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A general formalism to describe the dynamics of quantum emitters in structured reservoirs is in-
troduced. As an application, we investigate the optical coherence of an atom-like emitter diagonally
coupled via a link-boson to a structured bosonic reservoir and obtain unconventional dephasing dy-
namics due to non-Markovian quantum feedback for different temperatures. For a two-level emitter
embedded in a phonon cavity preservation of finite coherence is predicted up to room temperature.

Few-level quantum systems such as atoms, molecules,
and their artificial counterparts in solid state structures
are envisioned as fundamental building blocks of quan-
tum communication, encryption and computation [1–4].
In solid state systems, interactions between the impuri-
ties, quantum dots – as few-level, or in the ideal case
two-level emitters (TLE) – and the collective excitations
of the surrounding bulk material -, especially acoustic
phonons - are perceived as the main threat to coherence
and the functioning of quantum information processing
on such platforms [5–8].

Optical excitation of these emitters restructures the
local electron configuration, which in turn changes the
equilibrium positions of the atomic cores in the bulk.
While the system equilibrates, the generated phonons in-
duce a wide range of phenomena such as the damping
of Rabi oscillations [9, 10], cavity-feeding [11], striking
photon-phonon coupling [12, 13], incoherent excitation of
the emitter [14–16], and phonon-assisted quantum inter-
ferences [17, 18]. Thus, in comparison to isolated atomic
systems, solid state systems are generally considered to
have larger dephasing and damping rates that could be
overcome only by cooling them to very low temperatures,
still leaving phonon emission as a source of decoherence.
Due to the interaction of artificial emitters in the solid,
these processes cannot be completely eliminated, how-
ever, the idea of controlling the interaction between these
emitters and their reservoir (e.g. acoustic phonons) has
motivated theoretical investigations to turn this draw-
back into a useful and essential feature.

In recent proposals a dissipative interaction is used to
induce phonon-lasing [19], ground-state cooling [20, 21]
or even stabilization of the dynamics [17, 22, 23] in the
strong coupling regime. Nevertheless, for efficient reser-
voir engineering, a more general theoretical framework is
needed to handle a wide variety of different systems and
structured reservoirs at finite temperatures.

In this Letter, we propose a model where a two-level
emitter (TLE) is coupled to a dissipative link-boson
(LB) such as an optical phonon [24–26] or an acous-
tic cavity mode [27–30]. In practice, such a dissipa-
tive single bosonic link-mode can be realized by phonon-

confinement in layered structures [29, 31–33] or photonic-
phononic crystals [28? ]. The dynamics of the link-boson
can be controlled via its initial state and interaction with
the reservoir structured by an imposed boundary con-
dition, cf. Fig. 1(a). This way the infinite degrees of
freedom of the reservoir amount either to enhanced or
suppressed dephasing of the TLE [17, 34] and may even
introduce, e.g., time-delayed feedback into the system dy-
namics. Such a reservoir-structuring can be realized by
phononic Bragg mirrors [28, 29, 31? –33].

The interaction between acoustic phonons (here a sin-
gle, cavity confined mode) and the TLE can be for-
mulated as a spin-boson interaction [6, 7], where the
continuum of phonon modes are assumed to have non-
Markovian correlations with an Ohmic spectral density
[35, 36]. As an example, the independent boson model
accurately describes the dephasing dynamics of the emit-
ter but is limited to unilateral phase-destroying processes
without the build-up of quantum entanglement between
emitter and reservoir due to missing excitation exchange
[5, 7, 37–39]. Here, we demonstrate to overcome this lim-
itation by connecting the emitter via a LB to the reser-
voir and allowing for excitation transfer in between. This
excitation transfer introduces quantum interference into
the system dynamics, enables reservoir-engineered quan-
tum coherence, and forms a robust recipe for quantum
state preparation [40, 41].

The investigated model in this Letter is a good ex-
ample of diverse applicability for boson-emitter interac-
tions as, besides acoustic phonons and quantum dots, it

Figure 1. (a) Schematics of potential setups to consider. A
quantum emitter is coupled to a single-mode phonon cavity,
which is embedded in a waveguide without edge (b), and with
a perfectly reflecting edge (c).
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also describes a wide range of other setups especially in
the context of circuit QED. Micro- and nanomechanical
resonators coupled to Nitrogen-vacany centres [42, 43],
Cooper boxes [20, 21, 44–47], Josephson junctions and
SQUIDs [48–50] are perfect platforms for testing fun-
damental quantum mechanics as well as quantum non-
demolition measurement of the TLE [51, 52]. Also, in
optical lattices, recent experiments show large control
over single vibration modes in ion traps with generalized
spin-boson coupling [53]. A straightforward extension of
these systems are when the quantum emitter is located
on the surface of the mechanical resonator interacting
with the vibration mode via a strain-mediated coupling
[40, 54–56].

In the following, we demonstrate that the introduc-
tion of a link-boson allows an analytical solution for a
wide range of problems unattainable within the typical
independent boson model [5, 37, 39]. We also show that
structuring the reservoir-LB interaction can be used to
steer the dynamics of the TLE with the goal of coher-
ence preservation. Moreover, our approach explores, to
our knowledge, for the first time quantum feedback be-
yond the T = 0 K limit.

Model. We consider a (so far arbitrary) set of system
operators P̂ (†)

i which are connected to a single bosonic
mode with annihilation (creation) operator b̂(†). This link
boson (LB) couples the system (S) with another bosonic
reservoir described by r̂(†)k , cf. Fig.1(a). In its most gen-
eral form, the model assumes the following Hamiltonian:

Ĥ = ĤS + ĤR + ĤLB

(
b̂, b̂†, P̂i , P̂

†
i

)
(1)

where ĤS describes the free evolution of the system op-
erators P̂ †i , i.e. ĤS =

∑
i ~ωiP̂

†
i P̂i. The LB interacts

with the bosonic reservoir via ĤR:

ĤR/~ =ω0b̂
†b̂ +

∫ [
ωkr̂
†
kr̂k + gk(r̂

†
k b̂+ b̂†r̂k)

]
dk, (2)

where k numbers the lowering (raising) operators for a
reservoir mode with wave number k and gk describes
the k-dependent interaction strength between the two
bosonic fields. The system and the LB interact via the in-
teraction Hamiltonian ĤLB

(
b̂, b̂†, P̂i , P̂

†
i

)
with coupling

strength Di (cf. Fig.1(a)), which will be specified later.
The effective action of the reservoir {r̂k, r̂

†
k} on the LB

is given by the solution of the LB-reservoir dynamics,
ĤR in Eq. (2). Using Heisenberg equations of motion,
the LB-dynamics can be represented with a linear map:

b̂(t) = F (t)b̂(0) +

∫
Gk(t)r̂k(0)dk, (3)

where F (t), Gk(t) are c-number functions satisfying
[b̂(t), b̂†(t)] = 1 at all times. We provide in the follow-
ing two examples for the LB-reservoir interaction.

Case (i): a dissipative, Markovian, irreversible inter-
action of the LB with its reservoir (gk = g0). A typical
example is given in Fig. 1(b), a single two-level system
couples to a single mode of a photonic/phononic nanocav-
ity b(†). The Markovian interaction leads to a dissipative
link-boson dynamics and to the propagators:

Fd(t) = e−(iω0+κ)t, (4)

Gdk(t) = −ig0
∫ t

0

e−(iω0+κ)(t−t′)−iωkt
′
dt′, (5)

where κ = πg20/(2c) is the decay rate of the LB into the
continuum of modes of the reservoir. This case is well
documented in literature [2, 3, 5, 57, 58].

On the other hand in case (ii): We consider a k-
dependent coupling (gk). We focus on a reservoir mode
structure including a half-open cavity scheme, visualized
in Fig. 1(c). This reservoir coupling produces a coher-
ent time-delayed, partially reversible, feedback to the LB
(gk = g0 sin[ckτ/2]), where τ = 2L/c is the roundtrip
time and c is determined by the dispersion relation valid
in the reservoir [57, 59]. Solving exactly the reservoir-LB
leads to the following c-number functions F,G. (cf. [60]
sec. A for detailed derivation):

Ffb(t) =
∞∑

m=0

κm

m!
e−B(t−mτ)(t−mτ)mθ(t−mτ), (6)

Gfbk (t) =

∞∑

m=0

−igkκmθ(t−mτ)
(Ak +B)m+1

[
eAk(t−mτ)− (7)

− e−B(t−mτ)
m∑

n=0

1

n!
(Ak +B)n(t−mτ)n

]
,

where κ is defined as before and the coefficients as
Ak = −iωk and B = iω0 + κ. The expressions above
include non-trivial feedback quantities depending on the
previous roundtrips (integer multiples of τ) of the fields b
and rk. These terms represent some interesting quantum
interference phenomena such as coherence stabilization,
and give access to the reservoir dynamics [61–64].

TLE-phonon interaction. Because of the analytical so-
lutions, Eq. (3), the model is applicable to a wide range of
system-LB interactions. To provide an example, we con-
sider an optically excited spin/two-level emitter single-
phonon mode interaction [65]. This specific example of
a system-LB interaction (cf. Fig.1(b-c)) is of great im-
portance as it describes the loss of coherence in quantum
systems enforced by level-shifts of the emitter [66–68] or
between quantum emission processes with impact on pho-
ton indistinguishability [69–71]:

ĤLB(t) = ~D[b̂(t) + b̂†(t)]P̂ †(t)P̂ (t), (8)

where P̂ = |g〉〈e| is the lowering operator of a single TLE.
Note, that this model implies the pure dephasing limit,
where the level-spacing of the TLE (~ωi = ~ωeg) is much
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greater than the energy of the LB (~ω0), and the popula-
tion for the TLE

〈〈〈
P̂ †P̂

〉〉〉
is not influenced by the reservoir.

In contrast to the population, the coherence amplitude〈〈〈
P̂ †
〉〉〉
is strongly affected, showing for instance non-trivial

dynamics due to feedback.
A relevant effect to investigate is the controllability of

coherence
〈〈〈
P̂ †(t)

〉〉〉
by the reservoir coupling mechanism

gk and to introduce different unconventional dephasing
dynamics. We choose the coherence as our observable as〈〈〈
P̂ (t)

〉〉〉
= Tr

{
ρ̂(t)P̂ (t)

}
, and define the ratio between the

absolute square of the polarization at time t normalized
by the initially given coherence as our figure of merit with
η(t) = |

〈〈〈
P̂ (t)

〉〉〉
|2/|
〈〈〈
P̂ (0)

〉〉〉
|2.

The goal of the modification of the LB-reservoir dy-
namics gk : g0 → g0 sin(kL) [62–64, 72, 73] is to re-
store/stabilize as much of the initial coherence for as
long as possible. Since the effect of the surrounding
reservoir dynamics is fully incorporated in the LB’s
time trace, we can evaluate the Liouville-von Neu-
mann equation explicitly in the interaction picture as
i~ ˙̂ρI(t)P̂ (t) = [ĤLB(t), ρ̂

I(t)]P̂ (t) = ĤLB(t)ρ̂
I(t)P̂ (t)

due to ĤLB(t)P̂ (t) ≡ 0 (details are given in [60] sec. B).
This equation can be solved recursively, yielding:

ρ̂I
P̂
(t) = exp

[
−i
∫ t

0

ĤLB(t1)dt1

]
· (9)

exp

[
−1

2

∫ t

0

∫ t1

0

[ĤLB(t1), ĤLB(t2)]dt2dt1

]
ρ̂I
P̂
(0),

where we abbreviate ρ̂I(t)P̂ (t) =: ρ̂IP (t), and Tr[ρ̂I
P̂
(t)] =〈〈〈

P̂ (t)
〉〉〉
. Since time-dependence of ĤI(t) can be expressed

solely by c-number functions and initial operators which
are time-independent, cf. Eq. (4-7), an exact formula
can be obtained for the dynamics of the observable P̂ (t).
Such an analytic expression can be derived for arbitrary
mixed state and temperature-dependent reservoir states,
as well as for coherent feedback with structured reservoirs
at a finite temperature. The expression for the general
solution can be written as (cf. [60] sec. B)

ρ̂I
P̂
(t) = exp

({
−iωegt− iD

[
γ(t)b̂(0) + γ∗(t)b̂†(0)

]

− iD

∫ [
Nk(t)r̂k(0) +N∗k (t)r̂

†
k(0)

]
dk

− D2φ(t)
}
P̂ †P̂

)
ρ̂I
P̂
(0) (10)

with

γ(t) =

∫ t

0

F (t′)dt′, Nk(t) =

∫ t

0

Gk(t
′)dt′, (11)

φ(t) =Im
[∫ t

0

(F (t′)γ∗(t′) +
∫
Gk(t

′)N∗k (t
′)dk)dt′

]
.

Taking the trace of the above expression with a given
set of initial conditions for the system, the link boson,

Figure 2. The normalized absolute value of the polarization
dynamics (η(t)) as a measure of coherence. The absorption
spectrum at 300K with and without feedback. Parameters:
ω0 = 1 THz, D = 200 GHz, κ = 20 GHz, κτ = 157.1×{1, 3}.
and the reservoir, the expectation value of the time-
dependent coherence is evaluated as:
〈〈〈
P̂ (t)

〉〉〉
= Tr

{
ρ̂I
P̂
(t)
}
= σS(t)σLB(t)σR(t), (12)

σS(t) = 〈e| ρ̂S(0) |g〉 =
〈〈〈
P (0)

〉〉〉
e−iωegt−iφ(t), (13)

σLB(t) =
∑

m

{
〈m| e−i[γ(t)b̂(0)+γ∗(t)b̂†(0)]ρ̂b(0) |m〉

}
,

σR(t) =
∑

{nk}
〈{nk}| e−i

∫
[Nk(t)r̂k(0)+N

∗
k (t)r̂

†
k(0)]dkρ̂R(0) |{nk}〉

where ρ̂S(0), ρ̂LB(0), ρ̂R(0) characterize the initial coher-
ences of the TLE, the link-boson, and the reservoir, re-
spectively. m and nk represent the initial photon number
states of the LB and the reservoir mode in k. The ob-
tained expression gives the time-evolution of the coher-
ence

〈〈〈
P̂ †(t)

〉〉〉
. Note that although here we only consider

pure dephasing, similar derivation can be given for other
quantum noise effects, at least by using established ap-
proximation schemes [57].

We now discuss the results for the two exam-
ples (i) and (ii), introduced before in Fig. 1(b) and
(c), respectively. In order to include temperature,
we use the canonical statistical operator ρR(0, T ) =

exp[
∑
k ~ωkr̂

†
k(0)r̂k(0)/(kBT )]/Z. Fig. 2 shows the cor-

responding time traces η(t) and their Fourier transforms
(inset), which is proportional to the absorption spec-
trum R[

〈〈〈
P̂ (ω)

〉〉〉
] for parameters in a high-Q phonon cav-

ity in the regime of realizable experimental platforms on
nanofabricated hybrid-systems [27, 74, 75].

Example (i):LB exposed to Markovian loss. Let us con-
sider the usual reservoir coupling in the Markovian limit
gk = g0 (blue, solid lines) and assume the same initial
temperature for the reservoir and the cavity. The dynam-
ics of the LB, given an initial coherence, is shown. Due to
the Markovian reservoir, the coherence decays in propor-
tion to the coupling strength g0 without an excitation ex-
change between the system and the LB. The coherence is
irreversibly lost to the presence of infinite reservoir modes
for longer times (κt� 1). In this case, the expected and
well-known LB-satellites are broadened due to the pres-

3



Figure 3. Time-evolution of the normalized coherence (η(t))
with and without feedback for different temperatures. Param-
eters: ω0 = 1 THz, D = 200 GHz, κ = 20 GHz, κτ = 0.031.

ence of dissipation provided by the structureless reservoir
as expected (cf. Fig. 2 (inset), [60] sec. C.) [76, 77]. The
dynamics changes significantly, when the link boson cou-
ples to a structured reservoir, which is discussed in the
following example.

Example (ii): LB exposed to non-Markovian quantum
feedback. The strength of the developed approach is that
we can treat a structured reservoir with finite occupa-
tion and with a boundary condition (here at L [78]),
which introduces coherent feedback into the S-LB dy-
namics as well as the build-up of entangled reservoir-
LB dynamics. This coherent feedback for quantum sys-
tems has been proven an efficient way to recover lost
quantum information from a reservoir with infinite de-
grees of freedom and appropriate boundary condition.
For optical excitations, this manifests as a reduction in
the effective linewidth and enhanced quantum properties
such as squeezing [79, 80], or recovered Rabi oscillations
[61]. It also has proven to be useful for the manipula-
tion of steady state behaviour of a given quantum system
[73, 80]. Here, for the LB-feedback case, we examine two
limiting cases: the long-delay (Fig. 2, dashed and dashed-
dotted lines) and short-delay limit (Fig. 3, dashed and
dashed-dotted lines).

In the long-delay limit (κτ � 1), the feedback loop re-
duces the decay rate of the coherence. In Fig. 2 (dashed,
green line), the LB-TLE interference is restored in time-
domain due to the feedback mechanism, which reduces
the effective linewidth of the LB-peaks in the absorption
spectrum (inset: dashed, green line). However, we see
that the feedback phase, i.e. the specific position of the
reflecting surface (ω0τ = 2k0L) has only a weak impact,
i.e. the green (dashed) and orange (dashed-dotted) line
in Fig. 2 are almost identical. The only difference arises
from the fact that for decreasing delay, it is more likely
that the TLE and the LB interact due to the reduced
effective decay rate. In the long-delay limit (κτ � 1),
the LB excitation is absorbed entirely in the reservoir
before being fed back. Thus, the significance of the spe-
cific phase ω0τ is negligible, and in fact, eventually the
whole coherence is lost into the reservoir regardless of the
reduced linewidth.

Figure 4. Colormap of the normalized absolute value of the
TLE polarization (η(t)) at 200 ps as a measure of leftover
coherence. Without feedback the system decoheres rapidly at
higher temperatures, whereas with feedback a finite coherence
is preserved even for room temperature. Parameters: ω0 = 1
THz, D = 200 GHz, κ = 20 GHz.

In the case of short delay (κτ � 1), however, quantum
interferences between the LB and reservoir occur, as with
decreasing time delay τ , there is a higher chance that the
feedback signal observes a finite LB-excitation. This re-
sults in an oscillating coherence of the TLE, showing the
coherent dynamics of the LB and the system restored by
feedback, cf. Fig. 3 (green and magenta lines). Despite
its initial thermal state, the introduced memory of the
environment preserves a large portion of the initial coher-
ence of the TLE, in contrast to the case without feedback
when all coherence is inevitably diminished, cf. Fig. 3 for
different temperatures. The amount of leftover coherence
decreases with growing temperature of the phonon reser-
voir, cf. Fig. 4 and [7]. Interestingly, the persistance of
the initial coherence holds up to very high temperatures
in contrast to the case without feedback, in which the
coherence is damped even at T = 0 due to spontaneous
emission of the LB into its reservoir. Also, as discussed
in [60] sec. D, the propagation phase ω0τ becomes an im-
portant parameter as it determines the frequency of the
recovered oscillations.

Conclusion. We have given a general framework for
the description of a structured reservoir induced quantum
dynamics which is introduced to the system Hamiltonian
ĤS via a link-boson ĤLB . In case of a TLE coupled
to a link-boson an analytical expression is provided for
the resulting unconventional dephasing dynamics. Since
analytical solutions are provided, this method is capa-
ble of giving predictions for initial Fock excitation ([60]
sec. E) or even arbitrary reservoir states of all involved
bosonic fields. Our investigations demonstrate a robust
reestablishment of LB-system oscillations in a continu-
ous environment with structured coupling, even at finite
temperatures, allowing to stabilize the initial coherence
of the electronic system. The introduced theoretical de-
scription of such an effect opens up a new horizon for
reservoir manipulation as, to our best knowledge, calcu-
lations for a quantum system with time-delayed coherent
feedback at a finite temperature has not yet been per-
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formed before.
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A. DERIVATION OF THE COEFFICIENTS IN THE LINEAR MAP WITH FEEDBACK

The main point of taking the interaction picture is to describe the environment’s influence on the system only
through its coupling to the LB by introducing a time-dependence for the LB. The interaction picture Hamiltonian is
considered as

ĤI/~ = ĤR/~ + ĤS/~ = (1)

= ĤS/~ + ω0b̂
†b̂ +

∫ [
ωkr̂
†
kr̂k + gk(r̂†k b̂+ b̂†r̂k)

]
dk,

from which the following equations of motion can be derived for the reservoir operators and the LB:

˙̂
b = −iω0b̂(t)− i

∫
gkr̂k(t)dk,

˙̂rk = −iωkr̂k(t)− igk b̂(t).

Note that by exchanging gk to g0 we obtain the usual Markovian time-evolution. By formally integrating the second
equation and substituting it back to the equation of motion for the LB, we obtain the following:

˙̂
b =− (iω0 + κ)b̂(t)− i

∫
gke
−iωktr̂k(t)dk −

∫ t

0

b̂(t′)
∫
g2
ke
−iωk(t−t′)dkdt′

Introducing a specific boundary condition for the problem to induce coherent feedback
(
gk = g0 sin (kL) = g0 sin

(
ωkτ

2

))

gives for the last term:

−
∫ t

0

b̂(t′)
∫
g2
ke
−iωk(t−t′)dkdt′ =

g2
0π

2c

∫ t

0

b̂(t′) [δ(t− t′ + τ) + δ(t− t′ − τ)− 2δ(t− t′)] dt =

= κ
[
b̂(t− τ)− b̂(t)

]
,

thus the equation of motion for the LB with the effective action of the environment becomes:

˙̂
b = −Bb̂(t)− i

∫
gke

Aktr̂k(0)dk + κΘ(t− τ)b̂(t− τ), (2)

where we used

B = iω0 + κ, Ak = −iωk, κ =
πg2

0

2c
.

The usual way of dealing with time-delayed equations of motion is to apply the method of steps, where the solution
is evaluated for each τ -interval by first ignoring the delay-term and then substitute the solution obtained for the
previous τ -interval into the last term.

Let us follow this through the example of the first two τ -intervals. For 0 < t < τ we have the following equation of
motion:

˙̂
b = −Bb̂(t) +

∫
Dk(t)r̂k(0)dk,

Dk(t) = −igkeAkt,
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for which we can obtain the solution

b̂(t) = e−Btb̂(0) +

∫
Gk0(t)r̂k(0)dk,

Gk0(t) =

∫ t

0

Dk(t′)e−B(t−t′)dt′ = − igk
Ak +B

(
eAkt − e−Bt.

)

By exchanging gk for the k-independent g0, this recovers the Markovian coefficient Gdk(t) as in eq. (5) in the main text.
Substituting the above obtained solution back into the last term of Eq. (2) gives the following equation of motion for
the time-interval 0 < t < 2τ :

˙̂
b =−Bb̂(t) + κΘ(t− τ)b̂(t− τ) +

∫ [
Dk(t) + κΘ(t− τ)Gk0(t− τ)

]
r̂k(0)dk,

for which we can obtain the solution

b̂(t) =
[
Θ(t)e−Bt + κΘ(t− τ)e−B(t−τ)(t− τ)

]
b̂(0) +

∫ [
Θ(t)Gk0(t) + Θ(t− τ)Gk1(t)

]
r̂k(0)dk,

Gk1(t) = κ

∫ t

τ

Gk0(t′ − τ)e−B(t−t′)dt′ = − igkκ

(Ak +B)2

{
eAk(t−τ) − e−B(t−τ) [1 + (Ak +B)(t− τ)]

}
.

Similarly solving the next time-interval, the following ansatz can be assumed for a general coefficient Gkm(t):

Gkm(t) =− igkκ
m

(Ak +B)m+1

[
eA(t−mτ) − e−B(t−mτ)

m∑

n=0

(t−mτ)n

n!
(Ak +B)n

]
.

The next step in our derivation is to prove that by using the same general recursive method as demonstrated for
Gk1(t), we obtain the next coefficient in the same form (M = m+ 1):

GkM (t) = κ

∫ t

(m+1)τ

Gkm(t′ − τ)e−B(t−t′)dt′ =

= − igkκ
Me−Bt

(Ak +B)M

[∫ t

Mτ

e(Ak+B)(t′−Mτ)eBMτdt′ − eBMτ
m∑

n=0

(Ak +B)n

n!

∫ t

Mτ

(t′ −Mτ)
n
dt′
]

=

= − igkκ
Me−B(t−Mτ)

(Ak +B)M

[
e(Ak+B)(t−Mτ) − 1

Ak +B
−

m∑

n=0

(Ak +B)n

n!

(t−Mτ)n+1

n+ 1

]
=

= − igkκ
M

(Ak +B)M+1

[
eA(t−Mτ) − e−B(t−Mτ)

M∑

n=0

(t−Mτ)n

n!
(Ak +B)n

]
.

For the coefficients of b̂(0) a similar process leads to the general formula:

Fm(t) =
κm

m!
e−B(t−mτ)(t−mτ)m.

By summing up these contributions as

Ffb(t) =
∞∑

m=0

Θ(t−mτ)Fm(t),

Gfbk (t) =

∞∑

m=0

Θ(t−mτ)Gkm(t),

we obtain the final form of these coefficients given in the main text in eq. (6,7).
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B. DERIVATION OF Tr {ρ̂P (t)}

In order to determine the expectation value for an arbitrary system operator P̂ (t), we start from the Liouville-von
Neumann equation in the interaction picture, where we yield:

−i~ d
dt
ρ̂I(t) = [ĤLB(t), ρ̂I(t)],

and from eq.(1,2) in the main text:

ĤLB(t) = Û(t)ĤÛ†(t)− i~Û(t)
˙̂
U†(t),

Û(t) = exp
(
i(ĤS + ĤR)t

)
,

since the system operators commute with the reservoir. Thus note, the system-LB interaction becomes time-
dependent, and in the time-dependence the full reservoir interaction is present as we saw in Appendix A.

Let us focus on the spin-boson interaction, where using Eq. (1) we obtain:

ĤLB(t) = Û(t)ĤÛ†(t)− ĤI(t) = ~D
[
b̂(t) + b̂†(t)

]
P̂ †(t)P̂ (t), (3)

P̂ (t) = P̂ (0)e−iωegt. (4)

in this case our system is a TLE with the corresponding coherence operator

P̂ = |g〉〈e| . (5)

In order to determine the polarization dynamics, the time evolution of the density operator can be used in the
interaction picture as

i~
dρ̂I
dt

P̂ (t) =
[
ĤLB , ρ̂I

]
P̂ (t),

dρ̂I
dt

P̂ (t) = −iD
[
b̂(t) + b̂†(t)

]
P̂ †(t)P̂ (t)ρ̂I P̂ (t). (6)

By exploiting the intrinsic linear dynamics of the TLE coherence (4) we obtain:

dρ̂P
dt

= −iB̂(t)P̂ †(0)P̂ (0)ρ̂P , (7)

ρ̂P (t) = ρ̂I(t)P̂ (0), (8)

B̂(t) = b̂†(t) + b̂(t). (9)

A stroboscopic solution of the equation of motion for short time steps gives:

ρ̂P (t+ ∆t) =
(

1− iB̂(t)P̂ †(0)P̂ (0)∆t
)
ρ̂P (t) ≈ (10)

≈ e−iB̂(t)P̂ †(0)P̂ (0)∆t · e−iB̂(t−∆t)P̂ †(0)P̂ (0)∆tρ̂P (t−∆t). (11)

The Baker-Campbell-Hausdorff formula can be applied for the time-evolution operator as for the LB-operators the
following commutation relation is valid: [B̂(t1), [B̂(t1), B̂(t2)]] = 0, thus:

ρ̂P (t) = exp

{(
−i
∫ t

0

B̂(t1)dt1 −
1

2

∫ t

0

∫ t1

0

[B̂(t1), B̂(t2)]dt2dt1

)
P̂ †(0)P̂ (0)

}
ρ̂P (0) =

= exp
{

Υ̂(t)P̂ †(0)P̂ (0)
}
ρ̂P (0) (12)

from which eq. (10) in the main text can be obtained by using the definitions (11).
In order to obtain the expected time-evolution of the coherence, evaluating the trace of the expression above requires

the following expectation value:

Tr {ρ̂P (t)} =
∑

m,i,nk

〈i,m, {nk}| ρ̂P (t) |i,m, {nk}〉 . (13)

3



where, i = e, g accounts for the electronic states, m = 0...N counts the phonon number in the cavity, and nk refers to
the reservoir states.

Tr {ρ̂P (t)} =
∑

m,i,nk

〈i,m, {nk}| eΥ̂(t)P̂ †(0)P̂ (0)ρ̂I(0)P̂ (0) |i,m, {nk}〉

By analyzing the electronic part of the above expression it is visible that only the expectation value taken with the
excited state gives a contribution. As [Υ(t), P̂ †(0)P̂ (0)] = 0 and (P̂ †P̂ )n = P̂ †P̂ ,

〈e| eΥ(t)P̂ †(0)P̂ (0) = eΥ(t) 〈e| . (14)

Thus we obtain expression (13,14) in the main text.

C. RECOVERING THE INDEPENDENT BOSON MODEL

In order to be consistent, we generally assumed the same temperature for the reservoir and the phonon cavity. In
this case we have the following contributions:

σR(t) = exp

{
−1

2

∫
|Nk(t)|2 [2nk(T ) + 1] dk

}
,

σb(t) = exp

{
−1

2
|γ(t)|2 [2nb(T ) + 1]

}
,

where nk(T ) and nb(T ) are the average occupation of the reservoir and LB modes respectively at temperature T :

nb =
1

e
~ω0
kT − 1

nk =
1

e
~ωk
kT − 1

However, by evaluating eq. (13) in the main text for the polarization dynamics, we can derive a closed solution in
the limit of reservoir temperature T = 0:

Tr
{
ρ̂dP (t)

}
=

1

2
exp

{
−Θ(t)

|D|2
|B|2

[
2B∗t+ nb(T )

(
1 + e−2κt

)
+

1

2

(
3− e−2κt

)
+ i

ω2
0 − 3κ2

|B|2 sin(ω0t)e
−κt− (15)

−
(

2nb(T ) + 1 + i
4ω0κ

|B|2
)

cos(ω0t)e
−κt + i

ω0

2κ

(
1− e−2κt

)
+

2κ

|B|2
(
−2B∗ +B∗e−Bt +Be−B

∗t
)]}

,

where nb(T ) is the expected phonon number from the initial thermal distribution. The shift of the satellites in the
spectrum - also mentioned in the main text - is clearly visible for high enough coupling to the reservoir or the emitter.

Further simplifying this case, we arrive to another useful formula, when the LB is not interacting with the reservoir:
(g0, κ→ 0):

ρ̂ibm
P (t) = σe(0) exp

{
i
D2

ω0
t− D2

ω2
0

[
(1 + nb)(1− e−iω0t) + nb

(
1− eiω0t

)]}
, (16)

which is the same that can be derived from the independent boson model [1, 2].

D. INFLUENCE OF THE FEEDBACK PHASE

In the case of time-delayed coherent feedback, a short feedback length means that the accumulated propagation
phase becomes an important parameter. At phases π and 2π mod2π we recover oscillations with ω0, whereas the
other phases adjust the frequency mod2π as it can be observed in Fig. 1 for π/2 and 5π/2.

Note that the feedback phase has a less significant effect on the amount of leftover coherence than the length of the
corresponding time-delay. Its contribution becomes visible mainly in the frequency of oscillations and in the amplitude
of recovered oscillations. In order to quantify the latter we depicted the standard deviation of the normalized coherence
dynamics η = |

〈〈〈
P̂ (t)

〉〉〉
|2/|
〈〈〈
P̂ (0)

〉〉〉
|2 over 200 ps as a function of temperature and propagation phase in Fig. 2.
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Figure 1. Time-evolution of the coherence with feedback for different time-delays. Parameters: T = 300 K, ω0 = 1 THz,
D = 200 GHz, κ = 20 GHz.

Figure 2. The standard deviation of the normalized polarization dynamics with feedback over 200 ps as a function of temperature
and feedback phase. In case of constructive interference (integer multiples of 2π) more pronounced oscillations can be observed,
whereas for destructive interference (odd integer multiples of π), these oscillations are more damped. Parameters: T = 300 K,
ω0 = 1 THz, D = 200 GHz, κ = 20 GHz.

E. INITIAL FOCK EXCITATION IN THE LB

Let us assume n bosons for the LB in the beginning (σb(0) = |n〉〈n|) and 0 K for the reservoir.

σb(t) =
∑

m

〈m| e−i[γ(t)b̂(0)+γ∗(t)b̂†(0)] |n〉〈n| |m〉 = 〈n| e−i[γ(t)b̂(0)+γ∗(t)b̂†(0)] |n〉 . (17)

If n is set to 0, we have a series, which results in the typical exponential evolution:

σb(t) = exp

[
−|γ(t)|2

2

]
. (18)

which is equivalent to the zero temperature case. Higher Fock contributions can be calculated by using the Baker-
Campbell-Hausdorff formula, since

[−iγ∗(t)b̂†(0),−iγ(t)b̂(0)] = |γ(t)|2, (19)

thus

σb(t) = 〈n| e−iγ∗(t)b̂†(0)e−iγ(t)b̂(0) |n〉 e− |γ(t)|
2

2 . (20)
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which can be evaluated as

σb(t) =
(
〈n| e−iγ∗(t)b̂†(0)

)(
e−iγ(t)b̂(0) |n〉

)
e−
|γ(t)|2

2 =

=


〈n|

n∑

l=0

[
−iγ∗(t)b̂†(0)

]l

l!







n∑

l′=0

[
−iγ(t)b̂(0)

]l′

l′!
|n〉


 e−

|γ(t)|2
2 =

=
n∑

l=0

[
−|γ(t)|2

]l

l!

(
n

l

)
e−
|γ(t)|2

2 .
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