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Abstract

This thesis is the beginning of research into indicated spatial processes for analysing complex
survey data. When modelling practical problems, it is widely accepted that a spatial process is
generally described by a random field. However, before survey methods can be applied, research
into the asymptotic properties of estimators, particularly estimators based upon random fields,

is essential.

In this thesis, we introduce a new survey sampling method which has a potentially wide applica-
tion, and is described by an indicated sampling method. This sampling strategy is appropriate
for setting up estimators such as Horvitz-Thompson estimator and others. We also introduce
some assumptions about the spatial structures of a population, developed from examining real
situations. Based on this method and these assumptions, we develop central limit theorems,
functional central limit theorems, and consistent estimators of variances on non-stationary de-

pendent random fields.

Since it is important to understand the asymptotics of a new complex survey method, for this
indicated sampling method, we consider central limit theorems with the assumption of condi-
tional independence properties. In some results, we assume the partial derivatives of functions
defining estimators are bounded. This assumption gives an opportunity to apply the Mean Value

Theorem to the consideration of asymptotics.

4=1in the assumptions of the central limit theorem,

With our new insight into the factor m
Theorem 3.3.1, by Guyon in 1995, we see that this is essentially an estimation of the number of
the pairs which share the same dependencies. We therefore introduce a function A to stand for
the number of pairs with the same dependencies. Then, with an additional assumption on the
joint-blocks spatial structures, we prove the Lo consistency for the estimators of the variance of
the population. We then generalize the results on estimating the variance by Carlstein in 1986

and Fuller’s central limit theorem, Theorem 1.3.2, in his book in 2011.

It is rare to see functional central limit theorems on non-stationary dependent random fields.
This is because it is hard to verify the tightness in the high dimensional random fields. By

using two criteria introduced by Billingsley in 1968, one of which, Theorem 15.6, is rarely

iii



used by other scholars, in addition to the assumptions on the nested spatial structures and the
proper estimation of the fourth moment of the sample sum, we provide some original results
on functional central limit theorems, where the estimation of the fourth moment develops Rio’s

result, Theorem 2.1, in his report in 2013.
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Chapter 1

Introduction

Spatial statistics and asymptotics of survey data are extensive research fields with comprehen-
sive applications. Advanced complex survey techniques and modern data processing skills are
required to tackle many practical problems. The asymptotics studied in this thesis are a crucial
first step in performing complex surveys. This chapter mainly answers what and why questions
on the research presented in this thesis. An indicated sampling strategy is introduced for the
preparation of the discussion in the following chapters, which are mainly relative to how we

achieve the goals of asymptotics.

1.1  What is a survey? and Why asymptotics?

Nowadays it is a quite common idea to conduct a survey to effectively use the vast information
and data available, for all kinds of purposes. To keep the pace with the times, the definition
of survey was updated by Fritz Scheuren from the first version in 1980, to the second version

published in the American Statistical Association, 2004.

“Today the word ‘survey’ is used most often to describe a method of gathering

information from a sample of individuals.”

This is the definition used in his publication [65]. Scheuren suggests six stages for conducting
surveys, which are introduced by Blair et al in the book [6] and its older editions. The six stages

of a survey in [65] are adapted as a five-stage survey in [6], which is described in Figure

There are four branches of survey design in the horizontal direction throughout five stages
in Figure [1.1} sample related, questionnaire related, operation plan related and analysis plan
related. Our research is with respect to the first and the last branches of “Design Survey” and
“Stage 5”.
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Figure 1.1: Five stages of a survey (Exhibit 3.1 in [6])

When we analysis data as per in the lowest branch and in Stage 5 (Figure , a basic setting
should be taken into account, i.e. the role of randomization in surveys. This mainly involves
two sampling strategies, a design-based strategy and a model-based strategy. In survey theory,
both require asymptotic properties to ensure that their estimated results reflect the population.
Therefore, in this case, the finite or infinite population from which the data derives is regarded

as the superpopulationﬂ in asymptotic statistics.

Generally speaking, the design-based strategy is based on a finite population for description
purposes. The population is considered as fixed and all the variation is from the sampling

mechanism. There is no randomization associated with the population.

The model-based strategy uses a superpopulation for the purpose of analysis. Here, the super-
population is modelled by random variables. Its variation is impacted by the model and the
sampling mechanism. The asymptotic properties of a model-based strategy are connected to its

infinite population.

Probability sampling plays an important role in finite population sampling (see [54]). Although
the model-based methods are based on statistical models, and the design-based methods are
based on probability sampling principlesﬂ, in most of the practical cases of complex surveys, we
have to introduce a suitable sampling design to an on-going model-based frame. On the other
hand, for a design-based frame, it is also possible to involve the modelled population or some

auxiliary information with randomization properties.

For more details of model-based and design-based methods we suggest the book [14] by Chambers

! The superpopulation can be regarded as an infinite or finite population being generated theoretically from
an infinite population. For more details of this definition, we recommend some books such as [14], [26] and [44].
2 Please refer to the “Preface of Handbook 29A” by Danny Pfeffermann and C. R. Rao, on page vi, of [53].



and Skinner, and papers such as the discussion on the evaluation of model-based inference and
design-based inference in [37], the comparison between model-based theory and design-based
theory with some examples in [64], and the discussion on the hybrid framework in [69]. In this
thesis we work with the superpopulation which is modelled by random variables. At the same

time, some auxiliary information is also taken into account in the sample design.

Asymptotic properties describe approximation of statistical procedures. A. W. van der Varrt

explained why asymptotic statistics in his book [70]:

“Why asymptotic statistics? The use of asymptotic approzimations is twofold.
First, they enable us to find approximate tests and confidence regions. Second,
approximations can be used theoretically to study the quality (efficiency) of

statistical procedures”

There are many aspects of asymptotic statistics, such as the law of large numbers, central
limit theorems, functional central limit theorems, and both the efficiency and consistency of
estimators. Asymptotic normality is an extremely important property in this field. Therefore in
this thesis, we mainly consider central limit theorems (CLTs), functional central limit theorems
(FCLTs) and the consistency of the estimators of variance for general sampling strategies. All

results are based on spatial processes.

1.2 Spatial processes in complex surveys

A spatial process is the generalization of a 1-dimensional process. Since many practical problems
arise from high dimensional space, and a 1-dimensional space can be regarded as a degeneration
of high dimensional one, spatial processes are widely accepted in modelling problems. As a
further consideration, we endow a spatial process with dependent properties, which are more
general than independent assumptions in surveys. In this section, we give two examples. One is
used to show the potential dependence in practical problems, the other is a complex, multi-stage

survey.

Example 1: The Centers for Disease Control and Prevention (CDC) is an important institute
in the United States. It conducts many surveys each year. In 2017, the CDC produced the
result of a survey for the U.S. diabetes data (see [24]). The goal was to estimate the percentage
of adults at least twenty years of age with diagnosed diabetes. To map the percentages, three
years of data from the Behavioral Risk Factor Surveillance System and the U.S. Census Bureau
Population Estimates Program were used to improve the precision. In Figure the gradually
changing colours imply there are dependencies between those counties, and these dependences
are likely related to the distance between geographical locations. This implies that if we take

this kind of spatial dependent structure into account, it will be possible to improve estimates
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Figure 1.2: Spatial correlation pattern in diabetes data [24]

and reduce cost.

Example 2: : The example which is used to illustrate a complex survey in space is the National
Health and Nutrition Examination Surveys (NHANES) conducted annually by the CDC in the
United States. Four things that NHANES 1999-2010 (see [75]) hoped to achieve are:

“To provide prevalence data on selected diseases and risk factors for the U.S.
population; To monitor trends in selected diseases, behaviors, and environ-
mental exposures; To explore emerging public health needs; To maintain a
national probability sample of baseline information on health and nutritional

status.”

Data on health, nutritional status, and health behaviours, were collected from across the popu-
lation of the United States. Three survey methods (in-person interviews, face-to-face interviews,
and physical examinations) were used in the participants homes and at a mobile examination
centre (MEC). Specifically, they administrated 48 items in a four part household interview,

gathered 17 variables from a medical examination, and conducted 2 extra interviews at a MEC.

There were four stages in the NHANES complex, multistage probability sampling design, where
the sample weights were also introduced. The first stage was the selection of primary sampling
units (PSUs). About 30 counties were selected out of about 3000 counties. The second stage
was the selection of segments within each PSU: All households in a relative small region were
selected into the sample. The third stage was the selection of specific households in each segment.
The last stage is the selection of individuals in a household. Then around 10,000 persons were

selected and visited in a 2-year survey.



As it is shown in Figure in Appendix, this kind of four stage sample design works through
three steps in NHANES 2011-2014 [36]. To achieve a broad description, the U.S. population was
arranged with domains and subdomains, i.e. for each sex-age group, there are four subdomains,
non-Hispanic Black persons, non-Hispanic non-Black Asian, Hispanic, and non-Hispanic White
and other, which is divided by non-low income group and low income group. To set up a
clustering criteria on dividing PSUs, the measure of size (MOS) of a PSU was introduced for a
self-weighting sample. The MOS of a PSU, which was indexed by h, was defined as

My =Y AChry, Ap =) it
K

where k was the race-Hispanic origin-income subdomain, [ was the sex-age subdomain, Cr was
the most recent population estimate for race-Hispanic origin-income subdomain k in PSU A, ry
was the sampling rate of persons in the (k,)-th race-Hispanic origin-income-sex-age subdomain,

% Was the most recent projection of the 2008 total population count for race-Hispanic origin-
income-sex-age subdomain (k, 1), C*, was the most recent projection of the 2008 total population
count for race-Hispanic origin-income subdomain k. Then the criteria of separating PSUs into

certainty PSUs and noncertainty PSUs was 75% of the initial sampling interval, i.e. (see [36])

0 7572’?:1 M
' 60

where H was the number of PSUs in the whole sampling frame. Figure in Appendix, shows
how this criteria works in conducting the survey in the first stage. Here we omit the details of

the rest of the first stage and the remaining three stages of the NHANES’ sample design.

In NHANES, the geographical location of the population determines that a spatial process
should be a well-chosen model. Furthermore, it is reasonable that we make the following three

assumptions:

Firstly, the measurements of the sample are influenced by some random effects. For example,
the health issues, the sample was clearly affected by M},. M) was with respect to Chi, 71, Cys
which were all related to income. Therefore if we imagine a low-income leads a low nutrition
status, it is plausible the sample is driven by incomes to some extent. Furthermore, NHANES
19992010 [75] has shown whether an MEC can move in could be decided by the traffic and
community status. It also implies the measurements could be affected by some other random

factors.

Secondly, the sample of the population is affected by some random information. For example,
we suppose a person, ¢, is indicated by a random variable R;, i.e. R; decides whether ¢ will be
observed. The probability of P(R; = 1) could be related to the incomes since the MOS was

designed to reflect two groups of non-low income and low income.



Lastly, it is reasonable to make an assumption on dependence, which could be similar to that
shown in Figure We can endow some potential dependence between PSUs, between strata,
or even between persons and the measurements. For example, the people could have the same

health problems if they live closed to each other.

1.3 An indicated sampling strategy

Using a grid index

Throughout this thesis, we assume that all sample points are located in a grid space, which is a
spatial process indexed by high dimensional integer points. This assumption is widely accepted
in the research of random fields, and it is also technically supported by some computer software.
A method of transferring a real situation into a grid map is to use cartograms. For example,
in Figure [1.3] in the left graph, the dependences between these three points are described by
three numbers. Based on the dependences, the graph on the right is a cartogram, where the

dependences are represented by distances. Figure is a cartogram, which is introduced on the

‘,, _________ ..,\‘ ‘, .................. S
I 0.2 — 9!
I @—o2 — o : |.w..____ ® |
1 ]‘ I I 0.1 0.1 I
| 1 1 ~ < 1
I 0.1 01 1 ‘. J
i e
: N/
I
I ®
\\h -------- _,,

Figure 1.3: An illustration of the cartogram

website [49] and by the paper [27], where a complete rectangular grid of points is transformed
as a map. It means a two dimensional rectangular grid of points can be used to describe map

features by interpolating it into a cartogram.

The cartogram guarantees our basic abstraction for asymptotics is acceptable and practicable if

we use grid-indexed random fields to model populations.

Basic sampling methods in surveys

In general, there are four probability sampling methods: simple random sampling, systematic
sampling, cluster sampling, and stratified sampling. They are widely accepted in the first branch
in Figure Sometimes we also use multi-stage sampling if a sampling procedure is divided

into more than one stage. In each stage, one of these sampling methods can be performed.
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Figure 1.4: A population cartogram of the United States [49]

Figure [1.5] exhibits four sampling methods. For a finite population, if we select persons with
equal probability, the sampling is simple random, see (a); if we chose persons equally spaced,
e.g. every second, as it is shown in (b), we call it systematic sampling method; if a population
is clustered, and we sample some of those clusters, then we call it cluster sampling, see (¢); if a
population is stratified, for example in (d), where the population is divided into three stratum,

we select a suitable proportion of persons within each strata, we call this method stratified

sampling.

DA BAA®AS VA BAL OAE
(a) Simple random sampling (b) Systematic sampling

® ®
DA GIAA @A A Ak 4
< 5 0

04 A A8 A0
(c) Clustering sampling (d) Stratified sampling

Figure 1.5: Four sampling methods for finite populations

In Figure the size of the finite population is N = 8, and the sample size is n = 4. Let the
selection probability of the person x; be m; = % for all i =1,---,8. If the sample is as (a), say

persons 1 4 6 8 are selected as a sample, then the population mean may be estimated by

1 x T T T 1
My = (2 + =+ 2 1 28 = Z (@) + 24 + 6 + 28).-
N'm mwy 7wg T8 4

7



Similarly, we have m,, = %(m + a3 + x5 + x7), My, = i(xl + x9 + 23 + x4), and m,, = i(mg +
x3 + x5 + x6) for the other three cases, (b), (¢) and (d), in Figure

The indicated sampling method

It is obvious that we can express the estimated mean of the above four cases with one form. In
fact, in most real cases, whether a sample point is observed could be affected by some auxiliary
information. Therefore, we introduce an indicated sampling strategy, which is related to the

following chapters.

Let random variables, R;’s, be indexed by i € {1,---, N}. We use R; to indicate the sampling,
i.e. R; =1 implies the person i is selected into a sample; otherwise, R; = 0. Specifically, we let
that R; have Bernoulli distributions with two possible values, 0 and 1, for all ¢ = 1,2,---, N.
Thereafter R; X; expresses each person, X;, is selected into a sample with a probability, say p;.
Then we have E(R;) = p;, Var(R;) = p; — p?, for all i = 1,---, N. However we do not know
the correlations between R;’s, because, at this moment, there is no more information that could

support the calculation of Cov(R;, R;).

Now let’s go back to Figure with indicator R;’s. Since we assumed that the sample size is

n, we have to set
> Ri=n. (1.1)

Then, with a suitable setting of the design, say N is even and n = %N . The sample mean of the

first three cases can be expressed by

N
_ i R
my, = . (1.2)
Zi:l R;
For the stratified sampling method (d), the sample size is divided into several parts or strata. For
example, let us imagine we have m strata, s1,- - -, s;,, within the sample, s, i,e, s1U---Us,, = s.
We let

m
ZRi:ni, ---,ZRi:nm, where Zni:n. (1.3)

1€5] 1€ESm i=1

Then (|1.1)) is satisfied, and ([1.2)) holds for four cases in Figure

Furthermore, to show ((1.2) is feasible, we assume that the joint distribution of Ry,---, Ry is
given by

(N)il, ifri+---+ry=n,
P(Ry =r. - Ry =ry)={ on
0, otherwise,

where r; € {0,1}. This means we have (]X ) possible cases satisfying r1 + -+ 4+ 7y = n. It also

8



means there are (J:) possible subsets T of {1,---, N}, such that R; =1 for all i € T, where the
amount of the elements of T is |T|: n. Then for each sample, the estimated mean m,, can be
represented by X = % ZleT X, = (R1X1 +---+ Ry Xn) with the probability ( ) 1. We note

all ( ) possible values of X by X1, Xo, -+, X/~ ) Then the expectation of this estimator is

n

E(X) = (Z) 71)‘(1 +o <Z> 1X(N) = ;EX

This gives the unbiased property of this indicated estimation for case (a). For case (b), we define
R; =1ifiis odd, R; = 0 if i is even, and for case (c), we define R; = 1ifi =1,2,3,4, R; =0
if i =5,6,7,8. Then we will deduce the same result as in case (a). Similarly, for case (d), the
stratified sampling, let S; and s; be the sub-population and sub-sample in the ¢-th stratum, and
let Ny = |Sy| stand for the size of the sub-population, n; = |s¢| be the size of the sub-sample,
t=1,---,m. Let N = Ny +---+ N,, be the population total, n = n; +-- -+ n,, be the sample.
We suppose

P(i e Sy) = —

)

N N —1
P(Ri:ri,ieSt’Zm:nt> = (nt> 5
i=1 t

where t = 1,---,m. We note that

_ &N 1
X=> %2 X ZNHZX ZNRZRXw
t t

¢ i€TNSy 1€ESt 1€S

Ny
N

and

where Eiest R; = n; and the term Eiest R; X; has (JT\[:) possible cases, and happens with the
-1
probability (JT\L[:) . We use

(S5, (S0, - (S0,

1ES¢ 1ES¢t 1E€ES¢t

stand for those cases.

Therefore

E(X) - i?\?éE (ZRiXi>

C S, () (S0 ()

1E€S5¢

~~

There are (2’:) terms



(=) () ()
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The above discussion means that all of those four sampling methods can be described by using

indicators.

A general sampling strategy

To generalize the above indicated sampling strategy, we assume further that a sample point, X;,
could be influenced by information Z; and ¢;, where i is generalized to Z¢ as well, i.e. i € Z%.

Therefore X;, Z; and ¢; are random fields.

We use the random field, which will be defined in the following chapter, to model the superpopu-
lation, i.e. the population is described by random variables in a spatial process. A function f(-)
is used to describe random effects from any aspects. We also introduce an indicating random

field to select observations.

Specifically, we set Y; = R;f(Z;,€;), where i € Z¢, Y; is the sample under a sampling method,
Z; and ¢; stand for some random effects, which could be white noise or any effects independent
of Z;’s. Here, R; is as in (1.3, but the subscript is in Z<.

Let Z; be an m—dimensional random variable, Z; € R™. The function ¢(-) stands for the density
function of the joint distribution of Z;’s, that is the marginal density function of Z; is ¢(z;),
and similarly, ¢(z;, 2;) stands for the marginal density function of (Z;, Z;) and so on. In some
of the results within this thesis, we assume the probability distribution of R; is related to Z;’s.

Let Z;’s effect R; in the following way:

where D,, C Z% is a finite subset of Z%, ¢; could be a function with respect to the subscript of R; or
equivalently of Z;, therefore it is possible to force g; being a function of Z;, i.e. g; = g(Z;,i € Dy,).

Then we have

P(R; = 1) = / gi(2)dz,

where dz = [[;cp. dzi, 2z is a generalized vector of {z;}iep,, i.e. 2 = (2iiep, ). For r; € {0,1},

n?

we note that
P(R; = ril{Zi,t € Dp}) = g/"(1 — gi)" .

10



We assume R; is conditionally independent given Z, i.e.

P({R; = ri,i € Dp}{Zy,t € Dn}) = [[ P(Ri = ril{Z:,t € Dn}), (1.5)
1€D,

then we have

PH{R; =r;,1 € Dy :/ g 17911 "p(2)dz,
{ =, Lo )

i€Dy,

where M = |D,,| is the number of indices in D,,. This expression implies, with the previous con-
dition (L.5]), we can find a consistent setting for the finite dimensional distribution of {R;}cp, -
It satisfies two consistency conditions in the Kolmogorov Existence Theorem, see Theorem 15.1.3
in [61] or Theorem [A4]in Appendix. Therefore, we can conclude that the random field R; satis-
fies . For the first condition (C1) in T heorem it is satisfied automatically by the setting
of . For the second condition (C2), it is also satisfied, because we have

P(R;=7,R;j€R) = P(R;=r,Rj=1)+P(R;=r;,R; =0)
= // —9)' g 0(2)d>
+ [[ =gy - gpoca:
= [[aru-a o
= [ 9" (1—g) (2)dz
= P(R; =mi),
and this can be easily generalized to a M—dimensional space for Z;, i € D,. For example, we
suppose Z; is a standard multivariate normal distribution in R™. Let
VAN

et

9i g( 1) 1_|_6ZT:8

where 8 € R™ is a vector with the same dimensional of Z;’s. Then we have
: —m—M -5 T4 -7, —22T%2
P{R; =ri,i € D,}) = (2m) |E| H 9 (z)(1—g(z)) e 2 dz,
Rm
where ¥ is the covariance matrix of the multivariate normal distribution, || is the determinant

of ¥, and — TZZ is a quadratic form in the vector z.

For convenience, sometimes we call f(Z;,¢;) a focal random field, Z; and ¢; are extra random
fields. This focal random field is indicated by an indicating random field, R;. The condition
b)) implies that one of the extra random fields, Z;, effects both the focal random field and the

1nd1(:at1ng random field. In following chapters, with this condition, we will study the asymptotics
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of the estimator in the form:
en =Y Rif(Zie),
€Dy,

where e, stands for an estimator. Let ag,a; € R, and

if R; =1
C; = @] ! ’ 1 € Dy,
ag, if R;j=0,

Then the above estimator can be generalized by

en=>_ cif(Ziei).

1€Dnp

Intuitively, these two estimators will share the same asymptotic properties. We will demonstrate

this in the following chapters.

In fact, there are many sampling strategies can be transformed into this indicated sampling

method with the above estimators.

Example 3: For sampling methods in Figure if we let f(X;) = X;, a0 =0and a1 = % with
the constraint of (|1.1)), then the estimator in ([1.2]) can be transformed into

N

my = Z cif(X;).

i=1

Example 4: Similarly, if we suppose the population is a superpopulation in NHANES, then for
the first stage of the sample design, we can set indicating random variables, R;’s, to indicate a
PSU or a part of divided certainty PSUs. Furthermore, by the previous discussion, we suppose
P(R; = 1) = ¢g(Z;), where Z; could be some random effects from MOS, incomes, community
status and/or traffic status. The dependence between R; and R; is relative to the corresponding
Z; and Z; to some extent. All the dependences between variables, e.g. between Z; and Zj,
within the survey will not be affected by the sample design. This is because of all the possible
information that the dependences could depend on (e.g. MOS, incomes, the status of a com-
munity and/or the traffic situation) will not be influenced by the sample design. We can also
imagine that the focal random field is f(Z;,€;), where ¢; could be some other random effects or
white noise. It means the focal random field, the health issues of the population, is driven by
some random effects such as incomes, rural areas, community and traffic status, and so on. For
different strata, the design restricts the sample sizes which is similar to what is shown in .

Therefore, the sample mean is expressed as

my = 37 1 2oy IG5 Bif(Bic)

n . R;
j=1 ZZGS]' ? i€Dhn,

12



where D,, € Z% is the index of the superpopulation, the subsets of Dy, s1,-- -, Sm are used to
describe m strata of PSUs in the first stage, s;U---Usy, = Dy, n is the design required sample
size, n; is the required sample size within stratum j, Ziesj Ri=njand } ,cp Ri=3" n;=
n. If we follow the same setting of ¢; in Example 3, the sample mean of the current example
can be given by

mn =Y cif (Zi€).

1€Dnp

Example 5: Let’s suppose the selection probability of f(Z;,¢;) is m; = P(R; = 1), which is
driven by Z;, e.g. it is defined as in (1.4]), then the total of the sample can be estimated by a

Horvitz-Thompson estimator,

Tn _ Z R ZZ,ErL Z R ZuEz

ieDn ’LGDn

Again, if we define f(Z;,¢;) = E{((g )) then the estimator T;, is also in the form of

T, = Z Rif(Z;,€).

1€Dp

Example 6: Let Dy C Z¢ be the finite population, A = {i € Dy : R; = 1}. Then the sample

mean and the population mean are

= le and ZTpy Z

zGA zeD

respectively. If we further set ag = _IDilzvl and a; = ﬁ — ﬁ then the estimator of the

difference of these two means is in the form of

EN =T —XIN g Cij.

i€DN

The rest of this thesis will contribute to the asymptotics of estimators under the indicated sam-
pling strategy, where some reasonable conditions will be introduced for dependent populations,

and the feasibility of the conditions will be discussed.

1.4 Assumptions on spatial structures

Many asymptotic results are based on assumptions that are convenient for the proofs. For

example, the relationship between sample points, sampled clusters, or sampled strata in spatial

13



structures, are assumed to exhibit either an i.i.d property, the non-identical but independent
distributions property, the stationary property, the Markov property, or the Martingale property,

and so on. These properties are realistic for solving practical problems.

However, there are many more practical problems that cannot be described by these properties.
For example, in [45], Lumley and Scott claimed that, based on the practical data set, the stroke
death rates of NHANES (1996) had a complex spatial correlation structure. This correlation
structure is similar to that of Example 1 in Section In another work [46], Lumley and Scott
noted that “for future research that it would be valuable to have sampling asymptotics better
founded in the spatial structure of populations, not only for a better match to reality but also
because it could simplify the development of Donsker-type theorems, uniform tail bounds, and

other machinery of modern mathematical statistics”.

Practically, we introduce three basic assumptions on spatial structures. The first assumption is
on the dependence. We assume the correlations can be described by mixing coefficients. This
represents a major relaxation of the assumption of independence. The second assumption is
on the divided population, i.e. a random field is assumed to be divided into joint blocks. This
assumption is clarified and used in Chapter [l The third assumption is that we assume the

sample regions are nested. This assumption is introduced and mainly used in Chapter

1.5 Outline of this thesis

In order to have asymptotics for our general sampling strategy, we introduce preliminary defi-
nitions, properties of random fields, and properties of strong mixing dependence in Chapter
We prepare some lemmas on the relationship between strong mixing coefficient of the indicated
sample and the coefficients of indicating random field and the extra random fields. We introduce
an equivalent definition of the strong mixing coefficient in the first lemma. We also introduce a
new definition on the strong mixing coefficient between two random fields. Then the last lemma
implies that the strong mixing coefficient of a focal random field can be estimated by the strong
mixing coefficients of the extra random fields and the strong mixing coefficient between them.

Strong mixing describes the kind of dependence that often occurs in practice.

Chapter [3]is devoted to setting up conditions for the asymptotic properties of complex surveys.
Two main aspects are considered in this chapter. One is the conditional independence, i.e. given
limited information within one extra random field, the focal random field and the indicating
random field have some independent properties. The other is that extra random fields and the
indicating random field satisfy strong mixing conditions simultaneously. Moreover, some other

developments are considered to prove CLTs for some specific complex surveys.
Chapter |4] gives some results on La—consistent estimators of the variance of the total for the
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dependent survey data. We develop Carlstein’s results of [13] and Fuller’s Theorem 1.3.2 of [26]
into dependent non-stationary random fields, with the uniform integrability assumption and
the assumption on the smooth property of the function which specifies the focal random fields.

These results also work for indicated focal random fields.

In Chapter [5, we provide an upper bound for the absolute covariance of two complex-valued
random variables, with their quantile functions. We also generalized Rio’s result, in [57], on the
upper bound of the fourth moment of the sample sum. All the results are under the Skorohod
topology in space D, where the tightness, uniformly integrable and asymptotic independent
increments are considered for the random elements sequence whose normalized time dependent
summation converges weakly to a Brownian motion. Based on these results of functional central
limit theorems, the convergence of the sequence of random elements on the indicated focal

random fields are shown to hold.

Materials which are used but are not quite central to the logic of this thesis are presented in the

Appendix.
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Chapter 2

Random fields

A random field is a generalization of a random process where the index set has dimension greater
than one. Let {X;} be a collection of random variables. If the index satisfies i € Z?, where
d > 1, we say that the X;’s constitute a random field. Sometimes we use the notation X to stand
for the random field, or use {X;};cz¢ and X;cza to emphasize the index set. In this chapter, we
will introduce random fields with strong mixing properties and prepare some basic results for

the following chapters.

2.1 Strong mixing dependence

It is widely accepted that independence is a special case of dependence for random variables.
Dependence is more comprehensive than independence in modelling real situations. There are
many ways to describe the dependence between variables in a random field. Typically, we can
assume the random field has some dependence properties, such as the Markov property, the
martingale property and the stationary property. There are many results that follow from these
assumptions on random fields. For Gaussian Markov random fields, we recommend the book
[63], which provides the comprehensive account of the properties of Gaussian Markov random
fields. For martingale random fields, because the spatial structure in a martingale random field
has no completed order like a line, it is not very productive as a research field. However, for
some specific orders, it will be very helpful to have asymptotics on martingale random fields,
such as the paper [74] with the partial order and the work [I7] with the lexicographic order.
Sometimes a stationary property is added to martingale random fields for proving asymptotics,
see [2]. For random fields with the stationary property, we suggest some books, such as [40)],
[41] and [42].

Mixing properties are a kind of weak dependence on random fields. There are mainly five
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definitions of mixing; a-mixing, S-mixing, ¢-mixing, -mixing and p-mixing, as discussed by
Paul Doukhan in [19]. weaker than others. This means that if the correlation can be bounded
by a-mixing it can be bounded by others. Therefore, throughout this thesis, we use a—mixing

to describe the dependence on random fields.

The a-mixing property is sometimes also called strong mixing. It was first introduced by Murray
Rosenblatt in [60] in 1956. Based on the strong mixing dependence, there are many results on
asymptotics, e.g. for CLTSs, see [7], [10], [47] and [30]which have stationary assumptions, [21] for
triangular array settings, and [73] considered linear processes; for FCLTSs, see [20], [48], [52] and
[59] which have stationary assumptions, [1] for triangular array settings,[32] for one dimensional
non-stationary random processes; for the estimation of covariance, see [58]. For basic properties
of strong mixing, we recommend the survey paper by Richard Bradley [8] and the updated
version [II] in 2005.

Let i,j € Z%, ie. i = (i1,i9,---,iq) € Z% and j = (j1,jo, -, ja) € Z%. We define the distance

between ¢ and j as
d
d(i,j) =Y _lis — js|-
s=1

Let Ay, Ay be subsets of 7. We call Xien, and X;ecp, blocks in the random field X;c7q4. Let
0(Xiea,) and o(X;ep,) be sigma fields generated by X;ca, and X;ep, respectively. We define
dist(A1, Ag) as the shortest distance between two sets A; and As. We use dist(A1, A2) to stand
for the distance between two blocks, X;cx, and X;en,. For the special case of () being one or both
of those two sets, we take the distance as zero, i.e. dist((),As) = dist(A1,0) = dist(D,0) = 0.
For each subset, A C Z%, we define the size of A as the cardinality, |A|= #(A), i.e. the number
of the elements in A. It is obvious that the union and the intersection of A; and A satisfy

‘Al UA2|: ’A1’+‘A2‘_‘A1 ﬂAQ‘.

Definition 2.1. A strong mixing coefficient between two blocks within a random field is defined
by a function with respect to the distance between the blocks, and the size of the blocks,

specifically,

ag(m) = sup{|P(AN B) = P(A)P(B)|: A € 0(Xicn,), B € 0(Xica,),

(2.1)
k= |A1|,l = |A2’,di8t(A1,A2) > m},

where the supremum is taken over A, B, A; and As.

In this thesis we also use aifl(m), or oy, 1(X;m), to stand for the strong mixing coefficient of the
random field X;cza. We note that, for any specific index sets Ay and Ao, |Ai|=Ek, |[As]= 1, we
define

QA |,|Ao| (M) = ZHEHP(A N B) —P(A)P(B)|: A € 0(Xien, ), B € 0(Xien,),dist(A1,A2) > m}.
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Since this supremum is taken over only A and B, we have

Ay, |4z (M) < aga(m).
In this thesis, strong mixing coefficients are assumed to be vanishing as the distance goes to
infinity. If g ;(m) — 0 as m — oo, then the process is called a strong mizing process.

If the distance is not involved, or the distance is not taken into account in some cases, for X

and Y, we can also define strong mixing coefficient for them, i.e.

o(X,Y) = sup{[P(A 1\ B) ~ B(A)B(B)|: A € o(X), B € o(Y)}.

M

Figure 2.1: Simulation of random fields with 100 x 100 grids

Figure|2.1)is the simulation of a Gaussian random field with an exponential covariance function.
It is an example of sim.rf function in fields package [51] on CRAN website. It illustrates that a
random field is related to Figure [I.2] and Figure in Chapter [I} If the boundary of domains
is clarified, and the dependence is fitted, in practice, Figure [1.2] will be transformed into a

cartogram map, which can be used to describe a random field with dependence.

Following from the fact that if X and Y are random variables, then (X,Y) is a random vector,

(Xi,Yi);eza is also a random field provided that X; and Y; are random variables.

Definition 2.2. The strong mizing coefficient within a combined random field can be described
by
oy (m) = sup{[P(AN B) = P(A)P(B)|: A € o((Xy, Vi)ien,), B € o((Xi, Viiens):

(2.2)
|A1|: k, |A2|: l,dist(Al,Ag) > m}

Similarly, let f be a measurable function from random fields X;c74 and Yjcza to a field f(X;,Y;);cza-
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Let f(X;,Y;) € R*, B be a Borel set of B, which is the class of Borel sets of R¥. Then, for any
event w of the whole space €2 of (X;,Y;), we have

{w: f(X;,Y)) € BY = {w: (X;,Y)) € f[T(B)} € 0(X;,Y)), (2.3)

which implies f(Xj,Y;) is also a random variable. Therefore f(X;,Y;);cza is a random field. The

F(X)Y) (m).

strong mixing coefficient of f(Xj,Y;);cza can be noted by oy ;

The following theorem provides an equivalent definition of strong mixing coefficients.
Theorem 2.1. Let H[0,1] be a class of measurable functions taking values in [0,1]. Let X;cza

be a random field, Ai,As C Z%, hy and hy be two measurable functions of Xien, and Xjep,

respectively. Then we have

sup  |Cov(h1(Xien,), ha(Xien,))|= sup IP(A1 N Az) — P(A1)P(Az)].
h1,ha€H[0,1] A1EO'(XZ-€A1),A26U(XZ-€A2)

(2.4)

Proof. We note that A; € 0(Xjen,) is equivalent to saying there exists a Borel set By such that
A1 ={Xjea, € B1}. Similarly, we have By such that Ay = {Xjecn, € Ba} € 0(Xien,)-

On one hand, let 14 be an indicator function of an event A, i.e.

{ 1, if A happened,
14 =

0, otherwise.

We have
sup |[P(A; N As) —P(A1)P(A2)] = sup |[Cov(la,,14,)]
A1,Az A1,A2
< sup  |Cov(hi(Xien, ), ha(Xjen,))|
0<hy,h2<1

where h; and hy are measurable functions.

On the other hand, using the idea in the Proof of Theorem 1.1 in [57], we set
Y1 = hi(Xien,), Yo = ha(Xjen,).
We note that, for any Borel set B of R, we have {w : h1(X;ep,) € B} € (Y1) and
{w: i (Xiea,) € B} C{w: Xi € hi'(B)} € 0(Xien,),
ie. 0(Y1) C 0(Xien,). Similarly we have o(Y2) C 0(Xjen,). We also note that, 0 < hy,hy <1
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implies 0 < Y7,Ys <1, and

1 1
Y1 =/ Livisyydyr, Yo :/ L vy >y0)dy2.
0 0

Using Fubini’s Theorem, we have

1,1
Cov(Y1,Ys) = / / Cov(Ly, >y, Ly sy, )dy1dys.
0 0

Then we have

1 pl
Cootri o)l = | [ [ Covltyioy typon)dmdse
o Jo
1 1
< / / |COU(]1Y1>Z/17 ]lY2>y2)| dyldy?
o Jo
1,1
< / / sup |Cov(L4,,14,)| dy1dya
0 JO Ai€c(Y1),A2€0(Y2)
= sup |Cov(1 4y, 1 4,)]
Ai1€0(Y1),A2€0(Y2)
< sup |Cov(La,,14,).
Alea(XieAl),AQEO'(XieA2)
This completes the proof. O

In the paper [56], Prakasa Rao introduced a definition of conditional strong mixing, Definition 4,
where the coefficient was generalized to random variables. In another paper [55] by the same
author, the mixing stably concept, Definition 2.6 in [55], was introduced for ¢ —mixing. Inspired

by these definitions, we introduce the following definition.

Definition 2.3. Let Z;_;4, be a random field. A conditional strong mizing coefficient of X; a4,

which is conditional on Z, is defined by

a1 (X|Z;m) = sup{|P(AN B|C1 N Cy) — P(A|C1)P(B|Ca)|: |A1]= k, |A2]|= 1,
A€ U(Xi€A1)a B e U(Xj€A2)> Cla Cy € U(Zi€A1UA2)7 (2'5)
P(C1 NCy) > 0,dist(A1, A2) > m}.

In the above definition, in order to measure the dependence within the random field X, a

conditional random field Z is introduced to X.
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2.2 Properties of the strong mixing coefficient

For a random field X, the strong mixing coefficient between two blocks, X;cn, and Xjep,,
being zero is equivalent to X; and X; being independent for all i € Ay and j € Ap. To
estimate the upper bound of strong mixing coefficients or |[P(A N B) — P(A)P(B)|, a direct
calculation provides [P(AN B) — P(A)P(B)|< 1. Alternatively, by using the indicator function,
the discussion in the proof of Theorem and Cauchy—Schwarz inequality, we can also have
the same bound. Therefore, those definitions of strong mixing coefficients which have the form
of |P(AN B) — P(A)P(B)| can be bounded by 1. If we denote ay (m) and a](c)’l(’y) (m) by one
symbol «, then we have

0<a<-. (2.6)

=

For the above inequality we refer to the result on page 8 in Rio’s book [57] and the remark on
page 4 in Doukhan’s book [19]. Since o(X;ep) C (X, ;) for all A C A C 74, the strong mixing
coefficient in Definition implies that for all ky < ko, k1, ko,l € ZT, m > 0, we have

g i(m) < agyi(m), o, (m) < agp,(m). (2.7)

Similarly, for other strong mixing coefficients in Definition [2.2] and Definition [2.3] we have the
same results as in (2.7). Also in those definitions, the restriction provided by the distance
between two blocks being no less than m implies those strong mixing coefficients are non-

increasing functions with respect to m.

We define

1
1X1p= SngHXillpa [ Xillp= (E|X:[")», 1<p<oo,
i€

| X loo= sup || Xillco, [|Xilloo= ess-sup|X;|=inf{zx € R: P(|X;|< x) =1}.
i€Z4

Theorem 2.2. Let X;cza be a random field, A, Ay C Z%, |A1|= k, |A2|= 1. Then for each
6 > 0, we have

5
|Cov(Xi, X;)|< 8az” (m)| X |55, Vi€ A, Vi€ Ay, (2.8)

where m = dist(A1, A2).

The proof of this theorem can be found in [19] and [34], or see the Appendix in this thesis.

Lemma 2.3. Let X;cza be a random field,
EieU(XtEAi)a AiCZd7 Z.:l7~--,7"’
m = min{dist(A;, Aj),1 # j,1,j =1,---,r},
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k= |Adl.
=1

Then we have

P (ﬂ E) ~[[PE)| < (r — Dagp(m). (2.9)
=1 =1

Proof. We use the induction method. For r = 1, (2.9)) holds. We suppose it holds for r = p, i.e.
let

m* = mln{dZSt(A’uAJ)vZ 7& .777’7.7 = 17 e 7p}7

p
K= |l
i=1

then we suppose
[P(E) = P|< (p — 1)ogge g (7).

Following this, we need to prove it is still true for r = p + 1.

Now let
Ep+1 S O’(XiEAp+1)7 ‘AP"Fl‘: K,

m = mln{dZSt(AlaAj)vz 7& ]717] = 17 T 7p+ 1}7

p+1

i=1
then, by using the monotonicity properties of strong mixing coefficients, we have
g g (M*) < agr(m),  ags g, (m) < o p(m),

which implies
[P(E) — P|< (p — Dok (m)

and
B(E N Eist) = B(EYB(Epi1)|< i (m).

Therefore, we have

p+1 p+1
P (ﬂ E) - TIPE)
=1

i=1

= |P(E N Ep+1) - PP(EIH—l)’

IN

[P(EN Egy1) — P(E)P(Epta) |+ [P(E)P(Ept1) — PP(Ep+1)|
< agr(m) + P(Egy1)(p — Dok (m)

AN
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< pagk(m).
This completes the proof. O
Let R;cz4 be an indicating random field, so that

R; takes two possible values, 0 and 1, for all i € Z. (2.10)

Then we have the following lemma.

Lemma 2.4. Let R;cyq be defined by (-) Then for any random field X;cyq, we have
R,X
o (m) < a7 (m), (2.11)

where m, k,l are the same as in Definition[2.1] and Definition[2.3.

Proof. It is enough to prove that
c({{R X, };ite A Cc o({R}, {X:}st e A), ACzZ

Here we use A stand for any possible subset of Z%, say A; or As, in the definitions. Because, for
any size of A, the discussions in the proof are the same, we suppose there are only two indices

in A, i.e. A= {t;,t2}. Then we are going to prove

U(Rtht1 ) thth) C U<Rt1 ) —Xt17 th ) th)'

Let A be a Borel set. We write an event E, which is in o(Ry, X¢,, R, Xt,), as

E = {w: (Rtl(w)th(w), RtQ(w)XtQ(w)) € A}

« (for (o) ea)nfes (o) =10}

o(for (000) € b fo (o) = 00
o(for (o) e a)o 1
o(fo (00) A} fo (o) = 001

Since {w : (X¢,,Xy,) € A}, {w @ (X4,,0) € A}, {w : (0,Xy,) € A}, {w : (0,0) € A} are in
J(thvXt2); and {w : (Rt17Rt2) = (171)}a {w : (Rt17Rt2) = (170)}7 {w : (Rt17Rt2) = (071)}7
{w : (R, Ri,) = (0,0)} are in o(Ry,, Re,), then we have E € o(Ry,, X¢,, Ri,, Xt,). This
completes the proof. O

Let Z;cza be another random field. For any two subsets, A1, Ay € Z4, if for all 4 € 0(Xjen,),
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Az € 0(Xien,), Th € 0(Zien,) and Ty € 0(Zien,), we suppose
P(A1As|T1Ts) = P(A,|T))P(As|To). (2.12)

Then we say the random field (X;);czq4 is conditionally independent on the conditional random
field, Z;ca.

We use ¢(+) stands for the joint density function of specific random vectors, e.g.,
¢(zien), A CZY (2.13)

means the density of a joint distribution of Zjcx, and ¢(2;) is the density of Z;, t € Z?. Let
|A1|=k and |Az|= 1. The above condition, (2.12)), implies

agfl = sup |P(A; N Ay) —P(A)P(A)|
A1,Az
= sup //IF’(Al NA{Zy = z,t € A1} N{Zs = 25,8 € Aa})
A1,Az
¢(ZteA17 ZseAz)dZteAl dZseA2
- / P(AL{Z: = #}1en,)é(z1en, )dzen,
/ P(As|{Z. = 20} aens)dzecns)dzscns
— swp / / P(A1[{Z: = 2hen, )P(Asl{Zs = 25}acns)
A1,Az

X [d’(ztEAl ) ZSEAz) - ¢(zt€A1 )¢(ZSEA2 )]dZtGA1 dZSEAQ .

We set
hi(z) = P(A1{Z = zi}en,),  ha(zs) = P(A2l{Zs = zs}sens)-

Then, by using Theorem we have

ap(m) < sup  [Cov(hi(Zien,), ha(Zsen,))| = af y(m).
' 0<h1,ha<1 ’

It gives a lemma:

Lemma 2.5. For any random field X;cya, if it is conditionally independent on another random

field Z;cpa, i.e. is satisfied, then akXJ(m) < oz,il(m).

This lemma works for any random fields, e.g. if a combined random field (R, X) satisfies (2.12)),
then we have aﬁﬁ’x) (m) < ail(m). Obviously, let Z;c7a and €;cza be two extra random fields,
Xi = f(Zi,€;) be the focal random field, R;c74 be the indicating random field. If (R, X) are

conditionally independent given Z which satisfies (2.12)), then we also have a,(j’x)(m) < af’ (m).

25



Furthermore, if we set up a conditional independent property for the indicating random field,

we have the following lemma.

Lemma 2.6. Let R;cza be the indicating random field defined by , the focal random field

X,cza be a function with respect to an extra random field Z;cza, i.e. X; = f(Z;). We assume that

fO?” any A17A2 c Zd: and any Al S U(Ri€A1); A2 € U(RjEAz); Tl € U(ZiEAl) and T2 € U(Zj€A2)7
P(A1 Ax|ThT) = P(A1|T1)P(As|Th). (2.14)

Then we have

oy (m) < afy(m),

)

where k,l,m are these parameters used in the Definition [2.1]

Proof. By using Theorem we consider the equivalent expression of the strong mixing coef-
ficient of RX. Let hy and hg be any functions which satisfy 0 < h1,he < 1. Then we have

aff(m) = sup ‘COU(hl({Rz'Xi}z’eAl),h2({Rij}jeA2)>‘-
0<hi,h2<1

Let ¢(-) be the density function defined in (2.13). We note that

E ( hl({RiXi}ieAl)hQ({Rij}jeAl)>

= //]E (h1({RiXi}ieAl)hZ({Rij}jGM)

{ZZ = Z’i}iEAla {ZJ = zj}jGAz)

¢(Zz'eA1 UA2 )dZieA1 de‘eA2 s

and, for r; € {0, 1}, using assumption (H0)), we have

E ( h({RiXitiea ) he({R; X }jeno) [ {Zi = zitien {2 = Zj}je/\z)
= Z Z hi({rif (2i) bieay )ha({ri f(25) }ien,) X

TieAq E{O,l}k TjeAg E{O,l}l
P ({Ri =Titiens 1R = 1itjens [{Zi = zitien, 125 = Zj}j€A2>
= Z Z ha({Rif(z) Yiea, )h2a({ R f(25) Hien,) X

T‘ieAl G{O,l}k T'jeAQE{O,l}l
P <{Rz‘ =ritien |{Zi = Zi}ien, > P <{Rj = 7 }jens

= Z hi({Rif(2i) bien, )P ({Ri = Titien, | {Zi = Zi}i@h) X

TiEAl E{O,l}k

{Z; = Zj}jeA2>

> ha({Rif(z)}jen, P <{Rj =Tj}jens

7"J'EAQ 6{071}l

{2, = zj}jeAg) :
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Since
Z P ({Ri = ritien, [{Zi = Zi}ieAl) =1

TiEAl 6{0,1}k

and
> P ({Rj =rjtjens | 125 = Zj}j€A2> =1,

TieAy €{0,1}

we may define

h(zien) = D> m({Rif(z:)}ien, )P ({Ri = ri}ien

TieAq E{O,l}k

{Z;i = zi}ien, )

and

ha(zjens) = Y ha({R;f(2)}ien,)P <{Rj =Tj}jen, [{Zj = Zj}jEA2> :

7']'6/\2 G{O,l}l

Therefore we have
E (hl({RiXi}i€A1)hQ({Rij}jeAl)) = // P (ziea, Y ha(Zjens ) D(2ieh uns ) dZien, dZie ns

and, similarly, we have

E(hl({Rz’Xi}iem)) = /ill(ziEAJqs(ziE/h)dziEAl
and

E (hQ({Rij}jeA1)> = /fzg(zje/\z)qﬁ(zie/\g)dzz‘ezxz-
Now we have

of¥(m) < sup | Cov(halziens): halzienn)))| = af(m).
0<h1,h2<1

This completes the proof. O

Remark: The conditional independence of ([1.5) may be regarded as an example of the as-
sumption (HO) in Section e.g. we may assume P(R; = 1|Z;) = ¢g(Z;) and P(R; = 1, R; =
11Zi, Zj) = 9(Z:)9(Z;)-

Let A; and Ay be subsets in the definition of a,ﬁl(m), aﬂlX(m), aﬁl(m) and oy, (X|R;m),
Ay € o({RiXi}ien,) and Ay € 0({R; X, }icn,). For the indicating random field, R, we define the

event
RM={Ri=1,ieTCARj=0,jeA-T}, AcZ

Al,T1 =AN Ré\'\l and AQ’TQ =AsN R%Q
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Because Ry N RY, =0 for any T # T', T,T' € Ay or T,T' € Ao, it means we have partitions of

the whole space 2, i.e.
U rpr=0= {J B2
T§A1 TQAQ

To simplify the notations, we use Rr, and Ry, to stand for Ré\ﬂl and R%Q respectively. Then we

have
Al=A1NQ=A4N U RT1 = U (AlﬂRTl): U A17T1,
T1CA T1CAL T1CA
and similarly
A= ) Ao,
TaCA2
Therefore
P(Al) = ]P)( U Al,Tl) - Z P(AI,T1)7
ThCAy T1CA
P(AQ) = [P)( U AQ,TQ) = Z P(AQ,TQ)v
TQQAQ T2§A2
P(A Z Z (A11)P(A21,),
T1CAL ToCA2
and

P(A1 N Ag) = U Ar) N o U Aomy) | = Z Z P(Ay1, N A2gy).

T1CA1 T>CA2 T1CA1 ToCA2

If we have dependent information between random fields R and X, say aj;(X|R;m), then we

have

[P(A1N A2) —P(ANP(A2)] < > Y [P(Aipy NAzn,) — P(ALn)P(Aoz)|
T1CA1 ToCA2

= > Y IP(A1N ARy, N Ry,)P(Ry, N Ry)
T1CA; ToCA2
—P(A1| Ry, )P(Rry )P(A2| Ry, )P(Rs, )|

< Z Z A1 N A2|RT1 N RTz)
T1CA1 ToCAo
|P(RT1 N RT2) - P(RTl)P(RT2)|
+ Z Z RT1 RTQ)
T1CAp ToCAs
x|[P(Ar N Az| Ry N Ryy) — P(A1| Ry )P(A2| Ry )|
< D> lefiim) + apy(X|R;m))

T1CA1 T2 CA
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= okt [Odkptl<m) + Oék’l(X‘R; m)]
Then we have

Lemma 2.7. Let R;cza be a random field, R; be defined by , aﬁl(m), oszf(m) and aifl(m)
be strong mizing coefficients of random fields R;cza, {RiX;}icza and X;cza respectively. If the
conditional strong mizing coefficient of X under the condition R is defined by oy, (R|X;m), then
we have

aﬁf(m) < ok (o (R|X;m) + aél(m)) . (2.15)

Lemma 2.8. Let a random field Z;cya be independent of another random field €;czqa, f be a
Borel measurable function and X; = f(Z;,€;). Then X,;cza is a random field and

ap(m) < al?,l(m) + ag. (m), (2.16)

where k,l,m are these parameters used in the Definition [2-1]

Proof. Since Z; and ¢; are random variables, the same discussion of (2.3)) concludes that X;czq

is a random field.

Let Ay, Ay C Z% k = |Aq|, I = |As], using Theorem and the independent property, we have

7€
%X,z<m) = ag,(z )(m)

= sup  |Cov(hi[f(Zien,, €ten,)]s P2 f(Zsenss €sens)])l
0<h1,ha<1

= sup ’COU(Ul(Zt€A1 ) 6t€A1)7 U2<ZSEA27 ESEAQ))’
0<v1,v2<1

= sup
0<v1,v2<1

- //// U1U2¢(zt€A1)¢(ZS€A2)¢(€t€A1)¢(€S€A2)dzt€/\1dZS€A2d6t€A1d686A2

0<SHP<1 //’// V1V20(24, 25)dzren, dzs —//111112¢(Zt)¢(zs>dztdzs P(et, €5)desdes
SUL,U2S

+ogvsfggl//‘//vlv2¢(6t’65)detd€5 _//”1”2¢(6t)¢(65)d6td65

= aiy(m) + ajy(m),

//// v102¢(2t€A17ZSEAQ)(Z)(etEAU6S€A2)dZtEA1dZS€A2d€t€A1dES€A2

IN

O(2)P(zs)dzedzs

where hi and ho are the same functions in Theorem ¢ is defined in (2.13)), v; and vy are
introduced new functions which have the same property as h; and he. On the right hand side
of the above inequality, we use z; to stand for z;cp, and similarly for zgcp,, €ren,, €sen,- Then

this lemma is proved. ]

Remark: If we put f(X;, R;) = R;X;, then f is a measurable function. Furthermore, the
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independence property between X and R, by using Lemma [2.8, implies

RX
Qg

)

(m) < agy(m) + agy(m),

)

which provides a lower upper bound compared to Lemma ??7. In the case of € being a white

noise random field in Lemma 2.8, we have aj ;(m) = 0. Hence ai‘:l(m) = aﬁflz’e) (m) < oz,il(m).

Therefore, if R is independent of X, we have

Rf(Z,e
ofX (m) = a7 (m) < of )(m) + off (m).

By the similar discussion in the above lemma, for conditional dependent random fields, we have

the following lemma.

Lemma 2.9. For any two random fields, X and Y, we have

ap(m) < ap(X|Y;m) + af (m). (2.17)

Proof. Let Ay and A2 be index sets in the definition of a3X,(m), ag(X|Y;m) and o) ,(m),
A€ o({Xi}ien,) and B € 0({X;}ien,). Let ¢(yien) be the joint distribution of Yiea, A € Z4.

Then we have

ap(m) = sup|P(ANB)—P(A)P(B)]
A,B

= s ‘// P(ANBI{Y; = yitiear: {Y) = yjtiens)O(Yiea,uns ) dYien, dyica,
—/P(AHY% = Yitiea,)P(Yiea, ) dYica, /P(B{Yj = Yj }iens)0(Yjen, ) dyjen,
= s [ [P0 BIOY: = ndiens 00 = e
— P(ARY: = yitiea ) P(B{Y; = yjhiens)| dlvienona)dyien, dien,
+// P(ARY: = yitiea, ) P(B{Y; = y;}jen,)

| @5enun) = @luien)o(viens) | dyien, dyien,

< o X|Y3m) 4 o (m),

where hi(yica,) = P(A{Y; = yi}ien,) and ho(yjen,) = P(B{Y; = y;}jen,). This completes the
proof. O
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Chapter 3

Central limit theorems

Central limit theorems play a crucial role in statistical theory and applications. Whenever we
set up a new sampling strategy or a new estimator, CLTs are basic tools to ensure the analysis is
reliable and the precision of estimators is measurable with confidence intervals. In this chapter,

we provide CLT's for the strategy in Chapter 1 on strong mixing random fields.

The CLT with strong mixing coefficients was first started by Rosenblatt in his paper [60] in 1956.
His work was intuitively inspired by Bernstein’s work [3] and Hopf’s ergotic theory in [33]. It also
inspired many followed works on asymptotic properties with strong mixing dependences. For
example, in [71] and [72], the authors considered limit theorems for random additive functions
with the strong mixing condition and a further assumption on the variances of quantities. In [3§],
for stationary random processes, the relationship between the maximal correlation coeflicient
and the strong mixing coefficient was discussed, as well as the necessary and sufficient condition
of a stationary Gaussian process that possesses the property of strong mixing. In [62], the author

introduced a CLT under the condition of the restricted strong mixing coefficient.

In 1982, by using Stein’s Lemma of [68], in the paper [7], the author, Bolthausen, proved a
CLT for high dimensional random fields with the stationary assumption. There are some other
papers using stationary assumptions such as [10], [47] and [30]. The author of the paper [21],
Ekstrom, considered CLT's for non-stationary strong mixing sequences but with triangular array
settings. In 1995, along the same line of the proof of Bolthausen’s work [7], Guyon proved a
CLT, Theorem 1.3 in his book [2§], for non-stationary high dimensional random fields. This

theorem is our main tool to set up asymptotics for the indicated sampling method.
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3.1 CLTs on random fields

Let X = X,cza be a random field, E(X;) = 0,

Sy = Z X;, o2 =Var(Sy), (3.1)
1€Dy,

where n € Z+, D,, € 7Z¢. |D,,| increases strictly, and |D,,|— oo as n — co. Let ai{l(m) be strong

mixing coefficient of random field X, which was introduced in Definition [2.1

The following theorem, Theorem [3.1] is an important tool in proving our results. This theorem
is a generalization from stationary random fields to non-stationary random fields of the Theorem
in [7]. In these proofs, Stein’s Lemma and the truncation technique are used. We provide some

details on Stein’s Lemma and the truncation technique in the Appendix.

Theorem 3.1. (Theorem 3.3.1 in [28]) If X satisfies

Z m* o (m) < oo, k+1<4, (H1)

m>1
Ao (m) = o(m™), (H2)

5
36>0 st [[Xlaps<oo, Y m? g (m)]*F < oo, (H3)
m>1
then .
limsupm Z |Cov(X;, Xj)|< oo.
" "ijeDn

If we assume additionally that
2

liminf —* > 0, (H4)
n ’Dn‘
then we have g
2n 2y N(0, 1).
On

Remark: The proof of this theorem can be found in [28], which is along the same lines as the
proof in [7]. For details, see the Appendix. For the assumption , the coefficient m?~! is
derived from the estimation of the number of the pairs, X; and X;, where ¢ € 74 is fixed and
|i — j|= m. If we define this estimation in the same way as we do in Chapter |4 i.e. define
h(m) = #{j : |i — j|= m,i € A1,j € A3}, then we will have the same result with m?~! been
replaced by h(m).

We introduce an indicating random field, R, to the random field X, in Theorem 3.1} Then we

have the following result.

Theorem 3.2. Let R;cya be introduced as in , R be independent of X;cya. Assume R
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satisfies and . Let X satisfy f, and for the d in of Theorem assume
that R also satisfies , i.e.

Z md—1 [aﬁl(m)] 0 < 0. (3.2)
m>1
We set
S, = Z R Xy, o, =Var(Sy,)
€Dy,
If
%1 (3.3)
liminf — > 0, )
n ’Dn’
then we have g
2n 2y N(0, 1). (3.4)
On

Proof. The proof follows using Theorem We set f(R;, X;) = R;X; in Lemma then for
any k and [, the strong mixing coefficient of RX is bounded by that of R and X, i.e.

which ensures (H1))—(H4)) are satisfied for RX. This completes the proof. O

Similarly, let ag,a1 € R, a1 # 0 and assume that
¢; have Bernoulli distributions with two possible values, ag and aq, for all i € Z¢. (3.5)

i.e. ¢; is a generalization of R;. We set f(c¢;, X;) = ¢;X;. Because f(c;, X;) is a continuous func-
tion, it is a Borel measurable function. Therefore, if ¢;czq is independent to X;c74, Lemma
gives:
cX c X
agy (m) < ag(m) + g (m). (3.6)

Then with a similar discussion in the previous proofs, we have the following theorem, which is

a general version of Theorem for superpopulations.

Theorem 3.3. Let X;cza be independent to c;cya and assume c;cza satisfies and .
Let X;cpa satisfy —. For the § in of X, assume that

Z md=1 [ai’l(m)] 25 < 00. (3.7)

We set



If

o
liminf —* > 0, 3.8
then we have
2n 2y N(0, 1).
On

3.2 CLTs on conditionally independent random fields

To study the asymptotics of the new strategy, which is mentioned in Chapter 1, we introduce
four random fields {X;}, {Z:}, {&} and {R;}, t € Z?. Here R; is defined as it is in (2.10). Let

Xicza be a focal random field driven by two extra random fields, Z;c7q4 and €;cz4, i.e.
Xt = f(Zt, Gt). (39)

The assumption in Lemma is the basic assumption for our general sampling method
in Chapter |1} This assumption is adopted by Theorem We set A1, Ay € Z%, Ay € 0(Riey, ),
Ay € 0(Rjep,), Ti € 0(Zicn,) and Ty € 0(Zjecn,). Then, to integrate the labels of our key
assumptions in Theorem the before assumption in Lemma and the expression

is described by
P(A1A2[ThTy) = P(AL[T1)P(A2[T3). (HO)

Theorem 3.4. Let (@ be satisfied, and X; = f(Z;,€;). We assume there exists 6 > 0, such

that the strong mizing coefficient, aﬁl(m), of Zcga satisfies f. Furthermore, for the
same 6 > 0, we assume ||€|la+5< 00, and there exist constants Ko, K1, K2 > 0 such that

Sung(Zi, €)ll2+5< Ko + Kil|Z||2+6+ K2ll€] 245 (3.10)
IEZL
We set
Sn=Y RiXi, op=Var(Sy). (3.11)
i€Dy,
Let
%< (3.12)
lim inf > 0. .
n ’Dn‘
Then we have
2n 2y N(0, 1).
On

Proof. To apply Theorem [3.1] we check the conditions of that theorem.
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Lemma [2.6 implies o (m) < aﬁ (m). Therefore, we have

Z md_la,ﬁ‘lx(m) < Z md_lail(m) <oo, k+1<4,
m>1 m>1

and aﬁfo(m) = o(m~%). Therefore |i and 1} are satisfied. The assumption 1' and the

bounded ¢ imply

[BX 245 < [[Xl245< 00

Since afX(m) < aZ,(m), condition 1' of Z also implies

S m ol m)] 75 < 3 mé o, (m)] 7 < oo,
m>1 m>1

which means random field RX also satisfies (H3). Equation (3.12) directly satisfies (H4)). This
completes the proof. ]

Remark: The assumption (3.10)) is in the general case of f satisfying some smoothness condi-

tions, such as the following result.

Proposition 3.5. Let Ycza and Zicya be random fields, X; = f(Y;, Z;), i € Z%. If f has
bounded partial derivatives with respect to'Y and Z, then there exist constants Ky, K1 and Ko
such that for all v > 1, we have || X||,< Ko + K1||Y ||, +K2|| Z||

Proof. Using the Taylor’s Theorem, for any pair of (Y, Z;), there exist Yf and Zf such that

OFVEZ) |, OF O Z)

X: = £(0,0)+Y; By, 97,

The Minkowski’s inequality of Theorem [A3]implies

OF YV Z) | , OFO, ZE)

| X|l» = sup
tczd

af (YF, Z;)

af (YE, Z;)
Ly——F——=
Y,

Y,
t 07,

< sup (\f(oao)l +

tezd

)

The bounded partial derivatives implies | f(0,0)|< co. We set f(0,0) = Ky, |0f/0Y|< K; and
|0f/0Z|< Ka. Then we have

r

af(YE, Z;)

v, Of (Y, Z5)
oY,

< ||}
o | <1l

T

< [|Yzll- K1
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and
O Zf)
oz,

of(YE, Z;)

< 124l | =5

< 12l K.

T

This completes the proof. O

3.3 CLTs on dependent random fields

If random fields R and X have the conditional dependence defined in ([2.5)), then we have the

following theorem.

Theorem 3.6. Let X;cyq be a random field, and R,cza be an indicating random field defined in
2.10). Let ot} (m) and ag(X|R;m) satisfy , and there exists a § > 0 such that af’l(m)

satisfies (H3), and ay (X|R;m) satisfies

S m ap(X|R;m)] 55 < oo Vk41<4.

m>1

If {R¢X+}ieza also satisfies , S, and o2 are defined as in . Then we have

S

2n 2y N(0,1).

On
Proof. Lemma gives aﬁf{(m) < ai{l(m) + a i (X|R;m). Then it is straightforward result
by checking that the random field, RX, satisfies (H1)—(H4) of Theorem This completes the
proof. O

36



Chapter 4

Estimation of the variance

The estimation of variances provides not only confidence intervals but also an immediate estima-
tion of the variations of random elements. In this chapter, under the Lo-consistancy, we mainly
develop Carlstein’s results in [13] and Fuller’s Theorem 1.3.2 in the book [26]. Carlstein’s results
are mainly on one dimensional stationary random processes. Fuller’s result is a central limit
theorem for independent identical distributed finite populations. After generalizing this CLT to
dependent random fields, we set up the variance estimation for dependent finite populations.
We generalize these results, with strong mixing conditions, to non-stationary dependent random
processes in Section and random fields in Section Section and Section have a
parallel structure, i.e. the first part of each section presents results with uniform integrability

conditions, and the second part considers the results with smooth conditions.

To set up consitent variance estimation on dependent random fields, we introduce a well-divided
sub-sampling technique, which is different from the commonly used description of sub-sampled
region. For example, in some works such as [66] by Sherman, [22] by Ekstrom and Sjostedt
de-Luna, [50] by Nordman & Lahiri, and the book [39] by Lahiri, increasing rectangle blocks
are used to describe increasing sub-sampled regions, and to avoid strange regions, a further
assumption on the length of the boundary of the region has to be introduced. The well-divided
sub-sampling technique introduced in this chapter avoided to use these two assumptions. At
present, our research focuses on the case of non-overlapping regions. For further consideration on
overlapping cases, Lahiri’s book [39] is definitely a crucial reference for us, especially Chapter 7
and Chapter 12 in his book.
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4.1 Preliminaries

Let X,czq¢ be a random field with constant mean, say E(X;) = u, and let D,, C Z¢ be the index
set of the sample. To get a CLT which provides a confidence interval, we need results in the

form of x
ZiGDn(A i — ) P—>N(O, 1),
o

2

where ¢ is an estimator of

Var (Z (2 —M)> .

i€Dp,
For the case of non-identical mean, i.e. E(X;) = p;, this kind of CLT also works, i.e.
> ien, (Xi — ) D,

g

N(0,1),

2

where 6“ is an estimator of

Var (Z (w5 — Mi)) )
i€Dp,

if we assume

> E(Xi) = p.

| Dnl i€Dn,

Furthermore, we note that the CLT may also in the form of

\/ﬁ > ien, (Xi — i)

— N(0,1).
Var(Sn)
[Dnl

Then for non-identical variances of X;’s, i.e. Var(X;) = o2, it is reasonable to assume

Var(Sy) 9
—— = 0",
| Dn|
where o2 is a constant, S, = Yic p, Xi- This assumption is introduced in some theorems in

Section [.2] and Section [£.3] It can be relaxed by

Var(S
liminf L7 o
n—oo  |Dy|
which implies ‘/Tgi(j”) might not have a limit. This assumption will be made in the following two

sections. In this section, we provide some preliminary results which are used in the following

sections.

Lemma 4.1. Let {t,},cz+ be a sequence of random variables, 0 is a real number. Iflim, .o E(t,) =
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0 and lim,,_,~ Var(t,) =0, then t, Ny}
Proof. This directly follows the definition of convergence in Ly and the fact of E|t, — 6]*=
Var(t,) + [E(t,) — 0]2. O
Definition 4.1. Let T be an arbitrary index set, and let {X;};er be a family of random
variables. {X;}ier is said to be uniformly integrable (abbreviated wu.i.) iff

lim sup E[4X;|= 0,

A—oco

where 4X; = Xilyx;>A}-

In the following results, we will introduce two index sets for a family of random variables, say

{frln}leL,meM- If we say {ﬂn}leL,meM is u.d., it means limg_ o suplym]E|Af,{n]: 0, which is a
special case of the above definition.

Theorem 4.2. (Theorem 4.5.3 in [16]) Let T' be an arbitrary index set. The family {X;}ier is

u.i. iff the following two conditions are satisfied:
(a) E|X;| is bounded in i € T;

(b) For every € > 0, there exists \(€) > 0 s.t. for any E € o(X;):
P(E) <Ae) = / | X;|dP <€  for everyi e T.
E

Theorem 4.3. (Theorem 4.5.4 in [16]) Let {t,,},cz+ be a random process, 0 < p < 00, t, € Ly,

and t, Lot Then the following three propositions are equivalent:
(i) {|tnP} is u.i.;

L
(ii) t, —> t;
(7ii) El|t, |P— E|t|P.

_ o . . P

Because P(|t, — t|> ¢) < e PE|t,, — t|P, the second proposition in Theorem implies ¢, — t.
Then we have the following lemma.

Lemma 4.4. Ift, La, t, then ty, Ky

Lemma 4.5. (Lemma 1 in [13]) Let X;cz4, A1, Ay C Z9, |A1|= K, |Ao|= 1, m = dist(A1, As),
ag,(m) be the strong mizing coefficient of X; and X;, where i € Ay, j € Aa. We assume that
max;ep,un, {EXZ} < C < oo, where C is a constant. Then, for any A > 0, we have

[Cov(X:, X;)|< 4A%1,1(m) + 3v/C(\JBIAX[? + | [E[AX,2).
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Lemma 4.6. Let T be an arbitrary index set, r > 1. If the family of random variables {X] }ict
is u.i., then {X;}icr is u.i.

1
s

Proof. This is a straightforward result using the fact that E[4X;|< (E[AX]|)*. O

Lemma 4.7. Let T be an arbitrary index set, {X;}ier and {Y;}ier be two families of random
variables. If {Y;}ier is w.i. and | X;|< |Y;| for alli € T, then {X;}ier is u.i..

Proof. This is because E|* X;|< E|[1Y;| for any A > 0. O
Lemma 4.8. Letk € Z", and T be an arbitrary index set. If {an}negp, {X§7n}ne']‘, e {X,’j’n}negp

are w.i., then {X1,Xopn -+ Xpntner is w.i..

Proof. Let I = {1,2,---,k}. Theorem implies that there exists a constant C such that
| Xin|lg< C for all i € I. By using Hélder’s inequality & times, we have

”Xl,nXQ,n o Xk,n”lg HHX’L,TLHICS Ck
el

Then, the rest of this proof is to check condition (b) of Theorem

We note that, for each j € I, Holder’s inequality also implies

I3l e =1 T Xin|| < T IXinle< O

i€\{j} & del\{j}
k—1
Since for all A > 0,
k
{|X1,nX2,n o 'Xk,n‘> A} g U{|Xz,n|> A%}’
i=1

then we have

sup EA ‘ H Xin

1
< sup (Z (IEA|X¢,n\k> ’ HTinkl>

n

icl icl
1 1
< Ck_lz (supIEAk|Xi7n|k)lc
el "
- 0 as A— oo.
This completes the proof. ]

Lemma 4.9. For any two random variables X and Y, we have the following inequalities:
A A A
EC(IX[+Y]) < 2E2 | X[+2E2 Y],
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EA(|X|+|Y]) <E?|X|+E2|Y|+E|Y].

Proof. We note that {|X|+|Y|> A} C {|X|> g} u{|Y|> g},

EA(X[4]Y]) = / (1X|+]Y])dP
| X|+]Y|>A

< / (X[ +]Y ) dP
{IX1>

We note that
M < / \X\dm/ |X|dP
{Ix|>4} {IX|<2}{lY|>5}}
A A
= E|Z|X[|+E[2 Y]],

and, with the same argument as (I), we have (II)< E]é\YH—i—E]g\XH Therefore the first in-

equality is proved.

If we note (II) < E|Y| and

1 = / |X|dIP’+/ | X |dP
(X4} (Y2430 {1x|<4)

/ ) \X\dIP’+/ YIdE.
(X124} [vi24)

Then the second inequality holds. O

IN

Corollary 4.10. Letk € Z*+, and T be an arbitrary index set. If {X1n}ner, {Xom}ner, » { Xk ner
are w.i., then {X1, + Xopn + -+ Xgntner 15 u.i..

Proof. We inductively use the first inequality in Lemma k — 1 times. Then we have

k k—2
. A A A
EA‘ d Xin| < ) 2E¥ Xn\ + b IET Xk_l,n) + 2FIE T Xm).
i=1 i=1
This completes the proof. ]

Lemma 4.11. Let S;cz be a random process. If there exists § > 0 s.t.

[1Sill1+6< M < oo,
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then S; are u.i.

Proof. We only need to check condition (a) and (b) in Theorem

For (a), E|S;|< ||S|hs< M < oc.

é

For (b), for all € > 0, there exists A(e) = (¢/M) 5 st for any E € 0(5;), if P(E) < A(e), then

) 1
1+5 1+5
[isiar < ([5)7([Is+)
E E E
< (P(E)™ M
< ﬁM =€
This completes the proof. ]

Lemma 4.12. Let o(1) > «(2) > -+ be a decreasing sequence. For any k,m € Z, k > 2, we

have
k=2 k-1 I (k—=1)m
a(j Im) < o Z a(i),
=0 j=Il+1 i=1
and
k—1 (k—=1)m
1
af — a(j
m <
=1 7=1
Proof. We note that
k—2 k-1 k—1 k
a(j Im) Z(k: —i)a(im) < Z im
=0 j=Il+1 i=1 =
and
k—1 -1 k—1 im k—1)m
mZa Zma(im < Z a(j a
=1 =1 i=1 \j=(i—1)m+1 7=1
These two facts complete the proof. ]

4.2 Estimators on 1-dimension random processes

In this section, Theorem and Theorem generalize Carlstein’s Theorem 2 and Theorem 3
in [I3] respectively. The first subsection carries on the uniform integrability conditions which
Carlstein used. In the second subsection, we drop the uniform integrability conditions, and

introduce smoothness conditions on estimators.
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4.2.1 Estimators with uniformly integrability conditions

Theorem 4.13. (To generalize Carlstein’s Theorem 2 in [I3] to non-stationary processes) Let

Xiez be a strong mizing process, o..(-) be the strong mizing coefficient, fm(-) be a measurable
function. We define

fyln = fm(leXH-lv Ty Xl+m+1)7

for allm > 0, m,l,€ Z. Let n be the sample size, n € Z*, {my},cz+ and k, = (=] be such
that my,, — oo and k, — oo as n — oo. Suppose that tm, m, (m,) — 0 as n — oo, and that
{(flmn)2} are w.i. with respect to | and m,,. Let

- 1
f n ? rlnn,in
=0

be an estimator. If lim, oo E(fn) = ¢ exists, then we have f, Lo, 0.

Proof. We note that

| Bl
Var(f,) = Var (kn Z flmn>

1=0
kn—1 kn—2
< Z\COU ,ln"z", lm" H—2Z]C’0v lm" l+1)m")\
kn—3 kn—1
+2) > |Cou( S, fimm)]
=0 j=l+2

Since {(fim")?} are u.i., Theorem [4.2|implies E(f'»)? are bounded for all [ and m,,. Therefore,

there exists a constant C such that
|Cov (i, fhrm)|= Var(fiim) < C

for all [ and m,,. Then we have

kn—1

> " |Cov(fim, firm)|< knC,
=0

and
Kp—2

kn 2
> " |Couv(flm, fllrtimn) \/Var Flmn) \/V ar(FSY™) < (k, — 1)C.
=0
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For any A > 0, by using Lemma we have

|C'01)( lmn ;nTZn)| < 4A2amn,mn( +3\/><\/E|Aflmn|2+\/E‘Af]mn>

= B(n,A),

where m* is the distance between flm" and fjm” m* > m,, for all j > [+ 2. By using the u.i.
condition and the assumption on strong mixing coefficient, given ¢ > 0, we choose sufficiently

large A so that

3VC (VB 2+ Bl <

Then we have
B(n, A) < 44200, 1, (mn) + €,

and
limsup B(n, A) = 0.

Therefore, we have |Cov(fin, fir™)|— 0 as n — oco. Hence

Var(F) < glkaC + 20k — 1)C 4 2K2B(n, A)]

C
3—+2B(n,A)—>0 as  n — oo.

<
-k

By using Lemma if lim,, 00 E(f,) = ¢ exists, then f, L2, . This completes the proof. [J

Example: (Ezample of (f.)? being u.i.)

Let X;ecz be a zero-mean process. We assume there exists a constant 6 > 0 such that || X ||4425<

00. Let
1 m—1
= Z Xiti-
i=0
Then (f!))? are u.i.

Proof. Since i € Z are one-dimensional integers, the distance j between {i; + [,i2 + [} and

{ig + 1,44 + } is no more than m, for all iy,i9,i3,i4 € {0,1,---,m — 1}, i.e. all possible values
of the distance j are 0,1,---,m — 1. Therefore, in this case,
1 m—1 5 m—1 5
po. 042255 (j) < —my <1 and — Z afjé (1) <1
§=0 §=0



By using Lemma m to prove this example, it is sufficient to show ||(f,)?||2 is bounded. We
write

m—1m—1m—1m-—1

2
Bl = LYY Y ConlX X XX
11=0 i9=0 73=0 14=0
m—1m—1 2
AES ) CERE)

21=0 i2=0
= (D+(ID)*.

For (II), since
#{ (i, i2) + dist({ir}, {i2}) = | = O(m),

Theorem [2.2] implies, for a constant C,

(In) < 8204 DN Kirvill246l Xy rill2ws
7>0
C&
< EZ ary’ (4)
§=0

For (I), let C be a constant, we have || X;, 11X, +1ll246< C, [| Xiz11Xi,+1|l246< C, and
#{ 2, s, ia) < dist({in, iz}, {is, ia}) = j | = O(m?).

Then Theorem implies

_6
I < m*)8> " a3y () Xy 41Xy ill246 | Xig 11 Xi, 4l 246
7>0
CR= e
< =) aiy ()
m 4
7=0
= 0(1),

where C' is a new constant.

Theorem 4.14. (To generalize Carlstein’s Theorem 3 in [I3] to non-stationary processes) Let

Xiez be a strong mizing process, Sy (+) be a measurable function. We define
S7ln = Sffn(le Xl+17 o 7Xl+mfl)7
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for allm >0, m,l € Z. Let my,, k,, and n be defined as in Theorem [{.13}

We assume

1) {(thmn)4} are w.i. with respect to | and my,;
2) &m,, mn (Mp) = 0 as n — o0o;

3) limy, 00 E(X,) = ¢;

4)

kn—1 9
n (Slm"— n) —0 as n— oo.
™ 1=0

3

o

-2 L2
7’L

Then we have 65 — ¢.

Proof. We set
kpn—1

th == Z gl

Then we have

=
|

n—1
n

~_\2
(St — ESl + ES - 5,)

X
Il
?r‘ 3
]

mog

>
Il
=)
AN

n

_ mpy [(Slmn _ ES”””)2

T £
2 (St — Bl ) (BSh — 8,) + (BShe - SH)Q]

o

m kn—1 9
_ n Ilmg,, Ilmn
-y (st —ESp)
=0
kn—1 m kn—1
27 (Slm" . Slm"> <ESlmn _ Q ) 771« ( Slm" _ Q
DS ) (BSim b 2
— Y, 424, + Bn,
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where

kn—1
_ Mn Imy, Imay, Imy, Q
Av=" Y (St —mSp ) (ESh — 5,) |
=0
and
m kn—1 .2
By =" )" (ESh - 5,)
" =0

The rest of this proof is to show X, 2) o, A, £> 0 and B, ﬁ) 0.
First, consider .
Because the distance between S%" and Sfﬁmn” can be regarded as the distance between tﬁ,Tn" and

2" Theorem implies

PIMEEN ¢, as n — oo. (4.1)

We note the fact that E(t!"») = 0 for all [ and m,,. Therefore E(Z,,) = 0 for all n € Z*. Then

we certainly have lim,,_, E(t,,) = 0. Furthermore, we note

En—1 2 1
( Zt’mn> < L3 =,
n

that is (£,)* < ¥2. By using Theorem equation (4.1)) implies 2 are u.i. Then Lemma
implies (£,)* are u.i. Thereafter, by using Lemma the condition of (ti,’f;")4 being u.i. implies
(tff{;")2 being u.i. Then Theorem implies

Elt, —02?=0 as n— oc. (4.2)

Therefore £, =5 0. Since (t,)* are u.i., Theorem implies t,, L, 0, which is equivalent to
Lo
(tn)? =2 0.

To proof B, La, 0, we note

n

_ Mnp lmy

B, = klZ:(ES —ES, +ES, —S)
< Bt (t)*

Then, by using Lemma assumption 4 and ()2 L2, 0, we have B, EENY

To proof A, Lo, 0, we note, by using Holder’s inequality,

kn—1

A < 2 rzl (st — s )Y (Bsi - §n)2] 2

1=0 =0
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1

= [E.B,)?.
Since X, L2, 52 and B, Lo, 0, we have A, L2, 0. This completes the proof. O
Theorem 4.15. Let X;cz be a zero-mean strong mizing random process. We assume that there

exists 6 > 0 such that || X||24s= C < oo, C is a constant. Let a11(j) be the strong mizing
coefficient. We suppose

Jj=0
We set
myp—1 kn—1
l lmn
St =Y Xiyiy Sp=)_ Sk,
1=0 =0
Sl kn—1

1
! My — E Imp,
1% = Up = — v
m ) n My *
/My kn, — n

where ky,, my and n are defined as in Theorem . If (1/%")4 are u.i. and

lim Y7R) _ (4.3)
n—o0 n
then
612 .
Proof. Let
1 kn—1
En = E (VTI;ZZ:’L)Z,
1=0
then we have
b=, — (1)

hnn)4

By the same argument in Theorem since (v,,;'")* are w.i., and E(7,) = 0, we have

E|7,>~ 0 as n — oc.
For the rest of the proof, we only need to show EX,, — ¢, i.e.

1
lim — Y " E(vim)? = ¢.

n—o0 ki, P
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We note that

—1kn—1
Var(S ol
(LT‘( n) _ k Z Z CO’U Slm" Sjmn)
" Mnfin 120 520
kn—1
—_— l n l n n
- mnk Z Var(Stm) mnk Zcov Shmn, Smn )
= D+ (II).
Because (I)= Zl ot E ()2, we only need to show (II) converges to zero. We note that
kn—1 kn—1
) < Cov (S, S

kn—1 kn—1 mp—1my,—1

mMZZZZWMWWM
=0 j=l+1 p=0 ¢=0
kn—1 kn—1 mp—1mp—1
: D2 > D 8eaif (mata—tmn = p)IXBss
”l0yl+1po q=0
kn—1 kn—1 mp—1mnp—1
160 < & n n 5
< ai P’ (|G = Dmn 4 q — pl).

lO]l—l—lpO q=0

Since the distance of any two random variables is directly driven by their 1-dimensional integer

index, we have

kn—1 mp—1myu—1

Y>> ol - Dmn +q—pl)

j=Il+1 p=0 ¢=0

kn—l—1my—1m,—1
SO S SRRV
i=1
= a(l)+ 2a(2) + -+ mpya(my,)
+(mp, — Da(my + 1) + -+ 4+ 2a(2my, — 2) + a(2m,, — 1)
+a(mp + 1) + 2a(mp +2) + - - - + mpa(2my,)
+(my, — Da(2my, + 1) + -+ 4+ 2a(3my, — 2) + a(3m, — 1)
4.
+a((kp — 1= 2)mp + 1) + 2a((ky — 1 —2)my, +2)
+ - mpa((ky — L —2)my, +my)
+(my — Da((kp — 1 — 1)my, + 1)
+- 4 2a((ky — Dmy, — 2) + a((ky, — )my, — 1)
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knmn
< a(l)+--- +mpa(my,) +my, Z (i),
i=mn+1

)
where we use a(-) as the abbreviation of af%’ (-).

Therefore,
knm
1 n n
II) < 16C— |a(1 n n 16C i
(II) < 60— [a(1) 4 - + mua(m,)] + i_;ﬂa

6
By using the condition 772 ai¥’(j) < oo, the second term on the right hand side converges to

zero. The first term on the right side is also converges to zero by Kronecker’s Lemma (see [67],
page 390).

Now we have lim,,_, IE(;B = ¢, which completes the proof. O

Theorem 4.16. Let X;cy be a strong mizing random process. We assume

1) There exists a constant M and 6 > 0 such that

Imn\2
G [

246

2)

3)

lim inf Var(Sn) 0;
n—o00 n
4) E(Simn) = 0 for all I and m,.
Let
En—1
Gp= > Shrmghmn
1=0,j=0
li—j]<1
Then we have
6-72L Lo

where S%", My, kn and n are defined as in Theorem and

kn—1
Sp=Y_ Sh.
=0
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Proof. We write

> Var(s2) . [E(62) — Var(S,)]?
[Var(Sy)]? [Var(S,)]?

Then we will show

(i)

Var(&,%) —0 asn— o
[Var(Sy,)]? ’
and
(ii)
~9
% —1 asn— oo.

For (i), by assumption 3, for sufficiently large n, we have a constant C' such that
[Var(S,)]? > n?C.

Therefore it is enough to prove

Var(62)

5 —0 asn — oo,

n

or, equivalently, by n = m,ky,,

Var {leo,jzo,ll—j\g <\/m7 ) ( mﬂ

—0 asn— oo.

ka
We note that
NE AN
Var[ fzol(\/min)] 1 e gl \ ?
2 < 753 Z Var —Mn_
n [— A/ Mp
kon—2 s\ 2 (I+1)man \ 2
+— Cov(| —== 1)
ko 1=0 (an> ( Vin )
2
1 Imn S%_Lmn
+ZZCO(<mn>7< n))
QT viin Viin
= (D)-+(II)+(I11)

o1



Consider term (I). By assumption 1, we have

Ilmn 2 Imn 4
v Ol ) | < | (s
i V= B NG

Therefore, the first term (I)< %MQ — 0 as n — oo.

2

(Slmn 2 )
Tin < M-
Vimn B

246

Consider term (II).

Slmn 2 Sjmn 2 Slmn 2 S]mn 2
mMn My < My, M
Cov < = ) , ( e > < | Var < e ) Var ( e )

implies (IT) converges to zero.

Consider term (III). We note that

2 . 2
Slmn 1]71mn 5
Cov ( M ) ,(S r > < 8al i (|1 — 3| —1)my) M2

Ny AW

Because |l — j|> 2, by using Lemma and assumption 2, we have

1 . .
() < 8M’ 37 ailim. (- jl-1ma)
" i—j1>2

1 _0
< 16M* > antim. (4)
i i>1

n

— 0 asn— oo

Therefore

var |ty (35 |

k2

n

—0, as n — oo

Similarly, we note, for any |l — j|< 2,

< M2,

9

C mn Mn Mn Mn
ov m, .

and for any |l — j|> 3,

)

M
mpy mnp

Cov | —m =Mn Mn ZMn

52

< 8l my, (|l = ]—2)my) M.

< M?

(4.4)



Then we have

g

Var | S kn=2 St Gk
=0 \ Vmn,
2
n

and

2 —0, as n — . (4.6)
Now ([4.4)), (4.5) and (4.6]) prove (i).
Lastly, we prove (ii). We write
kn—1
Var(S,) = Var(Z S%")
1=0
kn_l k‘n—l
= ) Cou(Shm,Simmy+ > Cou(Spm, Simm)
1=0,5j=0 1=0,j=0
[1—j]<1 l1—j|>2

= E(62) + ().

Since Var(S'mn) < m, M, for (I), by using Lemma we have

kn—1 s
D < 2my > Bamiim, (L= jl=1)my) M?
1=0,j=0
j1—5]>2
5
< 16M%kn > i, (7).
Jj=>1

Assumption 3 implies that we have a constant C' such that Var(S,) > nC. Then by using

assumption 2, we have

(I) (I) 16M? 1 = .
S S amtimn (]) — 07
Var(S,) = mpk,C C m, =
as n — co. Now we have

n

EGD O
Var(Sy) Var(Sy)

—1 asn— oo.

Therefore (ii) is proved. This completes the poof of this theorem. O

Example: (Ezample of |m™1(S%,)?||24s being bounded)

For any given [, let 6 = 1, X; be a Gaussian process and Srln =X1+Xo+ -+ X,,. We note
that [|m=1(S!,)?||3< oo is equivalent to E[m~1(S!,)?]> < co. By using the Isserlis Theorem,
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Theorem [A6 in the Appendix, we have

E(an)G = Z Z Z Z Z Z E Xi1Xi2Xi3Xi4Xi5Xi6)

(E(X 1Xl )E(Xi3X4)E(X 5X16) + E(X 1XZ2)E(X13XZ'5)E(XZ4XZ6) +
+ E(XG, Xig )E(Xi, Xy JE(Xi Xig) + E(XG, Xig )E(X, X ) E(XG, Xig) + -+
(X X E(Xi, Xiy B (X, Xig) + E(Xi, X E(Xi, Xiy JE (X, Xig) + -
+ E(X Xi )E(Xlins)E(XMX 6) + E(Xll i5)E(X12 i4)]E(X13X2'6) +oee
+ E(XilXiﬁ)E(Xiin3)E(Xi4X ) + E(XZ iﬁ)E(Xl i4)]E(Xi3Xi5) + - )

By using the fact of E(X;, X;) = Cov(X;, X;) and Theorem we have

3
E(S))° < 15[ >0 Cov(X;, X))
i=1 j=1
m m 3
< 7680 ZZa, (i = iDIX 1345
i=1 j=1
3
L
< 7680 ZZ I IX54s
r>1
3

S5
= 61440m° Z 1; |X”2+5
r>1

)

Therefore, if we have the assumption such as 1) ford=1,1e. [ X[24s5and ) 5, af’? (r) are
bounded, then we have E[m~1(S})?]? < oo.

In the following theorem, Theorem we relax the assumption on IES%L” = 0 in Theorem m

We also introduce a different estimator to approach the variance in Lo.

Theorem 4.17. Let X;cz be a strong mizing random process. We assume
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1) There exists a constant M and § > 0 such that

(Spwn)?

mp

< M;
2496

2)
e
> adll(j) < oo
J7=0
3)
lim inf VL(Sn) > 0;
n—o00 n
4)
| el 0 O
ESY _ES,, ) 0.
mnkn lz:; ( mn n) 7
Let
kn_l . —
2= Y (St — S, ) (Sim = S, )
1=0,5=0
l1—3j1<1
Then we have
&772‘ g 1 as n— o
Var(Sy) ’

where S%", My, kn and n are defined as in Theorem and

kn—1 1
_ lmn Q —
Sp = IZ; Sl Smu = 3-5n:

Proof. We use the same idea which is used in Theorem With the similar argument of (i)
in the proof of Theorem we have

Var(62)

W—)O as n — Q.

Therefore, the rest of this proof is to show

EAQ
ﬂ%l as n — 00.

Var(Sy)
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Let B; =ES/™ E =ES and

Then we have

Gro= > matity— Y ma(bt 4t + )

[1—j]<1 1—j]<1

+ Y Vma(t — 1) (E; - E) + Vit — t)(E; — E)
li—jl<1 li—jl<1

+ Y (B - E)(E; - E)
1—jl<1

= ) matit; — (D+ID)+(IID+(IV).
li—jl<1

By using the fact that Et; = 0 for alli = 0,1, -- -, k,, we have E(II)= 0 and E(III)= 0. By using

assumption 1 and 2, we have

—— = 0.
n
Assumption 4 implies
E(IV
(V) —0
n
Therefore we have 5
o
n" = A, +o(1),
where .
A, = - > Ematit;.
lI—j]<1
We write
Var(S,) = Z mpE(tit;) + my Z Cov(t,t5)
1—j]<1 li—j|>2
= Y maE(tty) + (V).
[1—j1<1
Since assumption 2 implies
E(V
(V) — 0,
n
we have Var(S,)
O = Ayt o(1).
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Therefore, assumption 3 implies

E&?L 4l = E&%/n —Var(S,)/n B o(1) =0
Var(Sy) - Var(Sy,)/n | Var(S,)/n '
This completes the proof. O

4.2.2 Estimators with smoothness conditions

In this subsection and the subsection 4.3.2, we assume the estimators have bounded partial
derivatives, which we call the smoothness condition, i.e. the second assumption in Theorem [4.18]
Theorem Theorem Theorem Theorem and Theorem We also assume
that the population is divided into blocks. For example, when the population size is n = 48,
we may divide it into k48 = 16 blocks, and put myg = 3 points in each block, see Figure 4.1

Therefore, if the population has asymptotically independent properties, the distance between any

TM4g MM48 1148 TNgg T8 1148 1148 1148 11048 1048 11048 11048 TN4g 1148 1148 TN48

‘I

kg

Figure 4.1: The divided population with 16 blocks

one pair of blocks will contribute to the estimation of the variance between them. Furthermore,
the assumed relationship between k,, and m,, will also contribute to the estimation of the variance

of the estimators.

Theorem 4.18. Let X;cz be a strong mizing random process, fm(:) be a function. We define

Fr = Fn( X0, X1, Xigmg)s
for allm > 0, m,l,€ Z. Let n be the sample size, n € Z%, {my}nez+ and ky, = (=] be such
that m,, — oo and k, — o0 as n — co. Let
1 kn—1
o Ilmn
1=0
We assume that

1) m2 = o(ky) as n — oo;

g%‘ < 00, and sup,,|fm(0,0,---,0)|< oo;

i

o)
2[5 = s

o7



3) There exists § > 0 s.t. || X ||a45< 00;

4) .
Zaﬁ,ﬁﬁn(j) =0(m) as m—
7=0

If lim,, 00 E(fn) = @ exists, then we have fn & .

Proof. We only need to show Var(f,) — 0 as n — oc.

By using the Mean Value Theorem for flm” there exists (X © , X l(_?l, e X l(-?mn—l) which is in
the segment joining (0,0,---,0) and (Xj, X;41, -+, Xi4m, —1) such that

I+m,—1 &) (&) 3
0 Mn X, 7X )T aX T, —
i=l !

Then Minkovski inequality implies

I+mn—1

flmn
[ 25 < [ frm (O, O)ll2+5+ Z

of
- X .
1t

Assumptions 2 and 3 imply || f27"[|o45< (my, + 1)C, where C is a constant.

We note that

kn—1 kn—1

_ 1 L3 n

Varl) < g | 3 1Couins il 3 [Coolfii Sl
li—j|<1 \lfj|22
and

kn—1

Z \Cov(frlnﬂzn’ ]TRn>‘< 3k, H lmnH2+5< 3k, (mn+1) o?.

1=0,j=0

l1—j1<1

By using Lemma we have

kn—1 kn—1
Z |Cov(flmn, fimn)| < 8 Z aﬁ%‘imn 17 = Um — ma) | £ o | £ o6
1=0,j=0 1=0,j=0
Ij1>2 1j1>2
1)20%, SN 5
< 16TV = 2 ),

m.
n j=1
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Therefore, by using assumption 1 and 4, we have

_ 1)202 1)202 x5
Var(f) < st L VT Sm 2t )
kn knmy =0 '
—- 0 asn—x
This completes the proof. O
Remark: In the above theorem, for an example of assumption 1, take m, = [n(l%)] and

kn, = [n"], where % < r < 1. The assumption 4 implies, comparing with the assumption 1)
and the assumption (H3)), a stronger dependence is taken into account in this theorem, i.e.

>0 ozﬁﬁn (7) could be divergent, rather than a constant, as m — oo.

Theorem 4.19. Let X;cz be a strong mizing process, Sp,(-) be a function. We define
S7ln = Sffn(le Xl+17 o 7Xl+mfl)7

for allm >0, m,l € Z. Let my,, ky, and n be defined as in Theorem[4.13 and set

kn—1
r i Imn
n — )
Fen 1=0 "
=
= Imp\2
kn—1
_ 1 o
Sn=1" Shmn
™ =0
m kn—1
A9 Iman 2
O = G D (St = 5n)
n

We assume

1) m8 = o(ky) as n — oo;

9| = ) < o0, and sup,,|Sm(0,0,---,0)|= Co < oo, C1 and Cy are

2) 1551l = suppm,
constants;

3) There exists § > 0 s.t. || X||g+36= C3 < 00, C5 is a constant;

4)

N I
Z amm(j) =0(m) as m— oo;
7=0
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5)

kn—1 9
- (ESZ’"" n) =0 as n— oc;
" =0

3

ol

6) S, < O(m), for alll =0,1,---

If lim,, 00 B(2,) = 02 exists, then we have & ﬂ) 0% asn — oo.

Proof. Following the idea of the proof of Theorem [£.14] since
62 =S5 4+2A, + Bn,  |An|< [SuBnl2, B, <2E, +2(L,)?
where A,, and B,, are introduced in Theorem [4.14] we only need to show
(i) X, Lz, o2, ie. Var(X,) — 0asn — oo
and

(i) tp, 2,0, as n — oo.

With the same argument as in Theorem [4.18} there exists (X © , X l(i)l, e, X l(_f)mn_l) such that

IH+m—1 5al &) (& €3)
OSL (XY, X5 X5
S, = SL,(0,0,---,0)+ > m{ g;( Lrm I)Xi. (4.7)

=l

Then, by using Minkovski inequality and Holder inequality, assumptions 2 and 3 imply ||(S%,)?[|24s<
(m+1)2C, C is a constant. Therefore, assumption 6 implies ||(£7)?||o15< (m 4 1)2mCy, where

Cy is a constant.

For (i), we note that, by using Theorem and Lemma [4.12]

kn—1 kn—1
1 2 ) . 2 I .
Var(S,) < | Y |Cov () (6m)?) 1+ Y (Cou ()2 tnm?) |
m 11=0,j=0 1=0,j=0
i—jl<1 j1—]>2

A
|

1 I
3k (my, + 1)4m72103 + 16C4(my, + 1)4m%knm— am®mn (7)
">

Then assumptions 1 and 4 imply Var(%,) — 0 as n — oo.
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For (ii), by using Theorem we are going to show E|t,[*— 0. We write

kn—1kn—1kn—1k,—1

E(t,)* = ;%4 Z Z Z Z Cov (tzlmn tzgmntzgr:ntlmn)

11=0 l2=0 I3=0 14=0
Theorem implies
kn—1kn—1kp—1kp—1

_ 1 —
) < o [ D000 D0 D |cov (thymn, damidymedtyne) |

" 1,=0 l5=0 I3=0 14=0

IN

kn—1kpn—1kn—1kp—1

IN

80 s, (dist (A M) I o 2 0 0 25|

My, 3Mp,

where, we use d to denote the distance between tﬁlnT” and tﬁ%’:"tﬁgT"tlrgT", ie.
d:= diSt(All,Alzlgl4),

Ay, and Ay, are the index sets of X;’s which are involved in tfy:’" and t%’f“t%ﬁ?”t%f” respec-

tively. It means d may take values:
d:O, d:mn, d:2mn, dzgmn, cee

i.e. d = Am,, where A =0,1,2,3,---. By using the symmetry of I, I3 and I, we use l; — l3 to

describe A, we have the following estimation

kn—1kn—1
B < o [R50 3 80, (I~ bl I o s 5 47 |
n 11=0 l2=0
We note that
1 1< /Tl A+ DX (345400, (48)
and
et o5 < (Vial(ma + 1)1 X \|2+5+0(mn)]>3- (4.9)
Therefore,

kn—1kn—1

_ 1
4 2 25
E(fa)' < grkam 2(my, + 1)*C l§ 0: ; 0: mthgmn(ul —zz\mn)
1 2
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kn—1
2(my +DAC | Ekp +

k:12 m; Z 763’”“ ( )

<

Then assumption 1 and 4 imply E(Z,)* — 0. This complete the proof.

Theorem 4.20. Let X;cz be a zero-mean strong mizing random process. We set

mp—1 kn—1
St = > Xiyiy Sp=Y_ Shmm,
=0 =0
A %, Uy, = x kn_lyf;n”,
1 kn—1 1 kn—1
‘3721 = (V%n Vn)Qa Y = . Z (V%Ln)27

where ky, m, and n are defined as in Theorem[{.13 We assume
1) m8 = o(ky,) as n — oo;
2) 30 > 0 s.t. ||X||4+2§< o0

3)

Zaﬁﬁn )=0(m) as m — 0.
7=0

4) .
Y afi () < oo

Jj=0

5) iy, o0 L2 E0) — 52,

.9 Lo
Then we have 62 =% 0% as n — .

Proof. Theorem implies that if lim,, o, E(X,) = o2 exists, then & i o

We note that, by using the property of zero-mean,

kn—1
Var(Sy) 1 i,
e knm(m)

=0
fon—1 2
- (S
nmn i
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1 kn—1 Slm" 2
kn, (Z ,/mn>

This completes this proof. O

In Theorem [4.18 Theorem [4.19] and Theorem [£.20] if we introduce a stronger assumption on
strong mixing coefficients, then the “little-o” assumption may become weaker. For example,
Theorem [4.20] still holds if we replace the assumptions 1, 3 and 4 with the following two assump-

tions:

m, =o(ky), as n — oo
and

O s
Y aZik(j) < oo.
§=0

Since m,, and k, can be practically controlled by the sampling design, we adopt the weaker

condition on strong mixing coefficients and the stronger condition on the “little-0” assumptions.

Proposition 4.21. Let X;cz be a random process, Sp(-) be a measurable function, S., =
S (X1, Xiv1, -+, Xiem—1). We assume

1) There exists 6 > 0 s.t. || X||145< 00;

2) Hg—;“oo = Sup,,, ; %‘%L‘ < 00, and sup,, S, (0,0,---,0) < oco.

Then m~YSL are u.i., for the indices | and m.

Proof. By using the Mean Value Theorem and the Minkovski’s inequality, assumption 1 and 2
imply ||S!,|l145< (m +1)C, C is a constant. Therefore ||m~1S!, ||1,s is bounded. Lemma
completes this proof. O

Remark: If we define S!, = S,,,(Xiep,,), where D,, C Z? and |D,,|= m, then this proposition
still holds for a random field X za.

4.3 Estimators on random fields

In this section, we are going to generalize the results of Section [4.2] to random fields. Let D,

stand for the sample of the random field X4, which is divided into blocks. We assume fol)n
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are blocks of D,,, where i € K,, C Z% is the index of D#L)n, and

1€Kn

For all 7 € K,,, we set
DY) ADY) =0 if i#j,

!D%!:mm |Kp|= kn, my, —o00, k,—>o00, as n— o0,

and therefore |D,,|= myk,. We introduce J; to stand for the index set of the neighbours of the
(6)
block Dy, , i.e.
Ji = {j : dist(DY) , DY) < dp,, },
where d,,, is a real number with respect to m,,. We use |.J;| to stand for the number of elements
in J;. We assume we may control DE,?H through sampling strategies. Therefore we introduce the

following definition:

Definition 4.2. We say D,, is well-divided by {Dmn }iek,, in the random field X;czq if and only
if there exist positive constants b1, by and b such that, for all m,,, we have: (1) d,,, = b1 and
|J;|< b for all i € K,,. (2) dist(D T(n)n,Dﬁnl) > mb2 when j ¢ J;.

This definition means by using a suitable well-divided sampling strategy, say the blocks are

regularly growing with |D,,|, the number |J;| is not related to the size of the blocks. For example,

CHCE NN o o o oie o]

1 1 1

u‘. .=|9 .h\. .= i_o o @ Oiio OE
_'_'_'_'\ _'_'_'_: _'_'_'_: ot 1

0 e 0 o 0 @ o oiio oie °!

1y 1

® o,:-o oo o ‘® oo eie e
s i IL=sssss

CRCN R Yo @ e e ele o

| 1 1

CRCR R P s sl

(a) Well-divided by squares (b) Well-divided by different shapes

Figure 4.2: Well-divided sample in 2-dimension random fields

in Figure [4.2] all sides of these blocks are growing with the same ratio which is with respect to
the sample size, i.e. this sampling strategy ensures these growing blocks keep similar shapes
Therefore, for Figure (4. ( ), say the centred block is D,(n)n, for any real number d,,, € [2, mn] we
have |J;|< 8. Similarly, for Figure b), if we translate this sampling strategy into well-divided
blocks as in (a), we conclude that for any |J;| of (b) will not greater than that of (a), which
means |J;|< 8.

On the other hand, we may have some sampling strategies which are not well-divided. For
example in Figure say the block at the bottom is D%)n, if one side of these rectangles is 1,
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Figure 4.3: Not well-divided sample

and the other side is my,,, then the sampling strategy in Figure implies
|Ji|= #{j : dist(DY) ;DY) ) < 1} = m,,

which means |.J;|— oo as n — oo. This infinite number of pairs within the finite distance brings
difficulties on estimating the moments of some estimators, therefore most of the results within

this subsection are based on a well-divided sampling strategy.

The following two theorems are applications of a well-divided sampling strategy. This sampling

strategy contributes to the estimation of fourth moments and variances of some estimators.

Theorem 4.22. Let X;cza be a random field, D, C 74 K, C 7%,
U DY) =Dun, DR NDY =0 if i#],
€Ky,
‘D%),J: M, |Kn’: kna |Dn’: mnkru
kn, — 00, my —>00 as n — oo.

Let D,, be well-divided by {Dgz)n}iel(n, i.e. there exist constants bi,ba,b > 0, such that, for all
i € Ky, |Ji|< b, where J; = {j : dist(DY)., DY)y < b1}, and dist(DS,, DY) > mb2 when j ¢ J;.

Let fﬁil be a measurable function,

T(ril = fm"(XjED%) )7

n

_ 1 ;
To. =1 2 1.

" ek,

We assume
1) (ff,ﬁl)ﬂk*l) are u.i., where k > 2, k € Z* is a constant;
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2 Eff) =
3) Qoo,00(m?) = 0 as m — occ.

Then we have E|fp, |*— 0 as n — oc.

Proof. We only prove this theorem for k = 4, similar arguments apply in other cases. We write

E(fp HY X DX Conts DN,

N ecKy jEK, €K, IEK,

(2)

Since assumption 1 implies Var(fm,,
stant C such that

) and Var( fmn fmn mn) are bounded, then we have a con-

O = 4222 > Cou( 5, fRLFS )

N 4eKy jeJ; qEKn IEK,

TX Y Y S [cont R )

N 4eKy jeJ; geKn IEK,

QZZZZC

n iGKn jGJ’L qun lEKn

- XMy Yo

" icKn qeKn leKy

kjk; WbE2C — 0.

IN

IN

IN

Similarly, we have

W = 52 XY Contsl A0

N €K, jeJ; qeJ; lEK,

1 i l
< 2 X3 3 |Cont SR AR
N €K, jeJ; qeJ; leK,
1 2
< k4 —k, bk, C — 0

and

(1) = i Z SN Cov(#9), 19 £l £

" ieK, jed; qed; le;

< S S |conts s £
" ieK, jed; qed; le;
< HkﬁCaO
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If j,q,1 ¢ J;, then we have
dist(f30, f5 S50 £ ) > bz,
Assumption 1 and Lemma [£.§] imply there exists a constant C' such that

E(fO)2 <C and E(f9 @ )2 < ¢

Then Lemma [.5] implies, for any A > 0,

1 N
(V) = 7720200 > Covlfi SLAN )
" i€Kn j¢J; gt J; 1¢ T
1 N
< o 0 YD |couts £ £ 1)
" i€Kn j¢J; gt J; 1¢ T
1 - -
S gl |44 an, () +3V0 sup( B + 814 (41 f,il)P)]
n ,9,q,1
= AR am, (m) +3/C sup ( SR + A (S8 ;szfsia)|2> .
/L?]?q7

By using assumption 1, for all € > 0, there exists a sufficiently large A, such that

1,3,0,!

@ s (VB 4 o (LA ) < o

and
(IV) < 442, 3m, (M52) + €.

n

Hence we have (IV) — 0 as n — oo. Then, by using the symmetry of fr(,f,)” f,(,ﬁz, ,(,QL, we have

E(fp,)* = 3(I) + 3(II) + (III) + (IV) — 0.
This completes the proof. ]

Theorem 4.23. Let X, z4 be a random field, D, be well-divided, DY), K,, J;, by, by, b, my,
and k, be defined as in Theorem . Let f},i?l be a measurable function,

FAONES S (X o ),

J n
fou =7 3 0.
lGKn

We assume
1) (fy(,il)% are u.i., where k € Z* is a constant;
2) aoo,oo(me) — 0 as m — oo.
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Then we have Var(flk)n) — 0 asn — o0.

Proof. We write

Var(flk)n) = NEL Z Z Z Z COU( 11) flk) f f(]k)

11€Ky k€K j1EKR JrEKn

Since the idea used in this proof works for any positive integer k, we only prove this theorem

for k = 2, and omit other cases.

The proof is similar to that of Theorem

: ol (i1) ¢(i2) (71) ¢(72)
Assumption 1 implies Var(fm, fm.') and Var(fm, fm.’) are bounded, then we have a constant
C such that

1 1
T DD D Cou(fSV R fE ) < < —rhnbkRC = 0.
n 11E€EKy 12€Ky j1€Ji1UJi2 n
or
Je€Jiy Uiy

If j1 ¢ J;, U J;, and jo ¢ J;, U J;,, then the well-divided D,, implies

dzst( (n) ,Sii), é{jl) T(nn)> > mb2

Assumption 1 and Lemma imply there exists a constant C such that
(f(h f(zz ) < C and E(f(]l f(]2)) <C.

Then Lemma [4.5 implies, for any A > 0,

= o Z Z Z Cov(f nf f(Jl)f ji))

" 11€EKy zQEKnj1¢J Uiy
j2¢J U,

< 44020, 0m, (ml7) + 3V sup <\/E|A(f£;>fﬁz>)\2+\/EM(M;’ ,szz>)|2>.

1,82,71,J2

By using assumption 1, for all € > 0, there exists a sufficiently large A, such that

3\/5A sup <\/]E|A< q(fl,lq (i) )|2 \/E|A<f7(7{}1) 753721))|2> <,

21,12,J1,J2

and
(I1) < 4A%02,, 2m,, (M22) + €.
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Thus as n — oo, (II) converges to aero. Then we have
Var(fp,) = (1) + (II) — 0.

This completes the proof. ]

4.3.1 Estimators with u.i. conditions

In this subsection we generalize the results in Section 4.2.1 to strong mixing non-stationary

random fields.
Theorem 4.24. (To generalize Carlstein’s Theorem 2 in [13] to random fields)

Let X;cpa be a random field, D,, be well-divided, D,(v?n, K,, Ji, b1,b2,b, m,, and k,, be defined as
in Theorem . Let f,(,izb be a measurable function,

F3 = (X jep® )y

==

" ek,

We assume
1) (ﬂ(nZZL)Q are w.i.;
2) Qoo,00(m2) — 0 as m — oo.

IfE(fp,) — ¢ as n — oo, Then we have fp, L2, © asn — oo.

Proof. By Lemma we only need to show Var(fp,) — 0, which follows directly using
Theorem [£.23] for the case of k = 1. This completes the proof. O

Theorem 4.25. Let X;cza be a random field, D, be well-divided, D%)n, K,, J;, bi1,bs,b, my
and ky be defined as in Theorem . Let 57(,3)

n

be a measurable function,

. = mwﬁi& —ESD),

J— Z Zt(l t(]

€Ky jEJ;

Z s9

ZEK
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YD (SE = 8 (SH) — Sn).

" ieK, jeJ;

We assume
1) limy, 00 E(,,) = 025
2) (157(72)”)4 are w.i.;

3)
Ey,

7;;— Z (IES(Z E5n>2—>0 as n — oo;
€K,

4) Qoo.00(mb2) = 0 as m — oo.

.9 Lo
Then we have 62 =2 0% as n — .

Proof. To simplify notations, we set

ti=t0) | = — ti, E;=ESY  E=ES,,
" ek,
We write
62 = %, — (D+ID+(IID)+(IV)+(V),
where
= — Z Z(t’ +tj)t_,
n €Ky jeJ;
Sy
" ieKn jeJ;
(1) = X2 37 S (4 - )(E; - E),
" €K, jed;
/My, _
(V) =% > (- D(E - B),
" €K, jeJ;
and
(V) = -2 Z > (E:i— E)(E; - E).
’I”L ’LEKn ]er

Then for the rest of this proof, it is sufficient to show (I)-(V) converge to zero in Ly, and

Var(¥,) — 0.

By using Theorem since assumption 2 and Lemma imply (3 ed; t;t;)? is w.i., then we
have Var(%,) — 0.
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For (II), Theorem implies E(£?) — 0. We write

2= k% Z Z tit;.
" i€Kn jEKn
Since (#;t;)? is w.i., By re-indexing the pair (i,j), then we have, by using Theorem
Var(t?) — 0. Therefore, by using Lemma we have 2 22 0. Because D,, is well-divided, we
have
(IT) < sup|J;[t* < b2,
7

which implies, by using Lemma (Il)g 0.

For (1), since £2 L2, 0, Theorem [4.3|implies (#)* is w.i.. Assumption 2 and Lemma also imply
D> e (ti + t;)]* is wi.. Therefore, Holder’s inequality ensures E(I) — 0, and Theorem M
implies Var((I)) — 0. Then we have (I)i 0.

For (III), we have E(III) = 0 and

= T (S S - (E - B))

n €Ky jEJ;

< (X S-0) (Y S E - By)
" e Ky jEJ; " €K, jeJ;
= A,B,.

Assumption 2, Lemmal[4.§ and Theorem [£.2)imply E|t;t;| is bounded. Therefore EA,, is bounded.

Furthermore, by using assumption 3, we have

B, < % S ST IE - E)? o

n €Ky jeJ;
Lo
Hence (III)—= 0.
For (IV), with the same argument in (III), we have (IV)% 0.

For (V), we note

> N (B.-E)E;-E) < Y _|Jl(E-E)>

i€Kn jEJ; €Ky

Therefore, assumption 3 implies

mpy, —
(V) <=5 D 1il(Bi = B)* = 0.
" ek,

This completes the proof. O
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Theorem 4.26. Let X, z4 be a random field, Dy, be well-divided, DY), Ky, Ji, by, ba,b, my,
and ky, be defined as in Theorem[{.23 Let

5 a 1
. X Su=) S0, Smu=1"5

]eD'Er? ZEKn

n

i€Ky jET;
We assume
1) (1/7(,%)4 are u.i.,
2)
i Var(Sy) _ o2,

3)

4) Qoo 00(mP?) = 0 as m — oo.

~ L
Then ¢n =2 0% as n — oo.

Proof. Let t; = I/T(,ZL)n EUT(,? and ¢ = Uy, — Eby,, . Then we have Et; = Et = 0. Assumption 1

implies tf is u.i.. Let
1 ) _ _
- >N tity, E;=ES{), E=ESn,.
icKp, jGJi

Then we have
o = Ep — (D+I)+AI)+IV)+(V),

where

— Z Z(ti—i-tj)t_,

n €Ky jeJ;

IDIE

" ieKn jeJ;

(1) = E),

ZEKnJGJ
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(IV) = ),

" ieK, jEJ

_m > ) (Ei- E)(E; - E).

€Ky jeJ;

and

By using the properties of zero means and u.i. of ¢;, with the similar discussion in the proof of

Theorem we have that (I)~(IV) converge to zero in Ly, (V)— 0 and Var( n) — 0. We
also have (%n —n L2, 0. Therefore the rest of this proof is to show EX,, — 2. We note that

V(|12(5|’n) = —Z ZCoth,t

ZEKnJGKn
= [EX, +— Z ZCOU ti, tj)
i 1€Kn j¢J;

The well-divided D,, and assumption 1 imply the above second term converges to zero. Therefore

assumption 2 gives EY,, — 2. This completes the proof. O

Theorem 4.27. Let X,;cz4 be a random field, D, be well-divided, DY), K,, J;, by, by, b, my,
and ky, be defined as in Theorem[{.23 Let Sy, be a measurable function,

S7(rZL)n = Smn(X.ED(i) ) n = Z S(Z S = iSn
! €Ky kn
Let
DD G [CE
€K, jeJ;
We assume

1) There ezists a constant M and §, 6 > 0, such that

S(i) 2
sup ) < M;
i,Mn mnp 946
2)
lim inf Var(Sn) 0;
n—00 | D, |

3)

(ES,(,?TL — Egmn)Z —+0 as n— oo.

4) Qoo .00(mP?) — 0 as m — o0o.
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Then we have )
Cbn Lo
— 1 — 00.
Var(S) as n — oo

Proof. We follow the idea in the proofs of Theorem and Theorem We need to show

(i)

PO 50 s o,
and
(i)

LR
Let

S5

=) _ |y
e ti = vy, — Evp,

() — =0 —TFEb
Up = U= U, — Ebpy,,.

Then we have Et; = Ef = 0. Lemma and assumption 1 imply t;1 is u.i.. Let
1 . _ _
Y, = P Z Z titj, E;=ES{) E=ES,,.
€K, jEJ;
We write
b = Mken [ S = D+ +(IV)+(V) |,
where (I)—(V) are defined in the proof of Theorem

For (i), assumption 2 implies it is sufficient to show

Var(¢y)
maky
With the same argument as in the proof of Theorem (I)—-(IV) converge to zero in Lo,
(V)= 0 and Var(%3,) — 0. Then we have

Pn

mpkny,

Var( ) — 0,

which proves (i).

For (ii), we write
Var(Sy) = mukn [IEEn n EAn} ,

where

A, = ki Z Zti,tj.

" ieKn j¢J;
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By using Lemma [4.5] with the same argument in the proof of Theorem [4.22] assumption 4

implies EA,, — 0. Therefore, by using assumption 2, we have

liminf EX,, > 0. (4.10)

n—o0

Since (I)~(IV) converging to zero in Lo implies their expectation converging to zero, then

E(é,) % EY, + |E(I) + EII) + E(III) + E(IV) + (V)
Var(S,) Vor(s) - ES, + EA, =0,
which is ensured by (4.10)). This completes the proof. O

4.3.2 Estimators with smooth conditions

This subsection generalizes those results in Section 4.2.2. We introduce some general assump-

tions and some estimators which are different to those in 1-dimension random processes.

To avoid estimating the number of these paired blocks, in this subsection, we also introduce
assumptions about the following function, a function of the number of the paired blocks with

respect to their distance, i.e.
hun (M) = # {(z’,j) L dist(DG) DY) =m,ij e Kn} .

For example in the 2-dimensional random field in Figure [4.2(a), if we use the definition of the

distance introduced in Section [2.1] we have

9, if m=20,

0, if0<m<1,
hm,(m) =< 24, ifm=1,

0, if 1 <m<2,

16, if 2.

We have two properties of h,,, function:

(P1) Let aj(m) be the strong mixing coefficient. For any p > 0, we have

S (dist(Dﬁ,%,D,ﬁ{l)) — i By (M), ().
€K, jeK, m=0
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(P2) We note that, for any ¢,k € Z* and i1,42, - ,iq, j1,J2,"  *, jk € Ky, we have
q k
#{(i17i27'”7Z'Q7j17j27'”7]k d/LSt(U 73 U 7}7Ltn) _m}

< k%—l—k—Z# {(Z"j) : dz’st(Dﬁ,?n,D%ZL) = m},

where i € {i1,42, - ,i,} and j € {j1,j2, -,k }. Therefore we have

q k
Z Z Z Z aqmn kmy, (dZSt<UD£an)’UD7(7thn)>>
11€Kn, ig€Kn 1€Kn JkEKR t=1 t=1
= Z #{ i1,02, 0 0g, 31,72, 5 Jk) dZSt(tzulDr(ff vtzulDr(rjztn)) = m} S — (m)

k—
< kq+ Qthn qmn,kmn(m)'

By using the above two properties, for a special case of well-divided D,,, we have the following

result.

Theorem 4.28. Let b > 0, p > 0 be constants, D, DT(ﬁ)n and K, be defined as before, i.e.

ieKn,
We assume

1) For alll € Z" and fized i € K,,, we have

4 {j (- 1)mb < dist(D,(,?n,D,(%D < zmz} < 141

2)

Then we have

Z b, (m)ad, . (m)=O(k,) as n— oo.
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= Z Z ab (dist(D%{L,D%l))

€Ky jeK,

_ 0 pu) b b
< g{:ﬂ;#{ (- 1)ymb <dzst<Dmn,DnZLn><lmn}a§’nnmn<(l 1)mn>
S S (- )

iceK, =1

IN
/—\
Q
3%
g
3
3
=
+
[
3
3 o
=
L
=
3%
3
3
o~
3
3o
~——
N~

IN
Q
3"@

3
3
§
S
+
3
a
QH
3"@
3
3
3
2

we have

This completes the proof. O

Similarly, if we use assumption 1 and 2 for union blocks as in property (P2), we will have the

following estimation:

Y Y Y a{;mmkmn(dist(g L:J ))

i1€Kn iqun 1€Kn  jk€EKn

< kg 2thn Yol (m) = kT20(k,) = O(kEHE1),

Therefore, in following theorems, we state assumptions in terms of the h,,, function. Further-
more, if D,, is well-divided, it is possible for us to introduce weaker assumptions. For example,
in Theorem Theorem and Theorem [4.32], we assume the tail part of the sum, rather

than the total part of the sum, shares the same power with k,, i.e.
> hmn(m)aj;; am,, (M) =O(kn) as n— oo,

where by > 0 is the constant introduced in these theorems.
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Theorem 4.29. Let X;c7qa be a strong mizing random field, D,, C 74 K, C 7%,

U DY) =D, DY nDY) =0 if i+#j,

1€Kp

|D M, ’Kn‘: kna ’Dn‘: mnk’m

=

kn — 00, m,—>00 as n — oo.
hun, (m) = #{ (i, ) : dist(DG), DY) = m,ij € Ko |

Let fi () be a function,

) = fn( X, p ), men

We assume that

1) m2 = o(ky,) as n — oo;

8fm

2) H H = Sup,, ; ‘<oo and sup,,, fm(0,0,---,0) < oo,

3) There exists 6 > 0 s.t. || X||ays< 00;

4)

s s
Z B, (M) 22, (m) = O(kn)  as n — oo.

m=0

If lim,, oo E(fy) = @ exists, then f, L2, ®.

Proof. The idea of the proof is similar to that of the previous theorems. We simply need to
show Var(f,) — 0.

By using assumption 2, assumption 3, Mean Value Theorem and Minkovski inequality, we have

2- of
20215 < Whma 00,5+ Olasst 3 |76 1Xass
ieD® °
< Co+|D ]C’ng
< myC,

where Cy, C1,Cy and C are constants.
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By using assumption 1 and 4, we have

kn k
_ 1 n n ; )
Var(la) < 530> ICou(7D, 1)
noi=1 j=1
kn k
< 20> ek, (dist(f5, FD)) 15D ol D) v
noi=1 j=1
max{dist( r(er T(,{zt)}
= Y S (st 7)) it (dist(S50 £
" dist(F £9))=0
< S sl £ 245
é 2 Z amnymn (m)
—- 0.
This completes the proof. ]

Theorem 4.30. Let X;c7q4 be a strong mizing random field, Dy, K,, Dﬁ,?n, M, kn and hy(m)
be defined as in Theorem |/ a Let ST(an, tm)n, Y, Sn and 62 be defined as in Theorem .
Let D,, be well-divided, by,bs and b be defined as in Theorem[[.23. We assume

1) m8 = o(k,) as n — oo;

8Sm

2) |35l = $Ps | 35| < 00, and sup,, $(0,0,++,0) < o;

3) There exists 6 > 0 s.t. || X|lar25< 00;

4)

Z hon,, (m ajjniAmn(m) =O0(k,) as n— oo;

mmn

5) - ,
:kZK:( n) —0 as n— oo.

. . o L
If limy, 00 B(3,) = 02 emists, then we have 62 =2 0% as n — .

Proof. Using the same idea and notations as in the proof of Theorem since assumption 4
implies (V)— 0, we are going to show (I)—~(IV) converge to zero in Ly without the u.i. assumption.

It is sufficient to show Var(%,) — 0 and E(£2) — 0 as n — oo.
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Assumptions 2 and 3 imply that, for all 4,5 € K,, we have ||t;t;|a1s< m3C, where C is a
constant. Since D,, is well-divided, it implies sup|.J;|< b, by using property (P2) of the hy,,

function, we have

Var(S) = 5 > > S % Cov(tiltjl,tigth)

i1eEKy j1€Ji1 €Ky j2€-]i2

b2
< o 2 Y |Co(tti tit,)
" §1€Kn i2€Kn
b2
< =2 ‘COU(tiltjl,tigth)‘-i‘ > ’Cm)(tiltjl,tizth)’
" i1eKn \i2€Jiy ia¢ Ji,
b 62 5 6 2
= k72 Z bmnc + Z 8a227+ni,2mn (dilﬂé)mnc
" i€k, iogJiy
b¥mSC? b2 > 5 6 2
< T Y i (ii)8035E o, (i )M CR
n ndi17i22m22

where
dil,iz = dist (ti1tj1 5 tiQ tjz) .
Then assumptions 1 and 4 imply Var(%,) — 0.

We write

E() = k% >33 Y Cootittet)

n ’iGKn jeKn qEKn lEKn

+ki4 Z Z Z Z COU(ti,tj)CO'l)(tq’tl)

n ieKy jGKn qun leK’n
— (D)4,

For (I), with the similar argument to Var(3,), since ||t;tj||l21s< m3C, and D, is well-divided,
then, by using property (P2) of h,,, function, we have

1) < kl%z YN ‘Cov(titj,tqtl)‘

€K, jEK, qeKyn lEK,

= ki Z Z Z ‘Cov(titj,tqtl)‘

1€K, jJEK, q OT ZGJZ‘UJJ'

+3 > > ‘C’ov (titj, tqtl> ’

i€Kn jeKn ¢ and i¢J;UJ;

S
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1 © 5
< ,?1( S kamiCP(supl i)+ B8 Y hmn(dij,ql)aéf,smn(dij,ql)m?;CZ)
" €K, jEKn ’ diyq=m"?
P*mSC? 8 o 25
< 7271 + = Z han,, (M)8ap™® s (m)m8C? - 0,
n n b2
m=my

where
dijqr = dist (Litj, byt ).

For (II), we write

V() = 1712 Z Z Cov(ti,t]) = Ez2.

" ieKn jeKn

Then Theorem implies /(IT) — 0. This completes the proof. O

Theorem 4.31. Let X;c74 be a strong mizing random field, Dy, K,, D%L, M, kn and hy(m)
be defined as in Theorem . Let S, S,(ﬁ)n, S

N IPCIE NIC A

€Ky jeJ;

be defined as in Theorem[].26. Let D,, be well-divided, by, by and b be defined as in Theorem|[].22,
We assume

1) m721 = O(kn);
2) There exists 0 > 0 s.t. || X||4425< 00;

3)

4)

e 5

Z hn(m)aj;“;/lmn (m) =0(k,) asn— co.

m:mlfl2
5)
1 _
(@ _
o (Es ES,, ) 0

~ L
Then we have ¢, = 02 as n — 0.
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Proof. Let Xy, t;, t, (I)~(V) be defined as in Theorem We write

~

¢ = Xp+ (D)+I)+(ID)+(IV)+(V).

Since assumption 5 implies (V)— 0, for the rest of this proof, using the same idea as in the
proof of Theorem but without the u.i. assumption, we need to show (I)~(IV) converge to
zero in Ly, and Var(X,) — 0. It is sufficient to show E(#*) — 0.

With the similar argument on E(#*) as in the proof of Theorem we write Et*=(I)+(II),
where (I) and (II) are defined as in Theorem [£.30] Then we have, by using Theorem [4.22]
/() — 0. Assumption 2 implies ||¢;t;]/245< m,C, where C' is a constant. Therefore the
argument involving (I) in the proof of Theorem implies

O < (X 3 kamdCPsupll)? + ks > ool (i a)m3C?)
n €Ky jeK, d” o= mn
b 202 8 2-?—5 2 2
S kn k2 Z hmn ) amn,3mn(m)mnc - 07
m= mflz
This completes the proof. ]

Theorem 4.32. Let X;c7q4 be a strong mizing random field, Dy, K,, ng)n, My, kn and hy(m)
be defined as in Theorem 4.29. Let S, Sﬁ,zl)n, S, and

e 33 (58 5 (55

€K, jeJ;

be defined as in Theorem[].27 Let D,, be well-divided, by, b and b be defined as in Theorem[].23.
We assume

1) m2 = o(ky) as n — oo;

6Sm

2) |35l = suPs |5 < o0, and sup,, (0,0, ++,0) < o;

3) there exists § > 0 s.t. || X||4425< 00;

/) liminf,, o0 V‘Ilg(j“) > 0;
5)
Z him,, (m aﬁﬁimn (m)=0(k,) asn—
6)
N2
mnk Z (ES ESmn) —0 as n—o0
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Then we have )
(Z)n Lo
Var(Sy)

1 as n — oo.

Proof. We use the same ideas as in the proofs of Theorem and Theorem Let X, t;, t,
(I)=(V) be defined as in the proof of Theorem Therefore, similar to the arguments in the
proofs of Theorem and Theorem m it is sufficient to show E(£*) — 0.

Assumption 2 and 3 imply ||¢;t;]|2+6< m,C, where C'is a constant. Now, with the same argument
on E(#*) in the proof of Theorem we have E(#*) — 0. This completes the proof. O

4.3.3 CLTs with estimated variances

This subsection provides CLTs with those estimated variances from previous theorems. We

firstly introduce two preliminary lemmas.

Lemma 4.33. Let X,, be random sequence and a,, be a real-value sequence. If E| X, — an\2—> 0
and lim inf,, a,, > 0, then X, /a, .

Proof. Because liminf, a,, > 0 implies 1/a,, < C, where C' is a constant, we have

"

- _1

Gn

0 as n— oo

X ‘ . 6) < ElX, —an)* 1 E|X, — an|? .

242 T a2 2
e“az az €

Lemma 4.34. Let X, and Y, be two random sequences. If
1) Xo//Var(X,) 2 N(0,1);

2) E|Y, — /Var(X,)*— 0;

3) liminf,, Var(X,) > 0.

Then X,/Y, 2 N(0,1).

Proof. By using Lemma 4.33] assumption 2 and 3 imply Y,,/+/Var(X,) L. 1. Then Slutsky’s

Theorem implies

Xn
X Xn Var(Xn) b, o 1),

Yo /Var(X,) Y,
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For a random field X,czq4, D,, C Z¢, Lemma can be easily generalized by using |D,| to
take the place of n with the condition of | D, |— oo as n — oo. It means Lemma also holds
for random fields. The following theorems are directly combined by previous Lo consistency
estimators, CLTs and Lemma [4.34]

Theorem 4.35. Let X;cz4 be a zero-mean random field. The strong mizing coefficient of X

satisfy (H f of Theorem . Let D,, be well-divided, D7(n)n, K,, J;, b1,ba,b, m, and k,, be
defined as in Theorem . Let S,,, S#L) gmn,

n’

= o 2 2 (S8 = S ) (882 = )

€K, jEJ;

be defined as in Theorem[{.20. We assume

(@)
1) (Sm" Y4 are w.i.;

2)

3)

4) Qoo ,00(m b2)—>0 as m — 00.

Then Sn/\/ én 2, N(0,1) as n — oco.

Proof. Because assumption 2 implies (H4|) of Theorem this proof is completed by using
Theorem Theorem and Lemma [4.34] In using Lemma [4.34] we set X,, = S, and

S -

Theorem 4.36. Let X; Ezd be a zero-mean random field, and suppose that the strong mizing

coefficient of X satisfies f of Theorem . Let D,, be well-divided, Dﬁn)n, K., Ji,
by, ba, b, m, and k, be defined as m Theorem [{.23. Let

P 1
Z X]7 n - Z Sﬁn)nv Smn = ?S’m

]GD ZEK’n n

Let

b= 3 (S8 S ) (2, S

€K, jeJd;

We assume
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1) For the § in (H3),

S(l) 2
i,mn mn 245

2)

1k Z (ES(Z‘)TL—IESmn)Z—)O as n — oo.

Then Sp/\/ fn EEN N(0,1) as n — oo.

Proof. This proof is completed by using Theorem [3.1I, Theorem and Lemma O

Theorem 4.37. Let X;czq be a zero-mean random field, and suppose that the strong mizing
coefficient of X satisfies f of Theorem . Let X;cza be a strong mizing random field,

D, K,, Dy(,il, My, kn and hy(m) be defined as in Theorem 4.2@. Let Sy, 5’7(7?,” S, »

b= iy 2o 2 (80, 5 ) (85 )

€K, jEJ;

be defined as in Theorem[4.26. Let D,, be well-divided, by,by and b be defined as in Theorem|[].22

We assume
1) m;lz = O(kn);
2) There exists § > 0 s.t. || X||ar26< 0o (implies | X ||la1s< 0o in (HT));

5)
lim Var(Sy)

n—soo ‘Dn|

=0?>0 (implies (H]));

4)
Z hn(m)aj;;iAmn (m) =0(k,) asn— oo.
m*mi?

5)

Then Sy /6n 2, N(0,1) as n — oo.

Proof. This proof is completed by using Theorem [3.1], Theorem [£.31] and Lemma [4.34] O

Theorem 4.38. Let X;cyza be a zero-mean random field, and suppose that the strong mizing
coefficient of X satisfies f of Theorem . Let X;cza be a strong mizing random field,
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D,, K,, Dgn, My, kn and hy(m) be defined as in Theorem . Let S, S,(fb)n, S, and

TSP [T

1€Ky jEJ;
be defined as in Theorem[].27 Let D,, be well-divided, by, b and b be defined as in Theorem[{.22.

We assume

1) m* = o(ky,) asn — oo;

2) H H = Sup,,, ; %ST";‘ < 00, and sup,, Sm(0,0,---,0) < oo;
4)
5
Z han,, (M)’ m, (m) = O(ky)  as n — oo;
9)
IES i 0 —
mnk: ( ) -0 as n— o0
’LeKn
Then we have
Sn D

— N(0,1) as mn— oo.

Proof. This proof is completed by using Theorem 3.1 Theorem[£.32] Lemmal[f.4land Lemmal[4.34]
O

4.3.4 Estimators for finite populations

In this subsection, we develop Fuller’s central limit theorem, Theorem 1.3.2 in [26], into depen-

dent non-stationary random fields.

Let a finite population, x¢cp,, be from a random field X;czq4, i.e. Dy C Z%. Let Ricza be
defined by ([2.10). We define

A = {tEDNthl},

Tz = E I,

tEA
_ 1
IN = — E Ty
|Dn| ’
teD N
1 1 _
_ )Ty =1
Cct = 1
_l N|7 Rt: )



Theorem 4.39. Let X;c7qa be independent to R;cza. R;cya satisfies and . Let X;cpa
satisfy f, and for the § in of Theorem assume that R also satisfies . For

the finite subset, Dy, of Z¢, let x1ep,, be a realization of Xiep,, and A C Dy. We set

Sy = Z cxy, ok = Var(Sy).

i€Dpn
If
o%
liminf —— > 0, 4.11

then we have T — Ty = Sy and

S

2N By N(0,1),  as N — . (4.12)

ON

Proof. We note that £ — zny = ZteDN ctry, which proved T — Zy = Sn.

Let two possible values of ¢; be a; = ﬁ — ﬁ and ag = —ﬁ. It is obvious that ag # 0, a1 # 0
and ag # aj. Then we have
ct —a
R, = til, te 7.
ap — ax

Therefore o(ciep) = o(Reep) for all subsets A C Z%. Tt also means we have ag (m) = aﬁl(m).
By using Lemma it is easy to check that {c;X;};czq satisfies f. Equation im-
plies that {c.z},czq satisfies of Theorem [3.1} Then is a straightforward consequence
of Theorem [3.1] O

Theorem implies that if there exists an estimator, &]2\,, satisfying the assumptions in Theo-
rem Theorem Theorem or Theorem then we have

S
SN N(0,1) as N — oc. (4.13)
ON

Furthermore, we suppose this finite population, Dy, is in H strata, and h stands for the h-th
stratum, h € {1,---, H}. Then Dy, is the set of subscripts of the population within the h-th
stratum. Let R;czq is defined by (2.10)) and

H
Dy = | Dn,
h=1
A, = {tEDhiRt:1},
H
Av = | 4n,
h=1
7 LS
h — Ta7 ty
|Ah| teAp
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Dl h—1teDy, teDy
i = 3 ’Dh‘azh
= 1PN

Then Theorem [4.39] still holds.

We note that Dy, in here is a kind of partition of Dy based on strata, however Dﬁ,?n in previous
theorems is another partition of Z¢ based on the settings in the assumptions. There is no

confusion between them.

Since the dependence between strata can also be described by the dependence between persons,
in this case, the estimator &]2\, defined as in Theorem still works for the result as per |i
with suitable assumptions in Theorem Theorem Theorem or Theorem

For indicated random fields, {R;X;};czq4, d > 1, central limit theorems in Chapter |3|imply that,
with their required assumptions, added by the assumptions used in this section, all the theorems,
such as Theorem Theorem Theorem and Theorem hold for the indicated
sampling method which is introduced in Chapter

88



Chapter 5

Functional central limit theorems

The functional central limit theorem is a kind of development of the central limit theorem on an
infinite dimensional space. It considers the asymptotic property of a series of random processes
which are indexed by time, t. It is also called a Donsker theorem or invariance principle.
To consider the convergence of these random processes, we need to set up a suitable space
and a topology with a measurement of distance between two elements in this space. Space
C = C|0, 1], which is the space of continuous functions, is one such space. However, it cannot
be used to describe random processes with jumps. Therefore, we introduce another space, space
D, endowed with the Skorohod topology. The preliminaries of this chapter are mainly adapted
from [4] by Billingsley and [57] by Rio. We prove FCLTs for nested sampled non-stationary
dependent random fields in Section Section directly applies the results in Section to
the indicated sampling strategy, which was introduced in Chapter

5.1 Space D and Skorohod topology

Let D = D[0, 1] be the space of cadlag functions, i.e. x : [0,1] — R, where = € D is a right-
continuous function, and the left-limits exist for any points of x. Let z and y be two elements

in the space D. We introduce two metrics, which are defined in [4] by Billingsley,
d(z,y) = inf{e : sup|A(t) — t|< ¢, sup|z(t) — y(A(1))|< €},
t t

and
do(z,y) = inf{e : A< E,Sgplx(t) —y(A(1))[< €},
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where A(t) is in the class of strictly increasing, continuous mappings from [0, 1] onto itself,

At) = Als)

A=
[Al|= sup P

s#t

log

9

and A(t) satisfies || A]|[< co. The Skorohod topology is defined by the metric d(-,-). In Chapter 14
of [4], Theorem 14.1 proves that d and dj are equivalent metrics, Theorem 14.2 and Theorem 14.3
proved that, with the metric dy(-,-), the space D is complete and separable. Thereupon we can

consider the weak convergence and the tightness of a sequence of random elements in the space
D.

Definition 5.1. ([4]) Let W, (t) be random elements of D. We say W, (t) has asymptotically

independent increments if
0<s1<t1<sp<tp-- <8<t <1

implies, for all Borel sets By, ---, B, of R, that

— 0, as n — oo.

P{Wn(ti) — Wn(sz) S BZ',Z' = 1, s 7"} — ﬁP(Wn(tz) — Wn(sl) S Bl)
=1

Similarly, we say two random sequences X,cn and Y,cn are asymptotically independent if and
only if for all Borel sets By, Bs of R, that

P{X, € B1,Y, € By} —P{X,, € Bi}P{Y,, € By} | = 0, as n — co.

Lemma 5.1.
a) Let two random sequences X,, and Y, be asymptotically independent. Let X and Y be inde-
pendent random variables. If X, L X and Y. N Y, then we have X, +Y, Pox+y.

b) Let X,, and'Y,, be two random sequences. Let { X, 1Y, }nen and Y, be asymptotically indepen-
dent, X, D, X, Y, Loy, If X +Y is independent to Y, and Y has the non-zero characteristic
function, then X,, Y, Pox+y.

Proof. a) We only need to prove the addition case. Since two random sequences X, and Y,
are asymptotically independent, then we have [Ee’/(Xnt¥n) _ Ee#XnREeiYn)|— 0. We note that
Xn L, X and Y. Dy imply

|EeitX” — EeitX|% 0, |EeitY” — Eeity)|ﬁ 0.
Therefore

Feit(Xn+Yn) _ | eit(XJrY)‘ _ ‘]E GH(Xn+Ya) _ EoitX ity
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S ‘Eeit(Xn+Yn) _ EeitXnEGitYn)’

—l—’EeitX" . Eeitx‘—HEeitY” _ EeitY)’

— 0.

This implies X, + Y, = X +Y.
b) We note that the non-negative characteristic function of Y implies the non-negative charac-

teristic function of —Y. Therefore we only prove the substitution case.

Eez‘tY
‘ 1

Eeit(Xn—Yn)_Eeit(X—Y)‘ _ ‘ 1 <eit(Xn—Yn)]EeitY_Eeit(X—Y)EeitY>

EeitY

(

Feit(Xn—Yn) (E Y R 6itYn) ‘

—|—‘IE1 Pt (Xn=Ya) g itVn _ [ oit(Xn—Yn)+itYn

+‘E€itXn _ EeitX’)

1
EeitY

X ((1)+(11)+(111)).

Since (I) (II) and (III) all go to zero by the assumptions, this completes the proof. O

Theorem 5.2. (Theorem 19.2 in [4]) Suppose that W,,(t) satisfies the following conditions:
1. Wy, (t) has asymptotically independent increments;

2. {W2(t)}n>1 is uniformly integrable for each t;

3. E(W,(t)) = 0 and E(W2(t)) — t as n — oo;

4. For each positive € and 1, there exists a positive § such that

P ( sup |Whp(s) — Wy(t)|> e) <n

|s—t|<d

for sufficiently large n. Then we have

Wi (t) 2 W (t).

The above theorem is a criterion for convergence introduced in [4]. It has been used in some
work such as [12] by Bradley and Peligrad for one dimensional strictly stationary processes with

strong mixing conditions and a polynomial mixing rate, [31I] by Herrndorf for non-stationary
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processes with p-mixing conditions, and been developed by Deo for a high dimensional time
index and stationary random fields with ¢-mixing conditions in [I8]. However another criteria

of convergence in Billingsley’s book [4], Theorem 15.6, is also used in this section.

Theorem 5.3. (Theorem 15.6 of [4]) Let F(t) be a continuous non-decreasing function on
[0,1]. We suppose that W, (t) and W (t) are elements in space D, and the following conditions

are satisfied:
1). Wi(t1), Wa(ta), -+, Wh(ty)) 2, (W (ty), W(ta), -, W(tx)) whenever ty,ta,---, tx € [0,1];
2). P(W(1) # W(1-)) = 0;

3).
1

P(Wa(t) = Wa(t)[2 X, [Wa(t) = Wa(t2)[2 A) < 57

[F(t2) — F(t2)]*, (5.1)
forti <t <ty andn>1, where y >0, a > %

Then we have

Wi(t) 2 W (t).

5.2 FCLTs on non-stationary random fields

Generally speaking, the stationarity property will benefit the estimation of the variance of
the sample sum. Let X;, ¢ € Z, be a one dimensional zero mean random process. Then
Vard 7l X; =370 >0 EX;X;. It means, although X; are well bounded, the variance still

has order n2.

However, if this sequence is endowed with the stationarity property, we have
Cov(X;, X;) = Cov(Xo, X;j—;). Therefore, Theorem 1.2, in the book [42] by Lindgren et al,

implies |Cov(X;, X;)|< Cov(Xg, Xo). Now we have

—k Cov(Xo, Xi)
Var E X, = E E EX;X; = nCov(Xop, Xo) |1+2 g 7 Cov(Xo. Xo)
i=1 j=1 k=1 ’

Since "T < 1 and % < 1, it implies the possibility of an estimation of the variance

with a lower order compared to n?.

There are many works of FCLTs on stationary random processes and/or fields. For example,
in Theorem 20.1 of Billingsley’s book [4], ¢-mixing conditions are introduced for the one di-
mensional stationary processes. In the paper [48] by Merlevede and Peligrad, the strong mixing
conditions and quantile conditions are introduced to one dimensional strictly stationary pro-
cesses. In [57] by Rio, the strong mixing conditions are introduced to one dimensional strictly
stationary processes. Fazekas [23] introduced continuous parameter fields and infill-increasing

assumptions to strictly stationary random fields.
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In [I] by Andrew and Pollard, bracketing conditions are introduced to FCLTs on non-stationary
strong mixing random process. In this section, we will introduce a FCLT which works for non-
stationary random fields with strong mixing dependent properties, quantile conditions and the
nested sampling strategy. Another FCLT involves @-mixing conditions in order to relax the

previous quantile conditions.

Following Rio’s definition of a “tail” function in [57], we let the quantile function of | X;| be the
inverse of the non increasing and left continuous tail function of |X;|, which is noted by Qx| or
Q;. Specifically,

Q|x,|(u) = inf{z > 0: P(|X;[> x) < u}.

Some properties of the quantile function are provided in [57] such as Theorem 1.1 and Lemma 2.1
which will be our main tools in the following proofs. We also need some preliminaries on complex-
valued random variables such as the following lemma, Lemma [5.5] which is a relaxed version of
exercise 7 at the end of Chapter 1 in Rio’s book [57].

Comparing our Definition of strong mixing coefficient with Rio’s definition in Chapter 1 of
[57], we use m to specify the distance between two blocks, A; and Ay. We also use the subscript
of ay,; to emphasize the sizes of A; and Ag, where |A;|= k and |Az|= [. Rio introduced a factor,
2, in front of our ay;(m). This factor brings convenience to the proof of the following theorem,
Theorem 1.1 in the book [57]. Rio’s definition is the same as the form, 2cy,;(m) in our case on
random fields. In the following lemmas, we assume X is one of X;cp,, and Y is one of Xjcp,,
dist(A1,A2) > m, in Definition Furthermore, for convenience, we let a = ap,| a,/(M)-
Then we have the following two results, Lemma [5.4] and Lemma by Rio.

Lemma 5.4. (Theorem 1.1 (a) in [57]) Let X and Y be integrable real-valued random variables.
Assume that XY is integrable. Then

2c «
Con(XV)I<2 [ QW@ (udu < 4 /0 Qx| (w)Qyy (w)du.

Lemma 5.5. Let X and Y be complex-valued random variables. Then we have

2c¢ o
Con(X V)< [ QW (wdu < 16 /0 Qx| (w)Qyy (w)du,

where « is the corresponding strong mizing coefficient with respect to X and Y, and | X| is the

modulus of a complex number X .

Proof. Let X = X1 +iXa, Qx,|(u) = z1, Qx,|(u) = 22 and Qx|(u) = z* for some fixed u.
Since |X|> | X1|, we have
P(|X1|> z*) <P(|X|> z") < u
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Therefore we have z* > 1, i.e.

Qx| (u) < Qx| (u).

Similarly we have Q|x,|(u) < Q)x|(u). If we let Y = Y7 +iY, then we have

Q|(u) < Qy(u),  Qpy(u) < Qpy(u).

Using the above inequalities, and the first inequality of Lemma [5.4] we have

Cov(X,Y)| < |Cov(Xy, Vi)|+|Cov(Xa, Y1)|+]Cov(X1, Ya)|+|Cov(Xa, Ya)|
< 2 [ [Qun Qs ) + Q01 ()
+Q|x,) () Qpyy (1) + Qx, (1) Qs (u) ] du
< 5 [ Qu@

Similarly, the second inequality of Lemma [5.4] implies the second inequality of this lemma. This

completes the proof. ]

Since Q) x| (u) is non-negative for the random variable X, and 0 < o < 1, then the inequalities in
Lemma and Lemma [5.5| can also be bounded by a higher upper limitation of the integration,
i.e. N .

| @iwera< [ @ way wi (52)
Now the following lemma can be directly applied to the case of the multiplication of random

variables if it occurs in Lemma [5.4] and Lemma [5.5

Lemma 5.6. (Lemma 2.1 (b) in [57]) Let X1,---, X, be random variables. Then

1 1
/0 Qs (1)Q 3 (1) -+ Qxc ()l < /0 Qs () Qe ()@ (1) - Q@ ().

1

Lemma 5.7. For any a € [0, 4

| and any random variables, X1, Xo,---, Xp, we have

/Oa Qx, %, (W) Qx5 (u) - - - Qx, (w)du < /Oa Qx| (WQ x5 (WQ x5/ (w) - - - Qx, (w)du.

Proof. For any «a, a € [0, %], we define a random variable,

7 0, with the probability 1 — «a,
1, with the probability a.
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Then the tail function of Z is

1, ifu<aq,

Q|z|(w) = inf{z > 0: P(|Z]> z)gu}:{ 0 fus o

Now, for any random variables, X; and X5, we have
«
| Qi 0)Qus () Qe ()

1
= /0 Q2/(W) Q) x, x| (W Qx5 (1) -+ Qx| (u)du

1
< /0 Q1 ()Qx, | (4)Q 0 (W)@ xy (0) - Q () (By using Lemma [56)
- /0 Qs (1)Q 3 () Qxa (1) -+~ Qx, ()l
This completes the proof. ]

For the strong mixing coeflicient in Definition ag,(m), we define the inverse function of
ay(m) as the supremum of the distance m, i.e. oz,;} (u) = sup{m € N : ag;(m) > u}, which is
the same as

a,;}(u) =inf{m € N: ag;(m) < u}.

We note that

o0

Z (m + 1)]1u6[ak,l(m+1),ak7l(m)) = O‘];ll (’LL) (53)

m=0

Therefore, for any constant K > 0, we have

e K
>+ D o stmi 1 o omy = [id (@] (5.4)

m=0

Theorem 5.8. Let X;cza be a zero-mean random field with strong mizing coefficient oy 1(m),
which is defined by Definition . For any subset of Z%, D C 7%, we assume there exists a
constant K1 > 0 such that

IDI< Ki(m + 1Y%, (5.5)

where m = sup{d(i,j) : i,j € D}. Then there ezists a constant C' such that

Proof. We note that (5.9) implies
#{j: d(i.j) <m} < Ki(m+1)7.
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Therefore, by using Lemma (5.3) and (|5.4]),

N

2
E (Z Xi) < ) |Cou(Xy, X))
€D i,5€D

a1,1(d(4,7))
<2y | Q% () + Q& (1) d
1,J€D
aq,1(m)
3> / #{j (i, §) = m}Q%, (w)du
zEDm 0
aq,1(m)
3> / #{j + d(i,5) < m}Q, (w)du
ieD m=0 " 1,1(m+1)
(o5} 1
ieDm=0"%1 1(m+1
- 4K1 Z/ Z ]]"LLE[al 1 m+1 041 1 <m + l)dQX ( )
€D
i
= Y [ [t ] @
€D
This completes the proof. 0

Let {S1, S2} be a partition of distinct {4, 5, k,1}, 4,5, k,1 € Z%. Then Sy and Sy are two non-empty
sets. We define
Mijkl = max {dist(Sl, Sg) : {Sl, SQ} S Pijkl}7 (5.6)

where P;ji,; stands for the set of all partitions of {7, j, k,(}, i.e.
7Dijkl = {{{Z’]}v{kvl}}v {{ivk}v{j’l}}’ {{i,l},{k,j}h
{{i. L.k 0%, 0 h kDY, {({k ) {040} {{L},{j»/ﬂ,i}}}

Lemma 5.9. Let M;j;j; be defined as in @, but with {i,j, k,l} not necessary distinct. Then
J»k, 1 must be within 3M;ji, of i, i.e.

diSt(i,j) < 3Mijk‘l7 dist(i, k) < 3Mijkl7 dist(z’, l) < 3Mijkl- (5.7)

Proof. We suppose the contrary of (5.7)).
1) Firstly, we suppose {i, j, k, [} are distinct, then there are several cases to consider.

1.1) All of j, k,l are more than 3M;;p; from ¢. But this is impossible as the split S; = {i} and
Sy = {4, k, 1} would have a separation greater than M; ;.
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1.2) Two of j, k,l are more than 3M;ji; from 4, say k,l. Then the separation between i and k,[
is more than M;jj;. Therefore we must have dist(i, j) < M;jk, or else the separation S; = {i}
and Sy = {j, k,1} would be more than M;;i;. Hence

3Mijp < d(i, k) < d(i, ) + d(j, k) < Myju + dist(5, k),

ie. d(j, k) > 2M;;i;. By the same argument, we have d(j,1) > 2M;;p;. Thus, the seperation
between Sy = {i,j} and Sy = {k,} is more than M;;;;. This contradicts the definition of M;;p;.

1.3) One of j, k, | is more than 3M;;i; from 4, say [. For example, if d(i,1) > 3M;ji, d(i, j) < Miju
and d(i, k) < M;jp, then by the same argument, we have d(i,l) > 2M;ji; and d(k,1) > 2M;j.
This contradicts to the definition of M;;.

Thus all these alternatives are impossible, so that j, k,[ are within 3M;;x; of i.
2) Secondly, we suppose {1, j, k,l} are distinct. Then there are several cases to consider.

2.1) If only three of 4,7, k, [ are distinct, say ¢ = j, then in (5.6)), we can interpret S; and S
as the partition of {i,k,[}. In this case, with a similar argument, we must have the distance

between ¢ and the other two distinct points is less than or equal to 2M;;y.

2.2) If they are equal in pairs, then we must have the distance between the two distinct points

equal to M;j.
2.3) If they are all equal, then it becomes trivial.

So, in every case, we must have the conclusion of the lemma. O

To simplify the expression in the following theorem, we combine oy %(u) and afé(u) by defining

a;l(u) = max{ai%(u), aié(u)} (5.8)

Theorem 5.10. Let X;c7a be a zero-mean random field with strong mizing coefficient oy, ;(m),
which is defined by Deﬁnition azl(u) be defined as in @, and D C Z¢. We assume there

exists a constant K1 > 0 such that
|D|< Ky(m +1)%, (5.9)
where m = sup{dist(i,j) : i,j € D}. Then there exist a constant K > 0 such that

2
SEXGX) | +KEY /0 *or! (] QY (u)du.

i,J€D i€D

E (ZX,>4 < 3

€D
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Proof. We write
4
E (Z XZ»> = Z E(XiX; X, X))
i€D i,j,k,l€D
Consider partitioning {1, j, k,1} into two non-empty subsets, S; and So. Let M;;; be defined as

in .

Case 1: Suppose the maximum distance M;;j; occurs at the partition {51, S2}, where S; contains
two elements, and Se contains the other two. Without loss of generality, we set S1 = {i,j} and
Sy = {k,1}. Then, by using the fact of abed < i(a4+b4+c4+d4), where a, b, c,d € R, Lemma
and Lemma [5.7] imply

E(XinXle) S |E(Xin)||E(Xle)’+’COU(Xin, Xle)’
|E(X:X5) [[E(X,X0)|

o2,2(M;j k1)
+ [ (@4, () + @ () + @&, () + Q¥ (w) ) .
0

IN

Case 2: If M;jp; occurs at the partition, where S; contains one element, and Sy contains the
other three. Without losing of generality, we set S1 = {i} and Sy = {j, k,(}. Then, similarly,

we have
]E(XZXJXle) == |COU(XZ',XijXl)|

a1,3(M; jki)
/ (@4, () + Q% (1) + @, () + Q¥ (w)) .

IA

The above two estimations of E(X;X; X}, X;) also work for the cases where i, j, k, [ are not distinct.

We note that

0422 Mk 0522 My k
Z / ) Q4 X, (uw)du = Z Z / ! (u)du
i,j,k,l€D i€D j,k,leD
0 Ocz,z(m)
= S [ HG D Mg = m)Q (i
€D m=0 0

a22

< ZZ/ #{(j, k, 1)+ Myjig < m}Q%, (u)du.

€D m=0" ¥2,2 (m+1)

Lemma and the assumption 9) imply #{(j,k,1) : Mijiy < m} < K(m+ 1)3¢, where K is
a constant. Then by using and .,

a22

az,2(Mj i)
Z / Q4 Qx, (u)du Z Z / m + 1)3de§Q (u)du

i Gk, lED ieD m=0" 22,2 m+1)
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-y / Znuemmﬂ e sy K (4 1)29QA (u)du

€D

= 2/4 a22 le(i(u)du
i€D

< t (u)du
5 ol at

Similarly, we have

> [ e Z/ " Q4 (i

i,j,k,l€D i€D

Therefore the above discussion implies the upper bound of this fourth moment is not greater

than the sum of these two possible cases. It leads to

2
Y OEXXXeX)) < 3 D EGGX)| +3 ) |Cov(XiX;, Xp X))
1,5,k €D i,j€D i,5,k,l€D
+4 > |[Cov(Xi, X; X, X))
i,5,k,l€D
2
< 3 ) IE(XGX;)]
1,jJ€D
az,2(Mij k1) A 4 A A
w Yy (@4, () + Q% () + @, () + Q¥ (u) ) du
ijkieD?0
a1,3(M; jrr) A A A A
Yy (@4 () + Q% () + @, () + Q¥ (u) )
ijk,ieD?0
< 3| Y IE(GX +28KZ/ u)*Q%, (u)du
i,J€D i€D
This completes the proof. O

In Theorem and Theorem [5.13] we introduce an assumption on the nested spatial structure,
which is illustrated by Figure We set Dy is the index set of the original sample. Let
DiCD1C--CDp1CSDpC---

For example, in Figure we assume n1 and ne are the subscripts of the index set of the
sample, n1 < ng. The index set Dy, is circled by the black dash line, and D, is circled by the
black solid line, Dy, C D,,. We also use Dy to stand for the outside of the region D,,, i.e.
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-Dnl

Figure 5.1: The nested spatial structure.

the indices which are not in D,,. Then dist(Dy,,, Dy, ) is used to size the distance of the gap
between the dash line and the solid line, i.e. the distance between the region of Dy and the

region of Dy, .

Theorem 5.11. Let the zero-mean random field X,cya satisfies , , and m
Theorem [3.1. We assume

1) D, C Z% is with a nested spatial structure, i.e. Do C D1 C---C D, 1 C D, C---. There
exists constants Ko > 0 and K1 > 0, such that for any n; < no,

dist(Dy,

ng’

Dy,) > Ki(ng —ny)5o;

?

2) There exists a constant K3 > 0 such that being satisfied, i.e. for any D C 74,
|D|< Ks(m+1)7,

where m = sup{dist(i,j) : i,5 € D},

and .
1 3d
sup | (0377 )" @k < o,

where [a} | (u) is defined as in (@;

3) There ezists a non-decreasing continuous function F(t), t € [0,1], and a constant K > 0,

such that
| Dints) — Dt

| Dl

< K[F(ty) — F(t1)], 0<t; <ty <1.
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Let K9 be a constant and

(5.10)

Then we have

where W (t) is a one dimensional Brownian motion on [0, 1].

Proof. We need to check the three conditions in Theorem

Firstly, for finite k € Z1, 0 =ty < t; < -+ < tp_1 < t), = 1, and for sufficiently large n, we set

—

e:=n"2< mln {t —ti—1}. (5.11)
We are going to prove
D
(W (ti) = Wa(ti-1))i<i<e — (W (i) = W(ti-1))1<i<k- (5.12)
As in the proof of Theorem 4.3 in [57], we consider characteristic functions. Let s = (s1, 2, -+, si) €

RF, and

on(s) =Eexp | i) s;(W, Wh(tj-1)) |,

Mpr

7j=1
k

“ne(s) =Eexp zZsJ n(t; —€) — Wy(tji—1))
7j=1

Since W (t) is a Brownian motion, (W (t;) — W (ti—1))1<i<k are independent. Therefore, to prove

(5.12)), it is sufficient to prove
k
~[[Eexp (isj(W(tj) - W(tj_l))) )
=1
We write

k
~TTEexp (is;(W(t) = Wt;-0)))
=1

IN

Pn(8) = Puc(s)| + [onels HEexp(zsj alty = ©) = Waltj1)))

+ ﬁ Eexp (is; (Wa(t; — €) = Walt;-1))) - H Eexp (is; (W (L — €) = W(t;-1)) )
j=1 j=1
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k k
+ HEexp (isj(W(tj —€) — W(tjfl))) - H E exp (isj(W(tj) - W(tjfl)))
j=1 j=1
= (D4+(II)+II)+ V).
For term (IV), by using the continuity property of the characteristic function of the normal

distribution, we have

(IV) -0 as n — oc.

For term (I), by using the 1-Lipschitz property of the function of the real valued y, y + e, we

have, for all real valued = and y, | — ¢¥|< |z — y|. We note that

A
&
(]~
/N
=
—~
~
<
~—
|
=
—~
~
<
|
@)
~—
N—
(V]

Then we have

#nls) = @ne(s)|
gmnfﬁ@mm—mm—@2
j=1

Because (H4)) implies 02 > |D,|C, where C is a constant, we have

2 1
E(Walty) = Walt; =9) < —— > [Cou(Xi X))
nit2 :J€Dnt 1= Din(t;—o))

1
< W’ [nt;] — n[t-—e]\z m Oéﬁé HXH2+5,
and by using (H3|) and assumption 3, we have
2
E(Wn(tj) — Wi(t; — e)) < C(F(tj) — F(t; - e)).

Therefore, for all s, we have |¢,,(s) — ¢n.c(s)|— 0 as n — oo.

For (II), we note that the distance between W, (t;4+1—¢€)—W,(¢t;) and Wy, (t;—e) —W,,(t;—1) is the
same as the distance between Di,,( — Dppe;) and Dipr;—e)) = D,y In Figure the gap

tj+1—€)]
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Dty 1-9) = Dputy)

Figure 5.2: The gap between Dy,

tj+1—€)]

= Dipgj) and Dy —e)) = Ding;_y)-

between two solid lines implies the distance between two grey regions. By using the definition of
D[Cntj], this distance can be described by dist(D[cntj],D[n(tj_e)]). Then the assumption 1 implies

dist(Diuttys1-0) = Dintsls Dintty—0) = Doty 1) = dist(Dfus s Dintty )

Ko
> K (Int) = [n(t; -~ )))
Ko
> Cyfne])
where Cs is a constant.
We note that, if Y; = expiT};, where T}, j = 1,2,---,k are real valued random variables, then

we have

[E(Y1Ys2 - Yy) —EViEY, - - EYy|< |Cou(Y1,Ys - - - Y)|+|Cou(Ya, Y3 - - - Y ) |4 - - - [Cov(Yi—1, Yi)|,

|}/C|: L,
and
«
/ Qly,|(u)du = a,
0
where Y, is the multiplication of a combination of any one subset of {Y7,Ys,---,Y;}.
Now, let

Y; =isj(Wa(tj —€) — Wa(tj—1)),
dj = di8t<{Yj}a {Yj+17 Yita, -+, Yk})

By using Lemma [5.5] repeatedly (k — 1) times,

k
one(s) = [T Eexp (is;(Wa(t; — €) = Wa(t;-1)))
=1
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< 162/0000 Qv;| (W) Q|v; 4,54 5-vi (W)du

= 16 Z oo.00(d;)
j=1

By using the non-increasing property of strong mixing coefficients with respect to the distance,

since assumption 1 implies
mln{d]?] = ]-a 27 Ty k} 2 Kl([ne])KO,

then we have
On.e( HIEexp isj(Win(t; —€) = Win(tj—1)))| < 16(k — 1)oeo,00 (Kl([nﬁ])KO>7

which vanishes as n — oo.

For term (III), it is sufficient to prove
D
Wi (t2) — Why(t1) — W(ta) — W(t1).

Since Theorem implies W,,(t) — W (t) for any fixed ¢ € [0,1], by referring the proof of
Lemma b, to prove (III), we only need to show that W, (t3) — Wy, (t1) and W,(t1) are
asymptotically independent, i.e. that

lp1(s) — pa(s)ps(s)|— 0,

where ¢1(s), v2(s) and p3(s) are characteristic functions of W, (t2), Wy, (t2) — Wy, (t1) and W,,(t1)
respectively. Let ¢.(s) be the characteristic function of W,,(t2) — Wy (1) + Wi (t1 —€), and ¢.(s)

be the characteristic function of W,,(t; — €). Then we have

|P1(5) = pa(8)pal(s)] < [w1(s) = pul(8)[F]pu(s) = pa(s)pe(s)[+]p2(8)pe(5)) — wa(s)pa(s)|
= (i)4(i1)+(iii).

For (i) and (iii), we follow the similar arguments in (I). Therefore, we have
(i) < Es|Wy(t1) — Wy(ti —€)|— 0

and
(ili) < |oe(s)) — ¢3(s)|— 0.

Wi (t2) =W (1)) is(W (t1—e)

For (ii), since the distance between ¢**( and e ) is just the distance between
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Wi (ta) — Wi (t1) and W, (t; — €), we have
(i) = Cov (eis(Wn(tg)—Wn(tl))’ eis(Wn(h—e)))
< 804020%,5OO (Kl([ne])K"> —0 as n— 0.
Hence, the first condition of Theorem is satisfied.

Secondly, since W (t) is a Brownian motion, the second condition of Theorem is satisfied.

Thirdly, we check the restricted version of the third condition of Theorem which is provided
on page 128 of Billingsley’s book [4]. We set v = 2, a = 1, then we have

E([Wa(t) = Wa(t1) P[Wa(t2) — Wa(#)]?)

2 2
1
- 0'4K2]E } Z Xi ‘ Z Xi
1€ Dy = Diney] 1€ Dpniy) = Ding
i3 4 %
1
< lBl o x| E Z x
1€ Dpny = Diney) 1€ Dnty) =Dy

Theorem the assumption 1, the assumption 2, (H3|) and the assumption 3 imply that a

constant C' exists such that

E([Wa(t) = Wat1) P[Wa(t2) — Wa(6))

IN

C
|Dn|§‘D[nt] — D)1 Dinty) — Ding

< [F(ts) = F(t)]*.

Therefore the third condition of Theorem [5.3]is satisfied. This completes the proof. O

Remark: For the assumption 2 in Theorem the application of Corollary 3.1 in [57] has
shown that, with some proper conditions, it holds for a strictly stationary and strong mixing
sequence. For the assumption 3, if we define a nested sampling method which satisfies |D,,|= n?
for a 2-dimensional random field, then |Dy,,1|— Dy, |= [nt2]? — [nt1]*. Now we only need to

show
| Dnts] = Dty 1 Pnt) — Dint]|

< A(t2 - 13)%
|Dn|2 = (2 1)

As in the proof of Theorem 16.1 in Billingsley’s book [4] page 138, we prove this with two
cases. Case 1: If nty — nt; < 1, then one of [Dpy,) — Dipyl and Dy — Dipe,)| must be zero
since t; < t < ty. The above inequality holds. Case 2: If nto — nt; > 1, we note that
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[nte] — [nt1] < 2(nty — nt1) and
[nta]* — [nt1]* = ([nta] — [nta])([nta] + [nt1]) < 2(nt2)* — 2(nt1)*.

Therefore the above inequality holds. It means we can also replace the assumption 3 with a

weaker assumption such as

| Dints)] = Dingg || Dint) — Diney)|
|Dn|?

< K[F(ty) — F(t1)]?, 0<t; <t<ty<l1.

Furthermore, we note that

[Dinta) = Dindll|Dint) = D] _ |Dinta) = Dipy)?
| Dy - | Dy

This is a stronger condition which we used in Theorem [5.11] i.e.

| Dpty] — Dty 12

|Dn|2 < K[F(tQ) - F(tl)]2a

where F'(t) can be F(t) = t2 for the present example of the 2-dimensional random field. If the
sample size can be controlled by its index, say |D,|= |Dg|+n, then according to the discussion
in the proof of Theorem 16.1 in [4] by Billingsley, F'(t) = t satisfies the weaker assumption we

mentioned above.

In Theorem [5.13] we are going to relax the assumption 2 of Theorem As a trade-off for

this relaxing, we have to introduce the following mixing coefficient.

Definition 5.2. An uniform mizing coefficient between two blocks within a random field, X;cza,
is defined by a function with respect to the distance between the blocks, and the size of the blocks,
specifically,

pri(m) = sup {[P(BIA) ~ B(B)J: A € o(Xicn,), B € o(Xicns),
P(A) # 0,k = |11 = [As], dist(A1, A) > m |-

Analogously to the strong mixing coefficient, sometimes, we use |4, | |a, (M), o, (m), or g 1 (X;m),

to stand for the uniform mixing coefficient of the random field X;cza.

To check the tightness of the random fields in the proof of Theorem [5.13] we introduce the
following theorem, which is similar to Theorem 8.4 in [4] but which works for non-stationary

random fields.

Theorem 5.12. Let D,, be with a nested spatial structure, |D,| be a non-decreasing function
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with respect to n,

Snt)

onVk

be defined as in . The sequence {Wy} is tight if is satisfied and for each € > 0 there
exists a X > 1, and an integer ng € Z* such that for all n > ny

Wa(t) =

supP {r&aéclSmH — S>> A/ |Dn|\/E} < % (5.13)

Proof. Since (H4)) implies there exists a constant C' > 1 such that

VI Dul <C,

On

then for any random variable X, we have

P{X > 0,} < P{X > V|CD"|}.

Therefore, according to Theorem 8.3 in [4], to prove W, is tight, it is sufficient to show that, for
any 0 < e <1and 0 <n <1, there exits a §, 0 < § < 1, and an integer ny > 0, such that for all

n > ng we have
sup P {max|5’m+7; —Sn|> ean\/E} < nd,
m i<n

which is implied by

vV | Dn
sup P {r&agc\SmH —Sn|> e’cf‘\/%} < né.

Along the line of the proof of Theorem 8.4 in [4], with ne? taking the place of € of (5.13)), there

exits A and nj such that

v/ | D, €2
Sgpp{r%ai(lsm—l-i - Sm’Z A |C, |\/E} < 7;727

€2

foralln > ny and k > 1. Putézﬁ,since)\>1>e,wehave()<6< 1. Let ng > %—1—1. Then

VIPwall /e < VIOl /% This is

followed by the assumption on the nested spatial structure and |D,,| sharing the monotonicity

for sufficiently large n, n > ny implies [nd] > ny, which means

with its index n. Now the rest of this proof is the same as the corresponding part of the proof
of Theorem 8.4 in [4]. O

Remark: If 0, is a non-decreasing function with respect to its index n, then Theorem still
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holds provided by the assumption of ((5.13]) being replaced by
sup P < max|Sy, i — Spm|> AoV S < -
m i<n A2
The constant v/k can be ignored if we do not need to specify the W,,, which is defined in 1)

In the following theorem, we use both strong mixing and uniform mixing in the assumption.

Theorem 5.13. Let the random field X;cza satisfies , , and in Theorem
21 We assume

1) D, C 7% is from a nested spatial structure, i.e. Dy C Dy C --- C D4 C D,, C ---;
n < |Dy,|; and there exists constants Ko > 0 and K1 > 0, such that for any n; < na,

dist(DS,, Dn,) > Ki(ng —ny)0;

2) There exists a constant k > 0 such that, for all t € [0,1],

lim = kt; (5.14)

3) There exists a constant Ko > 0 such that (@ is satisfied, i.e.
|D|< Ko(m +1)¢, VD C 7,

where m = sup{dist(i,j) : i,j € D}, and

|Dln|2 ) /(;11 ([af]fl(u)fd%(i (u)du < oc;

1€Dn

4) Let ¢(m) = SUPA, A, {goff\lqul(m) ANy =Dy, — Dpy, Ay = Dy, — Dy ynp > ng,ng > n4},
and p(m) — 0 as m — oo;

Then we have

il 2, .

Wh(t) =

where W(t) is defined by (5.10), W (t) is a one dimensional Brownian motion on [0,1].

Proof. This proof is analogous to the proof of Theorem 20.1 in the book [5] by Billingsley. We
are going to check four conditions in Theorem
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Firstly, we check the asymptotically independent increments. Let

0<s1<t1<sa<te<--<s <t <1, 0=min{s; —t;_1]i=2,---

Then we have 6 > 0, [ns;] — [nt;—1] + 1 > [nd] and
Dinsi) € Dpntr) © Dinsa] < Dinta) © +++ € Dins,) € Dinty
forallmandi=2,---,r. We set
T; = D) — Dy, AMi=0(T3), i=1,---,r1
Then the assumption 1 implies that, for all i =1,---,r — 1,

dist(Tiy1,T;) = dist(Df,,,. 1, Dity) > Ki([nd] — 1)

Because

if we set
Ez' = {Wn(tl) — Wn(Sl) S Hi},

(5.15)

where H; € %%, d-dimensional Borel sets, we have F; € ;. Lemma guarantees the following

estimation,

T

IP(Ey - N E,) —P(EY) - P(E,)|< (r — 1)afY (Kl([né] - 1)Ko), 1=3IT).

i=1

The definition of strong mixing coefficient and the assumption 4 imply that the right side goes

zero as n — 0o. Hence the first condition is satisfied.

Secondly, we prove that W2(t) is uniformly integrable for each t. We note that

1
EAWZB] < SEWL(1)
4
1 1
lGD[nt]
4
1 1
- ZU%/{QE Z Ai
ZGD['nt]

Because &, 2ol and 1Dyl
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hand side of the above inequality convergences to zero as A — co. Then we have

Jim supE 4 (W2 (1) = 0. (5.16)

A—o00 n
Hence {W2(t)} is uniformly integrable for each t¢.

Thirdly, we have

and

2
1
1€ D[nq

52 2

e ok 2

U[nt] ZGD t]

2
Theorem . glves E (U[ p Y ic Dig Xi) — 1. Therefore the assumption 2 implies

E (W2 (t)) — t.

Lastly, we check the tightness. Let
Y;=8;—Sn, j=mm+1,--- n. (5.17)

By using Theorem we only need to prove that, for any m € Z* and for all € > 0, there

exists a A > 1, such that for sufficiently large n we have

{ max |Y|> 3A/ | Dy } )\i

We set
= > 1Xil,
1€Dp,
= S; - S
and

5
p(n) = p(n;m) = sup {7‘ €Z" :m<7<n—1,|D; — Dy|< |Dy| @0 }
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Then we have, for any m <n —1, m € Z*, p(n) — oo as n — oo, and

{ [Dalk} E[Yyim ™ 1y 355
PsY¥ >\ < =
(n) = n = 2+ s
! (\WIDTF) (AVE)242| Dy| [ Dy | 2
244
(Zienyny- I XKill2s)
(WE)2H( Dy || Dy 2

5 246
(C’\Dn| 4(2+6>> K
5 5
(AVE)2+9|Dp[|Dpl2 | Dpl|Dnl3

where C' and K are constants. Therefore we have

lirrln|Dn|}P’{ > )\\/|Dn\k} = 0. (5.18)

We note that |Sy|/+/|Dn|k > X implies

|Sh]
RN Sy o

> A

we have
T |Shl
1 52
< 7 n
= e <|Dn|k>
1 ag 9
= F|DH|EA (W3 (1)) .

By using Theorem (H1)—(H3|) implies

1
| D]

> |Cov( Xy, Xj)|< o0,

lim sup
" i,j€EDy

2
which means lim sup,, ‘g—:‘ < 00. Then, additionally since (5.16) is satisfied, we have that, for

any € > 0, we can find a sufficiently large A such that Ey (W?2(1)) <, i.e. we have

€
P{’Sn’Z )\\/ ‘Dn’k} < ﬁ (5'19)

Since for any m < j < n,

V2 = (85— ) <252+ 82),
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as in the discussion of P{|S,|> A\/|Dy |k}, we have

A

2 S? + 52
P{|Y;|> \V/IDalk} < VEA(J )

| Dk
2 o 2 2
= B (W + W)

o3

Again, by using the property of (5.16|) and the fact of limsup,, Do < 00 it means for any € > 0,

there exist sufficiently large A such that Ey (Wf(t) + W2 (t)) < € for all m < n. Hence we have
€
P1¥;[2 MWIDAlR) < 5. (5.20)

Now, we define

E; = {max|Yj\< 3M | Dnlk < |YZ|} i=m,m+1,---,n.
1<t
Then we have

P{ max [S; — Sm|> 3Ay/ |Dn]k}

m<j<n
= #{ mox 1> 0V ID.IF
m<j<n
n—1
< P(|Yal2 AVIDalk) + Y P(E; N {|Y, — Yj|> 2A/[Dulk})
Jj=m
n—p(n)—1
< P(Yl> \IDalR) + P(1Y — Yy |> AV/IDTE)
j=m
n—p(n)—1 n—1
FY BN Y Vw2 WD+ Y (Y.~ Yl AVIDAIR)
j=m j=n—p(n)

= (1) + (IN+{II)+1V).

For (II) and (IV), each term can be bounded by P {Yp*(n) > )\\/m} . Since the assumption 1
gives n < |D,|, by using (5.18), we have
(ID+(1V) < (n = m)P { Vi) = AVDalk } < [DalP{¥;i) = WIDalk} < e
For (I) and (IIT), we note that yields
(D <

€
A2’
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and, for all m +p(n) <g¢g<n-1,

€
P(¥ — Y12 A/Dulk) < 55

By using the definition of the uniform mixing coefficient, the assumption 4 implies

n—p(n)—1
iy < > P(E) [P( Yo = Y |= AWIDulk) + @b, D 1Du-D; iy (K1) 0)
j=m
< max {P(V = V0|2 AVIDalR) s < j < 0= p(n) = 1} + 6(K [p(n)] <)
= P(|Yn = Yy|> A/Dalk) + ¢(K1[p(n)]*)
€
S T3 T 6

)\2

where ¢ is the subscript which makes P(|Y;, — Y;|> Ay/|Dy|k) reach the maximum. Therefore,

€
+e+ 5 te

(D+ID+I)+IV) < 55 X

Theorem [5.12| completes the proof. O

Remark: In the assumption 4 of Theorem ¢(m) can be bounded by gpg(o,oo(m), ie.

d(m) < X o(m).

In Bradley’s paper [9], if the random field is strictly stationary, cpg(o’oo(m) = 0 implies an “m-
dependence” random field. However, we do not have the similar result for non-stationary random
fields. Therefore, this assumption is adopted in Theorem [5.13|

Proposition 1 in [I9] by Doukhan gives that, for any fixed k,! and m, the uniform mixing

coefficient is stronger than the strong mixing coefficient, i.e.
2ap,1(m) < ppi(m). (5.21)
Therefore, if we define
Plnat gl (W) = sup{m € N oy, ag) (m) >
since the set {m € N: 2ay,|a,/(m) > u} implies {m € N : @5, | |a,/(m) > u}, we have

-1 -1 u
SOlAll,\Az|(“) 2 alA1\,|A2|(§)' (5.22)
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It is obvious that the above inequality also implies, for the constant d > 0,

/oi o (0)] @, (w)du < /0}1 i 0 220] @ )

which connects the application of Theorem to uniform mixing coefficients, and can be used
in the proof of Theorem Therefore the assumption on the tail functions of the assumption
3 in Theorem [5.13| may be replaced with

B / (95 )7 2u) ™ Q@ (w)du < o0, VI +1p = 4. (5.23)

1€Dy,

By using the inequality (5.21]), we can directly develop a theorem like Theorem but with

uniform mixing coefficients.

Theorem 5.14. If X satisfies

Z md= 1g0le ) <oo, k+1<4, (HY)
m>1
gofoo(m) = o(m*d), (H2)
5
36>0 st [ Xlaps<oo, > mT ol (m)] < oo, (H3")
m>1
then
hmsup Z |Cov(X;, Xj)|< o0.
| n‘ 4,j€Dn
If we assume additionally that
2
o
lim inf —"* > 0, H4
tinf o5 (H4)
then we have g
2n 2y N(0,1)
On

Based on Theorem [5.14] u if (H1] . and (| are replaced by m and (| respec-

tively in Theorem and the third assumptlon is replaced by (|5.23] -, then Theorem 3| still

holds, but only uniform mixing coefficients are involved.
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5.3 FCLTs on indicated random fields

Let {R;X;};cza be the indicated random field which we introduced before. Since |R; X;|< | X;],
for all i € Z%, implies

{ >0:P(RX;|>2) <u} 2 {z>0:P(|X;|>2) <u}, Yuel0,1],

we have

Qr,x;(u) < Qx,(u), VieZ%Vuc|0,1]. (5.24)

For the inverse function of strong mixing coefficient, if azX,(m) < aZ,(m), then we have

{mEN:af’l(m) >u}§{m€N:a,§l(m) >u} Yue o, <],

which implies

o)™ () < [of 7 (), Yu €0, 7] (5.25)

In the proofs of Theorem [5.13] Theorem is used for checking the third condition of The-
orem [5.2] In the proof of Theorem [5.11 Theorem [3.] is used to check the first condition of
Theorem It means the results on CLTs in Chapter [3| can be introduced to set up FCLT's
with some suitable conditions on indicated random fields. To avoid tedious repetition, we omit

the details of description and proofs of similar theorems except the following example, where
Theorem [B.4] is involved.

Theorem 5.15. Let random fields X,cga, Zicga, and Rycza satisfy (H0), which is introduced
in Theorem . €;cza be another random field, f satisfy . We suppose there exists § > 0,

such that ||€||o+s< 00, the strong mizing coefficient, aﬁl(m), of Zycya satisfies f, and
there exist constants Ky, K1, Ko > 0 such that

sup|| f(Zi, €i)ll216< Ko + K1 || Z][2 15+ K2]|€]|215-

i€Z4
Let {Ri X }icpa satisfy
1
0 < liminf —V R X,
< 1H%m ’Dn‘ ar (tGZD t t) s

and

Sp = Z RiX:, 02 =Var(Sy).

i€Dy,

We also assume
1) D, C 7% is with a nested spatial structure, i.e. Do C D1 C---C D, 1 C D, C---. There
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exists constants Koy > 0 and K1 > 0, such that for any n1 < no,

dist(DS,, Dy,) > Ki(na — np)5;

no?

2) There exists a constant K3 > 0 such that being satisfied, i.e. for any D C 72,
|D|< K3(m +1)%,

where m = sup{dist(i,j) : i,j € D},
1
4 3d
sup/ ([alz’ﬂfl(u)) Q%Z(u)du < 00,
i€z J0

and

sup, | (1o ) b e < o,

i€Z4

where [a?]~(u) is defined as in (@;

3) There exists a non-decreasing continuous function F(t), t € [0,1], and a constant K > 0,

such that

| Dinty] = Dt
o] < K[F(ty) — F(t)], 0<t <ty <1.
Then we have g
Wi (t) = —" 2y (), (5.26)

where W (t) is a one dimensional Brownian motion on [0, 1].

Proof. We use Theorem The proof of Theorem implies {R; X };czq satisfies (H1|)—(H4)

and
1
lim sup Var Z R X: | < o0.
n o [Dnl teD,

For the rest of this proof, we only need to check assumptions of Theorem In fact, only the
assumption 2 of Theorem need to be checked. It is directly from the fact that [akRj( (m)]~! <
[aZ,(m)]~!. This completes the proof. O
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Chapter 6

Future research

The current research in this thesis focuses on three parts: central limit theorems, estimation of

variances and functional central limit theorems.

6.1 On the sampling method

These asymptotic properties are original from the indicated sampling method, where each in-
dividual of the super-population has equal or unequal selection probability. Based on real
situations, we further assume that each individual and its selection probability are driven by
the auxiliary information. We also introduce some assumptions about the spatial structures of
the population. This sampling method is appropriate for setting up estimators such as Horvitz-

Thompson estimator and others.

We have set up some asymptotic results for this indicated sampling method in this thesis. The
future work for this part will focus on applications. Practically, we need to specify functions
f and g for real problems. This is going to lead some researches on curve fitting methods
and the goodness of fit, from the auxiliary information to interested quantities and selection

probabilities.

6.2 On CLTs

It is important to understand the asymptotics of a new complex survey method. For this in-
dicated sampling method, we prove central limit theorems with the assumption of conditional
independence properties. In this thesis, we also generalized Fuller’s central limit theorem, The-

orem 1.3.2 in his book in 2011, to dependent random fields.
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For the future work on CLTSs, the more general assumptions allow for wider applications. We
will consider relaxing the independence assumptions and introduce more assumptions on depen-

dences to enable more general practical problems to be tackled.

6.3 On variance estimations

In Chapter [4, with the assumption on the joint-blocks spatial structures, we proved the Lo
consistency for the estimators of the variance of the population. We then generalized the results
on estimating the variance by Carlstein in 1986. Compared with the existed method, we provided
a new way to describe re-sample domains. This method allows the domain have complicated
geometric features such as an infinite boundary, which is technically avoided as an assumption

in many works.

The future work for this part is to develop our method to over-lapping re-sample domains. We
also need a further research on comparing our method to the existed method. This is because
of, intuitively, our method implies the existed method. It has a massive application background

such as sampling from high dimension continuous spaces.

6.4 On FCLTSs

In Chapter [, by using Billingsley’s Theorem 15.6, in his book in 1968, with the assumptions
on the nested spatial structures and the proper estimation of the fourth moment of the sample
sum, we prove functional central limit theorems, where the estimation of the fourth moment

develops Rio’s Theorem 2.1 in his report in 2013.

The further work of this part lies on polishing or refining some assumptions in our results. It

also includes examining whether Bradley’s result in 1989 works for non-stationary random fields.
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Appendix

Al: Figures on NHANES 2011-2014 (in support of Example 2, Chapter 1)

Household l

Sampling rates
&
Selection methods

1

Step 2:
Interview

l

Collection: Person-level

Screener

Demographic
Health
Nutrition

Response rates
Step 3:

Examination

Exam: Physical measurements
Test: hearing, dental, blood, urine specimens

Figure Al: Three steps of NHANES 2011-2014
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Here we provide two figures to exhibit three steps in the NHANES 20112014 survey and the
first stage of this sample design. We use arrows in these figures to stand for the direction of
information flow. In Figure the sample design is depicted in each step. The sample is

affected by response rates, sampling rates and selection methods of the sample design.

Precision & Operational Requirements

l

Data Source |——> | Sampling rates | —> MOS of PSU

| |

Min of PSU MOS

l

No If weighted MOS exceeds 75% of Yes Certainty PSUs

Noncertainty PSUs

the initial sampling interval

l l

Minimize overlap Do not select PSU was selected
& or been divided
Use Ohlsson’s method No into more study
(with PRN) .
locations
l If the PSU in each l
e . trat ith th .
Stratification of PSUs | — 5| °° u-m. W €l __Yes Study locations
minimum
transformed PRN l
Sample
Linear regression T
_—

Response rates

Senior project staff

Figure A2: The first stage of sample design in NHANES 2011-2014

Figure gives some details of one out of four stages in NHANES. In the processes of sampling,
there are many implicit random effects, which are abstracted as €;c74 in our sampling strategy.
Furthermore, the dependence is also implicit in the sampling process, e.g. the dependence
within PSUs, the dependence between strata, and/or the dependence between persons. This

information is taken into account in our asymptotic results with some abstracted conditions in

Chapter [3] Chapter [4 and Chapter
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A2: Some basic inequalities

Theorem A1l. (Hoélder’s inequality, equation (21.15) on page 276 in [5])

Letp>1,qg>1 and % + % = 1. Then for any two random variables, X1 and Xs, we have
[ X1 Xa[1< [ Xallql1 X2]lp- (1)

Theorem A2. (Holder’s inequality, a special case of Theorem 188 of [29]) Let % + % = =

p,q,7 > 0. Then for any two random variables, X1 and Xo, we have

1 X1 Xol[ < | X1 llpl X2llg- (2)

Proof. 1t is a straightforward extension of Theorem We note that ;17 +1=Limplies

q T
1 1
it 42=1 EBsioama Is1
p q r T r r
Hence Theorem completes the proof. O

Theorem A3. (Minkowski’s inequality, a special case of equation (31) on page 194 in [43])

If r > 1, then for any random variables, X1 and Xs, we have

1 X1 + Xol» < | X[+ Xl (3)

A3: Kolmogorov Existence Theorem

Let {X;}ier be a random process, T' be any non-empty index set, k € N. Given two consistency

conditions:

(C1) If (s(1),s(2),--,s(k)) is any permutation of (1,2,---, k), then for distinct ¢y,---,tx € T,
and any Borel Hy,---, Hry C R, we have

[ty ety (1 X oo X Hy) = Ftgery-tsr) (Hs(l) Koo X Hs(k))

(C2) For distinct ty,---,tp € T, and any Borel Hy - -+, H,_1 C R, we have

oyt (H1 X oo X Hp_y X R) = pugy oty (Hy X -+ - X Hp_q)
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Theorem A4. (Theorem 15.1.3 in [61]) A family of Borel probability measures {fu, ...4,; k €
N,t; € T'distinct}, with u, ...s, a measure on R¥, satisfies the consistency conditions (C1) and
(C2) above iff there exists a probability triple (RT, FT',P), and random variables {X;}ier defined
on this triple, such that for all k € N, distinct ty,---,t, € T, and Borel H C R¥, we have

P[(X,e s X,) € H| = puyeoay (H).

A4: Truncation technique

Let X be a random variable,

X’ ‘X‘§N7
X(N)={ N, X >N, X(N)=X—-X(N), NEeR.
—N, X < —N,

We note the ¢-th absolute moment satisfies

E|X|'= /]a:|TdF = hm |x|"dF,
lz|<N

where r > 0, F' is the distribution of X. Then we have the following lemma.

Lemma Al. IfE|X|"< oo, then E|X(N)|"— 0 as N — oc.

By using the definition of almost sure convergence, we also have

Lemma A2. X(N) %% 0 as N — oo.

If the higher order moment is bounded, we have the following lemmas.
Lemma A3. If E|X|?"< oo, then E|XX|"— 0 as N — oo.

Lemma A4. Let 0? = Var(X), 0% = Var(X). If E|X|*< oo, then

o2
—]g—>1, as N — oo.

o

We note that x
:il as N — oo.

X

Then Slutsky’s Theorem implies: If

2 N(0,1),

SHES
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then we have o
X

g

Q[

IN Dy N(0,1).
g

=
o<l <

A5: Proof of Theorem 2.2

The proof in this section refers to [19] and [34]. We prove a general case for Theorem ie.
let p,q > 1, then for any two random variables X and Y with two sigma fields o1 = (X)) and

o9 = o(Y') generated by them respectively, we have

1_

1— 1
[Cov(X, Y)|< 8a v a || X[|g|[Y|p, (4)

where o = ay,;(m), because the result is for any k,l and m, we omit them for shorthand, that
is

a =sup{|P(ANB) —P(A)P(B)|: A € 01,B € 02}.

To prove this, we need the following two lemmas.

Lemma A5. |Cov(X,Y)|< 4| X ||oo|lY || co-

Proof. Let u = sign[E(X|o2) — E(X)] and v = sign[E(Y|o1) — E(Y)], where sign(-) is the sign

function of real numbers. Then we have

|Cov(X,Y)| = |E(XY)—E(X)E(Y)|
[E(XE(Y|o1)) = E(X)E(Y)]
[E[X(E(Yo1) = E(Y))]|

]
]

< E[X[E(Y|o1) - E(Y)]

< XN EIE(Y |o1) — E(Y)]
= [ XloEE(Y |o1) — E(Y)]
= || X||ecCov(v,Y)

< [ XloolCov(v, Y.

Following the same idea, we have
(Cov(v, Y)|= |Cov(Y,v)|< [[Y |lac|Cov(u, v)],

and thereafter
[Cov(X, Y)|< || X oo ||V [[oo|Cov(u, v)].

123



We set up four events ut = {u =1}, v~ = {u= -1}, vt = {v =1} and v~ = {v = —1}, then

u+,u_ coy, vh v €0y, u+ﬂv+ﬂu_ﬁv_:@,

and the expectations can be calculated in the following ways.

E(ww) = 1xPutnot) U@ no)]—1xPlutno )u(u” Not))
= Putnoh)+Pu No ) -Putnotnu No”)
P NovT) =P Not) +Pu™Nno Nu” No™)
= Puwtnoh)+Pu No)—Putno’) —Pu Not),
E(u) = 1xPu")—1xPu”)=Pu’)-Pu),
E(v) = P")—Pl).

Hence
[Cov(u,v)| = |E(u,v) — E(u)E(v)]
= [Pt Not)+Pu No ) —-PlutNo~) —Pu Not)
—P(u")P(vh) = P(u")P(v™) +Pu™)P(v™) + P(u")P(vT)|
< 4sup{|P(ANB) —P(A)P(B)|: A€ 01.B € 02}
= 4a.
This completes the proof. O

Lemma A6. For alll < p < oo,

_1
[Cov(X, Y)|< 6’7 | X|p][Y [loo ()

Proof. For any real number a > 0, we define

. 1 X<, " _J 1 X[>a,
{IX|<a} 0, otherwise, {1X[>a} 0, otherwise,

and
X, | X|<a,

0, otherwise,

X, |X[>a,

0, otherwise.

Y

X = XTqx|<a} = {
Then we have X = X + X and for any p,q # 0,

x50y = Lixpsay = Lixsar = Lxpsary = Lyxjesa)- (6)
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We note that

|Cov(X,Y)] = |Cov(X+ X,Y)|=|Cov(X,Y)+ Cov(X,Y)|

_ 7
< |Cov(X,Y)|+|Cov(X,Y)|. @)
Lemma, implies
|Cov(X,Y)|< 4o X |||V ]| o= daal]Y o
We have
Cov(X,Y)| = [E(XY)—EX)E(Y)
< |EXY)[HEX)E®Y)]
< Y oo E(X) 1Y (oo [E(X) = 2[]Y [|oo [E(X)],
and by using @ and Holder’s inequality for any p,q > 1, % + % =1,
ElX| = E[X1{x>ql
1 1
< EIXP) (B gxpsal)® = EIXP) (B )"
1 1
= (E[X[)» (E1{|X|>a}) = (BIX]P) (E1{|X|p>ap}) C
= (EXP)? (1x BIXP> ) 40 x BXPS )}
= (BIXP")» (P(X P> a?))s
1
oy L
< @xer (50
aP
P
_ EXPtE e = o XL
aP
Since a > 0 is arbitrary, it is acceptable if we set
E| X P 1 _1 _1
X o e a= EXP) S = X0
Then we have
|ICov(X,Y)|< 2aa|Y || oo,
and shows
1_,
[Cov(X,Y)|< daallY [|oo+20al]Y [|oo= 6o # || X||p[|Y||oo-
This completes the proof. ]
We define
Y = Y]l{|y|§b}, Y = Y]l{‘y|>b}, vb > 0.
Then we have
|Cov(Y, X)|< |Cov(Y, X)|+|Cov(Y, X)|. (8)
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For the first term on the right side of , Lemma implies
J— 1 J— 1
Cou(Y, X) < 6’ | X[V lloo= 62"~ #[| X b.
For all m,p > 1 and % + % = 1, we estimate the second term on the right side of ,

[Cov(Y, X))

IN

E(YX)|+E(Y)E(X)|
(E|Y|™)= (E|X[P)? + E|Y|E|X|
< 20X pIY lm

IN

Furthermore, for all 7,¢t > 1 and % + % =1, @ implies

1
t

1
ElY|™ < (EY™|)7 (Elgy|sey)
= (E[Y|™)

A=

1
t

(E1{|Y|m7>b7n7})

me

— E’Y’m‘rbm(lfﬂ

S

IN

(E[Y]™)

Now we have

ICov(Y, X)| < 2 X|p(E[Y[" 0=y

1
2010 (Zg )

Similarly, we use the idea of setting a in Lemma [AG We set

11_<EWW”>% 3 [V
o P= , lLe. a7 PT = b

Then we have

and

Con(X,Y)| < 6a' #b| X[, +20" b X,

~1 141
= 8a' " ra I |Y |l | X lp-

Now we set ¢ = m7. Then % + % = 1 implies . If we go further by setting p =¢ =246 in
, Theorem is proved.
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AG6: Stein’s lemma

Stein’s lemma was first introduced in [68]. Bolthausen [7] and Guyon [28] used it as a tool in
proving CLTs. To give a more detailed proof of Stein’s lemma, we provide some preliminaries

at the beginning of this section.

Lemma A7. Let vy,en be a sequence of probability measures. If

sup/xzyn(dm) < 00,

n

then there exists a subsequence vy, and a probability measure v such that vy, .

Proof. By using the definition of tightness on page 276 of [15], the assumption of this lemma
directly implies the tightness of v,,. Then Theorem 25.10 of [5] implies the existence of the

subsequence. ]

Lemma AS8. Let vyen be a sequence of probability measure, g(x) be a function, which is con-

tinuous in R. If

Sup/:vgun(d:n) < 00, 9)
and
|g(323)| —0, asx — o0, (10)
x

then for the subsequence vy, and v in Lemma @ we have

/g(az)ynk(da:) — /g(x)y(dm).

Proof. From Lemma we have v, — v. The remainder of the proof is to show that

— 0.

\ [ st ) - [ gt

Condition implies, for all € > 0, there exists N, > 0, such that

We set
g(—N¢), =< —N,

gn(z) = g(x), |z|< Ne
g(Ne), z > N..

Since g(z) is continuous, gy(z) is bounded. Hence, by the definition of weak convergence, we
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have
as k — oo.

‘ [ axtawntan) ~ [ aw@wian) -

Furthermore, condition @D ensures

' [ s@wnitan) - [ oo, @)

Similarly, v is a limit of v, implies

— 0. as N, — oc.

/.I‘QV(d.%') < Sup/l‘QVn(diL') < 0.

Then we have
— 0. as N, — oo.

g(x)v(dz) — [ gn(z)v(dx)
Jooran- |

We note

[ ot - [ g(x)u(daz)\
[ st@wn (o)~ [ ax @ (o)

IN

. ' [ @) - / an (2)v(da)

' / 0~ [ v

For (I) and (III), since sup,, [ #?vy(dz) < oo, there exists a constant K, such that

= () + (II) + (III).

sup{(I)} < eK, sjlép{(III)} <eK.

€

For the second term, (II)— 0 as kK — oco. Therefore we have

\ [ s an) ~ [ g@pian

This completes the proof. O

—0 as k — oo.

Theorem A5. (Stein’s Lemma, see [68], [7] and [28]) Let vyen be a sequence of probability
measure on R. If (@ 1s satisfied and

lim [ (iA — 2)e™u,(dz) =0, YA ER. (11)

n—o0

Then

vn 25 N(0,1).

Proof. Let g(z) = (iA — 2)e***. Then Lemma implies there exists a probability measure v,
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which satisfies

/g(x)unk(dx) — /g(:c)u(dx).

The uniqueness of the limit means [ g(z)v(dz) = 0, with the condition , i.e. we have

/(M — x)ey(dx) = 0.

Let ¢(\) be the characteristic function of v(z), i.e.

p(\) = / e y(dz).

’/aa)\(ei)‘x)y(dl’) < </w2v(daﬁ)>é < o0.

Hence we can calculate the derivative as the following:

dQZ()\)\) :/i\(eikx)y(dx) = j/xei/\xy(dx).

We note

Then we have
“A6(N) = ¢ (N).

Because v(z) is a probability measure, we also have ¢(0) = 1. By solving this differential

equation with the initial condition, we get

6N =e %,

which means v(z) is a normal distribution. O

AT7: Proof of Theorem [3.1]

By using the definition of dist(A1, A2) in Chapter |2, we have, for fixed ig, and for all m > 1,
> analio ) < C@m+ 1) o (m),
Jilio—jl=m

where C' is a constant. This inequality and the property of the strong mixing coefficient, ([2.6)),
support

> ali,j) < Dyl % +C Y mai(m) |, (12)

1,J€Dn m>1
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where C' is a new constant. Now the condition (H1|) gives

1 Z a(i, j) < oo

| Dl i,j€Dp

By Theorem and condition (H3|), we have

hrnsup Z |Cov(X;, X;)|< O X135 limsup Z md~tai? (m) < oo,

)
n

‘ TL’ i,j€Dn m>1

where C' is a new constant. Then the first part of the result in Theorem is proved.

For the asymptotic normality as the second part of the result, the two conditions of Stein’s
Lemma, i.e. Theorem need to be checked.

Firstly, we check condition (9)). For truncated X;(N)’s, which is introduced in Appendix A4,
E(X;) = 0 means

oL X -ER)) 4o 3 [ - B,

Theorem and the estimation of imply the estimation of the variance of the second term,

in the above inequality, as

E(lz[&—mi)]) < D 'C\|X||2+52m o7 (m),

a.
" ieD, m>1

where, by Lemma | X|l2+s— 0 as N — oo for all i € D,,. Condition (H4) implies |D,|/o?
is bounded. Therefore,

o
" ieD,

E(l > [)Q—E()Q)]) —0, as N — oo.

We conclude that 1f = converges, then -~ > ieD, E — E(Z)] converge to a same distribution.
Since Lemma also 1mphes E(X;) — IE(X) =0as N — oo, it is sufficient to showé >ien, Xi
converges to a normal distribution as n — co. In the rest of this proof, we use .5,, to denote the

sum of the truncated X;’s.

Condition (H1)) implies ag(m) = o(m=9) for all k +1 < 4. Guyon [28] and Bolthausen [7]
claimed the existence of a sub-sequence m,,. Then we have

N

|Dnl
md

n

ak7l(mn)|Dn]%—> 0, 041,oo(mn)|Dn’%—> 0, — 00, as n — 0o. (13)
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Now S,, can be separated into two parts by the conditions of d(i,j) < m,, or d(i,j) > m,,. For
all i € Z%, we define

Sin= Y Xj  Sa=8.-8a.= > X,

j€Dy JEDn
d(i,5)<mn d(i,5)>mn

1

Qp = Z E(Xzsz,n)a gn = a;§Sn7 gi,n = a:LESi,n-
i€Dy,
Then we have

2 = ap + ZEXS*
1€Dy

Since condition (H3)) implies

€Dy,

= o(|Dy|), asn — oo,

added by condition (H4]), we have
an = 02(1 —o(1)).
Thus the proof is reduced to showing that S,, is asymptotically normal.

Now the first result in this proof and condition (H4|) gives

— 1
supE(Si) =sup — Z Cov(X;, Xj) < o0

" ijeD,
which satisfies the first condition, @, of Theorem
Secondly, we check condition of Theorem Let

Al = i)\ei)‘s” Z X, S] n 5
]EDn

1 s _ -
Ay = =50 37 X (1= iXS 0 — 500 )
Vi j€Dy

Az =

Z X ez)\(S S] n)
\/7]6D

We have
(i)\ — gn)eiASn =A; — Ay — As.
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Because
E ((iA = Sp)e™5 ) < [B(A1)|+[E(A2) |+ [E(As) < E|A1|+E| As|+E| As].
The remainder of this proof is to show three asymptotic behaviour of A;, As and As.

For As, Taylor’s Theorem gives
11— iAS;, — €ASin|C < N257

where C'is a constant. Then, by using the facts of a,, = 02(1 — o(1)) and the bounded |D,,|/02,

we have

Jj€Dy,
o 9
< E|S?,
(@3) jEZDn il
< am Y X o)

TL ]eDn ) l EDTL
d(i,j)<mn
d(Zl,‘])Smn

where C and Cy are constants, the last equality uses the second limitation in ([13)).

For As, the truncated setting, property of and Lemma yield

1 P
[EAs| < [Cov (3,550

Z 0100 (1) | X [ oo [[ 25— Sm) |

IN

IN
Q
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For Ai, we note that
)\2
E’Al‘QZ — Z COU(X]‘X[,X]'/XZ/)
(LS
33" L' €Dny,
d(j,))<mn
d(j' 1) <mn
and
|Cov(X; X, Xy Xpr)|< |E(X; X0 X Xy ) |[+[E (X X0) [[E(X X )|

Now for fixed j € Dy, we estimate the number of |Cov(X;X;, X;» Xy)|. Let dist({j},{j'}) = k.

Caes 1: k < 3my,. Let m = dist({j},{j’,1,I'}). Then there exists a constant C' such that the
number of |Cov(X;X;, X;Xy)| no more than Cm24m?=1. Therefore

E[4;* < —Z S |Cou(X; X0, Xy Xy)]
JjE€Dn ' 1I'E€Dy,
d(]l)<mn
d(g" ") <mnp

< X (1o XX X 4Con X3, XX
JEDn "LU'e€Dy,
d(g l)<mn
d(5' 1"y <mn
< |D |m2d Z ma g 3(m

m>0
D 2
- 0(’ ’;' m">—>o,
an ’Dn‘

where C' is a new constant.

Case 2: k > 3m,,. Then we have

min { dist({j}, {7'}), dist({7}, {I'}), dist({1}, {7'}), dist({1}, D) } = & — 2m,

and there exists a new constant C', such that the number of |Cov(X;X;, X;» X;/)| is no more than
Cm?2ik?=1. Let p = k — 2m,,, then we have

El4)* < Z S |Cou(X; Xy, Xy Xy)]
JEDn i’ LI'eDy,
d(jJ)Smn
d(g'\l")<mn
< |D | Qde‘d lagz(k—an)
k>0
S ‘D ’de Z 3p 1042 2( )
p>my,
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where C' is a new constant.

Hence, E ((7,/\ — ?n)ei’@") — 0. Theorem completes this proof.

AS8: Isserlis” Theorem

Isserlis” Theorem is first introduced by Leon Isserlis in [35], 1918. This theorem provides a

formula for calculating the product—moment of Gaussian random variables.

Theorem A6. (Refer to page 44 of [25] and equation (6) in [35]) Let n,m,k € Z, X1,---, X,

be centred Guassian random variables, then we have

0, ifn=2m+1,
E(Xi Xy Xi) =4 ST E(X, X)), if n=2m,
(4.4)
where i € {1,2,---,n} and 1 < k < n, 3 ], means the summation of products of all

(possible) partitions of {i1,i2,- -, iam} into pairs.

Let n = 2m be an even number. For the second equality in this theorem, there are m factors in

each term, with the form E(X;, X;), and X (}) ("52) e (3) (g) terms in total.
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