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G r a p h t r a n s f o r m a t i o n s a n d L o g i cB r u n o C o u r c e l l eL a B R I , B o r d e a u x 1 U n i v e r s i t y a n d C N R S ,F r a n c eh t t p : / / w w w . l a b r i . f r / ~ c o u r c e l lB y a g r a p h t r a n s f o r m a t i o n , w e m e a n a ( p o s s i b l y m u l t i v a l u e d ) m a p p i n g f r o m g r a p h s t o g r a p h s ,s p e c i f i e d i n a f i n i t a r y w a y t h a t m a k e s p o s s i b l e t o p r o v e d e c i d a b i l i t y r e s u l t s . T h e r e e x i s t g r a p ht r a n s f o r m a t i o n s o f m a n y d i f f e r e n t t y p e s .I n t h i s l e c t u r e , w e w i l l c o n s i d e r t w o t y p e s o f t r a n s f o r m a t i o n s o f g r a p h s , h y p e r g r a p h s , l o g i c a ls t r u c t u r e s a n d e v e n c o m b i n a t o r i a l s t r u c t u r e s l i k e m a t r o i d s . T h e t e r m « g r a p h » s t a n d s f o r a l l t h e s eo b j e c t s .F i r s t w e w i l l c o n s i d e r t r a n s f o r m a t i o n s s p e c i f i e d b y f o r m u l a s o f M o n a d i c S e c o n d I O r d e r l o g i c ( M Sl o g i c ) . W e c a l l t h e m M S t r a n s d u c t i o n s , t o s t r e s s t h e a n a l o g y w i t h r a t i o n a l t r a n s d u c t i o n s a n d t r e e It r a n s d u c e r s . T h e y d e f i n e r e d u c t i o n s b e t w e e n g r a p h p r o b l e m s s p e c i f i e d b y M S f o r m u l a s . R e d u c i n g am o d e l I c h e c k i n g p r o b l e m f r o m g r a p h s t o t r e e s i s u s e f u l b e c a u s e m a n y p r o p e r t i e s , i n p a r t i c u l a r t h o s ee x p r e s s i b l e i n M S l o g i c a r e v e r i f i a b l e i n l i n e a r t i m e o n f i n i t e t r e e s ( b y m e a n s o f a t r a n s l a t i o n o fl o g i c a l f o r m u l a s i n t o f i n i t e d e t e r m i n i s t i c a u t o m a t a ) .W e w i l l a l s o c o n s i d e r t h e p r o p e r s u b c l a s s o f Q u a n t i f i e r Q F r e e t r a n s d u c t i o n s . C o m b i n e d w i t h d i s j o i n tu n i o n , t h e y d e f i n e g r a p h o p e r a t i o n s w h i c h g e n e r a l i z e t h e c o n c a t e n a t i o n o f w o r d s . U s i n g t h e m , o n eo b t a i n s e x t e n s i o n s t o f i n i t e g r a p h s o f b a s i c n o t i o n s o f l a n g u a g e t h e o r y , l i k e t h a t o f a c o n t e x t I f r e eg r a m m a r ( i t i s m o r e c o n v e n i e n t t o h a n d l e t h e m i n t e r m s o f r e c u r s i v e s e t e q u a t i o n s t h a n o f g r a p hr e w r i t i n g r u l e s ) , a n d t h a t o f a r e c o g n i z a b l e s e t , w h e r e r e c o g n i z a b i l i t y i s d e f i n e d i n t e r m s o f f i n i t ec o n g r u e n c e s ( a n d n o t i n t e r m s o f f i n i t e a u t o m a t a , b e c a u s e g r a p h a u t o m a t a d o n o t e x i s t , e x c e p t i nv e r y p a r t i c u l a r c a s e s ) .F u r t h e r m o r e , M S l o g i c i s a c o n v e n i e n t l a n g u a g e f o r s p e c i f y i n g r e c o g n i z a b l e s e t s o f g r a p h s a n dm a n y g r a p h p r o b l e m s . T h e c l a s s o f c o n t e x t I f r e e s e t s o f g r a p h s ( o r s t r u c t u r e s ) i s c l o s e d u n d e r M St r a n s d u c t i o n s . T h e i n v e r s e i m a g e o f a r e c o g n i z a b l e s e t o f g r a p h s u n d e r a n M S t r a n s d u c t i o n i sr e c o g n i z a b l e ( a n e w r e s u l t b y A . B l u m e n s a t h a n d B . C o u r c e l l e ) . W e o b t a i n t h u s r o b u s t e x t e n s i o n so f t h e b a s i c n o t i o n s o f l a n g u a g e t h e o r y , a t l e a s t f o r d e s c r i b i n g s e t s o f f i n i t e o b j e c t s .T h e l e c t u r e w i l l a l s o s u r v e y s o m e r e c e n t r e s u l t s c o n c e r n i n g t h e f o l l o w i n g q u e s t i o n s .i ) C a n o n e f i n d g r a p h o p e r a t i o n s b e y o n d q u a n t i f i e r I f r e e d e f i n a b l e o n e s t h a t h a v e s t i l l a g o o db e h a v i o u r ?i i ) D . S e e s e c o n j e c t u r e d t h a t i f a s e t o f g r a p h s h a s a d e c i d a b l e s a t i s f i a b i l i t y p r o b l e m f o r M Sf o r m u l a s , t h e n i t i s t h e i m a g e o f a s e t o f t r e e s u n d e r a n M S t r a n s d u c t i o n . M a n y p a r t i c u l a rc a s e s o f v a l i d i t y o f t h i s c o n j e c t u r e a r e k n o w n . I t s s l i g h t w e a k e n i n g w h e r e t h e s a t i s f i a b i l i t yi s a s s u m e d d e c i d a b l e f o r M S f o r m u l a s w r i t t e n w i t h a s e t p r e d i c a t e e x p r e s s i n g e v e nc a r d i n a l i t y h a s b e e n p r o v e d b y B . C o u r c e l l e a n d S . O u m . T h e p r o o f u s e s r e s u l t s a k i n t o t h a to f R o b e r t s o n a n d S e y m o u r o n p l a n a r f o r b i d d e n m i n o r s a n d t r e e I w i d t h .i i i ) O n e c a n c l a s s i f y s e t s o f g r a p h s i n t e r m s o f t h e e x i s t e n c e o f M S t r a n s d u c t i o n s d e f i n i n go n e i n t e r m s o f t h e o t h e r . F o r e x a m p l e , o n e c a n c o n s t r u c t b y a n M S t r a n s d u c t i o n s t r i n g sf r o m t r e e s b u t n o t v i c e v e r s a . T h e t o o l s d e v e l o p p e d f o r i i ) y i e l d a c l a s s i f i c a t i o n o f s e t s o fg r a p h s i n a f i v e l e v e l h i e r a r c h y .



On the Automata Size for Presburger Arithmetic

Felix Klaedtke

Presburger arithmetic is the first-order theory with addition and the ordering over the

integers. Its decidability was first proved independently by Presburger and Skolem by the

method of quantifier elimination. Recently, it has become popular to use automata for

deciding Presburger arithmetic; a point that was already made by Büchi in 1960: Integers

are represented as words (e.g., using the 2's complement representation), and the

automata are recursively constructed from the formulas. The constructed automaton for a

formula precisely accepts the words representing integers which make the formula true.

On the one hand, a crude complexity analysis on the automata-based approach to

Presburger arithmetic leads to a non-elementary worst-case complexity. On the other

hand, empirical results show that automata-based decision procedures are competitive to

other methods. In this talk we analyze this automata-based approach. Our analysis

provides a triple exponential upper bound on the size of the minimal deterministic

automaton for a Presburger arithmetic formula. Our analysis is based on a comparison of

automata and quantifier-free formulas that are obtained by an improvement of Cooper's

quantifier elimination method for Presburger arithmetic. Moreover, we give an example

showing that this triple exponential upper bound on the automata size is tight (even for

nondeterministic automata). From this it follows a double exponential upper bound for

alternating automata.



Towards Automatic Model Theory of Modal Logic

Valentin Goranko and Govert van Drimmelen

Rand Afrikaans University, Johannesburg, South Africa

vfg,gcvd@rau.ac.za

The domain and the distinguished relations in an automatic structure are represented by

regular languages or, equivalently, finite state automata. Such (possibly infinite)

structures thus have finite presentations. Notably, the first-order theory (even extended

with the quantifier 'there exists infinitely many') of an automatic structure is decidable.

We investigate applications of automatic structures to modal logic, and more specifically,

model-theoretic aspects of modal logics using automatic Kripke frames and models.

In the first line of investigation we introduce and study the automatic model property:
every satisfiable formula of the logic is satisfiable in an automatic model. It provides a

method for proving decidability of finitely axiomatizable modal logics without the finite

model property.

A second line of research is to consider automatically approximable non-automatic

Kripke models, such that for every n there is an effectively obtainable automatic model

bisimilar to the given one up to depth n and hence satisfying the same modal formulae up

to modal depth n. Such models still have a decidable modal theory, by referring the

model checking in the model to model checking in the appropriately approximating

automatic models.

Finally we study the modal logics of automatic frames. Being fragments of universal

monadic second-order logic, their decidability does not follow from the general

decidability result for automatic structures mentioned above.

Most of the ideas, and some of the results, of this study generalize to first-order logic and

other logical theories, as well as to w-automatic and tree-automatic models.



Ground term rewriting graphs
Christof Loeding

Ground term rewriting graphs are the transition graphs of ground term rewriting systems. The vertices of these graphs

are terms over finite ranked alphabet and the edges are generated by a finite set of ground term rewriting rules. We

consider a generalized form of rewriting rules, namely "T rewrites to T'" where T and T' are regular sets of terms and

where an application allows to replace some t in T by some t' in T'. The transition graphs of such systems are called

regular ground term rewriting graphs (RGTR graphs). Besides this explicit representation by rewriting systems, RGTR

graphs can also be defined by equational systems over operators such as union and asynchronous product of graphs,

and insertion of edges.

This talk will give an overview on algorithmic and structural properties of the class of RGTR graphs, and its relation to

other classes of infinite graphs. We present decidability results on several reachability problems and model checking

problems for different logics, including first-order logic and fragments of temporal logic. The structural analysis is

based on the notion of tree-width of graphs. Using this notion one obtains an exact characterization of the well known

classes of pushdown graphs and HR-equational graphs inside the class of RGTR graphs.



�����������
	������������������������	���������� ! "�$#$%&���'�(�*)+�
%,��	-���	.	��

/�0(12436587
9;:=<?>A@?BDCFE�BDG�<IH?>J:LK4MON,PQ:,R?N,:TS?U�RIPQVW:LKJXYPQ>[Z�BDCFM]\,:,^T:,_`SIab@ cd@ e4@gfWhTijSkfTlDmOndM]\,:,^D:A_`S?o�H?RI^Wp"KYZ

q;rtsvu&w?3LuDwOxkszyt{=|kxk}`u"~$|]�;�`�`5�~=svw]}k~=|O��wj~,w
w]�`x�5�~=3$36sD�z5��?{L|?}ty�~LrtsD|O{=s"~L5�u��jw]{=5�w]�I~=3�r�wW�Os���s&s&�
s"�g~L{=s&�zs&�8��}`3Ls"��}`�.5���~Lr`s�u,r`w]{,wOu"~Ls&{=58�Dwj~=5�|?��|]�d~Lrts
s&�kyt{LsT3L3L58�Os�y�|j��s&{z|]��36sD�OsD{=wO���8|O�?58uD3(|O�!�`�t5�~Ls
�4|?{=xt3D��u"�J04s?0 ��0������?�L�t�&�O�O�&�T�W��0� Y�¡~=rt5�3vy`wOy�sD{v��s�yt{=|j�g58xks¢w]�£w]�8�OsD�t{,w]5�u�u,r�w]{,wOuA~=s&{=5��Twj~=5�|?��|O��~Lrts
s"�kyt{=sD3=3658�Os�y�|j��s&{�|O�4w���5�xkszu"��wO3=3�|O��~LsD�(y�|O{,w]���8|O�O5�u&3d|O���`�t5�~Ls$~L{=s&sD3(¤¥~=s&{=��3=¦�}`3L5��t�v~Lrtszu&w?3LuDwOxks
yt{L|kxk}�uA~�� §j�¨|]�©~L{=s&s�wO}k~L|?�zw]~=w`0

ª }tyty�|?3Ls.~=r`wj~.«¬583;w��`�t5�~Ls�36}`�`36s&~�|O�¨~Lr`sd�`w]~L}t{,w]��3�u"|O�I~,w]58�t5��`�$t0I®�s�u&|O�`3L58xts&{�¤¥�`�t5�~LsW¦4{=wO�t7OsTx
w]�8ytr`w]��s"~,3(¯°36}�u,r�~Lr`w]~�~Lrts�36s&~z¯�±�|]���8s"~6~=s&{,3�|O�;{,w]�`7+²¡583��t|O�t³´sD�(yt~J�+5�µ!²¬¶£«(0¨®¢s�wO3=36}`�(s
~Lr`w]~�sTwOu,r¢{=wO�t7OsTx+w]�8ytr`wO��s&~�u"|O�zsT3d��5�~Lr�w·�t�ksDx¢��s&�k58u&|O�O{,w]y`rt58u�|O{,xks&{T0¹¸©58�t5�~Ls�¤º�O{=|O}t�`x�¦�¯�³´~L{=s&sT3&�
|O{;~LsD{L��3D�tw]{=s�xks"�`�`sDx�wO3;}`3L}`wO�[0k®�s�xks&�`|]~Ls�~=rts�36s&~.|]��¯�³[~={LsDsD3��g��»¨¼.0

½�¾j¿`ÀYÁ&Â 0O¸`|O{�w�{=wO�t7OsTx(wO��y`r`w]��s"~;¯·�O~Lrtsd36s&~�|]�¹��|O{=��}`�8w?3�|j�OsD{4¯Ã5�3�~=rts.�8sDw?3J~43Ls"~�u"|O�I~,w]58�t5��`��~Lrts
36�g����|O��Ä�Å¹����|O{�w]�8��ÆÇ¶�¯·�¹u"�8|?3LsDx���5�~Lr+{=sD3Ly�sDuA~�~L|�~=rts���|g|O�8sDwO�
|Oy�s&{,wj~L58|O��3dÈÉ¤ºxt583ºÊJ}t�`u"~L58|O��¦dw]�`x
Ë ¤��tsD�?w]~L58|O��¦"��w?3���s&�8��w?3.~=rts���|?���8|j��58�t�·u&|O�`36~L{=}`uA~T0 ª }tyty�|?3Ls�~Lr�wj~�ÌÎÍÎ»¨Ï���wO�`x���|O{�sDw?u,r+Ð·¶�Ñ·�
Ò�Ó 5�3.w$��|O{=��}t��w(|j�OsD{.¯·0tq;r`s&�

Ìd¤ºÐ�ÔÕ Ò Ó ¦ Ó"Ö Ï ¤6�T¦
583.w$��|?{L�$}t�8w$|j�OsD{�¯·0

½¹×&ØzÁ]¿`À´ÙºÚAÛ&Übª }ty`y�|I36s�~=r`wj~ Ò 583�wz��|O{=��}`�8w�|j�?s&{d¯Ýw]��x
Þ.¶+»¨¼�0�®�s$3=wW�·~Lr`w]~�Þ.3Lw]~L5�3J��sD3 Ò ��5��
�t|]~,wj~L58|O��Þ�ß à Ò �t5��
á Ò àâÄ Å �g��|?{.36|?�(s�Æ�¶�¯·�`w]�`xv~Lr`s�{L|g|]~�|O�©Þ�583���w]��s&�8sDx�Æ��t|?{
á Ò à Ò�ã È Ò�ã ã w]�`x�Þ�ß à Ò�ã |O{�Þ�ß à Ò�ã ã �t|O{
á Ò à Ë Ò�ã w]��xv5�~.583.�t|]~;~Lr`s�u&wO3Ls�~Lr`w]~.Þ;ß à Ò�ã �t|?{
á Ò àäÌ�¤[Ð·ÔÕ Ò Ó ¦ Ó"Ö Ï �Fw]�`x+~Lr`s�u,r`w]{,wOu"~Ls&{=5�3J~=58u�~L{=s&s�åÞ�¶Ç» Ï xts"~LsD{L�z58�tsDx��g��Þ�w]�`x+~Lrtsz�ºwO�z5��8�¤ Ò Ó ¦ ÓAÖ Ï ��s&�8|O�t�I3�~L|vÌ�0`æ.sD{Ls?� å Þ4r�wO3;~=rts�3=w]�zs�}t�`xksD{L�8�g5��t��xt5�{=sDu"~LsDx��?{=wOytr�wO3;ÞA��wO�`x�wz�OsD{6~=s"�
ç 5�3d�8wO��sD��sTx�Ð�¶�Ñ$±�58� å Þ�5�µ ç 5�3���w]��s&�8sDx
�g��36|?�zs�ÆÇ¶â¯�±�5��
~=rts$~L{=s&s�ÞA���z|O{=s&|j�OsD{D�tÐz5�3�~Lrts
�`{,3J~��8s"~L~LsD{458���8s"�k58u&|O�?{=wOytrt5�u4|?{=xts&{è|?�·Ñ(±�36}`u,rz~=r`wj~4~Lrtsd36}t�t~L{=s&s�|O�bÞ�{L|g|]~=sDxzwj~ ç 3=wj~=5836�`sT3 Ò Ó 0 ����`|�36}`u,r��8s"~6~=s&{�s&�g5�36~=3D�k~LrtsD�
Ð�5�3�~Lrts���wO36~���s&~6~=s&{.58��~Lrts��8s"�k5�u"|O�?{=wOytrt5�u.|?{=xksD{�|O�
Ñ ± 0

¸t|O{.wO�g����|O{=��}t��w Ò |]��|j�OsD{�¯·�k�4s��8s"~�Ì4é�xts&�t|O~Ls�~Lr`s��8wO�t�O}`wO�Os�xks"���tsDx��g� Ò�ê
Ì é àÉëTÞ�¶�» ¼ ê Þ�ß à Ò4ì?í

®¢s�3=wW�z~Lr`w]~���|O{=��}t��wO3 Ò w]�`x·îÃ¤�|j�?s&{�¯z¦�w]{=s�sDïI}t58�WwO��sD�I~;s&�twOuA~=���v��rts&�
Ì4é·àðÌ�ñ�0
ò�ó¨ôtõ�ö�÷[øâù¨s"~v«-àúëWtû=� ì ��3=wW�O���z|O{=s&|j�?s&{T�©�8s"~�Ñ$üâàúëDýOü?û6þ?ü ì �4Ñ(ÿâàúëDýIÿjû6þIÿ ì ��5�~=rð��s&�k5�³u"|O�?{=wOytrt5�uv|?{=xts&{�3L}`u,rÇ~=r`wj~�ý�����þ��J���và tû,�k0èùFs"~vÌäu"|?�`365�36~z|O�d~=rt|?3Ls+Ñ�³[~={LsDsD3(~=r`wj~vu&|O�I~=wO5��¡wj~

��sTwO36~�|O�ts
�?s&{L~Ls"���8wO��sD��sTx¡ýOü
|O{vý?ÿj0���5��?s&�!��|O{=��}t��wO3 Ò w]��x Ò�ã |j�Os&{·¯·�4u"|O��365�xks&{z~=rts
��|?{L�$}t�8w
îÉà Ì�¤ºý��́ ÔÕ Ò û6þ���ÔÕ Ò ã ¦	��
bü� ÿ?0¨q;rts&��wv~={LsDs$Þ�¶â»¨¼É3=wj~=5836�`sD3�îÉ5�µÇ36|?�(sz3L}t�k~L{=s&s(|]��Þd3=wj~=5836�`sD3 Ò 0q;rI}�3&�g~=rts��(|kxtwO�b|Oy�s&{,wj~=|O{�¤J�T¦;w?3L3L|ku"5�wj~=sDx���5�~Lr
Ì!u"|O{={=sD3Ly�|?�`xt3�~L|(~Lrts�¤º�t|O�t³�36~L{=58u"~,¦�2�¸��z|kxtwO��5�~J�
|]����q�ù£� �]�´0 ª 5��z58�8wO{L�8�O�`��rts&��Ì ã 583.~Lrts�3Ls"~d|]��~Lrt|I36s�Ñ�³´~L{=s&sD3�u"|O�I~,w]58�t5��`��wj~.�8sDwO36~.|O�`s�ý ü |?{�ý ÿ |O�~Lrts(36sTu"|O��x·�8s&�?s&�´�t~=rts&��î£à¬Ì ã ¤�ý � ÔÕ Ò û6þ � ÔÕ Ò�ã ¦ ��
̈ ü�� ÿ u"|O{={=sD3Ly�|?�`xt3�~L|v~Lrts���|O{=��}t��w�2�� Ò |O����q�ùè0
� �ts�u&w]�
xksD{L58�Os�w]�8�b~=rts�}`36}�w]����q�ù��z|kxtw]�85�~=5�sT3��g��~Lr`583�y�wj~6~=s&{=�¨0

®¢s���58�8�4u"|?�`3L58xksD{�3L}t�`3Ls"~=3�|]����|O{=��}t��wO3�wO3=36|ku"5�wj~=sDx���5�~Lr�u"��wO3=3LsD3�|O��~={LsDs��8wO�t�O}�w]�OsT3&0b®ðr`s&���
583�w�u"��wO3=3(|]�d~L{=s&s��8wO�t�O}�w]�OsT3&����s·�8s"~v¸�q�ù4¤���¦zxts&�t|O~Ls�~Lrts�u&|O�8��sTuA~=5�|?��|O����|O{=��}`�8w?3(wO����|O�d��rt|I36s



36}t�t��|O{=��}t��wO3�|O��~Lrts���|?{L� ¤J�W¦�w]��|j�Os�wO{Ls�3L}`u,r�~Lr�wj~dÌð��s&�8|O�`�?3;~=|���0�®¢s�xts&�t|O~Ls��g�������d¤ ��¦�~Lrts
u"��wO3=3;|]��wO���¨~L{=s&s��8wO�t�O}�w]�OsT34xts"�`�`wO�t�8s��I��~Lrts���|?{L�$}t�8w?3;5��
¸�q�ù�¤ ��¦"0

®¢s(��5��8��}`3Ls�~={LsDs(wO}k~L|?��wj~=w�~L|
u,r`wO{=w?uA~LsD{L58�&s�~Lrts(s"�kyt{=sD3=3658�Os$y�|j��s&{�|]����|?�O5�u&3!������¤���¦"�b��rts&�
� 5�3zw+u"��wO3=3$|]��{=s&�?}t�8wO{�~={LsDsv��w]�t�?}`w]�?sD3D0 ª }ty`y�|I36s·~Lr`w]~�¯ 5�3zw�{,w]�t7?sDx�wO��y`r`w]��s"~T0 ª 5��`u&s·��s·wO{Ls
u"|O��365�xks&{=58�t��|O�`�����O{=|O}t��x�~L{=s&sD3D�`��s$xts"�`�ts(w·¯�³´~L{=s&s�wO}k~L|?�zw]~L|?��~L|v��s$w��`�t5�~Ls�¯�³�wO���?s&�t{,w(��rt58u,r
r`wO3©�t|�y`{L|?y�sD{�3L}t�`wO���?s&�t{,wO3D�"5´0 s?0��W��rt5�u,r�5�3©�?s&�tsD{=w]~LsTx��I��~=rts4sD��sD�zs&�I~=3�u"|?{L{=sD3Ly�|O�`xk58�t�;~=|.~Lr`s4�8s"~L~Ls&{,3
5��(¯ ü 0D24wOu,r$¯�³´~L{=s&sèw]}t~L|O��w]~L|O��sTïI}t5�y`y�sTx���5�~=r�w.3Ly�sTu"5��`sDx�3L}t�`3Ls"~�|]�k5�~=3©}t�`xksD{L�8�g5��t�du&w]{={=5�sD{¨xks"�`�`sD3
w${=s&�?}t��w]{;�8wO�t�O}�w]�Os�Ì¡ÍÇ» ¼ �tuA�J0©� "j�´0

®ðrts&�$# 583�w�¯�³´~L{=s&s�wO}k~L|?��wj~L|?�
��5�~=r¢uDw]{={L58s&{&%��('£583�w·Ñ�³´~L{=s&s�wO}k~L|?��wj~L|?����5�~Lr¢uDw]{={L58s&{*)��
w]�`x�+�5�3;w��ºw]�z58���z|O�¨��}t�`u"~L58|O�`3,+ ± ê % ±.- ¯ ± Õ Ñ ± �I²¢¶
«(�?~Lrts�u&w?3LuDwOxks.y`{L|kxk}`u"~,% -

/ )Ã5�34~Lrts
�(58�t58��w]�F3L}t�`wO���?s&�t{,w�|O�F~=rts$¯�³�wO���?s&�t{,w���5�~Lr
uDw]{={L58s&{�% - ) w]�`x·|Oy�s&{,wj~=5�|?�`3

Æ�¤L¤ 021jû43�1"¦"û íDí&í ûT¤ 0g±¹û53"±t¦6¦èà ¤ºÆ�¤ 021]û íDí&í û50g±t¦AûLÐk¤63�1Wû í&íDí û53"±t¦6¦Aû
��rts&{=s�Ð�à7+4¤80 1 û í&í&í û90 ± ûLÆ¨¦"�t��|O{.wO���è¤80 1 û53 1 ¦Aû í&íDí ûD¤80 ± û53 ± ¦�¶:% - )��tÆ�¶�¯ ± �t²¢¶�«(0

;4sD��|j�Ç�4s;��58���t3=wW��~Lr`w]~�ïI}t|]~=5�sD�?~,3�w]{=s4s&�kyt{LsT3L3L58�t��s�58�z¸�q�ù4¤���¦�5�����|O{�w]�g��ïI}t|O~L58s&�I~�Þ4< 1 ÌÇàÉë>=�¶
»b¼ ê Þ"¤8=W¦d¶+Ì ì |]�èw���w]�t�?}`w]�?s�Ì£Í£»¨¼£5��$�d����r`s&{=s�Þ;583dw]�g�
¯�³´~L{=s&s���5�~Lr¢w@?6rt|?��sBAt�`wO�`x���|O{�w]�g�
��|O{=��}t��wO3 Ò�Ó ¶�¸�q�ù4¤��;¦A�¹Ð�¶+Ñ·�t~Lr`s&{=s�583dw�¸�q�ù�¤��;¦�³´��|O{=��}t��w�sTï?}`5��jw]�8s&�I~.~=|�¤�Þ < 1 Ì�¦"¤ºÐ�ÔÕ Ò�Ó ¦ ÓAÖ Ï�0
C
|O{=s&|j�?s&{T�t�4s$��5��8��3LwW��~=r`wj~�~Lrts(�ts&�I~��z|kxtw]�85�~=5�sT3�w]{=s�s"�kyt{=sD3=3658�t�8s�58�¢¸�q�ù�¤ ��¦d5��è��|O{�sDw?u,r�¯'w]�`x
sDwOu,r���36}`u,r�~=r`wj~$�EDF��D!²���|?{�36|?�zs�²â¶�«(��w]��xv��|?{.sDw?u,r���|O{=��}t��w Ò 58��¸�q�ù4¤ ��¦"�t~Lr`s&{=s�s"�k5�~=3�w¸�q�ù4¤ºÌ�¦�³´��|O{=��}t��wG� � Ò 36}`u,r�~=r`wj~d��|O{�w]�g�v~={LsDs�Þ.¶�» ¼ �`Þ�ß àH� � Ò 5�µ�~Lrts${L|g|]~d|]��Þ�583��8wO��sD��sTx��g��w
��s&~6~LsD{;|]�©{,w]�`7JIK�èw]��x�~Lr`s!�́ ³´~Lr�36}t�t~L{=s&s�|]�©Þ43Lw]~L5�3J�`sT3 Ò 0k®�s�u&wO�vsDw?3658�8�z3Lrt|j�ð~=r`wj~;~=rt583;u&|O�`xk5�~L58|O�
583�sDïI}t58�WwO��sD�I~�~L|
~=rtsvu&|O�`xk5�~L58|O��~=r`wj~.�����d¤ ��¦�u"|O�I~,w]58�`3�w]�8�4xts"�`�t5�~Ls�~L{=s&s���w]�t�?}`w]�?sD3�� Lt�NMT��0O;�|]~Lr
u"|O��xk5�~=5�|?�`3;rt|?�8x·��|O{��z|I3J~��`w]~L}t{,w]�¹~=s&�zy�|?{=wO�b��|?�O5�u&3�|O��~={LsDsD3D0

� }t{;�zwO5��
u&|O�I~L{=5��`}k~L58|O��583�~=rts���|O�8�8|j��5��t�z�?s&�tsD{=wO��{=sD3L}t��~ ê
��P©øRQTSjøIõ ½TUBV�V2WjÛ&×�À�XtÁ]À � Ù�Û$Á·Ú�Y�ÁjÛ=ÛZW	[]\L×_^`UaY�Áb\�À6\L×,×�Y8Áj¿�^`U`Á�Î×"Û�Û4Ù Ú4X�ÀcX̀ ÁjÀ�deUfW]À[Ùº×&¿`À[Û�Áj¿hgvÀ�Xt×
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Amorphous Automata and Bisimulation

Quantifiers

Tim French

The University of Western Australia
tim@csse.uwa.edu.au

Modal logic is a powerful tool for specifying properties of transitions struc-
tures labeled with propositions (Kripke structures). Recently there has been
much interest in increasing the expressive power of modal logic via extensions
to the language. Examples of this are fixed-point operators (µ-CTL), hybrid
operators, dynamic operators (PDL) and propositional quantification (QPTL).
Of these extensions, propositional quantification is the most powerful. However
such power frequently leads to undecidable languages.

We investigate interpreting propositional quantification with respect to bisim-
ulations of a given Kripke structure. Given a Kripke structure, M , and some
atomic proposition, x, we say an x-variant of M is any Kripke structure that is
identical to M , except in its interpretation of the proposition x. Then given any
formula α, we say M |= ∃xα if and only if there is some model K that is bisim-
ilar to M , and some model N that is an x-variant of K such that N |= α. Thus
propositional quantification is interpreted modulo bisimulation. We examine the
temporal logic, CTL, augmented with bisimulation quantification (QCTL).

We find that such semantics are natural in the context of modal logic, remain
highly expressive (at least as expressive as the µ-calculus) and in many cases are
decidable. Bisimulation quantifiers allowing us to retain the basic structure and
simplicity of modal logics, and gain the expressive power of monadic second-order
logic.

Decidability for such logics can be shown via a reduction to amorphous au-

tomata [1]. Note that amorphous automata were originally introduced in [3] as
µ-automata and applied to monadic second-order logics. Subsequently the def-
inition of µ-automata appears to have been somewhat generalized. The most
important property of such automata is that acceptance of transition structures
is bisimulation invariant. Amorphous Automata are similar to binary tree au-
tomata with a Rabin (or Streett, or parity) acceptance condition [2]. However,
rather than acting on only binary trees, amorphous automata act on the bisim-
ulation class of a transition structure. To achieve this the transition function of
the automata is given by some function, λ : Q×Σ −→ ℘(℘(Q)), where Q is the
set of states, and Σ is the alphabet that is being read. If the automata reads
the letter a whilst in the state q, then the set of successor states must be taken
from λ(q, a). Since we are considering all bisimilar structures, a single automaton
state can label more than one node, and a single node can be labeled by more



than one state. We have found the following complexity results for amorphous
automata with a parity acceptance condition:

1. The emptiness problem can be solved in time exponential to the size of the
automaton. It is not known whether this is an optimal result.

2. Given an amorphous automaton of size n we can construct an automaton
that accepts the complementary language of size order nn. This result relies
on a slight extension to Safra’s determinization construction so that it applies
to parity ω-automata.

3. Similarly we can construct amorphous automata that accept disjunction of
languages, projections of languages (modulo bisimulation), and reachable
languages of linear size.

4. Amorphous automata can be translated to and from alternating automata
in exponential time.

Given a formula of a basic modal logic extended with bisimulation quantifiers
(eg QCTL, the extension of CTL) we can use the constructions mentioned above
to define an amorphous automata that accepts exactly the structures that satisfy
the given formula.

Furthermore the expressivity of QCTL is such that we can embed many other
multi-modal logics into QCTL to derive further decidability results. We interpret
bisimulation quantification in modal logics by restricting the set of bisimulations
to those that preserve the required frame conditions (eg the transitivity of the
relation in the modal logic K4). This allows us to generalize many extensions
and combinations of classical modal logics.

Due to the exponential complementation construction, the decidability pro-
cess can be shown to be non-elementary. While the logic QCTL is equally as
expressive as µ-CTL, the non-elementary decidability is off-set by the fact that
QCTL is non-elementarily more succinct than µ-CTL.

Thus amorphous automata and bisimulation quantifiers allow us to define a
very expressive, decidable and succinct language that generalizes many of the
current extensions to modal logic.

References

1. T. French. Decidability of quantified propositional branching time logics. In Pro-

ceedings of the 14th Australian Joint Conference on Artificial Intelligence, pages
165–176, 2001.

2. E. Gradel, W. Thomas, and T. Wilke (Eds.). Automata, Logics and Infinite Games.
Springer, 2002.

3. D. Janin and I. Walukiewicz. Automata for the µ-calculus and related results. In
Proceedings 20th Int. Symp. on Mathematical Foundations of Computer Science,
volume 969, 1995.



On rational and automatic monoids

Jacques Sakarovitch
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It is possible to study and classify the multiplicative “structure” of monoids
by means of functions on words: those which are defined by the choice of a set
of normal forms for a given set of generators. To any “reasonable” complexity
hierarchy of functions — the classes have to be closed under composition with
inverse morphisms — corresponds a hierarchy of monoids: every monoid is given
the least complexity of functions that can compute a set of representatives for the
map equivalence of a surjective morphism from a free monoid onto that monoid
(cf. [1]).

In any hierarchy of word functions, the lowest class will be the one of rational

functions : those computed by finite automata. The corresponding monoids can
thus be called rational monoids. These monoids generalize at the same time the
finite and the free monoids. As far as the rational sets and relations are concerned,
they are not distinguishable from the free monoids. In particular, Kleene’s theorem
holds in any rational monoid (cf. [2]). By means of rather tedious constructions
(non rational extensions of rational monoids) it is proved that the converse is not
true, that is there exist monoids which are not rational and in which Kleene’s
theorem holds ([3]).

The families of rational and of automatic monoids are not comparable: the
only rational groups are the finite ones and there are rational monoids that are
not automatic (in the sense of [4]). And to put it plainly, the notion of rational
monoid is not as powerful as the one of automaticity that will be at the center of
attention in this workshop. My purpose however is to present its main features
with the idea that the two can be usefully combined.

[1] J. S. Description des monöıdes de type fini, E.I.K. 17, 1981, 417–434.

[2] J. S. Easy multiplications I, The realm of Kleene’s theorem, Information and

Computation 74, 1987, 173–197.

[3] M. Pelletier and J. S. Easy multiplications II, Extensions of rational semi-
groups, Information and Computation 88, 1990, 18–59.

[4] C. M. Campbell et al. Automatic semigroups, Theoretical Computer Sci-

ence 365, 2001, 365–391.



On the complexity of infinite computations

Damian Niwinski

Classical complexity theory deals with decision problems over integers, and does not

easily adapt to properties of infinite computations, typically characterized by sets of

infinite words or infinite trees. The latter can usually be captured by suitable kind of

automata with infinitary acceptance criteria, which gives rise to numerous hierarchies of

infinitary languages. The talk will show how these hierarchies relate between themselves,

and how they interplay with the hierarchies offered by classical descriptive set theory,

such as the Borel hierarchy and its Wadge refinement.

In the model-checking methodology, the complexity of a property to be verified may

indicate us a suitable algorithmic technique. So an important question is to determine

this complexity effectively. The talk will present the state-of-the-art of this largely

unsolved problem, including the recent results of I.Walukiewicz and the author on

deciding the level of deterministic tree languages in nondeterministic hierarchy.



Which structures are automatic?

Frank Stephan

Automatic Structures are a natural extension of regular languages into algebra. The

present talk gives an overview on fundamental and also on recent results with respect to

the question, which basic algebraic structures have an automatic presentation and which

not. Furthermore, important properties and limitations of various automatic structures are

given.

Automatic trees have finite Cantor-Bendixson rank. Furthermore, they have a regular

infinite path whenever they have an infinite path at all. If the number of infinite paths is

countable, then every path is regular.

The topological complexity of a linear order is measured with the Finite Condensation

rank. This rank is finite for every automatic linear order and therefore, only well-

orderings corresponding to ordinals a < ww have an automatic presentation.

Furthermore, Boolean algebras have an automatic presentation iff they are isomorphic to

finite products of the Boolean algebra of finite and co-finite subsets of the natural

numbers.

Although the additive groups of the integers and the dyadic numbers have automatic

presentations, this is already unknown for the additive group of rationals. The free

Abelian group of infinite rank does not have an automatic presentation.

Further negative results provide that the free Abelian group of infinite rank, the countably

infinite random graph, the universal partial order and any infinite integral domain do not

have automatic presentations.
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A Pumping Lemma for

Higher-Order Pushdown Automata

Achim Blumensath

Higher-order pushdown automata were introduced by Maslov in []. Damm

and Goerdt [] used them to characterise the so-calledOI-hierarchy which consists

of the solutions of higher-order lambda schemes. Recently, this work has received

renewed attention in the study of hierarchies of trees or graphs with decidable

monadic theories (see, e.g., []).

�e Caucal hierarchy is obtained by alternated applications of monadic second-

order interpretations and the Muchnik construction (see [, , ]) starting with the

class of all finite structures. Since these operations preserve decidability of MSO-

theories it follows that every structure in this hierarchy has a decidable monadic

theory. Originally, Caucal [] defined the hierarchy only for graphs where the above

operations can be replaced by, respectively, inverse rational mappings and unravel-

lings.

�e lowest level of the Caucal hierarchy consists of the class of prefix-recognis-

able (also called tree-interpretable) structures. Restricted to graphs this is the class

of all graphs that can be obtained from the configuration graph of some pushdown

automaton by contracting all ε-transitions. Recently, Carayol andWöhrle [] have ex-

tended this characterisation to thewhole hierarchy: A graph belongs to then-th level

of the Caucal hierarchy if and only if it can be obtained by contracting ε-transitions

from the configuration graph of some higher-order pushdown automaton of level n.

Naturally, the question arises of which structures are contained in the Caucal

hierarchy and at what level they do appear. One way to answer this question consists

in classifying the configuration graphs of higher-order pushdown automata.

�is is the motivation of the results presented in this article. A pumping lemma

for higher-order pushdown automata can be used to derive bounds on the length of

paths in configuration graphs thereby providing a tool for proving that some graphs

do not belong to a certain level of the hierarchy. Unfortunately, the bounds we are

able to prove are far from optimal and much to high to be of use for separating

the various levels. Nevertheless, we hope that the technical tools developed in the

present article will be of aid in future work to derive sharper bounds.

For indexed grammars (which correspond to pushdown automata of level ), a

pumping lemma was proved by Hayashi []. �e proof of the following result owes

much to this paper.





�eorem  (Pumping Lemma). Let r be a run of size k
� ���

dom � r � � with first

element w. Set

b
� �
max � κ � x � � x � dom � r �	� ,

and m
� �
b � n 
  � n �  � Γ � n �  � � Q � 
  � � πr � w � � �� n � n � g � ,n � ,b � .

If k ��� n � m � then there exists a run r � of length

k � �
dom � r � � ��� k � bk �  � n �  .

such that r ��� ε � � r � ε � and r � ends in the same state as r.
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The hyperalgebraic hierarchy: an infinite

hierarchy of infinite structures

Teodor Knapik, University of New Caledonia

Hyperagebraic structures arise as least solutions of higher-order systems of equations

over graph-building operations. Depending on the choice of these operations, two main

infinite hierarchies of infinite structures with decidable MSO theory may be considered.

The greater of these hierarchies has at least 2 other characterizations: in terms transition

graphs of higher-order pushdown automata, or, in terms of alternate sequences of

unfoldings and MSO-interpretations applied on a finite graph. When restricted to graphs,

level 1 of the grater hierarchy consists of prefix-recognizable graphs whereas the same

level of the smaller hierarchy consists of HR-equational graphs. At level 2 the unknowns

carry parameters and at level 3 these parameters may be of function type. Starting from

the latter level a syntactic condition of "safety" is meaningful. The structures that are least

solutions of safe systems have a decidable MSO theory. When restricted to bounded-

branching trees, they are accepted by higher order pushdown automata and, may also be

obtained by iterated substitutions applied on a regular tree.



Tree-automatic gaps
Christian Delhomme

Handling certain ordinal parameters for automatic or tree-automatic structures, such as

the height for binary relations, may be eased under some transitivity assumptions, related

to the fact that the transitive closure of an automatic or tree-automatic relation may fail to

be so. We investigate the relevance of such kind of assumptions.



Numerical predicates on words, trees, and traces

Dietrich Kuske
(joint work with Markus Lohrey)

Using automatic structures, it is easily shown that the first-order theory of the complete
binary tree together with the ”equal-length-predicate” is decidable (this is already implicite
in the work of Rabin from 1969). Here, two questions arise

1. Which other numerical predicates can be adjoined to the binary tree without loosing
decidability of the first-order theory?

2. What structures other than trees can be (naturally) equipped with numerical predi-
cates resulting in decidable theories?

We recall Seese’s technique to prove that “most” numerical predicates on the binary tree
give rise to undecidable theories (e.g., the “double-length-predicate” has such a severe
effect). This allows to identify rather small undecidable fragments of the corresponding
theories.

To answer the second question, we turn attention to free partially commutative monoids
(also known as Mazurkiewicz traces). The automaticity of the partial order of all finite
traces is demonstrated thereby showing the decidability of the corresponding theory. This
simplifies a proof by Madhusudan (LICS 2003). While the partial order of traces remedies
many properties of the tree, we show that the extension of this partial order by the equal-
length-predicate gives rise to an undecidable theory.

1



Title: Finitely generated groups with automatic presentations

Speaker: Graham Oliver
Department of Computer Science,
University of Leicester, UK.
gpo1@mcs.le.ac.uk

A structure is said to be computable if its domain can represented by a
set which is accepted by a Turing machine and if there are decision-making
Turing machines for each of its relations. Khoussainov and Nerode have
introduced [5] a very interesting restriction of this general idea, to automatic

structures, i.e. those structures whose domain and relations can be checked
by finite automata as opposed to Turing machines. A structure isomorphic
to an automatic structure is said to have an automatic presentation.

The theory of automatic presentations was, in part, inspired by the theory of
automatic groups [2]; however, the definitions are somewhat different. One
point is that automatic groups are necessarily finitely generated whilst this is
not the case for groups with an automatic presentation. We compare the two
theories by giving a complete classification of the finitely generated groups
with automatic presentations. In what follows, we will assume that all groups
referred to are finitely generated.

One interesting result [5] is that all abelian groups have automatic presen-
tations. One can readily extend this to virtually abelian groups, i.e. groups
with an abelian subgroup of finite index. However, we show that the converse
also holds, so that the virtually abelian groups are precisely the groups with
automatic presentations.

The proof that these are the only such groups proceeds in three steps. We
consider a group G with a finite generating set A which is closed under
taking inverses, and we let δ(g) denote the minimum length of a word in A∗

representing the element g. For n > 1 we let γ(n) denote the number of
elements g in G with δ(g) 6 n. Restrictions on the growth of the lengths
of codes of elements of G in an automatic presentation show that γ(n) is
bounded above by a polynomial function. This condition on γ is independent
of the choice of finite generating set and G is said to have polynomial growth.

A theorem of Gromov [4] classifies groups with polynomial growth as be-
ing those that contain a nilpotent subgroup of finite index, i.e. the virtually

nilpotent groups. Finally, it is known that a virtually nilpotent group with
decidable first order theory is virtually abelian (see [3, 6, 7]), and this com-
pletes the proof.

1



It is known that virtually abelian groups are automatic [2] but that there are
many examples of automatic groups that do not have automatic presentations
(for example, free groups); so the class of groups with automatic presentations
is a proper subclass of the class of automatic groups. Now let G be a group
with generators {a1, . . . , an}, and let C = (G, R1, . . . , Rn) be a new structure
where Ri(g, g′) if gai = g′; C is called the Cayley graph of G. By definition,
if G is automatic, then C has an automatic presentation. However, the
Heisenberg group (the group of nonsingular 3 × 3 upper-triangular matrices
over Z), although not automatic, does have a Cayley graph with an automatic
presentation [1].

To summarise, let AutoPres be the class of groups with automatic presenta-
tions, Automatic be the class of automatic groups, and let CayleyAutoPres
be the class of groups whose Cayley graph has an automatic presentation;
then we have AutoPres ( Automatic ( CayleyAutoPres.
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DPDA EQUIVALENCE AND INFINITE GRAPHS

COLIN STIRLING

EDINBURGH UNIVERSITY

The question whether language equivalence between deterministic context-free languages

is decidable was solved positively by Senizergues in 1997. His proof, which is very

algebraic, involves two semi-decision procedures without a complexity upper bound.

By viewing the problem as an equivalence problem on infinite graphs, we provide a

simpler deterministic decision procedure with a primitive recursive complexity upper

bound.



Logic, Databases, and Complexity

Rod Downey (Wellington New Zealand)

There has been a lot of work in using algorithms generated by logic and topological

graph theory as a paradigm for algorithm design. I will describe recent work towards our

understanding of the usefulness of this, particularly in the context of parameterized

complexity.



Hybrid control and Automata

Anil Nerode

Goldwin Smith Professor of Mathematics and Computer Science

Cornell University

Ithaca, NY 14850

USA

Anerode1@twcny.rr.com

Hybrid systems are interacting reactive networks of continuous physical

processes and finite automata. The subject has advanced rapidly in the last

decade. There are many meetings on the subject in mathematics, computer

science, and engineering meetings. This is because hybrid systems theory

promises to show how to control systems such as computer networks, air traffic

control, chemical process control, enterprise supply chain control, etc. ( Kohn-

Nerode founded a company, Clearsight, which pursues such goals.) The Kohn-

Nerode version of the subject starts by noting that in optimal control, optimal

control functions may have to be measure–valued and may not be physically

realizable. But in engineering only epsilon optimal control is needed, for an end

user defined epsilon. For any such epsilon, one can actually construct, via

differential geometry and differential equations, Finsler Manifolds, Bellman

equations, Pontryagin maximum principle, etc., epsilon approximations to optimal

control, which are physically realized by finite control automata, yielding a

controlled hybrid system. More or less conversely, when a physical system has

both digital and discrete elements, we can continualize the discrete elements,

then construct approximate optimal control by finite automata of the resulting

purely continuous system to achieve epsilon optimal control of the original

system.

One can conceptualize control systems as differential automata, which can be

approximated by finite automata. We discuss directions of research and the

current state of the subject. Our approach emphasizes the underlying differential

geometry. We are interested in the development of differential automata theory

on manifolds, designed for the applications mentioned.



Title: Automatic Groups and Semigroups

Speaker: Rick Thomas

Department of Computer Science
University of Leicester, UK
rmt@mcs.le.ac.uk

Abstract

There have been some intriguing interactions in recent years between group
theory and theoretical computer science. One area which has proved to be
very fruitful in providing interesting and useful results is that of automatic

groups (in the sense of Epstein et al. [3]). For example, it is known that
any automatic group must be finitely presented and the word problem of
an automatic group can be solved in quadratic time. For an overview of
automatic groups, see [1] and [3].

The purpose of this talk will be to introduce the notion of an automatic group,
give some examples and mention some results. Our main motivation is to
indicate how the definition can be extended to semigroups and give an outline
of some recent work establishing a theory of automatic semigroups. We find
that some of the results in automatic groups do generalize to semigroups
(such as the solution of the word problem in quadratic time) whereas others
do not (for example, there exist automatic semigroups that are not finitely
presented).

For an introduction to automatic semigroups, see [2].
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Intrinsically regular relations in automatic structures.

Sasha Rubin

An automatic structure A is one whose domain A and atomic relations are finite
automaton (FA) recognisable. A structure isomorphic to A is called automatically
presentable.

Suppose R is an FA recognisable relation on A. This paper concerns questions of the
following type. When is R definable in A ? For which automatic presentations of A is
(the image of) R also FA recognisable ? In other words we are concerned with the
relationship between FA recognisability and definability of relations in automatic
structures. To this end we say that R is intrinsically regular in a structure A if it is FA
recognisable in every automatic presentation of the structure. For example, in every
automatic structure all relations definable in first order logic with additional quantifiers
'there exists infinitely many' and 'there exists a multiple of $k$ many' are intrinsically
regular.

We mention results characterising the intrinsically regular relations in a sample of
structures. More specifically we investigate whether or not intrinsically regular relations
are definable. For example, on the one hand, the set of even numbers of the structure
(N,£), although not definable in this structure, is intrinsically regular. On the other, there

exists an automatic presentation of (N, S) in which the set of even numbers is not
regular. In particular, a unary relation in (N, S) is intrinsically regular if and only if it is
first order definable in (N, S).



���������
	����������������������	��������
��� ���������!��"�#$�����%	��
�&���(')��������	���"���*+�&���(')*��-,.	/�1032

46587:9<;>=&?A@CBD7FEHG

I>JLKCMONQPOR<K<SUTOVRWMYX[ZCT]\HMO^�_�PO`ba�Xdc<eDfhg�ikjY_HldK<JLZDcUm JFMO^�_HZon
prq�sotourvxw8yCz|{}y/~o�8qHt��<�H�Cy/��{�tr�o�rsC�r�x�o��s8ur~A{��ou

���U�Q�8���8�������/���/�D���[�U�F�/��� E�7:E����<�:7F@U�U;D��EH��� �¢¡�£H¤|¥�£�¦8§Q¨>©-BDE�� �|EH5«ªW@<Er=�¬D5W�L9�:@�FBDE
��@C�>��E�®|�.@C¯°58;|�F@C±«58�F�]�6ªW7F@W;|®D=²¡ ³x§[¨&´&@W;|ªCB|µ G�=F®>Er589¶���DªD¥-5¢7:E�µ]5o�:��@W�D58µ�=O�:7F;>�/�F;D7FE²� =
��58µ µ EH�¢5C;U�F@W±«5o�F�]���¯%�:B|E�E�µ E�±�E��<�L=�@C¯��FBDE�;|�D��·WE�7L=dE.��58�+¬>E�7:E�®|7:EH=FE��<�:EH�¸¬¶G � @W7:�D=
¯¹7F@W±º5.7FEHªC;|µ]587»µ]58�DªC;D5CªCE�58�D�²E�·WE�7:G¼7:E�µ]5o�F� @C�²@8¯ �FBDE½=O�:7F;>�/�F;D7FE«��5C�¾¬>E«7:EH��@CªC�D��¿HEH�
¬<G)5�=dG¶�D�LB|7:@C�D��¿HEH�6ÀoÁ��L58®1E�58;|�F@C±«58�F@C��¨>Â�;|�F@C±«58�F�]��=d�F7:;D�/�:;|7:EH=�7FEr��E�� ·CEr�����>��7:EH5C=F� �|ª
���<�FEH7FEr=O���U;D7F� �|ª��FBDE«µ 5W=O�»GCEr587L=�¡Ã£W¥FÄ|¥�£HÄ|¥�£rÅrÆÇ£x³x§[¨AÈ��|E«@8¯Y�FB|E½±�5C���²±�@8�:��·o5o�:��@W�D=�¯¹@W7
���¶·CEr=O�:��ª<5o�:���|ªh5C;U�F@W±«5o�F�]�)=d�F7:;D�/�:;|7FEr=�]=«�:B|E)¯�5C���½�:BD5o�½EH·CEH7FGÉ58;U�:@C±«5o�:� �¼=d�F7:;D���F;|7:E
BD5C=�5½�|EH���]�|5C¬|µ�E�ÊD7L=O�FÁ[@W7:�|E�7��:B|E�@W7FGW¨�È��¼�FBDE�@C�FB|EH7�B>58�D�Ë¥ËÌ µ ;|±�E��D=:5o�:BÍ58�>�ÍÎ�7xÏ5C�UEHµ
®|7FEr=dEH�<�FEH�658�¼E�ÐU5C±�®|µ�E�@8¯Ñ5C�658;U�:@C±«5o�:� ��=O�:7F;>�/�F;D7FE�Ò � �Ã�:BÍ5½�|@C�|EHµ�EH±�E��<�:5C7FG�ÊD7L=O�FÁ
@C7L�UE�7��FB|EH@C7:Gh¡ Ä8§[¥Ç�[¨ EW¨�¥Ç�:B|E�7F;D�|�|� �|ª½�:��±�E�@8¯ 58�¶G¼58µ ªC@W7F���FB|±!¯¹@W7��|EH���]�U� �|ª.�FB|E°�:7F;U�:B
@8¯Ñ5�ÊD7L=d�dÁQ@C7L�UE�7&¯¹@W7F±�;|µ]5«���ÍÒÓE�Ð|��EHEH�|=�58�¶G��F@ � E�7%@C¯�E�ÐU®>@W�|E��<�L=%@C¯�Ê|ÐUEH�)=F��¿HEC¨Ç©-B|� =
±°@C�F� ·o5o�FEr=��FB|E�=dEr587L�LB)¯¹@C7�=F;|¬1��µ 5W=F=FEH=�@8¯ 58;U�:@C±«5o�:� �°=O�:7F;>�/�F;D7FEr=�¯¹@W7 � B|�]�LB¼�:B|E°ÊD7L=O�FÁ
@C7L�UE�7��FBDE�@C7:G)¬1EH��@W±�EH=�E�µ E�±�EH�W�L587:G¼�UEH��� �D58¬|µ EC¨ËÔ}�k¡ ÀC¤o§Q¥Ç�FB|E«5C;U�FB|@W7»� �|E��<�F��ÊDEH�²=F;D�LB
56=F;|¬1��µ 5W=F=HÕ �o�U�}�o�«�o�[���.�/���/�D�����U�:�/�½�OÖ�×L�o�UØÇÙC�LÙ¸ÙC�QÚC�F�L� ¨�ÂÛ7FEHµ 58�F� @C�D5CµY=d�F7:;D�/�:;|7FE.BD5W=
¬>@W;|�D�UEr��UE�ªW7FEHE&�Ã¯Ë¯¹@W7Y=F@C±�E&Ê|ÐUEr���@W�D=O�L58�<�YÜo¥C¯¹@C7YE�·CEH7FG�E�µ E�±�E��<� Ý½@8¯Ë�:B|E�=d�F7:;D���F;|7:E
�FB|EH7FE)E�Ð¶�]=d�«58�±�@W=d�«Ü.EHµ�EH±°EH�<�:=«Þ¢=F;D�LBÉ�FB>5o�Ý�58�>�+Þ¢¬>EHµ�@W�|ª¾�F@¸=F@C±�E.�F;|®|µ E¼� �
=d@W±°E&7:E�µ]5o�:��@W�A¨CßYàW;D��·o58µ E��<�:µ�GW¥8�FBDE�Î�58��¯¹±«58�UÁQªC7L58®|B�¡ áo§>@C¯Ç�FB|E%=d�F7:;D���F;|7:E&BD5C=Ñ¬>@W;|�D�UEr�
�UE�ªW7FEHEC¨¶â%=F���|ª�5�±°E��FB|@U��@8¯�ãDE�7:7:5C�<�FE�5C�D�½´%5C�L9C@Cä¾¡ åo§Q¥¶�Ã� � 5C=-=dBD@ � �«�FBD58�-¯¹@C7 E�·CEH7FG
58;U�:@C±«5o�:� �)=d�F7:;D�/�:;|7:E¼@8¯�¬>@W;|�D�UEr�æ�UE�ªW7FEHE��FB|E¼ÊD7:=d�dÁQ@C7L�UEH7��FB|EH@C7:G+��5C�æ¬>EÍ�UEH��� �UEr�
���)�:7F� ®|µ G�E�ÐU®>@W�|E��<�:� 5Cµ�58µ��FEH7F�>5o�F� �|ª«�:��±�E � �Ã�:B65µ � �|EH5C7%�¶;|±�¬1E�7�@8¯Ñ5CµÃ�:E�7:�D5o�:��@W�D=�¡ À8¤D¥
©-B|±�¨�Äo§Q¨Yç²E¸587:EÍ��;D7F7:E��<�Fµ Gk�|@8�)58¬Dµ�EÍ�F@É±«5o�:�LB��FB|�]=�;|®|®1E�7�¬1@C;|�D�è¬¶G�5+=FBD587:®
µ�@ � E�7&¬1@C;|�>�Ë¨DÌ ;U�%����� =�®>@<=F=F��¬Dµ�E��:@��@C�>=O�:7F;D���%58��58;U�:@C±«5o�:� �»=d�F7:;D���F;|7:E»@8¯�¬>@W;|�D�UEr�
�UE�ªW7FEHE%¯¹@W7 � BD� �LB��FB|E�ÊD7L=d�dÁQ@C7L�UE�7Ñ�FB|EH@C7:G«BD5C=&5�µ�@ � E�7 ¬1@C;|�D��@8¯��U@C;D¬|µ�G½E�ÐU®>@W�|E��<�:� 5Cµ
58µ��FE�7:�D58�F� �|ª��F� ±°E � ���FB5�µ ���DEH587Ñ�<;D±�¬1E�7�@8¯Ë58µ��FEH7F�>5o�F� @C�>=&¡ ÀC¤|¥8©-B|±�¨WÅo§[¨C©-BDE&®|7F@¶@C¯>¯¹@W7
�FB|�]=&µ @ � EH7 ¬1@C;D�D�.;D=dEr= �FB|E»� �<�FEH7F®|7:E��L5o�:��@W��±�E��:B|@U�.@8¯�éY@W±�®U�F@W��5C�D�.ê�E��>=d@W�²¡ Åx§Q¨

È�;|7-;|®|®1E�7&¬1@C;|�D���:EH�LB|�|�]à<;|E�¯¹@C7&58;|�F@C±«58�F�]��=d�F7:;D���F;|7:EH= @8¯�¬>@W;|�D�UEr���|E�ªC7:E�E���5C�
¬>E%5Cµ =F@�E�Ð¶�FEH�D�UEr���:@ ���:�:���o�U�}�o�«�o�[�����/���/�D���[�U�F�/� ¡ Ào§[¨W©�7:E�E�5C;U�F@W±�58�F�]�-=O�:7F;D���F;|7:EH=
ªCE��|Á
E�7L58µ ��¿HE58;U�:@C±«5o�:� �=d�F7:;D���F;|7:EH=»¬¶G²7FEH®|7:EH=FE��<�F� �|ª)E�µ E�±�EH�W�L=�·¶�]5��F7:E�Er=�58�D�¾;>=d� �|ª)�:7FEHE
58;U�:@C±«5o�L5«¯¹@C7�7:EH��@WªC�|� ¿�� �|ª«�:B|E�;|�|� ·CEH7:=FE�5C= � E�µ µ�5W=��:B|E�7FEHµ 58�F� @C�D=%@8¯
�:B|E�=O�:7F;D���F;|7:EC¨
©-B|E�¬D5W=d�]���]�UEr5«ªC@¶EH=�¬D5W�L9½�:@�FBDE � @C7:9�@C¯Ñë�5C;D�LB|E���58�D�6©-� =F@C�¢¡ ìo§�@C�¼ªW7F@W;|�D�.�:7FEHE
7FE � 7F���F� �|ª�=dGU=d�FE�±«=H¨ËÂí�OG¶®|�]��5Cµ�E�Ð|58±�®|µ E�@C¯ 5½�F7:E�E�58;U�:@C±«5o�:� �°=O�:7F;>�/�F;D7FE��FBD58�»� =��|@C�
58;U�:@C±«5o�:� ��� =Ñ�FBDE�=FE��-@8¯��D5o�:;|7:5Cµ>�¶;|±�¬>EH7:= � ���FB�±�;|µ��F� ®|µ � �H5o�F� @C�²¡ Ào§[¨UãD@C7&5»�:7FEHE�5C;U�F@CÁ
±�58�F�]��=d�F7:;D�/�:;|7FE%@8¯Ë¬>@W;|�D�UEr�«�UE�ªW7FEHEC¥o�:B|E�Ê>7:=d�dÁQ@C7L�UE�7��:B|E�@W7FG�� =Y�UEH��� �D58¬|µ E�� ��¯¹@C;|7F¯¹@Cµ]�
E�ÐU®>@W�|E��<�:� 5Cµ��:��±�E � �Ã�:B²5�µ ���|Er587��¶;|±�¬1E�7�@8¯ 58µ��FE�7:�D58�F� @C�D=°¡ ÀC¤|¥Ç©-B|±�¨Aìo§Q¨�éY;|7F7:E��<�:µ�GW¥

î g�K<`bN�ï�\HMOaï�_�N�ð<_�M}POSñn.òW\rZWJ�ï
K<`bSbJ»POK<J�_�RWPOK<\�M�ï�_HN�_�P�óAô°Xdc1õYZ<`böxJ:MON}`ñP[n½\�TY÷8PORWP}POør_�M}P/c
m J:MO^�_HZonoù



�FB|E»¬1EH=d�%9¶�|@ � �.µ�@ � E�7-¬1@C;|�D��¯¹@W7-�F7:E�E�58;|�F@C±«58�F�]��=d�F7:;D���F;|7:EH=-@C¯�¬1@C;|�>�UEH���UEHªC7:E�E�� =
�FB|E�=:58±�E»5C= ¯¹@W7�ú � @C7L�Dû 58;U�:@C±«5o�:� ��=d�F7:;D�/�:;|7FEr=�¨

Â%=�±°EH�<�F� @C�|Er�)���6�FB|E°¬1E�ªC� �|�|� �|ª>¥D�:B|E�¬>5C=F� ��� �UEr5@C¯Ñ58;U�:@C±«5o�:� ��=O�:7F;D���F;|7:EH=�ªC@¶Er=
¬D5C�L9��F@%�FB|E �UE�ÊD�D�Ã�:��@W��@8¯ �8�U�Q�8���8�����ÑÚ8�F�8�rü>� ¥ � B|�]�LB»BD5x·CEÑ58�d�:7:5W�/�FEr��5&µ @8��@8¯D5o�F�FEH�W�:��@W�
���½��@C±�¬|���>5o�F@W7F�]58µDªC7:@C;|®��:B|E�@W7FG��U;|7:���Dª»�FB|E�µ]5C=d�%£rÅ�GWEH5C7:=H¥C=FE�E%EW¨ ª>¨8�:B|E��:E�Ð¶�F¬1@¶@C9)¡ ³x§[¨
´&@C;|ªWB|µ G6=d®1EH5C9¶���|ª>¥Ë5½Ê>�|�Ã�:E�µ G¼ªCEH�|E�7L5o�:EH�6ªC7:@C;|®¾ýÑ¥�ªCE��DE�7L5o�FEr�¼¬¶G)�:B|E°ÊD�|���FE=FE���þ�¥
� =»5C;U�F@W±�58�F�]�8¥Ë��¯Y�:B|E«E�µ E�±�EH�W�L=»@8¯&ý��H58�²¬>E«7:E�®|7:EH=FE��<�:EH�¼¬¶G � @C7L�|=�¯¹7:@C±ÿ5.7:E�ªW;|µ 5C7
µ 5C�|ªC;D5CªCE @o·CEH7�þ�¥858�D���FBDE&7F� ªCB<��±�;|µ��F� ®|µ � �H5o�F� @C� � ���FB«5�ªCE��DE�7L5o�F@W7��H58�°¬>E-7:EH��@CªC�D��¿HEH�
¬<G�5»=dG¶�D�LB|7:@C�D��¿HEH��ÀoÁ��L58®1E&58;U�:@C±«5o�:@C�A¨8©-B|�]=
��@C�D��E�®U��EH5W=d� µ G�G¶��EHµ �|=Ñ5�à<;D5W�U7L5o�F�]�Ñ�F� ±°E
58µ ªC@C7:���FB|± ¯¹@C7 �:B|E � @W7:�«®D7F@W¬|µ�EH±Ó@8¯�58��5C;U�F@W±«5o�F�]��ªC7:@C;|®A¨<ÔQ�&� =-=d�F7L58� ªCB<�Ñ¯¹@W7 � 587L���:@
E�Ð¶�FEH�D�²�FB|E��UE�ÊD�D�Ã�:��@W�¸@8¯�58�h5C;U�F@W±�58�F�]��ªC7:@C;|®²�:@��FB|E±�@W�|@C�]�¸��5W=dE � �FB|�]=�µ EH5W�|=��:@
�FB|E���µ 5W=F=-@C¯ �8�U�Q�8���8���������8Ø1�8��Ùx� ¥>=FE�E»EW¨ ª>¨A¡ ¦>¥�£C£W¥�£rÀ|¥FÀCÅo§[¨|Â%�D58µ @CªW@C;D=Fµ�G��:@��FB|E»ªW7F@W;|®
��5C=FEC¥D�Ã�%�]=�Er5C=FG�:@½=dBD@ � �:BD5o��¯¹@W7�E�·WE�7:G½58;|�F@C±«58�F�]�»±�@C�|@W� ���FBDE � @W7:�.®|7:@C¬Dµ�EH±Û��5C�
¬>E�=F@Cµ ·CEr�½� �.à<;D5W�U7L5o�F�]���F� ±�EC¨

ã|7:@C± �:B|E��UE�Ê>�|�Ã�:��@W��@8¯Ë58��58;U�:@C±«5o�:� �-=d�F7:;D�/�:;|7FE-����¯¹@Cµ µ�@ � =�� ±�±�EH�U�]5o�:E�µ G��FB>5o���FBDE
� ������������Ú8�F�Lü
	 @C¯�58�h58;|�F@C±«58�F�]�«±�@C�|@W� �¾�]=�5C�h58;U�:@C±«5o�:� �=d�F7:;D���F;|7:EC¨�©-B|E.é 5xG¶µ�EHG<Á
ªC7L58®|B)@C¯Y5«ÊD�D�Ã�:E�µ G)ªCE��DE�7L5o�FEr��±�@C�|@W� ��� � �Ã�:B67:EH=F®>Er�/�%�:@.5ÊD�|���FE°ªCEH�|E�7L5o�:���|ª�=dE��
þ � =%5°þ%ÁQµ 5C¬>EHµ�Er���U� 7:EH�/�:EH�.ªC7L58®DB � ���FB)�|@U�UE�=FE��� 58�D��5C���WÁQµ 5C¬>EHµ�Er�½Er�UªCE�¯¹7:@C±Û5
�|@U�UE»Ý��F@5°�|@U�UE»Þ��¯�Þ���Ý��� ��� ¨>é 5xG¶µ�EHGWÁQªC7L58®DBD=Ñ@C¯�ªW7F@W;|®D=-587:E»5�¯¹;|�D�|5C±°EH�<�:58µ
�F@¶@Cµ
� �h��@W±�¬|� �D58�F@C7:�]58µ�ªC7:@C;|®Í�FBDE�@C7:G+¡ ÀCÀo§Ñ58�D�¾=FE�7:·CE«5C=�5�µ�� �|9¼�:@)@8�:B|E�7»Ê>E�µ]�|=»µ ��9WE
�F@C®1@Cµ @CªWGC¥ÇªC7L58®DB)�FB|EH@C7:GC¥Ë58�>�658;|�F@C±«58�:5½�FB|EH@C7:GC¥Ë=dEHEC¥ÇEC¨ ªD¨ ¥
¡ À8Ä|¥:Ào¦8§Q¨Ë´&EH=F;|µ��:=�@C�Í�FBDE
ªCE�@W±�E��F7:�]��=O�:7F;>�/�F;D7FE�@C¯�é 5xG¶µ�EHGWÁQªC7L58®DBD=�@8¯�5C;U�F@W±�58�F�]��±�@C�D@C�]�|=Ñ�H58�¬1E�¯¹@W;|�D�� �6¡ À8ìD¥
ÀW³r§Q¨��¶� �D��E��FBDE°é 5xG¶µ�EHGWÁQªC7L58®DB½@8¯
5C�¼58;U�:@C±«5o�:� �»±�@W�|@C�]�.� =�58�¼58;|�F@C±«58�F�]�»=O�:7F;D���F;|7:EC¥
�Ã�L=�ÊD7L=O�FÁ[@W7:�UEH7°�FB|EH@C7:G¢�]=�UEH��� �D58¬|µ EC¨Ñ©-BD� =5Cµ�µ @ � =°�F@¸·WE�7:�Ã¯¹G¢�|@C�UÁ[�F7:� ·<�]58µ&®D7F@W®>EH7d�:��Er=
¯¹@C7�58;|�F@C±«58�F�]��±�@C�D@C�]�|=�¥Ëµ � 9CE°¯¹@C7�� �D=O�L58�D��E�7F� ªCB<�dÁ}��5C�D��EHµ�µ]5o�:��·¶���OGC¨AÈ��6�:B|E«@8�:B|E�7r¥Ç�FBDE
58;U�:B|@C7&BD5W=&��@W�D=O�:7F;>�/�FEr��58��58;U�:@C±«5o�:� ��±�@C�|@W� ��¯¹@W7 � B|� �LB.�:B|E�ÊD7L=O�FÁ[@W7:�UEH7 �FB|EH@C7:G� =
�|@8�
EHµ�EH±°EH�<�:587:G��UEr���]�|58¬Dµ�E�¡ ÀU£�§[¨<È��DE�=dB|@W;|µ]���D@8�FE-�:BD5o���:B|E�é 5xG¶µ E�G<Á[ªW7:5C®|B�@C¯Ç5 �/�ÃÚ�	¶���
�:�8Ø1�L�������o�[���x� 58;U�:@C±«5o�:� �6±°@W�|@C�]�k�]=�5C�è58;U�:@C±«5o�:� �Í=O�:7F;>�/�F;D7FE¼@C¯�¬>@W;|�D�UEr�è�UEHªC7:E�E �
B|E��D��EC¥�¬¶G¾�FB|E�;|®|®1E�7�¬>@W;|�D�¾¯¹7:@C± ¡ À8¤8§[¥��Ã�L=�ÊD7:=d�dÁQ@C7L�UEH7»�FB|EH@C7:G¸��58�¸¬1E��UEH��� �UEr�h� �
�F7:��®|µ G¢E�ÐU®>@W�|E��<�F�]58µ�58µ��FE�7:�D58�F� �|ª²�F� ±°E � �Ã�:B�5¾µ�� �|EH5C7«�¶;|±�¬1E�7@C¯�58µ��FE�7:�D58�F� @C�D=H¨
ã|@W7
7FEHµ 58�FEH��7:EH=F;|µ��:=Y@C�«�:B|E%µ @CªW� �H58µ>®|7F@W®>EH7d�:��Er=
@C¯�é 5xG<µ E�G<ÁQªC7L58®|B>=�@8¯AªC7:@C;D®D=Ñ5C�D�«±�@C�|@W� �D=
=dEHE�¡�£HåD¥�£Há8§[¨

?AE��&;D=�E��D���FBD� =�5C¬D=d�F7L5C�/� � ���FB)5�¯¹E � @C®1E��)à<;|EH=d�F� @C�D=HÕ

£C¨&Ì E�� � E�E���@W;|7&;|®|®1E�7�¬1@C;D�D�.¯¹@C7&�:B|E���@W±�®|µ�E�ÐU�Ã�OG�@8¯��FB|E»Ê>7:=d�dÁQ@C7L�UE�7 �:B|E�@W7FG@C¯�5C�
58;U�:@C±«5o�:� �»=d�F7:;D���F;|7:E»@8¯�¬1@C;|�D�|EH�)�UEHªC7:E�Eú �:7F� ®|µ G�E�ÐU®>@W�|E��<�F�]58µ�58µ��FE�7:�D58�F� �|ª°�F� ±°E
� �Ã�:Bè5¸µ ���DEH587��¶;|±�¬1E�7�@8¯�58µ��FEH7F�>5o�F� @C�>=:û�5C�D�É�FB|EÍ¬>Er=O�.µ�@ � E�7½¬>@W;|�D�íú��U@C;|¬Dµ�G
E�ÐU®1@C�|EH�W�:� 5Cµ�58µ��FE�7:�D58�F� �|ª�:��±�E � �Ã�:B²5�µ ���|Er587��¶;|±�¬1E�7�@C¯Y58µ��FEH7F�D58�F� @C�D=Lû��FB|EH7FE°� =
5½ª<58®A¨1çæBD58���]=��FB|E°®|7:EH���]=FE°��@C±�®|µ E�ÐU�Ã�OG���ãD@C7��F7:E�E°58;U�:@C±«5o�:� �°=O�:7F;>�/�F;D7FEr=��:B|� =
ªW5C®��]=-E�·WE���µ 5C7FªWE�7r¨

ÀU¨-ÔO=��FBDE�7:E58�¸58µ��FEH7F�D58�F� ·CE��D58�F;|7L58µÑ�LB>587L5C�/�:E�7:��¿r5o�:��@W�6@8¯ �FBDE½��µ]5C=:=�@8¯»ú �:7FEHErû»5C;U�F@CÁ
±«5o�F�]�»=d�F7:;D�/�:;|7FEr=-@8¯�¬>@W;|�D�UEr�.�|E�ªC7:E�E��

Ä|¨&Â�7:E��FB|EH7FE�@8�:B|E�7&�>5o�F;D7:5CµÇ��µ 5W=F=FEH= @C¯�58;|�F@C±«58�F�]��=d�F7:;D���F;|7:EH=Y¯¹@C7 � BD� �LB�ÊD7L=O�FÁ[@W7:�UEH7
µ�@WªC�]��� =-EHµ�EH±°EH�<�:587:G½�UEr���]�|58¬Dµ�E��

À



����� ��!
��"#$�&%

' ù%ô�ù$(�JLZWJ/òW`baoP/cAI�ùÇI>*̀)<a8`bZ>cÇg ù�÷CldKoï�JLZoPO`blda|c1_HZ<ò)I�ùË÷CJLøH\rR,+<Z>ù½j ^»\8òCJLS.-¹POK<JL\�MOJ:PO`bl�_�ð,-
ðCMO\x_�lFK�PO\-MOJLøHR<SÃ_�M�NQP}MO`bZ<ø&MOJLSÃ_�PO`b\rZWNLùDX[Z0/21436587979:�;=<�>@?A3CBEDGF,7IH�J�DGFLKE<M<,N,OQPSRCT�T&TVUMW�XAYS3@Z
?9;=N�X[3@<]\�39>@;^5_;=<a`�3@XbYcN�Dd7e1AUc5 ;f7e<g587ihG\$R�`jU2k lSm�m�Hen/cCð¶_�ørJLNpo�q '8r o@o�sCùWXCt�t�t�u�\H^»ð<RCPOJ:M
÷8\olL`bJ:P[nwvËMOJLN}NLc
x�sQs ' ù

x8ù�j�ù,(�SbR<^»JLZWNO_�POK>ù�jÑRWPO\H^�_�PO`bl-NQP}MOR<lFPORWMOJLNLùzy-`bðWSÃ\H^�_�POK<J:N}`ÃNLcWe>f¸g�iæj _�lFKWJLZ>c '6{@{Q{ ù
qCù�j�ù
(�SbR<^»J:Z<NO_�POK½_�Z¶ò|t
ù>mYM�V_HòWJLS ù%jÑRWPO\r^�_�PO`bl�NQP}MORWl:PORWMOJLNLù-X[Z}/~1C36587874:@;G<�>@?]3CBDGFM7]HQ�@DGF

KA<M<,N,OQP�RCT&T�T�UMW�XAYS3@?9;=N�X�3@<|\�39>@;^5i;=<V`�3�XAYcN�Dd7e1iUc5 ;f7e<g587�hG\$R�`jUpk lSm�m�m8n�c|ð<_HøHJLN�� '8r
� x8ùWXCt�t&tVu�\r^»ðWRWPOJ:MY÷8\olL`bJ:P[n�vAMOJ:N}NLc
x@s@sQs8ù

oWùuYù�ô�ùpu�_�^»ðM)UJLSbS c�t
ù�ó�ùAeÑ\Q)UJ:M}PON}\HZ>c���ùÇeYR
�N}aCRWlrcA_�Z¶ò¼e%ù�ô�ù�g�KW\r^�_HNLùÍjÑRWPO\r^�_�PO`bl
N}J:^»`Ãø�MO\rRWð<NLù���FM743@147eD�;^59OQPp`�3@XbYcN�Dd7e1Uc5 ;f7e<g587FcgxQ�@sS� ' -�xQ�e� q � � r q {�' c�x@s@s ' ù

�8ùI��ùg�Wù�u�\r^»ðWPO\HZ½_HZ¶ò�uYù|fkù|iYJLZ<N}\HZ>ù�jæR<ZW`ñT]\HMO^ ^»J:POK<\8ò�T \HM&ðCMO\�ö8`bZ<ø�Sb\/ï�J:MI)U\HR<Z<òWN
\HZ«POK<J%lL\r^»ðWRWPd_�PO`b\HZ¶_HS1lL\r^»ðWSÃJe�W`ñP�n�\HT�Sb\røH`bl/_HSAPOK<JL\�MO`bJLNLùKE<,<gOQP ?i3CB_/2N�197LO@<c:]K2YQYgP ;f74:
\�39>@;^5:cMoQ�S� 'er��@{ c '6{Q{ sCù

� ù%ô�ùcy&_HRWlFKWJ:P-_�Z¶ò÷UùUg�`bN}\rZDù-g�KWJ%POKWJL\HM}n°\HT�øHMO\HR<Z¶ò�MOJ:ï�MO`ñPOJ%NQnCNQPOJL^»NY`bN òWJLlL`ÃòW_@)<SbJrùYX[Z
/21436587974:@;=<�>@?�3CBwDGF,7|��DGF�K_<,<MN,OQPpRCT�T&T�UMW�XAYS3�?8;GNSX�3@<�\�39>@;^5�;=<�`�3�XAYcN�Dd7e1�Uc5 ;f7e<g587
hG\�R�`jU�k ��men/cWð¶_HøHJLNAx�o�x r x@� � ù|X�t&t�t�u�\H^»ð<RCPOJ:MY÷C\olL`bJ:P�nwvAMOJLN}NLc '6{@{ sCù

� ùIy�ù
(YùDj%ù�tAð<NQPOJ:`ÃZDc��WùUfkù�u�_�Z<ZW\rZ>c
y�ùDó�ù|i \rSñP/c>÷Uùg��ù|ó�ùDIDJLöonocDô�ù>÷|ù�vË_�POJ:MON}\rZDcD_HZ<ò
fÉùcvÇùWg�K8RWMONQPO\rZDù]��3@1C:_Yc1436587e?9?9;=<�>w;=<w>@1C3@N�Yc?Où2�H\rZ<J:N _�Z¶ò�(�_�M}POSbJ:P}P/cg(�\rNQPO\rZDc '�{Q{ xoù

�Cù��CùÇó<JFM}Md_HZoPOJ�_HZ<ò�uYùÇeY_Hldax\@�Ëù���FM7�`�3@XAYMNSDfO�D�;^3@<gO@Pb`�3@XbYgP�74 @;=D�W�3CB¡\�39>@;^59OQPE��FM743@18;f7e?Où
�YR<^¡)UJ:M ��' ��`bZ«I>J:l:PORWMOJ_�Y\HPOJLN
`bZô�_�POK<JL^�_�PO`Ãl:NLùU÷8ðWMO`bZ<øHJ:M/c '�{���{ ù

{ ù&i%ù�m-_H`ñT ^�_HZ>ù,¢ Z�Sb\ol/_�S<_�Z¶ò&Z<\HZ<Sb\ol/_HS8ðCMO\rðUJ:M}PO`bJLNLù8X�Z¡�Cùx÷oPOJ:MOZ>cLJ/òW`ñPO\HM/cQ\�39>@;�5�`�3QPGP*36£ NS;GNSX
k ¤�H�cWð¶_HøHJLN ' sQ� rc' q��où
� \HM}POK�i \HSÃSÃ_�Z¶òDc '6{ ��xoù

' sCù�(ÑùUe%ù¶i \8òWøHN}\rZDùI¢ Z½òW`ñMOJLlFP ðCMO\8òWR<lFPON \HT�_HRCPO\r^�_�PO\rZòWJ:lL`Ãò<_@)WSbJ�POK<J:\HMO`bJLNLùw��FM743@197eD�;^59OQP
`�3�XAYcN�Dd7e1IUg5 ;^7e<g587Fc '�{ � qQq 'er q@q��oc '�{ �Qx8ù

'@' ù%ô�ùxi \@�|^�_�Z<ZDù�KEN�Df3@XLO@D�;�5I? 7eX¡;�>@143@N�Yc?Où�v�K,y̧ POK<JLN}`bNLcoõYZ<`böxJ:MON}`ñP[n�\HT1I>JL`blLJ:NQPOJ:M/c�y-JLð<_�M}P4-
^»J:Z8P�\HT�ô�_�POK<JL^�_�PO`Ãl:NY_�Z¶ò�u�\H^»ð<RCPOJ:MY÷ClL`bJLZWlLJrccx@s@sQsCù

' x8ù��Cùró�ù@vÇù�i R<òWN}\HZ>ù8eÑJLørRWS�_�MÇMOJ:ï�MO`ñPOJ�NQnCNQPOJL^»NË_�Z¶ò%_HRWPO\H^�_�PO`bl�NQP}MORWl:PORWMOJ:NLù8X[Z]U
7eXi;*>@143@N�Yc?9¥
KEN�Df3@X¦O@DfO�O�<g:¡\�O@<�>@N,O6>�7e?OcUð<_HøHJLN ' o�� rc' �Qx8ùUf.\HMOSÃò�÷8lL`bJLZoPO.̀+¶lrc '6{@{ �Cù

' qCù&i%ùoX[N}KW`bK¶_�Md_8cS(Yù��&K<\HR<N}NO_�`ÃZW\�ö|cC_�Z¶ò�÷|ù8eÑRM)W`bZ>ù>÷C\H^»JÑMOJ:N}R<SñPON�\rZ�_�RWPO\r^�_�PO`bl NQP}MOR<lFPORWMOJLNLù
X�ZL/21436587974:@;=<�>@?b3CB~DGFM7_H�§�DGFiKA<M<,NMO@PSRCT&T�T�U,W@XbYS3@?9;=N�X[3@<i\�39>@;^5b;=<|`�3@XbYcN�Dd7e1EUc5 ;f7e<g587
hG\�R�`jU2k lSmQm�l6n/c<ð<_HøHJLN_x�q�� r x�o@oWù|X�t&t�t�u�\H^»ð<RWPOJFMY÷C\olL`bJ:P�n�vËMOJLN}NLcgx@sQsQx8ù

' oWù�(Ñù
�&K<\rRWN}NO_H`bZ<\�ö«_�Z¶ò½j%ùg�YJ:MO\8òWJHù�jYRCPO\r^�_�PO`bl%ðWMOJLN}J:Z8Pd_�PO`b\rZ<N \HT�NQP}MOR<l:PORCMOJLNLù&X[Z}\~`~`&¨
R8<,Dd7e1e<cO@D�;^3@<cOQP���3@14©�?CF,3eYV3@<�\�39>@;�5wO@<c:a`�3@XAYMNSDfO�D�;^3@<gO@PE`�3@XbYgP�74 @;=D�W�c1Z8RW^i)UJ:M {Q� s°`bZ
IDJLl:PORCMOJ_� \�POJLN
`ÃZ�u�\r^»ð<RCPOJ:MY÷Cl:`ÃJ:Z<lLJrcWð¶_�ørJLNEq ���6r q { x8c '6{@{ oCù

' �8ù�(Ñù,�&KW\rRWN}NO_H`bZ<\�ö�_HZ¶ò�÷|ùCeÑRM)W`ÃZDù�mYMd_HðWK<N�ï
`ñPOK«_�RWPO\r^�_�PO`bl-ðWMOJLN}J:Z8Pd_�PO`b\rZ<N�\�öxJFMÑ_�R<Z<_�M}n
_�Sbð<K¶_�)UJ:P/ùgª�3@N�18<gOQP,3CB�KEN�Df3@X¦O@DfO@¥M\�O@<�>@NMO�>�7e?«O@<g:i`�3�XL¬ ;=<cO@Df3@18;^5 ?Oc � ��o��e� o �Q�6r o��Qs8cSx@s@s ' ù

'�� ù�(Ñùc�&K<\HR<N}NO_�`ÃZW\�ö|c|÷|ù¶eÑRM)W`bZ>c<_HZ¶ò«ó�ù|÷8POJLðWK¶_HZDù�jÑRWPO\r^�_�PO`bl%ð<_�M}PO`Ã_HS1\HMdòWJFMONLùÑg1\�_HðWðUJ/_�M
`bZ0/21436587974:@;=<�>@?A3CB«DGFM7IH@¤QDGF¦KE<,<MN,OQP,RCT�T&T�U,W@XbYS3@?9;=N�X3@<¦\�39>@;^5A;G<}`�3@XbYcN�Dd7e1bUc5 ;f7e<g587
hG\�R�`jU2k lSmQm@®�n/cgx�sQs@qCù

'6� ùIy�ù$�&R<N}arJrù«X[Niu�_HZoPO\�M6¯ N�g�K<JL\�MOJL^!_�RWPO\H^�_�PO`blrùX[Z�/~1C365e7974:@;=<�>@?�3�B]DGFM7�HQm�DGFaR8<,Dd7e1e<cOQZ
D�;�3@<gOQP
`�3@<�B67e197e<c5e7b3@<i\�39>@;^5�B 3@1�/21439>@14O�XiXi;G<�>@¥gKE1eD�; °&5 ;^OQP�R8<MDd7 P=P ;*>�7e<g587e¥$O�<g:A±E74O@?e3@<,;=<�>
hG\�/�KE±²lSmQm@®�n6¥zKbP X¦O@D�W�h=³¡O6´6O�©6F�?9DfO@<Qn/c�x@sQs@qCù�POK<`bN�öx\HSÃRW^»Jrù

' �CùIy�ù$�&R<N}arJ�_HZ¶ò¼ô�ùÇI>\HKWMOJ:noùID\røH`ÃlL_HS
_HN}ðUJ:l:PON�\�T_u�_LnCSbJ:n�-�øHMd_HðWK<N��>POK<J�øHMO\HR<ð)l/_�N}JrùPO\
_�ð<ðUJ/_�MÑ`ÃZ�KE<M<cOQP ?�3CBE/2NS147iO@<c:¦KpY�YgP ;f74:\�39>@;^5:ù

'�{ ùIy�ùz�&R<N}axJ°_HZ¶òÍô�ù�I>\HKWMOJ:noù�y-J:lL`Ãò<_@)WSbJ°POK<JL\�MO`bJLN»\HTu�_LnCSbJ:n�-�øHMd_HðWK<NLù6X[Z6i�ù�jÑSñP�_HZ<ò
ô�ù<i-_�)<*̀)>c<J/òW`ñPO\HMONLcg/~1C36587874:@;G<�>@?i3CB�DGF,7¡lSm�DGF�KE<,<MN,OQP�U,W@XbYS3@?9;=N�Xµ3@<V��F,793�197eD�;^59OQP�KA?8Z
Y,745 D�?}3CB�`�3@XAYMNSDd7e1�Ug5 ;^7e<g587�h^U$�SK`jU¶lSm�m@® n�¥�·A7e1eP ;=<²h8¸«7e1eX¦O@<MWen/cYZ8RW^i)UJ:M�x � s � `bZ
IDJLl:PORCMOJ_� \�POJLN
`ÃZ�u�\r^»ð<RCPOJ:MY÷Cl:`ÃJ:Z<lLJrcWð¶_�ørJLN«o � q r o � oWù>÷CðCMO`bZ<ørJFM/cgx�sQsQq8ù

Ä



x�sCù%ô�ù>ID\rKWMOJFnoù»jYRCPO\r^�_�PO`Ãl�NQP}MOR<l:PORCMOJLN&\HT2)U\rR<Z<òWJ/ò½òWJ:øHMOJLJrù�X[Za/~1C365e7974:@;=<�>@?03CBiDGFM7wH�m�DGF
R8<,Dd7e1e<cO@D�;^3@<cOQP�`�3@<6B67e147e<g587}3�<�\�39>@;^5B�3@1]/21439>@1CO@XiX¡;=<�>@¥_KE18D�; °p5 ;�OQP~R8<,Dd7 P=P ;�>�7e<c5e7e¥O�<g:
±«74O@?e3@<M;G<�>�hG\�/�KE±²lSm�m�®�n6¥�KbP XLO�D�W�h�³O6´6O�©6F�?9DfO@<�n/cDZ8R<^¡)UJ:MEx@�Q�@s»`bZ«I>J:l:PORWMOJI�Y\HPOJLNÑ`bZ
j
M}PO.̀+¶lL`Ã_HSDX[ZoPOJLSbSb`børJLZWlLJrc<ð¶_HøHJLNEq@o@o r qQ�@�8c�x@sQs@qCù

x ' ù%ô�ùCID\rKCMOJ:noù�y JLlL`Ãò<_�)<`bSb`bP�n�_HZ<òwu�\H^»ð<SbJ �C`ñP[n»`bZ�jYRCPO\r^�_�PO`bl ô°\rZW\r`ÃòWNLù1N}RM)<^»`ñP}POJ/ò|cSx@s@s@oCù
x@x8ù&e�ùMuYùUI|nWZ<òW\HZ°_�Z¶ò�vÇùMt
ù¶÷CldK8R<ðWð>ù_`�3@X¦¬ ;=<gO�Df3@1e;�OQP&¸21C3@N�YV��F,793�1eW�ù�÷8ðWMO`bZ<øHJ:M/c '6{��@� ù
x�qCùIy�ù2t�ù
ô°RWSÃSbJ:M°_HZ<ò�vÇù2t�ù
÷8lFK8RWð<ð>ù+mYMO\HR<ðWNLc�POK<J�POKWJL\HM}nÍ\HT�J:Z¶òWNLc�_HZ<ò²lL\HZ8POJe�CP4-¹T�MOJLJ

SÃ_�Z<ørR<_HøHJLNLùAª�3�NS18<gO@P$3CB¦`�3@XbYcN�Dd7e1iO�<g:LUMW�?8Dd7eX¹Ug5 ;^7e<g587e?Oc
x � � x { � r q ' sCc '�{ �Qq8ù
x�oWùIy�ùzt
ù�ô°RWSbSÃJFM�_HZ<ò�vÇùzt�ù�÷CldK8R<ð<ðDù�g�KWJ�POKWJL\HM}n)\�T J:Z¶òWNLcAðWR<N}K<òW\/ï
Z¼_HRCPO\r^�_�Pd_8c�_HZ<ò

N}J:lL\rZ<òS-�\HMdòCJ:M
Sb\rør`blrù¡��FM743@147eD�;^59OQPp`�3@XbYcN�Dd7e1Uc5 ;f7e<g587Fccq � � ' �e� � 'er�� �oc '6{ �Q�8ù
x@�8ù�ó�ù@¢YP}PO\Y_HZ<òI��ù�eÑR
�N}a8R<lrù�u�\rZSº¶R<J:Z8P1^»\rZ<_ròW`bl�NQP}MO`ÃZWø@-¹MOJ:ï�MO`ñPO`bZ<øYNQnWNQPOJ:^»NÇ_HZ<ò�_�RWPO\H^�_�PO`bl

NQP}MORWl:PORWMOJ:NLù»ª�3@N�1e<cOQPI3CB�KEN�Df3@XLO@DfO�¥\�O@<�>@NMO�>�7e?aO�<g:¼`�3�XL¬ ;=<cO@Df3@18;^5 ?Oc � �^q��e� q � � r qQ�@�Cc
x�sQs ' ù

x � ù�vÇùS��ù<÷8`ÃSböH_�_�Z¶ò�(Ñù¶÷oPOJL`bZ�)UJ:MOøWù�jhørJL\H^»J:P}MO`bl&lFK<_�Md_�l:POJ:MO*̀½/_�PO`b\HZ«\HTA_�RWPO\r^�_�PO`bl-^»\rZW\r`ÃòWNLù
PO\�_Hð<ðUJL_�MÑ`bZ�¾2N,O@18Dd7e1 P W0ª�3@N�18<gOQP�3CBA¿}O@DGFM7eX¦O@D�;^5 ?Où

x � ù�vÇùg�%ùD÷C`bSböH_�_�Z¶ò|(YùD÷oPOJL`bZ�)UJ:MOøWù_tz�8POJLZWN}`Ã\HZ<N&_�Z¶ò�N}R,)<^»\rZW\r`ÃòWNY\HT�_HRCPO\r^�_�PO`bl%^»\rZW\r`ÃòWNLù
��F,793�197eD�;^59OQPp`�3�XAYcN�Dd7e1IUg5 ;^7e<g587Fc
x�� { � � x �6r�� ��oWc$x@sQsQx8ù

¦



FA-presentable structures: richness and limitations

Andre Nies

Abstract: To be finite automaton (FA)-presentable seems to be a rather strong restriction on a countable

structure in a finite signature: the domain can be represented by a regular set, in a way that finite

automata can also verify that the atomic relations hold (where the strings representing elements are

written one below the other, using symbols in a power alphabet).
For instance, the additive group of integers is FA-presentable: numbers are represented in binary, and the

correctness of the usual carry bit addition algorithm can be verified by a finite automaton. This notion

was introduced by Khoussainov and Nerode, 1995. (There and elsewhere, FA-presentable structures are
called automatic structures, however, for groups, the term ``automatic'' refers to a different concept.)

For each FA-presentable structure one can also give an FA-representation of all definable relations,
effectively in the defining formula. So FA-presentable structures are closed under interpretations, and

each one has a decidable theory.

When considering an elementary class of effectively given structures, a good measure for its richness is
the complexity of the isomorphism problem. For instance, Khoussainov, Nies, Rubin and Stephan

(LICS 2004) have proved that for FA-presentable graphs or even successor trees, isomorphism is as

complex as possible ($Sigma^1_1$-complete), so the class is quite rich after all. With little effort, the
result carries over to partial orders, lattices, and commutative semigroups.

One the other hand, the class of FA-presentable infinite Boolean algebras is very limited: Khoussainov,
Nies, Rubin and Stephan have shown that they are just the finite powers of the Boolean algebra of finite

or cofinite subsets of a countable set.

The general program is to locate each interesting class somewhere between those two possibilities. I
discuss some new results for abelian groups and groups in general, mostly on the limiting side.

Groups: Examples of non-abelian FA-presentable groups include infinite direct powers of a finite
non-abelian group, and GL_n(R) for some FA-presentable ring, e.g. the Boolean algebra mentioned

before, viewed as a ring. Each finitely generated FA-presentable group is abelian-by-finite (Oliver and

Thomas). A recent improvement of this (Nies and Thomas): if G is ANY FA-presentable group, then

each f.g. subgroup of G is abelian-by-finite. Using similar methods, each FA- presentable commutative
ring with 1 is locally finite.

Abelian groups: Known examples are (Z,+), the Prufer groups, and Z[1/p] for a prime p, and the
obvious derived examples (like finite direct products). While the multiplicative group of rationals is

non-automatic (Khoussainov e.a.), it is a major open question if the additive rationals are

FA-presentable.

$Sigma^1_1$-completeness seems unlikely for groups, so the eventual goal might be a characterization

of FA-presentable (abelian) groups.


