
Selection of Base Wavelet and Classifier for Accurate

Identification of Power Quality Events

F. Hafiz , Akshya Swain, C. Naik, S. Abecrombie and A. Eaton

Research Report No. 694,

Department of Electrical & Computer Engineering,

The University of Auckland, Auckland, New Zealand

ISSN 1179-528X

September, 2017



Abstract

1The present study comprehensively investigates Power Quality (PQ) identification

problem and proposes the optimum combination of base wavelet and Machine Learn-

ing Algorithm (MLA) which would yield highest classification accuracy. Although this

problem has been studied by various researchers in the recent past, the selection of ap-

propriate base wavelet and MLA, which would give better classification accuracy, have

received comparatively less attention. This study bridges this gap by investigating the

classification performance of 110 wavelets and 7 well-known MLAs across various noise

levels using over 3500 PQ events generated as per IEEE Standard 1159. The results of

this investigation demonstrate that the choice of base wavelet does significantly affect the

classification performance. Further, it was observed that a single base wavelet does not

provide optimum performance across all MLAs at various noise levels. In contrast, each

MLA gives the maximum accuracy with a distinct base wavelet. The robustness of MLA

against noise is studied which establishes that the simple MLAs, such as Decision Tree

(DT) and Naive-Bayes (NB), are more robust against noise compared to the other intri-

cate MLAs. Finally, several recommendations are drawn for the selection of base wavelet

and MLA which yields the best possible accuracy.

1Part of this report has been accepted for publication in IET Science, Measurement & Technology, 2018 and
available at DOI: 10.1049/iet-smt.2018.5044
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1 Introduction

Over the past few decades, the breakthrough in semiconductor technology has lead to a

paradigm shift in generation and utilization of electric power. Advances in the semiconductor

technology have enabled a large proliferation of power electronics appliances in residential and

industrial consumers. Further, the majority of renewable generation is primarily dependent on

the power electronic converters for grid integration. This increase in non-linear consumer loads

and renewable generation pose a significant challenge for the Power Quality (PQ). In essence,

any departure from the ideal sinusoidal waveform can be considered as a PQ event. Such events

may arise from utility operations, abnormalities in distribution networks or non-linear loads at

the consumer end. These different sources can lead to PQ events of distinct nature differing in

terms of magnitude, duration, spectral content and frequency of occurrence. Identification and

management of PQ events is a major research concern for the successful and efficient operation

of the existing and future smart grids. Perhaps for this reason, the identification and remedy

of PQ events have attracted the attention of many researchers [1–5].

Identification of a PQ event entails localizing the event in both temporal and frequency

domain. Therefore, a signal processing technique, such as Wavelet Transform (WT), is essential

to a PQ event identification scheme. In essence, most of the identification schemes consist of

two stages. In the first stage, a signal processing technique is used to extract temporal and

frequency information from the given event. This information is then quantified through feature

extraction process. Subsequently, in the second stage, a Machine Learning Algorithm (MLA)

is used to induce a classifier through supervised learning on the extracted features. Hence,

the accuracy of any PQ event identification scheme is critically dependent both on the signal

processing technique and the MLA. Though there exist many research efforts dedicated to PQ

event identification, to the best of our knowledge, the role of these two key elements has not

been comprehensively investigated. To bridge this gap, one of the objectives of this study is to

investigate the performance of 7 MLAs which are based on distinct learning philosophies.

Further, in the existing literature, there is no common consensus on the choice of signal

processing technique. So far several approaches have been explored which include but are

not limited to Discrete Wavelet Transform (DWT), Wavelet Packet Transform (WPT), Stock-

well Transform (ST), Hilbert Transform, Variational Mode Decomposition, Ensemble Empirical

Mode Decomposition [2,6–15]. Among these signal processing techniques, DWT, WPT and ST

are widely employed for the PQ event identification [2]. Note that the selection of signal pro-

cessing technique is primarily dependent on the frequency bandwidth of the signal being inves-

tigated. Especially, a judicious selection is essential to accommodate relatively large frequency

bandwidth of PQ events, e.g., from DC offset (0 Hz) to Oscillatory Transients (5 MHz) [16].

However, this fact is often neglected in the existing literature wherein the maximum frequency

of the transients is often limited to ≤ 1.5 kHz [8, 9, 11, 17–20]. Given that the computational

complexity of DWT, WPT and ST is respectively O(N), O(NlogN), O(N2logN) (for a signal

containing N samples), DWT arguably is the most effective approach among existing signal

processing techniques to cover the wide frequency spectrum of PQ events and therefore it has

been used in this study.
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However, few issues need special attention when DWT is being used for PQ events. In

particular, the two key decisions involved in the application of DWT are: 1) Selection of base

wavelet and 2) Selection of decomposition levels. While the required number of decomposition

levels can easily be determined (as discussed in Appendix A), the selection of base wavelet is

a more complex and critical issue. The performance of DWT is critically dependent on the

base wavelet, as for the given signal, the wavelet coefficients (and consequently information

conveyed) is dependent on the nature of the base wavelet. Determination of optimum base

wavelet is, therefore, a major research concern.

Several quantitative criteria (referred here as the indirect approach) have been proposed to

determine the optimum base wavelet for applications in image-processing, bio-medical, partial

discharge (PD) detection and mechanical fault diagnostic [21–26]. These indirect approaches

have been developed on the notion that ideal base wavelet is similar to the signal being analyzed.

This notion is effective for the applications with relatively narrow frequency spectrum, e.g., bio-

medical, partial discharge (PD) detection. However, as discussed earlier, the frequency spectrum

of the PQ events is relatively large and they are often contradictory in nature, e.g., harmonics

vs. sag/swell, flicker vs. transients. Therefore, it is difficult to obtain a base wavelet which

can be similar to all PQ events. Nevertheless, the idea of the indirect approach is appealing as

it is independent of MLA. Therefore, one of the objectives of this study is to investigate if the

indirect approach can identify the optimum base wavelet for PQ events.

In most of the existing PQ event identification approaches, ‘fourth order Daubechies ’ (db4)

has been selected as the base wavelet [27–37]. In addition, several other wavelets from Daubechies

family have been used as the base wavelet which include: db1, db6, db20, db43, db46 [32]. Note

that most of these base wavelets have been selected without any prior investigation. Perhaps

for this reason, none of these base wavelets lead to optimum classification performance as will

be shown in this study (discussed in Section 5). To the best of our knowledge, the selection of

base wavelet for PQ events has not been comprehensively investigated except for few wavelets

in [36, 38–42]. On the basis of classification performance, ‘sym4’ was selected as the base

wavelet from 40 distinct wavelets in [39]. Comparative study [38] on 9 base wavelets suggested

that bi-orthogonal wavelets can yield comparatively better classification performance. In [36],

8 orthogonal wavelets were evaluated through quantitative criterion and ‘db4’ was selected as

the base wavelet. Meher and Pradhan [41] investigated the performance of three low order

Daubechies wavelets (db6, db8 and db10) and recommended db8. To evaluate PQ index, ‘db10’

was selected as the base wavelet after the performance comparison of 20 orthogonal wavelets

from ‘Daubechies’, ‘Coiflet’ and ‘Symlet’ families [40,42].

Note that although in most of these research PQ events were generated conforming the IEEE

Std. 1159 [16] and were similar in nature, there is no consensus on the selection of the base

wavelet. In this scenario, the question arises whether the choice of base wavelet is dependent

only on PQ events or on the nature of MLA or on the combination of both. The goal of this

study is to make a comprehensive investigation to address these concerns. In particular, in this

study, the following questions are addressed:

1. Is there any significant effect of base wavelet on the classification performance?
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2. Is there any common base wavelet which can provide optimum performance across different

MLAs?

3. Can quantitative criteria be used to select the base wavelet for PQ events?

4. Which combination of machine learning algorithm and base wavelet can provide consis-

tently better performance in the presence of measurement noise?

For this purpose, in this study, a total of 110 base wavelets and 7 distinct MLA are included.

The efficacy of each combination of the base wavelet and MLA is evaluated using comprehensive

PQ event datasets with 5 noise levels. Further, 3 distinct indirect quantitative criteria are being

used to select the base wavelet. This investigation is carried out in two stages. In the first stage,

the focus is on the selection of base wavelet. This part of the investigation answers all questions

except the first which is addressed in the next stage. The main focus of the second stage is

to evaluate the robustness of 7 well-known MLAs against the base wavelet and measurement

noise.

The rest of the article is organized as follows: The discrete wavelet transform is briefly

discussed in Section 2. The framework of this investigation is described in Section 3, followed

by a detailed discussion on various criteria of base wavelet selection in Section 4. The results

of the first stage, base wavelet selection, are provided in Section 5.1-5.3 and the robustness of

MLAs (Stage-II) is discussed in Section 5.4. The conclusions and final recommendations are

discussed in Section 6.

2 Discrete Wavelet Transform

Since the main objective of this study is to investigate the effects of the base wavelet, it is

pertinent to briefly discuss Discrete Wavelet Transform (DWT). More details on this topic can

be found in [43, 44]. The Wavelet Transform (WT) employs an adjustable window or wavelet

(Ψ) which traverses into the temporal-frequency plane, as:

γ(s, τ) =

∫
x(t)Ψ∗s,τ (t)dt, Ψs,τ (t) =

1√
s

Ψ(
t− τ
s

) (1)

where, ‘x(t)’ denotes the signal of interest and ‘(s, τ)’ represents a point in the scale (frequency)

- translation (time) plane. ‘Ψ’ is the mother or base wavelet which is compressed or dilated to

sample across various scales. Note that the evaluation of WT is computationally involved as

this requires the evaluation at each point in the scale-translation plane. DWT is an efficient

version of WT in which ‘γ’ in (1) is evaluated at few points in the s− τ plane. Here, the s− τ
plane can be sampled along a dyadic grid which is analogous to the Multi-Resolution Analysis

(MRA) [44], i.e., s = 2j and τ = 2jk, j, k ∈ Z.

In MRA, an auxiliary function (referred as scaling function, Φ) is used in conjunction with

Ψ, to cover the lower part of the frequency spectrum [44]. With dyadic sampling, the wavelet
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Figure 1: Decomposition of a signal in DWT. The signal is represented by ‘x’. The high-pass
and low-pass filters are respectively denoted by ‘g1(n)’ and ‘g0(n)’.The signal is decomposed
to the second level, i.e., J = 2. The scale/wavelet coefficients at three nodes are available:
‘details’ at respectively two nodes ‘d1’ and ‘d2’ and ‘approximation’ at one node ‘a2’.

(Ψ) and the scaling (Φ) functions are given by,

Ψj,k(t) = 2−
j
2 Ψ(2−jt− k) (2)

Φj,k(t) = 2−
j
2 Φ(2−jt− k) (3)

Note that the practical implementation of DWT is equivalent to a ‘sub-band coding ’ where a

signal is decomposed for several scales/levels through an iterative filter bank [44]. At each

scale/level, the signal is passed through a pair of half-band high-pass (g1) and low-pass (g0)

filters. The outputs of the high-pass and low-pass filter are respectively referred to as ‘detail ’

and ‘approximation’. At each level, the signal is down-sampled by a factor of ‘2’ and the

approximation is selected for further decomposition. This procedure is shown in Fig. 1 for two

decomposition levels. The recursive relations for the detail and approximation are given by

dj(k) =
∑
n

g1(n) aj+1(2k + n), n ∈ Z (4)

aj(k) =
∑
n

g0(n) aj+1(2k + n) (5)

where ‘dj’ and ‘aj’ represents respectively the detail and approximation at the jth level.

Note that the high-pass and low-pass filter are related to the wavelet and scaling functions

by [44],

Φ(t) =
√

2
∑
n

g0(n)Φ(2t− n), (6)

Ψ(t) =
√

2
∑
n

g1(n)Ψ(2t− n)

The base wavelet defines ‘Ψ’ and ‘Φ’ and thereby specifies the filters ‘g1’ and ‘g0’ as seen in (6).
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Table 1: Power Quality Events†

PQ Event Model Parameters†

Pure Sinusoid v1(t) = α sin(ωt) 0.9 < α < 1.1

DC offset v2(t) = αDC + α sin(ωt) 0.9 < α < 1.1, 0 < αDC < 0.1

Sag‡ v3(t) = {1− α(u(t− t1)− u(t− t2))} × sin(ωt) 0.1 ≤ α ≤ 0.9, t1 < t2, 0.5T ≤ t2 − t1 ≤ 30T

Swell‡ v4(t) = {1 + α(u(t− t1)− u(t− t2))} × sin(ωt) 0.1 ≤ α ≤ 0.8, t1 < t2, 0.5T ≤ t2 − t1 ≤ 30T

Interruption‡ v5(t) = {1− α(u(t− t1)− u(t− t2))} × sin(ωt) 0.9 < α ≤ 1.0, 0.5T ≤ t2 − t1 ≤ 30T

Flicker v6(t) = {1 + αf sin(βfωt)} × sin(ωt) 0 < αf ≤ 0.07, 1 ≤ βf ≤ 25

Notching
v7(t) = sin(ωt)− sign(sin(ωt))×

{
∑60

n=0K[u(t− (t1 + nT ))− u(t− (t2 + nT ))]}
0.1 ≤ K ≤ 0.4, t1 ≤ T

0.01T ≤ t2 − t1 ≤ 0.05T

Harmonics v8(t) =
∑
k

δk sin(kωt)
0 < δ5, δ7, δ11, δ13 ≤ 0.2∑

k

δ2
k = 1, k = {1, 5, 7, 11, 13}

Oscillatory Transient v9(t) = sin(ωt) + ut1βe
−γt2 sin(2πftrt)

50 ≤ γ ≤ 100, 1 ≤ β ≤ 4, 1000 ≤ ftr ≤ 10000
0.3 ≤ t1 ≤ 0.9, t2 = (t− t1)ut1

Sag with Harmonics‡ v10(t) = {1− α(u(t− t1)− u(t− t2))} ×
∑
k

δk sin(kωt)
0.5T ≤ t2 − t1 ≤ 30T , 0.1 ≤ α ≤ 0.9, 0 < δ5, δ7, δ11, δ13 ≤ 0.2∑

k

δ2
k = 1, k = {1, 5, 7, 11, 13}

Swell with Harmonics‡ v11(t) = {1 + α(u(t− t1)− u(t− t2))} ×
∑
k

δk sin(kωt)
0.5T ≤ t2 − t1 ≤ 30T , 0.1 ≤ α ≤ 0.8, 0 < δ5, δ7, δ11, δ13 ≤ 0.2∑

k

δ2
k = 1, k = {1, 5, 7, 11, 13}

Flicker with Harmonics v12(t) = {1 + αf sin(βfωt)} ×
∑
k

δk sin(kωt)
0 < αf ≤ 0.07, 1 ≤ βf ≤ 25, 0 < δ5, δ7, δ11, δ13 ≤ 0.2∑

k

δ2
k = 1, k = {1, 5, 7, 11, 13}

Sag with Transient‡
v13(t) = [{1− α(u(t− t1)− u(t− t2))} × sin(ωt)]

+ut1βe
−γt2 sin(2πftrt)

0.1 ≤ α ≤ 0.9, 50 ≤ γ ≤ 100, 1 ≤ β ≤ 4, 0.3 ≤ t1 ≤ 0.9
0.5T ≤ t2 − t1 ≤ 30T , t2 = (t− t1)ut1

1000 ≤ ftr ≤ 10000

Swell with Transient‡
v14(t) = [{1 + α(u(t− t1)− u(t− t2))} × sin(ωt)]

+ut1βe
−γt2 sin(2πftrt)

0.1 ≤ α ≤ 0.8, 50 ≤ γ ≤ 100, 1 ≤ β ≤ 4, 0.3 ≤ t1 ≤ 0.9
0.5T ≤ t2 − t1 ≤ 30T , t2 = (t− t1)ut1

1000 ≤ ftr ≤ 10000

† For each event duration T = 30 cycles; fundamental frequency f = 50 Hz; ω = 2πf ; sampling frequency Fs = 25 kHz
† α : voltage magnitude, αDC : magnitude of DC voltage, αf : magnitude of flicker, βf : flicker frequency, ftr : transient frequency, β : transient
magnitude
† δk : magnitude of the kth harmonic
‡ u(t) = 1 if t > 0; otherwise u(t) = 0

3 Investigation Framework

The development of a PQ event classifier/identifier can be thought of as a two-step process. In

the first step, suitable features are extracted through an appropriate signal processing technique

and in the second step, a classifier is induced by a machine learning algorithm (MLA). The

following subsections provide the details about the framework of this investigation.

3.1 PQ Events

In this study, 14 distinct PQ events have been investigated following IEEE Std. 1159 as shown

in Table 1. These events have been selected to accommodate distinct nature of PQ events such

as single (v1, v2, . . . v9), simultaneous (v10, v11, . . . v14), stationary (v2, v6, v12), non-stationary

(v3, v4, v5, v7, v9), low frequency (v2, v3, . . . v6), medium-to-high frequency (v8, v9, . . . v14) events.

For each class of PQ event, 250 instances are generated using the experimental setup (shown

in Fig. 2) and through variation in the parameters shown in Table 1. Each instance has been

generated for the duration of 30 cycles considering fundamental frequency of 50 Hz and is
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Figure 2: The experimental setup to generate PQ events. The setup contains a three phase
uncontrolled rectifier as a harmonic source and a capacitor bank as a transient source.

sampled at the 25 kHz.

The real PQ events are acquired through the experimental PCC shown in Fig. 2, which

contains a harmonic source and a transient source. An uncontrolled rectifier with a resistive load

is used as the harmonic source which generates the harmonics of order (6n±1), n = {1, 2, 3, . . . }.
The transient events are produced by switching a capacitor bank. Further, the sag events are

induced by creating a single line to ground fault. All events are acquired using a digital

oscilloscope (HIOKI 8870-20 MEMORY HiCORDER R©).

In total, 3500 instances of the PQ events are included in the database. Majority of these

events, (Approximately 90%) are obtained through the parametric models implemented in

MATLAB (Table 1) and remaining through the experimental setup (Fig. 2). The PQ events

include magnitude variation in the range of [0, 4] pu, frequency variation in the range of

[0, 10] kHz, harmonics of order {5, 7, 11, 13, 17, 19, 23, 25, 29, 31, . . . } and the event duration

from 0.5 to 30 cycles. Further, to investigate the effects of measurement noise, PQ events

were added with zero-mean Gaussian white noise. In total, 5 PQ event datasets were obtained

corresponding to Signal-to-Noise-Ratio (SNR):[∞, 50dB, 40dB, 30dB, 20dB].

Note that the physical limitations imposed on the sampling frequency will determine the

highest frequency of the oscillatory transient that can be analyzed. In this investigation, the

switching frequency is limited to 25 kHz due to physical limitations imposed by the Digital

Oscilloscope being used to capture the experimental events. Consequently, the oscillatory

transients up to 10 kHz are considered. Nevertheless, it is significantly higher than the similar

PQ research wherein transients are typically limited to ≤ 1.5 kHz [8, 9, 11, 17–20]. For the

practical applications, the PQ data can be acquired from the utility network following the

guidelines of IEC Standard 61000-4-30 [45].
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Table 2: Wavelet Families

Wavelet Families Wavelets

Daubechies ‘db1’, ‘db2’, . . . ‘db45’

Coiflets ‘coif1’,‘coif2’, . . . ‘coif5’

Symlets ‘sym2’, ‘sym3’, . . . ‘sym25’

Fejer-Korovkin ‘fk4’, ‘fk6,’ . . . ‘fk22’

Discrete Meyer ‘dmey’

Biorthogonal ‘bior1.1’, ‘bior1.3’, . . . ‘bior6.8’

Reverse Biorthogonal ‘rbio1.1’, ‘rbio1.3’, . . . ‘rbio6.8’

3.2 Feature Extraction using Discrete Wavelet Transform

Consider a PQ event instance which is decomposed to the second level using DWT as shown

in Fig. 1. In general, for ‘J ’ decomposition levels, in total (J + 1) nodes are obtained; J nodes

corresponding to the detail at each level and one node corresponds to the approximation at the

last level. For example, in Fig. 1, the wavelet coefficients at three nodes are available: ‘details’ at

‘d1’ and ‘d2’ and ‘approximation’ at ‘a2’. Each node represents a particular ‘scale’ or a ‘frequency

sub-band’ of the original signal. In this study, the events have been decomposed to the 8th level

following the thumb-rule discussed in Appendix A. Consequently, the wavelet coefficients at

9 nodes are available. In total, eleven statistical functions described in Appendix B have

been used to extract useful information from each node. This gives a total of 99 features

(9 nodes× 11 functions) for each pattern.

3.3 Wavelet Families

Note that in wavelet theory, the exact nature of the scaling function and wavelet function is

not specified. Hence, any function which satisfies few criteria (e.g., admissibility and regu-

larity [43]) can be used as mother/base wavelet. Owing to this fact over the years several

wavelet families have been developed to suit various applications. In this study, in total 110

base wavelets from 6 different wavelet families have been investigated, as shown in Table 2. In

addition, the scaling and wavelet filters of bi-orthogonal wavelets are exchanged and included

as ‘Reverse Bi-Orthogonal’ wavelets. Each base wavelet differs in terms of support, vanish-

ing moments, regularity and symmetry. More details about the wavelets and corresponding

qualitative properties could be found in [43,46].

3.4 Machine Learning Algorithms

One of the objectives of this study is to investigate the effects of a machine learning algorithm

on the selection of base wavelet. For this purpose, 7 different MLA have been selected which

include: Decision Tree (DT), Support Vector Machine (SVM), Naive-Bayes (NB), k-Nearest

Neighbor (k-NN), Artificial Neural Network (ANN), Extreme Learning Machine (ELM) and

Probabilistic Neural Network (PNN) [47–53]. Each MLA has been selected to represent a

different learning strategy. Further, for the fair comparison, the hyperparameters of each MLA

are tuned to maximize the average classification performance across different wavelets and
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(a) Selection of ‘leaf size’ and
‘split criterion’ in DT. The Θavg

is obtained with ‘deviance crite-
rion and ‘leaf size = 1

(b) Selection of {γ, c} in SVM.
The maximum Θavg is obtained
with {γ, c} = {2−5, 215}.

(c) Selection of ‘k’ and distance
metric in k-NN. The maximum
Θavg is obtained with ‘k = 3’ and
‘Manhattan’ distance.

(d) Selection of kernel width in
NB. The maximum Θavg is ob-
tained with σ = 0.004.

(e) Selection of number of hid-
den neurons in ANN. The max-
imum Θavg is obtained with 70
neurons.

(f) Selection of Cost parameter
in ELM. The maximum Θavg is
obtained with C = 26.

(g) Selection of neuron spread in
PNN. The maximum Θavg is ob-
tained with σ = 0.05.

Figure 3: Hyperparameter selection through grid-search. ‘Θavg’ denotes the average classifica-
tion performance across different wavelets and noise levels.
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Table 3: Control Parameters of the Induction Algorithms

IA Hyperparameters

DT [47] Standard CART Algorithm Split Criterion: Cross Entropy Reduction

SVM [48] RBF kernel {c, γ} : {215, 2−5}

NB [53] Gaussian kernel density estimate Kernel Width: 0.004

k-NN [49] Number of Neighbors: 3 Distance Metric: ‘Manhattan Distance’

ANN [50] Hidden Neurons: 70 Training Algorithm: ‘Scaled-Conjugate Training’

ELM [51] Activation Function: sigmoid Hidden Neurons: 2000, Cost Parameter: 26

PNN [52] Spread of radial basis neurons: 0.05

noise levels (‘Θavg’). The hyperparameters essentially control the learning process in MLA,

e.g., regularization constant ‘c’ and kernel hyperparameter ‘γ’ in SVM. Hence, the classification

performance of an MLA is critically dependent on the choice of the hyperparameters. In this

study, these parameters have been selected empirically through ‘grid-search’. The outcomes of

the hyperparameter selection are shown in Fig. 3. Table 3 shows the selected hyperparameters

and the other details associated with each MLA which are being used in this study.

4 Selection of Base Wavelets

In this study, we followed two approaches to rank the base wavelets: Direct Approach and

Indirect Approach. In the former, each wavelet is ranked based on its classification performance

and in the latter approach various quantitative criteria are used to rank the wavelets. Note

that the indirect approach does not require the induction of classifier. Fig. 4 shows the outline

of the procedure followed to evaluate the wavelets. The following subsections provide more

details of the direct and indirect approach.

4.1 Direct Approach

In the direct approach, the wavelets are selected based on their classification performance. In

this study, the classification accuracy, ‘θ’, is evaluated over ten-fold stratified cross-validation [53]

to asses the wavelets. This is expressed by,

θ =
1

10
×

10∑
f=1

ηf , (7)

ηf =
correctly classified events in the f th-fold

total number of events in the f th-fold

Further, to investigate the influence of the machine learning algorithm and the measurement

noise on the base wavelet selection, five PQ event datasets, with different levels of SNR (as

discussed in Section 3.1), are used. For each combination of the dataset and MLA, the clas-

sification performance of the wavelets (θ) is evaluated and stored in the Performance Matrix
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Figure 4: The wavelet selection procedure followed in this study. ‘θ’ denotes the classification
accuracy.

(PM), which is given by,

PM =

θ11 . . . θ1n

...
. . .

...

θm1 . . . θmn

 (8)

where, ‘θm,n’ denotes the classification accuracy of the mth wavelet at the nth noise level. For

example, ‘θ1,2’ denotes the classification accuracy of the first wavelet at the 2nd noise level. In

this study, the performance of 110 different wavelets is evaluated at 5 different levels of noise

which gives m = 110 and n = 5. In the next step, the wavelets are ranked according to their

classification accuracy, θ, for various noise levels. The top 10 wavelets for each noise level are

selected for further analysis.

4.2 Indirect Approach

In the indirect approach, the wavelets are selected using various quantitative criteria. Note

that this approach is independent of MLA and therefore does not require induction of any

classifier. These criteria essentially utilize the distribution of signal energy across different

nodes/frequency bands to estimate the efficacy of wavelet.

To understand these criteria, consider a PQ event, which is decomposed to the J th level

using DWT. Let Nj equals to the total number of wavelet/scale coefficients of a node at the

jth decomposition level, j ∈ [1, J ]. Consequently, the ‘energy’ (ek) and ‘entropy’ (hk) of the

12



kth node at the jth decomposition level is given by,

ek =

Nj∑
i=1

|cki |2,

hk = −
Nj∑
i=1

pi log pi, pi =
|cki |2

ek

where, cki , i = 1, 2, . . . Nj, could represent either detail (‘dj’) or approximation (‘aj’) at the kth

node.

In this study, three well-known quantitative criteria have been included [22–25]: 1) Maxi-

mum Relative Wavelet Energy 2) Minimum Entropy and 3) Ratio of Energy-to-Entropy. The

main rationale behind these criteria is that the ideal base wavelet is similar to the signal of

interest and therefore it leads to a maximum convolution at particular ‘scale’.

The first criterion uses the relative wavelet energy (Ẽ) to asses the energy distribution across

the nodes which is given by,

Definition 1. Criterion-1 : The ideal base wavelet leads to the maximum relative wavelet

energy (Ẽ), which is given by,

Ẽ = max
k

ek∑
k

ek
, k ∈ [1, J + 1]

The second criterion employs the relative wavelet entropy (Ṽ ) to estimate the energy dis-

tribution across scale/nodes as follows:

Definition 2. Criterion-2 : The base wavelet which leads to the minimum relative wavelet

entropy (Ṽ ) represents the best choice, where,

Ṽ = −
J+1∑
k=1

qk log qk, qk =
ek∑
k

ek

Note that both, Criterion - 1 and 2, evaluate the energy distribution across the node, i.e., the

energy concentration is investigated only in scale.

Definition 3. Criterion-3 : The base wavelet which provides the maximum energy to entropy

ratio (R̃) represents the best choice, where,

R̃ = max
k

ek
hk
, k ∈ [1, J + 1]

This criterion utilizes the knowledge of both energy and entropy. A higher energy-to-entropy

ratio ( ek
hk

) at particular node ‘k’ indicates concentration of energy within particular time period

at the jth scale. This criterion is comprehensive as it evaluates the energy distribution with

respect to both scale and time.
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Table 4: Ten Best Wavelets for Each Machine Learning Algorithm-I

Rank
DT SVM NB

∞ 50dB 40dB 30dB 20dB ∞ 50dB 40dB 30dB 20dB ∞ 50dB 40dB 30dB 20dB

1 dmey coif1 rbio3.5 coif5 rbio3.1 coif1 db32 coif1 sym6 sym6 db14 sym6 sym6 sym6 sym6

2 db17 rbio5.5 sym4 coif4 coif4 rbio2.2 fk14 sym4 db2 sym4 bior2.8 sym10 coif3 sym4 sym8

3 sym13 db16 rbio3.1 fk6 sym4 db3 rbio2.2 fk14 sym2 sym21 sym8 sym4 db40 coif3 sym10

4 sym19 rbio3.9 sym6 rbio3.1 sym6 sym3 db21 sym7 sym4 coif1 sym6 db14 sym4 sym8 bior6.8

5 bior6.8 sym4 db12 db2 db14 sym7 db40 fk4 sym17 sym8 sym10 db45 sym8 bior6.8 sym4

6 rbio5.5 sym13 db40 sym2 db1 db35 coif1 db25 fk8 coif2 rbio5.5 sym8 sym10 coif2 db14

7 db40 rbio3.3 db2 sym6 bior1.1 db32 db44 db2 coif1 sym25 db40 bior6.8 db45 coif5 coif2

8 rbio3.9 rbio3.1 sym2 db3 rbio1.1 db34 fk4 sym2 fk4 db45 db45 db42 db14 db14 coif5

9 sym11 sym7 coif3 sym3 bior4.4 sym19 db42 db42 db40 coif3 db44 db40 bior6.8 sym21 sym21

10 bior5.5 db11 coif4 coif3 coif5 db43 fk6 sym6 sym21 sym10 db38 coif3 bior2.8 db40 coif3

Selected
Wavelets

rbio3.1, sym4, sym6, coif4 coif1, sym4, sym6, fk4 db14, sym6, sym8, sym10, sym4

Table 5: Ten Best Wavelets for Each Machine Learning Algorithm-II

Rank
ELM ANN k-NN

∞ 50dB 40dB 30dB 20dB ∞ 50dB 40dB 30dB 20dB ∞ 50dB 40dB 30dB 20dB

1 db27 db8 db31 sym10 sym4 db34 db29 db45 sym6 sym4 sym6 sym6 sym8 sym6 rbio2.2

2 db14 db27 db14 sym4 sym6 db40 db42 db29 sym21 sym6 sym10 sym8 sym6 sym8 sym10

3 db8 db14 db37 db37 db37 db29 db34 db40 db40 sym25 bior6.8 bior6.8 sym10 coif2 sym4

4 db12 db31 db29 db31 db40 db32 db40 db32 sym8 db45 sym8 sym10 bior6.8 bior6.8 bior4.4

5 rbio5.5 db37 sym10 db45 db31 db36 bior1.5 sym10 sym10 coif3 db45 sym4 sym4 sym10 sym6

6 bior2.8 db40 db8 db8 db42 db42 db25 sym7 db37 sym21 sym18 coif3 db12 rbio5.5 sym8

7 sym10 db12 db27 db40 db18 sym15 db2 db36 db25 sym10 coif3 coif2 coif2 bior4.4 db7

8 sym21 db4 sym4 sym6 db44 sym10 db32 db37 fk4 sym8 db7 sym5 bior2.4 sym4 coif2

9 db45 sym4 db45 sym2 sym8 db45 db37 sym4 db45 db14 db12 db7 rbio2.8 coif4 rbio5.5

10 db36 db45 db40 db2 db22 db37 sym7 coif2 db29 db27 sym11 bior4.4 rbio6.8 rbio3.9 bior5.5

Selected
Wavelets

db37, db31, db8, sym4, db40 db29, db37, db40, db45, sym10 sym6, sym8, sym10, sym4, bior6.8

5 Results

The main objective of this investigation is to determine whether a specific wavelet, MLA or

a combination of wavelet and MLA which gives the best classification performance. For this

purpose, PQ event datasets with various levels of noise are generated following the IEEE Std.

1159 (Section 3.1). These datasets are used to induce a classifier using different MLA which

are discussed in Section 3.4. Consequently, the wavelets were ranked using the direct as well

as the indirect approach (Section 4). Further, the selected wavelets from both the approaches

are compared before the final recommendation. The following subsections provide the detailed

discussions on the results of this investigation. Note that the performance of ‘PNN’ is poor

compared to the other 6 MLAs and it is found to be very susceptible to the measurement noise

(discussed at length in Section 5.4). The wavelet rankings obtained for ‘PNN’ are therefore not

included in the discussion.

5.1 Stage-I: Direct Approach to Wavelet Selection

The wavelet rankings obtained from the direct approach are shown in Tables 4 and 5. These

tables show the best ten wavelets for each combination of MLA and PQ dataset (with different

SNRs). The results clearly indicate that the nature of MLA has a strong influence on the

efficacy of base wavelet. An individual base wavelet does not provide the optimal classification

performance across all MLA. Further, it is also observed that, for a given MLA, it is rather
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Table 6: Performance of Selected
Wavelets Across Different SNR†

MLA Base Wavelet
Θ1

Mean SD

DT

sym4 0.9734 2.61E − 02

coif4 0.9733 2.41E − 02

rbio3.1 0.9732 2.40E − 02

sym6 0.9729 2.55E − 02

SVM

sym6 0.9826 2.00E − 02

coif1 0.9826 2.23E − 02

sym4 0.9822 2.11E − 02

fk4 0.9787 2.84E − 02

NB

sym6 0.9523 3.29E − 02

sym8 0.9498 3.22E − 02

sym10 0.9489 3.26E − 02

db14 0.9487 3.43E − 02

sym4 0.9483 3.16E − 02

ELM

db37 0.9567 3.25E − 02

sym4 0.9561 3.11E − 02

db31 0.9561 3.35E − 02

db8 0.9557 4.02E − 02

db40 0.9549 3.28E − 02

ANN

db40 0.9602 2.86E − 02

db45 0.9597 2.45E − 02

db29 0.9594 3.06E − 02

sym10 0.9580 2.59E − 02

db37 0.9560 2.83E − 02

k-NN

sym6 0.9239 4.25E − 02

sym10 0.9236 3.87E − 02

sym8 0.9226 4.29E − 02

bior6.8 0.9210 4.41E − 02

sym4 0.9199 3.79E − 02

† - the selected wavelets are shown in bold-face

difficult to identify an individual wavelet which can provide optimum classification performance

in the presence of various levels of noise.

Therefore, to identify the best wavelet, we perform the following: Let ‘ρ’ denote the number

of times a given wavelet has ranked in the top 10. Only the wavelets with ρ ≥ 3 are selected for

the further analysis. For example, with NB (Table 4), the values of ‘ρ’ for ‘sym6’ and ‘sym10’

respectively equals to 5 and 4. Therefore, both ‘sym6’ and ‘sym10’ are selected for further

analysis. The selected wavelets are shown in bold-face and also in the last row of the Tables 4

and 5.

Next, the performance of selected wavelets is evaluated across different noise levels by com-

puting ‘mean’ and ‘standard deviation’ (SD) from the performance matrix ‘PM’ (8). Let the

classification performance of the ith wavelet across different noise levels be denoted as

Θ1
i = {θi,1, θi,2 . . . θi,n} (9)

where, ‘n’ denotes the number of noise levels. The elements of Θ1
i correspond to ith row of the

‘PM’ in (8). The mean and SD of the Θ1
i is used to evaluate the effectiveness of the ith wavelet.
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Table 7: Ranking as per Quantitative Criteria: Family
Group-I†

Rank
Criterion-1 Criterion-2 Criterion-3

Wavelet Ẽ Wavelet Ṽ Wavelet R̃

1 fk22 0.628 fk22 0.739 db35 2626.3

2 db31 0.604 sym25 0.756 db40 2617.2

3 db35 0.599 db14 0.757 db36 2615.7

4 sym25 0.599 sym21 0.757 db39 2571.3

5 sym21 0.597 db31 0.757 db44 2536.7

Selected
Wavelets

db35, fk22, sym25

Table 8: Ranking as per Quantitative Criteria: Family
Group-II†

Rank
Criterion-1 Criterion-2 Criterion-3

Wavelet Ẽ Wavelet Ṽ Wavelet R̃

1 rbio3.9 0.926 rbio3.9 0.308 bior3.1 11982.8

2 rbio3.7 0.921 rbio3.7 0.337 bior3.3 11135.2

3 bior3.3 0.906 bior3.5 0.359 bior3.5 11129.1

4 bior3.5 0.905 bior3.3 0.362 bior3.7 10979.5

5 bior3.7 0.903 bior3.7 0.363 bior3.9 10779.9

Selected
Wavelets

bior3.3, bior3.5

Table 6 shows the mean and SD of Θ1 for all selected wavelets. On the basis of these metrics,

the top three base wavelets are identified for each MLA (shown in bold-face in Table 6), which

serves as the final selection from the direct approach.

5.2 Stage-I: Indirect Approach to Wavelet Selection

The wavelet ranking using quantitative criteria are shown in Tables 7 and 8. Note that the fam-

ily of Bi-orthogonal wavelets does not conserve the signal energy. The results of the ‘criterion-3 ’

will be affected by the non-conservation of the energy. Therefore, the wavelets are segregated

into two groups before ranking: 1) energy conserving group, e.g., ‘Daubechies’, ‘Symlets’ and

2) energy non-conserving group, e.g., Bi-orthogonal. The five best wavelets selected according

to each criterion for both the family groups are shown in Tables 7 and 8. Following the similar

arguments as in the direct approach (Section 5.1), we selected total five wavelets from both

groups, shown in bold-face in Tables 7-8. Note that the results indicate that the bi-orthogonal

wavelets have comparatively better Ẽ and Ṽ which implies that the energy is concentrated

within a particular node and, in theory, this should lead to better classification performance.
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(a) DT (b) SVM (c) NB

(d) ELM (e) ANN (f) k-NN

Figure 5: Comparative evaluation of wavelet selection criteria. For each MLA, the first three
wavelets represents the selection on the basis of the direct approach. The remaining wavelets
(db35, fk22, . . . sym25) represent the selection on the basis of the indirect approach.

5.3 Stage-I: Comparative Evaluation of Direct and Indirect Ap-

proach

The classification performance of the wavelet selected following both the direct and indirect

approach are compared as shown in Fig. 5. The results clearly indicate that the base wavelets

selected through the indirect approach (i.e., db35, fk22, . . . sym25) failed to provide any per-

formance improvement over the direct approach, as seen in Fig.5. Especially, the accuracy from

Bi-orthogonal wavelets, (bior3.3 and bior3.5) which are expected to provide superior perfor-

mance as per the quantitative criteria (as discussed in Section 5.2), are found to be deficient

in performance. Further, for each MLA, the performance of bior3.3 and bior3.5 is found to be

very susceptible to noise (Fig.5).

The performance deficiency of these wavelets can be explained as follows: The quantitative

criteria select the wavelets which are similar to the signal of interest. Hence, these criteria

perform better in scenarios where the signal spectrum is relatively narrow. However, the PQ

events are often contradictory (e.g., harmonics vs. sag/swell, flicker vs. transients), and it

is, therefore, difficult to obtain a base wavelet which can correlate well with all such events.

Further, the quantitative criteria do not account the effects of MLA. As the results of this

investigation suggest, each MLA has specific ‘traits ’ which have the strong influence on the

performance of the base wavelet.

On the basis of the comparative analysis, the wavelets selected following the direct approach

17



Table 9: Recommended Wavelets for Each MLA†

IA Wavelet
Θ1

∞ 50dB 40dB 30dB 20dB

DT
sym4 0.9985 0.9900 0.9824 0.9634 0.9329

coif4 0.9953 0.9889 0.9795 0.9686 0.9340

rbio3.1 0.9947 0.9894 0.9806 0.9663 0.9349

SVM
sym6 0.9950 0.9944 0.9924 0.9833 0.9478

coif1 0.9985 0.9968 0.9941 0.9780 0.9455

sym4 0.9956 0.9950 0.9941 0.9801 0.9464

NB
sym6 0.9801 0.9727 0.9660 0.9440 0.8986

sym8 0.9807 0.9686 0.9607 0.9402 0.8986

sym10 0.9792 0.9710 0.9595 0.9370 0.8980

ELM
db37 0.9815 0.9780 0.9710 0.9505 0.9027

sym4 0.9821 0.9745 0.9684 0.9511 0.9045

db31 0.9803 0.9783 0.9716 0.9505 0.90

ANN
db40 0.9845 0.9769 0.9721 0.9543 0.9130

db45 0.9801 0.9704 0.9763 0.9514 0.9206

db29 0.9842 0.9798 0.9730 0.9502 0.9100

k-NN
sym6 0.9660 0.9487 0.9350 0.9135 0.8561

sym10 0.9636 0.9458 0.9344 0.9106 0.8634

sym8 0.9619 0.9484 0.9370 0.9124 0.8531

† - ‘Θ1’ denotes classification performance obtained across different
SNRs

are recommended. Table 9 shows the recommended base wavelets for each MLA (in order of

preference) along with the corresponding classification accuracy obtained across different noise

levels. It is interesting to note that most of these wavelets are from the orthogonal wavelet

families, i.e., ‘symlets’ and ‘daubechies’. This seems to indicate that the conservation of signal

energy is a desirable quality in the base wavelet. It ensures that the energy of noise is distributed

evenly across all the nodes; thereby minimizing its effects.

Note that the failure of quantitative criteria indicate that a common optimum base wavelet

may not exist for all class of PQ events. Hence, the recommended base wavelets in Table 9

essentially represent the best overall compromise across all class of PQ events. The present

investigation has been carried out from the utility point-of-view where all classes of PQ events

are expected. In addition, it is not trivial to a priori estimate the frequency of occurrence

of different class of PQ events in the utility grid. Hence, each class can be given an equal

importance without the loss of generality. For this reason, the overall accuracy across all PQ

event classes (‘θ’) is used as the primary performance metric in the direct approach.

To determine the effects of base wavelets on a particular class of event, the class-wise

accuracy were evaluated for DT and SVM and shown in Table 10. The results, as expected,

clearly show the influence of base wavelet on the class-wise accuracy. For example, among

recommended wavelets for DT (Table 10), ‘sym4’ provided the best accuracy for ‘flicker’ events

whereas on the ‘sag’ events the other wavelets could yield better accuracy. These results

underline the need for further investigation for the applications which may focus only on the

specific class of PQ events.
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Table 10: Average Class-wise Accuracy across Different SNRs with Recommended Wavelets†

PQ Event
DT SVM

Base Wavelet Base Wavelet

sym4 coif4 rbio3.1 sym6 coif1 sym4

Pure 0.9748 0.9714 0.9754 0.9335 0.9508 0.9312

DC 0.9970 0.9970 0.9907 0.9993 0.9993 1.0

Sag 0.9410 0.9629 0.9819 0.9806 0.9889 0.9862

Swell 0.9885 0.9936 0.9864 0.9992 0.9991 0.9976

Interruption 0.9569 0.9607 0.9933 0.9805 0.9862 0.9808

Flicker 0.9724 0.9599 0.9635 0.9622 0.9694 0.9675

Notching 0.9822 0.9732 0.9778 0.9916 0.9802 0.9725

Harmonics 0.9547 0.9628 0.9440 0.9654 0.9525 0.9721

Oscillatory Transient 0.9852 0.9870 0.9613 0.9981 0.9991 0.9972

Sag with Harmonics 0.9736 0.9766 0.9757 0.9976 0.9968 0.9975

Swell with Harmonics 0.9859 0.9845 0.9834 1.0 1.0 1.0

Flicker with Harmonics 0.9521 0.9653 0.9413 0.9654 0.9598 0.9791

Sag with Transient 0.9929 0.9865 0.9883 1.0 1.0 1.0

Swell with Transient 0.9882 0.9591 0.9815 0.9962 0.9893 0.9809

† the best accuracy for each class is shown in bold-face

5.4 Stage-II: Comparative Evaluation of Machine Learning Algo-

rithms

After establishing the best combination of wavelet and MLA (Table 9), the next phase of the

investigation focus on studying the robustness of MLA against the measurement noise and the

wavelet selection.

To evaluate the robustness of a particular MLA, another performance index, Θ2
i , is intro-

duced which is given by,

Θ2
i = {θ1,i, θ2,i, . . . θm,i}T , i ∈ [1, n] (10)

where, ‘m’ is the total number of wavelets included in the study, i.e., m = 110. Further, in

this study, we have included five different noise levels: [∞, 50dB, 40dB, 30dB, 20dB] which

gives n = 5. The elements of Θ2
i correspond to ith column of the ‘PM’ in (8). In essence, ‘Θ2

i ’

represents the statistical distribution of the classification accuracy with different wavelets at

the ith noise level. This is shown for each MLA via box-plots in Fig. 6.

The results indicate that an improper choice of the base wavelet will significantly deteriorate

the classification accuracy in the presence of noise, as shown by the outliers in Fig. 6 with ‘red’

dots. For example, from the box plots of Fig. 6a and 6b, it is observed that the classification

accuracy of SVM classifier is better compared to DT. However, at higher noise levels, there are

many outliers for SVM compared to DT which implies that SVM will give poor classification

accuracy (below 75% for certain wavelets ). This shows that DT is more robust compared to

SVM against the selection of wavelets.

Amongst all MLA, DT (Fig. 6a) and NB (Fig. 6f) are resilient to the measurement noise.

Note that, even in the presence of 30dB noise, the accuracy obtained with DT and NB is higher

than 90% for all the wavelets except for one. In contrast, under the same scenario, some of
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(a) DT (b) SVM

(c) NB (d) ELM (e) ANN

(f) k-NN (g) PNN

Figure 6: Effect of base wavelet and noise on the classification performance of the induction
algorithms. For each induction algorithm, ‘Θ2’ denotes the statistical distribution of the clas-
sification accuracy with different wavelets at particular SNR.

the more complex algorithms such as SVM, ELM and ANN are susceptible to the noise with

θ < 75%, in the worst case as seen in Fig. 6b, 6c and 6d. These results imply that MLA

based on the relatively simple learning philosophy (e.g., DT and NB) can outperform complex

algorithms such as SVM, ELM and ANN. This may be explained by the Principle of Parsimony

or Occam’s razor [54].

Moreover, the best possible accuracy (i.e., with SNR = ∞) obtained by PNN was found

to be 93.8%, whereas under the similar scenario even k-NN could achieve 96.7% accuracy. In

addition, it was observed that the performance of PNN quickly deteriorates in the presence of
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noise as seen in Fig. 6g. On the basis of these observations, the use of PNN is not recommended

for identification of PQ events.

6 Discussion & Conclusion

In this study, the performance of 110 wavelets and 7 machine learning algorithms have been eval-

uated considering 5 noise levels to address several key decisions encountered in the design of PQ

event identification. On the basis of this investigation, following conclusions/recommendations

are drawn:

1. The results of this investigation suggest that there may not exist a common ‘ideal ’ base

wavelet for all MLAs. In contrast, each MLA gives the maximum accuracy when it is

paired with a distinct base wavelet.

2. It is observed that for most of the MLAs, the best three wavelets are either the lower order

‘Symlet’ or the higher order ‘Daubechies’, which could be explained by the orthogonal

nature of these wavelets. The orthogonality property of these wavelets ensures an even

energy distribution across all frequency bands and thereby minimizes the effects of noise.

The orthogonal base wavelets are therefore recommended for PQ events.

3. The selection of base wavelet through indirect measures does not yield better classification

performance which could be ascribed to the wide spectrum of PQ events. Therefore, these

criteria are not recommended for PQ events.

4. SVM and DT performed better amongst the compared MLAs, and, therefore, either

could be preferred as the first choice. Further, DT and NB have fewer hyperparameters

and they are found to be more resilient (robust) to the measurement noise and wavelet

selection. Hence, the final recommendation for the machine learning algorithm, in order

of preference, is: DT > SVM > NB > ELM > ANN > k −NN .

5. If the decision maker is constrained to use a specific MLA, the best possible accuracy can

be obtained with the recommended wavelets given in Table 9.

A Decomposition Levels

The decomposition levels can be evaluated from the following requirement:

Fs

2L+1
≤ f ≤

Fs

2L

where, ‘Fs’ is sampling frequency, ‘f ’ is the fundamental frequency and ‘L’ denotes decompo-

sition levels.
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B Statistical Functions

f1: min
i=1...Nl

cki , f2: max
i=1...Nl

cki , f3: Median; f4:
Nl∑
i=1

|cki |2, f5: 1
Nl

Nl∑
i=1

cki

f6: −
Nl∑
i=1

pi log pi, pi =
|cki |2
f4

, f7:

Nl∑
i=1

(cki−f5)3

(Nl−1) σ3 , f8: σ =

√
Nl∑
i=1

(cki−f5)2

(Nl−1)

f9: 1
Nl

Nl∑
i=1

|cki − f5|, f10:

Nl∑
i=1

(cki−f5)2

(Nl−1)
, f11: 1

(Nl−1) σ4

Nl∑
i=1

(cki − f5)4

where, ‘cki ’ represents either wavelet or detail coefficients at the kth node.
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