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A NOTE ON ACCELERATED TURING MACHINES

CRISTIAN S. CALUDE, LUDWIG STAIGER

Abstract. In this note we prove that any Turing machine which uses only a finite
computational space for every input cannot solve an uncomputable problem even in case
it runs in accelerated mode.

1. Accelerated Turing machines

An accelerated Turing machine (sometimes called Zeno machine) is a Turing machine
that takes 2−n units of time (say seconds) to perform its nth step; we assume that steps
are in some sense identical except for the time taken for their execution. Such a machine
can run an infinite number of steps in one unit of time. Accelerated Turing machines
have been discovered by Weyl [15] in 1927 and studied by various authors including Boolos
and Jeffrey [1], Calude and Păun [3], Copeland [2], Ord [7], Potgieter [8], Shagrir [9, 10],
Stewart [12], Svozil [13]; accelerated computation appears in various contexts, for example
in relativistic computation, see Hogarth [6] and Etesi and Németi [4].

The main feature of an accelerated Turing machine consists in its capability of comput-
ing in a finite time an infinite sequence of steps, thus allowing it to solve uncomputable
problems. For example, the following (informal) accelerated Turing machine can solve the
halting problem of an arbitrarily given Turing machine T and input w in finite time:

begin program
write 0 on the first position of the output tape;
set i = 1;
begin loop
simulate the first i steps of T on w;
if T(w) has halted, then write 1 on the first position
of the output tape;
i = i + 1;
end loop
end program
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By inspecting the first position of the output tape we need one unit of time to run the
above machine in order to decide whether T (w) stops or not. Alternatively, we can clock
the computation and see whether the machine itself has halted before one unit of time or
not. Note that Svozil [13] proved that the halting problem of accelerated Turing machines
is not decidable by any accelerated Turing machine.

Are accelerated Turing machines physically possible? This is a challenging problem
discussed by various authors. We contribute with a small result to this discussion by
examining the computational space required by an accelerated Turing machine running an
infinite computation: is it finite or not? This question was posed to the first author by
Fearnley [5].

2. Is the space used by an accelerated Turing Machine always finite?

Let us start with the following informal example:

set i=0;
begin loop
i=i+1;
end loop

It is clear that the accelerated Turing machine executing the above set of instructions
needs an infinite computational space. Is this just an accident or do we have a more general
situation?

Before being tempted by a hasty answer let us note that the following set of instructions
is infinite, but requires only a finite amount of space:

set i=1;
while (i > 0) do

i=1;
end while

To be able to answer the above question we will introduce a formal model of Turing
machine and we state a few general facts. We assume that reader is familiar with the
basics of Turing computability, e.g. [11, 14].

Let (X,Γ, S, s0,�, δ) be a Turing machine in which X is the input alphabet, Γ ⊃ X is
the work tape alphabet, S is the set of states, s0 is the initial state, � ∈ Γ \X is the blank
symbol1, and δ is the (partial) transition function. We assume that the Turing machine
has one tape where initially the input is written on, and the machine starts its processing
in state s0 by scanning the first symbol of the input word.

A configuration of the Turing machine is a word k ∈ Γ∗SΓ∗, where the first and last
symbols are different from the blank symbol �. Here states (in S) are considered also to
be symbols, so for uniqueness we assume that S ∩ Γ = ∅. A configuration w1sw2, with
w1, w2 ∈ Γ∗, s ∈ S describes the machine with w1w2 on the tape, in state s with the head

1We explicitly exclude the blank symbol from the input alphabet.
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scanning the first symbol of w2. If w2 is the empty word then the right part of the (infinite)
tape is assumed to contain only finitely many blank symbols. If w1 is the empty word then
the infinite tape left to the cell scanned by the machine is assumed to contain only finitely
many blank symbols.

The successor configuration of a configuration k = w1sw2 is obtained by a simple local
re-writing process derived only from δ, s and its left and right neighbour letters in k.

Let M = (X,Γ, S, s0,�, δ) be a Turing machine and x an input word. We define the
computational space used by M on x, spaceM (x), to be the number—finite or infinite—of
cells used by M on x. The function timeM (x) denotes the number of steps executed by M
on input x (see [14]). By M(x) <∞ we denote the fact that M stops on x.

Clearly, spaceM (x) <∞ whenever M(x) <∞, and M(x) =∞ iff timeM (x) =∞. The
halting problem for M is the problem of deciding given x whether M(x) < ∞. It is well
known that for most Turing machines M , the halting problem for M is undecidable.

A simple counting2 argument justifies the following (see [14]):

Lemma 1. If M(x) <∞, then

timeM (x) ≤ |Γ|spaceM (x) · |S| · spaceM (x).

Assume that for a specific input x we know that spaceM (x) < ∞ (the halting problem
for M may be undecidable): Can we decide in finite time whether M(x) halts or not?

Theorem 2. For every Turing machine M , the set {x ∈ X∗ : M(x) < ∞} is decidable
relative to the (oracle) set {∈ X∗ : spaceM (x) <∞}.

Proof. Consider the Turing machine M , input x and let spaceM (x) = cx < ∞. If M
does not stop on x then the list of all configurations is infinite, but there are at most
(|Γ| + |S|)cx+1 different configurations of length cx + 1. Thus one configuration appears
twice in that list. Otherwise, if M stops on x then no repetition can occur.

Having in mind this observation one constructs an observer Turing machine O that lists
all configurations of M generated by the computation M(x) and continues as follows:

(1) If M stops on x then O stops too and declares M(x) <∞.
(2) If M does not stop on x then on the first repetition in the list of configurations

generated by M(x) the machine O stops and declares that M(x) =∞.
�

Corollary 3. If for every x, spaceM (x) <∞, then the halting problem for M is decidable.

Corollary 4. If the halting problem for M is undecidable then {x ∈ X∗ : spaceM (x) =
∞} 6= ∅.

2|Y | denotes the cardinality of the set Y .
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Corollary 5. The set {(M,x) : M Turing machine, x ∈ X∗, spaceM (x) < ∞} is com-
putably enumerable but not computable.

A Turing machine M running in ‘accelerated mode’ is denoted by AM . In other words,
M and AM have the same description, but M runs in normal mode, i.e. each instruction
is executed in a fixed unit of time, while AM runs in an accelerated mode. Observe that
M(x) =∞ iff timeM (x) =∞ iff timeAM

(x) = 1.

There is a similarity between computational time and space; however, this parallel is
not perfect. For example, it is not true that an accelerated Turing machine which uses
unbounded space has to use an infinite space for some input (as it seems to be claimed in
Ord [7, p. 24]). The reason is that every reasonable computable problem requires at least
the input data x to be scanned, so it needs at least a space greater than the length of x.

Let χM : X∗ → {0, 1} be the function defined by

χM (x) =
{

1, if M(x) <∞,
0, otherwise.

This function can always be computed by an accelerated Turing machine AM ′ in finite
time.3 If the computational space is finite for every input, then acceleration does not add
computational power:

Corollary 6. Let AM be an accelerated Turing machine with spaceAM
(x) <∞ for all in-

puts x. Then the function χM is Turing computable. Again, the Turing machine computing
χM is not necessarily M .
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