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Abstract

In this work, we aim to develop new mathematical models for the Endothe-
lial Glycocalyx Layer (EGL) in order to improve our understanding of the layer
and its functions, particularly in the microcirculation. The EGL is a porous
macromolecular layer that lines the insides of blood vessels. It is located on the
important interface between the endothelium and flowing blood and as such is
believed to play a number of important roles including transducing mechanical
signals from flowing blood (mechanotransduction) and regulating vessel perme-
ability. The use of mathematical modelling is motivated by the fact that the
EGL is a delicate layer that is sensitive to environmental conditions, making it
extremely challenging to study experimentally.

In the first part of this work, we derive a low-permeability asymptotic model
for the EGL based on biphasic mixture theory which has been used to model
the EGL in the literature previously. In the physiological regime, the EGL has
an extremely low permeability, making solution of the biphasic mixture theory
equations computationally challenging. Using the low-permeability model, we
create a boundary element scheme that is able to simulate a more physiologically
realistic microvessel than has been done previously in the literature. We use this
scheme to study the implications of a hypothesis from the literature that the EGL
redistributes so that it is thickest at the cell-cell junctions.

Next, in the second part of this work, we use homogenisation theory to derive
a more sophisticated model for the EGL. Using homogenisation, we are able to
obtain bulk EGL properties such as the permeability from the underlying mi-
crostructure of the EGL. In addition, we are also able to evaluate the torque
experienced by the endothelium, which cannot be obtained directly when mod-
elling the problem using biphasic mixture theory. This torque is important for
mechanotransduction, as the majority of mechanical stress that is experienced by
endothelial cells is believed to be of this form.
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Portions of this work have been published as well as presented at international
and domestic conferences. Specifically, the work on the low-permeability model
detailed in Chapters 2 and 3 has been published in the Journal of Fluid Mechanics
(Lee, Long, and Clarke [44]). This portion of the work was also presented at the
24th International Congress of Theoretical and Applied Mechanics (ICTAM 2016)
in Montreal, Canada along with preliminary work on the homogenisation model
(Chapter 5) [46]. Further work on the homogenisation model was also presented
at the 13th Engineering Mathematics and Applications Conference (EMAC 2017)
in Auckland, New Zealand [47]. The work on the homogenisation model (Chap-
ters 5 and 6) has also been accepted for presentation at the 2018 Annual Meeting
of the Society for Mathematical Biology and the Japanese Society for Mathemat-
ical Biology (SMB 2018) in Sydney, Australia [48]. This work was funded by a
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Chapter 1

Introduction

Maintaining a healthy circulatory system is crucial to the overall health of an
individual. This is particularly important given cardiovascular disease being the
leading cause of mortality worldwide. As such, research into the body’s cir-
culatory system and its role disease states remains unsurprisingly active. One
important part of the circulatory system is the network of vessels that allows
blood to propagate throughout the whole body and allows the transport of nutri-
ents and removal waste products from the body’s tissues. The walls of vessels are
comprised of endothelial cells and these cells form the endothelium which acts as
the interface between the vessel and the blood circulating in the lumen.

Expressed on the luminal side of the endothelium is a complex network of
membrane-bound macromolecules that is known as the endothelial glyocaclyx
layer (EGL). Also called the endothelial surface layer in the literature, this layer
is present throughout the circulatory system and acts as a barrier between flowing
blood and the endothelium. In recent years, it has become a focus of research due
to an increasing understanding of the important role it plays in the physiology
and pathophysiology of blood vessels as we shall explore in the following sections.

Although the EGL is present throughout the circulatory system, in this work
we primarily concern ourselves with the microcirculation, which refers to the
smallest blood vessels within the circulatory system. We do this as many of the
experiments that study the EGL are typically conducted on these microvessels.
They range from 5 µm to 100 µm in diameter and can be divided into three types,
arterioles, capillaries and venules, with each serving a specific function. The
arterioles are the start of the microcirculation and receive blood from the arteries.
They act as the primary mediators of blood pressure and flow rate and typically
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CHAPTER 1. INTRODUCTION 2

are up to 100 µm in diameter. As we progress further along the microcirculatory
system, these arterioles branch into a network of much smaller vessels which are
called capillaries. These capillaries function as the site of exchange of nutrients
and oxygen from the blood to tissue and have thinner walls than arterioles in
order to facilitate this with diameters ranging from 5 µm to 20 µm. Finally, as we
progress further downstream, the capillaries coalesce into venules which transport
the blood to veins where it returns to the heart.

1.1 Early detection and thickness of the EGL

The EGL was first detected and measured many decades ago by Luft [52]. How-
ever, this early detection severely underestimated the thickness of the EGL, find-
ing a layer with a thickness of approximately 20 nm due to the fact that these
early experimental techniques degraded this delicate layer. It is only in the past
two decades that the true extent of this layer has become known. The first indi-
rect visual evidence of a much thicker EGL found by Vink and Duling [78]. In
their experiments, Vink and Duling [78] measured both the true capillary diame-
ter and the diameter in which red blood cells and fluorescent macromolecules can
flow and found an exclusion zone of 0.4 µm to 0.5 µm by comparing the difference
between these two values. They hypothesised that this exclusion zone was caused
by the presence of a 0.4 µm to 0.5 µm thick EGL.

This along with other indirect evidence lead Pries, Secomb, and Gaehtgens
[58] to conclude that the EGL is 0.5 µm to 1 µm thick in their review. However,
due to the delicacy of the layer, it continued to evade direct imaging until the suc-
cessful experiments of van den Berg, Vink, and Spaan [76]. In these experiments,
they used a new protocol to preserve the EGL before imaging it with electron
microscopy and managed to successfully visualise an EGL with a thickness of
between 0.2 µm to 0.5 µm as shown in Figure 1.1.

Since then, numerous other studies have detected the EGL, either directly or
indirectly. However, the exact thickness of the EGL in the microcirculation is still
a matter of debate. For microvessels, some studies such as the earlier mentioned
study by Vink and Duling [78] have shown the EGL to have a thickness of up
to 0.4 µm to 0.5 µm, while others have measured an average thickness of 1.5 µm
[86]. However, despite this relatively thin surface glycocalyx, recent studies have
shown the EGL has a substantial impact on microvascular hemodynamics. This
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Figure 1.1: An electron microscopy image of a microvessel that uses a new
protocol to expose a much thicker EGL than previous imaging attempts. Image
obtained from van den Berg, Vink, and Spaan [76].

can be seen through the manner in which the EGL alters the blood velocity
profiles within microvessels, which has been shown to occur in venules from mouse
cremaster muscle by Long et al. [51] using Microparticle Image Velocimetry (an
experimental technique used to image fluid velocity using small particles). This
alteration of the blood velocity profiles has important implications, as it modifies
the fluid shear stress borne by the endothelium.

1.2 Composition of the EGL

The EGL is a complex and dynamic layer that is sensitive to its environmen-
tal conditions. As such, its exact composition is difficult to study and likely
varies depending on location. Nevertheless, much is known about the types of
macromolecules that it is comprised of. The layer itself consists of proteoglycans,
glycoproteins, glycolipids along with adsorbed plasma proteins. Of these, certain
types of proteoglycans and glycoproteins are regarded as the backbone molecules
as they are the components that are directly attached to the endothelial cells. The
proteoglycans are generally regarded as the more important backbone molecule
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Figure 1.2: A diagram illustrating the hypothesised two layer arrangement of
the EGL. In this, the EGL is divided into two regions, an inner layer consisting of
the membrane-bound backbone molecules (proteoglycans and glycoproteins) and
an outer layer that consists of adsorbed plasma proteins and glycosaminoglycans
(GAGs). These plasma proteins and GAGs are present in the bloodstream and
this outer region exists in a dynamic equilibrium with flowing blood. Diagram
from Pries and Secomb [60].

of the two [61] and are composed of a core protein along with several attached
glycosaminoglycan (GAG) side chains. The number and type of attached GAG
side chains varies depending on core protein involved. More detailed information
about these various molecules along with their organisation can be found in re-
view articles by Reitsma et al. [61], Tarbell, Simon, and Curry [72], and Dane
et al. [22].

The EGL is also hypothesised to be divided into two regions as shown in
Figure 1.2. Firstly, we have a thin inner region that consists of the backbone
molecules (proteoglycans and glycoproteins) discussed previously which are di-
rectly attached to the endothelium. Absorbed on to this inner region is an outer
layer that consists of plasma proteins and soluble GAGs. These soluble compo-
nents are normally present in the blood stream and under physiological conditions
this outer layer exists in a dynamic equilibrium with the blood. As such, this
layer is unstable and can easily be destroyed if changes are made to its environ-
ment such as might be the case when conducting in vitro experiments. This is
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the likely cause of the much thinner EGL that was found in early imaging experi-
ments discussed in the previous section as the techniques used likely degraded the
outer layer, leaving behind only the membrane-bound inner layer. Consequently,
experiments involving the whole EGL can be difficult to conduct as special care
must be taken to ensure that the outer layer is not lost.

1.3 Organisational structure of the EGL

In addition to what is known about the EGL’s composition and its hypothe-
sised two layer arrangement, other experiments have found an overlying three-
dimensional structural organisation to the EGL. Using autocorrelation functions
and Fourier transforms of EM images of the EGL, Squire et al. [68] found a
quasi-periodic matrix of scattering centres or fibres with a spacing of 20 nm both
tangentially and normally to the vessel surface. These fibres were estimated to
have a diameter of 12 nm. The quasi-periodic ultrastructural model proposed by
them is illustrated in Figure 1.3. This 20 nm periodicity was also found in the
more recent work by Arkill et al. [2, 3].

How this three-dimensional structural model ties in with the previously dis-
cussed details of EGL composition is unknown. However, Squire et al. [68] and
Weinbaum, Tarbell, and Damiano [82] suggest that the 20 nm periodicity in the
tangential directions is due to the arrangement of core proteins that are bound to
the endothelial surface and that the fibres are either aggregated GAGs or plasma
proteins that have been absorbed at 20 nm intervals onto these core proteins. We
will delay a more detailed discussion of the organisational structure until Chap-
ter 4, where we start to examine the connection between EGL microstructure and
bulk mechanics.

1.4 Functions of the EGL

Being located at the crucial interface between circulating blood and the endothe-
lium, the EGL is believed to serve a large number of functions. These include reg-
ulating trans-endothelial mass transport (the flow of water and molecules across
the endothelium) by acting as a selective permeability barrier for molecules based
on size and charge [49, 15] as well as controlling the adhesion of platelets (co-
agulation) and leukocytes (immune response and inflammation) [77, 12]. The
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252 SQUIRE ET AL.

Figure 1.3: A (Top) side and (Bottom) top down illustration of the three-
dimensional ultrastructural model for the EGL proposed by Squire et al. [68]. In
this, the EGL is composed of fibres (black circles in the diagram) that are 12 nm
in diameter and spaced 20 nm apart. Diagram from Squire et al. [68]. Note
that this diagram has a typographical error in which the gaps between fibres are
incorrectly label 2 nm rather than the actual value of 20 nm.

EGL is also believed to play a role in the mechanotransduction of the forces from
blood flow (whereby the endothelial cells sense the direction of local blood flow
and undergo remodelling in response to it) [15, 72] and acting as a lubrication
layer for the movement of red blood cells through microvessels [28, 16]. Detailed
discussion of these functions can be found in the literature cited and in review
articles by Weinbaum, Tarbell, and Damiano [82], Reitsma et al. [61], Tarbell,
Simon, and Curry [72], and Dane et al. [22]. We will briefly summarise here
three functions of particular interest: trans-endothelial mass transport, immune
response and mechanotransduction, to illustrate the importance of the EGL.
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1.4.1 Trans-endothelial mass transport and the Starling
Principle

The EGL is believed to play a vital role in regulating trans-endothelial mass
transport. For a long time the classic Starling Principle has been used to de-
scribe the balance of hydrostatic and osmotic pressure across the endothelium.
According to this principle, it is the difference in plasma protein concentration
between the vessel lumen and tissue that regulates the flow. However, the advent
of more precise measurements for tissue oncotic pressure revealed inconsistencies
with the classic Starling Principle [53], which lead Michel [53] and Weinbaum
[81] to suggest revisions to the Starling Principle and then Hu and Weinbaum
[36] to develop a two dimensional mathematical model for this revision. Experi-
ments on frog mesentary capillaries [35] and later Adamson et al. [1] definitively
showed support for the revised Starling Principle over its classical version in rat
mesenteric venules.

Under this revised Starling Principle, it is the EGL that acts as the molecu-
lar sieve that forms the osmotic barrier rather than the whole endothelial wall.
The aforementioned three-dimensional structure for the EGL proposed by Squire
et al. [68] could account for the EGL’s role as a molecular sieve. It was shown
that this structural arrangement better accounts for the measured EGL reflection
coefficients than those predicted assuming GAG side chains between the fibres.
Weinbaum et al. [83] subsequently demonstrated that an hexagon lattice, rather
than square one, better accounts for the hydraulic resistivity of the EGL. They
also argue that the EGL’s sieving capabilities imply an inherent bending rigidity
to the core proteins, which also helps to maintain the EGL’s structural config-
uration in the presence of Brownian effects. For a more complete review of this
area, see Levick and Michel [49].

1.4.2 Immune response

The EGL is also implicated in the immune response, having been found to be
involved in the leukocyte adhesion cascade. This cascade is a sequence of adhesion
and activation events, which begins with capture of a leukocyte and ends with
the extravasation of the leukocyte (that is the leukocyte exiting the circulatory
system and entering tissue). One issue with this cascade is that the endothelial
adhesion molecules appear to be buried deep within the EGL [50]. Therefore,
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Smith et al. [67] suggested that capture may be initiated at the entrance of
postcapillary venules, where the EGL is sufficiently compressed as a leukocyte
exits a capillary. In the absence of such EGL compression, the depth through
which microvilli (small protrusions) of the leukocyte can penetrate into the EGL
becomes critical to whether it becomes adhered, or rolls freely through the vessel.
As these microvilli are comparable in length to the EGL thickness, adhesion is
geometrically possible. However, resistance to penetration from the EGL must
also be factored in.

Using a model for motion of a sphere in a Brinkman medium to predict the
viscous forces on the microvilli, as developed by Feng, Ganatos, and Weinbaum
[27], Zhao, Chien, and Weinbaum [87] predicted that the microvilli would only
penetrate 1 nm to 20 nm into the EGL, when the latter was modelled as fibres
with GAG side chains. Under the revised ultrastructural model of Weinbaum et
al. [83] with aggregated GAG’s (see above), the penetration depths could perhaps
be a factor of three smaller. In either case, it is likely that an non-compressed
EGL forms a barrier to leukocyte capture, except possibly in regions of low shear
(such as postcapillary venules) or flow reversal. To promote capture in other
regions, modification of the EGL may be a necessary first step of the leukocyte
adhesion cascade. As a result, restoration of the EGL has the potential to become
a therapeutic strategy.

1.4.3 Mechanotransduction

Mechanotransduction of forces from the blood flow to the endothelium is yet
another process thought to be mediated by the EGL. It has been established that
the endothelial cell morphology changes in the presence of blood flow, becoming
more elongated in the direction of the flow than in the absence of flow [54, 10].
It is believed that this cell remodelling is caused by transmission of fluid shear
stresses to the actin cortical cytoskeleton of the endothelial cells, via the backbone
molecules of the EGL which are anchored to the dense peripheral actin band
within the cell. This, in turn, can cause the adheren junctions between endothelial
cells to rupture, leading to reorganisation of the endothelium. Due to the fact that
fluid shear stress is much diminished by the presence of the EGL, it is now thought
that much of the mechanical stress is carried through the solid components of the
EGL. Indeed, a force balance model developed by Tarbell and Shi [71] (for a
glycocalyx-coated cell in an extracellular matrix) predicts solid stresses that are
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one to two orders of magnitude larger than the fluid stresses.
Using the ultrastructural model proposed by Squire et al. [68] as a starting

point, Weinbaum et al. [83] investigated what magnitude forces and torques the
EGL could be capable of exerting upon the underlying cortical cytoskeleton, by
explicitly modelling the core proteins as fluid-damped linearly elastic beams. By
fitting to the EGL recovery times measured following the passage of a cell through
the vessel, they predicted a flexural rigidity of 700 pNnm2 for the EGL’s core pro-
teins (more recent estimates obtained using nonlinear beam models have put this
value at 490 pNnm2 [32]). They found that although the drag on a single core
protein was too small to likely generate any significant deformation of the under-
lying actin cortical cytoskeleton, the combined drag from an entire EGL brush
(which consists of multiple core proteins emanating from a common focal point)
could generate forces capable of disturbing an endothelial cell’s actin arrange-
ment. Furthermore, the torque transmitted by the brushes to the actin cortical
cytoskeleton could be significant. More recently, Dabagh et al. [17] have em-
ployed multiscale modelling to examine the stress amplifications through various
components within a monolayer of endothelial cells, including a (uniform) EGL,
adheren junctions, cell nucleii and various other intracellular organelles. They
find that a 250 − 600 fold increase of stress can occur at the adheren junctions
under 10 dyne cm−2 of applied shear stress.

The role of the EGL in endothelial remodelling was further highlighted by
Florian et al. [29], who demonstrated a drop in NOx production by the endothe-
lial cells when the heparan sulphate component of the EGL was degraded by
heparanase. Since endothelial cells produce NOx in response to applied shear
stresses, this implies that the endothelial cells had become partially desensitised
to shear forces under these conditions. This notion was later further supported
by the study of Thi et al. [75], who showed that the dense peripheral actin band
(DPAB) was no longer disrupted in the presence of fluid shear when the EGL
heparan sulphate had been degraded by heparanase. Also Yao, Rabodzey, and
Dewey [85] showed that endothelial cells do not align to the flow direction un-
der similar treatment by heparanase. The same study also shows that the EGL
appears to be thicker at the cell-cell junctions when subjected to laminar flow,
as compared to a relatively uniform thickness over the whole cell under no flow
conditions. They hypothesise that this is due to the EGL redistributing to the
cell-cell junctions to reduce the shear stress gradients experienced by endothelial
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cells under flow.

1.5 The EGL and disease

In addition to what is known about the functions of the EGL, there is also evi-
dence of that the dysfunction of the EGL is associated with numerous disease
states. In particular, dysfunction and degradation of the EGL is associated
with many of the diseases that are associated with vascular dysfunction such
atherosclerosis, stroke, sepsis, diabetes, renal disease, hypertension and post‐is-
chaemic organ damage (that is damage to organs after they have been deprived
of blood) [12, 73, 70]. These correlate well with the EGL’s hypothesised func-
tions of regulating vessel permeability (diabetes and renal disease), regulating
immune response (sepsis and post-ischaemic organ damage) and mechanotrans-
duction (atherosclerosis, stroke and hypertension). However, the exact roles that
the EGL may play in these diseases is still a matter of intense study.

On the other hand, EGL degradation may not be the only mechanism by
which the EGL can affect human health. Over expression of the EGL on surface
of cancer cells also appears to be associated with tumour growth and metastasis
[70]. For a detailed review of the EGL and its importance in human health, see
Tarbell and Cancel [70].

1.6 Mathematical models of the EGL

In elucidating all of the above EGL functions, the difficulty in measuring in vivo
the distribution of the EGL, and the shear stresses exerted upon the vessel walls
mean that mathematical models have played an important role. Explicit mod-
elling of the entire EGL’s complex structure is not practical and instead effective
continuum models are used. One of the earliest models for the flow through mi-
crovessels that accounts for the EGL was developed by Barry, Parkerf, and Aldis
[11]. Flow in the lumen was modelled using the full Navier-Stokes equations,
whereas the behaviour of the EGL was described using biphasic mixture theory.
Here the EGL is separated into two components, a solid phase and a fluid phase.

Wei et al. [80] later used a similar biphasic mixture theory model to consider
the influence upon the hemodynamics of the endothelial topology, by consider-
ing a two-dimensional vessel with poroelastic-lined wavy walls. The aspect ratio
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of the vessel was considered to be such that a lubrication theory approxima-
tion could be applied. This constraint was relaxed in the subsequent model of
Sumets et al. [69], who developed a boundary-integral representation of the full
biphasic mixture theory equations. However, in all of these modelling studies,
two-dimensional vessel geometries were assumed.

There have been a number of studies which have considered three-dimensional
geometries, often for the cases where a cell occupies the vessel. The influence of
a spherical cell in the vessel upon EGL dynamics was modelled by Wang and
Parker [79] using biphasic mixture theory, although in this case the EGL coated
the cell, rather than the vessel walls. The EGL-lined vessel in the presence of a
(uncoated) cell was considered shortly afterwards by Damiano et al. [19], who took
advantage of a thin cell-vessel gap to justify a lubrication theory approximation.
Damiano [18] and Secomb, Hsu, and Pries [64] both extended the original model
by Damiano et al. [19], to allow for more general axisymmetric shapes for red
blood cells rather than assuming simple spheres.

Near the vessel walls under normal flow conditions it has been shown that
there is a cell-depleted layer several microns thick (the exact thickness depending
upon the vessel diameter and hemocrit, that is the volume fraction of red blood
cells in blood) [41]. Therefore, in vessels larger than 20 µm in diameter, this
has lead to the development of two-layer viscosity models, as an alternative to
explicitly considering the presence of red blood cells [59]. In such models the fluid
within the lumen consists of a high-viscosity core to capture the presence of red
blood cells, and a lower viscosity outer (or cell-depleted) region. A modification
of this two-layer model treats the viscosity of the cell-depleted layer as initially
unknown, and larger in magnitude than that of blood plasma alone. This factors
in the occasional intrusion of red blood cells into the cell-depleted layer [66].
Smith et al. [67] and Long et al. [51] have also fitted velocity profiles from in vivo
experimental data obtained using microparticle image velocimetry data. This
allowed them to deduce information about the EGL thickness, as well as deduce
viscosity profiles in the lumen.

The cell depleted layer forms when there is sufficient flow through the vessel.
However, when this flow is especially slow or arrested, the effective radius of the
red blood cells increase, such that they can penetrate into the EGL. Then, when
the flow again increases, the red blood cells can pop out of the EGL [78]. Com-
plete consideration of such effects requires modelling the red blood cells as elastic
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bodies, although Feng and Weinbaum [28] were able to describe the essential
role of lubrication pressures in the EGL by considering a planar cell geometry.
Secomb, Hsu, and Pries [65] subsequently developed a model that included mem-
brane resistance and elastic bending resistance to shear deformations of the cell.
This allowed them to consider a wide range of red blood cell under various veloc-
ity conditions, and illustrate their effects on red blood cell deformation. Other
EGL models have been used to predict the deformation of the EGL in the wake
of a leukocyte [21] and finite-strain deformation of the EGL [32].

1.7 Objectives

This work can divided into two parts. Firstly, to-date, the models of EGL-
lined microvessels have typically assumed idealised geometries. For example,
axisymmetric tubes with a circular cross section, sinusoidal undulations, or two
dimensional channels. Whilst these undoubtedly provide some important initial
insights into the dominant dynamics within the EGL, these models do not fully
capture the complicated three-dimensional vessel geometry that exists in actual
microvessels. As such, our intention here is to investigate three-dimensional vessel
geometries that are informed by biological data. In addition to the endothelial
geometry, we also wish to be able to independently specify the thickness of the
EGL along the vessel to be able to better understand the effects of a non-uniform
EGL due to redistribution. In doing so, we can also test the hypothesis that
much of the mechanical stress is carried through the solid phase of the EGL,
rather than the fluid phase.

Therefore, for the first part of this thesis, we develop a low-permeability EGL
model. The model that we are using for the EGL is a biphasic mixture theory
model based on the previous work by Sumets et al. [69], who used it to simulate an
undulating two-dimensional microvessel lined with an EGL. However, in adapting
this model for use on a three-dimensional geometry, it was found that the solution
of the model was computationally intractable due to the low permeability in the
EGL, hence requiring a new approach. As such, we develop a low-permeability
asymptotic model. Using this model, we then predict the fluid and solid shear
stresses exerted upon the endothelium for a selection of EGL configurations for
an endothelial geometry that has been synthesised using physiological confocal
microscopy data. In doing so, it is hoped that we will be able to inform the
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current discussions around the impact of EGL redistribution, and mechanical
transduction through the EGL.

In the second part of this thesis, we aim to address some of the deficiencies
associated with modelling the EGL using biphasic mixture theory. In particular,
the biphasic mixture theory model is a volume averaged description for the EGL
where it is split into a fluid phase which is the blood plasma and a solid phase
which is the glycocalyx. However, this volume averaged description does not
take into account what is known about the EGL’s ultrastructure as was briefly
discussed in Section 1.3. The biphasic mixture theory assumes isotropic perme-
ability when, in fact, the organisational structure on the microscopic level may
lead to anisotropy. In addition, as was discussed in Section 1.4.3, it is believed
that the majority of the mechanical stress that is sensed by the endothelium is
carried through the glycocalyx itself rather than experienced as fluid shear stress
on the endothelial surface. In biphasic mixture theory, this stress is modelled as
the stress carried by the solid component of the EGL. However, this solid stress is
only serving as a proxy, as this stress is more accurately represented as the bend-
ing moment that is experienced by the glycocalyx filaments that are experiencing
drag due to blood flow.

As such, in the second part of this thesis, we aim to develop a new constitutive
model for the EGL using homogenisation theory. We will describe homogenisation
theory in more detail in the second part of this thesis, however briefly, it is a
method of multiple scales that allows us to capture both the small scale of the
EGL ultrastructure as well the much larger microvessel scale. Using this method,
we are able create a volume-averaged continuum level description for the EGL
that is valid at the vessel level and is informed by EGL ultrastructure. Using this
multiscale model, we can evaluate quantities like the torque or bending moment
experienced by the glycocalyx and compare how it is captured as a solid stress in
the biphasic mixture theory model. We will also evaluate the effects of varying
the ultrastructure of the EGL.

1.8 Thesis structure

This thesis is organised as follows. First, we will look at the formulation of
the biphasic mixture theory model for the EGL and derive its low-permeability
limit using asymptotics. The governing equations and derivation are presented in
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Chapter 2. In addition, we also discuss the computational method and biologi-
cally motivated vessel geometry used in this chapter. In Chapter 3, we present the
results from our computational simulation on this vessel geometry for different
thicknesses of the EGL.

Next, we turn to the homogenisation model for the EGL. We will briefly re-
view the literature around homogenisation theory as well as discuss the EGL
ultrastructure in more detail in Chapter 4. We will then derive the homogenisa-
tion model in Chapter 5. Results for this model will be presented in Chapter 6,
where will compare these results to the biphasic mixture theory model as well as
evaluate the effect of varying the glycocalyx structure. Finally, in Chapter 7 we
will present our conclusions and some possible directions for future work.



Chapter 2

Low-permeability Biphasic
Mixture Theory Model

Our objective in this chapter is to create a computational model that will allow
us to investigate blood flow through a three-dimensional microvessel lined with
an EGL that has been informed by biological data. As such, we begin by pre-
senting the governing equations for such a microvessel in Section 2.1. Following
earlier literature, the EGL is modelled using biphasic mixture theory whereby the
EGL is separated into two components, a solid phase (the glycocalyx) and a fluid
phase (the flowing blood). This formulation is presented along with its boundary-
integral representation as we will be using the Boundary Element Method for our
computational scheme. As the low permeability in the EGL makes computa-
tional solution of the biphasic mixture theory equations difficult, we derive a
low-permeability asymptotic model for the EGL-lined microvessel in Section 2.2.
We then proceed to synthesise our endothelial geometry using physiological con-
focal microscopy data in Section 2.3.1, specify the distribution of the EGL in
Section 2.3.2 and end the chapter by developing our boundary element scheme in
Section 2.3.3. The results for this model will be presented in Chapter 3.

2.1 Model formulation

A schematic of the model geometry is shown in Figure 2.1. Blood flows through
a tube that is lined by endothelial cells making its surface topology non-uniform.
In what follows we represent this endothelial surface by S(w). It is assumed to be
rigid and non-permeable. The region bounded by this endothelial surface, and

15
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Figure 2.1: Diagrams showing the geometry. We modelled a microvessel as a
tube with a non-uniform wall shape, due to the presence of endothelial cells and
the EGL. The vessel itself can be divided into two regions, Region I is the free
lumen (represented by the volume V(l)). Region II is the porous EGL, which is
represented by the volume V(e). These two regions are separated by the surface
S(i), which forms the interface between the two regions. The apical side of the
endothelium is represented by the surface S(w). We consider two possible EGL
distributions: (a) Model A: the EGL has redistributed to the relatively flat regions
between cell nuclei, and has uniform thickness with respect to the basal surfaces of
the endothelial cells. The minimum EGL thickness, tmin, occurs at the top of the
endothelial cells. (b) Model B: the non-redistributed EGL, which has constant
thickness, tmin with respect to the endothelial cells.

through which blood flows can be divided into two parts, Regions I and II. Region
I is the vessel lumen through which blood flows unhindered, and its volume will
denoted by V(l). Region II is the EGL which we model as a porous medium
and has volume denoted as V(e). These two regions are separated by the surface
S(i) which forms the interface between the blood flow within the lumen and that
within the EGL. The ends of the domain are bounded by inlet and outlet surfaces
S0 and S∞, respectively.

Following earlier studies, for example, Wei et al. [80], we model the fluid
flowing through the vessel as an incompressible Newtonian fluid with no body
forces. This is effectively modelling the blood plasma, which can be considered
as a Newtonian fluid. The density of blood plasma, ρ(l), is roughly on the order
of that of water, and so ρ(l) ≈ 103 kgm−3. Similarly its viscosity, µ(l) ≈ 10−3 Pa s.

The characteristic length of the microvessel is L, and its average radius is R ∼
30 µm. In what follows, all distances will be non-dimensionlised on this radius,
i.e. x = x∗/R. A typical velocity for flow through the vessel is U = 1mms−1 [51].
Using these values, we find that the Reynolds number is Re = UR/ν = 10−2 � 1
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(where ν = 10−6m2 s−1 is the kinematic viscosity of blood plasma, assumed here
to be similar to that of water). Hence the flow in both the lumen and EGL can
be assumed linear.

2.1.1 Region I: The lumen

In the lumen we non-dimensionalise flow velocities by u∗
(l) = u(l)∆PR2/µ(l)L,

where ∆P is the average pressure drop between the inlet and outlet of the
microvessel, and lumen pressures and stresses by P ∗

(l) = P(l)∆PR/L, σ∗
(l) =

σ(l)∆PR/L. Under these non-dimensionalisations, the flow in the lumen V(l)

satisfies Stokes flow

∇2u(l) = ∇P(l), ∇·u(l), = 0. (2.1)

This flow can be expressed in the following boundary-integral form [57]

(
u(l) (x0)

)
j
= − 1

4π

∫
S
fi (x) G

(1)
ij (x− x0) dS (x)

+
1

4π
−
∫
S

(
u(l) (x)

)
i
T

(1)
ijk (x− x0)nk (x) dS (x)

(2.2)

(with repeated indices denoting summation). The symbol −
∫

denotes that the
second integral is defined in the sense of a Cauchy Principal Integral, and i, j, k =

1 . . . 3. Here x0 ∈ S, where S represents the entire surface bounding Region I.
The unit normal vector in this equation, n, is taken to be the inward pointing
normal. Also, f (x) = σ(l) · n is the traction vector, and G

(1)
ij and T

(1)
ijk are the

three-dimensional Stokeslet and Stresslet for Stokes flow, respectively, as given
by [57].

The above formulation assumes that only plasma flows through the lumen,
which may be intermittently the case in capillaries, where red blood cells flow
through in single file. However, in larger microvessels such as post-capillary
venules, multiple red blood cells may be present at any point along the vessel. A
cell-depleted layer has been observed in such vessels, where the concentration of
red blood cells is low [41]. This has lead to the development of two-layer models.
These two-layer models involve prescribing a spatially-varying viscosity, which
takes larger values in the core of the lumen where red blood cells are present, and
a lower value in the cell-depleted layer close to the vessel wall. Such models have
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been shown to well-approximate the experimentally observed distribution of red
blood cells in the vessel [59]. We will present some results where such a two-layer
viscosity profile has been used, in order to gauge the potential influence of red
blood cells in the lumen upon the EGL’s impact. We use the model of Sharan and
Popel [66], where the viscosity in the cell depletion layer is an emergent quantity,
and is greater than that of plasma alone, due to the occasional intrusion of red
blood cells into this depletion layer. Although Sharan and Popel [66] developed
their two-layer model in the absence of an EGL, we shall see that in the low-
permeability physiological regime the lumen flow at the EGL interface satisfies
the same conditions as on a solid surface (see Section 2.2.1), at leading order. As
such, we take the thickness of the cell-depleted layer to be independent of the
depth of the EGL.

2.1.2 Region II: The EGL

Region II consists of the EGL which is a porous medium that allows vessel fluid
to flow through it, but not freely. We model the poroelastohydrodynamics in the
EGL using biphasic mixture theory [42, 23, 25], which consists of a fluid phase
and solid phase. We shall consider each phase in turn.

Fluid phase

Since elastic velocities can be assumed to be small in this setting, the fluid phase of
the EGL can be modelled using Brinkman’s equations [33]. Non-dimensionalising
volume-averaged flow velocities in the EGL according to u∗

f = uf∆PR2/µfL, and
pressures and stresses by P ∗

(e) = P(e)∆PR/φfL, σ∗
f = σf∆PR/L (where φf is

the fluid fraction in the EGL), the flow equations in the EGL consequently take
the non-dimensional form

∇2uf − λ2uf = ∇P(e), ∇·uf = 0, (2.3)

where λ2 = R2/KP , KP is the Darcy permeability within the EGL and µf is
the dynamic viscosity of the fluid in the EGL. (Weinbaum et al. [83] give an
expression for the permeability in terms of the radius and spacing of the core
proteins in the EGL’s ultrastructure). We shall use δ to denote a characteristic
EGL thickness.
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As was the case for Stokes flow in the lumen, there is a boundary-integral
representation for Brinkman flow in the EGL [56]

(uf (x0))j = − 1

4π

∫
S
gi (x) G

(2)
ij (x− x0) dS (x)

+
1

4π
−
∫
S
(uf (x))i T

(2)
ijk (x− x0)nk (x) dS (x) ,

(2.4)

where G
(2)
ij and T

(2)
ij are the Brinkman Flow Stokeslet and Stresslet, respectively,

as given by Pozrikidis [56], and g (x) = σf · n.

Solid phase

The solid phase of the EGL can be modelled as a linear elastic solid with ex-
tra forcing terms due to momentum transfer between the two phases [19]. Non-
dimensionalising the solid displacements in the EGL according to u∗

s = us∆PR2/µsL,
the stresses by σ∗

s = σs∆PR/L, Navier’s equation in the EGL takes the form

1

1− 2ν
∇ (∇·us) +∇2us =

φs

φf

∇P(e) − λ2uf (2.5)

where ν is the Poisson’s ratio of the solid phase of the EGL, φf is the fluid volume
fraction, φs is the solid volume fraction and µs is the elastic shear modulus.
The pressure forcing on the right hand side of equation (2.5) arises due to the
presence of the fluid phase in the EGL and the fluid velocity forcing arises due
to momentum transfer between the two phases.

As before, there is a boundary-integral representation for Navier’s equation
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(2.6)
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where G(3)
ij and T

(3)
ij are the linear elasticity Green’s functions, as given by Pozrikidis

[57], h (x) = σs ·n and G
(4)
ij and T

(4)
ij are given by Sumets et al. [69]. The forcing

terms have been converted to boundary integrals using the approach developed
by Sumets et al. [69].

2.1.3 Boundary conditions

The flow boundary conditions on the surface of the endothelium, which is assumed
to be impermeable and stationary, are the usual no-slip and no-penetration con-
ditions

uf = 0 on S(w) (2.7)

Similarly, the solid phase is assumed to be attached to the endothelium and so the
solid phase is assumed to have no displacement on the surface of the endothelium

us = 0 on S(w) (2.8)

The flow boundary conditions on the interface between the EGL and lumen
are as those given in Damiano et al. [20]. Specifically, the homogenised velocity
(fluid and solid velocity weighted by their respective volume fractions) is assumed
to be continuous across the interface

φfuf + φsu̇s = u(l) on S(i), (2.9)

Under the assumption that we can neglect the elastic velocities (which are very
small in this context), as we did in the momentum transfer terms. This leads to
our second boundary condition for the fluid phase

φfuf = u(l) on S(i), (2.10)

The traction on the interface is shared between the two phases according to
the volume fractions. For the fluid phase, this gives

σf · n = φfσ(l) · n on S(i), (2.11)

where σ(l) = −P(l)I+
(
∇u(l) +

(
∇u(l)

)T) and σf = −P(e)I+
(
∇uf + (∇uf )

T
)

(T denotes a transpose) are the stress tensors for flow within the lumen and EGL
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respectively, I is the 3 × 3 identity tensor, and n is the inward unit normal to
the surface S(i) for each region. Similarly, for the solid phase this gives(

σs −
φs

φf

P(e)I

)
· n = φsσ(l) · n on S(i), (2.12)

where σs = 2ν/ (1− 2ν) (∇·us) I+
(
∇us + (∇us)

T
)

is the stress tensor of a lin-
ear elastic solid and σs−(φs/φf )P(e)I is the total stress tensor of the solid phase of
the EGL. Combining equations (2.11) and (2.12) gives

(
(σf + σs − (φs/φf )P(e)I

)
·

n = σ(l) ·n which shows that the total traction of the biphasic mixture balances
the traction exerted on the interface by the fluid flow inside the lumen.

We are also required to specify flow conditions on the inlet, S0, and outlet,
S∞, surfaces

u(S0) = U 0, u(S∞) = U 1, (2.13)

where here u represents either u(l) or uf , depending upon whether S0 or S∞

intersects Region I or II, respectively. See (2.60) in Section 2.3.1 for the form of
these inlet and outlet conditions.

Similarly we specify displacement conditions on the portions of the inlet and
outlet surfaces which intersect with the EGL, S ′

0 and S ′
∞, respectively

us(S ′
0) = V 0, us(S ′

∞) = V 1. (2.14)

We prescribe specific forms for these displacements in (2.61).

2.2 Low permeability limit (λ � 1)

When the EGL has very low permeability, λ � 1, we expect viscous effects
to be confined to thin layers close to solid surfaces and interfaces. Consequently,
numerical treatment of the full flow equations (2.2) and (2.4) becomes challenging
and expensive. Hence in this regime we pursue a complementary asymptotic
description of the poroelastohydrodynamics. We begin in Sections 2.2.1 and 2.2.2
by considering the flows in the lumen and fluid phase of the EGL, before treating
the solid phase of the EGL in Section 2.2.3 .
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2.2.1 Lumen

In the lumen we approximate the flow velocity and pressure by the following
expansion (where we are required go to O(λ−2) in u(l) in order to satisfy the
continuity of velocity conditions)

u(l) = u
(0)
(l) + λ−1u

(1)
(l) + λ−2u

(2)
(l) +O(λ−3), P(l) = P

(0)
(l) + λ−1P

(1)
(l) +O(λ−2)

where (i = 1 . . . 3) (from (2.1))

0 = −∇P (i) +∇2u(i).

As we shall see from the scalings in the EGL, leading-order flow is required to
satisfy homogeneous boundary conditions

u(0)(Si) = 0.

Moreover, the first-order flow correction must satisfy no-penetration at the inter-
face

u(1)(Si) · n = 0.

However, as will be shown in Section 2.2.2, non-zero tangential components at the
interface are driven by flows within a viscous layer adjacent to the lumen–EGL
interface.

2.2.2 EGL: Fluid phase

The flow in the EGL can be considered to consist of three distinct asymptotic
regions: (i) a core flow, which is governed by pressure (i.e. a D’Arcy flow, where
viscous effects are negligible); (ii) a thin viscous region adjacent to the endothe-
lium, which ensures that no-slip is satisfied; (iii) a thin viscous region adjacent to
the lumen-EGL interface, where continuity of traction is enforced. We consider
each of these regions in turn below.

EGL core

In the fluid phase of the EGL core we rescale according to

uf = λ−2u
(0)
f +O(λ−3), P = P (0) +O(λ−1). (2.15)
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The leading-order flow in the EGL (2.3) is consequently governed by D’Arcy’s
Equations

u
(0)
f = −∇P

(0)
(e) , ∇ · u(0)

f = 0. (2.16)

This flow is entirely driven by the kinematics, and can be reformulated in terms
of pressure alone. Taking the divergence of the momentum equation yields

∇2P
(0)
(e) = 0. (2.17)

On the endothelial surface, we can satisfy the impermeability condition

∇P
(0)
(e) (Sw) · n = 0, (2.18)

but not the no-slip condition. Enforcement of this condition also necessitates the
presence of another thin viscous region, this time adjacent to Sw.

The pressure problem described in (2.17-2.18) can also be formulated in the
well-known boundary-integral form for a harmonic function:

p(x0) =

∫
S
∇p(x) · n(x) G(x,x0) dS (x)−−

∫
S
∇G(x,x0) · n(x) p(x) dS (x) ,

(2.19)

where x0 ∈ S, G(x,x0) = 1/2πr with r = |x− x0|.

EGL layer I: Endothelial surface

In order to satisfy the no-slip condition, let us consider a local Cartesian coordi-
nate system (x1, x2, x3), where x3 lies in a direction normal to the surface. If we
rescale according to

x1 = X1, x2 = X2, x3 = λ−1X3, uf = (λ−2Uf , λ
−2Vf , λ

−3Wf ),

the Brinkman equations (2.3), at leading order in λ, take the form

Uf = −
∂P(e)

∂X1

+
∂2Uf

∂X2
3

, Vf = −
∂P(e)

∂X2

+
∂2Vf

∂X2
3

, 0 =
∂P(e)

∂X3

,
∂Uf

∂X1

+
∂Vf

∂X2

+
∂Wf

∂X3

= 0.

(2.20)
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These are subject to the following boundary and matching conditions

Uf (X3 = 0) = 0, Vf (X3 = 0) = 0, Wf (X3 = 0) = 0, (2.21)

(Uf (X3 → ∞), Vf (X3 → ∞)) = vs, Wf (X3 → ∞) = 0, (2.22)

where vs(x1, x2) = (us, vs) = vf − (vf · n)n is the slip velocity induced in the
D’Arcy region described by (2.17-2.18). The leading-order flow in this viscous
region is consequently given by

(Uf (X3), Vf (X3)) = vs (1− exp(−X3)) , Wf =
(
∇// · vs

)
(1−X3 − exp(−X3))

(2.23)

where ∇//= (∂/∂x1, ∂/∂x2). The leading-order tractions are then given by

σ · n(Sw) = (λ−1∂Uf/∂X3, λ
−1∂Vf/∂X3,−P(e)) = (λ−1us(Sw), λ

−1vs(Sw),−P(e)).

(2.24)

EGL layer II: EGL interface

Here we instead define (x1, x2, x3) to be a local coordinate system on the EGL
interface, with x3 in the direction of the local unit normal. In order to enforce
continuity of the tangential components of traction, i.e. φft · σ(l) · n(Si) =

t · σf · n(Si), where t is a local unit tangent, we rescale according to

x1 = X1, x2 = X2, x3 = λ−1X3, P(e) = P̄(e) + (λ−1), (2.25)

uf = λ−1U
(0)
f + λ−2U

(1)
f +O(λ−3) +O(λ−4),

vf = λ−1V
(0)
f + λ−2V

(1)
f +O(λ−3) +O(λ−4),

wf = λ−2W
(0)
f + λ−3W

(1)
f +O(λ−4). (2.26)

The leading-order flow in this viscous layer is then governed by (from applying
the rescaling to (2.3))

U
(0)
f =

∂2U
(0)
f

∂X2
3

, V
(0)
f =

∂2V
(0)
f

∂X2
3

, 0 =
∂P

(0)
(e)

∂X3

,
∂U

(0)
f

∂X1

+
∂V

(0)
f

∂X2

+
∂W

(0)
f

∂X3

= 0.

(2.27)
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subject to the boundary condition

(U
(0)
f (X3 = 0), V

(0)
f (X3 = 0)) =

1

φf

(u
(1)
(l) (Si), v

(1)
(l) (Si)), W

(0)
f (X3 = 0) =

1

φf

w
(2)
(l) (Si),

(2.28)

and matching conditions which recognise that the flow in the EGL is an order of
magnitude smaller than in this viscous layer

U
(0)
f (X3 → ∞) = 0 (2.29)

where U
(0)
f = (U

(0)
f , V

(0)
f ,W

(0)
f ). These are solved by

U
(0)
f =

1

φf

u
(1)
(l) (Si) exp(−X3), V

(0)
f =

1

φf

v
(1)
(l) (Si) exp(−X3),

W
(0)
f =

1

φf

(
∇// · (u(1)

(l) , v
(1)
(l) )
)
exp(−X3). (2.30)

Continuity of traction at O(1) then gives at this order

φf (σ
(0)
(l) )13 =

∂U
(0)
f

∂X3

(X3 = 0) = −
u
(1)
(l)

φf

, φf (σ
(0)
(l) )23 =

∂V
(0)
f

∂X3

(X3 = 0) = −
v
(1)
(l)

φf

,

φf (σ
(0)
(l) )33 = −P

(0)
(e) (2.31)

for x on Sw. As can be seen, enforcing continuity of tangential components
of traction provide boundary conditions for the correction to the leading-order
flow in the lumen. Continuity of the normal component of traction provides the
required remaining boundary condition for pressure in the D’Arcy Region. The
ability of this viscous layer to ensure continuity of tangential velocities at O(λ−2)

in light of the slip velocities induced in the D’Arcy region at Si require us to
consider the corrections to this leading-order flow. Also, continuity of normal
velocity give a permeability condition for the O(λ−2) lumen flow

w
(2)
(l) (Si) = ∇// · (u(1)

(l) (Si), v
(1)
(l) (Si)). (2.32)
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The flow corrections in this region are governed by

U
(1)
f = −∂P̄ (0)

∂x̄1

+
∂2U

(1)
f

∂X2
3

, V
(1)
f = −∂P̄ (0)

∂x̄2

+
∂2V

(1)
f

∂X2
3

,
∂P

(1)
(e)

∂X3

=
∂2W

(0)
f

∂X2
3

−W
(0)
f ,

(2.33)

∂U
(1)
f

∂X1

+
∂V

(1)
f

∂X2

+
∂W

(1)
f

∂X3

= 0. (2.34)

Solving these equations, we find the resulting flows allow us to bring to rest the
slip flow generated on the interface within the D’Arcy region

U
(1)
f =

(
u
(2)
(l) (Si) +

∂P̄ (0)

∂X1

)
exp(−X3)−

∂P̄ (0)

∂X1

, (2.35)

V
(1)
f =

(
v
(2)
(l) (Si) +

∂P̄ (0)

∂X2

)
exp(−X3)−

∂P̄ (0)

∂X2

, (2.36)

which can be seen to match to the flow in the EGL. We also note that continuity
of tangential traction at O(λ−1)

(σ
(1)
(l) (Si))13 =

∂U
(1)
f

∂X3

(X3 = 0) = −
(
u
(2)
(l) (Si) +

∂P̄ (0)

∂X1

)
, (2.37)

(σ
(1)
(l) (Si))23 =

∂V
(1)
f

∂X3

(X3 = 0) = −
(
v
(2)
(l) (Si) +

∂P̄ (0)

∂X2

)
, (2.38)

together with (2.32), provide boundary conditions with which to solve the O(λ−2)

flow in the lumen (although we do not need to do so here). As such, we have shown
how the leading-order EGL flow consistently matches with the leading-order flow
in the lumen, through flows within a thin viscous layer on the interface.

2.2.3 EGL: Solid phase

Since the solid phase of the EGL is driven by flow in its fluid phase, there is an
analogous three-layer asymptotic structure to the elastic displacements.

EGL core

In the core EGL (2.5) we expand the solid displacements according to

us = u(0)
s + λ−1u(1)

s +O(λ−2), P(e) = P
(0)
(e) + λ−1P

(1)
(e) +O(λ−2). (2.39)
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Combined with the rescaling of fluid quantities within the EGL (2.15), the leading-
order elasticity equations then take the form

1

1− 2ν
∇
(
∇·u(0)

s

)
+∇2u(0)

s =
φs

φf

∇P
(0)
(e) − u

(0)
f . (2.40)

Upon substitution of the leading-order flow in the EGL core (2.16), we obtain

1

1− 2ν
∇
(
∇·u(0)

s

)
+∇2u(0)

s =
1

φf

∇P
(0)
(e) . (2.41)

The boundary conditions on the elastic displacements are determined by the
viscous flows in the asymptotic layers of the EGL’s fluid phase. As we shall see
in the next sections, the displacement boundary condition remains the same on
the endothelium giving

u(0)
s (Si) = 0. (2.42)

However, on the interface, the traction condition changes due to the presence
of the forcing terms in the equation. At leading-order, this traction boundary
condition is (

σ(0)
s − 1

φf

P
(0)
(e) I

)
· n = σ

(0)
(l) · n on S(i). (2.43)

EGL layer I: Endothelial surface

We use the same local Cartesian coordinate system as before (2.2.2). Within
this layer, no O(1) displacements are driven by fluid forcing. Therefore, the O(1)

elastic displacements in the EGL core satisfy a zero displacement condition on
the endothelium, as given in (2.42).

However, in order to match the leading-order traction coming from the core
and understand how this traction is transmitted to the endothelium, we must still
consider the O (λ−1) displacements. As such, in this layer we rescale the solid
displacements according to

us =
(
λ−1Us, λ

−1Vs, λ
−1Ws

)
. (2.44)

The governing equations (2.5) at O(λ) take the form

∂2U
(0)
s

∂X3
2 = 0,

∂2V
(0)
s

∂X3
2 = 0,

∂2W
(0)
s

∂X3
2 = 0. (2.45)
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subject to the following boundary and matching conditions

Us(X3 = 0) = 0, Vs(X3 = 0) = 0, Ws(X3 = 0) = 0, (2.46)(
∂Us

∂X3

(X3 → ∞),
∂Vs

∂X3

(X3 → ∞),
∂Ws

∂X3

(X3 → ∞)

)
= (n · σs) (S(w)). (2.47)

This is solved by

U (0)
s = (σs)13 (S(w))X3, V (0)

s = (σs)13 (S(w))X3, W (0)
s =

(3− 4ν)

(1− 2ν)
(σs)33 (S(w))X3.

(2.48)

This shows that the leading-order traction is simply transmitted through this
layer unchanged.

EGL layer II: EGL interface

Again we use the same coordinate and pressure rescalings as used for the fluid
phase in this layer (2.25). We approximate the solid displacement as in the core
using the expansion

us =
(
U (0)
s , V (0)

s ,W (0)
s

)
+
(
λ−1U (1)

s , λ−1V (1)
s , λ−1W (1)

s

)
+O(λ−2). (2.49)

The governing equation (2.5) at O(λ2) take the form

∂2U
(0)
s

∂X3
2 = 0,

∂2V
(0)
s

∂X3
2 = 0,

∂2W
(0)
s

∂X3
2 = 0. (2.50)

These equations are solved by displacements which are linear in X3. However,
the linear term in these equations would give rise to order O (λ) tractions which
cannot be matched at the interface by the order O (1) lumen tractions. This
means these linear terms must be zero. Hence, the O(1) elastic displacements in
this layer are constant and do not contribute to the traction.

As such, in order to understand how the traction is transmitted through this
layer, we must consider the first-order corrections. The governing equation (2.5)
at O(λ) take the form

∂2U
(1)
s

∂X3
2 = −U

(0)
f ,

∂2V
(1)
s

∂X3
2 = −V

(0)
f ,

∂2W
(1)
s

∂X3
2 = 0. (2.51)
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where the fluid velocities U
(0)
f and V

(0)
f are given by (2.2.2). These are solved by

U (1)
s =

(
σ(l)

)
13
(S(i))X3 +B1 −

1

φf

u
(1)
(l) (Si) exp(−X3), (2.52)

V (1)
s =

(
σ(l)

)
13
(S(i))X3 +B2 −

1

φf

v
(1)
(l) (Si) exp(−X3), (2.53)

W (1)
s = B3. (2.54)

where Bi, (i = 1, 2, 3) are given by matching the first-order correction to the core
elastic displacements. These equations give the traction boundary condition for
the core elastic region as(

σs −
1

φf

P(e)I

)
· n = σ(l) · n on S(i). (2.55)

2.2.4 Lumen (two-layer model)

Whereas in capillaries, red blood cells pass through intermittently and must be
treated individually (which is beyond the scope of what we do here), in larger
post-capillary venules, the persistent presence of multiple red blood cells may
have an influence on the fluid’s bulk properties which can be captured using a
two-layer viscosity model [59, 66]. Therefore, in addition to the model given in
Section 2.1.1, which considers the flow of plasma alone through the lumen, we
also consider an extended model that seeks to capture these effects.

In this two-layer model, the blood flow is still modelled as a Stokes flow.
However, within a microvessel, the red blood cells tend to move away from the
vessel wall, leading to a red blood cell rich core layer at the centre of the vessel
and a cell-free layer surrounding this core. Due to the presence of red blood
cells, this core layer has a higher viscosity than blood plasma which we will
call µc. The cell-free layer viscosity, µo is lower than this core layer viscosity,
although it is still modelled to be higher than the plasma viscosity to account
for the periodic invasion of red blood cells from the core into this outer layer
[66]. These viscosities, along with the cell-free layer thickness can be chosen to
fit experimental data [66].

One of the advantages of the asymptotic formulation is that this can be done
in a computationally-tractable manner, since flow in the lumen decouples from
the flow within the EGL at leading order.

Non-dimensionalising as in Section 2.1.1 with the fluid velocity of each layer
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non-dimensionalised on their respective viscosities, we find that the governing
equations in non-dimensional form are

∇2uc = ∇Pc, ∇·uc = 0, in Vc (2.56)

∇2uo = ∇Po, ∇·uo = 0, in Vo (2.57)

where the c and o subscripts denote quantities in the core and cell-free layer
respectively. The non-dimensional boundary conditions at the interface, Sc, be-
tween these two layers are

uc =
µo

µc

uo, on Sc (2.58)

σc · n = σo · n, on Sc (2.59)

which give continuity of velocity and traction respectively. Note that the viscosity
ratio in (2.58) is due to the difference in non-dimensionalisations between the
two velocities. The outer boundary conditions between the lumen and the EGL
remain the same as given in Section 2.2.1. Analytic solutions of this model for a
circular tube are given in (2.64).

2.3 Numerical simulation

2.3.1 Microvessel geometry

Our vessel geometry is informed by confocal microscopy images of a post-capillary
venule, taken from mouse cremaster muscle. An image of this data can be seen
in Figure 2.2 (top image). Images were supplied by Dr Jennifer Bodkin and Pro-
fessor Sussan Nourshargh, Centre for Microvascular Research, William Harvey
Research Institute, Barts and The London Medical School, Queen Mary Univer-
sity of London. The experimental method used to image the vessel is described in
detail in Woodfin et al. [84] and Colom et al. [14]. The experimental method used
to collect this data is summarised as follows: a relatively straight post-capillary
venule from mouse cremaster muscle was exteriorized and a Z-stack of images
was collected by confocal microscopy using a single-beam Leica TCS-SP5 confo-
cal laser-scanning microscope. The cell-cell junctions had been previously stained
by intrascrotal injection of Alexa Fluor 555-labelled monoclonal antibody (mAb)
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Figure 2.2: (Top Left) AMIRA visualisation of cell-cell junctions in a post-
capillary venule taken from mouse cremaster muscle, obtained by J. Bodkin and
S. Nourshargh, Queen Mary University of London using confocal microscopy.
(Top Right) The cell-cell junction data (red crosses), as viewed down the longi-
tudinal axis. The microvessel shape can be seen to be well-approximated by a
fitted elliptical cylinder (black line, with its corresponding major axis shown as
a blue line). (Middle) Plots showing the triangularisation used for the microves-
sel, colour rendering denotes cell height and the green dashed line denotes the
area of the cell that is raised due to cell nuclei. These show an EGL mesh of
250,000 (left) and 1,000,000 (right) elements shown on the same section of vessel.
(Bottom) An example synthesised endothelium, with colour renderings indicate
heights (dominated by the cell nuclei - see also Figure 2.4 in the appendix). (Top
Left) and (Top Right) reproduced from [45].
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to Platelet and Endothelial Cell Adhesion Molecule 1 (PECAM-1) which allows
the cell-cell junctions of the endothelial cells to be visualised.

From this data, we first extracted the cell-cell junctions as line segments in
three-dimensional space, using the data visualisation package AMIRA. It was
found that the endothelial surface was largely elliptical in shape (excluding a
small section at one end of the microvessel), with a major axis of 36.2 µm and
minor axis of 22.8 µm (see Figure 2.2b, where the fit was carried out using the
fitellipse.m routine in Matlab [13]). Hence, we hereafter assume this elliptical
representation of the microvessel’s basal surface in our numerical computations.
In order to minimise entry and exit length effects (which are expected to scale
with the vessel radius at these low Reynolds numbers), we also added vessel
extensions to smoothly transition the geometry between the perfectly-circular
inlet and outlet, to the non-uniform endothelial surface. This also allows us to
prescribe the following analytic expressions for the inlet and outlet flow boundary
conditions, U 0 = U 1 = (0, 0, U), where [19]

U(r) =

λ2 (φf )
2
[(

α
2λ

+ K1(α/λ)
K0(1/λ)

)
J0(α)
J1(α)

+ K0(α/λ)
K0(1/λ)

− 1
]
+ 1

4
(r2 − α2) , 0 ≤ r ≤ α,

λ2 (φf )
[(

α
2λ

+ K1(α/λ)
K0(1/λ)

)
J0(r)
J1(α)

+ K0(α/λ)
K0(1/λ)

− 1
]
, α ≤ r ≤ 1.

(2.60)

where J0(x) = I0 (x/λ) − εK0 (x/λ) and J1(x) = I1 (x/λ) + εK1 (x/λ). K0 and
K1 are modified Bessel functions, ε = I0 (1/λ) /K0 (1/λ), and α = 1 − δ0, where
δ0 is the EGL thickness at the inlet and outlet.

In addition, we also specify the inlet and outlet displacement conditions V 0 =

V 1 = (0, 0, V ) where

V (r) =
1

4

(
r2 − 1

)
+

1

φf

U (r) , α ≤ r ≤ 1. (2.61)

For the asymptotic model, we prescribe analytic solutions for the inlet and
outlet as before. In the lumen, we specify Poiseuille

U(r) =
1

4

(
r2 − α2

)
, 0 ≤ r ≤ α, (2.62)

while the boundary condition for flow in the EGL is a constant pressure condition.
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Inlet and outlet displacement conditions are given by

V (r) =
1

4

(
r2 − 1

)
+ α2 ln (r) , α ≤ r ≤ 1, (2.63)

For the two-layer Stokes model, the inlet and outlet boundary conditions are
given by

U(r) =


1
4
(r2 − β2) + µc

4µo
(β2 − α2) , 0 ≤ r ≤ β,

1
4
(r2 − α) β ≤ r ≤ α.

(2.64)

where β = 1− ro, ro is the cell-free layer thickness.
Experimental constraints meant that confocal microscopy data was only avail-

able for the lower half of the vessel, and cell membrane surfaces were not readily
obtainable. As such, we synthesised cells in a manner which observed the spatial
statistics seen in the biological data, as well as the cell profiles reported in the
earlier literature.

Construction of the microvessel endothelium

In order to generate a complete endothelium, we first determined the centroids
of the cells in the confocal microscopy data. For regions of the microvessel where
we do not have biological data, we used a Strauss Hard Core Gibbs point particle
model [4, 6] to generate cell distributions with the same spatial statistics. This
choice of point process model generates spatial distributions which are charac-
terised by two parameters: a minimum separation distance between points (the
Hardcore Distance), and an Interaction Radius, which moderates the degree of
repulsion between points (which consequently have average separations greater
than the Hardcore Distance).

This point particle model was implemented using the spatstat library [5] within
the statistical package R. As spatstat assumes an isotropic point pattern, whereas
endothelial cells are elongated in nature (hence have centroids which are spatially
non-isotropic), we performed this operation on a domain scaled by the mean as-
pect ratio of the cells, defined to be the major axis over the minor axes, in the
confocal microscope data, which we measured to be 1.80). Using a combina-
tion of goodness-of-fit experimentation and profile pseudolikelihood [4] on the
confocal microscope data, we found the appropriate Hardcore distance and In-
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teraction Radius to be to be 13.45 µm and 16.5 µm, respectively. The remaining
required parameters, such as the density of the points and strength of repulsion in
the Strauss process, were determined automatically in spatstat using the Huang-
Ogata one-step approximation to maximum likelihood. The point particle model
was generated using periodic boundaries, so that points are taken to repeat pe-
riodically outside of the simulation window. The height (y-axis) of this window
of simulation was chosen to be the circumference of the ellipse fitted to the bi-
ological data (187.6 µm). In order to remove any effects from the periodicity in
the longitudinal axis, the simulation was performed over a distance greater than
required, and then truncated. An example of a point pattern obtained using this
method is shown in Figure 2.3(top image). Note that the original centroids (red
dots) are retained in the synthesised points.

This model’s goodness of fit was tested by creating Monte Carlo envelopes of
the nearest-neighbour distance distribution function and L-function (a measure
of interaction based on pairwise distance) for 99 simulations of the fitted model
[5, 37]. As shown in Figure 2.3 (middle and bottom images), the values of these
functions from the original centroid data (black lines) is found to lie within these
envelopes (shaded regions), which we take as a basis for accepting the point
particle model as a reasonable extension to the biological cell centroid data.

Having synthesised cell centroids across the extent of the entire basal surface
of the vessel, we next need to reconstruct the topology of the endothelial cells.
The basal surfaces of these cell nuclei were generated using a bubble-growing
algorithm [34], whereby ellipses with mean aspect ratios matching the biological
data for sheared endothelial cells were expanded from their centroids until contact
is made with a neighbouring nuclei. This produces the type of localised elevated
topology about the cell nucleus observed in experiments (see Figure 2.4). In
Figure 2.5(top image) we show cell nuclei generated using this method for the
biologically-obtained (i.e. non-synthesised) centroids (red lines), and observe that
these appear to be a reasonable fit within the biological cell-cell junctions (black
lines). The topologies of the endothelial cell nuclei above these basal surfaces are
modelled upon digitised height profiles taken from Barbee, Davies, and Lal [10]
(Figure 2.4), which we fitted to a 10th degree polynomial using a least squares
routine in Matlab. The first and second derivative of the polynomial were taken
to be zero at the endpoints, in order to ensure smooth connectivity. An example
resulting profile can be seen in Figure 2.5(bottom image). Here s measures the
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Figure 2.3: (Top) Cell centroids simulated throughout the entire vessel surface,
as computed using the R spatstat package [5] (black circles), which also includes
the original cell centroids obtained from the biological data (red dots). (Middle,
Bottom) Monte-Carlo envelopes for 99 simulations of the fitted model were gener-
ated to test the goodness of fit of the point particle model. Shaded regions show:
(Middle) nearest-neighbour distance distribution function, (Bottom) L-function.
In both cases the simulated centroids (black lines) lie within the envelopes, hence
offering statistical support for the appropriateness of the spatial distribution of
the simulated centroids. The red lines show the mean value for each envelope.
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Figure 2.4: (Left) Cell height data and (Right) characteristic shape profiles taken
through two orthogonal sections of an unsheared bovine aortic endothelial cell.
The heights were measured using Atomic Force Microscopy. Figure reproduced
from Barbee, Davies, and Lal [10] (with permission). The figure illustrates the
relatively localised elevated topology about the cell nucleus and also the profile
used to create the cell nuclei topology.

Euclidean distance in the basal surface from the centroid of the cell, i.e. s = 0

at the centroid of the cell, and s = 1 at the cell edge. The maximum height
for each cell was sampled from a normal distribution with a mean of 1.77 µm
and a standard deviation of 0.52 µm, informed by values reported for sheared
endothelial cells by Barbee, Davies, and Lal [10] (the normal distribution was
truncated to within one standard deviation). An example endothelium topology
generated using this process is shown in Figure 2.2(bottom image)

2.3.2 EGL distribution

We consider two possible scenarios for the EGL distribution in vivo. Model A
considers an EGL that has redistributed to the relatively flat regions between
cell nuclei, producing a poroelastic layer that varies in thickness. Here the EGL
is thinnest at the cell peaks, where it has depth tmin, and thickest between the
cells, where its depth is α0tmin, where α0 is some amplitude factor which alters
the shape of the redistributed EGL (see Figure 2.1a for an illustration). Note
that a typical value of α0 is not currently well known, due to the experimental
challenges associated with visualising the EGL in vivo, and so in what follows
we have performed simulations using different values of α0. For the same reasons
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Figure 2.5: (Top) A bubble growing algorithm is used to construct cell basal
surfaces (red lines) from centroids taken from the biological data. Also overlaid
are the cell-cell junctions also obtained from the data. (Bottom) The normalised
cell height profile (solid line) as a function of an arclength parameter s obtained
by fitting a 10th-order polynomial to scaled digitised biological data provided by
Barbee, Davies, and Lal [10] (black dots). When used to create the topology of
endothelial cells, ranges of heights and widths are informed by biological data.



CHAPTER 2. LOW-PERMEABILITY BIPHASIC MIXTURE THEORY MODEL38

we have chosen a cubic interpolation for the EGL profile between cell peaks
and cell-cell junctions, however, we have checked that the trends reported are
not overly sensitive to this choice by performing additional simulations using
linear interpolants. By contrast, in Model B the EGL follows the topology of the
endothelial surface, and has constant thickness tmin throughout the vessel (see
Figure 2.1b). For comparison, we have also considered a bare vessel, that does
not contain an EGL at all.

Finally, we consider some scenarios where the flow in the lumen consists of
an higher viscosity inner region, and a lower viscosity outer region as discussed
in Section 2.2.4. Such two-layer models have been shown to well-approximate
the influence of red blood cells outside of a cell-depleted region in the lumen.
We choose to implement the profiles proposed by Sharan and Popel [66], where
the lower viscosity in the cell-depleted layer remains higher than that of plasma
alone, to take account of occasional red blood cell intrusion into this layer. We
choose a cell depleted layer that follows the topology of the EGL interface, with
its thickness being that predicted by earlier studies [59, 66]. Using a discharge
hematocrit of 45% and a vessel radius of 29.47 µm, we find a cell-free layer thick-
ness of ro = 4.3 µm, a core viscosity of µc = 3.71µpl and a cell-free layer viscosity
of µo = 1.45µpl (where µpl indicates the plasma viscosity).

2.3.3 Boundary element scheme

The governing boundary-integral equations were solved numerically by first dis-
cretising the vessel surfaces into triangular elements (as can be seen in Figure 2.2)
and then assuming a constant basis function across these triangular elements.
The required integrals were then computed using numerical quadratures and the
resulting linear system was solved iteratively and in parallel over multiple cores
using GMRES with a Jacobi preconditioner.

For the purposes of numerically solving the governing boundary-integral equa-
tions ((2.2), (2.4), (2.6) and (2.19)), a planform representation of the microvessel’s
basal surface was decomposed into a mesh of irregular triangular elements in Mat-
lab, using the mesh2d routine [26]. This triangular mesh was then projected onto
the elevated endothelium surface, as well as the EGL-lumen interface.

We assume that the flow quantities are constant on each of the N triangular
elements within the surface meshes (i.e. a constant basis function), meaning that
the boundary-integral equations for coupled Stokes-Brinkman flows (2.1), (2.3),



CHAPTER 2. LOW-PERMEABILITY BIPHASIC MIXTURE THEORY MODEL39

(2.7)–(2.11), can be expressed in the following discretised form

u
(m)
j = − 1

4π

N∑
l=1

f
(l)
i S

(ml)
ij +

1

4π

N∑
l=1

u
(l)
i T

(ml)
ijk nk,

S
(ml)
ij =

∫
E(l)

Sij(x− x
(m)
0 ) dS(x), T

(ml)
ijk =

∫
E(l)

Tijk(x− x
(m)
0 ) dS(x) (2.65)

(m = 1 . . . N) where E(l) represents the surface of the lth triangular element,
defined by vertices x

(l)
1 , x

(l)
2 and x

(l)
3 , and Sij denotes either the Stokes flow

Stokeslet, S
(1)
ij , or Brinkman Flow Stokeslet, S

(2)
ij , as appropriate (similarly for

Tijk). Here x
(m)
0 is the collocation point on the mth element, u(m) and f (l) are

the flow velocities and tractions on the mth and lth elements, respectively.
Similarly the boundary-integral representation of pressure (2.19) can be dis-

cretised as

p(m) =
N∑
l=1

q(l)G(ml) −
N∑
l=1

p(l)Q(ml),

G(ml) =

∫
E(l)

G(x− x
(m)
0 ) dS(x), Q(ml) =

∫
E(l)

∇G(x− x
(m)
0 ) · n dS(x),

(2.66)

where q = ∇p · n.
Finally, the boundary-integral representation for the asymptotic form of the

solid phase can be expressed in a similar form as

(us)
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8π (1− ν)
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δjk
r

+
(x− x

(m)
0 )j(x− x
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(2.67)

where Hij and Kijk denote the Green’s functions for Navier’s equation.
It proves convenient to perform the necessary integrations in a barycentric
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coordinate system (ξ, η), defined on each element by [57]

y(m) = y
(m)
1 (1− ξ − η) + y

(m)
2 ξ + y

(m)
3 η

(m = 1, . . . , N) where y
(m)
j = x

(m)
j − x0 (j = 1, . . . , 3). Hence, for example,

∫
E(l)

Sij(x− x
(m)
0 )dS(x) = J

∫ 1

0

∫ 1−ξ

0

Sij(ξ, η)dξdη, (2.68)

where J is the Jacobian for the barycentric transformation. For numerical inte-
gration when the collocation point lies on the element of integration, we transform
from the barycentric coordinate system, to a polar coordinate system [57]

ξ = ρ cos θ, η = ρ sin θ.

Consequently

J

∫ 1

0

∫ 1−ξ

0

Sij(ξ, η)dξdη = J

∫ π/2

0

∫ (sin θ+cos θ)−1

0

Sij(ρ, θ)ρdρdθ, (2.69)

which is advantageous, since the Jacobian ρ now cancels the 1/ρ singular be-
haviour in Sij, hence regularising the integral, and allowing standard quadrature
methods to be applied. The double layer potentials (i.e. those involving Tijk)
are only defined in a Cauchy Principal Value, and hence formally have a non-
regularisable singularity. However, under the assumption of a constant basis and
flat elements, where normals are perpendicular to x−x0 when both x and x0 lie
on the same element, their contribution is exactly zero.

From (2.65) we hence obtain the linear system

Ax = b. (2.70)

Here x is a vector which contains the unknown velocities and tractions on the
discretised endothelium and lumen-EGL interface, b is a vector of prescribed
tractions and velocities on these surfaces (multiplied by appropriate coefficients
Sij, Tijk). Similarly, (2.66) yields the linear system

By = c. (2.71)
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where y and c are, respectively, vectors of unknown and known pressures, and
pressure fluxes, q, on the discretised surfaces and interfaces.

Once the pressures have been calculated, the slip velocities were calculated
using the boundary integral representation

∇p(x0) · t(x0) =
1

2π
−
∫
S
∇p(x) · n(x) (x− x0) · t(x0)

r3
dS (x)

− 1

2π
=

∫
S
p(x)

(
t(x0) · n(x)

r3

−3
[(x− x0) · t(x0)] [(x− x0) · n(x)]

r5

)
dS (x) ,

(2.72)

where =
∫

denotes a Hadamard Finite Part integral. For the flat triangular elements
used here, the Hadamard Finite Part integral evaluates to zero due to the x−x0

being tangential to the normal vector for singular integrals. The Cauchy Principal
value integral was evaluated using the quadrature given by Guiggiani and Gigante
[31].

The equations for the solid phase elasticity (2.67) also form a similar linear
system

Cz = d. (2.73)

where z is the vector of unknown solid displacements and tractions and and d

is the vector of known solid displacements and tractions along with the known
pressures and pressure fluxes. The Cauchy Principal Value integrals present in
(2.67) are evaluated in the same fashion as was done for the slip velocities.

The integrals (2.68) and (2.69) were computed using an h-adaptive quadrature
from the Cubature package [38]. This computes all elements of the Green’s tensor
at once, which leads to fast quadrature speeds. These linear systems (2.70), (2.71)
and (2.73) are constructed and solved using the Portable Extensible Toolkit for
Scientific Computation (PETSc) [9, 8, 7]. PETSc allows construction of matrices
in parallel across multiple CPU cores (this step is embarrassingly parallel, and so
scales linearly). The matrix for the Brinkman Stokes coupled solver is stored in
compressed sparse row format to exploit the sparsity resulting from the coupled
system, while the matrices for the Laplacian and linear elasticity solvers are stored
in a dense format. The linear systems were solved iteratively, and in parallel over
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multiple cores, using GMRES with a Jacobi preconditioner.
The Brinkman-Stokes coupled solver was verified by simulating a uniform

circular tube and comparing to the analytic solution given by equation (2.60).
The Laplacian solver for pressure was verified using a uniform tube with two
different constant pressures prescribed at the entry and exit and impermeability
on the sides of the vessel, which reproduced the expected linear pressure drop.
The linear elasticity solver was similarly verified using a uniform tube.

In terms of the mesh sizes used for these simulations, the Brinkman-Stokes
coupled simulations were run using a mesh size of 67,000 triangular elements and
their convergence was checked using simulations with a mesh size of 140,000 tri-
angular elements. These simulations took approximately 2,000 CPU hours and
30,000 CPU hours each respectively. Low permeability flow simulations were
conducted on meshes containing 130,000 triangular elements for the lumen and
250,000 for the EGL, taking approximately 400 CPU hours each. The conver-
gence of these simulations was checked using a simulation with a mesh size of
510,000 triangular elements for the lumen and 1,000,000 triangular elements for
the EGL, taking approximately 5,000 CPU hours each. The solid phase asymp-
totics simulations were conducted using a mesh size of 140,000 triangular elements
and checked with a mesh size of 250,000 triangular elements. Excluding the time
taken to solve the fluid phase, the low resolution simulations for the elastic phase
took approximately 250 CPU hours each while the high resolution checks took
approximately 1,000 CPU hours each. The two-layer Stokes model was solved
using a similar mesh size as the Brinkman-Stokes coupled simulations and then
these results were interpolated to be used in mesh sizes required for the EGL
simulations. These results will be presented in the next chapter.



Chapter 3

Low-permeability Model Results

Having created our boundary element scheme for an EGL-lined microvessel us-
ing our low-permeability biphasic mixture theory model in Chapter 2, we now
present the results from it here. The endothelial geometry that we will be us-
ing for this chapter is synthesised using confocal microscopy data as discussed
in Section 2.3.1. In addition, we will also be considering two possible scenarios
for the EGL distribution, one in which the EGL is redistributed to the relatively
flat regions between cell nuclei (Model A) and one that follows the topology of
the endothelial surface, producing an EGL with a constant thickness (Model B).
These distributions are discussed in further detail in Section 2.3.2.

In what follows we present the predicted wall shear stresses exerted upon the
vessel endothelium. In doing so, we are able to make some predictions around the
degree to which stresses are carried through the solid phase, as compared to the
fluid phase. We can also comment upon the extent to which EGL redistribution
affects the shear stresses exerted upon the endothelium, as a function of EGL
permeability, λ, and minimum EGL thicknesses, tmin.

3.1 Results

The physiological range of Darcy permeability in a normal EGL is believed to be of
the order KP ≈10−13 cm2 to 10−12 cm2 [82] (which corresponds to λ = 103.5 to 104

as λ2 = R2/KP with R = 30 µm). In order to gauge whether this flow regime lies
within the asymptotic regime described in Section 2.2.2, we compare predictions
from this analysis against those obtained using the full Stokes-Brinkman system
(2.1), (2.3), (2.7)–(2.11).

43
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In Figure 3.1, we plot the median of the integrated fluid shear stress on each
cell, as a function of Darcy permeability, KP , for several different minimum EGL
thicknesses (tmin = 0.25, 0.5, 1, 1.5 µm). Note that these stresses have been nor-
malised on permeability, λ, to best show convergence to the asymptotic limits;
the non-normalised stresses themselves strictly decrease with resistivity, and the
peaks observed in these curves carry no particular physical significance. Fur-
thermore, these have been calculated for both the redistributed EGL (Model A,
top image), and non-redistributed EGL (Model B). Alongside are included the
predictions from the asymptotic analysis (2.24). Numerically solving the full
Stokes-Brinkman equations becomes increasingly more difficult as permeability
decreases, which in practise limits the Darcy permeabilities that we can compute
to KP ≤ 10−9.5 cm2. Nevertheless, for tmin = 0.5, 1 and 1.5 we can see a clear
indication that the stresses are converging towards the asymptotic predictions
well before the Darcy permeabilities expected of a normal EGL. For tmin = 0.25

the transition to the asymptotic limit is beyond the hydraulic resistivities for
which we can solve the full Stokes-Brinkman equations (however, it is reasonable
to expect that it will do so, albeit more slowly, given that the asymptotic analy-
sis holds for general tmin, and is shown to capture the limiting behaviour at the
larger values of tmin). Moreover, given that the peak stress has been reached by
KP = 10−9 cm2 (λ = 102), it seems reasonable to suppose that the asymptotic
regime would be reached by KP = 10−13 cm2 to 10−12 cm2. (Note that this con-
vergence is not overly sensitive to the precise measure used, e.g. here the median
of per cell integrated longitudinal shear stress.) Since the coupling between the
fluid and solid phases is one-way (i.e. the fluid phase drives the solid phase, but
in turn is not driven by the solid phase), in this regime it therefore also seems
reasonable to utilise the form for the elastic phase driven by the asymptotic flow
approximations (2.41)-(2.43).

These plots also show that not only does the fluid shear stress decrease with
EGL thickness, as might be expected given the EGL’s anticipated role in protect-
ing the vessel wall from damaging levels of shear stress, but that the Brinkman
Stokes solutions converge more rapidly for thicker EGL’s and we note that this
is also the case for EGL’s which have redistributed.

We will not present here the spatial distributions of both fluid and elastic
stresses for all scenarios considered, although it is perhaps illustrative to show a
couple of the limiting cases. Specifically, we consider the fluid and elastic wall
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Figure 3.1: Median of the integrated per cell longitudinal shear stresses divided
by λ, as a function of λ, for (Top Image, Model A) a redistributed EGL and
(Bottom Image, Model B) a non-redistributed EGL when α0 = 1.8. These are
plotted as lines with markers. Also included, the asymptotic shear stress in limit
of large KP , (2.24), plotted as dashed lines without markers.
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shear stresses in the cases where KP = 10−7 cm2 (this corresponds to λ−1 = 10−3.5

as λ2 = R2/KP ), with minimum EGL thickness and 1.5 µm (Figure 3.2) and
tmin = 0.25 In what follows we will concentrate on the longitudinal component
(that aligned with the longitudinal axis of the vessel). In most cases the azimuthal
components are much smaller in magnitude than the longitudinal components,
and so are omitted for brevity. In each case we consider an EGL which has redis-
tributed (top image), as well as one which has not redistributed (bottom image).
In this limit of asymptotically-low permeability, the fluid and elastic shear stresses
are found by solving (2.24) and (2.41)-(2.43), respectively. In these stress plots
we have chosen an amplitude factor α0 = 1.8, although additional simulations
have shown that the results are not overly sensitive to the value of this parameter
except in the cases where a large α0 value causes the EGL to protrude further
into the vessel between the cell nuclei than at the cell peaks, i.e. the EGL bulges
out between the nuclei (see Table 3.1 for a more comprehensive survey). In these
cases, the distribution of shear stress is altered, however this can only occur for a
very thick EGL and as such we do not believe this to be a physiologically-realistic
scenario, and so have not included plots of these distributions. Furthermore, we
do not see any substantial sensitivity to the choice of interpolants (in this case,
linear or cubic) for the EGL profile between cells.

For the thickest EGL considered, tmin = 1.5 µm (which is towards the top-end
of the experimentally-inferred range, Yen et al. [86]), in Figure 3.2 we note that
there are significant differences in the shear stresses exerted upon the endothelial
surface when the EGL redistributes. Notably, we have a maximum wall fluid
shear stress for a redistributed EGL the magnitude of which is approximately
54% of that experienced when the EGL is non-redistributed. Similarly for the
elastic shear stresses exerted upon the wall, where the shear stresses experienced
at the peak of the cell in the redistributed case is about 76% of that experi-
enced without EGL redistribution. There are also noticeable differences between
the spatial structure of the stresses exerted by the fluid and solid phases. Elastic
shear stresses are clearly elevated in regions closer to the vessel’s minor axis. Fluid
shear stresses are also affected by the elliptical shape of the vessel, although to a
lesser extent, being most noticeable in the maximum shear stresses at the peaks
of the cell nuclei. Furthermore, in the fluid phase, a region of reduced shear stress
is observable immediately upstream and downstream of the cell nuclei, leading
to crescent-like patterns of reduced shear. For the case of the non-redistributed
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Figure 3.2: Longitudinal component of (a,b) fluid shear stress, gz, and (c,d)
elastic shear stress, hz, exerted upon the endothelium in the low permeability
limit (KP = 10−12 cm2, λ = 103.5) when the minimum EGL thickness is tmin = 1.5,
α0 = 1.8. These stresses are computed using the asymptotic expression (2.24)
and (2.41)-(2.43), respectively. We consider both a redistributed EGL of varying
thickness (Model A, top image), and a non-redistributed EGL (Model B, bottom
image)
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Figure 3.3: Longitudinal component of (a,b) fluid shear stress, gz, and (c,d)
elastic shear stress, hz, exerted upon the endothelium in the low permeability limit
(KP = 10−12 cm2, λ = 103.5) when the minimum EGL thickness is tmin = 0.25,
α0 = 1.8. These stresses are computed using the asymptotic expression (2.24)
and (2.41)-(2.43), respectively. We consider both a redistributed EGL of varying
thickness (Model A, top image), and a non-redistributed EGL (Model B, bottom
image)
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Figure 3.4: Velocity field illustrating the eddy formed at the start of a sin-
gle cell for the non-redistributed EGL with tmin = 1.5, α0 = 1.8 (as shown in
Figure 3.2(b)). This cross-section was taken at the circumferential location of
68 µm so that it is centred on the cell whose centroid is located at circumferential
location 68 µm, z = 171 µm.

EGL, the fluid shear stress can actually become negative in these regions. This
is indicative of a point of inflection forming in the flow, which is often associ-
ated with eddies in the flow [69, 80]. The velocity field within the EGL for a
cross-section centred on a single cell is shown in Figure 3.4. This plot seems to
indicate the presence of an eddy, however we cannot visualise the entire eddy
as we only solve the leading order velocity within the lumen and not the higher
order corrections that would be required to obtain matching between the velocity
in the lumen and the EGL.

In addition, we observe that these regions of negative shear stress do not
occur upstream and downstream of every cell nucleus, but only those near to the
vessel’s minor axis. This may be expected as these cell experience the steepest
gradients in shear stress. However, we see that redistribution of the EGL tends
to suppress these regions of negative shear, and presumably the occurrence of any
associated eddies. We also find that this trend does not appear to be specific to
the particular shape of the redistributed EGL that we have considered here. In
the solid phase, there are also regions of reduced shear, however, these are seen
to be more symmetrical around the perimeter of the cell nuclei. Moreover, the
elastic stresses remain positive, even when the EGL is non-redistributed.

As mentioned, an EGL with tmin = 1.5 µm is towards the higher end of the
expected range of EGL thicknesses and so it is instructive to see the extent to
which these effects persist for thinner EGL’s. In figures 3.3 we consider an EGL
with tmin = 0.25. Here redistribution of the EGL is seen to produce only a small



CHAPTER 3. LOW-PERMEABILITY MODEL RESULTS 50

Solid Stress
EGL Type α0 tmin = 0.25 tmin = 0.5 tmin = 1 tmin = 1.5
Non-Redistributed EGL N\A 0.84 0.89 0.97 1.00
Redistributed EGL 1.8 0.79 0.80 0.79 0.76
Redistributed EGL 2.2 0.77 0.76 0.71 0.67
Redistributed EGL 3.4 0.70 0.63 0.54 0.54

Fluid Stress (10−3)
EGL Type α0 tmin = 0.25 tmin = 0.5 tmin = 1 tmin = 1.5
Non-Redistributed EGL N\A 1.25 1.16 0.99 0.88
Redistributed EGL 1.8 1.11 0.92 0.65 0.48
Redistributed EGL 2.2 1.04 0.82 0.51 0.33
Redistributed EGL 3.4 0.85 0.54 0.33 0.35

Table 3.1: The maximum magnitude of longitudinal shear stress for (Top) solid
and (Bottom) fluid stress. Both tables are normalised on the solid stress value
for a non-redistributed EGL with tmin = 1.5 which has a non-dimensional stress
value of 1.708. The values given for the fluid stress are 10−3 smaller than the
solid stress. Stress values are given for a non-redistributed EGL and three cases
of redistributed EGL with amplitude factor α0 = 1.8, 2.2 and 3.4 respectively.
The highlighted cells denote cases where the EGL protrudes further into the vessel
between the cell nuclei as compared to at the cell nuclei. For the case of a bare
vessel (no EGL), the fluid shear stress is 0.8 of the reference stress.

Solid Stress
EGL Type α0 tmin = 0.25 tmin = 0.5 tmin = 1 tmin = 1.5
Non-Redistributed EGL N\A 0.07 0.07 0.08 0.08
Redistributed EGL 1.8 0.07 0.07 0.06 0.05
Redistributed EGL 2.2 0.07 0.07 0.05 0.04
Redistributed EGL 3.4 0.06 0.05 0.04 0.03

Fluid Stress (10−3)
EGL Type α0 tmin = 0.25 tmin = 0.5 tmin = 1 tmin = 1.5
Non-Redistributed EGL N\A 0.50 0.46 0.40 0.34
Redistributed EGL 1.8 0.43 0.36 0.22 0.12
Redistributed EGL 2.2 0.41 0.31 0.14 0.06
Redistributed EGL 3.4 0.34 0.17 0.10 0.11

Table 3.2: The maximum magnitude of azimuthal shear stress for (Top) solid and
(Bottom) fluid stress. Both tables are normalised on the same value as Table 3.1.
See the caption of Table 3.1 for further information.
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change in the shear stresses exerted upon the wall by either the fluid phase or
solid phase, although the difference between the magnitude of the fluid shear
and elastic shear does remain comparable to that exerted in the presence of the
thicker EGL. We also note that the magnitude of the fluid stresses are about 42%
greater in magnitude than was the case when tmin = 1.5. By contrast, the elastic
stresses are smaller for the thinner EGL.

We note that for this thinner EGL, the shear stress in the azimuthal direction
becomes appreciable when compared to the longitudinal shear stress. In Table 3.2,
we see that for tmin = 0.25, the azimuthal shear stress is now approximately half
the magnitude of the longitudinal shear stress. This is compared with azimuthal
fluid shear stresses that are four times smaller than the longitudinal stresses when
tmin = 1.5. However, for the solid phase we find that the azimuthal elastic shear
stresses remain ten times smaller than the longitudinal component.

These results, along with results for other EGL thicknesses are summarised
in Tables 3.1 and 3.2. We also consider some alternative values for α0. The
trends reported above with regards the dependence of fluid and elastic stresses
upon EGL thickness and redistribution hold (except in the cases where the EGL
bulges out between the cell nuclei), although the overall magnitude of the stresses
is reduced as α0 is increased, as would be expected. These differences in overall
magnitude are summarised in Table 3.1 with the cases where the EGL bulges out
between the cell nuclei highlighted.

For reference, we also performed some computations for a bare vessel, i.e. no
EGL. Interestingly, the maximum fluid shear stresses in the absence of an EGL
is 0.8 of the reference stress, i.e. the elastic stress where there is an EGL with
tmin = 1.5 and α0 = 1.8. This is less than total shear stress borne by the wall
(which is equivalent to the solid stress as the fluid shear stresses are so small) for
even the thinnest non-redistributed EGL considered. Redistribution of the EGL
does appear to lower the total shear stresses to levels below those observed in the
absence of an EGL for the larger values of α0, although the maximum total stress
for a redistributed EGL with α0 = 1.8 remains roughly equal to the maximum
fluid shear stress in the absence of an EGL, except for tmin = 1.5.

This suggests that the EGL does not reduce stress, so much as change the
way it is experienced by the wall. In the case of a bare vessel, all the stress is
in the form of fluid shear stress experienced directly on the wall. However, when
the EGL is present, practically all the stress borne by the wall is in the form
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of solid stress (the fluid shear stress is 1000 times smaller than the solid stress).
This means that when an EGL is present, rather than experiencing fluid shear
stress directly, the shear stress is experienced on the macromolecular network
that makes up the EGL. This is then transmitted into the wall and endothelial
cells by the membrane-bound proteins that are anchored to endothelial cells and
the underlying cortical cytoskeleton. This, in turn, assists remodelling of the
endothelial cells, which become aligned with the flow direction.

Using the fluid velocities obtained from the asymptotic treatment, we also
make comparisons to the fluid velocities found in Weinbaum et al. [83]. By
considering the radius and spacing of core proteins in the EGL’s ultrastructure,
Weinbaum et al. [83] obtain a Darcy permeability of KP = 3× 10−14 cm2 which
corresponds to λ = 104.2. Using this λ and redimensionalising our flow results
using the pressure drop per unit length ∆P/L = 40 kPam−1 [51], a fluid dynamic
viscosity of µf = 10−3 Pa s and vessel radius of R = 30 µm, gives a centerline
velocity of approximately 9mms−1 compared to the 1.4mms−1 value obtained
in Weinbaum et al. [83]. The slip velocity at the outer edge of the EGL from
the D’Arcy region is between 2.7 µms−1 (at cell peaks along the minor axis) and
0.9 µms−1 (in between the cells along the major axis) compared to 3 µms−1 in
Weinbaum et al. [83]. Finally, the velocity within the EGL is no longer uniform in
our model due to the undulating geometry, we find an average velocity within the
EGL of roughly 0.3 nm s−1 compared to the nearly uniform velocity of 6 nm s−1

of Weinbaum et al. [83]. These velocities are of a similar order of magnitude to
ours, but quantitatively different. This is likely due to the smaller vessel used in
Weinbaum (2003), and a different vessel shape in our study.

We have also performed some computations using the two-layer model of
Sharan and Popel [66], which approximates the presence of red blood cells in the
vessel lumen. The maximum magnitudes for this model is shown in Table 3.3.
In these simulations, we have only considered the solid stress as it has previously
been shown to be dominant. Under the two-layer model, we see the same trend in
how the wall shear responds to changes in the EGL thickness and redistribution
as observed for the flow of plasma alone. For example, from the first two rows
in Tables 3.1 and 3.3, it can be seen that the relative increase in solid stresses
with EGL thickness are comparable, as too are the relative decreases in stress
under redistribution (of course, the absolute values are different between the two
models, which is unsurprising given that in the Sharan and Popel [66] model,
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Solid Stress
EGL Type α0 tmin = 0.25 tmin = 0.5 tmin = 1 tmin = 1.5
Non-Redistributed EGL N\A 0.80 0.86 0.95 1.00
Redistributed EGL 1.8 0.76 0.78 0.79 0.77
Redistributed EGL 2.2 0.75 0.74 0.72 0.68
Redistributed EGL 3.4 0.69 0.63 0.55 0.56

Table 3.3: The maximum magnitude of longitudinal elastic shear stress for the
two-layer Stokes model. Both tables are normalised on the solid stress value for a
non-redistributed EGL with tmin = 1.5 which has a non-dimensional stress value of
1.563 (Note this differs from Tables 3.1 and 3.2). Stress values are given for a non-
redistributed EGL and a redistributed EGL with amplitude factor α0 = 1.8, 2.2
and 3.4 respectively. The highlighted cells denote cases where the EGL protrudes
further into the vessel between the cell nuclei as compared to at the cell nuclei.

even the cell-depleted layer has a viscosity greater than that of pure plasma, to
account for the occasional intrusions of red blood cells.

Finally, we are also able to consider the net flux of fluid into the EGL, as
previously investigated by Wei et al. [80]. In Figure 3.5 we plot this flux for both
a redistributed EGL (top image) and non-redistributed EGL (bottom image).
At higher permeabilities there is evidently marginally more net flux into a redis-
tributed EGL, than into a non-redistributed EGL. We see that the flux into the
EGL decreases as its permeability decreases, as would reasonably be expected,
although this is observed to occur less rapidly for a non-redistributed EGL.

3.2 Discussion

In these simulations we have used a biphasic mixture theory model to investigate
the impact that redistribution of the EGL to the regions between the cell nuclei
has upon the shear stresses experienced by a microvessel’s endothelium. Fur-
thermore, we have conducted these simulations in geometries that we feel better
reflect vessel physiology than those used in earlier related modelling studies. Such
a redistribution is believed to play an important role in protecting the endothelial
cells that line the vessel from damaging levels of fluid shear stress [85]. At the
same time, however, the EGL is believed to play a role in transferring mechanical
stresses from the flow in the vessel lumen. Consequently, it is believed that much
of the solid stress is carried through the solid phase of the EGL, rather than its
fluid phase [82]. In addition, we also considered a two-layer viscosity model to
investigate the effect of red blood cells in the lumen on this solid stress. Under
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Figure 3.5: Volume flux through the interface divided by the total inlet volume
flux against λ for EGL thicknesses tmin = 0.25, 0.5, 1 and 1.5 for (top image) a
redistributed EGL, (bottom image) a non-redistributed EGL.
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this model, we found similar trends in stress response to EGL redistribution and
thickness as is predicted by the single layer model.

Our computations have provided some quantitative insights into the influence
of the EGL on fluid shear stresses in a physiologically-realistic setting, where ex-
perimental measurements are highly challenging. At one end of the physiological
range for minimum EGL thickness (at the peaks of the cell nuclei), 1.5 µm, we
observe that redistribution of the EGL can lead to a 46% reduction in fluid shear
stress. This reduction occurs at the peak of the cell where the two distributions
of the EGL have the same thickness (tmin) and with the shape of the underlying
endothelium where this stress is being measure being the same in all simulations.
However, as the EGL becomes thinner, its redistribution makes less impact upon
the surface shear stresses. For example, when tmin = 0.5 µm, redistribution pro-
duces only a 26% reduction in fluid shear stress, and almost no reduction at all
when tmin = 0.25 µm. We see that the magnitude of the fluid shear stress on the
endothelium increases as the EGL becomes thinner. We also note the degree to
which this stress reduction is a function of the shape of the redistributed EGL.

Similarly EGL redistribution leads to a reduction in the elastic shear stresses
exerted upon the endothelium, although to a lesser extent than in the fluid phase.
Also, these elastic stresses reduce in magnitude as the EGL becomes thinner, per-
haps due to a decreased volume of solid phase that is exposed to the flow forcing.
Moreover, the elastic stresses are much larger (by three orders of magnitude) than
the fluid shear stresses in this very low-permeability environment, which seems to
add some weight to the idea that the bulk of mechanical stress is carried through
the solid phase of the EGL, rather than its fluid phase.

Perhaps unexpectedly, a non-redistributed EGL is seen to lead to higher total
shear stresses (i.e. fluid stresses plus elastic stresses) than in a vessel where no
EGL is present (and where there is only fluid shear stress). The EGL itself
consists of a network of membrane-bound proteins, and so in practise the form
of the stress transduction through the solid phase of the EGL is likely to be a
function of the EGL’s complex structural geometry. For instance, cytoskeletal
reorganisation has been shown to depend on an intact EGL and this is believed
to be caused by an integrated torque being transmitted through the EGL to a
cell’s Dense Peripheral Actin Band (DPAB) [75]. Therefore it would seem from
these findings that the redistributed EGL fulfils its protective role by converting
fluid shear stresses into stresses in the solid matrix rather than by eliminating
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stress per se and these solid stresses can in turn remodel the cells so that they are
aligned with the flow direction. Redistribution of the EGL can lead to total shear
stresses lower than those experienced by these bare vessels. Here the elastic shear
stresses dominate over the contribution from the fluid shear stresses. However,
as the minimum EGL thickness tmin becomes smaller, the thickness of the layer
between cell nuclei (as measured by α0) must become greater for this to be the
case. A summary of the impact of EGL redistribution for the different cases
considered is given in Tables 3.1-3.3.

We also observe the appearance of regions of negative fluid shear stress im-
mediately upstream and downstream of the cell nuclei. This phenomenon has
been noted in previous two-dimensional models of EGL-lined microvessels, and
has been shown to be associated with flow eddies [80, 69]. Such regions of recir-
culating flow have the ability to increase the residence time of blood components,
and therefore have consequences for microvascular health. We observed that re-
distribution of the EGL was able to suppress these negative fluid shear stress
regions for thicker layers (tmin = 1.5 µm), although not for the thinner EGL’s.
These eddies appear to be largely a localised effect and appear to occur at the
tallest cells which suggests there may be a critical cell slope at which these eddies
start to form. Attempts to determine this critical slope were not carried out in
this work but are a potential avenue for future work.

The heterogeneous nature of the EGL (and difficulty in measuring its thick-
ness) has been highlighted in experiments conducted by Ebong et al. [24], using
Rapid Freezing/Freeze Substitution Transmission Electron Microscopy (RF/FS
TEM), where the vitrified water surrounding the cells is replaced by acetone
through freeze substitution to better preserve the EGL. This level of structural
complexity (ultrastructure) is of course lost under a volume-averaged biphasic
mixture theory representation. On the other hand, conducting explicit simula-
tions of the entire EGL lining in a given microvessel is not really computationally
feasible. As such, in the next Chapter, we will derive a more representative,
non-isotropic continuum-level description of the EGL by applying homogenisa-
tion theory to a computationally-manageable portion of the EGL. Doing so allows
us to make more refined predictions for the integrated forces and torques trans-
mitted through the EGL and into the actin cortical skeleton, as per Weinbaum
et al. [83].



Chapter 4

Homogenisation Model:
Introduction

In the previous chapter, we derived a low-permeability model for the EGL by
applying asymptotics to the existing biphasic mixture theory model of the EGL.
Doing so allowed us to perform simulations on a more realistic microvessel geom-
etry compared to existing results in the literature. However, as biphasic mixture
theory is a volume-averaged model of the EGL that does not consider the mi-
crostructure of the EGL directly, it only allows us to capture the stress that
is carried through the EGL as a elastic shear stress, rather than as the torque
that is carried through the glycocalyx microstructure. This solid shear stress is
important as the majority of the shear stress experienced by the endothelium
is carried through the EGL matrix as we demonstrated in the previous chapter
(and has been previously reported in the literature). As such, we wish to derive
a more sophisticated model for the EGL that can capture this shear stress that
is transmitted through the EGL more directly.

In addition, the existing biphasic mixture theory model for the EGL does
not allow us to account for what is know about the periodic microstructure of
the EGL. As such, in the next half of this work, we seek to use homogenisation
theory to derive a more sophisticated model for the EGL that will allow us to
exploit information about the EGL microstructure at the continuum-level. Ho-
mogenisation theory is a method of multiple scales that allows us to consider
both scales that exist in the problem. That is the microscale on which the EGL
microstructure exists and the macroscale over which the vessel exists. The EGL
is amenable to homogenisation as its microstructure is believed to be periodic as
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was briefly discussed in the Introduction and will be discussed in further detail
in this chapter.

Performing homogenisation on the EGL also allows us to address some of the
other assumptions in the biphasic mixture theory model such as the assumptions
of isotropy and homogeneity. Although these assumptions could be relaxed in the
biphasic mixture theory model of the EGL by allowing the Darcy permeability
to take a matrix form and allowing it to vary spatially, doing so would require
us to know the values for this anisotropic and inhomogenous Darcy permeability
experimentally and these results do not currently exist in the literature. Ho-
mogenisation of the EGL gives us a path by which these permeabilities could be
determined computationally from the microstructure of the EGL.

Before performing homogenisation on the EGL in the next chapter, we will
first discuss what is known about the microstructure of the EGL in more de-
tail compared to the Introduction as well as briefly review some of the existing
literature on homogenisation.

4.1 EGL microstructure

As discussed briefly in the Introduction, most of what is known about the gly-
cocalyx structure is based on the work of Squire et al. [68]. In this work, Squire
et al. [68] used autocorrelation functions and Fourier transforms on EM images of
the EGL and found a quasi-periodic matrix of scattering centres or fibres. Sub-
sequent to this, Weinbaum et al. [83] adapted this ultrastructural model for their
work and suggested that the EGL is in fact hexagonally period in the tangential
directions.

A sketch of this adapted structural model proposed by Weinbaum et al. [83] is
shown in Figure 4.1. As shown in this sketch, the proposed ultrastructural model
for the EGL consists of a hexagonally periodic glycocalyx that is made up of core
proteins arranged in a regular hexagonal array (with a core protein spacing of
20 nm) on the endothelial surface and project normally from this surface. Along
these core proteins, there are scattering centres or fibres that are shaped like
spherical particles and are estimated to have a radius of approximately 6 nm.
These are normally assumed to be either aggregated GAGs or plasma proteins
and are taken to repeat periodically at 20 nm intervals along the core protein. As
such, we have a glycocalyx structure that consists of repeating spheres of radius
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Figure 2
Structural model for the EGL. (a) Sketch of the arrangement of core proteins in the EGL and
its anchorage to the underlying actin cortical cytoskeleton. (b) En face view of the idealized
mathematical model in Weinbaum et al. (71) showing the hexagonal arrangement of core
proteins and cluster foci. Adapted from Squire et al. (22) and figure 1 in Weinbaum et al. (71).

Relation between Biochemical Composition and EM Observations

One of the most important areas of future study is to create a bridge between the
considerable base of knowledge that has been accumulated on the biochemical com-
position of the EGL (shown in Figure 1) and the structural organization observed
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Figure 4.1: A diagram illustrating the hexagonally periodic microstructure for
the glyocalyx as hypothesised by Squire et al. [68] and adapted by Weinbaum et
al. [83] for a (a) side and (b) top-down view. In this, the glycocalyx is composed
of a thin core protein that extends from scattering foci. These core proteins are
assumed to configure themselves into a regular hexagonal array a short distance
above the endothelial surface with a protein spacing of 20 nm. Located at regular
20 nm intervals along these core proteins are fibres, that are modelled as spherical
particles with a 6 nm radius. Figure reproduced from Weinbaum, Tarbell, and
Damiano [82].
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6 nm that are spaced 20 nm apart both tangentially (in a hexagonal lattice) and
normally to the endothelial surface.

This ultrastructural model has generally been the one taken in subsequent
work in the literature. However, although the more recent work by Arkill et al.
[2, 3] also finds the 20 nm periodicity in the normal direction as well as the other
aspects of the model, his work calls into question the hexagonal arrangement of
the core proteins. In this work, Arkill et al. [2] used a similar methodology to
the original work by Squire et al. [68] on a larger number of electron microscopy
images (as well as from a larger variety of tissue) and these results did not support
the hexagonal arrangement that is favoured in the literature. Instead, Arkill et
al. [2] found that there does not appear to be a clear hexagonal or rectangular
periodicity in the tangential directly. As such, he suggests that the periodicity in
the tangential direction may instead have some sort of arrangement that varies
between these two types of periodicity, with the rectangular periodicity being the
dominant feature.

4.2 Homogenisation theory

As the microstructure of the EGL is periodic, we can employ homogenisation
to derive a new continuum-level description for the EGL. We will describe the
process of homogenisation in more detail in the next chapter but briefly, it is a
method of multiple scales that allows us to account for both the macroscopic scale
of the vessel along with the much smaller scale of the EGL microstructure. It is
a commonly used asymptotic method in problems such as this which allows us to
average out the rapidly-varying microscale in the problem to obtain a governing
equation in terms of the slow-varying macroscopic variables while still accounting
for the effects of the microstructure. In addition to problems where the problem
is periodic, it can also be applied to stationary random media.

As it is a general mathematical method, it has been applied to a large variety
of different problems in the literature ranging from problems in heat conduction
to problems in solid mechanics. In the field of fluid mechanics, homogenisation
has been used to derive D’Arcy’s law from Stokes flow equations [63, 74]. More
recently, in biological fluid mechanics, it has been used to tackle problems such as
lymphatic drainage from tissues [62]. In the next chapter, we shall see that our
problem is similar to the classical homogenisation problem of deriving D’arcy’s
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law from Stokes flow but with the key difference that our geometry is only periodic
in two of our three dimensions as the core proteins are periodic tangentially but
the glycocalyx is not periodic normally to the vessel surface.

This difference produces a novel fluid flow problem where not only do we
have to match pressure conditions at the entry and exit of the vessel but we must
also match traction at the interface between the EGL and the lumen. We find
that this problem is similar to previous work by Kalamkarov, Andrianov, and
Danishevs’kyy [40] and Kalamkarov [39] in which homogenisation was applied
to thin-walled composite reinforced structures where the thin composite layer is
periodic in the two tangential directions but not periodic normally. However, this
work involved applying the homogenisation to the equations of linear elasticity
and heat conduction rather than fluid flow.



Chapter 5

Homogenisation Model

In order to address some of the assumptions of isotropy and homogeneity in
the biphasic mixture theory model that was presented in Chapters 2-3 we now
develop a new model for the EGL that allows us to use what is known about the
microstructure of the EGL. Furthermore, as the majority of the shear stress is
carried through the EGL matrix (as was discussed in Chapter 3), we also wish to
capture this shear stress in a more direct way as compared to the volume averaged
solid stress that can be obtained from the biphasic mixture theory model.

In order to do this, we employ homogenisation theory which is a method of
multiple scales that allows us to consider both scales that exist in the problem.
That is the microscale on which the EGL microstructure exists and the macroscale
over which the vessel exists. The EGL is amenable to homogenisation as its
microstructure is believed to be periodic as was discussed in the Introduction.

We begin by first considering a coordinate system which conforms to the vessel
geometry that we will use for this problem (Section 5.1) before using it to write
down the full governing equations for the microvessel in asymptotic form which
describe the full problem on both scales (Section 5.2). Using asymptotics, we sep-
arate the lumen flow problem from the EGL flow problem (Section 5.3). We then
employ homogenisation in the directions tangential to the vessel wall along with
singular perturbation theory in the normal direction to separate the macroscale
from the microscale (Section 5.4). This allows us to capture the effects of the mi-
crostructure using a unit cell problem that represents one periodic subunit of the
glycocalyx (Sections 5.4.1 and 5.4.2) and separate it from the macroscale equa-
tions which govern the flow over the whole vessel (Section 5.4.3). We then discuss
the geometry we use for both this microscale problem as well as the macroscale

62
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x1
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Glycocalyx
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Figure 5.1: An illustration of our microvessel along with the EGL that lines the
inside of the vessel. On the left, we have our microvessel which may have an un-
dulating geometry due to the presence of endothelial cells on its inner surface. On
the right, we see a zoomed in section of the periodic EGL. We define a coordinate
system x that conforms to the microvessel wall, taking our coordinates x1 and
x2 to be tangents to the surface of the vessel and x3 to be always normal to the
surface (note that the superscripts used here refer to contravariant components
and not exponents).

geometry (Section 5.5). In Section 5.6, we then discuss the numerical methods
that are used to solve both this unit cell problem that governs the microstructure
and the macroscale problem that governs the overall microvessel.

5.1 Wall conforming coordinate system

We begin by defining the coordinate system that we will be using for this model.
The type of geometry that we wish to model is illustrated in Figure 5.1. In this,
we have an undulating microvessel that is lined on the inside by the EGL. We
take the EGL to have a known microstructure that is periodic and as such, it is
composed of a single unit cell that is repeated multiple times tangentially to the
vessel surface.

Unlike in the biphasic mixture theory model, where a Cartesian coordinate
system was used, in the homogenisation model it is convenient to use a surface
conforming coordinate system, x, that follows the underlying shape of the mi-
crovessel. As we shall see in later sections, this will allow us to simplify a number
of our governing equations from three dimensions to two dimensions. As illus-
trated in Figure 5.1, we take x1 and x2 to be tangential to the microvessel wall
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and x3 to be normal to it so that x3 = 0 defines the surface of the microvessel wall
(note that, as will be explained in the next paragraph, the superscripts used here
refer to contravariant components and not exponents). As such, we also know
that x1 and x2 are the directions in which the EGL is periodic, another benefit
of using this coordinate system. This is needed as we will only be applying ho-
mogenisation in the periodic directions which are tangential to the vessel wall,
and singular perturbation theory to the normal directions.

As we are employing a surface conforming coordinate system, this necessitates
the use of tensor calculus to formulate our equations. As such, compared to the
earlier work in the previous two chapters for the biphasic mixture theory model,
we must now track the contravariant and covariant components of our variables as
they are no longer equivalent. We denote covariant components of tensors using
subscripts (ai) and contravariant components as (ai). This change also means
that the partial derivatives in our governing equations need to be replaced with
covariant derivatives. For full details of this process in terms of viscous flow, see
Langlois and Deville [43]. In what follows, we will summarise the key practical
details that are required for this work.

One of the main quantities that is required is the metric tensor, which allows us
to measure distances in this new coordinate system. If we assume that the surface
of our microvessel is given parametrically by x = f 1 (x1, x2), y = f 2 (x1, x2) and
z = f 3 (x1, x2), where f 1, f 2 and f 3 are known functions that define the vessel
shape (x, y, z denote Cartesian coordinates). Then a position in the coordinate
system near the the surface is given by

x = X1
(
x1, x2, x3

)
= f 1

(
x1, x2

)
+ n1

(
x1, x2

)
x3 (5.1)

y = X2
(
x1, x2, x3

)
= f 2

(
x1, x2

)
+ n2

(
x1, x2

)
x3 (5.2)

z = X3
(
x1, x2, x3

)
= f 3

(
x1, x2

)
+ n3

(
x1, x2

)
x3 (5.3)

where ni (x1, x2) gives the unit normal to the surface. Using this, the metric
tensor is given by

gij =
∂Xk

∂xi

∂Xk

∂xj
(5.4)

where repeated indices denote summation.
For a point on the surface (x3 = 0), which as we shall see in the following
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sections is where we will be evaluating this tensor, this simplifies to

g11 =

(
∂f 1

∂x1

)2

+

(
∂f 2

∂x1

)2

+

(
∂f 3

∂x1

)2

(5.5)

g12 = g12 =
∂f 1

∂x1

∂f 1

∂x2
+

∂f 2

∂x1

∂f 2

∂x2
+

∂f 3

∂x1

∂f 3

∂x2
(5.6)

g22 =

(
∂f 1

∂x2

)2

+

(
∂f 2

∂x2

)2

+

(
∂f 3

∂x2

)2

(5.7)

g13 = g31 = 0 (5.8)

g23 = g32 = 0 (5.9)

g33 = 1. (5.10)

The inverse metric tensor, gij, will also be required and is the matrix inverse of
gij.

In our governing equations, the partial derivatives become covariant deriva-
tives. We shall denote covariant derivatives by a subscripted comma followed by
an index, such as a,i. For a scalar, covariant differentiation simply results in the
normal partial derivative but this does not hold true for any quantity that has
direction. For instance, the covariant derivative of a contravariant vector is given
by

ai,j =
∂ai

∂xj
+ Γi

jka
k (5.11)

where Γi
jk is the Christoffel symbol of the second kind which is required to preserve

invariance of the derivative under coordinate transformation and occurs due to
the fact the direction of our basis vectors changes from point to point. This
Christoffel symbol is given by

Γk
ij =

1

2
gkm

(
∂gmj

∂xi

+
∂gim
∂xj

− ∂gij
∂xm

)
. (5.12)

Having defined the terms that we require from tensor calculus, we now consider
the governing equations for our model in tensorial form.

5.2 Governing equations

The geometry for this problem is shown in Figure 5.2. We first define the non-
dimensionalisation used for the problem. Distances are non-dimensionalised on
the radius of the microvessel, i.e. x = x∗/R, where R is the vessel radius.
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Microscale
Macroscale Interface (S(i))

Glycocalyx (S(f))

Endothelium (S(w))

V(e)

Figure 5.2: An illustration of the geometry used for this model. On the left we
have a microvessel viewed at the macroscale and on the right, a small section of
the microvessel is zoomed in to view a single unit cell at the microscale, the scale
at which the microstructure of the EGL exists.

Velocities are non-dimensionalised by u = u∗µL/∆PR2 where µ is the dynamic
viscosity of the blood plasma, L is the length of the vessel and ∆P is the average
pressure drop between the inlet and outlet of the vessel. Pressures and stresses
are non-dimensionalised according to P = P ∗L/∆PR, σ = σ∗L/∆PR. This
non-dimensionalisation is equivalent to the one used for the biphasic mixture
theory model.

Under this non-dimensionalisation, the governing Stokes flow equation for
fluid flow in the EGL-lined microvessel is given by

gjkui,jk = gijP,j in V(l) (5.13)

ui
,i = 0 in V(l) (5.14)

gjkvi,jk = gijP,j in V(e) (5.15)

vi,i = 0 in V(e) (5.16)

where V(l) is the volume occupied by the lumen and V(e) the volume occupied by
the EGL. u and v denotes fluid velocity in the lumen and EGL regions respectively
while P and P denote the pressure in the lumen and EGL regions respectively.

The boundary conditions for this problem are continuity of traction and fluid
velocity on the interface, S(i), and no-slip on the vessel wall and EGL filament
surface, S(w) ∪ S(f), i.e.

ui = vi on S(i) (5.17)

σijnj = τ ijnj on S(i) (5.18)

vi = 0 on S(w) ∪ S(f) (5.19)
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where σ and τ denotes the stress tensors for the lumen and EGL respectively
and n denotes the unit normal vector to the interface.

Furthermore, we are also required to match inlet and outlet conditions at the
entrance and exit of the microvessel

ui = ui
(−∞) on S

(−∞)
(l) (5.20)

ui = ui
(∞) on S

(∞)
(l) (5.21)

P = P(−∞) on S
(−∞)
(e) (5.22)

P = P(∞) on S
(∞)
(e) (5.23)

where S
(−∞)
(l) and S

(∞)
(l) represents the inlet and outlet surfaces for the lumen.

S
(−∞)
(e) and S

(∞)
(e) represents the inlet and outlet surfaces for the EGL. u(−∞) and

u(∞) denote prescribed inlet and outlet velocity conditions for the lumen while
P(−∞) and P(∞) denote prescribed inlet and outlet pressure conditions for the
EGL.

Note that we have made the choice to use velocity conditions for the lumen
and pressure conditions for the EGL for convenience as we shall later see that
solving the luminal flow necessitates solving a Stokes flow problem while solving
the EGL problem requires solving a Poisson type equation for pressure.

5.3 Thin EGL approximation

In order to proceed, we must now make some approximations regarding the rela-
tive sizes of our overall geometry compared to the size of the EGL microstructure.
In traditional homogenisation, the microstructure is periodic in all three direc-
tions and the process proceeds by assuming that this microstructure exists at a
much smaller scale compared to the vessel level geometry. However, in our case,
the periodicity only exists in the two direction tangential to the endothelial sur-
face and not in the direction normal to it and as such we cannot proceed in this
fashion directly.

Looking at physiological values for the EGL, we find that the periodic wave-
length is believed to be 20 nm, the glycocalyx size 6 nm and the EGL height
150 nm to 500 nm. All three of these values are much smaller than the length
scale of the vessel which has a radius of approximately 30 µm. In particular,
we can exploit the thinness of the EGL using singular perturbation theory in
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the direction normal to the surface and combine this with homogenisation in the
tangential directions where there is periodicity.

Furthermore, rather than periodicity in the normal direction, we must in-
stead match the luminal traction at the interface. This is in addition to the
pressure boundary conditions at the inlet and outlet that appear normally in
homogenisation for a porous region. This means that compared to traditional
homogenisation, we have two factors driving the flow, traction from the lumen
and pressure at the inlet and outlet of the EGL.

As such, we split our solution into two parts, one that satisfies the interface
traction condition and one that matches the inlet and outlet pressure. We write
this solution as

v = v̂ + v̀, (5.24)

where v̂ denotes the interface traction solution and v̀ denotes the solution that
satisfies the inlet and outlet pressure. Similarly, P = P̂+ P̀.

Next, we note that all three of length scales are of a similar magnitude (com-
pared to the vessel size of 30 µm) and so we define a small parameter value based
on the glycocalyx size, ε = 6nm/30 µm = 2× 10−4. Hence we seek an asymptotic
solution in powers of ε. For the flow driven by the inlet and outlet pressure, we
use the standard homogenisation expansion where the flow velocity in the porous
region would be of order O (ε2) for an O (1) pressure.

For the flow driven by the interfacial traction from the lumen, we find that
the standard O (ε2) flow is unable the match the interfacial traction even with a
thin matching layer at the interface (see Appendix A.1). As such, we find that
the flow velocity for this component needs to be of order O (ε) in order to match
the luminal traction while pressure remains O (1). Therefore, the asymptotic
expansions for the EGL are

v̂i = ε
(
v̂(0)
)i
+ ε2

(
v̂(1)
)i
+O

(
ε3
)

(5.25)

P̂ = P̂(0) + εP̂(1) +O
(
ε2
)

(5.26)

v̀i = ε2
(
v̀(0)
)i
+ ε3

(
v̀(1)
)i
+O

(
ε4
)

(5.27)

P̀ = P̀(0) + εP̀(1) +O
(
ε2
)
. (5.28)

We will continue to consider the pressure boundary condition solution even though
it is O (ε) smaller in the flow velocity both to ensure that we can match both
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boundary conditions and also in order to obtain the leading order solution for
pressure, to which both flow components make an O (1) contribution.

The lumen flow velocity would also be of order O (1) given that we have non-
dimensionalised distances on R, the radius of the microvessel, and as such the
corresponding asymptotic expansion for the lumen values is

ui =
(
u(0)
)i
+ ε
(
u(1)
)i
+O

(
ε2
)

(5.29)

P = P (0) + εP (1) +O
(
ε2
)
. (5.30)

Substituting these expansion into the governing equations, at leading order
for the lumen we obtain

gjk
(
u(0)
)i
,jk

= gij
(
P (0)

)
,j

in V(l) (5.31)(
u(0)
)i
,i
= 0 in V(l) (5.32)(

u(0)
)j

= 0 on S(i) (5.33)

where the boundary condition (5.18),

(
σ(0)
)ij

nj =
(
τ (0)
)ij

nj on S(i), (5.34)

has now become a matching condition for the EGL. Note that (5.33) matches
to zero at leading order because all flow velocities in the EGL are an order of
magnitude smaller than the lumen flow (similar to the biphasic mixture theory
model).

In the EGL, in order to capture the effect of the thin EGL layer in the normal
direction as well as the small periodic length scales in the tangential on the
stress, we rescale our coordinate system according to y = ε−1x. We will revisit
this rescaling and discuss it in more detail in the next section when perform
homogenisation on our equations. Using this, for the traction-driven flow, we
obtain (i.e. substituting (5.25) and (5.26) into (5.15), (5.16), (5.18) and (5.19))

gjk
[
ε
(
v̂(0)
)i
,jk

+ ε2
(
v̂(1)
)i
,jk

]
=

gij
[(

P̂(0)
)
,j
+ ε
(
P̂(1)
)
,j
+ ε2

(
P̂(2)
)
,j

]
+O

(
ε3
)

in V(e) (5.35)
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ε
(
v̂(0)
)i
,i
+ ε2

(
v̂(1)
)i
,i
+O

(
ε3
)
= 0 in V(e) (5.36)

(
σ̂(0)
)ij

nj + ε
(
σ̂(1)
)ij

nj + ε2
(
σ̂(2)
)ij

nj =(
σ(0)
)ij

nj + ε
(
σ(1)
)ij

nj + ε2
(
σ(2)
)ij

nj +O
(
ε3
)

on S(i) (5.37)

ε
(
v̂(0)
)i
+ ε2

(
v̂(1)
)i
+O

(
ε3
)
= 0 on S(w) (5.38)

ε
(
v̂(0)
)i
+ ε2

(
v̂(1)
)i
+O

(
ε3
)
= 0 on S(f) (5.39)

where we are enforcing the matching condition at the interface (5.18) but not the
pressure inlet and outlet condition ((5.22) and (5.23)), i.e. this O (ε) flow within
the EGL is driven purely by the O (1) tractions at the EGL-lumen interface. In
(5.37), we have an O (1) traction in the EGL despite the O (ε) flow due to the
fact our distances in the EGL scale like ε.

In this solution, we have not enforced that our inlet and outlet pressure be
zero as this would lead to an over specification of the boundary conditions for
this problem (as we will see in subsequent sections). As such, we must account
for the pressure induced at the inlet and outlet by this traction-driven flow when
enforcing the inlet and outlet pressure boundary conditions. We will denote the
leading order pressure induced at the inlet and outlet by this flow as P̂(0)

(−∞) and
P̂(0)
(∞) respectively which we can obtain once we have solved for this traction-driven

flow.
For the pressure-drive flow in the EGL, we obtain (substituting (5.27) and

(5.28) into (5.15), (5.16), (5.19), (5.22) and (5.23))

gjk
[
ε2
(
v̀(0)
)i
,jk

+ ε3
(
v̀(1)
)i
,jk

]
=

gij
[(

P̀(0)
)
,j
+ ε
(
P̀(1)
)
,j
+ ε2

(
P̀(2)
)
,j

]
+O

(
ε4
)

in V(e) (5.40)

ε2
(
v̀(0)
)i
,i
+ ε3

(
v̀(1)
)i
,i
+O

(
ε4
)
= 0 in V(e) (5.41)

ε
(
σ̀(0)
)ij

nj + ε2
(
σ̀(1)
)ij

nj + ε3
(
σ̀(2)
)ij

nj = 0 on S(i) (5.42)

ε2
(
v̀(0)
)i
+ ε3

(
v̀(1)
)i
+O

(
ε4
)
= 0 on S(w) (5.43)
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Figure 5.3: An illustration of the homogenisation process. Our overall vessel
shown on the upper left is composed of two parts, an overall vessel geometry
(right) and a much smaller periodic subunit (middle). A hypothetical pressure for
the overall vessel shown on the bottom left and this can be decomposed into two
parts by considering that it depends on two length scales simultaneously. That is
the pressure on the microscale, y, which is the small scale pressure fluctuations
caused by the repeating subunit and the pressure on the macroscale, x, which
is on the much larger length scale of the overall vessel, where the small scale
fluctuations caused by the microstructure have been averaged out.

ε2
(
v̀(0)
)i
+ ε3

(
v̀(1)
)i
+O

(
ε4
)
= 0 on S(f) (5.44)

(
P̀(0)
)
+ ε
(
P̀(1)
)
+O

(
ε3
)
= P(−∞) − P̂(0)

(−∞) on S(−∞) (5.45)(
P̀(0)
)
+ ε
(
P̀(1)
)
+O

(
ε3
)
= P(∞) − P̂(0)

(∞) on S(∞), (5.46)

where we enforce zero traction at the interface so that we do not interfere with
the matching of the luminal traction in the traction-driven flow. We also satisfy
the inlet and outlet pressure conditions ((5.22) and (5.23)) while taking into
account the additional pressure induced by the traction-driven flow (i.e. when
this solution is combined with the traction-drive flow, the additional pressure
terms will cancel off, leaving only the prescribed inlet and outlet pressure).

5.4 Homogenisation

For a detailed description of the process of homogenisation, the reader may refer
to a text such as Pavliotis and Stuart [55]. We briefly provide a short summary
of what this process entails before proceeding to apply it to our flow problem.
An illustration of homogenisation process can be seen in Figure 5.3.



CHAPTER 5. HOMOGENISATION MODEL 72

Our geometry for the vessel wall which is composed of the vessel wall and EGL
filament surface (S(w) ∪S(f)) is geometrically highly complex due to the presence
of the microstructure of the EGL. However, by exploiting the periodicity of the
microstructure, we can separate the EGL problem into two parts; a flow problem
governing the macroscopic level of the overall vessel and a flow problem involving
the microscopic repeating subunit of the EGL microstructure, that is the EGL
filaments.

When carrying out this process, we find that the details of the microscale prob-
lem decouples from the macroscale problem and hence we can solve the microscale
problem by considering a single subunit of the periodic EGL. Having obtained a
solution to this unit cell problem, we can then perform volume averaging on this
unit to obtain information that allows us to solve a volume averaged version of
the flow problem on the macroscale where the small scale geometry perturbations
caused by the EGL microstructure have been smoothed out.

The overall flow can then be viewed as the solution to the microscale problem
modulated by the bulk flow macroscale problem such as

v (x,y) = v (y)V (x) . (5.47)

This can alternatively be viewed as seeking solutions to the overall problem that
are separated into quantities that simultaneously depend upon the microscopic
variables and those that depend on the macroscopic variables.

In order to apply this process to our flow problem, we begin by consider-
ing the length scales that exist in our problem. Our original coordinate system,
(x1, x2, x3), measures macroscopic length scales. In order to perform homogenisa-
tion on this, we introduce two new variables that denote the fast varying length
scales of the periodic EGL, y1 = x1/ε and y2 = x2/ε. These variable point in the
y1 and y2 directions and hence are tangential to the surface.

As the EGL is not periodic in the normal direction, we do not have a corre-
sponding periodic length scale in the y3 direction. However, as we have a thin
length scale in the x3 direction, we will also perform an expansion on this in the
form y3 = x3/ε. Note however that although this has the same form as the earlier
two fast varying variables, the source of this is due to the thin layer rather than
a fast varying length scale. Furthermore, unlike the two fast variables which are
additional variables being introduced to the problem, this variable is taking the
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place of x3. Hence, our pressure and velocity are functions of five independent
variables, (x1, x2, y3, y1, y2).

If we now revisit the rescaling that we performed in the previous section that
was used to obtain the appropriate scaling for stress, we see that this was in fact
a rescaling for the x3 variable but was actually these two additional variables, y1
and y2, in the tangential periodic directions rather than just a rescaling.

In what follows, we will continue to include an x3 variable for ease of notation
when using index notation and the Einstein summation convention. However, it
should be remembered that both pressure and velocity are (macroscopic) surface
pressures and velocities and so are not functions of x3 and hence all derivatives
of pressure and velocity with respect to x3 will be zero.

Our differential operators now need to be expanded so as to recognise the two
different scales. Since derivatives of a scalar quantity are

a,i =
∂a

∂xi
(5.48)

by expanding the partial derivatives, we have

a,i =
∂a

∂xi
+

1

ε

∂a

∂yi
(5.49)

For a contravariant vector, we have

ai,j =
∂ai

∂xj
+ Γi

jka
k (5.50)

giving us

ai,j =
∂ai

∂xj
+ Γi

jka
k +

1

ε

∂a

∂yi
(5.51)

where Γi
jk is the Christoffel symbol of the second kind which is explained in

Section 5.1.
The expansion for the Laplacian term is given in

ai,jk =
∂

∂xk

(
∂ai

∂xj
+ Γi

jla
l

)
+ Γi

km

(
∂am

∂xj
+ Γm

jla
l

)
− Γm

jk

(
∂ai

∂xm
+ Γi

mla
l

)
(5.52)

which gives us

ai,jk =
∂

∂xk

(
∂ai

∂xj
+ Γi

jla
l

)
+

∂

∂xk

(
1

ε

∂ai

∂yj

)
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+
1

ε

∂

∂yk

(
∂ai

∂xj
+ Γi

jla
l

)
+

1

ε

∂

∂yk

(
1

ε

∂ai

∂yj

)
+ Γi

km

(
∂am

∂xj
+ Γm

jla
l

)
+ Γi

km

(
1

ε

∂am

∂yj

)
− Γm

jk

(
∂ai

∂xm
+ Γi

mla
l

)
− Γm

jk

(
1

ε

∂ai

∂ym

)
. (5.53)

The full working to obtain this term along with further simplification is given in
Appendix A.2.

5.4.1 Traction-driven flows

Substituting these expanded covariant derivatives, (5.49), (5.51) and (5.53), into
the governing equations for the traction boundary condition solution, (5.35) and
(5.36), and collecting terms we obtain (see Appendix A.3.1 for full working)

ε−1

[
−gij

∂ P̂(0)

∂yj
+ gjk

∂2
(
v̂(0)
)i

∂yj∂yk

]
+

[
−gij

∂ P̂(1)

∂yj
− gij

∂ P̂(0)

∂xj
+ gjk

∂2
(
v̂(1)
)i

∂yj∂yk

]

+ gjk

[
∂2
(
v̂(0)
)i

∂xj∂yk
+

∂2
(
v̂(0)
)i

∂xk∂yj
+

∂

∂yk

(
Γi
jl

(
v̂(0)
)l)

+ Γi
km

∂
(
v̂(0)
)m

∂yj
− Γm

jk

∂
(
v̂(0)
)i

∂ym

]
+O

(
ε1
)
= 0 in V(e) (5.54)

and continuity

∂
(
v̂(0)
)i

∂yi
+ ε

(
∂
(
v̂(1)
)i

∂yi
+

∂
(
v̂(0)
)i

∂xi
+ Γi

ik

(
v̂(0)
)k)

+O
(
ε2
)
= 0 in V(e). (5.55)

From O (ε−1) terms in (5.54) we have

− gij
∂ P̂(0)

∂yj
+ gjk

∂2
(
v̂(0)
)i

∂yj∂yk
= 0, (5.56)

combining this with the order O (1) terms in (5.55)

∂
(
v̂(0)
)i

∂yi
= 0 (5.57)

i.e. the microscopic flow is Stokesian. This flow is subject to the traction matching
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condition, (5.37), which at leading order is

(
σ̂(0)
)ij

nj =
(
σ(0)
)ij

nj on S(i). (5.58)

Due to the linearity of these governing equations, we can solve for a unit traction
forcing on this interface in each direction, multiply their solutions with the luminal
traction and then add these terms together to obtain the full traction-drive flow.
These solutions therefore have the form

(
v̂(0)
)i
(x,y) = αi

l (y) f̂
l (x) (5.59)

P̂(0) (x,y) = θl (y) f̂
l (x) (5.60)

where f̂ l (x) =
(
σlj
)(0)

nj and αi
l satisfies

−gij
∂θl
∂yj

+ gjk
∂2αi

l

∂yj∂yk
= 0 (5.61)

∂αi
l

∂yi
= 0 (5.62)

F̂i
l = δil on S(i) (5.63)

αi
l = 0 on S(w) (5.64)

αi
l = 0 on S(f) (5.65)

where F̂i
l denotes the ith component of the traction vector for lth solution and

δij denotes the Kronecker delta. In addition, this flow is also subject to periodic
boundary conditions in y1 and y2.

Solving these equations ((5.61)–(5.65)) allows us to find the leading order
solution for the traction-driven flow. We can also consider the flow at the next
order which is done in Appendix A.3.3.

5.4.2 Pressure-driven flow

Next, we consider the pressure-driven flow. Substituting (5.49), (5.51) and (5.53)
into equations (5.40) and (5.41), we obtain (full workings given in A.3.2)

− ε−1gij
∂ P̀(0)

∂yj
+

[
−gij

∂ P̀(1)

∂yj
+ gjk

∂2
(
v̀(0)
)i

∂yj∂yk
− gij

∂ P̀(0)

∂xj

]
+O

(
ε1
)
= 0 in V(e)

(5.66)



CHAPTER 5. HOMOGENISATION MODEL 76

and conservation of mass

ε
∂
(
v̀(0)
)i

∂yi
+ ε2

(
∂
(
v̀(1)
)i

∂yi
+

∂
(
v̀(0)
)i

∂xi
+ Γi

ik

(
v̀(0)
)k)

+ O
(
ε3
)
= 0 in V(e).

(5.67)

The boundary conditions, (5.42)–(5.46), are unchanged by this expansion of
derivatives into two length scales.

From O (ε−1) terms in (5.66) we have

− gij
∂ P̀(0)

∂yj
= 0 (5.68)

which tells us that at leading order, pressure only depends on the macroscopic
length scale (i.e. P̀(0) (x,y) = P̀(0) (x)) as the metric tensor is non-zero. This
also means that at leading order, pressure is constant through the thickness of
the EGL because, as we recall from Section 5.4, pressure is not a function of x3

(as this variable has been replaced by y3).
From O (ε) terms in (5.66) we have

− gij
∂ P̀(1)

∂yj
+ gjk

∂2
(
v̀(0)
)i

∂yj∂yk
= gij

∂ P̀(0)

∂xj
(5.69)

and from O (ε) of (5.67) we have

∂
(
v̀(0)
)i

∂yi
= 0 (5.70)

which is a Stokes flow problem on the microscale, y, with a gij ∂ P̀
(0)

∂xj forcing term.
Due to the linearity of the governing equations, we can solve for each forcing term
separately and then add these terms together. These solutions would have the
form (

v̀(0)
)i
(x,y) = βi

l (y) g
lj (x)

∂ P̀(0)

∂xj
(x) (5.71)

where βi
l satisfies the equations

−gij
∂πl

∂yj
+ gjk

∂2βi
l

∂yj∂yk
= δil (5.72)

∂βi
l

∂yi
= 0 (5.73)
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F̀i
l = 0 on S(i) (5.74)

βi
l = 0 on S(w) (5.75)

βi
l = 0 on S(f) (5.76)

in each unit cell, where F̀i
l is the ith component of the traction vector for lth

solution. In addition, we also have boundary conditions that enforce periodicity
in the y1 and y2 directions.

These solutions satisfy the forcing terms in the equations and contribute noth-
ing to the traction boundary conditions on the interface. It should be noted that
P̀(0) (x) is still unknown at this stage as there is a pressure jump across the inter-
face due to moving from a non-porous to porous region. In the next section, we
will show how we can derive a macroscopic pressure equation which can then be
solved subject to the inlet and outlet pressure conditions to determine P̀(0) (x).

5.4.3 Macroscopic pressure equation

The previous section provides us with a solution for our pressure-driven flow
modulated by ∂ P̀(0)

∂xj . As there is a pressure jump across the interface due to
moving from a porous to non-porous media, P̀(0) is still unknown. In order to
find this unknown pressure, we now integrate our pressure-driven flow velocity,
(5.71), over the microscale, giving us

{
v̀(0)
}i

(x) = (Kβ)
i
l g

lj (x)
∂ P̀(0)

∂xj
(x) (5.77)

where
(Kβ)

i
l =

1

Vp

∫
Vp

βi
l (y) dV (y) , (5.78)

Vp is the volume of a single unit cell and
{
v̀(0)
}

is the unit-cell-averaged velocity

(i.e. the velocity that only depends on the x variables). We can do this as glj ∂ P̀(0)

∂xj

only depends on the macroscopic x variables and not the microscopic y variables.
From the O (ε2) terms of (5.67) we have

∂
(
v̀(1)
)i

∂yi
+

∂
(
v̀(0)
)i

∂xi
+ Γi

ik

(
v̀k
)(0)

= 0 (5.79)

This equation represents a version of continuity where any accumulation or dissi-
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pation of the first order correction on the microscale
(

∂
(
v̀(1)

)i
∂yi

)
has to be matched

by an opposing accumulation or dissipation of the leading order on the macroscale.
This might occur if there was some form of internal process in the unit cell that
is causing an accumulation or dissipation of fluid.

However, as we have no such internal process, we assume that ∂
(
v̀(1)

)i
∂yi

= 0 and
therefore have

∂
(
v̀(0)
)i

∂xi
+ Γi

ik

(
v̀k
)(0)

= 0 (5.80)

Taking the divergence of (5.77) with respect to the macroscopic coordinate
gives us {(

v̀(0)
)i}

,i
=

{
(Kβ)

i
l g

lj ∂ P̀(0)

∂xj

}
,i

(5.81)

Using the fact that the tensors (Kβ) is constant, along with Ricci’s Lemma (gij,k =

0, [43]), we obtain {(
v̀(0)
)i}

,i
= (Kβ)

i
l g

lj

{
∂ P̀(0)

∂xj

}
,i

(5.82)

Expanding the covariant derivatives in (5.82),

∂
(
v̀(0)
)i

∂xi
+ Γi

im

(
v̀(0)
)m

= (Kβ)
i
l

[
glj

(
∂2P̀(0)

∂xj∂xi
− Γm

ji

∂ P̀(0)

∂xm

)]
(5.83)

and combining this with equation (5.80) gives us our governing equation for the
pressure

(Kβ)
i
l

[
glj

(
∂2P̀(0)

∂xj∂xi
− Γm

ji

∂ P̀(0)

∂xm

)]
= 0 (5.84)

5.4.4 Combined solution

Combining our solutions that solve the traction boundary condition (5.59) and
the pressure boundary condition (5.71), we obtain an overall solution

vi =
(
v̂(0)
)i
+ ε
[(
v̂(1)
)i
+
(
v̀(0)
)i] (5.85)

= αi
lf

l + ε

[
κi
lm

∂f l

∂xm
+ βi

l

(
glj

∂ P̀(0)

∂xj

)]
(5.86)

P = P̂(0) + P̀(0) (5.87)
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that satisfies inlet and outlet pressure conditions as well as continuity of interfacial
traction.

5.4.5 Integrated quantities

We can also perform a volume integral on the traction-driven flow, (5.59), to
obtain

{
v̂(0)
}i

(x) = (Kα)
i
l f̂

l (x) (5.88)

(Kα)
i
l =

1

Vp

∫
Vp

αi
l (y) dV (y) (5.89)

where
{
v̂(0)

}
is the unit-cell-averaged velocity for the traction-driven flow. This

provides us with a method to evaluate the leading order EGL flow velocity on
the macroscale.

However, as in the earlier work with the biphasic mixture theory model, our
main quantities of interest is not the flow within the EGL but rather the shear
stress that is induced on the vessel wall by blood flow. As such, in addition to
being able to evaluate the flow in the EGL, we also wish to seek methods by
which we can determine the amount of shear stress on the vessel wall that this
flow generates in the homogenisation model.

In order to do this, we write an expansion for vessel wall shear stress, just as
we have for velocity. For the traction-driven flow, this would have the form(

F̂(0)
)i

(x,y) = γi
l (y) f̂

l (x) (5.90)

where F̂
(0) denotes the full vessel wall shear stress (taking into account both

length scales) and γ is the tensor that captures vessel wall shear stress on the
microscale. This quantity is only defined on the vessel wall S(w) (i.e. y3 = 0).
γ can be obtained by evaluating the shear stress on the vessel wall once we have
solved its corresponding unit cell problem.

We can then produce a unit-cell-averaged wall shear stress for the traction-
driven flow in the same way as we have for the velocity but this time using a
surface integral (as the wall stress is only defined on the vessel wall). This gives
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us {
F̂(0)
}i

(x) = (Kγ)
i
l f̂

l (x) (5.91)

(Kγ)
i
l =

1

Sp

∫
Sp

γi
l (y) dV (y) (5.92)

where Sp denotes the total surface area of the vessel wall in a unit cell.
Repeating this process for the pressure-driven flow, we obtain

{
F̀(0)
}i

(x) = (Kδ)
i
l g

lj (x)
∂ P̀(0)

∂xj
(x) (5.93)

(Kδ)
i
l =

1

Sp

∫
Sp

δil (y) dV (y) (5.94)

where δ represents the vessel wall shear stress obtained from the unit cell problem
for the pressure-driven flow, (5.72)–(5.76).

These unit-cell-averaged wall shear stresses are analogous to the fluid shear
stress obtained in the biphasic mixture theory model. The elastic shear stress
from the biphasic mixture theory model represents the amount of mechanical
stress that is transferred through the glycocalyx to the vessel wall. In our ho-
mogenised model, this quantity is now directly captured as the torque that is
induced on the vessel wall by the forces bending the glycocalyx which can be
evaluated as we are now directly modelling the glycocalyx microstructure.

This torque can be computed in the unit cell by first calculating the force per
unit length experienced by the glycocalyx at a given height (y3). This force per
unit length can then be further integrated over y3 to obtain the torque. Doing
this for the traction driven flow, we obtain

(Kε)
i
l =

∫ hmax

hmin

h

∫
Cp(y1,y2,y3=h)

F̂i
l

(
y1, y2, y3 = h

)
dC
(
y1, y2

)
dh (5.95)

where Cp (y
1, y2, y3 = h) denotes the perimeter curve of the cross-section of the

glycocalyx at y3 = h and hmin ≤ y3 ≤ hmax defines the extent of the unit cell in
the y3 direction.

Kε can then be used to determine the torque experienced at the macroscale
using the equation (

τ̂ (0)
)i
(x) = (Kε)

i
l f̂

l (x) (5.96)

where τ̂ denotes the torque experienced on the vessel wall at the macroscale.
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Finally, we can repeat this process for the pressure-driven flow to obtain

(Kζ)
i
l =

∫ hmax

hmin

h

∫
Cp(y1,y2,y3=h)

F̀i
l

(
y1, y2, y3 = h

)
dC
(
y1, y2

)
dh (5.97)

(
τ̀ (0)
)i
(x) = (Kζ)

i
l g

lj (x)
∂ P̀(0)

∂xj
(x) . (5.98)

In summary, we have defined six tensors which have been obtained by perform-
ing integrals over the microscale. Using these tensors, we can obtain the unit-
cell-averaged velocities (Kα and Kβ), the unit-cell-averaged wall shear stresses
(Kγ and Kδ) and the torque (Kε and Kζ) on the macroscopic vessel geometry.

5.5 Geometry

5.5.1 Unit cell geometry

Glycocalyx structure

Having developed the equations that govern the homogenisation theory model,
we now specify the specific geometries that are representative of some of the
suggested EGL hydrodynamic structures discussed in the physiological literature
in Section 4.1.

Based on this, we consider two different geometries for our glycocalyx in this
work. In the first, which we call the core protein model, we adopt a geometry
similar to Weinbaum et al. [83], who computed flow past a two dimensional
hexagonal array of circular cylinders to model the glycocalyx. In this case, rather
than taking spheres as scattering centres, we treat the core protein as a single
cylinder that extends through the length of the EGL. This cylinder is assumed
to have a radius of 20 nm and we take our EGL to be 100 nm in height. This
geometry is depicted in Figure 5.4.

For our second geometry, we adopt the scattering centre structure proposed
by Squire et al. [68] and used by Weinbaum et al. [83] which we call the aggregated
GAGs model. This geometry is depicted in Figure 5.5 and we again take the EGL
to be 100 nm thick. With a spacing of 20 nm, we can fit five spherical particles
along the thickness of the EGL. As the core proteins are typically assumed to
originate from an anchoring foci and only take their array structure some distance
away from the endothelial surface, we choose to start the first spherical particle
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100 nm
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Periodic

Periodic

Periodic

20 nm

20 nm

12 nm

20 nmVessel wall
(no slip)

Glycocalyx
(no slip)

Interface
(applied traction)

Periodic

Figure 5.4: Diagram illustrating the core protein model for the glycocalyx for
a (Left) isometric, (Middle) side and (Right) top-down view. In this, we take
the glycocalyx to composed of a core protein that is modelled as a cylinder with
radius 6 nm that extends through the whole EGL (taken to be 100 nm thick). In
addition, these core proteins are assumed to be arranged in a rectangular grid on
the vessel wall. As discussed in Sections 5.4.1 and 5.4.2, the boundary conditions
for the glycocalyx and vessel wall are taken to be no slip, while the interface has
either an applied traction or zero traction.

at the maximum distance possible away from the surface while still fitting all five
particles. This results in the first particle being centred 20 − 6 = 14 nm above
the vessel wall and the topmost particle touching the interface.

In addition, we are also interested in investigating the effects of the two pro-
posed types of periodicity for the core proteins of the EGL, that is rectangular
periodicity and hexagonal periodicity. As such, we also consider these two differ-
ent possible arrangements of the core protein lattice for both glycocalyx geome-
tries. This is illustrated in Figure 5.6. By studying these two different extremes
for the lattice arrangement, we hope to explore what effects lattice arrangement
can have on quantities such as the permeability and what effect this has on the
amount of stress transmitted from the lumen to the vessel wall.

5.5.2 Microvessel geometry

In addition to the unit cell geometry that represents the microscale, we also
need to specify the overall vessel geometry that represents the macroscale. To
facilitate comparison between this model and the biphasic mixture theory model,
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Vessel wall
(no slip)

Glycocalyx
(no slip)

Interface
(applied traction)

Periodic

14 nm

Periodic

Periodic

20 nm
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12 nm

Figure 5.5: Diagram illustrating the aggregated GAGs model for the glycocalyx
for a (Left) isometric, (Middle) side and (Right) top-down view. In this, we take
the glycocalyx to composed of fibres which are modelled as a spherical particles
with radius 6 nm that occur at 20 nm intervals above the vessel wall. These ex-
tend through the whole EGL which is taken to be 100 nm thick. In addition,
tangentially to the vessel wall, these fibres are assumed to be arranged in a rect-
angular grid. As discussed in Sections 5.4.1 and 5.4.2, the boundary conditions
for these fibres and vessel wall are taken to be no slip, while the interface has
either an applied traction or zero traction.

20 nm

12 nm

20 nm

(a)

20 nm

20 nm

12 nm

(b)

Figure 5.6: Top-down view of the two different types of periodicity that we test
in this work. (a) rectangular and (b) hexagonal periodicity. In both cases, the
spacing between core proteins (or spherical particles) is taken to be 20 nm and
the glycocalyx diameter is taken to be 12 nm.
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we employ the same microvessel geometry as was used previously in Chapter 3.
This geometry represents a straight section of post capillary venule that has an
elliptical cross-section and an average radius of approximately 30 µm. Endothelial
cells line the vessel wall, creating a microvessel that is undulating. For a detailed
description of this geometry and how it was constructed, refer to Section 2.3.1.

5.6 Computational techniques

Having developed the equations that govern the homogenisation theory model,
we now turn to developing computational methods to solve these equations for
a given geometry. In order to solve the pressure equation, (5.84), we must first
obtain our corresponding permeability values (Kβ) which can be done by solving
the microscopic equations given by (5.61)–(5.65) and (5.72)–(5.76).

Once these Kβ values have been obtained, we can then solve the macroscopic
pressure equations, (5.84), for the pressure-driven solution in order to obtain the
macroscopic pressure in the EGL, P̀(0), and hence have solved the system.

Using these values, we can then obtain any measures that we desire. such as
the traction on the endothelial surface or torque generated by the EGL. We shall
look at the computational methods used to solve each of these systems in turn,
starting with the methods to solve the microscopic equations.

5.6.1 Unit cell flows

The microscopic equations, (5.61)–(5.65) and (5.72)–(5.76), both have a similar
form but are subject to different forcing conditions. The microscopic equations
associated with the traction (5.61)–(5.65) are subject to a unit forcing condition
at the interface and the ones associated with the pressure (5.72)–(5.76) are subject
to a unit body force.

In both cases, the equations are subject to periodic boundary conditions in
the tangential directions. Hence, in order to solve these equations, we only need
to consider a single unit cell if we enforce periodicity in our computational model.

Simplification of equations

Both of these systems of equations have a form similar to Stokes flow but note
that these are not actually the Stokes flow equations for a curvilinear coordinate
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system as the Christoffel symbols that would normally be present in such a system
are not present as they are of higher order. Despite this, we see that if we were
in a Cartesian coordinate system, we would recover the Stokes flow equations
exactly due to the Christoffel symbols being zero in such a coordinate system.

In order to simplify the process of solving our unit cell flows, we wish to
transform our governing equations, (5.61)–(5.65) and (5.72)–(5.76), so that they
become equivalent to the Stokes flow equations in Cartesians allowing us to apply
a standard Stokes flow solver to the system.

To begin, we must first diagonalise our metric tensor. In general, our curvilin-
ear coordinate system x may not be orthogonal and hence the metric tensor may
not be diagonal. Forming such an orthogonal coordinate system can be a difficult
task for a general curvilinear coordinate system. However, rather than actually
forming this coordinate system, we can work out the transformation required at
each point in the domain that is required to transform from our non-orthogonal
curvilinear coordinate system, to a coordinate system that has been sheared so
that it is orthogonal.

Then, if we compute our tensors Kα and Kβ assuming a orthogonal coordi-
nate system, we can now convert them from the orthogonal coordinate system
where they were computed to our curvilinear coordinate system x, which may
not be orthogonal. To compute the transformation, we form two vectors that are
tangential to the surface

v1 =


∂f1
∂x1

∂f2
∂x1

∂f3
∂x1

 (5.99)

and

v2 =


∂f1
∂x2

∂f2
∂x2

∂f3
∂x2 .

 (5.100)

Taking the unit vectors of these vectors, w1 = v1/ |v1| and w2 = v2/ |v2|, we find
the unit normal vector to the surface using the cross product w3 = w1 × w2. We
can then work out a new transformed w2 tangent vector by taking w2 = w1×w3.

The transformation between these two coordinate systems is then given by

∂si
∂sj

=
∂si
∂fk

∂fk
∂sj

(5.101)
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=

[
∂fk
∂si

]−1
∂fk
∂sj

(5.102)

where
∂fk
∂si

=
(
v1, v2, w3

)
(5.103)

and
∂fk
∂sj

=
(
v1, w2, w3

)
(5.104)

Finally, we can transform our tensors (such as Kα and Kβ) from the coordinate
system with a diagonal metric tensor back to our original coordinate system using
the tensor transformation rule

Ki
j =

∂si

∂sm
∂sn

∂sj
Km

n (5.105)

applied in turn to each tensor.
Having shown that we can assume our metric tensor is diagonal, we shall now

demonstrate that by performing mathematical rescalings of our variables and
coordinates, we are able to rewrite these equations as Stokes flow in Cartesians.
Given a diagonal metric tensor with the form

g =


a2 0 0

0 b2 0

0 0 c2

 , (5.106)

we can write our microscopic equations as

a2
∂2Λ1

l

∂r12
+ b2

∂2Λ1
l

∂r22
+ c2

∂2Λ1
l

∂r32
− a2

∂θl
∂r1

= 0 (5.107)

a2
∂2Λ2

l

∂r12
+ b2

∂2Λ2
l

∂r22
+ c2

∂2Λ2
l

∂r32
− b2

∂θl
∂r2

= 0 (5.108)

a2
∂2Λ3

l

∂r12
+ b2

∂2Λ3
l

∂r22
+ c2

∂2Λ3
l

∂r32
− c2

∂θl
∂r3

= 0 (5.109)

∂Λ1
l

∂r1
+

∂Λ2
l

∂r2
+

∂Λ3
l

∂r3
= 0 (5.110)

subject to

(fβ)
j
l = el on S(i) (5.111)

βj
l = 0 on S(w) and S(f) (5.112)
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where e denotes a unit vector.
If we now let Λ1

l = aΥ1
l , Λ2

l = bΥ2
l and Λ3

l = cΥ3
l , we obtain

a3
∂2Υ1

l

∂r12
+ ab2

∂2Υ1
l

∂r22
+ ac2

∂2Υ1
l

∂r32
− a2

∂θl
∂r1

= 0 (5.113)

a2b
∂2Υ2

l

∂r12
+ b3

∂2b2l
∂r22

+ bc2
∂2Υ2

l

∂r32
− b2

∂θl
∂r2

= 0 (5.114)

a2c
∂2Υ3

l

∂r12
+ b2c

∂2Υ3
l

∂r22
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∂2Υ3
l

∂r32
− c2

∂θl
∂r3

= 0 (5.115)

a
∂Υ1

l

∂r1
+ b

∂Υ2
l

∂r2
+ c

∂Υ3
l

∂r3
= 0 (5.116)

Rescaling our coordinates according to r1 = as1, r2 = bs2 and r3 = cs3 then
gives us

∂2Υ1
l

∂s12
+

∂2Υ1
l

∂s22
+

∂2Υ1
l

∂s32
− ∂θl

∂s1
= 0 (5.117)

∂2Υ2
l

∂s12
+

∂2b2l
∂s22

+
∂2Υ2

l

∂s32
− ∂θl

∂s2
= 0 (5.118)

∂2Υ3
l

∂s12
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∂2Υ3
l

∂s22
+

∂2Υ3
l

∂s32
− ∂θl

∂s3
= 0 (5.119)

∂Υ1
l

∂s1
+

∂Υ2
l

∂s2
+

∂Υ3
l

∂s3
= 0 (5.120)

i.e. the Stokes equations in Cartesians. Note that this final equation is no longer
a tensor equation and no longer transforms as a tensor. Also, as we have applied
a transformation to our coordinates, our geometry in this system is warped by
the scale of our diagonal components of the metric tensor. Furthermore, although
we have not explicitly written the form for the traction interface conditions, these
would similarly be warped by these transformations.

This warping would mean that even though we have successfully removed
the macroscopic dependence from our governing equations, we would still have
macroscopic dependence through our geometry if we were to take our initial
untransformed geometry as constant. In such a case, we would have to solve the
microscopic problem for a variety of different values of our metric tensor and our
K values would vary according to the metric tensor.

In this work, we take a different approach. As it is not known how exactly the
EGL would stretch to conform to a non-flat geometry, such as what might exist
on the curved inner surfaces of a microvessel, we will take the EGL shape to be
constant in our transformed s1, s2, s3 geometry. This will then mean that in the



CHAPTER 5. HOMOGENISATION MODEL 88

untransformed physical space, the EGL geometry will be stretched according to
the metric tensor.

This will also yield a constant permeability, K, value in transformed space,
irrespective of the value of the metric tensor and hence we would only have to
solve the microscale problem once. Therefore, solving the microscopic problem
involves solving four periodic Stokes flow problems, that is two flows forced by
unit tractions at the interface and two flows forced by body forced (one for each
tangential direction), for each geometry considered. The problems where forcing
is applied normally to the surface result in purely hydrostatic pressure and hence
do not need to be computationally solved.

Computational method

In order to solve these Stokes flow problems, the COMSOL Multiphysics software
package was used. This package is a commercial finite element based solver which
among other things can be used to solve fluid flow problems. In this case, the
Creeping Flow Interface from the CFD Module was used with a stationary study
(the type of scheme used in COMSOL when the problem is not time dependent).

The geometry of the EGL was created in COMSOL using the inbuilt Com-
puter Aided Design (CAD) tools. The geometry was then meshed directly in
COMSOL using a physics-controlled mesh with an element size of either normal,
fine or finer. The physics-controlled mesh increases resolution of the mesh near no
slip surfaces. For a unit cell with square cross-section, this produced meshes with
approximately 50 000, 100 000 and 300 000 elements for element sizes of normal,
fine and finer respectively.

Since COMSOL solves the flow equations in dimensional form, fluid properties
were all taken to be of unit value as these have been non-dimensionalised out in
the derivation of the governing equations.

The boundary conditions applied were no slip (wall condition with no slip
setting in COMSOL) at the endothelial and EGL surfaces and periodic flow con-
ditions at opposite surfaces in the tangential (s1 and s2) directions as illustrated
in Figure 5.7(a). Finally, either unit traction (boundary stress condition with
general stress setting in COMSOL) was applied at the top surface (the inter-
face) or a zero traction surface was applied at the top surface with a unit body
force (volume force in COMSOL) applied throughout the domain to solve the
traction-driven flow, (5.61)–(5.65), and the pressure driven flow, (5.72)–(5.76),
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(a) (b)

Figure 5.7: (a) An example of the EGL microstructure geometry created in
COMSOL. The volume illustrated is the flow domain where the fluid flows around
the cylindrically shaped EGL in the centre. The highlighted surfaces are an
example of opposite periodic surfaces. (b) An example mesh used in COMSOL.

respectively. An example mesh is shown in Figure 5.7(b).
Convergence of each simulation was verified by refining the mesh in COMSOL.

An example of this showing the convergence of the x component of velocity and
stress for the hexagonal unit cell subject to the unit body force is shown in
Figure 5.8. We find that for a COMSOL element size of normal, the velocity
field and stress appears to be converged other than some checker-box type stress
artefacts on the upper-most sphere. These artefacts decrease with increasing
mesh size and do not appear to affect the global convergence of the solution.

Checking our integrated quantities, we find that for this hexagonal unit cell,
the permeability, Kβ = 4.228× 10−1, 4.236× 10−1 and 4.236× 10−1 for COM-
SOL element sizes of normal, fine and finer respectively. Similarly, we find
Kδ = −9.323× 10−1 (normal), −9.325× 10−1 (fine), −9.323× 10−1 (finer) and
Kζ = −9.042× 102 (normal), −8.862× 102 (fine), −8.864× 102 (finer). As such,
in this case, we take an COMSOL element size of fine to be converged.

The computational model was verified by considering a unit cell without any
geometry present other than the lower boundary. As seen in Figure 5.9(a,c),
the expected analytic result for shear flow (u = z) is recovered for the case of
interfacial traction forcing. For a unit body force, the expected parabolic velocity
profile, u = −0.5z2+hz, for an unhindered flow is also recovered (Figure 5.9(b,d),
h denotes the height of the unit cell). See Appendix A.4 for a derivation of these
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(a) (b) (c)

(d) (e) (f)

Figure 5.8: Plots of the x component of (a,b,c) velocity and (d,e,f) stress for a
regular hexagonal unit cell subject to a unit body force in the x direction. Plots
show the convergence of velocity and stress as we decrease the element size, going
from a COMSOL element size of (a,d) normal to (b,e) fine and (c,f) finer.
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analytic solutions.
Each simulation took approximately 8 minutes for a normal element size, 15

minutes for a fine element size and 40 minutes for a finer element size on a four
core desktop computer. As 40 simulations were required to produce a full set of
results for each resolution (details of the simulations done will be discussed in
the next Chapter), this equates to a total time of approximately 5 hours for the
normal element size and 10 hours for the fine element size. Simulations for the
finer element size were only conducted when convergence was unclear from the
earlier two simulations.

In order to obtain the required Kα and Kβ values, volume average integrals of
each component of velocity were computed using COMSOL for each forcing. Each
of these build one column of the relevant tensors such as the permeability tensor.
Similarly, Kγ and Kδ are obtained by performing surface average integrals on
each component of total stress on the vessel wall. Finally, the Kε and Kζ tensors
are obtained by performing surface integrals of the total stress multiplied by the
z variable over the boundaries of the glycocalyx.

5.6.2 Macroscopic pressure

Having solved the microscopic problem and obtained the permeability, Kβ, we
now turn to solving the macroscopic equation, (5.84) to determine P(0). This
requires numerically determining the metric tensor, g, and Christoffel symbols
which can be done using finite differences. Recall (5.84) is being solved on the
two dimensional surface embedded in three dimensional space which represents
the wall of the vessel and so P(0) is only a function of x1 and x2 and not x3, due
to the fact the EGL layer is taken to be asymptotically thin. We chose to employ
a simple finite different method to solve (5.84), since it is a scalar PDE.

Finite difference method

In order to solve (5.84) we employ bespoke finite difference method code, created
in Matlab. Stencils were chosen to give O (hx1), O (hx2) accuracy, where hx1 and
hx2 are the finite difference step sizes in x1 and x2 respectively. The stencils
employed can be seen in Appendix A.5.

The code also assumes that the problem is periodic in the x2 direction (as we
are dealing with vessels that have a tube-like shape). This was implemented by
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Figure 5.9: Plots of the x component of velocity for a unit cell with no glycocalyx
present subject to (a,c) a unit traction forcing at the interface and (b,d) a unit
body force. Both forcings were applied in the x direction. Plots (c,d) show the
velocity profile obtained from COMSOL as a solid line along with the expected
analytic profiles as crosses.
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Figure 5.10: Diagram illustrating the finite difference grid employed. Grid points
range from 0 to m in the x1 (horizontal) direction and 0 to n in the x2 (vertical)
direction. The grid is assumed to be periodic in the x2 direction and hence, the
bottom most grid points are assumed to repeat at the top. The inlet and outlet
pressure boundary conditions are specified on the x1 boundaries.

assuming the grid wraps around in the x2 direction and hence the finite difference
grid point at x2 = x2max is omitted (where x2min ≤ x2 ≤ x2max is the domain
size) and any stencils requiring it will employ the P̀(0) value of the bottom most
grid point instead. Similarly any stencils requiring a grid point below x2 = x2min

would use the top most grid point which is located at x2 = x2max − hx2 . This is
illustrated in Figure 5.10.

Expanding equation (5.84), we have

a
∂2P̀(0)

∂x1
2

+ b
∂2P̀(0)

∂x1∂x2

+ c
∂2P̀(0)

∂x2
2

+ d
∂ P̀(0)

∂x1

+ e
∂ P̀(0)

∂x2

= 0 (5.121)

with
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Applying our stencils to this, we obtain

1

(hx1)
2 (−ai−1,jPi−1,j + ai,jPi,j − ai+1,jPi+1,j)

+
1

4hx1hx2

(bi−1,j−1Pi−1,j−1 − bi−1,j+1Pi−1,j+1 − bi+1,j−1Pi+1,j−1 + bi+1,j+1Pi+1,j+1)

+
1

(hx2)
2 (−ci,j−1Pi,j−1 + ci,jPi,j − ci,j+1Pi,j+1)

+
1

2 (hx1)
2 (−di−1,jPi−1,j + di+1,jPi+1,j)

+
1

2 (hx2)
2 (−ei,j−1Pi,j−1 + ei,j+1Pi,j+1) = 0 (5.127)

for i = 1...m− 1 and j = 0...n. In this context, the ai,j denotes the value that a

takes at the ith, jth grid point, where the first index i denotes the grid points in
the x1 direction and the second index, j denotes the grid points in the x2 direction.
m and n denote the final grid points for the x1 and x2 directions respectively.

As discussed earlier, we take the problem to be periodic in the x2 direction.
Hence, the values P loop, giving Pi,n+1 = Pi,0 and Pi,−1 = Pi,n for all i as
illustrated in Figure 5.10. As such, forward and backward differences do not need
to be employed at the x2 boundaries of the finite difference grid.

For i = 0 and i = m, we would have similar equations but would need to
use the applicable forward and backward difference stencils to ensure that we do
not leave the domain. However, these values will be overwritten when applying
the boundary conditions and as such are not shown. Applying the boundary
condition, we have

P0,j = P(−∞)j
(5.128)

Pm,j = P(∞)j
(5.129)

Combining equations (5.127), (5.128) and (5.129), we have a linear system of
m × n equations and m × n unknowns and we solve this using Matlab’s inbuilt
direct linear solver routine.

Convergence of this solver was checked by a mesh refinement study as shown
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(a)

(b)

(c)

Figure 5.11: Plot showing the convergence of the longitudinal derivative of
pressure for an EGL using the core protein model with square periodicity. The
number of grid points is increasing from (a)M = 1600, N = 200, (b)M = 3200,
N = 200 to (c)M = 6400, N = 400.

in Figure 5.11. This example shows the convergence as we increase the number of
grid points for the longitudinal derivative of pressure in an EGL modelled using
the core protein model with square periodicity. We see some small differences
near the end of the vessel when overlaying results from a grid size of M = 1600,
N = 200 with one with a grid size of M = 3200, N = 200. However, by M = 3200,
N = 200, the solution appears to have converged as refining the grid further to
M = 6400, N = 400 causes only negligible changes to the solution.

In order to verify the solver, we also conduct a simulation on a flat vessel with
a circular cross-section. We apply an inlet pressure of 10 and an outlet pressure
of 0. For this flat geometry with constant pressure conditions, we recover the
expect linear pressure drop through the vessel as shown in Figure 5.12.

Each simulation took approximately 17 minutes for the M = 3200, N = 200

grid size and 1 hour for the M = 6400, N = 400 grid size on a desktop computer.
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Figure 5.12: Plot of the pressure in the EGL for a flat cylindrical microvessel
with an inlet pressure of 10 and an outlet pressure of 0. In this, we recover the
expected linear pressure profile that we would obtain from solving the system
analytically.

As will be discussed in the next chapter, 20 simulations were required to produce
the full results for this work giving a total simulation time of approximately 26
hours.



Chapter 6

Homogenisation model results

Having derived the homogenisation model in previous chapter, we now present
the results from the model here. As discussed previously, to facilitate comparison
between this model and the biphasic mixture theory model, we employ the same
microvessel geometry as was used previously in Chapter 2 (Section 2.3.1). For the
unit cell geometry, we perform simulations with both our core protein model as
well as the aggregated GAG model as was discussed in Section 5.5. Additionally,
we compare both rectangular periodicity as well as hexagonal periodicity for both
EGL geometries in order to better understand the effect that these two different
types of periodicity have and further elucidate the debate around EGL periodicity.

Furthermore, in order to investigate anistropy in the EGL, we also consider
different spacings between glycocalyx filaments by varying the spacing in the x

direction, a, while leaving the spacing in the y fixed as is illustrated in Figure 6.1.
If we assume that the x direction is aligned with the longitudinal direction of the
vessel, this leads to an EGL that has a different periodicity in the longitudinal
direction compared to the azimuthal direction and hence a permeability tensor
that is non-isotropic. As our choice of x and y directions in the microscale prob-
lem is arbitrary and not directly tied to a direction in the macroscale, we can
then obtain the corresponding permeability tensor for a fixed spacing in the x

direction and a varying spacing in the y direction by swapping the columns of
our permeability tensor.

As discussed in the previous chapter, in order to generate the full flow in the
unit cell, we decompose it into a component that satisfies continuity of traction
at the interface and one that matches the inlet and outlet pressure boundary
conditions. These are obtained by solving the unit cell problems with a unit

97
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Figure 6.1: Plan view of a (a) rectangular and (b) hexagonal unit cell. In both
cases, we leave the y spacing constant and vary the x spacing, a, between the
glycocalyx filaments to study the effect of different EGL microstructural organi-
sations.

traction force at the interface and a unit body force respectively. We begin by
considering the flow fields produced by these unit cell problems before evaluating
the volume averaged quantities that these unit cell problems produce (such as
permeability) before finally producing plots of surface traction and torque at the
vessel level.

6.1 Unit cell velocities and stresses

6.1.1 Core protein model

Plots for the velocities in a unit cell with rectangular periodicity can be seen in
Figure 6.2. This can be considered our reference case for comparison with the
biphasic mixture theory model as it leads to isotropic permeabilities, which is
assumed in Chapter 2. In these plots, the forcing is in the x direction and hence
we see that the largest component of velocity is the x component. Looking at the
unit cell with interfacial traction forcing, we see that the forcing at the interface
causes some flow near the interface but that this does not appear to propagate
very far into the unit cell due to the obstruction of the cylindrical core protein
glycocalyx filament. In contrast, the unit cell with body forcing has fluid flow
propagating all to way to the vessel wall (the lower surface of the unit cell). In
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Figure 6.2: Plots of the (a,d) x, (b,e) y and (c,f) z components of velocity for
the core protein model with rectangular periodicity and a x spacing of 20 nm
(square unit cell). Plots (a,b,c) are for a unit cell with unit traction forcing at
the interface in the x direction while plots (d,e,f) are for a unit cell with a unit
body force in the x direction.
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(a) (b) (c)

(d) (e) (f)

Figure 6.3: Plots of the (a,d) x, (b,e) y and (c,f) z components of velocity for
the core protein model with rectangular periodicity and a x spacing of 80 nm.
Plots (a,b,c) are for a unit cell with unit traction forcing at the interface in the
x direction while plots (d,e,f) are for a unit cell with a unit body force in the x
direction.

both cases, we find that the z component of velocity is largely localised to the
region near the interface.

For a unit cell with a larger x spacing as depicted in Figure 6.3, we find a
similar situation. However, we do find that the flow now penetrates deeper into
the cell for the traction forced case compared to the unit cell with a square cross-
section. In comparison, we find for the body forced case, that this penetration
only occurs at the narrowest part of the unit cell, that is near the cylinder.

For the y component of velocity, we find that it stays concentrated around
the cylinder. This is expected as the forcing in both cases is in the x direction
and hence the y component of velocity only appears when the flow must move
around an obstacle. Finally, we also find that the z component of velocity also
now penetrates deeper into the unit cell.

Next, we consider the stresses experienced on the glycocalyx filaments and
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the vessel walls resulting from the fluid flow. For a unit cell with a square cross-
section (Figure 6.4), we see that the stress is localised to the top of the glycocalyx
as the fluid flow does not penetrate very far into the unit cell. In the next section,
we will see this leads to a Kγ value of near zero for this unit cell, which indicates
that the interfacial traction transmits negligible fluid shear stress to the vessel
wall in this case as it is shielded by the EGL but still has an appreciable Kδ value
and hence transmits torque through the glycocalyx.

In comparison, we find that in the case of a body force, we obtain non-zero
stress values on both the glycocalyx and on the vessel wall. This results in a
non-zero Kδxx value which indicates that a pressure gradient in the EGL does
induce a shear stress on the wall. However, despite the non-zero values on the
vessel wall for the y component of stress, we find that these values are symmetric
and hence cancel each other out when integrated, producing a Kδxy value that
is near zero numerically. This is to be expected as the geometry is symmetric
through its x centreline.

Lastly, for the case of a larger x spacing, Figure 6.5, we find a largely similar
picture for stress experienced on the glycocalyx and vessel walls. For the x

component of stress, we see that the stress is primarily concentrated near the
small gap that exists in the geometry due to the fixed spacing in the y direction.
Additionally, the magnitudes of the stresses experienced are much larger than
those experienced for the square unit cell, potentially due to the larger flow
velocities that occur for this larger spacing and these stresses now also penetrate
more deeply down the glycocalyx surface.

6.1.2 Aggregated GAGs model

Identical plots for the aggregated GAGs model are shown in Figures 6.6 to 6.9.
In these plots, we see that the aggregated GAGs model follows the trends noted
for the core protein model but with a different pattern of fluid flow in the body
forced case due to the gaps that exist between the spheres. As we shall see in the
next section, this results in much larger values of permeability for this geometry
compared to the core protein model which can be expected due to the much larger
non-solid fraction present in the aggregated GAGs model.

In terms of differences between the 20 nm and 80 nm spacings, we find largely
the same trends as we have found for the core protein model. For the velocities
(Figures 6.6 and 6.7), we find that increasing the spacing increases the depth at
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Figure 6.4: Plots of the (a,d) x, (b,e) y and (c,f) z components of stress for
the core protein model with rectangular periodicity and a x spacing of 20 nm
(square unit cell). Plots (a,b,c) are for a unit cell with unit traction forcing at
the interface in the x direction while plots (d,e,f) are for a unit cell with a unit
body force in the x direction.
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Figure 6.5: Plots of the (a,d) x, (b,e) y and (c,f) z components of stress for
the core protein model with rectangular periodicity and a x spacing of 80 nm.
Plots (a,b,c) are for a unit cell with unit traction forcing at the interface in the
x direction while plots (d,e,f) are for a unit cell with a unit body force in the x
direction.
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Figure 6.6: Plots of the (a,d) x, (b,e) y and (c,f) z components of velocity for the
aggregated GAGs model with rectangular periodicity and a x spacing of 20 nm
(square unit cell). Plots (a,b,c) are for a unit cell with unit traction forcing at
the interface in the x direction while plots (d,e,f) are for a unit cell with a unit
body force in the x direction.
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Figure 6.7: Plots of the (a,d) x, (b,e) y and (c,f) z components of velocity for the
aggregated GAGs model with rectangular periodicity and a x spacing of 80 nm.
Plots (a,b,c) are for a unit cell with unit traction forcing at the interface in the
x direction while plots (d,e,f) are for a unit cell with a unit body force in the x
direction.
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(a) (b) (c)

(d) (e) (f)

Figure 6.8: Plots of the (a,d) x, (b,e) y and (c,f) z components of stress for the
aggregated GAGs model with rectangular periodicity and a x spacing of 20 nm
(square unit cell). Plots (a,b,c) are for a unit cell with unit traction forcing at
the interface in the x direction while plots (d,e,f) are for a unit cell with a unit
body force in the x direction.



CHAPTER 6. HOMOGENISATION MODEL RESULTS 107

(a) (b) (c)

(d) (e) (f)

Figure 6.9: Plots of the (a,d) x, (b,e) y and (c,f) z components of stress for the
aggregated GAGs model with rectangular periodicity and a x spacing of 80 nm.
Plots (a,b,c) are for a unit cell with unit traction forcing at the interface in the
x direction while plots (d,e,f) are for a unit cell with a unit body force in the x
direction.
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which flow penetrates through the unit cell to an even greater level than for the
core protein model. Additional, comparing the stresses in Figures 6.8 and 6.9, we
once again see that stresses penetrate more deeply and are greater in magnitude
when we increase the x spacing.

6.2 Volume averaged quantities

Having solved the flow in the unit cell problems, we now present the microscale
averaged quantities that we obtain from performing integrals over the unit cell.
These quantities are tensors that describe how the glyocalyx microstructure that
exists on the microscale affects bulk EGL properties, such as permeability, on
the macroscopic length scale of the vessel. In this work, we obtain six of these
tensorial quantities and these are discussed in detail in Section 5.4.5, however we
briefly summarise them again here.

The first two of these quantities, Kα and the permeability, Kβ, are volume
averages of velocity and quantify the amount of flow generated by unit local
interfacial traction and unit pressure gradient respectively. The next two, Kγ and
Kδ are surface averages of the fluid shear stress on the vessel wall and inform us of
the local shear stress generated on the vessel wall by unit local interfacial traction
and unit pressure gradient in the bulk EGL respectively. Finally, we have Kε and
Kζ which we obtain by calculating the torque induced through the glycocalyx
filament by the fluid flow (evaluated at the base of the glycocalyx filament) and
these measure the amount of torque that is generated in the glycocalyx by the
unit local interfacial traction and unit pressure gradient through the EGL.

Analytically, we know that these tensors should be diagonal as all of our
geometries are symmetric about their x and y centrelines. However, due to the
limitations of numerical accuracy in computation, the xy and yx directions in
our tensors were not generally numerically zero in our results, although they
were significantly smaller than the diagonal components. As such, in order to
improve readability of our results, we replace these off-diagonal components with
a dash (-) in our tensors. This means that when the forcing is in the x direction,
no corresponding flow or stress is generated in the y direction and vice versa.
However, other than the unit cell with square periodicity (which corresponds to
a x spacing of 20 nm as the y spacing is fixed to 20 nm), these tensors are not
guaranteed to be isotropic. Hence, the xx component in our tensor (i.e. flow in
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the x direction when forcing is in the x direction) may not be the same as the yy

component of our tensor.

6.2.1 Flow induced by local interfacial traction and pres-
sure gradients (Kα and Kβ)

Computed values for Kα and the permeability, Kβ, are provided in Tables 6.1 and
6.2. Of these, Kα gives us the leading order flow velocity while the permeability
is required in order for us to solve the macroscopic pressure equation (5.84) which
allows us to determine the pressure field in the EGL.

Starting with Kα under the core protein model, we see that for a square brush
patterning (spacing of 20 nm), we have an isotropic tensor as expected. This
isotropic case corresponds to the case considered in our biphasic mixture theory
model. Furthermore, we find that for a regular hexagonal periodic (also 20 nm

spacing), we also have an isotropic tensor at least to our numerical accuracy.
This is despite a regular hexagon not having ninety degree rotational symmetry
which suggests that the difference in the x and y direction in a regular hexagonal
periodicity has little effect on the bulk EGL properties.

Comparing between rectangular and hexagonal periodicity however, we find
that there is a substantial difference between the two. The Kα for a hexagonal
periodicity is 29% smaller than the one for a rectangular periodicity. The direction
of this change can be expected as the brushes are more tightly arranged under
hexagonal organisation and hence the flow is more greatly hindered. Being able
to quantify this effect is useful as it may provide a path for differentiating between
these two possible periodicities.

If we now consider rectangular periodicity, doubling the spacing to 40 nm

results in a slightly over doubling of the xx component of Kα but increases the
yy component by a factor of ten. However, increasing the x spacing further to
80 nm does not produce such a large difference between the two components,
giving us a further 3.5 times increase in the xx component and a further 5.6
increase in the yy component. Finally, doubling the spacing further to 160 nm

produces increases in Kα that are about the same in both components with the
increase in the xx component now being slightly larger.

On the other hand, decreasing the x spacing for the rectangular periodicity
by 4 nm results in a 12% decrease in the xx component and a more than halving
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x spacing, a (nm) 16 20 40 80 160

Core Protein
Model

Rectangular
Periodicity

0.88 - 1.00 - 2.47 - 8.59 - 35.01 -
- 0.36 - 1.00 - 9.76 - 54.61 - 200.40

Hexagonal
Periodicity

0.52 - 0.71 - 3.40 - 9.73 - 22.86 -
- 0.27 - 0.71 - 3.16 - 12.65 - 59.25

Aggregated GAGs
Model

Rectangular
Periodicity

1.54 - 1.84 - 4.73 - 14.26 - 48.45 -
- 1.01 - 1.84 - 12.13 - 60.33 - 207.70

Hexagonal
Periodicity

1.06 - 1.38 - 5.18 - 14.53 - 34.02 -
- 0.82 - 1.38 - 4.96 - 17.46 - 69.69

Table 6.1: A table of values for Kα, the fluid flow induced by the interfacial traction. These values have been normalised on the
result for a core protein model with square periodicity (20 nm) which has a value of 1.2× 10−2. Note also that each number in this
table is an independent simulation and hence is individually converged.

x spacing, a (nm) 16 20 40 80 160

Core Protein
Model

Rectangular
Periodicity

0.93 - 1.00 - 1.79 - 5.54 - 29.94 -
- 0.27 - 1.00 - 10.09 - 50.19 - 164.69

Hexagonal
Periodicity

0.56 - 0.73 - 3.45 - 9.40 - 20.17 -
- 0.23 - 0.73 - 3.17 - 12.61 - 53.71

Aggregated GAGs
Model

Rectangular
Periodicity

2.74 - 3.08 - 5.67 - 13.17 - 43.75 -
- 2.02 - 3.08 - 13.91 - 56.38 - 171.37

Hexagonal
Periodicity

2.14 - 2.54 - 6.79 - 15.91 - 32.66 -
- 1.81 - 2.54 - 6.52 - 18.90 - 64.15

Table 6.2: A table of values for the permeability, Kβ, the fluid flow induced by the pressure gradient. These values have been
normalised on the result for a core protein model with square periodicity (20 nm) which has a value of 1.7× 10−1. Note also that
each number in this table is an independent simulation and hence is individually converged.



CHAPTER 6. HOMOGENISATION MODEL RESULTS 111

of the Kα in the yy component (64% decrease). At first glance, this appears to
be a very large change given only a small decrease in spacing. However, it should
be noted that the spacing between the cylinders is only 8 nm (given the 12 nm

cylinder diameter) and hence a decrease of 4 nm actually represents a halving of
this spacing. Even so, this result does demonstrate that it would not take a very
large change in spacing to produce a Kα tensor that is anisotropic.

If we consider increasing the x spacing for the hexagonal periodicity, we find a
different picture. We find that the Kα stays almost isotropic with a slightly larger
increase in the xx component at 40 nm and then only becomes more anisotropic
at 80 nm and 160 nm with larger increases in the yy component compared to the
xx component. This finding suggests that the hexagonal array is less sensitive
to microstructural organisation, at least in terms of flow induced by interfacial
traction. However, if we decrease the spacing to 16 nm, we find that the hexago-
nally periodic geometry is highly anisotropic, similar to the rectangularly periodic
geometry.

The above predictions suggest that if the actual glycocalyx periodicity is re-
duced in one direction, rather than being 20 nm in both directions, it does not
take significant irregularity in the microstructural organisation to result in an
EGL with anisotropic permeability and that this is true whether the periodicity
is rectangular or hexagonal.

Turning to the results for the aggregated GAGs model, we find the Kα is 1.8
times as large compared to the core protein model for a spacing of 20 nm and
rectangular periodicity. For hexagonal periodicity, Kα is 1.9 times as large. In
terms of trends, we see a very similar picture to the core protein model albeit with
different numbers. Kα for a hexagonal periodicity is 25% smaller compared to
rectangular periodicity. Similar trends are observed with increasing the spacing
with the rectangular and hexagonal periodic and also with decreasing the spacing,
although in this case the anisotropy is not as large for the 16 nm spacing.

This is also true if we now examine the results for the permeability, Kβ. The
regular hexagonal periodicity has a permeability that is 27% smaller than the
square periodicity, while switching from the core protein model to the aggregated
GAGs model produces a roughly three times increase in permeability compared
to the almost two times increase of Kα.

The trends for increasing spacing stay qualitatively the same, although the
aggregated GAGs model with hexagonal spacing now produces an isotropic ten-
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sor with spacing of 40 nm rather than just one that is almost isotropic. Fi-
nally, decreasing the spacing to 16 nm still yields anisotropic tensors, although
the anisotropy is smaller in the case of the aggregated GAGs model compared to
Kα. The effect of these trends to the overall problem is not as direct as the case
of Kα as the permeability primarily serves as an input to solving the governing
equation for macrosopic pressure in the EGL and its actual contribution to the
flow velocity is O (ε) smaller than that of the flow induced by interfacial traction.

6.2.2 Wall stress response to local interfacial traction and
pressure gradients (Kγ and Kδ)

Kγ and Kδ give us the shear stress experienced on the vessel wall given point-
wise (macroscopic) local interfacial traction and pressure gradients, respectively.
Results for these tensors can be seen in Tables 6.3 and 6.4.

Looking at the results for Kγ, the first thing we observe is that the values
obtained are very small and practically zero for the square spacing as well as
the 16 nm spacing. This is perhaps not surprising given our plots of the velocity
profile for the traction forcing showed that flow does not penetrate deeply into
the EGL for these spacings. This means that even though the flow from the
traction forcing is the leading order and is O (ε) larger than the flow generated
by the pressure drop, it does not contribute significantly to the vessel wall fluid
shear stress for these spacings given that ε ≈ 6 nm/30 µm = 2× 10−4.

As we increase the spacing, we find that Kγ begins to grow. At spacing 40 nm,
the tensor potentially becomes large enough to be significant for the rectangular
periodicities and at spacing 80 nm for hexagonal periodicities. Whether this is
the case would additionally depend on the size of the interfacial traction forcing
and pressure drop across the EGL.

For Kδ, the pointwise stress in response to bulk pressure, we actually find
a picture that is quite similar to trends for Kα and permeability. Going from
rectangular periodicity to hexagonal periodicity causes a 14% drop for the core
protein model and a 5% one for the aggregated GAGs model. We see similar
trends with increasing spacing as Kα but with the tensor staying largely isotropic
even for a spacing of 80 nm for the hexagonal periodicity. Decreasing the spacing
to 16 nm still produces an anisotropic tensor for the core protein model but for
the aggregated GAGs model, we find that the tensor is only slightly anisotropic.
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x spacing, a (nm) 16 20 40 80 160

Core Protein
Model

Rectangular
Periodicity

-6.0E-16 - 1.5E-14 - -2.8E-6 - 4.8E-3 - 8.4E-2 -
- -1.9E-15 - 1.5E-14 - -4.0E-5 - -1.7E-2 - -1.9E-1

Hexagonal
Periodicity

-3.3E-19 - -4.3E-17 - 3.5E-9 - 9.2E-6 - 7.7E-3 -
- 7.2E-14 - -7.2E-17 - 4.5E-10 - -7.9E-5 - -2.0E-2

Aggregated GAGs
Model

Rectangular
Periodicity

-5.5E-11 - -4.1E-11 - -4.0E-6 - 6.6E-3 - 5.3E-2 -
- 5.7E-13 - -4.1E-11 - -1.4E-4 - -2.2E-2 - -2.0E-1

Hexagonal
Periodicity

-4.1E-13 - -6.1E-12 - -6.6E-7 - -6.6E-5 - 4.8E-3 -
- -7.9E-16 - -5.7E-12 - -3.5E-7 - -4.0E-4 - -2.8E-2

Table 6.3: A table of values for Kγ, the vessel wall shear stress induced by the interfacial traction. Due to the large differences in
magnitude, these values have not been normalised. Note also that each number in this table is an independent simulation and hence
is individually converged.

x spacing, a (nm) 16 20 40 80 160

Core Protein
Model

Rectangular
Periodicity

1.01 - 1.00 - 1.16 - 1.39 - 3.93 -
- 0.43 - 1.00 - 3.75 - 9.37 - 20.12

Hexagonal
Periodicity

0.76 - 0.86 - 2.01 - 3.48 - 4.78 -
- 0.43 - 0.86 - 1.91 - 4.18 - 9.69

Aggregated GAGs
Model

Rectangular
Periodicity

2.96 - 3.07 - 3.67 - 4.55 - 7.60 -
- 2.79 - 3.07 - 5.16 - 10.34 - 20.74

Hexagonal
Periodicity

2.80 - 2.93 - 3.92 - 5.55 - 7.53 -
- 2.72 - 2.92 - 3.87 - 6.01 - 11.29

Table 6.4: A table of values for Kδ, the vessel wall shear stress induced by the pressure gradient. These values have been normalised
on the result for a core protein model with square periodicity (20 nm) which has a value of −3.2× 10−1. Note also that each number
in this table is an independent simulation and hence is individually converged.



CHAPTER 6. HOMOGENISATION MODEL RESULTS 114

Additionally, we find that for a spacing of 16 nm, we see no difference in the yy

component when going from a rectangular periodicity to a hexagonal one for the
core protein model. This is compared to a 25% decrease in the xx component.

6.2.3 Local torque as a function of pointwise interfacial
traction and pressure gradient (Kε and Kζ)

Kε and Kζ measure the amount of torque the fluid flow induces on the vessel
through the glycocalyx as a function of local interfacial traction and pressure
gradient, respectively. As we have discussed previously (in the introduction as
well as when presenting the biphasic mixture theory results in Chapter 3), this
is believed to be the larger component of stress experienced by the endothelial
cells. Being able to quantify this directly rather than as solid shear stress as is
done in the biphasic mixture theory model is also one of the main advantages of
modelling the explicit brush structure of the EGL using homogenisation.

These tensors are presented in Tables 6.5 and 6.6. We will focus on Kε as
this is the leading order quantity and unlike in the case of the shear stress on
the vessel wall, the torque caused by interfacial forcing is not near zero for small
spacings. However, it should be noted that the trends similar for Kζ , with Kζ

being 9 times greater than Kε at the smallest spacing to 10 times greater than
Kε for 160 nm in the case of the core protein model and similarly between 7 to 9
times greater for the aggregated GAGs model. This larger value of Kζ is small
compared to the size of ε however, and hence Kζ does not play a large role in the
overall torque.

In terms of differences within Kε, we find that there is still a substantial dif-
ference between a square periodicity and the regular hexagonal one (18% lower).
However, there is now a much smaller difference between the core protein model
and the aggregated GAGs model for a spacing of 20 nm compared to the ear-
lier tensors. Increasing the spacing, we see that the tensor does not show much
anisotropy until a spacing of 80 nm for the rectangular periodicity and 160 nm for
the hexagonal periodicity. Kε also does not show anisotropy when decreasing the
spacing to 16 nm unlike the tensors for flow and wall shear stress. The decreased
spacing still results in decreased values for Kε but the change does not appear to
cause a directional change in the tensor.
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x spacing, a (nm) 16 20 40 80 160

Core Protein
Model

Rectangular
Periodicity

0.72 - 1.00 - 2.35 - 4.87 - 9.14 -
- 0.73 - 1.00 - 2.29 - 4.40 - 6.86

Hexagonal
Periodicity

0.58 - 0.82 - 1.99 - 4.21 - 8.30 -
- 0.58 - 0.82 - 1.99 - 4.17 - 7.74

Aggregated GAGs
Model

Rectangular
Periodicity

0.86 - 1.10 - 2.56 - 4.89 - 8.78 -
- 0.85 - 1.10 - 2.51 - 4.39 - 6.81

Hexagonal
Periodicity

0.81 - 0.93 - 2.14 - 4.76 - 7.96 -
- 0.81 - 0.92 - 2.12 - 4.68 - 7.35

Table 6.5: A table of values for Kε, the vessel wall torque induced by the interfacial traction. These values have been normalised on
the result for a core protein model with square periodicity (20 nm) which has a value of −1.3× 102. Note also that each number in
this table is an independent simulation and hence is individually converged.

x spacing, a (nm) 16 20 40 80 160

Core Protein
Model

Rectangular
Periodicity

0.72 - 1.00 - 2.39 - 5.13 - 10.22 -
- 0.72 - 1.00 - 2.37 - 4.80 - 7.79

Hexagonal
Periodicity

0.57 - 0.81 - 2.02 - 4.38 - 8.97 -
- 0.57 - 0.81 - 2.01 - 4.37 - 8.52

Aggregated GAGs
Model

Rectangular
Periodicity

0.72 - 0.95 - 2.13 - 4.41 - 8.83 -
- 0.72 - 0.95 - 2.14 - 4.21 - 6.92

Hexagonal
Periodicity

0.61 - 0.80 - 1.82 - 4.04 - 7.65 -
- 0.61 - 0.80 - 1.81 - 4.02 - 7.29

Table 6.6: A table of values for Kζ , the vessel wall torque induced by the pressure gradient. These values have been normalised on
the result for a core protein model with square periodicity (20 nm) which has a value of −1.1× 103. Note also that each number in
this table is an independent simulation and hence is individually converged.
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Figure 6.10: Plot of the pressure in the EGL using the core protein model for
the glycocalyx and rectangular periodicity with a spacing of 20 nm.

6.3 Bulk wall stress

Having obtained the permeability, we now use it to solve the macroscopic pressure
equation, (5.84), which gives us the pressure inside the EGL at the macroscale.
The solution for the core protein model with square periodicity is shown in Fig-
ure 6.10. In this plot, we see that we appear to be obtaining a mostly linear
pressure profile going from the inlet pressure to the outlet pressure. However,
the pressure derivative is what drives the pressure-driven flow in the EGL. If we
numerically differentiate this pressure profile as shown in Figure 6.11, we see that
the effects from the underlying vessel geometry become evident.

For the longitudinal derivative of pressure, we find that we obtain regions of
high pressure around the cells, especially in front and behind the cells as well as a
region of lower pressure near the peak of the cell. For the azimuthal derivative, we
obtain a checker box pattern, likely due to the flow moving around the cell. We
also find that increasing the x spacing in the microstructure periodicity changes
the distribution of these pressure derivatives as illustrated in Figure 6.12. In these
plots, we see that the anisotropy in the permeability has resulted in pressure
derivatives that are less localised in the azimuthal direction, likely due to the
larger permeability in this direction compared to the longitudinal direction.

Using these pressure derivatives, we can obtain the fluid shear stress that
is experienced by the vessel wall which is shown for a core protein model with
square periodicity in Figure 6.13. We find that the shear stress is dominated by
the shear stress caused by the pressure-driven flow in the EGL even though it
is O (ε) smaller than the shear stress caused by the traction-driven flow. This
is due to Kγ (the shear stress experienced on the vessel wall given pointwise
local interfacial traction) being near zero for a square periodicity. As such, we
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(a)

(b)

Figure 6.11: Plot of the (a) longitudinal and (b) azimuthal derivative of pressure
in the EGL using the core protein model for the glycocalyx and rectangular
periodicity with a spacing of 20 nm.

(a)

(b)

Figure 6.12: Plot of the (a) longitudinal and (b) azimuthal derivative of pressure
in the EGL using the core protein model for the glycocalyx and rectangular
periodicity with a spacing of 80 nm.
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(a)

(b)

Figure 6.13: Plot of the (a) longitudinal and (b) azimuthal vessel wall shear
stress using the core protein model for the glycocalyx and rectangular periodicity
with a spacing of 20 nm.

see a pattern of shear stress that is similar to the spatial pattern present in the
pressure derivatives although it is not identical. It should be noted that this plot
must be treated with some care as it does not include the shear stress induced by
the first-order correction to the traction-driven flow, which would be of the same
order as the shear stress induced by the leading order pressure-driven flow.

If we now increase the x spacing to 80 nm as shown in Figure 6.14, we find that
we obtain a very different spatial pattern. Due to the increasing magnitude of Kγ

with increasing periodic spacing, we find that the shear stress experienced by the
vessel wall is now dominated by the interfacial traction component. As such, the
spatial distribution of shear stress we obtain now resembles the pattern of inter-
facial traction, showing a pattern with a peak at the centre of the cell which then
decreases as we move towards the edges of the cell. In this plot, we also see the
pattern of shear stress that results from the elliptical nature of the vessel, which
is not visible in the pressure dominated shear stress. Furthermore, we expect that
even if we were to include the shear stress due to the first-order correction to the
traction-driven flow in the plot for a square periodicity (Figure 6.13), its spatial
distribution will still differ from the spatial distribution for this 80 nm spacing.
This is because the first order correction to the traction-driven flow is forced by
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(a)

(b)

Figure 6.14: Plot of the (a) longitudinal and (b) azimuthal vessel wall shear
stress using the core protein model for the glycocalyx and rectangular periodicity
with a spacing of 80 nm.

the derivatives of the interfacial traction rather than the interfacial traction itself
as can be seen in (A.34).

One of the major advantages of modelling the EGL using homogenisation is
that we can now obtain results for the torque that is experienced by the vessel wall
by evaluating it using the unit cell. A plot of this for the rectangular glycocalyx
with square periodicity is shown in Figure 6.15. In this plot, we once again see the
spatial pattern of the interfacial traction as this is a quantity that is dominated
by the interfacial traction.

Compared to the other tensors, the Kε tensor (which measures the torque ex-
perienced on the vessel wall given pointwise local interfacial traction) stays largely
isotropic. As such, the torque shows little spatial variation between different sizes
of spacing as well as the different geometries and periodicities but large differ-
ences in magnitude due to the changes in magnitude of Kε. Direct comparison
between torque and shear stress is difficult because they represent different quan-
tities. However, we see that in terms of numerical values, the torque appears to
take a much larger non-dimensional value than the shear stress.
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(a)

(b)

Figure 6.15: Plot of the (a) longitudinal and (b) azimuthal torque experienced
by the vessel wall using the core protein model for the glycocalyx and rectangular
periodicity with a spacing of 20 nm.

6.4 Discussion

In our simulations, we used the homogenisation model that we derived to better
understand the role that the structure of the EGL plays in determining the bulk
properties of the EGL. As discussed in previously in Chapter 3, the EGL is
believed to play a role in transferring mechanical stress from the flow in the vessel
lumen. Furthermore, as has been shown in our results for the biphasic mixture
theory model, it appears that the bulk of this mechanical stress is carried through
the glycocalyx rather than as fluid shear stress. In the homogenisation model, the
mechanical stress carried through the glycocalyx is captured directly as the torque
or bending moment that is experienced by the glycocalyx filaments under flow. As
such, this quantity is not longer a stress and hence is no longer directly comparable
to the fluid shear stress and therefore it is more difficult to see if this torque is
the dominant component of mechanical stress experienced by the endothelium.
However, as discussed in the previous section, we find that the leading order flow
for an isotropic EGL, that is the traction-driven flow, only causes a negligible
fluid shear stress on the endothelium as this flow does not penetrate deeply into
the unit cell. As such, the fluid shear stress experienced by the endothelium is
actually O (ε) smaller than the torque experienced by the endothelium, suggesting
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that the torque is the dominant component for mechanical stress experienced by
the endothelium just like in the case of the biphasic mixture theory model.

Our computations also provide some insight into the effects of the two dif-
ferent types of periodicity (rectangular and hexagonal) as well as the effects of
anisotropy and different spacing between our glycocalyx filaments. A summary of
the effects these structural changes has on the bulk properties of the EGL is shown
in Table 6.4. One finding of our results is that it appears that the anisotropy
in structure for hexagonal periodicity does not appear to cause anisotropy in the
bulk properties of the EGL, including in the permeability. If the hexagonal peri-
odicity does in fact produce isotropic bulk properties (rather than just very small
anisotropy), this fact should be derivable from symmetry arguments but we did
not pursue this further. In any case, isotropy of the bulk permeability alone is
not a good indicator of brush array periodicity. However, there is a significant
difference between the permeability obtained for a rectangular array compared to
a hexagonal array, with a 29% drop for the core protein model and a 25% drop
for the aggregated GAGs model. This suggests that although experimental mea-
surements of isotropy in the bulk permeability may not be able to differentiate
between rectangular and hexagonal periodicity, measurements of the actual value
of the bulk permeability may be able to do so.

Additionally, it is also interesting to investigate the effects of varying the
spacing between our glycocalyx filaments to evaluate what effect this has on bulk
properties. In doing so, we are able to determine if there are measurable differ-
ences in the bulk properties that might be used to infer information about the
microstructure. For example, we can determine if constant permeability points to
equidistant spacing or if anisotropic permeabilities are suggestive of a less regular
spacing on the microscale. Looking at our results, we find that for the fluid shear
stress experienced on the endothelium, varying the spacing of the microstructure
does in fact cause anisotropy in our tensor for this quantity. However, this tensor
might be difficult to measure directly experimentally and it would be difficult to
detect this change in the actual shear stress distribution as shear stress in the
azimuthal direction is small due to the fact the forcing in the azimuthal direction
is small. In addition, we find that only extreme variations in the spacing (quadru-
pling of the spacing in one direction) causes anisotropy in the tensors for torque.
Measurements of permeability on the other hand would appear to be sensitive to
changes in spacing. In particular, we find that doubling the spacing in one direc-
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16:20 20:20 40:20

Flow Wall shear
stress Torque Flow Wall shear

stress Torque Flow Wall shear
stress Torque

Difference
between
rectangu-
lar and
hexagonal
periodicity

xx decrease
yy decrease

xx decrease
yy unaltered

xx decrease
yy decrease

xx decrease
yy decrease

xx decrease
yy decrease

xx decrease
yy decrease

xx increase
yy decrease

xx increase
yy decrease

xx decrease
yy decrease

Difference
between
core pro-
tein model
and aggre-
gated GAGs
model

xx increase
yy increase

xx increase
yy increase

xx increase
yy increase

xx increase
yy increase

xx increase
yy increase

xx increase
yy increase

xx increase
yy increase

xx increase
yy increase

xx increase
yy increase

Anisotropy Anisotropic Anisotropic Isotropic Isotropic Isotropic Isotropic

Rectan-
gular:
Anisotropic
Hexagonal:
Isotropic

Rectan-
gular:
Anisotropic
Hexagonal:
Isotropic

Isotropic

Table 6.7: A table summarising the differences in our tensors between the rectangular and hexagonal periodicity as well as the core
protein model and aggregated GAGs model. Additionally, we note whether the tensors for each case is isotropic or anisotropic.
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tion does appear to induce anisotropy in permeability for a rectangular periodic
but not the hexagonal periodicity. Meanwhile, decreasing the spacing appears to
cause anisotropy for both periodicities.

In terms of differences between the core protein model and the aggregated
GAGs model, we find that both microstructures generally follow the same trends
for the bulk properties they produce. The two different models produce bulk
properties that are very different in magnitude however, and as such it may be
possible to differentiate between the two of them using experimental measurement
of these bulk properties.

It is also of interest to compare the results of this model with the results for the
biphasic mixture theory in Chapter 3. Redimensionalising our non-dimensional
permeability, Kβ, we find that the corresponding Darcy permeability for a core
protein model with square periodicity is 6.1× 10−12 cm2. This indicates that
the EGL in the homogenisation model is still highly impermeable and on the
same order of magnitude as the Darcy permeability used for the biphasic mixture
theory results.

In addition, we can also compare the spatial distributions of fluid shear stress
and torque in the homogenisation theory model with the distributions we obtain
for fluid and solid shear stress for the biphasic mixture theory. In doing so, we
are able to compare and contrast the differences between the two models. The
distributions that are most directly comparable in this case is the results for a
square periodicity (Figures 6.13 and 6.15) as this leads to an analytically isotropic
permeability as was assumed in the biphasic mixture theory model. Comparing
these distributions with the results for the biphasic mixture theory model (e.g.
Figure 3.3), we see that even ignoring the difference in magnitude, the spatial
distribution for the fluid shear stress appears to be different between the two
models. However, interestingly the spatial distributions for the solid shear stress
and torque do appear to be similar. This suggests that the biphasic mixture
theory model does appear to capture the distribution of torque even though it
is not directly modelling it. However, the homogenisation model still allows us
to directly quantify this torque, which is not possible for the biphasic mixture
theory model.

Finally, it is perhaps prudent to note some of the limitations present in the
homogenisation model in its current form. The homogenisation model currently
only considers the inner layer of the EGL and does not attempt to model the outer
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dynamic layer of the EGL. Additionally, the homogenisation model does not con-
sider the elasticity of the glycocalyx filaments unlike the biphasic mixture theory
model. However, despite these limitations, we believe the homogenisation model
still provides valuable insight into the EGL as it provides a conduit by which the
bulk properties of the EGL can be deduced from its underlying microstructure.
It also serves as a solid base on which we can build further extensions that do
consider the outer layer as well as the elasticity present in the EGL.



Chapter 7

Conclusions

In this thesis we have expanded on and developed more sophisticated models for
the Endothelial Glycocalyx Layer (EGL) that is present in the circulatory system,
with a particular focus on the EGL in the microcirculation. In this Chapter, we
will begin by briefly summarising the work that was carried out in each Chapter
before providing detailed summaries of the results for each half of the work in
Sections 7.1 and 7.2. Finally, in Section 7.3 we will discuss some of the possible
avenues for future work.

We began this thesis by introducing the EGL along with its properties and
functions in Chapter 1. Of particular interest to this work is the role the EGL
plays in mechanotransduction, that is the process by which the endothelial cells
that are present on the surface of vessel transduce the shear stress induced by
blood flow into a biological response.

In Chapter 2, we used asymptotics to derive a model for the EGL based on
biphasic mixture theory that is suitable for the low-permeability conditions that
exist in the EGL. The biphasic mixture theory equations are the equations of
motion and elasticity that have most commonly been used to model the EGL in
the literature to-date. However, due to the low-permeability that exists within
the EGL, simulating an EGL-lined microvessel with a complicated geometry is
computationally infeasible, hence necessitating the asymptotic model. In addition
to deriving this model, we also produced a Boundary Element Method solver for
it that allows us to simulate an arbitrary three dimensional microvessel that is
lined by an EGL. To utilise this solver, we synthesised a microvessel geometry
using physiological confocal microscopy data.

Having derived this low-permeability biphasic mixture theory model and pro-
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duced our microvessel geometry, we then proceeded to perform simulations using
it in Chapter 3. This allowed us to examine the effects of the EGL on a more
physiologically realistic microvessel geometry than has been studied previously
in the literature. In addition, we also investigated the effect of different EGL
distributions and thicknesses, with a particular emphasis on what impact EGL
redistribution has on the shear stress experienced by the endothelium as this was
of interest due to the role the EGL plays in mechanotransduction.

In Chapter 4, we then discussed some of the disadvantages of modelling the
EGL using biphasic mixture theory as has been done previously in the litera-
ture and in the first half of this thesis. In particular, modelling the EGL as a
biphasic mixture does not allow us to directly capture the shear stress that is
being transmitted through the glycocalyx matrix and instead represents this as
the shear stress that is being carried through the solid phase of the biphasic mix-
ture. Although this solid phase can be thought of as the volume averaged effect
of the glycocalyx, this averaging has been done without regard to the glycocalyx
structure in biphasic mixture theory and hence we do not believe it necessarily
serves as a good analogue for the shear stress transmitted through the EGL. This
sets the scene for the work in the second half of this thesis where we derive a
more sophisticated model of the EGL using homogenisation theory. We then
proceed to discuss what is known about the periodic structure of the EGL in
detail in Chapter 4 and also briefly discuss some of the existing literature on
homogenisation theory.

The homogenisation model presented in Chapter 5 divides the problem into
two parts, a microscale problem that involves solving the flow through one pe-
riodic subunit of the EGL and a macroscale problem of finding the bulk flow
quantities given input from the microscale problem. We produced computational
models for these two sub-problems, using COMSOL to solve the microscale prob-
lem while utilising a finite difference scheme for the macroscale problem. Based
on the currently hypothesised structure of the glycocalyx from the literature,
we also produced geometries for the microscale problem and used our existing
microvessel geometry from Chapter 2 for the macroscopic geometry.

In Chapter 6, we then performed simulations on these geometries using our
newly derived homogenisation model. Using the microscale problem for a single
periodic subunit of the EGL, we are able to directly capture the bending moment
that is being transmitted through the glycocalyx filaments. By considering the
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structure of the EGL in this homogenisation model, we are also able to find the
permeability matrix of the EGL directly from our computational simulations as
well as examine the shear stress that is being transmitted to the endothelium.
This allows us to study the effects of two competing theories for the periodicity
of the EGL, that is whether it displays rectangular periodicity or whether it
has hexagonal periodicity. In addition, we also examine the effects of having an
anisotropic EGL.

It is also worth noting that although the homogenisation model in Chapter 5
was derived in the context of the EGL, it would equally apply to any thin porous
layer with an adjacent Stokes flow. In particular, it can be thought of as a
generalisation of the existing homogenisation models for a porous region that is
only periodic in two of three dimensions and takes into account the need to match
traction at the interface between the porous layer and free flowing region.

Having summarised the work carried out in each Chapter, we now proceed to
summarise the key results for the low-permeability biphasic mixture theory model
in Section 7.1 and the homogenisation model in Section 7.2 before discussing
possible avenues for future work in Section 7.3.

7.1 Low-permeability biphasic mixture theory
model

When performing asymptotics to simplify governing equations as was done in
deriving the low-permeability biphasic mixture theory model, one of the impor-
tant questions to be answered is whether we are within the asymptotic regime for
physiologically realistic values of our equations. In this work, we check whether
we are within this regime by comparing results from our low-permeability model
to results for a full biphasic mixture theory model and find that we do appear
to have converged to the asymptotic regime for physiologically realistic values of
permeability and EGL thickness. In particular we find that we are within the
asymptotic regime for EGLs with a minimum thickness of up to 0.25 µm for the
type of EGL distributions that we tested. We did not check the convergence for
EGLs that were thinner than this but we expect the asymptotic analysis con-
ducted to break down for an EGL that is too thin as the thin viscous layers that
are present at the interface and endothelium, which are assumed to be separate,
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will to begin to merge.
In terms of modelling the EGL using biphasic mixture theory, this has impor-

tant implications as it suggests that for physiologically realistic values, the EGL
can be accurately modelled using the low-permeability model derived here which
is computationally much cheaper than modelling it with the full biphasic mixture
theory equations. Additionally, in the low-permeability model, the lumen flow
decouples from the EGL, allowing us to solve for this lumen flow first without the
expense of having to solve it simultaneously with the flow in the EGL. This allows
the low-permeability model to use much more complicated models for the lumen
flow than would otherwise be computationally feasible and is one of the possible
avenues for future work which will be discussed at the end of this chapter.

In terms of key results from our simulations, we predict the solid shear stress
experienced at the endothelium to be three orders of magnitude greater than
the fluid shear stress, lending further weight to the hypothesis that much of
the mechanical stress is carried through the solid phase rather than the fluid
phase of the EGL. Additionally, our simulations find that the presence of an
EGL with constant thickness actually increases the total (fluid + solid) shear
stress experienced by the endothelium compared to a bare microvessel with no
EGL present. This suggests that the hypothesised role of the EGL in protecting
the microvessel from mechanical shear is not fulfilled by reducing shear stress
but instead by converting these stresses from a fluid shear stress experienced by
the endothelium to a stress that is carried through the glycocalyx matrix. For
an EGL that is redistributed so that it is thicker at the cell-cell junctions, we
do find that the presence of the EGL can reduce the overall stress borne by the
endothelium. However, this only holds true in cases where the EGL thickness is
at the upper limit of physiological values.

We also find that redistribution of the EGL to the cell-cell junctions does
appear to lead to a reduction in both fluid shear stress and solid shear stress ex-
perienced at the endothelium as well. This reduction is greater for the fluid shear
stress than the solid shear stress and is greatest for thicker EGLs. Additionally,
although a thicker EGL leads to a greater reduction in fluid shear stress as might
be expected, for non-redistributed EGL (i.e. an EGL of constant thickness), a
thicker EGL actually increases the solid shear stress experienced by the endothe-
lium. This might be due to the increased volume of the EGL that is exposed to
flow forcing. This trend of increasing solid stress does not appear to hold true
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for redistributed EGLs.
Finally, we also detect regions of negative fluid shear stress immediately up-

stream and downstream of cell nuclei. This phenomenon has previously been de-
tected in two-dimensional models of EGL-lined microvessels and has been shown
to be associated with flow eddies. We find that the redistribution of the EGL can
suppress these negative shear stress regions but only for thicker EGLs.

7.2 Homogenisation model

Using the homogenisation model, we are able to determine bulk properties such as
the permeability from the underlying microstructure of the EGL. One of the open
questions about the EGL in the literature is what type of periodicity the EGL
displays. Previous models of the EGL in the literature have typically assumed
hexagonal periodicity. However, recent work by Arkill et al. [2, 3] has shown that
the EGL may actually display a mixture of hexagonal and rectangular periodicity
with rectangular periodicity being dominant. Using our simulations, we find that
the anisotropy in the structure of a hexagonally periodic EGL is insufficient to
induce anisotropy in the bulk flow quantities that we have studied in this work.
However, the underlying structural differences between rectangular and hexag-
onal periodicity does cause significant differences in the magnitude of our bulk
properties. As such, although experimental measurement of isotropy may not be
sufficient to differentiate between rectangular and hexagonal periodicity, experi-
mental measurement of the magnitude of bulk parameters such as permeability
may be able to differentiate between these two types of periodicity.

In addition, although it is no longer possible to directly compare the me-
chanical stress carried through the EGL with the fluid shear stress experienced
by the endothelium as these are now different types of quantities (torque versus
stress), we do find that the fluid shear stress experienced on the endothelium is
O (ε) smaller than the torque experienced by the endothelium. This suggests that
once again the stress carried through the endothelium is the dominant form of
mechanical stress that is transmitted through the endothelium, similar to how
the solid shear stress is much larger than the fluid shear stress in the biphasic
mixture theory model.

When comparing the distributions of fluid shear stress between the homogeni-
sation model and the biphasic mixture theory model, we find that the underlying
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spatial distributions produced by the two models differ significantly. On the
other hand, when comparing the torque experienced by the endothelium in the
homogenisation model with the solid shear stress in the biphasic mixture the-
ory model, we find that the spatial distributions are similar. This suggests that
the proxy for torque in the biphasic mixture theory model, that is the solid
shear, stress does accurately predict the underlying distribution. However, the
magnitude of these two quantities is still substantially different and not directly
comparable as they represent different quantities.

7.3 Future work

In this work, we have derived a more sophisticated model for the EGL using
homogenisation theory. This model allows us to determine bulk properties of the
EGL directly from the underlying microstructure of the EGL as well as deter-
mine the torque that is experienced by the EGL filaments under flow. However,
although valuable, this model is still has room for further extensions to more
accurately capture the underlying physiology of the EGL. In particular, the ho-
mogenisation model currently only considers the inner layer of the EGL and does
not consider the dynamic outer layer. In the future, this outer layer could be
modelled as well, perhaps using homogenisation theory in a similar fashion as
was done here but with additional consideration given to dynamic and poten-
tially random underlying structure.

In addition, the homogenisation model currently does not take into account
the underlying elasticity of the glycocalyx filaments. This could be modelled
using a more sophisticated unit cell model that includes elasticity of the under-
lying glycocalyx. The current homogenisation model should be extendable to
this case if this is done using linear elasticity. However, the deformations experi-
enced by the glyocalyx filaments necessitate non-linear elasticity, the underlying
homogenisation model will likely have to be altered substantially to account for
this.

In terms of potential improvement for both models, it has been shown that the
deformability of red blood cells themselves also displays important phenomenon
[65]. Although we have used the two-layer model to study the aggregated effect
of red blood cells confined to a core region of the lumen with occasional intrusion
to the outer layer in the biphasic mixture theory model, we could improve this



CHAPTER 7. CONCLUSIONS 131

further by directly considering the red blood cells. One way to achieve this is using
the Moving Particle Semi-implicit (MPS) method which can be used to explicitly
model red blood cells in the lumen [30]. As the lumen flow decouples for the EGL
in both our models, this can be done relatively cheaply as the simulation of the
lumen using MPS does not require us to explicitly include the EGL. Instead, the
dynamics of the lumen can be solved separately and then the interfacial tractions
that are obtained from this simulation can be feed into either of our two models.



Appendix A

Homogenisation derivation

A.1 Order of asymptotic expansion

In order to show that the asymptotic expansion for flow velocity in the EGL must
be of O (ε), we start by assuming that the standard homogenisation expansion of
O (ε2) holds. Under this, we have the following asymptotic expansions
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The order O (ε2) can generate an O (ε) traction due to the small length scale that
exist through the thickness of the layer. However, this is insufficient to match the
O (1) tractions that are incurred by the lumen. Therefore, this either necessitates
a thin matching layer at the interface in order to match these two incompatible
tractions or means that our initial assumption that the flow velocity is of O (ε2)

is incorrect
In order to match the traction, we require a matching layer of thickness ε2

with flow velocities staying O (ε2) in the matching layer. We will show that this
matching layer leads contradictions which necessitates that the flow velocity in
the EGL be of order O (ε).
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A.1.1 ε2 thickness matching layer

Defining a new local coordinate system on the interface with X3 in a direction
normal to the interface, we rescale according to

X1 = x1, X2 = x2, X3 = ε2x3 (A.3)
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The leading-order flow is then governed by

g33
(
U

(0)
(e)

)1
,33

= g13
(
P

(0)
(e)

)
,3

(A.5)

g33
(
U

(0)
(e)

)2
,33

= g23
(
P

(0)
(e)

)
,3

(A.6)

0 = g33
(
P

(0)
(e)

)
,3

(A.7)(
U

(0)
(e)

)1
,1
+
(
U

(0)
(e)

)2
,2
+
(
U

(0)
(e)

)3
,3
= 0 (A.8)

If we assume that the curvature of the interface is much greater than ε, then
the coordinate system we have defined above is locally Cartesian and hence our
metric tensor is the identity matrix. This gives us(
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These equations are subject to the continuity of traction boundary condition
from the lumen (
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as well as the continuity of velocity boundary conditions(
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and the matching conditions that recognise that the flow velocity is an order
magnitude smaller in the EGL compared to this layer(
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Solving these equations, we obtain(
U

(0)
(e)

)1
= A1 (X1, X2)X3 +B1 (X1, X2) (A.20)(

U
(0)
(e)

)2
= A2 (X1, X2)X3 +B2 (X1, X2) (A.21)

Applying the continuity of traction boundary condition, we find obtain that
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velocity in the core EGL be of order O (ε), contradicting our initial assumption.

A.2 Laplacian term

For a Laplacian term, expanding into two scales gives
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which gives us
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Expanding this gives us
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and now collecting terms
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A.3 Homogenised equation

A.3.1 Traction boundary condition solution

Substituting equations (5.49), (5.51) and (A.27) into equations (5.35) and (5.36)
gives us
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A.3.2 Pressure boundary condition solution

Substituting equations (5.49), (5.51) and (A.27) into equations (5.40) and (5.41)
gives us
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and

ε2

∂
(
u
(0)
(eP )

)i
∂xi

+ Γi
ik

(
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(0)
(eP )

)k
+

1

ε
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(
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(eP )

)i
∂yi


+ ε3
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+ Γi
ik
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+

1

ε
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u
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(eP )

)i
∂yi


+O

(
ε3
)
= 0 in V(e). (A.31)
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A.3.3 First order correction to the traction-driven flow

In order to check the matching of the asymptotics, we also consider the first order
correction. From O (1) terms in (5.54) we have

[
−gij

∂ P̂(1)

∂yj
+ gjk

∂2
(
v̂(1)
)i

∂yj∂yk

]
= gij

∂ P̂(0)

∂xj
− gjk

[
∂2
(
v̂(0)
)i

∂xj∂yk
+

∂2
(
v̂(0)
)i

∂xk∂yj

+
∂

∂yk

(
Γi
jl

(
v̂(0)
)l)

+ Γi
km

∂
(
v̂(0)
)m

∂yj
− Γm

jk

∂
(
v̂(0)
)i

∂ym

]
(A.32)

which once again is a Stokes flow problem in y for the first order correction to
the traction-driven flow but this time with a more complicated forcing term. If
we take our coordinate system to be Cartesian, this simplifies to[

−∂ P̂(1)

∂yi
+

∂2
(
v̂(1)
)i

∂yk∂yk

]
=

∂ P̂(0)

∂xi
− 2

∂2
(
v̂(0)
)i

∂xk∂yk
. (A.33)

Once again exploiting linearity, we can solve for each of these forcing terms sepa-
rately and then combine to result. Substituting in our solutions from the leading
order solution, we have[

−∂ P̂(1)

∂yi
+

∂2
(
v̂(1)
)i

∂yk∂yk

]
= θl

∂f l

∂xi
− 2

∂αi
l

∂yk
∂f l

∂xk
(A.34)

As such, we have (
v̂(1)
)i

= κi
lm

∂f l

∂xm
(A.35)

where κi
lm satisfies the equations

−gij
∂πl

∂yj
+ gjk

∂2κi
l

∂yj∂yk
= θlδ

i
m − 2

∂αi
l

∂ym
(A.36)

∂κi
l

∂yi
= 0 (A.37)

fil = 0 on S(i) (A.38)

βi
l = 0 on S(w) (A.39)

βi
l = 0 on S(f) (A.40)

along with boundary conditions that enforce periodicity in y1 and y2. f denotes
the traction vector for this Stokes flow problem and a zero traction condition has



APPENDIX A. HOMOGENISATION DERIVATION 138

been imposed as the traction matching can be split into a separate problem in
the same fashion as was done when splitting the traction-driven flow from the
pressure-driven flow. To solve this traction matching problem, we can use our
original leading order equations for traction-driven flow, (5.61)–(5.65), modulated
by the first-order correction to the interfacial traction rather than the leading
order interfacial traction.

A.4 Unhindered unit cell flows

In order to verify that COMSOL is solving the expected equations, we seek so-
lutions to the Stokes flow problems in a unit cell where no glycocalyx is present.
For such a geometry, we expect to obtain solutions for flow over an infinite wall
subject to a unit traction forcing at a certain height (the top of the unit cell) and
for the body forced case, subject to zero traction at a certain height with a unit
body force. We consider each of these cases in turn.

A.4.1 Unit interfacial traction

In the case of flow over an infinite wall, we expect our velocities and pressure
to only depend on the z coordinate as the problem is symmetric in the x and y

directions. As such, the Stokes flow equations reduce to

∂2u

∂z2
= 0 (A.41)

∂2v

∂z2
= 0 (A.42)

∂2w

∂z2
− ∂P

∂z
= 0 (A.43)

with continuity
∂w

∂z
= 0. (A.44)

These equations are subject to no-slip at the wall and a unit traction forcing in
the x direction at the interface (which we take to be located at z = h)

u (z = 0) = v (z = 0) = w (z = 0) = 0 (A.45)
∂u

∂z
(z = h) = 1 (A.46)
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∂u

∂z
(z = h) =

∂u

∂z
(z = h) = 0. (A.47)

Integrating (A.41)–(A.44), we obtain

u = A1z +B1 (A.48)

v = A2z +B2 (A.49)

w = B3 (A.50)

P = C1, (A.51)

where A1, A2, B1, B2, B3 and C1 denote constants of integration. Applying the
boundary conditions, we find A1 = 1 and A2 = B1 = B2 = B3 = C1 = 0, giving
us the solution

u = z (A.52)

v = w = P = 0. (A.53)

A.4.2 Unit body force

As before, we expect our velocities and pressure to only depend on the z coordi-
nate as the problem is symmetric in the x and y directions. As such, the Stokes
flow equations reduce to the same form as before except in this case, with a unit
body force applied to the x equation

∂2u

∂z2
= −1 (A.54)

∂2v

∂z2
= 0 (A.55)

∂2w

∂z2
− ∂P

∂z
= 0 (A.56)

with continuity
∂w

∂z
= 0. (A.57)

These equations are subject to no-slip at the wall and zero at the interface (which
we take to be located at z = h)

u (z = 0) = v (z = 0) = w (z = 0) = 0 (A.58)
∂u

∂z
(z = h) =

∂u

∂z
(z = h) =

∂u

∂z
(z = h) = 0. (A.59)
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Integrating (A.54)–(A.57), we obtain

u = −1

2
z2 + A1z +B1 (A.60)

v = A2z +B2 (A.61)

w = B3 (A.62)

P = C1, (A.63)

where A1, A2, B1, B2, B3 and C1 denote constants of integration. Applying the
boundary conditions, we find A1 = g and A2 = B1 = B2 = B3 = C1 = 0, giving
us the solution

u = −1

2
z2 + hz (A.64)

v = w = P = 0. (A.65)

A.5 Finite difference stencils

In order to create our finite difference method solver, we employ finite difference
stencils that are accurate up to second order. For central differences at the ith
grid point (the ith, jth grid point in the case of a mixed derivative), these are(
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)
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(A.68)

and for forward differences(
∂u

∂x

)
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