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Abstract
Attachments affect the dynamic response of an assembled structure. When engineers are
modelling structures, small attachments will often not be included in the "bare" model,
especially in the initial design stages. The location of these attachments might be poorly known,
yet they affect the response of the structure. Generally, the finite element method is always
combined with Monte Carlo simulation (MCS) to calculate the response of the structures with
uncertain parameters. However, the attachment will be connected to a main structure having a
large number of degree of freedoms (DOFs), and each new connected location will lead to a
re-analyse of the model, which is usually computationally expensive.
In this thesis, two methods to efficiently quantify the variability in the dynamic characteristics
of a structure due to uncertainty in the connected location of the attachment are proposed.
Multi-point constraints are used to connect the attachment to the main structure to avoid the
need to re-mesh the structure. The first method is based on a modal based model order reduction
method (MOR), and component mode synthesis (CMS) with characteristic constraint modes.
The CMS method is combined with perturbation and sensitivity methods to efficiently and
accurately estimate the component model properties without the need to repeatedly solve the
full eigenvalue problem. The second method is based on a non-modal based MOR method,
Krylov subspace method. The reduction is achieved by using low-order projection matrices.
One (or more) analysis is performed for the attachment located at a given position(s) and at a
given frequencies to obtain the projection matrices. Afterwards, a parametric MOR method is
applied to reduce the model order. For both methods, uncertainty in the location of the
attachment is included in a MCS. Based on the frequency range of interest, different methods
can be selected. The methods are equally applicable to possibilistic, interval-based
uncertainties.
Numerical results are compared to experimental measurements for the cases of a beam and a
plate with an attached mass, and a plate with an attachment with a number of internal and
attachment DOFs. The results indicate that the methods provide accurate predictions at a
significantly reduced computation cost when compared to multiple direct solutions.
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Chapter 1
Introduction and Background
In many industrial fields, vibration is an important issue when designing engineering structures.
If structures such as buildings, aeroplanes, cars or trains are not properly designed, the level of
vibration in structures may exceed acceptable limits, and cause mechanical failure or produce
harmful noise to human beings. Therefore, taking into account the vibrational response of the
structure is important in the design of mechanical structures.
In the initial design stage, the vibration behaviour of the structure needs to be analysed so that
the response of the structure in operating conditions can be estimated. This information will be
collected to make a judgement whether the design is acceptable in terms of its dynamic
characteristics or to optimise the design. The dynamic characteristics of structures are
determined by their physical properties, such as the geometric properties (e.g. length, width of
the structure, etc.), the material properties (e.g. density, Young’s modulus), the boundary
conditions of the structure (e.g. fixed, free, simply-supported, etc.), and the connections
between the components that form the whole structure. The response of a structure under a
given dynamic loading depends on all of these properties.
In some applications, such as automotive and aerospace, the detailed structural analysis is
carried out at early design stages when the model of the engineering structure is often
incomplete, with additional components, referred to herein as attachments, being added later.
These attachments play an important role in complex structures, for example, bundles of wires
in cars or aircraft, small control boxes and sensors in engines, etc. The locations of such
attachments are often not precisely known at the design stage, and therefore the attachments
are frequently not included in the model of the “bare” structure. However, such attachments
change the behaviour of the structure and predicting their effect on the vibrational response of
the overall structure is of interest. This is the subject of this thesis.

1.1 Preface
The optimal design of a structure can be found in a cyclic process, in which the physical
properties are adjusted based on simulations or practical tests to meet certain requirements.
Nowadays, virtual prototyping and simulation employing Computer-Aided Engineering (CAE)
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tools are commonly used in the early design stages and the performance of the structure can be
estimated by using numerical methods such as finite element (FE) analysis. In this way, the
model can be refined at an early stage, and the cost of finding an optimal design is small. Then
physical structures are built based on the computer model and evaluated through
measurements.
The measurement results can be compared with the calculated results to validate the numerical
model. In most cases, they do not match with each other, which means the computer model is
not an exact representation of the physical structure. At first, there are assumptions and
approximations about the model, since it is always an idealisation of the real system. Generally,
deterministic models are employed to analyse mechanical structures. However, the assumption
that physical properties are precisely known is in general not valid, because of the uncertainties
in the parameters, often decided later in the design cycle or even not until the product is in
service. This would lead to erroneous estimations of the vibration response. On the other hand,
some product variability introduced in the manufacturing process is inevitable. The application
of safety factors often compensates for these non-deterministic effects.
However, to improve the performance and quality of the products, advanced methods are
required to take into account these non-deterministic effects, which means introducing a range
of possible operating responses to the structures. Therefore, the structure becomes a nondeterministic system, and its performance will vary. To make sure that a designed structure is
robust under the uncertainty, uncertainty analysis of the response in the engineering design
process is necessary.
In this context, the connection points or locations between two components, and equally
between two FE models can be uncertain or variable. Determining the deterministic location at
the early design stage may not be possible since they are often decided later. Therefore, it is
unrealistic to obtain an accurate deterministic model, since the physical parameters are not
known with sufficient information. It is more important to estimate the variations in the
response caused by the uncertainty or variability of the potential connection points. This
analysis concerns the quantification of the uncertainties of connection locations, the
propagation of uncertainties through the model, and the estimation of response variations of
the assembled structures.
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1.1.1 Vibration Analysis
As discussed earlier, the design of the structure is iteratively modified to obtain the optimal
design. To evaluate the effects of modifications, it requires vibration analysis, which involves
predictions of dynamic displacement, velocity or acceleration. When the transient response is
evaluated, the analysis of vibration may be conducted in the time domain. Generally, however,
frequency domain analyses are of interest. The frequency responses are decided by the physical
properties of the structure. When the input force is expressed in the frequency domain, a
relationship between the input force and the steady state output response can be established in
the frequency domain, which is defined as the FRF. Then, it is possible to analyse the dynamic
characteristics of the structure.
The dynamic properties of a structure are generally studied by the modal analysis method. It is
assumed that the behaviour of a structure at and around a resonance peak is dominated by a
single mode. Therefore, rather than considering all the modes simultaneously, the modes in the
frequency range of interest can be analysed one by one. Hence, the structure is represented by
a linear combination of vibration modes and regarded as a linear time-invariant dynamic
system. This means that only a few modes are required to characterise the structure. Actually,
the number of modes depends on the width of the frequency range, and only the modes that
significantly contribute to the target frequency range will be retained.
In structural dynamics, the specific analysis method depends on the frequency range of interest.
At low frequencies, the modal overlap (ratio of the damping bandwidth to the natural frequency
separation) is low, and natural frequencies are often spaced apart from one another. The
resonance peaks are distinct from each other and do not overlap. Therefore, standard FE
methods and modal analysis are used to obtain the modal properties and the FRF of the
structure. However, to obtain accurate estimations, it may require a large model size which is
computationally expensive. Additionally, when non-deterministic effects are considered,
repeated calculations are often required. Thus computational cost will become a significant
factor.
In the high-frequency range, the resonance peaks overlap in frequency since the modal count
and modal overlap are high. Individual resonance peaks cannot be distinguished from each
other. Therefore, the average quantities of the FRF are generally of interest, and energy
methods, such as statistical energy analysis (SEA) [1], are often used. As the models are
relatively small, the computational cost is generally not a problem.
4

Introduction
The mid-frequency range between the low and high-frequency ranges is a transition region.
The modal count is higher than the low-frequency range, and resonance peaks start
overlapping. Therefore, neither FE nor SEA method alone seems approximate. A detailed FE
analysis is becoming unfeasible since the required model size grows significantly through the
increase with frequency. On the other hand, because it is still possible to identify different
modal resonances, energy methods cannot provide the required details for the analysis.
Therefore, analysis methods for mid-frequency range are still under research, and it is
suggested to use hybrid methods combining both FE and energy methods [2].
The analyses in this thesis focus on low-frequency range for cases when relatively large FE
models are required to obtain accurate structure response.
1.1.2 Numerical Cost for A Non-deterministic Analysis
In academia and industry, the application of virtual simulations to the behaviour of mechanical
structures is widespread using commercial software packages. Generally, deterministic models
having one set of physical properties are employed. However, the effects of non-deterministic
properties are attracting greater attention in the design of structures. One of the main challenges
facing non-deterministic analysis is the numerical cost. To analyse a structure having nondeterministic properties, it is generally required that the deterministic problem is solved
repeatedly. Therefore the computational cost is often high. For example, when using
probabilistic methods, a large number of samples may be required in a Monte Carlo simulation
(MCS).
On the other hand, when using possibilistic methods, the computational cost will increase
exponentially with the increase in the number of non-deterministic parameters. Thus, reducing
the numerical cost normally focus on two aspects: reducing the number of required
deterministic calculations and the cost of one single deterministic analysis. This thesis focuses
on reducing the cost of one single deterministic analysis.
To reduce the cost of one single deterministic analysis, an approximate model having fewer
DOFs is often employed and is, therefore, faster to analyse. Generally, the approximate model
can be achieved by using model order reduction methods, such as Guyan reduction [3],
component model synthesis (CMS) [4] and Krylov subspace methods [5], which will be
reviewed in the following section. Additionally, when numerically expensive operations, such
as solving the eigenvalue problem, are replaced by some cheap algorithms, it can also
5
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significantly reduce the computational cost of one analysis. First order sensitivity and
perturbation method are suitable for low levels of uncertainty. When the structure has large
uncertainties, higher order sensitivity and perturbation methods can be used.

1.2 Literature Review
The general goal of model order reduction (MOR) methods is to replace the original high order
model by another model which retains the main features of the model but is of lower
complexity. Thus, it is easier to predict the behaviour of the system and efficiency can be
significantly increased. A range of model reduction techniques has been developed in the
literature, and the trade-off is always between computational cost, stability and accuracy. The
main MOR methods can be divided into three categories [6, 7]. The first category of methods
involves modal truncation, static condensation [3] and sub-structuring methods [8, 9], in which
the dominant modes of the system are retained in the reduced order model. This category of
methods will be reviewed in details in Part II. The second category includes balanced truncation
related methods [10, 11], which compute a particular realisation of a system called a balanced
realisation. The third category, Pade approximation related methods [5, 12-14], also referred
to as Krylov subspace methods will be introduced in Chapter 5 in Part III. In this thesis, the
first category of MOR method is referred to as modal based MOR, while the second and third
categories of MOR methods are referred to as non-modal based MOR.
This section gives a brief literature review about the modal and nonmodal based MOR methods,
uncertainty and variation in structure analysis, and analysis of the structure with attachments.
More details about the review of CMS related methods and Krylov based methods can be found
in Chapter 3 and Chapter 5, respectively.
1.2.1 Modal Based Model Order Reduction Approaches.
Applying FE method to complex structures will lead to a large number of DOFs, which can be
a disadvantage. Therefore model reduction methods have been developed to improve the
efficiency of calculation. The first condensation method was developed by Guyan [3] and Irons
[15] in 1960s, and was called the Guyan Reduction method (GRM) or static condensation. The
global DOFs are categorized as master DOFs and slave DOFs, in which masters will be kept
and slaves will be condensed in the next process. The natural frequencies obtained by GRM
are higher than those calculated by the full model, which means that the stiffness of the reduced
model is higher than the full model. Then this method was improved by selecting dynamic
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stiffness rather than static stiffness and is called the dynamic condensation [16]. Another
improved GRM, named the improved reduced system (IRS), was proposed by O’Callahan [17],
in which system inertial effects were introduced to the estimation of the modal matrix. IRS was
applied to a structure with a non-linear component by Friswell [18], in which balanced
realizations were used to increase the accuracy of model reduction. Then another model
reduction approach named system equivalent reduction expansion process (SEREP) was
proposed by O’Callahan et al. [19], in which mode shapes were used to generate the reduced
matrices. SEREP for the response analysis at high frequency was further developed by Sastry
et al. [20], and an iterative technique was used to improve the efficiency of calculation.
Another important model reduction approach is CMS, which combines both the strategies of
sub-structuring and model order reduction. The FE model is divided into smaller substructures,
referred to as components, and model reduction is achieved by modelling each component in
terms of a truncated set of component modes, which results in a reduced number of global
DOFs. The method involves building the component modal models by transforming the
physical coordinates of the substructure to a set of generalized coordinates. Several variations
of CMS techniques have been described in the literature. The CMS technique was first
presented by Hurty [21], and a family of modal synthesis methods were derived based on his
approach. These can be classified, based on the different assumptions regarding the interface
between the sub-structures, as the fixed interface method [4], free interface method [22], loaded
interface method [23], hybrid interface method [24], etc. A method of combining CMS and
dynamic condensation [25], in which the matrix size of the eigenproblem is reduced such that
lower order dynamics accurately reflect the actual structural dynamics, was developed by Singh
and Suarez [26]. Based on CMS, the automated multilevel substructuring method [27, 28] was
developed to estimate the frequency response of a complex structure, wherein the structural
model was projected onto a reduced subspace. Reducing the interface model order has also
been investigated to further improve the calculation efficiency of the CMS method.
Generalized interface DOFs were proposed by Balmes [29] to achieve model reduction of the
interface between substructures. A model reduction method was proposed by Castanier et al.
[30], which solved the eigenproblem of the constraint partition of the mass and stiffness
matrices in a fixed interface CMS model [4]. These modes, called characteristic constraint (CC)
modes, were then truncated. The convergence of CC modes and normal modes was investigated
in [31]. An interface model reduction method based on approximate constraint modes was
proposed by Zhang et al. [32]. In general, CMS methods can significantly reduce the
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computation cost when applied to assembled structures with deterministic parameters. More
details are discussed in Chapter 3.
Furthermore, the CMS method can also be used to analyse structures having uncertainty. Park
et al. [33] presented a component-based, parametric, reduced-order modelling method to
consider the changes in the design parameters of a vehicle model, in which fixed-interface
CMS was used to reduce the global modes. A technique to change the transformation matrix
of the CMS method was introduced by Masson et al. [34], which used this enriched matrix to
consider the variations in the substructures without recalculating the transformation matrix for
each sample. Stochastic Krylov subspaces were combined with CMS to consider the effect of
joint uncertainty by Dohnal et al. [35]. Polynomial chaos expansion and CMS methods were
combined by Sarsri and Azrar [36] to analyse the response of large FE models with uncertain
parameters.
However, in all the proposed approaches the eigenvalue problem still needs to be solved at
each iteration, contributing to a significant computational effort, which limits the efficiency of
the algorithms. Therefore, it is common to combine approximate methods with CMS to perform
re-analysis to obtain the modal parameters based on one or several FE model solutions instead
of solving the full eigenvalue problem for each different set of design parameters. Based on
CMS methods, different approximate methods have been used to alleviate the computational
effort of repeated analysis. These are based on sensitivity [37], interpolation [38], Rayleighquotient with interpolation [39] or matrix perturbation [40] methods. The improvement in the
calculation effort is achieved in these methods by performing repeated analyses using efficient
linear or quadratic approximations to the full model. By using the equations of first or second
order sensitivities for eigenvalues and eigenvectors derived in [37], Mace and Shorter proposed
the CMS based local modal perturbation method [41], in which the uncertainties in local modal
properties were propagated to the global modal properties by a perturbation. This allowed
direct analysis of the effects of variable parameters of a sub-structure without solving the global
eigenvalue problem for each sample. The local modal perturbation method was further
described using an application example by Hinke et al. [42] and extended to structures with
viscous damping at the component level [43]. A second order stochastic perturbation method
coupled with CMS was proposed by Sarsi and Azrar [44] to investigate structures with
uncertain parameters. Moreover, perturbation and interpolation methods within the CMS
framework were investigated to analyse dynamic systems with variable local and/or heavy
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damping by Mochales [45]. More details about the CMS method for a structure having
uncertain parameters are discussed in Chapter 4.
1.2.2 Non-modal Based Model Order Reduction Approaches
In the past years, MOR methods have also been studied in the field of systems and control, and
a variety of methods are available, referred here as non-modal based MOR, in which reducedorder model is obtained based on eliminating less important states from the system or matching
specific parameters.
Note that non-modal MOR methods can be divided into two categories, namely balanced
techniques based methods and Pade approximation related methods [46]. The concept of
balancing-related truncation was first proposed by Mullis and Roberts [10], and later applied
in system control by Morre [47]. The advantage of this category of methods is the fact that it
guarantees to preserve stability, and a priori error-bound based on 2 or  error can be
achieved. However, Lyapunov equations need to be solved, which makes them inefficient to
deal with the large-scale system. Pade approximation related methods are another MOR
approach, in which the model reduction is achieved by projection onto the Krylov subspaces,
which are also called moment matching methods. The earliest moment matching method
Asymptotic Waveform Evaluation was proposed by Pillage and Rohrer in 1990 [48], which
focused on finding a Pade approximation. Then the Pade-via-Lanczos method was developed
by Feldmann and Freund [12], which built the connection between Pade approximation and
Krylov subspaces. In order to approximate the transfer function over a broad frequency range,
the multipoint rational interpolation approach was developed to provide moment matching at
selected frequencies [5]. Initially, only a first-order model was considered, and the secondorder system was analysed by transforming the system into a first-order linear system [13, 49].
Later, techniques which can directly solve second-order systems were also developed [50-54].
Literature reviews of Krylov based MOR methods can be found in [13, 55].
However, these afore-mentioned MOR methods are not suitable for handling changes in system
parameters, such as thickness, elastic modulus, etc., which affect the response behaviour.
Therefore, parametric model order reduction (pMOR) methods were developed to preserve the
original system parameters in the reduced model [56]. For pMOR methods based on moment
matching and projection, two strategies can be used to obtain the projection matrices: using
fixed global bases [57, 58] and interpolating multiple local reduced models each considering
9
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different parameters [59, 60]. Although by using fixed global bases the dimension of the
projection matrices will increase through the increase of the number of parameters, the
advantage is that there is no need to compute the reduced order model repeatedly for each
different set of parameters. This strategy is suitable where the system has few uncertain
parameters, and repeated calculation is required for a large number of samples. More details
are discussed in Chapter 6.
1.2.3 Uncertainty and Variability
Uncertainty and variability have a significant influence on manufactured products due to
material property parameter variations, assembly tolerance, modal inaccuracies etc. The
vibrations of structures might be sensitive to the variations of property parameters. These could
have a substantial influence on the predictive quality of deterministic analyses of these
structures. Thus, predicting the influence of uncertainty and variability on the dynamic
characteristic of the structure is necessary. This section describes the types of non-deterministic
effects from three different points of view. First, based on the origin and the cause of the
variations, they can be distinguished as reducible uncertainty and irreducible uncertainty, or
variability [61]. Then, in the modelling process, they can be described by probabilistic and
possibilistic approaches. Finally, when they are quantified in the numerical model, they can be
described by parametric and non-parametric uncertainties.
Reducible uncertainty can be attributed to a lack of knowledge, especially in the early design
stages. It can be related to the approximations in the numerical method, idealization of the
model, and other assumptions and abstractions. Theoretically, reducible uncertainties can be
eliminated or reduced with more or better data. On the other hand, irreducible uncertainty
contains uncertain factors or parameters that a designer cannot control, describe or reduce even
if more information is offered. It can be further separated into intra-variability and intervariability [62]. The uncertainty caused by environment effects (e.g., weather, temperature,
etc.), fatigue, wear and so on can be categorised as intra-variability. Inter-variability is due to
the errors or tolerances in the manufacturing process and material and geometric properties,
which leads to differences between individual realisations of a product. In the literature, the
use of terminology for reducible and irreducible uncertainties can be ambiguous. Sometimes,
reducible uncertainty is referred to as “epistemic” or “uncertainty”, while irreducible
uncertainty is called “aleatory” or “variability”.
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Although understanding the source of the uncertainty is important, it has to be quantified in the
numerical simulation. From an engineering point of view, this is a crucial step which
determines the approaches applied and the quality of the obtained results. Initially, safety
factors or/and extreme or mean values, which are given based on past experience, were used to
consider the effects of uncertainty and variability. Although these methods have been applied
successfully in many practical applications, the simple assumption of deterministic parameters
becomes much harder to meet the requirements of complex structures. Thus several other
techniques have been developed. Based on the quantification of the uncertainty, two
approaches can be applied for non-deterministic analysis: possibilistic approaches and
probabilistic approaches. Variability is normally assessed by probability methods, in which a
probability density function is applied to the variable parameter. The possibilistic approaches
are often used when the uncertainty or variation is due to a lack of statistical information. In
this case, uncertain parameters are represented by intervals with lower and upper bounds.
For possibilistic methods, parameters are assumed to lie in certain ranges. The interval analysis
is developed mainly on the basis of Moore [63], and a comprehensive description of this
method can be found in [64, 65]. The uncertainties of the structures are assumed to be limited
within a predefined range in the interval method. Interval arithmetic can be used to estimate
the uncertainty of structural response [66, 67]. The vertex method is an extension of interval
analysis; it is based on interval analysis and the -cut concept. It has become increasingly
popular because of its simplicity after first being introduced by Dong et al. [68]. Another nonstochastic arithmetic is fuzzy analysis and has been used in a number of researches [69, 70].
On the other hand, classical probabilistic approaches are suited for representing the variability
or statistical nature of a parameter. Generally, an uncertain parameter can be represented by
probability density function (PDF), such as the normal distribution, lognormal distribution and
exponential distribution, etc. Then, statistics of the response due to the variations in the
parameters can be calculated. Normally, probabilistic approaches are applied when there is
enough data available to estimate the underlying probability distribution of the uncertainty.
MCS is one of the commonly used methods to investigate variability in the structures. The
deterministic analyses are calculated many times for a large number of samples based on the
probability density function of input parameters and the samples are generated by a random
number generator. An overview of Monte Carlo simulation can be found in [71, 72]. While this
approach is effective for the analysis of complex structures with many variables, the simulation
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is computationally expensive, especially when the complex structure has many uncertain
parameters. One of the possible MCS methods is the importance sampling method [73]. It
selects the sampling points non-uniformly based on another probability distribution rather than
sampling in the whole region. It has been demonstrated that the requirement of the number of
sampling points to meet a given confidence level is very much lower than that of simple MCS
[74]. With the exception of the importance sampling method, adaptive sampling [75],
directional sampling [76] and Latin hypercube sampling [77] methods also can be used to
enhance the computational efficiency of Monte Carlo simulation.
Finally, the uncertainty can be categorized as parametric and non-parametric uncertainties.
Usually, parametric uncertainties are used to represent model data uncertainties, for example,
uncertainties of the geometrical and material properties. Although, it is reasonable to quantify
uncertainty about some input parameters in many cases, some of the non-deterministic effects
in the model cannot be included. By quantifying uncertainties in some non-physical
parameters, such as modal properties, model uncertainties can be considered. A review of nonparametric probabilistic approach for dynamical systems can be found in [78].
In this thesis, all non-deterministic effects are described by the term “uncertainty”. The
connection point(s) between the FE model of the main structure and an attachment are
considered as uncertain. While different approaches for uncertainty analysis can be applied,
here the emphasis is placed on probabilistic approaches, with the natural frequency and
frequency response function (FRF) statistics being estimated through MCS.
1.2.4 Analysis of A Structure with Attachments
Research involving the analysis of the dynamic response of structures with attachments has
also been previously conducted. The effect of several attached concentrated masses on the
frequency response of a simply supported plate was investigated by McMillan and Keane [79].
Campbell and Hambric [80] analysed the effect of deterministic complex attachments to a plate
by using the frequency domain substructure synthesis technique. Some researchers have
investigated uncertainties in a system with an attached mass and/or spring. Cicirello and
Langley [81] analysed a system with combined parametric and non-parametric uncertainty
models. Although randomly located masses were considered, the approach presented was based
on changing the mass and stiffness matrices of the system. A similar approach was also
employed by Kessissoglou and Lucas [82], in which masses and springs at uncertain locations
were considered to change the mass and stiffness matrices of the dynamic system. The multi12
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point constraint (MPC) [83] method can be used to consider attachments at any position of the
model without re-meshing or modifying the model. The dynamics of structures with spot welds
at random locations [84, 85] and uncertain located attachments [86] were investigated within
the CMS framework. Note that there is little research in the literature about uncertain located
attachments.

1.3 Motivation
The problem of uncertainty has attracted many researchers’ attention for years, and a large
amount of research focuses on uncertainty in geometrical and/or material properties [87, 88],
damping [43], modal inaccuracy [35] etc. However, the uncertainty and variability in the
physical locations of attachments have been considered much less frequently. To include
uncertainty in the modelling process, a repeated calculation is needed. However, re-analysis of
large-scale FE models requires large computation effort which is time-consuming.
This thesis presents two theoretical methods to predict the FRFs of a structure with certain and
uncertain attachments and numerical examples and experimental results are presented. The
purpose of this study is to investigate methods to predict the influence of uncertain attachments
on well-modelled structures. It is hoped that the results from this research will be useful for
engineers to include these attachments in the design process.
The introduction above has mentioned that reanalysis is necessary to investigate uncertainty
and variability. Our main aim is to reduce the calculation time of one sample for increasing the
reanalysis efficiency. It has also highlighted the fact that model reduction methods, and in
particular CMS, are well-established techniques as a framework for analysis considering
uncertainty and variability. Accordingly, the main aim of this work is to determine how to
apply CMS to the analysis of vibrating systems with nondeterministic located attachments.
Structures used in engineering such as vehicles and aircrafts, are usually built up from different
subsystems which are often made by different processes. When analysing the variable model
parameters, the change of a parameter may just involve a few subsystems at a time. It is
convenient to only consider the affected subsystems without modifying the whole FE model
all the time. This leads to the use of the CMS method, which is a well-established model
reduction method, to compute the model parameters of a structure divided into several
subsystems. For uncertainty and variability analysis, CMS has a twofold advantage [42]: (a)
only the components with nondeterministic parameters need to be evaluated at each iteration,
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while the deterministic substructures are calculated only once, and (b) the dimension of the
global system matrices is reduced considerably.
On the other hand, although modal based MOR methods such as CMS methods, have several
advantages in the field of structural dynamics, their performance has limitations needing to be
taken into account, especially for large-scale systems [89] such as vehicles and aircrafts.
Therefore, this thesis also proposes a method based on Krylov subspace methods. CMS
methods are based on the idea of modal truncation and substructuring, while Krylov subspace
methods are based on Pade and Pade-type approximations.
Furthermore, the way of connecting the attachment to the system also limits the computational
efficiency. The main varying parameter of this work is the nondeterministic connected position.
The simple and direct way is to model the corresponding positions between the substructures
as nodes of FE models and directly connect the nodes together (node-to-node connection).
However, each time the connected position changes, the FE models need to be modified
correspondingly. Therefore a connecting method which does not need to modify the model can
have an inherent advantage. Multipoint constraints (MPCs) solve this problem perfectly, which
can model the changes of the connected position rather than modifying the FE model.

1.4 Outline of the Thesis
This thesis explores methods to address the uncertainty and variability of the locations where
an attachment is connected to a vibrating system. It focuses on approximate methods to obtain
the modal properties and frequency response functions based on the FE method.
The thesis is divided into four parts, Part I contains preliminaries. After this introduction
chapter, in the following chapter, equations of the MPC method are described to connect two
FE models with one or more connection points. The results of the MPC method are compared
with the results of the node-to-node (NtN) method. Two different models are considered: a
plate with an attachment comprising a point mass having one DOF, and a plate with an
attachment having multiple connection points and internal DOFs. In all the models, one or
more nodes of the FE model of the attachment is rigidly connected to an arbitrary location of
the FE model of the FE model of the main structure. The computational cost is also discussed
in this chapter. MPCs contribute to the methods proposed in Part II and Part III.
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Part II focuses on a modal based, model order reduction method for location uncertainty
analysis and includes two chapters. In Chapter 3, modal based model order reduction methods
for deterministic analysis are described, including modal superposition, Guyan reduction
methods and CMS methods. The background theory of CMS is introduced, then two of the
most conventional CMS methods are described, namely, the Craig-Chang method, and the
Craig-Bampton method. The CMS methods are tested on a numerical example in order to
evaluate the accuracy. Chapter 4 discusses the propagation of an uncertain location in the
framework of the Craig-Bampton method, and several approximate methods for calculating the
eigenvalue problem repeatedly are developed. A specific approach, which combined the CraigBampton method and the sensitivity method is proposed. The application of the method for
location uncertainty are numerically and experimentally validated on a beam and a plate with
a point mass. Additionally, a more complex attachment having multiple connection points and
internal DOFs is analysed numerically.
Part III focuses on a non-modal based model order reduction method for location uncertainty
analysis and includes three chapters. Chapter 5 reviews Krylov-based model order reduction
methods. In Chapter 6, the pMOR method is described for a linear dynamic system having
uncertain parameters. In Chapter 7, the pMOR method is applied to a dynamical mechanical
system with an attachment at uncertain locations. The numerical examples of the plate in
Chapter 4 are used to show the accuracy of the proposed.
Part IV comprises Chapter 8, which summarises the work done and presents conclusions and
suggestions for future research directions.

1.5 Contributions of the Thesis
In summary, the original contribution of this thesis include：


Two methods, modal based method in Part II and non-modal based method in Part III,
are proposed in order to efficiently model uncertainty in the locations of the connection
points.
o In Part II: The proposed method is based on a model reduction method comprising
Craig-Bampton CMS, with CC modes used to improve the calculation efficiency,
and hence reduce the cost of repeated calculation. The mass and stiffness matrices
of the main structure and the attachment are assembled using MPCs to avoid the
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need to re-mesh the system for every possible location of the attachment. Sensitivity
and perturbation methods are combined with CMS methods to efficiently and
accurately solve the eigenvalue problem. One or more baseline systems, for which
the attachment is at a given position, are analysed using the proposed approach.
When there is more than one baseline system, sensitivity and perturbation are
developed, together with a polynomial approximation scheme (interpolationsensitivity) which generally gives the best performance.
o In Part III: A Krylov-based method is developed. The proposed method enables
accurate prediction of the variations in structure response over a specific range of
frequencies in the presents of uncertainty with a low computational burden. Two
projection matrices V and W are constructed by rational Krylov method-based
parametric model order reduction (pMOR). These matrices are then applied to
reduce the size of the system model significantly, which reduced the computational
cost of the repeated calculations during the MCS.


Structures with an attachment having uncertain connection points are analysed
efficiently by two proposed methods.



Numerical and experimental validation of the non-deterministic model.
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Chapter 2
Multi-point Constraints for Assembling Finite Element Models
In this thesis, the FE method is used to model the main structure and the attachment. Generally,
there are two methods to assemble two or more structures in FE method: (1) directly connecting
nodes of the two substructures (NtN) or (2) using MPCs. The first method requires coincident
nodes: if the connected point(s) of one FE model changes, then re-meshing is needed for at
least one of the FE model. The MPC method is able to connect two FE models at any point(s)
in an existing FE mesh, which eliminates the requirement of re-meshing the model for every
possible connected point. This offers a significant advantage for analysis since it is then
possible to connect the atructures with different mesh characteristics or in some situations
where it might be difficult to have coincident nodes. Therefore, it is suitable for analysing the
assembled structure having uncertain connected point(s). In the remainder of the thesis, MPCs
are used exclusively when assembling FE models.
In this chapter, frequency response calculated by the modal analysis method is firstly discussed.
Then, the equations of MPCs for assembling different FE meshes are described. To illustrate
the MPC approach, two numerical examples are presented for a plate with a point mass and a
plate connected to a small plate with a number of internal and coupled DOFs. Numerical results
of MPCs are compared with the results of the NtN method. The results indicate that MPCs can
provide accurate results for different attachment locations. Additionally, the computational cost
for the calculation of the FRF is also briefly discussed. It demonstrates that although the
application of the MPC method makes assembling FE models becoming easy, the
computational cost for response calculation is still expensive for large structures, especially
when uncertain connected point(s) is considered. This leads to the modal based model order
reduction method proposed in Part II and the non-modal based model order reduction method
proposed in Part III.
In the following section, equations for calculating the FRF of a system are described. In Section
2.2, the MPC method for connecting FE models is described in detail. In section 2.3, The MPC
method is validated using two numerical examples with different attachments. Section 2.4
briefly discusses computational cost. Finally, a summary of the chapter are given in Section
2.5.
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2.1 Frequency Response of A Structure
The purpose of connecting FE models by using MPCs is to efficiently analyse the response.
This section gives the equations of calculating FRFs of the structure.
A time-invariant, single-input, single-output second-order system can be written as a second
order differential equation [13]

  t   Du  t   Ku  t   fb  t 
Mu
,

w  t   cT u  t 


(2.1)

where t is the time variable, M N  N , D N  N and K N  N are the mass, damping and stiffness
matrices, respectively, u  t  is a vector of the nodal coordinates of the FE mesh, b  t  is the
input force function and w  t  is the output measurement function. f   N 1 and c   N1 are
the vectors of input and output coefficients, respectively. Taking the Laplace transform of Eq.
(2.1) gives


s2Mu  s   sDu  s  Ku  s  fb  s
,



w s   cT u  s


(2.2)





where u  s  , b  s  and w s  represent the Laplace transforms of u  t  , b  t  and w  t  . Then the



input-output relation can be expressed by eliminating u  s  , to give

1

H  s   w  s  / b  s   cT  s 2 M  sD  K  f ,

(2.3)

where H  s  is the transfer function, and the receptance matrix R can be written as

R   s 2M  sD  K  .
1

(2.4)

Generally, two methods can be used to obtain the FRF: (1) inverting the dynamic stiffness
matrix for each s; (2) using modal analysis method.
Note that a viscous damping model is used in the time domain. In the frequency domain, a
structural damping model is used for convenience, and the damping matrix D is assumed to be
proportional to stiffness in the following calculations. If the damping is light, the choice of
damping model has little effect on the proposed methods or the numerical results.
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2.1.1 FRF Calculation by Direct Inversion
The calculation of the response by Eq.(2.3) directly involves matrix inversion for each value
of frequency, which is not efficient for an assembled structure having large DOFs. It is only
suitable for the structure having few DOFs and the frequency range of interest is small.
2.1.2 FRF Calculation by Modal Analysis
When the structure has proportional damping, so that the damping term can become diagonal,
an alternative method can be applied to calculate the FRF. The equation of motion of a freevibration structure without damping can be written as
2
K   M  u  0,

(2.5)

Ku   Mu,

(2.6)

or, equivalently,

where    2 .
By solving the eigenvalue problem in Eq.(2.5), the equation of motion of a system can be
described by the mode shapes i and eigenvectors i:

 K  iM i  0, i 1,, N.

(2.7)

Each mode shape i is corresponding to a eigenvector i, and resulting in
iT M  j   ij
iT K  j   ij  j ,

(2.8)

where  ij denotes the Kronecker delta. Then mass-normalisation can be applied to Eq.(2.8),
so that
ΦT MΦ  I
ΦT KΦ  Λ ,

where  is the mass-normalized eigenvector matrix, I is the identity matrix and  is the
eigenvalue matrix.
Now assuming hysteretic damping
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D  j K / s ,

(2.10)

proportional to the stiffness matrix, where j  1 and  is the loss factor.
Substituting Eq. (2.10) into Eq. (2.3) yields

H  s   cT  s 2M  K  I  j I   f .
1

(2.11)

Then, the dynamic stiffness matrix can be written as

R1   s 2M  K  I  jI   ,

(2.12)

and pre-multiply by T and post-multiply  to get

ΦT R 1Φ  diag  s 2  i  ji i  .

(2.13)

From this, the transfer function can be written as





H  s   cT Rf  cT Φdiag 1/  s 2  i  ji i  ΦT f .

(2.14)

In the following section, the MPC method is described to obtain the mass and stiffness matrices
of the assembled structure, and the frequency response can be found by using the methods
discussed in this section.

2.2 Multi-point Constraint Method for Different Connection Points
This section describes the equations of the MPC method for connecting two FE models having
different number of connection points. The main purpose of the thesis is to propose efficient
methods for repeated calculation when uncertain located attachments are considered. This
requires an efficient method to assemble the FE models. The interface between the main system
and the attachment involves one or more nodes of the FE model of the attachment is connected
directly with the FE model of the main structure. The model for MPCs with one connection
point is shown in Figure 2.1. The connection between the two models is assumed to be a node
of the attachment FE model connected to arbitrary point on the FE model of the main structure.
Note the simplest and most direct way to model the connection between two FE models is the
NtN connection method. This requires nodes in the FE meshes for both models to be coincident.
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Figure 2.1 Model for an MPC connection

Figure 2.2 and Figure 2.3 are used to demonstrate these two different methods in more detail.
Figure 2.2 shows the attachment when one connection point is attached to a node of the FE
model, and NtN method can be used directly. When the attachment is not connected to a node
as shown in Figure 2.3, application of the NtN method needs the FE model of the main structure
to be re-meshed. Thus each time the connected position changes, re-meshing of the FE model
is needed. On the other hand, MPCs allows two FE models to be connected without the need
for coincident nodes. Therefore, this work uses the MPCs [90] to connect the FE models of the
main structure and the attachment, to avoid remeshing their FE models for each different
location of the attachment. The derivations of MPCs for one and two or more connection points
are described in Section 2.2.1 and Section 2.2.2, respectively.
2.2.1 MPCs for One Connection Point
The equations for connecting two FE models with one connected point are described in this
section. One of the FE model is referred as the attachment, and another one is referred as the
main structure. The stiffness matrix of the attachment K can be partitioned into connected
DOFs and unconnected DOFs as

Figure 2.2 Node-to-node connection: the main structure and the attachment have coincident nodes
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Figure 2.3 Arbitrary connection: the main structure and the attachment have non-coincident nodes

K 
Ka  
K 

K  
,
K  

(2.15)

where  and  are the partitions for the connected and unconnected DOFs respectively. The
connected DOFs of the attachment are related to the DOFs of the main structure using MPCs
by rewriting the stiffness matrix K a as [90]

K

MPC
a

 N ( a )T K  N( a ) N ( a )T K  
Na Na

,

K
N
K
(

)
a





(2.16)

where  a defines the location of the attachment on the main structure, and Na is the DOFs of
the attachment, N   Ne Ne is the involved element shape function matrix of the main system
and Ne defines the number of DOFs of one element.
Assuming K   Nm Nm is the stiffness matrix of the main structure, Nm is the number of DOFs
of the main structure, and K a   NeNe is the element matrix of the main structure where the
connection point is located, and Kg is the stiffness matrix of the assembled structure with the
attachment. The assembling process can be shown in Figure 2.4, and the DOFs of Kg can be
written as
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N  Nm  Na  Ne.

(2.17)

The assembling process can also be written as

 K1,1 K1,2
K
 2,1 
 
Kg  




 0


K  a  N( a )T K N( a )

K  N( a )



 K Nm, Nm

0

0




N( a )T K 
.



0

K 


To write Eq.(2.18) in matrix form, two sparse transformation matrices T   Nm N

(2.18)

and

Ta   Ne N are constructed, in which except the DOFs related to the connected point are 1, all
others are zero. Thus Eq.(2.18) can be written into a matrix form, which can be expressed as

K g  TT KT  TaT K MPC
Ta .
a

(2.19)

Analogously, the assembled mass matrix Mg is given by

 M1,1 M1,2
M
 2,1 
 
Mg  




 0







T
N( a ) M 
,



0

M 

0

M a  N( a )T M N( a )

 M Nm, Nm
M  N( a )



0

or

Figure 2.4 Assembling the stiffness matrices of two FE models
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M g  TT MT  TaT M MPC
Ta .
a

(2.21)

2.2.2 MPCs for Two or More Connection Points
This section describes the situation when two or more nodes of the attachment are coupled with
the main structure. Assuming there are m connection points, the matrix of the attachment still
need to be partitioned into connected DOFs and unconnected DOFs like in Eq.(2.15). Eq.(2.16)
can be rewritten as

NTa K  
,
K  

(2.22)

 N( a ,1 ) 0
0 


Na   0

0 ,
 0
0 N( a ,m ) 

(2.23)

K

MPC
a

 NTa K  N a

T
 K  N a

where

and N( a ,1 ) N( a ,m ) are the element shape function corresponding to the relative connection

point.
Again, Eqs. (2.19) and (2.21) can be used to assemble the attachment and the main structure.
The difference is that Ta contains the information concerning all the coupled nodes and shape
function of the elements in the main structure. After connecting the attachment with the main
structure, FRF of the assembled structure can be calculated by using the equations described in
the following section.

2.3 Numerical Examples of MPCs
This section investigates the validation of using MPCs by comparing the predicted FRF using
MPCs to the FRF using NtN method on different meshes, together with the results of MCS by
MPCs. A plate is considered as the main structure, and the FE model is introduced in Section
2.3.1. Two different attachments are demonstrated in Section 2.3.2 and Section 2.3.3
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respectively. While in the first example, a point mass is considered as the attachment, the
second comprises an attachment with internal DOFs and two connection points.
2.3.1 Finite Element Model for A Plate

This section presents the formulation of a plate element satisfying Kirchhoff thin plate theory.
Figure 2.5 shows a rectangular element with four nodes, one at each corner, having in total 12
DOFs. The coordinates  ,  are introduced in terms of the coordinates (x, y), and at the
corners of the plate element  ,  1 . In terms of the coordinates  ,  , the plate has
displacement w, and two rotations

x 

1 w
1 w
and  y  
,
b y
a x

(2.24)

where a is 1/2 of the element length on the x coordinate, and b is 1/2 of the element width on
the y coordinate.
The displacement function can be approximated as [91]
w  1   2   3   4 2   5   6 2   7 3
 8 2   9 2  10 3  11 3  12 3 .

(2.25)

Equation (2.25) can be rewritten as a matrix form as

w  1    2   2  3  2  2  3  3  3  α,
where

Figure 2.5 Geometry of a rectangular element
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αT  1 2 12 .

(2.27)

Then the partial derivatives of w with respect to  and , which are w /  and w /  , can
be calculated. Substituting    1 and    1 into the expression for w , w /  and w / 
gives


we  Aeα,

(2.28)

where


wTe   w1 b x1 a y1  w4 b x 4

a y 4  ,

(2.29)

and
1
0

0

1
0

0
A e  
1

0
0

1

0
0

1 1 1
0 1 0
1 0 2
1 1 1
0 1 0
1 0 2
1 1 1
0 1 0
1 0 2
1 1 1
0 1 0
1 0 2

1 1 1
1 2 0
1 0 3
1 1 1
1 2 0
1 0 3
1 1 1
1 2 0
1 0 3
1 1 1
1 2 0
1 0 3

1
1
2
1
1
2
1
1
2
1
1
2

1 1
2 3
1 0
1 1
2 3
1 0
1 1
2 3
1 0
1 1
2 3
1 0

1
1
3
1
1
3
1
1
3
1
1
3

1
3
1

1
3

1
.
1

3
1

1

3
1

(2.30)

Then Eq.(2.28) can be rewritten as

α  A e 1 w e .

(2.31)

Substituting Eq. (2.31) into (2.26) gives
w   N1  ,  N 2  ,  N 3  ,  N 4  ,   w e
 N   ,  w e ,
where
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w Te   w1  x1  y1  w4  x 4  y 4  ,

(2.33)

1   j 1   j   2   j   j   2   2  / 8


.
NTj  ,   
b 1   j  j     2  1 / 8


2









1
1


/
8
a






j
j



(2.34)

and [91]

Note that N is called the matrix of the element shape function, which plays an important role
in the MPCs method as shown in Eqs. (2.16) and (2.22).
The kinetic and potential energy can be written as [91]
1
 hw 2 dA,
2 A

(2.35)

1 h3 T
 U dA.
2 A 12

(2.36)

Te 

Ue 

where  is the density of the plate, A is the middle surface area, h is the thickness, and

 T   2 w /  2 x  2 w /  2 x  2 w /  2 x  ,

(2.37)

0
1 v

E 
.
v 1
0
U
2 

1 
0 0 (1  ) / 2

(2.38)

where E is the Yong’s modulus, and  is the Poisson’s ratio.
Substituting Eq. (2.32) into Eqs. (2.35) and (2.36) gives
Te 

1 T
 e mew
,
w
2

(2.39)

Ue 

1 T
we k ew e ,
2

(2.40)

where
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Figure 2.6 The plate divided into two regions

me    hNT NdA,
Ae

h3 T
ke  
B UBdA,
Ae 12

(2.41)

are the mass and stiffness matrices of an element [91] and
 2 
 2 
 a 2  2 
 2 
 x 


 2 
 2 
B   2  N   2 2  N   ,  .
 b  
 y 
2
  
 2 2 




 xy 
 abx 

(2.42)

After obtaining me and ke, the total mass and stiffness matrices of the system can be calculated
by assembling the elements matrices together.
2.3.2 A Point Mass as the Attachment

In this numerical example, a point mass modelled as a node and only having one DOF that is
added to a plate. A steel plate of 0.5m (Lx)  0.3m (Ly), 1.62  10-3m thick, as shown in Figure
2.6, is modelled assuming the density is 7520 kg m-3 and the Poisson’s ratio is 0.33. The
Young’s modulus is taken to be 1.748×102 GPa. The boundary conditions are free and the input
FRF is calculated at point P (0.4 Lx, 0.83 Ly). A mass of 0.156 kg (8.5% of the plate mass) is
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Figure 2.7 Comparison of the NtN and MPC methods for the plate with a point mass

attached at selected points within Region 2 (0.1 m×0.1 m). The length and width of Region 2
are Lx2 and Ly2 respectively. The loss factor is 0.004 for all the modes.
The Kirchhoff plate theory [91] described in Section 2.3.1 is implemented in MATLAB for





numerical simulation. The position of the added mass is assumed to be 0.05  0.375Lx2 m





and 0.05  0.375Ly2 m . Two FE meshes are constructed for the plate. The first mesh
comprises 40×24 elements and the added mass is coincide at a node of the mesh, and the NtN
is used, while for the second mesh (20×12 elements), the added mass is located inside an
element, and the MPC method is used. Note that all the meshes used in the thesis give
converged solutions. The effects of further refining the mesh are negligible.
The response is calculated by using the modal analysis method described in Section 2.1.2.
Figure 2.7 shows the FRFs predicted by MPCs and NtN methods. Despite the mesh used in
MPCs having fewer elements, the results agree well. The slight variation in the anti-resonance
is mainly caused by the difference in the mesh elements. It demonstrates that MPCs can predict
the FRF accurately.
Consider the case when there is uncertainty in the location of the added mass. An MCS is now
performed to estimate the statistics of the FRF. The position of the mass in the x and y directions
is assumed to obey independent normal distributions, having mean values corresponding to the
centre of Region 2 (0.2 Lx and 0.33Ly respectively), and standard deviations of 0.09 Lx and 0.15
Ly respectively. Note that the distributions are truncated to ensure that the added mass always
lies in Region 2. The importance sampling technique was used to sample 2000 points in Region
2, and the MPCs method was applied to perform the Monte Carlo simulation (MCS).
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Figure 2.8 Comparison of FRF envelopes of MCS and the FRF of one baseline system for a point mass
randomly attached to the plate

Figure 2.8 shows the results of the MCS. The solution is obtained using the modal analysis
(100 modes retained) and the response is found by using the modal superposition. Also shown
is the FRF when the added mass is located at the centre of Region 2 (0.5 Lx2 and 0.5 Ly2 ). It can
be observed that the added mass introduces a larger variation in the FRF at higher frequencies.
2.3.3 An Attachment with Two Connection Points

The example in this section is intended to demonstrate the application of MPCs method to a
more complex attachment with internal DOFs, attached to the main structure at a number of
points each with a number of DOFs. The attachment is modelled as a small plate having two
nodes (6 DOFs) connect to a plate. The main structure considers the same plate in Section
2.3.2, and the small plate having two connection points, as shown in Figure 2.9. The physical
properties of the attachment are assumed to be the same as those of the steel plate, and the
length and width of the attachment are 0.05 m and 0.06 m respectively. A 5×6 FE mesh was
used to model the attachment. The FE model of the attachment thus has 126 DOFs, 6 of which
are attached through MPCs to the main structure. Node 1 and Node 2 of the attachment are
connected at (0.375 Lx2 and 0.375 Ly2 ) and (0.875 Lx2 and 0.375 Ly2 ) respectively, and two meshes
are adopted for the main plate to compare the results of the NtN and MPC methods. When the
mesh comprises 40×24 elements, NtN method is used and the connection nodes of the
attachment are coincided with two nodes of the main plate. For the mesh comprises 20×12
elements, the MPC method is used and the connected nodes are located inside the plate
elements. The FRFs are shown in Figure 2.10, and good agreement between the two methods
is seen.
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Figure 2.9 A small plate with two nodes attached at Region 2

Now assuming that the small plate is randomly located in Region 2. The sides are assumed to
remain parallel to the sides of the main plate. The (x,y) coordinates of the centre of the plate
follow independent normal distributions, truncated to ensure the attached plate lies in Region
2, with mean values of the coordinates of the centre of the smaller plate at the centre of Region
2. The standard deviations of the (x,y) coordinates of the centre are assumed to be 0.015Lx and
0.023Ly respectively. The FRF envelopes for 2000 samples by full modal analysis (100 modes
retained) and using the MPC method are shown in Figure 2.11, together with a result when the
small plate is located on the centre of Region 2. Once again, a larger variation can be observed
in the FRF at higher frequencies.

Figure 2.10 Comparison of the NtN and MPC methods for the plate with a small plate
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2.4 Computational Cost
The computational cost is briefly discussed in this section. MPCs are used to connect the
attachment to the main structure, so that the influence of changing connected location of the
attachment on the FRF of the main structure can be analysed easily. This is the first step of
efficient calculation for the repeated calculation in MCS. The FRFs of the structure can be
calculated by different methods, such as directly inverting the dynamic stiffness matrix or
solving the eigenvalue problem as described in Section 2.1. However, when the main structure
has a large number of DOFs, repeated calculation in MCS still occupies the majority of the
computational cost. Thus the main concern is how to avoid solving the eigenproblem
repeatedly.
If FRFs are calculated by solving the eigenproblem, the computational cost can be divided into
two parts: solving the eigenproblem (repeatedly) and FRF calculation (using eigenvalues and
eigenvectors). The computational cost for 2000 samples for the numerical examples in Section
2.3.2 and 2.3.3 are expressed in relative units with respect to the total cost of MCS in Table
2.1. Note that increasing the number of DOFs leads to the increase of the computational cost
for solving the eigenproblem significantly. To improve the efficiency of calculation, model
reduction methods and some other approximation methods can be used. The proposed method
based on CMS will be discussed in Part II: Modal Approach for Model Reduction.
When FRFs are calculated by inverting the dynamic stiffness matrix directly, the larger the
matrix, the longer it takes to obtain the result. Additionally, the computational cost is very
sensitive to the frequency range in the calculation, since matrix inversing needs to be performed
on each value of the frequency. Thus it is easy to deduce that reducing the dimension of the
dynamic stiffness matrix and only estimate the response in the primary frequency range can

Table 2.1 Relative computation cost for calculation of 2000 samples by MPCs for two different
attachments

Attachment
Point mass
Small plate

DOFs
819
939

FRF calculation (%)
48.86
0.97
32

Solving eigenproblem (%)
51.14
99.03
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Figure 2.11 Comparison of FRF envelopes of MCS and the FRF of one baseline system for a small plate
having two coupled points randomly attached to the plate

reduce the computational cost. More details of this method are discussed in Part III: Non-modal
model order reduction.

2.5 Summary
This section discussed the methods of connecting two FE models. The NtN method is the direct
and easiest method, while the MPC method can connect two FE models without re-meshing
them to ensure coincident nodes.
The MPC method was verified numerically for the example of a plate with a point mass
attached at various locations. It was seen that the MPC method is able to predict the FRF
accurately, and changing the location of the added mass produces larger variation to higher
frequencies. The second example comprised a small plate with an attachment having internal
DOFs and two coupled points. It demonstrates that the MPC method is able to connect more
complex FE model.
Although the application of MPCs alleviates the need of re-meshing the FE model, re-analysis
of large-scale FE models are still computationally expensive. This issue will be alleviated in
the following chapters by two proposed methods related to modal and non-modal model order
reduction methods.
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Modal Based Model Order Reduction
With the increase of model size, the computational cost of most numerical analysis increases,
and the storage space for saving a large amount of data is also a problem. This issue can be
alleviated by MOR methods. These methods become more important for the cases where
repeated calculations are needed for non-deterministic analysis. The general goal of MOR
methods is to replace the original, high order model by another model which retains the main
features of the model but is of lower complexity. Therefore, it is easier to predict the behaviour
of the system. This chapter describes modal based model reduction methods and substructuring
methods for vibration analysis of deterministic structures.
Mass and stiffness matrices are often used to define the finite element model of a vibrating
structure. Generally, the calculation of response involves solving the eigenvalue problem or
inverting matrices, which has a high computational cost. Therefore, different reduction
methods are specifically developed to address the static and dynamic FE problems, and it is
common to apply the reduction in a transformed coordinate space rather than the original
physical space. In practice many complex structures are assembled from different components
manufactured by different processes, and modelled using independent numerical models. Thus,
it is appropriate and physically meaningful to apply the substructuring technique. Additionally,
the size of the models can be reduced at the component level, which yields a reduced assembled
structure.
In the following section, the modal truncation method is presented, in which the original
structural model is transformed into modal space, and only the lower modes are retained.
Section 3.2 describes the static and dynamic reduction methods, which, in general, are exact
only for one specific frequency, but give good approximation close enough to that frequency.
Section 3.3 reviews the CMS method, which is the main focus of this chapter. CMS methods
combine both the strategies of sub-structuring and model order reduction. These methods
involve building the component modal models by transforming the physical coordinates of the
substructure to a set of reduced generalized coordinates.
In this chapter, deterministic model order reduction methods including CMS methods are
reviewed. In Chapter 4, the fixed-interface method, which is reviewed in Section 3.3.6, will be
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used to perform model order reduction for the structure with an attachment at uncertain
locations.

3.1 Reduction via Modal Truncation
The eigenvalue problem in Eq.(2.6) is

Ku  Mu.

(3.1)

where K and M are the mass stiffness and mass matrices respectively, u is the response and 
is the eigenvector. Solving the eigenvalue problem leads to eigenvectors i and eigenvalues i.
The eigenvectors are assumed mass-normalized as described in Section 2.1.2. Using the
expansion concept, the response u can be written as a superposition of eigenvectors
N

u   j j ,

(3.2)

j 1

where N is the size of the system and  j is a set of modal amplitude. The equation of motion
of a structure can be recalled as
  Ku  f ,
Mu

(3.3)

where f is the external force vector. Using Eq.(3.2), Eq.(3.3) can be decoupled to N uncoupled
equations, as

j   2j  j  Tj f .

(3.4)

Model reduction is achieved by selecting n modes such that n  N and truncating the modal
sum of Eq.(3.2) at j = n. Some rules of thumb can be used to decide which modes are maintained
so that an accurate analysis can be performed with the reduced model, and they always involve
criteria based on the maximum frequency of interest. Thus the displacement can be rewritten
in a truncation, as
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truncated



n

u    j j 
j 1

N



jt  n 1

jt

jt ,

(3.5)

where the index j represents the retained modes, and jt represents the truncated modes. Since
the displacement is a linear combination of n independent vectors, it can be expressed in matrix
form as

u  Φυ, Φ   1 2  n .

(3.6)

Generally, the lower frequency range is of interest, and the lowest modes are retained. This
method is called the mode superposition method or mode displacement method. Note that N n modes are omitted, and this may lead to unsatisfactary solutions in some cases. An
improvement can be made to take into account the effect of the truncated modes by adding an
additional response term. Eq.(3.6) can be rewritten as [92]
u  Φυ  u cor ,

(3.7)

where u cor is called the static response correction term. Substituting the truncated representation
in Eq.(3.5) for the acceleration into Eq.(3.3) leads to
n

M j j  Ku  f .

(3.8)

j 1

Then, by using Eq.(3.4), Eq.(3.8) can be rewritten as
n


u  K 1  f  M  j  Tj f   2j  j  
j 1


n
 1 n j Tj 
  j j   K   2  f .


j 1
j 1  j 


(3.9)

By comparing Eq.(3.9) to the truncated term in Eq.(3.5), the correction term can be represented
as
n  T

j j
u cor   K 1   t 2 t

j 1  jt



 f .


(3.10)

Note that the inverse of the stiffness matrix by using all the eigenvectors can be written as [93]
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N

j Tj

j 1

 2j

K 1  

(3.11)

which leads to

u cor 

jt Tjt

N



jt  n 1

 2j

f.

(3.12)

t

This improved method is called acceleration method. For more details and information, the
reader can be referred to [92].
In practice, higher frequency modes are always ignored to obtain the reduced system. As the
modes are independent, lower frequencies and mode shapes are not affected. However, it
generally requires to solve the eigenvalue problem for obtaining the reduced modes. This
approach would be worthwhile in the substructuring method since it will be cheap to solve the
eigenvalue problem of a reduced component, and these reduced components can be assembled
to produce a reduced global system.

3.2 Reduction via Static and Dynamic Condensation Method
The static condensation method is often called Guyan reduction [3]. Since only static constraint
modes are used, it is used mainly for low frequency dynamic structural analysis. The equation
for a static analysis can be written as

f  Ku.

(3.13)

Eq.(3.13) can be partitioned in the form

K
fS
 SS
f M K MS

K SM u S
,
K MM u M

(3.14)

where the two sets S and M are referred to as slave and master DOFs respectively. Assuming
the forces fS=0, then first line of Eq.(3.14) results in
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u S   K SS1 K SM u M .

(3.15)

Then, substituting this equation into the second line of Eq.(3.14), the reduced static equation
can be written as
fM  K M uM ,

(3.16)

where K M  K MM  K MS K SS1 K SM .
When it is used in dynamic analysis, the order of the mass and stiffness matrices can be reduced
with acceptable accuracy, and the approximate response can be obtained. The undamped
equation of motion can be written as

  Ku  f .
Mu

(3.17)

Assuming time-harmonic motion u  Ue jt and force f  F e j t with magnitudes U and F, and
frequency , this equation can be rewritten as

 K   M U  F.
2

(3.18)

Then this equation can be partitioned into the form of S and M DOFs as
K SS   2 M SS
K MS   2 M MS

FS
K SM   2 M SM U S
.

K MM   2 M MM U M FM

(3.19)

Similarly, by assuming the force FS=0, Eq.(3.19) gives
U S    K SS   2 M SS 

1

K

SM

  2 M SM  U M .

(3.20)

Note that the angular frequency is included in this equation. By choosing a fixed value of the
frequency, the reduced equation of motion can be obtained which is only exact at this chosen
frequency. This method is referred as dynamic reduction. In practical application, the terms
including the frequency can be assumed to be small and ignored, so that US can be
approximated by
U S   K SS1 K SM U M .

This assumes that the slave DOFs are stiffness controlled, given the master DOF UM.
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Then the response magnitude can be expressed as
 U S   K SS1 K SM 


 U M  ΦU M .
I
U M  


(3.22)

The reduced mass and stiffness matrices become
M R  ΦT MΦ
K R  ΦT KΦ .

(3.23)

Therefore, the equation of eigenvalue problem can be written as

K

R

  j M R  j  0,

(3.24)

in which the size of the DOFs are reduced to the size of the master DOFs M. While the reduced
stiffness matrix is exact, the reduced mass matrix is an approximate result since the
assumptions have been made to lead to Eq.(3.21). In practice, the partitioning should comply
with these assumptions, which means the mass in the slave DOFs is small and off-diagonal
terms MSM should be zero. For the application in the substructuring method, some or all of the
internal DOFs are eliminated and the boundary DOFs are retained.
While Guyan reduction can offer the exact result for a static analysis, errors are often
introduced to the reduced mass matrix in a dynamic analysis. This leads to the errors in the
modal properties, thus can affect all the natural frequencies and mode shapes.

3.3 Component Mode Synthesis (Dynamic Substructuring)
This section describes the CMS method in detail. CMS is commonly used to reduce the models
of large structures. Generally, there are three steps involved in this method. Firstly the whole
structure is separated into a set of components. Then these components are modeled by FEM
or other techniques and analysed separately, in which the size of the models of each component
is significantly reduced. Next the discrete models are assembled into a complete structure
having reduced size.
The dynamic analysis of a component can be obtained by reducing the DOFs by applying
different methods, for example the modal reduction method in Section 3.1. In the literature,
based on the model order reduction method used for the component, there are many CMS
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methods, such as the Craig-Bampton fixed-interface method, Craig-Chang free-interface
method and Hybrid interface methods, etc. as discussed below.
3.3.1 Substructuring
In dynamic analysis, a structure can often be considered as a built-up structure comprising
several coupled substructures. Therefore, Ns sub-models can be extracted from the finite
element model of the structure, each sub-model corresponding to a substructure. Choosing one
substructure s 1, Ns  , the undamped equations of motion can be written as

   K u   f   ,
M u
s

s

s

s

s

(3.25)

where M(s) is the mass matrix, K(s) is the stiffness matrix, f(s) is the force vector and u(s) is the
displacement vector in physical DOFs.
 
For each substructure, the DOFs can be partitioned into two sets: boundary DOFs u B and
s


internal DOFs uI . The former correspond to nodes connected to other substructures, and the
s

latter do not couple with other substructures. For each component, the mass and stiffness
matrices can be partitioned into internal DOFs and boundary DOFs. Thus the equations of
motion of an undamped component are written as
 M II
M
 BI

s

 s

 I 
M IB   u
 K II




 B 
M BB  u
K BI

s

s

K IB   u I 
 
K BB  u B 

 s

f 
 I ,
f B 

(3.26)

where B indicates the boundary, or interface, DOFs and I indicates the internal DOFs of the
substructure. Then coupling the equation of motion for each of the substructures gives the
equation of motion of the full structure.
A coordinate transformation is performed in each component, and component-physical DOFs
are transformed into component-modal DOFs. The transformation uses a set of component
basis functions comprising component normal modes (which may be categorised as freeinterface modes and fixed-interface modes) plus a set of attachment modes or constraint modes
or attachment modes or residual attachment modes. The corresponding mathematical
definitions of these modes can be found in [94].
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3.3.2 Mode Types in Component Mode Synthesis
The selected modes in the coordinate transformation must be able to describe the dynamics of
the component with completeness and impose consistent boundary constraints to the
substructures. Typically, a transformation basis comprises a reduced component modes with a
full set of related attachment or constraint modes. In CMS, commonly constraint modes are
connected to fixed-interface normal modes (Craig-Bampton method [4]), and (residual)
attachment modes to free-interface normal modes (Craig-Chang method [95]). In the following
section, the different kinds of modes in CMS are briefly described. Henceforth the superscript

s is not shown for clarity.
Free-interface normal modes
The free-interface normal modes can be obtained by solving the eigenvalue problem of a
component with the boundary DOFs free, which can be given as

 K   M 
fr
j

fr
j

 0.

(3.27)

The calculated eigenvectors can be combined to obtain the normal mode matrix Φ nfr , which
can be partitioned into two sets of modes k and d. The modes k are retained and the modes d
are discarded. Thus Φ nfr can be written in the form

Φnfr  Φkfr Φdfr  .

(3.28)

Thus the eigenvalues can also be partitioned into two sets k and d
 Λ fr
Λ fr   k



.
Λ dfr 

(3.29)

where Λ is the diagonal matrix for eigenvalues.
Fixed-interface normal modes
Fixed-interface normal modes are calculated by solving the eigenvalue problem of a
component with the boundary DOFs fixed. Therefore, the only the internal DOFs will be
involved in the eigenvalue problem. The governing equation only includes mass and stiffness
matrices associated with the internal DOFS and can be written as
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K II   jfi M II  Ijfi  0,

(3.30)

where Ijfi are the eigenvectors of the normal mode matrix Φfi , and  jfi are the fixed-interface
eigenvalues. Similarly, the normal mode matrix Φfi can be divided into two sets of coordinates

Φ  Φ kfi
fi

Φ Ikfi

Φ 
 0 Bk
fi
d

Φ Idfi 
,
0 Bd 

(3.31)

where k modes are kept and d modes are deleted, and the DOFs of the fixed boundary are
expressed as 0 B . As a rule of thumb, modes with natural frequencies up to at least two times
the maximum frequency of interest should be retained [96].
Constraint modes
Static constraint modes can be calculated with respect to the boundary DOFs, and subscript c
is used to denote these modes. For obtaining the constraint modes, a unit displacement is
applied to a boundary coordinate, together with all other boundary coordinates being fixed.
This can be written as
 K II
K
 cI

K Ic   Ψ Ic  0 Ic 

   ,
K cc   I cc   f cc 

(3.32)

where Ψ Ic is the matrix of the static displacement of the internal DOFs, I cc is an identity
matrix, and f cc are the reaction force at the boundary nodes. From the first line of Eq.(3.32),
we have
Ψ Ic   K II1K Ic .

(3.33)

Therefore, the constraint mode matrix is given by
 K 1K 
Ψ c   II Ic  .
 I cc 

(3.34)

Attachment modes
Static attachment modes can be calculated with respect to the boundary DOFs, and subscript a
is used to denote these modes. For obtaining the attachment modes, a unit force is applied to a
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boundary coordinate, together with all other boundary coordinates being force-free. For a
constrained component, the governing static equation can be written as

 K II
K
 aI

K Ia   Ψ Ia  0Ia 
,

K aa  Ψaa  I aa 

(3.35)

where Ψ Ia and Ψ aa are the unknown displacements of the nodes, and I aa is the identity matrix,
which defines zero and unit force for all the boundary DOFs. By assuming that the inverse of
the stiffness matrix exists, a solution can be given as
1

 Ψ Ia   K II
 Ψ   K
 aa   aI

K Ia   0 Ia   G II

K aa  I aa  G aI

G Ia  0 Ia 
,
G aa  I aa 

(3.36)

where G=K-1 is the flexibility matrix.
Therefore, the attachment mode matrix is given by

G 
Ψ a   Ia  .
G aa 

(3.37)

For the case when the component is not constrained, since the stiffness matrix becomes singular
and cannot be inverted, there is no solution. However, an alternative method can be derived.
The internal DOFs can be partitioned into a subset of DOFs Î and a set of rigid body modes,
denoted by the subscript r, such that
 K IIˆˆ

K aIˆ
K ˆ
 rI

K Iaˆ
K aa
K ra

K Irˆ   Ψ Iaˆ   0 Iaˆ 

K ar   Ψ aa    I aa  ,
K rr   0 ra   f ra 

(3.38)

where ΨIaˆ and Ψ aa are unknown displacements of the nodes and 0ra correspond to the fixed

 

restraint coordinates. While unrestraint internal DOFs 0Iaˆ are force-free, Iaa are the forces
acting on the boundary DOFs, and fra are the reaction forces of restrained coordinates. Then
Eq.(3.38) can be reduced to
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 K IIˆˆ
K
 aIˆ

K Iaˆ   Ψ Iaˆ   0 Iaˆ 
,

K aa   Ψ aa  I aa 

(3.39)

and the solution can be found by inverting the stiffness matrix. The final complete attachment
modes matrix are given by adding zeros for the rigid body displacements
 G Iaˆ 
Ψ a   G aa  .
 0 ra 

(3.40)

Residual attachment modes
The flexibility matrix of a component without rigid body modes can be written as
G  ΦΛ 1Φ T ,

(3.41)

where  and  are the free-interface normal mode matrix and eigenvalues respectively. This
equation can be written as
G  ΦΛ  1Φ T  Φ k Λ k 1Φ Tk  Φ d Λ d 1Φ Td ,

(3.42)

where the kept modes and deleted modes are denoted by k and d respectively.
Therefore, the residual flexibility matrix associated with the deleted modes can be written as
G d  Φ d Λ d 1Φ Td .

(3.43)

0 
fa   Ia  ,
I aa 

(3.44)

Recall the matrix of forcs in Eq.(3.35)

in which only one of the boundary DOFs has a unit force while all other DOFs force-free. The
residual attachment mode matrix is then defined by
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(3.45)

Ψ re
a  G d fa .

3.3.3 Assembling Components
This section describes the process of assembling components. Assuming there are two
components 1 and 2. The mass and stiffness matrices of the components can be assembled as

M

1,2 

M 1

 0

K 1
0 
1,2 

 and K
M  2 
 0

0 
.
K  2 

(3.46)

Assuming the number of DOFs of the global structure is n, we have
n  n    n    n B
1

1,2 

2

(3.47)

,

where n(1) and n(2) are the numbers of DOFS of component 1 and 2, respectively, and nB1,2  is
the number of DOFs of the shared boundary.
A transformation matrix B can be used to transform the physical coordinates u1 of a
component into the component coordinates q 1 by
u    B  q   .
1

1

(3.48)

1

Generally, there are two types of B: fixed-interface modes with constraint modes; free-interface
modes with attachment modes. The mass and stiffness matrices in component coordinates can
be calculated by

 

  B  

M co ,1  B 1
K

co , 1

1

T

M 1 B 1

T

K  B  .
1

(3.49)

1

Then, the modal mass and stiffness matrices of the components are assembled as
 M co ,1
M co  
 0


K co ,1
co
K
and



M co , 2 
 0
0

The number of DOFs in this equation becomes
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K co , 2 
0
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nq  nk   nk   nc ,a  nc ,a ,
1

2

1

2

(3.51)

where n k1  and n k 2  are the number of kept modes and nc , a and nc , a are the numbers of boundary
1

2

modes, which can be constraint or attachment modes.
When written in the global coordinate system for the whole structure, continuity at the interface
implies that the DOFs uB1  uB2 , and force equilibrium follows that f B1  f B 2   0 . The
constraint equations regarding the modal coordinates q can be written in the matrix form as
Hq  0,

(3.52)

where H is the constraint matrix which can be partitioned into two sets of coordinates l and d.
Thus

 Hdd

q 
Hdl   d   0,
 ql 

(3.53)

where l and d denotes linearly independent modes and dependent modes respectively.
Therefore, dependent coordinates can be calculated by
q d   H dd1 H dl q l ,

(3.54)

and the modal coordinates q can be defined as

q 
q   d   Cql ,
 ql 

(3.55)

  H 1 H 
C   dd dl  ,
 I ll


(3.56)

where

is the transformation matrix for calculating the global system. If the component mass and
stiffness matrices are written in the form of Eq.(3.46), the transformation matrix for the
components are written as
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B1 0 
B
.
 2
 0 B 

(3.57)

The mass and stiffness matrices of the assembled global system are given by
M Rgl  CT BT M  BC
1,2
K Rgl  CT BT K   BC,
1,2

(3.58)

where matrix B may involve a reduction in the model order and the matrix C imposes the
selected interface conditions.
3.3.4 Frequency Response Function of the Global Modes
This section describes the calculation of frequency response functions by using the reduced
global system matrices. The equation of motion of the global system is given by
M Rgl 
v  K Rgl v  0,

(3.59)

where v is the vector of new modal coordinates after assembling all the independent modes.
The global modal coordinates w relating to coordinates v can be written as
v  Dw,

(3.60)

where D is the mass-normalised eigenvector matrix by solving the global eigenvalue problem

K

gl
R

  jgl MRgl  jgl  0,

(3.61)

and
D T M Rgl D  I , D T K Rgl D  Λ gl .

(3.62)

To summarise, three steps are involved in transferring the physical coordinates u to the global
modal coordinates w:
B

C

D

u  q  v  w.

(3.63)

The modal matrix B transform the coordinates to the component level. Depending on the
selected method, different component modes can be used to produce B. It usually includes free
or fixed-interface modes and some additional component modes. Then the components are
assembled by using the linear transformation matrix C. The equation of motion of the global
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structure can be written in the coordinates v, and the global modal coordinates w can be
obtained by using the transformation matrix D. The relationship can be written as

u  BCDw.

(3.64)

The equation of motion of the global structure regarding the coordinates w for forced vibration
can be expressed as
  Λ gl w  f ,
w

(3.65)

where

f   BCD  f
T

1,2 

and f

1,2 

f 1

 0

0 
.
f  2 

(3.66)

Assuming time-harmonic motion u  Ue jt and w  We jt , and the forces f  F e j t , the
response vector W in the coordinates w is given by


1
W  diag  gl
F.
    2 
 j


(3.67)

Therefore, the frequency response matrix relating the physical coordinates and forces can be
expressed as


 1,2


1
T
U   BCD  diag  gl
BCD
F .




  2 


 j


(3.68)

Two commonly used approaches in CMS are the Craig-Chang method (free-interface with
attachment modes) and the Craig-Bampton method (fixed-interface with constraint modes)
which will be described in more detail in the following sections.
3.3.5 Craig-Chang Method
In this section, the Craig-Chang (CCH) method [97] is presented. The modal matrix B(1) for a
component 1 consists of the kept free-interface modes and the residual attachment modes is
given as
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1

B1  Φkfr Ψrea  .

(3.69)

The superscript fr and re will be omitted for the remainder of this section. The equation for the
transformation of coordinates can be written as
uI 
 
u B 

1

1

Φ
  Ik
Φ Bk

1

Ψ Ia   q k 
   .
Ψ Ba   q a 

(3.70)

Assuming that the component is constrained and no rigid-body modes are included, the mass
and stiffness modal matrices in the component level can be expressed as
 I kk
0


0 
m aa 

1

1

Λ
and  kk
 0

0 
.
Ψ Ba 

(3.71)

Therefore, the static equation of component 1 becomes
 Λ kk
 0


1

0  q k 
 
Ψ Ba  q a 

1

1

1

ΦT   0 
  Tk    .
 Ψ a  f B 

(3.72)

Based on the second line of this equation, that is
1 1
1 1
Ψ Ba
q a  Ψ Ba
fa .

(3.73)

q a   f B  .

(3.74)

It follows that
1

1

For a two-component system, the vector of modal coordinates may be written as
q  q k1

q a1

q k2 

q a2   .
T

(3.75)


 
Noting that the components 1 and 2 have equal displacements on the interface uB  uB , we
1

have

50

2

Chapter 3

Φ Bk


q 
Φ Ba   k 
 q a 
1

1

 Φ Bk


Φ Ba 


 2

 2

q k 
  .
q a 

(3.76)

Additionally, based on the force equilibrium at the coupling interface of two adjacent
components, f B1  f B 2   0 , and Eq. (3.74) we can obtain
q a1  q a2   0 .

(3.77)

Thus, the constraint equation for a two component system can be written as

1
 Ψ Ba
Hq  
 I

 Ψ Ba

Φ Bk

I

0

2

1

 q a1 
  2 
2
Φ Bk  q a 

  0,
0   q k1 
  2 
q k 

(3.78)

where the dependent and linearly independent coordinates matrices are

H   H dd

 Ψ 1
H dl  , H dd   Ba
 I

ΦBk1
Ψ Ba2 
H
and



dl
I 
 0

ΦBk2 
.
0 

(3.79)

Based on Eq.(3.55), the transformation equation can be written as





1
1
 q a1    Ψ Ba
 Ψ Ba2 ΦBk1
  2  
q  
1
 2  1 1
q   a1    Ψ Ba  Ψ Ba Φ Bk

qk  
I
 1  
q
 k  
0





 Ψ   Ψ   Φ  
  q  
  Ψ    Ψ    Φ   
  Cv.
 
1
Ba

2
Ba

1
Ba

2
Ba

0
I

1

1

2
Bk

1
k

2
Bk

2





q k 

(3.80)

The global reduced mass and stiffness matrices can then be found by Eq.(3.58). Since both
displacement continuity and force equilibrium are ensured, the accuracy of this method can be
very good.
3.3.6 Craig-Bampton Method
The Craig-Bampton method [4] uses static constraint modes and fixed-interface normal modes
to perform the coordinate transformation. The component modal matrix for Component 1 can
be defined as
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1

B 1  Φ kfi

Ψ c  .

(3.81)

Then the physical coordinates u(1) can be transformed to the component level q(1), that is

u

1

1 1

B q

u 
 I
u B 

1

1

Φ fi
  Ik
 0

1

K II1K Ic  q k 
   ,
I cc   q c 

(3.82)

where the internal physical coordinates uI are transformed and reduced into modal coordinates
qk, and the physical boundary coordinates uB are kept and denoted as constraint coordinates qc.
The mass and stiffness of the component in the component level follow in the form
 I kk
mT
 kc

m kc 
m cc 

1

1

Λ
and  kk
 0

0 
,
k cc 

(3.83)

where kk is a diagonal matrix of eigenvalues, mcc and kcc are the constraint modal mass and
stiffness matrices respectively. Considering two components 1 and 2, the modal coordinates q
can be written as

  q   q   q  

q   q k1


T

1
c

T

2
k

T

2
c

T

T

 .


(3.84)

Based on the continuity of displacements of these two components, u B1  u B2  , and the second
equation in Eq.(3.82), we can obtain
q c   q c
1

2

(3.85)

 qc.

The constraint equation can be written in the form
Hq   0 I

0

       

 I   q k1


T

q c1

T

q k2 

T

q c2 

Based on Eq.(3.55), the transformation equation can be written as
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  0.
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 q k1   I
 1  
 q c  0
q 2 
 

q k   0
  2  0
q c 

0 0   1 
qk
0 I    2 
q k   Cv,
I 0  
 qc
0 I   

(3.87)

and
 C1 
C   2 ,
 
C 

(3.88)

where C is the transformation matrix imposing the coupling condition, and C1 and C  2  are
partitions for the component 1 and 2 respectively. Then the global mass and stiffness matrices
can be written as
 1
 I kk
M Rgl   0

 m 1
 kc

I kk
2

   m  
T

2
kc



 2
,
m kc

1
 2 
m cc  m cc 

m kc1

0
T

(3.89)

and
 Λ kk1

K Rgl   0

 0

0
Λ kk
2

0



0
.
1
2 
k cc  k cc 
0

(3.90)

More details about this approach can be found in the reference [94].
Finally, the global eigenvalues and eigenvectors can be obtained by solving the eigenvalue
problem
 K Rgl  igl M Rgl  igl  0,

(3.91)

and the global eigenvectors can be transformed to the global physical coordinates by the
transformation
V  BCD ,

which is required for FRF calculation.
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3.3.7 Fixed-interface DOFs Reduction by Characteristic Constraint Modes
Based on Eqs. (3.89) and (3.90), it is noted that the physical DOFs of the interface will be the
DOFs of the structures after applying CMS. There can potentially be many interface DOFs.
Therefore, reducing the number of interface DOFs might be desirable. An approach using the
characteristic constant (CC) modes is used to improve the CB model by reducing the number
of constraint modes of the interface. The constraint modes of the CMS matrices are the
solutions to the eigenvalue problem [30]
K cc   j M cc  υ j  0,

(3.93)

where υ j are the columns of the eigenvectors of the boundary DOFs  and  j are the
corresponding eigenvalue.
The eigenvectors υ j are referred to as characteristic constraint modes, and can be used to
transfer the interface DOFs into reduced characteristic interface DOFs by
qc  qc ,

(3.94)

where  includes the kept characteristic constraint modes. Thus, the reduced constraint
matrices can be written as
M cc   T M cc  and K cc   T K cc 

(3.95)

As a rule of thumb, CC modes with natural frequencies up to 2.5 – 3.0 times the maximum
frequency of interest are retained [31]. In the numerical examples in this thesis, modes up to
four times the maximum frequency are retained.
Finally, the global mass and stiffness matrices can be reduced by

MRgl  CT MRgl C and KRgl  CT KRgl C, .
where
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 I kk1

C 0
0


0
I kk
0
2

0

0 .
 


(3.97)

While the methods developed later are applicable to any CMS method, they are specially
developed here using CB-CMS with CC modes. The relevant coordinate transformation are
given in more detail in Chapter 4.

3.4 Numerical Example of Component Mode Synthesis Methods for Two
Components
In order to demonstrate the implementation of the Craig-Bampton (fixed-interface) method and
the Craig-Chang (free-interface) method, a numerical example comprise the mass and spring
system shown in Figure 3.1 is analysed. It has 10 DOFs with the left side fixed and the right
side free. This system is divided into two components 1 and 2 at DOF 4. Half of the physical
mass of the mass number 4 will be assigned to each component. The mass and stiffness matrices
of these two components can be written as

Figure 3.1 10-DOF mass-spring chain system divided into two CMS components
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where omitted elements are all zero. The free-interface components 1 and 2 have 7 and 4 DOFs,
respectively. Note that one additional DOF is created. Thus component 2 is unconstrained and
has one rigid body mode, whereas the whole structure is constrained. The fixed-interface
component 2 is sufficiently constrained at the boundary and has no rigid body mode.
The object is to obtain a reduced equation of motion by using two different CMS methods. The
total number of DOFs is to be reduced from 10 to 5, and therefore the number of DOFs of the
components are reduced by 3 and 2 for component 1 and component 2, respectively. With the
fixed-interface method, 3 and 2 normal modes are kept for component 1 and 2, respectively.
The remaining 4 normal modes plus the shared 1 constraint DOFs satisfies the requirement,
and the total DOFs are reduced by 5.
On the contrary, with the free-interface method, if 3 normal modes and 2 normal modes are
kept in component 1 and 2 respectively, the total number of DOFs is only reduced by 4 (Case
a). To reduce 5 DOFs of the assembled structure, 4 normal modes are discarded in component
1 (Case b).
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Table 3.1 Natural frequencies of a mass-spring structure modelled by different CMS methods

Mode
1
2
3
4
5
6

Exact
Hz
8.09
22.12
29.92
39.56
46.73
58.38

Fixed-interface
Hz
Error(%)
8.10
0.02
22.17
0.21
29.93
0.05
40.27
1.79
60.45
29.34
---

Free-interface (b)
Hz
Error(%)
8.09
0.00
22.12
0.00
29.93
0.05
39.56
0.00
58.68
25.56
---

Free-interface (a)
Hz
Error(%)
8.09
0.00
22.12
0.00
29.92
0.01
39.56
0.00
46.74
0.00
60.77
4.09

The estimates of the natural frequencies by the fixed-interface and free-interface CMS are
shown in Table 3.1. The number of DOFs is reduced from 10 to 5. The natural frequencies of
the exact result found by solving the full model range from 8.09 Hz to 58.38 Hz and the errors
of the estimated values are given in percentage. Both approaches are capable of predicting the
results for the lower modes accurately.
This numerical example was used to demonstrate the fundamental behaviour of two commonly
used CMS approaches. The specific performance of these methods will depend on the number
of component modes that are kept and the properties of the component. Although free-interface
CMS yields slightly better results, the fixed-interface method is simple to implement.

3.5 Summary
This section described different modal based model order reduction methods aimed at reducing
the computational cost, including Guyan reduction and dynamic reduction method. The
deterministic analysis of built-up structures having several components by CMS methods also
has been reviewed in this chapter. Generally, there are three steps involved in CMS methods.
Firstly the whole structure is separated into a set of components. Then these components are
modeled by FEM or other techniques and analysed separately, in which the size of the models
of each component is significantly reduced. Next the discrete models are assembled into a
complete structure having reduced size. A numerical example showed that the fixed-interface
and free-interface methods can predict the lower modes accurately.
This thesis focuses on the low-frequency analysis of built-up structures with attachment at
uncertain locations, and mainly concerns the lower modes of vibration where the modal and
stochastic overlaps are low. The reduction of model size can substantially reduce the number
of DOFs, thus is an essential step in the non-deterministic analysis for reducing the
computational cost. In the thesis, CB-CMS method with CC modes is used to perform model
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order reduction of a structure having an uncertain located attachment. More details are
discussed in the following chapter.
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Chapter 4
Modal Approach to Dynamic Analysis of Structures with An
Uncertain Located Attachment
Substructuring is a promising approach to address the challenges raised by complex structures
with non-deterministic parameters. CMS combines both the strategies of sub-structuring and
model order reduction. The work presented herein is based on the fixed-interface (CraigBampton) method and considers the effect of uncertainty or variability in the physical locations
at which substructures are attached to a structure on its natural frequencies and FRF. The MPC
method is used to assemble FE models of the attachment and the main system, CMS and CC
modes are used to reduce the model order and then the influence of uncertainty on the natural
frequencies and response are propagated through a perturbation [34, 44] or interpolation
method. As discussed in Chapter 2, the MPC method is able to connect attachments at any
location in an existing FE mesh, which eliminates the requirement of re-meshing the model for
every possible uncertain location. CMS is introduced to divide the structure into substructures
and reduce the number of modes. Without loss of generality, the structure can be divided into
two regions as illustrated in Figure 4.1. Region 1 refers to locations on the structure where the
attachment cannot be located; Region 2 refers to the possible locations for the attachment.
Typically Region 2 would be only a small sub-region of the whole structure. The eigenproblem
needs to be solved only once for Region 1 where an attachment cannot be connected, while
calculated a number of times for Region 2 where the attachment may be connected. A full CMS
analysis is performed on one or several baseline systems with a given attachment location(s).
Afterward, the computational effort of repeated eigenanalysis is alleviated by combining the
CMS model with an approximate method, in which the eigenvalues and the eigenvectors are
approximated based on perturbations and sensitivities in the attachment location from that of
the baseline system. While the method can be applied to any problem requiring multiple re-

Figure 4.1 A structure with an attachment
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Figure 4.2 Outline of uncertainty propagation in the Craig-Bampton method

analysis, here the emphasis is placed on probabilistic approaches, with the natural frequency
and FRF statistics then estimated through a MCS.
The following section addresses the propagation of uncertain location propagation with a focus
on the fixed-interface method. Then several methods for replacing the eigenvalue problem with
cheap numerical algorithms are discussed in Section 4.2. Subsequently, Section 4.3 concerns
the combination of the fixed-interface method with an approximate method. Numerical and
experiment examples are presented in Sections 4.4 and 4.5 followed by a discussion of the
computational cost.

4.1 Attachment with Location Uncertainty in CMS
4.1.1 Uncertainty Propagation
As outlined in Figure 4.2, different strategies can be applied for uncertainty propagation. When
the CB method is used for uncertainty analysis, the uncertainty propagation can be treated in
according to the following steps as outlined in Figure 4.

(1) The uncertain locations of the attachment are propagated through MPCs to the mass and
stiffness matrices, and then to the local component modal level.
If the location of the attachments are confined to a small area of one or several components,
only the component with the attachment (Region 2) needs to be calculated repeatedly. Since
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the model size of the component is reduced and is much smaller than the original global
problem, less computational cost is required. Component modal matrix B is used to perform
model order reduction, and the physical coordinates are transformed to component coordinates.
(2) The uncertainty is then propagated to the global modal level.

Often different components can be considered to be statically independently, and for each
component a different propagation method can be used. Furthermore, the uncertainty
propagation associated with component synthesis is independent of the previously used
propagation approaches. Different components can be assembled by using the transformation
matrix C. If CC modes are used to reduce the boundary DOFs, they can be included by adding
another transformation matrix C . Details about these matrices were discussed in Chapter 3.
(3) Finally, uncertainty in the global modal properties is propagated to FRFs.

The coordinates need to be transformed to physical coordinates, which involves using the
global modal matrix D. In this step, different methods for non-deterministic modal
superposition can be used to estimate the variation in the FRF, such as the sensitivity,
perturbation and interpolation methods described in Section 4.2.
4.1.2 Changes in Component Modal Matrices for Considering the Attachment
In this section, uncertainty propagation through the different steps of the analysis will be
examined to investigate the influence of the location uncertainty in the Craig-Bampton method.
For simplicity, we still assume two components 1 and 2. The uncertain parameter defines the
connected location of the attachment on component 2.
As described in Section 3.3.4, the CMS method uses several sets of coordinates. These are
physical coordinates u, component modal coordinates q, modal coordinates v after assembling
components and global modal coordinates w. Based on Section 4.1.1, the component modal
matrix B, transformation matrix C and global modal matrix D are used to transform the
coordinates from one set to another, which can be written as
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 u1   B1 
 C1 
u   2    2  q, q   2  v, v  Dw.
 
 
 
u  B 
C 

(4.1)

Note that it is assumed that the structure is divided into two components. Hence the global
mass and stiffness matrices for the baseline system can be expressed as
M Rgl  B  C 
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If CC modes are used to reduce the boundary DOFs between these components, another
coordinate transformation needs to be performed based on Eq.(3.96),
v  Cv ,

(4.4)

is required, where C is the transformation matrix for the CC modes. Then Eqs.(4.2) and (4.3)
can be rewritten as
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K  2  B  2 C 2 C .

Given that there is an uncertainty in the attachment location in Region 2, for the realization m,
the mass and stiffness matrices can be expressed as
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(4.7)

(4.8)

Then the global eigenvalues   p i and eigenvectors igl can be calculated by solving the
gl

eigenvalue problem. Finally, the physical mode shapes are needed which involves the
transformation V  BCCD to calculated the FRF.
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However, the eigenvalue problem still needs to be solved at each iteration, contributing to a
significant computational effort, which limits the efficiency of the algorithm. Therefore, it is
common to combine approximate methods with CMS to perform re-analysis to obtain the
modal parameters based on one or several FE model solutions instead of solving the full
eigenvalue problem for each different value of the design parameters. Several approximation
methods are described in Section 4.2.

4.2 Re-analysis
Several methods for replacing the eigenvalue problem with cheap numerical algorithms are
described in this section. These include sensitivity, perturbation and interpolation methods,
which will be used in later chapters combined with CMS.
4.2.1 Eigenvalue problem
As described in Section 2.1, the eigenvalue problem of an undamped system can be written as

K  iM i  0.

(4.9)

After solving the eigenvalue problem, the orthogonality conditions for mass-normalised
eigenvectors results in

Tj Mi   ji ,

(4.10)

where  ji is the Kronecker delta.
The change in the connection location (parameter p) of the attachment will cause changes in
the mass and stiffness matrices of the system, so that

M  p  p   M  p   M and K  p  p   K  p   K,

(4.11)

where p , M and K are changes in the parameter and the mass and stiffness matrices
respectively. This further causes changes in the eigenvalues  i and eigenvectors i .
Therefore, the eigenvalue problem requires to be solved repeatedly for non-deterministic
analysis.
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4.2.2 Sensitivity Approach
The rate of change of eigenvalues and eigenvectors due to changes in parameters has been
studied in many papers (e.g. [37, 98]). Differentiation of Eq.(4.9) with respect to a parameter
p gives

 K
i
i
M 
 p  i p  i  p Mi   K  i M  p  0.



(4.12)

By pre-multiplying iT and noting the orthogonalizing condition in Eq.(4.10), we can obtain the
first-order eigenvalue sensitivity

i
 iT
p

 K
M 
 p  i p  i ,



(4.13)

assuming that the sensitivity of eigenvectors can be expressed as
i
   il l ,
p
l

(4.14)

where the constants il denote the contributions from the different eigenvectors. Substituting
this equation into Eq.(4.12) and some manipulation leads to

kT  K / p  i M / p  i
i
1  M 
 
k   iT
i  i .
p k i
k  i
p 
2

(4.15)

Therefore, by giving a baseline value of the parameter p, we can obtain the changes of the
eigenvalues and eigenvectors.
Thus the perturbations of eigenvalues and eigenvectors for different parameter values can be
calculated by
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  p i  i 

i
 p  p
p


  p i  i  i  p  p
p

(4.16)

4.2.3 Perturbation Approach
A change in the parameter p causes changes in the mass and stiffness matrices M and K
respectively. Thus Eq.(4.9) can be rewritten as

K  K   i  i    i  i  M  M  i  i  .

(4.17)

Expanding this equation gives
K i  K  i   K i  i M i  i M  i  i  M i   i M i ,

(4.18)

where higher order terms are ignored.
The perturbations of the eigenvalues can be obtained by pre-multiplying Eq.(4.18) by iT , and
can be written as [99]

i  iT  K  i M i ,

(4.19)

which is equivalent to Eq.(4.13) in the limit p  0 .
Similarly, the perturbations of the eigenvectors can be expressed as
 i    il l .

(4.20)

ik

By substituting this equation into Eq.(4.18) and performing some manipulations, the
perturbation of the eigenvectors can be written as [99]

i   
k i

kT  K  i M i

k  i

k 

which has a similar form to Eq. (4.15). If the conditions
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K
M
p  K and
p   M ,
p
p

(4.22)

are satisfied, then the same results are obtained from the perturbation and sensitivity methods.
In the following numerical example in Section 4.3, it will be observed that the sensitivity and
perturbation expressions are equal only for infinitesimal changes from the baseline value.
4.2.4 Interpolation of Eigenvalues and Eigenvectors
The approximate results of the linear sensitivity and perturbation methods are obtained based
on a small change from the baseline solution. On the contrary, the interpolation method makes
it possible to use more than one exact baseline solution simultaneously to estimate a new
solution.
Perturbation based interpolation approach (Inter-per)
Pre-multiplying Eq.(4.17) by  i  i  and some calculations yields to
T

   i  K  K   i  i  ,
i  i  i
T
 i  i  M  M   i  i 
T

(4.23)

which is also called the Rayleigh quotient. Note that for any change in the mass and stiffness
matrices, a new eigenvector is required for the calculation of the eigenvalues. This part makes
the calculation process computationally expensive. It can be alleviated by only calculating two
selected values of the parameter p, and eigenvectors for intermediate values of p can be
interpolated [39]. Eq.(4.23) can be written as
 T  K  K  

i
i  i   Ti
,
  M  M  
i

(4.24)

i

where i are interpolated eigenvectors. Assuming two parameter values, p1 and p2 , are close
to the minimum and maximum values of the parameter p, respectively are chosen as baseline
values, two eigenvalue problems with p  p1 and p  p 2 are solved, namely
K p1  p1   p1 M p1  p1 and K p2  p2   p 2 M p2  p2 .

Then the linearly interpolated eigenvector can be expressed as
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  1  t  p1  tp2 ,

(4.26)

where t can be written as
t

p  p1
.
p2  p1

(4.27)

In addition, two different estimates of the eigenvalue i can be defined as



p1

 p   p

1

   p  

pT1 M  M  p   p1

p  p    p    p  
2

pT1 K  K  p   p1

2

,

pT2 K  K  p   p2
,
pT2 M  M  p   p2

(4.28)

(4.29)

where the eigenvectors are assumed to be constant as the system parameter undergoes a change
[39].
Similarly, the interpolated eigenvalues can be written as

  1  t  p  p   tp  p  ,
1

2

(4.30)

which is a linear combination of the two estimates based on the first-order perturbation.
Furthermore, it is observed that Eq.(4.30) yields the exact values at the selected parameter
values, p1 and p2 , i.e.

  p1    p ,
  p2    p .
2

(4.31)

2

The errors are expected to become larger as parameter values move away from these baseline
parameter values.
This method can readily be extended to more than one parameter. It can equally be applied to
cases where the attachment might lie in a two-dimensional region. Assume a two-dimensional
region as shown in Figure 4.3. By selecting four baseline parameter values p j  x j , y j  ,
j  1,  , 4 , and solving the corresponding eigenvalue problems, the normalized weights are

given as
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Figure 4.3 The two-dimensional space having four baseline
parameter values

tx 

x  x1
y  y1
and t y 
.
x2  x1
y2  y1

(4.32)

The interpolated eigenvectors are defined as
  1  t x  1  t y  1  t y 1  t x  2  t x 1  t y  3  t x t y 4 .

(4.33)

Similarly, the interpolated eigenvalues are given by

  1  t x  1  t y  1  t y 1  t x  2  t x 1  t  3  t x t y 4 .

(4.34)

Sensitivity based interpolation approach (Inter-sen)

The final method describes interpolates using not only the baseline solutions but also the
sensitivity calculated at those points. For a baseline system, once the eigenproblems are solved,
and the sensitivities are easy to calculate from Eqs.(4.13) and (4.15). Thus a Hermit
(polynomial) interpolation can be constructed based on the eigensolution and the corresponding
derivatives at these baseline parameter values.
First consider, for example a 1-dimensional system. Choosing two parameter values, p1 and

p2 , solving two eigenvalue problems with p  p1 and p  p 2 and calculating the corresponding
'

'

sensitivities, yields four values for the eigenvalues and their derivatives Λ1 , Λ2 , Λ1 , Λ2 and
'

'

another four solutions for the eigenvectors Φ1 , Φ2 , and derivatives Φ1 , Φ2 . Taking one
eigenvalue as the example, it can be considered as a function   p  of the parameter p. Note
that we have four conditions
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  p1     p1  and   p2     p2  ,

(4.35)

 '  p1    '  p1  and  '  p2    '  p2  ,

(4.36)

where   p  is the approximate function needing to be calculated. To satisfy these conditions,
different bases, such as monomial, Lagrange, or Newton bases can be used for the polynomial
interpolation [100].
When a monomial basis is used, we have
n

  p     i 1 p i 1

(4.37)

i 1

where n indicates the number terms. It yields a linear system
λ  αP

(4.38)

Hence, inverting the matrix P yields the vector of coefficients
 1
α  λP

(4.39)

For the case of using two parameter values, Eq.(4.37) can be written as

  p    0  1 p   2 p 2   3 p 3 ,

(4.40)

which leads to

  p1    p2   '  p1   '  p2     0 1  2



where
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(4.42)

Similarly, for an eigenvector, the approximate function can be written as
  p   α 0  α1 p  α 2 p 2  α 3 p 3 ,

(4.43)

and α 0 , α 1 , α 2 and α 3 can be obtained by solving the equation

   p1    p2   '  p1   '  p2    α 0

α1 α 2

1
p
α 3   12
 p1
 3
 p1

1
p2

0
1

p22
p23

2 p1
3 p12

0 
1 
. (4.44)
2 p2 

3 p22 

This method can also be extended to a two-dimensional system. The eigenvalues of the
structure can be written as a combination of polynomial functions of nth order. By selecting any
one of the eigenvalue, the polynomial function can be written as
n

  x, y     x, y   i x j y k

(4.45)

i 1

where n is the number of terms, j and k are the orders of x and y respectively in the ith term in
the polynomial.
For example, assuming four baseline points p j  x j , y j  , j  1,  , 4 , are selected, solving the
eigenproblem at these four points and evaluating the sensitivities, gives

  x, y     x, y 
  x, y    x, y 

x
x
  x, y    x, y 

y
y
and hence 12 values for the eigenvalues and its two derivatives at these four points.
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Thus we can construct a polynomial function similar to Eq.(2.25) and containing up to 12
terms. For example, this can be chosen to be the complete cubic function with two quadratic
terms

  x, y   1   2 x   3 y   4 x 2   5 xy   6 y 2   7 x3
 8 x 2 y   9 xy 2  10 y 3  11 x3 y  12 xy 3 .

(4.47)

For each one of the four baseline position, three equations can be written based on Eq.(4.46)
Therefore  1 to 12 can be calculated by solving these 12 equations. This involves a matrix P ,
similar to that described above. Similarly, 12 vectors from α 1 to α12 can be constructed to
approximate the eigenvectors.

Selecting the optimal baseline positions
For the perturbation and sensitivity methods, piecewise results are obtained for each baseline
system. Thus the optimal method is to divide the region with the attachment evenly into small
regions, and selecting the baseline points at the centre of these small regions.
However, it is not optimal to select the centre position of the evenly divided region as the
baseline position for the sensitivity-based interpolation method. Alternatively, the optimal
baseline points can be obtained by minimising the condition number of the matrix to be inverted
for calculating the approximate polynomial function.
In the sensitivity based interpolation method, a number of baseline parameter pi are selected
and the eigensolutions and sensitivities determined for these values. A polynomial approximate
function  , is chosen, yielding a matrix P  p j  relating the eigensolution and the polynomial
coefficient α . The optimal baseline points are those for which the condition number of P is
minimized.
For example, for a 1-dimensional structure with two baseline values, P can be obtained from
Eq.(4.42). Suppose the parameter region is normalized such that 1  p  1 . By symmetry,

p2   p1 . The condition number is shown in Figure 4.4 as a function of p1 and is minimum
when p2   p1 = 0.7598.
As a second example, consider the 2-dimensional case selecting four baseline points,
p j   x j , y j  , j  1, , 4 . Note that Eq. (4.47) will lead to a 12  12 matrix P . Normalising
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Figure 4.4 Condition number as a function of parameter
and
dimensional region and two baseline parameter values
*optimal locations

for 1=−

;

such that 1  x  1 and 1  y  1 , and noting by symmetry that the optimal points have
coordinates   p,  p  , the condition number of P can be calculated as a function of p. It is
shown in Figure 4.5, and is minimum when (x, y) =   p,  p  = 0.8065.
The optimal baseline points selected based on the minimum condition number of P will be
applied in the following calculations.

4.3 Numerical Example
In this section a numerical example of the implementation of the sensitivity, perturbation
methods, and two interpolation methods are presented. The numerical example considers a
uniform cantilever beam with a point mass as shown in Figure 4.6. The cross-sectional area A
and length L are assumed to be 2×20 mm2 and 500 mm and Young’s modulus and density are
3

2  1011 Pa and 7800kg/m respectively. An added mass of 50g is attached at a random location

between 0.22L and 0.34L from the fixed end.
4.3.1 Comparison of Eigenvalues

Consider first case where only one baseline value is used. If the baseline value p0 is selected
when the added mass is located at 0.28L, the change p are specified as 0.1L  p  0.1L . The
beam is modelled by FE method in MATLAB using 2 node, thin beam elements with cubic
shape functions [52], and the eigenvalue problem for the baseline system is solved. In Figure
4.7 the approximations of the third eigenvalue of the structure from Eqs. (4.13) and (4.19) are
compared with the exact solution. Note that the sensitivity method results in the exact solution
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Figure 4.5 Condition number as a function of parameter p for a 2dimensional region occupying −1 ≤ x ≤ 1, −1 ≤ y ≤ 1 and four baseline
points (±p, ±p); *optimal location

at p0 and yields a straight line. On the contrary, nonlinear approximations are obtained by the
perturbation method, and the results are much closer to the exact results. Because of the
changes in mass and stiffness matrices, M and K , calculated by the perturbation method,
can have nonlinear dependance on parameter p. However, the sensitivity method estimates
these changes by calculating the gradient at baseline location. For the parameter values except
for baseline parameter value p0
M
K
p  M and
p   K .
p
p

(4.48)

Thus the perturbation and sensitivity method yield different results, except for the baseline
parameter value. The errors of the sensitivity method are up to 8% while the errors of the
perturbation method are around 1%.
Both methods are accurate for a small change of the parameter. However, as the parameter
value moves away from the baseline value, the accuracy deteriorates, especially for the
sensitivity method. One possible solution is using more than one baseline values. As an
example, the baseline values and the change can be specified as

Figure 4.6 Cantilever beam with an added mass
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(a)

(b)

Figure 4.7 Variation and error of the third modal frequency by using perturbation
(black) and sensitivity (green) methods having one baseline position (0.28L) for a beam
with an added mass

p1  0.23L  0.1L  p1  0
p2  0.33L
0  p2  0.1L.

(4.49)

In this example, the domain of p is sub-divided into two subdomains, [- 0.1L, 0] and [0, 0.1L],
and piecewise estimates are found. Thus if p lies in one subdomain, no information regarding
the baseline solution in the other subdomain is used. Figure 4.8 compares the approximations
of the third eigenvalue by using the sensitivity and perturbation methods with two baseline
systems. It can be observed that results are improved, especially for the sensitivity method, in
which the maximum errors in this mode is reduced for 5% to 2.8%. Similarly, the results of
perturbation method are better than sensitivity method.
Alternative, the interpolation method can be used, which requires more than one baseline
values and information from the different baseline responses is combined. The approximate
third modal frequency for two baseline systems using the same parameter values p1  0.23L
and p2  0.33L are shown in Figure 4.9 by the Inter-per and Inter-sen methods, including the
results shown in Figure 4.8. Note that exact approximation at the baseline point can be
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(a)

(b)

Figure 4.8 Modal frequency (a) and error (b) of the third modal frequency by using
perturbation (black) and sensitivity (green) methods having two baseline positions (0.23L
and 0.33L) for a beam with an added mass

obtained, and the prediction deteriorates quickly as one proceeds away from that point. It is
observed that the Inter-sen method has the best performance in these four methods and
improves the results of the sensitivity method significantly, while the results of the Inter-per
method does not show obvious improvement compared with the perturbation method. Because
the Inter-per method actually uses linear interpolation, the results of approximation are
expected to be worse than the Inter-sen method using polynomial interpolation.

4.3.2 Comparison of Eigenvectors
To measure the errors of eigenvalues, the modal assurance criterion (MAC) method, which
measures the orthogonality between two vectors, is often used. For any two vectors v and w,
the MAC can be defined as
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(a)

(b)

Figure 4.9 Modal frequency (a) and error (b) for the third frequency by the Inter-per (red
dash), Inter-sen (purple dash), sensitivity (green) and perturbation (black) methods with
two baseline positions (0.23L and 0.33L) for a beam with an added mass

MAC  v, w  

vT w

2

 v v  w w 
T

T

(4.50)

The value of the MAC is between 0 and 1, in which 1 indicates that the two vectors are identical
and 0 indicates that they are orthogonal. Thus, by comparing the approximate eigenvector to
the results of the exact method, a MAC value closer to 1, indicate a smaller error introduced
by the approximation.
Figure 4.10 shows the MAC between the exact and the approximate mode shapes obtained by
the sensitivity, perturbation, Inter-sen and Inter-per methods for the structure having two
baseline systems using parameter values p  0.23L and p  0.33L . It is observed that the
MAC value deteriorates as the attachment moves away from the baseline position. While the
minimum MAC value obtained by the Inter-per method is 0.76, MAC values obtained by other
three methods are above 0.9. Because linter interpolation is used in the Inter-per method, it
shows that linear interpolation cannot predict the eigenvector accurately.
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Figure 4.10 MAC of exact to approximate eigenvectors (mode 3) by the Interper (red dash), Inter-sen (purple dash), sensitivity (green) and perturbation
(black) methods with two baseline positions (0.23L and 0.33L) for a beam with
an added mass

4.3.3 Computational Cost of Approximate Methods
Although the equations of the sensitivity and perturbation methods are similar, the
computational costs are quite different. After obtaining the sensitivities, the perturbation of
eigenvalues and eigenvectors by the sensitivity method can be calculated easily through
Eq.(4.16), while for the perturbation method, Eq.(4.19) and Eq.(4.21) need to be calculated
repeatedly for each different parameter value. Generally, the sensitivity method is more
efficient than the perturbation method.
By using the sign “+” and “  ” to represent the computational cost of the sensitivity and
perturbation methods under one baseline system, the performance of different methods under
a different number of baseline systems is shown in Table 4.1. For the case of using one baseline
system in this section, when 1000 different locations of the added mass are considered, we have
+ (time of the sensitivity method) ≈ 0.2  (time of the perturbation method). Note that as the
number of the baseline system increases from one to two, both the cost of the sensitivity and
perturbation methods doubles. For the case of using two baseline systems, while the Inter-per
method doubles the computational cost of the perturbation method, the Inter-sen method has
the same computational cost as the sensitivity method.

Table 4.1 Estimation of computational cost of different approximate methods for solving eigenvalue
problem.
Method
Perturbation
Inter-per
Sensitivity
Inter-sen

1 baseline system
*
/
+
/
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++
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4.4 Combination of Approximate Methods with CMS
After performing model order reduction of the structure, the computational cost of the analysis
can be reduced significantly. However, solving the eigenvalue problem is still essential for
modal analysis, and may become the highest computational cost in the analysis. Therefore,
reducing the computational cost involved in the eigenvalue problem can have a significant
effect on efficient uncertain analysis. Based on CMS methods, different approximate methods
have been used to alleviate the computational effort of repeated analysis. These are based on
sensitivity [37], interpolation [38], Rayleigh-quotient with interpolation [39] or matrix
perturbation [40] methods. The improvement in the calculation effort is achieved in these
methods by performing repeated analyses using efficient linear or quadratic approximations to
the full model. By using the equations of first or second order sensitivities for eigenvalues and
eigenvectors derived in [37], Mace and Shorter proposed the CMS based local modal
perturbation method [41], in which the uncertainties in local modal properties were propagated
to the global modal properties by a perturbation. This allowed a direct analysis of the effects
of variable parameters of a sub-structure without solving the global eigenvalue problem for
each sample. The local modal perturbation method was further described using an application
example in [42] and extended to structures with viscous damping at the component level [43].
A second order stochastic perturbation method coupled with CMS was proposed by Sarsi and
Azrar [44] to investigate structures with uncertain parameters. Moreover, perturbation and
interpolation methods within the CMS framework were investigated to analyse dynamic
systems with variable local and/or heavy damping by Mochales [45].
When applying approximate methods, the perturbations of the mass and stiffness matrices
caused by the variation of parameters are required for FRF evaluation. The matrix perturbations
caused by location uncertainty of the attachment are discussed in this section in the context of
the fixed-interface CMS method.
It can be noted in Eqs.(4.7) and (4.8) that C , M  2 , K  2  and Ψ  2  change for different m. Since
the attachment is located inside of the component and connected to the internal DOFs of the
component and the influence of variation in a location on the boundary DOFs is assumed to be
small, the CC modes of the baseline system are here applied directly without any recalculation.
Therefore,  M m can be approximated as
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Similarly, K m can be evaluated approximately as

K m  K Rgl ,m  K Rgl
T
  CC  B 2,m






T

 

K  2  , m B 2  , m  B 2 

T

Then the approximate methods can be applied to evaluate the FRF.
If the approximate method is used, the accuracy of the model depends not only on the number
of component and characteristic constraint modes retained, but also on the number of baseline
analyses performed (together, of course, with any other simplifying assumptions that may be
made). For the case of two components 1 and 2, these baseline positions should be more-orless uniformly distributed over the attachment region (Region 2) and the required number
depends on the number of fixed interface modes of Region 2 in the frequency range of analysis.
For a wave-bearing region, the number equivalently depends on the wavelength and the area
of the region. The number varies on a case-by-case basis but is typically a small multiple of the
number of fixed interface modes of Region 2. This is a subject of further investigation.

4.5 Numerical Example of A Beam
In this section, a beam with a point mass as the attachment is considered as an illustrative
example. The outline of the proposed method to evaluate the influence of the uncertain located
point mass efficiently is shown in Figure 4.11. The results are verified against a full modal
analysis and validated against experimental measurements. Results are presented for the natural
frequency and FRF statistics estimated through MCS with the location of the attachment being
described by an assumed probability density function. An interval analysis with the attachment
lying at any point in the region with the attachment could equally be conducted. Four
approximation methods, the perturbation, sensitivity, Inter-per and Inter-sen methods, are
discussed in this example.

4.5.1 A Cantilever Beam with An Added Mass
This example comprises a steel cantilever beam in bending. The physical and geometrical
properties are: width = 39.85 mm; thickness = 2.01 mm; density =7750 kgm-3; and length
79

Chapter 4

Figure 4.11 Outline for the propagation of the
location uncertainty

L=0.4 m. The elastic modulus E = 199.82 GPa, was estimated experimentally by minimising
the mean-square error between the first 7 measured and predicted natural frequencies. An
impact hammer was used to excite the beam at 0.45L and the response measured by a 0.002 kg
accelerometer mounted at the tip. The mass of the accelerometer was included in the
predictions. A small mass of 0.047 kg was added at a random location between 0.25L and 0.4L
from the clamped end (Region 2 in CMS) as shown in Figure 4.12. In the experiments, 36
different locations were chosen for the position of the mass. The loss factors for each mode
were calculated using the circle fit method ([51], Section 8.3.2) from the FRFs of these
measurements, and the mean values were used. In essence, the FRF around each resonance is
assumed to be dominated by a single mode and is analyzed individually. The natural frequency
is considered to be the frequency where the rate of arc change with respect to frequency in the
complex plane occurs. After obtaining the natural frequencies, the corresponding loss factor
can be obtained by using the natural frequency and values of the FRF at neighbouring
frequencies.
4.5.2 Comparison of Numerical Predictions for The Beam
Based on the physical properties of the beam, an FE model was developed in MATLAB using
2 node, thin beam elements with cubic shape functions [52]. The MPC method (discussed in
Chapter 2) was used to connect the added mass to the beam. An accurate estimate is provided

Figure 4.12 The beam divided into three regions.
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by a global full modal analysis, which is used as a benchmark for the proposed method. The
CMS approach considered the beam divided into three regions as shown in Figure 4.12. Each
region was considered as a component for the CMS. The lengths chosen for Regions 1a, 2 and
1b were 0.25L, 0.15L (Lx2) and 0.6L respectively. Each region was divided into 10 elements,
and based on the guidelines given in Section 3.3.2, the retained fixed-interface modes for
Regions 1a, 2 and 1b were 3, 1 and 9 respectively. As the interface has only two nodes, CC
modes were not considered in this case. The position of the added mass was assumed to be a
random variable with a Gaussian distribution, the mean and standard deviation being 0.325L
(at the centre of Region 2) and 0.06L respectively, truncated to ensure the mass did not lie
outside Region 2.
One baseline system (p = 0.5 Lx2)
First, a single baseline system with the added mass located at the centre of Region 2, 0.5Lx2
(0.325L), was considered. The relative differences exact    / exact in the predicted natural
frequencies of the first eight modes with the added mass located at various positions for the
perturbation and sensitivity methods are shown in Figure 4.13, and the FRFs of the system with
the added mass located at 0.5Lx2 obtained from full FE analysis and the proposed
CMS/approximate method are shown in Figure 4.13. While there is a good agreement at lower
frequencies, large differences of up to 34% (for mode 8 of the perturbation method) and 17%
(for mode 8 of the sensitivity method) in the calculated natural frequency can be observed at
high frequencies. Note that larger errors also correspond to attachment locations far from the

(a)

(b)

Figure 4.13 Modal frequency error values for the first 8 eigenvalues of the beam with an added mass
when the mass is changing location on component 2 with one baseline position (0.5Lx2). (a):
Perturbation. (b): Sensitivity
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(a)

(b)

Figure 4.14 MAC values for the first 8 eigenvalues of the beam with an added mass when the mass is
changing location on component 2 with one baseline position (0.5Lx2). (a): Perturbation. (b): Sensitivity

baseline position. The MAC values for the perturbation and sensitivity method are shown in
Figure 4.14. Generally, the MAC results of the perturbation method are better than the
sensitivity method. Smaller values are observed at locations far from the baseline position at
higher frequencies.
Two sets of two baseline systems (first set: p1 = 0.25Lx2, p2 = 0.75Lx2; second set: p1 =
0.1201Lx2, p2 = 0.8799Lx2)
In order to improve accuracy at higher frequencies, two sets of baseline systems can be chosen.
For the first set, the baseline positions are located at 0.25Lx2 and 0.75Lx2 (centre of the divided
region) respectively. For the second set, the added mass is located at 0.1201Lx2 and 0.8799Lx2
(selected based on the minimum condition number), respectively. The errors in natural
frequencies for the CMS/perturbation (CMS/per), CMS/sen (sensitivity), CMS/Inter-per and
CMS/Inter-sen methods using the first set of baseline systems are shown in Figure 4.15. Note
that the perturbation and sensitivity methods gives piecewise results, and the largest frequency
errors are reduced to about 5%. It is observed that for mode 7 and 8, the errors are not close to
zero at the baseline positions. Because the results of the baseline positions in the
CMS/approximate methods are calculated based on CMS, and the exact method is a full
analysis of the structure, this leads to bigger errors between CMS and exact methods at the
baseline points for higher frequencies. For CMS/Inter-per and CMS/Inter-sen methods, the
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(a)

(b)

(c)

(d)

Figure 4.15 Modal frequency error values for the first 8 eigenvalues of the beam with an added mass
when the mass is changing location on component 2 with two baseline positions (0.25Lx2, 0.75Lx2). (a):
Perturbation. (b): Sensitivity. (c): Inter-per. (d): Inter-per

biggest errors are about 9%, which is higher than the other two methods. This is because this
set of baseline positions are not optimal for the CMS/Inter-per and CMS/Inter-sen methods.
The MAC values for different approximate methods are shown in Figure 4.16. Similarly, the
MAC values of the perturbation and sensitivity methods (minimum above 0.9) are better than
the results of the Inter-per and Inter-sen methods (minimum about 0.6).
Then the second set of baseline systems based on the minimum condition number is applied to
the structure. The errors in natural frequencies for this case are shown in Figure 4.17. It can be
observed that the largest frequency error of the perturbation and sensitivity method increases
to about 12%, and the frequency error of the Inter-per method is still around 9%. However, the
largest frequency error of Inter-sen method decreases to about 2%, which is the best result
among these methods. Figure 4.18 shows MAC values for this case. Note that Inter-per and
Inter-sen methods give better MAC values than the perturbation and sensitivity methods, and
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(a)

(b)

(c)

(d)

Figure 4.16 MAC values for the first 8 eigenvectors of the beam with an added mass when the mass is
changing location on component 2 with two baseline positions (0.25Lx2, 0.75Lx2) after correcting the
sign of eigenvectors. (a): Perturbation. (b): Sensitivity. (c): Inter-per. (d): Inter-per

the Inter-sen method offers the best approximate eigenvectors for mode 1 to 8 (0.92 is the
lowest MAC value).
In summary, the accuracy of the CMS/approximate methods decrease as frequency increases
(i.e. for the higher modes) and as the distance between the baseline and actual positions
increases.
Monte Carlo simulation for 1000 samples
MCS was performed using the importance sampling technique [53] for 1000 samples and the
natural frequencies and FRFs were predicted. Two sets of baseline systems were used to
84

Chapter 4

(a)

(b)

(c)

(d)

Figure 4.17 Modal frequency error values for the first 8 eigenvalues of the beam with an added mass
when the mass is changing location on component 2 with two baseline positions (0.1201Lx2, 0.8799Lx2).
(a): Perturbation. (b): Sensitivity. (c): Inter-per. (d): Inter-per

perform the CMS/per, CMS/sen, CMS/Inter-per and CMS/Inter-sen methods. The FRFs
(magnitude envelopes) are shown in Figure 4.19 and Figure 4.20.
Figure 4.19 shows the results of the CMS/per and CMS/Inter-per methods. For the first set of
baseline systems, the approximations almost as good as the exact method are obtained. For the
second set of baseline systems, both results deteriorate at high frequencies. Note that although
Inter-per methods double the computational cost of the perturbation method as mentioned in
Section 4.3.3, it does not improve the accuracy of approximate results.
Figure 4.20 shows the results of the CMS/sen and CMS/Inter-sen methods. For the first set of
baseline systems, while the performance of Inter-sen method is better than the sensitivity
method, it cannot predict the FRF envelopes at higher frequencies. For the second set of
baseline systems, although the results of the sensitivity method do not improve, the Inter-sen
method gives good approximation with acceptable errors.
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(a)

(b)

(c)

(d)

Figure 4.18 MAC values for the first 8 eigenvectors of the beam with an added mass when the mass is
changing location on component 2 with two baseline positions (0.1201Lx2, 0.8799Lx2). (a): Perturbation.
(b): Sensitivity. (c): Inter-per. (d): Inter-per

In summary, the CMS/per method (using the first set of baseline systems) and the CMS/Intersen method (using the second set of baseline systems) gives better results than the CMS/sen
and CMS/Inter-per methods. The FRF statistics (magnitude envelopes and mean) of the
CMS/per and CMS/Inter-sen methods are shown in Figure 4.21. The results demonstrate that
the proposed methods (CMS/per and CMS/Inter-sen) can predict the FRF statistics accurately.
4.5.3 Comparison with Experiments
Impact hammer tests were conducted on a beam with the parameters given earlier and for 36
different positions of the mass. The cantilever beam with the attachment used in the experiment
is shown in Figure 4.22. Figure 4.23 compares the experimental results and the MCS results of
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(a)

(b)

Figure 4.19 Comparison FRF envelopes of the perturbation and Inter-per methods to the exact
method numerical results for the beam. (a): using the first set of baseline systems. (b): using
the second set of baseline systems.

the full, global modal analysis, which show good agreement. Since the results of the CMS/per
and the CMS/Inter-sen methods are very close as shown in Section 4.5.2, only the results of
CMS/per method are discussed in this section. Based on the experimental results and the
proposed method (CMS/per), Table 4.2 presents the mean and normalized standard deviation
of the first seven natural frequencies obtained from the 36 measurements as well as 1000
samples with two baseline systems. The added mass location was chosen randomly within
Region 2 for both the measurements and the simulation samples. It can be observed from the
table that the means of the calculated and measured natural frequencies are similar.

Table 4.2 Mean and normalized standard deviation for the first seven natural frequencies of
beam.
Mode
1
2
3
4
5
6
7

Simulation
10.07
57.05
156.28
339.01
550
807.57
1135.9

Mean (Hz)
Measurements Relative Error (%)
9.95
1.15
56.81
0.41
157.68
0.89
339.92
0.27
547.46
0.46
808.93
0.17
1177.10
1.89
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Normalized Standard Deviation (%)
Simulation
Measurements
0.4
1.12
2.23
2.19
2.36
2.73
2.73
2.37
3.7
3.59
2.32
2.95
2.81
4.08
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(a)

(b)

Figure 4.20 Comparison FRF envelopes of the sensitivity and Inter-sen methods to the exact
method numerical results for the beam. (a): Using the first set of baseline systems. (b): Using
the second set of baseline systems.

Figure 4.24 shows the envelopes and the mean, 25 percentile and 75 percentile of the magnitude
of the FRF for both the measurements and predictions. It can again be noted that the envelopes
of the measurements and predictions are similar, while some differences between the predicted
and measured results appear at higher frequencies. These differences can be attributed to
inaccuracies in the CMS/per predictions, unmodelled experimental factors (such as the moment
of inertia of the mass being ignored in the simulation, estimation error for Young’s modulus,
the effect of cables used in suspending the beam for experiments, measurement noise during
experiments, etc.) and the fact that only 36 samples were measured during the experiment.

4.6 Numerical Example of A Plate
A plate with different attachments is analysed in this section. The first case considers a point
mass as the attachment, while the second case considers a small plate having internal DOFs,
and four attachment points. This example will be used again in Section 7.4 for the Krylov
method, and a comparison of the CMS and Krylov methods is discussed in Chapter 8.
Compared to the beam example, the component with the attachment has a larger number of
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(a)

(b)

Figure 4.21 Comparison FRF envelopes and mean FRF of approximate methods to the exact
method numerical results for the beam. (a): FRF envelopes. (b): Mean FRF.

boundary DOFs, thus CC modes are used to decrease the computational cost further. The
methodology is shown in Figure 4.25.
4.6.1 Freely Suspended Plate with An Added Mass
This example considers the plate described in Section 2.3.2 with the mass of 0.156kg as the
attachment. The plate was freely suspended by two elastic cords during the experiments. An
impact hammer and a laser vibrometer were used to measure the input accelerance at point P
(0.4Lx, 0.83Ly). The loss factors were calculated from the FRFs using the circle fit method.
Two regions were considered as shown in Figure 4.26. In the experiment, an added mass of
0.156 kg was attached at 35 randomly selected locations within Region 2 (0.1 m×0.1 m). The
length and width of Region 2 are Lx2 and Ly2 respectively.
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Figure 4.22 Photograph of beam rig

4.6.2 Comparison of Numerical Predictions for The Plate
A 24  40 mesh and an 8  8 mesh of Kirchhoff elements [54] were used to construct the FE
models for Region 1 and Region 2, respectively, and solved in MATLAB. To allow for a
maximum frequency of interest of 300Hz, 44 and 1 fixed-interface modes were kept for Region
1 and Region 2 respectively. Additionally, the 96 interface DOFs were truncated to 13 CC
modes. FRFs were calculated using modal superposition, with only the first 28 modes being
retained. The position of the added mass in the x and y directions was assumed to obey
independent normal distributions, having mean values corresponding to the centre of Region 2
(0.5Lx2 and 0.5Ly2 respectively), and standard deviations of 0.167Lx2 and 0.167Ly2 respectively.
Note that the samples are truncated to ensure that the added mass always lies in Region 2. The
importance sampling technique was used to sample 2000 points in Region 2, and the CMS/per
method was applied to perform the MCS. For the CMS/per method, the perturbations were
calculated with respect to four baseline systems for which the added mass is located at p1
(0.25Lx2, 0.75Ly2), p2 (0.25Lx2, 0.25Ly2), p3 (0.75Lx2, 0.25Ly2) and p4 (0.75Lx2, 0.75Ly2)

Figure 4.23 FRF envelopes for the beam by the exact (black line) to the
measured results (red dash line).
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Figure 4.24 FRF statistics for the beam by the CMS/per method (red dash line)
to the measure results (black line). (a): FRFs envelopes; (b): 25 and 75
percentiles FRF.

respectively. For the CMS/Inter-sen method, four baseline systems are calculated when the
added mass is located at p1 (0.097Lx2, 0.903Ly2), p2 (0.097Lx2, 0.097Ly2), p3 (0.903Lx2,
0.097Ly2) and p4 (0.903Lx2, 0.903Ly2) respectively, which are selected based on the minimum
condition number.
CMS/per method
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Figure 4.25 Outline for the propagation of the location uncertainty with CC modes

To illustrate the case when the attachment is very far from the baseline position, where the
accuracy of the method is worst, the plate with the mass located at pa (0.99 Lx2, 0.99 Ly2), i.e.
very close to the boundary of Region 2, is analysed. Using the first set of four baseline systems,
Figure 4.27 shows the calculated FRF by CMS/per. However, it can be seen that the FRFs of a
global modal analysis (100 modes retained), the CMS method and the CMS/per method are
very similar, especially at lower frequencies. The error introduced at high frequencies is mainly
due to the perturbation, but also the boundary DOF reduction due to the introduction of the CC
modes. Despite these approximations, the results are in good agreement.
CMS/Inter-sen method

Figure 4.26 The plate divided into two regions. (a): The whole plate;
(b): Details of Region 2.
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Figure 4.27 FRFs for the plate with the added mass located at position (0.99Lx2,
0.99Ly2)

Similarly, a location pb (0.349 Lx2, 0.01 Ly2) is selected to show the performance of the Intersen method for a location very close to the boundary of Region 2. Figure 4.28 shows the
comparison of FRF by the exact analysis, the CMS and the CMS/Inter-sen methods. Note that
a good approximation of natural frequencies can be observed, while some errors at the
magnitude are large, especially at mode 6 (about 92Hz) and mode 12 (about 180Hz). This can
be attributed to the errors at the approximate mode shapes. First, Figure 4.29 shows the MAC
values of this case. It can be seen that the MAC values of mode 8 and 12 are very close to 1,
and the error at mode 4 and 5 is because they have nearly the equal natural frequencies. Then
Figure 4.30 further shows the comparison of mode shapes of mode 8 and 12 by the CMS/Intersen to the exact method. It can be seen that the results of the CMS and the CMS/Inter-sen
methods are very similar. Recall the equation for FRF calculation, written as

Figure 4.28 FRFs for the plate with the added mass located at position (0.349
Lx2, 0.01 Ly2)
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Figure 4.29 MAC values for the first 14 mode shapes of the plate with the
added mass located at position (0.349Lx2, 0.01Ly2)





H  s   cT Rf  cT Φdiag 1/  s 2  i  ji i  ΦT f .

(4.53)

Assuming input and output are in the same position, for the ith mode, FRF can be written as
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Note that in Eq.(4.54), the term Yi   cT Φ  determines the magnitude of the ith mode and
2

i

1/  s 2  i  ji i  determines the frequency of the ith mode. Note that Yi are determined by the

mode shape and output (input) location together, and the values of Yi for mode 1 to 18 when the
added mass is located at (0.349 Lx2, 0.01 Ly2) is shown in Figure 4.31. Based on the output
vector cT with output (input) location (0.4Lx, 0.83Ly), the values for mode 8 and mode 12 for
calculating Yi are

Y8,Inter-sen  0.0317, Y8,Exact  0.0013,
Y12,Inter-sen  0.2861, Y12,Exact  0.0953.

(4.55)

Although the absolute values obtained from the mode shape are close (this explains why the
MAC values are close to 1, and mode shapes are very similar), closing to zero and square
calculation lead to big difference in the magnitude.
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(a)

(b)

Figure 4.30 Comparison of mode shapes of the plate with the added mass
located at position (0.349Lx2, 0.01Ly2) for mode 8 (a) and mode 12 (b) by the
exact and CMS/Inter-sen methods.

By changing the input and output position from (0.4Lx, 0.83Ly) to (0.8Lx, 0.83Ly), a new FRF
when the added mass is located at (0.349 Lx2, 0.01 Ly2) is shown Figure 4.32. Note that the
magnitude of mode 8 and 12 can be predicted accurately in this case.

Figure 4.31 Values of the first 18 mode shapes for calculating FRF of the plate
with the added mass located at position (0.349Lx2, 0.01Ly2)
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Figure 4.32 FRFs for the plate with the added mass located at position
(0.349Lx2, 0.01Ly2) after changing the input and output position to (0.8Lx,
0.83Ly)

Thus although the natural frequencies can be predicted accurately, depending on where input
and output are located, it has the influence to the prediction of the magnitude of FRF at certain
modes. However, it is observed later that this does not have the influence to the results of MCS.
Monte Carlo simulation

(a)

(b)

Figure 4.33 Comparison FRF envelopes and means of the perturbation and Inter-per methods
to the exact method numerical results for the plate. (a): FRF envelopes. (b): FRF mean.
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Figure 4.34 Photograph of plate rig

Figure 4.33 compares the results of MCS using full, global modal analysis to the CMS/per and
CMS/Inter-sen methods. The predictions of the CMS/per and CMS/Inter-sen methods agree
closely with those of the global modal analysis, except that differences in magnitude can be
seen at some frequencies. These differences in the magnitude can be attributed to: (1) the
differences of eigenvectors and eigenvalues between the exact method and CMS/per and
CMS/Inter-per methods; (2) the CMS/per method can occasionally predict coincident natural
frequencies using a linear perturbation, (e.g. around 250Hz), and consequently the response is
overestimated. Overall these discrepancies are caused by the approximation in the CMS/per
and CMS/Inter-sen methods and can be improved by various methods, including using more
baseline systems.

4.6.3 Comparison with Experiments
Impact hammer tests were carried out on a plate with parameters given earlier. Figure 4.34
shows the plate used in the experiments. Figure 4.35 shows the comparison of FRF envelopes
between experimental results and exact MCS results. Despite some errors at lower and higher
frequencies, the envelopes agree well. Based on the experimental results and the proposed
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Figure 4.35 FRF envelopes for the plate with added point mass. Black:
Measured results; Dash red: Exact results.

method, Table 4.3 presents the means and normalized standard deviations of the first nine
natural frequencies obtained from 35 sets of measurements and an MCS with 2000 samples
using the proposed CMS/Inter-sen method. The added mass was chosen randomly within the
Region 2 for both the measurements and the simulation samples. Only the second natural
frequency has a slightly larger error, while the other natural frequencies obtained from the two
methods have similar statistics.
The envelopes, 25 and 75 percentiles and the means of the magnitude of the FRF are presented
in Figure 4.36. Generally, the measured envelopes follow the simulated envelopes. Some
differences at low frequencies (< 30Hz) exist: these are caused by various factors including
noise and non-ideal boundary conditions, since the plate is not ideally freely suspended in the
experiments, the fact that the frequency resolution is comparable to the damping bandwidth at
such low frequencies (giving consequent leakage effects) and the approximations involved in
the CMS/Inter-sen method. The differences in magnitude observed for some modes can be
attributed to the reasons given earlier in Section 4.6.2, and inaccuracy in the estimated loss
factors. However, the general similarity of the FRF envelopes by prediction and measurement
Table 4.3 Mean and normalized standard deviation for the first nine natural frequencies
of the plate.
Mode
1
2
3
4
5
6
7
8
9

Simulation
31.69
33.22
75.32
86.82
92.7
114.07
136.34
166.47
177.23

Mean(Hz)
Measurements Relative Error (%)
30.88
2.56
34.79
4.73
74.78
0.72
88.74
2.21
95.50
3.02
113.56
0.45
134.21
1.56
163.97
1.50
179.30
1.17
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Normalized Standard Deviation (%)
Simulation
Measurements
0.89
1.28
0.54
0.96
0.33
0.42
1.26
1.3
0.58
1.5
1.43
2.72
0.48
1.6
0.49
0.49
0.87
1.06
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(a)

(b)

(c)

Figure 4.36 FRF statistics for the plate with the point mass: (a) FRFs envelopes;
(b) 25 and 75 percentiles FRF magnitude and (c) mean FRFs.

indicates that the proposed method is able to accurately predict the variations in the response
in the presence of uncertain locations of the attachment.
4.6.4 Freely Suspended Plate with An Attached Plate Coupled at Four Points
The third example is intended to demonstrate the application of the method to a more complex
attachment with internal DOFs, attached to the main structure at a number of points. The main
structure comprises the steel plate in Section 4.5.1, while the attachment is a small plate having
four attachment points. The physical properties of the attachment are assumed to be the same
as those of the steel plate, and the width and length of the attachment are 0.06 m and 0.05 m
respectively. A 6×5 FE mesh was used to model the attachment. Similarly, a 24  40 mesh and
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Figure 4.37 A small plate with four nodes
attached at Region 2

an 8  8 mesh of Kirchhoff plate elements were used to model Region 1 and Region 2
respectively as shown in Figure 4.26 (a). Figure 4.37 A small plate with four nodes attached at
Region 2 shows Region 2 with the small plate located in the centre is shown in Figure 4.37.
The FE model of the attachment thus has 126 DOFs, 12 of which are attached through MPCs
to the main structure.
Again, the importance sampling technique was used to sample 2000 points in Region 2. The
CMC/Inter-sen were applied with respect to four baseline systems for which the centre of the
small plate is located at p1 (0.54Lx2, 0.86Ly2), p2 (0.54Lx2, 0.54Ly2), p3 (0.86Lx2, 0.54Ly2) and
p4 (0.86Lx2, 0.86Ly2). Figure 4.38 shows the comparison of the FRF statistics predicted by full

CMS method and the proposed CMS/Inter-sen method. The results show good agreement.

4.7 Computational Cost
The computational efficiency of the proposed method is investigated in this section. The exact
modal solution computed by solving the full eigenvalue problem and the classical CMS method
(CB method) are considered as references for evaluating the efficiency of the proposed
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(a)

(b)

(c)

Figure 4.38 FRF statistics for the plate with an attached small plate: (Up)
envelopes; (Middle) 25 and 75 percentiles and (Down) mean FRF magnitude.

methods. The time to evaluate the solution depends on the specific CPU and operating system
used, as well as the coding of the algorithm.
Table 4.4 shows the number of DOFs for each mesh used along with the corresponding
numbers for CMS, the CMS/per and CMS/Inter-sen methods. The computational cost of MCS
per sample is presented in Figure 4.39. It can be seen that the computational cost increases as
the number of DOFs increases for any method. Also, it is clear that the cost of CMS methods
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Figure 4.39 Computational cost of MCS per sample.

is much lower than that of the repeated direct eigensolution of the full system, with the
CMS/Inter-sen method having a better performance than the CMS and CMS/per methods.
To demonstrate the performance of the proposed method in more detail, the computational cost
for 2000 samples is expressed in relative units with respect to the total cost of the
corsresponding full modal analysis in Table 4.5. While the computational cost of coupling the
substructures and calculating the FRF for the three CMS methods are very similar for each
mesh, the cost of repeated calculation is reduced significantly by the CMS/per and CMS/Intersen methods, and the CMS/Inter-sen method has better performance than the CMS/per method
for the mesh having more DOFs.
In summary, if only one baseline system is used, CMS/per method is more efficient than the
normal CMS method. When more than one baseline system are used, the CMS/Inter-sen
method is the most efficient method among these methods.

4.8 Summary
This section discussed the effect of an attachment at an uncertain location on the vibrational
response of a structure and presented an efficient method to estimate the natural frequencies
and the FRF statistics using modal approaches. The method is based on a model reduction
method comprising Craig-Bampton CMS, with CC modes used to improve the calculation
Table 4.4 Numbers of DOFs for the exact solution, CMS and CMS/perturbation in four different meshes.

Physical DOFs
CMS DOFs
CMS/per DOFs
CMS/Inter-sen DOFs

Mesh 1

Mesh 2

Mesh 3

Mesh 4

819 (12×20)
28
28
28

1599 (12×40)
28
28
28

3075 (24×40)
28
28
28

6150 (24×80)
28
28
28
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efficiency, and hence reduce the cost of repeated calculation. The mass and stiffness matrices
of the main structure and the attachment are assembled using MPCs to avoid the need to remesh the system for every possible location of the attachment. The resulting model is solved
to find the natural frequencies and structural response. One or more baseline systems, for which
the attachment is at a given position, are analysed using this approach. The number of the
baseline systems chosen for analysis of the reduced model depends on the maximum frequency
of interest, the mass and stiffness matrices of the attachment and the size of the region to which
it may be attached. Several approximate methods are introduced to combine with the CMS
method to estimate the changes to the response caused by changes in the position at which the
attachment is connected to the main structure. The CMS/per and CMS/Inter-sen combine the
model reduction of CMS with perturbation analysis and sensitivity respectively, which can
efficiently and accurately solve the eigenvalue problem in an MCS using the reduced model
analysis of a few baseline systems. The approximations in the proposed methods become less
accurate as frequency increases, particularly so when the structure has closely spaced modes.
For the CMS/per method, the simple linear perturbation used here implies that two modes can
have coincident natural frequencies, which does not happen in practice. Note that while
CMS/per gives piecewise results, CMS/Inter-sen method combines all the information
obtained from different baseline systems, and have better performance for the computational
cost. While the proposed methods can be applied to any problem requiring multiple re-analysis,
here the emphasis was placed on probabilistic approaches, with the natural frequency and FRF
statistics being estimated through MCS involving the reduced model analysis of a few baseline
systems.
Table 4.5 Computation cost for calculating FRFs of 2000 samples by CMS and CMS/per for Meshes 1 to
4 relative to the computational cost of solving the full order structure.
Mesh
Mesh 1

Mesh 2

Mesh 3

Mesh 4

Methods

CMS components (%)

Repeated solution (%)

FRF calculation (%)

CMS

0.47

4.85

11.14

CMS/per

0.47

0.27

12.87

CMS/Inter-sen

0.47

0.32

8.56

CMS

0.25

2.17

2.38

CMS/per

0.25

0.12

2.88

CMS/Inter-sen

0.21

0.11

1.93

CMS

0.37

1.04

0.94

CMS/per

0.37

0.13

1.01

CMS/Inter-sen

0.34

0.06

0.66

CMS

1.33

1.80

0.66

CMS/per

1.33

0.45

0.60

CMS/Inter-sen

1.02

0.19

0.61

103

Chapter 4
The proposed methods were verified numerically and validated experimentally on the example
structures of a beam and a plate with a point mass attached at random locations. It was seen
that the added mass generally introduces a larger variation in the FRF at higher frequencies,
and the effect depends on the location of the added mass. The predicted natural frequencies
and their FRF statistics using the proposed method are similar to the results of the full modal
analyses and experimental measurements, especially at lower frequencies. The third example
comprises a small plate with four attachment points as the attachment. The predicted FRF
envelops between the proposed method and the normal CMS-MPC method are very similar. It
shows that the proposed method is able to analyse attachment with greater DOFs and multiple
attached points.
The computational performance was compared with direct MCS and classical CMS for the case
of a freely suspended plate. The results show that the proposed methods can reduce the
computational cost of repeated calculation significantly.
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Chapter 5
Review of Krylov-based Model Order Reduction Techniques
In recent decades, attempts have been made to adapt model reduction methods originally used
in control engineering, to mechanical structures [101], such as Krylov subspace methods and
the balanced truncation method. Compared with CMS variant methods, the trial vectors in
Krylov subspace approaches are based on mathematical considerations, and have no physical
meaning. Therefore, Krylov subspace based MOR methods are referred as non-modal based
MOR methods within this thesis.
The key idea of Krylov-based model reduction methods is moment matching, in which some
moments of the response of the original, high-order model are approximated by the moments
of a lower-order model. This can be achieved by iteratively constructing projection matrices
that span certain Krylov subspaces. Classical Arnoldi or Lanczos algorithms and a modified
Gram-Schmidt orthogonalization are often used in the Krylov subspace method [7]. The
beginning of this chapter introduces the notion of moment matching of a dynamic system and
its connection to model reduction. Then direct and implicit moment methods for a single
interpolation frequency are described in Section 5.2 and 5.3 respectively. Finally, the Rational
Krylov method using multiple interpolation frequencies is explored.
In this chapter, deterministic Krylov-based MOR methods are reviewed. In Chapter 6, pMOR
is described to consider the system having uncertain parameters. The two-sided Arnoldi
method, which is reviewed in Section 5.3.2, will be combined with pMOR to perform MOR
for the structure with an attachment at uncertain locations.

5.1 System Representation and Moment Matching
To illustrate the model order reduction method, a linear, time-invariant, single input and single
output, state space system can be written as
 Eu  t   Au  t   fb  t 
,
 w t  cT u t

  

(5.1)

where E, A   N  N and f   N 1 , and it is assumed that E, A are large, sparse and nonsingular matrices. This system is referred as the first-order system in the following sections.
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The primary aim of MOR methods is to find a reduced-order approximation of the Eq.(5.1) in
the form of

   t   fb  t 
   t   Au
Eu
,
w t  c T u t

  

(5.2)

 Nn and n  N . Also, the behaviour of the original model can be approximated
, A
where E
in certain aspects. As opposed to the balanced truncation-based MOR methods, which rely on
a minimal realisation of the state space model, Krylov-based MOR methods are based on
moment matching, where some of the coefficients of a power series expansion of the original
transfer function are matched.
After performing Laplace transformation, the transfer function H(s) of the original model can
be defined as:

H  s   cT  sE  A  f .
1

(5.3)

where s is the Laplace transform operator.
Hence, given an expansion point in the complex plane    , the transfer function can be
expanded as

H  s   cT  E  A    s  E  f
1



 cT I    s  E  A  E


1



  cT  E  A  E
i 1


  m

i 1

1

  s 

i 1



i 1



1

 E  A 

 E  A 

1

1

f

f   s 

i 1

(5.4)

,

i 1


where m

i 1



 cT  E  A  E
1



i 1

 E  A 

1

f , and it is assumed that the sum converges.

These coefficients m(i-1) are the so-called moments [5] at the point . Similarly, the moments
for the reduced model in Eq.(5.2) can be calculated as m i 1 . Therefore, the aim of the MOR
method becomes matching the first l moments of the original model and the reduced model, so
that
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m

i 1

i 1
 m   , i  1,  , l and l  N .

(5.5)

Depending on the location of the expansion points, moment matching can be analysed in
several cases. In the case of   0 , the series expansion can be written as
H  s   cT A 1f  cT A 1Efs    cT  A 1E  fs i   ,
i

where A is assumed as a non-singular matrix. It yields the moments m i 1  cT  A 1E 

(5.6)
i 1

A 1f

, and the moments can be matched up to 2n, where n is the order of the reduced model. As the
moments at   0 are matched, a reasonable approximation to the steady-state response of the
original system can be achieved. This is called the Pade approximation and will be described
further in Section 5.2.1.
The expansion point can also be placed at    , leading to
H  s   cT E 1fs 1  cT  E 1 A  E 1fs 2    cT  E 1 A  E 1fs  i   ,
i

(5.7)

and the coefficients of the series m i 1  cT  E 1 A  E 1f are called Markov parameters. The
i 1

method of matching the moments at infinity is called Partial Realization [102].
Generally, for the expansion point,   0 and  , the transfer function can be written as


H  s    mi 1   s  ,
i 1

(5.8)

i 1

 i 1

where m



 cT  E  A  E
1



i 1

 E  A 

1

f , and the moments at the selected expansion

point can be matched.
In summary, the expansion point and matched moments can be constructed as shown in Table
5.1.
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Table 5.1 Expansions and the matched moments

Location of the
expansion point
  0 and 
Shifted Pade
 0
Pade

Power series expansion

 
Partial realization



 m     s 
i 1

i 1

ith moment

m

i 1



 cT  E  A  E

i 1



 m

m

i 1 i 1

s

i 1

1



m

i 1  i

s

i 1

 cT  A 1E 

i 1

 m



i 1

 c T  E 1 A 

 E  A 

i 1

i 1

1

f

A 1f

E 1f

i 1

Note that the Pade approximation is a direct moment matching method, and only a small
number of moments can be matched. Through the increase of the number of matched moments,
the obtained matrix is at risk of becoming ill-conditioned, and the process tends to become
numerically unstable. Therefore, some implicit moment matching methods have been
developed based on Krylov methods which will be presented in Section 5.3.
Typically, one may be interested to match the moments at multiple points 1 ,  2 ,,  k  , such
that a broad range of frequency for the original system can be covered. This is called the rational
interpolation method, and details will be described in Chapter 5.4.

5.2 Direct Moment Matching
Some straightforward methods can be used to construct the reduced model by explicitly
calculating the moments. This can be achieved by finding a rational approximation of the
transfer function, in which the dominant poles of the system are captured. Generally, there are
two kinds of direct moment matching methods: asymptotic waveform evaluation (AWE) [48]
and complex frequency hopping (CFH) [103]. AWE is based on a single Pade expansion, while
multiple expansion points are considered in CFH. However, both methods are based on Pade
approximation.

5.2.1 Pade Approximation
Pade approximation provides a general approach to approximate a transfer function H(s) by a
rational function. The basic idea is to match the power series of the rational function with a
transfer function having fewer terms in the power series. It requires that H(s) and its derivatives
are continuous at s=0.
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A rational function can be written as a quotient of two polynomials Pn1  s  and Qn  s  of degree

n-1 and n respectively, so that
P s
H  s   n 1
,
Qn  s 

(5.9)

Pn1  s   p0  p1s  p2 s2   pn1sn1,

(5.10)

Qn  s   1 q1s  q2s2 qn sn .

(5.11)

where

Note that q0  1 in Qn(s), but it is not a special case, because both Pn-1(s) and Qn(s) can be
divided by the same constant without changing H  s 
Based on Eq.(5.4), the transfer function for an arbitrary expansion point  can be written as

H  s   m0  m1   s   m2   s     mk   s   .
2

k

(5.12)

The approximate transfer function can be expressed as

P s
 H s,
H  s   n 1
Qn  s 

(5.13)

where H(s) and H  s  are equal at = 0, as are their derivatives at  = 0 up to degree 2n-1.
Eq.(5.13) can be rewritten as


Pn1  s   H  s  Qn  s   Qn  s   e j s j .

(5.14)

j 2 n

where ej are the errors between the original function and the approximate rational function.
Since the first 2n-1 moments are matched, the errors starts from the 2nth term.
Then we have [104]
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m 0   p0
m1  m 0  q1  p1
m 2   m1 q1  m 0   p2


(5.15)



m n 1  m n  2 q1  m n 3q2    m 0 qn 1  pn 1 ,
m n   m n 1 q1  m n  2 q2    m 0  qn  0
m n 1  m n  q1  mN q2    m1 qn  0




(5.16)

m 2 n 1  m 2 n  2 q1  m 2 n 3 q2    m n 1 qn  0.

Firstly q1 , q2 ,, qn can be obtained by solving Eq.(5.16), which can be rewritten as
 m 0 
 1
m


 m n 1


m1
m 2 
m

n

 mn 
m n 1   qn 

  n 1 

 m n    qn 1 
m

,
 

  
 





 2 n 1 
 2 n 1  q



1
m
 m





(5.17)

where the coefficient matrix is called the Hankel matrix. Then the solutions of Eq.(5.17) are
substituted into Eq.(5.15) to obtain p0 , p1 ,, pn1 . Then the approximate transfer function
H  s  which matches the first 2n-1 moments of the original transfer function H(s) at the point

  0 is obtained.
5.2.2 Asymptotic Waveform Evaluation
Based on the Pade approximation method, the asymptotic waveform evaluation (AWE) method
was developed. It is a generalized technique to obtain a rational function. Eq.(5.9) can be
rewritten as
P s
k
k
k
 1  2   n ,
H  s   n 1
Qn  s  s  a1 s  a2
s  an

(5.18)

where a1 , a2 ,, ar are the roots of Qn  s   0 . Then the residues k1 , k2 ,, kM can be calculated
by
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 a11
 2
 a1

 M
 a1

a 21
a22
a2 M

0
a n1   k1    m 

  
a n2   k2    m 1 

,
     


  
 a n M   kn    m  n 1 






(5.19)

As the accuracy deteriorates as the frequency moves away from the expansion point, and the
matrices in Eqs.(5.17) and (5.19) become more ill-conditioned as the size increases, only low
orders of the transfer function are approximated. Generally only six to eight poles of the transfer
function can be approximated accurately, and no error bounds are provided by this method
[105].
The results of AWE can be improved by using CFH, in which is involved not only the original
expansion point, but also some other points on or near the imaginary axis. Details about this
method can be found in [103, 106]. However, this method is computational demanding, as a
large number of expansion points are generally required to approximate the transfer function
over a broad range of frequency. Fortunately, the disadvantages of explicit moment matching
methods can be remedied by using the Krylov subspace methods, which are also called implicit
moment matching methods. These methods will be discussed in the next section.

5.3 Implicit Moment Matching Methods
The numerical instability of direct moment matching methods prompted the development of
another class of MOR techniques known as implicit moment matching methods (Krylov
subspace methods). This section shows the connection between Krylov subspaces and moment
matching. Additionally, classical Arnoldi and Lanczos algorithms are also described.


Giving a starting matrix Af and a starting vector v , the q-th Krylov subspace is defined as



 

  
q Af , v  span v, Af v,, Af





 

q 1




v ,

(5.20)

  

where vectors v, Af v, are called the basis vectors, and [5]

1
1

A f   E  A  E and v   E  A  f .

(5.21)

This is called the right Krylov subspace. Note that any vector in the Krylov subspace in
Eq.(5.20) is a linear combination of the previous vectors [107].
112

Chapter 5
Similarly, a left Krylov subspace



 

  
q Ac , w  span w, Ac w,, Ac





 

q 1




w .

(5.22)



T

T

can be generated by A c and c , where Ac   E  A ET , w   E  A c , and
j  1, 2,  , n  1 . Thus the information of moments is contained in the left and right subspaces.

Two projection matrices V , W   N q can be obtained from the Krylov subspaces, where
 
V is a basis of q A f , v ,
 
W is a basis of q A c , w .









(5.23)

The method of obtaining projection matrices V and W will be described in Sections 5.3.1,
5.3.2 and 5.3.3.
Assuming a projection

u  Vu   , V  Nq , u  N , u  q ,

(5.24)

is substituted into Eq.(5.1). Pre-multiplying by the matrix W   N q , the frequency domain
reduced system of order q can be written as

   s   fb  s 
   s   Au
sEu
,
 w s  cT u s
 
 


(5.25)

where E  W T EV , A  W T AV , f  W T f and c T  cT V .
For an arbitrary expansion point, based on Eq.(5.8), the first moment can be written as



m  0   c T  E  A



1

f.

(5.26)

Recall that  k E  A  f is a vector in the subspace in Eq.(5.20), and can be written as a
1

linear combination of the columns in V, which is

 k E  A 

1

f  Vr0 ,

(5.27)

where r0 is the vector for combining the vectors in V for the first moment. Thus Eq.(5.26) can
be rewritten as
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0

 A
m    c T  E



1

f


 W  E  A  Vr
   E
 r
 A
 A
 c V  E
1


 A
 cT V  E

T

0

1

T

(5.28)

0

 cT Vr0
 cT  k E  A  f
1

 m  .
0

For the second moment in the approximate transfer function, we have
m 1  c T

 E  A  E   E  A 
1

1

f.

(5.29)

Similarly, the vector  E  A  E  E  A  f is firstly written as a linear combination of
1

1

the vectors in V, namely

 E  A 

1

E  E  A  f  Vr1.
1

(5.30)

Then, Eq.(5.29) can be rewritten as



 E  E  A  f
 E
 W
 A
  E
 A
 c V  E
   E
 r
 A
 A
 c V  E


 A
m 1  c T  E

1

1

1

T

1

T

 E  A  E1  E  A  Vr1

1

T

(5.31)

1

 cT Vr1
 m  .
1

By repeating this process, we are able to prove that the first q moments match, and the qth
moment can be written as




 A
m  q 1  c T  E



1

 cT Vrq 1


E



q 1

 E  A 

1

f
(5.32)

 m q 1 .
The (q+1)th moment can be written as
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  E  A  f

 E
 A
  E
 c   E
    A  E 

q
m    c T

 E  A  E

q

1

1

1

T

1

q 1

 E  A 

1

(5.33)
f.

Based on Eq.(5.32), we have

 E  A 

1


E



q 1

 E  A 

1

f  rq ,

(5.34)

and we know that rq-1 can be represented as



rq 1  V 1  E  A  E
1



q 1

 E  A 

1

(5.35)

f

and

 E  A 

1

c  Wl 0 ,

(5.36)

where l0 is the vector for combining the vectors in V for the zeroth moment. Thus, Eq.(5.33)
can be rewritten as

  E  A  f
 
 E
 A
 V   E  A  E 
 l W  E  A  V   E




q

 A
m    c T  E
T
1



1

 V 1  E  A 1 E
E
1

T



 cT  E  A  E
1

  E  A 
q

1

1

q 1

1

1

q 1

 E  A 

1

f

(5.37)

f

 m  .
q

In the same way, the matching of the first 2q can be proved by repeating this process.

 
 
However, directly using vectors A f v and Ac w as the vectors in the projection matrices are
unsuitable. As the number of the basis vectors increases, these vectors in the Krylov sequence
tend to becomes very close, or even identical. Therefore more suitable basis vectors, called
well-conditioned bases, which span the same desired Krylov spaces are required. Thus, Arnoldi
or Lanczos algorithms are often used to obtain projection matrices from the Krylov subspaces.
The method of using one (V or W) or two (V and W) projection matrices is called the onesided or two-sided method respectively.
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5.3.1 One-sided Arnoldi Method
The Arnoldi method is an orthogonal projection method designed for general non-Hermitian
matrices and is the most often used one-sided method for the calculation of the projection
matrix.
Considering the linear system A  u  f , A    E  A , a subspace can be written as

q  A , v 0   span  v 0 , A v 0 , , Aq 1 v 0  ,

(5.38)

where v0 = f − Au0 is the residual vector and u0 is an initial guess vector, which may be the
zero vector. To obtain an approximate solution u q , q constraints are given by imposing the
Galerkin condition
f  A u q  q ,

(5.39)

on the residual where u q is the residual corresponding to the qth approximation.
Starting from the first vector v1  v0 / v0

2

, the orthogonal vector form q can be written such

that
v q 1  A  v j    v Tq A  v i v i ,
q

(5.40)

i 1

in which the Gram-Schmidt orthogonalization is applied. In practical implementation, the
classical Gram-Schmidt orthogonalization can be numerically unstable. The orthogonality is
lost after several iterations due to the rounding errors. Therefore, the modified Gram-Schmidt
orthogonalization method is always used to avoid this problem [108].
Then we have
A Vq  Vq H q  rq eTq ,

(5.41)

where Vq   v1 v2 vq  , H q  VqT A s0 Vq , and H q is an upper Hessenberg matrix. Note that
the obtained matrix Vq satisfies the orthogonalizing condition VqT Vq  I .
Generally, the initial vector is assumed as zero, so we can obtain the approximate solution as
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uq  Vqu .

(5.42)

Substituting the approximate solution Eq.(5.42) into Eq.(5.1), and pre-multiplying by V T
results in

sVqT EVqu  s   VqT AVqu  s   VqT fb  s 
.
w s  cT V u s
q  
  

(5.43)

Therefore, the reduced transfer function can be written as




 A
H  s   c T sE

 
where A

qq



1

f ,

(5.44)

  qq  VT EV , f  q1  VT f , c   q  V T c and u   q .
 VqT AVq , E
q
q
q
q

For a system with a large number of DOFs, additional strategies can be used to reduce the
computational cost, such as the restarted Arnoldi algorithm or truncated orthogonalization
[109]. The algorithm presented in this section is called the full orthogonalization method. On
the other hand, instead of using the subspace q in Eq.(5.39), the method of using Aq is the
so-called generalized minimum residual method (GMRES) [110], which seeks the minimal
residual of the solution.
5.3.2 Two-sided Arnoldi Method
To increase the accuracy of the Arnoldi algorithm, the two-sided Arnoldi method can be
adopted. As well as the subspace constructed in Eq.(5.38), a new basis



q  AT , w 0   span w 0 , AT w 0 , ,  AT 

q 1

w0



(5.45)

is constructed. Based on the same procedures as those described in Section 5.3.1, another
orthogonal matrix Wq can be obtained from the subspace in Eq.(5.45) that satisfies WqT Wq  I
. Now, two projection matrices V and W are obtained. To apply them to the transfer function
in Eq.(5.3), the transfer function can be rewritten as
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H  s   cT  s E  A  f
1

 cT  s E  A 

1

 sE  A  sE  A 

1

f.

(5.46)

Note that by considering the input and output separately, two reduced systems can be defined
as

 sE  A  u  f,
 sE  A  u  c,

(5.47)

  WT AV , f  WT f , c  VT c, E
  WT EV .
A
q
q
q
q
q
q

(5.48)

b

T

c

where

Then, the reduced transfer function by using the two-sided Arnoldi method can be described
as
H  s   u Tc WqT  sE  A  Vq u b




 A
 c T sE



1

f.

(5.49)

In practical application, the preconditioning technique [5] will be applied, and the starting
  
bases A , AT , v 0 and w 0 used in this section will be replaced by new values Af , Ac , v and

w as discussed at the beginning of this section.
5.3.3 The Lanczos Method
The Lanczos method can be considered as a simplified Arnoldi method for a particular case
when the matrix is symmetric. It was initially developed by Cornelius Lanczos [111] to solve
eigenvalue problems efficiently. The difference is that the obtained matrix H q in Eq.(5.41)
will become a symmetric tridiagonal matrix, thus only three vectors are kept in the iteration.
Lanczos has been connected with other methods to perform MOR, such as Pade via Lanczos
[112] and AWE via Lanczos [113] methods.
However, Lanczos method can also be applied to a nonsymmetric matrix. Instead of using
orthogonalization of the Krylov vectors, a pair of bi-orthogonal bases for the two subspaces
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q  A , v 0   span  v 0 , A v 0 , , Aq 1 v 0  ,

(5.50)

and



q  AT , w0   span w0 , AT w0 ,,  AT 

q 1



w0 ,

(5.51)

is constructed. The aim is to find two projection matrices Vq , Wq   N q based on these two
subspaces, which satisfy the bi-orthogonality condition
WqT Vq  I q

(5.52)

The vectors in Vq and Wq can be constructed via the recursions [114]

 q 1 v q 1  A s v q   q v q   q v q 1 ,
 q 1w q 1  A Ts w q   q w q   q w q 1 ,
0

(5.53)

0

where ,  and  are parameters chosen so that Eq.(5.52) is satisfied. After obtaining the
projection matrices W and V, they can be applied to the system equation to perform MOR.

5.4 Rational Interpolation
The expansion point is one of the important parameters in Krylov subspace methods. Generally,
the accuracy of Krylov methods with one expansion point decreases as the frequency moves
away from the expansion point. Some principles had been discussed and considered involving
imaginary and/or real, single and multiple expansion points are discussed in [5]: 1. An
imaginary expansion point only gives an excellent local approximation; 2. A purely real
expansion point leads to good approximation in a broad frequency around the interpolation
frequency; 3. Multiple expansion points with a combination of imaginary, real and complex
expansion points are generally better than a single expansion point. Therefore, rational Krylov
methods with multiple expansion points [5, 115-117] were developed. They can be used to
analyse a broad frequency range of interest.
The aim is to find the Krylov subspace for  1 ,  ,  o i.e. with o different interpolation
frequencies. For each expansion point  i , qi vectors are obtained for the corresponding
sbusapce. The Krylov subspace for building the matrix V can be written as
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qi A 1i E, A1i f  span A 1i f , A 1i EA 1i f , , A1i



qi 1



(5.54)

f ,

where Ai  i E  A .
Then, the input and output Krylov subspaces can be defined as a column space of













V :  A11 f  A11 E
A11 f | A12 f  A12 E
A12 f |  | A1o f  A1o E
A1o f 


  N ( q1  q2 qe ) ,
q1 1
q2 1
qo 1
W :  A1T c  A1T ET
A1T c | AT2 c  AT2 ET
AT2 c |  | ATo c  ATo ET
A soT c 


  N ( q1  q2 qe ) ,



q1 1



q2 1







qo 1



(5.55)
and commonly qi is taken to equal 1, that is
V :  A11 f | A12 f |  | A1o f    N o ,
W :  A1T c | AT2 c |  | ATo c    N o .

(5.56)

Note that in this case, the size of the projection matrix q equals to the number of expansion
frequency o.
More details about Krylov subspace methods with multiple expansion frequencies can be found
in [5]. Note that if two points are close to each other, the basis is at risk of being ill-conditioned.
Thus a different form
V :   A11 f A12 EA11 f  A1o E A11 f    N o ,
W :   A1T c AT2 ET A1T c  ATo ET  A1T c    N o ,

(5.57)

can be adopted [118]. In a practical implementation, we need to answer the questions how
many interpolation frequencies are needed and how to choose them. An early attempt was
developed by Grimme [5]. The work in [119] aims to find out optimal interpolation frequencies
by iteratively calculating the minimal of the transfer function norm. Instead of requiring extra
modal information to decide better expansion frequencies, this method enables good
approximations to be achieved based on randomly selected expansion frequencies. It is also
possible to use the greedy sampling method [120] or an adaptive approach [121] to select
expansion frequencies. Some efforts have been devoted to place interpolations along the
frequency range in a uniform or random way. Although some research has been reported in the
literature, it is still an ad hoc problem, where different choice of expansion frequencies are
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suitable for specific systems. In this work, the expansion frequencies are linearly chosen based
on the frequency range of interest, the number and value of the expansion frequencies are also
related to the number of modes in the frequency range and the pMOR method used is presented
in Chapter 6.

5.5 Summary
In this chapter, Krylov-based model order reduction methods for large-scale linear dynamic
systems have been described. Different methods for constructing the projection matrices were
demonstrated. The rational Krylov method described in Section 5.4 will be applied in the
following chapters to perform model order reduction [5].
Note that the methods described in this chapter work for deterministic systems, and new
projection matrices are required each time a parameter of the system is modified. This can be
very inefficient especially for the cases where many different parameter values are considered
for example in MCS. To improve the efficiency, pMOR will be described in the Chapter 6.
The two-sided Arnoldi method described in Section 5.3.2 combined with the rational Krylov
method described in Section 5.4 will be used in the pMOR described in the following chapter,
and further applied to a structure with an attachment at an uncertain location in Chapter 7.
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Chapter 6
Theories of Parametric Model Order Reduction
After the application of the MOR methods, there may be a requirement to analyse a structure
with uncertain and/or variable parameters. With general Krylov subspace methods, when the
physical properties of the structure change, the previous projection matrices W and V are no
longer valid, because their calculation is based on the properties of the structure. Therefore, the
reduction procedure needs to be performed repeatedly when different parameter values are
required for optimization or parameter sweeping. To solve the problem of repetition, methods
that can preserve the effects of parameters have been developed, these are called the pMOR
methods. The aim of pMOR is to generate a cheap and accurate model, in which different sets
of parameters of the system are characterized. A survey of pMOR for large-scale dynamical
system can be found in [122].
Generally, two strategies can be used to obtain the projection matrices: global bases methods
using a single pair of fixed global basis matrices [58, 123] and local bases methods
interpolating multiple local matrices each consider different parameters [59, 60].
In this chapter, the following section describe the model of a linear parametric dynamic system.
Section 6.2 describes the two-side Arnoldi ration Krylov subspace method for MOR. In Section
6.3 the global bases and the local bases method are described, separately.

6.1 Linear Parameterized Dynamic System
Consider a single input, single output, linear dynamic system parameterised with a parameter
p, written in state space form as
 E  p  q  t   A  p  q  t   fb  t 
,
 w x  cT q t

  

(6.1)

where E and A   N  N are the system matrices. It is assumed that the system has a large
number of DOFs and the input and output vectors are constant. The aim is to replace this
original large-scale model with a reduced model as
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  p  u  t   fb  t 
  p  u  t   A
E
,
 w t  c T u t

  

(6.2)

   nn , and f , c   n1 are much smaller, and the reduced output
, A
where the dimensions of E

w  t  can approximate w t  accurately.
The approximation in Eq.(6.2) with a specific parameter value can be obtained through
different methods, such as the reduced basis method [124], proper orthogonal decomposition
[125] and balanced truncation [126]. This work focuses on the rational Krylov method.

6.2 Basis Computation Based on Projection
To solve the parameterized system, first consider a general rational Krylov method for a system
with a specific parameter value p e , written as
 E  pe  u  t   A  pe  u  t   f b  t 
.
 w x  cT u t

  

(6.3)

The transfer function in the Laplace domain can be defined as:
H  s   cT  sE  pe   A  pe   f .
1

(6.4)

Here the two-side Arnoldi approach described in Section 5.3.2 combined with the rational
Krylov method described in Section 5.4 is adopted, which builds a pair of orthogonal matrices
V and W though the subspaces [118]











Vo is a basis of o A1k E, A11 f  span A11 f, A 12 EA 11 f, , , A 1o E  A 11 f, ,
(6.5)
Wo is a basis of o A Tk ET , A 1T c  span A1T c, AT2 ET A 1T c, , ATo ET  A1T c ,





where A k  A   k E ,  k , k  1,  , o are the interpolation frequencies, k is the index of the
Krylov sequence with o  N , and each basis is orthonormal, so that

VoT Vo  I, WoT Wo  I.

(6.6)

The expansion frequencies  k , k  1,  , o are predetermined and fixed, and the number of
matched moments for each expansion frequency is determined as well. The reduced FRF can
be written as
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 A
H  s   cT sE



1

f,

(6.7)

  WT AV , E
  WT EV , c  cV , f  WT f .
where A
o
o
o
o
o
o
Compared to other methods, the two-side Arnoldi rational Krylov method is easier to
implement and numerically stable [127], thus it will be used as the basis in the following pMOR
method.

6.3 Generation of Parameterized Reduced Model
Several approaches for pMOR are discussed in this section. Generally, they can be
distinguished as global basis and local basis approaches. The following review focus on the
global basis approaches as they include the method of interest in this thesis.
6.3.1 Global Basis Approaches
A common basis is to construct a pair of constant matrices V and W, in which the information
regarding the entire parameter space is embedded. This global basis can be used to yield a
reduced order model for an arbitrary value of the parameter, which is suitable for the system
having few parameters but repeated calculations are needed.
A common approach to constructing the global basis matrices is to concatenate the local basis
matrices. Suppose we have a set of parameter values pe , e  1,E , the corresponding local
basis matrices V1 VE and W1 WE can be calculated through the method described
method in Section 6.2. A common way to obtain the global matrices is to concatenate the local
basis matrices [128], written as
V   V1 V2  VE  ,
W   W1 W2  WE  .

(6.8)

However, directly combining these matrices together has a strong possibility to lead to rankdeficient global basis matrices. Thus a singular value decomposition (SVD) always follows the
concatenation step to construct orthonormal columns.
After obtaining V and W, the reduced matrices and vectors of the parametric system can be
written as

124

Chapter 6

  p   WT A  p  V, E
  p   WT E  p  V , c  cV, f  WT f .
A

(6.9)

Note the computational cost of this procedure depends on the original dimension N of the
matrix and the column order of V and W. Generally, the matrix multiplications need to be
performed for each new parameter value p, in which pre- and post-multiplication by WT and V
is solved. In a particular case, the parametric matrix can be approximated as a combination of
nonparametric matrices, for example
M

A  p   A 0   f i  p A i ,

(6.10)

i 1

where fi are scalar functions with parametric dependence and A i are nonparametric matrices.
The reduced matrix can be written as
M

  p   WT A V 
A
 f i  p W T A i V.
0

(6.11)

i 1

As long as the basis matrices V and W are known, the reduced matrices can be pre-calculated.
Hence, the reduced matrices for an arbitrary parameter p can be constructed without referring
back to the original matrices, so that the computational cost can be reduced. Generally, for the
cases that the matrices cannot be decomposed into nonparametric matrices, an approximation
strategy is typically introduced to avoid evaluating different parameters repeatedly. In [129],
the Taylor series expansion was applied to decompose the system matrices with geometry
variations. The discrete empirical interpolation method [130] was used to approximate a nonaffine parameterized function by interpolation among some samples.
On the other hand, as the procedure of constructing reduced matrices also depends on the
column order of V and W, the efficiency can be further improved by decreasing the order of V
and W as much as possible. Recall the SVD process followed after matrix concatenation, taking
V as an example, it can be written as
V  USR T ,

(6.12)

where U, R are unitary matrices, and S is a diagonal matrix with non-negative real numbers on
the diagonal in decreasing order. The importance of the vectors in the matrix U can be measured
by the values on the diagonal of S [131]. Thus the columns of U can be truncated to obtain a
compact subspace. The truncation is a balance between accuracy and the size of the reduced
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model order. Without influencing the essential information, only columns that correspond to
the larger values of S will be retained. Another advantage of this strategy is that the size of the
reduced model will not increase in proportional to the number of selected parameters and
expansion frequencies. Thus the accuracy of the reduced model can be improved by using more
parameters and expansion frequencies without influencing the size of the reduced model.
6.3.2 Local Basis Approaches
The second choice is to build some local reduced models, denoted by V1  WE and W1  WE
for each of the E values of the parameter p. The reduced model for a new parameter value can
be obtained by interpolating these local bases, reduced model matrices, or local transfer
functions, as described in more detail below.
Interpolation among local bases
As opposed to building constant global basis matrices V and W, the obtained local basis
matrices V1  WE and W1  WE can be interpolated to find local reduced bases for a new
parameter value. As interpolating local bases directly will lead to loss of some desired
properties, such as orthogonality, the interpolation is often performed on a tangent space to
manifold of these subspaces [59]. More details about Stiefel and Grassmann manifolds can be
found in [59] and [132].
Interpolation among reduced model matrices
An alternative option is to interpolate the reduced matrices of the reduced system model. Firstly
calculate the locally reduced matrices based on Ve and We , then two transformation matrices
Pe and Qe can be introduced to adjust the reduced matrices to a consistent set of coordinates.

 and E , the interpolated
For example, if the reduced matrices of A and E for local bases are A
e
e
 and E
 can be written as [133]
reduced matrices A
E

  p   g  p  PT A
 TQ ,
A
 e
e
e
e
e 1
E

  p    g  p  PT E
 TQ .
E
e
e
e
e

(6.13)

e 1

where g1 ,  g E are interpolation functions. Other similar approaches using the tangent space
can be found in [60, 132, 134].
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Note that these methods can take advantage of the system with affine parametric dependence
to avoid interpolation of the basis matrices themselves, only the state-space quantities are
interpolated.
Interpolation between the local transfer functions
Another choice for the local basis methods interpolates the transfer functions of the local
reduced models [135]. Firstly, it requires to calculate E transfer functions based on the local
basis matrices Ve and We , e  1, E . Then the interpolation of the local transfer function for
new value of the parameter can be written as
E

H  s, p    g e  p H e  s, p 
e 1

1

 A
 sE
  b 1 
1
1

  

  g1  p  c1T ,  , g E  p  c TE  
   .



sE E  A E  b E 


(6.14)

where g1 ,  g E are interpolation functions. More details about the discussion of local basis
method can be found in [123]

6.4 Summary
In this chapter, the pMOR method is described for performing MOR of the system having
parameters. Two commonly used strategies, global bases and local bases methods, are
introduced. The difference in these two methods is about how to process the obtained local
bases. While the global bases method concatenates the local bases, the local bases method
performs interpolations to the matrix or bases or transfer function interpolations are performed
in. The method of obtaining one local basis, two-side Arnoldi rational Krylov method, is also
described.
In the following chapter, the pMOR method using the global bases method described in Section
6.3.1 will combine with the two-side Arnoldi rational Krylov method described in Section 6.2
to apply to a mechanical dynamic system having an uncertain located attachment.
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Chapter 7
pMOR Method for Structures with An Uncertain Located
Attachment
The Krylov subspace methods and the pMOR method have been discussed in previous
chapters. Note that they are based on the linear first order systems, because MOR based on the
Krylov subspace method was originally developed for the reduction of first-order systems
(state-space). However, for the analysis of mechanical structures in engineering, the equations
of motion are often written as ordinary differential equations of second-order. Although we can
always transform these into a first-order set of equations (referred to as linearization), this
straightforward application for a second-order system could destroy the properties of the
matrices and the physical significance of the original system. Therefore, methods that can treat
second-order systems directly have been developed [54, 136, 137]. In this chapter, the response
of a dynamic structure having an uncertain located attachment is analyzed by a Krylov
subspace method without performing linearization of the systems. To consider the uncertainty
efficiently, the MPCs method described in Chapter 2 is used to assemble the FE models of the
main system and the attachment. Afterwards, pMOR is applied to model the system using fixed
global bases for different attachment locations and to reduce the model order. The projection
matrices are obtained by choosing a set of expansion frequencies and expansion parameters.
Based on the reduced order model, the influence of the uncertainty on the response of the
original structure can be analysed by probabilistic methods such as MCS or possibilistic
approaches such as interval analysis. Here the emphasis is placed on probabilistic approaches,
with the FRF statistics being estimated through MCS.
The beginning of this chapter describes the frequency response function of a parametric second
order system. Then the Krylov based MOR for a second-order system is described in Section
7.2. The pMOR method is applied to a dynamical mechanical system in Section 7.3. Section
7.4 presents the numerical examples. Section 7.5 concludes the proposed method.

7.1 Response of A System with An Attachment at An Uncertain Location
The equations of motion of a mechanical structure has been given in Section 2.1, and as
discussed in Section 4.2, the uncertain location of the attachment can be represented by the
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parameter p. Similarly, the MPC method discussed in Section 2.2 can be used to connect the
FE models of the main structure and the attachment. The FRF of a parametric structure with a
hysteretic damping can be rewritten as
H  s  p  cT  s 2 M  p   K  p 1  j   f .
1

(7.1)

The method proposed in this chapter is to approximate the original parametric model by a
reduced model by a pMOR method, Therefore Eq. (7.1) can be efficiently calculated many
times. The pMOR method used is based on the two-side Arnoldi rational Krylov method
discussed in Chapter 6, in which two global constant projection matrices, V , W   N  n ( n  N
  p nn , K
  p nn , c n1 and b n1 .
) are used, and yields reduced matrices and vectors, M

7.2 Krylov based MOR for A Second-order System
This section describes a pMOR method, which is based on the two-side Arnoldi rational Krylov
subspace method described in Section 6.2. Global bases are generated which allows different
values of the parameter to be considered. Although this method was developed for a dynamic
system represented by first-order differential equations, as presented in Chapter 5 and Chapter
6, its extension to second-order differential equations for systems having mass, spring and
proportional damping is straightforward [137].
7.2.1 Second-order System with One Expansion Frequency
The Krylov-based MOR method was originally developed for the first-order system. However,
the second-order system is quite common in engineering. The simplest way to apply Krylovbased methods to a system described using second-order differential equations is by
transforming the system into a first-order one. Recall the equation of motion of a linear dynamic
parameterized with the parameter p in Eq.(6.1), the matrices E and A and vectors f, c and u can
be rewritten as
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0 
I 
I
 0
, A  p  
E p  

,
0 M  p  
 K  p   D  p  

(7.2)

u  t  
0 
c 
f    , c=   and u= 
.
f 
0
u  t  

Note that a viscous damping model is used here. As mentioned in Section 2.1, there is little
difference between the results using different damping models if the damping is light. Here
viscous damping is used in the time domain when analysing a second-order system.
Proportional stiffness damping is used in the following calculations.
Then a reduced-order model can be obtained by using the Krylov subspace methods described
in Section 6.2. However, there are disadvantages in writing the system matrices in this form,
for example the first-order form may not preserve the second-order structure, because of which
the reduced order form may not represent the original second order system properly [51].
Alternatively, methods of performing MOR directly to a second-order system model were
introduced in [138, 139]. If the parameter value is selected as pe , the matrices of second-order
Krylov subspaces for an arbitrary expansion frequency  can be defined as [140]


W is a basis of   K  p 



V is a basis of q K  pe  D  pe  , K  pe  M  pe  , K  pe  f ,
1

q

T

e 

1

1



D  pe  , K  pe  M  pe  , K  pe  c ,
T

T

T

T

(7.3)

where

K  pe   K  pe    D  pe    2 M  pe  ,
D  pe   D  pe   2 M  pe  .

(7.4)

Furthermore, for the system with proportional damping, according to [51, 141] the standard
Krylov method can be used to calculate V and W, which implies that


W is a basis of   K  p 



V is a basis of q K  pe  M  pe  , K  pe  f ,
1

q

T

e 

1



M  pe  , K  pe  c .
T

T

(7.5)

This offers a great advantage in that the Krylov subspace methods described in Section 6.2 can
be adopted with slightly modification and the structure of the original second-order system is
kept.
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7.2.2 Second-order System with Multiple Expansion Frequencies
Based on the two-side Arnoldi rational Krylov method described in Section 6.2, the rational
input and output Krylov subspaces for a second-order system with multiple expansion
frequencies  k , k  1, 2,  o can be defined as a column space of
V :   K  pe  f K  pe  M  pe  K  pe  f  K  pe  M  pe  K  pe  f    N o ,
1
2
1
o
1


T
T
T
T
T
T
T

W :  K  pe  c K  pe  M  pe  K  pe  c  K  pe  M  pe   K  pe  c    N o .
1
2
1
o
1


1

1

1

1

1

(7.6)
where K  pe   K  pe   j K  pe    k2M  pe  [141].
k

As discussed in Section 5.4, expansion frequencies are equally spaced in the frequency range
of interest will be selected, and they take the same values for different values of the expansion
parameter p.
After obtaining these two projection matrices V and W through the rational Krylov subspace
method, the reduced matrices and vectors can be defined as
  p   WT M  p  V, K
  p   WT K  p  V,
M
e
e
e
e
T
c  cV , f  W f .

(7.7)

Note that the calculated projection matrices V and W are only exact for this specific parameter
value pe. In order to preserve the parameter in the matrices, the global bases will be calculated
following the approach described in the next section.

7.3 pMOR for A System with An Uncertain Parameter
Similarly like described in Section 6.3.1, after selecting a set of values pe , e  1, E , two
global matrices Vn , Wn   N n can be obtained, and the mass and stiffness matrices of the
structure with an attachment for each parameter value p can be approximated as
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  p   W T MV  W T M  p  V  M
  M
  p,
M
n
n
n
n
T
T



K  p   Wn KVn  Wn K  p  Vn  K  K  p  ,

(7.8)

  p  and K
  p  need to be repeatedly evaluated. Thus, the
where only the term involving M
uncertainty analysis can be performed on the reduced model for a large number of samples at
a relatively low cost.
Note that a strategy for the choice pe is required to obtain the global projection matrices in
pMOR. The optimal strategy for the expansion parameter selection is not known, and in the
numerical examples considered in this thesis, the attachment locations (the only uncertain
parameter) are chosen to be uniformly spaced in a specific region, similarly to the uniform
spacing of the expansion frequencies. In these examples, there are relatively few locations: if
a large number of locations were to be considered an alternative approach to their selection
may be required to reduce computational cost. Such methods might include adaptive parameter
sampling via a greedy strategy [129], the maximum residual of the selected point [142] or the
sensitivity sampling method [58, 143].

7.4 Numerical Examples
The first example shows the application of the two-side Arnoldi rational Krylov method on a
deterministic system. Then, two numerical examples are considered to demonstrate the
proposed method. The results are verified against a full FE analysis of the system. In the second
example, the attachment is a point mass attached to a region of an otherwise homogeneous thin
plate as considered in Section 4.6.1. The third example concerns a plate with a second, small
plate attached to it at four points as considered in Section 4.6.4. Results are presented for the
FRF statistics estimated through MCS with the location of the attachment being described by
an assumed probability density function. An interval analysis with the attachment lying at any
point in the region with the attachment could equally be conducted.
7.4.1 A Mass-Spring System without Uncertainty
A simple mass-spring system shown in Figure 7.1 with three degrees of freedom fixed at one
end are analyzed in this section. The mass and stiffness matrices are given as
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Figure 7.1 The mass and spring system.

 50000 25000


K   25000 50000 25000 ,

25000 25000 

(7.9)

1


.
M   1.2

1.5


(7.10)

and

The natural frequencies are 9.66 Hz, 28.84 Hz and 42.65Hz respectively, and the mass
normalized eigenvectors are
 0.27 
 0.66 
 0.70 




V1   0.50  , V2   0.45  , V3   0.61  .
 0.64 
 0.47 
 0.19 

(7.11)

Assume one expansion frequency at  1  30 Hz, f  c  1 0 0 . Based on Eq.(7.6), we can
obtain
K 1  K  j K   30  2 j M ,
2

 1.48e  4  7.83je  6 
T
V  W   K 1 c    1.25e  4  5.21je  6  .
 1.11e  4  5.44 je  6 

(7.12)

Then apply the Gram-Schmidt procedure to the obtained a set of orthonormal vectors. As V
and W only have one vector in this case, thus the first vector can be normalized by

 0.66  0.04 j 
v  w  W / W   0.53  0.02 j 
 0.50  0.02 j
where

(norms) is used to measure the length of a vector or the size of a matrix.
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Figure 7.2 Comparison of the FRF by the exact method (black line) and the
Krylov method (red dash line) for one expansion frequency at 30Hz
(indicated by the green dash line).

Then Eq.(7.7) becomes
M r  w T Mv  1.19,
K r  w T K  I  jη  v  3.92e 4  0.02 j,

(7.14)

c  cv  0.66  0.04 j,
r

f r  w T f  0.66  0.04 j.

The comparison of the FRFs of the full system and the reduced system is given in Figure 7.2.
It can be seen that the response at and around the expansion frequency including the second
mode is predicted accurately.
Figure 7.3 shows the comparison of the FRFs of the full system and the reduced system using
two expansion frequencies. It shows that compared with using the same expansion frequencies,
different expansion frequencies can give better results. Three expansion frequencies are used
in Figure 7.4, and since that number is equal to the number of DOFs of the system, the results
are the same.
7.4.2 Plate with Uncertain Located Mass
The numerical example in this section comprises a rectangular, steel plate with a point mass
attached as considered in Sections 2.3.2 and 4.6.1. Similarly, the importance sampling method
is used to sample 2000 points in Region 2, except that the pMOR method applied to perform
the MCS in this case. The values of the parameter samples at which the mass is attached in the
pMOR (the expansion locations) are chosen to be equally spaced at the four locations p1 (0.25
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Lx2 , 0.75 Ly2 ), p2 (0.25 Lx2 , 0.25 Ly2 ), p3 (0.75 Lx2 , 0.25 Ly2 ) and p4 (0.75 Lx2 , 0.75 Ly2 ). Loss
factors are chosen as 0.004 for all the modes.
The frequency range of interest is assumed between 100Hz and 200Hz. Consider first the case
where the added mass is located at the centre of Region 2 (0.5 Lx2 , 0.5 Ly2 ). Generally, if the
expansion frequencies are selected properly, the approximate results between and around the
expansion frequencies are considered to be of acceptable accuracy. First, two expansion
frequencies, 120Hz and 180Hz, are chosen. Thus n=2×4, and the reduced matrices
 ,K
   8198 . Figure 7.5(a) shows the FRF. The results of the FE-MPC method are the direct
M

solution for the transfer function of the full model. Note that there are significant differences
between the results of FE-MPC and pMOR because two expansion frequencies are not enough
to cover this frequency range. Note that errors can also be observed on the positon of the
expansion frequencies, this is because the projection matrices have been tuned to consider
different locations of the attachment by pMOR. Figure 7.5(b) shows the results of FE-MPC

(a)

(b)

Figure 7.3 Comparison of the FRF by the exact method (black line) and the
Krylov method (red dash line) for two expansion frequencies (indicated by the
green dash line). (a): 9Hz and 30Hz; (b): 30Hz and 30Hz.
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Figure 7.4 Comparison of the FRF by the exact method (black line) and the
Krylov method (red dash line) for three same expansion frequency at 30Hz
(indicated by the green dash line).

and pMOR using three expansion frequencies (120Hz, 150Hz and 180Hz). The new reduced
 ,K
   81912 are employed for FRF generation. It shows good agreement with the
matrices M

full solution between 110Hz and 190Hz. This demonstrates that, for this example, good

(a)

(b)

Figure 7.5 Comparison of FRF by full FE analysis (black line) and by pMOR (red dash
line) with the mass attached at the centre of Region 2: (a) two and (b) three expansion
frequencies (indicated by green dash lines).
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(a)

(b)

(c)

Figure 7.6 Comparison of FRF by full FE analysis and by pMOR using 2 (a), 3 (b) and 4
(c) expansion parameters (mass attached at the centre of Region 2).

approximations to the FRF can be found by using four expansion parameters and three
expansion frequencies.
Figure 7.6 shows the influence of the number of selected expansion parameters. Predictions
using two expansion parameters ( p1 and p3 ), three expansion parameters ( p1 , p2 and p3 )
and four parameters ( p1 to p4 ) are compared with the result of the exact method. The results
are seen to be less accurate when less expansion parameters are used. Thus, using more
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expansion parameters and more expansion frequencies generally yield more accurate results,
but also results in larger projection matrices and consequently increased computation cost.
Therefore, there is a trade-off between accuracy and computational cost. For the case of four
expansion parameters and three expansion frequencies, the calculation of the projection
matrices reduces the dimension of the model from 819 to 12, reducing the computational cost
dramatically and the subsequent MCS becoming very cheap.
Figure 7.7 presents the FRF envelopes, 25 and 75 percentiles, and mean FRF obtained from
MCS using 2000 samples for the attachment location p. Four expansion parameters (p1, p2, p3
and p4) and three expansion frequencies are used in the simulation. Figure 7.7 (a) shows the
FRF envelopes in the frequency range of 80 to 220 Hz. The expansion frequencies are selected
as 120, 150 and 180Hz. Good agreement can be observed between and around these expansion
frequencies. This is because the moments at the expansion frequencies are matched in the
projection matrices. However, the accuracy decreases as the frequency becomes further from
the expansion frequencies, as can be seen clearly from Figure 7.7 (b) and (c).
Finally, Figure 7.8 shows the FRF envelopes, 25 and 75 percentiles, and the mean FRF when
three expansion frequencies at 290Hz, 320Hz and 350Hz are selected. Note that the results by
the pMOR and FE-MPC agree well between and around these frequencies. It demonstrates that
the pMOR method can predict the FRF in any chosen frequency range of interest by appropriate
selection of the expansion frequencies and expansion parameters.
7.4.3 Plate with An Uncertain Located Small Plate as The Attachment
The numerical example in this section demonstrates the application of the method to a more
complex attachment with internal DOFs, attached to the main structure at some points. The
main structure comprises the steel plate in Section 7.4.2, while the attachment is a small plate
attached at its four corners. The physical properties of the attachment are assumed to be the
same as those of the steel plate, and the width and length of the attachment are 0.06 m and 0.05
m respectively. A 6×5 FE mesh was used to model the attachment. The FE model of the
attachment thus has 126 DOFs, 12 of which are attached through MPCs to the main structure.
The small plate is randomly located in Region 2 as shown in Figure 7.9. The sides are assumed
to remain parallel to the sides of the main plate. The (x,y) coordinates of the centre of the plate
follow independent normal distributions, truncated to ensure the attached plate lies in Region
2, with mean values at the centre of Region 2. The standard deviations of the (x,y) coordinates
of the centre are assumed to be 0.015Lx and 0.023Ly respectively.
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(a)

(b)

(c)

Figure 7.7 Comparison of FRF envelopes and mean FRF for the plate with a point mass by full FE
analysis (black line) and by pMOR (red dash line) using three expansion frequencies at 120, 150 and
180 Hz (green dash lines). (a): envelopes (80-220 Hz). (b): 25 and 75 percentiles. (c): mean FRF (0-300
Hz).

The frequency range of interest is assumed to be between 100Hz and 200Hz, and three
expansion frequencies (120Hz, 150Hz and 180Hz) are selected. An MCS using 2000 samples
is performed. The values of the parameter in the pMOR are selected where the centre of the
attachment is located at the four locations p1 (0.25 Lx2 , 0.7 Ly2 ), p2 (0.25 Lx2 , 0.3 Ly2 ), p3 (0.75

Lx2 , 0.3 Ly2 ) and p4 (0.75 Lx2 , 0.7 Ly2 ).
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(a)

(b)

(c)

Figure 7.8 Comparison of FRF envelopes and mean FRF for the plate with a point mass by full FE
analysis (black line) and by pMOR (red dash line) using three expansion frequencies at 290, 320
and 350 Hz (green dash lines). (a): envelopes (270-370 Hz). (b): 25 and 75 percentiles. (c): mean
FRF (0-500 Hz).

The FRF envelopes and the 25 and 75 percentiles of the magnitude of the FRFs for 2000
samples are shown in Figure 7.10, together with the results of full FE-MPC. Good agreement
both between and around the expansion frequencies is observed. Similar to the previous
example, the accuracy of the approximate predictions deteriorates as the frequency moves away
from the expansion frequencies.
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Figure 7.9 A small plate with four nodes attached at Region 2.

7.5 Summary
This chapter discussed the effect of an attachment at an uncertain location on the vibrational
response of a structure and presented an efficient method to estimate the statistics of the FRF.
The proposed method enables accurate prediction of the variations in structure response over a
specific range of frequency due to this uncertainty with a low computational burden. Two
projection matrices V and W are constructed by rational Krylov method-based pMOR. These
matrices are then applied to reduce the size of the system model significantly, which reduced
the computational cost of the repeated calculations during the MCS.
The main structure and the attachment are modelled by the FE method and assembled using
MPCs to avoid remeshing the FE model for each different location of the attachment. The
rational two-side Arnoldi method is used as the basic model order reduction method, then
pMOR is applied to construct two global constant projection matrices. The global basis enables
one pair of constant projection matrices to be used to perform model order reduction for the
structure with the uncertain located attachment. Because the dimensions of the projection
matrices are much smaller than those of the original model, the computational cost for one
single calculation can be reduced significantly. Thereafter, Monte Carlo simulation can be
performed cheaply over the frequency of interest.
The proposed method was verified numerically on two example structures. The first numerical
example comprised a plate with a point mass attached at random locations, while the second
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(a)

(b)

(c)

Figure 7.10 FRF statistics for the plate with an attached small plate by full FE analysis (black line) and by
pMOR (red dash line) using three expansion frequencies at 120, 150 and 180Hz (green dash lines). (a):
envelopes (80-220 Hz). (b): 25 and 75 percentiles. (c): mean FRF (0-300 Hz).

comprised a plate with an attachment having a number of internal DOFs and multiple coupling
points.
It was seen that the accuracy of the results predicted by the pMOR approach depends on the
number and locations of the selected expansion frequencies and the number and locations of
the selected values of the expansion parameters at which the projection matrices are evaluated.
The envelopes and means of the FRFs predicted using the proposed method were seen to be in
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a good agreement with the results found by solving the full FE-MPC model. The
approximations in the proposed method become less accurate as the frequency moves away
from the expansion frequencies. The results show that the proposed method reduces the model
order of the structure significantly and leads to accurate results for both the FRF and their
statistics in the presence of uncertainty.
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IV Discussion, Conclusions
and Suggestions for Future
Work
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Discussion, Conclusions and Suggestions for Future Work
This thesis concerns the effects of an attachment at an uncertain location on the vibrational
response of a structure. It is recognised that taking these effects into account is important to
improve the performance of products for satisfying increasing requirements. However, nondeterministic analyses were identified to be computational expensive. The high numerical cost
can be attributed to high cost of one deterministic solution and then multiple re-analysis of the
FE model. This work presented two efficient methods, component mode synthesis (CMS) with
an interpolation method based on the sensitivity method (CMS/Inter-sen) and parametric model
order reduction (pMOR) methods, to estimate the modal and frequency response function
(FRF) statistics. These two proposed methods belong to modal and non-modal based model
order reduction methods, respectively. The work presented in the previous chapters is
summarized in this chapter. The modal and non-modal model order reduction methods
presented in Part II and Part III are discussed. Some possible future extensions and directions
are also discussed.

8.1 Discussion
As discussed in previous chapters, both the CMS-perturbation and Krylov approaches can
predict the response statistics of the structure with an uncertain located attachment accurately
and efficiently. In Part II, the modal-based model order reduction methods were reviewed.
CMS was used as a framework for the analysis of structures with non-deterministic properties.
The CMS/Inter-sen method was proposed to predict the response where there were
uncertainties in the location of the attachment. While the CMS/Inter-sen method was suitable
for the structure using more than one baseline system to perform the calculation, the CMS/per
method is preferred for the case when there was only one baseline system.
In part III, non-modal based model order reduction methods were reviewed, which focused on
the Krylov subspace based methods. The two-side rational Arnoldi method was used as the
basic model order reduction method, and pMOR was applied to construct the constant
projection matrices. The global basis enabled one pair of constant projection matrices to be
used to perform model order reduction for the structure with the uncertain located attachment.

145

Chapter 8
Because the dimensions of the projection matrices were much smaller than those of the original
model, the computational cost for one single calculation could be reduced significantly.
While the emphasis of these methods were placed on probabilistic approach, the methods are
equally applicable to possibilistic (interval-based uncertainties) methods.
8.1.1 FRF Estimations of the Proposed Methods
The numerical example, a plate with an added point mass, was analysed using the CMS/Intersen (Section 4.6) and the pMOR (Section 7.4.2) methods, respectively. Both methods showed
good performance and were discussed in those sections. Figure 8.1 combines the results of the
CMS/Inter-sen method in Figure 4.33 and the pMOR method in Figure 7.7.
Note that the pMOR method leads to a local approximation in the frequency domain where in
this case only the FRF envelopes between 120Hz and 180Hz are estimated, while the
CMS/Inter-sen method gives the results between 0Hz and 300Hz. This is because for the
Krylov based methods, only the moments at the expansion frequencies are matched, thus it can
only construct the approximation of the system’s transfer function around and between these
expansion frequencies. On the other hand, for the CMS/Inter-sen method, the modes are
selected based on the corresponding eigen-frequency, which typically starts from the lower end
of the frequency spectrum.
Difference in the magnitude can be seen. This is due to the different damping levels used in the
two approaches. The magnitudes of the CMS/Inter-sen and exact methods agree well, while
there is a difference for the pMOR method. This is because the CMS/Inter-sen is a modal based
method, and the results of the exact method are obtained by using the modal superposition
method (100 modes retained). Thus specific loss factors can be applied to different modes. On
the contrary, an average value for the loss factor is applied to the stiffness matrix used in the
Krylov based model method, and the value may be different to the specific loss factors of some
modes used in the CMS/Inter-sen and the exact methods. This the case in Figure 8.1 for mode
10 (around 130Hz), 11(around 170Hz) and 12 (around 180Hz). Figure 8.2 shows the results
when the average loss factor is applied to all these three methods. It can be seen that between
120Hz and 180Hz, the FRF envelopes agree well.
These differences between the CMS/Inter-sen and pMOR methods facilitate the choice of the
method with the desirable properties for a given scenario.
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(a)

(b)

Figure 8.1 Comparison FRF envelopes and means of the pMOR (red dash line) and Inter-per
(black dash line) methods to the exact (blue line) method numerical results for the plate with an
added point mass. (a): FRF envelopes. (b): FRF means.

8.1.2 Efficiency of Calculation
The section discusses the computational aspects of the proposed CMS/Inter-sen and pMOR
methods.
As discussed in Chapter 4, the CMS/Inter-sen method reduced the computational effort in three
aspects: (1) only the components with the nondeterministic parameter need to be evaluated at
each iteration, while the deterministic substructures are calculated only once, (2) the dimension
of the global system matrices is reduced significantly, and (3) an approximate method is used
to perform re-analysis instead of solving the full eigenvalue problem for each different set of
parameters. Thus it can provide predictions at a significantly reduced computation cost when
compared to the direct solutions.
The Krylov-subspace based pMOR method also has a small numerical cost for the structure
having an attachment at uncertain locations as discussed in Chapter 7. Namely, only the
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(a)

(b)

Figure 8.2 Comparison FRF envelopes and means of the pMOR (red dash line) and Inter-per
(black dash line) methods to the exact (blue line) method numerical results for the plate with
an added point mass using average loss factor. (a): FRF envelopes. (b): FRF means.

solutions of linear sets of matrix-vector multiplications were required by applying the Arnoldi
method, and typically only small frequency range is analysed. On the other hand, the
application of the global basis strategy enables one pair of constant projection matrices to be
used to perform model order reduction for different locations of the attachment.
When modal information is interested, only CMS/Inter-sen method is suitable. On another
hand, if the FRF of the structure is interested, both CMS/Inter-sen and pMOR methods are
qualified. However, the pMOR method is more effieient than the CMS/Inter-sen method, if
only a small frequency range is interested. Because the structure can be simplified to have only
a few DOFs. The CMS/Inter-sen method, on the contrary, has to do the calculation form the
lower end of the frequency spectrum, which requires more DOFs to be involved.

8.2 Conclusions
The specific conclusions of the thesis are:
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The major challenge in the analysis of the structure with an uncertain located
attachment using the FE method is the high computational cost.



Model order reduction approaches for deterministic systems can be used to reduce the
computational cost of an uncertainty analysis
− The application of model order reduction method is often a necessary step in
the non-deterministic analysis, where the models have a large number of DOFs.
− There are different categories of model order reductions, including modal based
methods, such as the modal superposition method, Guyan reduction method and
component mode synthesis method (CMS), etc., and non-modal based methods,
such as Krylov subspace methods.



The CMS method is a suitable approach for structures can be divided into different
subs-structures with uncertain parameters.
− The components without the attachment just need to be analysed once, and only
the component with the attachment is analysed repeatedly.
− The fixed-interface CMS method can be combined with other methods, such as
characteristic constraint mode method, to further reduce the boundary DOFs.
− Approximate propagation methods based on perturbation and interpolation
methods can be combined with the CMS method to reduce the numerical cost.
− Polynomial functions are useful to approximate the eigensolutions if multi
baseline systems are considered.
− The CMS method can also give the information about modal statistics, not only
the FRFs.



The Krylov based model order reduction method can be used to predict the transfer
function of structures with uncertain parameters.
− The results predicted by the pMOR approach depends on the number and
locations of the selected expansion frequencies and the number and locations of
the selected values of the expansion parameters.
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− By selecting the expansion frequencies, a local approximation in the FRF can
be achieved. The results of the expansion frequencies are expected to be
accurate when enough parameter values are selected.
− The approximations become less accurate as the frequency moves away from
the expansion frequencies.

8.3 Suggestions for Future Work
Based on the work presented in this thesis, several research issues arise. In this thesis, the
probabilistic methods were applied through Monte Carlo simulation. It is also possible to apply
the possibilistic method in regard to the practical requirement. In the case of the plate having
an added mass, for example, the boundary of region 2 can be taken as the lower and upper
bounds in a possibilistic method analysis.
Future work in order to apply and extend the contents of this thesis should apply the methods
to industrial examples. Structures with more than two components and more than one
attachment to study the feasibility of applying the methods to more complex structures.
Additionally, for attachment of finite size (such as the small plate considered in Sections 4.6
and 7.4.2). The uncertain location p could include not only the position (x, y) of the centre of
the attachment, but also the rotation  with respect the global coordinate system.
An important task for future work is design optimization. The work in this thesis concerns the
forward analysis of the uncertain located attachment. This approach could also be applied for
inverse problems to achieve the overall goal of an optimal and robust design of the structure.
In this context, it could be the case that for a given standard deviation of natural frequencies in
a specific frequency range and a maximum boundary in the location of the attachment needs to
be found, or the variation in the response is given and the corresponding variation in the
location of the attachment has to be found, etc.
While only location uncertainty of the attachment is considered in the thesis, the proposed
methods are able to consider other uncertainties of the attachment with some modification. For
example, if the stiffness and mass of the attachment is uncertain, or if there was uncertain
spacing between two attached points, instead of just using one uncertain location parameter,
extra uncertain parameters could be added to the system.
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Finally, for the pMOR method, note that the expansion frequencies and expansion parameters
were chosen by using a static approach in this thesis. By using adaptive approaches based on
some information obtained on the behaviour of the dynamic system may improve the efficiency
of this method.
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