improves the sound transmission loss in low
frequency range compared to the mass law; however, the sound insulation performance
of it gets deteriorated for higher frequency range. Impact between the wall and the
resonator helps to mitigate this disadvantage of the linear resonator. Unlike to the linear
resonator, the STL spectrum for the impacting resonator is amplitude dependent. The
coefficient of sound transmission loss for louder noise is much more compared to gentle
noise. The presence of sub and super harmonic motions distribute the energy to the
other modes which is the main reason for reduction of the amplitude of vibration at the
excitation frequency during impact. This statement can be reinforced with the Fourier
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amplitude spectrum of Figure 8-4 for constant amplitude but different frequencies of
excitation.

Figure 8-4: FFT of the experimental data of different excitation frequency for 126 dB sound
excitation

Figure 8-4 depicts FFT amplitude of the response of the system for different
monochromatic excitations. It can be perceived from Figure 8-4 that the response for
167.89 Hz and 208.08 Hz have only a single peak at the excitation frequency, which
indicates that the dynamic response is harmonic and contains single frequency. In the
contrary, the Fourier spectra of the response for 178.89, 183.98, 188.09 and 193.97 Hz
excitation frequency contain several peaks at the multiples of excitation frequencies.
Those sub harmonic peaks can be perceived at the nf frequency, where n  I and f is
the excitation frequency, in decreasing magnitude. This finding proves that impacting
response contains higher frequencies which reduce the energy content at the excitation
frequency by distributing it to higher frequencies.
The experimental velocity time histories for various amplitude of excitation of 178.01
Hz are illustrated in Figure 8-5.
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Figure 8-5: Velocity histories for various amplitude of excitation at excitation frequency 178.01
Hz

Figure 8-5 shows that in linear vibration cases the amplitude of vibration increases with
the increment of excitation; whereas, the amplitude of velocity response during impact
is almost constant. Therefore, the ratio of the response amplitude and excitation
amplitude decreases which eventually increase the STL for higher frequencies.

8.3.1

Recurrence plot

Recurrence plot is one of the very popular methods for categorizing the nonlinear
response by exploiting the behaviour in phase space. Recurrence plot is constructed
from the recurrence matrix Ri,j, which can be defined based on Eckmann et al’s[326]
definition: Ri,j =1 when xi is closed to xj other wise 0.
The review on the recurrence plot by Marwan et al. [327] comprehensively discussed
all the major quantities from the recurrence plot. From those, to categorize the dynamics
of the proposed system, we have chosen recurrence rate (RR), determinism or
predictability (DET), average length of diagonal lines (L) and Entropy (ENT) of the
system. Among those parameter RR is based on the density of the recurrence plot;
whereas, other three parameters are from the histogram of diagonal lines of length l.
RR is a measure of the density of recurrence points of the RP and defined as [327]:

RR    

1 N
 Ri, j  
N 2 i , j 1

(8.21)

214

On the other hand, from the histogram of a line of length l can some statistical
quantities, determinism (DET), average length of the diagonal line (L) and Entropy
(ENTR) are defined as [327]:
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lP  l 


l lmin
N

P  , l  

l 1

lP  l 

N

l lmin
N
l lmin

lP  l 
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l 1
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k 0

 1  Ri 1, j 1    1  Ri 1, j 1    Ri k , j k  ; p  l   P  l  Nl
(8.22)

where, P(ε,l) is the histogram of frequency distribution of line length l. Average line
length of diagonal lines (L) is very high for the periodic motions; but for chaotic
response recurrence plot becomes fragmented and average drops down. ENTR
represents the complexity of recurrence plot in respect to diagonal lines.

Figure 8-6: Recurrence plot of the velocity response (a) Recurrence plot of linear response,
(b) recurrence plot of nonlinear response (c) corresponding time domain plot of linear
response, (d) non-linear response
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Figure 8-6 depicts the recurrence plots of linear and impacting oscillations for a
monochromatic excitation. The value of the threshold is assumed to be 5% of the
maximum of the response. Linear recurrence plot, Figure 8-6 (a), has diagonal parallel
lines with a uniform offset distance. The distance between two consecutive lines in the
recurrence plot represents the peak to peak distance which is nothing but time-period
of the signal. In the contrary, the diagonal lines fade up and create some fractured
structure near the junction of the two perpendicular lines as shown in Figure 8-6 (b).
This represents the signal has no distinct time-period, although some dark diagonal lines
are present in the plot which represents there is some short of periodicity, the response
is not completely chaotic.

Figure 8-7: Measure of various statistical parameters (a) Recurrence rate, (b) Entropy, (c)
average diagonal line length, (d) determinism of the system from quantification of recurrence
plots of the experimental data in parametric domain

Figure 8-7 illustrates recurrence rate cannot able to measure the nonlinearity, whereas
quantities from the histogram of the length of the diagonal line, such as ENTR, L, and
DET are better measurement of nonlinearity. The values of these three quantities reduce
when the responses are not periodic. Figure 8-7 illustrates that for lower amplitude
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excitation near anti-resonating frequency and for higher amplitude excitation near the
second eigenfrequency the values of ENTR, L and DET reduced. For amplitude
excitation near the anti-resonating frequency the vibration amplitude very low;
therefore, the noise to signal ratio is significantly higher at that range, which reduces
the values. In the contrary, the values of these statistical quantity reduces due to the
impacting nonlinearity near the second eigenfrequency.

8.3.2

Parametric analysis

After validating the numerical solver with experimental result a parametric study is
carried for different gap distance to illustrate its effect on sound transmission loss in
Figure 8-8.

Figure 8-8: Parametric plot of the sound transmission loss (STL) spectra for different gap
distances and excitation amplitude from 95 to 125 dB (a) gap distance 50  , (b) gap distance
35  , (c) gap distance 20  , (d) gap distance 5  . Blue coloured line represents the STL
from mass law of the total mass (partition + resonator)
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Figure 8-8 illustrates that range of impacting frequencies increases with increasing
amplitude and decreasing gap. Impact event is always advantageous from the insulation
point of view because STL always increases at impacting regions. STL can be increased
around 3 dB for impacting resonator, having very small gap distance between the
resonator and the screw, compared to the total mass law as shown in Figure 8-8 (d).

8.4

Summary

The experimental study matches well with the theoretical prediction, which validates
the impact solver proposed in Chapter 6. Moreover, the impedance tube testing of the
impact oscillator illustrates a significant improvement of the sound transmission loss at
the second eigen-frequency of the metamaterial coupled light weight partition wall. The
decrement of the sound transmission loss at second eigen frequency is the most
unwanted feature of the linear metamaterial. Impacting metamaterial shifts the
frequency of the vibration to the higher side due to the presence of sub and super
harmonic responses, therefore impacting oscillator can be considered as an option
towards low frequency wideband sound insulation.
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Chapter 9 Conclusion and Future outlook

9.1

Overview

Owing to the frequency dependent properties, metamaterials are extensively used as a
vibration isolator, noise insulator, wave guide, etc. However, its performance is limited
to a narrow bandwidth due to the dependency on the linear resonance. In the scope of
the thesis, to eliminate this main limitation of a linear metamaterial, the wideband
frequency graded metamaterials and the wideband nonlinear metamaterials have been
proposed. Analytical and computational algorithms are developed in order to compute
the transmittance spectra of these nonlinear metamaterials. The research involves the
designing and fabrication of 3d printed geometrical nonlinear sample and experimental
validations of the nonlinear algorithms are also incorporated in the thesis. Experimental
results show a good agreement with the theoretical predictions. Impedance tube testing
and vibration shaker testing proves that these nonlinear metamaterials can be effectively
used for wideband sound and vibration attenuation.

9.1.1

Significant findings

From the studies undertaken, it can be observed that:


Discrete mass-in-mass periodic metamaterial chain results in attenuation band
not only due to negative effective mass, but also due to very heavy effective
mass.



By a proper distribution of the resonance frequencies of the internal units within
a certain range of frequencies, attenuation bandwidth can be increased
significantly. In the lower frequency side, the attenuation bandwidth can be
increased up to 40% compared to the equi-mass periodic arrangement. The
upper limit of the attenuation bandwidth can be stretched to infinity by
attenuating the second transmission band.



Gradation in the external mass is not the suitable option towards wideband
frequency graded metamaterials. Designers should choose a gradation in
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external or internal stiffness or the gradation in inner mass to obtain a wideband
linear metamaterial.


For a frequency graded metamaterial with more than ten number of units, the
band structures are independent on the number of units. Otherwise, the band
structure significantly affected by the number of units for the few units graded
metamaterial chain.



A study on the several forms of nonlinear oscillator shows that nonlinearity is
proportional to the ratio of nonlinear to linear springs connected and the square
of the excitation amplitude. Maximum bandwidth elongation can be achieved
for κ = 0.15 for bistable type nonlinearity for the system considered.



A weakly nonlinear monostable metamaterial results in very similar
transmittance spectrum to that of the linear one, but a bistable metamaterial has
higher natural frequency, thus transmittance spectrum shifts towards the higher
side and widen the bandwidth around twice than a linear metamaterial.



Strongly nonlinear bistable and monostable type metamaterials provide very
similar response and the second transmission peak can be attenuated due to that.
However, at the medium level of nonlinearity, the dynamic response mostly
becomes chaotic and transmittance increases.



The experimental results also shows similar patterns such as at low level of
excitation the resonator does not snaps, although for high level of excitation the
resonator snap from one stability point to the other.



In the threshold limited resonating metamaterials, successive impacts between
the inner mass and the external mass can be perceived. These impacts dissipate
energy and attenuate the vibration consequently.



Multi-periodic type impacting response increases the response frequency
compared to the excitation frequency, and the successive impacts make the
vibration of the inner and outer masses out of phase. Therefore, the total
momentum of the unit reduces to near zero. Frequency shifting and near zero
momentum phenomena attenuate the vibration of the structure.
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All the nonlinear metamaterials perform better for higher nonlinearity which
can be attended by increasing the amplitude of excitation as nonlinearity is
proportional to the square of excitation amplitude. So, applicability of nonlinear
metamaterials is more suitable for high amplitude vibration or noise insulation
compared to low amplitude.

9.1.2

Key contributions

The key contributions of the present work are as follows:


Provided the analytical expressions for the cut-off frequencies associated with
the band structure of a periodic mass-in-mass metamaterial chain.



Developed a backward substitution based methodology to compute the
transmittance spectrum of an aperiodic or graded mass-in-mass metamaterial
chain.



Developed a computational algorithm using 4th order Runga-Kutta (RK4)
method to compute the transmittance of a nonlinear metamaterial chain, having
any number of units and a high level of nonlinearity.



Proposed impacting metamaterial and developed of a semi-analytical solver for
impacting mass-in-mass metamaterial chain.



Designed 3d printed initially curved beams as a representative model of the
bistable resonator and experimentally elucidated that it can attenuate the
vibration of an external structure significantly.



Designed the impacting metamaterial units and tested it in impedance tube. The
test results elucidate that for it can be a potential solution towards high
amplitude wideband noise insulation.

9.2

Future prospects

Nonlinear metamaterials dramatically expand the research horizons for mechanical
metamaterials, because nonlinearity can eliminate the biggest shortcoming of the linear
metamaterial by attenuating the second transmission peak. Future prospects of the
project can be subdivided into three categories:
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9.2.1

Applications

Nonlinear mechanical metamaterials perform better under the high amplitude
excitation. Therefore, the application of these in the following fields can be very
exciting:


Seismic isolation



Tsunami and surface wave cloaking



Shock and impact resistance



Vibration isolation in machine and vehicle, particularly those subject to abrupt
manoeuvring.

9.2.2

Design and Fabrication

The experimental work brings forward the need for optimizing the design of the
nonlinear metamaterial to cater to a specific purpose. For example, in the case of the
bistable initially curved beam has apex height, thickness, width, support conditions,
mass ratio. Specific applications, such as wideband acoustic noise insulation have a
targeted frequency range, excitation amplitude and bandwidth. To obtain snap through
in the initially curved beam for a specific excitation amplitude, sufficient inertial force
is required to overcome the separatrix energy barrier. As the separatrix energy barrier
is proportional to the stiffness of the curved beam this can be difficult to achieve while
maintain the desired frequency. On the other hand, reducing the stiffness requires a
reduction of the attached mass to maintain the frequency of the resonating unit, which
eventually reduces the mass-ratio of the metamaterial. Additive manufacturing (3d
printing) provides a wide range of options for fabricating the material and geometry of
the base structures. Therefore, an optimization scheme is required to develop for
designing and fabrication.

Optimization scheme
A general database of the analytical expressions for computing the stiffness and snap
through force for various nonlinear geometrical shapes with different loading and
boundary conditions should be made as a first step towards the optimizing scheme. This
will allow the designer to choose some specific configuration. Damping in the 3d
printed materials are significantly higher. Considering this high damping and nonlinear
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dynamic coupling, sets of nonlinear differential equations need to be solved (using the
developed technique). A summary of the full designing scheme is illustrated in Figure
9-1.

Figure 9-1: Future design optimization scheme

9.2.3

Theoretical development

From academic point of view, extension of the nonlinear metamaterial design from the
1d dilatational wave propagation to 1d elastic wave propagation and 3d wave
propagation will be considered. The effect of the different directional mode and their
nonlinear interaction is a very interesting problem in applied mechanics.
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