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As it is the 200th anniversary of Darwin’s birth, 2009 has also been marked as 170 years since the 
publication of his book Journal of Researches, commonly referred to as The Voyage of the Beagle.  
During the voyage Darwin landed at Valdivia and Concepcion, Chile, just before, during and after a 
great earthquake which demolished hundreds of buildings, killing and injuring many people.  It was a 
giant natural catastrophe.  He saw the land rise before his eyes.  Land was waved, lifted, and cracked, 
volcanoes awoke and giant ocean waves attacked the coast. 

There are two main goals of this book.  The first is emphasising the priority of Darwin in the 
description and the analysis of the results of the severe earthquakes (Chapter I).  Extracts from 
Darwin’s Diary and Narrative 2, ‘Journal of Researches’ and ‘The autobiography of Charles Darwin’ 
are presented.  In the extracts Darwin described a few days of his work.  Perhaps, those days were 
among the most important days of his life.  We group the material of the extracts so that a reader can 
trace the evolution of Darwin’s thoughts.  The key observations and ideas of Darwin, presented in the 
material, are shortly formulated.  Then these ideas are analysed and compared with modern 
experimental and theoretical data.  In particular, Darwin wrote ‘… the whole body of the sea retires 
from the coast, and then returns in great waves of overwhelming force...’, ‘… Santa Maria was 
upheaved nine feet…’ (Santa Maria is the island), ‘… the displacement at first appears to be owing to a 
vorticose movement beneath each point thus affected;…’.  Taking into account Darwin’s key ideas we 
construct the mathematical models of natural catastrophic phenomena.  Chapter II is devoted to 
catastrophic ocean waves.  The Lagrangian description is used.  Highly-nonlinear wave equations, 
which describe the evolution of the waves propagating over a variable depth, are derived.  Attention is 
focused on the transresonant evolution of periodic ocean waves, catastrophic waves, and tsunami.  An 
appearance of extreme waves is explained by resonant effects.  The theory of uplift, loosening and 
rupture of weakly-cohesive geomaterials, gassy soils, and magma under sharp decompression within 
tension-seismic waves is developed in Chapter III.  In particular, our attention was attracted by 
Darwin’s words ‘… a severe earthquake, may, I think, be attributed to the disturbance of mud 
containing organic matter…’.  Because of the global warming the mathematical description of 
properties of gassy liquids and soils becomes more and more timely.  The last Chapter is devoted to 
Nonlinear Science problems, in particular, to the evolution of initially smooth wave motion into vortex 
motion and turbulence.  This evolution can take place in many layered systems: ground, ocean, air, and 
plasma.  The generation of elastica (mushroom)-like waves, surface drops and jets, vortices and 
turbulence is simulated by the same highly-nonlinear wave equation.  The transresonant evolution of 
highly-nonlinear waves is studied.  The transition to turbulence of these waves is modelled.  It is 
emphasized that relatively simple-nonlinear wave equations can describe wide spectrum of catastrophic 
wave phenomena. 
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Graphic drawing of Charles Darwin when he was a geologist (up to 1846).   
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..., I look at the natural geological record, as a history 
of the world imperfectly kept, and written in a 
changing dialect; of this history we possess the last 
volume alone,... 
Charles Darwin, On the Origin of Species by Means 
of Natural Selection, London, John Murray, 1859, p. 
311. 

 

Preface 

On February 12 1809 Charles Robert Darwin was born at The Mount in Shrewsbury, Shropshire, 

England.  He was named after his uncle Charles, who had died a few years back, and his father Robert.  

At the time when he was finishing his studies at Cambridge, the Government was sending a warship 

called ‘The Beagle’ in order to revise naval maps and charts.  They wanted a naturalist who could study 

the plants and animals of the different countries.  Darwin was chosen for this post. 

He was abroad for five years (1831-1836) and came home with a great mass of notes and 

observations, used for some books and papers.  Besides being a brilliant naturalist, Darwin could write 

with great force and clearness, gaining his books a readership greater than the usual for scientists.  

Among his many books, the Journal of Researches, commonly referred to as The Voyage of the Beagle, 

stood out by appealing to all. 

 
Hunting with the Bolas as described in The Voyage of the Beagle.  (After [1]). 
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As it is the 200th anniversary of Darwin’s birth, 2009 has also been marked as 170 years since 

the publication of his book Journal of Researches.  In particular, this book contains much information 

about peoples, birds, animals, and plants.  There Darwin published his thoughts concerning the 

evolution theory.  In particular, Darwin formulated his important idea of the evolution theory ‘…Seeing 

this gradation and diversity of structure in one small, intimately related group of birds, one might 

really fancy that from an original paucity of birds in this archipelago, one species had been taken and 

modified for different ends …’ [2, p. 456].  Darwin was also interested in the geological structure and 

geological evolution of South America [3, 4]. 

Darwin landed at Valdivia and Concepcion, Chile, just before, during, and after a great 

earthquake, which demolished hundreds of buildings, killing and injuring many people.  It was a giant 

natural catastrophe.  He saw the land rise before his eyes.  Land was waved, lifted, and cracked, 

volcanoes awoke and giant ocean waves attacked the coast.  Some of these events were considered 

unbelievable.  For example, the simultaneous eruption of many volcanoes, spread over a great distance 

or islands, rising by up to three metres.  Darwin may have been the first to describe these unfamiliar 

phenomena.  His description of the tsunami could easily be read as a report from Indonesia or Sri 

Lanka, after the catastrophic tsunami of 26 December 2004.  Darwin was the first geologist to observe 

and describe the effects of the great earthquake during and immediately after.  These effects sometimes 

repeated during severe earthquakes; but great earthquakes, like Chile 1835, and giant earthquakes, like 

Chile 1960, are rare and remain completely unpredictable.  This is one of the few areas of science, 

where experts remain largely in the dark [5-8]. 

His observations included strong ground motion induced by the earthquake.  It is now known 

that severe earthquakes generate large-amplitude waves in the Earth and land surface.  The generation 

and interaction of these can explain uplifts of as much as 15 m [9] and vertical accelerations in the 

ground surface of up to 3.8 g (g being gravitational acceleration) [10-12] as well as simultaneous 

volcanic eruptions [13-15].  Understanding these unfamiliar phenomena will require more detailed 

investigations of physical processes that control strong ground motion, and the laws governing the 

propagation of large-amplitude seismic waves near a land surface [16,17]. 

Before his book On the Origin of Species by Means of Natural Selection, Darwin was known to 

the world of science as a naturalist and geologist.  The majority of his publications up to 1859 were 

geological in whole or in part.  Darwin wanted to develop a universal law for evolution of the Earth. In 

particular, Darwin concentrated on one of important geological problem: that of crustal elevation and 

subsidence [3, 4].  Sandra Herbert [3, p. 356] wrote ‘… Darwin was also ambitious.  He believed that it 

would be possible to create a “simple” geology based on an understanding of the vertical motions of 

the earth’s crust, … ’.   
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       Darwin suggested that  the vertical motions  were a result of  ‘ …the rending of strata, at a point 

not very deep below the surface of the earth…’ [15, p. 70] and  ‘…The two kinds of movements may, 

possibly, be explained, by considering that when the crust yields to the tension, caused by  its gradual 

elevation, there is a jar  at the moment of rupture, and a greater movement may be produced by the 

tilting up of the edges of the strata and by the passage of the fluid rock between them. In breaking a 

long bar of steel, would not a jar be caused by the fracture,  as well as  a vibration of the two ends 

when separate?...’   [15, p. 73].  

           Thus, Darwin wrote  about the crust tension and, we emphasise, connected the earthquake and  

the eruptions with the crust rupture which might recall  the breaking of a long bar of steel. His theory 

envisaged elevation (vertical movement) of crustal plates. Darwin formulated big ideas about the earth 

evolution and its dynamics.  These ideas set the tone for the tectonic plate theory to come. The modern 

theory connects all these phenomena  with the   movement and interaction of  the tectonic plates.  

         However,  the plate tectonics does not completely explain why earthquakes  occur within plates 

[7, 8]. Darwin emphasised that there are different kinds of earthquakes ‘...I confine the foregoing 

observations to the earthquakes on the coast of South America, or to similar ones, which seem 

generally to have been accompanied by elevation of the land. But, as we know that subsidence has gone 

on in other quarters of the world, fissures must there have been formed,  and therefore earthquakes...’. 

[15, p. 74]. He considered the Earth as a gigantic seismic active system. According to Darwin ‘...It is 

frequently happened, that during the same convulsion large areas of the globe have been agitated,.... ’ 

[15, p. 59]  and  ‘...most earthquakes, though appearing sudden, are in truth parts of a prolonged 

action,.... ’ [15, p. 66].  These thoughts agree  with results of the last publications [5-8]. 

           About 200 years ago Darwin gave oneself airs   by the problems which began to discuss only 

during the last time. 

           According to Darwin the crust is a system where fractured zones, and zones of seismic and 

volcanic activities interact. Darwin formulated the task of considering together the processes studied 

now as seismology and volcanology [3, 18, 19]. However the difficulties are such that the study of 

interactions between earthquakes and volcanoes began only recently and his works on this [2, 15] had 

relatively little impact on the development of geosciences  [3, 4, 19]. 

In this book, we discuss how the latest data on seismic and volcanic events support Darwin’s 

observations and ideas about the 1835 Chilean earthquake.  In addition we show how modern 

mechanical tests from impact engineering and simple experiments with weakly-cohesive materials also 

support his reports.  With the most recent data, we are able to explore this topic a lot further than the 

first attempts at such analysis, published in 1998, 1999, 2003, and 2008 [20-24]. 
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There are two main goals of this book.  The first is emphasising the priority of Darwin in the 

description and the analysis of the results of the severe earthquakes (Chapter I).  Extracts from 

Darwin’s Diary and Narrative 2, ‘Journal of Researches’ and ‘The autobiography of Charles Darwin’ 

are presented.  In the extracts Darwin described a few days of his work.  Perhaps, those days were 

among the most important days of his life.  We group the material of the extracts so that a reader can 

trace the evolution of Darwin’s thoughts.  The key observations and ideas of Darwin, presented in the 

material, are shortly formulated.  Then these ideas are analysed and compared with modern 

experimental data. 

The second aim is the mathematical modelling of some catastrophic wave phenomena, which, 

may be, connected with the Darwin’s description of the results of the 1835 Chilean earthquake 

(Chapters II-IV).  This is achieved through the simplification of fundamental governing equations of 

considering problems to strongly-nonlinear wave equations.  Solutions of these equations are 

constructed with the help of analytic and numerical techniques.  The solutions can model different 

strongly-nonlinear wave phenomena which generate in a variety of physical context.  A comparison 

with relevant experimental observations is also presented. 
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 ‘… The voyage of the Beagle has been by far 

the most important event in my life ...’. 

Charles Darwin. 

 

Chapter  I. 

 

Charles Darwin and the 1835 Chilean earthquake.   

Interpretation, modelling and modern science data 

 

 

Remains of the cathedral at Concepcion after the 1835 Chilean earthquake.  (After J.C.Wickham (Narrative 

2:405)). 
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1.  Introduction 
On the Beagle voyage, Darwin landed at Valdivia and Concepcion, Chile, just before, during, and after 

the 20 February 1835 Chilean earthquake [1].  For a few days his attention was devoted to results of the 

earthquake.  He observed and described the ‘shivering’ of islands and ridges, fissured ground, volcano 

spouts, and generation of tsunami-like waves.  Darwin suggested that the earthquake and these 

phenomena were a result of ‘… the rending of strata, at a point not very deep below the surface of the 

earth…’ [2, p. 70] and ‘…The two kinds of movements may, possibly, be explained, by considering that 

when the crust yields to the tension, caused by its gradual elevation, there is a jar at the moment of 

rupture, and a greater movement may be produced by the tilting up of the edges of the strata and by the 

passage of the fluid rock between them.  In breaking a long bar of steel, would not a jar be caused by 

the fracture, as well as a vibration of the two ends when separate? ...’ [2, p. 73]. 

Thus, Darwin wrote about the crust tension and, we emphasise, connected the earthquake and 

the eruptions with the crust rupture, which might recall the breaking of a long bar of steel.  His theory 

envisaged elevation (vertical movement) of crust plates.  Thus, Darwin formulated big ideas about the 

earth evolution and its dynamics.  These ideas set the tone for the tectonic plate theory to come.  The 

modern theory connects all these phenomena with the movement and interaction of the tectonic plates. 

Darwin thought, that the earthquake-induced motion of the land surface could explain his 

observations.  Perhaps, it is true if the land rupture-induced accelerations are large enough.  However, 

usually the earthquake-induced acceleration of the land surface is not large (smaller than g).  And the 

vertical ground motion is usually essentially smaller, than the horizontal motion.  Therefore, earthquake 

hazard assessment studies have been focused usually on horizontal ground motion.  Effects of strong 

vertical motion were not practically discussed.  The margins of safety against gravity-induced static 

vertical forces in constructed works usually provide adequate resistance to dynamic forces induced by 

the vertical acceleration during earthquake. 

But what has the modern seismology known about the amplitude of the strong motion of the 

land surface?  Can the strong motion of the land be responsible for the results of the 20 February 1835 

Chilean earthquake?  Can modern experimental and theoretical data explain Darwin’s observations?  

We try to replay on these questions here and in the book. 

In recent history of observational seismology has been marked by frequent reassessment of the 

maximum possible ground acceleration which an earthquake is capable of producing.  Normally, 

ground motions, that can cause damage of structures, exceed about 0.1 g.  The first significant strong-
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motion accelerogram, recorded in Long Beach, California, during the 10 March 1933 Long Beach 

earthquake had peak horizontal and vertical accelerations of 0.19 g and 0.28 g, respectively [3].  It was 

once assumed, that no earthquake could generate the ground acceleration as high as g. 

However, data presented recently in [3-7], show that there are about 25 records with extreme 

peak accelerations greater than g.  A few peaks were near 2.5 g [3].  Is there evidence for substantially 

more severe motions?  The unprecedented vertical surface acceleration of nearly four time gravity (3.8 

g), more than twice its horizontal component, was measured in Japan [8].  The vertical acceleration was 

distinctly asymmetric.  The upward pulses were larger in amplitude, than downward ones, but also they 

tended to be narrow and sharp, whereas, the downward pulses were broader and longer lasting.  On the 

dome of the volcano Santiaguito, Guatemala, the local peak vertical acceleration of 2-3 g was measured 

recently [9].  This peak was associated with abrupt subvertical surface displacement of the volcano 

dome.  20-50 cm uplift originates at the central vent and propagates at ~50 ms-1 toward the 200 m 

diameter periphery. 

Thus, it has been shown, that earthquake-induced large vertical accelerations may be generated.  

On the whole, it agrees with Darwin’s opinion about ‘a greater movement’ 

Porosity, surface geology, free surface and its relief may amplify earthquake-induced ground 

motion.  In particular, the seismic wave amplitude is greater in a low-density, low-velocity soil, than in 

a high-density, high-velocity rock.  Darwin understood this phenomenon.  Describing the ruins of 

Talcuhano he wrote ‘… three houses only, upon a rocky foundation, escaped the fate of all those 

standing upon the loose sandy soil …’ ([10], p.257).  Now it is well-known, that sediments amplify the 

ground motion relative to bedrock [3, 11]. 

If the peak acceleration is greater than g, then surface objects may be thrown into the air by the 

earthquake.  A famous example is documented by Oldham [3].  He reported displaced boulders or other 

stone objects in the 1897 earthquake in Assam, India, had been thrown from their original location by 

distances of up to 2.5 m.  Other examples, including eight cases, where objects have been thrown from 

2 to 4 m, are summarized by Midorikawa [3]. 

During strong vertical earthquake-induced vibrations the upper-lying weakly-cohesive 

geomaterial can separate from the rock base [12-14].  As a result, a gap is formed between the 

materials.  An annihilation of the gap and the following collision of the base rock and the upper-lying 

material generate strongly-nonlinear high-amplitude spiky or discontinuous waves. 

There is a very interesting series of experiments in which sand is brought into motion by 

successive vertical shakes [15]. 
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Fig. 1.  The positions of grains of sand at the same phase in the motion of two successive shakes.  (After [15]). 

 

Fig. 1 shows grains flying at the maximum amplitude of two successive shakes.  The grains are 

coloured black and white so that one can follow the net motion integrated over one full shake.  Note, 

that the top is flying free.  There is net motion in the central bulk of the material.  It is important that the 

motion is largest near the bottom.  The motion near the lateral boundaries is determined by the 

boundary effect.  The effects of weakly-cohesive material-rigid base interaction may be very interesting 

for seismology. 

First Faraday [16] began to study an effect of vertical vibrations on a layer of cohesionless 

materials.  He located the layer on the vibrating base.  He found, that small mounds form and a slow 

convection of the particles, appears.  Recent experimental studies of vertically vibrated granular media 

demonstrated a rich variety of nonlinear-wave phenomena.  In particular, for the acceleration amplitude 

larger than g, the effective gravity becomes negative and the grain-layer loses the contact with the base.  

A small gap forms between the base and the layer bottom then the gap decreases.  After the collision, 

the layer has the velocity of the base, and remains in contact with the base until the next cycle where the 

process repeats. 

When the vertical acceleration of the base exceeds the acceleration due to gravity g the material 

exhibits some surprisingly complex behaviour.  This includes states in which the particles form surface 

waves, or a ‘cloud’ of particles with little or no structure (see Fig. 1), and states, where the particles 

move as a compact mass (the bouncing motion).  Examples of the surface waves and the gap are given 

in Fig. 2. Figs. 1 and 2 illustrate phenomena, which can take place during severe earthquakes.  The 
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scheme of the bouncing motion has been used [12, 13] so as to explain extreme oscillations of Tarzana 

hill, during the Northridge 1994 Southern California earthquake.  This earthquake caused extremely 

violent shaking at a site in Tarzana, California.  The peak horizontal acceleration was 1.78 g, the peak 

vertical acceleration was 1.14 g.  It was assumed that there was some threshold level of the earthquake-

induced acceleration.  When the acceleration increases beyond this level, very strong amplification of 

the Tarzana hill oscillations can be.  Galiev suggested [13] that the earthquake-induced vertical 

oscillations of the Tarzana hill resembled the bouncing motion of a ball the vibrating base. 

 

Fig. 2.  An example of the Faraday-type experiment.  A photograph of surface waves, excited by vertical 

vibrations of granular-material in a container (after [17]).  The gap between the flying compact mass and the base 

is seen clearly.  The vertical acceleration was 3.3 g.  This acceleration is smaller than the vertical acceleration, 

measured during the 14 June 2008 Iwate-Miyagi earthquake in Japan (3.8 g) [8]. 

 

To illustrate this new idea it was assumed that the base rock may be simulated by an oscillating 

metal piston, and the upper-lying non-cohesion soil may be considered as liquid (water).  By this way 

the high impedance contrast between the Tarzana hill soil and the underlying rock was modelled.  The 

results of the Natanzon experiments with a water column were used for the analysis of the Tarzana hill 

oscillations [12, 13]. 

In Fig. 3 oscillograms of the pressure, which is measured near the piston, are presented [13].  

The sinusoidal curves show the piston position.  During the experiments the piston acceleration was 

slowly increased from 0.2 g to 2 g and then was slowly reduced to 0.2 g.  One can see that in the 

frequency range extending from 7.7 to 17 Hz there are large variations of the pressure waves. When the 

vertical acceleration increases above g, then the harmonic oscillations transform into peaks which 

correspond to the material-base collisions.  The plane parts of the pressure curves correspond to a free 

flight of the material.  When the acceleration reduces, then the strong-hysteretic effect takes place.  For 

this case, the discontinuous waves exist in the system up to of 0.5 g, and then instantly drop to the 

harmonic waves of very small amplitude.  Thus, according to experiments (see Fig. 3) the strongly-
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nonlinear discontinuous waves may be generated in the upper-lying material, when the vertical 

acceleration of the base exceeds the gravity acceleration g.  The linear continuous waves are excited if 

the vertical acceleration is smaller than 0.5 g. 

 

Fig. 3.  Hysteretic dynamics of strongly-nonlinear oscillations of the water column (the exciting amplitude is 

0.002 m and the column length is 7 m).  The vertical acceleration is slowly increased from 0.2 g to 2 g (forced 

frequency from 5 Hz to 17 Hz) and then is slowly reduced to 0.37 g (forced frequency from 13.1 Hz to 6.8 Hz). 

 

Thus, if wave acceleration increases beyond some threshold level, the linear prediction breaks 

down.  The influence of nonlinearity increases and causes changes in both the amplitude and the form 

of forced waves.  However, according to Fig. 3 the amplitude of the forced waves is bounded and 

depends on the hysteretic effect.  Because of this effect the maximal amplification takes place when the 

forced acceleration approximately equals 0.5 g.  On the whole, this fact agrees with field observations.  

The amplification of strong-seismic motions is often smaller than that observed for moderate-seismic 

motions [3, 7]. 

The material-base collision generates a shock-like wave.  Reflection of this wave from the free 

surface of the material produces the rarefaction (expansion) wave. 

Within the rarefaction wave the bubble (pore) volume increases, the material transforms into 

gas-like state and the free surface uplifts.  These processes are illustrated by Fig. 4.  The similar 

phenomena can take place during the impact interaction of the rock base with upper-lying geomaterial.  

Compression and rarefaction waves may be generated in upper-lying weakly-cohesive material as a 

result of the vertical acceleration of the base.  Within the compression zones the pore volume reduces 

and the porous pressure increases.  Within the rarefaction wave the pore volume increases, and the 

material particles begin to fly, practically, independently (see Fig. 4). 
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Fig. 4.  Fracture and elevation of initially-compressed granular material (glass balls) in the rarefaction wave.  

(After [18]). 

 

On the whole, the process of the fracture, and the loosening of the upper-lying material, and the 

uplift of the free surface, showed in Figs. 1, 2, and 4 agrees with data of many experiments (see, for 

example, [19]).  These figures also illustrate qualitatively one reason of the ground elevation during 

severe earthquakes. 

A physical understanding of the anomalous acceleration 3.8 g [8] requires the detailed 

investigation of strong-ground motion in upper layers during the ground shaking.  We illustrated (see 

Figs. 1-4) that this phenomenon may be connected with separations, collisions, and fractures of surface-

ground layers.  If the down-going acceleration of the base is large enough, the upper-lying sediment 

material may lose the contact with the base and fall into a free-fall fragmented state.  Because of the 

following layer/base collision, the strongly-nonlinear waves may be generated in the material.  Of 

course the fracture and the elevation of the upper-lying material may be only if the vertical earthquake-

induced acceleration is large enough. 

Thus, during the last time it was shown that high-amplitude vertical accelerations may be 

excited by earthquakes.  Apparently, this ‘a greater movement’ may be accompanied by the fracture of 

surface weakly-cohesive geomaterials and the generation of many cracks near the ground surface.  On 

the whole, this agrees with Darwin’s note ‘…That this is followed by many minor fractures, which, 

though extending upwards nearly to the surface, do not (excepting in the comparatively rare case of a 

submarine eruption) actually reach it…’ [2, p.71]. 
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The vertical accelerations may be amplified on the tops of volcanoes (the topographic effect [3, 

11]) and may initiate the simultaneous eruptions of many volcanoes.  Charles Darwin [1, p.380]  

reported ‘…a train of volcanoes situated in the Andes…instantaneously spouted out a dark column …’. 

Earthquakes often precede volcanic eruptions.  The interpretation of these relationships is a 

long-standing puzzle [20-22].  ‘Is this eruption related to that earthquake?’  That is a question 

commonly asked of volcanologists and seismologists.  Traditional answers to the question are of the 

form, ‘Not likely’ [22].  According to Darwin [1, pp. 380-381], the earthquake-induced shock may be a 

common mechanism of the simultaneous eruptions of the volcanoes separated by long distances.  In 

particular, Darwin wrote that ‘… the elevation of many hundred square miles of territory near 

Concepcion is part of the same phenomenon, with that splashing up, if I may so call it, of volcanic 

matter through the orifices in the Cordillera at the moment of the shock;…’ [2, p. 60].  Indeed, 

according to experiments (see Fig. 4), weakly-cohesive initially-compressed material can erupt from the 

tube because of the vertical acceleration of the base.  An earthquake-induced vertical acceleration of a 

base of a volcano can induce the same phenomenon in a volcano conduit. 

At the same time, Darwin thought to develop a general theory of earthquakes.  According to  

him  ‘...It is frequently happened, that during the same convulsion large areas of the globe have been 

agitated, and strange noises propagated to countries many hundred miles apart;... [2, p. 59] ‘ and ‘...in 

other quarters of the world, fissures must there have been formed, and therefore earthquakes...’  [2, p. 

74].  Darwin began to think about instability of the portions of the crust of the earth which are formed 

by the fissures.   Discussing different kinds of earthquakes Darwin wrote ‘...If the fluid matter, on which 

I suppose the crust to rest, should gradually sink instead of rising, there would be a tendency to leave 

hollows, and therefore a suction exerted downwards; or hollows would be actually left, into which the 

unsupported masses might be precipitated with the violence of an explosion.  Such earthquakes, ... 

would seldom be accompanied by eruptions,...’ [2, p. 74]. 

Darwin considered the crust as a system where fractured zones, and zones of seismic and 

volcanic activities interact. He formulated the task of considering together the processes studied now as 

seismology and volcanology [3, 20-22].  However, the difficulties are such that the study of interactions 

between earthquakes and volcanoes began only recently and his paper on this [2] had relatively little 

impact on the development of geosciences [3, 21]. 
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‘…I a geologist…’ 

Charles Darwin 

 

2.  Extracts from some Charles Darwin’s works 
On February 20, 1835 a massive earthquake hit Valdivia and Darwin was right in the middle of the 

action.  The devastation was horrible - nearly every building in the area was destroyed.  Then the 

Beagle arrived at Concepcion.  While the Beagle tried to make anchorage at Concepcion, Darwin was 

dropped off at the island of Quiriquina.  There he found areas of land that had risen a few feet due to the 

earthquake.  He became very excited about this find, as it was direct evidence that the Andes 

Mountains, and indeed all of South America, were very slowly rising above the ocean.  This confirmed 

Charles Lyell's theory that land masses rose in tiny increments over an extremely long period of time.  

Given this fact, Darwin accepted the idea, that the earth must be extremely old.  The next day he went 

by ship to the town of Talcuhano and from there rode by horse to Concepcion to meet up with the 

Beagle.  (Charles Lyell (1797-1875) was a great geologist.  The first edition of his famous Principles of 

Geology was Charles Darwin’s vade mecum on the voyage of the Beagle [23].  Lyell argued that the 

face of the Earth had changed gradually over long periods of time through the continuing, cumulative 

effects of local disturbances, such as eruptions, earthquakes, erosion, and deposition.). 

Darwin concentrated on one of the important geological problem: that of crust elevation and 

subsidence.  This under-laid his interest in the effects of the great earthquake he witnessed in Chile.  

Darwin observed the earthquake-induced uplift of the ground surface.  This observation supported his 

opinion that the high Andes were formed as a result of the ceaseless vertical movement of the crust.  

The modern theory connects this formation with the horizontal movement of the tectonic plates. 

In this part of the book we present a few pages from [10], where Darwin first formulated his 

thoughts about earthquakes, volcanoes, and ground motion.  Then, there are some pages from the first 

edition (1839) of his Journal of Researches, connected with the 1835 Chilean earthquake.  Pages from 

The autobiography of Charles Darwin are connected with the voyage of the Beagle and the time when 

Darwin felt himself as the geologist. 

At the end of the chapter we shortly discuss Darwin’s thoughts about the earthquake-induced 

catastrophic phenomena. 
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2.1.  Selections from the original pictorial records and written account of the voyage of H. M. S. 

Beagle (From The Beagle Record [10]). 
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2.2.  Extracts from ‘Journal of Researches’. 
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2.3.  Extracts from ‘The autobiography of Charles Darwin’ 
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2.4.  Darwin’s reports about seismic waves, land elevation, volcano eruptions, and tsunami 

 

On February 20, 1835 the violent earthquake affected the coastal area (about 1000 kilometres) of Chile 

parallel to the Andes.  The coincidence of the earthquake with the eruption of volcanoes in the Andes 

led Darwin to conclude that the earthquake and the volcanic activity were related. 

 

2.4. 1.  The 1835 Chilean earthquake is a part of one great phenomenon 

Darwin connected the earthquake generation and the simultaneous eruptions of volcanoes with the crust 

rupture (see Fig. 5).  On the whole, this point of view agrees with modern data.  Darwin reports ‘…In a 

geological point of view, it is of the highest importance thus to find three great phenomena, - a 
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submarine outburst, a period of renewed activity through many habitual vents, and a permanent 

elevation of the land, - forming parts of one action, and being the effects of one great cause, modified 

only by local circumstances…’ [2, p. 60] and ‘…The two kinds of movements may, possibly, be 

explained, by considering that when the crust yields to the tension, caused by its gradual elevation, 

there is a jar at the moment of rupture, and a greater movement may be produced by the tilting up of 

the edges of the strata and by the passage of the fluid rock between them.  In breaking a long bar of 

steel, would not a jar be caused by the fracture, as well as a vibration of the two ends when 

separate?...’[2, p.73].  He thought, that ‘…this portion of the earth’s crust floats in a like manner on a 

sea of molten rock. …’ [2, p. 81]. 

Apparently, Darwin implied that the gradual elevation and the slide of the portion of the earth’s 

crust were determined by the expansion of the Earth.  Now global rupture and elevation of the land are 

explained by motion slide of tectonic plates.  However, Darwin formulated big ideas about the rupture 

and the vibrations of the thin crust.  The fluid rock from deep within the Earth rises through the rupture. 

On the whole, Darwin described the phenomena, which took place at divergent boundaries of two 

plates.  When the plate move apart from each other, new ruptured zones are formed and the new created 

space is filled with new material (molten–rock magma is hot, fluid-like, and of low density) from the 

lithosphere (mantle) (Fig. 5).  Divergent boundaries can create massive fault zones in the ocean ridge 

systems.  These are a major source of submarine earthquakes. 

It is well-known, that the vast majority of large earthquakes are found along the convergent 

boundaries of tectonic plates.  There one plate is pushed below another.  A huge amount of energy is 

accumulated due to the friction and compression of plate materials in rather narrow band.  As a result, 

the plate edge can melt and magma chambers are formed.  The magma pressure in the chamber is, 

usually, very high.  When the energy becomes too much, the plates slide past each other and break and 

snap into a new position, causing the energy that was stored within them, to be released in the form of 

seismic waves.  These waves are earthquakes.  Seismic waves disturb the magma chambers, which are 

often connected with the land surface by conduits.  Usually the magma chamber is stable, however, the 

seismic waves can disturb the equilibrium.  The magma rises through the conduit and causes volcanic 

eruptions.  The pressure in the conduit-chamber system decreases, and the gas bubbles grow in the 

magma.  This complex process is accompanied by high-amplitude pressure waves, travelling in the 

conduit.  These waves initiate ground vibrations. 

Volcanoes generally occur at oceanic ridges/rifts, where magma up; in subduction zones, where 

rock is melted as one plate dives beneath a second plate; and where a plate moves over a hot spot – a 

fixed plume of molten material rising from deep in the Earth.  There are also isolated centres of 

 43



volcanism originate over narrow plumes of deep mantle material.  When it reaches the surface, it 

creates the ocean crust - a thin veneer of layered magma flows about 6 km thick. 

 
Fig. 5.  Boundaries of tectonic plates as sources of earthquake and volcano activities.  Diverging and converging 

zones of the lithosphere are shown.  Strong vertical movement may be generated when the tectonic plates snap 

into a new position.  (After [24]). 

 

We emphasize that the 1835 Chilean earthquake was great, but not the greatest Chilean 

earthquake.  In May 1960, south–central Chile experienced a huge earthquake, the largest since 

instrument records began (9.5 on the moment-magnitude scale).  The energy released by the earthquake 

should have taken several centuries to build up, through the accumulation of stress on the fault 

concerned, as the Nazca and South American tectonic plates converge at a rate of 8-9 centimetres per 

year. 

 

Fig. 6.  Plate-tectonic schema of the west coast of South America.  Paired arrows indicate plate convergence.  

After [24]). 

In Fig. 6 idealized Nazca and South American plates are shown.  Directions of plate 

displacements are shown by arrows.  Erupted line is determined a subduction zone along the boundary 

of Nazca and South American plates.  Points show the earthquake zones, triangles are volcanoes.  Solid 
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thick lines are oceanic spreading ridges.  The earthquake of May 1960 resulted in a rupture, about 1,000 

km long and 150 km wide, along the north-south-trending fault where the Nazca plate dives beneath 

South America (Fig. 6).  Large-amplitude ground shocks and vertical movement of the ground surface 

may be generated, when there is the impact interaction and rupture of tectonic plates. 

Apparently, Darwin implied the simple one-dimensional model of the rupture.  According to 

him, the crust breaks as a steel bar or ruptures, as a spherical shell under an internal pressure.  It is now 

recognized that ruptures are remarkably complex, with many undulations and intersecting branches.  

Prediction of severe earthquakes and strong ground wave motion requires an understanding the physical 

processes, such as three-dimensional stress accumulation, that governs initiation, propagation, and 

termination of an earthquake rupture. 

 

2.4.2.  The Earth as a global seismic system 

Darwin distinguished two natures of the earthquakes.  First is localised along the boundaries of the 

continents and connected with the elevation of the land surface.  Darwin wrote that ‘...I think, fairly 

conclude, with regard to the earthquakes on the west coast of South America, 1s .  That the primary 

shock is caused by a violent rending of the strata, which seem generally to occur at the bottom of the 

neighbouring sea...’ [2, p. 71]. 

Different catastrophic phenomena (the ‘shivering’ of islands and ridges, volcano, spouts, and 

generation of tsunami-like waves) were explained by an earthquake-induced elevation of the west coast 

of South America.  On the whole, this idea agrees with the theory of plate tectonics which explains the 

Chilean earthquakes by the interaction of Nazca and South American plates (see Figs. 5 and 6).  Strong 

vertical movement may be generated when the plates snap into a new position.  However, the plate 

tectonics gives no insight into where and when earthquakes will occur within plates [25, 26]. 

Darwin emphasised, that there are different kinds of earthquakes ‘...I confine the foregoing 

observations to the earthquakes on the coast of South America, or to similar ones, which seem 

generally to have been accompanied by elevation of the land.  But, as we know that subsidence has 

gone on in other quarters of the world, fissures must there have been formed, and therefore 

earthquakes... The earthquakes of Calabria, and perhaps of Syria, and of some other countries, have a 

very different character from those on the American coast.  ...in Chile even the smaller shocks extend 

over the whole kingdom, and propagated horizontally, whilst those which ... at Bologna, were of small 

extension, but instantaneous, and commonly explosive...  Such earthquakes, ... would seldom be 

accompanied by eruptions... .’. [2, p. 74].  According to Darwin ‘...It is frequently happened, that 

during the same convulsion large areas of the globe have been agitated,... ’ [2, p. 59].  These 
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predictions agree with results of the last observations and publications.  In particular, Taira et al. [28] 

report ‘...The fault-strength changes produced by the distant 2004 Sumatra-Andaman earthquake are 

especially important, as they suggest that the very largest earthquakes may have a global influence on 

the strength of the Earth’s fault systems.  As such a perturbation would bring many fault zones closer to 

failure, it should lead to temporal clustering of global seismicity ...’. 

The disastrous magnitude-7.9 earthquake in Sichuan, China, in May 2008 was surprise because 

it occurred on a fail that had had little recent seismicity.  Such surprises occur often for earthquakes 

within continents.  In contrast to plate boundaries where large (magnitude M>7) earthquakes occur at 

expected locations along the boundary faults, continental interiors like Sichuan or the central and earth 

United States (for example, New Madrid and Charleston seismic arias) contain many old faults, most of 

which show little seismicity over the past hundred years.  Hence, we are uncertain of the times and 

locations of future large earthquakes.  Present earthquake hazard assessment, typically, assume that 

recent small earthquakes indicate the location of large future earthquakes.  But what if some of these 

recent earthquakes are instead aftershocks of earlier large events? [26]. 

Generally spearing, the systems of fissures may be unstable ‘... In  a line of fracture, produced 

by subsidence, the distortion and overthrow of the strata would probably be even greater than in one of 

elevation, from the circumstance, that as soon as the weight of the mass overcame its cohesion, and it 

began to sink, there would be no counterbalancing power, like gravity during elevation...’ [2, p. 75]. 

 

 
Diagram 3.  Overthrown crustal masses. 

 

He wrote that ‘...I believe the principle holds good, for ,in order to break up and throw over 

portions of very thick crust, as in Diagram 3, there must have been great horizontal extension, and this, 

if sudden, would have caused as many continuous outbursts of volcanic matter,...’ and ‘... I think, be 

doubted for a moment, that if the force had acted suddenly, these portions of the earth’s crust would 

have been blown off,...’ [2, p. 79].  It is seen, that Darwin began to think about instability of the portions 
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of the crust of the earth which are formed by the fissures ‘...most earthquakes, though appearing 

sudden, are in truth parts of a prolonged action, as evidenced both the events which precede and those 

which follow it... ’ [2, p. 66]. 

Thus, about 200 years ago Darwin gave oneself airs by the problems which began to discuss 

only during the last time [25-31].  For example, Stein and Liu write ‘...Improved assessments of 

earthquake hazard require treating the networks of faults within continents as complex systems and 

developing a better understanding of how such systems behave in time and space...’ [26].  The 

earthquake has made itself known in numerous ways.  In some cases, earthquakes have come in 

clusters, such as the giant shock that hit off the northwest coast of Sumatra in 2004 and was following 

by a series of the nearby earthquakes.  In other instances, they rupture large sections of faults, 

combining patches that had not been known to move together in previous seismic events.  Earthquakes 

even hop from fault to fault, as seen in the earthquake that struck the town of Landers in California’s 

Mojave Desert and the shock that hit central Alaska in 2002.  Both of these earthquakes also had other 

claims to fame: they triggered tremors, geyser eruptions and other seismic activity thousands kilometres 

away [27].  It is seen, that, on the whole, all modern results agree well with Darwin’s ideas. 

Researchers now routinely talk about large earthquakes triggering others, both on nearby and 

distant faults.  In fact, some say earthquakes are so complex that it may impossible – as well as 

impractical – to pin them down based on an understanding of their physical alone [25-34]. 

 

2.4.3.  The earthquake-induced elevation of the land 

Darwin wrote that ‘...the island of S. Maria…evaluated to nearly three times the height that the coast 

near Concepcion was upraised…’ [2, p. 72] and ‘…The most remarkable effect (or perhaps speaking 

more correctly, cause) of this earthquake was the permanent elevation of the land.  Captain FitzRoy 

having twice visited the island of Santa Maria, for the purpose of examining every circumstance with 

extreme accuracy, has brought a mass of evidence in proof of such elevation, far more conclusive than 

that on which geologists on most other occasions place implicit faith…’ [1, p. 379].  In his Narrative 2 

[10, p. 259] Darwin gave the following information ‘… Santa Maria was upheaved nine feet.  It 

appeared that the southern extreme of the island was raised eight feet, the middle nine, and the 

northern end upward of ten feet…’.  Now the earthquake-induced lift up of the ground is well-known 

phenomenon.  It is interesting, that an ocean coast and small islands were usually, risen.  The Yakutat 

Bay area of southeastern Alaska experienced one of the most notable earthquakes of the 19th century 

on September 10, 1899.  Although, this shock was preceded one week earlier by a magnitude 8.2 

earthquake, most of the effects were associated with the September, 10, event, which was rated 

magnitude 8.6 on the Richter scale. 
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A field investigation in this area was undertaken in 1905 by a U.S. Geological Survey party.  

They reported, that the largest uplifts in land ranged from 30 feet (9 m) to about 47.5 feet (14.5 m) on 

the west coast of Disenchantment Bay.  Changes of 17 feet (5 m) or more affected a large area, and, in a 

few cases, 1 foot to 7 feet (0.3 m to 2 m) depressions occurred.  The Great Alaskan Earthquake of 1964 

was the most powerful recorded earthquake in North American history.  Ground fissures and failures 

occurred.  Two hundred miles southwest, some areas near Kodiak, were permanently raised by 30 feet 

(9.1 m).  East of Anchorage, areas around the head of Turnagain Arm near Portage, dropped 8 feet 

(2.4 m).  Some residents claimed the ground waves were over 3 feet ( ≈ 1 m) high. 

The strongest recorded earthquake in the world occurred in Valdivia Chile on May 22 1960 with 

a magnitude of 9.5 on the Richter scale.  The observed changes in land elevation ranged from 6 m of 

uplift to 2 m of subsidence.  A strong earthquake of magnitude of 8.1 hit the Solomon Islands and the 

nearby areas at 7:40 a.m. Monday, April 2, 2007.  The 245 km long rupture crossed the ocean where the 

Solomon Sea, Woodlark and Australian Plates intersect.  After the earthquake, Simbo Island (see Fig. 

7), which covers an area of 12 sq km, dropped by 1m.  A clear ground lift was recognized on Ranongga 

Island (32 km long and 8 km wide), which ranged from 0.9 to about 3 m from north to south. 

       
Fig. 7.  Actuated trench and earthquake-excited islands during the 2007 Solomon Islands earthquake (left).  The 

ocean depth around the islands (right). 

 

Ranongga Island is located 10 km north of Simbo Island, and runs roughly from north to south.  

The earthquake-induced rupture along the tectonic plate boundary passes exactly between these islands.  

Nowhere else on Earth are a pair of islands situated so close to one another across an active trench.  

Other locations where subduction consumes an oceanic spreading ridge-transform boundary are the 

southern Chile ridge in Chile and the Juan de Fuca/Gorda/Explorer ridges in northwestern North 

America (Cascadia). 
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The 26 December 2004 Sumatra tsunami was not only the largest, but also the best video-

documented in recorded history.  Analysis of satellite images indicate that sea-level changes were 

observed in Sumatra, Nicobar, and Andaman Islands.  Field investigations indicate, that the largest 

subsidence was 3 m at Great Nicobar Island while the small islands west off Middle Andaman uplifted 

about 1.5 m. 

 

2.4.3.  The topographic effect 

Darwin [1, p.370] reports on the earthquake-induced vibrations of the small island of Quiriquina ‘... The 

effect of the vibration on the hard primary slate, which composes the foundation of the island, was still 

more curious: the superficial parts of some narrow ridges were as completely shivered, as if they had 

been blasted by gunpowder …’. 

Darwin described a now well-known topographic effect.  The recording of high ground motion 

at the top of a ridge is consistent with observations from earthquakes that at the top of mountains, rocks 

and sometimes shattering and damage may be high.  Recorded motion indicated, that crest 

amplifications with respect to the base reached a factor of 10 and, in one case, a factor 30 [11].  As an 

example, the amplification near the crest of a ridge is shown in Fig. 8.  The average peak crest 

acceleration was about 2.5 times the average base acceleration. 

 
Fig. 8.  Normalized accelerations (mean and error bars) recorded at different points along mountain ridge at 

Matsuzaki, Japan.  (After [35]). 

 

The reflection of the upward wave from the mountain slope may produce tensional stresses, 

which are sufficiently large to cause fractures of the surface.  The focusing of the seismic waves near 

the mountain top can explain the violent crest amplification, which was observed in Quiriquina. 
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We consider ‘…the effects of one great cause, modified only by local circumstances…’ [2, p. 

60] noted by Darwin as the effects of local geology and a relief of the surface layers on the earthquake-

induced phenomena.  Apparently, these local topographic effects can explain Darwin’s earthquake 

reports.  In particular, the amplification of seismic waves at the volcano top can be triggering 

mechanism for eruptions of distant volcanoes. 

Because of the earthquake-induced vibrations, a porous volume of upper-lying sediment layers 

on the top can increase and the shear stress drops to zero.  In this case, the surface-layer material can, 

practically, transform into a liquid [36].  As a result, the upper-lying sediment is loosened and the 

ground-surface uplifts (see Figs. 1 and 4). 

The response of surface-ground material to earthquake-excited vibrations is, generally, quite 

complicated and is not well-understood.  To better understand the behaviour of them granular materials 

are used [17, 19].  The standard granular-material vibration experiment consists of a granular material 

such as sand or glass spheres in a container, mounted on a rigid base, which is subjected to vertical 

sinusoidal oscillations [16, 17, 19] (see Fig. 2). 

 

2.4.5.  Darwin’s triggering mechanism of volcano eruptions 

Darwin wrote that ‘… the elevation of many hundred square miles of territory near Concepcion is part 

of the same phenomenon, with that splashing up, if I may so call it, of volcanic matter through the 

orifices in the Cordillera at the moment of the shock;…’[2, p. 60] and ‘…a power, I may remark, which 

acts in paroxysmal upheavals like that of Concepcion, and in great volcanic eruptions,…’ [2, p. 61].  In 

particular, Darwin reported on four-simultaneous large eruptions from the following volcanoes: 

Robinson Crusoe, Minchinmavida, Cerro Yanteles and Peteroa.  Thus, large earthquakes can stimulate 

large-scale volcano eruptions.  Darwin suggested that there could be a common mechanism, creating 

the eruptions of the volcanoes, separated by the long distances.  This mechanism is ‘paroxysmal 

upheavals’ of the land (deformation of the ground surface). 

However, the cause of a naturally-triggered earthquake is not clear [20-22].  Apparently, it is 

impossible to explain all documented events through a single mechanism.  The precise relationship 

between seismicity and magmatic activity remains enigmatic.  In some cases, earthquakes are taken to 

be indicative of magma movement and, therefore, symptomatic of volcanic unrest [9].  In other cases, 

the relationship is, apparently, causal. 

Charles Darwin reported, that ‘…If the earthquake or trembling of the ground (which, however, 

we have seen was less near these volcanoes than elsewhere) had acted in no other way, than in merely 

breaking the crust over the lava within the craters, a few jets of smoke might have been emitted, but it 

could not have given rise to a prolonged and vigorous period of activity…’ [2, p. 61].  Thus, within the 
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volcano crater the effect of vibrations and breaking of the crater surface may be important.  On the 

whole, this agrees with the information which was published recently in [9]. 

Let us compare these Darwinian conclusions with data from the cataclysmic eruption of Mount 

St.  Helens.  The processes, effects, and products of this eruption were intensively studied and 

photographically documented. 

 
Fig. 9.  Boundary of Juan de Fuca and North America plates where Mount St. Helens is located.  (After [22]). 

 
Geologists call Mount St. Helens a composite volcano (or stratovolcano), a term for steep-sided, 

often symmetrical cones, constructed of alternating layers of lava flows, ash, and other volcanic debris.  

Composite volcanoes tend to erupt explosively.  May 18, 1980, on that fateful day, Mount St. Helens 

Volcano in Washington exploded violently after 2 months of intense earthquake activity and 

intermittent, relatively-weak eruptions, causing the worst volcanic disaster in the recorded history of the 

United States.                                                                                                                                                                 

 

Fig 10.  Mount St. Helens on May 17, 1980, one day before the devastating eruption.  USGS Photograph taken 

on May 17, 1980, by Harry Glicken. 
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Intense earthquake activity persisted at the volcano during and between visible eruptive 

activities.  Seismographs began recording occasional spasms of volcanic tremor, a type of continuous, 

rhythmic ground shaking different from the discrete sharp jolts characteristic of earthquakes.  Although, 

the triggering earthquake was of slightly greater magnitude than any of the shocks recorded earlier at 

the volcano, it was not unusual in any other way.  For example, during the eruption of Mount St. Helens 

shocks of magnitude 3.2 or greater occurred at a slightly-increasing rate during April and May with five 

earthquakes of magnitude 4 or above per day in early April, and 8 per day the week before May 18.  

Initially, there was no direct sign of eruption, but small earthquake-induced avalanches of snow and ice 

were reported from aerial observations.  What happened within the next time was described by 

geologists Keith and Dorothy Stoffel, who at the time were in a small plane over the volcano's summit.   

 
 

Fig. 11.  Mount St. Helens and the devastated area, one day after the devastating eruption. USGS Photograph 

taken on May 19, 1980, by Lyn Topinka. 

 

Among the events they witnessed, they "noticed landsliding of rock and ice debris inward into the 

crater... the south-facing wall of the north side of the main crater was especially active.  Within a matter 

of seconds, perhaps 15 seconds, the whole north side of the summit crater began to move 

instantaneously. ... The nature of movement was eerie...  The entire mass began to ripple and churn up, 

without moving laterally.  Then the entire north side of the summit began sliding to the north along a 

deep-seated slide plane.  I (Keith Stoffel) was amazed and excited with the realization, that we were 

watching this landslide of unbelievable proportions. ...  We took pictures of this slide sequence 

occurring, but before we could snap off more than a few pictures, a huge explosion blasted out of the 
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detachment plane.  We neither felt nor heard a thing, even though we were just east of the summit at 

this time."  Realizing their dangerous situation, the pilot put the plane into a steep dive to gain speed, 

and, thus, was able to outrun the rapidly mushrooming eruption cloud that threatened to engulf them. 

The collapse of the north flank produced the largest landslide-debris avalanche recorded in 

historic time.  An example of an avalanche, which was observed from a helicopter, is shown in Fig. 12. 

 

Fig. 12.  Photographs of a powder avalanche taken from a helicopter.  The avalanche moves uphill after passing 

through a valley, bottom picture.  (After [37]). 

 

A volcano system (vent, conduit and magma chamber) might be quite stable.  In this case, the 

deformation of the volcano crater and the volcano itself does not excite the magma or gas eruptions, but 

the stone/snow avalanches can be generated.  The focusing of the stone/snow avalanches and 

corresponding air-shock wave in the crater centre can form vertical jet of air-snow-granular mixture, 

which may be looked as a short time eruption [14].  On this other hand, the deformation can open the 

conduit vent.  As a result, there is a short time gas emission [9].  It releases the pressure then the magma 

chamber returns to the stable state. 

The seismic waves can be strongly-amplified at the tops of ridges and mountains.  As a result,  
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they can awake volcanoes.  We think, that Darwin first emphasized, that a great earthquake could be a 

trigger mechanism for simultaneous volcano eruptions.  Recently, it was shown, that there is a sharp 

peak in the number of eruptions on the same day as an earthquake [20].  The comparison of the 

Darwin’s conclusions with the modern data shows that Darwin described some important mechanism of 

earthquake-induced volcano eruptions. 

 

2.4.5.  Coastal catastrophic phenomena 

Darwin [1, p. 377] wrote, that ‘… the whole body of the sea retires from the coast, and then returns in 

great waves of overwhelming force...’.  About two hundred years ago Darwin did not know that this 

wave was then named (in Japan) as tsunami.  Now his eyewitness account in the classic Voyage of the 

Beagle could easily be read as a report from Sri Lanka after the tsunami of 26 December 2004.  

…Considering then a wave produced by an earthquake as an ordinary undulation proceeding from 

some point or line in the offing, we can see the case, first of its occurrence some time after the shock; 

secondly, of its affecting the shores of the mainland and of outlying islets in a uniform manner-namely, 

the water retiring first, and then returning an a mountainous breaker: …’ [1, p. 378].  The sea-water 

ebb during an earthquake is now the well-know effect.  For example, during the Great Alaskan 

Earthquake of 1964 at Kodiak Island the water in the harbour suddenly receded and it sunk down to 2 

feet, leaving fishing boats sitting on the bottom.  This was caused by the pulling of the waves.  When 

the waves struck, the boats were tossed into the town, some of them 3 blocks from the harbour. 

A tsunami may be considered as a tide-like wave which is excited by the earthquake-induced 

seabed uplift.  The duration of the uplift may be of several seconds, or several tens of seconds.  As a 

result, an initial, local vertical elevation of the ocean surface is generated, and then the expanding 

tsunami ring is generated.  Far from the shore the wavelength of tsunami is very long and its amplitude 

is small (about 1 m).  In this case the wave is described by the linear theory.  Nonlinear effects are 

important for tsunamis only in the vicinity of the shore, where the amplitude can rise up to 30 m [38, 

39]. 

Darwin emphasised the dependence of earthquake-induced waves on a form of the coast and a 

coastal depth: ‘…and lastly, of its size being modified (as appears to be the case) by the form of the 

neighbouring coast.  For instance Talcuhano and Callao are situated at the head of great shoaling 

bays, and they have always suffered from this phenomenon; whereas, the town of Valparaiso, which is 

seated close on the border of a profound ocean, through shaken by the severest earthquake, has never 

been overwhelmed by one of these terrific deluges…’ [1, p. 378].  This fundamental idea completely 

agrees with the modern observations (see Fig. 13). 
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The earthquake-induced ground waves may also be amplified like tsunami in the surface 

sediment layers.  The amplification of seismic waves is a complex process, which is connected with site 

geology and topography.  In particular, the concentration of seismic energy depends on the thickness 

and slope of the ground layer, and occurs near the edge of the layer. 

 

Fig. 13.  Forms of tsunami in different points of the North Akita Coast, Japan, during the Nihonkai-Chubu 

earthquake (26 May, 1983).  (After [39] and [40]). 
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The concentration can generate large and small cracks.  Darwin reported in Diary [10, p.256] 

that ‘… The city of Concepcion stands upon a plain, very little higher that the level of the river Bio Bio.  

The soil is loose and alluvial.  To the eastward and northward lie rocky irregular hills: from the foot of 

which the loose was every where parted by the great convulsion, large cracks being left, …’.  This wave 

amplification depends on the upper-soil thickness variation, the spatial variation of motion (the 

horizontal motion transforms partly into the vertical motion) and the impedance contrast between the 

down-lying material and the sediments. 

The amplification of earthquake-induced water and sediment waves occurs because of the 

concentration of seismic energy near edges of the corresponding layers.  It is emphasized in [14, 41] 

that the catastrophic amplification of water and sediment waves may be explained by the wave 

resonance. 
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‘...To see a world in a grain of sand...’ 

Auguries of Innocence, William Blake 

 

3.  Darwin’s earthquake reports and data of modern science 
 

Almost two hundred years ago Darwin was very successful because he was the eyewitness of the great 

earthquake.  The great ground motion at a particular site can be thought of as being influenced by three 

main elements: distance from the earthquake source, travel path of seismic waves from the source to a 

particular location, and local site conditions, [3, 11, 25].  Apparently, Darwin observed results of the 

local amplification of the earthquake-induced ground motion.  He wrote ‘... one great cause, modified 

only by local circumstances …’ [2, p. 60]. 

Evidence of the profound effects of site conditions upon ground motion is well-known.  So great 

are the effects of local site conditions, that the propensity for earthquake damage at some locations may 

be more dependent upon these conditions, than on the proximity or intensity of nearby earthquake 

sources. 

Earthquakes frequently occur in the Pacific, where dense oceanic plates slide under the lighter 

continental plates and produce vertical movement of the ground surface.  Because of the earthquake-

induced vibrations, a porous volume of upper-lying sediment layers can increase and the uplift of ocean 

islands and the ground surface can occur.  The vertical motion can be amplified at a top of mountains 

and can awake volcanoes.  The vertical movement of the seafloor can generate a tsunami.  As a tsunami 

approaches the coastline, its energy is progressively concentrated into a smaller volume of water.  Since 

energy is conserved, the wave height and the wave speed increase dramatically. 

 

3.1.  Ground elevation and corresponding strongly-nonlinear wave phenomena 

During a large earthquake the site properties of soils can change.  The first seismic waves (for example, 

longitudinal waves) can transform the soil into liquefied state and change its mechanical properties.  In 

particular, earthquake-induced ground shocks can loosen upper-lying sediment layers (see Figs. 1, 2 

and 4).  Energy of seismic waves can cause uplifts and cracks of the ground surface.  Therefore, the 

following waves (for example, shear waves) pass through regions, having unexpected mechanical 

properties. 
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The configuration and geology of the underlying material strongly affects the amplitude of the 

seismic wave.  Wave properties of a surface layer depend on its thickness.  When the thickness 

changes, then the dispersive properties of the layer change too.  If the thickness reduces, the influence 

of nonlinearity increases, and wave resonance can take place [3, 11, 35].  The phenomena described 

above can determine the results of the 1835 Chilean earthquake, which were described by Darwin. 

Large earthquakes are manifested at the Earth's surface by displaced deposits or by fault scarps.  

However, often, dip faults do not reach the surface or do not cut surface deposits.  In these cases, the 

surface seismic waves are responsible for rupture and elevation of the ground surface.  Within the upper 

layers the earthquake-induced surface tensile stress may substantially exceed the regional compressive 

stress.  As a result, within the surface layers regions of compacted or loosened deposit can form.  

Subjected to these local stresses, near-surface deposits with low-cohesive strength can demonstrate 

strongly-nonlinear properties: tensile cracks and pores are formed.  The ground elevation and the 

surface relief can change.  Here we ask - how are the mechanical properties of deposits and large-

amplitude seismic waves coupled with the land elevation? 

 

3.1.1.  Some physical mechanisms for ground subsidence and lift 

Compaction and liquefaction of surface material.  Deformation of weakly-cohesive materials is 

always accompanied by corresponding volume changes.  In particular, the effect of compaction of 

granular materials under small-amplitude vibrations is well-known.  The same phenomenon can take 

place as a result of moderate earthquakes [42, 43].  Disturbed by the small-amplitude seismic waves, 

the soil particles can roll down into a new (lower) level of energy.  In other worlds, under the action of 

seismic waves and gravity the loosely-packed individual soil particles drop down into a denser 

configuration (see Fig. 14).  This phenomenon can partly explain the earthquake-induced sinking of a 

ground surface.  In the case of a saturated soil the shear compaction can increase the water pressure.  In 

an extreme case, the pore-water pressure may become much larger, than the shear stresses.  In such 

cases, the soil behaviour is determined by the pressure (as for water).  This phenomenon is known as 

‘liquefaction’.  Liquefaction is often observed in low-lying areas near rives, lakes, bays, and oceans. 

However, water need not be added to granular material, such as sand or dry soil, to make it 

behave like a liquid.  These materials may simply become liquefied, if they are set in motion.  For 

example, vibrations or impact loads (see Figs. 1, 2 and 4), which separate individual grains from each 

other, transform the weakly-cohesive materials into the liquefied state.  Of course, the amplitude of the 

vibrations or the impacts must be large enough. 
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initial state                 shear compaction 

Fig. 14.  Shearing of a packing of spheres introduces a volume reduction.  (After [37]). 

 

Uplift of surface material.  Soil particles can uplift into a new (higher) level of energy, when they are 

disturbed by the large-amplitude seismic waves.  In other words, under the action of seismic waves, the 

loosely-packed individual soil particles can form a looser configuration (see Fig. 15). 

 

Fig. 15.  Shearing of a close packing of spheres introduces a volume expansion (dilatation).  (After [37]). 

 

Experimental evidence shows that there exists a mechanical and geometrical relationship 

between the applied stress and the pores, filled with a liquid or a gas.  One of the most interesting and 

basic observations of such a relationship was first presented by Reynolds in 1885 [44], when he 

discovered the phenomenon dilatancy.  If an array of identical spherical grains at closest packing is 

subject to a load so as to cause a shear deformation, then from pure geometrical considerations the 

particles must ride one over another and it follows, that an increase in volume of the bulk material will 

occur.  Reynolds used the concept of dilatancy to explain the phenomenon observed, when walking 

along a sea-shore near the water edge, namely, that upon stepping on saturated sand.  The sand around 
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the foot appears to be whiter, indicating, that it has dried momentarily.  Then upon removing the foot, 

one observes, that a puddle of water has formed in the imprint in the sand.  It is the result of the 

expulsion of water from the pores. 

The same phenomenon could explain the uplift of the ground, which occurs during earthquakes.  

Indeed, Darwin reported in Diary [10, p. 256] that ‘… The city of Concepcion stands upon a plane, very 

little higher than the level of the river Bio Bio.  The soil is loose and alluvial …’.  Seismic surface 

waves replace the soil particles in both vertical and horizontal directions.  As a result, after the passing 

of the seismic wave the particles form a new contact network (skeleton).  The network persists until 

dissipated by drainage and gravity. 

An example of the new more loose structure of the granular material, which is formed by a 

shear stress, is given in Fig. 16. 

        
Fig. 16.  Typical contact networks (skeletons) for isotropically-compressed (left) and 

sheared (right) states of granular material.  (After [45]). 

 

Of course, this wave-induced loosening (uplift) of the land cannot take place during a long time.  

Indeed, it is well-known, that the lifted ground surface returns to the initial state during a relatively-

short time (week or few weeks) after the earthquake.  Darwin reported (Narrative 2 [10, p. 260]) 

‘…when I was last at Talcahuano, in July 1835, only four months after the great convulsion, the shores 

of Concepcion Bay had regained their former position with respect to the level of the sea;…’.  It is a 

result of the collapse of the seismic wave-generated structure of the soil under the action of drainage 

and gravity. 

It is emphasised, that this mechanism of uplift is completely determined by the interaction of the 

soil with the seismic waves.  The mechanism is quite different from the vertical elevation due to the 

deformation of the boundary of the corresponding tectonic plates due to faulting. 

Uplift and fragmentation of a surface material.  Severe earthquakes can excite vertical accelerations  

which exceed g.  In these cases the sharp-impedance contrast between the surface deposit layers and the  
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base hard rock begins to play an important role.  If the earthquake-induced negative pressure (tension) 

in deposit/rock boundary exceeds the overburden pressure ghρ , then several things may happen.  Here 

ρ  is the deposit density, h is the deposit thickness.  First, a small gap could be generated.  As a result, 

of an annihilation of this gap (collision of the upper-deposit material with the rock bed) a strongly-

nonlinear fracturing wave may be generated.  An example of the similar wave is presented in Fig. 4.  

This wave fragments the deposit material where cracks and pores are formed. 

            
Fig. 17.  Undisturbed (left, after [37]) and disturbed (right) states of the material.  The undisturbed material 

contains water, pores and cracks.  The earthquake-induced strongly-nonlinear waves loosen the solid phase of the 

material, fragment it, and increase the pore volume. 

 

Second, resonance occurs as the seismic waves transmitted into the upper deposits themselves 

become trapped in these layers and begin to reverberate.  If the seismic energy input into the layer is 

high enough, then the material can be fragmented.  A result of noted above processes is shown in Fig. 

17.  This figure resembles Figs. 1 and 3 from [2] where Darwin showed ‘uplifted square masses’ and 

‘overthrown crust masses’. 

As a result, individual material fragments are generated and the porous volume and 

compressibility of the material increase strongly.  The strength of the material drops to zero.  Thus, the 

strong earthquake-induced ground movement can transform the weakly-cohesive materials into a 

liquefied state.  The material volume increases strongly.  As a result, the uplift of a ground surface can 

occur.  Perhaps, the uplift of the islands and the coastal regions during severe earthquakes is connected 

with the noted phenomenon.  Apparently, this uplift of the land surface cannot take place during a long 

time.  

 

3.1.2.  Solid-liquid transition of weakly-cohesive surface material 

Many weakly-cohesive materials are three-dimensional aggregates of mineral grains, containing a 

complex assemblage of defects such as dislocations, grain boundaries, and fractures, which often 

contain impurities or fluids.  These materials may be often modelled by granular materials.  Granular 
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materials present a variety of features.  Their behaviour is like a solid, or a liquid, or a gas, depending 

on the energy injection and energy dissipation rates [19, 46].  With the help of the standard-granular 

material vibration experiment, Mujica and Melo [19] studied the effects of granular layer-base collision 

on pressure and surface waves.  In the experiment a thin layer of 0.106-0.125 mm diameter bronze 

particles, 15 particles deep, was placed at the bottom of a 40 mm diameter and 25 mm high cylindrical 

container, which is subjected to vertical sinusoidal oscillations.  The surface of the layer was 

illuminated.  The reflected light from the surface layer was focused.  The light intensity, measured by a 

photodiode, allows the observer to examine the surface density and the surface dilation.  The pressure 

was measured on the bottom.  It was found, that for the forced acceleration amplitude, larger than g, the 

effective gravity becomes negative, and the grain layer loses the contact with the base.  The gap forms 

periodically between the base and the layer bottom.  After the collision, the layer has the velocity of the 

base, and remains in contact with the base until the next cycle, where the process repeats. 

Some results of these experiments are shown in Fig. 21.  The pressure signal is composed of a 

peak, which corresponds to the gap (base-layer separation and collision), and a sinusoidal component, 

corresponding to the force, required to accelerate the container.  For the bottom acceleration G>g the 

gap generation is always visible in the pressure signal.  In contrast, no trace of the gap is observed in 

the reflected light up to G 2 g.  Thus, for g<G<2 g, the layer is in a compact state.  For G>2 g the time 

mean value of the reflected light exhibits a strong decrease, showing that the layer undergoes a 

transition from a compact to dilated state.  Immediately after the pressure peak occurs, the reflected 

light increases, indicating, that the layer was dilated during the free flight, and that a small compression 

occurred due to the collision. 

≈

 

Fig. 18.  Time series obtained from pressure and intensity sensors for a frequency of 40 Hz: (1) G=1.2 g and (2) 

G=2.3g (G is the bottom acceleration).  (After [19]). 
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The author emphasises, that the strong-nonlinear effect of base-layer collision, just discussed, is 

not limited to small dimension experiments.  So, to understand qualitatively large-scale phenomenon, 

which can take place during a large earthquake, the author considers results of Natanzon’s experiments 

[13, 41, 47]. 

 

Fig. 19.  A sketch of the experimental apparatus.  (After [41] and [47]). 

 

Fig. 19 shows a sketch of the experimental apparatus, which Natanzon used.  Experiments were 

conducted using a vertical metal tube having an inner diameter of 240 mm.  The tube wall thickness 

was 2.5 mm.  The piston provides vertical oscillations of the water.  The frequency and the amplitude of 

harmonic vibrations of the piston could be smoothly changed from 0.5 to 50Hz and from 0 to 15mm.  

The pressure on the free surface of the water column was equal to atmospheric pressure.  The speed of 

sound in the tube was 750 m/s.  The length of the water column was varied from 4 to 7.5 m.  Therefore, 

the fundamental frequency of the water column changes from 300 to 160 Hz approximately.  During the 

experiments the piston displacement and the pressure near the piston were measured.  Experiments 

showed that large-amplitude steep-front waves (shock waves) were generated in the tube, when the 

piston acceleration exceeded g as a result of piston/water column collision. 

 In Fig. 20 the oscillogram of the water pressure is presented.  The sinusoidal curves show the 

piston position.  The smooth parts of the oscillogram may be explained by the periodical generation of a 

gap (cavitation zone) in the water near the piston.  Thus, the distance between peaks determines the free 

flight time of the column.  The pressure peaks are the result of the collapse of the gap and the column-

base (piston) collision. 

Simple calculations show, that the cavitaion zone is formed, when the angular frequency of the 

piston is equal to 11 Hz, if l=0.002m.  If l=0.0011m, then it takes place, when the angular frequency of 

the piston is equal to 15 Hz.  In these cases, the piston acceleration slightly exceeds g.  As a result, of 
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periodic collisions of the water column with the piston the shock-like waves were excited near the 

piston instead of the sinusoidal acoustic waves (see also Fig. 3). 

 

 

Fig. 20.  Strongly-nonlinear oscillations of the water column (the exciting amplitude l=0.004 m, the column 

length is 6 m, the forcing frequency is 14 Hz).  (After [13] and [47]). 

 

Thus, the fly time of the water column is determined by the amplitude l and the forcing 

frequency.  In Fig. 20 the case, when the fly time is so large that sub-harmonic oscillations of the water 

column are excited, is presented.  On the whole, the water column motion resembles oscillations of a 

ball on the vibrating base. 

Natanson’s experiments showed a variety of nonlinear wave effects.  In particular, the results of 

the experiments with a water column were used for the analysis of the Tarzana hill oscillations [12, 13].  

It was found, that the earthquake-induced vertical oscillations of the Tarzana hill resembled the 

hysteretic dynamics of bouncing motion of a ball on the vibrating base. 

Similar strongly-nonlinear wave phenomena may be generated in upper-deposit layers, when 

earthquake-induced vertical acceleration of the base rock exceeds g.  In particular, strongly-nonlinear 

waves can be generated on the surface of the granular material.  Examples of these waves are shown in 

Fig. 21. 

As a result, of the periodic collisions of the granular material with the base, strongly-nonlinear 

waves are excited on the surface layer. 

The undisturbed mechanical properties of many geomaterials may be often described by the 

theory of elasticity.  However, due to the forced vibrations, the volume of the pores in geomaterials can 

increase, and then they begin to move like a liquid. Thus, the behaviour of geomaterials depends on its 

history and can change during an earthquake. 
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Fig. 21.  Two photographs of large-amplitude surface waves excited in the container when the forced 

vertical acceleration G=6.2 g.  (After [17]). 

 

We think that during a severe earthquake, the upper-lying material can separate from the base of 

hard rock.  As a result, a gap (see Figs. 2 and 21) is generated between these materials.  An annihilation 

of the gap and the corresponding collision of the upper material with the rock may generate the 

strongly-nonlinear wave.  Apparently, the extreme acceleration of 3.8 g, measured recently in Japan [8], 

is the result of a similar collision. 

In particular, the behaviour of surface layer materials in compression and tension (rarefaction) 

waves may be quite different.  Within the compression wave the materials have strength.  However, 

within the rarefaction wave the material behaviour can resemble the properties of gas or bubbly liquid. 

Thus, the presented data show that the properties of some geomaterials, can change during 

earthquakes.  The experimental data can help to explain the anomalous strongly-nonlinear phenomena 

which were observed by Darwin. 

On the whole, the results presented in sections 5.1 and 5.2 agree with Darwin’s note ‘…That this 

is followed by many minor fractures, which, though extending upwards nearly to the surface, do not 

(excepting in the comparatively rare case of a submarine eruption) actually reach it…’ [2, p. 71] and 

‘…the fresh fractures and displaced soil, must, during earthquakes, be confined to near the surface…’ 

[1, pp. 370-371].  Earthquakes can, also, generate very large cracks in the crust.  Darwin wrote ‘...I 

confine the foregoing observations to the earthquakes on the coast of South America, or to similar ones, 

which seem generally to have been accompanied by elevation of the land.  But, as we know that 

subsidence has gone on in other quarters of the world, fissures must there have been formed, ...’.  

Systems of fractures and weakly-stable geological faults may be generated by a severe earthquake [25-

31].  Complex interactions may exist among these defects of the crust.  Even a weak disturbance can 

transform this system in unstable state and generates a great earthquake.  This phenomenon partly 

explains why great earthquakes are predicted so difficult [32-34]. 
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3.1.3.  Topographic effects: the uplift and the fissure of the top of a ridge (observations and 

experimental data) 

In the last two sections, we connected the uplift with the loosening of the surface materials.  However, 

the ground loosening occurs only, if the vertical acceleration of the upper layers is large enough.  

Therefore, we should ask ourselves about values of surface accelerations, which occur during the 

earthquakes.  Can these accelerations loosen (fracture) the weakly-cohesive upper-lying geomaterials?  

The history of observational seismology has been marked by frequent reassessment of the maximum 

possible ground horizontal acceleration an earthquake is capable of producing.  It was once assumed, 

that no earthquake could generate horizontal ground acceleration as high as g.  The vertical acceleration 

is, usually, smaller than a horizontal acceleration.  For engineering purpose, the peak vertical 

acceleration is often assumed to be two-thirds of the horizontal acceleration [3, 11, 35].  However, 

many recent moderately-sized earthquakes have caused measured peak ground accelerations of over g, 

including the 1971 M 6.6 (magnitude 6.6) San Fernando earthquake (peak ground acceleration (PGA) 

1.25g); the 1979 M 6.4 Imperial Valley earthquake (PGA=1.25 g); the 1984 M 6.1 Morgan Hill 

earthquake (PGA=1.29 g); the 1985 M 6.8 Nahanni, Canada, earthquake (PGA>2 g vertical; PGA=1.25 

g horizontal); the 1992 M 7 Petrolia earthquake (PGA>1.85 g); and the 1994 M 6.7 Northridge 

earthquake (PGA=1.78 g) [6].  Recently, the surface vertical peak acceleration 3.8 g was fixed (the 14 

June 2008 Iwate-Miyagi earthquake, Japan [8, 48]).  This extreme upward acceleration at the surface 

was more than twice of its horizontal acceleration. 

We do not know, how high the accelerations, that are generated during great (like the Chilean 

1835) and giant (like the Chilean 1960) earthquakes might be.  We noted above, that, according to field 

observations [11], the crest amplification with respect of the base can reach a factor of 10 and more.  

According to these data, if the base acceleration is 0.5 g, then the crest acceleration may be 5 g.  On the 

whole, this very remarkable result agrees with the data [8, 9]. 

To study this problem further we now consider some theoretical and experimental results.  

Firstly, we simulate analytically the topographic effects of narrow ridges and conical mountains. 

It is known, that elastic waves propagate along a cylindrical bar of uniform cross-section 

without change of the waveform.  However, if the cross-section is not uniform, the shape of the wave as 

well as its amplitude changes during its passage. 

To illustrate this fact consider the upward motion of the compression wave 

                       ,                              (1) )( 0tcrFru n += −

in a conical specimen.  Here  is the travelling wave, r is the radial coordinate, t is a time,  

is the wave speed and n is a constant.  We may assume that n=0.5 (cylindrical wave) for narrow ridges  

)( 0tcrF + 0c
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and n=1 (spherical wave) for conical mountains.  The acceleration is determine as follows 

            .              (2) 2
0

22
0

22 )(// tcrFcrtu n +∂∂=∂∂ −

 

 
Fig. 22.  Scheme of the conical mountain having steep slope (dθ is small) and subjected to the impact vertical 

displacement u. 

 
Here .  It can be seen that the acceleration extremely increases near the top where 

(see Fig. 22).  The acceleration depends also on the wave steepness.  The steeper the wave front, 

the higher the acceleration. 

)( 0tcrFF +=

0→r

This result agrees well with the strong amplification of earthquake effects near the tops of 

mountains.  Thus, we have shown that earthquake-induced accelerations of mountain tops may be very 

large.  If the base acceleration is of the order of g, then the acceleration of the top may be>>g.  In real 

situations along the mountainside, complex deamplification and amplification can occur, leading to 

large, and dangerous, differential motions, especially near the upper parts.  In particular, the reflection 

of the upward-seismic wave from the mountain slope may produce tension stresses, which may be 

sufficiently large to cause fractures, if the ridge is formed by the weakly-cohesive geomaterials.  The 

same argument is related to the propagation of elastic waves in a conical element with small-apical 

angle, which is shown in Fig. 23.  This figure illustrates very approximately the earthquake-induced 

wave processes in ridges and mountains. 

The generation of the tensile stresses is determined by the slope of the mountain.  The 

compressive wave, radiated from the base, is reflected from the slope sides of the specimen as a 

predominantly-tensile wave at the same time as the wave proceeds towards the top.  The reflected 

waves intersect on the axis of the specimen and there tend to tear it apart.  This is the reason for the 

axial fracture.  It is not difficult to see, that if the stress pulse is of sufficient intensity, the axial fracture 

should start from the point of initial pulses collision and then spread upwards and downwards from it.  

Fig. 23 does not show a picture of reflection of the compression wave from the top.  We note only, that 
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the short-compression wave reflects from the top as a tension wave and then the combined effects of the 

incident and reflected waves must be considered. 

 

 
Fig. 23.  Fracture pattern in a wedge-shape plate.  Compressive and reflected waves (left), fracture generation 

(right). 

 

Now, we consider some experimental data.  Fig. 24 shows the effect of the slope of lateral 

boundaries of the specimen with respect to the loading bottom (base).  When a charge is detonated 

along the whole base of a flat wedge-shaped plate, multiple fractures (spalls) near the apex are 

conspicuous; this is true even for wedge slopes, which are not small, as Fig. 24 shows. 

 

 
Fig. 24.  Fractures of wedge-shaped plates explosively loaded along the whole of the base.  (After [49]). 

 

Let us continue the analytic consideration.  Then the fracture patterns near the apex may be 

explained as follows.  We have for the wave F the stress 

FErtcrFEr
r
uE nn

r
1

0 5.0)(/ −−− −+∂∂=
∂
∂

=σ ,     (3) 
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where E is Young’s Modulus [49, 50]. Expression (3) represents an earthquake-induced compression 

wave, travelling towards the top of the ridge Fig. 25. Let in (3)  

                    u .              (4) ]1)([exp 0 −−−= − tcrAr n ω

In (4) A is amplitude and ω  is a constant, which determines the length of the wave.  We take t=0 to 

correspond to the arrival of the front of the wave at the top.  In this case, t is negative while the wave is 

travelling towards the top.  The expression (4) holds for negative values of t, where r is numerically 

greater than .  At the front of the wave tc0 tcr 0−= , and the displacement is zero, whilst values of r less 

than tc0  correspond to the region of the ridge, which is passed by the wave front and where the 

displacement, practically, drops to zero.  From (4) and (3) we find, that the stress, associated with the 

wave, is [49, 50]: 

]1)([exp)(exp 0
1

0 −−−−−−−= −−− tcrnEArtcrrEA nn
r ωωωσ .   (5) 

It may be seen, that the wave consists of two terms of opposite sign and, that the pressure wave is 

followed by a wave of tension, and as the wave approaches the ridge top, the region of compression 

becomes shorter and shorter.  The wave is then reflected at the apex and in the region between the head 

of this reflected wave and the apex the combined effects of the incident and reflected waves must be 

considered.  We shall not analyse these combined effects here, but only illustrate them in Fig. 25. 

 

 
Fig. 25.  Fracture in a Perspex cone as a result of the explosive load of the base.  The tip may break and fly off at 

high velocity.  See the tip on the left.  (After [50]). 
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Thus, the experiment and the analytic analysis showed that the fractures can group near the top 

and the axis of the ridge and mountains.  It is interesting, that axial fractures (spalls) in Fig. 26 recall 

cavitation bubbles in a liquid.  It should be emphasised, that the vertical motion and the surface 

fractures, just discussed, are not limited to small phenomena.  Localization of fractures in a cone-type 

mountain was observed, following a 1.7 kiloton underground nuclear blast [51].  Near the top the stress 

wave produced three slabs of equal thicknesses (≈35 m).  The slabs moved upward with initial 

velocities of approximately, 2.4, 1.5 and 0.7 m/sec, respectively.  The surface slab of consolidated tuff, 

situated about 230 m above the blast, rose to a height of 225 mm. 

Large volumes of coarse rockfall as the results of underground nuclear explosion is shown in 

Fig. 26. The ground fractures were generated by 2 m/s peak ground velocity and 5-6 g peak ground 

acceleration from two underground nuclear explosions along Rickey Cliffs on Pahute Mesa. 

 
Fig. 26.  The coarse rockfall as the results of underground nuclear explosions on Pahute 

Mesa.  (After [52]). 
 

The Mino-Owari earthquake of 1891 was the greatest recorded inland earthquake to strike 

Japan.  The seismologist John Milne reported ‘the contortions produced along lines of railway, the 

fissuring of the ground, the sliding down of mountain sides and the toppling over of their peaks, the 

compression of valleys and other bewildering phenomena’ [24, p. 76].  Hartzell et al. (see [3]) 

 70



investigated severe damage on Robinwood Ridge in the Loma Prieta, California.  They explained the 

phenomenon by the topographic effect. 

Presented results are very important for us since they shall allow us to explain the many 

observations of Darwin.  One can see, that the last observations, on the whole, support Darwin’s note 

‘... the superficial parts of some narrow ridges were as completely shivered, as if they had been blasted 

by gunpowder...’ [1, p. 370]. 

 

3.1.4.  Topographic effect, uplift, and fissure of islands 

Example of the topographic effect.  The Northridge 1994 Southern California earthquake caused 

extremely violent shaking at a site in Tarzana, California, located about 6 km south and 18.7 km the 

main-shock hypocenter [53].  The peak horizontal acceleration (1.78 g) was about a factor of 10 higher, 

than was observed at most other sites at an equal epicentral distance, and it was considerably higher, 

than that expected from empirical acceleration curves and numerical simulations. 

 

 
Fig. 27.  North-south component seismograms measured along the Tarzana hill.  The accelerographs were 

located atop a hill about 15-20 m high, 500 m long and 130 m wide.  (After [53]). 

 

The top/base amplification ratio at 3.2 Hz was about 4.5 for horizontal ground motions, 

orientated approximately perpendicular to the long axis of the hill (left side of Fig. 27 and about 2 for 

motions parallel to the hill (right side of Fig. 27). 

 

The uplift of islands.  Islands are the tops of ridges and mountains partly submerged in water (Fig. 28). 
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Fig. 28.  The ocean islands. 

 

Therefore, the uplift of them may be explained by the concentration of seismic energy near the 

tops, high vertical acceleration of the top material, and loosening of this material.  The uplift of the land 

was established by the clearest evidence after the 1835 Chilean earthquake.  The greatest uplift known 

occurred in the island of Santa Maria (Fig. 29), 25 miles southwest of Concepcion (up to 3 m).  We 

think that it is a result of the topographic amplification of seismic waves at the top of the mountain 

partly submerged in water.  At Mocha Island (120 miles south-southwest of Concepcion), according to 

an observer, whose accuracy Captain FitzRoy was inclined to trust, the land was uplifted about 2 feet 

(0.6 m). 

We emphasise again, that whole uplift was not permanent.  Captain FitzRoy states that, for 

some days after the earthquake, the sea did not rise to its usual marks by 4 or 5 feet, vertically.  But, he 

added, this distance gradually diminished until, by the middle of April.  Darwin also noticed that, after 

some weeks, the ground stood lower than it did immediately after the earthquake, and he suggested, that 

the later subsidence might be due to the settling down of the uplifted crust. 

 

           
 

Fig. 29.  The location of S. Maria and Quiriquina Islands (left).  The location and the modern form of Quiriquina 

Island (right). 
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The topographic effect can explain the uplift of Ranongga Island during the 1 April 2007 

Solomons earthquake.  Recall, that the sea bottom slope of the shore around this island is relatively 

steep (see the map in Fig. 7).  The ground uplift obtained at Lale village was the highest in Ranongga 

Island (Fig. 7).  According to eyewitness account of inhabitants of Lale (Ranongga Island), the ground 

was uplifted by about 7 m just after the earthquake, and the sea level started to rise up gradually after 

about 10 days of the earthquake.  The maximum tsunami height of 8.6 m was measured at Tapurai 

village in Simbo Island.  Thus, the height of tsunami was greater, than the maximum ground uplift. 

Cracks in the ground were recognized near Lale village (Fig. 30).  The maximum ground 

deformation in the earthquake was occurred between Ranongga Island and Simbo Island (see Fig. 7).  

Two international tsunami survey teams studied results of the earthquake.  The first [55] was dispatched 

within a week of the earthquake.  This team found, that the southern part of Ranongga Island was 

uplifted by up 3.6 m decreasing towards the north with only 1.5 uplift.  Less than 1m uplift was 

determined on the northwest tip of Vella Lavella and Vonavona Islands.  The islands were uplift during 

the earthquake prior to tsunami arrival significantly reducing the tsunami impact. 

 

 
Fig. 30.  An example of earthquake-induced cracks in the ground near Lale village. 

 
The second team arrived on 16 April [56].  It was found, that the greatest uplift, 2.46 ± 0.14 m 

was on the southern part of Ranongga.  Thus, we can think, that during of the week the uplift was 

reduced from 3.6 to 2.6 m. 

Offshore sediments frequently contain bubbles of gas, normally methane produced biogenically 

or thermogenically (Fig. 31, see also Fig. 16).  The presence of these gas bubbles can have a significant 

effect on the behaviour of the sea bed, the coastal materials, and small ocean islands during the 

earthquakes. 
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Fig. 31.  Schematic presentation of gassy soil as a saturated soil containing gas bubbles (left) and soil sample 
(right).  (After [57]). 

 

Of course, the behaviour of the offshore sediments depends on its history.  In particular, 

properties of the materials before and after the earthquake may be quite different.  During an earthquake 

a volume of the bubbles increase, the soil loosens and the soil surface uplifts.  After the earthquake the 

bubble volume slowly reduces and the soil surface moves down. 

The fissure of island.  Earthquake-induced oscillations of the small island of Quiriquina attracted 

Darwin’s attention.  The width of the island is approximately 500 m, and length 4000 m.  During the 

last two centuries the island form, of course, has changed.  Therefore, in Fig. 29 the island is presented 

according to an old map from [54] (left) and a new (right) map.  The height of the ridge on the island is 

approximately 140 m. 

Darwin [1, p. 370] described the result of earthquake-induced vibrations of the small island of 

Quiriquina.  ‘... The ground was fissured in many parts, in north and south lines; which direction 

perhaps was caused by the yielding of the parallel and steep sides of the narrow island.  Some of the 

fissures near the cliffs were a yard wide….’  Darwin noted the earthquake-induced vibrations of the 

foundation of the island.  These vibrations excite the surface waves (see, for example, Figs. 2, 18, 21). 

 

 
Fig. 32.  Surface-water wave generated by vertically moving bottom in a 1. 68 m long tank.  (After [58]). 

 
It is known, that fractures and cracks may be generated, when a wave (Fig. 32) reflects from a 

free surface (see Fig. 33).  Because of the sharp impedance contrast between the island material and the 

water, an earthquake-induced wave loses only a small part of energy because of reflections from the 

cliffs.  Thus, the reflection from the cliffs is reminiscent of the wave reflection from free boundaries. 
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Fig. 33.  Reflection of surface-wave from at free boundary and generation of surface fractures.  (After [50]). 

 

Fig. 33 illustrates qualitatively the horizontal surface displacement distribution at various stages, 

when a plane compression surface-wave of arbitrary shape is reflected at a steep cliff of an island.  

Following from [50], we assume, that the resultant displacement at any point in the island during 

reflection is obtained by adding the displacement due to the incident and reflected waves, which are 

shown by the thin lines in Fig. 33.  The resultant displacement is shown by the thickest line in each 

figure, whilst the broken line corresponds to the portion of the wave, which has already been reflected.  

(a) shows the wave approaching the free boundary; (b) shows the distribution when a part of the wave 

has been reflected, but the displacement still corresponds to the compression of the surface material; (c) 

is a slightly-later stage when some tension has been set up near the boundary; this tension has spread in 

(d) and in (e), half the wave has been reflected, and the displacement curve corresponds completely to 

the tension wave.  In (f) the reflection is complete, and fractures (cracks or fissures) have developed 

where the tensional displacement has exceeded some critical level. 

A joint action of earthquakes, weather, seismic, and ocean waves can change an island form.  

Darwin noted ‘…many enormous masses had already fallen on the beach; and the inhabitants thought, 

that when the rains commenced, even much greater slips would happen.  …I believe this convulsion has 

been more effectual in lessening the size of the island of Quiriquina, than the ordinary wear and tear of 

the weather and the sea during the course of an entire century…’ [1, pp. 370, 371]. 

 

3.2.  Darwin’s thought about intimate connexion between the volcanic and elevatory forces 

Large earthquakes can stimulate large-scale volcanic eruptions.  The cause of a naturally-triggered 

earthquakes is not clear, although, a few interesting mechanisms are proposed (see short reviews in [9], 
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[14], [20], [21], [59-64]).  Apparently, it is impossible to explain all documented events through a 

single mechanism. 

There are convincing lines of evidence, that the passage of large-amplitude seismic waves 

dynamically triggers seismicity, especially, at volcanoes.  Darwin wrote that ‘…the great columns of 

smoke shot forth from the tall chimneys of the Andes relieved the trembling ground, which at that 

moment was convulsed over the whole surrounding country …’ [2, p.58].  He emphasised ‘…the 

intimate connexion between the volcanic and elevatory forced…’ [2, p. 54]. 

It was documented [21, 62-64], that seismicity increases in Long Valley caldera, USA, 

following the 1992 Landers earthquake.  West et al. [63] studied the periodical-triggered seismicity at 

Mount Wrangell, Alaska, when long-period Rayleigh waves, generated by the Sumatra earthquake, 

swept across Alaska.  It was concluded, that long-period (>30sec) waves are more effective at 

generating local seismicity, than short-period waves of comparable amplitude. 

 

3.2.1.  An earthquake-induced ground elevation as a triggering mechanisms for large-scale 

volcanic eruptions 

In the section below, attention is focussed on the documented simultaneous eruptions from four 

volcanoes during the 1835 Chilean earthquake [59].  Darwin [1, p. 380] reports that ‘…several of the 

great chimneys in the Cordillera of central Chile commenced a fresh period of activity ….’  Let us 

consider these eruptions taking into account the volcano shape and the conduit.  Three of the volcanoes 

(Minchinmavida (2404 m), Cerro Yanteles (2050 m), and Peteroa (3603 m)) are stratovolcanos and are 

formed of symmetrical cones with steep sides.  Robinson Crusoe (922 m) is a shield volcano and is 

formed of a cone with gently sloping sides.  They are not very active.  The last large eruption of 

Minchinmavida, Cerro Yanteles, and Robinson Crusoe was in 1835.  Peteroa erupted also in 1837 and 

1937.  Now it has a small crater lake.  Darwin reports, that the craters of Minchinmavida and Yanteles 

were covered by snow [1, p. 276]. 

We may surmise, that their vents had a sealing plug (vent fill) in 1835.  All these volcanoes are 

conical.  These common features are important for our triggering model, which is discussed below.  The 

vent fill material, usually, has high level of porosity and a very low tensile strength and can easily be 

fragmented by tension waves.  In particular, the porosity of dome lava from the Soufriere Hills volcano 

in Montserrat, West Indies, is 33 %.  The porosity of a vent filling and a crater material has the same 

level.  We assume that the action of a severe earthquake on the volcano base may be compared with a 

nuclear blast explosion the base.  It is emphasised above, that after a 1.7 kiloton underground nuclear 

explosion [42] the vertical motion and the surface fractures in a cone-type mountain was observed (see, 

also Fig. 26).  Analogous phenomenon may be generated as a result of a severe earthquake.  The 
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volcano base obtains the great earthquake-induced vertical acceleration, and the compression wave 

begins to propagate through the volcano body (Fig. 34 a).  Since we are considering conic volcano, the 

interaction of this wave with the free surface of the volcano is, approximately, the same as was shown 

in Figs. 23-26.  The reflection of the upward-going wave from the volcano slope produces tensile 

stresses within the volcano (Fig. 34 a).  The conduit magma is held at high pressure by the weight and 

the strength of the vent fill.  This fill may be collapsed (Fig. 34 b) and fly off (Fig. 34 c), when the 

upward wave is reflected from the volcano crater. 

 

Fig. 34.  Dynamics of the interaction of a conical volcano truncated by a crater with an upward-going wave. 

  (a)  Schematic of the conical volcano system (mountain, crater, vent fill, conduit, and magma chamber) and the 

waves induced by the rapid land elevation.  (b)  The tension wave reflected from the crater surface, the beginning 

of vent fill collapse and generation of the plume, the growth of bubbles in magma due to the tension.  (c).  The 

wave dynamics, generation of the converging radial surface wave at the rim and the beginning of the large-scale 

eruption.   is a magma chamber pressure.  (After [14]). 0P

 

After this collapse the pressure on the magma surface drops to atmospheric Pa, and a 

decompression front begins to move downward in the conduit (Fig. 34 c).  In particular, large gas 

bubbles can begin to form in the magma within the conduit (see Fig. 4).  The resulting bubble growth 

provides the driving force at the beginning of the eruption [65-68].  Thus, the earthquake-induced 

nonlinear wave phenomena can qualitatively explain the spectacular simultaneity of large eruptions 

after large earthquakes. 

 77



The collapse of the vent fill.  The collapse of the vent fill is important for this model.  The possible 

versions of the collapse of the vent fills are shown in Fig. 35.  The vent fills are modelled as a finite-

short cylinder or a plate.  We assume that the surface explosion can simulate the action of the upward-

seismic wave. 

First, the compression wave is reflected from the free surface of the vent fill as tension waves.  

The interference of the reflected waves may produce stresses, which are sufficiently-large that they can 

cause fractures, although, the amplitude of incident compression wave was too small to do it in this 

case.  Similar fractures (cracks) are shown in Fig. 35. 

  
Fig. 35.  Cross-sections of mild steel plate (left) and steel cylinders after the surface explosion (right).   

(After [49]). 

 

Once a fracture has occurred, the reminder of the incident compressive wave in the mass of the 

fill will be approaching a fresh, new surface and, correspondingly, will be reflected as a tension wave.  

Thus, further fractures may occur; if no scab is throw off, the total effect may be a series of more or less 

parallel cracks.  The location and dimensions of cracks, and, also, the directions of them often depend 

on many parameters. 

 

 
Fig. 36.  Propagation and refraction of a wave generated by a surface explosion.  The central fracture forms due 

to the interaction of the reflected tension waves.  (After [49]). 
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Qualitatively, the failures, showed in Fig. 35, correspond to the scheme of Fig. 36.  The last 

figure gives a simplified scheme of propagation, distribution, and superposition of the wave, generated 

by surface explosion.  The scheme demonstrates the generation and the collision of the reflected-tension 

waves and, as a result of the collision, the central fracture of the material.  According to Fig. 36, the 

axial failure zones in the specimens are generated as a result of the collision of the tension waves. 

The generation, propagation, and reflection of the waves noted above are illustrated well by the 

stress waves in the ‘Perpex’ specimen, shown in Fig. 37. 

 

 

                   
Fig. 37.  Stress waves produced in 5 5.05.55. ××  inch ‘Perpex’ plate by a 0.12 gramme charge of lead oxide 

detonated in the centre of the upper edge.  Times given are measured from the instant of detonation of the charge.  

(After [50]). 

 

Eruptions.  The volcanic shape is a cone truncated by a crater (funnel).  The crater surface is formed by 

weakly-cohesive media (snow, ice, granular materials, sediments, water, and magma).  The crater is 

connected with the base of the volcano by a conduit, containing bubbly liquid-like magma.  For 

example, the Soufriere Hills volcano in Montserrat, West Indies, has a 30 m diameter conduit, a 300 m 

diameter, a 100 m deep crater, and a vent fill (estimated as 20 m thick).  Axisymmetric topography 
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surrounds the vent (∼22o slope) [69].  Thus, the volcano can be visualised as a conduit, truncated by a 

funnel. 

After the collapse of the vent fill the decompression front begins to move downward in the 

conduit (Fig. 34 c).  The amplitude of the decompression wave is of order Pa.  This wave is reflected by 

the high pressure magma chamber as a compression wave with amplitude close to P0 (Fig. 34 c).  As a 

result, the pressure difference between a region of low pressure (atmosphere) and the magma chamber 

can cause the large-scale eruption.  The beginning and the process of the eruption depend on many 

circumstances: conduit system and its dimension, chamber size and pressure, magma viscosity and gas 

concentration in it may be the main variables. 

In particular, due to reverberations and transformations of the wave in the conduit, the eruption 

can become pulsatory [70-74].  The conduit is a complex system of little conduits and pipes, the 

geometry of which is very important and very difficult to determine.  However, very roughly, we can 

approximate it as a single pipe, connected to the magma chamber and the vent.  In this case, we 

consider the conduit as the resonant pipe in an organ. 

 

 

Fig. 38.  Simplest scheme of the wave process, which can be initiated by the vent fill collapse. 
(1) Closed conduit; (2-5) Strongly-nonlinear wave triggered by a collapse of the vent fill. (See, also, Figs. 37 and 38). 

 
Recently [74], it was experimentally demonstrated, that the geometry of the conduit is the key 

parameter, governing the flow pattern of ascending slugs in viscous magma, which act as a 

trigger/source of volcanic seismic signals. 

The strongly-nonlinear waves, propagating in the conduit and reflected from the atmosphere and 

the magma chamber (Fig. 38), can explain the volcanic tremor (rhythmic ground shaking different from 
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the discrete sharp jolts characteristic of earthquakes).  The resonant free oscillations in the conduit may 

continue for a long time, since they are fed by the magma chamber pressure.  The behaviour of the 

system strongly depends on the magma viscosity.  The gas can escape from the bubbles more easily in 

the case of low viscous magma.  However, if the magma is very viscous, so the gas cannot escape so 

easily, then the bubbles grow very quickly near the vent only.  Effects of this growth can resemble an 

explosion [69, 75]. 

Let us estimate the period of the pulsations.  The conduit magma contain a lot of gas, therefore, 

the wave speed can vary from 1000 metres per second to several tens of metres per second [68].  When 

the conduit length is of the order of 10 km, then the period of the pulsatory explosions can lie in the 

range from minutes to hours.  For example, if 20≈mC ms-1 and the conduit length is 20 km, then the 

period is about 0.5 hour. 

 

3.2.2.  Earthquake-induced surface-waves and short-time volcanic eruptions 

Darwin reported that ‘…If the earthquake or trembling of the ground (which, however, we have seen 

was less near these volcanoes than elsewhere) had acted in no other way, than in merely breaking the 

crust over the lava within the craters, a few jets of smoke might have been emitted, but it could not have 

given rise to a prolonged and vigorous period of activity …’ [2 , p. 61] and ‘... a train of volcanoes 

situated in the Andes...instantaneously spouted out a dark column ...’ [1, p. 380]. 

Taking into account these notes Galiev [14] suggested, that there could be a mechanical 

mechanism focusing of the surface material of the crater along the axis of symmetry, which can form ‘a 

dark column’.  This mechanism is the interaction of the volcano craters with upward waves, generated 

by the vibrations of the volcano bases.  As a result, the converging and diverging radial waves of the 

surface material are formed on the volcano top.  These converging waves focus in the centre of the 

crater and can form the vertical ‘a dark column’.  The described processes are qualitatively illustrated 

by Fig. 39.  In particular, similar-wave processes were observed in the volcano Santiaguito, Guatemala 

(Fig. 40), where the local peak vertical acceleration of the crater surface was up to 3 g [9].  The crater-

surface waves and the periodical uplift of the volcano dome were measured.  These phenomena were 

excited as a result of the periodical degassing of the conduit magma.  The observed crater-surface 

waves propagate at 30-50 ms-1, which is too slow for typical elastic waves within solid or fluid magma. 

To discuss these phenomena we shall consider the dome (vent fill) as a plug of the conduit.  

When the gas pressure in the conduit exceeds some critical level, the plug uplifts and a short eruption 

occurs.  The gas pressure in the conduit reduces.  Then the plug drops.  As a result, converging and 

diverging radial waves of the surface deformation and an atmospheric pressure are formed. 
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Fig. 39.  Simulation of results of the interaction of an upward-going wave and a volcano crater. t=0: Generation 

of the surface waves at the rim. t=15: Converging and diverging radial waves. t=23:  The material column (jet-

like eruption) induced by the focusing of the converging radial wave.  (After [14]). 

 

Fig. 40.  Focusing of the short-time periodical eruption of the volcano Santiaguito, in Guatemala. 

(After http://www.photovolcanica.com/VolcanoInfo/Santiaguito/Santiaguito.html) 
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A ring-like eruption of the volcano Santiaguito is shown in Fig. 40 (top).  The eruption is a 

result of the dome uplift.  Then the converging wave propagating in atmosphere is formed.  This wave 

focuses in the dome centre.  Fig. 40 (bottom) shows the top of the volcano Santiaguito between the 

eruptions. 

Thus, on the vibrating surface of a volcano top may be a complex interaction of atmosphere, 

cracks and boiling magma.  As a result of the interaction, a short-time eruption can take place.  Because 

of the sharp vertical motion of the crater surface the converging radial wave of air within the crater can 

form.  An example of a similar radial ring-like wave on the surface of boiling water is shown in Fig 41. 

 

Fig. 41.  Impact interaction of the base (piston) with liquid.  The generation of cavitation and the elevation of the 

free surface of liquid.  (The interval between frames is 200 sμ ).  (After [76]). 

 

The shock-wave was produced by an impact of the piston (bottom).  It is assumed, that the 

piston, approximately, simulates the earthquake-induced motion of the rock base.  Reflection of the 

shock-wave from the free surface generates the rarefaction wave and cavitation.  The first frame 

corresponds to the arrival of the shock-wave front at the free surface (the diameter of the liquid column 

is 30 mm).  On the free surface the converging ring-like compression-wave is formed, which then 

transforms into the jet.  At the same time the free surface uplifts.  Within the liquid the bubbles grow, 

and the liquid boils. 

 

Fig. 42.  The vertical velocity seismogram (trembling of the ground) which was recorded at a station 3 km from 

the vent of the volcano Santiaguito.  (After [9]). 
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The diverging seismic surface-wave propagation from the volcano Santiaguito was fixed [9].  

The seismogram of this wave is presented in Fig. 42. 

The vibrations of a volcano base can generate avalanches inside of a crater.  It is known, that 

snow avalanches occur in very cold, dry climates (in particular, in the Andes of South America, the 

Himalaya, and the Rocky Mountains of North America) (Fig. 43).  The light powdery snow grains do 

not stick together well.  An avalanche occurs, when the stress of gravity trying to pull snow downhill, 

exceeds the strength of the bonds among the snow crystals of the snow cover.  About 90 per cent of all 

avalanches start on slopes of 300–450 (coincidentally, the best angle for skiing).  There are four 

ingredients required for a snow avalanche to occur: snow, a steep slope, a weak layer in the snow cover, 

and a trigger. 

A strong enough earthquake can cause this snow to move down to the crater centre.  A powerful 

flow of compressed air can move ahead of the avalanche.  It is a so-called 'air wave' or 'avalanche 

blizzard'.  Near the crater vent the mixture of snow, ice, and solid grains swirls and spins like a huge 

cloud (column) uplift from the crater.  Perhaps, the similar clouds Darwin described as ‘a dark column’. 

 

 
Fig. 43.  A sequence of snapshots of a powder snow avalanche in the Himalaya.  (After [37]). 

 

It was assumed [14] that the described above processes may explain qualitatively the 

simultaneous short-time eruptions of many volcanoes. 

 

3.2.3.  Modelling of ‘dark column’ from craters 

Darwin himself did not personally observe the simultaneous eruptions of many volcanoes, which have  
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not been repeated since 1835.  The avalanches in craters independent on the eruption are also rare 

events.  We find only one description, which may be connected with the avalanche in the volcano crater 

and the granular jet from the crater.  It was devoted to the Kilauea volcano, Hawaii.  It was reported, 

that the Halema'uma'u Crater had a phreatic explosion at 20.03.2008.  Rocks and boulders flew up to 

the viewing terrace.  These were old rocks, fresh lava was not promoted.  At the same time, the eruption 

of water or granular jet from surface cavities and craters is a well-known phenomenon.  Some 

experimental data, which demonstrate the process of focusing of the converging surface wave in 

craters, are presented below.  The wave is generated due to different reasons.  But we think that a 

similar process might take place sometimes during an earthquake-induced sharp acceleration of a 

volcano crater. 

The violent acceleration of the crater can form an intense focused jet.  The shape, dynamics, and 

fragmentation of the corresponding jet are a problem still under debate and depend on many parameters 

[77-81].  Fig. 44 shows the periodical jet (oscillon), which is excited on the surface of a layer of 

vertically vibrated brass balls [77].  The oscillon may be started by touching the surface of brass balls 

with a pencil [78].  After formation of the surface crater, the oscillon begins to bounce up and down, 

while the surrounding material stays in place.  During one cycle of the excitation it is a peak; on the 

next cycle it is a crater [77].  Oscillons do not only occur in granular media.  They have also been 

observed in water and suspension layers [79]. 

 

 
Fig. 44.  The periodical granular column and crater on a surface of the vertically-excited layer which may be 

started by touching the surface with a pencil which forms the crater. b and c, a plan view, d and e, a side view.  

(After [77]). 
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When an object sinks quickly onto a bed of fine, loose sand a surprisingly vigorous jet shoots 

upward from the surface (Fig. 45), it is similar to what happens in a liquid.  In particular, an interaction 

of a solid sphere with a deep layer of granular medium was studied in [80, 81].  A formation of craters 

and following eruption of granular jets from the craters were observed. 

 

 
Fig. 45.  The formation of jets of the granular material when a heavy sphere is dropped onto a bed of loose, fine 

sand.  After the crater formation and an crown-shaped splash of grains from the bed’s surface, the jet erupts from 
the crater.  (After [80]). 

 

In the case of the impact interaction, a transient axisymmetric rarefaction wave in atmosphere is 

generated, and then an ejected-granular sheet is formed.  This sheet is shown in Fig. 45 (middle image).  

We can, approximately, assume that this sheet is the analogue of a crater surface material.  Then the 

following transient radial and vertical motions of air and the ejected granular sheet form a granular jet 

along the axis of symmetry (right image).  We think that there is an analogue of the crater avalanche 

dynamics with wave phenomena illustrated by Fig. 45. 

The effect of the splash was excluded in [11].  A ping-pong ball of radius =2.0 cm, partly filled 

with bronze grains, was suspended above ‘dry quicksand’ (not to be confused with normal quicksand, 

which is a mixture of sand, clay, and water) so that it was just touching the surface.  To release the ball 

without introducing any vibration, the thin rope supporting the ball was burned, causing the ball to sink 

instantaneously into the sand.  In contrast with Fig. 45 in this case, there was no splash, but a straight jet 

of sand shot violently into the air after about 100 ms (Fig. 46). 

Experiments with cavities (craters) on a surface of liquid, loading the shock wave, have shown 

[82] that the plume velocity increases with the surface curvature and/or the intensity of the shock.  The 

form of the cavity can be very important.  Fig. 47 shows a result of the interaction of a plane shock-

wave with an elliptic cavity.  In this case, one jet is formed. 
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Fig. 46.  Snapshots of the sinking-ball experiment.  At time t=0 ms, the ball (mass=133 g) is released and 

immediately starts to sink into the sand; at t ≈ 120 ms, a crater forms; at t ≈ 140 ms, a sand jet emerges, which 

reaches its final height at t ≈ 180 ms.  After at t ≈ 60 ms, the trapped air bubble reaches the surface.  (After [81]). 

 

Thus, the formation of the crater column can depend on many circumstances.  The curvature of 

the crater surface, the initial vertical acceleration, and the inertia force play the important roles. 

 

 
Fig. 47.  Elliptical cavity collapsing in gelatine.  The cavity is inclined at 550 to the incident shock as shown in 

the schematic.  The jet travels perpendicular to the shock front.  Interfame time 0 µs. (After [82]). 
 

The experiments with semicircular and square cavities demonstrate that jets may be generated 

near the cavity corners (see Figs. 48 and 49).  These jets move towards one another.  At the same time 

air shock-waves are generated within the cavities. 
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Fig. 48.  Collapse of a semicircular cavity.  (i) In the air the plane shock-wave A and the corner wave C are 

formed.  (ii) Two converging jet-like waves move from the walls.  (After [82]). 

 

The jet motion and then the jet collision were observed when a square cavity collapsed.  

Schematic showing wave fronts and moving jets for the last cavity are presented in Fig. 49. 

 

 
Fig. 49.  The interaction of a flat-walled cavity with a shock.  Waves include the incident shock S, the air shock 

A, and the corner waves C.  The jets moving from the cones are shown.  (After [82]). 

 

The generation of a vertical column may be demonstrated using a tube, filled by water.  When 

the tube falls from a height of 10-20 cm and the bottom receives a shock loading, the centre of the water 

surface ejects a thin vertical column [83].  This is a result of the interaction of the concave surface of 

the water with the upward-wave of the acceleration.  The height of the ejected column can be more than 

1 m.  The deformation of the concave surface and the formation of the column during similar 

experiments are shown in Fig. 50. 
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Fig. 50.  Axial impact of a cylindrical tube falling under gravity and filled with a liquid wetting the tube wall.  

The curvature of the spherical meniscus (crater) reverses violently, a prelude to the birth of a rapidly-ascending 

jet.  (After [84, 85]). 

 

The experiments, discussed herein, have demonstrated, that a crater jet can occur, if there is a 

strong enough earthquake-induced vertical acceleration of the volcano base.  As a result, strongly-

nonlinear surface waves, short-duration eruptions, and crater avalanches may occur.  The mixture of the 

surface materials, the ash, and gases focuses in the crater centre and forms the vertical ‘a dark column’. 

Thus, according to the very idealized models, presented above, the earthquake-induced 

volcanoes, separated by very long distances, could instantaneously eject jets.  The fluidization of the 

crater surface, the crack, and the fountain-like eruption absorb considerable seismic energy.  Therefore, 

immediately after the eruption, surface oscillations near the volcano are reduced. 

 

3.2.4.  Modelling and discussions of earthquake-induced volcanic eruptions 

The model of section 3.2.1  Earthquakes triggered tremors, geyser eruptions, and other seismic activity 

thousands kilometres away [27].  Linde and Sacks [20] indicated clearly, that a great earthquake could 

be a trigger mechanism for large eruptions.  All 20 of the single-day earthquake/eruption pairs listed in 

[20] took place for cone-like volcanoes and during large (magnitude ≥7) or very large (magnitude ≥8) 

earthquakes.  In particular, it was shown, that there is a sharp peak in the number of eruptions on the 

same day as an earthquake. 

Following Darwin [1, 2] we have connected the large-scale eruptions to the sharp vertical 

elevation of the land.  The model takes into account the amplification of the upward seismic wave near 
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the top of a conical volcano and the interaction of this wave with the crater surface.  The elements of 

the model are fragmentation of the vent fill, connection to the atmosphere, and the high pressure 

conduit, growth of bubbles (cavitation), and the beginning of the eruption (generation of the column of 

ejected matter).  We think that the shape and the state of the four volcanoes during the 1835 Chilean 

earthquake were such, that the vent fills were fragmented.  As a result, the large-scale eruptions took 

place.  The earthquake opened the conduits and the magma chambers, and magma began to erupt like 

champagne from a bottle. 

It is interesting that the majority of the volcanoes presented in the list of earthquake-triggered 

eruption pairs [20] are truncated by large calderas.  This observation agrees with Darwin’s note [1, p. 

380] about ‘great chimneys’. 

The models of section 3.2.2  According to section 3.2.2, a column may be instantaneously generated in 

the craters of the conical volcanoes excited by large earthquakes.  Of course, the effect depends on the 

form of the crater and the initial state of the volcano.  For example, at Ruapehu (Tongariro National 

Park, New Zealand), the boundary between the magnitude of volcanic earthquakes, between those, that 

accompany eruptions, and those that do not, varies between about magnitude 2, under ‘open-vent’ 

conditions, and magnitude 3.4, under ‘closed’ conditions [86]. 

Rapid dome uplift of the volcano Santiaguito, Guatemala was accompanied by explosive 

degassing and the onset of lateral flow, directed from the dome periphery towards dome centre (see 

Figs. 40 and 41).  Each cycle of dome ‘respiration’ - upheaval followed by subsidence - is preceded 

and, consequently, triggered by the steady accumulation of gas beneath the dome, which has ‘annealed’ 

and become impermeable during the 20-40 minutes inter-eruption interval. 

During the interval the pressure grows under the dome.  At a critical pressurization, the dome 

starts to detach and accelerates upward.  As the mobile, dome separates from the base, the pressurized 

surface area grows, and the upward normal force lifting the bottom of the dome increases.  Progressive 

inflation provokes a positive feedback and rapid ‘buoying’ of the dome.  In a few seconds, the 20-80 m 

thick dome inflates by several tens of centimetres, resulting in strain rates of several per cent per second 

that induce brittle failure in portions of the lava surface and facilitate explosive surface degassing.  

These large and rapid mass uplifts are coincident with explosive, ash-rich eruptions, occurring 1-2 

times per hour.  The short-duration events and the dome/crater collision generate the periodical 

earthquakes or trembling of the ground (see Fig. 42). 

Strongly-nonlinear phenomena can accompany this process.  The erupted high-pressure ash-gas 

mixture can focus at a vicinity of the dome centre.  As a result, the ‘column’ of the erupted material is 

formed.  Strongly-nonlinear vertical waves may be generated in the volcano conduit because of the 
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periodical opening of the vent.  The simplest scheme of this process is presented in Fig. 51, where p is 

the pressure, and P is the critical value of the pressure. 

 

Fig. 51.  The simplest scheme of the strongly-nonlinear wave process which can be initiated by periodical 

opening the volcano conduit.  (2, 3, 7, 8)  Partly open conduit when the dome flies.  (1, 4-6)  Closed conduit. 

(See, also, Fig. 39). 

 

The dome flies when the pressure p increases above the critical value P.  The magma boils and 

erupts.  As a result, the expansion (rarefaction) wave forms near the conduit vent.  Then the pressure 

drops below P.  The conduit is closed.  The process repeats, when p under the dome increases above P. 

On the whole, the process is reminiscent of boiling of water in a tea pot.  When the vapour 

pressure increases up to some critical value then the pot cover uplifts.  The vapour pressure in the pot 

reduces.  As a result, the water begins to boil strongly.  The vapour and the foam erupt.  When the 

pressure reduces down to the critical value, the pot is covered.  Then the process repeats. 

The volcanic earthquakes and trembling of the ground depend strongly on the magma behaviour 

within the expansion (rarefaction) wave.  In [18] this process was studied using a high pressure tube.  

The tube models the volcano conduit and contains the weakly-cohesive compressed material (see Fig. 

52).  When the tube is opened, the rarefaction wave, which moves downwards, is formed.  Within this 

wave the material expands like the magma near a top of a volcano conduit before of the large eruption.  

One can see the generation of large bubbles within the expansion wave in Fig. 52.  Similar rapid grow 

of bubbles can occur in volcano conduits and can qualitatively explain explosive eruptions of volcanoes 

[18]. 

 91



 

           

Fig. 52.  Rapid depressurization, expansion and elevation of the surface of a 17 cm bed of 0.25 mm glass beads.  

(After [18]). 

 

General discussion.  The results, presented in sections 3.2.1 and 3.2.2, 3.2.3 are reminiscent of data 

from underwater explosions [87].  Indeed, the water layer between the free surface and the gaseous 

products of the explosion can be considered as an analogue of the vent fill.  The shock-wave, generated 

by the explosion, is the analogue of the upward compression seismic wave.  The interaction of the 

shock-wave and the water-surface forms a surface-cavitation funnel [87, 14].  This funnel is the 

analogue of the volcano crater.  The high pressure product of the explosion is the analogue of the 

conduit magma.  In the case of a deep explosion, the cavitation funnel does not propagate up to a 

gaseous product.  A jet is generated on the funnel axis (see Plate XI from [87]), due to the rush of the 

surface water.  This process recalls the formation of the column of ejecta in the crater, described in 

sections 3.2.2 and 3.2.3.  In the case of a shallow explosion, the cavitation funnel can be so deep, that it 

connects the gaseous products with the atmosphere.  As a result, these products, together with the 

water, form a vertical column (see Plate XI from [87]).  The height of the column may be 600 m and 

more.  This process recalls the dynamics of the large-scale eruption, modelled in section 3.2.1.  Of 

course, the analogy between crater-surface evolution and water-surface dynamics occurs only for 

sufficiently large charges. 

 

3.3.  Tsunamis generated by earthquake close to the coast and their description by Darwin 

“… The primary shock is caused by a violent rending of the strata, which seems generally to occur at 

the bottom of the neighbouring sea …” [2, p. 71] wrote Darwin. 

Let us consider a tsunami generated in the open ocean.  How does it evolve as it propagates 

towards the shore?  In particular, we are interested in an influence of the coastal bottom on the 
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formation of a wall of water at the tsunami front and in the appearance of the ebb ahead of the tsunami.  

A description of these phenomena was given by Charles Darwin [1, p. 733].  Darwin emphasised the 

dependence of earthquake-induced waves on a form of the coast and a coastal depth:  ‘… and lastly, of 

its size being modified (as appears to be the case) by the form of the neighbouring coast.  For instance, 

Talcuhano and Callao are situated at the head of great shoaling bays, and they have always suffered 

from this phenomenon; whereas, the town of Valparaiso, which is seated close on the border of a 

profound ocean, through shaken by the severest earthquake, has never been overwhelmed by one of 

these terrific deluges…’ [1, p. 378].  He reports also, that ‘… the whole body of the sea retires from the 

coast, and then returns in great waves of overwhelming force ...’ [1, p. 377] 

Now these phenomena are well-documented.  In particular, the results of the 2004 Sumatra 

earthquake are well-known.  To document the 2004 tsunami many scientists from all over the world 

visited the affected coasts.  The measured tsunami highs in Sumatra Island were mostly larger than 20 

m with the maximum above 30 m [88, 89]. 

 

Fig. 53.  The evolution of a form of the 2004 Indian Ocean tsunami near the coast of Sri Lanka:  The form 

changes from the wall of water (lower part of this figure) to a mountainous breaker (upper part of this figure).  

(After [90]).  Darwin reported ‘… Considering then a wave produced by an earthquake as an ordinary 

undulation proceeding from some point or line in the offing, we can see the case, first of its occurrence some 

time after the shock; secondly, of its affecting the shores of the mainland and of outlying islets in a uniform 

manner-namely, the water retiring first, and then returning in a mountainous breaker: …’ [1, p. 378]. 
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Sometimes the tsunamis, having a leading depression, have been generated.  They were 

observed and documented during the Great Alaskan Earthquake of 1964 at Kodiak Island, the 1992 

Nicaraguan earthquake [91, 92], the 1992 earthquake near the northeastern region of Flores Island, 

Indonesia, the 2004 Sumatra earthquake [93], and the 2007 Solomon Islands earthquake [55, 56].  The 

reader can see that the waves were caused by earthquakes close by the coastline.  There the generated 

wave does not have sufficient propagation distance to evolve into solitary elevation wave or a series of 

solitary waves.  In this section, we, first, study the effect of a coastal depth on the generation of the 

water wall.  Then it is shown, that the leading depression of the tsunami can be strictly increased near 

the coastline. 

 

3.3.1.  Effect of the form of the neighbouring coast on the generation of catastrophic tsunami and 

terrific deluges 

A tsunami height is measured from trough to peak.  The amplitude is measured from zero to peak, 

either positive or negative.  For example, the initial motion of the 2004 tsunami in Indian Ocean was 

positive near Maldives as shown in Fig. 54. 

 

 

Fig. 54.  Tsunami waveforms from the 2004 Sumatra earthquake recorded at Male, Maldives.  (After [93, 94]). 

 

The dynamics of ocean nonlinear surface waves is complex and some aspects are still not well- 

understood, although, the numerical solutions for many three-dimensional problems are now available 

[38, 89, 93-96].  At the same time up to this moment the shallow-water wave equations are used as a 

model.  Despite their severe limitations, these equations have repeatedly produced realistic predictions 

for non-breaking waves and excellent agreement with laboratory data [93].  Because our aim is to 

explore qualitatively the generation of the leading-depression tsunami, we will use the formalism of the 
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shallow-water wave equations.  It is submitted, that our results are physically correct in some 

approximations. 

The coastal evolution of a tsunami was analytically studied in many publications  [see, for 

example, 88-96, 41] (see, also, Cap, F., 2006. Tsunami and Hurricane,  Springer, NY).  The coastal 

evolution of a tsunami, as described by Darwin, was analytically studied in [41].  Here we follow [41].It 

was suggested, that near the coast the dispersive effect drops to zero and the nonlinear resonant 

amplification of a tsunami takes place.  Below we present some results of new calculations.  The results 

are shown in Figs. 55-57.  The solid lines determine the results of the nonlinear theory [41], the 

interrupted lines determine the results of the linear theory.  In the last case, the Green law [97] is used.  

Far from the coast the interrupted lines match the initial wave, coming from the deep ocean.  The initial 

wave (tsunami) is simulated as a solitary wave.  The evolution of the tsunami along a long distance is 

shown in Fig. 55.  The reader can see that the length of the tsunami reduces.  The maximum height of 

the waves is about 3 m, or about three times the initial wave height.  On the whole, this result agrees 

with those of some numerical calculations, which gave the amplification nearly equal to three [38].  Of 

course, this result depends on the shape and slope of the bottom and on the initial amplitude and 

wavelength of a tsunami. 

 
Fig. 55.  Evolution of a tsunami far from a coast.  The profiles 1, 2, 3, 4, and 5 are calculated for t=−800 (curves 

1), −600 (2), −400 (3), −230 sec (4), respectively.  There is a strong amplification of the wave near the coast. 

 

Then the tsunami evolution near a coast is studied.  It is seen from Fig. 56 that the coastal 

evolution strongly depends on the profile of the bottom and the distance from the coastline.  Far from 

this the wave surface is smooth and the wave is long enough.  The wave profile begins to change 

quickly, if the coastal water is shallow.  In this case, a steep front of the tsunami may be formed (Fig. 

56 A, B, D).  In contrast with this, the tsunami, practically, does not change, if the coastal water is deep 

(Fig. 56 C). 

 95



 

  
Fig. 56.  Effect of a bottom slope and a depth variation on the wave evolution:  A (linear slope), B-D (nonlinear 

slope).  The curves are found for following different moments of time: -230 (1), -180 (2), -150 (3) and -100 sec 

(4). 

 

Then we study the effects of very shallow-bottom and small-coastal depth on the tsunami 

evolution.  The results of the calculations are presented in Fig. 57.  In this case, the amplification of 

tsunami may be very large - up to of 20 m (see Fig. 57) 

 
Fig. 57.  A catastrophic amplification of a tsunami above a very shallow bottom.  The curves are found for 

following different moments of time: -230 (1), -180 (2), -150 (3) and -100 sec (4). 

 96



It is seen, that the calculations support the Darwin tsunami reports.  Curves A, B and D (Fig. 56) 

and Fig. 57 illustrate the catastrophic effect, when a water-wall is generated.  The wave, having two 

peaks, may be generated near the coast (see Figs. 57 and 13).  The slow coastal elevation of the ocean 

level takes place in the case of deep water.  The last case is illustrated by Fig. 56 C. 

 

3.3.2.  Modelling of generation of the ebb and the steep front of tsunami as they are described by 

Darwin (The run-up of N-wave on sloping beaches) 

Sometimes the tsunamis, having a leading depression, have been generated.  In particular, they were 

observed and documented during the 2004 Sumatra earthquake (Fig. 58). 

 

 

Fig. 58.  Tsunami waveforms from the 2004 Sumatra earthquake recorded at Phuket, Thailand.  (After [93, 94]). 

 

Darwin reported an appearance of the ebb ahead of the tsunami.  To simulate this process, we 

change the form of the initial solitary wave.  We assume that the tsunami wave has a central elevation 

and a hollow at the front and at the back of the wave (see interrupted lines 1 in Fig. 59, which 

qualitatively describes the tsunami form).  Following [92], we shall call this wave as N-wave.  Our 

purpose is to simulate the deep-leading depression ahead of the tsunami elevation.  Following [41] we 

studied this process.  Some results of the calculations are presented Fig. 59. 

According to Fig. 59, the ebb forms a deep water hole with steep walls.  This hole is deeper, 

than the hollow, which is determined by the initial wave (curve 1). 

Thus, it is shown, that the coastal evolution of a tsunami depends on the coastal depth.  The steep 

(discontinuous) front of the tsunami can be generated in shallow coastal water.  The water level reduces 

ahead of the front (Fig. 56), or the ebb can appear there (Fig. 59).  Then this front begins to move away 

from the coast – into the ocean (Figs. 56 and 57).  This direction is opposite to the motion of the whole 

wave.  The amplitude of the front increases and the water wall is formed.  This process explains the 

catastrophic effect of a tsunami, when a water-wall appears instantly instead of the slow elevation of the 
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ocean level in a case of deep coastal water [41].  On the whole, the conclusions agree with Darwin’s 

reports [1, pp. 377-378]. 

   

 
Fig. 60.  Two examples (A and B) of the coastal evolution of the N-wave and the formation of the ebb ahead of 

the tsunami.  The curves are found for following different moments of time: -230 (1), -160 (2) and -130 sec (3). 

 

Of course, this complex evolution of a tsunami front near a coastline is very sensitive to any 

variation of parameters.  In particular, variations of the amplitude of the initial wave, the bottom slope, 

or the shape of the coast can change the described process.  The tsunami wave can lose its stability at 

some points of the coastal zone.  As a result, the tsunami can have different forms in different points of 

a coastal zone (see Fig. 13) and the part 12.6 of the Section II. 

 

3.4.  An amplification of the earthquake convulsion in loose soil 

The configuration and geology of surface material strongly affect the amplitude of seismic waves.  At 

the same time mechanical properties of the surface material depend on amplitude and duration of an 

earthquake.  The duration of an earthquake is, usually, long enough for strong changes in the 

mechanical properties of soils.  For example, the first movements were felt at Concepcion at 11.40 a.m.  

Slight at first, they increased rapidly in strength until at the end of half a minute, the convulsive 

movements were so strong, that it was difficult to stand, and buildings swayed, and tottered.  Then, 

suddenly, after 0.5 to 1 minute an overpowering shock came, and, in less than 6 sec., the city was in 

ruins.  This part of the shock lasted with uniform violence for nearly 2 minutes, so that, including the 

final vibrations, the total duration cannot been less than 4 minutes [54].  This time is enough for 

liquefaction and failure of soils. 

C. Darwin reported in Diary [10, p. 256] that ‘… The city of Concepcion stands upon a plain, 

very little higher that the level of the river Bio Bio.  The soil is loose and alluvial.  To the eastward and 
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northward lie rocky irregular hills: from the foot of which the loose was every where parted by the 

great convulsion, large cracks being left, from an inch to more that a foot in width.  It seems as if the 

low land had been separated from the hills, having been more disturbed by the shock…’ and ‘…At 

Talcahuano the great earthquake was felt as severely on the 20th February as in the city of Concepcion.  

It took place at the same time, and in a precisely similar manner: three houses only, upon a rocky 

foundation, escaped the fate of all those standing upon the loose sandy soil, which lies between the sea-

beach and hills….’ [10, p. 257].  Thus, Darwin understood well effects of geology and soil properties 

on seismic effects.  He wrote about ‘low land’  ‘..That the area thus fissured extends parallel, or 

approximately so, to the neighbouring coast mountains…’ [2, p. 71]. 

A clear example of the influence of geology on seismic waves in a layer and site effects was 

demonstrated by Pedersen et al. [98]. 

 
Fig. 60.  Evolution and amplification of a seismic wave propagating in the sediment layer at the layer edge and 

within the slope of the ridge.  (After [14] and [98]). 

 

Seismometers were placed across a 300-m-high linear ridge in France (Fig. 60).  The stations S2 

and S3 were established on hard limestone, whereas, the remaining three stations were placed on 

unconsolidated sediments.  The greatest amplification took place at S5, near, but not very close to, the 

edge of the sediment layer.  At this point there can be an amplification of waves, travelling up slope.  

The seismic energy concentrates near the edge of the layer.  This amplification depends on the layer 

thickness variation, the spatial variation of motion (the horizontal motion transforms partly into the 

vertical motion), the impedance contrast between the down-lying material and the sediment, and 

mechanical properties of the sediment. 

In particular, because of the earthquake-induced vibrations, the shear stress drops to zero and 

the layer material is, practically, transformed into a liquid.  In this case, there is a strong analogy of 
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evolution of seismic waves near the layer edge and tsunami at the coastline.  For example, the Alaska 

1899 earthquake raised the coast on Disenchantment Bay up to 14.5 m [54].  There were over 50 shocks 

on September 10.  The first earthquake lasted 90 seconds.  The main earthquake, that caused great 

topographic changes, occurred at 21:41 UTC (see http://neic.usgs.gov/neis /eqlists/USA 

/1899_09_10.html).  The author thinks that they are a result of the resonance of seismic waves in a 

liquefied coastal layer. 

 
 

Fig. 61.  The resonance of a solitary wave shoaling on a shallow plane beach (the slope is 1:100).  The thick line 

profiles are calculated according to a resonant weakly-nonlinear solution, the thin line profiles are calculated 

according to a nonresonant linear solution.  (After [41]). 
  

It is known, that the shear-wave velocity can drop from 160 m/s to less, than 10 m/s (up to 2-5 

m/s) over a 16 s period as a result of earthquake-induced vibrations [36].  In this case, the layer material 

transforms into the liquefied state.  When the wave moves to the layer edge, the effect the dispersion 

reduces and the resonance occurs. 

The result, presented in Fig. 62, qualitatively describes the wide range of phenomena, which can 

take place, due to the focusing of wave energy.  Because of the focusing of seismic energy at the edge 

of a layer, its behaviour and acceleration begin to remind us of the dynamic motion of the end of a 

whip, which produces a sonic bang, when the tip moves supersonically.  It is known, that strongly-

nonlinear waves can be excited in layers of weakly-cohesive material [17, 19].  Sometimes shock-like 

waves, having a deep depression ahead, have been excited in granular layers under strong vertical 

excitation [99]. 

Thus, the generation of ‘large cracks‘ may be explained by the resonant amplification of 

seismic waves at ‘the low land’, located near the base of hills and mountains (see Fig. 612).  This 

resonant process reminds us the process of the formation of steep fronts of ocean waves and tsunami, 

travelling to a coastline. 
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Closing remarks 

Almost two hundred years ago Darwin fixed the catastrophic site (topographic) phenomena, which now 

we can appreciate as the results of strongly-nonlinear natural wave processes, which were induced by 

the earthquake in Concepcion area. 

There is growing recognition of the importance of nonlinear phenomena in many branches of 

geophysics [3-8], [100-102], although, linear models continue to be powerful tools for studying 

different geophysical processes.  Nonlinear amplification of seismic waves at sediment sites [3, 11, 35], 

‘...breaking the crust...’ and ‘ … the rending of strata, at a point not very deep below the surface of the 

earth …’ [2, p. 70] appears to be more pervasive [25-31] than seismologists used to think.  Many of the 

world's cities are built on sedimentary basins or at the tops of ridges.  From the standpoint of earthquake 

risk, however, basins (valleys), and hilltops are often the least desirable places to build because of the 

topographic effect.  In the recent past, the topographic amplification was connected with the resonant 

effects [103].  It was recognised that hills, sedimentary basins, lakes, and a continental shelf are natural 

resonators, where seismic-induced waves may be amplified [104, 105].  The resonance of seismic 

waves in the sedimentary basin was the reason for the collapse of about 300 buildings, and more than 

20,000 people died during the 1985 Mexico City earthquake [4, 104].  After this earthquake, studies of 

amplification in Mexico City showed one location on the lake bed at which the ground motion at one 

frequency was 55 times greater than on nearby rock [4]. 

   

Fig. 62.  The eastern Bay of Plenty (in New Zealand) was struck by a severe earthquake in March 1987.  These 

photographs of Edgecumbe railway station, with track bent in opposite directions, shows the magnitude of the 

forces that were unleashed. (Left)  Ground level view, (right) bird level view.  (After [107]). 

 

The configuration and mechanical properties of the oscillating bed affect the excited waves.  

When there are sharp changes of boundary properties, the seismic waves transmitted into the resonator 

may be trapped and amplified.  The frequency of the reverberations of the trapped waves can slowly 

 101



reduce or increase, for example, because of a slope of the boundaries.  As a result, the strongly-

nonlinear waves may be excited in natural resonators. 

Laboratory studies [3, 104] reveal that the linear approximation can break down, and nonlinear 

waves can be formed, if the amplitude of forced oscillations is sufficiently large.  Field observations 

shows, that the manifestation of the nonlinear seismic site effects may be very surprising (see Fig. 62). 

We think that the strong bend of rails, shown in Fig. 62, might be produced with the local 

nonlinear amplification of seismic waves. 

During the voyage Darwin was exposed to a challenging array of new scientific facts.  His talent 

for observation, and his genius for finding logical explanations for what he had seen, were developed.  

Darwin was known to the world of science as a naturalist and geologist [108-113].  Darwin was 

connecting the earthquake-induced catastrophic effects, which he observed in Chile 1835, with 

‘elevation of the land’ and ‘local circumstances’.  The author has focused his attention on these ideas in 

this Chapter.  The local effects of the sharp vertical elevation of the land were analysed.  It is known, 

the local effects occur where the geology of surface layers or/and a surface ground relief change 

quickly.  Thus, Darwin observed local topographic effects of the earthquake-induced elevation of the 

land.  Due to the topographic effect the strong amplification of seismic waves can occur.  This 

amplification was accompanied by different local effects: namely, by eruption of volcanoes, fracture of 

the land, elevation of islands, avalanches, and tsunami. 

At the same time, Darwin thought to develop a general theory of earthquakes.  According to  

him  ‘...It is frequently happened, that during the same convulsion large areas of the globe have been 

agitated, and strange noises propagated to countries many hundred miles apart;... [2, p. 59] ‘ and ‘...in 

other quarters of the world, fissures must there have been formed, and therefore earthquakes...’  [2, p. 

74].  It is seen, that Darwin began to think about instability of the portions of the crust of the earth 

which are formed by the fissures ‘...most earthquakes, though appearing sudden, are in truth parts of a 

prolonged action, as evidenced both the events which precede and those which follow it ... ‘ [2, p. 66].  

Discussing different kinds of earthquakes Darwin wrote ‘...If the fluid matter, on which I suppose the 

crust to rest, should gradually sink instead of rising, there would be a tendency to leave hollows, and 

therefore a suction exerted downwards; or hollows would be actually left, into which the unsupported 

masses might be precipitated with the violence of an explosion.  Such earthquakes, ... would seldom be 

accompanied by eruptions,...’ [2, p. 74]. 

Recent discoveries agree well with these Darwin’s ideas [25-31].  Generally speaking, the 

systems of crust faults are unstable.  Even tiny stress perturbations can have momentous effect, both 

calming and catastrophic [114 ]. 
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‘… the whole body of the sea retires from the coast, and 
then returns in great waves of overwhelming force ...’. 

Charles Darwin 
 
 
 

Chapter II. 
 
 

Modelling of catastrophic ocean waves and tsunami. 
Lagrangian description of surface ocean waves 

 
 
 

 
Fig. 63.  Killing tsunami 
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1.  Introduction 
 
There are many fine researches devoted to nonlinear surface-water waves.  Good accounts of them may 

be found in fundamental books [1–4] and many reviews (see, for example, [5–13]).  One can see from 

these publications that the usual way of modelling of nonlinear water waves is to use an Eulerian 

approach.  In this way, the problem can be reduced to the system of equations which describes the wave 

evolution over an arbitrary ocean bottom profile.  The different approach to the theory of ocean waves 

is based on a Lagrangian approach (see p. 12 from [1], p. 536 from [3]).  Generally speaking, the 

Lagrangian approach is a less convenient than the Euler one, if fluid dynamics is considered.  

Nevertheless, this is, usually, true only for three-dimensional problems, which will not be studied here.  

Here, we develop a theory of nonlinear surface-water waves, based on the Lagrangian formulation.  The 

choice of the Lagrangian approach together with suitable assumptions, allows us to derive strongly-

nonlinear wave equations for water waves. In some cases, the choice of the Lagrangian formulation 

simplifies the analysis and the solution of several nonlinear wave problems.  

In particular, coastal ocean waves illustrate well the variety of effects.  When the waves move 

inshore, the wave amplitude increases [2-4].  The vertical acceleration of the water becomes 

comparable with the gravity acceleration.  The effect of dispersion is reduced, and the curvature of the 

wave crest increases.  As a result, the surface tension becomes important and capillary waves may be 

generated [10, 11].  Thus, the study of coast wave dynamics should include a wide spectrum of 

phenomena, connected with nonlinearity, dispersion, vertical acceleration, surface tension, and bottom 

topography. 

Usually, surface-wave theories do not take into account all the phenomena, mentioned above. 

Only over the last decades the improved understanding of the surf-zone processes has led to the 

development of more advanced models such as the Boussinesq-based models [9] and the Green-Naghdi 

model [12], as well as the use of Navier-Stokes solvers [14].  Nevertheless, the equations corresponding 

to these models do not clearly show the interaction between strong nonlinearity, dispersion, and bottom 

topography, which plays an important role for the evolution of ocean waves. 

In this chapter of the book, we introduce a set of strongly-nonlinear wave equations describing 

the transformation (evolution) of ocean waves over a varying depth.  In particular, the hydrodynamics 

equations presented in the Lagrangian framework are simplified to the three-speed (or two-speed) 
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strongly-nonlinear wave equations for ocean waves, which take into account various physical effects: 

gravity, dispersion, nonlinearity, bottom friction, surface tension, and vertical motion of the water 

particles, which influence the wave evolution.  The evolution of ocean waves moving over variable 

depth and the generation of extreme ocean waves are studied.  Nonlinear transformation and 

amplification of the waves are connected with resonant effects. 

In sections 1-3 of the chapter the theory of two-dimensional waves is developed.  It is assumed, 

that the surface motion is one-dimensional, but the water motion is two-dimensional.  The depth-

averaged models of surface waves are constructed and nonlinear wave equations are derived in sections 

4 and 5.  Sections 6-12 are devoted to applications of the developed theory of surface waves.  Solutions 

of nonlinear wave equations are constructed.  Catastrophical amplification of ocean waves is studied.  

This amplification is explained by resonant effects. 

 

2.  The Lagrangian form of the hydrodynamics equations: the balance equations, 

boundary conditions, and a strongly-nonlinear basic equation for surface waves 

 
In considering a nonlinear problem, we should first determine the sources of nonlinearities in its 

mathematical formulation.  In our case, they are four.  The first source is the equation of continuity, the 

equations of motion and energy, written in terms of stresses.  The second source is an equation of state, 

relating pressure p and density ρ (or p, ρ, and temperature).  This source is very important for highly-

compressible media (for example, bubbly liquids, porous materials, and gas).  The third source is the 

constitutive equations relating stresses and velocities (or displacements).  For liquids the constitutive 

equations describe, usually, their viscous properties.  The last source (which is sometimes the most 

important one) is associated in the boundaries of media.  This source may be very important for surface 

waves.  The individual contributions of these sources to the overall nonlinearity vary.  In particular, for 

ocean waves the first and fourth sources are the only important ones, since water may be often 

considered as an incompressible ideal (inviscid) liquid. 

In this part of the book, we formulate the mathematical theory of surface waves using an 

approximation of continuum mechanics and the Lagrangian coordinates.  Special attention is devoted to 

a water layer.  Both inviscid and viscous models of water are used. 

 

2.1.  Balance equations and a state equation 

We will consider a two-dimensional (2D) motion.  A Cartesian orthogonal coordinate system is used.  It 

is assumed, that the horizontal axis  is located on the free surface of medium, and the vertical axis  is 
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drawn vertically downwards.  The initial horizontal coordinate of a particle of the medium is a, and c is 

its initial vertical coordinate.  Coordinates a and c are the Lagrangian coordinates.  We also introduce 

the Eulerian coordinates x, z, which indicate the particle coordinates at a generic time t. 

The current coordinates x and z are determined by the Lagrangian coordinates, according to the 

following formulas [15]: 

uax += , wcz += .                                                          (2.1) 

Here  is the horizontal displacement and ),,( tcauu = ),,( tcaww =  is the vertical displacement of the 

particles.  Let us consider the surface layer of medium.  The undisturbed (initial) state of the upper 

surface of the layer is determined by the equation c=0, and the bottom surface geometry is determined 

by the equation c=h(a), where h=h(a) is the thickness of the layer.  This thickness depends on the 

vertical displacement of the upper surface.  In terms of the Lagrangian coordinates and the initial depth 

 we have: . ) h((0 xh wxha −= )() 0

Equations of motion.  Using the Lagrangian and Eulerian coordinates we write the following dynamics 

2D equations: 

zxtt ppXu ,31,11)( +=−ρ ,                                                     (2.2) 

zxtt ppg ,33,13)w( .                                                     (2.3) −ρ = +

In [1] these equations were written for liquid.  At the same time they are valid for many models of 

continuum mechanics.  Here X and g are the components of external forces per unit mass.  We assume, 

that  

dggg  ,                                                               (2.4) = +0

where  is the gravity acceleration and gd =gd(t) is the forced acceleration (for example, gd may be 

generated by bottom motion).   and  are the direct stress components,  and  are the shear 

stress components.  Subscripts t, x and z indicate the derivatives with respect to time and the Eulerian 

coordinates.  Equations (2.2) and (2.3) contain the partial derivatives with respect to x and z, whereas, 

we want our independent variables to be a and c.  To reach this goal, we multiply the above equations 

by  and , respectively, and add; then by 

0g

a∂/

11p 33p 31p 13p

x∂ az ∂∂ / cx ∂∂ /  and cz ∂∂ / , and add.  As a result, we 

rewrite (2.2) and (2.3) in the form 

 

azxazxaattatt wPpupPpwgwuXu )()1)(()()1)(( ,33,13,31,11 ++++=+−++− ρρ ,       (2.5) 

)1)(()()1)(()( ,33,13,31,11 czxczxccttctt wPpupPpwgwuXu ++++=++−+− ρρ .       (2.6) 

Here subscripts a and c indicate the derivatives with respect to the Lagrangian coordinates.  In (2.5) and  

 113



(2.6) we used (2.1) and the following definitions:  

 

 1111 Ppp +−=  and 3333 Ppp +−= .                                            (2.7) 

where p indicates the hydrostatic pressure, taken positive if compressive.  Here  and  are the 

deviatoric components of the stress tensor.  We have presented the equations so that the left hand sides 

of (2.5) and (2.6) resemble the Lagrangian form of the hydrodynamics equations for inviscid liquids.  

Then the right hand side terms are rewritten so that (2.5) and (2.6) yield  

11P 33P

 

    ncaaattatt VpPpwgwuXu ++=+−++− ,31,11)()1)(( ρρ ,                          (2.8) 

ncaccttctt VPppwgwuXu ++=++−+− ,33,13)1)(()( ρρ ,                           (2.9) 

where  and nV nV  are defined as follows: 

 

    azxazxcazxn wPpupPpPpPV )()()( ,33,13,31,11,31,11,31,11 ++++−−+= ,               (2.10) 

czxczxcazxn wPpupPPpPpV )()()( ,33,13,31,11,33,13,33,13 ++++−−+= .                (2.11) 

 Equation of continuity.  The equation of continuity [1] is written in the form 

 

)1)(1(1 ac uw ++= .                                                              (2.12) 

State equation.  The wave nonlinearity often arises from the physical properties of the medium, 

described by the equation of state relating pressure p, density ρ, and temperature.  In the case of 

surface-water waves, the incompressible model for the liquid may be assumed, and the state equation 

has the form const=ρ . 

Constitutive equations.  In (2.8) and (2.9) the right hand side terms take into account the stresses, which 

are determined by the constitutive equations.  For many liquids these equations are obtained by the 

Navier model, as presented in section 5.4. 

 

2.2.  Boundary conditions 

We have written above the Lagrangian form of the governing equations, which are valid for many 

continua.  In particular, they are valid for elastic materials.  For elastic bodies the boundary conditions 

are formulated in terms of stresses and displacements.  In this way we can also formulate the boundary 

conditions for a water layer. 
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We emphasize, that the formulation of the boundary conditions for surface-water waves is a 

complex problem.  For example, for the bottom surface this formulation should use models of both the 

water and the bottom material, and a model of the water/bottom contact.  In particular, we can assume 

that the water particles are attached to a motionless bottom.  Obviously, this model is valid in the case 

of deep water.  Equally, obviously, it is not applicable to the large amplitude long waves propagating 

over shallow water. 

In the last case we can suggest that the water particles can slip freely with respect to the bottom, 

but this model ignores the well-known phenomenon of the bottom friction.  More complex models of 

the boundary conditions need some empirical information about the water flow/bottom interaction.  Of 

course, any such model depends both on wave parameters and on the current depth. 

Here we will use simplified versions of the boundary conditions.  We will look for some 

boundary models which have a clear physical meaning and, at the same time, allow us to derive in a 

relatively simple way a basic governing equation for nonlinear surface waves. 

Boundary conditions for the displacements.  The displacements of the liquid particles have to be equal 

to the displacements of the water free surface (c=0).  Therefore, we postulate that 

 

w = η−  at c = 0,                                                 (2.13) Uu = and 

where ),( taηη =  is the surface elevation and ),,0( tacuU == . 

The inviscid model is often used in the theory of ocean waves.  In this case, the bottom may be treated 

as a streamline, and on an impermeable rigid bottom of an arbitrary shape the following holds: 

 

Uhw a
ˆ=

)

 at c=h(a),                                                     (2.14)      

where , ), ta (ahh,(ˆ hcuU == = .  However, sometimes the viscous effects may be important, 

especially near a coastal line.  In this case, the classical boundary conditions expressing the interaction 

between the liquid particles and the bottom are formulated in the form 

 

w = 0 and u  at c = h(a).                                        (2.15) 0ˆ == U

Obviously, for an earthquake-induced bottom motion the conditions (2.15) are rewritten in the  

form: , , where  and  are bottom displacements. ),(1 atww = ),(1 atuu = ),(1 atw ),(1 atu

The condition (2.15) asserts, that the bottom is solid and the particles on the solid surface cannot move.  

However, generally speaking, the liquid particles and the particles of the bottom can slip with respect to 

each other.  In order to include such case, we generalize the conditions (2.15).  The condition of no 
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penetration is retained, but the tangential relative motion is allowed.  It is assumed, that the slip is 

proportional to the shear stress.  In this case, we have (2.14) and 31
ˆ pU β=  at c=h(a).  The constant β  

is the slip coefficient.  If 0=β  then we have the classical condition (2.15) for u.  Using (2.14) we can 

write for the last case that 

31phw aβ= ,    31
ˆ pU β=  at c=h(a).                            (2.16) 

Boundary conditions for the stresses.  If the surface friction force is zero, we have that 

031 =p  at c = 0.                                                        (2.17)  

Then the stress  (2.7) is considered.  We assume, that for long waves  33p

                                                         033 )0,,()0,,( pcatPcatp −==+=−  at c=0, 

where  is an external pressure (for example, the atmospheric pressure or the wind action). 

Nevertheless, if the wavelength is short (of the order of one centimetre or smaller) the surface tension, 

which is proportional to the curvature of the surface, should be also taken into account.  Let us find the 

surface curvature.  We can determine the Eulerian coordinates of the upper surface  as 

0p

0=c Uax += , 

z w=
2)(( aaaaaaa xzxzxK −= 2/32 )−+ az

0

. In this case the surface curvature K is determined by the classical expression, 

. 

Now we can write the dynamic boundary condition for the stress at =c
2/322

033 ])1][()1[()0,,()0,,( −++−+−+=== aaaaaaaa UUUpcatPcatp ηηησ

:  

,   (2.18) 

where σ  is the coefficient of the surface tension. 

 

2.3.  A basic expression for the pressure and a basic strongly-nonlinear wave equation 

The pressure may be determined from the equation of the vertical motion (2.9) [1, 16, 17].  Integrating 

this equation between 0 and c, and using the boundary conditions (2.13), and (2.18) one obtains: 

.),,()(])1][()1[(

)1()(

33,13

0
2/322

0

00

CtacPdcVpUUU

pgwggcdcwwdcuXup

na
c

aaaaaaaa

ctt
c

ctt
c

+++−++−+−

++++++−=

∫

∫∫

−ηηησ

ρηρρρρ
    (2.19) 

Here ),( taCC =  is an integration function.  Eq. (2.19) differs from the hydrostatic pressure law [10, 

16].  This equation takes into account , nonlinear effects, vertical acceleration, surface tension, 

stresses, and X.  Nevertheless, if uc = 

dg

033,13 =======X nattd VPpwg σ , then (2.19) yields the 

classical expression for the pressure.  Indeed, using the Eulerian coordinate z (2.1) and assuming  
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0=C , we get from (2.19) that )(00 ηρ +=− zgpp . 

Substituting (2.19) in (2.8), we derive the basic governing equation 

].)([

}])1][()1[(

)1()({)1)((

,31,11,33,13

0
1

2/3221

0
1

00

ncaaana
c

aaaaaaaaa

ctt
c

ctt
c

attaatt

VpPPdcVp

UUU

pdcwwdcuXuwwguXu

+++−++

++−+−

+++−−=+++−

∫

∫∫

−

−−

−

ρ

ηηησρ

ρη

    (2.20) 

Now we have the two equations (2.12) and (2.20) in the three unknowns η, , and w. u

 

3. 2D strongly-nonlinear wave equations for a viscous liquid 

 
The aim of this section is the generalization of the Airy equation.  Eq. (2.20) yields the Airy-type 

equation if we use a special approximation of the vertical displacement of water particles. 

 

3.1.  The vertical displacement assumption 

In (2.12) and (2.20) w is a function of c.  Now we can assume some specific dependence of w from both 

c and the water particle displacements.  As a result, we will be able to derive some new versions of the 

nonlinear Airy equation [1, 18]. 

We consider here two cases of the approximation of w. 

1. First, we assume, that a tangential motion of the water particles relatively to the bottom is 

possible.  Let the vertical displacement w vary according to an equation of the following type 

Ucafhcafw a
ˆ),(),( 21 += η ,                                           (3.1) 

where  and  are approximating functions.  The expression (3.1) should satisfy the 

boundary conditions. 

),(1 caf ),(2 caf

1)0,(1 −==caf 0)0,(2 ==cafLet , .  In this case = η−w  at c=0 (2.13).  We assume also, that 

0),(1 == hcaf  and 1
312

ˆ),( −== Uphcaf β .                         (3.2) 

In this case Eq. (3.1) satisfies the boundary condition for w (2.16).  Then, according to (3.1), (3.2), and 

(1.12), we find that 
1

,1,2
1 ]ˆ1)1[( −− −−+= ccaa fUfhuη , 

UfhffUfhuw accaa
ˆ]ˆ1)1[( 2

1
,11,2

1 +−−+= −− , 

∫ −++= 1
,2,1 )ˆ1( Ufhfu cacη da ),( tcCa +− ,                                     (3.3) 
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where ,  and ),(11 caff = ),(22 caff = ),( tcC  is an integration function.  The horizontal displacement 

is zero (u=0) in the undisturbed state when =0.  Therefore, we assume, that cw 0),( =tcC . 

2. If a horizontal motion of bottom particles is absent, we assume, that 

 

η),(1 cafw = .                                                         (3.4) 

Here  must be chosen so that boundary conditions (2.13) and (2.15) for  are satisfied. ),(1 caf w

 

3.2.  The 2D Airy−type wave equation  

Differentiating (2.20) with respect to a and using (2.12) and (3.1) we derive the following equation  

 

aaaaaaaaaaaaaactt
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UUwwww
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.])([ ,31,11,33,13

0
1

ancaaana
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VpPPdcVp +++−++ ∫−ρ                                                               (3.5) 

 

Further, using (2.12), (3.1), and (3.3), we reframe (3.5) in the form of a strongly-nonlinear three-speed 

wave equation 

),(])([

)(])1()[(

,31,11,33,13
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2,1

3
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,1
2
1

σρ

ηηηη

WVpPPdcVp

dcfcfwdcfwfc

ancaaana
c

c
aaaattaaccaa

c
aaaatt

=+++−+−

−++−+−

∫

∫∫

−

−

            (3.6) 

where  

1
,1

0

,1,1
32/3221

1
2
1 ]d)1)[(}])1{[(( −−−− ∫−−+++−+= cfwffwUwfgc aa

c
aaccaaaatt ησρ

2/3221
1

0
12

2 ])1[()( −−− ++= ∫ aa
c

Udcfc ησρ

,            (3.7) 

,                                        (3.8)  
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1
,1

0

1
2/32212

3 )2(}])1{[(2 −−− ∫+++= dcfwfUc a
c

aaaa ησρ .                        (3.10) 

 

We emphasize, that c1, c2, and c3 in (3.6) have the dimension of a speed.  The speed  is determined by 

gravity and the surface tension; therefore, this speed may be connected with capillary-gravity waves. 

The speed also depends on the vertical acceleration  of water particles.  The speed  is 

determined by the surface tension; therefore, this speed may be connected with capillary waves.  It is 

seen from (3.6-3.10) that , , and  are dependent on the curvature and the slope 

1c

1c ttw 2c

1c 2c 3c aη  of the water 

surface. 

Formally Eq. (3.6) depends on η , ,  and U .  However, since   (3.1) and  

(3.3), really Eq. (3.6) depends only on 

w u ˆ )ˆ,( Uww η= )ˆ,( Uuu η=

η  and U .  If  then Eq. (3.6) depends only on ˆ 0ˆ =U η . 

1. Using (3.7) we can rewrite (3.6) in the form 
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       (3.11) 

 

2. Using (3.1) we can present Eq. (3.11) as  
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Eq. (3.12) yields 
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If the right-hand side terms are negligible then (3.13) reduces to the equation  
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We recall, that in this section the following notations are used: ),,0( tacuU ==  and . ),,(ˆ tahcuU ==

3. We assume, that the vertical displacement varies according to Eq. (3.4).  In this case, Eq. 

(2.12) yields 
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Substituting (3.15) in (2.20) we derive the following 
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Using (3.4), we reframe (3.16) in the form of a strongly-nonlinear three-speed wave equation 
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Here 
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1 )1( −−+= ca fugc                                                           (3.18) 
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The expression for  coincides with (3.8).  Using (3.3), Eq. (3.17) may be rewritten in terms of the 

horizontal displacement u.  We do not stop here on this version of Eq. (3.17). 

2
2c

If the right-hand side term in (3.17) is negligible, then we have the Airy-type equation [18], [1. 

P. 259] (see, also, Eq. (12.10)).  In contrast with the Airy equation, the equations (3.6), (3.11), (3.13), 

and (3.17) describe 2D waves. 

 

3.3.  The Green-Naghdi-type equation  

Using (2.12) and (3.1) we rewrite the linearized equation (2.20) as follows: 
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Here we have assumed 00 == pX  and  
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Eq. (3.20) is the generalization of the linear Green-Naghdi equation [12].  Green and Naghdi considered 

the case of shallow waves.  For these waves we assume in (3.1) that 
1),( 1

1 −= −chcaf , , .                                   (3.21) 
1

2 ),( −= chcaf UUu == ˆ
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In this case, the expression (3.1) satisfies the boundary conditions (2.13) and (2.14).  Then (3.20) can be 

rewritten as a two-speed wave equation  
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Here .  It is seen, that the speed  is determined by the surface tension and the 

vertical coordinate c. 

σρ 112
2 )( −−= ccc )(2 cc

Integrating Eq. (3.22) between 0 and h one reduces the problem to the 1D formulation 
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One can see that (3.23) exactly corresponds to Eq. (5.7) of [12]. 

 

4.  A depth-averaged model  

 
Integrating (2.20) between 0 and h we reduce the problem to the following 1D formulation 
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It is assumed here, that (3.1). Ucafhcafw a
ˆ),(),( 21 += η

Using different approximations of the variation  along the depth we can derive different equations 

from (4.1).  We consider here two versions of the approximation.  First, the power law is accepted.  In 

sections 4.1-4.6 the corresponding equations are considered.  Then, we assume, that varies along the 

depth as the hyperbolic sine. 

w

w

 

4.1.  The power approximation of the vertical displacement  

The approximation (3.1) is written in the form  

Uhchhcw nn
a

nn ˆ)1( −− +−= η .                                                     (4.2) 

If c=0 then (4.2) satisfies the boundary condition (4.13) on the water surface.  If c=h then (4.2) satisfies 

the boundary condition (2.14) for an inviscid liquid.  At the same time, if c=h and U =0 then (4.2) 

satisfies the boundary condition (2.15) for a viscous liquid. 

ˆ
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It is assumed, that the coefficient n is a function of the coordinate a.  We suggest that 

)](5.0exp[ 1−−= λπ hhn a ,                                                                     (4.3) 
where λ  is the wavelength. 

Firs,t we consider Eq. (4.2) for the case of the plane bottom, i.e., 0=ah  in (4.3), which implies 

that n is determined only by the coefficient .  If 1−λh λ>>h

0

, then n is very small, and the vertical 

displacement is essentially confined to the free surface ( ≠w only near the surface c=0).  If λ<<h , 

then .  This case corresponds to the shallow-water theory. 1≈n

At the same time, Eqs. (4.2) and (4.3) takes into account an effect of the bottom slope.  This 

effect reduces when h increases.  However, near the shore the effect of the slope may be very important. 

 
Fig. 64.  Variation of the dimensionless vertical displacement η/w  ( )0/1( ≤≤− ηw of water particles 

calculated for different λ/0h  ( λ/0h =0.01 (shallow waves), 0.2 (moderate depth), 0.5, 1, 2.5 (deep water)) and 
 (xh0 =xh0 0.5, 1, and 2). 

 
Fig. 64 shows a comparison of the curves , calculated according to the classical expression for the 

vertical displacement on water of a finite depth [2, 19]: 

1−ηw

)(2sinh)]2[sinh( 0
11

0
1 chhw −= −−− πλπλη                                                  (4.3a) 

and according to the expressions 

η)1( 0 −= −nnhcw  and .                                            (4.3b) )](5.0exp[ 1
00

−−= λπ hhn x

The thick and thin lines 0.01, 0.2, 0.5, 1, 2.5 are calculated for a flat bottom.  The thin lines are 

calculated according to the linear solution (4.3a) and the thick lines are calculated according to 

approximations (4.3b).  The lines  , 1 and 2 are calculated for the sloping bottom and the long 5.00 =xh
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waves ( 05.0/0 =λh ).  In the case of deep water, ( 5.2/0 =λh
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) w is localized near the water surface.  In 

the case of a steep slope, ( ), practically, all particles move upwards (w=0 only near the bottom).  

The expressions (4.3b) are the versions of the expressions (4.2) and (4.3) which are rewritten in the 

Eulerian coordinates.  For simplicity we ignore the horizontal displacement of the water particles at the 

bottom, i.e., U =0 in (4.2).  Fig. 64 shows that the approximations (4.2) and (4.3) describe the results of 

the linear theory.  In particular, very long waves (tides and tsunamis) act as shallow-water waves even 

in deep-ocean water, and (4.2) and (4.3) are a good approximation for them.  At the same time, 

according to Fig.1, this approximation is applicable for the cases when . 
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The approximations (4.2) and (4.3) are the base of the following depth-averaged nonlinear 

theory. 

Using (2.12) and (4.2) we write the following expressions  

Uhchn a
nn ˆ1[(11 −= −−η ,                                                (4.4) 
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where . 

 

4.2.  The strongly-nonlinear wave equation 

We substitute (4.2) into (4.1) and use (4.4), (4.5).  As a result, after simple but long calculations, it is 

possible to derive the following result: 
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Here 
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ah aη .  We 

group these terms together.  Then we group terms involving ttη  and attη .  As a result, after simple 

calculations, we get 
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where 
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In (4.7) the elevation η  is a function of u (see (4.4)).  Thus, we have derived the depth-averaged 

equation (4.7) for the strongly-nonlinear surface waves.  

In (4.7) the term  determines the free-surface friction, and the term 

 determines the bottom friction.  The surface friction may be important for wind-

induced waves.  Here, according to (2.17), we can assume, that 

)0,,(31
1 =− ctapρ

),,(31
1 hctap =−ρ

),,(31 hctap = =0.  The motion of the 

water in the bottom layer is either laminar or turbulent.  The first case may be described with the help of 
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the Navier model, the latter may be described by the eddy viscosity model: tt uushctap == ),,(31 , 

where s  is the friction coefficient [20]. 

It must be emphasized, that under the assumption (4.4) the depth-averaged Eq. (4.7) exactly 

corresponds to (2.10)-(2.12) and accompanying boundary conditions.  Eq. (4.7) clearly shows the 

interaction of strong nonlinearity, dispersion, capillarity, and bottom topography.  It is seen, that the 

viscous effects concentrate near the bottom.  At the same time Eq. (4.7) takes into account the viscous 

effects which are spread across the water. 

 

4.3.  Three-speed variants of the strongly-nonlinear wave equation 

We consider next two variants of (4.7). 

1. Using (4.5), the first term in (4.7) is rewritten in the form 
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The last integral in (4.12) may be presented as , where the 

superscript * indicates that the value h* is a constant during the integration.  After the integration we set 

h* = h.  Let
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then the last term in (4.12) yields 
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     (4.14) 

 
Now, using (4.14) and (4.12) we rewrite (4.7) as the three-speed wave equation 
 

                                   (4.15) 

 
where 
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and 
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We emphasize, that ),(1 nc η , ),(2 nc η , and ),(3 nc η  have the dimension of a speed.  These values differ 

from , , and  (see (3.7), (3.8), and (3.10)).  Nevertheless, the expressions of 1c 2c 3c ),(1 nc η  and , as 

well as the expressions of c

1c

),( n2 η  and , and 2c ),n(3c η , and  have approximately similar structures.  

The speed c

3c

)n,(1 η  may be connected with capillary-gravity waves and the speeds ),( n2c η  and 

)n,(3c η with capillary waves.  The speeds (4.17) and (4.18) depend on the local slope of the water 

surface.  Therefore, these speeds can vary along the wave. 

In particular, the speed of the capillary wave propagating along the surface of a long gravity 

wave depends on the local slope of the gravity wave profile.  This speed can be strongly reduced on the 

steep front of the gravity wave.  The speed ),(3 nc η  also depends on the bottom slope. 

Remark.  Let us consider long waves.  For long capillary waves [8], we can assume, that n=1 

and .  In this case, we have  1])1[( 2/322 =++ −
aaU η

11
2 )(3)1,( −− += ησρη hc .                                                (4.19)  

If h<<η  then 11
2 3)1,( −−= hc σρη . 

2. We now introduce the elevation potential Φ , i.e., 

aΦ=η .                                                                  (4.20) 

Then equation (4.15) yields the three-speed wave equation 
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where, according to (4.5), we have .  ∫ −+Φ+= −−− aaUhhncu aa
nn d)]ˆ(1[ 11

Thus, we have derived the nonlinear depth-averaged three-speed wave equations (4.15) and 

(4.21).  They demonstrate the nonlinear interaction of different physical effects: gravity, nonlinearity, 

dispersion, surface tension, and vertical motion of the water particles. 

Remark 1.  It was shown, that the speed ),(1 nc η  (4.16) depends on the vertical acceleration.  Let 

us consider this dependence for the case of long waves, when 0gg = , n=1 and 1),( −=nf η  in (4.16). 

In this case,  

 )1()1,( 1
03

4
01 ttghgc ηη −+= .                                                (4.22) 

It is known [5], that the steadily propagating waves can have vertical accelerations up to 0.5g0.  In this 

case, we have from (4.22) that .  Thus, the speed of the steadily propagating waves 

can depend on the vertical acceleration. 

5.0
01 )(3.1)1,( hgc ≈η

Remark 2.  According to experiments (see Fig. 5.5.3 from [19]) the speed of long waves before 

breaking may be up to 1.6 hg0 .  Thus, different points of the wave crest and the wave front have 

different speeds. 

 

4.4.  Resonant interaction of the gravity and capillary effects in a surface wave 

According to the theory, developed above, the wave is characterized by the existence of two major 

scales.  The longer scale coincides with the basic wave, for which the effect of gravity is more 

important than the surface tension, and the scale of capillary ripples, for which the effect of the surface 

tension is more important than gravity.  For a wave analysis, it is convenient to consider the waves as 

the sum of the dominant part and capillary ripples [21]. 

First, we consider the basic wave.  Since for long waves one has approximately aatt hg ηη 0≈ , 

Eq. (4.22) yields  

)1()1()1,( 3
2

03
4

01 aaaa hhghhgc ηηη +≈+≈ . 

Thus, the wave speed is related to the curvature of the wave crest.  In a frame of reference moving with 

speed hg0 , the wave speed is  

aahhgc ηη 03
2

1 )1,(ˆ = . 

If the wave is steep enough, then the speed )1,(1̂ ηc  may be equal to the speed (4.17) of the capillary 

waves.  In this case, we can expect the resonant amplification of the capillary ripples travelling on the 

 128



surface of the long wave.  This result agrees qualitatively with the Longuet–Higgins theory [22] and 

with experimental data [21, 23, 24]. 

Remark.  Strongly-nonlinear waves may be also generated on the water surface when the phase 

and group speeds are nearly equal [10, 25, 26].  For example, there are two speeds involved in the 

solution of the nonlinear Schrödinger equation: the phase speed of the oscillations of the carrier, and the 

group speed at which the envelope propagates.  When these speeds are equal, resonant waves may be 

generated.  

 

4.5.  A linear two-speed wave equation and the dispersion relation 

For an inviscid liquid, if , Eq. (4.22) yields the following two-speed equation for linear 

waves 
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where  

 )2)(1()3(2),0( 111
2 +++= −−− nnnhnc ρσ .                                        (4.24) 

Let us obtain a dispersion equation for the case of linear surface waves over the variable depth.  We 

assume, that )(exp tkai ω−=Φ , where k is the wave number and ω  is the angular frequency.  Then we 

derive the following  
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anhnk

knckhnnnghk
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−++++−

ω

ωω

12 −= πλk

                         (4.25) 

where .  Here λ  is a length of the surface wave.  According to (4.25), the wave speed 

 is a function of depth, wavelength, surface tension and g.  Let us consider the limit cases of 

long and very short waves.  From (4.25) it follows that the long waves have approximately the speed 

1−= kC ω

gh .  They are gravity waves.  The very short waves have the speed which approximately equals 

(4.24).  The very short waves are the capillary waves. 

Thus, the dispersive relation (4.25) establishes the necessary limit conditions for the existence of 

long and very short waves on a free water surface. 

For pure gravity waves, when the depth is a constant Eq. (4.25) yields 

 

                                

 .                           (4.25a) 1222112 ])2()1)(3(21[ −−−− ++++= λπ hnnnghC
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Coefficient  weakly depends on n if it is small enough.  For example, if 11 )2()1)(3(5.0 −− +++ nnn

h>>λ  and n=1 then 3
111 )2()1)(3(5.0 +n =++ −− nn .  If h2≈λ  and  then 

.  If  

5.0≈n

4.0)2()1 11 ≈++ −− n)(3 n(5.0 +n h<<λ  and 0≈n  then  .75.0)2)(3(5.0 1 ≈++ −n ()1 1+ − nn

We investigated the accuracy of the formula (4.25a).  The data of the research are shown in Figs. 65 

and 66. 

 
Fig. 65.  The phase speed C( ms-1) against the wavelength 700 ≤≤ C λ ( 5000 ≤≤ λ m).  The solid lines are 

calculated according to the classical expression )tan( 0
1 khgkC −= , the dashed line are calculated according to 

(4.25a) where n=1.  The curves are calculated for 0.1, 0.2, 0.3, 0.4, 0,6 and n=1. =−1
0λh

 
Fig. 66.  The phase speed C ( ms-1) against the wavelength 700 ≤≤ C λ ( 5000 ≤≤ λ m).  The curves are 

calculated for 0.1, 0.2, 0.3, 0.4, 0,6 and 1.  The solid lines are calculated according to the classical 

expression 

=−1
0λh

)tan( 0
1 kh−

.0exp[=n

gkC = , the dashed line are calculated according to (4.25a), where 

 (4.3) and )](5 1
0

−− λπ hha 0=ah . 
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            Fig. 65 shows that (4.25a) describes well the formula )tan( 0
1 khgkC −=  if  and n=1. Then 

the influence n (4.3) on the wave speed was studied.  The results of the calculations are presented in 

Fig. 66.On the whole, the curves of Fig. 66 correspond well to Fig. 65 if .  

4.01
0 <−λh

4.0≤1−λh

Then we continue the consideration of (4.25).  If n=1, 0=ah , and 0=σ  Eq. (4.25) 

approximately yields 1(22 ghk=ω )44
9

122
3

1 khkh +− .  This expression is a good approximation of the 

classical dispersion relation 

gk=2ω tanh 1()( 2ghkkh ≈ 22
3

1 kh−  )44
15

2 kh+ . 

Since the wave speed , we can find from (4.25) that 1−= kC ω

 

                )]}1)(1([5.01{ 22
3

111222
3

1112 khgkkhgkghC −+−+≈ −−−− ρσρσ .                      (4.26) 

We put here .  It is seen that the capillary effect may be important if  is very small. 0=ah k

Now we consider Figs. 64-66 together.  The consideration shows that the theory, developed in sections 

4.1-4.5, describes the classical theory of linear waves over water of the finite depth if . 4.01 ≤−λh

 

4.6.  Cubic and quadratic-nonlinear equations for the gravity waves over the moderate depth 

In this section, the weakly-nonlinear waves over the moderate depth water are considered. 

Cubic-nonlinear wave equation for ϕ .  First, we consider the expression (4.5).  We assume, that 

 in (4.5).  Then approximately ηnn hnc −−>> 11

.....d)(d)( 3312211 +Φ−Φ+Φ−=

 

∫ ∫−−−−−− ahncahnchncu a
nn

a
nnnn …        (4.27) 

Here aΦ=η  (4.20).  We assume, that the function Φ  and its derivatives have the same order.  Then we 

consider Eq. (4.7) taking into account the linear, quadratic, and cubic terms and (4.27).  The first term 

in (4.7) may be rewritten in the form 

 

.....d)()()23(

d)()()12(

33231

22121
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+Φ−+

Φ−−Φ=

∫

∫∫
−−−

−−−

anhhn

anhhndcu

tta
nn

tta
nn

tttt
h                             (4.28) 

Let the depth is constant and σ =0, , X=0.  In this case, for the inviscid model of water we have 

from (4.7) that 

0ˆ =U
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        (4.29) 

Here 

dcuudcdcuudcuuuF att
h

acttctta
ch

∫∫∫ ++=
000

1 )([)( .                             (4.30) 

The next step towards the cubic-nonlinear wave equation is the determination of .  Using (4.27) 
we find that  

)(1 uF

4322333222 ])d(2)d[()1()()1( −−−− ∫∫ ΦΦ+ΦΦ−−ΦΦ−=+ n
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att ahnchncuu ΦΦ+ΦΦ−ΦΦ= ∫−−−− .                 (4.31) 
Substitution of (4.31) in (4.30) yields 
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          (4.32) 

Now Eq. (4.29) may be transformed into the following cubic-nonlinear wave equation 

 

.

}]d2)d[(3)d(d)({)23(

])13()134[()12()1(5.0 ]d)(

2[)12()2)(3()1(5.0 

0
1

22223321

2112

21111

a

aattttaattattatta

ttaaaaaatttta

attttattaaaatt

ph

aaaanhn

nnnhnna

nhnhnnhngh

−

−−

−−

−−−−

+

ΦΦ+ΦΦ−ΦΦ+ΦΦ+Φ−−

=ΦΦ++ΦΦ++++−Φ−

ΦΦ+ΦΦ−+Φ+++−Φ−Φ

∫∫∫∫
∫

ρ

   (4.33) 

This equation is not applicable if  or 5.0≈n 66.0≈n .  Let us consider some particular cases of (4.33). 

Quadratic-nonlinear wave equation.  Let the cubic-nonlinear terms in (4.33) be negligible.  In this case, 

Eq. (4.33) yields 

.])13()134[()12()1(5.0 
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ρ

 (4.34) 

Quadratic-nonlinear waves moving in one direction.  In order to simplify Eq. (4.34) we assume here, 

that the waves are moving on one direction only, say the positive a-direction.  Let 

)(rΦ=Φ ,                                                                         (4.35) aCtr 1−−=

 and .  Then we get 0=aC

       ,   ,  rt (..)(..) = ra C (...)(..) 1−−= rrtt (..)(..) =  ,   .              (4.36) rraa C (...)(..) 2=

In this case, Eq. (4.34) yields 
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                 (4.37) 

Thus, in sections 4.1–4.6 we derive the set of the equations which may be valid for the moderate 

depth.  In particular, these nonlinear-wave equations may describe the waves in shallow seas.  The sea 

waves may be 200-300 m.  Therefore, the theory can describe the similar waves in the North sea, where 

the depth is near 100 m.  

If , the approximation (4.2) and (4.3) and the presented equations are not valid.  We 

consider this case in next section using a hyperbolic sine approximation. 

4.01 >−λh

 

4.7.  Cubic-nonlinear equation for the gravity waves over the finite-depth ocean 

In the case , we shall ignore the variation of the depth and the capillary effect and use the 

inviscid model of water.  The Eq. (4.1) is rewritten in the form 

4.01 >−λh

.})1()({

])1)(([

0
1

000

0

dcpdcwwdcuXu

dcwwguXu

actt
c

ctt
ch

attaatt
h

−+++−−=

+++−

∫∫∫

∫

ρ

η
                 (4.38) 

We assume, that η)(1 cfw = (3.4).  Let  varies according to the hyperbolic sine.  In this case, )(1 cf

)(sinh chkw −=ηβ  .                                                   (4.39) 

Here  and .  Then using (4.39) we find following expressions for terms in 

Eq. (4.38) which depend on  

1)][sinh( −−= khβ 12 −= πλk
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 ,                                 (4.40) 

 

 ,                                  (4.41) 
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ηηβ −= −∫∫ .   (4.42) 

Since (2.12), we can approximately write )1)(1(1 ac uw ++=

dachkk

dachkkdachkku
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)(cosh)()(cosh
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and 
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In (4.44)-(4.46) 
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.                       (4.47) 

Substituting (4.40)-(4.46) in (4.38) we derive the following equation 
 

attttatt

tttttttt

ttttttaatt

dadakhkhkhkhkhkda

dadadadakhkhk

dadakhkhkkhkhkhkghda

))(2sinh2cosh2()22sinh(]2

)()(3)(2)[2(coshsinh

])()[22(sinh)sinhcosh(

2
8
112

4
12

2322232
9
1

22
4
12

ηηβηηβηη

ηηηηηηηβ

ηηηββηηη

∫∫∫
∫∫∫∫

∫∫∫

−=−−−

−+++−

++−−+−

−

−

 

.))(2sinh2cosh2(

]2)([cosh

0
112

8
1

22333
3
1

hpkhkkhh

dadadadakhhk

att

atttt

−− +−+

++ ∫∫∫∫
ρηηβ

ηηηηβ
                     (4.48) 

 
We recall that the solution (4.39) approximates the variation of w along the depth according to 

the hyperbolic sine.  Thus, the influence of nonlinearity on this variation is not taken into account. 

Linea- dispersive relation.  Let us consider the following linearized version of Eq. (4.48): 
 

0)sinhcosh( 11 =−+− −−∫ khkkhhkghda ttaatt βηηη .                               (4.49) 
 
We put in (4.49) that .  Let 00 =p

)(exp tkai ωη −= .                                               (4.50) 
In this case, Eq. (4.49) yields the classical expression 

)tanh(2 khgk=ω .                                               (4.51) 
This relation describes the interaction between inertia and gravitational forces.  (4.51) may be written in 

terms of the wave speed C as 

)tanh(12 khgkC −= .                                               (4.52) 
Let for the deep ocean  then relation (4.52) transforms to 1>>kh
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1−= gkC .                                                    (4.53) 
This means that the phase speed of gravity waves on the deep water is proportional to the square root of 

the wavelength. 

 
4.8.  Cubic and quadratic-nonlinear equations for the gravity waves over the deep ocean 

Let us consider the cubic and quadratic terms of (4.48) assuming that .  It is easy to see that for 

this case 

1>>kh
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Then we consider the quadratic terms.  It is convenient to introduce dimensionless variables 

haa /* = , hCthtght //* == , .                                            (4.55) A/* ηη =

Now dimensionless expressions for the terms in Eq. (4.48) may be introduced.  For example,  
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= − ηη .              (4.56) 

Using the dimensionless variables we rewrite correspondingly the quadratic-nonlinear terms of Eq. 

(4.48) in the form 
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 attkhkhkhCAhk )](2sinh2cosh2[22231
8
1 ηηβ −−− .                       (4.60) 

We drop the asterisks in (4.57)-(4.60).  It is easy to see that for deep water the expression (4.59) is 

much larger than (4.57), (4.58) and (4.60). 

Now taking into account only the most important quadratic and cubic-nonlinear terms, we 

rewrite Eq. (4.48) in the form 
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Since kh , we assume now, that ≈kh .  In this case, Eq. (4.61) yields 
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Finally, we use (4.20) and rewrite Eq. (4.62) in the form 
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The quadratic-nonlinear version of this equation is 

 

attttaaaatt hkhkgh )(2
2
11 ΦΦ=Φ−Φ−Φ − .                                    (4.64) 

We put here that . 00 =p

We have considered in the sections 4.2–4.8 the simplified versions of Eq. (4.1) which describe 

nonlinear waves for different depths.  It is shown that Eqs. (4.15), (4.21) and (4.33), (4.34) pretend to 

describe the waves for which .  Eqs. (4.48), (4.63), and (4.64) pretend to be valid for typical 

weakly-nonlinear ocean waves ( . 

4.01 <−λh

)1>>hk

 
5.  Inviscid and viscous models for nonlinear-shallow waves 

We assume that the assumption (4.2) is valid for the shallow waves if n=1 and .  This is 

equivalent to considering the horizontal displacement u to be independent of c.  For simplicity we will 

use the linearized expression for the surface tension. 

uU =ˆ

 

5.1.  Strongly-nonlinear wave equations for the inviscid model 

First, the inviscid model for water is considered.  In this case, Eq. (2.20) yields 
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.           (5.1) 

Equation (5.1) is valid for all two-dimensional gravity surface-waves propagating in inviscid liquids.  

Since n= 1 and U , Eq. (4.2) is rewritten in the form u=ˆ

uchhchw a
11 )1( −− +−= η

uhuh aa −−+= − ]1)1[( 1η

uhuhcw aa +−+−= − ]1)1)[(( 1

.                                                        (5.2) 

Then using (2.12) and (5.2) we can write the following expression  

                                                          (5.3) 

and (5.2) is rewritten in the form 

.                                                   (5.4) 

Substituting (5.3) and (5.4) in (5.1), we derive the basic 2D wave equation for strongly-nonlinear long 

waves 
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                   (5.5) 

Integrating (5.5) between 0 and h one reduces the problem to the following 1D formulation: 
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    (5.6) 

Here we used 
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Eq. (5.6) takes into account the bottom topography and demonstrates the strongly-nonlinear 

interaction of different physical effects: gravity, dispersion, capillarity, and vertical motion of water 

particles.  Within the shallow wave assumption (5.2) and the depth-average technique this equation 

exactly corresponds to Eqs. (2.8), (2.9), (2.12), and the boundary conditions (2.13), (2.14).  Since 

 

attaatatta uuuuu 2231 )1()1(2])1[( −−− +−+=+ , 

3212 )1]()1(42)1(6[])1[( −−− +++−−+=+ aaattaaatataaattaaatattaaa uuuuuuuuuuuu , 

we can rewrite Eq. (5.6) in the form of the three-speed strongly-nonlinear wave equation  
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Here 
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2 auhC += −− σρ ,                                                                     (5.9) 
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where ghC =0  the speed of infinitesimal long-linear waves. 

Wave speed analysis.  We emphasize, that the coefficients , , and  have the dimension 

of a speed.  The speed  is determined by gravity and surface tension, therefore, it may be connected 

with capillary-gravity waves.  The speeds  and  are determined by surface tension, therefore, they 

show that pure capillary waves may be generated on the surface.  The value of  depends on the 

curvature and the slope of the water surface.  The expressions of C  and  yield 
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1 )1( au+>>1  then .  On the other hand, using (5.3), we can write 

.  It is seen, that  decreases as the wave amplitude increases.  

This result agrees qualitatively with Crapper’s result [26]. 
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The appearance of the term  in (5.7) is worth remarking.  This term 

reduces to zero when 

)()1( 2
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3
aaaattaa uCuuhh −+ −

0=ah .  Therefore, we think, that this term determines local capillary waves 

which can be generated by the bottom topography. 

Airy equation.  If 00 === Xp aσ , h is a constant and  then (5.7) yields the Airy equation.  02 ≈h

 

5.2.  Dimensionless variables and wave equations for the inviscid model of gravity waves 

For simplicity we consider here inviscid liquid.  The surface tension is ignored.  There are two 

important parameters associated with long waves.  They will be represented by ε  and δ [2, 3], 

respectively:  
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hA /=ε , .                                                      (5.11) 22 −= λδ h

Here λ  is the wavelength.  For all long-wave theories 1<<δ .  For the finite-amplitude theory 

)1(O=ε , but we shall also assumed that  for the finite-amplitude waves.  It is recall that for 

the solitary wave theory and the Boussinesq equation [2, 3] 

15.0 <<εδ

ε  and  are of the same order.   
2δ

It is convenient to introduce the following dimensionless variables  

 

λ/* aa = , λ/* tght = , .                                            (5.12) Auu /* =

Now dimensionless expressions for the terms in Eq. (5.7) may be introduced.  For example,  
2*215.0 )(/ ahhhaa ∂∂= −δ , .  In terms of the preceding dimensionless variables, Eq. 

(5.7) can be written in a dimensionless form, dropping the asterisks: 

*5.0 / ahua ∂∂= εδ
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(5.13) 

Let ,  be of the order  or smaller, and ah aah )( 5.0δO )1(O=ε .  Then we will ignore the terms smaller 
than O .  Since  we shall use in (5.13) that )( 2δ 1<<5.0εδ
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n
a unnunu εδεδεδ  

In this case, Eq. (5.13) yields 
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        (5.14) 

We think, that (5.14) describes a wide range of nonlinear-surface long waves. However, we 

cannot guarantee that Eq. (5.14) is valid as waves approach the coastal line.  Indeed, the term 

 in (5.14) is singular if h=0. )2(5.0 uhuh aaaa +−δ

Now we consider some cases when (5.14) may be simplified. 
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1.  The influence of the wavelength.  First, we assume, that the terms in (5.14) containing  

may be neglected.  In this case, Eq. (5.14) is transformed in the form 

5.1δ
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If here we neglect also the δ  terms then 

 

.02)2( 25.05.05.0 =++++−− −
aaaaattaaaaaaatt uhuuuuuhuhuu εεδεδδ                      (5.16) 

We recall, that ,  and )( 5.0δOha = )( 5.0δOhaa = )1(O=ε  in (5.14)–(5.16).  For the constant depth Eq 

(5.16) yields 

.03 5.0 =+− aaaaatt uuuu εδ                                                  (5.16a) 

Thus, the large-amplitude waves may be descried by the simple equation (5.16a) in the case of 

long wavelengths.  It is not very surprising.  Indeed, it is known that large amplitude waves may be 

sometimes simulated by respectively simple equations.  In particular, Korteweg-de Vries-type (KdV) 

equations have been used with some success to model wave evolution outside their formal range of 

validity [27]. 

2.  Weakly-nonlinear waves.  As before, let  and , but  is of the 

order .  If the  terms may be ignored then (5.14) is rewritten in the form  

)( 5.0δOha = )( 5.0δOhaa = 2ε

)( 5.0δO 2δ
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                  (5.17) 

Here we can ignore the terms smaller than .  Consequently, we have )( 5.1δO
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Let us neglect the  terms in (5.18). Then 5.1δ
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This is a quadratically-nonlinear equation. 
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3.  Influence of the bottom slope.  Let )(δOha = , )(δOhaa =  and let us consider waves of finite 

amplitude.  Neglecting in (5.14) the terms smaller than  we get )( 5.1δO
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Let , , )( 5.1δOha = )( 5.1δOhaa = )1(O=ε , and let us ignore the terms smaller than .  In this case, 

Eq. (5.20) yields 
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Let , , )( 2δOha = )( 2δOhaa = )1(O=ε .  We shall ignore the terms in (5.14) smaller than : )( 5.1δO
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4.  Effect of the wave amplitude.  Let  and , .  We shall 

ignore the terms smaller than .  In this case, Eq. (5.22) yields  

)( 5.02 δε O= )( 5.1δOha = )( 2δOhaa =

)( 5.1δO

 

.0)434(3

22
5.1

3
122

3
1

5.05.05.0

=+++−−

++−− −

ttaaattaaaaatataaattaa

aaattaaaaatt

uuuuuuuuu

uuuuuhuu

εδδεδ

εδεδδ                  (5.23) 

Let  and )( 5.02 δε O= )(δOha = , )(δOhaa = .  We shall ignore the terms in (5.20) smaller than , 

obtaining 
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Let  and , , and let us ignore the terms smaller than .  As 

a result, Eq. (5.24) takes the form 

)( 5.02 δε O= )( 5.1δOha = )( 5.1δOhaa = )( 5.1δO
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This equation takes into account different effects: bottom slope, dispersion, and high-(cubic) 

nonlinearity.  The cubic-nonlinear effect on the surface-water waves will be studied below with the help 

of Eq. (5.25). 
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If we have in (5.25) ,  then the terms smaller than )( 5.0δOha = )( 5.0δOhaa = )(δO  are 

negligible.  In this case, Eq. (5.25) becomes 

 

.03)2( 5.0
3
15.0 =+−+−− −

aaattaaaaaaaatt uuuuhuhuu εδδδ                          (5.26) 

Eqs. (5.26), (5.26) are simple enough.  At the same time they describe a wide range of phenomena.   

Therefore, these equations will be often used below. 

We have considered here the long waves.  Therefore, the effect of the dispersion may be small.  

The effect of the bottom slope increases near the coastal line.  The influence of the nonlinearity depends 

on ε .  If  then we have the weakly-nonlinear and weakly-dispersive waves.  In this case, the 

soliton-like waves may be generated on the water surface.  If  then Eq. (5.26) describes the 

dispersive weakly-nonlinear waves.  

5.0δε ≈
5.0δε <<

Remark.  Equations of this section may be rewritten taking into account  the capillary effect.  We do not 

linger here on this case. 

 

5.3.  The inviscid model for quadratically-nonlinear shallow waves: Boussinesq-type equations 

We now consider the case of quadratically-nonlinear waves.  After long but simple calculations Eq. 

(5.7) is rewritten in the following form: 
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where 
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                           (5.28) 

 

                                                               (5.29) 

 

                                  (5.29a) 
Eq. (5.27) may be presented as a Boussinesq-type quadratically-nonlinear wave equation. 

Differentiating (5.27) with respect to a one obtains:  
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This is the Boussinesq-type three-speed quadratically-nonlinear wave equation for long waves.  

In the case of a plane bottom ( , Eq. (5.30) yields  )02
3 === chh aaa
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If here 0=σ  then  and 02 =c
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Near the coastal line the value of  may be very small.  In this case, if , the right-hand side 

terms are negligible in (5.32).  Then Eq. (5.32) yields to the Boussinesq-type equation  

2h 00 =ap
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Let us rewrite Eq. (5.32a) for η  using (5.3).  Since approximately , Eq. (5.32a) 

yields 
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Ignoring here the small terms we have got the equation which was first obtained by Boussinesq 
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Since the Boussinesq equation has the solitary wave solution, the natural question arises, whether the 

Boussinesq-type equations also admits a solitary-type wave solution for small values of .  This 

question is addressed in sections 6. 

ah

 

5.4.  Effects of the internal viscosity and the bottom friction 
 
It is known that both the amplitude and the form of coastal waves depend on viscous effects.  In order 

to include viscous effects in the governing equations, a friction term is, usually, added to the depth-

integrated equation of motion [20, 28]. 

Here, in contrast, following our developments illustrated in sections 2 and 3, we use the stress 

tensor components to describe the viscous effects.  In particular, the term 
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VpPPdcVp +++−+∫−ρ                                                    (5.32d) 

takes into account viscous effects in (2.20).  Using (5.32d), after simple calculations, we rewrite (5.7) in 

the form 
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Following [1] we use the Navier model to describe the viscous effect.  According to this model the 

stress components are determined as 

 
tatcta uwuP μμ 2)(3

2
11 ++−= , tctcta wwuP μμ 2)(3

2
33 ++−= , 

)(3113 tatc wupp +== μ ,                                                            (5.34) 

 

where μ  is the coefficient of the kinematic viscosity [1].  The Navier model is linear, therefore, we 

eliminate the nonlinear terms involving the stresses in (5.33). 
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Then using (5.34), together with the assumption (5.3) and the boundary conditions (2.13), 

(2.15), we find 
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and 
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We used that uhhu aa −−≈η (5.3).  The effects of viscosity become important near the coastal 

line where, at the same time, the expression (5.36) may be very small.  Indeed, if  then the terms 

proportional to 

0→h

hμ  are negligible. 

Now we can rewrite Eq. (5.33) in the form 
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Here the term )22(2 11
taaatataa uhuhhuh ++−−ρμ  determines the effect of the viscosity distributed 

along the depth (internal viscosity).  The term  determines the free surface friction, 

and the term  determines the bottom friction.  According to Eq. (2.17), 

= 0.  The bottom friction is determined by the bottom layer model.  The water motion 

may be either laminar or turbulent in the bottom layer.  The latter case may be described by the eddy 

viscosity model: 

)0,,(31
1 =− ctapρ

),,(31
1 hctap =−ρ

)0,,(31 =ctap

tt uushctap == ),,(31  where s  is the friction coefficient.  A more simple 

(linearized) form of the bottom friction model (laminar model) is tushctap == ),,(31 [20]. 

Using the laminar model and 0)0,,(31 ==ctap  we rewrite Eq. (5.37) in the following form: 
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         (5.38) 

 

It can be seen, that in (5.38) the effect of the internal viscosity (associated with the stress caused 

by molecular viscosity) depends on the bottom profile (from  and ).  Generally speaking, the 

bottom friction can depend also on the bottom slope (see (2.16)), but this dependence is not considered 

here.  We emphasize, that the bottom friction is, generally, greater than the internal viscosity by several 

orders of magnitude. 

ah aah

Thus, the molecular viscosity plays a minor role in the propagation of the long waves.  

Nevertheless, this viscosity may play an important role when we describe the steep front of waves and 

breakers.  

The presented theory of shallow waves incorporates a wide spectrum of phenomena connected 

with nonlinearity, dispersion, vertical acceleration of water particles, surface tension, and bottom 

topography.  It was shown, that the wave damping is connected with the viscosity of the water, the 

bottom friction, and the bottom slope. 

Remark.  The shallow-water assumption (the horizontal displacement is independent of c (5.2)) 

was used above.  Generally speaking, this assumption is valid only outside of the bottom layer.  In 

particular, we can ignore the influence of the bottom layer on surface waves if the thickness of the layer 

is very small compared to the depth.  Nevertheless, for highly-viscous liquids or for the case of a very 

small depth the thickness of the bottom layer may be comparable with the depth.  In these cases, the 

theory presented here must be corrected.  

At the same time, we emphasize, that the shallow water assumption is widely used for the 

description of coastal waves and waves on thin layers of viscous liquids [2, 3, 8, 14]. 

 

6  Application of the theory: solitary waves and a tsunami 

 
Traditionally, waves are considered either as free or as forced.  In this section nonlinear-free waves are 

studied. 
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The waves propagate along the water whose undisturbed depth , together with the 

undisturbed speed of shallow waves, exhibits a gradual spatial variation at the scale of the wavelength.  

This is the case of a gradually varying admittance which involves essentially no the reflected wave.  

There are only slight departures of the wave properties from the properties of waves propagating above 

a plane bottom at this scale.  Nevertheless, the distorting effects of such small departures may be 

significant over long distances of propagation. 

)(0 xh

When the waves move over a variable bottom, both the wave amplitude and the curvature of the 

wave crest can vary.  An influence of the dispersion varies too.  Thus, the study of this wave dynamics 

should include a wide spectrum of phenomena connected with nonlinearity, dissipation, dispersion, and 

bottom topography.  Some of these phenomena are described by the well-know equations.  In 

particular, in this section we study the coastal evolution of the solitary waves. Eq. (5.38) is transformed 

to the Korteweg-de Vries Burgers-type equations and solutions of these equations are presented. 

The solitary wave on water surface which propagates without change of its profile was 

discovered empirically by Russell [29].  However, his description of this wave was in contradiction 

with the strongly-nonlinear theory of water waves developed by Airy [18].  According to this theory, 

surface-water waves cannot propagate without change of the shape.  Later on, in 1872, Boussinesq [30] 

and then Korteweg and de Vries in 1895 [31] developed water-wave theories and derived equations (the 

Boussinesq equation and Korteweg-de Vries (KdV) equation, respectively), which have solutions in the 

form of solitary waves [32-42]. 

Stable solitary waves (solitons) can be generated due to the balance between nonlinearity and 

dispersion.  This principle is valid for uniform medium or for the ocean with constant depth.  However, 

the problem becomes more complicated if the medium is inhomogeneous [36] or the ocean depth varies 

[37–41].  In particular, nonlinear-coastal effects can transform the solitary-nonlinear wave into a 

catastrophic tsunami having the steep wave front.  Now the theory of solitary waves and solitons is a 

well-developed field of science and engineering [1-4, 32-42]. 

 

6.1.  KdV-type, Burgers-type, Gardner-type and Camassa-Holm-type equations for the case of 

slowly-variable depth 

In terms of the dimensional (physical) variables Eq. (5.25) yields 

 

.)22(23

2)(2

0
11112

112
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1

attaaatataaaaa
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pushuhuhhuughu
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−+++++

−−−=−−−

ρρρμ

σρ
             (6.1) 
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Here we have introduced the capillary and viscous terms and the surface pressure .  Let we 

consider a wave propagating along the positive -direction.  In the simplest case of a plane bottom, 

when there is no dispersion, viscosity, or nonlinearity, this wave has the form 

0p

a

)/( 0ghatuu −= .  A 

more complex case occurs if the bottom is inclined and if the effects of dispersion, viscosity, and 

nonlinearity are not negligible.  Considering the last case we rewrite Eq. (6.1) in terms of new 

variables: 

daCtr ∫ −−= 1  and aμζ = .                                                          (6.2)  

The value  is the speed of the wave and )(aCC = μ  is a small unknown constant, 1<<≈ δμ .  

Now we have ),( ζruu =  or .  Using the variables (6.2) we find  ),( aruu =

                                            ,   ,  rt uu = 1−−= Cuuu raa ζζ

and expressions for , , , , and .  Then, using these expressions, we rewrite Eq. (6.1) 

neglecting terms smaller than .  For example, we assume, that 

ttu aau tttu

(O

attu

)5.1

aattu

δ

                        .)(2)(2 1122112
arrarraaaarrarraa CuuCCuuuCuuCCuu −−−−−− −−≈++−−= ζζζ ζζζζ

As a result, Eq. (6.1) is rewritten in the form 

0)(5.0 0
1*

**2***

=++

−++++
−

a

rrrrrrrra

pghCGc

GsGGGGGGG

ρ

μβαγμ .                                (6.3) 

Here  and  ruG =

112* )2)(1( −−−−= ghCghCγ 12* )2)(21( −−+−= ghghCα 13 )2( −− ghβ, , , * 3−= ghC
111* )(2 −−−−= ghCρμμ , 112

3
1* 2)(( −−−= ghs σρ 11) −− Cgh , 

  11111* )2)(5.1( −−−−− −−= ghCCghshc aρ .                                 (6.4) 

Now we consider the case when = 0 in (6.3).  ap0

0

0**** =+−++ GcGsGGGG rrrrra αγμ

G*

*c

Extended KdV equation for waves over an inclined bottom.  Let , then (6.3) yields ** == βμ

ghC =2

.                                                 (6.5) 

Here the term c  takes into account the bottom friction and the bottom slope.  The well-known 

Korteweg-de Vries (KdV) equation follows from (6.5) if = 0 (zero friction and zero bottom slope). 

Burgers−type equation for waves over an inclined bottom.  Let  and , then 

(6.3) yields 

0** == sβ

0*** =+++ GcGGGG rrrra μαμ .                                                      (6.6) 
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Here the coefficient  depends on the internal viscosity.  If , then (6.6) reduces to the Burgers 

equation. 

*μ 0* =c

Gardner−type equation for waves over an inclined bottom.  Let  and , then (6.3) 

yields 

ghC =2 0* =μ

0**2** =+−++ GcGsGGGGG rrrrra βαμ .                                           (6.7) 

If , then (6.7) yields the Gardner equation. 0* =c

Camassa-Holm-type equation.  In terms of physical variables Eq. (5.23) yields 
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                           (6.8) 

We will seek a solution of Eq. (6.8) that is stationary in a reference frame moving with the speed 

.  In the stationary frame we may replace  by daaCt )(1∫ −− tu aCu− .  As a result, Eq. (6.8) yields 
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Here auG = . Eq. (6.9) is the Camassa-Holm-type equation.  It is known that the Camassa-Holm-type 

equation may be presented in a number of forms [7,13].  In particular, the last equation may be 

rewritten as 

.2)8(

32
1112

3
1

12
3
12111

GCghGGGGCCh

GChGGghCGGghCGGCGghCG

aattttt

attaaaat
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      (6.10) 

We use here the results ta GCG 1−−= , ttat GCG 1−−=

0=a

.  Eq. (6.10) is a version of the Camassa-Holm 

equation (see Eq. (3.17) from [13]) if h  and 021 ≈−
aGGghC

0* =c

3 . 

 

6.2.  Cubically-nonlinear waves over a plane bottom: effects of capillarity and the depth 

Let us discuss the propagation and growth of a solitary wave, considered in a frame moving with the 

speed C of the gravity wave. 

We will ignore the bottom friction.  Since a plane bottom is considered, then  in Eq. (6.3).  

In this case the cubically-nonlinear equation (6.3) has solutions describing the shock-like wave or the 

soliton-like wave. 
1.  Shock-like wave.  First, the solitary shock-like wave is considered.  Assume, 

cpAG tanh .                                       (6.11) = +
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Here  

)( ζω −= rp      and   aμζ = ,                                                    (6.11a) 

and , A ω , μ , c  are real constants.  The expression (6.11) is substituted in Eq. (6.3).  Then equating 

the similar terms in (6.3) we obtain the following equations  

 

0sec)2( 22*2*** =++++− phscc ωβαγμ ,                              (6.12) 
0tanhsec)22( 2*** =−+ pphcAA ωμβα ,                              (6.13) 

0tanhsec)6( 222*2* =− pphsA ωβ .                                  (6.14) 

Now we will solve the system (6.12-6.14). 

(a) Eq. (6.14) yields 
*2*2 /6 βωsA = .                                                  (6.15) 

Using (6.5) we rewrite (6.15) in the form 

)(2 3
11111 hghgCA −±= −−−− ρσω .                               (6.16) 

This solution is real if the capillary effect is large enough so that 111
3

1 −−−< ghh ρσ . 

(b) Then we find from (6.13) that 
**** /5.0/ βαβωμ −= Ac .                                       (6.17) 

(c) Considering only the leading order terms in (6.12) we have 

ghC =2 .                                                      (6.18) 

This result can be refined.  Using (6.15), (6.17), and (6.18) we get 

]2/)(25.06/)([)(2 2**2**2*5.12 ωβαμμ ssghghC −+−+= .          (6.19) 

Expressions (6.19), (6.17), and (6.15) may be considered as dispersive relations relating the wave 

parameters , , A C ω , μ , and c .  Consequently, two of the parameters may be taken as independent 

parameters while the other three are expressed through the first two.  In particular, ω  and μ  may be 

considered as the independent parameters. 

Using (6.19), (6.17), (6.16), and (6.15) the solution (6.11) may be written as 

 

./5.06/}]2/)(25.06/)(

)()(5.0[{tanh/)(2
*****2**2**2*

25.122
3

111

βαβμωβαμ

ωσρω

−++−+

−−−±= −−−−

sass

ghCghrghChgG
      (6.20)  

Since a plane bottom is considered here, .  Therefore, the profile of the wave (6.20) does 

not change if there is some complex balance of effects of nonlinearity, gravity, dispersion, viscosity and 

capillarity, so that 

aCtr 1−−=
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02/)(/)()()( 2**2*
4
1*2*

6
125.1

2
1 =+−+−− ωβαμ ssghCgh . 

Let us consider three special cases of the solution (6.20). 

1.1. If ghC =2  ( 0* =γ ) then (6.20) yields the solution (2) from [42] 

./5.06/

}]2/)(25.06/)[({tanh/6
*****

2**2**2*1**

βαβμ

ωβαμωβω

−+

+−−−±= −

s

assaCtsG
    (6.21) 

1.2.  If  then (6.21) yields the shock-like solution of the Gardner equation (see (6.7)). 0* =μ

1.3.  If  ( ), , , and  then (6.3) yields the Burgers equation.  

In this case, we can find from (6.12) and (6.13) that  and 

ghC =2 0 0* =β* =γ 0* =s 0* =c
*2= ωμ 1*)( −αA 1* )( −= αμc .  The solution 

(6.11) takes the form 
1*15.05.01

3
8 )()(tanh −−−− +−−= αμμωρμω aaCtghG .                      (6.22) 

We emphasize, that the shock-like solutions (6.20)-(6.22) take place if the capillary effect is large 

enough ( 2
3

111 hg >−−σρ ).  The shock-like solution (6.22) occurs only for the viscous model of water. 

2.  Soliton-like wave.  If the viscosity effects are negligible, i.e., , we can seek the 

solution in the form 

0** == cμ

phAG sec= .                                                          (6.23) 

This expression is substituted in Eq. (6.3).  Then equating the similar terms in (6.3) we obtain three 

algebraic equations 

0sinhsec)( 22*2*** =+−−− pphscc ωβαγμ , 

0sinhsec)2( 3** =+ pphcβα , 

0sinhsec)6( 42*2* =+ pphsA ωβ .                                                     (6.23a) 

These equations may be considered as dispersive relations relating to each other the wave amplitude  

and , 

A

C ω , μ .  Consequently, one of the wave parameters may be taken as an independent parameter, 

while the other three are expressed through this one.  In particular, ω  or μ  may be considered as the 

independent parameter. 

Substituting the solutions of Eqs. (6.23a) in (6.23) we get  

 

])([sec)(2 2*2***1111
3

11 asccaCthghhgCG ωβαγωρσω −++−−−±= −−−−− .(6.24) 

Here , and coefficients , , and  are determined by (6.4).  This solution is real if 

the capillary effect is small enough so that 

** /5.0 βα−=c *γ *α *β

12
3

1 −>h 1− gσρ .  

For pure gravity waves 0=σ , and (6.24) yields 
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])([sec 2*2***12
3
2 asccaCthghChG ωβαγωω −++−−±= −− .               (6.25) 

It is seen, that the wave profiles (6.24) and (6.25) do not change if there is some complex balance 

)( 2*2*** ωβαγ scc −++ = 0. 

If  in (6.25) then we have the soliton-like solution of the Gardner equation (Eq. (6.7) where 

). 

0* =γ

0=*c

The results of this section demonstrate the influence of quadratic- and cubic-nonlinearity, 

dispersion, capillarity, and viscosity on the propagation of the solitary waves above a plane bottom.  If 

the capillary effect is large enough and the layer thickness is small enough ( 2
3

111 hg >−−σρ ), then a 

shock-like wave may be formed on the water surface.  The wave front may be stable owing to the 

capillary tension.  If 2
3

111 hg <−−σρ  then the soliton-like surface wave may exist. 

According to the presented theory the waves (6.15) and (6.23) change their profiles when they 

move over a plane bottom.  The profile variation depends on the wave speed (coefficient ), the 

nonlinearity (coefficients  and ), the dispersion and the capillarity (coefficient ).  In particular, 

for the shock-like profile this variation is described by the term 

*γ

*α *β *s

 

assghCgh ]2/)(25.06/)()()(5.0[ 2**2**2*25.1 ωβαμ +−+−−  

in (6.20), whereas, for the soliton-like profile this variation is described by the term 

 in (6.24). ascc )( 2*2*** ωβαγ −++

0**** =+−++ GcGsGGGG rrrrra αγ

 

6.3.  The extended KdV equation and the Green law.  The Lagrangian description 

It is known, that very long waves may be generated on the ocean surface.  In particular, tsunamis are 

produced by underwater earthquakes, but also by submarine landslides and, far less often, by volcanic 

eruptions or meteorites that hit the ocean surface.  The tsunami amplitude on the open ocean is of the 

order of 1 metre, with a slope too gentle to be noted by ships.  Nevertheless, when tsunamis enter 

shallow coastal waters they may be transformed into extreme waves that can reach heights of 30 metres.  

Near the coast, their smooth wave front can evolve into a steep front (shock-like — wall-like or bore-

like — front). 

We shall describe the tsunami evolution by the extended KdV equation (6.5): 

 

,                                  (6.26) 

 152



In (6.26) the bottom friction term is retained, but the effect of the internal viscosity is eliminated.  A 

solution of (6.26) is sought in the form 

phaAG 2sec)(= .                                                     (6.27) 

Here )( ζω −= rp  (6.11a).  This expression is substituted in Eq. (6.26), and, equating the similar terms 

in (6.26) we obtain the following equations:  

0sec)( 2* =+ phAcAa ,                                                  (6.28) 

0tanhsec)12( 42** =+ pphsA ωα ,                                       (6.29) 

0tanhsec]4)[( 22** =+−− pphsr a ωγζ .                               (6.30) 

Here .  Now we shall solve the system (6.28)-(6.30). )(aAA =

1.  First, Eq. (6.28) is considered.  Its solution is 

 

]))(5.1(5.0[exp 11111 daghCCghshCA a
−−−−− −= ∫ ρ .                       (6.31) 

We assume, that the arbitrary constant C  has dimension of (length)1.75/time.  If we set, approximately, 

 then ghC =2

)5.0exp( 5.115.075.0 dahsghCA −−−− ∫±= ρ .                           (6.32) 

Thus, the wave amplitude increases when the depth reduces. 

2.  Eq. (6.29) yields the following relation 
1**2 )12( −−= sAαω .                                                   (6.33) 

3.  Using (6.33) we rewrite (6.30) in the form 

0)3/()( ** =+−− αγζ Ar a .                                                    (6.34) 

Expressions (6.31), (6.33), and (6.34) may be considered as dispersive relations connecting C ,  

C , ω  and μ .  Consequently, one of the wave parameters may be taken as independent 

parameter, while the other three are expressed through this one.  In particular, the independent 

parameter may be determined by the initial conditions. 

In the case of a linearly sloping bottom with ah α=  one has 

 

)exp( 5.015.15.075.025.0 −−−−− −±= asghgCA ρα .                             (6.35) 

Let us consider the expressions (6.27) and (6.35) attentively.  The reader can see that they 

resemble the Green-type solution [1, 43} of the extended KdV equation (6.26).  In contrast with the 

Green’s law this solution takes into account the bottom friction. 
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6.4.  The extended KdV equation and the Green law.  The Eulerian description 

There are several forms of the extended KdV-type equation.  In particular, (6.5) is derived using the 

Lagrangian coordinates.  Rewriting (6.5) in terms of Eulerian coordinates we can obtain Eq. (12.60) 

from [39].  In the next lines we proceed in doing this. 

First, using (6.4) we rewrite (6.5) as follows 

.                (6.36) rarrrrrrrra uCghuuCCughCu 112112
3

1 5.13)(2 −−−−− −+−= σρ

According to (5.3) we have that 

uhuhuhuhuuh aaaaaa −+−≈−−−≈ 2
00

2 2)(η .                     (6.37) 

Using ar Cηη −=  we rewrite (6.37) in the form 

raaara uhuCuh −+≈ )41(0 η .                                        (6.38) 

Taking into account (6.36) and (6.38) simultaneously, we find that 

aaraarrraa uhuuhCCughh 25.05.1)(5.0 0
13112

3
1

0 −+−−= −−−−σρη .             (6.39) 

Then we use the two expressions , 1
0

−−≈ hua η )1( axa u+= ηη  without affecting the accuracy.  In this 

case, Eq. (6.39) yields 

0*** =+−+ ηηηηαη cs rrrrx .                                    (6.40) 

where  

                , , tdxxCr −= ∫ − )(1 1
0

1* 5.1 −−= hCα 3112
03

1
2
1* )( −−−−−= Cghs σρ ,   xhhc 0

1
0

* 25.0 −=

and we have set .  If xa hh 0−= 0=σ  then (6.40) yields Eq. (12.60) from [39]. 

Now, following Section 6.3, we find the solution of Eq. (6.40): 

)(sec 2* ζωη −= rhA .                                               (6.41) 

where  

        )5.0exp(ˆ 5.115.025.0
0

* dxhsghAA −−−− ∫= ρ  

and , .  Here the arbitrary constant 1***2 )12( −−= sA αω arA )(3** ζα −= Â  has dimension of 

(length)1.25. 

One can see that (6.41) is a special case of the Green’s law which takes into account the bottom friction. 

 

6.5.  Special cases of the solution (6.27) 
The generalization of Russell’s expression for the solitary wave speed.  Let us consider Eq. (6.34) near 

the top point of the wave where 0≈− ζr .  The effect of capillarity is ignored.  In this case, using (6.4) 

we find from (6.34) that  
5.012 )(3/)2( ghAghghCCAghC +=++= − .                    (6.42) 
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Then we connect A  with the elevation η  of the top point of the wave.  Since  we 

find that 

ra uhChu 1−=−=η

Ah 5.0g 5.0−=η .  Finally, Eq. (6.42) yields 

              )(2 η+≈ hgC .                                           (6.43) 

It is interesting to observe that expression (6.42) is some analogue of the formula discovered 

empirically by Russell [1, p.424], [29]: , where a is the maximum wave height above the 

undisturbed water level 

)(2 ahgC +=

KdV equation. Following [39] we can seek the solution in the form 

)(sec 12 ζ−Δ= − rhAG .                                     (6.44) 

Here aμζ =  (Eq. (6.2)).  According to the results presented in the section 6.3, one can find that  

3/*Aαμ = , .                             (6.45) **2 /12 αAs−=Δ

Expressions (6.52) coincide with formulas (13.3) from [39]. 

Remark.  The KdV equation has been used for the description of the evolution of tsunamis [3].  

Therefore, equations (6.26) and (6.40), and their corresponding solutions, may be also treated as 

describing the tsunami wave evolution due to the bottom variation. However, it was shown recently, 

that the propagation distance from an epicentre of an earthquake to a shore may be too small for KdV 

dynamics to apply [28]. 

 

6. 6.  Examples of coastal evolution of the solitary wave 

Now using (5.3) and  we determine the following linear expression for the elevation ar CuuG −==

 

).tanhsec)(5.0exp( 1215.115.075.0

1

vrvhvrhhCdahsghC

GdrhhGC

a

a

−−−−−−

−

+−=

−−=

∫
∫

ρ

η
               (6.46) 

If 0== ahs , then (6.47) yields the Green law for the solitary wave.  In particular, for the case of a 

linear slope we find that 

 

)tanhsec)(exp( 1
0

21
0

5.015.15.075.0
0 vrvhvrhChxsghC x

−−−−−−− +−−= ραη .         (6.47) 
Now, using (6.47) we can study the coastal evolution of tsunami which is modelled as the soliton-like 

wave.  The results of the calculations are presented in Figs. 67-69. 
In these figures, the effects of the bottom friction and of the bottom slope are studied.  The 

profiles are calculated at six time instants. Figs. 67 and 68 correspond to the numerical data shown in 

Figs. 7 and 8 from [37]. 
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Fig. 67.  The bottom slope is 1:15.  The effect of the bottom friction on the evolution of the solitary 

wave is studied.  The profiles A, B, and C are calculated for 65.0
0

15.15.0 10−−−−− =hsg ρα , 0.1, and 1, 
respectively. 

 

First, the effect of the bottom friction is studied.  Curves A, B, and C in Fig. 67 are calculated for 

different values of the friction coefficient.  It is seen, that the effect of the bottom friction may be very 

important for the coastal evolution. 

 
 

Fig. 68.  The bottom slope is 0.01.  The profiles are calculated for 65.0
0

15.15.0 10−−−−− =hsg ρα . 

 

It is seen from Figs. 67 and 68, that the wave profiles change along the bottom slope, and that the wave 

evolution depends on the slope angle.  Far from the coastal line the wave evolves slowly, but near the 

coastal line both the wave profile and its amplitude begin to evolve more rapidly.  In particular, the 

wave becomes steeper and shorter when the depth reduces.  

It is found, that the analytic solution agrees well with the data from [37] when the bottom 

friction is very small. Indeed, in [37] the internal viscosity and the bottom friction are not taken into 

account. 

A soliton-like wave can approximately simulate a tsunami.  Results of the simulation of a 

tsunami travelling above a continental shelf are shown in Fig. 69.  One can see that, according to the 
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presented theory, the soliton-like wave transforms into a steep wall of water near the shore.  The 

wavelength reduces and the wave height increases approximately 1.5 times. Behind the wave there is a 

long tail.  Ahead of the main part of the wave there is an ebb (or trough, or depression).  On the whole, 

the last result agrees with the note of Darwin ‘… the water retiring first, and then returning an a 

mountainous breaker: …’ 

 

 
Fig. 69.  The bottom slope is 0.002.  The profiles are calculated for 65.0

0
15.15.0 10−−−−− =hsg ρα . 

 

We shall continue to simulate the tsunami wave in the following sections. 

 

7.  Singularities, ‘dangerous‘ denominators, and self-forcing resonant waves 

 
We are all more or less familiar with the concepts of resonance.  Apparently, the resonance 

phenomenon was known by Galileo and Huygens nearly four centuries ago.  The resonance was well-

known to eighteenth century astronomers.  Nevertheless, the modern story of resonances actually began 

at the end of the nineteenth century, with the works of Poincaré [44]. 

Considering problems of celestial mechanics (the so-called multi-body problem), Poincaré has 

shown that resonances lead to the appearance of a singularity (‘dangerous‘ denominators) in the 

governing equations.  Poincaré referred to these difficulties as ‘a general problem of dynamics‘.  

Indeed, similar problems exist for any dynamical system. 

Lamb [1] analysed long waves that are forced by a moving, horizontally variable pressure 

applied to the water surface.  According to Lamb [1] the surface displacement amplitude can grow to 

infinity.  It is early seen, that Lamb met the dangerous denominator problem which we noted above.  As 

an illustration to the dangerous denominator problem in the case of pure forced waves we consider 

Lamb’s result. 

After the strong simplification we rewrite Eq. (2.20) in the form which was used by Lamb [1, p. 

263] 
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aatt pgu ,0
1−−=+ ρη .                                                             (7.1) 

In the case of a travelling pressure )(0 aUtfp −= ρ  moving with the speed U  Lamb found  

)( 2
0

ghU
p

h −
=

ρ
η .                                                                 (7.2) 

When  the elevation ghU →2 ∞→η .  In a real situation the elevation grows until damping and other 

effects are sufficient to yield an equilibrium water surface.  The Green’s law illustrates the dangerous 

denominator problem in the case of free surface waves.  According to this law the elevation ∞→  if the 

water depth (coordinate) . 0→

This section is an introduction to the problem of the wave resonance which is one of the central 

problems of dynamics.  Usually, the condition of resonance may be derived from linear analysis of the 

process being studied.  For example, Lamb [1] used Eq. (7.1).  These resonances may be called linear.  

However, nonlinear mathematical models must be often used for analysis of observed anomalous 

phenomena.  Only a nonlinear theory can bring to light the resonant nature of a phenomenon being 

studied.  In this case the revealed resonance may be called as nonlinear. 

For example, extreme (giant) ocean waves may be generated. It is difficult to explain the 

existence of these waves by linear models of ocean waves.  However, according to the nonlinear 

analysis the generation of these waves may be connected with the nonlinear resonances.  Near the 

resonances the influence of dispersion, dissipation and nonlinearity increases strongly.  Below we shall 

study this influence for different ocean waves and depth.  It is known, that ocean waves fall into 3 broad 

classes of behaviour.  These are nondispersive (for example, tsunami), weakly-dispersive ( these waves 

may be formed in coastal zone), and strongly-dispersive.  The gravity-ocean waves are a good example 

of the strongly-dispersive waves. 

In contrast with these classes, considering nonlinear waves, we separate classes of nonresonant 

and resonant waves.  The latter are generated when some resonant conditions occur.  Strongly-

nonlinear extreme and catastrophic waves may be generated at the vicinity of resonance (singularity).  

In this section we consider weakly-dispersive and dispersive resonant waves.  Effects of 

dissipation and the bottom friction are studied.  A few approximate general solutions of nonlinear-wave 

equations are constructed. 

 
7.1.  Example of nonlinear resonance 

First, we consider long weakly-dispersive waves.  The depth is constant. 

Using dimensional variables Eq. (5.26) is rewritten in the form 

aaaaaaattaaaatt ughuhuuhghuu 3)( 12
3
1 −−=− −σρ .                                    (7.3) 
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The capillary term is introduced here.  It is assumed, that the right-hand side terms in (7.3) are much 

smaller than the left-hand side terms.  Let 
)2()1( uuu += ,                                                          (7.4) 

where .  According to the first order analysis we have that )2()1( uu >>

                                                              ,     .                                              (7.5)     )()1( rJu = aCtr 1−−=

Here .  The second order terms of (7.3) yield that  ghC =2

'''3''''212
3
12)2()2( 3)( JJCJhChCghuu aatt

−− +−=− σρ ,                      (7.6)    

where  and J   Thus, we obtained the inhomogeneous linear wave equation for )2(u .  The 

solution of (7.6) is a sum of the general solution of the homogeneous linear wave equation and the 

particular solutions of Eq. (7.6).  The particular solution may be written as 

)(rJJ = rJ=' .

drJAJAu 2'
1

''
0

)2( ∫+= .                                                         (7.7) 

It was found, that the amplitudes  and  are singular since .  Thus, according to the 

presented idealized example, the nonlinearity and weak dispersion can generate on the water surface the 

waves of the unlimited amplitudes.  In other words, we have an example of the nonlinear resonance.  Of 

course, in reality the amplification of the waves at the resonance is limited by bottom friction, viscosity 

and complex nonlinear effects which are not considered in this example. 

0A 1A ghC =2

 

7. 2.  Generalizations of the Green’s law: effects of the bottom friction and weak nonlinearity  

The laws of propagation of waves in a canal of gradually varying depth were investigated by Green 

[43].  He considered linear, nondispersive waves.  The bottom friction and viscosity were ignored. 

 

7. 2.1.  Effect of the bottom friction  

Using the dimensional variables Eq. (5.26) is rewritten in the form 
.3)(2 112

3
111

aaattaataaaaaatt ughuughushughughghuu −−=−−−− −−−− σρρ              (7.8) 

It is assumed, that the right-hand side terms in (7.8) are much smaller than the left-hand side terms.  Let 
)2()1( uuu += ,                                                            (7.9) 

where .  Using (7.9) we rewrite (7.8) in the form )2()1( uu >>

.)(3)()2(

)2(
)1()1(112

3
1)2(11

)1(11

aaattaataaaaaatt

taaaaaatt

uughughushughughghuu

ushughughghuu

−−=−−−−+

−−−−
−−−−

−−

σρρ

ρ
   (7.10) 
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The first order terms of Eq. (7.10) yields 

02 )1(11)1()1()1()1( =−−−− −−
taaaaaatt uhsughughghuu ρ .                       (7.11) 

We shall look for an expression for  in the form of a sum of two travelling waves  )1(u

)]()()[()1( sjrJaAu += ,                                                      (7.12) 

where  is a variable amplitude,  and  are arbitrary functions and  )(aA )(rJ )(sj

 )(atr ϕ−= , )(ats ϕ+= .                                                     (7.13) 

For the plane bottom the solution (7.13) is the d’Alembert solution.  Substituting (7.12) in (7.11) we 

obtain the following equation for the wave , )(rJ

.0)(2

)(
'11

''2''''

=−−+−

++−−−
−− AJhsAJghJAAJgh

JAJAAJJAAJghAJ

aaaaa

aaaaaaaaa

ρ

ϕϕϕ
                               (7.14) 

The prime denotes differentiation with respect to r, )(aAA = , )(aϕϕ = , and )( ϕ−= tJJ .  Then, 

equating the similar terms in (7.14), we obtain the following equations 

0)( ''2 =− JghAA aϕ ,                                                      (7.15) 

0)22( '11 =−++ −− JAhsAghghAghA aaaaaa ρϕϕϕ                         (7.16) 
and residual term 

JAghAghghA aaaaaa )2( ++−  .                                                (7.17) 
Eq. (7.15) yields 

12 )( −= ghaϕ    and    Cdagh +±= −∫ 5.0)(ϕ   .                       (7.18) 
Then we seek A. Eq. (7.16) is rewritten in the form 
 

1121111 22 −−−−−−− −+−= AAhgshh aaaaaa ϕρϕϕ .                      (7.19) 
The solution of Eq. (7.19 ) is 
 

)exp( 5.115.022 dahgsAhCa
−−−−− ∫= ρϕ  .                           (7.20)  

Using (7.18) we determine A from (7.20) as 
 
 

)5.0exp( 5.115.025.075.0 dahgsghCA −−−− ∫±= ρ .                    (7.21) 

We assume in (7.21) that the arbitrary constant 25.075.0
0

−= ghC  the arbitrary constant C  has dimension 

of (length)0.5(time) 0.5. 

One can see that the expression (7.21) depends strongly on the depth variation and the friction.  

According to (7.21) the coastal wave evolution may depend strongly on s , even if the friction 

coefficient s  is very small.  If 0≠s  then ∞≠A , even if 0=h . 

In particular, for a linearly-sloping beach ( ahh a= , constha = ) the expression (7.21) yields 
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)exp()( 5.05.115.075.025.0 −−−−− −±= ahgsahgCA aa ρ .                                    (7.22) 

One can see that if 0≠s , then , if  and .  0→A 0>ah 0→a

If the bottom friction coefficient s =0, then we have the singularity (resonance), when .  0→a

We have considered the wave J.  The similar results take place for the wave j (7.12). 

Now using (7.12) we rewrite Eq. (7.10) in the form of the following linear equation for  )2(u

 

      

,)222222

(5.1])()(2

)()[()2(

''22''2'22'

222'222'222''''''''''''''

''''112
3
1)2(11

aaaaaaaaaaaa

aaaaaa

aataaaaaatt

JjAjJAAJjAAJjAjjAAjAJJAA

JAjAJAghJjAJjA

jJAghAushughughghuu

ϕϕϕϕϕ

ϕϕϕϕ

σρρ

−−++++−

++−++−+

+−+=−−−− −−−−

     (7.23) 

where 

))(2( jJAhAhhAgA aaaaaa +++= .                                                      (7.24) 

 

It is assumed that the residual term A  (7.24) is the second order value, therefore, we introduced this 

term in (7.23).  

Now we consider a particular case of the solution (7.12).  Let 0=s  and the depth exhibits a 

gradual variation at the scale of the wavelength.  In this case, we assume, that  within the scale of 

the wave .  Therefore, in this case, the following d’Alembert’s solution is valid for Eq. (7.11) 

0=ah

)1(u

 

)()()1( sjrJu += ,     ,     ,                   (7.25) aghtr 5.0)( −−= aghts 5.0)( −+=

instead of (7.12) and (7.13) 

 

7.2.2.  The analysis of quadratic-nonlinear effect 

It is emphasized, that the wavelength of the quadratic term in (7.10) is usually smaller than the  

wavelength of .  For example, if  then  is proportional to )1(u rua ωcos)1( = )1()1(
aaa uu rω2sin .  If 

 then  is proportional to .  This means that  and  may be considered 

as the first order value or zero at the scale of the nonlinear component of .  It allows us to use (7.25) 

instead of (7.12) considering the nonlinear term in (7.10).  Generally speaking, it is not true for linear 

components of  which are determined by 

rhua ω2)1( sec= )1()1(
aaa uu rh ω5sec ah

)2(u

aah

u A  (7.24) and the weak dispersion (see Eq. (7.23)).  

However, we shall ignore this inaccuracy.  Considering the second order terms we assume 0=s .  

Using these notes we write the following wave equation for  )2(u
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.                     (7.26) 3)( )1()1()1(112
3
1)2()2(

aaattaaaatt ughuughAghuu −−+=− −−σρ

Then Eq. (7.26) is rewritten in terms of the variables (7.25).  The new expressions for the terms 

of Eq. (7.26) are written.  For example,  

 

ssrsrrtt uuuu )2()2()2()2( 2 ++=  ,     .                    (7.27) )( )1()1(5.05.0)1(
rsa uuhgu −= −−

Here the subscripts r and s refer to partial derivatives with respect to r and s (7.25), respectively.  Then 

we find from (7.26) that 

 

).())(()22

()()()(
''''''1112

3
1)1()1()1()1()1()1(

)1()1()1()1()1()1(5.0
4
3

4
1*

2
*
2

)2(

rjsJghghdrdsuuuuuu

uuuuuughdrdsAsjrJu

rssrsrssr

srrrrrsss

+−+−+−

+−−++=
−−−

− ∫∫∫∫
σρ

        (7.28) 

Here  and  are arbitrary wave functions.  We substitute (7.24) and (7.25) in (7.28). 

Expressions for u  (7.28) and  (7.12) determine u in the form 

)(*
2 rJ )(*

2 sj
)2( )1(u

 

).())(()5.05.0()(

))(2()()()(

''''''1112
3
12'''2'5.0

4
3

4
1*

2
*
2

rjsJghghrjJjjJsJgh

dsjrdrJsAhAhhAgsjrJjJAu aaaaaa

+−+−+−+

+++++++=

−−−−

∫∫
σρ

                (7.29) 

The prime denotes differentiation with respect to the appropriate variables r or s.  Some coefficients in 

(7.29) depend explicitly on t.  Expression (7.29) may be modified to exclude the temporary-singular 

terms, which are eliminated if 

'''1112
3
1

2'5.0
8
3

4
1

2
*
2

))((

)()2()()(

rJghgh

JghdrJrAhAhhAgrJrJ aaaaaa

−−−

−

−−

−++−= ∫
σρ

                 (7.30) 

'''1112
3
1

2'5.0
8
3

4
1

2
*
2

))((

)()2()()(

sjghgh

sjghdsjsAhAhhAgsjsj aaaaaa

−−−

−

−−

+++−= ∫
σρ

,                 (7.31) 

where  and  are arbitrary wave functions.  In this case, the expression (7.29) yields )(2 rJ )(2 sj

 

).())((2)()()()(

))(2()()()()(

''''''5.1112
3
1''5.0

4
32'2'1

4
3

5.0
2
1

22

jJghghajJJjghjJgha

dsjdrJAhAhhAgghasjrJjJAu aaaaaa

−−+−+++

−++++++=

−−−−−

− ∫∫
σρ

        (7.32) 

We emphasise, that here there are terms which grow linearly as a.  We again meet the 

resonance.  We shall call it a nonlinear space resonance. 

Now we can find the expression for η .  First,  is determined as au
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∫∫

σρ

              (7.33) 

Here  and .  The expression for )(22 rJJ = )(22 sjj = η  is written using (7.10) ( ) 

and (7.31) 

uhhuhu aaa −+−≈ 2η

)].()([)(2

)()()}()()()(
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''''''''5.0''''''5.15.0112
3
1

2''21''''''5.1
2
32'2'1

4
3

''
4
3'

2
'
2

''5.0

5.011
2
1

jJghajJghgh

jJAhjJAhgjjJJghajJgh
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aaaaaaa
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+−−++++−=

−−−−−

−−−

−

−− ∫∫

σρ

η

      (7.34) 

Considering the quadratic-nonlinear terms we have assumed in (7.34) that . 0=ah

Let us rewrite the expression (7.34) taking into account the most important linear term and the resonant 

terms.  In this case, we have that 

).()(2)(

)()2()(
''''''''12112

3
1''''''5.15.0

2
3

2
1'

2
'
2

''5.05.0

jJhgghajjJJgah

jJaAhAhhAjJAjAJgh aaaaaa

+−+−+

++++−+−=
−−−−−−

−

σρ

η
                (7.35) 

(7.35) shows that the generation of the resonant terms may be connected not only with nonlinearity but 

also with dispersion, surface tension, and the bottom slope. 

One side travelling waves.  The expression (7.34) can be simplified for one side travelling waves.  For 

this case, the solution of Eq. (7.8) follows from (7.32) if ,  or , 

.  For example, if , 

)()1()1( ruu = 0)(2 =sj )()1()1( suu =

0)(2 =rJ )()1()1( ruu = 0)(2 == sjj  then (7.34) yields 

 

).)((2

])()()()(

)]))[(2([

''''5.05.0'''112
3
112'21

'''5.1
2
32'1

4
3'

2
'5.0

5.011
2
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JhagJghgAJhJAg

JJghaJghJAJgh

aJdrJghAhhAhhAJAh

a

aaaaaaa

−−−−−−

−−−

−−

−−−−+

−++−

−+++−≈ ∫

σρ

η

                 (7.36) 

The presented theory takes into account effects of nonlinearity and the bottom friction on the 

wave evolution over the gentle bottom slope.  The resonant growth of the amplitude is connected both 

with nonlinearity and the bottom slope.  According to the theory (see, in particular, (7.21)) the effect of 

the bottom friction is very important if .  In contrast with Green’s law, expressions (7.34) and 

(7.36) yield the finite elevation when h=0.  Of course, formally, the nonlinear expressions presented 

above are valid only for small values of a when . 

0→h

)2()1( uu >>
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7.2.3.  The Green law 

The expression  and (7.12), (7.13), (7.18), (7.21) yield ahu )1(−≈η

 

).5.0exp()])(5.0

75.0()([
5.115.05.05.01

75.025.0''25.025.0

dahgsjJghs

hhgjJghC a

−−−−−−

−−−

∫+−

+−=

ρρ

η
                           (7.37) 

One can see that the effects of the bottom slope and the bottom friction become complex when . 

However, for regions not too close to the coast we can adopt 

0→h

0=s  and the expression (9.32) yields 

 

)(25.0)( 25.075.0''25.025.0 jJghhCjJghC a +−+= −−−η .                             (7.38) 

If the slope is very small, so that , then (7.38) yields the 

Green’s law [43], [1, p. 274] 

)(25.0)( 25.075.025.025.0 jJghhjJgh asr +>>+ −−−

)( ''25.025.0 jJghC +≈ −−η .                                                  (7.39) 

It is easily seen that, according to Green’s law, the amplitude of the wave can strongly increase 

near the coastal line, where the depth reduces to zero.  Indeed, the long waves (for example, a tsunami) 

can be strongly-amplified near the ocean coast.  As a tsunami propagates into the region of a 

continental shelf and at a coastal area the wave energy is squeezed into a small volume, a strong 

deformation of the wave profile takes place, and the wave amplitude can increase above 30m. 

 

7.3.  The Green law for dispersive waves 

In this section we shall assume, that the nonlinear effect is smaller than the dispersive effect.  It is the 

case of dispersive weakly-nonlinear waves when 

aaattaa uuu 5.0
3
1 3εδδ >>                                                  (7.40) 

in Eq. (5.26).  Eq. (5.26) may be rewritten in the form 

 

.3

])(2[

])(2[

)1()1(

)2(112
3
111

)1(112
3
111

aaa

ttaataaaaaatt

ttaataaaaaatt

ughu

ughuhsughughghuu

ughuhsughughghuu

−=

−−−−−−+

−−−−−−
−−−−

−−−−

σρρ

σρρ

            (7.41) 

We have considered this equation using (7.9). 

The first order analysis.  Considering the first order terms we assume, that 

),()1()1( taKKuu ttttaa += .                                               (7.42) 

Here K  and ),( taK  are unknown functions which may be determined after the determination of .   )1(u
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In other words, (7.42) yields equations which determine K  and ),( taK  if  is known.  We 

emphasise, that the amplitude and phase speed of the wave  depend on the depth variation.  

However, since the depth variation is small, we ignore this dependence in (7.42).  In this case, the first 

order terms of (7.41) yield 

)1(u
)1(u

02])(1[ )1(11)1()1()1(112
3
1)1( =−−−−−− −−−−

taaaaaatt uhsughughghuKghu ρσρ .            (7.43) 

We assumed in (7.43), that the term ),()( 112
3
1 taKgh −−−σρ  is the second order value.  It is seen, that 

Eq. (7.43) resembles Eq. (7.11).  Therefore, following the section 7.2, we find (7.12) where  

 

)(atr ϕ−= , )(ats ϕ+=  and daghKgha 5.05.0112
3
1 )(])(1[)( −−−−−±== ∫ σρϕϕ .       (7.44) 

The amplitude  is determined by (7.21).  Instead of (7.24) the residual term is now )(aA
 

),()())(2( 112
3
1 atKghjJAhAhhAgA aaaaaa

−−−++++= σρ .                   (7.45) 
The linear expression for the elevation is 

 

)()()1()1()1( jJAhjJhAuhhu aaaaa +−+−=−−=η .                                 (7.46) 

Here the speed of the waves  and )(rJJ = )(sjj =  depends on the frequency (dispersion) (see (7.44) 

and (7.42)).  Expressions (7.46), (7.21) and (7.44), which take into account the dispersion, generalize 

the Green law.  

The second order analysis. Now using (7.41) and (7.45) we write an equation for : )2(u

),,()2(
])(2[ )2(112

3
111
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−
              (7.47) 

where 
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)(aA

 

The solution of Eq. (7.47) is the sum of solutions of the corresponding homogeneous and 

nonhomogeneous wave equations. 

Now we can write the formal expression (7.9) for the displacement u in the form 

                                       (7.48) 

Here the amplitude  is determined by (7.21), r , , and s ϕ  are determined by (7.44). 

 

7.4.  Finite-amplitude resonant-long waves 

We have considered a weakly-nonlinear wave assuming that the nonlinear component of the wave is  
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smaller than the linear component.  For example, if in (7.9) an amplitude of the linear component  

has an order of 0.3 then an amplitude of a quadratic-nonlinear component  can be of the order of 

0.1.  Therefore, one might expect that any attempt to study strongly-nonlinear waves with the help of 

the expression similar to (7.9) would fail.  However, this is not the case when the most important linear 

terms of the governing wave equation annihilate each other.  As a result, the influence of nonlinearity 

becomes more important than the influence of the linear terms, although, every linear term may be 

larger than the nonlinear terms.  In (7.10) the annihilation takes place if .  According to this 

concept the resonant amplification of the large water waves can take place at the vicinity of the point 

where the wave speed approximately equals 

)1(u
)2(u

ghu≈ )1()1(
aattu

gh .  In this resonant case, the presentation (7.9) may be 

useful. 

Let us consider quantitatively this amplification using Eq. (5.22) written in the dimension 

variables 
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ρρμ
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      (7.49) 

 
We have introduced in (7.49) some viscous terms.  An expression for u is written in the form of a sum 

of the waves travelling in the same direction 

2)()( urJaAu += ,                                                     (7.50) 
)(2 rJu =where  and 

ConstdaaCtr +−= ∫ − )(1

dCCaC += 0)(
)

,                                            (7.51) 

.                                                   (7.51a) 
The terms  and ()( rJaA )(2 rJu =  take into account the linear and nonlinear effects, respectively.  In 

(7.51a) ghC =0  and the value of  takes into account the dispersive effect. dC

Substituting (7.50) in (7.49), we get an equation which may be split into two equations.  The 

first equation is linear 
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       (7.52) 

 
 and the second equation is nonlinear 
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Instead of (7.45) the residual term is now 
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We ignore in (7.53) the interaction of the nonlinear effects with dispersion, dissipation, and the bottom.  

We have assumed in (7.52) that , )(11 aCC −− = daaCa ∫ −= )()( 1ϕ  and 

 

)()()( 11 rKrJKrJ rrrrrr += , )()()( 22 rKrJKrJ rrrr += .                                 (7.54) 
Here  and  are unknown constants, and 1K 2K )(1 rK  and )(2 rK  are unknown functions.  Their values 

are determined by the parameters of the problem.  As an example, we determine , , 1K 2K )(1 rK , and 

)(2 rK  for sinusoidal waves and for a solitary wave. 

Example 1.  Let , where B is a constant.  In this case, ,  and rBJr ωω sin1−= 2
1 ω−=K 2

2 ω−=K

0)(1 =rK , 0)(2 =rK . 

Example 2.  Let . In this case, , rBJr ωω tanh1−= 2
1 2ω−=K rrhrK ωωω 242

1 sinhsec6)( =  and 

, 2
2 2ω−=K rωω 3tanhrK 2 2)( =

dC

rrJ

. 

1.  Solution of the linear equation (7.52).  We shall show that Eq. (7.52) determines the 

unknowns  and A. 

1.1  Equating in (7.52) the terms proportional to , we get the following dispersive equation 
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         (7.56) 

),(1 atθ  takes into account weak effects of the dispersion and viscosity.  We shall ignore Here θ . 

In this case, Eq. (7.55) approximately yields 

 

......])()[()(5.0 112
3

1
11

112
3

15.01 +−++−≈ −−−−−−
aaaad AghKghAAKghghAC σρσρ .      (7.57) 

For long waves the dispersive and capillary effects may be considered as small, therefore, 
1

112
3

15.0 )()(5.0 KghghCd
−−− −≈ σρ .                                     (7.58) 

In particular, for sinusoidal waves 
2112

3
15.0 )()(5.0 ωσρ −−− −−≈ ghghCd .                                   (7.59) 
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For the solitary wave if , rdrhlaAu ω2sec)( ∫=

.)()(4 2112
3

15.0 ωσρ −−− −−≈ ghghCd                                       (7.60) 

For the solitary wave if , rdrhlaAu ωsec)( ∫=

.)()( 2112
3

15.0
2

5 ωσρ −−− −−≈ ghghCd                                   (7.60a) 

For the solitary wave if , rdrlaAu ωtanh)( ∫=
21

0
112

3
1 )( ωσρ −−−−−≈ CghCd  .                                            7.60b) 

Then we derive the equation for the amplitude A. 

1.2.  Equating in (7.52) the terms proportional to  we get the following equation rJ

.])(2[

),()])((2[
11

2
112

3
1

22
1

2
112

3
1

AshKghghgh

atAKCKghgh

aaaaaa

aaa
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+−−−−=

++−+

ρϕσρϕϕ

θϕσρϕ
                     (7.61) 

where  

]2)(2[2),( 1
2

211
2 aaaaaa AhhAKACAhhat −−−− +++−= ρμθ .                          (7.62) 

We shall ignore ),(2 atθ .  As a result, Eq. (7.61) is simplified and yields 

.ˆln])()(2[

])()(2)([ln
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2
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2
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3
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CdaKCghCKhhghC

shCKghCghCghA aaa

+−+−+

−−++−=

−−−−−−−

−−−−−−−∫
σρσρ

ρσρ                  (7.63) 

If the effects of the dispersion and the capillarity are negligible, then (7.63) yields  

 

)5.0exp()( 5.115.025.075.0 dahgsghCaA −−−− ∫±= ρ .                                  (7.64) 

Expression (7.64) coincides with (7.21).  Thus, (7.64), (7.51) and (7.58) determine the Green-type law 

for the linear part of the solution (7.50). 

Now the nonlinear equation (7.53) may be considered.  

2. The nonlinear equation (7.53).  To simplify the problem, we assume in (7.53), that 0≈A . 

Then, using (7.51), we rewrite Eq. (7.53) in the form  
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2423212

11212112
3

1

111112224

1224312

rrrrr

rrarrrrrrraa

raaarrrrr

rrrrrrrr

JJJCghAJghACghCCA

JChhJCJCghJgh

JCghshhhJJAJJAghC

JJACghCJJghCJghCJCghC
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+++
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−+−+−

+−−−−−

ρμσρ

ρρμ
      (7.65) 

We derive the nonlinear wave equation including the forcing terms. 

Remark to Eq. (7.65).  Let us consider the case when 0≈ah ,  and 0≈aah )()( rJrJ >>  in 

(7.65). Then for the inviscid model of water we can write the following linearized version of (7.65): 
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rrrrr JJCAJghC 122 )1( −− =− .  We ignore here the higher order terms.  Let rlJ r ωsin=

212 1(5.0 − lCA ω

.  In this case, 

the forcing term is  and the last equation yields , if rlC ωω 2sin5.0 21− 12* )−−−= ghCA

rAJrr ω2sin*= .  Thus, the solution of the linearized equation has a singularity at the point where 

.  This greatly simplified analysis shows the mathematical problem which poses solvability of 

the nonlinear wave equation (7.65). 

ghC =2

3. The singularity of (7.65) and the strong site resonance of nonlinear waves.  Eq. (7.65) 

is singular for some values of the parameters when  

 

62 24312 +++ −−−−
rrr JghCJghCCJghC 1≈ .                                       (7.66) 

We will call this the case of a strongly nonlinear site resonance.  It is obvious, that the solutions 

of (7.65) depend on the singularity (resonance (7.66)).  When the wave amplitude increases the solution 

will touch the singularity at some point.  After this, Eq. (7.65) is not applicable at this point. At the 

singularity we should take into account fourth order nonlinear effects. For example, Eq. (5.38) can 

approximately describe the evolution of waves which pass the singularity.  Near the singularity an 

influence of the wave dissipation and dispersion increases. 

Next, we will consider waves that propagate along water whose undisturbed depth exhibits a 

gradual spatial variation at the scale of the wave length.  In this scale there are only slight departures of 

the wave properties from the properties of waves propagating over the plane bottom.  Within the 

wavelength we can consider the depth as the constant.  In this case, far from the resonance (7.66), Eq. 

(7.65) yields 
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∫ ρμρρμ )22(

)

1121

211
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rarr

rrr

−

−

−−−−

−−−σρ

     (7.67) 

Here and below C  is a constant of integration.  In a few sections of this part of the book we will study 

the wave evolution at the vicinity of particular cases of (7.66). 

 

7.5.  Cascade of site resonances and resonant equations for catastrophic long waves 

The aim of the section is to study the possibility of the generation of resonant dispersive long ocean 

waves. 

To simplify the problem, we assume, that 0)( 2112
3

1 ≈− −−−
rrrJCgh σρ  in Eq. (7.67).  In this 

case, Eq. (7.67) yields 
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ρρμ
      (7.68) 

The right-hand side of (7.67a) can have the forcing terms which generate the resonant wave rJ .  Let a 

function  describes these forcing terms. )( rJf

The linear resonance.  Let the wave speed does not depend on the nonlinearity.  In this case, 

 and Eq. (7.68) may be rewritten in the simplified form dCCC += 0

 

,)(4

)2()34/2(5.1
21

111111121

CJfJC

JCghshJAJCChhghCJC

rrr

arradr

+=−

−−−++−
−−

−−−−−−−−

ρμ

ρρμ
     (7.69) 

where  is determined by (7.58).  We recall that the case of a slowly varying bottom is considered.  

These assumptions allowed us to derive Eq. (7.69).  In (7.69) 

dC

J  is considered as a wave of a moderate 

amplitude, and, therefore, there the cubically-nonlinear terms are ignored. 

Below we consider two examples of the linear resonance. 

Example 1.  Let  

rlJr ωsin= ,   2125.1 lCAC −−=                                             (7.69a) 

 and 2112
3
15.0

0 )()(5.0 ωσρ −−− −−≈+= ghghghCCC d (7.59).  Then the simplest version of Eq. (7.69) 

is written in the form 

.5.1)(5.1 21221 CJCACJfJC rrr +=+=− −−                                    (7.69b) 

Substituting (7.69a) in (7.69b) we find that rAlJr ωcos±= .  Now using (7.50, (7.51) we can find the 

elevation ahu−≈η : 

 .                                               (7.69c) )cos(sin1 rrhlAC ωωη +≈ −

The solution (7.69a) clear illustrates the resonant amplification of the harmonic ocean waves. 

Example 2.  Let  

rhlJr ωsec= ,    2125.1 lCAC −−= .                                           (7.69d) 

In this case, 2112
3
15.0

2
5 )()( ωσρ −−− −−= ghghCd  (7.60a).  Taking into account only the resonant forcing 

term in (7.76) we have  

rlCArhlCAJC r ωω 2212221221 tanh5.1)1(sec5.15.1 −−− −=−=−  

and  
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rAlJr ωtanh±= .                                                         (7.69e) 

The elevation is 

)tanh(sec1 rrhhlAC ωωη +≈ − ,                                              (7.69f) 

The solution (7.69e) clear illustrates the resonant amplification of solitary ocean waves.  We 

think, that the resonant solutions (7.69c) and (7.99f) qualitatively describe some mechanism of the 

generation of extreme [45] and rogue [46, 47] ocean waves. 

2.  The quadratically-nonlinear resonance.  Within the resonant band the waves J  can strongly 

rise, so that the value rr JghCJCghC 312 21 −−− −−−  in (7.67) can strongly reduce.  The condition  

rJghCCghC )21( 22 −++≈                                                 (7.70) 

will be called the quadratically-nonlinear resonance [17].  In order to study these resonant waves, we 

need to solve Eq. (7.67) at the vicinity of (7.70).  This is a quite complex problem.  In particular, C in 

(7.70) depends on rJ .  Assume, as a rough approximation, .  Then Eq. (7.70) determines the 

speed of the wave as 

ghC =2

rJghC 5.1+= . Let 

aJh−=η̂ ,                                                               (7.71)  

then we have  

)/ˆ5.11()/5.11( hghghJCghC a η+=−= .                                   (7.72)  

The expression (7.72) coincides with the well-known speed of propagation in space of the nonlinear 

waves [1, p. 262].  It follows from (7.72) that near the coast the nonlinear effect can strongly change the 

wave speed C.  The speed  depends also on the dispersion.  Therefore, the following condition holds 

approximately 

C

222 222 dndndn CCCCCghCghghC +++++= .                       (7.73) 

Here rn JC 5.1= d and C  is determined by (7.58). 

Now we rewrite (7.69) at the vicinity of (7.70).  Considering the inviscid liquid and the very 

slowly-varying depth we have from (7.69) that 

.)()32(

)()5.03(2
224312

221232

CJfJJAghCAJghCJACC

JghCJghCCAJghCJghC

rrrrr

rrrr

+=−−−+

−+++−−
−−−

−−−

                    (7.74) 

dn CghCghgh 222 ++≈C .  In this case Eq. (7.74) approximately yields Then we assume, that 

.)()32(

)23()5.13(2
22211

223

CJfJJACAJCJACgh

JCghJghJghAJghCJ

rrrrr

rdrrrr

+=−−+

+++−−
−−−

−

                (7.75) 

Finally, near the resonance, we have that 
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0])([ˆˆ5.1ˆ 3122213 =+++− −−− CJfhChCCghhghC rd ηηη .               (7.76) 

Example 3 (coastal evolution of tsunami).  Let 

rhlJr ω2sec= ,    0=C                                         (7.76a) 

and 2112
3
15.0 )()(4 ωσρ −−− −−= ghghCd  (7.60).  Taking into account only the resonant forcing term in 

(7.76) we have that 

0sec5.1ˆˆ5.1ˆ 4223222213 =++− −−− rhlChAhCCghhghC d ωηηη .              (7.76b) 

This cubic-nonlinear algebraic equation clear illustrates the resonant amplification of the tsunami near 

the coastal line where . 0→dC

3.  The cubically-nonlinear resonance.  Near the resonance (7.70) the wave rJ  may be strongly-

amplified.  If the resonant amplitude is large enough, the value  rr JghCJCghC 312 21 −−− −−−  

243 rJghC−−    in (7.67) can get,  
2212 32 rrr JghCJghCJCghC −− +++≈ .                                (7.77) 

The condition (7.77) will be called the cubically-nonlinear resonance.  Using (7.77) we approximately 

find nCghC += , where 25.0
32
3 )(5.1 rrn JghJC −−= .  

Within the resonant band 

drr CJghJghC +−+= − 25.0
32
3 )(5.1 ,                                 (7.77a) 

where  is determined by (7.58). dC

Thus, Eq. (7.67) determines the cascade of the resonances.  Within this cascade an evolution of 

the governing equations and a complex competition of nonlinear, dissipative, dispersive, and spatial 

effects can occur.  The coastal wave evolution may be connected with this cascade.  First, the linear 

resonance occurs.  If the wave amplitude increases enough, then the following (nonlinear) resonances 

can take place.  We think, that the evolution within this cascade can explain the amplification of ocean 

waves over the bottom topography. 

We emphasise, that in the last two sections the finite amplitude ocean waves were considered.  

The governing equation (7.49) yields linear (7.52) and nonlinear (7.53) equations.  The Green-type law 

determines the solution of the linear equation and the dispersive relation for the linear component 

 of the solution.  The equations for nonlinear component )()( rJaA )(rJ of the solution determine the 

resonant waves.  These equations may be called resonant equations.  Sometimes they may be simplified 

to nonlinear-algebraic equations. 
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Presented here results will be used below so that to simulate coastal breakers, tsunami, extreme 

and so-called rogue ocean waves. 

 

8.  The d’Alembert-type resonant solutions of the cubic-nonlinear wave equation 

 
To analyze waves which may be generated due to nonlinearity we need to distinguish dispersive, 

weakly-dispersive, and nondispersive waves.  The speed of the dispersive waves depends on the 

wavenumber (frequency).  Therefore, the most of the dispersive waves generated by nonlinearity are 

noncoherent.  In this case, nonlinearity may be often considered as a source of noise.  In contrast, the 

weakly-dispersive and nondispersive waves are coherent.  Therefore, these waves can add up and 

cumulate.  As a result, they can form the large amplitude extreme waves.  

The cumulation is responsible for the generation of resonant waves.  The most effective 

cumulation takes place when resonant conditions occur.   

We have studied the dispersive ocean waves in the section 6.  Here the long weakly-dispersive 

and nondispersive waves are studied.  These waves are the most interesting from the viewpoint of 

applications. 

A set of approximate, closed-form, d’Alembert-type, general solutions of the equation for 

shallow waves are presented, which take into account nonlinear, dissipative, and dispersive effects.  

According to that solution any infinite amplitude harmonic (perturbation) on the ocean surface can 

generate high-frequency harmonics with rapid growing amplitudes.  As result, the initiating harmonic 

can transform into a giant ocean wave before becoming too unstable and collapsing shortly after. 

 

8.1.  Deformable coordinates.  The formal secular solution of the wave equation 

The cubic-nonlinear and weakly-dispersive waves propagating on the surface of weakly-viscous liquid 

are governed the following equation  
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μβ
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1 6C=β
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(
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+= β 1
aatttaa kuu +−ρ .                                 (8.1) 

Here  and , , ghC =2 23C−=β 2
3
1 hk = .  Here the term aatatta uuuk )(4 2

2
1+  is the second 

order, since the shallow water is considered.  Eq. (8.1) is valid for the plane bottom when 0== aaa hh .  

The equations similar to (8.1) also describe waves in viscous and heat conductive gas (see, for instance, 
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[1, p. 481]), in bubbly liquid (see Eq. (I.70) from [48]), in bars and layers from nonlinear viscoelastic 

materials [16, 49-51]. 

Equation (8.1) follows from Eq. (5.38): 
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where 

atta uhughC 2
3
432

1 )1( −+≈ − .                                                  (8.3) 

Substituting (8.3) in (8.2) we derive 
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This equation yields (8.1).  Eq. (8.1) may be solved by the method suggested in [50].  Let us introduce 

deformable coordinates r and s:  
3

4
11 −− +−= uCaCtr β    ,    3

4
11 −− −+= uCaCts β .                       (8.4) 

Now one can find new expressions for the terms in (8.1).  For example, 
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where 3
4
1

*
−= CA β  and the subscripts r and s refer to partial derivatives with respect to r and s.  

Neglecting terms of the fourth order, we can rewrite (8.1) in the form  
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Here 4
14

1
**

2
***

2
***

2
** ,4,2,25 −=+−=+−=−= CDDAcDAbDAa β .  A solution of (8.5) is sought as a 

sum: 

)3()2()1( uuuu ++= ,                                                      (8.6) 

where >> >> .  Thus, the solution of (8.5) is sought by the perturbation method.  This 

method has a broad application in physics.  At the same time there is a serious difficulty with the 

application of this method.  This difficulty has the form of the so-called ‘secular terms’ which are 

)1(u )2(u )3(u
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generated by nonlinearity and grow up infinitely when ∞→t

)1(u

()( sjr +

.  We shall meet these terms later.  

Substituting (8.6) into (8.5) and equating terms of the same order one can obtain the three linear 

differential equations for ,  and .  The value  is determined by the d’Alembert solution )1(u )2(u )3(u

)2(u

))1( Ju = .                                                       (8.7) 

Substituting (8.7) into the equation for  we find after the integration 
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Here  and  are arbitrary functions.  The prime denotes differentiation with respect to the 

appropriate variable: r or s (8.4).  Then the equation for  is considered.  This equation is rewritten 

using the solutions (8.7) and (8.8).  Then a formal solution of this equation is written in the form 
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     (8.9) 

Here  and  are arbitrary functions.  Considering the third order values we have ignored the 

viscous and dispersive effects.  Using (8.8) we find from (8.9) that  
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Using (8.7), (8.8) we find the integrals in (8.10). 

Then, substituting the integrals in (8.10), we obtain the final expression for u .  As a result, we can 

write the general solution of Eq. (8.1) using the expressions for , ,  and (8.6) 
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Here , , , and .  Expressions , 

 may be considered as arbitrary terms.  Expression (8.11) is the 

approximate solution of Eq. (8.1).  It is emphasised, that some coefficients in (8.11) explicitly depend 

on t. 
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8.1.1.  Resonant-bounded solutions of the wave equation 

Expression (8.11) may be modified to exclude the secular terms.  First, we modify the expression (8.8) 

which contains the second order terms.  There the secular terms will be eliminated if 
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Then, using the expressions for u1 and u2 and following [50] one can find u3 
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The secular terms are eliminated and (8.12) is simplified if  
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Finally, the approximate non-secular solution of (8.1), presented with the help of deformable coordinate 

r and s (8.4), is 
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where , )(),( 3333 sjjrJJ ==
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3
2
112 −− −=− uCaCrs β                                             (8.14) 

and ,  are unknown functions defined by initial and boundary conditions.  We can 

consider (8.13) as the approximate d’Alembert-type solution of the wave equation (8.1). 

32211 ,,,, JjJjJ 3j

Then particular cases of (8.13) are considered. 

1.  The quadratic-nonlinear waves are described by the solution 
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2.  Let us consider an unidirectional travelling wave of the displacement u .  In this case, j= = =0 

and from (15.18) we have  
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Expression (8.16) explicitly demonstrates the nonlinear effect.  Indeed, according to the linear theory 

,  and the wave propagates with an unvarying profile.  Because of the nonlinear 

terms in (8.16), the profile deforms as the coordinate a varies.  For example, if we have at a given point, 

say a=0, a sinusoidal wave with frequency ω, then, according to (8.16), harmonics with frequencies 2ω 

, 3ω , 4ω , and 5ω appear in a>0. 

Ju = 12 −−=− aCsr

 

8.2.  Undeformable coordinates.  The singular solution of the wave equation 

We emphasise, that we have written the formal solutions of (8.1).  Indeed, the arguments of functions  

,  j , ,   ,   in the solutions depend on the unknown function u.  Some coefficients also 

depend on u (see (8.14)).  Therefore, the solutions are not well-applicable for any boundary problem.  

Using the solutions is simplified if the displacement u is known at the boundaries of the liquid.  For 

example, the solutions allow us to study the cubic-nonlinear waves in finite resonators when  

J 2J 2j 3J 3j

 

u = 0 ,                    at  0=a                                            (8.16a) 

tlu ωcos= ,           at   La =  ,                                         (8.16b) 
Here l is the amplitude of exciting oscillations and L>>l. 

 

8.2.1.  The singular formal solution of wave equation 

Eq. (8.1) is rewritten using the following new variables: 

 177



aCtr −= ,     aCts += .                                           (8.17)     
Using (8.17) we derive the following cubic-nonlinear wave equation 
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                          (8.18)  

 
Here , ,  and the subscripts r and s refer to partial derivatives with respect 
to r and s (8.17), respectively.  Let 

ghC =2 2
1 3C=β 0== aaa hh

 
)3()2()1( uuuu ++= ,                                                           (8.19) 

 
where .  Then the wave equation (8.18) generates the set of linear wave equations )3()2()1( uuu >>>>
 

0)1( =rsu ,                                                                          (8.20) 
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Here .  For simplicity we ignore the viscous effects in (8.22).  The d’Alembert solution of 

(8.20) is  

23C−=β

).()()1( sjrJu +=                                               (8.23)  
 
Then (8.21) yields 
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Now using the expressions (8.23) and (8.24) we rewrite Eq. (8.22) in the form 
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Here the function  takes into account the interaction of waves , ),( srΦ J j , , and 

 the interaction of nonlinear and dispersive effects and the third order dispersive effect.  In 

(8.25) 
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Then (8.27) is rewritten in the form  
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We have used the following integrals 
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Now we transform some integrals in (8.28), for example,  
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As a result, after some simplifications, we can rewrite (8.28) in the form
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The final step is the calculation of the last term in (8.29).  This term is determined by a few integrals.  

We calculate these integrals.  For example, 
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After similar calculations the last term in (8.29) is presented as 
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Now using (8.19), (8.23), (8.24), (8.29) and (8.30) we find the expression for the wave of the horizontal 

displacement 
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Unknown functions , , , , , and are determined by initial and boundary 

conditions.  It is emphasised that some coefficients in (8.31) explicitly depend on t. 
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3 sj

The expression (8.31) involves the integrals drJ 2''∫  and dsj 2''∫ .  These integrals may be introduced 

in unknown functions  and , correspondingly.  The integrals *
3J *

3j drJ 2'∫ , , , and 

 are more influential. However, these integrals are eliminated in following important particular 

cases. 

dsj 2'∫ Jdr∫
jds∫
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8.2.2. Particular cases of the singular solution 

The solution (8.31) is very complex because it describes a wide spectrum of phenomena.  Let us 

consider some cases when the solution may be simplified. 

1.  So that to simplify the expression (8.31) we ignore the third order interaction of waves J,  j, and 

.  In this case (8.31) yields 
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We involve the terms containing , ,  and drJ 2''∫ '''JJ ''''J dsj 2''∫ , ,  in  and , 

correspondingly. 

''' jj ''''j *
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2.  Many terms in Eq. (8.32) have coefficients which explicitly depend on t.  If t is large enough then 

these terms will dominate non-secular terms.  In this case we can neglect in (8.31) cubic-nonlinear non-

resonant terms and write that 
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3.  For the one-hand travelling waves the solution (8.31) yields )(ru
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We involve the terms containing drJ 2''
2
1 ∫ , , and  in .  '''JJ ''''J *

3J

We emphasise, that solutions (8.31)-(8.34) are valid in finite intervals of the variation of r and s while 

the nonlinear terms are smaller than  and J j . 

 

8.2.3.  Resonant-bounded solution of the wave equation 

We consider the solutions (8.31)-(8.34) as the nonlinear generalization of the d’Alembert solution of 

the linear wave equation.  They describe the evolution and interaction of travelling waves.  Since the 

solutions are very general, it is not easy to estimate the field of their application.  It is much easier to 

determine the nonlinear waves which are not described by these solutions.  Indeed, some coefficients in 

the solutions explicitly depend on t.  Therefore, the solutions cannot describe the dynamics of periodical 

waves. 

The solutions may be modified to exclude the secular terms.  First we modify the second order 

values.  The secular terms in the expression (8.24) will be eliminated if  
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As a result, we have 
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Here  and .  Then the third order values are treated.  Considering the cubic-

nonlinear effects we shall ignore the viscous properties of the liquid.  
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Then, using (8.23), (8.35), we calculate integrals which determine (8.22), )3(24 uC
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Using these expressions we find from (8.22) that  
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So that to exclude the terms explicitly depending on t and to simplify (8.43) we assume that 
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Here and above 
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2''''''''''' 5.0 JJJdrJJ −=∫  and 2''''''''''' 5.0 jjjdsjj −=∫ .               (8.45) 
 

Now using the expressions above presented we write the following non-secular expression for u  (8.19) 
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  (8.46) 

 

This solution is very complex because it describes a very wide spectrum of nonlinear 

phenomena.  We emphasise, that the solutions (8.31), (8.46) are the function of well-determined 

arguments (8.17).  This form of the presentation of the solutions is more convenient for satisfying the 

initial and boundary conditions than the form using the deformable coordinates (8.4) (see section 8.1).  

The presented formulae allow us to understand the experimental data.  The harmonic wave is, usually, 

excited in experiments.  Generally speaking, it is difficult to produce pure sinusoidal waves in 

experiments, since the hydrodynamic equations are nonlinear.  The formulae show that together with 

first primary (leading) harmonic wave the second harmonic wave is generated.  Then the third harmonic 

wave is excited and so on.  These waves travel down from the source interacting with the primary 

wave.  Near the source the amplitudes of the high harmonic waves are small and can only slightly 

change the wave form.  However, the amplitudes resonantly grow together with the coordinate a (see, 

for example, the general solutions (8.46)) and can strongly change the wave form far from the source.  

The form variation is also connected with the dispersive and viscous effects.  Let us consider some 

cases when the solution (8.46) may be simplified. 
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8.2.4.  Particular cases of the resonant-bounded solution 

1.  So that to simplify the expression (8.46) we ignore the third order interaction of waves J,  j, and 

.  In this case, (8.46) yields  
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       (8.47) 

 

2.  Many terms in the solution (8.46) have coefficients which explicitly depend on a.  If a is large 

enough then these terms will dominate in (8.46).  Considering this case we can take into account only 

third order terms with coefficients which involve a.  The expression (8.46) is written in the form  
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3.  For the one-hand travelling wave the last expression yields  
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     (8.49) 

The expression (8.49) describes the long-nonlinear waves if effects of viscosity and dispersion are 

small. 

 187



8.3.  Nonlinear resonant waves in finite resonators 

Following [16, 48, 50, 53] we have written the general solutions for the nonlinear wave equation.  The 

solutions describe nonlinear standing waves and an interaction of travelling waves in finite elongated 

resonators.  The solutions contain t or a in coefficients, therefore, we can name these the d’Alembert-

type solutions as resonant solutions. 

Poincaré [44], first, formulated the problem of the behavior of physical systems near and at 

resonances as the nonlinear problem, and suggested new mathematical models and methods for the 

solution of this problem.  Nevertheless, for a considerable length of time (about fifty years) the 

importance of Poincaré’s findings was overlooked.  In spite of this, resonances were successfully 

studied with the help of physical methods.  As a result, during the last century six physicists were 

awarded the Nobel prize for the study of different resonant phenomena (Isidor Isaac Rabi (1944), Felix 

Bloch and Edward Mills Purcell (1952), Rudolf Ludwig Mössbauer (1961), Alfred Kastler (1966), and 

Luis Walter Alvarez (1968)).  At the same time nonlinear-resonant waves in the finite resonators began 

to be studied. 

Elongated resonators.  The first theoretical research in this field was published by Betchov [54].  He 

simulated the waves produced in a closed, gas-filled tube by the oscillations of a piston at one end.  He 

found that travelling shock waves are generated in the tube near the linear resonant frequency.  Then 

Gor’kov [55] obtained the discontinuous solution satisfying the condition of a gas mass conservation in 

the tube.  Chester [56] developed a consistent theory for the same problem.  He considered the full 

spectrum of the linear resonant frequencies ω  ( LaN /0πω = , where  is the sound velocity, L is the 

tube length and N=1, 2, 3, 4, … and found the nonlinear solutions.  They describe the appearance of 

shock waves within a frequency band around each linear resonant frequency.  Outside these bands (near 

the band boundaries) the oscillations are continuous, but not purely sinusoidal.  Approximately at the 

same time, the discontinuous waves excited by the oscillating piston in open, water-filled vertical tubes 

were studied by Natanson [57].  He suggested a cavitation model for these discontinuous waves.  

Chester’s results were developed in [58], where theoretical and experimental data were presented.  

Transformations of harmonic smooth waves into shock waves were studied in closed tubes when the 

gas is excited by the piston operating at the vicinity of frequency 

0a

La /0ω π= . 

During the last decades many papers were published devoted to the analysis of nonlinear waves 

in tubes.  An excellent review of these publications is presented in [59]. 

The physical reasons of generation and transformation of resonant waves can differ  

dramatically; nevertheless, equations and analytical solutions describing these processes are often 

similar.  Therefore, the resonant waves excited in different resonators may be also similar.  
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The methods developed for the gas were used for the simulation of one-dimensional nonlinear-

resonant waves in elastic panels [61] and strings [62], in bars and in layers from nonlinear elastic 

materials [48-50].  The plane one-dimensional resonant waves were considered. 

Pioneering studies of nonlinear resonant surface water waves excited in a container were carried 

by Taylor [63] and Narimanov [64].  Then the methods developed for the gas oscillating in the tubes 

were used for the simulation of one-dimensional nonlinear-resonant waves on water surface [65-67].  

Then nonlinear oscillations of liquid in a container were studied in many publications [68-78].  

Experimental, analytic, and numerical methods were used. 

 

Fig. 70.  The transresonant evolution of the shock-like wave excited in the resonator at (R=0) and near (R=0.866 

and R=1) the fundamental resonance (R is the transresonant parameter).  There is an amplification of the wave 

when it reflects from the boundaries.  (After [47, 53]). 

 

                              

Fig. 71.  Spatial oscillations of the surface wave excited near the fundamental resonance of the water tank.   

(After [53]). 

 

It was found that in the case of weakly-dispersive and weakly-viscous media the shock-like 

waves may appear travelling to and fro in the resonator being repeatedly-reflected from the piston and 
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from the closed ends.  Near the fundamental resonance the one shock-like wave appears (see Figs. 70, 

71). 

Near the second resonant frequency two shock-like waves appear (see Fig. 72). 

 

Fig. 72.  The shock-like waves excited in the resonators at the exact second linear resonant frequency (R=0).  450, 

780, 960 , and 1280 correspond to different moments of time.  (After [47, 53]). 

 

Excellent reviews of the results in this field publications are given in [72, 74]. 

Spherical resonators.  The resonant-nonlinear waves excited in gas-filled spherical resonators were 

studied with the help of analytic methods in [79].  It was found, that spherical shock waves may be 

generated near the linear resonant frequencies.  Then resonant waves excited in the spherical bubble 

cloud (Fig. 72) were studied [48, 80].  The method, developed for the gas sphere, was used.  The 

analytic solutions show that the resonant shock waves may be generated in the bubble cloud.  Now 

there are many analytic and numerical investigations devoted to spherical resonant waves (see, for 

example, [81-84]). 

 
Fig. 73.  Spherical bubble cloud. 

 

In particular, the area of greatest current interest in nonlinear spherical waves is inertial 

confinement fusion, the goal of which is to produce fusion energy from millimetre size spheres of 

deuterium and tritium [85].  The cavitation experiments with deuterated acetone are also very 

important.  The intense implosive collapse of gas or vapour bubbles within the bubble cloud (Fig. 73) 

can lead to ultrahigh compressions and temperatures, as required for nuclear fusion reactions [86, 87]. 
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It is known that the bubbles, which are located near the centre of the bubble cloud, violently 

collapse when the bubble cloud is excited by the acoustical force at its resonant frequency. 

 

Fig. 73.  Surface plot of the liquid pressure inside a bubble cloud (∆p =100 kPa, f=180 kHz).  (After [88]). 

 

e.  

The shock wave focuses and causes the collapse of the bubbles, so that high energy is concentrated near 

the cen

rced waves over bars and near a coast.  

Weak -nonlinear boundary problems  

ics over a variable bottom is a complex problem and 

 has been the goal of much recent research, which has been summarized in surveys [5, 6, 14] and 

et a long sinusoidal wave is generated at the one end of a uniform channel of constant or variable 

 does it evolves as the propagate downstream?  Can we 

study this evolution using the nonlinear generalization of the Green law? 

Thus, the harmonic far-field pressure may generate the shock wave converging to the centr

tre of the cloud (Fig. 73).  Of course, this process depends strongly on the variation of the void 

fraction and the sound speed within the cloud. 

 

9.  Evolution of quadratic-nonlinear fo

ly

 
An accurate modelling of the surface wave dynam

it

books [3, 19].  Numerical methods of solution of the governing equations are often employed.  Here, 

using the analytic results of the section 9.1, we will highlight the influence of nonlinearity and the depth 

variation on the wave evolution.  The precision of the analysis will be studied by means of a 

comparison between analytical, numerical, and experimental data. 

 

9.1.  Nonlinear harmonic waves over the bar 

L

depth.  The wave moves from left to right.  How
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Let the elevation at the point a=0 be 

tluhhuhu aaa ωη cos2 =−+−= .                                                  (9.1) 

a=0 ( =0).  In this case, the condition (9.1) yields 

.      

ahIt is also assumed that the depth is constant at 

tlhAJhu ara ωϕ cos)1( ==−                                                     (9.2) 

At the point 0=a  we have 0hh = .  Therefore, in (9.2) 1=A  and we find that 

(cos)( 1
0

−
= += aaar rhlJ ϕωϕ )0=                                                   (9.3) 

Here )00 ==a ( =aϕϕ .  Acco  to (9.3) 5.0)( −= ghaϕ . s, we completely rding   Thu determine .  The linear 

part of the elevation is determined as  

.  (9.4) 

r these terms the boundary condition (9.1) yields 

                                             

Now using the solution (7.36) we find that 

.                                                (9.6) 

y the expression for

'J

1
00

1
0 ))]((sin)()(cos[ −

==
−

= +−+−+−= aaaaaaa hthAAhthAl ϕϕϕωωϕϕωϕη

Now the second order terms are considered.  Fo

0)( 2)1()2( =+− aa uhhu    (9.5) 

2'5.0'
2 )(25.0 JghJ −−=

Now we can find the elevation.  To simplif  η  we present here only leading terms.  

(7.36) yields 

very gentle slope is considered in [53].  The following expression is derived there 

.                

escribed in 7].  In the experiments 

 source 

localized at a= 0.  It is emphasized [37], that this experiment requires an accurate mo

both th

)(2sin15.0 −− +−th ϕϕω .       (9.7) 75.0)(cos 00
5.02

0
25.0

0
25.0

=
−

=
− ++−−= aa ghlatlhh ωϕϕωη

We put here that 0≈aA .  For the shallow bottom approximately agh 5.0)( −= . 

A case of the 

ϕ

rhghlarlhh ωωωη 2sin75.0cos 1
0

5.05.025.0
0

5.0 −−−− −=            (9.8) 

Using (9.7) and (9.8) we simulate the experimental data d [3

moderate amplitude waves propagating over a bar are studied.  The waves are generated by a

delling of waves in 

e shallow and intermediate-depth regimes.  In [37] the experimental results have been also 

simulated with the help of numerical methods.  Our aim is to appreciate the precision of solutions (9.7) 

and (9.8). 

The results of our calculations are presented in Figs. 74-77.  The most curves in Figs. 74, 75, 77  
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are calculated with the help of (9.7).  Only the curve A (Fig. 74) was calculated according to the linear 

part of (9.8): )(cos 0
25.0

0
25.0

=
− +−−= atlhh ϕϕωη . 

In Fig. 76 a comparison is presented between waves calculated according to (9.7) (solid lines) 

and (9.8) (points). 

 
Fig. 74.  Example of the wave evolution: A – the incident wave period is 1.01, and the amplitude is 0.041m; B – 

the incident wave period is 2.02, and the amplitude is 0.02m; C – the incident wave period is 2.525, and the 
amplitude is 0.029m. 

 

 

Th d 

over the bar.  It is interesting, that the waves may break in different directions.  In the front of the top 

the wa

Over the bar the wave profile strongly changes and its amplitude increases (see Figs. 74, 75). 

is is a consequence of the site resonance.  Fig. 74 (A and B) shows that the breaker may be generate

ves break forward as typical travelling waves.  Just before the top the waves may break 

backwards, contrary to the direction of the propagation. 

 
Fig. 75.  The waves, calculated according to expression (9.7) at various points (a=25, 27, 29 m) of the bar top. 

Picture A corresponds to 2.525 (the incident wave period) and 0.029m (the amplitude).  Picture B corresponds to 
2.02 (the incident wave period) and 0.02m (the amplitude). 
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Fig.75 shows the water surface oscillations at different points above the bar.  One can see tha

he wave profiles, calculated for the points a=25, 27, 29 m, agree with the experimental data (see Figs. 

t 

t

3 (b, c,

describes the experimental data better than (9.8). 

 d) and 4 (b, c, d) from [37]). 

A comparison of waves, calculated according to expressions (9.7) and (9.8), is presented in Fig. 

76.  It is found, that the Green-like expression (9.7) 

 
Fig. 76.  The waves are calculated according to expressions (9.7) (solid lines) and (9.8) (points) at various points 
(a= 4, 25, 27, 29, 31.4 m) of the channel.  Picture A corresponds to 2.525 (the incident wave period) and 0.029m 

(the amplitude).  Picture B corresponds to 2.02 (the incident wave period) and 0.02m (the amplitude). 

 

alculated for a new form of the bar, are shown in Fig.77. 

 

We also study the effect of the bar profile variation on the evolution of the waves.  The waves,

c

 
Fig. 77.  Effect of the bottom relief variation on the surface wave evolution: the incident wave period is 2.02 and 

the amplitude is 0.02m. 
 

 

s a result, the nonlinear transformation of the waves begins near the source.  Therefore, one can see 

more c

the top of the topography.  The comparison of the curves of Figs. 74-

76 with

In Fig. 77 the depth of the water under the source and the frontal slope of the bar are reduced. 

A

learly the wave evolution. 

Figs. 74-77 show that the initial harmonic wave is transformed into shock-like waves when it 

travels over the frontal slope and 

 the experimental data shows that the quadratically-nonlinear generalization of the Green law 

can describe the wave evolution at the vicinity of the top of the bar-like submerged topography if the 

dispersive effect is small.  For example, if the incident wave period is 2.02 and the amplitude is 0.02m, 

or the incident wave period is 2.525 and the amplitude is 0.029m (see Figs. 74 and 75).  If the 

dispersive effect is not small then the generalization of the Green theory presented above is not 
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applicable.  In particular, the dispersive effect is not small if the incident wave period is 1.01 and the 

amplitude is 0.041m (see Fig. 74). 

 

9.2.  Nonlinear solitary wave over the bar 

wave propagating over the bar.  Let at a=0 

                    (9.9) 

In this case, the formula (9.7) is rewritten in the form 

                 (9.10) 

The solitary-wave evolution was studied using (9.10) where n=2.  It is found that the evolution 

strongl

Next, we consider the evolution of a solitary-

thl nωη sec=  .                                                          

).(sinh)(sec5.1

)

00
121

0
5.05.02

00

==
+−−−

=

+−+−− aa
n

a

trthhghlna ϕϕωϕϕωω

(sec25.025.0− +−= n thlhh ϕϕωη

y depends on the distance between the free surface and the bar top.  If the distance is large 

enough, the wave does not, practically, change during the propagation (Fig. 78 A).  The amplitude 

increases and the wave profile steepen when the distance reduces.  If the distance is small enough then 

the amplitude increases strongly and the wave transforms into a complex wave structure having steep 

slopes (breaker-like wave) (Fig. 78 D). 

  

  

Fig. 78.  The effect of a variation of the depth on th -wave evolution is above the bar.  The wave 

prop top 

 

e solitary

agates from left to right.  The curves A, B, C and D are calculated for different distances between the bar 

and the free surface.  The reduction of the distance (from A to D) determines the local wave resonance.  This 

resonance is shown clearly in C and D. 
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Thus, we have shown that initia

9.3.  Nonlinear evolution of a solitary w

lly smooth waves can get the steep (shock-like) profile, the large 

amplitu

ave over the submerged bump 

periodic waves may break in 

de and the reduced wavelength, when they travel over the underwater topographies.  It is the 

typical site resonant phenomenon.  The similar resonance can explain many catastrophic phenomena. 

 

We have shown, that the breakers may be generated over the bar top.  The 

two different directions: forwards, and towards.  For solitary waves this phenomenon was observed in 

[89], where an evolution of a solitary-wave propagating along a channel is studied.  The channel has a 

bed, containing a cylindrical bump of semicircular cross-section, placed parallel to the incident wave 

crest.  Strong interaction between the bump and a solitary wave was studied.  The interaction takes a 

variety of form, depending on the wave height and cylinder radius R, measured relative to the depth.  

We simulate the interaction using the theory, developed above. 

 

             
 

 over the slightly-submerged bump.  Case , R 

 

breakers l=0.191 mFig. 79.  The evolution of the solitary wave into 
=0.8 m and 1/ min ≈hl , 2.0/ 0 ≈hl . 

           
 

Fig. 80.  The evolution of the finite amplitud wave into breakers over the submerged bump.  Case 
l=0.514 m, R =0.7 m and 

e solitary 
l 3

5
min/ ≈h 5.0/ 0 ≈hl , , 
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        Let thl ωη sec=  at a=0.  For this case, the formula (9.8) may be presented in the form 
5.05.0 −

    

.sinhsec5.1sec 31
0

5.05.02
0 rrhhghlarhlhh ωωωωη −−−−=             (9.11) 

culations 

[89].  It is considered cases when ; l=0.311 

calculatio

In Figs. 79-81 results following from (8.11) are compared with data of numerical cal

l=0.191m, R=0.8 m, 2.0min =h m, R=0.6 m, m (Fig. 79)

4. m (Fig. 80); and l=0.514 m, R=0.7 m, 3.0min =h m (Fig. 81).  Here minh  is a minimal depth of 

the water over the top of the bump.  The left-hand sides of the figures correspond to the numerical 

ns [89], the right-hand sides correspond to (9.11). 

 

0min =h

       
Fig. 81.  The evolution of the large-amplitude solitary wave into breakers over the oderately-submerged bump.  

Case l=0.311 m, R =0.6 m and 
m

4
3

min/ ≈hl , 3.0/ 0 ≈hl . 
 

nt s

nd backwards towards the back of the submerged bump.  On the whole, this result agrees with data of 

the sec

Thus, the solitary waves can break in two differe  direction : forwards as waves near a coast, 

a

tion 9.1, where the evolution of initial harmonic waves over the bar was studied.  It is surprising 

that the fairly simple analytic theory (see formulae (9.7), (9.8) and (9.11)) describes this complex wave 

evolution. 

Discussion.  We recall that the shallow-water model is used here.  It is known that despite the severe  

 
Fig. 82.  Scheme of frontal type rip generation: 1 – calm water; 2 – transition zone; 3 – breaking zone; 4 – 

whirlpool; 5 – background waves; 6 – submarine bank; mx  – maximum current speed point. 
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lim ar, 

our ater 

o

irregular sea waves, generated in water areas with the current, 

flowing

investig

                                                           (9.12) 

rhlhh ω225.0
0

25.0 sec−≈ .                                              (9.13) 

For the very gentle slope  

rhlhh ωη 25.0
0

5.0 sec−≈ .                                                (9.14) 

Using (9.13) and (9.143) we can simulate the data presente

83.  The thin lines are drawn according to (9.43), the thick lines are drawn 

according to the Green law (9.13). 

itations, this model repeatedly produced realistic predictions of the wave evolution.  In particul

s may be considered as physically correct to first order, although we used the shallo result

del. 

w-w

m

It is interesting, that the waves over a submerged bar and bump recall the ocean waves, 

observed over submarine bank.  Barenblatt et al. [90] named these waves as rips. 

The rips are, usually, defined as 

 around unevenness of the bottom relief in shallow water or in the case of water running 

countercurrent or due to some other similar reasons.  The phenomenon of rips was observed in detail by 

ators at the Research Institute of Oceanology of the Russian Academy of Sciences [90, 91].  

The waves and currents were measured in the strait, connecting Onega Bay and White Sea.  Rips were 

always observed during tide currents with their maximum speed and very often in cases of wind and 

current being opposite in direction.  The rips were eliminated by strong wind waves.  The rip waves 

were shorter and steeper in comparison with usual wind waves and swell.  Furthermore, they were more 

asymmetric with sharpened crests and gentle troughs [91]. 

 

9.4.  Nonlinear evolution of a solitary wave over a bottom slope 

Let the depth be constant at the point a= 0 and 
thl ωη 2sec=

Then, if Green’s law is used we have that 

η

d in Figs. 7 and 8 from [37].  The 

results are shown in Fig. 

 
Fig. 83.  The evolution of a solitary wave shoaling on a shallow plane beach (the slope is 1:100).  The profiles 

simulate data of Fig. 8 from [37] (left).  The evolution of a solitary wave shoaling on a plane beach (the slope is 

1:15).  The profiles simulate data of Fig. 7 from [37] (right). 
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The comparison between the waves from Fig. 83 and the numerical data from [37] shows, tha

he Green law describes the coastal wave evolution better than the solution (9.14).  We emphasize, that 

 the waves, localized very close to the coastal line (one

t 

t

 can ily see, that at 

the c

e time, far fr  the coast (at a 

distan

s e

 

 As an introduction in 

is s

(9.13) does not simula

oas

ce

, which take

ection,

te

 into account th

 we consider the linea

 eas

om

tal line the Green law has a singularity). 

The Green law describes well the numerical results only for the case of a shallow bottom (in 

Fig. 83 (left)).  On the whole, the wave profiles in Fig. 83, calculated for a bottom slope 1:15, do not 

agree with the numerical calculations (Fig. 8 from [37]).  At the sam

 bottom friction (sections 6.3 and 7.2.1). 

r forced surface waves. 

r waves excited by the forcing wave 

 from the coast 10≈  m) the discrepancy between the analytical and the numerical solutions is 

not large. 

We emphasize, that any nonlinear corrections of the Green law near h= 0 cannot be successful, 

since the Green law has a singularity at h= 0.  Therefore, there we must use the generalization of the 

Green law

10.   Transresonant evolution of forced waves 

 
In this section we continue the consideration of nonlinea

)2cos1( rωε + .  The bottom th

friction and the depth variation are ignored.  In this case, Eq. (6.1) yields 

CrGkGBG + rrr *

Here )1( 2 −= −ghCB , 

++=− )2cos1( ωεαχ .                                       (10.1) 
214 −−= Cρμχ , 2112

3
11

* )( −−−− −−= Cgh σρακ .  As usually, C  is an arbitrary 

constant.  Let ε−=C  in (10.1). 

The complete solution of (10.1) consists of the solution of the homogeneous equation plus a 

particular integral of (10.1).  Nevertheless, since pure periodical waves are considered, we are 

lar integral, which can be presented in the form interested here only in the particu

)(2sin* ϕω += rAG ,                                                  (10.2) 

where *A  and ϕ  are determined by the relations 
5.02 ]) −χω ,                                      (10.3) 22

*
* 2()4[( ++= ωκαε BA

)]4(5.0[ 2
*

11 ωκαωχ +−− B .                                   (10.4) 
It is seen from (10.3) that the amplitude depends on dispersion

dependence upon h is very importan this dependence, the amplitude  may strongly 

increase if the speed C equals 

and 
tanarg5.0ϕ =
 *A  

t.  Owing to 

, internal viscosity, and depth.  
*A

gh

The 

.  Thus, at the resonance, s unbound*A  i ed if 0== χκ . 
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It is seen from (10.4), that the phase depends strongly on dispersion, internal viscosity, and the 

forced speed C.  Far from the resonance the forcing wave and the surface waves have very similar 

phases.  Nevertheless, near the nance they are very nearly 0 out of phase.  W reso hen the forcing wave 

passes 

ay be very important for them.  Near to and at the resonance we need 

to take into account the nonlinear effects. 

lowly.  The presence of a variable depth complicates the 

 so much that, in order to simplify matters, we assume, that the waves propagate along a water, 

, 

 o9

the resonance, the phase of the surface waves may be almost exactly o180  out of phase with 

respect to the forcing wave. 

The amplification of the waves at resonance is limited by the viscous effects and the dispersion.  

Nevertheless, these effects are often small.  For example, the coastal waves can be amplified very 

strongly, and nonlinear effects m

 

10.1.  Nonlinear, dissipative and dispersive effects on the resonant forced waves.  General theory 

We assume, that the depth varies very s

problem

whose undisturbed depth )(0 xh , together with the undisturbed wave speed of the shallow waves

exhibits a gradual spatial variation at the scale of the wavelength.  This is the case of a gradually-

varying admittance, which involves essentially no reflected waves.  The bottom slope is very gentle.  It 

is assumed, that at a distance, equal to the wavelength, there are only slight departures of the wave 

properties from those of waves propagating above a plane bottom.  At this distance, we can ignore this 

difference.  Recall, however, that the distorting effects of such small departures over long distances of 

propagation may be significant.  This assumption allows us to focus our attention on nonlinearity, 

dissipation, and dispersion.  Eq. (6.1) is rewritten in the form 

CdrpGGdrbGBGGG arrr +−=−++++ ∫∫ −
0

1
*1

2
*

3
* ρακχαβ .                        (10.5) 

Here 

)21(5.0 21
*

−− += ghCCα , )1( 2 −= −ghCB , 4
* 2 −= ghCβ , 214 −−= Cρμχ , 

2112
3

11
* )( −−−− −−= Cgh σρακ , 111

1 5.1 −−− −= Cghshb aρ .    
In this section, only quadratically-nonlinear waves are considered.  In this case, (10.5) yields 

GbFdrGbGBG κααχαα =+−+++ −−−−

                        (10.6) 

rrr ∫ )()5.0( 11
*1

1
*

21
* .                               (10.7) 

Here 

*

CBb += −1
*

225.0 α  and the forcing action on the water surface is determined as  

drprFF a∫−−== 0
1)( ρ .                                                        (10.8) 

The solution is sought in the form 

)(5.0 5.0
*

1
* rFbBG Φ++−= −− αα .                                                    (10.9) 

Substituting (10.9) in (10.7) we get 
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}.5.0)( 21
rrr FFFb Φ++ −

            (10.10) 
25.0)({)(

])(5.0)([
5.05.0

*

1
5.05.05.0

*

rrrr

rr

FFbFb

drGbFFbFb

Φ−Φ++Φ+=

++Φ++Φ+
−

−− ∫
κα

χα)1)(( 2Fb −Φ+

Here )(rΦ=Φ .  We assume, that Φ  is a rapidly-varying function.  e, from (10.10) we 

approximately have that 

In this cas

 FbdrGbFbFb rrr +Φ=++Φ+−Φ+ −−− ∫ 5.0
*1

5.1
*

21
* )1)(( καχαα .               (10.11) 

an see, th  

e.  A very gentle slope is considered w

One c at this equation takes into account nonlinearity, internal viscosity, dispersion, bottom 

friction, and bottom slop hen 0≈ah .  We will also ignore the 

bottom friction.  Therefore,  in (10.11).  Assume, further, 01 =b

 

10 Φ+Φ=Φ ,                                                            (10.12) 

where 0Φ  takes into account the nonlinear and viscous effects, 1Φ  takes into account the dispersive 

ffects .  We consider the solu  varies very 

strongly.  In this case, Eq. (10.11) yields two equations  

e , and 10 Φ>>Φ tion localized near the wave front, where 0Φ

 

rFb 0
5.0

*
2

0 )1( Φ=Φ−+ −χα ,                                               (10.13) 

rrr Fb5.0
*1

1
* 2 ++Φ −− αχα 0Φκ10 =ΦΦ .                                       (10.14) 

ow, using (10.13) and (10.14) we can analyze th

evolution. 

1.  Effect of the nonlinearity.  Let 

N e influence of some physical effects on the wave 

0== χκ .  Then 1, 01 =Φ  and we have two 0 =Φ ±

solutions: 

FbBGur +±−== −− 5.0
*

1
*5.0 αα .                                             (10.15) 

n, the pure nonlinear solution (10.15) is regarded as the basic solution.  Then the other terms 

of Eqs. (10.13) and (10.14), which complicate the problem, will 

effect w

])(tanh[ 5.05.0
*

1
0 drFb +=Φ

Using these solutions we can construct a single discontinuous solution.  As a matter of 

presentatio

be singled out and their modifying 

ill be discussed. 

2.  Effect of the viscosity.  The solution of (10.13) is  

 

∫− αχ .                                               (10.16) 

Using hich takes into account the nonlinear and 

viscous effects, in the form 

(10.16) and (10.12) we rewrite the solution (10.9), w
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∫tanh[5.0 5.0
*

15.0
*

1
* FbBuG r +±−== ])( 5.0 drbF +−−− αχαα

alized near the point where 

.                          (10.17) 

According to (10.17), the nonlinearity and the internal viscosity generate the steep but continuous front 

of the wave.  The front is loc bF −= . 

3.  Effect of the dispersion.  The effect of the dispersion is determined by Eq. (10.14).  Its 

solution is 

])()[( *
11

1 ryry=Φ 0 Cdr rr +Φ∫−− ακχ ,                                        (10.18) 

where 

])(2exp[)( 0
5.05.0

*
1 drFbry Φ+= ∫− αχ . 

Using (10.18) and (10.12) we correct the solution (10.17) 

 

]}.)()[( 0*
11 drryry rr +Φ+

])({tanh[5.0 5.015.0
*

1
*

C

drFbFbBuG r ++±−== 5.0
*

∫
∫−−− χαα

              (10.19) 

3.1. Let us consider a special case of (10.14), when 

−− ακχ

α

rrFb 010
5.0

*2 Φ<<ΦΦ+− κα .  Then 

 

CdrFbhbF +++=Φ ∫−− ])([sec)( 5.05.0
*

125.05.1
*

2
1 αχακχ .             (10.20) 

ersive effect ( en 3.2. If the viscous effect is much smaller than the disp Φ<<Φ κ ), thrrr 01
1

*
−χα

 

])([sec)( 5.05.0
*

125.05.1
*

2
1 drFbhFb ++−=Φ ∫−− αχακχ .       

 

               (10.21) 

In these special cases, the solution (10.9) has the form 

)({tanh[5.0 5.05.0
*

15.0
*

1
* ++±−== ∫ }.] 1Φ+−−− drFbFbBuG r αχαα

to account the effects of nonlinearity, internal 

iscosity, and dispersion.  These effects make the wave front steep and generate the soliton-like wave 

within this front. 

e surface waves. 

ical waves, a group of waves, or a solitary wave. 

            (10.22) 

The solutions (10.19) and (10.22) explicitly take in

v

Using the presented solutions and expressions we can find the elevation.  Then, by varying the 

forcing speed C in the vicinity of the resonant speed, we can study the transresonant evolution and the 

amplification of th

We recall, that the solutions presented in this section are applicable if the forcing wave may be 

described as a travelling wave )( 1
0 aCtp −− .  So far, we have not determined the travelling wave 

function, which may describe period
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We continue our analysis in the next section for the case of a periodic force. 

 

10.2.  Wave front structure: effect of nonlinearity 

Here we focus our attention on the nonlinearity. 

1.  Weakly-nonlinear waves.  The case of weakly-nonlinear waves is considered first.  Let 

FF ε= and bb ε= , where ε  is the amplitude of the  Fb >>force.  If , then Eq. (10.15) approximately 

yields  

.....).125.05.01(2 33
64
32211

*
5.0

*
5.01 ++−+±= −−−−−− FbFbFbbRG αεαεπ    (10.23) 

where  

,                                                       (10.24) 

is the transresonant parameter [16, 17].  It was assumed [16, 17], that 

5.0
*

5.025.0 −−−= απε BR

1≤R  inside the resonance band 

band R 1>  outside the resonant band.  We must define the unknown value  so as to determine the 

solution (10.23).  It is determined by the condition that the mean value of G is zero.  After simple 

calculations this condition yields 
224 −≈ πRb .                                                                (10.25) 

The case 1>>R  is considered.  Using (10.24) we rewrite the solution (10.23) in the form 

 

....)25 33
64
322 ++ −− FbFb .                (10.26) 1.05.0( 15.01

* −= −− FbbG εα

One can see that the generation of high frequency waves takes place when b  reduces (when the speed 

f the forcing wave ).ghC →o   We anticipate, that the profile of the forced wave, can strongly change 

when , because of these high frequency waves.  The case 1→R 1≤R  is considered next. 

2.  Generation of shock-like periodic waves.  Let  

rF ωε cos2
1−= .                                                         (10.27) 

In this case, Eq. (10.7) yields 

r drGbGBG αχαα +++ −−− ∫)5.0( 1
*1

1
*

21
* rrGbr κωεα =+−− − )cos5.0(1

* .             (10.28) 

Let the arbitrary value ε5.0=b .  In this case,  

rFb ωε 2
1cos=+ .                                                    (10.29) 

The evolution of the harmonic waves within the resonant band is described as 

 

)rω .                                                        (10.30) cos2( 2
111

* RG πεα ±= −−
±
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We have go
2 ≤

t the Chester solution [56].  The solution (10.30) is valid within the resonant band, 

where 1R .  We assume, that Eq. (10.30) determines the wave within the interval 

Δ+<<Δ+− πωπ Nr , where N is an integer and N )1( Δ  is a constant.  For example, we can assume, 

that the solution +G  is valid within the interval Δ+<<Δ πωr  (N= 1).  At the next interval 

Δ+<Δ+ < πωπ 2r

R  [5

 (N= 2)

arcsin=Δ 6].  T

 the solution −G  is used.  Then for N= 3 the solution +G  is valid again, and 

so on.  The solution should have period π/ω and zero These conditions are satisfied if 

hus, when the wave asses the resonant band the wave phase varies (see, also, 

(10.4)).  The phase change is 180o, since R varies from 1 to -1 within the resonant band. 

e boundaries of the intervals the function G can have a jump (shock).  However, the jumps 

take place only for the resonant waves.  If 12 >

 mean value.  

 p

At th

R  and the solution (10.30) is not valid.  12 >R If , we 

should use the weakly-nonlinear solution (10.26) or the linear solution. 

 

 

 
Fig. 85.  Resonant waves.  Effect of the nonlinearity on the transresonant evolution of the surface waves. 

 
 

 is 

defined as 

Now, following [56], we can present the solution (10.30) as the discontinuous solution.  This

)cos2( 2
111

* rRG ωπεα += −− ,                                                  (10.31) 

RrR arcsinarcsin 2
1 +<< πω ,                                               (10.32) 
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ππ 2
1

2
1 arcsin ≤≤− Rwhere .  The last expression defines the re

The solution (10.31) 

sonant band where the last analysis is 

valid.  has one discontinuity in each complete period.  The discontinuities are 

located at the points Rr arcsin2
1 =ω  and Rr arcsin2

1 += πω .  The discontinuity approximately 

simulates the formation nt of f the water waves the discontinuity can 

be used as a simplified mathematical model for a strongly-nonlinear wave and the bore produced after 

the wave collapses. 

The transreso

of the steep fro orced waves.  For 

nant evolution of the forced periodical waves is shown in Fig. 85.  The waves are 

calculated for R=1.8, 1.4, 1, 0.975, 0.9, 0.5, and 0.  The two curves R=1.8, 1.4 are calculated according 

to the weakly-nonlinear approximation (10.26), where rF ωcos= . 

The curves R=1, 0.975, 0.9, 0.5, and 0 are  acalculated ccording to the strongly-nonlinear 

solutio

 the tranresonant evolution of long-

water w

n (10.31).  One can see the transformation of the harmonic-like waves (R=1.8) into the conoidal-

like waves (R=1.4, 1).  The effect of weak nonlinearity distorts the wave profile in such a way that the 

troughs are flattened and the crests sharpened.  Then breaker-like waves (R=0.975) are generated.  A 

strong discontinuity is, usually, unstable; therefore, we consider the bore-like profiles calculated for 

R=0.9, 0.5, 0 as illustrations of the quadratically-nonlinear theory. 

It is interesting, that the profiles of Fig. 85 describe well

aves excited in a tank.  An example of this evolution is shown in Fig. 86. 

 

 
Fig. 86.  Effect of nonlinearity.  Experimental recordings of the evolution of the surface water waves passing the 

resonance.  The thickness of the water layer 25.10 ≈h cm, the forcing amplitude 31.0≈l cm.  (After [67]). 
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We recall that the solution (10.31) describes the nondispersive waves.  Therefore, similar forced 

waves may be excited in gas.  For example, they describe resonant discontinuous waves in closed tubes 

[58].  In gas dynamics, the discontinuities are interpreted as shocks and found to be good mathematical 

representations of the real flow.  Examples of similar waves in gas are presented in Fig. 87. 

 

 

 

   
Fig. 87.  Forced waves excited in the vicinity of first linear resonance in the closed tube.  The experimental 

pressure profiles at the closed end measured for different transresonant parameter R (R=-2; -1, -0.97, -0.6, 0, 0.5).  

(After [58]). 

 

Thus, the solution (10.31) qualitatively describes some important particularities of the evolution 

of long-surface waves.  These waves can change from cnoidal shape to sawtooth-like shape.  This 

evolution anyone can see on the ocean beach.  In particular, the evolution of ocean waves into a 

sawtooth shape is shown in Fig. 5.5.4 from [19]. 

The discontinuous solution (10.31), (10.32) is sometimes difficult to use.  Therefore, we can 

rewrite it approximately as a sum of harmonic functions.  In particular, for the exact resonance 

 

rnnrG
n

ωωεαπ 2
11

,..5,3,1
2
11

*
1 sincos4 −

∞

=

−− ∑= .                                   (10.33) 

The discontinuous solution (10.31) is the basis for the following study of the nonlinear-periodic waves. 

 

10.3.  Wave front structure: effects of the bottom friction, internal viscosity, and weak dispersion 

First, we show, that the breaking of the front wave may be connected with the bottom friction.  Later 

on, the effects of viscosity and weak dispersion on the wave front are considered. 

1.  Effect of bottom friction on the shock structure.  The breaking of water waves is perhaps one  
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of the most common and the most striking observable phenomena on beaches.  There surface waves 

coming from deep ocean progressively distort.  As a result, according to the quadratically-nonlinear 

equation, shock-like wave fronts can be formed.  Nevertheless, the pure-quadratic theory of the inviscid 

model of water cannot completely describe the distortion of the fronts.  Therefore, if we want to study 

the distortion, we should correct the mathematical formulation of the problem.  Near the beach, the 

bottom friction begins to be important.  Therefore, we can hope, that the quadratic theory can describe 

the breaking phenomenon, if the theory includes the bottom friction. 

Thus, we assume that a simplified mathematical model for breaking waves should take into 

account both the quadratic nonlinearity and the bottom friction.  In this case, Eq. (10.5) yields 

 

rGbGGB r ωεωα sin5.0)( 1
1*

−=++ .                                           (10.34) 

One can see, that Eq. (10.34) coincides with Eq. (4.1) from [92].  According to (10.34), the singular line 

 exists.  In other words there is resonance (see the sections 7.4 and 7.5) near this lane.  Far 

from the resonance Eq. (10.34) has a smooth harmonic-like solution.  However, in the proximity of the 

singular line, the wave profile can distort very strongly.  In particular, we can expect that the singularity 

of (10.34) can transform the front of the wave into a vortex [92, 16], since at the singularity Eq. (10.34) 

can have many solutions. 

1
*
−= αBG

Let the wave profile, determined by (10.34), cross the singular line.  It is found [92], that this 

cross can distort the profile into a breaker wave.  The wave profile, corresponding to this case, is shown 

in Fig. 88. 

 

 
Fig. 88.  Character of the singular solution of (10.34). 

 

Thus, according to the presented theory, the generation of breakers may be connected with the 

quadratic nonlinearity and the bottom friction.  The internal viscosity cannot damp this process, since 

the internal water viscosity has a very small value. 

2.  Effect of internal viscosity and weak dispersion on the shock structure.  We consider the case 

when the viscosity and the dispersion change the solution (10.31) only near the discontinuities.  In 

particular, the discontinuities are generated in the solution, because we have used the inviscid model of 

water.  Let us take into account the internal viscosity.  It is known from gas dynamics, that the effect of 
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viscosity may be important near a steep front of waves.  Using (10.24) and (10.29) we write the solution 

(10.17), which takes into account the internal viscosity in the form 

 

}cos)]sin(2tanh[2{ 2
1

2
115.0

*
15.011

* rrRuG r ωϕωωαχεπεα ++== −−−− .                 (10.35) 

Here Rarcsin=ϕ .  The solution (10.35) is different from the discontinuous solution (10.31) only near 

points ϕπω += nr 22
1  (n=1, 2, 3, 4, …). 

2.1.  Next, the influence of weak dispersion is considered.  We use the solution (10.22).  With 

the help of (10.24), (10.29), and (10.20) we write the solution in the form 

 

).cos})cos()]sin(2[sec

)]sin(2{tanh[2(

2
1

2
1

2
115.0

*
15.025.1

*
2

2
115.0

*
15.011

*

rCrrh

rRuG r

ωϕωϕωωαχεακχ

ϕωωαχεπεα

++++

++==
−−−

−−−−

           (10.36) 

We assumed, that the solution (10.31) should be corrected only near the discontinuities.  Therefore, we 

have constructed the solution (10.36), different from (10.31) only in a small neighbourhood of the 

discontinuities. 

 
Fig. 89.  Resonant waves.  The influence of nonlinearity (discontinuous curve 1), plus the internal viscosity 
(curve 2), plus the dispersion (curve 3) on the steep front of a resonant forced periodical wave.  The smooth 

harmonic curve is calculated using the linear approximation, with R= 0.087. 
 

Strongly-nonlinear waves and the effects of nonlinearity, internal viscosity, and dispersion on 

the shock structure are shown in Fig. 89.  The discontinuous curve 1 is calculated according to the 

solution (10.31), the continuous curve 2 takes into account the internal viscosity (solution (10.35)), the 

curve 3 is calculated using the solution (10.36). 

A strong difference between the results of the linear and nonlinear models is apparent.  One can 

see, that the viscosity reduces the jump of the wave front, while the dispersion can increase it. 

 

10.4.  Resonant wave structure: effect of dispersion 

We have shown, that weak internal viscosity and the weak dispersion cannot strongly change the steep 

front and the profile of the waves, formed by the quadratic nonlinearity.  However, the influence of the 
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dispersion increases when the depth increases.  Let us consider the case when the dispersion is not very 

small. 

1.  High harmonic generation.  The discontinuous front of waves may be interpreted as the bore 

front.  When laboratory experiments on bores were conducted, it was sometimes observed that there are 

a few harmonics on the leading crest (see, for example, Fig. 86).  This crest can also disperse into two 

or more crests.  This effect has been studied in many publications.  Here, we consider shortly this 

phenomenon using the inviscid model of water.  The exact resonance is studied.  In this case, Eq. 

(10.28) is rewritten in the form 

0cos 2
12

*
2

* =−− rGG rr ωεκαα .                                               (10.37) 

Let 

12
11

,..5,3,1
2
11

*
1 sincos4 GrnnrG

n
+= −

∞

=

−− ∑ ωωεαπ ,                                    (10.38) 

where  corrects the discontinuous solution (10.31) and takes into account the dispersion.  

Substituting (10.38) in (10.37) we find that 

1G

).tan(5.0 2
12

4
11

1 rrr rG Σ+Σ−ΣΣ≈ − ωωωκ                                       (10.39) 

Here rnn
n

ω2
11

,..5,3,1

sin−
∞

=
∑=Σ .  According to (10.39), a complex wave picture is generated near each 

steep wave front (discontinuity).  We recall, that the Fourier sine series rnn
n

ω2
11

,..5,3,1
sin−

∞

=
∑  describes the 

discontinuities (10.33).  We approximately assume, considering the dispersive effect, that the wave 

front may be described by a few terms of the Fourier series.  Let us take into account only the first three 

terms.  In this case, substituting (10.39) in (10.30) we rewrite the solution in the form 

].sincostan2[)sin(
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                  (10.40) 

Eq. (10.40) shows that the dispersion can generate high frequency harmonics near the steep front of the 

wave. 

2.  Strong effect of the dispersion and localized periodical waves.  Considering the dispersion 

we assumed, that the dispersive effect was much smaller than the nonlinear effect.  In contrast, here we 

assume that, these effects are of the same order, and that the dispersion effect is greater than the viscous 

effect.  In this case, Eq. (10.11) yields 

.                                                  (10.41) rqrr ω2
121

0 cos)1( Φ−=Φ −
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Here 11
*

1
0

−−− −= κεαq . Let 

rchA ωτγ 2
12 cos]ˆ)sin(sec[ +=Φ .                                          (10.42) 

where Rr arcsin2
1 −= ωτ .  Let ωγ >> .  Then Eq. (10.42) approximately yields 
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Equating here the similar terms we obtain three algebraic equations.  Their approximate solutions are 
22

05.1 ωγqA = , , .      (10.44) 5.01
0

21 )ˆ225.0( cq −− −±= ωωγ ])825.0(5.0[5.0ˆ 5.042
0

2
02,1 +±= ωω qqc

 

2.1.  Gravity waves.  If 112
3

1 −−> gh σρ , then 0)( 2112
3

11
* <−= −−−− Cgh σρακ  (10.6) and 

.  In this case, if <<1, we have approximately 01
0 >−q 0q

1ˆ −≈c , 1
0

1 2 −−±≈ qωγ  and 3≈A .                                        (10.45) 

Now, using (10.9), (10.24), (10.29) and (10.42), (10.45) we find 

}cos]1)sin(sec3[2{ 2
12211

* rhRuG r ωτγπεα −+== −− .                         (10.46) 

Here  and ar CuuG −== Rr arcsin2
1 −= ωτ .  Now, using the expressions presented above and Eq. 

(5.3), we can study the influence of the considered effects on the transresonant evolution of the waves. 

 
Fig. 90.  Resonant waves.  Effect of the dispersion on the transresonant evolution of surface waves. 

 

The effect of nonlinearity and dispersion on the elevation is shown in Fig. 90.  It is assumed, 

that 5=γ  and R= 1.1 (curve 1), 0.98 (2), 0.9 (3), 0.8 (4), 0.5 (5), and 0.1 (6).  It is seen, that the wave is 

dispersed into two crests.  The calculations show that the distance between the crests depends on the 
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transresonant parameter R.  It is interesting, that the profiles of Fig. 90 describe well the resonant water 

waves excited in a tank.  An example of this evolution is shown in Figs. 91. 

 

 
Fig. 91.  Effect of dispersion.  Experimental recordings of the evolution of the surface water waves passing the 

resonance.  The thickness of the water layer 50 ≈h cm, the forcing amplitude 155.0≈l cm, r is the transresonant 

parameter.  (After [67]). 

 

 
Fig. 92.  Effect of dispersion.  Experimental recordings of the evolution of the surface water waves at the 

resonance.  The thickness of the water layer 50 ≈h cm, the forcing amplitude 31.0≈l cm.  (After [67]). 

 

Thus, the solution (10.46) qualitatively describes some important particularities of the 

transresonant evolution of surface-water waves. 

2.2.  Capillary waves.  If 2
3

111 hg >−−σρ , then 0>κ  (10.2) and .  In this case, if 

, we have approximately the following expression for the capillary ripples 

01
0 <−q

00 ≈q

}cos]1)sin(sec3[2{ 2
12211

* rhRuG r ωτγπεα −−== −− .                              (10.47) 

 

 
Fig. 93.  The negative (depression) capillary wave, calculated according to (10.47) for R= 0 and 5=γ . 
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The depression solitary-periodic wave is shown in Fig. 93.  This wave resembles the depression 

solitary wave observed on a thin fluid layer [93]. 

In the next four sections, we will consider the influence of a bottom slope on the transresonant 

evolution of forced waves. 

 

11.   Transresonant forced long waves over a variable depth 

 
Forced waves are generated under conditions where a compact disturbance moves relatively to the 

ambient media.  The wave amplification may be also occurs when the phase and group speeds of 

different surface waves are nearly equal [2, 10, 94, 95].  In this case, the appearance of extreme ocean 

waves may be connected with the ‘dangerous’ denominators and corresponding resonant phenomena.  

Within and near the resonant band we can expect a wide variety of forms of the resonant waves.  Such 

situations arise naturally when currents, tide or swell flow over underwater ridges, or when the 

atmospheric wind interacts with the water surface [96-98].  If the wind duration is long enough, then the 

group of waves may be amplified up to extreme amplitudes.  For example, the monsoon blows in the 

same direction for a long time. 

Table 2 gives the most important characteristics of sea that are fully developed for winds of 

various speeds.  For example, a 20-knot wind must blow for at least 10 hours along a minimum fetch 

length of 75 miles to raise fully the waves it is capable of generating.  When the sea from a 20-knot 

wind is fully developed, the average height of the highest 33 percent of the waves (so-called significant 

waves) is 2.4 m.  If a 50-knot wind were to blow for 3 days over a 1,227 nautical miles fetch, the 

highest tenth of the waves would average about 30.2 m.  Fortunately, for ships, storms rarely reach such 

dimensions or durations. 
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On the ocean surface a wide spectrum of waves exists.  These waves have different directions of 

propagation, different amplitudes and frequencies.  A group of waves possessing the same direction and 

speed as those of the wind can begin to grow (Fig. 94). 

 

 
Fig. 94.  An area of local amplification of wind-induced ocean waves. 

 

Other waves will not increase in size.  In this process the wind acts as a filter.  As a result, only 

the group of waves which resonates with the wind is amplified.  Thus, only if the resonation conditions 

are fulfilled (strong temporary and spatial correlation of wind and wave fields) a strong amplification of 

waves can take place.  The amplification is limited by the dissipation of the wind energy within the 

waves; alternatively, the growing stops when the waves pass the resonant band. 

The wind acts on the ocean surface in several ways.  The first is by means of the surface 

friction.  Namely, gravity waves are generated through the interaction between the thin surface layer of 

water and the wind [90, 99].  Owing to this mechanism, ripples and moderate amplitude waves are 

generated. 

While the waves are growing, therefore, receiving momentum and energy from the airflow, a 

slowing down of the airflow caused by the gravity waves will result.  The waves will, therefore, give 

rise to a force which is the gradient of the wave-induced stress.  The growth of the waves depends as 

the wind profile is affected by the presence of the surface gravity waves.  When the wave amplitude 

increases enough a new mechanism begins to work.  Namely, when the waves grow, the wind begins to 

act on the back of the wave in the same manner as it does on a sail: it is a direct push.  Resonance 

occurs when the wind speed equals the speed of the gravity waves. 

We remark, that the height of an extreme wave may be comparable with the water depth.  For 

example, in the North Sea, where depths are 30 to 200 m, the highest measured waves are 30 m tall [45-

47]. 

To obtain some results which may be referred to the generation of the extreme waves, we 

greatly simplify the picture of surface waves interaction with atmospheric pressure and wind.  
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Following to [1, p.625] we shall ignore the tangential action and take into account only the normal 

pressure which is expressed as a sinusoidal wave. 

 

11.1.  Modelling of quadratic wind-induced transresonant waves over a variable depth 

The wind-induced action on the water surface is determined as  

 

sdrp a ωερ sin0
1 =∫− .                                                     (11.1) 

Here  and , where  is a depth at the critical point.  The speeds of wind and 

surface waves coincide at the critical point. 

aCts 1−+= 5.0)( kghC = kh

1.  Quadratically-nonlinear waves.  We consider very long waves propagating over a 

submerged topography.  In this case, the dispersive effects are ignored, and the solution (10.35) is used 

within the resonant band where .  The elevation is calculated according to the linear expression 1.12 <R

ahu−≈η .  The wind speed is 800 m/s, so that the critical depth  is 80m.  kh

Results of the calculations are presented in Fig. 95 for three time instants.  The dimension of the 

topography and the depth variation are shown in Fig. 95(t =0).  It is seen, that a strong amplification of 

the waves can take place within the resonant band.  The amplification is maximum at the point where R 

is smallest.  Next, we study the influence of the dispersion on the site resonance.  In this case, the 

solution (10.36) is used within the resonant band where .  The elevation is calculated according 

to the expression

1.12 <R

ahu−≈η . 

 
Fig. 95.  Site resonance and transresonant waves.  Wind/wave resonance over a submerged topography.  The 
thick line is obtained according to the nonlinear solution (10.35) the thin line is drawn according to the linear 

solution (10.2).  The thick lines lie approximately within the resonant band. 
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Results of the calculations are presented in Fig. 96 for three time instants.  The size of the 

topography and the depth variation are shown in Fig. 96 (t=0).  The depth varies according to the law 

)]}/5.03/cos(1[200100{ Lah ππ +−−+= m, where = 3 km.  The wave amplification is maximum at 

the point where R (and h) is smallest. 

L

 

 
Fig. 96.  Site resonance and transresonant waves.  Wind/wave resonance over a submerged topography.  The 

thick line is calculated according to the nonlinear solution (10.36) which takes into account the dispersion.  The 
thin line is drawn according to the linear solution (10.2).  The thick lines lie approximately within the resonant 

band. 
 

It is seen from Figs. 95, 96, that owing to the wind/wave/bottom resonance, a strong 

amplification of the waves takes place, when the waves pass the topography.  Far from the topography 

the wave amplitude is about 5 m, while over the topography top extreme waves are generated with the 

amplitude up to 25 m.  Within the resonant band the wave profile varies.  In the case of very long waves 

(very small dispersion), the far field harmonic waves can transform within the resonant band into shock-

like (bore-like) waves.  At the same time, if the influence of the dispersion increases (the wavelength 

reduces) then the harmonic waves transform within the resonant band into two-top localized waves.  It is 

seen from Figs. 95 and 96, that the effect of the weak dispersion on the site resonance may be important. 

We emphasize, that the waves propagate within the resonant band.  The amplitude of each point 

of the wave profile depends on its own value of the transresonant parameter R.  Therefore, these 

transresonant waves (shown in Figs. 95, 96) are different from the resonant waves calculated for fixed 

values of R (see, for instance, Figs. 85 and 89). 

 

11.2.  Modelling of quadratic wind-induced transresonant waves over a plane bottom 

During the last decades various models for the generation of extreme waves have been developed [45, 

100-108].  In particular, the catastrophic amplification of surface waves has been connected with 
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resonance [53, 103, 105].  The resonance takes place when waves and wind travel across the ocean at, 

practically, the same speed.  A storm is able to efficiently pump energy into the waves for a long time, 

building them up to a giant size. 

Generally speaking, this phenomenon can occur for any depth of the ocean.  The maximum 

amplification takes place, when the wind speed and the wave speed coincide.  The amplification 

reduces when the wind speed increases or reduces from the wave speed. 

Nevertheless, our theory is valid only for long waves, and, therefore, in what follows, we 

continue to consider the case of shallow water.  Let the sea depth be of 40 m. In this case, the 

quadratically-nonlinear theory with the dispersion is used.  The transresonant waves are described 

according to the solution (10.36).  It is assumed, that the wind speed varies near its resonant speed 

calculated for the critical depth = 40 m (kh 20≈= kghC m/sech).  Results of this calculation are 

presented in Figs. 97-99. 

 

 
Fig. 97.  The wind/wave resonant interaction.  The wind speed varies according to the law 

)/sin(205.62( LagC π−= , 0 20≤L km. ≤
 
 

 
Fig. 98.  The wind/wave resonant interaction.  The wind speed varies according to the law 

)/sin(405.82( LagC π−= , 200 ≤≤ L km. 
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Fig. 99.  The wind/wave resonant interaction.  The wind speed varies according to the law 

)/sin(155.22( LagC π+= , 200 ≤≤ L km. 
 

The thin lines 1 represent the wind speed variation.  The vertical thin lines confine the resonant band.  

The thin oscillating lines represent the linear waves.  The nonlinear waves are shown by points and 

thick lines. 

We have considered above the wind-induced quadratic-nonlinear waves.  Generally speaking, 

the cubical nonlinearity can influence on the presented results. 

 

11.3.  Modelling of cubic wind-induced waves over a variable depth 

We continue to consider the vicinity of the point where .  Let 5.0)( kghC = 0≈χ , , 01 ≈b 0=κ , 

and C = 0 in Eq. (10.5).  The wind speed is 250 m/s, so that the critical depth  is 25m. kh

The wind-induced action on the water surface is determined by (1.1).  Then Eq. (10.5) is 

approximately rewritten in the form 

0sin5.0)1(5.0)2(25.0 2121122213 =−−++− −−−− sChgChghhCg ωεηηη ,         (11.2) 

where ahu−=η .  The  solution of linearized equation (11.2) is 

sCghCh ωεη sin])1[( 12 −− −= .                                                  (11.3) 

Considering the nonlinear solution of (11.2) we assume that the coefficient  may be 

approximated as 

)1( 211 Chg −−−

)]}([sec1{ khhh −− ϖ .  Here ϖ  is a constant.  Then Eq. (11.2) is transformed into the 

following one: 

0sin5.0)]}([sec1{5.075.0 21223 =−−−+− − sChghhhhh k ωεηϖηη .               (11.4) 

Following [16] (see, also, the section 15.3) we have constructed the multi-valued, continuous analytic 

solution of the algebraic equation (11.4).  Then, using this solution, we study the transresonant 

evolution of waves above the underwater topographies.  Fig. 100 shows some results of the calculations 

for )]/5.05.4/cos(1[20025 Lah ππ +−−+= , where = 3 km. L
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Fig. 100.  Site resonance and transresonant waves.  Cubically-nonlinear effects.  Wind-induced cubically-

nonlinear waves over a submerged topography. 
 

Fig. 100 demonstrates the case when the width of the resonant band is comparable with the 

length of the travelling wave.  Because of this localized resonance, the harmonic waves are transformed 

into breaker and mushroom-like waves. 

Cubically-nonlinear transresonant waves; site resonance.  The cubically-nonlinear algebraic 

equation (11.4) and its analytic solutions are used to describe qualitatively the complex evolution of 

harmonic waves into breakers and surface jets.  The wind speed is 30 m/s, so that the critical depth  

is 3 m. 

kh

Results of calculations are presented in Figs. 101 and 102 for some time instants.  The thick 

lines represent the transresonant evolution of the cubically-nonlinear waves. 

Two cases are considered.  The first (Fig. 101, 6=ε  m/s) demonstrates the generation of 

transresonant breaking waves near the shore.  The second (Fig. 102, 2=ε  m/s) shows the transresonant 

evolution of harmonic waves, coming from the deep water, into breakers, drops, and jets.  Of course, 

the results have a qualitative character.  Nevertheless, some results may be interpreted as the periodical 

generation of a jet of water/air mixture (whitecaps ) above the water surface at the critical (resonant) 

point. 

 
 

6=Fig. 101.  Cubically-nonlinear effect (case ε  m/s) and site resonance.  Transresonant evolution of waves, 
running up a linear sloping beach, into breaker like wave.  The thin oscillating line in the picture at t= 0 

represents the linear wave, while the vertical line localizes the critical point (site resonance) where khh = . 
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Figs. 101 and 102 show the strongly-nonlinear behaviour of the waves, passing the point of the 

site resonance ( m where h=3 m).  In this case, of the localized resonance the width of the 

resonant band may be comparable with the length of the travelling wave or, even, with the wave front.  

As a result, specific phenomena shown in Figs. 101 and 102 can occur.  The wave slope can strongly 

vary during the transresonant evolution.  One can see that the wave behaviour and the slope oscillations 

resemble the oscillations of a pendulum. 

30=a

 
 

 
Fig. 102.  Cubically-nonlinear effect (case 2=ε  m/sech) and localised site resonance.  Transresonant evolution 

of waves, running up a linear sloping beach, into breakers, jets, and drops.  See, also, Chapter IV. 
 

According to the presented theory, the strong coastal amplification of wind-induced waves may 

be determined by the site resonance.  The linear theory predicts that this amplification is unbounded.  

Nevertheless, when the amplitude becomes large enough, the quadratic nonlinearity begins to play a 

role, and the linear resonance occurs.  As a result, the amplitude is bounded, but it can increase further.  

If the amplitude increases up to some critical level, then the cubically-nonlinear effect begins to enter 

the picture. 

Figs. 24 and 25 qualitatively describe the evolution of whitecaps (drops) near the crest of a steep 

wave, breakers, and jets on the water surface.  It is seen, that waves can break in two different 

directions: forwards the coast and backwards towards the open water.  On the whole, this result agrees 

with data of the sections 9.1 and 9.3. 

 

11.4.  Extreme transresonant wave generated by wind blow 

Here we consider the wind-induced solitary wave.  The wind-induced action on the water surface is 

determined as 

 shdsp a ωερ 2
0

1 sec=∫− ,                                           (11.5) 

where  and aCts 1−+= 5.0)( kghC = . 
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We will use the cubically-nonlinear theory.  Following section 11.3 and using Eq. (11.4), we 

write th

.      (11.6) 

The solution of the linearized equation (11.6) is 

.                                          (11.7) 

Using Eq. (11.6) one can study the transresonant evolution of the wind

e equation for the cubically-nonlinear wind-induced solitary wave in the form 

sec5.0)]}([sec1{5.075.0 21223 −−−+− − hChghhhhh k εηϖηη 02 =sω

shCghCh ωε 212 sec])1[( −− −η =

-induced wave in different 

circumstances.  Here, we study the influence of the depth on the transresonant evolution of the wave.  

Assume, that the depth varies according to the law )]/5.05.4/cos(1[ˆ Lahhh ππ +−−+= , where ĥ  

= 200m, L = 3 km.  Results of the calculations for different h  ( h = 27.5, 30, and 35 m) are presented i  

Fig. 103. 

n

 
Fig. 103.  The effect of the depth on the wind/wave resonance.  The curves 1, 2, 3, 4, and 5 sh w the location of 

the solitary wave for 5 different time instants.  The pictures 27.5, 30, and 35 are calculated for the following 
o

different values of h : h = 27.5, 30, and 35 m. 
 

The wave speed is 250  m/s, so that the exact wind/wave resonance can take place if h  

= 25m.  Thus, the wave evolution depends on the depth.  For h = 35m, the solitary wave passes the 

ridge, practically, without any variation of both amplitude and profile.  In the case, h = 30m a resonant 

amplification of the wave occurs.  A catastrophic amplification, accompanied by a strong variation of 

the wave profile, occurs if h = 27.5m. 

We remark, that Eq. 11.6) has t ( hree solutions.  We use only one of them in order to describe the 

waves.

section 11.3 and 12.4. 

  Very close to the exact resonance the wave profile changes very strongly, and the multi-valued 

solutions should be used.  These solutions were studied in [16].  Examples of these waves are shown in 
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In the last four sections we have considered the case of wind-induced transresonant waves.  

Thus, extreme ocean waves may be generated owing to the site wind/wave resonance.  Perhaps, after 

their g

drops on the water surface.  In particular, it is found, theoretically, that the 

generat

ant evolution of waves coming from deep ocean into catastrophic 

waves 

n for mid-ocean storm waves to reach 7 metres in height, and in extreme conditions such 

aves can reach heights of 15 metres.  However, for centuries maritime folklore told of the existence of 

rlrJ r

eneration, these waves can travel a long distance from the site resonance place keeping the 

extreme amplitude. 

We have considered above a variety of wind-induced waves.  The wind can generate breakers, 

jet-like waves, and 

ion of extreme ocean waves may depend on the wind speed.  At the vicinity of the wind/wave 

resonance, when the wind speed and the ocean wave speed coincide, it is reasonable to expect the 

generation of extreme ocean waves.  On the whole, this conclusion agrees with the observations [47] 

(see also Table 2). 
 

12.   Transreson

 
It is commo

w

vastly more massive waves — veritable monsters up to 30 metres in height (approximately the height of 

a 10-story building) — that could appear without warning in mid-ocean, against the prevailing current 

and wave direction, and often in perfectly clear weather.  Such waves were said to consist of an almost 

vertical wall of water, preceded by a trough so deep, that it was referred to as a ‘hole in the sea’; a ship 

encountering a wave of such magnitude would be unlikely to survive the tremendous pressures of up to 

100 ton/m² (980 kPa) exerted by the weight of the breaking water, and would almost certainly be sunk 

in a matter of seconds. 

The open ocean is here considered as the source of the following waves  

ωω cos)( = .                                                             (12.1) 

 generation.  We recall 

that, if the amplitude of the ocean waves strongly grows,

are not

Now, using the results of the section 7, we shall study the extreme wave

 the linearized and weakly-nonlinear models 

 applicable.  In this case, the displavement is presented in the form of the sum (7.50), where the 

component )(rJ  (12.1) is known.  We must find the component )(rJ . 

In particular, the solutions are constructed which pretended to describe the generation and 

evolution of rogue waves. It is suggested that the rogue waves are some analogy   of shock waves 

which may be excited in a gas column near the lowest quadratic resonance of the column. 
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12.1.  Quadrarically-nonlinear waves 

For the long waves the function )(rJ  is determined by Eq. (7.65), but here, in order to simplify the 

analysis, we will use the quadratically-nonlinear equation (7.69) 

CrlCAGGdrbGBGG rrr +=−+++ −∫ ωωακχα 22212
*1

2
* cos5.1 .              (12.2) 

Here rJG =  and the notation (10.6) is used.  Let 

21
*25.0 BC −= α  and 1ε =− ,                               (12.3) 

then, following section 10.1, we rewrite (12.3) in the form 

                                     (12.4) 

We have ignored the term  in (12.4). Now, using (5.3), (7.50), and (12.1), we find 

.                                       (12.5) 

Then, following the section 10, we consider particular cases of the waves G

12.1.1.  Rogue-like long waves and shallow water-gas analogy 

When the height of the wave exceeds twice the significant height, it is co

1.  The inviscid water model.  In the case of pure-nonlinear waves, following the section 10.2, 

22215. lAC ω−

0cos)5.0( 21
*

121 =−−++ −−− rGGBG rr ωεακχαα ** r

∫− Gdrb 1
*1α

GhCr 15.05.0 s −− +ωAglhhua co=−=η

. 

 

nsidered as a rogue wave [100-

108].  In this subsection, we consider the generation of similar waves. 

we prescribe that G, written as 

)cos2( 11
* rRG ωπεα += −− ,                                          (12.6) 

determines the wave within the intervals N arcsin)1( RNrR arcsin+<<+− ωπ π , where 

ππ 2
1

2
1 arcsin ≤≤− R , N is an integer  and R is the transresonant parameter: 15.01 −−

*4−= απε BR (10.24).  

At the boundaries of the intervals the function G can have a jump. 

2.  The viscous water model.  Now, we take into account the internal viscosity.  In this case,  

}cos)]115.05.01 rωϕ−− .            sin(tanh[/2{ ** rRG ωχωαεπεα −+= − (12.7) 

Here, 2/arcsin πϕ −= R  or Rarcsin=ϕ .  Expression (12.5) yields 

}.rcos)]sin(tanh[/2{ 115.0
*

5.01
*

1 rRhC ωϕωχωαεπεα −++ −−−−
.8) 

ed that h is a 

constant. 

The profiles of Fig. 104 are associated to the waves J and

cos5.05.0 rAglh ωη = −

        (12

The transresonant evolution of this wave is shown in Fig. 104, where we have assum

 J , and, therefore, the tr

evolution of the wave 

ansresonant 

η  is more complex than the evolution presented in Fig. 85.  During the 
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transresonant evolution, when the transresonant parameter R varies from 1 to −1, the profile with the 

dimpled crest (R= 1) evolves, passing through the shock waves to the periodical hill-like waves 

separat

 

ed by plane valleys.  It is interesting, to observe that the profiles of Fig. 104 are similar to those 

of waves measured in gas near the nonlinear (quadratic) resonance (see Fig. 105). 

 

 

 

 

 
Fig. 104.  The transresonant evolution of the waves (case Rarcsin=ϕ ).  The thin harmonic lines represent the 

linear waves coming from the open ocean.  The thin disconti rmined by (12.8) (the nonlinear 
part of (12.9)).  The thick lines are described b =0.000001. 

 
 

s some im  

o

ocean wave which may be Indeed, it is 

known, that the rogue waves can contain an almost vertical wall of water, preceded by a trough so deep 

that it w

nuous lines are dete
y (12.9), 115.0

*
5.0 −− χωαε

Thus, the solution (12.9) qualitatively describe portant particularities of the evolution

f long surface waves.  This evolution may be very complex.  According to the developed theory the 

can have a shock-like front and a rarefaction zone  very deep.  

as referred to as a ‘hole in the sea’. 

Generally speaking, we can expect the generation of these waves in shallow water.  Indeed, the 

solutions of weakly-nonlinear wave equations for long waves contain ‘secular terms’, which are 
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generated by nonlinearity (see sections 7 and 8).  Therefore, formally, according to these solutions any 

perturbation can grow up to an infinite value.  However, we know, if this growth is large enough the 

theory of weakly-nonlinear waves become unvalid. 

 

 

 

  

 

 

 
Fig. 105.  The piston operating at the vicinity of first nonlinear resonance of the closed tube.  The experimental 

pressure profiles at the closed end measured for different transresonant parameter R (R=-5; -1, -0.9, -0, 0.9, 1, 5) 

[58]. 
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The amplitude of the nonlinear wave may be very large.  For example, if the height o
1

f  the initial 

waves ( rCglh ωsin25.025.0 −  (12.9)) is 10 m then the height of the resonant waves may be about 20m. 

Weakly-nonlinear waves.  If R2>1 then the solution (12.8) is not valid.  For the forced waves this 

nsidered in the section 10.2.  Following this section we find  

−

case was co

....)sinsin125.0sin5.0( 63
64* ++−= rbrbrbbG ωωωαε ,                 (12.9) 

where 22125.1 lCA ωε −−=  and  

342211 −−−−

224 −≈ πRb .  The expression (12.10) approximately describes the 

waves if R2>1. 

the results which w

.  Following to Airy he wrote 

the equation of ‘long’ waves in a uniform canal with vertical sides [1, p. 260] 

Remark.  We used here and in the section (10.2) the experimental data for the gas so that to 

illustrate ere obtained for the shallow water.  

Apparently Lamb was the first investigator to publish a note on recognizing the similarity 

between the one-dimensional wave equations for shallow water and gas

.
)1( 3

22
x∂

∂
∂

ξ
ξ

2

2 gh
t ∂

+
=

∂ ξ                                                                        (12.10) 

x∂

We used here the Lamb’s notations: ξ  is the horizontal displacement, x is  the Lagrangian 

horiz

 canal,..”.  The analogy 

between waves in gas and shallow water waves was also demonstrated by Riabouchinsky 

(Riabouchinsky, D., 1932. Sur l’analogie hydraulique des movements d’un fluide compressible. 

Institute de France, Academie des Sciences, Comptes Rendus, 195, 998-999.).  Now this analogy is the 

well-known result.  Because of this analogy, knowle

be transferred directly to long water waves [6, p. 620].  We used this aspect in this subsection. 

ontal coordinate.  Then Lamb derived the equation (3) [1, p. 481] for the isothermal gas and the 

equation (5) [1, p. 481] for the adiabatic gas.  Lamb concluded “…These exact equations (3) and (5) 

may be compared with the similar equation for ‘long’ waves in a uniform

dge and methods established in gas dynamics can 

 

12.1.2.  Extreme long waves 

Now, we consider the effect of the weak dispersion.  In this case, following the section 10.4, we 

approximately find that 

rcNrhARG ωϕωγεαεαπ 221
*

1
*

1 cos}ˆ)]sin([sec{2 +−+= −−− .             (12.11) 

Here N =1, 2, 3, 4, …. or N =1/2, 1/3, 1/4, 5.0
*

11
0

−−− −= αεκq …. and 

 cA ˆ3−= , 5.012 )15.1*5.11(2 −−+= qωγ , ])3([666.0ˆ 5.0422 +±= ωω qqc .        (12.12)  0 002,1
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Since we consider strongly localized waves, we can assume .  In this case, we have from 12
0 <<ωq

(12.12) that 

1ˆ −≈c , 3=A , 5.01
0

2 )725.11(2 −−+= qωγ .                                     (12.13) 

Now using (12.11) we can write the following expression for the elevation 

                                          (12.14) 

where 

nrlh ηη +−= ,    Cg ω− sin125.025.0

}cos}ˆ)]sec{2{ 21
*

1
*

11
*

1 rcrhARhCn ωϕεαεαπεαη +−+= −−−−− .  (12.15) 

Diffe

sin([2 Nωγ

rent wave profiles calculated according to (12.14) or (12.15) are presented in Figs. 106-

111, where we have assumed, that h i  con ant.  Nonlinearity and 

Two scenarios of the transresonant wave evolution are shown.  The fir

106-108, which show the different resonant waves calculated according to (12.14) or (12.15) for N=0.5 

and 

s a st dispersion form these profiles 

which resemble profiles of Figs. 90-92. 

st is illustrated by Figs. 

)2arcsin( 5.0 R−=ϕ

waves calculated accord

.  The second is illustrated by Figs. 109-111, which show the different resonant 

ing to (12.14) or (12.15) for N=1 and Rarcsin=ϕ . 

 
Fig  wave (case N = 0.5, . 106.  The resonant ϕ = 0, R = 0).  The thick harmonic line represents the linear wave 
com ning from the open ocean.  The thin line represents η  (12.15).  The very thick line is described by solution 

(12.14). 
 

 
Fig. 107.  Transresonant evolution of the waves (case N=0.5, )2arcsin( 5.0 R−=ϕ : joint effect of linearity, 

nonlinearity, and dispersion on the elevation (12.14).  The waves are calculated for R= 1 (curve 1), 0.98 (2), 0.7  
(3), 0.5 (4), 0.3 (5), and 0 (6).  It is seen that the resonant wave (curve 6), having the steepest front, disperses into  

a two-crest wave (dimpled crest) near the boundary of the resonant band (curve 1). 
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Fig. 108.  Transresonant evolution of the waves (case N=0.5, )2arcsin( 5.0 R−=ϕ : effects of nonlinearity and 

 (12.15).  The waves are calculated for R= 1 (curve 1), 0.98 (2), 0.7 (3), 0.5 (4), dispersion on the expression nη
0.3 (5), and 0 (6).  It is seen that the solitary s into a 

three-crest wave (curve 1) during the transresonant evolution. 

 

Figs. 109–111 show the different resonant waves calculated according to (12.14) or (12.15) for N=1 and 

-like periodic wave (curve 6, at the exact resonance) disperse

 

Rarcsin=ϕ . 

 
Fig. 109.  The resonant wave (N=1, R = 0).  The thin harmonic line is the wave coming from open ocean.   

The thick line represents nη  (12.15).  The very thick line is described by solution (12.14). 
 
 

 
Fig. 110.  Transresonant evolution (case N=1, Rarcsin=ϕ ).  The joint effect of linearity, nonlinearity, and 

dispersion on the elevation (12.14).  The
(5), and 0 k ary of the 

 waves are calculated for R= 1 (curve 1), 0.98 (2), 0.7 (3), 0.5 (4), 0.3 
(6).  It is seen that the shoc  (bore)-like wave evolves into a harmonic wave near the bound

resonant band (curve 1). 
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Fig. 111.  Transresonant evolution of nη  (12.15) (case N=1, Rarcsin=ϕ ).  The effect of nonlinearity and 
dispersion on the elevation.  The waves are calculated for R= 1 (curve 1), 0.98 (2), 0.7 (3), 0.5 (4), 0.3 (5), and 0 

al wave (curve 6) is dispe(6).  It is seen that the solitary-like periodic rsed into a two-crest (dimpled crest) wave. 
 

 

Earlier we considered the resonance of the forced waves (section 10), and the wind/wave 

resonance (section 11).  Here, the evolution of ocean waves passing the resonant band has been studied.  

We have seen, that there is a variety of waves which can be generated in the resonant band, as a result 

of the resonant interaction of linear, nonlinear, dispersive, and viscous effects.  In particular, the wave 

amplitudes increase, and the wave profiles strongly change. 

Generally speaking, these results are valid for long waves and shallow water.  However, in the 

next section we shall show, that these results can e generation of rogue and 

ext

A rogue wave is not the same as a tsunami.  Tsunamis are mass displacement generated waves which 

propag

In rece

e monsters are much more common, than mathematical probability 

eory would predict, using a Rayleigh distribution of wave heights. 

 qualitatively describe th

reme waves in the open ocean. 

 

2.2.  Catastrophic ocean waves 1

ate at high speed and are more or less unnoticeable in deep water; they only become dangerous 

as they approach the shoreline and do not present a threat to shipping.  A rogue wave, on the other 

hand, is a spatially and temporally localized event that most frequently occurs far out at sea. 

 

12.1.1.  Examples of catastrophic waves in open ocean 

nt years these monsters were documented convincingly.  For example, the Draupner wave, a 

single giant wave, measured on New Year's Day, 1995, struck an oil platform in the North Sea.  It has 

been confirmed recently, that thes

th
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Fig. 112.  The Draupner wave record.  The wave height in metres, time in seconds. 

 

Such waves are said to consist of an almost vertical wall of water.  Engineers, designing ships 

and building offshore platforms, that are farther and farther from land, obviously, require detailed 

knowledge of structural loads imposed by these extreme waves. 

 
Fig. 113.  A rough scheme of extreme wave/offshore oil platform interaction. 

In addition, pr icane essure readings from buoys moored in the Gulf of Mexico at the time of Harr

Katrina also indicate the presence of such large waves at the time of the storm.  In fact, they seem to 

occur in all of the world's oceans many times every year.  This has caused a re-examination of the 

reason for their existence, as well as reconsideration of the implications for ocean-going ship design. 

 
Fig. 114.  Extreme wave collision with the Taganrogsky Zaliv described by a witness.  (After [90]). 
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It is important that the absolute height of a wave is less important to sailors that its steepness.  Mos

wind-induced waves have a small steepness.  It is true, but not true for extreme (giant or rogue) waves

t 

, 

which may be very steep. 

 
 

Fig. 115.  The extreme wave (height about 20 m).  Photo of Grigor’eva A. V. (the Research Institute of 

Oceanology of the Russian Academy of Sciences) 

 

In a “collision” between a wave and a ship the outcome depends mainly on the dimensions and 

mass of the ship, wave parameters, and, especially, on the steepness of the wave front.  The steepness of 

the wave determines the “collision” pressure on the hull [109-113]. 

The first goal of this section is to show that the action of extreme surface waves can generate 

shockwave-like pressures on a ship’s hull.  The second goal is to construct the theory of extreme wave 

generation and evolution.  Theirs generation we connect with spatial-tempor y nonlinear resonances. 

 

12.2

Roughly speaking, results of f the ship, a height of the 

ave and the steepness of its front.  The local damages of the ship depend, of course, on a strength of 

ship ele

    

d steep (breaking) waves in deep 

water. 

ater.  The motion of a ship may be uncomfortable, but it is safe.  In the case of the steep wave front, 

ar

.2.  Extreme loads induced by water waves.  Effects of air pocket and hull cavitation 

 the collision depend on dimension and a mass o

w

ments and the interaction of these elements with the impact of the water.  A character of the 

interaction changes, of course, from one element to another.                                                                         

      There is the vast difference in the destructive power of smooth an

 Objects in the water, such as ships, tend to make the same motion as the water they displace.  A 

ship at sea in large waves will describe orbital circles, that are, roughly, the same size as the water in 

that part of the wave.  There is little relative motion between the bulk of the ship and the surrounding 

w
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the motion of ships is, practically, independent of the motion of the wave particles.  The collision, in 

this case, can resemble the collision of two solid bodies with very bad results for the ship.  So that to 

understand some important particularities of the interaction, we shall consider first the model of 

undeformable (wall-like) surface of the ship. 

 

Fig. 116.  Ship in breaking waves.  Water in the crest of a large wave has broken free and will collide violently

with the ship.  (After [109]). 

 

 
Fig. 117.  Types of wave action to which a wall may be subjected, depending on the depth of water in front of the 

wall.  The situation depicted in (d) gives rise to the highest pressure.  (After [110]). 

 

It was found [110], that the wave-induced force is quite small if the water is very deep, and is 

again quite small if the still water level is well below the foot of the wall; but there is a certain depth, 

for which the force on the wall is a maximum.  If the wave breaks somewhere near the wall, or should 

the wave be just about to break when it meets the wall, quite high pressures from the impact lasting a 

few seconds.  Should, however, the impact occur at one particular and very precise stage of the break, 

higher shock pressures may result lasting for only 0.01 second.  Of course, the pressure is greatly 

modified by the random irregularity of waves.  Therefore, the prediction of the pressure magnitude is, 
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practically, impossible.  The effect of the trapped atmospheric air may be very important [109-112].  

lains the rarity of catastrophic failure of ships, which are hit by extremThis effect, perhaps, exp e ocean 

waves.  Indeed, due to the trapped atmospheric air the ship is really loaded by an air-water mixture 

instead of, practically, incompressible water (water-hammer).  At the same time it was known, that the 

pressures were greatest, when the amount of air (air pocket) trapped by the wave as it meets the wall is 

least, but not zero. 

 
Fig. 118.  A loading mechanism of the air pocket (a) and its rough scheme (b).  (After [111]). 

 
 

In the experiments, described in [110], the pressure was measured by piezo-electric gauges at 

points located 0.64 m and 1 m below mean sea level, and at a point located 0.33 m above mean sea 

level.  A few waves (less than five in a hundred) were found to generate high pressures.  The pressures 

reached their maxima in as short a time as 0.005 s or as long as 0.05 s.  The maximum pressure at the 

lowest level was 0.68 MPa (see Fig. 119); at the intermediate level it was 0.29 MPa; while at the 

highest level pressure shocks were very seldom recorded.  The profile of the pressure curve decay can 

be described by the exponential function.  The duration of the loading may be of the order of 0.005 s. 

 

 
 

Fig. 119.  Pressure on a vertical wall caused by waves breaking.  (After [110], time in seconds). 
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When the pocket of air was “thin” the pressure was greatest.  Even these high pressures are only 

one-sixth of what is, theoretically, possible and are of much shorter duration than can be calculated 

from water-hammer theory, assuming, that the pocket is infinitely thin [110].  We emphasise, that the 

data presented above from [110] agree well with those resulting from more recent research [111-113].  

Peregrine [112] noted that ‘In the laboratory violent peak pressures act for times of approximately 1 

millisecond, and peak durations range from 10 to 100 milliseconds in the field’.  It is interesting, that 

the profile and the duration of the pressure time histories from violent surface waves are approximately 

the same as from underwater shock waves. 

In particular, the gas-water mixture may be generated due to the hull cavitation.  However, in 

contrast with the air/water mixture, cavitation limits the reduction of the water p essure.  As a result, 

cavitation

r

 can increase the pressure on the deforming surface and may determine the result of the ship 

hull/extreme surface wave interaction.  It is emphasised, that because of the trapped atmospheric air 

or/and cavitation, there are large uncertainties in the determination of real loads from water waves on 

structural elements of ships.  Therefore, any data which enlighten this issue concerning the interaction 

of extreme waves with deformable structural elements will clearly be useful to help this problem to be 

understood. 

 
Fig. 120.  Photography of the cavitation interaction of a cylindrical shell/water/underwater explosion.  (After  [53]). 

 

The photos presented in Figs. 120 and 121 illustrate the interaction of a tube wall with a shock 

wave generated by the electro-explosion of a metal wire in water filling the tube (cylindrical shell).  

The wire is spread along the tube axis.  The pictures were obtained by photographing from the end face 

of the cylindrical tube (radius= 1.47 cm, shell thickness=2 mm) immersed in water.  Fig. 120 shows 

typical photographed scans of the tube section [53].  The inner surface of the tubes is seen, as the dark 

lines clearly visible at the first instants after the explosion.  The central dark zones are formed by the 

metal-water vapor (explosion product).  The bright zones are water.  The straight lines are the shock 

wave trajectories.  The dark zones, located within the water and near the wall of the shell, are formed 

by the transient cavitation.  
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Fig. 121.  The radial displacement of an internal point of the wall of a cylindrical tube under the action of an 

internal underwater explosion and the expansion of the explosion product.  (After [53]). 
 

The upper photo of Fig. 121 shows a typical photographed scan of the deflection of an internal 

point of the cylindrical shell.  The shell deforms and its radius increases. As a result, the cavitation 

zones are formed (the lower photo). 

Figs. 120 and 121 demonstrate some important peculiarities of the hull/wave interaction.  The 

wave impacts the shell.  The shell accelerates and the rarefaction (cavitation) zones are formed in the 

water.  The destructive effect of giant waves is well-known, and, hence, prediction of where and when 

they will occur is of extreme importance to all who lives or works beside or upon the sea.  The 

existence of these extreme waves makes it important to re-examine some fundamental ideas of 

m  

designing u tandard of 

perational effectiveness under explosion attack, may be used. 

In t

ompression.  In the section below, we continue the analysis of 

extrem

erchant ship design, which were developed earlier [119-122].  In particular, experience from

nderwater naval ships (submarines), which are required to retain a high s

o

he section 13 we continue the consideration of the hull cavitation.  We also note, that models of 

the transient cavitations, will be constructed in Chapter III, where we consider the behaviour of weakly-

cohesive materials under rapid dec

e ocean waves. 

 

12.2.3.  Resonant mechanism for rogue-like ocean waves 

The deep ocean depth may be considered as a constant.  Modelling the nonlinear ocean waves we shall 

use Eq. (4.63)  

.]2)([)( 223
3
12

2
11

aattttaattttaaaatt dadahkhkhkgh ΦΦ+ΦΦ−ΦΦ=Φ−Φ−Φ ∫∫−                 (12.16) 

1. We shall consider the unidirectional wave 

)( kat −Φ=Φ ω .                                                   (12.17) 

Let this wave consists from two components 
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)2()1( Φ+Φ=Φ .                                                   (12.18) 

Here )1(Φ  is the smooth )2(Φ harmonic component,  is the component having a steep front.  Near this front 

.  We shall consider below the vicin  this steep front. Since the vicinity of the steep front is 

12.18) and (12.18a) we rewrite Eq. (12.16) in the form 

1>>aa
)2( ity ofΦ

considered, we have assumed that 
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We have  ignored the small terms in the equation (12.19). For ex

ω
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ample,  it was assumed that 
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Here 

∫
∫
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aaaaaaaa dahkh ωω

aaaa kdakhω

Then we assume that 

)( 4)1()1(*)1( Φ+Φ=Φ OB aaaaaa

*B  is a constant. The linear dispersive relation for )1(Φ  is 

.                                             (12.20a) 

Then we assume that 

,                                           (12.20b) 
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Here **B   and is a function of )1(Φ . A  are constants, )( )1(ΦaE  In this case, Eq. (12.19) yields   
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If we take into account that 
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aahkBkhkghk ωωω

−=

0)1()2(2
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1 ≈ΦΦ− aaahω  and neglect the no

ave equation  

nlinear terms, we obtain the linear 
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This equation has the singular particular solution  
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if a following resonant condition occurs  
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Thus, we meet again the problem of ‘dangerous’ denominators.  Near the condition (12.22b) we write 

        (12.22b) 

Eq. (12.21) in the form 
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Here 
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3
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aaaa khhkBkhkghkB −−= −−− ωω ΦΦ−−ΦΦ+ ωω          (12.23a) 

We assume that B  is a slowly varying small function, C  is an arbitrary constant.  It is sugg

at the vicinity of the resonance (12.22b). If the interaction of the 

  and  is very sm

ested that 

(12.23) describes the evolution of a
)2(Φ  

)1( )2(Φ all  .**22122 BkhkghkB −−− −−= ωω  components Φ

It is emphasised that values ω  and k in (12.23a) are determined by the dispersive relation 

(12.20a).  However, the function  is not determined.  The resonance of ocean waves may be if this 

function satisfies to the condition (12.22b).  Thus, the resonance may be for some values of t and a.  

The rogue wave may be instantly generated at some moment in some point of the ocean surf

2. Below we consider the case when the smooth component may be written in the form of the simple 

harmonic 

 .                                                 (12.24)    

 )1(Φ a

ace. 

1
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Here l is an arbitrary constant. Then, we find from (12.20c) that 1
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We recall that values of 

(E

−
) 

ω , k, a and t are considered which approximately satisfy the resonant  

condition 0=B  (12. 22b).  Considering the quadratic-nonlinear waves we rewrite Eq. (12.23) in the 

form 
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Then following the section 12.1 we find that 
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Here  

ϕπω +±− kat

215.0 −−−−= ωπε hBR  ,    12)cos(2 lkatl +−= ωχ ,                             342 lk−=ε (12.25a) 

Rarcsin=and ϕ  (see, also, (10.23a)).  At the exact resonance the transresonant parameter R is zero.  

The reader can see that (12.25) satisfies to the assumptions (12.18a) if 0)2/( ≈+±− ϕπω kat  and t

value 

he 

 is large enough. 

             It is seen, that the solution (12.25) resembles the expression (12.9).  We emp

ves.  In contrast with (12.9), the last solution describes the 

dispersive waves, since in (12.25) 

115.02 −− χε k

hasise, that (12.9) 

describes the long-nondispersion resonant wa

ω  and k is related by the dispersion equation (12.20a).  The 

transresonant parameter R is determined by B . 

3. ansresonant evolution of the wall of water.  Fig. 122 illustrates the wave forms The tr +η  

determined by (12.25), where Rkatkat arcsin2/2/ω +− π =+ ϕ ω − + π + .  For si

 and 

    R=0 

mplicity we assumed 

that R 11 −χ  are constants.  

R=-1                                R=-0.5                         

5.02 −ε k

 

R=0.5                          R=1 
 

 
Fig. 122.  An example of the generation of rogue waves, 115.02 −− χε k =-0.000001.  The thin harmonic lines are 

the initial ocean wave; the thick lines, which can have jumps, are nonlinear components of the wave; the very 

thick lines show the transresonant (from R=1 to R=-1) evolution of ocean waves into rogue-like waves. 
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Thus, on the ocean surface the initial harmonic waves  may generate the nonlinear-

resonant waves 

a
)1(Φ

η .  These waves have the breaker-like front and the deep trough. 

Fig. 122.1 demonstrates the influence of the coefficient  on the slope of the wave 

front. 

115.02 −− χε k

 
Fig. 122.1.  The exact resonance of the wall of water.  The solid line is calculated for 

 the interrupted line is calculated for 

 

On the whole, the waves 

;10002 115.0 −=−− χε k .102 115.0 −=−− χε k  

+η  generated at the resonance agrees with data of experiments and 

observations (see Figs. 122-122.2 , 87, 105 and [100-108]). 

 
Fig. 122.2.  Comparison of numerical and experimental wave profiles for a transition abnormal wave.  

(After [101d]). 

 

One can see that the solid line in Fig. 122.1 describes the profile of the abnormal waves (Figs. 122.2, 

122.3). 
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Fig. 122.3.   Evolution of the abnormal wave. (After [101e]). 

 

4. The transresonant evolution of a ‘hole in the sea’.  The generation of the wall-like front of the 

wave −η   is determined by the solution (12.25).  On the other hand, this solution describes a wate

troug  

different R and 

r 

h so deep, that it was often referred to as a ‘hole in the sea’.  These holes calculated for

Rka arcsi2/tkat n2/ +−−=+−− πωϕπ  are shown in Fig. 122.4. 

R=-1                                          R=-0.5                             R=0 

ω

           
R=0.5                             R=1 

        

Fig. 122.4.  An example of the generation of a ‘hole in the sea’, =-0.000001.  The thin harmonic 

lines are the initial ocean wave; the thick lines, which can have jumps, are nonlinear components of the wave; the 

very thick lines show the transresona R=-1). 

115.02 −− χε k

nt evolution of the ocean waves (from R=1 to 
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Fig. 122.5 demonstrates the influence of the coefficient 115.02 −− χε k  on the slope of the hole. 

 

 

Fig. 122.5.  The exact resonance.  The solid line is calculated for he interrupted 

line is calculated for 

 

The largest waves having the maximum troughs were recorded between Scotland and Iceland 

[47].  Profiles of these waves are sho

theoretically results presented in Fig. 122.4, cases R=0.5; 1; -0.5, and Fig. 122.5. 

;10002 115.0 −=−− χε k  t

.10  2 115.0 −=−− χε k

wn ofiles qualitatively agree with the in Fig. 122.6.  These pr

 

Fig. 122.6.  The wave records for the three largest measured individual waves.  (After [47]). 

 

The wave profiles in Figs. 122, 122.1, 122.4, and 122.5 were calculated for fixed values of R 

and χ .  However, R and χ are the functions of a
)1(Φ  (see (12.23a) and (12.25a)).  Therefore, R and χ  

.  At the same timvar hen the wave pro ates  the solution (12.25) describes the wave only if y w

≤

pag e

11− .  Thus, the solution is valid for limi rvals of time and the coordinate. ted inteR ≤

According to the presented theory the rogue wave can exist very a short time.  The wave 

appears and disappears instantly.  For this time the wave can travel a short distance. 

The amplitude of aΦ=η  depends on l, k and the wavelength λ .  Generally speaking, the 

amplitude may be very large.  For example, let we have that the height  the initial smooth harmonic lk of
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wave  (  is considered as the significant wave . R=0),a
)1(Φ a

)1(Φ

height of the catastrophic wave 

) is 10 m   Then, at the resonance (  the 

 is near 100 m if the wavelength  50 m or near 2.2-2.4 m if aΦ=η =λ

the wavelength =λ  100m, or near 20 m if the wavelength =λ  200m.  in the considered case   Thus,

a
)1(Φ =10 m, the rogue wave is generated if <λ  200m ooth harmonic

n =0), the height of 

.  Let the height lk

a

of the initial sm  

wave a
)1(Φ  is 2 m.  Then, at the resona ce (R Φ=η  is near 7 m if the wavelength 

=λ  10 m or near 2 m if the wavelength =λ  50m, or near 3.5 m if the wavelength =λ  100m.  Thus, in 

the last case  a
)1(Φ =2 m, the rogue wave is generated if <λ 100m

e am

.  On the whole, these waves resem

w

ble 

ave 

 

 

and 

the rogue ocean waves [100-108].  According to the theo

aller the heigh

ry: the shorter the wavelength, the stronger the  

amplif

(12.25) th

r

ampli

wavel

Rema

icatio

M

height [101-101c].  W

evolution th

a

tude,

en

r

n.  The sm

plificatio

t of 

ves satisfy this condition very 

n of ocean short waves m

a
)1(Φ , the weaker th

nt w

e.  According to

e am ay be g the transresonant

ppea

ave speed 

plifica

locally and during very short tim

 very large.  Of course, durin

tion. 

any scientists define a wave as a rogue wave if it is 2.2 times as tall as the significa

a

ese wave lose the stability.  Therefore, the large amplitude ocean waves may be generated 

very rely.  They can generate instantly and disa r instantly too. 

According to (12.22b) the catastrophic wave generation weakly depends on the initial wave 

 but it strongly depends on the wave frequency and wavelength (or the 

gth).  Since the wave speed depends on the ocean currents, the resonant amplification may 

depend on ocean currents too. 

k. The expression (12.25) determines two types of waves. The wave  +η  corresponds to the 

vertical wall of water (see Figs. 122-122.2). This wave is some analogy of the shock wave in gas. 

Generally speaking, this wave can have the discontinuous front (case when 0→χ ). The wave  −η  

corresponds to the ‘hole of the sea’ (see Figs. 122.3 -122.5). This wave is some analogy of the 

rarefaction wave in gas. According to this analogy the wave −η  cannot have the  very steep slopes. 

12.2.4.  Modelling of catastrophic cubic-nonlinear ocean waves

 we consider the effect of the cubic nonlinearity on the transresonant evolution of the waves.  The 

theory of section 12.2.3 is used. 

Example 1.  We assume, that  

 

Here

 

2)20=μ , 0=C  and (1
16
9

ak Φ>Φ − , 3 >)2
a

( R . Bkh− −−−1 25.0 ω 21

 Then E

=3/2

q. (12.23) yields 

0)2/cos()2/3( 33
16
9)2(3/23)2( =+−−Φ+Φ πω katlkR aa .                        (12.25b) 
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We ignore the interaction of the components )1(Φ   and )2(Φ . Here, R is the transresonant 

parameter.  At the exact resonance we have that 

)2/(cos)]2/cos([ 3/13/1
16
9)2( πωπω +−≈+−=Φ katklkatkla .                  (12.25c) 

and 

)].2/(cos)[sin( 3/1 πωωη +−+−≈ katkatkl                                     (12.25d) 

The transresonant evolution of waves governed by (12.25b) is qualitatively shown in Fig. 123 

requen

 are 

enerated.  Thus, the resonance phenomenon occurs.  If the frequency increases further the amplitude 

[114].  The excited frequency changes from 5.5 to 22 Hz.  According to (12.25b) a few harmonic waves 

may be generated on the water surface if the forcing frequency is small enough.  However, in the real 

situation only the wave having the smallest amplitude is excited.  When the f cy increases, the 

amplitudes of the solutions increase too.  There is the frequency when the two solutions (harmonic 

curves) begin to contact.  As a result, instantly the large amplitude shock-like (bore-like) waves

g

reduces and the shock-like waves transform into harmonic waves. 

 

 

Fig. 123.  Forced waves calculated for different forcing frequency ν .  (After [114]). 

 

Fig. 123 summarizes results of many analytic and experimental investigations.  In particular, the 

curves of Fig. 123 qualitatively agree with experimental data which is shown in Fig 124. 
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Fig. 124.  Amplitude-frequency curves of the resonant water column oscillations and hysteretic effect (see, also, 

Figs. 3, 19 and 20).  Here a is the forcing amplitude.  (After [53]).  See, also, closing remarks of Chapter IV. 

 

In Figs. 125 and 126 the transresonant evolution of waves is shown.  We use Eq. (12.25b), 

where 133
8
3 =− lk

curves in Fig. 125 were calcu

calculated according to (12.

.  The transresonant parameter R inceases from -0.001 to 0.9 (Fig. 125).  The dashed 

lated according to the linear (acoustic) solution.  The other curves were 

very strongly when .  In particular, if

25b).  It is seen, that the amplitude of the dashed curves increases instantly 

0→R  00002.0−≈R  the amplitude of the acoustical solution, 

practically, coincides with the amplitude of the nonlinear solution of Eq. (12.25b).  We assume, that this 

strong increase corresponds to the jumps up in Figs. 123 and 124.  As R increases further, the amplitude 

slowly reduces (see curves R=0.1, 0.9 in Fig. 125 and curves R=10-6, 0.5 in Fig. 126). 

 

Fig. 125.  Hysteretic transresonant evolution of waves when the exciting frequency increases.  The 

dashed curves were calculated according to the acoustic solution.  The other curves were calculated according to 

the analytic solutions of (12.25b).  The amplitude of the dashed curves increases very strongly when R  increases 

from -0.001 to -0.00002. 

 243



 

Fig. 126.  H

 

As R reduces (

ysteretic transresonant evolution of waves when the exciting frequenc

) then the amplitude increase

y decreases. 

s slowly (Fig. 126).  When 9.099.0 <<− R 1−≈R , 

e

the amplitude

123 and 124.  If 

 

 suddenly reduces.  We

 then the acoustical oscillations are gene

 assume, that this proces

 reduces further, the saw-like waves and then the s

rated.  One can see 

s corresponds to the jumps down in Figs. 

mooth waves are excited.  If 

that Figs. 125 and 126 

R

5.1−=R

qualitatively correspond to the experimental data (Fig 124).  They describe strong amplification of th

waves near the resonance (R=0), the generation of discontinuous wave fronts, when 01 <<− R , and 

the hysteretic phenomenon. 

Examples of spatial/temporary no ial 

and temporary am

nlinear resonance.  Example 1a.  

  We emphasise, that cub

Here we illustrate the spat

ic-nonlinear equations can have  plification of ocean waves.

 

 
Fig. 12 ), the 

overturning (t=3 sec) of the breaker, the reflection of the breaker (t=3.9 sec), the overturning of the reflected 

wave (t=4.5 sec), and the generation of the new breaker (t=5.5 sec).  See, also, Chapter IV. 

7.  Transresonance dynamics of the coastal waves: the beginning of the overturning (t=2.25 sec
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three different real solutions.  Using these solutions we can construct the waves having complex profile 

 In particular, using three different real solutions of Eq. (12.25e) and varying the transresonant 

parameter R we can model the breaking of coastal waves as the transresonant process (Fig. 127). 

Fig. 127 also demonstares the generation and evolution of the air pocket. 

Example 1b.  Let 0=

[16, 53]. 

μ 2)2(1, 324
4
1 lhkC ω−=  and 16

that 

93)2(
aa k Φ>>Φ − .  In this case, Eq. (12.23a) yields 

0)2/(5.0cos)2/3( 233
8
9)2(3/23)2( =+−−Φ+Φ πω katlkR aa .                    (12.25c) 

 

 
Fig f 

e generation and evolution of 

that the rogue waves are som

 near the lowest quadratic resona

applicable in the case of the shallow water where the dispersive effect is negligible.  Therefore, we 

used the solutions (10.17), (12.8) which ignore the dispersive effect.  Near the co

may be important, therefore, the solutions take into account these effects. Fig. 128a demonstrates this 

effects. We assume that 115.0
*

5.0 −− χωαε =0.25 in 12.8.  One can compare the last figure with Fig. 104 

which does not take into account the friction, 115.0
*

5.0 −− χωαε =0.000001.  It is interesting that so-called 

the ‘table-top’ waves are formed on the water surface near the boundary of the resonant band where   

1≈

. 128.  Transresonant evolution of a wave passing the resonance: the growth of the wave and the generation o

foam and bubbles (t=-3,15; -2; -1 sec).  The formation of the drop (t=0 sec) and the reduction of nonlinear 

transresonant effects (t=2; 3 sec).  See, also, Chapter IV. 

 

The transresonant evolution of waves governed by (12.25c) is shown in Fig.128. 

 

12.2.5.  The discussion of the model solutions for rogue waves 

In the sections 12.1 and 12.2 the solutions, which pretended to describe th

rogue waves, were constructed.  It is suggested, e analogy of the waves 

which may be excited in a gas column nce of the column.  This idea is 

well 

ast the friction effects 

R . These waves were observed and studied in [73]. They are shown in Fig. 128b. 
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 In the case of the deep water the dispersive effect becomes very important.  Therefore, we take into 

account this effect in the section (12.2). It is assumed that the expression )1(Φ  satisfies to the dispersive 

relation (12.20a). Then  is determined so that it has the same frequency and wavelength as a
)2(Φ )1(Φ . 

We suggest that, in this case, η  approximately satisfies to the linear dispersive law 

 
Fig. 128a.  The effect of the friction on the transresonant evolution of the rogue-like waves in the shallow water. 

 
Fig. 128b. The evolution of the ‘table-top’ wave in a resonator. (After [73]). 

 

In the case of the deep water the dispersive effect becomes very important.  Therefore, we take 

into account this effect in the section (12.2). It is assumed that the expression  satisfies to the 

dispersive relation (12.20a). Then  is determined so that it has the same frequency and wavelength 

as . We suggest that, in this case, 

)1(Φ

a
)2(Φ

)1(Φ η  approximately satisfies to the linear dispersive law.  
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The dispersion problem is very comp

assumptions.  First, we consider only the vicinity 

the steep front of .  Strictly speaking, the m

This suggestion allows to reduce Eq. (12.16) to Eq. (12.

wave front the  function  is considered as a constant.  The la

variables  t and a where the resonance conditions (12.20b) and (

ocean waves and the formation of the rogue wav s take

lex.  Therefore, in the section 12.2 we use a few

of the singular solution (12.22a) and the vicinity of 

odel solution (12.25) is applicable only near this front. 

21) and  to integrate the last equation.  Near the 

st, we consider the narrow band of the 

12.22b) take place. Thus, the growth of 

 place only if the very severe conditions occur. 

 

 

 

12.3.  Evolution of ocean w

Let us consider long sinusoidal waves generated the open ocean.  How do they evolve in the vicinity 

of a site resonance?  To answer this question, we should describe the propagation of waves from 

intermediate-depth water to shallow water.  We all use the quadratically-nonlinear theory.  The waves 

move from the right side to the left side. 

First, we show the influence of e internal viscosity.  Then, the nonlinear-

dispersive waves are considered. 

1.  The nonlinearity effects on the transresonant evolution of the waves are studied with the help 

of the solution (12.8).  Results of the calculations are shown in Fig. 129 for 

a
)2(Φ

)1(Φ

e

aves passing a submerged topography 

 in 

 sh

 the nonlinearity and th

)]/5.05.4/cos(1[20050 Lah ππ +−−+= , where = 3 km.  Above the underwater ridge the smallest 

depth is 50 m.  It is seen from Fig. 129, that the harmonic wave coming from the deep ocean may be 

transformed into a wave with almost vertical sides and a dimpled crest (picture A). On the other hand, 

the harmonic waves can transform into cnoidal-type waves and then into shock -like waves (picture B). 

L

  
Fig. 129.  Site resonance and transresonant waves.  The evolution of a wave travelling from the open ocean.  The 

thick lines (points) are calculated according to expression (12.9), where 2/arcsin πϕ −= R  (picture A) or 
πϕ −= Rarcsin  (picture B).  The thin harmonic lines represent the wave coming from open ocean.  A variety of 

waves is generated owing to the strong interaction of linear, nonlinear, and viscous effects within the resonant 
band. 

 

 247



2.  Then the nonli r-dispersive waves are studied with the help of the solution (12.10).  The 

depth above the ridge crest is varied so that 

nea

)]/5.05.4/cos(1[200 Lahh ππ +−−+= , where L = 3 km.  

Results of the calculations for different values of h  ( h = 25, 40, and 50 m) are presented in Figs. 130 

nd 131. a

 

 
Fig. 130.  Site resonance (case N= 0.5, )2arcsin( 5.0 R−=ϕ ) and transresonant waves: effect of the depth on the 

transresonant evolution of waves travelling from ated according to  the open ocean.  The thick line is calcul
(12.10).  The thin line represents the wave coming from the open ocean. 

 
The pictures of Fig. 130 are calculated for the following smallest depths: 25, 40, and 50m.   
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A variety of waves is generated owing to the interaction of linear, nonlinear, and dispersive effects 

within the resonant

wave evolution agrees with resu

 band.  The profiles of the waves strongly depend on the depth.  On the whole, the 

lts of the experiments [37, 19]. 

 
Fig. 131.  Site resonance (case N =1, Rarcsin=ϕ ) and transresonant waves: effect of the depth on the 

transresonant wave evolution.  The thick line is calculated according to (12.10).  The thick lines lie within the 
resonant band.  The thin line is drawn according to the linear solution. 

 

One can see, that the waves of Figs. 130 and 13 have approximately the same maximum 

amplitude for the same depth.  The maximum amplitude of the waves may be up to 20m.  Thus, the 

amplitude of the waves, coming from the open ocean, can increase because of the site resonance.  The 

rise of the amplitude is bounded due to the quadratic nonlinearity, and, also, due to the viscous effects. 

 

12.4.  Evolution of ocean waves passing a submerged topography into a cloud of water/air 

mixture 

Now, following the sections 10.7 and 10.8, as well as the section 11.3, we consider the cubically-

n ave evolution.  

sou

onlinear effect on the transresonant w As earlier, the open ocean is considered as the 

rce of longitudinal waves  

slsJ ωsin)( = .                                              (12.26) 

For this case, Eq. (7.76) is approximately rewritten in the form 

0)cos(5.1ˆ2ˆ5.1ˆ 22332223 =++− −− slghAhChCCghh d ωωηηη .         (12.27) 
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Here aJh−=η̂ , dCghC += , and 0=C .  The algebraic Eq. (12.27) has three solutions (roots).  

Now, using these solutions, we can find  

ωη 125.025.0−= −Cglh ηω ˆcos +s .                                  (12.28) 

plitude l: l=50, 

115, and 200m.  The

Results of these calculations are shown in Fig. 132 for three values of the am

 depth varies according to the law )]/5.05.4/cos(1[20025 Lah ππ +−−+= , where 

= 4 kmL .  The lines 1, 2, and 3 are calculated according to (12.28), where η̂  is determined by the 

We em erged 

topography is used.  The aim ssibility of the strong-

resonant amplification of waves tr  is possible if the 

amplitude l is la vel is m.  In 

this case, the am  open ocean) to 60 m (over 

the top of the topography).   

analytic solutions of Eq. (12.27).  Line 4 represents the wave coming from the open ocean. 

phasise, that the rough model of the evolution of ocean waves passing the subm

 of the calculations is the demonstration of a po

avelling from the open ocean.  The amplification

rger than some critical level.  For the case considered here, this le

plitude of the waves approximately increases from 20 m (the

120≈l

 
Fig. 132.  Site resonance and the transresonant evolution of waves coming from the open ocean (thin lines).  The 

effect of nonlinearity is to distort the wave profile in such a way that t

es into multi-valued wave structures.  The 

lines 1, 2, and 3 are calculated according to (12.28) and correspond to different solutions of E

 

he troughs are flattened and the crests 

sharpened (pictures 50 and 115).  Then nonlinearity distorts the wav

q. (12.27). 
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One c ro picture , that this instantaneous amplification is a result of the 

interaction of the solutions of the cubic-n

an see f m Fig. 132 ( 200)

onlinear equation (12.27).  As a result, this interaction, multi-

valued wave structures are generated on the water surface. 

The curves of Fig. 132 are determined by the expression (12.28).  Therefore, the curves of this 

figure are the combination (sum) of the wave η̂  and the wave coming from the open ocean.  It is 

own in Fig. 133, where picture A corresponds to the analytic solutions, and picture B corresponds to 

the numerical solution of Eq. (12.27).  The solutions are obtained for l=200 m. 

interesting to consider the pure nonlinear waves which correspond to Eq. (12.27).  These waves are 

sh

According to Fig. 133, giant mushroom-like waves or giant drops are formed owing to the site 

resonance of the coming wave over the top of the underwater ridge.  This result may be interpreted as 

the generation of a giant cloud of water/air mixture within the resonant band, when the amplitude of the 

coming wave is large enough and the minimum depth is small enough. 

 
Fig. 133.  Site resonance and sharp amplification of the waves coming from the open ocean (thin line 4).  The 

curves 1, 2, and 3 are determined by the analytic solutions of Eq. (12.27) obtained for l= 200m.  The curves in 

picture B are a result of the numerical solution of Eq. (12.7).  See, also, Chapter IV. 

 

According to the calculations, the nonlinear and resonant effects are not extremely important for 

the waves, moving from the open ocean, if the amplitude 119<l m.  Of course, this critical value 

depends both on the bottom relief and on the wave parameters.  If l slightly increases, then the 

inc e 

th , 

the width depends on 

nonlinear effect begins to play the very important role.  As a result, the maximum amplitude strongly 

reases (approximately, from 10 m to 40 m).  For l= 120m this amplification localizes exactly abov

e top of the underwater ridge.  Thus, the width of the resonant band may be very small.  In any case

l and the bottom profile.  
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12. 5.  Breaking waves over a sloping beach: experiments and analytic modelling 

An aim of this section is a comparison of results of the developed theory with data of recent 

experiments [114].  The detailed description of the experiments can be found in [114].  Here, some 

results of the experiments are presented together with data of calculations.  The formula (12.9) is used 

where 

)exp()/( 5.05.115.075.0
0

−−−−− −±= ahgshhA aρ .                            (12. 29) 

Here 0h  is the maximal depth of the water (about 18 cm).  The typical profile of breaker-type wave 

measured in [114] is shown in Fig. 134. 

 
Fig. 134.  The profile of the wave propagating over a sloping bottom.  (After [114]). 

 

In Fig. 135 the comparison is presented of the measured (left [114]) and calculated (right) 

waves. 

 

 

 

 

 
Fig. 135.  The transresonant evolution of coastal waves: measured (left [114]) and calculated (right) 

profiles. The solid lines are calculated according to nonlinear model (12.9), (12.29); the dashed lines are 

calculated according to the Green-type law with the bottom friction (1.29). 
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During the calculations we have assumed, that the amplitude of the initial wave is 12.0=lω  

m/sec and 02.015.0 =−− ρgs  m0.5, 1.0=χ sec.  The last two values are determined by the bottom friction 

and the internal viscosity, correspondingly.  Fig. 135 shows that the corresponding simple expressions 

(12.9) and (12.29) can describe the coastal evolution of water waves. 

 

12.6.  Tsunami as a transresonant w

In this case, a tsunam

propagating in shallow water.  Howe

epicentre of an earthquake to a s

hand, the dispersive effect m

. Theref

he

 we shall c

phasize the resonan

 assume again, th

ave phenomenon 

tion is often

ng, 

ver, it was shown recen

ay be too sm

 very small for tsunam

liarities of the coastal evolution 

thematical 

tal amplification of

Let us consider a tsunami generated in the open ocean.  How does it evolve as it propagates towards

shore?  The famous Korteweg-de-Vries equa

 the 

 used to describe the evolution of a tsunami.  

 is considered as lo weakly dispersive wave of moderate amplitude, 

tly, that the propagation distance from an 

hore m all for KdV dynamics to apply [28].  On the other 

i, while the nonlinear effects may be very 

large the theory, 

of a tsunami.  Some results of 

this t

 ma technique of the tsunami modelling.  Our aim is to 

em  the tsunami waves. 

We

i

ay be

developed above, we can study the pecu

onsider the

t nature of the coas

at  

ore, some alternative theory should be developed [53, 116-118]. Using 

ory were presented in Part I of this book where we discussed the Darwin’s tsunami reports.  In 

this section,

2)()( urJaAu += .                                                           (12.30) 
law, which determines the linear evolution of waves 

ined by the cubic-nonlinear equation (7.76):  

The first term in (12.30) is described by the Green 

.  The second termover the shallow bottom  is determ

.0ˆ 22332221 =++ −−−
sd JghAhChCCghhghC ηη               (12.31) 

Here 

ˆ5.1ˆ 3 −η

auh )(ˆ 2−=η , dCghC +=  and daaCts ∫ −+= )(1 .  We consider a case when the wave  is 

known.  Evidently, the algebraic Eq. (12.31) has three solutions (roots).  Using these solutions, we can 

approximately find a water elevation: 

.                                          (12.32) 

We can construct different expressions for 

sJ

as uhJhAC )( 2
1 −−≈ −η

η  (12.32) using the different solutions.  For example, 

far from the shore Eq. (12.31) can have the one real solution. However, three real solutions may exist 

near the shore. 

Darwin. 

Although a single hill-like wave is not a realistic model of tsunami waves, here, we use it to  

demonstrate fundamental features of the coastal evolution of the tsunami, which were described by 
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First, we consider a case when the initial wave is 

shlJ s ωω sec= .                                                     (12.33)  

and 

  

.)( 225.0
6

5 ωhghCd
−−≈   In Fig. 136 two solutions of (12.31), which may be used near the shore and 

which may be interpreted as the surface waves, are analysed.  Curves 1-3 in A and B are determined by 

o independent solutions of (12.31).  A combination of these solutions determines the curves, 

urves from A and B, we can construct a new 

tw

presented in C.  It is seen from Fig.136 C, that, using c

discontinuous solution of (12.31).  This solution, which is shown in D, is a combination of different 

parts of curves showed in A and B. 

 

 
Fig. hich are 2.321).  These profiles are calculated for t=-180 

(1), -170 (2) and -100sec (3) and shlJ s

136.  The profiles 1, 2 and 3 w  the solutions of (1

ωω sec= . 

 

Thus, we showed that the cubic equation (12.31) has the two 

solutio e

ined by the solution shown in Fig. 136D.  Waves, corresponding to the 

second scenario, were dem

e: -230 (curves 1), -180 (2), -150 (3) and -100 sec (4). 

different wave-type discontinuous 

ns (Fig.136 A, D).  Using these solutions w  can describe two scenarios of the evolution of the 

solitary wave moving to the coast.  The first scenario is determined by the solution shown in Fig. 136A.  

The second scenario is determ

onstrated in Part I (section 7).  Here we consider waves, corresponding to the 

first scenario.  The results of the calculations are presented in Fig. 137 for the following different 

moments of tim
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Fig. 137.  Effect of the bottom slope and depth variation on the wave evolution according to the first scenario: A 

(linear slope), B (nonlinear slope).  The solid lines determine the nonlinear solution, interrupted lines are 

calculated according to the Green law. 

 

It is seen from Fig. 137, that a coastal wave evolution strongly depends on the bottom profile 

and on distance from the coastal line.  Far from this lane the wave surface is smooth and the wave is 

long enough.  The wave profile begins to change quickly near the shore if the depth is small.  The steep 

wave slope and the discontinuous jump of the water elevation are formed on the wave front.  In 

particular, the discontinuous jump of the water elevation may form on the wave top (Fig. 137 A, solid 

curve 3).  We can suggest, that this jump corresponds to a generation of the giant breaker.  In contrast 

with this, the wave, practically, does not change if the coastal depth is large (Fig. 137 B). 

We emphasise, that our analysis is quite simplified.  In particular, the Green law is not valid 

near the coastal line.  However, the results qualitatively agree with the Darwin’s note ‘…and lastly, of 

its size being modified (as appears to be the case) by the form of the neighbouring coast.  For instance 

Talcuhano and Callao are situated at the head of great shoaling bays, and they have always suffered 

from this phenomenon; whereas, the town of Valparaiso, which is seated close on the border of a 

profound ocean, throug  

these terrific deluges…’ [115, p. 378].  This fundam completely agrees with our calculations 

[116]. 

h shaken by the severest earthquake, has never been overwhelmed by one of

ental idea 

Darwin reported an appearance of the ebb ahead of the tsunami.  This process was localized 

near the coast.  To simulate this process we change the form of the initial solitary wave.  Instead of 

(12.33) we used the following expression 

)]},40([sec5.0{sec 1
1

2 −−−= CshshlJ s ωωω                            (12.34) 

 

which qualitatively describes the N-wave [117].  We assume that the tsunami wave has a central 

elevation and a hollow at the front and at the back of the wave. 
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Fig. 138.  Coastal evolution of the tsunami.  The solid lines determine the nonlinear solution, interrupted lines are 

ulated according to the Green law.  The curves are found for following different moments of time: -230 (1

160 (2) and -130 (3). 

calc ), -

 is 

 

 for the 

e 

 

 formed.  The 

water l

tions (see, for example, [118-121]).  In this section, we consider results from numerical and 

experim

 

12.7.1.  A model of the interaction and results of a numerical investigation 

ace is much smaller than the surface of 

 

According to Fig. 138 the water hole may exist ahead of the tsunami.  However, this hole

smaller than the hollow which is determined by the initial wave. 

Thus, it is shown, that the coastal evolution of a tsunami strongly depends on the coastal depth. 

At the same time, we showed, that the tsunami, having the different profiles, may be generated

same coastal depth and initial conditions.  This phenomenon is explained by the nonlinearity of th

governing equations.  The steep (discontinuous) front of the tsunami can be generated in shallow

coastal water.  The discontinuous front is unstable.  It breaks and the breaking tsunami is

evel reduces ahead of the front or the ebb can appear there. 

Finally, we note, that a simple method is developed here, which allows us to predict a coastal 

tsunami evolution.  Due to the simplicity, the calculations can be carried out very quickly, and alarm 

signals may be broadcast in time to move people to safer locations. 

 

12.7.  The surface giant wave/hull element interaction 

The problem of the impact of the rogue wave on deformable marine structure is formulated in a few 

publica

ental investigations of the effect of cavitation on the deformation of a hull element, loaded by a 

wall of water, generated by an extreme ocean surface wave.  In [121] the hull element is modelled as a 

circular metal plate. 

It is assumed in the model, that the edge of the plate is rigidly clamped, and that the front of the extreme 

wave is parallel to the plate surface (Fig. 139).  The plate surf
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the wave front, so th

surface.  At the next ins

tion

at at the in oment of the interaction the pressure is constant on the plate 

tant, because of the plate deformation, axisymm ic loading of the plate occurs.  

mbrane forces and plastic deformations are ignored.  In this case, the equation of 

 has the following class cal form, 

.         (12.35) 

lacem ts t and r indicate derivatives with respect to time and the 

it

i

ent, subscrip

ial m

etr

The influences of m

o

 is th

radial coordinate.  

e

e plate disp

plate m

Here w

132321 ))()(1(122 −−−− +−−=+−+ Ehphwwrwrwrw ttrrrrrrrrrr ρν

ρ  is the plate m terial density, h is the plate thickness, is Young’s modulus, a E ν  is 

Poisson’s ratio and p is the water pressure. 

   
Fig. 139.  Schematic diagram of the plate loading by a water wall (left), and the resulting cavitation interaction of 

the plate with the water wall (right). 

 

Consider the equation of plate motion (12.35), taking into account the possibility of cavitation, 

originating near or on the plate.  In this case, the pressure p in (13.1) can be written in the form 

))(,( waptrp 00 ti ρδ += ,                                                       (12.36) 

where ip  is the pressure of the incident surface wave, measured on the rigid plate (for the rigid plate 

ipp = ), 0ρ  is the water density, 0a  is the speed of sound in water, and  is the normal velocity of the 

e term

 tw

plate.  It is seen, that th  twa00ρ  takes into account the effect of the deformability of the plate.  

1),( =trδThe function 1),( =trδ  or 0 and is determined during the numerical calculations.  Case  is 

valid for the case of a weak (acoustic) incident wave ip  with no cavitation, i.e. a rigid plate.  

Obviously, the hull of the vessel is not rigid, but starts to deform and to move.  This produces a pressure 

wave, which travels from the hull into the water wave with magnitude equal to twc00ρ− .  The normal 

velocity is positive s he refl  pressureected twc00ρ−  is negativo t e (tensile wave).  

rops below some critical value pk, the wet plate surface separates from the water, and cavitation may 

hull-induced cavitation.  

  If the full pressure

d

be generated.  In contrast with bulk cavitation, this phenomenon is known as 

The described process is called the cavitation fluid/structure interaction, and, it is known, that 

sometimes this interaction has a large effect on the total loading of ships. 
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In (13.36) above, the function ),( trδ  is determined during the numerical calculations.  If at  

some time instant and point on the wet surface of the plate kti pwap ≥+ 00ρ , then at the next instant of 

time at this point we set 1),( =trδ .  Conversely, if p kt pwai  then at the next time instant we set <+ 00ρ

0),( =trδ , thus, generating cav

tae 0) α ,where

itation on the wet plate surface.  It was, usually, as

ater 

sume

u on the plate is described by the for

d, that cavitation

  

 
ta

i eAp 01( β−=  A, 

 

occurred at pressures from -0.2 to -0.35 MPa.  Note, that the loading duration is very short (Fig. 119), 

and, thus, the mo , as the whole, does not effect of the plate/water intera

Therefore, the initial displacement and velocity of the plate are zero.  The plate edge is considered as a 

fully clamped, so 0==w .  The initial press

tion of the vessel

rw

ction.

m:re of the w

α , and β  are cons

 

 to exam

tants that determine the amplitude and the form of ip . 

 

The results of num lations ffects of thickness of a steel circular plate (R=5.5 

cm eters describe the initial wave form: A=2.5MPa, 

12.7.2.  Effects of hull deformability

erical calcu

) are shown in Fig. 140.  The following pa

ine the e

ram

1500 ms-1, 07.0−=α  cm-1, and 5−=β  cm-1. 0 =a

 
Fig. 140.  Pressure (no cavitation, left) and displacement (right) curves at the centre of plates of different 

0

Curves 1.2; 0.8; 0.4, and 0.2 correspond to plate thicknesses of 1.2 cm; 0.8 c

cm, respectively.  The crosses show the pressu  the absolutely rigid surface.  As can be seen, the 

influence of the plate pliability is manifest at the first instant.  This results in the dependence of the first 

pressure peak and the following form of the pressure curves on the plate thickness.  In particular, for 

8.0≥h cm the pressure does not drop below zero, while for 4.0

thickness.  Here T= ta sec/cm. 

 

m; 0.4 cm, and 0.2 

re onip  

≤h  cm the origination of a disruption 

of the fluid is possible, if it is assumed that cavitation occurs at pressures from -0.2 to -0.35 MPa.  The 
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rate of d

isplacem

isplacement later diminishes.   approaches zero the plate become more and more rigidAs  for 

ater is compres

  to exceed the 

absolute value and the shape of th

frequency of vibrations of the plate.  An increase in the frequency (plate thickness) results in a 

o l de e we have studied the effect of cavitation on the pressure and plate 

ent.  Aluminium alloy plates of different thicknesses were investigated.  Calculation results 

 c ation model, dashed lines - no cavitation).  We assumed, 

 tw

avit

the wave in the water, and the pressure starts to rise.  The w sed additionally during the 

reverse motion of the pl the pressure starts pressure on the rigid surface.  The 

e second pressure peak in Fig. 140 are dependent on the natural 

diminution in the spacing between the pressure peaks.  Thus, the effect of cavitation may be important 

if the duration of loading by the water pressure is less than the period of the fundamental frequency of 

the plate vibration. 

 

12.7.3.  Effects of hull cavitation 

Using the m de

ate, and

ed abovscrib

d

are presented in Fig. 141 (solid lines -

that 12000 =a ms-1, kp =-0.2 MPa, R =5.5 cm.  Parameters of the incident wave are A=1.7 MPa, 

07.0−=α  cm-1, and 3.0−=β  cm-1.  Curves of the pressure at the plate centre, marked with the 

, 2, 3 6, are shownumbers 1 and 4, 5, n for plates with thicknesses h=0.8, 0.4, and 0.2 cm, respectively.  

Curves 5 and 6, which are calculated according to the cavitation model, have sections coincident with 

the line p=0.  For h=0.8 cm es negative values but does not drop below 

kp , i.e., cavitation does not occur.  Ca tion appears for h=0.4 cm.  The lifetime of the cavitation 

zone is 10 cm/a0.  For h =0.2 cm ists for approximately 16 cm/a0. 

 the pressure at the centre reach

vita

 the cavitation zone ex

 
Fig

cm/a0. 

. 141.  Curves characterize the change the pressure on the wet surface of plates.  Here T= 0ta sec/cm. 

 

The curves in Fig. 142 characterise the changes in pressure and displacement at the surface of 

the h = 0.2 cm plate.  The curves 1, 2, 3 and 4, 5, 6 correspond to the times 10, 20, 70 and 10, 20, 32 

 The cavitation model showed, that the displacement reached its maximum value earlier (at t=32 
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cm/a0), while the non-cavitation model gave the maximum value later (at t=80 cm/a0).  The maximum 

displacement found with cavitation was almost twice the displacement, calculated according to non-

cavitation model.  It is evident from Fig. 142, that the central part of the plate moves as a rigid body at 

the initial instant.  The displacement changes rapidly only near the edge.  Therefore, the cavitation zone 

is generated near the edge.  Then at t ≈ 10 cm/a0 the cavitation forms a ring-like zone.  For t ≈ 20 cm/a0 

the cavitation zone covers the central part of the plate.  The velocity of the plate motion later decreases 

and the cavitation zone diminishes.  There is no cavitation at the beginning of the plate’s return motion 

when t ≈ 30 cm/a0. 

 
Fig. 142.  Change in pressure and displacement on the surface of the h=0.2 cm plate. 

 

These calculations show, that the effect of cavitation on the deformation of hull elements by the 

extreme ocean surface waves may be very important.  On the whole, this conclusion agrees with results 

of many publications, devoted the action of the underwater explosion on different vessels. 

12.7.4.  Experimental data 

 

Tests were conducted using an apparatus whose principal features are presented in Fig. 143a.  The 

fundamental principle used in the apparatus is the conversion of the kinetic energy of a rapidly moving 

mass (a flat piston) into water pressure energy.  The piston was accelerated using compressed gas from 

a cylinder (radius R=55 mm). 

a    b 

Fig. 143.  Sketches of the experimental apparatus (a) and plate-shock wave interaction (b). 
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The experimental apparatus consists of a vertical cylindrical metal tube (1), having an inner 

diameter of 112 mm.  The tube wall thickness is 20 mm.  The acoustical sound speed, calculated for 

water in the tube, was 1265 m/s.  The plane piston (2) impacts the water surface and causes a 

compression wave (3).  The tube bottom is closed by a circular plate, which is clamped around its edge.  

This plate can be replaced during the experiments in order to examine its effect (thickness h and 

stiffness) on the resulting pressures that are developed.  The compression wave deforms th  plate as 

shown in the sketch.  The plate is shown in its undeformed and deformed states.  The height of the 

water column was 500 mm.  An air layer ahead of the piston was compressed during its acceleration.  

This diminished the

e

 wave amplitude in the water by about half compared to what it would have been in 

ce of an air layer (air pocket). 

ents studied the case of small (elastic) deformations of the plate, when the ma

 13 kg and the impact velocity of the piston onto the water surface was kept cons

the absen

The experim ss of the 

piston was tant at 1.8-

2.0 m/s.  The pressures were measured at different points in the water, using piezoelectric pressure 

sensors and were recorded on an oscilloscope screen.  The piezoelectric pressure sensors and displays 

had previously been calibrated statically and dynamically and both calibrations gave identical results. 

 
Fig. 144.  An oscillogram of the pressure in the incident wave. 

 
Fig. 145.  Effect of plate thickness on the water pressure on the tube wall. 
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An ex kness 

h=20 m

 These curves consist of the first peak, a pressure drop section, 

), 

respectively.  The pressure then rises, which is explained by the collision between the water volume and 

the plate, when the cavitation zone near the plate collapses.  The amplitude of the second peak is close 

(h=8 mm (a)) to, or exceeds (h=4 mm (b) and h=2 mm (c)) the magnitude of the first peak, and depends 

less on h.  The length of the pressure decay section and of the second peak is related to deceleration of 

the plate by elastic forc ed by the fundamental 

natural frequency of the plate. 

The effects of the plate thickness are weaker in oscillograms I measured further from the plate 

than oscillograms II.  The first peak is determined by the frontal part of the incident wave.  Therefore, 

this peak depends weakly on the plate thickness.  The second peak is determined by the water-plate 

interaction.  For h=4 mm (b) and h=2 mm (c) the cavitation is determined by the form and the 

amplitude of this peak.  The third peak is formed from the reverse motion of the plate and connects with 

the period of the natural oscillation of the plate.  During the initial period of the interaction the water 

motion may be considered one-dimensional.  Then, because of the plate deflection, which depends 

strongly on the radial coordinate, the water motion near the plate transforms into two-dimensional 

motion, and radial waves of pressure and cavitation are formed.  Therefore, oscillograms, measured at 

different points of the plate, could be expected to be different. 

 

ample oscillogram of the pressure, measured on the surface of a rigid steel plate with thic

m, is shown in Fig. 144.  It can be seen, that the pressure increases rapidly and then decays in an 

exponential-type manner.  This pressure trace, rising to 1.25 MPa and with a wavelength of 2.5-3 m, is 

the incident wave and was the same for all tests with the elastic plates discussed below. 

Results from aluminium alloy plates with thicknesses h=8, 4, and 2 mm are shown in Figs. 145 

(a, b, c), respectively.  The pressure oscillograms measured on the tube wall at points 255 mm and 55 

mm from the plate surface correspond to curves I and II, respectively.  The left-hand graphs have a 2 

miles time scale, and the right-hand graphs have a 0.5 mile timescale.  It can be seen, that a reduction in 

the plate thickness results in a radical change in the pressure curves with an increase in the interaction 

time.  In analysing the oscillograms presented in Fig. 145, we now consider primarily the curves 

obtained by sensor II close to the plate. 

and a second peak, which is somewhat longer.  The first peak results from the pressure occurring at the 

very beginning of the interaction when the plate just starts to move.  The interaction is evident here in 

that the peak amplitude depends on the plate thickness and is less than the maximum pressure of 1.25 

MPa on the rigid plate (Fig. 144).  The pressure remains positive in the pressure drop section for the 8 

mm thick plate (a).  Cavitation occurs in the water for the 4 and 2 mm thick plates (b) and (c

es and the velocity of its reverse motion, i.e., is determin
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Fig. 146.  The pressure in the plate centre: aluminium alloy, h=2 mm (left) and 

bronze alloy, h=1 mm (right). 

 

The pressure oscillograms, measured near the centre of two different plates are presented in Fig. 

146.  Various plate thicknesses and materials were chosen for the experiments so as to assure, that there 

was sufficient deflection to cause the appearance of cavitation effects in the zone of elastic behaviour of 

the plate material.  The maximum values of the pressure were approximately 0.7 MPa. 

These oscillograms are different from the ones presented in Fig. 145 taken at the tube surface.  

The oscillograms have three main peaks, which are connected with strong radial motion of the water 

along the plate during the interaction.  The lifetime of the cavitation zones is determined by the 

intervals between the peaks on the pressure curves.  The maximum lifetime at the centre of the plate is, 

thus, about 0.2 milli-s. 

The results, presented in this section, allow us to make the following conclusions [121]:  

1)  The pressures generated depend greatly on the irregularity of waves.  In particular, the shock 

pressures are affected by this irregularity, making the prediction of their magnitude almost impossible.  

2)  In the majority of cases, the elastic deformation of thin hull elements by a short water wave pressure 

pulse is accompanied by hull cavitation.  The effect of cavitation may be important, if the time of 

loading by the water wall pressure is less than the period of the fundamental frequency of the hull 

element oscillations.  

3)  The cavitation zones can enclose, practically, the whole wet surface and completely change the 

water loading onto the hull element, compared to the pressures that would be developed in the absence 

of cavitation.  

4)  The hull element deformation generates surface pressure and cavitation waves. 5)  Cavitation 

interaction of extreme water waves with structures and hull response are complex topics, which are not 

well understood and are expected be important in the design of advanced ships in the future.  
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6)  The existence of rogue waves makes it important to re-examine some fundamental ideas of 

merchant ship design, which were earlier developed.  

 
 
Closing remarks 
 
The aim of this Chapter is to simulate the catastrophic surface waves, described by Darwin in his 

Journal of Researches.  Pursuing this aim and using Lagrangian coordinates, we formulated the 

mathematical theory of surface water waves.  The t  allows us to describe nonlinear surface-wave 

phenomena, wh th resonances, 

singularities, shock waves, solitary waves, and cavitation.  This is achieved through the simplification 

f fundamental governing equations of considering problems to nonlinear wave equations, written in 

the Lagrangian coordin

t 30 

years, m

s: topographic (site) resonance of the waves passed the submerged topography, 

or wav  prime 

heory

ich generate in a variety of physical contexts and are connected wi

o

ates.  The attention is focused on the generation and evolution of extreme ocean 

waves and catastrophic tsunami. 

Prediction of these catastrophic waves is connected with tremendous difficulties.  The 

generation of the extreme ocean waves, for instance, can be analyzed statistically.  During the las

any other models have been developed, and many laboratory experiments conducted.  Great 

progress has been achieved in understanding the physical mechanisms of the generation of extreme 

ocean waves.  Reviews of the developed models and relevant results may be found in [4, 100-108, 122]. 

In this Chapter, the transformation of surface ocean waves into the ocean monsters is explained 

by resonant mechanism

e/wind resonance.  The nonlinearity is the key mechanism.  Due to the nonlinearity, the

smooth wave can excite the large-amplitude second wave, having steep front.  As a result, the resonant 

extreme wave is formed.  This wave has the double height, the very steep front, and the deep trough 

ahead of the front.  In shallow water the Boussinesq and KdV-type equations are used.  In this Chapter, 

we presented the general solutions (see sections 6-10) for shallow waves.  It is shown, that the solution 

(10.17) for shallow waves can also describe the generation of extreme waves in the deep ocean. 

 264



References  

 
[1]  Lamb, H.  Hydrodynamics; 6th edn.; Dover Publications: New York, 1932. 

onlinear Water Waves; Academic Press: New York, 1994. 

;Ed.; Computational Mech. Publications; Boston, 1997, 55-168. 

[8]  Or

31, 301

(3), 

229-240.                                                                                                                                                         

[15]  Novozhilov, V.V.  Theory of Elasticity.  Pergamon Press: New York, 1961.                                

[16]  Galiev, Sh. U.  The theory of non-linear transresonant wave phenomena and an examination of 

Charles Darwin’s earthquake reports.  Geophys. J. Inter. 2003, 154, 300-354.                                     

[17]  Galiev, Sh. U.  Strongly-nonlinear two-speed wave equations for coastal waves and their 

application.  Physica D 2005, 208, 147–171.                                                                                              

[18]  Airy, G.B.  Tides and Waves.  In Encyclopaedia Metropolitana, London, 1845.                                   

[19]  Svendsen, I.A.  Introduction to Nearshore Hydrodynamics.  World Scientific, 2006. 

[2]  Debnath, L.  N

[3] Mei, C. C., Stiassnie, M. S., Yue, D. K.-P.  Theory and Applications of Ocean Surface Wave; Part 2. 

Nonlinear Aspects; World Scientific: NJ, 2005. 

[4]  Osborne, A.R.  Nonlinear Ocean Waves. Academic Press, 2009. 

[5]  Peregrine, D.H.  Breaking waves on beaches.  Ann. Rev. Fluid Mech. 1983, 15, 149-178. 

[6]  Mei, C. C., Liu, P. L.-F.  Surface waves and coastal dynamics. Ann. Rev. Fluid Mech.  1993, 25, 

215-240. 

[7]  Kirby, J.T.  Nonlinear, dispersive long waves in water of variable depth.  In Gravity Waves in 

Water of Finite Depth:  J.N.Hunt 

on, A., Davis, S.H., Bankoff, S.G. Long-scale evolution of thin liquid films.  Rev. Modern Phys. 

1997, 69 (3), 931–980. 

[9]  Madsen, P. A., Schaffer, H.A. Higher-order Boussinesq-type equations for surface gravity waves: 

derivation and analysis.  Phil. Trans. R. Soc. Lond. A 1998, 356, 3123-3184. 

[10]  Dias, F., Kharif, C.  Nonlinear gravity and capillary-gravity waves.  Ann. Rev. Fluid Mech. 1999, 

-349. 

[11]  Lui, X., Duncan, J.H.  The effects of surfactants on spilling breaking waves.  Nature 2003, 421, 

520-523. 

[12]  Green, A. E., Naghdi, P.M.  A derivation of equations for wave propagation in water of variable 

depth.  J. Fluid Mech. 1976, 76, 237-246. 

[13]  Camassa, R., Holm, D.D., Hyman, J.M.  A new integrable shallow water equation.  Adv. Applied 

Mech. 1994, 31, 1-33.                                                                                                                              

[14]  Liu, P.L.F.  Wave propagation modeling in coastal engineering.  J. Hydraulic Res. 2003, 40

 265



[20]  Fedorov, A.V., Melville, W.K.  Nonlinear gravity-capillary waves with forcing and dissipation.  J. 

luid Mech. 1998, 354, 1-42. 

Fluid Mech. 1995, 301, 

A.B. Osborne; Ed; 969–994, 1990. 

eneration on steep gravity-

e.  C.R.Acad. Sci. Paris, Série 1, 1990, 311, 265–268. 

. 

ves.  Ed. A. Kundu, Springer, 2007. 

-390. 

ntenu dans ce canal des vitesses sensiblement pareilles de la 

lar 

. Phys. 

F

[21]  Longuet–Higgins, M.S.  Parasitic capillary waves: a direct calculation.  J. 

79–107] 

[22]  Hammack, J., Perlin, M., Henderson, D.  Resonant interaction among ripples.  In Proc Inter. 

School of Physics “Enrico Fermi”, Course CIX; 

[23]  Jiang, L., Lin, H.-J., Schultz. W.W., Perlin M.  Unsteady ripple g

capillary waves.  J. Fluid Mech. 1999, 386, 281−304. 

[24]  Iooss, G. , Kirchgässner K.  Bifurcation d’ondes solitaires en présence d’une faible tension 

superficiel

[25]  Vanden-Broeck, J.M., Dias F.  Gravity-capillary solitary waves in water of infinite depth and 

related free-surface flows.  J. Fluid Mech. 1992, 240, 549–557. 

[26]  Crapper, G.D.  An exact solution for progressive capillary waves of arbitrary amplitude.  J. Fluid 

Mech. 1957, 2, 532-540

[27]  Helfrich, K.R., Melville, W.K.  Long-nonlinear internal waves.  Ann. Rev. Fluid Mech. 2006, 38, 

395-425. 

[28]  Segur, H.  Waves in shallow water, with emphasis on the tsunami of 2004.  In Tsunami and 

Nonlinear wa

[29]  Russell, J. S.  Report on waves.  In Rep. 14th Meet. British. Assoc. Adv. Sci.; Murray: London, 

1844, 311

[30]  Boussinesq, J.  Théorie des ondes et remous qui se propagent le long d’un canal rectangulaire 

horizontal, en communiquant au liquide co

surface au fond.  J. Math. Pures Appl. 2nd Series 1872, 17, 55-108. 

[31]  Korteweg, D.J.,  Vries G.De.  On the change of form of long waves advancing in a rectangu

channel, and a new type of long stationary waves.  Phil. Mag. 1895, 39 (5), 442-443. 

[32]  Remoissenet, M.  Waves Called Solitons.  Springer: Berlin, 1996. 

[33]  Akhmediev, N. N.; Ankiewicz, A.  Solitons.  Chapman & Hall: 1997. 

[34]  Akhmediev, N. N.  Nonlinear physics - Deja vu in optics.  Nature 2001, 413, 267–268. 

[35]  Akhmediev, N., Ankiewicz, A..  Dissipative Solitons.  Eds. Springer: Berlin, 2005. 

[36] Karpman, V.I., Maslov, E.M. Comments on ‘soliton propagation in slowly varying media’

Fluids 1982, 25(9), 1686 – 1687. 

 [37] Smith, R.A.  An operator expansion formalism for nonlinear surface waves over variable depth.  J. 

Fluid Mech. 1998, 363, 333-347. 

 266



[38]  Grimshaw, R., Pelinovsky, E.; Talipova T.  Solitary wave transformation in a medium with sign-

variable quadratic-nonlinearity and cubic nonlinearity.  Physica D 1999, 132, 40-62. 

2003 (in Russian).                                                                                                                   

nd 

                               

    

 compound KdV-Burgers equations.  Physics 

       

all depth and width.  Camb. Trans. VI, 

         

leste; I–III, Gauthier-Villars : Paris, 

e Waves.  Joseph Henry Press: Washington, 2006.                                         

 B 2003, 22, 603–634.                                                                                                                    

  

gest ever recorded?  Geophys. Res. Lett. 2006, 33(5), 

U.  Nonlinear Waves in Bounded Continua.  Naukova Dumka: Kiev, 1988 (in 

heory, 2, Kazan Physico–Tech. 

SSR, Mech. 

                                                  

dy.  Izv. Acad. Nauk 

                       

.1999, 32, 

  

ly-nonlinear wave phenomena in restricted liquids and their 

[39]  Ostrovsky, L.A., Potapov, A.S.  Introduction to the theory of modulated waves:  Fizmatlit: 

Moscow, 

[40]  Grimshaw R. Korteweg-de Vries equation.  In Nonlinear Waves in Fluids: Recent Advances a

Modern Applications.  Grimshaw, R.; Ed.; Springer: Wien, 2005.                                

[41]  Solitary Waves in Fluids; R.H.J. Grimshaw; Ed.; MITpress: 2007.                                          

[42]  Parkes, E.J.  A note on solitary-wave solutions to

Letters A 2003, 317, 424–428.                                                                                                           

[43]  Green, G.  On the motion of waves in a variable canal of sm

Papers, 1837, p. 225.                                                                                                                              

[44]  Poincaré, H.  Les Méthods Nouvelles de la Méchanique Cé

1892-1899.                                                                                                                                                  

[45]  Smith, C.B.  Extrem

[46]  Kharif, C., Pelinovsky, E.  Physical mechanisms of the rogue wave phenomena.  European J. of 

Mechanics

[47]  Holliday, N.P., Yelland, M. J., Pascal, R., Swail, V.R., Taylor, P.K., Griffiths, C.R., Kent, E.

Were extreme waves in the Rockall Trough the lar

L05613.                                                                                                                                                            

[48]  Galiev, Sh.

Russian).                                                                                                                                                        

[49] Galiev, Sh. U., Shikhranov, N.N.  Investigation of periodic shock waves excited in dissipative 

medium by the perturbation method.  In Proc. of Seminar on Shell T

Inst., Kazan, 214–239, 1971 (in Russian).                                                                                                  

[50] Galiev, Sh. U.  Forced oscillations of a nonlinear elastic layer.  Izv. Acad. Nauk U

Solid Body 1972, N1, 58-63.                                                                     

[51] Galiev, Sh. U.  Forced longitudinal oscillations of a nonlinear elastic bo

USSR, Mech. Solid Body 1972, N4, 80-87.                                                                                

[52]  Galiev, Sh. U.,  Topographic effect in a Faraday experiment.  J. Phys. A: Math. Gen

6963-7000.                                                                                                                                                   

[53]  Galiev, Sh. U., 2008.  Strong

mathematical description.  In New Nonlinear Phenomena Research, Ed. T.Perlidze, 2008, 109–300, 

Nova Science Publishers, NY. 

 267



[54]  Betchov, R.  Nonlinear oscillations of the column of gas.  J. Phys. Fluid 1958, 1(3), 205-212. 

[55]  Gor’kov, A.P.  Nonlinear acoustic oscillations of gas column in closed tube.  Inzhenerno-

 

      

    

 

  

              

        

., 

  

 

            

          

                 

fizicheski Journal 1963, 47, 453–457 (in Russian). 

[56]  Chester,W.  Resonant oscillations in closed tubes.  J. Fluid Mech. 1964, 18, 44–64.                    

[57] Natanzon, M. S.  Forced discontinuous oscillations of liquid in tubes.  Izv. Akad. Nauk USSR, 

Mechanics 1965, 2, 33–42 (in Russian).                                                                                                         

[58]  Galiev, Sh. U., Ilgamov, M.A., Sadikov, A.V.  Periodic shock waves in a gas.  Izv. Akad. Nauk

USSR, Mech. Fluid and Gas  1970, N2, 57-66.                                                                                       

[59] Ilgamov, M.A., Zaripov, R.G., Galiullin, R.G., Repin, V.B.  Nonlinear oscillations of a gas in a 

tube.  Appl. Mech. Rev. 1996, 49, 138–154.                                                                                                  

[60]  Nayfen, A.H.,  Mook, D.T.  Nonlinear oscillations.  John Wiley & Sons, NY, 1995.                        

[61]  Mortell, M. P., Varley, E.  Finite amplitude waves in bounded media: nonlinear vibrations of an

elastic panel.  Proc. R. Soc. Lind. A 1970, 318, 169–196.                                                                          

[62]  Collins, W.D.  Forced oscillations of systems governed by one-dimensional nonlinear wave 

equations.  Quart. J. Mech. Appl. Math. 1971, 24, 129–153.                                                                 

[63]  Taylor, G.I.  An experimental study of standing waves.  Proc. Royal Soc., A 1954, 218, 44–59.   

[64]  Narimanov, G.S.  Moment of a tank partly filled by a fluid: the taking into account of non-

smallness of amplitude.  J. Appl. Maths Mech. (PMM) 1957, 21, 513–524.                                          

[65] Verhagen, J.H.G., van Wijngaarden, L.  Nonlinear oscillations of fluid in a container.  J. Fluid 

Mech. 1965, 22, 737–751.                                                                                                               

[66]  Chester, W.  Resonant oscillations of water waves.  I. Theory. Proc. Roy. Soc., A, 1968, 306, 5–

22, 1968.                                                                                                                                                 

[67]  Chester, W., Bones, J.A.  Resonant oscillations of water waves.  II. Experiment. Proc. Roy. Soc

A, 1968, 306, 23–39.                                                                                                                                    

[68]  Ockendon, J.R., Ockendon, H.  Resonant surface waves.  J. Fluid Mech. 1973, 59, 397-413.     

[69]  Cox, E., Mortell, M.P.  The evolution of resonant water-wave oscillations.  J. Fluid Mech. 1986, 

162, 99-116.                                                                                                                                         

[70]  Ockendon, H., Ockendon, J.R.; Johnson, A.D.  Resonant sloshing in shallow water.  J. Fluid 

Mech. 1986, 167, 465-479.                                                                                                                      

[71]  Galiev, Sh.U., Galiev, T.Sh.  Resonant travelling surface waves.  Phys. Lett., A, 1998, 246, 

299−305.                                                                                                                                         

[72]  Faltinsen, O.M., Timokha, A. N.  Sloshing. Cambridge University Press, 2009. 

 268



 [73]  Bredmose, H., Brocchini, M., Peregrine, D. H., Thais, L.  Experimental investigation and 

numerical modelling of steep forced water waves.  J. Fluid Mech. 2003, 490, 217-249.                       

[74]  Ibrahim, R.A.  Liquid Sloshing Dynamics.  Cambridge University Press: 2005.                           

 

      

l 

              

                    

, 

[75]  Cox. E.A., Gleeson, J.P., Mortell, M.P.  Nonlinear sloshing and passage through resonance in a 

shallow water tank.  Zeitschrift fur Angewandte Mathematik und Physik, 2005, 56(4), 645-680.        

[76]  Royon-Lebeaud, A., Hopfinger, E.J., Cartellier, A.  Liquid sloshing and wave breaking in circular 

and square-base cylindrical containers.  J.Fluid Mech. 2007, 577, 467−494.                                         

[77]  Seymour, B.R., Mortell, M.P.  Resonant hydraulic sloshing in a tank of variable depth.  Zeitschrift 

fur Angewandte Mathematik und Physik, 2007, 58 (5), 818-831.                                                           

[78]  Rhee, S.H.  Unstructured grid based Reynolds-averaged Navier-Stokes method for liquid tank 

sloshing.  Trans. ASME, J. Fluids Engng. 2007, 127, 572-582.                                                                   

[79]  Galiev, Sh. U.  Nonlinear one-dimensional oscillations of viscous heat conducting gas in spherica

layer.  In Proc. of Seminar on Shell Theory, 2, Kazan Physico-Tech. Inst., Kazan, 240–253, 1971 (in 

Russian).                                                                                                                                              

[80]  Galiev, Sh.U.  Cavitation resonant oscillations of liquid in deformable tubes and reservoirs.  

Preprint of Institute for Problem of Strength, Academy of Sciences of the Ukrainian SSR, Kiev, 1983 

(in Russian).                                                                                                                                      

[81]  Chester  W.  Acoustical resonance in spherically symmetric waves.  Proc. R. Soc. Lond. A 1991

434, 459-463. 

[82]  Wu, C.C., Roberts, P.H.  A model of sololuminescence.  Proc. R. Soc. Lond., A, 1994, 445, 323-

349. 

[83]  Bhattacharyya, D., Galiev, Sh., U., Panova, O.P.  Transresonant evolution of spherical waves 

governed by the perturbed wave equation.  Strength of Mater. 2002, 358, 67-81. 

[84]  Samarskii, A.A., Michailov, A.P.  Mathematical Modelling; Fizmatlit: Moscow, 2001 (in 

Russian). 

[85]  Taleyarkhan, R.P., West, C.D., Cho, J.S., Lahey Jr, R.T., Nigmatulin, R.I., Block, R.C. Evidence 

for nuclear emissions during acoustic cavitation.  Science 2002, 295, 1868–1873. 

[86]  Nigmatulin, R.I., Taleyarkhan, R.P., Lahey, R.T.  Evidence for nuclear emissions during acoustic 

cavitation revisited.  J. Power and Energy 2004, 218 (A5), 345–364. 

[87]  Nigmatulin, R.  Nano-scale thermonuclear fusion in imploding vapour bubble.  Nuclear Engng. 

Design 2005, 235 (10-12), 1079–1091. 

 269



[88]  Matsumoto, Y.  Buble physics.  In Multiphase Flow Handbook.  Crowe, C.T.;Ed.; Taylor &

Francis, 2006. 

[89]  Cooker, M.J., Peregrine, D.H., Vidal, C., Dold, J.W.  The interaction between a solitary wave an

a submerged semicircular cylinder.  J.Fluid Mech. 1990, 215, 1-22.                                                      

[90]  Lavrenov, I.V.  Wind-Waves in Ocean .  2003, Springer.                                                               

[91]  Barenblatt, G.I., Leykin, I.A., Kazmin, A.S. et al..  Rips in the white sea. Rep.  Acad. Sci. USSR, 

1985, 281(6), 1435-1439 (in Russian).                                                                                                     

[92]  Jimenez, J.  Nonlinear gas oscillations in pipes.  Part 1.  Theory.  J. Fluid Mech. 1973, 59, 23–46. 

[93] Falcon, É., Laroche, C., Fauve, S.  Observation of depression solitary surface waves on a thin fluid

layer.  PRL  2002, 89 (20), 204501-1204501-4. 

[94]  Phillips, O.M.  On the dynamics of unsteady gravity waves of finite amplitude. Part 1.  The 

elementary interactions.  J. Fluid Mech. 1960, 9, 193–217. 

[95]  Hammack, J.L., Henderson, D.M.  Resonant interactions among surface waves.  Annu. Rev. Fluid 

Mech. 1993, 25, 55-97. 

[96]  Akylas, T.R.  A nonlinear theory for the generation of water waves by wind.  Stud. Appl. Maths. 

1982, 67, 1-24. 

[97]  Akylas, T.R.  On the excitation of nonlinear water  waves by a moving pressure distribution 

oscillatory at re

 

d 

   

 

sonant frequency.  Phys. Fluid 1984, 27, 2803-2807. 

                 

                           

[98]  Grimshaw, R.H.J., Smyth, N.  Resonant flow of a stratified fluid over topography.  J. Fluid Mech. 

1986, 169, 429-464. 

[99]  Alexakis, A., Youhg, Y.-N., Rosner, R.  Weakly-nonlinear analysis of wind- driven gravity waves.  

J. Fluid Mech. 2004, 503, 171-200.                                                                                             

[100]  Dysthe, K.B., Trulsen, K.  Note on breather type solutions of NLS as model for freak waves.  

Physica Scripta, 1999, T82, 48-52.                                                                                                                

[101]  Kurkin, A.A., Pelinovsky, E. N.,  Freak Waves: Facts, Theory and Modelling.  Institute of 

Applied Physics, Nijnii Novgorod, 2004.                                                                                        

[101a] Kharif, C., Pelinovsky, E., Slunyaev, A. Rogue Waves in the Ocean. Springer, 2009.                     

[101b] Rogue Waves 2008. Ed. M. Olagnon, M. Prevosto, Ifremer, 2009 http://www.ifremer.fr/web-

com/stw2008/rw/.                                                                                                                                           

emarel, P. A deep-water beach laboratory generation of 

abnormal waves.  In  Rogue Waves 2008. Ed. M. Olagnon, M. Prevosto, Ifremer, 2009, 219-229.   

[101c]  Perkins, S., 2006. Dashing rogues, Science News, 70, Issue 21.                                                     

[101d] Denchfield, S.S., Murphy, A.J., T

 270



[101e] Clauss, G., Schmittner, C., Henning, J. Simulation of rogue waves and their impact on mari

structures.  Proc

ne 

. MAXWAVE Final Meeting, October 8-10, 2003, Geneva, Switzerland.                                           

directional energy focusing.  Wave Motion, 2007, 44 (5), 395-416. 

al approaches.  J. Fluid Mech., 2008, 594, 209–247. 

ett. A 2009, 373, 675-678. 

[108]  Akhmediev, N., Soto-Crespo,J. M., Ankiewicz, A., 2009.  Extreme waves that appear from 

.  Waves and Beaches.  Anchor Press, NY, 1980. 

t, 

[102]  Dyachenko, A.I., Zakharov, V.E.  On the formation of freak waves on the surface of deep water.  

JETP Lett., 2008, 88, 356 

[103]  Kharif, C.  On the modelling of huge water waves called rogue waves.  In Tsunami and 

Nonlinear Waves. Ed A. Kundu, Springer, 2007. 

[104]  Fochesato, C., Grilli, S., Dias, F.  Numerical modelling of extreme rogue waves generated by 

[105] Kharif, C., Giovanangeli, J. -P., Touboul, J., Grare, L., Pelinovsky, E.  Influence of wind on 

extreme wave events: experimental and numeric

[106]  Dysthe , K., Krogstad, H.E., Muller, P.  Oceanic rogue waves.  Annual review of fluid 

mechanics, 40, 287-310, 2008. 

[107]  Akhmediev, N., Ankiewicz, A., Taki, M.  Waves that appear from nowhere and disappear 

without a trace.  Phys. L

nowhere:  On the nature of rogue waves.  Phys. Lett., A, 2009, 373, 2137-2145. 

[109]  Bascom, W

[110]  Russell, R.C.H.,  Macmillan, D.H.  Waves and Tides.  Greenwood Press, Westport, Connecticu

1970. 

[111]  Zhang, S., Yue, D.K.P., Tanizawa, K.  Simulation of plunging wave impact on a vertical wall.  J. 

Fluid Mech. 1996, 327, 221-254. 

[112]  Peregrine, D.H. 2003.  “Water-wave impact on walls,”  Annu. Rev. Fluid Mech. 35: 23-43. 

[113]  Grimshaw, R., Pelinovsky, E., Talipova, T. 2008.  “Large-amplitude long wave interaction with 

a vertical wall.”  European J. of Mechanics B 27: 409–418. 

[114]  Kimmoun, O., Branger, H.  A particle image velocimetry investigation on laboratory surf-zone 

breaking waves over s sloping beach.  J.Fluid Mech. 2007, 588, 353-397. 

[115]  Darwin, C., 1839. Journal of Researches into the Geology and Natural History of the Various 

Countries Visited by H.M.S. Beagle.  Henry Colburn, London.(First edition) 

[116]  Galiev, Sh.U., Mallinson, G.D.  Modelling of Darwin’s description of coastal evolution of 

catastrophic tsunami.  In: Proc. 16 Int. Congr. Sound Vibr., Krakow, 2009.                                               

[117]  Tadepalli, S., Synolakis, C.E. , 1994.  The run-up of N-waves on sloping beaches.  Proc. R. Soc. 

Lond. A, 445, 99-112.   

 271



[118]  Constantin, A., Johnson, R.S., 2008. Propagation of very long waves, with vorticity, over 

variable depth, with applications to tsunamis. Fluid Dynamics Research 40, 175-211. 

[119]  Toffoli, A., Lefèvre, J. M., Bitner-Gregerson, E.,  Monbaliu, J.  Towards the identification of 

warning criteria:  Analysis of a ship accident database.  Appl. Ocean Res. 2005, 27, 281-291.             

ng.  

pys. Res. Let. 2009, 36, L01607.                              

 

V. Ed. C.Brebbia, WIT Press, 2009. 

ion?  

 

[120]  Tamura, H., Waseda, T. and Miyazawa, Y.  Freakish sea state and swell wind-sea coupli

Numerical study of the Suwa-Maru incident.  Geo

[121]  Galiev, Sh.U., Flay, R.G.  The transient interaction of plates with extreme water waves: effects

of deformability and hull cavitation.  In Fluid Structure Interaction 

[122] Voronovich, V.V., Shrira, V., Thomas, G.  Can bottom friction suppress ‘freak wave’ format

J. Fluid Mech. 2008, 604, 263-296. 

 

 
 
 
 
 
 
 
 
 

 272



 
‘... the island of S. Maria … evaluated to nearly three
that the coast near Concepcion was upraised …’; 

 times the height 

‘… The most remarkable effect (or perhaps speaking more correctly, 

he 

hat this is followed by many minor fractures, which, though 

extending upwards nearly to the surface, do not (excepting in the 

comparatively rare case of a submarine eruption) actually reach it …’. 

Charles Darwin. 

Chapter III. 

Uplift, loosening and rupture of deposits and magma under sharp 
decompression  

 
 

cause) of this earthquake was the permanent elevation of the land.  
Captain FitzRoy having twice visited the island of Santa Maria, for t
purpose of examining every circumstance with extreme accuracy, has 
brought a mass of evidence in proof of such elevation, far more 
conclusive than that on which geologists on most other occasions 
place implicit faith …’; 
‘ … Santa Maria was upheaved nine feet.  It appeared that the 
southern extreme of the island was raised eight feet, the middle nine,  
and the northern end upward of ten feet…’  Charles Darwin. 
 
‘… T

 
Scheme of the uplift of the surface of initially-compressed granular material during the sharp 

decompression.  Within the earthquake-induced rarefaction wave deposits and magma can begin to lift 

like champagne from a bottle. 
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13.1.  A w

At rest, the s

147). 

elling of gassy de
cohesive gassy geom

, one like a column o

ncepcion.  The water here to be boiling; and it “became black, and 

ost disagreeable su

onnected with deep-s

ncomitants of a se

 organic matter in de

eakness of deposits under vibrations 

urface deposits are, indeed, rather like a solid, able to resist a certain amo

posits  

aterial may be considered as some analogue of bubbly liquids.  ‘... two

f smoke, and another like the blowing of a great whale, were seen in

 also appeared every w

lphureous smell”.  ... The two great explosions in the first case must no

eated changes; but the bubbling water, its black colour and feti

vere earthquake, may, I think, be attributed to the disturbance of 

cay ...’.  Charles Darwin 

unt of stress (Fig. 

 
Fig. 147.  Sand can be sculpted into solid forms.  (After [1]). 

 

But if you shake this material vigorously, letting the particles tumble past one another and rearrange 

themselves, it shifts into a ‘liquid’ or ‘gas’ states.  The standard granular-material vibration experiments 

demonstrate the generation the bubbles within the granular material. 
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Fig. 148.  In material, consisting of small-diameter grains, that are shaken at large amplitude, bubbling 

of air pocket can occur.  (After [2]). 

 
The vibrations transform the material of the surface layer into a mixture of solid particles, liquid, and gas (Fig. 148).  It is 

ture’ of the deposit.  In this state, the weakly-cohesive materials are not in equilibrium.  It needs a constant input of 

vibrational energy to retain its new state.  If the amplitude of the vibrations is reduced, then the deposit (granular liquid) 

should reach a point, at which it ‘freezes’ into a solid [1]. Fig. 150 shows the stress-strain plot for the strong 

motions between 6 and 30 sec in the Treasure Island record. 

possible to talk about ‘melting’ surface deposit, and the degree of shaking (or acceleration) might be related to an ‘effective 

tempera

 

Fig. 149.  Shear-wave velocity history of liquefied deposit at Treasure Island.  (After[4]). 

 

Thus, the behav history.  In particular, 

roperties of the materials before and after the earthquake may be quite different.  Due to strong 

earthquake-induced vibrations, there are multiple relative displacements, cracks, tensional features 

iour of weakly-cohesive geomaterials depends on their 

p
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between oscillating material blocks, and between the surface deposit and the solid base.  The material is 

loosened and transforms into liquefied state, since the material strength and stiffness drop to zero [2, 3].   

The paper [4] focuses on the seismic response of liquefaction sites by evaluating the transient shear 

trains and strong-motion characteristics at Treasure Island during the 1989 Loma Prieta earthquake.  

Figs. 149 and 150 show the sharp variation of the mechanical properties of the deposit during the 

earthquake.  The initial shear-wave velocity drops to less, than 10 m/sec. 

s

 

Fig. 150.  East-west shear stress-strain history of liquefied deposit at Treasure Island: (a) Full record; (b) 8-14 

sec; (c) 14-22 sec; (d) 22-32 sec.  (After [4]). 
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One ca

s a 

gin to 

n gravity acceleration g (see 

Chapter I).  If the surface slope is large enough, then the particles begin to move down and form wave-

like avalanches.  In the case of a volcano crater, the avalanche can focus in the lowest point of the crater 

and form the column (vertical jet) of air/particles mixture (see Chapter I). 

Offshore sediments frequently contain bubbles of gas, normally methane produced biogenically 

or thermogenically.  The presence of these gas bubbles can have a significant effect on the behaviour of 

the sea bed, the coastal materials, and small ocean islands during earthquakes.  A quarter of the land 

surface of the northern hemisphere contains permafrost and about 100 billion tonnes of carbon.  The 

carbon in the melting land enters the atmosphere either as carbon dioxide or methane.  Methane is 

bubbling up out and transforms the melting land in the gassy soil (see Fig. 31 and 151). 

n see progressive reductions in the shear modulus during the earthquake.  The measured 

Treasure Island site response is considered to be a reasonable analogue for the type and magnitude of 

different strong motion of deposits.  The similar plots were recorded for the Wildlife Site soil [4].  The 

density of the Wildlife Site soil is higher than those for Treasure Island sand.  These differences in 

density seem to be reflected in Table 1 [4]. 

The peak residual moduli show a reduction of 15-35 times, and the low-strain residual modulus show

reduction 75-500 times smaller, than the initial modulus. 

The presented data are typical for many deposits.  The particles of the surface layer can be

lose their elasticity properties, if the vertical acceleration is larger, tha

 
Fig. 151.  Schematic presentation of gassy soil, deposits, containing gas hydrate and methane bubbles ‘froze’ into 

soil. 

 

The saturated soil matrix can be treated as a continuum (condensed phase).  Thus, we can 

consider the gassy soil as a continuum containing bubbles.  Because of the high compressibility, the 

mechanical properties of gassy soils resembles more the properties of bubbly liquids (or gas), than the 

solid.  In considering nonlinear mechanical properties, we should first determine the sources of 
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nonlinearities in the mathematical formulation of the problem.  In our case they are four.  The first 

source is the equation of continuity, the equations of motion, and energy, written in terms of stresses.  

The second source is an equation of state, relating pressure p and density ρ (or p, ρ, and temperature).  

This source is very important for highly-compressible liquids (for example, gas, bubbly liquids, and 

granular gassy materials).  The third source is the constitutive equations relating stresses and velocities 

(displacements).  In the case of liquids, the constitutive equations describe, usually, their viscous 

properties.  This mechanism is not very important for deposits, excited by earthquake-induced 

vibrations (see Figs. 149, 150, and Table 1).  The last source is associated with the boundaries of the 

aterial.  The individual contributions of these sources to the overall nonlinearity can vary during an 

nd the exchange of momentum and energy between them.  

The exact expressions for these terms are, usually, unknown, and, therefore, the behaviour of 

ohesive geomaterials, we introduce the space 

average

ontinuum and its motion may 

be desc

In our model the state equation takes into account the properties of the deposit as a multiphase medium.  

It is considered as a homogeneous mixture of a condensed phase (solid particle, mild fraction, and 

water) and gas. 

The composite bulk modulus (compressibility) of the condensed phase is obtained from  

,                                                 (13.1) 

m

earthquake.  In this chapter of the book we shall derive the state equations for grain-water-gas mixture 

and the wave equations for corresponding nonlinear waves. 

It is well-known that the motion of matter containing grains, gas, and water, is described by the 

equations of the mechanics of multiphase media [5].  These equations contain terms that account for the 

transformation of one phase into another a

multiphase materials is often described within the framework of well-known classical models [5].  

Therefore, to simplify an analysis of motion of weakly-c

d values: strains, stresses, displacements, pressure, and density.  The averaging takes place over 

a volume element of the mixture, which can contain much gas, but has a small size with respect to the 

characteristic length of the seismic wave.  It is assumed, that the number of gas inclusions per unit 

volume does not change.  The gas does not move within the contact network of grains of the material.  

In this case, the material (mixture) can be approximately considered as a c

ribed by equations of continuum mechanics. The continuum should take into account the most 

important property of weakly-cohesive geomaterials.  Within the tension wave the properties should 

remind the gas properties, within the compression wave the properties should resembles the properties 

of solid materials. 

 

13.2.  A state equation for condensed matter/gas mixture 

llmmss KKK φφφλ 1111 −−−− ++=
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sK , sφ , mK , mφ lK , lφ, and  are the bulk moduli and the volume comwhere ponents of solid component, 

the mild fraction and the liquid, respectively.  Eq. (13.1) is known as W  ood’s equation [6, 7].

An undisturbed density  of the condensed phase of the composite is given by cρ

llmmssc φρφρφρρ ++= ,                                                  (13.2) 

where sρ , mρ , and lρ  are densities of the solid particles, the mild fraction and the liquid, respectively.   

Then we write the equation of state for the condensed phase  

 

)](1[ 00 cccc pp −+= λρρ ,                                            (13.3) 

cρ  is the averaged density of the condensed phase and c0ρ  

urbed value, correspondingly; 

where is the corresponding undisturbed 

alue; are the pressure and its undistv c c , p0  λ  p determines the 

compressibility of the condensed phase.  The equation of state for the gas is  

γγ

φ
φ

ρ
ρ

)()( 0
0

0
0 g

g

g
gg ppp == ,                                          (13.4) 

where gρ  is the density of the gas, g0ρ  is the corresponding undisturbed value and γ  is the adiabatic 

exponent of the gas.  In the case of isothermal behaviour of the gas, 1=γ , φ  is the gas volume 

(porosity), 0φ  is the undisturbed gas value (undisturbed porosity). 

The undisturbed density 0ρ  of the mixture (deposit) is given by 

0000
1

0 )1( φρφρρ gcmU +−== − ,                                     (13.5) 

where m is the mass of a small element of the mixture, and U is its volume.  Now, we note, that the 

volume U is the sum of the gas volume and the condensed phase volume, and, hence [8, 9], 

 

UppUUmU cc φλφρ +−−−== − )](1)[( 00
1 ,                          (13.6) 

where ρ  is the average density of the mixture.  Using (13.5), we find the equation of state in the form 

1/10
0000 })()](1)[1{( −+−−−= γφλφρρ

g

g
cc p

p
pp .                    (13.6a) 

This equation may be rewritten approximately as 

1/10
0

/10
00 ])())(1[( −+

+
+

−= γφφρρ
g

gk

c

c

p
p

Bp
Bp ,                             (13.7) 

where )(/1 0 Bpk c += λ  and k, B  are constants.  For example, for normal state of water k=7.15 and B 

=304.5 MPa, λ =1/2100 MPa [10]. 
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Let us consider the weakly-cohesive materials within the rarefaction wave (see Fig. 4, 41 and 52).  For 

this case the pressure in the gas equals the pressure in the condensed phase, ppp gc ==  and (13.7) 

yields 

1/10
0

/10
00 ])())(1[( −+

+
+

−= γφφρρ
p
p

Bp
Bp k .                                 (13.8) 

Differentiating (13.8) with respect to p, we find the sound speed in the mixture 

.)()(
)( ⎥

⎦
⎢
⎣

+
++ γ ppBpBpk

For the undisturbed mixture we have that 

1 00/100⎡ +− φφ pBp k

)())(1()(

5.0
/1

/10
0

/10
0

5.0
0

−

−

⎤

×⎥
⎦

⎤
⎢
⎣

⎡
+

+
+

−===

γ

γφφρ
ρ p

p
Bp
Bp

d
dppcc k

                 (13.9) 

,            (13.10) 

 and 

determine 

(2.3) in [11], when we 

identify

5.02
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2
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0

1
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where 

)( 0
1

0
2
0 Bpkc cc += −ρ 00

2
0 pc gg

1−= γρ .                               (13.11) 

are the sound speeds for the condensed phase and the gas, respectively. 

Remark.  If the volumes of the solid and mild components are zero, then (13.10) and (13.11) 

the sound speed in bubbly liquids.  In this case, the Eq. (13.11) agrees with Eq. 

 0φ  with α [11], and reduces, in the appropriate limit, to equation (2.4) in [12].  We note, that, 

when 0φ  is far eit

,                                            (13.12)  

 from her zero or unity, Eq. (13.10) can be approximated by  

000
2
0 1([= φργ cpc 1

0 )]−−φ

if 1=γ .  We also note that, unless 0φ  is very close to zero or unity,  is much less, than  or 

(13.11). 

 Eq. (13.8) in the form 

The appearance of a high-negative pressure is, generally, impossible in the weakly-cohesive materials, 

ng  be o

0 l gc c0 c0  

 

13.3.  Strongly-nonlinear state equation for weakly-cohesive gassy materials 

 Since the condensed phase is a weakly-compressible material, we can rewrite
γφλφρρ /1

0000 ()](1)[1(/ pp +−−−= 0 )/ pp .                           (13.13) 

accordi  to (13.13).  Its absence can  shown analytically, if the process of the gas scillations in the 

mixture may be considered as isothermal )1( =γ .  In this case, it follows fro 3 3), that 

41[{)1(5.0 0
1

0
1 bbp −− +−−= φφλ

m (1 .1

,                  (13.14) })])1( 5.0
0

2
0 pb−− φλ

where 
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1
000 )1)(1( −−+−= ρρλφ pb .                                       (13.15) 

From the two last equations it follows, that the pressure in the mixture is always positive even, when 

0→ρ .  For example, let )1)(1( 00
1

0 pλφρρ +−>>− .  Then 0
1

000
1

0 ppbp −− ≈−≈ ρρφφ .  If 0ρ ∞≈−1ρ  

then p 0≈ . 

Eq. (13.14) approximately describes in a simple way the real properties of wea

) 

pressure.  The material fragments, if the pressure drops below  within the rarefaction wave. 

As an example of the non-cohesive material, we consider water/gas mixture.  Fig. 152 gives a 

g to the equations of state for the discussed model of 

the mixture.  The nonlinearity of the mixture depends on the gas concentration

3, 4, and 5 are calculated according to the equation of state (13.14) for , and 

ly. 

kly-cohesive materials.  

It is seen, that, approximately, the strength of the deposit is determined by the initial (hydrostatic

0p

scheme of the changes in the curves, correspondin

.  In Fig. 152 the curves 
3

0 10−=φ , 410− 510− , 

respective

 
)( pρρ = . Fig. 152.  The curves, which illustrate different laws  

increases, when the gas concentration reduces.  The properties of the mixture begin to resemble those of 

the gas, when the pressure drops to zero. 

(After [13]). 

 

The curve 1 corresponds to k
cc BpBp /1

00 )]/()[( −++= ρρ  and k=7.15 and B=304.5 MPa.  The curve 2 

corresponds to a wide-range equation of state for water [13].  It can be seen, that the nonlinearity 
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13.4.  The Tait-like state equation for weakly-cohesive materials 

It was shown in the section 13.2, that the influence of a gas on acoustic wave pr

 with well-known results of many investigations.  In Fig. 1

or water-based mud, are presented [7]. 

opagation may be very 

important.  It is agrees

illustrate this influence f

53 the curves, which 

 
Fig. 153.  Sound velocity of water-based drilling mud versus gas saturation, at the different 

of 25Hz.  (After [7]). 

 

se 

volume is slightly larger, than 0 or slightly smaller  It is emphasise, that th es of Fig 53 

ative describe also the dependence of the sound velocity of bubbly liquid from the gas 

component. 

depth, at a frequency 

It is seen, that the sound velocity of the surface mud practically drops to zero, if the gas pha

, than 1. e curv . 1

qualit ly 

 
 

Fig. 154.  Speed of sound under isothermal condition.  (After [14]). 
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Therefore, we assume that ma  of the theory of bubbly liquid are valid for 

modelling of the weakly-cohesive gassy geom

To simplify the analysis of deposit behaviour, the state equation (13.8) is presented in the form of the 

Tait equation.  Following [14] and neglecting small (cubic nonlinear) terms, we can write Eq. (13.8) in 

the form 

ny results and models

aterials. 

X

yp
yp )(

00 ρ
ρ

=
+
+ ,                                                   (13.16) 

where 
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ppk
ppy −
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+−

=
φφλγγφγλφ

γφγφλ , 

. 

Now, using (13.16), we can find the sound speed  

                                               (13.17) 

Calculations have shown that Eq. (13.16) is a good approximation of (13.8), if .  In 

particular, (13.1 sults of  are shown in 

igs. 155 and 156. 

1
0

1
000 )(]/)1([ −− ++−= pypX γφφλ

.)( 12 −+= ρypXc

00 4.0)( ppp ≤−

7) is a good approximation of (13.9).  Some re the comparison

F

 
 

Fig. 155.  Curves )(ρpp = , calculated, using Eq. (13.8) (dashed lines) and (13.16) (solid lines), for different 

values of 0φ , and for 0p = 0.1 MPa.  Curves 1, 2, 3, 4, 5 correspond to 0φ =0.99, 0.9, 0.5, 0.1, and 0.01, 

respectively.  (After [15]). 

 

It is seen from Fig. 155 that the pressure curves are quite similar to each other, especially, for very 

small values of 0φ  and 10 ≈φ . 
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Fig. 156.  Curves, showing the change on speed velocity with an increase in gas content, calculated from Eqs. 

(13.9) (dashed lines) and (13.17) (solid lines) for different values of p and p0: p=0.06 MPa, p0= 0.1 MPa (curves 

1); p =0.16 MPa, p0= 0.2 MPa (curves 2); p =0.3 MPa, p0= 0.5 MPa (curves 3).  Here 00 φ=nV .  (After [15]). 

 

ig. 156 shows the variation of the sound speed, calculated according to Eqs. (13.9) and (13.17) in the 

interva

F

l 10 0 ≤≤ φ .  On the whole, the curves are similar to each other.  We do note that c=1450 m/sec 

at 00 =φ  for all of the curves of Fig. 156.  At the same time, the curves in Fig. 156 reach different 

values of c at , because these values are determined by corresponding values of p 10 =φ  and 

 

13.5.  The governing wave equations for deposits under sharp decompression 

Here we shall model the fragmented deposit as the compressible liquid.  The model is based on the 

assumption, that the classical equations of motion and continuity of hydrodynamics are valid for 

averaged parameters of the fragmented deposit: 

0p . 

P
dt
Vd

∇−=
ρ
1 ,                                                           (13.18) 

Vdiv
dt
d

ρ
ρ 1

−= ,                                                          (13.19) 

where V  is a vector.  Eqs. (13.18), (13.19) are presented in Eulerian coordinates.  The equation of state 

is the Tait-type equation (13.16). 

hen the velocity potential is introduced T

ϕ∇=V .                                                             (13.20) 

Substituting (13.20) in Eq. (13.18), and eliminating the operator ∇ , we derive 

 )()(
0

12
2
1 tfdp

t

p

p
∫ =+∇+

∂
∂ϕ −ρϕ .                                      (13.21) 
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Here )(tf  is an arbitrary function.  We will hereafter consider the fluid to be at rest at infinity; making 

use of this, we find that .0)( =tf   In this case, the last term at the left hand side of (13.21) is integrated 

by using (13.16).  Then we find that 
)1/(2

2
11 ]})([) −− ∇+ XX

tX ϕϕ .       (13.22) 0
1

00 ()1(1){( − +−−++−= pXpXypyp

ined as The density is determ
)1/(12

2
11

0
1

00 ]})([)()1(1{ −−− ∇++−−= X
typXpX ϕϕρρ .                (13.23) 

The assumption of an irrotational motion has allowed the determination of the velocity, the pressure, 

and the density in terms of a single arbitrary function ϕ .  We can obtain a strongly-nonlinear equation 

for ϕ  by satisfying the continuity equation (13.19) Substituting (13.23) into (13.19), and, using 

(13.20) and the equation for the sound speed we find t

.  

ρd ,dpc /2 = he equation  

ϕϕϕϕϕ 22222 )(])[( ∇∇+∇+=∇ tttc ,                                   (13.24) 

where 2∇  is the Laplacian operator and 

])()[1( 2
2

12
0

2 ϕϕ ∇+−−= tXcc ,                                     (13.25) 

1.  Spherical waves.  In the case of pure spherical quadratically-nonlinear waves Eqs. (13.24), (13.25) 

yield 

,                       (13.26) 

where r is the radial coordinate. 

2.  Longitudinal waves.  In the case of pure longitudinal quadratically-nonlinear waves Eqs. (13.24), 

(13.25) yield 

xtxttxxtXc ϕϕϕϕϕ 2])1([ 2
0 +=−− .                                (13.27) 

where x is the Eulerian coordinate. 

 

14.  u  f
Here we consider the deposit under sha ixture of the condensed phase and the 

as bubbles. 

, is mi ure, the governing-nonlinear wave equation is written.  It is shown, that 

 the low-frequency limit, and for weakly-nonlinear waves, the theory yields the Boussinesq equation.  

In the case of the high-frequency limit the Klein-Gordon equation with quadratic nonlinearity is 

obtained. 

where .)( 1
00

2
0

−+= ρpyXc  

rtrttrrrt rXc ϕϕϕϕϕϕ 2)2]()1([ 12
0 +=+−− −

Wave eq ations or gassy deposits.  Effects of bubble oscillations 
rp decompression as a m

g

First, the equation of state for the weakly-cohesive material, containing oscillating gas bubbles, 

is derived.  Then  for th xt

in
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14.1.  The state equation for the homogeneous gassy deposit 

We modify Eq. (13.8) to ma  the bubble radius 

R may be defined by a Rayleigh-Plesset’s-like equation [5, 12,and 16] with surface tension:  

   

ke into account oscillations of gas bubbles.  A change of

cgtgtttc ppRRRRRR −=+++ /2/4)( 2
2
3

0 σμρ ,                               (14.1) 

where gμ  is a coefficient of the gas viscosity.  For an undisturbed state of the mixture, Eq. (14.1) yields 

.                                                        (14.2) 

Now, using (14.1) and (14.2), we can rewrite the equation of state (13.7) as 
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e assume here ppc = , 00 pp c = , but 0pp

φφρρ +−=

W ≠  and 00 pp g ≠ .  From (14.3) it f that, because o0g ollows f 

e presence of duc e density can continue, although, an increase of the th the bubbles, the re tion of th

pressure begins.  In other words, a bubble attains its equilibrium volume not instantly after loading, but, 

because of inertia, viscosity, and R2  after a certain period of relaxation.  Let us consider so-called 

“long waves”, in order to show this effect more clearly.  Using the long-wave approximation, we can 

rewrite equation (14.3) in the form: ),,( ttt ppp

t

ρρ = . 

Assum t the main nonlinearity of the mixture is determined by its high compressibility, and that the 

city we also assume, 

e, tha

effects of the bubble oscillations on the nonlinearity may be negligible.  For simpli

that 0=gμ  and 0=σ .  The bubble radius is the sum of 0R  and the disturbance *R : 

RRR += .                                                        (14.4) *0

In this case we can rewrite (14.3) in the form: 
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Then the equation of state of the gas (13.4) yields 
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ppppRR tttt
−−−−= γγ .                                  (14.6) 

We have assumed, that bubble oscillations is linear.  In this case the equation of state (14.5) may be 

rewritten in the form 
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One can see from the last expression, that the elementary volume of the mixture can expand, owing to 

the inertia of bubbles, leading to a steepening of the pressure-density cu

.                   (14.7) 

rve, although, an increase of the 
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pressure begins.  On the other hand, a considerable negative pressure (tension) can appear in the liquid, 

owing to the bubble inertia, if the incident tension wave is very short. 

For small amplitude waves, defined by )(exp tkxi ω− , the bubble frequency, bω , follows from 

(14.1): 

.                                       (14.8) 

For the isothermal case 
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This state equation may be rewritten in the form of the following ordinary differential equation  

())(1(( 00ttb pBppp γγ φρρρφω −−− ++−−=− ])[) /1/1
000

2 kk Bp .          (14.9a) 

One can see from (14.9) and (14.9a) that, if the bubbles are excited with the fr

should use the full equation of state (14.3). 

14.2.  The strongly-nonlinear wave equation the homogeneous gassy 

ing van Wijngaarden [12], we shall use the averaged parameters of the mixture.  A simple 

 equations of the viscous liquid: 

equency (14.8), then we 

 

deposit 

Follow

homogeneous model is used, for which the motion and continuity equations do not differ from the well-

known

aataatt upuu 1)1( μρ +−=+ ,                                           (14.10) 

and 

0)1( ρρ =+ au .                                                     (14.11) 

Here u is the average displacement the mixture, 1μ  is the effective viscosity coefficient of the mixture.  

Physical properties of the mixture are described by Eq. (13.8).  This state equation is rewritten in the 

form: 

1/10
00 ]))(1[( −+

+
+

−= φφρρ kBp .                                     (14.12) 
Bp

We shall use also Eq.(14.1).  First, we introduce the displacement potential, ),( taΦ , defined by 

au = Φ .                                                          (14.13) 

Then (14.10) implies that 

aatttpp Φ+Φ−= 100 μρ .                                              (14.14) 

Using (14.11) and (14.12), we get 

kBp /1−
aa Bp0

0 ))(1(1
+
+

−−Φ+= φφ .                                       (14.15)  
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Substituting (14.14) in (14.15), we find that 
k

taattaa pB /1
10

1
00 )]()(1)[1(1 −− Φ−Φ+−−−Φ+= μρφφ .                   (14.16) 

On the other hand, the expression for φ  follows from the equation (14.1).  Taking into account (13.4), 

we rewrite this equation in the rm  fo
γγ σμρφφ /1112

2
3

0
/1

00 ]24)([ −−− ++++= RRRpRRRp ttttcg .                   (14.17) 

rive the following equation  Equating (14.16) and (14.17), taking account of (14.14), we de
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++++

μρφ

σμρφ γγ

              

y cupied b gas in a

       (14.18) 

Then we denote b  the volume, oc y the  unit volume of the undisturbed mixture, 

i.e., 0nV  is the fraction of a unit volume of the undisturbed mixture, occupied by the gas ( 00 nV

 0nV

=φ ).  

Here n is the number of bubbles in a unit volume of the mixture.  In this case, if V is the volume of a 

spherical bubble of radius R, we have nV=φ  and  
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3/111

4
3( nR −− −= π })]()(1)[1(1{) k

taattaa pB −− Φ−Φ+−−Φ+ μρφ .              (14.19) 

Substituting (14.19) in (14.18), we get the strongly-nonlinear wave equation 
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he models of the section 13.5, Eq. (14.20) shows that the bubble oscillations 

strongly complicate the properties of the mixture.  Eq. (14.20) may be slightly simplified in the case 

})]()(1)[1(1{ /1
10

1
00

k
taaaa pBp Φ−Φ+−−−Φ+ −−− μρφ γ

})]( 3/1/1
10

1 k
taatt ×Φ−Φ −− μρ

)(1)[1(1{ 00aa pB +−−−Φ+ φ

t           (14.20) 

})] 13/1/1 k
taa− −

.100 taattp

In comparison with t

1=γ . Eq. (14.20) is our basic equation.  This equation exactly corresponds to the set of Eqs. (14.10), 

(14.11), and (14.1). 

No bubble oscillations, i.e., 0RR = .  In this case, 1
000 2 −+= Rpp g σ (14.2), and we consider σ  to be 

small.  Then the linear terms in (14.20) yield 

 288



01
01

2
0 =Φ−Φ−Φ −

taaaatt a ρμ ,                                                (14.21) 

where a  is the sound speed of the bubbly liquid, given by 0

.]))(1(
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φγσ

φγφσγρ
                  (14.22) 

in the m , given by 

(13.10), when 

It is easily seen that the sound speed 0a  ixture, given by (14.22), agrees with 0c

0=σ .  We also note th , when at 0φ = 1, and 0=σ , i.e., when the “m re gas, 

then 

ixture” is pu

2
0

2
0 gca =  (13.11); and if 0φ 2  (13.11).  We see 0

2
0 cca == 0 and 0=σ , i.e., when there is no gas, then 

from (14.22) that the surface tension has a second order effect on the sound speed of the mixture. 

 

14.3.  Linear acoustics of a gassy deposit: three-speed wave equation  

For simplicity we take 0=σ  and 0φ <<1.  Then the linear terms in (14.20) yield 
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tcgttctaatt RRRRp −−−− +−Φ−Φ= ρμρμρφγ
                (14.23) 

We approximate R(t) from (14.19), to first order, by  
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Substituting (14.24) into (14.23), and using , we get 3/1
0

3/1
0 )()4/3( φπnR =

 

)()( 222222 ccccc Φ−Φ+Φ−Φ=Φ−Φ −−− ωμ

,)()1( 22
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1
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aatttbgggcc

ttttfaabtttvaaaatt

ccc Φ+Φ−+ −−−−−− ωρμμρφ
                      (14.25) 

where 
2

0
2

0
1

0
1

00
1

*
1

03
42 )1( −−−−−−− −= gccggv ccc ρρρμμφ ,                                          (14.26) 

2
0

1 −
cc ,                                                     (14.27) 00

1
0

2 )1( −−− −= cfc ρρφ

 2
0

1
03

42
0

1
01*

−−−− += ggg cc ρμρμμ ,                                               (14.28) 

and  is given by (14.8) with 2−ω 0=σb .  It is seen, that the effective viscosity (14.28) is a function of 

many parameters. 

We have derived the wave equation (14.25) with three-wave speeds.  The “low frequency”  
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sound speed in the mixture is 0c  (13.10), while the “high frequency” sound sp is  (14.27).  The 

speed  (14.26) depends essentially on the viscous properties of the gas and the co

d

 in liquids with large viscosity (e.g., magma [18, 

19]) is not decreased by the presence of bubbles. 

nit of length 

 be L, where L is a typical length scale (the wavelength) and the unit of time to be , where 

eed  fc

vc ndensed phase.  We 

emphasize that both speeds fc  and c epend weakly on the gas concentration in comparison with c .  

It has been found recently [17], that the sound velocity

v  0

We consider now the propagation of low and high-frequency waves.  We take the u
1−ω ωto  is a 

wave frequency.  Then (14.25) becomes  
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222222
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0 aatttbggc uucccL −−−−−− +−+ ωωμρμρωφ                                 (14.29) 

where au Φ=  (14.10) and u, a, t are now dimensionless.  Now we consider some particular cases of 

(14.29). 

1.  In the high-frequency limit , and keeping the dominant dispersive and dissipative terms in 

(14.29), we get, after integration, 

11 >>− ωωb

 

.)( 22
0

1
03

4222
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2
0

2221
*

22
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22222
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fbaaftt
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ωωμρωωμρρωωμ

ωωω

          
(14.30) 

If 0*1 ==μ μ , i.e., there is no viscosity, (14.30) yields a linear Klein-Gordon-type equation 

 

022
0

22222 =+− −−−− uccucLu fbaaftt ωωω .                        

It follows from (14.31) that the high-frequency waves propagate with a speed fc  that is close to the 

sound speed in the condensed phase when 11 >>− ωωb , i.e., when the acoustic wavelength is less than 

the bubble radius. 

which f

 

           (14.31) 

We point out, that for waves so short, the use of the averaged model of our theory is not correct.  

Indeed, we have assumed in section 13.2 that the averaging is over a volume element of the mixture, 

 contains many bubbles.  Nevertheless, the speed c , following from (14.31), agrees well with 

experimental data [11, 12].

2.  If 0→ω , i.e., for low-fre  waves, whose a th is much larger than the bubble 

radius, (14.29) yields 

quency coustic waveleng
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,2
aattu                                         (14.32) ˆˆ22

0
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baataatt uuLcu −−− +=− ωμω
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−−= Lc ωμ , μ̂ ])1([ˆ 1
01

1
03

4222
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2 −−−−− −+= gbb Lc φμρμρωω 2
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2
00

−−
gc cc .  This is a linea

ensionless damping parameter is 

r Boussinesq-type 

 where the dimequation with damping, μ̂ , and the dimensionless 

.  According to (14.32), the unidirectional propagation of low-frequency 

is a

dispersion parameter is 2ˆ −
bω

waves (i.e., waves, propagating with speed 0c ) is governed by the linear KdVB equation. 

When c pproximated by (13.12) and 1=γ , 10   ,0=μ  

].

ersion 

lation to estimate the sound speed.  Nevertheless, some important result follows from Eq. (14.29).  In 

.                                            (14.33) 

Thus,  may be considered as the sound speed in magma.  One can see that this speed (see (14.26)) is 

a complicated function of many parameters, in particular of the viscosity of both the condensed phase 

14.4.  Quadratically-nonlinear acoustics of gassy deposits: the Boussinesq and Klein-Gordon wave 

equations 

rive nonlinear equations, by keeping only linear and 

quadratically-nonlinear terms.  For simplicity, we set 

Eq. (14.32) coincides with Eq. (4.11), 

given by van Wijngaarden [12  

3.  In the case of a highly-viscous bubbly liquid, we need to take into account the disp

re

this case, this equation is simplified to the form: 

 

0222 =− −−
ttvaa ucuL ω

vc

and the bubbly gas. 

 

We return to the basic equation (14.20), and de

0=σ  in (14.20). 

1.  Low-frequency waves.  In this case, we assume, that the interaction between the flow Φ , the 

bubble oscillations, and the viscous effect are negligible.  We also ignore quadratic

ttR , and 1

 terms, involving tR , 

.  Using an expansion in powers of Φη  and keeping only the linear and quadratic terms in 

, we get (14.20)
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14.25), becomes obvious, as the only new term is the nonlinear one. 

22c Φ−ω

)22
0 aatttbgc Φ+Φ −− ω               (14.34) 

Since low-frequency waves are considered, we have assumed that 0≈Φ ttfc .  The connection with the 

linear theory, Eq. (

2−

For an inviscid mixture Eq. (14.11) yields  
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ttPpp Φ==− 00 ρ .                                               (14.35) 

Using (14.35), we rewrite Eq. (14.34) in the form:  
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Eq. (14

ons are isothermal.  Therefore, we 

assume

.36) is the Boussinesq equation.  For unidirectional waves the Korteweg-de Vries equation 

follows from (14.36).  

2.  High-frequency waves.  At high frequencies the oscillati

 that 1=γ , and also let the mixture be inviscid.  Then, we have from (14.18) and (14.35) that 
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By using (14.18) and (14.37), we derive the nonlinear Klein-Gordon equation  
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his equation has the same form as the nonlinear Klein-Gordon equation, which was derived in [11].  

 

14.5.  Limit strongly-nonlinear wave equations  

gth of the 

cident wave is much larger than the bubble radius.  In this case we can use a linear approximation for 

the Rayleigh-Plesset equation (14.1).  If additionally we set 

T

Here we consider strongly-nonlinear models, which follow from the theory, if the wavelen

in

0  then (14.18) yields 1 === σμμ g

 

.               (14.39) 

) and (14.19), we derive the following strongly-nonlinear equation 

 

gas follow from (14.40), as particular cases. 
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Then, using (14.35
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The equations for the condensed phase and the 

2211 −−−−−−

−−−

γωφρφ

1.  For the pure condensed phase ( 00 =φ ), the right hand side of (14.40) is zero.  We differentiate the 

left hand side, and recall, that  satisfies aΦ , then u = ),( tau
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0)1( 12
0 =+− −−

aa
k

xctt uucu .     

ain the Airy-typ equation (see Eq. (12.10)). 

                                         (14.41) 

We obt e 

2.  Eq. (14.40) yields the model of a pure gas if 10 =φ .  In this case (14.40) becomes 

 

aaΦ+1 = γγ ρ /1/1 −Φ− 000 )( ttggg pp .                                         (14.42) 

au Φ=Again, re  on diffe ntiating (14.42) and recalling that , we f

.                                           (14.43) 

 

ered.  Mechanical properties of these materials may 

be very complex.  However, within the rarefaction wave the behaviour of these materials is much 

simpler.  This behaviour may resemble the behaviour of liquid/gas m

ind the following Airy-type equation 

 0)1( 12
0 =+− −−

aaagtt uucu γ

Closing remarks 

The weakly-cohesive gassy materials were consid

ixture. 

 

 

Fig. 157.  Uplift of granular (three-particle bed: 0.25 mm, 0.5 mm and 0.75 mm) material.  The smallest particles 

are at the top; the largest particles are at the bottom.  (After [21]). 

 
Using this idea we constructed in this Chapter a few mechanical models and governing wave equations 

ng of thes

 

for gassy deposits.  According to the theory, the rupture and looseni e materials can resemble 

the boiling of liquid in rarefaction waves (Fig. 158). 
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Fig. 158.  The cavitation-layered rupture of water within the rarefaction wave (left, after [20]) and a 

scheme of the bubbled layered rupture of gassy material (right, after [21]). 

 

Now it is well known, that the fragmentation of magma resembles the fragmentation

liquid [22, 23]. 

 of highly-viscous 

 
Fig. 159.  A sketch of bubbly magma fragmentation.  See, also, Figs. 34, 38, 51.  (After [23]). 

Fig. 160 shows the response of a horizontal solid layer of mass M, placed on the surface of a 

liquid half-space.  A plane pressure wave with a sudden rise and an exponent

the surface, reaching the top layer at time t=0.  The wave reflects as a rarefaction wave and cavitation is 

istory of its 

 water.  It is seen from Fig. 160 that the 

occurrence of surface transient cavitation (rupture of the liquid) can 

 

ial decay moves towards 

generated.  We are interested in the effect of cavitation on the motion of the layer; the h

velocity is shown.  Curves 1-3 are calculated according to a cavitation model of the water, curve 4 

corresponds to the case of an ideally-elastic model of the

strongly change the layer motion.  
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Fig. 160.  Effect of the cavitation on the velocity of the surface layer of mass M.  (After [24, 25]). 

 

Thus, within the rarefaction wave the volume of the ruptured material can strongly increase [26, 10,27].  

As a result, the free surface of the ruptured material is loafed.  We think that this effect explains partly 

the earthquake-induced ground elevation described by Charles Darwin. 

We  have derived the one-dimensional wave equations for weakly-cohesive geomaterials.  At the 

whole, these equations agree with the equations in well known publications (see, for example, [28-30]). 
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‘… Mr. Lyell has also given a drawing of an obelisk in Calabria, 

of which the separate stones were partially turned round.  In 

st appears to be owing to a 

Charles Darwin 

‘When we have a good understanding of the problem, we are 

to 

simplest elements’                                                René Descartes 

 

stein 

tomization, jets, vortices and turbulence as 

 

 

these instances, the displacement at fir

vorticose movement beneath each point thus affected; …’ 

 

able  to clear it of all auxiliary notions and to reduce it 

‘True laws of Nature cannot be linear’     Albert Ein

 

 

Chapter  IV. 

Elastica, surface a

resonance phenomena: From microresonators to the early Universe

 
The evolution of wave in the two-layer system into vortex.  (After [1]). 
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Wave nonlinearity is an important element of nature.  In particular, nature often manifests multi-valued 

solutions (for example, breaking waves and turbulence).  Indeed, nonlinear systems often exhibi

dic.  We consider here regular multi-valued solutions of nonlinear-wave equations, 

y Leonard Euler and are called ‘Euler’s elastica’.

enon associated with the in

echanical parameters.  The

t two or 

le 

 

n 

terface 

refore, 

 of very 

determined by the surface tension.  If 

rties are 

more dynamic equilibrium states for the same values of parameters.  Some states may be chaotic, whi

others are perio

which qualitatively model strongly-nonlinear wave evolution. 

 

15.  Elastica and counterintuitive wave phenomena 

The bending shapes of wire were discovered b

The mechanical behaviour of systems, composed of two or more phases may be influenced by thi

interface regions between any two phases.  The most obvious phenom

is the surface tension.  From a macroscopic point of view the interface between a liquid and its vapour 

may be considered as a discontinuous change of density and other m

the interface is often considered as a thin, uniformly stretched skin or membrane.  In the case

short surface waves the mechanical properties of the surface are 

the wavelength is large so that the surface tension drops to zero, then the mechanical prope

determined by dynamical interaction of the phase. 

 
Fig. 161.  Vertically-excited waves and drops in 100 lμ  water volume.  (After [2]). 

 

The generation of drops, bubbles, and jets on the interface under free or forced vibration is a problem of 

great practical, scientific, and technological interest. 
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15.1.  Strongly-nonlinear w

 surface grav

an th

Surface layer model.

ave equations for the two-phase interface 

Some ity-capillary wave

short waves.  For these waves the

important th e gravity.  Model eq

1.    The air-w e layer 

moves it only moves in the vertical direction.  Thus, we assume that the horizontal d

In this case, Eq. (2.9) (Chapter II) yields 

s are analyzed in Chapter II.  Here the attention is focused on very 

 surface tension and the surface elasticity [3-5] may be more 

uations are derived for capillary waves. 

ater interface is considered as a very thin layer.  When th

isplacement u=0.  

cactt Pppg ,33,13)( ++−=−ηρ  .                                          (15.1) 

0=nV , =wWe have assum d that e η , and 0=cw  in (2.9).  Integrating Eq. (15.1) between 2/h−  and 

 we get

 

Here

2/h ,  

 02/)2/()1(
2/

12/32 −−++
−

−− phhp
h

ηση .           (15.2)2/ ,13
2/

0 =−+− ∫ dcpg a
h

aaatt ρηη

 aGGp ηε == 1313 2 , where 13ε  is the shear strain and G is the elastic shear m

(15.2) yields 

15.3) 

If the  

equation for the capillary waves. 

2.  attice m   We shall describe the interface as the nonlinear membrane.  The memb

modelled by a series of infinite long strips, which are perpendicular to the c–a plane.  The strips are 

.  Each strip is connected to its two neighbours by springs.  Let 

odulus.  In this case 

rane is 

 aaaaatt Ghphpg ηρησηρη +−−−=+− − )2/(5.0)2/(5.0)1( 0
2/32 .           (

 right hand terms are negligible then (15.3) yields the Airy equation.  Thus, (15.3) is the Airy-type

L odel.

separated by a distance aΔ ηΔ  

e

gnitude of the force, 

represents th rtical displacement between two neighbouring strips.  W  can express 

the distance  between two neighbouring strips as .  The ma

acting along emb ill be assumed as some

e difference in the ve

rane w

dΔ

 the m

5.022 ])()[( ηΔ+Δa

 function G of dΔ .  The absolute valu  the 

vertical component of the force is given by 

.                                                (15.4) 

When

e of

 )/)(/(ˆ dadGF ΔΔΔΔ= η

 aΔΔ /η  is small we can express (15.4) as a series of powers of aΔΔ /η .  As a result, we have  

 .                    (15.5) 

Then, using Newton’s law and (15.5), we obtain the nonlinear-wave equation for the membrane: 

               (15.6) 

Eq. (15.6) takes into account the elastic properties of the interface [3-5].  Now we introduce in Eq.  

.....)/()/()/(ˆ 3
3

2
21 +ΔΔ+ΔΔ+ΔΔ= aaaaaaF ηηη

.32 2
321 aaaaaaaatt aaa ηηηηηρη ++=                      
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(15.6) the capillary tension, effects of gravity, and the loads.  As a result, we have the generalization of 

(15.3) and (15.6) 

 
.32

)2/(5.0)2/(5.0)1(
2

321

0
2/32

aaaaaaaa

aaatt

aaa

hphpg

ηηηηη

ρησηρη

+++

−−−=+− −

                   (15.7)  

Remark.  Eq. (15.7) may be approximately presented in the form  

                            (15.7a) 

efore, found a very viscous fluid, known as SAIB 

ead of it between two sticks.  I then laid this thread on 

d the sticks towards one another or laid two matches 

d photographed the thread”.  See Fig. 162.  Sir 

fluid falling onto a plate [6].  A short distance above 

the plate the stream begins to wave (fold) or rotate in spiral form [6].  More complex folding was 

observed when a stream falls into a fluid of less density than itself.  In the last case the stream can fold 

and form knots. 

ting on mercury.  (After [6]). 

).2/(5.0)2/(5.0 0

21

hphpg
aaaaatt

−−−= ρ
)35.1(2)( 2

3aaa aaa−+−+− ηησηηησρη

The solutions of this equation follow from the solutions of Eq. (8.1) (Chapter II) 

 

15.2.  Sir G.I. Taylor’s experiments and the analogy of the forms of the elastica and the forms of 

strongly-nonlinear capillary waves 

Let us consider the results of the interesting experiments performed by Sir G.I. Taylor [6].  Taylor 

wrote in 1969 [6]:  “The analogy between the equations of motion of a viscous fluid and that of an 

incompressible elastic solid is well-known.  It was pointed out to me by Brooke Benjamin that when a 

thin rod is subjected to end compression it forms an elastica and that Love’s Theory of Elasticity 

contains a picture of the set of elasticas.  I, ther

(Sucrose Acetate Isobutirate) and stretched a thr

the surface of a dish of mercury and either pushe

on the thread and pushed them towards one another, an

G. I. Taylor observed a very viscous stream of the 

 

Fig. 162.  Threads of SAIB, floa
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The folding , knotting and relating spiral forms are well-known process of the instability of many long 

flexible systems. 

 
Fig. 163.  S–like form (left); mushroom-like form (right) for a thin rod.  (After [7]). 

 

The folding and knotting of the surface of the thin structural elem

na

ents can take place under axial 

impact.  These phenomena are conn mic progressive buckling of the structuresected with dy . 

], 

-

], right). 

s.  The  

5.3) yields 

ume tha

Fig. 164.  The folding and knotting can take place simultaneously during the crushing of square tubes.  (After [8

left).  Images of a 64.6 μm-long DNA molecule.  The solvent flows past the DNA and stretches it out at 

velocities of 1, 2, 3, 4, 5, 7, 10, 12, 15, 20, 30, 40, and 50 μm/sec, from left to right.  (After [9

 

Eq. (15.7) is qualitatively valid for all elongated flexible system refore, the elastica-like profiles

may be generated on the liquid surface.  We shall consider the free-standing capillary waves.  In this 

case, p =0 in (15.3).  Let 0p =g=G=0, then (1

 )1( 2/32+− −
aaatt ησηρη 0= .                                          (15.8) 

We ass t  

ta ωηη cos)(= ,                            

 

.                                             (15.11) 

                        (15.9) 

then  

0)1( 2/322 =+−− −
aaa ησηρηω .                                 (15.10) 

Eq. (15.10) yields 
2/322 )1( −− +−= aaak ηηη
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Here σρω 122 −−− =k .  Thus, we derive the equation, which describes also the forms of the vertical strut 

[10].  Integrating with respect to a, Eq. (15.11) becomes 

 

Ck a ++= −− 5.0222 )1(2 ηη .                                       (15.12) 

Then, following [10], Eq. (15.12) is reduced to 

 

)2/(sin4 2222 θ−−= khF .                                       (15.13) 

depend on the relative Here 5.02 )1(cos −+= ηθ .  Since 2η  is positive, the solution of Eq. (15.13) will a

h  and 15.0 −= σωρkvalues of .  We emphasise that Eq. (15.13) describes also the forms of the vertical 

strut under vertical load [10].  The solutions of this equation may be found in [10].  These solutions 

depend on the problem parameters.  In [10] three solutions for the strut are presented.  Below we do not 

consider these solutions but only show the forms of the strut, which correspond the two solutions from 

[10]. 

It is emphasized again that capillary waves can have the similar forms because of the analogy 

mentioned above.  In particular, in the case of forced surface waves the solutions depend on the forced 

frequency ω , since 5.05.0 −= σωρk . 

I.  First, it is assume 22 4 −< kh .  Corresponding forms of the strut (the elastica) are shown in Figs. 165 

and 166. 

            

Fig. 165.  The evolution of the forms of the elastica [10-12] as a function of parameters.  This evolution can 

qualitatively describe also the transresonant evolution [13-15] of strongly-nonlinear surface waves: harmonic 

wave (a) evolves into the shock-like waves (b) and the mushroom-like configurations (c and d). 

 

         

Fig. 166.  Forms of the elastica [10-12]. 
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2.  22 4 −= kh .  Forms of the strut (the elastica) are shown in Fig. 167. 

Fig. 167.  Forms of the elastica [10-12]. 

 
This form can qualitatively describe the periodical generation of drops on the liquid surface as a 

result of 

strongly-nonlinear surface effects; and the forms (right) can qualitatively describe the periodical 

generation of drops on the liquid surface as a result of strongly-nonlinear surface capillary effects [13-

15].  The forms of Fig. 167 can qualitatively describe the different surface patterns (See [15] and Figs. 

182, 183 and 186). 

 

15.3.  Theory of transresonant evolution of strongly-nonlinear vertically-excited capillary waves 

Following Chladni’s research, Faraday [16] explored vertically-vibrated layers of sand-like materials 

and liquid.  He found that the flat surface transformed into a wavy surface.  Recent experimental studies 

of vertically-vibrated liquid or granular media demonstrated a rich variety of nonlinear wave 

A v  

[33].

result of strongly-nonlinear surface capillary effects [13-15].  In Fig. 166 the forms (left) can 

qualitatively describe the periodical generation of drops and bubbles on the liquid surface as a 

phenomena, depending on the amplitude and frequency of the excitation [17-32].  

ariety of waves were observed.  In particular, mushroom-like waves on the interface were studied

 

. 

Fig. 168.  The generation and evolution of the mushroom-like wave in Faraday-type experiments. (After [33]). 
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The stro

of liquid surface the 

apillary properties m rticular, the surface 

curvatur

ngly-

[34-37].  For the case 

ay be extremely important for these phenomena.  In pa

e can change very quickly and surface singularities are formed [

nonlinear wave phenomena may be also connected with Rayleigh-Taylor and 

Richtmyer-Mechkov instabilities of interface surfaces 

c

38, 24, 27]. 

 

 
Fig. 169.  Richtmyer-Mechkov instabilit ages from experiments.  (After [37]). 

 

T n 

[38, 21,

Our aim here is to simulate the generation and the evolution of strongly-nonlinear waves on the 

interface.  We consider here the vertical excitation of the interface.  Let 

y.  The im

he water jets and the bubbles generate, as a result of singularity, dynamics and the interface evolutio

 27, 31].  

 

00 == pg  and 

athp Ω−=−− coscos)2/(5.0 ωε . 

Then it is assumed that   For this case Eq. (15.7) yields .1 2
aη>>

.coscos875.135.12

)(

32

1

ataa

a

aaaaaaaaaaaa

tt

Ω−++−=

+−

ωεησηηηησηηη 422

aaησρη
             (15.14)  
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We sider the resonant standing waves.  At the resonance no shall con nlinear effects increase strongly 

and first-order linear effects drop to zero.  In particular, in the considering case we assume that near the 

resonance [15] 

aatt a ησ )( 1ρη ≈ + .                                                    (15.15) 

The exact resonance occurs if 

 .                                                   (15.16) 

Using (

01
22 =−−Ω− aσωρ

15.15) and (15.16), we rewrite (15.14) in the form 

 
.sincos)(

)5.0(5/875.1
11

1
22

21
2

3
3

151

Cata

aa

a

aaa
−−−

−−−

Ω=Ω+Ω−−Ω+

Ω−−Ω+Ω−

εωηεσωρ

ηεησεσηε
                    (15.17)  

As usually, in this book, C  is a constant of integration.  Let 0=C ,  

*
3/1

3
3/13/1 )5.0( Faa

−− −Ω= σεη ,                                    (15.18) 

 

and 3/1 −Ω−= ar ε 3/2
3

3/1
2* )5.0( −− aσ , 3/5

3
3/23/2* )5/1.0(875.1 −− −Ω−= ar σεσ , 

 

.                  (15.20) 

le 

uation has the analytic solutions.  We shall analyse below both analytic and numerical solutions. 

1.  Analytic simulation.  Let the term  be negligible in (15.20) then 

.                  (12.21)  

Let 

 3/)5.0()(2 31 −ΩΩ−−Ω= aaR σεεσωρ .               (15.19) 

As usually, in this book, R is the transresonant parameter.  We have exact linear resonance if R=0.  Now 

Eq. (15.17) may be rewritten in the form 

 0sincos2/3)()( *
3/22

**
35

*
* =Ω++++ atFRFrFFr ω

3/13/13/11223/2 −−−−

(12.20) is an algebraic equation, which may be solved by numerically.  If the term 5
*

* )(Fr  is negligib

this eq
5

*
* )(Fr

 0sincos2/3)()( *
3/22

**
3

* =Ω+++ atFRFrF ω

3/** rFF +=                                                               (15.22) 

.  As a result, Eq. (15.21) yields 

.                                                  (15.23)  

It is necessary to distinguish four cases [13, 15, 26]:  

1.1.  Let =0, then Eq. (12. 23) is satisfied if  

  .                                                         (15.24) 

1

and 3/2/3 *
3/2

* rRp −= , atRrrq Ω+−= − sincos227/2 *
3/23

** ω

 0**
3 =++ qFpF

*p
3/1

* )( qF −=

.2.  Let *p >0, then the function 'F  is unique, single-valued and continuous 
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 )]5.0(arcsinsinh[2 3
*3

1 −−= DqhDF ,                                     (15.25) 

where 5.0
** )3/)](([ pqsignD = . 

1.3.  Let *p <0 and 027/4/ 2
*

2
* ≤+ pq .  In this case there is no continuous single-valued solution and a 

solutio ith discontinuities was constructed.  Some states may be chaotic, while others are periodic.  

We will construct here regular multi-valued solutions with the help of the following smooth single-

valued solutions:  

 

n w

]3/2)5.0arccos(cos[2 3
*3

1 πiDqDFi +−= − ,                         (15.26) 

where i=0;1;2. 

1.4.  If R<0 and , we have one real and two complex solutions: 027/4/ 2
*

2
* >+ pq

)]5.0(arccoscosh[2 3
*3

1 −−= DqhDF ,                                (15.27) 

 

)].5.0(arcsinsinh[3

)]5.0(arccoscosh[
3

*3
1

3
*3

1

−

−
±

−±

=

DqhD

DqhDF
                                      (15. 28) 

Thus, we have obtained a set of solutions (15.24)–(15.28), which describe the variation of the slope of 

the capillary waves.  

Now we can check the condition (15. 15).  As an example we consider the solution (15.26).  Using 

(15.18) and (15.22), we find that 

.]}3/2

sincos227/2(5.0arccos[cos{)5.0(2 *
3/23

*
3

3
13/1

3
3/13/1

Cdai

atRrrDaD

++

Ω+−−Ω−= −−−− ∫
π

ωσεη
   (15.29) 

One can see that (12.29) satisfies to the condition (15. 15). 

 

15.4.  The transresonant evolution: drops, bubbles, effects of capillarity, and elasticity of the 

F are given in Figs. 170-174 and 177-180. 

Figs. 170 and 171 show discontinuous curves calculated according to solutions (15.26) (Figs. 170a and 

171a) and (15.27) (Fig. 170b and Fig. 171b).  These solutions form continuous multi-valued periodic 

d 171c ushroom-like waves can form on the 

interface (see Figs. 161, 168, 169, 175 and 176).  It is also seen that near R ≈-1 there is a tendency f

drops to form on the surface.  

interface 

Some results of calculations of  

 

15.4.1. Cubic-nonlinear effects 

waves in Figs. 170c an .  According to these figures, m

or  
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Fig. 170.  Multi-valued continuous mushroom-like waves (d) determined by solutions of Eq. (15.21) calculated 

for R=-0.5,  and t=0.  The waves are constructed from the multi-valued solutio

discontinu  (15.27) (b).  The harmonic wave (b) is determined by the linearized equation (15.21) 

0* =r

ous solution

n (15.26) (a) and the 

calculated for R=-0.5, 0* =r  and t=0.  (After [13]). 

 

*r 0=  and t=0.  (After Fig. 171.  Waves and curves similar to those presented in Fig. 170 calculated for R=-0.9, 

[13]). 

 

Fig. 172.  Curves, calculated according to the analytical solutions of Eq. (15.21), demonstrating the generation 

(R=-0.4), the transresonant evolution (R=-0.8;-0.99999) and bifurcation (R=-1.01) of ripples.  It is assumed that 

 and t=0 in (15.21).  The cnoidal-type and saw-type (pyramid-type) waves may be generated as a result of 

the bifurcation.  Three types of the harmonic waves may be gen

so, Fig. 123. 

* =r 0

erated in the system according to the analytical 

solutions outside of the resonant band (R=-1.2).  (After [13]).  See, al
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Fig. 172 displays the generation (R onant evolution

ifurcate into three surface when 1

=-0.4) and the transres  of the mushroom-like waves.  

RThey b ≈ − . 

One can see the clear analogue between the forms of the elastica (Fig. 165 a, b, c, d) and Fig. 

.4 .999).  Let us take172 (R=-0 ; -0.8; -0  into account the elastic properties of the interface.  In this case 

0* ≠r  and the quadratic term is kept in (15.21).  Some results of the calculations are presented in Figs. 

173 and 174.  These figures show a dependence of the wave shape on  and R.  *r

 

Fig. 173.  Quadratic-nonlinearity effect is studied using Eq. (15.21) (t=0).  Evolution of mushroom-like waves 

ave crests (b, c) or into the saw-type waves and the harmonic waves (d, e), 

variation transform  mushroom

(a) into particles (drops) above the w

or bubbles below the wave troughs (f).  (After [13]). 

 

The value of *r  is varied from –0.3 (Fig. 173f) to *r =0.75 (Fig. 173c), and from *r =–0.25 (Fig. 174c) 

to *r =0.4 (Fig. 174d).  This s -like waves (Fig.173a) into drop- and 
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bubble-like structures (Figs. 173 (b onic waves (Fig. 

173e).  The shape of the drop-

 

,c, f), cnoidal-like waves (Fig. 173d), and harm

like structures depends on R.  

 

Fig. 174.  Quadratic-nonlinearity effect, calculated for t=0: the transresonant evolution of mushroom-like waves 

into particles (drops) (a, b, d) or bubble-like structures (c) if R>-1, and harmonic waves if R<-1.  (After [13]). 

The evolution of the shock-like waves into mushroom-like waves, and the drop-, bubble-, and 

vortex-like structures in the trans-resonant band is shown in Fig. 174.  The param ter R is varied from –

0

r  

have o

r  

analytic soluti

e

.3 to –1.2.  If R<-1 then harmonic waves can be generated on the surface.  It is seen that the trans-

esonant evolution of the waves depends upon the quadratic nonlinearity.  In particular, for r*=0.1 we

ne drop-like structure, but for r*=0.4 three drop-like structures are generated during the trans-

esonant evolution of the ripples.  We emphasize that the results were obtained with the aid of the

ons (15.24)-(15.28) of the cubic equation (15.21).  
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Fig. 175.  Slender-body analogy for lobed mixer flow field development.  (After [39]). 

 

    
Fig. 176.  Results of the numerical simulation of the thin-upper-layer simulation.  The contours of the upper-layer 

height.  The grey regions are where the upper layer vanish.  (After [40]). 

 

Large open-ocean fronts are created by differential heating and wind stresses and they can 

extend across an entire ocean basin.  Coastal currents also take the form of isolated fronts, overlying 

bottom topography.  For isolated fronts, Reszka and Swaters (see [40]) demonstrated that large-scale 

waves can grow to finite size.  Fig. 176 shows the development of a large-scale wave.  In this rapidly 

developing instability, the meanders develop large filaments, which pitch off to form eddies.  It follows 

from the comparison of Fig. 172, Figs. 173, and 174 that the generation of the bubbles and the drops 

m

(  

and 176 that the theoretical  in Figs. 175 and 176. 

 

5. 4.2.  Highly-nonlinear effects 

ll

and Fig. 177 (a, b, c) and also between Fig. 166 and Fig. 177 (d, e). 

ay be connected with the elasticity of the liquid surface.  According to the cubic-nonlinear equation 

15. 21) the bubbles form, if r*>0, the drops form, if r*<0.  On the other hand, it is seen from Figs. 175

data describe qualitatively same curves, presented

1

Figs. 177 and 178 are calculated according to equation (15.20) for r*=0 (pure capi ary waves) and the 

parameter t=0.  One can see the clear analogue between the forms of the elastica (Fig. 165 a, b, c, d) 
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Fig. 177.  The profiles and the structures are determined by (15.20) and calculated for t=0 and R=-0.5 

(a); , R=-0.7 (b); R=-0.82 (c); R=-0.82 (d); 

 

Profiles of the mushroom-like waves (Fig. 177 a, b) evolve into Fig. 177 d (curve with loops).  

Then the loops separate from the saw-like curve (Fig. 177 e, f) and form the elliptical structures.  The 

saw-like curves may be interpreted as the wavy interface, while the elliptical structures may be 

interpreted as the drops above the interface and the bubbles below the interface. 

Thus, under the simple vertical harmonic excitation the liquid surface can manifest very 

complex behaviour.  It is possible to give different interpretations of the results presented in Figs.173, 

174, and 177.  They qualitatively simulate generation of drops and bubbles [17, 21, 24, 27, 32, 33]) 

drop formation process which has previously been studied using numerical methods [29].  The elliptical 

structu

1.0* −=r , 

12 , R=-0.82 (e); 1.0* −=r 1.0* −=r , 11.0* −=r , 

R=-0.82 (f). 

.0* −=r

2.0* −=r , 

under resonant excitation.  In particular, according to Fig. 177, the analytic solutions can describe the 

res may be also considered as vortices. 

Let us consider the transformation of harmonic ripples into the elliptical structures as the 

continuous process.  We assume in (15.20) that 11.0* −=r , 0* =r , and )025.0tanh(0025.0 Ω+Ω=R , 

where Ω  varies from 20 to–980 [15].  Results of calculations are presented in Fig. 178.  One can see 

that ellipsoid-like structures are formed when 1−≤R .  The structures reduce together with R.  They 

disappear when R≈-1.25.  As a result, we have the finite cluster of these structures.  
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Fig. 178.  Growth of ripples and the generation of mushroom-like waves, and a cluster of the ellipsoid-like 

structures (vortices) are described by fifth-order-algebraic equation 
'3/23'5'   The parameter R=R0cos)2/3()()(11.0 =Ω+++− aJRJJ . ( Ω ) varies from 0.4 to –1.25.  The 

and the mushroom-like wave, when R(  reduces from 

.  As a result, two rows of the e

e structures (vortices) reduce and disappear when 

harmonic wave grows and transforms into shock-like 

0.4. The solutions bifurcate when 1)( −≈rR

the saw-like curve are generated.  The ellipse-lik

Ω )

llipse-like structures (vortices) and 

2.1−≈R .  

Moreover, the saw-like curve transforms into the harm  (After [15

waves.  In particul arman’s “ vortex 

treet” [15].  

onic curve. ]). 

 

We think that Figs. 177 and 178 simulate qualitatively the generation of vortices by nonlinear 

ar, the Fig. 178 profiles qualitatively describe the formation of the K

s

                           
   

               
 

                   

Fig. 179.  The effect of the surface elasticity.  The transresonant evolution of the surface waves into the drop-, 

bubble-, and vortex-like structures.  The parameter R is varied from 0.3 to –0.7 when 1.0* −=r 2.  Then R is the 

constant (R=-0.82) but *r  is varied from -0.15 to -1.  The dashed lines (-0.7) correspond to the complex solution. 
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Let us take into account

ing r*=-0.1 or r*

=-0.1 is shown in Fig. 52.  t is seen the transf

shock-like waves (-0.05) and m

 the elastic properties of

e transresonant evolu

ormation of

-like waves (mushroom

 the interface.  These lated 

Assum =0.1 in Eq. (12.20).  Th

r*

shroom

-like profiles bifurcat into the mushroom-like waves + the periodical 

ese structures may be considered as bubbles periodically generated 

under th ese bubbles disappear and the loops form on the interface (-0.252).  The loops 

transform ctures (drops) above the saw-like liquid surface (-0.26).  Finally, the 

harm  liquid surface

15.20).  In Fig. 179 the solid line correspond the 

al meaning.  For example, three curves for cases (-0.61) and (-0.7) 

ion of the mushroom-like waves (-0.61) into the 

mushroom al structures (case (-0.15)).  

armonic

however, th ase d ween these portant  

igs. 165 and 167. 

properties are simu

tion surface waves calculated for 

 the initial harmonic waves (0.3) into the 

-like profiles (-0.55), (-0.61) and (-u

0.7)).  Then the mushroom

elliptical structures (-0.15).  Th

e interface.  Th

 into the ellipsoidal stru

onic waves again form on the

Generally speaking, there are 5 solutions of (

real solution, which have the physic

are shown in Fig. 179.  They explain the bifurcat

-like waves + the elliptic

ere is 0  ph

of Fig. 179 resemble the elastica presented in F

 

e 

 (-1). 

As a result, of the transresonant evolution harmonic waves transform into h  waves, 

 exactly 180 ifference bet  waves.  It is im  that the profiles

                      
 

                          

Fig. 180.  The effect of the surface elasticity.  The transresonant evolution of the surface waves.  The parameter R 

is varied from 0.3 to –0.82 when 1.0* −=r 2.  Then R is the constant (R=-0.82) but *r  is varied from -0.2 to –

0.3.  The dashed lines (-0.62) and (-

 

The transresonant evolution surface waves calculated for r*=0.1 is shown in Fig. 180.  It is seen 

that the mushroom-like waves (-0.6) bifurcate into the mushroom-like waves + the 

0.7) correspond to the comp n. 

periodical elliptical 

structures (-0.82).  These structures may be considered as the drops periodically generated above the 

lex solutio
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interface.  These bubbles disappear and the loops form on the interface (-0.252).  The loops transform 

into the elliptical structures (bubbles) under the saw-like liquid surface (-0.3). The successive 

generation of drops and bubbles was observed on the periodically-excited water surface (see Fig. 161).  

However, we emphasize again that it is possible to give a different interpretation of the presented 

calculations.  

 
Fig. 181.  Visualization and velocity results with he three-dimensional perturbation.  (After [1]). 

 

riments (see, for example, Fig. 181).  Thus, under the simple vertical harmonic excitation 

the liquid surface can manifest very complex behaviour.  

On the whole, the comparison shows that results of analytic solutions agree with the nu

calculations.  In the case of moderate nonlinear waves (cubic nonlinearity) the generation the 

mushroom-like waves is connected with cubic nonlinearity.  The drops and bubbles are formed due to 

elasticity of the liquid surface (quadratic nonlinearity).  In the general, (highly-nonlinear) case the 

generation of drops, bubbles, and vortex structures may be explained by both the capillary effect and 

nonlinear elasticity of the liquid surface. 

 

15. 5.  Nonlinear wave patterns

W

wave phenom ple, the wave equation) 

can describe phenomena, which generate in a variety of physical contexts.  

 t

The mushroom-like curves (Fig 180) may be interpreted as the structures, which were observed 

in many expe

merical 

.  Theory 

e have showed that simple algebraic equation (15.20) describes qualitatively the wide spectrum of the 

ena.   Indeed, it is well-known that the same equation (for exam

It was shown in [15] that a wide spectrum of wave nonlinear phenomena is described by the  
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following equation 
'

2
''' JDJ + *

'''
*

3'
3

2'
1

''
4 )()( dJJDJDJDJD =++++ .                    (15.30) 

The approximate solution of the last equation is a sum of travelling periodical waves 

−−= ζζ keBrJ cos)sintanh()(' −−− ++ ζζζ zK CehA coscos)sin(sec 2 ,               (15.31)  

where )(11
−

−−
− += crMLπζ , A, B, C, e, are unknown constants, k , K, and z are integers and −c  is an 

arbitrary constant.  Here 

),()()()( 122112 yxKykxkktar −−−= , s ),()()()( 122112 yxKykxkkta +++= , 

d waves.  (15.31) were considered [15, 

26, 42]

titut

)(1 xk , )(2 yk , )(ta , and ) ,(12 yxK  are arbitrary functions. 

Expression (15.31) describes the interaction and the competition between the nonlinear, dissipative and 

dispersive effects.  In the limit cases, (15.31) simulates shock-, soliton-, cnoidal-, and harmonic-type 

waves.  Thus, expression (15.31) describes also all well-studie

 as universal wavefunctions.  They can define infinite spectra of waves because M-1=1, 2, 3, …. 

Expression (15.31) is subs ed into (15.30).  Next, equating to zero non-localised terms, and terms, 

containing )sin(sec 2
−ζeh  or )sin(sec 4

−ζeh  or )sintanh( −ζe  we obtain: 
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coss3cos 22
1
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3

33
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+
− ζζ KzKK ADAD

                                            (15.34) 

 

.0cos3
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22

33
31

222
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+
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BDCDMLkDB
                                  (15.35) 

cos) 22 +− KK

co2 ζCAD

,0cos 111
* =+ −

++−− ζπ kKMLABeD

3 −

For fixed k, K and z one can obtain algebraic equations for A, B, C and e from (15.32)-(15.35).  We 

emphasize again that the ordinary differential equation (15.30) and solution (15.31) define the solutions 

 316



for many wave-type equations [15].  These solutions describe forced, parametric and free waves.  Here, 

as an example, parametric surface waves will be considered.  The surface elevation η may be defined, 

according to [15 ]. 

Following [15, 26, 42], we consider a few cases when coefficients in (15.31) may be easily found. 

(I).  L .  In this case  and et A=C=0, k=1, and 2/2
1* BDd = 32

2222 3/)(4 DDMLB −= −−π

41 / DBMLDe π=

( 222
3 MLD = −−π

.  Thus, quadratic-nonlinear and viscous 

e 

effects are taken into account.  If 

3/)2D−  then we hav

−−= ζζη cos)sin[tanh(2 eh ].cos)sintanh( +++ ζζe                         (15.36) 

 

(II).  Let 

Here )(11
+

−−
+ += csMLπζ  and c+  is an arbitrary constant.

=0, z=1 and A=0, k 0*1 ≈≈ DD , 0* =d .  In this case one can find that  

32
2222 8/)23( DDMLB −= −−π 3

222
2

2 4/)2( DMLDC −−+−= π 43 /3 DBCMLDe π=,   and . 

If   222
3 3( −−= MLD π  /)2 2D− 32 , then 2±=B  and we have the next expression for η :  

−− += ζζη cos)sintanh(2[ Ceh ].cos)sintanh(2 ++ ++ ζζ Ce                     (15.37)  

II).  Let A=-3C(I B=0, K=z=2 and .  In this case one can find 0* =d 31 5/6 DD−  and  

rite 

)4/53/43/2( 2
31

222
2

2222 CDCDLMDLMe ++−= −−− ππ , where C=0 or C is defined by the equation: 

016865 222
21

2
3 =−++ −− LMDCDCD π .  Now we can w

−− += ζζη 22 cos])sin(sec[ CehAh ++ ++ ζζ 22 cos])sin(sec[ CehAh   .           (15.38)   

Let us consider a case when C=0 and ∞→e .  Then the wave transforms into a particle (jet) and we 

have approximately 

−= ζζη 22 cos)sin([sec ehhA ]cos)sin(sec 22+ ζζeh .                                     (15.39) − ++

or liqui we have A≈ 2 in (15.39). 

.  In this case one can find A=-3C

.                (15.40) 

For liqu

F d layers 

, 2
2222 22 DLMe −−= π  (IV).  Let 01 =D , B= 0, K=z=1, and 0* =d

and 1
32

2222 )(2 −−− −= DDLMC π .  Now we can write 

−− −−= ζζη cos]1)sin(sec3[ 2 ehhC +− ζ )sin(sec3[ 2 ehhC +− ζcos]1

id layers we found25  that C=1.7(h/L)1/3 in (15.40). 

 317



15.6.  Nonlinear wave patterns as a resonant phenomenon.  Examples 

Solutions (15.56)-(15.40) describe an infinite variety of waves and wave patterns, w

generated in nonlinear, dispersive-dissipative spatiotemporally inhomogeneous systems.  Of course, it 

26, 42].  We shall 

consider the patterns, generated by expressions , where according to (15.

  ) 

 and , where  

                       (15.42) 

hich may be 

is impossible to study all of them.  Some 1D and 2D systems were considered in [15, 

)()( '' sJrJ + 39)  

−−=' s)(rJ ζζ 22 cos)sin(ec eh  ,     = ζζ 22' cos)sin(sec)( ehsJ  .               (15.41++

Here )(1
−

−
− += crMζ )(1

+
−

+ += csMζ

xktar w
1si)( −=  n yk2n+ ykxk 21 sinsin) ++ .    b v* si , tas vw(=

This case corresponds to some resonant condition [15].  Dimensionless values r, s, ζ- , ζ+   and a(t) are 

used.  In (15.42) a(t) is defined by parameters of the physical system.  At the same time a(t) defines the 

dynamics of wave patterns.  Dynamic patterns are formed, if a(t)>1.  If a(t)<<1, we have approximately 

the standing wave patterns [15]. 
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Fig. 182.  Evolution of patterns.  Complex patterns are formed by resonant travelling waves in x-y plane.  

Resonant conditions [15] take place for these waves.  The gener

disappearance of localized structures are shown.  Accordi  [15], these processes are described by 

many nonlinear wave-type equations.  (A ynamics on the drop (Fig.161). 

 

Fig. 182 demonstrates the complex evolution of the patterns.  The first 6 patterns demonstrate 

waves in x-y plane. One can see periodic generation, interaction, 

transformation, and disappearance of the localized elements during t

ehaviour in both space and time [43, 44, 45,].  Examples of 

the water surface patterns are presented in Fig. 183.  

 

 

 

ation, the interaction, the transformation and the 

ng to the theory

fter [15]).  See, also, the pattern d

the period of the evolution.  These patterns together with the last 4 patterns show the complexity of the 

resonant interaction of travelling 

he dynamic process.  Indeed, 

dynamical systems may exhibit complex b
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Fig. 183.  Dynamics of drop surface under forced vibration.  (After [45]). 
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Fig. 184.  Interference between waves trapped within the iron atoms form circular ripples (quantum mirage).  

(After [46]). 

 

 
Fig. 185.  Dynamics of the universal wave function, and the qualitative simulation of quantum mirage observed 

in [15]. 

 

 
Fig. 186.  The ‘crystal crown’, formed by the impact of a 5 mm viscous drop.  (After [47]). 

 

e recall that all states in Figs. 182 and 185 are described by the same wave function (15.31).  

This function also describes many dynamic patterns considered in [15].  They can describe the dynamic 

buckling of thin shells.  Therefore, we consider function (15.31) as universal function.  However, this 

W
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function does not describe enon may be very important for 

standing waves excited in resonators.  

 

15.7.  The strongly-non

In this section, standing surface waves excited in resonators are modelled.  The theory developed in [13, 

15, 26, 42, 48, 49] is used.  The theory is used to describe the waves, which were observed in 

experiments [50-53]. 

 

 the folding of the interface.  The last phenom

linear standing waves in resonators 

 
Fig. 187.  The generation of a drop on the top of the standing wave excited in resonator.  (After [50]). 
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Fig. 188.  Composite photograph, showing the axisymmetric wave depression (cavity) below and jet formation in 

resonator (upper photographs), the surface cavity and undersurface bubble (lower photographs).  The curves 

show the results of the modelling of the surface singularities and the jet formation.  On the whole, the results of 

the modelling agree with experiments.  (After [27] and [13]).  See, also, the section 8.3 and [14, 48]. 

 

 
Fig. 189.  A composite photograph, showing the axisymmetric wave depression (cavity) below and the jet 

formation in resonator.  (After [51]).  See, also, Fig. 188.  

 
On the whole, the data of Figs. 187-189 agree with Figs. 165 and 166.  The elastica curves may 

be treated as periodical generation of under-surface bubbles (singularities) and mushroom-like waves 

(jets).  Curves of Figs. 177d and 179 (-0.15) also resemble the experimental data. 
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Fig. 190.  Curves and photographs, showing the nonlinear surface waves in resonators.  Generation of steep 

fronts is demonstrated.  (After [48] and [52]). 
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We have used the solutions of section 8 (Chapter II), modelling the surface waves.  Using the 

solutions, we simplified the boundary problems to solution of cubic-algebraic equation.  The curves of 

Figs. 188, 190 are determined by nonlinear (sometimes, mushroom-like) waves, which travel to and fro 

in the resonators (see the section 8.3).  It is seen that the curves qualitatively simulate experimental 

data. 

 

16.  Transition to wave turbulence 

 

Perhaps, many strongly-nonlinear wave aspects of the natural world, which appear to be 

counterintuitive, unexpected and not derstandable, may be explained as products of different wave 

resonances and may be described by respectively simple mathematical relationship [15].  Turbulence is 

is a key feature in a large num

astrophysics.  Despite more than a 

understanding of turbulence remains elusive.  The British physicist Horace Lamb voiced the general 

lament in 1932.  ‘I am an old man now,’ he told a meeting of the British Association for the 

Advancement of Science, ‘and when I die and go to heaven there are two matters on which I hope for 

enlightenment.  One is quantum electrodynamics, and the other is the turbulent motion of fluids.  And 

about the former I am really rather optimistic.’  

Nevertheless, quantitative predictions of turbulence have been developed [54-57].  They are 

often based on theories and models that combine classical dynamical equations and some assumptions 

which are supported by physical experiments.  The most important characteristic of turbulence is 

connected with its unpredictability.  Poincaré had shown in the 19th century that it was, practically, 

impossible to predict the long-time motions of three or more astronomical bodies.  It is because such 

systems are so exquisitely sensitive to very slight differences in initial conditions.  According to 

Poincaré, many aspects of the natural world may be considered as completely unpredictable.  This 

globa  

weakly-nonlinear wave eq row up to infinite value 

uring the long-time or long-distance propagation.  Therefore, any small disturbance of the leading 

wave c

describe only single-

value waves.  For example, in this case the solutions of the section 8 cannot model the mushroom-like  

 un

well-known to be one of the most complex fields of research that raises many theoretical issues and that 

ber of application fields, ranging from engineering to geophysics and 

century of work and a number of important insights, a complete 

l idea is completely applicable to wave motion.  Indeed, according to nonlinear solutions of

uations (see the section 8) any wave disturbance can g

d

an change the wave motion after long enough wave process [58-60]. 

The weakly-nonlinear solutions of section 8 (Chapter II) fine the instability mechanisms.  

However, if the linear terms of the solutions are smooth then the solutions can 
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waves.  To describe the generation of turbulence, we have to formulate the equations, which describe  

the evolution of single-value wave profiles into multi-value wave profiles.  On the other hand, 

the height of the waves should grow during this evolution.  Our aim is to construct a model which takes 

into account the last notes. 

 

Fig. 191.  Schematic of turbulent bursting process (not to scale).  (After [61]). 

 

We assume that there are two layers.  An upper (outer) layer and bottom (wall) layer (Fig. 191).  

The initiating wave propagates in the upper layer.  Particles in this wave move respectively the particles 

in the bottom layer.  The generation of the wave turbulence is determined by the difference in speed of 

the particles near the interface.  If the wave amplitude is small, the difference is small too and no eddies 

are formed.  If the wave amplitude is large enough, then the difference is large and the spiral turbulence 

occurs.  

 
in sequence (but not at equal time intervals) theFig. 192.  Photographs show  evolution of the structures.  The 

mushroom-like structures grow in size and number as the velocity increases.  (After [57]). 
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Generation of turbulence is connected with bending and folding of a thin bottom layer.  

Mechanical properties of this layer are different from mechanical properties of the upper layer, and 

capillary effects may be important for the lower layer.  

 
Fig. 193.  One of the frustrating – and fascinating - aspects of turbulence and of chaotic systems in general is that 

they often produce patterns that are midway between order and random.  And, although, their final configurations 

are not predictable in a strict mathematical sense, there is a regularity to their structure. 

 

 
 

Fig. 194.  Scheme of instability of parallel flow. 

 

16.1.  The mathematical model 

We assume that the vertical displacement is a sum 

www ˆ+=     ,                                                 (16.1) 

where w  is a laminar component of the long wave, and ŵ  is a vortex component of the wave motion.  

The vortex component is concentrated near the interface (bottom).  The bottom layer is very thin, 

therefore, ŵ  is dependent on the vertical coordinate, ),(ˆˆ taww = .  The sum is substituted in (2.9).  As a 

result, we derive the following equation for ŵ :  

aatt puw ,13
1)1(ˆ =+ −ρ .                                           (16.2) 

Then we take into account the capillary effect  

wwuw 2/321 )ˆ1(ˆ)1(ˆ =+−+ −− σρ aaaaatt p ,13  .                          (16.3) 

Here u is the horizontal displacement of the upper layer.  The expressions for this displacement are 

found in section 8.  Let we assume (8.49): 
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The last expression may be rewritten in the form 

.                                 (16.5) 

We have explicitly shown the resonant (singular) terms in (16.4).  In this case, Eq. (16.13) yields 

   (16.6) 

ere the terms 

of a smooth wave, into a spiral structure. 

Let us consider the quadratic-nonlinear terms in (16.4).  For quadratic-nonlinear waves the expressions 

(16.4) and (16.5) yield approximately that 
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(16.6) and (16.7) yield that 
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The right hand side travelling waves are considered.  Let )(ˆ ''
* rJw =  (8.17).  In this case, Eq. (16.8) gets 
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Let

were obtai

 us consider the nonlinear effects on the transresonant wave evolution.  The results, presented below, 

ned in [14, 62].  Eq. (16.9) may be presented in the form [14] 
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Here J  is the wave propagating in the upper layer.  It was assume, that k=μ=0 and 

02/)()( 3/24'2' .  Then, following [14], the next fo1*3*1 ≠++ RJJ βββ rm of Eq. (16.10) is considered 

.                         (16.11)   

Fig. 195 presents solutions of (16.11) for the case 

02/32/3)()(11.0 '3/2'
*

3/23'
*

5'
* =+++− JRJRJJ

)(002.02.0 rYR +−= ]50/)(tanh[ rY+  where Y is 

changed according to the linear law from 30 to - are calculated 

for  where A=0.3 (Fig. 195a) or A g. 195b are calculated 

120.  Waves

=0.7 (Fig. 195c).  Waves

 in Fig. 195a and Fig. 195c 

 in FirAJ 5.0cos' =

for 1(3.0' =J rr 5.0cos)5.0cos75.0+ . 

 

 

 
Fig.195.  Transresonant evolution of the disturbances and the generation of the mushroom-like waves, 

breakers, and a cluster of the vortices described by the fifth-order algebraic eq

It is seen that within the resonant band the continuous solution bifurcates into closed loops  

uation.  The vortices 

reduce and disappear when R reduces.  (After [14]). 
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(vortices).  They can generate Karman’s “

(Fig. 195c) strongly comp

breakers, and, mushroom

saw-like curve (Fig. 195c). 

 

16. 2.  Generation of vortices w

influence of a cubic nonlinearity 

The analytical solutions of this equation were constructed in

shown in Fig. 196.  First, we assume, that 

vortex street”.  Growth of the amplitude A from 0.3 to 0.7 

tion of the wave.  As a result, shock-like waves,

nerated.  A harmonic wave can tr

ves within the resonant band.  Let us consider the 

ation of vortices.  In this case, E

6.1

 the section 15.3.  Function  is 

, t=0, 

licates the transresonant evolu

-like structures can be ge

ithin the resonant band  

f wa

on the form
'3/23'

 

) 

ansform into the 

Vortices can be generated because of instability o

q. (16.11) yields 

 ** 2/3)( JRJ +  02/3 =+ JR .                                        (1'3/2 2

''
* dJJ +

rCAJ 1' 5.0cos −= ω r  is the dime

<0.7.  The evolution of s ooth waves 

 vortices is shown in Fig. 196a (see also Fig. 195).  

nsionless coordinate, 

mrC 1−−αωA=0.3, R 2.0=  (or 

into mushroom-like waves and mushroom

21 )r− ), and 0< C 1−αω( CR −= αω r

 

 
Fig. 196.  Transresonant evolution of the disturbances into mushroom-like wave and vortices.  The continuous 

lines are the singular lines, and the focal points are shown by black points.  Nonlinearity and friction begin to 

form the vortices when 0≈R .  (After [14]).  See, also, F

 

 numeric  

observed on liquid surfaces and in different fluid systems (see, for example, [62] and Figs. 197  and 

198). 

he system does not behave the 

same when R is increased as it does when R is decreased. 

ig. 192. 

This phenomenon was simulated with the help of al methods in many publications and

Within the resonant band the waves are excited having various amplitudes and signs.  According 

to Fig. 196a, the system exhibits a hysteresis effect.  In other words, t
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Fig. 197.  Evolution of a two-dimensional breaking interfacial wave.  The wave propagates from left to right.  

(After [62]). 

 

 
 

Fig. 198.    Photo of  Mark Murray  and  Laurens Howl   (Duke University,  CNCS Seminar ,   
the photo is from Internet, 11/25/1999) 

 

We may expect that the vortices are connected with the multi-valued solutions and depend on 

the behaviour of the singularities of (16.12).  Assume in (16.12), that  and k=μ=rcAJ 1
0

' cos −= ω 3β =0.  

As a result, we have  

.                             (16.13) 

The singularities occur when  

0sin2/]2/)[( 1
0
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*

3/22'
* =++ − rcARJRJ ω

3/2'
* 2/RJ −= ,                                                      (16.14) 

3/2'
* 2/RJ −−= .                                                     (16.15

or small displacements around (16.24) and (16.25).  In

) 

We expand the equation f  particular, let 

RgJ 3/2'
* 2−−= m ,      zrr += 0 ,                                      (16.16)  
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where 0r  is some value of r, in the neighbourhood of which we want to study the equation.  

Substituting in (16.23), we have 
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.  In most instances the constant

quatio

 

 .                                          (16.18) 

The points situate in curves (16.14) and (16.15) and are shown in Fig. 196 (b, c, d) as black spots.  The 

ield a bilinear equa

    (16.19) 

here ,  , and .  The 

solution is determined by eigenvalues λ, 

where 35.0 −−= ab ωβ  and 3/21 cos2sin −− +=011 000100* *

is not zero.  Consider points where *C  vanishes.  The points are determined by the following e

1raRrbraC −ωω  C  

n 

0)(2tan 3/21 =+ −− rRrbraω 00100

leading terms of (16.17) near those points y tion  
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0
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1
001

3/2 cos2 raARrbb −−−= ω '5.03/4 )(2 RRE −− −≈w

]4)()[(5.0 2
2,1 aEbEb +−±−=−λ ,                                      (16.20) 

]4)()[(5.0 2
2,1 aEbEb −+±+=+λ .                                       (16.21) 

We emphasise that eigenvalues  (16.20) correspond to the singular line (16.14), and 

(16.21) correspond to the singular line (16.15).  The behaviour and the stability of solution curves in the 

 plane depend on  and they were studied in [14].  For simplicity, we assume, that 

−
2,1λ +

2,1λ   

rJ −' m
2,1λ 01 ≈b , b=0, 

.  Then (16.18) yields  (N=1, 2, 3, …).  According to (16.20) and (16.21), 

unstable nodes and saddles are form

and R 0≤ 1
00

−≈ ωπaNr

ed if both roots aEb 4)( 2 ±−  are real.  When the roots becom

) the unstable nodes ca transformed into the spirals (focu

e 

imaginary (E reduces n be ses).  This evolution 

 determined by R and A [14]. is

ai22,1 ±=−λ  (vortex) and For example, if 0=E (exact resonance, R=0) and N=1 we have a<0, 

a22,1 ±=+λ (saddle).  The vortex is located on the singular line (16.14), and the saddle is located on 

(16.15).  Let E (or R) reduce from zero.  Then the vortex transforms into an unstable spiral.  A similar 

transformation takes place if N=2 and a>0.  If N is odd, then the spirals are located on (16.14) and the 
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saddles on (16.

(16.14). 

The generation and the evolution of the unstable spirals are qualitatively shown in Fig. 196 (c, 

d).  It is seen that Fig. 196 (c, d) resembles results of experiments [14] better than Fig. 196 (a, b).  

Indeed, profiles in Fig. 196 (c, d) qualitatively describe the generation and the evolution of waves and 

vortices in various cases: on a jet surface, behind of a obstacle in the fluid stream, in a mixing layer and 

in boundary-layer flow.  It is interesting to ask oneself, how do vortices, in fact, arise?  It is, obviously, 

due to nonlinearity.  The viscosity effect may be connected with R, which can take into account the 

linear boundary friction of the layer [14].  According the theory, the vortex generation is connected 

with the resonance phenomena.  Small perturbations are amplified due to the resonance.  Additionally, 

w  

also simulates qualitatively the Karman’s vo  water flow behind the circular cylinder and 

Figs. 192-194, and 197. 

 

16. 3.  Effect of the bottom friction 

The generation of spiral wave turbulence within the resonant band was connected with the frequency 

and amplitude of waves in the upper layer, and variation of the transresonant parameter R.  At the same 

time the vortex generation should be explicitly connected with the boundary friction. 

Following [63] we rewrite (16.10) in the form   

 

(16.22) 

It was assumed, that the friction effect is very small.  Therefore, if RJ 3/22' 2)( −−≠  then (16.22) yields  

the algebraic equation:  

0=d .                                  (16.23) 

16.2, we shall construct the multi-valued solutions of the equation (16.22), which 

are presented in Figs. 199-201 by thick lines.  Generally speaking, Eq. (16.23

                                      or 

These points are shown in Figs. 199-201 by black spots.  Near 

 for 

small displacements near  and .  Let 

15).  If N is even, then the spirals are located on (16.15) and the saddles are located on 

e emphasize that Fig. 196c simulates well the vortex formation in an air mixing layer [14].  Fig. 196

rtex street in
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'3/23' 23/)( RJJ −+ 2 '3/2+ − RJ

Following the section 

) is not valid at points 

where  

== +'' JJ 5.03/2 )2( R−−+ '' JJ − == 5.03/2 )2( R−−− .   

the spots the main terms in (16.22) 

reduce and, therefore, the effect of the friction increases.  We will consider the equation (16.22)

+'J −'J gJ ' 2−= m R3/2− z, rr += 0 , where 0r  is some value of 

r, in the neighbourhood of which we want to study the equation.  In this case,  
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We assume, that near the spots , where  and  are determined by  and an 

amplitude and a shape of the disturba ines the b

If 
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nts (spots).  There are two possible 

1A

layer. Eq. (16.24) determ

1A 0r

ehaviour of the 

solution curves near the singular poi cases, depending on the friction.  

f  is large enough, the consta not zero, and we have .  nt terms in (16.24) is 0(2 ≈−± − ARgg ) 2
5.03/4'μ

fμ  is small enough then the constant terms in In this case, the vortices are not generated.  However, if 

(16.24) can vanish: 
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As a result, the leading terms of (16.24)) yield bilinear equations  
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20 =zA

This equation determines saddles, unstable nodes, and spirals.  They may be generated in the 

spots if near there equation (16.25) is satisfied.  

Then, transformation of the waves into vortices is considered.  The solutions of the algebraic 

equation (16.23) and the singular lines are presented in Figs. 1

droppe he ner on 

C0085.01. − ω

According to calculations, the vortex generation is connected with the boundary friction.  If the 

Fig. 199b.  Therefore, we cannot use Eq. (16.26), and the generation of vortices are impossible.  

However, if  is reduc ig. 198c), and the

generations o

Figs. 200 and 201 are calculated for )].(3cos)([cos 0
1

00
1

0
' xtccxtccAJ d +++= −− ωω   The  

±'J  99-201.  The solutions may be 

d near and at the spots shown in t se Figures.  Our aim is to study a possibility of the ge ati

of vortices in the spots. 

Following [63], we slightly change the parameters used in the section 16.2.  Let 

rR 10 −=  and 1< rC 1−αω <60 . 

friction is large enough, then the constants (see equations (16.24) and (16.25)) do not vanish in the 

vicinity of the singularity lines ±'J .  These constants (equation (16.25)) determine the wavy thin line in 

 the friction ed then the wavy line intersects ±'J  near the spots (F  

f the vortices is possible.  Solution curve which takes into account the generation of 

vortices in singular points is shown in Fig. 199d.  On the whole, the results presented in Fig.199 agree  

with the experimental data showed in Fig. 192, 193, 197 and 198. 
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dependence of the solution of the algebraic equation (16.23) from R is shown in Fig. 200.  It is seen that 

the vortex-like structures are generated on the interface if R=-0.094.  The last case was studied 

additionally [63].  The friction value was found when the constants in (16.24) vanish, and the wavy line 

intersects ±'J  (Fig. 201a).  We assume that the vortices are generated there, where the intersections lie 

between the spots (Fig. 201b).  

It is seen that Figs. 19d and 201b qualitatively describe many experimental data (see, for 

example, Figs. 169, 175, 181, 192, 193, 197, 298 and 201).  Thus, there are some values of the friction 

when the vortices are generated on the interface of two liquids due to instability.  This instability may 

be studied with the help of the theory developed for transresonant wave phenomena [3-5]. 

 

 

Fig. 199.  Transresonant evolution of harmonic perturbation and possibility of vortex generation.  

(After [63]).  See, also, Figs. 169, 192, 197  and 198. 

 

 
 

Fig. 200.  Evolutio ω  and 3ωn of a combination of  waves within the resonant band.  (After [63]). 

me 

int  ( s. 161, 191, 194).  The aim of this mo  

 

We have assumed that waves remain weak-nonlinear ones far from the interface and beco

highly-nonlinear near the erface see Fig del is to elucidate
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instability and turbulence generation.  The formation of mushroom-like waves and vortices due to the 

high nonlinearity and the bottom friction is demonstrated. 

 

 
Fig. 200.  Localization of vortices (a) and simulation of Fig.201.  (After [63]

 

).  See, also, Fig. 201. 

 
Fig. 201.  Richtmyer-Mechkov instability.  (After [37]). 

We found that Richtmyer-Meshkov instability and the surface waves, associated with Faraday, 

may be described by, practically, the same equations.  An impulsive acceleration, associated with the 

Richtmyer-Meshkov instability; and a harmonic acceleration, associated with Faraday waves (see Eq. 

(16.6)).  The generation of wave vortex motion and wave turbulence resembles the generation of the 

Richtmyer-Meshkov instability. 
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Thus, in this Chapter we illustrate the nonlinear development of a longitudinal waves into vorte

systems and wave turbulence.  Perhaps, Charles Darwin marked this phenomenon in The Voyage of the

Beagle ‘… the displacement at first appears to be owing to a vorticose movement beneath each point thu

affected; …

 

x 

 

s 

’. 

Closin

1. It is known that the versions of equation (40) describe chaotic oscillations in the 

resonant band.  Indeed, if R≈-1, then the strictly different roots locate very close to each 

other.  In this case non-zero fluctuations can provoke highly-unpredictable bifurcations 

and jumps in the systems.  These highly-nonlinear phenomena may be extremely 

important.  Have we considered the systems stable to very small fluctuations?  Can very 

small fluctuations of the parameters move the resonant systems from stable to unstable 

state and vice versa, if R≈-1?  Is it possible that the spatiotemporally deterministic 

mushroom-like waves, spiral- and elliptical- vortices pass to turbulence without the 

above linear process? 

2. It is known that large vortex structures may be considered as weakly-viscous.  We 

qualitatively showed that the fifth-orde

vortex-like structures.  Is it possible to use highly-nonlinear wave equations for 

studying the large-scale wave turbulence instead the Navier-Stokes equations? 

3. Equation (1) was derived for highly-elastic objects.  According to the resonant 

solutions, the vortices may be generated there.  Can these solutions describe so-called 

‘elastic’ turbulence?  

4. Is it possible to find in the theory of turbulent flow or wave turbulence some 

value, which resembles the transresonant parameter R? 

We hope that this Chapter partly replies on these questions.  On the whole, we continue the 

study of the strongly-nonlinear wave processes which 

generation of nonlinear and chaotic oscillations w esonant band is well-known phenomenon 

(see, fo

within the resonant band. 

g remarks. 

The note of Charles Darwin ‘ … the displacement at first appears to be owing to a vorticose movement 

beneath each point thus affected;…’ attracted our attention.  On the other hand, the aim of this Chapter 

is to continue the research [15].  The following open questions were formulated in [15]: 

r nonlinearity (equations (1)) can yield the 

was started in [64-68].  Generally speaking, the 

ithin the r

r example, Fig. 203).  The damped, driven, mechanical oscillator tFxxxx ttt ωβ sin2 =−++  

was considered in [69, 70].  Fig. 203 clearly demonstrates the complex phenomena which can occur 
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Fig. 203.  Three-resonance response curves exhibiting jumps from fold A at 1.0=β .  The safe jump, 

(a), at F=0.0562 always restabilizes at R.  The indeterminate jump, (b), at F=0.08 may restabilize at R, 

or at any other co-existing attractor, or may escape to infinity.  The unsafe jump, (c), at F=0.12 always 

escapes to infinity.  (After [68]).  See, also, Fig. 124. 

 

Thus, the transresonant evolution depends on the forced amplitude.  This agrees with the Merkli 

and Thomann experiments [71].  They studied transition to turbulence in an oscillating pipe flow.  It 

was found that periodical wave turbulence could be excited within the resonance band (Figs. 204-206). 
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Fig. 204.  Observation of turbulence for some frequencies around resonance: triangles, first appe

of turbulent bursts; circles, regular and definite turbulent bursts.  (After [71]). 

 

arance 

 
Fig. 205.  Observed transition at the location for different tube lengths L and piston amplitude l. _____, 

l=13.8 mm; _ _ _ _, l=7.1 mm;  _._._._ , l=2.85 mm.  (After [71]). 
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The generation of shock waves in resonant pipes is a well-known phenomenon.  Merkli and 

ann [71] showed that at the same time a periodical-wave turbulence may be excited with

boundary layer (see Fig. 206). 

 

Thom in the 

 
Fig. 206.  Vortex resonant pattern measured by Merkli and Thomann [71]. 

 

We show in this Chapter that transition of smooth wave motion to vortex motion is possible in 

weakly-viscous media, if the initial wave is large enough.  According to the theory, developed the 

transition to wave turbulence is impossible in strongly-dispersive systems.  On the whole, this transition 

may be in weakly damping, almost coherent, highly- (cubic and more) nonlinear, multi-layered wave 

fields.  We have demonstrated analogies between highly-nonlinear phenomena, which occur in different 

systems.  Different highly-nonlinear wave phenomena may be described by the same equations. 
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Conclusion 

 

Apart from the Bible, no book has had a 

greater impact on the thinking of Western Man 

Mayr, E.  2002 The last word on Darwin? 

ging array of new scientific 

 by 

rewarded by his writing On the Origin of Species by Means of Natural 

r 

rwin observed the seismic phenomena which may be connected with topographic 

ons were devoted to geological 

problems.  During a few years Darwin thought about evolution and dynamics of the  Earth’s surface.  

’ after ‘the rending of strata’.  In particular, Darwin 

logy, volcanology, and geoscience.  However, Darwin did not develop his global 

ain goals.  The first is to attract attention to 

e not, 

lain 

 show that the Darwin’s key idea allows us to explain the 

ond is 

rison of Darwin’s observations and his ideas, connected with the 1835 Chilean earthquake, 

ideas 

with modern researches in Nonlinear Science, nonlinear-wave properties of liquid and liquefied, 

granulated and solid materials. 

than Darwin’s Origin of Species.  

Nature, 419, 781-782. 

 

During the voyage of the Beagle, Charles Darwin was exposed to a challen

facts.  His talent for observation, and his genius for finding logical explanations for what he had seen

hard thinking, were properly 

Selection.  

Thus, his geological knowledge and experience encouraged him to search for universal laws fo

organic evolution.  Da

and nonlinear effects.  The results of the observations were published.  Indeed, for many years before 

his book On the Origin of Species by Means of Natural Selection, Darwin was known to the world of 

science as a naturalist and geologist.  Up to 1846 almost all his publicati

The 1835 Chilean earthquake prompted his thought that the gradual evolution of the Earth’s surface can 

be instantly transformed into ‘the great convulsion

formulated the global problem of considering together the processes which are studied now by 

specialists in seismo

ideas.  After 1846 Darwin, practically, did not return to these ideas, since his attention was largely 

devoted to the problems which make his name famous. 

The author wrote this book bearing in mind two m

Darwin’s results, which might be important for the development of earth sciences but wer

practically, discussed.  Darwin suggested a ‘simple’ mechanism - elevation of land surface - to exp

many catastrophic seismic phenomena.  We

‘shivering’ of islands and ridges, volcano spouts and generation of tsunami-like waves.  The sec

the compa

with the data of the modern science.  We emphasize the connection of Darwin’s observations and 
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