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Abstract

Networks have become ubiquitous across many areas of knowledge. Their
popularity comes from the fact that, apart from the variety of the nature of
the systems, they present similar architecture governed by universal properties. Moreover, networks function as a skeleton, by mapping the interactions
between the elements of the system translated into nodes and links. We can
use networks to represent even more complicated systems, e.g. those with
elements of two diﬀerent types. For such cases, we use bipartite networks.
Despite their importance for the analysis of complex systems, bipartite
networks are often neglected. In general, one-mode versions of the bipartite
network are created using the preferred node type. However, such versions
— one-mode projected networks — inherently present a loss of information,
which would most likely result in impaired analysis. The goal of this thesis
is to provide further knowledge about the structure of bipartite networks
and, more importantly, how it aﬀects the structural properties of projected
networks.
First, we show the causality between the degree distributions of bipartite networks and the resulting degree distribution of projected networks.
Also, we find that the bipartite degree distributions are not the only feature
driving topology formation in projected networks.
Thus, we move forward to another network structural feature: small cycles. They represent types of clustering in bipartite networks and directly
aﬀect the projected network structure. We use empirical and synthetic networks to show that while four-cycles indicate recurrence of links between a
pair of nodes in the projections, six-cycles — representation of transitivity
— aﬀect clustering levels.
Third, we introduce the dynamics of network growth. We use extensive
datasets to study the evolution of the structure of scientific collaboration
networks. We create a comprehensive mapping of how several network structural properties evolve over time.
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Finally, we propose a generative model for bipartite networks. It is a
bipartite extension of a model previously designed for one-mode networks.
We show that with the proper adaptation, the model can assess the fundamental structural properties that we have studied throughout the thesis,
reproducing both bipartite and projected network features.
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CHAPTER

Introduction
“The aim of science is not things themselves, as the dogmatists in their
simplicity imagine, but the relation between things.”
Henri Poincaré
In nature or society, a system can be roughly understood as a set of
entities (agents, artifacts, elements, parts or variables) with a set of relations
(interactions) between them [1]. When such systems have a moderate number
of elements, i.e. large compared to two and small compared to Avogadro’s
number, and when the interactions between the entities are non-trivial, we
have what Warren Weaver called organized complexity [2]. Alongside the size
of the systems, other characteristics are equally important for a system to
be regarded as complex. In general, several agents, interacting mainly in a
nonlinear way, exhibiting emergent and adaptive behaviour, with no central
control (self-organizing) is what comes closest to a still debatable definition
of complex systems [3]. Complexity is a new and exciting theory rooted in a
diverse set of other theories, like non-linear dynamics, thermodynamics and
graph theory.
Many challenging modern questions are being addressed using the concepts of complexity as, for instance, the movement of commodity prices, the
dynamics of urban life, the eﬀects of climatic fluctuations in the environment, the evolution of organised crime or even the emergence of collective
intelligence in ant colonies, [4–8]. Within this context, graph theory is often
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an important tool in the analysis of the relationships and structures of complex systems. A graph can represent the skeleton of a system as the elements
and interactions between them can be easily translated to vertices (nodes)
and edges (links), respectively [9–12]. From the applications and developments of graph theory concepts in complexity, the terms complex networks
and network science were coined.
The use of networks to represent the interactions within a system has
become popular across many areas of knowledge. A diversity of systems,
from several domains, are now studied with methods from network theory.
Some well-known examples are:
• power grids [13–17] which, despite their name, are typically far from
grid-like in their structure. The use of network concepts helps to tackle
issues like robustness of the grid, impact of failures, and black-outs due
to cascading eﬀects;
• food-webs [18–21], which are a central issue in ecology, benefit from
network theory in the study of biodiversity and risk of species extinction, for instance;
• transportation networks [22–24], which are used for optimization studies of airspace capacity and, airlines operational costs. Another example is the use of network structure for urban design and street patterns;
• biomolecular networks [25–28], which study protein-protein interactions, gene regulations, metabolism and cellular function;
• world trade web [29–32], which aim to understand trade relationships
between countries and how the structure of imports and exports are
related to the economic development of a region;
• collaboration networks [33–38], which we will study further in this
thesis, are used for the understanding of the interactions between individual or institutions pursuing scientific and technological innovation;
and many others.

Network properties
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Network properties

We now cover some definitions and notation that are necessary for the
remainder of this thesis. A network is a graph G = {U, L}, where U is
the set of nodes and L is the set of links that connect nodes, such that
L = {(u, u′ ) : u, u′ ∈ U }. In this case, the network has only one set of
elements U and for that reason, it is also known as a one-mode network.
The first and foremost attribute of a node u ∈ U is its degree qu , which
is the number of links attached to the node. We will introduce more node
properties, when appropriate, later on in this thesis. On the other hand,
links in L may be of diﬀerent types that are important to introduce at this
stage:
•
•
•
•

A link (u, u) connecting a node to itself is called a self-loop.
A pair of nodes can be connected by multiple links named multilinks.
Links can have values assigned to them, referred to as link weight.
Values assigned to links can be positive or negative, in which case we
have signed links.
• Links may be directed, i.e they can present a well defined direction
from one node to another, or undirected, connecting a pair of nodes
without a particular order.
We can also represent networks mathematically using adjacency matrices.
For a simple graph network, that is a network with undirected, unsigned,
unweighted links with no multilinks nor self-loops, we consider the set of
nodes U as a column and a row vectors to create a square adjacency matrix
M|U |×|U | , whose entries are

1 if a link exists between u and u′
′
mu,u =
(1.1)
0 otherwise.
In this case, M is binary and symmetric, and its diagonal has entries
mu,u = 0. Once we introduce diﬀerent link types to the network, the adjacency matrix will not necessarily be binary (with the presence of link
weight or multilinks) and can become asymmetric (directed or signed links)
with diagonal entries diﬀerent than 0 (with self-loops).
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Next, we introduce important structural features and statistical properties of networks. A focus will be given to the fundamental properties —
namely degree distributions, paths, and clustering — in which we will delve
deeply into this thesis.

1.1.1

Degree distribution and preferential attachment

While the foremost attribute of an element of a network is its degree, the
most fundamental statistical property of a network is its degree distribution
[39]. As mentioned before, the degree qu is the number of links that a node
u has within the network. For undirected networks, as edges do not have a
particular order, every link in the network has two ends. Then, the relation
between the total number of links and the node degrees of the network is
given by
∑
2|L| =
qu ,
(1.2)
u

where |L| is the size of L, the set of links in the network. The average degree
of the network can be calculated according to
∑
qu
⟨q⟩ = u ,
(1.3)
|U |
where |U | is the total number of nodes in the network (i.e. the size of the
set of elements U ). For the case of directed networks, where edges have a
particular direction, each node has degree qin as the number of links pointing
to the node and degree qout as the number of links pointing out from the
node.
Depending on the number of edges relative to the number of nodes, a
network can either be sparse or dense, a feature characterised by the density,
ρ, of the network. The density is the fraction of links present in the network
of the total number possible for a complete graph, that is
ρ=

2|L|
.
|U | (|U | − 1)

(1.4)

The degree distribution P (q) of the network is the probability that a randomly chosen node has degree q, hence
P (q) =

n(q)
,
|U |

(1.5)

Network properties
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where n(q) is the number of nodes with degree q. Although the degree distribution does not give a complete notion of the whole structure of networks,
it gives useful information about the network architecture.
The roots of network theory in graph theory come from the work done on
theoretical random graphs [40–42], widely known as just random networks.
In an example of such a network, pairs of nodes are connected to each other,
with probability p. The resulting degree distribution is binomial, following
a Poisson distribution. For a large number of nodes |U | we have
(
)
|U | − 1 q
P (q) =
p (1 − p)|U |−1−q .
(1.6)
q
However, the vast majority of real-world networks, especially social networks,
do not exhibit binomial degree distributions, as the elements of the system
do not interact with each other only by chance. Instead, nodes choose to be
connected to other nodes that are already linked to many others, giving rise
to an eﬀect known in sociology as the Matthew eﬀect [43–46]. This term was
first used in science to describe how well-known scientists get more recognition for a particular scientific contribution than scientists at the beginning
of their careers [43]. The Matthew eﬀect is caused by a growing inequality
among elements of the system, mostly due to an initial advantage held by
some of these elements. This self-reinforcing behaviour happens not only
in the scientific community but it is one of the most significant characteristics of social networks and it is found in many aspects of social life and
in individuals living in society. Its roots are still uncertain and it may be
caused by diﬀerences in opportunity, motivation, talent and so on, resulting
in widening inequalities related to income, power, knowledge, etc. [47]. Different terms for the Matthew eﬀect are, for instance, the popular saying “the
rich get richer”, or more technical terms such as cumulative advantage [48],
Yule process [49], Zipf’s law [50, 51], among others. In network theory the
terms most often used are preferential linking [52] and preferential attachment [53]. Preferential linking is the behaviour found in many real-world
networks in which new nodes tend to be connected to nodes with high degrees, also known as hubs. Networks that demonstrate this phenomenon of
preferential linking, in contrast to random networks, often leads to the formation of networks called scale-free networks showing a degree distribution
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that follows a power-law:
P (q) ∼ q −γ ,

γ > 1,

q ≥ qmin ,

(1.7)

where qmin is the minimum degree value for which the power law is applicable. A number of studies with empirical data have presented evidence of
this phenomenon and, in most datasets, γ is between 2 and 3 [54–56]. The
exponent γ of the power-law is an important statistical feature of a network
and an easy way of visualizing it is plotting the degree distribution in a
log-log graph [57]. In log scale, the relation among P (q) and q is linear and
γ is the slope of the line:
ln P (q) = γ ln q + constant .

(1.8)

A better alternative visual manner of analysing the degree distribution of
real-world networks, than the probability distribution function, is the complementary cumulative distribution function (CCDF) log scale plot [58]. The
cumulative distribution function (CDF) is the probability of a random variable X having a value less than or equal to x, P (X ≤ x). The complementary
CDF is given by CCDF = 1 − CDF and is the probability of a random variable X having a value greater than x, i.e. P (X > x). We will make use of the
CCDF, instead of the probability distribution function (PDF), throughout
this thesis.
It is important to note that visual methods for comparing degree distributions of empirical data and power law distributions can sometimes be
misleading. Many studies have argued that even though most real-world networks have right-skewed distributions, it does not imply that they strictly
follow a power law [58–63]. Therefore more robust statistical comparisons
are needed, such as the p-value and the likelihood ratio test [58] to improve the fitting of empirical datasets into the most appropriate theoretical
distribution. A recent study, comprising around 1,000 empirical networks
of diﬀerent nature, claims that only around 4% of the networks presented
strong evidence of scale-free structure when such statistical tools were applied [64]. Moreover, the authors of this study claim that social networks
have degree distributions that, at best, weakly follow a power law. However,
this paper has fired up debates within the network theory community on
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whether one should search for degree distributions in scale-free networks
that follow a pure power law, without considering the inherent noise of realworld systems (see e.g. [65]). Following such debates, a new study proposes a
new method to bring rigor for detecting power-law distributions taking into
account deviations found in real-world networks [66]. As result, the authors
of [66] show that scale-free networks are not as rare as stated in [64].
In any case, independent of the details of the kind of statistical distribution exponential, power law, lognormal, etc. that the degrees of nodes
of a network follow, most social networks present the important behaviour
of preferential linking due to inequalities among the elements of the system.
Many individuals have a high number of interactions while the majority are
poorly connected. We will discuss degree distributions of networks in more
detail in Chapters 2, 3, and 4.

1.1.2

Path length and the small world phenomenon

A path on a network is any possible way that a node u can be connected to
node u′ , going from one connected node to another. It works as an itinerary,
following the edges connecting pairs of nodes. The length of the path is a
simple sum of the number of edges separating node u′ from u. The shortest
path, that leads from node u to node u′ through the network, is the distance,
lu,u′ , between them [39]. If the network is weighted, then there are other ways
of calculating distance, as the Dijkstra algorithm [67], that calculates the
shortest path (or shortest distance) as the one of minimal total edge weight
between a pair of nodes. The diameter of a network is the maximum shortest
path among all pairs of nodes found in the network [68].
This property is easily applied to connected networks, where there is
at least one path between every pair of nodes. However, in disconnected
networks, there are pairs of nodes for which no path can be built. In this
case, the network is composed of pieces; subgraphs called components. Each
component of the disconnected network has a subset of U of at least one
element. When presenting more than one node, the component is a connected
component and it must obey two simple conditions, the first being that there
must exist at least one path between every pair of nodes for that set. The
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second condition is that no node of the component can be linked to any other
node from outside the component. This is obviously needed to guarantee that
the component is really isolated.
The shortest path lu,u′ may be defined as infinite if there is no path
between nodes u and u′ . In such cases, the diameter of a disconnected graph
is also defined as infinite. Alternatively, it is common to define the diameter
of the largest connected component (LCC) — the component with the largest
subset of U — as the diameter of the network [68].
The same reasoning is useful for defining the average shortest path length
which is a measure of the average shortest distance between every pair of
nodes in the network:
⟨l⟩ =

∑
1
lu,u′ ,
|U | (|U | − 1) u̸=u′ ,l <∞

(1.9)

u,u′

where again |U | is the total number of nodes in the network. The relatively
small diameter and average shortest path length when compared to the number of the nodes, in many real networks, raise the small world phenomenon.
The concept is well known since the author Frigyes Karinthy, in his 1929
short story titled Chains, proposed the notion of six degrees of separation
[69]. A few decades later, the social psychologist Stanley Milgram performed
an experiment to find out the average path length in a network of acquaintances [70]. In his experiment, he asked the participants to forward a letter
in order to make the letter reach a previously defined person. Each participant could forward the letter to only one of its acquaintances. Surprisingly,
Milgram found that the average length of this chain of acquaintances was
six.
When a path starts and ends in the same node u, we have a structure
referred to as a cycle. The size of the cycle is the number of edges that are
needed to reach the starting node. The smallest possible cycle in a network
is a three-cycle (of size three), widely known as triangle. In the late 1990s,
Watts and Strogatz investigated the relationship between the average path
length and the clustering of the network, as measured by the presence of triangles [71]. Starting from a ring lattice — a network full of triangles but high
average shortest path length — links are rewired by picking a node u and
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trying to connect each of its edges to randomly chosen nodes, with probability p. The larger p is, the more the lattice structure is broken. When p = 1,
the resulting network is nothing but a random network, which presents few
triangles and short path length, exactly the opposite of ring lattices. They
observed that empirical networks are in the middle ground, with observed
small average shortest path length, relative to a ring lattice, but with a
higher frequency of triangles when compared to random networks. For that
reason, they called such networks as small world networks, in analogy to the
small world phenomenon, such that ⟨l⟩ ∝ log |U |.
We will explore more the presence of cycles in networks in Chapters 3, 4,
and 5; and will discuss triangles and introduce clustering coeﬃcient next.

1.1.3

Clustering coeﬃcient and transitivity

Many systems, especially social ones, display group structure, or communities [72–74]. Everyone is part of some sort of group or community — a church,
a football team, a research lab, a rock band, and so on, in a constant search
for survival and resilience [73, 75]. Group structure can be defined as a high
number of interactions between agents of a subset of the system, relative to
the number of interactions expected in a random network of the same density. Thus, it is not surprising that networks are very useful in identifying
such structures.
The building blocks of communities in networks are triangles. A triangle
is a cycle of size three, that is three nodes and, in its simplest form, three
edges connecting them. While triangles are rare in random networks [40],
they are very abundant in real-world networks — due to a property know
as transitivity or triadic closure, proposed by Georg Simmel [76, 77].
The concept of transitivity is related to the process of link formation.
Consider that before the formation of the triangle, we had the situation in
which u′ is connected to both u and u′′ . Then, it is likely that at some point in
time, triadic closure (transitivity) will occur, when u′ ‘introduces’ u to u′′ and
a new link is created, leading to the formation of a triangle in the network.
The presence of links (u, u′ ) and (u, u′′ ) implies a high likelihood that the link
(u′ , u′′ ) exists, relative to the likelihood of a link existing between a randomly
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selected pair of nodes. On a large scale, this process is recurrent along the
whole system and several high interconnected subsets (communities) start
to appear.
A clustering coeﬃcient can be used to quantify the level of transitivity in
networks [78]. In one of its forms, a clustering coeﬃcient counts the number
of open triplets — sequences of three nodes connect by two links — and
closed triplets, such that
C=

# closed triplets
3 × # triangle
=
.
# open triplets
# open triplets

(1.10)

We need to multiply the number of triangles by three due to the fact that
each triangle contains three closed triplets, each centered in one of the nodes
of the triangle.
It is also possible to calculate the local level of transitivity (i.e. local
clustering coeﬃcient), focused on a particular node u, by measuring the
level of connections between its neighbours [71]. Considering the degree of
u, qu , as the number of first neighbours of u, then the maximum possible
number of links between u’s neighbours is given by qu (q2u −1) . The clustering
coeﬃcient of u, ccu , is, therefore,
ccu =

2|Lu |
,
ku (ku − 1)

(1.11)

where Lu is the set of existing links between the qu neighbours of u.
In Chapter 3 we will return to discuss clustering coeﬃcients in more
depth. We will introduce other clustering concepts and study them throughout this thesis, in Chapters 3, 4 and 5.

1.1.4

Other properties

Because of the multitude of applications of network theory, a myriad of
network properties were developed and adapted according to the specific
demands of each field. For our purposes, we will focus on some of the most
traditional properties along with those that are somehow related to this
work.
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Centrality measures. Centrality is related to the importance of the agents
of the system, according to the network structure. As importance is a subjective term, there are several ways of measuring it, each one with a diﬀerent
meaning. Some examples are:
• degree centrality — the size of the neighbourhood of u. It is the same as
the node degree q in a simple graph the network. For the case where
edges have directions, there are two separate degree types, namely
indegree qin and outdegree qout ;
• closeness centrality — to measure a node’s ability to reach (or to be
reached by, in the case of directed graphs) any other node in the network in a minimum number of steps. We calculate it by taking the
reciprocal of the average length of the shortest path between node u
and all other nodes in the network [79, 80], according to
|U | − 1
closenessu = ∑
;
u′ lu,u′
• betweeness centrality — to measure the number of times that node
u is present in the shortest path between any other two nodes in the
network, acting like a bridge between them [81]. It can be calculated
using the expression [82]
betweenessu =

∑
u̸=u′ ̸=u′′ ∈U

#lu′ ,u′′ (u)
,
#lu′ ,u′′

where #lu′ ,u′′ (u) is the number of shortest paths between u′ and u′′
(#lu′ ,u′′ ) that pass through u.
Assortativity. It is the tendency that nodes in a network have to connect to
similar others with respect to a particular node attribute. In social sciences,
assortativity is also known as homophily. Attributes commonly studied are
gender, age, ethnicity, social class and so on [83]. Among the network theory
community, degree-assortativity receives much attention as the degree is the
most fundamental attribute of a node. We will see more about degree-degree
correlation and its presence in most social networks in Chapters 2, 3, and 4.
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Cliques. Cliques are also known as complete subgraphs of a graph G =
{U, L}. They are structures created by a subset of nodes U ′ ⊆ U , in which
every node is connected to every other node within the subset by a link
(u, u′ ) ∈ L such that u, u′ ∈ U ′ [78]. The smallest possible clique is composed
of three nodes, creating a triangle. Cliques play a significant role in the
context of this work as we will see throughout the thesis.
Motifs. Similarly to cliques, network motifs are subgraphs of G, however
without the necessity of being complete. Subgraphs that are considered motifs are recurrent in the network, repeating themselves a statistically significant number of times [84, 85]. Motifs are extremely important structures of
networks and we will explore more about this topic, specifically for the case
of small cycles, in Chapters 3, 4 and 5.

1.1.5

Motivations

The reason for which networks have become so ubiquitous across disciplines
is actually quite simple. Mostly, network architectures present degree distributions governed by preferential linking, small average shortest path, and
high average clustering. Thus, apart from the variety and diversity of systems
of many diﬀerent domains, the structure of most systems present fundamental, common organizing principles and universal properties. In that way, the
same mathematical framework can be used to address a myriad of questions
of distinct nature [86].
However, there is a class of networks that does not draw so much attention, despite its importance for the analysis of many systems. This class of
networks is known as bipartite or two-mode networks — the nomenclature
varies across the diﬀerent disciplines and names also found in the literature
are aﬃliation and membership networks, among others [87–89]. It is called
bipartite because the elements of the system are divided into two distinct
sets, agents and artifacts, or bottom and top nodes, respectively. The lack of
major interest in bipartite networks, when compared to one-mode networks,
is mainly due to one of their most important properties: from every bipartite
network new one-mode networks can be created. Such networks are called
(one-mode) projections or projected networks [90–92]. Hence, the network

Bipartite networks

13

theory community largely focuses on one-mode networks mostly because of
their simpler features and structural properties.
In this thesis, we not only perform a comprehensive study of the structure of bipartite networks and how the structure evolves over time but, more
importantly, also on how it aﬀects the already well studied structural properties of one-mode networks, for the case when the latter is a projection of
original bipartite networks.

1.2

Bipartite networks

Bipartite networks are a particular kind of network that are crucial in the
analysis of social and economic systems as they explicitly represent conceptual links between distinct types of entities. They can be used to show
relations based on membership, aﬃliation, collaboration, employment, ownership and others, between two classes of nodes within a system, namely
bottom and top nodes [93–95].
Some examples are: executives connected to companies when they sit on a
company’s board of directors [96, 97], business networks between companies
and banks [98–100], researchers connected to papers they publish as part
of scientific collaborations [101–104], football players and clubs they have
played for [105, 106], actors playing in movies [71, 107], and politicians
debating specific subjects in the parliament [108]. In such networks, nodes
belong to two distinct sets and connections only exist between nodes of
diﬀerent sets.
Many real-world networks are, in fact, one-mode networks created from
an underlying bipartite network. The method used to build the one-mode
network from a bipartite graph is known as projection. In the simplest case
of a projected network, two nodes are connected if they share a common
neighbour in the original network. The reason for using projected networks
is twofold: first, we are often more interested in only one of the types of nodes
(agents) to investigate the possible relations between them. Second, there is
a myriad of metrics for studying one-mode networks, while there exist fewer
well-established metrics to characterize the properties of a bipartite network
[88, 109].
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Projected networks certainly are interesting objects, but as we will see
later on, information is lost in the process of creating projections [88, 91].
Since they are derived from bipartite graphs, it is clear that their features
and topology are aﬀected by the bipartite structure of their origin. Hence, a
major part of this work is to investigate bipartite networks, their properties
and features, concurrently with any analysis of their projected networks.
Just as with one-mode networks, there exist signed, multilink, directed
and weighted bipartite networks, depending on the types of edges present
in the network. The scope of this thesis, however, is simple, unweighted
and undirected bipartite networks structure. Much needs yet to be comprehended about simple bipartite networks and their projections prior to
further investigations of more complicated cases.

1.2.1

Mathematical representation and notation

A bipartite network is a graph B = {U, V, E}, where U and V are disjoint
sets of nodes and E = {(u, v) : u ∈ U, v ∈ V } is the set of links connecting
nodes of the diﬀerent sets. We will refer to the sets U and V as the bottom
and top node sets respectively.
Each set of nodes in the bipartite network can have independent properties, such as degree distributions, clustering, number of nodes (system size),
among others that we will discuss throughout this thesis. Hence, we will use
a distinct notation for the bottom and top nodes to avoid confusion. For the
notation of node degree, a bottom node u ∈ U has degree ku , while dv is the
degree of a top node v ∈ V .
Similar to one-mode networks, another way of representing bipartite
graphs mathematically is by means of the adjacency matrix. In this case
we have a block matrix AB of the form


0|U | A


(1.12)
AB = 
,
AT

0|V |

where 0n is an n × n matrix of zeros and AT is the transpose of the matrix
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A. The latter is the |U | × |V | matrix with entries

1 if a link exists between u and v
au,v =
0 otherwise.

(1.13)

The adjacency matrix AB contains redundant information. If instead, we
treat A as the adjacency matrix with entries denoting connections between
the nodes u (a column vector) and nodes v (a row vector), then we can work
with a more compact matrix.
Then, the degrees of bottom nodes in U and top nodes in V are therefore
given by
|V |
|U |
∑
∑
ku =
au,v and dv =
au,v .
(1.14)
v=1

u=1

Such definitions lead us to the basic topological quantities. The total
number of edges |E| of a simple bipartite graph is given by
|E| =

|U | |V |
∑
∑

au,v .

(1.15)

u=1 v=1

It also can be written as
|E| =

∑

ku =

u∈U

∑

dv .

(1.16)

v∈V

The above equations are an important constraint for every bipartite network:
the sum of degrees of one node set must always be equal to the sum of degrees
of the opposite node set. Both sums are equal to the total number of edges
in the network.
We can calculate the average degree of each set of nodes, according to
∑|V |
∑
au,v
|E|
u ku
⟨k⟩ =
= v=1
=
,
(1.17)
|U |
|U |
|U |
and

∑

kv
⟨d⟩ =
=
|V |
v

∑|V |

au,v
|E|
=
.
|U |
|V |

v=1

(1.18)

Finally, the density — sometimes called connectance — of the graph is
ρB =

|E|
,
|U | · |V |

(1.19)
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where |U | · |V | is the total number of possible links in B.
A projection onto the nodes U (a so-called bottom projection) results in
a one-mode network (Gb = {U, Lb }) where node u is connected to u′ , {u, u′ }
∈ U , only if there exists a pair of edges (u, v) and (u′ , v) ∈ E, i.e. such that
u and u′ share a common neighbour in V . The inverse is also valid. In a
projection onto V (Gt = {V, Lt }), or top projection, a node v is connected
to node v ′ if they share at least one common neighbour in U . Figure 1.1
shows a schematic of a bipartite network with its agents (bottom nodes)
and artifacts (top nodes) layers, and its projections.
top projection
2

1

3

bipartite network
artifacts

2

1

3

B

agents

A

F

D
E

C

B

D

F

C

A

E

bottom projection
Figure 1.1: Schematic of a bipartite network with its projections onto either
bottom and top layers.
Bottom and top projections can also be represented in matrix notation,
as results of matrices products, according to
Mb = AAT

and Mt = AT A .

(1.20)

The above matrices, however, do not have a straightforward interpretation as we do with matrix A. As stated before, all the elements of the latter
will be either 1 or 0, if rows (bottom nodes) are connected to columns (top
nodes) or not, respectively. In contrast, the adjacency matrix of a projected
network Gb (or Gt ) does not take only binary entries, as we will see shortly.
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It is worth keeping in mind that every analysis valid for projected networks onto the bottom set of nodes U , works also for top projections. Hence,
for the sake of simplicity, we will treat all projections as bottom projections, unless otherwise stated. That is, we define a projected network as a
graph G = {U, L}, where L is the set of links in the projection, such that
L = {(u, u′ ) : ∃ v ∈ V, (u, v) ∈ E & (u′ , v) ∈ E}. A node u ∈ U has degree
ku in the bipartite graph B and degree qu in the projected network G.
An important relation can be inferred from such definitions: if node u
is connected to ku nodes vj ∈ V and each of these nodes is connected to
dvj nodes u′ ∈ U , with j = 1, 2, ..., ku , then the degree of u in the projected
network obeys
ku
∑
qu ≤
(dvj − 1) ,
(1.21)
j=1

where the equality always holds if the projection is a multigraph. The degree
qu of node u in the bottom projection is the sum of the degrees dvj of all
nodes it is connected to, minus its own degree ku . When the projection is
a simple or weighted graph, the equality holds if the bottom nodes never
share more than one common neighbour from the top node set. We will delve
further into projection methods shortly.
Another way of finding the degree of a node in a projected network is
using the adjacency matrix. The adjacency matrix of a projected network,
M , is given by the product between the bipartite matrix A with its transpose
AT (Equation 1.20). As the matrix A has dimensions |U | × |V | and AT has
dimensions |V | × |U |, M is a |U | × |U | matrix.
When the one-mode network is a simple graph, its adjacency matrix is
symmetric, with element values either 0 or 1 and diagonal elements equal
to 0 (no self loops). The projected adjacency matrix is also symmetric but,
otherwise, its entries are not necessarily binary, depending on the structure
of the bipartite network. Furthermore, the diagonal element mu,u of the
projection is the degree ku of node u ∈ U . That is

0 if ∄v ∈ V : (u, v) ∈ E and (u′ , v) ∈ E
mu,u′ =
x otherwise.
where x = Au′ 1 AT1u′ + Au′ 2 AT2u′ + ... + Au′ |U | AT|U |u′ and x = ku for u = u′ .
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The degree qu satisfies
qu ≤

|U |
∑

mu,u′ .

(1.22)

u′ =1,u̸=u′

Figure 1.1 shows a schematic representing a network in which a pair of
agents only ever share one common top node in V . This is an unrealistic
case though. Most real-world bipartite networks present structures with a
pair of bottom nodes often sharing more than one common top node.
The entry mu,u′ of the adjacency matrix M of the projected network is,
therefore, the number of common neighbours nodes u and u′ share in B,
such that
mu,u′ = |NB (u) ∩ NB (u′ )| ,
(1.23)
where NB (u) and NB (u′ ) are the sets of neighbours of u and u′ , in that order,
in the bipartite network B. The resulting matrix M can be manipulated and
used in diﬀerent ways. It consequent analysis regarding projected networks
will depend on the projection method chosen. Next, we will cover three
projection methods that will be useful later in this thesis.

1.2.2

Simple graph projections

A simple graph is an undirected, unweighted graph with no multiple links
and no self-loops [9, 110]. Hence, in the simple graph projection method,
a binary and undirected one-mode network will be created. Even though a
pair of bottom nodes u and u′ can share many common neighbours in the
opposite set V in B, there will be only a simple link connecting such nodes
in the projected version (Figure 1.2).
Although the simple graph projection method is commonly used, projections created this way result in significant loss of information. For instance,
one could argue that the link between a pair of nodes that have many common neighbours is stronger than the link between a pair of nodes that share
only one neighbour in the bipartite graph. Such information is discarded in
a simple graph projection. This becomes clear when we take a look at the
process of creating the adjacency matrix, MS , of the simple graph projected
network.
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bipartite structure

A

B

simple graph

D

multigraph

B

A

C

weighted

B

C

D

A

B

C

D

A

C

D

Figure 1.2: Schematic of three projection methods for bipartite networks:
simple graph, multigraph and weighted projections.
To create MS , one could proceed with the following steps outlined in [111].
First, we take the resulting M = AAT and apply to it a Heaviside function
Θ(M ), such that
Θ(M ) = Θ(mu,u′ ) ,
(1.24)
where


0 if m ′ = 0
u,u
Θ(mu,u′ ) =
1 otherwise.

Second, we subtract the identity matrix I|U | with dimensions |U | × |U |
after applying the Heaviside function Θ(M ). That gives us the resulting MS
according to
MS = Θ(M ) − I|U | .
(1.25)
The simple graph projection does not keep track of how many interactions there are between two bottom nodes, via top nodes (common neighbours), in the bipartite network. It is important, for the understanding of
projection methods, to bear in mind that the degree qus , of a node u in a simple projection, represents exactly the number of neighbours that the node
has in the projected network. That is
qus = |NGs (u)| ,

(1.26)

where NGs (u) is the set of neighbours of u in the projected network Gs .
Furthermore, the process of creating the adjacency matrix also shows us
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that, as stated before, the equality of Equation (1.21) does not always hold.
This is due to the fact that we applied the Heaviside function Θ(M ) for the
matrix M .

1.2.3

Multigraph projections

A multigraph is a graph in which multiple links are allowed between pairs
of nodes, with or without self-loops [11, 112].
The multigraph projected network Gm is an undirected, unweighted
graph in which pair of nodes can have several links connecting them, as
shown in Figure 1.2. Due to the fact that we are only using simple bipartite
networks in this work, there will not be self-loops in the projected networks
with the multigraph projection method.
For multigraph projections, every neighbour vj shared by a pair of nodes
u and u′ in B results in a link connecting u and u′ in Gm . Due to this fact,
the loss of information with this projection method is less than that for
simple graph projections. We notice this when constructing the adjacency
matrix, by using a similar reasoning as before. First we find the diagonal
matrix DM of the matrix M = AAT from Equation (1.20). DM is a matrix
of dimensions |U | × |U | with elements given by
du,u′ = mu,u′ δu,u′ ,

(1.27)

where mu,u′ are the elements of M and δu,u′ is the Kronecker delta, such that
DM is of the form


m1,1 . . .
0
 .
.. 
..
..
DM = 
.
. 

.
0 . . . m|U |,|U |
Then, by subtracting DM from M , we have the adjacency matrix MM
of the multigraph projected network, according to
MM = M − DM .

(1.28)

The number of links connecting two nodes u and u′ in the multigraph
projected network is the number of interactions (i.e. the number of common
neighbours shared) between such nodes, in the bipartite graph. Therefore,
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the degree qum of a node u in a multigraph projection represents the total
number of interactions of node u in Gm . This is also referred to as the node
strength su [113, 114]. Last but not least, qum gives an equality in Equation
1.22. This can be explained by the fact that we do not apply the Heaviside function when creating the adjacency matrix MM of the multigraph
projected network as we do when creating MS .

1.2.4

Weighted projections

Weighted networks are networks in which links have values assigned to them
[77, 115, 116]. Such values (link weights) can be used to represent the
strength or quantity of some variables of interest, e.g. duration, intensity,
intimacy, exchange of services [77], capacity [117, 118], and collaboration
[96, 119], among others.
Simple graph and multigraph projections diﬀer only with regard to node
attributes, namely the node degrees. In weighted projections, we introduce
edge weights for links connecting pairs of nodes. Figure 1.2 gives an example
of this for a toy bipartite network.
The association of weight values with edges can be done in many diﬀerent
ways. The two most common versions being simple weighting [96, 120] and
hyperbolic weighting [116]. In the former, the weight of the link is exactly
the number of common neighbours a pair of nodes has in B, given by
w(u,u′ ) = |NB (u) ∩ NB (u′ )| .

(1.29)

From Equation 1.23, we have that the weight of the link connecting nodes
u and u′ in Gw has its value given by the element mu,u′ of the adjacency
matrix M from Equation 1.20, such that
w(u,u′ ) = mu,u′ .

(1.30)

We can also calculate the weight of a link, still using simple weighting, by
summing over all the top nodes of B that are connected to u and u′ , according to
∑
w(u,u′ ) =
δv,u δv,u′ ,
(1.31)
v
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where δv,u = 1 if the bottom node u is connected to a top node v in the
bipartite graph B.
The above equation is slightly changed when we use hyperbolic weighting.
The idea underlying hyperbolic weighting is that the more bottom nodes are
connected to a top node v in B, the weaker the strength of their interactions
in the projected network. For instance, in a scientific collaboration network,
it is assumed that two scientists who co-authored a paper know each other
better than if they had co-authored the same paper with a large number of coauthors [116]. In this case, the links in Gw have values inversely proportional
to the number of bottom nodes sharing the same top node, by a factor of
1/(n − 1), such that
∑ δv,u δv,u′
w(u,u′ ) =
,
(1.32)
nv − 1
v
where nv is the number of bottom nodes connected to v in the bipartite
network [116].
It is important to note that these are not the only two weighting methods. There are others, less commonly found in the literature and in network
analysis, like the resource allocated method [91] or the statistical validation
method [111, 121–124]. These methods are directly related to the applications of projected networks and therefore not part of the scope of this thesis.
In terms of the adjacency matrix, we can argue that simple weighted
projected networks can be represented by two matrices: one regarding node
q
l
degree (MW
) and the other with respect to link weight (MW
). Such matrices
q
have been already introduced. The first is given by MW = MS , as qus = quw ,
for simple and weighted projections of the same original bipartite network.
l
Likewise, MW
= MM [125] due to Equation 1.30, with u ̸= u′ , since we only
consider simple bipartite graphs and hence there are no self-loops in the
projected networks.
Lastly, it is possible to calculate another important node attribute in the
analysis of simple weighted networks, namely node strength [113], based on
the link weights, according to
su =

|U |
∑
u′ =1

w(u,u′ ) .

(1.33)
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As mentioned in the previous section, this quantity is equivalent to the
multigraph degree qum and, consequently, to the expected degree qu given by
Equation 1.22, such that
su =

qum

=

|U |
∑

mu,u′ .

(1.34)

u′ =1

Weighted projected networks are perhaps the most common projection
method used in network analysis. The reason for that is threefold. First,
the node degree quw represents the number of neighbours NGw of the node,
equivalently to the node degree qus in a simple graph projection. Second,
the node strength su is the total number of interactions of a node, as the
degree qum in a multigraph projection. And third, the weight w(u,u′ ) of a link
keeps track of the number of interactions (number of common neighbours)
between a pair of nodes u and u′ in B.

1.3

Thesis outline

This thesis is composed of six chapters, four of which are original research
contributions. Each chapter of research contribution is an individual piece
of work that has been submitted, or is in preparation for submission, to
scientific journals in the field of complexity theory and networks. However,
as we will see next, they are all interdependent, with each chapter being
built upon the previous one, to create a bigger single piece of work that is
this thesis.
The present chapter introduced the concept of complex systems, its origins and the reason for which complexity and network theory has gathered
so much attention since the end of the last century. Researchers from many
domains of knowledge are using the tools and the mathematical framework
developed by complex networks studies to approach modern questions in
their respective fields. So far, we have introduced fundamental and universal
features of network architecture, namely degree distribution and preferential
linking, average path length and the small world eﬀect, and clustering and
transitivity, along with some centrality measures, assortativity, cliques, and
motifs. We then introduced bipartite networks, a class of networks that does

24

Introduction

not receive as much attention as we believe it deserves, for several reasons
that we will cover in this thesis. We have presented some key concepts and
the mathematical notation that we will use in our studies.
Chapter 2
In Chapter 2 we address degree distributions, the most fundamental statistical feature of network architecture. The topology of one-mode projected
networks is highly dependent on the degree distributions of the two diﬀerent node types in the original bipartite structure. To date, the interaction
between the degree distributions of bipartite networks and their one-mode
projections is well understood for only a few cases, or for networks that
satisfy a restrictive set of assumptions. We used the formalism of generating functions to prove that the degree distributions of both node types in
the original bipartite network aﬀect the degree distribution in the projected
version. To support our analysis, we simulated several types of synthetic
bipartite networks using a configuration model where node degrees were assigned according to specific probability distributions, ranging from peaked to
heavy-tailed distributions. More importantly, we show that bipartite degree
distributions are not the only network feature driving the architecture of
projected networks, in contrast to what has been reported in the literature.
Main contributions:
• We provided new analytical expressions, using the generating function formalism, to predict node strength distributions of projected networks, especially for cases where we have peaked distributions. Heavytailed distributions, that follows a power-law, are unamenable to deriving an analytical solution for the projected degree distribution. This is
mainly due to the presence of polylogarithm functions in the solution,
and the diﬃculties of algebraic manipulations of such functions.
• We demonstrated that the projected degree distribution tends to follow
the distribution of the bottom node set, so long as the degree distribution of the bottom node set is more right-skewed, or heavy-tailed,
than the top degree distribution.
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• We showed that the projected degree distribution undergoes a flattening process when top degree distributions are more right-skewed than
the distribution of the bottom node set. The relative abundance of
nodes with high degree in the top set induce large cliques (complete
subgraphs) in the projected network, and the projected distribution
tends to become more uniform. This is one of the reasons why degree
distributions of social networks tend to deviate from a power-law.
• We revealed that another consequence of the above — high-degree
nodes creating large cliques in the projected network — is the presence
of degree assortativity in the projected network as top nodes create
cliques as large as their degrees.
• We showed that while node strength distribution (multigraph degree
distribution) of projected networks can be directly inferred from top
and bottom node degree distributions, the latter are not the only structural features of bipartite networks playing a role in the resulting (simple graph) projected degree distribution.
Chapter 3
In Chapter 3, we create an empirical bipartite network using data from the
European Patent Oﬃce and project it onto the agents (i.e. institutions filing for patents). We look further at the properties of both bipartite and
projected networks, adding cycles and clustering to our analysis. We compare these measures for the patent network to the properties of synthetic
bipartite networks and their projections. We show how some features of the
bipartite structure, namely four- and six-cycles, play an important role in
shaping the topology of the one-mode projected network, more specifically
aﬀecting degree and clustering distributions, respectively. Furthermore, we
propose new metrics based on network structural properties as a way to
quantify the extent of collaboration by agents in a collaboration network.
Chapters 2 and 3 both consider networks as per static entities, considering
their structure at only one point in time.
Main contributions:
• The empirical co-patenting network presents an underlying bipartite
network with non-trivial structure. That is, connections between the
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•

•

•

•

top and bottom nodes are not driven by a random process where nodes
are connected by chance. We showed that such non-trivial structure
is the high presence of motifs in the networks, namely four- and sixcycles.
Four-cycles create redundancy of top nodes. We demonstrated that redundancy is the reason for the diﬀerence between the degree distribution and the node strength distribution of the projected co-patenting
network.
Projected networks usually present high levels of clustering due to
the cliques induced by the top nodes. However triadic closure also
happens due to six-cycles in the bipartite network. We showed that
these additional triangles induced by six-cycles are representatives of
the process of transitivity.
We revealed that institutions with many patents tend to collaborate
less and share a smaller fraction of their patents. However, some
large corporations have international branches that share most of their
patents among themselves. Such behaviour generates many four-cycles
in the bipartite network and nodes with a small diversity of collaborators — i.e. a small ratio between node degree with regard to node
strength, qqmu .
u
We calculated the degree assortativity coeﬃcient r of the co-patenting
network, showing that r = 0.0046. Hence, the network is neutral (neither degree-assortative nor degree-dissortative). We ratified that this is
expected based on the findings of Chapter 2, as the bipartite network
has a peaked top degree distribution and heavy-tail bottom degree
distribution.

Chapter 4
Next, we look at how the sort of structural properties studied in the previous chapters evolves over time. Chapter 4 presents our analysis of the
growth of the structure of some empirical bipartite collaboration networks.
We create such bipartite networks — that we call here scientific collaboration
networks — using extensive databases from the American Physical Society
(APS) dating from 1893 to 2015, and from ArXiv (1986–2015), a repository
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for electronic scientific preprints. Our interest in these networks focuses on
four selected features, namely degree distributions, density, redundancy, and
cycles. We show how such features aﬀect the formation of co-authorship networks — the projection onto agents (authors of scientific papers) — and
their observed structural properties. The appearance of large collaboration
groups, in physics, generate substantially skewed top degree distributions.
The latter, in turn, induce massive cliques (complete subgraphs) in the projection, triggering a considerable densification of the co-authorship network,
while the density of the original bipartite network remains at the same levels. Furthermore, such skewed degree distributions increase node redundancy
and, as a consequence, alters the distribution of link weights in the projection.
Main contributions:
• We showed that, similarly to the co-patenting network, co-authorship
network also have an underlying bipartite network with non-trivial
structure.
• The top degree distribution of the underlying bipartite network of the
APS co-authorship network presents a transition from peaked to heavytailed. Such a transition occurs around the 1990s with the emergence
of large collaborations in physics.
• We showed that evolution of the degree distributions of the APS coauthorship network displays the flattening process discussed in Chapter 2 as the top degree distribution become more right-skewed. This is
a consequence of the massive cliques induced by large collaborations.
• Another consequence of the cliques of the APS co-authorship network
is the transition in the evolution of the network degree assortativity.
We calculated the degree assortativity coeﬃcient showing, as expected,
that the projected networks, in the early days, are degree dissortative
and become degree assortative as papers with many authors start to
be published.
• Even though the ArXiv co-authorship networks for the other disciplines than physics do not present highly skewed top degree distributions, they still show a high presence of four-cycles. That is, we
demonstrated that scientific collaboration networks favour recurrent
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collaborations between the same pair of authors — authors that have
co-authored before tend to co-author again in the future. This is reflected in the link weight distributions, which are right-skewed.
• We showed that six-cycles, although appearing less than four-cycles,
still have a relatively high presence in the bipartite networks, proving that transitivity is an important process of scientific collaboration
networks.
• We proved, using the generating function formalism, that the density
of the co-authorship network can only show a transition (densification)
with the emergence of large collaborations.
Chapter 5
With the knowledge acquired in the previous chapters, we move our attention, in Chapter 5, to generative models. The current approach in much of
the literature is to model one-mode projected networks without taking into
account that they are, in fact, derived from an underlying bipartite structure.
To show how such an approach can be quite misleading, we build our work
on a generative model designed to recreate some properties of a one-mode
network. We extend its general idea, based on a maximum entropy approach
of networks growing in a hyperbolic plane, to bipartite networks. We then
assess the structural properties of our interest — degree distributions, redundancy, cycles, clustering and link weight distribution.
Main contributions:
• We showed that the traditional Erdős–Rényi and Barabási–Albert
models, even when extended to bipartite networks, cannot produce
the bipartite structural properties of our interest.
• We proposed a new latent space generative model for bipartite networks, as an extension of a generative model for one-mode networks.
The model is based on a maximum entropy approach of a network
growing in a hyperbolic plane.
• The proposed generative model can control the degree distributions of
a bipartite network. We used a probability distribution as a reference
for the top degree distribution while we controlled the coordinates of
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the bottom nodes, in the hyperbolic plane, to tune the desired level of
preferential attachment of such nodes.
• By controlling a system parameter that can be related to the concept
of temperature from statistical physics, we could modify the frequency
of four-cycles in the network and, consequently, the number of larger
cycles such as six, eight- and 10-cycles.
• The structural features of the projected network — degree distributions, clustering, and link weight distribution — were then naturally
reproduced when we created a projection of the bipartite network following our proposed growth process.
Finally, Chapter 6 presents the conclusions of this thesis.

CHAPTER

Degree distributions of bipartite
networks and their projections
This chapter is adapted from:
D. Vasques Filho and D. R. J. O’Neale. Degree distributions of bipartite
networks and their projections. Phys. Rev. E, 98:022307, 2018.

2.1

Introduction

Bipartite structures are of great importance in the analysis of social networks.
They are used to represent conceptual relations between two diﬀerent types
of entities within a system, namely bottom and top nodes, or agents and
artifacts [93–95]. Often, we are particularly interested in one of the types of
nodes of a bipartite network (e.g. the agents) and, in order to investigate the
relationships among them, we create a new network with only these nodes.
This new graph is a projection of the original bipartite network. Connections
in this projected network exist only if a pair of nodes shares a common
neighbour in the original bipartite structure.
As an example, consider a bipartite network in which executives are connected to companies when they sit on a company’s board of directors. From
this network, it is possible to construct a projection, which is a network of
company directors [96, 97], where two agents (i.e. directors) are connected if
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Degree distributions of bipartite networks and their projections

they sit in the same board. Projections of bipartite networks are frequently
used in the analysis of social systems but, as we will see in Sections 2.2
and 2.4, there is an inherent loss of information when creating a one-mode
network from a bipartite structure [88, 91]. Moreover, the resulting network
topology and the dynamics that can take place on a projected network are
particularly sensitive to the degree distributions of the underlying bipartite
graph [127, 128]. The edges in a projected network are obviously a consequence of the edges between agents and artifacts from the original graph.
In this chapter, we give a more general view of how diﬀerent degree
distributions in bipartite networks aﬀect the distributions of their projections. Studies regarding bipartite structures have shed new light on the
topic [90, 97, 127–129], however several of these results are applicable for
only a few specific cases and with particular assumptions about the degree
distributions of the underlying network.
A number of previous works have considered the degree distributions
of projected bipartite networks. In [97] only one projection is built, where
the bipartite network has Poisson degree distributions for both node types.
Other works investigate projections of networks with an exponential degree
distribution for top nodes projected onto the bottom nodes with a power-law
degree distributions [90, 129]. In [128] nodes with power-law degree distribution were projected onto nodes with power-law and exponential degree
distributions. Finally, in [127] projections were created using several probability distributions (delta function, normal, exponential and power-law) projecting onto a β-distribution [130, 131]. Similarly to [127], we consider four
probability distributions — namely delta function, Poisson, exponential and
power-law distributions — as the degree distributions of top nodes of the
bipartite networks. However, we also use them as degree distributions of
bottom nodes. In this way, it is possible to analyse their combinations and
cover a range from very peaked distributions to heavy-tailed distributions
for both sets of nodes in the network.
The degree distribution of a network is closely linked to its degree-degree
correlation, or degree assortativity. Since the degree distribution of a projected network essentially amounts to counting the number of paths of length
two for nodes in the bipartite network, it is clear that the projected distri-
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bution will be aﬀected by any degree-degree correlation in the bipartite
network. While, in some cases, there may be motivation for considering
degree-assortative or dissortative bipartite networks (e.g. highly prolific authors may tend to publish papers with large numbers of co-authors), we do
not impose any constraints on the degree-degree correlation of the bipartite
networks considered here.
However, we do study the degree assortativity of the one-mode projected
networks. It has been observed in a number of cases that a range of diﬀerent
social networks (e.g. [71, 119, 132–134]) but not all (e.g. [135]) display degree
assortativity, while technological and biological networks (e.g. [71, 136–138])
are typically degree-dissortative [139, 140]. A common feature of those networks displaying degree assortativity is that they are one-mode projections
of an underlying bipartite network, while the dissortative technological and
biological networks, and the non-assortative social networks, are not.
It is proposed in [141] that the degree assortativity observed in the (projections of bipartite) social networks arise from the community structure
of a network, with the agents (bottom nodes) belonging to groups (top
nodes). In this case, degree assortativity occurs in the projected network
whenever there is suﬃcient variation in the degrees of the top nodes — that
is, whenever the top degree distribution is not strongly peaked, relative to
the bottom degree distribution — even without degree-degree correlation in
the bipartite network.
While we are primarily interested in the degree distributions of the projected networks, we take advantage of our configuration model simulations
to numerically verify the result from [141] for a number of combinations
of top and bottom degree distributions. These results, in section 2.4, also
confirm the observation in [96] that, for some real-world projected collaboration networks with specific degree distributions, the configuration model is
insuﬃcient to reproduce the observed degree assortativity — specifically in
the case where the top degree distribution (e.g. authors per paper) is exponential, while the bottom nodes (e.g. papers per author) follow a power-law
with a high-degree cut-oﬀ.
It is also worth mentioning that, in most previous theoretical studies
of bipartite networks, the projections are created either as multigraphs or
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making the assumption that the underlying networks are sparse enough that
there is never more than one common neighbour for any pair of nodes in
the bipartite network. The first assumption results in networks that diﬀer
from those used in most empirical network analysis, which uses (sometimes
weighted) simple graphs (more about projection methods in Sec. 2.2). The
second assumption does not reflect most real-world networks, in which it is
frequent to have pairs of nodes of one type sharing several neighbours of the
other type. For instance, it is very likely to find, in a co-authorship network,
co-authors of a paper that have many other papers in common. Here, we fill
the gap left by previous studies by giving new insights into how the resulting
distributions depend on the original networks and on projection methods.
To do so, we use generating functions as a first approach. Many statistical
properties, including network observables such as degree distributions, can
be derived by using the generating function formalism [97, 142].
A generating function provides a way to represent a sequence as a power
series, where the coeﬃcients of the power series are the values of the sequence.
An ordinary generating function is given by
f (x) =

∞
∑

an xn ,

(2.1)

n=0

in which the nth derivative gives the coeﬃcient an of the sequence, according
to
1 dn f (x)
an =
.
(2.2)
n! dxn x=0
It is important to note that, when using generating functions, we are not
concerned with solving the function for x. Rather, x is only playing a role
of a placeholder for the sequence and making it possible to manipulate such
sequences as polynomials [143].
The outline of this chapter is as follows: in Section 2.2 we review basic
concepts of bipartite networks. We discuss the role of projections in social
networks analysis and the most common methods for creating one-mode
projected networks. In Section 2.3 we look in more detail at generating functions and their applicability to network theory. We clarify the methods used
to derive expressions for the generating functions for degree distributions of
projections. We present new equations for the resulting degree distributions,
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in order to add new solutions for a mapping of possible outcomes, based on
a number of scenarios, for diﬀerent choices of degree distributions for the
bipartite sets. In Section 2.4, we create several artificial bipartite networks
using the same probability distributions as in the previous section. We assign
degrees to the nodes of the bipartite sets by drawing degrees from probability distributions, using a configuration model. We compare the results
from these simulations with those from the generating function approach to
explain how the degree distributions of bipartite networks aﬀect the distribution of their projections. Finally, the conclusions and main findings of this
chapter are discussed in Section 2.5.

2.2

Bipartite networks and projections

As stated in the previous chapter, a bipartite network is a graph B =
{U, V, E}, where U and V are disjoint sets of nodes and E = {(u, v) : u ∈
U, v ∈ V } is the set of links connecting nodes. We will refer to the sets U
and V as the bottom and top sets respectively. Nodes in U can only connect
to nodes in V and vice-versa. Hence, for the sake of notation, we have
•
•
•
•

ku : degree of node u ∈ U ;
dv : degree of node v ∈ V ;
Pb (k): degree distribution of bottom nodes in U ;
Pt (d): degree distribution of top nodes in V .

Many real-world social networks are naturally bipartite in structure. Besides the example of the network of company directors given above, a few
other examples are business networks of banks and companies [99], scientific
collaborations on publications [101], football players and clubs [105] and
actors playing a role in movies [71].
All the above studies make use of one of the most interesting properties
of a bipartite network, its one-mode projection. A projection onto the nodes
U (a so-called bottom projection) results in a one-mode network G where
node u is connected to u′ , with u, u′ ∈ U , only if there exists a pair of edges
(u, v) and (u′ , v) in E.
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We have seen in Chapter 1 that projections can be built using approaches
that lead to three diﬀerent types of graphs: simple graphs, multigraphs and
weighted graphs (Figure 1.2). Due to the fact that a simple graph is an
unweighted graph with no multiple edges between node pairs and no selfloops, the number of distinct neighbours of each node in the projection is
equal to the node degree. Otherwise, a multigraph is a graph in which more
than one link is allowed between a single pair of nodes. The degree of node u
in G can be greater than the number of its distinct neighbours, accounting
therefore for the strength su (Equation (1.34)) of the node, or, in other
words, the total number of interactions of u. Lastly, in weighted projections,
the weight of an edge in the projected network represents the number of
common neighbours that u and u′ share from the opposite node set V in B.
The sum of the weights of all links of u also accounts for the node strength
of u, su (Equation (1.33)).
Weighted projections are commonly used in social network analysis since
they allow the ease of working with a simple graph, but yet contain information about the number of diﬀerent connections between unique node pairs
in the projection. The node degree represents the number of neighbours the
node has, like in a simple graph projection, while the node strength represents the total number of interactions of such nodes, like the degree in a
multigraph projection. For that reason, we will also refer to the node degree
of multigraph projections as node strength for the remainder of this thesis.
In this chapter, as we are interested in degree distributions, discussions
will focus on simple graphs and multigraphs only. However, it is good to
keep in mind that, due to the characteristics discussed above, simple graphs
and weighted projections have the same degree distributions when both are
built from the same bipartite network.
In order to simplify, we will always refer to projections as bottom projections only, unless otherwise stated. Thus, also for the sake of notation, we
have, for the network G formed from the bottom projection of B
qu : degree of node u ∈ U , in G;
P (q): degree distribution for nodes u ∈ U .
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For all projection methods, there is an inherent loss of information when
we create projections of bipartite networks. Starting from an original bipartite structure it is only possible to create a single projected network.
However, given a projected network, there is no unique corresponding bipartite structure. Because of the inequality of Equation (1.22) and because of
the lack of weight in its links, the simple graph projection is the method
with the biggest loss of information. We will see more of that in Section 2.4.

2.3

Generating functions

“A generating function is a clothesline on which we hang up a sequence of
numbers for display” [142]. It is, in fact, just an alternative way of representing any sequence, as a power series notation, whose coeﬃcients are the
values of the sequence.
A simple example is a one-mode network where the degree distribution
can be represented using generating functions [97, 144]. For example, the
generating function for the probability of a node in the bottom partition
having degree k is given by
∑
Pb (k)xk .
(2.3)
f0 (x) =
k

We say that f0 (x) is the fundamental generating function for Pb (k). Equation
(2.3) is called a probability generating function (PGF); since it describes a
probability distribution it must satisfy f0 (1) = 1, thus
∑
f0 (1) =
Pb (k) = 1 .
(2.4)
k

An important property of probability generating functions is their moments. If f0 (x) describes the degree distribution of a network, then the first
moment of the PGF gives the average degree, ⟨k⟩, of the network, according
to
∑
kPb (k)xk−1 ,
(2.5)
f0′ (x) =
k

and
f0′ (1) =

∑
k

kPb (k) = ⟨k⟩ .

(2.6)
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Following the approach developed in [97], we can use generating functions
to find the degree distributions of projected networks. The reasoning is as
follows: by selecting a link at random, and following it until reaching a node,
we will find that the node has, let us say, degree k. The probability pk with
which we will reach such a node is proportional to its degree, pk ∝ kPb (k).
By normalising, we get
kPb (k)
kPb (k)
pk = ∑
=
.
⟨k⟩
k kPb (k)

(2.7)

Hence, the generating function that corresponds to the probability distribution for a randomly chosen link leading to a node of degree k is
f1 (x) =

∑ kPb (k)xk−1
k

⟨k⟩

=

f0′ (x)
.
f0′ (1)

(2.8)

Extending the generating function notation to bipartite networks, we
have
∑
∑
Pt (d)xd ,
(2.9)
Pb (k)xk
and
g0 (x) =
f0 (x) =
d

k

where, f0 (x) and g0 (x) are now the generating functions corresponding to
Pb (k) and Pt (d), the degree distributions of the nodes in the partitions U and
V , respectively. Similarly, the average degrees for each partition are given
by
∑
∑
dPt (d) = ⟨d⟩ ,
f0′ (1) =
kPb (k) = ⟨k⟩ and g0′ (1) =
d

k

and the probability of a randomly chosen link leading to a node of degree k
(respectively, degree d) is given by
′

′

f (x)
f (x)
f1 (x) = 0′
= 0
⟨k⟩
f0 (1)

′

′

g (x)
g (x)
and g1 (x) = 0′
= 0
.
⟨d⟩
g0 (1)

Functions f1 (x) and g1 (x) are, in fact, representations of the degree distributions of the first neighbours of nodes in U and V , respectively. In other
words, for instance, g1 (x) is the probability distribution of the number of
second neighbours of the bottom nodes. As the process of creating a projected network is essentially counting the number of second neighbours of
the nodes in the set of interest, the neighbourhood of such nodes is a function composition of f0 (x) and g1 (x). Therefore, the generating function for
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the degree distribution P (q), of the projection of B = {U, V, E} onto U , is
given by
F0 (x) = f0 (g1 (x)) =

∑

(∑
d

Pb (k)

k

dPt (d)xd−1
⟨d⟩

)k
(2.10)

.

This approach assumes that the degree distributions Pb (k) and Pt (d) in B are
independent. Otherwise, as one can see from Equation (2.10), the resulting
degree distribution depends on both degree distributions of the bipartite
network. This conclusion is also seen in [127].
Next, we discuss two diﬀerent methods for using generating functions to
calculate the projected degree distribution of a bipartite network with Pb (k)
and Pt (d) following specific probability distributions.

2.3.1

Convolution Method

It is possible to derive specific equations for the degree distributions of projected networks as a function of Pb (k) and Pt (d), the degree distributions of
the underlying bipartite networks. The convolution method is one approach
to calculating such expressions.
To represent P (q), we have, from Equation (2.10),
F0 (x) =

∑

(∑
d

Pb (k)

k

dPt (d)xd−1
⟨d⟩

)k
=

∑

P (q)xq .

(2.11)

q

In order to find the coeﬃcients of xq in the right-hand term of the equation, we expand the product:
(∑
d

)k
dPt (d)xd−1
=
⟨d⟩
(
∑ d1 Ptd

1

d1

⟨d⟩

)(
xd1 −1

)

∑ d2 Ptd
d2

2
xd2 −1 ...
⟨d⟩
(
∑ dk Ptd

k

dk

⟨d⟩

)
xdk −1

. (2.12)

At this point, one may use the convolution method for the above equation.
∞
A convolution of two sequences {an }∞
n=0 and {bm }m=0 is a new sequence
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{ck }∞
k=0 [145] in which
ck = a0 bk + a1 bk−1 + ... + ak−1 b1 + ak b0 =

k
∑

al bk−l .

(2.13)

l=0

The states (or place holders) of Equation (2.12) will assume the following
form
∑k
(2.14)
(xd1 −1 )(xd2 −1 )...(xdk −1 ) = x j=1 (dj −1) = xq ,
and we have
P (q) =

∑

Pb (k)

k

∑
d1 +...+dk

d1 d2 ...dk
Ptd1 Ptd2 ...Ptdk ,
k
⟨d⟩
=q+k

(2.15)

where the relation d1 + d2 + ... + dk = q + k comes from Equation (1.21),
assuming that the equality in Equation (1.21) holds. This is usually justified
in the literature [97, 128] by assuming that the network is suﬃciently large
that the probability any pair of bottom nodes in the bipartite graph having
more than one common neighbour approaches zero. The equality always
holds in the case that the projected network is a multigraph.
dPt (d) is the probability that a node u ∈ U is connected to a node
v ∈ V with degree d. The probability that a node u ∈ U has degree k in the
bipartite network and degree q in the projected network can be written as
∑
d1 +d2 +...+dk

d1 d2 ...dk
Ptd1 Ptd2 ...Ptdk = P (k, q) .
k
⟨d⟩
=q+k

(2.16)

An alternate way of representing the degree distribution of bottom projections, using Equations (2.15) and (2.16), is
P (q) =

∑

Pb (k)P (k, q) .

(2.17)

k

This method presents a non-trivial analytical solution. It is generally diﬃcult
to find a closed-form expression for Equation (2.17) for specific choices of
Pb (k) and P (k, q). Furthermore, the result is limited in its applicability since
it requires that the equality in Equation (1.21) holds.
In [127], the authors use the convolution method assuming that the equality in Equation (1.21) holds as they are dealing with multigraph projections.
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In other words, they are calculating the node strength distribution (multigraph degree distribution) in the resulting projected networks. They solve
Equation (2.16) for three specific choices of Pt (d) — delta function, normal
and exponential distributions — providing expressions for Equation (2.17),
as functions of an arbitrary Pb (k) as follows

P (k) if q = k ∗ (d∗ − 1)
b
Pdf (q) =
0
otherwise,
(
)
1 ∑
(q − k(⟨d⟩ − 1))2
−0.5
Pn (q) = √
Pb (k)k
exp −
,
2kσ 2
σ 2π k
1∑
exp(−aq)(aq)k−1
Pexp (q) =
Pb (k)
,
a k
(k − 1)!
where a = 1/(⟨d⟩ − 1). The three above expressions are for the cases of
delta function, normal and exponential distributions as Pt (d), respectively.
Although such expressions provide some insights for the resulting degree
distributions P (q), they still are not straightforwardly practical.
Heavy-tailed distributions, such as power-law distributions, are neglected
in [127]. This is because for such distributions the variance and higher order moments can be unbounded, preventing convergence of the convolution
sequence.
On the other hand, in [128], the authors assume a very special case of
bipartite networks. In such case, networks are large and sparse so much so
that any pair of nodes u and u′ ∈ U is not allowed to have more than one
common neighbour v ∈ V . That is, projections of these networks are simple
graphs such that equality in Equation (1.21) always holds. The authors
obtain in [128], with a slightly diﬀerent approach, the same Equation (2.17).
In contrast to [127], they use a power-law distribution for Pt (d) to perform
the analysis for the resulting degree distributions for two cases of Pb (k) —
exponential and power-law distributions. However, to accomplish this, many
assumptions and approximations were made, in such a way that, in our
understanding, the analytical solutions for both cases become unreliable.
First, such assumptions and approximations are made always considering
the presence of nodes with high degree d. However, the results presented
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in [128] hold for large absolute values for the exponents of the power-law
distribution (γt > 4), which, in fact, gives rare high-degree nodes. Secondly,
the first and second moments are not defined for power-law distributions
with low exponents: γ ≤ 2 and γ ≤ 3, respectively. Therefore we don’t
expect convolutions of sequences such as these to converge.

2.3.2

Expansion Method

Another approach to get a closed-form equation for the degree distribution
of the projected network is by expanding exponential functions. To do so we
begin with Equation (2.10) (or Equation (2.11)) for the degree distribution
in the following form
∑
F0 (x) =
P (q)xq = f0 (g1 (x)) .
(2.18)
q

From this, we find expressions for f0 (x) and f1 (x) (or, following our
notation, g0 (x) and g1 (x) with regard to top nodes), for diﬀerent choices of
probability distributions: delta function, Poisson, exponential, and powerlaw.
For a delta function distribution, for instance, each node has a degree of
exactly k ∗ and the generating function has the following form
∑
∗
f0df (x) =
Pb (k)xk = xk .
(2.19)
k

The generating function for the distribution of remaining links is, from Equation (2.8),
f0′ df (x)
∗
f1df (x) = ′
= xk −1 .
(2.20)
f0df (1)
Similarly, for the case of a Poisson distribution, in the limit of N → ∞,
we have
f0P (x) = e⟨k⟩(x−1) = f1P (x) .
(2.21)
The generating functions for an exponential distribution f0exp and for the
remaining links f1exp are given by
f0exp (x) =

∑
k

λe−λk xk =

λ
,
1 − xe−λ

(2.22)
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and

(
f1exp (x) =

1 − e−λ
1 − xe−λ

)2
(2.23)

,

where λ = 1/⟨k⟩ .
Finally, for a power-law distribution, Pb (k) =

k−γ
,
ζ(γ)

we have

Liγ (x)
,
ζ(γ)
Liγ−1 (x)
,
=
xζ(γ − 1)

f0pl (x) =

(2.24)

f1pl

(2.25)

where Lin (x) is the nth polylogarithm of x and ζ(s) is the Riemann ζ function.
For a first example, let’s say that the degree distribution for the top
nodes is a delta function and the degrees of the bottom nodes have a Poisson distribution. In this case f0 (x) takes the form of Equation (2.21) and
g1 (x) takes the form of Equation (2.20). For the latter, it is worth noticing
that now ⟨k⟩ has to be replaced by ⟨d⟩, as we are dealing with top nodes.
Therefore, for this case, the generating function for the bottom projection
degree distribution is given by
d∗ −1 −1)

F0 (x) = f0P (g1df (x)) = e⟨k⟩(x

.

(2.26)

By series expansion, one finds that
∑ ⟨k⟩( d∗q−1 )
( q ) xq ,
F0 (x) =
⟨k⟩
e
!
d∗ −1
q

(2.27)

and hence, P (q) is given by

q

 ⟨k⟩( d∗ −1 ) e−⟨k⟩
( d∗q−1 )!
P (q) =

0

if d∗ − 1|q

(2.28)

otherwise.

Similarly, for the case where we have a delta function distribution for
Pt (d) and an exponential distribution for Pb (k), the generating function of
P (q) is
λ
F0 (x) = f0exp (g1df (x)) =
.
(2.29)
d
1 − x ∗ −1 e−λ
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Again by expanding we have
F0 (x) =

∑

λ(e−λ )q x(d

∗ −1)q

(2.30)

,

q

and consequently P (q) is given according to

λe−λ d∗q−1 if (d∗ − 1)|q
P (q) =
0
otherwise.

(2.31)

Equations (2.28) and (2.31) provide explicit expressions for Pb (k) in contrast
to the one presented in [127], using the convolution method, for the cases of
a delta function as top degree distributions.
Although delta function distributions, either for the bottom or top nodes,
make it possible to obtain analytic results, and hence gain some insights into
the resulting degree distributions, they are unlikely to be found in real-world
networks.
Going further, to a slightly more realistic example, we consider the case
where both the bottom and top node degrees are Poisson distributed. In
this case, the generating function for the projected degree distribution will
assume the following form
F0 (x) = e⟨k⟩(e

⟨d⟩(x−1) −1)

−⟨d⟩ e⟨d⟩x

= e−⟨k⟩ e⟨k⟩e

.

(2.32)

Here, we have the constants a = ⟨k⟩e−⟨d⟩ and b = ⟨d⟩. Once more, by
expanding the exponential functions, P (q) is semi-explicitly given by
P (q) = ea−⟨k⟩ Tq (a)

bq
,
q!

(2.33)

where Tq is a Touchard polynomial and Tq (a) can be expressed as a polynomial in a, using Stirling numbers of the second kind according to
Tq (a) =

q
∑

S(q, n)an .

(2.34)

n=1

This solution was also reasoned in [97], presented with a simulation for a
network of company directors, briefly discussed earlier in this chapter.
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A final example is choosing an exponential distribution for bottom nodes
and a Poisson distribution for the top set. Then,
F0 (x) =

λ
1−

e⟨d⟩(x−1) e−λ

=

λ
e−λ−⟨d⟩ e⟨d⟩x

.

(2.35)

Again, we change our constants making a = e−λ−⟨d⟩ and b = ⟨d⟩, such that
P (q) =

abq
Aq (a) .
(1 − a)(q+1) q!

(2.36)

Here, An (t) denotes the nth Eulerian polynomial, which can be defined recursively as A0 (t) = 1 and
An (t) = t(1 − t)A′n−1 (t) + (1 + (n − 1)t)An−1 (t) .

(2.37)

At this stage, one may realise that, just like in the convolution method,
the expansion method is not suitable for power-law distributions. Here, this
is mainly due to the presence of polylogarithm functions in the solution,
and the diﬃculties of algebraic manipulations of such functions. Once more,
we notice that the resulting distributions of projected networks, when the
original bipartite sets have degree distributions that follow a power-law, have
no analytical solutions.

2.4

Stochastic simulations

In the previous section, we discussed an analytic approach to finding the expected degree distributions of projected networks. We saw that, even though
generating functions can give us useful insights, few analytical solutions are
possible and mostly exist in restricted scenarios. Significantly, the known
analytic solutions do not include the case of bipartite networks with heavytailed distributions — one of the more interesting and common types of
distribution found in real-world networks. For that reason, we make use of
a diﬀerent approach to gain a better understanding of what to expect for
degree distributions of projected networks.
In this section, we perform computational simulations by building bipartite networks with specific degree distributions for the bottom and top node
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sets. These include the cases where the bottom and top sets, U and V , have
degrees drawn from power-law, exponential, Poisson, and delta function distributions.
In order to build such bipartite networks, we use a version of the configuration model [146, 147], in which we create degree sequences for the bottom
and top nodes. We assign to every node u ∈ U , and to every node v ∈ V ,
a value for its degree, drawn from the chosen distribution for the bottom
and top node sets. Next, we check that the sum of the node degrees for the
top nodes matches that for the bottom nodes; that is, Equation (1.16) —
∑
∑
∑
∑
|E| = u∈U ku = v∈V dv — is respected. In case of i ki ̸= j dj , we
discard a random node from the set with larger degree sum. This process is
repeated until Equation (1.16) is satisfied and the total degrees of the top
and bottom nodes are equal. Lastly, we add edges to randomly connect the
bottom and top nodes, respecting their allocated degrees.
The results presented here are averages over 100 simulated networks for
all distribution cases.
When projecting the bipartite networks, we only consider bottom projections. (Results for top projections are identical if the node sets are reversed.)
The node sets used in the simulations are of approximately 1000 nodes. This
size is chosen to be commensurate with the size of many real-world bipartite
networks in social systems [148–151].
The exact size of the node sets U and V depend on the process of discarding nodes to enforce the condition in Equation (1.16), as detailed above. For
example, in the case with power-law distributions Pd ∝ d−γt and Pk ∝ k −γb
where γt is larger than γb , the final network can have node sets much smaller
than the initial 1000 nodes. In the most extreme cases considered here, the
networks with power-law exponents of γt = 5 and γb = 2 have only ≈ 200
nodes in the bottom set since the mean degrees of the top and bottom node
sets are ⟨d⟩ ≈ 1.2 and ⟨k⟩ ≈ 6.2. Tables 2.1 and 2.2 summarise the average sizes of the node sets and their average degrees over the simulations for
diﬀerent combinations of top and bottom node degree distributions.
Most analytic results for degree distributions of projected networks assume pairs of nodes from the same node set in the bipartite network do
not share any common neighbours. Such an assumption is reasonable for
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Table 2.1: Mean of the sizes of sets U and V and their respective mean
average degree over 100 runs for each top and bottom distributions.
Pt (d)

Pb (k)

|V |

Delta
Delta
Delta
Delta
Poisson
Poisson
Poisson
Poisson
Exp
Exp
Exp
Exp
PL
PL
PL
PL

Delta
Poisson
Exp
PL
Delta
Poisson
Exp
PL
Delta
Poisson
Exp
PL
Delta
Poisson
Exp
PL

1000
990.05
985.31
969.34
990.92
999.99
983.65
959.37
986.8
985.78
999.96
963.45
913.11
912.99
903.5
998.35

⟨d⟩
4.99
4.99
4.98
4.81
4.98
5
4.98
4.81
4.97
4.98
4.95
4.68
5.18
5.1
5.09
4.41

|U |
1000
992.92
985.11
903.83
989.21
999.99
983.8
920.98
984.53
985.69
999.96
895.03
972.28
964.37
964.97
998.35

⟨k⟩
4.99
4.98
4.99
5.21
4.99
5
4.98
5.06
4.98
4.98
4.95
5.1
4.81
4.78
4.72
4.41

very large, sparse networks. In contrast, the configuration model used for
the simulations allows the bipartite network B to have pairs of nodes in its
bottom set U with more than one common neighbour in V . The probability
of such common neighbours decreases as the sizes of the node sets U and V
increase [97]. However, since we deal with finite sized networks, shared common neighbours of nodes in U lead to diﬀerences between the node degrees
of the simple graph compared with the multigraph projection.
A demonstration of this can be seen in Figure 2.1a, which shows the
degree distributions of a simple graph and a multigraph projection, where
both projections are created from a bipartite network with the bottom and
top node sets having a delta function degree distribution. That is, top nodes
and bottom nodes have the same degrees, d∗ and k ∗ , respectively. In this
case, the expected degree distribution P (q) is easily calculated using the
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Table 2.2: Mean of the sizes of sets U and V and their respective mean
average degree over 100 runs for top and bottom distributions with powerlaw exponents γt and γb .
γt
2
2
2
2
3
3
3
3
4
4
4
4
5
5
5
5

γb
2
3
4
5
2
3
4
5
2
3
4
5
2
3
4
5

|V |
930.03
290.51
226
187.16
949.35
962.13
730.9
639.98
943.39
996.08
988.54
872.04
943.08
997.98
999.42
991.8

⟨d⟩

|U |

5.16
6.22
6.21
6.64
1.83
1.94
1.93
1.93
1.38
1.41
1.41
1.41
1.22
1.23
1.24
1.23

924.39
966.99
948.95
947.18
306.31
971.55
997.14
998.49
220.6
732.7
987.03
999.54
197.4
638.65
875.53
991.11

⟨k⟩
5.2
1.79
1.37
1.21
5.91
1.92
1.41
1.23
6.3
1.92
1.41
1.23
6.17
1.94
1.41
1.23

generating function approach, according to
F (x) = xk

∗ (d∗ −1)

,

(2.38)

and therefore, P (q) is given by

∗ ∗
P
bpk∗ (d∗ −1) = 1 if q = k (d − 1)
P (q) =
0
otherwise.
Setting d∗ = k ∗ = 5, the analytical solution implies that all nodes in
the projected network should have q = 20. The multigraph simulation differs from the expected result by only a small amount: 0.02% of nodes in
the projection have q = 19 — see Figure 2.1a. This is due to the random
assignment of links between the two node sets during the construction of
the bipartite network. This results in a small fraction of nodes ending with
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k = 4 (or d = 4) since, depending on the order in which links are added,
it is possible to end up with a bipartite network configuration where it not
possible to add an additional edge to a node with degree less than its target
degree, without connecting it with a node to which it is already connected.
Figure 2.2 illustrates an example of such a scenario. We require that the
bipartite network be a simple graph since, in general, real-world examples
of bipartite networks have a unique correspondence between pairs of nodes
in diﬀerent sets. For example, an author can not appear on the same paper
more than once.
In contrast to the multigraph projection, the simple graph projection has
a number of nodes with degree q = 19 corresponding to about 13% of total
nodes. This diﬀerence (13% compared to 0.02%) is caused by the presence
of common neighbours between pairs of nodes u and u′ in U , due to the
finite size of the network B in our simulations. Multiple links between u and
u′ , in the multigraph projection, are amalgamated into a single link in the
simple graph projected network, hence the latter method results in more
information loss.
Similar results are seen for a delta degree distribution of top nodes and
Poisson, exponential, or power-law degree distributions for bottom nodes
(see Figures 2.1b, 2.1c, and 2.1d respectively); the degree distribution of
the projected simple graph is left-shifted, relative to the degree distribution
of the multigraph projection, due to shared neighbours of nodes from the
bottom node set.
Looking closer at the eﬀects of the diﬀerent degree distributions on the
projected network, we see that the projected degree distributions follow
the general form of the degree distributions of the bottom nodes in the
bipartite network, but modulated by the delta distribution for the degree of
the top nodes. Consequently, the projected degree distribution for a delta
degree distribution over Poisson (Figure 2.1b), has a projected network with
a Poisson degree distribution as an envelope, with spikes at degree q =
d∗ − 1 = 4, as predicted by Equation (2.28). The results are similar for the
delta degree distribution over exponential (Figure 2.1c) where the expected
degree distribution for the projected network is given by Equation (2.31)
and for delta distribution over power-law (Figure 2.1d). In this last case,
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Figure 2.1: Degree distributions of projected networks with a delta function
as the top distributions. (a) delta function over delta function: top and
bottom degrees are d∗ = k ∗ = 5. (b) delta function over Poisson: d∗ =
⟨k⟩ = 5. (c) delta function over exponential: d∗ = ⟨k⟩ = 5. CCD in the
inset graph stands for complementary cumulative distribution. (d) delta
function over power-law: d∗ = 5 and γb = 2 (⟨k⟩ ≃ 5.2). Similar to the
delta over Poisson case, the delta over exponential and delta over power-law
projected distributions, follow the distribution of their respective bottom
degree distributions, modulated by the delta function to give node degrees
with multiples of q = 4, with some broadening of the delta function, due to a
small number of nodes with less than their target degree, due to frustration
in the edge adding process — see Figure 2.2.
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Figure 2.2: Schematic of a minimal example of the frustration of adding
links. Edges have been numbered to indicate the order in which they were
added. Although each node has been assigned a target degree of 2, once the
first 5 edges have been added, there is no possible way to add the 6th edge
without connecting a pair on nodes that are already linked.
it is worth noting that the power-law degree distribution for the projected
network does not hold for the tail of the distribution. This is due to finite size
eﬀects with the highest degree nodes in the bottom node set being sparsely
distributed. Increasing the number of nodes in the network increases the
range over which the power-law distribution holds for the node degrees of
the projected network.
More generally, the degree distributions of the projected networks follow
the degree distributions of the bottom nodes in the bipartite networks, so
long as the degree distributions of the top nodes are more peaked than those
of the bottom nodes. In cases where the degree distribution of the bottom
node set is more peaked than that of the top set, the projected network
has a degree distribution that is right-shifted and flattened, relative to the
top distribution. This can lead to projected networks with extremely heavytailed degree distributions, for example, the projection of the power-law over
delta (Figure 2.3a) network, or power-law over Poisson (Figure 2.3b).
The heuristic that the projected network degree distribution follows that
of the bottom nodes in the bipartite network, provided it is more heavytailed than the top distribution, is well demonstrated by the example of
exponentially distributed bottom nodes (Figure 2.3c), except for the powerlaw over exponential case. In this latter case, the degree distribution for
the top nodes has a heavier tail than that of the bottom nodes. As a consequence, a small number of very high-degree top nodes are connected to
a large fraction of the bottom nodes, leading to high-degree cliques in the
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Figure 2.3: Degree distributions of projected networks from bipartite networks with a range of top distributions (Poisson: ⟨d⟩ = 5; exponential:
⟨d⟩ = 5; and power-law: γt = 2) and fixed bottom distributions. (a) over
delta function: k ∗ = 5. (b) over Poisson: ⟨k⟩ = 5. (c) over exponential:
⟨k⟩ = 5. (d) over power-law: γb = 2. The loss of information for the simple
graph projections increases, in comparison to the multigraph projections,
as the tail of the bottom distribution becomes heavier. The top distributions also play a role in increasing the loss of information when they are
heavy-tailed.
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projected network and a right-shifted degree distribution for the projected
network. The power-law over exponential results in Figure 2.3c also demonstrates again the loss of information for a simple graph projection, relative
to the multigraph projection, with the tail of the simple graph projection
being left shifted, relative to the multigraph projection.
The loss of information, due to combining degenerate edges in the simple
graph projections, is particularly pronounced for the higher degree nodes in
the bottom node set of the bipartite network. This is because each common neighbour between a pair of bottom nodes in the bipartite network
reduces the degree of the same nodes in the simple graph projection by
an amount approximately equal to the original node degrees, relative to a
multigraph projection of the same network. In particular, for heavily rightskewed distributions (e.g. exponential (Figure 2.3c) and power-law (Figure
2.3d)) the diﬀerence between degree distributions of simple and multigraph
projections is also right-skewed, since there is a high probability of shared
links between high-degree nodes. This is illustrated, most dramatically, in
Figure 2.3d where networks, with power-law degree distributions for the bottom nodes, show projections where the degree distributions are influenced
by the form of the degree distributions of the top nodes (e.g. Poisson cf.
exponential) for the lower degree nodes, while for the higher degree nodes
the projected degree distribution is dictated almost entirely by the projection method (simple cf. multigraph projection) and the form of the degree
distribution for the top nodes has almost no eﬀect.
We also calculated the degree assortativity r (the degree-degree correlation) of the projected networks for each of the combinations of degree
distribution types in the bipartite network, according to Equation (24) of
[140].
∑
′
qq ′ qq (eqq ′ −P ∗ (q)P ∗ (q ′ ) )
.
(2.39)
r=
σq2
In the above equation, eqq′ represents the fraction of links in the network
connecting nodes with degrees q and q ′ . In fact, q and q ′ are the remaining
degree of the nodes connected by the link being used to evaluate the connection between the two nodes [140]. Then, P ∗ (q) is the probability distribution
of the remaining edges, and σq is the standard deviation of the distribution
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P ∗ (q). The latter is given by
P ∗ (q) =

(q + 1)P (q + 1)
∑
.
q qP (q)

(2.40)

Positive values of r indicate networks with degree assortativity (degreedegree correlation), while negative values indicate degree dissortativity
(degree-degree anti-correlation). Lastly, r = 0 indicates no degree-degree correlation. Our results, presented in Table 2.3 confirm the heuristic presented
in [141] — namely that the bottom projection of a bipartite network has
degree assortativity when the degree distribution of the top nodes is broader
(i.e. more heavy-tailed) than the degree distribution of the bottom nodes. In
the inverse case, the projected networks display degree dissortativity. This
can be easily understood since top nodes of degree d create cliques, or fully
connected sub-graphs of size d in the bottom projection, while bottom nodes
of degree k connect together up to k such cliques, in the projection, hence
when the top degree distribution is broad, relative to the bottom degree
distribution, the bottom projection will be dominated by cliques of nodes
with mostly the same degree. In the inverse case, each top node connects a
bottom node to a similar number of other bottom nodes, which in turn will
have broadly distributed degrees, resulting in degree dissortativity.
Table 2.3: Mean (standard deviation) values of the degree assortativity of
the projected networks with prescribed top (rows) and bottom (columns)
degree distributions of the bipartite networks after 100 simulations.
delta
Poisson
exponential
power-law γ = 3
power-law γ = 2

delta
0.066
0.193
0.250
0.470
0.228

(0.01)
(0.02)
(0.04)
(0.1)
(0.1)

Poisson
-0.005 (0.009)
0.026 (0.009)
0.090 (0.03)
0.396 (0.1)
0.133 (0.09)

exponential
-0.019 (0.009)
-0.018 (0.008)
-0.014 (0.008)
0.178 (0.1)
0.009 (0.06)

power-law γ = 3
-0.046 (0.03)
-0.038 (0.03)
-0.033 (0.04)
0.302 (0.1)
0.200 (0.2)

power-law γ = 2
-0.218 (0.04)
-0.230 (0.03)
-0.237 (0.03)
-0.219 (0.1)
-0.209 (0.06)

The case of power-law degree distributions for both the bottom and top
node sets is worth further investigation, in the context of our claim that
the bottom degree distribution dictates the projected degree distribution,
as long as it is heavier tailed than the top distribution.
We, therefore, take a closer look at bipartite networks with power-law
distributions in both sets U and V . We assign γ = 2, 3, 4 and 5, as exponents
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for the distributions, i.e. Pk ∝ k −γb and Pd ∝ d−γt , for bottom and top nodes
respectively. We interchange them in sets U and V , in order to get all 16
possible combinations. Projected networks created using simple graphs and
multigraphs are shown in Figure 2.4 along with the slopes of theoretical
power-law distributions — represented by the dashed and dot-dashed lines.
We observe that for those plots above the diagonal (i.e. γt > γb ) in
Figure 2.4, the projected degree distributions do indeed follow the degree
distribution of the bottom node set, including following γb , the expected
slope of the bottom degree distribution. For the case of γt ≤ γb , where the
bottom degree distribution is no longer more heavy-tailed than the top, the
distributions for the projected networks remain power-law-like (we simply
observe that they appear to be linear for a significant range when plotted
on log-log axes — we do not attempt to rule out other possible distributions
that may fit equally well). However, they show the same flattening of the
distribution that was observed for the results in Figure 2.3, due to large
cliques in the projected network, formed by the relative abundance of highdegree nodes in the top node set. This flattening increases as more heavytailed the top distribution is, relative to the bottom. As a rule-of-thumb,
if γt ≤ γb then the slope of the distribution for the projected network is
roughly that which corresponds to γ = γt − 1.
It is also worth noting that the cumulative degree distributions in Figure
2.4 all display a turning point where the slope of the distribution changes for
low degree nodes compared with that for high-degree nodes. As mentioned
previously, this is a finite size eﬀect, due to the stochastic model sampling
the sparse tail of the power-law distributions. Increasing the size of the node
sets in the simulations, moves this turning point to the right and extends
the range over which the projected network follows the predicted degree
distribution.

2.5

Conclusion

In this chapter, we have studied how the degree distributions of bipartite
networks aﬀect the degree distributions of the projected (one-mode) networks that can be produced from them. To do so, we considered bipartite
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Figure 2.4: Degree distributions of projected networks from bipartite networks with power-law distribution for bottom and top nodes. Blue square
symbols are for simple graph projections while yellow circles are for multigraph projections. Theoretical power-law distributions are also shown. Projections were created using simple graphs and multigraphs in all four cases.
In the plots above the diagonal (γt > γb ), the projected degree distributions
follow the degree distribution of the bottom node set. For the case of γt ≤ γb ,
where the bottom degree distribution is no longer more heavy-tailed than
the top, the distributions show the same flattening of the distribution that
was observed for the results in Figure 2.3. This is due to large cliques in the
projected network. The turning point in the distributions is due to the finite
size of the node sets. Increasing the size of the network causes the turning
point to be shifted to the right.
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networks with sets of nodes presenting a range of probability distributions.
We also considered the eﬀects of diﬀerent projection approaches, namely
simple graph versus multigraph projections, and the consequences of dealing with finite-sized networks where pairs of nodes from one node set are
able to share common neighbours from the opposite node set.
Our initial approach was to use generating functions in order to reach any
analytic predictions of how node degrees in the projected networks are distributed. Top (Pt (d)) and bottom (Pb (k)) degree distributions were chosen
arbitrarily, ranging from peaked to heavy-tailed distributions (delta function,
Poisson, exponential, and power-law probability distributions). We discussed
two ways to solve these functions, namely convolution and expansion methods. While both of these methods can be useful for predicting the resulting
degree distribution, P (q), of a bottom projection, the analytic approach
comes with some caveats. First, generating functions are only suitable for
multigraph projections, since each edge in the bipartite graph contributes
to the node degrees in the projected network. This is not the case for simple
graph projections when pairs of nodes from the bottom node set are allowed
to have common neighbours in the opposite node set — a case which is likely
to occur for networks of finite size. Second, not all probability distributions
are amenable to deriving an analytical solution for the projected degree distribution. Cases where degree distributions are heavy-tailed — a kind of
distribution often studied in real-world networks — are hard to solve analytically, in part because the moments of such distributions may not be well
defined, and hence series expansions of these distributions converge slowly,
if at all.
Due to these two aforementioned predicaments of generating functions,
we also performed computational simulations as our second approach to better understand the causality between the degree distributions of the bipartite
network and the resulting degree distribution of the projection. Then, we
could fill the gaps left by the generating functions approach, and also obtain
new findings of what to expect of the structure of projected networks, by
taking in account the original bipartite structure.
The simulations show that if the projection of the bipartite network is
onto the bottom node set U , then the resulting projected degree distribution,
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P (q), tends to follow the distribution of the bottom node set, Pb (k), so long
as the degree distribution of the bottom node set is more right-skewed, or
heavy-tailed, than the top degree distribution. In the case that this does
not hold, P (q) is subject to the tail of the degree distribution, Pt (d), of
the top node set, which leads to a flattening of the degree distribution for
the projection, relative to that for the bottom node set. The reason for
this flattening is the relative abundance of high-degree nodes in the top
set. Such nodes induce large cliques (complete subgraphs) in the projected
network. Therefore, the projection will have many highly connected nodes.
This phenomenon is illustrated particularly well by the case where both top
and bottom node sets follow a power-law degree distribution, but where the
exponent for the top degree distribution is lower (more heavy-tailed) than
the bottom. The simulations also demonstrate a finite size eﬀect, whereby
the degree distribution of the projected network does not follow the predicted
degree distribution for the largest node sizes when one of the node sets in
the bipartite network is power-law distributed. This leads to turning points
in the degree distributions of the projected networks when data is sparse,
towards the extreme values of heavy-tailed distributions. This result has
implications for real-world bipartite networks, which can commonly be of
sizes comparable to those simulated here. It suggests that one is unlikely to
find pure power-law degree distributions for projected networks, even if the
statistics of one of the node sets in the bipartite network closely follow a
power-law.
Lastly, there is an inherent loss of information when projections of bipartite networks are created. A consequence of this is that there is not a unique
solution for rebuilding a bipartite network from its projection. Such loss of
information is accentuated in simple graph projections where multiple links
between pairs of nodes are amalgamated into a single link. This divergence
between the simple and multigraph degree distributions for the projected
network are more prevalent the heavier the tail of the original degree distributions. When performing social network analysis one must be aware of
these diﬀerences and understand which characteristics of each projection
method best contribute to its studies.
Although non-trivial, the degree distribution of a projected network is
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one of the most superficial network features. Other features such as clustering, communities, component size distributions, motifs, and a variety of
centrality measures may influence the behaviour of networks in diﬀerent applications. While several methods to infer bipartite network structure have
been proposed in the literature — such as modularity [152, 153], motif-based
clustering and community structure [154] or bipartite stochastic block models [155] — further work is necessary to understand how these structures
arise and interact in the context of bipartite networks and their projections.
In the next chapters we explore empirical data as a mean to validate the
findings of this chapter and to provide further insights on several structural
properties of bipartite networks.

CHAPTER

Bipartite networks describe R&D
collaboration between institutions
3.1

Introduction

We have seen in the previous chapters that many systems represented by
networks are one-mode projections of more complicated structures [71, 99,
101, 105]. Often, the original network has a bipartite architecture comprised
of two diﬀerent types of nodes. The topology of the projected network and
the dynamics that take place on it can be highly dependent on the features of
the original bipartite structure. In this chapter, we use an empirical network
to look over such structures and their impact on the study of interactions
among institutions regarding technological innovation.
The body of studies on inter-firm relationships has increased substantially in the last decades along with the development of network theory
[36, 156], as “it is now accepted that innovation is most eﬀectively undertaken as a collective process in which networks play a central role” [156].
There are several underlying reasons for which institutions make alliances
aiming to increase their capacity to innovate and to create new technologies.
Among these reasons we can cite the increasing complexity level and multidisciplinarity of new technologies, reduction of risk and costs, reduced time
between innovation and market introduction, internationalisation, market
vulnerability, among others [157–162].
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Research on inter-firm networks can have diﬀerent foci as, for instance,
how the position of an institution in the network aﬀects its performance,
profitability and other strategic management measures [163–165], network
formation based on geographic proximity and its implications [166, 167],
knowledge diﬀusion [166–170], and others. In this thesis, our interest lies in
the general structure of collaboration networks and what such a structure
can tell us about the way institutions cooperate with each other.
A good example of inter-firm collaboration is the joint application for
new patents by multiple institutions (e.g. corporations, universities, government agencies and so on). It is possible to construct, in such cases, a bipartite
network in which one set of nodes is institutions (agents) that are connected
to patents they have applied for (artifacts). We create an empirical bipartite
network using data from the European Patent Oﬃce dating back to 1978
for 40 countries with harmonised applicant names (OECD, HAN database,
February 2016) [171]. We project this network onto the agents — institutions developing patents — to create a new one-mode network connecting
institutions that have patented together.
We look at the properties of the empirical network that may play a role
in knowledge sharing, such as cycles and clustering. It has been shown that
clustering “enables even a globally sparse network to achieve high information transmission capacity through locally dense pockets of closely connected
firms” [36]. We compare empirical network properties to the properties of
synthetic bipartite networks and their projections. Synthetic networks are
important tools in understanding the processes that might operate in realworld networks since they aﬀord us the opportunity to study multiple versions of a network with supposedly similar properties.
We create synthetic analogues of the empirical network by using a configuration model, as we did in Chapter 2, that preserves the original degree
sequence of both sets of nodes and rewires the links randomly. Furthermore,
we also create synthetic networks using a random model [40–42], keeping
only the original total degree of each set of nodes. We then compare the
structural properties of the empirical network with those of the synthetic
bipartite networks and their projections. With both empirical and synthetic
networks in hand, it is possible to see, the role of the network features in
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shaping the topology of the projected collaboration network. Small cycles,
namely four- and six-cycles, change the expected degree and clustering distributions, respectively. The first by increasing the strength of nodes that
are repeatedly collaborating with the same collaborators. The second by
increasing clustering due to transitivity.
We propose new global and local metrics using network features from
the bipartite and projected collaboration network. Based on the degree of an
agent and the degree of the artifacts each agent is connected to, it is possible
to quantify the level of collaboration — that we refer to as collaborativeness
— between nodes in the network. Furthermore, we introduce an easy way
to calculate the diversity of a node in regard to its collaborators (i.e. a
particular institution tends to share patents whether with many diﬀerent or
repeatedly with a small set of other institutions), by using node degree and
node strength values in projected networks.
With these metrics, we show that the most collaborative (highest collaborativeness) institutions in the co-patenting network are usually diﬀerent
international branches of the same corporation, co-filing patents applications.
These same institutions have low diversity of collaborators or, in other words,
they are always patenting among themselves. Such behaviour raises the question of whether this is just a bureaucratic shortcut or indeed a collaboration
with a flow of knowledge between the entities involved. On the other hand,
institutions with the largest number of patents in the database, have significantly higher diversity than those with the highest collaborativeness. That
is, they do not collaborate much, but when they do they have a diverse set of
collaborators, indicating the search for specific knowledge owned by smaller
institutions.
The remainder of this chapter will be organised as follows: Section 3.2
introduces fundamental aspects of bipartite networks and some features we
will be looking at, like degree distributions, clustering coeﬃcients, and redundancy. Section 3.3 details the features of our empirical network alongside the
properties of synthetic networks and explains some challenges of modelling
bipartite structures. Section 3.4 outlines collaborative metrics for collaboration networks. In Section 3.5 we present our conclusion of this chapter.
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Bipartite network properties

Before we look at the co-patenting networks, we take the time to introduce
some metrics that are relevant for measuring the amount of clustering in the
bipartite network. It is necessary to quantify this so that we can identify how
diﬀerent measures of clustering in the bipartite network relate to clustering
in the one-mode network.

3.2.1

Clustering Coeﬃcient

The search for methods to measure clustering came with the knowledge that
relations in social systems tend to form group structures, or communities.
The measure which is now named as the global clustering coeﬃcient was first
coined with the idea of counting open and closed triplets using adjacency
matrices of one-mode networks [78]. An open triplet is a sequence of three
nodes connected by two ties (a two-path) while a closed triplet is defined
as three connected nodes forming a cycle, i.e a triangle (three-path cycle).
The global clustering coeﬃcient of a one-mode network is given by Equation
triangles
(1.10), C = #3×#
, and represents a global measure of the amount of
open triplets
clustering found in the network.
On the other hand, the local clustering coeﬃcient is centered on a particular node u and represents the level of clustering found in its immediate
neighbourhood [71]. The coeﬃcient can still be evaluated as the ratio of the
number of closed triplets to the total number of triplets. In this case, however, the triplets must be centered on the node in question. The alternative
way of looking at the local clustering coeﬃcient, presented in Chapter 1, is
2|Lu |
given by Equation (1.11), i.e. ccu =
, which calculates the fracku (ku − 1)
tion of existing links between neighbours of u from the maximum possible
links between them [71, 172]. For the whole one-mode network, the average
clustering coeﬃcient is
1 ∑
⟨c⟩ =
ccu .
(3.1)
|U | u∈U
The clustering metrics presented above apply to simple graphs, that is,
they do not allow self-loops, directed edges, or multiple edges between pairs
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of nodes, and they do not take into account weighted links in the one-mode
network [9].
For a little over a decade, many studies have aimed to find generalisations for the clustering coeﬃcient according to the type of network involved.
Some of the new generalisation propositions range from directed [173] and
weighted [113, 173–175] one-mode networks to bipartite [109, 154, 176, 177],
multilayer and multiplex [178–181] networks. Due to the purpose of our
work, we will narrow our focus to the developments related to clustering
coeﬃcients for bipartite networks.
There are no three-cycles (or triangles) in bipartite networks since no
connections are allowed between nodes of the same type. The minimum
possible cycle in such networks is a four-cycle, or a square. Therefore one
proposed generalisation for the global clustering coeﬃcient is the ratio of
the number of closed four-paths to the total number of three-paths present
in the bipartite network [176], according to
C=

# 4-cycles
4 × # squares
=
.
# 3-paths
# 3-paths

(3.2)

This is similar to the case of one-mode networks with triangles; here, we
need to multiply the number of squares by a factor of four, instead of three,
as there are four possible open three-paths in a square.
Although this generalisation has been widely accepted, there is a recent
reasoning that goes against it [177]. The core of the criticism is the fact that
in a square, only two agents are included, sharing two common neighbours
(artifacts). Using the example of the co-patenting network, this means that
two institutions are collaborating twice, filing for two diﬀerent patents. Even
though a square is a form of clustering in bipartite networks, it does not
involve three nodes, hence there is no triadic closure among the institutions.
In order to involve three agents, an open four-path is needed, connecting
three institutions and two patents. To close a four-path, one more patent,
with two more links, is required. This new patent connects to the first and
to the last institutions of the chain, forming a six-cycle (Figure 3.1). The
corresponding global clustering coeﬃcient, C is therefore given by
C=

# 6-cycles
.
# 4-paths

(3.3)

66

Bipartite networks describe R&D collaboration between institutions

The local clustering coeﬃcient of a given node u is calculated using Equation
(3.3) by counting the cycles and paths centered on node u. Additionally, the
average clustering for the network is obtained using Equation (3.1).
four-cycle

A

B

six-cycle

A

B

C

Figure 3.1: Schematic for four-cycle and six-cycle motifs found in bipartite
networks.
A diﬀerent approach to quantifying clustering in bipartite networks is
seen in [109] where, instead of counting squares (or six-cycles) and threepaths (four-paths), the authors propose measuring the overlap between
neighbourhoods of pairs of nodes. Hence, prior to measuring the clustering coeﬃcient of one particular node, a calculation is performed for pairs of
nodes in U that have at least one common neighbour in V . The clustering
coeﬃcient ccuu′ for the pair of nodes uu′ is given by the Jaccard index
cc

uu′

|N (u) ∩ N (u′ )|
=
,
|N (u) ∪ N (u′ )|

(3.4)

between the set of neighbours of u, N (u), and u′ , N (u′ ). In order to obtain
the overlap clustering coeﬃcient ccu for a given node u, we take the average
of the pairwise clustering coeﬃcients of u with all its neighbouring nodes,
according to
∑
u′ ∈N (N (u)) ccuu′
ccu =
,
(3.5)
|N (N (u))|
where N (N (u)) is the set of second neighbours of u in U , and where ccuu′ is
the coeﬃcient defined by Equation (3.4).
In Section 3.3, we compare these two notions — six-cycles and overlap
— of local clustering coeﬃcient for bipartite networks. We look at the level
of clustering in the original bipartite networks and their implications for the
projections. In order to distinguish between the measures, from now on we
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will refer to the first as the six-cycle clustering coeﬃcient, cc6u and the latter
as the overlap clustering coeﬃcient, ccou .
The notion of overlap will also be useful for explaining the redundancy
coeﬃcient (Section 3.2.2) — an alternate measure, also proposed by the
authors of [109] — that we will employ in our bipartite network analysis
alongside the above measures of clustering.

3.2.2

Redundancy Coeﬃcient

As we have seen in the previous section, the clustering coeﬃcient of u is
obtained by taking the average of the pairwise clustering coeﬃcients of u
and its neighbours. The notion of redundancy was introduced to create a
diﬀerent idea of overlapping metrics, this time with respect to a specific
node [109]. The redundancy coeﬃcient of a node v is the fraction of links
induced by it that would not disappear from a simple graph projection if v
was to be removed from the graph. Such links would persist in the simple
graph as links induced by node other than v. In a multigraph projection,
the redundancy coeﬃcient would be the fraction of links induced by v that
are part of multilink connections, as shown in Figure 3.2. The redundancy
coeﬃcient [109] is given by:
|{{u, u′ } ⊆ N (v) : ∃v ′ ̸= v with (v ′ , u) ∈ E and (v ′ , u′ ) ∈ E}|
,
dv (dv − 1)/2
(3.6)
where N (v) is the set of neighbours of v.
rcv =

3.3

Empirical and synthetic networks

We constructed a patent collaboration network using the OECD HAN (Harmonised Applicant Names) and RegPat databases for the European Patent
Oﬃce records, edition of February 2016 [171]. Patent applicants are the
agents (or bottom nodes) and patents numbers are the artifacts (or top
nodes). The bipartite network comprises a total of 3,098,113 nodes, with
313,769 applicants (agents) or bottom nodes and 2,784,344 patents (artifacts) or top nodes. A summary of the network properties are detailed in
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1

2

3

A

B

C

Projection

B
B

A

B

C

Simple graph

A

C

Multigraph

Figure 3.2: Schematic for the redundancy coeﬃcient. Node 2 induces three
edges in the projected network, creating the triangle ABC. Node 1 connects
A and B and node 3 connects B and C. In the multigraph case, two multilinks
are connecting the pair AB and the pair BC. However, in a simple graph
projection, such multilinks are amalgamated into one. Then if node 1 is
removed, nodes A and B would still be connected. As node 1 only induces
the link (A, B), its redundancy coeﬃcient is rc1 = 1. Following the same
reasoning, rc2 = 23 and rc3 = 1.
Table 3.1. Based on this network we also created synthetic analogues using
two models.
Table 3.1: Summary of the basic properties of the empirical bipartite network
created from the OECD HAN and RegPat datasets [171], comprehending
40 countries and dating back to 1978.
Number of patents |V |
Number of institutions |U |
Number of links |L|
Density of the network ρB
Highest top degree dmax
Average top degree ⟨d⟩
Highest bottom degree kmax
Average bottom degree ⟨k⟩

2,784,344
313,769
2,970,438
3.4 × 10−6
61
1.07
37,992
9.47

First, we used a random model in which we preserved the number of
nodes in each set and the total number of links in the network and randomly
rewired them. This is a bipartite variant of the Erdős and Rényi G(|U |, |L|)
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model [40], where G is an one-mode network, with |U | nodes and |L| links.
Here, this adaptation creates random bipartite networks, BER (|U |, |V |, |E|),
with |U | bottom nodes, |V | top nodes and |E| links.
Secondly, we used the configuration model [146, 147], the same as in
Chapter 2, which is also a random model but with a specified degree sequence
for each node set. Here, we used the degree sequence found in the empirical network, performing a random rewiring process to obtain our synthetic
networks, BCM . From now on we will refer to the latter as the configuration
model and to the first as the random model.
The first network property that we look at is the degree distribution.
On one hand, for the empirical projection, the degree distribution (simple/weighted graph) is significantly diﬀerent from the node strength distribution (multigraph projection). This is easily explained by the fact that the
empirical bipartite network presents many agents that share more than one
common neighbour from the opposite set of nodes, i.e. institutions that apply
for patents together more than just once. This is the first of several shreds of
evidence that we will see shortly, showing the tendency of some institutions
to collaborate more with their usual partners, presenting a low diversity of
collaborators. On the other hand, degree and node strength distributions
are fairly similar to each other in the configuration model, as we can see
in Figure 3.3. This is due to the fact that links in the model are randomly
rewired, decreasing the number of common neighbours for an arbitrary pair
of bottom nodes.
The magnitude of the diﬀerence between degree and node strength distribution can be explained in terms of the density of the network. The maximum possible number of links, |L|max , a projection can have is given by
|L|max =

|V |
∑
dv (dv − 1)
v=1

2

.

(3.7)

In contrast, a simple one-mode network has at most |U |(|U2 |−1) links. Then,
the density of a multigraph projection, ρP , due to its original bipartite structure is given by
∑|V |
dv (dv − 1)
ρP = v=1
,
(3.8)
|U |(|U | − 1)
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Figure 3.3: Degree distributions of bipartite and projected networks. (a)
Empirical co-patenting network: the diﬀerence between the simple/weighted
graph projection and the multigraph projection shows that there are a large
number of multilinks in the multigraph due to pairs of applicants co-filing for
multiple patents. (b) Configuration model: distributions are similar to those
of the empirical network, except the simple/weighted graph projection. Although the degree sequence of the bipartite network is kept, the link rewiring
decreases the number of top nodes (patent applications) that are shared by
pairs of bottom nodes (applicants). (c) Random network: Distributions are
peaked and there is no significant diﬀerence between the projections. Degree
distributions diﬀer markedly from those of the empirical and configuration
networks.
where |U | is the number of agents or bottom nodes and |V | is the number
of artifacts or top nodes.
This is also the average probability of one link connecting two institutions
in a multigraph projection (the actual probability depends also on the degree
of these institutions in the bipartite network). Hence, the average probability of finding two links connecting a single pair of nodes in the projected
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network of the configuration model is the square of Equation (3.8). Due to
the very sparse nature of our empirical bipartite network (ρB = 3.4 × 10−6 ),
the probability of a rewired link connecting a pair of nodes that are not
already connected in the projected network of the configuration model is
much bigger than the probability of creating an additional connection for
two already connected nodes. As mentioned, this is the average probability, as the pairwise connection probability depends on the degrees of both
bottom nodes in the bipartite network, according to
(|E|) (|E|−dv)
−
P ((u, v)) = ku (|E|) ku ,
(3.9)
ku

(|E|−1)

and
P ((u′ , v)|(u, v)) =

ku ′

(
)
− |E|−dv−1
ku′
.
(|E|−1)

(3.10)

ku ′

One can think of the average probability — given by Equation (3.8) — as
the probability of a pair of nodes having more than one common neighbour
in the bipartite network during the rewiring process. Therefore, the probability of the rewiring process linking together nodes, that were previously
disconnected in the empirical case, is much larger than the probability of
preserving the total number of common neighbours of any pair of nodes in
the network.
When we look at the degree distributions of the bipartite structure, using the random model, we see them as peaked, and following a Poisson
distribution [97]. As expected (from Chapter 2), the same happens for both
simple/weighted graph and multigraph projections (Figure 3.3c).
Yet, the structure of the co-patenting network, unlike most social networks, does not exhibit degree assortativity, with coeﬃcient r = 0.0046.
One reason for this is the fact that the bottom degree distribution is much
more right-skewed that the top degree distribution (another reason, driven
by socio-economic factors, will be discussed later in this chapter). As discussed in Chapter 2, degree assortativity are more common in projected
networks with a broader degree distribution of the top nodes. That is, the
lack of large collaborations for patent applications contributes for a neutral
degree-assortative network.

72

Bipartite networks describe R&D collaboration between institutions

Moving forward, when we look solely at the bipartite case, random and
configuration models are breaking the redundancy structure found in the
original empirical network. We notice that the empirical network does not
have many top nodes with redundancy. However, most top nodes that have
non-zero redundancy are completely redundant (rcv = 1). This corresponds
to about 4% (110, 000) of all top nodes, as shown in Figure 3.4. This is
another evidence of many institutions collaborating in patents application
with former collaborators repeatedly. For a top node (patent) to have redundancy rcv = 1, there exists another top node (or top nodes) connecting
these institutions.
Such highly redundant top nodes have degree dv ≥ 2, so the rewiring
process has the potential of breaking over 110, 000 redundant links. It is
worth noticing, as stated before, that the proportion of those broken links
due to the rewiring process depends on the degree distribution. That is why
we can see in Figure 3.4 that the configuration model still presents some
redundancy while for the random model it is practically absent.
Diﬀerences in the degree distributions between one-mode projected networks, of empirical and synthetic bipartite networks, indicate a non-trivial
structure — not driven only by chance — found in the empirical bipartite
network linking institutions to patents. Since the configuration model of the
bipartite structure fails to reproduce the degree distribution of the simple
graph projection, we turn our attention to a diﬀerent approach when modelling a projected network. Instead of simulating first, keeping the degree
sequence of the empirical bipartite network and then building the projection, we take another path. We first create a projected network and secondly
apply the configuration model (as well as the random model) using the empirical projected network features in order to rewire and create synthetic
networks. Both process, here called path 1 and path 2, are shown in Figure
3.5.
Although by following path 2 we guarantee degree distributions are the
same for the empirical and the synthetic projected networks, this does not
hold true for other properties. In fact, although this path is commonly used
for modelling projected networks, it is a misleading process. Figure 3.6 shows
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Figure 3.4: Redundancy coeﬃcient distributions for empirical and synthetic
networks using random and configuration models. The y-axis indicates the
fraction of nodes that have up to the corresponding amount of redundancy.
That is, for the empirical network around 96% of the nodes have rcv = 0, a
very small fraction of nodes has 0 ≤ rcv ≤ 1, and around 4% are fully redundant. The rewiring process reduces redundancy. The configuration model
still presents some redundancy due to fact that the degree sequence is preserved. Redundancy is practically absent with the random model (note the
presence of only two markers close to the y = 1.00 line, with corresponding
rc ≈ 0.35 and rc ≈ 1.00).
the outcomes for the distribution of degrees and clustering coeﬃcients of the
network when modelling using both paths are performed.
As one can see in Figure 3.6b, the clustering structure in the projected
network is completely lost when we simulate using path 2. On the other
hand, some of it is kept even when path 1 is followed using the random model.
Simulating a bipartite network using the random model and then building a
projection creates a one-mode network with some level of clustering due to a
very particular characteristic of bipartite networks. Every top node induces
a clique — a complete subgraph — in the projection. For instance, if a node
u with degree ku = 1 is connected to a node v with degree dv = 4, node v will
create a complete subgraph with four nodes and six links, of which u is part,
in the projected network. It will have degree qu = 3 and clustering ccu = 1.
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Figure 3.5: Schematic showing that modelling one-mode projected networks
is a non-commutative process. In fact, path 2 is a misleading way most often
found in studies of models for one-mode networks from original bipartite
structures. Note that as the configuration model preserves the degree sequence, in this toy network the rewiring process results in the same network
configuration of the projected network, following path 2.
In general, even a poorly connected bottom node u, connected to a high
degree top node v, will end up highly connected in the projected network.
A highly connected top node, let us say with degree dmax , will create a fully
connected subgraph with dmax nodes, each with degree q = dmax − 1, and
clustering cc = 1.
That is the reason why the configuration model, through path 1, produces
a more highly clustered projection than the random model. As we keep the
degree sequence the same, we also preserve top nodes with higher degrees as
we saw in Figure 3.3. Such nodes will create larger fully connected subgraphs
with high clustering when the projection is built. From this point onwards,
we discard analysis using path 2 and fully concentrate on path 1.
Even with path 1, the level of clustering produced still does not mimic
the original clustering with the desired fidelity. Again, this is an example
of the non-trivial structure of the bipartite empirical network. Since redundancy is related to four-cycle motifs in the bipartite network B, it represents
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Figure 3.6: Statistical properties for the empirical projected network compared to synthetic projected networks through paths 1 and 2 — see Figure
3.5. (a) Degree and (b) projected clustering coeﬃcient. Path 2 is a misleading process for modelling one-mode projections of original bipartite networks.
It is worth noticing that some of the clustering structure is kept even with
the random model through path 1. This is due the particular characteristic
of bipartite networks in which top nodes induce complete subgraphs in the
projection.
interactions between a pair of nodes only, which will induce dyads in the
projection G. To create new triangles, other than the ones induced by top
nodes with degree dv ≥ 3, redundancy (four-cycle motifs showing recurrent
collaboration between two institutions) is not suﬃcient.
In order to address the formation of such triangles, we use the six-cycle
clustering, in the bipartite network, which results in triadic closure in the
projected network [177]. This is reminiscent of the formal definition of transitivity involving three nodes, that we saw in Section 1.1.3. If nodes u and
u′ share an artifact and nodes u′ and u′′ share another artifact, then it is
expected that nodes u and u′′ will share a third artifact (Figure 3.7). We can
think of the clustering created due to the top nodes degree as a base level
of clustering, to which the transitivity due to six-cycles in the bipartite network is added. For the co-patenting network, this means two diﬀerent ways
of building up communities of knowledge transfer. High levels of clustering
in combination with redundancy can create dense local clusters that help to
increase the capacity of information transmission between the institutions.
On the other hand, high levels of redundancy between the same institutions
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can be a limiting factor for innovation, if such institutions have restricted
access to other information sources [36].

six-cycle
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four-cycle

Projection
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A
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Redundancy
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Figure 3.7: Schematic for four-cycle and six-cycle motifs found in bipartite
networks. Other motifs and bigger cycles can also be found, but we draw
our attention to these two specifically, due to their eﬀect on one-mode projections. They are special because they create redundancy (four-cycle) and
transitivity (six-cycle) in the bipartite structure, which are related to the
degree distribution and clustering, in that order, of projected networks.
The distributions for the six-cycle clustering for the empirical and the
synthetic bipartite networks show a pattern similar to the redundancy coefficient as we can see in Figure 3.8. First, the empirical network has a small
percentage, of around 6% of bottom nodes presenting a non-zero six-cycle
clustering coeﬃcient. However, nearly 2.5% of all agents have the six-cycle
clustering coeﬃcient cc6u = 1. Second, the configuration model retains some
level of clustering but much less than the empirical network. This is the
rewiring process again breaking the structures found in the original empirical network, which leads to six-cycle clustering nearly being absent for the
random model.
It becomes clear that small cycles motifs are of significance for the structure of real-world bipartite networks. Even though the total number of cycles between the empirical bipartite network and the synthetic analogues
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Figure 3.8: Six-cycle clustering coeﬃcient distribution for empirical and synthetic networks. Similar to the case for redundancy, six-cycles are broken
with the rewiring process. Some are kept in the configuration model but the
six-cycle clustering is nearly zero in the random model, not even appearing
in the picture.
using the configuration model are quite similar, the number of small cycles
are very diﬀerent. This diﬀerence gets smaller as the size of the cycles increases (Figures 3.9 and 3.10). The rewiring process is breaking most of
these small structures and creating new larger cycles. Synthetic networks
from the random model have a much smaller number of cycles and larger
cycles than observed in the empirical network and the configuration model.
This behaviour shows that small structures are indeed non-trivial features
of real-world bipartite collaboration networks. This reveals that information
can be concentrated in specific local structures in the network, in accordance
to what is discussed in [36].
It is also worth noting that Figures 3.9 and 3.10 present the number of
cycles in the cycle basis of the graphs. The cycle basis is the set of simple
cycles — cycles where neither nodes nor edges are repeated — from which it
is possible, through combinations, to create every other cycle in the network.
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Figure 3.9: Frequency of sizes of cycles in the cycle basis of the empirical
network and of both configuration and random models. The total number of
such cycles is similar for the empirical network and configuration model due
to both having the same degree sequence. However, the rewiring process
breaks most of the small structures (four- and six-cycles motifs). For the
random model case, such structures are almost completely broken.
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Figure 3.10: Frequency of small cycles going from size 4 to 10, in the cycle
basis of the empirical network and of the configuration model. These structures are nearly absent in the random model. The non-trivial structure of
real-world bipartite networks is related to small structures like the four- and
six-cycle motifs
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Collaboration properties

Having a collaboration network as an object of study, one may ask questions like how collaborative are the agents of this network? Do they have
collaborators for most of the artifacts they are connected to? Are they
collaborating with many or just a few of the other agents in the network?
What is the level of collaboration found in networks? We use this section
to discuss collaboration properties of the network and agents using network
metrics.
The collaboration density: is a global network property, in which we can
use links of the bipartite network as a measure of collaboration intensity.
Collaboration density is the density of the network subtracting links that do
not represent a collaboration (i.e. those links that connect to top nodes with
degree d = 1) from the total number of links, |E|. Considering a network
with |V | artifacts and |U | agents, the collaboration density is
∑|V |
ρc =

∑ |
dv − δdv ,1
|E| − |V
v δdv ,1
=
,
|V | × |U |
|V | × |U |

v

(3.11)

where δ is the Kronecker delta. We subtract links to artifacts with dv = 1,
because there is no collaboration in those cases. The advantage of using
ρc instead of ρp (Equation (3.8)), is the fact that the latter may be biased by the complete subgraphs induced in the projected networks by the
high degree artifacts. Our empirical bipartite network is quite sparse with
density ρB = 3.4 × 10−6 . As the top degree distribution is peaked, the
multigraph projection is also sparse, yet denser than the bipartite network,
with ρP = 4.7 × 10−6 . In turn, almost the entirety of the 2,784,344 patents
in our data (2,636,834 patents) have dv = 1. Such patents are excluded from
the calculation of the collaboration density that, for our case, has value
ρc = 3.9 × 10−7 . That is, the co-patenting network is not only very sparse
but also presents low overall levels of collaboration.
The collaboration ratio: takes into account the numbers of collabora-
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tions relative to the total number of links in the network, according to
∑|V |
R=

v

∑ |
dv − δdv ,1
|E| − |V
v δdv ,1
=
.
∑|V |
|E|
d
v
v

(3.12)

It gives the fraction of artifacts that represents a collaboration, in this case
R = 0.12. The ratio can be either a global property, as in the above equation,
or a local property for a specific bottom node u. In the latter case, the ratio
is just the proportion of artifacts associated with node u that are part of a
collaboration. Equation (3.12) then becomes
∑
ku − kvuu δdvu ,1
Ru =
.
(3.13)
ku
For our empirical network, ku is the number of patents an institution holds
and Ru is the ratio of patents such agents share with one or more other
agents. As the number of patents filed by an institution increases, such an
institution tends to collaborate in a smaller fraction of its patents. However,
we can notice a crescent variation in this correlation when institutions reach
the number of around 50 patents, with a few prolific institutions sharing
almost their entire set of patents. These institutions are those whose patents
are part of the 4% of all patents with the highest redundancy. This means
that transfer of knowledge happens among them, but they concentrate the
information, neglecting the majority of the institutions of the network. The
correlation of the average collaboration ratio (ratio of shared patents) and
the bipartite bottom degree (number of patents) is shown in Figure 3.11a.
Once more we can see the diﬀerences between the empirical network
and synthetic network from the configuration model, due to the structure
present in the first. Unlike showing the pattern discussed above for the
empirical network, the configuration model displays a stable average collaboration ratio, independently of the bipartite bottom degree, as a result of
the rewiring process.
Diversity of collaborators: is relationship between the degree and the
strength of an agent in the projected networks. The maximum number of
possible collaborators of a bottom node is the degree qum (or strength su ) of
such a node in a multigraph projection, given by the equality of Equation
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Figure 3.11: Correlations between average collaboration ratio (average ratio
of shared patents) and bipartite degree (number of patents) for (a) empirical network and (b) synthetic network using the configuration model. Here
again it is possible to see the diﬀerences between both, due to the structure found in the empirical network. Institutions tend to collaborate less
as their number of patents increase. However when the number of patents
reaches around 50 per institution, a few of the latter deviate from the majority. Such institutions concentrate the information leaving the rest of the
network aside.
∑u
(1.21), i.e. qu ≤ kj=1
(dvj − 1). On the other hand, the actual number of
collaborators of u is its degree qu in a simple graph projection. As we have
already seen, this diﬀerence is due to redundancy (or four-cycle motifs) in
the bipartite network. The diversity of collaborators can be expressed as
Du =

qu
qu
=
.
m
qu
su

(3.14)

As the number of shared patents increases and, as a consequence, the number of possible collaborators, it becomes harder for an institution to have a
completely heterogeneous set of collaborators (i.e. qu = qum ). In other words,
prolific institutions tend to repeat collaborators over time. In Figure 3.12 it
is possible to see the diversity of collaborators via the correlation between
the simple graph and multigraph degrees for every bottom node of the
empirical network. The more distant points are from the line y = x in red,
the more homogeneous — less diverse — the collaborations of an agent are,
meaning that the artifacts connected to this agent have bigger redundancy
coeﬃcients. In contrast, most agents from the synthetic network using the
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configuration model are either on, or very close to, the line of symmetry.
This high diversity of collaborators in the synthetic network is also due
to the fact that the random rewiring process breaks the original structure
present in the bipartite network.
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Figure 3.12: Correlations between nodes degrees in the simple graph projection and in the multigraph projection for (a) the empirical and (b) the
synthetic network with configuration model. The red line shows the symmetry between both degrees. The more distant from the line, the more homogeneous. Due to structure breaking, the synthetic network presents bottom
nodes with high heterogeneous collaborations.
Collaborativeness: is a metric to capture the level of collaboration each
agent has in the network. The metric is based in the degree of node u ∈ U
and on the degree of each one of its ku neighbours in V , weighted by the
collaboration ratio. It is a local property given by
zu = Ru

ku
∑

ln dvu .

(3.15)

vu =1

The logarithmic function is chosen due the following reasoning:
• When node u is connected to a top node with degree dvu = 1, there is
no collaboration, and therefore such artifacts should not add any term
to the collaborativeness of an agent.
• The function smooths the diﬀerences between low and high top nodes
degrees. Let’s say, for instance, that nodes u and u′ have degree ku =
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ku′ = 1, but the first is connected to an artifact with degree dvu = 2
and u′ is connected to another artifact with degree dvu′ = 20. We do
not want to have zu′ being 10 times bigger than zu .
Table 3.2 shows the agents (institutions) with largest values of collaborativeness z. One can notice that such institutions are mostly diﬀerent international branches of the same corporations. In addition to that, the diversity
of their collaborators are frequently 0 or very close to it. In other words, even
though they collaborate on nearly the entirety of their patents (represented
by the variable R), their collaborators are always the same. They are, indeed, collaborating almost exclusively among themselves (the international
branches of the corporation). For us, such behaviour raises a question, to
be addressed in a future work, whether corporations are filing patents, with
international branches, for purely bureaucratic reasons, or whether they are
indeed preoccupied with the flow of knowledge between their research team
in diﬀerent countries.
On the other side, institutions with the largest number of patents in the
dataset (shown in Table 3.3) have a low value of collaborativeness, mostly
due to low R (the proportion of patents they hold, in which they collaborate
is small). At the same time, they tend to have diverse collaborators. This
behaviours suggests that such institutions keep their core research — developing a large number of patents — in-house, seeking for smaller institutions
to collaborate in specific projects only.
The above two paragraphs present the reason, based on socio-economic
drivers for collaboration, of the neutral degree assortativity nature of the
co-patenting network. We have a balance between large corporations collaborating among themselves, and the most prolific institutions collaborating
with smaller ones in several diﬀerent projects.

3.5

Conclusion

In this chapter, we have studied the eﬀects of bipartite networks’ features
in shaping one-mode projected networks’ topology. We built an empirical
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Table 3.2: Top 10 companies with largest collaborativeness in the network.
Company
UNILEVER NV
UNILEVER PLC
PHILIPS INTELLECTUAL PROPERTY
CNRS
FORD MOTOR CO LTD
FORD WERKE AG
SCHLUMBERGER TECH BV
FORD FR SA
SERV. PETROLIERS SCHLUMBERGER
SCHLUMBERGER HOLDINGS LTD

Patents
6006
5672
3430
4762
1624
1622
1427
1459
1577
1255

Du
zu
Ru
qu
qum
3,822.31 0.96 28 5767 0.00
3,807.71 0.98 13 5594 0.00
2,395.28 1.00 44 3524 0.01
2,259.82 0.73 958 5361 0.18
1,847.77 1.00 20 3528 0.01
1,795.98 0.98 46 3503 0.01
1,744.04 1.00 32 3559 0.01
1,704.71 1.00 15 3280 0.00
1,627.11 0.93 37 3524 0.01
1,544.27 0.99 27 3213 0.01

Table 3.3: Top 10 companies with largest number of patents in the dataset.
Company
SIEMENS AG
KON PHILIPS ELECTS NV
ROBERT BOSCH GMBH
SAMSUNG ELECT CO LTD
IBM CORP
SONY CORP
CANON KK
GENERAL ELECT CO
MATSUSHITA ELECT IND CO LTD
TELEFON AB LM ERICSSON PUBL

Patents
zu
Ru
qu
qum
Du
37992 32.53 0.03 399 1464 0.27
26762 702.56 0.19 191 5349 0.04
24863 14.95 0.03 176 794 0.22
21408 20.91 0.04 177 861 0.21
21017 34.82 0.05 169 1065 0.16
17833 43.59 0.06 237 1199 0.20
17424
1.85 0.01 85 239 0.36
15893
0.59 0.01 85 132 0.64
14345 15.66 0.04 235 708 0.33
13232
0.74 0.01 32 126 0.25

bipartite network, using data from the European Patent Oﬃce with harmonised applicant names (OECD, HAN database, February 2016), where
institutions are connected to patents they have developed. From this bipartite structure we created a projection onto the agents (bottom nodes) — a
new one-mode collaboration network linking institutions (agents) that have
patented together.
We then compared the structure of the empirical network to that of
synthetic networks created using random models, namely the G(|U |, |L|)
model and the configuration model, by first adapting them to bipartite networks and secondly by applying them straight from the one-mode projection.
Such methods give diﬀerent outcomes, and we have shown that, although
the second is used more often, it is a misleading process to model projected
networks. This is due to the inherent loss of information in projections.
The first property that we looked at is the degree distributions of the
networks. The top degree distribution presents a peaked Poisson-like distri-
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bution while the bottom distribution is heavy-tailed. Due to this, the projected co-patenting network structure is not degree-assortative, like most
social networks. When we create projections using simple graph and multigraph methods, the latter has a significantly heavier tail than the former.
This is due to the presence of many common neighbours between pairs of
nodes in the bipartite network. That is, redundancy is high for some top
nodes showing the preference of many institutions of collaborating repeatedly with others they have collaborated with before. To support this claim
we created both projections (simple and multigraph) of a bipartite network
built using the configuration model. As expected, both degree distributions
are quite similar in this case. The small diﬀerence is a result of the random
rearrangement of the links that create few common neighbours, due to the
high degree nodes. When we rewire the links, we break the structure of the
empirical network, namely the four-cycles, significantly lowering the level of
redundancy of the bipartite network.
Secondly, we turned our attention to the distribution of the clustering
coeﬃcient. Led by the fact that the configuration model of the bipartite
network does not predict the simple graph degree distribution of its projection, we compared clustering levels by following diﬀerent paths to model the
projection. By building a one-mode network with the configuration model
using the degree sequence of the empirical projected network, we preserve
the degree distribution of it. However, such a model fails drastically in reproducing the clustering level of the projection. On the other hand, if we
first model the bipartite network, as we did when looking at the degree distribution, and then creating the projected network, it is possible to keep
some of the clustering structure, but not all of it. The additional clustering
in the projected network is due to the presence of six-cycles in the bipartite
network. These motifs are the representation of transitivity in the bipartite
network and result in triadic closure in the projected network.
Finally, we proposed several metrics to infer the level of collaboration
in our empirical network. We revealed that large corporations that have a
high collaborativeness tend to have low diversity. That is, they share most
of their patents, however always with the same small set of collaborators,
keeping the information concentrated among them. In contrast, the most
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prolific institutions tend to not collaborate as much as the aforementioned
corporations. Moreover, when they do, they have a diverse set of collaborators. This indicates that the most prolific institutions concentrate the
knowledge of their core technology and seek for complementary knowledge
for specific projects by collaborating with smaller institutions. These diﬀerent behaviours in collaborations contribute to the neutral characteristic of
the co-patenting network regarding degree assortativity.

CHAPTER

Structural dynamics of evolving
scientific networks
4.1

Introduction

Co-authorship (collaboration) networks are among the many real-world networks that have an underlying bipartite structure. In this case, the bipartite
network B has the bottom set of nodes U composed of authors and the
top set V composed of the papers that these authors published in scientific
journals. The co-authorship network is then the one-mode network created
via a projection onto the bottom nodes (authors). Authors are connected if
they share a common neighbour (paper) in B or, in other words, authors
are connected in the projected network if they co-author a paper.
As we have seen in Chapter 1, there are a few diﬀerent ways of creating projections of bipartite networks, namely simple graph, multigraph and
weighted graph projections (Figure 1.2). In this chapter, we work with these
three methods as we want to keep track of (a) node degree (the number of
unique collaborators of each author), (b) link weight (the number of shared
publications between any pair of nodes), and (c) node strength (the sum
of shared publications over the unique collaborators of each author). For
the link weight, we use simple-weighted projections which means that the
weight of the link connecting two collaborators will be equal to the number
of shared publications between them.
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There exist a large number of previous studies on co-authorship networks
[119, 182–187]. However, to the best of our knowledge, none of these take
in account the structure of the original bipartite network to understand and
explain topological properties of the projected network. Furthermore, such
studies generally use a short time frame to analyse the structural dynamics of these networks. Here, we create bipartite networks using an extensive
database from the American Physical Society (APS) [188] dating from 1893
to 2015 inclusive. Previous works have explored this dataset before, but
mainly on citation data [189–193], again leaving aside the topological properties of both bipartite and projected networks. We also use data collected
from the electronic repository of scientific preprints ArXiv (from 1986 to
2015) [194]. The ArXiv dataset is divided into five diﬀerent networks for
each of the available disciplines: physics, mathematics, computer science,
biology, and statistics.
In the previous chapters, we analysed networks as static entities, considering their features at only one point in time. From now on, we start to look
also at the time evolution of these features.
The evolution of the size of partitions U and V (i.e. the number of authors
and papers in the network, respectively) is roughly exponential for all cases,
as shown in Figure 4.1. Such growth behaviour has already been reported in
previous studies [189, 195, 196]. However, in Figure 4.1a it is possible to see
that the total number of authors grows at a faster pace and is approaching
the total number of papers. Such behaviour becomes clearer by looking at
Figure 4.2. In physics, the ratio of the number of papers per author has
a noticeable decrease, specifically in the period between the Second World
War and the appearance of large collaborations around the 1990s. After the
latter, the decrease of such ratio becomes much smaller. Mathematics, on
the other hand, has doubled its ratio of papers per author, in the last 25
years.
This type of comparative analysis between both datasets and across disciplines of the ArXiv dataset will be recurrent throughout this chapter. However, a focus will be given to the structural dynamics of the APS network
because of its larger time frame.
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Figure 4.1: Evolution of the size of bipartite networks for (a) the APS journals and (b) ArXiv for the disciplines of physics, maths, computer science,
biology and statistics. We can see an exponential growth of all networks.
The remainder of this chapter is organised following the topological properties of our interest: in Section 4.2 we will look at the evolution of the
average degree of the networks as well as the evolution of their degree distributions. We will show how the emergence of large collaborations in physics
results in a degree distribution for the top nodes with a much heavier tail
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Figure 4.2: Ratio of the total number of authors to the total number of papers
for (a) APS journals and (b) ArXiv repository. The decrease of papers per
author is noticeable for APS journals especially after the World War II, until
the appearance of large collaborations around the 90s. Maths on ArXiv, on
the other hand, has doubled its ratio of total number of papers per total
number of authors in the last 25 years.
than the other disciplines. Next, we will analyse, in Section 4.3, the way
density evolves over time in the APS and ArXiv networks. The presence of
high degree top nodes — papers with a large number of authors — inflates
the density of the projected networks in physics (for both datasets). Using a generating function approach, we prove that the density in projected
networks can present a transition, even if the density level of the original
bipartite network remains low. In Section 4.4 we discuss the presence of cycles and, more importantly, small cycles in bipartite networks. Moreover, we
discuss the redundancy of top nodes and their eﬀect on the distribution of
link weights in the co-authorship network, similarly to what we have done
for the co-patenting network in Chapter 3. Finally, Section 4.5 presents the
conclusions of the chapter.

4.2

Evolution of degree distributions and
assortativity

As bipartite networks have two sets of nodes, let us recall that it is important
to diﬀerentiate the degree of nodes in each partition. Top nodes v ∈ V have
degree denoted by dv , while bottom nodes u ∈ U have their degree denoted
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by ku . Degree d represents the number of authors on a paper and the average
degree ⟨d⟩ in V is the mean number of authors per paper in the network.
On the other hand, degree k is the number of papers an author has, and ⟨k⟩
is the mean number of papers per author.
Looking at the evolution of the average degree for top and bottom nodes
over time, in the APS network, we see that the mean number of papers
per author increases roughly linearly [189, 195], with a transition around
the 1990s, when the pace steps up substantially (Figure 4.3). At a first
sight, this can be understood as an increase in productivity, as authors
are authoring more papers. This is arguable, however, due to the fact that
the mean authors per paper is also increasing, at an even faster pace. The
relation between the two partitions in a bipartite network, in regard to
partition size and node degree, is given by the number of links in the network
∑
∑
|E| = u∈U ku = v∈V dv (Equation (1.16)). That is, even though the mean
number of papers per author increased, the mean number of authors per
paper increased faster. This is also a consequence of what we saw in Figures
4.1 and 4.2 in the previous section, where the total number of authors is
approaching the total number of papers. In other words, a larger number of
authors is needed to create the same number of papers. One could state that,
in fact, productivity is decreasing in physics. The authors of [196] reached
similar conclusions stating that individual productivity is increasing (mean
number papers per author), as consequence of collaborative eﬀects (mean
number of authors per paper). On the other hand, the overall productivity
— represented by the ratio of the sets size of the bipartite network, |V |/|U |
— of the field is decreasing as shown in Figure 4.2 of this thesis and in Figure
1d (red line) of [196]. It is important to notice, however, that the results in
[196] curiously show this ratio fluctuating above and below one when, in
fact, |V | is never smaller than |U | (Figure 4.1 here and Figure 1c in [196]).
This indicates a possible mistake that the authors of [196] have made when
calculating the ratio |V |/|U | from their data.
When we look at the ArXiv networks we see a steady, low pace, linear
increase of the mean number of authors per paper (Figure 4.3b) in accordance with [197]. Thus, it is intriguing that there is, in Figure 4.3, a striking
diﬀerence for both mean papers per author and mean authors per paper be-
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Cumulative average degree

tween peer-reviewed papers (APS journals in Figure 4.3a) and non-refereed
papers (ArXiv in Figure 4.3b) in physics. The reasons underlying such differences could be explored, however our interest in this thesis lies in another
direction.
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Figure 4.3: Evolution of average degree for bottom and top nodes for (a)
APS and (b) ArXiv. While there is a transition for APS journals around
the 90s, all ArXiv networks have a steady, roughly linear growth for the
bipartite average degrees.
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Looking at the evolution of the degree distributions, the increase of the
average degree of the papers in the APS network is due to a drastic change
in the shape of the top degree distribution. It starts as peaked ending up as
a highly skewed distribution (Figure 4.4a).
The early APS network has, from its start until approximately the end
of World War II, a mean number of authors per paper of a little over one,
increasing from one in 1912 (maximum degree is three) to 1.3 in 1945 (maximum degree is nine). The shape of the top degree distribution is roughly
Poissonian. From 1945 to 1970 there is a transition in the top degree distribution, which starts taking the form of a power-law distribution. By then,
the sizes of the sets of the network are still of a few tens of thousands of
nodes. In 1970 the mean number of authors per paper reaches two, and
papers with more than 30 authors already exist.
A new transition happens again around 1990 when the top degree distribution becomes highly heavy-tailed. At this point, the top average degree
— the mean number of authors per paper — reaches 2.9 and the maximum
degree of a paper is 258; and the network is much larger, with a little over
100,000 authors and almost 200,000 papers published. Since then, the top
degree distribution gets more and more extremely right-skewed. By the end
of 2015, the mean number of authors per paper reached 7.2, and there was
a paper with more than 5000 authors.
This behaviour is also seen in physics papers in the ArXiv dataset, but
not in the non-physics disciplines. Maths, biology, and statistics have papers
with the largest degree of around 100 authors, and computer science has only
one paper that exceeds that, with a few hundred authors (Figure 4.5).
Bottom degree distributions, of papers per author, in contrast, do not
change so drastically. Figures 4.4b and 4.6 show a more well-behaved evolution than that of top degree distributions. The fact that it is diﬃcult for
authors to produce a very large number of papers during their career limits
changes seen in the bottom degree distribution. In later years, after 2010,
some authors appear with around a thousand papers entirely due to the
increasing number of publications of large collaborations, for example the
ATLAS (part of the Large Hadron Collider particle accelerator, operating
since 1992) and the CDF (Collider Detector at Fermilab, operating since
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Figure 4.5: Top degree distributions for all five ArXiv disciplines. Physics
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large collaborations, mostly after the 90s. While there are papers with thousands of authors in physics, papers with largest degree in other disciplines
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Figure 4.6: Bottom distributions for all five ArXiv disciplines. These are
more well-behaved than top degree distributions, mostly because of the time
span in which authors can still produce papers. Due to the enormous amount
of papers produced by the large collaborations, in physics again we see a
certain activity in the bottom degree distribution, as authors that are part
of such collaborations become more prolific.
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Figure 4.7: Co-authorship degree distributions for all five ArXiv disciplines.
All but physics have their projected degree distributions ruled by their bottom distribution of the bipartite networks, which have heavier tail distribution than top nodes, as we have seen in Chapter 2. Otherwise, physics
top degree distribution, whose tail increases drastically, creates large complete subgraphs in the co-authorship network. That is, the projected degree
distribution is overall ruled by the degree distribution of top nodes.
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1985) collaboration groups [198, 199]. In the 21st century, many papers are
being published with an enormous number of authors, as we described above,
making participants of such groups reach high numbers of papers published.
As we would expect, the degree distributions of the bottom projected
physics networks — of co-authors per author — is extremely heavy-tailed
(Figures 4.4c and 4.7) in the recent years. Such behaviour is not a surprise
since we have top degree distributions with a heavier tail than the bottom
degree distributions, as seen in Chapter 2, due to the aforementioned large
collaborations.
For the projected networks, it is worth to keep in mind that a node
u ∈ U has the same degree qu for both the simple graph (Gs ) and the
∑u
weighted graph (Gw ) projections. Considering qu ≤ kj=1
(dvj − 1), which
is Equation (1.21), the equality only holds for the case where no pair of
authors have co-authored more than one paper, which is unrealistic. It is
worth noticing that the node degree qu in the simple and weighted graph
projections is representative of the number of unique co-authors of author
u in the co-authorship network. As we will see in Section 4.4, the value of
qu in the inequality of Equation (1.21) is directly related to the number of
cycles of size four that node u is part of in a bipartite network B.
For multigraph projections (Gm ), however, the equality of Equation
(1.21) always holds and for this particular case, as we have seen in Chapter
1, we refer to the degree of node u as its multigraph degree or node strength
∑|U |
(Equation (1.34), i.e su = qum = u′ =1 mu,u′ ). The strength su of a node in a
multigraph projection is the total number of interactions of an author with
its co-authors, i.e. the number of shared publications summed over all the
unique qu co-authors of u.
On the other hand, the number of shared publications between two nodes
u and u′ can also be represented as the weight w(u,u′ ) of the link connecting
them in a weighted graph projection. Then, summing the weights over all
qu links (qu co-authors) of author u also gives us the strength of u [113], as
∑
∑u
(dvj − 1) = quu′ =1 w(u,u′ ) . That is,
shown in Equation (1.33), i.e. su = kj=1
the strength of u can be given either by its degree in a multigraph projection
or by the sum of the weight of its links in a weighted graph projection.
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Cumulative average degree

The simple graph average degree (the mean number of co-authors per
author) and the average strength (mean shared publications per author)
are shown in Figure 4.8. We are able to see, once more, how collaboration
in physics has changed significantly for both APS and ArXiv networks over
time. This behaviour is quite diﬀerent from all other four disciplines, in which
collaboration patterns have changed very little. The change in physics is due
to the rapid increase in the mean number of authors per paper (Figure 4.3).
Every paper v in B induces a clique (complete subgraph) of size dv in Gm
with
dv (dv − 1)
|L|v =
(4.1)
2
links. Hence, we can say that for the whole network, the mean strength ⟨s⟩
per node in a multigraph projection grows approximately quadratically with
the mean number of authors per paper ⟨d⟩. Mean co-authors per author ⟨q⟩
in Gs (and Gw ) does not grow at the same pace because of the inequality of
Equation (1.21). Moreover, we see an increasing diﬀerence in the mean number of shared publications and the mean number of co-authors per author
in physics, especially after the late 1990s, due to the aforementioned change
in the collaboration pattern among physicists. We will discuss it further in
Section 4.4.
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Figure 4.8: Evolution of simple graph average degree (mean co-authors per
author) and multigraph average degree (mean multilinks per author) for
(a) the APS journals and (b) ArXiv for the disciplines of Physics, Maths,
Computer Science, Biology and Statistics. Multigraph average degree is also
called average strength. The noticeable diﬀerence between physics and the
other disciplines is the result of the large collaboration groups.
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We also calculated the evolution of the degree assortativity of the coauthorship networks. At the beginning of the last century, the APS coauthorship network was degree-dissortative. As the number of authors per
papers started to increase, the network became neutral by the end of the
World War II, and degree-assortative by the 1970s, as shown in Table
4.1. The co-authorship networks for all ArXiv disciplines also are degreeassortative.
Table 4.1: Evolution of the degree assortativity of the APS and ArXiV coauthorship networks. It is not surprising that all projected co-authorship
network are degree-assortative as all bipartite scientific collaboration networks present broad top degree distributions. We saw in Chapter 2 that
right-skewed top distribution are more likely to generate degree-assortative
projections. The exception is the physics APS network in its early days,
when the top distribution was still fairly peaked.

Year
1913
1929
1939
1946
1958
1970
1981
1991
1994
1997
2000
2003
2006
2009
2012
2015

APS
Physics
-0.218
-0.111
-0.021
0.019
0.134
0.376
0.48
0.619
0.702
0.678
0.644
0.573
0.522
0.488
0.611
0.59

Physics CompSci

0.516
0.804
0.654
0.36
0.468
0.775
0.917
0.751
0.524

0.871
0.641
0.619
0.718
0.592
0.367
0.689
0.978

ArXiv
Maths Biology

0.723
0.237
0.083
0.104
0.072
0.51
0.641
0.468
0.312

0.136
0.737
0.264
0.322
0.519
0.605
0.52
0.879

Statistics

1
0.452
0.537
0.147
0.888
0.654
0.64
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The number of links in the bipartite network, and therefore the density, is
directly related to the degree distribution of both sets U and V . The density
of B, ρB , is given by Equation (1.19), and is proportional to the number of
links |E| in the bipartite network. In contrast, the density of the projected
network depends on the degree distribution of the top nodes only, and shows
no direct relationship with either |E| or ρB , as one could expect. The number
of links |L| in a projected network is calculated by summing Equation (4.1)
over all nodes v ∈ V , such that
|L| ≤

∑ dv (dv − 1)
v

2

=

∑

Lv .

(4.2)

v

The presence of the inequality in the above equation is for the same reasons
as of Equation 1.21.
Interestingly, we note a transition of the density of the APS projected
networks during the 1980s (Figure 4.9b). This happens as the degree distribution of top nodes changes from a peaked to a heavy-tailed form, as
discussed in the previous section. In the ArXiv physics co-authorship network, a similar behaviour is seen. However, as other disciplines do not present
large collaborations — meaning that the top degree distribution is much less
skewed — their ArXiv networks do not show any densification (Figure 4.10).
In addition, it is also worth noticing the jump in the density level when very
high-degree top nodes (papers with more than 1,000 authors) appear in the
network. From Equation (4.1), a node v with degree, let us say, dv = 1000
will induce a clique (complete subgraph) of size 1000. Such a clique will have,
by itself Lv = 499, 500 links. This indicates that research in physics has drastically changed, especially for experimental physics. Many groundbreaking
findings depend now on the existence of large collaboration groups involving
researchers with a wide range of skills.
Let us take a closer look at the analytical explanation for this. The
density of the projected network is given by Equation (1.4), i.e.
ρG =

2|L|
,
|U |(|U | − 1)
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Figure 4.9: Evolution of (a) number of links and (b) density for the APS
journals network for the bipartite, simple graph and multigraph networks.
Although the density in the bipartite network still decreases, the density of
the projections increase due to the heavy tail of the top node distribution.
where |U | is the number of bottom nodes. |L| is given by Equation (4.2) or,
more conveniently, by
|L| ≤

d∑
max
d=1

|V |Pt (d)

dmax
du (du − 1)
|V | ∑
Pt (d)du (du − 1) ,
=
2
2 d=1

(4.3)

where Pt (d) is the top degree distribution and |V | is the number of top
nodes. Now we must recall the generating function approach for the analysis
of networks [97, 142] used in Chapter 2. The term inside the sum, in the
equation above, is the second derivative of the generating function for Pt (d),
for x = 1, such that
|V | ′′
|L| ≤
f (1) .
(4.4)
2
In order to clarify, we take a simple example, much simpler than the APS
network. Consider that we have now a network with |U | and |V | growing at
the same rate, one new node for each time step, such that |U | = |V | = t. We
assume that the top distribution is Poissonian, meaning that, as the network
grows large (limt→∞ ), the generating function for the distribution is given
by
f (x) = e⟨d⟩(x−1) ,
(4.5)
and the second derivative of f (x) is
f ′′ (x) = ⟨d⟩2 e⟨d⟩(x−1) .

(4.6)
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Figure 4.10: Network density for all five ArXiv disciplines. The density decreases for the bipartite network and the projections for every discipline,
except physics. One might expect that as soon as the density decreases in
the bipartite structure, it will decrease also for the projections. However,
as we have seen using Equation (4.2), the projection density depends solely
on the top node degree distribution. Therefore, even though high-degree
physics papers are not enough to increase the bipartite density, they cause
the transition observed in the co-authorship network. For the bipartite network, the contribution of the degree of each top node v is linear, while for
the projection the contribution is quadratic.
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Therefore, for a degree distribution of top nodes in B following a Poisson
distribution, with the set of nodes |V | growing as mentioned above, the
density of the projected network is expected to be
ρG ≤

⟨d⟩2
.
(t − 1)

(4.7)

It is worth noticing that, for the case of ⟨d⟩ being constant as the network
grows, ρG will never have a turning point like that observed in the APS coauthorship network. For the transition to happen in our fictitious network,
⟨d⟩ must be a function of time such that, in Equation (4.7), it grows faster
than the denominator. That is obviously not the case of the physics coauthorship network, where ⟨d⟩ grows much slower than the size of the set of
nodes V .
Two conditions are in hand. First, the number of links in the projected
network grows proportionally to the second moment of the generating function of the top degree distribution. Second, the average degree grows at a
much slower pace than the number of nodes in the APS network. In this
scenario, the only way that the projected density will start to increase is if
the top node degrees follow a heavy-tailed distribution. That is, high degree
top nodes inducing big cliques are the reason for the transition in the density
level of the projected (co-authorship) network, even though the density of
the bipartite network remains low.

4.4

Increasing frequency of small cycles

In the previous two sections, we have seen that the degree distributions of a
bipartite network play an important role in the structure formation of projected networks. Both the degree distribution and the density of projections
are aﬀected by the shape of the bipartite degree distributions. However,
something else is also aﬀecting the structure of projected networks as we
see that the diﬀerence between the mean number of co-authors per author
⟨q⟩ and the mean number of multilinks per author ⟨s⟩, in Figure 4.8a and
the diﬀerence between the densities of the simple graph and the multigraph
projections, in Figure 4.9b, are increasing.

Increasing frequency of small cycles

105

As we stated before, diﬀerences between the degree qu of u in a simple
graph and its strength su in a multigraph projection is due to the inequality
in Equation (1.21), which is a consequence of four-cycles in the bipartite
network. The increase in the number of collaborations we see in physics,
especially with the rise of large collaboration groups, drastically increases
the number of four-cycles in the network.
Although bigger cycle sizes are important in the formation of new smaller
cycles in B, as we will see later in this section, it is important to make a
clear distinction for cycles of size four. They are independent of cycles of
other sizes (i.e. they are not created as a consequence of bigger cycles), and
are the representation of recurrent pairwise collaborations. Hence, there is
significant growth of the frequency of such cycles as new large collaboration
groups emerge in physics. The number of four cycles generated by a group
(N )
of N collaborators with n published papers is given by n(n−1)
, while the
2
2
number of fundamental cycles [200] — the minimum set of cycles with which
all other cycles can be created in the network — is (N − 1)(n − 1).
Four-cycles are present in the network from the beginning, but as the
network grows, cycles of bigger sizes start to appear. In Figures 4.11 and
4.12 we see the evolution of the number of small cycles present in the cycle
basis of the APS and ArXiv bipartite networks, respectively. The evolution
of small cycles seems to follow a standard pattern across all disciplines and
also for the APS network, unlike what we saw for the degree distributions.
Moreover, such a pattern reveals how these small cycles are aﬀecting the
structure of bipartite networks and their projections. First, four-cycles show
recurrence of interactions between pairs of nodes meaning more redundancy
and link weight, as we will see shortly. In other words, authors tend to
collaborate repeatedly with past collaborators, as we saw in Chapter 3 for
the case of institutions. Second, six-cycles are the only form to calculate
transitivity in a network, that has an original bipartite structure. This is
due to the fact that projected networks are full of triangles induced by top
nodes, for every node v such that dv ≤ 3. The presence of many six-cycles
shows that the co-authorship networks have a high level of transitivity and,
consequently, a high level of information flow [36].
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Figure 4.11: Evolution of the number of small cycles, from size four to size
ten, in the APS bipartite network. Four-cycles represent the recurrence of
collaboration between pairs of nodes. Six-cycles, in turn, tell us the level of
transitivity of the co-authorship network. Transitivity would be hard to calculate through projected networks, without the information of the presence
of six-cycles in the bipartite network, as triangles are also induced by top
node degrees, for every dv ≥ 3.
Although cycles of size six can also be formed independently, they are
mainly formed as a consequence of larger cycles. In Figure 4.13 we show a
schematic where six-cycles are formed either independently of, or when they
are embedded in, larger cycles like eight-cycles and ten-cycles.
Due to the presence of four-cycles in the bipartite networks, simple graph
and multigraph projected networks have distinct values of density. This is
related to the notion of redundancy [109], as we have seen in Chapter 3.
The redundancy coeﬃcient, rcv , is given by Equation (3.6). As a reminder,
rcv is the fraction of the total number of links Lv that v induces in Gs that
remain in the network even if v is removed from B. Such links remain present
because they are induced by other top nodes.
In other words, the more redundant top nodes present in the bipartite
network, the bigger the diﬀerence between the simple graph degree distribution and the strength distribution of projected networks. Such diﬀerences are
reflected also when we look at the distribution of link weights in a weighted
projected network. As stated before, the strength of the node is the sum of
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Figure 4.12: Evolution of the number of small cycles, from size four to size
ten, in the ArXiv bipartite network. Apart of the great diﬀerences in the
degree distributions between physics and the other disciplines, the structure
and proportionality of the small cycles seem to follow the same pattern.
the weights of all its links. In Figure 4.14 we see the increase of redundancy
as the network grows (Figure 4.14a) leading to the increase of the tail of
the link weight distribution (Figure 4.14b). The heavy-tailed nature of the
link weight distributions shows, once more, the preference that authors have
for collaborating with past collaborators. It is worth noticing though, that
many heavy-weight links are a result of large collaborations, with some pairs
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Figure 4.13: Schematic of six-cycles being created from larger cycles, with the
addition of one new publication. The creation of a new six-cycle represents
the transitivity increasing in the bipartite network and triadic closure in the
projection.
of nodes collaborating in the enormous number of around 800 publications.
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Conclusion

In this chapter, we use two datasets, namely APS and ArXiv, to create
six diﬀerent scientific bipartite networks — physics from APS and physics,
mathematics, computer science, biology and statistics from ArXiv — and
their respective projections, the so-called co-authorship networks. Our goal
was to investigate the causalities between the evolution of topological properties of the bipartite networks and the structure of the projections.
The first property that we looked at was degree distributions. With time,
the top degree distributions of the physics networks (both APS and ArXiv)
became highly skewed, due to the emergence of large collaborations. The
other disciplines, however, do not present such collaborations and therefore
their top degree distributions do not show tails as heavy as those in physics.
The bottom degree distributions do not show any significant change in their
shape over the years. They just get shifted to the right as new authors appear
in the network and existing authors increase their number of publications.
As a first result of the behaviour of the evolution of top and bottom degree distributions in the APS network, the mean number of authors per paper and mean papers per author increases steadily, roughly linearly throughout the 20th century, until the 1990s, when the pace steps up substantially,
and the mean values more than double in the last 25 years. Interestingly
though, we do not see the same behaviour for the ArXiv physics network.
The mean number of authors per paper present a significant diﬀerence between the peer-reviewed journal and the pre-print repository. One hypothesis
for this could be early-career researchers including senior authors in their
peer-reviewed papers as a way to gain visibility. However, hypotheses of such
a nature are not in the scope of this thesis and therefore we will not expand
on the matter. Secondly, the top nodes with high degrees induce very large
cliques in the physics co-authorship networks, again making their degree
distributions (distribution of co-authors per author) significantly diﬀerent
from the other disciplines. Physics co-authorship networks have extremely
heavy-tailed top degree distributions when compared to the others with a
much higher value of co-authors per author.
A third consequence of the large collaborations in physics, and related,
to the number of co-authors per author in the co-authorship networks, is
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the evolution of the density of latter. While one might think that the density of the co-authorship network depends on the density of the bipartite
network, we found that this is not true. As soon as many new high-degree
top nodes appear in the network, the density of the projection increased considerably, even with the density of the bipartite network keeping low values.
We analytically proved the causality between top degree distribution and the
densification of the projected network, by making using of the generating
function formalism.
We have shown that the number of small cycles grows roughly exponentially for all scientific networks. Four-cycles are created in every newly
published paper with the presence of a pair of authors that have co-authored
previously. By performing a more detailed analysis of the APS network, we
have seen that the distribution of such recurrent co-authorships — the distribution of link weights in the projected network — is heavy-tailed, shifting more and more to the right over time. Furthermore, when projecting,
eight- and 10-cycles induce squares and pentagons, respectively. Any new
co-authorship between any pair of nodes present in the structure and not
already connected will create a triangle or, in other words, a new six-cycles
was created in the original network. Therefore, six-cycles can appear independently or embedded in eight- and 10-cycles, representing transitivity and
triadic closure in the co-authorship networks.
Unlike the co-patenting network, the co-authorship networks have prolific authors collaborating between themselves. The same happens for the less
prolific authors, as illustrated by the fact that all co-authorship networks in
this study are degree-assortative. Although the reasons for which the collaborations take place are diﬀerent between the co-patenting and co-authorship
networks, they display similarities in some features. Institutions and authors
both tend to collaborate with past collaborators. Moreover, transitivity is
frequent in both co-patenting and co-authorship networks revealing high levels of flow of information. On the other hand, the co-patenting network does
not show degree assortativity, while the co-authorship networks do, especially due to the broad top degree distributions in their underlying bipartite
networks.
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A possible reason for this is that small institutions may be able to fill
specific technological gaps of large corporations, such that collaboration for
patents do not involve many institutions — to avoid information spreading
to competitors — and are between those with diﬀerent collaboration capacity
(i.e. large corporations are able to collaborate with many small institutions,
while the latter do not have such capacity due to their limited resources).
Authors of scientific publications are not so concerned with competition,
instead choosing to maximise their productivity and the number of papers
that they are listed on, as authors. Therefore, those with high capacity of
collaboration tend to collaborate with others with a similar capacity. In
this case, information is not trapped and can reach longer distances in the
network.

CHAPTER

Latent space generative model for
bipartite networks
5.1

Introduction

In the previous chapters, we have demonstrated the eﬀects of some features
of bipartite networks — degree distributions of both sets of nodes, fourcycles (redundancy), and six-cycles (triadic closure) — on the architecture
of projected networks. Moreover, we have seen how these features evolve
over time. Here we turn our attention to generative models in an eﬀort to
create synthetic networks that can reproduce the structural properties of
bipartite networks and, consequently, of one-mode projections.
Generative models are a powerful approach to describe and understand
the processes at work during network formation and the mechanisms producing specific network features. They provide the opportunity to simulate real,
growing networks, subject to various assumptions about the importance of
controlled parameters [201, 202]. Properties like heterogeneous degree distributions, clustering and community formation in real-world systems can be
assessed using such models.
Not surprisingly, their use spans many areas of knowledge in diverse ways.
As a consequence, generative models have been developed in many flavours,
associated with the diﬀerent communities using them [203, 204]. However,
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the same is not true for generative models for bipartite networks. Studies
on statistical models for networks with bipartite structure are rare and even
scarcer on generative models. Furthermore, the few studies addressing models of bipartite networks are generally focused on mimicking the properties
of their projections only. Structural properties of bipartite networks are generally neglected.
In this chapter, we propose a new latent space model in a hyperbolic
plane, that we will introduce shortly, based on a maximum entropy approach,
as an extension of work done specifically for one-mode networks [205–207].
Our model is focused on recreating some structural properties of bipartite
networks, namely degree distribution and small cycles. We show that, by
doing so, the generative model produces bipartite networks whose one-mode
projections naturally display the structures of interest.
This chapter is organised as follows. In Section 5.2 we present a brief
review of probabilistic network models. In Section 5.3 we examine the adaptation of null models for one-mode networks to generative models of bipartite
networks. We discuss the characteristics of such models and how they fail
to reproduce the main structural properties we are looking for in bipartite
graphs. Section 5.4 addresses the use of statistical mechanics in complex
networks through a maximum entropy approach. We show its practical applicability and its role in the development of network models. In Section 5.5
we discuss the popularity vs. similarity model [207] for one-mode networks
growing in a hyperbolic plane, based on a maximum entropy approach. In
Section 5.6, we introduce our bipartite model and show how it recreates
the features of real-world bipartite networks. Finally, we present the main
results and the conclusion of the chapter in Section 5.7.

5.2

Probability models

Probabilistic network models date back to the 1950s, with the early works of
Solomonoﬀ and Rapoport [208], that introduced Bernoulli random graphs,
and the subsequent work of Erdős, Rényi and Gilbert [40–42]. These, especially the latter, are the precursors of random graph theory. They have
been extensively studied due to their usefulness as null models for several
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network studies, including the work presented in this chapter. The initial
work of Erdős and Rényi, that we refer to as the G(|U |, |L|) model [40], considers a collection of graphs G, in which every graph with |U | nodes and |L|
links has the same probability of being randomly chosen, that is we have a
uniform distribution for all G ∈ G.
The work of Gilbert [42] introduced the G(|U |, p) model, where graphs
are constructed with the same number of nodes (|U |), and links connect every
pair of nodes u, u′ in the graph with probability p. Thus, |L| is not fixed and
( )
the expected value of |L| is |U2 | p. The degree distribution of the graph is a
binomial distribution like the one we used as an example in Chapter 1 given
by Equation (1.6).
A natural extension of the aforementioned G(|U |, |L|) and G(|U |, p) models, is the class of exponential random graph models (ERGMs) [209–217], introduced in the 1980s. This class of models brings more flexibility for the link
creation, beyond a fixed parameter p of link probability. Several observed
features of links and nodes can now be incorporated to predict connections
between pairs of nodes. Examples of link variables that are used to assess
the network structure are reciprocity, popularity, sociality (in the case of
directed networks), triplets, and triadic closure (link variables are shown in
Figure 5.1). The most common node variable (based on node attributes) is
homophily [83, 139, 218]. These variables (and their statistics in the observed
network) are used as parameters of the model in an attempt to reproduce
the set of observed links. Then the probability of observing a network G,
with such parameters as inputs, is given by
P (G) =

exp(θT ΓG )
,
c(θ)

(5.1)

where ΓG is the set of observed statistics in the network, θ is the vector of
variables of the model, and c(θ) is the normalizing constant.
In parallel, another class of models was being proposed to address community structure observed in social networks. Such class of models is what
we know as stochastic blockmodels (SBMs) [219–223]. Roughly, the main idea
underlying SBMs consists of creating subsets (blocks) of nodes in which the
connection probability between nodes within the same subset is much higher
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Figure 5.1: Schematic of link variables used in exponential random graph
models. Although not explicitly shown in the picture, triplets and triadic
closures can also have directed links.
than the probability of connecting nodes of diﬀerent subsets. To represent
it mathematically, let the set of nodes U be distributed into n smaller subsets {S1 , ..., Sn }. Then a symmetric connection probability matrix Xn×n is
created, and nodes u ∈ Si and u′ ∈ Sj are connected with probability Xij .
One can notice that, for the special case where n = 1, all nodes are part of
the same block and we have the same connection probability between every
pair of nodes in the network, Xij = p. Thus, for this special case, we have
the G(|U |, p) model again.
By the end of the 1990s and the beginning of the 2000s, when the interest
of physicists in networks arose, new probabilistic network models were proposed. With the possibility of performing analysis on large datasets, these
new models were built to capture the structural network features we introduced in Chapter 1: preferential attachment [53], small world phenomena,
and high clustering [71]. However, the point of diﬀerence of this new wave
of models was the inclusion of network growth to study such features. It
became possible to address network structural properties while they were
evolving over time, with network growth [52, 224–230].
That was the context that gave rise to generative models for networks,
where nodes and links can be introduced or deleted from the network at any
point in time, depending on their activity. Several variations of these models
can be found in the literature, including extensions of all the aforementioned
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probability models that came before [204]. As an example, for the G(|U |, p)
model, nodes enter the network, one at a time, and try to connect, with
probability p, to all the existing nodes in the network.
Furthermore, generative models could also be extended to bipartite networks. While analytical expressions are possible for the evolution of some
network features for one-mode networks in many cases, that is not true for
bipartite networks. Thus, simulations using generative models for bipartite
networks became a practical approach [96, 130, 231, 232]. However, such
studies generally address specific cases of networks and still only form a minor body of work, compared to the literature focused on one-mode networks.
Finally, we discuss a new class of network probability models: the latent
space models. These were introduced in 2002 with the idea that the network
is embedded in an ‘unobserved social space’ [233]. That is, every node has
coordinates — an exact location — and the probability of each node being
connected to another node is dependent on the distance between them in
that space. Shorter distances give a higher probability of connections, while
the larger the distance, the smaller such probability. Primarily, the use of
latent space models was done by embedding the networks in a Euclidean
space [233–236]. However, recent studies have proposed the use of hyperbolic geometry [205, 206, 237, 238]. We will discuss further the hyperbolic
geometry of networks in Section 5.5. The great advantage of latent space
models, when compared with ERGMs, is that the former does not require
all the network variables (observables) as parameters.
Next, we will create synthetic bipartite networks, using two of the traditional models discussed above as null models. We will use the generative
version of the models extended to the case of bipartite networks, with node
sets U and V , to investigate the structural properties of interest — degree
distributions, small cycles, clustering, and link weight distribution. Then,
we will be able to see the evolution of these features (in both bipartite and
projected networks) using the null models and compare with that using our
proposed model.
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Null models
Erdős–Rényi

As we have stated above, the original Erdős–Rényi model considers an ensemble of graphs G, in which every graph G ∈ G has a set of nodes U , and
|L| links that connect pairs of nodes at random in the network. It is easy to
create a dynamic version of the model where we keep the same number of
nodes |U | for every graph in the ensemble by adding a node to the network
at every time step t, until |U | nodes are present. The number of links |L|,
in turn, is controlled by adding m new links to the network for every t, i.e.
|L| = tm. In summary, each graph has m nodes at t = 0 and at each time
step a new node with m links is added to the network, randomly connecting
to m existing nodes, until t = |U | − m.
Based on this, we create a bipartite, BER (|U |, |V |, |E|), version of the
model. The generative model goes as follows:
1. At time t = 0, the network has m bottom nodes and m top nodes,
without links connecting them.
2. At each time step, a new bottom node and a new top node are added
to the network. The new top node chooses, at random, m existing
bottom nodes and connects to them. Then, for simplicity, this same
process applies to the new bottom node which, in turn, connects to m
existing top nodes.
3. Step 2 is repeated until the network has |U | and |V | bottom and top
nodes, respectively.
We implemented the above algorithm and used it to generate synthetic
bipartite networks built with 200,000 time steps and m = 2, such that ⟨d⟩ =
⟨k⟩ = 4. Figure 5.2 shows the degree distributions of both the bipartite and
the projected networks. Due to the generative mechanism, the bottom and
the top degree distributions are the same. Moreover, the degree distribution
of the projected network is the same as that of the bottom distribution, just
shifted to the right, as we have seen in Chapter 2.
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Figure 5.2: Degree distributions for the bipartite generative model of the
Erdős–Rényi model. (a) Top and (b) bottom degree distributions are peaked
and very similiar, due to the mechanism of link attachment for both sets of
nodes. (c) Projected networks follow the same degree distribution shape as
the bottom node degree distribution, shifted to the right, as we have seen
in Chapter 2
The evolution of the number of small cycles (Figure 5.3a), is roughly
constant and at quite low levels, if compared to the empirical networks of
Chapter 4, for all the small cycles (four-, six-, eight- and 10-cycles). This is
also not surprising and is in agreement with what we have found in Chapter
3 for a static network. The same is true for the link weight (Figure 5.3b)
and clustering (Figure 5.3c) distributions of the projected network. For the
former, the absence of heavily weighted links is due to the low number of
four-cycles, while for the latter, the low level of clustering is explained by
the small number of six-cycles and by the absence of high-degree top nodes
in the bipartite network. In summary, as expected, the generative version of
the Erdős–Rényi model fails at producing the structural network properties
of real networks.
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Figure 5.3: Evolution of (a) cycles in the bipartite network; and (b) link
weight and (c) clustering distribution of the projected network for the bipartite generative model of the Erdős–Rényi model. As the network grows
larger, the number of small cycles stays roughly constant, showing that random bipartite graphs tend to create uniform distributions of cycles size, as
we have found in Chapter 3. This results in few weighted links in the projected networks, and clustering created mostly by top node degrees instead
of transitivity.

5.3.2

Preferential attachment

Growing networks with preferential attachment has been extensively studied
for both one-mode [52, 53, 224] and bipartite networks [90, 130, 231, 232,
239]. For the latter, our focus in this chapter, none of the models have addressed bipartite structural properties other than degree distributions. Furthermore, they have not investigated the eﬀects of degree distributions on
the one-mode projections.
Our preferential attachment generative model for bipartite networks is, in
fact, a bipartite version of the Barábasi-Albert (BA) model [53]. It follows
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the same reasoning as our BER (|U |, |V |, |E|) generative model. The only
diﬀerence is that in our bipartite BA model, new nodes choose to connect to
existing nodes from the opposite set with a weighted probability, where the
weights are proportional to the degrees of the node in the target set. That
is,
dv
ku
,
pv = ∑
.
(5.2)
pu = ∑
u′ ku′
v ′ dv ′
In summary:
1. At time t = 0, the network has no links with only m bottom and m
top nodes.
2. At each time step, a new bottom node and a new top node enter the
network. Now, the new top node chooses and connects to m existing
bottom nodes, with weighted probability according to Equation (5.2).
Then, the new bottom node connects to m existing top nodes, using
the same formula for calculating the connection probability.
3. Step 2 is repeated until the network reaches |U | bottom and |V | top
nodes.
Here, again, we generate synthetic networks with |U | = |V | = 200, 000,
and with m = 2, and ⟨d⟩ = ⟨k⟩ = 4. In Figure 5.4 we can see that, because
of the simple preferential attachment mechanism of our model for both sets
of nodes, the degree distributions for the top set of nodes, Pt (d), and for the
bottom nodes, Pb (k), are the same. The degree distribution of the projected
network, P (q), is also heavy-tailed, but is shifted to the right, and shows
a flattening similar to what we saw in Chapter 2, due to the formation of
large cliques, a consequence of the high-degree top nodes in B.
The presence of high-degree nodes in the bipartite network increases,
albeit only a little, the number of small cycles in the network (Figure 5.5a).
This is a result of a higher probability of high-degree nodes being connected,
as we discussed in Chapter 3. However, the observed level of four-cycles is
still relatively low compared to that seen in empirical networks and does not
create a significant number of weighted links in the projected network Gw ,
as shown in Figure 5.5b. Another consequence of the presence of high-degree
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Figure 5.4: Degree distributions for the bipartite generative model of the
Erdős–Rényi model. Again, (a) top and (b) bottom degree distributions are
very similar due to the mechanism of network growth. However the BA
model creates heavy-tail degree distributions in this case. The behaviour of
the (c) projected distribution deviates, especially for high-degree nodes, due
to the cliques created in the projection (Chapter 2)
top nodes in B can be seen in Figure 5.5c, where the level of clustering of the
projection has increased relative to the generative BER (|U |, |V |, |E|) model.
In Chapter 3 we saw that traditional null models, in that case, the
BER (|U |, |V |, |E|) model and the configuration model — both static — cannot capture the structural properties of bipartite networks of our interest.
In this chapter, we have created synthetic networks using generative null
models, with a generative bipartite version of the Erdős–Rényi model and
the bipartite version of the Barabási–Albert model. These models also fail
in mimicking the structure of real-world networks as we saw in Chapter 4.
Hence, a more sophisticated model is needed and we move in that direction. In the next section, we will introduce a maximum entropy approach
for exponential random graph models.
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Figure 5.5: Evolution of (a) cycles in the bipartite network; and (b) link
weight and (c) clustering distribution of the projected network for the bipartite BA model. Although the latter creates more small cycles than the
random model, the presence of such cycles in the network is still very low
compared to the empirical networks in this study (Chapters 3 and 4). As we
have seen, the frequency of four-cycles in empirical networks, for instance,
reaches the order of 10,000 appearances for networks with similar sizes, as
in the maths and computer science network seen in Chapter 4, while here,
four-cycles appear only about 100 times. This still produces, of course, a
few links with some weight, and low levels of clustering in the projected
networks.

5.4

Maximum entropy approach

In the previous section, we examined realisations of classical random network
models: the Erdős-Renyi model, and the BA model, for growing bipartite
networks. Although nowadays, just as we have demonstrated in Chapter
3, it is fairly well-known that they are not good for modelling real-world
networks [71, 240, 241], they still play an important role as null models.
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They help researchers to identify network structures that do not emerge
simply by chance.
A more advanced class of random graphs, that is able to model some
of the structures found in real-world networks, is the class of exponential
random graph models (ERGM). Their usage spans from modelling graphs
with simple structures such as, for instance, Erdős-Renyi graphs, to more
complicated ones, with clustering and community structures.
These models were initially proposed in the 1980s, with several further
contributions [209, 212–215]. However, the authors of [242] addressed exponential random graphs using a diﬀerent approach, with strong physical foundations borrowed from statistical mechanics. Unlike most previous works,
which are based on numerical simulations, they provide an analytical investigation of the models by using a maximum entropy approach.
The reasoning is as follows [242]. We assume that the model is an ensemble of possible networks in a set G = {G}, such that there is a probability
distribution of all the possible network realisations P (G). Networks in this
set, with a higher probability of realisation, are those with features similar to
some pre-defined set of observables that are typically chosen to emulate features observed in real-world networks. Hence, P (G) is chosen by maximising
the Gibbs entropy
S=−

∑

P (G) ln P (G) ,

(5.3)

G∈G

subject to the normalization condition
∑
P (G) = 1 ,

(5.4)

G

and the constraints

∑

P (G)xi (G) = ⟨xi ⟩ ,

(5.5)

G

where ⟨xi ⟩ is the expected value of each network observable (property) in a
set {xi } of properties of interest. With the appropriate introduction of the
Lagrange multipliers, α and {ωi }, the maximum entropy is satisfied by
[
(
)
(
)]
∑
∑
∑
∂
S+α 1−
P (G) +
ωi ⟨xi ⟩ −
P (G)xi (G)
= 0,
∂P (G)
i
G
G
(5.6)
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for all graphs G ∈ G. The size of the set of Lagrangian multipliers {ωi } is
determined by the number of constraints we need to satisfy, according to
network observables. By taking the derivative in Equation (5.6), we have
∑
ln P (G) + 1 + α +
ωi xi (G) = 0 ,
(5.7)
i

or, after rearranging into a form that is familiar in statistical mechanics,
P (G) =

e(−H(G))
.
Z

(5.8)

By analogy with the terminology used in statistical mechanics, we refer to
H(G) as the graph Hamiltonian, given by
∑
ωi xi (G) ,
(5.9)
H(G) =
i

and the partition function of the ensemble is
∑
Z = e(α+1) =
e−H(G) .

(5.10)

G

We can take, as an example, a simple graph network with |L| links and
|U | nodes. In this case, we have knowledge of only one graph observable
(the number of links in the network), hence, for a grand-canonical ensemble,
⟨xi ⟩ = ⟨x⟩ = ⟨|L|⟩. The graph Hamiltonian is given by
(5.11)

H(G) = ω|L|(G) .

Using the symmetric adjacency matrix M|U |×|U | , defined in Chapter 1, whose
elements are (Equation 1.1)

1 if a link exists between u and u′
mu,u′ =
(5.12)
0 otherwise,
∑

we have |L| =
in [242])
Z=

∑

u≤u′

−H

e

G

=

∏(
u<u′

=

mu,u′ . Then, the partition function is (Equation (12)
∑

{mu,u′ }

(
exp −ω

∑

)
m

u<u′

) [
]( )
1 + e−ω = 1 + e−ω
.
|U |
2

u,u′

=

1
∏ ∑

e−ωmu,u′

u<u′ mu,u′ =0

(5.13)
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The free energy of the system is given by F = − ln Z, such that
( )
(
)
|U |
ln 1 + e−ω .
F =−
2
Then, the expected number of links in the model is given by
( )
1 ∂Z
∂F
1∑
|U |
1
−H
⟨|L|⟩ = −
=
=
|L|e
=
.
ω
Z ∂ω
∂ω
Z G
2 e +1

(5.14)

(5.15)

Finally, we define the connection probability p = eω1+1 , using Equation (5.8),
such that the probability P (G) of the graph in the ensemble G is
P (G) =

|U |
e−H
e−ω|L|
=
= p|L| (1 − p)( 2 )−|L| .
|U |
Z
[1 + e−ω ]( 2 )

(5.16)

The above equation is, therefore, the G(|U |, p) random graph model, “in
( )
which each of the |U2 | possible edges appears with independent probability
p” [242].
For the generative model that we wish to develop, we follow this reasoning and we assume a grand-canonical ensemble of graphs where particles are
the links connecting nodes — we will discuss it further shortly. It is possible
then, to evaluate the partition function for the graph Hamiltonian having
links, for every possible pair of nodes, as our network observables, in a bipartite network B with |V | top nodes and |U | bottom nodes. To do so we
consider the adjacency matrix of B, a block matrix AB , given by Equation
(1.12) whose elements are given by Equation (1.13), i.e.


0U A


AB = 
,
AT 0V
and
au,v


1 if a link exists between u and v
=
0 otherwise.

Therefore, the graph Hamiltonian is given by
H=

∑
u,v

ω(u,v) au,v ,

(5.17)
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such that the auxiliary field is coupled to each link (u, v). The partition
function is given by
∏
Z=
(1 + e−ω(u,v) ) ,
(5.18)
u,v

and the free energy is
F =−

∑

ln(1 + e−ω(u,v) ) .

(5.19)

u,v

Finally, by taking the derivative of free energy with respect to the coupling
parameter, we have the probability of having a link between nodes u and v
in the bipartite network [242, 243], according to
p(u,v) =

∂F
1
= ω(u,v)
.
∂ω(u,v)
e
+1

(5.20)

As we can see from Equation (5.20), the probability of connecting a
bottom node u to a top node node v depends on a set of hidden variables
[244–247] — the set of Lagrangian multipliers — fixed by the constraints and
represented by the auxiliary field ω(u,v) . Moreover, one may realise due to
the form of Equation (5.20) that it is analogous to the Fermi–Dirac statistics.
The analogy becomes complete if we take the links of the network as particles
in the systems, as we stated before. Unweighted links are indistinguishable
and, in a simple bipartite undirected graph, only one link is allowed between
a pair of nodes u, v. These pairs of nodes represent a single-particle state
and the Pauli exclusion principle applies. Then, the set of hidden variables
is given by
Eu,v − µ
ω(u,v) =
,
(5.21)
kT
where Eu,v is the energy of the single-particle state u, v, µ is the total chemical potential, k is the Boltzmann constant and T is the temperature of the
system.
In the following section, we discuss a way to calculate the Equation
(5.21) and what these physical quantities mean, in the context of networks,
by considering a network growing in a hyperbolic plane.
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Hyperbolic geometry

In a series of three papers [205–207], it was demonstrated that some structural properties found in real-world networks, namely degree heterogeneity
(heavy-tail degree distributions) and clustering, can emerge naturally when
the network grows in a hyperbolic plane. Other papers have also considered
hyperbolic networks in the context of communication networks, like the Internet [248–250]. The authors of [207] used node coordinates in the hyperbolic plane as hidden variables [244, 251–253], characterizing their proposed
popularity vs. similarity model, as a latent space model.
However, that is not the only important characteristic of this model. The
edge probability function chosen by the authors in [206] is the Fermi–Dirac
distribution. The reason for that is threefold: first, the model incorporates
the concepts of the exponential random graph models, through the maximum entropy approach, as we have discussed in the Section 5.4. Second,
the model is initially designed for a simple graph one-mode network where
links are fermions — also discussed in the previous section (for a multigraph,
or even a weighted network, the family of connection probabilities chosen
would be the Bose–Einstein distribution, where more than one particle (link)
could occupy the same energy state (pair of nodes) [30, 242]). And third, because of the relation between statistical physics and the hyperbolic plane
properties, as we will see next.
In this model, the probability of two nodes being connected is, given by
[206]
1
P (u, u′ ) =
,
(5.22)
ζ
eβ ( 2 )(xu,u′ −R) + 1
where, generalizing, from Equations (5.21) and (5.22), we have
( )
E−µ
ζ
ω=
=β
(x − R) .
kT
2

(5.23)

We can now interpret the set of auxiliary fields ω. The hyperbolic distance
x between a pair of nodes in the network is the energy level occupied by the
fermionic network links; ζ represents the curvature of the hyperbolic plane
and plays the role of the Boltzmann constant; and the hyperbolic radius
R is the chemical potential. The inverse of temperature, β, acts as a input
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parameter, which can be used to control node coordinates and influence the
strength of preferential attachment in the network, as we will see shortly.
The authors of [207] proposed the one-mode generative model using the
hyperbolic space with curvature K = −ζ 2 = −4 (so ζ = 2). In the simplest
version of the model, each new node connects to the m closest existing
nodes, without the use of any connection probability function. However, we
are interested in the more sophisticated — grand canonical — version of
the model, where we have an expected number of links, instead of the exact
number |L| = mt.
The model process works as follows [207]:
1. At time t = 0, the network is empty.
2. For every time step t ≥ 1, a new node enters the network with radial
coordinate ru = ln tu and angular coordinate θu picked from a uniform
random distribution on (0, 2π].
3. Existing nodes u′ , with tu′ < tu , have their radial coordinates updated
as
ru′ (t) = αru′ + (1 − α) ln t .
(5.24)
The parameter α tunes the tail of the degree distribution. More specifically it gives the exponent of the power law, such that
γ =1+

1
.
α

(5.25)

That is, when α = 1 the radial coordinates are not being updated at
all and we have a strong preferential attachment. On the other hand,
when α → 0, all nodes move outwards from the center at the same
speed, hence, we create a random network.
4. The new node tries to connect to every existing node with probability
given by Equation (5.22). The hyperbolic distance between a pair of
nodes u, u′ is given by
1
arccosh(cosh 2ru′ cosh 2ru − sinh 2ru′ sinh 2ru cos θu,u′ ) ,
2
(5.26)
where θu,u′ = π − |π − |θu′ − θu ||.
xu,u′ =
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Let us take a closer look at the initial parameters of the model m, T .
While T appears in Equation (5.22), that is not the case for m. However,
just like the other models, m is a parameter that controls the number of
links in the network. It aﬀects the hyperbolic radius R, of Equation (5.22),
at time t, according to [207]
[
]
2T (1 − e−(1−α) ln t )
Rt = ln t − ln
,
(5.27)
sin T π
m(1 − α)
in such a way that the average degree of the network still follows ⟨q⟩ = 2m.
Finally, the temperature T of the system functions, in the model, as one
might expect. As T increases, higher energy levels can be occupied by our
particles, and more disorder is observed in the system. For our model, this
translates to having the probability of connection between distant nodes increasing with T (Equation (5.22)). Thus, temperature controls the level of
clustering of the network. As T → 0, we reach the strongest levels of clustering, as only nodes positioned closest to each other have high connection
probabilities, creating triadic closure and, as a consequence, communities. T
takes values in the interval (0, 1], which is called the cold regime [206]. At
values T ≥ 1 (hot regime) clustering levels are close to 0, similar to those
for the BA model.
The hyperbolic model parameters generate popularity and similarity
(hence the name given to the model), which are related to preferential linking
and high clustering, respectively.
In summary, the radial coordinate r and the parameter α determine
the amount of preferential attachment in the network, while the angular
coordinate θ and the parameter T determine the strength of the clustering. They provide elegant analytical solutions for the model, in [207], along
with empirical validation for fitting the model to the Internet, the E. coli
metabolic network, and the PGP web of trust. However, they claim that
the model does not reproduce well the actor-movie network because of the
over-inflation of connections — the complete subgraphs — created by the
co-occurrence network they are considering. In other words, their proposed
model fails to replicate a one-node projection of a bipartite social network.
We deal with this matter in the next section.
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In the previous section, we introduced the popularity vs. similarity generative model [207] of one-mode networks growing in a hyperbolic plane. Now,
we present an extension of this model for bipartite networks. The reason for
the necessity of a bipartite version of the model is, as we have seen throughout this thesis, the fact that many one-mode networks are projections of
bipartite networks and, therefore, need to be modelled as such. Previous
studies have proposed modelling bipartite networks embedded in a hyperbolic plane [243, 254]. However, their investigation is restricted to static
networks, without including the dynamics of network growth.
In this work, we consider the two sets of nodes, U and V , growing in
the same plane, with the constraint that nodes of the same set cannot be
connected in the bipartite network, according to the adjacency matrix of
Equation (1.12). We take the artifacts (top nodes) to be the nodes creating
new links in the network, while the bottom nodes attract such links. In this
way, artifacts only connect to agents in the time step when they enter the
network. This process that we choose mimics, for instance, the processes of
the scientific network, where papers do not gain links to additional authors
after appearing in the network, but authors can continue to produce new
publications (with potential co-authors) throughout their careers.
The model goes as follows:
1. At time t = 0, the network in empty.
2. For every time step t ≥ 1, a new top node v and a new bottom node
u enter the network with radial coordinates rv = ln tv and ru = ln tu ;
and angular coordinates θv and θu , drawn at random from a uniform
distribution on (0, 2π].
3. Existing bottom nodes update their radial coordinates according to
Equation (5.24) (top nodes have fixed radial coordinates).
4. The new top node v connects to bottom nodes with a probability given
by
1
.
(5.28)
p(u,v) = (xu,v −Ru )
+1
e T
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As before, the parameters of the model are m, α and T . Because top
nodes are not attracting links, their degree distribution will always be
roughly the same for every α and T . Moreover, the top degree distribution
will always keep the same shape, but will be right-shifted as m increases.
Figure 5.6 shows the eﬀect on the top distribution of changing the model’s
initial parameters. We can clearly see that the link attachment mechanism
of the model does not interfere with the degree distribution of top nodes.
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Figure 5.6: Top degree distributions for synthetic networks built with variations of parameter m, α and T . (a) m = 4, α = 0.50 and T = 0.50; (b)
change of parameter α = 0.90; (c) change of parameter T = 0.10; and (d)
parameter m = 8. The top degree distribution is aﬀected neither by α nor
by the temperature of the system T , because top nodes are not the ones
attracting links in the model. When the network density is increased, by
changing m from four to eight, the shape of the top degree distribution remains similar, but right-shifted. This happens especially in the region of low
degrees, due to the higher frequency of nodes there.
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There is, however, a way to relax the constraint of top nodes always
having a very similar degree distribution. This can be done simply by drawing a value for m, in each time step, from a probability distribution. As m
changes, it aﬀects the chemical potential of the system, given by Equation
(5.27). Bigger values of m result in higher R which, in turn, increases the
connection probability in the network. Hence, the shape of the tail of the
top degree distribution can be easily tuned, while keeping the same ⟨d⟩.
The bottom degree distribution does not need any additional mechanism
as the tail of the distribution is controlled by the parameter α (Figures 5.7a
and 5.7b). Preferential attachment is guaranteed based on the time when
nodes appear in the network. That is, the earlier a node enters the system,
the more links it attracts to itself. This is explained by the radial coordinate,
since early nodes are positioned closer to the origin of the hyperbolic plane,
and therefore have a higher probability of being closer to more nodes in the
network, according to Equation (5.26). From Equation (5.24), we see that
when α → 1 we have strong preferential attachment. As α decreases, so
does the weight in the tail of the probability distribution, following Equation
(5.25). On the other hand, for α → 0, the positions of every bottom node
are updated, at each time step, moving to the edge of the hyperbolic disc
(Figure 1c of [207]). Hence, all nodes have the same connection probability,
which characterises a random network regime for the bottom nodes.
Projected degree distributions follow our findings from the previous chapters (Figures 5.7c and 5.7d). They depend on the bipartite degree distributions, as we discussed earlier, and on the evolution of the creation of
four-cycles in the bipartite networks. Moreover, it is worth remembering, as
shown in Figure 5.8, that the level of four-cycles also dictates the link weight
distribution of our projections, while the level of six-cycles aﬀects clustering
due to transitivity.
In order to control the number of small cycles present in the network,
we use the last parameter of the model, T , the temperature of the system.
Similarly to the case of one-mode networks, where T tunes clustering (the
number of triangles), for the bipartite version, T primarily controls the presence of four-cycles, but also the presence of six-, eight- and 10-cycles. At
lower temperatures, nodes that are closer in the plane have higher probabil-
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Figure 5.7: Bottom and projected degree distributions for synthetic networks
built with variations of parameter α. (a) m = 4, α = 0.50 and T = 0.50
for bottom and projected distributions, respectively; (b) change of parameter α = 0.90. (c) and (d) the same as (a) and (b), however for projected
networks, respectively. We can clearly see the eﬀect of the parameter α controlling the radial coordinates of the bottom nodes and, therefore, the level
of preferential attachment in the network. Best fit for the bottom degree
distributions gives us (a) γ = 2.87 and (b) γ = 2.09, compared to the predicted values γ = 3 and γ = 2.10 according to the analytical solution given
by Equation (5.25). Moreover, the degree distributions of the projected networks are very similar to the bottom degree distributions. This is due to the
fact that bottom distributions are more right-skewed than top distributions,
as we have seen in Chapter 2.
ities of being connected, favouring the presence of small cycles. We can see
a substantial increase in the number of four-cycles in the network, widening
the gap between them and the other small cycles, as shown in Figures 5.8a
and 5.8b.
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Figure 5.8: (a) and (b) evolution of small fundamental cycles; (c) and (d)
link weight distributions; (e) and (f) clustering distributions. Left column
for network with temperature T = 0.50 and right column with T = 0.10.
At higher temperatures the presence of four-cycles is smaller, and the gap
between their frequency and the frequency of other cycles reduces. We can
clearly see how more four-cycles in the network shift the link weight distribution. Note that the number of fundamental six-cycles decreases, yet the
clustering coeﬃcient increases. This is the eﬀect of the substantial rise in the
number of four-cycles, at low temperature, which hides larger cycles (Figure
5.9), hence widening the gap between four-cycles and larger cycles.
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The eﬀect of the increase of four-cycles in the network is twofold. First,
a larger number of four-cycles means an increase in recurrent interactions
between pairs of nodes, shifting the link weight distribution to the right (Figures 5.8c and 5.8d). Second, clustering in the projected network is stronger,
even though the number of six-cycles in the cycle basis is smaller than in
the case with higher temperature. That is, the change in temperature drastically changes the cycle basis of the network and the wider gap between
the cycles, as mentioned above, hides the increase in the actual number of
six-cycles in the network. As we have seen in Chapter 3, the cycle basis is
the set of cycles from which combinations can be made to create all other
cycles in the graph. An example of how four-cycles can hide six-cycles in the
network is shown in Figure 5.9. We do not count the exact number of cycles
of each size because counting cycles in a graph is a NP-complete problem
[255], i.e. it cannot be solved in polynomial time, and it is computationally
too expensive to do so in large networks like ours.
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Figure 5.9: Schematic of how connections creating new four-cycles change
the cycle basis of the graph and hide cycles of higher order. In this case, the
initial cycle basis of the graph is one six-cycle only, the set C = {(1B3C2A)}.
With the addition of node 4 connected to A, B, D and E; and node 5
connected to C, D and E, the new cycle basis of the network is the set
C = {(2D4A), (4D5E), (2C5D), (1B4A), (3C5D4B)}. Although we have two
six-cycles in the network, (1B3C2A) and (3C5D4B), just the latter appears
in the cycle basis.
Our proposed model does present a limitation that has yet to be overcome: none of the parameters of the model (α, T , and m) seem to control
degree-assortativity of the projected networks. Every bipartite network we
built resulted in neutral degree-assortative projections. This is true even
when we chose a heavy-tailed probability distribution to pick values of m
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(not shown here), which turns the top degree distribution more right-skewed.
The random characteristic of the model cannot capture the social factors
driving assortativity in real-world projected networks, as we discussed in
Chapters 3 and 4.
However, in summary, the popularity vs. similarity model still represents
well one-mode networks that are projections of a bipartite structure, otherwise as stated by its own creators in Section III C of [207]. We see that the
bipartite version of the model can replicate the original bipartite network
structures, such as top and bottom degree distributions and small cycles. As
a result, the expected structural properties of projected networks (degree,
clustering, and link weight distributions) naturally arise as part of the projection, being degree assortativity the only property studied in this thesis
that we could not assess. As we have shown throughout this thesis, it is a
misleading process to model the projection right away. Instead, one should
take a step back and start by modelling the bipartite network first, and only
then, create its projection.

5.7

Conclusion

In this chapter, we have introduced a generative model for bipartite networks,
in order to better understand their structural properties. It is imperative that
projections created using bipartite networks assessed with such a model can
display features such as heavy-tailed degree and link weight distributions,
and the high level of clustering, that are present in real one-mode networks.
We showed that in the case of the Erdős–Rényi model, the structural
properties of bipartite networks investigated here, that is degree distributions and small cycles, are driven completely by chance, similarly to how
the model functions for one-mode networks. Although that also happens to
the degree and the link weight distributions of the projected networks, the
clustering coeﬃcient presents a diﬀerent behaviour. The Erdős–Rényi model
applied to one-mode networks does not display significant levels of clustering,
unlike the projected network of the Erdős–Rényi model applied for bipartite
networks, that presents higher levels of clustering. That is, a minimum level
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of clustering will always be found, even if by chance, in networks that are
projections of original bipartite networks.
The BA model displays a similar behaviour. The frequency of small cycles
increases marginally in the bipartite networks when compared to the Erdős–
Rényi model, led by the heavy tail structure of the degree distributions of the
top and bottom nodes. More small cycles are created only as a consequence of
the higher probability of high-degree nodes being connected, as we discussed
in Chapter 3. Small cycles are still created by chance but, due to the presence
of high degree nodes, with higher probability. Moreover, such high degree
nodes also induce more triangles than the Erdős–Rényi model and, therefore,
increase the levels of clustering in the projected networks, similar to what
happens for one-mode networks.
By extending and adapting the popularity vs. similarity model proposed
in [207] to bipartite networks, we can control top degree distributions with
a simple choice of a probability distribution. On the other hand, the tail of
the bottom degree distribution is tuned by the parameter α of the model,
ranging from peaked Poisson-like distributions to heavy-tailed power-law
distributions. The frequency of the presence of small cycles can be tuned
by controlling the temperature T of the system. Therefore, we can recover
degree distributions and the frequency of small cycles found in empirical
bipartite networks.
Then, the structural properties of projected networks are straightforwardly inferred by building the projection out of the modelled bipartite
network, except the degree-assortativity. With both degree distributions of
the bipartite network and the frequency of four-cycles, we naturally assess
the resulting degree and link weight distributions of projections as found in
real one-mode networks. The same is true for the clustering coeﬃcients. Due
to the high frequency of six-cycles in the network, the level of clustering in
the projected one-mode network is not only the minimum level due to top
degree nodes, as we discussed above.
Finally, in contrast to the claim by the creators of the popularity vs.
similarity model for one-mode networks [207] that the model does not represent certain types of collaboration networks well, we have shown otherwise.
The type of networks they referred to are actually one-mode projections of
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bipartite networks. We strengthened our claim, first presented in Chapter
3, that such projections should not be modeled directly, without taking in
account the underlying bipartite structure. One should always take a step
back and model the original bipartite network to assess the properties of the
networks in such cases.

CHAPTER

Conclusion
In this thesis, we have presented a systematic study of the fundamental
structural properties of bipartite networks and, more importantly, how such
properties aﬀect the architecture of one-mode projections. To achieve this,
we first performed an analysis of network properties, treating networks as
static entities, before considering the mechanisms of network formation over
time.
Our first object of study, in Chapter 2, was the degree distribution of
bipartite and projected networks. We used the formalism of generating functions to prove that the degree distribution of a projected network is a function of the degree distributions of both top and bottom nodes set in the
original bipartite structure, according to Equation (2.10). Top and bottom
degree distributions were chosen, ranging from peaked (e.g. delta function
and Poisson distribution), to heavy-tailed distributions (e.g exponential and
power-law distributions). While the generating functions method can be useful for predicting projected degree distributions, especially for peaked degree
distributions in the bipartite network, heavy-tailed distributions have shown
themselves unamenable to deriving analytical solutions.
Parallel to our analytical approach, we performed computational simulations, using the same choice of degree distributions for top and bottom
nodes, as for the generating functions. The simulations showed that projected degree distributions tend to follow the shape of the bottom degree
distribution in the bipartite network, as long as the top nodes do not display
141
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a more right-skewed distribution than the bottom nodes. In the latter case,
the degree distribution of the projection is subject to the tail of the top
distribution, which leads to a flattening, where the shape of the distribution
seems to shift towards a more uniform distribution, of the projected distribution. The reason for this flattening with heavy-tailed top degree distributions is the abundance of high-degree top nodes that induce large cliques in
the projected network. This results in the degree-degree correlations found
in one-mode social networks that are projections of bipartite networks (for
instance, collaboration networks). Moreover, this suggests that power law
distributions are unlikely to be found in projected networks when top degree distributions are heavy-tailed. We also demonstrated the diﬀerences
in the degree distributions of projected networks depending on whether we
created the projection using a simple graph or a multigraph method. The
multilinks found in the multigraph projection are amalgamated into one single link in the simple graph projection and, therefore, the latter results in a
higher loss of information, though some information loss is inherent in any
projection. Such diﬀerences in the degree distributions indicate that there
are other structural features playing a role in the process of network formation, related to the number of common neighbours that pairs of bottom
nodes have from the top set.
To investigate these other features, we looked at an empirical bipartite
network, in Chapter 3, using data from the European Patent Oﬃce. In this
bipartite network, institutions (bottom nodes) are connected to patents (top
nodes) they have applied for. When we create projections of this empirical
network — linking institutions that share patents — the resulting degree distributions display substantial diﬀerences between the simple graph and the
multigraph methods. We compared the empirical projected degree distributions with those from projections created from synthetic bipartite networks
built using bipartite versions of the random graph model and the configuration model. We verified that the simple graph and multigraph projections
of the synthetic bipartite networks do not present significant diﬀerences
between their degree distributions. That is, the diﬀerences between the empirical projections are not by chance and are caused by the structure of the
bipartite network, with high presence of cycles of size four. A four-cycle is

Conclusion

143

a network motif that counts the number of recurrent collaborations, in this
case, pairs of institutions sharing two patents.
Similar behaviour was observed when we analysed the clustering coeﬃcient of the simple graph projection of both empirical and synthetic networks.
Each top node of a bipartite network induces cliques of size equal to its degree, in the projected network. One might expect that, as the empirical
bipartite network and the bipartite configuration model have exactly the
same degree sequence (and hence, the same degree distribution) for the top
(and bottom) nodes, the number of triangles in their projections would also
be the same. However, the empirical projection displays stronger clustering. Again, this divergence is caused by a structural feature of the bipartite
network, namely the six-cycle motif. Six-cycles represent transitivity in bipartite networks and the presence of such motifs indicates the formation of
additional triangles in the empirical projection. In summary, small cycles
in bipartite networks are an important driver of one-mode network features
of collaboration networks, such as projected network degree distribution,
clustering, and degree assortativity.
We then turned our attention to the dynamics of network growth in
Chapter 4. We built several bipartite scientific collaboration networks using
two extensive datasets: one from the American Physical Society (APS), from
1893 to 2015 inclusive, and the other from the ArXiv repository (1986–2015).
In such networks, researchers (authors) are connected to papers they have
published. In total, six bipartite networks of five diﬀerent disciplines were
created: physics (APS and ArXiv), maths, computer science, biology and
statistics (ArXiv only). The projections onto the bottom nodes are widely
known as co-authorship networks. We investigated four bipartite structural
features of interest, namely degree distributions, density, redundancy, and
cycles.
Mostly, the top degree distributions are less right-skewed than the bottom degree distributions for all networks throughout the period studied. This
behaviour facilitates the prediction of the projected degree distributions, as
we have seen in Chapter 2. The exception is physics for both APS and ArXiv
datasets. With the emergence of large research collaborations in physics at
the beginning of the 1990s, the top degree distributions became substantially
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more heavy-tailed, much more than the bottom degree distributions. Many
high-degree top nodes (papers with many authors) appeared in the network,
inducing massive cliques in the co-authorship network.
This fact alone is responsible for a sudden change in the density of the
projected network, even though the density of the underlying bipartite network does not show any significant change in its course of evolution. This is
a result of Equation (4.2), that shows that the number of links induced by
a top node is proportional to the square of its degree. We showed, using the
generating function formalism, that for all cases in which the average degree
of the top distribution does not grow as fast as the size of the network, the
only way for this observed transition to happen is if the top distribution
becomes highly skewed.
On the other hand, the number of small cycles in the cycle basis of the
networks grow with similar patterns across the diﬀerent networks, roughly
exponentially. Once again, due to the presence of large collaborations, the
level of redundancy in the bipartite network for physics is higher than what
is observed for the other disciplines. An implication of this is that with the
sudden increase of redundancy (and of four-cycles) the link weight distribution is pushed to the right as many new recurrent collaborations occur.
Lastly, in Chapter 5, we gave a brief review of probabilistic network
models to support our choice of a latent space model, with a maximum
entropy approach. We used this to propose a generative model for bipartite
networks. In the maximum entropy approach, we considered links in the
network as fermions, i.e. only one link can occupy an available energy level.
That is true for our case, as we are dealing only with simple graphs for the
bipartite networks. Energy levels are the distances between nodes in the
hyperbolic plane. Our model allows us to tune the node coordinates and the
temperature of the system to control the connection probability between
nodes, given by Equation (5.28).
Our proposed model — an extension for bipartite networks of the popularity vs. similarity model [207] — can address both degree distributions and
the frequency of small cycles in the cycle basis found in the empirical bipartite networks studied in this thesis. The features of one-mode networks that
we observed (degree distributions, link weights, and clustering) were also as-
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sessed when we created the projections. With the continuous increase in the
number of four-cycles and six-cycles, the link weight distribution is shifted
to the right and stronger levels of clustering are reached due to increased
transitivity. The model presented a limitation: the parameters of the model
cannot control the level of the degree-assortativity of the projected networks. Besides the contributions discussed in Chapter 1, this thesis has also
contributed to the understanding of the mechanisms at work, in bipartite
networks, that generate degree-assortative, neutral, and degree-dissortative
projections. However, more has yet to be done, opening opportunities for
new studies on modelling social factors that are driving degree assortativity of projected networks. Other examples of research that can benefit and
be built on from this thesis are the studies on multilayer [178, 256] and
multiplex networks [180, 257].
We have shown that the way most of the literature has been modelling
one-mode networks that are projections of bipartite networks can be misleading. Instead of studying models directly from the one-mode projections,
one should consider the underlying bipartite structure. Some specific behaviour of one-mode network features such as the evolution of the degree
distribution, density, link weight distribution, clustering, and even degree
assortativity are better explained considering the original bipartite network,
overcoming the information loss inherent to any projection.
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