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Abstract 

Research suggests using digital technology (DT) has the potential to support students’ 

mathematical understanding and that rich tasks enhance the effectiveness of using such 

technology in the classroom. Tasks, carefully designed by educators, inevitably need adapting 

during teacher implementation. Thus, this research considered it important to support teachers 

in designing rich DT tasks themselves for their students. To do this, the benefits of collaborative 

work in small teacher communities in the same school or educational zone were investigated. 

This study sought to identify what teacher factors influence secondary mathematics teachers in 

designing and implementing DT tasks, and how. Design-based research methodology was 

adopted within a sociocultural constructivist paradigm to identify these teacher factors. Further, 

a professional development (PD) programme was designed and conducted to investigate its 

supportive benefits for teachers. Four groups of three teachers collaboratively designed a 

preliminary task before participating in the PD researcher intervention. Then, the groups 

modified and implemented their tasks and then participated in an interview.  

Data was collected using a questionnaire comprising open and closed questions and Likert-style 

attitude scales, semi-structured interviews, task development video- and audio-recordings, and 

observations. Both tasks were analysed using the Task Richness Framework developed for the 

research. The observations and data recordings were translated into English and transcribed 

before being coded. The theories of Mathematical Knowledge for Teaching, instrumental 

genesis (IG), resources, orientations and goals, group dynamics, and the FOCUS framework 

were used to develop codes for the qualitative data.  

The findings suggest that the task richness after the PD intervention had significantly increased 

for all groups. Further, the PD programme’s supportive nature improved teacher attitudes 

towards using technology in teaching and encouraged confidence in developing tasks. Teachers 

having higher IG, positive attitudes and confidence are more likely to design quality tasks. 

Among the four groups, members of groups homogeneous in age and experience showed more 

willingness to share ideas, with greater flexibility in approaching DT. The evidence suggested 

higher success of PD programmes with communities of inquiry where age and experience are 

homogenous. The study showed that conducting similar DT PD programmes may be effective 

in supporting teacher producing better tasks. 
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Introduction 

1.1 Background  

The use of digital technology (DT) has the potential to help students attain a meaningful 

understanding of mathematical concepts. As a result, research in this area has been increasing in 

popularity. One early focus on research using DT in mathematics teaching and learning was 

often to identify obstacles around using DT in mathematics classrooms. A second focus was to 

direct research towards understanding how to improve the learning of mathematics where DT 

was employed. However, more recently, since the teacher plays the primary role in using DT in 

the classroom, researchers have identified the crucial need to strengthen the teacher’s use of DT 

so that they meaningfully and effectively integrate it within their teaching of mathematics. 

Hence, research has been conducted to identify how teachers can be supported to be successful 

in teaching mathematics with DT. As a result, theoretical frameworks such as Mathematical 

Pedagogical Technology Knowledge (MPTK) (Clark-Wilson & Hoyles, 2017; Thomas & Hong, 

2005) and Technology, Pedagogy and Content Knowledge (TPACK) (Koehler & Mishra, 

2005b) were developed to address the knowledge that teachers need when using DT in their 

teaching. So the question is how can educators help teachers to develop this knowledge?    

It is not sufficient only to educate teachers about DT tools, they also need to be trained in how 

to use them in teaching mathematics to assist students’ conceptual understanding. A number of 

researchers have explored how professional development (PD) programmes can be designed to 

meet such requirements (Assude, Buteau, & Forgasz, 2010; Forgasz, 2002; Goos & Bennison, 

2008; Thomas, Hong, Bosley, & delos Santos, 2008; Thomas & Palmer, 2014). In addition, it 

has been suggested that the production of appropriate tasks has the potential to enrich the 

effective use of DT in the mathematics teaching and learning process (Kullberg, Runesson, & 

Martensson, 2013). Hence, educators have been paying attention to the development of suitable 

tasks, firstly for themselves as resources to use in PD programmes, and secondly, developing 

these into rich tasks for working collaboratively with teachers. However, when teachers use pre-

existing tasks, for example those designed by researchers, they have to continuously adapt them 

for their own students (Gravemeijer, 2004). In the process of developing documents that include 
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tasks, what Gueudet and Trouche (2009) call documentational genesis, adapting and reshaping 

tasks is known as the instrumentation dimension. Adapting and reshaping existing tasks is 

necessary as the situation in the classroom may be different from that which the educators 

anticipated when they designed the task. Thus, some studies have indicated that teacher 

involvement in task design would help to improve the quality of task implementation (Kullberg 

et al., 2013; Sullivan et al., 2015). Teachers will be more aware of their students’ conceptions 

and misconceptions, level of understanding, prior knowledge and the available resources and so 

are in a good position to design tasks. However, it becomes necessary to identify any teacher 

factors that may influence DT task development and implementation, and hence this research is 

focused on this aspect.  

1.2 A Personal Perspective 

After nine years of experience as a secondary school mathematics teacher, I started working as 

a lecturer and curriculum developer at the National Institute of Education (NIE) in Sri Lanka. 

One major responsibility of my role at NIE was planning and delivering PD programmes for 

teachers and teacher trainers. Under various foreign aid projects, a group of curriculum 

developers in the Department of Mathematics at NIE conducted different PD programmes to 

introduce mathematical software to teacher educators and teachers. Although they actively 

engaged in the training programmes, which included hands-on practices, it was noticed that the 

use of DT was very poor in mathematics classrooms. Our ongoing yearly evaluations indicated 

that the efforts taken by the NIE together with the Ministry of Education and external fund 

sourcing agents failed to encourage teachers to improve the use of DT in their teaching. These 

results led me to think about how we could empower our teachers to meaningfully integrate 

technology into the mathematics teaching and learning process, particularly in developing 

mathematical concepts for students. Kullberg et al. (2013) point out that rich tasks can enhance 

the effectiveness of using technology in the mathematics classroom. By considering the evidence 

from recent research over the past decades that highlights the importance of teacher involvement 

in task design (Askew & Canty, 2013; Fuglestad, Healy, Kynigos, & Monaghan, 2009; Gueudet, 

Pepin, & Trouche, 2013; Knott, Olson, Adams, & Ely, 2013; Ron, Zaslavsky, & Zodik, 2013; 

Sullivan et al., 2015), I became interested in identifying teacher factors that might be influential 

in the design of classroom tasks. Furthermore, I recognised the need for a specially designed PD 

intervention to identify whether a particular type of PD could support teachers.  
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Hence, this study became one of a small number of studies to consider tasks designed by teachers 

rather than existing tasks that require teacher adaptation and reshaping in mathematics education. 

The research was conducted in Sri Lanka with 12 Advanced Level mathematics teachers. To 

provide the context necessary for enhancing understanding of this study, the following section 

describes the Sri Lankan research location.  

1.3  Sri Lankan Education Context 

In Sri Lanka there are four types of schools: 1AB, 1C, Type 2 and Type 3. Type 3 comprises 

primary schools only which have classes from Grades 1 to 5, while Type 2 schools have primary 

and secondary classes from Grades 1 to 11. Schools with classes either from 1-13 or 6-13, but 

excluding Advanced Level science or mathematics, belong to the 1C type, while schools that 

include Advanced Level science classes are 1AB schools. In Sri Lankan education context 

Advanced Level (A Level) is Grades 12 and 13. Students begin their education at the age of 5 

and, after 11 years of schooling, they are expected to sit the General Certificate of Education 

Ordinary Level examination (G.C.E. O/L), conducted by Sri Lanka’s Department of Testing and 

Evaluation. Based on the results of this examination, students then choose a subject area from 

mathematics, biology, commerce, arts or technology to study at Advanced Level (A Level) in 

Grades 12 and 13. Those who wish to pursue mathematics at A Level are expected to take either 

combined mathematics, chemistry and physics, or combined mathematics, higher mathematics, 

and physics (or chemistry). Combined mathematics is the main mathematics subject offered at 

the Advanced Level and consists of sections from pure mathematics, mechanics, statistics and 

probability.  

The A Level examination is highly competitive as tertiary education in state universities in Sri 

Lanka is free for the bachelor’s degree. As a result, teaching is mainly examination-oriented 

rather than directed towards building conceptual understanding, although the curriculum is 

supposed to focus on developing skills such as conceptual knowledge, application, analysis, 

communication and problem solving. Therefore, the general attitude of teachers, students and 

parents is that in order to get a good grade for combined mathematics students need to practise 

solving problems for the examination. Hence, it is a challenge to introduce a new method of 

teaching at A Level, particularly for biological and physical (mathematical) sciences.   
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1.4  Aim of the Study  

The aim of this research study was to identify how teacher factors, such as orientations 

(Schoenfeld, 2010b), Mathematical Knowledge for Teaching (MKT) (D. L. Ball & Bass, 2002; 

D. L. Ball, Hill, & Bass, 2005), instrumental genesis (Artigue, 2002; Beguin & Rabardel, 2000; 

Guin & Trouche, 2002; Kieran & Drijvers, 2006) and collaboration and group dynamics 

influence DT algebra task development and implementation in secondary schools. The study 

was also designed to identify how a particular type of PD programme could support 12 Sri 

Lankan secondary mathematics teachers in this process. To achieve these aims, the study was 

designed to answer the following research questions. 

1.5  Research Questions  

In order to focus on the aspects of teacher task design highlighted in Section 1.4, the primary 

research question in this study was: 

What factors influence secondary mathematics teachers’ development and implementation of 

digital technology algebra tasks? 

Related to this primary question are two secondary questions: 

• How can a supportive PD intervention be designed that will improve teacher production 

of rich tasks using DT? 

• How do each of the following influence secondary mathematics teachers’ digital 

technology task development and implementation?  

• Teacher orientations  

• Teacher instrumental genesis of digital technology tools 

• Teacher Mathematical Knowledge for Teaching (MKT)  

• Demographic factors such as experience, qualifications and age  

• Teacher collaboration 

By answering these questions, it was anticipated the study would make a significant contribution 

to the field of designing PD programmes to support teachers in developing DT mathematical 

tasks for their students and also contribute to teacher work on task design.  
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As discussed earlier, teacher involvement in the development of tasks for the students using DT 

has been identified as crucial in improving the use of DT for effective development of students’ 

mathematical conceptual knowledge (Kieran, Krainer, & Shaughnessy, 2013). Therefore, the 

contribution of my research was to identify factors that assist or inhibit teachers in DT algebra 

task development to guide educators as they design and facilitate PD programmes for secondary 

mathematics teachers.  

1.6  Overview of the Thesis 

To orient the research, I first discuss the studies that other researchers have carried out in this 

field (Chapter 2). This includes considerations on the use of DT in mathematics classrooms, 

including obstacles, empowering teachers in the use of technology in mathematics teaching, PD 

programmes, theoretical frameworks such as MPTK and TPACK, task design with DT including 

different types of tasks and teacher collaborative work. The methodology, including the 

theoretical framework, methods of data collection, participants, instruments and the procedure, 

is presented in Chapter 3. Within this chapter, Section 3.4 elaborates upon the construction of 

the Task Richness Framework (TRF) that was used to identify the richness of the tasks designed 

by teachers, together with a detailed explanation of criteria for each of its factors. In addition, 

Chapter 3 presents the methods used to analyse the Likert-style attitude scale and the qualitative 

data. The analysis of data and results are then presented in Chapters 4 and 5. A detailed analysis 

of the tasks designed by each group, along with the reasons for assigning scores to each factor, 

is presented in Chapter 4. Transcripts of audio recordings were analysed to identify the influence 

of the PD programme and is given in the Section 5.1. Analysis of teacher responses for the 

Likert-style attitude test given before and after the task design and implementation processes are 

analysed to understand relationships, if any, between the increase of the quality of the tasks and 

affective factors such as confidence, values and attitudes. This analysis is discussed in Section 

5.2. The MPTK framework was also used to analyse data in order to identify influencing factors, 

while the Sections 5.4 and 5.5 present the findings of that analysis followed by the analysis of 

data to understand the influence of the group dynamics. By considering the analysis advanced 

in Chapters 4 and 5, the findings of the study that provide answers to the research questions are 

put forward in Chapter 6. Finally, Chapter 6 also provides a discussion and conclusion along 

with the limitations of the study, followed by recommendations for future research.  

This first chapter introduced my study by providing a background to DT use in mathematics 

education, a personal perspective on the educational context of Sri Lanka, aims of the study, 
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research questions and an overview of the structure of the thesis. The next chapter details the 

current literature in the research area of the study.   
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Literature Review 

This chapter begins by discussing the background of the research area, comprising the use of DT 

in the mathematics classroom along with possible obstacles preventing its use in the teaching 

and learning process. It then moves on, in Section 2.1.2, to discuss the teacher’s role in 

integrating DT in teaching mathematics. Over the years, a number of educators (e.g., Goos, 

Galbraith, Renshaw & Geiger, 2000; Koehler & Mishra, 2005a, 2005b, 2009; Thomas & 

Chinnappan, 2008; Thomas & Hong, 2005, 2013) have suggested different theoretical 

frameworks that might assist in analysing how to support teachers who are teaching with DT so 

that they may be successful, and many other researchers have used the frameworks in their 

studies. Sections 2.2 and 2.3 discuss and compare two relevant frameworks, Mathematical 

Pedagogical Technology Knowledge (MPTK) (Thomas & Hong, 2005, 2013) and Technology 

Pedagogy and Content Knowledge TPACK (Koehler & Mishra, 2005a, 2005b, 2009), in order 

to address teacher factors that may influence DT use in mathematics teaching. The literature 

addressing different PD approaches that might support teachers in this regard is discussed in 

Section 2.4 and is followed by a consideration of DT mathematics task design in Section 2.5. 

The chapter finishes with an elaboration of teacher collaboration in task design. 

2.1 The Use of DT in the Mathematics Classroom 

2.1.1 Obstacles to the Use of DT in the Mathematics Classroom 

Research shows that there have been a number of obstacles preventing the use of DT in the 

mathematics classroom (Assude et al., 2010; Ertmer & Ottenbreit-Leftwich, 2010; Heid, 

Thomas, & Zbiek, 2012; Pierce & Ball, 2009, 2010; Thomas, 2006; Thomas & Chinnappan, 

2008; Thomas et al., 2008; Thomas, Tyrrell, & Bullock, 1996). These can be grouped as extrinsic 

factors such as material and institutional and intrinsic factors (human factors):  

• Material factors, such as lack of computers and software, and accessibility to computer 

labs (Assude et al., 2010; Pierce & Ball, 2010; Tella, Tella, Toyobo, Adika, & 

Adeyinka, 2007; Thomas, 2006; Thomas et al., 1996) 



Chapter 2  Literature Review 

8 

 

• Institutional factors, including curriculum, assessment practices, requirements in 

schools, support from the department, teaching time allocated, the need to change 

classroom management strategies and lack of technical assistance and poor PD 

(Assude et al., 2010; Olive et al., 2010; Tella et al., 2007; Thomas, 2006; Thomas et 

al., 2008; Thomas et al., 1996) 

• Human factors, for example teachers’ attitudes and beliefs, teacher confidence, 

knowledge and experience of using digital technology and their PD (Assude et al., 

2010; Ertmer & Ottenbreit-Leftwich, 2010; Forgasz, 2006; Goos, 2003; Heid et al., 

2012; Olive et al., 2010; Pierce & Ball, 2009; Tella et al., 2007; Thomas, 2006; Thomas 

& Hong, 2005; Thomas et al., 2008; Thomas et al., 1996). 

 A survey conducted by Bennison and Goos (2010) highlighted how human factors influence 

teacher use of DT in their teaching. For instance, they discovered that although the availability 

of, and access to, the resources directly related to the use of DT in the mathematics classroom, 

teacher factors, such as lack of knowledge and experience, confidence levels and negative 

attitudes, and uncertainty of the benefits of using digital technology for students’ conceptual 

understanding, were also important considerations. Supporting these findings Thomas and 

Palmer (2014) maintained that teacher confidence is an important factor linked to attitudes in 

teaching with graphic calculators and, hence, to improving the use of technology in teaching 

mathematics.  

Several steps have been taken to enhance the use of digital technology in schools by addressing 

the aforementioned factors (Goos & Bennison, 2008). These include the provision of computers 

(Ruthven & Hennessy, 2002), support from the mathematics department in the school (Ruthven 

& Hennessy, 2002), supplying software, mandating the use of DT in the curriculum and 

conducting technology-integrated PD programmes (Goos & Bennison, 2008; Ruthven & 

Hennessy, 2002). As a result, extrinsic obstacles, such as lack of resources, low recognition of 

DT in curricula and little acceptance of DT in assessment, appear to be slowly diminishing in 

some countries (Ruthven, 2014), although they remain a barrier in others. In addition to 

overcoming these obstacles, it is also important to address intrinsic variables by supporting the 

teacher to use DT effectively, since no one is closer to the use of DT in the classroom than the 

teacher. Their vital role is considered next.  
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2.1.2 The Role of the Teacher 

In order to improve the use of DT in enhancing mathematics learning “the role of the teacher in 

making use of [digital] technology is clearly crucial” (Goos, Galbraith, Renshaw, & Geiger, 

2000, p. 307). To understand the teacher’s role, Goos et al. (2000) introduced four metaphors 

describing the transformation of the teaching and learning role when digital technologies are 

integrated.   

• Technology as master. This occurs when teachers have limited knowledge of working 

with technology, such as knowing just a few operations. In this case, teachers will be 

dependent on the technology rather than using it appropriately. As Goos et al. (2000) 

indicated, this can occur in the classroom when a teacher is required to use technology 

in their teaching after following a training programme.  

• Technology as servant. In this case, the teachers use technology in a limited way in 

teaching even if they might know technology (ibid) instead of integrating technology 

meaningfully with mathematics and teaching creatively. For example, software like 

GeoGebra might be used just to draw different graphs instead of linking the output 

with an understanding of new mathematical ideas.  

• Technology as partner. “Here the teacher has developed an affinity with both the class 

and the teaching resources available” (Goos et al., 2000, p. 307). The teacher more 

creatively sets the classroom teaching and learning situation using technology to 

enhance students’ mathematical understanding. Following this metaphor of a partner, 

students work collectively during learning and their teacher closely directs them. In 

this way, the teacher either provides access to new tasks or new ways of approaching 

existing tasks (Goos, 2014). “This occurs both in the use of mathematically-based 

technology (e.g., graphics calculator) for the purpose of enhancing individual prowess 

and in the use of communication technology to enhance the quality of learning through 

sharing, testing and reworking mathematical understanding” (Goos et al., 2000, p. 

307). For example, the overhead projector could be used in an orchestration to show 

one student’s work to the whole class (c.f. the idea of a Sherpa student of Trouche 

(2004)) and then allow him or her to explain the work (Drijvers, Tacoma, Besamusca, 

Doorman, & Boon, 2013) (see Section 2.3.3 for further discussion of the notion of 

teacher orchestrations (Drijvers, Doorman, Boon, Gisbergen, & Reed, 2009; Drijvers, 

Doorman, Boon, Reed, & Gravemeijer, 2010)).  
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• Technology as extension of self. This is the highest level of technology use. “Here 

powerful and creative use of both mathematical and [digital] communications 

technology forms as natural a part of a teacher’s repertoire as do fundamental 

pedagogical and mathematical skills” (Goos et al., 2000, p. 308). The authors claim 

that this level is rarely presented in classrooms (ibid).  

Although the above four metaphors describe potential types of use of DT in the mathematics 

classroom, it does not necessarily mean that any of these roles will be observable in a lesson or 

a set of lessons. On the other hand, it is possible that more than one, or even all four metaphors, 

may be observed (Goos et al., 2000).  

In order to empower the teacher to be successful in teaching mathematics with DT, it has been 

suggested that research needs to focus on identifying the intrinsic factors influencing teacher use 

of DT in the mathematics classroom. For example, one research project, carried out with 

Queensland secondary mathematics teachers using DT (Goos & Bennison, 2008), also 

confirmed the importance of having effective PD programmes to support teacher use of DT in 

their teaching. Based on the results, the writers concluded that it would be important in future 

PD programmes to focus on “how to integrate technology into classroom teaching in ways that 

improve students’ understanding in mathematical concepts” (ibid, p. 126). Later, in 2010, after 

examining the related literature on four teacher variables — knowledge, self-efficacy, 

pedagogical beliefs, and subject and school culture — Ertmer and Ottenbreit-Leftwich (2010) 

emphasised the importance of PD programmes to support teachers. They highlighted how a 

positive change in all or some of the following areas would assist teachers in successful use of 

DT for teaching: pedagogical beliefs; attitudes or pedagogical ideologies; content knowledge; 

pedagogical knowledge of instructional practices, strategies, methods or materials; and novel or 

altered instructional resources, technology or materials (ibid, p. 258). The authors concluded that 

conducting PD programmes to help teachers use technology meaningfully in teaching 

mathematics is very important. This is because such PD programmes can support teachers to 

understand the effectiveness of technology use in teaching and its potential to influence 

positively students’ mathematical understanding. In the current study, a PD intervention was 

conducted to understand whether a particular kind of PD could assist teachers in developing 

tasks. Further, teachers had an opportunity to implement their tasks and reflect on their teaching 

with the task that they had developed, which helped them to see their strengths and weaknesses. 

Ertmer and Ottenbreit-Leftwich (2010) further suggested that, in addition to the PD programmes, 

it would be beneficial to provide opportunities for teachers to observe both good practices in 
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using DT in the mathematics classroom and ways that the use of DT can help student learning. 

In addition, they proposed that supporting teachers by providing opportunities to try out certain 

strategies that might improve their confidence may help them to adapt to necessary changes 

(ibid).  

In addition to the two projects mentioned here, many other studies (e.g., Assude et al., 2010; L. 

Ball, 2004; Forgasz, 2002; Koehler & Mishra, 2005b; Pierce & Ball, 2009; Thomas et al., 2008; 

Thomas & Palmer, 2014) have emphasised the importance of conducting effective PD 

programmes to support teachers to use technology meaningfully in their classrooms. To cater to 

this need, the current study designed a supportive PD programme to identify how such PD can 

support teachers in developing DT tasks to develop students’ mathematical understanding. In 

order to design effective PD programmes, it is essential to have a guiding theoretical framework 

on the use of DT in teaching. Mathematical Pedagogical Technology Knowledge (MPTK) and 

Technology, Pedagogy and Content Knowledge (TPACK) are two of the theoretical frameworks 

that address teacher DT use and so they are examined next. 

2.2 Mathematical Pedagogical Technology Knowledge (MPTK) 

Teachers’ understanding of how to use DT in teaching mathematics effectively is crucial (Ertmer 

& Ottenbreit-Leftwich, 2010) to a successful implementation. Different frameworks have been 

developed to help address understanding of this. These include: MPTK by Thomas (Heid et al., 

2012; Thomas & Chinnappan, 2008; Thomas & Hong, 2005, 2013); TPACK by Mishra and 

Koehler (Koehler & Mishra, 2009; Mishra & Koehler, 2006); a development of Vygotsky’s 

(1978) Zone theory by Valsiner (Valsiner, 1997); the continuum of knowledge and skills 

required for using MAS (adapted from Pierce & Stacey, 2004); pedagogical opportunities 

afforded by mathematical analysis software (Pierce, Stacey, & Wander, 2010); and seven 

teaching roles that teachers adopted in-the-moment in a Technology-Rich Teaching and 

Learning Environment (TRTLE) (Brown, 2013). From this group of theoretical perspectives this 

section will first focus on Mathematical Pedagogical Technology Knowledge (MPTK), which is 

a framework used by a number of researchers in the area of the current study (Bennison & Goos, 

2010; Clark-Wilson et al., 2014; Clark-Wilson & Hoyles, 2017; Oates, 2011; Thomas & 

Chinnappan, 2008; Thomas & Hong, 2005, 2013; Thomas & Lin, 2013).  

The MPTK framework addresses what teachers need to know in order to teach effectively with 

DT (Thomas et al., 2008). Thomas and others (Heid et al., 2012; Thomas & Chinnappan, 2008; 
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Thomas & Hong, 2005, 2013; Thomas et al., 2008) who have developed or examined MPTK 

extensively suggest that MPTK is a framework that can be used to explain the quality of teacher 

use of DT. Since MPTK “comprises partly the teacher’s perspective on the technology and partly 

their familiarity with it” (Thomas & Hong, 2013, p. 69), the authors argue that a teacher needs 

to appreciate that DT tools are useful in different ways in teaching. MPTK does not simply 

propose helping teachers to master the use of DT, but more importantly focuses on principles 

and techniques needed to teach mathematics with the use of DT (Thomas & Chinnappan, 2008; 

Thomas & Hong, 2005, 2013; Thomas et al., 2008). Since the focus on the current study was 

also on developing mathematical understanding, MPTK was considered a suitable theoretical 

framework for this research.  

 

 

 

 

 

 

 

Figure 2.1: An outline of the construction of [Mathematical] Pedagogical Technology 

Knowledge ([M]PTK) (taken from Thomas & Hong, 2013). 

To develop a teacher’s MPTK, attention needs to be paid to their Mathematical Knowledge for 

Teaching (MKT), instrumental genesis of the DT tool, and their orientations and goals, 

especially beliefs about, and the values of DT, along with other affective factors such as 

confidence (Thomas & Hong, 2013). The relationships between these factors have been 

illustrated by Thomas and Hong (2013) and appear here in Figure 2.1. It was assumed that these 

factors might also influence teacher development of DT tasks. Therefore, the present study was 

designed to identify whether these factors influence the process of task development and 

implementation and, if so, how. Thus, MPTK was used as a theoretical framework to analyse 
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teacher factors. Before using the framework it was important to become familiar with each 

component of MPTK, and hence each is examined further below.  

2.2.1 Mathematical Knowledge for Teaching (MKT) 

Mathematical Knowledge for Teaching (MKT) is a major component of MPTK. A strong 

knowledge of mathematical concepts and an understanding of different teaching methodologies 

are not sufficient to teach mathematics well (Shulman, 1986; Thomas & Hong, 2005, 2013). 

Rather, teachers should know how to teach a particular subject matter topic in a way that helps 

students to understand the concepts, and assists them to apply them in problem solving, in real 

life contexts and in other subject areas. This involves what Shulman has described as 

Pedagogical Content Knowledge (PCK) (Shulman, 1986).  

Shulman introduced PCK as a “more coherent theoretical framework” (emphasis added) with 

the argument that teachers need not only content knowledge but a “pedagogical knowledge, 

which goes beyond knowledge of subject matter per se to the dimension of subject matter 

knowledge for teaching” (emphasis in the original) (Shulman, 1986, p. 9). According to Shulman 

(1986), PCK comprises not only subject content knowledge and general pedagogical knowledge, 

but also the special knowledge a teacher needs to connect the content knowledge with the 

pedagogical knowledge (D. L. Ball & Bass, 2002; Shulman, 1986). PCK highlights how subject 

matter is represented and formulated in a way that is comprehensible to others. It includes 

conceptions and pre-conceptions and also identification of whether or not the pre-conceptions 

are misconceptions, which is easier if a teacher has some strategies to recognise the learners’ 

understandings (Shulman, 1986). PCK, however, does not specifically address mathematics 

teaching and it has been suggested that more research is needed to understand specifically what 

teachers need to know to teach mathematics well (D. L. Ball & Bass, 2002; D. L. Ball et al., 

2005). 

Shulman’s PCK, in which he discussed content knowledge in three categories, namely, subject 

matter content knowledge, pedagogical content knowledge and curricular knowledge, has been 

extended by D. L. Ball et al. (2006) to a new framework called Mathematical Knowledge for 

Teaching (MKT) (see Figure 2.2). To accomplish this, D. L. Ball and Bass (2002), who had been 

examining what teachers need to know to teach mathematics effectively for more than 25 years, 

carried out a large scale longitudinal study in mathematics teaching in the United States in a 

third grade public school classroom during the academic year of 1989-90. Based on the results 
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of the study, they argued that the first requirement is for teachers to simply “know mathematics” 

(p. 5) (emphasis in the original). However, the concept of Mathematical Knowledge for Teaching 

(MKT) they proposed is different from the mathematical knowledge required by other 

occupations with a mathematical background, such as engineering, physics, accounting or 

carpentry (D. L. Ball et al., 2005). This, therefore, raises the questions: “[h]ow do teachers need 

to know such mathematics? What else do teachers need to know of and about mathematics? And 

how and where might teachers use such mathematical knowledge in practice?”  (D. L. Ball & 

Bass, 2002, p. 5). The study identified the mathematical knowledge that was demanded of 

teachers’ working in these schools. Following this research, the authors defined MKT as 

“mathematical knowledge ‘entailed by teaching’ … that allows for the perspective, habits of 

mind, and appreciation that matter for effective teaching of the discipline”  (D. L. Ball et al., 

2008, p. 399).  This completed framework contained both subject matter knowledge and 

pedagogical content knowledge, along with the addition of four new domains: common content 

knowledge (CCK); specialised content knowledge (SCK); knowledge of content and students 

(KCS); and knowledge of content and teaching (KCT). In addition, D. L. Ball and colleagues 

(2008) placed “Shulman’s third category, curricular knowledge, within pedagogical content 

knowledge” (p. 402), which was consistent with the publications of Shulman’s team. They have 

also included horizon knowledge under the subject matter knowledge. These six domains are 

presented in Figure 2.2, taken from D. L. Ball et al. (2008), with a description of each domain.  

The first domain under the heading of Subject Matter Knowledge is Common Content 

Knowledge (CCK) and this is defined as the “mathematical knowledge and skills used in settings 

other than teaching” (D. L. Ball et al., 2008, p. 399). For example, a teacher needs to know what 

materials s/he teaches, what is required to understand students’ mistakes, what terms and 

notations are necessary, and what mistakes, if any, occur in the textbooks. Simply, teachers 

should be able to do all the work that students are asked to do. The second domain of specialised 

content knowledge (SCK) “is the mathematical knowledge and skill unique to teaching” (D. L. 

Ball et al., 2008, p. 400) and, thus, it involves certain kinds of mathematical work that teachers 

need but others who use mathematics do not. This includes, for example, teacher mathematical 

knowledge in presenting mathematical ideas, responding to students’ ‘why’ questions and 

finding examples for specific mathematical points. Ball and her colleagues argue that teachers 

require knowledge beyond what students are being taught and that unpacked mathematical 

knowledge that the teacher must have needs to be used to make the mathematical content “visible 

and learnable by students” (p. 400). The third domain under the subject matter knowledge is 
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horizon content knowledge, which is teacher understanding of the connectedness of the topic 

within the span of the wider curriculum. For example, a teacher needs to know how a particular 

topic taught in grade six relates to the knowledge they had in lower grades and also to topics that 

they will learn in higher grades.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The knowledge of content and students (KCS) is one of the domains placed under Pedagogical 

Content Knowledge in MKT. This is a combination of knowing about the student and 

mathematics (D. L. Ball et al., 2008). It includes teacher knowledge and understanding of the 

students’ concepts and misconceptions, the ability to select examples suitable for a particular 

group of students, how to choose suitable tasks and knowing how students would find them, 

what they would be likely to do with them and understanding students’ interpretations. This 

domain explains the need for teacher familiarity with the interaction between the student and 

their level of mathematical understanding. The next domain under PCK is Knowledge of Content 

and Teaching (KCT), a combination of knowledge about mathematics and how to teach 

mathematics, as well as the ability to combine mathematical understanding with pedagogical 

techniques. For example, it includes how to explain a particular piece of mathematics to enable 

student understanding, which examples need to be selected to introduce constructs, which 

examples would help students construct deep understanding of the content, the sequence of 

instructions and the methods that can be used (D. L. Ball et al., 2008). KCT also includes the ad 
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Figure 2.2: MKT showing its structure and relationship to PCK (taken from D. L. Ball, 

Thames, and Phelps (2008, p. 403)).  
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hoc decisions made by the teacher in the classroom, such as when to pose a question, when to 

make decisions, whether to consider student input at that time or later and when to use students’ 

ideas to develop the mathematical understanding. These ad hoc decisions or a teacher’s in-the-

moment decision making can be modelled as a function of knowledge, goals and orientations 

(Schoenfeld, 2008, 2010a).   

When DT is integrated with mathematics teaching, MKT alone may not be sufficient to be a 

successful teacher. Therefore, while highlighting the importance of teacher Mathematical 

Knowledge for Teaching (MKT), Mathematical Pedagogical Technology Knowledge (MPTK) 

explains the need to consider teacher instrumental genesis, among the other factors described 

above (Thomas & Chinnappan, 2008; Thomas & Hong, 2005, 2013). This aspect will now be 

discussed in some detail. 

2.2.2 Instrumental Genesis (IG) 

Initially, the general concept of IG was introduced by Rabardel outside the field of mathematics 

education. Later, a group of French mathematics educators, including Artigue (2002), Guin and 

Trouche (2002) and Lagrange (2005), developed its application to mathematics and have used 

the approach to understand how an artefact can be turned into a mathematical instrument in the 

context of mathematics teaching and learning. It has been recognised since as a powerful 

framework relevant to the use of DT in mathematics education (Kieran & Drijvers, 2006), and 

many studies have highlighted the value of the construct of IG in using DT, such as CAS, in 

mathematics education (e.g., Artigue, 2002; Drijvers, 2012; Drijvers et al., 2010; Kieran & 

Drijvers, 2006; Lagrange, 2005; Monaghan, 2007; Pierce et al., 2010; Thomas & Chinnappan, 

2008; Thomas & Hong, 2004, 2005, 2013; Thomas et al., 2008; Thomas & Lin, 2013) as well 

as other DT, including spreadsheets (Haspekian, 2005) and dynamic geometry environments 

(DGE) (Leung, 2011).  

In developing their construct of IG, Rabardel and Samurcay (2001) explained how an artefact 

can become an instrument. What is the difference between artefacts and instruments? According 

to Kieran and Drijvers (2006), the artefact is a physical object which can be used as a tool. An 

artefact itself has no intrinsic nature as an instrument, but, rather, once the user identifies how 

the artefact can be used for a given task and after the user has developed the artefact for his/her 

purpose then the artefact becomes an instrument that can mediate the activity. It is also possible 

to develop more than one instrument from the same artefact. This process of an artefact 
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becoming an instrument through the subject’s (user’s) activities is called instrumental genesis 

(IG) (Beguin & Rabardel, 2000). While there may be no direct relationship between the subject 

(user) and the object of the activity, the instrument acts as a mediator. It consists of both artefact 

and the mental schemes that the subject (user) developed to use the artefact (Drijvers & Trouche, 

2008). Thus, they (ibid) argue that there are three main players in this process - the artefact, the 

mental processes of the user and the task. Further, the “subject’s activity is oriented toward the 

object of the activity and mediation by the artefact can include two types of components: 

• epistemic mediation, oriented toward an awareness of the object, its properties and its 

changes in line with the subject’s action. 

• pragmatic mediation, oriented toward action on the object: transformation, regulation 

management etc.” (Rabardel & Samurcay, 2001, p. 2). 

Either of these components might be prominent in the activity carried out by an individual. 

However, these two components continuously interact with each other within the activity 

(Rabardel & Samurcay, 2001). 

This IG process “is accompanied by the subject’s conceptualisation properties of the reality on 

which it allows him/her to act [and also] by the mobilization or elaboration of the subject’s 

activity organising schemes” (Rabardel & Samurcay, 2001, p. 12), where the former activity is 

called instrumentalisation and the latter instrumentation. As explained further by Rabardel and 

Samurcay (2001, pp. 12, 13),  

• Instrumentalisation which corresponds to the emergence and evaluation of the 

instrument’s artefact components: Selection of functionally pertinent parts of the 

artefact, choice, grouping together, elaborations of functions, transformations of the 

artefact’s function or structure, etc. 

• Instrumentation which corresponds to the appropriation of social utilization schemes, 

the emergence and development of private schemes (pp.12, 13). 

IG is directed towards the artefact as the artefact is shaped by the user’s knowledge 

(instrumentalisation) (Artigue, 2002; Guin & Trouche, 2002; Kieran & Drijvers, 2006) and also 

directed towards the subject, as the affordances and constraints of the tool help to improve the 

user’s conceptual understanding (instrumentation) (Artigue, 2002; Guin & Trouche, 2002; 

Kieran & Drijvers, 2006). In classroom activities, while students use and construct tools in 
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problem solving and in building conceptual understanding the tool is shaped by the students’ 

interaction with it, which is an example of instrumentalisation (Hoyles & Noss, 2003). As Guin 

and Trouche (2002) discuss, instrumentalisation of DT can proceed through different stages, 

namely: “a stage of discovery and selection of the relevant keys; a stage of personalisation and 

a stage of transformation of the artefact” and “it is also a process of differentiation of the artefacts 

themselves” (p. 205). On the other hand, instrumentation relates to the schemes and techniques 

the subject develops relevant to the content expected to be explored in the given task. In 

classroom learning, students need to use the commands, functions and menus of the tool 

appropriately in order to solve mathematical tasks, which is an example of instrumentation.   

In planning and delivering lessons with DT, the teacher is the subject who transforms artefacts 

into teaching instruments. Different teachers or group of teachers can develop different 

instruments from the same artefact based on the existing knowledge of each other (Gueudet, 

Buteau, Mesa, & Misfeldt, 2014). For example, one group of teachers can use software such as 

GeoGebra to design a task to teach quadratic function, whereas another group of teachers can 

design a task for their students to learn Riemann integration (see Thomas & Lin, 2013 for an 

exemplar task for Riemann integration using GeoGebra). It is also possible to develop different 

instruments for the same topic using different schemes. In the current study, four groups of 

teachers developed and implemented four different tasks using GeoGebra as their artefact and 

these tasks are discussed in Chapter 4. Further, when teachers develop instruments they can 

develop two instruments, one to do mathematics and the other one to teach mathematics 

(Gueudet et al., 2014). The former involves their personal IG whereas the latter is about their 

professional IG (Haspekian, 2005, 2014). In this double instrumental genesis, personal IG “leads 

to the construction and appropriation of a tool into an instrument for math[ematics] work” while 

professional IG “leads to the construction and the appropriation of the previous instrument into 

a didactical instrument for math[ematics] teaching” (Haspekian, 2011, p. 2300).  

A case study discussed by Haspekian (2005, 2011, 2014) regarding the use of spreadsheets to 

teach algebra provides an example of this concept of double IG. When analysing the teaching 

practice — a spreadsheet — the artefact the teacher used to teach algebra became a mathematical 

instrument for the students through their IG. Meanwhile, the same spreadsheet tool became a 

didactical instrument for the teacher’s mathematics teaching. As described by Haspekian (2005, 

2011, 2014), the instrument that develops through the process of professional IG is different 

from the instrument that develops as a result of personal IG. In this manner, two different 

instruments are created from the same artefact through two qualitatively different instrumental 
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geneses. To sum up, an artefact can transform into one or more instruments. Furthermore, 

teachers can develop different personal instruments as well as different professional instruments 

using the same artefact. In the current research, where teachers developed DT algebra tasks using 

GeoGebra, it was also possible to observe teachers’ double IG, both personal and professional 

(as will be discussed in Chapter 5). In implementing these instruments, teachers present different 

instrumental orchestrations and this idea is considered next. 

2.2.3 Instrumental Orchestration  

In order to understand what an effective teacher actually does in a technology rich classroom 

when teaching with DT, some researchers have extended the ideas of IG. As a result, the 

Instrumental Orchestration framework (Drijvers et al., 2010; Trouche, 2004) was developed to 

help identify and characterise various teacher roles that occur in the mathematics classroom 

when DT is implemented. The main idea of Trouche (2004), who introduced the term 

Instrumental Orchestration, was to “point out the necessity of external steering of students’ 

instrumental genesis” (Trouche, 2004, p. 296), with the intention of explaining the importance 

of  organising “students’ and teachers’ work space and time” (p. 296) in a mathematical situation 

with the goal of assisting students’ instrumental genesis. Instrumental orchestration helps 

educators to recognise the social aspects of learning with DT, how it can be used to describe 

“how the teacher can fine-tune the students’ individual instruments and compose coherent sets 

of instruments within the classroom, thus enhancing both individual and collective geneses” 

(Drijvers et al., 2010, p. 214). As the teachers of the current study would be in a position to 

exhibit some orchestrations during their classroom implementations, it was necessary to discuss 

the possible orchestrations introduced by researchers.   

The construct of Instrumental Orchestration comprises three key elements: didactic 

configuration; exploitation mode (Trouche, 2004); and didactical performance (Drijvers et al., 

2010). Here, the didactic configuration is “an arranging of artefacts in the environment, or, in 

other words, a configuration of the teaching setting and the artefacts involved in it” (Drijvers et 

al., 2010, p. 215), which the teacher plans before the classroom teaching. Therefore, there is a 

little or no chance of changing the configuration during the lesson (ibid). An exploitation mode 

is a way a teacher employs the artefacts during the lesson to achieve their set goals. This may 

include teacher decisions when the task is introduced and while students engage in an activity 

related to the task, and also the techniques and performance expected from the students (ibid). 

Unlike the didactic configuration, the exploitation mode is likely to be more flexible since some 
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decisions are taken while the lesson is proceeding. The third element of Instrumental 

Orchestration, didactical performance, comprises all the decisions taken by the teacher in the 

classroom. This includes what questions will be posed, when and how to react to student inputs, 

such as their questions, the answers given to teacher questions, how to deal with the technical 

problems and how to tackle unexpected aspects regarding the mathematical task or desired goals 

(Drijvers et al., 2010). Thus, didactical performance has a “strong ad hoc aspect” (ibid, p. 2) in 

taking decisions during the classroom teaching such as what questions to pose, which student’s 

work to be shared with others to comment on and what decisions to be taken for unexpected 

mathematical problems and/or technology issues (Drijvers et al., 2009).     

These elements of Instrumental Orchestration suggest that a teacher may not demonstrate the 

same types of orchestration throughout a lesson, but rather different orchestrations will be seen 

depending on the DT tools used, the mathematical task and other resources. In line with this, 

researchers (Drijvers et al., 2013) have identified a number of different teacher orchestrations, 

both individual and whole class, that may occur in a DT mathematics classroom, as illustrated 

in Figure 2.3. These orchestrations are briefly explained below. 

 

 

 

 

 

 

 

Figure 2.3: Overview of the whole class and individual orchestrations (taken from  Drijvers et 

al. (2013, p. 998)). 
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In the technical-demo orchestration, the teacher explains the techniques of the DT tool, which 

is important in teaching with DT. This demonstration can be done with the whole class, but when 

a particular student or a pair need more explanation while they are working on the task then the 

teacher may need to demonstrate to them individually. The guide-and-explain orchestration is a 

mixture of discuss-the-screen and explain-the-screen, where the “didactical configuration of 

access to the technology and projecting facilities, preferably access to student work, and a 

classroom setting  favourable for students to follow the [teacher] explanation” (Drijvers et al., 

2013, p. 999). The third orchestration is link-screen-board; in this orchestration, a teacher 

explains how to link the work on the screen with the contents of the text books and with by-hand 

work. This orchestration can also be seen in the DT rich classroom as a whole or with 

individuals. Sometimes a teacher will initiate a whole class discussion on “what happens on the 

computer screen”, and this is called discuss-the-screen orchestration (Drijvers et al., 2013). 

However, a teacher may discuss the work on the screen of a particular student with him/herself 

as a result of noticing some interesting points or to guide the student in the correct direction. 

Therefore, this orchestration can be identified as both a whole class and an individual 

orchestration.  

Another whole class orchestration is explain-the-screen, where a teacher might explain the work 

on the screen based on the mathematical content. The two orchestrations that involve students 

in classroom discussion are spot-and-show orchestration and the Sherpa-at-work orchestration. 

In the former, if the teacher identifies interesting work of a student then she could show that 

student’s work on the screen and start a discussion based on it. In this orchestration, students can 

actively participate in the discussion. On another occasion, a teacher may request one student to 

present his or her work to the class using the DT or may request them to carry out some actions. 

In this case, this student is called the Sherpa (Trouche, 2004) and the orchestration is called the 

Sherpa-at-work (Drijvers et al., 2013). In this orchestration, Sherpa students “will … be used, 

by both class and teacher as a reference, a guide, an auxiliary and a mediator” (Trouche, 2004, 

p. 298). The last orchestration type is the board-instruction orchestration, where a teacher uses 

either a chalkboard, whiteboard or an interactive board to teach but there is no connection with 

the DT tool use (Drijvers et al., 2013). In addition to these, Thomas, Hong, and Oates (2017) 

recently identified another two types of orchestrations that they call guide-to-investigate and 

guide-to-maths-technique. Teachers show guide-to-investigate orchestration when they 

encourage students to use DT for investigation. When the teacher guides students to link multiple 

representations such as graphs, algebra, numerical calculations and language in solving problems 
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then this is described as guide-to-maths-technique orchestration. Teachers using technology in 

their classroom may use one or more of these orchestrations.  

This section presented different orchestrations a teacher can demonstrate in a technology rich 

classroom to guide students in their IG. During the present study, it was expected that the 

teachers implementing the DT tasks would also demonstrate some of these orchestrations in their 

classroom teaching. Another aspect of the complexity of teaching with DT is that teachers may 

need to develop a number of documents, including a task and a plan of the lesson. The process 

of developing these documents is what Gueudet and Trouche (2009) call documentational 

genesis, and this is discussed in the following section.  

2.2.4 Documentation Genesis 

The online availability of written materials, such as lesson plans and e-text books, has been 

increasing in recent years (Gueudet et al., 2014). Teachers may use these as their resources or 

they may reshape them so as to develop their own (ibid). Teacher development of documents for 

their professional activities, such as adapting or designing tasks for didactical activities, is 

another important aspect of the teaching and learning process (Gueudet & Trouche, 2009). This 

led Gueudet and Trouche (2009) to suggest the importance of teachers’ documentation work, 

involving “looking for resources, selecting/designing mathematical tasks, planning their 

succession and the associated time management, etc.” (p. 201). Referring to the theoretical 

model of an instrumental approach in mathematics and Verillon and Rabardel (1995)s’ work, 

Gueudet and Trouche (2009) thus introduced documentational genesis (DG) as a process of 

developing a document from a set of resources. Here, the resources can comprise a variety of 

artefacts including text books, students’ notes, a discussion with colleagues (teachers) and 

software; the document could be a task adapted or developed by the teacher for students. Thus, 

the “teacher builds schemes of utilization of a set of resources for the same class of situations 

across a variety of contexts” (p. 205), as presented in the formula: 

𝐷𝑜𝑐𝑢𝑚𝑒𝑛𝑡 =  𝑅𝑒𝑠𝑜𝑢𝑟𝑐𝑒𝑠 + 𝑆𝑐ℎ𝑒𝑚𝑒𝑠 𝑜𝑓 𝑈𝑡𝑖𝑙𝑖𝑠𝑎𝑡𝑖𝑜𝑛 

This process of DG given by Gueudet and Trouche (2009), with its two dimensions of 

instrumentation and instrumentalization, is presented diagrammatically in Figure 2.4. The 

instrumentalisation dimension includes the process of appropriation and reshaping, of resources, 

whereas “the influence on the teacher’s activity of the resources she [the teacher] draws on” 

describes the instrumentation dimension (ibid, p. 205). When teachers develop a document this 
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then becomes an available resource/s to help develop another document. For example, if a 

teacher developed or adapted a task for a particular group of students then the experience gained 

in implementing the task with his/her students might enable him/her to modify the task as another 

didactical document before using it with the next group of students. In this way, the first 

document would become a resource for developing a document for the next group and would be 

included in the resources for the next document, and so on (see Figure 2.5).  

 

 

 

 

 

 

 

 

 

 

 

Figure 2.4: Schematic representation of documentational genesis (taken from Gueudet and 

Trouche (2009, p. 206)). 

 

 

 

 

 

 

 

 

Figure 2.5: The resource/document didactical relationship (taken from Gueudet and Trouche 

(2009, p. 206)).  
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Therefore, the documentation process is not a “transformation with a set of resources as input 

and a document as output. It is an ongoing process” (Gueudet & Trouche, 2009, p. 206). 

Teachers in the present research study designed new tasks rather than adapting or reshaping 

them. In developing the tasks, they could use resources such as curriculum materials, teacher 

knowledge, DT artefacts and points discussed at the PD intervention. It was also expected that 

teacher orientations such as attitude, beliefs, values and confidence were also possible resources 

in this documentation process. These orientations are discussed in Section 2.2.5. 

2.2.5 Orientations 

The last aspect addressed as part of MPTK is teacher affective variables or orientations (Thomas 

& Hong, 2013). Teacher affective factors such as attitude, beliefs, confidence and values are 

possible affective factors in teacher development of tasks. Their attitude towards, and beliefs in 

relation to using DT in the teaching and learning process could be a possible factor influencing 

their use of DT in teaching. For example, if teachers see the value for students’ conceptual 

understanding of integrating technology than that might influence them to become involved in 

developing DT. Further, teachers’ confidence in handling technology artefacts could be another 

motivating factor to incorporate technology into their classroom teaching. Thus the current study 

was designed to understand the influence of orientations such as attitudes, values and confidence 

in teaching, using DT and developing tasks.  

The word orientation has been used by Schoenfeld (2010b) for a group of terms such as 

dispositions, beliefs, values, tastes, and preferences. He argued that when students worked on 

solving a problem their “orientations: shaped the way they interpreted the task, shaped the goals 

they established and shaped the knowledge they did and did not use in solving the problem” 

(ibid, p. 30). His major claim was that when a person makes a decision this is a function of 

his/her “knowledge and resources, goals, and beliefs and orientations” (p. 136). His hypothesis, 

based on classroom teaching, was that almost all the thoughts and the actions of the teacher are 

shaped by his/her orientations. In teaching mathematics, for instance, teacher orientations such 

as beliefs, preferences, values, confidence and attitudes influences teacher decisions toward:  

• mathematics, and thus what mathematics students should learn; 

• learning and teaching, including how lessons should be structured to foster appropriate 

student engagement with mathematics; and  
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• students and what the teacher’s role is in helping students develop, both 

mathematically and as young people, should be (Schoenfeld, 2010b, p. 35).  

The MPTK framework also expresses the importance of positive teacher orientations including 

attitudes, dispositions, beliefs, values, tastes and preferences and their confidence in using DT 

in order to be successful in classroom teaching with DT (Thomas & Hong, 2013; Thomas & 

Palmer, 2014). Since some or all of these orientations might influence teacher development of 

tasks, this study sought to identify such influences, if they existed. 

Even though there have been relatively few studies (e.g., L. Ball, 2004; Pierce & L. Ball, 2009; 

Thomas & Hong, 2013; Thomas & Palmer, 2014) carried out to understand how teacher 

orientations assist or inhibit their use of DT in the mathematics classroom, two studies in New 

Zealand have shown that increasing teacher confidence in using DT in teaching could assist them 

to be more successful in teaching mathematics with DT (Thomas & Hong, 2013; Thomas & 

Palmer, 2014). For example, the results of a study conducted with a group of 22 mathematics 

teachers showed that teachers with strong confidence in using the graphing calculator (GC) in 

teaching were more likely to think positively about using DT in teaching and learning 

mathematics (Thomas & Palmer, 2014). This leads to the conjecture that raising teacher 

confidence in teaching with DT would have a positive influence on such teaching. In consistent 

with this result L. Ball (2004) reported that developing confidence and skills in using DT tools 

in the classroom, motivated teachers to integrate DT in their teaching. While taking these 

findings into consideration, the present study sought to identify whether and how confidence in 

teaching, using DT and in task design with DT influence teacher development of DT 

mathematical tasks.   

Technology, Pedagogy and Content Knowledge (TPACK) is another framework addressing 

teacher factors enhancing the use of technology in teaching, and is discussed next to compare it 

with MPTK. 
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2.3  Technology, Pedagogy and Content Knowledge (TPACK) 

Although the decision was made to employ MPTK in this research to analyse how the teacher’s 

role in the mathematics classroom is changed, and becomes more complex, when DT is 

integrated, there are alternative frameworks in research use. One of these, developed by Koehler 

and Mishra (2009) is called Technology, Pedagogy and Content Knowledge (TPACK). This 

addresses how teacher skills and knowledge are needed to exploit the Instrumental Orchestration 

(IO) (Drijvers et al., 2013). Educators argue that it is not sufficient to know how to use DT 

devices in order to use them to teach mathematics meaningfully (Bennison & Goos, 2010; 

Chamblee, Slough, & Wunsch, 2008; Ertmer & Ottenbreit-Leftwich, 2010; Koehler & Mishra, 

2009). As a result of studies on how to help teachers improve in the use of DT in the mathematics 

classroom, Koehler and Mishra with others (Koehler & Mishra, 2005a, 2005b, 2009; Koehler, 

Mishra, Yahya, & Yadav, 2004; Mishra & Koehler, 2006; Shin et al., 2009) had developed a 

theoretical framework called Technological Pedagogical Content Knowledge (TPCK), which 

they later modified and renamed as Technology, Pedagogy and Content Knowledge (TPACK). 

How TPACK may help in teacher use of DT is examined below.  

Although teacher knowledge about DT is important, that knowledge alone, without relating it to 

the context of teaching, is not sufficient for successful teaching with DT in the mathematics 

classroom (Koehler & Mishra, 2005b; Koehler et al., 2004). Therefore Koehler and Mishra 

(2005a, 2005b, 2006, 2009), argued that while it is necessary to know what technology can do, 

it is more important to consider “what technology can do for them as teachers” (Koehler & 

Mishra, 2005b, p. 132). With this idea in mind, they proposed the TPACK framework, which 

explains the teacher’s understanding of the interplay between the content, technology and 

pedagogy. The TPACK framework considers three core areas - content, pedagogy and 

technology - and, most importantly, the relationship between these areas (Koehler & Mishra, 

2005b, 2009; Mishra & Koehler, 2006). However, the importance of the relationship between 

knowledge and pedagogy in teaching a subject’s content was introduced by Lee Shulman in 

1986 as Pedagogical Content Knowledge (PCK). What Koehler and Mishra, with other 

researchers did was to develop TPACK by extending Shulman’s PCK to the situation where DT 

is integrated with education (Koehler & Mishra, 2005a, 2005b, 2009; Mishra & Koehler, 2006; 

Shin et al., 2009). This differs from MKT, which is an extension of Shulman’s PCK, in focusing 

on technology with content and pedagogy, whereas MKT addresses teachers’ subject matter 

knowledge and PCK.  
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While TPACK highlights that “knowledge about content, pedagogy and technology is central 

for developing good teaching” (Mishra & Koehler, 2006, p. 1025), this framework does not 

consider these three components separately, rather it examines their “complex interplays”. Other 

than PCK, this framework considers Technological Pedagogical Knowledge (TPK), 

Technological Content Knowledge (TCK) and their intersection, Technological Pedagogical and 

Content Knowledge (TPACK) (see Figure 2.6) (Koehler & Mishra, 2005b, 2009; Mishra & 

Koehler, 2006). TCK is knowledge about how technology and content can be integrated. For 

example, different DT tools may be suitable for teaching and learning in different content areas. 

In understanding the impact of the DT tool and/or software, it is important to select the particular 

tool and/or software best suited to the subject topic. In TPACK, the educators argued that “TCK, 

is an understanding of the manner in which technology and content influence and constrain one 

another” (Koehler & Mishra, 2009, p. 65). For instance, teachers need to master, not only the 

subject matter, but also know which DT tool would be better for teaching which topic in 

mathematics, and for which grade. This decision depends on the milieu and the applications of 

the DT tool.     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.6: The TPACK framework and its knowledge components (taken from Koehler & 

Mishra, 2009, p. 63). 
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The next interaction that TPACK describes is Technological Pedagogical Knowledge (TPK). 

“TPK is an understanding of how teaching and learning can change when particular [digital] 

technologies are used in particular ways” (Koehler & Mishra, 2009, p. 65). Hence, to develop a 

good TPK, a teacher needs to have an understanding of the affordances and constraints of DT 

tool use in teaching mathematics and how these tools could be used. Moreover, in TPACK, 

Koehler and Mishra (2009) argued that “TPK requires a forward-looking, creative and open-

minded seeking of technology use, not for its own sake but for the sake of advancing student 

learning and understanding (p. 66)”. In summary, TPACK combines knowledge of content, 

pedagogy and technology but goes beyond all these three core areas (Koehler & Mishra, 2009; 

Mishra & Koehler, 2006). In their words:  

“TPACK is the basis of effective teaching with technology, requiring an 

understanding of the representation of concepts using technologies; pedagogical 

techniques that use technologies in constructive ways to teach content; knowledge of 

what makes concepts difficult or easy to learn and how technology can help redress 

some of the problems that students face; knowledge of students’ prior knowledge and 

theories of epistemology; and knowledge of how technologies can be used to build 

on existing knowledge to develop new epistemologies or strengthen old ones” 

(Koehler & Mishra, 2009, p. 66). 

Therefore, a teacher with good TPACK would effectively use DT in the teaching of mathematics 

in a way that “represents a dynamic equilibrium” among the three core areas of content, 

pedagogy and technology (Mishra & Koehler, 2009, p. 17). For instance, when one component 

changes the teacher needs to know naturally how the other two components might be changed 

accordingly (Mishra & Koehler, 2009).  

In comparison with MPTK, TPACK is generic and hence not necessarily addressing 

mathematics teaching/learning, while MPTK particularly focuses on teaching mathematics with 

the use of technology. This is one of the main reasons for using MPTK as a theoretical 

framework in this research. In addition, MPTK considers the influence of teacher orientations 

including attitudes, beliefs, values and confidence, which again is not a focus in TPACK. 

However, both frameworks highlight the importance of teacher MKT. Further, although TPACK 

does not directly mention teacher IG, its TCK and TPK implicitly involve teacher personal and 

professional IG. Since the current research was also interested in identifying the influence of 

teacher orientations such as confidence, attitudes, values and teacher development of DT tasks, 
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MPTK was chosen as the theoretical framework for teacher factors. There is a need to support 

teachers to improve these factors for them to be successful in teaching with DT. Thus, the 

importance of PD programmes is discussed next. 

2.4 Professional Development 

Although the frameworks above address what skills teachers need to be effective in teaching 

with DT, the question of how to help teachers to develop these skills is the next challenge that 

educators face. A number of studies have considered how teachers could be assisted in using DT 

in teaching mathematics by designing effective PD programmes (e.g., Assude et al., 2010; 

Thomas & Palmer, 2014). For example, from the results of his ten year longitudinal survey study 

(1995-2005) of secondary mathematics teachers in New Zealand, Thomas (Thomas et al., 2008), 

pointed out that PD of teachers is an essential factor to improve the use of DT in teaching 

mathematics, and “this PD should specifically address the integration of technology into 

mathematics teaching in a manner that develops teachers’ [M]PTK by focussing on the 

mathematics more than the technology” (p. 240). Two similar studies carried out in Australia by 

Forgasz (2002) and Goos and Bennison (2008) also highlighted how teachers need more training 

on how to use digital technology in teaching mathematics meaningfully rather than educating 

them on how to handle software and hardware. 

Although teacher PD programmes have been identified as one major requirement, when and how 

to organise them, what the content should be or what areas could be covered, and what factors 

need to be considered in designing such programmes are some of the questions to be answered. 

Institutional factors such as the national curriculum, text books, assessments, the Ministry of 

Education, school and the classes, community of teachers of the same subject, community of 

teachers involved in the same project, are some of the factors that have to be considered when 

designing a new programme (Clark-Wilson et al., 2014). Further, an understanding of the 

teachers’ needs is essential and technology-related PD programmes need to be carefully 

designed to address teacher needs when using DT meaningfully in the mathematics classroom. 

Research has indicated that educating teachers merely in the use of computers or handling 

software is not sufficient to improve the effective use of digital technology in the mathematics 

classroom (Goos & Bennison, 2008; Thomas et al., 2008). Instead, schools or institutes 

responsible for the capacity development of teachers could help them to understand how DT can 

be used meaningfully in their teaching to facilitate students’ learning (Ertmer & Ottenbreit-
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Leftwich, 2010). This echoes the findings of a large scale survey of technology related 

professional development experiences and needs of Queensland (Australia) secondary grade 

mathematics teachers. The participant teachers of this survey were assisted to integrate 

technology in their classroom teaching as the main requirement for PD programmes related to 

training in technology, irrespective of their experience prior to participating in the technology-

related PD programmes (Bennison & Goos, 2010). The results suggested that the teachers who 

had participated in the PD programmes were more likely to be confident in using technology in 

teaching mathematics and to believe that technology is beneficial for students’ learning of 

mathematics. Another research study, involving a year-long PD programme in Texas, looked at 

high school mathematics teachers’ concerns regarding implementation of graphing calculators 

in teaching (Chamblee et al., 2008). Participants in this study highlighted that they had attended 

PD programmes to get to know how to use graphing calculators, and what they wanted to know, 

and were willing to learn from peers, was how to use the GC in teaching specific units (Chamblee 

et al., 2008, p. 190).  

A consideration of the theoretical frameworks introduced above suggests some ways to improve 

PD programmes. In TPACK, Koehler and Mishra (2005b) suggested that addressing one 

component at a time in a PD programme (e.g., content, pedagogy or technology) would not be 

effective in promoting successful teaching with DT. Rather, PD programmes need to be designed 

to address all the components - content, pedagogy and technology - in an “epistemologically and 

conceptually integrated manner” (Koehler & Mishra, 2005b, p. 134). For example, the results of 

a survey carried out by Koehler and Mishra in an experimental learning by design course showed 

that the participants moved from considering the components separately towards a mutually-

dependent construction. In this approach, teacher participants designed an online course as part 

of the master’s degree programme for the following year (Koehler & Mishra, 2005b). With this 

research experience of working with teachers on learning through design, the authors argued that 

PD should move from traditional workshops to programmes including complex connections 

among content, technology and pedagogy.  

In another possible approach to PD, Thomas and Palmer (2014) proposed that a teacher with 

good MPTK would be more successful in teaching mathematics with DT, and hence it could be 

important to help teachers to improve their MPTK. They suggested that some initial training 

programmes addressing basic mathematical concepts followed by a PD programme conducted 

by universities or training colleges to help teachers to deepen and widen their knowledge of 

mathematics for teaching would be preferable. For instance, when an initial training programme 
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provides basic mathematical knowledge, teacher educators could design some advanced 

programmes to help teachers to develop their MKT. The authors also anticipated that supportive 

in-service PD programmes have potential to support teachers to improve their IG. This could be 

done by promoting peer mentoring, that is, getting support from the teachers who have well-

developed IG, preferably in the same school. Forming communities of inquiry (Jaworski, 2001, 

2003, 2006) and providing opportunities to observe, practice and reflect on teaching with 

technology is another suggestion made by Thomas and Palmer (2014) for future PD programmes 

that intend to support teacher use of technology in their classrooms. Finally, they predicted that 

these practices “may lead to a positive change in the perception of its value, and in turn to 

increased confidence” (Thomas & Palmer, 2014, p. 87). This addresses the third aspect of 

MPTK, namely teacher orientations.  

Another study that addressed teacher attitudes and perceptions when integrating technology in 

mathematics teaching and learning was conducted by Pierce and Ball (2009). The survey they 

conducted in Victoria, Australia exploring teacher attitudes to teaching with DT confirmed that 

“professional development for teachers needs to address attitudes and perceptions as well as 

technological skill development” (p. 315). Their argument was that to transform from the 

traditional classroom to a modern and technology rich classroom, teachers need support from 

educators in order to develop positive attitudes and perceptions of the effect of using technology 

in mathematics teaching and learning. Thus, the study carried out for this thesis designed and 

conducted a PD intervention programme to understand how such PD can support teachers to 

design tasks. 

In a recent study, Clark-Wilson and Hoyles (2017) claimed that the PD programme they 

conducted helped teachers to improve their MKT, especially in two key areas - mathematical 

language and mathematical connections. They conducted this research with 209 London 

mathematics teachers to develop a PD ‘toolkit’ as an online resource to support teachers to 

implement Dynamic Mathematical Tools (DMT). They adopted MPTK as their theoretical 

framework. In their findings, the authors suggested that “[p]rofessional development to support 

teachers to implement DMT in their classroom needs to blend face-to-face sessions that involve 

first-hand experiences with the DMT” (p. 83). They discovered that there was also an effect on 

orientations, such as confidence in using DMT, “interest and curiosity concerning DMT and how 

it might impact on teaching and learning” (p. 87), as well as attitudes toward using DMT in 

future lessons and teacher personal and professional IG. In line with this, the current study also 

hypothesised that teacher orientations, such as attitudes, values and confidence, may influence 
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teacher task development with DT. Hence, the study was designed to identify the effect of 

orientations on this process. 

While supporting teacher use of DT, it is also important to have good tasks for effective use of 

technology for students’ mathematical understanding. This research contends that it is important 

teachers are involved in the process of developing tasks. The next section provides some 

arguments for this position.  

2.5 Task Design 

A chapter in the Third International Handbook of Mathematics Education written by Kieran, 

Krainer and Shaughnessy (2013) identifies the multitude of stakeholders represented in the 

mathematics education research enterprise, including students, teachers, parents, principals, 

superintendents, mathematicians, teacher educators, educational publishers and test developers 

(p. 365). But among all of them, “it is the teacher who can affect to the greatest extent the 

achievement of one of the main purposes of the research enterprise, that is, the improvement of 

students’ learning of mathematics” (p. 365). This statement is supported by the statistical 

analysis and findings of Hattie (2003) who found that  the teacher is the major influence on 

student learning. Hence, teachers should be considered as key stakeholders in research and they 

can play a prominent role as co-producers of scientific knowledge. Such productions should be 

seen to include task design. The current study was also based on the premise that the teacher 

would benefited being involved in designing and developing rich DT tasks for their own 

students, rather than simply implementing pre-existing tasks. When teachers use existing tasks 

they have to adapt the tasks for their students (Gravemeijer, 2004) because every class is 

different from one another and the decisions taken by the teachers during implementations may 

not be what designers expected (Sullivan et al., 2015). On the other hand, one study involving 

teachers who designed a mathematical task for Grade 8 students and implemented it with their 

own students highlighted that even though it was the same task, the way students encountered 

the task in the lesson was different (Kullberg et al., 2013). It is clear that the actual situation in 

the classroom cannot be predicted and depends on the way the teacher and the students are 

questioning and making decisions in the moment (Kullberg et al., 2013). However, these issues 

may be minimised by having the teacher design digital technology tasks for her own students, 

since teachers are more aware of the levels of understanding of the students, their conceptions 

and misconceptions, their level of instumentalisation and instrumentation, the available 

resources and also students’ prior knowledge. Therefore teachers, when designing digital 
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technology tasks for their own students, would “make [their] … design decisions based on 

[their]… best guess how learning might proceed” (Simon, 1995, p. 135).  

It is still necessary, of course, for teachers to be assisted in developing rich tasks, and hence it 

was necessary to identify what comprises a rich DT task and how these might be developed.  

A good mathematical task, one that challenges students, will involve establishing mathematical 

ideas (Cennamo, Ross, & Ertmer, 2014). But what exactly is a mathematical task? Different 

studies define a task in different ways. For example, Christiansen and Walther (1986) explained 

that a task is something set to initiate activity. In other words, a task is set by a teacher with the 

intention that it will promote student activity and hence learning (Christiansen & Walther, 1986; 

Mason & Johnston-Wilder, 2006). It has also been described as creating a situation for students 

to experience mathematics (Leung & Bolite-Frant, 2015). Accordingly, a task may be created in 

order “to initiate mathematically fruitful activity that leads to a transformation in what learners 

are sensitised to notice and competent to carry out” (Mason & Johnston-Wilder, 2006, p. 25). In 

their study on designing tasks for students with hearing and seeing difficulties, Healy, Hassan, 

Fernandes, and Frant (2013) followed the definitions of Dejours (1997) in explaining a task as 

something that has to be achieved or done, whereas an activity is “in the context of the task, that 

which is actually done by the operator to arrive as close as possible to objectives fixed by the 

task” (p. 64). The word activity is not always used in the sense above, with Clark-Wilson and 

Timotheus (2013) considering an activity as a situation established by the teacher to “initiate the 

students mathematical work [and] these activities would include one or more tasks” (p. 46). 

However, in this study a mathematical task is considered as something designed for students to 

learn mathematical concept/s and activity as the work students engage in.  

More broadly, a well-designed mathematical task would provide opportunities for the learner to 

“think mathematically, formulate and communicate new ideas, justify procedures, and defend 

the reasonableness of their answers” (Cennamo et al., 2014, p. 337). For instance, a good task 

should be designed for students to think logically, and make decisions based on the given facts 

and information and for them to justify their decisions with logical reasons with regard to their 

existing knowledge (Cennamo et al., 2014). Importantly, a rich task would not usually be 

something that can be attempted using routine methods, but rather require a combination of 

routine work and added reasoning (Artigue, 2002). For example, solving a quadratic equation 

like 2𝑥2 − 7𝑥 + 22 = 0 is not considered a rich task but rather is a standard problem since 

students can solve these type of equations using routine methods.  
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In addition, tasks should require students to use techniques with both epistemic and pragmatic 

value (Artigue, 2002). By taking epistemological and mathematical perspectives into 

consideration, Coles and Brown (2013, 2016) used a set principle for task design and 

implemented them in a school in the UK. This design comprised seven principles, namely: 

1. Considering at least two contrasting examples (where possible, images) and collecting 

responses.  

2. Asking students to comment on what is the same or different about contrasting examples 

and/or to pose questions. 

3. Introducing language and notation arising from student distinctions. 

4. Starting with a closed activity (which may involve teaching a new skill). 

5. Having a challenge prepared in case no questions are forthcoming. 

6. Opportunities for the teacher to teach further new skills and for students to practice skills 

in different contexts. 

7. Opportunities for students to spot patterns, make conjectures and work on providing 

them, hence involving generalising and algebra (Coles & Brown, 2016, p. 157). 

The authors argue that a task can be further created with teacher and student interactions, which 

are based on questions and answers teacher and/or students asked and answered. For instance, 

the problem to find possible rectangles with area equal to 12 was given to students in Year 7 

(aged 11-12) by one of the teachers of their research project (Coles & Brown, 2013, 2016). 

Students were asked to draw a solution on the board. After having rectangles with dimensions 

3 × 4, 2 × 6, 1 × 12 on the board, the next student drew a rectangle with 
1

2
× 24. This initiated 

a platform for a discussion about fractions of a quantity, which was the content that the teacher 

wanted his/her students to understand at the end of the lesson. The teacher then wrote up 
1

4
× 48 

and 
1

3
× 36, two examples (see principle 1) that another two students suggested. Here, students 

actively engaged in the discussion by posing questions and also answering other students’ 

questions (principle 2). The teacher also contributed by providing challenges for the students 

(principle 5) even though this was the first time the students had learned the language of fractions 

(principle 3). Although the lesson started with an apparently closed activity (principle 4), the 
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generalisation emerged with the awareness that any unit fraction could be considered as the 

height and one could still draw a rectangle of area 12. The limit for this generalisation arose with 

a question posed by a student asking “what would just a straight line be” (Coles & Brown, 2016, 

p. 162) (principle 7). These students were engaged in an activity where they found fractions of 

a unit in a novel context by paying attention to the area of a rectangle (principle 6). So, in this 

example, the teacher seemed to have been influenced by the design principles listed above when 

adapting the initial task to take into account unplanned questions raised by the students. The 

authors claimed that, hence, the students also played a role in creating the task.  

A number of different task design principles can be identified in the literature. For example, 

Dindyal et al. (2013) drafted design principles for problem solving tasks with seven principles. 

In drafting the design, they valued the problem solving model of Pólya along with insight from 

Schoenfeld’s (1985) mathematical problem solving. In another design approach, researchers 

(Thomas & Yoon, 2014; Yoon, Dreyfus, & Thomas, 2010) used Lesh, Hoover, Hole, Kelly, and 

Post (2000) principles for designing Model-Eliciting Activities (MEA) in task design. These 

activities provide opportunities for students to develop mathematical models for real world 

problems. There are many other design principles researchers have been using in developing 

tasks. However, since this research was interested in teacher development of DT mathematical 

tasks the next section is focused particularly on developing DT tasks.   

2.5.1 Digital Technology Tasks 

When DT is integrated within mathematics education, designing a rich mathematical task is 

more challenging (Clark-Wilson & Timotheus, 2013). However, researchers have suggested that 

the use of DT in the mathematics classroom helps students to understand mathematical concepts 

meaningfully (Drijvers, Doorman, Kirschner, Hoogveld, & Boon, 2014; Leung, 2011; Leung & 

Bolite-Frant, 2015) and the effectiveness of using DT in teaching depends on the tasks used 

(Kieran & Drijvers, 2006; Leung & Bolite-Frant, 2015; Mackrell, Maschietto, & Soury-

Lavergne, 2013; Thomas & Lin, 2013). Therefore, it is important to understand how to design a 

rich DT task. Using the Task-Technique-Theory (TTT) approach Kieran and Drijvers (2006) 

suggested integrating paper and pencil techniques with DT techniques, use of mathematical 

language and discourse, aiming for generalisation as important features of a rich DT task. Based 

on his research work and that of Kieran & Drijvers’ (2006), Thomas compiled possible features 

of such a task namely:   
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…addressing a mathematical concept or idea, examining the role of language and 

asking students to write about how they interpret their work, considering dynamic 

multi-representations, involving treatments and, especially, conversions between 

representations, and versatile interactions with representations, integrating 

technological and by-hand techniques, aiming for generalisation, and getting 

students to think about proof and development of mathematical  theory (Thomas & 

Lin, 2013, p. 111) 

A DT task could be considered as a rich task if it addresses a mathematical concept or an idea 

and includes the above-mentioned features. Ideally, it would not involve using just routine 

methods but rather should encourage students to think mathematically and develop new 

knowledge. It is also important that they interpret their work since this would enable the teacher 

to understand how they worked on the task, what mathematical knowledge they have used and 

developed and what misconceptions they have, if any. Research has highlighted how 

understanding the language in the task influences student engagement and achievement of the 

objectives of the task (Kieran & Drijvers, 2006). Therefore, it is necessary to consider suitable 

language in the task and also to understand how students find the language it uses. The 

interpretation of students’ work would also help to identify the level of student understanding 

and their use of mathematical language while engaged in activity on the task (Kieran & Drijvers, 

2006). In this way, a rich DT algebra task would help to keep students engaged deeply in 

mathematics and thus develop students’ mathematical thinking. The current study also focused 

on developing rich DT algebra tasks to help students to understand mathematical concepts. 

DT task development is clearly not limited to algebra, but educators have paid attention to rich 

task development in many areas of the curriculum, such as geometry and statistics. For example, 

Fahlgren and Brunstrom (2014) suggested a model for task design in a dynamic geometry 

environment (DGE). In this model, they emphasised designing tasks “appropriate for DGE 

which foster students’ capability to explore, conjecture, verify, explain and make 

generalisations” (Fahlgren & Brunstrom, 2014, p. 288). They argued that “one way to give 

students opportunities to get acquainted with both the DGE and the mathematical situation is to 

let them make their own constructions” (Fahlgren & Brunstrom, 2014, p. 294). When students 

do this then they can start to explore the mathematical idea in the given task, which may lead 

them to formulate conjectures. In addition, careful task design can allow students to employ 

different DGE techniques to verify the conjectures they generate. Giving them an opportunity to 

explain their verification can help convince students of the validity of the conjecture, which, in 
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turn, may help them generalise the mathematical idea. Even though a formal proof is considered 

the final step of a geometrical task, this model focuses “on the phases before the proof 

construction, and after, with emphasis on further generalisations” (Fahlgren & Brunstrom, 2014, 

p. 288). 

Another model, developed by Leung (2011), is a techno-pedagogic task design model. He argued 

that a pedagogic task design “should be epistemologically connected to a pedagogical 

environment…[which pedagogical environment] may consist of the teacher(s), students, the 

physical setting, the tools used for teaching and learning, and even the pedagogical approaches 

used in the classroom” (p. 325). This model consists of three epistemic modes: Establishing 

Practices Mode (PM), Critical Discernment Mode (CDM) and Situated Discourse Mode (SDM), 

which he explains as: 

Establishing Practices Mode (PM): 

• PM1 Construct mathematical objects or manipulate pre-designed mathematical objects 

using tools embedded in a technology-rich environment 

• PM2 Interact with the tools in a technology-rich environment to develop (a) skill-based 

routines; (b) modalities of behaviour; (c) modes of situated dialogue (p. 327) 

Critical Discernment Mode (CDM) 

• Observe, record, represent, (reconstruct) patterns of variation and invariant (p. 328) 

Establishing Situated Discourse Mode (SDM) 

• SD1 Develop inductive reasoning leading to making generalised conjectures 

• SD2 Develop discourses and modes of reasoning to explain or prove (p. 328)  

According to this model, first of all students should understand how to convert the tool to an 

instrument to observe the patterns (Leung, 2011). This is the place where IG begins. The idea is 

that the students’ practice in using the tool will help them to explore the mathematical ideas 

addressed in the task. According to Leung (2011), these practices may be established through 

construction and manipulation of techniques using the tool. By doing so, “modes of interaction 

in terms of skill (tacit knowledge), modalities of behaviour and even situated dialogue (linguistic 

or a-linguistic) with the environment could emerge” (p. 327). Then students record and 

reconstruct the patterns that they have observed. The explanation of their work should lead 
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students to generalisations, which would then be addressed in the task. In other words, a techno-

pedagogic task should provide opportunity for students to develop their mathematical reasoning 

and argumentation as well as how to communicate them. The SD1 and SD2 practices bring the 

students to the formal mathematical discourse by giving an opportunity for mathematical 

reasoning. Describing the nature of these three modes, Leung (2011) explains that “CDM is a 

cognitive extension of PM [whereas] SDM is a cognitive extension of CDM” (p. 328). This was 

suggested as a model that can be used to design DT geometry tasks in DGE. This framework 

guides the design of a geometry task to develop mathematical understanding including 

reasoning, argumentation and generalisation while providing opportunity for students’ IG. 

However, these factors are not unique to geometry tasks; reasoning, generalising and interpreting 

students’ answers are some of the important factors of any rich mathematical task.  

However, these factors are not unique to geometry tasks; reasoning, generalising and interpreting 

students’ answers are some of the important factors of any rich mathematical task.  

What are rich mathematical tasks? Different types of mathematical tasks can be seen in the 

literature and a categorisation of some of them into different types are presented here.  

Different types of tasks 

There are different types of tasks can be identified in the mathematics education literature. Those 

tasks also can be categorised in many different ways. Here, the tasks are categorised into four 

different types to illustrate the richness and they are presented in this section.  Although one or 

two examples are given here, there are probably 100s or 1000s of tasks can be listed under each 

category.  

a. Standard questions 

The first and the very basic type of task could be a set of standard questions that students can 

solve using procedural methods. As Thomas (2009) also explained, some may consider 

questions such as the following to be tasks, but they provide no real opportunities for students 

to consider mathematical concepts. Instead they can solve these questions using procedural 

methods that they have learned in the classroom.  

  



Chapter 2  Literature Review 

39 

 

Use a CAS calculator to solve the following problems 

1. Solve 2𝑥2 − 7𝑥 + 6 = 0  2. Find the domain and range of 𝑓(𝑥) =
1−𝑥

𝑥2+8𝑥+7
 

3.   Find the lim
𝑛→∞

𝑥2−6𝑥+12

3𝑥3−1
   4. Integrate ∫ ln 𝑡 𝑑𝑡 

In another instance, mathematical tasks are designed for students to understand a new 

mathematical concept and an example for such a task is given here. 

b. Tasks to give conceptual understanding 

The second category is the tasks designed to teach a mathematical concept. By doing the 

activities of such a task student can understand a new mathematical concept. A task such as: 

One of the following equations is true for only one value of x, one is true for two values 

of x and one is true for all values of x. Use your CAS calculator to identify the one that 

is true for all values of x and solve the other two equations. 

a) 3𝑥2 − 7𝑥 − 6 = (3𝑥 − 6)(𝑥 + 1) 

b) 3𝑥2 − 7𝑥 − 6 = (3𝑥 + 2)(𝑥 − 3) 

c) 3𝑥2 − 2𝑥 − 6 = (2𝑥 − 1)(𝑥 + 6) 

focuses on the concept of solutions of quadratic equations but this involves procedural 

calculations instead student investigation. Therefore, this task can be considered as a bridging 

task combining the first two categories.  

The following task is an example for a task designed to teach students new mathematical 

concepts using DT. Here, researchers used two basic functionalities of CAS, construction and 

dragging (Swidan & Yerushalmy, 2014), to design a task for students to identify the 

“objectification process involved in making sense of the concept of an indefinite integral” 

(Swidan & Yerushalmy, 2014, p. 517). To do this they employed the Calculus Integral Sketcher 

(CIS) as their artefact. Students were asked to identify the connections between two graphs given 

in upper and lower Cartesian systems and to construct such connecting graphs themselves (see 

the Figure 2.7 for the set of graphs given in the task). Students were expected to use the icon 

buttons (see Figure 2.8) of CIS to change or drag the graphs to see the connections between the 

function graph and the primitive graph.  

The theory behind this task was to guide students to understand the concept of integration using 

the graphical representation a function and the graph of the primitive function. In doing so 
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students were supposed to see the relationship between the location, inclination and concavity 

of the function graph with the corresponding points of primitive graph. Although this task was 

designed to help students to understand a new mathematical concept, it is lacking providing 

opportunity for students to investigate or think about generalisation and proof arguments. These 

are covered in the final two categories of tasks discussed here. 

Figure 2.7: Graphs given to the students in the task (Swidan & Yerushalmy, 2014, p. 522). 

 

 

Figure 2.8: Seven icons  used in dragging (from left - constant function, decreasing and 

increasing linear function, decreasing and concave-up function, decreasing and concave-down 

function) (Swidan & Yerushalmy, 2014, p. 519). 

c. Tasks providing opportunity for generalisation and argumentation  

The third category describes the tasks that guided students to aim for generalisation and 

argumentation. One important aspect of task design is to guide students towards making a 

generalisation that will help develop their mathematical understanding (Knott et al., 2013; 

Mason, Graham, & Johnston-Wilder, 2005). A second consideration is to allow them the 

opportunity to produce arguments or proofs to substantiate results. It has been argued that 

allowing students to produce their own constructions in geometry helps them to think about 

proofs (Fahlgren & Brunstrom, 2014). In support of this position, research by Fahlgren and 

Brunstrom (2014) used the functions of the tools of Dynamic Geometry Environment (DGE) to 

allow students to explore “different properties and relations between mathematical objects” (p. 

289). They claimed that allowing students to do geometrical constructions using a DGE would 
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support them to explore themselves, to make conjectures, explain and verify the conjectures and 

construct argumentation. In addition, it would be possible to guide students to generalise the 

mathematical concept with follow up questions. Here is one exemplar task that they have 

presented including its follow-up questions (see Figure 2.9). 

Let P be an arbitrary point on the ellipse, 
𝑥2

𝑎2 +
𝑦2

𝑏2 = 1 and let 𝐹(𝑎𝑒, 0) be a focus. Let 

M be the midpoint of FP. Prove that the locus of M is an ellipse (p. 296).  

Figure 2.9: Possible follow up questions (Fahlgren & Brunstrom, 2014, p. 298)       

In another approach, Jones (2000) used the dragging tool of Cabri-Geometry to design 

tasks to support students’ learning of deductive reasoning through experience in geometry. Here, 

he designed a set of tasks collaboratively with the teacher of the class, who then implemented 

the tasks. Students worked on three tasks to construct a rhombus, a square and a kite. Each task 

comprised “a visual prompt and the challenge to construct the figure so that it was invariant 

under drag and explain why the figure constructed is a particular quadrilateral” (p. 65) (See 

Figure 2.10). The idea of the task was to help students to shift from taking decisions by looking 

at the figure to providing convincing and generalisable arguments. 

Another example illustrating how tasks can support students to develop argumentation and to 

aim for generalisation was used in Kieran and Drijvers’ (2006) study. In their study they showed 

that integrating by-hand techniques with DT activities can benefit students understanding of 

mathematical concepts. They designed a task designed to enable students to prove that 𝑥 + 1 is 

always a factor of 𝑥𝑛 − 1, when n is even. The task was prepared with three parts, all including 

both CAS and paper and pencil work in order to guide students to observe the patterns in the 

factors and hence lead to a generalisation, to refine the conjecture and lastly to prove the 

conjecture. Figure 2.11 shows a sample of their initial tasks.   
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Figure 2.10: A task to construct a square (Jones, 2000, p. 66). 

 

  Figure 2.11: Some of the initial tasks used in (Kieran & Drijvers, 2006, p. 238) 

In the second part of the task students were guided to engage in confronting paper and pencil 

factorisation with factors generated by the CAS and in reconciling the two factorisations (see 

Figure 2.12). By doing so the researchers expected students to “reflect upon their existing notion 

of factoring with respect to, among others: (i) complete factoring, and (ii) the impact of the 

nature of the exponent on the way in which the factoring process can be approached” (pp. 238-

239). In this task, the CAS work was meaningfully blended with paper and pencil work to guide 

students to generalise the mathematical concept under consideration. In addition, the task guided 
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students to reflect on the conjectures they made. Providing an opportunity for students to reflect 

on their work is an important factor in mathematics learning. It helps students to verify their 

findings and motivate them to think about generalisations.  

While appreciating the importance of guiding students to interpret their work and to think about 

generalisation in task design, this study considered one feature of a rich task to be the provision 

of opportunities for student investigation, either individually or in pairs or in groups. Thus a task 

exemplifying such opportunities are presented in the fourth and final category of tasks.    

d. Tasks providing opportunity for student investigation 

The fourth category discussed under this section is tasks with student investigation. The task 

presented in Figure 2.12 was designed by Pierce and Stacey (2011) as part of a PD programme 

for teachers in two schools who volunteered to participate in their study. It was designed for 

Year 10 students to solve with the use of TI–Nspire (CAS). Their focus in designing this task 

was on “exploring the principles of designing lessons that use technology to link many 

representations of a mathematical idea, including dynamic simulation of a real situation” (p. 6). 

The mathematical idea behind this task was to “find how the area of the fish-shaped sign varies 

with the relative dimensions of the body of the fish and its tail” (p. 7). To solve this task, students 

needed to employ multiple representations to link their geometric knowledge of the properties 

of the shapes, square and triangle, with graphs, numerical calculations and symbolic 

representations. They used pen and paper measurements, calculations and algebra and TI-Nspire 

(CAS) to identify the relationship between the area of the fish and the length. In addition, since 

students could use technology the designers took the advantage of linking different 

representations.  Prior to carry on standard calculations, students needed to do some investigation 

for optimisation. Thus, the student investigation was has carefully integrated in this DT task 

while connecting different representations. This task provided opportunities for student 

investigation while linking multiple representations. 

Four types of mathematical tasks namely: standard questions; tasks to give conceptual 

understanding; tasks providing opportunities for generalisation and argumentation and tasks 

providing opportunity for student investigation are elaborated in this section with few examples. 

These four types are not necessarily be mutually exclusive. The present study expected to 

teachers to design tasks rich with number of features including aim for generalisation and student 

investigation. Having teacher involvement in designing rich mathematical tasks providing 
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opportunities for student investigation and think about generalisation and proofing arguments, 

is vital. Therefore the next section discusses the teacher involvement in task design.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.12: Introduction to “Marina’s fish shop” lesson (Pierce & Stacey, 2011) 

  

This design OR this design 

Marina owns a fish shop, and wants to create a new sign above the shop. She likes 

geometric ideas, and thinks a square with a triangle looks like a fish. Marina draws a 

square with a horizontal diagonal, starting from the left wall of her shop. This makes 

the body. Then she extends two sides of the square as far as the right wall of the shop. 

This makes the tail. The shop is 10 metres wide. Marina soon realises that there is more 

than one possible configurations (see above) and wonders, “What is the best possible 

sign?” She uses mathematics to investigate. 

this design OR 
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2.5.2 Teacher Involvement in Task Design 

[I]nvolving teachers as far as possible in the intention of the designer can enhance the 

implementation of the task  (Sullivan et al., 2015, p. 103). 

Many studies have been concerned with supporting teachers to adapt and/or reshape tasks (e.g., 

Ding, Jones, & Pepin, 2013; Fuglestad, 2007; Knott et al., 2013). To give an instance, Knott and 

her colleagues designed research to help teachers modify the tasks given in textbooks so as to 

provide opportunities for students to justify (Knott et al., 2013). In the first stage, researchers 

worked with these grade four mathematics teachers from rural schools in the Pacific Northwest 

of the USA, to give them an understanding of the importance of generalisation and then were 

asked to create tasks that might prompt students’ justifying and generalisation skills. Teachers 

were motivated by noticing how capable their students appeared at justification and how much 

they enjoyed the activities that teachers produced from the textbooks. Further, these teachers 

appreciated the support of researchers in redesigning tasks given in textbooks. Thus, the research 

implies that it is possible to motivate teachers through the supportive intervention of researchers, 

as well as highlighting the value of their own experience in witnessing student engagement with 

tasks.   

In another approach, Fuglestad (2007) conducted a school-based project with Norwegian 

teachers to improve the use of DT in mathematics teaching and learning. Three teachers from 

the same school worked together on software applications for their students, using Excel. 

Designing software applications, implementation and reflection took place and the findings 

revealed that the teachers gained ideas from the discussions and were motivated to develop more 

tasks. Similarly, Ding et al. (2013) conducted a project, using a researcher intervention based on 

a school-based teacher PD programme (TPDP), with a group of Chinese teachers from a school 

in Shanghai. The study started with the intervention based on ideas from online resources. The 

teachers (including an expert teacher) commented on the PD and then two teachers redesigned 

their lessons on the same topic taking the teachers’ comments into account. The findings of the 

study suggested, in particular, that the expert teacher helped other teachers to develop their 

knowledge on multi-layered task design. These three examples provide evidence that 

researchers/educators can design PD programmes to support teachers in designing tasks. Further, 

the final study mentioned here confirms the positive influence of forming small groups mentored 

by an expert teacher in the same school. Thus, the section below is focused on the value of 

teacher collaboration in developing tasks.   



Chapter 2  Literature Review 

46 

 

2.6 Teacher collaborative work 

[C]ollaboration implies co-working (working together) and can also imply co-learning 

(learning together) (Robutti et al., 2016, p. 652). 

A collaborative perspective on teacher professional learning has been widely considered in 

mathematics education. Among different frameworks employed, the Community of Practice 

(Gueudet et al., 2013; Lave & Wenger, 1991; Panero, Aldon, Trgalova, & Trouche, 2017; 

Wenger, 1998) and the Community of Inquiry (Fuglestad et al., 2009; Jaworski, 2001, 2003, 

2006) are two that have been widely used in research on teacher collaborative activities related 

to teaching and learning. These two are briefly discussed here.  

The primary focus of the concept of a Community of Practice (CoP) is social participation and 

learning that emerge from the experiences of participating in everyday activities (Wenger, 1998). 

This leads to “participation in an activity system about which participants share understanding 

concerning what they are doing and what that means for their lives and for their communities” 

(Lave & Wenger, 1991, p. 98). Wenger (1998) further describe (Cobb, 1994) three dimensions 

of a CoP, and they are mutual engagement, a joint enterprise and a shared repertoire. In a CoP, 

the members get together and work for a common goal (or goals), share the activities and 

produce resources. Therefore having CoP in schools has potential in supporting teacher 

professional learning.  

Some other researchers have used an idea related to CoP, termed a community of inquiry (CoI) 

in their studies. “In a community of inquiry the novice practitioner [teacher] is drawn into the 

community through processes of observation, action, questioning of actions and inquiry into 

actions” (Jaworski, 2006, p. 201). In investigating possible ways to support teachers in their 

teaching, the collaboration between researchers and teachers is valued in CoI (ibid). The 

reflections on teacher practice in communities help to reconceptualise their practice (ibid). Thus, 

forming communities of inquiry in schools is beneficial for having mutual support from other 

teachers of the community to improve teachers’ pedagogical practices. 

Both CoP and CoI have value for teacher professional learning through assisting teachers to 

work together as communities. While both frameworks consider Teaching as Learning, in 

Practice, Jaworski (2006) further suggested “teaching as learning-to-develop-learning in a mode 

of critical inquiry in which the normal desirable learning shifts to one of co-learning inquiry. … 

This shift might be seen conceptually as one from learning within a community of practice to 
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one of forming a community of inquiry” (p.191). The shift from CoP to CoI encourages teachers 

to look critically at their work, to reflect on each other’s work and to modify their practices. The 

present study also incorporated this idea of action, reflection and modification in developing, 

implementing, reflecting on the implementation and modifying the task design by each group of 

teachers. Further, “[i]n a community of inquiry, inquiry is more than the practice of a community 

of practice: teachers develop inquiry approaches to their practice and together use inquiry 

approaches to develop their practice” (Jaworski, 2006, p. 204). Since the intention of the current 

study was that the groups of teachers from the same school, or from the schools in the same 

education zone, would engage in an activity promoting inquiry into aspects of rich DT algebra 

task development, the notion of community of inquiry was incorporated into the research design.  

As discussed above, teachers working in communities can support their professional learning 

and the development of students’ understanding of mathematical concepts. While taking this 

into consideration, the current study was designed with a supportive PD intervention to help 

teachers develop rich DT tasks by collaborating together in small communities of inquiry. In 

order to support teachers in this regard, it was necessary to try to identify how teacher factors, 

such as MKT, instrumental genesis, orientations, and collaboration might assist or inhibit them 

in their task design and implementation. The next step was to consider how to design the study 

in order to identify these factors and Chapter three presents the details of this design, including 

the methodology, methods of data collection and methods of data analysis.  
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Methodology 

This chapter explains the design, planning and implementation of the research study. The 

intention of the research was to identify teacher factors that might influence DT task 

development and implementation in order to help improve teacher use of DT in the mathematics 

classroom and to consider the influence of the PD. Educational design-based research was used 

as the research methodology of this study within a social constructivist paradigm and the reasons 

for its choice and why it suited this research are discussed in Section 3.1. In addition, a case 

study methodology, with four cases, was used to focus collection and analysis of the data, and 

this is discussed in detail in Section 3.2. Further, the instruments employed to collect both 

qualitative and quantitative data are presented under the data collection methodology in Section 

3.3 followed by a discussion of the ethical considerations of the study. Section 3.3 also elaborates 

on details of the participants and the procedure of data collection. Finally a descriptive 

explanation of the methods of data analysis is given.  

The interpretive framework of the study is the social constructivist paradigm. According to Guba 

and Lincoln (1994), a paradigm can be explained as “a set of basic beliefs that deals with 

ultimates or first principles” (p. 107). The researcher’s worldview, that is “the nature of the 

world, the individual’s place in it, and the range of possible relationships to that world and its 

parts” is represented by the paradigm (ibid, p.107). In mathematics education research, however, 

several constructivist perspectives have been identified (Cobb, 1994). Common to these is that 

“students actively construct their mathematical ways of knowing as they strive to be effective 

by restoring coherence to the worlds of their personal experiences” (ibid, p. 13). Some theories 

stress the social and cultural nature of a mathematical activity. In this vein, Cobb (1994) argues 

that “mathematical learning should be viewed as both a process of active individual construction 

and a process of enculturation into the mathematical practices of wider society” (p. 13) since 

“the sociocultural and constructivist perspectives each constitute the background for the other” 

(p. 19). Within the social constructivist paradigm, individuals - teachers in the current study - 

construct new knowledge in a social setting (Resnick, 1987; Stauffacher, Walter, Lang, Wiek, 

& Scholz, 2006). In the current research, teachers were engaged in developing DT tasks in 

groups for their students. In designing these tasks, teachers worked collaboratively in groups of 
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three. This collaborative approach of teachers in task design and in constructing mathematical 

knowledge relates to the sociocultural perspective which “sees discussion, negotiation and 

argumentation in inquiry and investigation practices to underpin knowledge growth in 

mathematics, in teaching mathematics and in mathematics teacher education” (Jaworski, 2006, 

p. 199). While working in a group, teachers would construct knowledge about developing rich 

DT tasks as well as that which informed the use of DT in developing conceptual understanding 

in students learning mathematics. The idea was to design the tasks in such a way that students 

could not easily accomplish them using routine methods. Instead, it was intended that students 

engage in developing mathematical thinking, and constructing mathematical knowledge. Within 

this social constructivist paradigm, design-based research (DBR) methodology was used to 

design this experimental research study. How and why DBR is a suitable method is discussed 

below.   

3.1 Design-based Research  

Educational design-based research (DBR) is a research methodology that has been used to direct 

studies focusing on the design of educational material (Bakker & van Earde, 2013). As Bakker 

and van Earde (2013) observed, DBR “can be characterised as research in which the design of 

educational materials (e.g., computer tools, learning activities, or a PD programme) is a crucial 

part of the research” (Bakker & van Earde, 2013, p. 3). Since the main focus of the current study 

was DT algebra task development and implementation, it was considered that educational DBR 

was an appropriate design for the current research. Further, in this kind of design the “design 

context is subject to test and revision, and the successive iterations that result play a role similar 

to that of systematic variation in experiment” (Cobb, Confrey, diSessa, Lehrer, & Schauble, 

2003, p. 9). Thus as Bakker and van Earde (2013) explain, a main characteristic of DBR is that 

any material produced will be subject to change as a result of testing. In this study, a researcher 

intervention incorporated theoretical principles of rich DT tasks based on the available literature 

(Kieran & Drijvers, 2006; Leung & Bolite-Frant, 2015; Thomas, 2009; Thomas & Lin, 2013), 

what the criteria for a rich mathematical task comprised (Cennamo et al., 2014) and an example 

of a quality DT algebra task designed by an experienced researcher. The intervention also 

included planning a lesson for the implementation of DT tasks based on (Schoenfeld, 2010b) 

theory of the role of resources, orientations and goals (ROG). The three point framework for 

lesson planning, delivery and review (Choy, 2014, 2016; Choy, Thomas, & Yoon, 2017) was 

also introduced to the teachers during the intervention. The plan was that a refined version of the 
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theoretical perspectives and materials developed would be used for a further intervention in a 

second phase based on analysis and reflection from the first phase.     

What are the characteristics of DBR? Bakker & van Earde (2013) and Cobb et al. (2003) have 

presented a number of characteristics of DBR. These are listed below and their relevance to this 

study is highlighted.  

• The purpose of DBR is “to develop theories about learning and the means that are 

designed to support that meaning” (Bakker & van Earde, 2013, p. 14). In order to 

inform the relationship between teacher resources and task development, the current 

research employed the theoretical model of Mathematical Pedagogical Technology 

Knowledge (MPTK) (Thomas & Hong, 2005). The focus of MPTK is to place the 

enhancement of mathematical thinking at the centre of the process of task development 

and implementation, and hence consider mathematical principles, conventions and 

techniques in order to learn mathematics through DT. The MPTK framework mainly 

focuses on factors intrinsic to teachers such as: their mathematical knowledge for 

teaching (MKT), which includes mathematical content knowledge (MCK), Shulman’s 

pedagogical content knowledge (PCK) and mathematical knowledge at the horizon 

(Hill, Schilling, & Ball, 2004); their personal and professional instrumental genesis 

(Artigue, 2002; Haspekian, 2011, 2014); and their orientations and goals (Schoenfeld, 

2010b). One aspect of this research was to clarify the nature of the orientations 

involved in DT task design and to describe more clearly how they relate to MKT and 

instrumental genesis. The conjecture made in this study is that in order for teachers to 

design rich DT tasks, they require strong MPTK. This includes good MKT that helps 

the teacher pay attention to key points of the task, difficulties students might face in 

mathematics, such as their misconceptions and problems they may face in working 

with DT (student confusions), along with strategies the teacher could instigate to 

overcome these difficulties (course of action) (Choy, 2016; Choy et al., 2017), and a 

strong instrumental genesis for any DT artefact used. In addition, teacher beliefs, 

attitudes and values about teaching and learning mathematics with technology, 

combined with their confidence in teaching mathematics with DT, were considered 

likely to influence their task design and implementation. Apart from the factors 

addressed in MPTK, this study was also interested in identifying whether PD focused 

on the group dynamics inherent in teacher collaborative work would have any 

influence on the DT task design process.  
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• An interventional nature is the second characteristic of DBR research (Bakker & van 

Earde, 2013; Cobb et al., 2003). This research involved a PD intervention after the 

teachers had designed a preliminary task for their students that provided baseline data 

for the study. As in DBR, this PD addressed some theoretical aspects primarily based 

on theoretical principles of rich DT task design (Kieran & Drijvers, 2006; Leung & 

Bolite-Frant, 2015) with an example for a rich DT algebra task designed by an 

experienced researcher. In addition to that the three point FOCUS framework in 

planning, delivering and reflecting classroom teaching (Choy, 2016; Choy et al., 2017) 

and the role of resources, orientations and goals (ROG) (Schoenfeld, 2010b) in 

planning and implementing the task were also discussed at the PD. This intervention 

explained what a DT mathematical task might look like and, most importantly, what 

criteria comprise a rich mathematical task (Cennamo et al., 2014). An example of a 

DT algebra task designed by an expert in the field (Thomas, personal correspondence) 

was also provided to assist their deliberations. Finally, teachers were given ideas on 

how to plan a lesson to implement a DT task by considering what decision making 

might be needed and the role of their resources, orientations and goals (ROG) 

(Schoenfeld, 2010b). After the researcher intervention, teachers had an opportunity to 

modify the task followed by another discussion with the researcher on the quality of 

the modified task. In this way, teachers modified the task several times until they were 

satisfied they had met the task design criteria. Since the professional learning that the 

study seeks to investigate is not naturally present (Bakker & van Earde, 2013), the 

researcher intervention comprising a designed PD programme was conducted.  

• DBR has prospective and reflective components as its third characteristic (Bakker & 

van Earde, 2013; Cobb et al., 2003). According to Bakker and van Earde (2013) these 

two components should not necessarily “be separated by a teaching experiment” (p. 

15). When considering this factor against the current research, implementing the tasks 

designed by teachers is the prospective part, while comparing the conjectures with 

actual classroom teaching and learning the researcher observed was the reflective part. 

In addition, a reflection was carried out at the post implementation discussion after the 

lessons taught by each group and the results based on the discussion led teachers to 

modify the tasks. In addition, one group then re-implemented the modified task.  

• The fourth characteristic of DBR is its cyclical nature. There is an iterative process of 

invention and revision as a result of testing (Bakker & van Earde, 2013; Cobb et al., 
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2003). Conjectures can be changed and re-tested based on the analysis of the 

implementation (Bakker & van Earde, 2013; Cobb et al., 2003). These “cycles 

typically consist of … preparation and design phase, teaching experiment, and 

retrospective analysis” (Bakker & van Earde, 2013, p. 15). In the present research, 

teachers designed DT algebra tasks and tested them with their students. A post-

implementation discussion was held that provided an opportunity for teachers to reflect 

on their work, followed by the opportunity to modify their task. In DBR, following the 

retrospective analysis, a new design phase should be created to test further the 

materials and implementation process. In this research study, this phase is not reported 

on in this thesis. The intention was to identify contributions to the theoretical 

framework in this initial phase and hence set new conjectures based on these outcomes 

followed by the design and implementation of a second phase of teacher task design. 

• Fifth, the last, but certainly not least, characteristic is “… that the theory under 

development has to do real work” (Bakker & van Earde, 2013, p. 15). Design based 

research is conducted to develop a theory, “not merely to empirically tune ‘what 

works’” (Cobb et al., 2003, p. 9). As some scholars explain (Bakker & van Earde, 

2013; Cobb et al., 2003), although the theory may be developed for a specific domain, 

for example for algebra learning in this research, it is usually applicable to other areas. 

For instance, the framework (see Figures 6.2 & 6.3) addressing the teacher factors 

influencing DT task design, developed in this research was based on DT algebra task 

design. However, the teacher factors identified are applicable to assisting teachers in 

DT task development and implementation in general. In other words using this 

framework to support teachers to improve those factors would likely help them to 

design DT mathematical tasks for any grade. Similarly, the Task Richness Framework 

(TRF) developed here (see Section 3.4) is a general instrument that could be used to 

identify the richness of any DT mathematical task not just a DT algebra task. 

Researchers who use DBR in studies often focus on “supporting the teachers’ learning” (Cobb, 

Zhao, & Dean, 2009, p. 170), for example university researchers working collaboratively with 

teachers to improve teacher professional learning (Cobb et al., 2009; Geiger, Merrilyn, & 

Shelley, 2015; Geiger, Muir, & Lamb, 2016). The current study conjectured that the PD 

intervention would assist teachers to design richer DT tasks and to plan lessons to implement 

them. Hence, the researcher expected to support teacher learning in designing rich tasks and 

planning, as well as delivering and reviewing a lesson to implement a DT task. While 
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considering DBR as an overall methodology, this research also used a case study design to 

examine the work of four groups of teachers providing four cases to examine, in more depth, the 

teacher factors influencing task design.     

3.2 A Case Study 

A number of theoretical and methodological concepts are used in qualitative research (Flick, 

2002). Apart from the overarching DBR context, this research also used a case study approach 

to data collection and analysis. Various researchers have situated the ‘case study’ in different 

contexts, with VanWynsberghe and Khan (2008) explaining that a “case study could be 

considered as a transparadigmatic and transdisciplinary heuristic that involves the careful 

delineation of the phenomena for which evidence is being collected (event, concept, 

program[me], process, etc.)” (p. 80). In this context, transparadigmatic, means that use of a 

“case study is relevant regardless of one’s research paradigm (i.e., positivism, critical theory, 

constructivism)” and by transdisciplinary they suggest that a “case study has no particular 

disciplinary orientation; that is, it can be used in social science, science, applied science, 

business, fine arts and humanities research, for example” (VanWynsberghe & Khan, 2008, pp. 

80-81). Another perspective offered by Simons (2009) argues that a “Case study is an in-depth 

exploration from multiple perspectives of the complexity and uniqueness of a particular project, 

policy, institution, programme or system in a ‘real-life’ context” (p. 21). In other words, a case 

study is a research method that investigates individual cases in depth (Gillham, 2000; Simons, 

2009). For instance, in a case study the researcher “observes the characteristics of an individual 

unit” (Cohen & Manion, 1994, p. 106), which is called a ‘case’. A case can be a child, a student, 

a teacher, a school, a classroom or a community (Cohen & Manion, 1994; Gillham, 2000; 

McMillan & Schumacher, 2006). The cases of this study were groups of teachers as the aim of 

the study was to identify how teacher factors assist or inhibit groups of teachers in DT algebra 

task development and implementation. Since the teacher participants worked in groups in 

designing tasks, the groups were observed as a whole. Therefore the measures, or case, of the 

study was a group of three teachers.  

According to Cohen and Manion (1994), there are two types of observations that can be used in 

a case study: participant observation and non-participant observation. Participant observation 

occurs while the researcher is participating in the research. In this case the researcher is also 

involved in “the activities set out to observe” (p. 107). On the other hand, non-participant 

observers intentionally avoid taking part in the activities set for investigation. The researcher in 
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this study worked primarily, but not completely, as a non-participant observer. While the 

teachers were working on the task design and implementation, the researcher observed them 

without involvement in either phase. Then, the researcher conducted a PD intervention 

considering some theoretical factors at the end of the task design process based on the theoretical 

framework and, following this, the teachers had an opportunity to modify their tasks. This was 

followed by another discussion with the researcher and a further modification before the 

implementation.  

The four groups of three teachers designed DT algebra tasks and implemented them with their 

students. The data gathered from the process of task development and implementation as a group 

were analysed to answer the research questions. Hence, the unit of analysis of this study was a 

group of three teachers. While teachers were engaged in task development and implementation, 

the following methods were used to collect qualitative and quantitative data.    

3.3 Data Collection Methodology 

The primary data collection process used in this study was qualitative in nature, but since both 

qualitative and quantitative methods were used it may be described as ‘mixed methods’ research. 

One advantage of a mixed methods study highlighted by McMillan and Schumacher (2006) is 

that a quantitative result can be presented while explaining “why it was obtained” (qualitative) 

(p. 28). Further, research incorporates ‘mixed methods’ “with the ambition to generate a more 

accurate and adequate understanding of social phenomena than would be possible by using only 

one of [the] approaches” (Biesta, 2012, p. 147). Supporting this stance, Fontana and Frey (1994) 

express the view that since mixed methods lead one to “achieve broader and often better results” 

it is becoming more popular among education researchers (p. 373). An advantage of qualitative 

research is that it often investigates “why people do what they do” by observing, interviewing, 

and analysing documents (Patton, 2015). From another perspective, “qualitative research is 

oriented towards analysing concrete cases in their temporal and local particularity, and starting 

from people’s expressions and activities in their local contexts” (Flick, 2002, p. 13).  

A number of advantages were identified as a result of using triangulation, or employing different 

data collection methods for related data (Cohen & Manion, 1994). One of them was that the use 

of several methods would help with understanding the question more deeply (Denzin & Lincoln, 

1994, p. 2) than would be possible using just one method. Another was that it gave an opportunity 

to “explain more fully, the richness and complexity of the human behaviour” by characterising 
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it from more than one viewpoint, especially when using both quantitative and qualitative data 

(Cohen & Manion, 1994, p. 233). Although there are six “principal types of triangulation used 

in research” (ibid, p.236), according to Cohen and Manion (1994), the current study used that of 

employing different methods in the same study. For instance, analysis of the richness of the tasks 

was related to the data gathered from questionnaires that sought to understand the influence of 

differences in the demographics of the groups of teachers and was also triangulated with the 

transcripts of interviews, observations and video recordings to identify possible teacher factors 

influencing the improvements.  

3.3.1 Instruments 

Qualitative research is often based on data collected through in-depth open ended interviews, 

direct observations and written communications (Patton, 2015), while quantitative research data 

comprise numerical measures of variables of interest. In this research, the main data collection 

methods were: semi-structured interviews; questionnaires; the tasks the teachers designed; 

observations of teacher group work and classroom implementation; and the prior modifications 

and post-implementation discussions. Together these methods comprise a mix of both qualitative 

and quantitative data and are explained briefly as follows. 

3.3.1.1 Interviews 

The interview is one of the primary tools of data collection and is conducted to understand “what 

another person knows about the topic, to discover and record what the person has experienced, 

what he or she thinks about it, and what significance or meaning it might have” (Mears, 2012, 

p. 170). The researcher may use different types of interviews, namely: structured; semi-

structured and unstructured or informal conversational interviews (Patton, 1990). In structured 

interviews, content and the procedure, including the sequence of asking questions, are organised 

in advance. Among the purposes of using structured interviews, the following are central: 

minimising the interviewer effects by asking the same question of each respondent; making the 

interview more systematic and reducing interviewer judgements during the interview; making 

the data analysis easier; and helping to organise the time for each respondent (Patton, 1990, p. 

285). But this type of interview is less flexible and may “limit the naturalness” of the results 

(McMillan & Schumacher, 2006, p. 351).  

Semi-structured interviews are more flexible than structured interviews. Although an interview 

protocol or a set of questions is prepared in advance, probing questions can be asked if more 
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details are needed. Various semi-structured interview types can be observed in the literature 

(Flick, 2002), but their shared aim would be “to gain insight into how people attribute meaning 

to their worlds in social interactions” (Grinsted, 2005, p. 1015). Further, one aspect of semi-

structured interviews is that “either the concrete issue … is defined and the response is left open 

or the reaction is defined and the concrete issue is left open” (Flick, 2002, p. 75) and the 

interviewee may answer the open questions based on his/her existing knowledge at hand (Flick, 

2002).  

The third type of interview involves unstructured or informal conversational interviews, which 

are carried out with few or no pre-planned questions. Instead, the questions are formed from the 

immediate situation. One sub-type entails guided approach interviews which are usually 

conducted based upon pre-selected topics, but the researcher has the freedom to select the 

sequence of the questions and wordings at the interview (McMillan & Schumacher, 2006). The 

ethnographic interview is another example of informal conversation interviews. In ethnographic 

interviews, the researcher initiates the conversation with a broad question like “…I want to know 

in the way that you know it…” (Spradley, 1979, p. 34) and allows the respondent to open up. 

The key feature of an ethnographic interview is that the “researcher is there to learn from the 

respondent rather than impose an external frame of reference” (Fielding, 2011, p. 2). 

Interviews can be divided into two types based on the number of interviewees:  individual 

interviews and group interviews. In an individual interview questions are aimed at a single 

person, whereas in a group interview questions are directed to a group of people simultaneously. 

Both individual and group interviews can have either a structured, semi-structured or 

unstructured format (Fontana & Frey, 1994). Although it can be time consuming, some 

advantages of using a group interview are that it is “inexpensive, data rich, flexible, stimulating 

to respondents, recall aiding, and cumulative and elaborative over and above individual 

responses” (Fontana & Frey, 1994, p. 365). 

In this study an individual and a group semi-structured interview were conducted, one at the 

beginning of the process and the second one before the implementation stage. Both of these were 

based on pre-prepared protocols. Although the questions were set in advance, it was considered 

possible to have situations where the researcher was interested in getting more information 

relevant to the research. Therefore, semi-structured interviews were chosen in this study as 

providing some space to ask further probing questions would be beneficial in terms of obtaining 

more data. The first interview (Appendix 1) was designed to gather information about the 
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individual teacher’s knowledge and experience of using DT, their Mathematical Knowledge for 

Teaching (MKT) and their knowledge of, attitudes to and values related to DT task design. In 

addition to the questions set in advance, some other questions were asked to clarify the answers 

given for the first questionnaire. Since the teacher participants worked on task design and 

implementation in groups, the second interview (see Appendix 2) was a group interview in which 

the questions were asked of each group separately. The questions were based on the task 

development stage - what their experiences were, any issues that arose, their ideas and thoughts 

about the process, about the modifications, if they had any, and about the planning of the 

implementation stage. The purpose of this interview was to understand their attitudes and ideas 

related to the intervention process and to identify whether this process made any difference to 

participants’ attitudes toward DT task design or implementation. Probing questions were asked 

to clarify some answers given to the questions set in the protocol and also when the researcher 

felt it would be important to get more information from the teachers. For example, during the 

interview with Group A Ashoka (A3), their unofficial leader, spoke up most of the time. Even 

though the units of analysis were groups of three teachers, it was important to know how each 

member’s attitudes, values and confidence had changed and how those changes influenced the 

group work. With this intention, the researcher asked probing questions like: “What is your 

[Kasun (A1) or Ushan (A2)] idea on that? What do you think? etc” to get other members’ 

perspectives.  

In addition to interviews, two questionnaires were used to gather data on demographic factors 

and teacher orientations before and after the process of task development and implementation. 

3.3.1.2 Questionnaires 

A second method of data collection used in this study was the use of questionnaires, which may 

combine qualitative and quantitative data collection. According to McMillan and Schumacher 

(2010), a “questionnaire is the most widely used technique for obtaining information from 

subjects” (p. 195). Using questionnaires is more economical, “has the same questions for all 

subjects, and can ensure anonymity” (McMillan & Schumacher, 2010, p. 195). Researchers 

sometimes use, or adapt, pre-existing questionnaires to gather data instead of preparing a new 

one since this not only saves money and time but ensures using “an instrument with established 

reliability and validity” (McMillan & Schumacher, 2010, p. 195). However, at other times 

researchers prefer to prepare a new questionnaire when they have very specific requirements in 

terms of aspects under investigation and it is hard to find one that matches well the requirements 
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of the particular project. In this research, questions for the first section of each questionnaire 

were designed by the researcher to gather teachers’ demographic information (first 

questionnaire), experience in using DT in teaching and experience in task development group 

work (second questionnaire). In contrast, questions for four out of the five subscales of the 

Likert-style attitude scale were taken from scales used by an experienced researcher who is 

conducting research in the same area of this study (Cretchley, 2006, 2012; Cretchley, Harman, 

Ellerton, & Fogarty, 2000). Questions for the last subscale - Confidence in Task development 

with DT - were designed particularly for this study.  

Generally, a questionnaire is composed in such a way that it appears attractive, is brief and is 

easy to respond to (Gay, Mills, & Airasian, 2006; Johnson & Turner, 2003). Before writing the 

questions for a questionnaire, it is good practice to write down the objectives (based on the 

research questions) to be achieved by it. This will help to identify what information needs to be 

gathered from the questionnaire (McMillan & Schumacher, 2010). The methods of analysis to 

be employed is another consideration in setting questions in a questionnaire (McMillan & 

Schumacher, 2010). In this study, firstly the research questions were considered and then the 

first questionnaire was formed using different sections, such as teacher demographic factors and 

their experiences both in using DT in teaching and of attending PD programmes that addressed 

DT use in classroom teaching. The second questionnaire primarily focused on how teachers 

found the task development group activities and the implementation lesson and their attitudes to 

the process. In addition to research questions, the methods of data analysis were also taken into 

account in forming questions and deciding whether they would be open-ended or closed. 

 Either open form or closed form questions can be set in a questionnaire. Normally, a 

questionnaire either consists of structured items (open-ended, selected-response, or closed-form) 

or a mix of structured items and open-ended items (Gay et al., 2006; McMillan & Schumacher, 

2010). “In open-ended items respondents provide the answers in their own words” (Johnson & 

Turner, 2003, p. 303), whereas in closed-ended items participants choose one from a number of 

given possible response options (Gay et al., 2006; Johnson & Turner, 2003). As McMillan and 

Schumacher (2010) have suggested, choosing the form of items (questions) “depends on the 

objective of the item and the advantages and disadvantages [in the analysis] of each type” (p. 

197). For example, to gather information about demographic factors the best option is often 

closed-ended items (McMillan & Schumacher, 2010). On the one hand participants may prefer 

answering structured items since responding is much easier and less time consuming, but on the 

other hand participants may like the greater freedom provided by answering open-ended items. 
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It is also possible to have closed-ended items with a more open-ended conclusion. The following 

example, taken from the first questionnaire of the current research, included the option ‘other’ 

so that the respondent could provide information about the technology devices they use at home, 

if any, apart from the devices given in the question.     

Q2 What digital technology devices do you have of your own or at home? 

  A personal computer    Laptop   Tablet 

  Graphics calculator   Scientific calculator 

  Symbolic calculator   Other________________________ 

In the current research, two questionnaires were given to the teacher participants: one at the 

beginning of the process before the first interview; and the second one at the end of the process. 

Information about teacher demographic factors such as age, qualifications, experience, their 

school, the available resources of the school, and their PD experiences were gathered from the 

first questionnaire (Appendix 3) using mostly closed questions. Since identifying whether 

teacher demographic factors influence DT task design and implementation, and how, was one 

of the objectives of the study, it was important to understand the teacher demographics before 

they started to work on task design. Further, this questionnaire was prepared to gather 

information about teachers’ prior knowledge and experience of the use of DT in teaching and 

their Mathematical Knowledge for Teaching (MKT). In this part, both closed and open-ended 

questions were used. As a whole the first questionnaire comprised both closed and open-ended 

questions, but mostly the former since they were considered easier for the teachers to answer, 

less time consuming and easier to analyse. However, when further information or clarifications 

were needed then open-ended questions were used. The second questionnaire (Appendix 4) 

consisted of similar types of questions, but mostly open-ended, to probe whether there had been 

any change in their attitudes to, and beliefs about, using DT in teaching mathematics and in task 

design and implementation.    

A third form of data collection used comprised attitude scales, and both questionnaires contained 

the same attitude scale at the end. The purpose of including the same scale for both was to 

understand whether there was any change in attitudes, beliefs, ideas, preferences and other 

affective factors or orientations, measured by the subscales, after teachers had worked on the DT 

task design and implementation.   
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An attitude scale can be explained as a “series of gradations, levels, or values that describes 

various degrees of something” and they may give a fairly accurate judgement on someone’s 

beliefs and opinions about a matter (McMillan & Schumacher, 2006, p. 198). The most widely 

used type of scale in educational studies is the Likert scale (ibid). As McMillan and Schumacher 

(2006) explain, “in a Likert scale the stem includes a value or directions and the respondents 

indicates agreement or disagreement with the statement” (p. 198). The responses can be designed 

using different scales with either an odd number of options such as a three point, five point or a 

seven point scale, or they can have an even number of scales, for example a four point or six 

point scale. In the former case the stem tends to be neutral since it allows one to opt for a middle 

value, whereas in the latter case it is considered directional, tending to make the respondent 

move to one side or the other since there is no neutral position. In this study, a five point scale 

was used including a neutral choice to prevent respondents being forced to choose one side or 

not to respond at all if their response to a particular statement was actually ‘neutral’ (McMillan 

& Schumacher, 2010). The main purpose of using the Likert scale in this study was to gather 

quantitative data that would measure changes in teacher affective factors (or orientations) such 

as attitudes, beliefs, values, confidence, preferences and tastes that might help the researcher 

understand how they might assist or inhibit DT task design and implementation. Among these 

orientations, this research mainly focused on confidence in teaching, using DT and in task 

development with DT, values held and attitudes toward the use of technology in the 

teaching/learning process. Hence, the scale was prepared with five subscales, three on 

confidence and one each for attitudes and values, namely: confidence in teaching mathematics, 

confidence in using DT, the value of DT in mathematics teaching/learning, attitudes to teaching 

mathematics with DT and confidence in task development with DT. The current study was 

seeking to understand the effect of these orientations when teachers design DT tasks.  

3.3.1.3 Task design 

The main focus of this study was teacher DT algebra task design and implementation. Research 

by Thomas and Lin (2013) suggests that the use of DT in design and implementation of DT tasks 

should encourage “learning and understanding of mathematics, and … mathematical thinking” 

(p. 109). They describe a task “that students are asked to attempt in a mathematics lesson (or … 

in another time)” (p. 109) this may be a simple short one or a structured or a semi-structured 

complex one. More importantly, a rich task would not usually be one that can be attempted using 

routine methods, but rather a combination of routine activity and added reasoning should be 

involved (Artigue, 2002). Therefore, to design such tasks using DT, a teacher may need to have 
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a good Mathematical Knowledge for Teaching and good instrumental genesis of the DT tool 

along with experience in using DT (Thomas & Lin, 2013). In addition, it has been suggested that 

teacher orientations, including beliefs and attitudes, may influence teacher task design and 

implementation (Pepin, Gueudet, & Trouche, 2017; Thomas & Lin, 2013; Wake, Swan, & 

Foster, 2016). To understand the influence of both these factors and teacher collaboration when 

teachers design tasks, the researcher carried out an experiment design with a group of Sri Lankan 

teachers. The next section presents the demographic details of the teachers who volunteered.  

3.3.2 Participants 

The targeted group of participants in this project were Advanced Level (A Level) 

mathematics teachers from Sri Lanka. The 12 teachers in this research project were from the two 

provinces of Western and Central; three districts, Colombo, Kandy and Kalutara; and six 

education zones namely Colombo, Sri Jayawardhanapura, Homagama, Horana, Kandy and 

Gampola. There were four male and eight female teachers from nine schools who chose to 

participate. All the participant teachers were from 1AB schools. For administration purposes, 

government schools are divided into two main groups namely national schools and provincial 

schools, although there are also private schools. National schools are funded and administered 

by the central government’s Ministry of Education, whereas provincial schools are funded and 

administered by the provincial councils. However, many 1AB schools are national schools and 

eight out of nine schools involved in this project were national schools, while the other one was 

a private school. Thus, the sample of schools included four mixed schools, three boys’ schools 

and two girls’ schools and Table 3.1 presents the demographics of the schools of the 12 

participant teachers. 

The 12 teachers were diverse in age, ranging from 30 to 60+ years old and had varied experiences 

of teaching in mathematics (see the details in Table 3.2). In Sri Lanka, all mathematics teachers 

must have at least a bachelor’s degree in pure mathematics and applied mathematics since this 

is a prerequisite for becoming an Advanced Level mathematics teacher. They also have to 

complete a postgraduate diploma in an education programme within three years of starting work 

as a teacher. Within this group, only five teachers, two from Group A and all three from Group 

D, had a Postgraduate Diploma in Education (PGDE), which is the professional qualification 

Advanced Level teachers are expected to complete within three years after starting to teach the 

Advanced Level grades. None of the teachers had completed a Master’s degree, however one 
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teacher from each of Groups A and D were currently completing an MSc in Mathematics 

Education or an MEd, respectively.  

Table 3.1: Details of School Demographics 

Group School type Grades in the 

school 

Number of 

students 

A1 National Mixed Semi-urban 6-13 1500-2000 

A2 National Boys Urban 1-13 >3000 

A3 National Boys Urban 1-13 >3000       

B1 National Boys Urban 1-13 >3000 

B2 National Mixed Semi-urban 6-13 >3000 

B3 National Mixed Semi-urban 6-13 >3000       

C1 National Mixed Semi-urban 6-13 >3000 

C2 National Mixed Semi-urban 6-13 >3000 

C3 National Mixed Semi-urban 6-13 >3000       

D1 Private Girls Urban 1-13 2500-3000 

D2 National Girls Urban 1-13 >3000 

D3 National Girls Urban 1-14 >3000 

 

Table 3.2: Demographic Factors of the Teachers 

Group Gender Age group Years of experience in teaching 

mathematics 

M F 31-40 41-50 51-60 >60 <5 5-10 10-

15 

15-

20 

>20 

A 3 0 3 0 0 0 1 0 2 0 0 

B 0 3 2 1 0 0 2 0 2 0 0 

C 1 2 3 0 0 0 2 1 0 0 0 

D 0 3 1 0 1 1 1 0 0 0 2 

 

Before starting to work with the teachers and other personal supporters such as research technical 

assistants, ethical consent was obtained with the procedure of ethical consideration detailed next.  

3.3.3 Ethical considerations 

Approval to conduct the study was sought from the University of Auckland Human Participant 

Ethics Committee (UAHPEC) and obtained for a period of three years on 3rd of May 2015. 

Central to this approval was the need for information to be provided to, and ethical consents to 

be signed by, the teachers, students and principals. In order to be able to give informed consent, 

the Advanced Level mathematics teachers were invited in June 2015 to the National Institute of 
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Education (NIE), with the strong support of the director and the academic staff of the department 

of mathematics of NIE, to be informed about the research. The 12 volunteer participant teachers 

listened carefully to the description of the research and the expectations that were clearly 

outlined to them, including the benefits of participating in the research as a teacher, the duration 

of the data collection process, methods of collecting data, and approximately how long they 

would be expected to work on the project. They were also given the Participant Information 

Sheet (PIS) (Appendix 5). The data that would be transcribed, how it would be used in the project 

and the use of pseudonyms to maintain anonymity were also explained. The teachers were told 

that they would have the opportunity to withdraw their participation at any time and if they did 

so then the data collected from them would not be analysed. Following an opportunity to ask 

questions, the teachers signed the Consent Form (CF) (Appendix 6). In addition, the researcher 

and the director of the department of mathematics of NIE took responsibility for obtaining 

permission for the research from the principals of the teachers’ respective schools.  

Next, the researcher visited the schools of all the teacher participants and met the respective 

principals and heads of the mathematics departments. The nature of the research, the benefits of 

participating in it, the expectations of the teachers and the duration of teacher involvement in the 

research were all explained to the principals. Further details including the information covered 

at NIE with teachers were explained to principals and they were then given an opportunity to 

ask any questions for clarification. The principals’ assurance was given that participation or non-

participation in the research would not affect the teachers’ employment or their school 

performance appraisal. In addition, a PIS was given to principals with a descriptive explanation 

of the necessary information about the project and they were asked to sign the consent form to 

give permission for his/her teacher/s to participate in the study. However, since the tasks 

designed by teachers were to be implemented in only four of the schools, one for each group, 

additional approval for video recording the implementation of the lessons in the classroom was 

taken from the principals of those four schools before the implementation. Since the focus of 

this study was on the teachers, the students’ work was not to be collected and the video recorder 

was edited to avoid students’ faces. All of these points were explained to the principals before 

they signed the consent form. Permission for teachers to participate in the study was granted by 

all nine principals representing the schools of the 12 teachers. In addition, principals of the four 

schools where the trial lessons were carried out were happy to support a trial lesson being carried 

out and video recorded in their school.  
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Since 17-18 year old students would be present in the classes when the lesson was taught, they 

could be considered indirect participants in this study. Therefore, consent was also obtained from 

these students. Before agreeing, they were informed of the nature of the study, that their work 

would not be collected and that no video clip or image of their faces would be taken so as to 

maintain their anonymity. They also had an opportunity to ask questions and to read the PIS 

before signing the CF.   

Before the data collection started, the research assistant who helped with video recording the 

task development group work and classroom teaching signed a confidentiality agreement to 

ensure they would not discuss the data of the study with anyone else other than the researcher or 

her supervisors. Finally, the translator also signed a similar agreement to ensure confidentiality. 

The procedure outlined below was followed during the work with the volunteer teachers and 

their participation in the task design and implementation process. 

3.3.4 Procedure 

After volunteering to participate in this study and signing the consent form, the 12 teachers 

answered the first questionnaire. This helped to gather information on demographic factors, as 

well as on available resources in the school and PD programmes that the teachers had attended 

in the past. Then these 12 teachers were grouped into four groups of three. When designing the 

study, the researcher wanted to have homogeneous and heterogeneous groups based on their 

teaching experience, qualifications and experience in using DT. However, for the practical 

reason that implementing the tasks in one (or two) of the teacher classrooms was part of the 

study, teachers from the same school or from nearby schools were grouped together. This made 

it easier to make arrangements for the other teachers to be present at the implementation. All 

groups suggested it would be best to do the task design group work during the school holiday in 

August and follow this with an implementation in September and October and so the dates were 

tentatively fixed dependent on the availability of all the members of groups and the locations. 

The timeline for the main steps of the data collection process is outlined in Table 3.3. 

Following the first questionnaire, every teacher was given an individual, semi-structured 

interview, which examined their knowledge and experience in using DT, their mathematical 

knowledge for teaching, and their knowledge, attitudes and values related to DT task 

development. Between 30 to 40 minutes were spent with each teacher in this first interview and 
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every conversation was audio recorded. The researcher also asked questions to clarify some 

answers given in the first questionnaire. After that an introduction to the study was again given 

to each group separately. The four groups were advised what work they were expected to do 

during the project and a timetable was constructed whereby each group worked on task 

development in different weeks of the month to enable the researcher to be present. The groups 

were guided to choose an Advanced Level algebra topic for the design of a DT task. They 

discussed among themselves who would do the trial lesson, to which group of students, and what 

topic it would be advisable to teach with DT. The researcher did not give any guidance on DT 

mathematical task design at this stage of the study and the teachers were free to choose a topic 

and the DT to implement it with. Each group then designed its task, and this ended phase one. 

Table 3.3: Timeframe for the Data Collection Process 

 June July August September October 

Discussion with 

director of NIE 

                    

Meeting a group 

of teachers to 

introduce the 

research and let 

them volunteer 

to participate 

                    

Meeting 

principals to get 

permission 

                    

Initial task 

design process 

         Gr. 

A 

Gr. 

C 

Gr. 

D 

Gr. 

B 

       

Researcher PD 

intervention 

         Gr. 

A 

Gr. 

C 

Gr. 

D 

Gr. 

B 

       

Task 

modification 

         Gr. 

A 

Gr. 

C 

Gr. 

D 

Gr. 

B 

       

Implementation              Gr. 

B 

   Gr. 

C 

Gr. 

D 

Gr. 

A 

 

During the second phase of the research, the researcher initiated a discussion with the teachers 

of the tasks they had developed, in light of the theoretical principles of rich DT task design (e.g., 

Kieran & Drijvers, 2006). During this two-hour intervention she explained what a DT 

mathematical task might look like and, most importantly, what criteria comprise a rich 

mathematical task (Cennamo et al., 2014). Secondly, the participants were provided with an 
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example of such a DT algebra task written by the researcher’s supervisor. This task was in an 

area quite different from those chosen by the groups. Finally, they were given ideas on how to 

plan a lesson to implement a DT algebra task by considering what decision making might be 

needed and the role of resources, orientations and goals (ROG) in attaining these (Schoenfeld, 

2010b). In addition, teachers were introduced to a three point framework for lesson planning, 

delivery and review (Choy, 2014) that focuses teacher attention on the key concept, the possible 

point of difficulty and the proposed course of action for the lesson. The aim of this was to assist 

them with decision making that involves noticing student thinking. It was anticipated that this 

intervention would assist the teachers in the design of tasks suitable for their students. 

Following this researcher intervention the teachers were given an opportunity to modify their 

task. They then had a further discussion with the researcher about the modified task followed by 

the opportunity for a further modification, which was the third stage of the task development 

process. Then, as part of the final phase, the teachers were given a semi-structured group 

interview in which they described how they had planned the task, how it had been modified and 

what factors had supported them in this process. They chose one of their number to implement 

the task in their own classroom while the other group members observed the lesson, along with 

the researcher. After the implementation the researcher organised a post-implementation 

discussion with the teachers where they had an opportunity to reflect on their work, followed by 

the chance to make another modification to the task. Finally they answered the second 

questionnaire, which contained the same attitude test as the first. Table 3.4 shows all the steps 

of data collection in each phase including the time spent. Both qualitative and quantitative 

methods were used to analyse these data and these methods are discussed in the successive 

sections.  
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Table 3.4: Detailed Timeframe for the Data Collection Process 

 Activity Responsibility Time duration 

1 Questionnaire 1 Researcher 30 minutes 

2 Individual interview Researcher 30 minutes 

3 Introduction for the process Researcher 15 minutes 

4 Preliminary task design  Teachers in groups 

of three (One group 

at a time) 

2 – 3 hours  

5 Professional development intervention Researcher 2 hours 

6 Task modification - 1 Teachers in groups 

of three 

3 – 4 hours 

7 Researcher intervention – discussion on 

the modified task 

Researcher and 

teachers 

15 – 30 minutes 

8 Second modification of the task Teachers 3 – 4 hours   

9 Group interview Researcher 45 minutes to 1 hour 

10 Task implementation Teacher who 

implemented the 

task 

45 minutes 

11 Post-implementation discussion Researcher and 

teachers in the 

group 

45 minutes to 1 hour 

12 Third modification of the task Teachers  1 – 2 hours 

3.4 Constructing the Task Richness Framework (TRF)  

It was necessary to evaluate the tasks designed by each group in order to identify any change in 

the richness of the tasks before and after the intervention. The original task and the final 

modification produced by each group were examined using the Task Richness Framework that 

was developed based on the available literature (e.g., Kieran & Drijvers, 2006; Leung & Bolite-

Frant, 2015; Thomas & Lin, 2013). In consideration of the nature of the tasks designed by the 

groups using the task design factors those were suggested by Kieran and Drijvers (2006), Leung 

and Bolite-Frant (2015) and Thomas and Lin (2013) and attempting to produce a metric of 

richness, a score was assigned for each of the 12 factors in the framework (see Table 3.5).  

The DT Task Richness Framework (TRF) (Table 3.5) consists of 12 factors and they are: focuses 

on mathematical ideas, e.g., epistemological obstacles; considers the role of language and 

discourse; students give written interpretations and reflections; goes beyond routine methods; 

encourages student investigation; has multi-representational aspects; is appropriate for student 

instrumental genesis; provides opportunities for instrumental feedback; integrates DT and by-
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hand techniques; aims for generalisation; students think about proof; and develops mathematical 

theory. It was hypothesised that if a DT task designed for students had these principles then that 

would likely be a rich DT mathematical task that would lead to student understanding. However, 

it would not necessarily be possible to develop every task to guide students to think about a proof 

or to develop a mathematical theory. The justification of each factor of a rich DT mathematical 

task is presented below along with the criteria considered in scoring the tasks for each factor.  

Table 3.5: The DT Task Richness Framework (TRF) 

Principles of Rich Tasks  First Task Second Task 

Scale Evidence Score  Evidence Score  

Focuses on mathematical ideas, e.g. 

epistemological obstacles 

0-4     

Considers the role of language and 

discourse 

0-3     

Students give written interpretations 

and reflections 

0-5     

Goes beyond routine methods 0-4     

Encourages student investigation 0-5     

Has multi-representational aspects 0-4     

Appropriate for student instrumental 

genesis 

0-3     

Provides opportunities for 

instrumental feedback 

0-3     

Integration of DT and by-hand 

techniques 

0-3     

Aims for generalisation 0-5     

Students think about proof 0-4     

Develops mathematical theory 0-3     

Here, the researcher and a mathematics educator having considerable experience working in DT 

research, scored the tasks individually using the criteria for each principle that is discussed in 

the following section. There was considerable agreement on the scores and where there were 

any differences there was a discussion on each score in order to come to an agreement and ensure 

validity. 
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 Focuses on mathematical ideas 

A tool-based task is something designed by a researcher, an educator or a teacher to engage 

students in an activity in order to enhance their mathematical experience (Leung & Bolite-Frant, 

2015). For an activity with embedded DT there are three parties involved - the teacher, the 

student, and the DT resource - which mutually contribute to building understanding of the 

mathematical concepts addressed in the task. Therefore, “this type of task design rests heavily 

on a complex relationship between tool mediation, teaching and learning, and mathematical 

knowledge” (Leung & Bolite-Frant, 2015, p. 192). Further, the importance of the “focus on the 

mathematics and its implications rather than [Digital Technology]” (p. 56) was observed and 

described by Thomas et al. (1996) as one of the main characteristics required in producing a 

change of mind-set in teachers who were using DT in teaching. This view was confirmed in a 

description of the MPTK framework (used in this study) developed by Thomas and Hong (2005) 

who said that “teachers need to develop what we now call [mathematical] pedagogical 

technology knowledge ([M]PTK), knowing how to teach mathematics with the technology” (p. 

258). Hence, having a DT mathematical task focus on one or more mathematical ideas rather 

than on the technology was the first principle taken into account in producing the Task Richness 

Framework (TRF). In addition, as Leung and Bolite-Frant (2015) proposed, a DT task also can 

be designed as an epistemic mediator, to shorten the gap between students’ existing knowledge 

and the desired mathematical knowledge. They believe that a dynamic digital tool like GeoGebra 

“can be powerful to overcome many epistemological obstacles in mathematics learning” (Leung 

& Bolite-Frant, 2015, p. 195). This principle was translated into the TRF factor Focuses on 

mathematical ideas, e.g., overcoming epistemological obstacles. 

The factors of the TRF would be assigned a richness score out of either 3, 4 or 5. These were 

chosen to enable sufficient differentiation of the manner in which the tasks implemented each 

factor. In turn, factors were considered to be important, very important or most important and 

thus were scored out of 3, 4 or 5 respectively. The factor focuses on mathematical ideas, rather 

than DT, was viewed as very important and so a score of 0-4 was assigned to it. The criteria used 

to differentiate each score are given in Table 3.6. For example, if there were very few 

mathematical ideas used in a task and if they were mainly related to students’ prior knowledge 

then a zero was scored. Further, if a number of mathematical ideas were included appropriate 

for the grade then the task was scored with a 3 whereas if there was a clear focus on mostly new 

mathematical ideas appropriate for the grade then a 4 was awarded. 
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Table 3.6: Criteria for Scores for Focuses on Mathematical Ideas  

Principle Score Criteria 

Focuses on mathematical 

ideas, e.g., 

epistemological obstacles 

0 Very few mathematical ideas used. Might be 

mostly related to prior knowledge  

 1 Contains some mathematical ideas but in an 

implicit way 

 2 Contains a number of mathematical ideas that 

mostly involve prior knowledge 

 3 Addresses a number of mathematical ideas 

appropriate for the grade, including some new 

ideas 

 4 Has a clear focus on a number of mostly new 

mathematical ideas that are appropriate for the 

grade (year) 

 Use of language and discourse 

Research highlights how understanding the language in the task influences student engagement 

and achievement of the objectives of the task (Kieran & Drijvers, 2006). Therefore, it is 

necessary to consider suitable language in the task and also to understand how students find the 

language that it uses. The interpretation of students’ work would also help to identify the level 

of student understanding and their use of mathematical language while engaged in activities on 

the task (Kieran & Drijvers, 2006). Therefore, the use of language and discourse (the second 

factor in the framework) was considered another important feature of a rich DT mathematical 

task (Kieran & Drijvers, 2006; Thomas & Lin, 2013). A score of 0-3 was assigned to this factor 

for the criteria based on the appropriateness of the mathematical and technical language used in 

the task (see Table 3.7). 

Table 3.7: Criteria for Scores for Considers the Role of Language and Discourse 

Principle Score Criteria 

Considers the role of 

language and discourse 

0 Very little mathematical language use and not 

appropriate for the students 

 1 Fair use of mathematical language with limited 

explanations but appropriate for the students 

 2 Use of mathematical language is sufficient and 

appropriate for the students without explanation 

given in the task  

 3 Use of a wide range of mathematical language 

appropriate to the students 
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 Students give written interpretations and reflections 

The third factor, considering students’ written interpretations and reflections, would assist 

students to reflect on their activity and allow the teacher to understand what students have done 

and whether they understood the concept or mathematical idea. Students’ interpretations of, and 

reasoning behind their work and the results would help to understand students’ thinking as they 

work through the task and how well they understood the mathematical idea/s or concepts 

addressed in the task. These reflections also guide students to think about proofs and then to aim 

for generalisation (Fahlgren & Brunstrom, 2014; Kieran & Drijvers, 2006). In addition to these, 

providing opportunity to reflect students’ work helps to develop students’ communication skills 

which is very important in learning mathematics. Hence, this factor was considered as one of the 

most important factors in developing a richer task. A score of up to 5 was assigned to take into 

consideration the opportunities provided for students to interpret and reflect upon their work. 

Table 3.8 presents the criteria for each score of this third factor. 

Table 3.8: Criteria for Scores for Students give written Interpretations and Reflections 

Principle Score Criteria 

Students give written 

interpretations and 

reflections 

0 No room is given for students to interpret or 

reflect on their work  

 1 Very little opportunity for students to make 

written comments to interpret their work 

 2 There is opportunity for students to record their 

work but little opportunity to make written 

comments on it and no opportunity to reflect on 

their activity or findings 

 3 Students are asked in a limited way to reflect on 

and make written comments on or interpret their 

work  

 4 Students are provided with sufficient 

opportunities to interpret and reflect on their 

work  

 5 Students are encouraged to interpret and reflect 

on their work and need to do so to justify the 

findings or the results of the task 

  Goes beyond routine methods 

A rich mathematical DT task needs to take the student beyond routine methods. Thus, it should 

have both pragmatic and epistemic value “to transform a learner’s mathematical experiences 
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from experimental to theoretical” (Leung & Bolite-Frant, 2015, p. 199). Artigue (2002) has 

described techniques of solving a tool-based task as having both pragmatic and epistemic value 

and “as soon as one goes beyond the body of routine tasks for a given institution, each technique 

is a complex assembly of reasoning and routine work” (p. 248). Further, she stressed that 

[T]echniques are most often perceived and evaluated in terms of pragmatic value, that is to say, by 

focusing on their productive potential (efficiency, cost, field of validity). But they have also an 

epistemic value, as they contribute to the understanding of the objects they involve, thus techniques 

are a source of questions about mathematical knowledge (Artigue, 2002, p. 248). 

A rich DT mathematical task, then, should be designed to go beyond routine methods with 

“praxis for pragmatic value and logos for epistemic value” (Leung & Bolite-Frant, 2015, p. 199). 

Hence, goes beyond the routine was also taken into account as one of the major factors in TRF 

and was scored with a 0-4 scale under the following criteria (Table 3.9). 

Table 3.9: Criteria for Scores for Goes beyond Routine Methods 

Principle Score Criteria 

Goes beyond routine 

methods 

0 Students solve standard problems with standard 

methods 

 1 The task provides very limited opportunities to 

work beyond solving standard problems  

 2 Students work beyond standard problems but are 

clearly directed in a step-by-step manner to 

discover new methods 

 3 The task allows students to discover new 

methods themselves with limited direction 

 4 The task encourages students to discover new 

methods themselves with no direction 

 

In scoring the tasks for this factor, it was considered how well the tasks guided the students to 

work beyond solving standard problems and to discover new methods with limited or no 

directions in the task.  

 Encourages student investigation 

A rich task should encourage students to investigate mathematical ideas, either individually or 

in groups. Ideally, students would work with the DT on the task on their own with a teacher’s 

guidance whenever necessary. Therefore, the task needs to be designed to give an opportunity 

for the students to do personal investigation. Hence, considering student investigation is the fifth 
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factor of TRF and it was scored with a 0-5 scale, since encouraging student investigation was 

considered one of the most important factors of a rich task. The highest score of 5/5 was awarded 

for the tasks encouraging students to engage in open investigations without task directions.  The 

criteria for each score are illustrated in Table 3.10. 

Table 3.10: Criteria for Scores for Encourages Student Investigation 

Principle Score Criteria 

Encourages student 

investigation 

0 Very task directed with no room for students to 

investigate 

 1 Students do very little investigation with explicit 

task directions 

 2 Students do some investigation with clear 

direction from the instructions in the task 

 3 Students are allowed to engage in investigation 

by following explicit directions from the task 

provided  

 4 Students are encouraged to follow guidelines 

provided and engage in some undirected 

investigation. Implicit task directions 

 5 Students engage in ‘open’ investigation without 

task direction  

 Has multi-representational aspects 

Conceptual processes and objects of mathematics can be represented in different yet associated 

ways (Kaput, 1987). Kaput (1987) described representation as involving two related, but 

functionally separated entities. One of them is a sign for a mathematical object (Even & Schwarz, 

2003) and the other representation is “an organization of cognitive structures that make 

individuals able to perform the various kinds of knowledge activity” (Duval, 2006, p. 104). 

These two representations and the correspondence between them creates a mathematical 

representation system (Bennett, 1990).  

Since mathematical concepts are abstract, using different representations is the only way to learn 

them  (Pierce, Stacey, Wander, & Ball, 2011). Thus, the idea of multiple representation is widely 

used by researchers and teachers.  For an example, Thomas (2008) claims that “[t]he meaning 

attributed to mathematical concepts is constructed from properties distribute across a number of 

symbols in different representational systems” (p. 11). Therefore it is essential to link different 

representations in order to develop mathematical concepts (ibid). In linking different 
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representation the use of DT plays a vital role. Some research including Kendal and Stacey 

(2001), Pierce and Stacey (2001) and Pierce et al. (2011) showed that students can easily observe 

multiple representations when they use DT such as CAS.    

Using DT in the mathematics classroom has the potential to help students observe different 

representations simultaneously and dynamically engage with mathematics (Clark-Wilson & 

Timotheus, 2013). New DT tools such as GeoGebra combine three or more external 

representations that Bruner (1966) proposed in his “theory of instruction on the cognitive 

development of children”, namely “enactive representation (action based), iconic representation 

(image based), and symbolic representation (language based)” (Leung & Bolite-Frant, 2015, p. 

197). Different tools encourage different epistemic interactions, therefore teachers should 

consider possible ways in which students interact with the DT tool as they work on the task and 

available resources in the classroom when designing a task. Hence, the consideration of multi-

representational aspects in designing a DT task (Thomas & Lin, 2013) would enrich the quality 

of the task.  

The tasks were scored on a 0-4 scale by considering how many representations were considered 

in the task and how well these representations were linked to achieve its objectives (Table 3.11).   

Table 3.11: Criteria for Scores for Has Multi-representational Aspects 

Principle Score Criteria 

Has multi-

representational aspects 

0 The task is written mostly in one representation 

(eg., algebra or natural language) 

 1 The task may have two representations but there 

is no linking between them  

 2 The task has two or three representations but 

there is no explicit linking 

 3 The task has two, three or more representations 

with some linking between them 

 4 The task has several representations with 

multiple examples of linking  

 Appropriate for students’ instrumental genesis 

Appropriateness of the task for student instrumental genesis is another factor that was taken into 

account in this framework. As Leung and Bolite-Frant (2015) indicate, while using a DT tool to 

work on a task students need to familiarise themselves with the menus, objects and functions of 

the tool. A rich DT mathematical task would therefore provide opportunities for students to 
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familiarise themselves with the tool and hence to use it effectively while solving the task. When 

examining the tasks, consideration was given as to how well the task gave such opportunities for 

students to use commands, menus and functions of GeoGebra to complete the task. Table 3.12 

provides the criteria for each score on a 0-3 scale.  

Table 3.12: Criteria for Scores for Appropriate for Students’ Instrumental Genesis 

Principle Score Criteria 

Appropriate for students’ 

instrumental genesis 

0 No documented evidence of student use of DT in 

the task 

 1 Implied use of basic DT commands required, 

e.g., entry of functions or use of menus 

 2 Students have opportunity to use some further 

appropriate DT commands and facilities in the 

task beyond basic inputs 

 3 Students are encouraged to use a range of 

appropriate DT commands and facilities that are 

necessary to complete the task  

 Provides opportunity for instrumental feedback 

When students work on the task with a tool, their work will be shaped by the feedback they 

receive from the tool and the responses it provides (Kieran & Drijvers, 2006). In chapter six of 

the book ‘Task design in mathematics education’, Leung and Bolite-Frant (2015) claim that 

“tool-based tasks can be designed to create didactical situations in which students need to 

construct mathematical knowledge” (p. 198) addressed in the task. This knowledge, in the theory 

of Didactical Situations (Brousseau, 1997), happens when students receive feedback from the 

milieu and then respond to it (Leung & Bolite-Frant, 2015). In this context, the “milieu is 

considered as a space of learning constituted by didactical variables” (p. 198) where a didactical 

variable is “a pedagogical parameter that opens a dimension in which students engage in 

epistemic interaction and which takes on different values depending on student responses to 

feedback” (ibid, p. 198). 

Thus, learning takes place through interaction with the tool via feedback from the instrument 

and the student responses to the feedback. Therefore, it is important to design DT tasks to provide 

opportunities for instrumental feedback and hence tasks were scored with a 0-3 scale on this, 

taking the criteria in Table 3.13 into account.  
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If DT use was not present in the task then it was scored with a zero, while a task providing 

dynamic feedback that was also clearly related to mathematical ideas was assigned a 3 for 

providing opportunity for instrumental feedback.  

Table 3.13: Criteria for Scores for Provides Opportunity for Instrumental Feedback 

Principle Score Criteria 

Provides opportunity for 

instrumental feedback 

0 Not present in the task 

 1 Feedback is limited to the results of calculations 

or outcomes of commands such as drawing a 

graph 

 2 Feedback is mostly static but may be related to 

mathematical ideas 

 3 Feedback is dynamic and clearly related to 

mathematical constructs 

 Integration of DT and by-hand techniques 

Tool-based instruments have the potential for both pragmatic and epistemic value, and this 

potential can be used in designing a rich DT task (Thomas & Lin, 2013). Findings of the study 

of Kieran and Drijvers (2006) reported that CAS techniques combined with paper and pencil 

work in a task provides increased opportunity for students to develop their mathematical 

thinking. Thus, integrating DT work and paper and pencil work was considered another 

important feature of a rich DT task and hence a score from 0-3 scale was assigned to each task 

and Table 3.14 provides the criteria for each score. 

Table 3.14: Criteria for Scores for Integration of DT and By-hand Techniques 

Principle Score Criteria 

Integration of DT and 

by-hand techniques 

0 Task contains no DT or by-hand work 

 1 Both DT and by-hand techniques are presented 

but they are not explicitly related to each other 

 2 Both DT and by-hand techniques are an integral 

part of the task and there is some appropriate 

integration 

 3 Both DT and by-hand techniques are essential to 

the task and it is necessary to integrate them to 

complete the task and to understand the 

mathematical ideas addressed in it 
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If a task contained either DT techniques or by-hand techniques then only a zero was assigned to 

it. When both DT and by-hand techniques were presented in a task a 1, 2 or 3 was assigned based 

on how well both by-hand and DT techniques were integrated. 

 Aims for generalisation 

Guiding students to aim for a generalization (Fahlgren & Brunstrom, 2014; Kieran & Drijvers, 

2006; Thomas & Lin, 2013) based on the results of the task was another main aspect required to 

be considered when designing a DT task. Through the use of DT, students can observe patterns 

and then can think about a general situation by drawing up conjectures. In turn, they could be 

led to think about proving the conjectures and even developing a mathematical theory (which 

need not be original). Teachers, mathematics educators and mathematicians would concur that 

“it is important for students to generalise and justify” (Knott et al., 2013, p. 605). In line with 

their claim, Mason et al. (2005)’s highlighted that “[a] lesson without learners having the 

opportunity to express a generality is not a mathematics lesson” (p. ix). Hence, aiming for 

generalisation was considered as one of the most important factors in this study and was scored 

with a 0-5 scale. A task was considered best in aiming for generalisation if it provided 

opportunities for, and actively encouraged, generalisation of two or more mathematical results 

that were appropriate for the target group of students without task direction. Criteria for each 

score are presented in Table 3.15 below.  

 Students think about proof 

After encouraging students to generalise some new and appropriate mathematical ideas, a task 

could be improved further by assisting students to think about proofs of the mathematical ideas 

addressed in the task (Thomas & Lin, 2013). Thinking about proofs of mathematical ideas by 

itself would lead students to think mathematically; hence, this factor was considered very 

important and so was scored on a 0-4 scale. The criteria for scoring are discussed below and are 

given in Table 3.16. 

  



Chapter 3  Methodology 

78 

 

Table 3.15:   Criteria for Scores for Aims for Generalisation 

Principle Score Criteria 

Aims for generalisation 0 There is no attempt at generalisation of results 

for some standard problems 

 1 There is a directed attempt at generalisation of 

the results to a standard mathematical idea that 

forms part of prior knowledge 

 2 There is a directed attempt at generalisation of 

the results to a standard mathematical idea that is 

not part of prior knowledge 

 3 There is an opportunity for an attempt at 

generalisation of a new mathematical idea that is 

appropriate for the target group of students but 

with direction from the task 

 4 An attempt at generalisation of a new 

mathematical idea that is appropriate for the 

target group of students is encouraged with 

minimal task direction 

 5 The task provides opportunities for, and actively 

encourages, generalisation without task direction 

of two or more mathematical results that are 

appropriate for the target group of students  

  

Table 3.16:   Criteria for Scores for Students Think about Proof 

Principle Score Criteria 

Students think about 

proof 

0 No evidence for students to think about proof 

 1 Very little encouragement to think about a proof 

 2 Students have the opportunity to think about a 

proof of a basic mathematical idea or to think 

about justifying their results to others 

 3 Students are encouraged to think about a proof 

and are given task directions to follow or are 

asked to fully justify their results to others 

 4 Students encouraged to write or present an 

appropriate proof or proofs without task 

directions   
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 Develop mathematical theory 

The last factor discussed under the TRF is the idea of developing mathematical theory. If a DT 

mathematical task can be designed to encourage students to develop a mathematical theory 

themselves, then such a task could be designated as richer (Thomas & Lin, 2013). However, it 

might not be possible for students to develop a mathematical theory in every task, even given 

that this would not be expected to be original. Hence, this was considered to be an important 

factor in designing a task and was scored on a 0-3 scale. The criteria for evaluating tasks under 

this factor are provided in Table 3.17, followed by a brief explanation.  

Table 3.17: Criteria for Scores for Develop Mathematical Theory 

Principle Score Criteria 

Develop mathematical 

theory 

0 No theory present 

 1 Little or no opportunity to develop mathematical 

theory  

 2 Students are encouraged to think about 

appropriate mathematical theory with direction  

 3 Students are encouraged to develop and write 

down mathematical theory without being closely 

directed 

 

The Task Richness Framework with the twelve factors outlined above was developed and used 

to examine the pre- and post-professional development intervention tasks that each group 

designed. To understand how orientations including confidence, attitude and values either assist 

or inhibit teachers in developing those tasks, the two Likert-style scales were then analysed. The 

methods of analysing the responses for the Likert-style attitude scale are now presented in 

Section 3.5. 

3.5 Analysing Likert-style attitude scales 

Both questionnaires that teachers responded to at the beginning and end of the process of data 

collection contained a Likert-style scale. Questions (Likert items) for the following five 

subscales were produced: confidence in teaching (CTM); confidence in using DT (CUDT); value 

of DT in mathematics teaching/learning (VDT); attitudes toward teaching with DT (ATDT); and 

confidence in task design with DT (CTD). These subscales were employed to help understand 
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how these teacher factors might influence the DT task design process. Both CTM and CTD 

comprised five questions each, while the other three subscales consisted of six questions each.  

In order to test the internal consistency of the items in each subscale, Cronbach’s alpha was 

calculated for them. The results (see Table 3.18) showed an acceptable internal consistency for 

exploratory research of around 0.7 for each subscale (George & Mallery, 2003). 

Table 3.18: Cronbach’s alpha calculated for each sub-scale  

Sub-scale factor Cronbach’s alpha 

Confidence in Teaching Mathematics (CTM) 0.71 

Confidence in using DT (CUDT) 0.70 

Value of Mathematics in Teaching/Learning 

(VDT) 
0.70 

Attitudes to Teaching with DT 0.71 

Confidence in Task Design with DT (CTD) 0.70 

 

The Likert-style scale used in this study was a five-point scale. The five points were: strongly 

agree; agree; neutral; disagree and strongly disagree. Each of these five responses was quantified 

using 5, 4, 3, 2 and 1 respectively, while the negative items were reverse scored. When analysing 

the Likert-style scales the Pearson mean substitution method (PMS) (Downey & King, 1998) 

was used for imputation as there were just a few items (7 items; that is, 5 items from the first 

questionnaire and 2 items from the second questionnaire) missing data where the teachers 

omitted questions when answering.  

Since the unit of analysis of this research was a group of teachers as a single case, the interest 

was in identifying the changes of the group orientations before and after the PD intervention. 

Hence, while the total value of the responses of a single teacher for each item of a subscale was 

calculated, the scores of all three teachers in a group were aggregated to provide a single value 

each for each subscale per group per questionnaire. These aggregated group values for each 

subscale for the pre- and the post-questionnaire, together with the richness metric for the tasks 

were calculated. These values, before and after the intervention, were then scaled out of 46 and 

plotted in a graph in order to make a clear comparison with the changes in richness of the tasks. 

In addition, the highest group score on each subscale was also used to identify the extent to 

which these affective factors may have influenced the design of a richer task. The results of these 

are discussed in detail in Section 5.2.  
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In addition to the quantitative analysis, this study incorporated qualitative methods to analyse 

data compiled from interviews, observations and video recordings. These methods are discussed 

below. 

3.6 Analysis of Qualitative Data 

This research used both qualitative and quantitative methods of data analysis. To enable the 

validity and the consistency of the analysis discussed in Chapters 4 and 5 with data gathered 

from audio and video recordings and researcher observations, the latter were translated into 

English and then transcribed and coded. In transcribing the symbol ‘..’ was used for a pause of 

less than 3 seconds and the symbol ‘…’ was used for missing words or phrases. Before the start 

of translation, all videos were watched and the videos with rich information that connected to 

the research questions were sorted. The videos identified for each group together with audio 

recordings of interviews were then translated, transcribed and coded. The research questions and 

theoretical framework, MPTK, were considered in compiling analysis codes. Hence, codes were 

produced for MKT, IG, orientations and group dynamics (see Appendix 14 for the detailed table 

of codes). Four different colours were used for these four main factors in coding: blue for IG; 

green for MKT, orange for orientations; and purple for group dynamics. To illustrate the codes 

used for each factor, the example of Mathematical Knowledge for Teaching (MKT) is described 

here. MKT comprised four domains: Common Content Knowledge (CCK), Specialised Content 

Knowledge (SCK), Knowledge of Content and Students (KCS) and Knowledge of Content and 

Teaching (KCT) (D. L. Ball et al., 2006). When coding for MKT, both CCK and SCK were 

considered together with Knowledge at the mathematical horizon (D. L. Ball et al., 2008) under 

Mathematical Content Knowledge (Subject Matter Knowledge) and five codes were set 

covering:  

• Teacher knowledge of mathematical content in the curriculum; 

• Teacher consideration of key points of the task;  

• Teacher knowledge of mathematical concepts; 

• Teacher knowledge of correct technical terms and symbols; and 

• Teacher understanding of the topic within the span of the wider curriculum. 
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Eleven coded aspects were produced for Pedagogical Content Knowledge (PCK), six for 

Knowledge of Content and Teaching (KCC) and five for Knowledge of Content and Students 

(KCS). The six codes set for pedagogical consideration on teaching mathematics were: 

• Teacher knowledge needed for pedagogical techniques to teach mathematical ideas 

(MKTPCKPT);  

• Pedagogical understanding of the sequence of directions to give (MKTPCKSD); 

• Classroom teaching strategies to be taken to overcome potential students’ difficulties 

(critical points) (MKTPCKCP); 

• Making ad hoc decisions during the lesson (MKTPCKAD); 

• Teacher concern about how to connect GeoGebra constructs with mathematics 

(MKTPCKGCM); 

• Teacher concerns about managing available resources including time 

(MKTPCKMNR); 

The five codes for KCS can be listed as follows: 

• Demonstrates teacher concern about the development of students’ mathematical 

understanding (MKTSM); 

• Teacher concerns about difficulties students may face when working on the task, 

including their misconceptions (difficult points) (MKTDP); 

• Awareness of students’ prior mathematical knowledge (MKTPK); 

• Awareness of students’ level of mathematical understanding (MKTLU); 

• Concerns about students’ thinking (MKTST). 

Four of the six codes for IG with an example for each code are given in Table 3.19. 

The transcripts were read carefully to identify data that met these codes (See Appendix 14 for 

details of all codes). As expected, while reading the transcripts some other aspects requiring 

codes were also identified for points pertaining to the study that were not defined at the 

beginning. To illustrate, when reading the transcripts it was noted that teachers were concerned 

when designing the task about the time available to implement it. In addition, when planning the 
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lesson, they also paid attention to available resources, such as the number of computers and other 

facilities, and how to show one student’s work to the class. Hence, since it was an important 

factor to be considered in the analysis, a new code MKTPCKMR was defined as “teacher 

consideration about managing available resources including time”. To validate the assignment 

of the codes to the data, the researcher and two experienced mathematics educators coded a 

transcript of a video of one group’s task design process individually and then met together in 

order to discuss any discrepancies in the allocation of codes and to reach an agreement. However, 

there were not many differences found among the coding of three researchers. The explanations 

of the researcher who conducted the data collection based on her observations helped them to 

come to agreement.  

Table 3.19: A Part of Codes and Their Descriptions with Examples 

Code Name Description Example 

IGOSS Instrumental 

genesis of 

objects and their 

relationship in 

the environment 

Technical aspects 

of setting up 

objects in the DT 

environment 

 

A3: No, slider didn’t appear. Slider. 

No. Select this. We may need to do 

something. There may be another 

option for this.  

A2:  Right click on this and see. That 

graph. 

A1:  Ah here it is. 

IGOSM  Knowing content 

of menus and 

available objects 

or commands 

C3:  Ok let’s see.  

C2:  Let’s click on create sliders. 

C3:  Ah yes that’s what, we have to 

click on create sliders. 

C2:  Yes 

IGEVF Instrumental 

genesis of object 

entry 

Command line 

syntax for 

entering variables 

and functions 

A1:  Ah no. Ashoka (Pseudonym for 

A3) here they take the square of ax 

I guess. 

A3:  Oh, I see. 

A1:  We need to type * for the 

multiplication, I guess. 

A3: Yes, it must be. Yes, yes, yes. I 

think so. 

A1: Yes, it is. That’s what happened. 

That’s why we got numbers like 

25.  

A3: Yes, so we have to type that syntax. 

Haven’t we? Yes. Otherwise we 

can’t get such big values. 

 

Once the transcripts were coded they were used to consider how teacher factors such as MKT, 

instrumental genesis and group dynamics may have influenced task design. One of the 
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hypotheses of this research was that a PD intervention can have a positive influence on task 

design by mathematics teachers. Hence, the coded data were carefully analysed to identify 

whether the PD intervention had influenced the designs and, if so, how. Results of this analysis 

are discussed in Section 5.1.  

3.7 Summary 

This methodology chapter has presented the research design of the study including the relevance 

of the data collection methodology in answering the research questions. Then methods of data 

collection were elaborated upon, with an explanation of the suitability of the methods to collect 

rich data. In order to understand the results it is helpful to be familiar with the participants of the 

research. Thus, Section 3.3 provided details about the participants, procedure and the time frame 

of the data collection process. The theoretical framework, Task Richness Framework (TRF), 

which was developed based on existing literature, was then presented with a detailed explanation 

of the criteria for each score of each factor. Finally, both the quantitative and qualitative methods 

of data analysis that were incorporated in the study were explained with a few examples. The 

next chapter will present the tasks designed by each group, before and after the PD intervention 

and how each task was examined using the TRF. 
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Digital Technology Algebra Tasks Designed by 

the Groups 

This chapter presents the first part of the results of the study that is examining the tasks designed 

by four groups of teachers. Each group designed at least two tasks, one before the intervention 

and one or more modified tasks after the intervention. These groups were free to choose an 

algebra topic from the Advanced Level mathematics syllabus (preferably from the Grade 12 

content) from which to design a task. Out of the four groups, three chose graphs of quadratic 

functions and one chose domain and range of functions. All groups wrote their tasks manually 

at the task development stage. Then, Groups B, C and D provided a printed version of the final 

task for the students while Group A conducted the lesson with verbal instructions instead of 

distributing a printed task. The tasks designed by each group are discussed below.  

4.1 Group A 

The teachers in Group A were from the Central Province. As seen in the demographics in Table 

4.1, two of the Group A teachers were relatively experienced and the third teacher had less than 

five years’ experience. These male teachers had at least a BSc degree comprising a substantial 

mathematics component. They all had no experience in using DT to teach mathematics and none 

of the teachers had ever previously constructed a DT task in mathematics. Group A chose graphs 

of quadratic functions with GeoGebra as their choice of DT and the two tasks they designed are 

discussed below. 

Table 4.1: Teacher Demographics of Group A 

Teacher Gender Age Mathematics 

Qualifications 

Years of 

Teaching 

Use of DT in 

Teaching 

Kasun (A1) M 31-40 BSc, PGDE 10-15 Never 

Ushan (A2) M 31-40 BSc <5 Never 

Ashoka (A3) M 31-40 BSc, PGDE 10-15 Never 
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4.1.1 Tasks designed by Group A   

Group A’s task, constructed prior to the researcher intervention, used GeoGebra to consider the 

effect of the sign of a on the graph of quadratic functions of the form 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 (see 

Figure 4.1). This initial task did not mention what DT students should use to complete it, but it 

did ask the students to define sliders, which implied use of GeoGebra, the software they had 

been introduced to. Although they intended sliders to be used for a, b and c, it was noted that 

they provided six sets of discrete values for the coefficients a, b and c, three with a =1 (> 0) and 

three with a = –1 (< 0). Students were guided to check the variations of the graphs with the sign 

of a. The task concluded with the words ‘Explain the observation’, which was somewhat broad 

and, more importantly, no space was given for students to present their observations and interpret 

them. Instead, they were merely asked to produce a conclusion. It was not clear whether or not 

the teachers used the word ‘conclude’ in the sense of wanting students to interpret their results. 

𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐  

Define the slider a, b, c 

Check the variation of the graph according to the variation of a 

Observe shape of the graph  (i) 𝑎 > 0  

      (ii) 𝑎 < 0 

𝐷 = 𝑏2 − 4𝑎𝑐 

Check the shape of the graph under the following conditions 

𝑎 > 0 

𝑎 = 1, 𝑏 = −4, 𝑐 = 6 

𝑎 = 1, 𝑏 = −4, 𝑐 = 4 

𝑎 = 1, 𝑏 = −4, 𝑐 = 2 

𝑎 < 0 

𝑎 = −1, 𝑏 = −4, 𝑐 = −6 

𝑎 = −1, 𝑏 = −4, 𝑐 = −4 

𝑎 = −1, 𝑏 = −4, 𝑐 = −2 

Explain the observation. 

Conclude. 

Figure 4.1: Group A's initial task. 

After the intervention, the role of a in the shape of the graphs was again considered in the group’s 

second task, but this focused more on the sign of the discriminant 𝐷 = 𝑏2 − 4𝑎𝑐 and its effect, 

as can be seen from Figure 4.2. One major addition to this group’s task after the intervention 

concerned incorporating by-hand techniques. After being informed during the intervention that 

integrating by-hand work is one of the suggested features of a rich DT task, they carefully tried 
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to include paper and pencil work in the second task. As mentioned in the following conversation, 

the teachers valued integrating paper and pencil work with DT. For example, Ashoka (A3) said 

he wondered how much they could use DT in the task and asked “[do they] need to use DT 100% 

in the task? Or where can we integrate it? I think, I believe that if we use DT 100% then this 

would not work very well”. Supporting his idea, Kasun (A1) said “we have a more positive view, 

hearing that we can use paper and pencil work as well”.   

7.  A3 And one more thing is we had a problem how much we have to use this technology. 

We had that problem from the beginning, to be honest. Whether we need to use DT 

100% in this task. Or where can we integrate it? I think I believe that if we use DT 

100% then this would not work very well. Then it won’t be a success. That is 

something that I personally believe. I think in this task we came to a point that DT 

can be used for the place where it is necessary. Now it’s sort of a mix of students’ 

paper and pencil work, traditional teaching method and also DT use.  

8. A1 We have a more positive view, hearing that we can use paper and pencil work as 

well. [At PD] Didn’t we? 

9.  A3 Yes, yes, yes. I still, still have that thought. Whatever in other subjects but in 

mathematics, you can’t learn by keeping paper and pencil work away. 

In the second task, the teachers mentioned GeoGebra as the DT that students needed to use, 

which guided them to produce different graphs as the values of a, b, and c varied. However, it 

was not clear whether students were expected to use sliders to get the different graphs or draw 

different graphs using input functions. Evidence for this is seen in the third instruction (Figure 

4.2), where students were asked to ‘draw the graphs for different values of a, b and c’. Linking 

this with the previous instructions to use sliders suggests that they were intending students to get 

‘different graphs for different values of a, b and c using sliders’, which would have been clearer 

wording for students. In two places the teachers’ task guided students to identify and state the 

behaviour of the graph but gave no room to interpret ‘why’ and, in the table, only the case when 

∆< 0 and 𝑎 > 0 was considered, hence missing the case when ∆< 0 and 𝑎 < 0. In other words, 

a column for ‘placing the graph below the x-axis’ was missing from the table. However, the task 

guided students to fill in the table and obtain the results, which shows that two of the teachers 

were thinking about students’ understanding and the difficult points. Apart from this, students 

were led to the correct function by being provided with the formula that they would obtain by 

completing the square. Analysis confirmed that the second task was an improved version of the 

first task. To understand the details of this improvement, each task was examined for its richness 
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using the 12 factors of the Task Richness Framework (TRF). This analysis is discussed in the 

next section. 

Quadratic functions 

There is a function as 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 

1. Insert this in GeoGebra. 

2. Define a, b, c as sliders 

3. Draw the graphs for different values of a, b and c when 𝑎 ≠ 0 

4. Identify and state the behaviour of the graph with the sign of “a”: when a is positive and negative. 

5. Rearrange 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 using completing the square method. 

        𝑦 = 𝑎 (𝑥 +
𝑏

2𝑎
)

2

−
𝑏2−4𝑎𝑐

4𝑎
  

6. Insert 𝐷 = 𝑏2 − 4𝑎𝑐 

7. Fill the following table 

a b c D sits above 

the x-axis 

touches the x-

axis 

cuts the x-

axis 

   + - 0    

         

         

8. Observe and state how the behaviour of the graph of y depends on the values (+, –, 0) of a and D. 

Figure 4.2: Group A's second task. 

4.1.2 Examining the richness of the two tasks 

The richness of the two tasks discussed above was examined using the twelve principles as 

factors and each was scored using the richness metric by the researcher and the educator 

mentioned in the Section 3.4. It can be observed from Table 4.2 that the scores of seven of the 

factors have increased in the second task. One of these was whether the task focused on 

mathematical ideas. The only mathematical idea addressed in the first task was ‘the variation of 

the graph of the quadratic function with a’ which mainly focused on prior knowledge. Therefore, 

it was scored only 2 whereas the second task was scored as 4, since the modified task focused 

on more mathematical ideas such as: the definition of quadratic function; the effect of a; 

completing the square; the discriminant; and the roots of quadratics, each of which was 

appropriate for the grade (year). According to the lesson plan the teachers wrote at the end of 

modifying the task and before the implementation (see Figure 4.3), the teacher implementing the 

task would define a quadratic function at the beginning of the lesson. Students would then be 

expected to observe and identify the effect of a on the graph. The task also guided students to 

use the method of completing the square to rearrange the function, observe the graphs and to use 
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the sign of the discriminant to identify its effect on the relative position of the graph. However, 

without prior explanation, the word discriminant was replaced in the task with the symbol Δ.  

Plan of the lesson 

 

Approach: Students will be divided into groups of two. 

  Teacher defines what a quadratic function is.  

𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐; 𝑎, 𝑏, 𝑐 ∈ ℝ, 𝑎 ≠ 0 

Development of the lesson:  

 

Figure 4.3: Part of the lesson plan for Group A’s second task. 

There were very few technical words in the first task that students were expected to understand 

without support from the teacher, but these included words like ‘variation’ and ‘shape’. Hence, 

this aspect was scored as 1 given there was very little mathematical language appropriate for the 

students and limited explanations were used in the task. On the other hand, more technical words, 

such as behaviour, positive, negative, completing the square, touches and cuts, along with 

symbols, such as 𝑎 ≠ 0 can be noticed in the second task. This was scored 2 for consideration 

of the role of language and discourse. 

Both tasks were scored with 3 for students’ written interpretations and reflections as students 

were supposed to interpret and reflect on their findings but in a limited way. For instance, in the 

first approach, students were simply asked to observe the six graphs and provide a conclusion. 

In the second approach, students were guided to observe dynamically the graphs and then fill in 

the table in order to understand how the behaviour of the graph related to a and the discriminant. 

However, both tasks failed to provide students with an opportunity to interpret and reflect on the 

outcomes or to justify their findings.  

The second task, however, provided greater opportunity for students to go beyond routine 

methods as they were expected to observe the graphs and identify the behaviour from the limited 

directions provided in the task. In contrast, the students in the first task were directed such that 

they only identified the effect of a on the graph. Thus, the first task was scored as 2 for going 

beyond the routine method and the second task was scored 3. It failed to score more because the 

task was not connected to the relationship between the discriminant and the number of zeros.  
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Table 4.2: The Framework Assessing the Richness of Group A's Tasks 

Principles of Rich 

Tasks 

First Task Second Task 

Evidence Score  Evidence Score  

Focuses on 

mathematical ideas, 

e.g. epistemological 

Obstacles 

Implicit. For a function 

𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 effect 

of a on the shape of the 

graph. 

2 Define quadratic 

function, completing the 

square, discriminant, 

roots of quadratics, effect 

of a and ∆ on the graph 

of the function  

4 

Considers the role of 

language & discourse 

Words such as variation 

and shape were used and 

aimed at the students. 

1 Some words used instead 

of mathematical 

symbols. Uses words 

like: Compares, Touches 

and cuts, behaviour, 

completing the square 

were aimed at the 

students. 

2 

Students written 

interpretations and 

reflections 

Explain the observation 

and conclude 
3 State the behaviour of 

the graph with the sign of 

a and D 

3 

Goes beyond routine 

methods 

Limited; looks at the role 

of a 
2 Identifies behaviour; 

observes how the graph 

depends on a and D with 

limited directions given 

in the task 

3 

Encourages student 

investigation 

Closely guided, limited 

investigation 
2 Provides a table to be 

completed after student 

investigation  

4 

Has multi-

representational 

aspects 

Explicit: involves 

numbers and algebra 

linked to graphs 

3 Explicit: links numbers 

and algebra to graphs  

3 

Appropriate for 

student instrumental 

genesis 

Good. No instructions on 

function entry needed. 

‘Define the slider’ 

sufficient for students. 

2 Good. No instructions on 

function entry needed. 

‘Define the slider’ 

sufficient. Independent 

slider use. 

2 

Provides opportunity 

for instrumental 

feedback 

Asks students to observe 

the graph’s concavity 

and shape and make a 

conclusion related to a. 

2 Asks students to observe 

the graph’s concavity 

and relative position to 

axes and relate to a and 

D. 

3 

Integration of DT 

and by-hand 

techniques 

No by-hand work 0 Completing the square 

by hand. Graphing by 

DT and use the graphs to 

complete table.  

2 

Aims for 

generalisation 

Aim to generalise a>0 

and a<0. The 

discriminant formula 

given but not used. 

1 Good. Guides to get the 

relationship between the 

relative position of the 

3 



Chapter 4  Digital Technology Algebra Tasks Designed by the Groups 

91 

 

graph depends on a and 

discriminant D 

Students think about 

proof 

No evidence 0 Not present 0 

Develops 

mathematical theory 

No evidence 0 Not present 0 

Total  18/46  29/46 

 

The modified task guided students to carry out an investigation by completing the table based 

on the graphs and the value of the discriminant that appeared on the algebra view of GeoGebra. 

Students were expected to rearrange the function using the algebraic method of completing the 

square and then fill in the values in the table by observing the graph of the function and the 

corresponding value of the discriminant. In this way, this task encouraged students to carry out 

the investigation by following the guidelines presented. This was scored with a 4 for encourages 

student investigation, while the first task was assigned a 2 since students were closely guided to 

do some investigation through instructions given in the task. The first task related the graphs to 

quadratic functions and asked students to observe the effect of the variation of 𝑎 on the six 

graphs.  

Both tasks comprised three multi-representational aspects, namely numbers, algebra and graphs 

(apart from natural language), with some explicit links between them to be observed in each 

task. For example, the first task linked graphs with the value of a in order to help students 

understand the relationship between the concavity of the graph and the sign of a. In the second 

task, the students were further asked to observe the relative position on the x-axis of the graph 

and relate it to the value of the discriminant. Hence, each task was scored as a 3. Neither of them 

reached a 4, the maximum score, since they could have been improved by including multiple 

examples of linking among the representations. Further, it was noticed during the classroom 

implementation that students were good at using multi-representational aspects in the task 

(Figure 4.4). They changed the sliders to draw different graphs and filled in the table by 

observing the graph and the value of the discriminant. 

The seventh factor, the appropriateness of the task to students’ IG, was good in both tasks. It 

was expected that students would enter the equations using the input bar and then create sliders 

and so each scored 2 for appropriate for students’ instrumental genesis. Students improved their 

instrumental genesis through an understanding of the menu content and through use of available 

objects and commands. For example, video recordings and transcripts of researcher observations 
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provided evidence for student use of a mouse to zoom in and zoom out of the graphs, without 

the teacher’s support, during the classroom implementation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.4: Students’ use of multi-representational aspects. 

The group’s initial task provided an opportunity for instrumental feedback by allowing students 

to observe the graphs and relate the concavity of the six static graphs provided with the value of 

a, thus scoring a 2 for the eighth factor provides opportunity for instrumental feedback. 

However, the second task provided the opportunity to get many more graphs by changing the 

setting of sliders for the coefficients. This improved the opportunity to understand the 

relationship between the sign of a and the concavity of the graph as well as the sign of the 

discriminant and the relative position of the graph on the x-axis. Hence, this modified task scored 

3. 

Surprisingly, no by-hand work was included in the initial task, and hence it was awarded a zero 

for the ninth factor, integration of DT and by-hand techniques. However, the second task showed 

the improved integration of DT and by-hand techniques. For instance, GeoGebra was used to 

get different graphs for different values of the parameters a, b, c and then paper and pencil work 

was used to rearrange the function employing completing the square and to fill in values in the 

table. The second task was awarded a 2 for integration of DT and by-hand techniques since, 

although both techniques were integrated, they were not necessarily needed to finish the task 

and to understand the mathematical ideas addressed in it. For example, the rearranged form of 
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the general function was not used to understand any mathematical idea addressed in the task, 

with only the discriminant used instead. 

Although both tasks provided opportunities for generalisation, the second task was aimed at 

mathematical ideas that were new for the students. They were expected to identify how the graph 

of the quadratic function depends on the discriminant, as well as on 𝑎 whereas for the first task 

only a was used for the generalisation and it mostly focused on prior knowledge. Although the 

discriminant is given in the first task, there is no indication how to connect that with 

mathematical ideas. For instance, it is not clear whether students were required to calculate the 

discriminant and/or to link the value/sign of the discriminant with the relative position of the 

graph. Therefore, the first task scored 1, while the second task was scored with 3 for including 

generalisations. 

Neither of the tasks guided students to think about a mathematical proof or to develop a 

mathematical theory. 

4.1.3 Quantitative analysis of examining the two tasks 

In analysing these tasks according to the variables in the Task Richness Framework it can be 

seen in Table 4.2 that the richness of this second iteration of the task gives 29/46 while the 

richness metric for task 1 gives 18/46. A paired sample t-test can be used to compare the means 

of the sample scores obtained before and after a test (experiment) or to compare two samples 

when observations of one sample can be paired with the observations of the other sample. In this 

research, since two tasks were designed by each group before and after the intervention, the 

scores based on the framework could be examined. Hence, a paired sample one-tailed t-test was 

used to determine any significant change in the richness of the tasks. Here, the scores for each 

of the twelve factors for the initial and final tasks were paired. The one-tailed t-test was 

appropriate here since the intervention PD was designed to improve teachers’ work on task 

development. The results of the paired sample t-test provide evidence that there was a significant 

improvement at the 0.005 level (𝑡 = 1.796, 𝑝(𝑇 ≤ 𝑡) = 0.0024) in the richness of the task as 

measured by the framework. In summary, after the PD intervention, Group A significantly 

improved the quality of their DT task. It appears that the approach employed in the PD 

intervention proved beneficial for Group A’s ability to design a rich DT mathematical task.  
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4.2 Group B 

All three participants in Group B were female teachers from the Western province and the two 

who were less experienced in teaching mathematics (<5 years) worked in one school, while the 

third, a more experienced teacher, was from another school. Initially, this group decided to 

implement the task in Nimali’s (B2) class, but later they agreed to try out the modified task with 

Shanika’s (B3) students. The third teacher (Malka-B1) had also previously taught in the same 

school that Nimali and Shanika were working in so she was familiar with the setup of the school 

where the group implemented the tasks. As seen in Table 4.3, all of the teachers had at least a 

BSc degree with a substantial mathematics component, but they had either never used DT in 

teaching or had very limited experience. The responses to questionnaire 1 provide evidence that 

B1 had never used DT in teaching while B2 and B3 just had some experience in using 

PowerPoint presentations in order to provide easier explanations. However, none of them had 

ever previously designed a DT mathematical task.  

Table 4.3: Teacher Demographics of Group B 

 

4.2.1 The tasks designed by Group B 

The mathematical ideas addressed in the tasks designed by Group B were about understanding 

the Domain and range of a function. Functions are one of the topics taught at the beginning of 

Grade 12, which is the first year of Advanced Level study. Since this research was focused on 

DT task development for algebra and this was one of the topics Nimali (B2) was supposed to 

teach when the new school term started, this group decided to choose functions as their main 

topic.  

Initially, they believed that the introduction and definition of a function should be taught using 

traditional methods, as seen here in their discussion during the task design process. 

Teacher 
Gender 

Age Mathematics 

Qualifications 

Years of 

Teaching 

Use of DT in 

Teaching 

Malka (B1) F 41-50 BSc, PGDE 10-15 Never 

Nimali (B2) F 31-40 BSc <5 Sometimes 

Shanika (B3) F 31-40 BSc <5 Rarely 
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1 B1 So how do you normally introduce a function? 

2 B2 Using sets. Like this [drawing two sets]. 

3 B1 Yes, we can even use sets here...[3-second pause] But that is not enough. Is it? 

4 B2 And it would be better to do that part using the board.  

5 B1 Hm. [in agreement]. 

6 B2 The introduction of a function can be done in a day prior to that. I’ll do that.  

7 B1 And then we have a domain, range, etc, etc of a function.  

The group thought they would briefly introduce functions in a traditional manner and decided to 

design a task for domain and range of a function thinking they could use GeoGebra to show 

different graphs that might help students to understand the concepts. Unlike other groups, Group 

B eventually modified the initial task three times after the PD. Thus, they had four tasks in total 

including the initial task. The initial task, that is the task designed before the PD, is examined 

and Figure 4.5 shows this first task. 

It can be seen that this first task appears to be more like a set of teacher notes than a task intended 

for students. The key mathematical idea here was to understand the concepts of the domain and 

range of a function, starting with linear functions, and then moving to quadratic and cubic 

functions. As mentioned in the post-intervention discussion, the teachers extended the examples 

beyond polynomials to rational functions because they expected their students to understand the 

domain of rational functions by considering the function in the denominator. As Shanika (B3) 

highlighted: “There are places that it does not exist. Say 
1

𝑥
, then it does not exist at x equals zero”, 

so the teachers expected the students to identify the domain and range of rational functions by a 

careful examination of the functions in the denominator. 

11 B3 Yes, we can. [8 seconds pause] 

12 B3 And the graphs of functions with undefined values. 

13 B1 Here this also. 

14 B3 We can draw 
1

𝑥
. So that we can say it is not defined when 𝑥 = 0. And we can say 

that zero is not included for the domain and range. 

21 B1 So we give all functions. Domain and range of functions. 

22 B3 No, what I meant by ‘existing’ was we ask them to write the domain and the range. 

23 B1 Ah, ok. 
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24 B3 There are places that it does not exist. Say 
1

𝑥
, then it does not exist at 𝑥 = 0. 

25 B2 Ah yes, we can draw 𝑦 =
1

𝑥
. 

26 B3 We can consider such cases like  𝑦 =
1

𝑥−1
. 

27 B2 Yes, we have to discuss these to show that some values don’t belong to domain or 

range. 

 

Draw 𝑦 = 𝑥 

Independent variable/dependent variable 

𝑦 = 𝑚𝑥 

eg.,𝑦 = 2𝑥, 𝑦 = 0.1𝑥,   𝑦 =
1

2
𝑥    - values for x and y 

Values of y when 𝑥 ∈ [−10, 10] 

Explain domain and range  

Drawing 𝑦 = 2𝑥 + 1 (explain domain and range) 

Drawing 𝑦 = 𝑥2 

𝑦 = 𝑎𝑥2 + 𝑏 

Changing b and keeping a fixed. 

Domain, range 

Draw 𝑦 = 𝑥3 

𝑦 = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑 

𝑦 =
1

𝑥
 

𝑦 =
1

𝑥 − 1
 

𝑦 =
1

(𝑥 − 1)(𝑥 − 2)
/

1

𝑥2 − 3𝑥 + 2
 

Give an exercise for students to identify domain and range of the following graphs. (Graphs will 

be given) 

𝑦 = 𝑥2 − 2, 𝑦 = −𝑥2 − 2, 𝑦 =
1

𝑥 − 2
, 𝑦 =

1

1 − 𝑥
, 𝑦 =

1
1 − 𝑥

1
𝑥2 + 5𝑥 + 6

⁄  

Then draw the above graphs using this software and check the answers. 

Figure 4.5: Group B's initial task. 

However, the instructions one would consider necessary for students to understand the domain 

and range of rational functions using graphs cannot be seen in the task. There was some evidence 

that the teachers were anticipating possible student confusion and were suggesting the remedial 

course of action. For example, in this task, students were to be guided by being given 𝑥−1 =
1

𝑥
 

with the intention that if students knew how to enter 𝑥2 then they would probably guess how to 

enter 𝑓(𝑥) =
1

𝑥
  once they knew that 

1

𝑥
= 𝑥−1.  
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Even though the main idea was to design a DT algebra task there was no mention in the task of 

using a DT tool to achieve the goals. For example, the students were supposed to draw the graphs 

but there was no mention of how they might accomplish this. Further, no guidance was given on 

how to identify the domain and range of the functions; rather, they were simply asked to draw 

the graphs of the given functions. At the end of the task, it mentioned that students were guided 

to check their answers ‘using this software’, but it was not clear what software that was. After 

the researcher intervention, the teachers modified the task for the first time and Figure 4.6 shows 

this second task. 

Again, this task is closer to teacher notes than a structured task for students. The task started by 

giving instructions to students, but, after the fourth line, it reverted back to teacher notes. This 

modified task did, however, mention that the teacher would give instructions on how to use 

GeoGebra to draw the graphs, which was not mentioned in the first task. The first exercise was 

set in order to recall prior knowledge on ‘what a function is’ and ‘how to identify a function’. 

Then the idea of domain and range was given along with graphs of different linear functions. 

The task also led students to write the range of a linear function for a given domain. After that, 

the students were expected to find the domain and range of different quadratic functions and 

rational functions. The task guided students to use GeoGebra to find the domain and range of 

rational functions by drawing the graphs. In the case of quadratic functions, it directed students 

simply to use GeoGebra to check the answers found using paper and pencil.  The domain and 

range of the quadratic functions could easily have been done by guiding students to draw the 

graphs using GeoGebra and then identify the domain and range from them since these students 

already knew how to draw quadratic functions. In addition, drawing graphs of quadratic 

functions was not a skill expected in this grade. However, the teachers decided to use GeoGebra 

to draw the graphs of rational functions and higher order polynomials and identify their domain 

and range as the students were not aware how to draw these graphs at this stage. To improve the 

richness of the task based on the factors of Task Richness Framework (TRF), these teachers 

further modified the task (second modification) and the Figure 4.7 gives this third task. 
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Identifying domain and range of a function 

 

Identifying which is a function and which is not from 𝑦 = 𝑥2 𝑎𝑛𝑑 𝑦2 = 𝑥.  (𝑦 = ±√𝑥) 

 (Remind them what a function is and what independent and dependent variables are) 

 (A note) 

Draw the graph of 𝑦 = 𝑥. 

Explain independent and dependent variable by changing a point selected on the line.  

Discuss what points can be taken for x and hence what values will be obtained for y. 

Give instruction to students to draw the graph of 𝑦 = 𝑚𝑥 in a GeoGebra file. 

Guide students to get different values for m; positive, negative and rational numbers and observe 

the x values and corresponding y values. 

m -2 +1/2 

x values   

y values   

   

 

𝑥 [-10, 10] [-10, 10] 

Values for 𝑦   

 

[According to the discussion these intervals were given for the same graphs in the first table]. 

Define the domain and range of a function [give a note for students to write down]. 

Draw the graph of 𝑦 = 2𝑥 + 1 (Domain and range will be discussed here.) 

 

m c 𝑦 = 𝑚𝑥 + 𝑐 Domain Range 

 1  1    

−
2

3
 

-1    

-2 +2    

Check the values in the above table by drawing the graph of 𝑦 = 𝑚𝑥 + 𝑐. 

Discuss the domain and range by guiding students to draw the graph of 𝑦 = 𝑥2. 

𝑦 = 𝑎𝑥2 + 𝑏 

 

a b 𝑦 = 𝑎𝑥2 + 𝑏 Domain  Range 

     

     

Checking the values in the table by drawing the graph of 𝑦 = 𝑎𝑥2 + 𝑏 

Describing domain and the range of graph when changing the values of a and b. 

Guide students to draw the graph of 𝑦 =
1

𝑥
= 𝑥−1 

Explain that y does not exist when 𝑥 = 0 

𝑦 =
1

𝑥 − 1
, 𝑦 =

1

(𝑥 − 1)(𝑥 + 1)
,       𝑦 =

1

𝑥2 − 5𝑥 + 6
 

Identifying the domain and range of graphs of the above three functions by constructing graphs. 

Let students find domain and range for different functions with different degree. 

 

Figure 4.6: The second task of Group B (The first task after PD). 

  

 



Chapter 4  Digital Technology Algebra Tasks Designed by the Groups 

99 

 

 

 

Draw the graph of 𝑦 = 𝑥,  choosing different values that can be taken for y by giving values for x. 

Draw the graph of 𝑦 = 𝑚𝑥. Finding corresponding values of x and y when m is changing  

(+/-/rational numbers). 

 

𝑥 ∈ ℝ 

m 𝑦 = 𝑚𝑥 + 𝑐 Values for x Values for y 

−2    

−
1

2
 

   

Domain of function 

____________________________________________ 

____________________________________________ 

Range of function 

______________________________________________ 

______________________________________________ 

Draw the graph of 𝑦 = 2𝑥 + 1 

 

Fill in the table. 

m c 𝑦 = 𝑚𝑥 + 𝑐 Domain Range 

1 1    

         −
2

3
 

         –1    

         –2         +2    

Compare the values obtained in the above table with the graph of  𝑦 = 𝑚𝑥 + 𝑐. Hence see whether 

the domain or range depends on the values of m and c. 

Identify domain and range by drawing the graph of  𝑦 = 𝑥2 

 

 

a b 𝒚 = 𝒂𝒙𝟐 + 𝒃 Domain  Range 

     

     

 

Identify the cases when y is positive/negative. 

Draw the graph of 𝑦 =
1

𝑥
= 𝑥−1 

Identify for which values of x no values exist for y. 

Identify the domain and range of the functions 

𝑦 =
1

𝑥−1
, 𝑦 =

1

(𝑥−1)(𝑥+1)
, 𝑦 =

1

𝑥2−5𝑥+6
 by drawing the graphs. 

Identify the domain and range of the different functions with different degrees. (By writing different 

functions with different degrees) 

 

Figure 4.7: The third task of Group B (The second task after PD). 

  

 



Chapter 4  Digital Technology Algebra Tasks Designed by the Groups 

100 

 

Although the second task was modified to get the third task, this group was still considering the 

same mathematical concepts and but no use of DT was mentioned again in this task. However, 

the teachers identified a need to change the manner of presentation of the task for students and 

so they wrote the task in such a way that it gave commands for students to follow. The questions 

that were asked in the previous task to recall their prior knowledge of functions cannot be seen 

here. Students were guided to draw different graphs starting with 𝑦 = 𝑥, but the task did not 

mention exactly how this was to be done, which implied they were expected to draw them 

manually. This implication is supported by the fact that Group B clearly believed that written 

work is very important in learning mathematics and therefore students should take notes, 

including the recording of definitions. Some of their comments about this during the task design 

group work were: 

320 B1 Then, domain and range. 

321 B2 Do we have to write it here? 

322 B1 Certainly. We expect students to write the definitions when you explain them. 

323 B1 It’s an activity that they have to do. 

324 B3 We can let them develop these two - domain and range. We can then correct it. 

325 B2 First, let’s give verbal instructions and then.. 

While the structure of the task remained quite similar to the previous one, it now provided space 

for students to write the definitions of domain and range. The instruction to ‘draw the graph of 

𝑦 = 2𝑥 + 1’ seems to have little or no connection with the preceding question. Instead, 𝑦 =

2𝑥 + 1 was also included in the table in the next part of the task so students had four graphs to 

observe and identify the domain and range. The task also guided students to observe the effect 

of m and c on the domain and range of the functions in the form 𝑦 = 𝑚𝑥 + 𝑐, but no room was 

provided to express the results or to interpret them. This task then moved to identifying the 

domain and range of the quadratic function 𝑦 = 𝑥2, followed by quadratic functions in the form 

𝑦 = 𝑎𝑥2 + 𝑏. It then presented rational functions, including a consideration of values where 

functions such as 𝑦 =
1

𝑥
 are not defined, and finally looked at higher order polynomials. The task 

was modified for a third time in order to incorporate DT, as mentioned in the intervention, and 

the final product is given in Figure 4.8.  
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Domain and range of functions 

1. Draw the graph of 𝑦 = 𝑥 in a GeoGebra worksheet. 

Hence find the y values when 𝑥 = −1, 𝑥 = 0 and 𝑥 = 1 

How does the y value change when the corresponding x value increases? 

Write the set of values of x for the graph. 

Hence write the set of corresponding y values.   (5 minutes) 

2. (a) Draw the graph of 𝑦 = 𝑚𝑥 in a GeoGebra worksheet. m is a constant. 

When 𝑚 =
1

2
, −2, 4 and when x is increasing what can you observe in corresponding y values? 

Write the range of x values of the graph  

When 𝑥 =
1

2
 𝑎𝑛𝑑 when 𝑥 ∈ [−10, 10] what is the range of y values? 

According to the above results does the set of y values change according to the set of x values? 

(b) Complete the following table. 

m c 𝒚 = 𝒎𝒙 + 𝒄 Domain Range 

1 1    

−
2

3
 

–1    

–2 +2    

Check the correctness of the values in the table by drawing the graph of  
𝑦 = 𝑚𝑥 + 𝑐 on a GeoGebra worksheet.    (15 minutes) 

3. (a) Draw the graph of 𝑦 = 𝑥2 using your prior knowledge. 

 

 

 

 

 

 

 

 

 

 

 

Write domain _____________ and range __________________ of 𝑦 = 𝑥2. 

(b) Draw the graph of the function 𝑦 = 𝑎𝑥2 + 𝑏 (on a GeoGebra worksheet) and compare the 

changes of the domain and the range of the function for different values of a and b.  

(Hint: Use these conditions 𝑎 > 0 and 𝑏 > 0; 𝑎 < 0 and 𝑏 > 0; 𝑎 > 0 and 𝑏 < 0) 

         (15 minutes) 

4. (a) Draw the graph of 𝑦 =
1

𝑥
= 𝑥−1 

 Does the function exist when 𝑥 = 0? 

 Write the domain and the range of the function. 

(b) Draw the graph of the following functions on a GeoGebra worksheet and write their domains 

and ranges separately. 

(𝑖) 𝑦 =
1

𝑥 − 1
      (𝑖𝑖) 𝑦 =

1

(𝑥 − 1)(𝑥 + 1)
       (𝑖𝑖𝑖) 𝑦 =

1

𝑥2 − 5𝑥 + 6
 

 (c) Draw different graphs by changing the degree of the function on a GeoGebra worksheet. 

 

Figure 4.8:  The fourth (final) task of Group B after PD. 

x O 

y 
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The final task developed the same key points, starting with 𝑦 = 𝑥 followed by linear functions 

in the form of 𝑦 = 𝑚𝑥, but it explicitly included the idea that students needed to use GeoGebra 

input techniques to enter 𝑦 = 𝑚𝑥 and get three different graphs for three different values of m 

and hence obtain the results. The task did not mention that students needed to use a slider for m 

to get these graphs and therefore students might instead have drawn the graphs by typing them 

into the input bar.  Further, this task was more structured and guided students step by step. Three 

examples were given for the functions in the form of  𝑦 = 𝑚𝑥 + 𝑐 and students were asked to 

find the domain and range using by-hand work and to check their answers using GeoGebra. In 

each of the tasks, this group of teachers demonstrated good practice by guiding students to check 

their answers. However, in the third question, they wanted students to draw the graph of 𝑦 =

𝑥2 in the given space and identify its domain and range using a paper and pencil method. They 

then guided the students to use GeoGebra to draw the graphs of functions in the form of  𝑦 =

𝑎𝑥2 + 𝑏 and identify the domain and range of these functions for different values of a and b. It 

is not clear why these teachers wanted students to draw the graph of  𝑦 = 𝑥2 by hand because 

they could easily have used GeoGebra. The goal of the task was to identify the domain and range 

of functions, not to draw the graphs of quadratic functions. In addition, none of the tasks 

developed by this group considered the graphs of quadratic functions of 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐. This 

third modification of the task also included identification of the domain and range of rational 

functions and functions of higher degree polynomials. 

4.2.2 Examining the richness of the two tasks  

The first and fourth (final) tasks were analysed using the 12 principles of the TRF and Table 4.4 

shows the analysis of the richness of the two tasks. Each group had an opportunity to modify the 

task after the intervention that they had designed before the PD. Even though Group B had 

produced a number of modified tasks it was decided to analyse only the first and final tasks to 

maintain uniformity among the groups.   
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Table 4.4: The Framework Assessing the Richness of Group B’s Tasks 

Principles of Rich 

Tasks 

First Task Final Task 

Evidence Score  Evidence Score  

Focuses on 

mathematical ideas, 

e.g. epistemological 

obstacles 

Identifying domain and 

range of given functions. 

These mathematical ideas 

are new for grade 12 

students. 

3 Identifying domain and 

range of given functions. 

These mathematical ideas are 

new for grade 12 students. 

3 

Considers the role of 

language & discourse 

Little: independent 

variable, dependent 

variable without support 

1 The degree of function, 

increase, set, corresponding 

etc. And set notation in 

symbols. All these words 

directed at students. 

2 

Students give written 

interpretations and 

reflections 

No evidence for students' 

interpretations 

0 Draws different graphs and 

finds domain and range using 

graphs. Space for answers to 

the questions given in the 

task. 

3 

Goes beyond routine 

methods 

Use graphs to identify 

domain and range and also 

to check the answers. But 

directs the student with 

steps. 

2 Draws graphs of different 

functions on their own and 

identify domain and range, 

but following instructions in 

the task.  

3 

Encourages student 

investigation 

Closely guided step-by-

step in identifying domain 

and range. 

1 Asks students to draw graphs 

of different functions on their 

own to identify domain and 

range. But following 

instructions for the task. 

3 

Has multi-

representational 

aspects 

Involves natural language, 

graphs and algebra 

2 Uses natural and 

mathematical language, 

including symbols, graphs, 

algebra and fills the tables 

based on the observations of 

the graphs to identify domain 

and range. 

3 

Appropriate for 

student instrumental 

genesis 

Students enter the 

equations by themselves 

1 Students input different 

functions. Use sliders to get 

different graphs for quadratic 

functions, although not 

clearly specified. 

2 

Provides opportunity 

for instrumental 

feedback 

Students use the graphs to 

check their answers 

1 Students observe different 

graphs and fill in the table. 

Use graph of rational 

functions to identify the 

domain and range including 

the points where the function 

does not exist. 

2 

Integration of DT 

and by-hand 

techniques 

Students find domain and 

range by hand and use 

GeoGebra to draw the 

1 Use GeoGebra to draw the 

graphs and observe the 

2 
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graphs to check the 

answers 

graphs to fill the table by 

hand.  

Aims for 

generalisation 

No evidence 0 Compares the changes of the 

domain and range of 

quadratic functions in the 

form of 𝑓(𝑥) = 𝑎𝑥2 + 𝑏 

with the changes in a and b. 

2 

Students think about 

proof 

No evidence 0 No evidence 0 

Develops 

mathematical theory 

No evidence 0 No evidence 0 

Totals  12/46  25/46 

 

The mathematical ideas addressed in the first task remained unchanged in the final task and the 

ideas of domain and range of a function are appropriate and new for Grade 12 students. Further, 

including the domain and range of rational functions and functions of higher order polynomials 

enriched the tasks and both first and final tasks were scored with a 3 for focuses on mathematical 

ideas. Few technical terms appropriate for the students, such as independent variable and the 

dependent variable, appeared in the first task, while more technical terms such as the degree of 

function, increase, set, function and notations including 𝑥 ∈ [−10, 10] appeared in the final task. 

Thus the first task was awarded a 1, whereas the final task scored 2 for the role of language and 

discourse.  

The initial task did not provide any opportunities for the students to interpret their work. On the 

one hand, the second modification of the task was improved by paying attention to values where 

the rational function does not exist; this was lacking in the first task. On the other hand, the final 

task provided an opportunity for students to write interpretations, but rather than guiding them 

towards higher order thinking, it was more structured. Thus, this task scored 3 for providing an 

opportunity for students to interpret and reflect on their work.  

The main idea of both tasks was for students to identify the domain and range of given functions 

using the graphs. The first task closely guided students in a step-by-step manner, with some 

indication that it went beyond routine methods, and hence it was scored with a two. In addition, 

the final iteration was enriched by allowing students to draw the graphs for the functions of their 

choice, including higher order polynomials, and then use them to identify the domain and range, 

thus scoring 3. Both tasks guided students to check their answers using graphs, which is good 

practice. While the final task still guided students, it also allowed for a measure of self-
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investigation; this was not indicated in the first iteration. Hence, the final task was awarded 3 for 

encourages student investigation, while the first task scored 1.   

The modified task encouraged students to use multi-representational aspects including natural 

language, graphs, algebra and numerical values while allowing for some linking between them 

using the tables, and so scored 3. On the other hand, the task designed before the intervention 

scored 2 as it mainly included graphing functions and natural language with no appropriate links.  

While allowing students to enter the functions without teacher support, both tasks were 

appropriate for student IG. In the final task, students were supposed to use sliders to get different 

quadratic graphs for different values of a and b.  For example, students used sliders to get 

different graphs as seen in the pictures from the implementation shown in Figures 4.9 (a), (b) 

and (c). In addition, it was also observed that some of the students tried available menus and 

commands themselves. For instance, the student whose work is shown in Figures 4.10 (a), (b) 

and (c) used hide/unhide to view the sliders on the screen. Hence the first and the final tasks 

were scored with 1 and 2 respectively for appropriateness of student IG.  

Moreover, the initial task was awarded 1 for provides opportunity for instrumental feedback as 

the task guided students to check the answers by drawing the graphs and hence the feedback was 

limited to the outcomes of graphs. Interestingly, the final task was improved by relating graphs 

with the idea of domain and range of different types of functions including rational functions. 

Hence, it was scored with 2, as the feedback was related to mathematical ideas. 

Initially, the researcher’s experience working with these groups of teachers was that they 

believed that when DT is integrated into lessons no paper and pencil work should be permitted. 

Yet, interestingly, Group B managed to integrate both paper and pencil and DT work into all of 

their tasks. In the first task, DT techniques and by-hand techniques were not related each other. 

Instead, graphs were used to check the answers after manually identifying the domain and range 

of the given functions. This is why it was awarded 1, while the final task was scored with 2 since 

this showed some appropriate integration, allowing students to fill in the tables by considering 

the graphs to obtain the results. 
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Figure 4.9: A student uses sliders to get different graphs. 

Lastly, there was no evidence for any of the last three principles in the first task. The third 

modification of the modified task directed students to think about the effect on the domain and 

range of the quadratic function in the form of 𝑓(𝑥) = 𝑎𝑥2 + 𝑏 when a and b vary, which is new 

knowledge for Grade 12 students. Hence, it was scored 2 for aims for generalisation, while zeros 

were given for the last two principles as there was no direction to think about proof or to develop 

a mathematical theory.  

4.2.3 Quantitative analysis examining the two tasks 

When applied to the pre-intervention task, the richness metric (developed from the framework) 

gave a score of 12/46, while the final modified task attained a score of 25/46 (see Table 4.4). 

Although based on these scores this final task was not as rich as the final tasks of the other 

groups, a one-tailed paired sample t-test showed that the difference between the richness of the 

two tasks was significant at the 0.001 level (𝑡 = 4.025, 𝑝(𝑇 ≤ 𝑡)  = 0.00078). This significant 

improvement provides evidence that the PD intervention, along with the group collaborative 

teacher work on task design was beneficial for improving the quality of the task produced.  
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To sum up, scores for nine factors out of 12 increased in the final task compared to the initial 

task. Hence, Group B, who modified the task several times more than other groups, modified it 

to produce a better task. Possible factors that influenced Group B in this success will be discussed 

in Chapters 4 and 5. 

 

 

 

Figure 4.10: An example of how a student used the hide/unhide tool to hide sliders. 
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4.3 Group C 

The teachers from Group C were all from the Western province and comprised a male teacher 

and two female teachers. This distinguished it from the other groups in terms of gender balance 

since all the other groups were homogeneous as to gender. Both female teachers taught in the 

same school, whereas the male teacher taught in a school quite close by. All three teachers were 

in the same age group and had the same qualifications (see Table 4.5) of a bachelor’s degree 

with a substantial component of mathematics. The male teacher was the most experienced 

teacher in this group with five to ten years of experience, whereas the female teachers were 

novice teachers who had started teaching together. However, both novice teachers had 

previously used DT in teaching, albeit to a very limited extent, while the male teacher had never 

used DT. None of the teachers had ever designed a DT mathematical task.   

With this background, these teachers designed a DT task on ‘the sign of the graph of quadratic 

function in the form of 𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 when the discriminant is negative’, using 

GeoGebra. This group modified the first task twice after the PD intervention. The first task 

(Figure 4.12) and the third task (final, Figure 4.15) were analysed using the framework and 

scored to measure their richness. Table 4.7 gives the scores of the two tasks resulting from the 

analysis. 

Table 4.5: Teacher Demographics of Group C 

Teacher Gender Age Mathematics 

Qualifications 

Years of 

Teaching 

Use of DT in 

Teaching 

Dasuni (C1) F 31-40 BSc <5 Seldom 

Nelum (C2) F 31-40 BSc <5 Seldom 

Dilum (C3) M 31-40 BSc 5-10 Never 

4.3.1 Tasks designed by Group C 

This group’s tasks were designed to help students understand the variation of the function’s 

graph when the discriminant is negative. Therefore, the key mathematical ideas or key points of 

this task were the effects of a and ∆= 𝑏2 − 4𝑎𝑐 on the graph of a quadratic function in the form 

𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 and the sign of the graph of the function 𝑓.  In a similar manner to Group 

A’s first task, where three examples were given for each of the cases 𝑎 > 0 and 𝑎 < 0, this task 

only considered graphs with Δ < 0. Completing the square was another skill expected from the 
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students in the task, and using this to obtain a rearranged form of the function led to a 

consideration of the sign of 𝑓(𝑥) when ∆< 0. Even though the teachers were expected to design 

a DT algebra task, like Group B, this group also did not explicitly mention the use of DT in their 

first version of the task (see Figure 4.12) and gave students no specific instructions to use DT. 

Overall, the presentation of the task resembled a set of teacher notes rather than a task for 

students as there was a lack of clear guidance to help the students understand what they were 

supposed to do.  

As can be seen in Figures 4.11 and 4.12, the task started with completing the square, and the 

teachers mistakenly wrote c instead 
𝑐

𝑎
  in the first line of the simplification. However, in the next 

step, they first unintentionally put 4𝑎2𝑐 and then changed it to the correct answer 4𝑎𝑐, which 

then did not follow from the previous step. So there were two compensating errors in the 

working, and as a result the final outcome was correct. Interestingly, students were not expected 

to rearrange the function using completing the square, and instead the result was given in the 

task. Further, only the case when ∆< 0 was considered because then the sign of 𝑓(𝑥) depends 

only on the sign of a. They argued this based on a consideration of the rearranged form of the 

function.  

 

Figure 4.11: Completing the square in the first task of Group C before PD. 
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Quadratic functions 

Change of the graph when ∆< 0 

𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐,    𝑎 ≠ 0 

= 𝑎 [(𝑥 +
𝑏

2𝑎
)

2

+ 𝑐 −
𝑏2

4𝑎2
] 

= 𝑎 [(𝑥 +
𝑏

2𝑎
)

2

−
(𝑏2 − 4𝑎𝑐)

4𝑎2
] 

= 𝑎 [(𝑥 +
𝑏

2𝑎
)

2

−
𝑏2 − 4𝑎𝑐

4𝑎2
] 

For all real values of 𝑥; (𝑥 +
𝑏

2𝑎
)

2

≥ 0 

∴  When 𝑏2 − 4𝑎𝑐 < 0,   𝑎 [(𝑥 +
𝑏

2𝑎
)

2

−
𝑏2−4𝑎𝑐

4𝑎2 ] is always positive. 

Then the sign of 𝑓(𝑥) will be the sign of a. 

Divide the class into 2 groups and guide them to observe the behaviour of the graph. Each 

group will get one condition given below. 

𝑎 > 0 𝑎𝑛𝑑 𝑏 > 0 

𝑎 > 0 𝑎𝑛𝑑 𝑏 < 0 

𝑎 > 0 𝑎𝑛𝑑 𝑏 = 0 

𝑎 < 0 𝑎𝑛𝑑 𝑏 < 0 

𝑎 < 0 𝑎𝑛𝑑 𝑏 > 0 

𝑎 < 0 𝑎𝑛𝑑 𝑏 = 0 

 

       𝑎 > 0      𝑎 < 0 

𝑦 = 𝑥2 + 𝑥 + 1     𝑦 = −𝑥2 + 𝑥 − 2 

𝑦 = 𝑥2 − 𝑥 + 2     𝑦 = −2𝑥2 − 2𝑥 − 3 

𝑦 = 𝑥2 + 4     𝑦 = −2𝑥2 − 4 

Figure 4.12: The task Group C produced before the PD. 

Initially, the teachers thought they would divide the class into six groups and give an example 

for each group from the conditions listed in Figure 4.13, but later (before the intervention) they 

changed their minds and decided to divide the class into two groups and give them three 

functions each (see Figure 4.12). One group would get three equations with negative a  

(𝑦 = −𝑥2 + 𝑥 − 2;  𝑦 = −2𝑥2 − 2𝑥 − 3 and 𝑦 = −2𝑥2 − 4) and the other group would be 

assigned to draw three graphs for positive values of a (𝑦 = 𝑥2 + 𝑥 + 1;  𝑦 = 𝑥2 − 𝑥 + 2 ) and 

𝑦 = 𝑥2 + 4. The task then guided students to ‘observe the behaviour of the graphs’ but did not 

lead them to get a result, to interpret their work, or to write down their observations. Thus the 

students doing this task would only draw the graphs for one case, such as when 𝑎 > 0, and would 

never observe the behaviour in the other. The task could have been developed by giving students 

in each group an opportunity to share their observations with others and then the teacher could 

have led them to think about a generalisation. However, if students were given the opportunity 
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to use DT freely they could easily draw different graphs and observe the variations that might 

lead them to clear conclusions. 

 

  

 

 

 

 

 

 

 

Figure 4.13: Changes in the planning of the lesson in the first task of Group C before PD. 

After the intervention, the teachers modified the task as illustrated in Figure 4.14. The key points 

of this task were different from the first one since here, apart from the effect of a on the concavity 

of the graph, it also focused on the effect of the discriminant on the number of zeros and a 

possible use of the axis of symmetry. In addition, the modified task was not limited to the 

condition ∆< 0 and the task started by asking students to rearrange the given function using the 

method of completing the square. The formula that students were supposed to get was provided 

as a guide. The group suggested that completing the square would be one of the difficult points 

for students. Hence, they decided that completing the square for each function with specific 

values for 𝑎, 𝑏 and 𝑐 instead of using the general form of the function  

𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 might be a solution to overcome that difficulty. However, as seen in the 

following conversation, Dasuni (C1) tried to convince the others to include completing the 

square of the general form of the function instead of repeatedly engaging students in similar 

work for different functions, saying ‘only once they have to do that’. However, the others thought 

that the students needed to substitute for each and every function. For instance, Dilum (C3) said 

‘yes but [then they] need to substitute for others’. In the end, Nelum (C2) and Dilum’s idea was 

accepted and the students were expected to rearrange each given function instead of using the 

general form of the completed square of the quadratic function.  

659 C1 Can’t we do it like this? We give the general equation and ask them to complete 

the square. And then we give this. Since they know a, b, c values they can fill the 
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table for the values of maximum, minimum. Like that. They can get the values for 

a, b, c from this. 

660 C3 Yes. So then we give all these six [functions] to one group. 

661 C1 Yes by giving all six to one group.  

662 C3 Will it take much time? 

663 C1 We give this. If so there’s only one thing they need to fill. Say the axis of symmetry, 

then 
𝑏

2𝑎
. So that they can compare. 

664 C1 Only once they have to complete the square. [ie for 𝑎𝑥2] 

665 C3 Yes but need to substitute for the other three. 

666 C1 Yes, they have to substitute. But there’s nothing difficult. For this axis of symmetry 

just 
𝑏

2𝑎
. 

667 C2 So if we give this to the students to use the general form then from which point are 

we going to start the lesson? Not directly with the task. 

668 C3 Can’t we take one of these functions and show them how to rearrange it and can’t 

we then generalise? 

669 C2 Go for the general form then? Is that it? 

670 C3 So then go for 𝑎𝑥2 + .. 

671 C1 No, then that is not from the general form of the function. 

672 C3 Sorry? 

673 C1 I mean it’s easy to go from the standard equation to this. Otherwise, the way the 

students think might be different. 

674 C2 But if we go from the general form. Maybe it’s.. For students. 

675 C3 Here also it goes to generalisation from known. Then for students, if so what is the 

function you get after rearranging? Then they can apply it to 𝑎𝑥2 + 𝑏𝑥 + 𝑐. I think 

this would be effective. If we go from the general form then they merely substitute 

for a formula. But here they use the method and go for −
𝑏

𝑎
, 𝑏2 − 4𝑎𝑐. They go for 

that. We would ask that as a question. Asking them to rearrange with completing 

the square method is more mechanical. 

676 C1 Yes, so they need to get the idea by one example. That’s the problem. Isn’t it? 

Eventually, the task was written in three different sections. In the first section, students were 

required to answer the first five questions based on the function given. For example, one group 

of students would work on 𝑦 = 𝑥2 − 5𝑥 + 6 (see Figure 4.14), but the graphs that the other 
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groups would consider were not given in these three sections. Group C had discussed the 

possibility of giving three different quadratic functions, one for each case when ∆> 0, ∆=

0 and ∆< 0, and hence there would be six groups. Yet these exemplar cases cannot be seen in 

this final written form of the task (Figure 4.14).  

 

Page1: 

The given function: 𝑦 = 𝑥2 − 5𝑥 + 6 

Rearrange the given function in the form of 𝑦 = 𝑎(𝑥 + 𝑏)2 + 𝑐 

Fill in the blanks in the following table using your function. 

Table 1 

Function Value of 

‘a’ 

Maximum/minimum 

concave up/ concave 

down) 

Maximum or 

minimum 

value 

Equation of the 

symmetric axis 

Sign of the 

discriminant 

      

      

Draw a rough sketch of the graph using GeoGebra. 

The graph has  

two distinct  

only one 

none 

zero values. 

Page 2: 

Group No: 

Table 2 

 

 

According to Table 2; 

Relationship between the sign of ‘a’ and maximum, minimum 

The relationship between the sign of Δ and the number of zeros.   (6 groups) 

Page 3: 

The function of 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 

Show how the graph changes for 𝑎 > 0 and 𝑎 < 0; ∆> 0, ∆= 0, ∆< 0 using  

GeoGebra on one screen (worksheet).  

 

Figure 4.14: The second task of Group C, produced after the PD intervention. 

  

Function Value of 

‘a’ 

Maximum/minimum 

(concave up/ concave 

down) 

Maximum 

or minimum 

value 

Equation of 

the 

symmetric 

axis 

Sign of 

the 

discrimin

ant 

Number 

of zeros 
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The group expected that the students would uncover the relationship between the sign of a and 

the concavity of the graph, as well as the effect of the discriminant on the number of zeros. To 

achieve those goals GeoGebra was used as the DT in this task but only to input the given 

functions. For instance, the task did not allow room for extending students’ instrumental genesis 

through having them set up functions or variables or explore other multi-representational 

aspects. Students were directed to fill in the table using the rearranged form of the function and 

then draw the graph with GeoGebra. They were then expected to observe the graph to find the 

number of zeros and fill in the second table by considering the outcomes. However, it was not 

clear what the expected result was, or how students would be able to identify the results. The 

students were asked to report their observations by filling in the table, but they were given no 

opportunity to interpret their work. Key points of the task were mentioned under the second 

table, but no guidance was given on how to obtain those results. Even though the third section 

mentioned ‘showing the changes of the graph when 𝑎 > 0, 𝑎 < 0 and Δ > 0, Δ < 0 and Δ = 0 

using GeoGebra’, it was not clear how this was to be done. It might be that they planned for this 

to be done by the teacher after the students’ work on the task, but this was not mentioned. 

Dasuni (C1) was keen on guiding students towards generalisation. She noted that they would 

need to get the idea from just one example and suggested that this would not be sufficient for 

them to express a generalisation. Thus she suggested they allow students to draw all six graphs, 

but the others rejected her idea, thinking that time would be a barrier for that.   

684 C1 Yes, so they need to get the idea from one example. That’s the problem. Isn’t it? 

685 C3 We have to consider the time allocation as well. We need to do it within a period. 

686 C1 Can’t we get all the students to draw all six graphs? Would it take more time? 

687 C2 Yes, some students may not be competent in using the computer. 

688 C3 Yes, they need to draw six then. 

689 C1 Then at least three for each student? 

690 C3 Not for a student. Three for a group. 

691 C3 Yes, we need 18 functions three for each. 18 equations mean one for each student. 

Every student must draw at least one graph. From these three. One for each member 

of the group. 

692 C1 So they draw only one graph? 
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693 C3 Yes, one student draws one graph and three from a group. At the end, three of them 

have to get the output. 

This modified task was designed to assist students to understand the effect of a for the sign of 

the function when ∆< 0. As per the first task, these teachers again limited the task to the 

condition when ∆< 0. Their intention was to consider each case ∆< 0, ∆= 0 and ∆> 0 

separately, and they believed ∆< 0 would probably be easier for students to understand since it 

is less complicated than the other two. In turn, they thought this experience would probably help 

students to understand the behaviour of the graph when ∆> 0 and ∆= 0 in the next lesson. In 

addition, clearer instructions were given for students than in previous iterations of the task and 

the task was developed as a worksheet to be given to students. The task was written in a form 

that gradually developed ideas in order to achieve the goals, starting from the standard form of 

a quadratic function. It guided students to generate different graphs to observe how the variation 

depends on ‘a’ and then directly asked them how the concavity changes with the sign of a. The 

focus of the task then moved to consider the effect of the discriminant on the number of zeros 

by getting students to observe the value of the discriminant and the position of the graph relative 

to the x-axis. Even though it was not mentioned in the task, students were expected to use the 

sliders in GeoGebra to obtain the different graphs. The section of the lesson plan in Table 4.6, 

which the teachers wrote after the second modification of the task, provides evidence for that by 

stating students would ‘Draw the graph using the software’ and the teacher ‘Guides students to 

change the sign of 𝑎 using a “slider”’. 

Table 4.6: Part of the Lesson Plan for the Implementation  

Teacher activity Student activity 
Time 

allocation 

(minutes) 

Defines quadratic function * 02 

Distribute the worksheet and guides them 

to draw the graph of 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 

using GeoGebra 
Draws the graph using the software 05 

Guides students to change the sign of 𝑎 

using a “slider” 

Observes the behaviour of the 

graph with changes of the sign of 𝑎. 

Identifies maximum and minimum 

with changes in sign of 𝑎 

* 

*Not mentioned in the original lesson plan. 
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In this modified task students were guided by dividing question 8 (see Figure 4.15) into six 

smaller questions that were intended to help students get the expected outcome. This expected 

outcome was to be written by the student in the blank space provided, based on the results of 

their working.  

 

 

Worksheet 

1. Draw a rough sketch of the graph of the function 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 using GeoGebra 

2. Observe the variation of the graph when the value of 𝑎 changes. 

3. How does the maximum or the minimum of the graph change with the sign of 𝑎? 

4. Get the value of 𝑏2 − 4𝑎𝑐 for the values of 𝑎, 𝑏, 𝑐 in the Algebra view. 

5. Change the values of 𝑎, 𝑏, 𝑐 and observe the sign of the discriminant and observe whether the 

graph cuts the 𝑥-axis or touches the 𝑥-axis or neither cuts nor touches the 𝑥-axis. 

6. What is the sign of the discriminant when the graph cuts the 𝑥-axis at two distinct points?  

7. What is the value of the discriminant when the graph touches the 𝑥-axis?  

8.    What is the sign of the discriminant when the graph neither touches nor cuts the 𝑥-axis?  

(a)    Using completing the square method rearrange the equation of the function 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐  

        to get the above results algebraically. 

(b)   Draw the axis of symmetry using the input bar of Algebra view. 

(c)   What is the sign of (𝑥 +
𝑏

2𝑎
)

2

 for all real values of 𝑥? 

(d)   What is the sign of ((𝑥 +
𝑏

2𝑎
)

2

−
(𝑏2−4𝑎𝑐)

4𝑎2 ) for all real values of 𝑥 when the sign of 

(𝑏2 − 4𝑎𝑐) is negative? 

(e)   Then, the sign of 𝑦 changes according to the sign of 𝑎 as: 

       When 𝑎 is positive the sign of 𝑦 is ______________. 

       When 𝑎 is negative the sign of 𝑦 is _____________. 

(f)   Write down how the graph changes with ‘𝑎’ when Δ is negative. 

       (Change the values of b and c to get negative values for Δ). 

      When Δ is negative: 

     Graph lies above/below the x-axis when 𝑎 is positive. 

     Graph lies above/below the x-axis when 𝑎 is negative. 

     Fill the blanks using the observations of the graph and the results obtained from the rearranged      

function. 

     If a is positive and 𝑏2 − 4𝑎𝑐 is negative then the function is __________ for all real values 

    of 𝑥.  

   If a is negative and 𝑏2 − 4𝑎𝑐 is negative then the function is __________ for all real values 

   of 𝑥.  

 

Figure 4.15: The final task of Group C after the PD intervention. 
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There was a notation issue relevant to their development of GeoGebra as an instrument. In the 

first task, Group C used 𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 as the function, but in the modified tasks they 

used the notation 𝑦 = ⋯ to denote a quadratic function. However, the handwritten copy of the 

third task shows that they used the notation 𝑓(𝑥), but then deleted it and replaced it with the 

word ‘function’ (see Figure 4.16). The DT GeoGebra uses the notation 𝑓(𝑥) for function input, 

but it seems that the teachers were unaware of this and overlooked the potential benefits of 

sticking to the same function format.  

 

 

 

 

 

 

Figure 4.16: Use of the word function instead of 𝑓(𝑥) notation. 

4.3.2 Examining the richness of the two tasks  

The second iteration of the modified task and the first task were analysed using the DT TRF 

and the results are given in Table 4.7. 

Compared with the first task this final version was richer, with more mathematical ideas and it 

included the explicit use of DT to achieve the goals. The first task focused on the behaviour of 

the graph when ∆< 0, completing the square, and sign of the function with regard to the 

behaviour of the graph when ∆< 0 as key mathematical ideas. Hence, it was scored with a 3 out 

of 4 since these new mathematical concepts were appropriate for the target group of students. 

The final task consisted of more mathematical ideas that would be sufficient for a lesson with 

DT in grade 12 such as: the effect of a on the graph of a quadratic function in the form of 𝑓(𝑥) =

𝑎𝑥2 + 𝑏𝑥 + 𝑐; completing the square; the effect of the discriminant on the number of zeros; and 

the effect of a on the sign of the function when ∆< 0. Therefore it was scored with a 4 for focuses 

on mathematical ideas.   

  

Sinhala 

word for 

function 
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Table 4.7: The Framework Assessing the Richness of Group C’s Tasks 

Principles of Rich 

Tasks 

First Task Final Task 

Evidence Score  Evidence Score  

Focuses on 

mathematical ideas, 

e.g. epistemological 

obstacles 

Behaviour of the graph 

when delta is negative, 

completing the square, sign 

of the function 

 

3 Good: Variation of the graph 

with the sign of a. Sign of the 

graph when delta is negative. 

Completing the square. 

4 

Considers the role of 

language & discourse 

Words such as behaviour, 

real values of x, positive 

and symbols like ∆>

0, 𝑎 < 0, etc but none of 

them aimed at the students 

1 Many mathematical words and 

symbols such as discriminant, 

variation, maximum and 

minimum, touches, sketch, the 

axis of symmetry, completing 

the square. All in the context of 

student direction 

3 

Students give written 

interpretations and 

reflections 

No evidence for students' 

interpretations 

0 Students’ are asked a number of 

‘what’ questions and are to fill 

in blanks but are only required 

to explain in one question ‘How 

does the maximum … change?’  

3 

Goes beyond routine 

methods 

Considers the relationship 

between the sign of a and 

the sign of 𝑓(𝑥). No 

standard solution methods.  

2 Students are guided to think 

logically about the sign of 𝑓(𝑥) 

when delta is negative and when 

𝑎 > 0 and 𝑎 < 0. Students are 

guided with given steps in the 

task. 

2 

Encourages student 

investigation 

Students ‘observe the 

behaviour’ of the graph and 

investigate the effect of a 

1 The whole worksheet is 

structured around student 

investigation using GeoGebra. 

Students are asked to observe 

and answer questions and to 

find values of b and c that make 

delta negative. Very directed 

investigation. 

3 

Has multi-

representational 

aspects 

Involves mathematical 

language, graphs and 

algebra 

2 Use graphs, algebra and values 

obtained from the algebra view, 

along with extensive natural 

language use. Link the graphs 

with algebra and graphs with 

numbers. 

4 

Appropriate for 

student instrumental 

genesis 

Unclear. No mention of 

how they will observe the 

graph  

0 Students need function entry, 

variation of a, obtain values of 

𝑏2 − 4𝑎𝑐, draw the axis of 

symmetry and find the sign of 

expressions. These seem 

appropriate and had been 

covered. 

3 

Provides opportunity 

for instrumental 

feedback 

Students observe the 

graphs to identify the effect 

of 𝑎  

1 Graph shape and position 

relative to axes, sign of 

discriminant, sign of 𝑎, sign of 

3 
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𝑓(𝑥), how the graph changes 

when variables change.  

Integration of DT 

and by-hand 

techniques 

Not mention of DT 

techniques present  

 

0 Good. Use GeoGebra to draw 

the graphs and observe the 

changes of the discriminant. 

Complete the square and fill the 

blanks by hand. 

3 

Aims for 

generalisation 

Completing the square for 

a general quadratic 

function, but given. Aims 

to generalise effect of 𝑎. 

2 Completing the square for a 

general quadratic function. 

Considers the general effect of 

a, b and c on the discriminant 

and the relationship to the 

graph. Aims to generalise 

effects of the discriminant and 

𝑎 on the function’s graph.  

4 

Students think about 

proof 

No evidence 0 No evidence 0 

Develops 

mathematical theory 

No evidence 0 No evidence 0 

Totals  12/46  32/46 

 

The role of language is the second principle considered to be relevant to a rich DT mathematical 

task. The initial task consisted of some mathematical terms and symbols such as behaviour, 

positive, real values of 𝑥 and ∆< 0 . Yet, this task was more like teacher notes and was not clear 

whether or not students were expected to know these words without explanations from the 

teacher. Hence, it was scored with 1 for considers the role of language and discourse. In the 

final task, many mathematical words and symbols were used throughout, such as discriminant, 

completing the square, zeros, variation, touches, sketch, positive, sign, x-axis, completing the 

square, axis of symmetry and maximum and minimum. Since all the words and symbols were 

used in the context of student directions it was scored with a 3.  

The first task guided students to observe the behaviour of the six graphs, but no instructions were 

given to enable them to present their findings and was, therefore, scored with a zero for students 

give written interpretations and reflections. The final task provided space for students to fill in 

and answer ‘what’ questions, but only the third question provided an opportunity for them to 

explain their findings: ‘How does the maximum or the minimum of the graph change with the 

sign of a?’ Since this question was related to their prior knowledge rather than new knowledge, 

this final task was scored with a three out of five for students give written interpretations and 

reflections.  
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The final iteration of the modified task in Figure 4.16 comprised both pragmatic and epistemic 

value as it brought students beyond the routine method by guiding them first to observe different 

graphs and identify the effect of a and then to use sliders to identify the relative position of the 

graph with the sign of a when ∆< 0. The whole worksheet was structured to guide the student 

to do an investigation and it was scored with a 2 out of 4 for goes beyond routine methods. The 

initial task provided the steps for completing the square instead of allowing the students to 

perform this computation and the final outcome when ∆< 0 was also given in the task: ‘the sign 

of 𝑓(𝑥) will be the sign of a’. As this task was also very directed towards the results a 2 was 

scored for the same principle.  

There was very little space provided in the original task for the student investigation. They were 

expected to closely follow the directions given in the task and these related mostly to their prior 

knowledge. For example, students were expected to observe the graphs and investigate the effect 

of a.  Thus, a score of 1 was considered the appropriate measure for encourages student 

investigation. In the final task, opportunity was provided for students to produce different graphs 

on the screen for both ∆< 0 and 𝑎 > 0, and ∆< 0 and 𝑎 < 0. The students were guided through 

step-by-step instructions to observe the graphs and find out the sign of the function for each 

condition. This only scored a 3 out of 5 since it could have been improved by allowing students 

the opportunity to explain ‘why’ and to encourage a more open investigation rather than directing 

them so closely.  

Considering representations, both graphing and algebra were involved in the initial task, along 

with natural language use, but the linking of these was mostly implicit as the task provided the 

completing of the square of the function while the graphs were only used to observe the effect 

of a for the concavity of the graph. In this case, 2 points were given for the first task while 4 

points were awarded for the final task for multi-representational aspects, as it was modified to 

give greater opportunity for students to link these representations. For instance, the students were 

able to rearrange the function by completing the square, to draw the graphs by handling sliders 

and to use numerical values to obtain the discriminant. In addition, students were encouraged to 

link the value of the discriminant that appeared on the algebra view with the relative position of 

the graph and the number of zeros.  

 There was no evidence in the initial task that students were expected to use DT, and 

hence no consideration was given to students’ instrumental genesis. However, the final iteration 

was much improved and students were expected to use sliders to draw different graphs. In 
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addition, they needed to use them to keep ∆ negative by changing 𝑏 and 𝑐 when 𝑎 > 0 or when 

𝑎 < 0. Hence, for the aspect appropriateness for students’ instrumental genesis, the final task 

was scored with a 3. As instrumental feedback in this task related to the mathematical ideas 

addressed, it seemed reasonable to give a score of three for providing opportunity for 

instrumental feedback. Although the initial task gave no indication that students would use DT, 

they were required to look at the graphs in order to relate the concavity with the sign of a. Hence, 

it only scored 1 since the feedback was limited to observations taken from the graphs drawn. 

Paper and pencil work was carefully and meaningfully integrated with DT work in the final task, 

whereas the original task did not mention any use of DT work. Apart from using GeoGebra to 

obtain different graphs to identify the results, the function had to be rearranged using by-hand 

techniques and the method of completing the square. The rearranged form of the function was 

then used to verify the results algebraically, again with a paper and pencil method. The final task 

was scored with a 3 while the first task scored only 0 as there was no evidence for DT work in 

that task.  

Considering the final factors in the framework, the second iteration of the modified task aimed 

for a generalisation by asking students to consider all possibilities for identifying how the sign 

of the function depends on the sign of a when ∆< 0. Furthermore, it guided them to identify the 

position of the graph on the x-axis relative to the sign of the discriminant, which was regarded 

as a very suitable approach with minimal task direction and hence was scored with a 4. In 

contrast, the initial task aimed to generalise just one mathematical idea: the effect of a on the 

concavity of the graph, which is expected prior knowledge. Hence, this was awarded a 2 for aims 

for generalisation.  It was noted that neither of these tasks encouraged students to think about a 

mathematical proof or development of a mathematical theory and so both tasks were scored with 

a zero for the last two principles.  

4.3.3 Quantitative analysis comparing the two tasks 

The total scores for each initial and final task presented above were considered to provide a 

measure of the richness of the task. For the first task this was 12/46, and for the final task this 

was 32/46 (see Table 4.7). Based on this richness metric, there was an improvement in the quality 

of the task after the PD intervention and development process during which the group worked 

collaboratively. The results of a paired sample t-test gave evidence that this difference was 

significant at the 0.0005 level (𝑡 = 4.437, 𝑝(𝑇 ≤ 𝑡) = 0.0002). One possible reason for this 
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highly significant increase in richness was the meaningful use of DT in the final task along with 

improved instructions while no use of DT was explicitly mentioned in the first task. The manner 

in which teacher factors may have assisted or inhibited the group’s task improvement is 

discussed in Chapters 4 and 5.  

4.4 Group D 

The final group that participated in the research was Group D and all the members of this group 

were female teachers. The geographic composition was similar to Groups B and C in that two 

of the teachers taught in one school while the third, and most experienced, was from another 

school located close to the first. All three schools are in the Western province and considered to 

be urban schools. The two most experienced teachers (>20 years) out of the whole group of 12 

teachers were in this group, but neither had ever used DT in their teaching and they had never 

or seldom used DT in other activities. The less experienced teacher had sometimes used 

PowerPoint presentations in her teaching and had often used DT for lesson preparation. All 

members of the group had a Bachelor’s degree with a substantial component of mathematics 

along with a Postgraduate Diploma in Education (PGDE) as their professional qualification (see 

Table 4.8). This was the only group in which all the members had a professional qualification in 

teaching, with the other groups having only one or two teachers with a PGDE. Sarasi (D3) was 

the teacher who was chosen to implement the task in an all-girls’ school. All the schools used 

by the other groups to implement the lesson task were mixed schools.  

Table 4.8: Teacher Demographics of Group D 

Teacher Gender Age Mathematics 

Qualifications 

Years of 

Teaching 

Use of DT in 

Teaching 

Kanthi (D1) F 61-65 BSc, PGDE >20 Never 

Ruwani (D2) F 51-60 BSc, PGDE >20 Never 

Sarasi (D3) F 31-40 BSc, PGDE 5-10 Sometimes 

4.4.1 Tasks designed by Group D  

This group, like Groups A and C, also chose graphs of quadratic functions from which to design 

a task. The task (see Figure 4.17) was designed to help students understand the effect of a on the 

graph of a quadratic function in the form of 𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 and the effect of the sign of 

the discriminant on the position of the graph relative to the x-axis. In their initial task, they 
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decided to give six functions for the students to draw the graphs and observe the variations of a 

quadratic function related to the values of a, b, c and the discriminant. These six functions were 

chosen so that there was one for each category: when 𝑎 > 0 and (∆> 0, or ∆= 0, or ∆< 0); or 

when 𝑎 < 0 and (∆> 0, or ∆= 0, or ∆< 0). This group used the function notation 𝑓(𝑥) and 

∆𝑥 for the discriminant in the task since they thought that students needed to be aware of the 

notation. The task also guided students to distinguish linear from quadratic functions by 

considering the value of a (whether 𝑎 = 0 𝑜𝑟 𝑎 ≠ 0). On the surface, compared with the first 

tasks of the other groups, the initial task of Group D was richer with clearer instructions for 

students. A table was provided to guide the students to identify the results with one example 

given for each of the following cases: 

𝑎 > 0 & ∆> 0 

𝑎 > 0 & ∆= 0 

𝑎 > 0 & ∆< 0 

𝑎 < 0 & ∆> 0 

𝑎 < 0 & ∆= 0 

𝑎 < 0 & ∆< 0 

This raised the question to whether or not these cases would be sufficient to generalise from.  

Although the expectation was that the teachers would design a DT algebra task, there was no 

indication of use of DT in the first task.  

After the PD intervention, the teachers modified the task (see Figure 4.18). This task also 

considered the effect of the discriminant on the position of the graph of a quadratic function in 

the form of 𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 relative to the x-axis. Instead of the six graphs they had 

previously provided, there were now 14 graphs to complete. Students were expected to draw the 

graphs and observe them in order to fill the values in the table and categorise them into three 

categories based on their position relative to the x-axis. To guide students to notice more easily 

the graphs in each of the three categories, it was suggested that they colour the graphs in each 

category in different colours. In this modified version, students were given direction to get the 

results and encouraged to investigate themselves. The task was more student-centred and also 

guided the students to discuss their results with their peers and then to present to the class. This 

was a positive feature because it provided an opportunity for students to hone their presentation 

skills and motivated peer discussion. The students were required to integrate multi-

representational aspects in the task by using and relating graphs, algebra and numbers. 
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𝑎 > 0  𝑓(𝑥) = 𝑥2 + 𝑥 + 10     𝑓(𝑥) = 𝑥2 − 6𝑥 + 9 

   𝑓(𝑥) = 2𝑥2 − 𝑥 − 2 

 𝑎 < 0  𝑓(𝑥) = −𝑥2 + 5𝑥 − 4 ∆𝑥> 0   𝑓(𝑥) = −𝑥2 − 6𝑥 − 9 ∆𝑥= 0 

   𝑓(𝑥) = −𝑥2 + 2𝑥 − 2 ∆𝑥< 0 

Draw the graphs of the equations. 

Hence, what is the sign of 𝑥2 when the graph has a maximum? 

                  minimum? 

If 𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 then get the graph when 𝑎 = 0. 

Hence, what is the difference between the curves when 𝑎 ≠ 0 𝑎𝑛𝑑 𝑎 = 0? 

By comparing the graphs given above with 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 𝑓(𝑥) find the values of a, b, c for the 

given graphs in the above examples. Hence, state the values of 𝑏2 − 4𝑎𝑐 for each graph separately. 

 

Function a   b c 𝒃𝟐 − 𝟒𝒂𝒄 Sign of 

𝒃𝟐 − 𝟒𝒂𝒄 

Cuts the x-

axis 

Touches the x-

axis 

[not 

clear] 

𝒇𝟏(𝒙)         

𝒇𝟐(𝒙)         

𝒇𝟑(𝒙)         

𝒇𝟒(𝒙)         

𝒇𝟓(𝒙)         

𝒇𝟔(𝒙)         

 

When 𝑏2 − 4𝑎𝑐 ⋚ 0 the graph of the function … x axis … cuts (not clear) 

Give the six values of ‘a’ for the six graphs. 

When 𝑎 > 0 

𝑓(𝑥) 

𝑓(𝑥) 

𝑓(𝑥) 

 

When 𝑎 < 0 

 𝑓(𝑥) 

𝑓(𝑥) 

𝑦 = 𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 

Nature of the graph when 𝑎 > 0 

Nature of the graph when 𝑎 < 0 

Nature of the graph when 𝑎 = 0 – identifying the graph as a straight line 

Nature of the graph when 𝑎 = 0 – identifying equation of the graph as a linear function. 

Hence identifying 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 as a quadratic function. 

Find and tabulate the values of a, b, and c for the above examples and hence find the value of 

 𝑏2 − 4𝑎𝑐.  

𝑏2 − 4𝑎𝑐 > 0
𝑏2 − 4𝑎𝑐 = 0
𝑏2 − 4𝑎𝑐 < 0

}  𝑐𝑎𝑠𝑒𝑠 

 

𝑓(𝒙) 𝒂 𝒃 𝒄 𝒃𝟐 − 𝟒𝒂𝒄 Sign of 𝒃𝟐 − 𝟒𝒂𝒄 

   

        

Figure 4.17: The first task of Group D before the PD intervention. 
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WORK SHEET 

(1) (a) Draw the graphs for the following functions on the same Cartesian plane using GeoGebra 

software.  

  (i) 𝑓1(𝑥) =  𝑥2 

  (ii) 𝑓2(𝑥) =  −𝑥2 

  (iii) 𝑓3(𝑥) =  −𝑥2 − 4𝑥 

  (iv) 𝑓4(𝑥) =  −𝑥2 + 1 

  (v) 𝑓5(𝑥) =  𝑥2 − 6𝑥 + 9 

  (vi) 𝑓6(𝑥) =  −𝑥2 − 6𝑥 − 9 

  (vii) 𝑓7(𝑥) =  −𝑥2 + 6𝑥 − 9 

  (viii) 𝑓8(𝑥) =  𝑥2 − 14𝑥 + 51 

  (ix) 𝑓9(𝑥) =  −𝑥2 + 12𝑥 − 38 

  (x) 𝑓10(𝑥) =  −𝑥2 − 12𝑥 − 37 

  (xi) 𝑓11(𝑥) =  𝑥2 + 10𝑥 + 26 

  (xii) 𝑓12(𝑥) =  2𝑥2 − 26𝑥 + 80 

  (xiii) 𝑓13(𝑥) =  3𝑥2 + 4𝑥 − 4 

  (xiv) 𝑓14(𝑥) =  𝑥2 + 14𝑥 + 48 

(b) By studying the graphs separate them into the following categories by using the given    

colour codes. 

Colour in red ---graphs which intersect the x-axis at two points 

Colour in blue --- graphs which touch the x-axis  

Colour in red --- graphs which do not intersect or touch the x-axis  

 

(2) (a) Use the following table and calculate the discriminant  (∆𝑥)  of the above graphs and 

identify whether  ∆𝑥< 0,   ∆𝑥= 0,   ∆𝑥 > 0 

 

Function a b c ∆𝑥=  𝑏2 − 4𝑎𝑐  ∆𝑥< 0 ∆𝑥= 0   ∆𝑥 > 0 

𝑓1(𝑥) =  𝑥2        

𝑓2(𝑥) =  −𝑥2        

𝑓3(𝑥) =  −𝑥2 − 4𝑥        

𝑓4(𝑥) =  −𝑥2 + 1        

𝑓5(𝑥) =  𝑥2 − 6𝑥 + 9        

𝑓6(𝑥) =  −𝑥2 − 6𝑥 − 9        

𝑓7(𝑥) =  −𝑥2 + 6𝑥 − 9        

𝑓8(𝑥) =  𝑥2 − 14𝑥 + 51        

𝑓9(𝑥) =  −𝑥2 + 12𝑥 − 38        

𝑓10(𝑥) =  −𝑥2 − 12 − 37        

𝑓11(𝑥) =  𝑥2 + 10𝑥 + 26        

𝑓12(𝑥) =  2𝑥2 − 26 + 80        

𝑓13(𝑥) =  3𝑥2 + 4𝑥 − 4        

𝑓14(𝑥) =  𝑥2 + 14𝑥 + 48        

 

(b) Identify and write the relationship between the ∆𝑥 and the categories given in (2) (a) 

(c)  Discuss your answer with your friends in the group and present your findings to the class. 

(3) Without drawing the graphs determine which categories the following graphs fall into. 

(i) 𝑦 =  𝑥2 + 4𝑥  (ii) 𝑦 =  −𝑥2 + 8𝑥 + 16 (iii) 𝑦 =  𝑥2 − 8𝑥 + 16 

Figure 4.18: The modified task of Group D after PD. 
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4.4.2 Examining the richness of the two tasks 

The first task and the modified task were analysed using the 12 principles of the TRF and a 

summary of the scores, along with the evidence for them are given in Table 4.9. The 

mathematical ideas discussed remained unchanged in both tasks. In the first task, the group 

constructed six functions that were used to observe the effect of a and the discriminant for the 

graph of quadratic function. By comparison, the second task used 14 graphs to help students 

understand the same ideas. While considering the effect of 𝑎 on the graph is part of student prior 

knowledge, the effect of the discriminant on the relative position of the graph was a new 

mathematical idea for Grade 12 students. Hence, both tasks scored three out of four for focuses 

on mathematical ideas, as the task could have been further improved to connect the discriminant 

with the number of zeros.  

The use of language in this group’s first task was better than the other four groups, as they used 

technical terms, mathematical notations and symbols in both tasks. The group used technical 

terms such as function, maximum and minimum, sign of 𝑥2, cuts and touches and, interestingly, 

symbols such as ∆𝑥> 0, ∆𝑥= 0 and ∆𝑥< 0. In the modified task, this was enriched with words 

such as Cartesian plane, intersect, touches, x-axis and discriminant and symbols such as ∆𝑥>

0, ∆𝑥= 0 and ∆𝑥< 0, 𝑓1(𝑥). More importantly, all these words were appropriate for the student 

without the teacher’s explanations and so both tasks were scored a 2 out of 3 for consideration 

of the role of language and discourse. In addition, the group correctly used the function notation 

𝑓(𝑥), which had not been used by the other groups, who instead used the form 𝑦 = ⋯.  
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Table 4.9: The Framework Assessing the Richness of Group D’s Tasks 

Principles of Rich 

Tasks 

First Task Third Task 

Evidence Score (0-3) Evidence Score (0-3) 

Focuses on 

mathematical ideas, 

e.g. epistemological 

obstacles 

Variation of the graph 

with a and Δ 

 

3 Effect of the discriminant 

on the relative position to 

the x-axis 

3 

Considers the role of 

language & discourse 

Words such as 

coefficient, touches, cuts, 

maximum, minimum. 

Uses notations such as 

∆𝑥, 𝑓(𝑥). All aim at the 

student 

2 Words such as intersect, 

touch, discriminant, 

function and symbols 

such as ∆𝑥> 0, 𝑓(𝑥). All 

in the direction at the 

student 

2 

Students give written 

interpretations and 

reflections 

Students fill two tables 

and answer to ‘what’ 

questions.  

3 Students fill a table and 

get the results. They are 

asked to discuss with 

friends and present the 

results to the class 

4 

Goes beyond routine 

methods 

Students draw the 

graphs, then fill the table 

to identify the behaviour 

and observe how it 

depends on a and Δ 

using 6 examples. Very 

directed with given 

instructions 

2 Students identify the 

behaviour by 

categorising the graphs 

in three given conditions 

and observe how it 

depends on 𝑎 and Δ 

using 14 examples. 

Limited directions. 

3 

Encourages student 

investigation 

Students investigate the 

effect of a and the 

discriminant but by 

considering 6 graphs, 

one for each category.  

2 Students investigate the 

effect of a and the 

discriminant using 14 

graphs. And guided by a 

table and instructions 

given in the task.  

3 

Has multi-

representational 

aspects 

Graphs, natural language 

and algebra. And use the 

graphs to fill the table. 

3 Graphing, numerical 

calculations, algebra and 

natural language. 

3 

Appropriate for 

student instrumental 

genesis 

Students use entry 

functions to input the 

functions without help 

1 Students use entry 

functions to input the 

functions without help 

1 

Provides opportunity 

for instrumental 

feedback 

Observes the relative 

position of the graph to 

axes and the concavity 

depends on a. 

2 Observes the relative 

position of the graph to 

axes  

2 

Integration of DT 

and by-hand 

techniques 

Use GeoGebra to draw 

graphs and calculate Δ 

and fill the table by hand 

2 Use GeoGebra to draw 

graphs and calculate Δ 

and fill the table by hand 

2 

Aims for 

generalisation 

Generalise the effect of a 

on the concavity of the 

graph 

1 The relationship between 

the relative position on 

the x-axis and the 

discriminant. However, 

students have to use only 

14 graphs to come to this 

generalisation. 

3 
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Students think about 

proof 

No evidence 0 Students discuss their 

work with peers and then 

present to the class. 

1 

Develops 

mathematical theory 

No evidence 0 No evidence 0 

Totals  21/46  27/46 

 

The first task provided an opportunity for students to fill in a table and answer some questions. 

There was no room given to reflect on their work and hence, it was awarded three out of five for 

students give written interpretations and reflections. The second task was improved by guiding 

them to discuss their findings with peers and present them to the class. Although not explicitly 

mentioned, discussion with their peers would provide them an opportunity to reflect on their 

work and possibly introduce the need to justify their findings to others. This second task was 

scored with a 4 out of 5 for encouraging students to interpret and reflect on their work. 

Neither of the two tasks provided students with standard problems to solve, but instead 

encouraged students to discover new mathematical ideas. Both tasks guided students to follow 

the steps given and provided table outlines that students were to fill in by observing the computer 

graphs. The first task provided six graphs aimed at the relationship between the concavity of the 

graph and the sign of a. While the students were provided with two tables, no room was provided 

for them to write, interpret or to reflect on their findings. The improvement was seen in the 

second task where limited task directions gave more freedom to identify new methods. For 

example, students used the 14 graphs to enter values in one table and to identify the relationship 

between the sign of the discriminant and the relative position of the graph on the x-axis. 

However, to make it easier, the task provided instructions to colour the graphs in different 

colours based on the relative position. Hence, the initial task was awarded a 2 and the second 

task was scored a 3 out of 4 for goes beyond routine methods. 

Both tasks encouraged students to engage in investigation, albeit with different levels of 

direction provided. In the first task, students are asked to investigate the relationship between 

the variation in the graph and the sign of a by following the instructions provided. In the final 

task, some limited direction was provided for them to investigate the effect of the discriminant 

on the relative position of the graph on the x-axis. The second table in the first task provided 

rows to write the value and the sign of the discriminant, but no space was made available to 

express an understanding of any mathematical relationship arising from the values in the table. 

As the second task provided fewer instructions to assist the students in understanding the 
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mathematical idea, it was scored with a 3 while the first one scored 2 out of 5 given that it more 

closely guided the students. 

Group D incorporated graphs, algebra, numbers and natural language in both tasks. Students 

were asked to draw the graphs on GeoGebra and to use them to fill in the tables and to calculate 

the discriminant. They then were to link the algebraic sign of a and the discriminant with the 

observed variation in the graph. Hence, each task was scored with a 3 out of 4 since they included 

some links between the graphs, algebra, numbers and natural language. An area for improvement 

would have been to add more inter-representational connections, such as linking dynamic graphs 

with algebra and drawing. One example here would be to identify the axis of symmetry and 

connect it with the equation of the line as this might lead to the discovery of new mathematical 

ideas. 

As with some of the other factors of the TRF, appropriateness for student instrumental genesis 

was not improved in the second task. For instance, students were to use GeoGebra to input the 

six given functions in the first task and the 14 provided in the second task. In addition, the second 

task guided students to use object properties to colour the graphs which were intended to help 

them notice the relationship between the relative position and the discriminant. Both tasks were, 

therefore, only awarded a 1 out of 3.  They could have been improved by providing an 

opportunity for students to use other appropriate menus, operations and functions to enhance the 

task with regard to assisting student instrumentation of GeoGebra. 

Students were to use graphs to fill the tables and then use the completed tables to identify the 

mathematical ideas addressed in each task. In both cases, they were asked to only observe static 

graphs instead of using sliders to draw dynamic graphs. The latter may have provided better 

feedback to help them notice how the variation of the graph of quadratic function in the form of 

𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 depends on a and the discriminant. Each task scored a 2 out of 3 for providing 

opportunity for instrumental feedback.    

In both cases, the tasks were designed to enable students to use both DT techniques and by-hand 

techniques. For example, students were asked to use GeoGebra to draw the graphs and by-hand 

techniques to calculate the discriminant and to fill the tables and answer the questions. However, 

since the students only observed static graphs in both tasks, it could be argued that the use of DT 

was not necessarily crucial to draw them since they could have been done by hand. It would 

seem that DT was only used to make the drawing of graphs easier by allowing the students to 
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draw a set of given functions (6 in task one, 14 in task two) using GeoGebra, instead of using it 

more meaningfully to draw a large number of different graphs with facilities such as sliders and 

trace. Curiously, students were also not to be allowed to use calculators to calculate the value of 

the discriminant; they were to do this by hand.  

The aim of the first task for the students was to generalise the effect of a on the concavity of the 

graph by observing six graphs. As this only constructed prior knowledge, it scored 1 out of 5 for 

aims for generalisation. The second task was assigned a score of 3 since it directed the students 

to generalise the effect of the discriminant on the relative position of the graph on the x-axis, an 

idea that is new at Grade 12. The task directed the students to identify this relationship instead 

of allowing them to investigate it openly themselves and so only 3 points out of 5 were given for 

aims for generalisation for the final task. 

 There was no indication that students were asked to think about proof in the first task, but in the 

modified task there was an opportunity provided for the students to discuss their findings with 

their peers and to present them to the class. This opportunity to explain and justify their findings 

in front of others, or to try to ‘convince others’, is often considered the first step in justification 

and proof and so it may be considered that some encouragement to think about proof was 

provided. Hence, the final task was scored with 1 out of 4 for students think about proof.  Not 

unexpectedly, neither of the tasks encouraged students to develop a mathematical theory.  

Overall the scores of five out of the 12 factors increased for the modified task and a paired one-

tailed t-test was used to test the significance of this difference, as discussed below.  

4.4.3 Quantitative analysis of the two tasks  

The richness metric for the first task, before the intervention, gave a score of 21/46 and for the 

modified task it was 27/46. The results of a paired one-tailed t-test showed that the difference 

was significant at the 0.05 level (𝑡 = 1.796, 𝑝(𝑇 ≤ 𝑡)  = 0.013) indicating that the second task 

was significantly richer than the former one.  

4.5 Summary 

The tasks designed by each group, before and after the intervention were discussed in this 

chapter. The analysis provided evidence that all groups had significantly increased the richness 

of the tasks after the PD (see Table . Possible reasons for this change include their effect of the 
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PD intervention, together with the teachers’ experience of working on the task design project as 

a group and their intrinsic factors such as MKT, IG and orientations. The next chapter analyses 

the evidence for the factors that may have been influencing these task improvements that each 

of the groups produced. 

Table 4.10: Analysis of pre- and post-intervention Task Richness Framework scores for 

the tasks 

Group Pre-Intervention 

(Max 46) 

Post-Intervention 

(Max 46) 

𝒕 𝒑 

A 18 29 3.11 <0.005 

B 12 25 4.03 <0.001 

C 12 32 4.44 <0.0005 

D 21 27 1.80 <0.05 

 



Chapter 5  Factors Influencing Teacher Development of DT Tasks 

132 

 

  

Factors Influencing Teacher Development of DT 

Tasks 

As is evident from the analysis presented in Chapter 4, based on the Task Richness Framework 

(TRF) all groups improved the quality of their tasks after the PD intervention. This chapter 

discusses what teacher factors may have assisted in this improvement. The analysis is based on 

a number of different measures: the Likert-style attitude scale; the questionnaire; as well as the 

interviews and video and observation transcripts. Eight factors are considered in this analysis, 

namely: confidence in teaching mathematics; confidence in using DT; the value of DT in 

teaching/learning mathematics; attitude to teaching with DT; confidence in task development 

with DT; group dynamics; instrumental genesis; and Mathematical Knowledge for Teaching 

(MKT). In addition, a supportive PD programme was conducted to understand how such a PD 

programme can assist the teachers to design DT tasks. Section 5.1 provides some evidence from 

teacher responses during the group interview for their impression of the PD programme. The 

following sections discuss whether each of the factors may have influenced the improvement in 

the quality of the tasks and how this might have occurred. 

5.1 Professional Development Intervention 

This research was designed with a PD programme in such a way as to assist teachers in 

developing and implementing DT tasks. The PD consisted of some theoretical factors, including 

suggested features of a rich DT task with an exemplar task designed by an experienced 

researcher. Then the teachers were introduced to the FOCUS framework that they could use in 

planning, delivering and reflecting upon a task implementation. Finally, use of Schoenfeld’s 

(2010b) ROG theory (resources, orientations and goals) was discussed with the teachers in 

relation to taking decisions during planning and delivering the lesson. The responses from the 

group interview after the task design process suggest that teachers valued the design of the PD 

as a means of developing a positive attitude towards incorporating technology into their 

teaching. Further they also valued the knowledge and experience they gained in developing tasks 

in small communities of inquiry. The responses for each group are discussed below. 
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The following conversation provides evidence for stating that all three teachers of Group A 

valued the PD programme. As the leading teacher of the group, Ashoka was in a position to see 

how crucial it is to instil a positive attitude amongst teachers towards the introduction of new 

teaching methods (see line 329). He explained that if teachers feel a new method is beneficial 

for students’ conceptual understanding then they will accept it. In order to shift teacher attitude, 

a traditional method of teacher training, that is ‘a lecture with a hand out would not work’ 

(Ashoka – see line 338 below). Agreeing with Ashoka, both Kasun (A1) and Ushan (A2) did not 

appreciate traditional method of PD (see lines 337 and 347). These suggest that these teachers 

valued having hands on practice in developing tasks themselves rather than listening to a one 

way lecture. Further, Ashoka described himself as a teacher who had always believed paper and 

pencil work to be very important in developing student thinking, but that participating in this 

study managed ‘shake’ his attitudes. He had now started to changed his beliefs to the extent that 

he could envisage methods of teaching mathematics that are likely to be as effective as traditional 

methods (see lines 329 and 331). Thus it appears that the PD programme had a positive influence 

on changing Group A teachers’ attitudes towards appreciating the new method of teaching with 

DT.  

 329 A3 Professional development or teacher training is one of the most hated topics for me. 

I really don’t like. I can’t even sit for a long time like this, but it’s personal. … 

Most importantly their minds need to be set for a change. Teachers will go for 

training. Most of the teachers are willing to be trained. But their attitudes must also 

be changed [by the authorities]. If we ask teachers to learn GeoGebra they will. But 

this idea may not go to them without changing their attitudes. … Actually, from 

this also it’s trying to change the way we think about this. I feel that. Even now I 

feel like mathematics has to be taught in the traditional method. That belief is there 

in my inside. Saying that there is a small touch or something like that shocked me 

to think ‘no there is another way like this, this is also possible’. … However, today 

I understood that for the top layer of the class, they don’t need any of these. Today 

only I understood that with all these talks. But for the middle layer, to make them 

understand the concepts, we can use this as a tool. So now I am in that position, in 

that thinking. … But still I am not in a position to say that this supports the overall 

lesson for the whole class. Not yet. So this has to be changed. I mean we have to 

have a programme to change our minds to say that ‘no, no this has a huge influence 

on the whole-class’. So I think such a programme would be more effective than just 

training. 

330 R So do you mean we have to consider that also in training? Is that it? 
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331 A3 Yes. A training workshop to teach how to use this software is useless. Usually our 

training sessions are like that. They tell us about ‘5E’ or any other theories. But 

never tried to change our minds on thinking about that. To change us to think 

positively. That’s why I said now I have a shake. That means now I have started to 

think this would probably be helpful for the students in the middle or lower levels 

of the class to understand the concepts. But still it couldn’t shift my thoughts, my 

beliefs. My belief is ‘student must think, s/he must understand these by thinking, 

this process is happened in the brain’, like that I have a belief. So to change that I 

think teachers’ attitudes need to be changed.  Traditional training would probably 

not work to change that. I don’t think such training to use GeoGebra will be support 

changes in the teachers’ attitudes. 

335 A3 That’s what we wondered yesterday. Do we have to do the same lesson again using 

traditional methods after we do this [task]. But now, Now I feel that we don’t need 

to do our lesson again. But again I think it may because we mixed the two methods 

[DT use and paper and pencil work]. We teach, students work [on the task], in the 

meantime we use this as a tool, so all the methods are integrated. This has to be 

worked on, that means once we teach in this method it should work. We need not 

teach the same topic using the conventional method. So that change needs to be 

done. Isn’t it? By teaching the tool it won’t happen. By organising workshops to 

teach the software wouldn’t work. 

Further, these teachers appreciated the PD programme conducted in this study as one of the most 

suitable methods for future teacher training in developing DT tasks. They showed their interest 

on the PD than the traditional method (lines 337, 343 and 347). In their words: 

337 A1 This [how to design a task] has to be taught using this method. … the task has to 

be designed by this method. 

338 A3 Yes, that is when training the teachers. When training the teachers also this method 

needs to be used. Otherwise a lecture with a hand out will not work. …  

… … … 

343 A3 here we did this work today. I think if they do exactly this work then it would 

probably work. Yes, educators don’t have to design tasks to teach what a task is. 

As we three designed a task here, if they [educators] can do this for the whole group 

of teachers in groups of three, then this would work. Another three would design 

another task, another three would design another task and so on. Then I think it 

would be more effective. 

… … … 
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347 A2 Actually, I also need to mention the same thing. It is better to have PD programmes 

but those programmes must be based on these points. Training in the traditional 

method is useless, to be honest. 

Although the teachers in Group B did not make such a strong claim as Group A did on the PD 

design, they appreciated the knowledge they gained in designing a task (see line 5 below, which 

is an extract from the group interview). Most importantly, Malka’s (B1) words (see line 6) 

implied the positive effect of PD in terms of enhancing their confidence in task design. The 

responses for the subscale confidence in task development with DT of the Likert-style attitude 

scale before and after the PD intervention show that each group increased their scores for the 

second questionnaire. In light of Malka’s comment, the nature of the PD programme could be 

one possible reason for such improvements. Here is an example representing Group B’s 

comments on the PD: 

1 R What are your opinions about the process you are involved in? 

2 B2 A new thing. Feel like we learnt something. 

3 B3 Yes good. A new method. 

4 B1 In a short period of time. 

5 B2 We didn’t have an idea about how to write a task. So through this we had a good 

idea about that. 

6 B1 We can now prepare tasks ourselves for the lessons that students may find difficult. 

Group C also appreciated the design of the PD in supporting them to plan and deliver a lesson 

to teach with DT rather than demonstrating the software (see lines 98, 99 and 100). According 

to these teachers, their expectation of attending a PD programme addressing the use of DT was 

to learn how to use technology meaningfully in teaching. As Nelum (C2) explained, ‘not only 

how to use the software but also how can we use it to make students understand the concepts is 

really very important. I think that’s what we expect from a PD programme’ (line 101). Others 

also expressed the same opinion (see lines 98, 99 and 100). The teachers’ main concern is to 

learn how to help students develop their understanding of mathematical concepts rather than 

learning how to use a DT tool. These explain that, like Group A teachers, Group C teachers also 

expected to learn how to use the technology to develop students’ mathematical understanding. 

Because their main concern was to develop mathematical understanding rather than teaching a 

DT. In that sense they appreciated the experience they gained by participating in the project 
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including the PD. The following conversation suggests that the PD conducted in this study was 

up to the level of their expectations.   

98 C3: I think it would be better to address teaching, rather than teaching us about the 

software, as we have done here, how to plan a lesson to teach with DT. That is the 

most important thing.  

99 C1: Yes, here we learnt how to teach the students with GeoGebra. So we need to know 

how to do that [teach with technology] rather than knowing how to use technology.  

100 C3: Yes, how to teach with the software. Methods. How can we give the concepts to 

students using DT. That’s what we need. That process. Knowing about the software 

is also needed at the beginning. But the most important thing is how we can use it for 

our purpose.  

101 C2: I also think so. Actually I didn’t know that we could use this software to teach 

mathematics. Even though I tried to play with it I didn’t realise that. So not only how 

to use the software but also how can we use it to make students understand the 

concepts is really very important. I think that’s what we expect from a PD 

programme.  

There were no strong comments found in Group D’s group interview in terms of either 

appreciation or rejection of the PD intervention. However, all the teachers of Group D said they 

are willing to attend future PD programmes addressing the same area. Yet, in contrast to the 

other groups, this group suggested having training on how to use mathematical software (see 

line 101 in the following conversation from the group interview) and to include a demonstration 

of an exemplar lesson (line 102). It is not surprising that Ruwani (D2) suggested teaching 

mathematical software in future PD programmes as she had never used DT in her teaching and 

seldom used DT in her other activities. As a teacher in the 51-60 age group, her inexperience in 

working with a mathematical software may have pushed her to make such a suggestion. 

However, Ruwani’s enthusiasm to learn a new technology is not commonly seen among 

experienced teachers when a new teaching method is introduced. Thus, it could be suggested 

that the task design process together with the PD intervention motivated Ruwani to use DT in 

her teaching. This motivation could be a possible reason for her suggestion to include teaching 

on how to use mathematical software in PD programmes. As seen in lines 102 and 104, Sarasi 

(D3) suggested including an exemplar lesson to teach with DT and she would expect to receive 

feedback from the educators on a lesson that teachers would plan during the PD. Since it was 

not clear whether she meant a task or any lesson, the researcher asked a clarification question 
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and Sarasi confirmed that she meant a lesson. However, like Groups A and C they also requested 

to focus on lessons than merely teaching how to use a DT.  

98 R Do you feel you would like to attend more professional development programmes 

in using digital technology for teaching mathematics?  

99 D1/ 

D2/ D3 

Yes. We do. [together] 

100 R If so what do you think would be most important to cover in such a professional 

development programme? 

101 D2 Since we do mathematics it should introduce available mathematical software and 

teach us how to use mathematical software.  

102 D3 And it would be better if they can do an exemplar lesson for us. Instead we think 

ourselves and do. If they can show us a lesson saying that we also can do such a 

lesson. 

103 R You mean an exemplar lesson. 

104 D3 Yes, lessons. And, if we can prepare a lesson and get an evaluation for that then 

that would also be better. So that we can correct ourselves. 

The above evidence indicates that teachers appreciated the benefits of the PD programme in 

different ways, namely: 

• To learn how to design a DT task 

• To know about what a mathematical task is 

• To improve positive attitudes on using DT in mathematics teaching and learning 

• To improve their confidence in developing tasks 

• To motivate learn more about how to use DT in their teaching but not menus, 

commands and functions of the DT 

In addition to the support from the PD, teacher affective factors such as confidence, attitude and 

values may have either assisted teachers to design better tasks or inhibited them from doing so. 

The next section provides evidence for the role of such influencing factors. 
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5.2 Influence of Orientations 

As previously suggested in the documentational genesis (Gueudet and Trouche, 2009) process 

of converting resources to a document, orientations can be considered as resources (Ratnayake 

& Thomas, 2018). Thus, identifying the influence of these orientations in teacher development 

of documents, as they prepared this study’s tasks, is one of the considerations of the research. 

The five sub-scales measuring these orientations that were included in the Likert-style scale 

were:  

• Confidence in teaching mathematics (CTM) 

• Confidence in using DT (CUDT) 

• Value of DT in mathematics teaching/learning (VDT) 

• Attitudes to teaching with DT (ATDT)  

• Confidence in task development with DT (CTD).  

Each group of teachers’ responses to the questions for each subscale factor were scored and 

aggregated separately, with the intention of analysing them for any relationship with the 

improvement in the tasks. Since the group of three teachers was the unit of analysis, the scores 

were aggregated to calculate a single score for a group before and after the PD intervention. The 

aggregated scores were scaled out of 46 (see Figure 5.1) as the highest possible score in order to 

be directly comparable with the TRF scores and then graphs were drawn on a single scale of 0-

46 to illustrate the change from one test to the other. In addition, the highest values in the second 

questionnaire (Table 5.1) were also considered so as to understand how these might relate to the 

improvement in task quality.  

The aggregated value of the responses of all members of the groups for the affective factors 

addressed using the Likert-style scale can be seen in Table 5.1 and Figure 5.1. According to the 

scores, both confidence in task development with DT and attitudes to teaching with DT appeared 

to increase across all groups, paralleling the improvement in the quality of the tasks. It appears 

that the teacher work on the process of task development, coupled with the PD intervention, may 

have helped these teachers to improve their attitudes to teaching with DT and also to be more 

confident in their DT task development.  
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According to the analysis, it appears that two of the groups increased their scores in confidence 

in teaching mathematics, confidence using DT, and the value of DT in mathematics teaching and 

learning, while the scores of the other two groups for these factors either remained unchanged 

or declined. The influence of these five factors in task design and possible reasons for the drop 

in scores of some of the groups in three factors — confidence in teaching mathematics (CTM), 

confidence in using DT (CUDT) and value of DT in mathematics teaching/learning (VDT) — 

are discussed in the following sections. 

Table 5.1: Comparison of the Metric Richness of Pre- and Post-Task for Each of Groups 

A, B, C, D 

The figures in red show the highest scores for task richness and subscales. 

  A B C D 

Task 

design 

Pre 18 12 12 21 

Post 29 25 32 27 

      

CTM Pre 26.1 22.0 23.5 26.1 

Post 24.5 24.0 28.1 26.1 

      

CUDT Pre 25.6 22.2 27.7 26.4 

Post 25.6 26.4 28.5 22.2 

      

VDT Pre 25.1 28.5 29.4 33.7 

Post 26.4 27.3 30.2 32.0 

      

ATDT Pre 25.6 26.8 28.1 31.1 

Post 26.4 29.4 31.5 32.4 

      

CTD Pre 23.5 24.0 26.1 21.5 

Post 25.6 25.0 26.6 25.0 
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Figure 5.1: Changes of task design scores and affective factor subscale scores. 
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5.2.1 Attitudes to teaching with DT 

Having positive attitudes to teaching mathematics with DT would probably motivate teachers in 

designing DT mathematical tasks for their students. Hence, teacher attitude to teaching 

mathematics with DT was considered as one of the affective orientation factors (Schoenfeld, 

2010) in this study. It can be seen from the data in Table 5.1 and Figure 5.1 that teacher attitudes 

to teaching with DT increased in all groups after the task development and implementation 

process. A Wilcoxon signed-rank test was used to understand whether these increments were 

statistically significant or not. Out of the four groups, only the increase in the scores of Group C 

was significant (see Table 5.2), whereas the other groups’ increases in scores were not 

significant. Here, the number of pairs having different scores for pre- and post-questionnaire for 

attitudes to teaching with DT is given by N. For example, in Group A, out of 18 pairs of responses 

six of them were equal in the pre- and post-questionnaires. Hence, in calculating the W value, 

the Wilcoxon signed rank test considered only 12 different pairs.  

Table 5.2: Results of Wilcoxon Signed-rank Test for Attitudes to Teaching with DT 

Group Pre score Post score N W p 

A 25.6 26.4 12 33 n.s. 

B 26.8 29.4 10 13.5 n.s. 

C 28.1 31.5 8 0 <0.05 

D 31.1 32.4 10 22.5 n.s. 

n.s. – not significant 

Group interviews and transcripts from the task design process used in triangulation also provide 

evidence for the rise in positive attitudes towards teaching mathematics with DT. 

All the groups demonstrated a positive attitude to the use of GeoGebra to teach algebra for 

Advanced Level students. As indicated in the dialogue below, they thought that a new approach 

to teaching using a student-centred task along with GeoGebra to carry out the activities would 

improve the number of students who understood the concepts. Their argument was that, 

irrespective of the method of teaching, bright students would understand the concepts (see line 

198 of below conversation, for example) and hence would apply concepts in problem solving. 

However, they believed that sometimes average students, and most of the time those below 

average, struggle to understand the concepts and so they thought that this method would 

probably provide additional support in this area of concern.  
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For example, members of Group A had a positive attitude to teaching with DT, suggesting that 

it would be beneficial for helping many students to understand the mathematical concepts. Their 

argument in the group interview discussion transcript below was that many of the students in the 

Advanced Level grades could not understand the mathematical ideas that the teacher explained 

using chalk and board. They offered good reasons for believing that this method would provide 

additional support for students who are slower to understand the concepts. As can be seen in the 

following quotes from that group interview, Group A appreciated using technology to teach 

mathematical concepts that students found difficult when standard teaching approaches were 

employed. Ashoka (A3) believed that considerably more students would understand the concepts 

than before (see lines 101 and 198). The comments in the two lines 96 and 197 provide evidence 

that the other two members agreed with Ashoka. Here are their words:  

96 A2 

 

When we use conventional methods students just merely listen to us but never think 

about that later when they go home. But here they work with the computer and try 

and see different ways. 

97 A3 Yes, even though students might not remember what the teacher said they would 

never forget this [the task that they worked on]. They can recall the work they did. 

  … 

101 A3 If only 10 out of 30 in a class understand the concept we give using conventional 

methods now when we use this 20 out of 30 would probably understand. I don’t 

say the whole class, 30. But 20 odd students may get the idea. 

  … 

197 A1 As we said earlier more students would understand the concept using this method 

than in verbal instructions [conventional methods]. We hope so. The percentage of 

students in a class who would understand when we teach with conventional 

methods is very low. 

198 A3 There’s a certain number of students those who will understand the concepts 

whatever the method you teach. This method is not necessary for them. There’s 

another group of students in the class who would not get this [the concepts] in the 

conventional method and that is the majority of the class. So this method probably 

would help to increase the number of students who understand the concept.  

In a similar vein to Ashoka (A3), Dilum (C3) from Group C believed that the student-centred 

nature of the DT task would encourage students to do activities by themselves and hence learn 

the concepts. Another good reason he proposed was that the use of DT would increase motivation 

and interest in learning mathematics and, possibly, provide an opportunity for students to 
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understand the concepts better which he emphasised as very important. His exact words were: 

‘I think students’ interest may also increase using this method. For me, this is something to let 

students learn by themselves that we struggle a lot to make them understand. I think from this 

we gave them an opportunity to learn and understand by themselves from the work they do. It is 

very important’. (Dilum – C3). None of other two members disagreed with his idea.  

Furthermore, there is evidence that members of Group D also appreciated the use of DT in 

teaching due to the student-centred nature of the tasks, including the idea of encouraging 

investigations. For example, at the group interview (after task design) Ruwani (D2) said ‘In 

ordinary classroom teaching we give everything. But here students do it themselves and they 

will find out. So here students derive the relationship. So they learn better than we give. Because 

they learn by doing it themselves. So this is a student-centred method of teaching.’ And there is 

no evidence that the other two teachers of the same group disagreed with her. The statements of 

the other experienced teacher of Group D confirms that she also appreciated the new method 

with its student-centred approach over and above traditional teaching methods. Her exact words 

were: ‘Yes. It would be easy to present. I think it would be easier than the traditional method. 

… We want to get answers from the students rather than us teaching [everything]’.  

These comments from across the groups show that they thought positively about the value of 

using DT tasks with regards to developing mathematical concepts; in particular, they appreciated 

the student-centred approach incorporated in the tasks.  

After the task development process, these teachers had an increased appreciation of teaching 

with tasks integrating DT. This was especially seen in the appreciation of a student-centred 

approach that would assist average and below students to understand mathematical concepts 

better. The teachers believed that by engaging with the activities of the task students would build 

generalised mathematical ideas better than with a traditional method. This perspective is in line 

with the concept epistemic mediation of DT. Having this perspective on teaching mathematics 

with DT was likely a factor positively influencing their task design.  

Another possible reason that helped Group A appreciate this process of epistemic mediation was 

their view that they could integrate by-hand techniques with DT work. They believed that DT 

integration would not be successful if paper and pencil work was not blended appropriately. 

According to Kasun (A1), ‘We have a positive image [about using DT in teaching] on hearing 

that we can use paper and pencil work as well’ (line 8 below). And Ashoka (A3) described how 
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their teaching with this task would be a mix of traditional teaching, students’ paper and pencil 

work and DT use. He highlights how they understood that they can integrate DT appropriately 

with their teaching (see line 7). However, by saying that ‘you can’t learn by keeping paper and 

pencil work away’, Ashoka emphasised that they are quite happy to have both DT and paper and 

pencil work but not only DT work. This suggests that the PD benefited them in making a change 

in their teaching and moving from traditional teaching to a new method of teaching appropriately 

blending different methods. Further, the PD appeared to have an influence on shifting their 

attitude away from the use of only paper and pencil work towards accepting the integration of 

DT and paper and pencil activities as an effective method to develop mathematical 

understanding.  

7 A3 And one more thing is we had a problem how much we have to use this technology. 

We had that problem from the beginning, to be honest. Whether we need to use DT 

100% in this task. Or where can we integrate it? … I think in this task we came to 

a point that DT can be used for the place where it is necessary. Now it’s sort of a 

mix of students’ paper and pencil work, traditional teaching method and also DT 

use.  

8 A1 We have a positive image on hearing [during the PD] that we can use paper and 

pencil work as well. Don’t we? 

9 A3 Yes, yes, yes. I still, still have that thought. Whatever happens in other subjects but 

in mathematics, you can’t learn by keeping paper and pencil work away.  

The teaching-learning process of Advanced Level grades in Sri Lankan schools mainly focuses 

on the G.C.E. Advanced Level examination that students need to sit at the end of Year 13. Since 

this examination is highly competitive, the teaching is more examination oriented rather than 

focusing on developing mathematical concepts. In such an environment it is not surprising that 

teachers value paper and pencil work. Both Groups A and B highlighted the importance of paper 

and pencil work, particularly in Advanced Level mathematics learning (see line 9 in the above 

conversation). Yet, Group A highlighted how integrating by-hand work with DT work motivated 

them to think positively about this method.  

Towards the end of the intervention, all groups mentioned that they would be happy to use DT 

in their teaching in the future and suggested some topics such as limits, differentiations, sections 

in statics (mechanics), conics and algebra where they believed they could incorporate the use of 

software like GeoGebra. Nelum (C2), of Group C, particularly appreciated the use of DT in 

teaching algebra because until then she did not have any idea how to use DT for this, having 
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only thought about its use in teaching geometry. For example, at the end of the task modification, 

Nelum (C2), who implemented the group’s task with her students, showed an enthusiasm for 

teaching the rest of the section, including quadratic functions and equations, using the same 

method.  

17 R: After you did this lesson with GeoGebra do you think that you need to do this lesson 

again using the traditional method? Do you have any doubt that this may not work? 

18 C2 No, we don’t have any thought about doing it again using any other method, after 

this, to be honest. What I thought is to do the rest of the topic also using the same 

approach.  

19 C3 Yes, we think this method would work. 

20 C2 I personally feel that using GeoGebra would make the work easier so I am thinking 

to do the rest of the lessons also using the same method.  

One reason for Nelum’s appreciation, although it is a lower level reason, seen in line 2 in the 

following conversation, is how much less time-consuming the new method is. Dilum (C3) too 

pointed out some good reasons for using DT, such as motivating and increasing student interest 

in learning mathematics by engaging in activities that students can learn by doing themselves 

rather than just listening to the teacher (see lines 3 and 5 below). Their conversation about this 

was: 

2 C2 I feel like it’s good. I mean we didn’t think that we could do an algebra 

lesson using the software. For example, it would be applicable for a 

geometry lesson. But for an algebra lesson, we didn’t think so before. And 

also there are 15 periods allocated for quadratic functions in the teachers’ 

guide. But here we cover a considerable part of that in 40 minutes since 

we use DT. So it saves some time. So I think this method is much better. 

3 C3 I think students’ interest may also increase using this method. For me, this 

is something, let students learn by themselves that we struggle a lot to 

make them understand. I think from this we gave them an opportunity to 

learn and understand by themselves from the work they do. It is very 

important.  

4 C1 This would be a different and new experience for them. 

5 C3 Yes, so they will be motivated. Because mathematics is not a favourite 

subject for many of them but from this method a path is cleared to make 

mathematics more interesting as well. Earlier we push them to do it. But 
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by this method unintentionally they would engage in work happily. It is 

very important.  

Group B also raised some positive reasons to use DT tasks in their future teaching. At the focus 

group interview, in answer to the researcher’s question ‘Would you like to use digital technology 

in your teaching in future lessons?’ Malka (B1) from Group B, the experienced teacher said yes 

and claimed that even though it takes time for preparation ‘after that it is easier’. Both the other 

members of the group agreed. 

90 B1 One issue is taking time, but after that, it is easier. Yes, we would. 

91 B3 We always like to try out new things, that’s why we decided to participate in this 

project.  

92 B2 Yes, we would. 

Further, Malka (B1) mentioned that the use of DT would motivate students to learn mathematics 

since they usually like to play with DT (see line 145 below), which was one reason why she 

appreciated the new method. Shanika (B3) expressed her positive attitudes towards using DT in 

her teaching by identifying the value of using of DT tasks to teach mathematical concepts in 

topics like straight line and circle, by allowing students to observe dynamic objects (see line 

146). As a result of developing a DT algebra task with a couple of modifications, she said that 

she had a ‘great interest in using this in teaching mathematics’ (see line 146 below). She 

recognised that this method would allow students to observe the screen, which would provide 

extra support for understanding the concepts that the teacher tried to explain using chalk and 

board only.  Although the reason that Malka raised is not a major influence of DT in learning, 

the reason Shanika (B3) pointed out highlights one important use of DT in teaching and learning, 

and that is connecting multi-representational aspects. She claims that the new method would be 

more effective than traditional methods.  

145 B1 Students will like to work with DT. And it would be a motivation for more students 

to learn mathematics. 

146 B3 It would be very interesting to use this in teaching mathematics. There are some 

lessons like straight line and circle we have a lot to write on the board. If we can 

show them using these and let them observe and then use the board as well, then it 

would be more effective. Now what we do is writing on the board.  
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Moreover, the following comments drawn from the group interviews provide two good examples 

to show the teachers’ positive change in their attitudes to using DT in teaching mathematics. As 

a teacher who valued paper and pencil work over DT work, Ashoka (A3) explained how the 

knowledge he gained from the PD helped to change his attitudes positively towards using 

technology. His exact words were: ‘However, today I understood that for the top layer of the 

class [good students], they don’t need any of these. Only today I understood that with all these 

talks. But for the middle layer, to make them understand the concepts, we can use this as a tool. 

So now I am in that position, in that thinking’. As the early career teacher in Group A, Ushan 

(A2) also credited the PD for having provided him with the knowledge that helped him change 

his attitude towards using DT tasks in teaching: ‘Actually, my ideas have changed a lot when 

compared with what I had at the beginning. Now I have an idea about what a task is. And also I 

have an idea how to use this sophisticated software, which I was not aware of. Like that, I gained 

some knowledge about all of these’. This suggests that the research design of the study including 

the PD had a positive influence on the teachers’ attitudes towards using technology in their 

teaching.  

This evidence suggests that these teachers adopted a positive attitude towards using DT in their 

teaching of mathematics due to a number of reasons, such as: 

• It is a new approach to teaching that is student-centred instead of the teacher explaining 

everything on the board. This would support students in understanding mathematical 

concepts. 

• The teachers had a strong belief that paper and pencil work is essential in learning 

mathematics. However, they saw the benefits for students of integrating DT work with 

by-hand work.  

• This new approach allowed students to do activities themselves and understand the 

mathematical ideas. The teachers believed that this would increase students’ interest 

and hence motivate them to learn mathematics.  

• In spite of increased preparation time, DT would make the teachers’ work easier during 

the classroom lesson.  

• They believed that the use of DT would enhance students’ interest in learning 

mathematics.  
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• The teachers believed that the dynamic observation in DT would be beneficial for 

allowing increased numbers of students to understand the concepts better than 

passively listening to teacher explanations, especially those not at the top level in the 

class. 

5.2.2 Confidence in task design with DT 

Figure 5.1 and Table 5.1 show that every group’s score on confidence in designing DT tasks 

increased. However, applying a Wilcoxon signed-rank test to the data showed that none of the 

increases were statistically significant. The group results are given in Table 5.3. 

Table 5.3: Results of Wilcoxon Signed-rank Test for Confidence in Task Design with DT 

Group Pre score Post score N W p 

A 23.5 25.6 10 18.5 n.s. 

B 24.0 25.0 9 18.5 n.s. 

D 21.5 25.0 9 10.5 n.s. 

It was not possible to apply the Wilcoxon signed-rank test to Group C’s data since most of the 

responses to questions in pre- and post-intervention questionnaires were the same.  

In terms of qualitative data, the following two extracts from their group interviews provide some 

evidence from experienced teachers in Groups B and C that indicates an improvement in their 

confidence in task development. Malka from Group B (B1) believed that, after the PD 

intervention and developing a task with peer teachers, they were now confident about designing 

a DT task for some topics without researcher support (see line 93 below). However, her words 

‘[i]t may not be a perfect one’ implies that they might still need some support in future cycles to 

improve the tasks and also to develop tasks for other topics about which they were not confident.  

As a member of Group C, who designed the richest task among all groups, Dilum (C3) 

mentioned that they had the confidence (line 23) and believed they were capable of developing 

a task. Although none of them had ever designed a DT task or used any technology in their 

teaching, they believed that their ‘prior experience’ in working with mathematical software at 

tertiary education would help them to work with this new software.  
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93 B1 Yes, now we have the confidence to prepare one for ourselves. Even individually. 

It may not be a perfect one but to some extent. We are fine to design [a task] for 

some topics now.  

23 C3 The main thing is we have the confidence and belief that we can do this anyhow.  

We didn’t know anything about GeoGebra but we had confidence in our prior 

experience that we can do this. We can find out the feature. These, these things can 

be done by this.  

However, little evidence was found for changes in confidence in task development with DT 

during analysis of the transcripts of observations and video recordings of the teacher group 

activities. 

5.2.3 Confidence in teaching mathematics 

It seemed reasonable to assume, based on previous evidence that contributed to the PTK 

framework (Thomas & Palmer, 2014), that confidence in teaching mathematics might be 

beneficial in terms of assisting teachers to design a rich DT mathematical task. Therefore, this 

was introduced as one of the sub-scales in the Likert-style attitude scale. According to the data 

seen in Figure 5.1 and Table 5.1, after the intervention both Groups B and C appeared to be more 

confident in teaching mathematics than at the beginning of the process, while Group D’s 

confidence remained unchanged and Group A’s dropped. A Wilcoxon signed-rank test indicated 

that post-test scores of Group C were significantly higher than their pre-test scores (see Table 

5.4) but the rise of the scores for Group B was not significant (see Table 5.4). The fact that Group 

C’s rise in confidence in teaching mathematics was higher than all the other groups (see Figure 

5.1) might be a factor that helped them to design a richer task than the others and to have made 

the most significant advance in richness (see Table 4.10 for statistics). 

Table 5.4: Results of Wilcoxon Signed-rank Test for Confidence in teaching 

mathematics 

Group Pre score Post score N W p 

A 26.1 24.5 14 43 n.s. 

B 22.0 24.0 8 13.5 n.s. 

C 23.5 28.1 7 0 <0.05 

D 26.1 26.1 9 22 n.s. 
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In addition, there is evidence, as shown in Table 5.1 and Figure 5.1, that less experienced 

teachers improved their confidence in teaching mathematics. Two teachers in each of groups B 

and C were early career teachers with less than five years of experience, while one teacher in 

each of Groups A and D were experienced teachers but with just between five and ten years of 

teaching experience. Groups B and C increased their confidence in teaching mathematics after 

the PD intervention and development and implementation of the tasks. This suggests that the 

groups with the less experienced teachers developed their confidence in teaching mathematics 

while working on the task development as a group. These two groups also had a larger 

incremental increase (Table 5.1) with higher significant increases scores (Table 4.10) in the 

quality of their tasks compared with the other two groups. This evidence helps to suggest that 

developing confidence in teaching mathematics went hand in hand with the improved quality of 

the task. In contrast, the two experienced groups started with a higher level of confidence, and 

this did not improve. Instead, Group A’s confidence dropped while Group D’s remained 

unchanged. Interestingly, these two groups, who started with higher confidence in teaching, 

designed richer initial tasks than Groups B and C, which tends to support the evidence that 

confidence in teaching mathematics does have an influence on designing a rich task. Even 

though Group A’s confidence in teaching mathematics appeared to drop, this was not a 

statistically significant decrease, as measured by the Wilcoxon signed-rank test (see Table 5.4). 

However, since Group A started with a higher confidence level that then dropped, it was 

considered valuable to understand what contributed to this decrease.  

When considering confidence in teaching, it is worth looking at how confident Group A teachers 

were during classroom teaching in the task implementation. For example, when students were 

working on the task designed by Group A, they struggled to complete the values in the given 

table when they had a graph that cut the x-axis. The main reason for this was that the table put 

on the board (shown in Figure 5.3) by the teacher who implemented the task for Group A had 

three columns under ‘graph’, but this graph did not belong to any of those groups. As a member 

of Group A who was observing the lesson, Ashoka (A3) noticed this mistake and informed 

Kasun. In the lesson, Kasun did not panic but said that ‘you have come across a problem’ with 

it, so ‘shall we add another column, then?’ as can be seen in the following conversation from the 

lesson transcript.  
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Student 2 Sir there’s a problem here. 

A1 Yes you have come across a problem 

Student 2 Yes, here the graph cuts the x-axis [Figure 5.2]. 

A1 Yes, I can see that there’s no column to put this in, is there? 

Student 2 Yes. 

A1 [Teacher went to the board] Ok shall we add another column, then? 

Ok? Add another column and what would be that column? ‘Cuts the 

x-axis’. Otherwise, we don’t have a column for that condition. ‘Cuts 

the x-axis’.  

Student 2 [Talking to a friend while drawing another column] The second one 

cuts the x-axis.  

Although, Kasun fixed the problem during classroom teaching he might have felt uncomfortable 

facing an unexpected difficulty when teaching with DT which may have negatively impacted 

his confidence. They would not have faced this difficulty if Kasun (A1) had written on the 

whiteboard the same table that they had developed for the task (see Table 5.5) since it covered 

all possible relative positions of a graph of a quadratic function.   

Table 5.5: The Table on the Modified Task 

     ∆  
Position of the graph relative to 

the 𝒙-axis 

 a b c + - 0 

Sits 

above/below 

x-axis 

Touches 

the 

x-axis 

Cuts the 

x-axis 

1 1 -4 4       

2 -1 -4 4       

3 1 1 1       

4 -1 1 2       

5 1 -7 12       

6 3 5 8       

7 -2 7 6       

8          

9          

10          
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Figure 5.2: Student 2’s graph cutting the x-axis. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.3: Kasun writing the table on the board. 

 

a b c D Graph 

   + - 0 Sits above 

the x-axis 

Touches 

the x-axis 

Sits below 

the x-axis 
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Another difference between the tables in Figure 5.3 and Table 5.5 was the absence of exemplar 

values for a, b, c in the task that was written on the board during the classroom implementation, 

although seven sets of values were given in the written task. This had implications during the 

lesson when the students also struggled to find a graph that touched the x-axis, even though this 

was a difficult point anticipated by the Group A teachers. They had purposely added the 

exemplar values for a, b, and c, including examples for the case when ∆= 0, as a course of action 

to avert a potential cause of confusion (or a critical point), after discussing what students might 

be thinking at this point. However, it looked as if Kasun forgot to write these examples on the 

board and instead he simply put up the empty table with headings. After Ashoka noticed that 

students found it difficult to get a graph that touched the x-axis, Kasun then wrote some examples 

on the board. Here, these teachers showed their confidence in making ad hoc decisions in 

classroom teaching. However, according to the responses that these teachers provided for the 

first and the second questionnaire, Group A teachers’ confidence in teaching mathematics 

dropped after the implementation lesson. The use of GeoGebra and having a DT task were the 

main differences between this lesson and their ordinary teaching. Thus, the implementation 

difficulties they experienced as a result of the use of technology might have influenced Group 

A’s confidence and this could be the reason why Group A’s level of confidence in teaching 

mathematics was reduced. Further, this reduction of confidence in teaching mathematics may 

have influenced their task design since they had the second least improved task (see column 2 

of Table 5.1). 

The results of the analysis of data from the subscales and transcripts provide evidence suggestive 

of a symbiotic relationship where on the one hand confidence in teaching mathematics supports 

DT task design, and on the other hand development of a DT mathematical task may be beneficial 

for increasing the confidence of teachers in teaching mathematics. Hence, supporting the growth 

of teacher confidence in teaching mathematics would probably be beneficial for their ability to 

design rich DT mathematical tasks for their students.   

5.2.4 Confidence in using DT 

The next subscale factor considered here is confidence in using DT. Since teachers were 

expected to develop a DT mathematical task, it was important to gauge how confident teachers 

thought they were in working with a DT tool and to understand whether this confidence had any 

influence on their DT task development and implementation.      
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Looking at the data in Table 5.1, it can be seen that confidence in using DT appeared to have 

increased for both Groups B and C, while Group A’s confidence apparently remained unchanged 

and Group D’s dropped to a lower level. It is noteworthy that Group B started with less 

confidence in using DT than the other three groups, but increased to the second highest value of 

all the groups; a Wilcoxon signed-rank test showed that this rise was statistically significant at 

the 𝑝 = 0.05 level (see Table 5.6). This increase in confidence in working with DT may have 

assisted Group B teachers to improve the quality of their task. The group that started with the 

highest confidence in working with DT was Group C and they seemed to have even more 

confidence at the end of the process. However, this increase was not statistically significant 

based on the Wilcoxon signed-rank test (Table 5.6). Further, as can be seen from Figure 5.1, 

Groups B and C raised their level of confidence in all three areas, namely in teaching 

mathematics, in using DT and in task design. This positive change in confidence might have 

influenced Groups B and C to improve the quality of their tasks with higher significant scores 

than other two groups (see Table 4.10). In contrast, Group D started with a relatively high level 

of confidence but dropped significantly to a very low level (see Table 5.6). Factors that might 

have influenced this decline in confidence are discussed in the following section.  

Table 5.6: Results of Wilcoxon Signed-rank Test for Confidence in Using DT 

Group Pre score Post score N W p 

A 25.6 25.6 13 45.5 n.s. 

B 22.2 26.4 10 4.5 <0.05 

C 27.7 28.5 6 7 n.s. 

D 26.4 22.2 13 16.5 <0.05 

It would appear that, not surprisingly, the composition of the groups and their teaching 

experience had a bearing on the teachers’ confidence in using DT. For example, Group D 

comprised three female teachers, including two experienced teachers with more than 20 years 

teaching mathematics and one teacher with 5-10 years of experience. Although the two 

experienced teachers (D1 and D2) had never used DT in teaching, Sarasi (D3), the early career 

teacher, had sometimes done so. Moreover, the responses to the first questionnaire specified that 

Kanthi (D1) had not used DT in any of the activities specified in the questionnaire, while Ruwani 

(D2) occasionally got ideas from the internet but rarely used even emails. Sarasi (D3) was the 

only teacher in this group who had a reasonable level of experience in using DT and often used 

it in other activities, such as to prepare lessons, to get ideas from the internet, use emails, and to 

watch sample lessons on YouTube, Facebook or other social media. In addition, she had used 
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some PowerPoint presentations in her teaching of mathematics. Given this background of 

relatively little use of DT by two of the teachers, they may not have had a good understanding 

of the capabilities of DT and how it might be used in the mathematics classroom. However, 

during the intervention, they were made aware of precisely what DT comprises in this context 

and how it could be used to assist in making the teaching and learning mathematics more 

meaningful. Thus, they gained an understanding of what can be involved in using DT in the 

mathematics classroom in an interactive manner. This included situations where students are 

encouraged to work in groups or in pairs exploring mathematical ideas with the DT. This 

awareness may have left them feeling a little inadequate, and they may have questioned their 

ability to teach in this manner, and thus their confidence to use DT to teach mathematics this 

way may have reduced.  

For instance, Group D provided fewer opportunities for their students to engage in instrumental 

genesis (IG). In both tasks, for example, they intended that students enter the functions and 

colour the graphs without the support of task instructions, but neither task guided students to use 

sliders to draw different graphs and instead the teacher provided the functions that the students 

were required to enter using the ‘input bar’ (see Section 4.4 for the two tasks designed by Group 

D). At the post-implementation discussion, Sarasi (D3) claimed that she was unfamiliar with 

sliders but felt sure that if she became more confident then she could expand use of them in 

classroom teaching. She further mentioned that she ‘noticed students used some tools that even 

I don’t know’ (Sarasi – D3). See the quote below for her comment on the possibility of using 

different commands such as those for sliders. It is possible that these gaps in her knowledge 

affected her confidence in teaching with the DT.  

Students were good at working with GeoGebra. Things I didn’t know. I mean if I had practised more with 

GeoGebra I could teach more using GeoGebra. For an example like sliders. I am also not confident and not 

familiar with sliders. Otherwise, I could use them as well. I could do more than this if I was aware of that as 

well. And I noticed students used some tools that even I don’t know. In that sense, students worked on that 

interestingly. They enjoyed the lesson, but at the same time as they worked on the task, there were some 

students who struggled even to type the function. There were some students like that, with other students 

who were very good. At the end of the lesson, I noticed that students like [S3] did very well but two students 

were quite slow. They were not competent in using DT but on the other hand, those who had experience did 

very well. 

In another instance during the classroom implementation the students asked whether they could 

use a calculator to find the discriminant for each graph and, surprisingly, Sarasi (D3) said ‘no’. 

During the post-implementation discussion, Sarasi reflected on the decision she took in the 
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classroom, saying ‘no’ to using the calculator, and thought it was not a wise decision. After the 

implementation lesson, she claimed that since numerical calculation was not a major concern 

she should have allowed students to do that using a calculator. Her lack of experience in teaching 

with DT may have influenced her to say ‘no’ to using the calculator. Here is her reflection on 

the lesson: 

Yes. I think we did achieve the goals. The only thing is these girls don’t like calculations. Therefore it took 

some time to calculate manually. And they asked whether they could use the calculator. So there was some 

kind of reluctance in the calculation. We could have asked them to use the calculator on the computer. Yes, 

I think so. Because it’s a minor part of the task. And I think we could develop the task more. I think we could 

develop the lesson by adding the discussion on when 𝑦 = 0. We could develop the lesson. 

As the only teacher having some experience in using DT, Sarasi’s lack of confidence in working 

with GeoGebra, as a new software for her, may have influenced the whole group to experience 

a drop in their confidence in using DT in teaching. And it also appears that if Sarasi (D3) had 

been more confident in using GeoGebra, she probably would have helped the group to design a 

richer task and to make better ad hoc decisions during the implementation, such as allowing 

students to use the calculator to get the values of the discriminants. In addition, if she had 

received good support from the other teachers in using GeoGebra then that might have been 

helpful in this process. This implies that their lowered level of confidence in using DT seemed 

to have influenced the task design and implementation and opportunities for students to use 

menus, objects and functions of GeoGebra.  

The evidence presented above suggests that confidence in using DT is a factor influencing these 

group of teachers’ development of rich DT algebra tasks using GeoGebra. Group members’ 

collaboration might be another possible reason why these groups increased their confidence in 

handling the tool. This will be discussed under group dynamics in Section 5.3.  

5.2.5 The value of DT in mathematics teaching/learning 

The fifth and the last affective factor measured using the subscales was the value of DT in 

mathematics teaching/learning. By including this subscale, the intent was to identify the extent 

to which teachers value the use of DT in the mathematics classroom for students’ conceptual 

understanding and whether it had any influence on their DT task development. The measure of 

the teachers’ value of DT in mathematics teaching/learning appeared to increase for Groups A 

and C while it decreased for Groups B and D, although neither these rises nor drops were 

statistically significant. Table 5.8 shows the results of a Wilcoxon signed rank test. 
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Table 5.7: Results of Wilcoxon Signed-rank Test for Value of DT in Mathematics 

teaching/learning 

Group Pre score Post score N W p 

A 25.1 26.4 9 16.5 n.s. 

B 28.5 27.3 10 20 n.s. 

C 29.4 30.2 7 10.5 n.s. 

D 33.7 32.0 7 7 n.s. 

Even though Group D’s score dropped, the score was the highest to start with and remained the 

highest at the end (see Figure 5.1).   

It is possible that the amount of time spent on developing the task may have had an impact on 

the value the teachers placed on DT for mathematics teaching and learning. For instance, during 

Group D’s interview, they expressed appreciation for the ease of classroom teaching with the 

new method, which is a pragmatic reason for employing DT. However, they then expressed 

concern and worried about the time they needed to devote to preparation, stating that ‘It took us 

some time to do that’ (D3) (line 113). To illustrate, as can be seen in the conversation below 

taken from the group interview (see line 112), Kanthi (D1) and Sarasi (D3) were in agreement 

Sarasi (D3) that they valued the new method as well as their traditional methods of teaching. 

One reason that they have come to appreciate the new method was that it would ease the teacher’s 

workload in the classroom. However, Sarasi (D3), the youngest teacher and the teacher who was 

the primary person behind the use of GeoGebra in the task design process, raised the workload 

issue twice, and accompanied that by saying they needed to try to devote time to preparing the 

tasks (see lines 111 & 113). Thus, according to Sarasi, if they shifted from the traditional to the 

new method, then the workload would shift from in class to pre-class preparation. So rather than 

appreciating the easing of the workload she was seeing it as just a shifting of that load.   

Further, Sarasi (D3) said that in order to motivate the use of DT tasks in the classroom it would 

be better to provide some exemplar tasks. Her words, ‘they [teachers] may not like to devote 

their time to preparation’, showed that she thought that teachers would not put in the effort to 

design tasks but instead they might be happy to use existing DT tasks. The words like ‘in general 

we don’t like to put effort into this [developing tasks]’ (Sarasi – line 124) suggest that these 

teachers possibly valued using the tasks designed by educators rather than designing themselves. 

While worrying about the time need to be spent on designing tasks she suggested that providing 

these tasks for teachers might help to improve the use of DT in teaching. Further Sarasi suggested 



Chapter 5  Factors Influencing Teacher Development of DT Tasks 

158 

 

that they needed support like the PD provided to become familiar with the new method (see line 

124). Ruwani (D2) confirmed Sarasi’s idea and claimed that since the software is new to them 

they need more time to design a task. These evidence suggests that, providing more opportunities 

and time for teachers to involve in developing tasks themselves with further support from 

educators and/or researchers is an important factor to enhance the effective use of DT in the 

mathematics classroom.   

110 D2 We need to prepare these before the lesson. And then, I think, it would be easier in 

the classroom.  

111 D3 I also think the work in the classroom would be less but there is more preparation 

work. What we usually do is just get prepared for some standard problems that we 

are planning to discuss in the classroom. But we do more work in the classroom. 

So there is such an ease in this new method.   

112 D1 Yes. It would be easier to present. I think it would be easier than the traditional 

method.  

… … … 

113 D3 But I think we need to devote time for preparation. To design the lesson with the 

software. It took us some time to do that.  

119 D1 But students need to practise drawing as well. 

… … … 

124 D3 And teachers have to devote time for this. Like we did, they have to work on this 

preparation. So they may not like to devote their time for preparation and they may 

not bother to design tasks. So if educators can provide them with some exemplar 

lessons to use in the classroom to motivate teachers that would be more helpful. I 

think in general we don’t like to put effort into this. And we are not good at this as 

well. So I think we need some support. If so I think DT might be used more in 

schools. 

125 D2 Because this software is new to us. So we are not familiar with that and therefore 

it takes time for us to prepare tasks. If we use it quite often then this would have 

been much easier. So we can do it in less time.  

In the following conversation from the group interview, Kanthi (D1) showed that she valued the 

use of technology and suggested using DT to teach other topics in mathematics (see line 116). 

In contrast with her idea, Sarasi (D3) says that ‘we can’t use DT for all the topics in mathematics, 

for sure’ (line 117). Rather, she felt that DT would be more suitable for other subjects, such as 

science (see line 117 below). Her somewhat weak reason for this was that the advantage of 
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showing diagrams could be used in teaching other subjects. However, Sarasi valued motivating 

teachers to use technology in their teaching since students are ahead of teachers in using 

technology (see line 117). This demonstrates that Sarasi may not have seen the full range of 

value of DT in mathematics teaching and learning, but, rather, thought of it simply as a visual 

tool that could be used to show diagrams in other subjects.  

116 D1 This needs to be used for other topics as well. We need to improve this.  

117 D3 But in general, many schools don’t use the available resources. We can’t use DT 

for all the topics in mathematics, for sure. But it can be used for other subjects. But 

they don’t use it. Especially in science, they could use it to show diagrams. I think 

it would be beneficial, motivating them. Otherwise, students go forward while 

teachers are backward. If teachers keep teaching using traditional methods they 

may refuse one day.  

118 D2 Yes. 

Hence, for Group D, the need to devote more time to preparation work and a consideration of 

the use of DT primarily as a visual tool seems to have been two reasons contributing to why their 

appreciation of the value of DT in mathematics teaching and learning may have decreased. 

The next group that appeared to have decreased in their perception of the value of DT in 

mathematics teaching and learning according to the subscale score was Group B. However, there 

was evidence that they valued using DT in mathematics after the task modification and before 

the implementation. For example, during the group interview, as seen below, the teachers used 

words like ‘I think it would be helpful to teach difficult topics easily’ (B1) (line 82 below), which 

showed they valued the use of DT in mathematics teaching and learning.  

As can be seen in the following conversation, Group B members appreciated the value of using 

DT and they focused on some reasons to value the use of technology in teaching and learning 

mathematics. They further valued the use of technology for saving time and using it to draw 

graphs that students cannot draw manually at the beginning of Grade 12, such as graphs of 

rational functions and higher order polynomials (see lines 83 & 84). Function is a topic taught 

in the first term of Grade 12, yet at that stage students are not aware of drawing graphs of higher 

order or rational functions. The teachers could see the value in opening up the opportunity to be 

able to use this to teach the domain and range of different functions. Shanika (B3) also valued 

the ability to draw accurate graphs using the software as a good reason for using technology in 

teaching and learning, saying ‘And accuracy is also high, here [when drawing with GeoGebra]’ 
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(line 85). Moreover, the value of visualisation in using DT was identified as another higher level, 

positive reason to value the use of technology in mathematics teaching. Here, the teachers have 

seen the importance of having multiple representations such as graphs and algebra to develop 

new mathematical concepts. Shanika’s comment on this was ‘they can observe many things’ 

(line 88). In their task, Group B teachers guided students to use the graphs to identify the domain 

and range of functions. In addition, the value they perceived was not limited to just one area of 

mathematics. They also mentioned different topics they could possibly teach with GeoGebra, 

such as differentiation, exponential functions, coordinate geometry, the concept of limits and 

probability (see line 87 below). This suggests that the experience they gained in developing a 

DT algebra task opened up their minds to see the ways that they could use the same software to 

teach not only algebra but also calculus and coordinate geometry (in the Sri Lankan education 

context Euclidian geometry is taught up to Grade 11 while coordinate geometry is taught in 

Grades 12 and 13 (A-Level)).  

82 B1  I think it would be helpful to teach difficult topics easily. This lesson, domain and 

range, this is one of the ideas that students can’t understand. 

83 B2  And we can save time that we spend drawing the graphs on the board. 

84 B1  Yes, and it’s difficult to draw some graphs as well. 

85 B3  And accuracy is also high, here. From this, we can get the perfect graph. 

86 B2  If we draw the graph of y equals one over x students may not get it correctly. 

87 B1  Yes, they may not get it. We can’t draw the graphs of higher order polynomials and 

of rational functions before we teach differentiation. But here we used those 

functions also to explain domain and range since we could draw them by using the 

software easily.  

88 B3  They can observe many things.   

Initially, Malka (B1) suggested that DT may not be suitable for the topics in combined 

mathematics paper II, which is mechanics. Shanika (B3) pointed out that so far they had only 

used the software ‘to draw the graphs’, implying that there might be other uses. Agreeing with 

her, Malka (B1) also valued the possibility that the teacher could use the DT to teach topics, 

such as asymptotes and limits that students find difficult to understand (see line 109 below). 

Malka offered a good reason for incorporating technology to teach difficult topics. Her words 

were: ‘There are students in every class, those who can’t understand the concept of limit in 

whichever way we explain it. So this would probably help them to understand’ (line 111 in the 

following conversation).  
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109 B1 For limits. It is another topic that students find difficult. 

110 B3 Yes, we may use for limits. 

111 B1 There is a group of students in every class who can’t understand the concept of 

limit whichever way we explain it. So this would probably help them to understand. 

112 B2 And to draw the graphs with asymptotes.  

Later, Malka (B1) even suggested a topic in combined mathematics II (mechanics) that 

previously she had not been convinced whether it was possible to teach with DT, saying that 

‘And it can be used to teach centre of gravity’ (line 113). Furthermore, Malka was then even 

more positive in her claim that they might teach any topic in A level mathematics with 

technology. Agreeing with her, Shanika (B3) suggested that they could probably teach other 

topics with this software too if they devoted more time to playing with it in order to understand 

its strengths (see lines 114 & 117 below). Hence, they presented their appreciation of the value 

appropriate of integration of technology appropriately in many or almost all of the topics in the 

Advanced Level mathematics curriculum. This also provided evidence to suggest that the ideas 

of one member (Shanika – B3) in a community of inquiry can have an influence on the ideas of 

others.  

113 B1 Yes. And it can be used to teach centre of gravity. 

114 B3 Ah yes, the only thing is we can’t exactly say since we didn’t play with that very 

much.  

115 B2 We can definitely use it to teach the other concepts of the same topic we chose 

today. 

116 B1 If we think in that way it can be used for every topic. 

117 B3 Yes, generally we can do many things with good software. Can’t we? 

Although the above examples provided evidence that Group B teachers valued the use of DT in 

teaching and learning, there is some other evidence to suggest lesser appreciation of this new 

method. It appeared that one reason for a negative change in the Group B teachers’ appreciation 

of the value of DT in mathematics learning, as measured by the subscale, was a consideration of 

the evaluation system of external examinations. For instance, when the researcher asked at the 

group interview ‘Is there anything else you would like to say about this which you feel that will 

be helpful for this study?’, they first said students would like this method. Supporting this idea, 

Shanika (B3) said she was looking forward to using DT in her teaching:  
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I have a great interest in using this in teaching mathematics. There are some lessons like straight line and 

circle where we have a lot to write on the board. If we can show them using these and let them observe and 

then use the board as well, then it would be more effective. Now what we do is writing on the board. 

After this, Malka (B1) drew attention to the importance of practising writing answers for the 

external examination unless the system of evaluation changed (see line 147 below). She also 

argued that ‘writing is more effective than working on a computer’ (line 154). Malka’s new 

thinking on appreciating writing, which she thinks is more effective than using DT, had an 

influence on the ideas of other members of the group. For example, Shanika (B3) supported 

Malka’s reasoning that ‘writing while thinking is more effective in developing their thinking 

ability’ (line 153). She also thought that computers [DT] may not help students’ thinking. It 

seemed as if their attitude to teaching with DT changed once they thought about the external 

system of assessment with its examinations. 

147 B1 But then the system of testing also needs to be changed. 

148 B3 Yes that is the other thing.  

149 R If we use DT to teach the concepts and after they have understood the concepts can 

they face up to the exam? Do they need computers to answer the questions or to 

solve problems in the examination? 

150 B1 Then students won’t be able to write.  

151 R But you can integrate both can’t you? 

152 B1 Yes. That’s right. But students will feel lazy about writing. That will happen for 

sure. Definitely students will try to do all the things with this. 

153 B3 Yes, I think that cannot be done using DT. What they get from writing while 

thinking is more effective in developing their thinking ability. That cannot be done 

by working on a computer.  

154 B1 No, writing is more effective than working on a computer.  

To give an example of their change in attitudes, it can be seen in lines 156 and 158 below that 

Malka argued that if students use DT in learning mathematics then they would not use their 

‘brains’ as much and, instead, would depend on the computer. In contrast to their earlier idea, 

appreciating the value of drawing graphs using GeoGebra, she (Malka-B1) then saw a negative 

aspect of drawing graphs using the software. Her argument was that drawing graphs manually 

by plotting coordinates of points is more effective than if the graph simply appears on the screen 

once the function is entered. Her exact words (line 158) were: ‘Say for an example, when we 

draw the graph of y equals one over x, we plot some points and devote some time to getting a 
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correct and nice graph. But here suddenly it appears.’ They clearly think that, to be successful in 

the Advanced Level examination, which is the most competitive in Sri Lanka, students need to 

practise and ‘Even an expert cannot write without practice’ (B1) (line 164). This change in their 

ideas could be a possible reason for them to drop their perception of the value of using of 

technology in learning mathematics. This further suggests the influence of one member (Malka) 

in the community of inquiry can make a difference to other members’ perceptions, positively or 

negatively.  

155 B3 I think when they work with paper and pencil they have less help than when they 

work with a computer. So I think it is more effective. 

156 B1 Here in this method, using their brain is a lot less.  

157 B3 Yes here they get help from the computer. True, we give the commands but. 

158 B1 Say for an example, when we draw the graph of 𝑦 =
1

𝑥
 we plot some points and 

devote some time to getting a correct and nice graph. But here suddenly it appears. 

So in such cases I think student understanding would be less. I don’t know; that’s 

what I feel. 

159 B3 Yes when they work with paper and pencil their brain functioning works more than 

when they work with the computer. By writing him/herself. That’s different. Even 

though they understand the concept when working with the computer they need 

some practice in writing to successfully face a three-hour examination paper. 

160 B1 Or at least… I don’t know.  

161 R That’s alright say what you think. 

162 B1 The questions in our papers are very lengthy and to answer those problems within 

three hours they need practice. 

163 B3 Absolutely! 

164 B1 Even an expert cannot write without practice. 

165 B3 Yes. They must be ready to understand the problems and to solve them quickly. 

They have no time to waste for thinking and struggling [in the exam]. 

Thus, they further argued that the structure of the examination, combined with the limited time 

allocation, makes the examination very difficult and since the ‘students are brilliant… they aim 

to score high grades. And because of that the competition is also high’ (line 168). As a result, 

they suggested that to implement new methods, such as the use of DT, the examination system 

would need to be changed accordingly.   
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166 B1 Yes no one can sit the examination without practice no matter how good they are 

in mathematics. That is the examination system in Sri Lanka nowadays. Especially 

within the given timeframe. But here we are talking about the students who aim for 

higher grades not the students who aim for a simple pass. 

167 B3 Yes exactly.  

168 B1 One reason is students are brilliant. Therefore, they aim to score high grades. And 

because of that the competition is also high. So if we use this then the system needs 

to be changed. 

169 B3 Yes.  

In contrast to her companion’s thinking, Nimali (B2) had a different attitude and thought that 

DT could be used to improve student thinking because the teacher ‘can design the task in such a 

way to improve their thinking’ (B2, line 170 below). Malka (B1) argued against this as she 

assumed that it might affect them badly and there would be a possibility that students would get 

addicted to technology use (see line 171). This was followed by a supporting comment from 

Shanika (see line 172). Thus Malka and Shanika did not agree with Nimali and instead tried to 

convince her that to get through the examination students should work with paper and pencil, 

even though they appreciated DT as a tool for preparation by novice teachers. Finally, Nimali 

was convinced enough to agree with them and said ‘we could use it for preparation’. Here is 

another example of how Malka’s strong ideas in favour of using paper and pencil work over DT 

work influenced others. Thus, this may suggest that communities of inquiry led by a teacher with 

less positive attitudes to DT can have a negative influence on other members’ appreciation of 

using DT in teaching and learning. This effect is discussed further in Section 5.3.   

170 B2 But we may direct them in thinking by using this [DT]. We can design the task in 

such way to improve their thinking. Say for an example when they get a graph we 

can ask them to explain why we get that shape for that particular function. 

Something like that. 

171 B1 But I think by using this all the students would be addicted to this.  

172 B3 That’s what I also think. If we ask them to draw the graphs in calculus they would 

use this to draw. 

173 B2 They can check their answers that’s true. But there are steps they have to write. 

Such as finding the derivative, getting the turning points and to justify whether 

maximum or minimum. So we can check their answers. And they can check their 

answers too by drawing the graph. 
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Overall, the evidence appears to suggest that even though these teachers valued the use of DT in 

mathematics teaching/ learning, the importance to their students of the external examinations 

(G.C.E. Advanced Level) at the end of Year 13 and the nature of these examinations might have 

pushed them to value paper and pencil work more than integrating it with DT. In turn, this may 

have had a negative influence on their score on the value of DT in mathematics 

teaching/learning. Support for this possibility, can be seen in Shanika’s (B3) responses to 

question five of the Likert-style attitude scale given in Table 5.8. At the beginning Shanika (B3) 

agreed that DT is a good tool to teach A level mathematics as well as lower grades. But her 

response in the second questionnaire, which she answered at the very end of the data collection 

process, suggests she then thought that it is a good method for lower grades but may not be 

suitable for A level. Group B’s responses at the group interview on valuing by hand work for A 

level grade external examinations was likely to have influenced her to give this response for the 

second questionnaire. However, the other two teachers did not change their responses and kept 

disagreeing with the statement (Q5).  

Table 5.8: Shanika (B3)’s Responses for Q5 in Likert-style Attitude Scale 

 Statement Response for the first 

questionnaire 

Response for the 

second questionnaire 

Q5 Digital technology is a good tool for 

teaching mathematics for lower grades 

but is not suitable for Advanced Level 

DA A 

Key: A – Agree, DA – Disagree  

Another possible reason for a lower appreciation of the value of DT in mathematics 

teaching/learning may relate to the group dynamics. This will be examined in greater detail in 

Section 5.3, but it is worth noting here. In Group B, Malka (B1) appeared to have taken the lead 

in the group most of the time, while Shanika (B3) was willing to follow her since her ideas often 

matched Malka’s thoughts. In contrast, Nimali (B2) often had different ideas, but her voice did 

not seem as dominant. For example, Nimali often had to follow Malka’s strongly presented 

ideas, coupled with Shanika’s arguments, even though she had a different, and sometimes more 

positive, approach to using DT in the learning of mathematics. Hence, this group dynamic, with 

a strong unofficial leader setting the tone for the group, may have influenced Group B to lose 

some of their appreciation of the value of DT in mathematics teaching/learning.  

Thus, overall, it appears that the results lend some support to the idea that teacher orientations, 

such as confidence, values and attitudes, do have an influence on DT task design, either 
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positively or negatively. The results show that Group C, who modified the richest task such that 

they increased the richness more significantly than the other three groups also improved in all 

orientations measured in the study. The increase in confidence, the shift to a more positive 

attitude towards and higher values of using DT in teaching and learning and in developing tasks 

could have benefited Group C to significantly improve the quality of their task. Moreover, the 

supportive nature of the PD may have helped all four groups to improve their confidence in task 

design and their attitudes to teaching with DT. According to the above evidence, one of the 

factors that would be worthy of further attention is whether the teachers improved each other’s 

confidence in all three areas — teaching, using DT and task design — since these influence task 

design and implementation. Further, the experience these teachers gained working as a group on 

the task design process could also have assisted or inhibited their appreciation of the value of 

using DT in teaching/learning, attitude to teaching with DT and their confidence depending on 

the different group dynamics present. The next section presents these dynamics along with the 

effect of teacher MKT and instrumental genesis.  

5.3 Group Dynamics 

The factor to be considered here is the makeup of the different groups and the manner in which 

the individuals interacted with each other during the collaboration. This will be referred to as the 

group dynamics.  

The four groups of teachers in this study differed in terms of group composition, being 

homogeneous in some factors and heterogeneous in others. For example, Group A was 

homogeneous with regard to gender and age but heterogeneous for qualifications and experience, 

with two teachers having 10-15 years of experience and a PGDE (Postgraduate Diploma in 

Education) in addition to a BSc in mathematics, while the early career teacher had a BSc alone 

(see Table 5.9). All the male teachers in group A were in the 31-40 age group. In contrast, Group 

B consisted of three female teachers (see Table 5.9), and so was homogeneous only in gender, 

with two early career teachers in the 31-40 age group and an experienced teacher in the 41-50 

age group. However, as can be seen in Table 5.9, Group C was homogeneous in age, 

qualifications and experience but heterogeneous in gender. Finally, Group D, comprising three 

female teachers, was homogeneous in gender and qualifications (all qualified with a BSc major 

in mathematics and a PDGE) but were in different age groups and had different years of 

experience in teaching mathematics (see Table 5.9). The influence of these factors and the group 
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dynamics on the task design process of the four groups are discussed in more detail in the 

following section.  

Table 5.9: Summary of group composition of all groups  

Group Gender Age Qualifications Experience in 

teaching 

Use of DT in 

teaching 

A Male 31 – 40  Two B.Sc. & 

PGDE 

One B.Sc. only 

Two 10 -15  

One <5 

Never 

B Female One 41 – 50  

Two 31 – 40  

One B.Sc. & 

PGDE 

Two B.Sc. only 

One 10 – 15  

Two <5 

Never 

Sometimes 

Rarely 

C 1 Male 

2 Female 

31 – 40  All B.Sc. only All <10 One – never 

Two – seldom 

D Female 61 – 65 

51 – 60 

31 – 40  

All B.Sc. & 

PGDE 

Two >20 

One 5 – 10 

(<10) 

Two – never 

One - 

sometimes 

 

Key: The factors groups were homogeneous are coloured in light green.  

5.3.1 Group A 

As with all other groups, Group A did not give any attention to whether they should have a group 

leader or to assigning a member for particular aspects of the work, and so they were all engaged 

in most aspects of the process. Having someone take the lead might be perceived as an advantage 

in terms of directing the group, but on the other hand it could also have a negative influence 

depending on the leader’s personal attitudes and beliefs about the use of DT in teaching 

mathematics. Hence, it was decided to investigate whether or not the groups were led by an 

unofficial leader, and whether the dynamics of collaboration in the communities of inquiry either 

assisted or inhibited the process of task development. At the group interview carried out after 

the task design process, the teachers in Group A agreed that all their work was completed 

together, with the exception of the writing of the task on paper, which was done by Kasun (A1). 

Although they did not discuss group leadership, the video recordings of the task design process 

showed that an unofficial leader did emerge, with Ashoka (A3), one of the two experienced 

teachers in Group A, leading them most of the time. His ideas were often supported by 

contributions from Kasun (A1). Ashoka showed leadership by guiding the group towards 

thinking about mathematical concepts addressed in the task (first factor of the TRF), focusing 

on the mathematics rather than simply teaching technology, as well as considering potential 
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student confusion (difficult points) from the three point FOCUS framework and the related 

teacher courses of action. 

The following examples from the video recordings of the task design process illustrate that 

Ashoka’s (A3) leadership guided the group to anticipate the students’ potential areas of 

confusion and courses of actions to avert such confusions, possible student thinking and the 

sequence of task directions. Further, he drew others’ attention to integrating technology 

meaningfully in their teaching of mathematical concepts.  

To illustrate this, Ashoka (A3) first put himself in the student’s position by working on the task, 

and then briefed the others on what mathematical ideas he thought the students should learn and 

how they might understand the mathematical ideas by observing the graphs. He changed the 

sliders and tried to get different graphs for each condition: when ∆> 0, ∆= 0 and ∆< 0. While 

he was doing this, he kept saying what he thought the students would likely observe, and hence 

what they might think. He also thought about the potential for students’ confusion when they 

worked on the task. Ashoka (A3) pointed out the importance of students first understanding the 

software (see line 338); he was aware that they would need to learn it before they began. He 

followed this with a consideration of what they would observe by performing certain actions 

with GeoGebra (see line 340).  

338 A3 Here we have three things. Firstly we have to teach the students about GeoGebra. 

339 A1  Yes, yes.  

340 A3 We may need to teach them GeoGebra beforehand. Won’t we? Then we can ask 

students to input these functions and we tell them about the a, b, c parameters and 

then ask them to create a slider. Ok, let’s consider that they have done it.. [less than 

3 second pause] So the student who creates this slider would think.. The student 

will change these parameters and would observe.. Ah now it’s something else. 

As a result of Ashoka’s leadership, the group decided that a suitable course of action would be 

to give a brief description of GeoGebra to overcome this potential confusion. The next confusion 

that Ashoka (A3) suggested students might have would be observing the graph when ∆= 0, since 

these teachers also struggled to get a graph that touched the x-axis by changing the sliders. As 

seen in line 352 of the following conversation, they decided on a course of action that involved 

an alternative method of giving a set of values for a, b and c that made ∆= 0, to make sure their 

students would observe graphs of all three types: ∆< 0, ∆= 0 and ∆> 0 .   
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351 A3 Ok. And then, now student knows this as well. …If we can manage to make delta 

[∆] zero, like you have taken earlier, 6. No, 4. 

352 A1  Yes 4. 4, this must be 1. We took 1 [for 𝑎 = 1].  

353 A3 By adjusting this to 4 [𝑏 = 4]  

354 A1 Ok, and then this is 4. Right? 

355 A3 So now the student can see it touches the x-axis and delta is zero [∆= 0].  

356 A1 Hm. 

Furthermore, Ashoka (A3) took the lead in dealing with concerns about the mathematical ideas 

that needed to be addressed in the task. As an example, demonstrated in the following 

conversation, he suggested including the effect of the discriminant and wondered whether they 

could use another slider for that (see line 229 below). However, when it came to the technical 

part of the DT it seemed that Kasun (A1) showed more confidence and was curious about trying 

different methods to see what things were possible. For instance, when Ashoka questioned 

whether it was possible to ‘create a combined slider [for D in terms of 𝑎, 𝑏, 𝑐]’ (line 237) in 

GeoGebra, Kasun said ‘Let’s try and see’ (line 238 in the following conversation).  

229 A3 The parameter which decides whether the curve cuts the x-axis or touches 

or neither touches nor cuts is delta [𝑏2 − 4𝑎𝑐]. So the parameter we need to 

give to students should be delta. Shouldn’t it? 

230 A1  Yes delta. So then let’s define delta again here. Delta equals [∆=]. 

231 A3 No the slider should be delta.  

232 A1 Mmm. Oh yes, yes 

233 A3 So can’t we make one of them a slider? … 

 …  … 

237 A3 A slider. Without going for a slider can’t we create a combined slider? Is it 

possible in GeoGebra? 

238 A1 Let’s try and see. 

After trying different menus, but being unable to create the slider for the discriminant, the 

teachers finally decided to ask the students to enter 𝐷 = 𝑏2 − 4𝑎𝑐 on the input bar and observe 

how the value of D [delta] on the algebra view was related to the changes in the graph.  

Another manner in which Ashoka (A3) directed the group was by challenging the others to think 

about how they could use DT meaningfully in the teaching and learning processes so that 
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students could understand the mathematics. While designing the task, Ashoka was concerned 

with how to connect this with the mathematical idea that they would want their students to learn. 

He mentioned that changing the parameters and looking at the graphs would not be sufficient. 

Kasun (A1) suggested justifying the mathematical ideas by using GeoGebra after teaching the 

concepts using chalk and board (line 649). However, Ashoka disagreed with Kasun’s reasoning 

that the whole effort would then be wasted if they taught students using a traditional method and 

simply used GeoGebra to help convince the students. His argument was ‘[i]f so then we don’t 

need this. Because after the lesson it means we will have already taught it’ (line 650) and students 

should understand the concept (line 652). Ashoka wanted to improve the task in such a way that 

students could understand the concepts by engaging in the activities in the task using GeoGebra.  

646 A3 But still I have a problem. Though students would do what we have done, then 

that’s not enough. 

647 A1 No we have to give this in a worksheet 

648 A3 I didn’t get it. … Now we ask students to do this, change the values of a, b, c. But 

what is the point? Students can see that when the values of a, b, c change the graph 

is changing. … 

649 A1  No, if we give it as an illustration after teaching.. 

650 A3 Then again it’s pointless. But I can’t understand that. Because after the lesson it 

means we will have already taught it. 

651 A1 Yes, we will have already taught it. 

652 A3 Yes, we don’t have to do it twice then. I mean with this, students should get the 

mathematical idea. They should learn from this. Shouldn’t they? 

653 A1 Mmm hm. 

Although Ashoka (A3) led the group most of the time, the evidence from the group interview 

confirms that this group also valued developing tasks together. Being male teachers from the 

same age group (31-40) might explain their ease of working as a group and appreciating each 

person’s contribution. At the beginning of the group interview, Kasun (A1) expressed his ideas 

about the process saying ‘At the beginning we had a doubt. So we started the work with a doubt. 

When we were working with unfamiliar software and working with these two gents, solutions 

came from the discussions we had in the group.’ This implies that Kasun valued that their 

production as a result of everyone’s effort.  
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Later, when the researcher asked their opinion about working as a group, Ashoka (A3) responded 

by agreeing with Kasun (A1), saying ‘I think working in this group helped us a lot in this activity. 

If we work individually … even though we write three tasks none of them will be this task. Will 

it? If we now write three tasks separately again we won’t get the one we wrote’. This suggests 

that even though one of the experienced teachers led the group most of the time he also valued 

the collaboration of other members. He further noted that ‘Here we all talk together, gave our 

ideas and we could come to one. It is better than we would do individually. I know that this is 

much better than I would do by myself. I think the other two also feel the same’. Agreeing with 

Ashoka and Kasun, Ushan (A2) also valued collaborative work, stating ‘I also think that it’s 

better than doing it alone. Because it helps to minimise mistakes and we ended up with a rich 

one, a perfect one’. Thus, Group A, as a whole, seemed to have valued developing DT 

mathematical tasks collaboratively with their peers instead of individually. Hence, a group 

dynamic where all members worked collaboratively to produce tasks together appeared to be 

beneficial. This may have been because they were all at the same age level and homogeneous in 

experience in using DT in teaching as none of them had ever used in their teaching.  

Although there appeared to be an unofficial leader, all the members of this group were eager to 

contribute and be involved. Thus, Group A, which was homogeneous with regard to gender and 

age but heterogeneous in qualifications and years of teaching experience, seemed to have 

followed the lead of the most experienced teacher, while the other two supported him with their 

contributions.  

In summary, the collaborative dynamics of Group A incorporated the following aspects: 

• The most experienced teacher led the group much of the time and although the others 

followed they also contributed. The leadership qualities of this teacher, likely related 

to his experience in teaching, enabled him to guide the group in a positive manner. 

When making decisions the leader considered aspects of the three point framework 

that was discussed during the PD. The leader considered concepts that the students 

might find difficult to understand and how the use of DT could provide additional 

support to understand these. Further, this group focused on teaching mathematical 

ideas instead of focusing on the DT, which was initiated by the leader. Focusing on 

mathematical ideas instead of teaching DT is one of the major concerns considered in 

the development of MPTK. Such discussions were no doubt beneficial in planning a 
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good lesson to implement the task, along with some strategies for potential student 

confusion.  

• All members of the group appreciated working together to achieve common goals as a 

group and valued everyone’s contribution. Although the most experienced teacher took 

the lead, other members also contributed almost equally. This collaborative effort was 

most likely to have supported them to enrich the task with DT techniques and to design 

the second richest task among all groups. Therefore starting with zero experience in 

using DT in teaching Group A also developed personal and professional IG together 

as a group. Further, together they came up with good courses of action to overcome 

anticipated student confusion and to design a student-centred task.  

• These teachers appreciated working as a group rather than individually, and valued 

each member’s contribution in upgrading the quality of the task.  

5.3.2 Group B 

The collaborative dynamics of Group B as they worked on the task distinguishes them from the 

other three groups.  

In terms of its constitution, Group B was homogeneous only in gender, having three female 

teachers. Not surprisingly, the most experienced teacher (Malka – B1) seemed to have led the 

group and one of the early career teachers (Shanika – B3) followed her closely, possibly 

unintentionally, as her comments often matched those of Malka. The third teacher appeared often 

to follow the other two. However, unlike Group A, the two early career teachers initiated the 

discussions reflecting the factors of the Task Richness Framework that was presented during the 

PD.  

As Malka, the teacher who led the group in searching for suitable commands and menus to 

incorporate with mathematical ideas, was quite inflexible in her approach to DT, there was some 

evidence of a negative influence on the quality of the task. For example, in one instance during 

the task design, as the three teachers were drawing the graphs, they wanted to change the scale 

of the axes. However, Malka (B1), leading the group, wanted to postpone trying the ways that 

they could change the ratio of the axes. As can be noticed in the following conversation, Malka 

(B1) suggested doing that later (see line 232) and Shanika (B3) agreed with her saying ‘yes, 

without wasting time’ (line 233). Here, the leading teacher’s lack of flexibility had an influence 
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on the others who then gave up searching for menus and commands that could have been useful. 

Here Malka’s suggestion negatively influenced on the development of Group B’s personal IG. 

229 B2 Here we get the proportion. 

230 B3 It should be changeable.  

231 B2 Yes, it has to be. 

232 B1 Let’s do it later. We could do that. 

233 B3 Yes, without wasting time.   

234 B1 First, we have to ask students to find the domain and range then we show them using 

the graphs. That’s how we have to do it. Haven’t we? 

235 B3 Yes.  

Malka (B1) then explains the sequence of task directions that Nimali (B2) would need to follow 

when she implemented the task in the classroom. Malka believed it would be better to start the 

lesson by linking the concepts taught during the previous lesson on functions (line 255, below). 

However, when Shanika (B3) questioned with ‘Then?’, Malka changed her mind and suggested 

starting the lesson by drawing simple linear graphs such as those of 𝑦 = 𝑚𝑥 or 𝑦 = 𝑥 (see line 

257). Here, we see some synergy developing between Shanika and Malka as they determine the 

best way forward.  

255 B1 Let’s recall the previous day’s lesson and start the new lesson. 

256 B3 So then. Then? 

257 B1 No, don’t do that. Don’t say that at the beginning. You first draw the graph of 𝑦 =

𝑚𝑥 or 𝑦 = 𝑥. 

258 B3 Yes, that’s what I said. Yes, draw. 

259 B1 And then tell them ‘ok now you all draw it by yourself’ and then go for that. Ask 

them to open a window. 

The third teacher in the group was guided by the other two teachers at the task development 

stage and was provided with detailed instructions on how she should teach the trial lesson. To 

illustrate, as can be seen in the following conversation from the task design stage, the teacher 

who would be implementing the task, Nimali (B2), raised a concern about whether she should 

mention the software at this point. Malka (B1) directly rejects this idea. Nimali then tries to 

explain ‘I mean we don’t need to say the name of the software…’ However, even before she 

finishes her sentence, Shanika (B3) interrupts and supports Malka’s idea, explaining how Nimali 
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could introduce the new method of teaching during the implementation (lines 263 and 265). 

Malka and Shanika appear to be continuously guiding Nimali on what she should do during the 

lesson.  

260 B2 Don’t we have to say about the software? 

261 B1 No! No, no. Don’t tell about that. Because that’s not what we are going to teach 

here.  

262 B2 No I mean we don’t need to say the name of the software, but. 

263 B3 No, we can say that ‘today we are going to use software to do this. So click on this 

icon to open’, and that’s enough. 

264 B1 Yes, that’s fine. 

265 B3 And give the commands and that’s enough. 

As an early career teacher, Nimali (B2) possibly wanted reassurance for the lesson she was to 

teach. For example, when Malka (B1) explained the sequence of instructions, Nimali asked ‘Do 

we have to write it here?’ and Malka responded with a confirmation that it is important having 

definitions in their books. As discussed in Section 5.2.5, Malka’s strongly held attitude of 

valuing paper and pencil work over DT work might be a possible reason for her having 

encouraged Nimali to use paper and pencil work.    

This group also conducted discussions reflecting information presented in the PD intervention. 

However, unlike other groups, such discussions were initiated by the two early career teachers. 

The first point that Nimali (B2) raised during the task modification stage was the importance of 

encouraging students to interpret their activity (see line 310 in the following conversation). This 

refers to the factor in the TRF of providing opportunities for students’ written interpretations 

and reflections. Yet, straight away, Shanika (B3) suggested how that should be a part of the 

lesson and hence Nimali should handle it during the classroom teaching. In other words, 

according to Shanika, giving students an opportunity to interpret their work would emerge from 

the decisions made by the teacher during the lesson (see line 311) rather than being integrated 

into the task. She further encouraged Nimali to present the lesson in line with her normal practice 

of conducting discussions with students (see line 313).  

310 B2 Now here we need something more. Even though we say all these. Is there anything 

that they can interpret? 

311 B3 You can do that during the lesson appropriately. 
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312 B2 So we have to discuss by getting their answers. Haven’t we? 

313 B3 Nimali, that is your normal teaching, isn’t it? [asking questions of the students] 

You can do your normal teaching that you usually do in the classroom. This is 

something extra, isn’t it? You teach freely as you have been doing so far. [by 

allowing students to interpret their work verbally]  

The second factor of the TRF where Nimali (B2) challenged their task was the lack of 

opportunities given in the task to enable students to go beyond routine methods (see line 355 

below). Her claim was that the task they had designed only included routine work. In contrast, 

Shanika (B3) argued that ‘if we change it we cannot get the idea we want’ (line 356) and she 

was supported by Malka (B1), who reasoned that it would not matter even if students carried out 

routine work (see line 357). This practice of the leader guiding the group to deviate from the 

points discussed at the PD lessened its positive influence on the task. Further, Shanika brought 

another point to their attention to confirm that what they had been doing was correct. She stressed 

that if DT is used as a tool to teach functions, which was the key point of the lesson, then surely 

the path they were following must be correct (see lines 360, 362, 364). She stressed that their 

main concern was focusing on mathematics, but not DT as DT plays the role of a mediator, 

which is the central idea of MPTK. In general, even though she was an early career teacher, 

Nimali (B2) tried to direct attention to the important factors discussed at the PD intervention. 

Yet she seemed to have failed to challenge the others’ strong arguments. Her lack of experience 

in teaching might have affected her confidence in attempting to convince the others of her ideas.  

355 B2 Aren’t all these routine work? 

356 B3 But if we change it we cannot get the idea we want. 

357 B1 Does it matter if they do routine work for some time? No, no problem. 

358 B3 Isn’t this computer work something additional? I am confused. 

359 B2 What’s that? 

360 B3 I am asking whether we use the computer as a helper for students in the classroom. 

Don’t we? 

361 B2 Yes, a support only. 

362 B3 And our main focus is functions. Isn’t it? 

363 B2 Yes. 

364 B3 Ah then let’s continue. Then this is correct. 
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The third factor of the Task Richness Framework that this group was concerned with was to aim 

for generalisation. Shanika (B3), the second early career teacher, managed to convince the others 

to modify the task to guide the students towards generalisation. As evident in the following 

conversation (see line 376 below), Shanika (B3) challenged the others, saying that their task 

does not provide an opportunity for students to aim for generalisation. Malka (B1) responded 

and confirmed that their present task already aimed for generalisation (see line 377). However, 

in line 380, Shanika (B3) continued to push for generalisation, which caused Malka to explain 

further.  

374 B3 Here now we don’t get that. Do we? 

375 B2 What is that? 

376 B3 Aiming for generalisation. Like in this [show the list of factors of a rich DT task]. 

In our case, there’s no generalisation. Is there any? I don’t know. I have a doubt 

there.  

377 B1 This is ok I think. There’s no problem with this. 

378 B3 Ok, let’s continue and see. 

379 B1 What they have to do is to find the values of y by substituting values for x when 

𝑚 =
1

2
. 

380 B3 Yes. But that is for that equation.  I mean for a general case. 

Nimali (B2) gets involved in the conversation and explains how they could aim for generalisation 

by adding a question guiding students to think about one (see lines 383, 385, 387 & 389 in the 

below conversation). Shanika (B3) seems to have agreed with Nimali (lines 384, 386 & 388) 

and, finally, they modified the task and added another question to guide students to think about 

aiming for generalisation. In this example, the two early career teachers agreed with one point 

which is that it is important to develop a better task as was discussed at the PD. This agreement 

of two out of three teachers seemed to have discouraged the leader from continuing with her 

ideas and encouraged the two teachers to change the task be introducing new ideas.  

383 B2 Because this depends on the range of values considered for x, the range of values 

they get for y also changes.  

384 B3 Ah yes, like that. 

385 B2 That’s what you expect. Isn’t it? 
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386 B3 Yes. We can ask that even verbally. But by saying to aim for generalisation doesn’t 

it mean something like this?  

387 B2 Ok, so we can add another question for that. Like this. 

388 B3 We can say “with the results of above parts”.. 

389 B2 According to the above results, does the range of y changes in the range of values 

considering for x. Is this fine? 

390 B3 Can we use the word ‘range’ here? 

391 B2 Yes.  

The last factor of TRF, as pointed out by Shanika (B3), is that they needed to consider in their 

task the role of language and discourse. She suggested using the range for the set of values of x 

as otherwise it would confuse students with the range of function (see lines 390 and 392). 

Instead, they agreed to use the phrase set of values instead of range. Since their goal was to 

introduce domain and range Shanika worried whether students would get confused with the 

language they used. Use of appropriate language was discussed at the PD as an important factor 

of a rich task. The above conversation provides evidence not only for Shanika’s consideration 

of the role of language and discourse, but also for anticipating possible student confusion and to 

have a course of action in place.   

390 B3 Can we use the word range here? 

391 B2 Yes.  

392 B3 For y it is correct. But for x? Students may get confused. Wouldn’t they? 

393 B2 Then values for x. Then again that’s not what we want to ask. Is it? 

394 B3 Ok. That’s what we can say. Isn’t it? 

395 B2 Yes. The range of values what else? Ah, set of values? 

396 B3 Yes, let’s say a set of values. 

The above analysis also illustrates how the group was considering student thinking and the kind 

of understanding - or misconceptions - that might develop by not using appropriate technical 

terms.  

The examples presented demonstrate important points about Group B’s collaborative efforts.  

• This group was led most of the time by an unofficial leader who was more experienced 

in teaching mathematics, with another teacher often following her lead since their 
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thinking was often in agreement. It was also noticed that the third teacher often went 

along with the lead of the others. However, the leader’s lack of flexibility in looking 

for different ways of using DT and her strong beliefs about the importance of paper 

and pencil work in practising standard problems seemed to have over-ruled other ideas 

and may have had a negative effect on the incorporation of the other teachers’ ideas 

into the task.   

• The qualities of one early career teacher were such that they helped her to try to 

convince the others about the value of considering the task factors presented in the PD. 

However, even though she had good ideas she sometimes failed to convince them, for 

example, to think about the aspect of goes beyond routine methods, which is one of the 

more important factors considered in TRF. Thus, when constructing communities of 

inquiry it is important to have a group structure and dynamic that encourages taking 

into account each teacher’s ideas.  

• The second early career teacher showed her concern to ensure the incorporation of two 

factors from the TRF and addressed at the PD intervention, namely considers the role 

of language and discourse and aims for generalisation. She managed to convince the 

others of her ideas on seeing the value of enriching the task with these two factors. The 

improvement of the richness of the task provided opportunity for the students to use 

mathematical language and think about generalisation.  

• The two early career teachers in the group were more likely to reflect on the points 

discussed at the PD intervention regarding the factors of a rich DT task in order to 

improve the quality of the task. This is different from other groups as in other groups 

the most experienced teacher initiated the discussion.      

5.3.3 Group C 

Next, Group C’s collaborative dynamics are discussed to understand further how collaborative 

work might support teachers in the process of task development. This group consisted of three 

teachers in same age group (31–40 years) with less than 10 years of experience, two of whom 

had less than 5 years of teaching experience. None of these teachers had completed the 

Postgraduate Diploma in Education at the time the study was conducted. Therefore, this group 

was homogeneous in age, qualifications and experience (<10 years of teaching experience). 

Group C was the only group heterogeneous in gender having two female teachers and one male 
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teacher. It was observed that the members of Group C contributed equally and they worked 

collaboratively as a group on the task design process. Some examples demonstrating how these 

dynamics presented themselves in the activities of Group C are discussed here.    

This group was not led by an unofficial leader; instead everyone seemed to have valued each 

other’s ideas. The voices of all three teachers can be seen in the transcripts throughout the design 

process, with each contributing almost equally. For example, in the following conversation 

Dilum (C3) seems to accept the instructions given by Dasuni (C1).  

172 C1 Now in this, type 𝑏2 − 4𝑎𝑐.  

173 C3 Here? 

174 C1 Yes.  

175 C3  𝑏2 − 4𝑎𝑐. 

176 C1 Enter. 

177 C3 Its value. 

178 C1 Here, in this, isn’t it the value? 

Yet, in the following conversation, Dilum came up with another possible solution that they could 

try, rather than accepting Dasuni’s idea. For example, when Dasuni (C1) suggested putting a 

value for a (see line 74 below), Dilum (C3) responded with ‘no’ and suggested they try changing 

all three parameters (line 75). Dasuni (C1) agreed with him (line 76). 

74 C1 Put a value for a. 

75 C3 No, let’s try this and see whether we can change the values of a, b, and c. 

76 C1 Ah right, right. 

77 C3 I don’t know. For the previous one, we did. It worked. We’ll see. 

Further, the following conversation is an example providing evidence of Dasuni (C1) and Dilum 

(C3) accepting Nelum’s (C2) suggestion about entering the discriminant as an equation:  𝐷 =

𝑏2 − 4𝑎𝑐. This provides an example for developing their personal IG together.  

228 C1 The problem is it doesn’t come. 

229 C2 Shall we write this as an equation? Delta or whatever a letter is equal to. So that we 

can get the value of that.  

230 C3 Yes, we may get it.  
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231 C2 P or any letter equals. 

232 C1 Or shall we rewrite this as four times 𝑎 times 𝑐 [4𝑎𝑐] with a multiplication sign.  

233 C2 Let’s input here an equation, 𝐷 = 𝑏2 − 4𝑎𝑐. Then let’s input it to get its value. … 

So shall we give an equation here to get the value? 

So, in this group, each member not only contributed, but also, instead of following an unofficial 

leader, they reached a consensus through valuing each other’s ideas. The homogeneity of this 

community of inquiry with regard to age and experience in teaching is a possible reason for why 

they felt comfortable in presenting their ideas to each other and coming to an agreement on how 

to proceed.  

Like the other three groups, Group C also reflected on the points discussed at the PD 

intervention, particularly task richness factors and the three point FOCUS framework. It was 

Dilum (C3), who was slightly more experienced in teaching, who took the lead in expressing his 

concern about the quality and the richness of their task. He suggested they should check whether 

the proposed features of a rich DT task discussed in the intervention appeared in their modified 

task (see line 1489 below), and the other two teachers agreed.  

1489 C3 Shall we check whether the suggested features of a rich task are there in our task?  

1490 C2 This is beyond the routine. So that’s there. Address a mathematical concept or an 

idea, yes. Ask students to write how they interpret their work. They do that as well. 

They use GeoGebra and the work on the paper and compare those two and then 

come to a conclusion.  

1491 C1 Can we ask a group member to interpret the results? 

1492 C2 But this is individual work. Because this is not group work. 

1493 C3 Yes, individual work. 

In line with some elements of the three point framework in the PD they had received, the group 

worked on the task and considered: what confusion students could possibly face when working 

on the task (difficult points); and what measures they could take as teachers to overcome or to 

minimise those difficulties (critical points). It was also Dilum’s (C3) suggestion to put 

themselves in the students’ position by trying the modified task to understand any difficulties 

students might face, providing an additional means for them to remodify the task. In the 

following discussion, Dilum (C3) suggests checking whether the task works in a way that they 

can be satisfied with. He stresses the importance by saying ‘That’s what we should do first’ (see 

line 1353). The words ‘Let’s see whether we can do this in 45 minutes’ (line 1353) show his 
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concern about the time allocation for the task in order to ensure that they can complete the task 

within the time that they have estimated. This represents a good practical example of a teacher 

planning a lesson confirming the task designed is workable in the actual classroom.  

1352 C1 That’s it. 

1353 C3 This would be sufficient for 45 minutes I think. Otherwise, we may not be able to 

complete it in 45 minutes. Here we have much work to do. Let’s see whether we 

can do this in 45 minutes. That’s what we should do first.  

1354 C1 Shall we first ask whether this is correct? 

1355 C3 No, let’s first see whether this works according to the plan. We just wrote here and 

there so we need to see whether the flow is correct.  

1356 C2 Yes, shall we do this in GeoGebra step by step? 

1357 C3 Yes, let’s do that.  

In addition, these teachers tried to find out whether their instructions were sufficiently clear to 

understand, whether they were correct, and whether students could actually do what they were 

asked to do the task. In doing so, they came across some areas where they believed students 

might struggle, such as points where students might not understand the instructions or the output 

in GeoGebra might be different from what teachers expected. In particular, one question on their 

task was ‘What is the value of the discriminant when the graph touches the 𝑥-axis?’ Here, the 

teachers identified some places where students may have confusions and came up with courses 

of actions. Further, when the teachers were working on the task, they experienced difficulty in 

getting a graph that touched the x-axis by changing the sliders for a, b and c. The following 

conversation shows how they tried different ways to fix this. Nelum (C2) suggested they 

decrease the increments of the sliders to have a graph touching the x-axis (see line 1386) and the 

others agreed that it might work.  

1382 C2 Yes, they will get the sign of the discriminant when graph cuts the x-axis at two 

points. Then, ‘what is the value of the discriminant when the graph touches the x-

axis?’  Then s/he can.. 

1383 C3 Either they can change c.. Yes, and they should get when it exactly touches. 

1384 C2 It’s difficult. 

1385 C3 Yes, it’s a bit difficult to get that point. That’s the problem. A little bit more. 

Down. A student might get the idea I guess. Because when the graph changes 
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Immediately after the discussion above Dasuni (C1) tried twice to suggest they use some specific 

values, such as  𝑎 = 1, 𝑏 = 2 and 𝑐 = 1 (see line 1391 below) since these give the discriminant 

a value of zero. However, the two other teachers did not hear her voice, as it was extremely low, 

so this suggestion initially went unexplored. Another concern was that the graph might look like 

it was touching the x-axis even though it was not (see line 1396 below). As shown in the 

following discussion, the teachers explored this idea and recognised that if they zoom out of the 

graph then the students would be able see clearly whether or not it touched the axis (see line 

1398). This is another place to evidence that these teachers developed personal and professional 

IG together as a group. 

1391 C1 If we give 𝑎 = 1, 𝑏 = 2 and 𝑐 = 1 [her voice was very low so no one heard this].  

1392 C2 It asks for the value [of the discriminant] when it [the graph] touches [the x-axis].  

1393 C1 It would work if we change b to 2 and a to 1. [Tries again] 

1394 C2 But if the student sees this [graph slightly above the 𝑥-axis and ∆≠ 0] s/he will 

consider this as if it has touched. 

1395 C3 Yes, but it has not touched exactly [when ∆= 0]. 

1396 C2 Yes. But it looks like it’s touching 

1397 C1 Yes, that’s right.  

1398 C3 It can be seen if we zoom out this.  

1399 C2 How can we do that? 

1400 C3 There from that [zooming].  

1401 C2 Where? 

1402 C3 Here. .. ah yes like that. Now you can see. 

1403 C1 Yes, now you can see. Look it cuts the axis. If a student asks about the graph in this 

situation we can help them. We can show them it has not yet touched.  

from positive to negative there should be a place it becomes zero. Students might 

get that idea.  

1386 C2 Yes, it is a bit difficult to get that. What if we change this to 0.5s?  

1387 C3 Ah yes, increments. Isn’t it? 

1388 C2 & C1 Yes. 

1389 C3 Yes, we have to design. If it will be in small increments it would work.  

1390 C2 Even though it looks like..  
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1404 C3 We have to tell students to make it bigger and see.  

They also anticipated that students might understand that there should be a case when the 

discriminant is zero. Their argument was that students might infer the intermediate value 

theorem, that when a continuous function’s value changes from positive to negative it must pass 

through zero (see line 1438 below). However, as the teacher who would implement the task with 

the students, Nelum (C2) did not agree with this approach since she believed students might not 

understand until they saw it. These teachers tried different ways to overcome this potential 

difficult point and finally decided to give a set of values for a, b and c that gives zero for the 

discriminant (line 1447 in the following conversation), as Dasuni (C1) had suggested in the 

above conversation (lines 1391 and 1393). They also decided to give this set of values after they 

had let students try it on their own. Although teachers have identified a possible student 

confusion, they wanted their students to come up with a solution rather than providing a course 

of action, which is a good practice in student-centred approach. However, in line with the 

FOCUS framework teachers were ready with a course of action if students could not find a 

possible way to overcome the difficulty.  

1438 C3 Yes, that’s what I am also thinking. .. To change the sign there will be a zero in 

between. When it goes from positive to negative it should pass zero. 

1439 C2 A situation where it becomes zero [while working on the computer]. 

1440 C3 We can give some integers for a, b, and c   

1441 C1 a equals 1 

1442 C2 a? 

1443 C1 Try with 𝑎 = 1, 𝑏 = 2 𝑎𝑛𝑑 𝑐 = 1. … [the third time she has tried to make this 

suggestion] 

... … … 

1446 C2 Ah yes. It’s working. 

1447 C1 Yes, we can use this.. 

1448 C3 There are sets like that.  

… … … 

1452 C2 Let’s give a case like 𝑎 = 1, 𝑏 = 2, 𝑐 = 1. So that we can say that, this graph 

touches the x-axis.  
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The inference here is that this teacher who was to implement the task with her students was 

thinking about her own students’ level of understanding, which was valuable knowledge that 

enriched the task.  

As these teachers anticipated, the students did struggle to get a graph touching the x-axis by 

changing the sliders during the classroom implementation. Figure 5.4 below illustrates an 

example of how the students tried to draw a graph touching the x-axis. Although this graph looks 

like it is touching the x-axis, the value of the discriminant is actually −0.04 placing it entirely 

above the 𝑥-axis. After allowing the students to try and obtain a graph of a function with ∆= 0, 

Nelum (C2) suggested to the students that they try out some specific values such as 1, 2, 1 or 1, 

4, 4 or 1, 6, 9 for a, b and c. As can be noticed in Figure 5.5, the students were then able to 

observe the graphs touching the x-axis by appropriately changing the values of 𝑎, 𝑏, 𝑐 in Algebra 

view.  

 

Figure 5.4: A student trying to get a graph that touched the 𝑥-axis by changing the sliders. 

Group C’s collaborative dynamics, comprising equal contributions from all members instead of 

following a single leader, was one factor in helping them to develop a richer task than the other 

groups. In turn, being a homogeneous group with respect to age and experience probably 

contributed to giving them the confidence to present their own ideas and being willing to debate 

others’ ideas. Perhaps they felt as if it were a discussion among equals. One of the hypotheses 

for this research is that there is a benefit of the teachers designing DT mathematical tasks for 

their students because they are more aware of the students’ level of understanding, potential 

misconceptions and available resources. And this awareness would help them to design better 
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tasks. As anticipated, the teacher who implemented the task of Group C in particular showed her 

concern about the students’ level of understanding.  

 

 

 

 

 

 

 

 

 

 

Figure 5.5: A student changing the values of 𝑎, 𝑏, 𝑐 to 1, 2, 1 to draw a graph touching the 𝑥-

axis. 

In summary, the following characteristics were recognised as a result of examining the dynamics 

of Group C while they worked on the task: 

• This group was homogeneous in age and experience in teaching mathematics. Rather 

than having an unofficial leader, homogeneity in age and experience is likely to result 

in equal contributions from all members. Group members contributed equally while 

valuing each other’s ideas. This appeared to make them more comfortable about 

opening up with their ideas and enriched the discussions about developing the task and 

also how to improve the quality of the task. This dynamic helped Group C teachers to 

develop their personal and professional IG together. 

• Similar to the other groups, the teacher who had a little more teaching experience 

initiated the reflection on points from the PD intervention, in particular, a consideration 

of the three point framework and the list of factors contributing to a rich DT task. This 

reflection helped these teachers to improve the task. In addition, being aware of 

possible student confusion with suggested strategies available to overcome these is 

more likely to be beneficial for successful classroom implementation.  
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• The teacher who implemented the task with her students was concerned about her 

students’ level of understanding and introduced this to the discussions. Knowing the 

level of understanding, possible misconceptions and the prior knowledge of the target 

group supported these teachers in constructing the task, including setting the sequence 

of directions. Thus, it is beneficial to encouraging teachers to design tasks themselves 

for their students rather than adapting and reshaping existing tasks.  

5.3.4 Group D 

Finally, the collaborative dynamics displayed by Group D in the task design process are 

considered. All three female teachers of Group D had completed a Postgraduate Diploma in 

Education in addition to their B.Sc. degree with mathematics. Thus, this group was also 

homogeneous in qualifications but they were quite diverse in their experience in teaching 

mathematics and their age compared with the other groups (see Table 5.11). Two of the teachers 

had more than 20 years of experience, whereas the third teacher had less than 10 years. In 

particular, the early career teacher had less than five years of experience in teaching Advanced 

Level mathematics. In addition, the third teacher was much younger (31–40) than the 

experienced teachers, who were both over 50 years old. This age difference and the difference 

in experience were higher than all other groups (see Table 5.11 for details).  

This group, homogeneous in gender and qualification, was primarily led by the two experienced 

teachers, while the less-experienced teacher (D3) appeared willing to follow them. However, it 

was interesting to observe that both experienced teachers in this group always welcomed and 

valued the ideas of the early career teacher, Sarasi. Even so, it was difficult to hear Sarasi’s (D3) 

voice in the video; instead she tended to agree with a ‘yes’ or nodding of her head during the 

discussions at points where they decided on key mathematical concepts and planned the lesson 

or the sequence of instructions. Prior to line 31 in the transcription of the task design process, no 

active participation from Sarasi (D3) was noted, except her agreement by saying ‘yes’ or nodding 

her head. She first entered into the conversation with a suggestion that the lesson incorporating 

the task could be done within 40 minutes if they presented it with PowerPoint (see line 31 below). 

The others took her comment into consideration.  

29 D1 But we can’t do all these here, can we? Because if there is only one period [40 

minutes] then can we do all these? There are 7 or 8 graphs like this. 
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30 D2 But if it is a presentation. 

31 D3 If it is a presentation [PowerPoint] then we can [do it in 40 minutes]. Can’t we? 

32 D1 Can we? 

33 D2  Yes, I think so. Let’s see. 

Sarasi (D3) was the only teacher in this group who had some experience in using DT in teaching 

and so she actively participated in conversations regarding DT involvement and contributed her 

ideas and skills in working with computers. This might be the reason why she spoke up in regard 

to connecting GeoGebra constructs with mathematical ideas. When Kanthi (D1) wondered how 

they could do that using GeoGebra, Sarasi suggested that they could give the values of the 

coefficients of the quadratic function as a range (see line 75 in the following conversation). 

Kanthi and Ruwani (D2) agreed with this suggestion. In this way, Sarasi, helped the other two 

teachers to develop their personal and professional IG. Sarasi’s lack of confidence might have 

influenced her reluctance to express her ideas in the presence of very experienced teachers, but 

when she did so, especially with regard to DT, she had good ideas to contribute and the other 

two teachers recognised this.      

65 D2 It would be better if we can do this using an example. 

66 D3 Don’t we need to show the formula [𝑎𝑥2 + 𝑏𝑥 + 𝑐] first?  

[after this D3 first spoke up with the words in line 75]  

.. … … 

72 D1 We want them to draw using the computer. How can they give these [coefficients] 

using the computer? 

… ... … 

75 D3  Then it can be given as a range, like when b is positive, [or when] b is negative. 

76 D1  Ah like that. Yes, we can give it in that way. 

77 D1 That means we give a range of values? 

78 D3 Yes. 
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All of the teachers’ contributions were noticed as being almost equal in the conversations 

regarding DT work. It was observed that Kanthi (D1) and Ruwani (D2) supported Sarasi (D3) 

with their ideas when she was working with GeoGebra. As another example, the following 

conversation demonstrates how the teachers contributed almost equally in designing the task at 

this stage. Even though Sarasi passively agreed with the others in choosing the mathematical 

concepts for the task and planning involving teachers’ knowledge of content and teaching, when 

they started to work with GeoGebra she soon started to give her ideas (see line 426, 429) and 

participated actively in the task design process. Among the ideas she came up with, searching 

for available menus and suggesting ways to connect the mathematical ideas with technology 

commands are prominent. Hence, with time, all members of this group mutually supported each 

other with Sarasi’s contribution in helping others to develop their IG. 

426 D3 So do they fill the table by referring to the screen?  

427 D2 Yes, from here they come to this.  

428 D1 Oh yes, they have to take the graphs from the beginning.  

429 D3 Yes, the graphs are here. 

… … … 

434 D3 Here we need to consider whether we can do the calculations or not?  

435 D2 And then here by introducing the quadratic function.  

… … … 

438 D3 Shall we do a general one [draw the graph of 𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐] and see? 

439 D1 Yes. 

440 D3 In the same sheet, we can ask them to calculate. Something like that. Then the value 

would be displayed on the screen.  

In line with other groups, Group D also reflected the points demonstrated during the PD 

intervention. By doing so, they identified goes beyond routine methods, encourages student 

investigation and aims for generalisation were factors missing in their first task that needed to 

be considered in the modification. For instance, after the intervention, the teachers considered 

how they could improve the quality of their task. As with Groups A and C, one of the experienced 

teachers, Ruwani (D2), opened up the discussion about how to reflect the content of the 

intervention. At this point, Ruwani (D2) suggested that they look at the factors of a rich DT 

mathematical task from the PD to understand what changes they should make (see line 769 

below).  
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The first factor of the TRF they noted that needed to be considered in their modification was 

goes beyond routine methods. By looking at the factors discussed at the PD, Sarasi (D3) 

commented that their original task included a lot of routine work that students need to do 

repeatedly (see lines 770 & 772). The teachers then considered this in the modification and 

allowed the students to categorise the graphs according to three given conditions ∆< 0, ∆= 0 

and ∆> 0 (see Section 4.4.2 for the analysis of the tasks). This helped to bring the task to a 

higher level than when it gave a set of standard questions.  

769 D2 Let’s take this and see whether these points [factors of a rich DT task] are there in 

ours. 

770 D3 Looks like it is routine work. Doesn’t it? 

771 D2 Yes. 

772 D3 They have to do the same thing again and again. 

While considering the content of the PD in improving the task, the Group D teachers were also 

concerned about the prior knowledge students required to understand the concepts in the task. 

For example, teachers noted encourages student investigation as another important factor that 

they were required to improve from the original task. This time, Ruwani (D2) brought it into the 

discussion, believing that their task did not provide sufficient opportunities for students to 

attempt the work themselves rather than the teacher explaining (see line 800 below). In line with 

the three point FOCUS framework this modification helped to give a more student-centred 

approach to the task. In addition to that, Ruwani (D2) also drew the others’ attention to the prior 

knowledge students need to work on the task. As a result, she suggested giving them the 

knowledge of what a quadratic function is and what 𝑎, 𝑏, 𝑐 are during a lesson prior to 

implementation using GeoGebra. This was a place where the teachers, based on the three point 

FOCUS framework, considered possible student confusion and, as a course of action, they 

decided to give this knowledge in a preceding lesson. After Ruwani explained how this 

modification would work and answered questions from the others, everyone showed their 

satisfaction with her suggestion. For example, line 817 of this part of their conversation shows 

how Kanthi (D1) agreed with Ruwani.   

799 D1 The problem we have here was it, wasn’t using DT much, was it? Other than that 

this [their first task] is fine. Isn’t it? 

800 D2 And here [in the initial task] we tell everything rather than letting students find it 

[the effect of 𝑎 and ∆ on the graph] themselves. It’s less in our task. To get 



Chapter 5  Factors Influencing Teacher Development of DT Tasks 

190 

 

something from them they should know something about this [lesson]. So let’s 

consider that the first part of the topic [introducing the quadratic function and 

identifying 𝑎, 𝑏, 𝑐] has been done before this lesson and.. 

801 D1 Does it mean we introduce what a, b, c are at that time? 

802 D2 Yes.  

803 D1 But not 𝑏2 [𝑏2 − 4𝑎𝑐]? But if we want we can. 

804 D2 Yes we can. Then students can calculate that using the spreadsheet. 

… … … 

809 D1 So we can do these with examples in a day prior to that. [Using the computer] We 

use this to calculate the values of delta. So we can get them from the students. But 

students may not be able to do this on the same day we introduce these calculations 

with the software.  

810 D3 Yes, yes. 

811 D1 So that means they know delta by now? 

812 D2 Yes. 

813 D1 So we don’t introduce what delta is during this lesson. Do we? 

814 D2 If we introduce delta on an earlier day then students will know that. So they know 

delta. And if it cuts, or touches or none of them, 

815 D3 They know all these cases. Don’t they? 

816 D2 Yes. 

817 D1 Yes, they know them. But here they only identify them. Ah, now there’s something 

that they have to find out. 

818 D2 Yes. Then we can let them do something and find out. Now here when we consider 

these [features of a rich DT algebra task] but in our previous one, it’s not enough.  

In addition to considering student investigation by allowing students to calculate the 

discriminant using spreadsheets and relate the discriminant to the graphs, they also paid attention 

to improving the task by allowing them to aim for generalisation. Accepting this as a potential 

modification, Sarasi (D3) suggested that they let students draw more than one graph for each 

case — when ∆> 0; ∆= 0 and ∆< 0 — since this would be beneficial in helping students to 

think about generalisations (see lines 822 & 825 below). The point she raised was ‘they 

[students] can’t generalise by looking at one graph’, which is a very good claim that helped them 

to think about guiding students for generalisation. Experienced teachers, Kanthi (D1) and 

Ruwani (D2) readily accepted Sarasi’s idea (line 823 and 826). Thus, based on an initiative from 
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one experienced teacher (D2), Group D collaboratively tried to improve the quality of the task 

by paying attention to the features of a rich DT task, discussed during the intervention. 

822 D3 Yes, we can let them draw not only one graph but a few graphs for one case. And 

it doesn’t take much time to draw. 

823 D2 Yes. 

824 D1 Giving few equations? Yes. 

825 D3 So that they can find delta for all of them. A few graphs for each case otherwise 

they can’t generalise by looking at one graph. 

826 D2 Yes, certainly! 

827 D1 Say three examples for one case. 

Summarising, we can say that, at the beginning, this group was led mainly by the two most 

experienced teachers, with the less experienced teacher willing to follow them. However, later, 

once they started to work on the computer, this third teacher was actively involved in the 

discussions. Hence, Group D exhibited the following dynamics: 

• One teacher’s lack of experience in teaching mathematics, likely causing a loss of 

confidence, may have discouraged her from engaging with the planning of the task, 

especially due to her lack of PCK. In turn, this may have caused the group to miss out 

on possible contributions from her, especially since the task was designed to be 

implemented with her students. The gap in experience and also in age might have 

influenced the extent to which the less experienced teacher felt able to open up in front 

of two very experienced teachers.  

• The group was co-led by the experienced teachers with the support from the less 

experienced teacher, who was mainly involved in handling the DT. In this case, the 

experienced teachers supported the ideas from the less experienced teacher in use of 

technology and welcomed her ideas in designing the task. With the less experienced 

teachers’ support all members of this community of inquiry developed their personal 

and professional IG. However, their inexperience in the use of DT in teaching 

apparently affected incorporation of DT techniques into the task, thus negatively 

impacting student instrumental genesis.  

• One of the leaders initiated the importance of reflecting on the PD intervention in the 

task and the group reflected on its content by considering factors of a rich DT task at 
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the modification stage. The teachers then modified the task to improve it so that it went 

beyond routine methods, to provide more opportunities for students to investigate and 

to guide the students to think of potential generalisations. Although the discussion was 

opened up by one of the leaders, all the teachers contributed, including the less 

experienced teacher.  

• Group D was likely to have benefited from being led by two experienced teachers since 

it helped them to focus on the three point framework by considering student prior 

knowledge, possible confusion and courses of action as important factors to be 

attended to in designing a task.  

5.3.5 Group comparison   

In order to summarise key points from the analysis of all four groups, which looked at the role 

of the group interactions in the task design process, common themes relating to group 

collaborative dynamics drawn from a comparison will now be presented. 

Forming groups that are homogeneous in age and experience could possibly be more beneficial 

in the process of DT task development and implementation. The members of groups having such 

a composition showed they were more comfortable than other groups in group task design 

discussions with equal contributions from all members. As a result, they showed a significant 

improvement and designed the richest task among all the groups. In contrast, the early career 

teachers in groups that were heterogeneous in age and experience in teaching showed a lack of 

confidence in sharing their ideas in the presence of experienced teachers, especially due to their 

less well developed PCK. Since this affects the contribution from less experienced teachers, 

having groups heterogeneous in age and experience is likely an inhibiting factor for teacher task 

development and is an important outcome of the above analysis.  

Another aspect that supported these teachers in enhancing the quality of the tasks was reflecting 

on the points discussed at the PD intervention. Apart from demonstrating the value of the 

intervention, it was seen that, in general, the relatively more experienced teachers in each group 

valued the consideration of the factors addressed in the TRF and the three point FOCUS 

framework and hence initiated discussions on them to the benefit of their task design.   

There is also evidence that the attitudes and beliefs of any group leader towards the use of DT 

in teaching/learning are factors influencing the teacher design of tasks. For example, the leading 
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teacher of Group B was not very positive about the use of DT techniques, rather she valued more 

highly the use of paper and pencil work. This also influenced the other teachers and hence 

reduced the richness of their task. On the other hand, the leading teacher of Group A experienced 

a positive change in attitude towards DT and that group was able to design the second richest 

task among all groups. However, no particular teacher took a leadership role in Group C, which 

was the most improved group and produced the richest task of all the groups. Thus, either having 

a leader with positive attitudes or accepting everyone’s ideas instead of having a leader is likely 

to have a positive influence on these group of teachers to design DT algebra tasks using 

GeoGebra.  

Some group dynamics discussed above worked more favourably than others in developing 

teachers’ instrumental genesis and the following section presents how these dynamics influenced 

their IG as well as the development of quality tasks.  

5.4 Double Instrumental Genesis and Documentational Genesis 

The instrumental genesis (IG) of the teachers is another key factor presented as part of the MPTK 

framework and hence was foundational in this study. In recent studies (Haspekian, 2005, 2011, 

2014), two types of IG have been described: personal IG and professional IG. The synergy 

between the IG and task design is now considered.  

Demonstrating flexibility in searching for different menus, operations and commands in 

GeoGebra supported two groups, namely Group A and C, in their personal and professional 

instrumentation. In Group A, Kasun (A1) and Ushan (A2) were more flexible in searching for 

ideas from the available menus and operations in GeoGebra than Ashoka (A3). They showed 

positive attitudes and confidence in looking for different ways of using the functions in 

GeoGebra to overcome the difficulties they faced. For example, when Ashoka (A3) was 

concerned about the mathematical ideas that needed to be addressed in the task, he suggested 

including the effect of the discriminant and wondered whether they could use another slider for 

that (see line 237 below). When it came to the technical part, Kasun (A1) showed his confidence 

and was curious about trying different methods to fix the issue. In particular, while Ashoka was 

wondering whether it was possible to ‘create a combined slider’ in GeoGebra, Kasun showed he 

was enthusiastic to try possible ways to do so (see line 238). 

235 A3 Yes, we have to go for something else. 
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236 A2 Sir [called A3 sir, as he was a senior teacher to A2], if we can switch the equation 

and show then it would be fine. Wouldn’t it? 

237 A3 A slider. Without going for a slider can’t we create a combined slider? Is it possible 

in GeoGebra? 

238 A1 Let’s try and see. 

Further, the words ‘No, it should work here. It should work. It should work’ (Kasun – A1, line 

250 below) shortly after in the same conversation as that above, showed Kasun’s confidence in 

his instrumentation and that he believed he could find a way to make the value of the 

discriminant appear on the screen by using a new variable.   

248 A1 No, we can take from here. 

249 A3 Sorry? 

250 A1 No, it should work here. It should work. It should work. I’ll give it as z  

251 A3 Oh yes. A new one. A new one. Can’t we create a new one? No, I think we can’t 

do in that way. 

252 A1 It’s 𝑏2 − 4𝑎𝑐 isn’t it? 

When they were successful in getting the value of the discriminant on the screen, Kasun (A1) 

and Ushan (A2) showed their excitement in finding a solution (see lines 271 and 272 in the 

conversation below). Hence, they ended up with asking students to enter 𝐷 = 𝑏2 − 4𝑎𝑐 on the 

input bar and observe how the value of D [delta] on the algebra view was related to the changes 

in the graph. 

264 A1 Mm.  Where is it? 

265 A2 Here, here, here it is. 

  … 

268 A3 I mean that [what?] should be a slider. 

269 A1 Here, yes here, it is. 

270 A2 Yes, there it is. 

271 A1 Yes, it’s coming, yes coming. Delta is there. 

272 A2 Yes, it’s working [the value of delta is appearing on the screen]. 

273 A1 It should be zero when this is zero. Shouldn’t it? If so then it is correct, right? 
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This indicates that the flexibility of the members of this group encouraged development of their 

personal instrumentation as well as leading to the integration of DT techniques in the task. By 

integrating these commands, the teachers also provided opportunities for student IG (see Section 

4.1.2). 

The group members’ growth in their personal instrumentation directed them to develop their 

professional IG. For instance, another occasion Kasun (A1) showed his level of instrumentation 

was when they struggled to get the correct graph when 𝑎 is negative (𝑎 < 0). Identifying the 

effect of 𝑎 on the concavity of the graph was one of the key points of Group A’s task. Their idea 

was to let students change the slider for 𝑎 to get different graphs when 𝑎 > 0 and 𝑎 < 0 and 

observe the shape of the graph. Yet, Ashoka (A3) noticed that even when the value of 𝑎 was 

negative the graph was concave up, which should not have been true. When Ashoka raised the 

problem, Kasun (A1) immediately identified how the values for a shown in the Algebra view 

were different from the values of a that they had set for the slider (see line 180 below).     

178 A1 No, no. Even though it is like this here. But the value shown here is different. 

179 A3 Ah, there’s something wrong. I guess. 

180 A1 This value is different from the value we gave. 

To fix this, they first tried to change the range for a, but then realised that the range they had 

given was fine. Instead, to overcome this issue, Ushan (A2) suggested they draw a graph with 

negative a to see whether GeoGebra gave a graph concave down (see line 197 below), and the 

other two agreed. However, even before Ushan finished typing a function with negative 𝑎, Kasun 

figured out that the problem occurred because GeoGebra takes 𝑎𝑥^2 as (𝑎𝑥)2 [that is the value 

of the single variable ax squared] (see line 202) and he further suggested typing an explicit * for 

multiplication between the a and the x instead (lines 204). So they did this and it worked. In 

addition to showing their enthusiasm for, and confidence in working with technology, here 

Kasun demonstrated his instrumentation on command line syntax for entering variables and 

functions. He figured out the syntax of entering the quadratic function with the version of 

GeoGebra that they used in this project. 

197 A2 Shall we draw a graph of a quadratic function with negative a and see? 

198 A1 Ah, a separate graph? 

199 A2 Yes 
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  … 

202 A1 Ah no. Ashoka [A1] here they take the square of ax I guess [ie (𝑎𝑥)2]. 

203 A3 Oh, I see. 

204 A1 We need to type * for the multiplication, I guess [meaning 𝑎 ∗ 𝑥]. 

205 A3 Oh yes, it must be. Yes, yes, yes, I think so. 

  … 

208 A1 Yes, it is. That’s what happened. That’s why we got numbers like 25. 

This incident demonstrates well that Group A were able to develop their personal IG as they 

worked on the task together. In this case, they recognised that concatenated letters are treated as 

a single variable and that using a * for explicit multiplication is needed between two separate 

letters.  

The group members’ flexibility in IG and their ability to solve problems with DT would most 

likely have supported them in seeing how to incorporate DT activities with mathematical ideas 

in the task. More than just developing their personal instrumentation, they were then able to 

integrate some techniques into the task, providing opportunity for student IG, such as expecting 

them to use sliders to get different graphs for ∆< 0, ∆= 0, and ∆> 0 when 𝑎 < 0 and 𝑎 > 0  

(see Section 4.1.1 for the tasks they designed). In this way, they also demonstrated aspects of 

their changing professional IG.  

A flexibility of approach to instrumentation was a factor that supported Group C teachers to 

develop double IG and then to incorporate DT techniques into their task. To give an example, 

Group C also faced exactly the same problem in drawing graphs of quadratic functions when 𝑎 

is negative. In this group, Dilum (C3) noticed that even when 𝑎 is negative the graph of the 

quadratic function 𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 was concave up (see line 202 below).  

201 C2 Then what we have to do is.. Give some examples and create a table in another 

place and we can show that table here. Can’t we? … But the issue is with 𝑏2 − 4𝑎𝑐. 

202 C3 That we can show using this. … Ah, it doesn’t show [graph is still concave up] 

when it [𝑎] is minus. Why is it not showing here? 

203 C1 If a is positive.  

204 C3 Here negative. 

205 C1 When positive? 
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206 C3 I think range. Here it is negative. 

However, after all three of them had made some suggestions to solve the problem, Nelum (C2) 

took a GeoGebra manual and checked for a possible solution (line 245 below). In the manual, it 

stated how to input a function like 𝑓(𝑥) = 𝑎𝑥2 as 𝑎 ∗ 𝑥^2. By considering this example, Dilum 

(C3) suggested that the computer might have taken 𝑎𝑥2 as (𝑎𝑥)2 so they would need to type ‘𝑎, 

multiplication, and then 𝑥2’ (Dilum – D3) (see line 246). Here is their conversation about this: 

245 C2 Now here it says, [reading the manual] what happens when 𝑎 > 1 and ‘b between 

zero and 1’ [0 < 𝑏 < 1]. Like that we also can do what would happen when these 

parameters change? … 

246 C3 Ah yes, let’s put it like that. Yes, that is the problem here I think. Here the computer 

takes it in another way. 𝑎, multiplication, and then 𝑥2  

247 C1 Yes, that’s why.  

  … 

250 C3 Let’s put the multiplication sign in. 𝑥2 is alright. In this place [between 𝑎 and 𝑥2] 

we have to put the multiplication sign. We need to define the variable. 

251 C1 Yes, I also think so.  

Facing this problem, they did not give up but kept trying to figure out how to fix the issue. Using 

the manual to assist them led them to enhance their personal instrumentation with regard to 

entering variables and functions. By doing so, they figured out and then incorporated the 

techniques in GeoGebra with the mathematical concepts that they are addressing in the task. 

They also provided opportunities for student IG while carefully integrating suitable DT 

techniques. This is where Group C teachers demonstrated their professional IG.   

In contrast to Groups A and C, who were flexible in looking for different methods to solve 

problems with technology, Group B either avoided issues, by changing the function or postponed 

looking for possible methods to solve problems. For example, when they input the function 

[𝑓(𝑥)] 𝑦 =
1

𝑥−1
, they noticed that 𝑥 = 1 cannot be seen on the 𝑥-axis (refer to line 205 in the 

conversation below). Once they noticed this, Nimali suggested changing the function by 

replacing 1 with 2 (see line 206), which Malka (B1) readily accepted. In other words, they 

proposed using the function 𝑓(𝑥) =
1

𝑥−2
 instead of 𝑓(𝑥) =

1

𝑥−1
, taking a mathematical solution 

around the problem rather than developing their IG so they could modify the DT commands. 

Here they showed a lack of flexibility in investigating GeoGebra to find possible menus and 
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commands to fix the technical problems. Rather, they moved to a more familiar and comfortable 

solution by changing the function to 𝑓(𝑥) =
1

𝑥−2
. Taking another approach and showing her 

instrumentation, Shanika (B3) proposed that they could change the ratio between the axes to 1: 1 

so that the number 1 would appear on the 𝑥-axis (see line 208 below). However, Nimali (B2) 

showed less interest in changing the ratio between the axes and instead she was more willing to 

change the function to make the work easier. This suggested that Nimali was willing to go for a 

solution using her subject content knowledge rather than worrying about how to struggle with 

the commands in the technology, which were less familiar to her.  

202 B2 Ok, now we go for 𝑦 =
1

1−𝑥
, no 𝑥 − 1 

  … 

205 B3 That’s at one. So it cannot be seen here.  

206 B2 Ah, one is not here, is it? [it didn’t appear on the 𝑥-axis] We can take two [taking 

1

𝑥−2
 instead of 

1

𝑥−1
]. 

207 B1 So let’s take two. 

208 B3 We can show one. Because here we have given it in twos [the 𝑥-axis was marked 

in twos]. 

209 B2 If we change this. [the function 
1

𝑥−1
] 

210 B3 No Nimali [B2].  Here the axes are marked in twos. So if you want you can change 

this [to ones]. 

211 B2 No, let’s give the function as 𝑦 =
1

𝑥−2
. 

212 B3 Hm. 

213 B2 So that two can be seen [on the 𝑥-axis].  

In spite of this, Shanika (B3) kept trying to convince Nimali (B2), explaining that it was possible 

to change the distance between two points on the 𝑥-axis to 1. None of them had significantly 

developed instrumentation to explain that by right clicking on the axis and then altering the value 

for distance they could have easily done that. This would then clearly have shown the point 

(1,0) where the function did not exist. It was interesting to observe Shanika had the confidence 

to search for available DT commands to overcome the problem. However, Malka wanted to 

leave this for another time and, surprisingly, Shanika agreed with her on this occasion (see line 

233 below) suggesting that trying different available menus to overcome the problem was 

wasting time. This is another place highlighting the influence of Malka’s leadership qualities 
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and Shanika’s willingness to follow her lead. This lack of flexibility and somewhat negative 

attitude to DT solutions by the leader probably prevented the other group members from 

developing their IG.  

230 B3 It must be changeable.  

231 B2 Yes, it should be. 

232 B1 Let’s do it later. We can do that. 

233 B3 Yes without wasting time.   

If, instead, they had been flexible enough in their approach to investigate the software further 

then they could have developed their IG related to the content of menus and available objects or 

commands and, hence, used them appropriately in the task. The next group who presented a lack 

of flexibility was Group D. 

 

Figure 5.6: The method of entering a function with subscripts (left hand side) and how it 

appears on the algebra view (right hand side). 

Group D showed a lack of confidence in handling DT as well as less flexibility in approaching 

technology use (see Section 5.2.4). These factors most likely influenced them in designing a task 

containing very few GeoGebra commands. In contrast to all the others, Group D only used basic 

commands and operations of GeoGebra in developing the task, such as entering the given 

quadratic functions and colouring the graphs. When entering the functions, they were interested 

in getting the graphs on the screen with the labels 𝑓1(𝑥), 𝑓2(𝑥), … , etc. using subscripts, and so 

they tried to type this in the input bar. But their IG was such that they were unable to succeed. 

They also tried different menus such as symbols and objects to identify a method to write 𝑓1(𝑥) 

as 𝑓1(𝑥) but they failed to find the correct method, namely typing 𝑓_1(𝑥) on the input bar which 

would then have shown up as 𝑓1(𝑥) in the Algebra view (see Figure 5.6). 
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After some time considering a possible solution to this difficulty, Sarasi (D3) suggested leaving 

it as 𝑓1 and proceeding, and the others agreed with her. Further, as seen in the discussion below, 

Ruwani (D2) confirmed that they should keep working with 𝑓1(𝑥), 𝑓2(𝑥), … and so on with the 

intention that ‘No, we can’t do this [use subscripts]’ (see line 297 below). It is not very clear 

whether she meant that they were unable to do that or whether she thought it was not possible to 

do it with GeoGebra. However, in connection with Section 5.2.4 and the Figure 5.1, it is not 

surprising that they gave up trying to find a correct solution as they lacked the confidence to play 

around with the DT.  

291 D3 Shall we type one for now and.. 

292 D2 Yes, will type 1 and keep.  

293 D3 Ok. 

294 D2 Will keep it for a while and proceed. 

295 D1 Typing 1 there is not a problem as it is the first one. Let’s put 2 for the second one 

and so on. What we couldn’t do is name it as graph one? Could we? 

296 D3 Here again, it appears that it’s an invalid input.  

297 D2 So let’s go with 1, 2 and 3. No, we can’t do this. 

This group gave up trying appropriate commands to solve their problem and instead settled on a 

pragmatic solution. One possible reason for this might be their lack of experience in using DT. 

And another reason could be the dynamics of the group.  As indicated in Table 4.12, two of three 

teachers had never used DT in their teaching and, according to the analysis of the first 

questionnaire, these two teachers hardly used DT in their personal lives either. Their lack of 

experience in working with DT might have influenced them not to encourage Sarasi (D3) to keep 

trying for a possible solution. Instead, they tried to convince themselves that labelling functions 

such as 𝑓1(𝑥), 𝑓2(𝑥), … also made sense (see line 295 above). Thus their lack of instrumental 

flexibility might have been a possible reason for them to use very few commands, such as 

entering the functions and colouring the graphs in their task. If they had kept searching for 

available commands or objects to use then this would have had the effect of developing their 

instrumentation with regard to object entry and setting up format of variables and functions, with 

an expected subsequent effect on task design.  

Among the four groups, A and C showed more confidence in using GeoGebra. This was 

demonstrated by their search for appropriate commands and facilities to incorporate in the task. 

They were also more flexible in trying the different menus and operations available in GeoGebra 
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compared with Groups B and D, who also showed a lack of confidence in handling DT and paid 

less attention to changing their instrumental genesis.  

With regard to all the groups, the analysis above suggests that:   

• Flexibility in collaboratively developing instrumentation as a group supported some of 

these teachers in successfully developing a richer task, particularly in incorporating 

technology meaningfully for epistemic mediation of the mathematical ideas. Improved 

knowledge of the content of menus and available objects would probably motivate 

teachers to design tasks encouraging students to use a range of appropriate DT 

commands and facilities that are necessary to complete the task.  

• In turn, flexible collaboration appears more likely to develop in homogeneous groups 

where all members have similar instrumentation, and this was an additional support 

for developing the personal and professional instrumental geneses of the teachers. 

• Groups comprising teachers with experience in using DT in teaching showed more 

confidence in being flexible in searching for available DT commands and objects. They 

used their prior experience to suggest possible techniques when working with 

unknown software. This encouraged them to try to integrate suitable DT commands 

relevant to the mathematical concepts. 

• This evidence suggests that having groups homogeneous in age benefited the 

members’ instrumental genesis and likely assisted them in developing DT 

mathematical tasks with the appropriate connections between technological commands 

and mathematical ideas.  

The influence of the teachers’ MKT on the task design and implementation process will now be 

discussed.  
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5.5 Mathematical Knowledge for Teaching (MKT) 

Another important factor considered in this study, based on the PTK framework, was 

Mathematical Knowledge for Teaching (MKT). Since each member of each groups had a B.Sc. 

degree in mathematics, they were considered to be at the same level of content knowledge. 

However, two teachers in Group A, one teacher in Group B and all three teachers in Group D 

had a professional qualification in teaching, that is, a Postgraduate Diploma in Education 

(PGDE). In addition, two teachers in each of Groups A and D had more experience in teaching 

compared to the others. Therefore, one might expect a higher level of PCK from Groups A and 

D since these two groups comprised experienced teachers with an additional professional 

qualification in teaching compared with Groups B and C. This could be a possible reason why 

Groups A and D initially designed better tasks than the other two groups. However, Group C, 

comprising three teachers with less than10 years of experience, improved the richness of their 

task, as measured using the TRF framework, from 12/46 to 32/46 (see Table 4.7). They started 

with the least rich task and modified it to become the richest task among all the groups. Although 

every group increased the richness of their tasks, the significance of the increments for Groups 

A and D were less than Groups B and C. It appears that, although the experienced teachers 

designed better initial tasks, they improved them less than the groups with early career teachers. 

This may be because they need more time to adapt to new approaches, while early career teachers 

are perhaps more flexible in adapting and more willing to change positively in order to improve 

the quality of DT tasks.  

In general, comparatively, the experienced teachers of the groups took the lead in the groups’ 

reflection on the content of the PD. It was noticeable that in all groups except B, the most 

experienced teachers, who are expected to have good MKT, were those who turned the attention 

of the others in the group to the students’ level of understanding and the difficulties or confusion 

students might face when doing the task. In addition, these experienced teachers also initiated 

discussions on improving the quality of the task by considering the features of a rich DT task. 

However, Group B showed a different dynamic from the other groups in initiating discussions 

on reflecting the PD intervention in the task. Both early career teachers of this group paid 

attention to the factors of a rich DT task and one, the teacher who implemented the task, also 

showed concern for students’ level of understanding and potential confusion. Therefore, Group 

B may possibly have missed the contribution of the experienced teacher with her stronger PCK. 

Her less positive attitude towards using DT might have influenced her to provide less of a 
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contribution than possible. Further, that might have also influenced the other two members’ 

attitudes, resulting in the design of a less rich task than other groups.  

Group B teachers did not manage to fulfil all their desired goals for the task during the 

implementation. For instance, they could not finish the task during the time allocated for the task 

implementation lesson since they spent most of the available time on teaching GeoGebra. 

Although they planned a student-centred task, the teachers delivered a more teacher-centred 

lesson. To illustrate, the first teacher (Nimali – B2), who carried out the trial lesson with her 

students, was unable to complete even half of the task. One reason for this was that the teachers 

overestimated the students’ ability to handle GeoGebra. They expected their students would be 

comfortable working with unknown software since they were aware of Word, Excel and 

PowerPoint presentations. However, Nimali had to spend a lot of time teaching the use of 

GeoGebra’s menus and commands, which is a technical-demo orchestration (Drijvers et al., 

2013), rather than focusing on the mathematical concepts. In her technical-demo orchestration, 

she used both whole class demonstration as well as demonstrating techniques of GeoGebra 

individually to the students who needed extra support. Nimali mainly used her computer screen 

and the whiteboard in her teaching without allowing students to engage in activities to explore 

the concepts. She mainly discussed and explained what was on the screen guide-and-explain 

orchestration - (Drijvers et al., 2013) for the whole class. Nimali also presented link-screen-

board orchestration (ibid) in her classroom teaching when she explained how to identify domain 

and range of functions of 𝑦 = 𝑚𝑥 + 𝑐 using the graphs. The fact that she also deviated from the 

group’s plan was another reason for the less successful task implementation. At the post 

implementation discussion, Nimali admitted that eventually she went back to her normal method 

of teaching, but was not entirely happy with doing so: ‘Since, we used the computer there was 

something new [that we can use rather] than teaching [only] with the board. But I always went 

to the ordinary method that we are practising. I think I used the board too much to explain 

[concepts].’  

In spite of this regression to whiteboard work, she thought the use of sliders in GeoGebra helped 

students to understand conceptually the difference between positive and negative gradients on 

graphs.  

“But I think students found it easier to understand the shapes of the graphs than we explained on the board. 

About the gradient. Usually, students can’t understand how the graph changes with the gradient when it is 



Chapter 5  Factors Influencing Teacher Development of DT Tasks 

204 

 

positive and when it is negative. When students used sliders they understood that. And this helped them to 

understand that” (Nimali – B2). 

After the post-implementation discussion, this group re-implemented their modified task. This 

time, Shanika (B3) taught the lesson with her students. However, even with the experience they 

gained from the first implementation, she was unable to finish the task and, hence, to meet the 

goals of the lesson. Surprisingly, she also used the traditional teaching method of explaining to 

the whole class in her lesson. It appears that the failure of the most experienced teacher to 

participate actively in the conversations about how they might reflect the PD intervention in the 

task may have negatively influenced Group B’s process of task development and 

implementation.  

In general, it appeared that: 

• The experienced teachers with a high level of PCK and a positive attitude towards 

teaching with technology contributed to the development of the task. In particular, this 

contribution was beneficial in regard to choosing key mathematical concepts, 

considering students’ potential thinking and confusion, deciding on the sequence of 

directions, and using appropriate mathematical language and discourse. Among these, 

mathematical concepts and considering mathematical language and discourse were 

two factors addressed in the TRF in order to support the enhancement of tasks. On the 

other hand, thinking about students in line with the three point FOCUS framework and 

pedagogical techniques supported plans for implementation of the task in a lesson. 

• Although it could be argued that experienced teachers have better MKT than early 

career teachers, the latter showed greater flexibility in modifying the task than the 

experienced teachers. This flexibility assisted them in developing a better task with a 

more student-centred approach, focusing on mathematical ideas and incorporating 

technology commands related to mathematical constructs.  
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5.6 Summary 

This chapter began with a discussion about the influence of the PD programme. This was 

followed by an examination of teacher factors that may have assisted or inhibited teachers in 

improving the richness of the tasks. Firstly the influence of orientations such as confidence in 

teaching mathematics (CTM), confidence in using DT (CUDT), the value of DT in mathematics 

teaching/learning (VDT), attitudes to teaching with DT (ATDT) and confidence in task 

development with DT (CTD) were discussed. Following this, possible effects of the 

collaborative dynamics of the groups were examined, along with the influence of other factors 

addressed in the PTK framework, namely, teacher instrumental genesis and MKT.  

The results demonstrated that certain combinations of the above factors supported these teachers 

in designing tasks for their students while other combinations negatively influenced this process.  

Chapter 4 provided evidence that every group significantly increased the richness of their task 

after the intervention. Thus, it confirmed that the supportive nature of the PD intervention, 

together with its strong theoretical basis contributed to an increase in the quality of the tasks. In 

addition, the analysis of the responses to the Likert-style scale from the pre- and post-

intervention questionnaires, along with transcripts of the task design group work, 

implementation and interviews, suggests that certain affective factors such as confidence, 

attitudes and values also assisted teachers in this regard. In particular, all groups showed positive 

changes in confidence in DT task design and in attitudes to teaching with DT, while two out of 

four groups demonstrated more confidence in teaching mathematics and in using DT, and 

developed a positive appreciation of the value of using DT after the intervention. According to 

the responses for the pre- and post-questionnaire, the group who started from the least rich task 

and modified it to become the richest task among all groups improved in all orientations tested 

in the study.  

Further, teachers in groups that were homogeneous in age and experience were most likely to 

have been more confident in opening up with their ideas than those in groups heterogeneous on 

these variables and, hence, were able to work more collaboratively on developing the task with 

equal contributions from all. The evidence is that homogeneity and a collaborative group 

dynamic led to greater success than groups that were led by an experienced teacher/s or teachers 

with limited instrumental genesis (IG). In addition to the collaborative dynamic, prior experience 

in using DT in teaching was another influence as teachers having prior experience were more 
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confident in playing with GeoGebra. Furthermore, an ability to reflect on the theories discussed 

in the PD intervention — namely, factors of a rich DT task and the three point framework — 

also assisted the teachers in upgrading their preliminary tasks and in planning, conducting and 

reviewing the implementation lesson. 

Finally, personal experience in using DT could have encouraged teachers to think positively and 

confidently about possible commands that might be available in an unknown DT tool and, hence, 

to be flexible in searching for contents of menus and available objects. The above analysis 

suggests that this flexibility in improving personal instrumentation collaboratively as a group 

was beneficial in the production of a task rich with appropriate connections between DT 

commands and mathematical concepts. This improvement in personal IG then led teachers to 

improve their professional IG by instrumentalising GeoGebra in the didactical process.  

A discussion of the results along with their implications will be considered in the next chapter, 

where they will be used to answer the research questions. Limitations of the study and 

recommendations for further research will also be presented. 
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Discussion and Conclusion 

In this chapter, answers to the research questions based on the research results and findings are 

presented. Since this research focused on identifying factors that might be influencing teacher 

task development and implementation with DT and employed an intervention in the form of 

supportive PD sessions, the study sought to answer one main research question: 

What factors influence secondary mathematics teachers’ development and implementation of 

digital technology algebra tasks, and how? 

In particular, the intrinsic factors addressed in Mathematical Pedagogical Technology 

Knowledge (MPTK) and teacher collaborative work were the main considerations, thus this 

research also considered answers to the following secondary questions:   

• How can a supportive PD intervention be designed that will improve teacher 

production of rich tasks using DT? 

• Does each of the following influence secondary mathematics teachers’ digital 

technology task development and implementation, and if so, how?  

•  Orientations  

•  Instrumental genesis 

•  Mathematical Knowledge for Teaching (MKT) 

•  Demographic factors such as experience, qualifications and age  

• Teacher collaboration 

Answers to each question are presented in the following sections. 

6.1 The Influence of a Professional Development Intervention 

Some researchers have suggested that conducting pre-service and in-service PD programmes is 

crucial for improving the use of technology (Forgasz, 2006; Goos & Bennison, 2008) and to 
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promote teachers’ MPTK, “which might lead to improved use of CAS for development of 

activities that encourage conceptual thinking” (Heid et al., 2012, p. 632). As well, there is a need 

to strengthen mathematics teachers’ skills in developing mathematical tasks (Mason & Johnston-

Wilder, 2006; Smith & Stein, 2011). Hence, this research incorporated a carefully thought out, 

particular type of PD programme in an effort to understand its effect on teacher development of 

DT tasks. This was addressed in the first subquestion which asked ‘How can a supportive PD 

intervention be designed that will improve teacher production of rich tasks using DT?’ This 

question on the influence of the PD intervention is approached first since there is a clear and 

unequivocal answer. Following this, the individual factors involved will be discussed. 

The study employed design-based research incorporating a PD intervention addressing 

theoretical aspects of task design and implementation. The teachers of all four groups confirmed 

at the second interview that the nature of the PD programme had benefited them in terms of 

designing rich tasks as well as supporting them to have a more positive attitude towards the use 

of DT. Further, they suggested having a similar design for future PD programmes to educate 

teachers in using DT in their teaching effectively.  

According to the results of this study, the answer to the first subquestion is guided by the fact 

that the PD intervention carried out in this research, based on theoretical features of a rich DT 

mathematical task, lesson planning for implementation of the tasks and a student-centred three 

point framework focussing on students’ confusions and course of actions (Choy, 2016; Choy et 

al., 2017) helped to improve significantly the richness of the tasks designed by each group. 

Irrespective of the composition of the group, the richness of each task developed by each group 

after the PD intervention increased significantly. Hence, this is one way to construct a suitable 

PD to improve teacher task design. However, as previously reported in Ratnayake, Thomas, and 

Kensington-Miller (2017), although the tasks the teachers developed after the intervention were 

richer they all still primarily employed DT as a partner among the four roles of a teacher using 

DT described by Goos, Galbraith, Renshaw, & Geiger (2000). Used in this way, DT provides 

access to new ways of approaching existing tasks to develop understanding and mediate 

mathematical discussion, but the teachers had not reached DT use as an extension of self (ibid), 

where it is seamlessly integrated into the teacher’s mathematical and pedagogical activity 

(Ratnayake et al., 2017). However, this is to be expected since this was the first time these 

teachers used DT in their teaching. It is anticipated that further iterations of the design 

experiment will help the teachers to engage further with the use of DT and move towards its use 

as an extension of self. 
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The present study differs from most other studies in this research area because here the teachers 

designed tasks for their students themselves, after considering the theoretical aspects discussed 

at the PD, rather than adapting existing tasks. For instance, in their study to help teachers develop 

tasks for students using existing curriculum materials, Knott et al. (2013) highlighted that the 

teachers were motivated to redesign tasks in the textbooks in order to provide an opportunity for 

students to justify and generalise. The teachers in the current study were likewise enthusiastic 

about improving the quality of the tasks that they had designed previously in order to assist 

students. Hence, the appropriation and reshaping processes of Gueudet and Trouche’s (2009) 

instrumentalisation dimension of these teachers’ documentational genesis was lessened 

(Ratnayake & Thomas, 2018). However, the instrumentation dimension of documentational 

genesis was clearly present in the DT task development (Ratnayake & Thomas, 2018). The 

teachers adapted themselves not only to the resources they created using GeoGebra, but also to 

the points discussed at the PD and the initial task and developed documents that included a set 

of resources comprising a modified task - a plan of the lesson and students’ possible confusion 

and suggested course of actions based on the three point FOCUS framework (Choy, 2014, 2016; 

Choy et al., 2017).   

During the PD, these groups of teachers were supported to place their pedagogical focus on 

mathematical concepts rather than technology and to use the DT to teach the mathematics. This 

approach helped them to focus on developing mathematical concepts rather than simply teaching 

GeoGebra skills (Ratnayake, Oates, & Thomas, 2016). This approach was in line with the 

direction of the MPTK (Mathematics Pedagogical Technology Knowledge) framework (Thomas 

& Hong, 2005; Thomas et al., 2008; Thomas & Lin, 2013) where the focus is to place 

mathematical thinking at the centre of the task development and implementation processes and 

consider the mathematical principles, conventions and techniques to teach mathematics with the 

technology. Thus, the place of the technology is in the role of an epistemic mediator (Artigue, 

2002; Rabardel & Samurcay, 2001). This key idea was also highlighted as an important factor 

to be considered in PD programmes during a project conducted with London mathematics 

teachers (Clark-Wilson & Hoyles, 2017). The professional activities conducted in that study, 

comprising up to three cycles, confirmed the importance of “accessing the mathematics through 

the technology” (p. 87) rather than focusing on the DT.   

In addition to supporting teachers in designing rich tasks, there was some evidence of an 

enduring effect of the PD and task development experience on these teachers. For example, 

Nelum (C2) from Group C, who tried the task with her students, showed her interest and 
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willingness to teach other topics from the same curriculum section, including quadratic functions 

and equations, using a similar DT approach (see Section 5.2.1). In addition, a couple of months 

after data collection concluded, Sarasi (D3) from Group D contacted the researcher to say that 

she had used the same DT approach to teach graphs of exponential functions and natural 

logarithmic functions for her Grade 12 students. She expressed her appreciation for her students’ 

enthusiasm when working on the task, and believed that it would probably help them to 

remember the shapes of the graphs for different functions. Her exact words were: “It was so easy 

and I could summarise the lesson easily. Students were also interested and I hope it will help 

them to remember the shapes of the [graphs of] functions”. Further, she mentioned that she was 

planning to teach graphs for Grade 11 students using the same DT method in future. This 

suggests that the PD had the potential to motivate teachers to integrate DT in their future 

teaching.  

In summary, the following points can be made from this discussion of the effectiveness of the 

PD used in this research. 

• The nature of the PD programme used supported teachers to improve significantly the 

richness of their tasks. 

• This successful PD was based on communities of inquiry, it was supportive in nature 

and informed by the theoretical principles of MPTK, the three point FOCUS 

framework and criteria from the literature for rich tasks.  Factors of TRF helped 

teachers to improve the quality of their tasks, while the three point framework was 

incorporated in planning, delivering and reviewing the lesson.  

• The PD enabled the teachers to focus on teaching mathematical concepts through the 

tasks rather than DT techniques.  

• The PD has the potential to have longer term benefits for teacher task construction and 

DT use in the classroom.    

While it was encouraging to see the success of the PD intervention, it was necessary to look 

deeper and consider the influence on task development of the intrinsic factors presented in 

MPTK. These aspects, which were addressed by the secondary research question, will enable an 

answer to the primary research question. The answers to the subquestion are discussed in the 

next section. 
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6.2 Teacher Factors Influencing DT Task Development 

This section discusses the answers to the second research subquestion, namely:  

Does each of the following influence secondary mathematics teachers’ digital technology task 

development and implementation, and if so, how?  

• Teacher collaboration 

• Orientations  

• Instrumental genesis 

•  Mathematical Knowledge for Teaching (MKT) 

•  Demographic factors such as experience, qualifications and age 

In order to answer this secondary question, the results of the analysis of the attitude scale together 

with the interview transcripts, observations and video recordings are discussed below. The 

composition of the groups formed in the study is another major factor influenced by other 

intrinsic factors as well as task development process. To understand the role of group dynamics 

in developing rich tasks, the next section presents the favourable and unfavourable compositions 

in this regard.  

6.2.1 Teacher collaboration 

An important aspect of this research was that the groups of teachers formed co-learning groups, 

termed communities of inquiry in the literature (Jaworski, 2003), where they engaged in task 

design, inquired into the pedagogical use of DT, classroom implementation (action) and 

reflection on their activity as a group. Group members worked together with a common goal and 

then reflected critically on classroom teaching, considering what they had planned and how it 

had worked. These reflections were then taken into account for further task modification. As 

Barton, Oates, Paterson, and Thomas (2015) noticed in their study on PD for university lecturers, 

this type of group inquiry can develop a new culture of practice. In particular, teacher 

collaboration and forming small communities in the school are important factors that have a 

positive influence on the use of DT in teaching (Frank, Zhao, & Borman, 2004; Means, 2010; 

Strudler & Hearrington, 2008). For example, the intention of the current project was to 

encourage teachers from the same school, or schools in the same division, to build co-learning 
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groups and design DT tasks together and develop their professional learning by critically 

reflecting on their teaching and providing constructive feedback to each other.  

The evidence presented in Chapter 5 demonstrated that working collaboratively in groups rather 

than alone was beneficial for the teachers. This supports Jaworski’s (2003) argument, based on 

her continuous work on teacher communities of inquiry, that “individual teachers’ development 

of mathematics teaching is most effective when it takes place in a supportive community” (p. 

252). In the current research, teachers developed documents comprising tasks and lesson plans 

as part of their documentational genesis (DG) for teaching with DT and they appreciated working 

as groups rather than individually designing tasks (See section 5.3). For instance, every member 

of Group A said that the task they designed was much better than if they had developed a task 

alone so they valued group collaboration in task development. These findings are also in line 

with the work done by other researchers. For example, in their study with secondary mathematics 

teachers, Slavit and Nelson (2010) incorporated collaborative inquiry activities. Their findings 

showed that there was an explicit connection between collaborative inquiry and teachers’ 

instructional practice, whereby “collaborative inquiry led to teachers constructing specific, 

usable theories related to scaffolding students’ engagement with mathematical tasks” (p. 202).  

The collaborative dynamics of the four groups in the study herein were different from one 

another. Although it is difficult to generalise with a limited number of participants, the analysis 

in Chapter 5 showed that certain kinds of groups formed more coherent communities of inquiry 

and, hence, collaborated better on task design than others. For example, Group C, homogeneous 

in age and experience, was the most successful group, significantly increasing the measurement 

of the richness of their task from 12/46 to 32/46. They started with the least rich task and 

improved it to become the richest task among all the groups, as well as showing the greatest 

increase in improvement. This suggests that having a community of inquiry homogeneous in age 

and experience is more favourable than heterogeneous groups. Robutti et al. (2016), in their 

ICME survey, noted that “collaboration can imply co-working (working together) and can also 

imply co-learning (learning together)” (p. 652). Here, in the present study, as the teachers co-

worked on developing tasks, they co-learned (i.e., learned together) at the same time as 

developing their professional learning. In particular, they had an opportunity to develop 

confidence in task design and in teaching mathematics, as well as to improve their attitude to 

teaching with technology. In addition, they could develop their personal and professional IG and 

documentational genesis while growing in appreciation for integrating DT in mathematics 

teaching/learning.   
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That individuals in groups homogeneous in age and experience tended to make more equal 

contributions to the task development process and task improvement and is another major 

finding of this study. Since no member of these communities was an obvious leader, each 

member was confident enough to open up with his/her ideas with regard to mathematical 

knowledge, pedagogical content knowledge and incorporating DT techniques. For example, the 

equal contribution from all members in Group C was clearly beneficial in helping them to design 

a better task. They were more flexible than the other groups in incorporating GeoGebra 

techniques into the task and they collaborated well as they worked together to improve their 

personal and professional instrumental and documentational geneses. Based on the results of 

their study with six schools, Vannatta and Fordham (2004) confirmed that this “willingness to 

make mistakes and learn from them” is crucial in using DT either for personal use or as an 

instructional tool (p. 261). Not surprisingly, the two homogeneous groups of the present study 

consisted of more, younger teachers (31-40 age group) than the other groups. They tended to be 

more versatile in searching for, and incorporating appropriate technological techniques to assist 

students to understand the mathematical concepts, while also providing an opportunity to 

develop students’ IG. In contrast to that, in the communities heterogeneous in age and 

experience, the experienced teachers usually made a stronger contribution based on their more 

developed PCK, while the early career teachers concentrated more on integrating the GeoGebra 

technology. In addition, less experienced teachers sometimes showed a lack of confidence in 

expressing themselves in the presence of the experienced teachers. Thus, in summary, the 

evidence is that forming communities of inquiry that are homogeneous in age and experience is 

more likely to result in the design of rich tasks than communities heterogeneous in age and, in 

particular, teaching experience. 

Communities having lead teachers with less positive attitudes to DT were likely to negatively 

influence the development of quality tasks. The groups heterogeneous in experience that were 

led, eventually, by the experienced teacher/s tended not to be so flexible in searching for 

appropriate ways of integrating available commands in GeoGebra. When they also lacked 

experience in using DT in teaching and/or had little or no experience in using DT in their lives 

then they exerted a somewhat negative influence on the task development. And, as demonstrated 

in Chapter 4, the leaders’ personal beliefs and attitudes about using DT in the teaching-learning 

process also influenced the groups’ task design process. For example, the leaders of Groups B 

and D had no experience in teaching mathematics using technology and the former was much 

more positive about using paper and pencil work to learn mathematics than using DT. Her 
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negative attitude seemed to influence the group as they designed a task with the lowest richness 

metric of all the groups. Similarly, both of the experienced teachers of Group D, who led the 

group, had never used any technology in their teaching and, hence, had a strong preference for 

a paper and pencil work. Their inexperience in using any DT tool influenced Group D and they 

produced the lowest increment in the improvement of the task richness. In contrast, even though 

Group A, which was homogeneous in age, tended to be guided by the experienced teacher, the 

other members contributed equally. One possible reason for this could be that all members of 

this group were in the same age band. That might have helped them to feel more comfortable 

about speaking up even though they differed in experience. Although none of the members of 

Group A had ever used DT in their teaching, all of these young teachers (age group 31-40) had 

had exposure to mathematical software in their tertiary education. In addition, the one leading 

Group A’s efforts was more open-minded about DT and he specifically mentioned how his ideas 

on using DT in mathematics classroom had changed positively and that he now believed that DT 

could be incorporated in the mathematics teaching-learning process in such a way that many 

students would understand the concepts better. Based on the findings of two case studies, Lee 

(2018) confirmed that “mathematics teachers can play an active role in constructing and 

operating a learning community with other mathematics teachers” (p. 357). In constituting such 

supportive communities of inquiry,  the findings of the current study suggests that groups either 

having no leader or being guided by a leader with positive attitudes to, and beliefs about DT are 

more likely to produce quality tasks for their students. The influence of teacher collaboration on 

task design, thus, can be briefly stated as follows. 

• Forming communities of inquiry supported the teachers to design quality tasks better 

than having them work individually. 

• Having communities of inquiry homogeneous in age and experience encouraged equal 

contributions from all members and hence improved the design of the tasks. 

• Communities of inquiry homogeneous in age showed increased flexibility in 

developing their personal and professional instrumental geneses and documentational 

genesis, which assisted with improving the quality of the task through incorporation of 

appropriate DT techniques.  

• Either having a leader with positive attitudes or having no lead teacher in a group was 

more likely to provide flexibility of approach to DT and made members more confident 
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in sharing their ideas, which was most likely beneficial in the process of development 

and implementation of DT tasks.  

The influence of the different dynamics of communities of inquiries formed in the present study 

can be summarised and are displayed in Figure 6.1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.1: Influence of the structure of the community of inquiry on task design and 

implementation.
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The intrinsic factors addressed in MPTK are discussed in the following sections. The first section 

shows how teacher orientations such as confidence, values and attitudes of teachers on using DT 

in teaching played a role in the design of the tasks.  

6.2.2 The role of orientations 

In line with the MPTK framework, this research was directed towards identifying the influence 

of orientations, particularly affective factors such as confidence, value of using DT in teaching 

and learning and attitude to teaching with DT. This section elaborates upon the effect of these 

factors on developing rich tasks, based on the analysis presented in Section 5.2.  

6.2.2.1 Confidence 

In part, the second subquestion asked whether confidence influences task design and if so how. 

The answer to this question is not straightforward because it depends on the interrelationships 

of a number of other factors. For example, the term confidence can be very broad and depends 

on its definition and what one is said to have confidence in. This research considered confidence 

in teaching, confidence in using DT in teaching and confidence in task development. The 

influence of each of these three considerations is discussed below. 

Teacher confidence in task development (CTD) was measured before and after the task 

development and implementation process in the study, and it strongly correlated (𝑅 = 0.9) to 

the improvement in their tasks. This implies that the PD intervention and the experience of 

working on developing tasks in communities of inquiry supported teachers to become more 

confident in this process. Although DT task design was new to all of these teachers, every group 

showed an improvement in CTD after the PD intervention. Presenting similar results of the 

impact of researcher intervention, L. Ball (2004) reported that regular support of researchers 

during their project to improve teacher use of CAS in teaching, assisted the teachers to develop 

their confidence in using CAS in their classrooms. Therefore, a supportive PD can most likely 

assist teachers to develop their confidence in designing tasks in small communities of inquiry.  

As previously hypothesised, confidence in teaching mathematics (CTM) also correlated  

(𝑅 = 0.8) with the improvement in the tasks designed by teachers. This suggests that teacher 

MKT played a role in helping them to be more confident in teaching mathematics. For instance, 

groups with experienced teachers (A and D) initially had higher levels of confidence in teaching 

mathematics than the other groups and designed better initial tasks (see Table 5.1 and Figure 
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5.1). Although these two groups were confident in teaching mathematics at the beginning, the 

experience at the task implementation lesson in the classroom may have lowered their 

confidence (Section 5.2.3). Further, cycles of the design and implementation process might also 

support experienced teachers to develop their confidence in teaching with technology. On the 

other hand, the two groups with less experienced teachers started with less confidence than 

groups A and D but they improved their level of confidence. Among them, Group C, which had 

teachers with fewer than 10 years of experience, showed a significant improvement in 

confidence in teaching mathematics and designed the richest task among all the groups. Hence, 

their confidence in teaching mathematics seems to have a clear relationship with developing rich 

tasks.  

Section 5.2.4 presented evidence that confidence in using DT is another factor that may have 

influenced the improvement of the task richness. In the current study, the increase in confidence 

in using DT occurred in the groups with less experienced teachers (Groups B and C) compared 

with those having experienced teachers (Groups A and D).  In addition to that, these two groups 

(B and C) were those who also improved in confidence in teaching mathematics. This suggests 

that their improvement in working with technology was likely beneficial in helping them to teach 

with confidence at the implementation lesson. Among the groups that dropped in confidence in 

using DT, Group D fell to a significantly lower level when compared with the level they started 

at. As discussed in Section 5.2.4, this lower confidence in using DT might have influenced them 

to upgrade their task to a higher level but less significantly than other groups. However, all the 

teachers were novel users of technology in their teaching and the findings suggested that having 

confidence in handling the technology tool is crucial to incorporate it as a teaching and learning 

instrument. In their recent study report, Clark-Wilson and Hoyles (2017) highlighted a similar 

result that “an important first step in the development of MPKT is to offer a boost to teachers’ 

confidence in trying to use Dynamic Mathematical Technology (DMT) with pupils for the first 

time” (p. 87). The findings of Thomas and Palmer (2014) also supported the view that confidence 

in using graphic calculators (GC) could enhance the use of this DT in teaching. Hence, this 

research also aligns with the view that confidence in using DT in teaching could be a factor that 

can influence the quality of the tasks designed by teachers. The discussion on the effect of 

confidence on designing tasks can be summarised in the following points. 

• Having confidence in teaching mathematics has a positive impact on teacher 

development and implementation of DT tasks. 
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• Confidence in using DT is another factor that may have supported teachers to be 

successful in task design and to implement the task with confidence. 

• There is value in supporting teachers’ confidence in three areas - teaching, using DT 

and task design - since each is linked with a positive influence on task development 

and implementation.  

6.2.2.2 Other Orientations 

 Attitude to teaching with DT 

The second affective area to be considered comprises teacher attitude to teaching with DT. As 

with confidence in task development, every group improved their attitude to teaching with DT 

(ATDT) after the PD, task design and implementation processes. The change in the attitude to 

teaching with DT was correlated (𝑅 = 0.8) with the change in the richness of the tasks. 

However, correlation does not imply causation and so although they are correlated we cannot be 

sure whether a positive attitude to teaching with DT improves teacher task development, or vice 

versa. The results presented in Section 5.2.1 provide evidence that the student-centred approach 

of the teaching strategy used in this project positively influenced teachers to improve their 

attitude towards teaching with DT. They came to believe that this new approach had the potential 

to enhance students’ interest in learning mathematics. As Advanced Level teachers who guide 

students to answer G.C.E. Advanced Level examination questions, they confidently believed 

paper and pencil work is essential, but at the end of task design project they also appreciated the 

value of a blend of by-hand and DT work to help students’ mathematical understanding. This 

positive attitude is likely to have assisted them in the process of developing tasks. This follows 

the findings of MacArthur and Malouf (1991) who stated that teacher beliefs about, and attitudes 

to using computers strongly influenced how they use computers in their classrooms. As an 

affective factor considered in orientations, teacher attitude might have possibly influenced their 

moment-by-moment decision making (Schoenfeld, 2002, 2008, 2010a, 2010b, 2014) in both the 

task design process and classroom teaching to implement the task.  

 The value of DT in mathematics teaching/learning 

The results delineated in Chapter 4 confirm that the manner in which teachers value the use of 

DT in mathematics teaching and learning (VDT) could have an influence on the improvement 

of their tasks. Although the correlation coefficient between the changes in the richness metric of 
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pre- and post- PD tasks and the changes in VDT was lower, at 𝑅 = 0.6, two groups increased in 

VDT more than the other two groups. In particular, Groups A and C showed a higher rise in 

VDT and their tasks after PD were also richer than the other two groups, whereas Groups B and 

D dropped in VDT and the richness metric of their tasks were comparatively lower than groups 

A and C. The experience of teaching with the task that they had designed would probably have 

influenced Group A and C to increase their appreciation since they experienced the effectiveness 

of using DT in mathematics teaching/learning. On the contrary, one possible reason for the lower 

VDT of Groups B and D could be the influence of an unofficial leader in the group (see section 

5.2.5). Observation and interview transcripts corroborated the view that having a leader who 

valued paper and pencil work ahead of integrating technology in Advanced Level mathematics 

affected the other group members, which in turn may have possibly led to a drop in their VDT. 

This suggests that VDT is an influencing factor for teacher task development.  

In summary, it can be said that: 

• The supportive PD intervention appeared to have helped teachers to develop positive 

attitudes to teaching with DT. 

• Attitudes to teaching with DT could possibly be an influencing factor in developing 

quality tasks. 

• Teacher appreciation of the value of using DT in teaching mathematics was most likely 

a factor that assists teachers to design and implement quality tasks.  

• The classroom experience in implementing the DT task would have enabled teachers 

to witness the effectiveness of DT, hence this probably would have influenced them to 

appreciate the use of DT in mathematics teaching and learning.  

• Groups led by teachers valuing paper and pencil work over DT work are likely to 

design less rich tasks and the leader’s attitude can negatively influence other members’ 

contribution.  

6.2.3 The influence of Instrumental Genesis 

The next intrinsic factor that the second subquestion asked about was its effect on the 

development of DT tasks was teacher IG. The results confirm that the answer is that there 

definitely was an influence. The groups homogeneous in age showed a greater willingness to 

share their ideas and showed greater flexibility in searching for appropriate commands, 
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operations and functions in GeoGebra. Flexibility in working collaboratively helped teachers 

develop their personal and professional IG since working in a group supported the teachers to 

design richer tasks with meaningful integration of technology and mathematical ideas. Both 

these groups, Groups A and C, consisted of comparatively young teachers compared with the 

others. The increased opportunities these teachers had had to use DT in their tertiary education, 

particularly working with mathematical software, may have helped them to be more flexible and 

willing to take risks to play with features in GeoGebra. Clark-Wilson and Hoyles (2017) also 

suggested that curiosity about the DT tool and spending more time playing and getting to know 

the tool would support teachers’ IG. Further, it is equally important that teachers work to develop 

their personal IG and be “aware that their pupils will also need similar opportunities and time” 

(Clark-Wilson & Hoyles, 2017, p. 85), thus supporting pupils’ IG. Thus, both personal and 

professional IG are most likely equally important in developing and implementing DT tasks. 

Further, the findings of the present study support the idea that teacher flexibility can support the 

development of teacher double IG.  

Teacher collaborative work was a central aspect of the documentational genesis (Gueudet & 

Trouche, 2009) in this study. Communities of inquiry (Jaworski, 2003, 2006) homogeneous in 

age and experience collaborated better than the other groups and that led them to contribute 

equally. A number of artefacts, such as the Advanced Level mathematics syllabus, teacher 

instruction manual and the software GeoGebra were used as resources in the initial task design. 

Teachers used not only these artefacts, but also their existing knowledge, which is an example 

of a primary resource in Schoenfeld’s (2010a) decision making theory. Recognising teachers’ 

existing knowledge as a resource, Gueudet and Trouche (2009) speak of documents as “saturated 

with teachers’ experience” (p. 205). Other resources for the initial and modified task included 

the points discussed at the PD, namely, the criteria for rich task design, the three point FOCUS 

framework (Choy et al., 2017), an exemplar task and GeoGebra as DT. The greater collaboration 

and equal contribution of the community of inquiry homogeneous in age and experience 

supported their development of documents including the DT tasks, lesson plans and a list of 

areas for potential student confusion and possible teacher courses of action.  

Since these teachers produced new tasks for their students, the instrumentalisation dimension of 

DG, with its requirements of appropriation and re-shaping of existing tasks, was eased (Gueudet 

& Trouche, 2009). However, they still needed to think about the content and the focus of the 

tasks. The evidence provided in Chapter 5 confirms that forming communities of inquiry that 

are homogeneous in age and experience produced teachers more comfortable than in 
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heterogeneous groups. The teachers took advantage of this to discuss the three point student-

centred FOCUS framework (Choy, 2016; Choy et al., 2017). This formed part of the 

instrumentation dimension of their documentational genesis (Gueudet & Trouche, 2009), since 

the collaboration helped them to focus their attention on the task lesson implementation.   

From this section the following concluding points can be drawn: 

• The groups who developed their personal and professional IG the most were those 

homogeneous in age. It appears that their greater willingness to share ideas and their 

increased flexibility were positive influences that allowed them to develop the dual 

aspects of IG, leading to the design of richer tasks. 

• The collaborative communities of inquiry formed in the study were beneficial in the 

development of teacher documentational genesis and working together in groups to 

produce tasks lessened the documentational instrumentalisation process.  

Mathematical content knowledge, pedagogical content knowledge and knowledge of students 

are collectively important in teaching mathematics. The theoretical framework MKT which 

addresses mathematical knowledge a teacher needs to teach is the next factor considered in this 

study.  

6.2.4 Mathematical Knowledge for Teaching (MKT) 

This study also sought to identify whether MKT had any influence on DT task design, and if so 

how. It is not easy to give a direct answer since it is difficult to evaluate MKT. Since each teacher 

participant had at least a B.Sc. degree with a substantial component of mathematics, it is not 

unreasonable to say that all teachers were at a similar level in their mathematical content 

knowledge. However, their PCK differed from group to group based on their experience in 

teaching mathematics. Those two groups that consisted of two experienced teachers tended to 

design richer initial tasks than the other two groups. On the other hand, the initial tasks designed 

by two groups with less experienced teachers, Groups B and C, were the least rich tasks, each 

having a richness metric of 12/46. The experienced teachers’ greater experience might have 

benefited their initial task design compared with groups with less experienced teachers. 

However, the increase in the quality of the tasks of Groups A and D was less than the other two 

groups. In contrast, Group C, which consisted of three early career teachers, modified their task 

to become the richest (32/46) among all the groups. Further, although the final task of Group B 
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was the least rich task (metric 25/46), their increase in richness was greater than Groups A and 

D (see Table 5.6). This implies that although the less-experienced teachers started with a lower 

level of richness, the experience they gained from the PD programme and working in a 

supportive community likely supported them to improve greatly their task richness. So it may 

be concluded that: 

• Although the analysis of the data of task development and implementation process 

does not provide strong evidence to explain the effect of MKT, it is clear that teachers’ 

experience is likely an influencing factor in developing tasks. In the current study, the 

experienced teachers seemed to have used their existing MKT to design better initial 

tasks, while less experienced teachers gained knowledge and experience from the 

project and improved the quality of their final tasks. This suggests that less experienced 

teachers could be more flexible in adapting to new methods. Further, the fact that 

experienced teachers’ demonstrated less improvement in the quality of their final tasks 

than less experienced teachers as they may need more time to adapt to a new method.  

The above discussion confirms that supportive PD can assist teachers in designing DT tasks 

while improving teacher attitude towards DT use in teaching mathematics and confidence in 

teaching using DT and in task design. These findings also reveal that enhancement of the 

intrinsic factors presents in MPTK, orientations, Mathematical Knowledge for Teaching (MKT) 

and instrumental genesis are vital for teachers to be confident in the process of task development 

and implementation. The effect of these factors on teacher development and implementation of 

tasks are summarised in Figure 6.2. 
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Figure 6.2: The framework Addressing Factors Influencing DT Task Development and Implementation. 
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6.3 Conclusions and Implications 

This study is one of a small number of pioneering studies focused on teachers designing DT 

tasks themselves for their students. It is not a new idea that teachers should be involved in the 

DT task design process, working together with educators and/or teachers in adapting and 

reshaping tasks. However, very few studies have so far actively investigated teachers developing 

new tasks for their students. This research sought to uncover what motivates teachers in DT task 

design when they collaborate in small communities of inquiry. It also investigated the kind of 

PD programme that might help teachers in this regard.  

One major finding is that the supportive PD programme applied here with iterations of task 

design process including reflection, review and modification benefited teachers in the design of 

rich tasks. The PD content provided guidance for designing richer tasks and planning lessons to 

implement them. The findings showed that such a PD intervention also has the potential to 

improve teachers’ confidence in, and attitude toward the use of technology in developing rich 

DT tasks and incorporating them effectively in their teaching. Thus, educators could be 

encouraged to use this type of supportive PD programme to assist teachers in developing rich 

tasks to improve the quality of technology use in mathematics teaching.  

A second major research outcome is the conclusion that teacher development of DT tasks is most 

likely to be more effective when teachers work in small communities of inquiry rather than as 

individuals. In doing so, homogeneous groups in age and experience appear to be more beneficial 

than heterogeneous groups. They promote a greater willingness to share ideas, increased 

flexibility in approaching co-learning with DT methods, and lead to equal contributions from all 

members in the task production. In contrast to this, groups comprising teachers with a 

considerable gap in age and experience appear not be as positive a composition in this regard. 

Therefore, forming such small communities of inquiry in the same school or schools close to 

each other would be beneficial for teacher PD. Additionally, educators and researchers could 

encourage the use of such communities that have the ability to motivate teachers in DT task 

design and implementation, along with the opportunity to reflect on each other’s ideas and 

classroom teaching.  

The study also had some limitations and these, along with a few suggestions for further research, 

are discussed next.  
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6.4 Limitations and Suggestions for Future Research 

The study was designed to identify teacher factors influencing secondary mathematics teachers’ 

task design and implementation using a Design-Based Research (DBR) methodology. Since the 

current findings are based only on the first cycle of this DBR process, this has to be viewed as a 

limitation of the study. The second research iteration will be carried out in the future with a 

refined version of the theoretical frameworks to understand further how teachers can be assisted 

to improve development of tasks with DT. Also, the study focused only on teacher factors and 

hence observed, interviewed and video recorded the teachers’ work on designing and 

implementing the tasks. The students’ activities associated with the tasks were not analysed in 

this study since they were not the primary focus and ethical considerations would have made it 

very difficult to gather data from them. However, it is important to consider student activities in 

relation to tasks since understanding whether and how tasks actually helped them to understand 

mathematical concepts is an important aspect. Thus, further iterations of DBR with a focus on 

student activities in classroom learning would be a worthwhile study to undertake. 

Another limitation is that the findings were drawn from a case study with twelve Advanced 

Level teachers from Sri Lankan schools and thus will not represent the whole community of 

mathematics teachers. For example, the lack of confidence that inexperienced teachers showed 

in the presence of experienced teachers could possibly be an influence of Asian culture that may 

not generalise to other countries. All the teachers those who participated in this study knew the 

researcher as a former educator who involved in conducting teacher professional development 

programmes for Advanced Level mathematics teachers. Although teachers seemed to have 

openly expressed their ideas this relationship between teachers and the researcher might be an 

influence for teachers to work freely in front of the researcher, which is worth to consider in a 

future study. In addition, the groups homogeneous in age in this study were in the age level 30-

40. It might be worth trying to identify whether the results hold for other age groups too. 

Although dynamics of four different groups were involved in this research, there are other 

possible dynamics arising from differing group compositions that could be considered in 

developing tasks. Thus, it would be valuable to investigate the influence of different dynamics 

of groups in future research.  

The participants of this study were teachers having either no or very little experience in teaching 

with DT. It could be an interesting research project to conduct the same PD programme with a 

group of teachers who are using DT in their classrooms and homogeneous in age and experience 
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to see whether such a PD programme can also support them to design DT tasks. Further, it may 

worth identifying favourable group compositions of these teachers when they develop tasks in 

small groups. 

The 12 factors of the Task Richness Framework (TRF) were listed based on the available 

literature (Kieran & Drijvers, 2006; Leung & Bolite-Frant, 2015; Thomas & Lin, 2013). Yet, the 

TRF could be improved by adding new factors, such as Incorporates an appropriate real world 

context. Thus, an improved version of TRF could be incorporated in future interventions 

comprising a further iteration of DBR. Moreover, there was a potential influence of the 

researcher in conducting the PD programme. However, two experienced researchers went 

through the content of the PD before the data collection process commenced. In addition, the 

researcher limited her intervention to acting solely as a researcher during the PD programme and 

to direct the teachers to do self-evaluations of their tasks using the task richness factors.  

As the study mainly focused on teacher factors influencing DT task development, not every 

video of implementation lessons was transcribed and translated. This is another limitation of the 

study. However, the places where videos supported the analysis were transcribed, coded and 

used in the discussions. For example, when discussing the drop in confidence in teaching 

mathematics of Group A, the problems the teacher who implemented the lesson faced and how 

he overcame them were used to understand possible reasons for the drop. In turn, if all the videos 

were analysed more results could be presented including different instrumental orchestrations 

these teachers used in their teaching.  

6.5 Concluding Statement 

The results of this study suggest that a supportive PD programme can assist teachers to develop 

DT tasks for their students while improving teachers’ confidence and attitudes. In designing 

tasks, encouraging teachers to work in a supportive community of inquiry is most likely to 

beneficial than having them design tasks individually. However, the composition of the groups, 

including the attitudes of any potential leader, is a major influencing factor in the process of task 

development and implementation. Among the different communities here, those homogeneous 

in age and experience were more likely to promote an equal contribution from all members and 

were more successful in developing tasks than the other groups. Further, the increased flexibility 

of homogeneous groups led them to develop better tasks that were appropriately connected with 

mathematical concepts. Last, but certainly not least, the study provides evidence that improving 
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teacher orientations and teacher personal and professional IG would most likely be benefit for 

teacher collaborative design of tasks for their students. Specific among these orientations are: 

confidence in teaching mathematics, in using DT and in task development with DT; attitudes to 

teaching with DT and values of DT in mathematics teaching/learning. Hence, supporting 

teachers to develop their MPTK through collaborative communities of inquiry has been shown 

to be beneficial in the design of quality tasks.  
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Appendices 

Appendix 1: Interview 1 – Protocol 

Teaching Algebra with Digital Technology Interview 1 

Thank you for agreeing to participate in this project. 

This interview will take approximately 30 – 40 minutes and I will audio record our 

conversation. Then the transcriber and the translator will listen to this, as mentioned in the PIS. 

Of course you can stop this conversation at any time.  

The purpose of this interview is to discuss your prior experience in using digital technology 

(DT) and to get more information about the responses you made for some of the questions in 

the questionnaire. Further, I would like to discuss your thoughts on using digital technology in 

teaching mathematics. 

If you have any questions please ask. So, shall we start the conversation? 

Q1 What do you think is important in learning mathematics? For example what kind of 

things is it important to learn? 

Q2 How do you introduce concepts or important ideas? 

Q3 What do you think a mathematics task is? 

Q4 What features do you think a good mathematics task should have? 

Q5 What do you think about using digital technology in teaching mathematics? 

Q6 Do you think digital technology can be effective in helping students get a better 

understanding of concepts in mathematics or not?  

 Can you explain with an example? 

Q7 Do you think digital technology can help in teaching mathematics meaningfully?  

 If so, in which aspect especially?   

Q8 Have you ever designed or developed digital technology tasks? 

 If so when, for which grade and for which topic? What was the experience like? 

Q9 Do you think you are familiar enough with some digital technology to be able to use it 

to design teaching tasks? If so, which? 

At the end of the interview; 

Is there anything else you would like to say about using digital technology that you feel that 

will be helpful for this study? 

Thank you very much for your time and we greatly appreciate your contribution to this 

research. 
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Appendix 2: Interview 2 – Protocol 

 

Teaching Algebra with Digital Technology Interview 2  

Thank you for agreeing to participate in this project.  

This interview will take 30-40 minutes and I will audio record our conversation. The 

transcriber and the translator also will listen to this, as mentioned in the PIS. Of course you can 

stop this conversation at any time. 

The purpose of this interview is to discuss your experience during the task development and 

the modifications done after the discussion. 

If you have any questions please ask. 

So, shall we start the conversation? 

1. What do you think a mathematics task is? 

2. What features do you think a good mathematics task should have? 

3. What are your opinion about the process you involved in? 

4. How did you feel about designing tasks for algebra using digital technology (DT)?  

5. How did you start to plan this task? 

6. What did you want your students to learn from this task? (What were your objectives?) 

7. How did you use your knowledge of IT when designing the task?  

8. What techniques did you use in developing the tasks you designed? 

9. What are the digital technology skills you expect from the students to do this task? 

10. How are you going to provide these skills? 

11. Do you spend some time getting students to master the basic facilities of the digital 

technology before you start the lesson? If so how long do you plan to spend on this? 

12. Who did what in your group? Why? 

13. Did you have any problems working as a group? 

14. Is there anyone in your group who had done this type of work before? 

15. If so what are they? For which grade? For which topic and what is the software you 

used? 

16. What were the students’ responses for that? 

17. Is there anyone in your group who had used GeoGebra or any other software before? If 

so what are they? 

18. How do you see the relationship between this approach with digital technology tasks 

and students’ conceptual learning? 
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19. Would you like to use digital technology in your teaching in future lessons? Why? 

20. If yes, what other lessons do you think that you could use digital technology to teach? 

Why? 

21. If the answer is ‘No’ to Q19 then, is there any particular reason that you would not use 

digital technology any more in your teaching? 

22. Is there any other software that you are able to use in teaching mathematics? If so, what 

are they? How do you use that software? Can you give an example?  

23. What the modifications you make after the discussion, why? 

24. Do you feel you would like to attend more professional development programmes in 

using digital technology in teaching mathematics? If so what do you think it would be 

most important to cover in such a professional development programme? 

 

At the end of the interview; 

Is there anything else you would like to say about this which you feel that will be helpful for 

this study? 

Thank you very much for your time and we highly appreciate your contribution in this 

research. 

 

  



Appendices 

247 

 

Appendix 3: Questionnaire 1   

         Code  

Teaching Algebra with Digital Technology Questionnaire - 1 

Please answer in as many of the questions and replies as you can, ticking boxes, ringing 

numbers or writing in information as appropriate. Feel free to append additional information or 

comments as you may feel appropriate. 

1. Personal details 

Q1 Are you   Male         Female  ? 

Q2 What is your age group? 21 - 30  31 - 40  41 - 50  51 - 60  

Q3 How many years of teaching experience you have? 

  <5  5 – 10  10 – 15 15 – 20 >20 

Q4 How many years of experience in teaching Advanced Level mathematics you have? 

  <5  5 – 10  10 – 15 15 – 20 >20 

Q5 What are your educational qualifications? Please specify the main subjects or subject 

area. 

  B.Sc._____________________________________  

PGDE ____________________________________ 

M.Sc. ____________________________________  

M.Ed. ____________________________________  

M.Phil. ___________________________________  

PhD ______________________________________ 

  Other (please specify)  

 

2. School details 

Q1 School type 

  National Provisional  Private  

  Boys  Girls  Mixed 

  Urban  Semi-urban  Rural  Remote 

Q2 What are the grades in your school? 

  From Grade 1 to 13  From Grade 6 to 13 

  Grade 12 and 13 
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 Q3 How many students are there in your school? 

  <1000  1500 – 2000  2000 – 2500   

  2500 – 3000  >3000 

Q4 What are the classes you teach? 

  Grades 6 – 8  Grades 9 – 11  Grade 12 

  Grade 13 

Q5  What is the medium of teaching in each grade you teach? 

  Grades 6 – 8  Sinhala Tamil  English 

  Grades 9 – 11  Sinhala Tamil  English 

  Grade 12  Sinhala Tamil  English 

  Grade 13  Sinhala Tamil  English 

3. Digital Technology use 

        Please circle the appropriate number(s) 

Q1 Do you have a computer lab in the school?    Yes  1 

          No  2 

Q2 Do you have a separate computer lab for the science section? Yes  1 

          No  2 

 

Q3 If yes can you use the lab for teaching mathematics?   Yes  1 

          No  2 

 If not, why? 

 ___________________________________________________________________ 

 ___________________________________________________________________ 

Q4 Where do you have access to computers in your school? 

 ICT lab Staff room  Library Office   

 Classroom  Nowhere 

Q5 Approximately how many computers do you have access in the school and/or in the 

science section?  

  None  one  two   three   

four  other 

Q6 What are the other digital technology devices available in your school? 
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  Laptop  Graphic calculators   Multi-media projector  

  Other (please specify) ______________________________________ 

4. Digital Technology Knowledge  

Q1 Have you taken any computer courses?     Yes  1 

          No  2 

 If yes, 

(a) When and what were they? 

________________________________________________________________ 

________________________________________________________________ 

(b) What computer applications did you use there? _________________________ 

________________________________________________________________ 

(c) What did you learn? _______________________________________________ 

________________________________________________________________ 

________________________________________________________________ 

 

 

Q2 What digital technology devices do you have of your own or at home? 

 A personal computer    Laptop    Tablet 

 Graphics calculator   Scientific calculator 

 Symbolic calculator   Other________________________ 

Q3 Which digital technologies do you really like and would like to use more in your 

teaching (if any)? Please explain why you would like them. 

_________________________________________________________________ 

 _________________________________________________________________ 

 _________________________________________________________________ 

Q4 What activities have you used digital technology for?  

 To prepare a lesson  Often        Sometimes   Seldom Never 

 To teach mathematics  Often        Sometimes   Seldom Never 

 To get some ideas from  Often        Sometimes   Seldom       Never 

the internet  

 To watch sample lessons  Often        Sometimes   Seldom       Never 

on YouTube 
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 Email    Often        Sometimes   Seldom       Never 

 

 Facebook or any other social Often        Sometimes   Seldom       Never 

media 

 Other __________________ Often        Sometimes   Seldom       Never 

Q5 Have you ever used digital technology in teaching mathematics?  

Yes  1 

          No  2 

 If ‘No’ please go to question 9. 

Q6 If yes, how often did you use digital technology in teaching mathematics? 

 Very often   Sometimes   Rarely   

Q7 Describe the kind of activities you used digital technology for when teaching 

mathematics. 

 Technology used _____________________  Activity __________________________  

 Grade _____________ 

 Technology used _____________________  Activity __________________________  

Grade _____________ 

Technology used _____________________  Activity __________________________  

Grade _____________ 

Technology used _____________________  Activity __________________________ 

Grade _____________ 

Q8 What did you notice about students’ responses when using digital technology in 

teaching mathematics? 

 ___________________________________________________________________ 

 ____________________________________________________________________ 

 ____________________________________________________________________ 

 ____________________________________________________________________ 

 ____________________________________________________________________ 

Q9 If you answered ‘No’ to question 5, would you like to use digital technology more 

often in teaching mathematics? 

          Yes  1 

          No  2 
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Q10 If you rarely or never use digital technology to teach mathematics, please explain why?

   

     School doesn’t have enough resources  1 

     Difficult to book the lab    2 

     No support from the IT staff    3 

     No support from the school    4 

     Low confidence     5 

     Lack of knowledge     6 

     Difficult to organise     7 

Unaware of the system to book   8 

Lack of training     9 

Availability of software    10 

Too far away to the computer lab   11 

Computer availability     12 

     Other ________________________              13 

Q11 Do you think digital technology helps in students’ conceptual understanding in 

mathematics?         Yes  1 

No  2 

Q12 Describe what you see as your main goals in teaching mathematics? 

  Goal 1 ___________________________________________________________ 

  Goal 2 ___________________________________________________________ 

  Goal 3 ___________________________________________________________ 

Q13 Do you think that you can achieve these goals without the use of digital technology in 

teaching mathematics? Why?      Yes  1 

          No  2 

 ___________________________________________________________________ 

 ___________________________________________________________________ 

 ___________________________________________________________________ 

 

5. Professional Development 

Q1 Have you participated in any professional development programmes?   

Yes  1 
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No  2 

If your answer is “No”, please go to question 5 

Q2 Did they cover any digital technology components?   Yes  1 

No  2 

  

 

If yes what were they? 

Computer software (please specify)    1 

___________________________________________ 

___________________________________________ 

How to use a computer     2 

Teaching with digital technology    3 

Other (Please specify)      4 

    ___________________________________________ 

    ___________________________________________ 

Q3 Were the professional development programmes you participated in helpful for using 

digital technology in teaching mathematics? 

          Yes  1 

          No  2 

Q4 If you answered yes to Q3, how did you use that training in teaching mathematics with 

digital technology? 

________________________________________________________________ 

 ________________________________________________________________ 

 ________________________________________________________________ 

Q5 What would you like to gain from any future professional development programme to 

help in using digital technology in teaching mathematics? 

 ________________________________________________________________ 

 ________________________________________________________________ 

 ________________________________________________________________ 

 ________________________________________________________________ 

 

 

Q6 Please make any further comments you wish to about the role of professional 

development in the use of digital technology to teach mathematics. 

 _______________________________________________________________ 

 _______________________________________________________________ 

 _______________________________________________________________ 

 

Please circle the numbers on the right below corresponding to which of the following indicates 

your level of agreement with each statement. 

 5 – I STRONGLY AGREE (SA) 

 4 – I AGREE (A) 

 3 – NEUTRAL (N) 
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 2 – I DISAGREE (D) 

 1 – I STRONGLY DISAGREE (SD) 

 Statements SA A N D SD 

S1 I am confident in teaching mathematics 5 4 3 2 1 

S2 Digital technology can makes mathematics more fun 5 4 3 2 1 

S3 I work to improve my ability to use digital technology 5 4 3 2 1 

S4 
I prefer to use digital technology tasks developed by 

other people  
5 4 3 2 1 

S5 

Digital technology is a good tool for  teaching 

mathematics for lower grades but is not suitable for 

Advanced Level 

5 4 3 2 1 

S6 
I know that I can develop digital technology tasks on my 

own with a little help to start 
5 4 3 2 1 

S7 
Using digital technology in mathematics is worth the 

extra effort 
5 4 3 2 1 

S8 
I sometimes find it hard to explain mathematical ideas in 

Advanced Level 
5 4 3 2 1 

S9 
I am good at using digital technology devices such as 

computers, MP3s, tablets and mobile phones 
5 4 3 2 1 

S10 
Digital technology is only a tool for checking the work 

once the problem has been worked out on paper 
5 4 3 2 1 

S11 
It is worth devoting time to task development with 

digital technology 
5 4 3 2 1 

S12 
I prefer chalk-and-board rather than using digital 

technology 
5 4 3 2 1 

S13 
I am confident enough to use different methods in 

teaching mathematics 
5 4 3 2 1 

S14 
I think technology is an important tool for teaching 

mathematics 
5 4 3 2 1 

S15 
More interesting tasks can be developed using digital 

technology 
5 4 3 2 1 

S16 I find it easy to navigate around computer software 5 4 3 2 1 

S17 
When I have a problem with my digital technology I can 

usually solve it by myself 
5 4 3 2 1 

S18 
I often look for new ways to use digital technology in 

my teaching 
5 4 3 2 1 

S19 
I enjoy exploring the capabilities of digital technology in 

task design 
5 4 3 2 1 

S20 
I don’t have the confidence to use digital technology to 

solve mathematics problems 
5 4 3 2 1 

S21 
Digital technology does not help with mathematics 

conceptual development 
5 4 3 2 1 

S22 
I prefer just one kind of digital technology in my 

teaching 
5 4 3 2 1 

S23 
I enjoy exploring the capabilities of new digital 

technologies in teaching mathematics 
5 4 3 2 1 

S24 
I am confident I have enough knowledge to explain any 

mathematical problem in the Advanced Level syllabus 
5 4 3 2 1 

S25 
If I can’t teach with one digital technology I will look to 

find another suitable one 
5 4 3 2 1 
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S26 
I feel more comfortable in designing tasks using digital 

technology with other teachers who are good at it 
5 4 3 2 1 

S27 Digital technology makes things more complicated 5 4 3 2 1 

S28 
My computer knowledge is good enough to develop 

digital technology tasks 
5 4 3 2 1 

S29 

I may need some help from senior teachers in explaining 

the content of some topics in the Advanced Level 

syllabus 

5 4 3 2 1 

S30 I like using digital technology in teaching mathematics 5 4 3 2 1 

S31 
I am good at developing digital technology tasks for 

students 
5 4 3 2 1 

S32 I often need to ask how to use technology 5 4 3 2 1 

S33 
It takes me longer to understand a new technology than 

it does others 
5 4 3 2 1 

 

Please add any further comments on use of digital technology in teaching mathematics.  

______________________________________________________________________ 

______________________________________________________________________ 

______________________________________________________________________ 

______________________________________________________________________ 
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Appendix 4: Questionnaire 2      

Code  

Teaching Algebra with Digital Technology Questionnaire - 2 

Please answer as many of the questions and replies as you can, ticking boxes, ringing numbers 

or writing in information, as appropriate. Feel free to append additional information or 

comments as you may feel appropriate. 

Q1  Describe what you see as your main goals in teaching mathematics. 

  Goal 1 ___________________________________________________________ 

  Goal 2 ___________________________________________________________ 

  Goal 3 ___________________________________________________________ 

Q2 Do you think that you can achieve these goals without the use of digital technology in 

teaching mathematics? Why?      Yes  1 

          No  2 

 ___________________________________________________________________ 

 ___________________________________________________________________ 

Q3 What were your objectives for the task you developed? 

 _________________________________________________________________ 

 _________________________________________________________________ 

__________________________________________________________________ 

Q4 Do you think you achieved the desired objectives? Why?  Yes  1 

          No  2 

 ___________________________________________________________________ 

 ___________________________________________________________________ 

Q5 Do you think your students enjoyed the lesson? Why?   Yes  1 

          No  2 

 ___________________________________________________________________ 

 ___________________________________________________________________ 

Q6 Do you think the task you designed for your students was necessary? Why? 

         Yes  1 

   No  2 

_________________________________________________________________ 

 _________________________________________________________________ 
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 _________________________________________________________________  

Q7 Which of the digital technologies you have used did you really like and would like to 

use more in teaching mathematics (if any)? Please explain why you liked them. 

 _________________________________________________________________ 

 _________________________________________________________________ 

 _________________________________________________________________ 

Q8 Do you think digital technology helps students’ conceptual understanding in 

mathematics? Please explain      Yes  1 

No  2 

_________________________________________________________________ 

 _________________________________________________________________ 

 

Q9 Would you like to use digital technology in your teaching in the future? 

 Yes  1 

 No  2 

 Why? _____________________________________________________________ 

 ___________________________________________________________________ 

Q10 Would you like to design tasks for other topics, too, using digital technology? 

          Yes  1 

No  2 

 If yes how would you like to design them? 

 On my own       1 

 With other teachers       2 

 With the assistance from IT staff    3 

 With help of my HOD     4 

 Other _________________________   5 

 If ‘No’, why? ____________________________________________________ 

 ________________________________________________________________ 

Q11 How often would you like to design digital technology tasks? 

 For every topic      1 

 For some topics      2 
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 Once in a term       3 

 Once in a year       4 

 Only in professional development programmes  5 

 Never        6 

 Other _________________________   7 

Q12 What would you like to gain from any future professional development programme to 

help in using digital technology in teaching mathematics? 

 ________________________________________________________________ 

 ________________________________________________________________ 

 ________________________________________________________________ 

 ________________________________________________________________ 

 

Q13 Please make any further comments you wish to about the use of digital technology in 

teaching mathematics 

 _______________________________________________________________ 

 _______________________________________________________________ 

 _______________________________________________________________ 
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Please circle the numbers on the right below corresponding to which of the following indicates 

your level of agreement with each statement. 

 5 – I STRONGLY AGREE (SA) 

 4 – I AGREE (A) 

 3 – NEUTRAL (N) 

 2 – I DISAGREE (D) 

 1 – I STRONGLY DISAGREE (SD) 

 Statements SA A N D SD 

S1 I am confident in teaching mathematics 5 4 3 2 1 

S2 Digital technology can makes mathematics more fun 5 4 3 2 1 

S3 I work to improve my ability to use digital technology 5 4 3 2 1 

S4 
I prefer to use digital technology tasks developed by 

other people  

5 4 3 2 1 

S5 

Digital technology is a good tool for  teaching 

mathematics for lower grades but is not suitable for 

Advanced Level 

5 4 3 2 1 

S6 
I know that I can develop digital technology tasks on my 

own with a little help to start 

5 4 3 2 1 

S7 
Using digital technology in mathematics is worth the 

extra effort 

5 4 3 2 1 

S8 
I sometimes find it hard to explain mathematical ideas in 

Advanced Level 

5 4 3 2 1 

S9 
I am good at using digital technology devices such as 

computers, MP3s, tablets and mobile phones 

5 4 3 2 1 

S10 
Digital technology is only a tool for checking the work 

once the problem has been worked out on paper 

5 4 3 2 1 

S11 
It is worth devoting time to task development with 

digital technology 

5 4 3 2 1 

S12 
I prefer chalk-and-board rather than using digital 

technology 

5 4 3 2 1 

S13 
I am confident enough to use different methods in 

teaching mathematics 

5 4 3 2 1 

S14 
I think technology is an important tool for teaching 

mathematics 

5 4 3 2 1 

S15 
More interesting tasks can be developed using digital 

technology 

5 4 3 2 1 

S16 I find it easy to navigate around computer software 5 4 3 2 1 

S17 
When I have a problem with my digital technology I can 

usually solve it by myself 

5 4 3 2 1 

S18 
I often look for new ways to use digital technology in 

my teaching 

5 4 3 2 1 

S19 
I enjoy exploring the capabilities of digital technology in 

task design 

5 4 3 2 1 

S20 
I don’t have the confidence to use digital technology to 

solve mathematics problems 

5 4 3 2 1 

S21 
Digital technology does not help with mathematics 

conceptual development 

5 4 3 2 1 

S22 
I prefer just one kind of digital technology in my 

teaching 

5 4 3 2 1 
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S23 
It takes me longer to understand a new technology than 

it does others 

5 4 3 2 1 

S24 
I am confident I have enough knowledge to explain any 

mathematical problem in the Advanced Level syllabus 

5 4 3 2 1 

S25 
If I can’t teach with one digital technology I will look to 

find another suitable one 

5 4 3 2 1 

S26 
I feel more comfortable in designing tasks using digital 

technology with other teachers who are good at it 

5 4 3 2 1 

S27 Digital technology makes things more complicated 5 4 3 2 1 

S28 
My computer knowledge is good enough to develop 

digital technology tasks 

5 4 3 2 1 

S29 

I may need some help from senior teachers in explaining 

the content of some topics in the Advanced Level 

syllabus 

5 4 3 2 1 

S30 I like using digital technology in teaching mathematics 5 4 3 2 1 

S31 
I am good at developing digital technology tasks for 

students 

5 4 3 2 1 

S32 I often need to ask how to use technology 5 4 3 2 1 

S33 
I enjoy exploring the capabilities of new digital 

technologies in teaching mathematics 

5 4 3 2 1 

 

Please add any further comments on use of digital technology in teaching mathematics.  

______________________________________________________________________ 

______________________________________________________________________ 

______________________________________________________________________ 

______________________________________________________________________ 
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Appendix 5: Teacher Participant Information 

Sheet 

 

Department of Mathematics 

Level 4 Room 405 

Building 303 
38 Princes Street 

Auckland CBD, New Zealand 

 

Phone: +64 9 373 7599 ext 88777 or 85886 
 

The University of Auckland 

Private Bag 92019 

Auckland, New Zealand 

PARTICIPANT INFORMATION SHEET 

(Teacher Participant) 

Project Title: Teaching algebra with digital technology: Factors influencing mathematics 

teachers’ task development and implementation 

Name(s) of Researcher(s): Iresha Gayani Ratnayake 

Professor Michael O. J. Thomas (Supervisor) 

Dr. Greg Oates (Co-supervisor) 

I am Iresha Gayani Ratnayake, and I am pursuing a PhD degree with the Department of 

Mathematics at the University of Auckland. Currently I am conducting a research study that 

examines what factors might assist you in digital technology task development and 

implementation. 

I would like to invite you as an Advanced Level mathematics teacher who teaches combined 

mathematics to participate in this study. If you agreed to participate you and the rest of a group 

of twelve teachers will be divided into four groups of three. You will then be engaged in: 

• Group work designing and developing digital technology tasks and this will be video 

recorded 

• An individual interview, which will be audio recorded 

• A discussion held between you and the researcher, which also will be video recorded. 

 

Following these you will get an opportunity in your group to modify the tasks you have 

developed. This group work on modifications also will be video recorded. 

For the next part of the study: 

• You will take part in a group interview regarding the tasks developed and the 

modifications.  This interview will be audio recorded. 

• One teacher from each group will trial the tasks you developed with his/her students in 

his/her own classroom. The rest of the group will observe this lesson and provide group 

feedback. The classroom implementation will be video recorded. 

• Finally there will be a post-implementation discussion with the researcher and the group 

members. That will be video recorded. 
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Later the data will be transcribed, translated and analysed. All recorded data will be the 

property of the researchers. In total each participant teacher will be involved in the research 

work for not more than 50 hours during a six month period.   

All the data: audio recordings, video recordings and teacher preparation work on task 

development will be securely stored in the university and will be destroyed after six years. It 

will not be used for any other purpose outside the study, other than for further peer reviewed 

academic publications by the researcher after the PhD, and only research personnel have 

access to it. Further, any third party persons who agree to video record the sessions or to 

transcribe or translate the audio and video recordings will sign a confidentiality agreement.  

You can withdraw from the research at any time without interference by the researcher before 

the date of starting data analysis which will likely be 15th December 2015. In that case your 

data will not be considered for analysis. If you have withdrawn your participation then your 

images will be obscured in any video clips used in such a way that you will not be identified 

and your audio statements will be removed from all transcripts. In addition, the principal of 

your school has provided written assurance that participation or non-participation in this study 

will not affect for your employment or your performance appraisals in any aspect.  

Pseudonyms will be used in transcribing, coding, reporting or in any publications of this study. 

However, if you consent to participate and agree then photographs and video clips of you from 

video may be included in reports, academic publications and in professional presentations, 

respectively, of this study. However, this is optional and you can decide whether to consent to 

allow video images to be used or not. If you choose to consent to video photographs then your 

anonymity cannot be guaranteed as you may be recognised from the image.  

No risks are anticipated from participation in this research, however, you can discuss any 

issues that arise with your HOD. 

If you have any queries or if you need more information regarding this study please contact me 

through email at wrat271@aucklanduni.ac.nz or phone me on +64 21 069 2716/+64 20408 

07408 (New Zealand) or +94 71 4286 077 (Sri Lanka).  

My contact address in Sri Lanka is 102/36D, Muthuhena Watta, Meegoda, Sri Lanka 

You also can contact my supervisors or the head of the department at the following email 

addresses and numbers: 

Professor Michael O. J. Thomas:  moj.thomas@auckland.ac.nz 

     +64 9 923. 8791 

Dr. Greg Oates:   g.oates@auckland.ac.nz 

     +64 9 923 8605   

Professor Eamonn O’Brien (HOD): e.obrien@auckland.ac.nz 

     +64 9 923 8819 

For any queries regarding ethical concerns you may contact the Chair, The University of 

Auckland Human Participants Ethics Committee, The University of Auckland, Research 

Office, Private Bag 92019, Auckland 1142.  Telephone 09 373-7599 ext. 83711.  Email:  ro-

ethics@auckland.ac.nz. 

 

APPROVED BY THE UNIVERSITY OF AUCKLAND HUMAN PARTICIPANTS ETHICS 

COMMITTEE ON 03.05.2015 FOR (3) YEARS REFERENCE NUMBER 014111 

mailto:wrat271@aucklanduni.ac.nz
mailto:moj.thomas@auckland.ac.nz
mailto:g.oates@auckland.ac.nz
mailto:e.obrien@auckland.ac.nz
mailto:humanethics@auckland.ac.nz
mailto:humanethics@auckland.ac.nz
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Appendix 6: Teacher Consent Form  

 

Department of Mathematics 

Level 4 Room 405 

Building 303 

38 Princes Street 
Auckland CBD, New Zealand 

 

Phone: +64 9 373 7599 ext 88777 or 85886 

 
The University of Auckland 

Private Bag 92019 

Auckland, New Zealand 

 

CONSENT FORM 

(Teacher Participant) 

THIS FORM WILL BE HELD FOR A PERIOD OF SIX YEARS 

Project Title: Teaching algebra with digital technology: Factors influencing mathematics 

teachers’ task development and implementation 

Name(s) of Researcher(s): Iresha Gayani Ratnayake 

Professor Michael O. J. Thomas (Supervisor) 

Dr. Greg Oates (Co-supervisor) 

I have read and understand the Participant Information Sheet. I understand the nature of the 

research and why I have been selected for this study. I also had an opportunity to ask questions 

and clarify them to my satisfaction. I understand that my school principal has given consent to 

carry out this study. 

• I agree to take part in this study. 

• I understand I can withdraw my participation in this study any time before the data 

analysis starts, which is expected to be 15th of December 2015. Then the information 

supplied by me will not be analysed and used in this study, my image will be obscured 

in any group video or photograph and my data will be removed from all group 

transcripts. 

• I understand that the principal of my school has given assurance that participation or 

non-participation will not affect my employment or my school performance appraisals. 

• I agree/do not agree to take part in the individual interview and for my voice to be 

audio recorded. 

• I agree/do not agree to take part in the group interview and for my voice to be audio 

recorded. 

• I agree/do not agree to be video recorded in group work on task development. 

• I agree/do not agree to be video recorded in the classroom trials. 

• I agree/do not agree to have my images published in articles or used in a research 

presentation.  

• I agree/do not agree to use video clips of me in video recordings in research 

presentations. 

• I understand that a third party who has signed a confidentiality agreement may video 

record, or transcribe or translate the recordings. 
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• I understand I will have to work not more than 50 hours in this research during a six 

months period. 

• I understand the data will be kept for six (6) years and after that they will be destroyed. 

• I understand there are no risks anticipated from participation in this research but if I 

have any questions I can discuss them with my HOD.  

 

Name: 

Signature:  

      

Date: 

 

 

APPROVED BY THE UNIVERSITY OF AUCKLAND HUMAN PARTICIPANTS ETHICS 

COMMITTEE ON 03.05.2015 FOR (3) YEARS REFERENCE NUMBER 014111 
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 Appendix 7: Codes and Descriptions of Codes 

 Code Name Description Example 
1 IGOSS 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

IGOSVF 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Instrumental 

genesis of 

objects and their 

relationship in 

the environment. 

 

 

 

 

 

 

 

 

 

 

 

Technical aspects of 

setting up objects in 

the DT environment. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Format of setting up 

variables and 

functions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A3: The parameter we 

take for the slider. 

A1: No we can take from 

here. 

A3: Sorry? 

A1: No it would work 

here. It would work. 

It would work. I’ll 

give as 𝑧  

A3: Oh yes. A new one. 

A new one. Can’t we 

create a new one? No 

I think we can’t do in 

that way. 

A2: Shall we draw a 

graph of a quadratic 

function with 

negative a and see? 

A1: Ah, a separate graph? 

A2: Yes 

 

 

 

A3: Yes that’s ok. That 

we can think of later. 

Now the problem is 

with the values we 

give it didn’t become 

zero. So to get zero 

for the delta we need 

to give some values 

for a, b, c. So let’s 

try. Say a is one 

A1: Ok a is 1 right. 

A3:  Yes say a is 1 and 

assign some values 

for these. Say 25 or 

the other one 100 say 

or something like 

that. Go for a range 

that we can. If so this 

should automatically 

come. 

A1: Let’s give 𝑏 = 4 

A3: For b whatever you 

like 

A1: Give 4 for b and 4 for 

c 
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IGOSM 

 

 

 

Knowing content of 

menus and available 

objects or 

commands. 

 

 

 

D3: Need to change from 

the axes. 

D1: Ah yes there’s a 

method as she 

[researcher] said. 

What is that? Not the 

grid? 

D2: If we go down 

wouldn’t we get x-

axis and y-axis? Isn’t 

that the one we need 

to change? 

D2:    Right click on this 

and see.  

(5 seconds pause)  

D2:    Go to this and see. 

D3:    Ah may be. .. One to 

one.  

D1:   That’s what we need 

to change. Isn’t it? 

D3:   Yes. 

2 IGEVF  

 

Instrumental 

genesis of object 

entry 

 

Command line 

syntax for entering 

variables and 

functions. 

 

A1:   Ah, no. Ashoka, here 

they take the square 

of 𝑎𝑥 [(𝑎𝑥)2] I guess. 

A3:   Oh. I see. 

A1:   We need to type * for 

the multiplication, I 

guess. 

A3:   Oh, yes. It must be. 

Yes, yes, yes. I think 

so.  

A2:   Yes, it is working. 

Yes, yes. 

A3:   Oh, is it? 

A1:   Yes it is. That’s what 

happened. That’s 

why we got numbers 

like 25.  

A3:   Oh yes. We have to 

type that syntax. 

Haven’t we? Yes 

otherwise we can’t 

get such big values. 

3 IGMR Instrumental 

genesis multi-

representations 

Knowledge of links 

between different 

representations in 

GeoGebra. 

A3: This is the message 

we have to give. So 

we need to tell. We 

need to tell him/her 

to input the a, b, c 

parameters. And then 



Appendices 

266 

 

create another 

function for delta. 

[They have used this 

word in English]. 

Then can observe 

how the graph 

changes. By 

observing, then. Then 

there are six 

situations [cases] 

with a positive and 

delta positive then 

above. 

          If a is negative and 

delta positive then 

below. 

4 DTSIG Digital 

technology 

students’ IG 

Teacher 

consideration of 

students’ IG when 

working on the task 

with GeoGebra. 

A3: We may need to 

teach them GeoGebra 

beforehand. Don’t 

we? Then we can ask 

students to input 

these functions and 

we tell them about 

the a, b, c parameters 

and then ask to create 

a slider. Ok let’s 

consider that they 

have done it. So the 

student who creates 

this slider would 

think. The student 

will change these 

parameters and 

would observe. Ah 

now it’s something 

else. 

 

5 MKTMCC 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Mathematical 

Knowledge for 

Teaching-

Mathematical 

content 

knowledge 

Indicates knowledge 

of mathematical 

content in the 

curriculum. 

 

 

 

 

 

 

 

 

 

 

 

C2: If we have done 

quadratic functions. 

C1: We can do that prior 

to this. 

C2: Yes a day or two 

prior to this. … 

          Real numbers done 

and then I didn’t start 

to do Trigonometry 

yet. We started the 

classes very late but I 

did partial fractions. I 

mean it’s about to 

finish. That’s all what 
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MKTKP 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

MKTKC 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Teacher concerns 

about the key points 

of the task. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Knowledge of 

mathematical 

concepts. 

 

 

 

 

 

 

 

 

I have done with 

them so far. 

C3: Haven’t you started 

quadratic functions 

yet? 

C2: No not yet. Partial 

fractions. I mean I 

did partial fractions 

after introducing 

polynomials.  

C1: Shall we do quadratic 

function, then? 

C3: Yes I think that’s 

what we have to do 

now. Quadratic 

functions. 

 

 

 

B1:    Function is a topic 

students find difficult 

to understand. So if 

we can use this 

(GeoGebra) to teach 

such a topic 

B3:    Yes if we can use this 

B1:    If students would find 

it easier, after that, 

then it would be 

better. 

B2:    Since students find 

difficult to get the 

concept ‘what a 

function is’? 

B1:     Yes. This is a topic 

that all the students 

complain saying that 

it is difficult. 

 

 

 

C3:   When 𝑏2 − 4𝑎𝑐 is 

negative then we can 

say that this is always 

positive. If it is 

positive then what 

would happen? If it is 

positive this is a 

perfect square. And 

here also there is a 

perfect square. So 

this will be a 
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MKTTS 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

MKTH 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Teacher knowledge 

of correct technical 

terms and symbols. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Teacher 

understanding of the 

topic within the span 

of the wider 

curriculum. 

difference between 

two squares. So it 

gives there are two 

factors, alpha, beeta. 

So what we expect 

when it is positive? .. 

Here when 𝑏2 − 4𝑎𝑐  

is positive. What 

would student say 

then? What is the 

answer we expect? .. 

I mean here it is 

positive and here also 

it is positive. So a 

difference between 

two squares. So if the 

value of this is 

greater than this then 

it is a problem. This 

says it has two 

factors; alpha, beeta. 

Alpha beeta [αβ] is 

the point of 

intersection. If we go 

for that section then 

 

 

 

D2:   Did we name it as 

𝑓1(𝑥)or something 

like that? 

D1:   Yes we may need to. 

D3:    Ah yes we have to 

label it. 

D1:    Give this as one [the 

first one] 

D2:    Or let it be as 𝑓(𝑥) 

and for the rest will 

use 1, 2 etc. Can we 

take it back and 

label? 

D3:    Can, we can. 

D2:    Ah ok then do it as 

𝑓1(𝑥). 

 

 

 

A3: They should have an 

image. … GeoGebra 

is a support. Then, 

then they need to 

apply. But that also 
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has to be done by us. 

We must guide them 

to apply this concept 

in problems. 

A3: Yes even for other 

topics. 

A2: Yes. 

6 MKTPCKPT 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

MKTPCKSD 

 

 

 

 

 

 

 

 

 

 

 

 

 

Pedagogical 

Content 

Knowledge – 

Knowledge of 

Content and 

Teaching (KCC) 

Teacher knowledge 

need for pedagogical 

techniques to teach 

mathematical ideas.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Pedagogical 

understanding of the 

sequence of 

directions to give. 

 

 

 

 

 

 

 

 

 

 

C2:    Here I just tried one 

in the morning. In 

this, here, the value 

of a.. value of a… 

[12 seconds – she 

tries to show what 

she did]. Here, this 

changes. So the 

student can say that 

for which values of a 

that this changes. 

C3:     Ah, yes. 

C2:    So are we going to let 

them to get this 

graph? 

C3:    Yes, student have to 

draw using this. Yes 

by drawing. Then not 

only for the values 

that we assign. If they 

want they can even 

increase the range 

and see. Because 

only they have to do 

is changing the range 

of the slider. Yes, we 

can make it. Can’t 

we? 

 

 

 

A3:    Here we have three 

things. Firstly we 

have to teach the 

students about 

GeoGebra 

A1:    Yes, yes. 

A3:     We may need to 

teach them GeoGebra 

beforehand. Won’t 

we? Then we can ask 

students to input 

these functions and 

we tell them about 

the a, b, c parameters 
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MKTPCKCP 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

MKTPCKAD 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Classroom teaching 

strategies to be taken 

to overcome 

potential students’ 

difficulties. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Making ad hoc 

decisions during the 

lesson. 

 

 

 

 

 

 

 

 

 

 

 

 

 

and then ask them to 

create a slider. Ok, 

let’s consider that 

they have done it.. So 

the student who 

creates this slider 

would think.. The 

student will change 

these parameters and 

would observe.. Ah 

now it’s something 

else. 

 

 

 

A3:    Ok. And then, now 

student knows this as 

well. …If we can 

manage to make delta 
[∆] zero, like you 

have taken earlier, 6. 

No, 4. 

A1:    Yes 4. 4, this must be 

1. We took 1 [for 𝑎 =
1]. 

A3:    By adjusting this to 4 

[𝑏 = 4] 

A1:    Ok, and then this is 4. 

Right? 

A3:    So now the student 

can see it touches the 

x-axis and delta is 

zero [∆= 0]. 
 

 

 

Student 2: Sir there’s a 

problem here. 

A1:            Yes, you have 

come across a 

problem.      

Haven’t you? 

Student 2: Yes, here the 

graph cuts the x-axis 

A1:         Yes, I can see that 

there’s no column 

to put this in, is 

there? 

Student 2: Yes. 

A1:         [Teacher went to 

the board] Ok 

shall we add 
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MKTPCKGCM 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Teacher concern 

about how to 

connect GeoGebra 

constructs with 

mathematics. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

another column, 

then? Ok? Add 

another column 

and what would be 

that column? ‘Cuts 

the x-axis’. 

Otherwise, we 

don’t have a 

column for that 

condition. ‘Cuts 

the x-axis’. 

Student 2: [Talking to a 

friend while 

drawing     

another column] 

The second one 

cuts the x-axis. 

 

 

 

C1: First we have to show 

how the graph 

changes with a, b, 

and c and then only 

we have to proceed. 

C3: Yes then we have to 

convince using the 

graph. Then they can 

understand the 

theory. So then 

students can put some 

values for a, b and c 

and we can ask them 

to draw using this. So 

they can observe the 

graph, when always 

positive and 

C2: Yes, as here shows 

for 𝑦 = 𝑚𝑥 + 𝑐, if 

we can do that for 

this [𝑦 = 𝑎𝑥2 + 𝑏𝑥 +
𝑐]. By taking ranges 

for a, b and c. 

C1: Here these are the 

graphs right? 

C3: Yes. Now here. But 

in that example it is 

done for m and c. It’s 

a linear graph isn’t it? 

So can we do it for a, 

b, c as well? 
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MKTPCKMNR 

 

 

Teacher concerns 

about managing 

available resources 

including time. 

 

 

 

C2:        Yes. If we can do 

something for that. 

C3:         Yes even in 

quadratic 

functions we need    

to choose a small 

part.  

C1, C2:   Yes, yes 

C2:      Yes to do in 40 

minutes. 

C3:  Yes a suitable 

lesson for a 40 

minute    period. 

 

7 MKTSM 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Mathematical 

Knowledge for 

Teaching – 

Knowledge of 

content and 

students 

Demonstrates 

teacher concern 

about the 

development of 

students’ 

mathematical 

understanding.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

C3:    Yes. Now here. Here 

always it is important 

the two conditions 

when positive or 

negative. When it is 

positive, with the 

discriminant anything 

can be happen. It can 

be above the axis, 

part is above and part 

is below the axis. So 

it’s not a big 

challenge. In a 

quadratic function it 

is very important the 

condition when the 

discriminant is 

negative. Then only it 

changes in one way. 

So it is the important 

case. If a is positive 

and the discriminant 

is negative then 

above the axis. So we 

can show it using the 

graphs. We need to 

draw three graphs 

only. First we have to 

consider the function 

and have to show 

them. With a, b, c. 

We need to rearrange 

it using completing 

the square method. 
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MKTDP 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

MKTPK 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

MKTLU 

 

 

 

 

Teacher concerns 

about difficulties 

students may face 

when working on the 

task, including their 

misconceptions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Aware of students’ 

prior mathematical 

knowledge. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Awareness of 

students’ level of 

mathematical 

understanding. 

 

C3:    When 𝑏2 − 4𝑎𝑐 is 

negative then we can 

say that this is always 

positive. … This says 

it has two factors; 

alpha, beeta. Alpha 

beeta [αβ] is the point 

of intersection. If we 

go for that section 

then 

C2:     May get confused. 

C3:    Yes then they may get 

confused. Won’t 

they? [10 seconds 

pause]. I think it 

would be better if we 

give this directly. 

Sign of the 

expression when 

𝑏2 − 4𝑎𝑐 is negative. 

They have to get the 

sign of the expression 

only when 𝑏2 − 4𝑎𝑐 

is negative. So for 

other cases. 

 

 

D1:    Yes… yes mmm 

there we ask students 

to draw a rough 

graph [a rough sketch 

of the graph] don’t 

we? We connect to 

the knowledge they 

have from OL 

[grades 10 and 11] 

and we can ask them 

to rewrite using 

completing the 

square method and 

can ask to draw… 

without bothering to 

fill a big table to get 

coordinates… 

D2 & D3: Yes [agreeing] 

 

 

A1: They also can’t 

remember how to 

rearrange a function 

using completing the 
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square method. So 

here what we 

assumed is they know 

about minimum and 

maximum values. We 

didn’t expect them to 

know whether the 

graph has a 

maximum or 

minimum by looking 

at the sign of a but 

they should know the 

shape of the graph. 

A3: And it’s open upward 

or opens downward. 

We say so right?  

A1: Yes 

 

 

 

C1:    Yes. That’s what we 

need to get. If we can 

ask ‘on what the 

changes of the graph 

depends?’ then they 

understand it must be 

𝑏2 − 4𝑎𝑐. 

C3:    Yes as a question. 

C2:    So the answer should 

be 𝑏2 − 4𝑎𝑐 

C3:    Yes the answer 

should be 𝑏2 − 4𝑎𝑐. 

The problem is 

whether the students 

can understand this? 

C1:    But they have already 

understood it from 

the graph. 

C2:    Because these 

students.. 

C3:    Still they are in grade 

12. 

C2:    They haven’t done 

inequalities or a topic 

like that. Partial 

fractions and 

functions are the only 

two topics they have 

covered yet. I just 

introduced modulus 

function under the 

topic function. 
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[Inequalities with 

modulus functions is 

a topic in grade 13]. 

And that’s all. 

C3:    That is something we 

need to think about.. 

 

8 ORCTM 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ORCDTTD 

 

 

 

 

 

 

 

 

ORCGTD 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Personal 

orientations 

Teacher confidence 

in handling DT 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Teacher confidence 

in task development 

with DT. 

 

 

 

 

 

 

Teacher confidence 

in using GeoGebra 

in teaching. 

 

 

 

 

 

 

 

A3:    No the problem is to 

use directly it should 

be shown using the 

slider. 

A1:    Yes, exactly. 

A3:    The parameter we 

take for the slider. 

A3:    Sorry? 

A1:    No it should work 

here. It should work. 

It should work. I’ll 

give as z 

A3:     Oh yes. A new one. A 

new one. Can’t we 

create a new one? No 

I think we can’t do in 

that way. 

 

 

 

B1:    Yes, now we have the 

confidence to prepare 

one for ourselves. 

Even individually. It 

may not be a perfect 

one but up to some 

extent. We are fine to 

design [a task] for 

some topics now. 

D3:   Students were good 

at working with 

GeoGebra. Things I 

didn’t know. I mean 

if I would have 

practised more with 

GeoGebra I could 

teach more using 

GeoGebra. For an 

example like sliders. 

I am also not 

confident and not 

familiar with sliders. 

Otherwise, I could 

use them as well. I 

could do more than 
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this if I was aware of 

that as well. And I 

noticed students 

used some tools that 

even I don’t know. 

…  At the end of the 

lesson, I noticed that 

students like [S3] 

did very well but 

two students were 

quite slow. They 

were not competent 

in using DT but on 

the other hand, those 

who had experience 

did very well. 

9 ORVLM 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ORVTM 

 

 

 

Value of using 

DT 

How teachers value 

DT in learning  

mathematics 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Indicates how 

teachers value use of 

DT in teaching 

mathematics 

D1:    This needs to be used 

for other topics as 

well. We need to 

improve this. 

D3:    But in general, many 

schools don’t use the 

available resources. 

We can’t use DT for 

all the topics in 

mathematics, for 

sure. But it can be 

used for other 

subjects. But they 

don’t use it. 

Especially in science, 

they could use it to 

show diagrams. I 

think it would be 

beneficial, motivating 

them. Otherwise, 

students go forward 

while teachers are 

backward. If teachers 

keep teaching using 

traditional methods 

they may refuse one 

day. 

D1:    Yes. 

 

 

 

B3:    It would be very 

interesting to use this 

in teaching 

mathematics. There 
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ORVGD 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Indicates how they 

value work as a 

group. 

are some lessons like 

straight line and 

circle we have a lot to 

write on the board. If 

we can show them 

using these and let 

them observe and 

then use the board as 

well, then it would be 

more effective. Now 

what we do is writing 

on the board. 

B1:    But then the system 

of testing [and 

evaluation] also need 

to be changed. 

B3:    Yes, that is the other 

thing we should 

consider. 

 

 

 

A3: If we work 

individually I would 

do what I want. But 

that may not be the 

correct one. My idea 

was… Well, we don’t 

have 100% matching 

ideas about working 

with this tool. So in 

this, something I 

missed can catches 

up with others ideas 

and vice versa. 

Therefore I think 

working in this group 

helped us a lot in this 

activity. If we work 

individually even 

though we write three 

tasks none of them 

will be this task. Isn’t 

it? If we now write 

three tasks again we 

won’t get the one we 

wrote.  

A1: Yes, the way I look 

on this is differ from 

these two fellows’ 

views. Therefore 

there was an 
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advantage. That 

means. 

… 

A3:    And usually all three 

of us never agree 

with something 

wrong. We may 

come to a wrong 

decision when we do 

our own. But it is 

very rare that three of 

us go for a wrong 

decision together. 

… 

A3: Yes, and no one was 

there kept quiet 

thinking that you two 

carry on. If so it 

would be a problem. 

Here we all talk 

together, gave our 

ideas and we could 

come to one decision. 

It is better than we do 

individually. I know 

that this is much 

better than I do by 

myself. I think other 

two also feel the 

same. Something 

wrong, not wrong 

actually, it minimises 

doing mistakes. 

… 

A2:    Same as they said. I 

also think that it’s 

better than doing 

alone. Because it 

helps to minimise 

mistakes and end up 

with a rich one, a 

perfect one. Isn’t it? 

 

10 ORATM 

 

 

 

 

 

 

 

 

Personal 

orientations in 

attitudes 

Attitudes to using 

DT in teaching 

mathematics. 

 

 

 

 

 

 

C2:    No, we don’t have 

any thought about 

doing it again using 

any other method, 

after this, to be 

honest. What I 

thought is to do the 

rest of the topic also 
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ORALM 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Attitudes to the 

effectiveness of 

using DT in learning 

mathematics. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

using the same 

approach. 

C1:     Yes, we think this 

method would work. 

C2:    I personally feel that 

using GeoGebra 

would make the work 

easier so I am 

thinking to do the rest 

of the lessons also 

using the same 

method. 

 

 

 

C3:    I think students’ 

interest may also 

increase using this 

method. For me, this 

is something let 

students learn by 

themselves that we 

struggle a lot to make 

them understand. I 

think from this we 

gave them an 

opportunity to learn 

and understand by 

themselves from the 

work they do. It is 

very important. 

C1:    This would be a 

different and new 

experience for them. 

C3:    Yes, so they will be 

motivated. Because 

mathematics is not a 

favourite subject for 

many of them but 

from this method a 

path is cleared to 

make mathematics 

more interesting as 

well. Earlier we push 

them to do it. But by 

this method 

unintentionally they 

would engage in 

work happily. It is 

very important. 
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ORATD 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ORAPD 

 

Attitude on task 

design with DT. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Attitude to 

intervention PD. 

D2:    We need to prepare 

these before the 

lesson. And then, I 

think, it would be 

easier in the 

classroom. 

D3:    I also think the work 

in the classroom 

would be less but 

there is more 

preparation work. 

What we usually do 

is, just get prepared 

for some standard 

problems that we are 

planning to discuss in 

the classroom. But 

we do more work in 

the classroom. So 

there is such an ease 

in this new method. 

… 

D3:    And teachers have to 

devote time for this. 

Like we did, they 

have to work on this 

preparation. So they 

may not like to 

devote their time for 

preparation and they 

may not bother to 

design tasks. So if 

educators can provide 

them with some 

exemplar lessons to 

use in the classroom 

to motivate teachers 

that would be more 

helpful. I think in 

general we don’t like 

to put effort into this. 

And we are not good 

at this as well. So I 

think we need some 

support. If so I think 

DT might be used 

more in schools. 

 

 

 

A3:    Professional 

development or 
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 teacher training is 

one of the most hated 

topic for me. I really 

don’t like. … 

Actually, from this 

also it’s trying to 

change the way we 

think about this. I feel 

that. Even now I feel 

like mathematics has 

to be taught in the 

traditional method. 

That belief is there in 

my inside. Saying 

that there is a small 

touch or something 

like that shocked me 

to think ‘no there is 

another way like this, 

this is also possible’ 

… However, today I 

understood that for 

the top layer of the 

class, they don’t need 

any of these. Today 

only I understood that 

with all these talks. 

But for the middle 

layer, to make them 

understand the 

concepts, we can use 

this as a tool. So now 

I am in that position, 

in that thinking 

… 

A1:    This has to be taught 

in this method … 

A3:    Yes, that is when 

training the teachers. 

When training the 

teachers also this 

method need to be 

used. Otherwise a 

lecture with a hand 

out will not work. 

A2:    Actually the same 

thing I also wanted to 

mention. It is better 

to have PD 

programmes but 

those programmes 

must be based on 
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these points. A 

training in the 

traditional method is 

useless, to be honest. 

 

11 GDL 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

GDFL 

 

 

 

 

 

 

 

 

 

 

 

 

 

Group dynamics 

– having a leader 

Describes 

dominance of one 

member as an 

unofficial group 

leader. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Describes how a 

member is willing to 

follow the unofficial 

leader. 

 

 

 

 

 

 

 

 

 

 

A1: Will put a bracket 

here, divide by 2a, 

and square of this, 

does it appear a zero 

there?  

A3: No Kasun, It is zero 

at this point.  

A2: It’s like we can’t 

simply write it 

A3: No, no. 𝑥 +
𝑏

2𝑎
 

becomes zero. Now 

there’s already a 

variable call x. And 

we define z with that 

variable x.  

A1: Yes 

A3: Then this cannot be 

worked. 

A1: Why? 

A3: We have that 𝑥 +
𝑏

2𝑎
  

A1: Yes 

A3: We can’t get the 

minimum value with 

x there. Because 𝑥 +
𝑏

2𝑎
 becomes zero.  

A1: Yes 

A3: So then this whole 

thing is zero. 

A1:  Yes zero, 

 

 

 

B1:    You [B2] have to 

show how to type it. I 

mean how to type 𝑥2. 

B2:    Ah, yes. We may 

need to give them the 

function of 𝑦 =
𝑎𝑥2 + 𝑏. 

B1:    Yes, yes we have to. 

You [B2] have to 

draw it and show 

them how the graph 

changes with b. 
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GDDAL 

 

 

 

 

 

 

 

 

 

 

 

 

Describes when 

other members 

contribute their ideas 

rather than following 

the unofficial leader. 

B3:    Yes you [B2] can 

show them how the 

graph moves along 

the y axis when b 

changes. 

B1:    Then students can 

check whether they 

are correct or not. 

B3:    Yes, they can check. 

 

 

 

C1: But I think there must 

be a function to get 

this as well. Shall we 

check with ‘help’? 

C2: But now, here we can 

see that. So, the.. 

C3: That’s enough. Isn’t 

it? 

C2: Yes. I think that’s 

fine. So that we can 

ask them to check 

with this whether it is 

positive or negative 

for each graph. 

12 GDMS 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

GDCI 

Group Dynamics 

– Collaborative 

work 

Describes group 

members’ mutual 

support on task 

development. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Describes conflict of 

ideas among group 

members. 

C3: Let’s type it and see.  

C1: Yes type and see. 

C1: 𝑏2 − 4𝑎𝑐. 

C3: Yes 𝑏2 − 4𝑎𝑐. 

C1:  We need to get the 

answer as equals 

C2: This is not a formula. 

Just a textbox. 

C3: Yes this takes only as 

a text. Only this types 

there. That’s all. It 

doesn’t take as a 

function. I mean it 

gives as a text. 

C1: Check what this text 

formula means. 

 

 

 

B2:    Don’t we have to say 

about the software? 

B1:    No! No, no don’t tell 

about that. Because 

that’s not what we 

are going to teach 

here. 
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B2:    No I mean we don’t 

need to say the name 

of the software. 

B3:    No, we can say that 

‘today we are going 

to use a software to 

do this. So click on 

this icon to open’, 

and that’s enough.  

 

 

 

 

 

 


	coversheet.pdf
	General copyright and disclaimer


