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ABSTRACT

In this paper, we examine the problem of robust sta-
bilization of time-delay nonlinear systems which are in
parametric strict feedback (PSF) form. We propose an
iterative procedure of stabilizing controller construction
similiar to backstepping procedure for this class of time-
delay nonlinear systems.

1. INTRODUCTION

Robust stabilization for nonlinear structural systems
has long been an interesting and challenging problem.
Since the inception of the matching conditions in the
control literature by Leitmann’s paper [7], a number
of systematic design procedures has been developed to
stabilize nonlinear systems satisfying these conditions;
see [3, 2, 1, 4, 11, 5, 8] for example. With the recent
development of geometric theory for nonlinear feedback
systems, there emerges a number of robust controller
design techniques for linearizable nonlinear systems
with mismatched nonlinearities/uncertainties. In [6],
an iterative procedure known as backstepping has been
developed to design adaptive controllers which glob-
ally (locally) stabilize systems which are in so-called
parametric-strict-feedback (parametric-pure-feedback)
form. In [9], the authors considered systems which are
of a much more general form than the PSF. An iterative
procedure, similiar to backstepping procedure has been
used to construct a globally stabilizing state feedback
controllers for those systems. Nonlinear systems with
block-traingular structure have been further studied in
[10] where the backstepping procedure is also used to
provide global stabilization.

Recently, the problem of stabilization of uncertain time-
delay systems has been of great interest to many re-
searchers. The motivation of this paper stems from
the fact that all the aforementioned results assumed
that the nonlinear systems under investigation are free
of time-delay. As we know that, in general, the exis-
tence of time delay degrades the control performance
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and sometimes makes the closed-loop stabilization dif-
ficult, especially when the systems are nonlinear. What
we intend to do in this paper is to propose an iterative
procedure for designing a stabilizing controller for un-
certain time-delay nonlinear systems which are in PSF
form.

The rest of the paper is organised as follows: In Sec-
tion 2, we give a brief description of nonlinear systems
which will be discussed throughout the paper. In Sec-
tion 3 we propose an iterative robust controller design
procedure for the class of nonlinear systems outlined in
Section 2. Some conclusions are drawn in Section 4.

2. SYSTEM AND PRELIMINARIES

The class of single input time delay nonlinear systems
to be considered in this paper is given by

2i(t) = Fi(wi(t)) + Hi(wi(t — 7))
) +G1(w,~(t))x,~+1; i:ly"',n——l
() = Fa(we(t)) + Ho(wa{t — 7))
+ Gn(wn(t))u
where xi
are the state variables, w;(t) = [x1(2), - -, z;(t)] are the
state vectors, wi(t — 1) = [£1(t — 1), -+, z;(t ~ 7)] are

the delay state vector and u € R is the control input of
the system. The nonlinear functions Fi(-), Hi(-), Gs(")
and H;(-) with F;(0) = 0 and H,(0) = 0 are assumed
to satisfy the following conditions:

C1: The nonlinear function Fj(w;(t)) is assumed to be
a Carathéodory function and to satisfy

|F3(wi ()] < Y |2 | Kr, (w; (1))

j=1

where Kp, (w;(t)) are known smooth nonlinear func-
tions.
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C2: The nonlinear function H;(w;(t — 7)) is assumed
to be a Carathéodory function and to satisfy

| Hi(wi(t ~ 7)) < et — )| K (wilt — 7))
i=1

where Kp,,(w;(t — 7)) are known smooth nonlinear
functions.

C3: 0 < Gi(w;) < % where v; are known positive
constants.

To simplify our controller design, we introduce the fol-
lowing nonlinear coordinates transformation:

T{ oA . @

z; z— ¢i—i(ric1); 1=2,--,n

where ri(t) = [z1(t), -+, 2(t)] and ¢;_1(ri—1) with
$i—1(0) = 0 are some smooth functions. The system ¥
under transformation 7 becomes

5= filri(t)) + hi(ri(t — 7))
+ gi(rs (1)) [zig1 + Gi(ri ()] + i1 (ri(?))
L 0¢i_1(ri1)
» Th,,(rp(t ), (2.2)
n(t)) + hn(ra(t = 7))
n(rn(t))u + Yn_1(ra(t))

£y Qf%lz(:iﬁhp("p(t‘ﬂ) (23)

)

-

+
3

—

+

Q

3

p=1
where f;(r;(¢)), hi(ri(t — 7)) and g;{r;(t)) are functions
Fi(wi(8)), Hi(w;(t — 7)) and Gy(w;(t)) in new coordi-
nates, respectively. Also

Yia(nlt)) = i%%gﬂ{fp(rp)

+ 9p(rp)[2p+1 + bp(rp)]} (2.4)

It is readily seen that Conditions C'1 — C'3 under trans-
formation 7 are given as:

TCL:  |fi(r)] < 35y 1251pii(r5(1)) where pij(w;(t))
are known smooth nonlinear functions.

TC2:  |hi(ri(t — )| < 3imy 12i(t = 7)leij (ri(t — 7))
where g;;(2;(t — 7)) are known smooth nonlinear func-
tions.

TC3: 0 < g;(r;) < 7 where v; are known positive
constants.

Remark 1. We stress that conditions given in TC1 and
TC2 are very weak. As the matter of fact, for any given
smooth function, say M (z1,za, - -,z;) with M(0) =0,
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there always exist smooth functions m;(z1, - - -, #;) such
that

Mz, 20, -, 2;) = zimi(21) + xoma(zy, z2)

o emi (2, 2).

3. MAIN RESULT

In this section, we present a design procedure, similiar
to the backstepping procedure for constructing a nonlin-
ear asymptotically stabilizing controller for the system
¥ satisfying Conditions C1-C3. The proof is given by
explicitly show how to construct a nonlinear asymptot-
ically stabilizing controller.

Theorem 3.1. If the system (L) satisfies Conditions
C1-C8, then there exists a state feedback controller such
that the closed-loop system is asymptotically stable.

Proof. Construction of a ¥’s controller: The design
procedure adopted here is very similar to backstepping
procedure [10, 6, 9].

Step 1. Under transformation 7, the system ¥’s first
equation becomes

Z'l fns fl (Zl(t)) + hl(zl(t - 7'))
+ g1(z1(t))[22 + ¢1(z1)] (3.1)

First let ignore the term g1(21(¢))22 and choose the
Lyapunov function V;(z1) = 322(t) + ftt_T S(z1(0)) do
where S(z1(c)) is a positive function yet to be deter-
mined. The time-derivative of V;(z1) along (3.1) reads

Viz1) = a®lAlza@) +hki(zt - 7))
+91(21(t))¢1(21,1)] (3.2)
+ S(z1(t)) = S(z1(t — 7))

By triangular inequality and Conditions TC1 and TC2,
(3.2) becomes

Viz1) < 2 (0)p1(a1(8) + 52E()
+%Z§(t - 7)9%1(21 (t - T)) (3_3)
+S(Z[(t)) —S(zl(t—r)) ’
+ z1(t)g1(21(t))$1(21).

Choose
Sta(o) = 334(0) Lnem(o» - Ze%(zl(a))}
we have

Vi(z1) <z {p(=1(t)) +

3

L1
2
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+ z1(t)g1(z1(t)) o1 (21)

At =7 [(n - Deti(ar(t ~ 7))

DIACUEL) (3.4

L
2

In order to have Vl(zl) < 0, we may select ¢1(z1) as

41(2) = = a(O1Fer + o1 (1) (3.5)
where
plaat) = 5+ pa)+

% no?, (=1 (¢ +ZQ,1 (z1(t (3.6)

and ¢y is a positive constant. Substitute (3.5) into (3.4)
yields

Vi(n) < '%Clzf(t) - %zf(t —~T) %
[(n—1)a (a1t — 7))
+ 3 el — )] 7

< 0.

Step 2. The second equation of system X under trans-
formation 7~ becomes

zz = fa(ra(t)) + ha(ra(t — 7))
+ 92(r2)[23 + @2(r2)] (3.8)
+ 1 (ro) + 2B Ry (2 (8 - 1)

where
i) = 288
+o(1 ()22 + b (1)) (39

Choose a new Lyapunov function as
1 t
Vi) = Vi) + g2+ [ Selralo) do (30)
t—71

where S3(r2(0)) is a positive function yet to be com-
puted. Using (3.7), it is easy to show that the time
derivative of (3.10) along (3.1) and (3.8) is given by

Va(ra) < —gclzf -

[Z o5 (21 (t— 1)) + (n— 1)o? (2 (t — T))]

+ 219121 (1)) 22 + 22{ fa(r2()) + ha(zy (ro(t — 7))

'2—2:%@-—-7') X

+ g2(r2(t))[23 + 2(r2)] + ¥1 (ra(t))
420 ey - )

+52(ra(t)) = Sa(r2(t ~ 7))
(3.11)

Again using triangular inequality and Conditions TC1
and TC2, (3.11) becomes

. n 1
Va(ra) < —§clzf - izf(t —-T) %

+{n =2l (=t - T))}

+ 2 palra0) + 1+ 325~ )y (ralt — 7)) +

2
+ 221 (ra) + +2191(71) 20 + 123 (6% (fl)>

2
+ 22(1)g2(r2(t))[23 + d2(ra(t))]
+ Sa(ra(t)) — Sa(re(t — 7))
(3.12)

Let us derive an upper bound for the term za91(21) +
z191(#1)#2. Using triangular inequality, we have

lzz[?/)l(zl) + 2191 (21)]] <
374 { (B a0

n 2
+ Cert o)) +a1(e0)

+ 2

9¢1(z1)
821 2

1 1
’71} + -2 < —z2<1>1(z1) —2-zf (3.13)
where ®;(z1) is a known smooth function (smooth-
ness of ®;(z;) is assured by Conditions TC1 and TC2).
Choose

S(rafe)) =

N}

23 (0)[(n ~ 1)e3(r2(0))

+

072(r2())] (3.14)
i=3
and with the upper bound derived in (3.13) and the
choice of S(ry(c)) given in (3.14), (3.12) becomes

(n—-1)

Va(rg) < — 5

c1z; — %zf(t - 7) X

> ok (z(t — 7)) + (n = 2)e? (= (t — r))}

i=3

I¢1 (Z1)>

0z

+ 22 {pz(rz)+1+ ( 5

-+ @1(21)]
1
+ 523(1) [(” ~ 1)eza(ra(t)) + ZQ:? (raft }

+22(0)9a(r2) 25 + 62(r2)] - % (=) x
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[(“ = 2003 (r2(t = 7)) + D aha(ra(t - T))} (3.15)

1=3

Similiar to Step 1, we first forget about the term con-
taining z3. Choose

¢2(ra) = -;1;22 [(n; 1)61z2 + wg(rg)] (3.16)
where

2
pa(ra) = patr) + 14+ (2585} 4 S

R
2

(n = 1) g3 (r2(t +ZQ,2rzt] (3.17)

and with the choice of ¢s(r2) given in (3.16), (3.15)

becomes

ia(ra) < =y - o2 — )
[(n 96 (aalt = 7)Y e (eale - r))]
=3

50— )Y dhalra(t = 7))

1=3
+(n ~2)g5(r2(t = 7). (3.18)

Step k (3 <k <n —1). Under transformation 7, the
system ¥’s kth equation becomes

2y = fi(re) + he(re(t = 7)) + Yr_1(rk(t))
+y k(Tk(t))[ZkH + ¢ (re(t))] (3.19)
+ Zk 1 8¢ 1{7‘k Qh (T’r(t—T))

where
2 9k-1(ri-1)
Ye-1(rs) = Z—ap'—{fp( »)
p=1
+9p(rp)[zp4+1 + &p(rp)]}- (3.20)

Choose a new Lyapunov function as

t

Sk (rx(0)) do(3.21)

t—T1

1
Vi(re) = Vie—1(re—1) + 5213 +

where Si(r;(0)) is a function yet to be found. Follow
from Steps 1 and 2, it can be shown that the time-
derivative of Vi (rg) reads

k-1

. 2—k
Vk(rk) < __(_T_l_+2—)_61 ZZ,%
p=1

+zk lgk rk zk——Zz t—T)

4009

{(n——k—l—l)g” (r(t +ng re(t — 7)) }
+2e{ fu(rx) +gk(7°k)[zk+1 + d(rx)]
+ Y1 (rr-1) +Z(%k 1(rk

p=1 “p
+Sk (i () — Sk (re(t — 7).
(3.22)

zpt—'r

Again by triangular inequality and Conditions TC1 and
TC2, Eq. (3.22) becomes

k-1 k-1
Vk(rk)S—(ndi';-—k)m z;%—-;- ij(t——r)
r=1 Jj=1
{(” —k)eki(rt =)+ Y eli(ra(t - T))}
i=k 41

k
+zr-19k-1(rk-1)2k + 22 {pr(rk) + 5}

52206~ T)ewk(rult - r))
+Zkgk(rk)[zk+1 + dx(r

1 4] T
+2xe—1(rk) + ZZZ< ¢ 1(re-1 >
+Sk(re(t)) — Sk(rk( - 7))(3.23)
Let us derive an upper bound for the term

2k ¥r-1(Pk—1) + zk—19k—1(Tk-1)2zx. By using triangu-
lar inequality, we obtain

=
lzelthk—1(rk-1) + zk—1gk -1 (re-1)]| € 5 Zz,?
p 1
k-1
1 A 6¢k 1 T'k 1
+§z ‘?:;{ 62,, o

+< : rk_l
_;_p) 1]+ gre—1(re- 1))2

Po(rp) + ¢p(rp)

1 13
< §zk¢k 1(rk-1) 522: »  (3.24)

where ®4_1(rx—1) is some smooth nonlinear function.
Once again, forget about the term containing z4i.
Choose

Sk(r(0)) = 522(0)(n = k+ Veti(r(o))

+ 3 im0 (3.25)

i=k+1
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and with the choice of Sk (7% (¢)) given in (3.25) and the
upper obtained in (3.24), we have

(m) < mtl_:’ilc 53..1

Vk zk 1
"'% ) { 93_7 rk t - T)
+ E'ﬂﬂk t ))}
+z2{px(r )+ + 31 (1)} (3.26)

2

+ Zlcgk(rk)ﬁbk("k) + 52k Zz;ll (Mhé;z:hl )
Zk (@)[(n — k + 1ok (re(t))

+ 1~k+1 Q,zk(rk(t))]

Choose ¢ (ry) as

bn(re) = =2, [Mq + gok(rk)] (3.27)

Yk 2
where
ko1 1,
Ok (k) = pr(re) + 5 + 5 ®k-1(ri-1) + 52 () x
[(" ~ k+1)ed(re@®) + Qz?k(rk(t)):l (3.28)
izk+1

Follow the same analysis as in k = 2 case, we have

Vi(rs) < mcxzﬁ__izp
~i T A= {n-Rem-7)  (329)
+ Zg._k-{-l Q‘IJ(rk(t“T))}

Step n. Under transformation 7, the last equation be-
comes

tn = fi(rn) + hn(rn(t = 7)) + gn(rn)u

n-1
+Pno1(r) + %l%%tﬂh,,(rp(t ~-7).  (3.30)
p=1

where

n-t1(rn) = E;-ql Mfih_—l{fp(rp (3.31)
+9p(rp)[2p41 + &5 (rp)]} )

Choose a new Lyapunov function as

t

1
Vn(rn) = Vn-—l("’n—l)+ EZ,Q, “+
o

S (o)) dor(3.32)
where S, (7, (0)) is a function yet to be determined. It
can be shown that the time derivative of (3.32) reads

Vi(rn) < DD DD 2t T)x

{QJJ (ri(t—7) + an('l"n(t - T))}

+ Zp.. 1gn(7°n)zn + Zn{fn(rn) + gn(rn)u (3.33)
+ Tpmy Pasga=tlhy (5p(t ~ 7))}

"Hpn l(rn) + Sn (rn(t)) Sﬂ(rn(t - T))

With triangular inequality and Conditions TC1 and
TC2, (3.22) becomes

Vk(rk —C1 Zp“
+zn{pn (rn 2 }
+ lzg(t - T)an('rn 1 - 7'))

+2ngn ()t + 20 Un-1(rs) ) (3.34)
+ -;-zg Ez;ll _3¢’n—812§:n_1))

+Sn(rn(t)) ~ Salra(t — 7).

24+ Zn-lgn(rn)zn

Again, let us derive an upper bound for the term
Zn¥n-1(rn) + Zn-1gn(rn)sn. By using triangular in-
equality, we have

‘Zn[‘/)n-— rn-—- + Zn-—lgk(rn)]l < %Zz;ll Zg
+§ 2 71 {( Qn-lgrw— 2)(

zp
2
[Pp(rp) + L__}_:P_lcl + ep Tp)] + gn("n)) (3.35)
- Qn—lsrn—-lz
. B2, + $¥a-1 }

22‘:1," 1{rn- 1)+ Zn.—.ll ;

where ®,,_1(rp—1) is a smooth function. Choose

5n(rn(0)) = 572(2) [eha(ra(0))] (3.36)

and with the choice of Sp(rn(c)) given in (3.36) and
the upper bound derived in (3.35), we have

Va(ra) < =31 Zpoi 23 + 2i{pn(ra)
+ o+ E @“_ (Tn 1)}+zn9n(rn)

Q =1(rna1 ) 2 (337)
+%2§ Zp:l n 63:

+323 (1) enn(ra(t))

Now choose uft) as

u(t) = ~$zn [%cl + gog(rn)] (3.38)

7
where
n 1
<Pn(rn) = Pn(rn) + - “(I)n—l(rn—l)

+§zn<t)aﬁn(rn<t» (3.59)

Follow the same analysis as in k = 2 case, we obtain
1 7
Valra) S =5e13_ 5. (3.40)
p=1

Clearly, (3.40) implies that the variables z; are expo-
nentially stable. Now all we need to do is to show that

4010
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system X is asymptotically stable or z; are asymptoti-
cally stable. From the transformation defined in (2.1),
we have the following relationship:

lz1] = |a] (3.41)
[z:] = |z + di(ri)]
< w4 |¢i(ri)], for i=12,3,---,n (3.42)

Note that ¢;(0) are zero because of p;(0) = 0 and
©;(0) = 0. Clearly from (3.42), we deduce that z; are
asymptotically stable. \avavg

4. CONCLUSIONS

In this paper, the problem of robust stabilization of
time delay nonlinear system with a triangular struc-
ture has been addressed. An iterative procedure with
similiar to backstepping procedure has been proposed to
construct a robust control which stabilizes this class of
time-delay nonliner systems.
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