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ABSTRACT 

The main objective of this Thesis is to improve the modelling of elastic damping in dynamic 

analysis of multi-degree-of-freedom systems undergoing inelastic response. Previous studies have 

shown that the elastic damping in a structure is not viscous in nature, but viscous damping can be 

carefully set up to achieve adequate performance in inelastic analyses. 

Several existing alternative elastic damping models are investigated for their applicability to 

inelastic analyses. Coulomb friction-based damping forces are shown to produce equivalent 

viscous modal damping ratios that are amplitude dependent, frequency dependent and coupled. 

Simplified elastic analysis techniques are developed to determine the modal damping ratios when 

multiple modes are vibrating simultaneously at different amplitudes. This study utilises a collection 

of stiction elements which comprise of a spring and a Coulomb friction element in series. Three 

stiction elements in parallel between adjacent degrees-of-freedom can replicate damping ratios that 

are approximately independent of amplitude.  

The three-element stiction damping model with reduced structural stiffness is the damping model 

most suited to inelastic analysis of both single and multi-degree-of-freedom systems. The model 

successfully emulates the effects of viscous damping in elastic analyses while having minimal 

artefacts on the engineering demand parameters of inelastic systems. Reduced stiction damping is 

superior to viscous damping because viscous damping must balance minimising the influence of 

mass-proportional damper forces with the magnitude of the elastic fundamental mode damping 

ratio. 

A secondary aim of the study is to develop a damping model that can implement amplitude 

dependent damping ratios. A novel implementation of viscous damping, Improved Modified 

Viscous Damping, is developed to provide uncoupled, individual mode amplitude dependent 

damping ratios. The key to the new model is to scale the viscous damper coefficient in proportion 

to the instantaneous total energy in the system. Amplitude dependent damping is shown to have 

negligible effect on the peak response of inelastic systems. 
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Chapter 1 Introduction 

𝑎, 𝑏, 𝑐, 𝑑 Coefficients for Grant (2005) equation to calculate 𝜉ℎ 

𝑐 Viscous damper coefficient 

𝑐𝑐𝑟 Critical viscous damper coefficient 

𝑓𝑑 Damping force 

𝑓𝑛 Frequency of mode 𝑛 

𝑓𝑟 Restoring force 

𝑓𝑦 Yield force 

𝑔 Gravitational acceleration = 9.81 m/s2 

𝑘 Stiffness of a SDOF system 

𝑘𝑒 Effective stiffness of equivalent SDOF system 

𝑘𝑖 Initial stiffness of SDOF system 

𝑚 Mass of a SDOF system 

𝑢 Relative displacement 

𝑢𝑦 Yield displacement 

𝑢0 Initial displacement 

�̈� Relative acceleration 

𝐶 Viscous damping matrix 

𝐶𝐸𝑃 Coefficient for Dwairi, Kowalsky et al. (2007) equation to calculate 𝜉ℎ 
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CHAPTER 1  
INTRODUCTION 

Large destructive earthquakes occur at tectonic plate boundaries in the Earth’s lithosphere. 

Differential motion between adjacent tectonic plates can cause a build-up of strain energy in the 

material at the plate boundary. When the stresses at the boundary interface exceed the capacity of 

the materials, rupture can occur along a fault plane to release the stored energy. Some of the 

released energy radiates away from the fault rupture in the form of seismic waves. 

Earthquakes are prevalent in New Zealand because the country resides at the boundary between 

the Pacific and Australian plates. The perimeter of the Pacific plate is known as the “Ring of Fire” 

because earthquakes occur frequently at this interface in countries such as Japan, Indonesia, 

Taiwan, the USA, Mexico, Chile and New Zealand. Several large earthquakes have afflicted New 

Zealand, the most devastating being the Napier earthquake of 1931 that claimed 256 lives and the 

recent Lyttleton earthquake of 2011 that claimed 185. Many of the fatalities were consequences of 

structural failures in buildings. 

Seismic waves manifest on the surface of the earth as accelerations of the ground. Ground 

accelerations are hazardous to buildings and bridges as they interact with the structural mass and 

input some of their seismic energy into the structure. The amount of input energy is determined by 

the time and frequency content of the earthquake, and the dynamic properties of the structure. The 

primary objective of aseismic design is preservation of life safety during and immediately after 

earthquakes by preventing collapse. Aseismic design requires an understanding of how structures 

will deform and absorb energy under predicted seismic actions. 

Structures respond dynamically to seismic ground accelerations. Structural dynamics are governed 

by the periodic transformation of the input energy between the kinetic and potential forms. Kinetic 

and potential energies are associated with, but not limited to, the inertia and elastic properties of 
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the structure respectively. Inertia forces are defined by Newton’s Second Law and elastic forces 

by Hooke’s Law. Mathematically, the inertia and elastic properties of a structure are often 

accurately represented using discrete mass and stiffness elements. The most common mathematical 

representation of the problem is the dynamic governing equation of motion as follows 

 𝑚�̈�(𝑡) + 𝑘𝑢(𝑡) = 0 (1-1) 

where 𝑚 and 𝑘 are the mass and stiffness of the structure respectively, and �̈�(𝑡) and 𝑢(𝑡) are the 

accelerations and displacements of the mass respectively. The mass and stiffness system 

parameters can be accurately related to the natural frequencies at which the structure vibrates and 

the mode shapes in which it naturally deforms by solution of the governing equation of motion 

linearised eigenproblem (Humar 2012). 

Observed phenomena in elastic vibration such as the bounded response of a system at resonance 

or the decay of free vibrations cannot be explained by the mass and stiffness representation alone. 

Such phenomena can only be explained by removal of energy from the system. A third system 

parameter is required to represent the energy dissipation in the structure to numerically emulate 

reality. The system parameter representing energy dissipation is commonly referred to as damping. 

There are three different classifications of damping in structural engineering. “Elastic” or inherent 

damping is considered as that inherent to the structure which is not associated with significant 

inelasticity and damage (Priestley, Calvi et al. 2007). “Hysteretic” damping represents the energy 

dissipated by significant inelastic response of materials. “Added” damping is that provided by 

mechanical devices designed to limit response through non-damaging energy dissipation. 

Hysteretic and added energy dissipation sources are specific in location and well defined by 

numerical models so can be explicitly accounted for in dynamic analysis. Elastic damping 

represents all the energy dissipation not explicitly modelled elsewhere. Elastic damping has an 

important influence on the design of structures for earthquake and wind dynamic loads but is 

difficult to both qualify and quantify. 

The importance of elastic energy dissipation to seismic response is demonstrated by the elastic 

acceleration spectra for the El Centro H2 earthquake record in Figure 1-1 a). Elastic damping is 

assumed to be viscous in the development of the response spectra. Viscous damping is a familiar 

and numerically convenient type of energy dissipation for engineering applications. Viscous 

damping is specified by the viscous damping ratio, 𝜉, as a fraction or percentage of “critical” 

damping. Critical viscous damping is defined as the minimum amount of viscous damping to 
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prevent oscillatory response to an initial disturbance. For structures with natural periods between 

0.05 and 1 seconds subjected to the El Centro record, their peak absolute accelerations are reduced 

on average to 60 and 47% of the undamped response for the 2 and 5% damped cases respectively. 

Large amplitude reductions are achieved by relatively small change in damping ratios. Amplitude 

reduction corresponds to reduced strength demand and increased economy in design. 

  

Figure 1-1 a) El Centro absolute acceleration spectra, and b) dynamic amplification with 

respect to frequency ratio 

Damping is also a critical parameter for the design of large structures to wind loads. Wind loads 

can cause structures to vibrate at resonance. The importance of damping under cyclic forced 

vibration is demonstrated by the dynamic amplification factor. This is plotted as a function of 

excitation frequency ratio in Figure 1-1 b). The resonant response  of an undamped system is 

unbounded and is not shown for clarity. The peak dynamic amplification factors of the 1, 2 and 

5% damped structures are 50, 25 and 10 respectively. Damping is an important parameter in both 

predicting and limiting response to wind loads. 

The preceding simple earthquake and wind demonstrations highlight the importance and sensitivity 

of response of elastic structures to the amount of elastic damping. The challenge for engineers is 

to both specify the correct amount of elastic damping and model the damping in a way that 

encapsulates the contributing mechanisms to ensure the simulated structural response is realistic. 

The elastic damping in a structure is not the result of one individual phenomenon but rather the 

synthesis of numerous dissipative actions at different scales. Energy input into civil engineering 

structures is elastically dissipated by internal mechanical processes and in interaction with 

surrounding media. Elastic damping mechanisms are generally classified as that intrinsic to the 

structural material, friction in structural joints, friction from non-structural elements, energy 
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radiation into the foundation soil, energy transfer to the foundation or adjacent structures through 

impacts, or aerodynamic damping (de Silva 2007). The elastic damping mechanisms can be further 

classified into those that transfer energy out of the structure (radiation, impact and aerodynamic) 

and those that absorb energy within the structure (material and friction). The energy absorbing 

mechanisms manifest as hysteresis in the elastic forces as the dissipative forces are not in phase 

with displacement. Energy transferring mechanisms can manifest in the elastic forces but may also 

require an entirely separate formulation. One possible definition of elastic damping is the 

representation of all nonlinearities in a structure that are not explicitly modelled by the stiffness 

parameter. 

The elastic damping system parameter is more complex than the mass and stiffness parameters due 

to the uncertain nature, and the extent and distribution of each contributing dissipative mechanism. 

The relatively complex nonlinear dissipative forces are difficult to identity as they are 

approximately an order of magnitude smaller than the concurrent inertia and elastic forces. 

Nonlinear damping mechanisms are difficult to model individually, and a universal damping model 

able to capture the nature of global dissipation in a structure is yet to be derived. 

Equivalent linear models are often employed to approximate the nonlinear properties of a structures 

true stress-strain path. The most common linear damping model is viscous damping. Viscous 

damping forces are directly proportional to velocity and produce elliptical force-displacement 

hysteresis loops. To demonstrate the concept of equivalent viscous damping, an oscillation of 

steady state forced vibration of a system with exaggerated elastic damping (16.6% viscous) is 

shown by the discontinuous nonlinear dashed line in Figure 1-2 a). The Bouc-Wen (BW) hysteresis 

model is used to represent the actual system in this demonstration (Wen 1976). The nonlinear curve 

can be approximated by a linear elastic spring coupled in parallel with a linear viscous dashpot. 

The viscous damping coefficient is chosen to provide an equal amount of energy dissipation over 

an oscillation at a certain amplitude, as shown by the equal areas enclosed by the curves in Figure 

1-2 b). Equivalent viscous damping consolidates all damping mechanisms into one linear velocity 

proportional term in the governing equation of motion and the solution is a simple linear 

differential equation. Figure 1-3 shows the excellent correlation between the response histories of 

the true and approximate systems under cyclic forced vibration. Jacobsen demonstrated the 

accuracy of equivalent viscous damping for emulating nonlinear velocity proportional and 

hysteretic damping in structures undergoing steady state response (Jacobsen 1930, Jacobsen 1960). 

An important consideration in determining equivalent viscous damping is that non-viscous 

mechanisms may exhibit equivalent viscous damping ratios that are amplitude dependent. 
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Figure 1-2 Equivalent linear model of a nonlinear system – a) actual and linear spring 

restoring forces, and b) equivalent viscous damping approximation of the actual 

hysteresis 

 

Figure 1-3 Displacement response of the actual Bouc-Wen and equivalent linear systems 

to harmonic excitation 

A worthwhile exercise is to extend the previous demonstration over a range of steady state 

amplitudes, thus changing the equivalent (secant) stiffness and viscous damping of the equivalent 

system. Figure 1-4 a) and b) demonstrate the effect of change in secant stiffness, 𝑘𝑒, and equivalent 

viscous damping ratio to the steady state vibration amplitude. Over the amplitude range from 0 

through to 2 times the yield displacement, 𝑢𝑦, the secant stiffness approximately halves while the 

equivalent viscous damping ratio increases from 1.4 to 28.5%. At ductility of six the secant 

stiffness has reduced to 16.5% of the initial and the damping ratio has risen to 52%. Figure 1-4 

highlights the amplitude dependent nature of damping ratios provided by the BW hysteresis and 

demonstrates that the equivalent linear structure approximation is only valid at amplitudes near to 

the amplitude at which it was calibrated. 
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Figure 1-4 Equivalent linear models of a nonlinear system with Bouc-Wen or Elastic-

Perfectly Plastic hysteresis – a) equivalent (secant) stiffness, and b) equivalent viscous 

damping ratio 

The Jacobsen equivalent SDOF approach has been applied to the earthquake response of nonlinear 

structures in the Direct Displacement Based Design (DDBD) approach (Priestley and Grant 2005). 

In DDBD, the secant stiffness of the structure is determined from the hysteresis model at the target 

ductility of the structure. The effective viscous damping of the structure at the target ductility has 

been calibrated and is available from a graph for specific hysteresis models. An example of a 

damping ratio graph is shown in Figure 1-5 for the Elastic-Perfectly Plastic (EPP) hysteresis model. 

Note the EPP model can be considered as a bilinear discretisation of the continuous BW hysteresis 

that neglects energy dissipation below the yield point. The damping provided by the two models 

converge with increasing amplitude, as shown in Figure 1-4 b). Due to the inconsistent nature of 

earthquake response where most oscillations are at smaller amplitudes that the peak, the DDBD 

damping ratio curves reduce the steady state values from 53% to 22% (a 58% reduction) at ductility 

6. The magnitude of this change in equivalent viscous damping ratio for earthquake application is 

dependent on the hysteresis model, the earthquake record, and the period of the structure. 

The two damping curves in Figure 1-5 are replicated from studies by Dwairi, Kowalsky et al. 

(2007) and Grant (2005). The studies empirically derive equations for equivalent viscous damping 

ratios for various hysteresis models under seismic excitation. The methodology is to tune the 

damping ratio so that the peak response of the equivalent system matches that of the nonlinear 

system. The curves are derived from statistical analysis of the results of thousands of analyses. The 

peak difference between the two curves is 4.4% equivalent viscous damping. The large difference 

between the two curves demonstrates the difficulty in choosing the correct amount of damping to 

emulate a non-viscous dissipative mechanism, and in doing so highlights the importance of 

implementing the correct amount of damping in an analysis. Although the DDBD approach is 
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applying the equivalent structure approach to replicate the response of systems with large amounts 

of inelastic deformation, the same difficulties apply to the use of equivalent viscous damping in 

emulating “elastic” damping mechanisms. 

 

Figure 1-5 Equivalent viscous damping curves for the Elastic-Perfectly Plastic 

hysteresis model for the Direct Displacement Based Design approach 

To demonstrate the relevance to elastic damping, consider a linear elastic SDOF oscillator with a 

friction damper subjected to the El Centro H2 earthquake record. Note that a friction damper 

produces highly amplitude dependent damping ratios that are inversely proportional to amplitude, 

as demonstrated by the curves in Figure 1-6 a). Three different friction dampers are selected with 

damping ratios of 5% at target amplitudes, 𝑢𝜉 , equal to 1, 0.5 and 0.25 times the spectral 

displacement of a system with 5% viscous damping. Displacement response spectra are generated 

for each friction damper arrangement. The viscous damping ratios required to match the peak 

displacement response of an equivalent structure with viscous damping to that of the systems with 

friction damping are shown in Figure 1-6 b). The equivalent viscous damping ratios are also plotted 

by markers in Figure 1-6 a) against the peak displacements. 

Figure 1-6 demonstrates the effects on the response of systems with non-viscous damping 

mechanisms that are amplitude dependent. Figure 1-6 a) demonstrates that equivalent viscous 

damping ratios for systems under seismic excitation will always exhibit steady state values from a 

lower amplitude. The steady state and earthquake examples show that the lower amplitude damping 

ratio effect is apparent irrespective of whether damping ratios increase or decrease with steady 

state amplitude. Meanwhile, both plots of Figure 1-6 highlight the variability of the effect with 

respect to period of vibration due to the unique response history at each period. A similar variability 

is apparent between responses to different earthquakes at the same period for the same reason. 
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Figure 1-6 Equivalent viscous damping ratios for a SDOF system with 3 different 

friction dampers – a) vs spectral displacement, and b) vs period 

The simple example demonstrations of Figure 1-4, Figure 1-5 and Figure 1-6 reveal the variable 

effects of amplitude dependent damping on the response of SDOF systems. Such variability has 

the potential to influence the response history of a structure subjected to earthquake ground 

motions. Amplitude dependent damping can be implemented using nonlinear damping forces, but 

there is currently no framework for implementing amplitude dependent viscous damping in time 

history analyses. 

Equivalent viscous damping is particularly convenient in analysis of linear elastic Multi-Degree-

Of-Freedom (MDOF) structures. Analysis of a structure with a general type of damping matrix 

becomes the solution of a quadratic eigenvalue problem that requires approximately 8 times the 

computational effort of the undamped solution (Humar 2012). A special form of damping matrix, 

𝐶, is one that is diagonalised by the transformation 

 �̂� = 𝛷𝑇𝐶𝛷 (1-2) 

where 𝛷 is the modal matrix. A diagonal transformed damping matrix, �̂�, means that the 

independent mode shapes of the undamped system are preserved. Such a damping matrix is termed 

classical or proportional. Modal independence, or orthogonality, allows the dynamic response of a 

linear system to be solved using a set of uncoupled generalised modal coordinates, whose solution 

can be superimposed to recreate the global response in the natural coordinates. Modal orthogonality 

facilitates simple linear elastic analysis of large building structures. Damping in modal analysis 

can be directly specified as a ratio for each modal coordinate without the need to construct a global 

damping matrix. Analyses in the natural coordinates require a damping matrix. A classical damping 
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matrix for an elastic structure can be constructed as a scaled combination of the mass and elastic 

stiffness matrices prior to commencing analysis (Caughey 1960). 

An important feature of viscous damping is the frequency dependence of the damping forces and 

ratios. Damping forces are proportional to velocity which in turn is proportional to the frequency 

of vibration. Most damping mechanisms in civil engineering structures are hysteretic in nature and 

proportional to deformation history rather than frequency (Carr 1994). If the frequency of a system 

changes, the equivalent viscous damping coefficient will no longer provide an equivalent amount 

of dissipation and the damping ratio will change. Frequency dependence makes equivalent viscous 

damping difficult to control if the structure’s stiffness and frequency changes over the course of an 

analysis. Tangent stiffness proportional damping is often implemented to mitigate the implications 

of the changing stiffness (Priestley and Grant 2005), but the associated damping forces have no 

physical basis. 

Often a linear elastic spring, even with exaggerated viscous damping, cannot adequately 

approximate real component behaviour under large deformations. The nonlinear response of such 

components must be explicitly modelled with a hysteresis rule and the structure often requires a 

Nonlinear Time History Analysis (NLTHA) to understand its response. The modal coordinates in 

NLTHA are coupled because the stiffness matrix changes as a function of the deformation history. 

The clear relationship between modal damping and elastic modes does not exist in structures with 

nonlinear hysteresis components and the computational benefits of uncoupled modes are often lost.  

Additional complications arise in NLTHA with viscous damping because of the changing modal 

frequencies. The frequency dependence of viscous damping can create unrealistic elastic damping 

forces that have non conservative effects on storey shears, displacements and the work done by the 

nonlinear components (Hall 2006). Problems with viscous damping are discussed thoroughly in 

Chapter 2. The influence of viscous damping forces can be difficult to monitor and control in 

commercial finite element software (Carr 1997). The only advantages of adopting viscous damping 

for NLTHA are consistency with linear elastic analyses, the familiarity of engineers with the 

concept, the simplicity of the damping forces directly proportional to velocity, and the lack of a 

suitable alternative. On the other hand, viscous damping forces do not emulate real dissipative 

mechanisms, their frequency dependence is problematic and modal orthogonality is irrelevant. 

Viscous damping is difficult to justify for NLTHA but it continues to be the recommended 

representation of elastic damping. 

Nonlinear stiffness is expected in structures during large earthquakes. Most structures of normal 

importance are uneconomic to design to remain elastic and undamaged during a large earthquake. 
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Correctly detailed modern construction systems have an inherent deformation capacity to absorb 

large amounts of seismic energy through ductile damage. The design engineer can embrace damage 

in a structure to achieve a less expensive construction that has large reserves of hysteretic energy 

dissipation, provided collapse is prevented. Collapse is prevented in New Zealand via the 

“Capacity Design” philosophy (Standards New Zealand 2004). 

The basic premise of capacity design is to control how a structure will deform and damage during 

large earthquakes (Park and Paulay 1975). The control is achieved by allowing isolated damage to 

occur in carefully selected “plastic hinge” zones of a structure. The purpose of the plastic hinges 

is three-fold – to absorb large amounts of seismic energy through yielding of materials, to limit the 

forces that can be transmitted to the sections of the structure designated to remain undamaged, and 

to control the type of damage in the structure to ensure collapse is not possible. The plastic hinges 

are arranged to develop a ductile failure mode that will remain stable and have the lowest force 

capacity of all possible failure modes, thus ensuring other failure modes, including collapse, are 

not possible. The analogy of an axially loaded chain with a weak link is often employed to describe 

the capacity design and plastic hinge concept. The plastic hinges must be carefully detailed to 

safely accommodate large inelastic deformations and guarantee a secure load path for gravity 

forces. Once the ductile mode is fully activated the forces in the structure cannot exceed known 

limits irrespective of subsequent seismic loads, so the remainder of the structure can be designed 

to remain elastic under these conditions. 

Capacity design meets the primary objective of life preservation and facilitates economic 

construction, but in the event of a large earthquake capacity designed structures may undergo 

extensive damage. The damage sustained may be severe enough to prompt occupancy downtime, 

repairs or even demolition. To avoid the costs of extensive damage, capacity design principles can 

be implemented via low damage mechanical force limiting systems such as controlled rocking 

walls, sliding friction joints in steel frames or base isolation. Both traditional and low damage 

capacity designed structures exhibit modal frequencies that change over the duration of an 

earthquake. 

Aseismic capacity design relies on the prediction of design earthquake characteristics at the 

structure’s location, structural analysis to calculate deformations during the design earthquakes, 

and the design of structural components to withstand the calculated deformations. The design 

earthquakes are determined in accordance with the local governing standard. Structural analysis 

and component design are interrelated, as inelastic deformations lead to history dependent 
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structural response. All three components of the design process are important in ensuring a 

construction is safeguarded against collapse.  

Simplified ductile design methods such as the equivalent static or modal response spectrum 

methods are available in New Zealand for the analysis and design of “regular” structures, but 

NLTHA are required for structures outside of the regularity criteria (Standards New Zealand 2004). 

The simplified methods draw their design seismic hazard from a 5% damped acceleration response 

spectrum. The linear elastic design forces from the simplified methods are reduced in accordance 

with the design ductility of the structural system to give the design forces. The large amount of 

hysteretic energy dissipation implicitly accounted for in simplified ductile design is typically 

deemed to overshadow the effects of uncertainty in the elastic damping parameter. 

Design parameters computed from NLTHA of MDOF structures are directly influenced by the 

amount and formulation of the elastic damping model (Leger and Dussault 1992, Erduran 2012). 

Equivalent viscous damping is not entirely suitable for nonlinear analysis. Existing research for 

earthquake analyses has focussed on improving the performance of equivalent viscous damping 

despite its fundamental shortcomings. Recommendations in the literature regarding how to best 

control viscous damping in NLTHA of MDOF structures can be contradictory and elastic damping 

modelling is still without a definitive best practice. For a full summary of viscous damping 

literature refer to Chapter 2. 

 RESEARCH OBJECTIVES 

The first objective for this research is to determine the most appropriate, accurate and robust 

methodology for numerically modelling elastic damping in NLTHA. The key criteria for the 

chosen damping model are to be transferrable between linear and nonlinear systems, and to remain 

physically realistic for any frequency, amplitude and mode of vibration. The research is not 

confined to the framework of equivalent viscous damping. The only requirement is to satisfy force 

and energy equilibrium in direct integration time history type analyses of spatially discretised 

numerical models. 

The second objective for this research is to develop a methodology for implementing amplitude 

dependent damping in time history analyses of both single and multi DOF systems. Amplitude 

dependent damping ratios have been observed in real structures but there are currently no 

provisions for implementing the phenomena in NLTHA. 
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 THESIS OUTLINE 

The remainder of Chapter 1 is focused on defining the framework of subsequent damping analyses. 

Section 1.3 derives the viscous damping ratio and how it fits with elastic and inelastic systems. 

Section 1.4 defines the SDOF and MDOF reference systems that are used in numerical examples 

throughout the Thesis. 

A comprehensive review of elastic damping in civil engineering applications is presented in 

Chapter 2. Chapter 2 begins with a brief history of the development of earthquake engineering 

analysis to trace the development of damping practices over time and demonstrate the thought 

behind the current state of the art. Observed damping in constructed buildings is summarised along 

with the damping ratio estimation models developed from the measured data. The current state of 

the art in elastic damping is then detailed and the properties of the equivalent viscous damping 

model are demonstrated. The Chapter is completed with a review of the literature pertaining to the 

use of and problems with viscous damping in analyses with common types of nonlinearity. 

Chapter 3 investigates the damping properties of alternative non-viscous damping models. The 

advantages and disadvantages of the models are assessed and demonstrated. The damping models 

worthy of further investigation for application to earthquake analysis of building structures are 

highlighted. The potentially suitable damping models are modified Coulomb friction and stiction. 

Chapter 4 presents an investigation into the damping behaviour of friction type damping models. 

The damping ratios of the Coulomb friction, stiction and modified Coulomb friction models are 

assessed for elastic structures using simplified methods. The modal damping ratios by amplitude 

and frequency are demonstrated for both single and multi-mode oscillations. The behaviour of the 

friction models is assessed with performance during inelastic response in mind. Equations are 

derived to quantify the damping ratios in two modes vibrating simultaneously. 

Chapter 5 investigates the implementation of amplitude dependent viscous damping. Improved 

modified viscous damping is a novel formulation of viscous damping that allows the 

implementation of any amplitude dependency within the viscous damping framework. 

Chapter 6 presents the results of inelastic analyses of SDOF systems with four common hysteretic 

models. The effect of the elastic damping models on engineering demand parameters is quantified 

using response spectra. The performance of the damping models is assessed in the presence of 

different types of inelasticity. The friction damping models are compared to common 
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implementations of viscous damping. Reduced stiffness three-element stiction damping is shown 

to be the most suitable damping model for analysis of inelastic SDOF systems. 

Chapter 7 extends the modified Coulomb friction and three-element stiction damping models to 

inelastic MDOF systems. The effect of the friction damping models and common formulations of 

viscous damping on engineering demand parameters is again quantified using response spectra. 

The investigation shows that the reduced stiffness three-element stiction damping model is the 

most suitable for inelastic MDOF systems. Viscous damping models with a target frequency equal 

to a reduced fundamental mode frequency are also shown to perform adequately. 

Finally, Chapter 8 summarises the main conclusions from the Thesis. 

 QUANTIFICATION OF ENERGY DISSIPATION 

The most widely specified and understood quantification of energy dissipation is the equivalent 

viscous damping ratio. In this thesis the equivalent viscous damping ratio will be used to quantify 

energy dissipation from all mechanisms to facilitate comparisons. This section briefly explains 

what the viscous damping ratio is and what it means in more general terms. 

1.3.1 Free vibrations with viscous damping 

The governing equation of motion for a SDOF oscillator under free vibration with linear viscous 

damping is given by 

 𝑚�̈� + 𝑐�̇� + 𝑘𝑢 = 0 (1-3) 

where �̈�, �̇�, and 𝑢 are the acceleration, velocity and displacement response variables respectively, 

and 𝑚, 𝑐, and 𝑘 the mass, viscous damping and stiffness system parameters respectively. The 

governing equation has a solution of the form 

 𝑢 = 𝐺𝑒𝜆𝑡 (1-4) 

which when substituted into Equation (1-3) gives the characteristic equation 

 𝑚𝜆2 + 𝑐𝜆 + 𝑘 = 0 (1-5) 

𝜆 can be solved using the quadratic formula as follows 
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 𝜆1,2 = −
𝑐

2𝑚
± √

𝑐2

4𝑚2
−

𝑘

𝑚
 (1-6) 

From inspection of Equation (1-6) it is apparent there are three different types of solution 

depending on the terms inside the square root function. The critical case occurs when the two terms 

inside the square root are equal, satisfied when 

 𝑐 = 𝑐𝑐𝑟 = 2√𝑘𝑚 = 2𝑚𝜔 (1-7) 

where 𝜔 is the natural frequency of the undamped system. Critical viscous damping is defined as 

the minimum amount of viscous damping required for response to an initial disturbance to decay 

without oscillation (Chopra 2007). The case when viscous damping is greater than critical viscous 

damping gives rise to overdamped response, which is again non-oscillatory and takes longer to 

return to the equilibrium position than the critically damped case. 

The case most relevant to civil engineering structures is the underdamped case, when the sum of 

the terms inside the square root of Equation (1-6) is negative. The underdamped system leads to a 

solution with complex roots consistent with sinusoidal oscillation. A viscous damping ratio, 𝜉, 

refers to the fraction of critical viscous damping present in a mode of vibration and is given by 

 𝜉 =
𝑐

𝑐𝑐𝑟
=

𝑐

2𝑚𝜔
 (1-8) 

where 𝜉 < 1 for the underdamped system. 

Response of a system with varied viscous damping to an initial displacement is shown in Figure 

1-7. The displacement is normalised by the initial displacement, 𝑢0, and the energy is normalised 

by the initial energy, 𝑊0. The critically damped system returns directly to rest without oscillation. 

A decrease in damping ratio corresponds to a reduced rate of decay. Figure 1-7 shows that neither 

the rate of decay of displacement or energy is linearly proportional to the damping ratio.  



 

 - 15 - 

  

Figure 1-7 Free vibration envelopes of a system with viscous damping – a) normalised 

displacement, and b) normalised elastic strain energy 

The closed form expression for the displacement decay envelope is given by 

 
𝑢

𝑢0
= 𝑒−𝜔𝜉𝑡 (1-9) 

where 𝑢 and 𝑢0 are the displacement with respect to time and initial displacement respectively in 

metres, 𝑡 the time in seconds, 𝜔 the natural frequency of the system in radians per second and 𝜉 

the damping ratio as a fraction of critical damping. Equation (1-9) reveals that the displacement 

decay envelope will be linear in the natural logarithm vs time space. Plotting in the natural 

logarithm of displacement and time space is a convenient tool for assessing the nature of energy 

dissipation in systems. Figure 1-8 a) demonstrates the linear decay of peak displacements from 

Figure 1-7 a) in the log-time space. 

Figure 1-8 b) demonstrates qualities of viscous damping as the ratio of consecutive free vibration 

peaks for both displacement and energy. The energy curve is equal to the square of the 

displacement curve. A linear increase in damping ratio does not correspond to a linear increase in 

energy decay. The commonly specified ratio of 5% corresponds to amplitude ratios of 73 and 53% 

for displacement and energy respectively. Small damping ratios provide relatively large amplitude 

reductions. 
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Figure 1-8 a) Natural logarithm of free vibration displacement envelopes of a system 

with viscous damping, and b) ratio of consecutive free vibration peaks by damping ratio 

1.3.2 The viscous damping mechanism 

The adjective viscous defines a material that is between a solid and fluid in nature. Unlike a solid, 

a viscous material has no capacity to store strain energy when deformed. Internal friction in a 

viscous material, rather than elastic stresses, resist deformation. The viscous internal friction is 

proportional to the viscosity of the material and the rate of deformation. The energy input into the 

viscous material is dissipated internally as heat so response to a disturbance is non-oscillatory. A 

viscous material is represented by a dashpot in mechanical models. The viscous material model is 

of no use on its own in structural engineering as structures are constructed with solids. Instead the 

viscous and elastic material models are combined to give a material that exhibits resistance 

proportional to both the amplitude and rate of deformation. 

Viscous damping forces are linearly proportional to the system velocity so lead the displacement 

proportional restoring forces by 90o. The plot of viscous damping forces against displacement for 

an oscillation of forced vibration in Figure 1-9 shows elliptical traces. The energy dissipated is 

equal to the area enclosed by the ellipse. In free vibration the trace becomes an elliptical spiral. A 

linear increase in damping ratio corresponds to a linear increase in damping force. The larger the 

damping ratio the larger the damping forces and the larger the dissipated energy enclosed by the 

ellipse. 
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Figure 1-9 Damping forces for various damping ratios over one steady state oscillation 

1.3.3 Equivalent viscous damping ratios 

Damping mechanisms that are not viscous in nature can be compared by calculating an equivalent 

viscous damping ratio. Under steady state response to forced vibration the damping ratio can be 

related to the dissipated energy over one oscillation, 𝑊𝐷, and the peak strain potential energy, 𝑊𝑆, 

by  

 𝜉𝑒𝑞 =
𝑊𝐷

4𝜋𝑊𝑆

𝜔

�̅�
 (1-10) 

Damping derived from Equation (1-10) generates an ellipse in the damping force versus 

displacement space with an enclosed area equal to 𝑊𝐷, as previously demonstrated in Figure 1-2 

b). Damping mechanisms that are not viscous in nature may produce equivalent viscous damping 

ratios that are amplitude dependent. 

There is some ambiguity as to the amount of stored energy when the stiffness of the structure is 

nonlinear. The first to propose equivalent viscous damping was Jacobsen (1930) regarding the 

steady state response of linear SDOF systems with nonlinear damping. Jacobsen (1960) later 

extended his approach to systems with hysteretic damping where he defines the stored energy as 

the work area under a skeleton curve. Jacobsen defines the skeleton curve as an average between 

the loading and unloading paths of a hysteretic response. He notes that the skeleton curve approach 

requires an element of “artistic judgement” as the skeleton curve may not be directly known. 

A drawback of the Jacobsen skeleton approach is that the skeleton curve is generally nonlinear. A 

major advantage of the equivalent viscous damping method is that the structure becomes linear and 
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facilitates simple dynamic analysis. Rosenblueth and Herrera (1964) propose that the stored energy 

be calculated by specifying an equivalent linear system with an effective stiffness equal to the 

secant stiffness from the origin to the point of maximum displacement in the hysteresis loop. The 

stored energy is simply the area of the triangle beneath the line connecting the origin and the point 

of maximum displacement. The Rosenblueth and Herrera approach is the basis of damping in the 

DDBD methodology (Grant 2005, Priestley, Calvi et al. 2007). Chopra (2007) recommends the 

secant stiffness approach for elastic structures with damping that is not viscous but suggests the 

idealisation is generally not satisfactory for emulating inelastic response. 

A third option is to calculate the true amount of recoverable strain energy stored in the system at 

the point of peak displacement. In terms of the hysteresis loop the true stored energy is the area 

beneath the curve connecting the intercept of the unloading curve with the horizontal axis and the 

point of maximum displacement. 

  

Figure 1-10 Different formulations for stored energy for the flag shaped hysteretic 

model – a) hysteresis curves demonstrating the areas beneath the curves at 𝒖 = 𝟎. 𝟐, and 

b) stored energy 

Each of the three formulations compute different values for stored energy. An example of the areas 

beneath each of the curves is provided in Figure 1-10 a) for a flag shaped hysteresis at a peak 

displacement ductility equal to 4. The area beneath the backbone curve is the largest by a 

considerable margin over the Jacobsen skeleton curve. In this unique example, the secant and actual 

recoverable stored energy curves enclose a similarly sized but differently shaped area that is 

smaller than the skeleton area. The variation of the stored energies over range of amplitudes is 

presented in Figure 1-10 b). 

All damping ratios in this thesis are computed using the true stored energy unless otherwise 

specified. The true stored energy approach may require considerable additional computation if the 



 

 - 19 - 

hysteresis model is not multi-linear. Four inelastic hysteresis models are considered in this Thesis 

and the difference between the actual and secant approaches is shown in Figure 6-9. 

Equivalent viscous damping ratios calculated using Equation (1-10) overestimate the amount of 

energy dissipation for response to earthquake excitation as the majority of oscillations are at lower 

amplitudes than the peak. The DDBD approach relies on an equivalent structure with an equivalent 

amount of viscous damping. Researchers such as Grant (2005) and Dwairi, Kowalsky et al. (2007) 

conducted numerous numerical analyses to develop empirical expressions relating damping ratios 

computed using Equation (1-10) with respect to the secant stiffness to those observed during 

earthquake analyses of the equivalent linear system for several common hysteretic models. Dwairi, 

Kowalsky et al. (2007) determine that the hysteretic damping ratio for the elastic-perfectly plastic 

model is equal to 

 𝜉ℎ = 𝐶𝐸𝑃

𝜇 − 1

𝜋𝜇
 (1-11) 

where for example for the Elastic-Perfectly Plastic (EPP) model 𝐶𝐸𝑃 is equal to 0.85 for effective 

periods greater than one and 0.85 + 0.6(1 − 𝑇𝑒𝑓𝑓) for effective periods less than one. The second 

study by Grant (2005) derives the equation 

 𝜉ℎ = 𝑎 (1 −
1

𝜇𝑏
) (1 +

1

(𝑇𝑒𝑓𝑓 + 𝑐)
𝑑) (1-12) 

where the constants 𝑎, 𝑏, 𝑐 and 𝑑 are specific to the hysteretic model and in the case of the EPP 

model are equal to 0.224, 0.336, -0.002 and 0.250 respectively. The damping ratios for the 

equivalent structure can be converted to the method of Equation (1-10) by scaling by the ratio of 

the initial and secant stiffnesses. Equations (1-11) and (1-12) are demonstrated in Figure 1-11 with 

respect to both the actual stored energy and that stored in the equivalent secant structure. Figure 

1-11 demonstrates the large variation in damping ratios for the same hysteretic model and 

highlights the importance of a consistent approach. 
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Figure 1-11 Various derivations of hysteretic damping for elastic-perfectly plastic model 

– a) relative to actual stored energy, and b) relative to equivalent secant structure 

1.3.4 Damping ratios from free vibration 

Damping ratios during the free vibration of linear elastic systems can be calculated using the 

logarithmic decrement method by taking the natural logarithm of both sides of Equation (1-9) and 

rearranging as follows 

 𝜉 =
1

2𝑛𝜋
𝑙𝑛 (

|𝑢(𝑡)|

|𝑢(𝑡 + 𝑛𝑇)|
) (1-13) 

where 𝑢(𝑡) and 𝑢(𝑡 + 𝑛𝑇) are displacement peaks 𝑛 oscillations apart. The parameter 𝑛 can take 

any positive value that is a multiple of 0.5. Equation (1-13) is an approximation accurate for 

damping ratios less than 20% of critical. Damping ratios greater than 20% require the use of more 

complicated equation 

 
2𝜋𝜉

√1 − 𝜉2
= 𝑙𝑛 (

|𝑢(𝑡)|

|𝑢(𝑡 + 𝑇)|
) (1-14) 

for peaks one period apart, i.e. integer values of 𝑛. 

The logarithmic decrement method determines the damping ratio by assessing the ratio of 

successive peak displacements. During the free vibration of a linear elastic system the ratio of 

successive peak values will be the same for displacements, velocities, accelerations or the square 

root of the strain or kinetic energies. During the free vibration of nonlinear structures the 

displacements, velocities and accelerations are not necessarily linearly related and the strain energy 
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is not linearly proportional to the square of the displacement. Thus, the meaning of damping ratios 

calculated in this manner are difficult to qualify and relate to those calculated using the steady state 

energy approach of Equation (1-10). 

 

Figure 1-12 Damping ratios for flag shaped hysteresis calculated using different 

methodologies 

Figure 1-12 demonstrates the amplitude dependent damping ratios for the flag shaped hysteresis 

of Figure 1-10 calculated using the energy methods outlined in Section 1.3.3 and the logarithmic 

decrement method using displacements and the square root of peak energies. The logarithmic 

decrement values are plotted against the average of the two peak values from which they are 

calculated. Figure 1-12 demonstrates the large differences between all of the curves with the 

exception of the similar secant and actual energy formulations. The similarity of the two curves in 

this case is coincidental and may not always be the case. The example demonstrates that it is 

extremely difficult to compare energy dissipation by way of damping ratios when they have not 

been calculated consistently. To allow comparisons to be made, consistency is required in the 

method of calculating the damping ratio, the hysteresis model of the structure, and the amplitude 

at which the damping ratio is calculated. 

The most important realisation of this Section is that the equivalent viscous damping ratio is in fact 

an ambiguous property. The damping ratio facilitates the comparison of the amount of energy 

dissipation at different amplitudes for systems with vastly different properties. But in drawing 

comparisons between different situations it is important to ensure that the parameter of comparison, 

the damping ratios, are in fact comparable. 
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 REFERENCE SYSTEMS 

Throughout the thesis numerical examples are presented to demonstrate various phenomena. For 

simplicity and consistency, the examples will refer to the same structures whenever possible. The 

reference systems are chosen to align with those found in related literature. 

1.4.1 SDOF reference system 

The SDOF reference structure is representative of a single storey, single bay steel moment resisting 

frame with pinned supports at the column bases as detailed in Figure 1-13. The structure has a mass 

of 1.156 t and stiffness of 357.8 kN/m. The structural properties correspond to a period of 0.357 s, 

a frequency of 2.8 Hz and angular frequency of 17.6 rad/s. The yield displacement is assumed to 

be 50 mm in nonlinear demonstrations. This SDOF structure is hereby referred to as Reference 

Structure 1. 

 

Figure 1-13 Schematic of the SDOF Reference Structure 1 

1.4.2 MDOF reference system 

The MDOF reference structure is a five storey, single bay steel moment resisting frame as detailed 

in Figure 1-14. The MDOF reference structure is reproduced from Charney (2008) to facilitate 

comparisons and provide consistency. The Charney example structure is also adopted by Jehel, 

Léger et al. (2014) in their illustrative examples. 

The structure has masses, 𝑚, of 228 t at each storey, an inter-storey stiffness, 𝑘, of 87,000 kN/m, 

mass proportional (externally connected) dampers with coefficients, 𝑐𝑚, of 41.7 kNs/m, and 

stiffness proportional (internally connected) dampers with coefficients, 𝑐𝑘, of 111.4 kNs/m. In 

friction type damping examples, the viscous dampers are substituted for the appropriate friction 

dampers. The modal properties of the structure are presented in Table 1-1 and the mode shapes are 

depicted in Figure 1-15. This MDOF structure is hereby referred to as Reference Structure 2. 
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Table 1-1 Modal properties of the 5 DOF Reference Structure 2 

 Mode (𝑛) 1 2 3 4 5  

 Period, 𝑇𝑛 (s) 1.130 0.387 0.246 0.191 0.168  

 Frequency, 𝑓𝑛 (Hz) 0.885 2.583 4.072 5.231 5.966  

 Frequency, 𝜔𝑛 (rad/s) 5.560 16.230 25.584 32.866 37.486  

 Mass participation (%) 87.95 8.72 2.42 0.75 0.16  

        

 

Figure 1-14 Schematic of the 5 DOF Reference Structure 2 
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Figure 1-15 Unity normalised mode shapes of the 5 DOF Reference Structure 2 
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CHAPTER 2  
ELASTIC DAMPING IN CIVIL 
ENGINEERING 

An extensive review of elastic damping in structural analysis is presented herein. The aim of the 

review is to establish the nature of energy dissipation in structures and how it is currently 

represented in structural analysis techniques. First, the review provides a brief historical overview 

of the advancements in earthquake engineering analysis techniques and the role of damping. A 

selection of observed damping ratios in real buildings are summarised and the damping ratio 

estimation models developed from the measured data are compared. The properties of viscous 

damping are explored, then the application of viscous damping in the state of the art in professional 

engineering, and finally a review of the literature relating to the use viscous damping in nonlinear 

analyses. 

 A BRIEF HISTORY OF DAMPING AND STRUCTURAL ENGINEERING 

2.1.1 Early endeavours 

The scientific pursuit of energy dissipation has been ongoing for centuries. The first efforts to 

quantify energy dissipation appear to have occurred as early as the turn of the 16th century by 

Leonardo da Vinci in the investigation of sliding friction. Sliding friction was later parametrically 

investigated and understood by Coulomb in 1785. The Coulomb friction model is still relevant 

today but is numerically inconvenient as Coulomb friction forces oppose the direction of motion 

and require a discontinuous, nonlinear solution. Poisson appears to be the first to investigate 

internal dissipation in 1831 regarding friction within an incompressible fluid. Later, in 1851, Stoke 
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derived an expression for the friction losses in a pendulum. In 1866 Maxwell measured the 

coefficient of viscosity in gasses. 

Lord Rayleigh derived the linear viscous damping model in 1877 in his seminal work “The Theory 

of Sound” (Rayleigh 1877). Rayleigh’s dissipation function is a quadratic expression for the rate 

of energy dissipation, where dissipative retarding forces are proportional to the component 

velocities. Rayleigh grouped his dissipation coefficients into a symmetric damping matrix of the 

same form as those representing mass and stiffness. Rayleigh also developed proportional damping 

where the damping matrix is generated as a linear combination of the existing mass and stiffness 

matrices. Rayleigh proportional damping is currently the most common implementation of viscous 

damping in structural analysis. 

2.1.2 Damping in structural design 

Structures were not specifically engineered with earthquakes in mind until the early 20th century, 

and even then, dynamics were not considered. Many modern earthquake engineering developments 

have been as a direct consequence of a disaster, an early example being the 1908 Messina 

earthquake in Italy (Reitherman 2012). A study of the Messina earthquake recommended the use 

of the equivalent static method in future designs. The equivalent static method simplifies the 

dynamic forces acting on a structure as static lateral forces distributed as a function of the building 

mass above. The equivalent static method spread to other seismic countries and was the prevalent 

design method until the 1940s. Developments in the intervening period centred on the size and 

distribution of the applied horizontal forces. Formal design for earthquakes in New Zealand was 

not required until the 1935 New Zealand Standard Model Building By-Law which enforced the 

equivalent static approach (Davenport 2004). Lateral forces of 0.08 times the weight above were 

specified. Focus was firmly on applied earthquake loads rather than actual building response and 

performance. Energy dissipation did not feature in the early equivalent static design process. 

The transition towards understanding the dynamic response of structures was driven by both the 

ability to measure earthquake motions and the invention of the analogue computer. The 

seismograph was developed in the early 1930s and by 1970 there were around 70 instruments set 

up around the world (Reitherman 2012). Very few instruments’ location coincided with major 

earthquake events, so a set of earthquake data took time to accumulate. The recording of 

earthquakes allowed the numerical investigation of the qualities of structural response to real 

ground motion. One of the first earthquakes recorded was the El Centro earthquake of 1940 in the 

Imperial Valley, Southern California, which remains a prominent ground motion in modern 

analyses. 
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Calculating the response of a single degree of freedom structure to an irregular input such as a 

recorded earthquake acceleration history is computationally intensive. The exact solution of linear 

structural response to an arbitrary excitation is an integral with respect to time and a tedious 

calculation by hand. Energy dissipation is generally included using the viscous damping model so 

that the structural response remains closed form and in alignment with conventional solution 

techniques. A conflict exists because energy dissipating mechanisms in structures are generally not 

viscous. Jacobsen (1930) showed that in a structure vibrating at steady state approximating all 

forms of velocity proportional damping in forces proportional to the first power of velocity (viscous 

forces) provides good agreement with the exact solution and experimental results. The equivalent 

viscous damping approach uses the criterion for equivalence of the amount of dissipative work 

done per cycle, which can be amplitude dependent for non-viscous mechanisms. 

The response spectrum is a way to eliminate ongoing lengthy calculations by computing the 

maximum response of a range of oscillators to a given suite of earthquakes. An engineer can use 

response spectra to determine the maximum deformation, force and energy demands on a structure 

of any period for the spectra’s input ground motion set without the need to solve the full integral. 

In the 1930s and 1940s the task of creating response spectra could take months. By the late 1940s 

a resistor-capacitor-inductor (RCI) circuit analogue computer had been developed to analyse 

structural response with the ground acceleration record input as an electrical signal (Housner, 

Martel et al. 1953). The RCI analogue computer allowed response spectra to be produced in a 

matter of minutes with simple adjustment of the structural parameters of stiffness, mass and 

damping by tuning the resistance, capacitance and inductance in the circuit respectively. 

The response spectra lead engineers to realise the importance of damping in earthquake response 

and design. An undamped response spectrum contains many irregular peaks, which imply 

dominant periods in the excitation. As damping is increased in the oscillator the response spectra 

both reduces in amplitude and the irregular peaks smooth out to eventually disappear, as 

demonstrated in Figure 1-1 a). Structures with approximately 5% equivalent viscous damping will 

not be exposed to dominant periods. An increase of damping in a structure reduces the amplitude 

of response and the reduced irregularity of the spectra provides a more reliable prediction of input 

energy over a broad range of periods. 

Multi degree of freedom structures are easy to accommodate in response spectrum analyses using 

the classical normal mode superposition method. The modal spectral values are scaled in 

accordance with their mass participation and superimposed, including enough modes so that a 

minimum of 90% of the structural mass is included. The modal contributions are generally summed 



 

 - 28 - 

using the square root of the sum of the squares (SRSS) or complete quadratic combination (CQC) 

(Standards New Zealand 2004). A damping matrix is not required for modal response spectrum 

analyses as damping ratios are directly specified for each mode. 

The response spectra became a part of the New Zealand standard in the release of NZSS 1900 the 

New Zealand Standard Model Building Bylaw 1965. The base coefficient graphs provided in the 

response spectra were linearised over three period ranges for two types of building importance and 

three geographic designations. The base shear was to be distributed along the height of building in 

the shape of an inverted triangle. The spectra were developed with a constant damping ratio of 5% 

with no provision for variation. Adequate ductility was encouraged without guidance for how to 

achieve it. The code allowed for more precise dynamic analysis for special structures (Davenport 

2004). 

2.1.3 Early observations of damping in buildings 

The seismograph also allowed the measurement of the response of real structures to dynamic 

excitation. Notable studies were conducted by Stanford University Professor Lydik S. Jacobsen 

and his students (Reitherman 2012). John A. Blume measured the response of a 15 storey building 

in San Francisco to several types of dynamic excitation over the period from 1931 to the 1950s 

(Blume 1956). The purpose of Blume’s work was to better understand how buildings behave 

dynamically and what characteristics influence response. Blume initially focused on stiffness and 

period estimation for the building but also measured modal damping ratios by inspection of the 

resonant peaks of forced vibration experiments. Blume expressed interest in vibration reduction 

through energy dissipation and observed that buildings with more energy dissipation could perform 

better in earthquakes. Blume concluded his study of the building with the hope that the dynamic 

characteristics of buildings would become the diagnostic tools for engineers that health symptoms 

are for medical doctors. 

Blume later extended his research to observe the response of multi-storey reinforced concrete 

hotel-type structures in Las Vegas to nuclear blasts (Blume 1970). Blume used the spectral 

response reconciliation technique to use the known vibrational properties of the buildings along 

with measured excitation and response time histories to calculate the modal damping ratios in 38 

buildings. The damping ratios of the fundamental mode in the 38 buildings were distributed 

between 1 and 11% with a slight skew to the lower end. Blume attributed this variation in modal 

damping ratio to the physical conditions in the building-response-amplitude situation rather than 

error or statistics. The mean fundamental mode damping ratio was 5.4% of critical viscous 

damping, which aligned well to the 5% recommended in the design standards of the time. 
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Four of the Las Vegas hotels over 20 stories in height were observed in greater detail during their 

response to four separate nuclear events of varied magnitude (Blume 1970). Equivalent viscous 

damping ratios were calculated in both orthogonal directions up to the third mode of vibration. 

There was no discernible pattern to the relationship between the fundamental and higher modes, 

but in many cases the low amplitude of higher mode response makes the reliability of the computed 

damping values questionable. Blume observed that damping ratios were amplitude dependent and 

strongly influenced by the building characteristics such as infill walls and foundation conditions. 

The influence of building characteristics on damping was particularly apparent in the orthogonal 

directions of buildings with different characteristics in each plan direction. 

2.1.4 The origin of the 5% viscous damping assumption 

Nowadays damping ratios are generally not revised for individual buildings. The Standards New 

Zealand Structural Design Actions 1170.5:2004 document broadly recommends 5% viscous 

damping in all modes of vibration with provision for further refinement by material standards 

(Standards New Zealand 2004). The Steel Structures Standard NZS 3404:1997 recommends varied 

damping ratios for clad or unclad buildings with welded or bolted connections at either elastic and 

inelastic amplitude (Standards New Zealand 1997). The Concrete Structures Standard NZS 

3101:2006 does not elaborate on the 5% viscous damping recommended in NZS 1170.5:2004 

(Standards New Zealand 2006). In other countries damping is assigned based on construction 

material with 5% for reinforced concrete and 2% for steel. In New Zealand, most designers accept 

the 5% value without understanding of its origin or assumptions. 

The recommended values for damping ratio appear to originate in the development of design 

procedures for the early nuclear power plants in the USA (Howard, Ibáñez et al. 1976). The 

emerging nuclear power industry of the 1960s faced rigorous scrutiny due to the possibility of 

release of fission materials closely associated by the public to the effects of nuclear weapons. 

Nuclear reactor structures were subjected to a much higher factor of safety than conventional 

structures. There was no allowance for damage under maximum credible seismic events (Housner 

and Hudson 1966). The rigorous design requirements for nuclear power plants drove many 

significant developments in structural engineering. 
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Table 2-1 Damping ratios recommended by Newmark (1967) by stress level and type of 

structure 

 Stress Level Type and Condition of Structure Damping Ratio (%) 

1 Low, well below proportional 

limit, stresses below yield point 

a. Steel, reinforced or prestressed concrete, 

wood; no cracking, no joint slip 

0.5 to 1.0 

2 Working stress, no more than 

about half yield point 

a. Welded steel, prestressed concrete, well 

reinforced concrete (only slight cracking) 

2 

 b. Reinforced concrete with considerable 

cracking 

3 to 5 

 c. Bolted and/or riveted steel, wood 

structures with nailed or bolted joints 

5 to 7 

3 At or just below yield point a. Welded steel, prestressed concrete 

(without complete loss of prestress) 

5 

b. Reinforced concrete and prestressed 

concrete 

7 to 10 

c. Bolted and/or riveted steel, wood 

structures with bolted joints 

10 to 15 

d. Wood structures with nailed joints 15 to 20 

4 Beyond yield points, with 

permanent strain greater than 

yield point limit strain 

a. Welded steel 7 to 10 

b. Prestressed concrete, reinforced concrete 10 to 15 

c. Bolted and/or riveted steel, or wood 

structures 

20 

5 All ranges Rocking of entire structure  

a. On rock, c>1825 m/s 2 to 5 

b. On firm soil, c>610 m/s 5 to 7 

c. On soft soil, c<610 m/s 7 to 10 

    

Newmark (1967) and Newmark, Blume et al. (1973) presented recommended damping ratios for 

common types of structural system at increasing levels of stress. The Newmark (1967) 

recommended values are conservatively below the expected mean and are presented in Table 2-1. 

Newmark and Hall (1969) state that the recommended values are drawn from a review of most of 

the available literature, but do not specify the source literature or data. The Newmark (1967) 

recommendations were adopted by the US Atomic Energy Commission (USAEC) as the basis for 

the Regulatory Guide 1.61 Damping Values for the Seismic Design of Nuclear Power Plants 

(USAEC Regulatory Guides 1973). The USAEC manipulated Newmark’s values to align with the 

operating (half Safe Shutdown Earthquake) and Safe Shutdown Earthquake (SSE) design criteria. 

From the early stages of measuring damping in structures it was apparent that observed damping 

ratios are a function of both structural characteristics and amplitude of vibration, but such 

phenomena have not been always preserved in modern design practice. 
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Table 2-2 Damping ratios recommended by the USAEC Regulatory Guide 1.61 (USAEC 

Regulatory Guides 1973) 

 Structure Operating or half Safe 

Shutdown Earthquake 

Safe Shutdown 

Earthquake 

 Welded steel 2 4 

 Bolted steel 4 7 

 Prestressed concrete 2 5 

 Reinforced concrete 4 7 

    

2.1.5 Later developments in observed damping in buildings 

Quantification of elastic damping is of the utmost importance in structures that are not allowed to 

damage to ensure accurate response amplitude prediction. The importance of damping estimation 

for nuclear structures promoted the experimental determination of damping in real structures. A 

synchronised vibration generator was developed at the behest of the nuclear industry to facilitate 

forced vibration resonance testing to quantify the elastic properties of structures (Hudson 1964, 

Housner and Hudson 1966). Similar shaking apparatus were developed in post-World War II Japan 

to assess the welfare of fire damaged buildings (Kawasumi and Kanai 1956). 

The ensuing fifty years have seen vast improvements of the techniques for the measurement and 

estimation of the dynamic characteristics of real structures (Papagiannopoulos and Beskos 2009). 

Damping has been observed in a variety of building structures under ambient, mechanically forced 

and earthquake induced vibrations at micro to inelastic amplitudes. Unfortunately the quality of 

measurement and calculation has not always been reliable or adequately reported in full scale 

studies to allow comparisons (Jeary 1986). Several groups of researchers have compiled and 

analysed databases of observed damping values reported in structures and are summarised in 

Section 2.2. The unique nature of each individual building, variability of estimation techniques, 

volume of measurements, vast geographic distribution of observed buildings and the traditionally 

separate wind and earthquake engineering fraternities mean a universal model for modal damping 

ratios is yet to be decided. None of the collection of damping estimation models have been 

developed for the fully dynamic analysis procedures required for nonlinear structures. 

In 1995 the International Wind Engineering Forum (IWEF) recognised the confusion in research 

approaches and hosted a Meeting on Structural Damping attended by researchers from both the 

wind and earthquake engineering fields with the aim of facilitating international exchange of 

information, collaboration and education (Bienkiewicz, Ohkuma et al. 1996, Tamura and Jeary 

1996). Papers were presented detailing recent work on the identification, estimation models and 
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variability of damping in predominantly tall buildings, many of which are referenced later in this 

review. 

2.1.6 The Finite Element Method 

The finite element method for structural analysis was developed from the 1950s primarily at the 

University of California, Berkeley (Clough and Wilson 1999). The finite element method is a 

discrete element idealisation of continuum mechanics problems. The finite element method allows 

rapid and accurate numerical simulation of complex and nonlinear structures. By 1970 the method 

was sufficiently refined and generalised to allow the development and free distribution of the 

Structural Analysis Program (SAP) software. SAP expanded the capabilities of professional 

engineers to perform static and dynamic analyses on complex and nonlinear structures. 

The finite element method is a matrix-based analysis method. The stiffness and mass matrices for 

a structure are easily assembled in relation to the nodes of the finite element mesh. Dynamic time 

history analyses in the natural ordinates require a damping formulation in the same matrix form. A 

linear viscous damping matrix constructed using the Caughey series is the easiest to generate and 

has the computational benefits of linearity. The Caughey series produces a polynomial in the 

damping ratio vs modal frequency space that fits to the desired modal ratios at the modal 

frequencies. The Caughey series provides the exact desired damping ratios for the explicitly 

specified modes but ratios for non-specified frequencies are not directly controlled and can deviate 

significantly from the specified values. Rayleigh damping is a special case of the Caughey series 

where two modal damping ratios are specified. 

2.1.7 Nonlinear analysis and ductile design 

Advanced analysis capability and experience of earthquakes in developed areas lead engineers to 

realise that many structures managed to survive earthquakes in which the inertia forces were more 

than the calculated elastic structural strength. Well-designed modern construction systems can 

accommodate large inelastic deformations where their resistance to deformation decreases without 

loss of strength, i.e. damage occurs without collapse. The seismic forces are limited in accordance 

with the hysteresis rules of the members and a large amount of energy is absorbed through inelastic 

material response. Principles such as the equal displacement or equal energy rules allow engineers 

to relate the maximum allowable inelastic, or ultimate, displacement of the hysteretic rule to the 

initial yield displacement. In the case of the equal displacement relationship the ductility of the 

structure is defined as the ratio of the ultimate to yield displacement or elastic to yield force. Elastic 

forces can be reduced by the code defined ductility factor of the construction type and a structure 
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can then be designed with a yield strength equal to the reduced force in the knowledge that it can 

withstand the predicted inelastic deformations. Much of the 1970’s and 1980’s was dedicated to 

determining the appropriate ductility and force reduction factors of various construction systems. 

In New Zealand notable research was completed by Park and Paulay (1975) quantifying the 

ductility of reinforced concrete structures. In simplified force based ductile design procedures 

elastic damping is only considered in the development of the elastic response spectra. Direct 

Displacement Based Design (DDBD) is based on an equivalent secant structure with a total amount 

of equivalent viscous damping comprising of elastic and hysteretic components. 

Structures that are outside the code specified framework allowing simplified static design must 

undergo full dynamic nonlinear analysis. One type of dynamic analysis is a NLTHA which 

explicitly traces the progression of damage and hysteretic action in a structure as the analysis 

progresses through time. A time history analysis discretises the dynamic problem to a series of 

static instances in time and uses an assumption regarding the acceleration over the course of a time 

step to relate force or energy equilibrium at adjacent instances. NLTHA is computationally 

intensive and can easily output unrealistic results if not properly monitored. NLTHA aspects such 

as spatial discretisation (mesh density), time history solution algorithm, hysteretic modelling and 

elastic damping model require careful consideration. 

Equivalent viscous elastic damping can have a large influence on the results of a NLTHA because 

of changing modal frequencies. As modal frequencies change the modal damping ratios change in 

accordance with the polynomial of the Caughey series. Without monitoring, unrealistically large 

damping forces can develop and unrealistically reduce the apparent shears in the structure. In the 

1970s, Athol Carr of the University of Canterbury and his student Crisp (1980) were some of the 

first to realise the implications of linear viscous damping for NLTHA and develop guidelines for 

controlling the equivalent viscous damping matrix throughout an analysis. Carr (2007) provides an 

excellent summary of the topic in the user manual for the computer analysis software Ruaumoko. 

Control of viscous damping in NLTHA has since become a topic of ongoing research and is 

reviewed further in later Sections of this Chapter. 

The modelling of elastic damping is also of interest in the analysis of structures with supplemental 

concentrated dissipating elements such as base isolators and viscous dampers. Approximation of 

the added damping in the proportional viscous formulation would allow linear elastic analysis of 

the structures. Unfortunately the large concentrated damping forces violate modal orthogonality 

and the effects of the added damping on all the modes of vibration are difficult to encapsulate with 

the proportional approach (Ryan and Polanco 2008). In the instance of non-classical damping the 
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eigenvalues of the solution of the equation of motion are complex and the accuracy of assuming a 

real solution can be questionable. The non-classical forces are only present in the isolation layer of 

a base isolated building. Ryan and Polanco (2008) address the problems for base isolated structures 

by allocating the isolators their true damping properties and constructing a stiffness proportional 

damping matrix for the superstructure. The number and location of supplemental dampers for fixed 

base buildings are usually optimised to achieve the target equivalent modal damping ratios and 

using the lowest number of dampers. The minimisation of the number of dampers generally results 

in an irregular layout of devices not consistent with the stiffness matrix. 

Fast Nonlinear Analysis (FNA) is a computationally efficient alternative to NLTHA suitable for 

structures with localised nonlinearity (Wilson 1985). FNA separates a structure into linear and 

nonlinear parts. The effective degrees of freedom of the linear stiffness matrix are reduced and 

coupled to the few nonlinear elements. Load dependent Ritz vectors are calculated for the linear 

structure only and the nonlinear elements are numerically treated as applied loads. Because the 

modal applied loads are a function of all modal responses the modal equations must be integrated 

simultaneously. Iterations are necessary at each time step to obtain equilibrium and compatibility 

of all modes. When convergence is achieved the modes can be superimposed and expanded for the 

response in the original global coordinates. FNA is applicable to both static and dynamic analyses 

and the computation process is more efficient and faster than conventional matrix methods. 

Viscous damping in FNA is very similar to the classical normal mode superposition method. The 

damping matrix is diagonal for the uncoupled modes, so a damping ratio can be directly specified 

for each coordinate. FNA is also convenient for analysis of structures with mechanical damping 

devices as their response can simply be included in the nonlinear force vector (Wilson 2002). 

2.1.8 Damping in pseudo dynamic and hybrid testing 

Pseudo dynamic testing is an experimental technique for simulation of earthquake loads on 

structures that is closely related to time history analysis (Mahin and Shing 1985). Takanashi, 

Udagawa et al. (1975) performed the first pseudo dynamic test in Japan in the early 1970s. Pseudo 

dynamic testing eliminates the uncertainty of the hysteretic model used in a NLTHA by applying 

numerically calculated displacements to a physical model of the structure to directly track its 

hysteretic response (Williams and Blakeborough 2001). Displacements may be applied at an 

extended time scale allowing larger structures to be tested with more economic equipment than 

fully dynamic experimental methods (Shing, Nakashima et al. 1996). 

The implementation of pseudo dynamic testing is complicated because of the presence of both 

numerical and experimental processes. Unavoidable errors in the experimental setup can 
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accumulate in the numerical solution and cause completely spurious test results (Shing and Mahin 

1983). One influential systematic error in pseudo dynamic tests is due to the delay in actuator 

displacement tracking. The actuators used in pseudo dynamic tests are generally servo-hydraulic 

in nature and their response to a command signal is not instantaneous. The measured actuator force 

lags the calculated displacement and will create counter clockwise hysteresis loops in the testing 

of a linear elastic structure. Counter clockwise hysteresis loops add an energy error to the structure. 

If the added error energy is more than that removed by damping response will become unstable. If 

the error is less than the damped energy the response amplitude will be larger than anticipated. 

Displacement control error must be compensated to ensure meaningful results are achieved (Shing 

and Mahin 1990). 

An initial approach to compensating systematic error in pseudo dynamic tests introduced numerical 

or algorithmic damping into the numerical solution process. In multi degree of freedom structures 

energy error accumulates in each mode in direct proportion to the modal frequencies. Higher modes 

with low seismic participation are spuriously excited by systematic errors. Damping was required 

to suppress higher mode response without affecting the lower modes with larger seismic 

contribution. Such damping characteristics cannot be sufficiently achieved using equivalent 

viscous damping. Researchers developed several new solution algorithms to improve the modal 

distribution of damping based on the work of Hilber, Hughes et al. (1977). The new methods work 

in a similar way to proportional Rayleigh damping but with different scaling equations. Shing and 

Mahin (1987) developed the Modified Newmark Explicit Method to allow zero damping in the 

fundamental mode with an essentially stiffness proportional increase with frequency above the 

fundamental frequency. Hulbert and Chung (1996) developed the Generalised Alpha Method to 

create a higher order curve centred at the origin. The solution schemes with algorithmic damping 

were not adopted as convention for numerical NLTHA. Eventually as pseudo dynamic test 

capabilities expanded the added damping approach to error compensation was superceded by 

actuator delay compensation using control theory (Blakeborough, Williams et al. 2001). 

2.1.9 Summary of history of damping 

The brief history of damping provided demonstrates the role of elastic damping in earthquake 

engineering as design practices have developed from not formally considering lateral loads to the 

fully dynamic analysis techniques. Elastic damping was initially introduced to design procedures 

through the response spectrum and represented as a viscous damping ratio, usually 5% of critical. 

Viscous damping was important to facilitate linear analysis by hand or analogue computer. 

Nowadays viscous elastic damping is adopted in the nonlinear analysis of complex structures 
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where the link between modal damping ratio and the nonlinear deformations is tenuous and the 

computational benefits are eliminated. The factors supporting viscous damping in nonlinear 

analyses are its convenience and familiarity to engineers. Despite this, an alternative general 

formulation for elastic damping has not been developed. 

 OBSERVED DAMPING IN BUILDINGS AND DAMPING ESTIMATION 

MODELS 

The global nature of elastic damping has not been deterministically derived but instead observed 

in the vibration of existing buildings. An enormous number of measurements of the dynamic 

response of real structures have been gathered since the 1950’s. Several groups of researchers have 

attempted to collate comparable measurements from groups of buildings as a basis for the 

development of period and damping estimation models. This Section reviews some of the 

prominent investigations. 

2.2.1 Blume observations 

An early damping prediction model was presented by Blume (1970) as the average of the measured 

damping ratios in 38 Las Vegas buildings. The average damping ratio of the buildings’ 

fundamental modes was 5.4%, which was in alignment with Newmark’s (1967) design 

recommendations. The damping ratios were slightly skewed towards zero ranging from 1 to 11% 

with a standard deviation of 2.8%. Blume observed the vibrations in up to the third mode but could 

not determine any trends amongst the damping ratios by mode of vibration. As alluded to in the 

previous section, Blume noted that damping ratios were dependent on amplitude and the building 

characteristics. 

2.2.2 Early Japanese research 

Kawasumi and Kanai (1956) presented data gathered from the vibration of buildings under small 

amplitude forced vibration and the Kanto earthquake of 1923 at the 1st World Conference of 

Earthquake Engineering (WCEE). The number of buildings was not specified, and the only 

building information provided was that all were below 30 m in height due to the building code 

constraints of the time. The authors acknowledged previous Japanese studies that verify damping 

contributions from inelastic ground deformation and the viscous-like effects of soil radiation 

damping that explain the stiffness proportional nature of damping ratios (Sezawa and Kanai 1936, 

Sezawa and Kanai 1936). The half-power bandwidth technique was used to determine the damping 

ratios of buildings undergoing small amplitude forced vibration. The authors observed a 
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“remarkable negative correlation”, albeit with considerable unquantified scatter, between damping 

ratio and building period in the log-log space and proposed the model 

 𝜉 = 0.0032𝜔 = 0.02𝑓 (2-1) 

where 𝜔 and 𝑓 the natural frequency in radians per second and Hertz respectively. The soil 

dissipation theory of Sezawa and Kanai (1936) predicts that damping should increase with the 

dimension of the building base and decrease with the rigidity of the soil, but no relationships of 

this nature could be identified in the data. The second part of the paper was written by Hisada and 

Nakagawa (1956) and presented shaking data from fourteen two storey reinforced concrete 

structures. The authors observed damping ratios of 3-5% in low amplitude tests and 6-10% in tests 

approaching structural failure. 

2.2.3 Various studies of interest 1964-1975 

Nielsen (1964) studied the dynamic characteristics of a five storey reinforced concrete building 

and a nine storey steel building under the guidance of Blume and Newmark. The concrete building 

exhibited damping of 2% in all four observed modes. The steel building had damping ratios of 

0.5% in the orthogonal fundamental translational modes and 1% in the second translational modes. 

Perhaps Nielsen’s most important contribution was in observing that damping measurements from 

rundown tests could over estimate damping ratios by several hundred percent. The variance 

amongst damping ratios calculated using different methods highlights the reliability issues with 

comparing damping estimates from different sources, particularly when the measurement 

techniques are not specified. 

A further reliability issue was reported by Hudson (1965) in his investigations into equivalent 

viscous damping for bilinear hysteretic systems. Hudson reported that damping values determined 

from steady state forced vibration tests should be divided by three for use in earthquake analyses 

of the same peak amplitude but with smaller adjacent oscillations. The lessons from Hudson’s 

investigation of nonlinear systems are relevant for estimating elastic damping ratios if the damping 

is observed to be amplitude dependent, in which case measurements from different types of 

excitation may not be directly comparable. Davenport and Hill-Carroll (1986) relate damping ratios 

to the root mean square of displacement to enable comparison of ratios measured from any type of 

excitation. 

Hart, Lew et al. (1973) analysed the recorded response of fourteen high rise buildings to the 1971 

San Fernando earthquake. The buildings were evenly split between steel and reinforced concrete 



 

 - 38 - 

and were between 7 and 43 storeys in height. Damping was assumed to be viscous and was 

evaluated from the unsmoothed roof to basement transfer function at the buildings fundamental 

period scaled by the modal participation factor. The authors found that the fundamental damping 

ratio increased linearly with the basement level Fourier modulus of the excitation at the 

fundamental natural frequency. The rate of increase in damping with increasing basement Fourier 

modulus was approximately 50% larger in the reinforced concrete structures. 

In a later paper, Hart and Vasudevian (1975) re-presented the data for twelve of the original 

buildings in a format easier to understand and in more detail. The authors reformulated their 

damping estimation model to be a function of the zero percent damped spectral velocity at the 

period of vibration. The reason for the departure from the Fourier modulus was to align the model 

with the response spectra format that is readily available and familiar to engineers. The damping 

ratios in up to three modes of vibration were characterised and no appreciable trends were detected 

between modes, as can be seen in Figure 1-9 a) and b). Least squares fit techniques were used to 

develop piece wise linear equations for the mean modal damping ratios in steel or reinforced 

concrete buildings and an overall lower bound. The raw data and estimation curves are reproduced 

in Figure 1-9 c) to demonstrate the excellent fit of the models irrespective of the mode of vibration. 

Hart and Vasudevian (1975) demonstrated their damping estimation model in a design example 

using the first five modes of a 21 storey reinforced concrete building. The modal damping ratios 

were systematically determined for common pseudo velocity design spectra examples. The 

calculated modal damping ratios ranged from 5.9 to 21.5%. The undamped spectrum was reduced 

in accordance with the damping amplification factors recommended by Newmark and Rosenblueth 

(1971). The modal displacements for all four spectra were reduced in comparison to uniform 5% 

damping ratios, but there was no measured benchmark for comparison. 
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Figure 2-1 Data from Hart and Vasudevian (1975) – a) steel structure modal damping 

ratios; b) concrete structure modal damping ratios; and c) damping versus magnitude of 

spectral velocity 

Raggett (1975) developed another systematic approach for calculating the modal damping ratios 

in structures. In the proposed method Raggett defines different damping ratios for the structure and 

the gypsum partitions, set at 1.5 and 14% respectively in the reinforced concrete design examples. 

For a given mode shape the dimensionless peak potential energies are calculated for the structural 

and partition components and the modal damping ratios are determined by the following equation 
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 𝜉𝑖 =
𝜉𝑠𝑈𝑠,𝑖 + 𝜉𝑝𝑈𝑝,𝑖

𝑈𝑡,𝑖
 (2-2) 

where 𝜉𝑠 and 𝜉𝑝 are the damping ratios of the structure and partitions respectively, 𝑈𝑠,𝑖 and 𝑈𝑝,𝑖 the 

potential energies for the given mode, and 𝑈𝑡,𝑖 the total potential energy for the mode. The method 

was demonstrated for 4, 13 and 14 storey reinforced concrete buildings and calculated values 

between 2 and 5% agreed well with experimentally measured data from the real buildings. An 

interesting feature of Raggett’s method is that the component damping ratios can be specified to 

reflect amplitude dependent damping. 

2.2.4 Haviland 

Haviland (1976) acknowledged the importance of damping and the absence of a scientific approach 

to damping specification. Damping selection was still from engineering judgement and databased 

damping distributions had not superceded recommended values, trial and error or subjective 

statistical distributions. Haviland compiled a database of 244 full scale measurements from 139 

buildings from 39 separate references with the intention of developing data-based damping 

selection. Haviland classified the data by construction type (steel, reinforced concrete or a 

composite of both) and amplitude of vibration (small or large) and calculated the statistical 

properties of the six distributions. Damping increased with amplitude for all structural types, with 

steel structures exhibiting the least damping and reinforced concrete the most. The variance of each 

of the six categories was unique and each fit equally well to lognormal and gamma distributions. 

Haviland does not specify the drift ratios that define the small and large amplitude classifications 

but he does compare them to the Newmark, Blume et al. (1973) below half and near yield 

amplitudes. All of the six distributions showed good correlation with the Newmark, Blume et al. 

(1973) recommendations from Table 2-1. Haviland commented on the high uncertainty present in 

structural characteristics, excitation type and duration, vibration history, measurements and 

calculations. All presented data referred to the fundamental mode of vibration and the author 

questioned the usual assumption that damping is the same in all modes. 

2.2.5 Davenport and Hill-Carroll 

Davenport and Hill-Carroll (1986) expanded Haviland’s database to 165 buildings, including the 

data of Jeary and Ellis (1981), and from analysis suggested that the mean fundamental mode 

damping ratio can be expressed using a power law as 
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 𝜉 = 𝐴 (
𝑥𝐴,𝑟𝑚𝑠

𝐻
)

𝑛

 (2-3) 

where 𝑥𝐴,𝑟𝑚𝑠 is the root mean square displacement amplitude in millimetres, 𝐻 the height of the 

building in metres, and 𝐴 and 𝑛 constants determined by material and building type as given in 

Table 2-3. The drift ratios of the data are mostly within the 10-5 to 100 mm/m range, or 10-6 to 

0.1%. The variability of the damping values is described statistically by the variance of the data 

which takes the form of a log-normal distribution. The damping properties are separated by the 20-

storey value to encapsulate the increased soil-structure interaction in shorter buildings which 

results in damping ratios approximately 60% larger. Damping ratios in concrete structures are 

approximately 30% larger than steel structures. The authors recommend an iterative design process 

to ensure the modelled damping is consistent with the response amplitude. 

Table 2-3 Davenport and Hill-Carroll (1986) expected damping ratio in buildings – 

estimation model coefficients and coefficient of variation 

 Storeys Structure A n V  

 5-20 Steel 0.03 0.075 0.4  

  Concrete 0.03 0.11 0.4  

 > 20 Steel 0.02 0.11 0.4  

  Concrete 0.025 0.11 0.4  

       

2.2.6 Jeary research 

A.P. Jeary (1974) began an interest in damping in wind excited structures in 1970’s in a study of 

large multi-flue chimneys. Jeary analysed the low amplitude ambient vibration of six 

approximately 200 m tall chimneys and found the fundamental mode damping ratios to be on 

average 3%, half the recommended value of the time. By 1980 Ellis and Jeary had begun to 

investigate the nonlinear dynamic behaviour of tall buildings having noticed small decreases in 

natural frequency and comparatively larger increases in damping ratios with increase in amplitude 

(Jeary and Ellis 1980). The authors presented some sample results but concluded that there was a 

paucity of high-quality data to allow accurate quantification of the phenomena. In 1986 Jeary 

presented his analysis of high quality data collected from the forced excitation of orthogonal 

fundamental modes of ten tall buildings (Jeary 1986). The definition of high-quality data is that 

accompanied by information on amplitude, excitation, statistics and calculations - without 

exception. Jeary derived a bi-linear amplitude dependent damping model of the form 
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 𝜉 = 𝜉0 +
𝑥𝐴

𝐻
𝜉𝐼 ≤ 𝜉𝐼𝐼 (2-4) 

where 𝜉0, 𝜉𝐼 and 𝜉𝐼𝐼 are the low amplitude, rate of increase and high amplitude damping values 

respectively, and 𝑥𝐴 is the peak displacement amplitude in metres. The model is related to a random 

distribution of imperfections of the Wyatt (1977) “stiction” type. A stiction damper is mechanically 

represented by a Coulomb friction element and an elastic spring element connected in series. The 

stiction elements are arranged in parallel to the structural elements. Imperfections occur in the form 

of structural joints, non-structural elements and material micro-cracks. The smaller the 

imperfection the larger its activation force. A low amplitude damping value is observed when only 

the structural joints (the largest imperfections) are activated. The low amplitude value of damping 

as a percentage is suggested to be equal to the fundamental frequency in Hertz. As amplitude 

increases more and more imperfections are activated causing a linear increase in damping ratio. 

Finally, when all imperfections have been mobilized a high amplitude plateau is reached. The high 

amplitude value is set at 5% to align with previously recommended damping values. Strain energy 

in structures is mostly stored in bending stresses, which decrease quadratically with height and are 

a function of the square root of the longitudinal building dimension. Accordingly, the rate of 

increase in damping between the two constants was determined empirically in proportion to the 

square root of the longitudinal building dimension, 𝐷, to be 

 𝑙𝑜𝑔10𝜉𝐼 =
√𝐷

2
 (2-5) 

The coefficient of one half was chosen to conservatively underestimate the damping ratio. The 

initial paper concluded with the statement that the model must be refined with more data and that 

variations are expected in buildings with significant soil-structure interaction, no cladding, material 

yielding or supplemental damping. 

Over the next ten years Jeary refined his amplitude dependent damping model and explored the 

mechanisms behind damping in more detail (Jeary 1996, Jeary 1997). A major refinement is the 

low amplitude plateau region, where damping remains constant over a region of low amplitude. 

The low amplitude plateau is justified by the large difference in length between structural joints 

and material imperfections. The structural joints are mobilized immediately, but the smaller 

material imperfections are not activated until a larger amplitude. Jeary (1997) attempted to relate 

the sizes of the largest and smallest imperfections in the structure to determine the plateau turning 

points and rate of damping increase. The author describes the nature of structural joints and the 
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microstructure of concrete but only relates the two empirically. The authors ongoing research into 

damping from imperfections highlights the desire to explain experimentally observed phenomena 

in a physical sense a posteriori. An example of the amplitude dependent damping of a 350 m tall 

buildings is presented. The low and high amplitude discontinuities are at approximately 2.25 and 

3.5 mm, or drift ratios of the order 10-5% (Jeary 1997). It appears that the Jeary model is applicable 

for amplitudes much smaller than those expected in seismic strength design. 

Fang, Jeary et al. (1999) and Fang, Li et al. (1999) extend the Jeary amplitude dependent model to 

consider the variation in damping ratios. The authors propose that the damping in a structure can 

be split into trend and random components. In the low amplitude plateau and nonlinear regions of 

damping the trend component is observed to dominate. As the amplitude increases more 

mechanisms are mobilized and more randomness is introduced to the structure, so in the high 

amplitude plateau the random component governs. The probability density function of damping in 

the high amplitude region is shown to be well represented by a Normal distribution (Gaussian 

distribution). The Jeary equation is altered by adding a random variable with Gaussian distribution 

to the high amplitude region term. Measured damping ratios are sparse in the high amplitude region 

so the authors propose an auto-regressive model to predict high amplitude damping ratios (Fang, 

Jeary et al. 1999). Li, Liu et al. (2000) later showed that the artificial neural network model can 

provide better predictions than the auto regressive model. 

Li, Yang et al. (2003) experimentally determined the nonlinear damping equation for a 367 m, 70 

storey building in Hong Kong and numerically explored the effects of damping ratios on response 

to typhoon wind loads. The experimentally determined equation specified a damping ratio of 0.1% 

in the low amplitude plateau and 0.46% at high amplitudes. The measured response of the building 

to the typhoon winds was analysed using the random decrement technique and average damping 

ratios of 0.55 and 0.56% were calculated in the orthogonal fundamental modes considering the 

entire excitation. Time history analyses adopting either the nonlinear damping model or the 

constant ratios were compared, and the constant ratios were shown to underestimate response by 

up to one third. The time history analyses were performed using the nonlinear expression for 

damping ratio as a function of amplitude, but no information was provided detailing the average 

damping ratios achieved or the nature of the damping forces generated in time history calculations. 

The maximum measured amplitude was 20 mm or 0.005% drift, again considerably smaller than 

expected earthquake deformations. 

The Engineering Sciences Data Unit (ESDU 1983), international group of experts, developed 

fundamental mode damping guidelines for the small amplitude response of tall buildings to wind. 
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The ESDU document defines the total damping ratio as the sum of the structural and aerodynamic 

damping ratios. The structural damping recommendations are derived from the same data as Jeary 

(1986). The small amplitude damping value is defined as a function of fundamental frequency in 

Hertz 

 𝜉 =
𝑓1
𝐶𝑑

 (2-6) 

where 𝐶𝑑 is a constant determined by the probability of damping required. The most probable value 

of structural damping as a fraction of critical is given by 𝐶𝑑 = 100. The expected lower limit for 

structural damping is given by 𝐶𝑑 = 250, or by dividing Equation (2-6) by 2.5. Ninety percent of 

the damping data is expected to lie between 𝐶𝑑 values of 60 and 250. ESDU recommend the lower 

limit be adopted for steel buildings and a value in between the most probable and lower limit for 

reinforced concrete buildings. The group also recommend that damping in analysis of response to 

extreme wind conditions should be limited to 

 𝜉 ≤
60

100𝐻
+ 0.013 (2-7) 

2.2.7 Loma Prieta observations 

Marshall, Phan et al. (1992) and Ҫelebi (1996) compare the response of five San Francisco 

buildings to the 1989 Loma Prieta earthquake to ambient vibration before and after the earthquake. 

The buildings are 6, 12, 13, 30 and 49 storeys in height and represent a range of materials, structural 

systems, foundations and dimensions. Higher mode data is available for the 13 and 49 storey 

buildings. Damping values are substantially smaller in the ambient vibration data. The low 

amplitude data is in agreement with the ESDU (1983) recommended values while the earthquake 

response exceeds the upper bound. The authors recommend the use of the Davenport and Hill-

Carroll (1986) power law from Equation (1-5) as a lower bound for damping for strong-motion 

analyses (Marshall, Phan et al. 1992). Damping may be larger in the presence of significant soil 

structure interaction, nonlinear structural behaviour, slip in steel connections or interaction with 

non-structural components (Çelebi 1996). The damping ratios in the higher modes of the two 

buildings with higher mode data do not follow a consistent trend (Marshall, Phan et al. 1992). 
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2.2.8 Lagomarsino models 

Lagomarsino (1993) considers the nature of dissipative mechanisms in buildings and concludes 

that damping in steel structures can be attributed to friction actions in the joints and damping in 

reinforced concrete structures is due to material dissipation that increases with amplitude. 

Lagomarsino developed a damping model using a database compiled in Italy by Lagomarsino, 

Pagnini et al. (1993) that includes 69 steel, 52 reinforced concrete and 40 mixed buildings. 

Lagomarsino states that in reinforced concrete buildings damping is related to the stress level in 

the structural elements and so the non-dimensional amplitude ratio adopted by Jeary (1986) is not 

appropriate. Instead the author normalises the displacement amplitude by a limit displacement 

representing the displacement for which the building exits the elastic field. Steel buildings exhibit 

an initial growth in damping ratio until the displacement ratio reaches 0.1, at which point no further 

growth is observed. Reinforced concrete buildings follow the same damping ratio behaviour as 

steel buildings at low displacement ratios, before continuing to increase above 0.25. The concrete 

behaviour was not supported by measured data as data did not go above the ratio of 0.3. 

Lagomarsino, Roascio et al. (1990) propose the amplitude dependent damping model 

 𝜉 = 𝛽1

1

𝑓1
+ 𝑓2𝛽2 + 𝛽3

𝐷

𝐻

𝑥

𝐻
 (2-8) 

where 𝛽1, 𝛽2 and 𝛽3 are parameters related to the building characteristics. 

Lagomarsino (1993) then states that statistical analysis of the database shows that the only 

parameter influencing the initial damping in any mode is the period of vibration, such that 

 𝜉0𝑛 = 𝛼′𝑇𝑛 +
𝛽′

𝑇𝑛
 (2-9) 

where 𝜉0𝑛 and 𝑇𝑛 are the initial damping ratio and period of mode 𝑛, and 𝛼′ and 𝛽′ are coefficients 

estimated from the database as presented Table 2-4. The paper does not present damping ratios 

with respect to amplitude. The proposed model with 50 and 80% confidence intervals appears to 

correlate well with the data, but the correlation is not quantified. Equation (2-9) represents Rayleigh 

damping and can generate a damping matrix, 𝐶, in the global coordinates as follows 
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 𝐶 = 4𝜋𝛼′𝑀 +
𝛽′

𝜋
𝐾 (2-10) 

where 𝑀 and 𝐾 are the mass and stiffness matrices respectively. The correlation of the 

Lagomarsino model with Rayleigh damping is convenient for use in traditional time history 

analysis, which is not the case for all the other damping models presented in this section. 

Table 2-4 Coefficients 𝜶′ and 𝜷′ for the Lagomarsino (1993) damping model 

 Building Type 𝛼′ 𝛽′ 

 Steel 0.3192 0.7813 

 Reinforced concrete 0.7238 0.7026 

 Mixed 0.2884 1.2856 

    

2.2.9 Recent Japanese research 

Suda, Satake et al. (1996) present low amplitude data collected from 123 steel buildings and 66 

reinforced concrete buildings in Japan. The authors observe that damping ratios of reinforced 

concrete buildings are remarkably larger than those in steel buildings, damping increases linearly 

with natural frequency, piled foundations provide remarkably more damping than spread 

foundations (without considering soil type, so soil effects are assumed to be responsible for the 

scatter), residential buildings exhibit more damping than office buildings due to the contribution 

of partitions, there is more damping in the long direction of office buildings, and that the ratio of 

consecutive mode damping ratios (that is 𝜉𝑛+1 𝜉𝑛⁄ ) is generally between 1 and 2 independent of 

the frequencies. The observed phenomena are not quantified statistically due to the scatter of the 

data and the insufficient quantity and quality of the data. 

At the same International Wind Engineering Forum meeting Satake and Yokota (1996) reported 

on observations from the response of 31 steel buildings in the micro amplitude range. All the 

buildings were greater than 85 m tall with periods greater than 2 s. The data from ten selected 

buildings measured by one company was considered to be of higher quality than the rest of the 

data set. The selected data was used to develop the following fundamental mode damping 

estimation model as a function of frequency 

 𝜉1 = 1.81𝑓1
2 + 0.39 = 0.0458𝜔1

2 + 0.39 (2-11) 
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The authors found that the average frequency independent higher mode damping ratio is 1.2 and 

proposed the higher mode damping equation as follows 

 𝜉1+𝑎 = 1.2𝑎𝜉1 (2-12) 

Satake, Suda et al. (2003) provide further analysis of the Japanese database, presenting analysis of 

127 steel buildings, 25 reinforced concrete buildings, 43 steel reinforced concrete composite 

buildings and 79 tower liker structures. Spread foundations are more prevalent in the taller steel 

buildings while the reinforced concrete buildings are predominantly piled. Fundamental mode 

damping ratios for steel and reinforced concrete or composite buildings can be described by the 

following equations as a function of building height or fundamental frequency 

 𝜉1,𝑆 =
74.4

𝐻
=

1.46

𝑇1
= 0.232𝜔1 (2-13) 

 𝜉1,𝑅𝐶/𝑆𝑅𝐶 =
98.9

𝐻
=

1.38

𝑇1
= 0.220𝜔1 (2-14) 

Equations (2-13) and (2-14) show that in buildings of equivalent height, reinforced concrete 

buildings have approximately 30% more damping than steel buildings. But when expressed with 

respect to fundamental frequency there is minimal difference between the construction types. The 

authors comment that steel buildings often exhibit less than the recommended 2% damping while 

reinforced concrete buildings often exceed their 5% equivalent. The correlation factor for the steel 

model of 0.65 is much higher than the 0.33 for the reinforced concrete model. The frequency 

independent higher mode damping factors for steel, reinforced concrete and composite buildings 

are reported as 1.3-1.4, 1.4 and 1.7-1.8 respectively. When higher mode damping ratios are 

considered with respect to natural frequency the relationship appears to be somewhere between 

constant and frequency proportional. The authors could not distinguish damping ratio trends for 

foundation type as the selected foundation is related to building height and the soil conditions. 

Satake, Suda et al. (2003) also examined the data for amplitude dependence over the micro 

amplitude range of values. The effect of amplitude was removed from the data by eliminating data 

whose amplitude dependent damping would exceed 10% of the low amplitude damping value of 

the Jeary (1986) model. The manipulated data was shown to be linearly proportional to the 

fundamental frequency with the concrete buildings exhibiting a better fit. The authors propose a 
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universal amplitude dependent damping estimation model for reinforced concrete structures of the 

form 

 𝜉𝑅𝐶 = 0.014𝑓1 + 470 (
𝑥

𝐻
) − 0.0018 (2-15) 

for building buildings between 10 and 130 m tall at non-dimensional amplitudes up to 2𝑥10−5 

m/m. The scatter in the steel building data was too large to propose a universal estimation model, 

so the authors present the equation 

 𝜉𝑆 = 0.013𝑓1 + 𝐵 (
𝑥

𝐻
) + 0.0029 (2-16) 

with the coefficient of the amplitude dependent term, 𝐵, to be determined on an individual building 

basis. The study of six tall office buildings determined 𝐵 to equal 400. The standard error of the 

models is 0.0057 and 0.0138 for steel and reinforced concrete respectively. The empirical models 

are limited to amplitude ratios within the range of measured data, or less than 2𝑥10−5 m/m, which 

are much lower than expected amplitudes during design earthquakes. The authors finish with a 

comparison of the proposed models without considering amplitude effects with those of 

Lagomarsino (1993). The Satake, Suda et al. and Lagomarsino models have similar standard errors 

but quite different frequency relationships. The Satake model overestimates damping in the low 

period/high frequency range and underestimates in the high period/low frequency range in 

comparison to the Lagomarsino model. Satake, Suda et al. recommend their model over that of 

Lagomarsino for use with high rise buildings as the damping predictions are a more conservative 

underestimate. 

Tamura, Suda et al. (2000) adapted the Japanese amplitude dependent damping formulae to give 

wind design guidelines for practitioners. The recommendations for steel and reinforced concrete 

buildings are presented in Table 2-5. The “recommended” values are for buildings with few interior 

walls and the “standard” values for residential buildings with more partitions. The 

recommendations are lower than the prevalent values recommended by Newmark (1967) for 

seismic analysis. The authors also emphasise that the frequency dependency of Equations (2-15) 

and (2-16) is not a pure frequency effect but is likely due to the SSI effect where short buildings 

with higher frequency experience more damping from interaction with the soil. 

Tamura and Yoshida (2008) present measured damping data showing a decrease in damping ratio 

at amplitudes above some critical amplitude. The authors state that the critical displacement 
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amplitude corresponds to when all sliding surfaces have been activated and is of the order 10-5-10-

4 m/m in tall buildings. The critical displacement amplitude is small, approximately 10 mm per 

100 m of building height. Damping can only decrease with increase in amplitude unless the 

structural or non-structural elements are damaged. The authors state that an increase in damping 

with amplitude is a misconception and conservative values should be used in serviceability design. 

This theory is consistent with friction dampers that are the basis of the sliding surface model, for 

which damping ratios are inversely proportional to amplitude. 

Table 2-5 Tamura, Suda et al. (2000) recommended damping ratios for wind design 

 Material Height (m) Damping ratio (%)  

 Habitability Safety (elastic range)  

 Recommended Standard Recommended Standard  

 Reinforced 

concrete 

30 2.5 3.0 3.0 3.5  

 40 1.5 2.0 2.0 2.5  

 50 1.2 1.5 2.0 2.5  

 60 1.2 1.5 1.5 2.0  

 70 0.8 1.0 1.5 2.0  

 80-100 0.8 1.0 1.2 1.5  

 Steel 30 1.8 2.5 2.0 3.0  

 40 1.5 2.0 1.8 2.5  

 50 1.0 1.5 1.5 2.0  

 60 1.0 1.5 1.5 2.0  

 70 0.7 1.0 1.5 2.0  

 80-20 0.7 1.0 1.0 1.5  

        

2.2.10 Fritz 

Fritz (2003) has assembled perhaps the most comprehensive database of full scale building 

dynamic data. The database contains 1573 damping measurements from 971 buildings. Each data 

point is accompanied by a set of ten parameters describing the characteristics of the building and 

testing. The ten parameters are construction stage, country, damping evaluation method, excitation, 

foundation, H/D ratio, lateral force resisting structure, material, plan shape, and number of storeys. 

The database includes data already summarised in this section from Davenport and Hill-Carroll 

(1986), Lagomarsino (1993), and Satake, Suda et al. (2003). Many of the damping estimation 

models already discussed are deliberately derived from rigorously controlled relatively small 

databases of trusted data. Fritz, Jones et al. (2009) instead chose to include almost all available 

data to capture the variability of the data and assess the statistical influence of all available 
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parameters. The aim of the study is to provide a singular damping value for the fundamental period 

of a given building. One shortcoming of the database is that only a small portion of the damping 

data have an associated response amplitude recorded. 

Fritz, Igusa et al. (2009) propose a simple three step approach for deriving predictive models for 

unbalanced databases nested with non-uniform variance and a large number of parameters such as 

the one assembled. Analysis of variance (ANOVA) determines that the most significant parameters 

are the height (represented by number of stories, 𝑁), material and excitation. The damping ratios 

from earthquakes are higher than the other categories in the excitation parameter, which the author 

suggests may be an amplitude dependency. The bias from earthquake excitations is removed by 

multiplying the non-earthquake measurements by a factor of two. After the excitation correction 

the only parameters required to minimise the standard error of the regression analysis are material 

and number of storeys. The proposed models for the median damping ratio take the form 

 𝜉 = 𝛼𝑋𝛽 (2-17) 

where in the general model 𝑋 = 𝑁 the number of storeys, and 𝛼 and 𝛽 are material dependent 

coefficients listed in Table 2-6. The p-confidence intervals for damping are given by the equation 

 𝜉𝑝,𝑢𝑝𝑝𝑒𝑟 , 𝜉𝑝,𝑙𝑜𝑤𝑒𝑟 = 𝑞±𝑛𝜉 (2-18) 

where 𝑞 is the standard deviation of the damping and 𝑛 the number of standard deviations for the 

required level of confidence. Values for the intra and inter-building standard deviation are also 

found in Table 2-6. Damping is modelled as a lognormal variable. The median and one standard 

deviation (65%) confidence intervals are plotted in Figure 2-2. The intra and inter-building 

variability is defined as that between measurements from the same building and between buildings 

respectively. The building period is not explicitly included in the model but is indirectly 

represented by the number of storeys. The models do not mean that damping ratios are independent 

of other parameters such as foundation or aspect ratio, rather that the database of one-of-a-kind 

buildings characterised by complex interrelationships between parameters cannot be quantified by 

simple predictive models. 
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Table 2-6 Parameters for Fritz (2003) general and amplitude dependent damping 

models 

 Model Material 𝛼 𝛽 𝑞𝑖𝑛𝑡𝑟𝑎 𝑞𝑖𝑎𝑡𝑒𝑟   

 General  
(𝑋 = 𝑁) 

Steel 6 -0.25 1.51 1.78  

 Reinforced concrete 14 -0.5 1.51 1.78  

 Steel/reinforced concrete 9 -0.5 1.51 1.78  

 Amplitude 

(𝑋 =
𝑥

𝐻
) 

Steel 3 0.25  1.8  

 Reinforced concrete 5 0.25  1.8  

 Steel/reinforced concrete 5 0.25  1.8  

        

  

Figure 2-2 Fritz (2003) general expected damping ratio model with one standard 

deviation envelope for steel and reinforced concrete buildings – a) linear scale, and b) 

log-log scale 

Fritz (2003) derived an alternative amplitude dependent damping model for a reduced database of 

damping estimates with associated amplitude measurements. The data totalled 91 steel, 121 

reinforced concrete, and 30 steel and reinforced concrete estimates. The proposed amplitude 

dependent model takes the same form as Equation (2-17) with the number of storeys, 𝑁, replaced 

by the dimensionless amplitude of peak displacement normalised by building height as used in the 

Jeary (1986) model. Frequency is not represented in the model. The values of the coefficients and 

inter-building variability are found in Table 2-6. Intra-building variability is not specified because 

of insufficient data. The amplitude dependent model shows closest resemblance to the power law 

model of Davenport and Hill-Carroll (1986). The author suggests that a nonlinear model may 

provide a better fit, but the paucity of data points is prohibitive. All the measured data was between 

10-4 and 101 mm/m or 10-5 and 1% drift. 
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2.2.11 Recent findings - 2004 to present 

Bentz and Kijewski-Correa (2008) propose that an important factor influencing damping in 

buildings is the dominant deformation mechanism of the structure. The authors show that frame 

racking and other shear deformation mechanisms dissipate more energy than the axial shortening 

associated with cantilever action. The amount of shear deformation is quantified by either the 

aspect ratio (height over longitudinal dimension, 𝐻 𝐷⁄ ) or the power of the normalised mode shape. 

The lower the aspect ratio or power the more shear deformation. Powers less than 1.25 are 

considered shear buildings, greater than 1.5 cantilever, and between 1.25 and 1.5 interactive. 

Inspection of damping measurements from 9 tall buildings suggests a decrease in both damping 

value and variability with increase in mode shape power. 

A Korean database of dynamic properties of tall buildings provides an opportunity to study 22 

reinforced concrete buildings of similar structural characteristics with variations only in height and 

floor plan dimensions (Yoon and Ju 2004). The buildings are between 9 and 25 storeys in height 

with modular shear walls tied to a reinforced concrete slab and perimeter frames. The response 

amplitude of the data is classified to be in the low amplitude range. Erwin (2009) processed the 

data for all the buildings to eliminate variability from the analysis technique. In the short direction 

of the buildings Erwin observed a decrease in damping with height as the buildings became more 

cantilever type. In the long direction damping increases with aspect ratio and shows little 

correlation to height. Bentz and Kijewski-Correa (2008) attribute the increase in damping with 

aspect ratio to the modular nature of the construction, where slab action is the primary means to 

engage the cores, so the larger the aspect ratio the more frame action and damping. Erwin (2009) 

proposes separate damping models for the long and short directions of reinforced concrete 

buildings as linear functions of height for various discrete aspect ratios. 

2.2.12 Stiction element-based estimation models 

Spence and Kareem (2014) derive a damping estimation model from a statistical representation of 

the physical stiction mechanisms in buildings. Damping has been seen to decrease with continued 

increase in amplitude of vibration, a phenomena that no existing model can explain (Tamura 2005, 

Aquino and Tamura 2013). Natural frequencies are also observed to decrease with amplitude and 

the authors suggest that the two phenomena have the same cause. The authors propose that all 

damping mechanisms in a structure can be approximated as stiction damping mechanisms that can 

be modelled as uncorrelated random variables for the slip vibration amplitude, 𝑢0, and sliding 
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friction force, 𝑓0. The un-engineered nature of the mechanisms implies that they will be 

probabilistically distributed. 

In modal analysis, a structure is often reduced to two orthogonal fundamental translational modes 

and a torsional mode, in which case the uncoupled governing equation of motion for mode 𝑖 =

1,2,3 is defined as 

 

𝑀𝑖�̈�𝑖 + 𝐶𝑖�̇�𝑖 + [𝐾𝑖 − �̃�(�̃�𝑖)]𝑢𝑖

+ 𝑓𝑖 ∫ ∫ 𝑝𝑓0𝑢0
(𝜂1, 𝜂2)𝑑𝜂1

𝑢𝑖

0

𝑑𝜂2

∞

0

= 𝐹𝑖 
(2-19) 

where 𝑀𝑖, 𝐶𝑖 and 𝐾𝑖 are the modal mass, viscous damping and zero-amplitude stiffness coefficients 

respectively, 𝐹𝑖 the forcing function, �̈�𝑖, �̇�𝑖 and 𝑢𝑖 the modal acceleration, velocity and 

displacement responses respectively, �̃� the combined stiffness loss due to stiction element sliding 

at the amplitude envelope �̃�𝑖, 𝑓𝑖 the total frictional damping force available to mode 𝑖, and 

𝑝𝑓0𝑢0
(𝜂1, 𝜂2) the joint probability density function of the random variables. 

The total work done by all the stiction elements in a steady state oscillation of amplitude �̃�𝑖 is 

 𝑊𝐷,𝑖 = 4𝑁𝑓0̅ ∫ ∫ 𝑝𝑢0
(𝜂1)𝑑𝜂1

𝜂2

0

𝑑𝜂2

𝑢𝑖

0

 (2-20) 

where 𝑓0̅ is the mean value of 𝑓0. The amplitude dependent equivalent viscous modal damping ratio 

is calculated by substituting into Equation (1-10), neglecting the change in stiffness and 

consolidating all constants into one coefficient 𝐴 as follows  

 𝜉𝑖(�̃�𝑖) = 𝜉𝑣𝑖𝑠,𝑖 + 𝜉𝑓𝑟𝑖𝑐,𝑖(�̃�𝑖) = 𝜉𝑣𝑖𝑠,𝑖 +
𝐴 ∫ ∫ 𝑝𝑢0

(𝜂1)𝑑𝜂1
𝜂2

0
𝑑𝜂2

𝑢𝑖

0

�̃�𝑖
2  (2-21) 

The authors model 𝑢0 as a lognormal random variable which allows them to control the amplitude 

dependency of the friction damping by specifying the amplitude of maximum damping, �̃�𝑐𝑟,𝑖, and 

the shape of the curve by the standard deviation of the slip vibration amplitudes, �̃�𝑢0,𝑖. The paper 

goes on to demonstrate the excellent ability of the proposed damping model to fit the measured 

response of the fundamental modes of 15 tall buildings with “dramatically opposing” damping 

behaviour. The fitted models for each of the 15 buildings are shown in Figure 2-3 without the raw 
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data. Experimental damping data for each building is only available over a narrow amplitude range 

generally less than two orders of magnitude. So although Equation (2-21) can be manipulated to 

give an excellent fit of the data the accuracy at amplitudes outside this range is unknown, 

particularly in the high amplitude range that is most important for wind and earthquake strength 

design. The parameters for 𝜉𝑣𝑖𝑠,𝑖, 𝐴 and 𝑝𝑢0
( ) are empirically determined and are not explicitly 

derived to represent the physical mechanisms. 

  

Figure 2-3 Spence and Kareem (2014) proposed damping model individually fitted to 15 

tall steel buildings and general predictor model 

Spence and Kareem (2014) also fit their proposed damping model to a database of mostly steel 

buildings taller than 100 m combined from a selection of the authors own data, Satake, Suda et al. 

(2003) and Çelebi (1996). The optimal parameters for the stiction element distribution are selected 

using an absolute least square fit. The proposed model is overlaid on the individual building models 

in Figure 2-3. The authors comment that the proposed model is a better fit than the Satake, Suda et 

al. (2003), Jeary (1996) and Davenport and Hill-Carroll (1986) models over the dimensionless 

amplitude range 10-6-101 mm/m. The residuals of the proposed model are well estimated by a 

Gaussian distribution. Analysis of the residuals with respect to building characteristics suggest a 

weak dependency on frequency and height, higher damping in concrete buildings, lower damping 

in cantilever buildings than in racking frames, higher damping from frequency domain calculation 

methods than time domain methods, and less reliable damping values from earthquake excitations. 

The authors conclude that for tall buildings the construction material and force resisting system are 

better predictors of damping than height or natural frequency. The Spence and Kareem predictor 

model is essentially constant at amplitudes above 1% drift. The constant damping ratio is 

conflicting with the longstanding Newmark recommendations that damping increases with 

material stress. 
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Aquino and Tamura (2013) systematically investigate the concept of statistical representation of 

damping from Stick-Slip Components (SSCs). The authors examine the response of a SDOF 

system with varying number of SSCs (10, 100, 1000, 10000), 6 different parameter probability 

distributions (uniform, normal, log-normal, Weibull, Gamma and multivariate normal), varying 

coefficient of variance (0, 5, 10, 25, 50, 75, 100, 200 and 500 %), and statistical representation of 

a combination of the slipping displacements, forces and stiffnesses, 𝑘0, (constant 𝑥0, constant 𝑘0, 

constant 𝑓0 but varying 𝑘0, constant 𝑓0 but varying 𝑥0, varying 𝑥0, and 𝑘0 so that their correlation 

coefficient is 1, and varying 𝑥0 and 𝑘0 so that their correlation coefficient is -1). A total of 672 

combinations with constant mean slipping displacement and total SSC stiffness are compared. The 

results show that practically any amplitude dependent damping relationship can be achieved with 

the only commonality of the 672 cases being that damping initially increases from and eventually 

decreases to the modelled viscous damping ratio. Damping can exhibit one, two or three discernible 

peaks or a large plateau with no defined maxima. The variability of the slipping displacement 

parameter is the most important parameter in defining the nature of the amplitude dependency. The 

probability distributions of the sliding displacement with a low coefficient of variance can be 

effectively modelled by a single SSC. The variability of SSC sliding force and stiffness generally 

has less influence on the amplitude dependency than the displacement but will change the 

magnitude of the damping. The authors conclude that the most important lessons from the study 

are that damping always increases then eventually decreases with amplitude, and that overall 

damping behaviour cannot be predicted from measured data of a narrow amplitude range. 

2.2.13 Summary and discussion of damping estimation models 

The preceding section summarises many of the advances in the knowledge of damping in buildings 

and models for damping estimation in design. The number of available measurements and 

databases has grown, often with significant overlap of included damping data, but engineers are 

yet to reach a universal consensus on either the influential parameters governing damping or the 

appropriate amount of damping in buildings. The various frequency and amplitude dependent 

damping estimation models described in the previous section are presented together for comparison 

in Figure 2-4 and Figure 2-6 respectively. 
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Figure 2-4 Comparison of damping estimation models – a) and b) steel buildings by 

angular frequency and period respectively; c) and d) reinforced concrete buildings by 

angular frequency and period respectively 

The expected value frequency dependent damping models for steel and reinforced concrete 

buildings are demonstrated in parts a) and b), and c) and d) of Figure 2-4 respectively. Three of the 

six frequency dependent damping models are linear functions (Kawasumi and Kanai 1956, ESDU 

1983, Satake, Suda et al. 2003), two are power laws (Satake and Yokota 1996, Fritz 2003) and one 

is both linearly and inversely proportional to frequency (Lagomarsino 1993). Note that the Fritz 

(2003) general models are proposed as a function of the number of storeys and have been converted 

to a function of frequency by substituting their Thesis’s accompanying period estimation model, 

which may account for the power law models being inconsistent with the others. The difference 

between the linear models increases with increasing angular frequency or decreasing period. The 

inversely proportional term in the Lagomarsino (1993) models cause them to diverge as frequency 

tends towards zero or period towards infinity. Increasing variation is observed between the various 

expected value models with decrease in period, even before considering the expected variance. 

Figure 2-5 demonstrates the variation between frequency dependent damping models for steel 

buildings by plotting the difference between each model and the mean of the linear models. The 
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most universal of the damping models is difficult to determine and clearly such generic damping 

estimation models will struggle to predict damping in specific buildings. 

  

Figure 2-5 Difference between frequency dependent damping estimation models and the 

average predicted damping linear models for steel buildings 

The different estimation models have different physical implications. The estimation models 

linearly proportional to angular frequency imply a stiffness proportional viscous damping 

mechanical model. The Lagomarsino (1993) model corresponds to Rayleigh damping, which is a 

combination of both the stiffness and mass proportional mechanical models. The Hart and 

Vaseduvian (1975) approach of Figure 2-1 that relates damping in any mode to the zero percent 

damped spectral velocity at its natural frequency is unique amongst existing models so cannot be 

plotted in Figure 2-4. Spectral velocity proportional damping implies that damping is proportional 

to both amplitude and frequency. 

The general forms of the amplitude dependent damping estimation models also vary significantly 

as demonstrated in Figure 2-6. Models that are frequency proportional are shown for an arbitrarily 

chosen period of 2 s. The Satake, Suda et al. (2003) and Jeary (1996) estimation models are linear 

or piecewise linear functions of displacement. The Davenport and Hill-Carroll (1986) and Fritz 

(2003) models follow power laws. The Spence and Kareem (2014) model is the result of the 

integral of a cumulative lognormal probability distribution. The coefficients of all the models can 

be manipulated to fit individual building experimental data over an amplitude range of an order of 

magnitude or two. The damping outside the range of the regression from the various models can 

quickly diverge. The Satake, Suda et al. (2003) model is the only one to define a strict range of use 

up to drift ratios of 2𝑥10−2 mm/m or 0.002%, which was the upper limit of the measured data 

studied. In fact most damping measurements are at amplitudes less than this limit (Aquino and 

Tamura 2013). Strength design for seismic loads is generally at amplitudes around three orders of 
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magnitude larger than most measurements. The wide range of damping models and the building 

specific nature of damping make the use of the proposed models difficult to justify for seismic load 

cases. An important note is that all the measured damping ratios and damping ratio estimation 

models relate to linear elastic analysis as all the energy dissipation in the structure is encapsulated 

by the measured ratio. 

  

Figure 2-6 Comparison of amplitude dependent damping estimation models – a) normal 

scale, and b) log scale 

 

Damping in higher modes is also lacking a universal estimation model. Hart and Vaseduvian 

(1975) propose that damping in any mode is proportional to the spectral velocity. Satake and 

Yokota (1996) and Satake, Suda et al. (2003) predict that the ratio between damping in a non-

fundamental mode and that in an immediately lower mode is constant. Blume (1970) and Nielson 

(1964) could not identify a trend for higher mode damping. Haviland (1976) studied 139 buildings 

and questions the accepted constant damping ratio for all modes. Raggett (1975) was able to predict 

fundamental and higher mode damping ratios for three reinforced concrete buildings by 

considering the damping contributions of the structural and non-structural components separately. 

A universal estimation model for higher mode damping ratios is also yet to be derived. 

The variability in observed damping ratio is large with respect to the expected damping value. The 

Coefficient Of Variation (COV) is the normalised measure of dispersion of a probability 

distribution, defined as the standard deviation divided by the mean for a normal distribution. Table 

2-7 summarises the distribution of the residuals of the damping models from the literature. The 

COV is observed to be as high as 87% of the expected value. Hart (1996) investigates the effect of 

damping uncertainty on response to ground motion and demonstrates that spectral response 

uncertainty increases with decreasing expected damping. Hart (1996) demonstrates that for an 

expected damping ratio of 2% with COV of 20%, the range of the spectral acceleration 95% 
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confidence interval is up to 40% of the expected amplitude. A model that can explain the large 

variation in damping is yet to be derived. 

Table 2-7 Summary of observed variation in building damping ratios 

 Author/Model Material 
Distribution 

of Residuals  

Standard  

Deviation 

Coefficient 

of Variation 

 Blume (1970) Any Normal 2.8 0.55 

 Haviland (1976) Steel Log-normal 2.26 0.87 

 RC Log-normal 3.47 0.76 

 Davenport and Hill-Carroll 

(1986) power law 

Any Log-normal  0.40 

 Lagomarsino (1993) Any Normal 0.78  

 Fritz (2003) power law 

models 

Any Log-normal 1.80  

      

The preceding thorough review of observed damping in buildings reveals that there is not yet a 

consensus on the parameters that influence damping ratio or the estimation model that can 

encapsulate the nature or variability of damping. The nature of higher mode damping is not agreed. 

The amplitude dependency of damping has been well demonstrated at amplitudes over an order of 

magnitude smaller than expected in seismic design cases. Damping data at strength design 

amplitudes is scarce so there is not an accurate large amplitude damping estimation model. 

Structural response at large amplitudes is likely to include inelastic deformation and the associated 

hysteretic energy dissipation is encapsulated in the damping ratios calculated from real building 

response. 

 DAMPING IN DESIGN STANDARDS AND GUIDELINES 

The damping recommendations in design standards are generally broad and do not reflect the 

complex nature of energy dissipation in structures or the current state of the art in observed modal 

damping. Damping values in design standards are not soundly substantiated on the knowledge of 

the individual building under consideration (Tamura and Jeary 1996). Instead the 

recommendations appear to remain from the historic values derived by Newmark (1967) presented 

in Table 2-1. 

The standards for earthquake design actions from New Zealand, Europe and the USA are NZS 

1170.5:2004, Eurocode 8 (EC8) and ASCE7 respectively (Standards New Zealand 2004, British 

Standards Institution 2004-2006, Structural Engineering Institution 2006). All three documents 

agree in determining the elastic site hazard spectra from a 5% damped acceleration response 
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spectrum. EC8 provides a damping correction factor to be applied to the response spectrum 

acceleration if the elastic damping is not 5% viscous damping. A similar correction factor is 

specified in the New Zealand Steel Structures Standard NZS 3404:1997 for structures of 

importance level 3 or 4 (major structures affecting crowds or post-disaster structures) that are 

designed to remain elastic (Standards New Zealand 1997). The NZS 3404:1997 damping 

correction is not applicable to structures of normal importance designed to undergo inelastic 

deformation with the justification that the inelastic energy dissipation will exceed the influence of 

elastic damping. Similar provisions are not included in the equivalent Concrete Structures Standard 

NZS 3101:2006 (Standards New Zealand 2006). 

NZS 1170.5:2004 recommends that all structures be allocated 5% equivalent viscous damping in 

all modes of vibration unless further provisions are allowed in the relevant material design 

standards (Standards New Zealand 2004). If Rayleigh damping is used there should be no more 

than 5% viscous damping in the first two translational modes in any direction and no more than 

40% in the highest mode analysed. Further refinement of the 5% value is provided by NZS 

3404:1997 for steel structures as listed in Table 2-8 but no additional detail is given by NZS 

3101:2006 for concrete structures (Standards New Zealand 1997, Standards New Zealand 2006). 

The commentary to NZS 1170.5:2004 gives an explanation of the restrictions for the use of 

Rayleigh damping (Standards New Zealand 2004). The commentary states that care must be taken 

to ensure Rayleigh damping does not artificially suppress higher mode response and recommends 

the two modes for generating the Rayleigh damping matrix be the fundamental mode and the mode 

number corresponding to the number of storeys of the building. The commentary prefers tangent 

stiffness proportional Rayleigh damping over the initial stiffness equivalent but recommends the 

extra computations required for a uniform damping model generated by the Caughey series. 

The New Zealand Standard for wind actions is NZS 1170.2:2011 and provides damping 

recommendations for wind excitation of structures (Standards New Zealand 2011). The 

recommendations are for the maximum damping ratios and distinguish between steel or reinforced 

concrete structures for analyses in the ultimate and serviceability limit states. The serviceability 

limit state values are further refined depending on the response parameter under consideration. 

Damping ratios recommended for calculating accelerations are lower than those for displacements. 

The final point of the damping section in NZS 1170.2:2011 states “Users should seek other sources 

for advice on possible values of structural damping as a function of the type of construction, 

building dimensions and amplitude of vibration” without direction to specific references. 
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ASCE7 Minimum Design Loads for Buildings and Other Structures also provides minimal 

damping recommendations (Structural Engineering Institution 2006). ASCE7 only mentions the 

inherent structural damping when considering structures with added damping devices. The inherent 

component of damping “shall be based on the material type, configurations and behaviour of the 

structure and non-structural components responding dynamically at or just below yield of the 

seismic force resisting system”. The modal damping ratios should be less than or equal to 5% 

unless analysis or test data allows higher values. 

Table 2-8 Damping ratios recommended by various design standards 

Material Type Country Standard Load Behaviour Damping Ratio 

(%) 

Any  NZ NZS1170.5 Earthquake Inelastic 5.0 

  EU EC8 Earthquake Inelastic 5.0 

  USA ASCE7 Earthquake Inelastic 5.0 

Steel Any NZ NZS1170.2 Wind Elastic 1.2/1.0 (𝑢/�̈�) 

     Inelastic 2.0 

  USA ASCE7 Wind Elastic 1.0 

  INT ISO4354 Wind Elastic 1.0 

Steel Welded NZ NZS3404 Earthquake Elastic 4.0-6.0 

     Inelastic 5.0-7.0 

 Bolted NZ NZS3404 Earthquake Elastic 5.0-10.0 

     Inelastic 10.0-15.0 

Concrete Any NZ NZS1170.5 Earthquake Inelastic 5.0 

  USA ASCE7 Earthquake Inelastic 5.0 

  NZ NZS1170.2 Wind Elastic 1.5/1.0 (𝑢/�̈�) 

     Inelastic 3.0 

  USA ASCE7 Wind Elastic 2 

  INT ISO4354 Wind Elastic 1.5 

       

Various other American documents are no more conclusive in their damping recommendations. 

ATC 40, Seismic evaluation and retrofit of concrete buildings, adopts an assumed constant 5% 

inherent damping in its nonlinear static assessment methodology (Applied Technology Council 

1996). FEMA 356, Prestandard and commentary for the seismic rehabilitation of buildings, and 

FEMA 368, Recommended provisions for seismic regulations for new buildings and other 

structures, adopt a similar phrase to that quoted from ASCE7 (Federal Emergency Management 

Agency 2000, Federal Emergency Management Agency 2000). All three documents use the 

equivalent viscous damping ratio by work done Equation (1-10) and spectra reduction equations 

to determine design loads. 
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NEHRP provide guidelines for nonlinear structural analysis for seismic design in the Seismic 

Design Technical Brief No. 4 (Deierlein, Reinhorn et al. 2010). The guidelines pose two questions 

for modelling of elastic damping – what is an appropriate value for inherent damping, and how can 

the equivalent viscous damping matrix be formulated to achieve this value. The guidelines point 

out that only the damping in the linear range or that not otherwise explicitly modelled need to be 

encapsulated by viscous damping. Rayleigh damping is recommended with specified damping 

ratios at 0.2 and 1.5 times the fundamental period. In nonlinear analyses the document recommends 

that the stiffness proportional term be excluded from nonlinear components, to use a tangent 

stiffness proportional formulation or to only include the mass proportional term. The authors 

contend that there is no clear consensus as to how to resolve issues with viscous damping and that 

engineers must be aware of how commercial software packages approach them. Damping values 

of 1-5% of critical are recommended, with tall buildings and structures with few non-structural 

elements at the low end of the recommended range. The guidelines for damping conclude with the 

assertion that it is difficult to generalise damping for nonlinear analyses and the recommendation 

that the sensitivity of demand parameters to damping model and values should be investigated for 

each analysis. 

The Council on Tall Buildings and Urban Habitat (CTBUH) present a guide for the seismic design 

of tall buildings (Willford, Whittaker et al. 2008). The authors state that damping is a function of 

materials, geometry and finishes and that “the structural engineer should carefully consider each 

of these factors when selecting a damping level for the analysis level under consideration”. The 

authors cite Tamura’s (2005) observation that damping does not increase above the small critical 

amplitude. The Satake, Suda et al. (2003) data suggests that damping ratio decreases with building 

height and the authors suggest this is rational for three reasons. One reason is because taller 

buildings have stiffer structural elements, which means the contribution of the non-structural 

elements is comparatively small. A second reason is that the fit-out of a tall building is likely to be 

more highly engineered and dissipate less energy than shorter buildings. The third reason is that 

the low frequencies of tall buildings will minimise the soil and foundation damping. The authors 

suggest that damping in tall buildings tends towards the damping from the structure alone and 

should be set at 1-2%, and that the traditional value of 5% is “indisputably” excessive. 

The PEER/ATC report entitled “Modelling and acceptance criteria for seismic design and analysis 

of tall buildings” provides perhaps the most comprehensive guidelines for modelling elastic 

damping (PEER/ATC 2010). The main philosophy of the report is to highlight important 

considerations for elastic damping and provide guidelines to ensure damping is realistic. The report 

states that it is important to identify the sources of damping and how they are represented in the 
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model. The purpose of elastic damping is to represent “un-modelled energy dissipation”, or that 

not explicitly included in hysteresis models. The type of nonlinear elements used are important in 

considering the elastic damping value, as for example continuum elements will explicitly model 

more energy dissipation than lumped plasticity equivalents. Engineers should consider the 

characteristics of the modelled structural elements, un-modelled structural elements such as gravity 

frames and slabs, non-structural fit-out and soil structure interaction in choosing damping values. 

Explicit damping elements are suggested as an alternative to equivalent viscous damping. The 

report surveys many of the references summarised in the previous section and concludes that a 

minimum damping ratio of 2% for all modes with any increase in this value attributed to the 

approximations in the hysteresis models and defined as 

 𝜉 = 𝛼 30⁄      for 𝑁 < 30 (2-22) 

 𝜉 = 𝛼 𝑁⁄       for 𝑁 > 30 (2-23) 

where 𝛼 should range between 60 and 120, tending towards 60 for steel and 120 for reinforced 

concrete structures respectively. The report concludes with the recommendation that the response 

sensitivity to damping formulation and value should be investigated. A similar PEER report 

entitled “Guidelines for the performance-based design of tall buildings” recommends a damping 

ratio of 2.5% in all modes for both the serviceability and maximum credible design analyses (PEER 

2010). 

2.3.1 Summary of design standards and guideline report 

A short review of design standards and guidelines from New Zealand, Europe and the USA reveals 

that elastic damping practices rely heavily on engineering judgement. Generally recommended 

damping values range from 1-5% with qualitative consideration of individual building 

characteristics necessary to choose a final discrete value. Damping recommendations are generally 

higher for reinforced concrete than steel, lower for taller buildings, lower for service level analyses, 

and lower for nonlinear analyses with explicitly modelled energy dissipation. 

 ELASTIC DAMPING IN DYNAMIC MDOF ANALYSIS 

Elastic damping in dynamic analysis of MDOF building structures is almost always represented 

by equivalent viscous damping (Hall 2006). Equivalent viscous damping is straightforward in 

linear elastic modal response spectrum and fast nonlinear analyses as damping ratios can be directly 



 

 - 64 - 

specified for each mode. Time history-based analysis methods generally solve the force governing 

equation of motion in the natural coordinates, which is of the form 

 𝑀�̈� + 𝐶�̇� + 𝐾𝑢 = �̰� (2-24) 

where 𝑀, 𝐶 and 𝐾 are the mass, viscous damping and stiffness matrices respectively, and �̈�, �̇�, 𝑢 

and �̰� the acceleration, velocity, displacement and load vectors respectively. A proportional 

classical damping matrix that satisfies modal orthogonality can be generated using the Caughey 

series, 

 𝐶 = ∑𝛼𝑏𝑀(𝑀−1𝐾)𝑏

𝑏

 (2-25) 

where 𝛼𝑏 are a set of coefficients and 𝑏 is set of integers (Caughey 1960). The number of terms 

included in the summation must be equal to the number of modes that damping is specified in. The 

modal damping ratios are denoted by the set of equations 

 𝜉𝑖 =
1

2𝜔𝑖
∑𝛼𝑏𝜔𝑖

2𝑏

𝑏

 (2-26) 

and the 𝛼𝑏 coefficients by the following matrix equation, presented for the first three terms of the 

summation 
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] (2-27) 

Special cases of Caughey damping are mass proportional damping when only 𝑏 = 0 is included, 

stiffness proportional damping when 𝑏 = 1, and Rayleigh damping which is the summation of both 

the mass and stiffness proportional terms, i.e. 𝑏 = 0,1. 
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Figure 2-7 Classical damping formulations for 5-DOF structure with 5% target 

damping ratio – a) mass and stiffness; b) Rayleigh (modes 1 & 4); c) Caughey (modes 

1,3,5); and d) Caughey (all 5 modes) 

The frequency dependence of various proportional damping formulations is demonstrated for a 5-

DOF structure in Figure 2-7 (Reference Structure 2 defined in Section 1.4.2). The structures modal 

angular frequencies are 5.6, 16.2, 25.6, 32.9 and 37.5 rad/s. The mass or stiffness only proportional 

damping formulations specified as 5% in the first mode are shown in Figure 2-7 a). The mass or 

stiffness formulations generate damping ratios at other frequencies that diverge significantly from 

the specified value. Rayleigh damping specified as 5% in the first and fourth modes is shown in 

Figure 2-7 b). Rayleigh damping always exhibits slightly lower damping ratios at frequencies 

between the two specified points and increasingly larger damping ratios outside. The mass and 

stiffness proportional terms are also plotted with the overall damping curve, showing that mass 

proportional damping dominates at frequencies below those specified and stiffness proportional 

damping dominates at frequencies above. Caughey damping formulations specified as 5% in 

modes 1, 3 and 5 and all five modes are presented in Figure 2-7 c) and d) respectively along with 
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the individual contributions of the summation terms. Caughey damping ratios always diverge from 

the target ratio outside of the range of specified frequencies. 

Several observations regarding control of viscous damping can be drawn from Figure 2-7. Mass 

proportional damping may underdamp higher modes and provide too much damping should the 

fundamental frequency decrease. Stiffness proportional damping may overdamp the higher modes 

and care must be taken to ensure all damping ratios remain less than 100%. Rayleigh damping 

allows damping ratios to be specified at a more consistent level over a range of frequencies but 

adopts the pitfalls of both mass and stiffness proportional damping outside the range between the 

two specified frequencies. Caughey damping has the potential for rapid increase or decrease in 

damping ratio outside the specified range, and both very large positive and negative damping ratios 

are possible. Caughey damping may be problematic for large MDOF systems where the 𝛼𝑏 

coefficients become very small to compensate for the large higher order functions of frequency. 

Wilson and Penzien (1972) propose an efficient alternative direct evaluation approach that 

generates a damping matrix more suitable for systems with large numbers of DOFs. 

The mass proportional, stiffness proportional and Rayleigh damping models are mechanically 

represented by an arrangement of viscous dashpots. Mass proportional damping is provided by 

viscous dashpots connecting the masses of the structure and a fixed support. Mass proportional 

damping forces are directly proportional to the global velocities of the masses. Stiffness 

proportional damping is realised by viscous dampers connected between degrees of freedom in 

parallel to the stiffness elements. Stiffness proportional damping forces are proportional to the 

relative velocities of the DOFs. Rayleigh damping is realised by the combination of both damper 

arrangements. Rayleigh damping represents the constitutive relationship of a form of 

viscoelasticity known as the Voigt solid. At a constitutive level Rayleigh damping is physically 

realisable, but in discretised structures the mass proportional mechanism is impossible as the 

dampers cannot exist and consequently force equilibrium at each storey is violated (Wilson 2002). 

The frequency dependency of the mass and stiffness terms is physically explained by considering 

the nature of the damping forces. The amount of energy stored in a linear elastic structure is 

proportional to the structure’s stiffness and the square of displacement. Consider a system with 

constant mass and mass proportional damping matrices oscillating at a constant steady state 

amplitude, if the frequency of the system changes due to a change in stiffness the damping forces 

and dissipated energy will change in proportion to the frequency change (because �̇� = 𝜔𝑢) but the 

peak total energy will change in proportion to the stiffness change, or frequency squared (because 

𝑘 = 𝜔2𝑚). Accordingly, from Equation (1-10) the ratio of energy dissipated to peak total energy 
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is inversely proportion to frequency. Repeating the exercise for a system with stiffness proportional 

damping, consider a system with a constant stiffness and stiffness proportional damping matrices 

oscillating at a steady state amplitude. A change in frequency due to a change in mass will cause 

the damping forces and dissipated energy to change in direct proportion to the frequency change, 

while the peak total energy will remain constant, so the damping ratio will be linearly proportional 

to frequency. 

2.4.1 Problems with proportional viscous damping in MDOF NLTHA 

Problems with proportional damping arise when nonlinear behaviour in a structure causes the 

modal frequencies to change during an analysis. The challenge to the engineer is to reconcile the 

numerical properties of proportional damping with the expected real elastic energy dissipation in 

the nonlinear structure. The problems are experienced at a global scale in the modal damping ratios 

and locally in the damping forces. The problems are not due to numerical errors as the solution 

process is correct and force equilibrium is satisfied, but they are the manifestation of the physical 

implications of viscous damping that are not representative of reality. Generally, recommendations 

focus on maintaining as close to constant damping ratio as possible in all modes and limiting 

damping forces. Note that modal orthogonality is not important in NLTHA. 

The number of possible proportional damping formulations increase in NLTHA because of the 

time-dependent nature of the stiffness matrix. The damping matrix may be constructed from the 

initial matrices or updated using the tangent stiffness matrix as an analysis progresses. Further, the 

𝛼𝑏 coefficients may be left constant or also updated. Charney (2008) demonstrates the possible 

damping formulations for a five storey, 5DOF building with both uniform softening and decreasing 

softening with height. The uniform softening case is a structure with half the original stiffness in 

all storeys, whereas for the non-uniform case the softened storey stiffnesses are from the ground 

up 0.1, 0.3, 0.5, 0.7 and 0.9 times the original stiffness. Rayleigh damping is specified as 2% in the 

first and third modes and the damping ratio distributions are depicted in Figure 2-8 a) and b) for 

the uniform and non-uniform softening cases respectively. 
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Figure 2-8 Damping ratios for 5DOF structure with - a) uniform stiffness change; and b) 

non-uniform stiffness change 

The damping curve for the original structure (denoted 𝐾0𝐶0𝛼𝑖 in the legend) and the curves for the 

softened structures with tangent proportional damping with initial coefficients (𝐾𝑡𝐶𝑡𝛼𝑖) are 

identical, but the modal damping values are located at different frequencies along the curve. Large 

increases in the fundamental mode damping ratio due to the mass proportional term are apparent. 

Tangent stiffness proportional damping with updated coefficients (𝐾𝑡𝐶𝑡𝛼𝑡) creates a new damping 

curve to satisfy the specified 2% in the first and third modes. The damping ratios in all modes are 

exactly the same as those in the original formulation for the uniform softening structure, and very 

similar for the non-uniform softening case. Finally, the initial stiffness proportional damping with 

the initial coefficients (𝐾𝑡𝐶0𝛼𝑖) produces damping ratio curves that are higher for all modes than 

the other formulations.  

In the uniform softening structure, the stiffness proportional coefficient provides more damping 

than in the original structure and more damping is observed with increase in frequency. In the non-

uniform softening structure, the modal damping ratios do not fall on the derived curve as the 

damping matrix is non-classical. The question is which formulation provides the best 

approximation to observed damping ratios and how should the damping model be controlled during 

an analysis? 

Local nonlinearities create problems with the magnitude of viscous damping forces. Hysteretic 

elements with a high ratio of initial to yield stiffness such as plastic hinges, base isolators and gap 

elements can generate large velocities in the absence of mass at their DOFs. If the stiffness 

component of the damping matrix is proportional to the initial stiffness the large velocities become 

large damping forces that are physically impossible. Damping forces at massless DOFs are 
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spurious because equilibrium at such coordinates should be static in nature (Bernal 1994). The 

unrealistically large damping forces can reduce the demand on the hysteretic elements and generate 

spurious large actions in the adjacent restoring forces. The impact of the large damping forces on 

displacements is less pronounced, with an error often less than 10%. 

2.4.2 Recommendations for damping formulation for NLTHA 

Before determining a solution to the problems with viscous damping it is essential to determine the 

nature of real dissipative mechanisms as a structure undergoes nonlinear behaviour. 

Priestley and Grant (2005) state that there are only three reasons for including elastic damping in 

NLTHA – to account for unmodelled hysteresis in structural members at amplitudes below yield, 

foundation damping and damping from non-structural elements. The authors suggest that because 

hysteresis rules are calibrated in the inelastic range no additional elastic damping should be 

included post yield. The reduced elastic damping after yield stipulation is best satisfied using 

tangent stiffness proportional damping, but the tangent formulation may still overestimate elastic 

damping in structures with large post yield stiffness. The mass proportional damping term should 

not be used as mass proportional damping dominates the fundamental mode and would mask the 

desired effects of the tangent stiffness proportional damping. The authors also state that the effects 

of elastic foundation damping are best represented by tangent stiffness proportional damping. At 

instances when a structure exhibits ductility and deforms plastically the forces and deformation of 

the soil remain constant. No energy is dissipated during instances of inelasticity, so soil damping 

is also best encapsulated by stiffness proportional damping. Energy dissipation in non-structural 

elements is potentially displacement rather than force dependent. The authors suggest that sliding 

friction is unlikely to be significant due to the low mass in modern fit outs and that hysteretic 

response of modern partitions and cladding of approximately 5% the structural stiffness with 10% 

equivalent viscous damping can at most add 0.5% to the elastic damping. 

Priestley and Grant (2005) present the results of numerical analyses on SDOF bridge piers to 

determine the effects of elastic damping model. Piers modelled with Modified Takeda, Bilinear 

and Flag hysteretic models are subjected to steady state forced vibration and earthquake 

excitations. The authors observe that for the bilinear pier under steady state response initial 

stiffness proportional damping can dissipate as much as 83% of the hysteretic energy dissipated, 

while tangent stiffness proportional damping is responsible for a more reasonable 15%. The 

earthquake analyses reveal that initial stiffness proportional damping always underestimates 

response in comparison to the tangent stiffness formulation. The difference between the responses 

for the two damping models increases with increase in force reduction factor and decrease in post 
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yield stiffness. The differences are the smallest for the bilinear model and largest for the flag model. 

The differences range from 4% for the bilinear model with a force reduction factor of 2 to 50% for 

the flag model with a force reduction factor of 6. The authors feel that differences between the 

responses from the two damping models are too large to be ignored. 

The work of Priestley and Grant (2005) was extended to experimentally investigate damping in 

SDOF bridge piers (Petrini, Maggi et al. 2008). Equivalent viscous damping ratios of 5% were 

observed in cyclic static tests below the yield point. Fiber and lumped plasticity numerical models 

were developed from the static tests to use in dynamic analyses for comparison to shake table 

experiments. Damping was either not modelled or taken as 5% initial or tangent stiffness 

proportional. The shake table response was best emulated by the fiber element model with no 

elastic damping. The no damping case predicted 86 and 94% of the positive and negative 

displacement peaks while the tangent stiffness proportional was also adequate at 70 and 90%. The 

performance of initial stiffness proportional damping was concerning as it non-conservatively 

predicted the peaks to be 28 and 39% of the measured displacements. The plastic hinge model 

performed the best with 5% tangent stiffness proportional damping achieving 107 and 96% of the 

peaks while the undamped and initial stiffness proportionally damped analyses were conservative 

(121/105%) and unconservative (56/69%) respectively. Petrini, Maggi et al. (2008) demonstrate 

that tangent stiffness proportional damping is better than the initial equivalent in predicting 

experimental response and that the formulation of elastic damping is linked to the type of finite 

elements implemented. 

Smyrou, Priestley et al. (2011) conducted a literature review and numerical investigation into the 

effects of four proportional damping formulations on the response of 8, 14 and 20 storey reinforced 

concrete wall structures. The authors suggest that damping should be relatively constant for all 

modes of a structure and a value of 5% is reasonable. Priestley and Grant (2005) suggest that 

tangent stiffness proportional damping alone is appropriate for SDOF and the fundamental mode 

but such a formulation will suppress the higher modes. Priestley, Calvi et al. (2007) suggest a 

reduction in the fundamental mode damping ratio specified for Rayleigh damping to account for 

the effects of mass proportional damping on the softening mode as follows 

 𝜉∗ =
𝜉(1 − 0.1(𝜇 − 1)(1 − 𝑟))

√𝜇 (1 + 𝑟𝜇 − 𝑟)⁄
 (2-28) 

where 𝜉 is the desired damping level, 𝜇 the ductility and 𝑟 the post yield stiffness ratio. The four 

damping models chosen by Smyrou, Priestley et al. (2011) are 5% tangent stiffness proportional 
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Rayleigh damping in the first and third modes with the first mode reduction, initial stiffness 

proportional Rayleigh damping with the same properties as the tangent formulation, 5% initial 

stiffness proportional Rayleigh damping in the first and third modes, and 5% uniform Caughey 

damping with fundamental mode reduction. The results of the analyses show that the influence of 

the second mode has a large effect on the seismic response. The authors recommend the use of the 

uniform damping model with fundamental mode reduction to ensure equal damping in all modes. 

The common theme of the body of Priestley and colleagues’ literature is that the elastic damping 

model has more influence on the response of structures that have less hysteretic energy dissipation. 

The amount of hysteretic energy dissipation decreases from the elasto-plastic model, to Modified 

Takeda to the flag shaped hysteresis (refer Figure 6-8). Accordingly, the models with flag shaped 

hysteresis are more susceptible to unconservative results due to initial stiffness proportional 

damping. 

Leger and Dussault (1992) numerically investigated the effects of different viscous damping 

formulations on the seismic response parameters of seven buildings ranging from one to twenty 

five storeys with bilinear hysteretic elements. The nonlinear response indices assessed were the 

maximum displacement ductility, number of yield excursions, the ratio of hysteretic to input energy 

and the maximum rate of input, hysteretic and viscous energies. The authors assessed the influence 

of damping ratio, ductility factor and post yield stiffness on the response indices. The authors 

suggest that tangent stiffness proportional Rayleigh damping with updated coefficients is the most 

correct solution and use it as the benchmark for comparison. The authors recommend that for 

structures with 𝑇 < 0.5𝑠 stiffness proportional damping with initial coefficients the seismic 

response indicators are in alignment with the benchmark model. Damping for structures with 0.5 <

𝑇 < 1.5𝑠 is recommended to be tangent stiffness proportional damping with initial coefficients. 

Structures with 𝑇 > 1.5𝑠 are insensitive to the formulation of the damping model. 

Bernal (1994) demonstrates that the loss of damping orthogonality can generate spurious damping 

forces at massless DOFs. Bernal shows that in the general case spurious damping forces are 

eliminated if the damping matrix is constructed using terms from the Caughey series where 𝑏 ≤ 0. 

Charney (2008) suggests that negative values of 𝑏 should not be included as they allow for negative 

damping at low frequencies. Carr (1997) demonstrates that unrealistic forces can still occur at 

rotational DOFs with mass. Bernal suggests a more practical solution is to construct a damping 

matrix proportional to the statically condensed stiffness matrix followed by expansion to the full 

set of coordinates with zeros to complete the full matrix. 
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Carr (1997) addresses the potential for spurious damping forces at rotational DOFs in models with 

mass assigned to all nodes. Models with mass at rotational DOFs have a much larger number of 

independent dynamic DOFs than models with only translational mass. The increase in dynamic 

DOFs increases the number of modes of vibration and those associated with joint rotations are of 

high frequency. Rayleigh damping models provide large damping ratios to these high frequency 

modes. When inelastic deformations occur at the rotational DOFs the large velocities and large 

damping ratios can generate large spurious damping moments that effect displacement and 

restoring forces. Carr suggests that when practical a uniform damping model should be used to 

avoid large modal damping ratios at high frequencies. Rayleigh damping models should be 

specified so that the highest mode is at least sub-critically damped and the tangent stiffness 

proportional formulation is a better choice than the initial stiffness equivalent. Carr (2005) later 

recommends that Rayleigh damping be specified for the fundamental mode and one approximately 

equal to the number of storeys. Carr also observes that in incremental time history analyses tangent 

stiffness proportional damping matrices can exhibit hysteresis similar to the stiffness matrix they 

are based on. Hysteresis in the damping matrix results residual damping forces when the velocity 

has reduced to zero. Carr recommends the use of a secant stiffness matrix to avoid residual damping 

forces. 

Hall (2006) identifies several types of structure that can cause unrealistically large damping forces. 

Hall demonstrates the problem of large post yield damping forces in a 10-storey building. Base 

isolated structures are found to generate large viscous damping forces if the Rayleigh damping 

matrix is constructed for the superstructure alone. In this case the large global velocities from 

essentially rigid body motion of the superstructure can generate unrealistically large damping 

forces. A similar problem is presented for sliding of a gravity dam where large mass proportional 

damping forces oppose rigid body sliding and damping forces proportional to the uncracked 

stiffness have the same effect. Crack propagation can also be limited by large damping stresses 

based on the uncracked stiffness. Penalty elements such as gap, sliding and yielding elements 

develop large damping forces that restrict deformation once the change in state has taken place. 

Penalty elements should not have any damping associated with them as they do not contribute to 

the elastic deformability of the structure so do not represent any physical damping. All the 

identified force problems would be alleviated with the use of capped viscous damping, where 

damping forces are limited to a value of 2𝜉 times the yield force. Hall suggests that tangent 

proportional damping is an ad hoc approach with no physical basis that can cause equilibrium 

problems and is not recommended. 
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Ryan and Polanco (2008) elaborate on the problems with proportional damping in base isolated 

structures. Typically damping in base isolated buildings is allocated to the superstructure using a 

Rayleigh damping model and modelled explicitly in the isolators. The lower bound for the response 

of a base isolated structure is easily calculated by assuming a rigid superstructure. Analyses of base 

isolated structures with Rayleigh damping for the superstructure have been shown to underestimate 

the lower bound roof displacement by up to 25%, which is obviously incorrect. The close to rigid 

body motion of the superstructure generates large mass proportional damping forces that suppress 

the translational motion of the structure. The authors demonstrate that stiffness proportional 

damping provides the best correlation to the rigid body response. The usual problem of higher 

mode suppression is not a factor for base isolated buildings where the response is dominated by 

the fundamental mode. 

Charney (2008) investigates the effect of global stiffness changes on damping ratios and local 

stiffness changes on damping forces. Globally, artificial damping larger than that originally 

specified is generated when tangent stiffness proportional damping with updated coefficients is not 

implemented. The physical appropriateness of the artificial damping is debatable depending on the 

type of analysis. For example, for a reinforced concrete structure additional damping may be 

appropriate to represent cracking, whereas it may be non-conservative for an equivalent steel 

structure. The author recommends that for initial stiffness proportional damping the damping 

coefficients of yielding elements should be set to zero. The tangent stiffness proportional damping 

with initial coefficients is best specified at reduced modal frequencies to ensure appropriate 

damping at the softened frequencies. Tangent stiffness proportional damping with updated 

coefficients is preferable provided equilibrium is satisfied. The author suggests that alternative 

non-viscous linear damping models may be possible for representing damping but ultimately the 

authors preference is to eliminate the damping matrix by using hysteretic elements such as the 

Bouc-Wen model. 

Zareian and Medina (2010) propose a practical method for modelling elastic damping in NLTHA 

that is initial stiffness proportional while eliminating spurious large damping forces. The authors 

propose that the damping in elements with plastic hinges can be represented by damping specified 

for the elastic beam elements only with no damping specified in the nonlinear springs. The 

Rayleigh damping coefficient 𝛼1 is modified so that the damping in the beam elements 

encapsulates that expected in the springs. The modified coefficient is calculated as follows 
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 𝛼1
′ = 𝛼1

1 + 𝑛1

𝑛1
 (2-29) 

where 𝑛1 is the ratio of rotational spring stiffness to the modified beam stiffness. The method can 

also be extended to elements with time variant moment gradient. Numerical results show that the 

proposed method has excellent correlation with tangent stiffness proportional damping for a SDOF 

frame system. The authors conclude by calculating fragility curves for a four-storey moment 

resisting frame structure that show that the unrealistically large damping forces in conventional 

initial stiffness proportional damping can lead to an underestimation of the median collapse 

capacity by 30%. 

Erduran (2012) assessed the influence of Rayleigh damping formulation on the engineering 

demand parameters for both a three storey, four bay building and a nine storey, five bay building. 

The steel moment resisting frame structures were modelled with bilinear plastic hinges with 2% 

strain hardening. Six different damping formulations were implemented – 5% mass proportional, 

5% tangent stiffness proportional, 5% Rayleigh in the first and third modes, 5% Rayleigh in the 

first mode and at 𝑇 = 0.2𝑠, 5% Rayleigh at 0.707 times the first and third mode frequencies, and 

5% Rayleigh at 0.707 times the first mode frequency and 𝑇 = 0.2𝑠. Note that all the Rayleigh 

damping formulations were tangent stiffness proportional. The target 5% damping was chosen to 

emulate the typical damping implicit in design codes. The reduced frequencies were chosen to 

align with the recommendations of Charney (2008). NLTHA were performed for a suite of 20 

earthquakes and three different return periods. The median response parameters of peak story drift 

ratios, peak total floor acceleration and ratio of damping force to base shear force were evaluated 

assuming a lognormal distribution. 

The ratio of damping force to total base shear force was highest for the mass proportional damping 

and lowest for the stiffness proportional damping in all cases. The three-storey building storey drift 

ratios were not significantly influenced by the damping models but there was divergence for the 

nine-storey structure. The storey drift ratios are influenced by the higher mode responses which 

are a function of the higher mode damping. The stiffness proportional damping provides too much 

damping in the higher modes and the overall response is close to that of the fundamental mode. 

The mass proportional and Rayleigh formulations specified at 𝑇 = 0.2𝑠 suppress the higher modes 

the least. The peak total accelerations are the smallest for the tangent stiffness proportional 

damping and largest for the mass proportional damping. The authors observed that the mass 

proportional model generates unrealistically large damping forces that lead to larger accelerations. 

The larger accelerations do not manifest in the base shear in the restoring forces and remain as a 



 

 - 75 - 

damping force. The authors conclude that mass proportional damping should not be used in 

inelastic MDOF analyses of either low or mid-rise buildings and tangent stiffness proportional 

damping is not suitable for mid-rise buildings. A good option for the damping model is Rayleigh 

damping anchored at the first mode frequency reduced by the factor 0.707 and at 𝑇 = 0.2𝑠. Note 

that the authors observations are not based on comparison to real data but are chosen as the least 

conservative and most realistic response. 

Chang (2013) systematically investigates the change in global modal damping ratios in nonlinear 

analyses as a function of the instantaneous degree of nonlinearity, defined as 

 𝛿 = [
𝜔𝑖𝑛𝑠𝑡

𝜔0
]
2

 (2-30) 

where 𝜔0 and 𝜔𝑖𝑛𝑠𝑡 are the initial and instantaneous modal frequencies respectively. The initial 

and fully updated Rayleigh and three mode Caughey damping formulations are investigated for 

various specified frequency relationships. The change in damping ratio is normalised as the ratio 

of observed damping ratio to initially specified ratio. The investigation shows that the initial 

Rayleigh damping formulation provides damping amplification that is closer to unity for softening 

systems over the specified frequency range, while updated Rayleigh damping performs better for 

hardening systems. Rayleigh damping always increases outside of the specified frequency range, 

whereas Caughey damping decreases above the specified frequency range which could be a 

problem by supplying negative higher mode damping. The updated Caughey damping model is 

better than the initial equivalent for both softening and hardening systems. Chang recommends that 

the second specified frequency for Caughey damping be half of the third to ensure the damping 

amplification is closest to unity. Caughey damping generally provides better damping 

amplification performance than Rayleigh damping but it is not recommended due to the potential 

for negative damping. Chang recommends the use of initial stiffness proportional Rayleigh 

damping as it can achieve comparable performance to the updated model while remaining 

computationally efficient. 

Jehel, Léger et al. (2014) survey the existing literature and observe that there is no consensus on 

how to control elastic damping in NLTHA. The authors develop mathematical expressions for the 

bounds on viscous damping during a NLTHA analysis to quantify the performance of the different 

Rayleigh damping formulations. An expression for tangent stiffness proportional Rayleigh 

damping with updated coefficients is not derived as the authors state that such a damping 

formulation is seldom used due to the computational requirements of a modal analysis after every 
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inelastic event. The three Rayleigh formulations investigated are initial stiffness proportional with 

constant coefficients, tangent stiffness proportional with constant coefficients and initial stiffness 

proportional with reduced modal frequencies. The modal damping ratios at any time during an 

analysis are defined as 

 𝜉𝑖(𝑡) =
1

2
(

𝛼0

𝜔𝑖(𝑡)
+ 𝛼1ℎ𝑖(𝑡)𝜔𝑖(𝑡)) (2-31) 

where ℎ𝑖(𝑡) is a parameter encapsulating the degree of modal instantaneous nonlinearity. The 

nonlinearity parameter is equal to 1 for the tangent stiffness damping, and is otherwise defined as  

 ℎ𝑖(𝑡) =
𝜙𝑖

𝑇𝐾0𝜙𝑖

𝐾𝑖(𝑡)
 (2-32) 

where 𝜙𝑖  is the mode shape vector, 𝐾0 the initial elastic or reduced stiffness matrix, and 𝐾𝑖(𝑡) the 

instantaneous modal stiffness coordinate. With some manipulation the authors show that the 

maximum change in damping ratio from the target ratio for frequencies within the specified range 

is defined as 

 ∆= 𝜉
𝑅2ℎ𝐵 − ℎ𝐴 − 2√𝑅(𝑅 − 1)(𝑅ℎ𝐴 − ℎ𝐵)

𝑅2ℎ𝐵 − ℎ𝐴 + 2√𝑅(𝑅 − 1)(𝑅ℎ𝐴 − ℎ𝐵)
 (2-33) 

where subscripts 𝐴 and 𝐵 refer to the lower and upper specified modes respectively, 𝑅 the ratio of 

𝜔𝐵 to 𝜔𝐴, and ℎ𝐴 and ℎ𝐵 the maximum instantaneous nonlinearity factors. The equation is useful 

in predicting the performance of a damping model based on knowledge of the degree of softening 

anticipated. The nature of the equation shows that the maximum change in damping ratio for the 

tangent stiffness proportional damping formulation (ℎ𝐴 = ℎ𝐵 = 1) is always smaller than the initial 

stiffness models. In addition, the equation for tangent stiffness proportional damping is exact 

whereas it is only an upper bound for the initial stiffness modes. The tangent stiffness proportional 

damping is easier to predict and control because the sole quantities that are unknown before the 

NLTHA are the chosen modal frequencies. The authors verify the method using the 5DOF structure 

of Charney (2008) and conclude that it is easier to control viscous damping ratios using tangent 

stiffness proportional damping, although initial stiffness proportional models can achieve 

comparable results. Finally, the authors state that Rayleigh damping still lacks physical evidence 
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and methods that adopt piecewise nonlinear damping matrix construction such as Zareian and 

Medina (2010) or an approach similar to FNA are promising. 

2.4.3 Summary of elastic damping in NLTHA 

The preceding review of elastic damping modelling in NLTHA identifies a lack of consensus 

regarding the best practice. Proportional viscous damping matrices present problems with 

controlling both the global damping ratios and local damping forces during inelastic response. 

Most researchers assume that damping in all modes is uniform and evaluate the performance of 

proportional damping matrices with reference to this benchmark. The nature of higher mode 

damping observed in real buildings is not confirmed. 

Leger and Dussault (1992), Smyrou, Priestley et al. (2011) and Erduran (2012) have demonstrated 

the non-conservative effects of poorly specified proportional damping on seismic response 

parameters. The papers demonstrate that structures with different numbers of dynamic modes have 

different damping requirements to ensure conservative response. 

Rayleigh damping is a common and relatively straightforward type of damping matrix to generate 

from two frequencies of vibration. Damping ratios at frequencies between the two frequencies are 

always lower than the specified ratios and higher outside the two frequencies. Thus, Rayleigh 

damping cannot produce a uniform damping model. Research has shown that tangent stiffness 

proportional Rayleigh damping generates the least change in damping ratio, but equivalent results 

can be obtained from the initial stiffness formulation with less computational effort (Jehel, Léger 

et al. 2014). The comparable performance of the different formulations when carefully controlled 

has prompted different recommendations from different researchers. A particularly simple 

approach is to fix the Rayleigh damping model to the lowest fundamental frequency anticipated to 

eliminate the spurious contribution of the mass proportional component. A similar effect can be 

achieved using Equation (2-28) of Priestly, Calvi et al. (2007). 

Caughey damping is more suitable if a uniform damping model is essential. For three mode 

Caughey damping the third specified frequency should be twice the second to optimise the uniform 

region of the model (Chang 2013). The same reduced frequency procedures as Rayleigh damping 

can be applied to the more general Caughey model. Additional problems are possible with Caughey 

damping as the damping ratio can be negative outside of the specified frequency range. 

Irrespective of the chosen damping model the most care must be taken outside of the specified 

frequency range. In larger structures care must be taken to avoid curtailing of the higher mode 
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response. The mass proportional contribution to the fundamental mode of all structures must be 

controlled to ensure the fundamental mode is not overdamped. Fundamental and higher mode 

damping can be controlled in several ways, none of which are straightforward. 

Spurious damping forces at low-mass rotational modes can non-conservatively mask the hysteretic 

demand on nonlinear elements and produce unrealistically large forces in adjacent elements. The 

safest approach appears to be to not specify any elastic damping in highly nonlinear elements or to 

cap the viscous damping forces to a reasonable level (Bernal 1994, Hall 2006). More advanced 

nonlinear damping matrix constructions such as that derived by Zareian and Medina (Zareian and 

Medina 2010) are promising alternative approaches. 

Overall, the fundamental shortcomings of viscous damping can be adequately controlled to ensure 

computation of a realistic structural response. However damping control strategies are not fail safe 

and require careful consideration on an individual analysis basis. Several researchers have alluded 

to the potential of more physically realistic modelling of damping through explicitly encapsulating 

the damping mechanisms, but the research does not seem to have progressed beyond the suggestive 

stage. 

 SUMMARY 

This Chapter reviews the role of elastic damping in various aspects of the earthquake engineering 

of buildings. Elastic damping is an important parameter that influences the earthquake response 

parameters for buildings at both the service and design level earthquakes. 

Observed damping ratios in buildings are extremely variable. One definitive observation is that on 

average reinforced concrete structures exhibit more damping than steel structures. Different 

researchers have derived vastly different damping models from largely the same data set. The 

majority of investigations have determined that damping is both frequency and amplitude 

dependent. By popularity, the most appropriate damping model for the fundamental mode may be 

directly frequency proportional. However, some researchers suggest that this is not a direct 

relationship with frequency, but instead the manifestation of soil and foundation damping. The 

relationship between the fundamental mode damping ratio and those of the higher modes remains 

unclear. Considerable effort has gone into developing amplitude dependent fundamental mode 

damping models for service level wind analyses, but these models are calibrated to data with 

amplitudes approximately two orders of magnitude smaller than that expected in the design 

earthquake. The amplitude dependent damping models have not been transferred to a damping 

force framework suitable for direct integration time history analysis. The variability of damping 
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measurements is large at both the intra and inter-building level. None of the damping estimation 

models can encapsulate the inherent variability of damping. It is suggested that generalised 

damping models cannot predict the nature of energy dissipation in unique one-of-a-kind buildings. 

Damping in design standards appear to be relics of the recommendations for the nuclear power 

industry in the 1960s (Newmark 1967). In New Zealand, damping is generally specified as 5% in 

all modes with little consideration for the actual structure. Recommendations elsewhere of 2% for 

steel and 5% for reinforced concrete buildings do little to encapsulate the observed variability in 

damping. Recent recommendations in design guides for tall buildings provide reasoned guidelines 

for selecting the fundamental mode damping ratio, but guidelines for smaller, more common 

structures remain vague. Encouragingly, standards provide some guidance to help engineers 

understand and control the shortcomings of viscous damping for NLTHA. 

Proportional viscous damping matrices can generate increased modal damping ratios and large 

spurious damping forces during NLTHA. A tangent stiffness proportional Rayleigh damping 

formulation with updated coefficients can overcome these problems but the computational 

demands are large. Initial and tangent stiffness proportional Rayleigh damping with initial 

coefficients can be carefully manipulated to produce comparable responses. Many researchers 

conclude that controlling viscous damping is not an easy task, and since viscous damping bears no 

physical resemblance to the actual damping mechanisms (in particular the tangent stiffness 

proportional formulation), perhaps a completely revised formulation for elastic damping is 

appropriate. 
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CHAPTER 3  
ALTERNATIVE DAMPING 
MODELS 

Chapter 2 identified that damping in real buildings is observed to be highly variable, in some way 

proportional to amplitude and frequency, and difficult to predict for higher modes. The viscous 

damping model does not account for all the observed characteristics. This Chapter investigates the 

nature of some existing alternative damping formulations to identify viable alternatives for viscous 

damping in NLTHA. 

 TYPES OF DAMPING MODEL 

Damping models may either absorb or radiate away energy. Absorbing damping models must 

generate forces out of phase with displacement to dissipate energy through work done. The 

simplest linear damping model is the viscous model where damping forces are directly proportional 

to the instantaneous velocity and thus a 𝜋 2⁄  phase lead with displacement. Alternative dissipation 

models are generally a power law of velocity, proportional to some convolution function of 

velocity history, friction-based, or generated from a hysteresis law. Radiation damping models do 

not manifest in the force displacement domain and require a separate formulation. Radiation 

damping involves the transfer of energy away from the mode of vibration under consideration 

which can arise from impacts and wave propagation in surrounding media. 

 VELOCITY POWER LAW DAMPING MODELS 

Viscous damping is a special case of velocity power law damping where forces are proportional to 

the first power of velocity. An intuitive alternative to viscous damping is to generate damping 

forces proportional to any other non-negative power of velocity. Note that negative power laws 
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tend to infinity near zero displacement so are unsuitable as a damping law without some force 

limiting procedure. Velocity power law damping for a SDOF system is described by 

 𝑓𝑑 = 𝑐
�̇�

|�̇�|
|�̇�|𝑛 = 𝑐{𝑠𝑖𝑔𝑛(�̇�)}|�̇�|𝑛 (3-1) 

where 𝑐 is a constant damping coefficient, 𝑠𝑖𝑔𝑛(�̇�) the signum function of the velocity 

(representing the direction of motion) equal to -1, 0 or 1, |�̇�| the absolute value of the instantaneous 

velocity and 𝑛 a power greater than or equal to zero. 

The damping model with 𝑛 = 0 is another special case known as Coulomb or friction damping. 

For a constant normal force, friction damping forces are of constant magnitude opposing the 

direction of motion. The friction damping model is discontinuous when the direction of motion 

changes. The discontinuities are not as problematic in time history analyses as in analytical solution 

techniques as the time stepping procedure can cope with nonlinearities. Friction damping forces 

create a rectangular hysteresis during steady state vibration. 

Powers near zero generate forces that are close to rectangular and powers near one more elliptical 

forces. Powers greater than 1 create hysteresis loops with increased pinching at displacement 

peaks. The steady state damping forces for a selection of powers are presented in Figure 3-1. The 

damping coefficients are determined to provide equal damping for all models at an amplitude of 

1 m. The elliptical trace of the conventional viscous damping is the only power law that does not 

generate amplitude dependent damping ratios. 

 

Figure 3-1 Damping forces for various velocity power law models 
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The properties of the velocity power law damping models are demonstrated in Figure 3-2. The free 

vibration response presented in Figure 3-2 a)-d) is representative of a SDOF system with damping 

equivalent to 5% viscous. Amplitude is normalised by the amplitude at which damping equivalence 

was calculated. Note in Figure 3-2 c) and d) that all curves have the same tangent as they cross 

unity normalised amplitude. Figure 3-2 b) demonstrates that the velocity power law damping 

models exhibit amplitude dependency proportional to the power 𝑛 − 1. For example, friction 

damping (𝑛 = 0) generates damping ratios that are inversely proportional to amplitude, and so 

provides more damping at lower amplitudes. Viscous damping generates a constant damping ratio 

independent of amplitude. Velocity squared damping is linearly proportional to amplitude, and so 

provides more damping at higher amplitudes. 

The effect of frequency on systems with mass proportional dampers is shown in Figure 3-2 e). The 

frequency dependency of mass proportionally damped systems is proportional to the power 𝑛 − 2. 

The friction model is inversely proportional to the square of frequency. The viscous model is 

inversely proportional to frequency and the velocity squared model is independent of frequency. 

Similarly the dependence of systems with stiffness proportional damping on frequency is shown 

in Figure 3-2 f). The frequency dependency of systems with stiffness proportional dampers is 

proportional to the power 𝑛. Thus, the friction damping model is independent of frequency and the 

viscous model is linearly proportional to frequency. 

Any combination of the velocity power dampers could be combined in a MDOF structure to 

generate a desired damping ratio frequency dependency curve as an alternative to the Caughey 

series. Mass dampers proportional to the square of velocity and stiffness proportional friction 

dampers show potential due to their frequency independence. The specification of alternative 

velocity power law damping is complicated by the amplitude dependency and violation of modal 

orthogonality of the models with 𝑛 ≠ 1. 

Velocity power laws with 𝑛 > 1 appear to be unsuitable for MDOF seismic analysis due to their 

amplitude and frequency dependencies. Stiffness proportional models that are not the special 

friction or viscous cases are nonlinear damping models as they do not fit into the conventional 

matrix and vector multiplication framework as the relative velocities must be computed and 

multiplied by themselves first. Of the velocity power law alternatives, stiffness proportional 

friction dampers are the most viable alternative and existing variations of this model are discussed 

in later sections. 
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Figure 3-2 Properties of velocity power law damping models for SDOF systems – a) time 

history response, b) damping ratio amplitude dependency, c) and d) natural and 

logarithmic amplitude decay respectively, e) and f) damping ratio frequency dependency 

of mass and stiffness proportional damper configurations respectively 



 

 - 85 - 

 NON-VISCOUS DAMPING MODELS 

The general form of linear damping force can be described by the convolution integral 

 𝑓𝑑(𝑡) = 𝑐 ∫ 𝑔(𝑡 − 𝜏)�̇�(𝜏)𝑑𝜏
𝑡

𝜏=−∞

 (3-2) 

where 𝑔(𝑡 − 𝜏) is a kernel function (Woodhouse 1998). Kernel functions are also known as 

retardation, heredity, after-effect and relaxation functions. Linear viscous damping is described by 

the special case when the kernel function is the Dirac delta function. Other types of kernel function 

are given in Table 3-1. 

Table 3-1 Summary of non-viscous damping kernel functions 

 Model name Damping kernel function References  

1 Exponential 𝑔1(𝑡 − 𝜏) = 𝜇1𝑒
−𝜇(𝑡−𝜏) Biot (1955) (3-3) 

2 Gaussian 𝑔2(𝑡 − 𝜏) = 2√
𝜇2

𝜋
𝑒−𝜇(𝑡−𝜏)2  

Bagley and 

Torvik (1983) 
(3-4) 

3 Step function 𝑔3(𝑡 − 𝜏) = {
1 𝜇3⁄ (0 < 𝑡 − 𝜏 < 𝜇3)

0 (𝑡 − 𝜏 > 𝜇3)
 

Golla and 

Hughes (1985) 
(3-5) 

4 Cosine  𝑔4(𝑡 − 𝜏) = {

1

𝜇4

[1 + 𝑐𝑜𝑠 (
𝜋(𝑡 − 𝜏)

𝜇4

)] (0 < 𝑡 − 𝜏 < 𝜇4)

0 (𝑡 − 𝜏 > 𝜇4)

 
McTavish and 

Hughes (1993) 
(3-6) 

     

The solution of the integral accounts for the history of motion in the damping forces. The integral 

of each kernel function is equal to 1. The four different models are nominally identical when the 

time constants, 𝜃, defined as the integral of the first moments of the kernel functions (i.e. 𝜃 =

(𝑡 − 𝜏)𝑔(𝑡 − 𝜏)), are equal (Adhikari and Woodhouse 2003). The different model time constants 

are equal when 

 
1

𝜇1
=

1

√𝜋𝜇2

=
𝜇3

2
=

(𝜋2 − 4)𝜇4

2𝜋2
 (3-7) 

and are shown in Figure 3-3 for 𝜇1 = 10. The smaller the time constant the closer the damping 

model is to linear viscous damping, as the kernel functions approach the Dirac delta function. 
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Figure 3-3 Kernel functions from Table 3-1 with equal time constants, 𝜽, for 𝝁𝟏 = 𝟏𝟎 

and 𝑻 = 𝟎. 𝟔𝟒 𝒔 

A downside to the four non-viscous damping models is that the damping forces are not 𝜋 2⁄  out of 

phase with displacement. Instead the centroid of the kernel function lags the instantaneous velocity 

and damping forces lead the displacement by less than 𝜋 2⁄ . The damping model adds stiffness to 

the system causing the frequency of vibration to increase and the frequency proportional damping 

ratio to decrease as shown in Figure 3-4. The frequency and damping error increases with increase 

in time constant, or decrease in 𝜇1. The frequency error can be compensated in a SDOF system by 

replacing the system stiffness and damping coefficients with effective quantities (Muravskii 2007). 

The effective stiffness and damping coefficients for the exponential non-viscous model can be 

approximated by 

 𝑘𝑒𝑓𝑓 = 𝛽𝑘 =
1

1 + 2𝜉𝑡𝑎𝑛(𝜔 𝜇1⁄ )
𝑘 (3-8) 

 
𝑐𝑒𝑓𝑓 =

2𝜉𝑚√𝛽𝑘 𝑚⁄

𝑐𝑜𝑠2(𝜔 𝜇1⁄ )
 

(3-9) 

where 𝜇1 is calculated from Equation (3-7) if Model 1 is not used. The correction is accurate 

provided that the response is transient in nature and the time constant of the kernel function is 

appropriate for the natural frequency, as is the case in Figure 3-4. The discrepancy between the 

viscous and corrected non-viscous curves over the initial oscillations is because of the incomplete 

integral when time is less than the range of the kernel function. 
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Figure 3-4 Free vibration of SDOF with viscous and non-viscous damping for 𝝃 = 𝟓%, 

𝝁𝟏 = 𝟏𝟎 and 𝑻 = 𝟎. 𝟔𝟒 𝒔 – a) displacement time history, and b) damping force vs. 

displacement 

Non-viscous damping performs similarly to viscous damping in linear elastic free, forced and 

earthquake vibration except for the stiffness distortion. Non-viscous damping is less suitable for 

MDOF systems because the stiffness and damping error can only be compensated in one mode of 

vibration. The problem is compounded by the time lag of the damping forces creating a larger 

phase lag in the higher frequency modes and even more distortion. 

 

Figure 3-5 Bilinear SDOF hysteretic response to El Centro earthquake record with 

viscous and non-viscous damping for 𝝃 = 𝟓%, 𝝁𝟏 = 𝟏𝟎 and 𝑻 = 𝟎. 𝟔𝟒 𝒔 

Non-viscous damping is also not suitable for systems with nonlinear stiffness. The frequency 

correction relies on the linear generation of the restoring forces. Simple piece-wise hysteresis 

models do not align with this methodology and can create erroneous hysteresis loops when the 

restoring and damping forces are combined. For example, consider the previous SDOF system with 

a bilinear stiffness with 10% isotropic strain hardening and ductility of 3. The elastic and post yield 

stiffnesses can be corrected to account for the frequency distortion but the yield force cannot be 
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accounted for in this manner. Figure 3-5 presents force hysteresis curves for the system subjected 

to the El Centro acceleration record. The curves are for the system with viscous damping, non-

viscous damping with effective stiffness and damping, and non-viscous with effective stiffness and 

damping and the yield force also reduced by the factor 𝛽. Non-viscous damping forces are more 

difficult to control during nonlinear response than the equivalent viscous forces. 

Another concerning aspect of non-viscous damping is the increased computational demand in 

comparison to viscous damping. The integral of the kernel function multiplied by the preceding 

velocity history must be numerically integrated at each degree of freedom at every time step. The 

preceding SDOF linear elastic free vibration example presented in Figure 3-4 is generated in the 

software MATLAB 7.12.0 (The Mathworks Inc 2010). The most efficient non-viscous solution 

approach using vector manipulations to solve the convolution integral took more than 40 times 

longer to complete than the equivalent case with viscous damping. The additional computational 

effort is not viable for already lengthy nonlinear time history analyses involving large numerical 

models of buildings, particularly as non-viscous damping manifests with the same nature as viscous 

damping but with additional problems. 

 INSTANTANEOUS VISCOUS DAMPING 

The instantaneous viscous damping models assume that the instantaneous dissipated energy is 

proportional to a power of the displacement as follows 

 𝐸𝑑 = 𝑑|𝑢|𝑛 (3-10) 

where 𝑑 and 𝑛 are constants, and 𝑢 is the instantaneous displacement (Charney and Bowland 2010). 

Instantaneous dissipated energy proportional to a power of displacement leads to damping forces 

of the form 

 𝑓𝑑 =
𝑑|𝑢|𝑛−2

𝜋�̅�
�̇� (3-11) 

where �̅� is the frequency of the harmonic excitation. 

Instantaneous viscous damping forces with a range of powers and equal equivalent viscous 

damping ratios at an amplitude of 1 are shown in Figure 3-6 a). The forces create “bowtie” shaped 

hysteresis loops. Equation (3-11) exhibits a linear dependence on frequency in the same manner as 

conventional viscous damping. The constant power 𝑛 must be greater than or equal to 2 to avoid 
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non-negative powers and ensure continuous damping forces. The damping model with 𝑛 = 2 

corresponds to linear viscous damping. 

  

Figure 3-6 Properties of various instantaneous viscous damping models – a) damping 

forces over a steady state oscillation, and b) amplitude dependency 

The energy dissipated over an oscillation is given by 

 𝑊𝑑 = 𝑢𝑛𝜔2 ∫ 𝑠𝑖𝑛𝑛−2(𝜔𝑡)𝑐𝑜𝑠2(𝜔𝑡)𝑑𝑡
𝑇

0

 (3-12) 

where 𝑢 is the displacement amplitude and 𝜔 the frequency of vibration. In accordance with 

Equation (1-10) the damping ratios of mass and stiffness proportional instantaneous dampers 

respectively are inversely and linearly proportional to frequency in the same manner as linear 

viscous damping. The damping ratios of instantaneous viscous dampers are proportional to the 

amplitude to the power 𝑛 − 2, as demonstrated in Figure 3-6 b). 

The problems with instantaneous viscous damping are that it is difficult to calculate the equivalent 

viscous damping ratios, that damping ratios continue to increase with amplitude, and that the shape 

of the damping force hysteresis loops does not resemble that observed in real material behaviour 

observed in buildings. 

 HYSTERETIC DAMPING 

The definition of hysteretic damping is independence of velocity (Caughey and Vijayaraghavan 

1970). A simple method of achieving velocity independence adopts the format of viscous damping 

but with damping forces of the form 
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 𝑓𝑑 =
𝑐ℎ𝜔

�̅�
�̇� =

2𝜉𝑘

�̅�
�̇� (3-13) 

where �̅� is the frequency of vibration, and 𝑐ℎ is a constant coefficient. Equation (3-13) produces a 

damping ratio, 𝜉, independent of the frequency of steady state harmonic vibration, �̅�. 

The problem with the simple hysteretic damping model is that it is non-causal. The frequency of 

vibration must be known a priori. Causality is important for analyses with multiple frequency 

contents such as earthquake analyses and MDOF structures vibrating in more than one mode. Both 

situations are prevalent in seismic analysis of structures so simple hysteretic damping is not 

appropriate for this application. 

 

Figure 3-7 Hysteretic damping forces over a steady state oscillation 

An alternative hysteretic model is achieved by generating a variable friction force whose 

magnitude is proportional to displacement. Damping forces are generated in phase with 

displacement and proportional to the sign of the velocity as follows 

 𝑓𝑑 = 𝜋𝜉𝑘|𝑢|
�̇�

|�̇�|
 (3-14) 

The damping forces for the hysteretic damping models are presented in Figure 3-7. The alternative 

hysteretic damping model generates forces that are discontinuous on change of direction in the 

same manner as friction forces. To overcome the issues of this discontinuity a modified hysteretic 

model is proposed with a spring in parallel with the variable friction slider. Both hysteretic and 

modified hysteretic damping forces are not physically realistic. The “bowtie” shaped hysteresis 
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loops do not resemble reality and the damping force time histories are not smooth, as shown in the 

free vibration response in Figure 3-8. 

 

Figure 3-8 Free vibration time history of hysteretic damping forces 

The quasi hysteretic damping model is a further refinement of the hysteretic damping model that 

generates damping forces of the form 

 𝑓𝑑 = 2𝜉𝑘�̇�
𝑢𝑚

�̇�𝑚
 (3-15) 

where 𝑢𝑚 and �̇�𝑚 are the mean values of displacement and velocity respectively. The mean value 

at time 𝑡 is calculated as 

 𝑧𝑚(𝑡) = [
𝑛 + 1

𝑡𝑛+1
∫ 𝑠𝑛𝑧(𝑠)2𝑑𝑠

𝑡

0

]

1/2

 (3-16) 

where 𝑧 is either the displacement or velocity, and 𝑛 is a weighting parameter greater than zero. 

An increase in the parameter 𝑛 increases the weighting given to more recent values. Thus, 

consideration of Equation (3-16) shows similarities to Equation (3-13) where the causality 

requirement is overcome by computing a mean frequency of vibration in the denominator by 

dividing the mean displacement by the mean velocity. The evolution of the mean displacement 

parameter is demonstrated in Figure 3-9 a) for the SDOF reference structure under forced vibration 

at half the fundamental frequency at two successively larger amplitudes. The weighting parameter 

𝑛 is set to 1. Figure 3-9 b) presents the evolution of the quotient 𝑢𝑚 �̇�𝑚⁄  which corresponds to the 
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computed frequency of oscillation. Figure 3-9 b) demonstrates that the quasi hysteretic method 

quickly converges to and oscillates about the known frequency of 𝑓 2⁄ = 8.8 Hz. 

  

Figure 3-9 Evolution of quasi-hysteretic model parameters – a) mean displacement, and 

b) apparent excitation angular frequency 

The quasi hysteretic model is appropriate for SDOF systems or modal analysis of MDOF systems 

but cannot cope with multiple frequencies of vibration in the natural ordinates. Residual 

displacements from inelastic response are also problematic as the mean displacement is distorted. 

A notable aspect of all of the presented hysteretic damping models is that the damping ratios are 

independent of amplitude as well as frequency. 

 COULOMB FRICTION TYPE DAMPING 

The Coulomb friction damping model has already been addressed as a special case of velocity 

power law damping where 𝑛 = 0. Coulomb friction damping forces are of constant amplitude 

opposing the direction of motion. Figure 3-2 b) demonstrates that the Coulomb friction model 

provides equivalent viscous damping ratios that are inversely proportional to amplitude. Large 

damping ratios at small vibration amplitudes mean Coulomb damping cannot emulate observed 

behaviour in real structures. The simple nature of Coulomb damping forces is appealing and 

consequently some alternative damping models have been developed by modifying the Coulomb 

friction model. 

3.6.1 Modified Coulomb Damping 

One friction type damping model is the Modified Coulomb Friction (MCF) model which 

implements a variable coefficient of friction (Peters 2002). Peters derived the model to explain the 

damping observed in long period SDOF pendulums. MCF forces take the form 
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 𝑓𝑑 = 𝑐𝑓 [
2𝑊

𝑘
]
𝜆 �̇�

|�̇�|
 (3-17) 

where 𝑐𝑓 and 𝜆 are constants, and 𝑊 is the total energy in the system equal to the sum of the 

instantaneous kinetic and strain potential energies as follows 

 𝑊 =
1

2
𝑚�̇�2 +

1

2
𝑘𝑢2 (3-18) 

Coulomb friction is a special case of the MCF model when the power 𝜆 is equal to 0. An equivalent 

viscous damping ratio independent of amplitude and frequency, emulating viscous damping, 

occurs when the power 𝜆 is set to 0.5. The MCF damping forces from a system vibrating freely are 

shown in Figure 3-10 a). The damping forces create a rectangular spiral as the amplitude decays. 

  

Figure 3-10 Modified Coulomb damping - a) free vibration damping forces for the 

amplitude independent model, and b) amplitude dependency for various values of 𝝀 

Powers not equal to 0.5 result in amplitude dependent damping. The amplitude dependent damping 

ratio is given by  

 𝜉 =
2𝑐𝑓𝑢

2𝜆−1

𝜋𝑘
 (3-19) 

where 𝑢 is the amplitude of vibration. The damping ratio is proportional to 𝑢2𝜆−1 as demonstrated 

in Figure 3-10 b). 
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Like with Coulomb friction, the MCF damping forces are in phase with the sign of displacement. 

Viscous damping forces are in phase with velocity, or lead displacement by 90o. Viscous damping 

forces are zero at displacement and restoring force peaks which allows the restoring forces and 

damping forces to be considered separately. MCF damping forces and restoring forces peak at the 

same time. Design procedures should thus consider the sum of the restoring and MCF damper 

forces as the design actions on members. 

The MCF model is promising for application to nonlinear analysis of MDOF structures. MCF 

forces are not directly proportional to velocity so may avoid the problems with viscous damping 

associated with frequency dependence. In addition, the MCF model provides a basis for 

implementing amplitude dependent damping. Power values between 0.5 and 1.0 would be suitable 

for the amplitude dependencies of real structures. Solution problems may arise from the 

nonlinearities introduced by the 𝜆 power and the calculation of the total energy in a system with 

nonlinear material response. The total energy approach for systems subjected to ground motions 

may be problematic. The MCF model is studied further in Chapter 4. 

3.6.2 Wyatt “Stiction” Damping 

Another model derived from Coulomb friction is the Wyatt (1977) “stiction” model. A stiction 

element refers to a friction element and an elastic element arranged in series. The stiction element 

behaves elastically during the “stick” phase when the force is less than the capacity of the friction 

element. When the force equals the friction capacity the element “slips” and energy is dissipated 

as the element slides. An important influence on the damping ratio is the ratio of the stiffness of 

the main spring, 𝑘, and the damper spring, 𝑘𝑓, defined as 

 𝑟𝑓 =
𝑘

𝑘𝑓
 (3-20) 

The equivalent viscous damping ratio of a SDOF system with one Wyatt stiction element is given 

by 

 𝜉(𝑢 > 𝑢𝑓) =
𝑓𝑟(𝑢 − 𝑓𝑟 𝑘𝑓⁄ )

𝜋𝑊𝑠
 (3-21) 

and the stored energy is equal to 
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 𝑊𝑠 =
1

2
𝑘𝑢2 +

1

2

𝑓𝑟
2

𝑘𝑓
 (3-22) 

where 𝑓𝑟 is the constant Coulomb friction coefficient. Figure 3-11 a) demonstrates the variation of 

the equivalent viscous damping ratio with amplitude for a SDOF system with one stiction element 

with 𝑟𝑓 values ranging from 0.2 to 1.0 in increments of 0.2. The constant Coulomb friction value 

for each stiffness arrangement is selected to provide equal damping at a normalised amplitude of 

1. The stiffer the friction spring (smaller 𝑟𝑓) the more damping that is provided at amplitudes below 

the target and negligibly less damping at amplitudes above the target. The spring ratio also has an 

influence on the period of vibration. The ratio of observed period to natural period is given by 

 
𝑇𝑓

𝑇
= 1 −

1

𝜋

(

 1 −
√𝑘

√𝑘(1 + 1 𝑟𝑓⁄ )
)

 𝑎𝑟𝑐𝑐𝑜𝑠 (
𝑢 − 2𝑓𝑟 𝑘𝑓⁄

𝑢
) (3-23) 

and is displayed in Figure 3-11 b) as a function of steady state amplitude. The stiffer the friction 

spring the more the period is shortened. 

  

Figure 3-11 Amplitude dependent properties of systems with one Wyatt stiction element 

– a) damping ratio, and b) period shortening 

The amplitude dependent damping of one stiction element does not relate to that observed in real 

buildings. The advantage of stiction elements is that multiple elements with different properties 

can be arranged in parallel to achieve any desired damping by amplitude curve as reviewed in 

Section 2.2.12 (Aquino and Tamura 2013, Spence and Kareem 2014). A drawback of stiction 
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element damping is frequency distortion from the added stiffness of the stiction elements. Stiction 

elements are discussed further in Chapter 4. 

 SUMMARY OF EXISTING ALTERNATIVE DAMPING MODELS 

The preceding sections summarise the properties of various existing alternative damping models 

and critique their appropriateness for application in nonlinear analyses of MDOF structures. 

Velocity power law damping forces, except for the special case of friction damping, are 

proportional to velocity and thus maintain the associated frequency dependence problems inherent 

to viscous damping. From a simplified perspective, the nonviscous damping model is a more 

complicated implementation of viscous damping with the additional problem of frequency 

distortion. Instantaneous viscous damping forces are also linearly proportional to velocity and in 

addition the damping force hysteresis is in a “bowtie” shape that is not representative of the 

hysteresis in real structures. 

The simple hysteretic model is not appropriate for nonlinear MDOF applications because of the 

requirement to divide the damping force by the frequency of vibration. The hysteretic and modified 

hysteretic damping forces form hysteresis loops that are not realistic in shape. The quasi hysteretic 

model cannot cope with multiple frequencies or residual displacements. 

The most promising existing damping models are those based upon simple Coulomb friction 

elements. The modified Coulomb damping model is not directly proportional to velocity and 

facilitates amplitude dependent damping. Arrangements of stiction elements have the potential to 

generate any unique amplitude dependent damping relationship. Simple Coulomb friction, 

modified Coulomb friction and stiction damping elements are investigated for application to civil 

engineering analyses in the next Chapter. 
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CHAPTER 4  
SIMPLIFIED ANALYSIS OF 
ELASTIC STRUCTURES 
WITH FRICTION DAMPING 

Energy dissipation in a vibrating structure is assumed to be the manifestation of several frictional 

mechanisms (Peters 2007). Many friction mechanisms are difficult to model from first principles, 

so damping is often represented in analysis by the equivalent viscous damping model. This Chapter 

endeavours to account for observed damping behaviour in elastic structures using the simple 

mechanical representations of friction introduced in Chapter 3. The friction models investigated 

are Coulomb friction, stiction and modified Coulomb friction. 

Numerical examples are presented to demonstrate and quantify the modal damping properties of 

structures with different arrangements of friction-based dampers. The properties of the friction 

damper arrangements are then compared with the observations of the literature review to determine 

if discrete friction dampers can be responsible for the inherent damping of structures. It is 

noteworthy that these friction dampers are not physically present in the structure, in the same 

manner as the application of equivalent viscous damping. 

This Chapter is structured to systematically investigate the damping provided by the three types of 

friction damper for single and multi DOF elastic systems. The Coulomb friction element is 

considered first as it is the basis of both stiction and MCF dampers. 
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 TYPES OF FRICTION DAMPER 

The amount of damping provided by a friction element is determined by the nature of the friction 

force and its arrangement within a structure. The simplest type of friction element has a constant 

friction force, 𝑓𝑓, and is known as a Coulomb friction damper. Example Coulomb friction forces 

are shown by the solid line in Figure 4-2. Coulomb friction elements can be externally connected 

between the masses, 𝑚, and supports or arranged in parallel with the stiffness elements, 𝑘. The 

mass-connected and stiffness-connected dampers are presented in Figure 4-1 a) and b) respectively. 

The damping characteristics of the Coulomb friction elements can be changed by pairing them in 

series with a spring, 𝑘𝑓, to form a Wyatt “stiction” element (Wyatt 1977). The amount of energy 

dissipation is reduced because of the energy stored elastically in the damper-spring. The hysteresis 

loops for various system-spring to damper-spring stiffness ratios are shown by the broken lines in 

Figure 4-2. The mass-connected and stiffness-connected stiction dampers are shown in Figure 4-1 

c) and d) respectively. The friction element on its own can be considered as a stiction element with 

a damper-spring of infinite stiffness. 

 

Figure 4-1 Simple friction damper arrangements – a) mass-connected Coulomb friction 

damper, b) stiffness-connected Coulomb friction damper, c) mass-connected “stiction” 

damper, and d) stiffness-connected “stiction” damper 

A third type of damper is the modified Coulomb element. These are implemented in the same 

manner as a simple Coulomb friction damper, but they exhibit a friction force that varies in 

proportion to the total energy in the system. 
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Mass-connected friction dampers are not physically realisable in real structures and are a numerical 

creation. The masses of most structures are not connected to mid-air physical supports or adjacent 

structures. The damping properties of mass-connected dampers are examined here to explore if 

they can emulate the damping in real structures. Mass-connected dampers violate the force 

equilibrium of a real structure in transferring shear forces out of the structure at locations other 

than the physical supports. The equilibrium violation is taken into consideration when determining 

the suitability of mass-connected dampers. Stiffness-connected dampers are physically possible as 

all actions are transferred out of the structure at the real supports. 

 

Figure 4-2 Friction damping forces for both Coulomb and various stiction elements for 

one oscillation 

 SDOF SYSTEMS WITH ONE COULOMB FRICTION DAMPER 

Coulomb friction dampers are a special case of velocity power law damping. Velocity power law 

damping forces are defined by Equation (3-1). The damping ratios of systems with friction dampers 

are both frequency and amplitude dependent. Systems with either mass or stiffness-connected 

Coulomb friction dampers have damping ratios that are inversely proportional to amplitude.  

The damping ratios of systems with mass-connected friction dampers are inversely proportional to 

the square of frequency. To demonstrate, consider a system with constant mass and a constant 

friction sliding force (a mass proportional damper) vibrating at a constant amplitude. The period 

of the system is varied by changing the stiffness. The frequency of the system is proportional to 

the square root of the stiffness, and the elastic potential energy, 𝑊𝑠, is linearly proportional to the 

stiffness. The damped energy over one oscillation is constant and equals 
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 𝑊𝑑 = 4𝑓𝑓𝑢 (4-1) 

where 𝑢 is the amplitude of vibration. The equivalent viscous damping ratio is then determined in 

accordance with Equation (1-10) as 

 𝜉 =
𝑊𝑑

4𝜋𝑊𝑠
=

4𝑓𝑓𝑢

4𝜋
1
2 𝑘𝑢2

=
2𝑓𝑓

𝜋𝜔2𝑚𝑢
 (4-2) 

where 𝜔 is the system circular frequency in radians per second. According to Equation (4-2), the 

damping ratios for mass-connected Coulomb friction dampers are inversely proportional to the 

square of the frequency. The damping ratio by frequency curve for mass proportional Coulomb 

dampers is shown by the solid line in Figure 4-3. 

 

Figure 4-3 Frequency dependency of damping ratios for SDOF systems with mass or 

stiffness proportional friction dampers 

The damping ratios for stiffness-connected Coulomb friction dampers are independent of 

frequency. To demonstrate, consider a system with constant stiffness, sliding friction force and 

vibration amplitude, but with frequency varying because of changing mass. The damped energy 

and elastic potential energy are both constant as neither the friction force or system stiffness 

change. The damping ratio is determined by 

 𝜉 =
𝑊𝑑

4𝜋𝑊𝑠
=

4𝑓𝑓𝑢

4𝜋
1
2 𝑘𝑢2

=
2𝑓𝑓

𝜋𝑘𝑢
 (4-3) 
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and is constant as demonstrated by the dashed line in Figure 4-3. 

The nature of SDOF systems with one modified Coulomb or stiction element are described in 

Sections 3.6.1 and 3.6.2 respectively. 

 MDOF SYSTEMS WITH ONE COULOMB FRICTION ELEMENT PER DOF 

Damping from friction dampers is more difficult to quantify in MDOF systems. Structures 

undergoing earthquake induced motions vibrate in multiple modes simultaneously. This Section 

outlines the dependencies of modal damping ratios when vibrating in a single mode or in multiple 

modes simultaneously. Demonstrations refer to the 5 DOF Reference Structure 2 described in 

Section 1.4.2. All Coulomb friction dampers in the structure are the same and have a damper force 

of 50 kN unless otherwise stated. 

4.3.1 MDOF systems with mass-connected dampers 

4.3.1.1 MDOF systems with mass-connected dampers vibrating in one mode only 

First consider each mode of the structure vibrating alone. Table 4-1 presents the mode shapes of 

the reference structure normalised to have a maximum displacement equal to 1. The sum of the 

global displacements at the DOFs is the same for each mode when vibrating at the same amplitude. 

Equal total modal displacement means that in accordance with Equation (4-1) the amount of energy 

dissipated by mass-connected friction dampers over one oscillation at a given amplitude is equal 

for all modes. The energy stored in each mode is proportional to the modal stiffness or square of 

the modal circular frequency. Again, in accordance with Equation (4-2), the modal damping ratios 

are inversely proportional to the square of the frequencies. The resulting linear decay envelope for 

each mode vibrating alone is shown in Figure 4-4 a), and the raw damping ratios and the 𝜔2 

normalised damping ratios are shown in Figure 4-5 a) and b) respectively. 
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Figure 4-4 Modal decay envelope for the 5DOF reference structure from an initial 

displacement of one mode – a) mass, and b) stiffness-connected friction dampers 

Table 4-1 Properties of Reference Structure 2 mode shapes 

 Global Displacement  Mode, 𝑛  

 DOF 1 2 3 4 5  

 5 1.000 0.919 0.764 -0.546 0.285  

 4 0.919 0.285 -0.546 1.000 -0.764  

 3 0.764 -0.546 -0.919 -0.285 1.000  

 2 0.546 -1.000 0.285 -0.764 -0.919  

 1 0.285 -0.764 1.000 0.919 0.546  

 ∑|𝑢| 3.513 3.513 3.513 3.513 3.513  

        

 Relative Displacement Mode, 𝑛  

 DOF 1 2 3 4 5  

 4-5 0.081 0.634 1.310 -1.546 1.048  

 3-4 0.156 0.831 0.373 1.285 -1.764  

 2-3 0.217 0.454 -1.204 0.479 1.919  

 1-2 0.262 -0.237 -0.715 -1.683 -1.465  

 Ground-1 0.285 -0.764 1.000 0.919 0.546  

 ∑|𝑢𝑟| 
1.000 2.919 4.602 5.911 6.742  

 𝜔𝑛 𝜔1⁄  1.000 2.919 4.602 5.911 6.742  



 

 - 103 - 

  

Figure 4-5 Modal damping ratios for 5DOF reference structure with mass-connected 

dampers from initial displacement of one mode – a) raw, and b) 𝝎𝟐 normalised 

4.3.1.2 MDOF systems with mass-connected dampers vibrating in multiple modes 

Multiple modes vibrating simultaneously complicate the nature of the modal damping ratios 

provided by friction dampers. When two or more modes are vibrating simultaneously the damping 

ratios are not independent and cannot be predicted by the single mode relationships from Section 

4.2. To demonstrate, consider the reference structure vibrating in two modes simultaneously. The 

ratio of the two modal velocities at each DOF will differ from DOF to DOF because of the 

alignment of the displacements of the two different mode shapes. The different velocity ratios at 

every DOF mean that the modal damping ratios cannot be estimated using modal parameters. The 

damping ratio by displacement curves cannot be normalised by any modal parameter to eliminate 

the differences between modes in a similar manner to the 𝜔2 normalisation demonstrated in Figure 

4-5 b). The damping ratios must be quantified by assessing each individual DOF, which can be a 

computationally intensive process. 

Table 4-2 Displacements and velocities of DOFs in modes 1 and 5 vibrating at a modal 

displacement amplitude of 1.0 m 

 DOF 1 2 3 4 5  

 𝑢1(m) 0.285 0.546 0.764 0.919 1.000  

 �̇�1(m) 1.583 3.037 4.245 5.110 5.560  

 𝑢5(m) 0.546 -0.919 1.000 -0.764 0.285  

 �̇�5(m) 20.475 -34.449 37.486 -28.621 10.670  

        

The sign of the friction forces that arise when a single mode vibrates in isolation are always in 

phase with the modal velocities. The direction of the friction force is determined by the total 
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velocity, so when two modes are vibrating together the sign of the friction forces will spend time 

in phase with both modes depending on the relative modal velocity amplitudes at each individual 

DOF. The friction forces are “shared” between the two modes and consequently there is less 

damping in both modes than when vibrating alone. The reduced damping provided by friction 

dampers contrasts with linear viscous dampers that maintain the modal damping ratios in such a 

situation. 

A computationally intensive method of computing the damping ratios in two modes vibrating 

simultaneously is to use numerical integration. Given a pair of modal amplitudes, the steady state 

oscillations of each mode can me superimposed to give the global displacements and velocities. 

The friction forces are generated to be in phase with the global velocities and can then be integrated 

with respect to the individual modal displacements to calculate the average energy dissipated at 

each DOF in each mode over an oscillation. The sum of the energy dissipated at the DOFs in each 

mode can be substituted into the numerator of Equation (4-2) to determine the modal damping 

ratios. The integration must be carried out over multiple oscillations of the lowest frequency mode 

and averaged for one oscillation to account for the irregular alignment of the two sinusoids. The 

numerical integration approach is time consuming and does not reveal the parameters influencing 

the variation in damping ratio. Note that this approach does not account for the excitation of other 

modes due to violation of modal orthogonality. The numerical integration method, along with 

others yet to be described, ignores the loss of orthogonality to allow an understanding of the 

damping ratios of the two modes to be derived. 

An alternative approach is to consider the properties of the two modes and the amplitudes of the 

modal and global velocities at each DOF. At any DOF, the fraction of each oscillation spent in 

phase with each of the two modes can be approximated using their respective frequencies and 

amplitudes. To demonstrate, consider the first and fifth modes of the reference structure each 

vibrating at an amplitude of 1.0 m. The displacement and velocity amplitudes in both modes at 

each DOF are listed in Table 4-2. At DOF 5 the mode 5 velocity amplitude is 1.92 times greater 

than that of mode 1.  

A sample of the global and modal DOF 5 velocities and their signs are presented in Figure 4-6 a) 

and b) respectively. The sign of the combined velocity is mostly in phase with the larger mode 5 

velocity aside from short intervals during which the sign of the global velocity is in phase with 

mode 1. The start and finish of the short intervals are marked by the black vertical lines in Figure 

4-6 a) and the time between the adjacent red and grey vertical lines of the global and mode 5 sign 

curves in Figure 4-6 b). The energy dissipation in mode 5 at DOF 5 is the single mode 5 energy 
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dissipation minus twice the work done by the stiction force during the short intervals. The factor 

of two is necessary to account for both the work that is not done during the interval and the negative 

work that is done while the force is out of phase. Similarly, the energy dissipated in mode 1 at DOF 

5 will be equal to the work done by the friction force during these short intervals only. 

  

Figure 4-6 Phase of global velocity with respect to the first and fifth mode velocities at 

DOF 5 – a) velocity with marked out of phase intervals, and b) sign of the velocities 

The work done by the friction force during the out of phase intervals at DOF 5 can be approximated 

by first calculating the average amount of time that the sign of the velocity is out of phase with the 

larger velocity amplitude mode (hereby denoted the average time increment), in this instance mode 

5. Next, the average distance travelled during the time increment can be calculated to determine 

the amount of energy dissipation that is “lost” to the mode. 

Over an infinite length of time the equivalent velocity in the smaller amplitude mode 1 will be 

equal to the Root Mean Square (RMS) value of the sinusoid during the out of phase intervals, equal 

to 

 �̇�1
𝑅𝑀𝑆 =

�̇�1
𝑝𝑒𝑎𝑘

√2
= 0.7071�̇�1

𝑝𝑒𝑎𝑘
 (4-4) 

All subsequent velocities described in this Chapter refer to the peak values unless otherwise stated. 

The time taken for the mode 5 velocity to exceed the mode 1 RMS value is determined from 
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�̇�1

√2
= �̇�5 𝑠𝑖𝑛(𝜔5∆𝑡5) (4-5) 

which rearranges to 

 ∆𝑡5 = 𝑠𝑖𝑛−1 (
�̇�1

√2�̇�5

)
1

𝜔5
= 𝑠𝑖𝑛−1 (

𝜔1𝑢1

√2𝜔5𝑢5

)
1

𝜔5
 (4-6) 

The accuracy of the approximation can be checked against the numerically evaluated combined 

response of two sine waves over many oscillations. Figure 4-7 a) compares the average time 

increment calculated by the approximate method with the numerical result when the mode 1 peak 

velocity is equal to 1 m/s and the mode 5 peak velocity is varied from 1 to 3 m/s. Notice that the 

maximum value of the time increment is equal to one eighth of an oscillation, and this occurs when 

the velocity amplitudes are equal. The two solutions are equal when the two modal velocities are 

equal but diverge as the amplitude of mode 5 increases. In fact, as amplitude increases the 

numerical value for the time increment approaches the approximate method based on the average 

velocity over half a sine wave, equal to 2�̇�1 𝜋⁄ . 

 

Figure 4-7 Accuracy of time increments calculated using the approximate method 

The approach culminating in Equation (4-6) does not capture the entire nature of the time increment 

so a more detailed approach is required to fully understand the variation of the time increment. 

Consider two sinusoidal waves representing the modal displacement of two different modes, 𝑎 and 

𝑏, at DOF 5 of the form 
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 𝑢𝑎(𝑡) = 𝑢𝑎 sin𝜔𝑎𝑡 (4-7) 

 𝑢𝑏(𝑡) = 𝑢𝑏 sin(𝜔𝑏𝑡 + 𝜙) (4-8) 

and the concurrent velocities 

 �̇�𝑎(𝑡) = 𝑢𝑎𝜔𝑎 cos𝜔𝑎𝑡 (4-9) 

 �̇�𝑏(𝑡) = 𝑢𝑏𝜔𝑏 cos(𝜔𝑏𝑡 + 𝜙) (4-10) 

For simplicity let 𝑉𝑎 = 𝑢𝑎𝜔𝑎, 𝑉𝑏 = 𝑢𝑏𝜔𝑏, 𝜃𝑎 = 𝜔𝑎𝑡 and 𝜃𝑏 = 𝜔𝑏𝑡 + 𝜙 so that 

 �̇�𝑎(𝑡) = 𝑉𝑎 cos 𝜃𝑎 (4-11) 

 �̇�𝑏(𝑡) = 𝑉𝑏 cos 𝜃𝑏 (4-12) 

and the total velocity is equal to 

 �̇�𝑇(𝑡) = �̇�𝑎(𝑡) + �̇�𝑏(𝑡) (4-13) 

The problem is to determine the average proportion of time per oscillation, denoted 𝒫𝑎 = 2∆𝑡𝑎 𝑇𝑎⁄ , 

that sign(�̇�𝑎) ≠ sign(�̇�𝑇), i.e. the sign of the first mode velocity is different to the sign of the total 

velocity. 

Provided that 𝜔𝑎/𝜔𝑏 is an irrational number (i.e. cannot be expressed as an exact fraction), the 

waveforms of the two modes do not align with a regular pattern, therefore at any moment in time, 

the value of �̇�𝑎(𝑡) can be treated as independent or uncoupled from the value of �̇�𝑏(𝑡). 

First consider the value of �̇�𝑎(𝑡) at a randomly selected time during the first quarter cycle of the 

wave, i.e. for a value of 𝜃𝑎 with 0 ≤ 𝜃𝑎 ≤
𝜋

2
. It is sufficient to consider just the first quarter cycle 

due to the symmetry of a sinusoidal cycle. A random time is selected, implying that the probability 

distribution for 𝜃𝑎 is a random uniform distribution with a constant probability density over the 

considered sample space, i.e. 
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 𝑓(𝜃𝑎) = [
2

𝜋
0 ≤ 𝜃𝑎 ≤

𝜋

2
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (4-14) 

Now for any given value of 𝜃𝑎, the likelihood that �̇�𝑇(𝑡) has the opposite sign to �̇�𝑎(𝑡) is sought. 

Over the first quarter cycle of �̇�𝑎(𝑡), the cosine function which describes �̇�𝑎(𝑡)and �̇�𝑏(𝑡) is 

positive so we need to determine the likelihood of �̇�𝑎(𝑡) + �̇�𝑏(𝑡) < 0, i.e. �̇�𝑏(𝑡) < −�̇�𝑎(𝑡). 

  

Figure 4-8 Trace of velocities �̇�𝒂(𝒕) and �̇�𝒃(𝒕) – a) case when 𝑽𝒂 < 𝑽𝒃, and b) 𝑽𝒂 > 𝑽𝒃 

First, we consider the case when 𝑉𝑎 < 𝑉𝑏 depicted in Figure 4-8 a). Let the larger, thin dashed 

circle represent the trace for �̇�𝑏(𝑡) and the smaller, thin dotted circle represent the trace for �̇�𝑎(𝑡). 

At a given value of 𝜃𝑎 in the first quarter cycle, the proportion of times at which sign(�̇�𝑎) ≠

sign(�̇�𝑇), denoted by 𝓅(𝜃𝑎), is given by the ratio of the length of the thick dashed black line to 

the circumference of the circle tracing �̇�𝑏(𝑡). Solving for the angle denoted  

 𝛿 = 𝑐𝑜𝑠−1 (
𝑉𝑎

𝑉𝑏
𝑐𝑜𝑠𝜃𝑎) (4-15) 

Then 

 𝓅(𝜃𝑎) =
2𝛿

2𝜋
=

1

𝜋
𝑐𝑜𝑠−1 (

𝑉𝑎

𝑉𝑏
𝑐𝑜𝑠𝜃𝑎) (4-16) 

The average value of 𝓅(𝜃𝑎) over the first quarter cycle is given by the integral of the probability 

multiplied by the values as follows 
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𝒫𝑎 = ∫ 𝑓(𝜃𝑎)𝓅(𝜃𝑎)𝑑𝜃𝑎

𝜋 2⁄

0

 

𝒫𝑎 =
2

𝜋2
∫ 𝑐𝑜𝑠−1 (

𝑉𝑎

𝑉𝑏
𝑐𝑜𝑠𝜃𝑎) 𝑑𝜃𝑎

𝜋 2⁄

0

 

(4-17) 

At the limit as 𝑉𝑎 approaches 𝑉𝑏, then 𝑐𝑜𝑠−1 (
𝑉𝑎

𝑉𝑏
𝑐𝑜𝑠𝜃𝑎) → 𝜃𝑎, so 

 𝒫𝑎 →
2

𝜋2
[
𝜃𝑎

2

2
]
0

𝜋
2⁄

=
2

𝜋2
(
𝜋2 4⁄

2
) =

1

4
 (4-18) 

which is consistent with the numerically determined value of ∆𝑡/𝑇 = 0.125. Next as 𝑉𝑎 approaches 

0, then 𝑐𝑜𝑠−1 (
𝑉𝑎

𝑉𝑏
𝑐𝑜𝑠𝜃𝑎) → 𝜋

2⁄ , so 

 𝒫𝑎 →
2

𝜋2
[
𝜋𝜃𝑎

2
]
0

𝜋
2⁄

=
2

𝜋2
(
𝜋2 2⁄

2
) =

1

2
 (4-19) 

meaning that when 𝑉𝑎 is very small the sign of �̇�𝑎(𝑡) is only the same as the sign of �̇�𝑇(𝑡) half of 

the time. 

Next consider the case when 𝑉𝑎 > 𝑉𝑏 as described by Figure 4-8 b). When 𝜃𝑎 is less than 𝜃𝑎,𝑙𝑖𝑚, 

then it is impossible for �̇�𝑇(𝑡) to have a different sign to �̇�𝑎(𝑡). When 𝜃𝑎 is greater than 𝜃𝑎,𝑙𝑖𝑚, 

then, as before, the proportion of time over which sign(�̇�𝑎 ) ≠ sign(�̇�𝑇) is given by 

 𝓅(𝜃𝑎) =
1

𝜋
cos−1 (

𝑉𝑎

𝑉𝑏
cos 𝜃𝑎) (4-20) 

while the angle 𝜃𝑎,𝑙𝑖𝑚 is equal to 

 𝜃𝑎,𝑙𝑖𝑚 = cos−1 (
𝑉𝑏

𝑉𝑎
) (4-21) 

Combining the two possibilities for 𝓅(𝜃𝑎) gives 
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 𝓅(𝜃𝑎) = [

1

𝜋
cos−1 (

𝑉𝑎

𝑉𝑏
cos 𝜃𝑎) 𝜃𝑎 > cos−1 (

𝑉𝑏

𝑉𝑎
)

0 otherwise

 (4-22) 

Then, as before, the proportion of time per oscillation that sign(�̇�𝑎) ≠ sign(�̇�𝑇) is equal to 

 

𝒫𝑎 = ∫ 𝑓(𝜃𝑎)

𝜋
2⁄

cos−1(
𝑉𝑏
𝑉𝑎

)

 𝓅(𝜃𝑎) 𝑑𝜃𝑎 

𝒫𝑎 =
2

𝜋2
∫ cos−1 (

𝑉𝑎

𝑉𝑏
cos 𝜃𝑎)

𝜋
2⁄

cos−1(
𝑉𝑏
𝑉𝑎

)

  𝑑𝜃𝑎 

(4-23) 

When 𝑉𝑎 → 𝑉𝑏, then cos−1 (
𝑉𝑏

𝑉𝑎
) → 0 and cos−1 (

𝑉𝑎

𝑉𝑏
cos 𝜃𝑎) → 𝜃𝑎, giving the expected result 𝒫𝑎 =

1

4
. Likewise, when 𝑉𝑎 → ∞, then cos−1 (

𝑉𝑏

𝑉𝑎
) → cos−1(0) → 𝜋

2⁄ , so that 𝒫𝑎 = 0. 

The expressions for the two cases are then combined for any 𝑉𝑎 and 𝑉𝑏 so that 

 𝒫𝑎 =
2

𝜋2
∫ cos−1 (

𝑉𝑎

𝑉𝑏
cos 𝜃𝑎)

𝜋
2⁄

𝑎(𝑉𝑎,𝑉𝑏)

  𝑑𝜃𝑎 (4-24) 

where 

 𝑎(𝑉𝑎, 𝑉𝑏) = [
cos−1 (

𝑉𝑏

𝑉𝑎
) 𝑉𝑎 > 𝑉𝑏

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (4-25) 

The expression for 𝒫𝑏 is the same as that for 𝒫𝑎 but with the two velocity amplitudes exchanged, 

or simply 1 2⁄ − 𝒫𝑎. The full expressions for 𝒫𝑎 and 𝒫𝑏 are plotted in Figure 4-9 with respect to 

𝑉𝑎 𝑉𝑏⁄ . Expression (4-25) is indistinguishable from the numerically computed values. The average 

time increment, ∆𝑡𝑎𝑣, is equal to 𝒫𝑇/2, i.e. 

 ∆𝑡𝑎
𝑎𝑣 =

𝑇𝑎

𝜋2
∫ cos−1 (

𝑉𝑎

𝑉𝑏
cos 𝜃𝑎)

𝜋
2⁄

𝑎(𝑉𝑎,𝑉𝑏)

  𝑑𝜃𝑎 (4-26) 
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An important characteristic of 𝒫 is that it is only a function of the ratio of the two velocities and is 

independent of the frequency of the two modes. Note that values of 𝒫 not at the limits of the 

integration are calculated using trapezium rule numerical integration. 

 

Figure 4-9 Proportion of time 𝐬𝐢𝐠𝐧(�̇�) ≠ 𝐬𝐢𝐠𝐧(�̇�𝑻) for two modes, 𝒂 and 𝒃,  vibrating 

simultaneously 

The next step in computing the modal damping ratios is to calculate the average distance travelled 

during the time increment. The average distance travelled is not directly related to the average time 

increment. To correctly predict the distance travelled while the sign of the modal velocity is not 

equal to the sign of the total velocity we need to understand the nature and distribution of the time 

increments that contribute to the total fraction of time out of phase 𝒫. 

Because the ratio 𝜔𝑏 𝜔𝑎⁄  is irrational we can assume that the instances, 𝑡𝑎, at which the velocity 

of mode 𝑏 is zero are uniformly distributed throughout an oscillation of mode 𝑎. For any angle 

𝜃𝑎 = 𝜔𝑎𝑡𝑎 there are four possible scenarios for the total velocity over a quarter cycle of mode 𝑏. 

Figure 4-10 a) demonstrates the four possible total velocity paths when modes 1 and 5 are vibrating 

at velocity amplitudes of 1 and 2 m/s respectively and 𝜃𝑎 = 𝜃1 = 𝜋 4⁄ . Notice that scenarios  𝑖𝑖𝑖 

and 𝑖𝑣 do not experience any time when either modes velocity is not the same as the total. However, 

cases 𝑖 and 𝑖𝑖 experience short increments in time when the sign of each modal velocity does not 

equal that of the total. The time increments that each modes velocity is not the same sign as the 

total are denoted ∆𝑡𝑎 and ∆𝑡𝑏 for modes 1 and 5 respectively and are defined for scenario 𝑖𝑖 in 

Figure 4-10 b). To determine expressions for the time increments and the distances travelled during 

them we will consider scenarios 𝑖 and 𝑖𝑖 for values of 𝜃𝑎 between 0 and 𝜋. Scenario 𝑖 is defined by 

negative and increasing �̇�𝑏, and scenario 𝑖𝑖 by negative and decreasing �̇�𝑏. 
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Figure 4-10 Mode 𝒂 and total velocities when 𝜽𝒂 = 𝝅 𝟒⁄  – a) four possible scenarios for 

�̇�𝑻, and b) definition of time increments for both modes in scenario ii 

Let us again consider the case where 𝑉𝑎 < 𝑉𝑏 on the trace diagram in Figure 4-11 a). The trace 

diagram depicts scenarios 𝑖 and 𝑖𝑖 for a value of 𝜃𝑎 between 0 and 𝜋/2. The full black markers 

denote the values of �̇�𝑎 and �̇�𝑏 at time 𝜃𝑎 𝜔𝑎⁄ . First consider scenario 𝑖, where after some length 

of time equal to 𝛼 𝜔𝑎⁄  velocities �̇�𝑎 and �̇�𝑏 are equal and opposite, thus satisfying the equation 

 𝑉𝑎𝑐𝑜𝑠(𝜃𝑎 + 𝛼) − 𝑉𝑏𝑠𝑖𝑛 (
𝜔𝑏

𝜔𝑎
𝛼) = 0 (4-27) 

  

Figure 4-11 Trace of velocities �̇�𝒂(𝒕) and �̇�𝒃(𝒕) – a) case when 𝑽𝒂 < 𝑽𝒃, and b) 𝑽𝒂 > 𝑽𝒃 

Unfortunately, Equation (4-27) is nonlinear and requires a numerical solution process to obtain the 

angle 𝛼. Here Equation (4-27) is solved in MATLAB using the fzero function (The Mathworks Inc 

2010). The value for 𝛼 is used to calculate the time increment for mode 𝑏 as follows 
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 ∆𝑡𝑏 =
𝛼

𝜔𝑎
 (4-28) 

The time increment for mode 𝑎 is equal to 

 ∆𝑡𝑎 =
𝑇𝑏

4
−

𝛼

𝜔𝑎
 (4-29) 

for 𝜃𝑎 <
𝜋

2
−

𝜔𝑎𝑇𝑏

4
, or when the entire quarter cycle of mode 𝑏 is completed within the quarter cycle 

of mode 𝑎. For 
𝜋

2
−

𝜔𝑎𝑇𝑏

4
< 𝜃𝑎 <

𝜋

2
, the time increment for mode 𝑎 becomes 

 ∆𝑡𝑎 =

𝜋
2 − 𝜃𝑎 − 𝛼

𝜔𝑎
 (4-30) 

as the quarter cycle of mode 𝑏 extends past the quarter cycle of mode 𝑎, after which the signs of 

the two modal velocities are the same again. 

  

Figure 4-12 Demonstration of methodology for 𝑽𝒂 𝑽𝒃⁄ = 𝟎. 𝟓 for modes 1 and 5 – a) 

normalised time increments, and b) normalised distance travelled 

The variation of the modal time increments for scenario 𝑖 is demonstrated in Figure 4-12 a) by 

modes 1 and 5 for 𝑉𝑎 𝑉𝑏⁄ = 0.5. Note that the x-axis is normalised by 𝜋 and the y-axis by 𝑇𝑏. ∆𝑡𝑏 

takes up a continuous curve that tends toward zero as 𝜃𝑎 approaches 𝜋/2. ∆𝑡𝑎 tends towards 𝑇𝑏/4 

until 𝜃𝑎 exceeds 
𝜋

2
−

𝜔𝑎𝑇𝑏

4
, after which ∆𝑡𝑎 tends linearly to equal zero at 𝜃𝑎 = 𝜋/2. Both modal 
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time increments remain equal to zero for 𝜋/2 < 𝜃𝑎 < 𝜋 as both modal velocities have the same 

sign. 

Now consider scenario 𝑖𝑖, represented by the angle 𝛽 in Figure 4-11 a). For the shown value of 𝜃𝑎, 

the velocities �̇�𝑎 and �̇�𝑏 are equal and opposite for a length of time equal to 𝛽 𝜔𝑎⁄  before the time 

𝜃𝑎 𝜔𝑎⁄ . Thus, calculation of 𝛽 takes the same method as that for 𝛼 except the quarter cycle of mode 

𝑏 is always the opposite sign to mode 𝑎 for its entirety. For scenario 𝑖𝑖 while 𝜃𝑎 is between 0 and 

𝜋/2 

 ∆𝑡𝑏 =
𝛽

𝜔𝑎
 (4-31) 

and 

 ∆𝑡𝑎 =
𝑇𝑏

4
−

𝛽

𝜔𝑎
 (4-32) 

Thus ∆𝑡𝑏 tends towards zero as 𝜃𝑎 approaches 𝜋/2  and ∆𝑡𝑎 tends towards 𝑇𝑏/4. 

For 
𝜋

2
< 𝜃𝑎 <

𝜋

2
+

𝜔𝑎𝑇𝑏

4
 a portion of the mode 𝑏 quarter cycle extends past 𝜃𝑎 = 𝜋/2. The time 

increment for mode 𝑏 remains equal to zero, but for mode 𝑎 equals 

 ∆𝑡𝑎 =

𝜋
2 − 𝜃𝑎 +

𝜔𝑎𝑇𝑏

4
𝜔𝑎

 (4-33) 

The variation of the modal time increments for scenario 𝑖𝑖 is also presented in Figure 4-12 a). Note 

that 𝛽 is always greater than 𝛼 when 0 < 𝜃𝑎 < 𝜋/2 . A quick way to check the accuracy of the 

calculations is to check the average time increment over the range considered. We know that each 

mode spends less than half its time where the sign of its velocity is not equal to that of the total. 

The sum of the fractions for each mode must equal a half, so the average time increment for both 

modes should be equal to a quarter. The average time increment is equal to 0.25 for the case where 

𝑉𝑎 𝑉𝑏⁄ = 0.5 of Figure 4-12 a). 

A more rigorous check of the methodology is to calculate the total fractions of time out of phase 

per oscillation and compare to those calculated previously via Equations (4-24) and (4-25). To 
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calculate the total fraction for each mode we integrate the product of the probability density 

function and the expected value. The probability density function is again uniform and equal to 

 𝑓(𝜃𝑎) = [
1

2𝜋
0 ≤ 𝜃𝑎 ≤ 𝜋

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (4-34) 

for each of the two scenarios. This time for mode 𝑎 we need to solve the integral 

 

𝒫𝑎 = 4
𝜔𝑏

𝜔𝑎
∫ 𝑓(𝜃𝑎)𝓅(𝜃𝑎)𝑑𝜃𝑎

𝜋

0

 

𝒫𝑎 =
4

𝜋

𝜔𝑏

𝜔𝑎
∫ 𝓅(𝜃𝑎)𝑑𝜃𝑎

𝜋

0

 

(4-35) 

where 𝓅(𝜃𝑎) is the sum of the expressions for ∆𝑡𝑎 for scenarios 𝑖 and 𝑖𝑖. The factor of four arises 

to account for the interval 𝜋 to 2𝜋 and because there are two increments for each oscillation of 

mode 𝑏. The frequency ratio accounts for the number of oscillations of mode 𝑏 for every oscillation 

of mode 𝑎. 

  

Figure 4-13 Comparison of methods for the case 𝑽𝒂 < 𝑽𝒃, a) total fraction of time where 

𝐬𝐢𝐠𝐧(�̇�) ≠ 𝐬𝐢𝐠𝐧(�̇�𝑻) and b) fraction of single mode energy dissipation 

The nonlinear nature of 𝛼 and 𝛽 requires that the integration be performed numerically using the 

trapezium rule. Figure 4-13 a) compares the values for the total fraction of time as calculated by 

Equations (4-24) and (4-35) respectively for cases when 𝑉𝑎 < 𝑉𝑏. In the Figure, the method of 

Equation (4-24) is denoted the angle method, while the that of Equation (4-35) is denoted the 
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scenario method. Figure 4-13 a) confirms the accuracy of Equation (4-35) as the curves for the two 

methods are indistinguishable. 

Now that we have an expression for the value of the time increments for all values of 𝜃𝑎 we can 

develop an equation for the distance travelled during the increment. First consider mode 𝑏, for 

which we are always considering a time increment at the start of a sine wave. The time increments 

always occur just before and after a peak in the displacement response. The distance travelled 

during the time increment is equal to the integral of the velocity as follows 

 �̅�𝑏 = �̇�𝑏 ∫ 𝑠𝑖𝑛(𝜔𝑏𝑡)𝑑𝑡
∆𝑡𝑏

0

= 𝑢𝑏 [1 − 𝑐𝑜𝑠(𝜔𝑏∆𝑡𝑏)] (4-36) 

The expression for mode 𝑎 is more complicated as the position of the time increment varies with 

𝜃𝑎. For scenario 𝑖 we integrate Equation (4-11) over the interval 𝜃𝑎 + 𝛼 to 𝜃𝑎 + 𝛼 + 𝜔𝑎∆𝑡𝑎 as 

follows 

 

�̅�𝑎 = 𝑉𝑎 ∫ 𝑐𝑜𝑠(𝜃)𝑑𝜃
𝜃𝑎+𝛼+𝜔𝑎∆𝑡𝑎

𝜃𝑎+𝛼

= 𝑢𝑎 [−𝑠𝑖𝑛(𝜃)]
𝜃𝑎+𝛼
𝜃𝑎+𝛼+𝜔𝑎∆𝑡𝑎 

�̅�𝑎 = 𝑢𝑎 [𝑠𝑖𝑛(𝜃𝑎 + 𝛼) − 𝑠𝑖𝑛(𝜃𝑎 + 𝛼 + 𝜔𝑎∆𝑡𝑎)] 

(4-37) 

Similarly, for case 𝑖𝑖 the interval for the integration becomes 𝜃𝑎 − 𝛽 + 𝜔𝑎∆𝑡𝑎 to 𝜃𝑎 + 𝛽 to give  

 �̅�𝑎 = 𝑢𝑎 [𝑠𝑖𝑛(𝜃𝑎 − 𝛽 + 𝜔𝑎∆𝑡𝑎) − 𝑠𝑖𝑛(𝜃𝑎 − 𝛽)] (4-38) 

Equations (4-36), (4-37) and (4-38) are demonstrated in Figure 4-12 b) for the case where 𝑉𝑎 𝑉𝑏⁄ =

0.5. The distance travelled is normalised by the displacement amplitude of the mode. Mode 𝑎 

travels a larger fraction of its total distance out of phase with the friction force than mode 𝑏, as is 

expected of the mode with the smaller velocity amplitude. 

The average distance travelled,  �̅�𝑎
𝑎𝑣, is once again given by an integral of the form of Equation 

(4-35), where 𝓅(𝜃𝑎) is the sum of the expressions for �̅�𝑎  for scenarios 𝑖 and 𝑖𝑖, Equations (4-37) 

and (4-38) respectively. Once again, the integration is conducted numerically using the trapezium 

rule. The total energy dissipated in each mode is given by 
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 𝑊𝐷,𝑎 = 4𝑓𝑓𝑢𝑎 − 2𝑓𝑓�̅�𝑎
𝑎𝑣

𝜔𝑏

𝜔𝑎
 (4-39) 

 𝑊𝐷,𝑏 = 4𝑓𝑓𝑢𝑏 − 2𝑓𝑓�̅�𝑏
𝑎𝑣 (4-40) 

where the factor two accounts for both the positive work that is not done by the friction force and 

the negative work that occurs. Figure 4-13 b) presents the total energy dissipation per oscillation 

for each mode normalised by the single mode value, denoted 𝑊𝐷0. The energy dissipation 

calculated from the “scenario” method is identical to that calculated numerically. 

Now consider the case where 𝑉𝑎 > 𝑉𝑏. In the same manner as the previous phase diagram in Figure 

4-8 b) there is a limiting value of 𝜃𝑎 below which the entire quarter cycle of mode 𝑏 velocity is the 

opposite sign to the total. For scenario 𝑖 the limiting value of 𝜃𝑎 is always equal to 𝜃𝑎,𝑙𝑖𝑚 −

𝜔𝑎𝑇𝑏 4⁄ , where 𝜃𝑎,𝑙𝑖𝑚 is defined by Equation (4-21). Thus, for the range 0 < 𝜃𝑎 < 𝜃𝑎,𝑙𝑖𝑚 −

𝜔𝑎𝑇𝑏 4⁄  the mode 𝑏 time increment is equal to 𝑇𝑏 4⁄  and the mode 𝑎 time increment is equal to 

zero, as demonstrated by the left-most total velocity quarter cycle in Figure 4-14 a). 

  

Figure 4-14 Examples of total velocity quarter cycles – a) scenario 𝒊, and b) scenario 𝒊𝒊 

An increase in 𝜃𝑎 from 𝜃𝑎,𝑙𝑖𝑚 − 𝜔𝑎𝑇𝑏 4⁄  to 𝜋 corresponds to a ∆𝑡𝑏 decreasing to zero and ∆𝑡𝑎 

increasing towards 𝑇𝑏 4⁄  before linearly decreasing to zero after 𝜋 − 𝜔𝑎𝑇𝑏 4⁄ . The three total 

velocity curves in Figure 4-14 a) beginning in this range demonstrate the progression. The nature 

of the scenario 𝑖 time increments for 0 < 𝜃𝑎 < 𝜋 is demonstrated in Figure 4-15 a) for 𝑉𝑎 𝑉𝑏⁄ = 2. 

Meanwhile scenario 𝑖𝑖 is more complicated due to the accelerations of the two modes. Consider 

Figure 4-14 b) showing the total velocity for possible quarter cycles of mode 𝑏. For the curve that 
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intercepts �̇�𝑎 when 𝜃𝑎 = 𝜃𝑎,𝑙𝑖𝑚 + 𝜔𝑎𝑇𝑏 4⁄ , moving backwards in time the total velocity curve 

drops below zero before increasing back to zero at 𝜃𝑎 = 𝜃𝑎,𝑙𝑖𝑚. The limit when the mode 𝑏 time 

increment starts to decrease is some value less than 𝜃𝑎,𝑙𝑖𝑚 + 𝜔𝑎𝑇𝑏 4⁄ , but the limit is difficult to 

predict due to the nonlinear solution of Equation (4-27). At values of 𝜃𝑎 between the true limit and 

𝜃𝑎,𝑙𝑖𝑚 + 𝜔𝑎𝑇𝑏 4⁄  the total velocity curve drops below zero for an increment but increases to be 

positive at the limit. To exactly quantify the time increment in this instance we can calculate two 

values for 𝛽 corresponding to the two x-intercepts by specifying different solution ranges for the 

fzero solver. The normal definition of 𝛽 finds the solution for closest to zero, whereas the second 

definition for 𝛽1 finds the solution closest to 𝜔𝑎𝑇𝑏 4⁄ .  

For 𝜃𝑎 > 𝜃𝑎,𝑙𝑖𝑚 + 𝜔𝑎𝑇𝑏 4⁄  the mode 𝑏 time increment is equal to 

 ∆𝑡𝑏 =
𝛽

𝜔𝑎
+

𝑇𝑏

4
−

𝛽1

𝜔𝑎
 (4-41) 

and the mode 𝑎 time increment is equal to 

 ∆𝑡𝑎 =
𝛽1 − 𝛽

𝜔𝑎
 (4-42) 

The nature of the time increments for scenario 𝑖𝑖 over the range 0 < 𝜃𝑎 < 𝜋 are demonstrated in 

Figure 4-15 a) for 𝑉𝑎 𝑉𝑏⁄ = 2. Note that there is a minor error in the solution when the time 

increments make a step change at 𝜃𝑎/𝜋 ≈ 0.4. 

  

Figure 4-15 Demonstration of methodology for 𝑽𝒂 𝑽𝒃⁄ = 𝟐 for modes 1 and 5 – a) 

normalised time increments, and b) normalised distance travelled 
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There is one more special case of scenario 𝑖𝑖 where the accelerations of mode 𝑏 do not exceed 

those of mode 𝑎 between the limit and 𝜋. In this case the mode 𝑏 time increment remains equal to 

𝑇𝑏 4⁄  up to 𝜃𝑎 = 𝜋. For 𝜋 < 𝜃𝑎 < 𝜋 + 𝜔𝑎𝑇𝑏 4⁄  the mode 𝑎 time increment is equal to 

(𝜋 2⁄ − 𝜃𝑎 + 𝛼) 𝜔𝑎⁄  and the mode 𝑏 increment equal to 𝑇𝑏 4⁄ − 𝛼 𝜔𝑎⁄ . 

The expression for calculating the distance travelled by mode 𝑏 during the time increment for 

scenario 𝑖𝑖 is 

 �̅�𝑏 = 𝑢𝑏 [1 − 𝑐𝑜𝑠 (
𝜔𝑏

𝜔𝑎
𝛽)] + 𝑢𝑏 𝑠𝑖𝑛 (

𝜋

2
−

𝜔𝑏

𝜔𝑎
𝛽1) (4-43) 

Note that the sine term becomes zero when 𝛽1 corresponds to the full quarter cycle. Similarly, for 

mode 𝑎 

 �̅�𝑎 = 𝑢𝑎 [𝑠𝑖𝑛(𝜃𝑎 − 𝛽1) − 𝑠𝑖𝑛(𝜃𝑎 − 𝛽)] (4-44) 

  

Figure 4-16 Comparison of methods for the case 𝑽𝒂 > 𝑽𝒃, a) total fraction of time where 

𝐬𝐢𝐠𝐧(�̇�) ≠ 𝐬𝐢𝐠𝐧(�̇�𝑻) and b) fraction of single mode energy dissipation 

The nature of the distance travelled is demonstrated for the case where 𝑉𝑎 = 𝑉1 = 2 and 𝑉𝑏 = 𝑉5 =

1 in Figure 4-15 b). The average distances travelled are calculated from the same integral as the 

previous case 𝑉𝑎 𝑉𝑏⁄ < 1 and the dissipated energy calculated from Equations (4-39) and (4-40). 

Figure 4-16 a) demonstrates that the “scenario” method of calculating the fraction of time where 

sign(�̇�) ≠ sign(�̇�𝑇) is almost identical to the “angle” method. Figure 4-16 b) shows that the 

“scenario” method is also very similar to the numerical method of calculating the energy 



 

 - 120 - 

dissipation in each mode. For the case where 𝑉𝑎 𝑉𝑏⁄ > 1 there are minor differences between the 

scenario and numerical methods due to the nature of the fzero solution function. 

We have demonstrated that both the angle and scenario methods are very accurate in predicting the 

proportion of time where sign(�̇�) ≠ sign(�̇�𝑇) when two modes are vibrating simultaneously at 

steady state amplitudes. The scenario method is also able to predict the energy dissipation in each 

mode. The problem is that both methods require numerical integration for any pair of modal 

amplitudes. The curves to be integrated in the scenario method are discontinuous and are 

constructed in a piece-wise manner. Both methods are computationally intensive and impractical. 

An alternative is to revert to the approximate method of calculating the time increment from 

Equation (4-6). We can potentially achieve satisfactory results by extending the simple 

approximate method. 

We label the mode with the larger velocity amplitude with the subscript 𝐿 and the smaller mode 

with the subscript 𝑆, so that 

 ∆𝑡𝐿 = 𝑠𝑖𝑛−1 (
𝜔𝑆𝑢𝑆

√2𝜔𝐿𝑢𝐿

)
1

𝜔𝐿
 (4-45) 

The average distance travelled in the larger amplitude mode can be approximated by the average 

velocity multiplied by the time increment as follows 

 �̅�𝐿
𝑎𝑣 = �̇�𝐿

𝑎𝑣∆𝑡𝐿 = �̇�5 ∫ 𝑠𝑖𝑛(𝜔𝐿𝑡)𝑑𝑡
∆𝑡𝐿

0

= 𝑢𝐿 [1 − 𝑐𝑜𝑠(𝜔𝐿∆𝑡𝐿)] (4-46) 

which upon substitution of Equation (4-45) gives  

 �̅�𝐿
𝑎𝑣 = 𝑢𝐿 [1 − 𝑐𝑜𝑠 (𝑠𝑖𝑛−1 (

𝜔𝑆𝑢𝑆

√2𝜔𝐿𝑢𝐿

))] (4-47) 

The average velocity in the smaller mode is the RMS value and the distance travelled equal to 

 �̅�𝑆
𝑎𝑣 =

�̇�𝑆

√2
∆𝑡 =

𝜔𝑆𝑢𝑆

√2
∆𝑡𝐿 (4-48) 
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The energy dissipated per oscillation in the larger mode is equal to 

 

𝑊𝐷,𝐿 = 4𝑓𝑓𝑢𝐿 − 2 ∗ 2𝑓𝑓�̅�𝐿  

𝑊𝐷,𝐿 = 4𝑓𝑓{𝑢𝐿 − 𝑢𝐿 [1 − 𝑐𝑜𝑠(𝜔𝐿∆𝑡𝐿)]} 

𝑊𝐷,𝐿 = 4𝑓𝑓𝑢𝐿𝑐𝑜𝑠(𝜔𝐿∆𝑡𝐿) 

𝑊𝐷,𝐿 = 4𝑓𝑓𝑢𝐿𝑐𝑜𝑠 (𝑠𝑖𝑛−1 (
𝜔𝑆𝑢𝑆

√2𝜔𝐿𝑢𝐿

)) 

(4-49) 

Note that the factor 22 arises because the out of phase time increment occurs twice per oscillation 

(x2) and because the loss of dissipation is equal to the amount of negative damping plus the amount 

of positive damping that is missed (x2). 

 

Figure 4-17 Trigonometric demonstration of the angle 𝝑 

The amount of energy dissipated in the larger mode is a function of the ratio of the two modal 

velocities. Approaching the problem from a trigonometric perspective we need the cosine of an 

angle defined by the sine of a number, a process shown in Figure 4-17 a). Now consider the triangle 

in Figure 4-17 b) where the length of the opposite side is equal to 𝜔𝑆𝑢𝑆 √2⁄  and the hypotenuse 

equal to 𝜔𝐿𝑢𝐿 . The angle 𝜗 is equal to 𝑠𝑖𝑛−1 (
𝜔𝑆𝑢𝑆

√2𝜔𝐿𝑢𝐿

) and the cosine of 𝜗  is equal to the adjacent 

length divided by the hypotenuse. Note that 𝜗 is equivalent to 𝛼 from the scenario method but 

expressed as rotation of the larger frequency mode rather than a rotation of the lower frequency 

mode. From Pythagoras theorem, the length of the adjacent side is equal to the square root of the 

difference between the squares of the hypotenuse and opposite sides. Thus, 
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 𝑐𝑜𝑠(𝜗) =
√𝜔𝐿

2𝑢𝐿
2 − 𝜔𝑆

2𝑢𝑆
2 2⁄

𝜔𝐿𝑢𝐿
 (4-50) 

and the energy dissipated in the larger mode, 𝐿, is equal to 

 𝑊𝐷,𝐿 = 4𝑓𝑓𝑢𝐿

√𝜔𝐿
2𝑢𝐿

2 − 𝜔𝑆
2𝑢𝑆

2 2⁄

𝜔𝐿𝑢𝐿
 (4-51) 

Similarly, for the smaller mode 𝑆 the damped energy is equal to 

 

𝑊𝐷,𝑆 = 4𝑓𝑓
𝜔𝑆𝑢𝑆

√2
∆𝑡𝐿

𝜔𝐿

𝜔𝑆
= 4𝑓𝑓

𝑢𝑆

√2
∆𝑡𝐿𝜔𝐿 

𝑊𝐷,𝑆 = 4𝑓𝑓
𝑢𝑆

√2
𝑠𝑖𝑛−1 (

𝜔𝑆𝑢𝑆

√2𝜔𝐿𝑢𝐿

) 

(4-52) 

Note that the ratio of the modal frequencies in Equation (4-52) accounts for the number of 

oscillations in the larger mode for every oscillation the smaller mode. 

The modal damping ratios can be calculated by summing the dissipated energy across all the DOFs 

as follows 

 𝜉𝑛 =
∑ |𝑊𝐷,𝑛

𝑖 |𝑁
𝑖=1

4𝜋𝑊𝑆,𝑛

 (4-53) 

where the subscript 𝑛 denotes the mode under consideration, N the total number of DOFs, and the 

superscript 𝑖 denotes the DOF under consideration. To demonstrate the approximate method, 

consider modes 2 and 3 vibrating at the same time at various amplitudes. Figure 4-18 a) shows the 

damping ratios for each mode normalised by the single mode value when the amplitude of mode 

3, 𝑦3, is set to 0.6 m and the amplitude of mode 2, 𝑦2, varied from 0 to 2 m. The solid lines are 

calculated using the approximate method outlined above and the dotted lines are determined using 

numerical integration where the dissipated energy is averaged over 20 cycles of the longer period 

mode 2. Similarly, Figure 4-18 b) presents the normalised modal damping ratios where 𝑦2 = 1.4 m 

and 𝑦3 varies from 0 to 2 m. As expected, in both Figures the fixed mode damping ratio gradually 

decreases from its single vibrating mode value as the variable mode amplitude increases. The 

variable mode damping approaches the single mode value as the amplitude is increased. 
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Figure 4-18 Damping ratios normalised by single mode value for modes 2 and 3 

vibrating together at varied amplitudes – a) mode 3 constant y=0.6 m, and b) mode 2 

y=1.4 m 

Step changes are visible in the solid lines calculated using the approximate method and these occur 

as the largest modal velocity at each DOF changes from one mode to the other and Equations (4-51) 

and (4-52) apply to the opposite mode. The step changes in damping ratio occur because the 

simplified assumption for ∆𝑡𝐿 expressed in Equation (4-5) and the assumption of the average 

velocity during ∆𝑡𝐿 are decreasingly accurate in the vicinity of the steps. Figure 4-18 demonstrates 

that the approximate method is an adequate replacement for the numerical or scenario methods and 

is thus implemented in future demonstrations. 

The nature of the damping ratios of the two modes is best considered in surface plots normalised 

by the square of frequency and amplitude. Division of the two mode damping ratios by the single 

mode values allows the damping ratio surfaces to range between zero and unity where unity 

represents the single mode damping ratio. Figure 4-19 a) and b) present the surface plots of the 

normalised damping ratios for modes 2 and 3 vibrating together. The higher frequency third mode 

has on average 𝜔3 𝜔2⁄ = 1.58 times larger velocities than the second mode at a given amplitude 

so the normalised damping ratios are closer to 1 over more of plot. The step changes “ripple” 

through the surface where the larger velocity mode switches at each of the five DOFs. 
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Figure 4-19 Damping ratios normalised by the single mode value for structures with 

mass-connected dampers vibrating in modes 2 and 3 simultaneously – a) mode 2, and b) 

mode 3 

The surface plots for modes 1 and 5 vibrating together are presented in Figure 4-20 a) and b) 

respectively. The velocities in mode 5 are on average 𝜔5 𝜔1⁄ = 6.74 times larger than mode 1 at 

the same amplitude so the damping ratio of mode 5 is very close to the single mode value over 

most of the amplitude ranges. 

  

Figure 4-20 Damping ratios normalised by the single mode value for structures with 

mass-connected dampers vibrating in modes 1 and 5 simultaneously – a) mode 1, and b) 

mode 5 

A final demonstration of the mass-connected friction dampers is to consider the free vibration 

response of two modes excited simultaneously. Structures subjected to earthquakes can exhibit 

transient-like response. Consider modes 2 and 3 of the reference structure released from an initial 

modal amplitude of 0.1 m. The free vibration decay envelope is presented in Figure 4-21 a). Note 

how the amplitudes of the two modes remain similar as time passes. The logarithmic decrement 
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method is used to directly calculate the damping ratio from the time history data at the average 

peak amplitude of each half oscillation. Figure 4-21 b) compares the observed damping ratios with 

those predicted by the proposed approximate method and shows excellent correlation. 

  

Figure 4-21 Free vibration in modes 2 and 3 – a) amplitude decay envelope, and b) 

damping ratios predicted by simplified method and calculated from logarithmic 

decrement 

The similar decay envelopes of the two modes are of interest. Figure 4-22 a) presents the decay 

envelopes of modes 1 and 5 released from the amplitudes of 0.2 and 0.1 m respectively. Figure 

4-22 b) presents the decay envelope of all five modes released simultaneously from the same initial 

displacement. All three free vibration examples show the concurrently vibrating modes linearly 

decaying towards rest at approximately the same moment in time. 

  

Figure 4-22 Free vibration decay envelopes – a) modes 1 and 5 only, and b) all five 

modes 
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The linked decay envelopes suggest that the damping ratios are approximately inversely 

proportional to modal frequency, as is the case for mass proportional viscous dampers. Consider 

the case of Figure 4-21 a) where modes 2 and 3 are released simultaneously from the same 

amplitude. Mode 3 decays marginally faster than mode 2. At the instant of release the simplified 

method predicts that modes 2 and 3 will dissipate 6,638 and 12,256 kJ of energy per oscillation 

respectively. If the damping ratios are exactly inversely proportional to frequency the dissipated 

energy will be linearly proportional to frequency. Division of the dissipated energy per oscillation 

by modal frequency gives 409 and 479 kJs/rad for modes 2 and 3 respectively rather than the same 

value. The corresponding frequency normalised damping ratios at this amplitude are 1.83 for mode 

2 and 2.14 for mode 3. 

Unfortunately, the knowledge that damping ratios are approximately inversely proportional to 

frequency does not facilitate the direct calculation of the total amount of energy dissipation and the 

modal damping ratios. To calculate the modal damping ratios from a given friction force the phase 

of the responses need be considered. 

A coarse method of approximating modal damping ratios is to assume that damping ratios are in 

fact inversely proportional to frequency and that the velocity ratios at the individual DOFs can be 

approximated on a modal scale. Equation (4-51) can be modified to consider the energy dissipation 

at a modal scale as follows 

 𝑊𝐷,𝐿 = 4𝑓𝑓 (∑|𝑢𝐿
𝑖 |

𝑁

𝑖=1

)
√(𝜔𝐿𝑦𝐿)2 − (𝜔𝑆𝑦𝑆)2 2⁄

𝜔𝐿𝑦𝐿
 (4-54) 

where the 𝑦 denotes the modal amplitude equal to the maximum DOF displacement in the mode, 

and the summation term is equal to the total displacement of the mode. Under the assumption that 

dissipated energy is proportional to frequency the dissipation in the smaller mode can be calculated 

by simply multiplying the value for the larger mode by the ratio of the modal frequencies as follows 

 𝑊𝐷,𝑆 = 𝑊𝐷,𝐿

𝜔𝑆

𝜔𝐿
 (4-55) 

Modal energy dissipation proportional to the modal frequency and the linked decay envelopes are 

not observed in real structures. MDOF structures vibrating freely back to rest do not become 

stationary in all modes at the same instant in time. Generally, the higher frequency modes decay 

more quickly in time than the lower modes. 
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4.3.2 MDOF structures with stiffness-connected dampers 

Stiffness-connected dampers impart forces that are in phase with the relative velocities of the DOFs 

they are connecting. The incorporation of relative velocities is more complicated than the global 

velocities required for mass-connected dampers as they do not allow linear matrix multiplication. 

4.3.2.1 MDOF structures with stiffness-connected dampers vibrating in one mode 

First consider each mode of the reference structure with stiffness-connected dampers vibrating 

alone. The forces in the damper arise in phase with the relative velocities. Each damper dissipates 

energy equal to the friction force multiplied by the relative displacement it travels through. Table 

4-1 presents the relative displacement profiles of the five modeshapes. The sum of the relative 

displacement of the modes is proportional to the modal angular frequency. Frequency proportional 

modal relative displacements mean that the dissipated energy is proportional to the frequency. The 

energy stored in the system is proportional to the square of the frequency, so by cancellation in 

Equation (4-2) the damping ratios are inversely proportional to frequency. The raw and frequency 

normalised damping ratios for single mode free vibration are shown in Figure 4-23 a) and b) 

respectively. 

  

Figure 4-23 Modal damping ratios for 5DOF Reference Structure 2 with stiffness-

connected dampers from initial displacement of one mode – a) raw, and b) 𝝎 normalised 

The free vibration decay envelopes for each of the five modes released from the same initial 

amplitude is shown in Figure 4-4 b). Note that the decay envelopes are indistinguishable for all 

five modes. The equal decay envelopes are expected as if the damping ratio is inversely 

proportional to frequency and the number of oscillations is proportional to frequency all modes 

will converge on the same envelope curve. 
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In addition to the modal damping properties of structures with stiffness-connected dampers, it is 

important to consider the nature of the damping forces. In the case of the reference structure, two 

dampers can apply forces to each DOF. The two forces of equal magnitude can act in the same 

direction or cancel each other out meaning there are three different damper force states at the DOF. 

The equal magnitude friction forces do not maintain modal orthogonality, however their low 

magnitude in relation to the restoring and inertia forces and their essentially static nature mean that 

modal coupling is negligible. 

To demonstrate the nature of the friction forces, consider the first vibration mode of the reference 

structure. The relative displacements of the first mode from Table 4-1 are all positive. Figure 4-24 

a) demonstrates the deformed first mode shape and the direction of the friction damper and 

resultant DOF forces when the amplitude is increasing. The damper forces at DOFs 2 through 5 

cancel each other to give a resultant force of zero acting on each DOF. The net work done by the 

damper forces at these DOFs is equal to zero. DOF 5 experiences only one force so does work 

moving through the modal displacement. The energy is actually dissipated in all the dampers, but 

in the calculations in the global coordinates energy is only dissipated at DOF 5. 

 

Figure 4-24 Damper and resultant forces for 5DOF reference structure with stiffness-

connected friction dampers when amplitude is increasing – a) mode 1, and b) mode 2 

Now consider the second mode of the structure, which undergoes both positive and negative 

relative displacements at the same time as shown in Figure 4-24 b). The friction forces at the DOFs 

with relative displacements of the same sign above and below, in this case DOFs 1,3, and 4, cancel 

each other out. DOFs with relative displacements of opposite sign above and below experience 

friction forces equal to twice the damper force, which occurs at DOF 2 in mode 2. Again, DOF 5 

only has the one force acting. 

f f

a) b)

f f

2f f
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The trend continues for the remaining modes. Each mode, 𝑛, has forces doing work at 𝑛 DOFs. 

Work is done at the 𝑛 DOFs with the  𝑛 largest global displacements and no work is done at the 

other 5 − 𝑛 DOFs. DOF 5, where one force acts, is always the DOF with the 𝑛-th largest 

displacement in mode 𝑛 for this structure. 

4.3.2.2 MDOF systems with stiffness-connected dampers vibrating in multiple modes 

  

Figure 4-25 Free vibration decay envelopes – a) modes 2 and 3 only, and b) modes 1 and 

5 only 

The nature of the modal damping ratios in structures with stiffness-connected dampers vibrating 

in multiple modes is quite different to those with mass-connected dampers. The sum of the modal 

relative displacements is proportional to 𝜔 so the relative velocities are in effect proportional to 

𝜔2. The increased proportionality to frequency means that the higher vibrating modes will receive 

greater shares of the friction damping. The two mode examples with mass-connected friction 

dampers of Figure 4-21 and Figure 4-22 are repeated with the stiffness-connected equivalents in 

Figure 4-25 and Figure 4-27. Notice that the higher modes in each example come to rest sooner 

than the lower modes. The frequency dependency of the energy dissipation is highlighted in Figure 

4-26 where 20 s after release mode 5 has almost returned to rest and mode 1 is still at 90% of the 

release amplitude. 



 

 - 130 - 

 

Figure 4-26 Free vibration decay envelopes for all five modes released from the same 

amplitude simultaneously 

Further inspection of the decay envelopes in Figure 4-25 and Figure 4-26 reveals that the envelopes 

are not linear and that the velocity ratios at each DOF change with time. The changing velocity 

ratios are clearly shown by the step changes in the predicted damping ratio plots of Figure 4-27, 

which occur when the larger velocity mode changes from one mode to the other at each DOF. 

  

Figure 4-27 Damping ratios predicted by simplified method and calculated from free 

vibration data – a) modes 2 and 3 only, and b) modes 1 and 5 only 

The two-mode simplified damping prediction method can also be applied to structures with 

stiffness-connected dampers. The damping ratio predictor equations for stiffness-connected 

dampers are similar to, but more complicated than, those for mass-connected dampers. The first 

difference is that the time increment, ∆𝑡, is calculated for each damper (not DOF) from the relative 

velocities as follows, 
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 ∆𝑡𝑖 = 𝑠𝑖𝑛−1 (
�̇�𝑅,𝑆

𝑖

√2�̇�𝑅,𝐿
𝑖

)
1

𝜔𝐿
 (4-56) 

where the subscript 𝑅 refers to the relative velocity and the superscript 𝑖 to the storey or damper 

number. Next, the distance the friction force travels through at the DOF above the damper is given 

by 

 �̅�𝐿
𝑖 = 𝑢𝐿

𝑖 [1 − 𝑐𝑜𝑠(𝜔𝐿∆𝑡𝑖)] (4-57) 

 �̅�𝑆
𝑖 = �̇�𝑆

𝑖,𝑎𝑣∆𝑡𝑖 =
�̇�𝑆

𝑖

√2
∆𝑡𝑖  (4-58) 

for dampers 1 to 5 acting at DOFs 1 to 5. Similarly, the distance travelled at the DOF below the 

damper is equal to 

 �̅�𝐿
𝑖 = 𝑢𝐿

𝑖 [1 − 𝑐𝑜𝑠(𝜔𝐿∆𝑡𝑖−1)] (4-59) 

 �̅�𝑆
𝑖 =

�̇�𝑆
𝑖

√2
∆𝑡𝑖−1 (4-60) 

for dampers 1 to 4 acting at DOFs 2 to 5. The energy dissipated, equal to the work done by the 

friction force at the DOF above a damper is equal to 

 𝑊𝐷,𝐿
𝑖 = 4𝑓𝑓[𝑢𝐿

𝑖 − �̅�𝐿
𝑖 ] = 4𝑓𝑓𝑢𝐿

𝑖 𝑐𝑜𝑠(𝜔𝐿∆𝑡𝑖)𝑠𝑖𝑔𝑛(𝛷𝑅(𝑖, 𝐿)) (4-61) 

 𝑊𝐷,𝑆
𝑖 = 4𝑓𝑓�̅�𝐿

𝑖
𝜔𝐿

𝜔𝑆
= 4𝑓𝑓

�̇�𝑆
𝑖

√2
∆𝑡𝑖

𝜔𝐿

𝜔𝑆
 𝑠𝑖𝑔𝑛(𝛷𝑅(𝑖, 𝑆)) (4-62) 

for the larger and smaller modes respectively, and where 𝛷𝑅 is the relative modal matrix which 

defines the relative displacements in the mode shapes (refer Table 4-1). The energy dissipated at 

the DOF below a damper is equal to 

 𝑊𝐷,𝐿
𝑖 = 4𝑓𝑓𝑢𝐿

𝑖 𝑐𝑜𝑠(𝜔𝐿∆𝑡𝑖−1)𝑠𝑖𝑔𝑛(𝛷𝑅(𝑖, 𝐿)) (4-63) 
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 𝑊𝐷,𝑆
𝑖 = −4𝑓𝑓

�̇�𝑆
𝑖

√2

𝜔𝐿

𝜔𝑆
∆𝑡𝑖−1𝑠𝑖𝑔𝑛(𝛷𝑅(𝑖, 𝑆)) (4-64) 

at DOFs 2 through 5 only. Note that the large and small modes are not necessarily the same at 

adjacent dampers which is why Equations (4-61) and (4-63) are not combined with Equations 

(4-62) and (4-64). The damping ratio is calculated by summing the dissipated energy at each DOF 

and then summing the absolute values from all the DOFs for each mode. 

  

Figure 4-28 Damping ratios normalised by the single mode value for structures with 

stiffness-connected dampers vibrating in modes 2 and 3 simultaneously – a) mode 2, and 

b) mode 3 

  

Figure 4-29 Damping ratios normalised by the single mode value for structures with 

stiffness-connected dampers vibrating in modes 1 and 5 simultaneously modes – a) mode 

1, and b) mode 5 

Examples of two mode damping ratio surfaces for stiffness-connected dampers are presented in 

Figure 4-28 and Figure 4-29. In comparison to the structure with mass-connected dampers (refer 
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Figure 4-19 and Figure 4-20), stiffness-connected dampers provide higher damping ratios in the 

higher frequency mode and lower damping ratios in the lower mode. 

4.3.2.3 Earthquake appropriate amplitude normalisation 

A structures’ displacement response to an earthquake is usually dominated by the lower modes. 

The presented damping ratio surfaces, in particular for modes 1 and 5 vibrating together in Figure 

4-20 and Figure 4-29, are deceptive as it is unlikely that the two modes will vibrate at similar 

amplitudes concurrently during an earthquake. A more suitable comparison may be to scale the 

respective amplitudes by the modal mass participation factors of the respective modes. Table 4-1 

presents the ratios of the respective modal participation factors. 

Table 4-3 Ratios of modal mass participation factors 𝚪𝒊 𝚪𝒋⁄  

  Mode (j)  

 Mode (i) 1 2 3 4 5  

 1 1 10.1 36.3 117.3 549.7  

 2 0.099 1 3.6 11.6 54.5  

 3 0.028 0.278 1 3.2 15.1  

 4 0.009 0.086 0.31 1 4.7  

 5 0.002 0.018 0.066 0.213 1  

        

  

Figure 4-30 Damping ratios normalised by the single mode value for structures with 

mass-connected dampers vibrating in two modes at relative amplitudes appropriate for 

earthquake analysis – a) mode 1, and b) mode 5 

For example, the modal participation factors for modes 1 and 5 are 0.8795 and 0.0016 respectively. 

The ratio of the mode 1 to mode 5 participation factors is 550:1 or when reciprocated 1:0.0018. 

Figure 4-30 demonstrates the normalised damping ratios from mass-connected dampers for modes 



 

 - 134 - 

1 and 5 over a range of relative amplitudes that could be expected to occur during an earthquake 

analysis. Figure 4-30 a) shows that the mode 1 damping ratio is largely unaffected by mode 5, 

while Figure 4-30 b) reveals that the mode 5 damping ratio is very small. 

Figure 4-31 shows that for the structure with stiffness-connected dampers the mode 1 damping 

ratio is approximately equal to the single mode value provided the amplitudes satisfy the criteria 

𝑦1 > 100𝑦5. Mode 5 receives more damping from the stiffness-connected dampers than the mass-

connected equivalents due to the increased frequency dependence of the modal relative velocities. 

Figure 4-30 and Figure 4-31 demonstrate the importance of the relative amplitudes of the vibrating 

modes on the observed damping ratios. During earthquake excitation of structures with friction 

damping the damping ratios in the lower modes will be closer to the single mode values than is the 

case for the higher modes. Damping from mass and stiffness-connected friction dampers is 

inversely proportional to the frequency squared and frequency respectively. The relative modal 

response amplitudes expected during earthquakes and the frequency dependence of the modal 

damping results in modal damping ratios that are largest in the lower modes for structures with 

stiffness-connected friction dampers undergoing earthquake excitation. 

  

Figure 4-31 Damping ratios normalised by the single mode value for structures with 

stiffness-connected dampers vibrating in two modes at relative amplitudes appropriate 

for earthquake analyses – a) mode 1, and b) mode 5 

4.3.2.4 Summary of observations on damping from Coulomb friction dampers 

To conclude, damping in MDOF systems with one Coulomb friction damper per DOF is 

summarised herein. 
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The amount of damping from mass-connected dampers in MDOF systems is inversely proportional 

to the modal amplitude and modal frequency squared – i.e. damping ratios are larger at small 

amplitudes and in lower frequency modes. When two or more modes are vibrating simultaneously, 

the damping is shared between the modes. At a normalised amplitude, the global velocities from 

different modes are proportional to the frequency of the mode, and the total displacements are 

independent. Thus, at the same normalised amplitude, the higher frequency mode will experience 

more energy dissipation. 

Damping from stiffness-connected dampers is also inversely proportional to the modal amplitude 

and frequency (but not frequency squared). The friction forces are determined in phase with the 

relative velocities, which are proportional to the square of the modal circular frequency. In 

addition, the forces in the dampers move through the relative displacements which are also 

proportional to the frequency. Consequently, stiffness-connected dampers provide more energy 

dissipation in the higher frequency modes and less in the lower modes than their mass-connected 

counterparts. 

It is possible to accurately predict the damping ratios in two modes vibrating simultaneously using 

the “scenario” method derived in Section 4.3.1.2. The scenario method involves complex 

numerical integration and is computationally intensive. The alternative approximate method 

provides an adequate predictor for damping ratios provided the modal velocity amplitudes are 

dissimilar. 

 MDOF SYSTEMS WITH ONE STICTION ELEMENT PER DOF 

The next extension is to consider the same MDOF Reference Structure 2 with one stiction element 

per DOF. The stiction elements, as shown in Figure 4-1 c) and d), replace the mass or stiffness-

proportional viscous dampers in Figure 1-14. The damping properties of SDOF systems with one 

stiction element were described in Section 3.6.2. 
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4.4.1 MDOF systems vibrating in one mode only 

  

Figure 4-32 Modal decay envelope for 5DOF reference structure from initial 

displacement of one mode – a) mass, and b) stiffness, -connected stiction dampers 

First consider each mode vibrating alone. Figure 4-32 presents the modal decay envelopes of each 

of the five modes vibrating alone with stiction elements with a 𝑘𝑓 value chosen to give a sliding 

displacement of 0.01 m (𝑟𝑓 = 17.4). The curves of Figure 4-32 show slower decay than the 

Coulomb friction element equivalents of Figure 4-4. The envelope curves are not linear and show 

curvature with the slope of the envelope decreasing with decrease in amplitude. In structures with 

mass-connected stiction dampers the decay ceases when the amplitude reduces to the sliding 

displacement. Structures with stiffness-connected stiction dampers cease to decay when the 

amplitude is equal to the sliding displacement divided by the largest absolute relative displacement 

value of from the unity normalised modeshape. The higher frequency modes decay to a smaller 

steady state displacement as the relative displacements increase with mode number. 

The curvature of the decay envelopes occurs because stiction elements provide 4𝑓𝑓𝑢𝑓 less energy 

dissipation than Coulomb dampers. As the amplitude of vibration decreases the 4𝑓𝑓𝑢𝑓 of lost 

damping per oscillation becomes a larger percentage of the Coulomb damper energy dissipation so 

the slope of the envelope reduces. In the case of stiffness-connected dampers the reduction in 

energy dissipation has an increased effect due to the reliance on relative displacements. The smaller 

the relative displacement the more effect the reduced energy dissipation has. Total relative 

displacement is proportional to modal frequency, so the lower mode envelopes exhibit larger 

curvature change at higher amplitudes. 
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Figure 4-33 Modal decay envelope for 5DOF reference structure from initial 

displacement of mode 3 with varied spring stiffness ratio, 𝒓𝒇 – a) mass, and b) stiffness, -

connected friction dampers 

Figure 4-33 demonstrates the effect of relative spring stiffness on the decay envelope. The response 

of mode 3 is shown with 𝑟𝑓 values ranging from 0.1 to 50 (recall from Equation (3-20) that the 

damper stiffness ratio 𝑟𝑓 = 𝑘 𝑘𝑓⁄ ). The structure with a damper stiffness ratio of 0.1 approaches 

the response of the structure with Coulomb dampers. An increase in damper stiffness ratio 

corresponds to a decrease in the stiffness of the damper spring and an increase in the sliding 

displacement. An increase in sliding displacement means less energy is dissipated and the curvature 

of the envelope increases. 

  

Figure 4-34 Damping ratios by amplitude for 5DOF reference structure with mass-

connected dampers – a) any mode, 𝒖𝒇 = 𝟎. 𝟎𝟏 m, and b) mode 3 varied 𝒓𝒇 

The damping behaviour by modal amplitude of the MDOF system is shown in Figure 4-34 and 

Figure 4-35 for mass and stiffness-connected dampers respectively. Figure 4-34 a) demonstrates 
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that mass-connected dampers exhibit the same zero damping modal displacement amplitude for all 

modes. The energy dissipated is constant for all modes, so the damping ratios are inversely 

proportional to the square of frequency. 

Figure 4-35 a) shows that for systems with stiffness-connected dampers, the zero damping modal 

displacement amplitude varies for all modes due to the nature of the relative displacements of the 

modeshapes. The zero damping modal displacement amplitude increases with decrease in modal 

circular frequency. The peak damping ratio is the same for all modes, but the higher modes reach 

the peak at lower amplitudes. 

The identical peaks could provide an explanation of observed damping ratios in real buildings 

where amplitude is not recorded or considered. Both the modal mass participation factors and the 

amplitude of the peak damping ratios are in some way inversely proportional to the modal 

frequencies. It is conceivable that stiction type damping demonstrated in Figure 4-35 a) could be 

responsible for the similar higher mode damping ratios in real buildings reported in the Chapter 2 

literature review. Further investigation of damping ratios during multiple mode excitation is 

required. 

  

Figure 4-35 Damping ratios by amplitude for 5DOF reference structure with stiffness-

connected dampers – a) any mode, 𝒖𝒇 = 𝟎. 𝟎𝟏 m, and b) mode 3 varied 𝒓𝒇 

The effect of variation of the damper stiffness ratio on the mode 3 damping ratios is shown in 

Figure 4-34 b) and Figure 4-35 b) for mass and stiffness-connected dampers respectively. Both 

types of damper exhibit a decrease in modal damping ratio and increase in zero damping 

displacement with an increase in stiffness ratio. The effect on damping ratio and zero damping 

displacement is larger for systems with stiffness-connected stiction dampers than for the mass-

connected equivalent. 
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The vibration properties of the structure are distorted by the added stiffness in the stiction elements. 

The modal frequencies of each mode will tend between those of the undamped structure, 𝜔𝑛, and 

a higher damped frequency, 𝜔𝐷,𝑛. The ratio of the two frequencies is defined by 

 
𝜔𝐷,𝑛

𝜔𝑛
= √1 +

𝑘𝑓

𝑘
⁄  (4-65) 

The frequency ratio is amplitude dependent and is presented in Figure 4-36 a) for stiffness-

connected stiction elements with a sliding displacement of 0.01 m and friction force of 50 kN. The 

upper bound of the frequency ratio occurs at low amplitudes and is equal to √1 + 5000 87000⁄ =

1.0283. A 2.8% increase in frequency is an acceptable distortion. As the amplitude increases the 

distortion decreases, because as the stiction elements at each DOF slide a smaller fraction of each 

oscillation experiences the larger stiffness. The described system is only lightly damped with a 

peak damping ratio of approximately 0.8%. Damping is increased by increasing the friction force, 

which in turn linearly increases the damper stiffness. An increase in damping causes an increase 

in the frequency distortion. Figure 4-36 b) demonstrates the frequency distortion if the damping is 

increased to a peak of 5%, for which the upper bound of the frequency ratio becomes 1.1708. The 

17% increase in frequency is significant and is discussed in later sections. 

  

Figure 4-36 Frequency distortion in 5DOF reference structure by one stiction element 

per DOF – a) 𝝃𝒎𝒂𝒙 = 𝟎. 𝟖%, and b) 𝝃𝒎𝒂𝒙 = 𝟓% 

4.4.2 MDOF systems vibrating in multiple modes 

The damping provided by stiction dampers when multiple modes are vibrating simultaneously is 

similar to that of Coulomb dampers. Figure 4-37 a) and b) demonstrate the modal decay envelopes 
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when all five modes are released to vibrate freely from the same amplitude. In comparison to Figure 

4-22 b) and Figure 4-26 the decay envelopes of Figure 4-37 follow a similar trajectory. As is 

expected, the system with stiction elements provides slightly slower decay in all five modes. 

Similar interaction between the modes to that described for Coulomb dampers exists. 

  

Figure 4-37 Modal decay envelope for 5DOF reference structure from initial 

displacement of all five modes – a) mass, and b) stiffness-connected stiction dampers 

The simplified two mode damping analysis is difficult to apply to MDOF systems with stiction 

elements. The function of the stiction elements is dependent on the distance travelled between each 

change of direction. The two mode damping ratio surfaces for modes 2 and 3 vibrating 

simultaneously are presented in Figure 4-38 and Figure 4-39 for mass and stiffness-connected 

stiction dampers respectively (note that the horizontal axes orientations are reversed with respect 

to previous surface plots for clarity). The surfaces are calculated using the numerical integration 

procedure rather than the simplified method. 

The single mode damping ratio is zero in either mode at amplitudes below the sliding displacement. 

Figure 4-38 and Figure 4-39 show that the normalised damping ratios in two modes vibrating 

simultaneously increase quickly above unity at amplitudes less that the sliding displacement. The 

increased damping is due to the interaction of the two modes where the total peak to peak combined 

displacement is greater than the sliding displacement, so energy is dissipated in both modes, even 

though their individual amplitudes may be less than the sliding displacement. The normalised 

damping ratios at amplitudes larger than the sliding displacement are similar in nature to the 

Coulomb friction damped structure (recall Figure 4-19 and Figure 4-28 for mass and stiffness-

connected Coulomb dampers respectively). The amount of damping in each mode is still dependent 

on the relative velocities of the two modes that are a function of the two amplitudes and 

frequencies. 
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Figure 4-38 Damping ratios normalised by the single mode value for structures with 

mass-connected stiction elements vibrating in two modes – a) mode 2, and b) mode 3 

  

Figure 4-39 Damping ratios normalised by the single mode value for structures with 

stiffness-connected stiction elements vibrating in two modes – a) mode 2, and b) mode 3 

 SDOF SYSTEMS WITH MULTIPLE STICTION ELEMENTS 

Energy dissipation in structures can potentially be modelled with a large quantity of small friction 

mechanisms (Jeary 1997). The sliding amplitudes and friction forces vary in magnitude amongst 

the different types of mechanisms. A single stiction element is unlikely to be able to mimic the 

damping properties of numerous elements in the real structure. 
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Figure 4-40 SDOF system with three stiction elements 

  

Figure 4-41 Damping ratios by amplitude for a SDOF structure with 1,000 stiction 

elements with constant friction force and uniformly distributed sliding displacements – 

a) damping ratio by amplitude, and b) damping force 

To improve the performance of damping from stiction elements multiple elements can be 

implemented in parallel. An example of a SDOF system with three stiction elements in parallel is 

shown in Figure 4-40. The properties of the stiction elements can be chosen to emulate a desired 

amplitude dependent damping relationship. To demonstrate the process, consider a SDOF system 

with a single viscous damper designed to provide a damping ratio of 5%. As an alternative, a group 

of 1,000 stiction elements with a simple, uniform distribution of sliding displacements and constant 

friction force generates amplitude dependent damping between 3 and 5%, as shown in Figure 4-41 

a). The sliding displacements of the 1,000 stiction elements are uniformly distributed between 0 

and 1 m, as shown in by the probability density function in Figure 4-42 a). The damping ratio curve 

from the uniformly distributed stiction elements increases from zero at zero amplitude to a value 

of 5% at an amplitude of 1. Figure 4-41 b) presents the damping force hysteresis for the stiction 
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and viscous models vibrating at an amplitude of 1 m. The stiffness of the stiction elements observed 

in the hysteresis also alters the period of the SDOF system which is indicated by the non-zero 

damping force at the displacement peaks. 

  

  

Figure 4-42 Details of 1,000 stiction element arrangements with constant friction force – 

a) probability density distributions of sliding displacements, b) damping force hysteresis 

curves, c) damping ratio by amplitude, and d) period distortion 

The amplitude dependent damping ratios of a SDOF system can be controlled by manipulating the 

distribution of the sliding displacements, friction forces or spring stiffness of multiple stiction 

elements. Aquino and Tamura (2013) determined that the sliding displacement distribution is the 

most effective means to control the amplitude dependency of damping ratio. The distributions of 

friction force and damper stiffness are more effective in controlling the magnitude of damping 

ratio. To demonstrate, consider a SDOF system with a target of 5% equivalent viscous damping at 

an amplitude of 1 m. The 1,000 stiction elements can be specified with various distributions of 

sliding displacements, a selection of which are demonstrated in Figure 4-42 a). Each stiction 

element has the same constant friction force but the sliding displacements are described by either 



 

 - 144 - 

a uniform, normal, log-normal, Weibull or gamma distribution. The parameters of each probability 

density function are summarised in Table 4-4. The 1,000 sliding displacements are selected using 

the inverse of the cumulative density functions (CDFs) in MATLAB (The Mathworks Inc 2010). 

The damping force hystereses corresponding to the five example sliding displacement distributions 

are shown in Figure 4-42 b). Visually the difference between the five hysteresis loops appears 

minor. Note that at an amplitude of 1 m the elastic restoring force in the system spring is equal to 

39.5 kN, meaning that the peak damping force of 6.62 kN is 16.7% of the concurrent peak restoring 

and inertia forces. 

Table 4-4 Properties of 1,000 stiction element sliding displacement distributions 

 Distribution Parameter Value Parameter Value Scale  

 Uniform Min 0 Max 1 1  

 Normal Mean 0.5 Std. Dev. 0.15 1  

 Log-normal Mean 0 Std. Dev. 1 1/3  

 Weibull Scale Fac. 1 Shape Fac. 2.5 1/2  

 Gamma Shape Fac. 5 Scale Fac. 1 1/10  

        

The small observed variation between the hysteresis curves causes large differences between the 

amplitude dependent damping ratios of the SDOF system. Figure 4-42 c) presents the amplitude 

dependent damping ratios generated by the five sliding displacement distributions. The damping 

ratios from the uniform and lognormal distributions increase quickly from zero whereas the normal, 

Weibull and gamma distributions increase more slowly. The lognormal and Weibull distributions 

prompt more elements to slide at lower amplitudes, so they exhibit a peak damping ratio that is 

larger and at a lower amplitude than targeted. All five distributions converge to the same curve as 

the amplitude increases. 

Table 4-5 Stiffness and period distortion of 1,000 stiction element sliding displacement 

distributions 

  Uniform Normal Log-normal Weibull Gamma  

 (∑𝑘𝑓) 𝑘⁄  1.264 0.407 0.833 0.501 0.422  

 Minimum 𝑇 𝑇𝑛⁄  0.665 0.843 0.739 0.816 0.839  

 Maximum 𝜔 𝜔𝑛⁄  1.504 1.186 1.353 1.225 1.192  

        

Figure 4-42 d) demonstrates the period distortion introduced by the 1,000 stiction element 

distributions with a target damping ratio of 5% at an amplitude of 1 m. The sum of the stiction 

element stiffnesses is considerable, ranging from 1.26 times the system stiffness for the uniform 
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distribution and 0.41 for the normal distribution. The added stiffness results in between 15 and 

34% period distortion at zero amplitude. The period distortion increases with decrease in sliding 

displacement values. Such period distortion can have a significant effect on earthquake response 

parameters and is considered in Chapter 6 by combining stiction damping with a structure with 

reduced stiffness. 

The question becomes which distribution of damping ratios is most appropriate for emulating 

damping in real buildings. Newmark (1967) contends that for welded steel buildings damping 

should be 0.5% at low amplitudes, 2% at half the yield amplitude and 5% at the point of yield. The 

recommendations for reinforced concrete are 1, 3 and 7% at the same amplitude points. The 

Newmark recommendations appear to be the basis of the recommended damping values in modern 

design codes. The damping estimation models reviewed in Chapter 2 all expect damping to 

increase with amplitude. Jeary (1997) expects the friction mechanisms to be lognormally 

distributed to account for the large structural joints sliding at low forces and amplitudes, and the 

small material imperfections sliding at higher stresses and amplitudes. A lognormal distribution as 

suggested by Jeary does not fit with the other estimation models fitted to observed data. 

The normal distribution is well understood and provides a good fit with the Newmark 

recommended values. Implementing 1,000 stiction elements per DOF is not computationally viable 

for commercial analyses. A coarser discretisation of the normal distribution may be able to capture 

the amplitude dependent properties of a more populated sample. 

To explore the accuracy of a reduced number of stiction elements consider Figure 4-43 a), which 

shows the amplitude dependent damping ratios of systems with 1000, 10, 5, 3 and 1 normally 

distributed elements. Once again, the sliding displacements are determined from the inverse CDFs. 

Figure 4-43 a) shows that reducing the number of elements in this manner eliminates the low 

amplitude damping and approaches the curve for a single element with a sliding displacement equal 

to the mean value. The inverse CDF approach with a reduced number of elements is not a good 

approximation for the damping properties of a more populated distribution. 
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Figure 4-43 Damping ratios by amplitude for a SDOF structure with a) normally 

distributed sliding displacements, and b) manually selected sliding displacements and 

friction forces 

An alternative to the inverse CDF approach is to adopt a small number of stiction elements with 

manually selected sliding displacements and varied friction forces. The manual approach allows 

the preservation of low amplitude damping and the flexibility to achieve any number of amplitude 

specific damping ratios. Figure 4-43 b) compares the damping from 1,000 stiction elements with 

normally distributed sliding displacements to that from 6 and 3 manually selected elements. The 

six elements are selected by approximation of the normal probability density function used to 

generate the 1,000 elements. The sliding displacements of the six elements are selected to be 0.5, 

1.5 and 2.5 standard deviations (𝜎 = 0.15) either side of the mean (𝜇 = 0.5). The friction forces 

of the sliders are set to reflect the percentage of the distribution contained within each standard 

deviation from the mean. The elements with sliding displacement equal to 𝜇 ± 0.5𝜎 have a friction 

force equal to 341 times the constant 1,000 element value. Similarly, the 𝜇 ± 1.5𝜎 and 𝜇 ± 2.5𝜎 

have friction forces equal to 136 and 21 times the 1,000-element value respectively. 

Inspection of amplitudes above 0.65 m in Figure 4-43 b) shows that the stiction elements with 

larger sliding displacements have less of an effect on the shape of the six-element curve. A similar 

damping by amplitude relationship is attainable using less elements by grouping all the elements 

above the mean into one. The three-element arrangement has elements with sliding displacements 

of 0.05, 0.275 and 0.5 m and friction forces of 10, 200 and 750 times the 1,000-element value. 

Inspection of the dotted line in Figure 4-43 b) demonstrates that the three-element arrangement is 

able to provide a satisfactory approximation of the 1,000-element normal distribution at 0.3% the 

computational cost (where the computational cost is quantified by the time taken to complete the 

MATLAB analysis). Note that the smallest sliding displacement in the three-element arrangement 



 

 - 147 - 

is set to 0.05 m to reduce the low amplitude zero damping range compared to the 0.125 m value of 

the six-element arrangement. 

 

Figure 4-44 Period distortion for SDOF system with 3 manually specified stiction 

elements 

Period distortion for the three-element arrangement is also similar to that of the full normal 

distribution, as can be seen by comparing Figure 4-42 d) and Figure 4-44. The magnitude of the 

period distortion is a function of the peak damping ratio because the increase in friction force to 

provide more damping corresponds to an increase in damper stiffness. Figure 4-44 demonstrates 

the difference in period distortion for three element distributions with 5 and 2% target peak 

damping ratios. The damping forces in the 5% case are reduced by a factor of 0.384 for the 2% 

case and the sliding displacements remain the same. At large amplitudes the period distortion tends 

towards being linearly proportional to the damping ratio. At low amplitude the energy stored in the 

damper spring is an increasingly significant fraction of the total stored energy so comparatively 

more period distortion is observed with decrease in damping ratio. 

In summary,  

• a normal distribution of many stiction elements provides good correlation with Newmark’s 

observed damping behaviour in structures.  

• Weibull and Gamma distributions can be tuned to provide similar damping behaviour, but 

they are less understood and harder to tune.  

• A small number of stiction elements can replicate the damping behaviour arising from 

stiction element arrangements of highly populated statistical distributions. A three-element 

arrangement can provide a good comparison to 1,000 normally distributed elements.  
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• The sliding displacements and friction forces of a three-element arrangement could be 

manipulated to provide other damping by amplitude relationships. 

4.5.1 SDOF linear elastic response spectra 

The period distortion introduced by stiction elements can cause the response of the system to 

diverge from the equivalent viscous damping equivalent. To demonstrate, consider the SDOF 

Reference Structure 1 with either 5% viscous or the amplitude dependent damping ratios depicted 

in Figure 4-45 a) that are provided by five stiction elements. The stiffness of the stiction elements 

give a minimum period distortion value of 0.65 at small amplitudes. The El Centro displacement 

response spectrum for the two damping models is presented in Figure 4-45 b). Notice that for the 

El Centro record the amplitude of the two curves is similar in magnitude but the stiction element 

model response has shifted towards the longer periods. The shift effect occurs because the effective 

period of the structure with stiction elements is shorter than the period of the system with viscous 

damping. 

  

Figure 4-45 SDOF subjected to El Centro ground motion – a) amplitude dependency of 

5 element stiction damping, and b) spectral displacement for viscous and stiction 

damping formulations 

The period distortion influences the outcome of earthquake response analysis. In this example, the 

stiction damped structures with periods less than 2.9 s will mostly exhibit displacement response 

less than the viscous alternative. Conversely, structures with periods greater than 2.9 s will exhibit 

larger displacement response. For the general case, when the viscous damped response spectrum 

is increasing the stiction alternative will reach a smaller amplitude, and when the viscous spectrum 

is decreasing the stiction spectrum will be larger. The shift effect should be carefully considered if 
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stiction damping is being used to ensure the earthquake response is realistic and that the input 

motion is suitable. 

 MDOF SYSTEMS WITH MULTIPLE STICTION ELEMENTS PER DOF 

This Section explores the damping properties of the 5 DOF Reference Structure with multiple 

stiction elements per DOF. 

4.6.1 MDOF systems vibrating in one mode only 

The damping properties of the 5 DOF reference structure with multiple stiction elements is a blend 

of the SDOF multiple element (Figure 4-43) and 5 DOF single element curves (Figure 4-34 and 

Figure 4-35). The single mode damping by amplitude relationships for the 5 DOF structure with 

100 normally distributed stiction elements per storey are presented in Figure 4-46. The normal 

distribution of the previous demonstration (𝜇 = 0.5, 𝜎 = 0.15) is scaled to make the peak first 

mode damping ratio occur at an amplitude of 0.1 m. The scale factors for the normal distributions 

for the mass and stiffness-connected damper cases are 0.080 and 0.024 respectively. The sum of 

the friction forces for each storey is 50 kN, the same as the one damper per storey case. Figure 

4-46 a) and b) show similar modal relationships to those exhibited in Figure 4-34 a) and Figure 

4-35 b) but with curves of the shape in Figure 4-43. 

  

Figure 4-46 Damping ratios by amplitude for 5DOF reference structure with 100 stiction 

elements per storey – a) mass-connected, and b) stiffness-connected 

The 5 DOF structure with three manually selected elements exhibits the same combination of the 

previous examples. Figure 4-47 demonstrates the nature of the damping ratios given by the three 

element arrangements for mass and stiffness-connected dampers. The sliding displacements from 

the example presented in Figure 4-43 b) are scaled by the same factors as for the 100-element 
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distribution of Figure 4-46. The damping ratio curves of Figure 4-47 exhibit the modal 

relationships of the single element 5 DOF demonstration and amplitude dependencies of the SDOF 

system with three elements. 

  

Figure 4-47 Damping ratios by amplitude for 5DOF reference structure with 3 manually 

selected stiction elements per storey – a) mass-connected, and b) stiffness-connected 

The amplitude and modal dependencies of the 5 DOF structure’s damping ratios show clear trends. 

Mass-connected stiction elements provide damping ratios that are inversely proportional to the 

square of frequency. The amplitude dependency of the damping ratios is similar for each mode 

except for the magnitude of the curve. The damping ratio in the fundamental mode is much larger 

than in the higher modes due to the low frequency of the fundamental mode. Stiffness-connected 

stiction elements provide damping ratios that are the same for all modes except for the scale of the 

horizontal amplitude axis. The amplitude at which the peak damping ratio occurs is inversely 

proportional to the modal frequency. 

The previous literature review revealed that the damping ratios in higher modes are of similar 

magnitude to the fundamental mode value. Researchers have proposed predictive formula for 

higher mode damping ratios that are linearly increasing from the fundamental mode value. Mass-

connected stiction elements are unable to encapsulate linearly increasing or even constant damping 

ratios for the higher modes. In addition to being physically unrealistic, the mass-connected dampers 

do not reflect observed damping behaviour. Consequently, mass-connected dampers are not 

considered in future sections. Meanwhile stiffness-connected stiction elements provide damping 

of similar magnitude in all modes of vibration when they vibrate alone. Differences between modes 

are possible due to the amplitude dependencies of the dampers in each mode. The higher modes 

will vibrate at lower amplitudes during an earthquake due to their small mass participation so 

simultaneous damping ratios of similar magnitude are possible. 
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Figure 4-48 Frequency distortion in 5DOF reference structure with three stiction 

elements per DOF – a) 𝝃𝒎𝒂𝒙 ≈ 𝟎. 𝟖%, and b) 𝝃𝒎𝒂𝒙 ≈ 𝟓% 

The distortion of the 5DOF structures modal frequencies by the three-element arrangement is 

shown in Figure 4-48. Figure 4-48 a) shows the curves for when the sum of the damping forces is 

equal to 50 kN, or a peak damping ratio approximately equal to 0.8%. Figure 4-48 b) shows the 

same curves for when the damping force is increased to 330 kN to give a peak damping ratio of 

5%. The two plots exhibit similar curvature but with a larger vertical axis scale in the 5% curves. 

The upper bound of 17.7% distortion for the 5% damped case similar to the value for the 5% 

damped structure with one stiction element. When multiple modes vibrate simultaneously the 

frequency distortion is a function of the relative modal amplitudes in the same manner as for the 

modal damping ratios. 

4.6.2 Effect of number of storeys on modal damping ratios 

The literature review of Chapter 2 reveals that the observed fundamental mode damping ratios in 

buildings are a function of period, which is in turn a function of the number of storeys. This Section 

investigates the damping behaviour of frame structures with various number of storeys. 

Consider the three stiffness-connected stiction elements per storey approximation of the previous 

section but applied to buildings with 2, 5, 10, 15 and 20 storeys. Each storey has the same properties 

as those of the 5 DOF Reference Structure 2. The modal damping ratio by amplitude curves for the 

modes of the 10-storey structure are presented in Figure 4-49 a) as an example of the other 

structures. Figure 4-49 b) presents the first mode damping ratio curves for each of the five 

structures. Note all the structures have the same peak damping ratio, with the peaks occurring at 

modal amplitudes proportional to the number of stories. That is to say that the amplitude axis of 
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the curves is inversely proportional to the frequency of the mode in the same manner as the five 

modes of the 5 DOF structure. 

  

Figure 4-49 Damping ratios by amplitude for structures with 3 manually selected 

stiffness-connected stiction elements per storey – a) modes of 10 storey structure, and b) 

fundamental mode of 2, 5, 10, 15 and 20 storey structures 

In the literature, the fundamental mode damping has often been expressed with respect to the 

amount of drift rather than modal amplitude. The drift can be described as a non-dimensional 

amplitude defined by 𝑦 𝐻⁄  where 𝑦 is the peak first mode amplitude and 𝐻 the height of the 

building. Figure 4-50 a) presents the fundamental mode damping of the five structures again but 

with respect to the non-dimensional amplitude. The damping curves are not completely 

homogenised by the drift normalisation as period is not linearly proportional to building height. 

The damping ratios for the five fundamental periods are very similar. 

 

Figure 4-50 First mode damping ratios of structures of various number of storeys with 

respect to drift 
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This demonstration my not be completely representative of reality as real buildings tend to have 

different stiffnesses arranged up over their height, particularly as they become taller. The variation 

in stiffness amongst the buildings with different number of storeys would cause the mode shapes 

of the to be change and the amplitude dependent damping relationships to be slightly different. 

4.6.3 MDOF systems vibrating in multiple modes 

Once again, the energy dissipation in each mode changes significantly when multiple modes are 

vibrating concurrently. Figure 4-51 presents the damping ratio surfaces for modes 2 and 3 vibrating 

at varied amplitudes with the previously described three manually selected stiffness-connected 

stiction elements at each storey. The surfaces are generated using the numerical integration method. 

The surfaces of Figure 4-51 are similar to the surfaces for a single Coulomb friction damper of 

Figure 4-28 except in that they do not return completely to zero at zero amplitude in the mode 

where its damping ratio is under consideration. The damping ratios when multiple modes are 

vibrating are dependent on the relative amplitudes and frequencies of the modes. 

  

Figure 4-51 Damping ratios normalised by the single mode value for structures with 3 

manually selected stiffness-connected stiction elements per storey vibrating in two 

modes – a) mode 2, and b) mode 3 

Figure 4-52 presents the modal decay envelopes for all five modes released to freely vibrate from 

the same amplitude simultaneously. The modal decay envelopes are similar to those discussed for 

systems with one stiction element per storey presented in Figure 4-37 b) and systems with one 

Coulomb damper per storey presented in Figure 4-26. Comparison of the envelopes of the stiction 

and Coulomb arrangements shows that the nature of the modal damping is dependent on the same 

amplitude and frequency parameters irrespective of the type or number of friction type elements. 
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Figure 4-52 Free vibration decay envelopes for structure with 3 manually selected 

stiffness-connected stiction elements per storey when all five modes are released from 

the same amplitude simultaneously 

4.6.4 Modal damping ratios during earthquakes 

The conditions at which amplitude dependent damping ratios relationships were discovered 

previously are very different than those that occur during earthquakes. Earthquakes and the ensuing 

response of structures are irregular and are not at steady state amplitudes. Overall structural 

response is usually dominated by the fundamental mode contribution with decreasing input from 

the higher modes. 

To consider the damping ratios that may arise during an earthquake, we can repeat the simplified 

analyses from previous with the relative modal displacement amplitudes scaled to resemble 

amplitudes anticipated during earthquake response. Modal contribution factors are a measure of 

the contribution of each mode to a global response parameter and can be used to scale the relative 

modal amplitudes for the steady state damping analyses. To determine the modal contribution 

factors, we first need to define the external force vector for the 5DOF structure as 

 𝑠 = [1; 1; 1; 1; 1] (4-66) 

We can then define the modal participation ratio of mode 𝑛 as the modal contribution to the global 

response to 𝑠 as follows 

 Γ𝑛 =
𝜙𝑛

𝑇𝑠

𝑀𝑛
 (4-67) 
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where 𝜙𝑛 is the mode shape and 𝑀𝑛 is the modal mass of mode 𝑛. The mode 𝑛 static displacement 

response to the external force vector at DOF 𝑖 is 

 𝑢𝑖,𝑛
𝑠𝑡 =

Γ𝑛

𝜔𝑛
2
𝜙𝑖,𝑛 (4-68) 

Meanwhile the global static response to the external force vector is 

 𝑢𝑠𝑡 = 𝐾\𝑠 (4-69) 

Thus, the modal contribution factor of mode 𝑛 to the global displacement response at DOF 𝑖 is 

 
𝑢𝑖,𝑛

𝑠𝑡

𝑢𝑠𝑡,𝑖
 (4-70) 

We can then manipulate the modal contribution factor for DOF 𝑖 displacement to represent the 

relative modal amplitude as follows 

 
𝑢𝑖,𝑛

𝑠𝑡

𝑢𝑠𝑡,𝑖

1

𝜙𝑖,𝑛
 (4-71) 

The modal contribution factors for roof (DOF 5) displacement and modal amplitude are listed in 

Table 4-6. 

To investigate the magnitude of the damping ratios during an earthquake we can extend the 

numerical solution of the steady state response of two modes vibrating simultaneously to all five 

modes. For a given total roof displacement amplitude, the modal amplitudes can be scaled in 

accordance with the modal amplitude modal contribution factor. 

Table 4-6 Modal contribution factors for various response parameters of the 5DOF 

reference structure 

 Mode (𝑛) 1 2 3 4 5  

 Roof Displacement 1.0300 -0.0375 0.0077 -0.0025 0.0008  

 Modal Amplitude  1.0300 0.0408 0.0101 0.0045 0.0029  
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The modal damping ratios expected in each mode vibrating alone are shown in Figure 4-53 a). The 

single mode damping ratios are shown for comparison with the damping ratios experienced when 

all five modes are vibrating simultaneously. The modal amplitudes are equal to the total roof 

displacement multiplied by the modal amplitude modal contribution factor. Notice that for the 

range of total roof displacements considered, modes 3 through 5 only experience sliding in one 

friction element and have equivalent viscous damping ratios less than 0.10%. All three stiction 

elements experience sliding in modes 1 and 2 and their damping ratios peak at 0.75 and 0.58% 

respectively. 

The modal equivalent viscous damping ratios when all modes are vibrating simultaneously at 

steady state amplitudes are shown in Figure 4-53 b). The damping ratios are averages determined 

using numerical integration of the global damping forces with respect to the modal displacement 

contributions over 20 oscillations of the fundamental mode. Figure 4-53 b) shows that the 

fundamental mode damping ratios are similar to the single mode values in Figure 4-53 a). The 

second mode damping ratios increase at amplitudes less than 0.4 m, but are less than the single 

mode values at amplitudes greater than 0.4 m. The damping ratios of modes 3, 4 and 5 are larger 

than the single mode values across the entire range of amplitudes. At amplitudes above 0.3 m the 

damping ratios of modes 1, 2 and 3 are similar and the ratios of modes 4 and 5 are approximately 

half of mode 1. The modal values are not equal, nor do they increase with mode number as 

suggested by the Japanese literature reviewed in Section 2.2.9. 

  

Figure 4-53 Damping ratios by total roof displacement for structures with 3 manually 

selected stiction elements per storey and relative modal amplitudes proportional to the 

modal amplitude modal contribution factors – a) single mode values, and b) all modes 

vibrating simultaneously 
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The amplitude range of most interest is at amplitudes smaller than the peak damping ratio, which 

occurs at 0.1 m. This range is most interesting because in inelastic analyses the peak fundamental 

mode damping ratio is calibrated to occur at the yield displacement. A plot of the simultaneous 

damping ratios zoomed into the 0-0.10 m amplitude range is shown in Figure 4-54 a). The exercise 

is repeated in Figure 4-54 b) but with the friction forces increased to provide approximately 5% 

peak equivalent viscous damping in the fundamental mode. The 0.8 and 5% peak damping 

examples follow similar trends. All the modes damping ratios increase with amplitude which is 

consistent with the Newmark recommendations. The higher mode damping ratios are smaller than 

that of the fundamental mode and is not consistent with recommendations. The first mode damping 

ratio is approximately twice the second mode ratio and five times the 3rd, 4th and 5th mode ratios. 

However, the simple scaling of the relative modal steady state amplitudes is only an approximation 

of the conditions during earthquake response. Further investigation is required in time history 

analyses to understand the performance of three element stiction damping in MDOF analyses. Such 

analyses have been undertaken and are detailed in Chapter 7. 

  

Figure 4-54 Damping ratios by total roof displacement for structures with 3 manually 

selected stiction elements per storey and relative modal amplitudes proportional to the 

modal amplitude modal contribution factors with all modes vibrating simultaneously – 

a) 𝝃𝟏,𝒎𝒂𝒙 = 𝟎. 𝟖%, and b) 𝝃𝟏,𝒎𝒂𝒙 = 𝟓% 

 SDOF SYSTEMS WITH MODIFIED COULOMB FRICTION DAMPERS 

The MCF damping model, introduced in Section 3.6.1, is an alternative damping model that can 

emulate viscous damping and is also able to implement amplitude dependent damping in SDOF 

systems. One challenge for the MCF model for SDOF systems arises when the system is subjected 

to ground motions. In such instances, the relative and absolute energy formulations are different 

and the choice of energy formulation can affect the nature of the MCF damping forces. 
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The relative and absolute energy formulations are derived by Uang and Bertero (1990) to satisfy 

the equation 

 𝑊𝑖 = 𝑊𝑘 + 𝑊𝑑 + 𝑊𝑠 + 𝑊ℎ (4-72) 

where the subscripts 𝑖, 𝑘, 𝑑, 𝑠 and ℎ refer to the input, kinetic, elastic damping, stored strain 

potential and hysteretic energies. The elastic damping, strain potential and hysteretic energies are 

identical for both the relative and absolute formulations. The kinetic and input energies are 

different for the two formulations because they can be calculated from either the relative or total 

(absolute) velocity and accelerations respectively. For the energy term, 𝑊, in the MCF damper 

force Equation (3-18) the kinetic energy can be expressed in relative terms as 

 𝑊𝑘𝑟 =
𝑚�̇�2

2
 (4-73) 

or in absolute terms as 

 𝑊𝑘𝑡 =
𝑚�̇�𝑇

2

2
 (4-74) 

where �̇� and �̇�𝑇 are the structural (relative) and total (absolute) velocities respectively. The choice 

of kinetic energy term effects the MCF damper forces and requires further consideration. 

To demonstrate the effect of the energy formulation on MCF forces, consider SDOF Reference 

Structure 1 but with an MCF damper. To provide a target equivalent viscous damping ratio the 

MCF damper coefficient is set in accordance with 

 𝑐𝑓 =
𝜉𝜋𝑘

2𝑢2𝜆−1
 (4-75) 

where 𝑢 is the target amplitude, 𝜆 the damper exponent, and 𝑘 the system stiffness. For this 

demonstration the MCF damper coefficient is equal to 28.1 kN/m. The structure is subjected to 

sinusoidal ground motions of varied frequency. The steady state energy responses to excitation 

with frequencies half and twice the natural frequency (frequency ratio, 𝛽 = �̅� 𝜔⁄ , equal to 0.5 and 

2 respectively) are shown in Figure 4-55. Figure 4-55 a) and b) demonstrate the ground, structure 

and total velocities for the two frequency ratios, where the excitation is scaled so that each structure 
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has the same displacement amplitude. Figure 4-55 shows that for excitation frequencies smaller 

than the system frequency the response is approximately in phase with the excitation, while for 

excitation frequencies larger than the system frequency the response is approximately 180o out of 

phase. The phase difference means that at frequency ratios less than 1 the ground and relative 

velocities are additive and the total velocity is larger than the relative velocity. Meanwhile at 

frequency ratios greater than one the relative and ground velocities are opposing so the total 

velocity is less than the relative. 

  

  

Figure 4-55 Steady state response of a SDOF system with 5% viscous damping to forced 

vibration – a) and b) relative, ground and total velocities for 𝜷 = 𝟎. 𝟓 and 𝜷 = 𝟐 

respectively, and c) and d) strain, relative kinetic and absolute kinetic energies for 𝜷 =
𝟎. 𝟓 and 𝜷 = 𝟐 respectively 

More accurately, the phase of the response with respect to the excitation is defined as 
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 𝜑 = 𝑎𝑡𝑎𝑛 (
2𝜉𝛽

1 − 𝛽2
) (4-76) 

and is shown in Figure 4-56 a) for a viscous damping ratio of 5%. The relative amplitude of the 

response with respect to the static response (the deformation response factor) is given by 

 𝑅𝑑 =
1

√(1 − 𝛽2)2 + (2𝜉𝛽)2
 (4-77) 

  

Figure 4-56 a) Forced vibration of a SDOF system with 5% viscous damping – a) phase 

angle 𝝋, and b) ratio of total to relative velocity 

To quantify the effect of the phase of the response, consider the situation when there are two 

simultaneous sinusoids of the same frequency (at steady state response the structure responds at 

the excitation frequency). If the ground excitation is defined as �̈�𝑔 = �̅�𝐴𝑐𝑜𝑠(�̅�𝑡) then the ground 

velocity is �̇�𝑔 = 𝐴𝑠𝑖𝑛(�̅�𝑡) and the response velocity is 

 

�̇� =
−𝐴𝑚𝑅𝑑�̅�2

𝑘
𝑐𝑜𝑠(�̅�𝑡 − 𝜑) 

�̇� =
𝐴𝑚𝑅𝑑�̅�2

𝑘
𝑠𝑖𝑛 (�̅�𝑡 +

3𝜋

2
− 𝜑) 

(4-78) 

The sum of the two velocity waves is then defined as 

 �̇�𝑇(𝑡) = �̇�𝑇𝑠𝑖𝑛(�̅�𝑡 + 𝛾) (4-79) 
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Where the amplitude of the total velocity is 

 �̇�𝑇 = 𝐴√1 + (
𝑅𝑑�̅�2𝑚

𝑘
)

2

+ 2
𝑅𝑑�̅�2𝑚

𝑘
𝑐𝑜𝑠𝜑 (4-80) 

The ratio of total velocity amplitude, �̇�𝑇, to the relative velocity amplitude, �̇�, is shown in Figure 

4-56 b). Figure 4-56 shows that the ratio of the total to relative velocity increases with decrease in 

frequency ratio. In fact, the ratio is inversely proportional to the frequency ratio squared, i.e. 

 �̇�𝑇 �̇�⁄ = 1 𝛽2⁄  (4-81) 

The relationship between the velocity and frequency ratio means that the two examples where the 

frequency ratio is equal 0.5 and 2.0 represent opposite situations – i.e. the �̇�𝑔 amplitude is the same 

for both examples, while the �̇�𝑇 amplitude from the 𝛽 = 0.5 example is equal to the �̇� amplitude 

from the 𝛽 = 2.0 example, and the �̇�𝑇 amplitude from the 𝛽 = 2.0 example is equal to the �̇� 

amplitude from the 𝛽 = 0.5 example. 

The kinetic energies for the 𝛽 = 0.5 and 𝛽 = 2.0 examples are shown in Figure 4-55 c) and d) 

respectively. The relative kinetic energy is equal to 𝛽2𝑊𝑠 while the absolute energy is equal to 

𝑊𝑠 𝛽2⁄ . This means that as the frequency ratio diverges from 1 the kinetic energy diverges from 

the strain potential energy. 

The effect of the divergent relative and absolute kinetic energies on the MCF damper forces for 

frequency ratios of 0.5 and 2.0 are shown in Figure 4-57 a) and b) respectively. For frequency 

ratios less than 1 the MCF damper forces derived from relative kinetic energy provide less energy 

dissipation than the absolute kinetic energy equivalent, but both formulations provide more energy 

dissipation than viscous damping. When the frequency ratio is greater than 1 the MCF damper 

forces derived from relative kinetic energy provide more energy dissipation than the absolute 

kinetic energy equivalent, while both formulations provide less energy dissipation than viscous 

damping. 
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Figure 4-57 Relative energy MCF, absolute energy MCF and viscous damping forces for 

a SDOF system with 5% equivalent viscous damping under steady state forced vibration 

– a) 𝜷 = 𝟎. 𝟓, and b) 𝜷 = 𝟐 

The third frequency ratio example to consider is when 𝛽 = 1, when the system is excited at its 

natural frequency. The steady state velocities and kinetic energies for 𝛽 = 1 are shown in Figure 

4-58 a) and b) respectively. Figure 4-58 a) shows that the response lags the excitation by 𝜋 2⁄  and 

the response amplification is approximately equal to 1 2𝜉⁄ = 10. In Figure 4-58 b) the peaks of 

the strain potential and relative kinetic energies are equal. The peak absolute kinetic energy is 1% 

larger than the relative kinetic energy and leads by 𝑡𝑎𝑛(𝛾) = 1 2𝜉⁄ . 

  

Figure 4-58 Steady state response of a SDOF system with 5% viscous damping and 𝜷 =
𝟏 – a) relative, ground and total velocities, and b) strain, relative kinetic and absolute 

kinetic energies 

The damping forces when 𝛽 = 1 are shown in Figure 4-59. Both the relative and absolute energy 

formulations of MCF damping provide energy dissipation that is equal to that of viscous damping. 
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The relative energy MCF damping forces are rectangular (emulating Coulomb friction) while the 

absolute energy MCF forces oscillate about the relative forces while enclosing the same area. 

 

Figure 4-59 Relative energy MCF, absolute energy MCF and viscous damping forces for 

a SDOF system with 5% equivalent viscous damping under steady state forced vibration 

where 𝜷 = 𝟏 

The effect of the different types of damping force on the displacement response is shown in Figure 

4-60 a), b) and c) for the for 𝛽 equals 0.5, 2 and 1 examples. In the 𝛽 = 0.5 example the steady 

state amplitude of the absolute energy MCF damping system is smaller than the relative energy 

MCF and viscous amplitudes. In the 𝛽 = 2 example the steady state amplitude of the relative 

energy MCF is smaller than the absolute energy MCF amplitude but larger than the viscous damped 

response. Finally, in the 𝛽 = 1 example the difference between the responses of the three different 

systems is negligible. 

MCF damping with 𝜆 = 0.5 is not amplitude dependent and the damping ratios can be compared 

with the constant viscous damping ratio in spectral form, as shown in Figure 4-61. The damping 

ratios for both the relative and absolute energy MCF damping formulations when subjected to 

steady state harmonic ground motions are inversely proportional to a function of 𝛽. The absolute 

energy MCF damping is inversely proportional to a higher power of 𝛽 than the relative energy 

formulation. This means that the damping ratios provided by the relative energy MCF damping are 

always closer to the target viscous damping ratios than absolute energy MCF damping. 
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Figure 4-60 Displacement response histories of a SDOF system with 5% equivalent 

viscous damping subjected to harmonic ground motion – a) 𝜷 = 𝟎. 𝟓, b) 𝜷 = 𝟐, and c) 

𝜷 = 𝟏 

A way to find a balance the properties of the two MCF damping models is to determine the kinetic 

energy from an average of the relative and total velocities, i.e. 
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 𝑊𝑘𝑎𝑣 =
1

2
𝑚 (�̇� +

�̇�𝑔

2
)

2

 (4-82) 

The MCF damping forces calculated in proportion to the average kinetic energy are approximately 

equal to the average of the relative and absolute energy MCF forces. The averaging effect is also 

evident in the damping ratios of Figure 4-61. The relative energy MCF formulation is a better 

approximation of viscous damping than both the absolute and average kinetic energy alternatives. 

 

Figure 4-61 Normalised viscous damping ratios for SDOF systems with MCF damping 

subjected to harmonic ground motion 

4.7.1 SDOF systems subjected to earthquake ground motions 

The next extension for the MCF damping model is to be subjected to earthquake ground motions. 

First consider the response of a SDOF system with 5% viscous damping to the El Centro H2 ground 

motion. The spectral displacement is shown for reference in Figure 4-62. Figure 4-63 a) presents 

the peak absolute velocity and kinetic energy normalised by the peak relative values. Effects like 

those observed in the study of harmonic ground motion are present. For this ground motion, a 

period of 2 seconds corresponds to the 𝛽 = 1 point in the harmonic example. This effect is also 

apparent in the peak relative and absolute kinetic energies presented in Figure 4-63 b) normalised 

by the peak strain potential energy. Figure 4-63 demonstrates that the response of systems with 

MCF damping will vary depending on the period. 
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Figure 4-62 Normalised spectral displacement response to the El Centro H2 ground 

motion of a SDOF with 5% viscous damping 

  

Figure 4-63 Spectral response to the El Centro H2 ground motion of a SDOF with 5% 

viscous damping – a) peak total velocities and kinetic energies normalised by the relative 

value, and b) peak relative and absolute kinetic energies normalised by the peak strain 

potential energy 

Now consider a SDOF with either relative or absolute kinetic energy MCF dampers that provide 

5% equivalent viscous damping when vibration is at the natural frequency of the system. The 

spectral displacements normalised by the response of the system with viscous damping is shown 

in Figure 4-64 a). The spectral displacement plot shows that the response of the system with the 

relative energy MCF formulation is closer to the viscous response and is influenced by period less 

than the absolute formulation. The same is true of the peak MCF damper forces, shown normalised 

by the peak damping force of the viscous system in Figure 4-63 b). 
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Figure 4-64 Spectral response to the El Centro H2 ground motion of a SDOF with 5% 

equivalent viscous MCF damping – a) peak displacement normalised by the response of 

the system with viscous damping, and b) peak damping force normalised by that of the 

system with viscous damping 

To conclude the investigation into the formulation of the MCF damping model, the relative kinetic 

energy option is the most suitable for structures subjected to earthquake ground motion. Compared 

to the absolute energy equivalent, the relative energy formulation is less sensitive to the period of 

vibration and provides damping that is consistently more like viscous. 

 MDOF SYSTEMS WITH MODIFIED COULOMB FRICTION DAMPERS 

Modified Coulomb friction (MCF) dampers are an elegant alternative to viscous dampers for 

SDOF systems. MDOF systems with MCF elements are more complicated due to the nature of 

mode shapes, the interactions between the modes in the same manner as systems with friction or 

stiction elements, and the determination of the damping forces through the solution of Equation 

(3-17). 

MCF dampers can be connected between the masses and external supports or in parallel with the 

stiffness elements of the structure. Both arrangements are explored in the following sections. 

In MDOF systems the MCF damper force is generated in proportion to the instantaneous relative 

energy in the system, 𝑊. For a MDOF system, the SDOF Equation (3-18) becomes 

 𝑊 =
1

2
(𝑀�̇�)  ⃘�̇� +

1

2
(𝐾𝑢)  ⃘𝑢 (4-83) 
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where 𝑀 and 𝐾 are the mass and stiffness matrices respectively, �̇� and 𝑢 the relative DOF velocity 

and displacement vectors respectively, and 𝑊 is the total relative energy vector. Note that the 

symbol    ⃘ denotes element-wise multiplication of the vectors. The element-wise multiplication 

means that Equation (4-83) is nonlinear. Note that the total energy vector is more complex in 

structures with nonlinear stiffness properties. 

The MCF damper forces can be scaled evenly in proportion to the total energy in the system, or 

each individual damper can be scaled in proportion to the local amount of energy at each DOF. 

The local formulation is more physically realistic, but the total energy approach is simpler to 

implement. MCF dampers proportional to the total energy in the system are proportioned to the 

sum of the elements of the instantaneous energy vector 𝑊, whereas in the local energy formulation 

they are proportioned to the individual elements of the vector. 

4.8.1 MDOF systems with mass-connected dampers 

First consider the local energy formulation. In the case of mass-connected MCF dampers the 

nonlinearity of Equation (4-83) is not problematic if the mass matrix is diagonal. The diagonal 

mass matrix means that the system of equations represented by the kinetic energy term of Equation 

(4-83) are linear. The linearity means that the damper forces can be computed as follows 

 𝑓𝑑 = 𝑐𝑓𝑚[𝑀\2𝑊]𝜆  ⃘ [
�̇�

|�̇�|
] (4-84) 

where 𝑐𝑓𝑚 is the constant scalar MCF coefficient, and the power 𝜆 is applied element-wise to the 

vector. The [𝑀\2𝑊]𝜆 term computes an effective DOF velocity that is multiplied by the scalar 

𝑐𝑓𝑚 to determine the magnitude of the damper forces. 

The coefficient 𝑐𝑓𝑚 can be calculated to provide an equivalent viscous damping ratio at a target 

amplitude, or at all amplitudes in the case where 𝜆 is equal to 0.5. Consider a structure with uniform 

mass and stiffness parameters such as Reference Structure 2. The damped energy from a constant 

MCF force over an oscillation in one mode at a steady state amplitude is equal to 

 𝑊𝐷 = 4𝑓𝑟𝑢 = 4𝑐𝑓𝑚 (
2𝑊

𝑀
)

𝜆

𝑢 (4-85) 

where 𝑢 is a vector of DOF displacements and the term in brackets a vector of the same length. 

Substituting the peak potential energy, equal to 0.5𝑀�̇�2, and simplifying gives 
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 𝑊𝐷 = 4𝑐𝑓𝑚(�̇�2)𝜆𝑢 = 4𝑐𝑓𝑚𝜔2𝜆 ∑|𝑢|2𝜆+1 (4-86) 

where 𝜔 is the frequency of the mode under consideration. The amount of energy dissipated by 

viscous dampers is equal to 

 𝑊𝐷 = 𝑐𝜋𝜔 ∑|𝑢|2 (4-87) 

where 𝑐 is the viscous damper coefficient of a single damper. The modified Coulomb friction 

coefficient is determined by equating Equations (4-86) and (4-87) to give  

 𝑐𝑓𝑚 =
𝑐𝜋𝜔1−2𝜆 ∑|𝑢|2

4∑|𝑢|1+2𝜆
 (4-88) 

4.8.1.1 MDOF systems with mass-connected dampers vibrating in one mode only 

With the MCF coefficient set for a single mode and amplitude pair the damping ratios of all other 

combinations can be calculated by substitution of Equation (4-86) into Equation (1-10) to give 

 𝜉 =
𝑐𝑓𝑚𝜔2𝜆 ∑|𝑢|2𝜆+1

𝜋 ∑(0.5𝐾𝑢2)
 (4-89) 

where 𝜔 and 𝑢 are those of the mode under consideration. 

MDOF systems with mass-connected MCF dampers respond in an almost identical manner as the 

viscous damper alternative. The modal damping ratios are inversely proportional to the modal 

frequency. Figure 4-65 a) demonstrates the similarity by comparing the modal damping ratios for 

𝜆 = 0.5 calculated from Equation (4-89) and the mass proportional viscous damping curve. 

Vibrating alone, all modes of Reference Structure 2 exhibit the same decay envelope, as 

demonstrated in Figure 4-65 b). In comparison to the response of a system with viscous dampers 

there are only minor phase differences. Figure 4-66 a) demonstrates the minor phase difference 

between the roof displacement for the two damper types when the structure is vibrating freely in 

the first mode only. Figure 4-66 b) compares the viscous and MCF top storey damper forces during 

response to an initial displacement in the shape of the first mode shape. The areas enclosed by the 

two curves are equal over each oscillation. 
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Figure 4-65 5DOF structure with mass-connected modified Coulomb dampers vibrating 

in one mode only – a) modal damping ratios, and b) modal decay envelopes 𝝀 = 𝟎. 𝟓 

Selection of a different 𝜆 value alters both the frequency and amplitude dependencies of the modal 

damping ratios. 𝜆 values between 0.5 and 1 provide the most appropriate amplitude dependent 

damping ratio curves (refer Figure 3-10 b)). 

  

Figure 4-66 5DOF structure vibrating in first mode with viscous or 𝝀 = 𝟎. 𝟓 modified 

Coulomb dampers – a) roof displacements, and b) top storey damper forces 

Figure 4-67 a) demonstrates the decay envelopes of the structure vibrating freely from an initial 

displacement of each mode. The MCF dampers have 𝜆 = 0.75 and are calibrated to provide 5% 

equivalent viscous damping at a first mode amplitude of 1.0 m while the viscous dampers provide 

a constant damping ratio of 5%. The decay of the first mode of the modified Coulomb damper 

structure is faster than the viscous structure at amplitudes above 1.0 m and slower at amplitudes 

below. The two curves have the same tangent at the instant they cross the 1.0 m threshold. The 

higher modes experience smaller damping ratios than is the case with viscous damping. 
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Figure 4-67 b) plots the modal damping ratios calculated using Equation (4-89). The amount of 

energy stored in a mode at a given amplitude is proportional to the square of the modal angular 

frequency, so inspection of Equation (4-89) reveals that the modal damping ratios are proportional 

to 𝜔2𝜆−2. In the case of 𝜆 = 0.5 dampers the damping ratios are, like viscous dampers, inversely 

proportional to frequency, while 𝜆 = 0.75 dampers exhibit damping ratios that are inversely 

proportional to the square root of frequency. The frequency dependency of the modal damping 

ratios of the structure with 𝜆 = 0.75 dampers calibrated for 5% mode 1 damping at 1 m amplitude 

are shown in Figure 4-65 a) for a steady state amplitude of 1 m. Damping ratios inversely 

proportional to the square root of frequency mean that the higher frequency modes decay faster 

than the lower modes, as depicted by the envelopes in Figure 4-67 a). Observations of buildings 

suggest that modal damping ratios are of similar magnitude across all modes and MCF dampers 

with 𝜆 ≠ 0.5 in this situation are not consistent with the observations. 

  

Figure 4-67 Free vibration of 5DOF structure with viscous or 𝝀 = 𝟎. 𝟕𝟓 modified 

Coulomb dampers – a) decay envelopes, and b) modal damping ratios by amplitude 

4.8.1.2 MDOF systems with mass-connected dampers vibrating in multiple modes 

Mass-connected MCF dampers with 𝜆 = 0.5 once again replicate the response of a structure with 

viscous dampers vibrating in multiple modes. The modal damping ratios are independent and are 

inversely proportional to frequency. 

Structures with 𝜆 = 0.75 mass-connected MCF dampers exhibit coupled modal damping ratios. 

The amount of damping in one mode is dependent on the amplitudes of the other modes. The 

coupling is explained by considering Equations (4-83) and (4-84). When more than one mode is 

vibrating at a given time the total energy increases per Equation (4-83). In accordance with 
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Equation (4-84) the corresponding damping forces for a given value of 𝑐𝑓𝑚 also increase but by a 

larger percentage than the velocities and displacements. This means that the amount of energy 

dissipated increases by a larger percentage than the total recoverable energy, so the damping ratios 

increase. The modal damping ratios are inversely proportional to the square root of modal 

frequency and maintain the same amplitude dependency but take on a larger damping ratio. 

  

  

Figure 4-68 Free vibration of 5DOF structure with viscous or 𝝀 = 𝟎. 𝟕𝟓 modified 

Coulomb dampers – a) decay envelopes, and b) modal damping ratios by amplitude 

The nature of 𝜆 = 0.75 MCF dampers is demonstrated for the 5DOF Reference Structure in Figure 

4-68. Figure 4-68 a) demonstrates the decay envelopes for modes 1 and 2 simultaneously released 

to freely vibrate from modal amplitudes of 2 m. The mass-connected MCF dampers are calibrated 

as described in the previous example. Figure 4-68 a) shows the single mode curve for comparison 

with the simultaneous mode 1 and 2 envelopes. Both modes experience more damping than when 

vibrating alone. The lower frequency mode exhibits the larger increase in damping. The two modes 

follow the same decay envelope, i.e. the damping is inversely proportional to frequency. Figure 

4-68 b) demonstrates the same example but for modes 1 and 5 and Figure 4-68 c) demonstrates all 

five modes released simultaneously from the same amplitude. Both examples again show that the 
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damping increases in all modes and is inversely proportional to frequency. Figure 4-68 d) presents 

the free vibration of all five modes released simultaneously from different amplitudes. In order of 

increasing frequency, the modes are released from 2.0, 1.6, 1.2, 0.8 and 0.4 m. Again, all modes 

exhibit damping that is inversely proportional to frequency. 

When two modes are vibrating together we can assess the damping ratios in the same manner as 

for standard Coulomb friction dampers except with different damper forces at the different DOFs. 

Equations (4-52) and (4-53) can be used to apply the approximate method of calculating damping 

ratios, where the friction force, 𝑓𝑓, at each DOF is different. 

4.8.1.3 MDOF systems with mass-connected dampers – total energy formulation 

Total energy proportional MCF dampers are similar to the Coulomb friction dampers previously 

investigated in that the damper forces are the same in all dampers in the system. The uniformity of 

the damper forces means that the damping is non-classical and that the modes of the system are 

coupled. 

The mass-connected total energy MCF damper forces are calculated as follows 

 𝑓𝑑 = 𝑐𝑓𝑚 [
2∑𝑊

𝑛 ∑𝑚
]

𝜆

  ⃘ [
�̇�

|�̇�|
] (4-90) 

where 𝑛 is the number of DOFs, and 𝑚 are the DOF masses. Note that the damper coefficient is 

computed from Equation (4-88) in the same manner as for the local energy formulation. 

For MDOF systems vibrating in one mode only, the response of the system with the local and total 

energy formulations are indistinguishable for all values of 𝜆. Figure 4-69 a) and b) demonstrates 

the difference between the damping forces, where the total energy formulation forces are an 

average of the local equivalents. 

The advantages of the total energy formulation are minimal for mass-connected MCF dampers as 

a diagonal mass matrix already allows simple calculations from local energy. In fact, the total 

energy formulation is less desirable for mass-connected dampers as the damping forces violate 

modal orthogonality. 
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Figure 4-69 Modified Coulomb damper forces (𝝀 = 𝟎. 𝟕𝟓) for free vibration of first 

mode – a) local energy formulation, and b) total energy formulation 

4.8.2 MDOF systems with stiffness-connected dampers 

Again, we first consider the local energy formulation. Stiffness-connected modified Coulomb 

dampers present a more difficult computational problem. The expression 𝐾\2𝑊 is incorrect due 

to the use of element-wise multiplication in computing the vector of total energy in the system. We 

are trying to calculate an effective displacement amplitude by rearranging the equation 𝑊 =

1

2
𝐾𝑢  ⃘𝑢, but cannot simply rearrange due to the nonlinearity. 

One way to overcome the problem of nonlinearity is to solve the expression [𝐾\2𝑊]𝜆 in the modal 

coordinates and then transform the modal amplitudes into the global coordinate system. 

The procedure begins by transforming the global displacements and velocities into the modal 

coordinates using the modal matrix, 𝑞, as follows 

 

𝑦 = 𝑞\𝑢 

�̇� = 𝑞\�̇� 

(4-91) 

Then the modal total energy can be determined as 

 𝑊𝑛 =
1

2
𝑀𝑛�̇�  ⃘�̇� +

1

2
𝐾𝑛𝑦  ⃘𝑦 (4-92) 
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where 𝑊𝑛, 𝑀𝑛 and 𝐾𝑛 are the generalized total energy, mass and stiffness respectively in the modal 

coordinates. Both 𝑀𝑛 and 𝐾𝑛 are diagonal matrices so the equation is linear. The effective modal 

amplitudes can then be calculated from the expression 

 𝑦𝑒𝑓𝑓 = [𝐾𝑛\2|𝑊𝑛|]0.5  ⃘𝑠𝑖𝑔𝑛(𝑦) (4-93) 

where the power is applied element-wise. The effective modal amplitudes can then be transformed 

into relative displacements as follows 

 𝑢𝑟,𝑒𝑓𝑓 = 𝑇𝑢𝑟𝑞𝑦𝑒𝑓𝑓 (4-94) 

where 𝑇𝑢𝑟 is a transformation matrix to determine the relative displacements from the global 

displacements of the form 

 𝑇𝑢𝑟 = [
1 0 0

−1 1 0
0 −1 1

] (4-95) 

for a 3 DOF system with structural layout similar to Reference Structure 2 except with only 3 

storeys. The damper forces are calculated as follows 

 𝑓𝑑0 = 𝑐𝑓𝑘|𝑢𝑟,𝑒𝑓𝑓|
2𝜆

  ⃘𝑠𝑖𝑔𝑛(𝑢𝑟,𝑒𝑓𝑓) (4-96) 

where 𝑓𝑑0 are the forces in the dampers (rather than the net damping forces at the DOFs), and 𝑐𝑓𝑘 

are the stiffness-connected modified Coulomb damper coefficients. Finally, the damping forces are 

given by 

 𝑓𝑑 = 𝑇𝑓𝑑𝑓𝑑0 (4-97) 

where the damper force transformation matrix for a three DOF system is given by 

 𝑇𝑓𝑑 = [
1 −1 0
0 1 −1
0 0 1

] (4-98) 

Combining Equations (4-93) through (4-98), the damping forces at the DOFs can be expressed as 
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 𝑓𝑑 = 𝑇𝑓𝑑𝑐𝑓𝑘|𝑇𝑢𝑟𝑞[𝐾𝑛\2𝑊𝑛]0.5  ⃘𝑠𝑖𝑔𝑛(𝑦)|2𝜆  ⃘𝑠𝑖𝑔𝑛(𝑢𝑟,𝑒𝑓𝑓) (4-99) 

Let us consider the damping provided to a mode vibrating alone at a constant amplitude. The 

energy dissipated is given by 

 𝑊𝑑 = ∑4𝑓𝑑0𝑢𝑟 = 4𝑐𝑓𝑘 ∑𝑢𝑟
2𝜆𝑢𝑟 = 4𝑐𝑓𝑘 ∑𝑢𝑟

2𝜆+1 (4-100) 

where all vector manipulations are element-wise. Similarly, the stored energy is given by 

 𝑊𝑠 = ∑
1

2
𝐾𝑢𝑢 =

1

2
𝑘 ∑𝑢𝑟

2 (4-101) 

where 𝑘 is the storey stiffness. Then from Equation (1-10) the damping ratio for a single mode is 

given by 

 𝜉 =
2𝑐𝑓𝑘 ∑|𝑢𝑟|

2𝜆+1

𝜋𝑘 ∑|𝑢𝑟|
2

 (4-102) 

Note that the two 𝑢𝑟 factors cannot be simplified due to the summation operators and element wise 

powers. Equation (4-102) demonstrates that the damping ratios for systems with stiffness-

connected MCDs are dependent on amplitude and frequency. The frequency dependency arises 

from the fact that the sum of the relative displacements is proportional to the modal frequency. 

When 𝜆 = 0.5 the damping ratio is constant for all modes as the relative displacement factors 

cancel out. Dampers with 𝜆 > 0.5 demonstrate frequency dependency as the relative displacement 

term in the numerator is larger than that in the denominator and this difference is proportional to 

frequency. Damping increases with modal frequency. 

Equation (4-102) can be rearranged to determine the MCD coefficient to give a target single mode 

damping ratio at a given amplitude as follows 

 𝑐𝑓𝑘 =
𝜉𝜋𝑘 ∑|𝑢𝑟|

2

2∑|𝑢𝑟|2𝜆+1
 (4-103) 

Or alternatively can be expressed as a function of the equivalent viscous damper coefficient by 

equating Equations (4-87) and (4-100) and rearranging as follows 
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 𝑐𝑓𝑘 =
𝑐𝜋𝜔 ∑|𝑢𝑟|

2

4∑|𝑢𝑟|2𝜆+1
 (4-104) 

4.8.2.1 MDOF systems with stiffness-connected dampers vibrating in one mode only 

Figure 4-70 demonstrates the nature of modal damping ratios for the 5 DOF Reference Structure 2 

vibrating in each mode individually at an amplitude of 1 m for MCF stiffness-connected dampers 

with comparison to stiffness proportional viscous damping ratios. The Figure demonstrates that 

viscous damping ratios are linearly proportional to frequency, that 𝜆 = 0.5 MCF damping ratios 

are independent of frequency and that 𝜆 = 0.75 are proportional to the square root of frequency. 

The modal damping ratios for the MCF dampers are promising when compared to those observed 

in real structures. 

 

Figure 4-70 5DOF structure with stiffness-connected modified Coulomb dampers 

vibrating in one mode only – modal damping ratios 

The 𝜆 ≠ 0.5 dampers are also amplitude dependent. The free vibration decay envelopes for a 𝜆 =

0.75 structure are presented for the five modes in Figure 4-71 a). The damping ratios, shown in 

Figure 4-71 b), show that the damping ratios increase in proportion to the square root of amplitude. 

The damping ratios continue to increase with increase in amplitude, which is not consistent with 

existing recommendations. However, carefully selected target damping ratios and amplitudes 

could be selected to create acceptable bounds for the damping ratios over the expected amplitude 

range. 
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Figure 4-71 Free vibration of 5DOF structure with 𝝀 = 𝟎. 𝟕𝟓 modified Coulomb dampers 

– a) decay envelopes, and b) modal damping ratios by amplitude 

4.8.2.2 MDOF systems with stiffness-connected dampers vibrating in multiple modes 

MDOF systems with stiffness-connected MCF dampers behave in a similar manner to stiffness-

connected Coulomb friction damped systems when multiple modes are vibrating simultaneously. 

As the sum of the relative displacements are proportional to frequency, the higher modes attract 

more energy dissipation. Figure 4-72 a) and b) demonstrate the simultaneous free vibration of mode 

1 with modes 2 and 5 respectively. The large velocities in the higher mode result in slower the 

decay of response in mode 1 while the higher mode response is like if it was vibrating alone. Figure 

4-72 c) and d) demonstrate the same phenomena when all 5 modes are vibrating simultaneously. 
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Figure 4-72 Free vibration decay envelopes of 5DOF structure with 𝝀 = 𝟎. 𝟓 stiffness-

connected modified Coulomb dampers – a) modes 1 and 2, and b) modes 1 and 5, c) all 

modes, and d) all modes with varied initial displacements 

The same vibration scenarios are repeated in Figure 4-73 for MCF dampers with 𝜆 = 0.75. The 

Figures demonstrate that 𝜆 ≠ 0.5 dampers do not exhibit as much coupling of the damping ratios. 

The modes of the structure with 𝜆 = 0.75 dampers exhibit decay envelopes more similar to the 

single mode response in comparison with 𝜆 = 0.5 dampers. 
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Figure 4-73 Free vibration decay envelopes of 5DOF structure with 𝝀 = 𝟎. 𝟕𝟓 stiffness-

connected modified Coulomb dampers – a) modes 1 and 2, and b) modes 1 and 5, c) all 

modes, and d) all modes with varied initial displacements 

Once again, for 𝜆 = 0.5 MCF damping the damping ratios in two modes concurrently vibrating at 

constant amplitudes can be estimated using Equations (4-52) and (4-53) as the response is similar 

that of conventional Coulomb friction damping. If using the Equations, the friction force, 𝑓𝑓, should 

be substituted with the amplitude of the MCF friction force. 

4.8.2.3 MDOF systems with stiffness-connected dampers – total energy formulation 

Stiffness-connected MCF dampers benefit from the total energy formulation as the solution of 

Equation (3-19) becomes linear. The effective relative displacement of each damper is replaced by 

an average effective relative displacement. This means that the term to be multiplied to the power 

of 𝜆 becomes a scalar. The linearity allows the average effective relative displacement of the 

system to be computed without needing to transform the calculations into the modal coordinates. 

This simplification reduces the computations required and makes the damping model more easily 
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applicable to systems with nonlinear stiffness. The expression to determine the MCF damper forces 

becomes 

 𝑓𝑑 = 𝑐𝑓𝑘 [
2∑𝑊

𝑁𝑘
]

𝜆

  ⃘ [
�̇�

|�̇�|
] (4-105) 

where 𝑘 is the storey stiffnesses of the structure and 𝑁 is the number of DOFs. The damper 

coefficient for a specified damping ratio is given as 

 𝑐𝑓𝑘 =
√𝑁𝜉𝜋𝑘

2

√∑𝑢𝑟
2

∑𝑢𝑟
 (4-106) 

  

  

Figure 4-74 Modified Coulomb damping forces (𝝀 = 𝟎. 𝟓) for free vibration of first mode 

– a) local energy damper forces, b) total energy damper forces, c) local energy DOF 

forces, and d) total energy DOF forces 
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Figure 4-74 demonstrates the damper and DOF forces for the local and total energy formulations 

for the structure freely vibrating in the first mode. Figure 4-74 a) shows that all the damper forces 

are different under for the local formulation, while Figure 4-74 b) shows the magnitude of the 

forces from the total formulation are the same. This means that there are net forces acting on all 

DOFs when local energy dampers are used, while for the total energy dampers can cancel out in 

the same manner as Coulomb friction dampers (as shown in Figure 4-74 c) and d) respectively). 

The damping force time histories for the total energy formulation become clearly distorted by high 

frequency variations due to higher mode response induced by non-classical damper forces. The 

non-orthogonal forces transfer energy into the other modes of the structure. The force variations 

can fluctuate instantaneously between up to positive or negative twice the damper force, which 

causes the force time history to appear unrealistic. The variations are most prevalent in the case of 

first mode vibration but diminish rapidly when vibrating in the higher modes. 

The fluctuations in the damper and DOF damping forces can be reduced by giving the dampers a 

stiffness, i.e. modifying them to behave in a similar manner to a stiction element. The addition of 

a spring in series with the damper has the effect of reducing the number and magnitude of the rapid 

variations but introduces high frequency oscillations to the response. The high frequency 

oscillations are displayed in Figure 4-75 for both conventional MCF dampers and those with a 

stiffness equal to ten times the structure’s storey stiffness. Figure 4-75 a) and c) show that the 

amplitude of the force fluctuations is decreased by the addition of the damper spring, but Figure 

4-75 also demonstrates the frequency effect on the oscillations. The effects of adding the spring to 

the MCF damper are negligible on the displacement response of this structure. Consequently, the 

benefits of adding a spring do not offset the added complication. 
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Figure 4-75 Total energy formulation Modified Coulomb DOF 1 damping forces (𝝀 =
𝟎. 𝟓) for 1.5 s of free vibration of first mode – a) and b) friction MCF elements, and c) 

and) stiction MCF elements 

In terms of energy dissipation and displacement response there are minor differences between the 

local and total formulations. When considering a single mode vibrating alone, the total formulation 

transfers energy into the higher modes. The displacement response for DOFs 1 and 5 are 

demonstrated in Figure 4-76 a) and b) respectively. The response at each DOF is different due to 

the alignment of the mode shapes. The excitation of each higher mode decreases with increase in 

mode number above the mode that is dominating the response. The advantages of each formulation 

will be determined by their ability to accommodate nonlinear material response in the analyses 

conducted in Chapter 7. 
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Figure 4-76 Free vibration of 5DOF structure with 𝝀 = 𝟎. 𝟓 local or total energy 

modified Coulomb dampers – a) DOF 1 displacement, and b) DOF5 displacement 

4.8.3 Comparison of MDOF systems with mass or stiffness-connected MCF dampers 

Mass-connected 𝜆 = 0.5 MCF dampers provide single mode damping ratios that are inversely 

proportional to frequency and independent of amplitude in the same manner as their mass 

proportional viscous equivalents. The damping ratios by frequency relationship holds when 

multiple modes are excited simultaneously. 

Mass-connected MCF dampers with 0.5 < 𝜆 < 1.0 exhibit single mode damping ratios that are 

inversely proportional frequency to the power of (2𝜆 − 2) and proportional to amplitude to the 

power of (2𝜆 − 1). The nature of the modal damping does not hold when multiple modes are 

vibrating at once. When multiple modes are vibrating simultaneously the damping ratios become 

approximately inversely proportional to frequency – i.e. the free vibration curves decay to become 

stationary at the same instant in time. The damping ratios in all modes increase from the single 

mode values. 

Stiffness-connected 𝜆 = 0.5 MCF dampers provide single mode damping ratios that are constant 

irrespective of frequency and independent of amplitude. Dampers with 0.5 < 𝜆 < 1.0 provide 

damping ratios that are proportional to frequency to the power of (2𝜆 − 1) and proportional to 

amplitude to the power of (2𝜆 − 1). 

Stiffness-connected MCF dampers provide coupled damping ratios irrespective of the value of 𝜆. 

Like Coulomb friction dampers, the damping is split between all the vibrating modes. More 

damping is attributed to the modes with the larger relative velocities. 𝜆 = 0.5 dampers assign more 

damping to the modes with the larger velocities than dampers with 0.5 < 𝜆 < 1.0. 
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 CHAPTER SUMMARY 

This Chapter presents a systematic investigation into the nature of modal damping ratios in 

structures with friction type dampers. Mass and stiffness-connected Coulomb, stiction and MCF 

damper elements are assessed for single and multi DOF systems with single or multiple dampers 

per DOF. 

A simplified analysis method is developed to assess the dependencies of modal damping ratios 

when two modes of a MDOF system with Coulomb dampers are vibrating simultaneously. The 

modal damping ratios must be calculated from the individual degrees of freedom rather than the 

overall modal properties. New equations are derived to calculate the average damping ratios in two 

modes vibrating at constant displacement amplitudes. The equations show that the damping in each 

mode is a function of the respective modal velocity amplitudes at each DOF. The damping ratio in 

the larger velocity mode is always closer to the single vibrating mode damping value than for the 

smaller velocity mode. The larger the difference between the two modal velocities the larger the 

difference between the two single mode normalised damping ratios. Equations were not derived 

for stiction and MCF dampers, however numerical examples show that they exhibit similar trends 

to Coulomb dampers. 

All types and configurations of mass-connected friction-type dampers provide damping that is 

inversely proportional to the square of modal frequency. The frequency proportionality dictates 

that the damping ratio in the fundamental mode is much larger than those in the higher modes. 

Frequency dependence and the fact that mass-connected dampers violate force equilibrium suggest 

that such dampers are not suitable for modelling elastic damping in building structures. 

The use of stiffness-connected friction-type dampers is a more promising arrangement for 

emulating elastic damping in real structures. In single mode vibration, stiffness-connected dampers 

produce the same damping versus modal displacement amplitude characteristics when the modal 

amplitude is normalised by the inverse of modal frequency. In multiple mode vibration, when the 

modal amplitudes are distributed to emulate the ratios anticipated during earthquakes the damping 

ratios are larger in the fundamental mode but of the same order of magnitude in the higher modes. 

The damping characteristics of a single stiction element are not suitable for emulating observed 

damping in buildings but can be improved by arranging multiple stiction elements in parallel. An 

arrangement of many stiction elements with normally distributed sliding displacements can 

produce a smooth damping ratio curve increasing from zero at zero amplitude to a peak at a target 

displacement. A highly populated normal distribution is computationally expensive. As a 
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compromise, a set of three manually chosen combinations of sliding displacements and friction 

forces can adequately emulate the damping curve of the full normal distribution. In fact, any 

amplitude dependency can be achieved by changing the values of the manually selected sliding 

displacements and friction forces. 

A complexity introduced by stiction dampers is the nonlinearity introduced to the modal 

frequencies of the system. Each stiction element contributes additional stiffness to the structural 

elements. In the case of the MDOF example structure with an equivalent fundamental mode 

damping ratio of 5% the frequencies of the modes are increased by 18% when compared with those 

of the undamped structure. The frequency effect is considered in the earthquake response of 

nonlinear structures in Chapter 6 and Chapter 7 by reducing the yield force of the hysteretic models 

by the sum of the stiction element friction forces. 

An investigation into the relative and absolute kinetic energy formulations of MCF damping 

revealed that using the relative kinetic energy is less sensitive to period and a closer approximation 

of viscous damping than the absolute kinetic energy alternative. 

MCF dampers can be formulated using a local or total energy approach. The local approach is more 

accurate but requires considerably more computational effort for stiffness-connected dampers. The 

total energy formulation sets the instantaneous friction to be the same in all dampers in the 

structure. The globally uniform damper friction instigates some excitation of the higher modes but 

facilitates simpler computation of the damper forces. The simplicity is vital in the analysis of 

structures with material nonlinearity, so only the total energy type of stiffness-connected MCF 

dampers are adopted in the analyses in Chapter 7. 
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CHAPTER 5  
MODIFIED VISCOUS 
DAMPING 

Simplified analyses of structures with MCF dampers suggest that viscous damping can be 

manipulated in a manner similar to Equation (3-17) to achieve amplitude dependent damping. The 

advantages of using viscous damping to achieve amplitude dependent damping are familiarity and 

preserving modal orthogonality. This type of damping is referred to as Modified Viscous Damping 

(MVD). 

 MODIFIED VISCOUS DAMPING FOR SDOF SYSTEMS 

Recall from Equation (3-17), the MCF damper friction forces are scaled by the effective amplitude 

term 

 [
2𝑊

𝑘
]
𝜆

 (5-1) 

to manipulate the amplitude dependency of the damping. In the case of viscous damping, this 

simple scale factor is insufficient to define the same amplitude dependency. 

The term in Equation (5-1) corresponds to the current effective amplitude of vibration. Simply 

multiplying the conventional viscous damping force by Equation (5-1) will not produce the same 

damping ratio amplitude dependency as MCF dampers. This is because Coulomb friction dampers 

produce damping ratios that are inversely proportional to amplitude, while conventional viscous 

dampers produce constant (amplitude independent) damping ratios. To demonstrate, consider 

Figure 5-1 a) where Equation (5-1) is plotted against amplitude for 𝜆 = 0.5 and 𝜆 = 0.75. 
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Comparison of the curves in Figure 5-1 and the target amplitude dependency in Figure 5-2 b) 

highlights the need for refinement of Equation (5-1). For example, if we were to implement viscous 

damping scaled by Equation (5-1) with 𝜆 = 0.5 the damping ratios would be linearly proportional 

to amplitude. 

  

Figure 5-1 Scale factors – a) MCF effective amplitude, and b) MVD scale factors 

Instead a scale factor relative to the actual current amplitude (corresponding to Equation (5-1) with 

𝜆 = 0.5) is required. The first step in developing the MVD method is to normalise the effective 

amplitude by the actual current amplitude as follows 

 [
2𝑊

𝑘
]
𝜆

[
2𝑊

𝑘
]
0.5

⁄ = [
2𝑊

𝑘
]
𝜆−0.5

 (5-2) 

Equation (5-2) is demonstrated for 𝜆 = 0.75 by the solid black line in Figure 5-1 b). Note that the 

form of the curve now matches the target amplitude dependency of Figure 5-2 b) with the target 

damping ratio occurring at an amplitude of 1. 

Finally, the scale factor is refined to provide a specified damping ratio at a target amplitude. This 

step allows the viscous damper coefficient, 𝑐, to be computed in the conventional manner (𝑐 =

2𝜉𝜔𝑚). Equation (5-2) is divided by the square of the target amplitude, 𝑢𝜉 , raised to the same 

power as the right-hand side of Equation (5-2) to give damping forces defined as 

 𝑓𝑑 = 𝑐�̇� [
2𝑊

𝑘
]
𝜆−0.5

𝑢𝜉
2𝜆−1⁄  (5-3) 
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The scale factor multiplier of Equation (5-3) is presented as the dotted black line in Figure 5-1 b). 

The target amplitude is set to equal 0.5 m in Figure 5-1 and results in the scale factor curve being 

scaled along the horizontal axis so that it equals 1 at 0.5 m. 

The free vibration displacement response history of a SDOF released from an initial displacement 

with 𝜆 = 0.75 is presented in Figure 5-2 a). The damping ratios are plotted against displacement 

in Figure 5-2 b). The amplitude and damping ratio are normalised by the target damping ratio at a 

target displacement, in this example 5% damping at 1 m amplitude. 

  

Figure 5-2 Linear elastic SDOF with MVD – a) free vibration response, and b) damping 

ratios by amplitude 

  

Figure 5-3 SDOF free vibration damping forces – a) MVD, and b) viscous damping 

The corresponding damping forces are demonstrated in Figure 5-3. Figure 5-3 a) shows the MVD 

forces while Figure 5-3 b) shows the viscous forces. The MVD forces are larger at high amplitudes 

and smaller at low amplitudes as is apparent in the relatively larger spacing of the spiral at high 

amplitudes and the closer spacing at low amplitudes. 
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 THE IMPORTANCE OF AMPLITUDE DEPENDENT DAMPING 

A short investigation into the importance of amplitude dependent damping to the seismic response 

of buildings follows. Consider a linear elastic SDOF system denoted as Reference Structure 1 

subjected to the 1940 El Centro H2 ground motion. The mass of the structure is changed to vary 

the period of vibration to construct a response spectrum. 

  

  

Figure 5-4 Effect of amplitude dependent modified viscous damping on displacement 

response spectra for the El Centro H2 earthquake 

The 𝜆 = 0.75 MVD target damping ratio of all the analyses is 5%, meanwhile the target amplitude 

for this ratio is varied relative to the 5% viscous damping response spectrum value at each period. 

The target amplitude for the MVD is set to be equal to 6, 4, 2, 1, ½, ¼, and ⅙ times the value of 

the 5% viscous displacement spectrum. For example, the structure with the target amplitude equal 

to 6SD will experience damping ratios corresponding to normalised displacements between 0 to ⅙ 

region of Figure 5-2 b). Similarly, the structure with the target amplitude set to ⅙SD will experience 

damping ratios corresponding to normalised displacements between 0 to 6. Accordingly, we would 
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expect the response of the structure with 6SD target amplitude to increase compared to the viscous 

response and the ⅙SD response to decrease. The corresponding MVD displacement spectra are 

shown in Figure 5-4 a) and Figure 5-4 b). The MVD spectral displacements are normalised by the 

spectral displacements of the system with conventional viscous damping to provide amplification 

factors and are shown in Figure 5-4 c) and Figure 5-4 d). 

Figure 5-4 c) and d) show that for the 𝜆 = 0.75 MVD the spectral displacement can be amplified 

by factors in the range of 0.7 and 1.5 due to the amplitude dependent damping. The structures 

where the target displacement is greater than the viscous displacement spectra are subjected to 

damping ratios less than the 5% viscous case. Lower damping ratios are realistic (refer Chapter 2) 

so the amplification factors up to 1.5 times could be expected in reality. However, for structures 

where the target displacement is less than the viscous spectral displacement, damping ratios can 

become up to 2.5 times higher than 5% in accordance with Figure 5-2 b). The large damping ratios 

at larger amplitudes may not be suitable for both elastic and inelastic analyses. How can we 

improve the damping ratio amplitude dependency provided by 0.5 < 𝜆 < 1? 

 IMPROVED AMPLITUDE DEPENDENCY 

The exponent term in Equation (5-2) is problematic to producing realistic damping ratios as it 

introduces large damping ratios at amplitudes larger than the target amplitude. One way to avoid 

this is to introduce some other relationship between total energy and effective amplitude that does 

not involve an exponent. 

Table 5-1 Newmark (1967) damping ratios for steel structures 

 Amplitude (u/uy) Damping Ratio (%)  

 0.0 1.0  

 0.5 2.0  

 1.0 5.0  

    

Refer to the Newmark recommendations of Table 2-1 that suggest damping ratios increase with 

amplitude up to the yield point. Noting that as inelastic behaviour is to be explicitly accounted for 

in nonlinear analyses damping ratios should not be increased after the yield amplitude (Priestley, 

Calvi et al. 2007). Newmark’s recommendations for steel or prestressed concrete are depicted in 

Figure 5-5 as a trilinear or parabolic function. The coordinates of the data points are listed in Table 

5-1. 
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Figure 5-5 Newmark (1967) damping ratio recommendations for steel or prestressed 

concrete structures 

The simplest method of representing the Newmark recommendations is using a trilinear model. 

The normalised effective amplitude is calculated using 𝜆 = 0.5 as follows 

 𝑟𝑢 = [
2𝑊

𝑘
]
0.5

𝑢𝜉⁄  (5-4) 

Then the damping force scale factor is calculated as 

 𝑠𝑑 = min {0.2 + 0.4𝑟𝑢 + max(0.8[𝑟𝑢 − 0.5] , 0)  , 1} (5-5) 

The damping force then takes the form 

 𝑓𝑑 = 𝑐�̇�𝑠𝑑 (5-6) 

Mathematically the parabolic function would seem more complex but in application it is still 

straightforward. For the parabolic representation, the damping force scale factor becomes 

 𝑠𝑑 = min {0.8𝑟𝑢
2 + 0.2 , 1} (5-7) 

An alternative for the parabolic approach is to perform the above calculations in terms of energy 

rather than displacement amplitude. Equation (5-4) can be rewritten in the form 
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 𝑟𝑊 = 𝑊 𝑊𝜉⁄ = 𝑊 (0.5𝑘𝑢𝜉
2)⁄  (5-8) 

and in turn 

 𝑠𝑑 = min {0.8𝑟𝑊 + 0.2 , 1} (5-9) 

The computational saving for the energy calculation for a SDOF system is minor but will align 

with the MDOF version detailed in the next section. 

Examination of Figure 5-5 shows that the trilinear discretisation is a close fit to the continuous 

parabolic curve. As the parabolic damping force scale factor is more convenient to calculate in 

accordance with Equations (5-7) or (5-9), the parabolic solution is adopted here after. This damping 

model is hereby labelled Improved Modified Viscous Damping (IMVD). 

  

Figure 5-6 Linear elastic SDOF with IMVD – a) free vibration response, and b) damping 

ratios by amplitude calculated using the logarithmic decrement method 

We can check the implementation of the amplitude dependent viscous damping by examining the 

free vibration response to an initial displacement. Consider Figure 5-6 a) which presents the free 

vibration of a SDOF system with a period of 1.0 s and the parabolic amplitude dependent damping. 

The system with IMVD follows the same decay envelope as that with viscous damping until the 

amplitude drops below the damping target amplitude. Once the normalised amplitude drops below 

1 the decay of the system with IMVD slows. The corresponding damping ratios are calculated 

using the logarithmic decrement method for each half cycle and are plotted in Figure 5-6 b) against 

the average of the two amplitudes used in the calculation. Figure 5-6 b) shows that the IMVD 

implementation is applying the desired amplitude dependent damping relationship to the system. 
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Now consider Figure 5-7 to assess the effect of the IMVD on the displacement spectrum generated 

using the same methodology as the previous section. The displacement spectra of structures where 

the damping target displacement is larger than the spectral displacement exhibit minor changes in 

comparison to the MVD response. The similarity is observed in comparing plots a) and c) of Figure 

5-4 and Figure 5-7. Meanwhile, the displacement spectra of structures with a damping target 

displacement less than the spectral displacement differ from the MVD spectra. In fact, the spectra 

for the ½, ¼, and ⅙ cases converge towards the spectra for viscous damping, as demonstrated in 

Figure 5-7 b) and d). The convergence suggests that the amplitude dependent damping has a 

decreasing effect on the peak structural response when the peak displacement becomes increasingly 

greater than the damping target displacement. 

  

  

Figure 5-7 Effect of improved amplitude dependent viscous damping on displacement 

response spectra for the El Centro H2 earthquake 

5.3.1 Improved Modified Coulomb Friction Damping 

The improved formulation is also applicable to MCF damping. First, recall Equation (3-17) for the 

MCF damper forces 
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 𝑓𝑑 = 𝑐𝑓 [
2𝑊

𝑘
]
𝜆 �̇�

|�̇�|
 (5-10) 

To implement Improved Modified Coulomb Friction (IMCF) damping Equation (5-10) with 𝜆 =

0.5 need only be multiplied by the damping force scale factor from Equation (5-9) as follows 

 𝑓𝑑 = 𝑐𝑓√
2𝑊

𝑘

�̇�

|�̇�|
𝑠𝑑 (5-11) 

Modified Coulomb type damping forces may be more beneficial than viscous forces when 

considering inelastic and/or MDOF structures. The advantages of the two types of damping are 

explored in Chapter 6 and Chapter 7 for SDOF and MDOF systems respectively. 

 COMPARISON WITH COULOMB FRICTION DAMPING 

The next step in the verification of IMVD is to set the amplitude dependent damping to mimic 

another damping model. A simple model to implement and compare to is the Coulomb friction 

model. As demonstrated in Figure 3-2 and Chapter 4, Coulomb friction damping provides damping 

ratios that are inversely proportional to amplitude. Here we choose a Coulomb friction damper 

coefficient to provide 5% equivalent viscous damping at a steady state amplitude of 0.1 m. IMVD 

can be set up to mimic Coulomb friction by altering Equation (5-5) as follows 

 𝑠𝑑 = 1 𝑟𝑢⁄  (5-12) 

The free vibration response to an initial displacement of SDOF systems with Coulomb friction and 

IMVD is presented in Figure 5-8. The two responses are almost indistinguishable proving the 

effectiveness of IMVD for free vibration analyses. The only differences between the two are that 

the Coulomb response has a slight phase lag and a small residual displacement less than 𝑓𝑓 𝑘⁄  that 

is not present with IMVD. 
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Figure 5-8 Free vibration response of a SDOF system with IMVD with damping 

inversely proportional to amplitude or Coulomb friction damping 

Two samples of the response of a SDOF system to the El Centro H2 earthquake record with periods 

equal to 1 and 2 s are presented in Figure 5-9 a) and b) respectively. The two samples show the 

largest amplitude oscillation of the displacement response. Figure 5-9 shows that there are only 

minor differences between the response of the systems with Coulomb friction and IMVD. The 

differences arise because the Coulomb friction force is a constant force, meanwhile the IMVD 

forces are changing in accordance with the velocity and the total energy content. 

  

Figure 5-9 Displacement response of a SDOF system with IMVD with damping inversely 

proportional to amplitude or Coulomb friction damping subject to the El Centro H2 

earthquake record – a) 𝑻 = 𝟏. 𝟎 s, and b) 𝑻 = 𝟐. 𝟎 s 

The effectiveness of IMVD in emulating Coulomb friction during earthquake excitation is shown 

in the El Centro H2 displacement spectra in Figure 5-10. Figure 5-10 shows that there are only 

minor differences between the two spectra. The largest difference between the spectra is 3.5% at a 

period of 1.95 s. The free vibration and earthquake examples demonstrate that IMVD can 

effectively mimic friction damping. 
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Figure 5-10 Displacement response of a SDOF system with IMVD with damping 

inversely proportional to amplitude or Coulomb friction damping subject to the El 

Centro H2 earthquake record – a) 𝑻 = 𝟏. 𝟎 s, and b) 𝑻 = 𝟐. 𝟎 s 

We can examine the differences between the damping models by looking at the nature of the energy 

dissipation. Figure 5-11 presents the energy dissipation during the first half oscillation of the free 

vibration of the 1 s period structure. Figure 5-11 a) plots the dissipated energy against time while 

Figure 5-11 b) plots it against displacement. Figure 5-11 a) shows that the Coulomb friction damper 

dissipates energy faster than IMVD when the velocity is small. The reverse is apparent when the 

velocity is at a peak. Figure 5-11 b) demonstrates that the constant Coulomb force dissipates energy 

at a constant rate with respect to displacement while for IMVD the rate varies. The difference 

between the damping forces and energy dissipation over an oscillation are responsible for the minor 

differences between the two responses. 

  

Figure 5-11 Energy dissipated over the first half oscillation of free vibration from an 

initial displacement – a) vs time, and b) vs displacement 
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 AMPLITUDE DEPENDENT VISCOUS DAMPING FOR MDOF SYSTEMS 

The MVD approach is equally simple to apply to MDOF systems. With viscous type damping, it 

is desirable to maintain a classical damping matrix and preserve modal orthogonality. This goal is 

suited to the total energy approach to MCF dampers defined in Section 4.8.1.3. Using the total 

energy to scale the damping matrix changes the amount of damping but not the nature of the modal 

damping ratios relative to each other. Scaling the individual coefficients of the damping matrix 

according to the local energy would render the damping matrix non-classical and violate 

orthogonality. 

The amplitude dependency needs to be implemented as a function of the total energy rather than 

displacement amplitude as the energy can be stored in multiple modes at a time. The damping 

target energy is set as equal to the energy stored in the target mode (generally the fundamental 

mode) at the target amplitude. The MDOF normalised effective amplitude is then given by 

 𝑟𝑊 = Σ𝑊 Σ𝑊𝜉⁄  (5-13) 

and the damping force scale factor again given as 

 𝑠𝑑 = min {0.8𝑟𝑊 + 0.2,1} (5-14) 

The damping forces are then 

 𝑓𝑑 = 𝐶�̇�𝑠𝑑 (5-15) 

where the damping matrix, 𝐶, is constructed by any of the conventional methods. 

For the following examples, consider Reference Structure 2 with a viscous damping matrix 

constructed using the Rayleigh method. The damping matrix is constructed to provide 5% damping 

in the first and fourth modes. The modal damping ratio distribution is presented in Figure 5-12 a) 

and the modal values are listed in Table 5-2. 
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Table 5-2 Rayleigh modal damping ratios for MDOF example 

 Mode Damping Ratio (%)  

 1 5.00  

 2 3.58  

 3 4.26  

 4 5.00  

 5 5.51  

    

The modal damping ratio amplitude dependencies when vibrating alone are shown in Figure 5-12 

b). MDOF systems vibrating in one mode only exhibit the same amplitude dependencies as a SDOF 

system. The amplitude at which the target damping ratio is reached is inversely proportional to the 

square of the modal frequency due to the target occurring at a constant energy content for all modes. 

  

Figure 5-12 Rayleigh modal damping ratios for MDOF example – a) by modal 

frequency, and b) by modal amplitude 

Under the format of Equation (5-15), the response changes when multiple modes vibrate together 

as the total energy is summed from all the modes that are vibrating. To demonstrate, first consider 

modes 1 and 2 vibrating simultaneously. The frequency ratio of the two modes is 2.92, so when 

vibrating at the same amplitude the energy contribution is 𝜔2
2 𝜔1

2⁄ = 8.52 times greater from mode 

2. An interesting demonstration is to observe the two modes vibrate freely from the same release 

amplitude equal to the target displacement for mode 1. A selection of the response parameters from 

this simulation are presented in Figure 5-13. 

Figure 5-13 c) shows the energy in the structure over the duration of the simulation. The total 

energy is above the target energy until 2.17 s due to the larger amount of energy stored in mode 2. 

The instant that the target energy exceeds the total energy is denoted by the vertical dotted black 
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line in Figure 5-13 a) through c). During this interval, the modal damping ratios are at the peak 

values of 5.00 and 3.58% for modes 1 and 2 respectively. At the instant the total energy drops 

below the target the modal amplitudes are 0.274 and 0.143 m in modes 1 and 2 respectively, as 

observed in Figure 5-13 b). Once the total energy is less than the target the modal damping ratios 

decrease and converge towards the single mode curves, as shown in Figure 5-13 d). Note that the 

damping force scale factor is the same for the entire structure so both modal damping ratios 

decrease at the same time. The total energy is dominated by the second mode and consequently the 

second mode follows its single mode damping behaviour more closely than the first mode. 

  

  

Figure 5-13 Simultaneous free vibration response of modes 1 & 2 with IMVD from 

amplitudes of 0.5 m – a) displacement with time, b) modal decay envelopes with time, c) 

energy with time, and d) damping ratios by modal amplitude 

The situation of equal amplitudes in the first two modes of a structure like Reference Structure 2 

is unlikely during an earthquake. The relative modal amplitudes are more likely to resemble the 

modal contribution factors of Table 4-6. The contribution factors for modal amplitude are 1.03 and 

0.04 for modes 1 and 2 respectively. The previous demonstration is repeated for modal amplitudes 
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of 0.5 and 0.02 m in Figure 5-14. The target energy is reached at a time of 0.105 s due to the small 

energy contribution of the second mode. In this example, the first mode damping ratio is almost 

unaffected by the second mode and closely resembles the single mode curve. Meanwhile, the 

second mode damping ratio is influenced by the larger energy content of the first mode and 

experiences much more damping than if vibrating alone at the same amplitude. 

  

  

Figure 5-14 Simultaneous free vibration response of modes 1 & 2 with IMVD from 

amplitudes of 0.5 and 0.02 m respectively – a) displacement with time, b) modal decay 

envelopes with time, c) energy with time, and d) damping ratios by modal amplitude 

In the IMVD scheme the modal damping ratios are determined in proportion to the total energy 

content of the system. Consequently, the modal damping ratios are coupled in that they are reliant 

on the energy content of the other modes. There are two questions to ask of this – 1) are coupled 

modal damping ratios physically realistic, and 2) are coupled modal damping ratios acceptable in 

earthquake analysis of structures. Importantly, the modes themselves remain uncoupled as the 

viscous damping matrix is still proportional to the mass and stiffness matrices. 
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It is plausible and perhaps logical that the modal damping ratios are coupled. Energy dissipating 

mechanisms within a structure can be strain dependent and thus dependent on total rather than 

modal deformation. Strain dependent mechanisms were explored in depth in Chapter 4 for stiction 

and MCF dampers. Coupled modal damping is also not an issue in direct integration time history 

earthquake analyses. Coupled damping ratios add a layer of complexity to an analysis and does not 

fit with the accepted idea of specified values for each mode. However, these changes will bring a 

far more consistent framework than arbitrarily assigning modal damping and it can be considered 

as a recalibration of the approach to viscous damping. 

 UNCOUPLED AMPLITUDE DEPENDENT DAMPING FOR MDOF SYSTEMS 

One way to implement amplitude dependent viscous damping without coupled modal damping 

ratios is to consider each mode separately. The instantaneous modal energy content can be used to 

scale the damping matrices for each individual mode. This is possible if a global “modal” damping 

matrix is constructed. The modal damping matrix consists of the superposition of the orthogonal 

damping matrices of each mode (Wilson and Penzien 1972). Each modal damping matrix only 

provides damping in the mode it is constructed for which is a property of orthogonality. The modal 

damping matrices are given by 

 𝐶𝑛 =
2𝜉𝑛𝜔𝑛

𝜙𝑛
𝑇𝑀𝜙𝑛

(𝑀𝜙𝑛)(𝑀𝜙𝑛)𝑇 (5-16) 

where 𝑛 is the mode number. The global damping matrix is then 

 𝐶 = ∑𝐶𝑛

𝑁

1

 (5-17) 

where 𝑁 is the total number of modes in the system. 

The damping force scale factor is constructed in a similar way to the total energy formulation. The 

displacements are transformed to the modal coordinates and then the modal energies are given by 

 𝑊𝑦 = 0.5𝜔2𝑦2 (5-18) 
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where 𝜔 is a diagonal matrix of the modal angular frequencies, 𝑦 the vector of modal 

displacements, and 𝑊𝑦 is the vector of modal energies. The normalised effective amplitude for a 

mode becomes 

 𝑟𝑊,𝑛 = 𝑊𝑦,𝑛 Σ𝑊𝜉,𝑛⁄  (5-19) 

The damping force scale factor for a mode is  

 𝑠𝑑,𝑛 = min {0.8𝑟𝑊,𝑛 + 0.2 , 1} (5-20) 

and finally, the global damping forces are given by 

 𝑓𝑑 = (∑𝐶𝑛𝑠𝑑,𝑛

𝑁

1

) �̇� (5-21) 

To demonstrate the modal approach to IMVD, consider the example of Figure 5-14 but with 

damping forces of the form described in Equation (5-21). The target energy for each mode is set 

to equal 2472.9 kJ, which is equivalent to the energy in the first mode vibrating at an amplitude of 

0.5 m. All five modes are released to vibrate freely from the modal amplitude corresponding to the 

target energy. The release amplitudes are equal to 0.5, 0.171, 0.109, 0.085, and 0.074 m for modes 

one through five respectively. The energy histories and damping ratios by amplitude for this 

simulation are presented in Figure 5-15 a) and b) respectively. Figure 5-15 b) demonstrates that 

the modal IMVD approach allows uncoupling of the amplitude dependent modal damping ratios 

as the logarithmic decrement calculated damping ratios follow the target curves. 

A further advantage of the modal IMVD implementation is that different damping ratio amplitude 

dependencies can be specified for each individual mode. The ability to treat each mode individually 

is beneficial when trying to emulate the observed behaviour in real structures. The literature review 

of Chapter 2 revealed that the amplitude dependent nature of damping ratios and the relative 

magnitude of the higher mode damping ratios are yet to be encapsulated by a universal model. 

When trying to numerically model and simulate a real structure, modal IMVD would facilitate the 

correct representation of the observed modal damping. 
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Figure 5-15 Simultaneous free vibration response of all five modes with modal IMVD – 

a) energy with time, and b) damping ratios by modal amplitude 

 ARBITRARY AMPLITUDE DEPENDENCY 

An important point to note is that the amplitude dependency of IMVD can be chosen as any 

continuous or piecewise function relating displacement or energy amplitude to damping ratio. The 

𝜆 = 0.75 MVD and parabolic IMVD are two arbitrary examples of potential amplitude 

dependencies. 

To demonstrate the flexibility of IMVD, consider again the SDOF system from Section 5.3. 

However, in this example we define the damping force scale factor as 

 𝑠𝑑 = 0.6 + cos(8𝜋𝑟𝑢) (5-22) 

Note that the periodic function in Equation (5-22) is chosen arbitrarily and is not expected to have 

any physical relevance or occur in a real structure. The sinusoid is chosen to demonstrate than any 

amplitude dependence, no matter how unrealistic, can be implemented using IMVD. 

The displacement response and damping ratios by amplitude are presented in Figure 5-16 a) and 

b) respectively. The fluctuating nature of the damping ratios is apparent in the decay envelope of 

the displacement response in Figure 5-16 a). Figure 5-16 b) demonstrates that IMVD can 

implement the sinusoidal amplitude dependency of the damping ratios. 

Note that in Figure 5-16 b) some of the logarithmic decrement damping ratios at large 

displacements do not fall exactly on the predicted curve. The discrepancy arises because the 

logarithmic decrement method assumes that the damping ratio is constant between two peaks, so 
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when there is a large change in damping ratios the accuracy of the logarithmic decrement method 

is reduced. 

  

Figure 5-16 Linear elastic SDOF with IMVD with sinusoidal amplitude dependency – a) 

free vibration response, and b) damping ratios by amplitude 

The example simulations implementing the trilinear, parabolic-linear, and sinusoidal damping ratio 

amplitude dependencies demonstrate that IMVD can implement both piecewise and continuous, 

linear and nonlinear amplitude dependencies. 

 CHAPTER SUMMARY 

Modified Viscous Damping is an elegant extension of MCF damping where the damping forces 

are scaled in accordance with the instantaneous energy in the system. Improved Modified Viscous 

Damping liberates the method of the constraints introduced by the power 𝜆 and allows any damping 

ratio amplitude dependency to be prescribed. 

In MDOF systems, the method can be set up to implement damping ratios in relation to the total 

energy in the system or the individual modal energies. The total energy implementation is simpler 

and provides modal damping ratios that are coupled (but preserves orthogonality and enables 

decoupling of modes). If coupled modal damping ratios are not desirable, the modal energy 

implementation facilitates the implementation of damping ratio amplitude dependencies that can 

be unique to each individual mode. The ability to treat each mode individually is expected to be 

beneficial in emulating the observed properties and responses of real structures. 

A short investigation shows that as the ratio of the peak displacement to the damping target 

displacement increases amplitude dependent damping takes on decreasing importance to the 

system response. This would suggest that the importance of amplitude dependent elastic damping 
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will take on even less importance in inelastic analyses at large peak ductility where the amount of 

hysteretic energy dissipation is far greater than the elastic damping component. 
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CHAPTER 6  
NONLINEAR SDOF 
STRUCTURES WITH 
FRICTION DAMPING 

This Chapter presents an investigation into the effect of the elastic damping model on the response 

of inelastic SDOF systems to earthquakes. The investigation examines the differences in the 

response of systems with four common hysteretic models combined with nine different elastic 

damping models. The purposes of the investigation are to determine the sensitivity and effect of 

elastic damping on Engineering Demand Parameters (EDPs), and to determine the suitability of 

the new friction-based damping models derived in Chapter 4 for earthquake response simulations. 

The aim of the investigation is to identify the advantages of the proposed models over viscous 

damping and the significance of amplitude dependent damping. 

 HYSTERESIS MODELS 

Four different hysteresis models are examined in this study – Elasto-Plastic with kinematic 

hardening (EP), Modified Takeda Thin (TT), Flag-Shaped (FS), and Ramberg-Osgood (RO). The 

four models align with those demonstrated in Priestley, Calvi et al. (2007). The four models can 

be calibrated to represent common inelastic behaviour of civil engineering structures. Each model 

has the same initial elastic stiffness of Reference Structure 1 (358 kN/m). The yield displacement, 

𝑢𝑦, equals 50 mm and the yield force, 𝑓𝑦, equals 17.9 kN. The post-yield stiffness is equal to 

17.9 kN/m which corresponds to strain hardening of 5%. The four models encapsulate a broad 

range of hysteretic energy dissipation and stiffness properties while following a similar initial 



 

 - 208 - 

loading stiffness and backbone strength curve. The four hysteretic models are described in the 

following sections. 

6.1.1 Elasto-plastic with kinematic hardening 

The Elasto-Perfectly Plastic (EPP) stress-strain model is described by a bilinear force-displacement 

relationship. The model is linear-elastic up until a yield force is reached. The force in the element 

is limited to the yield force until the direction of loading reverses. The stiffness is zero during the 

plastic deformation phase. The EPP hysteresis is demonstrated in Figure 4-41 a). Ideal perfectly 

plastic post yield response is uncommon. Typically, some post-yield stiffness is retained and is 

defined by the stiffness ratio, 

 𝑟𝑘 =
𝑘1

𝑘0
 (6-1) 

where 𝑘0 and 𝑘1 are the initial and post yield stiffnesses respectively. Yielding structural steel 

retains 2-5 % of the initial stiffness while various base isolated structures retain up to 20% post-

yield stiffness (Priestley, Calvi et al. 2007). The post-yield force increase is called strain hardening. 

Both steel and base isolated structures exhibit kinematic hardening where the difference between 

the positive and negative yield plateaus is always twice the yield force. The alternative is isotropic 

hardening where yield always occurs at the same force in each direction. The EP model with 5 and 

20% strain hardening are also demonstrated in Figure 4-41 a). 

The EP model is efficient at dissipating energy. The area enclosed by the hysteresis loops (equal 

to the energy dissipated) is close to rectangular, so large amounts of energy are dissipated in each 

oscillation with respect to the elastically stored energy. Figure 4-41 b) demonstrates the equivalent 

viscous damping ratio provided by EP hysteretic damping for a SDOF system calculated in 

accordance with Equation (1-10). The damping ratio is presented with respect to the displacement 

ductility, 𝜇, defined as the amplitude divided by the yield displacement. Note the damping ratio 

decreases with increasing 𝑟𝑘 because the larger post yield stiffness increases the stored elastic 

potential energy. The EP model does not dissipate any energy when the peak to peak displacement 

amplitude in a cycle is less than 2𝑢𝑦. 
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Figure 6-1 Elasto-plastic hysteretic model for various 𝒓𝒌 – a) hysteretic loops, and b) 

damping ratio by displacement ductility 

6.1.2 Ramberg-Osgood hysteresis 

The Ramberg-Osgood (RO) hysteresis is another approach to model structures with hardening 

behaviour (Ramberg and Osgood 1943). The RO hysteresis model is characterised by a continuous 

curve with a gradual decrease in stiffness defined by three parameters – the initial stiffness, 𝑘0, the 

yield force, 𝑓𝑦, and the power 𝑟 that determines the rate of stiffness degradation. The initial loading 

curve is defined by  

 𝑢 =
𝑓𝑟
𝑘0

[1 + |
𝑓𝑟
𝑓𝑦

|

𝑟−1

] (6-2) 

and subsequent curves are given by 

 𝑢 − 𝑢𝑝 =
𝑓𝑟 − 𝑓𝑝

𝑘0
[1 + |

𝑓𝑟 − 𝑓𝑝

2𝑓𝑦
|

𝑟−1

] (6-3) 

where 𝑢𝑝, 𝑓𝑝 defines the last peak in the hysteretic response. Two examples of RO hysteresis are 

described in Figure 6-2 for 𝑟 equal to 7 and 20. An 𝑟 value of 7 is suitable for representing the 

response of ductile steel structures, while a value of 20 provides a good fit to the elastic-perfectly 

plastic model (Priestley, Calvi et al. 2007). 

The RO model provides hysteretic energy dissipation at all amplitudes. The amount of energy 

dissipation tends to zero as the amplitude approaches zero. At large amplitudes the energy 
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dissipation tends towards that of the EP model. In energy calculations, the actual stored energy for 

the RO model is approximated by assuming a linear unloading stiffness equal to the initial stiffness. 

The hysteresis for 𝑟 equal to 7 is adopted for analyses in this Chapter. 

 

Figure 6-2 Ramberg-Osgood hysteresis 

6.1.3 Flag shaped hysteresis 

The Flag-Shaped (FS) hysteresis model is suitable for modelling the response of hybrid prestressed 

reinforced concrete members with energy dissipators. Hybrid members contain unbonded 

prestressing steel that results in nonlinear elastic response because of joints opening in the 

structure. The act of joint opening causes the stiffness of the structure to decrease abruptly, which 

can be approximated by a bilinear elastic stiffness. Systems with only bi-linear elastic response 

have minimal ability to dissipate energy during a large earthquake and can result in large drifts and 

prolonged vibration. 

Mechanical energy dissipators are normally added to a hybrid structure to add damping to the 

system and improve the seismic performance. The energy dissipators, such as mild steel bars, are 

typically connected across the joints in the structure. The joints open in the same direction when 

the loads reverse which results in the “flag” shaped hysteresis described in Figure 6-3. 

The flag shaped hysteresis is described by an initial stiffness, yield force, post yield stiffness and 

the height of the flag, i.e. the ratio of the hysteresis opening to the yield force, 𝛽𝑦. The EP model 

is a special case of the flag shaped rule when 𝛽𝑦 = 2. Typically, the value of 𝛽𝑦 is chosen from the 

range 0.3-0.7. The value of 𝛽𝑦 is kept sufficiently small so to allow self recentering of the system. 

Models with typical values of 𝛽𝑦 dissipate less energy than the EPP and Takeda models and retain 



 

 - 211 - 

more elastic recoverable energy. The FS model does not dissipate any energy if the force amplitude 

is less than the yield force. 

𝛽𝑦 is set to equal 0.5 in all analyses in this Chapter. Note that this hysteresis model was used for 

the demonstration in Figure 1-10 and Figure 1-12. 

 

Figure 6-3 Flag shaped hysteresis for  𝜷𝒚 = 𝟎. 𝟓 

6.1.4 Modified Takeda hysteresis 

The Takeda hysteresis model is a trilinear model developed to emulate the behaviour of reinforced 

concrete members (Takeda, Sozen et al. 1970). The Modified Takeda hysteresis model is a special 

case of the Takeda model in which the cracking and yield points coincide to give a bilinear model 

(Otani and Sozen 1972). Modified Takeda hysteresis loops consist of a series of linear segments 

that are dependent on the history of deformation. There are two types of Takeda hysteresis to 

represent different types of structural members. Takeda “Thin” (TT) loops are presented in Figure 

6-4 a) and they represent reinforced concrete wall or column behaviour. Takeda “Fat” (TF) loops 

are presented in Figure 6-4 b) and they represent reinforced concrete beam behaviour. Each Figure 

follows two cycles at an amplitude of 3𝑢𝑦 to demonstrate the softening of the reloading stiffness 

post yield. 
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Figure 6-4 Modified Takeda hysteresis – a) “thin” (𝜶𝒕 = 𝟎. 𝟓, 𝜷𝒕 = 𝟎), and b) “fat” (𝜶𝒕 =
𝟎. 𝟑, 𝜷𝒕 = 𝟎. 𝟔) 

The parameters that determine the nature of the Takeda loops are 𝑟 as previously described, 𝛼 that 

controls the unloading stiffness, and 𝛽 that controls the reloading stiffness. The unloading stiffness, 

𝑘𝑢, is defined as 

 𝑘𝑢 = 𝑘0𝜇
−𝛼𝑡 (6-4) 

where 𝛼𝑡 is normally set to 0.3 for the fat model and 0.5 for the thin model. The reloading stiffness 

is also governed by the cyclic amplitude, where after unloading back to zero force the hysteresis 

moves linearly towards the point at 𝑢𝑚𝑎𝑥 − 𝛽𝑡𝑢𝑝𝑙, where 𝑢𝑚𝑎𝑥 is the larger of the previous largest 

displacement and the yield displacement, and 𝑢𝑝𝑙 is the plastic deformation defined as 𝑢𝑚𝑎𝑥 − 𝑢𝑦. 

The values of 𝑢𝑚𝑎𝑥, 𝑢𝑝𝑙 and 𝜇 are unique for each direction of motion. The Takeda thin model is 

a special case of the fat model with 𝛽𝑡 equal to zero. Well detailed reinforced concrete beams 

should take a 𝛽𝑡 value of 0.6, as demonstrated in Figure 6-4 b). The Takeda model dissipates less 

hysteretic energy per cycle than the EP model. The major difference between the Takeda and EP 

models is the lower unloading and reloading stiffnesses. In addition, once yielding has occurred, 

the Takeda models dissipate energy at all amplitudes. 

To differentiate between the EP and Takeda models, only the thin model is considered in 

subsequent analyses. The thin model is chosen over the fat model because it exhibits larger 

variation from the stiffness and energy dissipation properties of the EP model. 
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6.1.5 Comparison of the four hysteretic models 

The four hysteretic models are calibrated to fit the same backbone strength curve, i.e. they represent 

the same equivalent secant stiffness at a given ductility. The fit is exact for the models with discrete 

stiffness but only approximate for the continuous RO model. However, despite sharing essentially 

the same backbone curve, the systems are shown to exhibit very different dynamic behaviour. The 

four models are calibrated to allow examination of individual characteristics of the dynamic 

system. 

Figure 6-5 a) compares the hysteresis curves of the four models over one and a quarter oscillations 

at amplitude 3𝑢𝑦, i.e. through an entire cycle from rest then through to the next peak. The initial 

loading curves are identical for the three models with discrete stiffness, while the RO curve has 

some rounding of the yield “corner”. After the initial peak, the curves differ significantly 

throughout the remainder of the cycle. Both the areas enclosed by the curves and their slopes differ 

throughout the motion. Figure 6-5 b) demonstrates the variation in the tangent stiffness of the four 

models over the last half oscillation moving from the negative peak back to the positive peak at a 

displacement ductility amplitude equal to 3. The stiffness of the EP, TT and RO models always 

decreases as the displacement moves from one peak to the next. The stiffness of the FS model 

alternates between the initial and post yield stiffnesses throughout the motion. The EP model 

provides a reasonable discretisation of the RO smooth curve, whereas the TT model exhibits 

stiffnesses that are unlike those of the other three models. The stiffness variation and the amount 

of energy dissipation are what govern the dynamics of the system rather than the backbone strength 

curve. 

  

Figure 6-5 Comparison of hysteretic models over an oscillation at ductility of four – a) 

hysteresis, and b) stiffness from −𝟑𝒖𝒚 to 3𝒖𝒚 



 

 - 214 - 

A further point of difference for the TT model is that the loading stiffness is dependent on both the 

past peaks of the system and the current residual drift. This means that even for structures with the 

same peak deformations the stiffness characteristics can be completely different based on the 

location of the zero-force displacement (residual drift/ductility). Note that the unloading stiffness 

is only dependent on the past peaks of the system in accordance with Equation (6-4).  

The phenomenon is demonstrated in Figure 6-6. Figure 6-6 a) illustrates the situation where the 

positive (𝑘+) and negative (𝑘−) loading paths are plotted from a residual ductility, 𝜇𝑅. Figure 6-6 

b) shows how the positive and negative loading stiffnesses change with respect to the residual 

ductility for the cases of ±2, 4 and 6 peak ductility (𝜇0). The unloading stiffness, 𝑘𝑢, for each peak 

ductility case is equal to the maximum value of the 𝑘+ curve. Note that Figure 6-6 b) only 

demonstrates three cases where the peak positive and negative ductility are equal. At the three 

levels of target ductility, the post-peak response stiffness of the TT model is always significantly 

less than the initial stiffness. 

  

Figure 6-6 Post-peak stiffness of the TT model – a) definition of the positive and negative 

loading stiffnesses with respect to a residual ductility, and b) normalized stiffness with 

respect to residual ductility 

The variation of the steady state period of the inelastic SDOF structure is shown in Figure 6-7 with 

respect to the vibration amplitude. Notice that the period of vibration is different for all four 

hysteresis models. The period elongation increases with ductility and similarly is larger for the 

hysteretic models with more hysteretic energy dissipation. Note that the effective (secant) period, 

𝑇𝑒, of the SDOF system is not the true period of the system. 
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Figure 6-7 Period elongation due to inelastic deformation 

The energy dissipated during a cycle varies between the models as demonstrated in Figure 6-8 a). 

The RO model is the only one to dissipate energy at amplitudes below the yield displacement. At 

amplitudes above the yield displacement, the quantity of energy dissipated is largest for the EP 

model followed by RO, TT and FS in descending order. Meanwhile, as demonstrated in Figure 6-8 

b), the ranking of the actual amounts of potential energy stored in the models is the opposite to the 

dissipated energy – in descending order, FS, TT, RO and EP. 

  

Figure 6-8 Comparison of hysteretic models’ – a) dissipated energy per oscillation, and 

b) actual stored potential energy 

The variation in damping ratio between the models is large. Figure 6-9 a) reveals that the EP and 

RO models exceed damping ratios of 100% at an approximate ductility of 3, while the TT and FS 

models do not exceed 30% for ductility 6. For comparison, the damping ratios defined by the secant 

stiffness of the structure are shown in Figure 6-9 b). Note that effective secant structure damping 

ratios are lower than those calculated using the actual stored energy as the potential energy is 

assumed to be larger in the equivalent secant structure. 



 

 - 216 - 

  

Figure 6-9 Comparison of hysteretic models’ damping ratios calculated from steady 

state energy dissipation and – a) actual stored energy, and b) secant stored energy 

 

 

Figure 6-10 Comparison of hysteretic models’ displacement response to the Delta H1 

ground motion – a) EP and RO models, and b) FS and TT models 

The response to earthquake strong motion of the four models varies significantly. Consider four 

SDOF systems with a fundamental elastic period of 1.0 s subjected to the Delta H1 earthquake 

record. Hysteresis is the only form of energy dissipation modelled, i.e. there is no elastic damping. 
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The peak ground acceleration of the record is scaled so that the peak ductility of the system with 

the EP hysteresis model is equal to 6. Figure 6-10 a) and b) present a section of the displacement 

time histories of the system with the EP, TT, FS and RO models. Notice that the EP and RO 

responses are similar whereas the FS and TT responses are both completely different. The different 

responses are attributable to the differences in stiffness and amount of energy dissipation between 

the models. 

6.1.6 The effects of the elastic damping model 

The comparison of the four hysteretic models shows that we can directly compare pairs of model 

responses to understand the effects of elastic damping when combined with different hysteretic 

features. 

First, the response of systems with EP and RO hysteresis can be compared to assess the effect of 

elastic damping in the presence of discrete or continuous stiffness models. The EP and RO models 

have similar amounts of hysteretic damping and stored energy at all amplitudes, as shown in Figure 

6-8 a) and b) respectively. The only significant difference between the two models is that the RO 

model has a smooth transition between the initial and post-yield stiffnesses, whereas the EP model 

has a discrete corner. The comparison of EP and RO provides insight into the differences between 

the initial and tangent stiffness proportional viscous damping models.  

The second comparison is between the EP and FS models to assess the effect of elastic damping 

when there is a variable amount of hysteretic energy dissipation. Figure 6-5 shows that the EP and 

FS models have the same two discrete stiffnesses, but Figure 6-8 a) shows that they have vastly 

different amounts of hysteretic energy dissipation at all amplitudes. This comparison is equally 

relevant to all the damping models. 

The final comparison is between the EP and TT models to examine the effect of elastic damping 

when there are differences in stiffness and hysteretic energy dissipation. 

 DAMPING MODELS 

A total of nine damping models are chosen for further investigation – initial and tangent stiffness 

proportional viscous damping, conventional and reduced stiffness, constant and amplitude 

dependent three element stiction damping, constant (𝜆 = 0.5) modified Coulomb damping, and 

IMCF and IMVD with parabolic amplitude dependency. Each model has 2 or 5% equivalent 

viscous damping at an amplitude equal to the yield displacement. The properties of the damping 

models are described and compared in the following sections. 
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6.2.1 Viscous damping models 

The initial and tangent stiffness proportional viscous damping models are demonstrated in Figure 

6-12 for the four hysteretic models. Single steady state oscillations of some response parameters 

are shown at ductility equal to 2. The frequency of oscillation is equal to the natural frequency of 

the structure. The damping coefficients are computed for a viscous damping ratio equal to 2% for 

a structure with a period of 1.0 s. 

Figure 6-12 c) demonstrates the continuous nature of the Initial Stiffness Proportional Viscous 

Damping (ISPVD) forces while Figure 6-12 e) depicts the discontinuous trace of the Tangent 

Stiffness Proportional Viscous Damping (TSPVD) forces. 

The amplitude dependency of the damping ratios for each viscous damping model are shown in 

Figure 6-11 for an EP SDOF vibrating at a steady state amplitude at the natural frequency of the 

system. Notice that the TSPVD damping models provide post yield damping ratios that are 

significantly less than those of the ISPVD damping models. Figure 6-13 shows the ratio of initial 

to tangent stiffness proportional viscous damping ratios over the range of expected ductility. The 

ratio ranges from 1 at ductility 1 through to 2.9 at ductility 6. The amount of energy dissipation is 

up to 3 times less in the tangent stiffness proportional case. 

  

Figure 6-11 ISPVD damping ratios for an elasto-plastic SDOF with 5% kinematic 

hardening – a) elastic damping, and b) total damping 

 



 

 - 219 - 

  

  

  

Figure 6-12 Viscous damping under steady state response – a) velocity, b) restoring 

force, c) ISPVD forces, d) ISPVD total forces, e) TSPVD forces, and f) TSPVD total 

forces 
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Figure 6-13 Ratio of ISPVD to TSPVD damping ratios 

The mass of the system is shown in Figure 6-14 a) and the viscous damper coefficients are shown 

in Figure 6-14 b) for the 2 and 5% damped cases. Note that the damper coefficients are linearly 

proportional to period, or inversely proportional to frequency. All structures vibrating at the same 

amplitude will exhibit the same damping ratio as the damper coefficient multiplied by frequency 

gives a constant value. 

  

Figure 6-14 a) SDOF mass, and b) viscous damper coefficients 

6.2.2 Stiction element damping models 

Three-element stiction damping is adopted in two separate models with the damper properties 

selected to provide either constant damping ratios or damping ratios that increase with amplitude. 

The parameters of the three stiction elements are listed in Table 6-1. The damping forces of the 

four stiction models are demonstrated in Figure 6-15 for an oscillation at ductility equal to 1. The 

total force backbone for the EP system is also shown in Figure 6-19 a). 



 

 - 221 - 

Table 6-1 Three-element stiction damping model parameters 

 

Target 

Damping 

Ratio (%) 

Amplitude 

Dependency 
Element # 

𝑢𝑓  

(m) 

𝑓𝑓  

(kN) 

𝑘𝑓  

(kN/m) 

 2 Constant  1 0.0025 0.140 56.0 

  (C) 2 0.0100 0.240 24.0 

   3 0.0250 0.480 19.2 

   ∑  0.860 99.2 

  Increasing 1 0.0025 0.014 5.6 

  (I) 2 0.0100 0.180 18.0 

   3 0.0250 0.830 33.2 

   ∑  1.024 56.8 

 5 Constant 1 0.0025 0.430 172.0 

  (C) 2 0.0100 0.600 60.0 

   3 0.0250 1.100 44.0 

   ∑  2.130 276.0 

  Increasing 1 0.0025 0.040 16.0 

  (I) 2 0.0100 0.500 50.0 

   3 0.0250 2.100 84.0 

   ∑  2.640 150.0 

 

 

Figure 6-15 Three-element stiction damping forces 

The damping ratios and period distortion for a linear SDOF are demonstrated in Figure 6-16 a) and 

b) respectively. Notice in Figure 6-16 a) that due to the small number of stiction elements the 

damping ratio curves are discontinuous and there is zero damping at amplitudes below the sliding 

displacement of the first stiction element (ductility equal to 0.05). Figure 6-16 b) shows that for 

the four damping models the period distortion ratio ranges between approximately 0.75 and 0.93 

at zero amplitude. 
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Figure 6-16 Three-element stiction damping model for a linear-elastic SDOF – a) 

damping ratios, and b) period distortion 

The amplitude dependency of the damping ratios varies between the four hysteretic models as the 

actual stored energy after yielding differs. The damping ratios for the EP model are shown in Figure 

6-17. Figure 6-17 a) shows the damping ratios from only the stiction elements with the hysteretic 

damping also shown for reference. Figure 6-17 a) shows that the damping ratio from the stiction 

elements increases after yielding as the ratio of dissipated to stored energy increases. Figure 6-17 

b) depicts the total energy dissipation from the stiction and hysteretic damping components. In 

Figure 6-17 b), it is apparent that the hysteretic damping ratios become greater than 100% for 

ductility greater than 3. At ductility 6, the stiction dampers add between 11 and 32% additional 

damping to the hysteretic damping. This damping model is referred to as Conventional Stiction 

Damping (CSD). The Increasing damping ratio variation of the model is referred to as ISD. 

  

Figure 6-17 Three-element stiction damping ratios for an elasto-plastic SDOF with 5% 

kinematic hardening (𝒇𝒓 = 𝒇𝒚) – a) stiction damping, and b) total damping 
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A tweak to the stiction damper formulation is to make the total force, 𝑓𝑟 + 𝑓𝑑 , equal to the yield 

force, as demonstrated in Figure 6-18 b). The limit on the total force has the effect of reducing the 

stiffness of the system and the elastic potential energy at a given amplitude. The energy dissipated 

in the stiction elements remains the same, but the hysteretic energy dissipation reduces. The amount 

of dissipated energy decreases by a larger percentage than the stored energy, so the total damping 

ratios decrease. This damping model is referred to as Reduced Stiction Damping (RSD). The 

constant and increasing variations of reduced stiction damping are referred to as CRSD and IRSD 

respectively. 

  

Figure 6-18 Total forces for an elasto-plastic SDOF with 5% strain hardening and three-

element stiction damping – a) CSD, 𝒇𝒓 = 𝒇𝒚, and b) RSD, 𝒇𝒓 + 𝒇𝒅 = 𝒇𝒚 

  

Figure 6-19 RSD damping ratios for an elasto-plastic SDOF with 5% kinematic 

hardening (𝒇𝒓 + 𝒇𝒅 = 𝒇𝒚) – a) stiction damping, and b) total damping 

The RSD total damping ratios are demonstrated in Figure 6-19 b). The 𝑓𝑟 + 𝑓𝑑 = 𝑓𝑦 models with 

stiction damping are closer to the EP alone damping ratios than the 𝑓𝑟 = 𝑓𝑦 formulation of Figure 

6-17 b). 
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Figure 6-20 demonstrates the effect of the yield force formulation on the spectral displacement 

response to the El Centro H2 earthquake of a SDOF system with 5% constant stiction damping. 

Note that the period of the system on the x-axis is defined by the secant stiffness to the yield point 

𝑢𝑦, 𝑓𝑦 – i.e. based on the initial stiffness of the structure of 358 kN/m. Figure 6-20 a) shows the 

elastic displacement response spectrum. Based on the elastic displacement spectrum the input 

record is scaled so that the 5% viscous response equals the yield displacement. The scaled record 

is then used to create displacement spectra for the conventional and reduced stiction element 

structures. Period distortion due to the stiffness of the stiction elements creates a different spectrum. 

Where the viscous spectrum is increasing with period, the stiction damped spectrum is less than 

the viscous equivalent. The reduction occurs because the stiction damped system has a shorter 

actual period at low amplitudes than the viscous damped case. The reduction manifests because 

the spectral displacement at the shorter period is smaller. Conversely, when the viscous spectrum 

is decreasing the stiction spectrum is larger. Figure 6-20 b) shows that the 𝑓𝑟 + 𝑓𝑑 = 𝑓𝑦 reduces the 

effects of the period distortion from the stiction elements. Both the conventional and reduced 

stiction element damping models are investigated in this Chapter. 

  

Figure 6-20 El Centro H2 displacement spectra – a) 5% viscous damping, and b) stiction 

damped response normalized by viscous damped response 

6.2.2.1 Hysteretic models for RSD 

The adjusted hysteresis models for use with the CRSD model with 5% target equivalent viscous 

damping are shown in Figure 6-21. The unadjusted hysteretic models are plotted against the sum 

of the adjusted restoring and damping forces. Note that the yield force of the reduced hysteresis 

models is equal to 15.76 kN or 88.1% of the unadjusted yield force and corresponds to an effective 

initial stiffness of 315 kN/m. All other hysteretic model parameters remain unchanged except for 

the FS model, where the value of 𝛽𝑦 is reduced from 0.5 to 0.26. 
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Figure 6-21 Hysteretic models for structures with RSD – a) EP, b) RO, c) FS, and d) TT 

6.2.3 Modified Coulomb friction damping models 

Only the amplitude independent damping model is implemented in this investigation using the 

effective displacement amplitude formulation. The MCF damping model parameters are listed in 

Table 6-2. 

Table 6-2 MCF damping model parameters 

 

Target 

Damping 

Ratio (%) 

Amplitude 

Dependency 
 𝜆 

𝑐𝑓  

(kNs/m) 

 2 Constant 0.50 11.2 

 5 Constant 0.50 28.1 

     

The damping ratios for an inelastic SDOF with the EP model with 5% kinematic hardening are 

shown in Figure 6-22. Figure 6-22 a) demonstrates the damping ratios from the MCF damping 

only, while Figure 6-22 b) shows the damping ratios from the hysteretic and MCF damping. 
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Figure 6-22 Modified Coulomb friction damping ratios for an elasto-plastic SDOF with 

5% kinematic hardening – a) elastic damping, and b) total damping 

Note that for the RO model the instantaneous total energy in the system is calculated assuming a 

linear unloading stiffness equal to the initial displacement. This approximation is shown in Figure 

6-23 a) at the maximum ductility of 6 encountered in this investigation. The magnitude of the 

energy error with respect to ductility is plotted in Figure 6-23 b). The error in the energy 

approximation is less than 10% which is acceptable for use in generating the MCF damper forces. 

  

Figure 6-23 Accuracy of the initial stiffness approximation in calculating the recoverable 

strain energy in the Ramberg Osgood hysteresis model – a) maximum discretisation 

error at ductility 6, and b) energy error with respect to ductility 

6.2.4 Improved modified viscous and Coulomb friction damping models 

The IMVD model is defined in Chapter 5. The parabolic amplitude dependency is implemented in 

this investigation for both viscous and modified Coulomb dampers. The target amplitude for the 

amplitude dependent damping is the yield displacement. At amplitudes larger than the yield 

displacement the damping ratios are the same as the viscous and MCF models. The viscous damper 
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coefficient is 5.69 kNs/m and the MCF damper coefficient is 28.1 kN. The damping ratios are 

identical to the standard viscous and MCF damping models when the normalised displacement is 

greater than 1. At amplitudes less than 1, the damping ratios follow the parabolic curve between 

0.2 and 1.0 times the target damping ratio as previously demonstrated in Figure 5-5. 

6.2.5 Comparison 

The damping ratios for some of the 5% damping models are shown for comparison in Figure 6-24. 

In the inelastic amplitude range the ISPVD and ISD models provide the largest damping ratios 

while the TSPVD model provides smallest damping ratios. The two stiction model damping ratios 

are larger than the MCF values. Note that at amplitudes less than ductility 1, the ISPVD, TSPVD 

and MCF curves are identical. Similarly, at amplitudes greater than ductility 1 the ISPVD and 

IMVD curves are identical. 

 

Figure 6-24 Comparison of elastic damping ratios for an elasto-plastic SDOF with 5% 

kinematic hardening with various elastic damping models 

The damping forces are shown for the constant damping ratio models vibrating at a variety of 

amplitudes in Figure 6-25 a) through d). The amplitudes are 1, 2, 4 and 6 times the yield 

displacement and the systems are vibrating at their natural frequencies. The stiction damping forces 

are larger than the MCF damper forces which is why the stiction model produces larger damping 

ratios. The peak viscous damping forces increase with amplitude and increase relative to the 

friction-based forces. The larger viscous damping forces are responsible for the larger damping 

ratios for the constant viscous model. 



 

 - 228 - 

  

  

 

Figure 6-25 Damping forces for the constant damping ratio models at various 

amplitudes of vibration of the EP model 

The damping models can be classified as velocity dependent or independent. The magnitude of the 

stiction damping forces are independent of velocity and are capped irrespective of the response 

history. Meanwhile the magnitude of the viscous and modified Coulomb type damping forces are 

all dependent on the velocity. In the case of viscous type damping the damping forces are directly 

proportional to the velocity. The modified Coulomb type damping forces are proportional to the 

total energy in the system which is a function of the velocity. The results show that dependence on 

velocity has significant influence on the performance of the damping model. 

 METHODOLOGY 

The challenge for this investigation is to develop a data set that encapsulates the effects of the 

elastic damping model on the EDPs, is comparable amongst itself and relates to the prevalent 

design methodologies. 
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Parameters that may impact the effects of the damping model on the responses are the earthquake 

record, period of the structure and the target peak ductility (which relates to the amount of 

hysteretic energy dissipation). A total of 12 earthquakes, 44 fundamental periods (0.2 to 4.5 s in 

0.1 s increments) and 4 levels of ductility (1, 2, 4 and 6) are assessed for each hysteretic and 

damping model combination. This amounts to 21,120 time history simulations. The procedure of 

this investigation is to develop response spectra for each earthquake, target ductility and damping 

model combination for comparison. The procedure developed for this investigation is similar in 

nature to that for constructing a Constant-Ductility Response Spectrum (CDRS) as described by 

Chopra (2007) and is briefly described as follows. 

First, we define the hysteretic models in accordance with Section 6.1. For each hysteretic model, 

the mass is adjusted in accordance with Figure 6-14 a) to provide the desired period of vibration 

for the 44 different structures. For each structure, each earthquake is iteratively scaled to determine 

the minimum Peak Ground Acceleration (PGA) required to achieve the desired target ductility 

level in the absence of elastic damping. 

The EDPs are recorded for the response of the undamped systems to the scaled ground motions. 

The SDOF systems with the damping models described in Section 6.2 are then subjected to the 

scaled earthquakes and the EDPs recorded. We then compare the EDP spectra of the simulations 

with various damping models to determine the effect of the elastic damping. Wherever possible, 

the EDPs for each damping model are normalised by the undamped EDPs. In terms of notation, 

the undamped parameters are distinguished by the subscript 0. For example, the hysteretic energy 

dissipation in the undamped analysis is labelled 𝑊ℎ0. The peak damping forces are normalised by 

the yield force and the elastic damping energy dissipation and rate of energy dissipation are 

normalised by the undamped hysteretic energy equivalents. 

All time history analyses are conducted in MATLAB (The Mathworks Inc 2010) using the 

Newmark Explicit Method (NEM) of integration. The time step size, ℎ, is adjusted for each period 

of vibration so that 𝜔ℎ ≤ 0.05 to reduce the time required for analysis of the longer period systems 

without sacrificing accuracy. 

6.3.1 Earthquake records 

A total of 12 earthquake records are chosen for this study. Eleven of the records are chosen from 

the suite recommended by Oyarzo-Vera, McVerry et al. (2012) for the North Island of New 

Zealand, and the twelfth is from the 22nd February 2011 Christchurch earthquake recorded at the 

Resthaven Rest Home Site (REHS). The earthquakes are sourced from online strong-motion 
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databases (COSMOS (1999), EQC-GNS (2017), NIED (2018), PEER (2005)). Details of the 

earthquakes are listed in Table 6-3. None of the records exhibit forward directivity. 

Table 6-3 Details of earthquake records 

 Record name Date M Dir. PGA FM*  

 El Centro, Imperial Valley, USA 19/05/40 7.0 H2 0.344 SS  

 Delta, Imperial Valley, USA 15/10/79 6.5 H1 0.334 SS  

 Kalamata, Greece 13/09/86 6.2 H1 0.231 N  

 Chihuahua, Victoria, Mexico 09/06/80 6.3 H1 0.149 SS  

 Corinthos, Greece 24/02/81 6.6 H1 0.230 N  

 Westmorland, Superstition Hill, USA 24/11/87 6.5 H2 0.204 SS  

 CHY101, Chi-Chi, Taiwan 20/09/99 6.2 H2 0.180 SS  

 Convict Creek, Mammoth Lakes, USA 25/05/80 5.9 H1 0.218 SS  

 Bovino, Campano Lucano, Italy 23/11/80 6.9 H2 0.046 N  

 Matahina Dam D, Edgecumbe, NZ 02/03/87 6.6 H1 0.278 N  

 KAU001, Chi-Chi-IV, Taiwan 20/09/99 6.2 H1 0.014 SS  

 REHS, Christchurch, NZ 22/02/11 6.3 H1 0.690 SS  

 M = magnitude in Mw 

Dir. = orthogonal direction 

PGA = peak ground acc. (g) 

FM = fault mechanism: SS = strike-slip, N = normal 

     

       

The elastic response spectra for the twelve unscaled records are shown in Figure A-1 through 

Figure A-6 of Appendix A. Table A-1 lists the transition periods between the acceleration, velocity 

and displacement sensitive regions of the spectra for each earthquake. Inspection of the spectra and 

the transition periods suggests that the period range chosen (0.2-4.5 s) is sufficient to encapsulate 

trends in response. The velocity to displacement transition periods range between 1.158 and 

2.280 s, which is sufficiently less than the maximum period investigated of 4.5 s to allow the effect 

of elastic damping on displacement sensitive structures. 

6.3.2 Engineering Demand Parameters (EDPs) 

The EDPs that are recorded from the time history analyses are listed in Table 6-4. 
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Table 6-4 Engineering Demand Parameters (EDPs) recorded from time history analyses 

 Symbol Unit Name  

 𝜇𝑚𝑎𝑥 |𝑢| 𝑢𝑦⁄  Peak displacement ductility  

 𝜇𝑟𝑒𝑠 |𝑢𝑟| 𝑢𝑦⁄  Residual displacement ductility  

 �̇�∗  |�̇�| (𝜔𝑢𝑦)⁄  Normalised maximum and minimum velocities  

 𝑓𝑟
∗ |𝑓𝑟| 𝑓𝑦⁄  Normalised peak restoring forces  

 𝑓𝑑
∗ |𝑓𝑑| 𝑓𝑦⁄  Normalised peak damping forces  

 𝑓𝑖
∗ |𝑓𝑖| 𝑓𝑦⁄  Normalised peak inertia forces  

 𝑊𝑖,𝑒𝑛𝑑
∗  𝑊𝑖 (𝑓𝑦𝑢𝑦)⁄  Normalised total input energy  

 𝑊𝑖,𝑚𝑎𝑥
∗  𝑊𝑖 (𝑓𝑦𝑢𝑦)⁄  Normalised maximum input energy  

 𝑊𝑘,𝑚𝑎𝑥
∗  𝑊𝑘 (𝑓𝑦𝑢𝑦)⁄  Normalised maximum kinetic energy  

 𝑊ℎ,𝑚𝑎𝑥
∗  𝑊ℎ (𝑓𝑦𝑢𝑦)⁄  Normalised total hysteretic energy dissipation  

 𝑊ℎ,𝑚𝑎𝑥
∗  𝑊𝑑 (𝑓𝑦𝑢𝑦)⁄  Normalised total elastic damping model energy dissipation  

 𝑟𝑑ℎ 𝑊ℎ 𝑊𝑖⁄  Ratio of total hysteretic to total energy dissipation  

 𝑟𝑑𝑒  𝑊𝑑 𝑊𝑖⁄  Ratio of total elastic to total energy dissipation  

 𝑊𝑠,𝑚𝑎𝑥
∗  𝑊𝑠 (𝑓𝑦𝑢𝑦)⁄  Normalised maximum recoverable elastic strain energy  

 𝑃𝑖,𝑚𝑎𝑥
∗  𝑑𝑊𝑖 𝑑𝑡/(𝑓𝑦𝑢𝑦)⁄  Normalised maximum rate of input energy  

 𝑃ℎ,𝑚𝑎𝑥
∗  𝑑𝑊ℎ 𝑑𝑡/(𝑓𝑦𝑢𝑦)⁄  Normalised maximum rate of hysteretic energy dissipation  

 𝑃𝑑,𝑚𝑎𝑥
∗  𝑑𝑊𝑑 𝑑𝑡/(𝑓𝑦𝑢𝑦)⁄  Normalised maximum rate of elastic damping energy dissipation  

 𝜇𝑝 𝑊ℎ,𝑚𝑎𝑥
∗ + 1 Cumulative displacement ductility  

 𝑛+  Number of positive yield excursions  

 𝑛−  Number of negative yield excursions  

 𝑛𝑡  Total number of yield excursions  

 𝑛𝑟  Number of yield reversals  

     

The energy response calculations are computed using the absolute energy of the system as follows 

(Uang and Bertero 1990) 

 𝑊𝑘 + 𝑊𝑑 + 𝑊ℎ = 𝑊𝑖 (6-5) 

where 

 
𝑊𝑘 =

1

2
𝑚�̇�𝑡

2 
(6-6) 
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𝑊𝑑 = ∫𝑓𝑑𝑑𝑢 

(6-7) 

 
𝑊ℎ = ∫𝑓𝑟𝑑𝑢 

(6-8) 

 
𝑊𝑖 = ∫𝑚�̈�𝑡𝑑𝑢𝑔 

(6-9) 

Subscript 𝑔 denotes the ground response parameter only, while subscript 𝑡 denotes the total 

response parameter (i.e. ground plus relative parameters). All energy parameters are normalised 

by the yield force multiplied by the yield displacement. 

The rate of change of the energies is also of interest. The maximum energy rate parameters are 

defined as the maximum rate of change of the normalised energy parameter with respect to time 

(Conte, Pister et al. 1990). 

The cumulative displacement ductility, 𝜇𝑝,is defined as the normalised total hysteretic energy 

dissipation plus one and represents a measure of the total plastic deformation. 

The normalised velocities are equal to the peak velocity divided by the yield displacement times 

the elastic frequency of the system in radians per second. 

 RESULTS 

This Section discusses the effect of the various damping models on the EDP spectra. 

6.4.1 Presentation of EDP results 

The EDP data for each damping model is averaged across the 12 earthquakes for comparison with 

the response of the SDOFs with the other damping models. The averaging process is demonstrated 

in Figure 6-26 for the EP structure with 5% initial stiffness proportional viscous damping at 

ductility 6 amplitude. Figure 6-26 a) and b) present the peak ductility and maximum damping force 

respectively for the structure with ISPVD . The 12 earthquake peak ductility spectra are normalised 

by the undamped peak ductility spectra and are shown with their average in Figure 6-26 a). 

Similarly, the peak damping force is normalised by the yield force and plotted along with the 

average in Figure 6-26 b). Figure 6-26 demonstrates that the averaging process is representative of 

the trends in the results. 
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Figure 6-26 Averaging of the 12 earthquake spectra for the EP model ductility 6 with 

5% initial stiffness proportional viscous damping – a) peak ductility normalized by the 

undamped response, and b) maximum damping force normalized by the yield force 

The standard deviations for the peak ductility and damping force are shown in Figure 6-27 a) and 

b) respectively. The standard deviations of the peak ductility parameters are approximately 

constant across the period range. The average standard deviation decreases slightly with increase 

in ductility, equal to 0.101, 0.086 and 0.078 for the ductility 2, 4 and 6 analyses respectively. 

Meanwhile, the variability of the peak ISPVD damping force increases with increase in period and 

ductility. The increased variability is due to the damping forces being normalised by yield force, a 

constant, rather than the undamped spectral value, meaning that as the ISPVD forces get larger so 

does the variation. 

  

Figure 6-27 Standard deviations of the 12 earthquake spectra for the EP model with 5% 

initial stiffness proportional viscous damping – a) peak ductility normalised by the 

undamped response, and b) maximum damping force normalised by the yield force 
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6.4.1.1 Initial vs secant period 

All analyses in this Chapter describe a structure with respect to its initial (elastic) period of 

vibration. Other prominent research and analysis methodologies characterise a structure by the 

effective or secant period. At this point it is helpful to quantify the relationship between the two 

periods and justify the use of the initial period. 

To quantify the relationship between the two periods, the secant stiffnesses of the SDOF structure 

at the three levels of target ductility are demonstrated in Figure 6-28 a). The relationships between 

the elastic and secant periods for the three levels of target ductility are shown in Figure 6-28 b). 

Figure 6-28 shows that the relationship between elastic and secant period is constant. The ratio of 

secant to elastic period is equal to 1.38, 1.87 and 2.19 for the ductility 2, 4 and 6 structures 

respectively.  

  

Figure 6-28 Relationship between elastic and secant periods – a) secant stiffness at the 

target ductility levels, and b) secant period with respect to elastic period 

The rationale behind adopting the initial period for the spectra in this study is that when the 

damping models alter the response of the SDOF structure the peak ductility will change 

accordingly and thus change the secant period. The initial period is adopted as it is independent of 

peak ductility. 

6.4.2 Ductility 1 

The ductility 1 analyses results provide a benchmark for the subsequent inelastic analyses. The key 

parameters in the elastic response are the maximum displacement, maximum inertia and damping 

forces, and the maximum rate of energy dissipation. Note that the structure is modelled to be linear 

elastic, which means the initial and tangent stiffness proportional viscous damping models are 
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identical and that the solid black line is covered by the magenta curve in the EDP spectra in Figure 

6-30. 

 

 

 

Figure 6-29 El Centro H2 response spectra with various amounts of viscous damping – 

a) displacement, b) velocity, and c) acceleration 

The normalised peak displacement ductility is presented in Figure 6-30 a). One feature of the plot 

is that damping provides less amplitude reduction with increase in period. The phenomenon arises 
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because most of the energy in the earthquake is in the low period range. As the period of the 

structure increases, the structure is increasingly isolated from the ground motion and the relative 

displacement response tends towards the ground displacement, i.e. the mass of the SDOF does not 

move. Accordingly, the displacements become independent of damping and the effect of damping 

reduces with increase in period. The independence of displacement from damping is demonstrated 

in Figure 6-29 a), where the El Centro H2 displacement spectra of structures with various viscous 

damping ratios converge towards the peak ground displacement at periods longer than 5 s. 

A second feature of the normalised peak ductility spectra is that the reduction in damping from the 

amplitude dependent models results in an increase in the displacement response, as shown by the 

dashed lines being higher than the solid lines of the same colour. The difference between the 

constant and amplitude dependent damping curves for each type of damping reduces with increase 

in period because the effect of damping reduces as described above. 

 

 

 

 

Figure 6-30 Linear elastic model spectra with 5% elastic damping models and 𝝁𝟎 = 𝟏 – 

a) mean normalised peak ductility, and b) mean normalised peak inertia force 
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Comparing the different damping models, the viscous and MCF types provide more amplitude 

reduction than the stiction types. At a period of 0.2 s, damping reduces the peak ductility to between 

40 and 60% of the undamped response. Meanwhile at a period equal to 4.5 s, the peak ductility is 

amplified by a factor between 0.9 and 1.1. Overall, the spectra of the different damping models 

follow the same trend with respect to period with the difference being that some damping models 

provide larger reductions to the peak ductility than others. 

Figure 6-30 b) presents the spectra for the normalised peak inertia force. The inertia force is 

analogous to the base shear or the sum of the restoring and damping forces. The trend of Figure 

6-30 b) is like that of Figure 6-30 a) in that the reductions decrease with increase in period, and 

that the constant damping ratio and viscous/MCF models provide more reduction than the 

increasing damping ratio and stiction models respectively. The magnitude of the reductions in peak 

inertia force is also similar to that exhibited in the peak ductility. 

 

 

 

Figure 6-31 Linear elastic model spectra with 5% elastic damping models and 𝝁𝟎 = 𝟏, 

difference between increasing and constant damping models – a) normalised peak 

ductility, and b) normalised peak inertia force 
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The difference between the constant and increasing damping ratio models is examined further in 

Figure 6-31. Figure 6-31 a) and Figure 6-31 b) show the difference between the pairs of increasing 

and constant damping peak ductility and inertia force spectra respectively, each normalised by the 

undamped response. The difference in peak ductility ranges between 0 and 15% of the undamped 

response. All the damping models exhibit a decreasing difference with increase in period as the 

influence of damping decreases. The stiction type damping models are influenced less by change 

in period, exhibiting a smaller difference in peak ductility than the other models at short periods 

and a larger difference at long periods. The effects of the amplitude dependent damping are similar 

for the difference in peak inertia force. 

Figure 6-32 a) and b) describe the nature of the energy dissipation, showing the peak damping 

force and peak rate of energy dissipation (or power) spectra respectively. Note that these plots are 

not normalised by the undamped case, but instead normalised by the yield force and yield force 

multiplied by the yield displacement respectively. As expected, the stiction model forces are almost 

constant as they are set to peak when the amplitude is equal to half the yield displacement. The 

damping forces for the viscous/MCF type models would also be constant if the structure were 

vibrating at the same steady state amplitude at the natural frequency of the system. However, as 

the amplitude increases with period in accordance with Figure 6-30 a) so do the velocities and 

associated damping forces. The increase in these damping forces is exacerbated at the larger 

periods because the peak velocity is influenced by the shorter period oscillations of the ground 

motion. This phenomena is demonstrated in Figure 6-29 b) where the spectral velocity tends 

towards the peak ground velocity at large periods while the pseudo-velocity spectra tends towards 

zero. Chopra (2007) provides a thorough explanation of the acceleration, velocity and displacement 

sensitive regions of response spectra. 

Figure 6-32 b) demonstrates the peak rate of energy dissipation and shows that it is approximately 

inversely proportional to period at short periods. This is because the rate is a function of the 

velocity, which is a function of the frequency of vibration. The rate of energy dissipation increases 

above an inversely proportional relationship at long periods due to the increase in velocity 

associated with the ground motion. 

Both Figure 6-32 a) and b) show that there are small changes in both damping force and rate of 

energy dissipation due to the introduction of the amplitude dependent damping. The amplitude 

dependency in the velocity dependent damping models causes a small reduction in both peak 

damping force and power. Meanwhile, the peak damping force and power for the stiction models 
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are larger in the amplitude dependent cases in accordance with the sum of the stiction forces in 

Table 6-1. 

 

 

 

 

Figure 6-32 Linear elastic model spectra with 5% elastic damping models and 𝝁𝟎 = 𝟏 – 

a) normalised peak damping force, and b) normalized peak damping power 
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dependent damping in comparison to the constant models is to increase the normalised ductility by 
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the ground motion. The stiction damping models provide capped peak damping forces that are 

independent of the system period and ground motion characteristics. 

6.4.3  EP model 

The EDP response of the EP model is demonstrated in Appendix B in Figure B-1 through Figure 

B-12. The following Sections discuss the effects of the different damping models on the various 

EDPs. 

6.4.3.1 Peak ductility 

The first EDP to consider is the normalised peak ductility, presented in Figure B-1 a) through c) 

for the ductility 2, 4 and 6 analyses respectively. Inspection of Figure B-1 reveals that the 

reductions due to elastic damping decrease, the spectra become smoother, and the differences 

between the amplitude dependent and constant damping models decrease with increase in ductility. 

These observations are expected as the larger the target ductility, the elastic damping accounts for 

a smaller proportion of the total damping so has a smaller effect on the response. In decreasing 

order, the damping models with the largest reduction to the peak ductility are ISPVD, IMVD, MCF, 

TSPVD, CSD, and RSD. Overall the ductility 2 spectra are more irregular, while the ductility 4 

and 6 spectra are similar and smooth. 

The inelastic spectra of Figure B-1 are different to the ductility 1 spectra of Figure 6-30 a). The 

largest reduction of the ductility 2 peak ductility spectra is 30% compared to 60% for the ductility 

1 case. The general trend of the normalised peak ductility spectra is to increase with period. The 

spectra become smoother with increase in ductility, although the magnitude of the ductility 4 and 

6 spectra is similar. 

Interestingly, reduced stiction damping only reduces the displacement by around 5% for the 

ductility 4 and 6 analyses, while providing reductions similar to the viscous/MCF models at 

ductility 1 and 2. We have identified the ability to provide more damping at small amplitudes and 

less damping once the structure becomes inelastic as a desirable property of a damping model. 

Reduced stiction damping appears to best satisfy this goal with respect to the peak ductility EDP. 

6.4.3.2 2% damping models 

Figure B-13 presents the normalised peak ductility spectra for the EP model with the 2% damping 

models. Comparing Figure B-13 to the response of the 5% models in Figure B-1, the 2% curves 

are smoother and show a smaller reduction in peak ductility. Across all the hysteretic models, the 
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effects on the EDPs for the 2% models present as less amplified replicas of the 5% spectra. 

Consequently, the remainder of this Chapter will investigate the 5% models only as they provide 

a more pronounced insight into the effects of elastic damping. 

6.4.3.3 Restoring, inertia and damping forces 

The peak restoring forces are only reduced by up to 5% across all three ductility levels, as shown 

in Figure B-2 a) through c). The exception is the reduced stiction damping model where the 

friction-based damping forces have been subtracted from the hysteretic model. The normalised 

peak restoring forces are reduced the most by the reduced stiction model followed in descending 

order by the initial viscous models, the modified Coulomb models, tangent viscous, and the 

standard stiction models. 

The smaller reduction in peak restoring force compared to peak ductility is explained by the nature 

of the EP hysteresis. Figure 6-33 a) demonstrates the EP loading curve with the restoring force 

marked at ductility 2, 4 and 6. Using the ductility 4 case as an example, if the peak ductility was 

halved the peak restoring force would reduce from 1.15 to 1.05 times the yield force – a reduction 

of 8.7%. From Figure B-1 b), the maximum reduction in peak ductility is approximately 25%. We 

would expect the restoring force to reduce to 1.10 times the yield force corresponding to 4.3%. 

This prediction is confirmed by Figure B-2, where the maximum normalised restoring force 

(excluding the reduced stiction case) is shown to be 95.5%. 

  

Figure 6-33 EP model – a) loading curve, and b) hysteretic response of undamped 4.5 s 

period SDOF to the Delta H2 ground motion with 𝝁𝟎 = 𝟔 

A better representation of the restoring force in the reduced stiction model is the peak inertia force, 

equal to the sum of the damping and restoring forces. The peak normalised inertia forces are 



 

 - 242 - 

presented in Figure B-3 and show values close to unity for the reduced stiction model – the largest 

reductions are 4, 1.5 and 1.5% for the ductility 2, 4 and 6 spectra respectively. The peak inertia 

force spectra for the conventional stiction cases are similar to those of the reduced cases except in 

that they are ∑𝑓𝑓 𝑓𝑦⁄  larger. Also note that the differences between the CRSD and IRSD restoring 

force spectra are not present in the inertia force spectra. 

  

  
Figure 6-34 EP model response of 4.5 s period SDOF to the Delta H2 ground motion 

with 𝝁𝟎 = 𝟔 – a) ISPVD damping hysteresis, b) ISPVD inertia force hysteresis, c) 

TSPVD damping hysteresis, and d) TSPVD inertia force hysteresis 

Figure B-3 shows that the normalised peak inertia forces for the viscous and MCF damped cases 

increase significantly with increase in both ductility and period. The larger inertia forces arise 

because the peak damping forces occur once the structure has yielded so the sum of the peak 

damping force and the simultaneous restoring force (approximately equal to the yield force) can 

be larger than the peak restoring force. The situation is demonstrated in Figure 6-34 a) and b) by 

the damping and inertia force hystereses for a structure with a 4.5 s period, target ductility 6 and 

ISPVD. The peak damping force is larger than the yield force due to the influence of the ground 
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velocity. The large peak damping force occurs at a displacement greater than twice the yield 

displacement, so the simultaneous restoring force is larger than 𝑓𝑦. 

Figure 6-34 b) also shows that the inertia forces in the ISPVD structure become significantly larger 

than the backbone of the EP hysteretic model (denoted by the thick dashed lines in the plot). The 

peak inertia force is 2.3 times the yield force. 

To investigate further, consider the peak damping forces presented in Figure B-7. All the stiction 

type spectra exhibit constant peak damping forces equal to ∑𝑓𝑓 for all the ductility levels. The 

viscous and MCF type damping models exhibit peak damping forces that increase with ductility 

and period, and again the increase is due to the influence of the ground velocity. 

Comparison of the peak inertia and damping forces for TSPVD in Figure B-3 and Figure B-7 

respectively shows different behaviour from the other models. The TSPVD peak inertia forces are 

smaller than both the ISPVD and MCF equivalents. Meanwhile the TSPVD peak damping forces 

are less than the ISPVD but larger than the MCF. The implication is that the TSPVD peak damping 

forces do not occur at the same instant as the peak inertia forces. The potential for different timing 

of the peak inertia and damping forces for the TSPVD model is shown in Figure 6-34 c) and d). In 

Figure 6-34 c) the peak damping force occurs at ductility equal to 3.83, while in Figure 6-34 d) the 

peak inertia force occurs at ductility -1.60. 

Figure 6-35 presents example damping and inertia force hystereses for the MCF damping model. 

The MCF hystereses for a structure with a period equal to 4.5 s in Figure 6-35 a) and b) are very 

similar to the equivalents for the ISPVD model in Figure 6-34. Figure 6-35 c) and d) show the 

damping and inertia force responses of the MCF damped structure at a period equal to 1 s. The 

response at the shorter period is influenced less by the ground velocities and the inertia force 

hysteresis tends towards that of the undamped EP model. The viscous damping models exhibit the 

same frequency dependent tendency as the MCF model. 



 

 - 244 - 

  

  

Figure 6-35 EP model response of SDOF to the Delta H2 ground motion with 𝝁𝟎 = 𝟔 – 

a) 𝑻 = 𝟒. 𝟓𝒔 MCF damping hysteresis, b) 𝑻 = 𝟒. 𝟓𝒔 MCF inertia force hysteresis, c) 𝑻 =
𝟏. 𝟎𝒔 MCF damping hysteresis, and d) 𝑻 = 𝟏. 𝟎𝒔 MCF inertia force hysteresis 

Figure 6-36 depicts the damping and inertia force hystereses of the CSD and RSD models for a 

structure with a period equal to 4.5 s. Figure 6-36 a) and c) show how the damping force is limited 

to the sum of the sliding forces of the three stiction elements irrespective of the period of the 

structure and the nature of the ground motion. Figure 6-36 b) and d) show that backbone of the 

inertia force hysteresis is independent of velocity. 
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Figure 6-36 EP model response of 4.5 s period SDOF to the Delta H2 ground motion 

with 𝝁𝟎 = 𝟔 – a) stiction damping hysteresis, b) stiction inertia force hysteresis, c) 

reduced stiction damping hysteresis, and d) reduced stiction inertia force hysteresis 

In summary, for earthquake analysis of EP SDOF systems with velocity proportional damping 

models, the peak damping and inertia forces increase significantly with period due to the influence 

of the ground velocity. The effects of these increases on the displacement response is minor as the 

response is governed by the ground motion. The effect on the normalised peak restoring force is 

negligible for all damping models because of the bilinear nature of the backbone curve. For both 

the normalised peak inertia and damping forces, the stiction damping models provide constant 

forces across the spectra, while the three velocity dependent damping models provide forces that 

increase with period. The TSPVD model behaves differently to the ISPVD and MCF models as 

the peak damping and inertia forces are less likely to occur simultaneously. Finally, the effect of 

the amplitude dependent damping is negligible on the normalised force spectra. 
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6.4.3.4 Energy parameters 

The total hysteretic energy dissipation, input energy and elastic damping energy dissipation spectra 

for the EP model are shown in Figure B-4, Figure B-5 and Figure B-6 respectively.  

First consider the hysteretic energy plots. Figure B-4 shows that the maximum reductions in the 

total hysteretic energy dissipation are to approximately 20, 40 and 50% of the undamped response. 

The reduction in hysteretic energy dissipation decreases with ductility and period. The viscous and 

MCF type damping models provide similar reductions, while the conventional stiction dampers 

provide less reduction and the reduced stiction dampers more reduction. The amplitude dependent 

damping models provide marginally less reduction in hysteretic energy dissipation than their 

constant counterparts. The effect of the amplitude dependency decreases with increase in target 

ductility. 

The reduced stiction dampers are again misleading as some of the hysteretic energy dissipation has 

been shifted to the elastic damping model. A better measurement of the total hysteretic energy 

dissipation is the input energy spectra, which for the reduced stiction model is close to unity across 

the entire period range considered, as shown in Figure B-5. 

In the same manner as the peak inertia and damping forces, the input and elastically damped energy 

spectra increase with ductility and period (refer to Figure B-5 and Figure B-6 respectively). Once 

the period is longer than 3 s the reduction in peak ductility and hysteretic energy dissipation 

plateaus to be close to constant. As period increases the displacement and velocity responses tend 

towards the ground motion parameters while the acceleration tends towards zero. This means that 

the displacement response is not affected by elastic damping, but the elastic damping model is still 

dissipating energy. The result is that an increasing amount of energy is input into the structure and 

dissipated by the elastic damping model without reducing the peak displacements or amount of 

hysteretic energy dissipation. 

Numerically speaking, the effect of the velocity dependent damping models on the total input and 

elastically damped energy is large. Figure B-5 a) shows that the maximum normalised input energy 

is equal to 2.3 times the undamped response for the ISPVD models at 4.5 s period and target 

ductility 2. In general, the effect reduces with ductility and increases with period. Similarly, Figure 

B-6 a) shows that the maximum elastically damped energy for the target ductility 2 case is equal 

to 1.5 times the hysteretic energy dissipation in the undamped analysis. Such a large amount of 

elastic energy dissipation is not intended from 5% equivalent viscous damping. 
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At the same time, the physical implications of the increased input energy are not as obvious. The 

displacement ductility, restoring force and hysteretic energy dissipation EDPs are largely 

unaffected by the additional input energy at longer periods. To demonstrate, consider the target 

ductility 6 normalised ductility response to the Delta H2 ground motion shown in Figure 6-37 a). 

The SDOF system has a period of 4.5 s and the undamped, ISPVD and CSD damped responses are 

presented in the Figure. The time series shown correspond to the same analyses presented in the 

hysteresis of Figure 6-33, Figure 6-34 and Figure 6-35. The ductility peaks of the three systems 

are very similar with the only noteworthy difference being in the residual drift of the ISPVD 

response. The close similarity is despite the large differences in energy and damping force. 

 

 

Figure 6-37 EP model response of 4.5 s period SDOF to the Delta H2 ground motion 

with 𝝁𝟎 = 𝟔 – a) ductility, b) normalized inertia force 

The only physical parameter outside of the damping parameters to show a similar change is the 

accelerations. The accelerations directly relate to the peak base shear, which is a key design 

parameter. Figure 6-37 b) shows the inertia force response history for the same three SDOF 

systems. The peak base shear of the undamped, ISPVD and CSD systems are 1.25, 2.30 and 1.37 
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times the yield force. The large increase in the base shear for the ISPVD system is real and the 

structure must be designed for these forces. The damping models that are velocity dependent do 

not appear to be efficient for the design of longer period structures. 

6.4.3.5 Power parameters 

The peak elastic damping, hysteretic damping, total damping and input power normalised spectra 

are presented in Figure B-8, Figure B-9, Figure B-10 and Figure B-11 respectively. The powers 

relate to the maximum rate of change of the energy parameters.  

The normalised peak hysteretic energy dissipation power (NPHEDP) is shown in Figure B-9 to 

range between 0.6 and 1.1. For the EP model, the peak hysteretic energy dissipation power is a 

function of the velocity as the inelastic component of the EP response is always equal to the same 

yield force. The NPHEDP increases with increase in ductility and increase in period. The curves 

become smoother with increase in ductility. The NPHEDP for the reduced stiction damping model 

is approximately constant for ductility 4 and 6. The NPHEDP for all the other models tend towards 

unity with increase in period. 

The peak elastic damping power spectra in Figure B-8 is normalised by the peak hysteretic power 

for the undamped analysis. For the velocity proportional damping models, the normalised peak 

elastic damping power (NPEDP) is proportional to the square of the velocity. For the stiction 

damping models the NPEDP is proportional to the velocity. 

Amplitude dependent damping has a negligible effect on the power EDPs. 

6.4.3.6 Inelastic demand parameters 

The inelastic demand parameters are the normalised total ductility (Figure B-12) and the 

normalised number of yield excursions (Figure B-14). 

The total ductility is the sum of the inelastic deformation and is a measure of the inelastic work the 

structure has undergone. The total ductility is very similar in nature to the normalised hysteretic 

energy dissipation. Figure B-12 demonstrates that the normalised total ductility increases with 

increase in ductility and increases with increase in period. The normalised total ductility is 

smoother with increase in ductility and tends towards unity with increase in period. The maximum 

reduction in total ductility is equal to 0.34, 0.42 and 0.48 for the ductility 2, 4 and 6 cases 

respectively. These observations demonstrate that the effects of elastic damping decrease with 

increase in ductility and increase in period. The reduced stiction damping spectra are larger than 
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those of the other damping models. The stiction spectra are more variable than the others. Of the 

velocity influenced damping models the ISPVD spectra have the largest reductions, followed by 

the MCF and TSPVD spectra. 

 

Figure 6-38 Undamped EP model average number of yield excursions spectra 

A yield excursion is defined as an occasion that the stiffness of the structure changes from the 

initial stiffness to the post yield stiffness. Figure 6-38 presents the average number of yield 

excursions for the undamped EP model at the three levels of peak ductility. Figure 6-38 shows that 

the number of yield excursions decreases with increase of period and increases with increase in 

ductility. 

Figure B-14 shows that in a similar vein to the total ductility, the normalised number of yield 

excursions increases with increase in ductility and increase in period. The normalised number of 

yield excursion spectra are also smoother with increase in ductility and tend towards unity with 

increase in period. Aside from the stiction damping model presenting more variable spectra, there 

are no discernible differences amongst the spectra of the different damping models – that is to say 

that they all follow the same trends. In fact, with increase in ductility, all models converge towards 

the same spectra. 

6.4.3.7 Summary of the EP model spectra 

The peak ductility, peak restoring force, hysteretic energy dissipation and number of yield 

excursions exhibit reductions of decreasing magnitude from the ISPVD, IMVD, MCF, TSPVD, 

CSD, and RSD damping models. The reductions are larger for the peak ductility and hysteretic 

energy dissipation than the peak restoring force due to the softening nature of the backbone strength 

curve. The reductions to and variability of these three normalised EDPs decrease with increase in 

period and target ductility. 
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The peak damping forces exhibit a different trend whereby the response of the system is influenced 

by the ground velocities at longer periods. The peak damping forces for the velocity dependent 

damping models increase with increase in period and target ductility. The ISPVD forces are the 

largest, followed in decreasing order by the MCF and TSPVD models. The peak ISPVD damping 

forces are up to 1.35 times the yield force. The CSD and RSD damping forces are constant across 

the period range. The same phenomenon applies to the peak inertia force, input energy and elastic 

energy dissipation parameters. The physical consequences of the large damping forces on most of 

the EDPs of interest are negligible except for the peak inertia forces or base shear. The ISPVD 

peak inertia forces are up to 1.85 times larger than those of the undamped response which is 

unrealistic. 

6.4.4 Effect of discrete or continuous stiffness – EP vs RO 

The comparison between the EP and RO models is to examine any changes in behaviour because 

of elastic damping in the presence of discrete or continuous stiffness models. The EP and RO 

comparison provides insight into the differences between the ISPVD and TSPVD models. The RO 

EDP spectra are presented in Appendix C and spectra comparing the EDPs of the EP and RO 

models with the ISPVD, TSPVD, MCD and RSD damping models are shown in Appendix D. 

Initially it is important to consider the difference in the excitation scaling for the two hysteretic 

models. For each undamped hysteresis model, the excitation amplitude for each earthquake has 

been scaled differently to achieve the target ductility. Ratios less than unity mean that a smaller 

peak ground acceleration is required for the RO model to achieve the same amplitude as the EP 

model, whereas ratios greater than one correspond to a larger excitation for the RO model. 

Figure 6-39 shows the average ratio of the RO to EP scale factors for the three target ductility 

cases. The ratio increases with increase in period and decrease in ductility. The ratios for the target 

ductility 4 and 6 analyses are approximately constant at values of 1.05 and 1.15 respectively for 

periods greater than 2 s. The target ductility 2 ratios are more irregular and are not approximately 

constant over the same period range. 
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Figure 6-39 Ratio of excitation scale factors for the RO and EP models 

The ratios in Figure 6-39 are expected given knowledge of the two hysteresis models. The 

differences between the RO and EP models decrease with increase in ductility. The effect of the 

rounded yield point is larger with smaller target ductility, as is apparent in the long period range of 

Figure 6-39. The trend in the ratio with respect to target ductility changes at periods less than 1.5 s 

where the target ductility 4 and 6 cases reduce to values below unity. The drop of in the ratio occurs 

due to the residual drift phenomenon explored in the next section. 

6.4.4.1 Peak ductility 

First, consider the peak ductility spectra for the EP and RO models from Figure B-1 and Figure 

C-1 respectively. A comparison between the ISPVD, TSPVD, MCF and RSD cases of the two 

models is shown in Figure D-1. Figure D-1 shows that the relative difference between the EP and 

RO spectra varies with ductility. In Figure D-1 a) for target ductility 2, the normalised peak 

ductility of the RO model is larger than that of the EP model aside from in the period range between 

1.5 and 2.0 s. Meanwhile in Figure D-1 b) and c) for target ductility 4 and 6 respectively the RO 

model spectra are increasingly less than the EP spectra. The difference between the EP and RO 

spectra decreases with increase in period, which can be attributed to the influence of the ground 

motion. 

The reliance of the EP-RO relationship on target ductility can be in part attributed to the amount 

of hysteretic energy dissipation. At target ductility 2 the elastic damping provides a larger reduction 

on the EP model than the RO model because the elastic damping makes up a larger fraction of the 

total damping. To explain, there is hysteretic damping in the RO model at amplitudes smaller than 

the yield displacement whereas there is none for the EP model – as shown in Figure 6-9 a). At 

amplitudes larger than 1.5 times the yield displacement the EP model has more hysteretic damping 
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than the RO model. Meanwhile, the El Centro displacement spectra in Figure 1-1 shows that the 

amplitude reductions from elastic damping are not linearly related to the damping ratio – the 

amount of amplitude reduction with each additional percentage point of damping ratio decreases. 

The two Figures partially explain the trends observed in Figure D-1. For target ductility 2 the elastic 

damping as a fraction of the total damping is larger for the EP model and as a result the normalised 

peak ductility is smaller for the EP model. Meanwhile for target ductility 4 and 6, the fraction is 

larger for the RO model and the RO normalised peak ductility spectra is accordingly lower. 

The RO normalised peak ductility spectra decrease with increase in target ductility and is the 

opposite of that observed for the EP model. This phenomenon can be explained by considering a 

quirk of the RO hysteresis rule. To demonstrate, consider the SDOF free vibration response without 

elastic damping in Figure 6-40 a). The SDOF is released from an amplitude corresponding to the 

yield force and oscillates towards rest in a spiral-like manner. The spiral-like response occurs 

because the stiffness of the system is symmetric about the zero-force (or residual) displacement. 

Meanwhile if the SDOF is released from a larger force, as is the case in Figure 6-40 b) and c), the 

stiffness of the system is asymmetric about the zero-force displacement and the displacement 

response drifts as the amplitude decays. The larger the release force the larger the difference in 

stiffness between the two directions of motion and the larger the amount of drift. The drift 

continues to manifest when the displacement amplitude is small because there is no elastic damping 

and only a small amount of hysteretic damping to curtail the vibration. 

Note that the release points on the restoring force backbone curves in Figure 6-40 a), b) and c) 

correspond to 1.00, 1.10 and 1.25 times the yield force respectively. Yield excursions to forces less 

than 1.1𝑓𝑦 still cause drift in the displacement response. Thus, drift is expected in most analyses 

excepting those that do not yield to forces above 1.0𝑓𝑦. 

Figure 6-40 d) shows the effect of the addition of 5% ISPVD to the SDOF structure. The response 

decays more rapidly than the undamped equivalent of Figure 6-40 c) and the displacement drift is 

significantly reduced. 
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Figure 6-40 RO SDOF free vibration hysteresis – a), b) and c) undamped response 

released from 1.00, 1.10 and 1.25𝒇𝒚 respectively, and d) 5% ISPVD response released 

from 1.25𝒇𝒚 

In the earthquake response analyses that contribute to the EDP spectra the addition of elastic 

damping has the effect of reducing any drift observed in the undamped displacement response. The 

drift reduction is demonstrated in Figure 6-41 by the response to the El Centro H2 ground motion.  

Figure 6-41 a) and b) present the undamped and 5% ISPVD responses respectively of a SDOF with 

initial period equal to 0.4 s. The Figure shows that the addition of the viscous damping eliminates 

a significant amount of displacement drift. The peak ductility is reduced from 5.98 to 1.93, and the 

peak restoring force is reduced from 1.05 to 0.96𝑓𝑦. 
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Figure 6-41 RO SDOF earthquake response hysteresis – a) and b) 𝑻 = 𝟎. 𝟒s with 0 and 

5% ISPVD respectively, and c) and d) 𝑻 = 𝟒. 𝟎s with 0 and 5% ISPVD respectively 

Figure 6-41 c) and d) present the undamped and 5% ISPVD responses respectively of a SDOF with 

initial period equal to 4.0 s. The Figure shows that damping has a less significant effect on the 4.0 s 

period structure. Some drift reduction is apparent at ductility -2 for the 5% ISPVD case, but 

otherwise the hysteresis responses are similar. The addition of the elastic damping changes the 

peak ductility from 5.81 to 5.99 and the peak restoring force from 1.21 to 1.22𝑓𝑦. 

The displacement drift is larger for the short period structure because of the number of post-yield 

oscillations. The 0.4 s period structure has approximately 10 times more oscillations than the 4.0 s 

period structure over the duration of an earthquake. Accordingly, the addition of elastic damping 

has a larger effect on the RO model at shorter periods. The effect is seen in the normalised peak 

ductility spectra of Figure D-1 where the normalised peak ductility reduction is much greater at 

low periods for the RO model over the EP model. 
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The displacement drift phenomenon is not unique to the RO model and is possible in all models 

that have asymmetric stiffness. To demonstrate, consider Figure 6-42 where the free vibration of 

the RO model is compared to that of the BW model with a similar backbone curve. Note that the 

BW model parameters implemented are 𝐴 = 1, 𝛽 = 𝛾 = 0.5, and 𝑛 = 0.75 as defined by Wen 

(1976). In Figure 6-42 it is apparent that the drift is present in both responses, albeit to a lesser 

extent for the BW model (note that the analysis is stopped before returning to rest for clarity in the 

Figure). The demonstration shows that the sensitivity of the response due to elastic damping 

retarding the displacement drift is not unique to the RO model. Importantly, Figure D-1 shows that 

all the damping models investigated exhibit the same trend in reducing the peak ductility. 

  

Figure 6-42 Comparison of RO and BW model free vibration response to an initial 

displacement – a) hysteresis, and b) ductility vs time 

6.4.4.2 Peak forces 

A comparison of the peak restoring forces for the EP and RO models is shown in Figure D-2. The 

reduction in peak RO restoring force is less than that observed in the peak ductility, as expected in 

a similar manner to that demonstrated for the EP model in Figure 6-33 a). Figure D-2 shows that 

there is a larger period dependency for the RO model than the EP model. The reduction in 

normalised peak restoring force decreases with increase in period. The effect of period decreases 

with increase in target ductility. The large reductions at low periods in the normalised peak ductility 

spectra are not present in the restoring force plots. Again, this is because the large reductions in 

peak ductility are due to the curtailed displacement drift and which is not associated with the peak 

restoring force. 

The RO normalised peak restoring forces are reduced more than those of the EP model, particularly 

at target ductility 2. The additional reduction is again due to the nature of the backbone curves. 
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Figure 6-43 shows that at amplitudes less than ductility 2 the stiffness of the RO model is larger 

than the EP model. Thus, the same reduction in peak ductility will result in a larger reduction in 

peak restoring force for the RO model than the EP model. For example, at target ductility 2, a 20% 

reduction in peak ductility results in a 2.0% decrease in the EP restoring force and a 5.4% decrease 

in the RO restoring force. The differences between the backbone curves at this amplitude account 

for the larger reduction in the RO normalised peak restoring forces. 

 

Figure 6-43 Comparison of the EP and RO hysteresis at ductility 2 

The normalised peak inertia and damping forces of the RO model are both dominated by the 

influence of the ground motion with increase in period, as shown in Figure D-4 and Figure D-5 

respectively. The peak damping forces are similar for both the EP and RO models except for the 

TSPVD model. For the TSPVD model, the RO model exhibits smaller damping forces than the EP 

model and this difference increases with increase in target ductility. Meanwhile Figure D-4 shows 

that the entire RO model normalised peak inertia force spectra are less than that of the EP model. 

The RO TSPVD inertia forces show the largest reduction in comparison to the EP spectra. 

The similarities between the peak damping force spectra is expected as the EP and RO systems 

have similar dynamic properties. The differences between RO and EP TSPVD peak damping force 

spectra occurs because of different stiffnesses. Figure 6-44 a) and b) shows the TSPVD damping 

force hysteresis for the EP and RO models respectively. The peaks are more rounded for the RO 

model due to the continuous change in stiffness. Because of the rounding off, the peak damping 

force is 0.475 times the yield force for the RO model and 0.584 for the EP model. In this example, 

the EP peak damping force is 23% larger than the RO model, and this is the basis of the difference 

between the spectra. 
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Figure 6-44 TSPVD damping force hysteresis of a 2.9 s period SDOF in response to the 

Delta H2 ground motion with 𝝁𝟎 = 𝟔 – a) EP model, and b) RO model 

  

Figure 6-45 Force hysteresis of a SDOF during an oscillation of forced vibration – a) EP 

model, and b) RO model 

The differences between the EP and RO peak inertia force spectra arise due to the alignment of the 

peak damping forces with the restoring forces. Figure 6-45 demonstrates an excerpt from the 

responses of both models with TSPVD to forced harmonic excitation. Figure 6-45 a) shows that 

the peak damping force always aligns with a restoring force that lies on the yield envelop of the 

EP model. Meanwhile for the RO model in Figure 6-45 b), the peak damping force aligns with a 

point on the restoring force curve that is significantly less than the yield force. 
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Figure 6-46 Inertia force hysteresis of a 2.9 s period SDOF in response to the Delta H2 

ground motion with 𝝁𝟎 = 𝟔 – a) EP undamped, b) EP with TSPVD, c) RO undamped, 

and d) RO with TSPVD 

These observations of the peak damping forces mean that for the RO model with velocity 

dependent damping the peak inertia forces occur at a time when the restoring forces are of a similar 

magnitude to the peak restoring forces, whereas for the EP model the peak inertia forces migrate 

to a point earlier in time corresponding to a yield excursion. To demonstrate, consider the 

earthquake response histories of Figure 6-46. Note that the peak forces are highlighted by the black 

circular marker. Figure 6-46 a) and b) show the EP model inertia force hysteresis with no damping 

and TSPVD respectively. The peak inertia force for the undamped response is equal to 1.25𝑓𝑦 and 

occurs at −6.00𝑢𝑦. Meanwhile, the TSPVD case values are 1.37𝑓𝑦 and −1.38𝑢𝑦 despite the peak 

restoring force and ductility being similar to the undamped response. The peak base shear is 9.6% 

larger for the TSPVD case and occurs at a completely different displacement. 

Figure 6-46 c) and d) show the RO model inertia force hysteresis with no damping and TSPVD 

respectively. At first glance the hystereses for the two RO model cases appear to be more similar 
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than the EP equivalents. The peak inertia force for the undamped response is equal to 1.29𝑓𝑦 and 

occurs at 5.94𝑢𝑦. For the TSPVD case the peak inertia force is equal to 1.31𝑓𝑦 (1.6% larger than 

the undamped peak force) and occurs at a ductility of 4.14. Figure 6-46 demonstrates why the 

normalised peak inertia forces are larger for the EP model than the RO model when the damping 

model is velocity dependent. Note in Figure D-4 that the stiction type damping models provide 

identical normalised peak inertia force spectra for the two hysteresis models. 

6.4.4.3 Energy parameters 

Figure D-6 compares the normalised hysteretic energy dissipation spectra of the EP and RO 

models. Figure D-6 a) shows that at target ductility 2 elastic damping has less of an effect on the 

hysteretic energy dissipation of the RO model in comparison to the EP model. As the target 

ductility increases through 4 and 6 the RO spectra tend towards those of the EP model. This 

tendency can again be explained by the ratio of elastic to total damping at the different target 

ductility levels, as explained in Section 6.4.3.1. The difference between the normalised hysteretic 

energy dissipation spectra at target ductility 6 is shown in Figure 6-47. The difference between the 

two spectra tends towards 1-2% at periods above 2.5 s. The difference for the velocity dependent 

damping models increases with decrease in period. 

The input energy spectra and elastic damping energy spectra of the RO model are shown in Figure 

C-6 and Figure C-7 respectively. Figure D-7 and Figure D-8 show the comparison of the RO and 

EP models with selected damping models. The Figures show that the RO input and elastic damping 

spectra follow similar trends to the EP equivalents. 

 

Figure 6-47 Difference between the RO and EP normalised hysteretic energy dissipation 

spectra at target ductility 6 



 

 - 260 - 

The damped energy spectra show that the RO model has a larger relative increase with increase in 

period. At target ductility 2 the RO spectra are less than the EP spectra across the entire period 

range, but at target ductility 4 and 6 the RO spectra exceed the EP spectra at periods larger than 

2.5 s. The RO damped energy spectra are smoother than the EP spectra, particularly at target 

ductility 2, due to the additional damping in the hysteresis model at low amplitudes. 

The properties of the damped energy spectra dominate the input energy spectra because of the 

similarities between the hysteretic energy spectra. As target ductility increases the RO spectra is 

increasingly susceptible to the influence of the ground motion at larger periods. 

Overall the two hysteretic models behave similarly from an energy perspective, as is to be expected 

due to the similarities between the hysteresis loops. With regards to the effect of continuous 

stiffness on the energy response, the TSPVD exhibits the same trends as the other velocity 

dependent damping models. 

6.4.4.4 Effect of amplitude dependent damping 

The amplitude dependent versions of the damping models produce similar spectra to the constant 

damping cases across all the EDPs. In fact, the maximum difference between the increasing and 

constant damping models is in the order of 5% and is observed in several EDP spectra for the target 

ductility 2 case. The effects of amplitude dependent damping on the EDP spectra decrease with 

increase in ductility. 

6.4.4.5 Summary 

The continuous and potentially asymmetric nature of the RO hysteresis means that there are some 

notable differences between the effects of damping on the normalised EDPs when compared to the 

EP model. 

The RO model has hysteretic damping at amplitudes less than the yield displacement and 

consequently the reductions due to elastic damping are different than those of the EP model due to 

the ratio of elastic to total damping. The asymmetric post-yield stiffnesses of the model allows for 

drift of the displacement response, particularly at low periods. These two observations mean that 

some of the normalised EDPs for the two models present differently, but the relative effects of the 

different damping models are consistent across the RO and EP models. 

The one difference between the effects of the different damping models that does arise is around 

the effect of the TSPVD on the peak inertia forces. For the RO model, because the peak TSPVD 
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damping force occurs at the instant in time when the restoring force is in the region of the rounded 

corner of the hysteresis it does not influence the peak inertia force. Meanwhile for the EP model, 

as the peak damping force occurs simultaneously with a yield excursion it has the potential to 

become the peak inertia force. Otherwise the effects of the various damping models on the EDPs 

are consistent between the two hysteretic models. 

6.4.5 Effect of amount of hysteretic energy dissipation – EP vs FS 

The comparison between the EP and FS models is to examine any changes in behaviour because 

of elastic damping in the presence of varied amounts of hysteretic damping. The FS EDP spectra 

are presented in Appendix E and spectra comparing the EDPs of the EP and FS models are shown 

in Appendix F. 

Figure 6-48 demonstrates the average ratio of the FS to EP earthquake scale factors. The trend of 

the curves is that they are constant at around 0.75 for periods up to approximately 2 s before 

increasing approximately linearly to approximately 1.15 at 4.5 s. Unlike for the RO to EP 

comparison, the FS to EP ratio is consistent between the three target ductility levels. 

 

Figure 6-48 Ratio of excitation scale factors for the FS and EP models 

6.4.5.1 Peak ductility 

The normalised peak ductility spectra for the FS model is shown in Figure E-1 and the comparison 

of selected damping models with the EP model spectra is shown in Figure F-1. 

Figure F-1 shows that the effect of elastic damping on the peak ductility is greater for the FS model 

than both the EP and RO models. The normalised peak ductility for the EP and FS models is similar 

at periods longer than 3 s due to the influence of the ground velocity. However, as the period 
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decreases from 3 s the FS spectra reduce at a larger rate. For target ductility 6 at 0.2 s the RSD 

spectra are equal to 0.95 for the EP model and 0.77 for the FS model. Similarly, the ISPVD spectra 

are equal to 0.76 for the EP model and 0.52 for the FS model. 

The larger reduction of the normalised peak ductility for the FS model is due to the relative amounts 

of hysteretic damping. Figure 6-8 demonstrates the energy dissipation and stored energy of the four 

hysteretic models and shows that the ratio of EP to FS energy dissipation is equal to 3.8 for all 

amplitudes greater than ductility 1. Consequently, for the FS model the elastic damping makes up 

a larger proportion of the total damping which leads to larger reductions of the normalised peak 

ductility. 

Interestingly, the difference between the peak ductility of the hysteretic models with the different 

damping models is similar. At each target ductility level, the difference between the largest and 

smallest spectra is the same and the distribution of the four spectra shown is also similar. This 

observation suggests that all the damping models have similar relative effects on the peak ductility 

spectra. The different damping models provide different amounts of equivalent viscous damping 

but do not exhibit other distinguishing effects on the peak ductility response. That is to say that the 

not viscous damping models could potentially be replicated with equivalent viscous damping with 

a calibrated viscous damper coefficient. 

6.4.5.2 Peak forces 

The normalised peak restoring force spectra for the FS model is shown in Figure E-2 and the 

comparison with the EP model spectra is shown in Figure F-2. Figure F-2 shows that the peak 

restoring force spectra exhibits a smaller reduction than the peak ductility spectra due to the bilinear 

stiffness of the hysteretic model. The peak restoring force spectra provide no additional insight into 

the effects of elastic damping. 

The normalised peak elastic damping force spectra for the FS model are shown in Figure E-7 and 

the comparison with the EP model is shown in Figure F-4. Figure F-4 shows that the peak damping 

forces are very similar for the two hysteresis models across all four of the damping models shown. 

The only significant difference between the spectra is that the FS model normalised peak damping 

forces are occasionally larger than those of the EP model at periods greater than 3 s. Note that the 

EP and RO normalised peak damping forces are also similar except for the TSPVD model. In the 

FS case the TSPVD forces follow the same trends as the other damping models. 
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The normalised peak inertia force spectra for the FS model are shown in Figure E-3 and the 

comparison with the EP model is shown in Figure F-3. At periods less than 2 s, the FS model 

normalised peak inertia forces are less than those of the EP model due to the larger amplitude 

reduction in the FS model response. However, at periods larger than 2 s the FS and EP responses 

converge except for the TSPVD model where the FS response is approximately 10% larger. 

6.4.5.3 Energy parameters 

The normalised hysteretic energy dissipation spectra for the FS model are shown in Figure E-4 and 

the comparison between the EP and FS models is shown in Figure F-5. Figure F-5 shows that 

except for the RSD model the EP and FS spectra converge at periods in the velocity sensitive region 

of the spectra above 3 s. At periods below 3 s the normalised hysteretic energy dissipation spectra 

decrease with decrease in period, with the FS model spectra decreasing more than the EP model 

spectra. The reduction in hysteretic energy dissipation due to elastic damping decreases with 

increase in target ductility. The larger decrease in hysteretic energy dissipation for the FS model at 

short periods before tending towards the EP model at larger periods suggests that the FS model 

with less hysteretic damping is more sensitive to the influence of the ground motion velocity. 

The FS RSD model normalised hysteretic damping spectra are smaller in magnitude than the other 

models and remain relatively constant across the entire period range while increasing with increase 

in target ductility. The RSD spectra for the FS model is approximately 30% smaller than the EP 

equivalent. Again, this is because a portion of the yield force has been shifted into the RSD friction 

damper. A more appropriate measure of the total hysteretic energy dissipation for the RSD model 

is the input energy spectra.  

Figure F-6 shows that the EP RSD model normalised input energy is approximately constant for 

the entire spectra, with the variability of the curve decreasing with increase in target ductility. In 

comparison, the FS curves are more variable and increase with increase in period. The EP and FS 

spectra are similar at short periods, but the FS spectra increases with increase in period. The FS 

spectra is approximately 50, 20 and 15% larger than the EP equivalent at 4.5 s for target ductility 

2, 4 and 6 respectively. The increasing trend of the spectra confirm that the RSD damped FS model 

is also more sensitive to the ground velocity than the EP model, but not to the same extent as the 

other damping models. 

The sensitivity of the response to the ground motion is highlighted further in the normalised input 

and damped energy spectra of Figure F-6 and Figure F-7 respectively. Figure F-7 shows that the 

FS model exhibits much more normalised damped energy than the EP model. The increase in 
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elastic energy dissipation is due to larger amount of potential energy in the FS model than the EP 

model at a given amplitude (refer Figure 6-8 b). The extra potential energy means that the kinetic 

energies and velocities are also larger, and the period of the structure is shorter. The larger 

velocities create larger damping forces and as the long period response tends towards being 

independent of damping the large normalised elastic energy dissipation values manifest. 

The extra elastic energy dissipation in the FS model also manifests in the normalised input energy 

spectra of Figure F-6. The FS model normalised input energy spectra reach values up to 4.00 times 

larger than the undamped case. In comparison, the maximum value of the EP spectra is equal to 

2.30 times the undamped case. The difference between the EP and FS normalised input energy 

spectra is due to the increased elastic energy dissipation discussed in the previous paragraph. 

6.4.5.4 Effect of amplitude dependent damping 

Study of the FS spectra Figures in Appendix E reveals that the effect of amplitude dependent 

damping is minor on all the EDPs. Generally, there are only small differences between the solid 

constant and dotted amplitude dependent lines of the same colour. In fact, the only discernible 

differences arise for the CSD and RSD damping models, which are due to the different sum of the 

friction forces as listed in Table 6-1. Amplitude dependent damping has no meaningful effect on 

the SDOF EDP spectra for the FS hysteresis model. 

6.4.5.5 Summary 

The FS model exhibits less hysteretic energy dissipation that the EP model and consequently has 

a shorter period and larger amounts of elastic potential energy. These two traits cause the 

normalised EDP spectra to vary for the two models, however the trends created by the different 

damping models are consistent for both models. 

The velocity dependent damping models (ISPVD, MCF and TSPVD) all behave in the same 

manner and could be reasonably approximated by equivalent initial stiffness proportional viscous 

damping. Again, the biggest drawback of the velocity dependent damping is the large increase in 

elastic damping forces at long periods, which have the effect of introducing larger base shears. The 

increase in the base shear is amplified with the FS model due to the larger velocities associated 

with the larger amount of recoverable energy in the model. 

As is the case for the EP and RO models, the stiction damping models provide the most realistic 

effects on the EDPs with the smallest reductions in peak ductility and restoring force, while the 
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capped damping forces do not lead to the large increases inertia forces and input energy associated 

with the velocity dependent damping models. 

6.4.6 Effect of stiffness and hysteretic energy dissipation – EP vs TT 

The comparison between the EP and TT models is to examine any changes in behaviour because 

of elastic damping in the presence of both varied stiffness and amount of hysteretic damping. The 

TT EDP spectra are presented in Appendix G and spectra comparing the EDP of the EP and FS 

models are shown in Appendix H. 

A comparison of the average ratio of the TT to EP earthquake scale factors is shown in Figure 

6-49. The ratio is similar for all three levels of target ductility and changes approximately linearly 

from approximately 0.75 to 1.20 between periods of 0.2 and 4.5 s. 

 

Figure 6-49 Mean ratio of excitation scale factors for the TT and EP models 

6.4.6.1 Peak ductility 

The TT normalised peak ductility spectra are shown in Figure G-1 and the comparison with the EP 

model is shown in Figure H-1. Figure H-1 demonstrates that in the 0-2.5 s period range the TT 

model spectra follow similar trends to the RO and FS model spectra, with the magnitude of peak 

amplitude reduction in between the two models. This is to be expected as the amount of hysteretic 

energy dissipation in the TT model is less than the RO model but larger than the FS model. In the 

period range 2.5-4.5 s the TT normalised peak ductility spectra are similar to or slightly larger than 

the EP spectra. 
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6.4.6.2 Peak forces 

Figure H-2 compares the normalised peak restoring force spectra for the EP and TT models. The 

TT normalised restoring force spectra are like those of the FS model. The target ductility 2 TT 

curves do not exhibit the period dependency of the RO model displayed in Figure D-2 a) because 

the TT model follows the bilinear backbone curve. 

The TT normalised peak damping force spectra of Figure G-7 are like the FS spectra of Figure E-7. 

The main difference between the damping forces of the two models is that the TT TSPVD spectra 

are less than the EP model over the entire period range, whereas the FS spectra are similar to the 

EP model. The same similarities and differences manifest in the normalised peak inertia force 

spectra, as shown in Figure H-3. 

The reason behind the normalised peak damping forces being smaller for the TT model is because 

of the softening stiffness of the system. Unless the largest velocities occur before or during the first 

inelastic oscillation of the system the stiffness will be less than the initial stiffness. In the TSPVD 

case the smaller stiffness corresponds to a smaller damper coefficient and smaller damping forces. 

An example of the smaller TSPVD normalised peak damping forces is shown in Figure 6-50. 

Figure 6-50 a) and b) display the TSPVD forces for the EP and TT models respectively for the 

2.5 s structure subjected to the El Centro H2 earthquake. All the peaks in the TT TSPVD forces 

are smaller than those in the EP response. 

  

Figure 6-50 TSPVD damping force hysteresis of a 2.9 s period SDOF in response to the 

Delta H2 ground motion with 𝝁𝟎 = 𝟔 – a) EP model, and b) RO model 
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6.4.6.3 Energy parameters 

The normalised hysteretic energy dissipation spectra for the TT model are shown in Figure G-4 

and the comparison between the EP and TT models is shown in Figure H-5. Figure H-5 shows that 

the TT model normalised hysteretic energy dissipation spectra vary with both period and target 

ductility. At periods shorter than 2.5 s the TT model spectra are smaller than the EP spectra and 

the difference between the spectra increases with increase in target ductility. Conversely, at periods 

longer than 2.5 s the TT model spectra are larger than the EP spectra and the difference between 

the spectra decreases with increase in target ductility.  

The larger effect of elastic damping on the hysteretic energy dissipation on the TT model in the 0-

2.5 s period range is attributable to the total amount of damping in the system. For the TT model 

the elastic damping makes up a larger fraction of the total damping than for the EP model, so the 

elastic damping curtails the TT response more. 

In the longer period range 2.5-4.5 s the elastic damping has less of an effect on the TT normalised 

hysteretic energy dissipation spectra than the EP equivalents and this is due to the different 

stiffnesses of the models. Once yielding has occurred in each direction the TT model never recovers 

a tangent stiffness equal to the initial stiffness. Instead at an instant in time the TT model vibrates 

at stiffnesses bounded by the unloading stiffness described in Equation (6-4) and the loading 

stiffness that occurs during a steady state oscillation at the peak ductility. The variation of the two 

bounding stiffnesses are shown in Figure 6-6 b) with respect to past peak ductility. The effect of 

the smaller stiffnesses is to expose the TT system to the influence of the ground velocity and the 

corresponding insensitivity to elastic damping at lower periods. Thus, the normalised hysteretic 

energy dissipation of spectra of the TT model are larger than that of the EP in the 2.5-4.5 s period 

range. 

A comparison of the EP and TT normalised input energy and elastic energy dissipation spectra are 

presented in Figure H-6 and Figure H-7 respectively. The effect of the ground motion is also 

apparent in the input and elastic damped energy spectra in the long period range. In a similar 

manner to the FS model, the TT spectra are larger due to the lower stiffness and corresponding 

larger potential energy than the EP model. The TT input and elastic dissipation spectra are slightly 

smaller than the FS equivalents. 
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6.4.6.4 Effect of amplitude dependent damping 

Consideration of the TT EDP spectra of Figure G-1 through Figure G-12 reveals that the effects of 

amplitude dependent damping on the EDPs is minor. In the same manner as the FS model, the CSD 

and RSD spectra exhibit the largest differences between the constant and increasing damping 

models due to the larger sum of the damping forces in the increasing model. The increasing ISPVD 

and the MCF models present less normalised input and elastic energy dissipation at longer periods 

as shown in Figure G-5 and Figure G-6 respectively. The largest difference is in the order of 10% 

which is considered inconsequential. Amplitude dependent damping has no meaningful effect on 

the SDOF EDP spectra for the TT hysteresis model. 

6.4.6.5 Summary 

Comparison of the TT and EP spectra demonstrate that the different damping models behave in a 

similar manner for both hystereses. 

An exception arises for the TSPVD model peak damping forces due to the softening nature of the 

TT hysteresis. If the peak velocities do not happen on the initial loading curve the corresponding 

peak TSPVD damping forces are smaller for the TT model. However, the smaller peak damping 

forces of the TT model do not manifest in the peak inertia forces to the same extent as the RO 

model. 

 DISCUSSION 

The investigation of the four hysteresis models and nine damping models has revealed that there 

are trends in the damped structural behaviour that extend across the entire scope of the analyses. 

The first point of the investigation to consider is the influence of the various damping models on 

the ductility 1 spectra. Except for the CSD model, all the constant damping ratio damping models 

provide similar reductions to the normalised peak ductility and inertia forces. The range of the 

normalised spectra is less than 10% across the entire spectra, which suggests that the models are 

performing comparably in elastic analyses. The exception is the CSD model for which the 

normalised peak ductility and inertia force spectra are larger than the other four models. The CSD 

spectra are larger because of the period shortening introduced by the stiction elements. The spectra 

show that the RSD model can remove the effects of period shortening and emulate the effects of 

the viscous damping models on the peak ductility and inertia force spectra. 
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The dominant feature of the inelastic normalised EDP spectra of the velocity dependent damping 

models is the increasing influence of the ground velocity with increase in period. As the velocity 

is not related to the displacement by a factor of the natural frequency (𝜔), the magnitude of the 

velocity dependent damping model forces also increase with period. The relatively larger damping 

forces can cause the spectral acceleration (which is analogous to the base shear) to increase by up 

to a factor of 2 and the input energy to increase by up to a factor of 4 with respect to the undamped 

case. Neither increase is realistic and the increase in base shear has a direct influence on the design 

of the structure. 

The MCF type damping models behave in the same manner as the viscous models and are unable 

to avoid the velocity related problems. Inspection across the four hysteretic models suggests that 

in the SDOF case the MCF damping could be emulated by an equivalent amount of viscous 

damping. 

The RSD damping model can both emulate the viscous response in elastic analyses and avoid the 

velocity dependent problems apparent in the normalised peak inertia force and input energy. A key 

performance criterion for a damping model is to provide sufficient damping to the elastic response 

whilst not over-damping the inelastic response. The RSD model provides the smallest reductions 

to the peak ductility for all hysteretic models at the three levels of inelastic target ductility. As the 

RSD restoring force is split between the hysteretic and damping models the inertia force spectra 

represent the effect on the both the peak restoring force and inertia force. The inelastic RSD 

normalised peak inertia force spectra also exhibit smaller reductions than the peak restoring force 

spectra of the other damping models. 

The ground velocity has no effect on the RSD damping forces, so the normalised peak inertia force 

spectra are close to unity in the long period range of the spectra. In fact, the maximum RSD 

normalised peak inertia force is equal to 1.00, 0.98, 1.01 and 1.01 for the target ductility 6 EP, RO, 

FS and TT models respectively. The maximum values for the TSPVD model, which are the 

smallest of the velocity dependent models, are equal to 1.55, 1.30, 1.70 and 1.35. The RSD model 

generates inertia forces that are significantly closer in nature to the undamped analyses. 

The effect of the ground velocity on the input and elastic dissipation spectra is minimised by the 

RSD model. The maximum normalised input energy (occurring at a period of 4.5 s) for the RSD 

model is less than 1.10, 1.15, 1.25 and 1.4 for the target ductility 6 EP, RO, FS and TT models 

respectively. By comparison, the best of the velocity dependent damping models is the TSPVD 

model with values of 1.55, 1.70, 2.55 and 2.50. The RSD damping model is the most suitable for 

the analysis of inelastic SDOF systems irrespective of the hysteretic model. 
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The velocity dependent damping models behave in the same manner but with different amounts of 

equivalent viscous damping aside from two exceptions for the TSPVD model. The change from a 

discrete to continuous stiffness model eliminates the discontinuities in the TSPVD damping force 

response history and produces smaller peak damping forces. The smaller peak forces also occur in 

the “rounded” portion of the RO hysteretic model which means that they do not also correspond to 

the peak inertia forces. Meanwhile for the discrete stiffness models the peak damping forces occur 

as the structure undergoes a yield excursion and often correspond to the peak inertia force. The 

TSPVD is advantageous in analysis of inelastic systems with continuous stiffness models but the 

benefits are not so apparent if the system has discrete stiffness changes. 

The second exception for the TSPVD model is for systems with degrading stiffness. Assessment 

of the TT model spectra showed that the effect on the peak damping and inertia forces are different 

for the TSPVD model. Once the stiffness of the system degrades the change in TSPVD coefficient 

produces less elastic damping which is desirable for the softened system. 

Aside from these two exceptions relating to TSPVD, the EDP spectra suggest that there are no 

advantages for using velocity dependent damping other than ISPVD. The ISPVD model provides 

the largest equivalent viscous damping ratios and has the largest effect on the EDP spectra. 

However outside of the TSPVD exceptions the additional computational effort associated with the 

TSPVD or MCF damping models is not justified. 

The difference between the increasing and constant damping ratio model spectra is negligible for 

all damping and hysteretic models. In the presence of inelastic response, the computational effort 

required to incorporate the amplitude dependency is not justified. However, in the elastic analyses 

when compared to the constant damping ratio models the amplitude dependent damping had the 

effect of increasing both the peak ductility and inertia forces by up to 15%. Elastic damping that is 

amplitude dependent at elastic amplitudes is not worthwhile for analysis of inelastic structures but 

has a significant effect on the peak response parameters of elastic structures. 

 CONCLUSIONS 

The investigation in this Chapter assessed the effects of nine different damping models on the EDP 

spectra of four hysteretic models at four different levels of target peak ductility. 

RSD is the single most appropriate damping model for the analysis of all four types of hysteretic 

model. The RSD model has comparable effects to the other damping models on the EDPs of elastic 

systems. In the analysis of inelastic structures, the RSD model produces the smallest reductions of 
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the normalised EDPs. The RSD model is the only model assessed that can avoid the influence of 

the ground motion and hold the peak inertia forces and total input energy to magnitudes similar to 

those of the undamped analyses. 

The velocity dependent damping models (ISPVD, TSPVD and MCF) exhibit similar trends in their 

effect on the EDPs but to varied extent. Generally, ISPVD has the largest effect on the EDPs 

followed in descending order by the MCF and TSPVD models. From this it can be concluded that 

using ISPVD with a smaller damping ratio is more efficient than implementing MCF or TSPVD. 

TSPVD is more appropriate that the other velocity dependent models in two instances – when the 

stiffness of the hysteretic model is continuous, and when the stiffness of the system is degrading. 

In these instances, the TSPVD model produces damping forces that are considerably smaller than 

the ISPVD and MCF models. Less damping is desirable when the system softens in either of these 

two ways. 

Amplitude dependent damping has negligible effect on any of the EDPs for the inelastic analyses 

so is not recommended for use in such applications. However, damping ratios that increase with 

amplitude have a significant effect on the EDPs of elastic structures subjected to earthquakes and 

is worthwhile in these instances. 
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CHAPTER 7  
NONLINEAR MDOF SYSTEMS 
WITH FRICTION DAMPING 

This Chapter applies the proposed new friction-based damping models from Chapter 6 to inelastic 

MDOF systems subjected to earthquake excitation. Nonlinear MDOF analyses are the defining test 

of a damping model. Good or bad performance in analysis of SDOF structures does not guarantee 

adequacy for MDOF analysis. Analyses are conducted on a structure similar to Reference Structure 

2 except with inelastic hinges in the beams. The aim of the investigation is to demonstrate the 

merits of the proposed MCF and stiction damping models over viscous damping in this type of 

analysis. The methodology and results of this investigation are described in the subsequent 

sections. 

 NONLINEAR 5DOF STRUCTURE 

The five-storey structure analysed in this Chapter has the same elastic stiffness as Reference 

Structure 2. Each storey of the structure is modelled as shown in Figure 7-1. The single storey, 

single bay frame takes stiffness contributions from the frame elements and the rotational springs 

in the beams at the beam and column intersections. The columns are pinned immediately above 

each storey level including the supports. The rotational springs represent “plastic hinges” in the 

structure and all the inelastic behaviour is lumped in these springs. Note that this extension of 

Reference Structure 2 is also reproduced from Charney (2008) and it is acknowledged that the 

column releases are a simplification unlikely to be found in a real building. The column releases 

ensure that the moments in the columns are not transferred between adjacent stories. 
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Figure 7-1 Schematic of one storey of the inelastic five storey structure 

The height of the storey and the stiffness of the frame and spring elements are assigned so that the 

stiffness of a single storey is equal to 87,000 kN/m. Note that the beams and columns are axially 

rigid and do not undergo shear deformations. The stiffness contribution of the frame elements is 

 𝑘𝑓𝑟𝑎𝑚𝑒 =
3𝐸𝐼

𝐻3
 (7-1) 

The stiffness contribution of the springs is 

 𝑘𝑠𝑝𝑟𝑖𝑛𝑔𝑠 =
2𝑘𝑠

𝐻2
 (7-2) 

As the frame and spring contributions are arranged in series, the combined storey stiffness is 

 𝑘𝑠𝑡𝑜𝑟𝑒𝑦 =
6𝐸𝐼𝑘𝑠

2𝑘𝑠𝐻3 + 3𝐸𝐼𝐻2
 (7-3) 

Each floor level as four joints each with three DOFs, meaning the 5-storey structure has a total of 

72 DOFs. There is one translational mass at each storey that only acts horizontally. Once the 

vertical and restrained DOFs are eliminated, the horizontal DOFs at each floor level slaved, and 

the massless rotational DOFs condensed out the stiffness matrix becomes a 5 x 5 matrix identical 

to that of Reference Structure 2. As with Reference Structure 2, this structure is replicated from 

Charney (2008). 
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Figure 7-2 EP hysteresis in one storey of the inelastic five storey structure – spring 

moment vs rotation 

The stiffness of the frame elements is set to be rigid so that the ductility of the spring is equal to 

the ductility of the storey. The moment rotation response of EP springs is shown in Figure 7-2. The 

pushover response of a single storey incorporating the springs takes the same normalised form 

except with normalised restoring force on the vertical axis and displacement ductility on the 

horizontal. The properties of the individual storey are listed in Table 7-1. 

Table 7-1 Single inelastic storey properties 

 Property Symbol Value Unit 

 Height 𝐻 0.176 m 

 Young’s modulus 𝐸 200 GPa 

 Frame 2nd moment of area 𝐼 4.162e-3 m4 

 Spring stiffness 𝑘𝑠 1348 kNm/radian 

 Spring yield moment 𝑚𝑦 1271 kNm 

 Spring yield rotation  𝜃𝑦 0.9927 radians 

 Horizontal yield force 𝑓𝑦 14443 kN 

 Horizontal yield displacement 𝑢𝑦 0.1660 m 

     

The EP hysteresis model with 5% strain hardening is reprised in the MDOF structure and is 

implemented in nonlinear rotational springs. The SDOF analyses showed that the systems with 

continuous stiffness and reduced hysteretic damping exhibited similar elastic damping traits to the 

EP model, so the RO, FS and TT models are not investigated in this Chapter. 

The modal properties of the system change as the structure yields in accordance with Table 7-2 

and Table 7-3 - the data from which is plotted in Figure 7-3. Figure 7-3 a) demonstrates that the 

fundamental mode frequency reduces more than the fifth mode when only the first storey yields. 
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The effect is compounded in the normalised modal energies which are the square of the normalised 

frequencies. The modal energies are of interest in assessing the quantity of energy dissipation that 

is implied by a modal damping ratio. 

Table 7-2 Normalised modal frequencies by structure damage state 

 Damage State Mode 1 Mode 2 Mode 3 Mode 4 Mode 5  

 Storey 1 yield 0.341 0.761 0.902 0.963 0.991  

 Storeys 1-2 yield 0.266 0.388 0.596 0.843 0.963  

 Storeys 1-3 yield 0.238 0.29 0.298 0.602 0.904  

 Storeys 1-4 yield 0.227 0.241 0.25 0.247 0.742  

 Storeys 1-5 yield 0.224 0.224 0.224 0.224 0.224  

        

Table 7-3 Normalised modal energy by structure damage state 

 Damage State Mode 1 Mode 2 Mode 3 Mode 4 Mode 5  

 Storey 1 yield 0.116 0.58 0.813 0.927 0.983  

 Storeys 1-2 yield 0.071 0.15 0.355 0.711 0.928  

 Storeys 1-3 yield 0.057 0.084 0.089 0.363 0.817  

 Storeys 1-4 yield 0.051 0.058 0.062 0.061 0.55  

 Storeys 1-5 yield 0.05 0.05 0.05 0.05 0.05  

        

 

  

Figure 7-3 Modal properties by structure damage state – a) normalised frequencies, and 

b) normalised energy 

The effects of the elastic damping models on the MDOF EDPs are assessed as response spectra in 

a similar manner to the SDOF investigation in Chapter 6. To construct the spectra the mass of the 

5DOF structure is varied to change the periods of the system. The fundamental period of the 
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structure is varied from 0.2 to 4.0 s in increments of 0.2 s (note that this corresponds to the fifth 

mode period changing from 0.030 to 0.595 s). Over this period range the mass of one storey varies 

from 7.14 through 2856.92 t. 

 DAMPING MODELS 

The MCF and both the conventional and reduced three-element stiction damping models 

recommended from Chapter 6 are recalibrated for the 5 DOF nonlinear structure. The damping 

models are calibrated to the condensed 5 DOF structural model only and damping is not distributed 

throughout the full 72 DOF model. Five different formulations of viscous damping are also 

constructed to provide a comparison. The details of each damping model are outlined below. 

All damping models are calibrated to provide 5% equivalent viscous damping to the first mode of 

the structure at the yield amplitude, and as close to 5% as possible in the other four modes. 

7.2.1 VISCOUS DAMPING MODELS 

Five viscous damping models are implemented in these analyses – initial stiffness proportional 

Rayleigh damping, reduced initial stiffness proportional Rayleigh damping, reduced tangent 

stiffness proportional Rayleigh damping, reduced tangent stiffness proportional Caughey damping, 

and updated modal viscous damping. The damping ratios provided by the five models are described 

in the following sections. 

7.2.1.1 Initial stiffness proportional Rayleigh viscous damping models 

Section 2.4 outlines the recommended implementations of ISPVD to ensure a robust damping 

model that provides appropriate damping ratios and forces. 

A simple ISPVD implementation is Rayleigh damping with 5% damping ratios specified in the 

first and fourth modes. The mass and stiffness matrix Rayleigh coefficients (𝛼0 and 𝛼1 

respectively) to achieve this damping ratio distribution are 0.4755 and 0.0026 respectively. The 

model has mass and stiffness-connected dampers with damper coefficients of 108.4 and 

226.4 kNs/m respectively. The ISPVD Rayleigh damping model is referred to as the IR model. 
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Figure 7-4 Modal damping ratios for the Rayleigh damping models – a) IR, b) RIR, c) 

TR, and d) RTR 

The normalised damping ratio by frequency curves for the IR are shown in Figure 7-4 a). The 

modal values are normalised by the target modal damping ratio, in this case 5%. Note that if some, 

but not all, of the storeys of the structure yield the damping provided by ISPVD models is no longer 

proportional to the stiffness matrix and is non-classical. The non-classical damping matrix 

produces coupled modal response – i.e. the modal damping matrix is not diagonal. The damping 

ratios presented in these instances are the values when each mode is vibrating alone. The non-

classical damping manifests in the damping ratio plots when the modal values do not lie on a 

Rayleigh curve. 

It is important to note that the damping ratios of Figure 7-4 represent the damping ratios of an 

elastic structure with stiffness equal to the tangent stiffness corresponding to the damage state 

under consideration. The damping ratios hold no relevance to the amount of elastic energy 

dissipation observed in the inelastic structure over an entire oscillation in an inelastic mode. Rather 

they relate to the elastic modal properties of the structure in a given damage state. The process of 
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considering the modal damping ratios over a full inelastic oscillation in the same manner as in 

Chapter 6 for inelastic SDOF is convoluted by the need to define the deformed (mode) shape that 

the structure takes during the oscillation. Definition of the deformed shape during an oscillation is 

not consistent with elastic mode shapes so instead we refer to the elastic damping ratios for the 

tangent properties of the structure. This discrepancy holds throughout Section 7.2 when discussing 

modal damping ratios for the inelastic MDOF structure. 

Figure 7-4 a) shows that the IR model can generate large increases in modal damping ratios after 

yield. The large increases are present even if only the lowest storey yields. Table 7-4 lists the initial, 

maximum and minimum normalised modal damping ratios that can be expected over the potential 

range of modal frequencies. The maximum normalised damping ratio is larger than 4.2 in all modes 

and the overall maximum is 6.18. Damping amplification of this order is not acceptable and should 

be avoided as the large damping ratios can artificially suppress the response. By this metric the IR 

is not a suitable damping model but is included in the investigation as despite its obvious pitfalls 

it is the most common damping model implemented in practice. 

Table 7-4 Normalised modal initial, maximum and minimum Rayleigh damping 

ratios for the EP 5DOF structure 

 Damping model  Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 

 Rayleigh ISPVD Max 6.18 4.74 4.22 4.47 4.93 

 (IR) Initial 1.00 0.72 0.85 1.00 1.10 

  Min 1.00 0.72 0.85 0.58 0.58 

 Rayleigh reduced ISPVD Max 4.87 4.68 4.20 4.47 5.05 

 (RIR) Initial 0.42 0.56 0.80 1.00 1.13 

  Min 0.42 0.56 0.80 0.51 0.51 

 Rayleigh tangent reduced Max 1.20 0.56 0.80 1.00 1.13 

 (RTR) Initial 0.42 0.56 0.80 1.00 1.13 

  Min 0.42 0.41 0.41 0.41 0.42 

        

One simple way to mitigate the large damping ratios associated with inelastic response is to 

calibrate the Rayleigh ISPVD to 6% and 5% damping ratios at target frequencies equal to 0.224𝜔1 

and 𝜔4. The factor of 0.224 applied to 𝜔1 corresponds to the smallest modal frequency possible in 

the structure – i.e. when all the storeys have yielded the stiffness becomes 0.05 times the initial 

stiffness and the frequencies all reduce by a factor of √0.05 = 0.224. The normalised damping 

ratio by frequency curve for the Rayleigh initial stiffness proportional viscous damping with 

reduced frequency (Reduced Initial Rayleigh, RIR) model are shown in Figure 7-4 b) and the range 

of expected damping ratios are tabulated in Table 7-4. The maximum normalised mode 1 damping 
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ratio of the RIR model is 21% less than that of the IR model, while all the other modal maxima 

remain similar. The RIR model initial and minimum damping ratios are all less than that of the IR 

model. The RIR provides a significant reduction in the fundamental mode post yield damping ratio 

with no additional computational effort so is included in this investigation. 

7.2.1.2 Tangent stiffness proportional Rayleigh viscous damping models 

There are two types of TSPVD available for inelastic MDOF systems – with and without updated 

mass and stiffness coefficients. Both types of TSPVD remain classical irrespective of the 

distribution of the stiffness changes. 

TSPVD with the initial Rayleigh coefficients (Tangent Rayleigh, TR) is the easier to implement as 

the mass and stiffness coefficients are not recomputed after every stiffness change. To update the 

coefficients a new modal analysis is required which can be computationally expensive. The initial 

TSPVD coefficients are identical to the ISPVD values throughout the entire analysis. This means 

that the Rayleigh damping ratio curve remains the same throughout the analysis and the modal 

values move along the curve in accordance with their frequency. 

Figure 7-4 c) presents the modal damping ratios when the target frequencies for 5% damping are 

the initial frequencies of the first and fourth modes. Figure 7-4 c) shows that after yielding, modes 

with frequencies less than the initial first mode frequency exhibit rapidly increasing damping ratios 

with decrease in frequency due to the contribution of the mass proportional dampers. The rapid 

increase in damping is undesirable as it produces large damping forces in these modes. 

An alternative implementation of TSPVD with initial Rayleigh coefficients is to once again 

account for the anticipated softening of the system frequencies in the specification of the Rayleigh 

target modes. Thus, for the “reduced” TSPVD model (Reduced Tangent Rayleigh, RTR) the 

Rayleigh target frequencies are set to equal 0.224𝜔1 and 𝜔4. The trade-off with the reduced 

formulation is that the damping ratios near the initial frequency of the first mode can be 

significantly less than the target damping ratio. A way to mitigate this is to specify a larger target 

damping ratio at the reduced frequency. Figure 7-4 c) shows the damping ratio curve with the target 

damping ratio at 0.224𝜔1 set to 6%. The damping ratio at the initial first mode frequency is equal 

to 2.85%, but this is acceptable as smaller damping ratios are more conservative than larger ones. 

The maximum damping ratio observed in all the modes occurs in the fundamental mode and is 

equal to 1.2 (corresponding to the 6% at 0.224𝜔1) which is significantly less than the values 

exhibited by the initial stiffness proportional damping models. The mass and stiffness matrix 
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Rayleigh coefficients of this model are 0.1449 and 0.0029 respectively, giving initial mass and 

stiffness proportional damper coefficients of 33.0 and 253.0 kNs/m respectively. 

TSPVD with updated Rayleigh coefficients requires more computation than the aforementioned 

models but has the advantage of ensuring that the damping in the target modes is constant. The 

updated coefficient model preserves the target damping ratios in the specified modes at all damage 

states. The damping ratios at other frequencies lie on a Rayleigh curve passing through the two 

points and are not constant during inelastic response. The computational effort required to perform 

a modal analysis at every change in stiffness is too great for the updated coefficient method to be 

commercially viable, so the damping formulation is not included in these analyses. 

7.2.1.3 Three-mode Caughey viscous damping models 

The initial and tangent stiffness proportional formulations can also be applied to the three-mode 

Caughey damping model. 

  

Figure 7-5 Modal damping ratios for the Caughey damping models – a) IC, and b) RTC 

The simplest Caughey implementation is ISPVD (Initial Caughey, IC) and the damping ratio 

distributions for this model are presented in Figure 7-5 a). The three target frequencies are chosen 

in accordance with the Chang (2013) recommendations and are equal to 𝜔1, 𝜔5 2⁄  and 𝜔5. The 

Caughey coefficients 𝛼0, 𝛼1 and 𝛼2 are set to equal 0.4103, 0.0048 and -1.7e-6. All the modal 

damping ratios increase after the structure softens in yielding in the same manner as the IR model. 

Table 7-5 shows that all the modes have maximum normalised damping ratios greater than 4.4 and 

the peak value of 7.37 occurs in the first mode after only the bottom storey has yielded. This 

magnitude of damping amplification is not acceptable and consequently the Caughey ISPVD 

model is not utilised in this investigation. 
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Caughey TSPVD behaves similarly to the Rayleigh equivalents. Figure 7-5 b) shows that the 

damping ratio amplification can be alleviated by a reduced target frequency (again 6% at 0.224𝜔1) 

at the expense of lower damping ratios around 𝜔1. Table 7-5 shows that the Reduced Tangent 

Caughey (RTC) model exhibits damping ratio amplification ranging between 0.57 and 1.20 so is 

suitable to be included in this investigation. The Caughey coefficients for the reduced model are 

equal to 0.1406, 0.0057 and -2.25e-6. 

Table 7-5 Normalised modal maximum and minimum Caughey damping ratios 

for the inelastic 5DOF structure 

 Damping model  Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 

 Caughey ISPVD Max 7.37 5.51 4.90 4.86 4.47 

  Initial 1.00 0.95 1.09 1.09 1.00 

  Min 1.00 0.95 1.09 0.89 0.85 

 Caughey tangent reduced Max 1.20 0.92 1.14 1.16 1.16 

  Initial 0.57 0.92 1.14 1.13 1.00 

  Min 0.57 0.57 0.57 0.60 0.63 

        

Again, the damping ratios of the three specified modes could be held constant using Caughey 

damping with updated coefficients but the computational demands are impractical. 

It is important to consider the nature of the Caughey damping forces. The forces from the mass-

proportional term of the Caughey series corresponds to dampers connecting the masses to external 

supports. The damping forces from the stiffness-proportional term are applied by dampers 

connected adjacent DOFs. The dampers from the third term of the series also arise as stiffness-

connected dampers. The component of the damping matrix from the third Caughey term is a banded 

matrix with non-zero terms in the diagonal and 2nd and 3rd off diagonals. To demonstrate, consider 

the third column of the 𝛼2𝐾𝑀−1𝐾 matrix which is equal to 

 [−75;  298; −447; 298; −75] (7-4) 

and is shown graphically in Figure 7-6. This column means that when the structure is subjected to 

a unit velocity at the 3rd DOF the forces of Equation (7-4) act on DOFs 1 through 5. The forces 

correspond to damper forces developing in stiffness connected dampers in the storeys adjacent to 

the excited DOF and in the dampers a further storey away. These damper storey shears are also 

shown in Figure 7-6. All of the damping forces arising from the third Caughey term are developed 

in stiffness-connected dampers. Note that adding extra terms to the Caughey series add bands to 
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the damping matrix, so that when all of the terms are included the damping matrix is fully 

populated. Note that only the first term of the Caughey series generates mass-connected damper 

forces. 

 

Figure 7-6 Damping forces and damper shears from the third term of the Caughey 

series when a unit velocity is applied to DOF 3 

7.2.1.4 Modal viscous damping 

A final viscous damping model is modal damping. Modal damping is the equivalent of Caughey 

damping with all modes having a damping ratio specified. For this investigation the modal damping 

model with updated coefficients (Updated Modal Damping, UMD) is also included as a reference 

point for all modes maintaining the target damping ratio for all damage states. Note that the updated 

modal damping model is computationally intensive but allows the target damping ratio to be 

constant in all modes. The initial and updated modal damping model damping ratios are shown in 

Figure 7-7 a) and b) respectively. 
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Figure 7-7 Modal damping ratios for the viscous modal damping models – a) ISPVD 

modal damping, and b) UMD 

7.2.1.5 Summary of viscous damping models 

The initial and tangent stiffness proportional Rayleigh and Caughey damping models have been 

constructed for the 5DOF inelastic structure. The RTR and RTC models are the most suitable for 

inelastic MDOF analysis and are included in this investigation. The updated coefficient models are 

better at providing constant modal damping ratios, but the computational requirements are too great 

for practical use. The IR and RIR models are also included in this investigation because of the vast 

popularity and simplicity of ISPVD in practice. Finally, the UMD model is included as a reference 

point for constant modal damping. A list of the viscous damping models is shown in Table 7-7. 

7.2.2 STICTION ELEMENT DAMPING MODELS 

The three-element stiction damping models are calibrated to provide 5% equivalent viscous 

damping to the first mode vibrating at the yield amplitude. The properties of the dampers are the 

same for each storey. Note that the amplitude dependent models are not included in this Chapter, 

but both the conventional and reduced stiction models are assessed. The damper properties are 

listed in Table 7-6. 
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Table 7-6 Three-element stiction damping model parameters for the 5DOF 

inelastic structure 

 

Target 

Damping 

Ratio (%) 

Amplitude 

Dependency 
Element # 𝑢𝑓 𝑢𝑦⁄  𝑓𝑓 𝑓𝑦⁄  𝑘𝑓 𝑘⁄  

 5 Constant (C) 1 0.05 0.0236 0.4713 

   2 0.20 0.0329 0.1645 

   3 0.50 0.0604 0.1208 

   ∑  0.1168 0.7565 

       

Note that if these stiction dampers were implemented in a single storey SDOF structure they would 

correspond to an equivalent viscous damping ratio equal to 4.84% when vibrating at the yield 

amplitude. The stiction damping force hysteresis and damping ratio amplitude dependency are 

described in Figure 7-8 a) and b) respectively. 

  

Figure 7-8 Three-element stiction damping model – a) single storey damping force 

hysteresis, and b) damping ratio by mode 1 amplitude 

The stiction dampers are implemented in both the conventional (CSD) and reduced stiffness (RSD) 

formulations. The storey stiffness for the reduced stiffness structure is equal to 0.883 times the 

initial stiffness of the undamped structure. 

7.2.3 MODIFIED COULOMB FRICTION DAMPING MODELS 

The stiffness-connected MCF damper coefficients are determined in accordance with Equation 

(4-103) with 𝜆 = 0.5 and are equal to 7285.9 kN/m. The forces are determined using the total 

energy formulation in accordance with Equation (4-105). The stiffness-connected MCF dampers 

provide constant 5% damping ratios when modes are vibrating alone. When modes are vibrating 

concurrently the damping ratios are coupled. 
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7.2.4 SUMMARY OF THE MDOF DAMPING MODELS 

A total of eight damping models are selected for the inelastic MDOF analyses. There are five 

variations of viscous damping, MCF damping, and the conventional and reduced stiffness 

variations of three-element stiction damping. The names of the damping models and their acronyms 

are listed in Table 7-7. Note that all the models are not explicitly configured to exhibit amplitude 

dependency, although the MCF and stiction models can provide amplitude dependent damping 

when multiple modes are vibrating simultaneously. 

Table 7-7 Damping models for inelastic MDOF investigation 

  Model Name Acronym  

  Initial Stiffness Proportional Rayleigh Damping IR  

  Reduced Initial Stiffness Proportional Rayleigh Damping RIR  

  Reduced Tangent Stiffness Proportional Rayleigh Damping RTR  

  Reduced Tangent Stiffness Proportional Caughey Damping RTC  

  Updated Modal Viscous Damping UMD  

  Modified Coulomb Friction Damping MCF  

  Conventional Stiction Damping CSD  

  Reduced Stiction Damping RSD  

       

 ANALYSIS METHODOLOGY 

Analyses in this Chapter are conducted in a similar manner to the SDOF analyses in Chapter 6. 

The earthquakes are scaled to provide peak ductility equal to 1, 2, 4 and 6 for the undamped 

structure with hinges modelled using the EP model with 5% strain hardening. In all instances the 

peak ductility occurs in the lowermost storey. The scaled earthquakes are then applied to the 

structure with the various damping models and the EDPs recorded. The EDPs are presented as 

normalised spectra where the EDPs of the damped structure are normalised by the corresponding 

EDP of the undamped response. 

The results of 8,640 time history analyses are presented in this investigation. All analyses are 

conducted in MATLAB (The Mathworks Inc 2010) using the Newmark explicit method. For the 

spectral results the time step size has been varied so that the product of the largest initial angular 

frequency and the time step size is always less than 0.10 (i.e. 𝜔ℎ ≤ 0.10). 
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To validate the MATLAB based modelling and analysis procedures the undamped response 

histories have been checked against a SAP2000 (CSI Berkeley 2018) model, a summary of which 

is presented in Appendix I. 

7.3.1 EARTHQUAKE RECORDS 

The same 12 earthquakes as Chapter 6 are reused here for the MDOF analyses. The response 

spectra of the earthquakes are presented in Appendix A. 

7.3.2 MDOF ENGINEERING DEMAND PARAMETERS 

The EDPs are expanded for MDOF analysis to include the DOF, modal and entire structure 

parameters. The parameters can be classified into two groups – peak response parameters and total 

response parameters. 

Table 7-8 Engineering Demand Parameters (EDPs) for MDOF analyses 

 Symbol Name   

 𝜇1 Peak displacement ductility of 1st storey   

 𝑢5 Peak roof displacement   

 �̈�𝑇 Peak total acceleration   

 𝑉𝑏 Peak in-structure base shear   

 𝑉𝑟  Peak restoring base shear    

 𝑉𝑑 Peak in-structure damping base shear   

 𝑉𝑑𝑡 Peak total damping base shear   

 𝑉𝑖 Peak inertia force   

 ∑𝑉𝑑𝑚 Peak sum of mass-connected damper forces   

 𝑊ℎ
1 Hysteretic energy dissipation in 1st storey   

 𝑊𝑑𝑡
1  Total (hysteretic plus elastic dampener) energy dissipation in 1st storey   

 ∑𝑊𝑑 Total elastic damping energy dissipation   

 ∑𝑊𝑑𝑚 Total mass-proportional elastic damping energy dissipation   

 ∑𝑊𝑑𝑠 Total in structure elastic damping energy dissipation   

 ∑𝑊ℎ Total hysteretic energy dissipation   

 ∑𝑊𝑖 Total input energy   

 ∑𝑊𝑖,𝑚𝑎𝑥 Maximum total input energy   

     

The peak sum of the mass-connected damper forces is a measure of the amount of shear transferred 

out of the structure at imaginary supports. The sum of the mass-connected damper forces at an 

instance in time is equal to 



 

 - 288 - 

 ∑𝑉𝑑𝑚 = ∑𝛼0𝑀�̇� (7-5) 

where 𝛼0 is the Caughey series coefficient for the mass-proportional term. The total mass-

proportional elastic energy dissipation, ∑𝑊𝑑𝑚, is the sum of the energy dissipated in the mass-

proportional dampers only. 

The peak in-structure damping base shear, 𝑉𝑑, is the peak damping shear in the first storey of the 

structure and does not include the sum of the mass-proportional viscous damper forces. The peak 

total damping base shear, 𝑉𝑑, is equal to the sum of the in-structure and mass-connected damper 

forces. The total in-structure elastic damping energy dissipation, ∑𝑊𝑑𝑠, is the energy dissipated in 

the viscous dampers that are not mass-proportional, and ∑𝑊𝑑 is the sum of the energy dissipated 

by the two types of dampers. 

 RESULTS 

This Section discusses the effect of the various damping models on the MDOF EDP spectra. 

7.4.1 PRESENTATION OF EDP RESULTS 

The EDP results are presented in Appendix J and are in a similar spectral format to that used in the 

SDOF analyses of Chapter 6. One extension is that for each EDP four separate spectra are presented 

for the ductility 1, 2 4 and 6 cases. In the same manner as demonstrated in Section 6.4.1 each curve 

on the spectra represents the average of the normalised EDPs across the twelve earthquakes. The 

damped EDPs are normalised by the EDPs of the corresponding undamped analyses. 

7.4.2 EDP SPECTRUM RESULTS 

The effect of the damping models on the various MDOF EDPs are investigated in the following 

Sections. 

7.4.2.1 Peak ductility and displacement 

The first EDPs to consider are those relating to the peak deformations of the structure. Peak 

ductility is the key criteria in determining the demands placed on a structure. Structures must not 

exceed prescribed ductility limits, so it is important that peak ductility values are accurate and 

conservative. 
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For this structure under earthquake loads the peak ductility always occurs in the first storey. The 

normalised peak first storey ductility spectra are presented in Figure J-1. First consider the target 

ductility 1 (elastic) spectra of Figure J-1 a). Overall the peak first storey ductility does not exhibit 

a trend with respect to period. The normalised first storey peak ductility of the reduced models 

(RIR, RTR and RTC) exhibit less reduction than the others. Note that the RIR and RTR models 

are identical when the response is elastic, and the solid black line is hidden by the magenta line. 

The smaller reduction occurs because the other models all have an initial first mode equivalent 

viscous damping ratio equal to 5%, whereas the damping ratios are 2.1 and 2.85% for the RIR/RTR 

and RTC models respectively. The modal contribution factor of the first mode to the first storey 

displacement is equal to 88.0% and this means that the different first-mode damping ratios have a 

considerable effect on the elastic response of the structure. 

As the target ductility increases the magnitude of the reduction in peak first storey ductility 

decreases. A trend with respect to period also emerges with increase in target ductility in that 

structures with fundamental mode periods less than 1.2 s exhibit larger amplitude reductions. 

As the target ductility increases the peak first storey displacements of the RTR, RTC, UMD, MCF, 

CSD and RSD models converge, and the normalised displacements tend towards 1. The RIR and 

IR models provide increasingly larger reductions to the peak first storey displacement. This 

observation suggests that the UMD, MCF, CSD and RSD models are better at providing more 

amplitude reduction to the elastic response and less to inelastic response. 

A second displacement response EDP is the peak roof displacement. The normalised peak roof 

displacement spectra are presented in Figure J-2. The normalised peak roof displacements follow 

similar trends to the normalised peak first storey drift in that the RTR, RTC, UMD, MCF, CSD 

and RSD models converge and tend towards 1 with increase in target ductility. The IR model 

provides reductions to the peak roof displacement that are increasingly larger than the other models 

as the target ductility increases. 

7.4.2.2 Peak acceleration 

The peak total acceleration is an important EDP as it relates to the damage of non-structural items. 

The normalised peak total acceleration spectra are presented in Figure J-3. Figure J-3 shows that 

for target ductility 1 the peak accelerations are independent of period, but at the inelastic target 

ductility levels the reductions reduce with increase in period and the spectra of the different 

damping models converge. Overall with increase in target ductility the reductions to the peak 

acceleration decrease. The spectra become smoother with increase in target ductility. With increase 
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in period and target ductility the normalised peak total acceleration spectra tend towards 1, 

suggesting independence from damping at longer periods in the same manner as the SDOF 

investigation. 

At the inelastic target ductility levels, the RSD model has the largest reductions to the peak 

accelerations across the entire period range. The RSD accelerations are smaller than the other 

models because the sum of the restoring and damping shears (i.e. the inertia forces) are limited to 

the hysteresis backbone curve. Meanwhile the other damping models provide peak inertia shears 

that are larger than the strength backbone. This means that relative to the RSD model the inertia 

forces of the other models increase and so do the accelerations. 

7.4.2.3 Peak first storey shear forces 

The peak first storey shear forces are analogous to the base shears of the building and are an 

important parameter in the design process. 

First consider the normalised peak total base shears of Figure J-5. The total base shears, 𝑉𝑖, are 

defined as the total sum of the inertia forces acting on the building. Note that for the viscous 

damping models the total base shears include the forces in the mass-connected viscous dampers 

which are not reactions at the base of the structure. 

The target ductility 1 spectra show that the base shears for the elastic structure are independent of 

period. The largest reductions in base shear arise from the UMD model, followed in descending 

order by the IR, MCF, RSD, RTC, CSD and RIR/RTR models. The range across the models is 

approximately 15%. 

As the target ductility increases the normalised peak total base shears become increasingly 

dependent on period. The normalised peak base shears increase with ductility and period to a 

maximum of approximately 130% at 4 s for the target ductility 6 IR model. The next largest base 

shears occur in the UMD model, followed in descending order by the MCF, RIR, RTC and RTR 

models. The CSD and RSD models to not exhibit period dependency and have approximately 

constant normalised peak total base shears approximately equal to 110 and 100% respectively. 

The period dependency is like that observed in the SDOF system, for which as the period increases 

the response is governed by the ground motion. The velocities become proportional to the ground 

motion rather than the natural frequency of the system and this results in viscous damping forces 

that are increasingly larger that do not curtail the response. The effect is highlighted by the 

normalised peak total damping base shear spectra of Figure J-7. While the CSD and RSD peak 
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damping shears remain constant, the viscous and MCF damping shears exhibit period dependency 

across the entire period range. The normalised peak damping forces increase with increase in target 

ductility and period. The largest normalised peak damping forces occur in the IR model and are 

over 60% of the undamped peak base shear. 

However, to understand the nature of the base shears further inspection of the response of systems 

with mass-connected viscous dampers is required. Figure J-4 presents the normalised peak in-

structure base shears which do not include the shears in the mass-connected viscous dampers (note 

that the peak total and in-structure base shear spectra for the MCF, CSD and RSD models are 

identical). Comparison of Figure J-4 and Figure J-5 shows that the peak in-structure base shears 

do not exhibit increases at long periods to the same extent as the total base shears. The largest peak 

in-structure base shear of the viscous models is equal to 105% in the UMD model at target ductility 

6 and 4 s. This suggests that large shears are transferred from the structure in the mass-connected 

viscous dampers and that these shears increase in magnitude with increase in period. 

The peak sum of the mass-connected damper forces spectra are shown in Figure J-9. Note that the 

MCF, CSD and RSD models do not have mass-connected dampers. The viscous damping models 

all exhibit mass-connected damper forces that increase with period and target ductility. The forces 

are largest in the IR model followed in descending order by UMD and then the similar RIR, RTR 

and RTC models. The reason for the different magnitudes of mass-connected damper forces is due 

to the magnitude and makeup of the fundamental mode damping ratio. 

To demonstrate, consider the modal damping ratios for the IR and RTR damping models plotted 

in Figure 7-9 a) and b) respectively. The IR model exhibits the largest increases in total base shear 

with period. The IR model has an initial fundamental mode damping ratio equal to 5%. According 

to Figure 7-9 a), mass-connected dampers contribute 88% of the total fundamental mode damping 

ratio of both the undamaged and 1-5 yielding structure. Meanwhile, the RTR model has an initial 

fundamental mode damping ratio equal to 2.1%. The RTR damping model has a smaller initial 

damping ratio than the IR model and because of the reduced frequency formulation only 51% of 

the damping ratio is due to the mass-connected dampers. Because of this, the effects of the mass-

connected dampers on the base shear hysteresis are much larger for the IR model than the others. 
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Figure 7-9 Mass and stiffness proportional damping contributions to the modal damping 

ratios – a) IR, and b) RTR 

Figure J-8 shows the peak normalised in-structure damping base shears. The in-structure viscous 

and MCF damping base shears also increase with period and target ductility. The sum of the peak 

mass-connected and in-structure damping shears sum to be approximately equal to the peak total 

damping base shear which indicates that the peaks occur simultaneously. 

The normalised peak restoring base shears are shown in Figure J-6. The normalised peak restoring 

base shears tend towards unity with increase in period and inelastic target ductility. The 

dependence of the inelastic spectra on period weakens with increase in target ductility. The target 

ductility 1 spectra show no period dependence. 

The RSD case always has the smallest peak restoring forces, and this is because part of the restoring 

force has been moved to the damping model. A better measure of the RSD restoring shears is the 

total base shear, which shows the RSD normalised forces tending towards unity. 

Aside from the RSD model, the damping models produce similar normalised peak restoring force 

inelastic spectra. At periods larger than 1 s the spread of the models is less than 5%. The reductions 

of the restoring force are less than the displacements due to the softening nature of the EP 

hysteresis. 

To examine the nature of the base shear hysteresis of the different damping model responses, 

consider the plots displayed in Appendix K which show the base shear hysteresis of the 1 and 4 s 

period EP structures subjected to the Delta H2 ground motion scaled to achieve target ductility 6. 

Figure K-1 and Figure K-2 present the total inertia shear force and in-structure base shear force 

hystereses respectively of the 1 s period structure. The Figures show that for the 1 s structure all 

sixteen of the hysteresis responses are similar in shape and magnitude. From Figure J-9, at 1 s 
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period the peak mass-connected viscous damper forces are approximately 5, 10 and 15% of the 

undamped total base shear for the RIR/RTR/RTC, UMD and IR models respectively. The small 

magnitude of the mass-connected damping base shears means that the total and in-structure base 

shear hysteresis are similar. As the response of the structure is at frequencies similar to the 

fundamental period, the damping forces are small in comparison to the restoring forces. 

On the other hand, the hystereses of the 4 s period structure vary more than those of the 1 s period 

structure. The total and in-structure base shear hystereses of the 4 s period structure are shown in 

Figure K-3 and Figure K-4 respectively. At this period the peak mass-connected damper forces are 

equal to 14, 24 and 45% of the peak undamped base shear for the RIR/RTR/RTC, UMD and IR 

models respectively. The difference in the peak normalised mass-connected damper forces of the 

different models is due to the magnitude of the initial fundamental mode damping ratios and the 

portion of the damping ratio that is provided by the mass-proportional Caughey series term. The 

damping forces are much larger relative to the yield force and this is due to the response being 

influenced by the frequencies of the ground motion which are larger than the fundamental mode 

frequency of the structure. Recall that Equation (1-10) for calculating the damping ratio from the 

ratio of damped to stored energy has a frequency ratio multiplier 𝜔 �̅�⁄ . The frequency multiplier 

accounts for the larger viscous damping forces at frequencies higher than the structures natural 

frequency. 

7.4.2.4 First storey energy dissipation 

The peak ductility occurs in the first storey of the structure and it is of interest to investigate the 

effects of damping on the inelastic work the first storey undertakes. The spectra showing the 

normalised hysteretic energy dissipation in the first storey are presented in Figure J-10. The 

magnitude of the reductions to the hysteretic energy dissipation due to the introduction of elastic 

damping decrease with increase in target ductility and period. Except for the RSD model, all of the 

models normalised hysteretic energy spectra converge to a value of approximately 90% at target 

ductility 6 and 4 s period. The RSD model spectra is smaller than the others due to the hysteresis 

model being represented by a combination of the restoring and damping forces. At target ductility 

2 and 4 there are two clear groups of damping model spectra with one comprising the reduced 

frequency viscous models and the other the models with 5% initial fundamental mode damping 

ratios. 

The normalised total energy dissipation in the first storey, equal to the sum of the normalised 

hysteretic and elastic damping dissipation, is shown in Figure J-11. The normalised total energy 

spectra also increase with period and target ductility. Except for the MCF and CSD models, the 
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spectra converge towards 1 at target ductility 6 and 4 s period. The CSD and MCF models induce 

more total energy dissipation in the first storey than the undamped response. The IR model 

produces the largest reductions to the undamped response. The RSD model spectra corresponds to 

total hysteretic energy dissipation and is shown to increase with target ductility to be approximately 

equal to 1 at periods larger than 1.5s for the target ductility 6 spectra. 

7.4.2.5 Global energy parameters 

The normalised global energy EDPs are presented in Figure J-12 through Figure J-17. 

The total hysteretic energy dissipation spectra are shown in Figure J-12. The magnitude of the 

spectra increases with period and target ductility. The spectra plateau at periods above 

approximately 2.8, 2.0 and 1.5 s for the target ductility 2, 4 and 6 spectra respectively. The reduced 

frequency viscous models have less of an effect on the total hysteretic energy than the models with 

a 5% initial fundamental mode damping ratio. The variability within and between the spectra 

decreases with increase in target ductility. 

The normalised total hysteretic energy dissipation spectra are reduced more than that of the first 

storey alone. For example, at target ductility 6 the RTR normalised total hysteretic energy 

dissipation spectra is equal to 82% at 4 s whereas the first storey only spectra is equal to 92%. The 

trend is apparent in the spectra of all the damping models at all three inelastic ductility levels. This 

means that elastic damping reduces the inelastic demand on the upper storeys more than the first 

storey. 

The normalised total input energy spectra are shown in Figure J-13. The variability of the spectra 

decreases with increase in target ductility. At target ductility 1 and 2 the variability is largest for 

the stiction models and smallest for the reduced frequency viscous models. The variability of the 

spectra occurs because of the nature of the total input energy. To demonstrate, consider the MDOF 

system with a fundamental period equal to 0.2 s subjected to the El Centro H2 ground motion. The 

total input and damped energy response histories of the system with no damping and IR damping 

are shown in Figure 7-10 a) and b) respectively. The total input energy of the undamped structure 

at the end of the ground motion is equal to 14.5 kJ while the maximum input energy is equal to 

6928 kJ. Meanwhile the final and maximum input energies of the IR model response are equal to 

4413 and 5403 kJ respectively. The response in this example corresponds to a normalised total 

input energy equal to 304 and a normalised total maximum input energy equal to 0.78. The 

demonstration shows that the total and maximum input energies can be vary significantly. The 

maximum energy is less variable and a better measure of the response of the undamped structure. 
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Figure 7-10 Mass and stiffness proportional damping contributions to the modal 

damping ratios – a) IR, and b) RTR 

The total (final) energy input to the elastic structure can be much larger with any damping model 

than for the undamped structure. This occurs because the total input energy of an elastic, undamped 

structure is limited to the peak strain potential energy. Often the total input energy is less than the 

peak strain potential energy because the earthquake motion after the peak structural response can 

remove energy from the system. The peak input energy of an undamped system corresponds to the 

peak absolute kinetic energy and is always at least equal to the peak strain potential energy in an 

elastic system. Adding damping to the structure causes energy to be absorbed and the total input 

energy can increase because energy can be absorbed before the earthquake adds more energy to 

the system. The amount of energy absorbed by the damped system increases with the duration of 

the earthquake. This mechanism can lead to much larger total input and elastically damped energies 

for the damped structure. 

The normalised peak total maximum input energy spectra are shown in Figure J-14. As target 

ductility increases the trend emerges where the normalised total maximum input energy increases 

with period. This phenomenon is similar to that observed with the SDOF system except the 

magnitude of the increase above 1 is smaller. The RSD model spectra tend towards 1 as ductility 

increases, which is notable as the input energy represents the total hysteretic energy dissipation of 

the combined reduced EP model and three stiction elements. At target ductility 4 and 6 the IR 

model spectra is larger than the other models.  

The increase of the normalised total maximum input energy spectra above 1 at long periods is due 

to the elastic damping in the system. As the period of the structure increases the response of the 

structure tends towards the ground motion and becomes increasingly independent of damping. The 

damping forces absorb extra energy into the structure without reducing the peak response. The 
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effect on the input energy for the viscous damping models is less than 115% for all of the target 

ductility levels. This is significantly less than the SDOF system that peaked at 230% for the ISPVD 

model at target ductility 6 and 4.5 s. 

The total elastic damping energy dissipation spectra is shown in Figure J-15. Figure J-15 shows 

that all of the normalised elastic energy dissipation spectra decrease with increase in target 

ductility. The ductility 1 spectra increase with increase in period, while the inelastic target ductility 

spectra do not increase as much. In fact, the normalised elastic energy dissipation of the stiction 

models is approximately constant at the inelastic target ductilities. 

The reduced frequency viscous damping models have smaller amounts of elastic damping energy 

dissipation than the other models, including the stiction models despite having larger peak damping 

forces. This observation means that the peak viscous damping forces are larger but must be less 

frequent than the maximum peak stiction damping forces in order to provide less energy 

dissipation. The largest amounts of elastic energy dissipation occur in structures with the IR and 

MCF models. 

To understand the nature of the elastic energy dissipation of the viscous damping models we need 

to consider the dissipation in the mass and stiffness-connected viscous dampers. The spectra for 

the mass and stiffness-connected dampers are shown in Figure J-16 and Figure J-17 respectively. 

The period dependency of both the mass and stiffness-connected damper energy dissipation spectra 

is weak. For the IR model, approximately three times more energy is dissipated by the mass-

connected dampers than the stiffness-connected ones. The amount of energy dissipated by the mass 

and stiffness-connected dampers for the UMD and reduced frequency viscous models are of similar 

magnitude. 

The period dependent effects of the viscous damping models on the total input energy and elastic 

damping energy dissipation are smaller than for the SDOF systems. The smaller effects on the 

MDOF system occur because the damping is split between mass and stiffness-proportional viscous 

dampers. When the fundamental period of the system is sufficiently large the structural response 

tends towards the ground motion. For a SDOF system in this situation the damper forces are 

proportional to the global velocity, behaviour which is consistent with that of a mass-proportional 

damper in a MDOF setting. In the MDOF case the response is dominated by the first mode where 

the mass-connected damper forces are proportional to the larger global velocities and the stiffness-

connected damper forces are proportional to the smaller relative velocities. If all of the damping 

was mass-proportional the MDOF EDP spectra would be more like the SDOF ones, as is the case 

for the IR spectra. But as a not insignificant portion of the fundamental mode damping ratio is 
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provided by the stiffness-proportional dampers the effects of the ground motion are reduced in the 

MDOF analyses. 

 DISCUSSION 

We now discuss the observations of the previous Section with the aim of determining the best 

damping model for inelastic analysis of MDOF systems. 

The first model we can eliminate from consideration is the IR model. The IR model produces the 

largest peak ductility reductions, peak base shear increases, total input energy increases, and total 

elastic damping energy dissipation increases at all target ductility levels. The IR model distorts 

these key EDPs of the undamped system the most and consequently is the least suitable for inelastic 

MDOF analyses. The reason for these adverse characteristics is the larger mass-proportional 

component of the damping ratio which introduces large forces in the mass-connected dampers. 

These forces retard the displacement response while amplifying the base shears and elastic energy 

dissipation. 

The UMD model is not eligible to be deemed the best damping model as it is too computationally 

demanding for practical application. Nevertheless, the UMD model is not the best performing 

damping model. The UMD model produces peak ductility, accelerations and restoring forces that 

are similar to the remaining models under consideration, but like the IR model the mass-

proportional component of the viscous damping matrix increases the peak base shears. 

The MCF damping model exhibits the less desirable traits of both the viscous and stiction damping 

models. The peak total base shears are larger than the reduced frequency viscous and RSD models. 

The peak in-structure total and damping base shears are the largest of all the models. The large 

elastic damping base shears are responsible for the MCF model having the largest total input and 

elastic damping energy dissipation spectra except for the IR model. 

The reduced frequency viscous damping models (RIR, RTR and RTC) exhibit similar traits across 

most of the EDP spectra considered. The differences that do arise are due to how the damping 

ratios are constructed from the terms of the Caughey series. Notable exceptions to the spectra being 

similar are; 

• that the RTC model exhibits larger reductions to the displacement EDPs in the elastic 

analyses. The larger reductions are due to the RTC elastic first mode damping ratio being 

35% larger than the RIR and RTR models because of the shape of the modal damping ratio 

vs frequency curves shown in Figure 7-4 and Figure 7-5. The same reasoning is responsible 
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for the RTC model exhibiting smaller peak base shears and total accelerations for the elastic 

MDOF structure. 

• that the RIR model induces reductions in the first storey peak ductility that become 

increasingly larger the RTR and RTC models with increase in target ductility. This effect 

occurs because the first storey deformations are dominated by the fundamental mode 

response. The RIR fundamental mode damping ratio increases to larger damping ratios than 

the RTR and RTC models when the system yields (refer Figure 7-4 and Figure 7-5) which 

has the effect of reducing the peak first storey ductility. 

• that the peak in-structure damping base shears of the RTC model are larger than those of 

the RIR and RTR models. The larger stiffness-connected damper forces are due to the 

inclusion of the third term of the Caughey series in the reduced frequency three-mode 

Caughey damping model. These forces also cause the RTC total hysteretic energy 

dissipation to decrease and the total and in-structure elastic energy dissipation to increase 

in comparison to the other two models. 

Overall the performance of the RIR, RTR and RTC damping models is controlled by how the 

modal damping ratio curve is defined. The differences between the three are relatively minor and 

this means that all of them provide adequate damping performance. The biggest problem with the 

reduced frequency viscous models is in finding the balance between getting enough damping into 

the elastic fundamental mode without introducing the large post-yield mass-proportional viscous 

damping forces apparent in the IR and UMD models. The large forces are more of a problem than 

a smaller initial damping ratio, so the models are tuned accordingly. 

As the response of the structure with the RIR, RTR and RTC models is so similar, the RIR model 

is the preferred viscous damping formulation as it is simpler to implement. The RIR model is a 

“set and forget” model where damping matrix is set before the analysis begins. Meanwhile the 

RTR and RTC models require the tangent stiffness matrix to be computed and the damping matrix 

updated whenever there is a stiffness change. As the performance of the three models is 

comparable, the simplicity of the RIR model makes it preferable. 

The RSD model is the best of the studied models at providing normalised EDP spectra similar to 

the 5% viscous models for the elastic analyses and spectra that tend the closest to unity with 

increase in inelastic target ductility. This ability is shown in the first storey ductility, roof 

displacement, base shear, total first storey energy dissipation, and total input energy spectra. All of 

these are key parameters in the design and assessment of buildings. 



 

 - 299 - 

The CSD model does not perform as well as the RSD model. The CSD model exhibits the same 

trends as the RSD model apart from that the normalised force and energy spectra are all 

incrementally larger due to the total hysteresis yield backbone being ∑𝑓𝑓 larger. As the RSD is the 

same damping model but with a simply modified hysteresis, the RSD model should be preferred 

to the CSD model in all situations. 

Ultimately the RIR, RTR and RTC models struggle to provide more damping to the elastic response 

and less damping to the inelastic response when compared to the RSD model. This is shown in the 

ductility, restoring force and hysteretic energy EDP spectra where the models provide smaller 

reductions than the RSD model to the elastic spectra and similar reductions to the inelastic spectra. 

Similarly, the base shear and input energy spectra of the reduced frequency viscous models 

increase above 1 at larger periods. The effects of the ground motion on the MDOF structure with 

viscous damping are not as large as for the SDOF structure but the increases are still in the order 

of 10-15% for both the base shear and input energy. 

 CONCLUSIONS 

A comprehensive investigation into the effects of eight different elastic damping models on a range 

of engineering demand parameters for elasto-plastic MDOF systems with 5% strain hardening has 

shown that reduced stiction damping is the most suitable elastic damping model for inelastic 

analysis. The RSD model is able to affect the elastic response of a structure in a similar manner to 

5% viscous damping, while having minimal effect on the inelastic response of the same structure. 

The conventional stiction damping and modified Coulomb friction models are not as suitable for 

the inelastic analysis of MDOF structures as RSD. The CSD model has similar traits to the RSD 

model but creates increases in the force and energy responses. The MCF model behaves like a 

cross between the stiction and viscous damping models and as a consequence is unable to emulate 

the desirable properties of either. 

The preferred type of viscous damping is the reduced initial Rayleigh model. The reduced tangent 

Rayleigh and Caughey damping models behave similarly to the RIR model, so the added simplicity 

of the RIR model makes it preferable. These models perform well because the fundamental mode 

damping ratio is not completely dominated by the mass-proportional term of the Caughey series. 

Compared to the RSD model, the reduced frequency viscous damping models are unable to provide 

as large damping effects on the elastic response parameters for the same level of effect on the 

inelastic response. The response of the MDOF structure with reduced frequency viscous damping 

is influenced by the ground motion at long periods. The influence of the ground motion is not as 
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severe as for SDOF systems due to some of the MDOF viscous damping coming from stiffness-

proportional dampers. 

The IR and UMD models are not suitable for analysis of inelastic MDOF systems because of the 

larger mass-proportional damping forces that they generate.
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CHAPTER 8  
CONCLUSIONS 

The principal objective of this research is to improve the modelling of elastic damping in time 

history analysis of inelastic structures. Following an extensive literature review, friction type 

elastic damping models are proposed as alternatives to viscous damping in the form of modified 

Coulomb friction damping and three-element stiction damping. This Thesis is broken into five 

main parts – literature review, simplified analysis of elastic structures, the development of 

amplitude dependent viscous damping for elastic systems, time history analysis of inelastic SDOF 

systems, and time history analysis of inelastic MDOF structures. The conclusions from each part 

are detailed in the following Sections. Subsequently, the key recommendations arising from this 

work are listed. Finally, suggestions are made for areas for future work. 

 CHAPTERS 2 & 3 - LITERATURE REVIEW 

A review of the literature pertaining to elastic damping in structures found that observed damping 

ratios in buildings are highly variable. More damping is observed in reinforced concrete structures 

than steel structures. There is no universally accepted model for predicting the modal damping 

ratios in buildings. The most common representation of the fundamental mode damping ratio is 

with a model that is directly proportional to the modal frequency. The ratio of higher mode to 

fundamental mode damping ratio is uncertain although it is suggested that higher mode damping 

ratios are of similar magnitude to or slightly larger than the fundamental mode value. Amplitude 

dependent damping relationships have been developed for low amplitude elastic vibrations, but 

they are calibrated at amplitudes an order of magnitude lower than typical earthquake response and 

the relationships are not compatible with direct integration solution methods. 

Proportional viscous damping matrices can produce increased modal damping ratios and large 

spurious damping forces in direct integration time history analyses of inelastic structures. Tangent 
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stiffness proportional Rayleigh damping with updated coefficients can limit the damping ratios and 

forces at a much-increased computational demand. Initial and tangent stiffness proportional 

Rayleigh damping with initial coefficients can be configured to produce comparable results. Some 

researchers conclude that controlling viscous damping is complex, and as the physical damping 

mechanisms are not viscous an alternative approach could be warranted. 

 CHAPTER 4 - SIMPLIFIED ANALYSIS OF ELASTIC STRUCTURES 

The nature of Coulomb friction, stiction and MCF damping was investigated for single and multi-

DOF systems. Damping from friction type dampers is both amplitude and frequency dependent, 

and the modal damping ratios are coupled when a MDOF system is excited in multiple modes 

simultaneously. 

The three different types of friction damping all behave similarly to Coulomb friction. A simplified 

analysis method was developed to predict the modal damping ratios when two modes of a MDOF 

system with Coulomb dampers are vibrating simultaneously. New equations were derived to 

demonstrate that the damping ratio of each mode is always less than the damping ratio of the mode 

if it were vibrating alone. The equations show that the damping in each mode is a function of the 

relative magnitudes of the velocities of each mode at each DOF. The damping ratio in the mode 

with the larger velocity amplitude is always closer to the single mode damping ratio than that of 

the smaller velocity mode. The larger the difference between the modal velocities the larger the 

difference between the observed damping ratios normalised by the single mode values. 

Stiction elements comprise a spring and a Coulomb friction element arranged in series. Multiple 

stiction elements can be combined in parallel to achieve damping ratios with any amplitude 

dependency. The sliding displacements and friction forces of the elements can be manually selected 

to produce the desired amplitude dependency. The simplified analyses show that an arrangement 

of three stiffness-connected stiction elements can emulate the amplitude dependencies observed in 

existing structures. One complication arising from stiction elements is that they introduce 

additional stiffness to the system which causes period distortion. Period distortion is a phenomenon 

observed in real structures but is a complexity not addressed by viscous damping models. 

Modified Coulomb friction elements are an extension of the Coulomb friction element where the 

magnitude of the friction force is variable. The magnitude of the friction force is scaled in 

proportion to the instantaneous total recoverable relative energy in the system. This research 

extends the existing MCF model to MDOF structures and implements arbitrary amplitude 

dependency. The damper forces can be determined in accordance with the local or global 
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instantaneous energy. The global energy formulation is simpler than the local alternative, but the 

associated damping forces cause greater excitation in the higher modes. The simplicity of the 

global formulation means it is the only option for analysis of inelastic structures. Stiffness-

connected MCF dampers exhibit damping ratios that are frequency and amplitude dependent as a 

function of the exponent 𝜆. The modal damping ratios are coupled in the same manner as Coulomb 

friction damping. 

 CHAPTER 5 - AMPLITUDE DEPENDENT VISCOUS DAMPING FOR ELASTIC 

SYSTEMS 

A new amplitude dependent viscous damping model was implemented in the form of the proposed 

Improved Modified Viscous Damping (IMVD). The IMVD model is novel for the analysis of 

elastic systems as it allows for any arbitrary modal damping ratio amplitude dependency to be 

specified with the direct integration analysis framework. The IMVD model works by scaling the 

viscous damper coefficients as some function of the total amount of recoverable energy in the 

system. When implemented in the global coordinates the damping ratios in individual modes 

become coupled if more than one mode is vibrating. Although the modal damping ratios are 

coupled the damping forces remain classical. If coupled modal damping ratios are undesirable 

elastic analyses can be performed in the modal coordinates, whereby a unique amplitude 

dependency can be prescribed to each individual mode. 

IMVD is novel in allowing amplitude dependent viscous damping to be implemented in the 

analysis of structures subjected to time varying loads. IMVD will be of use in the analysis of 

structures with amplitude dependent energy dissipation properties that are designed to remain 

elastic. The ability to treat each mode individually is also expected to be beneficial in emulating 

the observed damping properties and responses of built structures. 

 CHAPTER 6 - NONLINEAR SDOF SYSTEMS 

A systematic investigation into the influence of the elastic damping model on the engineering 

demand parameters was conducted for four different hysteresis models. The results of the 

comprehensive investigation were presented in spectral form to assess the trends in the EDPs with 

respect to initial period, target ductility and the features of the hysteretic model. The investigation 

does not comment on the appropriate magnitude of the equivalent viscous damping ratio. A target 

damping ratio equal to 5% of critical at the yield amplitude was adopted for all models to facilitate 

the assessment of the relative effects of the elastic damping model. Viscous (initial and tangent 
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stiffness proportional), modified Coulomb friction and stiction damping models were included in 

the investigation. 

Damping models with amplitude dependent equivalent viscous damping ratios at amplitudes 

smaller than the yield amplitude have negligible effect on the inelastic response of SDOF systems 

in comparison to the constant damping ratio models. In the amplitude dependent damping models, 

the damping ratios increased from approximately 1% at zero amplitude to 5% at the yield amplitude 

and above. Consequently, amplitude dependent damping is deemed to not be worthwhile in 

inelastic analyses. 

Amplitude dependent damping has more pronounced effects on the response of elastic structures. 

The peak displacement and base shear of elastic systems was approximately 15% larger in systems 

with amplitude dependent damping models in comparison to the same type of damping model but 

with constant damping. A 15% increase in response is significant in the design of structures 

required to remain elastic. In such instances, the proposed amplitude dependent damping models 

can be implemented. 

The three-element reduced stiction damping model is the most appropriate of the proposed 

damping models for analysis of inelastic SDOF systems. The RSD model improves the 

conventional stiction model by subtracting the damping forces from the raw hysteretic model. This 

change reduces the period distortion apparent in the response of systems with CSD. The RSD 

model has a comparable effect on the EDPs of elastic systems to viscous damping but has the 

smallest effect on the EDPs of inelastic systems. 

The velocity dependent damping models (viscous and MCF) are susceptible to unrealistically large 

damping forces at long periods due to the influence of the ground motion velocity. The large 

damping forces cause large increases in peak base shear and the energy the structure is exposed to. 

Because the RSD model is in itself a hysteresis rule, it is independent of the velocity and as a result 

the relevant EDPs are not erroneously influenced by the ground motion.  

If viscous damping is desired the ISPVD model is the most appropriate for inelastic SDOF systems. 

In general, TSPVD and MCF damping can be approximated using ISPVD with a smaller damping 

ratio at less computational expense. However, TSPVD is more appropriate than ISPVD in two 

instances – when the stiffness of the hysteretic model is continuous, and when the stiffness of the 

system is degrading. In these instances, the TSPVD model produces peak damping forces that are 

considerably smaller than the ISPVD and MCF models. 



 

 - 305 - 

 CHAPTER 7 - NONLINEAR MDOF SYSTEMS 

A second systematic investigation was undertaken to examine the effects of the elastic damping 

model on the engineering demand parameter response spectra of an inelastic 5 DOF structure 

subjected to earthquake ground motions. The inelasticity of the system was modelled in rotational 

springs as elasto-plastic hysteresis with 5% strain hardening. 

The three-element stiction damping model with reduced structural stiffness was found to be the 

best elastic damping model for implementation in inelastic MDOF analyses. The RSD model is 

able to provide similar reductions to the response of the elastic structure as viscous damping, while 

having minimal effect on the EDPs of the same structure that undergoes inelastic response. 

The models with a reduced fundamental mode target frequency for damping specification are the 

most suitable viscous damping models. The EDP response spectra of systems with RIR, RTR or 

RTC damping are comparable because they limit the influence of mass-proportional damper forces 

on the fundamental mode response. The reduced frequency models set the lowest target damping 

specification frequency to be equal to the smallest frequency the fundamental mode can expect 

after inelastic softening of the system. The damping ratio at the reduced frequency is set to be 20% 

larger than the target. This adjustment means that the mass-proportional component of the 

fundamental mode damping ratio is reduced, but this is at the expense of a smaller damping ratio 

in the elastic fundamental mode. 

The RIR model is the recommended viscous damping model as it achieves similar structural 

response to the RTR and RTC models at less computational cost. The RTR and RTC models 

require the tangent stiffness matrix to be computed whenever there is a stiffness change, whereas 

the RIR damping matrix is set in proportion to the elastic structure prior to commencing the 

analysis. The reduced frequency viscous models are inferior because they cannot achieve the 

performance targets for elastic and inelastic response as well as the RSD model. The viscous 

damping models must balance avoiding large mass-proportional forces with achieving the target 

fundamental mode damping ratio, and because there is a trade-off between the two, they cannot 

emulate the performance of RSD. 

The IR and UMD models are not suitable for analysis of inelastic structures due to the influence 

of large mass-proportional damper forces. The CSD model performs similarly to the RSD model 

except it produces larger base shears and energy parameters. On this basis the RSD model is more 

suitable as it performs more realistically for all EDPs. Finally, the MCF model behaves as a cross 

between friction and viscous damping models but is unable to recreate the good attributes of both 
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models. The MCF model is influenced by the ground motion and causes base shears and energy 

parameters that are larger than those of the RSD model. 

 PRACTICAL IMPLICATIONS 

The effect of each damping model on the normalised EDPs was discussed thoroughly in Chapter 

6 and Chapter 7 for inelastic SDOF and MDOF structures respectively. This section highlights the 

practical implications and advantages of the RSD model over widely used viscous damping 

formulations. 

Table 8-1 lists the maximum difference between the EP model EDPs with the RSD and viscous 

damping models with constant target equivalent viscous damping ratios of 5%. The range is 

defined by the smallest and largest maximum differences across the spectra of the different viscous 

damping models. To demonstrate, consider the SDOF normalised peak ductility shown in Figure 

B-1. The damping model with the smallest maximum difference from the RSD model is the 

TSPVD model. The maximum difference of 10% occurs at a period of 0.2 s in the target ductility 

6 spectra. Similarly, the damping model with the largest maximum difference is the ISPVD which 

also occurs at target ductility 6 and 0.2 s. 

Table 8-1 Maximum difference between the EP model EDPs for the 

reduced stiction and viscous damping models 

 EDP SDOF MDOF 

 Ductility + 10-20% + 2-15% 

 Base shear - 50-85% - 8-40% 

 Hysteretic energy dissipation + 34-40% + 25-40% 

 Input energy - 30-80% - 10-35% 

    

Table 8-1 demonstrates that in comparison to RSD, the viscous damping models underestimate 

peak ductility and total hysteretic energy dissipation while overestimating peak base shear and total 

input energy. The RSD response is more realistic for these four key EDPs. The magnitude of the 

maximum differences is particularly large for base shear, hysteretic energy and input energy 

ranging between 10 and 85%. The differences are larger for SDOF systems than MDOF systems. 

The large magnitude of the maximum differences emphasises the effectiveness of RSD and the 

advantages of incorporating it in analysis. 

 RECOMMENDATIONS 

To summarise this work the following is recommended; 
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• That the RSD model be adopted for inelastic direct integration time history analysis of both 

single and multi-DOF systems with any type of hysteresis model. 

• That if viscous damping is to be used, any of the reduced target frequency formulations be 

implemented. Of these models, the RIR model receives the highest recommendation as it 

is the simplest to implement. 

• That if amplitude dependent damping is required in an elastic system that the IMVD model 

be adopted. In MDOF systems, the modal damping ratio amplitude dependencies can be 

set to be different for each individual mode. 

 FUTURE WORK 

This thesis focuses on the development of alternative elastic damping models for direct integration 

time history structural analysis. To date, the recommended RSD and IMVD models have been 

developed for analysis purposes only. Future topics for investigation should revolve around 

verification of the models for real structures. Future work items are identified as follows; 

• Verify the RSD model against the experimental shake-table response of both small-scale 

model structures and large-scale structural assemblages. Shake-table tests will allow a 

parametric approach to verifying the RSD damping model for a range of excitations, 

fundamental periods, peak ductility, and types of inelastic deformation. Such an 

investigation would align well with the analytical work presented in this study. 

• Deaggregate the sources of elastic damping to allow better representation of the actual 

sources of damping in a real structure. Potential damping sources include partitions, 

facades, material properties, structural joints, foundations, radiation, and aerodynamics. 

Each individual damping source could be assessed analytically and experimentally to allow 

the explicit treatment of elastic damping sources in a real building using RSD. 

• Verify the RSD and IMVD models against the measured response of existing structures. 

Both models could be validated against the measured ambient response of structures to 

emulate the observed modal and amplitude dependencies of elastic damping in real 

structures. The RSD model could also be verified against the measured response of 

buildings to earthquake strong-motions. 

• Develop procedures and guidelines for implementing RSD in the analysis of real structures. 

To date RSD has been implemented in simplified planar structures only. Development of 

analysis procedures and guidelines would allow RSD damping to be more readily adopted 

in commercial analyses of three-dimensional structures. Such work could culminate in the 

inclusion of RSD in commercial finite element software. 





 - 309 - 

CHAPTER 9  
REFERENCES 

Adhikari, S. and J. Woodhouse (2003). "Quantification of non-viscous damping in discrete linear 

systems." Journal of Sound and Vibration 260(3): 499-518. 

Applied Technology Council (1996). ATC-40. Seismic evaluation and retrofit of concrete 

buildings. Redwood City, CA, USA, Applied Technology Council. 

Aquino, R. E. R. and Y. Tamura (2013). "On stick–slip phenomenon as primary mechanism behind 

structural damping in wind-resistant design applications." Journal of Wind Engineering and 

Industrial Aerodynamics 115(0): 121-136. 

Bagley, R. L. and J. Torvik (1983). "Fractional calculus - A different approach to the analysis of 

viscoelastically damped structures." AIAA Journal 21(5): 741-748. 

Bentz, A. and T. Kijewski-Correa (2008). Predictive Models for Damping in Buildings: The Role 

of Structural System Characteristics. Structures Congress 2008: 1-12. 

Bernal, D. (1994). "Viscous Damping in Inelastic Structural Response." Journal of Structural 

Engineering 120(4): 1240-1254. 

Bienkiewicz, B., T. Ohkuma and K. Fujii (1996). "International wind engineering forum." Journal 

of Wind Engineering and Industrial Aerodynamics 59(2–3): ix-x. 

Biot, M. A. (1955). "Variational Principles in Irreversible Thermodynamics with Application to 

Viscoelasticity." Physical Review 97(6): 1463-1469. 

Blakeborough, A., M. S. Williams, A. P. Darby and D. M. Williams (2001). "The Development of 

Real-Time Substructure Testing." Philosophical Transactions: Mathematical, Physical and 

Engineering Sciences 359(1786): 1869-1891. 

Blume, J. A. (1956). Period determinations and other earthquake studies of a fifteen-story building. 

First World Conference on Earthquake Engineering. California, USA. 11. 

Blume, J. A. (1970). "The motion and damping of buildings relative to seismic response spectra." 

Bulletin of the Seismological Society of America 60(1): 231-259. 

British Standards Institution (2004-2006). Eurocode 8 : design of structures for earthquake 

resistance. London, United Kingdom, BSI London. 

Carr, A. J. (1994). "Dynamic analysis of structures." Bulletin of the New Zealand Society for 

Earthquake Engineering 27(2): 129-146. 



 

 - 310 - 

Carr, A. J. (1997). Damping models for inelastic structures. Asia Pacific Vibration Conference 

1997. Kyongju, Korea. 1: 42-48. 

Carr, A. J. (2005). Damping models for time-history structural analyses. Asia Pacific Vibration 

Conference 2005. Langkawi, Malaysia. 1: 287-293. 

Carr, A. J. (2007). Ruaumoko manual, Volume 1: Theory. Christchurch, New Zealand, Univeristy 

of Canterbury. 

Caughey, T. K. (1960). "Classical Normal Modes in Damped Linear Dynamic Systems." Journal 

of Applied Mechanics 27(2): 269-271. 

Caughey, T. K. and A. Vijayaraghavan (1970). "Free and forced oscillations of a dynamic system 

with “linear hysteretic damping” (non-linear theory)." International Journal of Non-Linear 

Mechanics 5(3): 533-555. 

Çelebi, M. (1996). "Comparison of damping in buildings under low-amplitude and strong 

motions." Journal of Wind Engineering and Industrial Aerodynamics 59(2–3): 309-323. 

Chang, S.-Y. (2013). "Nonlinear performance of classical damping." Journal of Earthquake 

Engineering and Engineering Vibration 12(2): 279-296. 

Charney, F. and A. Bowland (2010). New Concepts in Modeling Damping in Structures. Structures 

Congress 2010: 25-36. 

Charney, F. A. (2008). "Unintended Consequences of Modeling Damping in Structures." Journal 

of Structural Engineering 134(4): 581-592. 

Chopra, A. K. (2007). Dynamics of structures: theory and applications to earthquake engineering. 

Upper Saddle River, NJ, Prentice Hall. 

Clough, R. W. and E. L. Wilson (1999). Early finite element research at Berkeley. Fifth U.S. 

National Conference on Computational Mechanics. Boulder, CO, USA. 

Consortium of Organisations for Strong-Motion Observation System (COSMOS) (1999). Strong-

motion virtual data center. https://strongmotioncenter.org/vdc/scripts/default.plx. 

Conte, J. P., K. S. Pister, S. A. Mahin and B. E. E. R. C. University of California (1990). Influence 

of the earthquake ground motion process and structural properties on response characteristics of 

simple structures, Earthquake Engineering Research Center, University of California. 

Crisp, D. J. (1980). Damping models for inelastic structures. ME, University of Canterbury. 

CSI Berkeley (2018). SAP2000 v20. Berkeley, California, Computers and Structures Inc. 

Davenport, A. G. and P. Hill-Carroll (1986). Damping in tall buildings: its variability and treatment 

in design. Building motion in wind: proceedings of a session sponsered by the Aerodynamics 

Committee of the Aerospace Division and the Wind Effects Commettee of the Structural Division 

of the American Society of Civil Engineers in conjunction with the ASCE Convention. N. Isyumov 

and T. Tschanz. Seattle, WA, USA. 

Davenport, P. N. (2004). Review of seismic provisions of historic New Zealand loading codes. 

2004 New Zealand Society for Earthquake Engineering Conference. 17. 

de Silva, C. W. (2007). Vibration Damping. Vibration Damping, Control, and Design, CRC Press: 

1-31. 

Deierlein, G. G., A. M. Reinhorn and M. R. Willford (2010). Nonlinear structural analysis for 

seismic design: a guide for practicing engineers. NEHRP Seismic Design Technical Brief No. 4. 

Gaithersburg, MD, USA, National Institude of Standards and Technology. 

Dwairi, H. M., M. J. Kowalsky and J. M. Nau (2007). "Equivalent Damping in Support of Direct 

Displacement-Based Design." Journal of Earthquake Engineering 11(4): 512-530. 

https://strongmotioncenter.org/vdc/scripts/default.plx


 

 - 311 - 

Earthquake Commission and GNS Science (EQC-GNS) (2017). New Zealand Strong-Motion 

Database. https://www.geonet.org.nz/data/supplementary/nzsmdb. 

Erduran, E. (2012). "Evaluation of Rayleigh damping and its influence on engineering demand 

parameter estimates." Earthquake Engineering & Structural Dynamics 41(14): 1905-1919. 

Erwin, S. L. (2009). Extraction of full-scale dynamic properties from short duration records. Master 

of Science Thesis, University of Notre Dame. 

ESDU (1983). Damping of Structures, Part 1: Tall Buildings, Engineering Sciences Data Unit. 

Data Item 83009. 

Fang, J. Q., A. P. Jeary, Q. S. Li and C. K. Wong (1999). "Random damping in buildings and its 

AR model." Journal of Wind Engineering and Industrial Aerodynamics 79(1–2): 159-167. 

Fang, J. Q., Q. S. Li, A. P. Jeary and D. K. Liu (1999). "Damping of tall buildings: its evaluation 

and probabilistic characteristics." The Structural Design of Tall Buildings 8(2): 145-153. 

Federal Emergency Management Agency (2000). FEMA 356. Prestandard and commentary for the 

seismic rehabilitation of buildings. Washington, DC, USA, American Society of Civil Engineers. 

Federal Emergency Management Agency (2000). FEMA 368. NEHRP recommended provisions 

for seismic regulations for new buildings and other structures. Washington, DC, USA, Building 

Seismic Safety Council. 

Fritz, W., T. Igusa and N. Jones (2009). "Predictive Models from Statistically Nonconforming 

Databases." Journal of Structural Engineering 135(5): 567-575. 

Fritz, W., N. Jones and T. Igusa (2009). "Predictive Models for the Median and Variability of 

Building Period and Damping." Journal of Structural Engineering 135(5): 576-586. 

Fritz, W. P. (2003). Period and damping selection for the design and analysis of building structures. 

PhD Thesis, The Johns Hopkins University. 

Golla, D. F. and P. C. Hughes (1985). "Dynamics of Viscoelastic Structures—A Time-Domain, 

Finite Element Formulation." Journal of Applied Mechanics 52(4): 897-906. 

Grant, D. N. (2005). Modelling inelastic response in direct displacement-based design. Pavia, 

Pavia : IUSS Press c2005. 

Hall, J. F. (2006). "Problems encountered from the use (or misuse) of Rayleigh damping." 

Earthquake Engineering & Structural Dynamics 35(5): 525-545. 

Hart, G. C. (1996). "Random damping in buildings." Journal of Wind Engineering and Industrial 

Aerodynamics 59(2–3): 233-246. 

Hart, G. C., M. Lew and R. D. J. Jr. (1973). High-rise building response: damping and period non-

linearities. Proceedings of the Fifth World Conference on Earthquake Engineering. Rome, Italy. 

Hart, G. C. and R. Vasudevian (1975). "Earthquake design of buildings: damping." Journal of the 

Structural Division ASCE 101: 11-30. 

Haviland, R. (1976). A study of the uncertainties in the fundamental translational periods and 

damping values for real buildings. Evaluation of seismic safety of buildings. Cambridge, MA, 

USA, Massachusetts Institute of Technology. 

Hilber, H. M., T. J. R. Hughes and R. L. Taylor (1977). "Improved numerical dissipation for time 

integration algorithms in structural dynamics." Earthquake Engineering & Structural Dynamics 

5(3): 283-292. 

Hisada, T. and K. Nagakawa (1956). Vibration tests on various types of building structures up to 

failure. First World Conference on Earthquake Engineering. Berkeley, CA, USA. 

https://www.geonet.org.nz/data/supplementary/nzsmdb


 

 - 312 - 

Housner, G. W. and D. E. Hudson (1966). "Earthquake research problems of nuclear power plants." 

Nuclear Engineering and Design 3(2): 308-319. 

Housner, G. W., R. R. Martel and J. L. Alford (1953). "Spectrum analysis of strong-motion 

earthquakes." Bulletin of the Seismological Society of America 43(2): 97-119. 

Howard, G. E., P. Ibáñez and C. B. Smith (1976). "Seismic design of nuclear power plants — an 

assessment." Nuclear Engineering and Design 38(3): 385-461. 

Hudson, D. E. (1964). "Resonance testing of full-scale structures." Journal of the Engineering 

Mechanics Division ASCE 90(EM3): 1-19. 

Hudson, D. E. (1965). Equivalent viscous friction for hysteretic systems with earthquake-like 

excitations. Proceedings of the Third World Conference on Earthquake Engineering. Auckland and 

Wellington, New Zealand. 

Hulbert, G. M. and J. Chung (1996). "Explicit time integration algorithms for structural dynamics 

with optimal numerical dissipation." Computer Methods in Applied Mechanics and Engineering 

137(2): 175-188. 

Humar, J. L. (2012). Dynamics of structures. Boca Raton, Fla., Boca Raton, Fla. : CRC Press - 

Taylor &amp; Francis Croup c2012. 

Jacobsen, L. S. (1930). "Steady forced vibration as influenced by damping." Transactions of the 

American Society of Mechanical Engineers APN-52-15: 159-181. 

Jacobsen, L. S. (1960). Damping in composite structures. Proceedings of the 2nd World 

Conference on Earthquake Engineering. Tokyo and Kyoto, Japan. 2: 1029-1044. 

Jeary, A. P. (1974) "Damping measurements from the dynamic behaviour of several large multi-

flue chimneys." ICE Proceedings 57, 321-329. 

Jeary, A. P. (1986). "Damping in tall buildings—a mechanism and a predictor." Earthquake 

Engineering & Structural Dynamics 14(5): 733-750. 

Jeary, A. P. (1996). "The description and measurement of nonlinear damping in structures." Journal 

of Wind Engineering and Industrial Aerodynamics 59(2–3): 103-114. 

Jeary, A. P. (1997). "Damping in structures." Journal of Wind Engineering and Industrial 

Aerodynamics 72(0): 345-355. 

Jeary, A. P. and B. R. Ellis (1980). A review of recent work on the dynamic behaviour of tall 

buildings at various amplitudes. Proceedings of the Seventh World Conference on Earthquake 

Engineering. Istanbul, Turkey. 

Jeary, A. P. and B. R. Ellis (1981). Vibration tests of structures at varied amplitudes. Proceedings 

of the ASCE Speciality Conference on Dynamic Response of Structures. Atlanta, GA, USA. 

Jehel, P., P. Léger and A. Ibrahimbegovic (2014). "Initial versus tangent stiffness-based Rayleigh 

damping in inelastic time history seismic analyses." Earthquake Engineering & Structural 

Dynamics 43(3): 467-484. 

Kawasumi, H. and K. Kanai (1956). Vibration in buildings in Japan. First World Conference on 

Earthquake Engineering, Berkeley, CA, USA. 

Lagomarsino, S. (1993). "Forecast models for damping and vibration periods of buildings." Journal 

of Wind Engineering and Industrial Aerodynamics 48(2–3): 221-239. 

Lagomarsino, S., L. C. Pagnini, C. Servetto and G. Solari (1993). Experimental data base and 

forecast criteria for damping and vibration periods of buildings. Genoa, Italy, Instituto di Scienza 

delle Construzioni, University of Genoa. 



 

 - 313 - 

Lagomarsino, S., P. Roascio and G. Solari (1990). Modeling and forecast criteria for the structural 

damping (in Italian). Proceedings of the 1st National Conference on Wind Engineering. Italy. 

Leger, P. and S. Dussault (1992). "Seismic-Energy Dissipation in MDOF Structures." Journal of 

Structural Engineering 118(5): 1251-1269. 

Li, Q. S., D. K. Liu, J. Q. Fang, A. P. Jeary and C. K. Wong (2000). "Damping in buildings: its 

neural network model and AR model." Engineering Structures 22(9): 1216-1223. 

Li, Q. S., K. Yang, C. K. Wong and A. P. Jeary (2003). "The effect of amplitude-dependent 

damping on wind-induced vibrations of a super tall building." Journal of Wind Engineering and 

Industrial Aerodynamics 91(9): 1175-1198. 

Mahin, S. A. and P.-s. B. Shing (1985). "Pseudodynamic Method for Seismic Testing." Journal of 

Structural Engineering 111(7): 1482-1503. 

Marshall, R. D., L. T. Phan and M. Celebi (1992). Measurement of structural response 

characteristics of full-scale buildings: comparison of results from strong-motion and ambient 

vibration records NISTIR 4884. Gaithersburg, MD, USA, National Institute of Standards and 

Technology. 

McTavish, D. J. and P. C. Hughes (1993). "Modeling of Linear Viscoelastic Space Structures." 

Journal of Vibration and Acoustics 115(1): 103-110. 

Muravskii, G. B. (2007). "Linear models with nearly frequency independent complex stiffness 

leading to causal behaviour in time domain." Earthquake Engineering & Structural Dynamics 

36(1): 13-33. 

National Research Institute for Earth Sciences and Disaster Resilience (NIED) (2018). Strong-

motion Seismograph Networks (K-NET,KiK-net). http://www.kyoshin.bosai.go.jp/. 

Newmark, N. M. (1967). Design criteria for nuclear reactors subjected to earthquake hazards. 

Urbana, IL, USA. 

Newmark, N. M., J. A. Blume and K. K. Kapur (1973). "Seismic design spectra for nuclear power 

plants." Journal of the Power Division 99(P02): 287-303. 

Newmark, N. M. and W. J. Hall (1969). Seismic design criteria for nuclear reactor facilities. Fourth 

World Conference on Earthquake Engineering. Santiago, Chile. P02. 

Newmark, N. M. and E. Rosenblueth (1971). Fundamentals of earthquake engineering. Englewood 

Cliffs, NJ, USA, Prentice-Hall. 

Nielsen, N. N. (1964). Dynamic response of multistory buildings. PhD Thesis, California Institue 

of Technology. 

Otani, S. and M. A. Sozen (1972). Behaviour of multistorey reinforced concrete frames during 

earthquakes. Structural Research Series 392, University of Illinois, Urbana. 

Oyarzo-Vera, C. A., G. H. McVerry and J. M. Ingham (2012). "Seismic Zonation and Default Suite 

of Ground-Motion Records for Time-History Analysis in the North Island of New Zealand." 

Earthquake Spectra 28(2): 667-688. 

Pacific Earthquake Engineering Research Center (PEER) (2005). PEER Ground Motion Database. 

https://ngawest2.berkeley.edu/. 

Papagiannopoulos, G. A. and D. E. Beskos (2009). "On a modal damping identification model for 

non-classically damped linear building structures subjected to earthquakes." Soil Dynamics and 

Earthquake Engineering 29(3): 583-589. 

Park, R. and T. Paulay (1975). Reinforced concrete structures. New York, John Wiley & Sons. 

http://www.kyoshin.bosai.go.jp/
https://ngawest2.berkeley.edu/


 

 - 314 - 

PEER (2010). Seismic design guidelines for tall buildings. Berkeley, CA, USA, Pacific Earthquake 

Engineering Research Center, University of California at Berkeley. 

PEER/ATC (2010). Modeling and acceptance criteria for seismic design and analysis of tall 

buildings. PEER/ATC 72-1 Report. Redwood City, CA, USA, Applied Technology Council. 

Peters, R. (2007). Damping Theory. Vibration Damping, Control, and Design, CRC Press: 1-68. 

Peters, R. D. (2002) "Toward a Universal Model of Damping -- Modified Coulomb Friction." 

http://arXiv.org/html/physics/0208025. 

Petrini, L., C. Maggi, M. J. N. Priestley and G. M. Calvi (2008). "Experimental Verification of 

Viscous Damping Modeling for Inelastic Time History Analyzes." Journal of Earthquake 

Engineering 12: 125-145. 

Priestley, M. J. N., G. M. Calvi and M. J. Kowalsky (2007). Displacement-based seismic design 

of structures. Pavia, IUSS Press. 

Priestley, M. J. N. and D. N. Grant (2005). "Viscous damping in seismic design and analysis." 

Journal of Earthquake Engineering 9(1 supp 2): 229 - 255. 

Raggett, J. D. (1975). "Estimating damping of real structures." Journal of the Structural Division 

ASCE 101. 

Ramberg, W. and W. R. Osgood (1943). Description of stress-strain curves by three parameters. 

Technical Note No. 902. Washington DC, National Advisory Committee For Aeronautics. 

Rayleigh, J. W. S. B. (1877). The theory of sound. London, London, Macmillan and co. 1877-78. 

Reitherman, R. (2012). Earthquakes and engineers: an international history. Reston, VA, ASCE 

Press. 

Rosenblueth, E. and I. Herrera (1964). "On a kind of hysteretic damping." Journal of the 

Engineering Mechanics Division ASCE 90(4): 37-48. 

Ryan, K. and J. Polanco (2008). "Problems with Rayleigh Damping in Base-Isolated Buildings." 

Journal of Structural Engineering 134(11): 1780-1784. 

Satake, N., K. Suda, T. Arakawa, A. Sasaki and Y. Tamura (2003). "Damping Evaluation Using 

Full-Scale Data of Buildings in Japan." Journal of Structural Engineering 129(4): 470-477. 

Satake, N. and H. Yokota (1996). "Evaluation of vibration properties of high-rise steel buildings 

using data of vibration tests and earthquake observations." Journal of Wind Engineering and 

Industrial Aerodynamics 59(2–3): 265-282. 

Sezawa, K. and K. Kanai (1936). "Energy dissipation in the seismic vibration of actual buildings 

predicted by means of an improved theory." Bulletin of the Earthquake Research Institute 14. 

Sezawa, K. and K. Kanai (1936). "Improved thoery of energy dissipation in seismic vibrations of 

a structure." Bulletin of the Earthquake Research Institute 14. 

Shing, P.-S. B. and S. A. Mahin (1983). Experimental error propagation in pseudodynamic testing. 

Berkeley, CA, Earthquake Engineering Research Center, College of Engineering, University of 

California, Berkeley. 

Shing, P.-S. B. and S. A. Mahin (1987). "Elimination of spurious higher-mode response in 

pseudodynamic tests." Earthquake Engineering & Structural Dynamics 15(4): 425-445. 

Shing, P.-s. B. and S. A. Mahin (1990). "Experimental Error Effects in Pseudodynamic Testing." 

Journal of Engineering Mechanics 116(4): 805-821. 

Shing, P. B., M. Nakashima and O. S. Bursi (1996). "Application of Pseudodynamic Test Method 

to Structural Research." Earthquake Spectra 12(1): 29-56. 

http://arxiv.org/html/physics/0208025


 

 - 315 - 

Smyrou, E., M. J. N. Priestley and A. Carr (2011). "Modelling of elastic damping in nonlinear 

time-history analyses of cantilever RC walls." Bulletin of Earthquake Engineering 9(5): 1559-

1578. 

Spence, S. and A. Kareem (2014). "Tall Buildings and Damping: A Concept-Based Data-Driven 

Model." Journal of Structural Engineering 140(5): 04014005. 

Standards New Zealand (1997). NZS 3404:1997. Steel Structures Standard. Wellington, Standards 

New Zealand. 

Standards New Zealand (2004). NZS 1170.5:2004. Structural design actions - Part 5: Earthquake 

actions - New Zealand. Wellington, Standards New Zealand. 

Standards New Zealand (2006). NZS 3101:2006. Concrete Structures Standard. Wellington, 

Standards New Zealand. 

Standards New Zealand (2011). AS/NZS 1170.2:2011. Structural design actions, Part 2: Wind 

actions. Wellington, New Zealand, Standards New Zealand. 

Structural Engineering Institution (2006). ASCE/SEI 7-05. Minimum design loads for buildings 

and other structures. Reston, VA, USA, American Society of Civil Engineers/Structural 

Engineering Institute. 

Suda, K., N. Satake, J. Ono and A. Sasaki (1996). "Damping properties of buildings in Japan." 

Journal of Wind Engineering and Industrial Aerodynamics 59(2–3): 383-392. 

Takanashi, K., K. Udagawa, M. Seki, T. Okada and H. Tanaka (1975). Non-linear earthquake 

response analysis of structures by a computer-actuator on-line system. Bulletin of Earthquake 

Resistant Structure Research Centre. Tokyo, Japan, Institue of Industrial Science, University of 

Tokyo. No. 8. 

Takeda, T., M. A. Sozen and N. N. Nielsen (1970). "Reinforced concrete response to simulated 

earthquakes." Journal of the Structural Division ASCE 96(12): 2557-2573. 

Tamura, Y. (2005). Damping in buildings and estimation techniques. Proceedings of the 6th Asia-

Pacific Conference on Wind Engineering. Atsugi, Kanagawa, Japan, International Association for 

Wind Engineering. 

Tamura, Y. and A. Jeary (1996). "Foreword." Journal of Wind Engineering and Industrial 

Aerodynamics 59(2–3): v-viii. 

Tamura, Y., K. Suda and A. Sasaki (2000). Damping in buildings for wind resistant design. 

International Symposium on Wind and Structures for the 21st Century. Cheju, Korea. 

Tamura, Y. and A. Yoshida (2008). Amplitude Dependency of Damping in Buildings. Structures 

Congress 2008: 1-10. 

The Mathworks Inc (2010). MATLAB 7.10.0.499 (R2010a). Natick, MA. 

Uang, C. M. and V. V. Bertero (1990). "Evaluation of seismic energy in structures." Earthquake 

Engineering & Structural Dynamics 19(1): 77-90. 

USAEC Regulatory Guides (1973). Damping Values for the Seismic Design of Nuclear Power 

Plants. Regulatory Guide 1.61. US Atomic Energy Commission. Washington, DC, USA. 

Wen, Y.-K. (1976). "METHOD FOR RANDOM VIBRATION OF HYSTERETIC SYSTEMS." 

ASCE J Eng Mech Div 102(2): 249-263. 

Willford, M., A. S. Whittaker and R. Klemencic (2008). Recommendations for the seismic design 

of high-rise buildings. Report of the working group on the seismic design of tall buildings, Council 

on Tall Buildings and Urban Habitat. 



 

 - 316 - 

Williams, M. S. and A. Blakeborough (2001). "Laboratory testing of structures under dynamic 

loads: an introductory review." Philosophical Transactions of the Royal Society of London. Series 

A: Mathematical, Physical and Engineering Sciences 359(1786): 1651-1669. 

Wilson, E. L. (1985). "A new method of dynamic analysis for linear and nonlinear systems." Finite 

Elements in Analysis and Design 1(1): 21-23. 

Wilson, E. L. (2002). Three-Dimensional Static and Dynamic Analysis of Structures: A Physical 

Approach With Emphasis on Earthquake Engineering. Berkeley, CA, USA, Computers and 

Structures Inc. 

Wilson, E. L. and J. Penzien (1972). "Evaluation of orthogonal damping matrices." International 

Journal for Numerical Methods in Engineering 4(1): 5-10. 

Woodhouse, J. (1998). "Linear damping models for structural vibration." Journal of Sound and 

Vibration 215(3): 547-569. 

Wyatt, T. A. (1977). Mechanisms of damping. Symposium on the dynamic behaviour of bridges. 

Crowthorne, Berkshire, United Kingdom, Transport and Road Research Laboratory. 

Yoon, S. W. and Y. K. Ju (2004). Dynamic properties of tall buildings in Korea. Proceedings of 

Council on Tall Buildlings and Urban Habitat Conference. Seoul, Korea. 

Zareian, F. and R. A. Medina (2010). "A practical method for proper modeling of structural 

damping in inelastic plane structural systems." Computers & Structures 88(1–2): 45-53. 

 



 - 317 - 

APPENDIX A  
LINEAR ELASTIC RESPONSE 
SPECTRA 

Appendix A presents the linear elastic response spectra with 0, 2 and 5% viscous damping for the 

12 earthquakes adopted in Chapter 6. The spectra are displacement spectra and show pseudo 

velocity and acceleration. The peak ground values are plotted to demonstrate the acceleration, 

velocity and displacement sensitive regions of the response. The periods where the sensitive 

parameter changes are listed in Table A-1 below, where 𝑇𝐴−𝑉 and 𝑇𝑉−𝐷 are the transition periods 

between acceleration and velocity and velocity and displacement respectively. 

Table A-1 Spectra sensitivity transition periods 

 Record name 𝑇𝐴−𝑉 (s) 𝑇𝑉−𝐷 (s)  

 El Centro H2, Imperial Valley, USA 0.609 1.426  

 Delta H1, Imperial Valley, USA 0.650 1.895  

 Kalamata H1, Greece 0.868 1.311  

 Chihuahua H1, Victoria, Mexico 1.007 1.410  

 Corinthos H1, Greece 0.620 1.327  

 Westmorland H2, Superstition Hill, USA 0.804 1.881  

 CHY101 H2, Chi-Chi, Taiwan 0.601 2.280  

 Convict Creek H1, Mammoth Lakes, USA 0.521 1.469  

 Bovino H2, Campano Lucano, Italy 0.538 1.767  

 Matahina Dam D H1, Edgecumbe, NZ 0.537 1.177  

 KAU001 H1, Chi-Chi-IV, Taiwan 0.471 1.158  

 REHS H1, Christchurch, NZ 0.824 2.070  
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Figure A-1 Response spectra (𝝃 = 𝟎, 𝟐 & 𝟓%) and peak ground values – a) El Centro H2, 

and b) Delta H1 
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Figure A-2 Response spectra (𝝃 = 𝟎, 𝟐 & 𝟓%) and peak ground values – a) Kalamata H1, 

and b) Chihuahua H1 
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Figure A-3 Response spectra (𝝃 = 𝟎, 𝟐 & 𝟓%) and peak ground values – a) Corinthos H1, 

and b) Westmorland H2 
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Figure A-4 Response spectra (𝝃 = 𝟎, 𝟐 & 𝟓%) and peak ground values – a) CHY101 H2, 

and b) Convict Creek H1 
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Figure A-5 Response spectra (𝝃 = 𝟎, 𝟐 & 𝟓%) and peak ground values – a) Bovino H2, 

and b) Matahina Dam D H1 
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Figure A-6 Response spectra (𝝃 = 𝟎, 𝟐 & 𝟓%) and peak ground values – a) KAU011 H1, 

and b) REHS H1 
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APPENDIX B  
SDOF SPECTRA FOR THE 
ELASTO-PLASTIC 
HYSTERESIS MODEL 

Appendix B presents the spectral data for the EP hysteresis model discussed in Section 6.4. 
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Figure B-1 EP model normalised peak ductility spectra with 5% elastic damping models 

– a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure B-2 EP model normalised peak restoring force spectra with 5% elastic damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure B-3 EP model normalised peak inertia force spectra with 5% elastic damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure B-4 EP model normalised hysteretic energy dissipation spectra with 5% elastic 

damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure B-5 EP model normalised input energy spectra with 5% damping models – a) 

𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure B-6 EP model normalised damped energy spectra with 5% damping models – a) 

𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure B-7 EP model normalised peak damping force spectra with 5% damping models 

– a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure B-8 EP model normalised peak rate of elastic damping energy dissipation 

(power) spectra with 5% damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure B-9 EP model normalised peak hysteretic power spectra with 5% damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure B-10 EP model normalised peak total dissipation power spectra with 5% 

damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure B-11 EP model normalised peak input power spectra with 5% damping models – 

a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure B-12 EP model normalised total ductility spectra with 5% damping models – a) 

𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 (check red lines) 
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Figure B-13 EP model normalised peak ductility spectra with 2% elastic damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure B-14 EP model normalised number of yield excursions spectra with 5% damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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APPENDIX C  
SDOF SPECTRA FOR THE 
RAMBERG-OSGOOD 
HYSTERESIS MODEL 

Appendix C presents the spectral data for the RO hysteresis model discussed in Section 6.4. 
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Figure C-1 RO model normalised peak ductility spectra with 5% elastic damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure C-2 RO model normalised peak restoring force spectra with 5% elastic damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure C-3 RO model peak restoring force spectra normalized by the yield force with 

5% elastic damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure C-4 RO model normalised peak inertia force spectra with 5% elastic damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure C-5 RO model normalised hysteretic energy dissipation spectra with 5% elastic 

damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure C-6 RO model normalised input energy spectra with 5% damping models – a) 

𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure C-7 RO model normalised damped energy spectra with 5% damping models – a) 

𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure C-8 RO model normalised peak damping force spectra with 5% damping models 

– a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure C-9 RO model normalised peak rate of elastic damping energy dissipation 

(power) spectra with 5% damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure C-10 RO model normalised peak hysteretic power spectra with 5% damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 

 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0.6

0.7

0.8

0.9

1

1.1

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0.6

0.7

0.8

0.9

1

1.1

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0.6

0.7

0.8

0.9

1

1.1



 

 - 352 - 

 

 

 

 

 

Figure C-11 RO model normalised peak total dissipation power spectra with 5% 

damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure C-12 RO model normalised peak input power spectra with 5% damping models 

– a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 

 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0.5

1

1.5

2

2.5

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0.5

1

1.5

2

2.5

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0.5

1

1.5

2

2.5



 

 - 354 - 

 

 

 

 

 

Figure C-13 RO model normalised total ductility spectra with 5% damping models – a) 

𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 (check red lines) 
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APPENDIX D  
SDOF SPECTRA FOR 
COMPARISON OF THE EP 
AND RO MODEL SPECTRA 

Appendix D presents a comparison between the EDP spectra data for the EP and RO hysteresis 

models discussed in Section 6.4. For clarity in the Figures, only the results of a selection of the 

proposed damping models are presented – specifically ISPVD, TSPVD, MCD and RSD. 
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Figure D-1 Comparison of EP and RO peak ductility spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and 

c) 𝝁𝟎 = 𝟔 
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Figure D-2 Comparison of EP and RO peak restoring force spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 =
𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure D-3 Comparison of EP and RO peak restoring force spectra normalized by the 

yield force – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure D-4 Comparison of EP and RO peak inertia force spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, 

and c) 𝝁𝟎 = 𝟔 
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Figure D-5 Comparison of EP and RO peak damping force spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 =
𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure D-6 Comparison of EP and RO hysteretic energy dissipation spectra – a) 𝝁𝟎 = 𝟐, 

b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure D-7 Comparison of EP and RO input energy spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and 

c) 𝝁𝟎 = 𝟔 
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Figure D-8 Comparison of EP and RO damped energy spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, 

and c) 𝝁𝟎 = 𝟔 
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APPENDIX E  
SDOF SPECTRA FOR THE 
FLAG-SHAPED HYSTERESIS 
MODEL 

Appendix E presents the spectral data for the FS hysteresis model discussed in Section 6.4. 
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Figure E-1 FS model normalised peak ductility spectra with 5% elastic damping models 

– a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure E-2 FS model normalised peak restoring force spectra with 5% elastic damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure E-3 FS model normalised peak inertia force spectra with 5% elastic damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure E-4 FS model normalised hysteretic energy dissipation spectra with 5% elastic 

damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 

 



 

 - 370 - 

 

 

 

 

 

Figure E-5 FS model normalised input energy spectra with 5% elastic damping models – 

a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure E-6 FS model normalised elastic energy dissipation spectra with 5% elastic 

damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure E-7 FS model normalised peak elastic damping force spectra with 5% elastic 

damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure E-8 FS model normalised peak rate of elastic energy dissipation (power) spectra 

with 5% elastic damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure E-9 FS model normalised peak rate of hysteretic energy dissipation (power) 

spectra with 5% elastic damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure E-10 FS model normalised peak rate of total energy dissipation (power) spectra 

with 5% elastic damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure E-11 FS model normalised peak rate of input energy (power) spectra with 5% 

elastic damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure E-12 FS model normalised total ductility spectra with 5% elastic damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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APPENDIX F  
SDOF SPECTRA FOR 
COMPARISON OF THE EP 
AND FS MODEL SPECTRA 

Appendix F presents a comparison between the EDP spectra data for the EP and FS hysteresis 

models discussed in Section 6.4. For clarity in the Figures, only the results of a selection of the 

proposed damping models are presented – specifically ISPVD, TSPVD, MCD and RSD. 
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Figure F-1 Comparison of EP and FS peak ductility spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and 

c) 𝝁𝟎 = 𝟔 
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Figure F-2 Comparison of EP and FS peak restoring force spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 =
𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure F-3 Comparison of EP and FS peak inertia force spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, 

and c) 𝝁𝟎 = 𝟔 
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Figure F-4 Comparison of EP and FS peak damping force spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 =
𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure F-5 Comparison of EP and FS hysteretic energy dissipation spectra – a) 𝝁𝟎 = 𝟐, 

b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure F-6 Comparison of EP and FS input energy spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and 

c) 𝝁𝟎 = 𝟔 
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Figure F-7 Comparison of EP and FS damped energy spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, 

and c) 𝝁𝟎 = 𝟔 
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APPENDIX G  
SDOF SPECTRA FOR THE 
TAKEDA-THIN HYSTERESIS 
MODEL 

Appendix G presents the spectral data for the TT hysteresis model discussed in Section 6.4. 
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Figure G-1 TT model normalised peak ductility spectra with 5% elastic damping models 

– a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure G-2 TT model normalised peak restoring force spectra with 5% elastic damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure G-3 TT model normalised peak inertia force spectra with 5% elastic damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure G-4 TT model normalised hysteretic energy dissipation spectra with 5% elastic 

damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure G-5 TT model normalised input energy spectra with 5% elastic damping models 

– a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure G-6 TT model normalised elastic energy dissipation spectra with 5% elastic 

damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure G-7 TT model normalised peak elastic damping force spectra with 5% elastic 

damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure G-8 TT model normalised peak rate of elastic energy dissipation (power) spectra 

with 5% elastic damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure G-9 TT model normalised peak rate of hysteretic energy dissipation (power) 

spectra with 5% elastic damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure G-10 TT model normalised peak rate of total energy dissipation (power) spectra 

with 5% elastic damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure G-11 TT model normalised peak rate of input energy (power) spectra with 5% 

elastic damping models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure G-12 TT model normalised total ductility spectra with 5% elastic damping 

models – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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APPENDIX H  
SDOF SPECTRA FOR 
COMPARISON OF THE EP 
AND TT MODEL SPECTRA 

Appendix H presents a comparison between the EDP spectra data for the EP and TT hysteresis 

models discussed in Section 6.4. For clarity in the Figures, only the results of a selection of the 

proposed damping models are presented – specifically ISPVD, TSPVD, MCD and RSD. 
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Figure H-1 Comparison of EP and TT peak ductility spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and 

c) 𝝁𝟎 = 𝟔 
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Figure H-2 Comparison of EP and TT peak restoring force spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 =
𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure H-3 Comparison of EP and TT peak inertia force spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, 

and c) 𝝁𝟎 = 𝟔 
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Figure H-4 Comparison of EP and TT peak damping force spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 =
𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure H-5 Comparison of EP and TT hysteretic energy dissipation spectra – a) 𝝁𝟎 = 𝟐, 

b) 𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 
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Figure H-6 Comparison of EP and TT input energy spectra – a) 𝝁𝟎 = 𝟐, b) 𝝁𝟎 = 𝟒, and 

c) 𝝁𝟎 = 𝟔 
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Figure H-7 Comparison of EP and TT elastic energy dissipation spectra – a) 𝝁𝟎 = 𝟐, b) 

𝝁𝟎 = 𝟒, and c) 𝝁𝟎 = 𝟔 



 - 409 - 

APPENDIX I  
VERIFICATION OF 
INELASTIC MDOF ANALYSIS 

All structural modelling and analysis in this Thesis was undertaken in MATLAB (The Mathworks 

Inc 2010) using programming written by the author. To verify the accuracy of the programming 

the response of some models was checked against the results of analyses conducted in the 

commercial finite element software SAP2000 (CSI Berkeley 2018). 

The following Figures demonstrate the accuracy of the MATLAB results for the 5DOF inelastic 

structure with EP hinges and no damping subjected to the El Centro earthquake record. The El 

Centro H2 record is scaled by a factor of 2.5 and the peak ductility is 1.266 in the first storey hinge. 

Figure I-1 a) shows the first storey displacements and Figure I-1 b) the first storey hinge moments. 

Figure I-2 plots the first storey hinge hysteresis. Only the time window between 5 and 20 s is shown 

for clarity. 

Inspection of the Figures shows that there is no difference between the two solutions and that the 

MATLAB analysis program functions correctly. 
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Figure I-1 Comparison of MATLAB and SAP response of 5DOF EP structure to the El 

Centro record – a) first floor displacement, and b) left first floor hinge moment 
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Figure I-2 Comparison of MATLAB and SAP response of 5DOF EP structure to the El 

Centro record – left first floor hinge hysteresis 
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APPENDIX J  
MDOF SPECTRA FOR THE 
ELASTO-PLASTIC 
HYSTERESIS MODEL 

Appendix J presents the spectral data for the EP hysteresis model discussed in Section 7.4. 
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Figure J-1 MDOF EP normalised first storey peak ductility – a) 𝝁𝟎 = 𝟏, b) 𝝁𝟎 = 𝟐, c) 

𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-2 MDOF EP normalised peak roof displacement – a) 𝝁𝟎 = 𝟏, b) 𝝁𝟎 = 𝟐, c) 

𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-3 MDOF EP normalised peak total acceleration – a) 𝝁𝟎 = 𝟏, b) 𝝁𝟎 = 𝟐, c) 𝝁𝟎 =
𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-4 MDOF EP normalised peak in-structure base shear – a) 𝝁𝟎 = 𝟏, b) 𝝁𝟎 = 𝟐, c) 

𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-5 MDOF EP normalised peak inertia base shear – a) 𝝁𝟎 = 𝟏, b) 𝝁𝟎 = 𝟐, c) 𝝁𝟎 =
𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-6 MDOF EP normalised peak restoring base shear – a) 𝝁𝟎 = 𝟏, b) 𝝁𝟎 = 𝟐, c) 

𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-7 MDOF EP normalised peak total elastic damping base shear - a) 𝝁𝟎 = 𝟏, b) 

𝝁𝟎 = 𝟐, c) 𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-8 MDOF EP normalised peak in-structure elastic damping base shear - a) 𝝁𝟎 =
𝟏, b) 𝝁𝟎 = 𝟐, c) 𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-9 MDOF EP normalised peak mass-connected damper base shear - a) 𝝁𝟎 = 𝟏, 

b) 𝝁𝟎 = 𝟐, c) 𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-10 MDOF EP normalised hysteretic energy dissipation in first storey - a) 𝝁𝟎 =
𝟏, b) 𝝁𝟎 = 𝟐, c) 𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-11 MDOF EP normalised total energy dissipation in first storey - a) 𝝁𝟎 = 𝟏, b) 

𝝁𝟎 = 𝟐, c) 𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-12 MDOF EP normalised total hysteretic energy dissipation - a) 𝝁𝟎 = 𝟏, b) 

𝝁𝟎 = 𝟐, c) 𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-13 MDOF EP normalised total input energy - a) 𝝁𝟎 = 𝟏, b) 𝝁𝟎 = 𝟐, c) 𝝁𝟎 = 𝟒, 

and d) 𝝁𝟎 = 𝟔 
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Figure J-14 MDOF EP normalised total maximum input energy - a) 𝝁𝟎 = 𝟏, b) 𝝁𝟎 = 𝟐, 

c) 𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-15 MDOF EP normalised total elastic damping energy dissipation- a) 𝝁𝟎 = 𝟏, 

b) 𝝁𝟎 = 𝟐, c) 𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-16 MDOF EP normalised total mass-proportional elastic damping energy 

dissipation - a) 𝝁𝟎 = 𝟏, b) 𝝁𝟎 = 𝟐, c) 𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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Figure J-17 MDOF EP normalised total in-structure elastic damping energy dissipation 

- a) 𝝁𝟎 = 𝟏, b) 𝝁𝟎 = 𝟐, c) 𝝁𝟎 = 𝟒, and d) 𝝁𝟎 = 𝟔 
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APPENDIX K  
BASE SHEAR HYSTERESIS 
OF THE INELASTIC MDOF 
STRUCTURE 

Appendix K presents the first storey base shear hysteresis responses of the inelastic MDOF 

structure that are discussed in Section 7.4. 
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Figure K-1 EP total base shear response of a 𝑻𝟏 = 𝟏 s MDOF system subjected to the 

Delta H2 ground motion with 𝝁𝟎 = 𝟔 – a) IR, b) RIR, c) RTR, d) RTC, e) UMD, f) MCF, 

g) CSD, and h) RSD 
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Figure K-2 EP in-structure base shear response of a 𝑻𝟏 = 𝟏 s MDOF system subjected to 

the Delta H2 ground motion with 𝝁𝟎 = 𝟔 – a) IR, b) RIR, c) RTR, d) RTC, e) UMD, f) 

MCF, g) CSD, and h) RSD 
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Figure K-3 EP total base shear response of a 𝑻𝟏 = 𝟒 s MDOF system subjected to the 

Delta H2 ground motion with 𝝁𝟎 = 𝟔 – a) IR, b) RIR, c) RTR, d) RTC, e) UMD, f) MCF, 

g) CSD, and h) RSD 
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Figure K-4 EP in-structure base shear response of a 𝑻𝟏 = 𝟒 s MDOF system subjected to 

the Delta H2 ground motion with 𝝁𝟎 = 𝟔 – a) IR, b) RIR, c) RTR, d) RTC, e) UMD, f) 

MCF, g) CSD, and h) RSD 
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