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Abstract
Heart failure (HF) is a global health threat affecting at 26 million people worldwide (according to a study done in 2014) and its prevalence is increasing along with the aging
of the global population. It is a heterogeneous disease with a wide range of aetiologies. However, current clinical characterisation of HF relies on simplistic chamber-level
measurements such as the ejection fraction (EF) of the left ventricle (LV) and LV pressurevolume relationships. Moreover, while therapies for HF with reduced EF (HFrEF) have
proven effective, similar treatments have been lacking in efficacy in HF with preserved
EF (HFpEF). This is largely due to our limited understanding of the different processes
underlying the different forms of HF. Personalised biomechanical analyses of the LV are
able to provide mechanistic insights into the ventricular dysfunction during HF on an
individualised basis. In this thesis, a finite element modelling framework was developed
by integrating cine magnetic resonance imaging (MRI) data with catheterisation data to
analyse passive and contractile mechanical function of the LV. This framework was then
applied to estimate stiffness and contractility of healthy and diseased hearts by matching
model predicted global motion to that measured using cine MRI.
First, a parameter estimation framework was applied to a high-resolution canine dataset
including tagged MRI, diffusion tensor MRI, and haemodynamic data, and the identifiability of the stiffness and contractility parameters were investigated extensively. The
construction of an objective function for parameter estimation was considered and improved, and the feasibility of simultaneously estimating the passive and contractile parameters was examined. This parameter estimation framework provided the basis for the
development and applications in the subsequent studies.
The parameter estimation framework was then applied to a clinical dataset provided by
the St Francis Hospital in New York and the passive and contractile properties of the
LV myocardium were quantified for groups of control, HFpEF, and HFrEF subjects. A
novel method was developed to temporally align haemodynamic and imaging measurements, which were not recorded simultaneously. The identifiability of the biomechanical
parameters was investigated and a novel method was developed for evaluating an identifiability threshold for passive myocardial stiffness. Group comparisons highlighted the
heterogeneity in myocardial stiffness among HFpEF patients, which could help explain
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the lack of efficacy of treatments for the HFpEF disease group. This also motivates the
development of more personalised treatment strategies in the future. HFpEF patients
did not show any reduction in maximum contractility or maximum myofibre shortening
when compared with control subjects; this affirmed the typical clinical understanding
of an absence of systolic dysfunction in this disease group. The HFrEF group had significantly elevated myocardial stiffness compared with control. The presence of diastolic
dysfunction in HFrEF was surprising since the disease is typically associated with only systolic dysfunction. Myofibre shortening was significantly reduced in systole for the HFrEF
group compared with control, however, the maximum contractility of HFrEF patients was
not significantly different from control subjects. This suggested that, for these HFrEF patients, the increased myocardial stiffness may help to explain the reduced systolic myofibre
shortening, instead of the reduced contractility of the myofibres.
Finally, a novel method for simultaneously estimating the load-free LV geometry and
myocardial stiffness was developed using principal component analysis. A series of approaches were proposed and their feasibilities were investigated using synthetic data. The
optimal technique was applied to the same clinical dataset described above. The inclusion
of the load-free geometry in the parameter estimation framework tended to decreased the
estimated myocardial stiffness for HF patients compared to estimates derived from models
that assumed the diastasis model to be the load-free state. The differences in myocardial stiffness estimates were more pronounced with larger diastasis cavity volumes. This
highlighted the importance of load-free model estimation in clinical parameter estimation
frameworks.
This thesis demonstrated the use of biomechanical analyses to provide tissue-specific evaluations of LV mechanical function which could potentially elucidate HF aetiology. A large
portion of the development in this thesis focused on improving the confidence of the estimated parameters by improving their identifiability and by developing a new method
of incorporating the load-free geometry into the estimation framework. These investigations improved the clinical applicability of the parameter estimation framework and sets
the stage for larger-scale clinical investigations using this method. Biomechanical modelbased estimations of myocardial stiffness and contractility have the potential to provide
a more personalised, and mechanism-driven treatment strategies for HF patients in the
future.
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1 Introduction
Heart failure (HF) is a heterogeneous disease, which poses a major health risk worldwide
[1]. In New Zealand, cardiac diseases account for 33% of deaths per year with one in twenty
adults diagnosed with heart disease [2]. There are more than 5 million HF patients in the
U.S. alone [3], and if the current trend continues, it is estimated that by 2030 there will
be 8.5 million Americans with HF, 6 million of whom will be aged more than 65 years [4].
Current clinical diagnosis techniques for HF rely heavily on the ejection fraction (EF) of
the left ventricle (LV) as an index of heart performance [3]. HF is typically categorised
as HF with reduced EF (HFrEF), commonly associated with systolic dysfunction, and
HF with preserved EF (HFpEF), commonly associated with diastolic dysfunction. There
is approximately equal numbers of patients with each of the two phenotypes in the HF
population [5]. Over 90% of patients with HFpEF are aged 60 years or above, which
means that as the western population increases in longevity, the public-health problem of
HFpEF will increase [5, 6]. In contrast to HFrEF, no treatment has been proven effective
for HFpEF due to the pathophysiological heterogeneity of the root cause of the disease
[6]. Despite the reliance on EF for categorising HF and for assessing systolic function, it
is, in fact, an ambiguous measure [7]. There is a need for more specific and informative
indices of LV function.
Clinically, the slope of the diastolic pressure-volume relationship is used to quantify diastolic chamber stiffness of the LV. Studies have shown that this measurement is increased
in patients with HFpEF [8, 9, 10]. In studies throughout the 1970s and 1980s, the endsystolic elastance was shown to be useful as an index of contractile function in the clinical
setting [11, 12]. However, analyses based on pressure-volume relationships are limited in
evaluating myocardial stiffness and contractility due to their dependence on ventricular
load and geometry [13, 14, 9]. The limitations of interpreting pressure-volume relations of
the LV at end-diastole and end-systole provides motivation for a more direct estimate of
the passive and contractile properties of myocardial tissue in a manner that is independent
of changes in LV geometry and loading conditions.
Previous modelling techniques that have been developed to simulate the mechanical function of myocardial tissue using personalised finite element analysis have estimated the
passive and contractile properties of the myocardium [15, 16]. This thesis extends these
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methods and applies them to a clinical dataset consisting of normal and heart failure
patients.

1.1 Aims
The thesis aimed to develop biomechanics modelling methods to interpret clinical images
from heart failure patients in order to estimate the passive and contractile myocardial
properties of the heart on a per-subject basis. Specifically, the thesis focused on the
following goals:
1. Develop a framework for the biomechanical simulation of the LV and estimation of
myocardial tissue passive and contractile mechanical properties.
2. Apply the parameter estimation framework to human HF patients and healthy subjects
to quantify passive and active myocardial tissue properties.
3. Conduct a statistical analysis of the tissue properties between the HF groups and the
control group to elucidate changes in myocardial tissue mechanical properties in different
forms of HF.
4. Develop a novel method of estimating the load-free geometry simultaneously with
diastolic myocardial stiffness using a principal component analysis approach.

1.2 Thesis overview and contributions
This thesis applies personalised finite element modelling methods and constitutive parameter estimation methods to a novel set of clinical data, and extends the modelling
framework to improve the identifiability of the parameters. A new method of estimating
the load-free geometry simultaneously with the diastolic myocardial stiffness was developed in order to improve the reliability of the stiffness parameter estimation, and to open
up new capabilities for the modelling framework. Below is an overview of the thesis by
chapter.
Chapter 2
This chapter presents a summary of the key concepts and perspectives supporting the
work of this thesis. The normal function of the heart and the pathophysiology of heart
failure are summarised. This is followed by a brief summary of the finite element method
used to model the mechanical performance of the heart and a review of the constitutive
equations that describe the mechanical properties of myocardial tissue.
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Chapter 3
In this chapter, the parameter estimation framework is applied to canine geometric and
haemodynamic data using an orthotropic description of the passive mechanical behaviour
of the myocardium. Feasibility of a simultaneous estimation of both the passive and active
parameters is investigated and the identifiability of the parameters quantified.
Chapter 4
A novel clinical dataset consisting of cine MRI and catheter haemodynamic measurements
of the LV is processed in the following ways. Segmentation of the cine MRI is performed
using a guide-point modelling technique, and pressure measurements are beat-averaged. A
novel method is developed to temporally align the haemodynamic and imaging data from
this dataset to extract pressure measurements at each MRI frame throughout the cardiac
cycle. Pressure-volume loops are generated for each patient using volumes extracted
from the segmented LV geometries and pressures extracted from the temporally aligned
pressure measurements. The demographics and clinical characteristics of the cohort are
presented.
Chapter 5
A parameter estimation framework is developed that estimates constitutive parameters
by matching model predicted LV global motion to those derived from MRI throughout
the cardiac cycle. This new framework is applied to the clinical dataset to estimate the
passive and active properties of the human myocardium. Statistical comparisons between
HF and control groups are presented and clinical implications are discussed.
Chapter 6
This chapter details the development of a novel method for simultaneously estimating
the true load-free geometry and stiffness of the human LV using a principal component
analysis to represent the load-free geometry. A series of feasibility studies are presented
and the novel framework is applied to the clinical dataset described in Chapter 4. The
differences in the estimated stiffness parameters, in comparison to those derived using
the method in Chapter 5, are presented along with discussion on the identifiability of the
parameters, and ideas for future improvement of the method.
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Chapter 7
The significance and limitations of this thesis are summarised and future directions are
proposed.

1.3 Publications
The following publications have come out of this thesis:
Manuscript under review: Wang Z.J., Wang V.Y., Bradley C.P., Nash M.P., Young
A.A., Cao J.J. Diastolic myocardial stiffness and wall stress in human heart failure using
personalized biomechanical analysis.
Sander L., Gurev V., Arens S., Augustin C.M., Baron L., Blake R., Bradley C., Castro S.,
Crozier A., Favino M., Fastl T. E., Fritz T., Gao H., Gizzi A., Griffith B.E., Hurtado D.E.,
Krause R., Luo X., Nash M.P., Pezzuto S., Plank G., Rossi S., Ruprecht D., Seemann G.,
Smith N.P., Sundnes J., Rice J.J., Trayanova N., Wang D., Wang Z.J., Niederer S.A.
(2015) Verification of cardiac mechanics software: benchmark problems and solutions
for testing active and passive material behaviour. Proceedings of the Royal Society A
471(2184).
Wang Z.J., Wang V.Y., Huang S.M., Niestrawska J.A., Young A.A., Nash M.P. (2014)
Identifying myocardial mechanical properties from MRI using an orthotropic constitutive
model. Statistical Atlases and Computational Models of the Heart - Imaging and Modelling Challenges. O. Camara, T. Mansi, M. Pop et al., Springer International Publishing.
8896:135-144.

Conference abstracts
Wang Z.J., Wang V.Y., Babarenda Gamage T.P., Rajagopal V., Cao J.J., Nielsen M.F.,
Bradley C.P., Young A.A., Nash M.P. (2017). Principal component analysis used to derive
patient specific load-free geometry and estimate myocardial stiffness in the heart. 5th
International Conference on Computational and Mathematical Biomedical Engineering.
Pittsburgh, USA.
Wang Z.J., Wang V.Y., Bradley C.P., Young A.A., Cao J.J., Nash M.P. (2016) Deriving
patient specific ventricular mechanics reference models with applications in the estimation
of myocardial stiffness in heart failure. 18th International Conference on Biomedical
Engineering. Singapore.
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Wang Z.J., Wang V.Y., Bradley C.P., Young A.A., Cao J.J., Nash M.P. (2016). Quantifying uncertainty in model-based estimates of tissue stiffness in the failing human heart.
2016 Cardiac Physiome Workshop. Seoul, Korea.
Wang Z.J., Wang V.Y., Bradley C.P., Young A.A., Cao J.J., Nash M.P. (2016). Quantifying myocardial stiffness uncertainty in heart failure patients using personalised ventricular mechanics. MedSciNZ Conference. Nelson, New Zealand.
Wang Z.J., Wang V.Y., Bradley C.P., Nash M.P., Young A.A., Cao J.J. (2016). Extracting diagnostic biophysical parameters of cardiac mechanics in heart failure patients.
MedTech CoRE Conference 2016. Auckland, New Zealand.
Wang Z.J., Wang V.Y., Bradley C.P., Nash M.P., Young A.A., Cao J.J. (2016) Quantifying passive myocardial stiffness and wall stress in heart failure patients using personalized
ventricular mechanics. Journal of Cardiovascular Magnetic Resonance.18(1):O17. 19th
Annual Scientific Sessions of the Society for Cardiovascular Magnetic Resonance, Los
Angeles, USA.
Wang Z.J., Wang V.Y., Nash M.P., Cao J.J., Young A.A. (2015). Estimation of myocardial contractile stress transients using subject-specific MR imaging and haemodynamic
data. 2015 Cardiac Physiome Workshop. Auckland, New Zealand
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This chapter provides a brief explanation of the key concepts that are needed to understand the research aims of the thesis. More in depth explanations of each of the topics
covered here can be found in the literature cited. This chapter begins with a brief explanation of the anatomy and function of the heart, followed by a review of the current
clinical understanding of heart failure. This is followed by a review of cardiac magnetic
resonance imaging methods and a review of previous cardiac modelling methods with
brief explanations of the finite element method used to model the mechanics of the left
ventricle.

2.1 Heart anatomy and function
The cardiovascular system consists of three basic functional parts: a pump (the heart)
that circulates blood through blood vessels. Blood flow is essential to provide the body
with nutrients and oxygen and to carry away metabolic waste products. Blood flow is
driven by a pressure gradient across variable resistances in the body, and the heart’s role
is to provide that pressure. To this end, the heart is a muscular dual pump that drives
the blood in two serial circuits: the systemic and the pulmonary circulations [17].
The anatomy of the heart is tailored to its function (see Figure 2.1). The heart consists
of four chambers: the left and right atrium, and the left and right ventricles. The atria
are small chambers that mostly act as passive reservoirs, although they do contract to
enhance ventricular filling. The ventricles are the larger chambers that contract to pump
blood.
The right ventricle of the heart pumps deoxygenated blood through the pulmonary circuit
(the capillaries in the lungs). Gas exchange occurs in the pulmonary capillaries where
carbon dioxide in the blood diffuses into the air and oxygen in the air diffuses into the
blood. The oxygenated blood then flows through the left atrium into the left ventricle.
The left ventricle of the heart pumps oxygenated blood to the rest of the systemic circuit
(the rest of the body) to provide energy for various organ functions. The deoxygenated
blood from the systemic circuit flows to the right atrium and the right ventricle to complete
the circuit.
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chapter-2/Figures/heartanatomy.png

Figure 2.1: Heart anatomy diagram showing main features of the right heart (blue) and
the left heart (gold). Figure adapted from [18].
The left ventricle is the largest main pumping chamber of the heart and has the greatest
effect on its performance. The global pumping function of the left ventricle is divided
into two phases: diastole and systole, from the Greek words diastellein and sustellein,
meaning to expand and to contract. During diastole, the blood flows from the atria into
the ventricles and causes them to inflate (blue lines in Figure 2.2). This phase is further
subdivided into a brief isovolumic (no volume change) relaxation phase for the ventricles,
followed by a rapid-filling phase and then a slow-filling phase. Atrial contraction occurs
during the slow-filling phase to enhance ventricular filling. During systole (red lines in
Figure 2.2), the ventricles contract to generate pressure to push blood flow throughout the
body. This phase is further subdivided into a brief isovolumic contraction phase followed
by the ejection phase. The volumes inside the ventricles are highest at end-diastole (ED),
and lowest at end-systole (ES).
There are two sets of inlet and outlet valves in the heart to control the directions of blood
flow (see Figure 2.1). The inlet valves allow flow from the atria into the ventricles and
prevent back-flow during systole. The left-side inlet valve is called the mitral valve. The
outlet valves allow blood to flow from the ventricles to the vessels leading to the rest of
the body and prevent back-flow at the end of systole. The left-side outlet valve is called
the aortic valve.
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Figure 2.2: Pressure volume loop of a typical healthy heart showing the systolic (red)
and diastolic (blue) phases.
The microscopic architecture of the left ventricular wall is made up of a complex arrangement of cardiac myocytes. These myocytes vary in orientation through the thickness of
the wall and are organised in sheets that are loosely coupled through connective tissue
(extracellular matrix) to allow sliding during contraction and relaxation. This architectural arrangement gives rise to three intrinsic anatomical axes: the fibre, the sheet, and
the sheet-normal axes [19]. The extracellular matrix (ECM) is a collection of extracellular
molecules secreted by the myocytes that provides structural and biochemical support to
the surrounding cells [20].
The contraction and relaxation of the myocardium is coordinated using electrical signalling.These electrical signals can be measured on the surface of the chest cavity using
the electrodes of an electrocardiogram [21].

2.2 Heart failure
Heart failure (HF) describes a diseased state of the heart where its pumping ability has
reduced to the extent that it is unable to meet the demands of the body. It is a disease
that poses a major health risk worldwide [1]. There are more than 5 million HF patients
in the U.S. alone [3], and if the current trend continues, it is estimated that by 2030 there
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will be 8.5 million Americans with HF, 6 million of whom will be aged more than 65 years
[4]. In New Zealand, cardiac diseases account for 33% of deaths per year with one in
twenty adults diagnosed with heart disease [2].
Epidemiology
Many population-based epidemiologic studies have examined the risk factors for HF. The
Framingham Heart Study (1993) and many similar studies in the 1990s showed that the
incidence of HF increases with age [22] and is higher in men than in women [23], and
that hypertension (high blood pressure) [24] and coronary heart disease (blockages in the
coronary artery causing myocardial damage) are the two most common conditions which
predate the onset of HF. Diabetes mellitus and hypertrophy of the left ventricle are also
associated with HF [25]. These risk factors are helpful to highlight useful preventative
measures. For example, the correlation of hypertension and HF [24] drives the use of
earlier and more aggressive blood pressure control to reduce the incidence of HF. Similarly,
the management of diabetes and obesity is also targeted as preventative measures against
HF [22]. However, these epidemiologic studies do not provide insight about the underlying
mechanisms of HF, and are only able to suggest avenues for investigating the aetiology of
the disease.
Haemodynamic dysfunction
With the discovery of the structure of the circulation system in 1628 by William Harvey [26] came the understanding that HF is related to impaired haemodynamics (blood
flow) around the body. The common symptoms of HF, including swelling of limbs, difficulty breathing, and dizziness, are all to do with haemodynamic deficiencies which point
to the pumping dysfunction of the heart. Diastolic dysfunctions of the heart can cause
blood to back-up in the lungs and cause pulmonary oedema (lung swelling) and dyspnea
(shortness of breathing) [27]. Systolic dysfunctions of the heart reduce the cardiac output
and mean blood pressure, and cause fatigue and weakness of the body, as well as fluid
retention in the limbs. These haemodynamic issues cause congestion in the body, hence
the name congestive heart failure (CHF), which is synonymous with HF. Fluid retention
symptoms could be temporarily alleviated using loop diuretics which increase salt and
water excretion through urine production by the kidneys. Elevated blood pressures can
be treated using vasodilators, for example the angiotensin-converting enzyme (ACE) inhibitor [28, 29], to improve cardiac output and alleviate symptoms. While these drugs can
alleviate the congestion of HF, they cannot treat the underlying causes of HF, and in fact
studies showed that direct-acting vasodilators worsened the long-term prognosis of HF patients [30, 31, 32]. The understanding of haemodynamic dysfunction is the link between
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the symptoms of the HF and the underlying heart pumping dysfunctions. More studies
were required to understand the underlying mechanism of the pumping dysfunction.
Geometric remodelling
One such underlying mechanism of pumping dysfunction is a geometric change, or remodelling, of the heart. In as early as 1745, Lancisi distinguished between two types of
heart enlargment in HF: dilatation (Figure 2.3c), where the cavity size is increased, and
hypertrophy, where the wall thickness is increased (Figure 2.3b) [33].

chapter-2/Figures/normal-lv.png
chapter-2/Figures/hypertrophied-lv.png
chapter-2/Figures/dilated-lv.pn

(a)

(b)

(c)

Figure 2.3: Left ventricular (LV) remodelling. a) Normal LV geometry. b) Hypertrophy
(concentric) where wall thickness is increased. c) Dilatation (eccentric hypertrophy)
where wall thickness decreases and the size of the heart increases. Figures adapted from
[34, 35].
Around two centuries later, the theme of heart remodelling received renewed attention
and was used to determine wall stress using Laplace’s law. In 1963, Sandler and Dodge
[36] calculated the stress acting within the wall of the left ventricle during the cardiac
cycle using ventricular pressure and wall thickness measurements, and represented the
left ventricle as an ellipsoid of revolution with a relatively thin wall. A study done by
Grossman et al. in 1975 [37] calculated the meridional wall stress using Laplace’s Law
for patients with pressure or volume overload. They reported that eccentric hypertrophy
(wall thinning and dilating) is a reaction to volume overload in diastole, and improves the
efficiency of the chamber but does not normalise the wall stress. In constrast, concentric
hypertrophy of the heart (wall thickening) is a reaction to pressure overload, and serves
to keep wall stress the same as normal, and seems to be a beneficial growth response. A
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1991 study by Arts et al. used the thin-walled Laplace law to model the myofibre stress
and strain and showed that the ratio of fibre stress to LV pressure is dependent on the
ratio of LV volume to myocardial wall volume [38]. Later studies showed that concentric
hypertrophy is actually a maladaptive process that is related to neurohormonal activation
[39].
Reduced contractility
In 1955, Sarnof found that the systolic function of the heart is not only dependent on
end-diastole volume via the Starling’s law mechanism, but is also determined by a lengthindependent measure which came to be known as myocardial contractility [40]. The
regulation of this contractility was found to be regulated by the amount of calcium released
during excitation-contraction coupling of the myocardium and the calcium activation of
actomyosin [41]. A study in 1967 by Spann et al. [42] showed that in the failing right
ventricles of cats with pulmonary artery constriction, the maximum velocity of shortening,
active length-tension curves, and the maximum rate of tension development were all
decreased. In hypertrophied hearts there were similar depressions of contractile function,
but of lesser magnitude. A slew of inotropic agents were then investigated to improve the
contractility of the myocytes [43, 44]. However, the Promise Trial in 1987, and subsequent
trials in 1991, showed that the inotrope milrinone [43] reduced survival [45, 46] showing
that there was much more to HF than decreased contractility.
Changes in diastolic myocardial stiffness
Another mechanism underlying pumping dysfunction of the heart is changes in the diastolic myocardial stiffness. Diastolic dysfunction was thought to result from increased
diastolic myocardial stiffness [6]. A major factor in determining myocardial stiffness is the
stiffness of the extracellular matrix (ECM). The stiffness of the ECM is largely determined
by collagen. The major types of collagens in humans, primates, and rat are types I and
III. Type I collagen is most prevalent and has the tensile strength of steel [47], and so a
small increase in the concentration of this adds substantially to the stiffness of the ECM.
Studies in the 2000s showed that the stiffness of the ECM is regulated by upregulation of
collagen type I production [48] or downregulation of collagen type I degradation [49].
The intrinsic stiffness of myocytes also contributes to the overall myocardial stiffness.
This is controlled by the proportion of expression of titin isoforms in the myocytes and
their phosphorylation [50, 51, 52]. Titin homeostasis has been shown to cause increased
passive myocardial stiffness in patients [53]. Furthermore, titin-truncating variants have
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been shown to be associated with eccentric cardiac remodelling across rat and human
hearts [54].
Diastolic relaxation dysfunction Diastolic pumping function is also thought to be affected by delayed relaxation of the muscle after systolic contraction. Relaxation of the
myocardium (lusitropy) is dependent on cross-bridge detachment and sarcoplasmic reticular calcium ion reuptake [55] , with nitric oxide signalling, and cyclic GMP involvement
[56]. Delayed relaxation decreases the diastolic filling of the LV, and causes downstream
problems with reduced stroke volume and cardiac output [57].
Heart failure dichotomy
The current clinical categorisation of HF is heavily reliant on the LV ejection fraction
(EF), which is the ratio of ejected blood to end-diastolic volume. In a 1999 study by
Vasan et al., the EF was used as a surrogate measure for the systolic function of the
heart, where impaired LV systolic function was defined as an EF < 50% [58]. The study
found that there is a near-even split of HF patients with reduced or normal EF (49% and
51%, respectively) out of a cohort of 73 from the Framingham Heart Study. Furthermore,
the cases with normal EF had a lower mortality risk than cases with reduced EF, however
they have a fourfold mortality risk compared with non-HF subjects. The HF population
was divided into HF with reduced EF (HFrEF), and HF with preserved EF (HFpEF),
however it is not established whether HFpEF and HFrEF represent distinct forms of HF
or exist as part of one HF spectrum [59]. The two types of HF are characterised by
distinct patterns of geometric remodelling and have very different responses to medical
therapies.
HFrEF, or systolic failure, is associated with dilated cardiomyopathy (eccentric hypertrophic remodelling) and impaired contractility [60]. Treatments for HFrEF target these
aspects, and includes diuretics for rapid relief of fluid retention and dyspnea [61], ACE inhibitors (e.g. enalapril and ramipril) to increase EF and reduce LV size [28]. Beta-blockers
also improved EF and reduced LV mass [62]
HFpEF is traditionally associated with diastolic dysfunction due to delayed relaxation,
slow LV filling, and increased diastolic myocardial stiffness [63]. However, some studies
show that HFpEF is not only limited to diastolic dysfunction, but also involves systolic
dysfunction [64]. Therefore the name HFpEF is deemed a more appropriate name for the
disease than diastolic HF. HFpEF is a diagnosis of exclusion and drew attention as a group
of HF patients with EF >35% who were characterised as having ’mild systolic dysfunction’
[65, 66]. HFpEF also described patients who were at risk of eccentric remodelling due to
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small myocardial infarcts [65]. This contributes to a heterogeneity of phenotypes under the
name of HFpEF. Perhaps because of this, the outcomes of large drug trials for HFpEF have
proven unsuccessful [67, 68]. There is an ongoing discussion in the clinical community on
the pathophysiology of HF and the differences and overlaps between HFrEF and HFpEF.
These are important discussions because recent clinical trials have shown an unexplained
resistance to therapy in HFpEF, and medical progress in HFpEF is stagnating due to the
lack of alternative therapies [69].
Faced with the rising population of HF patients and the confusion around the pathophysiology of HFpEF, there is a real need for a method which is able to discern the potential
mechanistic factors (e.g. geometry, stiffness, contractility, and haemodynamics of the
heart) that underpin HF.
Clinical markers of heart failure The slope of the diastolic pressure-volume is used to
quantify diastolic chamber stiffness of the LV. Studies have shown that this measurement is
increased in patients with HFpEF [8, 9, 10]. The end-systolic elastance is used to quantify
chamber contractility in a clinical setting. In studies thoughout the 1970s and 1980s, the
end-systolic elastance was shown to be useful as an index of contractile function [11, 12].
However, both chamber-level elastance measurements are limited in evaluating myocardial
stiffness and contractility due to being load- and geometry-dependent [13, 14, 9].
The brain natriuretic peptide (BNP) has been used as a biomarker of HF. It is a hormone secreted by the cardiac myocytes and cardiac fibroblasts [70] and causes natriuresis
(excretion of sodium in urine) [71]. Studies in the 1990s showed that HF patients infused
with BNP experienced vasodilation and natriuretic effects of the hormone [72] and that
the blood plasma levels of BNP reflected the degree of ventricular overload [73]. The
N-terminal prohormone of the brain natriuretic peptide (NT-proBNP) is the precursor to
BNP, and has a longer half-life [71]. A 1997 study by Hunt et al. showed that the relative
concentrations of NT-proBNP and BNP shifted in HF [74]. More recent studies have
shown that NT-proBNP was the strongest predictor of adverse outcomes for HF patients
[75], and that HFpEF and HFrEF patients have higher than median levels of NT-proBNP
[76]. A 1994 study showed correlation of elevate NT-proBNP with pressure overload [77].
Due to these correlative studies, the clinical community have taken BNP and NT-proBNP
as biochemical markers of elevated wall stretch (volume overload) or stress (pressure overload) [78, 79, 80]. However, the cellular mechanisms of BNP and NT-proBNP secretion
are not well understood, and the correlative effects were from global in vivo volume and
pressure measurements as opposed to ex vivo tissue measurements.
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Magnetic resonance imaging (MRI) is a non-invasive imaging technique that uses strong
magnetic fields, radio waves, and field gradients to generate images. It is considered
the gold standard imaging technique to assess anatomy, regional and global function,
tissue viability, perfusion, tissue injury, and fibrosis of the heart [81]. MRI works by
applying a strong magnetic field (commonly 1.5 Tesla or 3.0 Tesla) to align the axes
of spin of hydrogen nuclei in the human body. The hydrogen nuclei spin along an axis
which precesses in a cone shape around the direction of the strong magnetic field. A
signal is collected by exciting the precessing hydrogen nuclei using radiofrequency pulses
and detecting the emitted signal with receiver coils. The decay of this signal follows an
exponential curve whose time constant of decay is determined by the density of hydrogen
atoms, and by the longitudinal (T1) and transverse (T2) relaxation times, and different
tissue types can be differentiated by their relaxation times [82].

2.3.1 Image acquisition
An image can be generated by a process of slice selection, frequency encoding, and phase
encoding [82]. For slice selection, only a thin slice of tissue is excited. This is done by
applying a gradient field to cause the precession frequencies to be different at each location along the gradient. The radiofrequency excitation pulse is applied at the frequency
corresponding to the location of the slice selected for. The thickness of the selected slice is
determined by the gradient strength and the characteristics of the radiofrequency pulse.
The location of the signal in the transverse plane is then encoded by applying a readout
gradient in the plane of the slice, which causes a signal frequency dependence in the
readout direction. The magnitude of the signal at each of these frequencies is extracted
using a Fourier transformation of the signal. Since the frequency of the signal gives us
the position along the readout direction, this step is called frequency encoding.
The final step is to encode the position of the signal in the direction orthogonal to the slice
and readout directions. This is done by applying a third gradient along this orthogonal
direction for a short period of time before the readout gradient. This disperses the phase
of the signal along the orthogonal direction while allowing their frequencies to be set by
the readout gradient later. The phase difference is extracted by applying this gradient at
a range of different strengths and the change in phase due to the application of different
gradient strengths is thought of as a phase-change frequency. The Fourier transform
is applied and the signal strength at each phase-change frequency is determined. This
frequency encodes the location of the signal along the orthogonal axis.
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A k-space image can be generated where the columns are the different signals acquired
at different frequencies from the frequency-encoding step, and the rows are the signals
acquired using different gradient strengths applied during the phase-encoding step. A
two-dimensional Fourier transform will result in a magnetic resonance image.

2.3.2 Cine MRI acquisition
A cardiac magnetic resonance (CMR) sequence is a combination of radiofrequency pulses,
magnetic gradient field switches, and timed data acquisitions in a precise ordering. Specific CMR sequences enable myocardial tissue characterisation based on the relaxation
properties of tissue such as fat, muscle and areas of inflammation. The CMR sequence
used to acquire the clinical data in this thesis is the steady-state free precession (SSFP)
sequence. The SSFP sequence is a type of gradient echo sequence where a steady series
of equally spaced radiofrequency pulses gives rise to a state of dynamic equilibrium [83].
The sequence is known for its superiority in the acquisition of cine (dynamic) images of
cardiac function.
This sequence is typically coupled with retrospective gating using the electrocardiogram.
This means that the MR acquisition is continuous over several cardiac cycles, and postprocessing allows the reconstruction of images at selected time points throughout the
cardiac cycle. The number of phases per cardiac cycle is pre-determined based on the
heart rate and the rate of data acquisition. Segments of the k-space image are acquired at
approximately the same time point in each consecutive cardiac cycle until sufficient data
are obtained to reconstruct the image [82].

2.4 Heart mechanics modelling
The myocardial tissue of the LV can be modelled as a hyperelastic continuum. The
motion and deformation of the myocardium can then be modelled using the equations of
continuum mechanics. This section briefly describes the continuum mechanics formulation
(see either [84] or [85] for detailed explanations), followed by a review of the constitutive
equations used to model the mechanical behaviour of the myocardium. The finite element
method with the Newton-Raphson root-finding method was used to solve the mechanics
simulation. A brief description of this is offered at the end with some details regarding
the software packages that were used.
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2.4.1 Stresses and strains
The myocardial tissue is treated as a continuous material with nonlinear hyperelastic
mechanical properties. The deformation of this material can be quantified by a deformation gradient tensor F which transforms a differential line element in the reference
configuration dX to the deformed configuation dx of the material in three dimensions
(see Equation 2.1).

dx = F dX
∂x
F =
∂X

(2.1)

The determinant of the F tensor (det(F ) = J) describes the local volume change of the
myocardium from the reference to the deformed configurations. It is also the Jacobian
of the transformation from the reference to the deformed coordinate systems. The myocardium has been described as an incompressible material [86] for which the Jacobian of
transformation is equal to one.
The F tensor includes descriptions of both the rigid-body rotations and deformations
of the myocardium. In order to extract only the deformations, either a right CauchyGreen deformation tensor C or a left Cauchy-Green deformation tensor B is evaluated,
depending on the position of the F tensor in the equation (Equation 2.2 and Equation 2.3).
These deformation tensors are independent of the rotational aspect of the F tensor and
describe only the deformations.

C = FTF

(2.2)

B = FFT

(2.3)

An additional pair of tensors is introduced to quantify the strain in the myocardium. The
strains (and stresses) of a continuum can be formulated in two ways: the Lagrangian
formulation defines them with respect to the reference configuration, while the Eulerian
formulation defines them with respect to the deformed configuration. One can convert
between the two formulations using the deformation gradient tensor F .
The Green-Lagrange strain tensor E is a nonlinear strain tensor. It has a Lagrangian
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formulation which can be derived using deformed and reference differential lengths. It is
related to the right Cauchy-Green deformation tensor C by Equation 2.4.

1
E = (C − I)
2

(2.4)

where I is the identity tensor. An Eulerian formulation of the strain tensor is the Almansi strain tensor e, which is related to the left Cauchy-Green deformation tensor B by
Equation 2.5.

1
e = (I − B −1 )
2

(2.5)

The stresses in the myocardium can be represented by a tensor, which quantifies the force
over an infinitesmal internal area in three dimensions. The description of the stress tensor
can vary depending on the Lagrangian or Eulerian formulation of the problem. Stress is
considered to be at equilibrium throughout the myocardial tissue provided that there are
no linear accelerations or body forces acting on the heart.
The Cauchy stress tensor, σ, quantifies the applied force per unit of the deformed area.
The diagonal components of σ are the normal stresses and the off-diagonal components
are the shear stresses. The Cauchy stress tensor is considered a true stress tensor since
it quantifies forces and areas that can be measured in engineering experiments. Since
it is quantified with respect to the deformed configuration, the Cauchy stress tensor is
considered Eulerian. The Cauchy stress tensor is symmetric according to the principle of
conservation of angular momentum in which the summation of moments with respect to
an arbitrary point is zero.
The second Piola-Kirchhoff stress tensor, S, quantifies the applied force transformed into
the reference configuration over the reference area. This is a pseudo-stress tensor since it
does not have any physical correspondence. The S stress tensor is considered Lagrangian
and is compatible with the Green-Lagrange strain tensor E. The second Piola-Kirchhoff
stress tensor S can be obtained from the Cauchy stress tensor σ by a transformation
using the deformation gradient tensor F in Equation 2.6.

S = JF −1 σF −T

(2.6)

The relationship between the stresses and the strains are described using constitutive
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equations. A review of different constitutive equations used for the myocardium can be
found in Section 2.4.3.

2.4.2 Principal of virtual work
The mechanical deformation of the myocardium can be solved by formulating a virtual
work balance equation in which the work done by the external loads (such as ventricular
pressure) must be balanced by the internal stress work. This formulation is called the
principal of virtual work where a virtual displacement δu is applied to the continuum and
the resultant internal and external work are described as:

Z

σ : ∇δudv +

Z

pnδuda = 0

(2.7)

where ∇δu is the spatial gradient of the virtual displacement δu, p is the external pressure,
and n the normal of the surface on which the pressure is applied. The first term in
Equation 2.7 is the internal virtual work integrated over the deformed volume v and the
second term is the external virtual work integrated over the deformed external surface
area a. In this formulation acceleration and body forces are assumed to be zero. This
formulation is an Eulerian formulation. A partial Lagrangian formulation is:

Z

S : ∇δudV +

Z

pnδuda = 0

(2.8)

where the internal virtual work is integrated over the reference volume V , while the
external virtual work term is unchanged from the Eulerian formulation.
The principal of virtual work provides a physics-based system for relating the forces acting
upon and the deformation in the myocardial tissue. However, to complete this system,
descriptions of the stress-strain relationship, referred to as constitutive equations, of the
myocardial tissue is required. The past development of these constitutive equations are
summarised below.

2.4.3 Myocardial constitutive equations
The mechanical properties of the myocardium of the left ventricle have been extensively
studied. The tissue has been described as a continuum of myofibres, which exhibit a
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smoothly continuous transmural variation in orientation, and are organised into layers
(sheets, or laminae) of parallel myocytes [87].
Experimental data have shown that the myocardium is incompressible [86], and exhibits
nonlinear anisotropic behaviour [88]. The myocardium also showed nonlinear orthotropic
responses as quantified by experimentation done in [89]. Viscoelastic properties of the
myocardium were observed in various experimental datasets [89, 90, 91], however, the
time scale of the cardiac cycle was short compared to the relaxation time of the myocardial viscoelastic response, and so this was not considered significant for most constitutive
models. Residual stresses have been described as an endocardial compression and epicardial tension at unloaded states of the left ventricle [92, 93] and it has been shown that
growth and remodelling could alter the residual stresses [94]. Many studies [95, 96, 15, 97]
neglect these stresses as they are generally much smaller than the contractile stresses.
The constitutive models used to describe the passive myocardial mechanical behaviour
generally use either the transversely isotropic or the orthotropic formulation. Before
the LeGrice 1995 and 1997 papers, which highlighted the laminar structure of the heart
[19, 87], many phenomenological constitutive models have described the myocardium as
a transversely isotropic material. The 1987 Humphrey and Yin formulation [98] proposed
a linear combination of two Fung-type exponential functions fitted to equibiaxial data.
It had four constitutive parameters, two associated with scaling of stress values and two
controlling nonlinearity of two exponential functions. The strain energy density function was constructed using the I1 and I4f invariants. In 1990, another Humphrey paper
[88] proposed a polynomial function with five parameters and based on the same strain
invariants I1 and I4f . Both these models assumed incompressibility of the myocardium.
In 1991, Guccione et al. [99] derived a single Fung-type exponential with five parameters
(see Equation 5.1) using a thick-walled cylinder to model the equatorial region of the
canine left ventricle. The c parameter scaled the overall mechanics response, and the
other four b1∼4 controlled the anisotropy. In a subsequent study in 1995 [100], a finite
element model of the canine heart was used to parameterise an updated version of the
constitutive model. The isotropic terms in this 1995 study have been removed (b1 = 0)
and the number of parameters reduced to four. In 1996, Costa et al. fitted the 1995
constitutive model to a large-scale anatomically detailed prolate spheroidal model of the
LV for stress analysis.

c
Ψ = (eQ − 1)
2
2
2
2
2
2
2
2
2
2
+E13
+E31
)
where Q = 2b1 (E11 +E22 +E33 )+b2 E11
+b3 (E22
+E33
+E23
+E32
)+b4 (E12
+E21
(2.9)
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It is worth noting the structurally-based constitutive model developed by Horowitz et al.
in 1988 [101], which incorporated both the myofibre orientations and the changes in the
waviness of fibres due to strain. This model was fitted to biaxial testing data performed
on canine myocardial strips [90]. The model was essentially tranversely isotropic, and the
formulation of the model meant it was not well-suited for numerical implementation.
In 2000, Nash & Hunter proposed an orthotropic ’pole-zero’ formulation [102] that incorporated the laminar descriptions of the myocardium found in the LeGrice papers [19, 87].
This constitutive model had 18 parameters and six decoupled polynomial terms, and
described a set of ’limiting strains’, or ’poles’, in the fibre, sheet, and sheet-normal directions. In 2001, Costa et al. [103] also developed an orthotropic constitutive model using
a similar exponential formulation to the Guccione 1991 model. This model had seven
parameters, with one scaling parameter, and six other parameters in the Q term representing the nonlinear stiffness along the fibre, sheet, and sheet-normal axes, and the shear
stiffness in and between adjacent sheet planes. It was essentially a more general version of
the Guccione model (Equation 5.1). In 2006, Schmid et al. developed an orthotropic constitutive equation with six decoupled exponential terms and 12 parameters, six of which
scale the stress in each of the fibre, sheet, sheet-normal, and three shear directions, and
the other six control the nonlinearities in those directions. In 2009, Holzapfel & Ogden
[104] proposed a model with four separate exponential terms with eight parameters (see
Equation 2.10). It was fitted to both shear and biaxial strain data from [89, 105].

W =



afs  bfs I 2
a b(I1 −3) X ai  bi (I4i −1)2
e
+
e
e 8fs − 1
−1 +
2b
2bfs
i=f,s 2bi

where I4f = f0 · (Cf 0 ), I4s = s0 · (Cs0 ), I4n = n0 · (Cn0 ), I8fs = f0 · (Cs0 )

(2.10)

and f0 = [1 0 0]T , s0 = [0 1 0]T , n0 = [0 0 1]T
The constitutive equations relate the stresses and strains of the myocardium and are
important for describing the mechanical behaviour of the myocardium. Two of the constitutive equations described (Equation 5.1 and a modified version of Equation 2.10) are
applied to model the mechanics of the myocardium in this thesis. Due to the nonlinearity
of the myocardial constitutive equations, numerical methods are required to solve for the
deformation of the myocardium. A typical numerical method that is used in this thesis
is the finite element method. A brief summary of this method is provided below.
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2.4.4 Finite element solution
One can solve for the deformed configuration of the myocardium by solving the work
balance equation (Equation 2.7 or Equation 2.8) . A commonly used numerical method
for solving this equation is the Galerkin finite element method [106]. It discretises the
geometry of the left ventricle into a series of non-overlapping elements and approximates
the geometry of the deformed configuration using polynomial functions of the local element
coordinates (ξ1 , ξ2 , ξ3 in the case of three-dimensional elements), which are controlled by
the parameters at the vertices (nodes) of the element. A weighted integral of the residual
total virtual work in the system (the sum of the internal and external work) is evaluated
where the weights are equal to the virtual displacements. The nonlinear equation can
be solved using the Newton-Raphson nonlinear optimisation method to get the deformed
geometric degrees-of-freedom that allows the volume-integrated residual virtual work to
be tolerably small. This method works by evaluating the Jacobian of the derivatives
of the residual function at each estimate of the deformed geometry using linearisation
techniques. A derivation of the Jacobian for a transversely isotropic description of the
myocardium can be found in Appendix A. This is the first time, to my knowledge, that
such a derivation has been documented.
The finite element method has been implemented in both Continuum Mechanics, Image analysis, Signal processing and System Identification (CMISS: www.cmiss.org) and
OpenCMISS (www.opencmiss.org). A Lagrangian formulation is used in CMISS, where
the internal virtual work is integrated over the reference volume, and the external virtual
work due to pressure loading is integrated over the deformed surface area as it is updated in
the Newton-Raphson method. The Eulerian formulation is used for OpenCMISS, though
it is better termed the updated Lagrangian method, because the virtual work is integrated
over the updated deformed volume and surface area at each Newton-Raphson iteration.
Simulation of the LV mechanics is important for in the development of methods for
estimating the constitutive parameters governing the mechanical behaviour of the myocardium. The development of these parameter estimation methods is detailed in the
following chapters, and a review of parameter estimation studies is presented below.

2.4.5 Parameter estimation studies
A variety of methods have been developed by groups across the world to estimate the
passive and active properties of the myocardial tissue using mathematical modelling; a
brief summary of these studies is presented here.
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Passive constitutive properties
Augenstein et al. [107] demonstrated the feasibility of estimating passive parameters
for soft tissues using data from tagged MRI and simultaneous pressure recordings. The
study used silicon gel to validate the method and a single material parameter for a neoHookian constitutive relation was estimated. The method was applied to an isolated
arrested pig heart. Subsequently, Wang et al. [15] applied the parameter estimation
method to canine tagged MRI, and showed that the four parameters of a passive Guccione
transversely isotropic constitutive model [99] could be identified for a canine left ventricle.
Similarly, Xi et al. [108] used finite element modelling of left ventricular mechanics, and
estimated the passive material parameters for the Guccione constitutive model [99] by
fitting to material point displacements of the myocardial surfaces measured from in-silico
data. Krishnamurthy [96] modelled human biventricular mechanics using CT-derived
geometry and the Klotz curve [109] description of pressure loading and estimated the
passive material parameters of the Holzapfel and Ogden orthotropic constitutive model
[104]. Asner et al. [95] estimated the passive and active properties of the human left
ventricle using a volume-driven model, thus eliminating the need for cavity pressure data,
and matching to motion data from tagged MRI. They estimated the parameters for the
Holzapfel and Ogden constitutive model [104] and for a simplified active constitutive
equation as described in Kerckhoffs et al. [110]. This body of work demonstrated the
robustness of the parameter estimation method for estimating passive tissue mechanical
properties and showed potential for becoming a more effective method for stratification
of different types of heart disease.
Active constitutive properties
The contractility of the left ventricular myocardium was estimated using an electromechanical model by Sermesant et al. [111]. The model was fitted to a set of simulated
deformation data, and the paper noted that the use of tagged MRI data could improve
the parameter estimation process. This was followed by a study by Imperiale et al. [112],
which successfully estimated the tissue contractility using the kinematic data from tagged
MRI. Chabiniok et al. [113] used cine MRI from animal experiments with controlled infarct regions and estimated the contractility of the myocardium on a regional basis (AHA
subdivisions). Furthermore, the study showed that the accuracy of parameter estimation
was superior when using tagged MRI data compared to segmented endocardial and epicardial surfaces. Also, Wang et al. [114] estimated myocardial contractility in the left
ventricle using full 3D tagged MRI data of five canine hearts and concurrent pressure
recordings, and generated maps of regional work throughout the cardiac cycle. In the
study by Krishnamurthy et al. [115], they also estimated the material properties of ac-
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tive cardiac muscle contraction to match catheterisation peak pressures and end-systolic
volumes. This was applied to five heart failure patients and a good match was shown between the simulated pressure-volume loops and those measured for these patients. More
recently, Genet et al. [116] modelled the regional variation in myocardial contractility
in an infarcted human left ventricle using strain data from delay-enhanced MRI and
complementary spatial modulation of magnetisation MRI. This method was applied to a
human myocardial infarct subject and the remote and infarct stiffness and contractility
parameters from the Guccione passive constitutive model [99] and the Guccione active
contraction model [117] were estimated.
Thus far, the majority of the studies in this area have involved either single subjects,
which were mostly animal and only more recent human, or groups of subjects with homogeneous phenotypes. While these studies have been invaluable for establishing and
validating methods for passive and active parameter estimation, they have not been applied to a larger clinical cohort with heterogeneities in diseased states. This thesis will
build on this body of work by applying the framework to a cohort of human subjects with
a clear clinical focus on heart failure mechanisms and stratification in Chapters 4 and 5.
Furthermore, for the studies involving human subjects, there were no available patientspecific measurements of cavity pressure. These studies dealt with this shortcoming in
various ways (e.g., using a volume-driven model to eliminate the need for pressure data
[95] or using the Klotz curve to prescribe pressure [96]). However, the lack of invasive
pressure data has prevented these from being fully personalised and limited their clinical
applicability. Personalised pressure measurements in human subjects were acquired for
this thesis and detailed in Chapter 4. This improved the patient-specificity of the parameter estimation method and also the clinical applicability of the estimated passive and
active parameters. Additionaly, an emerging area of focus in the literature has been on
estimating the unloaded state of the left ventricle. An effort has been made to contribute
to this area in Chapter 6, where a more detailed review of this literature can be found.
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Aspects of this chapter have been published in Wang et al., Statistical Atlases and Computational Models of the Heart - Imaging and Modelling Challenges, v. 8896, ch. 14, pp.
135-144. Springer International Publishing, 2014. [118].
This chapter details some modifications of a previous parameter estimation framework
and applied it to a set of data from the STACOM LV mechanics challenge 2014 (stacom.
cardiacatlas.org/stacom2014). This challenge was set up to compare mechanical simulations between methodologies and software used by a variety of different international
groups. The data included surface point clouds and binary masks defining the LV geometry of four canine hearts at diastasis, end of inflation (end-diastole), and end of contraction
(end-systole). LV cavity pressure measurements were also provided for each of those three
states for each of the four animals. Muscle fibre orientations were quantified using the first
eigenvector derived from ex vivo diffusion tensor MRI and were provided at a regularly
sampled grid of points. The provided fibre orientation data were registered to the in vivo
LV geometry.
The chapter describes the data processing, mechanics simulation, and parameter estimation steps and presents some findings on the selection of appropriate parameter estimation
schemes. The novel modifications in the framework include the kinematic boundary conditions, the objective function, the use of passive orthotropic constitutive equation, and an
investigation around simultaneous estimation schemes for both passive and active constitutive parameters. Some key observations are made about the influence of microstructural
orientation on the active mechanical simulations of the LV, as well as some insights on
the identifiability and correlative effects of the passive and active parameters.

3.1 Data processing
Four LV finite element models were customised using the subject-specific geometric surface
point clouds and muscle fibre orientations derived from diffusion tensor MRI [15]. For
sake of comparison, another set of four LV models were generated based on myofibre
orientation data from the Auckland Dog Heart model [119], which has been derived from
histological study of canine myocardial tissue.
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3.1.1 Geometric fitting
An initial model was set up for geometric fitting using a 16 element tricubic Hermite
interpolation of the LV (see Figure 3.1). The shape of the LV was described as a truncated
prolate spheroidal using a system of curvilinear coordinates as:

x = f cosh λ cos µ
y = f sinh λ sin µ sin θ

(3.1)

z = f sinh λ sin µ cos θ
where θ defined the rotation about the x axis, µ defined the angle of azimuthal elevation
from the x axis (µapex = 0 at the apex, and µbase = 23 π at the base of the LV model), λ
controlled the radius of the shape, and f is the focal length of geometry. In the initial
model the endocardial surface was defined by λ = 0.57, and the epicardial surface by
λ = 0.84 mm, and the focal length was set to f = 27.3 mm. This initial model was then
converted into rectangular Cartesian coordinates for simulation.

Figure 3.1: Regular truncated prolate spheroid geometry constructed with λendo = 0.57,
λepi = 0.84, µbase = 23 π, and f = 27.3 mm. The model has been converted to rectangular
Cartesian coordinates and represented using 16 tricubic Hermite elements and 34 nodes.
This initial model was geometrically fitted to the diastasis endocardial and epicardial
surface data for each of the four canine cases. For each case, the regular finite element
model was registered to a cardiac coordinates system derived from the surface data.
This was done by minimising the mean squared of the point-to-point error between the
canine surface data and the surface data points generated from the regular model. Both
anisotropic scaling and rigid rotation were permitted in the registration process.
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The registered model was then fitted to the surface data in a sequential manner where the
endocardial followed by the epicardial surfaces were fitted (see Figure 3.2) [120]. Sobolev
smoothing parameters for these geometric fits were set to low values (<1×10−5 ). However,
surface fitting near the basal edge of the model produced problems when basal surface
data was higher than the basal plane (in the longitudinal direction). For these surfaces,
the smoothing parameter was set manually to the values listed in Table 3.1 to ensure a
smooth fit to the data. The root mean squared fitting error did not exceed 0.2 mm for
each of the four studies.
Table 3.1: Sobolev smoothing parameters for regional smoothing.
Weighted term

∂u
∂ξ1

∂2u
∂ξ12

∂u
∂ξ2

Sobolev smoothing parameter

0.0005

0.05

0.2

∂2u
∂ξ22

∂2u
∂ξ1 ∂ξ2

0.05 0.0005

Figure 3.2: The geometric customisation workflow. Finite element model shown in
transparent maroon with solid maroon demarcating the element boundaries. Surface
data shown in green dots.

3.1.2 Fitting embedded microstructure
The microscopic structure of the myocardium has been shown in previous studies to consist
of elongated myocytes (myofibres) that are arranged in a laminar hierarchy in which it
is possible to identify three axes of material symmetry at any point [87]. The myofibre
orientation varies from the epicardium, where it follows a left-hand helical pathway (as
viewed from the base) to the endocardium, where the fibre orientation is reversed [119].
It has also been observed that the myofibres may be at an angle to the myocardial wall
plane, called the imbrication angle, in some regions of the LV (such as near the apex and
base). However, this angle is generally small [121, 122, 123] and is often neglected for
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modelling purposes [119, 15]. Due to this microstructure, the myocardial tissue can be
modelled as an orthotropic material where there are three distinct directions for which
the mechanical properties differ.
The orientation of the microstructure was described using a series of Euler angles of
rotation (α, β, γ) that specify rotations from the local wall coordinate axes (F , G, H)
to a set of local microstructural coordinate axes, which are aligned with the fibre (f ),
sheet (s), and sheet-normal (n) directions (see Figure 3.3 for details). Both the wall and
microstructural coordinate systems were orthonormal in the reference state and deformed
with the myocardial wall. A finite element model could be microstructurally personalised
by fitting the three Euler angles to a set of microstructural orientation data.

(a)

(b)

(c)

Figure 3.3: Euler angles of rotation from wall coordinates to microstructural coordinates.
(a) Positive fibre angle α is a rotation about the H axis, it is measured with respect to
the circumferential axis F in the F − G plane. (b) Positive imbrication angle β is a
rotation about the G0 axis, it is measured with respect to the F 0 axis in the F 0 − H 0
plane. (c) Sheet angle γ rotated about the fibre axis f (which is the same as the F 00
axis from the previous rotation) with respect to the G0 axis from previous rotation in
the H 0 − G’ plane. After the final sheet angle rotation, the transformed axes are aligned
with the myofibre (f ), sheet (s), and sheet-normal (n) directions. The endocardium is
shown as dark maroon and the epicardium as light maroon
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Fibre vector fitting
Myocyte fibre orientation data were derived from diffusion tensor imaging (DTI) data.
The principal eigenvector of diffusion at any point in the myocardium marked the orientation of the long-axis of the myocyte fibre (the fibre vector). This fibre vector was
evaluated at 9225 regularly sampled data points, which had been registered to the in vivo
LV geometry. These data were provided as part of the LV mechanics challenge. These
data points were embedded in the geometrically fitted models of the left ventricle. A fibre
angle α field could then be evaluated at each embedded data point by projecting the fibre
vectors onto the myocardial wall plane (F − G plane) and calculating the angle between
the projected vector and the circumferential material axis F (see projected fibre angles
α in the left figure in Figure 3.4). The fibre angle data were then fitted using tricubic
Hermite interpolation functions to produce the fitted fibre fields seen in the right figure
in Figure 3.4.

Figure 3.4: Left: Fibre angles α were calculated for each DTI data point and plotted
on the left with colour showing the fibre angle distribution (see spectrum on far left).
Right: Fitted tricubic Hermite finite element model of the LV showing fibre orientation
with the same colour spectrum as the left figure. LV models shown in anterior view.

Imbrication angle quantification The imbrication angles of the fibre vectors were evaluated by projecting the vector to the radial-circumferential (F − H) plane and measuring
the angle between the projected vector and the circumferential material axis F . These
imbrication angles showed a distribution centred about zero and with a small magnitude
of variation (as shown in Figure 3.5).
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Figure 3.5: Imbrication angle for each study.

Sheet angle fitting
The challenge dataset did not provide any sheet orientation information, and so sheet
orientations were extracted from the Auckland Dog Heart (ADH) model instead [87].
Sheet orientation was incorporated into the models for this study because one of the aims
of the study was to investigate the orthotropic passive mechanical properties of the heart.
The sheet angle data from the ADH model were evaluated at a regularly sampled grid
of data points, and the f , s, and n vectors were also evaluated at each data point. The
LV model fitted to the in vivo canine geometry were then fitted to the geometry of the
ADH model, and a sheet angle fitting procedure was performed using the generated data
points. The DTI models were then reverted to their subject-specific geometries with the
ADH sheet angles embedded alongside the DTI fibre fields.
Due to the difference in fibre orientation of the provided DTI data and the ADH data,
the DTI fibre vectors cannot be guaranteed to lie in the sheet plane of the ADH field
(Figure 3.6). To avoid this problem, the minimum possible rotation of the ADH sheet
plane was evaluated such that it would be able to encompass the DTI fibre vector. The axis
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of this angle of rotation was determined by the cross product between the normal axis of
the ADH field nADH with the fibre axis of the DTI field f DT I , which essentially produces
a new DTI sheet axis sDT Inew (see Equation 3.2 and the dotted arrow in Figure 3.6). This
new sheet vector is guaranteed to lie in the original ADH sheet plane, and would also
be perpendicular to the DTI fibre orientation. The new sheet planef DT I − sDT Inew was
therefore the best possible plane which can be rotated from the original ADH data to
encompass the DTI fibre angle.

sDT Inew =

nADH × f DT I
|nADH × f DT I |

(3.2)

Figure 3.6: The material coordinate system of the ADH model is shown by the purple
axes. The sheet plane (fADH -sADH ) is shown as a translucent purple surface. The
erroneous material coordinate system which was generated using DTI fibre angles and
ADH sheet angles is shown by the black axes. The sheet plane in this erroneous coordinate system is shown as a translucent black surface. A new sheet vector sDT Inew was
generated from the cross-product of nADH and fDT I which lies in the ADH sheet plane.

A straight combination of the ADH sheet angle and DTI fibre angle would not be able to
produce the correct set of microstructural axes. A sheet angle correction ∆γ was applied
to the ADH sheet angle in order to generate the adapted sheet angle for the DTI-based
model which would produce the most appropriate material axes. To evaluate this, the
angle between the new sheet vector sDT Inew with the normal vector of the uncorrected
axis nDT I was calculated first, and this angle was subtracted from ninety degrees (see
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illustration in Figure 3.6). The magnitude of ∆γ equals the angle between the new DTI
sheet vector sDT Inew and the erroneous sheet vector sDT I , however, the sign of this angle
must be determined by comparison to nDT I as described. The adjusted sheet angle γDT I
was therefore evaluated by adding the correction ∆γ to the fitted ADH sheet angle γADH
(see Equation 3.3).

π
− arccos(nDT I • sDT Inew )
2
=γADH + ∆γ

∆γ =
γDT I

(3.3)

Thus, the models were embedded with case specific fibre orientation and geometry with
adjusted ADH sheet orientations (see top row of models in Figure 3.7).
To investigate the difference between the ADH and DTI fibre orientations and its effect on
the mechanical simulations, another set of geometrically customised models were fitted to
the entire ADH microstructural field: both the fibre and sheet orientations were included
(see bottom row of models in Figure 3.7). It should be noted that the imbrication angles
have been ubiquitously set to zero for the ADH microstructural description, and a similar
simplification was also applied to the DTI-ADH mixed microstructure field for ease of
comparison.
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Figure 3.7: Four cases fitted to case-specific geometries. Fibre orientation shown by
the gold cylinders, sheet orientation shown using gold surfaces. Top: Embedded DTIderived fibre orientations, with embedded adjusted ADH sheet orientations. Bottom:
Embedded ADH fibre and sheet orientations. The anterior view is shown for all models.

3.1.3 Constitutive models
The passive mechanical response of the myocardium was modelled using a modified version
of the Holzapfel-Ogden orthotropic constitutive model [104]. The isotropic (first) term in
the original formulation does not allow the mechanical response in each of the material
directions to be independently controlled. To decouple the axial terms, the isotropic term
was omitted and an additional exponential term describing the response in the response
in the sheet-normal direction response was added [124]. The modified formulation is given
by Equation 3.4.

W =



afs  bfs I 2
ai  bi (I4i −1)2
e
−1 +
e 8fs − 1
2bfs
i=f,s,n 2bi
X

where I4f = f0 · (Cf 0 ), I4s = s0 · (Cs0 ), I4n = n0 · (Cn0 ), I8fs = f0 · (Cs0 )

(3.4)

and f0 = [1 0 0]T , s0 = [0 1 0]T , n0 = [0 0 1]T
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where C is the right Cauchy-Green deformation tensor referred to the fibre (f), sheet (s)
and sheet-normal (n) microstructural material axes, and af , as , an , afs , bf , bs , bn , bfs are the
constitutive parameters. In keeping with the original Holzapfel-Odgen model, the axial
exponential terms only contribute to the strain energy function when their associated
invariants I4f , I4s and I4n are larger than 1.
The contractile mechanical response of the myocardium was modelled using the steadystate Hunter-McCulloch-ter Keurs active tension constitutive model [125], which is given
by Equation 5.2.

q

Ta = TCa × [1 + β( I4f − 1)]

(3.5)

where Ta is the second Piola-Kirchhoff active stress produced along the myocyte axis
within the tissue, TCa is the contractility constant associated with calcium release from the
sarcoplasmic reticulum at resting sarcomere length, β is the myocardial length-dependence
√
parameter, and I4f quantifies the fibre extension ratio.

3.1.4 LV mechanics simulations
The passive and active mechanics of the left ventricle were simulated using each of the
four customised models. Displacements were prescribed in all three coordinate directions
at the four epicardial basal nodes to match the basal motion of the surface data. This
was done by identifying the closest surface data point to each epicardial basal node at
reference state, and tracking the displacement of these surface data points at ED and ES
and applying the same displacements to the epicardial nodes. Endocardial pressure was
prescribed at ED and ES using the data provided (see Table 3.2).
Table 3.2: Pressure loading conditions for each of the four cases in the study as provided
by the LV mechanics challenge at end-diastolic pressure (EDP) and end-systolic pressure
(ESP).
Cases
A
B
C
D

EDP (kPa)
0.83
0.64
0.47
0.67

ESP (kPa)
11.11
10.42
8.60
9.13

The diastolic inflation was simulated by prescribing the basal displacement boundary conditions while applying a homogeneous endocardial pressure according to the provided ED
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pressure data. Pressure loading was applied incrementally to ensure that the simulation
converged at each increment. Significant numerical issues were encountered during the
diastolic mechanical simulations. It was hypothesised that this was due to asymmetry
in the constitutive model about zero strain because the Holzapfel paper [104] postulated
that the collagen fibres would not provide elastic resistance when compressed, but would
instead buckle and provide no additional stress. When the asymmetry was removed and
the same constitutive equation was used for the negative strains, the numerical issues were
alleviated significantly. However, the asymmetric form of the constitutive model was used
for analysis to comply with the physical reasoning behind the asymmetry as presented in
the original constitutive equation [104] .
Systolic contraction was simulated by increasing the active tension parameter TCa while
also increasing the endocardial pressure loading until the end-systolic pressure values were
reached. It was important to provide physiological ranges for TCa in systolic simulations
to prevent the model from ballooning out and causing numerical problems. It was found
that when using the fibre fields derived from DTI, the model simulations for systole
showed significant long-axis lengthening which was not seen in the MRI-derived surface
data. Previously, this phenomenon had been observed when using a transversely isotropic
constitutive model [120], and here it has been observed again when using an orthotropic
constitutive model. This problem was somewhat alleviated when the ADH microstructural
field (fibres as well as sheets) was used instead (see Figure 3.8).
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Figure 3.8: End-systolic model predictions for four cases using either the DTI fibre field
with adjusted ADH sheet field (top row) or using both the ADH fibre and the ADH
sheet fields (bottom row). The MRI-derived surface data for ES are shown in green
dots. The models using DTI fibre fields showed significant long-axis lengthening at ES
compared to the more realistic deformation patterns for the models using ADH fibre
fields as compared to be recorded surface data.
The mechanism for this difference is most likely to be related to the differences in the
transmural ranges of fibre orientations between the two sets of models, which have been
quantified in [120]. The DTI fibre field (Figure 3.9a) shows a more circumferential orientation for the myofibre. The deficiency in longitudinally oriented fibres in DTI could
have caused the deficiency in longitudinally oriented contraction of the ventricle.
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(a)

(b)

Figure 3.9: Transmural variation in fibre angles for a mid-posterior portion of the LV
model for case A. a) Model embedded with DTI fibre field. b) Model embedded with ADH
fibre field.
The sheet angle orientation was also important for the contractile function of the LV.
This was tested by generating a series of reference models with case A geometry, and
embedded with case A DTI derived fibre field, but with progressively larger homogeneous
sheet angles from 0° to 90°. For each of these models the ED and ES states were simulated
by applying the case A pressure loads, and the volume predictions were recorded and
shown in Figure 3.10. Both the ED and the ES volumes in model simulation appeared
to be sensitive to sheet orientation, with a volume change up to 30 mL when the sheet
angle changed by 45°.
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Figure 3.10: Sensitivity of ED volume (EDV) and ES volume (ESV) simulations to
sheet angle variations. The DS volume (DSV) is shown as reference.

3.2 Parameter estimation methods
Using the LV finite element model simulations of ED and ES the passive and active
properties of the myocardium were estimated. The parameter estimation framework (as
shown in Figure 3.11) centres around the optimisation of a set of constitutive parameters (passive and/or active) to minimise an objective function. The objective function
quantifies the error between model predictions and the recorded displacements of surface
points. The ground-truth deformed geometries were described by the endocardial and
epicardial surface points at ED and ES. The objective function Φ was quantified using
the mean squared error (MSE) of projection vectors from recorded surface data points di
onto the projected surface points of the model prediction (d̂i ) (see Equation 3.6). Both
the epicardial and endocardial data projections were included in the calculation of the
MSE.

Φ=

N
1 X
||di − d̂i ||2
N i

(3.6)

Minimising this objective function penalises error in model predictions at ED and ES. The
optimised material parameters are most consistent with the surface deformation data and
the pressure loading data provided.
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Figure 3.11: Cardiac mechanics modelling and parameter estimation. The input data
(green block) includes left ventricular geometric data (both reference and deformed geometries), left ventricle pressure data at various points throughout the cardiac cycle, and
descriptions of the microstructure. The base-plane displacements between the deformed
and the reference geometries were calculated and applied as kinematic constraints to the
model. Mechanics simulations (yellow block) takes these inputs and an estimate of the
mechanical properties of the myocardium, which is described by the constitutive parameters, and generates model predictions of left ventricular deformation. The parameter
estimation process (blue block) involves the evaluation of the error between model predicted deformations and ground-truth deformations from the input data, and minimises
this error to tune the parameters of the constitutive model.

3.2.1 Objective function development
It was important that the method of construction of the objective function was able to
penalise errors in model deformation and not introduce systematic errors. For diastolic
parameter estimation, the primary mode of deformation to which the objective function
should be sensitive was the inflation of the model. However, systematic errors arose due to
the uncertainty around basal displacement constraints: it was found that the prescribed
surface data basal motion caused a long-axis tilt for some of the simulated LV models.
This gave a poor match to the surface data for the majority of the ventricles, even at
optimal parameter values (see Figure 3.12a). By prescribing the basal displacement to
match that of the surface data, an inherent bias had been placed on the basal surface
data points for quantifying the objective function. One way of addressing this problem
was to rigidly transform the surface data at each iteration of the optimisation to a best-fit
alignment with the LV models so that the projection errors were evenly spread throughout
the model (see Figure 3.12b). This method allowed the objective function to penalise only
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inflation-related motion and reduced the systematic error due to potential inaccuracies
in the basal displacement. For example, it can be seen in Figure 3.12b that the model
error at the base had increased at the expense of reducing the error of fit in the apical
region. Overall, this allowed the objective function to be more sensitive to the errors in
the overall LV inflation.

(a)

(b)

Figure 3.12: a) Systematic mean squared error (MSE, yellow arrows) in the optimal fit
to surface data (green dots) by the model surfaces (red) due to uncertainties in basal
displacement causing long-axis tilt of the model. b) Surface data is rigidly-registered
to the model surfaces (blue dots show surface data pre-registration, green show postregistration). This reduces the systematic error due to long-axis tilt and removes dependence on the accuracy of basal displacement constraints.
For systolic parameter estimations, the primary modes of deformation that the objective
function should be sensitive to was the contraction of the LV model at ES. The MRIderived surface data were not tracked material points, and so the objective function was
evaluated as the closest-surface error projections of the recorded surface data onto the
surfaces of the ES model prediction.
However, this objective function became unreliable because of significant long-axis lengthening of the ES models embedded with DTI fibre and ADH sheet angles. The lengthening
of the model caused the apical surfaces to become out of range of the closest-surface error projections (see Figure 3.13a); this meant that the objective function was unable to
penalise for the lengthening of the ES model prediction.
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To alleviate this problem, a mixed objective function was constructed in which the longaxis components of the closest-surface projection errors were replaced by the long-axis
components of a set of material-tracking errors. Material-tracking was implemented by
embedding the DS surface data in the reference geometry and tracking the embedded
points during systolic contraction. The material-tracking errors were then evaluated as
the Euclidean distance between the ES surface data and the embedded points of the ES
model prediction (see Figure 3.13b). The mixed objective function was able to penalise
long-axis lengthening of the ES model prediction while remaining insensitive to torsional
deformations of the ES model, which was important since the MRI-derived surface data
did not track torsion.

(a)

(b)

Figure 3.13: End-systolic error projections (gold arrows) from surface data (green dots)
to the surfaces of left ventricular (LV) model (outlined with red lines); top row shows
epicardial projections, bottom row shows endocardial projections. (a) Objective function
using surface error projections with no material point tracking fails to project to the apex
of the elongated LV model prediction. (b) Objective function using material tracking
error projections tracks the elongation of the LV model prediction and penalises for it.
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3.2.2 Passive and active constitutive models
The parameters of the modified Holzapfel constitutive equation presented in Equation 3.4
have previously been fitted to simple shear experimental data [89] through a multi-variate
optimisation matching to all six modes of shear. Details of this can be found in [124].
The fitted values are listed in Table 3.3.
Table 3.3: Previously estimated orthotropic material parameters fitted to simple shear
data. [89]
af (kPa)
24.84

as (kPa)
6.94

an (kPa)
6.35

afs (kPa)
0.37

bf
11.32

bs
7.07

bn
0.22

bfs
11.67

For the purposes of the passive parameter estimation in this study, a reduced number
of parameters were fitted due to the limitation of only having non-tracked surface data.
A set of scaling parameters were applied to each of the exponential terms (see the three
M parameters in Equation 3.7). These parameters scaled the magnitude of the stiffness
in each direction but did not change the nonlinearity of the exponential function. The
number of passive parameters are estimated can be adjusted by constraining some or all
of the M scaling parameters together. When the M scaling parameters are constrained
to be equal, the degree of orthotropy is fixed. Allowing the M scaling parameters to vary
independently changes the degree of orthotropy of the model.

!


afs  bfs I 2
af  bf (I4f −1)2
e
e 8fs − 1
−1 +
W =Mf
2bf
2bfs




an  bn (I4n −1)2
as  bs (I4s −1)2
+ Ms
e
− 1 + Mn
e
−1
2bs
2bn

(3.7)

The contractile parameter TCa was estimated at the end-systolic state for each of the
four cases. The length-dependence parameter (β) in Equation 5.2 was set to 1.45, as was
previously reported in [125].

3.2.3 Sequential parameter estimation
During the diastolic filling phase from DS to ED, the myocytes were assumed to be passive
(i.e. producing no active contractile force), and the myocardial behaviour was determined
by the passive stiffness parameters. During systole, the myocytes produce contractile force
through cross-bridge cycling, and both the contractile and the passive stiffness parameters
of the myocardial tissue determine the mechanical response. Therefore, the passive constitutive model was parameterised initially using ED surface deformation data. The active

42

3.2 Parameter estimation methods
constitutive model was then parameterised using the ES surface deformation data while
keeping the passive properties constant. This sequential parameter estimation method
was performed for the four canine heart geometries with the case-specific DTI fibre field
and adjusted ADH fibre field.
First, a single passive parameter, M (= Mf = Ms = Mn ), which scales the bulk stiffness
of the myocardium, was estimated. The orthotropy of the myocardium was assumed
constant during this estimation.
A second set of parameter estimation was performed where an additional parameter was
added to the estimation scheme, Mf . This allowed the stiffness in the myofibre orientation
to vary independently of the stiffness of the sheet and sheet-normal directions (scaled by
the same M (= Ms = Mn ) parameter). For ease of estimation, the initial estimates for
the M and Mf parameters were set to the optimal M value from the single parameter
estimation scheme.
A third scheme allowed all three scaling parameters Mf , Ms , and Mn (assuming Mf s =
Mf ) which allowed the stiffness along the fibre, sheet, and sheet-normal directions to vary
independently. The initial estimate for the Mf parameter was set to the optimal Mf value
from the two parameter scheme, and the initial estimates for the Ms and Mn parameters
were set to the optimal M value from the two parameter scheme.
The parameter estimations were performed using both the DTI fibre and ADH sheet field
combination and the ADH fibre and ADH sheet field combination and the results were
compared.

3.2.4 Simultaneous parameter estimation
Another parameter estimation method was developed that estimated the passive and
active parameters simultaneously. The objective function for the simultaneous parameter
estimation scheme was the overall mean square error projection of both the ED and ES
surface data projections. It was hypothesised that by including the ES deformation data,
the identifiability of the passive parameters would increase since there would be a larger
range of deformation for the model predictions to match to. However, it remained to
be seen whether the benefits of adding deformation data would outweigh any correlative
effects between the passive and active parameters.

3.2.5 Hessian optimality criteria
The identifiability, or determinability, of the constitutive parameters in the simultaneous
parameter estimation was quantified using the Hessian matrix. The Hessian matrix H
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is a square matrix of the second-order partial derivatives of the scalar objective function
field Φ with respect to the parameters θ at the optimum (see Equation 3.8). The order
of the Hessian matrix is equal to the number of optimisation parameters, N .

Hi,j =

∂ 2Φ
∂θi ∂θj

i, j = 1, ..., N

(3.8)

In the vicinity of the optimal parameters, a confidence region of the optimal parameters
can be quantified by an -indifference region which assumes the shape of a hyper-ellipsoid
in the parameter space [126]. This is given by:

δθ T Hδθ ≤ 2

(3.9)

where H is the Hessian matrix at optimum, δθ is a small deviation of the parameters
vector from the optimum, and  is a positive number. The -indifference region is so
called because parameter values of θ = θ opt + δθ that lie within that region will not cause
the objective function Φ to increase by more than 2. Based on this definition of the
-indifference region in Equation 3.9, three design criteria are commonly used to evaluate
the identifiability of the estimated parameters.
The D-optimality criterion is related to the size of the indifference region which is evaluated using det(H). The volume of the indifference region is inversely proportional to
det(H), and so the higher the D-optimality criterion value, the tighter the confidence
range around the optimal parameters, and the better the identifiability of the parameters.
The eccentricity of the indifference region is the ratio of the largest to the smallest eigenvalues of this region, and is a measure of the disparity between the least- and best-determined
linear combination of parameters. This eigenvalue ratio is the condition number of H,
cond(H), and the smaller the cond(H), the axes of the indifferent region approach the
same length and changes in all directions in the parameter space are equally accessible.
The M-optimality criterion relates to the interaction of the parameter estimates. An index
of the combined interaction between parameters is the determinant of the scaled Hessian
matrix H̃ (see Equation 3.10) which must be a positive number less than or equal to
one [127, 126]. A det(H̃) value close to one indicates low interaction between parameters
(the indifference volume is closely aligned with the reference axes [127]) where changes in
one parameter may have minimal effects on the others. For a two-parameter space, the
correlation coefficient r is related to the M-optimality criterion by det(H̃) = 1 − r2 . No
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direct relationship exists between interaction and correlation for schemes with more than
two parameters [127].

Hij
H˜ij = q
Hii Hjj

(3.10)

3.2.6 Akaike information criterion
Another method of evaluating the robustness of parameter estimation schemes was to use
the Akaike information criterion (AIC). This criterion is based on the principle that by
adding parameters to a model fit the fitting error may decrease, but at the same time, there
is less data to justify the use of the increasing number of parameters. As the complexity of
a model increases the identifiability of a unique set of parameters decreases. The question
is, therefore, how complex should a model be for a given set of data [128, 129, 130].
The AIC for a given model is a function of the maximised log-likelihood function l and
the number of estimable parameters K (see Equation 3.11)[129].

AIC = −2l + 2K

(3.11)

The maximised log-likelihood function could be replaced by a term involving the residual
sum of squares RSS (or the sum of squared errors in this case) in Equation 3.12.

RSS
AIC = n ln
n






+ 2K

(3.12)

where n is the number of data points used for the fit. The expression for the AIC score for
our application is given in Equation 3.13, where Φopt is the optimal mean squared error,
Ndata is the number of data points available in the parameter estimation scheme, and Kθ
is the number of parameters estimated.

SAIC = Ndata ln(Φopt ) + 2Kθ

(3.13)

The AIC score as a value by itself is meaningless. However, it derives meaning from
comparisons with the AIC values of other schemes with the scheme having the lowest AIC
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score being deemed the ’best’ [130]. The AIC score was evaluated for the simultaneous
parameter estimations.

3.2.7 Computational modelling tools
The geometric and microstructural fitting were performed using a combination of MATLAB scripts and the CMISS software (www.cmiss.org). The CellML open-standard
(www.cellml.org) was used to describe the constitutive equations in all analyses. All threedimensional model visualisations were rendered using CMGUI (www.cmiss.org/cmgui).
Parameter estimations were performed using the fmin_l_bfgs_b optimiser from SciPy
(version 0.18.1) in Python.

3.3 Sequential parameter estimation results
The results of parameter estimation using the models embedded with the DTI fibre and
ADH sheet fields are presented followed by the results using models embedded with the
ADH fibre and ADH sheet fields.

3.3.1 Using model with DTI fibre and ADH sheet fields
The results of estimating a single passive parameter, M , along with the optimised objective
function at ED are presented in the first two columns of Table 3.4a. For three of the
four cases, the estimated parameters were different by more than 0.5 kPa when the two
different initial estimates were used. This indicated that the parameter space was flat
and that those parameters had low identifiability (see Figure 3.14). In these cases, the
parameter value which gave the lowest objective function is presented. The flatness of the
parameter space was because the diastolic phase in three of the four cases was found to
be abbreviated, resulting in only a minimal amount of deformation between the DS and
ED geometries.

46

3.3 Sequential parameter estimation results

Figure 3.14: Surface data projection mean squared errors (MSE) plotted as a function
of the scaling parameter, M, for each of the four cases (A-D).
The results of estimating two passive parameters, M and Mf , along with the optimised
objective function at ED are presented in the final two columns of Table 3.4a. The optimal
objective function error decreased when compared with the single parameter method. This
showed that by allowing the anisotropy to vary improved the model predictions.
However, the two parameter method was subject to similar identifiability limitations as
the single parameter method (see the flat objective function space in Figure 3.15) since
the same limited set of ED data was used. Therefore, it was not prudent to draw any
conclusions about the relative stiffness along the fibre direction compared with the stiffness
in the cross-fibre directions.
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Figure 3.15: Surface data projection errors (objective function) as a function of the
parameters, M and Mf for each of the four cases. Note the non-smooth objective
function for case D near the region of Mf = 2 and M = 0.5; this is discussed in
Section 5.4.
The estimation of three passive parameters, M , Mf , and Mn , was found to be infeasible
due to the limitation in the ED deformation data. The Mn parameter was unidentifiable
and consistently hit the upper bound of 20 kPa during optimisation for each of the four
cases. The results for this three-parameter estimation are not shown.
The estimation of the active parameter TCa faced significant difficulty due to the persistent
long-axis lengthening of the ES model predictions which was not observed in the MR
images (see Figure 3.8 and Figure 3.13). This resulted in large systematic errors in the
optimised objective function. The results of this estimation are presented in Table 3.4b.
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Table 3.4: a) Passive parameter estimation using three different estimation schemes
using models with DTI fibres and ADH sheet orientations. b) Active parameter estimation. Due to the unrealistic long-axis elongation of the ES model, all ES projection
errors were very large, which caused low identifiability for all active parameter estimations. Optimal objective functions are presented as ED and ES mean squared errors
(MSE).
(a)

M (kPa)
A
B
C
D

1.13
2.18
3.07
4.97

ED
MSE
(mm2 )
1.30
0.52
1.48
0.07

Mf , M
(kPa)
0.98,
2.24,
0.2,
4.93,

1.18
1.98
7.4
3.51

ED
MSE
(mm2 )
0.48
0.48
1.01
0.15

(b)

A
B
C
D

TCa (kPa)
53.8
46.8
31.9
30.1

ES MSE (mm2 )
43.9
18.7
26.5
23.8

3.3.2 Using model with ADH fibre and ADH sheet fields
The results of estimating a single passive parameter, M , and estimating two passive
parameters, M and Mf , are presented in Table 3.5a. Similar challenges were faced when
estimating three passive parameters as described in Section 3.3.1, and the results are not
shown.
The results of the estimation of the active parameter TCa showed substantially lower
optimised objective function values (see Table 3.5b). This was expected since the models
embedded with ADH fibre and ADH sheet was better able to simulate long-axis shortening
at ES than the models embedded with DTI fibre and ADH sheet (see Figure 3.8).
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Table 3.5: a) Passive parameter estimation using three different estimation schemes
using models with ADH fibre and sheet orientations. b) Active parameter estimation.
Optimal objective functions are presented as ED and ES mean squared errors (MSE).
(a)

M (kPa)
A
B
C
D

1.04
3.44
1.11
6.02

ED
MSE
(mm2 )
1.42
0.52
1.34
0.10

Mf , M
(kPa)
1.46,
9.85,
2.01,
0.31,

1.17
0.22
1.57
3.99

ED
MSE
(mm2 )
0.42
0.47
0.44
0.58

(b)

A
B
C
D

TCa (kPa)
87.5
81.8
33.9
66.4

ES MSE (mm2 )
2.16
6.31
1.72
3.10

3.4 Simultaneous parameter estimation results
The models with the DTI fibre and ADH sheet fields embedded were shown to be ineffective in modelling ES. This limitation was demonstrated for the TCa parameter estimation
(see Section 3.3.1). Therefore, to give the simultaneous parameter estimation scheme the
best chance of success, the models with the full ADH microstructural field embedded were
used instead.
Due to the difference in order of magnitude of the two types of parameters (active and passive), the active TCa parameter input was scaled by 0.01 during the optimisation process.
The scaling ensured that when the optimiser evaluated the derivative of the objective function via finite differences, that it is able to perceive a similar amount objective function
perturbation in both the M and the TCa parameter spaces. This improved the accuracy
of the derivative estimate, and thereby improves the performance of the optimisation.
An initial estimate of 80 kPa for the TCa parameter would appear as a 0.8 kPa initial
estimate to the optimiser. When evaluating the objective function, the active parameter
was scaled back up to its original value and a ES model prediction was simulated using
this parameter.
The results of the simultaneous estimations are listed in Table 3.6.
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Table 3.6: Simultaneous estimates of passive parameters and the active parameter using
models embedded with the ADH fibre and ADH sheet fields. Parameters have units of
kPa. Optimal objective functions are presented as ED, ES, and total mean squared error
(MSE). * Denotes optimised parameters that were at their bounds.

M , TCa

A

1.0, 88

B

3.4, 87

C

1.1, 41

D

-

ED, ES,
Total
MSE
(mm2 )
1.4, 2.2,
1.8
0.9, 6.3,
3.6
1.3, 1.7,
1.5
-

Mf , M , TCa

2.3, 1.8, 125
0.6*, 0.9, 60
0.9, 1.3, 46
3.1, 4.5, 50

ED, ES,
Total
MSE
(mm2 )
0.5, 1.3,
0.4
0.5, 1.0,
0.5
0.4, 1.4,
0.9
0.1, 2.6,
1.4

Comparing between the sequential and simultaneous methods, it can be seen that the parameters M and TCa did not change significantly between the simultaneous and sequential
methods. It appears that by adding one extra parameter to the passive constitutive model
(Mf , M , TCa ) the ES error decreased (compared with the M , TCa ES error).

3.4.1 Hessian analysis and AIC results
The Hessian matrix was evaluated using central differencing steps of 1×10−5 kPa for each
simultaneous parameter estimation method and listed in Table 3.7. Numerical difficulties
meant that the Hessian could not be evaluated for cases C and D. This is discussed further
in Section 5.4.
Table 3.7: Hessian-related metrics for two schemes of simultaneous estimating the passive and active parameters.

A
B

D-optimality
M , TCa
Mf , M , TCa
0.75
0.03
0.65
0.002

Eccentricity
M , TCa
Mf , M , TCa
2.0
17.2
19.1
44.0

M-optimality
M , TCa
Mf , M , TCa
0.88
0.38
0.94
0.57

The Hessian-related metrics shown in Table 3.7 indicated that increasing the number
of parameters estimated dramatically decreases the identifiability of the parameters (decrease in D-optimality value). The eccentricity of the indifference region also increases
dramatically, showing much stronger disparity between the least- and best-determined
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linear combination of parameters. The interaction between parameters increased when
more parameters were added, as indicated by a decreased M-optimality value.
The AIC scores for the three parameter estimation schemes for the four cases are listed
in Table 3.8.
Table 3.8: AIC scores presented for each of the three simultaneous estimation schemes
for four cases. Models were fitted with the full ADH microstructural field.
A
B
C
D

M , TCa
1331
2897
920
-

Mf , M , TCa
-2063
-1559
-231
766

The AIC score indicated that the three parameter estimation scheme Mf , M , TCa was
the best scheme.

3.5 Discussion
In this study, an orthotropic passive constitutive model (Equation 3.4) and an active tension model (Equation 5.2) were parameterised using MRI-derived surface data that were
provided as part of the LV mechanics challenge (stacom.cardiacatlas.org/stacom2014).
The parameter estimation process involved optimising the objective function of surface
data projection errors quantified by the MSE.
Two sets of models were constructed using either the DTI-derived fibre field with adjusted
ADH sheet field, or ADH fibre and sheet field. The major point of difference between
the two sets of models was that the former models showed significant longitudinal lengthening during systolic contraction while the latter did not. This was attributed to the
difference in transmural fibre angle gradients between the two microstructural fields [131].
The deficiency in transmural fibre angle gradient in the DTI field was likely related to insufficient resolution of the imaging protocol near the sub-epicardial and sub-endocardial
regions. For this reason, unless higher resolution DTI fibre angle measurements were
available, it would be preferable to use the histological data from ADH instead to ensure
a physiological simulation of contractile mechanics.
This study used an orthotropic constitutive equation which was the modified version of
the Holzapfel-Ogden orthotropic constitutive equation [104]. This modification involved
removing the isotropic exponential term, which was used to describe the ground matrix,
in order to use a single set of parameters to describe the mechanical response along each
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microstructural axis by decoupling the terms of the original constitutive equation. However, there were problems with numerical convergence when this constitutive equation was
used in solving both passive and active mechanics. This could be because the derivative
of the residual equations were discontinuous at zero strain (i.e. at the very first iteration
of the first load step), thus causing numerical issues when simulating LV mechanics.
While the constitutive equation described an orthotropic material, it was infeasible to
estimate more than two parameters (the M and Mf parameters). For the two parameter
estimation, only the stiffness in the fibre direction was able to vary independently to the
stiffness for the cross-fibre directions. However, the identifiability analysis based on the
Hessian showed an increase in parameter interactions when the Mf parameter was added
to the estimation. This suggests that given the limited information in the surface data to
track material deformations and the abbreviated ED state, it would be advisable to only
estimate a single passive parameter to ensure reasonable identifiability.
The M,TCa simultaneous method showed similar results to the sequential method. For
multiple passive parameter estimations, there was high parameter interaction between the
passive parameters and the active parameter, and the identifiability of the parameters decreased when more passive parameters were added. This suggested that the simultaneous
method was not significantly more useful than the sequential method when only a single
passive parameter was estimated, and introduced additional complications of parameter
correlation. For the type of geometric data available (i.e. MRI-derived surface data), it
would be more advisable to use a sequential parameter estimation method.
The rigid registration of the surface data, while reducing the systematic error of long-axis
misalignment, causes non-smooth objective functions (see, for example, case D in Figure 3.15). The continuity of the first derivative of the objective function is not guaranteed
since the registration transformation was recalculated for each model prediction. A better
method for dealing with this systematic error is investigated in Chapter 5.
From the analysis of this study, it could be seen that the type of data available for
parameter estimation was not able to support the estimation of all the material parameters
of the Holzapfel-Ogden constitutive model. Even with grouping of parameters using the
scaling M parameters, only a maximum of two passive parameters could be estimated
reliably. It seemed that a simpler constitutive model might allow a more robust parameter
estimation process given the type of data available. This was investigated using a clinical
dataset as described in Chapters 4 and 5.
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Aspects of this chapter are under consideration for publication at an international journal:
Wang Z.J., Wang V.Y., Bradley C.P., Nash M.P., Young A.A., Cao J.J. Diastolic myocardial stiffness and wall stress in human heart failure using personalized biomechanical
analysis. 2018.
The modelling and parameter estimation methods in the previous chapters were applied
to a set of clinical data. This dataset was derived from cardiac cine magnetic resonance
images (MRI) and invasive haemodynamic pressure measurements from patients who
were retrospectively recruited at the St. Francis Hospital (New York, USA). The local
institutional review board approved the study and all patients gave written informed
consent. Before this dataset could be used for modelling analysis, images and pressure
measurements were temporally aligned through a series of pre-processing steps. These
steps and their results are detailed in this chapter.

4.1 Patient selection
A total of 28 subjects were selected for this study. These cases were selected based on
criteria for the three interest groups: control (n=5), heart failure with preserved ejection
fraction (HFpEF, n=11), and heart failure with reduced ejection fraction (HFrEF, n=12).
EF is defined to be the ratio of ejected blood to end-diastolic (ED) volume. The HFrEF
cases were selected based on the presence of HF symptoms with EF below 50%, elevated
N-terminal prohormone of brain natriuretic peptide (NT-proBNP) and/or end-diastolic
pressure above 15 mmHg at the time of catheterisation. The HFpEF cases were selected
based on the presence of HF symptoms with EF above 50% and end-diastolic pressure
above 15 mmHg. The control group comprised patients who were referred for chest pain
work-up but were found to have normal coronary angiograms, normal haemodynamic
evaluation and normal cardiac structure, function and tissue characterisation assessed by
cardiac cine MRI. Chest pains in the control patients were considered not to be cardiac
related. Patients with severe hypertrophy (whose global myocardial mass exceeds four
standard deviations of the normal limit) were excluded to keep the hypothesised aetiologies similar within HF groups. Patients with severe myocardial infarction were excluded
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from this study, while studies with positive late gadolinium enhancement patterns below
50% were included. Four cases in the HFrEF group (MR_042042, STF_11, MR_262262,
STF_06) were found to have positive LGE patterns consistent with myocardial infarction.
In all cases, the infarcts were non-transmural, ranging from 11% to 40% of the LV mass.
One of the HFrEF cases (STF_10) had non-ischaemic LGE (mid-wall enhancement pattern). Patients with severe valvular regurgitation greater than 2+ in severity or stenosis
more than moderate were excluded from the study.
For 28 cases, the demographic information were extracted from the DICOM headers of
the cine MRI data and summarised in Table 4.1. The body surface areas (BSA, square
metre) were calculated from the weight (w q
in kilograms) and height (h in centimetres) of
wh
[132].
each individual using the formula BSA = 3600
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HFrEF

HFpEF

Control

Table 4.1: Demographics of selected subjects for the clinical study. Statistically significant (p-value < 0.05) group comparisons between any HF group with control are marked
with the # symbol. BSA: body surface area (m2 ), NT-proBNP: N-terminal prohormone
of brain natriuretic peptide (pg/mL), HR: heart rate (Hz), HT: history of hypertension currently treated, DB: diabetes, HLT: on hyperlipidaemia treatment, CAD: family
history of cardiovascular disease, S: smoker (former or current), DCM: dilated cardiomyopathy, LVH: left ventricular hypertrophy. Mean ±standard error of the mean
(SEM) are given for age, BSA, and HF. Total numbers of occurrence are given for all
other demographic measures.
Study
STF_16
STF_17
STF_18
STF_19
STF_20
Stats
MR_250250
MR_293293
MR_119119
MR_054054
MR_104104
MR_236236
MR_269269
MR_087087
MR_091091
MR_124124
MR_126126
Stats
STF_01
STF_02
STF_08
STF_09
STF_13
MR_042042
STF_10
STF_11
MR_262262
STF_06
STF_12
MR_160160
Stats

Age
51
62
48
58
52
54±2
92
57
68
88
66
56
68
62
67
49
74
68±4#
53
13
40
54
77
64
72
32
62
77
56
51
54±6

Sex
F
F
M
M
M

M
M
M
F
F
M
F
M
F
M
M

F
M
F
F
F
F
M
M
M
M
M

-

BSA
1.6
1.6
2.4
2.2
2.1
2.0±0.1
1.9
2.1
2.3
1.8
2.2
2.4
1.8
2.2
2.1
2.4
2.0
2.1±0.1
2.1
1.8
2.7
2.4
1.8
1.7
1.7
2.3
1.7
2.1
2.4
2.2
2.1±0.1

HR
68
49
95
82
83
75±8
66
68
62
83
60
71
58
57
93
71
61
68±3
82
104
89
79
74
61
63
82
76
62
77
81
77±4

HT
0
0
1
1
1
3
1
0
1
1
1
1
1
0
1
1
0
8
1
0
0
0
1
1
1
1
1
1
1
1
9

DB
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
3
0
0
0
0
0
1
1
0
1
0
0
0
3

HLT
0
1
1
0
1
3
0
1
0
0
1
1
1
1
0
1
1
7
0
0
0
0
0
1
0
0
1
0
1
0
3

CAD
1
0
1
0
1
3
1
0
1
0
1
0
1
0
1
1
0
6
1
0
1
1
1
0
0
0
0
1
0
0
5

S
1
0
0
0
1
1
0
1
1
1
0
0
0
1
1
1
1
7
0
0
0
1
0
1
0
0
1
1
1
0
5

DCM
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
0
1
0
0
0
0
0
1
1
6

LVH
0
0
0
0
0
0
1
1
1
1
0
1
1
1
0
0
1
8
0
0
0
0
0
0
0
0
0
0
0
0
0
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4.2 Image acquisition, segmentation and model
construction
All participants underwent CMR in a 1.5-T Avanto scanner (Siemens, Malvern, PA) with
a 12-channel coil (6 channels from an anterior coil and 6 channels from a spinal coil).
Balanced steady-state free-precession cine imaging with retrospective ECG gating were
acquired during breath-hold (average 8 seconds) at inspiration. The images were acquired
in a stack of short-axis planes (8 mm thickness with a 2 mm gap) and 3 long-axis planes
(2-, 3-, and 4-chamber views) with the following parameters: echo time, 1.3 ms; repetition
time, 3.1 ms; flip angle, 70°; number of reconstructed frames, 20-30, depending on heart
rate; and average in-plane resolution, 1.3 mm x 1.3 mm.
Three-dimensional finite element models of the LV were customised to the cine images
using interactive guide-point modelling, implemented in Cardiac Image Modeller software
(CIM v 8.2, University of Auckland, New Zealand) as described previously [133, 134, 15,
120]. It was important to align the short- and long-axis images first before proceeding to
guide-point segmentation. To prevent over-fitting artefacts in the model (excessive bumps
along the myocardial wall), the number of guide-points were kept to a minimum. For most
studies, guide-points were only placed on the ED, ES, and diastasis (DS) frames. Only
the endocardial and epicardial surface deformations were tracked during segmentation.
Basal motion was found to be a very important boundary condition for finite element
analyses (see more details in Chapter 5), so it was important for the model to follow the
basal motion accurately from frame to frame. The guide-points for the basal plane were
placed at the basal-most point in the myocardial wall for all long axis images to ensure
a reasonable LV wall thickness of at least 3 mm all around the basal plane. This also
ensured that the endocardium and epicardium did not coalesce or invert in any region of
the myocardial wall since it would cause numerical problems for the mechanics simulations
in subsequent steps. Similar care was taken at the apical region where the myocardial
wall may become very thin in the images.
The ED frame was the first frame for all cases in this study due to the ECG gating. It was
important to achieve geometric consistency between the final frame and the ED frame.
The LV mass for each study was kept consistent across the entire cardiac cycle (within
5%).
LV volume, EF, and mass measurements were extracted from the LV model for each time
frame. Figure 4.1 shows representative cases at ED and ES from each group.
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Figure 4.1: Representative four-chamber long axis images and 3D finite element models
(blue wireframe showing epicardial surface, and green wireframe with red shading showing endocardial surface) constructed using guide-point modelling for the three subject
groups: control group, patients with HFpEF and patients with HFrEF. Images shown
are at ED and ES.
A series of clinically relevant geometric measurements were derived from the segmented
images and were listed in Table 4.2. Volume estimates and LV mass estimates were
calculated automatically by the CIM software.
Table 4.2: Geometric measurements from cine MRI. Diastasis volume (DSV), enddiastolic volume (EDV), end-systolic volume (ESV), stroke volume (SV), ejection fraction (EF). Values presented mean ± standard error of the mean. Statistically significant
(p-value < 0.05) group comparisons are denoted as # between any HF group and control, and * between HFrEF and HFpEF groups.
Control
HFpEF
HFrEF

LV mass (g)
65±4
82±7#
112±8#*

DSV (mL)
86±4
110±13
236±22#*

EDV (mL)
115±6
136±16
275±25#*

ESV (mL)
45±5
59±8
206±24#*

SV (mL)
70±2
77±8
69±6

EF (%)
62±3
58±2
27±3#*

4.3 Haemodynamic data
The catheter data recorded at the St. Francis Hospital included left ventricular pressure
(LVP), aortic pressure (AOP), pulmonary capillary wedge pressure (PCWP), and simultaneous ECG recordings (see Figure 4.2 for details of the clinical set-up). The catheter
measurements were acquired digitally (sampling rate: 250 Hz) during free breathing within
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five hours of imaging in all cases and the patients showed no change in haemodynamic
status in the interim between catheterisation and imaging. For LVP measurements, the
catheter, which takes the form of a thin flexible tube, was inserted from the femoral artery
and guided into the LV of the heart. The MedTronic Pro-Flo XT angiographic catheters
or the Boston Scientific Expo diagnosis catheters were used for these procedures and
recordings were made through the Witt Biomedical Cath Lab Monitoring System. Live
x-ray feed of the chest cavity was used to help guide the movement of the catheter in the
heart. Left heart ventriculography was performed where contrast was injected into the LV
and the flush-out duration of the contrast was used by the catheter specialist to estimate
the LVEF. The catheter was then pulled from the LV through the aortic valve into the
aorta, where the AOP measurements were taken. A coronary angiography procedure was
also performed and any coronary artery blockages were recorded in a detailed catheter
report.

Figure 4.2: Catheterisation lab setup.
The PCWP was recorded by inserting a specialised catheter into a peripheral vein and
advancing it through the right heart into the pulmonary artery, and then as far as possible
along the pulmonary artery. Once it was ’wedged’ in the pulmonary artery, a balloon near
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the distal end of the catheter was inflated. The inflated balloon occluded the branch of
the pulmonary artery and the pressure measured at the distal end of the catheter rapidly
fell. After several seconds this pressure measurement stabilised to a lower value that was
very similar to the left atrial pressure, normally 8-10 mmHg. The PCWP is similar to
left atrial pressure because the occluded pulmonary artery and its distal branches that
eventually form the pulmonary veins act as a long catheter which measures the blood
pressures within the pulmonary veins and the left atrium [135].

4.3.1 Data processing and landmark cardiac events identification
For the purpose of mechanics analysis, pressures at each of the MRI frames needed to
be identified as loading conditions. However, since the pressure and image measurements
were not recorded simultaneously, a method was required to temporally align the two
measurements. A simple linear scaling of the R-R interval was not sufficient to produce
a physiologically sensible pressure-volume loop, as illustrated by an extreme case in Figure 4.3. Instead, a novel method was developed that uses landmark cardiac events to
temporally align the pressure and cine MRI frames. These landmark cardiac events were
identified in both pressure and cine MRI, and a piece-wise linear temporal scaling method
was used to align the measurements.

Figure 4.3: Pressure-volume loop (black line) generated using simple linear scaling of
the pressure data to match the R-R interval of the cine MRI. Beat-to-beat pressure
variations shown in blue asterisks, average pressure shown in black asterisk.
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Five landmark cardiac events were identified in the LVP cycles: DS, ED, end of isovolumic
contraction (eIVC), ES, and end of isovolumic relaxation (eIVR). Some of these landmark
cardiac events were difficult to identify in the LVP alone due to a lack of distinctive
features in the trace. The AOP, PCWP, and ECG traces aided in the identification of
these difficult landmarks.
The Wigger’s diagram shown in Figure 4.4 highlights the relationship between the AOP,
LAP, ECG, and LVP traces. It can be seen that the ED in LVP trace coincides in timing
with the peak of the R wave in the ECG signal. The LVP eIVC coincides in timing
and pressure with the point of minimum AOP, when aortic valve opens to allow ejection.
The LVP ES coincides in timing and pressure with the dicrotic notch which is the small
downward deflection in the arterial pressure, associated with closing of the aortic valve.
The LVP eIVR coincides in timing and pressure with the v peak of the LAP. And finally,
LVP DS can be trivially identified as the point of minimum pressure.

Figure 4.4: Wigger’s diagram (creative commons license). Note the relationship between
the AOP, LAP, ECG, and LVP.

ECG trace processing The R peak is identified automatically by the recording software
provided by Witt Biomedical (marked R flag in the raw read-out) in either the I or II
lead (see top left in Figure 4.5a).
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(d)

(b)

Figure 4.5: a) Representative electrocardiogram trace showing automatically identified R peaks (red). b) Representative aortic pressure
trace showing automatically identified S (red) and D (black) flags which mark the peak and minimum pressure points respectively. c)
Representative pulmonary capillary wedge pressure showing automatically identified A (red) and V (black) waves. d) Representative
left ventricular pressure showing automatically identified peak (red), ED (green), DS (black), and R peaks timing from concurrent
ECG (empty blue circle). Selected end-expiratory cycles marked by gold dashed-line boxes.

(c)

(a)

4.3 Haemodynamic data
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AOP trace processing Two landmark points were automatically identified by the recording software provided by Witt Biomedical: the peak and minimum pressure points, marked
by flags S and D, respectively in the raw read-out (see Figure 4.5b). Individual AOP cycles
were demarcated by two consecutive peak pressure points. A median number of 12 beats
were selected, with an interquartile range of 7.8 to 14.5. Cycles which were complete and
devoid of obvious noise artefacts were included in the analysis. The dicrotic notch was
identified as the point with maximum of second derivative value that occurs within the
first third of the peak-to-peak AOP cycle. The dicrotic notch coincides with ES (green
dots in Figure 4.5b). The minimum pressure point in the AOP cycle aligns with eIVC
(black dots in Figure 4.5b).
PCWP trace processing Two landmark points were automatically identified by the
recording software provided by Witt Biomedical: the atrial contraction (’a’) and mitral
valve opening (’v’) peaks, marked by flags A and V, respectively in the raw read-out (see
Figure 4.5c). A median number of 5 beats were selected, with an interquartile range of
2 to 7. Due to the noise-prone nature of the PCWP trace, an additional quality control
method had to be implemented for the selection of usable PCWP cycles. The R peaks of
concurrently recorded ECG traces were used to delinete one cycle. Then, a PCWP cycle
was only included if both a single ’a’ wave and a single ’v’ wave were found between two
consecutive ECG R peaks (R-R interval). The interval between the R peak and the ’v’
wave was scaled by the ratio between the PCWP R-R interval and the LVP R-R intervals.
This scaled interval was used as an estimate of the delay between ED and eIVR.
LVP trace processing Three points are identified automatically by the recording software provided by Witt Biomedical: the ED, DS, and peak pressure points, marked by
flags E, D, and S, respectively in the raw read-out (see Figure 4.5d). These automaticallyidentified points assist in the processing of the pressure data. However, they can also be
evaluated independently. The peak pressure point and the DS point, which was the point
of minimum pressure in each cardiac cycle, could be identified easily. The ED point was
identified using the timing of the R peak in the concurrently recorded ECG trace. Each
cardiac cycle was demarcated by two consecutive peak pressure points.
A one-dimensional median smoothing filter (medfilt1 in MATLAB) was applied to the
raw trace to reduce noise artefacts. The amount of smoothing was controled by a median
filter order n where the filtered signal y was evaluated from the raw signal x thus:

y(k) =
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4.3 Haemodynamic data
For most traces a 20th-order (80 ms) median filter was applied. For the especially noisey
cases, MR_119119, MR_152152, and MR_042042, 25th-order (100 ms), 25th-order (100
ms), and 45th-order (180 ms) median filters were applied, respectively.
LV cardiac cycles were manually selected from the raw traces. A median number of 11
beats were selected, with an interquartile range of 7.8 to 15. If the raw traces showed
significant signs of respiratory-related variation, only the end-expiratory cycles that had
higher end-diastolic pressures were selected. Each selected LVP cardiac cycle was divided
into three sections using the ED, DS, and peak pressure points and temporally scaled to
match DS and ED points (see blue and green time-marker lines in Figure 4.6).
eIVC pressure was identified on LVP traces by finding the point with the same pressure
value as the eIVC point on the AOP traces (see magenta pressure-marker lines in Figure 4.6). When the AOP is at its minimum and the aortic valve is opening, the pressure
in the aorta and the LV should be similar at this point.
ES pressure was identified on LVP traces by finding the point with the same pressure
value as the ES point on the AOP traces (see red pressure-marker lines in Figure 4.6) .
ES marked the end of ejection and the closing of the aortic valve. The pressure in the
aorta and in the LV should be similar at this point.
eIVR timing was quantified by its time-delay with respect to ED timing in the PCWP
traces. This same time-delay was added to the timing of ED in the LVP traces to ascertain
the timing of eIVR in the LVP trace (see black time-marker lines in Figure 4.6). eIVR
marked the end of relaxation and the opening of the mitral valve. For cases where PCWP
traces were not recorded or were not of a high enough quality to be useful, then the
pressure trace was linearly interpolated between the ES and DS time points.
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Figure 4.6: ED in the LVP (blue) were identified by the timing of R-peaks in the simultaneously recorded ECG (green vertical line). eIVC were identified by the intersection
of the minimum AOP traces (magenta horizontal line) with the LVP. ES were identified
by the intersection of the inflection point in the AOP (red horizontal line) with the LVP.
And finally, eIVR were identified by the timing of the ’v’ waves in the pulmonary capillary wedge pressure (PCWP) traces (black vertical lines). The individual LVP cycles
were temporally scaled matching DS and ED for this illustration.
A summary of the methods for identification of all five landmark cardiac events has been
listed in Table 4.3.
Table 4.3: Identification of DS, ED, eIVC, ES, and eIVR in LVP using AOP, PCWP,
and ECG traces.
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DS
ED
eIVC

Type of trace
used
LVP
LVP + ECG
LVP + AOP

ES

LVP + AOP

eIVR

LVP + PCWP

Evaluation

Method

Find LVP minimum
Find ECG R peak automatically
Find AOP minimum
Find AOP dicrotic notch using
peak of second derivative
Find PCWP V wave automatically

Match timing
Match pressure
Match pressure
Match timing

4.4 Pressure-image temporal alignment

4.4 Pressure-image temporal alignment
For simulations of LV mechanics, it was necessary to prescribe an endocardial pressure
loading condition at every MRI frame throughout the cardiac cycle. However, difficulties
arise because catheter pressure measurements were not acquired simultaneously with cine
MRI recordings, and, while the pressure recording covered multiple heart beats, the cine
MR images spanned only a single heart beat.

4.4.1 Identification of cardiac events from cine MRI
Linear piece-wise temporal scaling was applied to each segment of the LVP cycle to match
the timing of the five landmark cardiac events in cine MRI frames. Since the cine MRI
acquisition was ECG gated, the first MR frame was consistently set to be ED. End IVC
was identified in the images as the frame before the aortic valve opened. ES was identified
by looking for the first frame in which the aortic valve was closed after ejection. End IVR
was identified as the frame before the mitral valve opened. DS was the frame before left
atrial contraction and was sometimes identified by a partial closing of the mitral valve or
by a subtle upward shift of the basal plane.

4.4.2 Pressure extraction and beat-averaging at MRI frames
The LVP cycles were divided into five segments: DS to ED, ED to eIVC, eIVC to ES,
ES to eIVR, and finally, eIVR to DS. For each segment, the total number of alternative
traces (ksegment ) depended on the type of traces that were used to delineate the segment
and the number of cycles used per type (ntype ) (Equation 4.2). For example, in the case of
the segment from ED to eIVC, for each LVP cycle, there were as many eIVC landmarks
as there are AOP cycles. So, the total number of alternative traces between ED and eIVC
(kED∼eIV C ) was equal to the product of the number of LVP cycles (nLV P ) and the number
of AOP cycles (nAOP ).

kDS∼ED = nLV P
kED∼eIV C = nLV P × nAOP
keIV C∼ES = nLV P × nAOP

(4.2)

kES∼eIV R = nLV P × nAOP × nP CW P
keIV R∼DS = nLV P × nAOP × nP CW P
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The duration of each segment of the LVP trace was temporally scaled to match that of the
cine MRI timing using the landmark events. Between each pair of neighbouring landmark
events, each of the alternative the LVP traces were linearly interpolated at the timing
of each MRI frame. This resulted in a range of alternative pressure values at each MRI
frame (see Figure 4.7). A mean LVP value was then evaluated at each MRI frame.

Figure 4.7: The temporal scaling of the LVP trace was performed in segments: DS to ED
(navy), ED to eIVC (green), eIVC to ES (red), ES to eIVR (magenta), and eIVR to
DS (cyan). A mean LVP value was then evaluated at each MRI frame (black asterisks).

The alternative pressures and mean pressure at DS, ED, and ES frames are presented for
all 28 studies in Figure 4.8. The ED and ES pressures were offset by the DS pressure for
mechanical analysis to comply with the assumption that the diastasis geometry is loadfree. Both the offset and non-offset pressures are presented in Figure 4.8. The HFpEF
selection criteria were based on the LVEDP without the DS offset, and the 15 mmHg
threshold has been marked with a red line in Figure 4.8b. See Chapter 6 for a discussion
of the effects of this assumption on stiffness estimation and methods which could remove
the need for this assumption in the future.
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(a)

(b)

(c)

(d)

(e)

Figure 4.8: Pressures measured from each cycle have been plotted for each study (bullets)
and the mean pressure for each study has been plotted (black cross). a) The LV DS
pressures. b) ED pressures. c) ED pressures with DS offset. d) ES pressures. e) ES
pressures with DS offset. Groups are colour coded: blue for control, orange for HFpEF,
green for HFrEF. The hypertrophy cut-off pressure (15 mmHg) has been marked in b)
ED plots for ease of reference.
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The LV volume data was extracted from each of the cine MRI frames for each study, and
a pressure-volume loop could be generated using beat-averaged and temporally aligned
LVP trace with and without DS pressure offset (see Figure 4.9a and Figure 4.9b).

(a)

(b)

Figure 4.9: a) Representative beat-averaged LVP trace, b) with DS pressure offset.
c) Beat-averaged pressure-volume loop, d) with DS pressure offset. Each segment is
coloured differently: DS~ED (blue), ED~eIVC (green), eIVC~ES (red), ES~eIVR (magenta), eIVR~DS (cyan).
These steps have been performed for all 28 cases in the study and the resulting pressurevolume loops with DS offset are shown in Figure 4.10. Note the elevation in pressures for
the heart failure groups and the right shift in volumes for the HFrEF group.
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Figure 4.10: Full LV pressure-volume loops for 5 control (blue), 11 HFpEF (orange),
and 12 HFrEF (green) subjects.
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4.5 Diastolic chamber stiffness
The LV pressure-volume loop is widely used to characterise chamber-level mechanical
function of the heart. When considering diastolic dysfunction, studies have typically
focused on the passive portion of the pressure-volume curve from DS to ED. The steepness
of the diastolic pressure-volume relationship (dP/dV) provides a quantification of the
apparent stiffness of the LV chamber during diastolic filling [136, 137]. In usual clinical
settings, the dP/dV is acquired using end-diastolic volume perturbation methods. In this
study, the in vivo temporally-aligned passive pressure-volume curves provided a similar
measure of diastolic chamber function (see Figure 4.11).

Figure 4.11: Beat-averaged passive pressure-volume curves from diastasis to end-diastole
for 5 control (blue), 11 HFpEF (orange), and 12 HFrEF (green) subjects.
There are various functions which have been used to approximate the diastolic pressurevolume relationship including exponential functions, power functions, and sigmoidal functions [137, 138]. Due to the sparsity and noisy nature of the pressure-volume data of this
study, only two methods were considered and compared: the exponential function and a
simple linear function (see Table 4.4).

72

4.5 Diastolic chamber stiffness
Table 4.4: Curve fits for passive pressure-volume curves.
Equation
P = αV + A
P = A + Beβ(V −C)

Chamber stiffness
(dP/dV)
α
β(P − A)

Chamber stiffness
constant
α
∗
β = βVw

4.5.1 Mono-exponential fit
The mono-exponential function was fitted to the passive pressure-volume curve (see Table 4.5 and Figure 4.12 ). Differentiating this function gives the slope of the passive
dP
dP
) as a function of pressure dV
= β(P − A) where the β papressure-volume curve ( dV
rameter measures chamber stiffness. Common clinical practice normalises the β parameter using the volume of the LV myocardial wall Vw to give the chamber stiffness index
β∗ = βVw . The results of fitting to the mono-exponential function is presented in Table 4.5 and Figure 4.12a. The mean and standard deviation of the fitting error using this
mono-exponential function was 0.8 ± 0.6 mmHg×mL.
Table 4.5: Mean and standard errors of the fitted parameters of the mono-exponential
function for the three study groups.
Control
HFpEF
HFrEF

A (mmHg)
-4.86±3.2
0.6±3.1
11.0±2.9

B (mmHg)
12.3±2.4
10.6±2.8
7.4±1.6

C (mL)
97.1±7.6
118.7±15.6
257.7±24.7

β (mL-1 )
0.1±0.002
0.06±0.02
0.08±0.03

β∗
1.4±0.4
9.7±3.3
15.8±5.0

4.5.2 Linear fit
A line was fitted to the passive pressure-volume curve and the slope was used as an
alternative estimate of chamber stiffness (see Table 4.6 and Figure 4.12a). The advantage
of using a simpler, linear fit was that it would be less sensitive to noise in the pressurevolume curve while the disadvantage was a less accurate fit to the data compared with
the exponential function. Many previous studies have also used the more robust linear
method [139, 140, 141]. The results of fitting to the linear function is presented in Table 4.6
and Figure 4.12b. The mean and standard deviation of the fitting error using the linear
function was 0.9 ± 0.5 mmHg×mL.
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Table 4.6: Mean and standard errors of the fitted parameters of the linear function for
the three study groups.
Control
HFpEF
HFrEF

A (mmHg)
-4.9±3.0
-46.8±9.1
-21.4±8.0

α(mmHg/mL)
0.13±0.03
0.28±0.04
0.27±0.05

(a)

(b)

Figure 4.12: a) Beat-averaged passive pressure-volume curves (control:blue, HFpEF:
orange, HFrEF: green) fitted to monoexponential functions (black). b) Linear functions
(black) fitted to beat-averaged passive pressure-volume curves.

4.5.3 Statistical methods for group comparisons
Non-parametric statistics were used for group comparisons due to the small numbers in
each group which meant that normality of data was not guaranteed. The Kruskal-Wallis
rank sum test (or the one-way ANOVA on ranks) tested for whether two or more population distributions were identical without assuming them to follow a normal distribution.
The null hypothesis was that the tested quantity was identical between all groups. A pvalue below 0.05 provided evidence to reject this hypothesis. Pair-wise comparisons were
also performed using the Wilcoxon-Mann-Whitney rank sum test (or the Mann-Whitney
U-test). This tested whether two groups came from distinct populations without assuming them to follow a normal distribution. If the p-value of this test was below 0.05, then
the null hypothesis of statistical equality of the means of the two groups was rejected.
The chamber stiffness estimates were compared between the three study groups (control,
HFpEF, and HFrEF). No stastistically significant difference was found between any of
the three groups using either the Kruskal-Wallis or the Mann-Whitney U-tests. This
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highlights the lack of specificity of the chamber stiffness measurement and its limitation
when being used for diagnostic and stratification purposes.

Figure 4.13: Group comparisons of chamber stiffness fitted using an exponential function
(left) and a linear function (right). Groups are control, HFpEF, and HFrEF.

4.6 BNP and NT-proBNP data
Serum measurements of the brain natriuretic peptide and the N-terminal prohormone
BNP (NT-proBNP) were recorded for all but 2 of 28 cases (4 in control, 10 in HFpEF,
and 12 in HFrEF). The group statistics for these measurements have been reported in
Table 4.7. The measurements were then logarithmically transformed and the mean values
were compared between groups. [71, 142, 143].
Table 4.7: Plasma readings of BNP and NT-proBNP for the control, HFpEF, and HFrEF
groups. Readings were logarithmically scaled. Median and interquartile ranges (IQR)
are presented for raw measurements, and mean and standard error of the mean are
presented for the log-scaled measurements. Statistically significant (p-value < 0.05)
group comparisons are marked: # between any HF group and control, * between HFrEF
and HFpEF groups.
BNP (pg/mL)
Control
HFpEF
HFrEF

27 (13~54)
59 (37~94)
267 (164~1770)

NT-proBNP
(pg/mL)
41 (32~52)
111 (62~190)
1173 (558~2950)

ln(BNP)

ln(NT-proBNP)

1.4 ± 0.2
1.8 ± 0.1
2.6 ± 0.2#*

1.5 ± 0.2
2.1 ±0.1
3.1 ± 0.2#*
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4.7 Discussion
In this chapter, the cine MRI and catheter haemodynamic data were processed to provide
a series of clinically relevant metrics in terms of both left ventricular geometry, loading
conditions, and chamber stiffness. A novel method was developed to temporally align
the pressure and imaging data using five landmark cardiac events. Identification of these
landmarks enabled a piecewise alignment between the images and the pressure. However,
this method required two other pressure traces, the AOP and the PCWP, as well as a
simultaneous ECG trace, which may not necessarily be routinely acquired for catheterisation procedures. In the absence of these other traces, the DS point can still be identified
as either the point of minimum pressure assuming there are no negative pressures in LVP
traces or the point of zero pressure (when there are negative pressures in LVP). The ED
point could be identifiable in the absence of simultaneously measured ECG traces if there
was a detectable mitral valve opening notch in the LVP. It is important to remember that
ES occurs after a delay from the peak pressure. In the absence of an AOP measurement,
a dicrotic notch in the LVP could help identify ES. The isovolumic phases of the cardiac
cycle are usually difficult to identify on the LVP without the use of other traces. A reasonable estimate of the pressure-volume loop could be acquired using only DS, ED, and
ES.
The passive chamber stiffness could be estimated from the slope of a function fitted to
the pressure-volume curve during late diastolic filling. For this dataset, the chamber stiffness index did not differentiate between heart failure groups. This is because the passive
pressure-volume gradient is influenced, not only by the intrinsic tissue stiffness of the
myocardium, but also by geometric effects. A larger heart inflates more than a smaller
heart given the same pressure loading because the wall tension scales approximately proportionately with the radius of the chamber. This effect will be demonstrated further
using personalised LV finite element models in Chapter 5.
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Aspects of this chapter are under consideration for publication at an international journal:
Wang Z.J., Wang V.Y., Bradley C.P., Nash M.P., Young A.A., Cao J.J. Diastolic myocardial stiffness and wall stress in human heart failure using personalized biomechanical
analysis. 2018.
The preprocessed clinical pressure and geometric data from Chapter 4 are used in this
chapter as input to a parameter estimation framework to estimate the passive and active
properties of the myocardium in the LV. A similar parameter estimation framework was
used as in Chapter 3, with differences as detailed in Section 5.1. The passive myocardial
stiffness was estimated and the identifiability of the bulk stiffness parameter was quantified. The active myocardial properties were estimated at multiple frames throughout
systole to give a transient activation curve.
The passive and active myocardial properties were compared between control, heart failure
(HF) with preserved ejection fraction (EF; HFpEF) and HF with reduced EF (HFrEF)
groups. Interpretations of the estimated stiffness and contractility are also provided.

5.1 Parameter estimation
The parameter estimation framework described in Chapter 3 was applied to the clinical
data. Differences between the framework used here and that used in Chapter 3 are detailed
below.

5.1.1 Boundary conditions
Experiments outlined in Chapter 3 highlighted some issues with the registration of the
experimental surface motion with the model prediction. The method used in Chapter
3 was to rigidly register the surface data to the model prediction at each optimisation
iteration. This caused the parameter space to be non-smooth. Thus, in this chapter, this
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method was adapted to eliminate the need for rigid registration. Specifically, an identical
longitudinal component of the basal displacement was applied to all four epicardial nodes
of the mesh. By doing this, the longitudinal axis was prevented from tilting from its
diastasis orientation. The averaging of the longitudinal displacement allowed for some
uncertainty in tracking the basal motion in the longitudinal direction and provided a
more robust method of prescribing the basal motion.

5.1.2 Objective function
The objective function for the passive parameter estimation in this chapter included multiple frames from diastasis (DS) to end-diastole (ED). The sum of the error projections
from these frames was minimised simultaneously. This took advantage of the relative
abundance of data in this clinical dataset compared with the dataset in Chapter 3, which
only had the end-diastolic and end-systolic frames. For active parameter estimation, the
active parameter was estimated for each frame independently and the objective function
was the error projection at each frame.

5.1.3 Passive constitutive equation
The constitutive equation used to describe the passive mechanical properties of the myocardium was the transversely isotropic model by Guccione (1991) [99]; the implemented
equation is shown in Equation 5.1.

Ψ = c1 (eQ − 1)
2
where Q = 2b1 (E11 + E22 + E33 ) + b2 E11
2
2
2
2
2
+ b3 (E22
+ E33
+ 2E23
) + 2b4 (E12
+ E13
) (5.1)

The parameters that control the nonlinearity of the equation (b1∼4 ) were set at the previously estimated values [15] (see Table 5.1) and only the bulk stiffness parameter c1 was
estimated for each patient in the clinical study. Due to the lack of transmural displacement
data (e.g., from tagged MRI), the identifiability of more than a single passive constitutive parameter was likely to have considerable identifiability problems. The parameter
estimation process in Chapter 3 had a similar lack of displacement data and showed low
identifiability when estimating more than one stiffness parameter. Therefore, only the
bulk stiffness parameter was estimated in this chapter. This stiffness was considered to
be indicative of the relative differences in global myocardial stiffness between patients.
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Table 5.1: Previous estimated nonlinearity parameters for the Guccione (1991) constitutive equation [15]. All parameters are dimensionless.
b1
0.0

b2
8.6

b3
3.7

b4
25.8

5.1.4 Active tension constitutive equation
The constitutive equation used to described the active mechanical properties of the myocardium was the same steady-state active tension model [125] as in Chapter 3. It has
been reproduced here:

q

Ta = TCa × [1 + β( I4f − 1)]

(5.2)

where Ta is the active tension produced along the myofibre direction, TCa is the contractile
stress associated with calcium release from the sarcoplasmic reticulum at resting sarcomere
√
length, β is the myocardial length-dependence parameter, and I4f quantifies the fibre
extension ratio. The TCa parameter was estimated at every frame throughout the systolic
phase in each study, and an activation transient was produced. The β parameter was set
to 1.45 according to the fitting done in [125].

5.1.5 Optimiser
The optimiser that is used can influence the accuracy of the stiffness estimation. The
stopping criteria for optimisation are important to ensure that the optimisation terminates
with an acceptable accuracy. The most common stopping criteria are:
• Absolute function error: the optimiser will stop when the value of the objective
function or change in the value of the objective function is below a certain tolerance
level.
• Relative function error: the optimiser will stop when the ratio of the change in the
value of the objective function to the absolute value of the objective function is
below a certain tolerance level.
• Absolute parameter change: the optimiser will stop when the change of the parameter is below a certain tolerance level.
• When the maximum number of iterations is reached.
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Generally, we want the optimiser to exit due to the first criteria to ensure that the optimised model provides an acceptable fit to the data. The final criterion is unacceptable,
because it means that the optimiser was not able to find a true minimum using the maximum number of iterations specified. At each iteration, the optimiser evaluates a search
direction based on a gradient, typically calculated using finite differences. The finite
difference perturbation, , must be large enough to cause an observable change in the
objective function, but not so large that the linear approximation of the tangent becomes
inaccurate. For the problems in this thesis,  was set to a value in the range 1 × 10−1 to
1 × 10−4 .
A summary of the optimisers investigated for parameter estimation and their general
methods and usage are listed in Table 5.2.
Table 5.2: Summary of optimisation packages investigated for the parameter estimation
framework. SciPy version 0.18.1, NLOpt version 2.4.2 were used.
Optimiser
leastsq from
SciPy
fmin_l_bfgs_b from
SciPy
COBYLA
from NLOpt
BOBYQA
from NLOpt

Method
Least squares
nonlinear fitting of
the objective
function.
Limited memory
BFGS quasi-Newton
method with
parameter bounds
Constrained
optimisation by linear
approximations.
Bound Optimisation
by Quadratic
Approximation.

Usage
Not used because bounds on the estimated
parameters could not be set. It was
important to be able to set bounds due to
low parameter identifiability issues.
Uses forward difference gradient evaluation.
Performs better than fmin_l_bfgs_b for
single parameter estimations. Stopping
criteria functions as expected.
Supports unequal initial-step sizes, good for
multi-parameter estimations when the
parameters have very different scales.
Performs better than COBYLA for
multi-parameter estimations.

These four optimisers were tested for the estimation of the stiffness parameter for the first
subject (STF_01). The results of the comparison of optimiser performance were shown
in Table 5.3. Stiffness estimation was performed using the four different optimisers for
the first subject (STF_01) using the same initial stiffness estimate of 2.0 kPa.
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Optimal
objective
Optimiser
function per
frame (mm2 )
7
Failed
SciPy: leastsq
10
43.7
3.22
2.09
SciPy: fmin_l_bfgs_b
15
23.9
3.05
2.07
NLOpt: COBYLA
9
15.7
2.89
2.08
NLOpt: BOBYQA
Table 5.3: Results of optimisation of the stiffness parameter for the first subject (STF_01) by four optimisers. The selection of an appropriate optimiser for the problems in
this thesis was based on the performance of these optimisers as measured by the optimal
objective functions and the number of iterations required. The leastsq optimiser failed
to complete the estimation due to simulation failure when evaluating a stiffness value
that was too low (0.6 kPa).
Number of
iterations
required

Time taken
(mins)

Optimal
parameter
(kPa)

The function tolerance was consistently set to 0.01 times the number of frames over which
the objective function was summed (i.e., 0.08) for the leastsq, COBYLA, and BOBYQA
optimisers, and the initial finite differencing step was set to 0.1 for the fmin_l_bfgs_b,
COBYLA, and BOBYQA optimisers. The function tolerance could not be set directly
for the fmin_l_bfgs_b optimiser. Instead, a projected gradient tolerance (pgtol) was set,
which terminates the optimisation when the maximum projected gradient was less than
the tolerance value1 . The use of the pgtol instead of a function tolerance was difficult
to interpret and also made it difficult to control the behaviour of the fmin_l_bfgs_b
optimiser. The finite differences step could not be set directly for the leastsq optimiser,
instead the step size was equal to the square root of the set value multiplied by the current
parameter estimate2 . This made it difficult to control the gradient evaluation behaviour
of the leastsq optimiser. Furthermore, the leastsq optimiser did not allow bounds to be set
on the estimated parameters, which caused the simulations to fail when trying to evaluate
stiffness values that were too small (<0.9 kPa).
On the other hand, the optimisers under the NLOpt package had a consistent method
of setting the function tolerance, finite differencing step, maximum function evaluations,
and the upper and lower bounds for all gradient-based optimisers3 . This made the optimisers in this package easy to control and also helped to make the code more modular.
The COBYLA and BOBYQA optimisers gave the two lowest optimal objective functions
and the shortest time durations (excluding the leastsq), making the two optimisers ideal
candidates for use in parameter estimation in this thesis. The COBYLA optimiser was
1

Scipy
fmin_l_bfgs_b
documentation:
https://docs.scipy.org/doc/scipy/reference/
generated/scipy.optimize.fmin_l_bfgs_b.html
2
Scipy leastsq documentation: https://docs.scipy.org/doc/scipy/reference/generated/scipy.
optimize.leastsq.html
3
NLOpt python reference: https://nlopt.readthedocs.io/en/latest/NLopt_Python_Reference/
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used for estimating the stiffness parameter in Chapter 5 because it gave the lowest optimal
objective function even though it was not the fastest optimiser. The BOBYQA optimiser
was used to simultaneously estimate the LF geometry and stiffness parameters in Chapter
6 because it supported unequal finite difference step sizes in the different parameters and
accounted for differences in scales between the parameters.

5.2 Diastolic myocardial stiffness
The diastolic myocardial stiffness was characterised by estimating the c1 parameter of the
Guccione constitutive model in Equation 5.1. The group comparisons were done using
the same non-parametric methods (using Wilcoxon rank-sum test) as in Chapter 3 due
to the small sample size.
The results of the diastolic myocardial stiffness and end-diastolic stress estimations are
presented in Table 5.4.
Table 5.4: Summary of optimisation results of the biomechanical analyses of clinical
data from HF patients and control subjects. Values are given as mean ± SEM. *p<0.05
HFrEF vs HFpEF, #p<0.05 HF vs control, p>0.05 not marked.
Diastolic myocardial stiffness (kPa)
ED mid-ventricular myofibre stress (kPa)
ED averaged wall thickness (mm)
ED midwall radius (mm)

Control
1.2 ± 0.4
0.9 ± 0.3
10.4 ± 0.6
29.4 ± 0.5

HFpEF
2.7 ± 0.6
2.0 ± 0.4
13.1 ± 0.8
31.7 ± 1.1

HFrEF
6.4 ± 1.2#*
2.9 ± 0.3#
10.8 ± 0.4
40.6 ± 1.2#*

While there was no statistically significant difference between the control and HFpEF
groups (as shown in Figure 5.1b), there was a clear trend of higher myocardial stiffness in
HFpEF. The studies were ordered according to their myocardial stiffness in Figure 5.1a.
The HFpEF cases (in orange) had myocardial stiffness values which spanned that of
control and HFrEF.
The LV mid-ventricular average wall thicknesses were not significantly different between
any of the groups (see LV wall geometry results in Table 5.4). The LV mid-wall average
radius of the HFrEF group was higher than both the control and HFpEF groups. The
wall thickness tended to be higher in HFpEF compared to control, however, this was not
statistically significant. These geometric factors, in combination with the elevated ED
pressure and higher diastolic myocardial stiffnesses in the HFrEF group, were consistent
with the higher ED myofibre stresses.
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(b)

Figure 5.1: (a) Patients ordered according to magnitude of diastolic myocardial stiffness.(b) Group comparisons of diastolic myocardial
stiffness estimated using biomechanical modelling for control (blue), HFpEF (orange), and HFrEF (green) groups. Box-plots show
median and interquartile ranges (boxes) with 5 and 95 percentiles (whiskers) and data points shown as black dots. ** indicates p-value
< 0.01. NS not significant.

(a)

5.2 Diastolic myocardial stiffness
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5.2.1 Stress and strain evaluation
The ED myofibre stresses were evaluated at the gauss points of four mid-ventricular
elements and a mean value was calculated for each subject. Group comparisons of the
mean ED mid-vntricular myofibre stresses are presented in Table 5.4. The higher ED
myofibre stresses in HFrEF (Figure 5.2) were associated with higher myocardial stiffnesses
compared to the control group.

Figure 5.2: Group comparison of model-predicted ED mid-ventricular myofiber stresses
for control (blue), HFpEF (orange), and HFrEF (green) groups. Boxplots show median
and interquartile ranges (boxes) with 5 and 95 percentiles (whiskers) and and data
points shown as black dots. * indicates p-value < 0.05 and ** p-value < 0.01. NS not
significant.

5.2.2 Comparison with chamber stiffness
The passive pressure-volume relationships presented in Chapter 4 were not significantly
different between groups. Group variances were compared using the Brown-Forsythe
Levene-type test (R package: lawstat, levene.test). The within-group variance in diastolic
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myocardial stiffness was lower compared to that of chamber stiffnesses for the HFpEF
(p<0.01) and HFrEF (p<0.05) groups.
The chamber stiffness estimates are determined by both diastolic myocardial stiffness and
reference chamber geometry, as illustrated in Figure 5.3 [137]. HFrEF patients generally
have dilated ventricles (resulting in a rightward shift of the pressure-volume curve as in
Figure 5.3a), while HFpEF patients have slightly smaller volume (causing a leftward shift),
but thicker LV walls [144]. Figure 5.3a illustrates that, for a given myocardial stiffness
and LV pressure loading condition, a larger heart will inflate more than a smaller heart,
because the LV wall tension scales approximately proportionately with the radius of the
chamber. Therefore, simply by virtue of having a larger heart, the apparent chamber
stiffness has decreased. Note that the geometric difference is not a difference in volume
loading, but a difference in the resting geometry of the heart due to remodelling. Thus,
different combinations of diastolic myocardial stiffness and diastasis geometry can give
rise to the same chamber stiffness (dP/dV). This helps to explain the lack of statistical difference in chamber stiffnesses between groups. On the other hand, the estimated
diastolic myocardial stiffness was able to differentiate between the HFrEF and control
groups. Furthermore, the diastolic myocardial stiffness had a significantly smaller withingroup variance for the HFpEF and HFrEF groups in comparison to chamber stiffness.
This suggests that the biomechanical estimate of diastolic myocardial stiffness parameter
was specific to the intrinsic passive mechanical response of the tissue and therefore more
indicative of the myocardial state in HF.

(a)

(b)

Figure 5.3: Simulated pressure-volume curves showing the independent effects of varying
geometry and myocardial stiffness on the slope of the curves. (a) With all else constant,
increasing the size of the heart at diastasis from a normal geometry (blue) to a dilated
geometry (dotted) causes the chamber stiffness (dP/dV) to decrease. (b) With all else
constant, decreasing the diastolic myocardial stiffness from a HFrEF level (green) to a
normal level (dotted) also causes the chamber stiffness (dP/dV) to decrease to a similar
extent. Therefore, different combinations of diastolic myocardial stiffness and diastasis
geometry can give rise to similar chamber stiffness estimates.
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5.2.3 Relationships with NT-proBNP
There was no significant correlation found between log-transformed NT-proBNP measurements and chamber stiffnesses dP/dV (r=0.41, p>0.05) (see Figure 5.4a). There was,
however, a significant correlation between log-transformed NT-proBNP measurements and
diastolic myocardial stiffnesses (r=0.67, p<0.001) (see Figure 5.4b), and a weaker correlation with end-diastolic mid-ventricular tissue stresses (r=0.48, p<0.05) (see Figure 5.4c).
Serum HF biomarkers such as NT-proBNP are clinically important in the diagnosis and
management of HF, and are related to LV wall stress [142, 143, 145]. The correlation
between NT-proBNP and diastolic myocardial stiffness is an interesting finding which
prompts future investigation. It is hypothesised that the link between the two could be
explained by the biochemical processes of myocardial fibrosis and remodelling.

(a)

(b)

(c)

Figure 5.4: Correlation of log-transformed plasma levels of NT-proBNP with: (a) chamber stiffness, (b) diastolic myocardial stiffness, and (c) ED mid-ventricular myofibre
stress. * p-value < 0.05, *** p-value < 0.001.

5.2.4 Uncertainty in passive constitutive parameters
The uncertainty of the estimated passive parameters is investigated. The identifiability
of the parameter is quantified using metrics from the Hessian matrix. A novel method
of evaluating an identifiability threshold for the stiffness parameter is presented. The
sensitivity of the stiffness parameter to pressure and geometric perturbations is quantified.
Identifiability and displacement
The identifiability of the stiffness parameters could be quantified using the second derivative of the objective function with respect to the parameters at the optimal parameter
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values. A high second derivative value indicates small region of indifference at the optimum and higher identifiability in the estimated parameter. The second derivative value
of the control group tend to be higher than the HF groups (see Table 5.5) even though
this did not achieve statistical significance, similarly, the HFpEF group tend to be more
identifiable than the HFrEF group. As was shown in Chapter 3, the identifiability of
the parameter was thought to be affected by the amount of deformation in the surface
data. The surface data deformation from DS to ED was quantified by projecting the ED
surface data to an ED model prediction that had a very high stiffness (15 kPa), which was
essentially the same as the DS model except that the basal plane was aligned with ED
surface data. This quantification of deformation allows it to be compared with objective
function values since they were produced using the same surface data projection method.
The ED deformation tended to be higher in control than HFpEF, and higher in HFpEF
than HFrEF, although these differences were not statistically significant. This pattern
matches that seen in the second derivatives.
Table 5.5: Identifiability of the diastolic myocardial stiffness parameter c1 according to
the second derivative of the objective function at the optimum. The higher the value,
the smaller the radius of curvature of the objective function at the optimum, and the
more certainty is ascribed to the parameter estimated. (mean ±standard error of the
mean). None of the group comparisons were stastistically significant using the Wilcoxon
rank-sum test.
Control
HFpEF
HFrEF

Second derivative (mm2 /kPa2 )
46.1 ± 19.1
11.9 ± 5.3
4.3 ± 1.4

ED deformation MSE (mm2 )
8.5 ± 2.0
6.0 ± 0.8
5.9 ± 1.2

Stiffness identifiability threshold
The identifiability of stiffness parameter is also affected by the magnitude of the estimated
myocardial stiffness. This has a two-fold explanation: Firstly, a series of model simulations showed that the sensitivity of the mid-ventricular myofibre strain (and myocardial
deformation) to changes in stiffness decreases with increasing stiffness (see Figure 5.5).
Secondly, the cine MRI resolution and segmentation method limit the smallest amount
of myocardial deformation that can be detected. The combination of these two factors
means that if the stiffness of the tissue is larger than some threshold value, the deformation sensitivity of the model will fall below the detectable amount of deformation in
the geometric data. Any changes in stiffness beyond this threshold value will produce a
change in deformation that is undetectable given the resolution of the surface data, and
the stiffness estimate will become non-unique and unidentifiable. This means that even
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when a minimum value could be found in the objective function, it does not guarantee
that the optimal parameter is identifiable.

Figure 5.5: Average and standard deviation of mid-ventricular myofibre strain values
were generated by inflating the STF_12 DS model to ED pressure with increasing increasing diastolic myocardial stiffness and evaluating strain and stress at gauss points
in the mid-ventricular elements.
Given this inherent limitation of the framework, it was important to quantify this stiffness
identifiability threshold for each subject of the study in order to verify the statistical
group comparison results presented before. If an estimated stiffness value falls beyond
the identifiability threshold, we can be sure that the myocardium is at least as stiff as the
threshold stiffness, even though it is not possible to uniquely identify the stiffness value.
The model deformation was quantified by the projection root mean squared error of the ED
surface data to the ED model prediction. The shape of a typical ED projection parameter
sweep is shown in Figure 5.6a (green line). The descending limb of the parameter sweep
corresponds to when the stiffness estimates are smaller than the optimal value c1opt , and
the ED model predictions are larger than the surface data (Figure 5.6b). The ascending
limb of the parameter sweep corresponds to when the stiffness estimates are larger than
the optimal value c1opt , and the ED model predictions are smaller than the surface data
(Figure 5.6c). The ED projection plateaus to plateau at high stiffness values (the parameter
sweep was evaluated up to a stiffness of 40 kPa).
If we give projection arrows a positive sign when the model is more inflated than the
surface data, and a negative sign when the model is less inflated than the surface data,
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then the ascending limb of the objective function will effectively be mirrored vertically
about the optimal projection value opt (grey descending line in Figure 5.6a). This signed
objective function (the green descending limb followed by the grey descending limb) is a
monotonically decreasing function that plateaus to 0 at high stiffness. This behaves in
a similar way to the strain parameter sweep plot shown in Figure 5.5. The plateau value
of this signed objective function 0 can be calculated using Equation 5.3.

0 = opt − (plateau − opt ) = 2opt − plateau

(5.3)

The threshold ED projection error was found by adding the segmentation resolution α to
the plateau error value 0 (Equation 5.4). The segmentation resolution was approximately
half the size of the image voxel width in the image plane (α = 1.25mm
= 0.625 mm).
2

thresh = 0 + α

(5.4)

The intersection of the threshold error value thresh with the monotonically decreasing
(signed) objective function gives the identifiability threshold stiffness c1thresh (see Figure 5.6a). If the estimated stiffness c1opt was smaller than the identifiability threshold
c1thresh for that study, then it is deemed to be identifiable. On the other hand, if the
estimated stiffness was larger than the identifiability threshold then it is deemed to be
un-identifiable. In this instance, the threshold value was taken as a lower limit for the
stiffness value. Examples of these two cases are shown in Figure 5.7.
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(a)

(b)

(c)

Figure 5.6: (a) Schematic of the quantification of the identifiability threshold using the
end-diastolic parameter sweep. The stiffness value of the intersection of the threshold error thresh with the mirrored objective function gives the stiffness identifiability
threshold. (b) Model prediction (green surfaces) larger than surface data (blue dots).
(c) Model prediction (green surfaces) smaller than surface data (blue dots). Projection
errors are shown as red arrows point from the surface data (blue dots) to the model
predicted surfaces (green).
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This technique was applied to all 28 subjects in the study (see Appendix C). The estimated
stiffness value was within the identifiability threshold for most subjects: the ascending
limb of the objective function was steep and the difference between plateau and opt was
large (see for example Figure 5.7a). In these subjects, the identifiability of the stiffness
parameter was unaffected by the inherent limitation of the model. For the other subjects,
the ascending limb of the objective function was less steep and the difference between
plateau and opt was small; this meant that the estimated stiffness fell beyond the identifiability threshold for these studies (see for example Figure 5.7b). Therefore, the stiffness
parameters estimated for these subjects were deemed unidentifiable. However, the stiffness values of these subjects were at least as large as the identifiability thresholds for these
subjects, since the estimated stiffness values lay beyond their associated thresholds.

(a)

(b)

Figure 5.7: ED projection error parameter sweeps for (a) an identifiable study where
the optimised stiffness falls within the identifiability threshold (marked by red dotted
lines), and (b) an unidentifiable case where the optimised stiffness falls beyond the
identifiability threshold (marked by magenta dotted lines).
The group comparisons were re-evaluated where the estimated stiffness was used if it was
below the identifiability threshold, but the identifiability threshold itself was used if the
estimated stiffness was above the threshold. The statistical comparisons were not substantially altered (compare Figure 5.1 to Figure 5.8), which confirms the group comparison
results.
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(b)
(b)

Figure 5.8: Estimation of diastolic myocardial stiffness and group comparisons taking
into account identifiability thresholds. (a) Ordered diastolic myocardial stiffnesses. (b)
Boxplots showing statistical comparison between groups. Box-plots show median and
interquartile ranges (boxes) with 5 and 95 percentiles (whiskers) and data points shown
as black dots. ** indicates p-value < 0.01. NS not significant.

Sensitivity of passive parameters to variability in pressure recordings
The simulated deformation of the model was dependent on the pressure loading conditions.
This meant that the stiffness parameter estimation was likely also to be dependent on the
pressure loading conditions. We investigated the sensitivity of the stiffness parameter to
changes in the pressure loading conditions and the variation in stiffness estimate as direct
consequence of variation in the pressure loading.
The variability of the ED pressure on a per patient basis has been shown in Chapter 4,
Figures 4.8b and 4.8c. The median number of LV pressure beats that were included in
beat-averaging per patient was 11 with an interquartile range of 7.75 to 15. It would
be computationally intensive to estimate a stiffness parameter for every beat for every
patient. Instead, a stiffness parameter was estimating using the median ED pressure, and
the upper and lower quartiles of the ED pressures recorded for the patient. The change in
stiffness due to perturbing the ED pressure by plus and minus one quartile was recorded
and plotted in Figure 5.9. A positive perturbation in ED pressure resulted in a positive
perturbation in the estimated stiffness. This was expected since a higher myocardial
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stiffness would be required to produce the same inflated volume with an elevated pressure
loading. A linear regression was fitted to the positive and to the negative perturbation
results (orange and blue dots and lines in Figure 5.9). The slope of the regression was
4.9 and 4.4 for the positive and negative perturbations, respectively. This showed that
the sensitivity of the stiffness parameter to changes in pressure loading conditions was
high and highlights the importance of pressure accuracy in the estimation of myocardial
properties.

Figure 5.9: Change in diastolic myocardial stiffness estimation due to change in ED
pressure (EDP). Linear regression was applied to the positive (orange) and negative
(blue) pressure perturbations. The slopes were 4.9 and 4.4, respectively.

Sensitivity of passive parameters to uncertainty in geometric segmentation
A similar investigation was conducted on the sensitivity of the stiffness estimation to
uncertainties in the segmentation results. The ED geometry was perturbed by the magnitude of the width of a voxel in the image plane ±1.3 mm. The perturbations were
applied at the nodes of the segmented models in four longitudinal regions on the epicardial and endocardial surfaces separately at a perpendicular direction to the surface. This
resulted in 16 different perturbations in total: a positive and a negative perturbation at
four longitudinal regions over two surfaces. Positive perturbations produced larger cavity
volume when applied to the endocardial surface, and larger wall volume when applied to
the epicardial surface. Surface data were generated using these perturbed ED geometries
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(see Figure 5.10). The reference DS geometry was kept constant throughout.

Figure 5.10: Geometric perturbations used to investigate the sensitivity of the estimated
diastolic myocardial stiffness to geometric uncertainty. Original surface data shown in
dark red dots. Positive perturbations shown in green dots. Negative perturbations shown
in gold dots.
For each perturbation of the ED geometry, a new stiffness parameter was estimated.
The changes in diastolic myocardial stiffness as result of these perturbations for all 28
cases are summarised in Table 5.6. The results showed that increasing the radius of
either endocardial or epicardial surface at any point may increase the estimated diastolic
myocardial stiffness. This was because a larger inflated ED model at the same ED pressure
must indicated a softer myocardium.
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Table 5.6: Changes in estimated stiffness due to (a) positive and (b) negative geometric
perturbations in the regions indicated. All have units of kPa.
(a) Positive perturbation

Endo (kPa)
Epi (kPa)

Apex
−0.4 ± 0.5
−0.4 ± 0.4

Low
−0.5 ± 0.7
−0.4 ± 0.5

Mid
−0.4 ± 0.6
−0.3 ± 0.4

Base
−0.1 ± 0.14
−0.6 ± 0.8

(b) Negative perturbation

Endo (kPa)
Epi (kPa)

Apex
0.5 ± 0.6
0.4 ± 0.6

Low
0.7 ± 1.0
0.5 ± 0.8

Mid
0.5 ± 0.8
0.3 ± 0.5

Base
0.1 ± 0.1
0.9 ± 1.5

5.3 Active myocardial parameters
The systolic myocardial activation was quantified by estimating the TCa parameter of the
steady-state active constitutive model in Equation 5.2. This parameter was evaluated at
every image frame from ED through systole to DS. This produced a series of TCa transients
for each patient (see Figure 5.11). The maximum TCa parameter was evaluated for each
transient, and this occurred at an overall average of 1.7 ± 1.2 frames before ES. It was not
possible to produce the full transient for two of the HFpEF cases due to numerical issues,
where contraction of the DS geometry caused the endocardial and epicardial surfaces to
intersect in some regions. These studies were therefore excluded from the analysis. One
of the five control cases showed very high values of TCa value during systolic ejection.
This was likely due to low identifiability of the TCa parameter, which is discussed further
below.
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Figure 5.11: TCa transients for 5 control (blue), 9 HFpEF (orange), and 12 HFrEF
(green) subjects.
Group comparisons were performed using the non-parametric Wilcoxon rank-sum test due
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to small sample size and the results are presented in Table 5.7. No statistically significant
differences were found between any of the three groups for the maximum TCa . The first
derivative of the transient dTdtCa was evaluated using forward differences approximation,
and the maximum rate of rise and rate of fall of the transients were evaluated. There
weren’t any significant differences between the groups for the rates of rise or fall.
Table 5.7: Characteristics of the activation transient for three different groups. *p<0.05
HFrEF vs HFpEF, #p<0.05 HF vs control, p>0.05 not marked.
Max. TCa (kPa)
Control (n=5)
HFpEF (n=9)
HFrEF (n=12)

113 ± 35
116 ± 17
88 ± 7

Max. rate of rise
(kPa/ms)
1.9 ± 0.9
1.1 ± 0.2
0.9 ± 0.1

Max. rate of fall
(kPa/ms)
1.7 ± 0.9
1.0 ± 0.2
0.7 ± 0.05

5.3.1 Stress and strain evaluations
The stresses and extension ratios of the myofibres were evaluated at each frame throughout
systole in the mid-ventricular region using the method described in Section 5.2.1. The
maximum total stresses and contractile stresses in the cardiac cycle were not found to be
different between the three groups. The minimum myofibre extension ratio in the cardiac
cycle was found to be larger in HFrEF than in the control or the HFpEF groups (see
Figure 5.12b). Note that the minimum extension ratio meant the maximum degree of
shortening of the myofibres. This indicated that the systolic dysfunctions of HFrEF cases
was due to dysfunctions in myofibre shortening.
Table 5.8: Stresses and extension ratios evaluated at the mid-ventricular region in myofibre directions compared between the three groups. *p<0.05 HFrEF vs HFpEF, #p<0.05
HF vs control, p>0.05 not marked.

Control (n=5)
HFpEF (n=9)
HFrEF (n=12)

Max. total
stress (kPa)

Max. active
stress (kPa)

52.7 ± 11.5
55.5 ± 6.6
64.2 ± 2.8

79.5 ± 22.7
86.1 ± 12.0
76.8 ± 3.9

Min.
extension
ratio
0.87 ± 0.01
0.88 ± 0.005
0.94±0.01#*

In Figure 5.12a, the patients were ordered according to their minimum mid-ventricular
myofibre extension ratio in the cardiac cycle. There is an obvious dichotomy in these
extension ratios between HFrEF and the other two groups similar to the dichotomy in
the EF. According to these results, a minimum myofibre extension ratio larger than that
of 0.9 can be indicative of HFrEF.
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(a)

(b)

Figure 5.12: (a) Patients ordered according to the mid-ventricular systolic myofibre extension ratios during systole. (a) Group
comparisons of minimum systolic mid-ventricular myofibre extension ratio. Box-plots show median and interquartile ranges (boxes)
with 5 and 95 percentiles (whiskers) and data points showns as black dots. * p-value < 0.05 and *** p-value < 0.001. NS not
significant.
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5.3.2 Relationships with NT-proBNP
The correlation between blood plasma levels of NT-proBNP and various systolic stress
and strain measures were quantified using the Spearman correlation tests (as in Chapter
4). There were no significant correlations between log-transformed NT-proBNP measurements and maximum TCa (r=-0.09, p-value > 0.05, see Figure 5.13a) or with the
maximum total myofibre stress (r=0.29, p-value > 0.05, see Figure 5.13b) and maximum
contractile myofibre stress (r=0.09, p-value > 0.05, see Figure 5.13c). However, there was
a clear correlation between log-transformed NT-proBNP with the minimum systolic midventricular myofibre extension ratio (r=0.72, p-value < 0.001, see Figure 5.13d), showing
that the greater the shortening of the myofibres during systolic contraction, the higher
the blood plasma levels of NT-proBNP. This shows that myofibre shortening could be a
driving factor behind the blood NT-proBNP levels.
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(a)

(b)

(c)

(d)

Figure 5.13: Correlation of log-transformed plasma levels of NT-proBNP with (a) maximum TCa parameter, (b) maximum mid-ventricular myofibre stress, (c) maximum
contractile mid-ventricular myofibre stress, and (d) minimum mid-ventricular myofibre extension ratio (maximum myofibre shortening). NS indicates p-value > 0.05, ***
indicates p-value < 0.001.

5.4 Discussion
This chapter incorporated patient-specific pressure data with three-dimensional geometric
data from cine MRI to quantify the diastolic and systolic properties of the myocardium
for patients with HF. The diastolic myocardial stiffness and end-diastolic mid-ventricular
myofibre stress were larger in the HFrEF group than control, but not significantly different
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between HFpEF and control. While the maximum systolic TCa was not found to be
significantly different between groups, the minimum systolic myofibre extension ratio was
found to be larger (i.e., systolic shortening was reduced) in HFrEF compared to control.
This showed that the HFrEF group suffered from both diastolic dysfunction (elevated
myocardial stiffness) and systolic dysfunction (reduced myofibre shortening). Mechanical
dysfunction in the HFpEF was less pronounced. While the statistical group comparisons
between HFpEF and control did not reach significance, there was a trend of higher stiffness
in HFpEF than control, indicating possible diastolic dysfunction. The fibre extension ratio
for HFpEF was not significantly different from control, indicating normal systolic function
in these patients.
Significant identifiability issues were highlighted and analysed in this chapter. The chief
reasons for this reduced identifiability are two-fold. Firstly, there is a need for a greater
range of, and more quantitatively detailed deformation data. This could be alleviated if
data from more advanced imaging methods, such as MRI tissue tagging, were available
for these patients. This would help to reduce the region of indifference in the objective
function near the optimum, and would help to raise the identifiability threshold for diastolic myocardial stiffness. Moreover, acute volume or pressure perturbation experiments
in vivo could provide a richer set of data over a wider range of volumes and pressures.
This would improve the identifiability of the diastolic and systolic myocardial mechanical properties. Performing loading experiments may also enable calculation of non-linear
characteristics of the pressure-volume curves [146, 147] and the hyperelastic constitutive
relationship.
Secondly, the low identifiability was due to systematic errors produced from limitations
in tracking the basal displacement, and consequently the long-axis tilting of the LV. The
current method averages the longitudinal displacement and constrains all epicardial nodes
to match this average displacement. This reduced the systematic errors for studies where
very little long-axis rotation occurred. However, this method would not be as useful
for any case where there was significant long-axis rotation in the images, since it would
prevent the model predictions from being able to replicate that rotation. Only one case
out of 28 exhibited this behaviour in this study (STF_02) due to pericardial effusion,
where there was fluid build-up in the pericardial space affecting the motion of the whole
heart during the pumping cycle. A better method of dealing with the basal displacement
constraint in the future could be to rigidly-register the surface data to the model before
optimisation, and use the rotation matrix from this registration process to prescribe the
basal rotations. This differs from the method used in Chapter 3 in that the registration is
only performed once before the optimisation and is not updated during optimisation. A
more robust method of tracking the long-axis motion should be developed in the future.
One possible method is to evaluate the LV long-axis using a mid-basal point and the
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apex, and to match the orientation of this between the image segmented models and the
mechanics model predictions at each image frame.
Other methods for dealing with basal rotation include constraining the basal plane to lie
perpendicularly to the apex-base axis and only fixing a single epicardial basal node in
all three directions while allowing the diametrically opposite endocardial node to move
only laterally [148]. Alternatively, using a weaker spring-type constraint could allow a
better match for the uncertainty in basal motion in the images. In a study by Asner
et al. [149] (and a subsequent study by Hadjicharalambous et al. [150]), the external
loading conditions including the basal motion were enforced using a Lagrange multiplier
method where an energy term was used to penalise the deviation of the base of the
model from given displacements in the region. Alternatively, in a study by Lee et al.
[151], the epicardial ring of nodes at the base was fixed in the longitudinal direction,
but the surface was permitted to deform under a Maxwell-type constraint to prevent
large unphysiological hydrostatic pressures, and the lateral translation was restricted by
a linear-spring-type model that penalises displacement in the surface-normal direction.
The study by Sermesant et al. [152] applied a stiff viscoelastic support as boundary
conditions in the apical epicardial area and a soft viscoelastic support at the basal area
(valve annuli) as well as pericardial constraints of the outward radial motion in a later
study [153]. In a later study by the same group [154] the valve annuli were connected
to the image position by linear springs, which all had a uniform isotropic stiffness of 50
Pa. This value was chosen to allow a small movement of the basal plane. Additionally, a
fixed pericardial surface was defined at around a 2 mm offset from the epicardium at ED,
and a contact force was applied each time an epicardial node came into contact with the
pericardial surface to limit the radial motion.
Another limitation of the present study was the lack of personalised microstructural data
for each case (instead, the same canine microstructural data were used for all patients).
Previous studies have shown changes in myofibre orientation in dilated cardiomyopathy
[155], as well as correlation between the transmural gradient of myofibre orientation and
estimated myocardial anisotropy [155, 156]. However, other studies have shown insensitivity of systolic myofibre strain to variations in myofibre orientation [121], and that the
myocyte orientations do not vary significantly in the spontaneous hypertensive rat model
of HF [157].
The study showed significant correlations between some measures of diastolic and systolic mechanical properties with the NT-proBNP blood plasma biomarker. Other clinical
indices, such as extracellular volume or T1 mapping could help to validate the diastolic
myocardial stiffness estimations.
Estimation of the TCa parameter at every frame throughout systole was a computationally

102

5.4 Discussion
intensive exercise. While it lends itself easily to parallel processing techniques, since each
frame requires an independent optimisation process, it still requires that 20-25 parameters
be estimated for each study. An improved method would be to describe the TCa transient
using a suitable mathematical function, which could be described using a much smaller
number of parameters. This would then require only a single optimisation, and far fewer
parameters in total to estimate. A piecewise Gaussian function was fitted to the TCa
transient as a preliminary study and the results are documented in Appendix D. The
fitting errors when using this function were much larger from some frames compared to
others, this highlighted a systematic bias in the Gaussian model of the TCa transient.
Future studies should investigate other methods of describing the TCa transient.
The simulation of contraction in the left ventricle was assumed to be synchronised globally.
This assumption could potentially be inappropriate for the first 100 ms following the onset
of systolic contraction [158, 159, 160, 161] where the activation of the myocardium could be
heterogeneous transmurally. The mean and standard deviation of the temporal resolution
of the cine MRI data used in this thesis was 30.6 ± 5.1 ms. This means that the first
three frames of systole are most likely to show discrepancies in displacements due to a
synchronous simulation of contraction. When the endocardial and epicardial projection
errors were examined during the systolic phases, the endocardial errors were higher than
the epicardial errors for all of systole for the majority of the subjects (20 of 28). However,
this pattern was also seen for the passive parameter estimation (20 out of 28 subjects).
This is likely due to higher displacements in the endocardium than the epicardium, and
also because the endocardial base was not constrained. This is likely to also explain why
the projection errors during systolic contraction were larger for the endocardial compared
to epicardial surfaces. There was no indication that the discrepancy between epicardial
and endocardial errors was larger at the first three frames during systolic contraction.
For these reasons, it does not seem likely that the inclusion of asynchronous contraction
would significantly improve the fits to displacement data.
Currently, the proposed method assumes that the diastolic myocardial stiffness is spatially
homogenous, and therefore provides an estimate of the overall average diastolic myocardial stiffness. Further development of the method is required to account for regionally
heterogeneous myocardial stiffness properties, which are known to be important in certain
heart pathologies, such as myocardial infarction.
Despite the limitations of the parameter estimation method in terms of identifiability,
some interesting conclusions were still able to be drawn from the analyses regarding
the underlying mechanisms of HF. The personalised estimation of diastolic and systolic
myocardial properties has the potential to provide a better mechanistic basis for the
characterisation and stratification of HF patients. Patients could be ranked according to
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their estimated diastolic myocardial stiffness (such as that shown in Figure 5.1a) or their
systolic minimum mid-ventricular myofibre extension ratios instead of being dichotomised
using a chamber-level measurement, such as the non-specific measures of ejection fraction
and chamber stiffness estimates. Patient-specific estimates for the diastolic myocardial
stiffness could also help to determine more tailored treatment options for HF patients.
In this study, we defined the load-free state to be at diastasis. However, it is known that
the diastasis pressure can be non-zero, and that there may be complications due to delayed
relaxation. Our method may be improved through use of a more robust calculation of the
load-free state [96, 97]. This is investigated further in Chapter 6.
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As discussed in the Chapter 5, the assumption that the diastasis geometry is load-free (LF)
becomes especially problematic for heart failure (HF) patients who have elevated diastasis
(DS) pressures (DSP) due to hypertension. In Chapter 5, the DSP was subtracted from the
pressure trace, and the DS geometry was assumed to be the LF geometry. This is referred
to as the DSP-offset method in this chapter. The simulated examples shown in Figure 6.1
highlight the problem of assuming a loaded model as an LF model. The orange line shows
the inflation from a true LF geometry (at zero pressure) to the DS pressure typical of an
HF patient, and further inflation to the end-diastolic (ED) pressure. The blue line shows
the inflation of the DS geometry to ED, with the same diastolic myocardial stiffness as
before, but now assuming that DS is the LF geometry. The blue line is equivalent to the
methods employed in the previous chapters.
For a case with a high DS pressure, the difference between the true LF geometry and the
DS geometry would be large. Consequently, the difference in chamber stiffness (dP/dV)
would also be large. The model with the larger LF geometry would appear to have a
softer chamber stiffness. See the previous chapter for an explanation of this geometric
effect. If the assumed LF geometry was larger than the true one then the diastolic
myocardial stiffness must be elevated above its actual value to reduce the inflation of
predicted models to match that seen in the data. Because of this, the DSP-offset method
is expected to over-estimate the diastolic myocardial stiffness (as illustrated by the purple
line in Figure 6.1).
Evidently, the estimation of a true LF geometry would significantly improve the estimation
of the diastolic myocardial stiffness. This chapter describes the development of a novel
method to estimate both LF geometry and myocardial stiffness simultaneously using an
iterative procedure.

105

Chapter 6 Load-free geometry and myocardial tissue stiffness estimation

Figure 6.1: The effect of offsetting pressure data by the diastasis pressure and assuming
the diastasis geometry to be the load-free geometry. Orange line: An LF geometry was
inflated to a diastasis pressure (DSP) that is typical for heart failure patients, and was
inflated furtherto a typical end-diastolic pressure. Blue line: The diastasis geometry
from the simulation for the orange line was used as the load-free reference geometry
for a second simulation (blue line). The pressure points were offset by the DSP and
then applied to the DS model to inflate it. The effect is to make the ventricle appear
more compliant (reduced chamber stiffness) if the DS state is assumed LF. Note that the
myocardial stiffness parameter is kept constant between the two simulations. Purple line:
estimates higher myocardial stiffness by matching the geometric changes in response to
pressure changes from DS.

6.1 Review of previous methods
Table 6.1 summarises some previous studies that have been used to estimate the LF
geometry.
Some studies use geometries from various time points in the cardiac cycle as the LF
geometry. These time points include early diastole [162], ED [163], and ES [95] frames.
Similarly, the Xi (2013) [97] method combined the estimation of the residual active tension
with the estimation of the LF geometry. The algorithm trialled each frame before ED as
the LF frame, and selected the frame that resulted in a residual active tension transient
that monotonically decreased. This method assumed that the patient’s LV must pass
through the LF geometry during diastole. This was not necessarily valid since some
studies show that the heart is continually loaded in vivo [164, 165].
The method presented in Krishnamurthy (2013) [96] (and another study from the same
research group [166]) unloaded from an ED geometry for a given stiffness parameter by
the following iterative process: The ED geometry was taken as the initial estimate of the
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LF geometry. This was then inflated by the ED pressure, and the deformation gradient
tensor between the initial LF estimate (i.e., the ED geometry) and the inflated geometry
was applied in an inverse sense to the LF estimate. This process was repeated until the
inflated geometry matched the ED geometry to within the measurement accuracy of the
ED geometry.
The method then used the Klotz curve [109] (Equation 6.1) to provide an empirical
relation for the LF LV geometry (with a volume of V0 ) as a function of ED pressure (PED ,
in mmHg) and ED volume (VED , in mL):

V0 = (0.06 − 0.006PED )VED

(6.1)

The constitutive stiffness parameters were tuned so that the generated LF geometry had a
volume that was consistent with the ED pressures and volumes according to Equation 6.1.
The method is heavily reliant on the LF-ED relationship from the Klotz empirical measurements to ensure the identifiability of the LF geometry and material stiffness. This
relationship cannot be guaranteed to apply on an individual basis. Furthermore, the objective function uses volume comparisons instead of surface deformations or, better yet,
material deformations within the myocardial wall. This ignores any regional variations in
geometry and deformation. Since the Klotz relationship in Equation 6.1 relates only the
LF and ED geometries, the method cannot take advance of additional data from multiple
diastolic frames, and is heavily reliant on the accuracy of the ED geometry.
Table 6.1: Overview of some previous LF geometry estimation methods.
Previous studies
Asner (2016)
[95], Mojsejenko
(2015) [162],
Costa (1999)
[163]
Krishnamurthy
(2013)[96, 166]
Xi (2013)[97]
Rajagopal (2007)
[167]

Identification of LF

Parameter estimation method

Select a time point (early
diastole, ED, or ES) in cardiac
cycle as load-free

Estimate passive parameters
only.

Inversely applies deformation
gradient tensor

Uses fixed (population
averaged) Klotz curves to
estimate tissue parameters.

Select an existing geometry
that results in a monotonically
decreasing residual active
tension transient.
Switch known and unknown
fields in finite elasticity

Estimate stiffness
simultaneously with residual
active tension transient
Does not estimate stiffness
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The methods of Rajagopal (2007) [167] performs the unloading simulation by using the
same finite elasticity residual function as used for the loading simulation, except that the
unknown perturbed field was set to be the LF geometry instead of the deformed geometry.
This method provides a fast method of unloading the LV geometry at a given material
stiffness. However, it does not provide a method for estimating both the LF geometry
and the stiffness.

6.2 Overview of proposed new method
This study proposes a novel method for estimating the load-free (LF) LV geometry and
diastolic myocardial stiffness (or just ’stiffness’) using a principal component analysis
(PCA) to represent the LF geometry. It should be noted that any residual stresses [94]
in the LF geometry is beyond the scope of this study.
This method was developed to enable the estimation of both the LF geometry as well as
the stiffness of the myocardium. Since the goal was to estimate constitutive parameters as
well as the LF geometry, any possible correlation between the constitutive parameter(s)
and the LF geometry must be dealt with. For example, to achieve the same inflated
geometry with the same pressure loading, a smaller LF geometry would require a smaller
stiffness. This correlation would cause the LF geometry and stiffness to trade-off, and
may lead to identifiability problems. One method of alleviating this correlation is to use
deformed geometries from multiple diastolic frames (DS to ED), and rely on the nonlinearity of the pressure-deformation relationship to provide additional data with which
to decouple the LF geometry and stiffness estimates.
Previous methods were unable to use more than one deformed geometry to estimate the
LF geometry estimation (see Section 6.1). These methods all relied on a single deformed
geometry to estimate the LF geometry. However, if one wished to use multiple frames
of deformed geometries during diastole, there would be no guarantee that the unloaded
geometries estimated from these frames would be identical, because of noise in the deformation data. Therefore, a method must be developed that could describe the LF geometry
that does not require only a single deformed geometry. Once this method has been developed, an estimate of the LF geometry could then be generated and used to perform a
series of forward simulations and compare the model predictions with multiple geometries
from DS to ED. An optimisation framework similar to that used in the previous chapters
could then be set up so that, in addition to estimating the stiffness parameter, the LF
geometry is also estimated.
This would be a feasible method, for reasons of computational tractability, if the number
of parameters that are needed to describe the LF geometry is reasonably low. In this
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study, a total of 960 degrees of freedom are used to describe the LV geometry using a
tricubic Hermite model. This number would need to be dramatically reduced in order for
a parameter estimation process to be feasible. A rational basis for achieving this is to use
the principal component analysis (PCA) approach [168]. This method has been applied
previously [169] to investigate the dominant modes of deformation of the human heart in
heart failure.

6.2.1 Principal component analysis
Principal component analysis (PCA) is a statistical method that extracts the dominant
patterns in a data matrix in terms of a complementary set of scores and principal components, or modes [168]. The first mode accounts for the largest possible variance in the
data matrix, and each subsequent mode is orthogonal to the preceding mode. The PCA
components are evaluated by an eigen-analysis of the covariance of the data matrix [169].
The data matrix consisted of the displacement between two models for all 28 cases in
the study, the specific models used to evaluate the displacement will be described later.
The displacement data was used instead of the geometric degrees of freedom of a model
directly so as to exclude the difference in model sizes from the PCA, and only focus on
deformation-related modes of variation.
To construct the data matrix, the cubic Hermite models of the left ventricle were converted
to Bézier spline models with the same number of degrees of the freedom so that all degrees
of freedom carried the same units of millimetres. The conversion matrix in Equation 6.2
converts from the single nodal coordinate and seven arc length derivatives of the cubic
Hermite model to the single node parameter and seven control points of the Bézier model.
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(6.2)

The displacements between two Bézier models were evaluated for each control point and
concatenated into a single vector d of dimension, N = 960. These vectors were collated
into a data matrix D (Equation 6.3) that has as many rows as there are studies (M =
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28), and as many columns as there are degrees of freedom in each displacement vector
(N = 960).
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The mean displacement vector d̄ is evaluated by Equation 6.4 where dm is the displacement (column) vector from the mth subject.

X
1 m=M
d̄ =
dm
M m=1

(6.4)

The covariance matrix C was evaluated as shown in Equation 6.5.
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where B is the deviation from the mean, and h is a column vector of all ones and of
length equal to M .
Eigen-analysis on the covariance matrix C results in Equation 6.6

C = P ∗ ΛP ∗T

(6.6)

where P ∗ is an orthogonal matrix where each column represents a normalised mode of
variation of displacement variation, and the eigenvalues are the diagonal values of the
Λ matrix. Note that the eigenvectors in P were ordered by decreasing eigenvalue. The
eigenvalues are the explained variance of their corresponding modes. There are as many
non-zero modes of variation as there are cases in the data matrix (M = 28), and these
modes are stored in a reduced matrix P .
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The displacement of any case of the study dm can be fully reconstructed using a linear
combination (using a vector of weights, wm ) of the all the non-zero modes of variation P
of the PCA and the population mean displacement d̄:

dm = wTm P + d̄

(6.7)

The load-free geometry could therefore be described using a linear combination of the
geometric modes which were scaled by a series of geometric weights. While the geometric
modes of variation are distilled from a population, the geometric weights are specific to
each LF geometry that is projected onto those geometric modes:

wm = (dm − d̄)T P

(6.8)

6.2.2 Parameter estimation framework
The general framework for estimating LF geometry and stiffness simultaneously is illustrated by the flowchart in Figure 6.2. This is essentially an augmented version of
parameter estimation framework used in the previous chapters with an additional dimension reduction part. A PCA is performed prior to the parameter estimation stage using a
(yet to be specified) population of model deformations as the data matrix. The geometric
modes of deformation are generated along with a population mean. An initial estimate of
the geometric weights is generated by projecting an initial estimate of the LF geometry
onto the geometric modes of deformation using Equation 6.8.
The parameter estimation process then begins. The initial estimate of the geometric
weights is used to reconstruct a LF geometry. Pressure and basal displacement boundary
conditions are applied to this LF geometry with an initial estimate of the stiffness parameter, and a series of inflated model predictions are simulated. The objective function
is constructed using the mean squared error of the surface data projections of multiple
diastolic frames from DS to ED. The BOBYQA python optimiser from the NLOpt (version 2.4.2) package is used to estimate the geometric weights and the stiffness parameter
simultaneously.
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Figure 6.2: Methods of estimating the load-free geometry with constitutive parameters
using a dimensional reduction method.
A series of preliminary studies were set up to test firstly the feasibility of estimating the
geometric weights of the LF geometry. Then, more preliminary studies tested the feasibility of estimating both the geometric weights and the stiffness parameters simultaneously,
and quantified the identifiability and correlation of these parameters (Section 6.4). These
preliminary tests were performed on a set of synthetic data where the ground-truth LF
geometry and stiffness were known. Finally, the full parameter estimation framework was
applied to the clinical data described in Chapters 4 and 5, and the new stiffness estimates
were compared with those estimated in Chapter 5 (Section 6.5).
This novel method was implemented using the OpenCMISS software package (www.
opencmiss.org). A validation of the mechanics simulation solver in OpenCMISS is presented in Appendix B.

6.2.3 Synthetic data generation
Synthetic data was generated by inflating the diastasis geometries of 28 studies from the
clinical dataset using the raw diastolic pressures, and the stiffness estimates from Chapter
5. Since the synthetic dataset treated the clinical diastasis models as the LF models and
applied raw diastolic pressures, the models were inflated to a much larger extent than was
observed. This meant that the stiffness values used for three control and three HFpEF
cases needed to be increased to prevent numerical problems with simulating inflation.
The increases in stiffnesses for these six cases are documented in Table 6.2.
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Table 6.2: Cases where the stiffness values were increased for synthetic data generation.
Study

STF_16
STF_18
STF_19
MR_269269
MR_091091
MR_124124

Stiffness as
estimated in
Chapter 5 (kPa)
0.6
0.9
0.75
1.6
0.6
1.6

Stiffness used for
synthetic data
generation (kPa)
1.0
2.0
1.2
2.0
1.2
2.1

6.3 PCA feasibility studies
A series of feasibility studies were set up to test the various aspects of the PCA. The goal
was to isolate and quantify different potential sources of error, and to build up from the
most error-free model with the least number of sources of error to the final model which
could be applied to the clinical dataset. To begin with, the PCA was constructed using
the displacement between a set of ’ground-truth’ LF geometries and their DS geometries
from the synthetic dataset. This PCA was referred to hereafter as the true-PCA because
a weighted sum of the geometric modes of this PCA can exactly represent the groundtruth load-free geometries. Then, approximations of this true-PCA were generated, and
the error was quantified. Parameter estimations were performed using both the true-PCA
and two approximate PCAs. The rigor of each type of PCA is quantified by the error
between the optimised LF geometries and the ground-truth.

6.3.1 True PCA construction and LF geometry estimation
The true-PCA was used to define the LF geometry with respect to the DS geometry by
evaluating the displacement between the two models per degree of freedom: dLF = xDS −
xLF (see Figure 6.3). The Bézier forms of these models were used for the displacement
evaluations.
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Figure 6.3: Displacements from the true LF models to DS models were used to make up
the data matrix for the true-PCA. The ground-truth LF geometry (gold) was included
in the calculation of the true-PCA and so it can be exactly represented by a linear
combination of the modes of the true-PCA. The PCA error is expected to be zero.
The data matrix is therefore:



D LF =









dLF
11
dLF
21
..
.

dLF
12
dLF
22
..
.

···
···
...

dLF
1N
dLF
2N
..
.

LF
LF
dLF
M 1 dM 2 · · · dM N










(6.9)

where M = 28, N = 960. A covariance matrix C LF and eigen-analysis of that matrix
produces the modes of deformation P LF (as per Equation 6.5 and Equation 6.6). The first
mode of this PCA accounted for 84.5% of the total variation in the population of the 28
ground-truth LF geometries. The second and third modes accounted for 5.5% and 3.1%,
respectively.
For each case, the weights that optimally represented the DS to LF displacement wproj
were evaluated by projecting this displacement (dLF ) onto all 28 modes of the PCA (see
Equation 6.10).

wproj = (dLF − d̄)T P LF

(6.10)

The average of the projected first weights w1proj was 0 ± 35.6 (non-dimensional, n.d.).
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Using this projected set of weights, the LF geometry can be reconstructed using:

xLF recon = xDS −



wproj

T



P LF + d̄

(6.11)

The mean error between this reconstructed LF geometry and the true LF geometry was
(8.3 ± 4.4) × 10−14 mm, which demonstrated that the true LF geometries could be determined to within machine tolerance. This was evaluated using the L2 norm of the
difference between the Bézier degrees of freedom:

P CA = ||xLF recon − xLF true ||

(6.12)

The first three modes of variation of the true-PCA are illustrated in Figure 6.4. To
generate this figure, three potential LF geometries were reconstructed using the projected
weight value, and a perturbation (±120) of the projected weight. The perturbation of
120 was used because it was sufficiently large to show the geometric modes of variation.
Figure 6.4a shows that the first mode of variation controls the overall volume of the LF
geometry. Figure 6.4b and Figure 6.4c show that the second and third modes of variation
control the posterior-anterior and lateral-septal tilt of the long-axis of the LF geometry,
respectively.
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(a) 1st mode perturbation.

(b) 2nd mode perturbation.

(c) 3rd mode perturbation.

Figure 6.4: Reconstructed STF_01 load-free geometries (green) after positive perturbation (magenta) and negative perturbation (gold) of the (a) first, (b) second, and (c)
third modes of the PCA. Orientations shown using coloured arrows: x = red, y = green,
z = blue. P - posterior, A - anterior, L - lateral, S - septal orientations are labelled.
Using this PCA, the weight for the first mode of variation was estimated while keeping
all other weights at their projected values for each case. The initial estimate for the first
weight was perturbed by +10. For each estimate of the first weight w1 a LF geometry
was reconstructed and inflated to produce a series of model predictions. The objective
function was the error between the surfaces of the inflated model predictions and the
surface data summed across each of the frames from DS to ED. The number of frames
from DS to ED was 7.5 ± 2.1 on average. See Figure 6.2 for an overview of the parameter
estimation method.
The mean and standard deviations of the optimised first weights w1opt for all 28 cases are
listed in Table 6.3 along with the optimal objective function value. The error between
the optimised first weights w1opt and w1proj are also listed along with the norm of the error
between the optimal LF geometry and the ground-truth LF geometry. The objective
function value and LF errors are considered very small considering that the average LV
length was 93±14 mm, and the average amount of ED to DS projection MSE was 3.1±2.9
mm2 , or 1.6 ± 0.8 mm in RMSE form. The small errors in the reconstruction of the LF
geometry (in the order of 10−14 mm) propagates to larger model prediction errors as
reflected by the objective function.
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Table 6.3: Synthetic data results. True-PCA estimation of LF geometry, estimating 1st
weight while keeping all other weights at projected values. Mean ± standard deviation
values are given (n=28). All weights are dimensionless.
Optimal first
weight
−0.06 ± 35.9

Optimised weight
error
0.2 ± 1.8

Obj. function
(mm2 )
(1.7 ± 1.6) × 10−2

Optimised LF
error (mm)
(7.8 ± 4.5) × 10−14

Another optimisation was conducted where all but the first weight were set to zero, and the
first weight was again optimised. This optimisation was to test the amount of additional
error that would be introduced by neglecting all but the first weight, since when applying
this framework to clinical data, we would not have access to the remaining projected
weights. The results of this optimisation are listed in Table 6.4. The objective function
was much larger than for the first case, and almost as large as the average ED to DS
projection MSE. The error in the optimised LF geometry was very large. This shows
that setting the weights for all other modes to zero is an unviable approach, and better
approximations for these other weights are needed.
Table 6.4: Synthetic data results. True-PCA estimation of LF geometry, estimating
only the 1st weight (while setting all other weights to zero). 2 out of 28 studies did not
converge. Mean ± standard deviation values are given (n=26).
Optimal first
weight
−3.3 ± 35.4

Optimised weight
error
0.4 ± 2.5

Obj. function
(mm2 )
5.0 ± 4.4

Optimised LF
error (mm)
16.7 ± 4.7

6.3.2 Approximate PCA construction and LF geometry estimation
Since the true LF geometries would not be available for a set of clinical data, an approximate PCA must be constructed based on approximations of the LF to diastasis
displacements. Two methods of approximating the LF to DS displacement were tested.
These methods and results are presented below.
Diastolic-PCA construction and LF geometry estimation
The first method used the displacement from DS to ED (dED = xDS − xED ) to approximate the LF to DS displacement (dLF = xDS − xLF )(see Figure 6.5).
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Figure 6.5: Diastolic displacement vectors from ED to DS form the data matrix for the
diastolic approximate PCA. The displacement from true LF to DS (gold) is not included
in the diastolic-PCA and so it can only be approximately represented by the modes of
the diastolic-PCA.
The data matrix is therefore:



D ED =









dED
dED
12
11
ED
ED
d21 d22
..
..
.
.
ED
dED
M 1 dM 2

· · · dED
1N
ED
· · · d2N
..
...
.
· · · dED
MN










(6.13)

The dimensions of the data matrix are M = 28 by N = 960. The mean displacement
ED
is evaluated:
d̄

ED

d̄

=

X ED
1 m=M
d
M m=1 m

(6.14)

The covariance matrix C ED and the modes of deformation P ED are evaluated as per
Equation 6.5 and Equation 6.6. The first mode of this diastolic-PCA accounted for 88.6%
of the variation, and the second and third modes accounted for 3.6% and 2.4% of the
variation, respectively. Since this PCA was built on the ED to DS displacements (dED )
it is referred to as the diastolic-PCA (and denoted using a superscript ED).
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In order to test the error of this PCA, the ground-truth LF to DS displacement dLF was
projected to the diastolic-PCA (see Equation 6.15).

ED T

wproj = (dLF − d̄

) P ED

(6.15)

The average of the projected first weights was −110.6 ± 35.6. This large negative offset
is consistent because the displacement from LF to DS is larger and of opposite sign than
the displacement from ED to DS. Using this best set of weights wproj , the LF geometry
was reconstructed using Equation 6.16.

xLF recon = xDS −



wproj

T

ED

P ED + d̄



(6.16)

The mean error between this reconstructed LF geometry and the true LF geometry was
4.5 ± 2.2 mm which is the error due to the diastolic-PCA approximation.
The first three modes of variation for the diastolic-PCA approximation are shown in
Figure 6.6. The perturbations used to generate Figure 6.4 were again applied here. As
before, the first mode of variation determines the overall volume of the LF geometry as
before (Figure 6.6a). The second and third modes of variation control the lateral-septal
(Figure 6.6b) and posterior-anterior (Figure 6.6c) tilt of the long-axis, respectively.
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(a) 1st mode perturbation.

(b) 2nd mode perturbation.

(c) 3rd mode perturbation.

Figure 6.6: Reconstructed STF_01 load-free geometries (green) after positive perturbation (magenta) and negative perturbation (gold) of the (a) first, (b) second, and (c)
third modes of the PCA.Orientations shown using coloured arrows: x = red, y = green,
z = blue. P - posterior, A - anterior, L - lateral, S - septal orientations are labelled.
Using a similar approach to that in Section 6.3.1, the first weight of the diastolic-PCA
was estimated while keeping all other weights at its optimal projected values. The large
optimised LF error (see Table 6.5) meant that this method was unable to reconstruct the
true LF geometry. This is most likely because the diastolic-PCA could not adequately
represent the LF geometry.
Table 6.5: Synthetic data results. Use of the diastolic-PCA modes to represent the loadfree geometry and to estimate the first geometric weight. Mean ± standard deviation
values are given (n=28).
Optimal first
weight

Optimised
weight error

−110.7±35.8

−0.04 ± 0.4

Obj.
function
(mm2 )
1.4 ± 1.3

Optimised
LF error
(mm)
4.5 ± 2.3

Using the diastolic-PCA that was built on the ED to DS displacement to represent the
LF to ED displacement was essentially an extrapolation exercise. This analysis showed
that it was unable to represent the LF to DS displacement with sufficient accuracy. To
address this issue, the next step was to generate a PCA that is able to interpolate instead
of extrapolate the LF to DS displacement.
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Unloaded-PCA construction and LF geometry estimation
In order for a PCA to accurately interpolate the LF to DS displacement it must contain
displacements that are similar to it. To ensure that the displacements contained in this
approximate PCA cover the range of possible true LF to DS displacements, the displacements used were generated by performing a series of unloading simulations from the DS
state for the following range of stiffness values: 1 kPa, 3 kPa, 5 kPa, 10 kPa.
Unloading simulations were performed using the method detailed in [167]. This method
was the same residual formulation as the forward mechanics problem. However, for the
unloading problem, it was the undeformed geometry which was perturbed as the unknown
field. The validation of the implementation of this method is documented in Appendix
B.
The displacements used for the unloaded (UL) PCA was defined as the difference between
the UL models and the DS model at the four different stiffness values (see Figure 6.7):

dU L1 = xDS − xU L1
dU L3 = xDS − xU L3

(6.17)

dU L5 = xDS − xU L5
dU L10 = xDS − xU L10
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Figure 6.7: Diastasis displacement vectors from four unloaded geometries using a range
of stiffness values (1 kPa, 3 kPa, 5 kPa, and 10 kPa) form the data matrix for the
unloaded-PCA. The true LF to DS displacement (gold) is expected to be spanned by the
four unloaded geometries, and so it can be approximately represented using the modes
of the unloaded-PCA.
The data matrix is therefore:



DU L =

122
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(6.18)
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The dimensions of the data matrix are 4M = 112 by N = 960.The mean displacement
UL
d̄ is evaluated:

d̄

UL

=


X  U L1
1 m=M
dm + dUmL3 + dUmL5 + dUmL10
4M m=1

(6.19)

The covariance matrix C U L and the modes of deformation P U L are evaluated as per
Equation 6.5 and Equation 6.6. The PCA was performed as before and the first mode of
this approximate PCA accounted for 79.8% of the variation. The second and third modes
accounted for 11.6% and 2.6% of the variation, respectively. Since this PCA was built
on the displacement between the unloaded geometries and DS, it was referred to as the
unloaded-PCA (and denoted using a superscript UL).
The weights that can best represent the true LF to DS displacement (dLF = xDS − xLF
) were evaluated by projecting this displacement onto the modes of the unloaded PCA:

UL T

wproj = (dLF − d̄

) P UL

(6.20)

The mean first weight of projection was −3.7 ± 35.5. Using wproj , the LF geometry was
reconstructed using Equation 6.21.

x

LF recon

=x

DS

−



w


proj T

P

UL

UL

+ d̄



(6.21)

The mean error between the reconstructed LF geometries and the true LF geometries was
0.04 ± 0.02 mm (see Equation 6.12), which is the error due to unloaded-PCA approximation. This is a much smaller LF error than the diastolic-PCA approximation (4.5±2.2 mm
in Section 6.3.2), and is much smaller than the ED to DS projection error (1.6 ± 0.8 mm
in Section 6.3.1).
The first three modes of variation for this unloaded-PCA are shown in Figure 6.8. The
pattern of the first mode was identical with the pattern seen in the true-PCA and diastolicPCA (Figure 6.8a). The second (Figure 6.8b) and third modes (Figure 6.8c) control the
tilt of the basal plane (see Figure 6.6).
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(a) 1st mode perturbation

(b) 2nd mode perturbation

(c) 3rd mode perturbation

Figure 6.8: Reconstructed STF_01 load-free geometries (green) after positive perturbation (magenta) and negative perturbation (gold) of the (a) first, (b) second, and (c)
third modes of the PCA. Orientations shown using coloured arrows: x = red, y = green,
z = blue. P - posterior, A - anterior, L - lateral, S - septal orientations are labelled.
The first weight of the unloaded-PCA was estimated while keeping all other weights at
the best projected values. The optimised objective function and the optimised LF error
were acceptably low compared to the DS to ED projections (see Table 6.6).
Table 6.6: Synthetic data results. Using unloaded-PCA, and estimating 1st weight while
keeping all other weights at optimal values. 3 out of 28 studies did not converge. Mean
± standard deviations values are given (n=25).
Optimal first
weight

Optimised
weight error

−4.4 ± 36.2

0.3 ± 0.1

Obj.
function
(mm2 )
0.3 ± 0.1

Optimised
LF error
(mm)
0.3 ± 0.07

When all other weights were set to zero, the parameter estimation produced much higher
LF errors and optimal objective function values (see Table 6.7). This was expected considering the effect this had on the optimisation using a true-PCA.
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Table 6.7: Synthetic data results. Using unloaded-PCA, and estimating 1st weight only
setting all other weights to zero. 9 out of 28 studies did not converge. Mean ± standard
deviations values are given (n=19).
Optimal first
weight

Optimised
weight error

7.6 ± 33.3

−1.0 ± 6.3

Obj.
function
(mm2 )
16.3 ± 13.3

Optimised
LF error
(mm)
14.1 ± 5.1

One method of improving the accuracy of estimation would be to project the displacement
of one of the unloaded geometries to DS onto the unloaded-PCA and initialise the weights
of the load-free displacements to the projected values. The unloaded geometry using a
stiffness value of 3 kPa was used, and the weights are calculated:

wU L3 = (dU L3 − d̄)T P U L

(6.22)

By keeping all but the first weights of wU L3 fixed during the optimisation, we ensure that
the reconstructed LF models will have consistent basal plane orientations with the DS and
ED models. Therefore, the first weight of the unloaded-PCA was estimated while setting
all other weights as the corresponding values in wU L3 . The results of this optimisation
are presented in Table 6.7.
Table 6.8: Synthetic data results. Using unloaded-PCA, and estimating the 1st weight
only while setting all other weights to the projected values using the unloaded geometry
computed using 3 kPa. 8 out of 28 studies did not converge. Mean ± standard deviations
values are given (n=20).
Optimal first
weight

Optimised
weight error

0.7 ± 36.6

4.0 ± 6.1

Obj.
function
(mm2 )
13.7 ± 12.5

Optimised
LF error
(mm)
8.5 ± 4.1

The optimised objective function and LF error were substantially lower than those for the
method where all modes other than the first were set to zero. This method was the best
so far for the estimation of the LF geometry that is also applicable to clinical data.
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6.4 Simultaneous estimation of stiffness and LF
geometry
The tests in the Section 6.3 showed the feasibility of estimating the LF geometry using
an approximate PCA built on a series of unloaded models. This section will now explore
the simultaneous estimation of the stiffness parameter with the LF geometry.

6.4.1 Use the true-PCA to estimate stiffness and LF geometry
The stiffness parameter was added to the optimisation framework using the true-PCA.
The first weight was estimated along with the stiffness parameter while keeping all other
weights at the best projected values (see Equation 6.10). The results of this optimisation
are presented in Table 6.9a. The framework was able to estimate the stiffness with a
small error of −0.1 ± 0.5 kPa, and it was able to estimate the LF geometry with a small
error of 0.09 ± 0.12 mm. This showed that it was possible to estimate both the stiffness
and the LF geometry using the most ideal PCA method. Given that there are no sources
of error, one might expect these parameters to be reconstructed exactly - reasons for the
discrepancies are discussed below.
Table 6.9: Synthetic data results. Using true-PCA, and estimating 1st weight and c1
while keeping all other weights at their optimal values. 2 out of 28 studies did not
converge. Mean ±standard deviation values are given (n=26).
(a)

Optimal
first
weight
−2.1±36.4

Weight error

Optimal
c1 (kPa)

c1 error

−2.1 ± 7.9

4.1 ± 3.1

−0.1 ± 0.5

Obj.
function
(mm2 )
0.02 ± 0.01

Optimised
LF error
(mm)
0.09 ± 0.12

(b)

D-optimality
0.2 ± 0.3

M-optimality
0.06 ± 0.03

Eccentricity
23497 ± 32983

While the optimisation framework was able to identify the stiffness and LF geometry to
an acceptable accuracy, the match was not exact because the parameter space for the
optimisation had very high eccentricity (see Table 6.9b). This was illustrated by the
two-dimensional parameter sweep in Figure 6.9. The sensitivity of the objective function
was much greater with respect to the stiffness parameter than to the first weight of DSLF displacement. The low M-optimality parameter indicates high correlation between
the first weight and the stiffness parameters. The low D-optimality parameter indicates
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that the region of indifference in the parameter space was large, which meant that the
identifiability of the parameters was low. Despite this, the optimised LF geometries and
stiffness values were acceptably accurate.

Figure 6.9: Parameter sweep showing the high eccentricity of the parameter space for
estimation of the first weight and the stiffness.

6.4.2 Use the unloaded-PCA to estimate stiffness and LF geometry
Next, the stiffness parameter was added to the optimisation framework using the unloadedPCA. The first weight was estimated along with the stiffness parameter while keeping all
other weights at the best projected values (see Equation 6.20). The results of this optimisation are presented in Table 6.10a. The optimised stiffness and LF geometries were still
acceptably accurate with low errors. The identifiability characteristics (see Table 6.10b)
were similar to those of the previous method in Section 6.4.1.
Table 6.10: Synthetic data results. Using unloaded-PCA, and estimating 1st weight and
c1 while keeping all other weights at their optimal values. 17 out of 28 did not converge.
Mean ±standard deviation values are given (n=11).
(a)

Optimal first
weight
2.7 ± 33.9

Weight error

Optimal c1
(kPa)

c1 error

0.4 ± 0.8

4.5 ± 4.4

0.01 ± 0.1

Obj.
function
(mm2 )
0.4 ± 0.2

Optimised
LF error
(mm)
0.6 ± 0.7

(b)

D-optimality
0.3 ± 0.6

M-optimality
0.05 ± 0.04

Eccentricity
15390 ± 14478

The weights initialised to the projected weights computed using the displacement from
3 kPa unloaded geometry to DS (wU L3 , see Equation 6.22), and the first weight was
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optimised simultaneously with the stiffness parameter. The results of this optimisation
are presented in Table 6.11a. The stiffness error was small. The LF estimation error was
of similar magnitude as the error produced when only estimating the LF geometry using
the wU L3 initialisation (see Section 6.3.2 and Table 6.8). The identifiability characteristics
(Table 6.11b) are similar to the previous methods in Section 6.4.1.
Table 6.11: Synthetic data results. Using unloaded-PCA, and estimating 1st weight
and c1 while setting all other weights at values approximated using the 3 kPa unloaded
geometry. 6 out of 28 did not converge. Mean ±standard deviation values are given
(n=22).
(a)

Optimal first
weight
1.0 ± 35.4

Weight error

Optimal c1
(kPa)

c1 error

4.5 ± 27.5

3.2 ± 0.7

−0.3 ± 1.5

Obj.
function
(mm2 )
0.8 ± 1.9

Optimised
LF error
(mm)
5.9 ± 5.0

(b)

D-optimality
0.1 ± 0.1

M-optimality
0.06 ± 0.03

Eccentricity
8820 ± 6254

6.5 Application to clinical data
The novel parameter estimation framework was applied to the clinical data presented in
Chapter 4. The diastasis models from the clinical data were unloaded using the four
stiffness values (1 kPa, 3 kPa, 5 kPa, 10 kPa) (see Figure 6.7). The data matrix was
constructed as per Equation 6.18 and the PCA performed on this data matrix. The
first mode of this PCA accounted for 91.1% of the variation. The displacement from LF
geometry unloaded using 3 kPa stiffness to DS was projected to the modes of the PCA,
and the first weight was estimated simultaneously with the stiffness parameter, while
keeping all other weights at the projected values.
The optimised stiffness values and the optimised objective function values are presented
in Table 6.12a.
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Table 6.12: Clinical data results. Using unloaded-PCA, and estimating 1st weight and
c1 while setting all other weights at values approximated using the 3 kPa unloaded
geometry. 10 out of 28 did not converge. Mean ±standard deviation values are given
(n=18).
(a)

Control (n=3)
HFpEF (n=8)
HFrEF (n=7)

Optimal first
weight

Optimal c1
(kPa)

85.6 ± 63.6
60 ± 105
−60.7±108.8

1.8 ± 0.2
2.5 ± 0.5
3.3 ± 1.2

Obj.
function
(mm2 )
8.2 ± 4.1
6.5 ± 4.6
10.8 ± 8.4

Obj.
function per
frame (mm2 )
1.1 ± 0.2
1.0 ± 0.3
1.2 ± 0.7

(b)

D-optimality
18.7 ± 34.7

M-optimality
0.5 ± 0.6

Eccentricity
617 ± 1306

The stiffness values were compared with the DSP-offset methods in Chapter 5 on a case
by case basis in Figure 6.10a. The optimised objective function values were compared
similarly in Figure 6.10b. Overall, the optimised objective function values were not significantly different between the two methods. However, the estimated stiffness values were
lower for most of the HFrEF cases (green), and greater for the control cases (blue) and
some of the HFpEF cases (orange). The range of absolute differences was from 3% to
232% of the previous values.
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(a)

(b)

Figure 6.10: Parameter estimation results for new method (solid bars) and previous
DSP-offset method in Chapter 5 (striped bars) presented for three groups: control (blue),
HFpEF (orange), HFrEF (green). (a) Comparison of stiffness estimates. (b) Comparison of objective function values averaged per frame. The objective function value was
scaled by the number of frames because the new method uses one more frame than the
old method (the DS frame) for optimisation.
The identifiability characteristics are presented in Table 6.12b. The M-optimality parameter showed very little correlation between the stiffness and LF first weight, and the
eccentricity was much lower than when using synthetic data. The D-optimality parameter was also higher than when using the synthetic data, indicating a smaller indifference
region. This improvement in the identifiability could be due to differences between the
diastolic deformations of the synthetic and the clinical data. The LF geometries in the
synthetic data were similar to the DS geometries in the clinical data. This meant that the
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diastolic displacements quantified by the ED projection MSE was smaller in the synthetic
data (3.1 ± 2.9 mm2 ) than in the clinical data (6.4 ± 3.7 mm2 , see Chapter 5). This
larger diastolic displacement could be be reason for the improved identifiability of the
LF geometry and stiffness parameters when the same method was applied to the clinical
data.
The correlation between the change in stiffness and the diastasis pressure and diastasis
volume were evaluated using the Spearman method. The Spearman method was used
because the change in stiffness did not follow a normal distribution, which was indicated
by a p-value of 0.02 from the Shapiro-Wilk’s test. The correlation between changes in
stiffness and the DS pressure was not found to be significant (r=-0.15, p-value=0.54,
see Figure 6.11a), although there is a likely trend of larger change in stiffness associated
with higher DS pressure. There was a significant correlation between changes in stiffness
estimation and the DS volume (r=-0.74, p-value <0.001, see Figure 6.11b). This indicated
that the inclusion of the LF geometry estimation was especially important in cases of
eccentric hypertrophic remodelling.

(a)

(b)

Figure 6.11: Correlation between changes in stiffness estimation with (a) DS pressure
(DSP) and (b) DS volume (DSV). *** indicates p-value < 0.001, NS = not significant.

6.6 Discussion and limitations
In this chapter, a novel method was developed for estimating the LF geometry and diastolic myocardial stiffness using a PCA-based parameter estimation framework. First,
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the feasibility of using a PCA approach to represent and estimate the LF geometry were
investigated. Three types of PCAs were investigated. The true-PCA provided the most
accurate estimation of the LF geometry, but was not applicable to clinical data, since it
required the inclusion of the ground-truth LF geometry. The final method used a series
of unloaded models to construct the unloaded-PCA. This method was able to estimate
the LF geometry to a reasonable accuracy using only the first weight. For this method,
all the weights following the first were set to equal the projected value of an unloaded
geometry computed using stiffness as 3 kPa.
Following the investigations of the use of the different PCAs, the identifiability of the
first weight and diastolic stiffness parameter was investigated. The eccentricity of the
parameter space was generally very high because the objective function was much more
sensitive to changes in the stiffness parameter than to changes in the first weight parameter. Despite this, the LF geometry and the stiffness parameters were still estimated to a
reasonable accuracy using an optimiser that is able to handle different parameter scales
(the BOBYQA optimiser). The final parameter estimation framework used the unloadedPCA, and estimated the first weight simultaneously with the stiffness parameter, while
keeping all other weights equal to the 3 kPa unloaded geometry values.
Finally, the parameter estimation framework was applied to the same clinical data as
described in Chapters 4 and 5. The results showed that for the HFrEF groups, the new
method estimated stiffness values that were generally smaller than the previous method.
This was as expected (see the hypothesis accompanying Figure 6.1 in the introduction
of this chapter). For the control and HFpEF cases, the DS pressure offset was not as
large as that of the HFrEF group, and so the differences in the stiffness estimations were
expected to be much less pronounced. However, it was surprising to see an increased
stiffness estimation for some of these cases, see Figure 6.10a. One possible explanation
for this is that the unloaded-PCA did not include displacements from unloaded models
computed with stiffness values below 1 kPa. This may cause reduced identifiability for
stiffness values below 1 kPa. Future studies would include lower stiffness values when
constructing the unloaded-PCA.
Non-convergence issues were observed for some models when using the unloaded-PCA
method. For application to the clinical data, only 18 out of 28 studies successfully produced optimal estimates. For the other 10 cases, the forward simulations did not converge at certain combinations of stiffness and geometric weight parameters. This could
be because of inappropriate handling of the apical degrees of freedom during the reconstruction process. Future studies would better incorporate the apical mapping schemes
into the construction of the data matrix to ensure that the reconstructed models were
free of geometrical distortions that could lead to numerical issues. It could also be due to
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errors in re-calculating the scale-factors when converting between tricubic Hermite and
Bézier interpolations. A good way of addressing this problem would be to convert the LV
models to tricubic Lagrange interpolation. This would eliminate any scale-factor-related
errors and would also simplify the data matrix construction process since all the degrees
of freedom of the cubic Lagrange interpolation would already have the same units.
Another possible reason for the non-convergence is that the fibre orientation fields may
become incompatible with the unloaded LF geometries since the fibre field is not recalculated following the unloading simulations. One method of alleviating this would be to
apply tensor transformations of the fibre orientations using the method in [96].
The PCA modes in this chapter were constructed based on displacement vectors. This
means that the PCA is limited in its ability to describe group deformation characteristics
since it cannot decouple the inter-subject differences in deformation from the inter-subject
differences in ventricular geometry/size. Parallel transport methods may help with this
by eliminating the shape-dependency of the displacement data through transporting the
displacements measured to an equivalent grand mean geometry [170, 171]. The inclusion
of parallel transport would also improve the amount of variation that can be described
by the first principal component. However, for the purposes of this chapter, where the
PCA is chiefly used as a method for representing the LF geometry using only a single
parameter, the capabilities of the PCA in representing group deformation characteristics is
of secondary importance. Furthermore, the large percentage of variation accounted for by
the first principal component (91.1% for clinical data) and the low values for the optimal
objective functions (below 1.4 mm per frame) suggested that the parallel transport step
was non-essential for the estimation of the LF geometry and stiffness.
An important advantage of this method is that it equally takes advantage of all available
diastolic geometries and removes any bias toward a single frame during the cardiac cycle
(the previous method had a strong bias on the DS geometry). While it is true that the
unloaded-PCA requires unloading from the DS geometry, the reconstructed LF geometries were still constructed based on the PCA geometric modes rather than from direct
unloading simulations. This allows us to place equal confidence on all the diastolic frames
from DS to ED, and to estimate a combination of LF geometry and stiffness that provided
the best match to all of these data.
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In this thesis the deformation of the healthy and diseased left ventricles of the heart was
modelled using personalised finite element models. Various parameter estimation frameworks were developed for estimating the passive and contractile properties of the healthy
and diseased myocardium using cardiac MRI and catheter data. The framework as firstly
applied to pre-clinical canine data to investigate the feasibility of using an orthotropic
constitutive model to describe the passive mechanical properties of the myocardium and
a steady-state activation model to describe the contractile properties. There were some
key lessons regarding the relationship between the identifiability of the parameters and
the quality of the input data. To study the passive mechanical properties of myocardium
in human subjects with heart failure condition, a transversely-isotropic model was used.
The identifiability and sensitivity of a stiffness parameter was quantified and a novel identifiability threshold measure was developed. The contractility of the myocardium was also
estimated using multiple frames throughout the systolic and isovolumic relaxation phases
to produce a transient of contractile function. Clinical conclusions were drawn from both
the passive and contractile parameter estimates and group comparisons, as summarised
below. Furthermore, a novel method was developed to estimate the load-free (LF) geometry simultaneous with the stiffness parameter. This method was applied to the clinical
data to estimate the myocardial stiffness. A comparison was made between the method
with and without estimating the load-free geometry to demonstrate the importance of its
inclusion in the analysis. This novel method was developed and implemented using the
OpenCMISS software platform and a series of validation studies for this implementation
can be found in Appendix B. The major conclusions of each chapter a summarised in the
following sections.

7.1 Parameter estimation framework development
The preliminary study in Chapter 3 demonstrated the feasibility of simultaneously estimating the passive and contractile parameters using both the end-diastolic and the endsystolic surface data. A variety of estimation schemes were investigated in this chapter
with multiple passive parameters, and the usefulness and identifiability of the parameters
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were quantified using the Hessian-derived metrics and the Akaike Information Criteria.
This showed that given the limited information available in surface data, it is justifiable
to only estimate a single passive parameter to ensure acceptable identifiability. The sensitivity of the mechanics simulation to differences in the fibre orientation field was shown
to be especially high in systole. A novel method of dealing with uncertainties in the
basal displacement constraint was found to be helpful in reducing systematic errors in
the objective function, however, a limitation was that it produced non-smooth objective
functions, which could cause numerical issues during optimisation.

7.2 Clinical data processing
A cohort of 28 subjects were retrospectively recruited from a study conducted at St Francis
hospital in New York, USA. The cohort is divided into three groups: control (n=5),
HFpEF (n=11), and HFrEF (n=12). Each patient underwent cine MRI scans and left
and right heart catheterisation processes. Chapter 4 described the pre-processing of the
image (segmentation) and catheter pressure data (beat-averaging). A novel method was
developed to temporally align the geometric and pressure data using five landmark cardiac
events. This enabled a physiologically sensible pressure-volume loop to be generated for
each subject and provided pressure measurements for each MR imaging frame which were
used to provide the required for the subsequent modelling analyses.

7.3 Myocardial mechanical properties in heart failure
In Chapter 5, the myocardial stiffness parameter was estimated for each subject. A novel
contractile transient was also estimated for each subject and the maximum contractility
was quantified along with a rate of rise and rate of fall of contractile tension.
The HFpEF group did not show significant differences in either diastolic or systolic function compared to control. However, this is likely to be due to a high heterogeneity in the
HFpEF group, with a possible trend of higher stiffness in the group. Further studies are
required to verify this finding. The high level of heterogeneity of stiffness in the HFpEF
group could help to explain the reason why drug trials have proven to be ineffective in the
HFpEF group, since patients with different levels of elevated myocardial stiffness would
respond differently to treatments. HFpEF patients did not show any reduction in contractility or myofibre shortening when compared with control subjects; this affirmed the
typical clinical understanding of a lack of systolic dysfunction in this disease group.
The HFrEF group had significantly elevated myocardial stiffness compared with control.
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The presence of diastolic dysfunction in HFrEF was surprising since it is typically associated with only systolic dysfunction. Myofibre shortening was significantly reduced in
systole for the HFrEF group compared with control, while the contractility of HFrEF patients were not significantly different from control groups. This suggested that, for these
HFrEF patients, it was the increased myocardial stiffness that caused reduced systolic
myofibre shortening instead of the reduced contractility of the myofibres. The increase in
myocardial stiffness of the HFrEF patients causes greater resistance to myofibre shortening
during systolic contraction and reduces the stroke volume of the LV.
A novel method was developed in this chapter to quantify a threshold of identifiability for
the stiffness parameter based on the shape of the objective function and the resolution of
the images. If a stiffness parameter was estimated to be above this threshold then it was
deemed to be non-identifiable. However, it is guaranteed that the stiffness is at least as
high as the threshold value. This is an important development to improve the confidence
of the estimation of the stiffness parameter, and improves its reliability as a novel clinical
index.

7.4 Load-free geometry estimation
Chapter 6 details the development of a novel method for estimating the load-free (LF)
geometry and the myocardial stiffness using a principal component analysis (PCA) approach. A series of studies tested the feasibility of different aspects of the framework and
quantified the identifiability of the LF geometry and stiffness. The final framework used
a PCA based on a set of unloaded geometries based on using a range of stiffness values
for each of the 28 studies in the population. The first geometric weight was estimated
from all modes of the PCA, and all other weights were set to the projected value of an
unloaded geometry using a single stiffness estimate (3 kPa).. This method was applied
to the clinical data from Chapters 4 and 5 and the stiffness parameter was simultaneously estimated with the first geometric weight of the PCA. A comparison of the stiffness
values versus those derived when neglecting the LF geometry method showed that the
non-LF method overestimated the stiffness for cases with high stiffness (mostly HFrEF),
and underestimated the stiffness for cases with low stiffness (control and some HFpEF
cases). Moreover, the differences in myocardial stiffness estimates were found to be more
pronounced with larger diastasis cavity volumes.
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7.5 Summary of impact
The clinical findings in this thesis have the potential to to shift the current clinical focus from global chamber performance indices to tissue-specific stiffness and contractility
indices. These indices are able to provide a novel method of stratification and characterisation of HF and lead the way to more personalised treatment strategies.
In order to maximise the clinical applicability of the parameter estimation framework,
special focus was given in this thesis on developing methods to quantify and improve the
confidence we have the estimated parameters. To this end, an identifiability threshold was
estimated that was able to provide a lower bound even for cases that had low identifiability
(mostly in HFrEF). This is likely to become useful when more data from HFrEF patients
are gathered in the future. Furthermore, the development of the capability to estimate the
LF geometry simultaneously with stiffness has been shown to be important for improving
the stiffness estimations, and opens up new capabilities for the parameter estimation
framework for hypothesis testing. For example, the parameter estimation framework
is now able to simulate acute pressure and volume changes in the LV, which can be
used to better characterise the nonlinear properties of the stress-strain relationship of the
myocardium in vivo. Furthermore, with the inclusion of the LF geometry estimation,
the estimated myocardial stiffness parameters can now be truly considered volume- and
pressure-independent, which is a key advantage of the parameter estimation framework.
These exciting new developments have laid the groundwork for future larger-scale clinical
studies. The following section will detail some of the directions for future development to
make the framework clinically applicable.

7.6 Future work
Firstly, the statistical power of the clinical group comparisons was limited due to the small
cohort size in the study; this would benefit from additional subjects in future studies.
The framework can readily be applied to more clinical data should they become available.
The estimated stiffness of the myocardium was shown to be sensitive to changes in the
input pressure loading condition. This highlighted the importance of having a good
intra-ventricular pressure measurement for parameter estimations of this kind. Catheter
measurements were available from the clinical cohort for this thesis, and with the help
of the novel temporal alignment method in Chapter 4, estimates of the pressure loading
conditions were available at all cine MRI frames. However, catheterisation is an invasive
procedure, so future methods should investigate other non-invasive methods of measuring
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ventricular pressure. This will make the future integration of this parameter estimation
framework into a clinical workflow more manageable.
Low identifiability of constitutive parameters was a challenge for the parameter estimation framework, especially in diseased subjects. There was a major focus in this thesis on
developing methods to quantify, interpret, and improve the identifiability of the parameters. One significant reason for limited identifiability is the uncertainty in the basal plane
displacement. Two methods have been proposed to alleviate the high systematic errors
that result from a poor match to the long-axis (mid-base-to-apex) motion of the heart.
One method, detailed in Chapter 3, involved rigid-registration of the surface data to the
model to remove reliance on the basal plane motion entirely. This had the limitation
of causing a non-smooth objective function, which may lead to oscillation of parameters
during optimisation process. Another method, detailed in Chapter 5, was to average the
longitudinal component of the basal displacement to remove any long-axis tilting altogether. This had the limitation of not being able to match cases in which there are large
long-axis motions in vivo (e.g., cases with pericardial effusion). Future methods could
evaluate the basal plane motion by tracking the long-axis motion of the in vivo heart
instead of tracking the basal motion directly and shift the reliance on basal motion to a
greater reliance on the apical motion.
There was an inherent limitation in the identifiability of high stiffness and high contractility parameters due to the exponential nature of the constitutive properties of the
myocardium. The identifiability threshold developed in Chapter 5 was one method of
dealing with this limitation and to extract meaningful stiffness estimates with reasonable
confidence. Another limitation of the stiffness estimation work in Chapter 5 was that the
nonlinear parameters in the exponential function were fixed during the optimisation procedures.. In future studies, for which there are more displacement data available to ensure
identifiability of more parameters (e.g., using tagged MRI), these nonlinear parameters
could also be optimised and could improve the sensitivity of the model deformations at
higher stiffness values.
The microstructural field was found to have an effect on the mechanical simulation of
the left ventricle, especially in systolic contraction. However, the personalised DT-MRI
fibre fields were found to be insufficient to produce the correct systolic shortening in the
models analysed in Chapter 3. Studies to improve the resolution of in vivo DT-MRI
measurements may improve the personalisation of the left ventricular mechanics models.
Chapter 6 detailed a novel method of estimating the load-free geometry and stiffness
parameter. While this preliminary study demonstrated the feasibility of the method,
there were some numerical convergence issues that need further investigation.. One way
of improving the numerical tractability of the method would be to use a non-Hermite
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interpolation function, such as cubic Lagrange interpolation. This would ensure that all
degrees of freedom carried the same units, which would eliminate the conversion and
scale factor re-calculation steps, and hence eliminate potential sources of numerical error.
Another improvement to the method would be to speed up the forward mechanics simulations by implementing an analytic Jacobian for the Newton-Raphson method. Some
preliminary derivations for this have been documented in Appendix A. Further work is required to implement and validate this approach for use with pressure loading constraints,
as required for LV mechanics modelling. An extension of this framework to estimate the
systolic performance of the heart will be useful in the future.
In summary, this work applied personalised finite element modelling methods and constitutive parameter estimation methods to clinical data, and extended an existing LV
modelling framework to improve the identifiability of the parameters and to provide systolic contractile stress estimates. A novel method of estimating the load-free geometry
simultaneously with myocardial stiffness was developed, which improves the reliability of
the estimation, and opens up new capabilities for the modelling framework. The novel
methods and insights gained from the preliminary clinical study in this thesis will become
useful for larger clinical studies in the future. The longer-term goals of the parameter estimation framework are to develop personalised pathophysiology assessment and tailored
treatments for heart failure patients.
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A Analytic Jacobian derivation
When solving the nonlinear finite element equations to simulate the mechanical function
of the left ventricle, the Newton-Raphson iterative optimiser is used. This is a gradientbased optimisation method, and it requires the evaluation of the derivatives of the residual
functions (the Jacobian matrix) to determine the search direction for the next step in the
solution space. The Jacobian can be evaluated using finite differences, however this is
computationally intensive because it requires independent perturbations of each of the
degrees of freedom. An analytic expression for the Jacobian would help to speed up the
simulation process.

A.1 Linearisation derivation
The derivation of the Jacobian is a linearisation process whereby the first derivatives of
the residual functions are approximated by a first order Taylor series expansion. The
general linearisation process is detailed below followed by the specific derivations for the
Guccione transversely isotropic constitutive equation.
The principal of virtual work in the partial Lagrangian form ignoring any tractions, body
forces and accelerations etc. is as shown in

Z

S : ∇δudV +

Z

pnδuda = 0

(A.1)

This can be rewritten in terms of the variation in the Green-Lagrange strain tensor
(∇(δu) = δ(∇u) = δE) (this is true when the rotational components of δu disappear
when contracted with the symmetric stress tensor S):

Z

S : δEdV +

Z

pnδuda = 0

(A.2)

Since this is an energy balance equation, the two terms are labelled the variation of the
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internal work δWint = S : δEdV , and the variation of the external work δWext =
R
pnδuda due to variations in the virtual displacement δu.
R

Following the formulation found in [106], linearisation is performed first on the Lagrange
formulation of the residual equation, and then the result is pushed forward to the Updated
Lagrangian form (with Cauchy stress and Almansi strain tensors). In general terms, the
linearisation of a function f (x) in the direction ∆u (written as ∂x f [∆u]) is evaluated as:

d
∂f T
L[f (x)] = ∂x f [∆u] = |=0 f (x + ∆u) =
∆u
d
∂x

(A.3)

Therefore, the linearisation of the variation of internal energy ∆δWint = ∆ S : δEdV of
the residual equation is formulated:
R

∆δWint =

Z

(S : ∆δE + ∆S : δE)dV

(A.4)

We now break down the four terms in the integral as follows:

1
E = (F T F − I)
2

(A.5)

The variation of δE is:

1
δE =
2

∂δu T
∂δu
F + FT
∂X
∂X

!

∂δu
= sym F
∂X

!

T

(A.6)

Similarly, the increment of the Green-Lagrange strain tensor ∆E is:

∂∆u
∆E = sym F
∂X

!

T

The increment of F in the ∆u direction is evaluated as follows:

F (u) =
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∂u
∂(X + u)
=I+
∂X
∂X

(A.7)

A.1 Linearisation derivation

∆F = ∂u F [∆u] =

d
∂(u + ∆u)
∂∆u
d
|e=0 F (u + ∆u) = |e=0 (I +
)=
d
d
∂X
∂X

(A.8)

The increment of the variation of the Green-Lagrange strain tensor ∆δE is formulated
as:

∆δE = ∆δE[δu]
"

#

∂δu
= ∆ sym(F
)
∂X
"
#
!
∂δu
T
T ∂δu
= sym F ∆
+ ∆F
∂X
∂X

(A.9)

T

And:

"

#

∂δu
=0
∆
∂X

(A.10)

As δu is independent of ∆u.
And using Equation A.8 gives the expression in Equation A.11:

∂δu
∆δE = sym 0 + ∆[F ]T
∂X
∂∆u T ∂δu
= sym
∂X ∂X

!

!

(A.11)

The increment of the stress tensor S in the ∆u is as follows:

∆S = ∂u S[∆u] =

d
∂S(E) d
∂S
|=0 S(E(u + ∆u)) =
: |=0 E(u + ∆u) =
: ∆E
d
∂E
d
∂E
(A.12)

The first term in the linearisation of internal energy (in Equation A.4) is therefore:

Z

S : ∆δEdV =

Z

S

∂δu T ∂∆u
dV
∂X ∂X

(A.13)
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And the second term is:

Z

∆S : δEdV =

Z

Z
∂S
∂S ∂∆u T
∂δu
: ∆E : δEdV =
:
F : FT
dV
∂E
∂E ∂X
∂X

(A.14)

The derivative of the stress tensor with respect to the strain tensor is called an elasticity
tensor C C since it gives the linearisation of the stress-strain relationship at the current
state of deformation:

C :=

∂S
∂E

Hence the term in Equation A.14 can be written as:

Z

∆S : δEdV =

Z

∂δu T
∂∆u T
F :C:F
dV
∂X
∂X

(A.15)

Putting it all together gives:

∆δWint =

Z

∂δu
∂∆u
(I : S + F T : C : F )
dV
∂X
∂X

(A.16)

A.2 Linearisation for the Guccione transversely isotropic
constitutive equation
A.2.1 Deviatoric derivative
The derivative of the deviatoric portion of the second Piola-Kirchhoff tensor S with
respect to the first element of the Green-Lagrange strain tensor E11 is written out in full
matrix form below. We will deal with the hydrostatic portion of the elasticity tensor at
a later stage.

Ψ=
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C1 Q
(e − 1) − p(J − 1)
2
2
2
2
2
2
2
2
2
2
+ E13
+ E31
)
where Q = C1 E11
+ C2 (E22
+ E33
+ E23
+ E32
) + C4 (E12
+ E21
(A.17)

A.2 Linearisation for the Guccione transversely isotropic constitutive equation
The second Piola-Kirchhoff stress tensor for the Guccione transversely isotropic constitutive equation is given in Equation A.18 and the derivative of the deviatoric part of the
second Piola-Kirchhoff tensor with respect to E11 is given in Equation A.19.





1 ∂Ψ ∂Ψ T
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)−pJC −1
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2 ∂E ∂E
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−1
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(A.18)
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(A.19)

Due to the symmetry of the stress and strain tensor the deviatoric portion of the elasticity
dev
tensor ∂S∂E
is also a symmetric tensor which exhibits major and minor symmetries. For
ease of operation and notation, we will now adopt the Voigt form of the tensors/matrices.
The Voigt form converts the generic symmetric 3 by 3 matrix A into a vector of six
elements as follows: Av = [ A11 A22 A33 A12 A13 A23 ]T
Hence the expression in equation Equation A.19 can be rewritten in Voigt form as:
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We can now write the full fourth order deviatoric elasticity tensor in Voigt form as a 6 by
6 matrix:
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The derivative of the hydrostatic term of the stress tensor S hydro is as follows:

∂S hydro
∂(pC −1 )
=
∂E
∂E
It is important to note that the derivative of the determinant of a matrix with respect to
itself is equal to the product of the determinant and the inverse of the matrix. Therefore
∂I3
= I3 C −1 . The inverse of a matrix can be expressed in terms of the adjugate tensor
∂C
divided by the determinant of the matrix. This gives us the important relationships:

C −1 =

1
1 ∂I3
adj(C) =
I3
I3 ∂C

A.2.2 Hydrostatic derivative
The derivative of the hydrostatic term of the stress tensor can be expressed as:

∂
∂(pC −1 )
1
=p
adj(C)
∂E
∂E I3


1
∂
adj(C)
= 2p
∂C I3
!
 
∂
1 ∂adj(C)
1
= 2p
⊗ adj(C) +
∂C I3
I3 ∂C
!
 
1
1 ∂ 2 I3
∂I3 ∂
−1
⊗ I3 C +
= 2p
∂C ∂I3 I3
I3 ∂C 2
!
1
1 ∂ 2 I3
−1
−1
= 2p I3 C × − 2 ⊗ I3 C +
I3
I3 ∂C 2
!
2 ∂ 2 I3
= p −2C −1 ⊗ C −1 +
I3 ∂C 2


2



The ∂∂CI23 term is a fourth order tensor. It can be evaluated using the identity I3 =
det(C) = C11 × (C22 C33 − C32 C23 ) − C12 × (C21 C33 − C31 C23 ) + C13 × (C21 C32 − C31 C22 ).
Since the C tensor is symmetric, it can be expressed in a Voigt form:
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C1v = C11
C2v = C22
C3v = C33
C4v = C12 = C21
C5v = C23 = C32
C6v = C13 = C31
Using the Voigt form notation, the fourth order tensor
as a second order matrix:



∂ 2 I3
=
∂C 2
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0
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0
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0
v
v
0
0
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0
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C2v
C1v
0
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0
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1 v
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0
0
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C
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0
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can therefore be expressed
















The derivative of the external work from surface pressure application can be found in
[172].

A.2.3 Push forward
The stress, strain, and elasticity tensor from the Lagrangian formulation is pushed forward
to the Eulerian sense in an updated Lagrangian formulation, which is implemented in
OpenCMISS. The second Piola-Kirchhoff stress tensor S is pushed forward to the Cauchy
stress tensor σ form using the deformation gradient tensor F :

σ=

1
F SF T
J

Similarly, the elasticity tensor C is pushed forward to the Eulerian form c by:

c=

1
F F CF T F T
J
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Appendix A Analytic Jacobian derivation
The strain tensor is evaluated:

e = F −T EF −1
Giving the linearisation as

∆δWint =

Z

(σ : ∆δe + ∆σ : δe)dv

(A.20)

A.3 Computational performance
The Jacobian evaluation using finite differences was compared with the derived analytic
Jacobian. The time taken to simulate a series of tests is recorded for each method and
the speed-up factor quantified and shown in Table A.1. These tests did not include any
pressure loadings.
Table A.1: Speed-up of simulations using the analytic Jacobian compared to using finite
differences. Times were measured using the Python “time” package.

Uniaxial extension of
a cube (trilinear)
Uniaxial extension of
a cube (tricubic
Hermite)
Beam gravity loading

Finite
difference
(s)

Analytic
Jacobian
(s)

Speedup
factor

0.6

0.2

2.5

2.6

1.1

2.4

314.2

20.8

15.1

The analytic Jacobian implementation was not used for the simulations in this thesis as
the surface pressure derivation needs further validation. However, these results show great
promise for substantial speed up once those validations have been performed.
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B OpenCMISS simulation validation
Aspects of this chapter have been published in Land S. et al., Proceedings of the Royal
Society of London A, v. 471, n. 2184, pp. 20150641. The Royal Society, 2015. [173]
A validation study was performed for the OpenCMISS mechanics simulation solver with
the end-goal of developing capability of solving both passive and active LV mechanics
using a tricubic Hermite mesh. A series of benchmark problems were set up and a portion
of the results for this validation contributed to a paper published in 2015 on LV mechanics
software packages [173]. Simulations of the unloading of the LV model were also validated
and was important for the development of the load-free geometry estimation process.

B.1 Beam pressure loading
The first benchmark problem was to solve the pressure deflection of a cantilever beam
with a fixed end. The cantilever was ten millimetres long (in the x direction) and has
a square cross sectional area of one millimetre squared (in the y and z directions) (see
Figure B.1a). A pressure of 4 Pa were applied to the bottom face (z=0 face) of the
cantilever, causing an upward deflection. The left face (x=0 face) of the cantilever was
fixed in all directions. The cantilever was modelled as a transversely isotropic model using
the Guccione 1991 constitutive equation [99], with strain energy function as presented in
Equation B.1, where E is the Green-Lagrange strain with fibres in the E11 direction. The
material was fully incompressible (i.e., the Jacobian J = det(F ) = 1).

C Q
(e − 1)
2
2
2
2
2
2
2
2
2
2
Q = bf E11
+ bs (E22
+ E33
+ E23
+ E32
) + bf t (E12
+ E21
+ E13
+ E31
)

W =

(B.1)

The constitutive parameters were set according to Table B.1. The fibre orientation was
set to align with the x axis. The deflected model can be seen in Figure B.1b.
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Table B.1: Constitutive parameters for the beam pressure loading benchmark problem.
C (kPa)
2

(a)

bf (n.d.)
8

bt (n.d.)
2

bf s (n.d.)
4

(b)

Figure B.1: Cantilever benchmark problem. Solving for deflection of the cantilever by a
4 Pa pressure applied on the z=0 surface. (a) Undeformed geometry and (b) deformed
geometry.
A tricubic Hermite mesh was used to model the cantilever beam. Initially, a single tricubic
Hermite element was used to model the cantilever deflection. Then, the mesh was refined
up to eight times in the x direction, and for each x-refinement, the y and z directions were
refined simultaneously up to three times. Each time the mesh is refined, the number of
elements in the specifed direction was doubled.
The displacement of all the nodes on the distal face (x = 10 mm) were evaluated and an
root mean squared (RMS) value of the displacement was evaluated at each refinement.
Mesh refinement in the y and z directions did not affect the distal-end face displacement
significantly. Mesh convergence was defined as a change in RMS of less than 0.01 mm.
Convergence in the x-direction was reached at the fourth refinement. Mesh convergence
in the y and z directions was reached at the first refinement. The most refined mesh
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B.2 Axi-symmetric left ventricular models
(using six x refinements and three y and z refinements) was submitted for the benchmark
comparisons. For submission purposes, the tricubic Hermite mesh was converted into a
trilinear mesh to conform with VTK formatting.
The z-deflection at the distal-end of the cantilever was compared between eleven different
finite element packages. The OpenCMISS result lay within the range of the results (see
cyan cross in Figure B.2). See [173] for more detailed comparison results.

Figure B.2: Results of comparison of a z-deflection cantilever between 11 different finite
element solvers. Figure adapted from [173].

B.2 Axi-symmetric left ventricular models
The second and third benchmark problems used an axisymmetric left ventricular (LV) reference model defined using the parameterisation of a truncated ellipsoid (see Figure B.5a)
with the negative z-axis aligned with the long-axis of the LV, and the y- and x-axes aligned
with the short-axes of the LV. See [173] for details of the construction of the reference
geometry.

B.2.1 Inflation
The second benchmark problem simulated the inflation of the LV model. The constitutive
parameters for this problem were set according to Table B.2. Note that the parameters
controlling the degree of anisotropy were uniformly set to one; this meant the myocardium
was essentially modelled as an isotropic material in this problem.
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Table B.2: Constitutive parameters for the LV inflation benchmark problem.
C (kPa)
10

bf (n.d.)
1

bt (n.d.)
1

bf t (n.d.)
1

The second benchmark problem was to solve for a pressure inflation of the LV model
by applying a uniform pressure of 10 kPa on the endocardial surface. A trilinear mesh
was used for ease of conversion to the required VTK format. Initially, a model with
four longitudinal elements, four circumferential elements, and one transmural element
was generated. Then the mesh was refined in the transmural direction for up to three
times, and refined in the circumferential and longitudinal directions simultaneously for up
to three times. Each time the mesh was refined, the number of elements in the specified
sense was doubled. Mesh convergence was defined as a change in RMS of less than 0.1 mm.
Convergence in the transmural direction was reached at the third refinement (with eight
transmural elements). Convergence in the circumferential and longitudinal directions was
reached at the second refinement (with 16 circumferential and longitudinal elements).
The converged mesh was submitted for the benchmark comparisons. The results of this
inflation can be seen in Figure B.3b.

152

B.2 Axi-symmetric left ventricular models

(a)

(b)

Figure B.3: Trilinear left ventricular model simulations. Top row are full models. Bottom row are half models showing wall thickness changes. (a) Reference LV models. (b)
Inflated LV models (benchmark problem 2). Orientation of the model is showing by the
set of coloured axes (x - red, y - green, z - blue).
A line was constructed at the mid-wall of the inflated LV models and the shape of the line
was qualitatively compared between the eleven different finite element packages. Again,
the OpenCMISS results lay within the range of results from different packages (see cyan
line in Figure B.4). See [173] for more detailed comparison results.
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Figure B.4: Mid-wall line of inflated LV models compared across 11 different finite
element packages. (a) showing mid-wall lines in colour and the reference mid-wall
line in dotted grey. (b) close up of the basal region of the inflated LV model showing
differences between the solutions from different packages. (c) close-up of the apical
region of the inflated LV model showing differences between the solutions from different
packages. Figure adapted from [173].

B.2.2 Contraction
The third benchmark problem simulated the active contraction of the LV model. To
simulate active contraction of the myocytes, an active stress Ta of 60 kPa was added
to the passive second Piola-Kirchhoff stress tensor in the fibre direction. The passive
constitutive parameters for this problem were set according to Table B.3.
Table B.3: Constitutive parameters for the LV contraction benchmark problem.
C (kPa)
2

bf (n.d.)
8

bt (n.d.)
2

bf t (n.d.)
4

For this simulation, the parameters controlling the anisotropy of the constitutve equation
were set to be different values to allow for transverse isotropy of the myocardial tissue.
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B.2 Axi-symmetric left ventricular models
The fibre orientations were set to vary linearly in a transmural direction from −90◦ at
the epicardial surface to +90◦ at the endocardial surface. The fibre orientation at the
apex was set to zero. A pressure of 15 kPa was applied to the endocardial surface. The
problem was assumed to be quasi-static, which mean the pressure and active stress could
be applied in any order. In order to ensure the convergence of the simulations, the pressure
and active stress were simultaneous applied over six increments so that the final pressure
was reached (15 kPa) and an active stress of 42 kPa was reached. The remaining 18 kPa
of active stress was then applied in three evenly spaced increments.
Mesh convergence was performed in a similar way as in Section B.2.1 and a mesh with
the same refinement as in Section B.2.1 was submitted. The results of the LV contraction
can be seen in Figure B.3b.

(a)

(b)

Figure B.5: Trilinear left ventricular contraction model simulations. Top row are full
models. Bottom row are half models showing wall thickness changes. (a) Reference LV
models. (b) Contracted LV models (benchmark problem 3). Orientation of model is
showing by the set of coloured axes (x - red, y - green, z - blue).
A line was constructed at the mid-wall of the inflated LV models. The shape of the
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line in a short axis view shows the twist in the model during contraction. Again, the
OpenCMISS results lay within the range of results from different packages (see cyan line
in Figure B.6). See [173] for more detailed comparison results.

Figure B.6: Mid-wall line of inflated LV models compared across 11 different finite element packages. The mid-wall lines were viewed in the short-axes (see (c) for orientation
of the view). (a) Compares the twist of the model during contraction across the different
packages. (b) Shows close-up of the dotted region from (a). Figure adapted from [173].

B.3 Tricubic Hermite LV model
A regular tricubic Hermite model of the LV was implemented in OpenCMISS. This consisted of 16 elements with 40 nodes. Four duplicates nodes exist at the apex of the
endocardium and four at the epicardium. The nodal coordinates for these four nodes
were constrained to be equal, while the derivatives with respect to the ξ2 direction were
mapped to be equal and opposite for opposite element boundaries. The same regular
geometry was inflated to a pressure of 2 kPa using both OpenCMISS and the legacy
CMISS implementations, and the solutions were identical to machine error tolerance (see
Figure B.7). Note that in to achieve a consistent solution with CMISS, the Jacobian
in the hydrostatic term of the second Piola-Kirchhoff stress tensor pJC −1 was set to be
uniformly equal to one at all gauss points and at all Newton iterations in the OpenCMISS
implementation.
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B.4 Unloading simulation

(a)

(b)

Figure B.7: Inflation of reference LV model (gold outline) using (a) legacy CMISS and
(b) OpenCMISS. The solutions were identical to machine error tolerance.

B.4 Unloading simulation
Unloading simulations were performed using the method detailed in [167]. This method
used the same residual formulation as the forward mechanics problem. However, for the
unloading problem, it was the undeformed geometry which was perturbed as the unknown
field. The boundary conditions of the unloading simulation was identical to the boundary
conditions of the loading simulation.
This method was implemented for an unloading pressure loading on the z = 1 surface of
a unit cube. The unloaded solution was identical with the reference solution to machine
error.
The method was then implemented for the regular tricubic Hermite LV inflation model,
with an endocardial pressure of 2 kPa and a fixed basal plane. The root mean squared
error (RMSE) evaluated between all of the degrees of freedom (nodal and derivatives) of
the reference and the unloaded models was 9.6 × 10−9 mm. The RMSE evaluated between
the hydrostatic pressures of the reference and unloaded models was 2.8 × 10−8 kPa.
When using a non-regular geometry, (STF_01 diastasis geometry from the clinical dataset)
with the same boundary conditions as before, the unloading simulation was less accurate
(see Figure B.8). The root mean squared error (RMSE) of the geometric nodal parameters was 0.003 mm. The RMSE of the hydrostatic pressure parameters was 0.002 kPa.
While these errors were acceptably small for the purposes presented in Chapter 6, the
errors were not as small as expected (machine tolerance). This should be investigated in
the future.
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Figure B.8: Unloading simulation of a tricubic Hermite 16 element LV model from
STF_01 in the clinical dataset. The element edges are shown in gold for the reference
model, in green for the inflated model, and in magenta for the unloaded model.
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C Stiffness identifiability thresholds
Passive (c1 ) parameter sweeps and identifiability thresholds are presented for all 28 subjects in the following figures. For details on the determination of the parameter thresholds,
please see Section 5.2.4. Horizontal dotted lines show the error threshold thresh and the
vertical dotted lines show the intercept with the signed objective function. Vertical mirroring of the ascending limb of the original objective function is not shown. Cases where
the estimated stiffness was below the threshold have red dotted lines, and, in these cases,
the estimated parameter can be interpreted with confidence. Cases where the estimated
stiffness is larger than the threshold are indicated with magenta dotted lines, and, in these
cases, while there is little confidence in the estimated parameters, it can be concluded that
the threshold provides a lower bound on the stiffness parameter.
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Figure C.1: Parameter sweeps and the evaluated identifiability threshold c1thresh values
for five control cases. See text for details.
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Stiffness identifiability thresholds

Figure C.2: End-diastolic projection parameter sweeps and the evaluated identifiability
threshold c1thresh values for the first six HFpEF cases. Horizontal dotted lines show the
error threshold thresh and the vertical dotted lines show the intercept with the sweep.
Horizontal mirroring of the ascending limb of the sweep is now shown. Cases where the
optimal stiffness is below the threshold have red dotted lines, cases where the optimal
stiffnes falls beyond the threshold have magenta dotted lines.
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Figure C.3: End-diastolic projection parameter sweeps and the evaluated identifiability
threshold c1thresh values for the last five HFpEF cases. Horizontal dotted lines show the
error threshold thresh and the vertical dotted lines show the intercept with the sweep.
Horizontal mirroring of the ascending limb of the sweep is now shown. Cases where the
optimal stiffness is below the threshold have red dotted lines, cases where the optimal
stiffnes falls beyond the threshold have magenta dotted lines.
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Figure C.4: Parameter sweeps and the evaluated identifiability threshold c1thresh values
for the first six HFrEF cases. See text for details.
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Figure C.5: Parameter sweeps and the evaluated identifiability threshold c1thresh values
for the last six HFrEF cases. See text for details.
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D Gaussian function fitted to TCa
transient
In Chapter 5, estimates of the TCa transients were generated by estimating a TCa parameter at every systolic frame. The piecewise asymmetric Gaussian function (see Equation D.1) was fitted to the TCa transient in this appendix as an attempt to reduce the
number of parameters that need to be estimated in order to generate the TCa transient.
Using this piecewise Gaussian function, the TCamax controlled the peak amplitude of the
transient. The rate of rise and rate of fall of the function is controlled by the constants
d1 and d2 . The timing of the peak pressure occurs at t = tcrit .

TCa (t) =





TCa

max

e




TCamax e

(t−tcrit )2
2d2
1
(t−tcrit )2
2d2
2

t < tcrit

(D.1)

t ≥ tcrit

This was fitted to the TCa transients of the study STF_01 using the MATLAB fitting
function, and the fitted parameters were TCamax = 118.6 kPa, d1 = 117.6 (n.d.), d2 = 80.2
(n.d.), tcrit = 264.1 ms.
The asymmetric Gaussian function (Equation D.1) was incorporated into the parameter
estimation framework for STF_01. Instead of estimating a single TCa parameter at each
MRI frame during systole, the TCa parameter was interpolated using Equation D.1 and
an estimate of the four parameters that control its shape. The projection error was
summed for each of the systolic frames to construct the objective function. The optimised
parameters were TCamax = 118.6 kPa, d1 = 118.0, d2 = 80.1, tcrit = 264.3 ms. These
optimal values were very close to the MATLAB fitted values.
The fitted TCa transient as described using the Gaussian function is shown in Figure D.1.
There were large errors during the isovolumic contraction and early ejection phases (up
to 150 ms after ED). This showed that there was a systematic bias in the mathematical
models of the TCa transient.
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Figure D.1: TCa transient represented using an asymmetric Gaussian function and parameterised using surface projections at multiple systolic frames (grey line). Surface
projection errors shown in green squares at each systolic frame.
A Hessian analysis of the parameter space gave a D-optimality score of 0.0036, an Moptimality score of 0.07, and eccentricity of 38.4. This showed that the parameters had
low identifiability (low D-optimality score) and high correlation (low M-optimality score).
This function has the potential to be useful for parameter estimation purposes and should
be investigated further and applied to more clinical cases in the future.
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