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Abstract 

This thesis concerns extending a wave and finite element (WFE) method to predict the 

vibroacoustic characteristics of structures, including wave propagation characteristics, sound 

transmission loss and sound radiation, of flat infinite and finite panels and infinite cylinders. 

In this method, a coupled fluid/structure system is considered. A segment of the structure 

is modelled using a conventional finite element (FE) method. The fluid spaces are modelled 

analytically. The fluid pressures on the surfaces of the segment exert external nodal forces on 

the FE model of the structure. Periodicity theory and equilibrium conditions are then used to 

postprocess the mass and stiffness matrices of the periodic cell together with the nodal forces. 

The spectral dynamic stiffnesses of the fluids and structure are developed and assembled into 

the total spectral dynamic stiffness matrix of the coupled system. This is then used to calculate 

the structural response to excitation. The excitations can be acoustic pressures or general 

structural excitation. Once the structural displacements are found, the acoustic pressures can 

be calculated analytically. The WFE method is also used to develop homogenised models of 

honeycomb cored panels, with the model size being reduced by Guyan reduction. 

This method is applied to infinite panels, finite panels and cylindrical shells. For simple 

structures analytical methods are available. The WFE predictions show excellent agreement 

with analytical solutions. For complicated structures (e.g., laminated panels, honeycomb-cored 

panels, and composite cylindrical shells), analytical solutions are difficult. Due to the use of 

the FE method, the geometry of arbitrarily complex structures can be captured 

straightforwardly. The full power of commercial FE packages and element libraries can be 

utilised. It is straightforward and efficient to use the WFE method, which provides accurate 

predictions at low computational cost.  
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 Chapter 1  

INTRODUCTION 

This thesis concerns the prediction of the noise and vibration behaviour, especially sound 

transmission and radiation, in plane and cylindrical structures using a wave and finite element 

(WFE) method. In this chapter the subject is introduced, relevant literature and the WFE 

method reviewed and the rest of the thesis overviewed. 

 

1.1 Introduction  

In this section, the background of this research is introduced. Then, the research motivation 

follows. 

1.1.1 Background 

The vibration and noise produced by mechanical devices influence not only their performance 

but also the comfort of customers. For example, automobiles, ships and aircraft are subjected 

to various dynamic loadings. The structural members of these products are often made from 

materials and constructions which are stiff yet low mass. Examples include laminated 

structures (commonly used in automobiles), honeycomb-cored structures with carbon fibre 

reinforced laminate face sheets (commonly used in aircraft) and corrugated core structures 

(used in the floor of a train). Such structures typically have excellent mechanical performance 

(e.g., safety, durability, high stiffness). However, the low density makes these components 
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suffer from poor noise and vibration performance during operation. When the fatigue limits of 

structures are reached, the repeated stresses can cause their failures (e.g., a crack is formed), 

and hence reduce the life of these products. Also, due to the low mass, lightweight components 

can radiate noise efficiently. A noisy environment reduces comfort for passengers. Hence, 

effective measures should be made to control noise pollution. Noise control, for example, is 

often made by adding mass, but that has a negative effect (e.g., increasing energy consumption). 

More approaches can be found in reference [1]. 

Another example is the construction of lightweight buildings due to the disadvantages of 

conventional buildings (e.g., having thick walls and heavy floors, made from unrecyclable 

materials such as bricks and plaster). Many lightweight building systems are made from 

individual, prefabricated and lightweight structural components (e.g., laminates, carbon fiber 

reinforced polymer (CFRP), etc.). There is widespread use of such components. An example 

of a such a laminate is cross-laminated timber (CLT) which is made from gluing layers of 

lumber beams together, with the layers oriented such that the beams are perpendicular to those 

in the adjacent layer. This configuration provides high stiffness in more than one direction. The 

advantages (e.g., design flexibility, eco-friendly, thermal insulation) of CLT make it very 

popular in building constructions (e.g., walls, roofs and ceilings) but its noise performance is 

poorly understood. The limited use of materials contributes to the reductions of emission and 

building waste. Some structural components (e.g., steel, plaster and glass wool) are fully 

recyclable, not to mention their ease of assembly and the flexibility for repair. However, 

lightweight structures are prone to poor acoustic performance. For example, reference [2] 

shows that a composite honeycomb-cored panel has a lower sound reduction index than that of 

a solid panel having the same mass per unit area.  
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Therefore, for safety and meeting the increasing demands for comfort, it is valuable to 

develop mathematical models that can accurately predict the transmission of noise and 

vibrations. 

1.1.2 Motivation for this Research 

In this section, the classic theories for representing the dynamics of structures such as flat 

panels and cylindrical shells are briefly introduced. They can be readily used for predicting the 

vibration and acoustic level of simple structures. However, for complex structures, it is difficult 

to develop analytical models for predicting the vibroacoustics characteristics. It will be 

demonstrated throughout this thesis that the WFE method is an attractive alternative being 

simple to implement, computationally efficient and applicable to even very complex structures. 

The classic theories are primarily based on the stress-strain relationships of the solid 

material under consideration. For a simple beam, for example, Euler-Bernoulli theory can be 

used. The beam’s equation of motion can be derived using the principle of virtual work which 

involves calculating kinetic energy per unit volume, and potential energy per unit volume due 

to internal forces and the virtual work of external forces. Note that the cross-sections of Euler-

Bernoulli beams are assumed to be perpendicular to the neutral axis, and internal shear forces 

are neglected. 

The  Kirchhoff-Love plate [3, 4] is an example of a flat panel. The equations governing 

the motion of the Kirchoff-Love plate are an extended form of the Euler-Bernoulli beam theory 

using similar assumptions e.g., the plate thickness remains constant during its deformation, 

infinitesimal strains and rotations, the straight lines perpendicular to the mid-surface remains 

straight and perpendicular to the mid-surface, shear deformation and rotary inertia are 

neglected. The three-dimensional elasticity is consequently reduced to a two-dimensional plate 

model.  
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As an extension to Kirchhoff-Love theory, Mindlin and Maxwell developed the Mindlin-

Reissner theory [5] for isotropic, homogenous, thick plates. The transverse shear strains 

through the thickness are modelled using first-order shear theory (constant shear stress). After 

deformation, the straight line normal to the mid-surface of the structure is not necessarily 

perpendicular to the mid-surface. A shear correction factor is introduced to account for the 

effect of the parabolic variation of the shear stresses across the thickness. Again, the plane-

stress assumption is made, and the principle of the virtual work used to establish the equations 

of motion.  

The classic theories for thin circular shells are represented using eighth-order partial 

differential equations which have various forms depending on assumptions underpinning them. 

Leissa [6] gives a review of many such models. For a thin, homogeneous, isotropic shell, for 

example, the Kirchhoff-Love shell theory may be used, but note that this model neglects the 

effects of the transverse shear stresses and rotational inertia. An accurate model is a modified 

Donnell-Mushtari shell theory (e.g., Flugge-Byrne-Lurye theory), which can include the effects 

of membrane and transverse shear stresses, inertia and bending. For laminated structures, a 

combination of Mindlin-Reissner theory and Flugge-Byrne-Lurye theory can be used for 

establishing the equations of motion, where a plane-stress assumption is made for each layer. 

Note that the internal stress normal to the mid-surface is neglected. The derivation of these 

equations of motion involves lengthy algebraic calculations and various assumptions.  

For more complicated structures (e.g., laminates, CFRP, honeycomb-cored panels, 

corrugated core panel, stiffened panels), it is difficult or even impossible to develop partial 

differential equations for estimating their vibroacoustic performance. Therefore, numerical 

methods become valuable. The finite element (FE) method is a commonly used numerical 

method. The entire structure is discretised using finite elements. However, the model size can 

be very large at high frequencies due to the fine discretisation required to model the structural 



 

 

5 

 

waves with small wavelengths which propagate at these frequencies. Thirdly, a statistical 

energy analysis (SEA) method may be used for predicting the average response at high 

frequencies, which requires the calculation of modal densities, group velocities, and coupling 

loss factors.  

An alternative method is the wave and finite element (WFE) method. This method is a 

wave-based approach which describes the vibrations in terms of wave propagation through a 

structure. Using this method, only a small segment of a continuous structure is modelled. The 

structure is assumed to be homogenous or piecewise-homogenous in the directions of wave 

propagation, but the properties of the cross-sections can vary in an arbitrary manner. A 

conventional FE method (typically using a commercial FE package) is used to model the 

segment. Assuming spatial and time-harmonic motion, the mass and stiffness matrices of the 

segment are postprocessed using periodicity conditions to form the eigenproblems whose 

solutions yield the dispersion relationships. The characteristics of wave propagation can be 

found, e.g. wavenumber, group velocity, etc. This method can overcome the difficulties of 

solving analytical equations (e.g., transcendental or high-order dispersion equations) for 

predicting the characteristics of wave propagation. Besides, the full power of existing FE 

packages and their extensive element libraries can be used. The model size is small and does 

not increase with frequency.  

Due to these advantages, the present work is dedicated to extending the WFE method to 

predict the vibroacoustic response of fluid/structure coupled systems. In particular, an infinite 

structure is modelled using a WFE method. Only a small segment of the structure is needed to 

be modelled using a conventional FE method. The fluid spaces are modelled analytically. 

During the FE discretisation, the pressures caused by the fluid surrounding the structure are 

modelled as equivalent nodal forces. By postprocessing the mass and stiffness matrices of the 

segment together with the nodal forces using periodicity and equilibrium conditions, the 
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structural dynamic stiffness matrix is coupled to the spectral dynamic stiffnesses of the fluids 

to form a total spectral dynamic stiffness matrix. Once the displacement responses are found, 

the acoustic pressures can be calculated analytically. The analysis of wave propagation and 

forced response using the WFE method is well-established. This thesis extends the method to 

include sound-structure interaction. 

The original contributions presented in this thesis include the extension and validation of 

the WFE method for vibroacoustics problems and the application of the method to predicting 

sound transmission through, and radiation from, complicated structures (e.g., various infinite 

and finite laminated panels, circular shells with various configurations). 

First, simple structures are considered, including an infinite Euler-Bernoulli beam, an 

infinite isotropic, homogeneous thin plate, an infinite homogenous and an isotropic cylindrical 

shell. For these structures, analytical methods are readily obtained [7]. The WFE predictions 

are compared with those of the analytical methods. The excellent agreement between the 

predictions illustrates the validity of the extended WFE method. Then, this method is applied 

to complicated structures, for example, sound transmission through laminated panels, and 

honeycomb-cored panels. The effect of the finite size of the structure is taken into account 

using a spatial windowing approach. The characteristics of wave propagation in these structures 

are also predicted and used to illustrate the structural-fluid interactions (e.g., to explain 

observed coincidence effects in a sound transmission loss spectrum). The sound transmission 

loss characteristics of cylindrical structures with the laminated shell are investigated as well. 

The cylindrical structure can have fluids or a vacuum at the exterior or interior to the structure. 

Examples considered are relevant to sound transmission through an aeroplane fuselage and 

noise radiation from internal sources within pipes.  
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In the next section, the analytical and numerical methods are reviewed in detail. Section 

1.3 contains a review of the WFE method. The main contents and original contributions of this 

thesis are described in section 1.4 and section 1.5 respectively.  

1.2 Literature Review 

In this section, current techniques for analysing the vibroacoustic characteristics of structures 

are reviewed, including analytical methods, numerical methods and wave and the finite element 

method. 

1.2.1 Analytical Methods 

Sound transmission through an infinite Euler-Bernoulli beam was studied using analytical 

methods in reference [8]. The characteristics of sound transmission through simple panels was 

investigated in chapter 5 of reference [7]. The sound radiation from submerged plates was 

investigated in chapter 8 of reference [9]. The structures were modelled using classic theories 

(e.g., Mindlin-Reissner theory) while the fluid spaces were modelled using the acoustic wave 

equation (see chapter 5 in reference [10] and chapter 1 of reference [11]. The acoustic 

performance of laminated panels was studied early by Kurtze and Watters [12] using an 

electrical circuit analogy. Their research found that the laminate structure could have better 

sound insulation performance than that of a single solid panel with the same mass per unit area 

due to low shear stiffness and high bending stiffness by using a soft core. The antisymmetric 

mode of vibration may lead to high sound transmission due to coincidence. However, the core 

considered in their model was assumed to be incompressible such that only the effect of the 

antisymmetric wave mode on sound transmission was studied. Ford et al. [13] analytically 

predicted the vibroacoustic characteristics of a laminate panel by considering a compressible 

core using the Rayleigh-Ritz minimum energy principle. Note that the rotational kinetic energy 

was neglected in the analytical model. The dilatational symmetric mode of vibration was found 

to be another vibration mode responsible for causing poor acoustic performance. The 
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dilatational resonance frequency mainly depends on the core shear stiffness and the mass of 

the skins.  

Moore et al. [14, 15] developed an analytical model for predicting sound transmission 

through laminate panels with isotropic cores and orthotropic cores, modelling the structural 

displacements as a combination of a symmetric (dilatational) wave mode and an antisymmetric 

flexural wave mode. The through-thickness shear deformation was assumed to be linear. Their 

research showed that a proper configuration of the core shear stiffness could shift the thickness 

resonance to low frequencies while the coincidence frequency could be tuned to high 

frequencies. Note that the analytical model was developed using a Lagrange’s method, which 

involves the calculation of the kinetic and potential energies based on the structural stress-strain 

relationship. For linear materials, it can be expressed as   

 ε Cσ   (1.1) 

where ε  is a strain vector, σ  a stress vector and C  is the compliance matrix. The strain and 

stress vectors can be expressed as 

 

T

T

,     x y z xy yz xz

x y z xy yz xz

     

     

   

   

ε

σ
  (1.2) 

whilst the compliance matrix has components 
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1 0 0 0
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0 0 0 0 0 1
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C   (1.3) 
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where “T” denotes the transpose and , ,x y zE E E  are Young’s moduli in the x, y and z directions 

respectively. The shear moduli in the x-y, y-z, and x-z planes are , ,xy yz xzG G G , respectively. The 

corresponding Poisson’s ratios are denoted by , , .xy yz xzv v v   

Dym and Lang [16] investigated the influence of structural loss factors on the sound 

transmission loss of asymmetric laminate panels. Again Lagrange’s method was used for 

establishing the equation of motion. Their research showed that, compared to the damping of 

the skins, damping of the core has larger influences on the sound transmission loss (STL) at 

high frequencies. The core, having lower shear and compressional stiffnesses, performs better 

in reducing the sound transmission [17]. Makris at al. [18] proposed an optimisation method 

for redesigning the core of a laminate panel for increasing the sound transmission loss. 

Smolenski and Krokosky [19] studied the influence of the physical properties of the core on 

the dilatational mode of vibration of laminate panels. Compared to antisymmetric vibration, 

the dilatational wave mode was more sensitive to the core’s compression stiffness and thickness. 

Thamburajand and Sun [20] considered the optimisation of sound transmission through 

laminated beams with anisotropic materials, where both the material and geometrical 

parameters were used as design variables. Their research found that a laminated structure with 

anisotropic materials has better sound insulation performance compared to that of isotropic 

materials. 

Bolton et al. [21] made a theoretical and experimental study of the sound transmission 

through double panels lined with elastic porous media. Partial differential equations of motion 

were developed for studying wave propagation through structures using porous material theory. 

Kim and Bolton [2] developed an analytical model for predicting the sound transmission 

through honeycomb-cored panels, modelling the structure using a transversely isotropic model. 

The honeycomb core was homogenised into a solid layer with nine equivalent stiffness 
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constants. The Young’s moduli were determined using measurements while the shear moduli 

were calculated approximately using the analytical equations presented in reference [22]. Note 

that the transversely isotropic model involves reducing the stress-strain relationships of 

equation (1.1) by setting ,x y yz xzE E v v   and .yz xzG G   

Some researchers used homogenised models to model the dynamics of honeycomb-cored 

panels. In reference [23], for example, Clarkson and Ranky developed an isotropic solid plate 

model for estimating the modal density, where the bending stiffness of the skins was assumed 

to be negligible. Renji et al. [24] modelled composite honeycomb-cored panels as orthotropic 

solid plates which were used for calculating the modal density and group velocity. The material 

parameters of these models were estimated using equations in chapter 1 of reference [25]. 

Nilsson and Nilsson [26] developed a fourth-order differential equation of motion for a 

symmetric, laminated beam using Hamilton’s principle. The dispersion characteristics of wave 

propagation were investigated using the analytical model. Zergoune et al. [27] introduced 

frequency-dependent bending stiffnesses into the analytical model developed by Renji et al. 

[24] for predicting sound transmission through honeycomb-cored panels. All these studies 

model the honeycomb-cored panel as an equivalent solid panel using various assumptions and 

approximations. Based on the differential equations, Tie et al. [28] developed FE models of 

the periodic cells for predicting the characteristics of wave propagation through honeycomb-

cored panels.  

There can be a large number of elements used in FE modelling for accounting for the 

complexity of a periodic cell. For reducing the model size, the Craig-Bampton method [29] has 

been widely used for condensing the internal DOFs (e.g., references [30, 31]). A static 

condensation was proposed by Guyan [32] to reduce the size of large systems. Chen et al. [33] 

used a truncated Taylor series expansion for improving the accuracy of Guyan reduction. 

Downs [34] proposed qualitative guidelines for the selection of master DOFs, e.g. the 
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translational DOFs must be prioritised for retention in comparison to rotational DOFs. An 

analytical method was described in reference [35] for the proper selection of master DOFs. A 

linearised dynamic condensation was proposed by Bouhaddi and Fillod [36] to reduce the 

errors of Guyan reduction. For optimising the selection of some internal DOFs as master DOFs, 

a numerical method was proposed in reference [37]. 

Periodic structures have attracted much attention due to the existence of wave propagation 

and attenuation bands [38]. In the latter, the vibration level of the structure can be sustantially 

reduced. A large amount of research has been undertaken investigating free and forced wave 

propagation in continuous periodic structures. Phani et al. [39], for example, studied the 

characteristics of wave propagaton in various two-dimensional periodic lattices. Mead [40] 

categorised common methods for analysing such structures into several types including the 

receptance method, the transfer matrix method, the space-harmonic method, and the energy 

method. 

In references [41, 42], the receptance method was proposed for studying the relationships 

between the bounding frequencies of wave propagation bands and the natural frequencies of a 

periodic cell. Mead [43] derived  the kinetic and potential energy expressions for propagating 

waves in one-dimensional periodic systems with multiple couplings. The loss factors of 

damped waves were found using the energy method. The forced response of one-dimensional 

multi-coupled periodic structures was studied in reference [44] using a wave basis found from 

the eigenvectors.  

The space-harmonic method is widely used for estimating sound transmission through, 

and radiation from periodic structures. In this method, the structural response to a convected 

harmonic pressure is assumed to be composed of a sum of harmonic components. For example, 

the characteristics of wave propagation in an infinite, periodically supported beam were studied 

by Mead [45], who showed that the structural wave motion consists of a sum of space 
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harmonics with different wavelengths, phase velocities and directions of propagation. It was 

shown that a forced wave with subsonic velocity can excite structural bending waves with 

supersonic velocities which can radiate sound efficiently [45]. The forced response of a simply 

supported beam subjected to convected random loading was studied using this method [46]. 

Mead [47] used the energy method for predicting the characteristics of free waves propagating 

through two-dimensional periodic panels. Mead [48] studied the sound radiation from a plate 

stiffened in one direction or two orthogonal directions, where the effect of fluid loading was 

neglected. The natural frequencies of finite periodic panels could be found from the free wave 

analysis. All of these are based on the assumption of space-harmonics. This assumption was 

proved later by Mace [49] using Fourier transforms. In reference [50], Mace also used this 

method for the forced response of periodically stiffened plates to a convected harmonic 

pressure. An explicit expression was derived for the structural displacement response without 

considering the effect of fluid loading. Mace [51] proposed a numerical integration method for 

accounting for the fluid loading.  

Legault and Atalla [52] used the space-harmonic approach for studying the sound 

transmission through lightweight double panels with structural links, modelling the connectors 

as beams and spring-masses respectively. In reference [53], sound transmission through a 

double panel stiffened by a periodic array of studs was studied, where the studs were modelled 

as uniform springs. Lee and Kim [54] combined the space-harmonic method and the virtual 

energy method for calculating the sound transmission through one-dimensional periodically 

stiffened panels. Xin and Lu [55] applied the space-harmonic method and the virtual work 

principle to predicting the sound transmission through rib-stiffened panels. 

Recently, an acoustic metamaterial based periodic structure was studied by Yong et al. 

[56-58] who introduced resonant microstructures (spring-mass resonators) into a host structure 
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for widening the wave attenuation band. Zouari et al. [59] proposed a method for detecting the 

band of propagating waves of a finite, thin plate with a periodic array of mass-screw resonators.  

Shells may be viewed as a generalisation of flat plates. The three-dimensional geometry 

of a cylindrical shell can be reduced to the motion of the mid-surface for vibroacoustic analysis. 

There are various theories (e.g. Love’s theory, Donnell’s theory and Mushtari’s theory [6]) 

depending on what assumptions are appropriate for modelling the structure of interest. The 

dynamics of composite shells are detailed in reference [60], where the plane-stress assumption 

was made for each layer. Smith [61], for example, modelled sound transmission through a thin 

cylindrical shell. Koval [62, 63] extended the work of Smith [61] and analysed the sound 

transmission through a laminated composite cylindrical shell using a shell theory presented by 

Bert et al. [64]. Various assumptions (e.g. plane stress) and approximations (e.g. the rotational 

inertia was neglected) were made for the analytical model. Blaise and Lesueur [65] established 

an analytical model for sound transmission through two-dimensional orthotropic composite 

shells using Hamilton’s principle. Again, the plane-stress assumption was made. The effects of 

various layers were represented in terms of the first layer using the continuity conditions of 

plane stresses and displacements. In reference [66], they extended the expression to calculating 

the diffuse-field sound transmission loss. 

Later, they considered three-dimensional orthotropic shells [67, 68]. Based on the stress-

strain relationship, they used Hamilton’s principle to establish the equations of motion for 

layers with force excitations. The bending, membrane, shear, longitudinal and rotational inertia 

effects were all considered. The dynamic stiffness matrices of layers were assembled using the 

stress (normal stress and shear stress) and displacement continuities. Lee and Kim [54, 69] used 

Love’s theory to establish the analytical models for predicting sound transmission through a 

thin, cylindrical shell, and a double-walled cylindrical shell. Ghinet et al. [17, 70, 71] combined 

Midilin’s plane stress theory with Flugge’s theory to predict the sound transmission loss 
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characteristics of laminated shells. The modelling of the transverse shear forces through the 

thickness was improved using a shear correction factor [72]. Note that FE models use the 

energy-based transverse shear stresses [73, 74]. These references all assume that the fluid inside 

the cavity of the cylindrical shell is non-resonant. Fuller [75] predicted the sound radiation 

from an infinitely long cylindrical shell excited by a monopole source using a Fourier transform 

method. The internal resonance effect in the cylindrical cavity was modelled. The acoustic field 

generated by an open rotor was studied analytically in reference [76]. 

An alternative approach is a transfer matrix method (TMM). It is used by some authors 

[77-80] for predicting the sound transmission through laminated panels. Using this method, a 

wave solution is assumed for solving the partial differential equations for finding the 

relationships between the state variables (strain, stress) on any two consecutive interfaces of a 

layered structure. For example, for a single layer lying in the x-y plane, the state variables may 

be related by 
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z z
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T   (1.4) 

where “T” is the transfer matrix, subscripts “1’, “2” denote the top and bottom surfaces 

respectively, the velocity components are represented by ,1 ,2 ,1 ,2, , , ,x x z zv v v v  and stress 

components are ,1 ,2 ,1 ,2, , , .z z xz xz     The total transfer matrix of the system can be found by 

assembling those of individual layers using continuity of velocities and equilibrium of  stresses 

at each interface. The infinite fluid spaces are modelled analytically and coupled to the structure 

using the continuity condition of normal particle velocities on the fluid-structure interfaces.  

Mulholland [81] compared various analytical models used for predicting sound 

transmission through infinite double panels. An STL dip was found at low frequencies due to 



 

 

15 

 

the mass-spring-mass resonance. Villot [82] developed a spatial windowing technique for 

predicting the STL of simply supported rectangular panels. The STL of infinite panels were 

found using the transfer matrix method. The diffuse-field STL can be found by numerically 

integrating the power transmission loss coefficient over all possible  polar and azimuthal angles 

of incidence [83]. Kang et al. [84] assumed a Gaussian distribution for modelling the non-

perfect diffuse field. The windowing technique introduced a geometrical correction coefficient 

which is formulated as a double integral. For reducing the computational cost of solving the 

double integral, a reduced-order formulation was derived in reference [85] for isotropic, finite 

panels. Vigran [86] proposed a simplified spatial windowing technique for estimating sound 

transmission through isotropic, simply supported panels. In reference [87], Dijckmans et al. 

developed a room-plate coupled model for calculating the STL of finite panels using a transfer 

matrix method, where the finite size was modelled by expanding the field variables into a series 

of sin and cos functions. Brunskog [88] studied the influence of the finite cavity on the sound 

transmission loss of double panels using analytical methods.  

1.2.2 Numerical Methods 

For simple structures (e.g., thin plates), the classic theories (e.g., Euler-Bernoulli theory, 

Kirchhoff-Love theory and Mindlin-Reissner theory) can be used straightforwardly. However, 

for complicated structures, this is difficult. In this section, numerical approaches are reviewed.  

Finite Element Method 

The finite element (FE) method is widely used for modelling the vibroacoustics of 

complex structures [89-93]. The mass and stiffness matrices of elements depend on the shape 

functions which are used. For studying sound transmission, an entire fluid/structure coupled 

system is often discretised using finite elements. The structure is modelled using 

solid/plate/beam elements while the fluid spaces are modelled using fluid elements. For 
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complicated models or analysis at high frequencies (where fine discretisation is required), the 

FE model has a large number of degrees of freedom. Sometimes a hybrid finite 

element/boundary element method is used [94, 95]. The structure is fully modelled using FE 

to find the structural responses (e.g., normal velocities) whilst the boundary element method is 

used to calculate the radiated pressure. 

Spectral Finite Element Method 

For spectral finite element method, the assumptions of linear elastodynamics are used to 

establish the governing partial differential equations. Time and space harmonic motion is 

assumed along one coordinate axis. The mass and stiffness matrices of a segment of the 

structure are derived analytically using lengthy, complicated algebraic manipulations [96]. The 

infinite fluid spaces are modelled analytically. The fluid and structural impedances are found 

in the wavenumber domain for an incident plane wave and used to calculate the sound 

transmission loss [96]. However, the use of spectral finite element method involves the 

derivation of mass and stiffness matrices on a case-by-case situation, which is time-consuming. 

Statistical Energy Analysis Method  

Statistical energy analysis (SEA) starts with representing a complex vibroacoustic system 

as a collection of subsystems [97]. The wave propagation characteristics of the subsystems lead 

to parameters (e.g., modal density, group velocity) for SEA analysis. These subsystems can 

receive, store, dissipate and transmit energy. The energy transmission between the subsystems 

is characterised by using a coupling loss factor depending on the junction. For example, Cotoni 

et al. [98] used a statistical energy analysis method to predict the vibroacoustic characteristics 

of complex panels (e.g., honeycomb-cored panel, stiffened panels). The model density was 

found by using a wave and finite element method. Chronopoulos et al. [99] developed an SEA 

model for predicting the vibroacoustic performance of composite cylindrical shells. The wave 
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characteristics were calculated using a WFE method and used for calculating the modal density 

and the radiation efficiency. Sound transmission through a finite shell was calculated using the 

SEA method in reference [100]. 

In some references [101-104], a hybrid FE/SEA method is used for predicting the 

structural response to acoustic excitations. The boundary conditions of finite structures are 

modelled using FE. The entire system is divided into subsystems (e.g., a room-plate-room 

model). The structure is fully modelled using FE while other subsystems (e.g. acoustic spaces) 

are represented using the SEA method. Each statistical component is assumed to carry a diffuse 

wave field. The dynamic stiffness matrix of the deterministic component is coupled to those of 

the statistical components using diffuse field reciprocity relationships [105]. Langley et al. [104] 

used a hybrid deterministic-statistical method to estimate the vibroacoustic of complex systems 

with domain coupling. Reynders et al. [106] used a hybrid finite-statistical energy analysis 

method to estimate sound transmission through structures. The hybrid model can take the 

randomness (e.g. the uncertainty of local mass and stiffness variation) of the acoustic spaces 

into account. Note that the full FE discretisation of a subsystem can lead to a high 

computational cost at high frequencies. Decraene et al. [107] combined the transfer matrix 

method with the SEA method to predict the sound transmission through various panels. 

However, as mentioned before, the derivation of the transfer matrix involves lengthy algebraic 

manipulation. For complicated structures (e.g., honeycomb-cored panels), deriving the transfer 

matrix is difficult.  

1.3 Wave and Finite Element Method 

The early studies (e.g., references [108-110]) of the characteristics of wave propagating 

through periodic structures using finite elements set the foundation for the emergence of the 

WFE method. In reference [111], Mace et al. proposed the WFE method for predicting the 

wavenumbers of one-dimensional waveguides, e.g. Euler- Bernoulli beams, simply supported 
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plate strips and viscoelastic laminates. The formulations for calculating the group velocity, 

energy, power, etc. were developed. Using this method, only a small segment of the waveguide 

was modelled using a conventional FE method. The mass and stiffness matrices of the segment 

were obtained. The periodicity was used to postprocess these matrices to form the 

eigenproblem whose solution gives the eigenvalues (wave propagation constants) and 

eigenvectors (representing wave mode shapes). Note that the size of the segment should not be 

too large or too small. When the segment is too small, round-off errors occur at low frequencies. 

For a large segment with a coarse mesh, FE discretisation errors would be pronounced. As a 

rule of thumb, there should be at least six elements per wavelength, but this also depends on 

the order of the element’s shape functions. A detailed discussion about the segment size can be 

found in  ref. [112].  

Mace et al. [113] extended this method to predict the dispersion relations of two-

dimensional homogeneous structures, e.g. a thin plate, an asymmetric laminated plate and a 

laminated foam-cored sandwich panel. Various forms of eigenproblem depending on the nature 

of the solution sought were discussed, e.g., linear, quadratic, polynomial and transcendental 

eigenvalue problems. 

In reference [114, 115], Manconi and Mace extended this method to the prediction of wave 

propagation characteristics of cylindrical and curved panels. Examples of isotropic, orthotropic 

and laminated curved shells were presented. The eigenproblems established for such structures 

have the similar forms to those of plane structures. The eigensolution of the eigenproblems 

yields the dispersion relations (wavenumber, group velocity, etc.). The dispersion curves of 

fluid-filled elastic pipes were calculated by Maess et al. [116] using this method, where a small 

one-dimensional segment of the structure was modelled using solid (for structure) and fluid 

(for interior fluid) elements. Note that for cylindrical geometries, the circumferential order of 

free waves can be specified.  
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Mace [117] discussed the wave motion and dispersion phenomenon in general terms, i.e., 

veering, locking and strong coupling effects. In reference [118], Waki applied the WFE method 

to predict the characteristics of wave propagation in a ring, where a small circumferential 

segment of the ring was modelled using beam elements. For modelling the curvature, the nodal 

coordinates of beam elements were rotated by a small angle subtended by the segment. In 

addition, three methods for calculating the group velocity were described, e.g., using power 

and energy relation, finite difference method and differentiation of the eigenvalue problem. 

Finnveden [119] used a finite element method (FEM), the waveguide-FEM, to predict the 

characteristics of wave propagation (e.g. wavenumber, group velocity, the waveform) of thin-

walled structures. The group velocity was calculated using FE formulations.  

Renno and Mace [120] proposed a hybrid finite element/ wave and finite element method 

for calculating the wave transmission and reflection coefficients of joints, where the joint, 

having arbitrary complex geometry, was modelled using FE while the waveguide was modelled 

using the WFE method. A similar approach was used by Mitrou et al. [121] to model the wave 

transmission and reflection characteristics of joined two-dimensional structures. Fan et al. [122] 

predict the energy flow in built-up structures using the hybrid method as well. 

Waki et al. [112, 123] investigated the numerical difficulties concerning the use of the 

WFE method for predicting the free and forced responses of one-dimensional waveguides. 

Different approaches (e.g., the transfer matrix, Zhong’s method [124]) of formulating the 

eigenvalue problem were described for calculating wave propagation characteristics. Their 

research showed that FE discretisation errors occur when the segment is too large while round-

off errors occur for the use of very small segments. The latter could be reduced using a super-

segment formed from the concatenation of the original small segments. In reference [125], 

Ichchou et al. studied the numerical sensitivity concerning the use of the WFE method for 
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calculating the energy and group velocities. Again, Zhong’s method [124] was used for 

obtaining a well-conditioned eigenproblem.  

Duhamel et al. [126] combined the wave approach with finite element method to calculate 

the forced response of continuous and periodic waveguides. The transfer matrix was used to 

calculate the eigenvalue and eigenvectors. The eigenvectors form a set of wave basis functions 

which were used for representing the state variables (stress and displacements) in the wave 

domain. The orthogonality of left and right eigenvectors was used to overcome the numerical 

difficulties of inverting spectral matrices. A global dynamic stiffness matrix was found using 

a subset of the wave basis for calculating the structural response. Waki et al. [127] applied this 

method to calculate the free and forced responses of a tyre. Both finite area and point 

excitations were considered. Dispersion phenomena of curve veering, non-zero cut-off, etc. 

were analysed for wave propagation. Again, a reduced wave basis was used to transform the 

state variables from the physical domain to the wave domain. 

In references [128, 129], Renno and Mace extended the WFE method to predict the forced 

response of one-dimensional [128] and two-dimensional [129] homogenous structures, e.g., 

finite isotropic and orthotropic laminated panels. The wave characteristics (wavenumbers, 

eigenvectors) were found from the solution of the eigenproblem and used to calculate the 

structural response to a convected harmonic pressure. Then the response to a general excitation 

was calculated by solving the inverse of the Fourier transforms semi-analytically using contour 

integration and residue theory. 

The forced response of axially homogenous circular cylinders (e.g., thick and anisotropic 

cylinders) was investigated in reference [130]. The cylinders can be arbitrarily complex 

through the thickness. A small curved segment of the structure was modelled using small flat 
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elements. Note that the nodal coordinates of the elements were rotated by a small angle for 

modelling the curvature. Similar modelling approach were presented in references [115, 118].  

In reference [131], Mencik proposed a norm-wise error analysis method for reducing the 

size of the wave basis used for solving the forced response of elastic waveguides. Mencik [132] 

applied this method to calculate the harmonic forced response of one-dimensional periodic 

structures with complicated substructures. The large number of internal DOFs of the periodic 

cell were condensed using component mode synthesis (CMS). This reduction method was also 

used by Zhou et al. [133, 134] and Silva et al. [135] to reduce the size of the WFE model for 

calculating the wave propagation characteristics of periodic structures. Droz et al. [136] used 

this method to study the dispersion characteristics of honeycomb-cored panels with different 

core geometry. Maurin et al. [137, 138] extended the WFE method to predict the dispersion 

relations of glide, screw and rotational symmetric structures.  

Recently, this method was extended to predict sound transmission through, and radiation 

from various plane and curved structures [139, 140].  

1.4 Outline of the Thesis 

The goal of this thesis is to extend the wave and finite element (WFE) method to predict the 

vibroacoustic performances of structures. These structures include various laminated flat 

panels and cylindrical shells. Formulations for sound transmission through, and radiation from, 

such structures are developed. The WFE model developed in each chapter is first illustrated by 

considering a simple structure for which analytical methods are available. In order to validate 

the WFE model, the WFE predictions are compared with those of the analytical methods. The 

WFE method is then applied to complicated structures for which finding analytical solutions is 

difficult or impossible. The predictions made by using a WFE model are also compared to 

experimental results taken from the literature. Throughout this thesis, ANSYS 13.0 was used 



 

 

22 

 

to find the mass and stiffness matrices of a small segment of an entire structure. ANSYS 

SOLID185 elements were used for discretising solid volumes and ANSYS SHELL181 

elements for shells. The calculations involved in post-processing the matrices were performed 

in MATLAB R2017b. The contents of each chapter are as follows:  

Chapter 1 contains an introduction. The current techniques for vibroacoustic analysis are 

reviewed. 

In chapter 2, infinite, continuous, homogeneous and flat panels are considered. The 

structures are coupled to infinite fluid spaces. The fluid spaces are modelled analytically. The 

structures are modelled using a WFE method. Formulations are derived for the fluid/structural 

coupled model for calculating the structural responses. Both acoustic and structural excitations 

are considered. For an oblique plane wave, the transmission loss coefficient is obtained. The 

diffuse-field transmission loss is found by a double numerical integration. Sound radiation from 

structures subjected to general excitation is also considered by using a Fourier transform 

method. The extended WFE method is first applied to simple panels (e.g. an Euler Bernoulli 

beam and an isotropic, thin plate) for which analytical solutions are readily obtained and results 

compared with analytical results. Then this method is applied to complicated structures for 

which establishing the analytical equations of motion is difficult. These structure include 

symmetric, laminated panels with an isotropic core and asymmetric panels with an orthotropic 

core. In the numerical examples, the dispersion curves are also predicted for the structures 

using a WFE method. The wavenumber characteristics are used for illustrating the underlying 

physics of high sound transmission which occurs at coincidence. 

In chapter 3, sound transmission through finite panels is studied. The panels considered 

can consist of various layers (e.g. solid and fluid layers) with different physical properties (e.g. 

material properties, damping loss factors). A segment of a multi-layered system with fluid 
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layers is considered. For reducing the computational cost, the fluid layers are modelled 

analytically using a wave model. A spectral dynamic stiffness matrix is found for a general 

fluid layer. The fluid matrix order does not increase with the layer thickness. The extended 

WFE method in chapter 1 is used to model an infinite solid layer. Formulations for assembling 

the spectral dynamic stiffness matrices of the various layers are developed.  

A spatial windowing technique is applied to take the effect of the finite size of the structure 

into account. A geometrical correction factor depending on the structural dimensions is 

introduced for calculating the sound transmission loss of finite panels. The results are then used 

to predict sound transmission loss. The formulations are first validated by comparison with 

simple finite panels and then applied to a range of complicated panels, including double glazing, 

double steel panels, etc.  

In chapter 4, application of the method developed in chapter 2 to a periodic honeycomb-

cored panel is investigated. An assumption that structural and acoustic wavelengths are much 

larger than the dimensions of the periodic cell is made. Again the infinite fluid spaces are 

modelled analytically, similar to chapter 2. A multi-scale modelling technique is proposed to 

model the complex geometry of a periodic cell using an FE method. The complex geometry of 

the periodic cell leads to a large number of DOFs. Guyan reduction (static condensation) is 

used to reduce the model size to reduce computational cost. Formulations are derived for a 

reduced WFE model for predicting the sound transmission loss. Various numerical examples 

are presented to illustrate the homogenised model, which has the advantage of capturing the 

geometry of any arbitrary complex core. The characteristics of wave propagation through the 

structures are also analysed. The free wavenumbers predicted by the WFE model are compared 

with those of equivalent models [22-24, 26]. The predicted sound transmission loss is compared 

with experimental results.  
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In chapter 5, sound transmission through circular structures in two dimensions is 

investigated. An infinitely long cylindrical shell is excited by a parallel line volume source. 

The fluid spaces are modelled analytically using a Fourier transform method. The sound 

pressures generated by a volume source are derived. The cross-section of the circular shell is 

modelled using the WFE method. The acoustic excitations are represented as a sum of 

harmonic wave components in the circumferential direction. For each acoustic wave 

component, the WFE formulations can be applied independently. The total response is found 

by summing those of individual components. A spectral dynamic stiffness matrix is also 

derived for an isotropic, thin, and cylindrical shell using an analytical method. The WFE 

predictions are compared with those of the analytical method.  

In chapter 6, the WFE formulations developed in chapter 5 are extended to three- 

dimensional, infinitely long cylindrical shells. A small curved segment of a cylindrical shell is 

modelled using a conventional FE method. The expressions for the sound pressures generated 

by a point source exterior to or inside the cavity of the shell are derived analytically. A time-

harmonic point force is also considered for structural excitation. A spectral dynamic stiffness 

matrix is derived for the segment and the structural and acoustic responses are predicted. 

Various numerical examples are presented to illustrate this method, including an isotropic, thin 

cylindrical shell and various laminated shells. The predicted sound transmission loss using the 

WFE model is compared with those of the analytical models. Sound radiation from a fluid-

filled pipe excited by a harmonic point force is also considered.  

In chapter 7, conclusions are made, and possible future work is proposed. 

1.5 Contributions of this Thesis 

The original contributions of this thesis include: 

1. A wave and finite element method is developed for fluid/structure coupled analysis. 
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2. Sound transmission through, and radiation from, infinite plane structures are studied 

using the WFE method. 

3. A combination of the WFE method and a spatial windowing technique is used for 

investigating the characteristics of sound transmission through finite panels. 

4. The WFE method is extended for predicting sound transmission through cylindrical 

shells in two dimensions with internal/external fluids.  

5. Sound transmission through cylindrical shells excited by a point source, and radiation 

from fluid-filled pipes due to structural excitation are studied using the WFE method. 
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    Chapter 2 

SOUND TRANSMISSION THROUGH, AND 

RADIATION FROM, INFINITE PANELS 

This chapter concerns sound transmission through infinite, flat, uniform panels, and sound 

radiation from structural excitation. Analytical solutions are available for simple cases. Here, 

a WFE method is developed for arbitrary construction through the thickness.  

2.1 Introduction 

The acoustic performance of panels is of great importance in many applications (e.g. 

architectural, automotive and aeronautical). Over the years, there has been a concerted effort 

to develop methods for estimating the sound transmission loss (STL) characteristics of various 

panels. For simple structures such as beams and thin isotropic plates, it is straightforward to 

calculate the sound transmission analytically [7]. For complicated structures such as sandwich 

panels, laminated fibre-reinforced composites and honeycomb-cored panels, analytical 

methods become difficult and involve various assumptions and approximations. For example, 

the assumption of the incompressibility of the core was made by Kurtze and Watters [12] to 

predict the TL characteristics of sandwich beams, which leads to the disappearance of 

symmetric wave propagation in the structure. The assumption of linear displacement fields 

through the thickness of panels was made by Lord et al. [13] and Moore and Lyon [14] to study 

the characteristics of sound transmission through various sandwich panels. These assumptions 

generally become less accurate as frequency increases. Establishing the equations of motion 

for similar or even more complex structures becomes a formidable task.  
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Alternatively, numerical solutions to structural/acoustic coupled problems (e.g. references 

[92, 95]) can be found using finite element (FE) and/or boundary element methods. However, 

such models have drawbacks as they become large at higher frequencies, resulting in high 

computational costs. Some authors use a statistical energy analysis (SEA) method [98] or a 

hybrid method (FE-SEA) [104] to predict the sound insulation performances of panels. The 

finite panels are modelled deterministically using the FE method for the hybrid model. An 

alternative method, developed here, is the wave and finite element (WFE) method. In essence, 

the WFE method involves meshing just a small segment of the structure using any FE software, 

with the resulting mass and stiffness matrices being post-processed and periodicity conditions 

applied to yield the wave characteristics of the whole structure. The WFE method, reviewed in 

reference [141] has been applied to predict the characteristics of wave propagation in structures.  

In this chapter, previous work is extended to predict sound transmission through infinite, 

plane structures using the WFE method. A single segment of the panel is meshed through the 

thickness using a conventional FE approach using an in-house or commercial code. The 

dynamic stiffness matrix of this segment is then post-processed and assembled with the 

dynamic stiffnesses of the fluids to determine the structural and acoustic responses. Sound 

radiation caused by excitation of the structure by forces is also considered, with the emphasis 

being placed on the far-field radiation from a point force excitation. 

2.2 Theory and Formulation 

The theory and formulation concerning the extension of the WFE method to predict the STL 

of infinite panels are presented in this section. The infinite fluid spaces are modelled using an 

analytical method in section 2.2.1. The infinite solid structure is modelled using the WFE 

method in section 2.2.2. The interaction between the fluid and the structure is illustrated in 

section 2.2.3. Various excitations are introduced in section 2.2.4 including acoustic plane 

waves, and general forces (e.g., a time-harmonic point force) applied to the structure. The total 
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spectral dynamic stiffness matrix of the infinite system is derived in section 2.2.5 and the 

acoustic and structural responses calculated. The diffuse-field STL, and sound radiation in the 

far-field are considered in sections 2.2.6 and 2.2.7 respectively. Sections 2.3 and 2.4 present 

examples. 

2.2.1 Fluid Space 

In this section, an infinite fluid space is modelled analytically. The expression of the sound 

pressure for acoustic plane waves is derived.  

Assume the fluid is homogeneous, inviscid, compressible, the continuity (conservation of 

mass) equation can be written as (see chapter 5 in reference [10]) 

   0
t





  


u   (2.1) 

where u v w  u i j k  represents the particle velocity vector ( , ,u v w  are the moduli amplitudes 

of the particle velocity components, and ,  ,  i j k  are unit vectors in the x, y, and z directions 

respectively;   is the density;    is the divergence operator. Let  0 1 s    where s  is 

the condensation which is assumed to very small, and 
0  is the mean density being 

independent of time. Neglecting second-order terms results in a linearised continuity equation 
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According to the linearised momentum equations (see equation 1.5 in reference [7]), the 

acoustic pressure can be related to the particle velocities by 
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where p  denotes the instantaneous acoustic pressure. Taking the derivatives of Eqs. (2.3-2.5) 

with respect to variables x, y, z respectively leads to 
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Substituting Eq. (2.6) into the partial derivative of Eq. (2.2) with respect to time t leads to 
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 The adiabatic bulk modulus   can be written in terms of pressure p, and condensation s as 

[10] 

 .p s   (2.8) 

Note that [10]  
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where   is the ratio of specific heat and 
0P  is the mean fluid pressure.  

Inserting Eq. (2.9) into Eq. (2.8) yields 
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Again, inserting Eq. (2.10) into Eq. (2.7) gives 
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where 
0 0c P  is the frequency-independent speed of sound. Assuming time-harmonic 

motion of the form  exp i t , one solution to Eq. (2.11) can be written in the separable form 

(see chapter 1 in reference [7]) as 

    , , exp i i i i ,x y zp x y z p t k x k y k z      (2.12) 

where p  denotes the complex pressure amplitude of a plane wave which has constant 

amplitude and phase on any plane perpendicular to the direction of propagation and , ,x y zk k k  

are the wavenumber components in the x, y, and z directions respectively. 

2.2.2 Solid Structure 

In this section, an infinite, continuous, flat structure is modelled. In practical applications, the 

structure is typically of complicated, layered construction so that while an analytical/numerical 

solution might be able to be developed, it is simpler to develop an FE model. The WFE method 

involves modelling a small segment of the structure using the FE method. From the FE model, 

the mass and stiffness matrices of the segment are determined. Note that the FE analysis can 

be done using any software package. The mesh might include any number of elements through 

the thickness of the structure. This makes the approach particularly suitable for modelling 

laminates, sandwich panels etc. The advantage of this method is that users do not need to 

develop analytical models for the core deformation through the thickness. 

In the WFE model shown in figure 2.1, no edge or internal DOFs are assumed but they 

can be included straightforwardly [113]. The governing equation of the segment, assuming 

time-harmonic behaviour and neglecting damping, is 

 2[ ] ,  K M q f e   (2.13) 
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where ,q ,f  and e  are  4 1n  vectors of nodal DOFs, internal and external nodal forces 

respectively; M  and K  are the mass and stiffness matrices of the segment and n represents the 

number of degrees of freedom (DOFs) throughout the cross-section at each corner. Damping 

can be included by a viscous damping matrix C  or by K  being complex. 

For time and space harmonic excitation, the nodal displacements are related by periodicity 

conditions, and the internal nodal forces must satisfy equilibrium equations. The governing 

equation can then be reduced (see section 2 in reference [113]). If there are internal nodes, they 

can be eliminated via dynamic condensation. The discretisation must not be too coarse, e.g. the 

element size should not be too large compared to the shortest wavelength of structural or 

acoustic motion. Otherwise, the discretised model will not accurately describe the motion of 

the structure. Details concerning numerical issues of applying the WFE method can be found 

in reference [112]. 

2.2.3 Fluid-Structure Interaction 

Consider the situation in figure 2.2. An incident plane wave excites a structure of thickness ℎ 

whose motion, in turn, excites reflected and transmitted waves in the fluids adjacent to the top 

and bottom surfaces of the structure respectively. The structure lies parallel to the -x y  plane. 

The regions 0z   and z h   are occupied by acoustic fluids 1 and 2 with wave speeds 
1c  and 

2c  respectively. An acoustic plane wave 

  ,1exp ii x y zp k x k y k z   
 

  (2.14) 

is incident in fluid 1 from 0z   at an angle   to the normal, giving rise to reflected and 

transmitted waves 

    ,1 ,2exp i ,       exp i ,r x y z t x y zp k x k y k z p k x k y k z        
   

  (2.15) 
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where the time-harmonic dependence  exp i t  has been suppressed; The wave amplitudes are 

denoted by 
ip , 

rp , and 
tp  respectively. Inserting Eq. (2.15) into Eq. (2.11) yields 

 2 2 2 2 2 2 2 2

,1 1 ,2 2 1,2 1,2,     ,     / ,z x y z x yk k k k k k k k k c         (2.16) 

where   

 1 1sin cos ,         sin sinx yk k k k       (2.17) 

are the trace wavenumber components of the incident wave,   denotes the propagation 

direction of an acoustic trace wave. Note that the trace wavenumber components are the same 

for all three waves. Therefore, the pressures applied on the upper (
1 0z  ) and lower (

2z h   ) 

surfaces by the acoustic waves can be written as 

    1 ,1 1exp i i ii r x y zp p p k x k y k z        (2.18) 

and 

  2 ,2 2exp i i it x y zp p k x k y k z      (2.19) 

respectively. 

Then, from the continuity of the fluid and structural displacements, inserting Eq. (2.18) 

and Eq. (2.19) into Eq. (2.5)  respectively gives,  

 ,1 1 ,2 2,          ,i r f t fp p D w p D w     (2.20) 

where 
1w  and 

2w  are the displacements of the upper and lower surfaces respectively, and 

 
2 2

1 2
,1 ,2

,1 ,2

i i
,           f f

z z

D D
k k

    
    (2.21) 

are the dynamic stiffnesses of the fluids. 
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2.2.4 Acoustic/Force Excitation 

For acoustic excitation, the pressures applied on the structure are described by Eq. (2.18) and 

Eq. (2.19). In an FE discretisation, this results in external nodal forces on those DOFs that 

correspond to displacements in the z-direction of the upper and lower surfaces, e.g. 
1w  and 

2w . 

Coupling vectors 
1u  and 

2u  are defined, whose elements are all zero apart from that which 

corresponds to 
1w  and 

2w  respectively, which equals 1. Therefore 

 ,1 1 ,2 2,            ,T T

j j j jw w u q u q   (2.22) 

where j represents the j-th corner of the segment in figure 2.1(b) and  jq  are vectors of degrees 

of freedoms of the j-th hyper-node, which is the concatenation of all the nodes at the corner of 

the segment.  

The distributed external excitation could merely be lumped at the nodes. Preferably, 

consistent nodal forces can be calculated as follows. For example, je  can be written as 

   1 2 ,j i r j t jp p p   e u u   (2.23) 

where 

  ,1i i i

,1 , d d ,x y zk x k y k z

j je N x y x y
  

    (2.24) 

  ,2 2i i i

,2 , d d ,x y zk x k y k z

j je N x y x y
  

    (2.25) 

where  ,1 , ,jN x y z  and  ,1 , ,jN x y z  are the shape functions associated with the w-

displacements of the upper and lower surfaces respectively. Typically, Eqs. (2.24, 2.25) are 

solved by numerical integration (e.g. using a Gauss–Legendre quadrature method [83]). If there 

are internal nodes, consistent nodal forces can be calculated for each and combined via dynamic 
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condensation to yield je  at the corners of the segment. Eq. (2.23) explicitly separates the 

excitation into two components, one on each of the surfaces of the structure. 

For a general, external force loading, the loading can be applied to the structure in any 

direction [128-130]. Time-harmonic excitation  , ,P x y z  per unit volume is assumed to act on 

in the z-direction of the structure. This loading is resolved into consistent nodal forces. Here 

only a loading  , ,P x y z  in one direction is considered. If there are additional loading 

components (e.g. acting in the x- or y-directions), their contributions can be simply added to 

the consistent nodal forces. The only restriction is that each component of a general excitation 

force is separable and can be written in the form       i, , , .t

xy zP x y z P x y P z e   Suppressing the 

time dependence, it is useful to define the following Fourier transform pair,  

       ii
, , , d d ,yx

k yk x

z x y x yP x y z P z P k k e e k k
  

 
     (2.26) 

where 

    
ii

2

1
, , d d .

4π

yx
k yk x

x y xyP k k P x y e e x y
 

 
     (2.27) 

They enable any external loading  , ,P x y z  to be expressed as the superposition of space 

harmonics. For each pair of wavenumbers  ,x yk k , consistent nodal forces can be written as 

      
ii

1,2, , , d dydzyx
k yk x

j x y z jP k k e e P z N x y z x


 e u   (2.28) 

where the subscript of e  is j, the subscript of u  is “1” or “2” and  , ,jN x y z  are the element 

shape functions, If a point force is applied on the upper or lower surface, then the shape 

functions  , ,jN x y z  become  ,1 ,jN x y  and  ,2 ,jN x y  respectively. These nodal forces can be 

included in Eq. (2.13) to calculate the response and acoustic radiation. 
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Consider, for example, the case where a point force of strength F  acts on the surface at 

0z  . This force leads to a pressure      0 0, , δ δP x y z F x x y y    acting on the surface of the 

plate. Taking the Fourier transform yields 

       00
i ii i

0 02 2

1 1
, δ δ d d .

4π 4π

y yx x
k y k yk x k x

x yP k k F x x y y e e x y Fe e
 

 
       (2.29) 

The consistent nodal forces of the point force can be obtained by Eq. (2.29) straightforwardly.   

2.2.5 Spectral Dynamic Stiffness Matrix and Response 

In this section, the FE model of the periodic cell is post-processed using periodic structure 

theory and equilibrium conditions. The boundary DOFs of the FE model are further condensed. 

A spectral equation of motion is derived for the system. 

The most straightforward solution method, and that which is most useful if fluid loading 

is significant, is to apply the periodicity condition [38] 

 2 1 3 1 4 1,      ,      ,x y x y     q q q q q q   (2.30) 

where 
x  and y  are wave propagation constants, and can be expressed as 

 
ii

,           .y yx x
k Lk L

x ye e 


    (2.31) 

Equation (2.30) can be rewritten as 

 
1,           ,

x

R R

y

x y





 

 
 
  
 
 
  

I

I
q Λ q Λ

I

I

  (2.32) 

while equilibrium at hyper-node 1 gives 
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1

2 1 1 1 1

3

4

,            .L L x y x y      

 
 
       
 
 

f

f
Λ 0  Λ I I I I

f

f

  (2.33) 

Substituting Eq. (2.32) into Eq. (2.13) and premultiplying by 
LΛ  results in 

  i ii i

1 1 2 3 4 ,y y y yx x x x
k L k Lk L k L

s e e e e   D q e e e e   (2.34) 

where 

 2

s L R   D Λ K M Λ   (2.35) 

is the reduced dynamic stiffness matrix of the structure. Noting the dynamic stiffnesses of the 

fluids in Eq. (2.20) and the expressions for the excitation in Eq. (2.23) and Eq. (2.34) reduces 

to  

 
1 1 12 ,ip Dq u   (2.36) 

where 

 1 ,1 1 1 2 ,2 2 2 ,T T

s f fD D   D D u u u u   (2.37) 

 
i ii i

1 1 2 3 4 ,y y y yx x x x
k L k Lk L k L

e e e e          (2.38) 

 
i ii i

2 1 2 3 4 ,y y y yx x x x
k L k Lk L k L

e e e e          (2.39) 

where 

 
 

 

i i

,1

i i i

,2

, , d d ,

, , d d .

x y

x y z

k x k y

j j

k x k y k h

j j

e N x y z x y

e N x y z x y





 

  








  (2.40) 
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In equation (2.40), the shape functions  ,1 , ,jN x y z  and  ,2 , ,jN x y z  are associated with the w-

displacements of the upper and lower surfaces, respectively. Note that the dynamic stiffnesses 

of the fluids contribute to the relevant diagonal elements of D. Eq. (2.36) can be solved for the 

response vector 
1.q  The reflected and transmitted pressures at the surfaces of the structure then 

follow from Eq. (2.20) as  

 ,1 1 1 ,2 2 1,           .T T

r i f t fp p D p D  u q u q   (2.41) 

An alternative solution method is to decompose the structural response into free wave 

components excited by the incident pressure. This approach can be used to find the response 

to arbitrary structural excitation [128-130]. If fluid loading effects are negligible, then peaks in 

the response or sound transmission loss can be related to strong excitation of free waves in the 

structure, assisting in the interpretation of the behaviour.  

2.2.6 Sound Transmission Loss and Diffuse Incident Field 

The sound transmission loss for a wave incident at a pair of angles  ,   is defined as 

  10log , ,TL          (2.42) 

where the power transmission coefficient  ,    is the ratio of the transmitted and incident 

powers, i.e. 

  
  
 

2

,2 2

2

,1 1

Re
, .

z t

z i

k p

k p


  


   (2.43) 

Note that in equation (2.43) the numerator can be complex value given different fluids (say air 

to water) in the half-spaces. For a diffuse incident field the sound transmission loss, found by 

integrating over all possible incident angles   to the normal direction and heading angles   

of wave propagation over the structure, is 
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2π π 2

0 0

1
, sin cos d d .d       


     (2.44) 

This integral would typically need to be evaluated numerically.  

There are various integration functions available in MATLB, but note that some of them 

have very low accuracy for calculating the integral of equation (2.43). The function QUAD, 

for example, approximates the integral using recursive adaptive Lobatto quadrature using only 

an absolute error of 61 10 . Care must be taken when using such numerical integration routines 

to evaluate the double integral defined by eq. (2.43) as the integrand typically contains sharp 

peaks and troughs which can be missed if the resolution of the method is not sufficiently high. 

In order to achieve good accuracy at reasonable numerical expense, it is preferable to divide 

the whole integral domain into smaller subdomains without internal singularities/peaks. Then 

applying numerical integration schemes to each subdomain and summing the results together. 

Also, note that in some cases the upper limit of the integration of   is suggested to be truncated 

at some angle (the angle 78  is suggested in [7] to allow for non-diffuseness of the incident 

field. 

2.2.7 Sound Radiation 

The far-field sound pressure is considered in this section. 

In figure 2.3, for example, assume the half-space 0z   above the panel is occupied by 

fluid with density 
1  and sound velocity 

1c  while the fluid with density 
2  and sound velocity 

2c  occupies the other half-space z h  . The sound pressure in fluid 1 is governed by the wave 

equation, 

 
2 2 2 2

rad rad rad rad

2 2 2 2 2

1

1
.

p p p p

x y z c t

   
  

   
  (2.45) 
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where the subscript “rad” denotes the radiated sound pressure. Applying the Fourier transform 

to Eq. (2.45) gives, for time-harmonic excitation, 

  
2

2 2 2

1 rad2
, , 0.x y x yk k k p k k z

z

 
    

 
  (2.46) 

The solution to Eq. (2.46) is given by 

    rad ,1, , exp i ,x y zp k k z A k z    (2.47) 

where  

 

2 2 2 2 2 2

1 1

,1
2 2 2 2 2 2

1 1

        
,

i     

x y x y

z

x y x y

k k k k k k
k

k k k k k k

    
 

    

  (2.48) 

and A is determined by requiring that the fluid particle displacement in the z-direction at 0z   

is equal to the surface displacement 
1w . This requirement gives 

 
 2

1

,1

,
.

x y

z

i w k k
A

k

 
   (2.49) 

The radiated sound pressure is thus given by   

 
 2

1 ii i

rad 2 2 2 2

1

i ,1
d d .

4π

yx z
x y k yk x k z

x y

x y

w k k
p e e e k k

k k k

    

 




 
    (2.50) 

For observation points in the acoustic far-field, the double integral can be evaluated 

asymptotically using the method of stationary phase which gives the approximate expression 

(see section 8.7 in reference [9]) 

    
i

2

rad 1, , , ,
2π

kR

x y

e
p R w k k

R
   



    (2.51) 

where the stationary phase wavenumbers are 
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 1 1sin cos ,           sin sin ,x yk k k k       (2.52) 

and correspond to wavenumber components in the x and y directions of a plane-wave 

propagating towards the observer from the origin of the coordinate system. The sound pressure 

in fluid 2 follows in a similar manner. 

2.3 Illustrative Examples 

A series of numerical examples demonstrating the WFE method are presented in this subsection. 

These examples include sound transmission through, and radiation from, one-dimensional (1D), 

and two-dimensional (2D) thin, homogenous, and isotropic panels. For these cases, analytical 

methods are available for predicting the acoustic response and thus the results obtained using 

the WFE method are compared with results obtained from the analytical models (see equations 

5.27-5.36) in reference [7]).  

2.3.1 One-Dimensional Isotropic Panel 

First, consider an infinite, thin, and isotropic beam. The material properties are: elastic modulus

112 10 PaE   , density 37800kg m ,   and thickness h=3mm. A small segment of length 

10mm is taken and modelled using one ANSYS BEAM 181 element having two nodes. Each 

node has two DOFs, flexural displacement and rotation about the z-axis. The STL is predicted 

using the WFE method. Figure 2.4 shows the predictions (solid black curve), together with the 

analytical (dotted red curve) results (using equation 5.38(a) in reference [7]). It can be seen that 

the agreement is excellent. For the oblique STL, a dip can be observed at 7.28 kHz due to 

coincidence: at this frequency the trace wavenumber of the incident acoustic wave equals the 

wavenumber of the bending wave of the structure. For the diffuse field, the coincidence 

frequency is seen to be at 4.33 kHz. 
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2.3.2 Two-Dimensional Isotropic Panel 

Another example is a 2D isotropic, thin plate. The thickness of the plate is 3mm. A small 

segment of the plate is meshed using a single rectangular, 4-noded element of sides 

3 .x yL L mm   There are three DOFs at each node, transverse displacement and the two 

rotations 
x  and .y  The mass and stiffness matrices of the thin plate element with cubic shape 

functions can be found in reference [93] (although note typographical errors). 

Assume the plate is submerged in air. The material properties are listed in table 2.1. Figure 

2.5(a) shows the STL, predicted from equation 5.38(a) in reference [7], and from the WFE 

solution, for an angle of incidence  = 60°. The agreement can be seen to be very good. There 

is a notch in the STL curve at 5500 Hz due to coincidence. For this choice of structure and 

fluid, the fluid loading effects are generally weak, although it should be noted that they are 

significant at and around the coincidence frequency. Figure 2.5(b) shows the diffuse field STL, 

calculated by numerical integration. Again the agreement is very good. 

Consider the case where fluid 1 in the half-space 0z   is air, and fluid 2 is vacuum. Figure 

2.6(a) shows the far-field sound pressure radiated from the point-excited plate at 8 kHz. The 

agreement between the analytical results and the WFE predictions is very good. A peak in the 

sound pressure can be seen, at a radiation angle of 45.6  , when the trace wave speed equals 

that of the propagating bending wave. 

For the case where the half-space 0z   is occupied by water, figure 2.6(b) shows the 

radiated pressure for an excitation frequency f=40 kHz. The WFE solution shows a good 

agreement with the analytical solution again. The excitation frequency is below the coincidence 

frequency.  
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2.4 Application Examples 

In this subsection, the extended WFE method is used to calculate sound transmission through 

an antisymmetric, cross-ply sandwich panel for which developing an analytical solution is 

difficult. A complex symmetric sandwich panel with an orthotropic core is also considered. 

The characteristics of wave propagation in these structures are also studied. The wave 

dispersion curves are used to interpret the underlying physical mechanism for the transmission 

loss characteristics. 

2.4.1 Symmetric Sandwich Panel with Orthotropic Core 

The configuration of the panel considered in this section is a symmetric panel with an 

orthotropic core. The material properties are shown in table 2.1.  It consists of three layers. The 

thicknesses of the core and each skin are 6.35mm and 0.5mm respectively. The face sheets of 

the segment are meshed by using two ANSYS SOLID185 elements. Six elements of the same 

thickness and sides Lx=Ly=1mm are used for the core. Relevant material properties are shown 

in table 1. Structural damping is neglected.   

1. Sound Transmission Loss 

Figure 2.7(a) shows the real-valued dispersion curves for structural waves with the propagation 

angle 0   to the positive x-direction. Complicated behaviour is observed, with cut-off 

frequencies at around 5 kHz and 35 kHz respectively. The detailed wavenumber behaviour 

around the first cut-off frequency is shown in figure 2.7(b). There are three wave branches 

below approximately 5 kHz, the bending wave (branch a), shear wave (branch b) and 

extensional wave (branch c), which resemble the dispersion behaviour of an isotropic plate at 

low frequencies. The shear wave branch starts veering at about 35 kHz. 

The sound transmission loss for acoustic plane waves incident at 20   and 50   is 

shown in figure 2.8(a). For the acoustic plane-wave incident at 50 ,   acoustic coincidence is 
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associated with the antisymmetric bending-like mode of propagation in the panel. The 

corresponding acoustic coincidence frequency can be seen in figure 2.8(b). In comparison, the 

trace wave speed of the plane wave incident at 20   is faster than the flexural wave speed of 

the panel during the whole frequency range so that coincidence does not occur. Also, it is 

worthwhile to note that the symmetric wave mode does not propagate in the frequency band 

shown. The configuration of this sandwich panel shifts the dilatational mode to higher 

frequencies. The diffuse field STL of the symmetric sandwich panel is shown in figure 2.9.  

2. Sound Radiation 

For the case of air occupying the upper half space, figure 2.10(a) shows the normalised sound 

pressure radiated from the point-excited panel at 20 kHz. The point force is applied at the origin 

of the coordinates in figure 2.3. Since the excitation frequency is above coincidence and the 

core is orthotropic, peaks can be seen for various combinations of angles   and  . For the case 

where water occupies the space 0z  , the normalised pressure in the far field is shown in figure 

2.10(b). The excitation frequency is far below the lowest coincidence frequency so that no peak 

exists in the radiated pressure.   

2.4.2 Anti-Symmetric Sandwich Panel with Isotropic Core 

In this section, sound transmission through an asymmetric, angle-ply, laminated sandwich 

panel is considered. The two outer skins comprise four sheets of 0.25mm graphite-epoxy 

material. The stacking sequences of the bottom and the top skins are  45 / 45 / 45 / 45   and 

 45 / 45 / 45 / 45   respectively. The core is a 5-mm thick foam. Four ANSYS SOLID185 

elements of sides 1mmx yL L   are used to mesh each skin of a segment taken from the panel 

while five ANSYS SOLID185 elements are used for the core. Material properties for the skins 

and the core are shown in table 2.1. The structural damping is neglected here for simplicity 
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since the propagating wavenumbers are pure-real but could be included by using a complex 

Young’s modulus.   

1. Sound transmission loss 

The pure real dispersion curves are shown in figure 2.11(a). There are three wave types below 

approximately 22 kHz, which are the flexural wave (branch a), shear wave (branch c) and 

extensional wave (branch b) respectively. With the increase of frequency, two additional waves 

(branch d and branch e) cut on at around 22 kHz involving out-of-phase motion of the skins of 

the panel. At around 39.2 kHz, wave branch b cuts off with non-zero real wavenumber while 

branch f appears above the cut-on frequency of approximately 39.8 kHz.  

The complexity of the high order wave types is such that the veering part of the extensional 

wave (branch b) spans a comparatively broader frequency range while the veering part of 

branch f exists over a fairly narrow frequency region. The detailed wavenumber behaviour 

around 39 kHz is shown in figure 2.11(b).    

For acoustic plane-waves incident on the panel, the STL is a function of frequency, the 

angle of incidence   with respect to the normal to the panel and the direction of wave 

propagation   over the surface of the panel. When the trace wavenumber of the incident wave 

equals that of the symmetric or antisymmetric wave mode at a given frequency, coincidence 

leads to a notch in the STL. The acoustic coincidence frequencies in figure 2.12(a), for instance, 

correspond to the frequencies in figure 2.12(b) where the minimum STL occurs. 

As can be seen from figure 2.12(a), both the symmetric propagating wave (the veering 

part of branch b) and the antisymmetric bending wave (branch a) propagate in the frequency 

range shown. Both modes contribute to the occurrence of coincidence. Compared to the 

isotropic plate, the dispersion curves of the laminated panel are more complex, and the 
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behaviour of higher order waves is significant in affecting the acoustic performance. For the 

diffuse incident field, the STL is shown in figure 2.13. 

2. Sound radiation 

Consider the case where air occupies the space 0z   and the half space z h   is a vacuum. 

Figure 2.14(a) shows the radiated sound pressure normalized to that of 0   for an excitation 

frequency f=10 kHz. Again acoustic coincidence leads to the maximum radiated pressure at the 

coincidence angle. Figure 2.14(b) shows the sound pressure for the same excitation frequency 

where 0z   is occupied by water, the excitation frequency being smaller than the coincidence 

frequency.     

2.5 Conclusions 

This chapter described an approach for the prediction of sound transmission through infinite 

structures coupling two-dimensional and three-dimensional acoustic spaces. It involves a finite 

element analysis of a small segment of the structure to determine the mass and stiffness 

matrices, coupled to analytical models of the acoustic spaces, which are then post-processed in 

a straightforward manner to yield the structural and acoustic responses. The prediction of sound 

radiation from structures excited by a time-harmonic point force was also considered. 

Various numerical examples were presented to validate and illustrate the method. This 

approach was first demonstrated by one-dimensional and two-dimensional thin, isotropic 

beams and plates, for which analytical solutions are well-known. Numerical predictions using 

the WFE model agree very well with the analytical results. Then two, more complicated, 

examples, namely antisymmetric and symmetric laminate sandwich panels, were considered.  

The method uses FE matrices developed using any in-house or commercial code and 

provides predictions at very small computational cost. There are various possible numerical 
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issues. In addition to those described in the reference [112], the segment size must be small 

compared to the acoustic wavelength for proper resolution of the acoustic loads.  

Due to the assumption of the infinite size, however, significant discrepancies can be 

observed between the predicted STL and the measurements for finite panels [82]. In the next 

chapter, the finite size of the structure will be considered for improving the agreement with the 

measurements. 
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Figures 

 

                                       

                 (a)                                                                                                   (b) 

Figure 2.1:  WFE model; (a) FE mesh of a segment of the structure. The mesh can contain 

any number of elements through the thickness of the structure and along the length of the 

segment; (b) FE mesh with hypernodes at each corner of the segment. The vectors of nodal 

DOFs are the concatenation of the individual nodal quantities in figure 2.1(a). 

Figure 2.2: Structure lying in the x-y plane. 
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Figure 2.3: Geometry of the structure and coordinates defining the observation point. 

 

(a)                                                                        (b) 

Figure. 2.4: Sound transmission loss for a thin beam, air-to-air, dotted red: analytical [7]; 

solid black: numerical (WFE), (a) angle of incidence  (b) diffuse incident field. 
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TABLE 2.1: Material property of panels and fluids 

Case1: isotropic panel (steel)  
112 10 Pa,E    37800kg m ,   3mm,h   0.2,v   0    

Case 2: antisymmetric panel (isotropic core) 

graphite-epoxy skins:                                                                              foam core: 

 91.19 10 Pa,xE    98.67 10 Pa,yE    98.67 10 Pa,zE                  81.8 10 Pa,xE    

93.9 10 Pa,yzG    95.8 10 Pa,xyG   95.18 10 Pa,xzG                     0.286v   

0.3,xyv   0.02,yzv   0.31,xzv 
31389kg m ,  0.01                3110kg m ,  0.03   

Case 3: symmetric panel (orthotropic core) 

styrofoam core:                                                                                        face sheets 
98.3 10 Pa,xE    98.3 10 Pa,yE    98.3 10 Pa,zE                        94.9 10 Pa,xE    

93.1 10 Pa,yzG    93.1 10 Pa,xyG   93.1 10 Pa,xzG                     0.15v   

0.34,xyv   0,yzv   0.34,xzv 
3160kg m ,  0.03                31600kg m ,  0.01   

air:                                                                                                         water: 
31.21kg m                                                                                   31000kg m   

340m sv                                                                                         1500m sv              

 

     

 

(a)                                                                       (b) 

Figure 2.5: Sound transmission loss for the isotropic plate, air to air; (a) angle of 

incidence  = 60°; (b) diffuse incident field, dot: analytical solution, solid line: WFE 

results, dash line: mass law. 
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(a)                                                                               (b) 

Figure 2.6: Radiated sound pressure in the far field; (a) air occupies the space , 8kHz; 

(b) water occupies the space , 40 kHz, dot: analytical solution, Solid line: WFE result. 

 

(a)                                                                             (b) 

Figure 2.7: Dispersion curves of the sandwich panel: (a) real-valued wavenumbers; (b) 

the detailed wavenumber behavior around the first cut-off frequency.  
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Figure 2.9: Sound transmission loss for diffuse incident field, air to air: --------- mass 

law; ________ using the WFE method. 

                                   (a)                                                                   (b) 

Figure 2.8: (a) sound transmission loss, air to air: _______ angle of incidence   -

------ angle of incidence   (b) wavenumbers: ……..…. trace wavenumber 

component of acoustic plane wave ( ); ------- trace wavenumber component of 

acoustic plane wave ( ); _______ structural bending wavenumber. 



 

 

52 

 

 

(a)                                                                           (b) 

Figure 2.10: Radiated sound pressure from the sandwich panel; (a) air occupies the space 

  (b) water occupies the space    

 

(a)                                                                         (b) 

Figure 2.11: Dispersion curves of the sandwich panel; (a) propagating waves; (b) the 

detailed behaviour of high order waves at around 3.9 kHz. 
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Figure 2.13: Sound transmission loss: air to air, diffuse incident field: --------- mass law. 

 

(a)                                                                      (b) 

Figure 2.12: (a) Wavenumber: -------- trace wavenumber component of acoustic plane 

wave ( ); …….…. trace wavenumber component of acoustic plane wave ( ); 

_____ and            structural wavenumbers. (b) Transmission loss, air to air: ………..... 

angle of incidence   _________ angle of incidence   
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(a)                                                                     (b) 

Figure 2.14: Sound pressure radiated from the sandwich panel: (a) air occupies the space 

 (b) water occupies the space    
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Chapter 3 

SOUND TRANSMISSION THROUGH MULTI-

LAYER FINITE PANELS 

This chapter concerns sound transmission through finite, multi-layered panels such as double 

glazing, laminated panels. The method extends that described in section 2 for infinite panels in 

two ways: first, the structure consists of various fluid and solid layers which are modelled, 

assembled and the internal DOFs condensed. Secondly, the finite extent is taken into account 

by using a spatial windowing technique. Various simply-supported rectangular panels are 

considered. The predicted results are compared with measurements. 

 

3.1 Introduction 

Multi-layered, lightweight panels (double gypsum board walls, double glazing, etc.) are widely 

used in various engineering applications, e.g. architectural acoustics, automotive, aircraft, 

buildings, etc. However, due to the low mass, such structures typically have poor acoustic 

performance. Much research has been conducted to predict and improve the sound transmission 

loss (STL). 

Various analytical models (e.g., a room-plate-air cavity coupled model) have been 

developed for calculating the STL as reviewed in chapter 1 (e.g., references [14, 15, 81, 87, 

96]). Other techniques include a transfer matrix method (TMM) (e.g., references [77-79, 82, 

86, 87]), based on a wave approach, finite element (FE) and/or boundary element methods [90, 

91], spectral finite element method [96] and statistical energy analysis (SEA) [98]. In most 
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cases, the transfer matrix method is used to calculate sound transmission through a partition. 

Due to the assumption of infinite size, however, significant discrepancies can be observed at 

lower frequencies [82, 86].  

Much effort has been made to reduce these discrepancies (e.g., limiting the maximum 

angle of incidence of the acoustic field incident on the structure [81] to account for the non-

diffuseness of the incident field, and introducing various geometrical corrections [71, 79, 80, 

82, 85, 86]). Structural resonances at lower frequencies are, however, commonly neglected. 

The geometrical correction is made by applying a spatial window to the incident and 

transmitted plane waves.  

Although the transfer matrix method has proven to be an efficient tool for estimating 

acoustic properties (e.g., radiation efficiency, STL and sound absorption coefficient), deriving 

the transfer matrices from analytical equations involves lengthy algebraic manipulations for 

other than thin, isotropic elastic layers (e.g., CFRP, orthotropic layers, honeycombs, etc.). 

Therefore numerical methods become valuable, e.g. using the SEA. An alternative approach 

for such complicated constructions is the wave and finite element (WFE) method [111, 113, 

141].  

In this chapter, the method developed in Chapter 2 is extended to study the characteristics 

of sound transmission through finite panels. The finite structure can be made up of various 

layers with different materials (e.g., air, foam, steel, glass, etc.). For each solid layer, the WFE 

method is used to obtain the spectral dynamic stiffness matrix (DSM) following the lines 

described in Chapter 2. Fluid layers are modelled using wave methods. The infinite fluid half-

spaces are modelled as in section 2.2.3 of Chapter 2. The analytical modelling approach for a 

finite fluid layer makes the model size independent of the layer thickness, which contributes to 

reducing the size of the WFE model of the assembled system. By assembling the structural 
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dynamic stiffness matrices with those of fluid layers, which are derived analytically, a total 

spectral DSM is found and used to calculate the response to incident acoustic waves. To take 

into account the effect of the finite size of a structure, a spatial windowing technique (reviewed 

in section 1.2.1) is applied. Various numerical examples are presented to validate this method. 

For simple finite structures, analytical methods are available for comparison. For complicated 

structures, using analytical methods is difficult, and the proposed method becomes valuable. 

Results are compared with measurements. 

3.2 Theory and Formulation 

In section 3.2.1, an infinite multi-layered structure coupled to fluids is considered. The spectral 

dynamic stiffness matrices of the fluid layers are derived in section 3.2.2 while the spectral 

dynamic stiffness matrices of the solid layers are derived in section 3.2.3. Then these matrices 

are assembled in section 3.2.4 to form the total spectral dynamic stiffness matrix of the system 

for calculating the response to acoustic excitation. The STL for directional or diffuse incident 

fields is defined in section 3.2.5. To account for the finite dimensions of the structure in practice, 

the spatial windowing technique [82] for rectangular panels is introduced in section 3.2.6. 

3.2.1 Fluid-Structure Interaction 

Consider an infinite, multi-layered structure with solid and fluid layers whose cross-section is 

shown in figure 3.1. The structure is made up of n layers lying parallel to the x-y plane which 

separates the space into two half-spaces. The upper semi-infinite half-space is occupied by a 

fluid layer and is denoted by layer number j=0. The lower half-space is occupied by another 

semi-infinite fluid (layer number j=n+1). Each solid layer is homogeneous in both x and y 

directions, but the properties may vary through the thickness in the z-direction in an arbitrary 

manner. The z-coordinate of the faces of layer j is denoted by .jz   
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Assume that a time-harmonic oblique plane wave (similar to equation (2.14)) in the 0-th 

fluid layer, i.e. the upper half-space, is incident at an angle   to the normal of the structure. 

The wavenumber components ( ,0, ,x y zk k k ) of the incident wave meet the same relationships as 

described in equation (2.16). The structural motion excites reflected waves (see equation (2.15)) 

in the upper half-space. If layer j is a fluid layer, then waves  

 , ,i i i i i i
,          ,x y z j x y z jk x k y k z k x k y k zj jP e P e

     

 
  (3.1) 

are excited, where jP  and jP  are the amplitudes of acoustic waves propagating in the negative 

and positive z-directions respectively; ,z jk is defined in a similar manner to ,0zk  (see equation 

(2.17)). These in turn excite the nth solid layer which radiates sound waves (see equation 2.15) 

into the lower half-space.  

3.2.2 Spectral Dynamic Stiffness Matrices of the Fluid  Layers 

Assume layer j is a fluid layer. The spectral dynamic stiffness matrix is derived analytically in 

this section. 

The total acoustic pressures at the surfaces of the j-th layer can be written as 
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where subscripts “1” and “2” relate to the upper and lower surfaces. The spatial dependence 

 exp i ix yk x k y   has been suppressed for simplicity. The normal velocity of the fluid in the z-

direction at the fluid-solid interface is such that 
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where the upper and lower normal displacements of the j-th layer are represented by 
1

jw  and 

2

jw  respectively. Inserting Eq. (3.2) into Eq. (3.3) yields, 
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  (3.4) 

where 
1j jd z z    and 
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    (3.5) 

is the spectral dynamic stiffness of the j -th fluid layer. Combining Eq. (3.4) and Eq. (3.2) gives  
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where 
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D   (3.7) 

is the spectral dynamic stiffness matrix of the j-th fluid layer of thickness d. For a given 

frequency and fluid properties, this matrix is only dependent on the thickness of the fluid layer. 

The matrix size does not increase with the layer thickness d. 

3.2.3 Spectral Dynamic Stiffness Matrices of the Solid Layers 

Now suppose that layer j is a solid layer. The spectral dynamic stiffness matrix is found in this 

section from a wave and finite element analysis. A small rectangular segment of sides x yL L  

of the j-th solid layer is taken as shown in figure 2.1(a). As mentioned in section 1.4, ANSYS 

SOLID185 elements were used to mesh the segment. Figure 2.1(b) indicates the vertical view 

of the FE mesh of the segment. For convenience, only one ANSYS SOLID185 element is used 
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in the x- and y- directions, but there can be any number of edge and internal nodes in the FE 

model of the segment. As is normal in FE analysis, the element size should not be too small or 

too large compared to the shortest structural and acoustic wavelengths. Otherwise, the 

discretised model will not accurately describe the structural motion.  

According to equation (2.22) and equation (2.23), the vector of the external nodal forces 

for the j-th solid layer can be written as 

        
T T T T

1 2 3 4

T

,j j j j j 
  

 e e e ee   (3.8) 

where the superscript j represents the j-th layer, and 

 1 1 2 2 ,j j j j j j j

s s sp p  e u u   (3.9) 

where the coefficient j

s  can be calculated by equation (2.24), the subscript s denotes the s-th 

corner of the segment, and the definition of 1,2

j
u is same as 1,2u in equation (2.22). Similar to 

equation (2.34), the discrete equation of motion for the j-th solid layer can be written as 

 1 1 1 1

1 1 2 3 4 ,j j j j j j

x y x y         D q e e e e   (3.10) 

where j

x  and j

y  are wave propagation constants, and can be found from equation (2.31), j
D  

is the dynamic stiffness matrix of the j-th layer, and can be expressed as 

 2 ,j j j j j

L R 
 

 K MD Λ Λ   (3.11) 

where j
D , j

LΛ  and j

RΛ  can be found from equation (2.13), equation (2.32) and equation (2.33) 

respectively. Substituting Eq. (3.9) into Eq. (3.10) leads to 

  1 1 21 2 ,j j j j jj j
p p D q u u   (3.12) 

where j can be calculated by equation (2.38). 
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All the DOFs of layer j apart from the normal displacements at the surfaces are now 

condensed. Substituting Eq. (3.12) into Eq. (2.22) gives 

  1 1

2 2
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is the reduced spectral dynamic stiffness matrix of the j-th solid layer, relating the pressures 

and displacements of the surfaces of the layer.  

3.2.4 Assembly of the Spectral Dynamic Stiffness Matrices  

The spectral dynamic stiffness matrices of the solid and fluid layers are assembled in this 

section using the continuity and equilibrium conditions between the layers. 

The equation of motion of the multi-layered system can be written in terms of the surface 

displacements and pressures as 

  , , ,
x y

k k D q p   (3.15) 

where the displacement and pressure vectors are defined as 
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  (3.16) 

and the assembled dynamic stiffness matrix is 
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D
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  (3.17) 

where jD  represents the spectral dynamic stiffness matrix of the j-th layer. 

Now the internal surface displacements are condensed. At the interfaces between the 

various layers, displacement continuity and equilibrium lead to 

        1 1

2 1 2 1,                   =0.     
j jj j

w w p p
 

    (3.18) 

Therefore 
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  (3.19) 

where Φ  is a reorganising matrix for the elements of q， 
bq  denotes the outer (or boundary) 

surface displacements, and 
iq represents the internal surface displacements and can be 

eliminated by dynamic condensation. They are defined as 

 
T T

1 2 3
1 2 1 1 1, .                =        n n

ib w w w w w   
   

q q   (3.20) 

Equilibrium implies that 

 T .                  b
 
 
  


p

Φ p
0

  (3.21) 

Substituting Eq. (3.19) into Eq. (3.15) and pre-multiplying by Φ  yields 
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where D  is the dynamic stiffness matrix of the assembled layers and 
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p   (3.23) 

By dynamic condensation, Eq. (3.22) can finally be reduced to 
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D D D D D D   (3.24) 

Now, the multi-layered system has been reduced to an equivalent panel with 2 surface DOFs. 

In equation (3.24), 
rD  is the reduced spectral dynamic stiffness matrix of the structure.  

The dynamic stiffnesses of the external fluids are now included by referring to Eqs. (2.20-2.21). 

The following expressions can be found, 

 1 1

1 0 ,0 1 2 , 1 22 ,                  n n

f f np P D w p D w      (3.25) 

where 
0P  is the complex amplitude of the incident plane wave, ,0fD  and , 1f nD   are the dynamic 

stiffness of the semi-infinite fluid layers and are given in Eq.(3.5) . Substituting Eq. (3.25) into 

Eq. (3.24) gives 
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D D D   (3.26) 

Once the displacements of the outer surfaces of the structure are calculated from Eq. (3.26), 

the acoustic pressures follow from Eq. (3.25). Similarly, the internal layer surface 

displacements and pressures can be found from Eq. (3.22) and Eq. (3.6) if they are required.      

In the above, the analytical models for the fluid layers were coupled to the FE models of 

the solid layers. An alternative method might be to mesh an entire segment of the structure by 
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FE, i.e., ANSYS FLUID30 elements are used to model the fluid layer. The analysis would then 

proceed along the lines described in Chapter 2. Note that the mass and stiffness matrices of the 

solid and fluid layers need to be assembled and this is not necessarily straightforward (e.g., 

solid and fluid layers are often displacement and potential (or pressure) formulations and 

assembly requires a coupling matrix). Furthermore, a number of elements might be needed for 

a fluid layer so that the size of the model and the computational cost increase. Hence, there are 

benefits in modelling the fluid layer analytically. A comparison of the two methods is presented 

in the examples below for a small FE model of a three-layer structure.  

3.2.5 Sound Transmission Loss and Diffuse Incident Field  

For an oblique sound wave incident on an infinite panel at a pair of angles  ,  , the STL of 

the infinite single layer is defined in equation (2.42). For the infinite multilayer structure, the 

transmission coefficient 
 is 
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    (3.27) 

For a diffuse incident field, the transmission coefficient can be calculated using equation (2.43). 

3.2.6 Windowing for Finite Size Panels 

The diffuse-field transmission loss of an infinite panel differs significantly from that of a finite 

panel in a rigid baffle, especially at lower frequencies. There are two principal reasons: (i) the 

existence of structural resonances; (ii) diffraction by the aperture in the rigid baffle that 

contains the structure. To account for the second effect, the diffraction due to the finite size can 

be allowed for by applying a spatial windowing technique [82] to an infinite structure, 

assuming that the finite panel is rectangular. This method starts by calculating the radiated 

power 
f  from a rectangular portion (of sides a and b and area S=ab) of the infinite panel for 
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an incident wave with trace wavenumber
0 sin costk k   . Then the transmission coefficient 

can be defined as [82] 
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   (3.28) 

where _ inI  denotes the intensity incident on the infinite panel. Similarly, by spatially 

windowing the sound incident field, a correction factor  2_f ,    is defined as [82]  
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   (3.29) 

where  f ,tk   represents the incident power on the finite sized window. After windowing 

both the incident field and the radiated field, the transmission coefficient can be found by [82]  

          
2

f 2_ f 1_ f, , , , , cos ,tk                     (3.30) 

where the radiation efficiency is defined (from [82]) as 
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  (3.31) 

In the above analysis, windows for both the incident and radiated field pressure fields are 

used, as described in [82]. Some authors [86] suggest windowing only for the radiated field, so 

that equation (3.30) becomes  

      f , , , cos .tk           (3.32) 

This in many cases gives better agreement with measurements. 
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3.2.7 Summary 

In summary, the proposed approach involves the following steps: 

 The dynamic stiffness matrices for the fluid layers are derived analytically. 

 A WFE model for each solid layer is developed, the spectral dynamic stiffness matrices 

found and the DOFs other than transverse surface displacements condensed. 

 The fluid and solid layers are assembled. 

 The internal DOFs are condensed, leaving only the transverse displacements of the 

outer surfaces. 

 The semi-infinite fluid layers are included using equation (3.26). 

 By solving equation (3.26), the reflected and transmitted acoustic pressures can be 

found, and sound transmission loss for an infinite panel calculated. 

 Finally, a windowing technique is applied for finite-sized panels. 

3.3 Illustrative Examples 

In this section various numerical examples are presented to illustrate the application of the 

WFE method to predict the STL of multi-layered structures. For simple structures (e.g., finite, 

rectangular thin plates), analytical methods are available for comparison. The analytical 

predictions for simple panels follow chapter 5 in Ref. [7] using analytical equations for the 

spectral dynamic stiffness matrices of the panels. The analytical results are compared with 

those of the WFE method. The WFE results are also compared to experimental data.  

3.3.1 Single Layer Panel 

Consider the case of an aluminium plate of sides 1.1m 1.4m. The material properties in table 

3.1 are taken from Ref. [82]. A small segment of the structure is taken and meshed by one 

ANSYS SOLID181 element of sides Lx= Ly=1mm. Structural damping is considered by making 

the stiffness matrix complex. The STL is predicted analytically and numerically. It can be seen 
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from figure 3.2(a) that the agreement between the two methods is excellent. Figure 3.2(b) 

shows the predictions and measurements [82] in 1/3 octave frequency bands, where two ways 

of applying the spatial windowing technique were applied using equation (3.32) and equation 

(3.30). Both predictions show good agreement with the measurements, although structural 

resonances lead to discrepancies at low frequencies. Furthermore, the double-sided window 

seems to give better agreement with measurements in this case. Henceforth, unless otherwise 

stated, two-sided windowing is used for finite panels. The weighted sound reduction index for 

the frequency range of 100-3150Hz was also calculated. The measured sound reduction index 

is 24dB whereas both the WFE method and the analytical method give 23dB.     

3.3.2 Three Layer Isotropic Panels 

The second case considered is a double glazing panel of dimensions 1.48m 1.23m. It consists 

of two identical panes of 4-mm thickness and a 12-mm thick air cavity. The material properties 

of the glass taken from Ref. [82] are shown in table 3.1. The STL of this structure is predicted 

by two WFE models. In model 1, four ANSYS SOLID185 elements of sides Lx= Ly=1mm are 

used to mesh each pane of a small segment of the structure and the fluid in the cavity is 

modelled by the analytical wave model. In model 2 the entire segment of the structure is 

meshed using twelve ANSYS FLUID30 elements and eight ANSYS SOLID185 elements.  

Figure 3.3 shows the STL predicted by the two models for given angles of incidence, 

neglecting structural and acoustic damping. It can be seen that the agreement is very good. The 

STL dips occurring at 285 Hz, 380 Hz and 495 Hz are due to the mass-air-mass resonance. At 

higher frequencies, the coincidence effect leads to the notches in the curves at 4000 Hz and 

6000 Hz. 

The diffuse-field STL was predicted using the analytical and WFE methods. Figure 3.4(a) 

shows the results for the infinite double panel, whereas figure 3.4(b) shows the predictions for 
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a finite panel in 1/3 octave frequency bands, together with measurements from Ref. [82]. Again, 

the agreement between the analytical and WFE results is excellent in figure 3.4(a). Two dips 

can be observed at 250 Hz and 3150Hz respectively due to the double wall resonance and the 

coincidence effect. In figure 3.4(b), the discrepancies occurring in the 300-3000 Hz range 

between the measurements and the predictions are due to the fact that the model assumes the 

fluid layers are infinite and no windowing is used. In the literature (e.g., Refs. [14, 81, 84, 88]), 

internal fluid damping is often taken into account for better agreement with measurements. In 

this chapter damping of 0.001 is used for the air cavity. The WFE method overestimates the 

STL above the coincidence frequency (3150 Hz) since flanking transmission at the edges of 

the structure is not considered. Again, structural resonances for the finite panel are the likely 

cause of discrepancies at low frequencies below the double wall resonance frequency (250 Hz). 

The measured weighted sound reduction index is 30dB whereas both the WFE method and the 

analytical method give the same prediction of 29dB.  

Another three-layer panel considered here is a steel panel consisting of a pair of 2-mm 

thick steel panels and a 25-mm thick air cavity. The dimensions of the panel are 1.105m

2.25m. The material properties shown in table 3.1 are taken from Ref. [84]. A small segment 

of the three-layer panel is taken and meshed using two ANSYS SOLID185 elements of sides 

Lx= Ly=1mm. In figure 3.5, the predicted STL using the WFE method is seen to agree very well 

with that of the analytical method. There are two STL dips occurring at 160 Hz and 6300 Hz 

due to the double wall resonance and the coincidence effect, as observed in figure 3.4. The 

discrepancies between the measurements [82] and predictions are small. The weighted sound 

reduction index is 34dB whereas both the WFE method and the analytical method predict 35dB. 
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3.4 Application Examples 

In this section, the WFE method is applied to complex structures for which using analytical 

methods is difficult, including two orthotropic laminated panels and a complex multilayer 

structure consisting of a honeycomb-cored layer, an air gap and a laminate layer. 

3.4.1 Three Layer Orthotropic Panel 

Consider a three-layer, symmetric, panel with composite Plywood skins and a thick Styrofoam 

core. The physical properties of the structure are taken from Ref. [14] and shown in table 3.2 

(Skin 1 and Core 1). A small segment of the structure is modelled using ANSYS SOLID185 

elements. Two elements of sides Lx= Ly=3mm are used to mesh each skin and 20 elements of 

the same size are used for the core. The diffuse-field STL is calculated using the WFE model. 

Two values of damping are taken for the core: the value (0.05) used in reference [17] and a 

larger value (0.09) which give better agreement with measurements at higher-frequencies.  

The predicted result is plotted in figure 3.6(a) together with that of the discrete laminate 

model (DLM) in Ref. [17] and the measured results digitised from figure 2 in Ref. [14]. It can 

be seen that the WFE model accurately captures the dilatational resonance frequency at 1250 

Hz and the coincidence frequency at 3200 Hz. The agreement between the DLM model and 

the WFE model is good below the coincidence frequency, with resonances of the finite 

structure leading to discrepancies at low frequencies. The discrepancies above the critical 

frequency between the three curves are likely due to damping. Note that the coincidence 

frequency around 3200Hz is not observed in the measurements but is apparent in the 

predictions because the amount of damping assumed is much less than in the real system. 

Increasing the level of damping in the core in the WFE model gives better agreement at high 

frequencies. 
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Another symmetric sandwich panel considered here has a thinner core of thickness 

38.1mm. The physical properties of the structure are also taken from Ref. [14] and shown in 

table 3.2 (Skin2 and Core 2). Again, a small segment of sides Lx= Ly=3mm of the structure is 

modelled by ANSYS SOLID185 elements. Two elements are used for the skin and thirteen 

elements for the core. The predicted diffuse-field STL is shown in figure 3.6(b) along with the 

result estimated by the DLM model [17] and the measurements in Ref. [14]. The agreement 

between the two models is excellent below the critical frequency (2000 Hz). Again, structural 

resonances lead to discrepancies at low frequencies. The discrepancies between the three 

curves at frequencies around or greater than the coincidence frequency are due to assumed 

value of damping. 

3.4.2 Complicated Multi-layered Panel  

The multi-layered panel considered here represents a construction typical of an aircraft fuselage 

side wall. The upper panel is a Nomex honeycomb-cored structure sandwiched by carbon 

reinforced epoxy resin facings. The honeycomb core is, however, modelled as a continuum 

using data from reference [22]. (Chapter 4 extends the method to modelling of periodic 

structures at low frequencies). The lower panel consists of a layer of aluminium sheet and a 

Willtec foam layer. The two panels are separated by 12.7mm-thick airspace. For this structure, 

establishing analytical models using stress-displacement relations in an elastic solid is difficult. 

It is straightforward to use the WFE method. A small segment of the structure is taken. Twenty 

ANSYS SOLID185 elements of sides Lx= Ly=1mm were used to mesh the upper panel through 

the thickness whereas eleven ANSYS SOLID185 elements were used for the lower panel. The 

physical properties of the structure are taken from reference [136] and shown in table 3.3. The 

air properties are the same as listed in table 3.1. 

The sound transmission loss for a given pair of incident angles  ,   is shown in figure 

3.7. It can be seen from figure 3.7(a) that the lowest mass-air-mass resonance frequency occurs 
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at 452 Hz for normal incidence, which is the same as the result calculated by Eq. (4.82) in Ref. 

[7]. The mass-air-mass resonance frequency increases with increasing angle of incidence for a 

given heading angle of the trace wave. There is a notch at 2600Hz for incident angle 30 

due to coincidence. 

Due to the orthotropic characteristics of the face sheets of the honeycomb panel, the 

bending stiffness of the structure varies with the direction of the trace wave. This can be seen 

from figure 3.7(b) where the coincidence frequency is seen to be dependent on the heading 

angle .   Figure 3.8(a) shows the transmission coefficient as a function of heading angle .  

Because of symmetry, the range of   in Eq. (44) can be reduced to  0,  2 .  Figure 3.8(b) 

shows the diffuse-field transmission loss curve. The mass-air-mass resonance leads to a dip 

around 650Hz. 

3.5 Conclusions 

In this chapter, a modelling approach based on the WFE method was described for predicting 

sound transmission through multi-layered panels with fluid layers. This approach starts with 

meshing a small segment of each solid layer of the structure using a conventional FE method 

to find the mass and stiffness matrices, which are then post-processed using periodicity and 

equilibrium conditions to obtain the spectral dynamic stiffness matrices, assuming the panels 

extend to infinity. Each fluid layer, including the two infinite half-spaces, is modelled 

analytically, the merit being that it is simpler to formulate and quicker to implement in software. 

The total spectral dynamic stiffness matrix of the system is formed by assembling the spectral 

dynamic stiffness matrices of the solid and fluid layers and the response of the infinite multi-

layered panel to acoustic excitation determined.  

To consider the effect of the finite size on the sound transmission loss, a geometrical 

correction was made by applying a spatial windowing technique to the infinite panel. A series 
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of numerical examples were presented to illustrate this method. These include an aluminium 

plate, three-layer isotropic panel constructions, orthotropic solid panels and a complicated 

composite panel with a fluid layer. For simple panels, the sound reduction indices were 

calculated and compare well with experimental measurements and those of existing analytical 

methods. For complex multi-layered structures, it is difficult to use analytical methods and 

hence the WFE method becomes valuable. The WFE method can give accurate and fast 

predictions at small computation cost. 

The honeycomb-cored panel considered in this chapter was regarded as a uniform, 

homogeneous structure using data from a smoothed or homogenised model taken from the 

literature. This is of course an approximate model with approximate stiffness constants. In the 

next chapter, a wave and finite element based homogenised model will be developed for 

predicting the sound transmission loss of such periodic structure, when the periodic cell is small 

enough. This allows predictions to be made straightforwardly for structures such as 

honeycomb-cored panels without making various assumptions and approximations.  
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Figures 

 

 

 

Table 3.1: Material and air properties 

 Aluminium Glass Steel air 

Young’s modulus (Pa) 110.7 10   110.62 10  112 10  
_ 

Density ( 3kg m ) 2700 2500 7800 1.225 

Poisson ratio 0.33 0.22 0.28 _ 

Loss factor 0.01 0.05 0.03 _ 

Sound speed ( m s ) _ _ _ 340 

 

 

Figure 3.1: Coordinates and system definition for sound transmission through a multi-

layered structure; the -coordinate of the interface between layers j and j+1 is denoted 

by . 
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Figure 3.3: Comparison of sound transmission loss: model 1: using the analytical 

wave model; model 2: using a full FE model of the segment. 

Figure 3.2: Comparison of diffuse field sound transmission loss for an aluminium 

plate: (a) discrete frequency, infinite panel; (b) 1/3 octave frequency bands, finite 

panel, measured values from reference [82], “------“ and “        ”: windowing both 

the incident and radiated fields, “         ” windowing only the radiated field. 
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(a)                                                                   (b) 

Figure 3.4: Diffuse field sound transmission loss for a three-layer glass panel: (a) discrete 

frequency, infinite panel; (b) 1/3 octave frequency bands, finite panel, measured values 

from reference [82], “------“ and “        ”: windowing only the radiated field, “         ” 

windowing both the incident and radiated fields. 

(a)                                                             (b) 

Figure 3.5: Comparison of sound transmission loss for a three layer steel panel: (a) 

discrete frequency, infinite panel; (b) 1/3 octave frequency bands, finite panel, 

measured values from reference [86], “------“ and “       ”: windowing only the radiated 

field, “         ” windowing both the incident and radiated fields. 
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Table 3.2: Physical properties of the three-layer orthotropic panels 

 Young’s modulus 

(Pa) 

Shear modulus 

(Pa) 

Poisson’s 

ratio 

Material 

density 

(kg/m3) 

Loss 

factor 

Thickness 

(mm) 

Skin 1 

 
xE  = yE = 97 10 , 

zE = 61.05 10  

xyG =
xzG = yzG =

92.7 10  

xyv =
xzv =

yzv =0.3 

 

587.4 

 

0.03 

 

6.35 

Core 1 
xE = yE =

zE =

68.3 10  

xyG =
xzG = yzG =

63.1 10  

xyv =
xzv =

yzv =0.34 

 

16 

 

0.05 

 

76.2 

Skin 2 
xE  = yE = 97 10 , 

zE = 61.29 10  

xyG =
xzG = yzG =

92.7 10  

xyv =
xzv =

yzv =0.3 

 

587.4 

 

0.03 

 

6.35 

Core 2 
xE = yE =

zE =

98.3 10  

xyG =
xzG = yzG =

63.1 10  

xyv =
xzv =

yzv =0.34 

 

16 

  

0.05 

 

38.1 

 

 

 

                             (a)                                                                        (b) 

Figure 3.6: Comparison of sound transmission loss for composite panels with an 

orthotropic panel: (a) DLM model in reference [17], measurements digitalised from 

figure 3 in reference (skin 1, core1); (b) DLM model in reference, measurement result 

digitised from figure 5 in reference [14] (skin 2, core 2). 
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  Table 3.3: The physical properties of the complex multi-layered panel 

 Honeycomb-cored panel     Laminate panel 

Skin                Core Skin           Foam 

Thickness (mm)  1 19 0.5 25.4 

Young’s modulus 
xE  (Pa) 111.34 10  95.5 10  107 10  52.53 10  

Young’s modulus yE  (Pa) 97.7 10  95.5 10  107 10  52.53 10  

Young’s modulus 
zE  (Pa) 97.7 10   95.5 10  107 10  52.53 10  

Shear modulus xyG  (Pa) 93.1 10  92.7 10  102.87 10  48.91 10  

Shear modulus 
xzG  (Pa) 93.1 10  92.7 10  102.87 10  48.91 10  

Shear modulus yzG  (Pa) 92.6 10  92.7 10  102.87 10  48.91 10  

Poisson ratio xy  0.29 0.33 0.22 0.42 

Poisson ratio 
xz  0.29 0.33 0.22 0.42 

Poisson ratio yz   0.49 0.33 0.22 0.42 

Material density ( 3kg m ) 1550 1240 2500 7.64 

Loss factor 0.05 0.048 0.03 0.2 
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(a)                                                                    (b) 

Figure 3.7: Sound transmission loss of multi-layer panels for incident plane waves: (a) 

heading angle  given; (b) given elevation angle .  

                              (a)                                                                       (b) 

Figure 3.8: Transmission coefficient and diffuse-field STL of multi-layer panels: (a) 

transmission coefficient, at 1000Hz as a function of heading angle, ; (b) diffuse 

field transmission loss. 
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Chapter 4 

SOUND TRANSMISSION THROUGH 

COMPOSITE HONEYCOMB PANELS 

Chapters 2 and 3 concerned the vibroacoustics of structures that have uniform properties in the 

plane. This chapter concerns panels that are periodic, but with a periodic length that is small 

compared to any structural or acoustic wavelengths such that the bandgaps induced by the 

periodicity are not relevant and homogenised models are considered. The emphasis is placed 

on honeycomb cores.   

A wave and finite element based homogenised model is developed in this chapter for 

predicting sound transmission through honeycomb-cored panels with arbitrary cores. The 

complexity of the core geometry can lead to a large FE model. Guyan reduction is used to 

reduce the model size.  

 

4.1 Introduction 

Since honeycomb-cored structures typically have high strength-to-weight ratio, they are widely 

used in various engineering applications, e.g., spacecraft, marine vessels and the walls of high-

speed rail vehicles cars. However, they are prone to poor acoustic performance due to the their 

low mass per unit area [7]. Various analytical approaches have been developed for 

investigating their vibroacoustic behaviour e.g. references [20, 27, 28, 53]. Typically, these 

methods model the honeycomb core as a uniform orthotropic material characterised by nine 
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independent stiffness constants [2, 14, 77], which are usually calculated using the equations 

developed by Gibson and Michael [22]. 

Several studies model the modal density of honeycomb sandwich panels by modelling the 

structure as a homogenised orthotropic plate with a vibroacoustic response which is almost 

identical to the actual sandwich structure at low frequencies. These models involve various 

assumptions. For example, in reference [23], the skin thickness of the structure is assumed to 

be very small compared to the core thickness so that the bending stiffness of the skin is 

neglected. Symmetric laminate skins and first-order shear deformation are assumed in 

reference [24].  

These approximate models have other disadvantages. For example, they are often 

inaccurate at mid-to-high frequencies. Also, homogenisation becomes difficult for honeycomb-

cored panels with irregular core structures e.g. a core structure with an irregular hexagonal core 

as the repeating cell. Therefore numerical methods become valuable for predicting the 

vibroacoustic response of the panel. Such methods include the FE method [90, 119], SEA [97] 

and the transfer matrix method [77, 79, 80]. 

An alternative method, described here, is the wave and finite element (WFE) method. This 

method has been developed [111, 113] and applied to predict the forced response of continuous 

[128-130] and periodic structures [30, 124, 131, 132]. This method starts with meshing a 

periodic cell of an entire structure. For complex structures (e.g. corrugated-cored panels, multi-

layered systems, honeycomb-cored structures), the complicated geometry of the periodic cell 

leads to a large FE model, which increases the computational cost. Therefore, model reduction 

methods such as component mode synthesis (CMS) (see, for example, [29, 31, 98, 124, 131, 

133]) can be used to reduce the internal DOFs of the cell. In references [128-130], the model 

size is reduced by representing the motion as a set of wave bases with different weights. 
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In this Chapter, a combination of the wave and finite element method and Guyan reduction 

is proposed to predict the sound transmission loss of honeycomb-cored panels without making 

any assumptions to reduce the complexity of the structure. Note that this chapter focuses on 

the low frequencies where the free structural and acoustic wavelengths are much larger than 

the dimensions of the cells. Using this method, a three-dimensional periodic cell of the structure 

is modelled using a conventional finite element method. Due to the complexity of the core 

geometry, a fine mesh is often needed for accurately modelling the geometry. The finite 

element model can contain a large number of internal nodes. For reducing the model size, 

Guyan reduction is used. Wave propagation in the fluids surrounding the structure is modelled 

analytically. The acoustic excitation is modelled using equivalent external nodal forces. Using 

the relatively small-sized mass and stiffness matrices, a fluid/structure coupled spectral 

dynamic stiffness matrix is derived to calculate the response to an incident acoustic wave. 

Excitation of the structure by oblique plane waves and a diffuse sound field are both considered. 

Various numerical examples are presented to illustrate this approach. This method is 

straightforward and accurate for modelling sound transmission through composite honeycomb 

panels with an arbitrary complex core.   

4.2 Theory and Formulation 

In section 4.2.1, a fluid/structure coupled system is described where the fluids are modelled 

analytically. A periodic cell of the structure is modelled by a detailed FE mesh in section 4.2.2. 

Model reduction is described in section 4.2.3. The acoustic pressures are discretised into 

external nodal forces in section 4.2.4. A reduced WFE model is developed in section 4.2.5 for 

calculating the forced response to acoustic excitations. Modal density and group velocity are 

considered in section 4.2.6 for comparison with the approximate models in the literature. The 

diffuse-field STL is found using the formula developed in chapter 2. In section 4.3, numerical 

examples are presented to illustrate the accuracy of the WFE model, including an aerospace 
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grade aluminium honeycomb-cored panel, honeycomb-cored panels consisting of steel skins 

and hexagonal aluminium core and a composite honeycomb-cored panel made up of square 

Nomex core and carbon reinforced epoxy resin skins. For simple honeycomb structures, 

approximate models are readily developed. The analytical results are compared to the results 

predicted by the WFE method. Experimental data in the literature is also taken for comparison 

for validating the accuracy of this method. The WFE method is then applied to a complicated 

honeycomb-cored structure with composite skins and a square core, for which developing an 

analytical model is difficult. 

4.2.1 Fluid-Structure Interaction 

Assume an oblique plane wave (see equation (2.14) is incident at an angle   to the normal of 

the top surface of the infinite honeycomb-cored panel shown in figure 4.1. The motion, in turn, 

excites reflected and transmitted waves (see equation 2.15) in the upper and lower half-spaces 

respectively. 

For a periodic structure, the response also has space harmonics with wavenumbers, 

 2 π , 2 πx x y yk m L k n L   with m and n being integers [46] and Lx and Ly being the lengths of 

the periodic cell in the x and y directions. Here it is assumed that the frequency is low enough 

so that the amplitudes of these space harmonics are negligible, i.e. , 1.x x y yk L k L   For typical 

honeycomb-cored structures this covers the audiofrequency range. 

The continuity condition at the interfaces between the structure and the surrounding fluids 

relates the acoustic pressures to the normal displacements of the skins (similar to equation 

(2.20). 

4.2.2 FE Model of a Periodic Cell 

As an example, consider the infinite honeycomb-cored structure shown in figure 4.1 for which 

the core is a regular hexagonal honeycomb. The core can be arbitrary shaped, e.g. square, 
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triangular, etc. Only a periodic cell of the entire structure needs to be modelled using a 

conventional FE method. The geometrical parameters of the honeycomb core of the structure 

are described by the five parameters shown in figure 4.2, the included cell angle , wall length 

of the core ,h angled length ,l wall thickness ,t  and core thickness .ch  The selection of the 

periodic cell is not unique. Figure 4.3 shows two potential periodic cells, along with the FE 

model of a rectangular periodic cell of the structure. 

The FE model in figure 4.3(b) was created using mixed triangular and quadrilateral shell 

elements. The only constraint for the FE mesh is that the nodes along the connected edges of 

the core, and the top and bottom skins of the periodic cell must be identically arranged. The 

total DOFs q  of the FE model can be partitioned into boundary (edge ( , , ,l r b t ), corner 

(1,2,3,4)), and interior DOFs ( I ). The boundary and internal DOFs are indicated by subscripts 

“B” and “I” respectively such that 

 
T

T T ,B I
   q q q   (4.1) 

where the superscript “T” denotes the transpose, and 

 
T

T T T T T T T T

1 2 3 4 .B b r t l
   q q q q q q q q q   (4.2) 

Similarly, for the nodal forces,  

 
T

T T ,B I
   f f f   (4.3) 

where 

 
T

T T T T T T T T

1 2 3 4 .B b r t l
   f f f f f f f f f   (4.4) 

Assuming time-harmonic motion, the equation of motion of the periodic cell can be written as 

 2,            = ,  Dq f e D K M   (4.5) 
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where D  is dynamic stiffness matrix,   is the angular frequency, e  represents the external 

nodal forces, the structural damping is neglected for simplicity but could be included readily 

by a viscous damping matrix C  or by K  being complex. 

If a small periodic cell is used, at very low frequencies, the calculation of the DSM inside 

the square bracket of equation (4.5) can lead to substantial round-off errors: ijK is very large 

compared to 2

ijM such that some digits associated with the inertia terms are truncated. The 

number of the digits truncated can be estimated by  2

10logij ij ijn K M  [112]. However this 

error can be reduced by meshing a larger periodic cell or using higher precision arithmetic. As 

an alternative, a number of the original FE model of the small periodic cell are concatenated to 

form a super FE model without remodelling a large periodic cell [112]. 

4.2.3 Reduction of the FE Model 

For modelling the complicated geometry of the periodic cell, the FE model can have a large 

number of internal nodes. In order to reduce the computational cost, the DOFs need to be 

condensed. There are many existing methods for reducing the size of the mass and stiffness 

matrices (e.g., Guyan reduction [32], CMS condensation [29]). In this chapter, Guyan reduction 

is used. For convenience, the FE model without condensation is simply referred to as the “full 

model”. Assume the total DOFs of the full model are categorised into master DOFs, and slave 

DOFs, which are respectively denoted by subscripts “m” and “s”. With this arrangement, the 

equation of motion can be partitioned as 

 .
mm ms m m

sm ss s s

     
    

     

D D q f

D D q f
  (4.6) 

From the second row of equation (4.6), the slave DOFs 
sq  may be expressed in terms of the 

master DOFs 
mq as 
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 1 1 ,             s ss sm m ss s

   q D D q D f   (4.7) 

where 
ssD is the dynamic stiffness matrix associated with the slave DOFs. Its inverse can be 

written as 

    
1 1

1 2 2 1 1.ss ss ss ss ss ss 
 

     D K M I K M K   (4.8) 

This leads to dynamic condensation of the slave DOFs, with 1

ss


D  having to be recalculated at 

each frequency. If the effects of the slave DOF inertia are neglected, equation (4.8) can be 

approximated by [128] 

  1 1 2 1 1 .ss ss ss ss ssO     D K K M K   (4.9) 

Then 

 1 .s ss sm m

 q K K q   (4.10) 

Therefore the displacement vector q  can be expressed as 

 ,
m

m

s

 
  
 

q
q Rq

q
  (4.11) 

where the coordinate transformation matrix R relates the DOFs to the master DOFs, and is 

given by 

 
1

.
ss sm



 
  

 

I
R

K K
  (4.12) 

Substituting equation (4.11) into equation (4.6), and premultiplying by T
R yields 

 2,                     m m   Dq f D K M   (4.13) 

where D  is the dynamic stiffness matrix of the reduced model, K  and M are the equivalent 

mass and stiffness matrices, given by 
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1

1 1 1 1
.mm ms ss sm

mm ms ss sm ms ss sm ms ss ss ss sm



   

 

   

K K K K K

M M K K M M K K K K M K K
  (4.14) 

This is Guyan reduction, or static condensation. Note that the equivalent mass and stiffness 

matrices are independent of   and thus the model reduction needs to be done only once for all 

frequencies. The combination of mass and stiffness submatrices in equation (4.14) reduces 

round-off errors after calculating the equivalent mass matrix. 

To reduce the errors due to neglecting the high-order inertia terms by Guyan reduction, 

equation (4.9) can be expressed in a higher-order Taylor series. More details about improving 

the accuracy of Guyan reduction can be found in Refs. [33, 128]. 

An alternative model reduction method is CMS [29]. There are many forms of CMS, with 

perhaps the most common being Craig-Bampton (CB) or fixed interface CMS. In CB CMS all 

the boundary DOFs are selected as the master DOFs whereas the internal DOFs are the slave 

DOFs. The CB CMS uses a coordinate transformation matrix 

 
1

ss sm c



 
  

 

I 0
R

K K Φ
  (4.15) 

where 
cΦ consists of a set of retained modal vectors found by solving the eigenvalue problem 

 2 .ss ss s   K M q 0   (4.16) 

The coordinate transformation matrix R  relates the total DOFs q  to the physical DOFs 
mq  of 

the boundary nodes and a subset of modal DOFs 
Cq  by 

 
m m

s C

   
    
   

q q
q R

q q
  (4.17) 
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where the modal DOFs 
Cq  can be eliminated by dynamic condensation [98, 134]. Note that 

Guyan reduction is the same as CB if no fixed interface modes are retained. More details can 

be found in Ref. [29]. 

4.2.4 Acoustic Excitation 

After the FE discretisation, the acoustic pressures on the top and bottom surfaces are discretised 

into external nodal forces on those DOFs that correspond to the normal displacements 1,2w of 

the two skins. Therefore,  

 0 ,1 1 ,2 22 i f fp D D  e e Γ q Γ q   (4.18) 

where 
0e  is a nodal force vector; 

1Γ  and 
2Γ  are left diagonal matrices. All the elements in the 

vector, and the two matrices are zero, except for those corresponding to the normal 

displacement of the interfaces between the periodic cell and the fluids; The non-zero elements 

represent the equivalent nodal forces which can be calculated as consistent nodal forces using 

equation (2.25) of chpater 2. 

Substituting equation (4.11) into equation (4.18) gives 

 0 ,1 1 ,2 22 .i f m f mp D D  e e Γ Rq Γ Rq   (4.19) 

Again inserting equation (4.19) into equation (4.5), and premultiplying equation (4.5) by T
R  

lead to 

   m m  D Φ q f e   (4.20) 

where Φ  denotes the effect of fluid loading, e  represents the equivalent external nodal forces 

at the master DOFs of the reduced model, They can be expressed as 

 T T T

,1 1 ,2 2 0,                  =2 .f f iD D p Φ R Γ R R Γ R e R e   (4.21) 
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4.2.5 The WFE Model and Sound Transmission 

The analysis now follows the lines described in chapter 2 while the main steps are summarised 

here. Note that the model, here, contains a large number of internal DOFs which are condensed 

using Guyan reduction. The boundary DOFs are condensed using the periodicity conditions.  

Assuming a plane wave propagates through the structure, the nodal DOFs at the corners 

of the periodic cell (see figure 3(b)) can be related by the periodicity (see equation (2.30)), 

where the wave propagation constants are the same as equation (2.31). Similarly, for the DOFs 

at the bottom, top, left, and right edges, 

 ,                   .r x l t y b  q q q q   (4.22) 

Hence, 

 

T

1

,          .

x y x y

B R l R x

b y

   





  
  

    
      

q I I I I 0 0 0 0

q Λ q Λ 0 0 0 0 0 I 0 I

q 0 0 0 0 I 0 I 0

  (4.23) 

Equilibrium at hypernode 1 gives the same equation as equation (2.33) while equilibrium at 

the left, and bottom mid-side nodes leads to 

 1 1,        .l x r b y t     f f 0 f f 0   (4.24) 

Therefore, 

 

1 1 1 1

1

1

,            .

x y x y

L B L x

y

   





   





  
  

    
   
   

0 I I I I 0 0 0 0

Λ f 0 Λ 0 0 0 0 0 I 0 I

0 0 0 0 0 I 0 I 0

  (4.25) 

For Guyan reduction, if all the boundary DOFs are selected as the master DOFs, that 

is, 
B mq q , substituting equation (4.23) into equation (4.20), and premultiplying by 

LΛ  gives 
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1

2,       ,        l L

b



 
 

     
 
 

q

D q e D K M Φ e Λ e

q

  (4.26) 

where D  is the reduced spectral dynamic stiffness matrix, and 

 ,          ,        .L R L R L R  K Λ KΛ M Λ MΛ Φ Λ ΦΛ   (4.27) 

Once the structural response is calculated from equation (4.26), the reflected and transmitted 

acoustic pressures then follow from equation (2.20). Equations (2.41-2.43) are used to calculate 

the diffuse-field STL. 

4.2.6 Modal Density and Group Velocity 

The total number of modes below an angular frequency  for a panel having area A can be 

estimated by [101] 

  
2

d d
4π

x y

S

A
N k k     (4.28) 

where the integration region S is defined as the projected area in the   ,x yk k  plane of the 

propagation surface for frequencies below the given frequency  . The mode counts can be 

expressed in polar coordinate as 

          
2

2 2 2

2 0
, d ,            , = , , .     

8π
x y

A
N k k k k



             (4.29) 

Then, the modal density can be written as  

  
 

   
 

 

2

20
g

,
, d ,                  ,

4 ,

N Ak
n n n

c

  
     

   


  

    (4.30) 

where    , ,gc k        is the group velocity in the direction of the normal to the curves 

in the wavenumber plane for constant   [102]. For the undamped structure, the group velocity 
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is equal to the velocity of energy flow. The group velocity is an important characteristic for 

wave analysis. 

The group velocity might be evaluated numerically using a finite element difference 

method, as seen in Ref. [111] where the wavenumbers of various waves were obtained by 

solving eigenproblems using the WFE method for one-dimensional waveguides. An alternative 

way can be found from the eigenvalue problem of equation (4.26) or so by making Φ 0 and 

e 0， i.e. for free wave propagation neglecting fluid loading. Let  , φ  represents a solution 

for a particular wave type. Evaluating the partial derivative of the equation with respect to 

wavenumber  ,k    leads to [119]  

 
     

 
 

22 .
, , , ,

L R
R L

k k k k


 

       

    
     

     

Λ Λ φ
DΛ Λ D M φ K M 0   (4.31) 

Note that K  and M  are Hermitian matrices, and eigenvectors φ  are mass normalised such 

that H 1φ Mφ . Pre-multiplying equation (4.31) by H
φ leads to [119] 

 
 

H H1

, 2

L R
R L

k k k



  

   
     

Λ Λ
φ DΛ φ φ Λ D φ   (4.32) 

where the superscript “H” denotes the conjugate transpose. 

Once the wavenumber and eigenvector are found for a given frequency and direction of 

wave propagation, the group velocity can be calculated using equation (4.32). Note that 

equations (4.31, 4.32) are only valid in vacuo.  

4.3 Numerical Examples 

In this section, numerical examples are presented to illustrate this method, including an 

aerospace grade hexagonal honeycomb-cored panel, two honeycomb-cored panels made up of 

steel skins and a regular hexagonal aluminium core, and a composite honeycomb-cored 
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structure having a square core. The dispersion curves, modal density, group velocity, and STL 

are calculated using equivalent models from the literature, the WFE model, and the results 

compared.  

4.3.1 Honeycomb Panels with Hexagonal Core and Isotropic Skins 

1. Wavenumber analysis 

Consider a honeycomb-cored panel consisting of aluminium skins and a regular hexagonal core. 

The material and geometrical properties shown in table 4.1 (panel 1) are taken from Ref. [28]. 

A rectangular periodic cell (Lx=5.2mm, Ly=9mm) of the structure is used and meshed using 

500 ANSYS SHELL181 elements. The full FE model (full model 1) has 278 nodes, and each 

node of the element has six DOFs, which leads to a total of 1668 DOFs. The number of internal 

nodes is 180 with 1080 DOFs. 

For checking the convergence of the FE mesh shown in figure 4.3(b), the FE mesh is 

refined using 1104 ANSYS SHELL181 elements (full model 2). The total number of nodes 

increases to 887 with 685 internal nodes. Due to the complexity of the core geometry, the 

element size should not be too coarse, otherwise, the FE model is unable to capture the abrupt 

changes in the core geometry. The intersection edges between the skins and the walls of the 

core should be discretised, and the nodes must match. Figures 4.4 and 4.5 show the 

wavenumber predicted using the two full WFE models. It can be seen that the wavenumber 

agreement is excellent for the bending (figure (4.4)), shear (figure (4.5)), and extensional 

(figure (4.5)) waves. Note that the full model contains a large number of DOFs. In order to 

avoid the numerical issues which arise from solving the ill-conditioned eigenvalue problem 

(e.g., using a transfer matrix method [112].), Zhong’s method [124] is used for calculating the 

eigenvalues. 
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For validation, the wavenumber for wave propagation in the x-propagation direction is 

also calculated using various approximate models. The equivalent material properties of these 

models are calculated using equations in reference [25]. Also, the analytical results are 

compared with those of the full WFE model (full model 1). Figure 4.6 shows the wavenumber 

of the bending wave while figure 4.7 shows the wavenumbers of the shear (the upper curve), 

and extensional waves (the lower curve).  

The first approximate model is an isotropic plate with an equivalent shear stiffness 

developed in Ref. [23]. It can be seen from figure 4.6 that the wavenumber agreement between 

the equivalent model and the full WFE model is good below 250 Hz. Above 250 Hz, the 

wavenumber discrepancies increase with the frequency up to 2 kHz. The wavenumbers of the 

shear, and extensional waves are shown in figure 4.7. The simple model assumes that the skin 

thickness is much smaller than the core thickness such that the bending stiffness of the skin is 

negligible and a sixth-order differential equation reduces to a fourth-order one. 

The second model is a three-dimensional laminate panel whose honeycomb core is 

approximated as a continuous medium with nine equivalent elasticity moduli calculated by the 

method described in Ref. [22]. The wavenumbers are predicted numerically using the WFE 

method [113]. It can be seen from figure 4.6 that that similar wavenumber discrepancies 

between the equivalent model and the full WFE model can be observed for the bending wave. 

For example, at low frequencies (below 250Hz), the wavenumber agreement is good whereas 

at high frequencies (above 250 Hz), the discrepancies are noticeable. Figure 4.7 shows that the 

wavenumber agreements are excellent for the shear, and extensional waves. 

The third model is a one-dimensional, symmetric, three-layer sandwich beam developed 

by Nilsson et al. [26], where the honeycomb core is modelled as an isotropic material with an 

equivalent shear stiffness, Young’s modulus and density. It can be seen from figure 4.6 that the 
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wavenumber agreement is excellent for the bending wave between the equivalent model and 

the full WFE model. For the shear, and extensional waves, generally the wavenumber 

agreement is good as seen in figure 4.7 while small discrepancies can be seen at high 

frequencies (above 3000 Hz). 

The irreducible part of the first Brillouin zone [38] is shown in figure 4.8(a) while the 

dispersion characteristics around this contour are plotted in figure 4.8(b). Figure 4.8(b) shows 

that the curves of the in-plane waves (red solid line: shear wave, black dash-dot: extensional 

wave), and the out-of-plane wave (dash line: bending wave) do not cross but “veer away” from 

each other. The in-plane motion is coupled to the out-of-plane motion above 6.8 kHz. Similar 

dispersion characteristics can also be found in Refs. [28, 39]. It can also be seen that there are 

no stop-bands of wave propagation existing below 6 kHz. Note that the minimum structural 

wavelength is 95.2mm below 6 kHz whereas the maximum dimension of the periodic cell in 

the x-y plane is about 10.4 mm. Therefore the homogenisation of the structure as a continuous 

structure below 6 kHz is reasonable. 

2. Group velocity and modal density  

     A three-dimensional view of the propagation frequency in the wavenumber space is shown 

in figure 4.9 for the bending wave. It can be seen that the propagation surface is symmetric 

about the frequency axis (see figure 4.9(a)), and the wavenumber modulus is independent of 

propagation direction as shown in figure 4.9(b). 

The group velocity in the x-direction and modal density are calculated for the bending wave 

of the structure having an area of 3.87m2. Both the WFE models and the approximate model 

[24] are used. The results are shown in figure 4.10, where a central difference method is used 

for numerically calculating the group velocity. It can be seen that the agreement is excellent. 

3. Sound transmission loss 
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a) Air-to-air: 

 First consider the case where both fluids are air (density 31.21kg m  , the speed of sound 

340m sc  ). The oblique STL was calculated for given pairs of incidence angles ( ,  ). Both 

the reduced and full models are used. It can be seen from figure 4.11 that the agreement is 

excellent. The dips occur when the wavelength of the acoustic trace wave equals to that of the 

structural bending wave, e.g. 450 Hz ( 80  ), 625 Hz ( 60  ), and 2450 Hz ( 40  ). The 

wavelength matches can also be seen in figure 4.12. For this choice of structure and fluid, the 

effects of fluid loading are generally weak, although it should be noted that they are significant 

at, and around the coincidence frequency.  

The small-sized model is used to calculate the diffuse-field STL which is compared with 

that of an approximate model having nine stiffness constants (see figure 4.13). Overall, the 

approximate model can predict the STL well except for around the coincidence frequencies. 

The reduced WFE model predicts coincidence at 550 Hz whereas the approximate model at 

500 Hz. The reason is that the equivalent model underestimates the wavenumber for the 

bending wave as observed in figure 4.4. 

For comparison with measurements in reference [77], another two honeycomb-cored 

panels (panel 2 and panel 3) with isotropic steel faces are considered. They have the same 

material properties (shown in table 4.1) but different thicknesses. The predicted diffuse-field 

STL is plotted together with the measurements in one-third octave bands in figure 4.14. The 

agreement can be seen to be reasonable. The WFE model predicts the coincidence frequency 

at 500 Hz for the first panel of 25-mm thickness while for the other panel (30-mm thickness), 

the STL dip occurs at 400Hz. 

b) Air-to-water: 
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Now consider the case where water (
3

1000kg m  , 1500m sc  ) occupies the space 0.z   

Since the two media have different wave speeds refraction occurs, with there being no 

propagating transmitted wave for angles of incidence greater than 14.2°. Figure 4.15(a) shows 

the 3D plot of the magnitude of the power transmission coefficient  ,    as a function of the 

angle of incidence  , and frequency, while the diffuse-field STL is shown in Figure 4.15(b).  

4.3.2 Honeycomb Panels with Composite Faces and Square Core 

1. Dispersion characteristics 

A honeycomb-cored panel having composite skins and square core is considered in this 

section. The stacking sequence of the laminate skins and the material properties (panel 4) are 

shown in table 4.1 [136]. Again, a rectangular periodic cell (Lx=Ly=4.76mm) is modelled using 

FE. Multi-layer triangular ANSYS SHELL181 elements are used to discretise the skins of the 

periodic cell, and the core is modelled using 4-noded rectangular ANSYS SHELL181 elements. 

The FE model contains a total of 131 nodes with 63 internal nodes. The drilling DOFs (rotation 

about the z-axis) of the skins are neglected. The FE model of the periodic cell is shown in figure 

4.16. 

Figure 4.17 shows the variation of the wavenumber at 6 kHz. For the bending wave, figure 

4.17 (a) shows that the magnitude of the wavenumber modulus does not vary significantly with 

directions. In contrast, in figure 4.17(b), the directionality of wave propagation is clear for the 

shear (outer curve), and extensional waves (inner curve). Furthermore the minimum structural 

wavelength is 86.1mm below 6 kHz while the maximum dimension of the periodic cell is 6.7 

mm in the x-y plane. The structural wavelength is much larger than the dimensions of the cell. 

The homogenisation of the structure is reasonable. 

Again Guyan reduction is used to reduce the size of the model. All the boundary DOFs are 

selected as master DOFs while all the internal DOFs are slave DOFs. The slave DOFs of the 
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periodic cell have a minimum natural frequency of 41 kHz when the masters are fixed so that 

results can be expected to be accurate to about 1/3 of this frequency [35]. Figure 4.18 shows 

the wavenumbers predicted by the full and reduced models. It can be seen that the wavenumber 

agreement is excellent (branch a: bending wave, branch b: shear wave, branch c: extensional 

wave).  

2. Sound transmission loss 

The oblique STL is predicted for three acoustic plane waves with incidence angles ( ,  ) 

using the full and reduced models respectively, where the fluid spaces are filled with air. The 

results are shown in figure 4.19. It can be seen that the agreement is excellent. The dips 

occurring at 560 Hz, and 840 Hz for the two curves ( 60   and 80  ) are due to the 

wavenumber matches between acoustic trace waves and structural bending wave (see figure 

4.20). No STL dip occurs for 30   in the frequency range due to the wavenumber mismatch. 

The reduced model is used to calculate the diffuse-field STL. The predictions are shown in 

figure 4.21. A dip can be observed at 762 Hz due to coincidence. 

4.4 Conclusions 

This chapter described a wave and finite element based homogenised model for predicting the 

sound transmission loss of infinite honeycomb-cored panels in the frequency range where the 

structural and acoustic wavelengths are much larger than the dimensions of the periodic cells.  

This model is developed using a WFE modelling approach. A three-dimensional periodic 

cell of the structure is modelled using a conventional finite element method. The geometry 

complexity can lead to a large number of internal DOFs. For reducing the computational cost, 

Guyan reduction is used to reduce the model size at low frequencies. By post-processing the 

relatively small mass and stiffness matrices of the reduced model using a periodic structure 

theory and equilibrium conditions, the wave propagation characteristics in the structure are 
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found. Dispersion curves, modal density and group velocity are calculated. Wave propagation 

in the fluids surrounding the structure is modelled analytically. The acoustic excitation is 

modelled using equivalent nodal forces. A reduced spectral dynamic stiffness matrix is derived 

for the homogenised model for calculating the structural response to acoustic excitations.  

A series of numerical examples were presented to illustrate this method, including 

hexagonal honeycomb-cored panels with various core thicknesses, and a honeycomb-cored 

panel having composite skins and a square core. The predictions (e.g., dispersion 

characteristics, STL, group velocity and model density) made by the WFE model were 

compared with those of approximate models. The STL was also compared to the measurements 

in the literature. The WFE model can accurately predict the STL of various honeycomb-cored 

panels. The homogenised model developed in this work is general and can be applied to any 

complex structure with arbitrary core geometry.  

Chapters 2 to 4 considered plane structures. In next chapter, sound transmission through 

curved structures is considered.   
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Figures 

 

 

Figure 4.1: Coordinate system definition for sound transmission through an 

infinite honeycomb-cored panel. 

Figure 4.2: Geometrical parameter definition for a honeycomb core where the 

shaded part denotes a rectangular periodic cell. 
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Table. 4.1. Physical properties of honeycomb-cored panels 

 
Material 

parameters 

Panel 1 

(hexagonal core) 

Panels 2 and 3 

(steel skins) 

Panel 4 

(square core) 

Skins 

Density (kg/m3) 1670   7700   1550   

Thickness (mm) 1 0.6 0.5 

Young’s modulus 

(Pa) 
111.3 10  111.95 10  

11 9

9

1.34 10 , 7.7 10 ,

7.7 10

x y

z

E E

E

   

 
 

Shear modulus 

(Pa) 
109.7 10  111.5 10  

9 9

9

2.6 10 , 3.1 10 ,

3.1 10

yz xz

xy

G G

G

   

 
 

Poisson ratio 0.34 0.28 0.03 

Loss factor 0.01 0.015 0.03 

Stacking 

sequence 
    0 90   

Core 

Density (kg/m3) 2700  2700  1240  

Young’s 

modulus (Pa) 
107 10  107.1 10  95.5 10  

(a)                                                                           (b) 

Figure 4.3: Periodic cell and FE model for a honeycomb panel with a regular 

hexagonal core: (a) a rectangular periodic cell and a parallelogram periodic cell; (b) 

FE mesh of the rectangular periodic cell with the hyper-nodes marked. 
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Shear modulus 

(Pa) 
102.6 10  102.4 10  92.7 10  

Poisson ratio 0.33 0.33 0.33 

Cell size l  (mm) 3  9.52  4.76  

Core thickness 

ch  (mm) 12  25, 30  19  

Wall thickness t  

(mm) 
0.018  0.014  0.076  

Loss factor 0.01 0.01 0.03 

 

 

 

 

 

Figure 4.4: Wavenumber comparison (bending wave) between the full WFE models of 

panel 1: solid line: full model 1; square dot: full model 2.  
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Figure 4.5: Wavenumber comparison (shear, and extensional waves) between the 

full WFE models of panel 1: solid lines: full model 1; round dot: shear wave (full 

model 2); star: extensional wave (full model 2).  

                           (a)                                                                  (b) 

Figure 4.6: Wavenumber comparison for the bending wave between various models: 

dash line: model 1 (Clarkson and Ranky model [23]); square dot: model 2 (Gibson 

and Ashby model [22]); Red dot: model 3 (Nilsson and Nilsson model [26]); black 

line: full WFE model. 
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Figure 4.7: Wavenumber comparison for the shear (the upper curve) and extensional 

waves (the lower curve) between various models: square dot: model 2 (Gibson and 

Ashby model [22]); Red dot: model 3 (Nilsson and Nilsson model [26]); black line: full 

WFE model. 

                     (a)                                                                      (b) 

Figure 4.8: First Brillouin zone and propagation frequencies of panel 1: (a) the 

irreducible Brillouin zone (dotted region), the locus is defined by points O (0, 0), A (0, 

 and B ( ,  in the wavenumber space; (b) propagation frequency along 

the edges of the irreducible part of the first Brillouin zone, red solid line: shear wave, 

dash line: bending wave, dash dot: extensional wave. 
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                           (a)                                                                            (b) 

Figure 4.9: Propagation surfaces and directionality of wave propagation of panel 1: (a) 

three dimensional view of the propagation frequency for the bending wave; (b) 

directionality of wave propagation. 

                            (a)                                                                             (b) 

Figure 4.10: Group velocity and modal density of panel 1: (a) group velocity in the x-

direction; (b) modal density; extensional wave (a), shear wave (b) and bending wave (c); 

dots: Renji and Nair model [24]; solid lines: a full WFE model; circles: a reduced WFE 

model by Guyan reduction. 
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Figure 4.11: Oblique STL for the hexagonal honeycomb-cored panel with isotropic faces 

(air-to-air, ): a full WFE model and a reduced model by Guyan reduction.  

Figure 4.12: Wavenumbers of the bending wave of the hexagonal honeycomb-cored 

panel, and the acoustic trace wavenumbers. 
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Figure 4.13: Diffuse-field STL comparison (air-to-air) of panel 1: dash line: an equivalent 

model; solid line: a reduced WFE model by Guyan reduction; dash dot: mass law. 

(a)                                                                        (b) 

Figure 4.14: Comparison with measurements (air-to-air) of panels 2 and 3: (a) core 

thickness ; (b) core-thickness  
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(a)                                                                      (b) 

Figure 4.15: 3D plot of the power transmission coefficient and diffuse-field STL (air-

to-water) of panel 1: (a) heading angle of wave propagation ; (b) diffuse-field 

STL. 

(a)                                                              (b) 

Figure 4.16: Periodic cell and FE model for a honeycomb panel having a rectangular 

core: (a) a rectangular periodic cell; (b) FE mesh of the rectangular periodic cell with 

the hypernodes denoted by numbers and alphabets. 
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                              (a)                                                                      (b) 

Figure 4.17: Directionality of plane waves predicted by the full WFE model at 6 kHz of 

panel 3: (a) bending wave; (b) shear wave (outer curve), and extensional wave (inner 

curve). 

Figure 4.18: Wavenumber comparison of panel 3: using a full WFE model (solid line: 

extensional wave (branch c), dot line: shear wave (branch b), dash-dot: bending wave 

(branch a)), and using a reduced WFE model (denoted by round dot). 
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Figure 4.19: Oblique STL for the honeycomb-cored panel with composite skins and a 

square core (air-to-air, ): using a full WFE model and a reduced WFE model made 

by Guyan reduction.  

Figure 4.20: Wavenumbers for the bending wave of panel 3 and the acoustic trace 

waves: solid line (structural bending wave), dash line (acoustic trace wave, ), dot 

line (acoustic trace wave, ), dash-dot (acoustic trace wave, ). 
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Figure 4.21: Diffuse-field STL (air-to-air): solid line: using a reduced WFE model by 

Guyan method; dash line: mass law. 
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Chapter 5 

SOUND TRANSMISSION THROUGH TWO 

DIMENSIONAL CYLINDRICAL SHELLS 

This chapter concerns sound transmission through isotropic, uniform, cylindrical shells. For 

simplicity, the cylinders are modelled as two-dimensional with no variation in the axial 

direction. The analysis follows similar lines to those in chapters 2-4 for plane structures: the 

interior and exterior acoustic spaces are modelled analytically, polar coordinates being 

separable; the structure is modelled using a wave and finite element method, and is assumed to 

be axisymmetric allowing for the application of periodicity equations in the circumferential 

direction. 

 

5.1 Introduction  

Cylindrical structures are extensively used in engineering applications, e.g. pipes, aircraft 

fuselages, submarines, etc. Analytical methods are often used for studying the vibroacoustics 

of such structures. For simple structures (e.g., an infinitely long, thin and isotropic cylindrical 

shell), establishing an analytical equation of motion is straightforward. However, for more 

complicated constructions, such as composite materials consisting of many layers having 

different physical properties (e.g., the cross-ply angles of the materials, physical properties), 

using analytical methods is difficult. 

Although some authors have developed analytical models using formulations for 

laminated cylindrical shells, typically layer-wise theories, these models involve various 
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assumptions, e.g. neglecting the transverse shear stress and rotational inertia [8], assuming that 

the structural wavelength is much larger than the shell thickness, etc. Furthermore, it is difficult 

to use analytical methods for calculating the dispersion curves of complicated structures, 

particularly for short waves with large circumferential wavenumbers. There has been some 

application of numerical methods in the literature (e.g., a FE method [119], a SEA method [100] 

and a transfer matrix method [78]).  

An alternative method developed here is the wave and finite element method. This chapter 

aims to extend this method to predict sound transmission through cylindrical shells. For 

simplicity, the infinitely long cylindrical shell is reduced to a circular shell in two dimensions, 

in effect assuming no spatial variation in the axial direction. Both the analytical and WFE 

methods are used to predict the forced response of the structure subjected to acoustic 

excitations. For validating this method, the predictions are compared with analytical results. 

5.2 Theory and Formulation 

The system considered is shown in figure 5.1, where the infinitely long cylinder is excited by 

a line source parallel to the axial direction. The interior and exterior fluids are modelled 

analytically in section 5.2.1. Fourier transforms are used to decompose the acoustic pressures 

into a sum of space-harmonic components in the circumferential direction. The interactions 

between the structure and the fluids are modelled in section 5.2.2. The acoustic excitations are 

modelled using equivalent nodal forces in section 5.2.3. A simple structure is modelled 

analytically in section 5.2.4 for later validation studies. The WFE model is developed in section 

5.2.5. It can be applied to structures with arbitrary cross-sections (e.g., isotropic and laminated 

shells). In section 5.3, a numerical example is presented and analytical predictions compared 

with those of the WFE method. 
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5.2.1 Fluid Spaces 

In this section, the pressure field generated by a line mass source is considered. The line source 

can be located exterior to, or inside the cavity of, the cylindrical shell of thickness h. The 

acoustic pressure satisfies the equation [11] 

 
2
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2 2

1
,

p q
p

c t t


 
   

 
  (5.1) 

where  , ,q r t  is the strength of the volume flow source within the fluid, and 
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for cylindrical coordinates. 

For considering the problem in the frequency domain, the Fourier transform pair 
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  (5.3) 

 is defined. Since time-harmonic motion is assumed, applying the Fourier transform to equation 

(5.1) gives 

 2

0i ,p k p q     (5.4) 

where the acoustic wavenumber k c .  

In the two-dimensional space, the volume source strength 

      
 

0, , ,
s

sq r t Q t r r
r

  
 


    (5.5) 

where  0Q t  is the volume flow rate per unit length of the line source, and the location of the 

line source is defined by coordinates  ,s sr  ; note that the units of the Dirac delta are the inverse 
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of those of the arguments r  and .  Taking the Fourier transform of equation (5.5) using 

equation (5.3) leads to 

    
 

 0, , .
s

s

r r
q r Q

r


     


    (5.6) 

For solving equation (5.4), it is convenient to define the Fourier transform pair 
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     (5.7) 

which decomposes the pressure into a sum of space-harmonic components in the azimuthal 

direction. Applying the Fourier transform of equation (5.7) to equation (5.4) yields 
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  (5.8) 

It is convenient to make the substitution  

    i0 0i
, .

2
sn

n

Q
p r e Y r







   (5.9) 

Equation (5.8) can be expressed as 

  
2

2 .s

d dY n
r k r Y r r

dr dr r


  
     

   
  (5.10) 

According to appendix 6.B of reference [11], the solution to equation (5.10) is given by 

  
   

       ' '
,

Y r Y r
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r Y r Y r Y r Y r

   

       

 
  

  (5.11) 

where r  is the greater of r  and 
sr， while r  is the lesser of r  and 

sr  and Y
 and Y

are two 

linearly independent solutions of the homogeneous form of equation (5.10). They are 

determined using the boundary conditions as described in the next section. 
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5.2.2 Fluid-Structure Interaction 

The line source can be located inside the cavity of the cylindrical structure (e.g., for modelling 

the noise radiated from pipes) or exterior to the structure (e.g., for modelling the sound radiation 

from an exterior source into and aeroplane). Hence in this section, both the fluid spaces inside 

the cavity and outside the structure are considered. 

5.2.2.1 Source Exterior to a Cylinder 

For a line source lying exterior to the structure, radial velocity continuity at the interface 

between the outer surface of the structure and the exterior fluid space leads to 

 
  2

0

,
,

o

n o

n

p r
w

r


 





  (5.12) 

where o

nw  represents the radial displacement of the outer surface for the n-th circumferential 

order and 
0  denotes the density of the exterior fluid. In equation (5.11),  Y r  is expected to 

satisfy the boundary condition at the outer surface of the structure, and  Y r  satisfy the 

radiation condition as r tends to infinity. Hence,  Y r  and  Y r can be expressed as 

          (1) (1),                 = ,n n n nY r J kr A H kr Y r H kr     (5.13) 

where ( )nJ kr  and (1)

nH  are Bessel and Hankel functions of the first kind respectively. 

Substituting equation (5.13) into equation (5.11), and then inserting the result into equation 

(5.9) gives 

         i(1) (1)0 0, ,
4

sno

n n s n n n

Q
p r H kr J kr A H kr e


       (5.14) 

where 
sr r , and 

nA  is an unknown constant. Substituting equation (5.14) into equation (5.12) 

leads to 
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       i0 (1) ' (1) '0
0 0 .

4
sn

n n s n n n

kQ
w H kr J kr A H kr e





      (5.15) 

Assuming the normal displacement o

nw  is known, equation (5.15) can be rearranged to give 
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    (5.16) 

Substituting equation (5.16) into equation (5.14) leads to the pressure exterior to the cylinder, 

   ,, ,o o o

n b f o np r p D w     (5.17) 

where the pressure o

bp , and the dynamic stiffness of the exterior fluid ,f oD  are 
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  (5.18) 

Note that the first term in equation (5.17) denotes “blocked” pressure if the structure were rigid, 

and the second term represents the acoustic pressure caused by the vibration of the surface. 

The pressure i

np  must satisfy 
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where 
i ik c is the acoustic wavenumber of the interior fluid with speed of sound, 

ic . Using 

the boundary condition 
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  (5.20) 

where i

nw  represents the radial displacement of the interior surface of the structure for the n-th 

harmonic component, 
i  denotes the density of the interior fluid. 
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The solution to equation (5.19) which is finite along the axis of the cylinder is of the form 

  ,i

n n n ip B J k r   (5.21) 

 where 
nB  is a constant which is determined by continuity at the inner surface and is given by 

 
 

2

'
.

i

i n
n

i n i i

w
B

k J k r

 
   (5.22) 

Inserting equation (5.22) into equation (5.21) yields 

 , .i n i

n f i np D w   (5.23) 

where 
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is the dynamic stiffness of the interior fluid. 

5.2.2.2 Source inside a Cylinder 

When the source is in the cavity of the cylinder,  Y r  is chosen to satisfy the boundary 

condition at 0r   and  Y r  to satisfy the boundary condition at 
ir r  such that 

          (1),              ,n i n n i n iY r J k r Y r A J k r H k r      (5.25) 

where 
nA  is an unknown constant which is yet to be determined. Substituting equation (5.25) 

into equation (5.11), and then inserting the result into equation (5.9) give 

         i(1)0i
, .

4
sni i

n n i s n n i n i

Q
p r J k r A J k r H k r e


       (5.26) 
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The boundary condition on the interior surface requires that the acoustic particle velocity is 

equal to the radial velocity of the inner surface of the cylinder. Inserting equation (5.26) into 

equation (5.20) gives 

 
     

i (1) '
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    (5.27) 

The acoustic pressure inside the cylinder can be obtained by substituting equation (5.27) into 

equation (5.26), i.e. 

   ,, ,i i n i

n b f i np r p D w     (5.28) 

where the pressure ,i

bp  and the fluid dynamic stiffness ,

n

f iD  can be written as 
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 Again the first term indicates the blocked pressure by a rigid shell. The second term represents 

the contribution of the vibration of the surface. For the acoustic field outside the cylinder, the 

acoustic pressure o

np  must satisfy 
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which is subjected to the boundary condition as equation (5.2), and a radiation condition as r 

becomes infinitely large. Consequently, the solution to equation (5.30) is  

    (1), ,o

n n n op r B H k r    (5.31) 

where from continuity at the inner surface 
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Substituting equation (5.32) into equation (5.31) gives 

   ,, ,o n o

n f o np r D w     (5.33) 

where the fluid dynamic stiffness is expressed as 
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5.2.3 Analytical Model and Responses  

In this section, the analytical model is used to model the structure. The analytical model is only 

valid for thin, isotropic cylindrical shells.  

There are various theories for establishing the equations of motion for cylindrical 

structures e.g. Sanders’s theory, Reissner’s theory, etc. [6]. Different theories have different 

assumptions. For example, the assumptions of Love’s model are: the thickness of the shell is 

very small compared with other dimensions; higher-order terms in the strain-displacement 

relations are neglected; the transverse normal and shear stresses are negligible. In this chapter, 

the Flugge-Byrne-Lur’ye theory [6] is used. In the following equations, the transverse normal 

and shear stresses are both considered, 
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where 
np  is the total pressure acting on the shell mean-surface (which is assumed to act in the 

radial direction), 𝐸 is Young’s modulus, 𝜈 is Poisson’s ratio, w  is the displacement of the shell 

mean-surface in the 𝜙-direction and 
rw  is the displacement of the shell mean-surface in the 𝑟- 

direction. 

Applying Fourier transform to the Flugge-Byrne-Lur’ye equations yields 
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  (5.38) 

It is assumed that the velocities of the inner and outer surfaces of the cylinder are equal to the 

radial velocity of the shell mean-surface, e.g. ,ii o

n n r nv v w   . Substituting equation (5.50) 

into equation (5.38) yields the following system of equations which describes the Fourier 

transform of the response of the thin cylindrical shell to the acoustic field produced by the line 

mass source.  
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The equations can be solved to find ,r nw  and ,nw  which can then be used in equation (5.17) 

and equation (5.23) to calculate the acoustic pressures exterior to, and interior to, the cylinder. 

Note that in many cases (usually when the acoustic mediums have low densities relative to the 

density of the cylindrical shell), it is expected that the loading on the structure due to the 

acoustic pressures produced by its vibration may be neglected. This can be done by setting the 

fluid dynamic stiffnesses zero. 

5.2.4 The WFE Model and Responses 

In this section, the WFE method is extended to calculate the response of the cylindrical shell 

to the excitation of the parallel line source. The modelling follows the line described in chapter 

2.  

5.2.4.1 FE Modelling of a Curved Segment  

The curved structure can be modelled using several methods [65, 66, 98]. Here, small flat 

elements are used to model the curvature of the structure since curved elements are not 

available in available commercial software. In particular, this modelling uses a single ANSYS 

SHELL 181 element of dimensions x yL L  where 
xL R    and yL is the length of the segment 

along the cylinder axis and    denotes the subtended angle of the element in the 

circumferential direction which is assumed to be small enough. The rectangular element has 

four nodes, and six DOFs at each node: translations in the nodal 𝑥, 𝑦 and 𝑧 directions and 

rotations about the nodal 𝑥, 𝑦 and 𝑧 axes. For modelling the structural motion in the x-y plane, 

the translational and rotational DOFs about the z-axis are set to be zeros. The vector of nodal 

DOFs of the element (illustrated in figure 2) can be partitioned as 
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1 2 3 4 ,   q q q q q   (5.43) 
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where the superscript “T” denotes transposition and the subscripts “1”, “2”, “3”, “4”, correspond 

to corner nodes. The vector of internal nodal forces, f , and external nodal forces, 𝐞, are 

partioned in the same manner. 

For modelling the curvature of the structure, the nodal coordinates of the nodes of the flat 

element are rotated around the y-axis by an angle  . Hence the FE matrices of the flat element 

with nodal coordinates rotated are 

 T T,             , M R MR K R KR   (5.44) 

where M and K are the mass and stiffness matrices of the original shell element, the rotation 

matrix, R, can be written as 
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  (5.45) 

where R  allows the rotation of the hyper-nodes with number “2” and “4”, ,I  0, and, ,R  are 

matrices of order equal to the number of DOFs of the corresponding hyper-nodes in the FE 

model. 𝐈 is an identity matrix, 𝟎 is a matrix of zeros and R  is defined as 
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R   (5.46) 

The forced equation of motion of the flat element can be written as 

 2 .    K M q f e   (5.47) 
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For modelling the curved structure in two-dimensions, the shell element needs be 

degenerated into one-dimensional straight elements by setting 
1 3q q , and 

2 4q q  such that 

equation (5.51)  becomes 

 2 T T ,    K M q C f C e   (5.48) 

where M  and K  are the mass and stiffness matrices after the degeneration, T
C is the 

transformation matrix, q  is the DOFs vector of the degenerated element. They can be written 

as 

 

T

T T T T

1 2,    ,    ,    .
 

       
 

I 0 I 0
K C KC M C MC  q q q C

0 I 0 I
  (5.49) 

5.2.4.2 Acoustic Excitations 

The acoustic pressures generated on the outer and inner surfaces of the cylinder subjected to 

the excitation by a line source have been described in section 5.2.2. The equivalent nodal forces 

are found in this section. 

 For a source exterior to the cylinder, the total pressure applied to the outer-surface of the 

cylindrical shell can be written as (using equation (5.17) and equation (5.23))  

   , ,, ,o n i n o

n b f i n f o np r p D w D w      (5.50) 

where 2r R h   is the radius of the outer surface. For a source inside the cavity of the cylinder 

(using equation (5.28) and equation (5.33)), 

   , ,, ,i n i n o

n b f i n f o np r p D w D w      (5.51) 

where 2r R h   is the radius of the inner surface. 

It can be seen that equation (5.50) and equation (5.51) explicitly separate the excitation 

into two parts, i.e. the “blocked” pressure and the fluid loadings. In the FE discretisation, these 
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acoustic pressures are modelled using equivalent external nodal forces. Using the notation in 

chapter 2, the nodal force for j-th hyper-node of the FE model of a small curved segment of the 

structure can be written as 

  1 2 ,o i

j n n jp p  e u u   (5.52) 

where the coefficient j is preferably calculated as a consistent nodal force, but may be 

approximated using lumped forces, i.e. 

 i d d

j

n

j

s

e x y     (5.53) 

where the integration area associated with the j-th hyper-node is denoted by jS .  

5.2.4.3 Spectral Dynamic Stiffness Matrix and Responses 

Now, applying the periodicity condition in the circumferential direction leads to 
2 1,xq q

where the wave propagation constant  exp ix n    . Considering the equilibrium at hyper-

node 1 (similar to equation (2.33)), the following equation can be obtained, i.e. 

  
TH T H 2

1 ,                 ,            ,s s x      D q Λ C e D Λ K M Λ Λ I I   (5.54) 

where superscript “H” denotes the conjugate transpose. Substituting equation (5.52) into 

equation (5.54) gives 

 
1 1,bp Dq u   (5.55) 

where the total spectral dynamic stiffness matrix, D, and the coefficient, ,  can be expressed 

as 
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Once the displacement vector, 
1,q  is calculated from equation (5.55), the acoustic pressures 

can be found from equation (5.17) and equation (5.23) for the case of source exterior to the 

cylinder.  

5.3 Illustrative examples 

In this section, the WFE method is used to calculate the structural response and radiated 

pressures from a 2-dimensional cylinder excited by sound from an acoustic line source. The 

cylinder has a density of 37800kg m ,  a Young’s modulus of 112 10 Pa , Poisson’s ratio 0.2, and 

mean-surface radius 0.3m and a thickness of 1.8mm. The fluids interior and exterior to the 

cylinder have density 31000kg m . The line source is located at a radius of 0.4m and has a 

strength of 21m .s  

A small curved segment of the structure is modelled using a degenerated shell element. In 

the degeneration, the translation and rotation about the z-axis are constrained and the 

transformation matrix C  is used to find the equivalent mass and stiffness matrices of the 

degenerated element. The results are compared with the results of calculations made using the 

analytic model of section 5.2.3.   

Figure 5.3 plots the magnitude of the radial displacement of the shell, , ,r nw  against 

frequency for four different values of 𝑛. The agreement between the WFE method and the 

analytical solution is excellent. Figure 5.4 plots the magnitude of the acoustic pressure against 

radius using the structural response calculated using the WFE method. It can be seen that the 

pressure amplitude in the structure increases with radius until a discontinuity occurring at r=R.  

5.4 Conclusions  

In this chapter, sound transmission through two-dimensional cylindrical structure was studied. 

The acoustic excitation can be arbitrary. A line source, which can be located inside the cavity 
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of the cylinder or exterior to the structure, was considered. The sound pressures in the fluid 

spaces are modelled analytically. 

A thin, isotropic cylindrical structure was considered using an analytical model and a WFE 

method. The equations developed for the WFE model for the simple cylinder can be applied to 

arbitrary complex cylinders. Note that it is difficult to develop analytical models for 

complicated structures. For the WFE model, the acoustic excitation is modelled by using 

equivalent external nodal forces. By post-processing the mass and stiffness matrices of a small 

segment of the structure using periodicity theory and equilibrium conditions, a fluid-structure 

coupled model is developed. A total spectral dynamic stiffness matrix is found in the 

wavenumber domain for calculating the structural response to acoustic excitations. 

An illustrative example is presented to validate the WFE model. The agreement between 

the WFE prediction and the analytical results is excellent. The WFE method is straightforward 

and valuable for complex structures.  

In next chapter, this method will be extended to three-dimensional cylindrical shells and 

applied to more complicated structures (e.g. thick cylindrical shells, and various laminated 

cylindrical shell).  
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Figures 

Figure 5.1: Schematic showing a cylinder with an exterior line source. 

 

Figure 5.2: Modelling of the curved structure in two-dimensions using equivalent one-

dimensional elements. 
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Figure 5.4: Magnitude of the pressure. 

Figure 5.3: Magnitude of the radial displacement. 
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Chapter 6 

SOUND TRANSMISSION THROUGH THREE 

DIMENSIONAL CYLINDRICAL SHELLS 

This chapter closely follows chapter 5. A general WFE model is developed for three- 

dimensional, circular cylindrical shells. Sound transmission through, and radiation from 

various cylindrical shells with different configurations are considered.  

 

6.1 Introduction 

This chapter extends the analysis presented in chapter 5 to three-dimensional infinite cylinders. 

Again a Fourier transform method is used to decompose the applied acoustic or structural 

loading into wave components. The extended WFE method is then applied and the inverse 

transform used to determine the total structural response and radiated sound pressure. 

There are several analytical models developed for predicting the vibroacoustic 

performance of cylindrical shells. For example, Koval presented analytic models for 

calculating the sound transmission of an oblique incident plane wave into orthotropic [62] and 

also laminated composite [63], infinite cylindrical shells. Unlike here, the internal sound field 

was modelled as non-resonant (with only inward propagating waves). Blaise and Lesueur also 

presented analytical models for calculating the sound transmission into orthotropic [66], 2D 

orthotropic multi-layered [65] and 3-D orthotropic multi-layered cylindrical shells [67, 68]. 

Ghinet et al. [70] extend this work further and present two analytical models for calculating 

the diffuse-field transmission loss of infinite, laminated composite cylindrical shells. 
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In addition to these analytic approaches, a number of numerical methods exist for 

calculating sound transmission through complex cylindrical structures. Examples of these 

include Cotoni et al. [98] and Chronopoulos et al. [99]. Cotoni et al. describe a method for 

efficiently calculating the vibroacoustic response of structures (including cylindrical shells) 

using a hybrid SEA approach where an FE model of a segment of the structure is analysed 

using periodicity theory to obtain the required SEA properties for the entire structure. The 

number of internal degrees of freedom of the FE model is reduced using component mode 

synthesis. Chronopoulos et al. present a model for calculating the vibroacoustic performance 

of composite shells of various geometries for use in an SEA model. The dispersion 

characteristics of the panel are calculated using the WFE method and this information is used 

to calculate the vibroacoustic response of the panel within an SEA approach. 

An alternative method is the WFE method, developed here, where an FE model of only a 

small segment of the structure is used. The structural and acoustic responses to structural or 

acoustic excitation can be found readily by postprocessing the mass and stiffness matrices for 

this segment using the periodicity and equilibrium conditions.  

6.2 Theory and Formulation  

In section 6.2.1, analytical equations are presented for modelling the interior and exterior 

acoustic fields. The interactions between the acoustic fluids and the structure are studied in 

section 6.2.1.1 and section 6.2.1.2. Excitation can arise from acoustic sources or structural 

excitation. The sound pressures on the surfaces of the structure are described analytically. The 

FE discretisation leads to equivalent nodal forces being applied to the model. The WFE method 

is presented in section 6.2.2 to model the cylindrical shell. An analytical model is presented in 

section 6.2.2.1 for calculating the vibroacoustic response of a thin cylindrical shell made from 

a homogeneous, isotropic material for later verification of the WFE results. In section 6.3, 

several illustrative examples are used to demonstrate the method. The results of calculations 
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using both the analytical model and the WFE method are compared and shown to be in 

excellent agreement, verifying the implementation. The usefulness of the WFE method is then 

demonstrated by analysing the response of a number of complicated cylindrical structures in 

section 6.4 for which analytical models are not readily available.  

6.2.1 Fluid Spaces 

Consider the infinite cylinder shown in figure 6.1. The axis of symmetry of the structure is the 

y-axis. Assume that the structure is filled and surrounded by acoustic fluids. The location of 

the outer and inner surfaces of the cylinder are denoted by 
or r  and ,ir r  and the thickness 

of the cylindrical shell is h with mean surface radius r R . The subscripts “ i ” and “ o ” denote 

the inner and outer surfaces. The displacements are represented by ,y rw w and w  in the axial, 

radial and azimuthal directions respectively. Time-harmonic motion of the form  exp -i t  is 

assumed. The structure can be excited by an exterior source, an interior source or stresses 

applied to the inner and/or outer surfaces of the cylinder.   

6.2.1.1 Interior Acoustic Field 

Assume that there are no acoustic sources inside the cavity of the vibrating cylinder, the 

acoustic pressures within the cavity must satisfy the Helmholtz equation (see chapter 1 of 

reference [7]) 
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  (6.1) 

where 
i ik c is the acoustic wavenumber inside the cavity. It is convenient to define the 

Fourier transform pair 
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Applying the Fourier transform to equation (6.1) yields 
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  (6.4) 

where 2 2

,r i i yk k k  is the radial wavenumber. 

The solution to equation (6.4) has the same form as equation (5.21) with 
ik  replaced by

,r ik , subjected to finite pressures along the axis of the cylinder. Again, the constant 
nB  is 

determined by the continuity of particle displacement in the radial direction on the inner surface 

of the cylinder. Consequently, the solution can be written as 
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   (6.5) 

On the inner surface of the cylinder, the sound pressure ,i vp  can be expressed as 

    , , ,, , ,i v y f i r i yp k n D w k n    (6.6) 

where the subscript “v” is used to represent the pressure due to the vibrating shell, and 
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    (6.7) 

is the spectral dynamic stiffness of the interior fluid. 

Note that the pressure 
ip  is singular when  '

, 0n r i iJ k r  . This suggests infinite fluid 

loading at the natural frequencies of the rigid-walled cylindrical cavity. In practice, the fluid 

loading is limited due to the dissipation mechanism. Damping can be included by making the 
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speed of sound 
ic  complex, i.e.  1 ii fc n , with a small imaginary part. In the numerical 

examples of this chapter, 0.001fn  is used. 

  The structure can also be excited by a sound source within the cavity of the cylinder. In 

this case, the “blocked” pressure – that is the pressure of the incident wave plus the pressure 

produced by the scattered field from a geometrically identical, rigid cylinder – should be added 

to the pressure produced by the cylinder vibration to obtain the total acoustic field and total 

normal stress acting on the inner surface of the cylinder.  

Similar analysis has been made for two-dimensional cylindrical shells in chapter 5. The 

total acoustic pressures can be found in equation (5.51) to be a sum of the “blocked” pressure 

and the pressures due to structural vibrations for the case of the sound source located inside the 

cavity of the structure. 

6.2.1.2 Exterior Acoustic Field 

A similar analysis to that presented in the previous section can be made for the radiated sound 

pressure caused by the vibration of the outer surface of the cylinder 
or r . The sound pressure 

exterior to the cylinder can be expressed as 
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   (6.8) 

where 2 2

,r o o yk k k   is the wavenumber component in the radial direction, and (1)

nH is the 

Hankel function of the first kind of order n.  

Similar to before, the Fourier transform of the pressure on the outer surface can be written 

as 

 , , , ,o v f o r op D w   (6.9) 
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where 
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   (6.10) 

is the spectral dynamic stiffness of the exterior fluid. 

Again, the expressions (equation (6.8) and equation (6.9)) are for the acoustic pressures 

caused by the vibration of the outer surface of the cylinder. In the case of an incident acoustic 

wave generated by a sound source located outside of the cylinder. The blocked pressure should 

be added to the pressure caused by the forced vibration of the outer surface for obtaining the 

total acoustic field and total normal stress acting on the outer surface of the cylinder. 

Similar to equation (5.18), the amplitude of the blocked pressure for a time-harmonic point 

source with energy strength 3

0 mQ s can be written as 
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  (6.11) 

 where 
sr  represents the radial location of the sound source, and 

s or r .  

6.2.2 Solid Structure 

In this part, the cylinder structure is modelled using both the WFE method and an analytical 

method (for a thin, and isotropic cylinder). The analytical formulation is for verifying the WFE 

model developed in the next section. Note that using an analytical method is difficult for 

complicated cylinders. 

6.2.2.1 Analytical Model 

There are various theories (e.g. Donnel-Mushrai-Vlasove equation [60], and Love’s equation 

[6]) available for modelling the dynamics of cylindrical shells. Different theories have different 

assumptions for the analytical models. For example, the in-plane motion is completely 
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neglected in Donnel-Mushrai-Vlasove’s theory. The transverse shear forces are not considered 

in Mindlin-Reissner’s plate theory [60]. For considering the in-plane, out-of-plane and shear 

forces, Flugge, Byrne, Lur’ye’s shell theory [6] is used in this section. 

Consider a thin ( , ,r r o r iw w w  ), isotropic cylinder of thickness h and density ,s  which 

has displacements in the axial, ,yw  radial,
rw , and tangential, w , directions which are described 

by an equation of motion of the form (see section 2.2 of reference [6]) 

 2

0

0

y

s

r s

w

h w

w p

 

   
          
      

L I   (6.12) 

where L is the partial differential operator matrix and the total external radial pressure applied 

on the mean surface is denoted by .sp  Taking the Fourier transform of equation (6.12) and 

making use of equations (6.6) and (6.8), the following fluid-structure coupled equation of 

motion can be found for each harmonic wave. 
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L I   (6.13) 

where ,b op  is the Fourier transform of the blocked pressure. For the Flugge Byrne Lur’ye model, 

the components of L are 
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  (6.14) 

Structural damping is included by making the Young’s modulus E complex such that E  is 

replaced by  1 i sE   in equation (6.13). In the numerical examples, 0.01s   is used, unless 

otherwise stated. For light fluid loading, the fluid loading effect might be neglected by setting 

the terms ,f iD  and ,f oD  in equation (6.13) equal to zero. 

6.2.2.2 WFE Model 

In this section, a wave and finite element method is used to model the structure. The cylinder 

is assumed to be homogeneous in the axial and circumferential directions, but has arbitrary 

through-thickness properties, so that laminates etc. can be modelled straightforwardly. 

Only a small curved segment of the cylindrical shell is used. The segment is discretised 

using finite element. The modelling approach for the curved structure is similar to reference 

[130]. There are various elements available in FE software. Typically shell elements are used 

to model thin, isotropic cylindrical shells. For more complicated structures (e.g. laminates), 
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ANSYS SOLID185 elements are preferred for modelling the deformation through the 

thickness of the laminated structure.  

The segment subtends an angle   at the axis of the cylinder, as shown in figure 6.2. The 

angle should be small enough such that the curved segment can be approximated using a flat 

rectangular segment since curved elements are not commonly available in commercial FE 

software. The nodal coordinates of the FE model at the right hand side of the segment should 

be rotated by an angle   for modelling the curvature of the cylinder. Considering the FE 

model of the segment with dimensions x yL L  shown in figure 6.2. There are no internal, or 

edge, boundary DOFs in this FE model. Interior and edge nodes can be included 

straightforwardly [113] and eliminated by dynamic condensation. The vector of DOFs q  is 

partitioned as 

 
T

T T T T

1 2 3 4
   q q q q q   (6.15) 

where the superscript “ T ” denotes transposition and the subscripts “1”, “2”, “3”, “4” 

correspond to the corner hyper-nodes of the segment. The vectors of internal nodal forces f  

and external nodal forces e  are partitioned in the same manner.  

The mass and stiffness matrices 
locM  and 

locK  of the curved segment are found in the local 

coordinate system of the element. Curvature of the cylinder is allowed for by rotating the nodal 

coordinates of those of the flat segment around the y-axis by an angle of  . The mass and 

stiffness matrices are then 

 T T                                loc loc M R M R K R K R   (6.16) 

where the transformation matrix R  can found from equation (5.45) and equation (5.46). The 

equation of motion of the segment can be written as 
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 2    K M q f e   (6.17) 

where structural damping can be included straightforwardly by making the stiffness matrix 

complex,  1 i sK . If each layer of the laminated segment has different damping loss factors, 

they can be considered separately and assembled together using the method described in 

reference [140].  

6.2.3 Fluid-Structural Interaction 

During the FE discretisation, the external pressures on the surfaces of the segment are modelled 

as equivalent nodal forces using the approach developed in chapter 2.  For example, for the j-

th hyper-node, the vector of external nodal forces can be written as 

 1 2j i j o jp p  e u u   (6.18) 

where 
ip  and 

op  represent the complex amplitudes of the total external pressures applied on 

the inner and outer surfaces of the structure respectively. All the elements in vectors 1,2u are 

zero except for those corresponding to the normal displacements of the inner (
1w ) and outer 

(
2w ) surfaces of the segment, i.e. 

 1 1 2 2                    j jw w T T
u q u q .  (6.19) 

The coefficients j  can be obtained by calculating the consistent nodal forces  

  i i
, , d dz

j

n k z

j j

s

e N x y z x y  
    (6.20) 

where the integration area is denoted by jS for the j-th hyper-node and  , ,jN x y z  is the 

corresponding shape function associated with the normal displacements of the surface. 

Alternatively they may be approximated by lumped forces. 
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6.2.4 Spectral Dynamic Stiffness Matrix and Responses  

The spectral dynamic stiffness matrix is derived in this section for a small segment of the 

structure. The DOFs of the hyper-nodes of the FE model can be related using the periodicity 

theories and equilibrium conditions, e.g., 

 2 1 3 1 4 1,           ,          ,x y x y     q q q q q q   (6.21) 

 where i x xk L

x e 
  with 

xk n R , and 
i y yk L

y e


  are wave propagation constants for each 

harmonic wave component.  Thus, the total DOF vector q  can be expressed as 

 
1,             .

x

R R

y

x y





 

 
 
 

   
 
 
 

I

I
q Λ q Λ

I

I

  (6.22) 

Similarly for the nodal forces equilibrium implies that 

  1 1 1 1,             .L L x y x y       Λ f 0 Λ I I I I   (6.23) 

Substituting equation (6.22) into equation (6.17), and pre-multiplying each side by 
LΛ  gives 

 2

1 ,                 s L s L R    D q Λ e D Λ K M Λ   (6.24) 

where 
sD  is the spectral dynamic stiffness matrix without considering the fluid loading effect. 

Substituting equation (6.20) into equation (6.18), and the results into equation (6.24) gives 

 1 , 1b oP Dq u   (6.25) 

where the total spectral dynamic stiffness matrix D and the coefficient   can be expressed as 

 
, 1 1 , 2 2

1 1 1 1

1 2 3 4

,

,

n T n T

s f i f o

x y x y

D D 

           

  

   

D D u u u u
  (6.26) 
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Once the displacement vector 
1q  is calculated from equation (6.25), the acoustic pressures can 

be found from equation (6.6) and equation (6.9).  

6.2.5 Acoustic Potential Energy 

In this section, an expression is developed to quantify the pressure level within a cylindrical 

shell excited by an exterior sound source. The time-averaged acoustic potential energy can be 

written as 

 
22

2 0 0

1
d d d

4

ir

p

i i

E p r r y
c









      (6.27) 

where the acoustic pressure is given by equation (6.3) and equation (6.5). Substituting and 

evaluating the integral give 

 d ,p p y

n

E E k
 




     (6.28) 

where 
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   (6.29) 

In equation (6.29), 
rI  can be written as [76] 

        2 2 2

, , 1 , 1 ,
0

1
d .

2

ir

r n r i i n r i i n r i i n r i iI J k r r r r J k r J k r J k r 
       (6.30) 

6.3 Illustrative Examples 

In this section, various numerical examples are presented to illustrate the application of the 

WFE method. The examples include a thin, isotropic cylinder excited by an exterior acoustic 

monopole source, an infinite cylindrical pipe made from isotropic material subjected to a radial, 

time-harmonic point force, and sound transmission through an orthotropic cylinder. The WFE 

results are compared with those of an analytical model taken from the literature.  
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6.3.1 Spherical Wave Interacting with a Cylindrical Shell  

The excitation of a thin, cylindrical, steel shell by an exterior time-harmonic monopole source 

is first considered. The point source has the strength 3

0 1mQ s  and is located at 

0, 1.2my r    , and 0 .   The cylinder is constructed from a homogeneous, isotropic material 

with density 37800kg m , Young’s modulus 112 10 Pa and Poisson’s ratio 0.3. The cylinder has 

a thickness of 1.8 mm and a mean radius of 1 m. The fluid inside the cavity of the cylinder has 

density 31.225kg m  and speed of sound 340m s  while the fluid exterior to the cylinder has 

density 30.4135kg m  and speed of sound 299.5m s .  

A small curved segment of the structure is discretised using one ANSYS SHELL181 

element to obtain the mass and stiffness matrices. This element is rectangular with 4 nodes and 

six degrees of freedom at each node: translations in the nodal x, y and z directions and rotations 

about the x, y and z axes. For the results presented here, the acoustic pressures were lumped at 

the element nodes during the FE discretisation and applied at the mean radius. 

The amplitude of the radial displacement ,r iw  is predicted using both the WFE model and 

the analytical model of section 6.2.2. The results are presented in figure 6.3 for four different 

frequencies and three different azimuthal mode numbers. There is no discernable difference 

between the results obtained using the WFE and analytical methods, so only one curve is 

plotted for each case.  

The peaks in ,r iw  observed in figure 6.3 are caused by several different mechanisms 

including structural resonances, a peak in the applied radial stress (due to the behaviour of the 

blocked pressure) and internal fluid resonances. The structural resonances occur because of 

coincidence between the excitation wavenumbers and those of propagating waves in the 

cylinder. As an example, we consider the case for which n=1 and 10000rad s   shown in 

figure 6.4 (left). The dispersion curves for the in vacuo structure are shown in figure 6.4 (right). 
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The peak at 133.4 myk   is caused by a peak in the exterior fluid loading after which the 

amplitude of the loading and radial displacement decay rapidly with increasing 𝑘𝑦. The three 

other peaks are observed to coincide with the wavenumbers of the flexural, shear and 

extensional waves identified in the dispersion analysis. A series of small ‘glitches’ associated 

with internal fluid resonances are also present, however, these are not readily discernible in the 

plot as the damping used in this example is sufficiently large to limit their amplitude.  

Figure 6.5 shows the time average acoustic potential energy pE  versus   for the steel 

cylinder. There is no discernible difference between the results obtained using the WFE method 

and analytical methods so only one curve is shown. The peak occurs at approximately 

5000rad s , which is close to the ring frequency  2 21 5308rad sr E R v    
 

 of the 

cylinder. The other peaks are associated primarily with resonances of the internal fluid (e.g. 

cut-on of the various internal wave modes), with higher order structural wave modes having a 

less pronounced effect. 

6.3.2 Sound Radiation from a Pipe Excited by a Point Force  

Now consider the case of a cylindrical structure excited by an internal point force. The cylinder is a 

steel pipe (Young’s modulus 112 10 Pa , density 37800kg m , Poisson’s ratio 0.3) with thickness 2mm 

and mean radius 36mm. The fluid inside the cylinder is water with density and speed of sound, 

31000kg m , 1500m si ic    while the fluid exterior to the cylinder is air with density and speed of 

sound 31.225kg mo  and 
0 340m sc  . A point force of magnitude F=1N acts at 0y    and 0   

thus the radial component of the applied stress is     iF y r    , and therefore the Fourier transform 

is  
2

2F  .  

The sound power radiated from the outer surface is given by 

  
2

*

,
0

1
Re i d dy

2
o r o op w r



 



      (6.31) 
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Substituting for 𝑝𝑜 and evaluating the integrals yields 
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      (6.32) 

where 
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     (6.33) 

Note that axial wavenumbers for which y ok k , that is, waves which have subsonic axial propagation 

speeds, do not contribute to the sound power (i.e. they do not radiate to the far-field). All azimuthal 

modes radiate when y ok k , when the axial propagation speed is supersonic, although modes for 

which n  is much larger than ,r o ok r  do not radiate efficiently (and this efficiency decreases rapidly with 

increasing n ). This “radiation efficiency effect” is governed by the behaviour of the Hankel function 

term in the denominator of the integrand in equation (6.33).  

In order to validate the WFE method, a 1D WFE method similar to that presented in [116] is used 

to determine the dispersion curves for the fluid-filled cylindrical structure (with a vacuum exterior to 

the cylinder). A small segment of the structure 2mm long was meshed using 64 ANSYS SOLID185 

elements and 200 ANSYS FLUID30 elements, which gives 564 nodes (64×3×2 structural DOFs and 

209×2 fluid DOFs). The mesh used in the FE model is shown in figure 6.6. 

Figure 6.7 shows the real part of the dispersion curves for propagating waves with azimuthal mode 

numbers n=0 and n=1. The vertical lines in figure 6.7 denote the locations of the excitation frequencies 

for the plots shown in figure 6.8 which shows curves of ,r iw  versus yk for the azimuthal modes 0n   

and 1n   for 18850rad s   (left plot) and 50265rad s   (right plot). As expected, the peaks in the 

curves in figure 6.8 occur at values of yk close to the wavenumbers of those of the dispersion curves 

shown in figure 6.7. The azimuthal mode number of the waves identified in the dispersion analysis can 

be determined by inspection of the nodal displacement in the FE model. For example, the displacement 
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of the mesh for the 0n   and 1n   azimuthal modes at 18850rad s   are shown in figure 6.9. 

Figure 6.10 shows the time-averaged power radiated from the cylindrical as a function of  .  

6.3.3 Sound Transmission through an Orthotropic Cylinder 

In this section, the transmission loss for an orthotropic cylindrical shell with a mean radius of 2mR   

and thickness 1mmh   is determined using the WFE method. These predictions are compared with 

results generated using an analytical model. The analytical model is mainly based on the first-order 

plate theory developed by Hencky-Mindlin. A plane stress assumption is made for each layer of the 

laminated shell. The inter-laminar normal stress is neglected for the analytical model. More details are 

described in Berthelot [60] (see also [70]). The material properties of the structure are taken from table 

1 in reference [136]. They are Young’s moduli 111.336 10 Pa,E    and 97.7 10 Pa,y rE E    and 

shear moduli 92.6 10 Pa,yrG    93.1 10 Pa,rG    and 93.1 10 Pa,yG    Poisson’s ratios

0.29,y rv v    and 0.49,yrv   density 31550kg m ,  and damping loss factor 0.01  . 

A small curved segment of the structure was discretised using a four-noded, rectangular shell 

element with dimensions 2mm.x yL L   A single integration point is used through the thickness of 

the element. The WFE model is used to calculate the oblique transmission loss for plane waves with 

incident angles 90 ,45    and 25 where   is the angle at which the incident wave propagates 

relative to the 𝑦-axis (with 0  corresponding to a wave propagating along the positive 𝑦 -axis). The 

predicted results are shown in figure 6.11 along with those of the analytical model. The agreement 

between the two models is observed to be excellent, except for small discrepancies at high frequencies 

which are due to the different assumptions used in the analytic and WFE models, e.g. the analytical 

model uses first-order shear deformation theory and estimates the shear correction factors using 

Whitney’s model [72] whilst the WFE model is based on improved transverse shear stresses [73, 74] 

with no need to calculate the shear correction factors.  
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6.4 Application Examples 

The WFE method has been validated in section 6.3 by comparing the predictions with those of 

analytical methods and it has been demonstrated that the WFE method can produce accurate 

predictions in a straightforward manner at small computation cost. In this section, the WFE 

method is applied to complicated structures (e.g. cross-ply sandwich cylinders, laminated 

cylinders) for which formulating analytical models is difficult. 

6.4.1 Laminated Sandwich Cylinder 

In order to demonstrate the usefulness of the WFE method, it is now applied to a more 

complicated structure of total thickness 18 mm and mean radius 1 m. The structure consists of 

an antisymmetric, cross-ply, sandwich cylinder made up of a lightweight foam core 

sandwiched between two laminated skins. The outer skin consists of four orthotropic sheets of 

graphite epoxy with a stacking sequence of 45 / 45 / 45 / 45        whilst the orthotropic sheets 

of the inner skin are of the same material but with a layup of 45 / 45 / 45 / 45        . The total 

thickness of each composite skin is 4 mm. Each lamina is made of the same materials and has 

Young’s moduli 111.44 10 Pa,E   and 99.63 10 Pa,y rE E   and shear moduli

94.182 10 Pa,yr r yG G G     Poisson’s ratios 0.02,y rv v   and 0.3,yrv  density 

31386kg m  , and damping loss factor 0.04  . The 10-mm thick ROHACELL foam core 

has Young’s modulus of 0.18 GPa, Poisson’s ratio 0.286, and density of 3110kg m .  A 1mm 

square, rectangular segment of the structure was meshed using ANSYS SOLID185 elements 

in which four elements were used for each skin (one element per lamina) and the foam core 

was meshed using 10 elements through the thickness.  

 

The dispersion curves for the in vacuo structure at low frequencies are shown in figure 

6.12 for the 0n   and 1n   modes. It is observed that the structure supports multiple wave 
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modes. The dispersion curves are complicated, involving real, pure imaginary and complex-

valued wavenumbers, cut-off, cut-on and bifurcations of wave branches. At low frequencies, 

for 0n   there are propagating axial and torsional waves and a ring frequency (where a 

bending-like mode cuts on) at around 3000 rad/s. For 1n   there are propagating and 

evanescent bending modes, with complicated cut-on and other dispersion effects around 3000 

rad/s. 

Figure 6.13 (left) plots the amplitude of the radial displacement versus wavenumber 

component yk  for the n=0 breathing mode at frequency 10000rad s  . As was observed in 

the corresponding plot for the isotropic, homogeneous cylindrical shell, multiple peaks are 

present. The peaks close to 118 myk   and 127 m  correspond closely to free waves in the 

system with the wavenumbers shown in the dispersion curves plotted in figure 6.12 (right). As 

before, the peak close to 133.4 myk   is caused by a peak in the exterior fluid loading after 

which the amplitude of the loading and the radial displacement decay rapidly with increasing 

.yk  Figure 6.14 shows the time average potential power in the cylinder  as a function of 

frequency  for the laminated sandwich cylinder. The peaks are associated with resonances (i.e. 

cut-on of the various wave modes) primarily of the internal fluid. 

6.4.2 Orthotropic Cylinder  

In this section an infinite orthotropic cylinder made of graphite epoxy is considered. The elastic 

properties are the same as those of the composite skins given in the example presented in 

subsection 6.4.1. The mean radius and the radial thickness of the cylindrical shell is 0.036m 

and 4mm respectively. A small curved segment of the structure is used to develop a WFE 

model. The segment is meshed through the thickness using 4 ANSYS SOLID185 elements of 

dimensions 1mm.x yL L   Figure 6.15 shows the predicted time-averaged radiated power. The 

first peak is associated with the ring frequency.  
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6.5 Conclusions 

An efficient WFE method for analysing the response of an infinitely long cylindrical structure 

filled and surrounded by fluids has been developed. The formulation is general and can be used 

to analyse sound radiation or transmission due to arbitrary internal or external excitation. The 

interior and exterior acoustic loading is modelled analytically. The structure is modelled using 

only a small curved segment. The segment is discretised using FE to obtain the mass and 

stiffness matrices. During the FE discretisation, the acoustic pressures on the surfaces of the 

cylinder are expressed as equivalent nodal forces to be applied to the FE model. Using the 

periodicity and equilibrium conditions, the mass and stiffness matrices are post-processed 

together with the equivalent nodal forces to obtain the total spectral dynamic stiffness matrix 

of the system. By solving the structural responses, the displacements can be found. Once the 

radial displacements are found, the acoustic pressures can be calculated using the fluid dynamic 

stiffnesses. 

The method was validated by comparison with analytic solutions for three example 

problems: (1) the internal sound field produced by an acoustic source exterior to a thin-walled 

cylinder, (2) the radiation from a thin-walled cylinder due to excitation from a point force acting 

on the inner surface and (3) sound transmission through an orthotropic cylinder. The agreement 

between the WFE predictions and the analytical results is excellent. In order to demonstrate 

the usefulness of the method, the WFE method was then used to predict sound transmission 

through, and radiation from, more complicated cylindrical structures for which establishing the 

analytical equation of motion is difficult. The WFE method can be seen to be an efficient and 

straightforward method at a small computational cost.  
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Figures 

 

   

Figure 6.1: Infinite cylinder of thickness , coordinate system and an exterior 

acoustic point source. 

 

Figure 6.2: A rectangular element, of dimension  used to model a segment of the 

cylinder. The four corner nodes are labelled and the alignment of the segment coordinate 

system is shown.  
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Figure 6.3:  Isotropic, thin steel cylinder excited by an exterior monopole source: 

magnitude of Fourier transform radial displacement  vs  at cylindrical 

coordinates  for  (solid line), 2 (dash-dotted) and 3 (dotted line) 

for  (top left);  (top right);  (bottom left); and 

 (bottom right).  
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Figure 6.4: Isotropic, thin steel cylinder excited by an exterior monopole source: 

magnitude of radial displacement  vs  for ,  (left). The three 

peaks associated with different wave branches are labelled A, B and C whilst the peak at 

 is associated with a peak in the exterior fluid loading. Dispersion curves 

(right): flexural wave (branch a), shear wave (branch b) and extensional wave (branch 

c). The points at which the dispersion curves cross  closely correspond to 

labelled peaks in the left-hand plot.  

 

Figure 6.5: Thin, isotropic steel cylinder: time averaged interior potential energy  as 

a function of frequency   
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Figure 6.6: FE model mesh for a WFE model of the water-filled steel cylinder viewed 

looking along the axis (left) and side-on (right). The cylinder elements are shown as blue 

whereas the interior fluid elements are shown as grey.  

Figure 6.7: Dispersion curves for the water-filled steel cylinder for the and  

modes; branch 1: beam-type wave mode; branch 2: fluid-acoustic mode, branch 3, 4: 

extensional/torsional wave mode. 
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Figure 6.9: Water-filled steel cylinder: nodal displacements for two modes at

 , (left); , (right). 

(a)                                                               (b) 

Figure 6.8: Magnitude of radial displacement  (at ) as a function of for the 

water-filled steel cylinder for  and  for  (a),  (b),  
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Figure 6.10: Time average power radiated from the water-filled steel cylinder  as a 

function of . 

Figure 6.11: Oblique transmission loss (TL) of an orthotropic cylinder: solid lines denote 

WFE predictions, dots denote results calculated using the analytical model in references 

[17]; various .  
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Figure 6.12: Dispersion curves for the in vacuo laminated sandwich cylinder at 

azimuthal mode order  (left); and (right). 

Figure 6.13: Laminated sandwich cylinder  vs  at  for , 

 (left). The three peaks associated with different wave branches are labelled 

A, B and C whilst the peak at  is associated with a peak in the exterior fluid 

loading. The real part of the dispersion curves for the in vacuo structure (right). The points 

at which the dispersion curves cross  closely correspond to the labelled 

peaks in the left-hand plot. 
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Figure 6.14: Time average potential energy inside the laminated sandwich cylinder.  

 

Figure 6.15: Time average radiated power  as a function of  for the water-filled 

orthotropic cylinder. 
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Chapter 7 

Concluding Remarks 

This chapter summarises the present work and presents conclusions. Possible further work is suggested. 

 

7.1 Summary of Present Work 

In this thesis, the WFE method was extended to model the vibroacoustic performance of panels 

whose properties are arbitrary through the thickness but otherwise uniform. Sound transmission 

and sound radiation were analysed.  

In chapter 2, the WFE method was extended for estimating sound transmission through, 

and radiation from infinite flat panels. Using this method, only a small segment of the structure 

is modelled. A conventional FE method was used to discretise the segment. The fluid spaces 

were modelled analytically in terms of their spectral dynamic stiffnesses. In the FE 

discretisation, the sound pressures on the surfaces of the segment were resolved into equivalent 

external nodal forces. Periodicity theories and equilibrium conditions are used to postprocess 

the mass and stiffness matrices of the segment together with the nodal forces. A total spectral 

dynamic stiffness matrix of the system was found and used to calculate the structural response 

to acoustic or structural excitations. Once the structural displacements were found, sound 

pressures can be calculated analytically. For general applied forces, a spatial Fourier transform 

can be used to decompose the loading into an integral of space harmonics. For each harmonic 

component, the WFE formulation can be applied independently to find the structural response. 

The WFE model was first validated by considering sound transmission through an Euler 
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Bernoulli beam and a thin, isotropic plate. The WFE predictions were compared with those of 

analytical models in section 2.3. The agreement was seen to be excellent. Then, the WFE 

formulations were applied to laminated panels with various configurations (asymmetric panels 

and symmetric panels) for which finding analytical solutions is difficult.  

Sound transmission through, and radiation from these structures were calculated. The 

dispersion curves were also plotted. At low frequencies, composite panels behave like a simple 

plate with typical extensional, shear and bending waves. They may be represented by a 

homogenised solid plate with equivalent material properties. At high frequencies, the 

dispersion curves become complicated. For example, higher-order wave branches may cut on. 

Some original wave branches may veer, resulting in wave modes which can radiate sound 

effectively. Such complicated wave characteristics can be captured readily using the WFE 

model. 

The WFE model developed in chapter 2 was then extended to finite-sized, rectangular 

panels in Chapter 3. A multi-layer structure with fluid layers coupled to infinite fluid spaces 

was considered. In order to reduce computational cost, fluid layers were modelled analytically 

using a wave approach while solid layers were modelled using the WFE method. Formulations 

for assembling the spectral dynamic stiffness matrices of various layers were derived to find 

the structural responses to acoustic excitation. For taking the finite size into account, a spatial 

windowing technique was applied to the infinite system. The application of the windowing 

technique introduces a geometrical correction factor for the sound transmission loss of infinite 

panels. The radiated power was distributed in the wavenumber space instead of concentrated 

in the particular wavenumber component of the incident wave. 

Note that the resonance frequencies due to the finite extent of the structure were neglected 

by this method. Various numerical examples were presented to illustrate the usefulness of this 
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method. The WFE predictions were compared with experimental measurements and the 

agreement was observed to be good.  

For non-homogenous, periodic panels, a periodic cell of a structure must be used for the 

WFE model. In chapter 4 the WFE method was used to predict the vibroacoustic behavious of 

such structures with particular emphasis on honeycomb-cored panels. Note that the structural 

and acoustic wavelengths were assumed to be much larger than the dimensions of the periodic 

cell such that the infinite acoustic space can be modelled exactly in the same manner as that in 

chapter 2 and a homogenised model of the system found. Due to the complexity of the core 

geometry, the discretisation of the periodic cell leads to a large number of DOFs. For reducing 

computational cost, Guyan reduction was used to reduce the internal DOFs at low frequencies. 

The boundary DOFs were condensed using periodicity theory. A spectral dynamic stiffness 

matrix was found for the reduced WFE model for calculating the structural and acoustic 

responses. The reduced WFE model was a homogenised model which can capture the 

complexity of the core geometry. The WFE model was used to predict the dispersion curves 

and sound transmission loss. The predictions were compared with those of approximate models 

and experimental measurements. The good agreement shows the efficiency and accuracy of the 

WFE model in predicting sound transmission through composite panels with complex cores. 

The WFE method was extended in chapter 5 for predicting the vibroacoustic 

characteristics of 2-dimensional circular shells. A curved segment of a circular cross-section 

was modelled using flat elements. For modelling the curvature of the segment, the nodal 

coordinates of the FE model need to be rotated by the small angle that the segment subtends at 

the centre of the shell. The sound pressures generated by a line volume source were found using 

a Fourier transform method. Using the WFE procedures presented in chapter 1, a spectral 

dynamic stiffness matrix was found for calculating the sound transmission loss. The sound 
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pressure variations along the radial directions were found using the WFE model and compared 

with that of an analytical model. The agreement was observed to be excellent. 

Finally, the WFE formulations developed in chapter 5 were extended to three-dimensional 

circular cylindrical shells in Chapter 6. A small curved area of the structure was modelled using 

a conventional FE method. The acoustic pressures were found analytically for a point source 

inside or exterior to the shell using a Fourier transform method. Structural excitation was also 

considered. The pressures on the shell can be represented as a sum of the blocked pressure and 

the pressure due to the vibration of the shell. The fluid loading effect was described by using a 

fluid dynamic stiffness. The WFE formulations were first validated by comparing the 

displacement responses of an isotropic shell predicted by the WFE model and an analytical 

model. Sound transmission through an orthotropic cylindrical shell was also considered. The 

agreement was excellent. The WFE model was then applied to predict sound transmission 

through laminated circular cylindrical shells, and sound radiation from fluid-filled pipes. 

7.2 Conclusions 

In this thesis, the extended WFE method has been proven to be an efficient and accurate method 

for predicting sound transmission through, and radiation from structures. 

7.3 Suggestions for Further Work 

In this section, some possibilities for further research are suggested. 

1. For periodic structures, when the structural wavelengths are comparable to the 

dimensions of the periodic cell, space harmonics higher than the trace wavenumber 

become important. The structural responses may be written as the sum of harmonic 

waves with different wavelengths. The WFE formulations developed in this thesis may 

be extended to such panels. 

2. For a large periodic cell or very fine elements, the FE model of a periodic cell may 
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contain a large number of boundary DOFs. For reducing the computational cost, a new 

technique for condensing the boundary DOFs is of interest. 

3. Due to the finite extent of a practical structure, the structural resonances occurring at 

low frequencies can lead to large sound transmission, which are not predicted by 

applying the spatial windowing technique to infinite panels. A hybrid method may be 

of interest for describing the resonance frequencies. 

4. The acoustic fields considered in this thesis were either plane or perfectly diffuse. In 

reality, the wavefield of the acoustic spaces are uncertain. For considering the 

uncertainty of the variation of acoustic spaces, a hybrid SEA-WFE method may be 

worthy of research. 

5. This thesis has considered sound radiation from cylindrical shells. It would be very 

interesting to extend this method to calculate sound radiation from a tyre. 
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