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Abstract. Nonlinear energy harvesters have attracted wide research attentions to achieve broadband per-
formances in recent years. Nonlinear structures have multiple solutions in certain frequency region that
contains high-energy and low-energy orbits. It is effectively the frequency region of capturing a high-energy
orbit that determines the broadband performance. Thus, maintaining large-amplitude high-energy-orbit
oscillations is highly desired. In this paper, a voltage impulse perturbation approach based on negative
resistance is applied to trigger high-energy-orbit responses of piezoelectric nonlinear energy harvesters.
First, the mechanism of the voltage impulse perturbation and the implementation of the synthetic neg-
ative resistance circuit are discussed in detail. Subsequently, numerical simulation and experiment are
conducted and the results demonstrate that the high-energy-orbit oscillations can be triggered by the volt-
age impulse perturbation method for both monostable and bistable configurations given various scenarios.
It is revealed that the perturbation levels required to trigger and maintain high-energy-orbit oscillations
are different for various excitation frequencies in the region where multiple solutions exist. The higher gain
in voltage output when high-energy-orbit oscillations are captured is accompanied with the demand of a
higher voltage impulse perturbation level.

1 Introduction

With the advances in low-power electronics, numerous
research efforts have been devoted to designing energy
harvesters as alternative power sources for wireless sensor
networks. Harvesting untapped vibrational energy from
environment becomes a sustainable energy-autonomous
solution for applications such as environmental monitor-
ing, structural health monitoring, remote surveillance,
wildlife tracing, etc. Nonlinear vibration-based energy har-
vesters (VEHs) have been extensively explored in recent
years aiming at addressing the limited bandwidth of con-
ventional linear VEHs around their natural frequencies.
Duffing oscillator, a well-known oscillator in the context
of nonlinear dynamics, has been widely analyzed and
experimented for vibration energy harvesting [1–7]. The
nonlinearity of such oscillators can be introduced by mag-
netic interaction or geometric nonlinearity. For magnetic
interaction induced nonlinearity, the potential function
shapes and the associated nonlinear forces can be con-
trolled by proper magnet arrangements. According to
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different potential function shapes, Duffing-type VEHs
can be designed to be monostable [7,8], bistable [1–4],
tri-stable [9–11] and even more complex multi-stable con-
figurations [12,13]. In the monostable configurations, a
larger frequency response bandwidth is covered with a
“deflected” resonant peak. In the bistable or tri-stable
configurations, multiple stable solutions were obtained by
harmonic balance analysis [14–16]. For bistable configura-
tions, the high-energy solution is referred to as the steady
inter-well oscillations (oscillations across potential wells),
while the low-energy solution as the steady intra-well
oscillations (oscillations inside one potential well). Both
simulation, theoretical analysis and experimental inves-
tigations on bistable energy harvesters in the literatures
[17–22] showed that inter-well oscillations and stochastic
resonance significantly outperform in terms of root-mean-
square (RMS) voltage output. It has also been known that
Duffing-type VEHs exhibited a wider bandwidth only if
they could capture and maintain the high-energy orbit
(high-energy solution branch) in their multi-solution
regions [23]. The magnetic interaction induced nonlinear-
ity is also introduced to the multiple degree-of-freedom
(DOF) energy harvesters to increase the operational
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bandwidth. Internal resonance [24–27] is a very interesting
phenomenon observed in these 2-DOF nonlinear PEH and
has become a promising way for broadband vibration
energy harvesting. Chen et al. [24] found its frequency-
amplitude curve has two peaks bending to the left and
right respectively and the multiple solutions coexisted
near the resonance peaks. These investigations suggested
that only when the nonlinear VEHs were working in high-
energy-orbit oscillations, they could achieve wideband and
high output power.

Although high-energy-orbit oscillations of aforemen-
tioned nonlinear VEHs have the capability of broadband
energy harvesting, they may veer to the low-energy-orbit
oscillations subject to initial conditions or disturbances.
In particular, when they are driven under low-level excita-
tions, these nonlinear VEHs are more likely to stay in the
low-energy orbit according to their basins of attraction.
Erturk and Inman [20] demonstrated that a mechanical
shock to the system could stimulate the bistable harvester
to oscillate in the high-energy orbit when it was in intra-
well or chaotic oscillations. A similar method of utilizing
the additional impact to trigger high-energy-orbit oscil-
lations has been applied to bistable and tri-stable VEHs
by Zhou et al. [28]. Results indicated that such a mech-
anical impact method is more workable in the bistable
VEH. From simulations and experiments [29–31], it was
found that a fast burst perturbation (FBP) applied to
the piezoelectric element may induce the jump from low-
energy solution to high-energy solution. Consequently,
a huge gain can be expected in output power. The main
advantage of FBP method is that it can be easily achieved
by circuit design without adding extra mechanical struc-
tures, which makes it more promising in practical appli-
cation. Masuda et al. [32] and Sato et al. [33] developed
a self-excited control method by utilizing a negative resis-
tance circuit to maintain high-energy orbit in a mono-
stable electromagnetic VEH. Simulation results showed
that self-excited vibrations induced by the negative
resistance could destabilize the low-energy oscillation and
drive the electromagnetic harvester to jump onto the high-
energy orbit over the whole region where multiple solu-
tions exist. The successful utilization of this method in
the monostable electromagnetic VEH gives a favorable
inspiration for applying it for the piezoelectric VEHs with
more complex nonlinearity. Meanwhile, to control the
oscillations in nonlinear systems, various advanced meth-
ods have been developed, such as non-feedback control,
feedback control and stochastic control methods [34].
As a typical non-feedback control method, the pulse per-
turbation method has been utilized in many systems and
its feasibility has been validated by experiments [35].
It is preferred to the other methods in the vibration energy
harvesting due to its ease of implementation.

In this paper, we explore the voltage impulse
perturbation (VIP) method, which can be categorized to
non-feedback control, to trigger and maintain high-energy-
orbit oscillations of nonlinear piezoelectric VEHs. This
method is based on negative resistance concept for piezo-
electric VEHs and its feasibility is examined in both mono-
stable and bistable configurations. The VIP is generated

based on a negative resistance circuit and the mechanism
and implementation is discussed. Both numerical simula-
tion and experiment show that the perturbation generated
by VIP is dependent on the voltage input in the nega-
tive resistance circuit. The level of impulse voltage input
is not a concern in electromagnetic VEH as the electro-
magnetic VEH has a low voltage output to overcome to
achieve negative resistance. However, this is really an issue
for the piezoelectric VEH as its much higher voltage out-
put needs to be overcome to trigger perturbation. Given
sufficient VIP, the high-energy orbit can be triggered and
maintained for both monostable and bistable piezoelec-
tric VEHs. The higher gain in voltage output is associated
with the larger gap to be overcome between high-energy
and low-energy solutions, which demands a higher level of
VIP to trigger the high-energy-orbit oscillations.

2 Nonlinear energy harvester

The prototype of the nonlinear piezoelectric VEH is
shown in Figure 1. It consists of a piezoelectric bimorph
cantilever beam with a tip mass carrying a permanent
magnet, which interacts with another magnet held in the
acrylic holder fixed to the clamp. The acrylic holder is
threaded and movable, thus the magnetic interaction can
be adjusted to achieve mono-stability and bi-stability by
tuning the distance between the magnets.

The governing equations of such a nonlinear piezoelec-
tric VEH when connected with a load resistance can be
written as:

mẌ + caẌ − αX + βX3 − ΘV = mZ̈, (1)

CpV̇ +
1
R

V + ΘẊ = 0, (2)

where m and ca represent the effective mass and mechan-
ical damping, respectively. For the cantilever beam, the
effective mass and stiffness can take the following forms
[36] m = βMAbLρ + Mt, k0 = (βKEI)/L3, where ρAb and
EI are the mass per unit length and bending stiffness of
the cantilever beam, respectively, and L is the length of
cantilever beam, Mt is the tip mass. βM and βK are
coefficients related to the dynamic mode shape and strain
distribution of the cantilever beam, and they can be deter-
mined based on the energy conservation principle. The
effective damping is then obtained by ca = 2ζωnm, where
ζ is the damping ratio and ωn is the fundamental natural
frequency; X and V are the displacement of the tip mass
and output voltage across the load resistance R; Θ is the
electromechanical coupling coefficient obtained by using
the method in [37]; Cp is the capacitance of the piezo-
electric bimorph; the overdot denotes a derivative with
respect to time t; Z is the displacement of the base. α and
β are the coefficient of nonlinear stiffness. The nonlinear
force induced by the magnetic interaction is Fmag = kax+
kbx

3, which can be obtained from the dipole-diploe model
[1,38]. The coefficients ka = −f0D

−5, kb = 2.5 f0D
−7,

f0 = 3τM2/2π, τ = 4π × 10−7 NA−2 is the permeability
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Fig. 1. Nonlinear piezoelectric VEH with repulsive magnetic
force.

constant in vacuum, M = 0.164 Am2 is the effect mag-
netic moments of the magnetic dipoles, D is the magnet
distance. Hence, the linear stiffness −α = k0 + ka and the
cubic stiffness β = kb. Thus, as the magnets become close,
the linear stiffness −α will decrease. Thus, as α < 0, β > 0,
it is a monostable system; while it becomes a bistable sys-
tem when α > 0, β > 0. Moreover, the cubic stiffness can
also provide different nonlinearities. When β < 0, it pro-
vides hardening behavior for the nonlinear VEH; while
softening behavior is maintained when β > 0.

3 Voltage impulse perturbation based
on negative resistance

It is well known in the literature that for a linear piezo-
electric energy harvester, the stiffness will be changed and
positive electrical damping will be added by connecting a
normal load resistor [39]. In this section, the effect of a load
resistance on stiffness and damping for the monostable
and bistable harvesters is first discussed. The mechanism
and implementation of the negative resistance and the
resulting perturbation are then presented followed by a
parametric study.

3.1 Equivalent stiffness and damping with load
resistance

Harmonic balance method is used to derive the equiva-
lent stiffness and damping induced by the pure resistance
in the nonlinear piezoelectric energy harvester. By intro-
ducing a harmonic base displacement Z = Z0 cos(ωt),
equation (1) is written as:

mẌ + caẌ − αX + βX3 − θV = A cos(ωt), (3)

where A = −mZ0ω
2 is the magnitude of base acceleration.

Assume the form of solution as:

X = a1 sin(ωt) + b1 cos(ωt) + c, (4)

V = a2 sin(ωt) + b2 cos(ωt). (5)

Hence,

Ẋ = a1ω cos(ωt) − b1ω sin(ωt), (6)

V̇ = a2ω cos(ωt) − b2ω sin(ωt). (7)

Inserting equations (5)–(7) into equation (2) and nulling
the coefficients of sin(ωt) and cos(ωt) yields:

⎧
⎨

⎩

−CpRa2ω − b2 = ΘRa1ω

−CpRb2ω + a2 = ΘRb1ω
. (8)

From equation (8), the coefficients a2 and b2 can be
solved in terms of a1 and b1 as:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

a2 =
−ΘCp(Rω)2a1 + Θ(Rω)b1

(CpRω2) + 1

b2 =
−ΘRωa1 − (Rω)2CpΘb1

(CpRω2) + 1

. (9)

Substituting equation (9) into (5), we obtain

V =
−ΘCp(Rω)2a1 + ΘRωb1

(CpRω)2 + 1
sin(ωt) (10)

+
−ΘRω2a1 − (Rω)2CpΘb1

(CpRω)2 + 1
cos(ωt).

Rearranging equation (10) yields:

V = − (Rω)2CpΘ

(CpRω)2 + 1
(a1 sin(ωt) + b1 cos(ωt)) (11)

− ΘR

(CpRω)2 + 1
(ωa1 cos(ωt) − ωb1 sin(ωt)).

Substituting equations (4) and (5) into (11) and elim-
inating a1 and b1, we obtain:

V = − (Rω)2CpΘ

(CpRω)2 + 1
(X − c) − ΘR

(CpRω)2 + 1
Ẋ. (12)

Here, the constant term c depends on the characteris-
tic of oscillations of energy harvesters. For the monostable
configuration, c is zero. For bistable configuration, the con-
stant term c is nonzero in the intra-well oscillation case,
while c is zero in the inter-well oscillation case. Thus, the
electromechanical coupling force in equation (1) can be
expressed as:

− ΘV =
⎧
⎪⎨

⎪⎩

(RωΘ)2Cp
(CpRω)2+1X + Θ2R

(CpRω)2+1Ẋ c = 0

(RωΘ)2Cp
(CpRω)2+1X + Θ2R

(CpRω)2+1Ẋ − c
(RωΘ)2Cp
(CpRω)2+1 c �= 0

.

(13)

Finally, based on equation (13), we find that the
effect of circuit on the vibration system is to change the
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stiffness and damping of the vibration system. The equiv-
alent stiffness and damping caused by the circuit through
electromechanical coupling (only a pure load resistance is
considered in this work, which is an AC interface circuit)
are:

KAC =
(RωΘ)2Cp

(CpRω)2 + 1
, cAC =

Θ2R

(CpRω)2 + 1
. (14)

From equation (14), we find that the equivalent stiff-
ness KAC and equivalent damping cAC induced by the
circuit depend on the external excitation frequency ω,
the load resistance R, the capacitance of the piezoelec-
tric element Cp and the electromechanical coupling Θ.
We also note that the expressions of KAC and cAC are
independent of the vibration systems, that is, the change
of stiffness and damping are the same to linear, mono-
stable or bistable piezoelectric VEH. However, different
systems (monostable or bistable configurations) have dif-
ferent sensitivities to the change of stiffness and damping.
As a result, the interface circuit may impose different influ-
ences in terms of bandwidth and output power on different
VEHs.

3.2 Negative resistance circuit and voltage impulse
perturbation

3.2.1 Negative resistance circuit

In the electronics context, negative resistance is a prop-
erty of certain electrical circuits or devices in which an
increase in voltage across the device results in a decrease
in current through it. This is in contrast to an ordinary
resistor in which an increase of applied voltage causes a
proportional increase in current, resulting in a positive
resistance. In practical applications, negative impedance
converter (NIC) [40] is widely used to achieve negative
resistance. The detailed circuit design of NIC is shown in
Figure 2a. The negative resistance can be designed by tun-
ing resistors R1, R2 and R3 in the NIC circuit. The equiv-
alent resistance of the NIC circuit can be expressed as:

R �

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

R3 V < −Vlimit

−R1

R2
R3 |V | ≤ Vlimit

R3 V > Vlimit

, (15)

where Vlimit = [R1/(R1 +R2)]×Vs; Vs is the voltage of the
power supply for the operational amplifier (op-amp) and
V is the voltage across the piezoelectric element. When
|V | ≤ Vlimit, the voltage at node a (Va) is equal to V . Thus,
the current through R1 is V/R1, and the op-amp output
voltage at b is Vb = V × (1+R2/R1). The current I flowing
from the op-amp output through resistor R3 toward the
piezoelectric element voltage V is proportional to V but
opposing to V , that is, I = −V × R2/(R1 × R3). Hence,
the circuit behaves as a resistor with negative resistance

R = −R1 × R3/R2. Since the op-amp output voltage Vb

cannot exceed the voltage supplied to op-amp V s, there
is a limit of voltage Vlimit for V . Beyond Vlimit, Vb will
become a constant voltage source which is equal to Vs and
the NIC circuit is equivalent to R3 with the voltage source
Vs in series and connected to the piezoelectric element.

One example is given in Figure 2b to illustrate the
voltage-current characteristics of the NIC circuit. The
resistances used are R1 = 10 kΩ, R2 = 1 kΩ, R3 = 20 kΩ
and Vs = 30 V. Thus, the NIC circuit exhibits the nega-
tive resistance with R = −200 kΩ when V is in the range
of [−27.27 V, 27.27 V]. Out of this range, the NIC circuit
behaves as a normal positive resistor with R = 20 kΩ.

3.2.2 Voltage impulse perturbation

From Figure 2a, it is learned that when the NIC works as a
negative resistance, the current is flowing into the piezo-
electric element, providing an external excitation to the
system. To ascertain the effect of negative resistance on
the piezoelectric elements, the electromechanical coupling
coefficient is set to be zero and the governing equation of
the circuit (Eq. (2)) is simplified as:

CpV̇ +
1
R

V = 0. (16)

The solution of equation (16) is:

V = e
−

1
RCp

t

. (17)

The voltage response of equation (16) is simulated for
the positive and negative resistances. It is found that for
the positive resistance (R = 200 kΩ), the voltage V will
converge to zero. On the other hand, for the negative
resistance (R = −200 kΩ), the voltage V will increase
exponentially instead. It reaches to 27.7 V at 0.0578 s.
In this case, the electric energy of piezoelectric element is
quickly increased. This exponential voltage produced by
the electric self-oscillation when the piezoelectric element
is connected to negative resistance is named as the voltage
impulse in this paper. We term the perturbation induced
during the negative resistance stage as voltage impulse
perturbation, or for short, VIP. The NIC circuit contains
an op-amp, which needs an additional voltage supply Vs.
Vlimit determines the range of negative resistance and
affects the perturbation induced. Since Vs is related to
Vlimit proportionally, as a result, Vs is important to trig-
ger the high-energy-orbit responses when we explore the
negative resistance of the NIC circuit. The level of VIP is
controlled by adjusting Vs. On the other hand, the power
supply Vs consumes electrical energy. Fortunately, the
duration of the voltage impulse is extremely brief and the
power consumed by the NIC circuit is worthwhile con-
sidering the gain in output power after the harvester is
triggered and maintained on the high-energy orbit.

20902-p4



C. Lan et al.: Obtaining high-energy responses of nonlinear piezoelectric energy harvester

(a)        (b)

c

b
a

Fig. 2. (a) Negative impedance converter circuit and (b) its current-voltage characteristic curve.

Table 1. System parameters.

Parameters Values
Effective mass m (g) 8.82
Effective mechanical damping ca (Ns/m) 0.0354
Electromechanical coupling Θ (mN/V) 0.599
Capacitance of piezoelectric elements Cp (nF) 87
α (N/m) −91.476 (monostable); 22.176 (bistable)
β (N/m3) 1.825 × 106 (monostable); 4.035 × 106 (bistable)

3.3 Effect of negative resistance on mechanical
oscillator

Since the harvester is also under the harmonic base
excitation during the negative resistance stage, the stiff-
ness and damping of the harvester will change due to neg-
ative resistance. Thus, the effects of negative resistance
on the stiffness change and damping modification are
analyzed given the conditions of various excitation fre-
quencies, electromechanical coupling coefficients and
capacitances of piezoelectric elements. The system para-
meters are listed in Table 1.

From equation (14), given the same absolute value,
connecting a positive or negative resistance makes no dif-
ference for the induced equivalent stiffness. The resulting
total stiffness change will provide a perturbation to the
system in addition to the voltage impulse induced per-
turbation. However, its influence is negligible given weak
coupling condition.

The total damping of the system can be expressed as:

ctotal = ca + CAC, (18)

where ctotal, ca and cAC are the total damping, mechanical
damping and equivalent electrical damping induced by a
load resistance (positive or negative) of the system, respec-
tively. The positive resistance adds positive damping that
suppresses vibrations; while the negative resistance results
in a negative equivalent damping that reduces the total
damping ctotal or even leads to a negative ctotal. As a
result, during the negative resistance stage, the system

also receives a perturbation due to the damping modifica-
tion for a brief period of time (negative ctotal) in addition
to the voltage impulse induced perturbation.

Figure 3a shows the relation between ctotal and a
negative resistance R at the excitation frequency of 7 Hz.
ctotal becomes negative when R is located in [−573 kΩ,
−119 kΩ], which means that the nonlinear harvester
executes self-excited oscillations. Figure 3b shows that
the influence of negative R on ctotal can be quite differ-
ent at different excitation frequencies. For example, when
f = 21 Hz, the minimum value of ctotal is 0.01975 at
R = −87 kΩ. In this case, the negative resistance just
reduces the damping and ctotal is still positive. Accord-
ing to equation (14), the magnitude of equivalent damp-
ing cAC induced by negative resistance will decrease when
ω increases. Thus, ctotal increases with the increase of ω
and can be always positive (e.g., ω = 14 Hz and 21 Hz),
as shown in Figure 3b. Besides, the electromechanical cou-
pling (Θ) coefficient and capacitance of piezoelectric (Cp)
bimorph also have influences on the system’s damping.
Figure 3c shows the influence of Θ at the frequency of
7 Hz. It is noted that a larger Θ results in a larger equiv-
alent electrical damping cAC and ensures a wider range of
negative total damping ctotal. Figure 3d shows ctotal

increases with the increase of Cp, which leads to a
narrower range of negative ctotal. However, it is worth
mentioning that though the damping modification due to
the negative resistance could apply a perturbation during
the negative resistance stage given |V | � Vlimit, this
period is so brief that the effect of this perturbation is
less important compared to the voltage impulse induced

20902-p5



The European Physical Journal Applied Physics

(a) (b)

(c) (d)

Fig. 3. Effect of negative resistance on total damping (ctotal): (a) f = 7 Hz; (b) various excitation frequencies; (c) various
electromechanical coupling coefficients; (d) various capacitances.

(a) (b)

Fig. 4. Simulated perturbation induced by NIC circuit with different Vs: (a) displacement of VEH; (b) voltage across piezoelectric
element.

perturbation we discussed in Section 3.2.2. Generally
speaking, the major contribution to orbit jump using the
negative resistance circuit is the voltage impulse perturba-
tion. Hence, in the simulations and experiments, we focus
on the performance of VIP with varying VIP perturbation
level on the monostable and bistable PEH by giving
various Vs.

4 Dynamic response simulation

To investigate the effect of negative resistance and VIP,
the dynamic responses are simulated using Runge
Kutta method in MATLAB. The system parameters for
simulation are set to be the same as those obtained from
the prototype in the experiment, as listed in Table 1.

20902-p6



C. Lan et al.: Obtaining high-energy responses of nonlinear piezoelectric energy harvester

Fig. 5. Simulated upward and downward sweep voltage
responses of monostable piezoelectric VEH.

The resistors used in the NIC circuit are: R1 = 10 kΩ,
R2 = 1 kΩ, R3 = 20 kΩ. Thus, the equivalent resistance
can be calculated by equation (15). Notably, it is the
equivalent resistance that is applied in the Runge Kutta
scheme since the op-amp is not possible to be simulated
directly.

4.1 Perturbation and transient response by VIP

The perturbation induced by the NIC circuit is analyzed
without a base excitation applied to the harvester.
In this section, the monostable piezoelectric VEH is taken
for example. When the VEH is connected to a negative
resistance (R = −200 kΩ) suddenly, the displacement and
voltage across the piezoelectric element (V ) will increase
due to the current flowing into the piezoelectric element.
Once the piezoelectric element reaches Vlimit, the attached
resistor will be switched back to a positive resistor
R = 100 kΩ and the VEH will experience damped free
vibrations and V will eventually reduce to zero.

Two different voltage supplies are considered for
op-amp (Vs = 15 V and 30 V). Figure 4a shows the
dynamic response of VEH after VIP is applied (i.e., R =
−200 kΩ is used in simulation). It is noted that a larger Vs

will result in a higher level of perturbation. Similarly, in
Figure 4b, the peak-to-peak voltage across the piezoelec-
tric element in the first cycle after perturbation is 1.118 V
with Vs = 15 V, while it is almost doubled (2.247 V)
with Vs = 30 V. Clearly, the perturbation level can be
controlled by adjusting Vs. In the following sections, the
energy harvesting performance of monostable and bistable
harvesters with VIP applied at different levels will be
examined.

4.2 VIP for monostable piezoelectric VEH

This section investigates the capability of VIP to stim-
ulate high-energy-orbit oscillations for the monostable
piezoelectric VEH under harmonic excitations. The para-
meters of the monostable VEH are shown in Table 1.

First, a frequency sweep simulation is carried out to iden-
tify the region of the monostable VEH where multiple
solutions exist. A chirp function is used with the accel-
eration (peak value) kept at 2 m/s2 and a linear sweep
rate of 0.02 Hz/s. Figure 5 shows the upward and down-
ward sweep voltage responses. The multi-solution region
is [13.25 Hz, 14.18 Hz]. If the oscillations are stimulated
to jump from the low-energy orbit to the high-energy
orbit in the multi-solution region, the efficiency of the
VEH will be increased significantly. For example, the volt-
age outputs at low-energy and high-energy orbits are
5.59 V and 15.51 V, respectively when f = 13.5 Hz.

Based on the above sweep tests, we not only get the
multi-solution region, but also the displacement of the
harvester in this region. We then investigate the feasi-
bility of using VIP to stimulate and maintain the high-
energy-orbit oscillations at a few specific frequencies in
the multi-solution region. First, a reference displacement
xref (slightly smaller than the displacement obtained from
above sweep simulation) is set and will be used to judge
whether the high-energy solution is achieved after VIP
is applied. VIP is started to be applied at 150 s in the
simulation. The voltage across the piezoelectric element
increases immediately and once it reaches Vlimit, negative
R is switched back to the normal positive R = 100 kΩ.
If the resulting steady state displacement (normally takes
1–2 s to reach steady state) is larger than xref , high-
energy-orbit oscillations are regarded as achieved, and
negative resistance will be completely switched off. If the
resulting steady state displacement is smaller than xref ,
VIP will be attempted constantly. If the simulation can-
not trigger the high-energy-orbit solution by VIP by 400 s,
the simulation stops the attempt and it is regarded as
impossible to stimulate high-energy-orbit oscillations.

Figures 6a and 6b show the successful attempt to stim-
ulate the monostable VEH to jump from low-energy orbit
to high-energy orbit under the excitation of f = 13.3 Hz
and A = 2 m/s2 with Vs = 15 V and 30 V. The peak volt-
age output is improved from 6.675 V to 14.99 V after high-
energy-orbit is captured. Figure 7 shows the responses at
a higher frequency of 13.5 Hz with VIP applied. It is noted
that VIP fails to stimulate the high-energy-orbit oscilla-
tions after many times of perturbations for both Vs = 15 V
and 30 V. This is mainly because that the voltage gap
ΔV between the high- and low-energy orbits is increased
(Fig. 5). As a result, the perturbation induced by the nega-
tive resistance with Vs = 15 V and 30 V is not high enough
to make the jump happen. To increase the perturbation
induced by the negative resistance, the voltage supply Vs

is set to be 100 V and the attempt to capture high-energy
orbit is successful as shown in Figure 7c. This implies that
when the excitation frequency increases (but still within
the multi-solution region), a larger Vs is required to induce
a larger perturbation to trigger high-energy-orbit oscilla-
tions. There exists a critical supply voltage (V c

s ) for a
certain excitation frequency.

Further simulation is carried out to find the corre-
lation between V c

s and ΔV in the multi-solution region
as shown in Figure 8. It is revealed that, as the exci-
tation frequency increases, both V c

s and ΔV increase
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(a) (b)

Fig. 6. Simulated responses of monostable piezoelectric VEH with VIP: (a) Vs = 15 V; (b) Vs = 30 V (f = 13.3 Hz).

(a)

(c)

(b)

Fig. 7. Simulated responses of monostable piezoelectric VEH with VIP: (a) Vs = 15 V; (b) Vs = 30 V; (c) Vs = 100 V
(f = 13.5 Hz).

synchronously. The level of impulse voltage supply is not
a concern of applying the negative resistance method in
electromagnetic VEH since it has lower voltage output
that needs to be overcome. However, it is really an issue
for piezoelectric VEH as the piezoelectric VEH generates
a much higher voltage output. Though a higher supply
voltage is required for a higher frequency, the more evi-
dent voltage improvement (larger ΔV ) after obtaining the
high-energy orbit is worthwhile. Moreover, the position of
applying this pulse perturbation is another critical fac-
tor that affect the orbit jump. Let the phase φ represents
the control position. Then, the successful and unsuccess-
ful perturbations of varying phase φ and power supply
Vs are depicted in Figure 8b. It is noted that when Vs is

very low (e.g., less than 75 V), the impulse perturbation is
not capable of initiating the orbit jump no matter in what
phase the perturbation applied. As Vs increases to a
certain level, the successful jump is obtained in some
phases. Meanwhile, giving a larger Vs means an increasing
possibility of orbit jump. This characteristic agrees very
well with our simulations and experiments.

4.3 VIP for bistable piezoelectric VEH

As compared to the monostable piezoelectric VEH, the
bistable configuration has more complicated motions
including intra-well, chaotic and steady inter-well oscil-
lations (for short, inter-well oscillations). The intra-well
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(a)

(b)

Fig. 8. (a) V c
s and ΔV at various excitation frequencies

in multi-solution region of monostable piezoelectric VEH;
(b) mapping the successful (yellow) and unsuccessful (blue)
perturbations for varying phase π and power supply Vs.

and chaotic oscillations are not desired and the VEH
needs to be stimulated to jump from them into inter-
well oscillations to enhance the output. In this section,
the performance of VIP for bistable piezoelectric VEH
is evaluated with various perturbation levels in terms
of Vs.

The bistable piezoelectric VEH has the parameters
of nonlinear stiffness as shown in Table 1. The chirp
excitation applied is the same as that for monostable
case, that is, A = 2 m/s2 and a sweep rate of 0.02 Hz/s.
Figure 9 shows the upward and downward sweep res-
ponses. Two multi-solution regions are observed,
namely, [6 Hz, 7.35 Hz] and [8.57 Hz, 11.84 Hz]. Intra-well,
chaotic and inter-well oscillations may coexist in these
regions.

Subsequently, we excite the bistable VEH at f = 7 Hz
with A = 2 m/s2 in the first multi-solution region. The
bistable VEH will oscillate in a single well with zero initial
values. After applying VIP with Vs = 15 V at t = 150 s,
the bistable VEH captures steady state oscillations

  
Fig. 9. Simulated upward and downward sweep voltage
responses of bistable piezoelectric VEH.

between the two wells as shown in Figure 10. The peak
voltage after VIP applied is 8.15 V, improved from 2.1 V
with intra-well oscillations. To figure out how long the
high-energy and low-energy oscillations take to recover
the energy consumed by the NIC circuit, the voltage res-
ponses and harvested energy are presented in Figures 10c
and 10d. The voltage perturbation is applied when t ∈
[150 s, 150.1 s]. Figure 10c shows that when t < 150 s,
the bistable VEH is oscillating on the low-energy orbit
with a relatively low output. As the voltage perturba-
tion is applied, the harvested energy dips instantly. After
that, the energy starts to recover and the energy accum-
ulation becomes quicker since high-energy orbit is cap-
tured. Figure 10d indicates that the consumed energy by
NIC circuit is equal to the harvested energy on low-
energy orbit in 2.87 s while it only takes 0.535 s for the
system to recover this energy on high-energy orbit.
Meanwhile, the output power of low-energy oscillation is
only 0.02 mW while that of high-energy oscillation
is 0.416 mW.

To further investigate the effect of perturbation level
at various excitation frequencies, two different voltage
supplies (Vs = 15 V, 30 V) and four different excita-
tion frequencies in the second multi-solution region (f =
9, 9.5, 10, 10.5 Hz) are chosen, respectively. Their dynamic
responses are shown in Figure 11. We know from Figure 4
that these two different Vs will result in two different
levels of perturbation. At f = 9 Hz and 9.5 Hz, both
perturbations (Vs = 15 V, 30 V) enable the bistable VEH
to jump from the chaotic oscillations into inter-well oscil-
lations easily. However, when f is increased to 10 Hz, the
low-level perturbation (Vs = 15 V) fails to stimulate the
inter-well oscillations, while the high level one (Vs = 30 V)
can still work. When f is further increased to 10.5 Hz, both
perturbation levels fail to stimulate the inter-well oscilla-
tions. These characteristics of bistable VEH are similar
to that of monostable VEH. From Figure 9, it is learned
that the improved voltage ΔV increases with the increase
of excitation frequency. A larger perturbation is needed
accordingly to stimulate the inter-well oscillations when
f is increased.
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Fig. 10. (a) Simulated responses, (b) phase diagram, (c) harvested energy and (d) comparison before and after VIP of bistable
piezoelectric VEH (f = 7 Hz, Vs = 15 V).

5 Experimental validation

The experimental setup is shown in Figure 12. Two
cylindrical permanent magnets are used as a repulsive
magnet pair. The properties of the magnets and the
dimensions and derived lumped parameters of the proto-
type could be found in our previous work [38]. The magnet
distances between the facing two surfaces are 11.2 mm and
10 mm respectively, representing typical monostable and
bistable configurations. The linear and nonlinear stiffness
of the system resulting from adding the magnetic inter-
action are listed in Table 1. The base motion is provided
by an electro-dynamic shaker (APS Dynamics, APS113)
controlled by a vibration controller (Vibration Research,
VR9500). The shaker excites the nonlinear VEH horizon-
tally such that the influence of gravity can be ignored.
Throughout the experiment, the peak acceleration is set
to be 2 m/s2. A load resistance R = 100 kΩ is connected to
the harvester and its voltage output is acquired by a DAQ
module (National Instruments, NI 9229). A DC power
supply is used in the experiments for op-amp (Fairchild,
LM358N). It can generate a DC voltage with 15 V or 30 V.
A mechanical switch is used to manually switch the
piezoelectric output connection to the NIC circuit or the
normal load resistance R = 100 kΩ. The resistors used
in the NIC circuit are the same as those in the simula-
tion in Section 4. Therefore, Vlimit and effective negative
resistance are also consistent with those in the simula-
tion. Moreover, since the resistance of the load produces

an equivalent stiffness and damping to the nonlinear sys-
tem, it indeed affects the dynamics and performance of
nonlinear energy harvester. In a preliminary investigation
on the effect of varying resistance on the performance of
monostable VEH [38], it is learned that as the resistance
is close to the short circuit or open circuit, the output
power is very low. The value of the load is chosen to be
R = 100 kΩ, close to the optimal resistance, and relative
large output can be maintained within a wide bandwidth
(the prototype used in this paper is the same as that in
reference [38]).

When R is connected and the NIC circuit is discon-
nected, the voltage across R is the same as that across the
piezoelectric element. While when we switch the piezoelec-
tric connection to the NIC circuit and R is disconnected,
there is no voltage measurement across R. Thus, the
durations when zero voltage is observed in the experi-
mental results in the following sections correspond to the
disconnection of R.

5.1 Perturbation and transient response by VIP

Similar to the simulation in Section 4.1, to confirm that
the NIC circuit can induce VIPs to the harvester, pre-
liminary transient test is conducted for the monostable
VEH without base excitation. After the NIC circuit is
connected and then disconnected suddenly, the voltage
response across the load resistance R is obtained for
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(b) (f)

(a) (e)

(c) (g)

(d) (h)

Fig. 11. Simulated responses of bistable piezoelectric VEH with VIP: (a)–(d) Vs = 15 V; (e)–(h) Vs = 30 V.
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Fig. 12. Experimental setup.
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(a)

(b)

Fig. 13. Measured perturbation induced by NIC circuit with different Vs.

different levels of Vs. Figure 13a indicates that when the
harvester is connected with the NIC circuit at t = 3.7 s,
an impulse voltage close to Vlimit (13.64 V) is immedi-
ately induced. When the circuit is switched back to the
positive load resistance, damped free vibration of the sys-
tem is observed. Comparing the voltage amplitudes of the
first cycle with two voltage supplies Vs = 15 V and 30 V
(Fig. 13), we note that the induced voltage after VIP
applied is ΔV = 0.657 V and 1.26 V, respectively.
These characteristics confirm that a larger perturbation
can be generated by a higher Vs, similar to the conclu-
sion from previous simulations. In the following sections,
we compare the performances of monostable and bistable
piezoelectric VEH after applying VIP with these two
perturbation levels.

5.2 VIP for monostable piezoelectric VEH

In this section, the VIP is applied to the monostable
piezoelectric VEH to test its performance. First, the multi-
solution region needs to be identified. Based on the
upward and downward sweep results shown in Figure 14,
the multi-solution region is determined to be [13.4 Hz,
14.7 Hz], which is slightly different from simulation.
Subsequently, we test the feasibility of VIP with two
levels to stimulate the high-energy-orbit oscillations in the
multi-solution rage. Two excitation frequencies of 13.5 Hz
and 14 Hz are chosen. The peak acceleration is kept at
A = 2 m/s2, same as that in simulation.

Fig. 14. Measured upward and downward sweep voltage
responses of monostable piezoelectric VEH.

Figure 15a shows that at f = 13.5 Hz, high-energy-
orbit oscillations are successfully induced and maintained
after three VIP attempts with Vs = 15 V. It is easier
to achieve this by using a higher Vs = 30 V (Fig. 15c).
The peak voltage is improved from 5.03 V (low-energy
orbit) to 10.5 V (high-energy orbit). At f = 14 Hz
(Figs. 15b and 15d), for both Vs = 15 V and 30 V, VIP
fails to stimulate the high-energy-orbit oscillations after
a great number of attempts. By calculating the difference
value of voltage gap ΔV between the high-energy and low-
energy orbits, we find that ΔV is 5.87 V at f = 13.5 Hz
and it is significantly increased to 9.23 V at f = 14 Hz
(Fig. 14). Though a larger voltage improvement (ΔV ) will
be obtained at f = 14 Hz, the successful jump from
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(a) (c)

(b) (d)

Fig. 15. Measured voltage responses of monostable piezoelectric VEH with VIP: (a) f = 13.5 Hz, Vs = 15 V; (b) f = 14 Hz,
Vs = 15 V; (c) f = 13.5 Hz, Vs = 30 V; (d) f = 14 Hz, Vs = 30 V.

low-energy to high-energy orbit needs a higher perturba-
tion that is related to Vs. Because of the limitation in the
op-amp and DC power supply, higher voltage supply (such
as 100 V) is not available to test.

5.3 VIP for bistable piezoelectric VEH

Experiment is carried out to further investigate the fea-
sibility of VIP for bistable piezoelectric VEH. The mag-
net distance is adjusted to be D = 10 mm to obtain the
bi-stability. Nonlinear parameters α and β are shown in
Table 1. The base acceleration is set to be A = 2 m/s2

in these sine sweep tests, same as those in the simula-
tion. First, the multi-solution regions are determined to
be [6 Hz, 6.8 Hz] and [9 Hz, 12 Hz] by upward and down-
ward sweeps as shown in Figure 16.

Subsequently, we excite the bistable VEH at f = 9 Hz
in the multi-solution region. The bistable VEH is trapped
in a single well with a peak voltage V = 3.6 V across load
resistance R, as shown in Figure 17a. After applying VIP
with Vs = 15 V, the bistable VEH successfully jumps into
an inter-well oscillation with a peak voltage V = 7.4 V.
By given a different initial value, the bistable VEH can
undertake chaotic oscillations at f = 9 Hz, as shown in
Figure 17d. The voltage when bistable VEH experiences
inter-well oscillations after VIP applied is 7.4 V, signifi-
cantly improved compared to that of the chaotic motions.
To further study the effect of perturbation level at various

Fig. 16. Measured upward and downward sweep voltage re-
sponses of bistable piezoelectric VEH.

excitation frequencies, two different voltage supplies
(Vs = 15 V, 30 V) and five different excitation frequencies
in the multi-solution region (f = 9, 9.5, 10, 10.5, 11 Hz) are
tested. Measured voltage responses across R are shown in
Figure 17. For f = 9 Hz and 9.5 Hz, the jumps from
the intra-well or chaotic oscillations into inter-well oscilla-
tions are successfully achieved by these two perturbations.
However, when f is increased to 10 Hz, the low-level VIP
(Vs = 15 V) fails to maintain the inter-well motions, while
the high-level perturbation (Vs = 30 V) still works. When
f is further increased to 10.5 Hz and 11 Hz, even the high
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(a) (d)

(b) (e)

(c) (f)

Fig. 17. Measured voltage responses of bistable piezoelectric VEH with VIP: (a)–(c) Vs = 15 V; (d)–(f) Vs = 30 V.

(a) (b)

Fig. 18. Measured voltage responses of bistable piezoelectric VEH with VIP: (a) f = 10.5 Hz; (b) f = 11 Hz (Vs = 30 V).

perturbation levels (Vs = 30 V) fail to stimulate the inter-
well oscillations after many attempts (Fig. 18). These
experimental results are qualitatively consistent with what
we found in the simulation. It is demonstrated that the
successful jump from low-energy orbit to high-energy orbit
by applying VIP remarkably increases the output voltage
for bistable VEH. However, as the voltage gap between
the two orbits (expected improved voltage) ΔV increases
with a higher excitation frequency, a larger perturbation
is required to stimulate the inter-well oscillations.

6 Conclusions

In this paper, a voltage impulse perturbation is investi-
gated on its capability of stimulating high-energy-orbit
oscillations for both monostable and bistable piezoelec-
tric VEH within the region where multiple solutions exist.

The perturbation is generated base on a negative resis-
tance circuit. Though the equivalent stiffness and the neg-
ative equivalent damping during the negative resistance
stage affects the dynamics of the structure, it is mainly the
voltage impulse generated by negative resistance circuit
that produce a strong mechanical perturbation to the
VEH structure through piezoelectric element. Such
perturbation is applied to the nonlinear VEHs without
additional mechanical components. The higher supply
voltage Vs will result in a larger mechanical perturbation.
Then, the voltage impulse perturbation method is applied
to both monostable and bistable piezoelectric VEHs. The
effect of perturbation level is investigated. From the sim-
ulation and experiment, important conclusions are drawn:
(1) it is feasible to use the proposed voltage impulse
perturbation method to stimulate high-energy-orbit osci-
llations for both monostable and bistable piezoelectric
VEH and therefore achieve higher outputs over a wide

20902-p14



C. Lan et al.: Obtaining high-energy responses of nonlinear piezoelectric energy harvester

bandwidth; (2) it is revealed that the more improved out-
put obtained after high-energy orbit is captured by VIP
is accompanied with a demand of a higher level of voltage
impulse perturbation.
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tion of Northwestern Polytechnical University (No. W099108).
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