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At the August 2016 Escola de Algebra in Brazil, which celebrated the 75th birthday of
Said Sidki (one of the founders of this biennial meeting), Said Sidki gave a lecture on a
2-parameter family of groups denoted by Y (m,n), which he defined in a paper [6] in 1982.

As noted by Sidki, for n = 3 this presentation generalises the one given by Carmichael [2]
for the alternating group of given finite degree, satisfied by its generating 3-cycles (1,2, t)
for t > 3; see also [3, §6.3]. Sidki observed that Y (m,2) is elementary abelian of order
2™ for all m, and that Y(2,n) is metabelian of order 2"~'n, having an elementary abelian
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Introduction

For m > 2 and n > 2, the group Y (m, n) is the abstract group with presentation
(aj,ag,...,ay, | a=1for 1 <i<m, (az‘kaf)2:1f0r1§i<j§mand 1< k<[2])

normal 2-subgroup of order 2"~! with cyclic quotient of order n.



Sidki further investigated the structure of other sub-families of the groups Y (m,n), for
small values of m or n, as well as the general case where n is odd. In particular, he proved

in [6] that Y (m, 4) is a finite 2-group of order 2"z > and nilpotency class 3 for all m > 2.
He also claimed in [6] that Y (m,6) is infinite for all m > 3, but then retracted this in a
subsequent paper [7], after proving that Y'(3,n) is finite for all n.

Neubiiser, Felsch and O’Brien used computational techniques to show that Y (m,5) is
finite for 3 < m < 10, and Y (m,7) is finite for 3 < m < 6, and Y (m,11) is finite for
3 < m <5, and indeed that in each of these cases, Y (m,n) is a simple orthogonal group
of characteristic 2, or has such a group as a quotient by a normal 2-subgroup. The latter
(unpublished) work was taken further recently by Mclnroy and Shpectorov [5] to show a
definite connection with the orthogonal groups. Also the work by Sidki in [7] was taken
further by Krsti¢ and McCool to prove the non-finite presentability of the automorphism
group ®(Z) of the free Z-group of rank two; see [4].

Based on these and other discoveries, Sidki has conjectured that the groups Y (m,n)
are all finite, and that they are 2-groups when n is a power of 2. As far as we are aware,
and as reported in [5], these conjectures have not been resolved.

In this paper, we prove the following:

Theorem 1 For all m > 2, the group Y (m,6) is ﬁm'te and is isomorphic to a semi-direct

product of an elementary abelian 2-group of order 2z it by Y(m,3) = Ao

Theorem 2 For all m > 2, the group Y (m,8) is a finite 2-group.

In fact, computations using the MAGMA system [1] show that Theorem 1 is true in the
cases m = 2, 3 and 4, with the elementary abelian normal subgroup having order 24, 2°
and 2! respectively. Also two different computations with MAGMA show that the group
Y (m,6) has a quotient that is an extension by Y (m,3) = A,,.» of an elementary abelian

group of order 27z * when m = 5 or 6, and that Y'(3,8) has order 22'. A proof of much
of Theorem 1 follows almost immediately from the fact that Y (3,6) is finite and has the
required structure, but we give a computer-free proof in Sections 2 and 3. In both cases
a key step involves consideration of the structure of 3-generator subgroups of the kernel
N of the natural epimorphism from Y'(m, 6) to Y (m, 3). Also we give a computer-assisted
proof of Theorem 2 in Section 4, using Sidki’s theorem on the groups Y'(m,4) together
with observed properties of the group Y(3,8).

2 Some properties of the groups Y (m,6)

Let Y =Y (m,6) be the group defined as in the Introduction with m > 2 and n = 6, and
in this group, define b; = ¢ and ¢;; = a_lb a; = a; a 3q; for all 4 and j in {1,2,...,m}.
Also denote by RE the relation (afaf)? =1, Wthh holds for all distinct ¢, 7 € {1,2,...,m}
and all k£ € Z, and not just those i, j and k given in the defining presentation for Y(m, n).
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Before proceeding, we note that if m > 3 and S = {a;,a;,a;} is any subset of three
of the given generators of Y, then those three elements satisfy the defining relations for
Y (3,6), and hence the subgroup generated by S is isomorphic to a quotient of Y'(3,6). In
particular, many of the properties of the elements a;, a; and a; follow immediately from
the properties of the three given generators for Y (3,6). Nevertheless we can prove the
properties we need directly from the presentation for Y (m, 6), thereby avoiding reliance on
the results of computer calculations for Y'(3,6). The first properties we need are easy.

Lemma 1 In the group Y (m,6), the following relations hold:
(a) b2 =c¢;; =1 foralli and j;
(b) [bl,b ] (bibj)*> =1 for alli and j;

(¢) a = b;bjcj; for alli and j with i # j;

(d) [b,,cl]] [b;,cij] =1 for alli and j with i # j;

(e) [cij,cik]l =1 wheneveri,j and k are distinct.

Proof. First, part (a) follows immediately from the relation a = 1 and conjugation by
a;, and then (b) from the relation (a’a;)? = 1. Also conjugation of the relation [b;, b;] =
by a; gives [b;, c;;] = 1, which is the first part of (d). Similarly, conjugation of the rela—

tion [b;,bx] = 1 by a; gives [cy, cie] = 1, which is (e). Next, using R? and R; we find

abja; ! = aala;t = a;a’a;t = ala?a?a eyt = afafalaa; = a3a3a ala; = bbjcji
for i # j, and so (c¢) holds. Finally if i # j then part (c) gives 1 = anQ = (ajbia;')* =
(bjbici;)* = [b;bi, cij], therefore ¢;; commutes with b;b; (since (b;b;)? = ¢;? = 1), and then

because [b;, ¢;;] = 1 we find that ¢;; also commutes with b;, giving the second part of (d). O

The next observations are more substantial.

Lemma 2 [In the group Y (m,6), the following relations hold:
(a) afl%‘ai = b;bjcj; for alli and j with i # j;
(b> az‘_lcji(li = bjbicij for all v and j with i 7§ B

(c) ai_lcjkai = ¢;jibicjicirbibicipcribrcikci; whenever i, 5 and k are distinct.

Proof. First a;'cija; = a;%bja? = a;a’bja;*a;’ = abibib; ta;' = a;bja;t = bbjcji by
Lemma 1(b) and 1(c), while ai_lcjiai = ai_laj_lbiajai = ajaibiai_laj_l = ajbiaj_l = b;bic;;
by Rj; and Lemma 1(c). The proof of part (c) is more tricky. We know from MAGMA
computations that (c) holds in the group Y(3,6), and hence it holds in Y(m,6) for all
m > 3, but here we give a proof that is free of (yet guided by) computer calculations.
In fact we prove it backwards, by expanding the right-hand-side and then using known
relations to reduce it, as follows:

Cij0iCjiCikbibi ik CribrCir Cij

- 1.3, .3,-1,3 -1.3 3 3 -1,3 —1,3 3 —1.3 _—1_3
= a; aja;a; a; aa]a Qg Qp Q7 a; QR Q; Qg a2 a, Qi a; " Qg a; 4; a;

i
= q; 'a; ' (a;%a;%a;  alafajalalalara;ar  afa Py aa?) aja; by cancellation

Q;
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2 3,3 3
a; OJ]CL akajaka CL ak CLl

; a,’a; aka ap?) aja; by RE, R3, R and R

’L]’
3 3 3,2
a;a; a aka]aka a, a ag“a; alaka ak )ajai by R-~

-23,2 2 1
aia; Ya; %a; 2agaapala; *alalata; a; a 2a;*)aja; by R2, R and R}

<.

<L

—1, -2 —1 —2 —92 2 1
a;a; aka ajaka ajay )a]aZ byR andR

<

1
aza;a;*a; aka ‘a7 %a; ;%) aja; by R,

L

—1 -1 —2 2
a;a; ay aia;alay, )ajai by R}, and R}

|
22 2 8 2 2 2 8

i
(
 (
1(aa Ya;%a; 2a Yo7 tapasana; 1a 2%2)%% by Rl and R2,
(
(
 (
i

aa; ay a; aa; %) aza; by R}
-1 1
(alakazak )a;a; by Rj,

— 3 1

= q aj Yafasa; by R}

-1
= a; CjiQ;. ]

Corollary 1 In Y (m,6), the relation [c;;,c;i] =1 holds whenever i # j.

Proof. By Lemmas 2(a) and 1(d) we have 1 = a;'[bj,cijla; = [a; 'bja;, a7 cija;] =
[Cij, bibjcji] = [Ci]’, Cji]- 0

Corollary 2 The relation in Lemma 2(c) can be simplified to a;lcjkai = ¢ijbicjicikbicricij.

Proof. This follows from Corollary 1 and parts (b) and (d) of Lemma 1, with j replaced
by k in each case. O

Corollary 3 In Y (m,6), the following relations hold whenever i,j and k are distinct:
(a) (bibjeircip)> =1 (b) (bicjrerjer)* =1 (¢) (cijcjeen)* =1 (d) (cijemcincri)® = 1.
Proof. First, conjugating [cj, cx:;] = 1 (from Corollary 1) by ay gives [bgb;c ik, bibicik] = 1,
and then since b, commutes with b;, c;x, b; and ¢, it follows that

1 = [bjcjk, bicir) = cjebjcikbibiciibiciy = cjpbbicikcikbibicik = cjk(bjbicircir)?cjx
and therefore (b;bjcircir)? = (bjbicjrcik)? = 1, which is (a).

Now conjugating b;b;c;rc;r by a; and using Lemma 2 and Corollary 2 gives
a:l(bibjcikcjk)ai = bicij(bibkcki)(Cijbicjicjkbickicij) = Cijbkckicijbicjicjkbickicij
= CijCribpbicijcjicipbicrici; = Cijckibz’(bkcz’jcjicjk>bickicij-
Thus bicijcjicjr is conjugate to b;bjcircjr, and so from (a) we obtain (bgcijcjicir)? = 1, and
clearly (b) follows from this by a cyclic permutation of the subscripts.
Next, Corollary 2 gives 1 = al-_lchai = (cijbicjicjkbickicij)Q, and then by conjugation
and Lemma 1 we obtain 1 = (bjckicijcijbicjicir)? = (bickibicjicjr)? = (cricjicir)?. Further
conjugation and a permutation of the subscripts gives (c).

Finally, for (d), we have (byc;jcjicjr)® = 1 from (b), and then conjugation of this rela-
tion by a; gives



1:afl(bk0ijcji0jk)2ai = (Cik(bibjcji)(bjbicij)Cijbicjicjkbickicij)2 = (bicikcjkckibicij)27

and further conjugation gives 1 = (b;¢;;jbicircircri)? = (CijCinCinCri)?- O

Lemma 3 In Y (m,6), we have bcjrb; = c;jcjrci; whenever i,j and k are distinct.

Proof. First, an easy application of Lemma 2, Corollary 2 and parts of Lemma 1 gives

—1 _ -3 3 —2 2
bi C]kb = CL cjkaz- = ai (Cijbicjicjkbickicij)ai

—1 (b b Cﬂ) (b'b'Cij)(Cijb'cjicjkb'ckicij)b'(bibkcik)(bibjcji)ai

bib;cjibibicjicikbickiciibrcibibicsi)a;

a;
a;
a; 1(cjkb CriCijbrcikbibjcii)a;
= a; (cjericijbrcibicii)a;
= (cljblcﬂcjkbzcklcw)(blbkclk)(bibjcji)cik(bibkcki)cij(bibjcij)
= ¢ijbicjicjrbickicijbibpcikbibjcjicikbibrcricijbibjei;
= Cizbicjicikbickicijbrcinb;cyicinbicrib;.
This can be taken further using Corollary 3, as follows:
b leiwhi = cijbiciciibickiciibrCinbiciicikbicrib; = bi(CijCjiCinCriCijbrCikbiCiiCinbrcrib; )b;
= b'(CkicjkcjibkcikbjCjicikbkckibj)bi since (CjiCjkaiCij)Q = (CjijiCkiCij)Q =1 by part (d)
= bi(cricjpCjicirbrbjcjicribpcikb;)b;

= bzEckicjkcﬁcikckicjibjcikbj)bi since (bgb;cjicki)? = (bjbrcjick;)* = 1 by part (a)
= bi(CriCjiCikCikCriC;ibjcikb;)b;

= bi(cjrcjicricinCricjibjeib; )by since (cjrerici)?> =1 by part (c)

= bi(cjrcjicinciibjcirbi)bi = (bicjpbi)cjicincjibjcinby.

Now from this we find that 1 = ¢j;circjibjcikb;, and hence that bjc;ib; = cjicikcji, and then
the result follows by swapping the subscripts ¢ and j. Il
Corollary 4 In Y (m,6), the relation [b;,c;i] =1 holds whenever i,j and k are distinct.
Proof. This is an easy consequence of earlier observations:
1 = (cijeincin)? = cijepcijcincirci. by Corollary 3(c) and Lemma 1(e)

= bicjpbicarcjpcyy by Lemma 3

= b;cjib;circibibici = bibjcipbibjci = bjcibjcy, by Corollary 3(a) and Lemma 1

= [bj7 Cik]a

and then the result follows by swapping the subscripts ¢ and j. Il

3 Structure and finiteness of the groups Y (m,0)

We can now prove our main theorem, namely that the group Y = Y'(m,6) is isomorphic

to an extension by Y (m,3) = A,, o of an elementary abelian 2-group of rank w, and
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hence finite, for all m > 2. We do this in steps.

Step 1 The subgroup N generated by the elements b; and cji, (for j # k) is normal, with
quotient Y /N isomorphic to the alternating group A, .

Proof. Note that a;lbjai = ¢;; € N for all 4 and j (with ¢;; = ¢;; = b; when ¢ = j), and
that a;lcjkai € N for all 4, j and k with j # k by Lemma 2. Hence N is normal in Y.

Moreover, it follows that N is generated by all conjugates of the elements b; = a?, and so

79

the quotient Y/N is isomorphic to the group obtained from Y by adjoining the relations
a? =1for 1 <i < m. In particular, Y/N is isomorphic to Y (m, 3), and hence to A,,.o. [J

Step 2 The subgroup N is abelian.

This actually follows from the properties of the group Y (3,6) found by computation
with MAGMA, but we can prove it directly:

Proof. By Lemma 1 and Corollaries 1 and 4 we have [b;, b;] = [b;, ¢;;] = [bi, ¢;i] = 1 for all
distinct ¢ and j, and [b;, ¢jz] = 1 whenever 4, j and k are distinct. Thus every b; is central
in N. Moreover, by conjugation it follows that each ¢, (= aj’lbkaj) is central in N as well,
and therefore N is abelian. 0

In particular, as NV is generated by the m involutions b; for 1 < i < m and the m(m—1)
involutions ¢;j for distinct j and kin {1,2,...m}, it follows that NV is an elementary abelian
2-group of rank at most m +m(m — 1) = m2. The next two steps reduce this upper bound
on the rank of N to w

Step 3 If m >4 then c;jcjicricuCinCriCiece; = 1 whenever i, j, k and { are distinct.

Proof. First, by the observations in Section 2 and the fact that N is abelian, we have

a;lbjai = Cij; Cld)j&[l = a;2bjai2 = a;lcl-jai = bibjcji7

ai_lcijai = bz‘bjcjia aicijai_l = bj,

CL; CjiQy = bjbz-cij, CLiCjiCL;l = CL;2C]’Z’CL,L~2 = a;lbjbicijai = bjcijcjia

ai_lcjkai = CjiCjkChi, aicjkai_l = a;zcjkaf = a;lcjicjkckiai = bjbkcijcjicjkckicik,

whenever i, 7, k and ¢ are distinct. It follows that
1 -1 . - .
Ay a; CiraiGy =y  CjiCikCrite = (C0C5iCit) (CjeCriCre) (CriCikCit) = CjiCikChi
while on the other hand

CLZI(I;ICjkCL,‘(Ig = aiagcjkae_lai o CLZ'(bjbkngngCjkagCgk)CLi_l

= (bibjcji)(bz’bkcki)(bzbijC&CszjiCij)(bjbecijcjicjeczicw)(bjbkcijcjicjkckicik)
(bk becir, Ckicke%Cz‘e) (bzbkcie%'cek Ckicik)

= CjCjeCijCikChoCokCik -

Comparing the two expressions found gives c¢;;cjicreCorCinCriCjece; = 1, as required. O



Step 4 The rank of the subgroup N s at most w

Proof. By the previous step, ¢y € (¢ij, Cji, Cra, Ciks Criy Cjo, Coj ) Whenever 4, j, k and £ are
distinct. This observation can be used to eliminate ¢y as a generator for N whenever

(a) 3<k<€<m, by taking (i, j) = (1,2),

(b) (k,¢) =(2,m), (2,m—1),...,(2,4), by taking (i,j) = (1,/—1) in each case in turn.

m— m—2)(m—3
( 22) = g )2( )

, and leaving a generating

The number of generators eliminated in this way is in case (a), and

m—3 in case (b), making a total of w Cm_3— m(,g_3)
set of size m? — m(”;—?’) — m(n;+3)‘ D

m(m+3)

Step 5 A semi-direct product G of an elementary abelian 2-group of order 2~ 2 by
Y (m,3) = Ao can be constructed as a quotient of Y (m,6).

Proof. Let A = A2 = Y(m,3), with generating set {1, xs,...,2,} satisfying the
relations for Y (m,3), namely 2> =1 for 1 <i < m and (x;z5)? =1for 1 < j <k <m,

m(m+3
and let B = C, A be an elementary abelian 2-group of rank w, with generating
set {b; : 1 < i <m}U{cj: (j,k) € S}, where S consists of all pairs (7, k) for which cj;
was not eliminated in (a) or (b) of the proof of Step 4 above, namely all (j, k) with either
1<j<k<m,orj>k=1,or(jk)=(3,2). Here we may note that the relation proved

in Step 3 cannot be used to eliminate any further ¢;, with (j,k) € S.

Next, define ¢y, for 2 < k < £ < m with (¢, k) ¢ S by the reverse of the process used in
Step 4, via the instances of the relation c¢;;cjicrecencircricjece; = 1 proved in Step 3. Then
it is not difficult to see that the latter relation holds generally in the group B. (In fact
B can be viewed as a quotient of the perhaps more natural elementary abelian 2-group of
rank m + m(m — 1) = m?, by the subgroup generated by the relators from Step 3.)

Now define G as the semi-direct product B x A, with conjugation of B by A given by

x; hix; = b; for alldin {1,2,... ,m},

z;'bjz; = ¢;; for distinet i and j in {1,2,...,m},

z;'eijr; = bibjey;  for distinet i and j in {1,2,...,m},
x;'cjir; = bibjc;  for distinet i and j in {1,2,...,m},
x;lcjkxi = ¢jiCjiCr;  for distinet 4, 7 and k in {1,2,...,m}.

It is an easy exercise to verify that this definition gives valid action of A on B, con-
sistent with the relation proved in Step 3. For example, if ¢ and j are distinct then the
involution x;x; induces the automorphism of B that swaps

b; with ¢;;, and b; with b;b;cj;, and ¢;; with b;c;;cj;, and
bi with ¢;jciper;, and ¢y, with ¢;jcjicirerjcri, and ¢y, with bibgcy,,

and cy; with ¢;jcjicjpcricin, and cg; with bbgcjpcrick;, whenever k & {i, 7}, and
Cre With cp;cpecy; whenever 4, j, k and £ are distinct.

Here we note that the fact that conjugation by x;x; takes cyicrece; back to cie is a conse-
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quence of the relation c;icricjecjciecoiciier; = 1. Also the latter relation is preserved under
conjugation by x;, for every t.

Finally, define g; = b;x; in G, for 1 <i <m. Then g2 = b?z? = b;, so g° = 1, for all .
Also if i # j then (g;g;)? = (bizibjz;)* = (bjcjiziz;)* = 1 (since z;x; centralises bjcj;),
while (g7g7)* = (b7xpbjx?)? = (xQx]) =1 and (gg;’)* = (bib;)* = 1, so the elements
g1, 92, - - -, gm satisfy the defining relations for Y (m, 6). The subgroup generated by these el-
ements contains gi3 = b; for all 4, and so also contains g; 1bj 9 =x; 1bibjbixi =x; 1bja:i = Cjj
for all distinct 7 and j, and hence equals G. Thus G is a quotient of Y (m, 6), as required. [

By Steps 4 and 5, we deduce that Y'(m, 6) has order exactly QW, and this completes
the proof of Theorem 1.

4 Structure and finiteness of the groups Y (m,8)

In this final section, we use Sidki’s theorem on the groups Y (m,4) and some computational
analysis of Y(3,8) to prove Theorem 2, namely that Y (m,8) is a finite 2-group for all m.

Computer-assisted proof of Theorem 2.
Let Y = Y(m,8) be as defined as in the Introduction, and in this group, let N be

the subgroup generated by the elements u; = a and v, = a;lukaj = a; aka] and
wir = a; uga? = a;ata?, for all i, j and k in {1,2,...,m}. Note that eaeh of these
generators for N has order at most 2, and that Y (2, 8) is metabelian of order 28718 = 1024,

so we may assume that m > 3. Also we note that Y (m,4) is a 2-group of order 2m(m+3),

by Sidki’s theorem in [6, §3.1].
A 45-minute computation with MAGMA [1] shows that the following hold when m = 3:

a) N can be generated by {uy, us, us, v12, Va1, V13, V31, Va3, V32, Wia, Wa3, W31 },

b) N is a normal subgroup of Y, of index 512,

c) the abelianisation N/N’ of N is elementary abelian of order 2!? = 4096, and
d) N itself has order 4096, and hence is an elementary abelian 2-group.

N~ N~

For the interested reader, we give the MAGMA code and resulting output in an Appendix.
3-6
Note that here the quotient Y/N is isomorphic to the 2-group Y(3,4), of order 22 = 512.

From this computation we find that in the general case (for m > 3), the following hold:
(d) For any 4, j, k in {1,2,...,m}, each of a; 'uja;, a; 'vjra; and a; 'w;xa; is expressible
as a word in {uw;, uj, g, Vij, Vji, Uki, Viks Vjk, Ukjs Wij, Wik, Wk; }, and so lies in N, and
(e) Each element u; commutes with every other u;, and with v;;, and w;;, for every j and
kinin {1,2,... ,m}.

By (e) it follows that N is normal in Y, with the quotient Y//N being isomorphic to the
finite 2-group Y (m,4). Next, by (f) we deduce that each of the elements u; is central in N,
and then by conjugation, so are each of the elements v;, and wj,. Hence N is abelian.



Moreover, since it is generated by at most (indeed fewer than) m + 2m(m—1) = 2m*—m
involutions, N is a finite elementary abelian 2-group. Thus Y is a finite 2-group. O

A similar approach using Y(3,10) shows also that Y(m,10) is a finite group (with a
normal 2-subgroup N such that Y (m,10)/N =Y (m,5)), for all m.

Finally, we believe that some of the arguments presented above can be adapted to prove
the following, which may be the subject of a sequel:

Conjecture If Y(m,n) is finite, then the group Y (m,2n) has a finite normal elementary
abelian 2-subgroup N such that Y (m,2n)/N =Y (m,n).

Note that if this conjecture is true, it will follow that Y'(m,2°) is a finite 2-group for
all m and all s.
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Appendix

Code for Y (3,8):

F:=FreeGroup(3);
Rels:=[ F.i"8 : i in [1..3] ]
cat [ (F.i*¥F.j)"2 : i in [1..3], j in [1..3] | i ne j 1
cat [ (F.i"2*F.j"2)"2 : i in [1..3], j in [1..3] | i ne j 1
cat [ (F.i"3%F.j"3)"2 : i in [1..3], j in [1..3] | i ne j ]
cat [ (F.i"4*F.j"4)"2 : i in [1..3], j in [1..3] | i ne j 1;
Y:=quo<F|Rels>;
N:=sub<Y| Y.174, Y.274, Y.374,
(Y.174)"Y.2, (Y.274)"Y.1, (Y.174)"Y.3, (Y.374)"Y.1, (Y.274)"Y.3, (Y.374)"Y.2,
(Y.274)"(Y.172), (Y.374)"(Y.2"2), (Y.174)"(Y.372) >;
print "Other three generators in N7",
(Y.174)"(Y.272) in N, (Y.274)"(Y.3"2) in N, (Y.374)"(Y.172) in N;
N:=Rewrite(Y,N); print "Is N normal?",IsNormal(Y,N);
print "Order of quotient Y/N is",Index(Y,N);
aqs:=AQInvariants(N); print "Abelian invariants for N are",ags;
print "Abelianisation of N has rank",#ags;
print "Order of N is",Order(N);

Output:

Other three generators in N7 true true true

Is N normal? true

Order of quotient Y/N is 512

Abelian invariants for N are [ 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2]
Abelianisation of N has rank 12

Order of N is 4096
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