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Abstract
Discrete mathematics is ever-growing in prominence due to its significance in computer
science and the many real-world applications of its sub-branches. Central to discrete
mathematics is the algorithmatizing approach, which entails finding a solution for a given
problem, and more importantly creating (explicitly articulating) an algorithm that would (when
implemented) find a solution for the given problem. The growing prominence of discrete
mathematics coupled with the significance of algorithms in discrete mathematics, have led
many to argue that enhancing students’ competence in algorithmatizing will benefit students’
mathematics learning as a whole.
Towards developing students’ competence in the algorithmatizing approach, the overarching
aim of this thesis is to explore some mechanisms by which students create algorithms
(algorithmatizing mechanisms), and explicate how these mechanisms might contribute to some
problematic aspects of students’ experiences with the algorithmatizing approach. The core of
this thesis comprises three exploratory case studies each of which focuses on different (but
interrelated) problematic aspects of students’ engagement with the algorithmatizing approach.
I conduct fine-grained analyses of secondary students’ and post-secondary students’ (either
working in groups or individually) activity on discrete mathematics tasks which invite them to
create their own algorithms.
Findings from this research revolve around five different algorithmatizing mechanisms. In
Study 1, I introduce and explicate the mechanisms of patching and localized considerations
which help explain why a faulty feature of an initial algorithm persists through multiple testingand-revising iterations. In Study 2, I explore the mechanism of accounting for features of the
solution (to the given problem) which helps explain why some students can find the correct
solution(s) to the given problem(s), but then create an algorithm that cannot (when
implemented) actually re-find the correct solution(s) they found. In Study 3, I explore the
mechanisms of narrowing the domain of validity (while fixing the set of instructions) and
revising the set of instructions (while fixing the domain of validity) which help explain why
mathematically equivalent counterexamples do not always facilitate a transition from an
incorrect algorithm to a correct (generalized) algorithm. Suggestions for future research on
students’ algorithmatizing activity, and enhancing students’ algorithmatizing competencies are
discussed.
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Chapter 1: Introduction

Chapter 1. Introduction
1.1. Algorithms and the algorithmatizing approach
Discrete mathematics – the branch of mathematics that deals with finite or countably infinite
objects – is widely regarded as the math of our time (Dossey, 1991). Such high regard stems
from the fact that discrete mathematics is ever-growing in prominence due to its pivotal role in
computer science and the numerous real-world applications of its sub-branches––e.g., logic,
combinatorics, graph theory, cryptography, and dynamical systems (Kenney & Hirsch, 1991;
Hart & Sandefur, 2018; Lockwood, 2013; NCTM, 2000).
A recent comprehensive study (Committee on the Mathematical Sciences 2025, 2013) which
analyzed trends in, and forecasted the future of, the mathematical sciences noted “important
shifts in the level of activity in certain subjects, [including] the rise of discrete mathematics”
(p. 72). This study highlighted two of the most significant aspects of modern day mathematics
– computation and big data – both of which rely heavily on the tools of discrete mathematics
(e.g., algorithms in discrete optimization, discrete dynamical systems in ecology, and networks
in industry and the social sciences). In light of the persistent rise of discrete mathematics,
mathematics education research has sought to promote the teaching and learning of discrete
mathematics, labeling it as an essential part of understanding, and coping with, the modern
technological world (Hart & Sandefur, 2018; Kenney & Hirsch, 1991; Morrow & Kenney,
1998).
At the heart of discrete mathematics lies the algorithmatizing approach (Maurer & Ralston,
1991) which entails not only finding a solution for a given problem, but more importantly
creating an algorithm (i.e., explicitly articulating a set of instructions) that would (when
implemented) find a solution. While central to discrete mathematics, the algorithmatizing
approach is not limited to discrete mathematics. The growing prominence of discrete
mathematics coupled with the significance of algorithms in discrete mathematics, have led
many to argue that enhancing students’ competence in the algorithmatizing approach, will
benefit students’ mathematics learning as a whole (see Committee on the Mathematical
Sciences 2025, 2013; Hart & Sandefur, 2018; Morrow & Kenney, 1998; Ralston & Maurer,
2005). Thus, developing students’ competence in the algorithmatizing approach is a growing
theme throughout mathematics education research.
1
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1.2. Engaging students in the algorithmatizing approach
Engaging students in the algorithmatizing approach primarily revolves around students’
mathematical activity on tasks which require students not only to find a solution to a given
problem, but also (more importantly) to create –– i.e., to construct, test, modify, validate ––
and explicitly articulate an algorithm that could be used to find a solution to the given problem.
(see Carroll, 2000; Mack, 1990; Peressini & Knuth, 1998; Rasmussen, 2001; Rasmussen,
Zandieh, King & Teppo, 2005; van Galen & Gravemeijer, 2003). I refer to such tasks as
algorithmatizing tasks.
On these algorithmatizing tasks, students engage in the iterative process of creating an
algorithm, testing the algorithm on particular problems, and revising the algorithm according
to the results of the test(s). Furthermore, because the problems to be solved within these
algorithmatizing tasks are relatively novel to the students, students are almost always not able
to solve them by simply recalling a ready-made algorithm that they had, say, learned in the
classroom. However, while students are expected to consider various algorithms and be
prepared to share their thinking, the students are not required to invent a completely novel
algorithm. Students may re-invent a conventional algorithm 1, but the students must be able to
articulate how and why the algorithm works.
Research shows that getting students to create their own algorithms has, by and large, enhanced
among other things: students’ conceptual understanding of algorithms, students’ flexibility in
using and choosing among alternative algorithms, and students’ ability to adapt their existing
algorithms (i.e., algorithms with which they are familiar) to solve unfamiliar problems,
students’ ability to create relatively novel algorithms (Carroll, 2000; Son & Crespo, 2009; Son,
2016; Sowder, 1992; Threlfall, 2002). Such benefits of engaging students with the
algorithmatizing approach have led to calls to give students more opportunities to create their
own algorithms, and to equip them with the knowledge needed to create their own algorithms
successfully.
Consequently, a growing body of research has focused on the design of algorithmatizing tasks
(often as part of a larger learning environment) and discussing the processes that students could

A conventional algorithm refers to an algorithm (for solving a particular problem) that is commonly taught
among students (e.g., the quadratic formula algorithm for finding the roots of a quadratic). Note, the
conventional algorithms for solving a particular problem might differ among different settings (e.g., different
countries/cultures, different educational sectors etc.).

1
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(and should) engage in when working on these tasks (for numerous examples see: Morrow &
Kenney 1998; Hart & Sandefur, 2018). Overall, these tasks (learning environments) are meant
to sensitize students to the practice of algorithmatizing. However, some educators have noted
that merely placing students in environments within which they can create their own algorithms
does not necessarily mean that the students will actually engage in the algorithmatizing
approach. Furthermore, educators have noted that merely giving students more opportunities
to create their own algorithms does not in itself enhance students’ competence in the
algorithmatizing approach (see e.g., Cai, Moyer & Laughlin, 1998; Huinker, 1998; Peressini
& Knuth, 1998; Rosenstein, 2018). Educators have come to realize that enhancing students’
competence in the algorithmatizing approach requires figuring out effective ways of not only
assessing student-invented algorithms, but also giving students feedback for how they can
improve the algorithms they create.

1.3. A need for research on the mechanisms by which students create
algorithms
Despite the aforementioned benefits of getting students to create their own algorithms, several
studies (especially at the primary and secondary level) have found that many teachers not only
still insist on teaching students the conventional algorithms, but also resist the movement to
get students to create their own algorithms (see Groth, 2007; Kamii & Dominick, 1997;
Rosenstein, 2018). According to these studies, teachers’ insistence on teaching conventional
algorithms and resistance towards student-invented algorithms can be attributed to the fact that
teachers often struggle to understand (and assess effectively) students’ idiosyncratic
algorithms, but also to give students appropriate feedback on how to improve their algorithms.
Consequently, several approaches for enhancing teachers’ confidence and abilities to assess
and give feedback on students’ algorithms are evident in the literature. One approach revolves
around professional development programs which give teachers opportunities outside of their
classrooms to discuss and reflect on various novel student-invented algorithms (e.g., Harkness
& Thomas, 2008; Salinas, 2009; Son & Crespo, 2009; Son, 2016). This approach seeks to make
teachers more capable of giving feedback on student-invented algorithms by changing their
(teachers’) attitudes (particularly aversions) towards student-invented algorithms, enhancing
their own mathematical knowledge (as it pertains to alternative algorithms), and realizing that
that their own mathematical knowledge influences how they teach the subject. Another
approach focuses on delineating criteria (e.g., generalizability, accuracy, efficiency) that
3
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teachers can use to assess the quality of student-invented algorithms (e.g., Bass, 2003;
Campbell, Rowan & Suarez, 1998). These criteria have been used to reveal the qualities that
students’ algorithms lack (e.g., the algorithm lacks generalizability and efficiency), which then
forms the basis for suggestions regarding what students need to do to improve the algorithms
they create. Moreover, another approach to assessing student-invented algorithms focuses on
conducting error analyses of students’ algorithms –– i.e., identifying the incorrect algorithms
that students use to solve particular problems, and then hypothesizing about the cause of these
hypothesizing about cause of these error (see Booth, Barbieri, Eyer & Pare-Blagoev, 2014;
Brown & Quinn, 2006).
The three approaches mentioned above have, according to some, not only made teachers more
confident in assessing student-invented algorithms, but also (at times) helped teachers make
reasonable suggestions for how students can improve the algorithms they create (see Bass,
2003; Campbell, Rowan & Suarez, 1998; Hart & Sandefur, 2018). However, several
researchers have noted that the aforementioned approaches to assessing student-invented
algorithms (and helping students improve their algorithms) have merely focused on assessing
the end-product –– i.e., the algorithm that students present at the end of the task –– with little
to no understanding of how these students (might have) created this algorithm (e.g., Cai et al.,
1998; Lappan & Bouck, 1998; Peressini & Knuth, 1998).
Peressini and Knuth (1998) warned about making inferences about students’ algorithmatizing
knowledge and abilities solely on the basis of their algorithm (end-product). Peressini and
Knuth highlighted two issues: 1) making suggestions for how students can improve their
algorithms based only on assessing their end-product is both limited and unreliable; and 2)
exploring the processes by which students created their algorithms would allow educators to
make more informed decisions and give more informed feedback regarding how to help
students improve their algorithms. I further reflect on, and exemplify, the importance of these
two issues in the paragraphs below.
Numerous studies have found that many students (across all ages and educational sectors) often
struggle to create generalized algorithms (i.e., the algorithms they create can solve only specific
problems, but not all the problems that the algorithm is required to solve) (see Campbell et al.,
1998; Huinker, 1998; Lannin, 2005; Lappan & Bouck, 1998; Stacey, 1989). These studies often
infer that the lack of generality in students’ algorithms means that the students are not (yet)
able to create a generalized algorithm, and thus these students need to learn how to create
4
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generalized algorithms. However, such inferences and suggestions tend to be drawn entirely
from the observation that the algorithm which students present at the end of their work does
not correctly solve all the problems which the algorithm should correctly solve. But, what if,
for the sake of argument, some of these students actually created the desired generalized
algorithm along the way, but later dismissed it in favor of a non-generalized algorithm? Or,
what if the students thought the task did not require a generalized algorithm? Or, what if the
students intended for their algorithm to lack generality? In any of these aforementioned
hypothetical scenarios, the issue is not necessarily that the students are not able to create a
generalized algorithm. As such, what students (in these hypothetical scenarios) need help with
is not necessarily how to create generalized algorithms, but rather things such as: how to realize
when the task requires a generalized algorithm; and how to recognize that the generalized
algorithm is more appropriate for the task, than their non-generalized algorithm.
Furthermore, Peressini and Knuth (1998) state:
As educators we must exercise caution in making inferences about students’ algorithms solely
on the basis of their written responses [i.e., their final algorithms] to assessment items. Other
means of assessing students’ [algorithmatizing] knowledge, such as observations and
interviews are necessary to get a more complete picture. If a student does not demonstrate
specific knowledge or skills on a task [e.g., does not produce a particular type of algorithm], it
does not necessarily mean follow that the student is deficient in a given area. Several alternative
explanations may apply: the student may not be able to communicate the knowledge he or she
possesses, the student may not understand the language or context of the task, the task may be
poorly constructed, or the student may interpret the task in an idiosyncratic/unexpected fashion,
the task may be poorly constructed… We must understand how they arrived at their algorithms
[emphasis added]. In this way we can make more-informed instructional decisions (p. 67).

One of the things that begins to emerge from the discussions and reflections above is that
misdiagnoses of the problematic aspects of students’ experiences when engaging in the
algorithmatizing approach are perhaps more likely if educators’ assessments and feedback are
based entirely on the students’ final algorithms (end-products). This is not to say that educators
who have no information regarding how students created their algorithms, will not be able to
help students improve their algorithms. Rather, knowing something about how the students
created their algorithms might help educators better understand the problematic aspects of
students’ algorithmatizing experiences and how these problematic aspects can be resolved.
Furthermore, I note that helping students improve the algorithms they create is essentially a
5
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matter of developing and enhancing the mechanisms by which the students create their
algorithms (see Cai et al., 1998; DeBellis & Rosenstein, 2004; Goldin, 2018; Hart & Martin,
2018; Marrongelle, 2007; Rosenstein, 2018). It is therefore imperative for research to shed light
on the idiosyncratic mechanisms by which students create their algorithms.
Only a relatively small body of research has focused on analyzing students’ mathematical
activity on algorithmatizing tasks. Reviewed in Chapter 2, this small body of research has
begun to shed light on nuances and problematic aspects of the algorithmatizing approach that
experts may perhaps take for granted, but with which some students could struggle. This thesis
seeks to extend this small body of research, through explicating some mechanisms by which
students create their algorithms, and exploring how these mechanisms could explain some of
the problematic aspects of students’ experiences when engaging with the algorithmatizing
approach.

1.4. Research aims
As alluded to above, the overarching rationale behind exploring some mechanisms by which
students create their algorithms is to make sense of problematic aspects of students
algorithmatizing activity, and to provide suggestions for helping students deal with these
problematic aspects. Of course, such “problematic aspects” are not necessarily problematic
from the perspective of the students. For instance, the students can create an algorithm that is
incorrect from a normative mathematical perspective; but such an algorithm is correct from the
students’ perspective. However, it is (I believe) the educator’s responsibility to: recognize such
problematic aspects; understand how they may have emerged in students’ activity; and then
draw students’ attention to, and help them deal with, these problematic aspects.
Before proceeding, I emphasize that this thesis is descriptive rather than prescriptive in nature.
Some past studies on students’ algorithmatizing activity (as I will elaborate on in Chapter 2)
have focused on identifying certain perceived difficulties that students have when creating
algorithms and prescribing ways to remedy such difficulties. Such studies are prescriptive in
nature, because their primary goal is to remedy students’ difficulties. In contrast, although I am
motivated by the goal of remedying the problematic aspects of students’ algorithmatizing
activities, my primary goal in this thesis is to understand how some students actually go about
creating their algorithms (i.e., the mechanisms by which they create their algorithms), and to
explicate how these mechanisms might contribute to some specific problematic aspects of these
6
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students’ algorithmatizing activity. Accomplishing this foremost goal, I claim, is a step towards
helping educators determine effective remedies for these specific problematic aspects.
In this thesis, I explore mechanisms by which some students create their algorithms in order to
make sense of three specific observations that I made pertaining to students’ engagement with
algorithmatizing tasks. In this way, it could be said that this thesis explores three different subphenomena of one overarching phenomenon (i.e., students’ algorithmatizing activity). All three
observations were empirically-motivated and subsequently consolidated by existing literature.
These three observations can be construed as my operationalization of “some problematic
aspects of students’ algorithmatizing activity”. The three problematic aspects are:
1. Some students go through multiple iterations of testing and revising an algorithm, but
a faulty feature of their initial algorithm persists throughout the iterations. The
persistence of this faulty feature means that all iterations of the students’ algorithm are
mathematically incorrect.
2. Some students find the correct solution(s) for the given problems (within the
algorithmatizing task), but then create an algorithm that does not (when implemented)
actually re-find the correct solution they found.
3. Some students revise their incorrect algorithms differently in response to
mathematically equivalent counterexamples, that are supposed to facilitate the
transition from an incorrect algorithm to a correct algorithm. Some revisions result in a
correct algorithm, while other revisions result in another incorrect algorithm.
One might notice that each of the three observations (problematic aspects) above alludes to a
situation in which: a) students do something that differs from an external observer’s
expectations; and b) the algorithm(s) that the students create are mathematically (normatively)
incorrect from the perspective of an external observer. However, as mentioned briefly before,
the present thesis works from the premise that students always create algorithms that are correct
from their perspective, and their activity is rational. As such, I stress that the three problematic
aspects above are “problematic” from my perspective (as an external observer), but not
(necessarily) from the students’ perspective. For instance, in the first observation above –– the
“faulty feature” is faulty from my perspective, but not from the students’. I assume that from
the students’ perspective, this persistent feature is appropriate, and there exists a rational
explanation for how/why it is appropriate. As Simon (2017) posits: “we [educators] will never
understand students’ experience, if we have not postulated a perspective from which everything
7
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they do makes sense” (p. 131). In this light, rather than simply labelling and dismissing the
students’ algorithms as “incorrect”, and jumping to suggestions for what the students should
be doing to produce correct algorithms, I take a positive approach to students’ algorithmatizing
activity, and explore how the specific problematic aspects that I notice can be construed as the
products of rational, idiosyncratic, and nuanced mechanisms by which students’ algorithms are
created.
The overarching aim of this thesis is to explore and explicate some mechanisms by which
students create algorithms (algorithmatizing mechanisms). More specifically, in light of the
three problematic aspects stated above, this overarching aim can be divided into three specific
research aims:
•

Research Aim 1: To explore and explicate algorithmatizing mechanisms that might
explain the persistence of a faulty feature of the initial algorithm through multiple
testing-and-revising iterations.

•

Research Aim 2: To explore and explicate algorithmatizing mechanisms that might
explain why some students can find the correct solution(s) to the given problem(s)
(within the task), but then create an algorithm that does not (when implemented)
actually re-find the correct solution they found.

•

Research Aim 3: To explore and explicate algorithmatizing mechanisms that might
explain why mathematically equivalent counterexamples do not always facilitate a
transition from an incorrect algorithm to a correct algorithm.

1.4.1 Clarifying key terms
I have used two terms, “student” and “mechanism”, numerous times above with the assumption
that the reader would know to whom and to what I am referring respectively. These two terms
are commonly used in everyday language and their meanings are often taken for granted.
However, because these terms are central to this thesis, it seems appropriate to clarify what
they mean in the context of this thesis ––
•

Mechanism: I use the term “mechanism” to refer to the way in which a particular thing
takes place or comes about. It is often used interchangeably with “process” but here I
distinguish between the two. A process can be described in terms of a series of events
or a sequence of stages. A mechanism on the other hand pertains to how –– how some
event, in the process, might lead to another. For example, learning mathematics can be
8
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construed as a process. Then, mechanisms for learning mathematics include (among
many others): reflective abstraction (Piaget, 1977); objectification (Sfard, 2008);
reflection on activity-effect relationships (Simon, Tzur, Heinz & Kinzel, 2004);
abstraction in context (Hershkowitz, Schwarz & Dreyfus, 2001). In the context of this
thesis, algorithmatizing (creating an algorithm) can be construed as a process (which
involves, constructing, testing, revising, validating an algorithm), whereas
algorithmatizing mechanisms refer to how certain aspects of the algorithmatizing
approach are carried out (e.g., how the algorithm is tested or how the algorithm is
validated).
•

Student: Firstly, I acknowledge that the term “students” is vague because it could refer
to a wide range of people. That is, a student often refers to any person who is officially
enrolled in a course/class at an institution of learning. As such, a teacher (who is
normally distinguished from a student) in the context of (say) a high school can in fact
be a student in the context of a university (e.g., secondary school teachers enrolled in
postgraduate mathematics education courses). However, I am aware that the persons
that I have in mind when I use the term “students” in this thesis are only a subset of the
aforementioned larger set of “students”. The sense in which I use “students” in this
thesis is with respect to the process of algorithmatizing. That is, I use “students” to refer
to persons enrolled at an institution of formal learning (more specifically in a
mathematics course/class) and have little to no experience in algorithmatizing (i.e., they
are novice algorithmatizers).

1.5. Overview of the three exploratory case studies
Written in the form of a “thesis with publications” 2, the core of this thesis comprises three
small-sample exploratory case studies (Yin, 1994), each of which works towards one of the
three research aims outlined above. Working towards three different research aims (i.e.,
seeking some understanding of three different phenomena), the three case studies each employ
different methods (both in terms of data collection and data analysis) as a means of not only
coping with the differences in the research aims (phenomena of interest), but also of achieving
For information regarding “thesis with publications” at The University of Auckland, see:
https://www.auckland.ac.nz/en/about/the-university/how-university-works/policy-and-administration/teachingand-learning/postgraduate-research/undertaking-your-research/including-thesis-guidelines.html
2
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a sense of diversity among the cases (Cohen, Manion & Morrison, 2011; Yin, 1994). The three
studies are written and presented respectively in this thesis (in Chapter 4, 5, and 6) in the form
of journal articles (see Section 1.6 for more information). The three studies are presented in
this thesis in chronological order.
Two of the three constitutive studies (Study 1 and Study 2 outlined below) rest on a data set
gathered as part of Making Mathematical Thinking Visible (MMTV) –– a two-year long
research project funded by the Ministry of Education Teaching and Learning Research
Initiative, administered by the New Zealand Council on Educational Research (see Yoon, Chin,
Moala & Choy, 2018; Yoon & Moala, 2018). Associate Professor Caroline Yoon (one of my
joint-main supervisors) was the Principal Investigator on the project, and I was a senior
research associate 3. My responsibilities in the project included: writing the grant proposal;
applying for ethics approval; designing mathematical tasks; recruiting student participants;
conducting data collection; managing data records; analyzing data; reviewing literature;
writing results for publication; and presenting at conferences.
The goal of the MMTV project was to develop ways of reporting to students, teachers, and
other stakeholders, students’ complex mathematical activity on contextualized discrete
mathematics tasks. All the tasks that the students worked on in the MMTV project were
algorithmatizing tasks. One of my primary responsibilities on the project was to conduct finegrained analyses of the students’ mathematical activity. And, it was agreed upon with A/Prof.
Caroline Yoon, that I would be able to report some of the findings of my analyses of students’
mathematical activity as part of my PhD thesis. Several themes emerged from my analyses of
the students’ mathematical activity, one of which pertained to the different ways in which
students created and developed their algorithms. The two studies presented in Chapters 4 and
Chapter 5 report on some of my findings regarding how the students created and developed
their algorithms while working on these tasks.
The data analyzed in the third study (Chapter 6) are taken from a published journal article –
– Zazkis and Chernoff (2008) 4. For this third study, I purposely chose to go beyond the MMTV
data set. While going through vast amounts of data from the MMTV project, I made some
observations pertaining to the use of counterexamples to facilitate the development of students’

The other members of the research team were: Sze Looi Chin, Dr. Jean-François Maheux, Dr. Igor’
Kontorovich, Amy Linford, and Sarah Penwarden.
3

4

The lead author, Prof. Rina Zazkis was consulted about reanalyzing the data (see Appendix).
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algorithms. I began to wonder whether these observations resonated with past studies that
explored the use of counterexamples in teaching and learning mathematics. So I decided to
consult the relevant literature, upon which I came across Zazkis & Chernoff’s study. Some of
the ideas introduced and explicated in Zazkis and Chernoff’s study motivated me to delve into
particular observations that I had made in Study 1 (and to a lesser extent in Study 2), resulting
in the emergence of the third research aim stated above. Though Zazkis and Chernoff’s (2008)
study did not specifically focus on algorithmatizing, I found it useful to conceptualize the data
they analyzed in terms of algorithmatizing (see Chapter 6). Moreover, the data that they
analyzed was almost ideal for the purposes of exploring the third research aim of this thesis. In
analyzing these previously published data, I do not presume that my analyses are better than
the initial analyses, or that these data are in need of an alternative analysis. I also do not presume
that I can analyze the relatively small amount of data presented in Zazkis & Chernoff (2008)
in the same way that they have analyzed their entire data set.
My analysis of Zazkis and Chernoff’s data adds value (diversity) to the thesis. Firstly, in reanalyzing Zazkis and Chernoff’s data, this third study can be construed as an example not only
of how the algorithmatizing lens may be useful for providing alternative perspectives on
existing (published) data, but also of how studies that did not originally focus on
algorithmatizing may (through reconceptualization and re-analysis of data) extend our
understanding of students’ algorithmatizing mechanisms. Secondly, the pieces of data from
Zazkis and Chernoff (2008) revolve around the work of individual post-secondary students
(who were also prospective teachers), whereas the pieces of data in the first two studies revolve
around the work of groups of students. Thirdly, the tasks used in Zazkis and Chernoff (2008)
were number-theory tasks (rather than graph-theory tasks as used in the MMTV project).
Fourthly, the algorithmatizing activity that occurred in Zazkis and Chernoff (2008) emerged
more spontaneously (and in a less clinical setting) than in the data analyzed in the first two
studies
In the following subsections, I give a brief outline of the three exploratory case studies in this
thesis.
1.5.1 Study 1
This first study explores how a faulty feature of an initial algorithm persists through multiple
testing and revising iterations. Past research has found that some students can go through
multiple iterations of creating, testing, and revising their initial incorrect algorithm, and still
11
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end up with an incorrect algorithm (see Ashlock, 2001; Brown & Van Lehn, 1980; Burton,
1982; O’Brien, 1999; Van Lehn, 1990). Sometimes students will apply the same exact incorrect
algorithm repeatedly, and other times students iteratively change different aspects of their
existing algorithm, but the resultant algorithm remains incorrect. This finding is problematic
since the development of student-invented algorithms relies heavily on the iterations of testing
and revising, through which students are expected to improve their algorithms (Campbell et
al., 1998; Hart & Sandefur, 2017; Marrongelle, 2007; Mingus & Grassl, 1998; Rasmussen et
al., 2005).
This study seeks to contribute to the discussion of how and why students’ incorrect algorithms
persist through multiple testing-revising iterations. While past research has provided some
general explanations for the persistence of incorrect algorithms, the details of how students
transition from one incorrect algorithm to another are lacking. In this study, a fine-grained
analysis of students’ activity is conducted in the attempt to explicate specific mechanisms by
which students revise and validate their algorithms. In so doing, the study seeks to shed some
light on questions that have been underexplored in past research such as: by what mechanisms
do students decide what to change and what to keep in their current (incorrect) algorithm? And
by what mechanisms do students decide that their resultant (normatively incorrect) algorithm
is correct?
The exploration occurs within the collaborative work of a group of three pre-university
foundation-studies students on a contextualized graph theory task –– The Jandals Task (Yoon,
Moala & Chin, 2016) –– which invites the students to develop an algorithm for a client with
specific needs. The group created an initial algorithm (that was mathematically incorrect), and
then engaged in three iterations of testing and revising, producing four iterations of their
algorithm. All three subsequent iterations of the algorithm were not only incorrect, but also
strikingly similar (sharing strikingly similar features) to the initial algorithm.
The study operationalizes the persistence of the students’ (incorrect) algorithm in terms of the
persistence of a particular faulty feature of their initial algorithm throughout three iterations of
testing and revising. Consequently, the specific aim of the study is to explore and explicate
fine-grained mechanisms by which this faulty feature persisted. In this way, the study can be
construed as an exploratory case study that works towards the first research aim of the thesis:
To explore and explicate algorithmatizing mechanisms that might explain the persistence of a
faulty feature of the initial algorithm through multiple testing-and-revising iterations.
12
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1.5.2 Study 2
The second exploratory study works towards the second research aim of this thesis: to explore
and explicate algorithmatizing mechanisms that might explain why some students can find the
correct solution(s) to the given problem(s) (within the task), but then create an algorithm that
does not (when implemented) actually re-find the correct solution(s) they found. Furthermore,
the study concerns how students create their initial algorithm on an algorithmatizing task, and
thus differs from Study 1 (outlined above) which concerned how students revise their initial
algorithm.
This second study was initially motivated by an observation made during Study 1 – i.e., a
discrepancy between the actual process by which the group found their solution(s) to the given
problems (within the task) and the algorithm that the students constructed and explicitly
articulated in response to the (algorithmatizing) task. More specifically, in Study 1, I observed
that the students first found their solutions, via a particular (mathematically correct) procedure,
but the algorithm that they constructed and explicitly articulated was noticeably different from
their aforementioned procedure.
The foregoing observation aligns with findings from the literature which indicate that while
some students can easily find the correct solutions to given problems, these students do not
always create algorithms that would (when implemented) re-find the correct solution(s) they
had found (see Cai et al., 1998; Lappan & Bouck, 1998; Moala, 2015; Moala, Yoon &
Kontorovich, 2018). Yet, according to research, students tend to understand that the algorithm
they create should be something that yields the correct answer for (at least) the specific
problems that they had solved (e.g., see Harkness & Thomas, 2009; Mingus & Grassl, 1998;
Son, 2016). This made me ask: what happens between students having found the correct
solutions to the specific problem instances, and students creating an algorithm that should refind these correct solutions?
Motivated by the foregoing question, this second study explores and explicates a mechanism
by which some students create algorithms – the mechanism of accounting for features of the
solution (to the given problem). Via this mechanism, students (after they have found a solution
to a given problem) will notice particular features of the solution they found, then create rules
within their algorithm which guarantee that the algorithm outputs an object that possesses these
noticed features. Thus, an algorithm can re-find the solution only if the algorithm outputs an
object that has all the features of the solution.
13
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The exploration of the aforementioned mechanism occurs within the collaborative work of two
groups of students (Group A and B) on The Birthday Seating Task (Davies, Chin, Moala, &
Yoon, 2016). At the time of data collection, Group A consisted of three students from a Year
12 mathematics (calculus) class at a high school in New Zealand; and Group B consisted of
two students enrolled in a first-year undergraduate course at a large university in New Zealand,
that covered selected topics in algebra and calculus. The Birthday Seating Task invited the two
groups to create an algorithm for finding an optimal seating arrangement (the one with the
maximum happiness score) for a group of friends. Both groups found a correct optimal seating
arrangement and created their respective algorithms by accounting for particular features of
their optimal arrangements. However, only one group’s algorithm accounted for their optimal
arrangement. Consequently, I explore two main questions: 1) Which features of their respective
solutions (i.e., optimal arrangements) did the groups account for in their algorithms? and 2)
What differences between the two sets of features (accounted for by the respective groups)
might explain why only one group’s algorithm accounted for their optimal arrangement?
1.5.3 Study 3
The third study concerns the use of counterexamples for facilitating the development of
student-invented algorithms (Cai et al., 1998; Clarke & Veith, 2003; Ferrarello & Mammana,
2018). In the context of algorithms, counterexamples can be construed as problems for which
the student’s current algorithm should produce the correct answer(s) but does not. For example,
a student’s algorithm for subtracting one positive integer from another might be: subtract the
smaller digit from the corresponding larger digit. For 35 − 14 the algorithm correctly produces

21; however, for 34 − 15, the algorithm incorrectly produces 21. The problem 34 − 15 is said to
be a counterexample to the student’s aforementioned algorithm. The rationale behind the use

of counterexamples is to get students to realize that their current algorithm does not produce
the correct answer on all the problems for which it should produce the correct answer, and in
turn, motivate students to revise their current algorithm so that it correctly solves all the
problems that it should solve –– i.e., create a generalized algorithm.
This third study was (like the second study above) initially motivated by an observation I made
during the first study. I observed that the group encountered counterexamples to their
algorithms, which motivated them to revise their algorithm. However, I noticed that the group’s
revised algorithm did not always correctly solve the counterexample(s). In other, words, more
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generally, the counterexamples did not always facilitate revisions that resulted in a generalized
algorithm.
This observation resonated with findings from the literature which show that when students
recognize counterexamples to their algorithm, they do not always conduct revisions to their
current algorithm that result in a generalized algorithm (e.g., see De Bock, Van Dooren,
Janssens & Verschaffel, 2002; Lappan & Bouck, 1998; Mack, 1990). However, these studies
tend to evaluate the pedagogical utility of a counterexample merely in terms of whether or not
it facilitates the development of a generalized algorithm. Furthermore, I noted that these past
studies often (unnecessarily) conflate “a correct algorithm” with “a generalized algorithm”.
Consequently, the pedagogical utility of a counterexample has been conceived to this
dichotomy – the counterexample was deemed effective if it facilitated the creation of a
generalized algorithm, and ineffective otherwise. Consequently, these studies pay little
attention to the idiosyncratic ways that students revise their algorithms in response to a
counterexample.
The foregoing observations and reflections motivate the third research aim of this thesis: to
explore and explicate some algorithmatizing mechanisms that might explain why
mathematically equivalent counterexamples do not always facilitate a transition from an
incorrect algorithm to a correct (generalized) algorithm.
Working towards the aforementioned aim, in this third study I analyze two different pieces of
data (from a published study –– Zazkis & Chernoff (2008). The two data pieces correspond to
the mathematical activity of two individual post-secondary students (who were also prospective
teachers) on two different tasks from number theory. As part of their activity, the two students
iteratively revised their respective algorithms in response to counterexamples. Neither of the
two students immediately created a generalized algorithm, upon their first encounter with a
counterexample; and only one of the two students created a generalized algorithm after multiple
iterations of testing and revising. Rather than distinguish between counterexamples based on
whether or not they facilitate the development of a generalized algorithm (as some past studies
have done), I seek to capture and examine the idiosyncratic mechanisms by which the two
students revised their algorithms in response to the counterexamples. Based on these
idiosyncratic ways, I offer some suggestions for reconceptualizing the utility of
counterexamples for facilitating the development of student-invented algorithms.
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1.6. Overview of the thesis
The thesis is divided into seven chapters. In this chapter, I have introduced the context of my
research, outlined the motivation for exploring students’ algorithmatizing mechanisms, and
highlighted the research aims that guide the thesis. In Chapter 2, I elaborate in greater detail on
the background and rationale for this thesis that were briefly outlined in Chapter 1. I also review
a body of research pertaining to students’ engagement in the algorithmatizing approach.
Several aspects of this body of research provide the platform upon which the three constitutive
studies (Chapters 4-6) are situated. In Chapter 3, I articulate the primary methodological
considerations underpinning this thesis. Both Chapters 2 and 3 provide background details
pertaining to literature and methodology that have been omitted from the presentation of the
three case studies (due to research article conventions). Then, Chapters 4-6 comprise the three
stand-alone exploratory case studies outlined above. Each of Chapters 4-6, is prefaced with
remarks pertaining to how the study came about and is positioned with respect to the overall
thesis. Then, in Chapter 7, I recap the aims of the thesis, summarize some of the key findings
from the three studies, and then present a closing general binding discussion that complements
the specific Discussion sections of the three studies. Finally, I state some limitations of the
research and identify directions for future research.
Thesis with publication format
As noted above, Chapters 4 and 5 of this thesis are modified versions of manuscripts that have
been submitted (and are currently under revision and review respectively) as articles for
publication in international academic journals, under the University of Auckland 2016 PhD
Statute and Guidelines (see Publishers’ Approval to Include Manuscripts for manuscript
details). Chapter 6 has not yet been submitted to a journal but has been written in the format of
a manuscript intended to be further developed and submitted for publication in an international
peer-reviewed journal in mathematics education.
Given this format of articles, I acknowledge that particular elements will be repeated between
the chapters, especially as regards the background literature and the methodology. Each study,
as written in the corresponding chapter, is for the most part, self-contained and can be read and
understood with minimal reference to other chapters.
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Chapter 2. Background Literature
I work towards two goals in this chapter: 1) to elaborate in greater detail on the background
and rationale for this thesis that were briefly outlined in Chapter 1 (i.e., the rationale behind
exploring mechanisms by which students create algorithms); and 2) to review a body of
research pertaining to students’ engagement with the algorithmatizing approach. Several
aspects of this body of research provide the platform upon which the three constitutive studies
(Chapters 4-6) are situated.

2.1. Algorithms
2.1.1 Definitions
The term “algorithm” has been defined in different ways within the mathematics education
literature:
•

“An algorithm is a step-by-step process that guarantees the correct solution to a
given problem, provided the steps are executed correctly” (Barnett, 1998, p. 70).

•

“An algorithm is a procedure for solving a problem, consisting of instructions that
are executed in turn” (Backhouse, 2011, p. 3).

•

“An algorithm consists of a sequence of steps that will lead to a complete solution
for a certain class of problems” (Bass, 2003, p. 323).

•

“An algorithm is a general multistep procedure that will produce an answer for a
given class of problems. For example, multi-digit addition, subtraction,
multiplication, and division” (Fuson, 2003, p. 244).

•

“An algorithm is a set of rules or procedures for solving a problem” (Hughes, 1998,
p. 79).

•

“An algorithm comprises a step-by-step set of instructions in logical order that
enables a specific task to be accomplished” (Thomas, 2014, p. 36).

The definitions above suggest that an algorithm is a set of instructions that enables one to solve
either a particular problem, or a class of problems. Such definitions align with the conception
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of algorithms held by students with little experience engaging in the algorithmatizing approach
(Mingus & Grassl, 1998; Ralston & Maurer, 2005).
In addition to the above definitions, one can find more technical definitions of algorithm in the
literature:
•

“An algorithm is a precise systematic method for solving a computational class of
problems. An algorithm takes input, follows a specific set of rules, and in a finite
number of steps gives output that provides an answer or declares that the problem
cannot be solved” (Maurer, 1998, p. 21).

•

“An algorithm is a computational recipe for the systematic execution of a procedure
designed to solve a specific problem that maintains the following characteristics: a)
input data along with a finite set of instructions are given; b) a computing agent reacts
to the input and instructions and carries out the steps; c) intermediate results are stored
and used; d) the computation is carried out in a discrete, stepwise fashion; e) the
computing agent interprets the set of instructions in such a way that computation is
carried out deterministically, without resort to random methods” (Mingus & Grassl,
1998, p. 32).

One can notice that the latter definitions above posed by Maurer (1998) and Mingus and Grassl
(1998) contain terms and ideas that are not explicitly evident in the first list of definitions
above. For example: computational recipe, computation set of problems, finite set of
instructions, input data, computing agent, intermediate results, computation is carried out
deterministically without resort to random methods. These two definitions, which go beyond
the understanding of algorithms as merely a set of instructions for solving a problem, reflect
the significance of algorithms in computer programming (see Aho, 2012; Cetin & Dubinsky,
2017; Hazzan, 2003; Perrenet & Kaasenbrood, 2006; Wing, 2006). The significance of
algorithms in programming is explicated in the emerging line of research of computational
thinking (Wing, 2006), which is defined as: the thinking, strategies, and approaches for solving
complex problems with algorithms and in ways that can be executed by a computer [emphasis
added]” (Weintrop, Beheshti, Horn, Orton, Jona, Trouille & Wilensky, 2016, p. 138).
This thesis is not concerned with how students create algorithms in ways that can be executed
by a computer. Instead, the usage of algorithm in this thesis aligns with the former set of
definitions above, in which an algorithm refers to a set of instructions or rules, articulated in
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basic human language, for solving either a particular problem (such as an algorithm for
3245 ÷ 13) or a general class of problems (such as an algorithm for dividing any two positive
integers). Furthermore, the only criterion that I use to compare the “quality” of students’
algorithm, is whether or not the algorithm would correctly solve the problem(s) at hand. As

such, I am not concerned about whether a student’s algorithm, for instance, can be executed in
a finite number of steps, or is efficient.
Before I proceed I distinguish between some terms that are at times used interchangeably in
the literature, namely algorithm, method, strategy, approach and heuristic. In this thesis, I use
algorithm and method interchangeably to refer to a set of instructions (rules) that enables one
to accomplish a specific task (or solve a particular problem). A heuristic refers to a rule of
thumb or experienced-based technique (e.g., draw a picture, work backwards, change the
problem’s presentation) that enhances one’s ability to solve the problem at hand (Polya, 1957;
Schoenfeld, 1985). Thus, heuristics differ from algorithms, because the former (unlike the
latter) are not intended to provide a clear path from a problem to its solution(s), but merely to
help one make progress. A strategy, sometimes referred to as an approach, refers to particular
aspects of how students solve a problem. For example, students’ strategies for solving, say,
multi-digit division problems, may encompass things such as metacognitive strategies,
heuristic strategies, and visualization strategies. As with heuristics, strategies (as used in this
thesis) are not intended to provide a path from the problem to the answer. On the contrary,
algorithms for say, solving multi-digit division problems refer to the specific procedures which
take in some numbers, operates on those numbers, and outputs another number (e.g., long
division algorithm). 5
2.1.2 Why are algorithms important?
The importance of algorithms in mathematics is well-established in the literature (see Bass,
2003; Clarke, 2005; Marrongelle, 2007; Plunkett, 1979; Thomas, 2014; Thompson, 1997;
Usiskin; 1998). Some of the more common reasons evident in the literature for the importance
of algorithms include:
•

algorithms are useful for solving classes of problems, particularly where the
computation involves many numbers, where memory may be overloaded;

I apply these distinctions in my review of the literature, which means that I sometimes use algorithm to refer to
what others have called strategy or approach.

5
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•

algorithms are relatively easy to grasp, and can be implemented out by someone without
having to analyze the underlying structure of the algorithm;

•

algorithms are fast, with a direct route to the answer;

•

algorithms provide a written record of computation, enabling teachers and students to
locate any errors in the algorithm;

The reasons above highlight the critical role of algorithms as the means, efficient means, by
which mathematical problems are solved. However, my answer to the question of why
algorithms are important? goes beyond the argument that algorithms are important merely
because they are the means by which mathematical problems are solved. As I briefly mentioned
in Chapter 1, algorithms are significant in the field of discrete mathematics –– a field that is
becoming more and more prominent.
In the next two sections, I review some literature to substantiate why discrete mathematics is
an important part of mathematics and why algorithms are important in discrete mathematics.

2.2. Discrete mathematics
Hart and Martin (2018) define discrete mathematics as “a collection of mathematical concepts
and methods that help us solve problems that involve a countable (often finite) number of
elements or processes and connections among them” (p. 4). Discrete mathematics deals with
structures whose elements are “distinct” or “separate”. As such, discrete mathematics is
contrasted with “continuous mathematics” which is the study of structures whose elements are
“non-distinct” or “infinite” in nature. For example, continuous mathematics would consider
functions on the domain of real or complex numbers, whereas discrete mathematics would
consider functions on the domain of positive integers.
Discrete structures are central to a diverse range of mathematical fields: cryptography, graph
theory, combinatorics, logic, game theory, information theory, discrete probability, group
theory, computational theory. Even in branches of mathematics that deal primarily with
continuous structures (e.g., topology and geometry), discrete mathematics plays a central role
(see Hart & Sandefur, 2018; Lovász, Pelikan & Vesztergombi, 2006). Though discrete
mathematics was only established as a field of study over the last thirty years, it has quickly
risen in prominence (Hart & Sandefur, 2018). This rise seems to be a result of two related
developments: 1) more and more fields of mathematics use results from discrete mathematics;
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and 2) more and more fields outside mathematics (e.g., computer science, engineering,
business, chemistry, biology, and economics) use the tools of discrete mathematics (e.g.,
discrete mathematical modeling, algorithmic problem solving, discrete optimization,
combinatorial reasoning, and recursive thinking) (see Committee on the Mathematical
Sciences 2025, 2013; Hart & Sandefur, 2018; Rosen & Krithivasan, 2012).
Despite the growing prominence of discrete mathematics, Hart and Sandefur (2018, p. 1) report
that “the news has not yet fully reached school mathematics curricula”. Rosenstein (2018)
reported that core standards for primary and secondary mathematics in the United States
“excludes discrete mathematics” (p. 21). On an international stage, Goldin (2018) pointed out
that the place of discrete mathematics in curricula varies depending on the countries and on the
educational levels. In a few countries, there has been a long tradition to introduce graph theory
and other components of discrete mathematics at the secondary level. However, in other
countries, only a very small number of discrete mathematics concepts are taught, particularly
those involved in the fields of combinatorics and number theory.
The absence of discrete mathematics in some curricula perhaps stems from the fact that
although the importance of discrete mathematics has been repeatedly declared at the general
level (e.g., discrete mathematics is important because it is important for our technological age),
the majority of mathematics educators do not understand how discrete mathematics is
important (see Gaio & Di Paola, 2018; Ouvrier-Buffet, 2014). In other words, most
mathematics educators are unclear on what their students would gain from learning discrete
mathematics.
Towards addressing the foregoing lack of clarity over the benefits of learning discrete
mathematics, Rosenstein (2018) stated that the reason for getting discrete mathematics into the
mathematics curricula is simple: “the accessibility of discrete mathematics to learners provides
an ideal context to develop mathematical reasoning and problem solving” (p. 22). Other
researchers have conducted comprehensive studies on the benefits of including discrete
mathematics in school curricula and outlined specific reasons for doing so. For example,
Ouvrier-Buffet (2014) and Gaio and Di Paola (2018) reviewed the literature and outlined some
of the more the common reasons:
•

Discrete mathematics problems are accessible and can be explored without an
extensive background in school mathematics;

•

The results in discrete mathematics can be applied to real-world situations;
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•

Proof and abstraction are involved in discrete mathematics (e.g., in number theory,
induction), and can be introduced in ways that very accessible to students;

•

Discrete mathematics emphasizes algorithmatizing;

•

Discrete mathematics provides accessible introductions to modeling, optimization,
operations research, and experimental mathematics;

•

Since the main problems in discrete mathematics are still unsolved in ongoing
mathematical research, it affords pupils and students with opportunities to be
involved in a solving process close to the one expert mathematicians engage in;

•

As it is perceived as an innovative topic, discrete mathematics can easily engage
students, and provides opportunities to increase awareness of mathematics in
everyday life;

•

Discrete mathematics supports computer science competencies (computational
thinking) which can be useful in later school grades.

The list above provides specific reasons for including (more) discrete mathematics in school
curricula, one of which is the emphasis on algorithmatizing. In fact, according to Hart (1991),
algorithmatizing is the “unifying theme of discrete mathematics” (p. 67). Numerous
mathematicians and mathematics educators alike have acknowledged that one cannot do
discrete mathematics without understanding how to create algorithms, or more generally how
to solve a problem without employing the algorithmatizing approach (see Backhouse, 2011;
Hart & Sandefur, 2018; Lovász et al., 2006; Maurer & Ralston, 1991; Ralston & Maurer, 2005).
In the next section, I elaborate on the algorithmatizing approach, and why it is important in
discrete mathematics.

2.3. The algorithmatizing approach
Algorithmatizing is a problem-solving approach whereby one solves the problem by specifying
and analyzing an algorithm that constructs the solution(s) for the problem as opposed to merely
finding the solution(s) to the problem. For instance, the algorithmatizing approach to solving
17890 ÷ 15 requires one not just to solve the foregoing problem but also to specify an

algorithm that one could use to solve the problem and perhaps to solve other problems of the
form 𝑥𝑥 ÷ 𝑦𝑦 where 𝑥𝑥, 𝑦𝑦 ∈ ℕ.

Simmt (1998) explained that the significance of the algorithmatizing approach in discrete
mathematics stems from the fact that discrete mathematics falls under the category of
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“algorithmic mathematics” (Davis & Hersh, 1981). According to Davis and Hersh (1981)
mathematics can be divided into two categories: dialectic mathematics and algorithmic
mathematics. “Algorithmic mathematics generally provides results (solutions) of some sort,
whereas dialectic mathematics generally leads to establishing whether or not a solution exists”
(Simmt, 1998, p. 274). These two forms of mathematics are based on different approaches and
responses to mathematical problems –– “Dialectic mathematics invites contemplation.
Algorithmic mathematics invites action” (Simmt 1998, p. 275). Simmt noted that both
paradigms have existed in mathematics over the last century, but until recently, the dialectic
paradigm has been more prevalent than the algorithmic.
The distinction between algorithmic mathematics and dialectic mathematics provided by Davis
and Hersh (1981) aligns with Hart and Sandefur’s (2018) explanation that the algorithmatizing
approach is particularly significant in discrete mathematics which consists of problems that
concern not just whether a solution exists, but how such a solution (if it exists) can be
systematically found. Such problems require devising an algorithm that constructs the solution
(if it exists). For instance, consider the two graphs below. For each of the two graphs, one might
be asked to determine whether or not an Euler circuit exists –– where, an Euler circuit is a path
which begins and ends at the same vertex, and includes all the edges in the graph.

One will find that the graph on the left has an Euler Circuit while the one on the right does not.
It is relatively easy to prove that a graph has a Euler circuit if and only if all vertices of the
graph have an even number of edges incident on it (see Biggs, Lloyd & Wilson, 1986).
However, proving that an Euler circuit exists in an arbitrary graph does not specify how one
could construct such an existing Euler circuit in an arbitrary graph. Such a task requires going
beyond figuring out whether an Euler circuit exists, and requires creating an algorithm for
constructing an Euler circuit.
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Rosenstein (2018) further elaborates on the importance of the algorithmatizing approach in
discrete mathematics, specifically with respect to problems of the form “Find all…” (e.g., “find
all the Euler circuits in a given graph”, “find all the different ways that the vertices of a graph
can be colored using five colors”, “find all the different paths between two distinct vertices on
a graph”). Systematically solving these “Find all...” problems requires the creation of
algorithms that “find all [the solutions]”. Note, “find all” problems are different to problems
such as: “find how many Euler Circuits exist in a given graph”; or “find the number of different
colorings possible for a given graph using five colors?” These problems merely concern “how
many exist?”, and do not require any information about the individual things that do exist. Of
course, these existence problems can still be solved by “finding all” (i.e., via an algorithm that
finds all), but existence problems do not require one to “find all”.
Moreover, the algorithmatizing approach of discrete mathematics has been contrasted with the
existential approach of classical mathematics (e.g., algebra, topology, and analysis) (see
Maurer, 1984; Maurer & Ralston, 1991). To illustrate the distinction between the two
approaches, consider: the polynomial remainder theorem, which states that the remainder of a
polynomial 𝑝𝑝(𝑥𝑥) when divided by 𝑥𝑥 − 𝑎𝑎 is 𝑝𝑝(𝑎𝑎). From an existential approach perspective, the
proof of this theorem begins with the assumption that the quotient 𝑞𝑞(𝑥𝑥) and the reminder 𝑅𝑅
exist. Then:

𝑝𝑝(𝑥𝑥) = (𝑥𝑥 − 𝑎𝑎) 𝑞𝑞(𝑎𝑎) + 𝑅𝑅

⟹ 𝑝𝑝(𝑎𝑎) = (𝑎𝑎 − 𝑎𝑎)𝑞𝑞(𝑎𝑎) + 𝑅𝑅
⟹ 𝑝𝑝(𝑎𝑎) = 𝑅𝑅.

Note, no division was carried out in the proof above, and neither 𝑝𝑝(𝑎𝑎) nor 𝑅𝑅 was actually
computed. On the other hand, consider a proof for the theorem from an algorithmatizing
approach. Let 𝑝𝑝(𝑥𝑥) be an arbitrary polynomial of degree n:

𝑝𝑝(𝑥𝑥) = 𝑐𝑐𝑛𝑛 𝑥𝑥 𝑛𝑛 + 𝑐𝑐𝑛𝑛−1 𝑥𝑥 𝑛𝑛−1 + 𝑐𝑐𝑛𝑛−2 𝑥𝑥 𝑛𝑛−2 + ⋯ + 𝑐𝑐2 𝑥𝑥 2 + 𝑐𝑐1 𝑥𝑥 + 𝑐𝑐0

Then, by applying synthetic division 6 to 𝑝𝑝(𝑥𝑥)/(𝑥𝑥 − 𝑎𝑎):

Synthetic division is an algorithm (an alternative to polynomial long division) for Euclidean division of
polynomials. See Fan (2003) for an explication of synthetic division.
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𝑎𝑎

𝑐𝑐𝑛𝑛

𝑐𝑐𝑛𝑛

𝑐𝑐𝑛𝑛−1

𝑐𝑐𝑛𝑛−2

⋯

𝑎𝑎𝑎𝑎𝑛𝑛

𝑎𝑎2 𝑐𝑐𝑛𝑛 + 𝑎𝑎𝑎𝑎𝑛𝑛−1

⋯

𝑎𝑎𝑎𝑎𝑛𝑛 + 𝑐𝑐𝑛𝑛−1

𝑎𝑎𝑎𝑎𝑛𝑛 + 𝑎𝑎𝑎𝑎𝑛𝑛−1 +

⋯

𝑐𝑐𝑛𝑛−2

𝑐𝑐2

𝑐𝑐0

𝑎𝑎𝑛𝑛−2 𝑐𝑐𝑛𝑛

𝑎𝑎𝑛𝑛−1 𝑐𝑐𝑛𝑛

𝑎𝑎𝑛𝑛 𝑐𝑐𝑛𝑛 + 𝑎𝑎𝑛𝑛−1 𝑐𝑐𝑛𝑛−1

+ ⋯ + 𝑎𝑎𝑐𝑐3

+ ⋯ + 𝑎𝑎𝑐𝑐2

+ 𝑎𝑎1 𝑐𝑐1

+ 𝑎𝑎𝑛𝑛−3 𝑐𝑐𝑛𝑛−1
𝑎𝑎𝑛𝑛−2 𝑐𝑐𝑛𝑛

+ 𝑎𝑎𝑛𝑛−3 𝑐𝑐𝑛𝑛−1
+ ⋯ + 𝑎𝑎𝑐𝑐3
+ 𝑐𝑐2

It follows that 𝑝𝑝(𝑥𝑥)
equals:
𝑥𝑥−𝑎𝑎

𝑐𝑐1

+ 𝑎𝑎𝑛𝑛−2 𝑐𝑐𝑛𝑛−1
𝑎𝑎𝑛𝑛−1 𝑐𝑐𝑛𝑛

+ 𝑎𝑎𝑛𝑛−2 𝑐𝑐𝑛𝑛−1
+ ⋯ + 𝑎𝑎𝑐𝑐2
+ 𝑐𝑐1

+ ⋯ + 𝑎𝑎2 𝑐𝑐2
𝑎𝑎𝑛𝑛 𝑐𝑐𝑛𝑛 +

𝑎𝑎𝑛𝑛−1 𝑐𝑐𝑛𝑛−1 + ⋯ +
𝑎𝑎2 𝑐𝑐2 + 𝑎𝑎1 𝑐𝑐1 +
𝑐𝑐0

𝑐𝑐𝑛𝑛 𝑥𝑥 𝑛𝑛 + (𝑎𝑎𝑎𝑎𝑛𝑛 + 𝑐𝑐𝑛𝑛−1 )𝑥𝑥 𝑛𝑛−1 + (𝑎𝑎𝑎𝑎𝑛𝑛 + 𝑎𝑎𝑎𝑎𝑛𝑛−1 + 𝑐𝑐𝑛𝑛−2 )𝑥𝑥 𝑛𝑛−2 + ⋯ + (𝑎𝑎𝑛𝑛−1 𝑐𝑐𝑛𝑛 + 𝑎𝑎𝑛𝑛−2 𝑐𝑐𝑛𝑛−1 + ⋯ + 𝑎𝑎𝑐𝑐2 +
𝑐𝑐1 )𝑥𝑥 + (𝑎𝑎𝑛𝑛 𝑐𝑐𝑛𝑛 + 𝑎𝑎𝑛𝑛−1 𝑐𝑐𝑛𝑛−1 + ⋯ + 𝑎𝑎2 𝑐𝑐2 + 𝑎𝑎1 𝑐𝑐1 + 𝑐𝑐0 ).

Thus, the remainder 𝑅𝑅 is equal to 𝑎𝑎𝑛𝑛 𝑐𝑐𝑛𝑛 + 𝑎𝑎𝑛𝑛−1 𝑐𝑐𝑛𝑛−1 + ⋯ + 𝑎𝑎2 𝑐𝑐2 + 𝑎𝑎𝑐𝑐1 + 𝑐𝑐0 which one can verify

is equal to 𝑝𝑝(𝑎𝑎).

Note, the existential approach was not concerned with finding the remainder 𝑅𝑅, but merely

deducing that 𝑅𝑅 = 𝑝𝑝(𝑎𝑎). Furthermore, the existential approach did not specify how one could

. On the other hand, the algorithmatizing
construct 𝑅𝑅 for any arbitrary problem of the form 𝑝𝑝(𝑥𝑥)
𝑥𝑥−𝑎𝑎
approach, actually constructed 𝑅𝑅 through synthetic division. The algorithmatizing approach is

concerned not only with proving that 𝑅𝑅 = 𝑝𝑝(𝑎𝑎), but specifying a means by which 𝑅𝑅 can be
constructed.

In the previous two sections (Section 2.2-2.3), I reviewed some literature pertaining to the
importance of discrete mathematics in mathematics more generally, and why algorithms, in
particular the algorithmatizing approach, are important in discrete mathematics 7 . Together
these sections substantiate my personal argument for the importance of algorithms in
mathematics.
Given the prominence of discrete mathematics and the centrality of algorithms in discrete
mathematics, one could reasonably infer that learning how to create algorithms is an important
While the algorithms that are taught in discrete mathematics and the algorithms that are taught at, say, primary
level (e.g., multi-digit addition algorithms, division algorithms) differ in terms of content, I hypothesize that the
process of creating these algorithms (algorithmatizing) have some fundamental similarities. In either case, one
needs to think about not just how to find the solution to a problem, but also how to explain a specific way of
finding the solution to the problem. Furthermore, the algorithmatizing approach, while central to discrete
mathematics, is certainly not limited to discrete mathematics. Enhancing students’ competence in the
algorithmatizing approach will have benefits beyond discrete mathematics (see Committee on the Mathematical
Sciences 2025, 2013; Hart & Sandefur, 2018; Kenney & Hirsch, 1991; Morrow & Kenney, 1998; Ralston &
Maurer, 2005).

7
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part of mathematics education. However, a fair amount of existing literature on the teaching
and learning of algorithms tells an alternative story for the importance of having students (learn
to) create their own algorithms. For the purposes of developing a broad and more
comprehensive literature base upon which I situate this thesis, I summarize this alternative
story in the next section.

2.4. Developing students’ conceptual knowledge of algorithms
Algorithms have always been a significant, and at times controversial, part of mathematics
education. On the one hand, algorithms have been praised as “efficient mechanisms for
communicating generalized procedures” (Marrongelle, 2007, p. 211). On the other hand,
algorithms have been criticized because they, according to some, emphasize procedural
knowledge over conceptual knowledge (Kamii & Dominick, 1997; Thomas, 2014; van Galen
& Gravemeijer, 2003). Indeed, many studies have shown that it is possible for students to know
how to implement an algorithm without understanding how it works. For example, consider
the case of solving quadratic equations of the form 𝑎𝑎𝑥𝑥 2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐 = 0 with real roots. Most

students can solve this equation easily using an algorithm referred to as the “quadratic
2

−4𝑎𝑎𝑎𝑎)
formula”: 𝑥𝑥 = −𝑏𝑏 ± √(𝑏𝑏
. However, it may be the case that students who can successfully
2𝑎𝑎

apply the quadratic formula, do not actually know why this formula works, or what the
solutions to the equation represent. (Hiebert & Lefevre, 1986; Thomas, 2014).

Findings regarding the overwhelming number of students who know only how to apply
algorithms led some to regard knowledge of algorithms as a subset of procedural knowledge,
characterized by rote memorization, and contrasted with other aspects of mathematical
knowledge, such as objects, constructs, and concepts which form conceptual knowledge,
characterized by rich relationships (see Baroody, Feil, & Johnson, 2007; Hiebert & Lefevre,
1986; Thomas, 2014).
However, others have argued that knowledge of algorithms should not be conflated with
procedural knowledge. For instance, Sfard (1991) presented a theoretical framework which
conceptualized knowledge of algorithms in two different but complementary ways: operational
knowledge in which algorithms are processes, and structural knowledge in which algorithms
are objects. The former refers to knowing how to use an algorithm, while the latter refers to
knowing how to use it, when to use it, and why it works.
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Sfard’s dual conceptualization of algorithms has been espoused by many researchers who argue
that students’ knowledge of an algorithm can be superficial as indicated by rote execution, or
deep in that students can apply algorithms flexibly and innovatively to relatively novel problem
situations (e.g., Maciejewski & Star, 2016; Star, 2005; Threlfall, 2002; van Galen &
Gravemeijer, 2003; Verschaffel, Luwel, Torbeyns & Van Dooren, 2009). More generally, these
researchers maintain that knowledge of algorithms should not necessarily be characterized by
rote memorization, and that educators ought to find ways of teaching algorithms whereby the
students would develop deep structural knowledge of algorithms.
Hiebert and Lefevre (1986) claimed that structural knowledge of algorithms could be
developed through meaningful learning which emphasizes “relationships between units of
knowledge” (p. 8). Over the years, educators have sought to facilitate such meaningful learning
of algorithms through a variety of approaches. Some approaches have focused on establishing
innovative ways to teach conventional algorithms (e.g. long division algorithm, quadratic
formula algorithm) 8 through the use of carefully designed meaningful activities, and dynamic
class discussion (see Lampert, 1986; 1992; Lee, 2007; McClain, Cobb & Bowers, 1998 for
examples of this approach). Other approaches have focused on identifying those conventional
algorithms that are the most accessible to students and promoting these algorithms as the ones
that perhaps students should learn (see Carroll & Porter, 1998; Fuson, 2003). Other approaches,
in the spirit of genetic decomposition (Arnon, Cottrill, Dubinsky, Oktac, Roa Fuentes,
Trigueros & Weller, 2014; Dubinsky & Lewin, 1986), dissect conventional algorithms into
their constituents, and then suggest that teaching these constituents is crucial for enhancing
students’ conceptual understanding of the algorithm (see Fuson, 2003; Lee, 2006; Mack, 1990;
McNamara, 1998). Moreover, other approaches focus on explicating the connections between
alternative conventional algorithms (e.g., Fuson & Kwon, 1992; Fuson, Smith, & Lo Cicero,
1997; Fuson, Stigler, & Bartsch, 1988).
The approaches outlined above all revolve around developing students’ conceptual
understanding of conventional algorithms. While some educators have espoused the teaching
of conventional algorithms, others have rejected it. Several researchers have identified potential
drawbacks of teaching students the conventional written algorithms, especially to students at
primary and secondary levels (see Burns, 1994; Groves & Stacey, 1998; Kamii & Dominick,
To recall, a conventional algorithm refers to an algorithm (for solving a particular problem) that is commonly
taught among students. Note, the conventional algorithms for solving a particular problem might differ among
different educational settings (e.g., different countries/cultures, different educational sectors etc.).

8
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1998; Northcote & McIntosh, 1999; Thompson, 1997; Threlfall, 2002; Usiskin, 1998;
Verschaffel et al., 2009). Some of the potential drawbacks noted were: conventional algorithms
often encourage students to give up their own thinking, leading to a loss of ‘ownership of
ideas’; conventional algorithms give students the idea that mathematics is a collection of
mysterious and often magical rules that should be memorized; conventional algorithms are not
always the most efficient ones to use; conventional algorithms are not always the easiest ones
to learn; conventional algorithms tend to lead to blind acceptance of results and overapplication.
I note that the foregoing criticisms (potential dangers) regarding the teaching of conventional
algorithms seems more directed at the traditional rote approach of teaching and learning
conventional algorithms, rather than at conventional algorithms per se. Thus, the foregoing
potential drawbacks, might not apply to approaches, such as those previously mentioned, which
seek alternative/innovative ways of teaching conventional algorithms. Nonetheless, the
foregoing perceived drawbacks of teaching conventional algorithms motivated another
approach for developing students’ conceptual knowledge of algorithms which focuses on
helping students create their own algorithms. This thesis is situated in this approach of getting
students to create and develop their own algorithms, and as such I review this approach in more
detail in the next section.

2.5. Getting students to create their own algorithms: background and
benefits
In this approach, algorithms emerge as a product of students’ mathematical activity on
algorithmatizing tasks, which (to recall) are tasks that ask students not just to find a solution to
a problem, but rather to create and develop an algorithm for finding a solution to the problem
at hand (see Caroll, Fuson & Diamond, 2000; Carpenter, Franke, Jacobs, Fennema, & Empson,
1998; Mack, 1990; Peressini & Knuth, 1998; Rasmussen, 2001; Rasmussen et al., 2005; van
Galen & Gravemeijer, 2003). On these algorithmatizing tasks, students engage in the iterative
process of constructing their own algorithm, testing the algorithm on particular cases, and
revising the algorithm according to the results of the test(s). Furthermore, because the problems
to be solved within these algorithmatizing tasks are relatively novel to the students, students
are almost always not able to solve them easily using a ready-made algorithm that they had,
say, learned in class. And, though the students are expected to consider various algorithms and
be prepared to share their thinking, the students are not required to invent a completely novel
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algorithm (i.e., one which differs markedly from the conventional algorithms). Students are
allowed to re-invent and use conventional algorithms, but they must be able to explain why the
algorithm works. Put simply, the approach of getting students to create their own algorithms,
engages students in the practice of algorithmatizing.
Occasionally, some have criticized the approach of getting students to create their own
algorithms, claiming that only high-achieving students can create their own algorithms (see
Clarke, 2005; Groth, 2007). However, others dispute this, saying that: 1) all students can create
algorithms, but some students’ algorithms may be more mathematically advanced than others’;
and 2) the most important part of having students create their own algorithms is not the endproduct (i.e., obtaining an algorithm that works) but rather the process and experience of
creating (or trying to create) an algorithm. Overall, proponents of engaging students in the
algorithmatizing approach claim that the benefits of having all students try to create their own
algorithms outweigh any disadvantages.
Longitudinal studies have noted the benefits of integrating the algorithmatizing approach into
the curriculum (e.g., Cobb, Yackel, & Wood, 1992; Fuson, Wearne, Hiebert, Murray, Human,
Olivier, Carpenter & Fennema, 1997). For instance, in the well-known University of Chicago
School Mathematics Project (UCSMP), students (in grades K-12) are encouraged to develop
their own algorithms, and no conventional algorithms are taught as part of the UCSMP
curriculum through third grade. Caroll (2000) reported that by fourth grade most of the students
in the UCSMP could easily create effective and sophisticated algorithms for addition,
subtraction, and multiplication. Furthermore, many students possessed multiple alternative
algorithms for solving a single problem.
Commenting on the benefits of having students create their own algorithms, Sowder (1992)
explained that algorithm invention and the accompanying discussions that students have, build
students' reasoning and number sense. Furthermore, Sowder claimed that through the
algorithmatizing approach, students tend to develop their own personal set of alternative
algorithms and become more apt at choosing one that best fits the given problem, because these
students have spent ample time reflecting on the problems, exploring various solutions to the
problems, and trying out different solution procedures. Caroll (2000) added that students who
have experiences constructing their own algorithms and exploring their own meaningful
operations will be less prone to making the typical “buggy errors” that often appear as a result
of mechanical practice and memorization of procedures.
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Fuson (2003) reported that instructional programs for primary and secondary level students in
the United States, Europe, and South Africa, which focused on having students create their own
algorithms resulted in much higher levels of correct multi-digit arithmetic algorithms, and
children who can explain how they got their answers using sophisticated mathematical
language (see Beishuizen, Gravemeijer, & van Lieshout, 1997; Carpenter, Franke, Jacobs, &
Fennema, 1998; Fuson, Smith, & LoCicero, 1997; McClain, Cobb, & Bowers, 1998).
Huinker (1998) conducted a teaching experiment on primary school students (Years 3-6) in
which they developed their own algorithms for adding, subtracting, multiplying, and dividing
fractions. Huinker reported that as a result of the teaching experiment:
Students developed an interest in solving and posing word problems with fractions; students
became flexible in their choice of [algorithm] for solving fraction word problems and
computation exercises; students became more proficient in translating among real-world,
concrete, pictorial, oral language, and symbolic representations; and students became more
accustomed to communicating and justifying their thinking and reasoning (p. 181).

As Huinker expressed above, through developing their own algorithms students became
flexible in their choice of algorithms. This finding is echoed in a number of other studies (e.g.,
Caroll, 2000; Caroll & Porter, 1998; Sowder, 1992; Threlfall, 2002). The notion of procedural
flexibility has been of interest to many researchers, and has been defined as “the learner’s ability
to switch smoothly between different strategies [algorithms]” (Verschaffel et al., 2009, p. 239).
However, flexibility has often been developed through equipping students with alternative
conventional algorithms for solving the same problem, and then having students compare them
and reflect on: 1) why one algorithm might be better than the other, and 2) the range of
situations in which some might be more appropriate than another (see Star, 2005; Star &
Stylianides, 2013; Rittle-Johnson & Schneider, 2015). The realization that students can develop
procedural flexibility through creating their own algorithms thus provided an alternative route
to the development of students’ flexibility with algorithms
Several studies that have espoused getting students (at the primary and secondary level) to
create their own algorithms, argue that teaching students multiple conventional algorithms and
getting them to reflect on these algorithms merely enhances the student’s ability to match
problems with ready-made algorithms (e.g. Peressini & Knuth, 1998; Threlfall, 2002; van
Galen & Gravemeijer, 2003). These studies claimed that for situations in which the problem is
relatively novel and unfamiliar, students will struggle to match the unfamiliar problem to some
30

Chapter 2: Background Literature

existing algorithm. Indeed, numerous studies have found that students (especially from primary
and secondary levels) who develop their own algorithms outperform students who were taught
the conventional algorithms, especially in activities which present students with relatively
unfamiliar scenarios in which they had to solve using some algorithm (see Burns, 1994; Kamii
& Dominick, 1998; Kamii, Lewis & Livingston, 1993; Madell, 1985). Threlfall (2002) argued
that it is inappropriate to think of any algorithm as ready-made, “available in the repertoire of
children, waiting to be selected an applied to a particular problem…the [algorithm] is not
decided it emerges” (p. 42). Threlfall’s point was that flexibility is not so much a matter of
skillfully selecting from existing algorithms, but rather of creating, through interacting with,
and reflecting, on the specific problem at hand. Upon encountering problems that are
sufficiently unfamiliar, students may struggle to match the problem with an existing algorithm.
Only through sensitizing students to the practice of creating their own algorithms, will they
develop the flexibility required to deal with unfamiliar problems.
The many benefits of getting students to create their own algorithms have led to calls to give
students more opportunities to create their own algorithms. However, educators have come to
realize that giving students more and more opportunities to create their own algorithms, has
raised a need for ways to assess students’ algorithms faithfully, and give students feedback for
how they can improve their algorithms. I discuss the issues of assessing students’ algorithms
and helping students improve the algorithms they create in the next section.

2.6. On assessing students’ algorithms
Despite the aforementioned benefits of having students create their own algorithms (as opposed
to teaching them conventional algorithms) several studies have found that many teachers
especially at the primary and secondary level) still insist on teaching the conventional
algorithms. For instance, Groth (2007) investigated some reasons why teachers resist having
students create their own algorithms. The study focused on a group of nine teachers from a
school district that adopted reform-oriented middle-school curriculum materials but later
rejected them, primarily due to the emphasis on alternative algorithms in the materials. Groth
found several reasons for teachers’ resistance to student-invented algorithms. The participating
teachers believed that: successful learning does not involve struggling with mathematics; the
teacher’s role in the classroom is primarily to present information; and mathematics learning
progresses according to a fixed sequence of levels. Kamii and Dominick (1997) added that
teachers’ insistence on teaching conventional algorithms and rejecting student-invented
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algorithms might be ascribed to the fact that the conventional algorithms are in fact the
algorithms which the teachers are most knowledgeable about, and thus the ones which they can
easily assess. In other words, Kamii and Dominick pointed to the fact that teachers often have
difficulty assessing students’ novel and idiosyncratic algorithms and giving students
appropriate feedback on how to improve their algorithms.
Several approaches for helping teachers with assessing and giving feedback on students’
algorithms are evident in the literature. One approach centers on professional development
programs which give teachers opportunities outside of their classrooms to discuss and reflect
on various student-invented algorithms (see Harkness & Thomas, 2008; Salinas, 2009; Son &
Crespo, 2009; Son, 2016). This approach seeks to make teachers more capable of giving
feedback on student-invented algorithms by: changing their attitudes (particularly aversions)
towards student-invented algorithms; enhancing their own mathematical knowledge (as it
pertains to alternative algorithms); and realizing that that their own mathematical knowledge
influences how they teach the subject.
Another approach focuses on delineating criteria that teachers can use to assess the quality of
student-invented algorithms (e.g., Bass, 2003; Campbell, Rowan & Suarez, 1998). Some of
these criteria are:
•

Efficiency: can the algorithm can be used regularly without considerable loss of time and
without frustration due to the number of recorded steps required?

•

Mathematical validity: are the steps of the algorithm correct according to the rules of
mathematics?

•

Generalizability: can the algorithm can be applied to the full range of problems of the type
being solved?

•

Accuracy (reliability): does the algorithm always produce the correct answer?

•

Ease of accurate use: can the algorithm be used with relative ease and does not lead to a
high frequency of error in use?

•

Transparency: is it clear what the steps of the algorithm mean mathematically? And, is it
clear how the steps advance the solver toward the problem solution?

In terms of helping students improve the algorithms that they create, these criteria are meant to
reveal what qualities the student-invented algorithm lacks, and then suggest things that students
could do to improve these particular qualities. For example, a student’s algorithm might lack
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efficiency; or generalizability; or mathematical validity. The teacher can then make specific
suggestions for how the student could improve the efficiency, generalizability, or mathematical
validity of his/her algorithm.
Another approach has focused on conducting error analyses of (mainly primary and earlysecondary level) students’ algorithms –– i.e., identifying the incorrect algorithms that students
use to solve particular problems, and then hypothesizing about the cause(s) of these errors (e.g.,
see Booth et al., 2014; Brown & Quinn, 2006). For example, examining the work of 143 ninth
and tenth graders on an elementary algebra test, Brown and Quinn (2006) found that some of
𝑎𝑎

𝑐𝑐

these students’ algorithms for adding two fractions 𝑏𝑏 + 𝑑𝑑 was to: add the two numerators and

then add the denominators, hence yielding

𝑎𝑎+𝑐𝑐

𝑏𝑏+𝑑𝑑

. The authors hypothesized that the cause of this

incorrect algorithm is an over extension of the algorithm for adding natural numbers. Another
example from the same study showed that many students’ algorithms for solving 8 – 3/5 was:
convert 8 to 8/5, and then subtract 3/5 from it to get 5/5. The authors ascribed this incorrect
algorithm to a lack of clear understanding about the relationship between natural numbers and
fractions and a poor understanding of how to convert a mixed number to an improper fraction
The three approaches (for assessing and giving feedback on student-invented algorithms)
mentioned above have, according to some, not only improved the assessment of studentinvented algorithms, but also at times, helped educators make reasonable suggestions for how
students can improve their algorithms (see Hart & Sandefur, 2018). However, several
researchers (e.g., Cai et al., 1998; Lappan & Bouck, 1998; Peressini & Knuth, 1998) noted that
the aforementioned approaches to assessing student-invented algorithms (and helping students
improve their algorithms) have merely focused on assessing the end-product – i.e., the
algorithm that students present at the end of the task. Peressini and Knuth (1998) warned about
making inferences about students’ algorithmatizing knowledge and abilities solely on the basis
of their final algorithm:
As educators we must exercise caution in making inferences about students’ algorithms solely
on the basis of their written responses [i.e., their final algorithms] to assessment items. Other
means of assessing students’ [algorithmatizing] knowledge, such as observations and
interviews is necessary to get a more complete picture. If a student does not demonstrate
specific knowledge or skills on a task [e.g., does not produce a particular type of algorithm], it
does not necessarily mean that the student is deficient in a given area. Several alternative
explanations may apply: the student may not be able to communicate the knowledge he or she
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possesses, the student may not understand the language or context of the task, the task may be
poorly constructed, the student may interpret the task in an idiosyncratic/unexpected fashion,
the task may be poorly constructed… We must understand how they arrived at their algorithms.
In this way we can make more-informed instructional decisions (p. 67).

The quote above by Peressini and Knuth highlights two important issues: 1) making
suggestions for how students can improve their algorithms based only on assessing their final
algorithms is limited; 2) analyzing the mechanisms by which students created their algorithms
(“how students arrived at their algorithms”) would allow educators to make more informed
decisions regarding how to help students improve their algorithms. I further reflect on these
two issues in the following paragraphs.
Numerous studies have found that many students (across all ages and educational sectors) often
create algorithms that lack generality (i.e., the algorithms solve only particular problems, but
not all the problems which the algorithm should solve) (see Campbell et al., 1998; Huinker,
1998; Lannin, 2005; Lappan & Bouck, 1998; Orton & Orton, 1999; Stacey, 1989). These
studies often infer that the lack of generality in students’ algorithms means that the students
are not (yet) able to create a generalized algorithm, and thus educators need to teach these
students how to create algorithms that are general. However, I note that such conclusions and
suggestions are drawn entirely from the fact that the algorithm which students present at the
end of their work does not correctly solve all the problems which the algorithm was expected
(by external observers) to solve correctly. But, what if for the sake of argument, some of these
students actually created the desired generalized algorithm along the way, but dismissed it for
some reason? Or, what if the students purposely intended for their algorithm to lack generality?
Or, what if the students thought the problem did not require a general algorithm? In any of
these three hypothetical scenarios, the issue is not (necessarily) that the students are not able to
create a generalized algorithm. Thus, what students (in these hypothetical scenarios) need help
with is not necessarily how to create generalized algorithms, but rather things such as how to
realize when a task requires a generalized algorithm or how to recognize that the generalized
algorithm is more appropriate (for the problem at hand) than the non-generalized algorithm.
Continuing with the above scenario, I note that even when we (teachers/researchers) observe
that a student’s algorithm is a generalized algorithm, the observations may be misleading. Harel
and Tall (1991) distinguished between three types of generalizations: 1) expansive, where the
applicability range of an existing schema is expanded, without reconstructing the schema; 2)
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reconstructive, where the existing schema is reconstructed in order to widen the applicability
range; and 3) disjunctive, where a new schema is constructed when moving to a new context.
Applying these three types of generalizations to the context of algorithms, one could say that
the student might have arrived at a “generalized algorithm” in one of three ways: a) the student
expanded the applicability range of an existing algorithm; b) the student modified the current
algorithm in order to widen its applicability range; or c) the student rejected the current
algorithm, and created a completely new algorithm that works for the general case, without
actually reflecting and building on the existing algorithm. Harel and Tall (1991) argue that in
the long run it is the first two types of modifications that are desirable, since the third type of
change lacks “connection” between the elements of knowledge (i.e., not indicative of
conceptual knowledge). In light of the distinctions provided by Harel and Tall (1991), I note
that while it is desirable for students to create generalized algorithms, there are different
mechanisms by which students can arrive at a generalized algorithm, and some mechanisms
are perhaps more favorable than others with respect to the students’ overall development. In
this specific case, focusing only on the student’s final (generalized) algorithm may lead to the
conclusion that a student can successfully create a generalized algorithm, concealing the likely
possibility that the student created this generalized algorithm in an unfavorable (disjunctive)
way.
The point highlighted in the above illustration is that misdiagnoses of the difficulties that
students encounter in the process of creating their algorithms (and thus what they may need
help with) are perhaps more likely if educators’ assessments and feedback are based entirely
on students’ final algorithms (end-product). This is not to say that educators who have no
information regarding how students created their algorithms will not be able to help students
improve their algorithms. Rather, knowing something about how the students created their
algorithms might help educators better understand the problematic aspects of students’
experience with the algorithmatizing approach, and how these problematic aspects can be dealt
with. Furthermore, I note that helping students improve the algorithms they create is essentially
a matter of developing and enhancing the mechanisms by which the students create their
algorithms (see Cai et al., 1998; DeBellis & Rosenstein, 2004; Goldin, 2018; Hart & Martin,
2018; Marrongelle, 2007; Rosenstein, 2018). It is therefore imperative for research to shed light
on the idiosyncratic mechanisms by which students create their algorithms.
This section highlighted issues pertaining to the assessment of students’ algorithms and
motivated the importance of research into how students create algorithms. In the next section I
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review some studies that have gone beyond assessing students’ final algorithms, to analyzing
students’ mathematical activity in situations where they create algorithms.

2.7. Students’ engagement in the algorithmatizing approach
In my search of the literature on student-invented algorithms, I found that there was little to no
research that explicitly explored the mechanisms by which students create algorithms.
Furthermore, I only managed to find a very limited number of studies that: 1) analyzed
students’ mathematical activity on tasks that invited them to create algorithms (i.e.,
algorithmatizing tasks); and more generally, 2) analyzed students’ mathematical activity in
situations (not necessarily tasks) where students construct, test, and revise algorithms –– that
is, the process of creating an algorithm emerges spontaneously rather than being intentionally
stimulated by the learning environment. This thesis can be situated within these two
aforementioned lines of research, which in conjunction shed some light on students’
mathematical activity in situations where they engage in the algorithmatizing approach.
Moreover, because I did not find a substantial body of research on students’ algorithmatizing
activity, I had to consult a fair amount of literature comprising of studies which did not
specifically and explicitly focus on the theme of student-invented algorithms. In consulting
these studies, I often found that some of the ideas that were discussed resonated with the notion
of algorithmatizing. For instance, some of these articles revolved around students’
“approaches” or “strategies” for solving particular problems, and more importantly how the
students devised these approaches and strategies. What these articles referred to as
“approaches” or “strategies” resembled very closely what I refer to in this thesis as algorithms.
As such, I conceptualized some of the ideas explored in these studies through the lens of
student-invented algorithms, and revisited the data analyzed in these studies from the
perspective of algorithmatizing. In this way, I was able to make some inferences about
students’ engagement in the algorithmatizing approach.
In this section, I review some of the aforementioned lines of research, summarizing and
critiquing their findings, particularly in relation to how students create their algorithms; and I
summarize and critique suggestions for how to enhance students’ competence in creating
algorithms. Also, given what I expressed above regarding how I had to make inferences from
studies that did not specifically focus on algorithmatizing (and student-invented algorithms), I
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will indicate (either explicitly or implicitly) throughout the following review which of these
studies did or did not focus specifically on algorithmatizing.
2.7.1 The procedure – algorithm distinction
Cai et al. (1998) analyzed the work of middle-school students on two algorithmatizing tasks,
that focused on promoting students algebraic reasoning. One of the main findings that emerged
from their analysis was a distinction between a procedure and an algorithm. The former refers
to a process by which a solution for a particular problem at hand is found, while the latter
represents the communication of the process in a succinct way, utilizing recurring steps and
patterns in the procedure, that allows one to solve a general class of problems. To further
illustrate the distinction, consider one of the problems that Cai et al., (1998) used:
Crossing the River Problem
Eight adults and two children need to cross a river. A small boat is available that can hold
either one adult, or one child, or two children. Everyone can row the boat.
What is the minimum number of trips needed for all the adults and children to cross the river?
Explain how you got your answer.
[NB: The teacher later asked the students if they can come up with a way of solving the
problem if the number of adults increases]
Figure 2.1: Crossing the river problem

A procedure for solving the problem (with eight adults) above might look something like:
2c go across (the river); 1c comes back; 1a goes across; 1c comes back; 2c go across the river;
1c comes back; 1a goes across; 1c comes back; 2c go across the river; 1c comes back; 1a goes
across; 1c comes back; 2c go across the river; 1c comes back; 1a goes across; 1c comes back;
2c go across the river; 1c comes back; 1a goes across; 1c comes back; 2c go across the river;
1c comes back; 1a goes across; 1c comes back; 2c go across the river; 1c comes back; 1a goes
across; 1c comes back; 2c go across the river; 1c comes back; 1a goes across; 1c comes back;
2c go across.

where 1c, 2c, and 1a represent 1 child, 2 children, and 1 adult respectively. One can observe
that this procedure yields 33 trips. On the other hand, an algorithm for solving this problem
might look something like:
step 1) 2c go across the river;
step 2) 1c comes back;
step 3) 1a goes across the river;
step 4) 1c comes back;
step 5) repeat steps 1-4 until all adults have crossed the river;
step 6) 2c go across.
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This algorithm can be obtained by noticing the repeating block of {2c across, 1c back, 1a
across, 1c back} in the procedure above which corresponds to the set of trips required for one
adult to cross the river. One can easily verify that the algorithm, like the procedure, correctly
yields 33 trips for the case of eight adults.
Cai et al. (1998) found that the students easily constructed procedures like the one above, but
were unable to create an algorithm. The students merely regurgitated their procedures (such as
the one above) when asked to explain how they got their solution. Furthermore, in response to
“come up with a general way to solve the problem if the number of adult increases”, students
simply assumed a concrete number of adults (e.g., 10 adults, 15 adults), and then wrote out the
entire procedure. Cai et al., reported that there was no evidence that the students noticed any
recurring patterns (such as that aforementioned) in their procedures.
In conclusion, Cai et al. claimed that a difficulty that some students experience when working
on algorithmatizing tasks is the transition from a procedure to an algorithm. More specifically,
they claimed that the students did not notice any recurring patterns in their procedure, which
could aid them in creating an algorithm. This led the authors to suggest that educators (who
wish to enhance students’ competence in creating algorithms) need to find ways to help
students reflect on, and notice recurring patterns in the process by which they found the solution
(i.e., the procedure).
Note, the way that Cai et al. used the terms algorithm and procedure differs from how they are
used in this thesis. As one can gather from above, Cai et al. refer to an algorithm as a way of
correctly solving all problems within a general class of problems (e.g., for an arbitrary number
of adults in the “Crossing the River” problem), while a procedure is a way of solving a
particular problem (instance) in the class. It is with respect to this usage of the two terms, that
Cai et al. claim that in order for students to create an algorithm, they need to reflect and notice
repeating patterns in their procedures. On the contrary, in this thesis, a procedure refers to the
actual process by which the students found a solution to a given problem, while an algorithm
refers to the students’ communication (in written or verbal form) of how one could find the
solution to the same problem. This “problem”, from my view, can either represent a single
problem instance or a set of problem instances. As such, the students’ “procedures” (such as
the one given above) according to Cai et. al (1998), are from the perspective of this thesis,
algorithms for solving particular instances of a larger set of problems (i.e., with specific values
for the number of adults in the problem above). In this light, I re-interpret Cai et al.’s
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aforementioned suggestion as saying that in order for students to create a generalized algorithm
(one which can solve a set of problems), students need to reflect and build on their algorithms
they have created for specific instances within the larger set of problems.
The reason I have chosen this particular usage of algorithm and procedure is because my
concern in this thesis goes beyond whether or not the algorithm can solve a general class of
problems. In later parts of this thesis, I problematize the notion of a generalized algorithm (e.g.,
see Chapter 6). Furthermore, the usage employed in this thesis accounts for the fact that how
one actually solves a problem is not necessarily equivalent to the one’s communication of how
the same problem could be solved (e.g., see van Galen & Gravemeijer, 2003; Hughes, 1998).
Moreover, this usage accounts for the fact that some students can easily apply a generalized
algorithm (for, say, dividing two natural numbers) and yet struggle to communicate and
articulate the steps of this generalized algorithm (e.g., see Lockwood, DeJarnette, Asay,
Thomas, 2016; Thomas, 2014). Further still, students can often find the correct solutions for
particular instances of the general class of problems, and yet still create an algorithm that (when
implemented) does not actually yield the correct solutions for these specific problem-instances
(see Huinker, 1998; Mack, 1990; Moala, 2015). In summary, I argue that the problematics of
creating an algorithm goes beyond those pertaining to creating a generalized algorithm.
This sub-section has pointed not only to the difficulty that students might have with creating
generalized algorithms, which numerous studies have echoed (e.g., see Bass, 2003; Campbell
et al., 1998; Lannin, 2005; Lappan & Bouck, 1998; Stacey, 1989; Zazkis & Liljedahl, 2002),
but also to the difficulty, that students might have in creating an algorithm for solving a
particular problem instance. The next section further explores some of the inherent difficulties
of creating an algorithm.
2.7.2 Inherent problematics of algorithmatizing
As alluded to above, studies show that some students can easily find the correct solutions to
given problems, but struggle to create algorithms which (when implemented) would re-find
these correct solutions to the same problems. This struggle can perhaps be ascribed to the fact
that the request to create an algorithm is novel and often confusing for some students, who are
well accustomed to tasks in which the foremost goal is to find solutions to the given problems
(e.g., finding the solution to 17890 ÷ 15 and other specific division problems) as opposed to
creating an algorithm for solving the given problems (see Morrow & Kenney, 1998 for

numerous examples). Maurer and Ralston (1991) highlighted the fact that algorithmatizing
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involves two distinct acts: finding solutions and creating an algorithm that can be used to find
the solutions. The boundaries of these two acts are clear to experts, but often blurred to students.
These two distinct acts require a shift in ways of thinking, a shift which is not at all obvious to
students.
Towards shedding further light on the inherent difficulties of algorithmatizing, one explanation
that can be inferred from the cognitive science literature suggests that the solving of some
problems may be extremely routine that they require little to no cognitive control –– i.e., mental
processing occurs automatically below the level of awareness (see Al-Hejin, 2005; Schmidt,
1994). Thus, the request to create and explicitly articulate an algorithm for solving these
problems is challenging because it requires recalling and accessing things that occurred below
the level of awareness. This explanation seems related to Cai et al.’s (1998) claim that while
students may easily solve the given problems, the way in which they solve these problems
might not (yet) be understood at a conscious level, hence, Cai et al.’s suggestion for students
to reflect and build on their procedures (i.e., how they found their solutions).
I note however that the foregoing explanation regarding how some problems are solved without
much conscious effort, and thus students cannot access what happens below the level of
awareness, falls short in cases where the task is relatively difficult, requiring some control over
mental processing. That is, even when solving a problem requires some control over mental
processing (awareness of the steps taken to solve the problem), this does not guarantee that one
could recall the steps taken to solve the problem when asked to create an algorithm. This
highlights the fact that those things which one might understand at a conscious level while
solving the problem, might not necessarily be available at a conscious level when creating an
algorithm (cf. Galbraith, Stillman & Brown, 2017; Mason & Spence, 1999).
Huinker (1998) suggested that some students might struggle to create a generalized algorithm
(even though they might easily solve specific instances), because they might not see the
relationship between the particular instances that they solved, and the general class of problems
for which students are asked to create an algorithm. According to Huinker, some students
consider the general case as just another problem, but with letters instead of numbers. Huinker
explained that when one does not see the general case as being related to the specific cases that
one has actually solved, it becomes difficult for one to create an algorithm simply because one
has not actually solved the general case (i.e., all problems that constitute the class of problems).
For example, one might solve particular division problems (e.g., 17 ÷ 3, 930 ÷ 15, 178 ÷ 18)
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before being invited to create an algorithm that would correctly solve 𝑥𝑥 ÷ 𝑦𝑦 for 𝑥𝑥 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦 ∈ ℕ.

But note, one has not actually experienced (and in fact it is impossible for one to experience)
dividing all pairs of x and y for all 𝑥𝑥 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦 ∈ ℕ.

Moreover, Threlfall (2002) further problematizes and provides insights into the inherent
difficulty of algorithmatizing, by noting that a solution path (i.e., procedure) emerges in the
moment, in a very non-linear and disorderly fashion, making it hard for one to reflect on and

recall the steps of the solution process, when one is invited to create an algorithm:
It is inappropriate to think of solution strategies as ready-made and available in the repertoire
of children, waiting to be selected and applied to a particular problem. [The solution process]
can be seen as an individual and personal reaction with knowledge, manifested in the subjective
sense of what is noticed about the specific problem. As a result of this interaction between
noticing and knowledge, each solution ‘method’ is in a sense unique to that case, and is invented
in the context of a particular context – although clearly influenced by experience. The solution
path taken may be interpreted later as being the result of a decision or choice, and be called ‘a
strategy’ [algorithm], but the labels are misleading. The ‘strategy’ (in the holistic sense of the
entire solution path) is not decided, it emerges (Threlfall, 2002, p. 42).

Threlfall’s quote above, suggests that trying to reflect on this messy path, and to communicate
a clear process (an algorithm) which represents this messy path is not easy. The request to
create an algorithm can be construed as an invitation to linearize and structure a non-linear and
messy process, and thus students’ struggles with this request are to be expected.
Despite the inherent problematics of creating an algorithm discussed above in this section,
studies show that some students can indeed successfully create their own algorithms even for
problems that are very novel for students; some of these students do so with the help of
teachers/instructors, while some do so without teacher intervention. I review some of these
studies and their findings in the next section, focusing on how students are able to create their
own algorithms successfully.
2.7.3 How students (can) successfully create correct algorithms
Aligning with Cai et al.’s (1998) suggestion that students need to reflect on their procedures in
order to create (correct) algorithms, other studies show that some students do indeed create
correct algorithms by reflecting and building on, among other things, their procedure for
solving the particular problems at hand.
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For example, Rasmussen et al. (2005) explored undergraduate students’ algorithmatizing
activity, in the context of an instructional sequence on differential equations. The sequence
began with students predicting solutions to the equation

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑃𝑃, which represents a model of

the growth rate of fish population in a pond. In the equation, P represents the fish population,
and

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

represents the rate of change of the population with respect to time. The students were

not provided with any procedures for solving this equation, and instead developed a particular
solution procedure from their reasoning with rate of change and the problem context.
Once students developed a procedure for solving the particular differential equation, they were
invited to create a generalized algorithm that can be used to solve differential equations of the
form

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑓𝑓(𝑡𝑡, 𝑦𝑦). The authors explained how the students were able to develop (re-invent) the

Euler algorithm, a general algorithm that solves any first-order differential equation, by
reflecting on both the solution(s) they found for specific problems (e.g., rate of change of a fish
population) and the procedures by which those solutions were found.
Marrongelle (2007) claimed that the sequence of tasks used in Rasmussen et al. (2005) had
provided fertile ground to investigate “inscriptions, symbols, gestures, discourse and the like
that support student’s algorithmatizing” (p. 212). Specifically, Marrongelle (2007) examined
the ways in which students’ graphing and gesturing activities function to support and extend
students’ creation (re-invention) of the Euler algorithm in the same instructional sequence
(described above) analyzed in Rasmussen et al. (2005). Marrongelle found that, on the one
hand, if students’ primary goal was to create an initial algorithm ‘from scratch’, they used
imagery of graphing and gesturing as a tool for reasoning. On the other hand, if students’
primary goal was to make predictions in a new context, they used previously-developedalgorithms to reason, and used graphs and gestures to support the justification and clarification
of previous ideas. Specifically, Marrongelle discussed how particular gestures (e.g., rise over
run gesture, positive direction pen-slope gesture) and graphs (e.g., slope field graphs, tangent
vector field graphs) that the students employed while predicting solution(s) to the specific
equation

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑃𝑃 (explained above) were summoned to support the students’ creation of the

Euler algorithm. More generally, Marrongelle’s study showed how other aspects of students’
procedures (for finding solutions to specific problems) assisted students in creating their
generalized algorithms.
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In my Master’s thesis Moala (2015) I examined the collaborative work of a group of three
third-year undergraduate students (majoring in mathematics) on an algorithmatizing task in
advanced graph theory. The task invited the group to create an algorithm for constructing a
separating set in any simple graph. The students were not given any particular problem
instances to solve (e.g., particular graphs in which it is relatively easy to find a separating set)
and were merely asked to create an algorithm that could construct a separating set on any graph.
I found that one of the first things the group did, was figure out how to find the separating set
in smaller concrete problems (graphs). While they were solving these specific problems, the
students explicitly recognized and noted actions that they were repeatedly carrying out in each
of the smaller problems. These repeated actions formed the basis of their algorithm.
I inferred that by reflecting on how they were solving particular problems, the group was able
to “externalize the underlying algorithmic process…details and assumptions pertaining to how
they solved the problem, that might have otherwise remained below the surface of awareness”
(p. 94). Moreover, I explained the effectiveness of reflecting on how smaller cases were solved,
by noting that it was an instantiation of specializing. Mason (2001) perceived specializing as
going hand-in-hand with that of generalizing, referring to it as seeing the particular in the
general and seeing the general through the particular:
Whenever I encounter a [need for] generality, I find myself testing particular cases...The
purpose of trying out particular cases is…to attend to how the calculations are done, with an
eye to seeing if they generalise... Specialising is an act I can perform in order to make sense of
what always happens in order to appreciate and reconstruct generality (p. 108).

Note, the students in the aforementioned studies (Marrongelle, 2007; Moala, 2015; and
Rasmussen et al., 2005) were all undergraduate students who were relatively familiar with the
practice of algorithmatizing. Moreover, these students were relatively familiar with the
usefulness of reflecting and building on their procedures (for solving specific problem
instances) when creating an algorithm. As such, these students seemed to carry out the act of
reflecting and building on their procedures naturally without external motivation.
However, students with less experience in algorithmatizing (e.g., those in primary and
secondary) may need more assistance (teacher intervention). To this effect, Lappan and Bouck
(1998) found it useful to get primary school students, who were learning about fractions, to
record their procedures for solving multiple specific problem instances, and then inviting the
students to compare their procedures. By comparing these procedures, the students were able
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to notice actions that were carried out in all of their procedures; and steps within the specific
procedures that were done repeatedly (loops). Finally, the students were invited to anticipate
which of these recurring actions they would perform (or not perform) in other variations of the
problem and why (cf. Cai et al., 1998; Hart, 1998; Ralston & Maurer, 2005; Rosenstein, 2018).
I note that in certain situations getting students to reflect on their procedures for solving
particular problem instances may not be enough for students to create correct generalized
algorithms. As previously mentioned, Huinker (1998) pointed out that when invited to create
a generalized algorithm, some students may struggle because they do not see how the particular
instances that they solved, are related to the general class of problems for which students are
asked to create an algorithm. As such, Huinker suggested that when creating a generalized
algorithm, it may be beneficial for students to reflect carefully not only on how they solved
particular problems instances (i.e., their procedures), but also on how these problem instances
are related. The students must somehow come to realize that the problems they have solved are
indeed related, and belong to a larger class of problems.
This section has explored some of the ways that students go about creating correct algorithms,
most of which revolve around reflecting and building on their procedures. One important aspect
of algorithmatizing that was not discussed in this section is its iterative nature. That is, creating
a correct algorithm tends to occur not in a single step, but rather through multiple iterations of
testing and revising an initial (incorrect) algorithm. At times, these iterations lead to the
development of correct algorithms, and at other times they do not. The next section explores
the aspect of testing and revising in relation to the persistence of students’ incorrect algorithms.
2.7.4 On the persistence of students’ incorrect algorithms through multiple iterations of
testing and revising
The development of student-invented algorithms involves the crucial processes of testing and
revising (see Bass, 2003; Campbell et al., 1998; Marrongelle, 2007; Mingus & Grassl, 1998;
Rasmussen et al., 2005). Specifically, it is through iterations of testing and revising that
students can improve their existing incorrect algorithms. In theory, students would implement
their algorithm on certain problems, realize errors in their algorithm, and revise their algorithm
so that the resultant algorithm correctly solves all the problems that it is expected to solve.
Studies, however, have found that students can often go through multiple iterations of testing
and revising, and still end up with an incorrect algorithm (e.g., see Ashlock, 2001; Brown &
Van Lehn, 1980; Burton, 1982; De Bock et al., 2002; O’Brien, 1999; Van Lehn, 1990).
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Sometimes students apply the same exact incorrect algorithm repeatedly, and other times
students will iteratively revise certain aspects of their existing algorithm, but the resultant
revised algorithm is still incorrect.
Little to no research has specifically focused on explicitly explaining how and why students’
incorrect algorithms persist through multiple test-and-revise iterations. However, several
potential explanations may be inferred from studies that have explored the persistence of
students’ incorrect mathematical conceptions (often referred to as misconceptions). While the
majority of these studies did not focus specifically on algorithms, I note that some of the things
which they refer to as “mathematical conceptions” can be conceived as “algorithms”
(according to the definition used in this thesis). For example, De Bock et al. (2002) talked about
students’ improper use of linear reasoning to solve word problems that require non-linear
reasoning. One of the word problems discussed in their study invited students to determine the
increase in the volume of an object, if each of its dimensions is doubled. “Improper use of
linear reasoning” was exemplified by the use of an algorithm such as: if each dimension of an
object is doubled, then in order to find the volume of the new object, one doubles the volume
of the initial object. For another example, Zazkis and Chernoff (2008) examined a student’s
creation of different multiple “strategies” for determining which of two proper fractions was
larger (such as the common denominator strategy, whereby students convert the two fractions
into ones with common denominators, and then compare the numerators). It is not difficult to
see how these “strategies” can be construed as “algorithms” –– i.e., sets of instructions for
solving a specific problem (or accomplishing a specific task).
In the remainder of this section, I infer and review some explanations regarding the persistence
of students’ incorrect algorithms through multiple iterations of testing and revising. Some of
these explanations are inferred from studies (such as De Bock et al. (2002) and Zazkis and
Chernoff (2008)) that have not focused specifically on student-invented algorithms; while other
explanations are taken from studies that did explicitly focus on student-invented algorithms.
A common and well-established strategy for facilitating the development of student-invented
algorithms, through iterations of testing and revising, is the use of counterexamples (Cai et al.,
1998; Clarke & Veith, 2003; Ferrarello & Mammana, 2018). Counterexamples, specifically in
the context of algorithms, can be construed as problems for which the student’s algorithm is
expected to produce the correct solution(s), but does not. The rationale behind the use of
counterexamples is to get the student to realize that his/her current algorithm does not produce
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the correct answer for all the problems on which it should produce the correct answer, and in
turn, motivate the student to revise his/her current algorithm so that it correctly solves all the
problems for which it should solve correctly.
However, past research shows that when encountering counterexamples to their algorithms,
students do not always improve their incorrect algorithms (e.g., see De Bock et al., 2002;
Lappan & Bouck, 1998; Mack, 1990). A plausible explanation for this conundrum can be
inferred from studies pertaining to the use of counterexamples as a means for facilitating
revisions of students’ incorrect conceptions (see Klymchuk, 2012; Zaslavsky & Ron, 1998;
Zazkis & Chernoff, 2008; Zazkis, Liljedahl & Chernoff, 2008). Zazkis and Chernoff (2008)
showed that while all counterexamples are mathematically equivalent, in that they have the
potential to reveal erroneous ways of thinking, not all counterexamples invoke cognitive
conflict; furthermore, not all counterexamples which invoke cognitive conflict facilitate
conflict resolution.
Zazkis and Chernoff (2008) discussed the effect of different counterexamples on students’
conjectures, in the context of two post-secondary school students (also prospective teachers)
who were trying to decide how to determine whether a given number was prime, and figuring
out which of two fractions was larger. Zazkis and Chernoff (2008) concluded that, on the one
hand, some counterexamples merely made the students limit the scope of applicability of their
conjectures (i.e., the students maintained that their conjectures were correct, and that the
counterexamples were exceptions). On the other hand, they found that other counterexamples
stimulated the students to realize that their conjectures were incorrect, and thus reject their
initial conjectures.
Zazkis and Chernoff (2008) further discussed the effects of different counterexamples on
students’ conceptions with respect to proof schemes (Harel & Sowder, 1998):
“Proof scheme” signifies what is accepted as a convincing argument by an individual, and …
could be quite different from a mathematical notion of what constitutes a proof. While existence
of a counterexample provides a definite mathematical proof that the conception in question is
false, this may not fit within a proof scheme of an individual. The immediate attempt to confront
the student with a counterexample shows that rejecting a conception or a claim with a
counterexample is consistent with the expert’s proof scheme. However, this proof scheme is
not naturally possessed by learners. This explains why different counterexamples do not have
the same convincing power. Different counterexamples, while serving the same mathematical
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purpose of rejecting a conjecture, may not be equally effective in serving a pedagogical purpose
of helping a learner recognize the faulty conjecture (pp. 205-206).

Extending Zazkis and Chernoff’s (2008) argument to the context of algorithms, one might
hypothesize that some counterexamples are better than others in facilitating desirable
modifications in students’ mathematical thinking. That is, what we (external observers) may
see as counterexamples to a student’s algorithm, from a normative mathematical perspective,
might not be viewed in the same way by the student. Perhaps students do not revise their
incorrect algorithm in light of certain counterexamples because these counterexamples are not
convincing enough for the student to reject and revise their incorrect algorithm. The essence of
Zazkis & Chernoff’s argument is that choosing effective and convincing counterexamples is a
matter of figuring out what the student would actually see as a counterexample to his/her
algorithm.
Other studies that have sought to make sense of students’ persistent incorrect algorithms have
suggested that one of the primary causes of persistent incorrect algorithms is the absence of
validation. That is, students might repeatedly create incorrect algorithms because they have not
checked by some means (or in some cases, they lack the means to check) whether the algorithm
is (normatively/mathematically) valid. For example, a student’s algorithm for subtracting one
positive integer from another might be: subtract the smaller digit from the corresponding
larger digit. For 32 - 20, this algorithm correctly produces 12. For 30 – 12 the algorithm
incorrectly produces 20. From the lack-of-validation perspective, this student has not, say,
checked whether, for example, 20 + 12 = 30; or whether 32 – 20 and 30 – 12 are equivalent
(e.g., see Booth et al., 2014; Brown & Quinn, 2006; Carroll, 2000; Carroll & Porter, 1994).
However, some have pointed out that ascribing the persistence of incorrect algorithms to lack
of validation: a) presumes that validation will result in a correct algorithm; and b) overlooks
the fact that students always produce algorithms that are correct from their perspective (i.e.,
most students validate their algorithms, but perhaps in ways that do not necessarily yield a
mathematically correct algorithm) (Corwin, 1989; Harkness & Thomas, 1998; Peressini &
Knuth, 1998).
The construct of validation has been explored in the context of mathematical modeling (e.g.,
Blum, 2015; Czocher, 2017; Czocher, Stillman & Brown, 2018; Kawakami, 2017). Contrary
to the belief that students create incorrect models because they do not validate them, these
studies showed that students do indeed validate their models in nuanced ways, and that these
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idiosyncratic validation processes may result in normatively incorrect models. Czocher et al.
(2018) state:
There is a need to go beyond questions such as: is the model valid? Has the student validated
the model? These questions focus on the student’s final product and whether or not it is correct.
In contrast, concerns captured by the questions: What is being verified or validated and how?
are both more descriptive and more revealing of student thinking allowing for teacher
intervention during modelling rather than waiting until the end. Shifting the view of validation
from a dichotomous judgment about a process or action to a richer description of students’
ongoing activity means encouraging learners and teachers to attend to more than creating a
correct model. It encourages attending to activities and skills that support learning how to carry
out validating activities (pp. 255-256)

The foregoing findings from mathematical modeling may be useful for instigating research on
how students validate their algorithms. The existing literature on student-invented algorithms
seems to treat validation simply as an act of checking whether the algorithm yields the correct
answer for a general class of problems at hand (e.g., does the student’s division algorithm work
for all pairs of natural numbers?). Building on the work of Czocher et al. (2018), such a
treatment of validation is perhaps too narrow, since it may be possible for students to engage
in validating activity without arriving at a normatively correct algorithm. If one assumes that
students always validate their algorithms, then one would gain very little from exploring the
question of: have the students validated their algorithm? Instead, it might be more useful to
ask: how have the students validated their algorithms? Shifting the view of validation from a
dichotomous judgment about whether or not the students have validated their algorithm, to
richer descriptions of how students validate might encourage both learners and teachers to
attend to more than merely creating a correct algorithm, but rather particular activities that may
enhance and develop students’ idiosyncratic validation processes.
Another explanation for the persistence of students’ incorrect algorithms that can be inferred
from the literature (see De Bock et al., 2002; Mack, 1990; Tirosh & Stavy, 1999) suggests that
some algorithms may be entrenched in students’ intuitive knowledge (Fischbein, 1987).
According to Fischbein, intuitive knowledge is characterized by “immediacy, self-evidence,
intrinsic certainty, perseverance, coerciveness, implicitness, theory status, extrapolativeness,
and globality” (Tirosh & Tsamir, 2014, p. 326). Numerous studies have explored students’
(from different educational sectors) misapplication of linear reasoning in many areas of
mathematics such as, algebra (e.g., De Bock et al., 2002; Gagatsis & Kyriakides, 2000; Van
48

Chapter 2: Background Literature

Dooren, De Bock, Hessels, Janssens & Verschaffel, 2004), arithmetic (Mack, 1990;
Verschaffel, Greer, & De Corte, 2000) and probability (Shaughnessey, 1992). For instance, in
De Bock et al. (2002), when students were asked to determine how much the area of a shape
will increase by if each dimension is multipled by a factor of x, the students often responded
that the area of the new object will be x times the area of the initial object, rather than x2 times
bigger. According to De Bock et al. (2002), these students’ linear reasoning seemed to possess
the characteristics of intuitive knowledge:
The use of [linear algorithms] was perceived as correct without a need for any further
justification. Students were overconfident in it, and were reluctant to question the correctness
of their approach when confronted with conflicting evidence… [Linear algorithms] appeared
to be deeply rooted in students’ intuitive knowledge and were used in a spontaneous or even
unconscious way, which made the linear approach quite natural, unquestionable and to a certain
extent inaccessible for introspection or reflection. While thinking aloud, most students
immediately used proportions, they were convinced about the appropriateness of the
proportional model and of the correctness of their answer, but it was virtually impossible for
them to justify what they did (p. 327).

Another explanation inferred from the aforementioned studies about students’ misuse of linear
reasoning ascribes the persistence of students’ incorrect algorithms to students’ tendencies to
consciously apply certain algorithms deliberately to situations wherein they are not applicable
(e.g., applying algorithms for adding and subtracting natural numbers on fractions). This
explanation differs from the intuitive-knowledge explanation above in the sense that these
students no longer unconsciously apply certain algorithms, but rather do this in an explicit and
deliberate way, with the conviction that these algorithms will work everywhere. These studies
also note that when students encounter information that contradicts their conviction, they
immediately reject the information (e.g., see Brown & Quinn, 2006; De Bock et al., 2002;
Mack, 1990; Tall, 2006).
Moreover, another inferred explanation suggests that the persistence of students’ incorrect
algorithms may be due to inadequate beliefs or habits that are influenced by certain norms. For
example, some students may dismiss certain algorithms that may be more efficient and
effective, in favor of ones that, say, were given to them by the teacher, as the latter are deemed
to be better, merely based on a belief that the teacher always knows better. Furthermore, even
if some students notice that an algorithm, given to them by their teacher, is producing an error,
they will reject the error and persist with this algorithm, because they think that the algorithm
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has to be correct since it came from the teacher (see De Bock et al., 2002; Verschaffel, Greer
& De Corte, 2000; Wyndhamn & Säljö, 1997). De Bock et al. (2002) described that such
inadequate beliefs and habits might stem from the so-called didactical contract (Brousseau,
1997) which can be described as a system of implicit norms, rules and expectations that exist
between students and teachers in school settings. De Bock et al. described how students “did
not spontaneously use and even distrusted heuristic methods that might have facilitated
problem solving” (p. 329). For example, the students rejected information that conflicted their
linear reasoning if this information came from diagrams that they drew. They believed that
diagrams were not trustworthy and not-mathematical, and that they needed formulas and
equations. The authors claimed that such beliefs were implicit messages obtained from their
teachers.

2.8. Summary of background literature
I had two goals in this chapter: 1) to elaborate in greater detail on the background and rationale
for this thesis that were briefly outlined in Chapter 1 (i.e., the rationale for exploring
mechanisms by which students create algorithms); and 2) to review a body of research
pertaining to students’ engagement with the algorithmatizing approach, aspects of which the
three constitutive studies (Chapters 4-6) are situated.
In light of the first goal, I reviewed several definitions of an algorithm found in the literature
and then stated the definition of an algorithm used in this thesis. I then elaborated on the
importance of algorithms in mathematics education, and more specifically in the field of
discrete mathematics. Subsequently, I elaborated on the algorithmatizing approach and the
critical role it plays in discrete mathematics. The importance of the algorithmatizing approach
in discrete mathematics (in conjunction with the importance of discrete mathematics within
mathematics) was my personal motivation for suggesting the need to enhance students’
competence with the algorithmatizing approach. However, I noted that the existing literature
posed an alternative story for the need to enhance students’ competence with the
algorithmatizing approach. Elaborating on this alternative story, I began by highlighting a
distinction between procedural and conceptual knowledge of algorithms, and how some
students tend to lack conceptual understanding of algorithms. I then described several
approaches aimed at enhancing students’ conceptual understanding of algorithms, one of which
was getting students to create their own algorithms (i.e., engaging students in the
algorithmatizing approach). I noted how the approach of getting students to create their own
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algorithms (and its many benefits) led to calls for students to create their own algorithms and
motivated the need for effective ways to assess the algorithms that students created and provide
feedback that would help students improve their algorithms.
In my review of past studies concerned with the assessment of students’ algorithms, I noted an
emphasis on assessing students’ final algorithms (the end-product), with little to no knowledge
of how these algorithms emerged –– i.e., the mechanisms by which students created these
algorithms. I then provided some explanations for how and why shedding light on the
mechanisms by which students create their algorithms would allow educators to make more
informed decisions regarding how to help students improve their algorithms. In summary, the
first half of this chapter, elaborated on the rationale behind the overarching aim of this thesis:
to explore and explicate some mechanisms by which students create algorithms (students’
algorithmatizing mechanisms).
Then, working towards the second goal of this chapter, I reviewed in Section 2.7 the very small
body of research that have: 1) analyzed students’ mathematical activity on tasks that invited
them to create algorithms (i.e., algorithmatizing tasks); and more generally, 2) analyzed
students’ mathematical activity in situations (not necessarily tasks) where students create, test,
and revise algorithms –– that is, the process of creating an algorithm emerges spontaneously
rather than being intentionally stimulated by the learning environment. Moreover, because I
did not find a substantial body of research that specifically focused on students’
algorithmatizing activity, I had to consult a fair amount of literature comprising studies which
did not specifically and explicitly focus on the theme of student-invented algorithms. I
conceptualized some of the ideas explored in these studies through the lens of student-invented
algorithms, and revisited the data that were analyzed in these studies from the perspective of
algorithmatizing. In this way, I was able to make some inferences about students’ engagement
with the algorithmatizing approach. As a whole, Section 2.7 reviews the literature that
specifically pertains to the aforementioned research aim of this thesis.
Note, in my review of the literature in Section 2.7 I did not focus on a particular set of students
(i.e., with respect to the educational sector to which they belong). However, the three studies
in this thesis explore and explicate algorithmatizing mechanisms emerging in the mathematical
activity of some secondary students and some post-secondary students. I explicitly
acknowledge this here because I do not presume that all students create algorithms in the same
way. For instance, university students may or may not produce algorithms in similar/different
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ways to primary school students. As such, I tried (in my foregoing review of the literature) to
be explicit about which educational sector the students belong to. Furthermore, I acknowledge
that some of the studies reviewed in this chapter pertained to the mathematical activity of
groups of students, while others pertained to the activity of individual students. Two of the
studies in this thesis (Chapter 4 and 5) explore algorithmatizing mechanisms emerging from
the activity of groups of students, while one of the studies (Chapter 6) explores algorithmatizing
mechanisms emerging from the activity of individual students. I do not, however, presume that
algorithmatizing mechanisms emerging from the activity of groups of students, are similar or
different to those emerging from the activity of individual students.
This thesis can be situated within the body of research reviewed in Section 2.7, which (among
other things) seeks to shed some light on students’ mathematical activity in situations where
they engage in the algorithmatizing approach. Each of the three constitutive studies of this
thesis builds on, and contributes to, several different (but interrelated) aspects of the body of
research analyzed in Section 2.7. I will specify and delve into these aspects more in the
respective chapters.
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Chapter 3. Methodology
Since the three exploratory case studies (Chapters 4-6) that comprise the core of this thesis
were written as standalone pieces, the reader does not need to be introduced to a general
framework in order to understand how each chapter works, what questions are investigated,
and how the data are analyzed. Each of the three case studies employs different methods (as
previously explained in Section 1.5). Despite these differences there are similarities among the
methods. In this chapter I describe the methodological considerations that underpin the thesis,
providing information regarding: the research paradigm that guided my inquiry; the
participants and research setting; the data collection methods; the general data analysis
approaches that I employed; and particular measures that were taken to ensure a reasonable
level of reliability and validity. This chapter complements the Methods sections of each of the
individual studies, offering background details that have been omitted from the presentation of
those studies in the interest of journal article conventions. Moreover, as mentioned before,
since the third study (Chapter 6) revolves around the analyses of data from a published article
(Zazkis & Chernoff, 2008), the majority of the methodological considerations described in this
chapter (more specifically, those described in Sections 3.2-3.5) pertain to the first two studies
(Chapters 4 and 5). Methodological considerations pertaining to the third study can be found
in the Methods section of Chapter 6, and of course in the original source –– Zazkis & Chernoff
(2008).

3.1. Research paradigm
According to Guba and Lincoln (1994), a research paradigm is the basic belief system or world
view, consisting of ontological, epistemological, and axiological considerations, that frames
the researcher’s inquiry into phenomena. In this section, I outline the paradigm that guided my
inquiry in this thesis. My purpose for outlining this research paradigm is to make explicit for
the reader how I view phenomena, and to also make explicit the specific underlying
epistemological and ontological assumptions that undoubtedly influence my research.
Understanding my research paradigm, might enable the reader to view the research undertaken
in this thesis from the perspective of this paradigm, and to evaluate the consistency of the
research according to this particular perspective.
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3.1.1 Post-positivistic assumptions
The general research paradigm within which I conducted the research in this thesis is that of
post-positivism (Cohen, Manion & Morrison, 2011). Phillips and Burbules (2000) argue that a
post-positivistic research paradigm offers the best hope of attaining what Dewey (1941) refers
to as beliefs that have warranted assertibility. That is, in a post-positivist paradigm, one accepts
that “a completely objective reality is impossible to apprehend” (Guest, Namey & Mitchell,
2013, p. 7).
Furthermore, because of the complex nature of any social phenomena under consideration,
Guest, Namey & Mitchell (2013) warn that any claims regarding observing and documenting
one true objective reality are suspicious. As such, my accounts of students’ algorithmatizing
mechanisms/activity explicated in this thesis are by no means one true objective account.
In line with post-positivistic traditions, I accept that my personal view, experiences, cognitive
biases and prejudices “colour not only report writing but also the process of identifying
research questions, data collection and analysis” (Guest et al., 2013, p. 276). That is, my own
biases will influence not only the results that emerge from my research (and which results I
choose to report) but also the entire research process from which these results emerged.
Nonetheless, one of the underlying assumptions of the post-positivistic paradigm is that a
reasonable approximation of reality can be generated from rigorous examination of
observations (Lincoln & Guba, 1986; Maxwell, 2002). My overall approach to conducting such
“rigorous examination of observations” is outlined in Sections 3.4 and 3.5 of this chapter, and
the specific data analysis approach taken in each of the three constitutive studies are presented
in the respective Methods sections.
Furthermore, stemming from the belief that a completely perfect objective reality is impossible,
I accept that any truth is fallible and corrigible, and that the best I (as a researcher) can hope
for is to provide conjectural knowledge (Ackermann, 1976; Ernest, 2013). This conjectural
knowledge is supported by the strongest, though potentially imperfect, existing (current)
evidence available and are always subject to reconsideration or refutation in light of new
evidence.
To recall, the overarching aim of this thesis is to explore and explicate some of the fine-grained
mechanisms by which students create algorithms. In the light of post-positivism, I accept that
the mechanisms identified and explicated in this thesis are at best provisional conjectures that
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are subject to revision in light of new evidence or alternative perspectives. However, though
they are conjectures, I claim that through my use of critical and rigorous analytical methods,
these conjectures represent reasonable and plausible approximations of some reality.
3.1.2 A qualitative exploratory approach
Stebbins (2001) defines exploratory research as: “research that intends merely to explore the
research questions, providing a better understanding of the phenomenon, and does not intend
to offer final and conclusive solutions to existing problems. It is initial research which forms
the basis of more conclusive research” (p. 2). Note, the nature of knowledge obtained through
exploratory research aligns with the notion of conjectural knowledge promoted by the postpositivist perspective.
According to several sources (e.g., Babbie, 2015; Cohen et al., 2011; Stebbins, 2001)
exploratory research is appropriate when investigating phenomena for which existing literature
is scarce. As mentioned throughout the previous chapters, little is known about the primary
phenomenon investigated in this thesis – the mechanisms by which students create algorithms.
Thus, it is appropriate that all three constitutive studies in this thesis are exploratory in nature.
Furthermore, the exploratory nature of my research meant that the use of qualitative research
methods over quantitative ones is appropriate, as suggested by (among others) Guba and
Lincoln (1994). That is, given that little is known about the mechanisms by which students
create algorithms, it does not make sense to try and quantify aspects of this phenomenon. In
other words, rather than attempting to measure aspects of the overall research phenomenon via
exploring questions such as –– What types of algorithmatizing mechanisms do students use
most? How often do students use a particular type of algorithmatizing mechanism? Which
mechanisms are most useful for […]? –– it is more appropriate to focus first on exploring the
question of: What mechanisms might exist (i.e., might students use) to create algorithms in
particular contexts?
Another reason I chose a qualitative approach (over a quantitative one) was because, as Denzin
and Lincoln (1998) explained, one advantage of using qualitative methods in exploratory
research is that participants have the opportunity to respond in their own words, rather than
choosing from fixed responses, as in quantitative methods. According to Willig (2001), having
participants respond in their own words as opposed to choosing from pre-defined responses is
important, because qualitative research is concerned with how people make sense of the world
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and how people experience events. As regards this thesis, I note that in light of the limited
research on how students create algorithms, having students choose from pre-defined responses
was deemed not only unreasonable, but also (more importantly) likely to undermine the goal
of capturing idiosyncratic mechanisms by which students create algorithms.
Patton (2002) adds:
Unlike quantitative researchers who more or less focus on causality, predictability, and
generalizability of findings, qualitative researchers focus on understanding phenomena in
context-specific settings, in which phenomenon of interest unfolds naturally and the researcher
does not attempt to manipulate the phenomenon of interest (p. 39).

Guided by the foregoing principles, I did not predefine variables in order to test and (dis)prove
certain hypotheses regarding students’ algorithmatizing mechanisms. Instead, I merely sought
to explore and explicate the idiosyncratic ways in which the participants engage with (and make
sense of) particular algorithmatizing tasks.
3.1.3 Using a small number of participants
The total number of participants in the combined three qualitative-exploratory studies
constituting this thesis is eight. Such a small “sample size” might immediately cast doubts over
reliability and validity of the findings that emerge from these studies, since it is often the case
that only research with “sizeable samples” can hold promise of validity and generalizability
(Crouch & McKenzie, 2006). In this subsection, I provide an argument for why these smallsample studies not only aligns with the nature of exploratory research case study research
(Robson, 2002; Yin, 1994) but also aligns with the underlying epistemological and ontological
assumptions outlined above.
According to Charmaz and Belgrave (2012), interview-based studies involving a small number
of participants (i.e., often less than 20) are becoming more common in social science. While
researchers who espouse small-sample studies may take its value for granted, the approach
often has little to no acceptability in the broader research community. However, Crouch and
McKenzie (2006) argued that the notion of sample-size is misleading and is not necessarily an
issue for studies that are not concerned with testing hypotheses and making claims about a
target population.
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Elaborating more on the notion of “samples”, Crouch and McKenzie (2006) claimed that a
particular shared experience or life-situation is by no means sufficient criteria for establishing
boundaries that define a sample of participants (as a fraction of some hypothetical larger group
to which they may in some sense belong). According to Crouch and McKenzie, if anything is
being ‘‘sampled’’, it is not so much individual persons (that are representatives of some abstract
group), but rather a social context and the participants’ experiences that emerge within this
specific context:
Rather than being systematically selected instances of specific categories of attitudes and
responses, here [in small-sample studies] respondents embody and represent meaningful
experience–structure links. Put differently, the participants can be construed as ‘‘cases’’, or
instances of states, rather than (just) individuals who are bearers of certain designated properties
(or ‘‘variables’’). We conceptualize these ‘‘cases’’ as states arising within a field of a particular
set of circumstances, which casts them as ‘engaged in perpetual dialogue with their
environment (p. 293).

In light of these arguments, I do not claim that the participants of my studies are representatives
of a particular (larger) group (or type) of students. As such, the algorithmatizing mechanisms I
seek to capture and analyze in this thesis should not be construed as ones that are representative
of certain types of mechanisms that a general group of students use. Instead, these
algorithmatizing mechanisms are best construed as ones which emerged in the work of specific
students (who of course have particular educational backgrounds) within specific settings.
There is no assumption that the mechanisms explored in this thesis can be generalizable to
other participants in other settings. This is not to say that the findings of this thesis cannot be
generalized, but rather that further research would be required to determine the extent to which
the findings are generalizable.
To further justify my use of a small number of participants, I note that while for hypothesistesting research, sample size must be a concern (for issues such as validity, reliability and
generalizability), for exploratory hypothesis-generating research (such as that conducted in this
thesis) it is not only reasonable and appropriate to have a relatively small number of
participants, but may even be advantageous (e.g., see Crouch & McKenzie, 2000; Little,
Jordens, Paul, Montgomery & Philipson, 1998; Salander, Bergenheim & Henriksson, 1996).
The specific justification offered in these sources for the benefits of having a small number of
participants stems from allowing the researcher to interact more closely with the participants
during the research process (especially during the data collection stage).
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Moreover, according to Walker (1985, p. 3, cited in Crouch & McKenzie, 2006), exploratory
studies “aims to discover what things exist [rather than] determining how many such things
there are. This statement evidently refers not to the number of participants but rather to
dimensions and aspects of the situation under investigation”. Note, in this thesis, the
overarching question I explore is: what are some mechanisms by which students create
algorithms on algorithmatizing tasks? Indeed, such a question, pertains to what things exist, as
opposed to how many such things there are. The algorithmatizing mechanisms that emerge
from my analyses of the participants’ work can be construed as comprising a small subset of
the existing mechanisms by which students create algorithms on algorithmatizing tasks.
The arguments I have provided above are not meant to suggest that the small sample size study
is the manner in which exploratory qualitative research ought to be done, but rather to justify
its appropriateness for the research conducted in this thesis.

3.2. Research setting and participants
As mentioned in Chapter 1, this thesis rests primarily on a data set gathered as part of Making
Mathematical Thinking Visible (MMTV)––a two-year long research project funded by the
Ministry of Education Teaching and Learning Research Initiative, administered by the New
Zealand Council on Educational Research (see Yoon & Moala, 2018). Associate Professor
Caroline Yoon (one of my joint-main supervisors) was the Principal Investigator on the
project 9, and I was a senior research associate.
The goal of the MMTV project was to develop ways of reporting to students, teachers and other
stakeholders, the complex mathematical activity students engage in while exploring
mathematical structures, specifically on contextualized discrete mathematics tasks. The
particular tasks that the students worked on in the MMTV project, were all algorithmatizing
tasks. One of my primary responsibilities on the project was to conduct fine-grained analyses
of students’ mathematical activity on the tasks. And, it was agreed upon with A/Prof. Caroline
Yoon, that I would be able to report some of the findings of my analyses of students’
mathematical activity as part of my PhD thesis.
Several themes emerged from my analyses of the students’ mathematical activity, one of which
pertained to the different ways in which students created and developed their algorithms. The

The other members of the research team were: Sze Looi Chin, Dr. Jean-François Maheux, Dr. Igor’
Kontorovich, Amy Linford, and Sarah Penwarden.

9
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two studies presented in Chapters 4 and 5 report on some of my findings regarding how the
students created and developed their algorithms while working on algorithmatizing tasks. The
data that I analyzed in some depth towards these two studies, was only a very small portion of
the larger data set gathered from the MMTV project. Furthermore, the two studies draw on the
activity of only a portion of the data that I analyzed in depth.
Since the data for the third study (presented in Chapter 6) of this thesis were taken from a
published article, details regarding how the data was collected and the background of the
participants are limited to how they are described in the article (Zazkis & Chernoff, 2008). As
such, it seems more appropriate (for the purposes of clarity and context) to present these details
in Chapter 6. As such, in the present section, I focus only on the research settings and
participants insofar as they pertain to the data that were collected as part of the MMTV project
and more specifically, the data that were analyzed for the two studies presented in Chapter 5
and Chapter 6.
In the following subsections of this section, I first outline the MMTV participants (and the
associated settings) from which came the data I analyzed in depth. Then, since not all of the
participants, whose work I analyzed in depth, feature in this thesis, I outline only those
participants that feature in the constitutive studies of this thesis. More comprehensive details
of the participants and the research settings for the MMTV project can be found elsewhere (see
Yoon, Chin, Moala & Choy, 2018; Yoon & Moala, 2018).
3.2.1 The participants whose mathematical activity I analyzed in depth
The MMTV project consisted of fifty-two student participants that were recruited over a twoyear period from three different educational sectors, six different mathematics courses, in New
Zealand. A total of fifty-seven hours of student activity was gathered during the project. Given
this enormous amount of raw data, I was not able to conduct fine-grained analyses of all the
data (in fact, due to limitations in time, I did not intend to analyze all the data gathered), and
instead focused on a specific pool of data (see Section 3.3.4 for details and justification).
Out of the fifty-two total participants in the MMTV project, the data that I analyzed in some
depth came from the work of twenty student participants (see Table 3.1). All twenty
participants came from the first year of data collection for the MMTV project (July 2016-June
2017), which afforded me ample time to analyze their work in some depth. The primary factors
behind my decision to focus on these participants are presented in Section 3.3.4.
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Table 3.1: Participants whose work I analyzed in depth
Educational
Sector

Institution

Description of mathematics course

No. of
participants

Secondary

Decile 3 Public
School A

Year 12 mathematics class which focuses
on using calculus methods for solving
problems. Methods include a selection from
those related to: derivatives and antiderivatives of polynomials, gradient
functions, gradient at a point. 10

6

Foundation
Studies

University B

Pre-degree bridging course which focuses
on developing mathematical skills, concepts
and understanding in algebra, geometry and
trigonometry.

3

Foundation
Studies

University C

Pre-degree bridging course which focuses
on promoting an understanding of number
skills, and an introduction to algebra.
Students learn how to use simple
technology and develop their problem
solving abilities.

6

Undergraduate
Studies

University C

First year undergraduate service
mathematics course for non-mathematics
majors. Covers selected topics in algebra
and calculus and their applications,
including: linear functions, linear equations
and matrices; functions, equations and
inequalities; limits and continuity;
differential calculus of one and two
variables; integral calculus of one variable.

5

3.2.2 The participants that feature in this thesis
Out of the twenty student participants whose work I analyzed in some depth (Table 3.1), eight
participants feature in the studies presented in Chapters 4 and 5 (see Table 3.2). The rationale
behind getting from the twenty participants (in Table 3.1) whose data I analyzed in depth to
the eight participants that feature prominently in this thesis is presented in Section 3.4.2.
Three groups were formed from the eight featured participants. One group consisted of three
students (Heti, Para, and Sia – pseudonyms) from Public School A, and taking the same Year
12 calculus class. This group features in Chapter 5. A second group consisted of three
Foundation Study students (Gil, Chad, and Lome – pseudonyms) from University B, and taking

See https://www.nzqa.govt.nz/nqfdocs/ncea-resource/achievements/2016/as91262.pdf for an outline of the
Achievement Standard used in this class.

10
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the same pre-degree mathematics course. This group features in Chapter 4. And, a third group
consisted of two first-year undergraduate students (Rick and Kahn – pseudonyms) from
University C, taking the same first-year undergraduate mathematics course. This group features
in Chapter 5. In summary, the participants that feature in Chapters 4 and 5 of this thesis came
from three different educational sectors and three different mathematics courses.
Table 3.2: Participants that feature in the constitutive studies of the thesis
Institution
(and
educational
sector)

Description of mathematics course

No. of
participants

Pseudonyms

Decile 3
Public
School A
(Secondary)

Year 12 mathematics with calculus class which
focuses on using calculus methods for solving
problems. Methods include a selection from those
related to include: derivatives and anti-derivatives of
polynomials, gradient functions, gradient at a point).

3

Heti, Para,
Sia

University B
(Foundation
Studies)

Pre-degree bridging course which focuses on
developing mathematical skills, concepts and
understanding in algebra, geometry and
trigonometry.

3

Gil, Chad,
Lome

University C
(Undergradu
ate Studies)

First year undergraduate service mathematics course
for non-mathematics majors. Covers selected topics
in algebra and calculus and their applications,
including: linear functions, linear equations and
matrices; functions, equations and inequalities;
limits and continuity; differential calculus of one and
two variables; integral calculus of one variable.

2

Rick, Khan

3.3. Data collection methods
In this section, I describe the research instruments used in the MMTV project to gather data on
students’ mathematical activity, and I explain why these instruments were particularly useful
for gathering rich data on the mechanisms by which students created algorithms. To recall,
these data collection methods pertain to the first two studies of this thesis (Chapter 4 and 5).
The data collection methods for the third study will be (for reasons previously stated) described
in Chapter 6.
3.3.1 Task-based interviews
The primary research instrument that was used to gather the data that I analyze in this thesis
was task-based interviews, which is “a form of a clinical interview in which the participants
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interact with the interviewer, other participants, and most importantly a carefully designed
task” (Maher & Sigley, 2014. p. 579). According to Maher & Sigley (2014) there is a significant
body of literature suggesting that task-based interviews “provide insights into the learners’
existing and developing knowledge, problem-solving behaviors, and ways of reasoning as they
are engaged in independent and collaborative problem solving” (see Newell & Simon 1972;
Schoenfeld 1985, 2002; Ginsburg 1997; Koichu & Harel 2007; Steffe & Olive 2009).
In light of the effectiveness of task-based interviews in “provid[ing] insights into learners’
existing and developing knowledge”, one can reasonably assume that task-based interviews
revolving around algorithmatizing tasks are appropriate for gathering data on the mechanisms
by which students create algorithms.
3.3.2 Algorithmatizing tasks
The acts of creating and using algorithms is not limited to algorithmatizing tasks (i.e., tasks
which explicitly require students to create an algorithm). That is, every time students attempt
to solve a mathematical problem, irrespective of whether the task explicitly requires them to
create an algorithm, an algorithm is deployed. Sometimes, the students need not create an
algorithm, but merely use one such as in the case of relatively simple problems such as 1 + 1
or 2 + 4. At other times, if the problem at hand is relatively unfamiliar to the students, and
cannot be solved using any ready-made algorithm, then the creation of an algorithm seems
necessary for solving the problem. Of course, not all algorithms created lead to a correct
answer, but nonetheless the attempt to solve the relatively unfamiliar problem indicates that an
algorithm was created and used.
However, despite the fact that any relatively novel mathematical problem necessitates creating
an algorithm, not all relatively novel mathematical problems invite students to focus on the
process of creating an algorithm. Using algorithmatizing tasks to gather data on the
mechanisms by which students create algorithms is appropriate, because such tasks encourage
the students to focus on creating (more importantly, explicitly articulating) algorithms, and thus
increases the likelihood that the researcher will obtain explicit data on how the students go
about creating their algorithms.
As mentioned before, the tasks designed and used in the MMTV project were not designed and
employed specifically for the purpose of gathering data on how students create algorithms.
However, all tasks used in the MMTV project were algorithmatizing tasks. A total of five
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algorithmatizing tasks were designed for the MMTV project: The Jandals Task (Yoon et al.,
2016); The Birthday Seating Task (Davies, Chin, Moala & Yoon, 2016), The Westfield Seating
Task (Yoon, 2016), The Unique Adventures Task (Davies, Chin & Yoon, 2016) and The Tug
of War Task (Yoon, 2015).
I contributed only to the design of two of the five tasks –– The Birthday Seating Task and The
Jandals Task (see Appendices), and this was a primary reason why these are the only two tasks
that feature in Chapters 4 and 5. Both tasks were pilot tested on groups of students comprising
undergraduate and secondary school students, over the span of approximately eight months.
Students’ work on the tasks were analyzed to evaluate how well the tasks promoted
algorithmatizing and the extent to which the students were engaged. Revisions to the tasks were
conducted according to the results of these tests (see Davies, Yoon, Moala & Maciejewski,
2016; Yoon et al., 2018; Yoon & Moala, 2018).
The two tasks used in this thesis satisfied certain conditions which increase the likelihood that
students would engage in creating, testing, and modifying their algorithms. I describe below
some of these conditions:
•

The task explicitly asks students to create an algorithm. That is, the task instructions
include a statement to the effect of: “create an algorithm for…” This explicit instruction
emphasizes the fact that what the task requires is not (merely) a solution to a problem,
but rather an algorithm for finding a solution. Also, during the interview session, the
interviewer ensures that the students are aware that what they need to produce is an
algorithm, by asking them questions such as: “So what does the task ask you to do?”
“In addition to finding [a solution] to [the problem], what are you required to create?”

•

The task provides opportunities for students to go through multiple iterations of testing
and revising their algorithm. That is, the students are first asked to create an algorithm
for finding the solution to a specific problem. Then, after students have created an initial
algorithm for this specific problem, they are given other problems (that are different
from the initial one) on which the students can test whether their algorithm produces
the correct answer. This increases the likelihood of obtaining explicit data on the
mechanisms by which students revise and validate their algorithms.

•

The problems to be solved, as part of the task, are relatively novel to the students. This
does not necessarily mean that the students are introduced to new mathematical
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concepts. Instead, the problem is such that it cannot be solved simply by recalling
ready-made algorithms that the students already know. This increases the likelihood
that students will engage in (and focus on) the process of creating their own algorithms.
•

Though the mathematical problems to be solved as part of the task are relatively novel
to the students, the problems are accessible. That is, the participants know (at the very
least) how to begin solving the problem. Accessibility is ensured by providing warm
up questions that familiarize the students with the concepts and ideas used in the task.
Furthermore, accessibility is achieved by ensuring that the problems (though novel) are
relatively easy to solve. But of course, as explained in Chapter 2, the ability to easily
solve these problems does not necessarily mean that the students can easily articulate
an algorithm for solving these problems. Overall, the accessibility condition increases
the likelihood that students can begin the process of creating an algorithm, and not be
hindered by, for instance, not understanding what certain terms mean or not
understanding the problem, or how to find a solution for the problem.

•

The mathematical content of the tasks is based on concepts from discrete mathematics,
in which the need to create an algorithm is easily and naturally motivated (as elaborated
on in Chapter 2).

•

The task is situated within contexts that are deemed imaginable and relatable to students
(see Pfannkuch & Budgett, 2016). This increases the likelihood that students will be
interested in the task. According to Dewey (1913) humans engage more meaningfully
in a task if they are interested in that task.

In addition to satisfying the conditions above, the two tasks satisfied other conditions which
help to promote a holistic and interconnected view of mathematics. As such, the tasks feature
aspects of: modeling (Lesh & Doerr, 2003), problem-posing (Kontorovich, Koichu, Leikin &
Berman, 2012), problem-solving (Schoenfeld, 1985), and all of “which encourage students to
struggle with the interconnectedness of mathematical structures by creating complex, often
contextually situated, mathematical products” (Yoon & Moala, 2018). For more details on the
tasks see Davies, Yoon, Moala & Maciejewski (2016); Yoon et al. (2018); Yoon & Moala
(2018).

64

Chapter 3: Methodology

3.3.3 The task-based interview sessions
The 52 student participants in the MMTV project were divided into seventeen groups. Each
group consisted of two or three students from the same class, working on up to four of the five
algorithmatizing tasks for fifty minutes per task (in separate sessions), in the presence of an
interviewer. These sessions were conducted outside of class time and outside course
requirements. All sessions were video and audio recorded, and all students’ written work were
collected together with observation notes taken by the interviewer and other researchers
present.
During the interview, the interviewer kept their interaction with the students to a minimum,
only interacting if the students needed clarification, or when inviting the students to verbalize
more or louder (so as to improve the quality of the recordings). Also, while the order of the
questions constituting the task were pre-determined, the interviewer often responded in the
moment to interesting things s/he observed while the students were working on the task. For
example, if the interviewer noticed that the students’ initial algorithm was of a particular form,
and thought that a particular pre-designed problem would serve as a counterexample, the
interviewer would present that problem to the students, thus often changing the pre-designed
ordering of the problems. The interviewer would also sometimes create new problems in the
moment, especially if s/he thought that the pre-designed problems in the task, would not
motivate the students to revise their algorithm.
As mentioned previously, I analyzed in depth only a small portion of the data gathered for the
MMTV project. The portion of the data that I analyzed in depth comprised nine task-based
interview sessions from the MMTV project. With the understanding that some of my analyses
of these sessions would feature as part of my thesis, several major factors influenced my
decision on which sessions (data) to analyze in depth: a) I had a significant contribution to the
design of the particular algorithmatizing task used in the session (i.e., either The Jandals Task
or Birthday Seating Task); b) I was present during the interview session, either as the
interviewer or as an observer (taking notes of the students’ work); c) the students were not
well-accustomed (novices) to the process of creating algorithms; d) according to the
interviewer/researcher observations notes taken during the live interview, the session contained
rich explicit data pertaining to how students created algorithms (this meant that some sessions
in which the students did not verbalize much, or in which the students struggled with issues
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other than creating an algorithm, were not analyzed). In Table 3.3 below, I outline the taskbased interview sessions comprising the data I analyzed in depth.
Table 3.3: Task-based interview sessions comprising the dataset that I analyzed in depth
Educational
Sector

Institution
(course/class)

Number of
students in
the group

Task Name
Jandals Task

Role in the interview
Interviewer

3
Secondary

Birthday Seating

Decile 3 Public School A
(Year 12 mathematics
with calculus class)

Jandals
3

University B
(Pre-degree bridging
course in Algebra)

Foundation
Studies

Birthday Seating

Jandals

3

3

Jandals

University C
(Pre-degree bridging
course in Algebra)
3

University C
(First year undergraduate
Undergraduate
service mathematics
course for nonmathematics majors)

2

3

Interviewer
Interviewer
Interviewer

Did not take part

Took notes during the
interview; and
managed recording
equipment 11

Jandals

Took notes during the
interview; and
managed recording
equipment

Birthday Seating

Interviewer

Birthday Seating

Took notes during the
interview; and
managed recording
equipment

Only a portion of the data set that I analyzed in depth features in the studies presented in
Chapters 4 and 5. The table below contains details on the sessions comprising the data set
featured in this thesis. I outline in Section 3.4.2 how I got from the larger data set of the sessions

11

Caroline Yoon was the interviewer, in all sessions for which I was not the interviewer.
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outlined in Table 3.3 above to the data set of the sessions in Table 3.4. More details about the
featured sessions are presented in the corresponding chapters (Chapters 4 and 5).
Table 3.4: Sessions comprising the dataset that feature in the constitutive studies of the thesis
Educational
Sector

Institution
(course description)

Secondary

Decile 3 Public School A
(Year 12 mathematics
class)

3
(Para, Heti, Sia)

Foundation
Studies

University B
(Pre-degree bridging
course in Algebra)

3
(Lome, Gil, Chad)

University C
(First year undergraduate
service mathematics
course for nonmathematics majors)

2
(Rick, Kahn)

Undergraduate

Number of
students
(pseudonyms)

Task

Birthday Seating

Jandals

Birthday Seating

Role in the
interview
Interviewer

Did not take part

Interviewer

3.3.4 Post-task reporting and debrief sessions
After each of the task-based interview sessions, the interviewer (i.e., myself or Caroline Yoon)
watched the videos, and created reports of the students’ mathematical activity on the task.
These reports focused on: a) the algorithms that the group created; b) how the group came to
realize that their algorithm was incorrect; c) revisions that the group made to their algorithm
when they realized that it was incorrect; d) aspects of the task that seemed to trouble the group;
e) certain things that the group did that helped them create/revise their algorithms; f) certain
things that seemed to impede the group’s attempts to create/revise their algorithms.
Once the report was ready (often no more than a week after the students had worked on the
task), they were shared with the student group in a post-task reporting debrief session. All these
post-task reporting sessions took place outside of class time, which again allowed for highquality data to be collected without classroom noise or interruptions. The sessions were also
video and audio recorded, and students’ inscriptions on paper were collected, along with
researcher observation notes.
For the three sessions that feature in this thesis, I conducted the post-task reporting session in
two of the three instances (Caroline Yoon conducted the other). After the interviewer shared
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the reports with the students, the students evaluated the reports via questionnaires completed
individually and as a group. Closed items on the questionnaires invited students to judge the
accuracy of the reports. Open items invited students to reflect on how they might use the
information from the reports to prepare for future mathematics learning, and the similarity of
these reports to other kinds of feedback they had received in their mathematics education.
The questionnaires were followed by a semi-structured interview to probe the students’
evaluations further. In particular, the students were asked to elaborate on among other things:
parts of the report that were accurate or inaccurate; aspects of the task that they found difficult
(and why); aspects of the task that interested them (and why); things that helped them create
and revise their algorithms; things that they found difficult with respect to creating/revising
their algorithms; and what they thought they could have done better (or would do differently
in the future).
The data gathered from these post-task sessions complemented the primary data gathered from
the task-based interview sessions. Some of the information gathered from the students’
responses during these post-task sessions were added to the annotated transcripts of the taskinterview sessions. Furthermore, while analyzing a group’s work on a particular
algorithmatizing task (as described in Section 3.4), I often consulted the data from the
corresponding post-task reporting session in order to confirm (or disconfirm) observations and
further develop particular interpretations that I had made from the students’ work during the
task-interview session.
3.3.5 On the use (and analyzing the work) of groups of students instead of merely
individuals
As mentioned before, the data that were purposely collected for this thesis (i.e. as part of the
MMTV project) were entirely from the work of groups rather than individuals. As such, the
algorithmatizing mechanisms I explore and explicate in the majority of this thesis (i.e., two of
the three constitutive studies) are those of groups of students, rather than of individuals. One
might wonder why groups of students were used (in Chapters 4 and 5) as opposed to individuals
(such as in Chapter 6), and whether these (group) mechanisms might still be pertinent to
individual students.
According to the literature, getting a single person to work on a task while trying to gather data
of his/her thinking in the moment is often possible through the use of think-aloud methods
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(Goos & Galbraith, 1996) in which the person verbalizes his/her thinking while working on the
task. However, such methods have some obvious flaws, mainly due to the fact that it is quite
unnatural for one to explain out loud (in the moment) what one is doing (Mason, 2004).
Some have argued that deliberately verbalizing while working on a task affects the thinking
process significantly (Goos & Galbraith, 1996; Schoenfeld, 1985). One method that has been
suggested to circumvent such problems is prompted reports (Goos & Galbraith, 1996) whereby
one is allowed to work as one normally would on a task, but the observer prompts one to
elaborate on particular aspects of one's work when necessary. But again, these prompts have
the potential to alter the course of the student's own thinking significantly (Goos & Galbraith,
1996; Mason, 2004).
Thus, getting more than one student to work on a task is usually preferred. Students can then
communicate quite naturally among themselves to provide reasonable data on any student's
thinking processes. Of course, there are still problems when using more than one student. For
example, group/social dynamics are likely to influence the thinking of any student (Anderson
& Kilduff, 2009). However, it is argued (see Goos & Galbraith, 1996; Schoenfeld, 1985) that
using multiple students (preferably two or three) is perhaps 'as good as it gets' in terms of
making the processes of students' mathematical thinking observable.
Such an approach (i.e., working in groups) closely resembles the sort of collaborative activity
that takes place in research mathematics and that is becoming more and more popular in
classrooms (see Jaworski, 2014; Lahann & Lambdin, 2014). Yet, even with this quite natural
procedure it can still be very difficult not only to trace an individual student's thinking, but also
to determine which ideas belong to a particular student, and which ideas belong to the group.
So instead of attempting to explore algorithmatizing mechanisms of individual students within
a group, I analyze the algorithmatizing mechanisms of the students as belonging to one entity
– the group.
However, the data gathered on the activity of a group, and the algorithmatizing mechanisms
explicated in Chapters 4 and 5 of this thesis may still be relevant (to a certain extent) to
individual students, because of some similarities between the nature of a group's thinking and
that of an individual. Sfard (2008) introduced the notion of commognition to explain how
"thinking is an individualized form of interpersonal communication" (p. 81). In other words,
when one is working alone on a mathematics problem, one's thought processes can be reimagined as a conversation with others.
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By conceptualizing thinking as a form of interpersonal communication, Sfard proposes moving
"beyond the metaphor of learning as acquiring knowledge – for example, treating knowledge
of something, like counting, as an object that is “held” by the mind and applied when needed
– to conceptualizing learning as participating in discourse" (Felton & Nathan, 2009, p. 571).
Furthermore, Minsky (1986) proposed the idea that the human mind comprises numerous
agencies, which interact to form a large complex society of mind:
We can envision either body or mind as like a great empire of countries, towns, and villages.
Each part has strong connections to certain neighbors, but much weaker connections with most
of those that lie further away. Your vision agencies know nothing of how you speak or move
your hands; those agencies use such different languages inside themselves that they can
scarcely cross-communicate at all. However, each of them can learn to influence some of the
others, and thus to exploit the skills those others learn. (p. 21).

Lesh and Yoon (2004) supported Minsky's notion by introducing the language of evolving
communities of mind to emphasize the assumptions that: thinking is based on communities of
constructs that are all at intermediate stages of development; and development resembles the
evolution of a community of living, interacting, and evolving biological systems. Furthermore,
they claimed that in model-eliciting activities (which are very similar to the algorithmatizing
tasks employed in this thesis) “similar phenomena tend to occur regardless of whether the
problem solver is a single isolated individual, a three-person team, or a whole classroom
learning community" (Lesh & Yoon, 2004, p. 213).
Given the foregoing explanations and metaphors, it is reasonable to suggest that the results (or
certain parts thereof) obtained from analyzing the thinking of a group (in particular, the
mechanisms by which a group creates algorithms) might be relevant/applicable to individual
students. That said, I acknowledge that some fundamental differences between the activity of
groups of students and the activity of an individual student (e.g., group/social dynamics) may
lead to fundamental differences. As such, caution must be taken by those who wish to apply
algorithmatizing mechanisms emerging from the work of groups to individual students (and
vice versa) (see limitations in Chapter 7).

3.4. Overview of data analysis methodology
Each of the chapters (4-6) corresponding to the three constitutive studies of this thesis contain
details of how the respective data were analyzed. As each of these chapters were written in the
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form of research articles (intended for publication), certain aspects and details of the data
analysis methodology were omitted in the interest of space and research article conventions.
As mentioned before, the data analyzed in the third study were taken from a published article
(Zazkis and Chernoff, 2008), more specifically, portions of the transcript excerpts presented in
that article. The data analysis methodology I employed for this third study is presented in the
corresponding chapter (Chapter 6). In this section, I provide a general overview of the data
analysis approaches that underpin the first two studies of this thesis. While I acknowledge that
certain parts of the approaches I discuss in this section may pertain to the data analysis
methodology employed in the third study, most of what I will discuss here pertains only to the
data analysis methodology employed in the first two studies. This is primarily because the
approach(es) I discuss in this section relate to how I got from the raw data (video-recordings)
to the findings reported in the studies, and I was not privy to the raw data for Zazkis and
Chernoff’s (2008) study.
Though the data analysis methods for the first two studies can be understood individually as
described in the relevant chapters, my goal in this section is to describe a general approach that
binds the methods used in the studies, and to explain how the pieces of data that feature in these
studies were obtained from the larger dataset that I analyzed in depth. In so doing, I hope that
this section augments the reader’s understanding of the individual studies. I first describe the
general analytical approach I used, and then I outline the concrete steps I took to analyze the
data.
3.4.1 An open generative approach to data analysis: background
As mentioned several times previously, my aim in analyzing the data for this thesis was to
generate plausible hypotheses regarding mechanisms by which students create algorithms.
Crouch and McKenzie (2006) argued that data obtained from small hypotheses-generating
studies are best analyzed “in ways which do not depend on delineated categories and the
numbers of hits in them, but rather on thematic strands extracted from the data by way of the
researcher’s interpretive and conceptual efforts” (p. 486).
According to Clement (2000), extracting such thematic strands from the data can be done
through an open generative approach, the ultimate aim of which is constructing new
observation concepts and theoretical models. One example of such an open generative
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approach, which I followed quite closely in my analyses, is grounded theory (Glaser & Strauss,
1967; Strauss & Corbin, 1998).
Arising as a reaction against the predominance of hypothesis-testing research and the
application of existing theories to new data, grounded theory approach was developed to allow
new theories to emerge directly from data. Grounded theories are specific to the context in
which they are developed, and are grounded in the data from which they emerged rather than
relying on analytical constructs, categories or variables from existing theories. I further note
that, for the purposes of my research, not having to rely on existing theories was beneficial
given the lack of existing theories/research on how students create algorithms.
In analyzing data from a grounded theory perspective, the researcher open-mindedly analyzes
the data, organizing and making sense of the data by noting recurring patterns and themes, with
the aim of developing theories which emerge directly from the data. However, as noted by
several researchers (e.g., Crouch & McKenzie, 2006; Golafshani, 2003), different versions of
grounded theory have developed over the past years. These versions often differ depending on
their interpretations of: “[the researcher] open mindedly analyzes the data” and “theories
emerge directly from the data”.
Bryant and Charmaz (2007) noted that though grounded theory was designed to minimize the
imposition of the researcher’s own categories of meaning upon the data, the production of
detailed, step-by-step guides for the method (e.g. Strauss & Corbin 1998), has made grounded
theory more prescriptive. With a specific coding paradigm, the researcher seems to look for the
manifestation of particular patterns in the data framed by the coding paradigm, rather than
taking the data themselves as the starting point to determine which categories may emerge.
Those who subscribe to the earlier, less prescriptive, version of grounded theory argue that
such a deductive element undermines the original purpose of grounded theory (i.e. the direct
emergence of theory from data). These researchers further argue that in order to maintain its
potential for generating new constructs, grounded theory must retain the openness of its
original formulation. According to this view, the grounded theory method needs to be flexible
enough to respond to the data, and that highly prescriptive procedures and coding frames
promote analytic rigidity and undermine the necessary flexibility.
The version of grounded theory that I followed in my analysis, lies somewhere in between the
completely open perspective and the highly prescriptive rigid perspective. This version of
grounded theory aligns most closely with Charmaz’s (2006; 2008) social constructionist
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version of grounded theory, which is founded on the idea that categories and theories do not
emerge from the data, but are constructed by the researcher through an interaction with the
data.
According to Charmaz: “the researcher creates an explication, organisation, and presentation
of the data rather than discovering order and organisation within the data. The discovery process
consists of discovering the ideas the researcher has about the data after interacting with it”
(Charmaz 1990, p. 1169). Note, this version of grounded theory aligns with my post-positivistic
assumptions about research (outlined in Section 2.1). That is, the questions that I (as a
researcher) ask of the data, the way I use the analytical methods, as well as my personal,
philosophical, theoretical and methodological background, shape both the analyses I conduct
and, ultimately, the (grounded) theories that emerge from my analyses. More generally, I
acknowledge that the grounded theories I produce emerges from my interaction with the data,
constituting one possible way of looking at the data, as opposed to a single definitive way.
Finally, as Willig (2013) states:
Grounded theory is not something that is ‘performed’ by different researchers in exactly the same
way; every researcher will need to tailor the approach to suit their particular research purpose. This
means that every researcher will generate their own version of grounded theory methodology in the
process of conducting the research. And this, of course, is entirely in keeping with the spirit of
grounded theory (p. 75).

Aligning with Willig’s remarks above, while my analysis of the data was heavily influenced
by the grounded theory analytical approach, I acknowledge that the exact analytical approach
I employed does not adhere strictly to any particular version of grounded theory. Instead, I
tailored the grounded theory approach to suit the particular aims of my research.
3.4.2 Overview of how I analyzed the data through an open generative approach
Auerbach and Silverstein (2003) proposed a six-stage process model for analyzing data from a
grounded theory perspective: 1) reading raw text (i.e., interview transcripts); 2) identifying
relevant parts of raw text, 3) identifying repeating ideas; 4) identifying themes among repeating
ideas; 5) identifying relationships between different themes; 6) constructing narratives which
articulate relationships between themes.
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In my analysis of data, I followed Auerbach and Silverstein’s model in conjunction with
Powell, Francisco & Mayer (2003) seven-phase analytical model for studying the development
of mathematical thinking. Powell et al.’s model comprises seven “interacting, non-linear
phases” (p. 413): 1) viewing the video data attentively; 2) describing the video data; 3)
identifying interesting events; 4) transcribing parts of the video data corresponding to
interesting events; 5) coding the transcript; 6) constructing a storyline; 7) composing a
narrative.
Note, Powell et al.’s model begins from video data rather than from the interview transcripts
as in Auerbach & Silverstein’s model. However, note that Auerbach and Silverstein’s model
fits right into phases 5-7 of Powell et al.’s model. As there was a large number of videorecordings gathered from the sessions (described in Sections 3.2-3.3), I decided that it would
be more efficient to begin my analysis by watching the video-recordings and identifying
interesting events and then transcribing only those video-recordings that contained interesting
events, as opposed to first transcribing all the video-recordings, and reading them to identify
interesting events.
Thus, I followed the first four stages of Powell et al.’s (getting from the video data to the
interview transcripts), and then proceeded to Auerbach and Silverstein’s model for the
remaining steps (getting from the interview transcripts to the narratives which constitute the
findings sections of Chapters 4 and 5).
In the following paragraphs, I provide an overview of how I employed steps of the two
aforementioned data analysis models in my analyses of the students’ work. I acknowledge that
this overview may seem rather abstract in the sense that I am describing my approach without
any reference to concrete pieces of data. However, I reiterate that the purpose of this section is
to give the reader a background story of the overall data analysis approach that underpins the
standalone studies. This background story (for the most part) has been omitted from the
individual studies in the interest of space and research article (publication) conventions, but I
include it here for the purposes of linking these studies into a coherent story.
Also, I note that while the following overview of my data analysis approach may suggest a
linear progression between different stages and activities, the actual process was dynamic and
non-linear, often involving jumping back and forth between different stages and activities of
the analysis. As Walters (2001, p. 60) writes, “the dynamic nature of research precludes any
formal step-by-step process”. Describing precisely (in hindsight) such a non-linear progression
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is almost impossible, and as such, this overview should be construed as a reasonable
approximate model of my analytical approach, that captures its essence.
Overview of the approach
The video-recordings that I watched corresponded to the nine task-based interview sessions
presented in Table 3.3 (see Section 3.3.3). Before I watched the video recordings, I usually
already had some documented observations that captured my interest from the live session, as
I was (for all but one of the sessions) either the interviewer or an observer taking notes of the
students’ work. As such, prior to watching the video-recording of a session, I first consulted
my notes from the particular session to refresh my memory regarding the session and any
interesting observations that I had made.
I then watched the video recording of a single session several times, taking notes of things that
interested me (i.e., pertaining to how the students go about creating their algorithms). Some
general questions that guided me while I was watching the video recordings were:
•

What algorithms did the group create during the session?

•

How did the group create their initial algorithm(s)?

•

What sorts of things (if any) helped the group create their initial algorithm(s)?

•

What challenges did the group encounter in the process of creating their initial
algorithm(s)?

•

What revisions did the group make to their initial algorithm(s) when they realized
errors?

•

What sorts of things (if any) helped the group revise their algorithm(s)?

•

What challenges did the group encounter in the process of revising their algorithm(s)?

•

What aspects of the algorithmatizing task seemed to trouble the group?

These questions influenced, to some extent, the sorts of things that captured my attention, and
thus interested me, as I watched the video recordings.
While watching the recording several times, I produced a description of the students’ work,
including some answers to the questions above, and noted certain questions for myself to
explore further. For instance:
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•

Why did the group create these particular algorithms?

•

Why did the group revise their algorithm in this particular way?

•

Why did these particular aspects of the task trouble the group?

•

Why did these sorts of things help the group create their algorithms?

After watching the recordings of all nine sessions several times, and producing rich
descriptions of the students’ work, I decided to narrow my focus, and further analyses, to a
subset of these sessions. Ultimately, I settled on three sessions. The major factors that
influenced my decision to focus on these three sessions were: 1) the need to construct a coherent
story for the thesis; 2) the time it would take to conduct a fine-grained analysis of each session,
plus the time it would take to conduct and write individual case studies around the results of
the fine-grained analyses; and 3) my level of interest in the session, and my motivation to
further analyze the data. The analysis of these three sessions, led to three different exploratory
case studies (Robson, 2002; Yin, 1994) 12 presented in Chapters 4 and 5. The remainder of the
present overview of my data analysis approach corresponds to how I got from the data to the
reports presented in Chapters 4 and 5.
From my description of the students’ work, I moved to the literature to get a sense of what
other researchers had to say about the interesting things I noticed, and to see how the
perspectives of other researchers connected to, contrasted, or complemented my own. Through
this engagement with the literature, a research idea (i.e., a potential research contribution)
pertaining to some aspect of how students created their algorithm(s) began to take shape for
me. Such a research idea was usually inspired by, among others: gaps in the literature that I
thought my empirical observations could shed some light on; findings from the literature that
problematized my observations; or findings from the literature that were problematized by my
observations.
Also, through my engagement with the literature I took note of several options for possible
theoretical lenses through which I could not only interpret the interesting things I found, but
also provide (or refine my initial) answers to the questions I had noted from my empirical
Disclaimer: some versions of the case study methodology according to Cohen et al., (2011) seek to study a
case because it represents a larger group of people. This is not my intention in this thesis, as I pointed out in
Section 3.1. I merely want to analyze in-depth a particular setting/situation, in order to generate hypotheses
pertaining to this specific situation, and to suggest some plausible and useful links between this specific
situation and other situations.
12
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observations. After my exploration of the literature, I then spent time further articulating and
refining my description of the students’ work, linking my observations to the literature, and
producing provisional interpretations of the interesting things that transpired and provisional
answers to the aforementioned questions noted.
Then, at regular weekly meetings, I presented my description and interpretations of the
students’ work, revolving around a particular research idea, to my supervisors. My supervisors
critiqued my interpretations, offered their own interpretations, and gave me: directions
regarding other literature to explore; potential theoretical lenses for shedding more light on the
presented data; and feedback for how I could refine my research idea. Occasionally, I also
presented my description and interpretations of the students’ work to fellow postgraduate
students and colleagues, who critiqued my interpretations and offered their own interpretations
of the data. In this way, I was able to collect multiple perspectives on and interpretations of the
data, which is particularly useful in qualitative research (Jordan & Henderson, 1995; Glesne,
1999; Walters, 2001).
The discussions with my supervisors and peers provided the basis upon which I continued my
analysis of the video recordings. I used these collective/multiple interpretations from the
discussions to go back to the video-recording, and subsequently the literature, to revise and
further articulate both my descriptions and interpretations of the students’ work, and also my
research idea. I went through several iterations of this collective analysis with my supervisors
and peers.
This iterative collective analysis process afforded me with a prolonged interaction with the
data, which according to researchers (e.g., Lincoln & Guba, 1986; Maxwell, 1996; Walters,
2001) increases the credibility of a qualitative research study. Furthermore, through this
iterative process and prolonged engagement with the data, my research idea became clearer for
me. At the end of this iterative phase, I had: a rich description of the data; several interesting
events/observations from the data; provisional interpretations of these observations; specific
research questions (and/or specific research aims) revolving around my research idea; and
theoretical lenses (forming a theoretical framework) through which I could analyze the
empirical data further with the aim of providing answers to my research questions.
I then proceeded to analyze the data more rigorously using Auerbach and Silverstein’s (2003)
data analysis model outlined above. I began by transcribing the particular video recording(s)
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and then annotated the transcripts with descriptions of the group's gestures, interactions,
inscriptions, and other semiotic resources (Arzarello, Paola, Robutii & Sabena, 2009).
Subsequently, I read the transcripts line by line several times, super-positioning the theoretical
framework on the transcript in order to cut down the text to a more manageable quantity and
identifying parts of the transcript that seemed related to my research question(s)/aim(s).
I then examined the abridged transcript carefully in search of repeating ideas (manifested in
things that students said or did), especially ones which I thought would help me either
accomplish my research aim(s) or answer my research question(s). I then placed these repeating
ideas into different thematic groups, consisting of ideas with similar characteristics, and
expressed these themes in the language of the theoretical framework. If I was not able to
express a theme using the theoretical framework, I augmented my theoretical framework by
adding other theoretical lenses from the literature.
Subsequently, I focused on articulating the different ways in which the different thematic
groups were related or not related to each other. Through articulating the relationships among
the different thematic groups, I was able to develop provisional answers to my research
question(s) and/or provided insights into my research aim(s). These provisional answers
provided the foundation upon which I built an initial “theory” pertaining to my research ideas,
aims, and questions.
After constructing this initial theory, I revisited the transcript specifically with the goal of
finding aspects of the data that challenged my theory. This procedure, referred to as negative
case analysis (Miles & Huberman, 1994; Strauss & Corbin, 1998), decreases inevitable
researcher bias in qualitative research, and increases the credibility of the study. If a “negative
case” was found, I attempted to refine my theory. The revision of an existing theory often
included: introducing new theoretical lenses to the theoretical framework; introducing a new
thematic group; introducing a sub-group within a thematic group; or revising the relationships
between the current thematic-groups. In general, I conducted this negative case analysis at least
five times for each of the two studies reported in Chapters 4 and 5.
After revising my initial theory several times, I then produced a narrative revolving around my
theory. This narrative: summarized and tied together the different relationships among the
thematic groups; situated my theory within a specific body of literature; and positioned my
theory in terms of hypotheses with respect to my specific research aim(s)/question(s). With this
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narrative in place, I once again sought critiques and alternative perspectives from my
supervisors, peers and other colleagues. Through these collective discussions, the narrative
underwent several iterations of revisions and refinements.

3.5. Reliability and validity
The purpose of this section is to outline my overarching perspective on the issues of reliability
and validity as they pertain to this thesis. Once again, I acknowledge that the measures for
reliability and validity described here pertain mostly to the first two constitutive studies
(measures pertaining to the third study are briefly outlined in Chapter 6).
According to Patton (2002), the underlying question pertaining to reliability and validity that
researchers often concern themselves with is: How can audiences be convinced that the
research findings of the inquiry are worth paying attention to? To this effect, Anfara, Brown
& Mangione (2002) suggest two ways of strengthening the reliability and validity of a
qualitative study: (i) using interview questions that are linked to the research questions, and (ii)
data triangulation (i.e., collecting data from different sources). Both of Anfara et al.’s
foregoing suggestions were implemented in this thesis, through the use of: 1) task-based
interviews centered around tasks that were specifically designed to increase the likelihood that
students would engage in the process of creating algorithms and 2) post-task interviews that
provided a secondary data source which was often consulted for the purpose of
confirming/disconfirming observations/interpretations of the students’ work during the taskbased interview.
Other researchers argue that an invaluable strategy for increasing the reliability and validity of
a qualitative study is collecting multiple perspectives on and interpretations of the data (e.g.,
Guba & Lincoln, 1985; Glesne, 1999; Jordan & Henderson, 1995; Walters, 2001). As noted in
the previous section, I employed this strategy by always discussing my interpretations of the
data with my supervisors and peers. They critiqued my interpretations and offered their own
interpretations of the data, which helped me revise and further articulate my interpretations.
Burns (1994) stressed that one way of convincing audiences that a study is worth paying
attention to (reliable and valid) is for the researcher to be as explicit as possible about the
motivation behind the overall study, the major question(s) being addressed, their perspectives
on the question, their research assumptions and biases, and their data gathering and analysis
procedures. The idea behind being explicit about the foregoing things is that it makes it easier
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for the audience to judge for themselves whether or not the study is worth paying attention to
(Sharma, 2010). Accordingly, I have outlined the motivation for the thesis and the research
aims in Chapter 1, and elaborated further on these with respect to the existing literature in
Chapter 2. Furthermore, I have given a summary of the data collection and analyses procedures
in Sections 3.2 - 3.4 above, and the specific details as it pertains to a particular study are given
in each of corresponding chapters. Some of the key research assumptions I make are outlined
below:
•

Students’ algorithmatizing mechanisms can be observed and analyzed;

•

I am able to observe, analyze, and generate plausible hypotheses about students’
algorithmatizing mechanisms;

•

Algorithmatizing tasks are an effective way to ensure that students engage in
algorithmatizing;

•

The two algorithmatizing tasks designed and used in the thesis (i.e., The Jandals Task
and The Birthday Seating Task) could elicit students’ algorithmatizing mechanisms;

•

The students that feature in this thesis had sufficient knowledge to create an algorithm
in each of the tasks they were given.

The issue of bias deals with the extent to which the researcher either consciously or
unconsciously focuses on data that supports his/her existing beliefs and expectations (Maxwell,
1996; Walters, 2001). Two well-known ways for controlling bias, which I employed in my
research has previously been mentioned –– 1) iteratively subjecting my own interpretations of
the data to peer-critique, and thus getting multiple perspectives on and interpretations of the
data; and b) negative case analyses, in which I iteratively revisit the data in light of my current
interpretations and theories in order to identify cases (parts of the data) that do not align with
my current interpretations. I acknowledge that despite the aforementioned measures taken to
limit bias in my research, and explicitly stating (above) aspects of the research that may
potentially bias the results, there may be some biases that have been overlooked. With the aim
of being explicit about such biases, I list below several aspects of the research process that may
be potential sources of bias:
•

During the session, the interviewer was very explicit about the need to create an
algorithm, and ensured that the students were: a) aware that they needed to create an
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algorithm; and b) aware of the problem for which the required algorithm was to solve.
These explicit instructions may have influenced (increased) the extent to which the
students focused on the process of creating an algorithm.
•

I was either the interviewer or an observer in all but one of the sessions that I analyzed
in depth. As such, before I began analyzing the data, I already had some insights, ideas,
and questions about their work. These initial insights, ideas, and questions may have
not only helped focus my analysis, but may have also restricted my analysis.

•

If before the end of allotted time for the session (i.e., 50-60 minutes) students said they
were done but the interviewer realized that they could further revise their algorithm, the
interviewer would give the students another problem to test their algorithm on. In this
way, some students went through more testing-and-revising iterations than others,
simply because they had more time to do so.

•

The interviewer would often give students other particular problems (in the moment)
to test their algorithm on, if the interviewer thought the pre-designed problems in the
task would not “push the students thinking further” (i.e., would not motivate the
students to continuing revising their algorithms rather than being happy with the first
or second iteration of an algorithm). This sort of interaction/intervention may have
caused the students to conduct certain revisions to their algorithm, that they might have
not done otherwise. In this way, the interviewer/researcher may have had some
influence on the types of mechanisms by which students revised their algorithms.

•

Some students reported in the post-task reporting and debrief sessions that they
assumed something was wrong with their algorithm if/when the interviewer asked them
to test their algorithm. On the other hand, students reported that if the interviewer did
not ask them to test their algorithm further, then they were more comfortable with the
algorithm they had, and were less likely to conduct further testing and revising. Again,
this is an example of the potential influence that the researcher had on how students
created (revised) their algorithms.

As various sources explain, qualitative research can never be completely unbiased (e.g., see
Anfara et al., 2002; Maxwell, 2002; Walters, 2001). Given underlying post-positivistic
assumptions, I accept that my personal view, experiences, cognitive biases and prejudice
impact the entire research process conducted in this thesis. Galdas (2017) explained that the
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question of, “How much of a researcher’s own values and opinions need to be reflected in
qualitative study questions, data collection methods, or findings for it to constitute bias?” is
fallacious. This is because the researcher is an integral part of the process and final product of
qualitative research, and attempts to separate the researcher completely from the research
process is neither possible nor desirable. The concern instead should be whether the researcher
has been transparent and reflexive (i.e., critically self-reflective about their own preconceptions
and expressing an awareness of his/her own influence on the research he/she is carrying out).
Measures taken to be transparent and reflexive in my research have been outlined above, and
will hopefully be evident throughout this thesis.
Additionally, Anfara et al. (2002) claimed that since qualitative research cannot be done
without making mistakes, the reliability of a qualitative study can be enhanced through the
researcher acknowledging weaknesses, potential oversights, and limitations of any study.
Accordingly, for each of the three constitutive studies, I specify in the corresponding chapters
some limitations of the respective study (and its findings). Limitations of the thesis as a whole
are discussed in the final chapter (Chapter 7) of the thesis.
I also acknowledge that given the exploratory nature of the studies reported in this thesis, the
findings might not readily generalize or transfer to other people or other settings. Such a
limitation is, in fact, characteristic of most qualitative studies (see Cohen et al. (2011) for a
comprehensive review). Qualitative research is often criticized because generalization is
usually not possible beyond the population under study. However, proponents of the qualitative
research paradigm argue that the validity and generalizability of qualitative studies are
established in ways that differ from the traditional methods used to facilitate the transferability
of findings of other studies.
The point to understand is that some qualitative research such as the exploratory case studies
conducted in this thesis do not aim to generalize findings to understand a general situation.
Attention is on the local setting and unique context, and explicating the findings that emerge
from the local setting, rather than on generalizing findings. Moreover, following Lincoln and
Guba’s (1985, p. 316, cited in Cohen et al., 2011) suggestion, each of Chapters 4 to 6 provide
sufficient raw data, in order for the readers to determine for themselves whether the findings
are reliable and valid, and transferable.
Finally, despite the rigorous analytical approach to ensure a reasonable level of reliability and
validity, I acknowledge that the findings emerging from this thesis are best construed as
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plausible hypotheses that are subject to revision –– aligning with the notion of conjectural
knowledge central to the post-positivistic paradigm. This, however, is not to say that the
findings are not trustworthy, but only to acknowledge that given the exploratory and qualitative
nature of the research, the findings are essentially non-definitive. As Crouch and McKenzie
(2006) explain:
It is in the nature of exploratory studies to indicate rather than conclude. More strictly put, such
studies formulate propositions rather than set out to verify them – or, at least, convincingly
demonstrate them (through reliance, for example, on ‘‘representativeness’’ and the persuasive
weight of large samples). Rigour in procedure and argument is as crucially important for
exploratory research as it is for any other kind of investigation – perhaps even more so, since it
generally lacks the familiar and reassuring trap- pings of research oriented towards verification.
In any case, post-positivist framework at least, there is in principle little difference between the
hypothetical nature of concepts arising out of exploratory studies and results obtained from
research that aspires to truth-claiming conclusions. In science – using the term in its most
general sense – all truths are contingent on further developments, as it is always a matter of
provisional designation of symbol, myth or theory (p. 492).

3.6. Ethical considerations
The study was granted approval by the University of Auckland Human Participants Ethics
Committee (016950). The student participants were given an overview of the study via
Participant Information Sheets, which included information on the study’s aims, what the study
involved, and what the students were expected to do during the study. The researcher’s role
was also made very explicit to the participants. Furthermore, the participants were informed
that participation in the study was voluntary, they were able to withdraw from the study at any
time, and that their participation (or non-participation) in the research would not affect their
course grades or any other aspect of their enrollment in their course. All the information about
the research that were given to the students, were also given to their respective lecturers,
teachers, and Head of Departments/Schools. Those students who agreed to participate in the
study signed a consent form (see Appendices) and were given vouchers as reimbursement for
their time and effort.
The participants agreed to be videotaped, audiotaped, and have records of their data kept for
six years and destroyed thereafter. The participants were informed that certain details would
be removed from the data to maintain anonymity, but participants understood that anonymity
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could not be guaranteed. The participants were informed that all researchers who would have
access to the recordings would sign a Confidentiality Agreement to ensure that the participants’
information would be kept in confidence. Furthermore, the participants agreed that any
discussion of the data would use pseudonyms and if any images were shown, their faces would
be digitally obscured. However, participants were given the option (in the consent form) of
choosing whether their photos or videos could be published in articles or used in presentations.
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Chapter 4. How does a Faulty Feature of an Initial Algorithm
Persist Through Multiple Testing-and-Revising Iterations?
Preface
This chapter concerns how students revise their initial (normatively incorrect) algorithms on
algorithmatizing tasks. The study reported in this chapter was motivated by a recurring
empirical observation I made during the early stages of my data analysis (i.e., while watching
the video recordings and taking notes, as described in Section 3.4). The observation was: some
students went through multiple iterations of testing and revising their algorithm, but a faulty
feature of their initial algorithm persisted throughout the iterations. The persistence of this
faulty feature meant that all iterations of the students’ algorithm are mathematically incorrect.
The focus of the present chapter is on the first research aim of this thesis: to explore and
explicate algorithmatizing mechanisms that might explain the persistence of a faulty feature of
the initial algorithm through multiple testing-and-revising iterations.
How did I get to this research aim?
At the early stages of my PhD studies, I had a keen interest in making sense of students’
persistent so-called “misconceptions” (e.g., Smith, Di Sessa & Rochelle, 1994). That is, making
sense of why some students’ particular ways of thinking persisted despite the fact that they
were normatively incorrect. As my PhD studies progressed, and I began exploring studentinvented algorithms, I narrowed my interest in students’ persistent incorrect ways of thinking
to persistent incorrect algorithms, and making sense of why some students’ incorrect
algorithms persisted through multiple iterations of testing and revising.
In my review of the literature (presented in Chapter 2), I found that some students can go
through multiple iterations of creating, testing, and revising their initial incorrect algorithm,
and still end up with an incorrect algorithm (see Ashlock, 2001; Brown and Burton, 1978;
Brown & Van Lehn, 1980; Burton, 1982; Van Lehn, 1990). This finding was deemed
problematic, since the development of student-invented algorithms relies heavily on the
iterative processes of testing and revising. That is, it is through iterations of testing and revising
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that students are expected to improve their existing incorrect algorithms (Campbell et al., 1998;
Hart & Sandefur, 2018; Marrongelle, 2007; Rasmussen et al., 2005).
Further readings of relevant literature led me to the realization that revising an existing
algorithm (or acknowledging the need to revise one’s algorithm) is by no means an easy task,
especially when this algorithm was useful and successful for solving problems in the past (De
Bono, 1967; Moala, 2015; Skemp, 1971). The more successful an algorithm was in helping the
student solve different problems, the more likely the student will try to use this algorithm to
solve other problems. The student will create and apply the algorithm, at times automatically,
and will fail (e.g., an error is produced, a contradiction is encountered). Despite this failure, the
student may refuse to revise her algorithm immediately, and instead, repeatedly tries to ‘make
it work’, seemingly guided by the mantra, “If it [the algorithm] worked there, it should work
here!” The past success of the algorithm instills in the student a sense of hopeful optimism that
it will eventually yield a correct answer, and that there is no need to consider revising the
algorithm.
Needless to say, refusal to revise one’s current algorithm can be a major hindrance to students’
performance on an algorithmatizing task. For instance, in Moala (2015), I observed that while
working on a non-routine graph theory task, a group of three (third-year) undergraduate
students tended to focus (and refocus) their attention on algorithms that had previously been
useful/productive for them. The group’s overreliance on these algorithms meant that other
algorithms, which would have been more appropriate for the problems at hand, were not given
due consideration.
As I continued to reflect on the persistence of students’ incorrect algorithms, I wondered
whether I could be more specific about the notion of “persistence”. Does the persistence of an
incorrect algorithm merely mean the persistent use of one incorrect algorithm and the refusal
to revise it? Could it mean something else? While contemplating on these questions, I was
introduced by one of my supervisors to the notion of prototypes (Hershkowitz, 1989; Tall &
Bakar, 1992). Prototypes are examples of a concept that are said to be popular (i.e., frequently
used or first to come to mind) among a group of students (Hershkowitz, 1989; Jones, 2018;
Tall & Bakar, 1992). For instance, some students may have convex polygons as their prototypes
for the polygon concept, or linear functions for the function concept.
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In my reading of the prototypes literature I learned that a prototype was often operationalized
as a set of features possessed by the majority of the student’s concept examples (see Tall &
Bakar, 1992). For instance, the majority of the student’s examples of a function might be
quadratic, continuous, and differentiable. It is thus said that this student’s prototype of a
function is the set {quadratic, continuous, differentiable}. In more basic terms, these are
features that this particular student tends to associate with the given concept. These features
are referred to as “predominant features” among the student’s examples of a concept. Research
showed that prototypes can facilitate learning by making abstract concepts more accessible
(Schwarz & Hershkowitz, 1999; Lakoff, 1987). However, prototypes can become problematic
when their features that are unnecessary from the perspective of a formal definition are
perceived as features that any example of the concept must have (e.g., Tall & Bakar, 1992).
Furthermore, research showed that these predominant features are often resistant to change.
Linking my readings of the prototypes literature to my earlier observations and reflections led
me to a conceptualization of a persistent incorrect algorithm –– sometimes it was not about the
persistence of a single incorrect algorithm, but rather the persistence of a common faulty
(predominant) feature of the algorithm throughout multiple iterations of testing and revising.
This conceptualization aligned with a finding from the algorithms literature which indicated
that: sometimes students apply the same exact incorrect algorithm repeatedly, and other times
students iteratively change different aspects of their existing algorithms, but the resultant
algorithms are still incorrect. That is, it is not that the student does not revise her algorithm in
light of recognizing an error and stubbornly uses an algorithm over and over again, but rather
that the student revises some aspects of the algorithm, while not revising other aspects (which,
in fact, make the algorithm normatively incorrect). Subsequently, an external observer might
notice that all iterations of the student’s algorithm contains a particular aspect that makes each
of the algorithms normatively incorrect. Moreover, the appearance of this particular aspect in
each of the algorithms becomes an operationalization of a persistent incorrect algorithm.
The empirical study reported in this chapter aims to contribute to the discussion of how and
why students’ incorrect algorithms persist through multiple testing-revising iterations. While
past research has provided some explanations for the persistence of incorrect algorithms, the
details of how students revise their algorithms is lacking. The study sheds some light on
questions that have largely been unexplored in the literature, such as: How do students
transition from one incorrect algorithm to another? By what mechanisms do students decide
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what to change and what to keep in their current (incorrect) algorithm? And by what
mechanisms do they decide that their resultant algorithm is correct (working from the premise
that the algorithm is always correct from the students’ perspective)? In this way, the study
works towards the aforementioned first research aim of this thesis: to capture and explicate
algorithmatizing mechanisms that might contribute to the persistence of a faulty feature of the
initial algorithm through multiple testing-and-revising iterations.
The chapter is an extension of a published conference article 13 that I wrote in collaboration
with my PhD supervisors:
Moala, J. G., Yoon, C., & Kontorovich, I. (2018). The emergence of a prototype of a
contextualized algorithm in a graph theory task. In A. Weinberg, C. Rasmussen, J. Rabin, M.
Wawro, S. Brown (Eds.) Proceedings of the 21st Conference on Research for Undergraduate
Mathematics Education, San Diego, California. RUME.

Additionally, the chapter is a slightly modified version of a manuscript that is currently under
revision for publication in the Journal of Mathematical Behavior. The details of the manuscript
are:
Title: "How does an attribute become predominant? Exploring a group's work on a
contextualized graph theory task".
Journal Reference: MATBEH_2017_211_R1.
Authors: John Griffith Moala, Caroline Yoon, Igor' Kontorovich.

As both works were co-authored by myself and my two doctoral supervisors, I use the pronoun
we instead of I throughout this chapter to refer to the authors.

4.1. Introduction
The development of student-invented algorithms involves the crucial processes of testing and
revising (see Campbell et al., 1998; Hart & Martin, 2018; Marrongelle, 2007; Mingus & Grassl,
1998; Rasmussen et al., 2005). Specifically, it is through these processes that students can
improve their existing, often incorrect, algorithms. In theory, students would implement their
algorithm on certain problems, realize errors in their algorithm, and revise their algorithm so
The article can be found at:
https://www.researchgate.net/publication/322094887_The_Emergence_of_a_Prototype_of_a_Contextualized_A
lgorithm_in_a_Graph_Theory_Task
13
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that the resultant algorithm is not erroneous. Studies, however, have found that students can
often go through multiple iterations of testing and revising, and still end up with an incorrect
algorithm (e.g., see Ashlock, 2001; Brown & Van Lehn, 1980; Burton, 1982; De Bock et al.,
2002; O’Brien, 1999; Van Lehn, 1990). Sometimes students apply the same exact incorrect
algorithm repeatedly, and other times students iteratively revise certain aspects of their existing
algorithm, but the resultant revised algorithms are still incorrect.
Limited research has focused on explicitly explaining how and why students’ incorrect
algorithms persist through multiple test-and-revise iterations. However, several potential
explanations may be inferred from the studies that have explored the persistence of students’
incorrect mathematical conceptions. While the majority of these studies did not focus
specifically on algorithms, we note that some of the things which they refer to as “mathematical
conceptions” can be construed as “algorithms” (according to the definition used in this
thesis) 14.
4.1.1 Background literature
One explanation can be inferred from studies pertaining to the use of counterexamples as a
means for facilitating revisions of students’ incorrect conceptions. Zazkis and Chernoff (2008)
showed that while all counterexamples are mathematically equivalent, in that they have the
potential to reveal erroneous ways of thinking, not all counterexamples invoke cognitive
conflict; furthermore, not all counterexamples which invoke cognitive conflict facilitate
conflict resolution. Zazkis and Chernoff added: “what constitutes an appropriate
counterexample can be determined universally and a priori. However, whether a given
counterexample stimulates cognitive conflict, and conflict resolution for a learner…can only
be fully recognized after implementation in an instructional setting” (p. 197). Incidentally,
studies have found that when students encounter counterexamples to their existing (incorrect)
algorithms, they do not always conduct revisions that result in mathematically correct
algorithms (e.g., Clarke & Veith, 2003; De Bock et al., 2002; Ferrarello & Mammana, 2018;
Lappan & Bouck, 1998; Mack, 1990). Extending Zazkis and Chernoff’s (2008) argument to
the context of algorithms, one might hypothesize that some counterexamples are better than
For example, De Bock et al., (2002) talked about students’ improper use of linear reasoning to solve word
problems that require non-linear reasoning. One of the word problems discussed in their study invites students to
create an algorithm for determining the increase in the volume of an object, if each of its dimensions is doubled.
“Improper use of linear reasoning” is exemplified by the use of an algorithm such as: double the volume of the
object.
14
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others in facilitating desirable revisions in students’ algorithms (cf. Klymchuk, 2012;
Zaslavsky & Ron, 1998).
Another explanation that can be inferred from the literature suggests that some algorithms may
be entrenched in students’ intuitive knowledge (Fischbein, 1987), making these algorithms:
inaccessible for reflection, correct without a need for any further justification, and persistent in
the face of conflicting evidence (see De Bock et al., 2002; Mack, 1990; Tirosh & Stavy, 1999).
Furthermore, one might ascribe the persistence of students’ incorrect algorithms to students’
tendencies to consciously apply certain algorithms deliberately to situations wherein they are
not applicable (e.g., applying algorithms for adding and subtracting natural numbers on
fractions). This explanation differs from the intuitive-knowledge explanation in the sense that
these students no longer unconsciously apply certain algorithms, but rather do so in an explicit
and deliberate way, with the conviction that these algorithms work everywhere. These studies
also note that when students encounter information that contradicts their conviction, they
immediately reject the information (e.g., see Brown & Quinn, 2006; De Bock et al., 2002;
Mack, 1990; Tall, 2006).
Another explanation might ascribe the persistence of students’ incorrect algorithms to
inadequate beliefs or habits stemming from certain norms. For example, some students may
dismiss certain algorithms that may be more efficient and effective, for ones that were given to
them by the teacher, as the latter are deemed to be better, merely based on a belief that the
teacher, always knows better. Furthermore, even when some students realize that an algorithm,
given to them by their teacher, is producing an error, they will reject the error because they
think that the algorithm has to be correct since it came from the teacher (see De Bock et al.,
2002; Verschaffel et al., 2000; Wyndhamn & Säljö, 1997).
Moreover, some might ascribe the persistence of students’ incorrect algorithms to the lack of
validation. That is, perhaps students repeatedly create incorrect algorithms because they have
not checked, by some other means, whether the algorithm is valid. For example, a student’s
algorithm for subtracting one positive integer from another might be: subtract the smaller digit
from the corresponding larger digit. For 29 -17, this algorithm correctly produces 12. But, for
27-19 the algorithm incorrectly produces 12. From the lack-of-validation perspective, this
student has not, say, checked whether, for example, 19 + 12 = 27; or whether 27 -19 and 2917 are equivalent (e.g., see Blum, 2015; Booth et al., 2014; Brown & Quinn, 2006; Czocher et
al., 2018).
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4.1.2 The present study
The empirical study reported in this chapter aims to contribute to the discussion of how and
why students’ incorrect algorithms persist through multiple testing-and-revising iterations. The
study takes a particular approach that has been rarely carried out in previous research. While
some explanations for the persistence of incorrect algorithms can be inferred from literature,
the details of how students revise their algorithms is lacking. In this study, we conduct finegrained analysis of the students’ activity to capture and explicate specific mechanisms by which
students revise their algorithms. In so doing, we seek to shed some light on questions that have
largely been underexplored in past research such as: how do students transition from one
incorrect algorithm to another? By what mechanisms do students decide what to change and
what to keep in their current (incorrect) algorithm? And by what mechanisms do they decide
that their resultant algorithm is correct (working from the premise that the algorithm is always
correct from the students’ perspective)?
We explore the foregoing questions within the collaborative work of three students on a graph
theory task which invited them to develop an algorithm for a client with specific needs. The
group created an initial algorithm (that we noticed to be incorrect), and then engaged in three
iterations of testing and revising, producing four iterations of their algorithm. All three
subsequent iterations of the algorithm were not only incorrect, but also strikingly similar
(sharing strikingly similar features) to the initial algorithm. We operationalize the persistence
of the students’ incorrect algorithm as the persistence of one particular faulty feature of the
students’ initial algorithm. The aim of our exploration is to capture and unpack some finegrained mechanisms by which this one particular faulty feature of the group’s initial algorithm
came to appear in all three subsequent iterations of the algorithm.

4.2. Theoretical perspective
In this section, I briefly describe the two theoretical constructs that informed our analysis of
the group’s work.
4.2.1 Prototypes and predominant features
Prototypes are examples of a concept that are said to be popular (i.e., frequently used or first
to come to mind) among a group of students (Hershkowitz, 1989; Jones, 2018; Tall & Bakar,
1992). For instance, some students may have convex polygons as their prototypes for the
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polygon concept, or linear functions for the function concept. Hershkowitz (1989) claimed that
while all examples of mathematical concepts are “equivalent [in that they] satisfy the concept
definition, they are different from one another visually and psychologically. There are “super”
examples, prototypes, which tend to be much more popular [among students] than all others”
(p. 63). On the one hand, prototypes facilitate learning by making abstract concepts more
accessible (Schwarz & Hershkowitz, 1999; Lakoff, 1987). On the other hand, prototypes
become problematic when their features that are unnecessary from the perspective of a formal
definition are perceived as features that any example of the concept must have (e.g., Tall &
Bakar, 1992). Past research shows that students tend to recognize an object as an example of a
given concept, if it resonates with their prototypes (and reject them otherwise); and students
tend to create new examples that closely resemble their prototypes (e.g., Jones, 2018; Tall &
Bakar, 1992).
We infer three common operationalizations of prototypes from the literature. First, a prototype
is treated as a single object (e.g., x2 for function), that is identified by looking at all the examples
that students generate, and picking the one that appears the most (see Hershkowitz, 1989).
Second, a prototype is treated as a set of objects that appear the most and which share similar
core features – e.g., {x2, a2 + 4, y2 + 3y + 4} for function (see Jones, 2018). Third, a prototype
might refer to a set of features (e.g., {quadratic, continuous, differentiable}) possessed by the
majority of the generated objects (see Tall & Bakar, 1992). Under this third operationalization,
a predominant feature (e.g., quadratic) is a feature possessed by the majority of the generated
objects.
In the present study, we use the notion of predominant features to conceptualize features of the
group’s initial algorithm that appeared in all subsequent iterations of their algorithm.
4.2.2 Contextual appropriateness and considerations of aptness
Gabora, Rosch & Aerts (2008) noted that, “a very important finding about prototypes is how
sensitive they are to context” (p. 89). For example, in the context of party, beer and wine tend
to be prototypes of beverage. However, in the context of morning meeting, coffee and tea tend
to be prototypes of beverage. Gabora et al., introduced the notion of ad hoc goal-derived
category to refer to categories such as party beverage and morning meeting beverage,
differentiating them from the more general category of beverage. Furthermore, Gabora et al.
(2008) asserted that “prototypes are not pre-stored, but rather created anew each time on the
fly from more basic features or other mental structures” (pp. 89-90). People create contextual
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goals that help them create prototypes that are appropriate (i.e., satisfy the goals) for a specific
context. In terms of predominant features, Gabora et al.’s study shows that context influences
the features that become predominant. That is, certain features of an object may be predominant
in some contexts, while other features of the same object are predominant in other contexts.
Building on Gabora et al.’s ideas above, we anticipate that even within a single context,
contextual appropriateness is multi-dimensional. That is, what might be appropriate for one
aspect of the context, might be not (or less) appropriate for a different aspect of the same
context. To address the multi-dimensionality of contextual appropriateness, we turn to the
construct of considerations of aptness (Kontorovich, Koichu, Leikin & Berman, 2012;
Kontorovich, 2016).
In his study of tasks asking students to pose mathematical problems, Kontorovich (2016)
discussed the construct of considerations of aptness “to capture uncertainties and doubts of a
poser together with the meaning that is eventually ascribed to the vague terms [stated in the
task instructions]” (p. 246). One type of these considerations is considerations of aptness to the
task which is concerned with the poser’s attempt to satisfy explicit requests of the given
stimulus. In our study, we use considerations of aptness to the task broadly to make sense of
students’ attempts to address the task’s requests for a contextualized algorithm and to evaluate
the extent to which these requests are met. We further clarify the usefulness of this construct
for our study in Section 4.3.1, after we present the task.

4.3. Method
At the time of data collection, the participants of this study, Chad, Gil and Lome (pseudonyms),
were enrolled in a pre-university foundation course in algebra at a large New Zealand
university. None of the students had studied graph theory before and they were recruited as
part of a larger research project that explores students’ engagement with discrete mathematics
through contextualized tasks (Yoon et al., 2018; Yoon & Moala, 2018). Chad, Gil and Lome
worked together on The Jandals Task presented below in a one-hour session, which took place
outside of class time and was video-recorded. The group worked in the presence of an
interviewer, who answered clarification questions but avoided providing mathematical hints.
The Jandals Task began with some warm up questions that familiarized students with
diagrammatic representations of networks within the context of friendship associations. In a
network, a node represents a person, and an edge between two nodes represents a friendship
93

Chapter 4: Study 1

between two people. After the warm-up, a scenario was posed: Xanthe, an American exchange
student in New Zealand learned that the locals use the word jandals to refer to what she
commonly calls flip-flops. Upon returning home, Xanthe wanted to spread the word jandals
throughout different networks of friends. The task instructions state:
Create an algorithm (method) that Xanthe can use to figure out the first person whom she should
share the word with first in each friendship network to ensure that the word gets passed on to
everyone in the network as rapidly as possible. She assumes that a person will share the word
with all of his/her friends on one day, and each of those friends will share it with their friends
the next day. Ensure that your algorithm will work for any friendship network, not just the one
given [Figure 4.1]. Write a letter to Xanthe, explaining your method, and showing how it can
be used to get everyone in a friendship network exposed to the word as quickly as possible.
(Yoon et al, 2016, p. 12).

Only Figure 4.1 was initially given to the group. The interviewer provided additional friendship
networks in later parts of the session (see Figures 4.2 and 4.3 in sections 4.4.3-4.4.4), when the
group had created an algorithm and were happy with it. The additional networks were given so
that the students could test their algorithm and make changes as they saw fit. The interviewer,
however, refrained from explicitly reflecting on the mathematical correctness of the students’
algorithms.

Figure 4.1: Friendship network 1

Given that the students had not studied graph theory before, coupled with the group’s limited
experience with algorithms and the novelty of the context, the task was such that the students
could not solve it by simply recalling a particular algorithm. Thus, the task invited the group
to create ad hoc goal-derived algorithms on the fly, providing a suitable environment for us to
engage with the question of “how does a feature of the initial algorithm become predominant?”,
as opposed to merely, “which features are predominant?” Furthermore, the task stimulated
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iterations of creating an algorithm, then testing, then revising, then testing, and so forth. These
iterations afforded us the opportunity to capture the mechanisms by which the students created
and modified their algorithm in each iteration.
4.3.1 Considerations of aptness
The task above contains multiple requests such as: finding the “quickest person” in a network
(i.e., the person from whom the word reaches everyone else the fastest); creating an algorithm
that identifies the quickest person in any network; and framing the algorithm as a letter to a
client. Thus, we anticipate different considerations of aptness to the task, depending on which
request(s) the students are addressing. And, although the task has multiple requests, this does
not ensure that the students will attend to all of them.
Also, what makes an algorithm apt for the task, from the students’ perspective, is multi-faceted
and dynamic. For example, an algorithm might be apt for one aspect of the task (e.g., finding
the best person in a given network), but it might be not (or less) apt for another aspect (e.g.,
explaining the algorithm to a client). Thus, the aptness of an algorithm, even one which is
“mathematically correct”, varies according to variations in purpose (i.e., for what and for
whom?).
Overall, the construct of considerations of aptness allows us to analyze how one particular
feature of the group’s initial algorithm remained apt throughout multiple test and revise
iterations. More specifically, the construct affords exploring of questions such as: When
revising an algorithm, how did the students decide what features to keep (were apt) and what
features to remove (were inapt) from (in) their current algorithm? And, in what way did the
persistent feature remain apt in each iteration?
4.3.2 Data analysis
The overall analysis involved an open interpretation of the data (Clement, 2000) through the
conceptual lenses of algorithms, predominant features, and considerations of aptness, to
generate new hypotheses about students’ learning processes, rather than establishing the
reliability of existing theoretical constructs or testing the validity of pre-determined
hypotheses. Our analysis involved multiple stages.
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At the first stage, we identified the iterations of algorithms 15 that the group created and
considered apt for the task (see Table 4.1). We deemed that an algorithm was apt for the task
(from the group’s perspective) if the group explicitly stated that they were happy with it, and
were willing to present the algorithm as their response to the task. Note, all four algorithms
(Table 4.1) produced by the group comprise a rule for identifying a person with specified
features. For example, in Algorithm 1, “tells three people” 16 is a feature of a person in a
friendship network, and “[share the word with someone] who tells three people” is a rule for
identifying a person (in a given network) with the specified feature of “tells three people”.
Implementing Algorithm 1 requires scanning the network for persons who have the specified
feature (“tells three people”). Similarly, implementing Algorithm 2 requires scanning the
networks for a person with two specified features: “tells three people” and “one of those three
people tells two other people”. In this way, the type of features of the students’ algorithm that
we focus on in this present study are those such as the aforementioned specified features (which
the particular person(s) to be identified by the algorithm must have).
Table 4.1: The group’s four algorithms in order of appearance in their work
Name

Description of the algorithm

Algorithm 1

Share the word with someone who tells three people.

Algorithm 2

Share the word with someone who tells three people, and one of those
three people tells two other people.
Share the word with someone who tells three people, and each of those
three people tells one other person.
Share the word with someone who tells three people, and two of those
three people each tells one other person.

Algorithm 3
Algorithm 4

At the second stage of our analysis, we identified all other specified features (e.g., “tells three
people” and “one of those three people tells two other people”) of the group’s four algorithms,
and attended to the ones that all four algorithms possessed (i.e., the predominant ones). Note,
Algorithm 1 has exactly one specified feature, while each of Algorithms 2 to 4 have exactly
two specified features (“tells three people” plus one other). The only specified feature that
appears in all four algorithms is “tells three people”. Furthermore, note that the inclusion of the
“tells three people” feature in all four iterations of the group’s algorithm, means that all four

Throughout the session, the students and interviewer switched between “algorithm” and “method”, and we
preserve both when describing and analyzing the group’s work.
15

16
“[Share the word with someone who] tells three people” is equivalent to “[Share the word with someone who]
has three friends”. We use the former because it was what the students used.
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algorithms are mathematically incorrect, since there exist friendship networks in which no
person “tells three people”. Our analysis thus focused on making sense of how the “tells three
people” specified feature of the group’s initial algorithm came to appear in all three subsequent
iterations of their algorithm.
At the third stage, we examined the mechanisms by which the group created each of the four
algorithms, tracing the evolution of, and the justifications for, aptness of both the algorithms
and their specified features. We distinguished between the aptness of an algorithm for the task,
and the aptness of a specified feature of an algorithm. The former was clarified above. For the
latter, a specified feature of an algorithm was considered apt (from the group’s perspective) if
it was part of an algorithm that the group considered apt for the task.
One researcher created the initial hypotheses (mechanisms), and then two other researchers
independently evaluated the viability of the hypothesized mechanisms by the extent to which
they captured and explained the four different instances in which the students created/modified
their algorithm. In this way, we went through several iterations of creating and revising the
emerging mechanisms.

4.4. Results and analysis
We abbreviate Chad, Gil and Lome’s work on The Jandals Task into four chronological
episodes. Each episode begins with our account-of (Mason, 2002) the group’s work, in which
we describe ‘what happened’. This is followed by our account-for (Mason, 2002), where we
offer explanations for why particular events occurred.
4.4.1 Episode 1: The elimination method and localized considerations emerge
After the group reads the task instructions (see Method above), Gil looks at Figure 4.1 and
says:
1.
2.
3.
4.
5.
6.

Gil: We just need to find a person that would spread it quickly. Like...
Chad: E.
Lome: E would tell F. F would tell I.
Chad: E would tell F and C.
Lome: Yeah. But it [pointing at E] would take long to get to H. If you start from D, it will
go straight from G to H.
Gil: Say you start at D, it would be, day one [pointing at C and G]. Day two, C will tell E,
B, A, and G will tell H. Then day four...
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7.

8.
9.
10.
11.
12.
13.

Lome: I have an idea. Pick a person and figure out how many days it would take for the
word to each everyone. Like, start at D, find out how many days it would take, write that
down, and then move to the next one...like an elimination method.
Gil: But how do we find a good one?
Lome: A good starting point?
Chad: If you go to H you can tell three people [pointing at J, L, G] in one day, then...
Gil: On second day, K, N, I, D...
Chad: Yeah...so, it’s like, umm...find the one with the least days possible.
Lome: Should we do it by ourselves? Or work as a team? I’ll do my own thing then I’ll get
back to you guys.

Then, each student determines, in his own way, how many days it would take for the word to
spread throughout the network from different starting persons (see Table 4.2). The students
collectively consider C, I, L, J, H, G, and M as starting persons.
Table 4.2: Summary of the students’ elimination methods
Student

Description

Lome

The first letter in the first circle
denotes the starting person. The other
letters in the first circle denote the
people the word reaches on day one.
The letters in the second circle
denotes the people that the word
reaches on day two, and so forth. The
total number of circles is the number
of days that it takes for the word to
spread throughout the entire network
(e.g., six days from C).

Chad

The starting person is marked with
one finger (e.g., person H). Then,
different fingers are used to mark the
people the word reaches on day one––
the friends of H (i.e., G. L. J); day
two––the collective friends of G, L, J
that have not been reached; and so
forth until all persons in the network
have been marked.

Gil

Illustration/Diagram

Starting
Persons
considered

C, H, L, M

H, I, J, L

The letter (e.g., I) in the tree-like
structure denotes the starting person.
A line is drawn from I to each of I’s
friends (F, J). Then for both F and J,
a line is drawn from it to each of its
friends (but not the friends that are
already in the tree). The foregoing
step is repeated for each of F and J’s
friends, and so forth, until all persons
are in the tree.

G, I
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Both Chad and Lome get four days starting at H, which made it the quickest person. (Note, Gil
incorrectly calculated that G yields six days, when in fact it also yields four days). Then Lome
remarks:
14. Lome: So we’ve solved the problem! I got four days. You [Chad] got four days. See if you

[Gil] can get four days...If you get four, I reckon we’ve solved it.

Lome then looks back at the task instructions, turns to the interviewer and says:
15. Lome: What’s an algorithm? This [points to his diagrams as shown in Table 4.2] is not an
16.
17.
18.
19.
20.

algorithm is it?
Interviewer: An algorithm is like a method. So it’s not your solution, it...
Gil: It’s like the way you got it.
Interviewer: Yeah, so that she can use it for any other network, because this is just one of
many different friendship networks across the campus.
Lome: Can we say we just did elimination method?
Interviewer: You’ve got to explain it as well as you can so that Xanthe can use it for a
different one that she is given. [All students nod].

Analysis
The episode began with Gil uttering the need to find “a person who would spread the word
quickly” (see [1]). Lome and Chad considered E as a starting person (see [2-3]), but Lome
promptly realized that D was a better starting person (see [5]). Starting from D, Gil identified
whom the word reaches on successive days (see [6]), which led Lome in [7] to generalize this
approach for any person. This generalized recursive approach was coined as the “elimination
method”.
Spurred by Gil’s question in [8], the group considered in [9-12] the aptness of the elimination
method for finding ‘a good starting person’ in Figure 4.1. In [12], Chad interpreted ‘a good
starting person’ as ‘the person corresponding to the least days possible’, implying that the
numbers obtained (via the elimination method) for each person would be compared at some
point. While Table 4.2 shows that each student had his own version of the elimination method,
the students endorsed each other’s results, and considered the obtainment of the same number
of days for a particular person in the network as an indication that each of their methods were
correct. In summary, the foregoing dynamics allow us to say that the group considered their
three versions of the elimination method equally apt for finding the quickest person in Figure
4.1.
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The mechanism of localized considerations begins to emerge from the analysis above. This
mechanism refers generally to how the group determined the aptness (and inaptness) of one or
more objects under scrutiny with respect to only a limited subset of information. For instance,
person D was considered a more apt starting point than E because of how quickly the word
reaches person H (from E and D), rather than how quickly the word reaches everyone in the
network. Furthermore, Table 4.2 shows that each student applied his elimination method only
on a subset of persons in the network. Yet, all three students were happy to conclude that person
H was the quickest out of all persons in the network.
In [15], Lome sought clarification from the interviewer regarding the term algorithm. This act
can be viewed as an attempt to expand the groups’ initial considerations of aptness for the
elimination method. Whereas the aptness of elimination method to the task was initially
substantiated entirely with respect to finding the quickest person in Figure 4.1, the group
recognized [15-20] that it (the aptness of the elimination method) must be determined with
respect to other aspects of the task. While Lome’s first question in [15] suggests that he was
unsure of what counted as an algorithm, he immediately sought confirmation that the
elimination method was not an algorithm. Gil and the interviewer’s utterances [16-18]
described what examples of an algorithm should look like. The episode ended with indecision
over the aptness of the elimination method17 for the task, as evidenced by Lome’s question in
[19].
4.4.2 Episode 2: A patching mechanism emerges
After the discussion in [15-20], Lome turns to Gil and says:
21. Lome: See if you can get that four one [a person from whom it takes four days].
22. Gil: Which one did you [looking at Lome)] start with?
23. Lome: H. You start with H.
24. Chad: So it’s just one method?
25. Lome: No it means if we’re given this one [pointing at Figure 4.1] she might be given a

different one, but she needs to figure out how to do her one from the algorithm we give her.
26. Gil: Yeah. So it’ll be like, the algorithm would be like, the starting person should tell three
people because [points to Figure 4.1] if you told H, H would tell L, G, and J. And then, it
spreads.
27. Lome: Yeah. Cool, that’s an algorithm [nodding with Chad].

17
The elimination method is actually a basic version of the most efficient known algorithm for the task (e.g., see
Jungnickel, 2008).
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The interviewer points to the task instructions and says:
28. Interviewer: Can I get you to read what the method needs to do?

[The students look at the task instructions, and Chad reads it aloud]
29. Lome: So [looks at Figure 4.1] we said she should share it with someone who tells three
30.
31.
32.
33.

people. But then mind you, if she starts at L, L tells three people but it doesn’t work as fast.
Gil: Yeah, that’s true.
Lome: So maybe [points to H] the starting person tells three people [points to L, J, and G]
but one of those three people [points to L] tells two other people.
Gil: Yeah [nodding]
Lome: Because this person [points to C] tells four people, but none of those people tells
two other people. Yeah, that’s an algorithm!

The interviewer asks, “Are you happy?” The students all reply, “Yes.”
Analysis
At the beginning [21-23], Lome sought confirmation that H was the quickest person in Figure
4.1. Then, after Chad and Lome further clarified what an apt algorithm for the task should do,
Gil proposed a candidate––share the word with someone who tells three people (Algorithm 1)
which the group approved (see [24-27]).
We make two notes regarding the elimination method from Episode 1 and Algorithm 1. First,
the elimination method constitutes a set of instructions, which is applied recursively to the
persons in the network, each time resulting in a number. The resulting numbers are then
compared, the minimum of which corresponds to the quickest person. Algorithm 1 on the other
hand, as already mentioned, comprises a rule for identifying a person with specified features.
That is, “tells three people” is a feature of a person in a network, and “[share the word with
someone who] tells three people” is a rule which specifies particular features of the person to
be identified in a given network. Implementing Algorithm 1 requires scanning the network for
persons who have the specified features (i.e., “tells three people”). Second, Algorithm 1 was
generated by noticing particular features of the person (H) that the elimination method yielded.
We infer from these notes that Algorithm 1 was considered apt for the task because the quickest
person (H) in Figure 4.1 was easily identified by the specified “tells three people” feature.
Lome in [29] disqualified Algorithm 1 from being apt for the task because it identified not only
the quickest person (H) but also a non-quickest person (L). We infer, from Lome’s actions, two
contextual goals that an apt algorithm for the task must accomplish: 1) it must identify the
quickest person (i.e., the quickest person must have the specified features(s)); and 2) it must
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not identify a non-quickest person (i.e., a non-quickest person must not have the specified
feature(s)). In light of these two goals, we can say that localized considerations (i.e., focusing
only on the first goal) led to the temporary consideration of Algorithm 1 as an apt algorithm
for the task. Then, the expansion of the initial considerations (e.g., the emergence of the second
goal) destabilized the aptness of Algorithm 1. The inaptness of Algorithm 1 for the task led
Lome to propose another algorithm (Algorithm 2) [31-33]. Figure 4A summarizes the group’s
transition from Algorithm 1 to Algorithm 2.

Figure 4A: The transition from Algorithm 1 to Algorithm 2

We note that Algorithm 2 resembles, in several ways, Algorithm 1. For example, they both
comprise a rule for finding a person in a friendship network with specified features. Also, they
both have the specified feature of “tells three people”. Moreover, Algorithm 2 can simply be
construed as Algorithm 1 plus the feature of “one of the three people tells two other people”.
The transition from Algorithm 1 to Algorithm 2 [29-33] gives rise to a mechanism which we
will refer to as the patching mechanism. In general, the patching mechanism mends an inapt
algorithm by keeping some of its features, removing others and/or adding new ones. As
employed in this episode, the patching mechanism works by keeping the specified feature(s)
of the algorithm that satisfy the first goal, removing all others, and then adding another specific
feature so that the resultant algorithm satisfies both goals 18.
We demonstrate the patching mechanism on the transition from Algorithm 1 to Algorithm 2.
The “[someone who] tells three people” specified feature of Algorithm 1 satisfies the first
contextual goal (mentioned above), and because it is the only specified feature in Algorithm 1
nothing is (can be) removed. Then, the feature of “one of the three people tells two other

A specified feature of an algorithm satisfies the first contextual goal if the quickest person under consideration
has the specified feature. A specified feature of an algorithm satisfies the second contextual goal if the nonquickest person(s) under consideration do(es) not have the specified feature.
18
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people” is added to Algorithm 1, and the resultant algorithm (Algorithm 2) is confirmed to
satisfy both goals. Furthermore, we see localized considerations going hand-in-hand with the
patching mechanism when the group confirmed the aptness Algorithm 2 for the task.
Specifically, the group determined the aptness of Algorithm 2 by focusing only on persons H
and C, without systematically scanning the other persons in the network.
4.4.3 Episode 3: Algorithm 2 is patched and considerations are extended but remain
localized
After Lome writes down their second algorithm, the interviewer hands the group a new
friendship network (Figure 4.2), and asks them to test their algorithm on it. The students, in
turn, embark on finding the quickest person in the new network using their elimination methods
(from Episode 1). The group find that P, Q, R, S, and T are the quickest starting persons which
all take three days, while O and U both take four days (note that it takes just two days from R
and S, making them the only quickest persons). Then Lome asks Gil and Chad:

Figure 4.2: Friendship network 2
34. Lome: OK, so why wouldn’t she tell like...U, but tell Q instead? What’s the method?
35.

36.
37.
38.
39.
40.
41.
42.

Obviously Q is quicker but why would she tell Q and not U?
Gil: Because, the algorithm...we said she has to tell someone who tells three people, so Q
tells three people, S, P, and O. Then, one of them must tell two other people [He pauses,
and stares at Figure 4.2].
Lome: So is [looking at interviewer] an algorithm like an equation, kind of?
Interviewer: It’s just a method, a set of instructions, do this first, and then do that next.
Lome: Oh yeah.
Gil: I think [pointing at Figure 4.2] the method should be to just share the word with
someone who tells three people.
Lome: No, because L [in Figure 4.1] tells three people, but L isn’t the quickest.
Gil: Yeah, no, it should be...start with someone who tells three people, and one of them tells
two other people.
Lome: But L [in Figure 4.1] tells three people, and one of those three people [points to H]
tells two people. So it [Algorithm 2] doesn’t work. Yeah, see it actually doesn’t work here
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43.
44.
45.
46.

47.

48.
49.
50.

either [pointing at Figure 4.2] because T tells three people [R, U, and S], but none of them
tells two other people.
Chad: Wait, so what’s the algorithm?
Lome: It’s supposed to be a set of instructions...that she can use on any network.
Gil: Yeah it doesn’t matter what network it is...We need a general pattern.
Lome: I think it’s an equation…because say she has hundreds of these [networks] she
doesn’t want to do elimination method for every one. What if there’s a network with a
thousand people? She’ll be there for ages counting. So is that our next way, figure out an
equation?
Gil: I’m thinking for this one [Figure 4.2], if you start on T who tells three people, it works
because they [pointing at R and S] don’t tell the same person. And that’s why L [in Figure
4.1] doesn’t work because the two people they tell [pointing at K and N] only tell one person
[M].
Lome: Yeah! Can you say that again?
Gil: The starting person tells three people, and each of those three people tells a different
person.
Lome: Wait...does that work on [pointing at H in Figure 4.1]? Ah, it does. Okay, yeah that’s
it.

Analysis

At the beginning of the episode, the group used the elimination method, rather than Algorithm
2 (as proposed by the interviewer) to identify the quickest person(s) in Figure 4.2. Yet, the
group considered the elimination method inapt for the task. Lome’s remarks in [34] suggest
that an apt algorithm for the task should justify why one person was chosen over another –
something which the elimination method did not do.
After Lome once again sought clarification from the interviewer regarding what an algorithm
is (see [36-38]), Gil re-proposed the second algorithm (from Episode 2). However, Lome in
[42] immediately declared Algorithm 2’s inaptness for the task, because it did not accomplish
the same two contextual goals (which an apt algorithm should accomplish) that emerged in
Episode 2: the algorithm must identify the quickest person(s), and the algorithm must not
identify a non-quickest person. Additionally, we see an expansion of the group’s considerations
of aptness for Algorithm 2. In Episode 2, the aptness of Algorithm 2 was determined
specifically on the basis of persons H and C in Figure 4.1. In this episode, their considerations
were expanded to include L (in Figure 4.1) and Q (in Figure 4.2).
Further expansion of the group’s considerations occurred when the group clarified once again
what an apt algorithm for the task should look like (see [43-46]). The expanded considerations
were followed by Lome declaring and elaborating on the inaptness of the elimination method
for the task. Specifically, Lome imagined a network with “a thousand people”, for which the
elimination method would take “ages [to implement]”.
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Then, in [47-50], Gil proposed a third algorithm (Algorithm 3). The transition from the inapt
Algorithm 2 to the apt Algorithm 3 is summarized in Figure 4B. Again, we see that the third
algorithm (like the first two algorithms) possesses the “tells three people” specified feature.

Figure 4B: The transition from Algorithm 2 to Algorithm 3

The persistence of the “tells three people” feature is particularly fascinating in this episode
because the group had earlier found five quickest persons in Figure 4.2, two of whom (R and
S) do not “tell three people”.
Again, we can describe the transition from Algorithm 2 to 3, and the persistence of the “tells
three people” feature in terms of the patching mechanism and localized considerations:
although the group identified five quickest persons in Figure 4.2, the group limited their
considerations (see [47]) to person T who so happened to have the “tells three people” feature.
Then, via the patching mechanism (see [47-50]), the group kept the specified features of
Algorithm 2 (i.e., “tells three people”) that identified the quickest person(s) being considered
(i.e., T), and removed all other specified features (i.e., “one of the three people tells two other
people”). Then, the feature “each of the three people tells a different person” was added,
yielding Algorithm 3, whose aptness for the task was confirmed only on persons H and L in
Figure 4.1.
4.4.4 Episode 4: The inaptness of the “tells three people” feature is revealed
After Gil writes down Algorithm 3, he turns to Lome and Chad and says:
51. Gil: Do you guys agree with that? [Lome and Chad nod] So if you start at Q, Q tells three

people, then ... [he stares at Figure 4.2] … but those three can’t tell a different person each.

52. Lome: Then out of those three people, P and S tell a different person.
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53. Chad: So we can say that the starting person tells three people, and two of the three people,
54.

55.
56.
57.
58.
59.

60.

61.
62.

tell a different person each [Gil and Lome nod].
Lome: So in this network [Figure 4.2] you tell...the one with the most friends? Wait, but if
we start on C [in Figure 4.1], C tells four people, which is the most, but C’s not the fastest
one.
Gil: Yeah because the starting one tells three people.
Lome: Why is it three [people]? What if you’re given one that doesn’t have a three?
Gil: Then I don’t know. We already figured it out, now you just made it more complicated.
Lome: Let’s just keep figuring it out.
Gil: So the way I worded it [Algorithm 3] ... here [in Figure 4.2] person Q tells three people
[pointing at O, P, and S], and each of the three must tell a different person, but O cannot
tell a different person.
Lome: Yeah but P and S can tell different ones. It’s all good, because what you’re saying is
for these networks [points to Figure 4.1 and 4.2] that we’re given, the starting person tells
three people and....
Chad: And at least two of them tell a different person each.
Gil: Yeah, out of these networks that we’re given, but not any other ones, because we don’t
know how they work yet. We’ve figured out the algorithm for these ones, but not for the
other ones...We need something that will work on any network, and not so specific,
something that will work not only on these two, but all hundreds of them.

The interviewer gives the group another friendship network (Figure 4.3):

Figure 4.3: Friendship network 3

All three students apply the elimination methods on Figure 4.3. Then Lome says:
63. Lome: C takes two days. I think that’s the quickest.
64. Chad: Yeah.
65. Lome: Our algorithm [Algorithm 4] doesn’t work here, see C doesn’t tell three. So, what

about like, the algorithm should be… share it with someone who tells two people, like C,
and...Hmmm.
66. Gil: We need a pattern, a universal pattern, one that’ll be like “yep, tell this person” [both
Lome and Chad nod]. You know? Something like...easy.

Gil then places Figure 4.2 in front of him, and says:
67. Gil: The good ones are P, Q, and T.
68. Lome: But why? Why is U not a good one? Obviously, we can see it but that’s not good

enough. I think it’s an equation to solve it. Maybe if we can figure out the pattern, we can
figure out the equation. So what’s the pattern here? [The interviewer informs the students
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that the session has ended].

Analysis
At the beginning, Gil sensed the inaptness of Algorithm 3 (see [51]), specifically because it
would not identify person Q (a quickest person) in Figure 4.2. Lome and Chad then produced
Algorithm 4, which still possessed the specified “tells three people” feature. Once again, the
patching mechanism and localized considerations can describe the creation of this fourth
algorithm, and account for the persistence of the “tells three people” feature. That is, the group
kept only the specified feature of Algorithm 3 (“tells three people”) that identified person Q
(the only quickest person being considered) and removed the other feature (“each of the three
people tells one other person”). Then, the feature, “two of the three people each tells one other
person”, was added, and the resultant algorithm’s aptness was confirmed only on person Q in
Figure 4.2.

Figure 4C: The transition from Algorithm 3 to Algorithm 4

Lome then observed in [54] that person Q had the most friends in Figure 4.2. This observation
seemed to make Lome wonder whether an apt algorithm for the task should find the person
with the most friends. However, Lome realized, by way of C in Figure 4.1, that finding a person
with most friends would conflict the contextual goal of not finding a non-quickest person. Then
in [55], Gil responded to Lome by asserting that an apt algorithm must have the “tells three
people” specified feature. But, Lome immediately [56] countered, expanding their
considerations of aptness by imagining a friendship network in which no person tells three
people. Subsequently, the group acknowledged that “tells three people” was not a necessary
(specified) feature of an apt algorithm for the task. Thus, Lome’s imaginary network
destabilized the persistence of the specified “tells three people” feature. Interestingly, both
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Figures 4.1 and 4.2 (like Lome’s imagined network) had quickest persons who do not tell three
people, yet, the feature persisted through both these networks. One critical difference, however,
is that in Lome’s network, no person tells three people.
We can use the language of localized considerations and the patching mechanism to make sense
of the destabilization of the “tells three people” feature. Note that after the group sensed the
inaptness of Algorithm 4 for the task [see 56-57], they still employed the patching mechanism
and localized considerations, although they do not produce a fifth algorithm before the end of
the session. In [60-62], we see the group localizing the aptness of Algorithm 4 to Figures 4.1
and 4.2. Then, when they were given Figure 4.3, the group acknowledged Algorithm 4’s
inaptness, because it did not identify the quickest person C. Employing the patching
mechanism, Lome determined that the “tells three people” feature needed to be removed, and
other features were to be added. In the latter part of [65] we see Lome attempting to create a
new algorithm –– i.e., “share the word with someone who tells two people […]”, which in fact
accomplished the contextual goal of finding the quickest person C (in Figure 4.3). The session
ended however before the group was able to produce a fifth algorithm.
Although the group did not create a fifth algorithm, their final descriptions [62-68] of what an
apt algorithm for the task should look like mirror their descriptions from the previous episodes.
The students continued to posit that an apt algorithm for the task should look like (see [62-68]):
an equation; a pattern; and something easy to use.

4.5. Summary and discussion
The present study sought to contribute to the discussion of how and why students’ incorrect
algorithms persist through multiple testing-and-revising iterations. While some explanations
for the persistence of incorrect algorithms can be inferred from literature, the details of how
students transition from one correct algorithm to another are lacking. In this study, we
conducted fine-grained analysis of students’ activity to identify specific mechanisms by which
students revise and validate their algorithms. In so doing, we aimed to shed some light on
questions that have largely been underexplored by past research such as: By what mechanisms
do students decide what to change and what to keep in their current (incorrect) algorithm? And
by what mechanisms do they decide that their resultant (normatively incorrect) algorithm is
valid?

108

Chapter 4: Study 1

Towards shedding light on the foregoing questions, we analyzed the collaborative work of three
pre-university foundation-studies students on The Jandals Task (Yoon et al., 2016), which
invited the students to develop an algorithm that a client could use to find the “quickest person”
in a friendship network. We observed that the group created an initial algorithm (that was
mathematically incorrect) and then engaged in three iterations of testing and revising algorithm,
producing four iterations of their algorithm. All three subsequent algorithms were not only
normatively incorrect, but also shared strikingly similar features to the initial algorithm. More
specifically, all four algorithms comprised a rule for identifying a person with specified
features (e.g., a person who tells three people), and implementing each algorithm requires
scanning the network for persons who have the specified features. One specified feature
appeared in all four algorithms: “tells three people”. Furthermore, the existence of the “tells
three people” feature in all four iterations of the group’s algorithm, meant that all four
algorithms were mathematically incorrect, since there exist friendship networks in which no
person “tells three people”.
We operationalized the persistence of the students’ incorrect algorithm as the persistence of
one particular faulty feature of their initial algorithm –– i.e., the “tells three people” feature.
Consequently, the aim of our exploration was to capture and unpack some fine-grained
mechanisms by which this one particular faulty feature of the group’s initial algorithm came to
appear in all three subsequent iterations of the group’s algorithm. More specifically, through
the lens of considerations of aptness (Kontorovich, 2016) we sought to explore: how the
students decided what features to keep (were apt) and what features to remove (were inapt)
from (in) their current algorithm; and, how the students decided that “tells three people” feature
was apt in each iteration?
Analyzing the three iterations whereby the group transitioned from one algorithm to another,
we found that the group explicitly evaluated the aptness of a current algorithm with respect to
two contextual goals (Gabora et al., 2008) which they derived from the task: 1) the algorithm
must identify the quickest person; and 2) it must not identify a non-quickest person. In light of
these two contextual goals, the group deemed an algorithm apt if it accomplished both goals,
and inapt otherwise.
In each testing and revising iteration, the group revised their current inapt algorithm through a
mechanism that we refer to as the patching mechanism. In general, this mechanism preserved
some of the current algorithm’s features, and removed and/or added others. More specifically,
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as employed in each of the iterations, the patching mechanism preserved the feature(s) of the
current algorithm that satisfied the first contextual goal, removed all other features, and then
added features so that the resultant algorithm satisfied both contextual goals. To recall, a
specified feature of an algorithm satisfied the first contextual goal if the quickest person under
consideration had the specified feature. A specified feature of an algorithm satisfied the second
contextual goal if the non-quickest person(s) under consideration did not have the specified
feature.
The students then validated (i.e., confirmed the aptness of) their revised algorithm by way of
localized considerations, which refers generally to substantiating the aptness of an object with
respect to only a limited subset of information. For example, the group would only test that the
algorithm worked correctly on one network (rather than on both networks they were given); or
they would test that the algorithm worked on the two networks, but did not test the algorithm
on any (other) network as requested by the task. On the whole, we could say that the patching
mechanism governed the decisions over which features to remove from, or/and add to, an inapt
algorithm, while localized considerations governed how the aptness of a resultant algorithm
was substantiated. In this way, the “tells three people” feature persisted throughout three testand-revise iterations because it remained apt with respect to the specific mechanisms (i.e.,
patching mechanism and localized considerations) by which the group revised and validated
their algorithms.
After having created four iterations of their algorithm, the group recognized in the final episode
that their fourth algorithm was inapt because it did not identify the quickest person in Lome’s
imagined network (which was concretized by Figure 4.3). Again, the group attempted to patch
their algorithm, and in doing so, they determined that the “tells three people” feature did not
satisfy the first contextual goal mentioned above (to identify the quickest person), eventuating
in the removal of the feature. In this way, we could say that the students finally removed the
“tells three people” feature when it became inapt with respect to the rules of the patching
mechanism.
The two mechanisms identified in the present study contribute to the body of research
concerned with helping students reject their persistent incorrect algorithm –– that is, realizing
that the algorithm will not correctly solve all the problems that it is required to solve (see
(Clarke & Veith, 2003; Ferrarello & Mammana, 2018; Lappan & Bouck, 1998; Mack, 1990).
As mentioned before, one particularly useful strategy for getting students to reject an incorrect
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algorithm is the use of counterexamples. Furthermore, it can be inferred from past studies that
some counterexamples may be more effective than others in facilitating the rejection of
students’ incorrect algorithms.
In the present study, the persistence of an incorrect algorithm was operationalized as the
persistence of a faulty feature of the initial algorithm; and thus, the study was concerned with
how such a faulty feature can be rejected (i.e., ceases to appear in the students’ algorithms).
Note, all three networks (Figures 4.1-4.3) that the students encountered in their work can be
thought of as counterexamples to the students’ algorithms, specifically, because in each of
them, the students’ algorithm does not identify all the quickest persons (i.e., there is at least
one quickest person in each of these networks who does not have the “tells three people”
feature). However, it was only upon encountering Figure 4.3 that the students rejected the “tells
three people” feature. From the perspective of the counterexamples literature, the network in
Figure 4.3 (in Episode 4) might be classified as a more effective (convincing) counterexample
than the first two networks (Fig. 4.1 and 4.2) because no person in Figure 4.3 had the “tells
three people” feature; and as such the students realized that the “tells three people” feature
undermined the ability of their algorithm to find the quickest person in any network.
Accordingly, suggestions gathered from the counterexamples literature (for helping students
reject their faulty algorithm), concerns properly considering the students’ algorithm, then
finding a counterexample (a network in this case) in which the student realizes that the
inclusion of the (faulty) feature in their algorithm undermines the ability of their algorithm to
solve all the problems that it should solve. However, I note that there is an implicit assumption
in such suggestions – i.e., recognizing the faulty nature of the feature will result in its removal.
The present study adds to the explanations and suggestions above, by arguing that while Figure
4.3 may have exposed the faulty nature of the “tells three people” feature and stimulated the
need to revise their algorithm, it was through the application of the patching mechanism (as
explained in Episode 4) that the rejection of the “tells three people” feature was finalized. In
general, we posit that while a counterexample may expose a faulty feature and motivate
students to revise their current algorithm, there is still a chance that after students conduct their
revision of this incorrect algorithm, through mechanisms such as the patching mechanism and
localized considerations, they will end up with another algorithm that still possesses the faulty
feature.
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We hypothesize that a faulty feature might be removed when it is no longer apt with respect to
the mechanisms by which students revise their algorithm. As such, we think it is important for
more research to identify the mechanisms by which students decide what (features) to remove
from, what (features) to keep in, and what (features) to add to, their current inapt algorithm.
On a practical (pedagogical) note, choosing an appropriate counterexample that might help
students reject their incorrect algorithm, may require not only considering the algorithm
carefully, but also knowing the mechanisms by which students revise and validate their
algorithm(s). An effective counterexample is perhaps one that not only exposes the faulty
feature, but also ensures that when the students revise their algorithms so as to accommodate
the counterexample, the faulty feature is removed.
The mechanism of localized considerations (by which the students in our study validated their
algorithms) seems related to what Harel and Sowder (1998) refer to as inductive proof scheme,
whereby students use particular examples (a limited set of examples) to validate the truth
(generality) of a mathematical statement. For example, some students might claim that the sum
of two odd numbers is even entirely because 3 + 5 = 8 and 13 + 13 = 26. Similarly, in our study,
the students claimed that their algorithm worked, because it worked on particular networks
(and on particular people within these particular networks) as opposed to proving that it works
on any network (and on any person within any network). Future research might explore
whether other mechanisms by which students validate their algorithms are similar (related) to
or different from other proof schemes (see Hanna, 2014; Harel & Sowder, 1998; Housman &
Porter, 2003).
Moreover, the mechanism of localized considerations contributes to an emerging discussion
(evident in the literature) concerning how students validate their algorithms. As mentioned
before, some studies have posited that students’ incorrect algorithms persist because the
students do not check, by some other means, whether the algorithm is valid. For example, a
student’s algorithm for subtracting one positive integer from another might be: subtract the
smaller digit from the corresponding larger digit. For 29 -17, this algorithm correctly produces
12. But, for 27-19 the algorithm incorrectly produces 12. From the lack-of-validation
perspective, this student has not checked whether, for example, 19 + 12 = 27; or whether 27 –
19 and 29 – 17 are equivalent (see Booth et al., 2014; Brown & Quinn, 2006; Czocher et al.,
2018).
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Recent studies, however, have explored the issue of validation in the context of mathematical
modeling (e.g., Blum, 2015; Czocher, 2017; Czocher et al., 2018; Kawakami, 2017). These
studies suggest that contrary to the belief that students create incorrect models because they do
not validate them, students do indeed validate their models, albeit in nuanced ways, and that
these idiosyncratic validation processes may result in normatively incorrect models. The
present study aligns with this (latter) perspective on validation. That is, it is not the absence of
validation that leads to an incorrect algorithm (or the persistence of a faulty feature); but rather
the nature and nuances of the mechanisms (such as localized considerations) by which the
students validate their algorithm. Presumably, localized considerations is but one mechanism
by which students validate their algorithms. Future research could explore other validation
mechanisms. Shifting the view of validation from a dichotomous judgment about whether or
not the students have validated their algorithm, to richer descriptions of how students validate
might encourage both learners and teachers to attend to more than merely creating a correct
algorithm, but rather particular activities that may enhance and develop students’ nuanced
validation mechanisms.
We conclude the present study with some observations that are beyond the scope of our
findings, and thus may provide avenues for future research. In the present study, we noticed
that although the students (at the beginning of the task) did not possess (i.e., did not explicitly
recall) any ready-made examples of an algorithm, they were able to conjure up images of what
an algorithm should look like. The set of these images (e.g., a formula, a pattern, something
quick to implement) was expanded over the course of their work, as the students continuously
engaged with the two questions of: what is an algorithm? and what is our algorithm for the
task? We noted that these images were evident in the group’s work before the creation of
Algorithm 1, and were still evident after Algorithm 4 was declared inapt. Some of these images
made explicit the features that an apt algorithm for the task should possess (e.g., something
quick to implement), while other images were less explicit (e.g., a formula). This latter image
does not specify which features of a formula the algorithm should possess, but only that it
should possess some feature(s) of a formula.
The particular images of the required algorithm that were apt to the group (e.g., a formula or
something concise) seemed to influence not only the type of algorithms that the group
generated, but also what the group did not accept as ‘an algorithm’. For instance, the group
used the elimination method to find the quickest person in all the networks that they were given.
Yet, they considered the elimination method as not an algorithm because it did not align with
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some of their images (e.g., it was not concise; it takes ages to implement on large networks).
On the contrary, we noticed that the algorithms that the group created and considered apt for
the task possessed some of the features (e.g., conciseness, quick-to-implement) evident in these
images.
Overall, the direct effect of these images on the generation of the group’s four algorithms was
not very explicit in our data. Nonetheless, the rejection of the elimination method, in
conjunction with the students’ preference for images of the algorithm as (say) a pattern or a
formula provides an avenue for future research. For example, future research might explore
and explicate how these images emerge while students work on algorithmatizing tasks, and
how these images contribute to the persistence of students’ incorrect algorithms. It is worth
noting that the students in our study were enrolled in a pre-university algebra course, and had
no previous experience with graph theory. Hence, it is possible that the algorithms that the
students had seen in their algebra course (such as the quadratic formula, and other
equation/formula-like algorithms), do not actually look like the elimination method.
Furthermore, future research might explore how students’ images of an algorithm contribute to
the persistence of a faulty feature of their initial algorithm in a particular task. Recall that even
after the students rejected the “tells three people” feature (in Episode 4), the students still
espoused the same images of an algorithm that they had before their rejection of the “tells three
people” feature. And while the students did not produce a fifth algorithm, one could reasonably
assume that they would have continued to reject the elimination method (simply because it did
not align with their images of an algorithm). In this light, some questions for future research
are: can students change their images of an algorithm during a task (so that, for example, the
elimination method aligns with these images)? If so, how? However, if such changes (during a
task) are rare among students, then educators might find it beneficial to explore ways of
exposing students to a variety of algorithms (especially ones that do not look alike) so as to
broaden students’ images of an algorithm.
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Chapter 5. Creating Algorithms by Accounting for Features of
the Solution: Students’ Pursuit of Maximum Happiness
Preface
The study presented in this chapter concerns how students create their initial algorithm on
algorithmatizing tasks, and thus differs from the study in the previous chapter which concerned
how students revise their initial algorithm. The study works towards the second research aim
of this thesis: to explore and explicate algorithmatizing mechanisms that might explain why
some students can find the correct solution(s) to the given problem(s) (within the task), but then
create an algorithm that does not (when implemented) actually re-find the correct solution they
found.
How did I arrive at this research aim?
While working on the first study (presented in Chapter 4), I observed a discrepancy between
the procedure by which the group found the solution(s) and the algorithm that the group created
and explicitly articulated in response to the task. More specifically, I observed that the students
found their solutions, via a particular mathematically correct procedure (referred to as “the
elimination method”), but the algorithm that they constructed was noticeably different from the
aforementioned procedure.
Reflecting on the foregoing observation, I realized that the discrepancy between procedure and
algorithm was not unusual, in that the algorithms that one creates do not (and need not) always
mirror the procedures one used to find the solution(s) to the given problem. For example, in a
task which invites one to create a generalized algorithm (i.e., one which would solve a general
class of problems) then it is perhaps to be expected that the generalized algorithm would differ
(in some aspects) from the procedure by which the students solved particular problem instances
of the general class.
Further reflection on the study carried out in Chapter 4 made me realize that in some situations,
the algorithm that the students created would not (when implemented) actually re-find the
correct solutions to the particular problem instances which the students had correctly solved.
This realization aligned with some of my readings of the literature, from which I inferred that
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while some students can easily find the correct solutions to given problems, these students do
not always create algorithms that would (when implemented) re-find the correct solution(s)
they had found (Cai et al., 1998; Lappan & Bouck, 1998; Mack, 1990; Moala et al., 2018). Yet,
according to research, students tend to understand that the algorithm should be something that
yields the correct answer for (at least) the specific problems that they had solved (e.g., see
Mingus & Grassl, 1998; Ralston & Maurer, 2005). This suggests that something fascinating
happens between students having found the correct solutions to the specific problem instances,
and students creating an algorithm that should re-find these correct solutions.
In my further reading of relevant literature, I came across studies which posited the significance
of building and reflecting on the procedures by which one finds the solution(s) in creating a
correct algorithm (e.g., Cai et al., 1998; Campbell et al., 1998; Marrongelle, 2007; Rasmussen
et al., 2005). Cai et al. (1998) noted that students struggle to create a correct algorithm (i.e.,
one which would yield the correct solutions to the problem at hand) if the students do not reflect
on their procedures. Other studies indeed showed that some students create algorithms by
reflecting and building on the procedures by which they found their solutions to the problem
(e.g., Marrongelle, 2007; Moala, 2015; Rasmussen et al., 2005). These studies began to shed
light on some observations that I made during the study presented in Chapter 4. To recall, the
algorithms that the group created in Chapter 4 did not re-find their solutions (i.e., the quickest
persons they had found in the specific friendship networks they were given). Furthermore, the
group did not reflect and build on their procedure (the elimination method) to create an
algorithm. In fact, the group regarded the elimination method as (among other things)
inefficient, not concise, and explicitly rejected it because it “was not an algorithm”. However,
I noted that the elimination method was actually a basic version of the most efficient known
algorithm for the task (see Jungnickel, 2008). Thus, I hypothesized that one reason why the
group in Chapter 4 did not produce a correct algorithm was because they did not reflect and
build on their procedure (the elimination method). However, I was not satisfied with this
hypothesis because it suggested that the students did not create a correct algorithm because
they did not employ a particular mechanism. This hypothesis reflected a “negative/deficit
approach” to students’ work –– i.e., the students produced something incorrect because the
students did not do something. This deficit approach did not align with the positive approach
that I hoped to espouse in this thesis. Thus, I wondered about the mechanism(s) that the group
did employ (as opposed to did not employ) and how that might have resulted in the creation of
a normatively incorrect algorithm.
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Reflecting further on the group’s work (from Study 1), I noted that the group created their
algorithms by noticing and building on particular features of the quickest person(s) (solutions)
they had found for the particular networks/graphs they were given. For example, on the first
graph they were given, they found (via their elimination method) that the quickest person had
three friends. Consequently, their initial algorithm (for finding the quickest person) was: find
the person that has three friends. Each of the group’s subsequent algorithms resembled their
first in that they were all based on finding a person in a network who had particular specified
features of the quickest persons they had found. More generally, it could be said that a
mechanism by which these students created their algorithm was that of accounting for features
of their solution(s) to the given problem(s).
Furthermore, in light of this mechanism, I hypothesized that when students find the correct
solutions to the given problems, but then create algorithms which cannot re-find their correct
solutions, it might be because the set of features (of their solutions) that students account for is
“insufficient” in some way. I then wondered whether it would have been possible for the group
in Study 1 to create a correct algorithm by noticing and accounting for other features of the
solutions (quickest persons) they had found. My own personal experience working on The
Jandals Task, proved that it was possible to find the correct solutions (quickest persons) using
some procedure (like the elimination method), and then create an algorithm that would-re find
these correct solutions merely by noticing certain features (e.g., feature 1, feature 2, feature 3)
of the quickest persons and then posing the algorithm as: find the person with feature 1, feature
2, feature 3. I then wondered whether these features could be conceptualized. In what way were
the features that I noticed and accounted for different from the features that the group from
Chapter 4 noticed and accounted for? Did other students employ the algorithmatizing
mechanism of accounting for features of their solution(s)?
I then came across the collaborative work of two groups of students on The Birthday Seating
Task (Davies, Chin, Moala & Yoon, 2016). The task invited the students to create an algorithm
for finding an optimal seating arrangement for a group of friends. Both groups found an optimal
seating arrangement, but only one group’s algorithm could actually re-find their optimal
arrangement. Furthermore, both groups created their respective algorithms via mechanism of
accounting for features of their solution (their optimal seating arrangements).
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The study in this chapter revolves around the analysis of these two groups’ work. Towards
explicating the algorithmatizing mechanism of accounting for features of the solution(s) to the
given problem(s), I explore two questions:
•

Which features of their solution(s) (i.e., optimal arrangements) did the respective
groups intentionally account for in their algorithms?

•

What differences between the two sets of features (accounted for by the respective
groups) might explain why only one group’s algorithm accounted for their optimal
arrangement?

The chapter is an extension of a published conference article 19:
Moala, J. G. (2018). How do students create algorithms? Exploring a group’s attempt to
maximise happiness. In J. Hunter, P. Perger, L. Darragh (Eds.) Making Waves, Opening Spaces:
Proceedings of the 41st Conference of the Mathematics Education Research Group of
Australasia, 353-360, Auckland: MERGA.

Furthermore, the chapter is a slightly modified version of a manuscript that is currently under
review for publication in the Mathematics Education Research Journal (MERJ). The details of
the manuscript are:
Title: Creating algorithms by accounting for features of the solution: students’ pursuit of
maximum happiness.
Journal Reference: MERJ-D-18-00127
Author: John Griffith Moala

5.1. Introduction
Discrete mathematics – “the math of our time” (Dossey, 1991, p. 1) – is ever-growing in
prominence due to its significance in computer science and the many real-world applications
of its sub-branches (e.g., logic, combinatorics, and cryptography). Accordingly, mathematics
education research has sought to promote the teaching and learning of discrete mathematics

The article can be found at:
https://www.researchgate.net/publication/326339763_How_do_students_create_algorithms_Exploring_a_group'
s_attempt_to_maximise_happiness
19
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(Hart & Sandefur, 2018; Kenney & Hirsch, 1991). At the heart of discrete mathematics lies the
algorithmatizing approach (Maurer & Ralston, 1991) which entails solving a problem by
devising and analyzing an algorithm that constructs a solution for the problem at hand, rather
than merely finding a solution. Enhancing students’ competence in the algorithmatizing
approach has become a central theme in discrete mathematics education research (see Hart &
Sandefur, 2018).
Past research aimed at enhancing students’ competence in the algorithmatizing approach has
focused mainly on: 1) explicating the processes by which experts create algorithms (e.g., see
Lockwood et al., 2016; Weintrop et al., 2016); and 2) designing tasks (algorithmatizing tasks)
that require students to create their own algorithms (see Hart & Sandefur, 2018; Morrow &
Kenney, 1998). This past research has been useful in advancing our understanding of how
experts create algorithms, and affording students with opportunities to create their own
algorithms. However, this past research has lacked attention to the idiosyncratic mechanisms
by which students create algorithms on algorithmatizing tasks.
In addition to the two predominant lines of research noted above, a third, less predominant line
of research comprises studies that examine students’ activity on algorithmatizing tasks (e.g.,
Cai et al., 1998; Lappan & Bouck, 1998; Marrongelle, 2007; Rasmussen et al., 2005). This less
predominant line of research has been useful in revealing nuances of the algorithmatizing
approach, which experts often take for granted, but with which students might struggle. In
revealing such nuances, this emerging line of research has allowed educators to make informed
decisions regarding how to help students improve their algorithms. Moreover, this emerging
line of research has found that when working on algorithmatizing tasks though some students
easily find the correct solutions to the problem(s) at hand, the algorithms that students create
are not always ones that would, when implemented, re-find the correct solution(s) (see Brown
& Quinn, 2006, Lappan & Bouck, 1998; Moala et al., 2018).
But what does it mean for one to create an algorithm that would (when implemented) re-find
the solution one found? To answer this question, I note: a) an algorithm can be construed as a
set of rules that enables solving a particular problem (Thomas, 2014); b) a solution to a problem
can be construed as an object with particular features (e.g., Mason, 2004; Shapiro, 1997). For
example, the solution to 2 + 3 is an object with features such as: is a number, is a rational
number, is greater than 2 + 1, is less than 2 + 4. Consequently, creating an algorithm which
could re-find the solution (that one found), can be construed as creating a set of rules which
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(when implemented) guarantees that the resulting object has all the features of the solution. I
refer to such a set of rules (algorithm) as one which accounts for all the features of the
solution(s) found.
The aforementioned finding about how students do not always create an algorithm that could
re-find their correct solutions can be re-conceptualized as: the sets of rules (algorithms) that
students create do not always account for all the features of their correct solution(s). However,
note that a solution can have infinitely many features. For example, the solution to x = 2 + 3
has the features: greater than 2 + 1, greater than 2 + 0, greater than 2 + -1, ..., greater than 2 +
-n for all 𝑛𝑛 ∈ 𝛮𝛮. But how is it possible for students to create a finite set of rules that account
for an infinite number of features?

In the present study, I show that students can sometimes create an algorithm that accounts for
their solution, by a mechanism known as accounting for features of the solution. That is,
students would notice a feature of the solution they found for the given problem, then create a
rule within their algorithm which guarantees that the algorithm outputs an object that possesses
this single noticed feature. Then, the students would repeat this process for other finitely-many
features of their solution (i.e., noticing the feature and accounting for it). When these rules are
implemented together, they may or may not produce an object which has all the features of the
solution.
Towards explicating the aforementioned mechanism, I explore the collaborative work of two
groups of students on a contextualized graph theory task. The task invited the students to create
an algorithm for finding an optimal seating arrangement. Both groups found a correct optimal
seating arrangement, and created their respective algorithms by accounting for particular,
finitely-many, features of their optimal arrangements. However, only one group’s algorithm
accounted for their optimal arrangement. Consequently, I explore two questions: 1) Which
features of their optimal arrangements did the respective groups intentionally account for? and
2) What differences between the two sets of features (accounted for by the respective groups)
might explain why only one group’s algorithm accounted for their optimal arrangement?

5.2. Background literature
As mentioned in the Introduction, past research has lacked attention to the idiosyncratic
mechanisms by which students create their algorithms on algorithmatizing tasks. However,
several studies have analyzed students’ work on algorithmatizing tasks. For example, Cai et al.
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(1998) analyzed the work of middle school students on two algorithmatizing tasks. One of the
study’s main findings was a distinction between procedure and algorithm. The former refers
to the entire process by which a solution for a particular problem at hand is found, while the
latter represents the explicit communication of the process in a succinct way, often utilizing
recurring steps and patterns in the procedure. To illustrate the distinction, consider the problem:
find a way of calculating the number of days between March 24th and May 12th of any given
year? A procedure for this problem might involve counting each of the individual days between
the two dates, and coming up with 49 days. On the other hand, creating an algorithm involves
reflecting on the foregoing procedure, noticing the recurrence of seven days (Monday-Sunday),
and yielding the algorithm, 7 × 7 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑. Cai et al. observed that students easily came up with
procedures for solving the problems they were given, but struggled to create an algorithm.
When asked for an algorithm, most students merely regurgitated their procedure, and

(according to the authors) there was no evidence that the students reflected on and noticed any
recurring patterns in their procedures. Cai et al. concluded that enhancing students’ competence
in creating algorithms requires enhancing students’ ability to notice and utilize particular
patterns in their procedures.
Other studies that analyze students’ work on algorithmatizing tasks, show that some students
at higher levels (e.g., tertiary) indeed create their algorithms by reflecting and building on their
procedures for solving the particular problems at hand. For example, Rasmussen et al. (2005)
explored students’ algorithmatizing activity in an instructional sequence on differential
equations. The sequence began with students predicting solutions to the equation

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑃𝑃 which

represents a model of the growth rate of a fish population in a pond (P is the fish population,
and

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

is the rate of change with respect to time). First, the students had to develop their own

procedure(s) from their reasoning with rate of change and the problem context. Then, the
students were invited to create an algorithm that can be used to solve differential equations of
the form

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑓𝑓(𝑡𝑡, 𝑦𝑦). Rasmussen et al. explained that the students were able to develop (re-

invent) the Euler algorithm, a general algorithm that solves any first-order differential equation,
by “reflecting on and generalizing their previous mathematical activity [i.e., their procedures
for solving

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

, and the solutions they obtained from these procedures]” (p. 66).

Seeking specificity on the “previous mathematical activity” (Rasmussen et al., 2005) that
support students’ algorithmatizing, Marrongelle (2007) examined the ways in which graphing
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and gesturing activities support and extend students’ creation (re-invention) of the Euler
algorithm in the same instructional sequence described (above) in Rasmussen et al. (2005).
Marrongelle discussed how particular gestures (e.g., rise over run gesture, pen-slope gesture)
and graphs (e.g., slope field graphs, tangent vector field graphs) that the students employed
while finding solution(s) to the specific equation
students’ (re)creation of the Euler algorithm.

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑃𝑃 were summoned to support the

Moreover, in Moala et al. (2018) I analyzed how a group of students developed an algorithm
for finding the central node in a graph 20. First, the students were given particular graphs for
which they had to find the central node(s). Then, the students were asked to develop an
algorithm for finding the central node in any graph. The study found that though the students
had a correct procedure for empirically finding the central nodes on the particular graphs they
were given, they generated their algorithm specifically by accounting for features of the central
node(s) that they found for the particular graphs. For example, on the first graph they were
given, they found that the central node was adjacent to three other nodes. Consequently, their
initial algorithm (for finding the central node) was: find the node that is adjacent to three nodes.
The students created three subsequent iterations of their initial algorithm, all of which were
strikingly similar to the initial one. However, none of the algorithms that the students created
were correct (i.e., fully accounted for all the central nodes they had found). Note, the students
in Moala et al. (2018), unlike those in Rasmussen et al and Marrongelle’s studies, reflected and
built only on (features of) their solution(s), but not their procedures. Thus, one may hypothesize
that reflecting on the procedure by which the solution(s) were found may be necessary for
creating an algorithm that accounts for the solution(s).
The three studies reviewed above show that some students create their algorithms, by reflecting
and building on “previous mathematical activity” –– which includes: the procedures used to
find the solution(s) for the problem(s) at hand; the solutions; and other activities (e.g., graphing
and gesturing) involved in the procedure. Furthermore, the studies above point to the need for
more specificity on the aspects of their “previous mathematical activity” that support (or do
not support) students in constructing correct algorithms. The present study focuses on one
aspect of students’ “previous mathematical activity” – features of students’ correct solution(s).

The actual task presented in Moala et al. (2018) contextualized the concept of the “central node” in a graph as
the “quickest starting person” in a friendship network. Note, “graph” here refers to those structures studied in
graph theory.
20
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Specifically, I explore how the students reflect and build on features of their solution in the
process of constructing an algorithm.

5.3. Algorithmatizing as abstraction in context
Rasmussen et al. (2005) and Marrongelle (2007) both conceptualized students’
algorithmatizing as a case of vertical mathematization (Treffers, 1987), which entails students
reflecting on and generalizing their previous activity to create a “new mathematical structure”
(i.e., the algorithm). Similarly, I view students’ algorithmatizing activity through the lens of
abstraction-in-context (Hershkowitz, Scwarz & Dreyfus, 2001).
Hershkowitz et al. (2001) defined abstraction-in-context (AiC) as a process of reorganizing
previously constructed mathematics into a new mathematical structure, undertaken by an
individual or a group and driven by a motive that is specific to a context. This reorganizing of
previously constructed mathematics aligns with the idea that algorithmatizing involves
building and reflecting on previous mathematical activity.
Specifically, the AiC framework describes the emergence of mathematical structures that are
(relatively) new to a student, via a model comprising three observable epistemic actions:
recognizing, building-with, and constructing. Recognizing refers to the learner seeing the
relevance of specific previous objects to the situation or problem at hand. Building-with refers
to the learner using recognized objects, in order to achieve a localized goal such as the
justification of the solution of a problem. Constructing consists of assembling and integrating
previous constructs by vertical mathematization to produce a relatively new construct. It refers
to the first time the new construct is expressed by the learner.
Using the language of these three epistemic actions, I conceptualize students’ algorithmatizing
(in this study) as a process of constructing (an algorithm), through recognizing and buildingwith features of their solution(s).

5.4. Method
The participants of the present study were two groups of students (Group A and Group B).
Group A consisted of three students: Sia, Heti, and Para (pseudonyms). Group B consisted of
two students: Rick and Khan (pseudonyms). At the time of data collection, Group A were in a
Year 12 calculus class at a secondary school in New Zealand, while Group B were enrolled in
a first-year undergraduate course, at a large university in New Zealand, covering selected topics
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in algebra and calculus. None of the five students had studied graph theory before, and were
recruited as part of a larger research project that explored students’ engagement with discrete
mathematics through contextualized tasks (see Yoon et al., 2018; Yoon & Moala, 2018). Both
groups worked separately on The Birthday Seating Task (Davies, Chin, Moala & Yoon, 2016)
presented below, in a one-hour session that took place outside of class time and was videorecorded. The groups worked in the presence of an interviewer, who answered clarification
questions but avoided providing mathematical hints.
The Birthday Seating Task began with some warm up questions that familiarized students with
weighted graphs in the context of social relationships (e.g., friends, acquaintances, dating). In
the graph below (Figure 5.1), the nodes represent people, and the number on an edge between
two nodes represents a “happiness score” for the two people’s relationship. The students were
introduced to the notion of “group happiness score,” which in graph-theory terms represents
the sum of the edges in “a seating arrangement” (i.e., a path that includes every node/person in
the graph). After completing the warm-up questions, the students were given the following
scenario:
Michael is turning 15 and invites his best friends to the movies. Seven friends have
confirmed their attendance. Michael wants a seating plan beforehand as the cinemas will
only provide them with one row of seats, and he knows some of his friends don’t get along.
He draws a graph [Figure 5.1] representing the relationships between the seven confirmed
friends [NB: if there’s no edge between a pair of nodes (e.g., D & F) then their happiness
score is 0]…Create an algorithm (method) that Michael can use to find the best seating
arrangement (i.e., one with the highest total group happiness score) 21 for his friendship
graph. Remember, all of Michael’s friends must sit in one row at the cinema. Write a letter
to Michael in which you: 1) State the best seating arrangement for the graph [in Figure
5.1]; 2) Explain your algorithm for choosing the best seating arrangement for the graph [in
Figure 5.1]; 3) Describe how Michael can adapt your algorithm to choose a seating
arrangement if more of his friends (other than the confirmed seven) show up unexpectedly
at the cinema (Davies, Chin, Moala & Yoon, 2016, pp. 9-11).

21

The highest happiness score for a seating arrangement in Figure 5.1 is 13.
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Figure 5.1: Michael’s friendship graph

After reading the instructions, the students in the group were asked to work together and were
told that they must agree on everything that they include in their algorithm. Throughout the
session, the students and interviewer used “algorithm” and “method” interchangeably, and I
preserve both when describing and analyzing their work.
5.4.1 Data analysis
My analysis focused only on the creation of the respective groups’ initial algorithms (i.e., ones
that the groups created and were happy with, before the interviewer asked them to test their
algorithm on other networks) 22. The analysis involved an open interpretation of the data, which
Clement (2000) argued is appropriate for constructing new (preliminary) hypotheses about
students’ learning processes, rather than developing the reliability of established constructs.
Specifically, I used a three-stage process to analyze the transcripts qualitatively.
At the first stage, I read both groups’ letters (Figures 5.2-5.3) and identified their respective
best seating arrangements for the graph in Figure 5.1, and algorithms. I then divided the groups’
respective algorithms into multiple rules, and focused only on those rules that corresponded to
finding the solution for the graph in Figure 5.1. For example, Group A’s algorithm contained
the rule, “seat the unexpected friends at the ends of the row” which does not apply to Figure
5.1. Focusing on the rules pertaining to Figure 5.1 allowed me to analyze the rules with respect
to the groups’ best seating arrangements (which were for the graph in Figure 5.1).

22
This means that the present study pertains to a part of the students’ algorithmatizing process –– the first
iteration of creating an algorithm.
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At the second stage, I identified excerpts in the data in which the groups explicitly talked about
features of their arrangements. I compared these excerpts and sorted them into two sets of
features:
1) should-have features: features that the students explicitly verbalized while building,
and before confirming, the best arrangement. These were features that they thought the
best arrangement should have as opposed to ones that the arrangement does have); the
group built-with these features their best arrangement.
2) explicitly-recognized features: features that the students explicitly recognized after they
confirmed their best arrangement and while they were constructing their algorithms.
That is, these were features that the best arrangement did have as opposed to should
have.
At the third stage, I identified which should-have features and explicitly-recognized features
the two groups specifically accounted for with the rules of their respective algorithms. And, I
used pseudo causal networks (Miles & Huberman, 1994) to identify similarities and differences
between the two sets of features (accounted for) that might explain why Group B’s algorithm
accounted for their best arrangement, and Group A’s did not.

5.5. Summaries of the groups’ work
Before presenting the results of the analysis, I give an account-of (Mason, 2002) the two
groups’ work on The Birthday Seating Task. The purpose of this section is to summarize what
happened in the two sessions, and provide snapshots of the data from which the findings
reported in Section 5.6 emerged.
5.5.1 Group A’s work
After the group reads the task instructions, Heti says:
1. Heti: The first thing is… shouldn’t have negatives… because that’s going to … no one should
sit next to someone they dislike or hate.
2. Sia: Obviously…the arrangement shouldn’t have any negatives.
3. Para: Michael should be in the middle.
4. Sia: Yeah, he should be in the middle [Heti nods]. And the two people who hate each other the
most, like G and F, should sit at the two ends of the row.
5. Heti: Um, okay put them on ends of the row, so they are farthest away from each other and they
don’t spoil things [Sia and Para nod].

They spend time examining the network. After a short while, Sia remarks:
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6. Sia: D only has a positive one [relationship] with Michael….so D should sit next to Michael,
right?
7. Heti: Why? I think F should sit next to Michael.
8. Para: On the other side, then… put Michael in the middle of between [sic] F and D.
9. Sia: Yeah between F and D because that’s like… Michael is the only one D knows.
10. Heti: Yeah, D sits next to Michael because if you don’t put D next to Michael, he’s just not
going to have any fun, he hates E, and no one else knows him.
11. Para: The negatives threes… the ones who hate each other… ends of the.... just make sure none
of them sit together [Sia and Heti nod].
12. Heti: And, put Michael in the middle, and then D next to him.

Then, each student starts writing out their own seating arrangement 23 . Sia and Para both
(separately) come up with G-E-F-M-D-A-B-C which has a score of 13, and Heti creates A-BC-M-F-E-G-D which also has a score of 13. After examining the arrangements, Sia says:
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.

Sia: They both don’t have any negatives.
Para: No negatives.
Heti: I think 13 is the highest ‘cause we haven’t used any negatives.
Sia: I think so, 13 is the best happiness score, and both of these don’t have any negatives.
Para: Yeah. So, which one should we tell him? Well, they’re both 13… so it doesn’t matter.
Sia: No, I think this one is the better one [points to G-E-F-M-D-A-B-C] because D sits next to
Michael.
Heti: Oh yeah… that’s where D will feel most comfortable, because this one [points to A-B-CM-F-E-G-D] is … D doesn’t sit with Michael.
Para: D only has a positive relationship with Michael, so it will be better if he sits next to
Michael [Sia and Heti nodding].
Heti: Everyone here [G-E-F-M-D-A-B-C] sits next to at least one person that they have a positive
relationship with… like G and E, E and F… Everyone has a good time.
Para: Yeah, that’s why D should sit next to Michael, because if you don’t put him next to
Michael, like in that one [points to A-B-C-M-F-E-G-D] then D won’t sit next to anyone with a
positive relationship [Heti nods].
Sia: Yeah.

Para reads the task instructions aloud, and says, “We need to explain our method.” Heti starts
writing, then asks:
24.
25.
26.
27.

Heti: So our method was…? How did we find this one [pointing to G-E-F-M-D-A-B-C]?
Sia: I think we all kind of found it the same way right? Umm, how I did do it?
Para: Our two goals was [sic]… we didn’t use negatives, and we put D next to Michael.
Heti: Is that it? I think you’re right… ‘cause the only difference between the one I came up with
and yours was that you put D and Michael together. But yeah… both have no negatives… Yeah,
don’t use negative [sic] and put D with Michael.
28. Sia: That was our method! That’s how we did it.
29. Para: How about ones who show up unexpectedly?
23

The order in which they place each letter in their arrangement is not evident in the video recording.
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30.
31.
32.
33.

Sia: We’ll just assume that they get along with the people at the ends of the seating row
Para: Yeah it’s kind of rude to show up unexpectedly!
Heti: Why couldn’t they just confirm that they will come? Geez… so inconvenient!
Para: Okay, just say… put them on the edges.

Heti finishes writing out the letter [see Figure 5.2].

Figure 5.2: Group A’s letter

5.5.2 Group B’s work
At the beginning, both students spend time reading the task instructions. Then Khan says:
34. Khan: How should we do this?
35. Rick: Maybe try not to use any negatives, like if you can’t have a positive there, then use a zero.
36. Khan: Yeah, shouldn’t have any negatives. What we can do is pinpoint the highest numbers each
time… Like starting with Michael, then to going to F, then to E, then to G.
37. Rick: I see what you’re doing… just going to the highest option each time.
38. Khan: Yeah… then from G …. you’ve already been to Michael so you have to look for another
person … like A, then to B, then C, then D [he ends up with M-F-E-G-A-B-C-D].

Rick writes out the arrangement M-F-E-G-A-B-C-D and says:
39. Rick: So that’s 12... the happiness score for that one is 12. You think that’s the highest?
40. Khan: Umm… that’s pretty high. I think if we want to get the highest, we have to use every 3
and 2…and maybe some ones.
41. Rick: Yeah…’cause that’s the highest like possible values… we should use all of them. How
about doing the same thing you did, like the highest number each time, but put Michael in the
middle?
42. Khan: Michael in the middle?
43. Rick: Like between two people, instead of here [pointing to M-F-E-G-A-B-C-D] where he’s on
the end. That way we could maybe avoid this zero [pointing to the edge between G and A].
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44. Khan: I see...

Rick writes out D-C-B-A-M-F-E-G then says:
45. Rick: This one [D-C-B-A-M-F-E-G] has only one zero [points to edge between D and C] instead
of two in that one [M-F-E-G-A-B-C-D]. And we still used all the twos and the threes…
46. Khan: Maybe we can get rid of this zero [points to edge between D and C] and try to get 14.

They spend time silently examining the network. Then Khan says:
47. Khan: So we’re trying to not use negatives and zeros. If you try to get rid of this zero [points to
edge between D and C in D-C-B-A-M-F-E-G], you’ll start with D, and go to M, then to F, then
to E, then from E, you’ll have to get another zero. So getting rid of one zero, gives you another
zero down the line [Rick nods].
48. Rick: How about start with B, then A, then C, then M…
49. Khan: No, A-C is a negative. That’s what’s going to happen if you try to avoid this zero, you
end up getting another zero, or using negatives.
50. Rick: Right. You know… D only has one positive connection (points to Michael), which forces
things, ‘cause if we are trying to avoid zeros, then you kind of have to put D next to Michael,
but then that would probably give us a zero somewhere else.
51. Khan: Yep.
52. Khan: I don’t think you can avoid the zeros, but that’s okay, because it’s better to have a zero
rather than a minus.
53. Rick: Okay. And Michael is with D. So D, M, F, E, G, A, B, C.
54. Khan: Yeah that works, that’s 13. I think 13 is the highest, and [pointing to D-M-F-E-G-A-BC] has no negatives, and has all the highest values.
55. Rick: Cool, let’s write this method. Ummm… we already had a 13… this one [pointing to D-CB-A-M-F-E-G] was 13.
56. Khan: Now we have two! They’re both 13… either will do. So the algorithm? Wait wait,
unexpected friends… for unexpected friends, you just have to find out their relationships with
the people, and then apply the algorithm, ‘cause the algorithm should work if more friends show
up right? [Rick nods].
57. Rick: So [reading the instructions] …we need to give the arrangement, which is one of these
[pointing at D-M-F-E-G-A-B-C and D-C-B-A-M-F-E-G], they both have the highest values…
well highest possible, because they both have only that one zero, and no negatives. And we need
to give an algorithm for finding the best arrangement.
58. Khan: Just say… use the highest values… and avoid using negative relationships. Simple!
59. Rick: Yeah, using the highest values…and stay away from negatives, but use a zero if you really
have to. Hmmm, that’s not clear enough, is it?
60. Khan: Here’s how you can write it…how people can be seated. Ensure all 3's are sitting together;
ensure all 2's sit together; and if possible, have 1's sitting together, else it is better to have no
relationship, zeros, instead of having negative relationships.
61. Rick: Sweet, that works… if you follow that you will end up with the best arrangement.

Rick writes out the letter (see Figure 5.3):
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Figure 5.3: Group B’s letter

5.6. Findings
5.6.1 Prelude: further motivating the research questions
I begin with some observations regarding the groups’ respective algorithms. I infer from Group
A’s letter (Figure 5.2) that their algorithm 24 for finding the best seating arrangement in Figure
5.1 consists of two rules (see Figure 5.4).

Figure 5.4: Group A’s algorithm

Group A referred to their algorithm above as how we (they) found the best arrangement (G-EF-M-D-A-B-C), and while they were constructing their algorithm, they explicitly tried to recall
how they had found their best arrangement. These are evident in their letter, where they stated,
“our method for finding the highest happiness score [emphasis added]” and utterances such as
“our two goals [when we were finding the best arrangement]” [line 26] and “how we did
[found] it [the best arrangement]” [line 28]. From the foregoing utterances, I infer that Group
Group A’s letter includes the rule: seat the unexpected friends at the ends of the row, which addresses the
request to “[…] adapt your method if more friends show up unexpectedly.” However, as explained before, I
focus only on those rules pertaining to Figure 5.1.
24
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A explicitly reflected on their procedure (i.e., the rules that they used to find their arrangement)
when they were constructing their algorithm. However, despite reflecting on their procedure,
Group A’s algorithm does not account for (all the features of) their best seating arrangement:
G-E-F-M-D-A-B-C with a happiness score of 13. That is, if one were to create a seating
arrangement from Figure 5.1 using the group’s algorithm, one would not necessarily get Group
A’s best arrangement. Strictly following the group’s algorithm, one could obtain the two
arrangements, C-B-A-M-D-G-E-F and B-E-G-C-M-D-F-A, both of which have lesser
happiness scores (11 and 4 respectively). However, note that the group’s best arrangement has
particular features that these two sub-optimal arrangements do not have. One such
distinguishing feature is: each person sits next to a person with whom s/he has the highest
relationship (or the next highest if the highest one is taken). This is an example of a feature of
Group A’s best arrangement that their algorithm does not account for.
Moving on to Group B, I infer from their letter (Figure 5.3), that their algorithm consists of
four rules (see Figure 5.5 below). Note, one may get other arrangements when implementing
Group B’s algorithm; however, all these other arrangements are optimal (i.e., happiness scores
of 13), and as such the arbitrary choices that one makes when implementing Group B’s
algorithm do not affect the resulting happiness score. In contrast, the arbitrary choices in Group
A’s algorithm affects the resulting happiness score. As such, I say that a group’s algorithm
accounts for their optimal arrangement if it could yield their optimal arrangement, and any
other arrangements it could yield are also optimal. In this way, one can verify that Group B’s
algorithm accounts for their best arrangement: D-C-B-A-M-F-E-G.

Figure 5.5: Group B’s algorithm

However, Group B’s algorithm does not include some rules with which the group built their
best arrangement. In [36] Khan chose each person in the first seating arrangement by
“pinpointing the highest number each time.” I refer to this rule that Khan employed as
“maximizing locally”, which stipulates that the next person to be seated in the arrangement is
the person who has the highest relationship with the most-recently seated person. By
maximizing locally, Khan built a seating arrangement, M-F-E-G-A-B-C-D, with a score of 12
[see 36-38]. Then, in [41-43] Rick improved this seating arrangement, by building-with the
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maximizing locally rule and the rule of “putting Michael in the middle” to obtain another
seating arrangement (D-C-B-A-M-F-E-G) with a score of 13, which they ultimately labeled as
the best arrangement 25.
Despite using the rules of maximizing locally and putting Michael in the middle, to build their
best arrangement, Group B’s algorithm does not include either of these rules 26. To explain this,
note that Group B simply referred to their algorithm as: “an algorithm for finding the best
arrangement” [57]; and “how the people could be seated” [60]. Furthermore, there is no
evidence that Group B explicitly reflected on their procedure while they were constructing their
algorithm. Group B seemed to have thought of their algorithm as how one could build the best
seating arrangement (which may or may not be how they (the group) had built their
arrangement, as in Group A’s case). In this way, Group B’s case provides empirical evidence
that a discrepancy between the set of rules used to build the solution and the set of rules that
constitute one’s algorithm, does not necessarily result in an algorithm which does not account
for the correct solution.
In summary, Group B’s algorithm accounted for their best arrangement, but Group A’s
algorithm did not. As such, I infer that Group B accounted for a sufficient set of features, but
Group A did not. To clarify, a set of (finitely-many) features that one intentionally accounts
for is sufficient if by intentionally accounting for only these features (i.e., explicitly noticing
these features and creating rules that guarantee the existence of only these features in the
resulting object), the object yielded by the algorithm (when implemented) is the solution (i.e.,
the object yielded by the algorithm has all the features of the solution).
The foregoing observations motivate the ensuing analysis (below) of how the two groups’
algorithms emerged, specifically by examining, and differentiating between, those features (of
their best arrangements) that the groups accounted (or did not account) for while constructing
their respective algorithms. The two overarching questions explored are: 1) Which features of
their best arrangement did the respective groups account for? 2) What differences between the
two sets of features (accounted for by the respective groups) might explain why only Group
B’s set of features were sufficient?

The group created two seating arrangements that were both 13. They deemed both as optimal, and then made
an arbitrary choice.
25

26
Group B’s algorithm constructs a seating arrangement by maximizing globally (i.e., choosing the largest
overall pairs) rather than locally.
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5.6.2 Explicitly-recognized features of the best arrangement
In the summaries of the two groups’ work (Section 5.5), one notes that after the groups had
created and confirmed their best seating arrangements, they explicitly recognized that their
respective arrangements possessed particular features. Table 5.1 below contains these
explicitly-recognized features (with transcript lines in brackets for reference).
Table 5.1: Explicitly-recognized features
Group A

•
•
•

Group B

The arrangement has no negatives [13,
15]
Every person in the arrangement sits next
to at least one person with whom s/he has
a positive relationship [21]
D sits next to Michael [18-20]

•
•
•
•

The arrangement has no negatives [54,
57]
The arrangement has exactly one
(unavoidable) zero [52, 57]
Michael sits next to D [53]
The arrangement contains all the highest
possible values (3s, 2s, 1s) [54, 57]

Comparing the groups’ algorithms with the explicitly-recognized features, one sees that on the
one hand, both groups accounted for some of these explicitly-recognized features. For example,
in Group A’s case [see 24-27], the arrangement has no negatives is accounted for by the rule
do not use any negative relationships. Also, D sits next to Michael is accounted for by the rule
seat D next to Michael. Similarly, in Group B’s case [see 57-61], the arrangement has no
negatives and the arrangement has exactly one zero are accounted for by the rule avoid
negatives (use zeros instead of negatives); and, the arrangement contains all the highest
possible values is accounted for by the rules: seat all threes sit together; seat all twos together;
try and seat all ones together.
On the other hand, both groups did not account for all of their respective explicitly-recognized
features 27. For instance, though Group B recognized that D sits next to Michael in one of their
best arrangements [e.g., see 53], Group B’s algorithm does not guarantee that D sits next to
Michael in the resulting arrangement. Note, A-B-C-M-F-E-G-D (with a score of 13) satisfies
all of Group B’s rules, but D does not sit next to Michael in this arrangement. Similarly, Group
A recognized in [21] that every person in their best arrangement sits next to at least one person
with whom s/he has a positive relationship. However, Group A’s algorithm does not ensure

As noted before, it is possible that one does not account for a feature of the solution, and yet the algorithm one
creates still accounts for the feature. However, this is not the case here, as those explicitly-recognized features
that the group did not intentionally account for, were also not accounted for by their respective algorithms.
27
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that the resulting arrangement has the aforementioned feature. Note, C-B-A-M-D-G-E-F (with
a score of 11) satisfies all of Group A’s rules, but it does not include the aforementioned feature.
One sees that every rule in the groups’ respective algorithms accounted for at least one
explicitly-recognized feature. However, the rules of the groups’ algorithms accounted for only
some of the explicitly-recognized features. Recall from Section 5.6.1 that Group A’s algorithm
did not account for their best arrangement, from which it was inferred that those features which
Group A accounted for did not constitute a sufficient set of features. This insufficient set of
features can be operationalized as the explicitly-recognized features which Group A accounted
for: namely, the arrangement has no negatives and D sits next to Michael. Furthermore, note
that Group A’s entire set of explicitly-recognized features was also insufficient (e.g., D-M-AB-C-G-E-F is an arrangement that has all of Group A’s explicitly-recognized features, but it is
not their best arrangement). For Group B, it was noted in Section 5.6.1 that their algorithm
fully accounted for their best arrangement, which meant that the group had accounted for a
sufficient set of features. This sufficient set of features can be operationalized as the explicitlyrecognized features which Group B accounted for: the arrangement has no negatives; the
arrangement has exactly one zero; the arrangement contains all the highest possible values
(relationships). Group B’s case provides empirical evidence for how an algorithm which
accounts for (all the features of) the solution can be created by accounting for only finitelymany features of the solution.
The analysis above motivates the question of: how can one distinguish between those
explicitly-recognized features that were accounted for by the respective groups, and those that
were not? This question is explored in the next two sub-sections.
5.6.3 Should-have features of the best arrangement
Table 5.2 below contains features that were evident in the two groups’ work while they were
building their respective arrangements, and before they confirmed the optimality of a particular
arrangement. These features were ones which the respective groups thought that the best
arrangement should have.
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Table 5.2: Should-have features
Group A

•
•
•
•

Group B

The arrangement should not have any
negatives [1-2]
D should sit next to Michael [6, 9, 10, 12]
Michael should be in the middle [3-4, 12]
The two people who hate each other the
most should be seated at the ends of the
row (farthest sway from each other) [45]

•
•
•
•

The arrangement should have every 2
and 3 and maybe some ones [40-41]
The arrangement should not have any
negatives [35-36]
The arrangement should have zeros
instead of negatives if it is not possible to
have all positive values [35]
The arrangement should have Michael in
the middle [41-43]

The features presented in Table 5.2 are self-explanatory, with the exception of two. In Group
A’s case, the feature of two people who hate each other the most should be seated at the ends
of the row (farthest away from each other) initially meant that two people who hated each other
were to be seated at either ends of the row. However, the group later articulated in line [11]
that this feature simply meant that any negative threes (more generally, any negatives) should
not sit together. Moreover, in both Group B and Group A’s work, the feature of having Michael
in the middle meant that Michael should be seated between two people, rather than in the actual
middle of the row (see [8] for Group A, and [43] for Group B).
All should-have features are evident in the group’s respective best arrangements, and as such
one could infer that the groups built-with these features their best arrangements. However, in
comparing Table 5.1 (in Section 5.6.2) and Table 5.2 above, one can notice a discrepancy
between the set of should-have features and the set of explicitly-recognized features. That is,
there are features in either set that do not appear in the other. Thus, it can be inferred that the
features which the respective groups thought the best arrangement should have, while they
were in the process of building the best arrangement, were not necessarily the features of the
solution that the groups explicitly recognized during the process of constructing their
algorithms.
Exploring this discrepancy further, one notices in Group A’s case that two of the three
explicitly-recognized features, namely the arrangement has no negatives and D sits next to
Michael, align precisely with two of the should-have features above (the first two in the table).
Group A accounted for both of these features in their algorithm. On the other hand, one
explicitly-recognized feature – every person in the arrangement sits next to at least one person
with whom s/he has a positive relationship – does not align with any of the should-have
features. This feature was not accounted for in Group A’s algorithm (as demonstrated in
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Section 5.6.2). A similar situation is evident in Group B’s work. Three of their four explicitlyrecognized features – a) the arrangement has the highest possible values; b) the arrangement
has no negatives; c) the arrangement has exactly one (unavoidable) zero – align precisely with
three of their should-have features (the first three in Table 5.2). Group B accounted for all three
features in their algorithm. On the other hand, one explicitly-recognized feature (i.e., D sits
next to Michael) does not align with any of the should-have features. This feature was not
accounted for in Group B’s algorithm (as demonstrated in Section 5.6.2).
Via the analysis above, one discerns two types of explicitly-recognized features: ones which
appeared in the corresponding set of should-have features and ones which did not. Both groups
accounted for only the former type. That is, the intersection of these two sets of features seems
to have comprised the features that the respective groups accounted for. However, there was
limited explicit evidence that the groups intentionally accounted for only those features that
belonged to this intersection. As such, one might ask: how can the features that the two groups
accounted for be further classified, in a way that explains why the two groups may have
accounted for them. This question is explored in the next subsection.
5.6.4 Features deemed relevant for attaining optimality
In [46-52] Group B tried to create an arrangement with a happiness score greater than 13,
specifically by trying to “avoid using any zeros” while “using the highest values” and “avoiding
negatives”; ultimately, Group B decided that it was impossible to achieve this. The group then
declared [see 52-57] that their arrangement D-M-F-E-G-A-B-C (with a score of 13) was optimal
because it had: only one (unavoidable) zero; no negative relationships; and all the highest
possible relationships (all 2s, 3s, and some 1s). As such, one can infer that these three explicitlyrecognized features were deemed relevant for justifying the optimality of the arrangement.
Group B accounted for all three of these explicitly-recognized features in their algorithm. In
contrast, Group B also explicitly recognized that their optimal arrangement had D next to
Michael [see 53]. However, the group did not account for this feature in their algorithm. To
explain why, note [55] that after the group had confirmed the optimality of the arrangement DM-F-E-G-A-B-C with a score of 13, they realized that they already had an arrangement with a
score of 13 (i.e., D-C-B-A-M-F-E-G). In [56-57] the group seemed content with either of these
two arrangements, and ultimately presented the latter in the letter. Thus, I infer that from Group
B’s perspective, D sits next to Michael was not relevant for justifying the optimality of their
seating arrangement.
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In Group A’s case, both the explicitly-recognized features (D sits next to Michael and no
negative relationships) that they accounted for were deemed relevant for justifying the
optimality of their seating arrangement. Recall [see 12-13] that Group A had created two
seating arrangements both of which had a score of 13: G-E-F-M-D-A-B-C and A-B-C-M-F-EG-D. Then in [18-20], they claimed that the former arrangement was better than the latter
specifically because D sits next to Michael in the former. Furthermore, they also claimed [1316] that the arrangement, G-E-F-M-D-A-B-C, was “the highest” because it did not have any
negatives. In contrast, the explicitly-recognized feature of: every person in the arrangement
sits next to one person with whom s/he has a positive relationship, which Group A did not
account for in their algorithm, was not relevant for justifying the optimality of their
arrangement. From an external perspective, one could say this feature also distinguishes the
group’s best arrangement (G-E-F-M-D-A-B-C) from A-B-C-M-F-E-G-D, since the former has
the feature, but the latter does not. However, in [21] after Heti recognized the aforementioned
feature, Para immediately [22] used it, to reaffirm “why D should sit next to Michael”. Indeed,
one can see that the only reason why A-B-C-M-F-E-G-D does not have the aforementioned
feature is because D does not sit next to “at least one person with whom s/he has a positive
relationship”. One could infer that Group A considered the feature, every person in the
arrangement sits next to one person with whom s/he has a positive relationship, as merely a
consequence of D sits next to Michael, and thus not relevant for justifying the optimality of GE-F-M-D-A-B-C.
5.6.5 Differences in the features accounted for
The analyses above showed that both groups more or less accounted for the same type of
features –– i.e., ones that belonged to the intersection of the explicitly-recognized and should
have features, and ones that were deemed relevant for justifying the optimality of the solution.
However, only Group B’s set of features (accounted for) was sufficient. What differences
between the two groups’ (accounted for) sets of features might explain why only Group B’s set
was sufficient? Towards answering this question, I note two things.
First, since the set of explicitly-recognized features comprises those features that one could
account for, it follows that if this set is insufficient then the features that one accounts for will
be insufficient. In other words, explicitly recognizing a sufficient set of features is a necessary
criterion for accounting for a sufficient set of features. However, if the set of explicitlyrecognized features is sufficient, it is not guaranteed that the features that one accounts for will

137

Chapter 5: Study 2

be sufficient (since, as evident in both groups’ work, one will not necessarily account for all
the explicitly-recognized features). As observed, in Section 5.6.2, Group B’s set of explicitlyrecognized features was sufficient, but Group A’s set of explicitly-recognized features was
insufficient. Thus, the features that Group A accounted for were insufficient, because Group
A’s set of explicitly-recognized features was insufficient. On the other hand, one cannot say
that Group B accounted for a sufficient set of features because their set of explicitly-recognized
features was sufficient. Instead, the fact that Group B’s set of explicitly-recognized features
was sufficient, meant that Group B was more likely than Group A to account for a sufficient
set of features.
Second, although both groups accounted for features that they deemed relevant for justifying
the optimality of their arrangements, the way that the two groups justified the optimality of
their arrangements differed. In [38] Group B found an arrangement, M-F-E-G-A-B-C-D, with
a score of 12, and they noted that the arrangement had: all the 2’s and 3’s, some 1’s, and no
negatives. They also noted that the foregoing arrangement had two zeros, and wondered if it
was possible to have one zero instead of two. In [41-45] Group B created another arrangement,
D-C-B-A-M-F-E-G (with a score of 13) which had: all the 2’s and 3’s, some 1’s, no negatives,
and one zero. Then, in [46-51] the group attempted to build a better (higher-score) arrangement
with a score of 14, specifically by trying to “avoid using any zeros” while “using the highest
values (2’s and 3’s)” and “avoiding negatives”; but ultimately, they decided that this was
impossible. The group concluded [52-57] that D-M-F-E-G-A-B-C (with a score of 13) was
optimal because it had: only one (unavoidable) zero; no negative relationships; and all the
highest possible values. In this way, Group B arrived at their optimal arrangement by: 1)
improving a sub-optimal arrangement; and 2) not being able to improve their optimal
arrangement. Thus, the features that Group B deemed relevant for justifying the optimality of
their arrangement were: a) indispensable because they distinguished the optimal arrangement
from suboptimal arrangements; and b) un-improvable because changing them would not result
in a better arrangement.
In contrast to Group B, Group A neither found a suboptimal arrangement nor attempted to find
an arrangement with a score higher than 13. In [12-13] Group A found two arrangements both
with a score of 13. These two arrangements were the first ones that the group found, and they
immediately justified the optimality of 13, by noting their arrangements had “no negatives”.
Furthermore, the explicitly-recognized features of: D sits next to Michael and every person in
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the arrangement sits next to at least one person with whom s/he has a positive relationship
were ones that merely distinguished between their two 13-score arrangements.

5.7. Summary and discussion
The present study explored a mechanism by which students create algorithms – accounting for
features of their solution to a given problem. The exploration took place within the
collaborative work of two groups of students on a contextualized graph theory task, which
invited the groups to create an algorithm for finding the optimal seating arrangement for some
friends. Both groups found a correct (optimal) seating arrangement, and created their respective
algorithms by accounting for particular features of their optimal arrangements. However, only
one group’s (Group B) algorithm accounted for their best arrangement, which meant that only
one group (Group B) accounted for a sufficient set of features. Consequently, the study sought
to answer two questions: 1) Which features of their arrangements(s) did the respective groups
account for in their algorithms? 2) What differences in the two groups’ work might explain
why the set of features that Group B accounted for was sufficient, while Group A’s set of
features was insufficient?
Two primary sets of features (of the groups’ optimal arrangements (solutions)) emerged from
my analysis of the groups’ work:
1) should-have features: features that the respective groups explicitly verbalized while
building, and before confirming, their best arrangement. These were features that they
thought the best arrangement should have as opposed to ones that the arrangement does
have).
2) explicitly-recognized features: features that the respective groups explicitly recognized
after they confirmed their best arrangement and while they were constructing their
algorithms. These were features that the group noticed the best arrangement did have
as opposed to ones that they thought the arrangement should have.
First, I found, in each of the two groups’ work, a discrepancy between their set of should-have
features and their set of explicitly-recognized features. That is, there were features in either set
that did not appear in the other. From this, I inferred that the features which the respective
groups thought the best arrangement should have, while they were in the process of finding
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their optimal arrangement, were not necessarily the features of their best arrangement that the
groups explicitly recognized while they were in the process of constructing their algorithms.
I then found that the features which the respective groups accounted for were only the ones that
appeared in both of the two aforementioned sets of features. However, there was limited
explicit evidence that the groups intentionally accounted for only those features that belonged
to the intersection. As such, I asked: how can the features that the two groups accounted for be
further classified in a way that explains why the two groups may have accounted for only these
features? Exploring this particular question led me to find that the features that the groups
accounted for were ones that both groups deemed relevant for justifying the optimality of their
best arrangements. That is, both groups accounted for features of their respective optimal
arrangement (solution) that they thought made their arrangement optimal.
So overall, both groups seemed to have accounted for, more or less, the same type of features.
However, only Group B’s set of (accounted for) features was sufficient, and I noted two
differences in the groups’ work to explain why. First, Group A’s set of explicitly-recognized
features was insufficient, and Group B’s was sufficient. The set of explicitly-recognized
features comprises those features that one could account for; so if this set is insufficient then
the features that one accounts for will likely be insufficient, as evidenced by Group A’s case.
Hence, one could infer that explicitly-recognizing a sufficient set of features is a necessary
criterion for accounting for a sufficient set of features.
Second, the ways in which the groups justified the optimality of their arrangements differed.
Group B arrived at their optimal arrangement by: 1) improving a sub-optimal arrangement; and
2) not being able to (after several attempts) improve their optimal arrangement. Thus, the
features that Group B deemed relevant for justifying the optimality of their arrangement were
features that were: a) indispensable in the sense that they distinguished their optimal
arrangement from suboptimal arrangements; and b) un-improvable in the sense that changing
them would not result in a better arrangement. In contrast, Group A neither found a sub-optimal
arrangement, nor attempted to find an arrangement with a higher score than 13. The features
that Group A accounted for were ones that merely distinguished between their 13-score
arrangements. In summary, unlike Group A, Group B did enough work to discern, and
subsequently account for, features of their optimal arrangement that distinguished it from suboptimal arrangements, thus ensuring their algorithm would yield an object equivalent to be
their correct optimal arrangement.

140

Chapter 5: Study 2

Before I situate my findings within relevant literature, I acknowledge one particular limitation
in the methodology: the use of an optimization task. Researchers have commented on
fundamental differences in the solving of optimization and non-optimization tasks (see
Malaspina & Font, 2010; Speer & Kung, 2016). As such, my proposed contributions to existing
literature should be regarded as hypotheses that warrant further research, especially within the
context of non-optimization tasks.
Past research has stressed the importance of reflecting and building on the procedure (i.e., how
one found a solution) when creating algorithms (e.g., Cai et al., 1998; Marrongelle, 2007;
Moala et al., 2018; Rasmussen et al., 2005). For example, Cai et al. (1998) reported that
students who do not reflect on their procedure often struggle to create correct algorithms.
Rasmussen et al., (2005) and Marrongelle (2007) both reported on how students were able to
create a correct generalized algorithm, by reflecting on their procedures. In the present study,
Group A found a correct (optimal) solution and reflected on their procedure when they
constructed their algorithm. But, Group A’s algorithm did not fully account for their solution.
On the other hand, Group B constructed an algorithm that accounted for their optimal solution,
but Group B did not explicitly reflect on their procedure. This might suggest that it is neither
necessary nor sufficient for students to reflect on their procedures in order to construct an
algorithm that accounts for their correct solution(s). It may be possible to create a correct
algorithm by simply recognizing certain features of the solution found and constructing rules
that account for these recognized features. However, as evidenced in this study, accounting for
merely any features of the solution will not suffice. Thus, the question is: which features of the
solution could students account for so that their algorithm accounts for their correct solution(s)?
More generally, the question is: what does a sufficient set of features (of the solution) look
like?
To recall, a set of (finitely-many) features that one intentionally accounts for is sufficient if by
intentionally accounting for only these features (i.e., explicitly noticing these features and
creating rules that guarantee the existence of only these features in the resulting object), the
object yielded by the algorithm (when implemented) is the solution (i.e., the object yielded by
the algorithm has all the features of the solution. In the present study, the set of features that
Group B accounted for is an instantiation of such a sufficient set – specifically, these were
features of the solution that were indispensable and un-improvable (described above).
However, as mentioned before, those features that one could account for might perhaps be
restricted to the set of explicitly-recognized features. That is, one cannot account for a feature
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of the solution that one does not explicitly recognize. As such, having a set of explicitly
recognized features that is sufficient perhaps increases the likelihood (but, of course, does not
guarantee) that one will account for a sufficient set of features. This suggests that those features
which one should account for (such as the indispensable and un-improvable features that Group
B accounted for) may need to be explicitly recognized after students have found and confirmed
their solution, and are at the stage of creating their algorithm. However, I reiterate that it is
possible for one’s algorithm (comprising of finitely many rules) to account for features of the
solution that one neither intentionally accounted for nor explicitly-recognized. That is, it is
possible for one to recognize individual features of the solution and intentionally create rules
that account for only these individual features, but the algorithm (as a whole) when
implemented would produce an object with more features than were intentionally accounted
for (and explicitly-recognized). This is a case of the whole does not equal the sum of its parts.
In light of this, a direction for future research could be to explore whether it is possible for one
to create an algorithm which will (when implemented) re-find the solution, without actually
having explicitly-recognized a sufficient set of features.
The study also provides some answers to the question of: how might students come to explicitly
recognize a sufficient set of features? To answer this question, I note two things that seemed to
help Group B: 1) finding a sub-optimal arrangement and then improving it; and 2) trying to
improve the optimal arrangement, but not being able to do so. Through these two things, I
argued that Group B were able to discern features of their solution (optimal arrangement) that
were indispensable because they distinguished the optimal arrangement from suboptimal
arrangements; and un-improvable because changing them would not result in a better
arrangement. These two things that Group B did seem related to the act of discerning the range
of possible variation of an object (see Marton & Booth, 1997; Marton & Tsui, 2004), which
refers to becoming aware of the different aspects of an object that can be varied and still that
object remains an example of a specified concept, and those aspects which when varied would
render the object a non-example. I conclude that discerning a sufficient set of features (of the
solution) may involve discerning certain features which if removed (from the solution) would
render the optimal solution non-optimal.
The present study did not explore students’ attempts to test and revise their algorithms. As
such, the suggestions above pertain to when students are creating the first iteration of their
algorithm. Nonetheless, the findings of this small study may still be useful for helping students
make desirable revisions to their current (normatively incorrect) algorithm, which according to
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past research is not an easy task (see Fuson, 2003; Lappan & Bouck, 1998; Moala et al., 2018;
Zazkis & Chernoff, 2008). My suggestion is specifically for helping students who have found
a correct solution, but have created an algorithm that does not account for their correct solution.
More specifically, my suggestion is based on the idea that creating an algorithm that accounts
for the solution, is a matter of creating an algorithm that will (when implemented) not only refind the solution, but also not find non-solutions. In Moala et al., (2018) I showed that while
students understand that their algorithm must re-find the solution, they are not always aware
that their algorithm may find both solutions and non-solutions. In this light, after the students
have constructed their first algorithm, they could be invited to use only the specific rules in
their algorithm to create an object which satisfies the rules of the algorithm, but is not a
solution. Then, the students can be invited to list the differences between their solution and the
non-solution. Subsequently, the students can be asked to revise their algorithm so that it
produces their solution, but not the non-solution. The goal is to draw the students’ attention to
features of their solution that sufficiently distinguish it from non-solutions. Several iterations
of the foregoing process may be necessary in order for the student to construct an algorithm
that fully accounts for only their solution.
As the present study focused only on the first iteration of the groups’ algorithms, a direction
for future study would be to examine the evolution of the features that students accounted for,
when students test their algorithm on other networks and revise their algorithm accordingly.
For instance, can an initially insufficient set of features become sufficient over multiple
iterations of testing and revising? If so, how? If not, why? Or, can an initially sufficient set of
features become insufficient over multiple iterations of testing and revising? If so, how? If not,
why?
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Chapter 6. How do Students Revise their Algorithms in Response
to Counterexamples?
Preface
This third study concerns the use of counterexamples for facilitating the development of
student-invented algorithms. The study works towards the third research aim of the thesis: to
explore and explicate some algorithmatizing mechanisms that might explain why
mathematically equivalent counterexamples do not always facilitate a transition from an
incorrect algorithm to a correct algorithm.
How did I arrive at this research aim?
First, recall that counterexamples, as they pertain to algorithms, can be construed as problem
instances for which the student’s current algorithm should produce the correct answer(s) but
does not. For example, a student’s algorithm for subtracting one positive integer from another
might be: subtract the smaller digit from the corresponding larger digit. For 65 – 53, the
algorithm correctly produces 12; however, for 63 – 55, the algorithm incorrectly produces 12.
The problem, 63 – 55, is said to be a counterexample to the student’s algorithm. The rationale
behind the use of counterexamples is to get students to realize that their current algorithm does
not produce the correct answer on all the problems for which it should produce the correct
answer, and in turn, motivate students to revise their current algorithm so that it correctly solves
all the problems that it should solve –– i.e., produce a generalized algorithm.
The initial motivation behind the aforementioned research aim was the result of observations
made during the first study (presented in Chapter 4). While working on the first study, I
observed that the group encountered counterexamples to their algorithms, which motivated
them to revise their algorithm. However, I noticed that the group’s revised algorithm did not
always work on (i.e., correctly solve) the counterexample. Sometimes, the group’s revised
algorithm worked on the counterexample. Other times, the group encountered multiple
counterexamples to their algorithm, but their revised algorithm worked on some, but not all of
the counterexamples. Overall, it can be said that though the group encountered multiple
counterexamples to their incorrect algorithm, the revisions they conducted in response to the
counterexamples did not result in a correct (generalized) algorithm.
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My observations from Study 1 fascinated me because my own experience in mathematics
taught me that upon encountering a counterexample, which necessitates revising the algorithm,
one’s revised algorithm ought at the very least to work on (correctly solve) the
counterexamples. Furthermore, the observations from Study 1 resonated with findings from the
literature showing that when students recognize counterexamples to their algorithm, they do
not always conduct revisions to their current algorithm that result in a generalized (correct)
algorithm (e.g., see De Bock et al., 2002; Lappan & Bouck, 1998; Mack, 1990). That is, some
revisions (in response to counterexamples) merely represent a transition from one incorrect
algorithm to another incorrect algorithm.
I then came across a study by Zazkis & Chernoff (2008) which explored the role of
counterexamples in facilitating cognitive conflict and conflict resolution. Zazkis and Chernoff
(2008) found that while all counterexamples are mathematically equivalent, in that they have
the potential to reveal erroneous ways of thinking, not all counterexamples invoke cognitive
conflict. Furthermore, not all counterexamples which invoke cognitive conflict facilitate
conflict resolution.
In the Discussion section (Section 4.5) of the first study, I noted that past research which
espouse the use of counterexamples to motivate students to reject their incorrect algorithms
(and subsequently conduct the required revisions to their algorithms) posit (in alignment with
Zazkis & Chernoff’s argument above) that some counterexamples may be more effective than
others in facilitating the rejection of an incorrect algorithm, and the creation of a correct
algorithm. Consequently, suggestions gathered from the counterexamples literature (for
helping students reject their incorrect algorithm and move towards a generalized algorithm),
involve carefully considering the students’ algorithm, then finding a suitable counterexample
which upon encountering, the student realizes that his/her algorithm is not able to solve all the
problems that it should solve. However, I argued that while a counterexample may expose the
incorrectness of an algorithm and motivate students to revise the algorithm, there is still a
chance that after students conduct their revisions of this incorrect algorithm via nuanced
mechanisms (such as the patching mechanism), they will end up with another algorithm that is
still normatively incorrect. Consequently, I hypothesized that a counterexample might not
facilitate the creation of a correct algorithm, not merely because of the inherent ineffectiveness
of the counterexample, but perhaps because of the particular nuanced mechanisms by which
the students conducted their revisions.
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The mechanisms identified in Study 1 (i.e., patching and localized considerations) pertained
to how the group revised their algorithms when they realized that it was inapt, with a specific
focus on how these mechanisms preserved a particular (faulty) feature of the group’s initial
algorithm. However, the study (and the emergent mechanisms) lacked details about the role
that the counterexamples played in these revisions. I thus wondered: what was the role of
counterexamples in the mechanisms by which students revise their algorithms? Reflecting on
this question and my reading of relevant literature led me to realize that while past studies
espouse the use of counterexamples as a means of facilitating the development of studentinvented algorithms, these studies tended to evaluate the utility of a counterexample merely in
terms of whether or not it facilitates the development of a generalized (correct) algorithm.
Consequently, these studies pay little attention to the idiosyncratic and nuanced mechanisms
by which students revise their algorithms, in response to a counterexample, beyond whether or
not the resulting revised algorithm is generalized.
On the whole, I inferred that the pedagogical effectiveness of a counterexample was often
conceived according to a dichotomy – counterexamples are effective if they facilitate the
desired conflict resolution, and ineffective otherwise. For me, this dichotomous labelling of
counterexamples seemed to restrict the utility of counterexamples, because it suggested, for
instance, that if a teacher gave a student a counterexample which subsequently did not result
in the creation of a generalized algorithm, then the teacher would simply have to “throw away”
this counterexample, and look for another one. As such, the teacher pays little attention to how
the students responded to the counterexample. In this way, evaluating counterexamples
according to the aforementioned dichotomy seemed to result in the evaluation of students’
algorithmatizing activity according to a similar dichotomy –– has the student produced a
generalized algorithm or not?
The foregoing considerations led me to hypothesize that the pedagogical effectiveness (power)
of counterexamples, as it pertains to the development of student-invented algorithms, may be
enhanced by examining more carefully the revisions that students conduct on their algorithm
in response to counterexamples, irrespective of whether these revisions result in a generalized
correct algorithm. Furthermore, I hypothesized that examining these revisions from this neutral
standpoint might shed some (more) light on why/how some counterexamples do not always
facilitate the transition from an incorrect algorithm to a correct (generalized) algorithm.
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Unlike the two previous studies (Chapters 4 and 5), the data that I analyze in this study were
not taken from the MMTV project, but rather taken from a published study (mentioned above)
–Zazkis & Chernoff (2008) –– to which I attribute a substantial portion of my interest in the
pedagogical role of counterexamples.

6.1. Introduction
Algorithms are an important part of mathematics, as they comprise the processes by which
many mathematical problems are solved (Hughes, 1998; Hart & Sandefur, 2018; Marrongelle,
2007). One of the criteria for evaluating the utility of an algorithm is the extent to which it
produces correct solution(s) for a class of problems as opposed to only several instances within
this class of problems –– e.g., an algorithm for subtracting any natural number from another
natural number, as opposed to an algorithm for subtracting any single digit whole number from
another single digit whole number (e.g., Cai et al., 1998; Rasmussen et al., 2005; Thomas,
2014). Consequently, an important aspect of developing an algorithm is the work done to
ensure that an algorithm can solve a general class of problems (i.e., developing a generalized
algorithm). Studies, however, show that students often have difficulty creating generalized
algorithms (see Cai et al., 1998; Campbell et al., 1998; Lappan & Bouck, 1998; Becker &
Rivera, 2005; Stacey, 1989; Zazkis & Liljedahl, 2002).
A common and well-established strategy for facilitating the development of student-invented
algorithms is the use of counterexamples (see Cai et al., 1998; Clarke & Veith, 2003; Ferrarello
& Mammana, 2018). Counterexamples, as they pertain to algorithms, can be construed as
problems for which an algorithm should produce the correct solution(s), but does not. For
example, a student’s algorithm for subtracting one positive integer from another might be:
subtract the smaller digit from the corresponding larger digit. For 29 – 17, this algorithm
correctly produces 12; however, for 27 – 19 the algorithm incorrectly produces 12. The
problem, 27 – 19 is said to be a counterexample to the student’s algorithm. The rationale behind
the use of counterexamples is to get students to realize that their current algorithm does not
produce the correct answer for all the problems for which it should produce the correct answer,
and in turn, motivate students to revise their current algorithm so that it correctly solves all the
problems that it should solve.
Studies have found that when students recognize counterexamples to their algorithm, they do
not always conduct revisions to their current algorithm that result in a generalized algorithm
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(e.g., see De Bock et al., 2002; Lappan & Bouck, 1998; Mack, 1990). However, these studies
tend to evaluate the utility of a counterexample merely in terms of whether or not it facilitates
the development of a generalized algorithm. Consequently, these studies pay little attention to
the idiosyncratic ways that students revise their algorithms, in response to a counterexample,
beyond whether or not the resulting algorithm is generalized. I hypothesize that the pedagogical
power of counterexamples, as it pertains to student-invented algorithms, may be enhanced by
examining more carefully the revisions that students actually conduct on their algorithm in
response to counterexamples, irrespective of whether these revisions result in a generalized
algorithm.
In the present study, I analyze two different instances in which two students iteratively revise
their algorithms in response to counterexamples. Neither of the two students immediately
created a generalized algorithm, upon their first encounter with a counterexample. And, only
one of the two students created a generalized algorithm after multiple iterations of testing and
revising. Rather than distinguish between counterexamples based on whether or not they
facilitate the development of a generalized algorithm, I seek to explore and explicate the
idiosyncratic ways that the students revise their algorithms in response to the counterexamples.
Based on these idiosyncratic ways, I offer some suggestions for reconceptualizing the role of
counterexamples in the development of student-invented algorithms.

6.2. Counterexamples
The significance of counterexamples in learning mathematics has been well established,
particularly as a means of creating cognitive conflict and facilitating conflict resolution (see
Klymchuk 2010; Peled & Zaslavsky, 1997; Zazkis & Chernoff, 2008; Zazkis, Liljedahl &
Chernoff, 2008; Zaslavsky & Ron 1998). A cognitive conflict is invoked when a learner
recognizes a contradiction or an inconsistency in his/her ways of thinking, such as recognizing
a counterexample to a way of thinking that he/she thought to be universally true. In theory,
counterexamples enable the learner to confront his/her initial way of thinking, reject it, and
construct a universally true way of thinking.
However, Zazkis and Chernoff (2008) found that while all counterexamples are mathematically
equivalent, in that they have the potential to reveal erroneous ways of thinking, not all
counterexamples invoke cognitive conflict. Furthermore, not all counterexamples which
invoke cognitive conflict facilitate conflict resolution. Zazkis and Chernoff add:
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What constitutes an appropriate counterexample – an example that satisfies the conditions of a
conjecture, but violates the conclusion – can be determined universally and a priori. However,
whether a given counterexample stimulates cognitive conflict, and conflict resolution for a
learner cannot be determined, only anticipated, before implementation, and can only be fully
recognized after implementation in an instructional setting (2008, p. 197).

To recall, studies (e.g., De Bock, 2002; Lappan & Bouck, 1998; Mack, 1990) have found that
when students encounter counterexamples to their algorithms, they do not always conduct
revisions that result in generalized algorithms. Extending Zazkis and Chernoff’s (2008)
argument to the context of algorithms, one might hypothesize that some counterexamples are
better than others in facilitating the development of generalized algorithms. However, I note
that the aforementioned conceptualization(s) of conflict resolution often represents a
dichotomy – from an initial incorrect way of thinking to a mathematically correct way of
thinking, where “mathematically correct way of thinking” seems to be conflated with
“universally true way of thinking”. Similarly, “a correct algorithm” seems to be conflated with
“a generalized algorithm”. Consequently, the pedagogical power of a counterexample is
currently judged according to this dichotomy – counterexamples are effective if they facilitate
the desired conflict resolution, and ineffective otherwise.
Acknowledging students’ natural (and diverse) ways of thinking (such as those manifested in
algorithm) and their revisions of these ways of thinking, might shed light on aspects of
students’ conflict resolution processes that may be overlooked when subjected to such
dichotomous evaluations (see Czocher et al., 2018; Peressini & Knuth, 1998). In the present
study, I work from the premise that any revision that a student conducts on his/her algorithm
in response to a counterexample is an act of conflict resolution, which is of course not to say
that all acts of conflict resolution are equally beneficial. To reiterate, my aim is not to
distinguish between counterexamples based on whether or not they elicit desirable revisions in
students’ algorithms (more precisely, the creation of a generalized algorithm), but rather to
capture and examine the idiosyncratic ways that students revise their algorithms in response to
counterexamples. Towards making sense of students’ revisions to their algorithms that do not
(always) result in a generalized (normatively correct) algorithm, I introduce the construct of
domain of validity.
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6.3. Domain of validity
The construct of domain of validity emerged in the study of obstacles (Bachelard 1938, cited
in Herscovics, 1989). An obstacle can be thought of as a way of thinking that functions
productively in a variety of different situations, thus establishing it as a useful cognitive tool
for interpreting some situations, but then breaks down and leads to errors in other situations
(Herscovics, 1989). Duroux (cited in Brousseau, 1997) provided a list of necessary conditions
for a way of thinking to be considered as an obstacle. One of these conditions is that an obstacle:
“produces responses which are valid only within a particular context” (Duroux, 1982, cited in
Brousseau, 1997, p. 99). This particular context is referred to as the obstacle’s domain of
validity. Sierpinska (1994) argued that conceptual understanding should not be perceived as
merely switching from a faulty way of thinking to a universally true way of thinking, but rather
as “changing the status of these [initial ways of thinking] to one possible way of seeing things,
or a locally valid way of thinking” (p. 125). In other words, conceptual understanding involves
becoming aware of the domains of validity of different ways of thinking.
The construct of domain of validity can be integrated into a definition of an algorithm. That is,
an algorithm that any person creates can be construed as comprising two parts: 1) a set of
instructions that is intended to enable one to solve particular problems; and 2) a set of problems,
for which the set of instructions would, according to the person that created the algorithm, yield
the correct answer –– this set of problems is the algorithm’s domain of validity.
In light of the foregoing conceptualization of an algorithm, one can say that an algorithm is
mathematically (absolutely) correct if the set of instructions produces the correct solutions for
all the problems within the domain of validity; otherwise, the algorithm is mathematically
incorrect. Furthermore, a mathematically incorrect algorithm could either be: absolutely
incorrect, in which the set of instructions does not produce the correct solution for any of the
problems within the domain of validity; or partially incorrect (and partially correct) in which
the set of instructions produces the correct answer for some, but not all, the problems within
the domain of validity.
For instance, one might pose the following algorithm:
Instructions:

1) square a; 2) square b; 3) add square a to square b.

Domain of Validity:

all problems of the form “compute (𝑎𝑎 + 𝑏𝑏)2, where a = 0 or b = 0”.
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The algorithm above is mathematically (absolutely) correct, since the set of instructions
produces the correct solution for all the problems within the domain of validity. On the other
hand, the two algorithms below are partially (in)correct and absolutely incorrect respectively.
Instructions:

1) square a; 2) square b; 3) add square a to square b.

Domain of Validity:

all problems of the form “compute (𝑎𝑎 + 𝑏𝑏)2, where a and b are any two
numbers”.

Instructions:

1) square a; 2) square b; 3) add square a to square b, multiply the sum by
negative one and then add negative one.

Domain of Validity:

all problems of the form “compute (𝑎𝑎 + 𝑏𝑏)2, where a and b are any two
positive numbers”.

In this way, the lens of domains of validity allows me to recognize the reasonableness in
students’ algorithms, going beyond the dichotomous labeling of students’ algorithms as
generalized (correct) or not generalized (incorrect). Furthermore, the lens of domain of validity
reveals some flaws with the common understanding of “a generalized algorithm” and
“counterexamples”. Note, the common conception (as conceived in past studies) of “a
generalized algorithm” is as an algorithm that could solve all the problems that we (from an
external perspective) want students to solve. Additionally, the counterexamples we give
students tend to be problems that we want the students to solve but which their algorithm cannot
solve. However, the set of problems that we want students to solve does not necessarily align
with the set of problems that students intend to solve (i.e., their algorithm’s domain of validity).
As such, the counterexamples that we give students might not necessarily be counterexamples
(from the students’ perspective) because the students did not intend for the algorithm to solve
these problems in the first place (i.e. the problems do not fall within their intended domain of
validity).
Given the foregoing remarks above, I re-conceptualize two constructs that are of interest to this
study, thorough the lens of domain of validity: 1) counterexample (to an algorithm) is a
problem within the domain of validity of an algorithm, for which the set of instructions does
not produce the correct solution; 2) cognitive conflict (as it pertains to algorithms) is a situation
in which the student recognizes a counterexample to his/her algorithm. In light of these
conceptualizations, I ask the question: How do students revise their algorithms (i.e., their set
of instructions and/or domains of validity) when they recognize counterexamples?
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6.4. Method of inquiry
The two instances that I present and analyze in this study are connected by Mason’s (2002;
2006) methodology (discipline) of noticing. Following Mason’s perspective, and other studies
which have employed Mason’s methodology of noticing (e.g., Zazkis & Chernoff, 2008;
Zazkis & Liljedahl, 2008), I seek to: “identify phenomena [I] wish to study, and to seek
[instances] from my own experience” (p. 43).
I describe and analyze these two episodes with the hope that readers may recognize similar
instances from their own experience. However, the aim of this method of inquiry is not “to
capture or cover the experience of readers…rather to make contact with that experience,
perhaps to challenge usual interpretations, perhaps to point to some features not previously
noticed but worth discerning” (Mason, 2006, p. 42).
The data analyzed in the two episodes come from a previously published study by Zazkis and
Chernoff (2008), which explored the role of counterexamples in facilitating cognitive conflict
and conflict resolution among post-secondary students who were also prospective primary
school teachers. Though Zazkis and Chernoff’s study was not specifically concerned with
student-invented algorithms, I was able to conceive of the students’ work (analyzed in the
study) in terms of algorithmatizing (I describe how in the respective episodes). In so doing,
Zazkis and Chernoff’s study not only sparked my curiosity and awoke my awareness regarding
the different ways in which students revise their algorithms in light of counterexamples, but
also piqued my interest regarding new perspectives on the role of counterexamples in
facilitating the development of student-invented algorithms.
Underpinned by Mason’s methodology of noticing, my approach to analyzing these data also
involved an open interpretation (Clement, 2000) of the data presented in Zazkis & Chernoff
(2008) to identify the relevant excerpts for detailed examination. Then, I superpositioned the
theoretical framing (comprising algorithms, counterexamples, and domains of validity) on the
relevant data excerpts, interpreting these excerpts with the aim of generating new theoretical
perspectives (on existing data), rather than conducting detailed coding to provide reliable
empirical findings. In analyzing these previously published data, I do not presume that my
analyses are better than the initial analyses conducted by Zazkis and Chernoff, or that these
data are in need of an alternative analysis. I also do not presume that I can analyze the relatively
small amount of data presented in Zazkis & Chernoff (2008) in the same way that the authors
have analyzed their entire data set.
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The findings that emerge from my analysis of these two instances are not meant to be
generalizable. I acknowledge that the nature of the knowledge (or the so-called “findings”)
gained through the method of inquiry employed in this study, is such that this knowledge is not
always directly observable in the data nor readily inferable from the data. Instead, this form of
knowledge represents creative interpretations made by the researcher, and are more in the
nature of abductions (Peirce, 1955) rather than inductions or deductions. Following Mason’s
(2006) methodological approach:
If you [the reader] recognizes at least something of what I am talking about as a result of having
[read these episodes], then you may be stimulated to look out for similar experiences in the
future, and over time, begin to act upon what you notice. Validity in this method is personal. It
depends, for you, on whether you find your actions being informed in the future. Validity for
you does not lie in what I conjecture or in what I have found for myself (p. 43).

In analyzing the evolution of students’ domains of validity, I acknowledge that a researcher
cannot ascertain the totality of a student’s domain of validity. For example, even if a student
explicitly says, “my algorithm works on these problems”, researchers can never be certain what
“these problems” comprise. Furthermore, even if the student is explicit about what “these
problems” refer to, it is possible (and perhaps common) for the student to be inconsistent about
the meaning of “these problems”. However, one can still make some plausible inferences
regarding the domain of validity of a student’s algorithm. For example, if the student is explicit
about the problems for which he/she thinks the algorithm produces correct solutions, then one
can infer that the domain of validity comprises all the problems explicitly stated by the student.
On the other hand, if the student is not explicit, but seems reasonably aware of the problems in
the task that an algorithm is required to solve, and he/she is willing to present a particular
algorithm as his/her response to the task, then one can infer that the student’s domain of validity
consists of all the problems that the task requires the student’s algorithm to solve correctly.
In the following sections, I analyze two instances from Zazkis and Chernoff (2008) in two
different episodes. Each of the two episodes begin with a background of the participants, the
respective settings, and a data excerpt, followed by an analysis of how the students revised
their algorithms and their domains of validity in response to different counterexamples.
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6.5. Episode 1: Comparing fractions
At the time of data collection, Tanya (pseudonym) was a post-secondary student and a
prospective elementary school teacher enrolled in a pre-service course that had two aims: 1) to
expose students (i.e., the prospective teachers) to different pedagogical approaches; and 2) to
give students opportunities to strengthen and enrich their own mathematical knowledge. Tanya
also had experience at a tutoring center prior to taking the course, and was very positive towards
mathematics and teaching mathematics. One of the key topics discussed during the course was
fractions “because the related concepts are known to be problematic to both young learners and
preservice elementary school teachers” (Zazkis & Chernoff, 2008, p. 202).
The excerpt below (Figure 6.1) was taken from a particular classroom session that focused on
“alternative strategies” (which I conceptualize here as algorithms) for determining which of
two proper fractions was larger. Examples of such algorithms (strategies) included: the
complement-to-a-whole algorithm (dividing the numerator by the denominator); and the
common denominator algorithm (expressing the two fractions as ones with the same
denominator).
This particular session’s goal, in the spirit of learning alternative algorithms, was to avoid the
common denominator algorithm whenever possible, as this algorithm was determined a priori
to be the one that “most students know”. Towards the end of this session Tanya approached
the instructor with another algorithm. The discussion that ensued is presented in Figure 6.1
below.
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1.

Tanya: There is another one [algorithm] that you didn’t mention, that has always worked for me.

2.

Instructor: OK, please show me.

3.

Tanya: You simply take away the top from the bottom and see what is larger. Where the number
is larger, the fraction is smaller, like 2/7 and 3/7, 5 is greater than 4, so this fraction (pointing to
2/7) is smaller.

4.

Instructor: Hmm, interesting ...

5.

Tanya: And the examples you showed work like that.

6.

Instructor: Would you explain why this works?

7.

Tanya: I’m not sure how to explain this, it just makes sense.

8.

Instructor: And how about different denominators?

9.

Tanya: Oh yeah, it will work, it always did.

10.

Instructor: So how about 1/2 and 2/4? Using your method we would conclude that one of these
fractions is larger than another.

11.

Tanya: But they never give you fractions that are the same to compare. So the method works when
they are not the same.

12.

Instructor: And how about 5/6 and 6/7? We have just shown how to think of them and compare
without finding a common denominator. How could you apply your method in this case?

13.

Tanya: You can’t if the difference is the same. But if it is not the same, it works [pause], I think it
works, it always worked for me, in school, I mean. Like 4/9 and 5/7… I just looked at 5 here and
2 here [pointing at 4/9 and 5/7] and where you get 2 the fraction is larger.

14.

Instructor: And how about something like 9/10 and 91/100?

15.

Tanya: [pause]. So are you saying that with ridiculously large number of pieces this doesn’t work?

16.

Instructor: I’m just asking questions...
Figure 6.1: Excerpt of Tanya’s work from Zazkis and Chernoff (2008, pp. 203-204)

Analysis
I infer from line [3] that Tanya’s initial algorithm for determining which of two fractions is
larger comprised the following instructions: 1) take away the numerator from the
corresponding denominator in both fractions; 2) the fraction corresponding to the lesser
difference is the larger fraction. Furthermore, since the purpose of the lesson (described above)
was to devise alternative algorithms for comparing any pair of proper fractions, and Tanya was
aware of this purpose (see utterances in lines [1, 5, 7, and 9]), I infer that the domain of validity
for Tanya’s algorithm was: all pairs of proper fractions. Tanya instantiated her algorithm on
2
7

3

𝑣𝑣𝑣𝑣 7.

1

2

In line [10] the interviewer gave Tanya 2 𝑣𝑣𝑣𝑣 4. Tanya’s response in line [11] suggests that she
1

recognized 2 𝑣𝑣𝑣𝑣

2
4

as a counterexample to her initial algorithm. More specifically, I infer that
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1

Tanya recognized 2 𝑣𝑣𝑣𝑣

2
4

as an element of all pairs of proper fractions (the domain of validity
1

2

of her current algorithm), and that her algorithm would incorrectly declare 2 greater than 4 .

Tanya’s utterance, “it works when they are not the same”, suggests that Tanya kept the

instructions of her first algorithm the same, but revised the domain of validity from all pairs of
proper fractions to all non-equivalent pairs of proper fractions.
5

In line [12] the interviewer gave Tanya 6 𝑣𝑣𝑣𝑣
would handle this case. One notices that

5
6

6
7

and asked her to demonstrate how the algorithm

𝑣𝑣𝑣𝑣

6
7

is indeed an element of Tanya’s revised

domain of validity, since they are non-equivalent fractions. Tanya immediately replied in line
[13] that “you can’t if the difference is the same, but if it is not the same, it works”, indicating
5

that she recognized 6 𝑣𝑣𝑣𝑣

6
7

as a counterexample to her current algorithm. She subsequently

revised the domain of validity of her existing algorithm from all non-equivalent pairs of
fractions to all pairs of non-equivalent fractions with non-equivalent numerator-denominator
4

difference. Tanya also substantiated her new algorithm on 9 𝑣𝑣𝑣𝑣

of her new domain of validity.

9

Finally, in line [14] the interviewer gave Tanya 10 𝑣𝑣𝑣𝑣

91

100

5
7

which is indeed an element

which one notices is an element of

the domain of validity (all pairs of non-equivalent fractions with non-equivalent numeratordenominator difference) of Tanya’s current algorithm. Tanya’s response in [15] suggests that
9

she recognized 10 𝑣𝑣𝑣𝑣

91

100

as a counterexample to her current algorithm. One can also infer that

in response to this counterexample, Tanya once again kept the set of instructions in her current
algorithm the same, but revised her domain of validity from all pairs of non-equivalent
fractions with non-equivalent numerator-denominator difference to all pairs of non-equivalent
fractions, whose numerator-denominator difference is not the same and which do not have
ridiculously many pieces. It is not explicit in the data what Tanya means by “ridiculously many
pieces” but perhaps one can reasonably infer that it means a fraction in which the numeratordenominator difference is relatively large. 28
I summarize the revisions that Tanya made to her algorithms in the table below:

This lack of clarity points to the fact that the domain of validity (of a student’s algorithm) could be explicitly
stated (such as in the first two iterations) or could be also expressed in terms that may be clear to the student, but
ambiguous to an external observer.

28
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Table 6.1: Summary of Tanya’s revisions to her algorithm
Algorithms

Counterexample to algorithm
(and representative class)

Instructions

Domain of Validity

Take away the numerator from the
corresponding denominator in both
fractions. The fraction corresponding
to the lesser difference is the larger
fraction.

All pairs of fractions

1
2
𝑣𝑣𝑣𝑣
2
4
(equivalent fractions)

Take away the numerator from the
corresponding denominator in both
fractions. The fraction corresponding
to the lesser difference is the larger
fraction.

All non-equivalent pairs of
fractions

5
6
𝑣𝑣𝑣𝑣
6
7
(non-equivalent fractions with
equivalent denominator-numerator
difference)

Take away the numerator from the
corresponding denominator in both
fractions. The fraction corresponding
to the lesser difference is the larger
fraction.

All non-equivalent pairs of
fractions with non-equivalent
numerator-denominator
difference

9
91
𝑣𝑣𝑣𝑣
10
100
(non-equivalent fractions with
equivalent denominator-numerator
difference and with ridiculously
many pieces)

Take away the numerator from the
corresponding denominator in both
fractions. The fraction corresponding
to the lesser difference is the larger
fraction.

All pairs of non-equivalent
fractions, with non-equivalent
numerator-denominator
difference, and which do not
have ridiculously many pieces

As illustrated in Table 6.1, Tanya proposed an initial algorithm, which one notes was partially
(in)correct because the proposed set of instructions solved some, but not all, the problems
within the proposed domain of validity. Then, Tanya engaged in three iterations where she
revised her current algorithm in response to different counterexamples presented by the
interviewer. In each iteration, Tanya recognized a counterexample to her algorithm, and then
revised her algorithm by keeping the set of instructions the same, and narrowing the domain of
validity. Each ensuing domain of validity was a subset of the previous one, obtained by
removing a particular class of fractions represented by the counterexample (e.g.,
5

represented equivalent fractions, 6 𝑣𝑣𝑣𝑣

6
7

1
2

𝑣𝑣𝑣𝑣

2
4

represented non-equivalent fractions with equivalent

denominator-numerator differences). Though Tanya’s final algorithm was still partially
incorrect, one could say that it was more correct (less incorrect) than the initial one. That is,
the set of problems within the respective domain of validity which the set of instructions do
not correctly solve, is smaller for the final algorithm than for the initial algorithm.
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6.6. Episode 2: Determining whether a number is prime
At the time of data collection, Selina (pseudonym) was a post-secondary student and
prospective elementary school teacher enrolled in a course Principles of Mathematics for
Teachers (see Zazkis & Chernoff, 2008), which focused on number theory topics such as
divisibility rules, prime and composite numbers, factors and multiples, prime decomposition
and the fundamental theorem of arithmetic. Selina’s performance in the course was “above
average, she had a positive attitude and willingness to engage with the subject matter, though
she acknowledged not being exposed to any mathematical content since her high school
graduation” (Zazkis & Chernoff, p. 198).
13 × 27

The excerpt below comes from a session, in which Selina was asked to simplify 19 × 23. Selina
221

began by multiplying out the numbers in the fraction, yielding 437 , and then searched for

common factors. After a while of searching for common factors of 437 and 221, Selina
expressed to the interviewer that she was checking whether 437 was a prime number. The
ensuing discussion revolved around a strategy (which again I conceptualize here as an
algorithm) for determining whether any given (natural) number is prime.
Unlike Episode 1 above, in which it was clear from the beginning that the session was about
coming up with different strategies (algorithms) for determining which of two fractions was
larger, in this episode the creation of an algorithm emerged spontaneously. I conceptualize
Selina’s work in the excerpt below in terms of creating an algorithm for determining whether
a number is prime.
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17.

Interviewer: So is it [437] prime?

18.

Selina: Yes, because it’s [19 and 23] two prime numbers, of course it is, because any two prime numbers
multiplied by each other are prime.

19.

Interviewer: Is 15 a prime number?

20.

Selina: No.

21.

Interviewer: But it’s two prime numbers multiplied by each other, 3 and 5...

22.

Selina: But (pause) something about, 2 and 3 are tricky because they’re, they’re, I found that in my brain
in looking up prime numbers 2 and 3 and 5, 15 isn’t a prime number, yet it is the product of two prime
numbers…I can’t make into words what it is that I want to say...

23.

Interviewer: Can you make me pictures (laugh)...

24.

Selina: Okay. 2 and 3, they’re prime numbers, 19, 23, 13 and 17 are all prime numbers, um, 2 [times] 3
is 6, but 6 is not a prime number…So prime numbers under multiplication aren’t necessarily a closed
set…because there’s the disproof of it. So...

25.

Interviewer: In what way 19 multiplied by 23 is different from 2 multiplied by 3, and what I gave you
before, 3 multiplied by 5? You claim 6 is not prime, you claim 15 is not prime,...

26.

Selina: Um hm...

27.

Interviewer: And still you suggested 437 is prime. So my question is, what is different?

28.

Selina: Well you can, well that you can’t divide it by 2, 3 or 5...

29.

Interviewer: Yeah, but you can divide by 19...

30.

Selina: (pause) I kind of see 2, 3 and 5 as building blocks to all other, uh other numbers, that’s kind of
the way I see it. And I find that once you can eliminate those as options, then you’re dealing with, then
you’re dealing with prime numbers that, I (pause), I don’t know how to say it, I don’t know how to say
it, it’s frustrating (laugh).

31.

Interviewer: Oh, I don’t want to frustrate you, but it is very interesting what you’re saying. How about
77?

32.

Selina: 77 isn’t prime because it’s divisible by 11.

33.

Interviewer: Oh I see, so is 11 one of your building blocks?

34.

Selina: 11 is, (pause) I mean in this case 11 and 7 also factor out, also act the same way, oh no because,
no I don’t think 7 and 11 are building blocks that I’m talking about. I find 2, 3 and 5 are.

35.

Interviewer: But is 77 prime?

36.

Selina: No.

37.

Interviewer: How about 221?

38.

Selina: 221, I don’t think is prime.

39.

Interviewer: Why do you think these are not prime?

40.

Selina: (pause) Well it can’t (pause), no okay they’re not prime, because they’re not, they have more
factors than just 1, right, so 437 can’t be prime because its factor is 19 and 23. So prime meaning that it
can only be multiplied the number by itself, right, so these aren’t prime. The 437 isn’t prime, (pause) so
it changes everything.

41.

Interviewer: What does it mean, it changes everything?

42.

Selina: Well it changes what I first said, because I said that two numbers multiplied by each other, two
prime numbers multiplied by each other would equal a prime number, but I was wrong in saying that,
totally wrong.
Figure 6.2: Excerpt of Selina’s work from Zazkis and Chernoff (2008, pp. 199-201)

Analysis
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I infer from line [18] that Selina’s initial algorithm to check whether or not a number is prime
is: check if the number is the product of two prime numbers, if yes then the number is prime.
Furthermore, I infer that the domain of validity for Selina’s algorithm is: the set of all (natural)
numbers. Selina conjectured that her algorithm worked by referring to 437 which can be
expressed as the product of two primes (19 and 23). Note, Selina does not explicitly say that a
number which cannot be expressed as the product of two primes is not a prime number. As
such, Selina’s algorithm does not output a result if a number cannot be expressed as the product
of two primes. Nonetheless, one notes that Selina’s set of instructions does not produce the
correct answer for any of the problems within the proposed domain of validity. In this way,
Selina’s initial algorithm is absolutely incorrect.
Then, in line [19] the interviewer presented Selina with 15, which Selina immediately labeled
as not a prime number. When the interviewer said, “but it’s two prime numbers multiplied by
each other, 3 and 5...”, Selina acknowledged that 15 was a counterexample to her initial
algorithm. In line [24], Selina recognized 6 as another counterexample to her algorithm, and
acknowledged that “prime numbers under multiplication aren’t necessarily a closed set”. Thus,
Selina acknowledged that her initial algorithm was incorrect, because her set of instructions
would not always yield the correct answer for all the problems within her current specified
domain of validity –– that is, there are some numbers like 6 and 15 (that are the products of
two primes) for which the algorithm would produce an incorrect answer (i.e., incorrectly label
them as primes).
In [28-30] Selina seemed to propose a new algorithm for determining whether or not a number
is prime: check if the number can be divided by 2, 3, or 5. If yes, then the number is not prime.
If no, then the number is prime. Selina substantiated her new algorithm in two ways [see 2830]. First, she showed that 437 (which she assumed a priori was a prime number) cannot be
divided by 2, 3, or 5. Second, she showed that 6 and 15 (which she assumed a priori were not
prime numbers) can be divided by 2, 3, or 5. From this, one could infer that Selina’s domain
of validity for her new algorithm is: all natural numbers. Note, unlike her first algorithm,
Selina’s second algorithm is not absolutely incorrect, since the set of instructions produces the
correct answer, for some, but not all, the problems within the proposed domain of validity.
In [31] the interviewer gave Selina 77, and asked her to determine whether or not it was a prime
number. Immediately, Selina claimed in [32] that 77 is not prime, “because it is divisible by
11”. Interestingly, one sees that Selina did not immediately use her second algorithm to
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determine whether or not 77 is prime. However, the utterances in lines [34-36] suggest that
Selina sensed a flaw in her current algorithm, in that it would incorrectly declare 77 as a prime
number (since 77 cannot be divided by 2, 3, or 5). Selina continued on to declare that 221 and
77 are not prime numbers because “they have more factors than just 1 [and themselves]”. This
signals the creation of a new algorithm for determining whether a number is prime or not:
Check if the number is divisible by any number other than 1 and itself. If yes, then the number
is not prime. If no, then the number is prime. Selina’s utterances in line [40] suggest that the
domain of validity for this algorithm is: all natural numbers. The episode ends [lines 40-42]
with Selina recognizing that her initial algorithm was absolutely incorrect (“totally wrong”).
I summarize the revisions that Selina made to her algorithms in Table 6.2 below:
Table 6.2: Summary of Selina’s revisions to her algorithms
Algorithms
Instructions
Check if the number can be
expressed as a product of two
primes. If yes, then the number is
prime.

Counterexample to algorithm
(and representative class)
Domain of Validity
All natural numbers.

6 and 15
(multiples of 2, 3, 5)

Check if the number is divisible by
2, 3, or 5. If yes, then the number is
not prime. If no, then the number is
prime.

All natural numbers.

Check if the number is divisible by
any number other than 1 and itself. If
yes, then the number is not prime. If
no, then the number is prime.

All natural numbers.

77 and 221
(numbers that have more factors than
1 and itself)

As summarized in the table, Selina proposed an initial algorithm, which I noted was absolutely
incorrect as it did not produce the correct solution for any of the problems within the proposed
domain of validity. Then, Selina engaged in two iterations where she revised her current
algorithm in response to different counterexamples presented by the interviewer. In each
iteration, Selina recognized a counterexample to her algorithm, and then revised her algorithm
by revising the set of instructions and keeping the domain of validity the same.
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Each subsequent set of instructions was revised in a way that allowed it to work correctly on a
class (of numbers) represented by the specific counterexamples encountered. In the first
iteration, 6 and 15 were the counterexamples (i.e., they were non-primes which the initial
algorithm incorrectly identified as primes). For Selina, 6 and 15 seemed to represent multiples
of 2, 3, 5. Consequently, she revised her initial set of instructions so that it correctly declared
multiples of 2, 3, 5 (other than 2, 3, 5) as non-primes. Similarly, in the second iteration, the
counterexamples were 77 and 221 (i.e., they were non-primes, which Selina’s current algorithm
incorrectly identified as primes). For Selina, 77 and 221 represented numbers that have more
factors than 1 and itself. Consequently, Selina revised her instructions so that it correctly
identified such numbers as non-primes.

6.7. Summary and discussion
The analysis of the two episodes presented in the study revealed two different types of revisions
that the students conducted on their algorithms in response to counterexamples. These two
episodes highlighted two different ways that students can make progress from an initial
incorrect algorithm towards a (more) correct algorithm.
In Episode 1, Tanya proposed an initial algorithm (for determining which of two fractions was
larger), which was partially incorrect. Then, Tanya engaged in three iterations where she
revised her current algorithm in response to different counterexamples presented by the
interviewer. In each iteration, Tanya recognized a counterexample to her algorithm, and then
revised her algorithm by keeping the set of instructions the same, and narrowing the domain of
validity. Each ensuing domain of validity was a subset of the previous one, obtained by
removing a particular class of fractions represented by the counterexample (e.g.,
5

represented equivalent fractions, 6 𝑣𝑣𝑣𝑣

6
7

1
2

𝑣𝑣𝑣𝑣

2
4

represented non-equivalent fractions with equivalent

denominator-numerator differences). Though Tanya’s final algorithm was still partially
incorrect, one could say that it was more correct than the initial one. That is, the set of problems
within the respective domain of validity which the set of instructions do not correctly solve,
was smaller for the final algorithm than for the initial algorithm.
In Episode 2, Selina proposed an initial algorithm (for determining whether a number was

prime), which was absolutely incorrect. Then, Selina engaged in two iterations where she
revised her current algorithm in response to different counterexamples presented by the
interviewer. In each iteration, Selina recognized a counterexample to her algorithm, and then
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revised her algorithm by revising the set of instructions while keeping the domain of validity
the same. Each subsequent revised set of instructions was such that it produced the correct
answer for a class of numbers represented by the specific counterexamples Selina encountered
(e.g., 6 and 15 represented multiples of 2, 3, 5; and 77 and 221 represented numbers that have
more factors than 1 and itself). After two iterations of revisions, Selina ended up with an
absolutely correct algorithm (which, was also a normatively correct generalized algorithm for
determining whether or not a number was prime).
As mentioned previously, in the context of students creating algorithms, counterexamples have
been thought of primarily as tools for facilitating the development of a generalized algorithm
–– an algorithm that produces correct solutions for a general class of problems (see Clarke &
Veith, 2003; Ferrarello & Mammana, 2018; Lappan & Bouck, 1998). However, this “general
class of problems” is often pre-determined by the teacher (or researcher) and does not
necessarily align with the problems which students intend to solve with their algorithms. As
such, when past studies report that students “struggle to create correct generalized algorithms”,
they are often referring to the fact that the students’ algorithms do not correctly solve all the
problems that researchers expect students’ algorithms to solve. In other words, researchers predetermine a domain of validity for students’ algorithms, and judge the correctness of the
students’ algorithms by examining whether the set of instructions that students create can
correctly solve all the problems within this pre-determined domain of validity. In this way,
upon encountering counterexamples, students are expected to revise their set of instructions so
that it solves all the problems within the pre-determined domain of validity. Clearly, this
perspective overlooks the likely possibility that the domains of validity of the students’
algorithms are not equivalent to this pre-determined domain of validity.
In the present study, I attempted to capture the students’ domains of validity, rather than predetermine a set of problems which the students’ algorithms should correctly solve. Of course,
sometimes the general set of problems that we (researchers/teachers) want students to solve
actually aligns with the domain of validity of the students’ algorithm, as evidenced by Selina’s
case in Episode 2. Indeed, Selina’s case is an example of a situation in which the student
manages to create (after multiple revisions) an algorithm which correctly solves all the
problems that we want the student’s algorithm to solve. Furthermore, the type of revisions that
Selina conducted on her algorithm in response to the counterexamples, resembles what past
studies deem as the sort of revision that students ought to conduct in light of counterexamples
– i.e., iteratively revise the instructions so that it solves all the problems within a pre163
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determined set of problems. However, I argue that perhaps the only reason this type of revision
was successful in Selina’s case, is because Selina’s domain of validity aligned with the general
set of problems that we wanted her to solve. As such, educators who wish for students to create
algorithms which solve a pre-determined set of problems, might find it useful first to ensure
that the student’s domain of validity aligns with the general set of problems that students are
expected to solve. Once that is achieved, then (as it was in Selina’s case) students, upon
encountering counterexamples, could be encouraged to keep the domain of validity fixed, while
iteratively revising their set of instructions so that eventually, it correctly solves all the
problems within the fixed domain of validity.
Of course, getting students to create algorithms that correctly solve a pre-determined set of
problems was not the focus of the present study, but rather appreciating the nuanced revisions
that students conduct on their algorithms. In this light, I note that past studies have often
deemed responses such as treating the counterexample as an exception to the algorithm, which
Tanya seemed to do in Episode 1, as undesirable (see Fuson, 2003; Mack, 1990; Zazkis &
Chernoff, 2008). This is because such responses do not (from an external observer’s
perspective) lead to an algorithm which can solve the pre-determined general set of problems
that students’ algorithms are expected to solve. As such, past research often views such
responses as a case of students ignoring the counterexample, and being adamant about the
functionality and correctness of their algorithm. Consequently, these studies claim that
counterexamples which students treat as exceptions are pedagogically ineffective. However, I
argue that treating the counterexample as an exception to the algorithm, should be regarded as
a legitimate and favorable type of revision. As illustrated in Episode 1, treating
counterexamples as exceptions is a case of narrowing the domain of validity for one’s
algorithm, while keeping the instructions the same. In fact, Tanya made progress in her work
by iteratively narrowing the domain of validity for her algorithm. While she did not end up
with an absolutely correct algorithm, she ended up with an algorithm that was more
mathematically correct than her initial one.
Narrowing the domain of validity seems related to what some researchers refer to as
overcoming an obstacle, which is a fundamental aspect of conceptual understanding (e.g.,
Brousseau, 1997; Sierpinska, 1994). As Sierpinska posited: conceptual change does not mean
merely rejecting a faulty way of thinking in favor of a universally true way of thinking, but
rather “changing the status of [a way of] thinking to one possible way of seeing things…or a
locally valid method” (p. 125). In this light, I suggest that counterexamples should be construed
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not only as tools for facilitating revisions of the set of instructions of students’ algorithms
(while maintaining a fixed domain of validity), but also as tools for facilitating revisions to the
domain of validity (while maintaining a fixed set of instructions).
Counterexamples have more generally been discussed in the mathematics education literature
as tools for getting students to realize that their current way of thinking (such as an algorithm)
is incorrect (e.g., Klymchuk, 2001; Zaslavsky & Ron, 1998; Zazkis, 1995; Zazkis & Chernoff,
2008). Zazkis & Chernoff (2008) differentiated among counterexamples based on whether or
not they motivated students to reject an incorrect way of thinking. The authors introduced two
types of counterexamples: pivotal which make students reconsider their incorrect way of
thinking, and bridging which make students reconsider their incorrect way of thinking and
reconcile their initial naïve way of thinking with conventional mathematics. The authors
illustrated the distinction between these two types of counterexamples in the same two cases
(Tanya’s and Selina’s) analyzed in the present study. Note, Zazkis and Chernoff’s analysis was
concerned only with (the rejection of) Tanya’s and Selina’s initial ways of thinking (that is, in
the language of the present study, their initial algorithms). According to Zazkis and Chernoff,
all counterexamples in Tanya’s case were pivotal (but not bridging) because they merely
caused Tanya to reconsider her way of thinking (her algorithm) without actually realizing that
her algorithm was incorrect. In contrast, in Selina’s case the authors claimed that 15 was a
pivotal counterexample because it made Selina acknowledge that her way of thinking
(algorithm) was not necessarily correct (i.e., a number that can be expressed as the product of
two primes is not necessarily a prime number), while 77 was a bridging counterexample
because it made Selina acknowledge that her way of thinking (algorithm) was absolutely
incorrect (i.e., a number that can be expressed as the product of two primes is never a prime
number).
I infer from Zazkis and Chernoff’s (2008) analysis an implicit treatment of Selina’s and
Tanya’s initial algorithms as being of the same type of “incorrect algorithm”. I also infer that
Zazkis and Chernoff, expected the same type of “rejection of the incorrect algorithm” from
both students. On the contrary, through the lens of domains of validity, I distinguish between
Selina’s and Tanya’s initial algorithms. As evidenced in the episodes, on the one hand, Selina’s
initial algorithm was absolutely incorrect since its set of instructions would not produce the
correct answer for any of the problems within its proposed domain of validity. On the other
hand, Tanya’s initial algorithm was partially (in)correct because its set of instructions produced
correct answers for some, but not all, problems within its proposed domain of validity. In light
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of this, I note that the distinction between pivotal and bridging counterexamples makes sense
in Selina’s case because her initial algorithm was absolutely incorrect. As such, a pivotal
counterexample makes the student reconsider her algorithm (and, for instance, posit that the
algorithm does not necessarily produce the correct answers), while a bridging counterexample
makes the student reject her algorithm –– i.e., realize that the set of instructions will not produce
the correct solution for any of the problems within the domain of validity.
However, the distinction between pivotal and bridging counterexamples is less clear if the
student’s algorithm is not absolutely incorrect (i.e., partially (in)correct), as it was in Tanya’s
case, since it is meaningless for a student to realize that her algorithm is absolutely incorrect.
In fact, one might argue that one reason why Zazkis and Chernoff (2008) did not find any
bridging counterexamples in Tanya’s case, was because the nature of Tanya’s algorithm (way
of thinking) did not allow for the existence of a bridging counterexample (at least in the way it
is defined and operationalized by Zazkis and Chernoff). Nonetheless, a direction for future
research would be to re-conceptualize and explicate the constructs of pivotal and bridging
counterexamples within the context of algorithms (or, more generally, ways of thinking).
Speculating about what pivotal and bridging counterexamples might look like in cases where
the student’s algorithm is partially (in)correct (such as Tanya’s), one might hypothesize that a
pivotal counterexample is one which makes the student reconsider her partially incorrect
algorithm (e.g., keeping the instructions the same, while narrowing the domain of validity) and
revising her algorithm so that the resulting algorithm is more correct than the previous one
(though both are still partially incorrect). On the other hand, a bridging counterexample is one
that makes the student not only reconsider her partially incorrect algorithm, but also revise her
algorithm (more specifically, its domain of validity) so that the resulting algorithm is absolutely
correct (i.e., the set of instructions will produce the correct solution for all the problems within
its domain of validity). On the whole, one might say that pivotal counterexamples facilitate a
transition from a partially (in)correct algorithm to another partially (in)correct algorithm
(where the latter is “more correct” than the former), while bridging counterexamples facilitate
a transition from a (partially) incorrect algorithm to an absolutely correct algorithm.
However, the above speculation and hypotheses in conjunction with Zazkis and Chernoff’s
(2008) study reveal another issue –– an implicit assumption that counterexamples can be
treated as individual isolated pedagogical tools, which can be compared with one another, to
determine that one counterexample (bridging) is pedagogically better than another (pivotal).
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However, as evident in the present study, the transition from an incorrect algorithm to a correct
algorithm can often occur in small steps rather than in one big step. As such, one could ask
whether a bridging counterexample could get the student from an incorrect algorithm to an
absolutely correct algorithm, without the help (use) of other pivotal counterexamples that the
student encountered before the bridging counterexample. For instance, in Selina’s case, we
could ask whether the bridging counterexample of 77 would have still made Selina reject her
initial absolutely incorrect algorithm in favor of an absolutely correct algorithm, if Selina had
not first encountered the pivotal counterexample of 15. Furthermore, in Tanya’s case, suppose
that after the three pivotal counterexamples that Tanya encountered, Tanya recognized a
(bridging) counterexample, in response to which she realized a domain of validity for her set
of instructions that made her algorithm absolutely correct. Would Tanya still have attained her
absolutely correct algorithm without the previous three pivotal counterexamples?
The foregoing questions certainly warrant future research. However, regardless of the answers
to the foregoing questions, I propose that viewing counterexamples as individual pedagogical
tools, with one being better than another, may overlook the fact that the so-called better
counterexample came after a sequence of other so-called unsuccessful counterexamples that
initiated the process towards a correct algorithm. Perhaps counterexamples can be viewed in
sequences rather than as individual and isolated tools. Of course, this is not to say that some
individual counterexamples cannot facilitate the transition from incorrect algorithm to correct
algorithm in one step. Instead it suggests that perhaps educators should accept that students
will make small nuanced revisions to their algorithms in response to counterexamples, and that
these small nuanced revisions will not always immediately result in a correct algorithm. Thus,
future research might explore productive ways for educators to respond in the moment to the
small, nuanced, and useful revisions that students conduct to their algorithms, and offer
appropriate counterexamples that build on these small revisions, rather than expecting students
to make one gigantic leap from incorrect to correct algorithm, and regarding the absence of
such a gigantic leap as failure.
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Chapter 7. Conclusions
This final chapter is divided into seven sections. In the first two sections, I recap the rationale
behind the thesis and the research aims. In the ensuing three sections, I summarize each of the
three constitutive exploratory case studies and highlight their key findings. Then, in the next
section, rather than summarizing the discussions of each of the three individual studies (as
presented in the respective studies’ Discussion sections) I present a general discussion in which
I attempt to bind the three studies, situating some of their common findings (themes) with
respect to the literature, and making some modest suggestions for practice. In the final two
sections, I state some of the limitations of the thesis and make some concluding remarks.

7.1. Rationale
A recent comprehensive study (Committee on the Mathematical Sciences 2025, 2013) which
analyzed trends in, and forecasted the future of, the mathematical sciences noted “important
shifts in the level of activity in certain subjects, [including] the rise of discrete mathematics”
(p. 72). The study highlighted two of the most significant aspects of modern-day mathematics
– computation and big data – both of which rely heavily on the tools of discrete mathematics.
In light of the persistent rise of discrete mathematics, mathematics education research has
sought to promote the teaching and learning of discrete mathematics, labeling it as an essential
part of understanding, and coping with the demands of our modern technological world (Hart
& Sandefur, 2018; Kenney & Hirsch, 1991; Morrow & Kenney, 1998).
At the heart of discrete mathematics lies the algorithmatizing approach (Maurer & Ralston,
1991) which entails not only finding a solution for a given problem, but more importantly
creating and analyzing an algorithm that constructs a solution. While central to discrete
mathematics, the algorithmatizing approach is certainly not limited to discrete mathematics.
The growing prominence of discrete mathematics coupled with the significance of the
algorithmatizing approach in discrete mathematics, have led many to argue that enhancing
students’ competence in the algorithmatizing approach, will benefit students’ mathematics
learning as a whole (see Committee on the Mathematical Sciences 2025, 2013; Hart &
Sandefur, 2018; Morrow & Kenney, 1998; Ralston & Maurer, 2005). Thus, developing
students’ competence in the algorithmatizing approach is a growing theme throughout
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mathematics education research (Hart & Sandefur, 2018; Lockwood et al., 2016; Weintrop et
al., 2016).
Engaging students’ competence in the algorithmatizing approach primarily revolves around
students’ mathematical activity on tasks which require students not only to find a solution for
a given problem, but also (more importantly) to create –– i.e., to construct, test, revise, validate
–– and explicitly articulate an algorithm that could be used to find a solution to the given
problem. In this thesis, I referred to such tasks as algorithmatizing tasks. On these
algorithmatizing tasks, students engage in the iterative process of creating their own algorithm,
testing the algorithm on particular problems, and revising the algorithm according to the results
of the test(s).
Research shows that getting students to create their own algorithms has, by and large, enhanced
(among other things): students’ conceptual understanding of algorithms; students’ flexibility
in using and choosing among alternative algorithms; students’ ability to adapt their existing
algorithms (i.e., algorithms with which they are familiar) to solve unfamiliar problems; and
students’’ ability to create relatively novel algorithms (e.g., Carroll, 2000; Son & Crespo, 2009;
Son, 2016; Sowder, 1992; Threlfall, 2002). Such benefits of engaging students in the
algorithmatizing approach have led to calls to give students more opportunities to create their
own algorithms, and to equip them with the knowledge needed to create their own algorithms
successfully. These calls have led to a growing body of research which focuses on the design
of algorithmatizing tasks (often as part of a larger learning environment)
Educators, however, have noted that merely giving students more opportunities to create their
own algorithms cannot by itself enhance students’ competence in the algorithmatizing
approach (see e.g., Cai et al., 1998; Huinker, 1998; Ferrarello & Mammana, 2018). More
specifically, educators have come to realize that enhancing students’ competence in the
algorithmatizing approach requires figuring out effective ways of not only assessing studentinvented algorithms, but also giving students feedback for how they can improve the algorithms
they create.
Several approaches to assessing and giving feedback on students’ algorithms are evident in the
literature –– these were reviewed in Chapter 2 (e.g., see Bass, 2003; Campbell et al., 1998
Harkness & Thomas, 2008; Son, 2016; Son & Crespo, 2009). I noted, however, that these
approaches to assessing student-invented algorithms (and helping students improve their
algorithms) have merely focused on assessing the end-product – i.e., the algorithm that students
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present at the end of the task –– with little to no understanding of how these students (might
have) created their algorithm(s). This, for me, posed a critical gap in the literature because I
noted that helping students improve the algorithms they create is a matter of not only helping
students resolve the problematic aspects of their algorithms, but more importantly, helping
students resolve the problematic aspects of the mechanisms by which they created their
algorithms.
Peressini and Knuth (1998) also warned about making inferences about students’
algorithmatizing competencies solely on the basis of their final algorithm (end-product).
Indeed, as elaborated on in my review of the literature (Chapter 2), it was noted that
misdiagnoses of the problematic aspects of students’ experiences when engaging in the
algorithmatizing approach are perhaps more likely if assessments of students’ algorithms and
feedback for how students can improve their algorithms are based entirely on certain perceived
qualities the students’ final algorithms (end-products). Overall, I argued that making
suggestions for how students can improve their algorithms based only on assessing their endproduct is both limited and unreliable; and exploring the processes by which students created
their algorithms would allow educators to make more informed decisions and give more
informed feedback regarding how to help students improve their algorithms. This is not to say
that educators who have no information regarding how students create their algorithms, will
not be able to help these students improve their algorithms. Rather, knowing something about
how the students created their algorithms, might help educators better understand the
problematic aspects of students’ algorithmatizing activity and how these problematic aspects
can be resolved.
Only a relatively small body of research has focused on analyzing students’ mathematical
activity on algorithmatizing tasks. Reviewed in Chapter 2, this small body of research has
begun to shed light on nuances and problematic aspects of the algorithmatizing approach that
experts may perhaps take for granted, but with which some students could struggle. This thesis
sought to extend this small body of research, through explicating some mechanisms by which
students create their algorithms, and exploring how these mechanisms could explain some of
the problematic aspects of students’ experiences when engaging with the algorithmatizing
approach.
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7.2. Aims
As explained above, the rationale behind exploring and explicating mechanisms by which
students create algorithms was to make sense of problematic aspects of students
algorithmatizing activity, and to provide suggestions for helping students deal with these
problematic aspects. However, I reiterate that such problematic aspects are not necessarily
problematic from the perspective of the students. For instance, the students can create an
algorithm that is incorrect from a normative mathematical perspective; but such an algorithm
is correct from the students’ perspective. However, it is (I believe) the educator’s responsibility
to: recognize such problematic aspects; understand how they may have emerged in students’
activity; and then draw students’ attention to, and help them deal with, these problematic
aspects. This belief stems from the premise that students always create algorithms that are
correct from their perspective, and their activity is rational. And, as Simon (2017) posits: “we
[educators] will never understand students’ experience, if we have not postulated a perspective
from which everything they do makes sense” (p. 131). In this light, rather than simply labelling
and dismissing the students’ (normatively incorrect) algorithms as incorrect, and jumping to
suggestions for what the students should be doing to produce normatively correct algorithms,
I took a positive approach to students’ algorithmatizing activity, and explored how the specific
problematic aspects that I noticed can be construed as the products of rational, idiosyncratic,
and nuanced mechanisms by which students’ algorithms are created.
In this thesis, problematic aspects of students’ algorithmatizing activity were operationalized
in terms of three observations I made pertaining to students’ engagement with algorithmatizing
tasks. All three observations were empirically-motivated and subsequently consolidated by
existing literature. The three observations (problematic aspects) were:
1. Some students go through multiple iterations of testing and revising an algorithm, but
a faulty feature of their initial algorithm persists throughout the iterations. The
persistence of this faulty feature means that all iterations of the students’ algorithm are
mathematically incorrect.
2. Some students find the correct solution(s) for the given problems (within the
algorithmatizing task), but then create an algorithm that does not (when implemented)
actually re-find the correct solution they found.
3. Some students revise their incorrect algorithms differently in response to
mathematically equivalent counterexamples, that are supposed to facilitate the
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transition from an incorrect algorithm to a correct algorithm. Some revisions result in a
correct algorithm, while other revisions result in another incorrect algorithm.
The overarching aim of the thesis was to explore and explicate mechanisms by which students
create algorithms (algorithmatizing mechanisms). More specifically, in light of the three
problematic aspects stated above, this overarching aim was divided into three specific research
aims:
•

Research Aim 1: To explore and explicate algorithmatizing mechanisms that might
explain the persistence of a faulty feature of the initial algorithm through multiple
testing-and-revising iterations.

•

Research Aim 2: To explore and explicate algorithmatizing mechanisms that might
explain why some students can find the correct solution(s) to the given problem(s)
(within the task), but then create an algorithm that does not (when implemented)
actually re-find the correct solution they found.

•

Research Aim 3: To explore and explicate some algorithmatizing mechanisms that
might explain why mathematically equivalent counterexamples do not always facilitate
a transition from an incorrect algorithm to a correct algorithm.

The core of this thesis comprised three small-sample exploratory case studies, each of which
worked towards one of the three research aims outlined above. In the next three sections, I
summarize these three constitutive studies and highlight their key findings.

7.3. Study 1 recap
7.3.1 Overview of the study
Past research found that some students can go through multiple iterations of creating, testing,
and revising their initial incorrect algorithm, and still end up with an incorrect algorithm (see
Ashlock, 2001; Brown & Burton, 1978; Brown & Van Lehn, 1980; Burton, 1982; O’Brien,
1999; Van Lehn, 1990). Sometimes students apply the same exact incorrect algorithm
repeatedly, and other times students iteratively change different aspects of their existing
algorithms, but the resultant algorithms remain incorrect. This finding is problematic since the
development of student-invented algorithms relies heavily on the iterations of testing and
revising, through which students are expected to improve their algorithms (Campbell et al.,
1998; Hart & Sandefur, 2018; Hughes, 1998; Marrongelle, 2007; Rasmussen et al., 2005).

172

Chapter 7: Conclusions

This (co-authored) study contributes to the discussion of how and why students’ incorrect
algorithms persist through multiple testing-revising iterations. The study took a particular
approach that has rarely been carried out in previous research. While past research provides
some explanations for the persistence of incorrect algorithms, the details regarding how
students transition from one incorrect algorithm to another are lacking. In this study, we
conducted a fine-grained analysis of students’ activity to identify specific mechanisms by
which students revise and validate their algorithms. In so doing, we sought to explore and shed
some light on questions that have been largely underexplored in past research such as: By what
mechanisms do students decide what to change and what to keep in their current (incorrect)
algorithm? And, by what mechanisms do they decide that their revised (normatively incorrect)
algorithm is correct (working from the premise that the algorithm is always correct from the
students’ perspective)?
Our exploration of the foregoing questions occurred within the collaborative work of a group
of three pre-university foundation-study students on a contextualized graph theory task –– The
Jandals Task (Yoon et al., 2016). The task invited the students to develop an algorithm for a
client (named Xanthe) who wished to find the quickest (starting) person in a friendship network
(i.e., a person with whom the word jandals should be first shared, so that it spreads to everyone
in the network as quickly as possible). We observed that the group created an initial algorithm
(that was normatively incorrect), and then engaged in three iterations of testing and revising,
producing four iterations of their algorithm. All three subsequent iterations of the algorithm
were not only mathematically incorrect, but also strikingly similar (i.e., sharing strikingly
similar features) to the initial algorithm.
We operationalized the persistence of the students’ (incorrect) algorithm as the persistence of
a particular feature of the initial algorithm. Consequently, the aim of our exploration was to
explore and explicate some fine-grained mechanisms by which this feature of the initial
algorithm came to appear in the subsequent algorithms. In this way, the study can be construed
as an exploratory case study that works towards the (more general) first research aim of the
thesis: to explore and explicate algorithmatizing mechanisms that might explain the persistence
of a faulty feature of the initial algorithm through multiple testing and revising iterations.
We employed the construct of considerations of aptness (Kontorovich, Leikin, Berman, 2012;
Kontorovich, 2016) to capture the idea that, from the students’ perspective, what makes an
algorithm appropriate (apt) for a task, is multi-faceted and dynamic. For example, an algorithm
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might be apt for one aspect of the task (e.g., finding the quickest person in a given friendship
network), but it might be not (or less) apt for another (e.g., communicating the algorithm to a
client). Thus, the aptness of an algorithm, even one which is mathematically correct, varies
according to purpose (i.e., for what? or for whom?). Overall, the construct of considerations of
aptness allowed us to analyze how one particular feature of the students’ initial algorithm
remained apt throughout multiple testing and revising iterations. More specifically, the
construct afforded exploring of questions such as: When revising an algorithm, how did the
students decide what features to keep (were apt) and what features to remove (were inapt) from
(in) their algorithm? And, in what way was the persistent feature apt in each iteration?
7.3.2 Summary of findings
The group found the quickest person in the first friendship network they were given via a
procedure which they called the elimination method, which worked as follows: 1) picking an
arbitrary starting person in the network, and then counting how many days it takes for the word
to reach everyone in the network; 2) repeating the previous step on other persons in the
network; 3) the person corresponding to the smallest number of days is the quickest person. In
this way the elimination method constituted a set of instructions, which is applied recursively
to the persons in the network, each time resulting in a number. The resulting numbers are then
compared, the minimum of which corresponds to the quickest person. Through this elimination
method, the group found the quickest person in the first network, and also explicitly noted that
this person tells three people (i.e., has three friends).
Surprisingly, when the group discussed what their algorithm for the task should be, they
immediately ruled out the elimination method, claiming that it was not an algorithm (a decision
that the group maintained throughout the entire session). Instead, the group’s initial algorithm
was “share the word with someone who tells three people”. In this way, the group’s initial
algorithm for finding the quickest person comprised a rule for finding a person (in the network)
with specified features. That is, tells three people is a feature of a person in a network, and
“[share the word with someone who] tells three people” is a rule which specifies particular
features of the person to be identified in a given network. Implementing the initial algorithm
requires scanning the network for persons who have the specified features (i.e., tells three
people). It could be said that the group generated their initial algorithm by noticing particular
features of the quickest person that the elimination method yielded, and creating a rule which
guaranteed that the person to be found (in a given network) had the noticed features.
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The group then engaged in three iterations of testing and revising their initial/current algorithm
on two other friendship networks (the four algorithms are re-presented in Table 7.1 below).
Table 7.1: The group’s algorithms from Study 1
Name

Description of the algorithm

Algorithm 1

Share the word with someone who tells three people.

Algorithm 2

Share the word with someone who tells three people, and one of those
three people tells two other people.
Share the word with someone who tells three people, and each of those
three people tells one other person.

Algorithm 3
Algorithm 4

Share the word with someone who tells three people, and two of those
three people each tells one other person.

As evident in the table above, all three subsequent algorithms produced by the group (like their
first algorithm) comprised a rule for identifying a person with specified features. Furthermore,
note that all four algorithms possessed the tells three people specified feature. The inclusion of
the tells three people feature in all four iterations of the group’s algorithm, meant that all four
algorithms were mathematically incorrect, since (for example) there exist friendship networks
in which no person tells three people. Our analysis focused on exploring some mechanisms by
which the “tells three people” specified feature of the group’s initial algorithm came to appear
in all other (three) iterations of their algorithm.
In each iteration, we found that the group would first apply the elimination method on the given
network, in order to find the quickest person(s). Then, the group explicitly evaluated the aptness
of their current algorithm with respect to two contextual goals (Gabora et al., 2008): 1) the
algorithm must be able to identify the quickest person(s) yielded by the elimination method;
and 2) the algorithm must not identify any non-quickest person (i.e., persons that the
elimination method did not yield). In light of these two contextual goals, the group deemed an
algorithm apt for the task if it accomplished both goals, and inapt for the task otherwise.
When the group noticed that their current algorithm was inapt for the task, they revised it using
a mechanism that we referred to as a patching mechanism. In general, this mechanism
preserved some of the current algorithm’s features, and removed and/or added others. More
specifically, as employed in each of the iterations, the patching mechanism preserved the
feature(s) of the current algorithm that satisfied the first contextual goal, removed all other
features, and then added feature(s) so that the resultant algorithm satisfied both contextual
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goals. To recall, a specified feature of an algorithm satisfied the first contextual goal if the
quickest person under consideration had the specified feature. And, a specified feature of an
algorithm satisfied the second contextual goal if the non-quickest person(s) under consideration
did not have the specified feature.
The students then validated (i.e., confirmed the aptness of) their revised algorithm by way of
localized considerations, which refers generally to the act of substantiating the aptness of an
object with respect to only a limited subset of information. Examples of localized
considerations were: the group would only confirm that the algorithm was apt on one network
rather than on all networks they were given; or they would confirm that the algorithm was apt
for two of the networks, but did not test the algorithm on any (other) network as requested by
the task; or after having found multiple quickest persons in a particular network via the
elimination method, the group would only consider whether their current algorithm could find
some (but not all) of these quickest persons.
Overall, we concluded that the patching mechanism governed the group’s decisions over which
features to remove from, or/and add to, an inapt algorithm; while localized considerations
governed how the aptness of a revised algorithm was validated. In this way, the faulty tells
three people feature persisted throughout three test-and-revise iterations because it remained
apt with respect to the specific mechanisms (i.e., patching mechanism and localized
considerations) by which the group revised and validated their algorithms.
After creating four iterations of their algorithm, the group sensed that their fourth algorithm
was inapt, specifically because it could not identify the quickest person in a friendship network
that one of the students imagined. This imaginary network did not contain any person that
possessed the tells three people feature. Towards the very end of their session, the group
recognized that this imaginary network was concretized by the third friendship network that
they were given to test their algorithm on. Upon recognizing that their fourth algorithm was
inapt, the group immediately began to apply the patching mechanism, and in doing so, they
determined that the tells three people feature did not satisfy the first contextual goal mentioned
above (to identify the quickest person). The application of the patching mechanism on the
fourth algorithm resulted in the removal (inaptness) of the tells three people feature. In this
way, it could be said that the students finally removed the tells three people feature when it
became inapt with respect to the rules of the patching mechanism. The group, however, did not
finalize a fifth algorithm before the end of the session.
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7.4. Study 2 recap
7.4.1 Overview of the study
This second study was initially motivated by observations made during the first study
(presented in Chapter 4 and summarized in the previous section 7.3). I observed a discrepancy
between the actual process (i.e., procedure) by which the students found the solution(s) and
the algorithm that the students constructed and reported in response to the task. More
specifically, in Study 1, I observed that the group found their solutions, via a particular
(mathematically correct) procedure (referred to as the elimination method), but the algorithm
that they constructed was noticeably different from the aforementioned procedure.
Further reflection on this first study made me realize that in some situations the algorithm that
the students created would not (when implemented) actually re-find the solutions to the
particular problem instances which the students had solved. This aligned with my readings of
the literature, from which I inferred that while some students can easily find the correct
solutions to given problems, these students do not always create algorithms that would (when
implemented) re-find the correct solution(s) they had found (Cai et al., 1998; Lappan & Bouck,
1998; Mack, 1990). Yet, according to research, students tend to understand that the algorithm
they are asked to create should be something that yields the correct answer for the specific
problems that they had solved (e.g., see Mack, 1990; Fuson, 2003; Mingus & Grassl, 1998;
Rosenstein, 2018).
Motivated by the foregoing observations and reflections, this second study worked towards the
second research aim of this thesis: to explore and explicate algorithmatizing mechanisms that
might explain why some students can find the correct solution(s) to the given problem(s) (within
the task), but then create an algorithm that does not (when implemented) actually re-find the
correct solution they found.
I began the study by asking the question: what does it mean for one to create an algorithm that
would (when implemented) re-find the solution one found? My answer to this question was
based on two points: a) an algorithm can be construed as a set of rules that enables one to solve
particular problems (Thomas, 2014); and b) a solution to a problem can be construed as an
object with certain features (see Mason, 2004; Shapiro, 1997). For example, the solution of 2
+ 3 is an object with features such as: is a number, is a rational number, is greater than 2 + 1.
Consequently, creating an algorithm which could (when implemented) re-find the solution (one
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found), can be conceptualized as creating a set of rules which (when implemented) guarantees
that the resulting object has all the features of the solution. In the present study, I referred to
such a set of rules (algorithm) as one which accounts for all the features of the solution. That
is, an algorithm accounts for the solution, if it would (when implemented) output an object that
is the solution. Via this conceptualization, the aforementioned finding regarding how students
do not always create an algorithm that could re-find their correct solutions was re-stated as, the
sets of rules (algorithms) that students create do not always account for all the features of their
correct solution(s).
I then noted that a solution (to a problem) has infinitely many features 29, but an algorithm only
possessed finitely many rules. I therefore wondered how it was possible for a finite set of rules
to account for a solution that had infinitely many features? By what mechanism(s) might this
occur? These questions led me back to the work of the group from Study 1. Reflecting further
on this group’s work, I noted that the group created their algorithms by noticing particular
features of their solutions (i.e., the quickest persons they had found for the particular
networks/graphs they were given) and then articulating a rule (as part of their algorithm) that
guaranteed that the object which the algorithm yielded possessed these noticed features. For
example, on the first graph they were given, they found (using their elimination method) that
the quickest person had three friends (told three people). Consequently, their initial algorithm
(for finding the quickest person) was: find the person that tells three people. Each of the group’s
four algorithms resembled their initial algorithm in that they all comprised rules for finding a
person in a network who had the particular noticed features of the quickest persons (solutions)
they had found.
From this reflection, I inferred that a mechanism by which some students can create their
algorithm was that of accounting for features of the solutions (that they had found for the given
problem). That is, students would notice a feature of the solution they found for the given
problem, then create a rule within their algorithm which guarantees that the algorithm outputs
an object that possesses this single noticed feature. Then, the students would repeat this process
for other features of their solution (i.e., noticing the feature and accounting for it).
However, since any solution to a problem has infinitely many features, I assumed that it was
impossible for one to notice and intentionally account for all the features of the correct solution.
29
For example, the solution to x = 2 + 3 has the features: greater than 2 + 1, greater than 2 + 0, greater than 2 + 1, ..., greater than 2 + -n for all 𝑛𝑛 ∈ 𝛮𝛮.

178

Chapter 7: Conclusions

My own personal experience working on The Jandals Task, showed that it was indeed possible
to find the solution to the given problem, and then create an algorithm that would re-find the
correct solution merely by noticing finitely-many features (e.g., feature 1, feature 2, feature 3,
etc.) of the solution, and then posing the algorithm in the form of: construct an object with the
following features: feature 1, feature 2, feature 3 etc. Consequently, I introduced the idea of a
sufficient set of features. To clarify, a set of (finitely-many) features that one intentionally
accounts for is sufficient if by intentionally accounting for only these features (i.e., explicitly
noticing these features and creating rules that guarantee the existence of only these features in
the resulting object), the object yielded by the algorithm (when implemented) is the solution.
Furthermore, it can be said that when students find the correct solutions to the given problems,
but then create algorithms which cannot re-find their correct solutions, it might be because the
set of features (of their solutions) that students account for is insufficient. Based on these
reflections, I hypothesized that explicating the mechanism of accounting for (finitely-many)
features of the solution might shed some light on why some students can find the correct
solution(s) to the given problem(s) (within the task), but then create an algorithm that does not
(when implemented) actually re-find the correct solution they found (i.e., the observation that
motivated the second research aim of this thesis).
I thus sought to explore and explicate the algorithmatizing mechanism of accounting for
(finitely-many) features of the correct solutions. More specifically, I wondered: How might
students come to notice and account for a sufficient set of features? What are the differences
between an insufficient set of features and a sufficient set of features? Guided by these
questions, my exploration and explication of the aforementioned mechanism occurred within
the collaborative work of two groups of students (Group A and B) on The Birthday Seating
Task (Davies, Chin, Moala, & Yoon, 2016). At the time of data collection, Group A consisted
of three students from a Year 12 mathematics (calculus) class at a high school in New Zealand;
and Group B consisted of two students enrolled in a first-year undergraduate course at a large
university in New Zealand, that covered selected topics in algebra and calculus.
The Birthday Seating Task invited the two groups to create an algorithm for finding an optimal
seating arrangement (the one with the maximum happiness score) for a group of friends. Both
groups found a correct optimal seating arrangement, and created their respective algorithms by
accounting for particular, finitely-many, features of their optimal arrangements. However, only
one group’s algorithm accounted for their optimal arrangement. Consequently, I explored two
main questions: 1) Which features of their respective solutions (i.e., optimal arrangements) did
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the groups account for? and 2) What differences between the two sets of features (accounted
for by the respective groups) might explain why only one group’s algorithm accounted for their
optimal arrangement?
Note, for the purposes of narrowing the focus of the study, and achieving some depth in the
analysis, I decided to focus only on the creation of the respective groups’ initial algorithms
(i.e., ones that the groups created and were happy with, before they were asked to test their
algorithm on other networks). As such, the study pertains to a part of the students’
algorithmatizing process –– the first iteration of creating an algorithm.
7.4.2 Summary of findings
Two primary sets of features (of the groups’ optimal arrangements (solutions)) emerged from
my analysis of the groups’ work:
1) should-have features: features that the respective groups explicitly verbalized while
building, and before confirming, their optimal arrangement. These were features that
they thought the optimal arrangement should have as opposed to ones that the
arrangement did have;
2) explicitly-recognized features: features that the respective groups explicitly recognized
after they confirmed their optimal arrangement and while they were constructing their
algorithms. These were features that the group noticed the optimal arrangement did
have as opposed to ones that they thought the arrangement should have.
The majority of my analysis revolved around these two sets of features. First, I found in each
of the two groups’ work, a discrepancy between their set of should-have features and their set
of explicitly-recognized features. That is, there were features in either set that did not appear
in the other. From this I inferred that the features which the respective groups thought the best
arrangement should have, while they were in the process of finding their optimal arrangement,
were not necessarily the features of their best arrangement that the groups explicitly recognized
while they were in the process of constructing their algorithms.
Then, I found that every rule in the groups’ respective algorithms accounted for at least one
explicitly-recognized feature. However, the rules of the groups’ respective algorithms
accounted for only some of their respective explicitly-recognized features. I also found in
Group A’s case that some of their explicitly-recognized features aligned with some of the
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should-have features; and, Group A accounted for all these explicitly-recognized features in
their algorithm. On the other hand, some of Group A’s explicitly-recognized features did not
align with any of their should-have features; and, Group A did not account for any of these
explicitly-recognized features. A similar situation was evident in Group B’s work –– only those
explicitly-recognized features which appeared in their set of should-have features were
accounted for. Overall, it seemed that the intersection of the sets of explicitly-recognized
features and should-have features comprised the features that the respective groups accounted
for.
However, there was limited explicit evidence that the groups intentionally accounted for only
those features that belonged to the intersection of the sets of explicitly-recognized features and
should-have features. As such, I asked: how can the features that the two groups accounted for
be further classified in a way that explains why the two groups may have accounted for them?
Exploring this particular question led me to find that the features that the groups accounted for
were ones that both groups deemed relevant for justifying the optimality of their best
arrangements. That is, both groups accounted for features of their respective optimal
arrangement (solution) that they thought made that particular arrangement optimal.
So overall, both groups seemed to have accounted for, more or less, the same type of features.
However, only Group B’s set of (accounted for) features was sufficient, and I noted two
differences in the groups’ work to explain why. First, I noted that Group A’s set of explicitlyrecognized features was insufficient, and Group B’s was sufficient. I argued that this difference
might have been influential because the set of explicitly-recognized features comprises those
features that one could account for. That is, one cannot intentionally account for features of the
solution that one did not explicitly recognize. Hence, if the set of explicitly-recognized features
set is insufficient then the features that one intentionally accounts for will also be insufficient
–– as evident in Group A’s case.
Second, the ways in which the respective groups justified the optimality of their arrangements
differed. Group B arrived at their optimal arrangement by: 1) improving a sub-optimal
arrangement; and 2) not being able to (after several attempts) improve their optimal
arrangement. Thus, the features that Group B deemed relevant for justifying the optimality of
their arrangement were features that were: a) indispensable in the sense that they distinguished
their optimal arrangement from suboptimal arrangements; and b) un-improvable in the sense
that changing them would not result in a better arrangement. In contrast, Group A neither found
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a sub-optimal arrangement, nor attempted to find an arrangement with a higher score than those
of the first ones they found. The first two arrangements that Group A found both had happiness
scores of 13 (which was, in fact, the maximum score), and they immediately proceeded to
justify the optimality of this arrangement. The features that Group A noticed and accounted for
were ones that merely distinguished between their two 13-score arrangements. In summary,
unlike Group A, Group B did enough work to discern, and subsequently account for, features
of their optimal arrangement that distinguished it from sub-optimal arrangements, thus
ensuring their algorithm would yield an object equivalent to their correct optimal arrangement.

7.5. Study 3 recap
7.5.1 Overview of the study
This third study (presented in Chapter 6) concerned the use of counterexamples for facilitating
the development of student-invented algorithms (Cai et al., 1998; Clarke & Veith, 2003;
Ferrarello & Mammana, 2018). Counterexamples, as they pertain to algorithms, were construed
in this thesis as problems for which an algorithm should produce the correct solution(s), but
does not. The rationale behind the use of counterexamples is to get students to realize that their
current algorithm does not produce the correct answer for all the problems on which it should
produce the correct answer, and in turn, motivate students to revise their current algorithm so
that it correctly solves all the problems that it should solve –– i.e., to create a generalized
algorithm.
This third study was (like the second study) initially motivated by observations made during
the first study (summarized above). While working on Study 1, I observed that the group came
across counterexamples to their algorithms, which motivated them to revise their algorithm.
However, I noticed that the group’s revised algorithm did not always work on (i.e., correctly
solve) the counterexample. Sometimes, the group’s revised algorithm worked on the
counterexample. Other times, the group encountered multiple counterexamples to their
algorithm, but their revised algorithm worked on some, but not all of the counterexamples.
Overall, it could be said that though the group encountered multiple counterexamples to their
algorithm, the revisions they conducted in response to the counterexamples did not result in a
correct generalized algorithm.
The foregoing observations from Study 1 resonated with findings from the literature showing
that when students recognize counterexamples to their algorithm, they do not always conduct
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revisions to their current algorithm that result in a generalized (correct) algorithm (e.g., see De
Bock et al., 2002; Lappan & Bouck, 1998; Mack, 1990). That is, some revisions (in response
to counterexamples) merely represent a transition from one incorrect algorithm to another
incorrect algorithm. However, I noted that these studies tended to evaluate the utility of a
counterexample merely in terms of whether or not it facilitated the development of a
generalized (correct) algorithm. Consequently, these studies paid little attention to the
idiosyncratic and nuanced mechanisms by which students revise their algorithms, in response
to a counterexample, beyond whether or not the revised algorithm was generalized.
The foregoing considerations led me to hypothesize that the pedagogical effectiveness (power)
of counterexamples, as it pertains to the development of student-invented algorithms, may be
enhanced by examining more carefully the revisions that students actually conduct on their
algorithms in response to counterexamples, irrespective of whether these revisions result in
generalized correct algorithms. Consequently, my aim in this study was not to distinguish
between counterexamples based on whether or not they elicit desirable revisions in students’
algorithms, but rather to capture and examine the idiosyncratic ways that students revise their
algorithms in response to counterexamples. This aim was driven by the idea that examining
these revisions from a neutral standpoint might shed some (more) light on why/how some
counterexamples do not always facilitate the transition from an incorrect algorithm to a correct
(generalized) algorithm (i.e., the third research aim of the thesis). In this way, this third study
can be construed as an exploratory case study that works towards the third research aim of this
thesis.
The data that I chose to analyze in the study comprised two different pieces of data taken from
a published study – Zazkis and Chernoff (2008). The two data pieces correspond to the
mathematical activity of two individual post-secondary students, Tanya and Selina (who were
also prospective teachers) on two different tasks from elementary number theory.
In the first piece of data, Tanya worked on a task that focused on creating alternative strategies
(which I conceptualized as algorithms) for determining which of two proper fractions was
larger. In the second piece of data, Selina worked on a task focusing on prime factorization.
13 × 27

During the task, Selina was asked to simplify 19 × 23 . Selina began by multiplying out the
numerator and denominator to get

221
437

. Selina then attempted to check whether 437 was a

prime number. The ensuing discussion between Selina and the instructor/interviewer revolved
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around a strategy (which again I conceptualize here as an algorithm) for determining whether
any given (natural) number is prime. Unlike the first piece of data, in which it was clear from
the beginning that the session was about creating different algorithms, in this piece of data the
creation of an algorithm emerged spontaneously. As part of their activity, both students
iteratively revised their respective algorithms in response to counterexamples.
Reading through their work, I observed that neither Tanya nor Selina immediately created a
generalized algorithm, upon their first encounter with a counterexample. Furthermore, only
Selina managed to create a generalized algorithm after multiple iterations of testing and
revising. Rather than distinguishing between counterexamples based on whether or not they
facilitate the development of a generalized algorithm (as done in past research), I aimed to
explore and explicate the idiosyncratic ways that the two students revised their algorithms in
response to the counterexamples.
Towards achieving the aforementioned aim, I employed the construct of domain of validity,
which refers to the particular context within which a way of thinking is correct (Brousseau,
1997; Sierpinska, 1987). I integrated the construct of domain of validity into a definition of an
algorithm, comprising two parts: 1) a set of instructions that is intended to enable one to solve
particular problems; 2) a set of problems, for which the set of instructions would, according to
the person that created the algorithm, yield the correct answer –– this set of problems is the
algorithm’s domain of validity.
In light of the foregoing conceptualization of an algorithm, I distinguished between different
types of correct/incorrect algorithms. First, I noted that an algorithm is mathematically
(absolutely) correct if its set of instructions produces the correct solutions for all the problems
within its domain of validity; otherwise, the algorithm is mathematically incorrect.
Furthermore, a mathematically incorrect algorithm could either be: absolutely incorrect, in
which the set of instructions does not produce the correct solution for any of the problems
within the domain of validity; or partially incorrect (and partially correct) in which the set of
instructions produces the correct answer for some, but not all, the problems within the domain
of validity.
I also re-conceptualized two constructs that were of interest to the present study, through the
lens of domain of validity: 1) a counterexample (to an algorithm) was conceptualized as a
problem within the domain of validity of an algorithm, for which the set of instructions does
not produce the correct solution; and 2) cognitive conflict (as it pertains to algorithms) was
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conceptualized as a situation in which the student recognizes a counterexample to his/her
algorithm.
In light of these conceptualizations, I explored the question: How did the two students (Tanya
and Selina) revise their algorithms (i.e., their set of instructions and/or domains of validity)
when they recognized counterexamples to their respective algorithms?
7.5.2 Summary of findings
The analysis of the two episodes presented in the study revealed two different types of revisions
that the students conducted on their algorithms in response to counterexamples.
In the first episode, Tanya began by proposing an initial algorithm for determining which of
two fractions was larger:
Instructions:

Take away the numerator from the corresponding denominator in both
fractions. The fraction corresponding to the lesser difference is the larger
fraction.

Domain of Validity:

All pairs of fractions

Then, Tanya engaged in three iterations where she revised her current algorithm in response to
different counterexamples given to her by the interviewer. In each iteration, Tanya recognized
a counterexample to her algorithm, and then revised her algorithm by keeping the set of
instructions the same (as stated above) and narrowing the domain of validity. Each ensuing
domain of validity was a subset of the previous one, obtained by removing from the current
domain of validity a particular class of fractions which the counterexample represented for
Tanya (e.g.,

1
2

𝑣𝑣𝑣𝑣

2
4

represented equivalent fractions,

5
6

𝑣𝑣𝑣𝑣

6
7

represented non-equivalent

fractions with equivalent denominator-numerator differences). After three iterations of
revisions, Tanya ended up with the following algorithm:
Instructions:

Take away the numerator from the corresponding denominator in both
fractions. The fraction corresponding to the lesser difference is the larger
fraction.

Domain of Validity:

All pairs of non-equivalent fractions, whose numerator-denominator
difference is not the same and which do not have ridiculously many
pieces.
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Though Tanya’s final algorithm was still partially incorrect, one could say that it was more
correct than the initial one. That is, the set of problems within the respective domain of validity
which the set of instructions do not correctly solve, was smaller for the final algorithm than for
the initial algorithm.
In Episode 2, Selina began proposing an initial algorithm for determining whether a number
was prim):
Instructions:

Check if the number can be expressed as a product of two primes. If yes,
then the number is prime.

Domain of Validity:

All natural numbers.

I noted that Selina’s initial algorithm was absolutely incorrect as it would not produce the
correct solution for any of the problems within the proposed domain of validity. Subsequently,
Selina engaged in two iterations where she revised her algorithm in response to different
counterexamples given to her by the interviewer.
In each iteration, Selina recognized a counterexample to her algorithm, and then revised her
algorithm by modifying the set of instructions while keeping the domain of validity the same.
Each ensuing (revised) set of instructions was such that it produced the correct answer for a
class of numbers represented by the specific counterexamples Selina encountered. In the first
iteration, 6 and 15 were the counterexamples to Selina’s initial algorithm noted above (i.e.,
they were non-primes which the algorithm incorrectly identified as primes). For Selina, 6 and
15 seemed to represent multiples of 2, 3, 5. Consequently, she revised her initial set of
instructions so that it correctly declared multiples of 2, 3, 5 (other than 2, 3, 5) as non-primes:
Instructions:

Check if the number is divisible by 2, 3, or 5. If yes, then the number is
not prime. If no, then the number is prime.

Domain of Validity:

All natural numbers.

Similarly, in the second iteration, the counterexamples were 77 and 221 (i.e., they were nonprimes, which Selina’s current algorithm incorrectly identified as primes). For Selina, 77 and
221 seemed to represent numbers that had more factors than 1 and itself. Consequently, Selina
revised her instructions so that it correctly identified such numbers as non-primes (see below).
Note, Selina’s final algorithm was (unlike Tanya’s) absolutely (normatively) correct.
Instructions:

Check if the number is divisible by any number other than 1 and itself. If
yes, then the number is not prime. If no, then the number is prime.
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Domain of Validity:

All natural numbers.

Summarizing the two episodes, Tanya revised her algorithms in response to the
counterexample by keeping the set of instructions the same, while narrowing the domain of
validity. Selina, on the other hand, revised her algorithm in response to the counterexamples
by keeping the domain of validity the same, while modifying the set of instructions. These two
episodes highlight two different legitimate and effective ways that the students made progress
from an initial incorrect algorithm towards a more (normatively) correct algorithm.

7.6. General discussion
This thesis sought to explore and explicate mechanisms by which some students created their
algorithms while working on different algorithmatizing tasks in different settings and contexts.
This overarching aim was divided into three specific research aims (each of which was
concerned with exploring and explicating algorithmatizing mechanisms that could explain a
specific phenomenon/observation that was positioned as a problematic aspect of the students’
algorithmatizing activity). Each of the three exploratory studies in this thesis worked towards
these specific research aims. As each study was presented in the form of a journal article, I
wrote a Discussion section for each of the three studies, in which I situated the specific study
(and its findings) within relevant literature. As such, how each specific study contributes to the
literature has been articulated in these respective Discussion sections.
In this section, I am concerned with what and how the three studies (and the mechanisms
explored and explicated therein) might contribute in combination to the literature. To this
effect, in this short discussion, I attempt to bind the three studies and situate some of their
common findings (themes) with respect to relevant literature. I organize the following
discussion into separate but interrelated themes.
7.6.1 Understanding why students do not always see (and do) what we expect them to
see (and do)
As evident in both Study 1 and Study 3, getting students to realize that their algorithm is
incorrect, and thus motivating them to revise their algorithm is relatively easy. The difficulty
lies in getting students to revise/change those aspects (features) of their algorithm that make
their algorithms (normatively) incorrect. The findings of both Study 1 and Study 3 reemphasize
the fact that things which external observers (e.g., researchers and teachers) attend to and
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recognize as faulty, and need to be revised, in students’ algorithms, do not necessarily align
with the things that the students will attend to and recognize as faulty in their algorithms
(Mason, 1998; Peressini & Knuth, 1998). While we (external observers) and students may both
agree on an algorithm being incorrect, we may disagree with students on the basis of the
incorrectness. Furthermore, while our answer to the question “is the algorithm incorrect?” may
align with the students’ answer, our answer to the question “how/why is the algorithm
incorrect?” may differ from the students’. As such, while we may all agree on the need to revise
the algorithm, we may disagree on what aspects of the algorithm need to be revised. Study and
Study 3 illustrate the fact that the aspects of their incorrect algorithms that students will revise,
are only those aspects which the students deem inappropriate (faulty). It is then unsurprising
that students do not always revise the aspects of their incorrect algorithms that we want and
expect them to revise (see Ashlock, 2001; Brown & Van Lehn, 1980; Lappan & Bouck, 1998).
Understanding the mechanisms, such as the patching mechanism and localized considerations
that were described in Study 1, by which students decide what to remove from, keep in, and
add to the current incorrect algorithm, allows educators to understand not only the particular
aspects of their incorrect algorithm that students deem faulty/not faulty, but also the specific
ways in which students deem these aspects faulty/not faulty.
Furthermore, as mentioned several times throughout this thesis, one particularly useful strategy
for facilitating the development of student-invented algorithms is the use of counterexamples.
The rationale behind the use of counterexamples is to get students to realize that their current
algorithm is incorrect, more specifically, that their current algorithm does not produce the
correct answer for all the problems on which it should produce the correct answer, and in turn,
motivate students to revise his/her current algorithm so that it correctly solves all the problems
that it should solve. Past research, however, shows that when students recognize
counterexamples to their algorithm, they do not always conduct revisions that result in the
transition from an incorrect algorithm to a correct algorithm (e.g., see De Bock et al., 2002;
Lappan & Bouck, 1998; Mack, 1990). One explanation for this that I inferred from the literature
had to do with the fact that students' understanding of the role of counterexamples is influenced
by their experiences with examples (e.g., see Klymchuk, 2012; Selden & Selden, 1998;
Zaslavsky & Ron, 1998). That is, students understand that several examples do not suffice to
prove the truth of a way of thinking Similarly, students feel that a counterexample is merely an
exception that does not entirely refute a way of thinking (conjecture). Selden and Selden (1998,
cited in Klymchuk, 2012) added that: “students quite often fail to see a single counterexample
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as disproving a conjecture. This can happen when a counter-example is perceived as ‘the only
one that exists’, rather than being seen as generic.”
Applying Selden & Selden’s claim to Tanya’s case (Episode 1) in Study 3, one might say that
Tanya did not see the counterexamples as generic, because she treated the counterexamples as
mere exceptions. However, my analysis of Episode 1 showed that Tanya actually considered
every counterexample she encountered as a representative of a general class of problems, and
subsequently narrowed the domain of validity of her algorithm by removing from it a class of
problems (represented by the counterexample). In this way, Tanya indeed regarded the
counterexamples as generic (i.e., as representatives of larger class of counterexamples). As
such, I propose that the issue at hand might not be so much that students do not see the
counterexample as generic but rather that the external observer’s version (instantiation) of
generic does not always align with the student’s version (instantiation) of generic. In other
words, it may be the case that the class of problems which educators intend to represent with a
counterexample does not always align with the class of problems that the student attends to and
recognizes upon encountering the counterexample.
7.6.2 The problems that we want students to solve ≠ problems that students intend to
solve (with their algorithms)
One of the primary issues raised in the above subsection was that while external observers and
students may both agree on an algorithm being incorrect, they tend to disagree on the basis of
the incorrectness. I propose that such disagreements can partially be traced to differences in the
problems that external observers expect students to solve and the problems that students intend
to solve. The mechanism of localized considerations that was explored in Study 1 highlighted
this discrepancy. There was evidence in Episode 1 (of Study 1) that the students limited their
consideration of their initial algorithm to the first network they encountered. And, even at the
end of the session, the group explicitly limited the scope of their fourth algorithm to “only these
networks we’re given, but not any other ones”. This points to the fact that in some cases
students know and acknowledge that their algorithm only works for particular problems, but
external observers deem the students’ algorithm faulty because it is assumed that the students
intended to create an algorithm that solves all the problems that the task required them to solve
(e.g., finding the quickest person in all friendship networks as in Study 1). As such, it may be
beneficial for educators, before labeling the students’ algorithm as incorrect because they do
not solve the problems we wish for them to solve, to examine whether the problems that
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students intend to solve align with the problems that they are expected to solve. If no, then, for
instance, we might explore what can be done to draw students’ attention to the sets of problems
that we want them (and the algorithms they create) to solve.
The aforementioned discrepancy was addressed in the third study of this thesis, which
concerned the use of counterexamples to facilitate the development of students’ algorithms.
The literature espouses the use of counterexamples as tools for facilitating the development of
a generalized algorithm –– an algorithm that produces correct solutions for a general class of
problems (Clarke & Veith, 2003; Ferrarello & Mammana, 2018; Lappan & Bouck, 1998).
However, from my review of the literature I inferred that this general class of problems is often
pre-determined by the teacher (or researcher) and does not necessarily align with the problems
which students intend to solve with their algorithms.
As such, when past studies report that students have difficulty creating correct generalized
algorithms, they are often referring to the fact that the students’ algorithms do not correctly
solve all the problems that researchers expect students’ algorithms to solve. In other words,
researchers pre-determine a domain of validity for students’ algorithms, and then evaluate the
correctness of the students’ algorithms by examining whether the set of instructions that
students create can correctly solve all the problems within this pre-determined domain of
validity. In this way, upon encountering counterexamples, students are expected to revise their
set of instructions so that it solves all the problems within the pre-determined domain of
validity. Clearly, this perspective overlooks the likely possibility that the domain of validity of
the students’ algorithms are not equivalent to this pre-determined domain of validity.
Of course, sometimes the general set of problems that we (researchers/teachers) want students
to solve actually aligns with the domain of validity of the students’ algorithm, as evidenced by
Selina’s case in Episode 2 (of Study 3). Selina’s case was an example of a situation in which a
student manages to create (after multiple revisions) an algorithm which correctly solves all the
problems that we want the student’s algorithm to solve. Furthermore, the type of revisions that
Selina conducted on her algorithm in response to counterexamples, resembled what past studies
deemed as the sort of revision that students ought to conduct on their algorithms in light of
counterexamples – i.e., iteratively revising the instructions so that it solves all the problems
within a pre-determined set of problems. However, I argued that perhaps the only reason this
type of revision was successful in Selina’s case, was because Selina’s domain of validity
aligned with the general set of problems that we wanted her to solve. And, I was only able to
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recognize this in my study, because I attempted to capture the students’ domains of validity,
rather than pre-determining a set of problems which the students’ algorithms should correctly
solve. As such, educators who wish for students to create algorithms which solve a predetermined set of problems, might find it useful first to ensure that the student’s domain of
validity aligns with the general set of problems that he/she wants the student to solve. Once
that is achieved, then (as it was in Selina’s case) students, upon encountering counterexamples,
can be encouraged to keep the domain of validity (of their algorithm) fixed, while iteratively
revising the set of instructions so that eventually, it correctly solves all the problems within the
fixed domain of validity.
7.6.3 Augmenting the utility of counterexamples for facilitating the development of
student-invented algorithms
Past research focusing on the pedagogical use of counterexamples has showed that while all
counterexamples are mathematically equivalent in that they have the potential to reveal
erroneous ways of thinking, not all counterexamples invoke cognitive conflict. Furthermore,
not all counterexamples which invoke cognitive conflict facilitate conflict resolution (see
Klymchuk, 2012; Zaslavsky & Ron, 1998; Zazkis & Chernoff, 2008). Extending this argument
to the context of student-invented algorithms, one can hypothesize that some counterexamples
are better than others in facilitating students’ transition from an incorrect algorithm to a correct
algorithm. However, from my review of the counterexamples literature I inferred that the
pedagogical effectiveness of a counterexample has often been conceived according to a
dichotomy – counterexamples are deemed effective if they facilitate the desired conflict
resolution (e.g., the transition from an incorrect algorithm to a correct algorithm), and deemed
ineffective otherwise. This dichotomous labelling of counterexamples seemingly limits the
pedagogical utility of counterexamples, because it suggests, for instance, that if a teacher gave
a student a counterexample which did not facilitate the creation of a correct algorithm, then the
teacher would simply have to assume that this counterexample is ineffective, and look for
another (better) one. As such, the teacher pays little to no attention to how the student responded
to the counterexample –– i.e., the revisions the student conducted on his/her algorithm in
response to the counterexample. Evaluating of counterexamples according to the
aforementioned dichotomy results in the evaluation of students’ algorithmatizing activity
according to a similar dichotomy –– have the students produced a generalized algorithm or
not?
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The analysis and findings of Study 3 showed how the pedagogical power of counterexamples,
as it pertains to student-invented algorithms, may be enhanced by examining more carefully
the revisions that students actually make to their algorithm in response to counterexamples,
irrespective of whether these changes result in a generalized algorithm. For example, analyzing
Tanya’s case in Episode 1 allowed me to suggest that what is often perceived in past research
as students ignoring the counterexample (see Fuson, 2003; Mack, 1990; Zazkis & Chernoff,
2008) can in fact be construed as a legitimate and effective way of revising an incorrect
algorithm (via the mechanism of narrowing the domain of validity). From this, I suggested that
counterexamples could be construed not only as tools for facilitating revisions to the set of
instructions of students’ algorithms (while maintaining a fixed domain of validity) such as in
Selina’s case (in Episode 2), but also as tools for facilitating revisions to the domain of validity
(while maintaining a fixed set of instructions).
Furthermore, based on the findings of Study 3, I argue that viewing counterexamples as
individual pedagogical tools, with one being better than another, might overlook the fact that
the so-called better counterexample came after a sequence of other so-called unsuccessful
counterexamples that were likely to have initiated the movement towards a correct algorithm.
I found in Study 3 that even when a counterexample did not immediately facilitate the transition
from an incorrect algorithm to a normatively correct generalized algorithm, the revisions that
the students made in response to every counterexample could in fact be construed as progress
towards a normatively correct algorithm. I thus proposed that counterexamples can be viewed
in sequences rather than as individual and isolated tools. Of course, this is not to say that some
individual counterexamples cannot facilitate the transition from incorrect algorithm to correct
algorithm in one step. Instead it suggests that perhaps educators should accept that students
will make small nuanced revisions to their algorithms in response to counterexamples, and that
these small nuanced revisions will not always immediately result in a correct algorithm. Thus,
future research might explore productive ways for educators to respond in the moment to the
small, nuanced, useful revisions that students conduct to their algorithms, and offer appropriate
counterexamples that build on these small revisions, rather than expecting students to make
one gigantic leap from incorrect to correct algorithm, and regarding the absence of such a
gigantic leap as failure.
The findings of Study 1 also contribute to the discussion of the role of counterexamples in
facilitating the development of student-invented algorithms. The study suggested that while a
counterexample might expose a faulty feature and motivate students to revise their current
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incorrect algorithm, there is still a chance that after students conduct their revision of this
incorrect algorithm, through mechanisms such as the patching mechanism and localized
considerations, they will end up with another algorithm that still possesses the faulty feature.
It was hypothesized based on the findings of Study 1 that students would remove a faulty
feature of their algorithm only when the feature is no longer apt with respect to the mechanisms
by which students revise their algorithm. On a practical (pedagogical) note, choosing an
appropriate counterexample that might help students reject their incorrect algorithm, may
require not only considering the algorithm carefully, but also knowing the mechanisms by
which students revise and validate their algorithm(s). An effective counterexample is perhaps
one that not only exposes the faulty feature, but also ensures that when the students revise their
algorithms (via their own idiosyncratic mechanisms) so as to accommodate the
counterexample, the faulty feature is removed.
7.6.4 Procedure ≠ algorithm and Finding a correct solution ≠ creating a correct
algorithm
Past studies have stressed the importance for students to reflect and build on the procedure (i.e.,
how one found the solution) when creating their algorithm (see Cai et al., 1998; Marrongelle,
2007; Moala et al., 2018; Rasmussen et al., 2005). Cai et al. (1998) reported that middle-school
students who did not reflect and build on their procedures often struggled to create generalized
algorithms (cf. Huinker, 1998; Lappan & Bouck, 1998). Marrongelle (2007) and Rasmussen et
al. (2005) both showed how students successfully created generalized algorithms by reflecting
and building on their procedures. One might infer from these studies that students would
struggle to create correct algorithms if they do not reflect and build on their procedures. Some
evidence for this inference was found in Chapter 4 (Study 1) where a group of students who
struggled to create a generalized algorithm focused entirely on accounting for features of their
solution(s) without reflecting on their procedure.
However, reflecting on these past studies, I noted that their concern was with (the creation of)
generalized algorithms. That is, from the perspective of these studies, an algorithm was a means
by which a general class of problems (as opposed to specific problems) can be solved. In
contrast, my concern in this thesis went beyond a generalized algorithm. In this thesis, an
algorithm was construed as the means by which any problem could be solved (where a problem
can be one specific problem, or a general class of problems). I chose this particular usage of
algorithm for two main reasons. First, as I described above in 7.6.2, the idea of a generalized
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algorithm is vague, and it often refers to a pre-determined set of problems that external
observers want students to solve. Second, the broader usage of algorithm employed in this
thesis accounts for the fact that how one actually solves a problem, is not necessarily equivalent
to one’s explicit communication of how one could solve the same problem (e.g., see Hughes,
1998; van Galen & Gravemeijer, 2003). This is evident in cases where students find the correct
solutions for particular instances of the general class of problems, and yet the algorithm they
articulate cannot (when implemented) actually yield the correct solutions for these specific
problem instances.
Overall, I claim that the problematics of creating an algorithm go beyond those pertaining to
creating a generalized algorithm. More specifically, I claim that one cannot assume that
students who can correctly solve a specific problem, can create an algorithm which can re-find
the correct solutions for this specific problem. This claim was evident in Study 2 –– where one
of the groups found a correct solution, yet the algorithm that they created could not (when
implemented) re-find their correct solution. To explain the foregoing observation, I introduced
and explicated the mechanism of accounting for features of the solution in the activity of two
groups of students. Upon reflection, the mechanism was also evident in the activity of the group
from Study 1. Based on this mechanism, I proposed that a plausible explanation for why
students who find correct solutions do not always create correct algorithms (i.e., algorithms
that could re-find these correct solutions) is because the set of features that the students
accounted for was insufficient –– i.e., these features did not sufficiently distinguish their
solution from non-solutions.
Moreover, I found in Study 2 that one group who found a correct solution and managed to
create a correct algorithm did not actually reflect and build on their procedure; while another
group who found a correct solution and explicitly reflected and built on their procedure, created
an algorithm that could not re-find their correct solution. This finding challenges the
aforementioned significance (necessity) of reflecting on the procedure (Cai et al., 1998;
Marrongelle, 2007; Rasmussen et al., 2005). Specifically, the finding suggested that it was
neither necessary nor sufficient for students to reflect on their procedures in order to construct
a correct algorithm.
This finding, however, should not be interpreted as a downfall or criticism of the reflecting on
the procedure mechanism. Rather, the finding merely highlights the legitimacy and
effectiveness of the accounting for features of the solution mechanism. More generally, the
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point I wish to emphasize is that problematic aspects of students’ experience with
algorithmatizing can be ascribed to the nuanced mechanisms (such as accounting for features
of the solution) by which they create their algorithms rather than to the absence of a predetermined mechanism that has been determined a priori as important for creating correct
algorithms (such as reflecting and building on the procedure). I claim that feedback given to
students for improving their algorithms and dealing with problematic aspects of their
experience would be enhanced if this help is positioned around the mechanisms that students
actually use to create their algorithms, rather than on mechanisms that are determined a priori
as ones that students should use. For example, rather than suggesting that the group from Study
1 should learn to reflect on their procedure, educators could build on the mechanism of
accounting for features of the solution, and explore how this particular mechanism may have
contributed to the group’s creation of a normatively incorrect algorithm.
Despite its proposed legitimacy and effectiveness, I acknowledge that the mechanism of
accounting for features of the solution as explicated in this thesis needs further development.
For example, further research might explore how students might use this mechanism to
construct an algorithm that not only finds the correct solutions for the particular problem
instances that the students correctly solved, but also finds the correct solutions for all other
instances within a general class of problems. Perhaps an extension of this mechanism might
involve students first finding the correct solutions for many specific problem instances,
noticing features that are common among all these solutions, and then creating an algorithm
which ensures that for any other problem instance, the algorithm yields an object that has all
of the noticed features. I further acknowledge that this proposed extension of the mechanism
may be straightforward in some cases such as finding an optimal seating arrangement (in Study
2) because all optimal seating arrangements would have noticeable common features.
However, the proposed extension might be less straightforward in cases where the correct
solutions do not share many obvious common features.
Moreover, in the spirit of seeking avenues for future research, I propose that further theorizing
and explicating of the reflecting on the procedure mechanism are needed. The majority of
students who manage to find the correct solution to a problem presumably do so by using a
correct procedure. Naturally, one would assume that all these students need to do (for the
purpose of creating a correct algorithm) is to reflect on their procedure and explicitly articulate
it. But of course, as the findings of this thesis illustrate, reflecting on the procedure will not
necessarily lead to a correct algorithm. As evident in Study 1, some students will decide that
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articulating their procedure would not qualify as an algorithm. And, as evident in Group A’s
case in Study 2, students might reflect on their procedure but the algorithm they create would
not re-find their correct solution. On the whole, these findings do not so much point to the
insufficiency of the reflecting on the procedure mechanism, but rather point to the need for
more specificity on the details of this mechanism. I reiterate that reflecting on the solution and
recalling how the solution was found is no easy task. As Threlfall (2002) explained, the pieces
of solution procedure for a problem do not always emerge in a linear fashion, especially if the
problem is relatively difficult for the student. As such, the idea of looking back and noticing
things from the procedure is a non-trivial task, because essentially one is trying to recall and
articulate in a linear manner the pieces of a procedure whose emergence was non-linear. Future
research might explore the different ways in which students reflect on their procedures, and
explicate how some forms of reflection may be more effective (in certain contexts) than others.
Moreover, future research could seek more specificity regarding what students could, and
should, gain by reflecting on the procedure. And, what can be done regarding students (like
those in Study 1) who actually reflect on their procedure and decide that it is not an algorithm?
Further still, can the mechanisms of accounting for features of the solution and reflecting on
the procedure complement each other in a way that leads to a correct algorithm? If so, how?
7.6.5 Considerations for future research and practice
The mechanisms identified in this thesis are examples of mechanisms by which students:
construct their initial algorithm (after having found solutions to the given problem); iteratively
revise their algorithm when they notice it is incorrect; and validate their algorithm. Each of
these mechanisms were explored and explicated in an attempt to make sense of particular
problematic aspects of the students’ experience with the algorithmatizing approach. On the
whole, the three exploratory case studies illustrate the value of paying attention to how students
create their algorithms, as a means of shedding light on nuances of the algorithmatizing
approach which experts may take for granted, but with which students may struggle.
In the context of mathematical modeling, there is a renewed interest in how students create
their models. On the issues of validation and verification, Czocher, Stillman & Brown (2018)
assert:
Concerns captured by the questions: Is the model valid? Has the student verified or validated?
correspond to a coarse grain size. As methodological or pedagogical questions, they are
intended to observe the student’s final product and ascertain whether or not the answer is
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correct. They are evaluative questions with dichotomous answers. In contrast, concerns
captured by the questions: What is being verified or validated and how? have a fine grain size…
[and] are both more descriptive and more revealing of student thinking allowing for teacher
intervention during modelling rather than waiting until the end…Viewing validation and
verification as dichotomous judgments that have a normatively correct answer ignores
psychological and experiential aspects of the student as a rational actor. That is, because the
dichotomous view emphasizes the end product of modelling over the model construction
process, the locus of control for determining whether a model is adequate is external to the
student. Shifting the view of verification and validation from a dichotomous judgment about a
process or action to a richer description of students’ ongoing activity means encouraging
learners and teachers to attend to more than success in resolving the modelling problem. It
encourages attending to activities and skills that support learning how to carry out validating
activities (pp. 255-256).

Most of what has been said in the quote above about validation and verification in the context
of modeling, can also be said about students’ constructing, revising, testing, and validating
activities in the context of algorithmatizing. Rephrasing Czocher et al.’s words above, I would
say that there is a need to go beyond questions such as: is the algorithm correct? has the student
validated his/her algorithm? did the student revise his/her algorithm? These questions focus on
the student’s end-product and whether or not it has some desired quality. On the other hand,
questions that should be asked are those such as: How has the student created his/her initial
algorithm? How has the student validated his/her algorithm? What aspects of the student’s
algorithm has he/she validated? Questions pertaining to the how are (as Czocher et al. alluded
to) more descriptive and more revealing of student thinking, encouraging students and teachers
to attend to more than creating a correct algorithm.
This thesis was a modest attempt to explore how students create their algorithms, and in doing
so I became more aware of how algorithmatizing is a complex process, and the mechanisms by
which algorithmatizing occurs comprises nuanced activities. Furthermore, the thesis highlights
the fact that it is possible for students to employ legitimate and effective mechanisms to create
their algorithms without actually arriving at correct algorithms. Two groups of students may
employ the same legitimate mechanism, with slight differences, and one may end up with a
correct algorithm, while the other ends up with an incorrect algorithm. Researchers will benefit
by shifting away from asking dichotomous, evaluative questions, towards richer questions that
establish discussions of pedagogy on students’ natural ways of thinking. Attaining a richer

197

Chapter 7: Conclusions

view of students’ algorithmatizing mechanisms is necessary in order to align teaching and
assessment with the activities that support skills needed to become competent algorithmatizers.
On a practical note, I reiterate calls to give students more opportunities to create algorithms
(Hart & Sandefur, 2018; Maurer & Ralston, 1991; Morrow & Kenney, 1998). This thesis
comprised illustrative case studies, which among other things support past research findings
that students are capable of creating novel and sophisticated algorithms when they are given
opportunities to do so (e.g., Baek, 1998; Fuson, 2003; Harkness & Thomas, 2008; Hart &
Martin, 2018). I believe that the first step to enhancing students’ algorithmatizing competencies
is to give students more opportunities to create their own algorithms. However, providing such
opportunities is a non-trivial matter. Merely placing students in environments within which
they can create their own algorithms does not necessarily mean that the students will actually
engage in the process of creating algorithms. Not all opportunities will provide the same level
of encouragement for students to engage with the algorithmatizing approach. More specifically,
not any old algorithmatizing task would suffice. Much effort is required for the design of rich
tasks that encourage students to engage with the algorithmatizing approach.
One of the primary reasons I was able to observe and explore students’ algorithmatizing
mechanisms in this thesis, was because of the quality of the tasks that were used. Careful
considerations and much work went into the design of the two tasks used in this thesis –– The
Jandals Task (Yoon et al., 2016) and The Birthday Seating Task (Davies, Chin, Moala & Yoon,
2016). As a starting point, I offer these two tasks to teachers wishing to engage their students
with the algorithmatizing approach (see Appendices). Teachers may revise the context and
content of these tasks as they see fit for their students. Both tasks were accessible to most
students in the MMTV project (Year 11 to 2nd year undergraduate students), and I predict that
they would be accessible to (but perhaps slightly more challenging for) Year 9-10 students.
With several appropriate modifications, these two tasks would be a good starting point for
engaging students with the algorithmatizing approach and eliciting students’ algorithmatizing
mechanisms. In the long-term, teachers wishing to design their own algorithmatizing tasks
might find it useful to consult the principles by which these tasks were designed (see Section
3.3 of this thesis; Davies, Yoon, Moala & Maciejewski, 2016; Moala, 2015; Yoon & Moala,
2018).
However, to reiterate, giving students more and more opportunities to create their own
algorithms does not necessarily mean that the students will improve their algorithmatizing
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skills. Having good tasks is merely the starting point for enhancing students’ competence in
algorithmatizing. As such, when students engage in these tasks, educators should pay attention
to how the students create their algorithms, asking questions such as: how are the students
creating their algorithm? how are the students validating their algorithm? how are the students
responding to the counterexamples they are given? what aspects of their algorithm do students
revise according to the results of testing? Answering (some of) these questions would likely
enable teachers to give informed and effective feedback to students while they are creating
their algorithms.

7.7. Limitations and (additional) suggestions for further research
Emerging from small-sample exploratory case studies, the findings of this thesis (by definition)
cannot readily generalize to other contexts. The findings are, in essence, hypotheses pertaining
to how particular students within particular research settings created their algorithms. As such,
the usefulness of these findings to other contexts require further research. My aim in this thesis
was to provide findings that sensitize and draw the attention of readers to issues pertaining to
student-invented algorithms, rather than to provide findings that were definitive. As Crouch &
McKenzie (2006) state:
It has to be borne in mind that exploratory research has little value if it is restricted to stand-alone
acts – ‘‘owned’’, as it were – by individual researchers, rather than embedded in fields of relevance
that are tended by communal knowledge-building labour. Put differently, let us follow up
colleagues’ inquiries, not just cite them, approvingly or critically, as the case may be, in our own
work which, too, aims to be unique. If we accept Blumer’s (1999) contention that the concepts of
social science are intrinsically sensitizing rather than definitive, we can move forward in our
understanding of social reality only by continuing, and taking further, good work already done (p.
496).

With the understanding that the findings of this thesis require further research, I outline some
of the limitations of this thesis and in doing so highlight particular avenues for future research.
To begin with, I note that the participants in all three case studies were either secondary or
post-secondary students. It cannot be assumed that the algorithmatizing mechanisms identified
can generalize to students from, say, primary school; nor should it be assumed that these
mechanisms cannot generalize to primary school students. There are likely differences, and
perhaps likely similarities, between how students at different ages and educational sectors
create algorithms. Study 2, for example, demonstrated how two groups of students from
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different educational sectors (secondary and university) both employed the accounting for
features of the solution mechanism, albeit with slight differences. Whether such similarities
and differences exist among other students from different educational sectors can be explored
in future research.
Furthermore, the participants in this thesis were, for previously stated reasons, ones that were
not very familiar with algorithmatizing. In light of preliminary and superficial observations on
vast amounts of data gathered during the MMTV project (see Chapter 3), I noted differences
in the types of algorithms that more experienced algorithmatizers (e.g., students who were
enrolled in a discrete mathematics course for computer science) produced in comparison to
(say) students from foundation studies (e.g., the group in Study 1). Such differences suggest
that it cannot be assumed that the mechanisms identified in this thesis would be evident in the
work of students with more experience in algorithmatizing. Nonetheless, future research could
explore how those mechanisms employed by more experienced algorithmatizers are similar or
different to those employed by novice algorithmatizers.
The tasks used in all three studies were discrete mathematics tasks (specifically, from graph
theory and number theory). In light of the fundamental differences (outlined in Section 2.3)
between discrete mathematics and other areas of mathematics (e.g., algebra, calculus, analysis)
it cannot be assumed that the algorithmatizing mechanisms identified in this thesis can transfer
to non-discrete mathematics tasks. Again, this is an area for further research. Moreover,
researchers have commented on fundamental differences between the solving of optimization
and non-optimization tasks (Larue & Infante, 2015; Malaspina & Font, 2010; Speer & Kung,
2016). Since the majority of research on algorithmatizing has revolved around nonoptimization tasks, my proposed contributions from the second study to existing literature
should be regarded as hypotheses that need further research. However, note that the accounting
for features of the solution mechanism that was explored in Study 2 (or some variant of it) was
evident in the work of the group in Study 1 (in which the task was a non-optimization task). As
such, it may not be unlikely for algorithmatizing mechanisms pertaining to optimization tasks,
to appear in non-optimization contexts. A potential avenue for further research is to explicate
what the mechanism of accounting for features of the solution might look like in the context
of non-optimization tasks. Additionally, future research might explore whether the mechanisms
identified in non-optimization tasks (such as those that emerged in Study 1 and Study 3) would
appear in the context of optimization tasks, and how these mechanisms might differ in the
optimization-task setting.
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I also acknowledge that the length of time given to the students to work on the tasks was
relatively short (fifty minutes) in relation to the relative difficulty and novelty of the tasks.
Indeed, fifty minutes is not a lot of time to create an algorithm, let alone a correct algorithm.
To what extent did the short amount of time influence the perceived problematic aspects that
were explored in this thesis (e.g., the persistence of a faulty feature of the initial algorithm)? It
cannot be assumed that the problematic aspects of students’ algorithmatizing that emerged in
these studies will also be evident in situations where the students are given more time to create
their algorithms.
Other limitations of the thesis stem from the particular ways that the interviewer interacted
with different participants. For instance, in the first study, before the end of the allotted time
for the session (i.e., 50-60 minutes) the group explicitly said that they were happy with their
algorithm, but the interviewer realized that they could further revise their algorithm.
Consequently, the interviewer gave the group other problems to test their algorithm on. The
interviewer only stopped giving the students more problems to test their algorithm when time
ran out. The students reported in the post-task reporting session that they assumed something
was wrong with their algorithm when the interviewer asked them to test their algorithm. On
the other hand, students reported that if the interviewer did not ask them to test their algorithm
further, then they were more comfortable with the algorithm they had, and were less likely to
conduct further testing. One might wonder how this particular type of intervention influenced
the nature of the mechanisms (patching and localized considerations) that emerged in Study 1.
A slightly different type of interviewer-participant interaction took place in Study 3. The
interviewer seemed to stop giving counterexamples to the student as soon as the student
produced an algorithm that the interviewer noticed was correct. One wonders, however, to what
extent the student was confident with the final algorithm he/she produced. Did the student know
that this algorithm was absolutely (normatively) correct? One wonders what would have
happened had the interviewer continued to give the students other problems to test their
algorithm on after she noticed that the algorithm was correct? Would the student have revised
her normatively correct algorithm as a result of further testing?
All in all, these sorts of interactions between the interviewer and the participants may have
caused the students to conduct certain revisions to their algorithm, that they might not have
conducted otherwise, or would have conducted differently in some other type of interaction.
For example, one might ask whether the mechanisms identified in this thesis (especially in
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Study 1 and Study 2) would have emerged in less clinical (research), more classroom-like reallife, settings?
Finally, in Studies 1 and 2, I analyzed the work of groups of students, and in Study 3, I analyzed
the work of individual students. Although I provided in Chapter 3 some justifications for how
algorithmatizing mechanisms that emerge in collaborative group work may be similar (in some
ways) to the algorithmatizing mechanisms that emerge in the work of individual students,
certain differences between groups and individuals cannot be ignored. For example, in Study
1 and Study 2, certain perceived problematic aspects (in students’ algorithmatizing) may have
been influenced by social/group dynamics such as disagreements between students within a
group. Also, the individuals within the group had different personalities/orientations – some
more dominant than others. Anderson and Kilduff (2009, p. 491) argued that dominant
individuals achieve influence because they tend to appear competent to others, even when they
actually lack competence. Specifically, dominant individuals behave in ways that make them
seem both expert at the task and socially skilled, which leads groups to afford them influence
and control. To what extent did these different orientations/personalities influence the
particular mechanisms that emerged in Study 1 and Study 2? The individual students in Study
3 were not subject to such social/group dynamics. But, of course, not all social dynamics put
groups at a disadvantage. The students in Study 1 and Study 3, at certain points in their work,
seem to have benefited from the collaborative activity. For instance, individual students in the
group were able to build and critique each other’s ideas. When one student seemed stuck,
another student in the group would help the student get unstuck. Or when one student started a
line of thought, another built on and developed the line of thought. On the whole, differences
between group work and individual work cannot be ignored. One recommended direction for
further research would be to investigate the effects of social dynamics on students’
algorithmatizing activity. Another recommended avenue for future research would be to
explore how the mechanisms identified in Study 3 would fare in group settings, and how those
identified in Study 1 and 2 would fare in individual-student settings.

7.8. Closing remarks
Since embarking on a path towards a research career in mathematics education I have always
held closely a famous quote from Ausubel, Novak & Hanesian (1968): “If I had to reduce all
of educational psychology to just one principle, I would say this: The most important single
factor influencing learning is what the learner already knows. Ascertain this and teach him [sic]
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accordingly”. This quote, for me, reflects the central role that students’ existing knowledge
plays in the enterprise of learning. If I could add to Ausubel’s quote, I would say that another
equally important principle in education is how the learner knows (comes to know) what he/she
already knows. More specifically, in the context of enhancing students’ algorithmatizing
competencies, I claim that one of the most important factors is how students create their
algorithms.
Based on the findings of this thesis, I propose that any attempt to enhance students’
algorithmatizing competencies would benefit from understanding the nuanced mechanisms by
which students create their algorithms. This of course is neither to suggest that a priori
mechanisms which educators are aware of and attempt to teach (transmit) to the students no
longer have a place, nor to suggest that students will always employ mechanisms that differ
from these a priori mechanisms. In some cases, these a priori mechanisms will need to be taught
(transmitted) to the students. However, my claim is that transmitting these a priori mechanisms
to students may be easier and more effective if the transmission process builds on the
algorithmatizing mechanisms that students already know. In order to do this, educators need to
make a genuine attempt to understand the mechanisms that students currently use to create their
algorithms.
This genuine attempt, as I modestly demonstrated in this thesis, aligns with Simon’s (2017)
declaration that: “we [educators] will never understand students’ experience, if we have not
postulated a perspective from which everything they do makes sense” (p. 131) (cf. Steffe &
Thompson, 2000). I acknowledge that such an attempt to postulate a perspective from which
everything that students do makes sense is not an easy task, but the reward will be worth the
effort. Postulating such a perspective can provide answers that will allow us (educators) to
make more informed decisions regarding effective ways to help students improve their
algorithms.
This thesis comprised exploratory studies whose findings (revolving around particular
algorithmatizing mechanisms) require further development. In the true spirit of exploratory
research, this thesis is meant to open up doors for future research (Yin, 1994). I reiterate that
exploring and understanding mechanisms by which students create their algorithms is, though
critical, merely a part (preliminary part) of the attempt to enhance students’ algorithmatizing
competencies. If one accepts that the algorithmatizing mechanisms explored and explicated in
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this thesis are relatively reliable and valid, then the next step could be to figure out how teachers
can help students build on and improve these mechanisms.
The literature has stressed the many benefits that students will gain by becoming more
competent in algorithmatizing. As a (former) student of engineering science and pure
mathematics, I can vouch for the benefits of gaining proficiency in algorithmatizing. Over time,
I have come to appreciate the value of the algorithmatizing approach, and the subtle, yet
effective, habits and skills that I have acquired through my numerous experiences in creating
(or attempting to create) algorithms. Enhancing algorithmatizing competencies enhances not
only one’s skill to solve problems, but also one’s skill to think strategically about how the
problem (and other similar problems) can be solved –– such skills are undeniably essential for
learning and doing mathematics.
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Appendix A: The Jandals Task
The task was presented to the students in the form of a slideshow (printed). The order in which
the slides were presented, are as they are below.
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NB: After the slide above (slide 12) was shown to the students. The students were told that
they had the remainder of the session (about 30-40 minutes) to create an algorithm and write
their letter. The remaining slides were only given (one-by-one) to the students after they had
created a first iteration of their algorithm and were happy with it.

210

Appendix A

211

Appendix A

212

Appendix B

Appendix B: The Birthday Seating Task
The task was presented to the students in the form of a slideshow (printed). The order in which
the slides were presented, are as they are below.

213

Appendix B

214

Appendix B

215

Appendix B

216

Appendix B

217

Appendix B

NB: After the slide above was shown to the students. The students were told that they had the
remainder of the session (about 30-40 minutes) to create an algorithm and write their letter.
The remaining slides were only given (one-by-one) to the students after they had created a first
iteration of their algorithm and were happy with it.
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From: "Ashby, Lauren (ELS-LOW)" <l.ashby@elsevier.com>
Subject: Re: permission to include manuscript in PhD thesis
Date: November 3, 2018 at 11:59:23 PM EDT
To: Steven Greenstein <greensteins@montclair.edu>
Hi Steven,
That’s a default permission included in the release form authors sign when they publish. I’m on my
phone so don’t have the link easily available but this is absolutely fine.
Thanks
Lauren
Lauren Ashby
Publisher, Education & History of Science
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Appendix D: Permission to Include Manuscript in Chapter 5
From: SpringerAlerts@springeronline.com [mailto:SpringerAlerts@springeronline.com]
Sent: Wednesday, October 31, 2018 12:51 PM
To: John Rafael Patricio
Subject: JEO inquiry for Mathematics Education Research Journal (13394)
Dear Sir,
I am about to submit a manuscript to MERJ. I would like to know whether if, after
submitting my manuscript to MERJ, I have the right to include a copy of the
unpublished manuscript as part of my PhD thesis, while the manuscript is currently
being reviewed by MERJ reviewers. Also, are there particular people (e.g., the editorin-chief of MERJ) to whom I should send a formal request for permission to include
the unpublished manuscript as part of my thesis?
Thanks in advance,
John
John Griffith Moala
(a.k.a John Griffith Tupouniua)
PhD Student
Department of Mathematics
The University of Auckland
38 Princes Street, Auckland 1010
Building 303E, Room 163
(09)9231530
_________________________________________________________________________
From: Nick Melchior <Nick.Melchior@springer.com>
Sent: Thursday, November 1, 2018 9:49 PM
To: John Moala
Cc: John Rafael Patricio
Subject: MERJ article and thesis
Dear Mr Moala,
Thanks for your email. My name is Nick Melchior and I am the Springer publishing
editor responsible for the Mathematics Education Research Journal. I was forwarded
your query below and will do my best to answer but I may need some more
information.
In general, we are of course fine with authors including their published article in their
PhD and while you will need to get permission, that permission is freely given
through an automated process. Unfortunately we can’t give permission for something
we haven’t published so the timing is a bit tricky. Could you tell me when you are
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expecting to submit your thesis and what requirement s your theses would have for
inclusion in a repository or other publication methods?
Kind regards,
Nick
--Nick Melchior
Executive Editor
Education
Springer
Level 1, 15-19 Claremont St, South Yarra, VIC 3141, Australia
T +61 (0)3 9825 1062
M +61 (0)404 104 380
nick.melchior@springer.com
www.springer.com
___________________________________________________________________________
From: John Moala
Sent: Friday, November 2, 2018 8:08 AM
To: Nick Melchior
Subject: Re: MERJ article and thesis
Dear Nick,
Thank you for your email.
I am submitting my thesis on November 30th. Under the University of Auckland
2016 doctoral statutes, students may include published articles and/or
submitted manuscripts in the doctoral thesis. One of the regulations for including a
submitted (unpublished) manuscript in my thesis, is that I need formal written consent
from the journal to which the manuscript was submitted. This written consent is
simply for the purposes of letting my university know that the journal is aware that
the manuscript has also been submitted in my doctorate.
Please let me know if you need more information.
Regards,
John
__
John Griffith Moala
(a.k.a John Griffith Tupouniua)
PhD Student
Department of Mathematics
The University of Auckland
38 Princes Street, Auckland 1010
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Building 303E, Room 163
(09)9231530
From: Nick Melchior <Nick.Melchior@springer.com>
Sent: Monday, November 12, 2018 1:22 PM
To: John Moala
Cc: Peter Grootenboer
Subject: RE: MERJ article and thesis
Dear John,
Thanks for following up. I heard from the Editor in Chief just as you sent your most
recent email and he is happy for the article to be acknowledged.
Peter – elapse see below the reference number. Can you please write a note for John?
Thanks,
Nick
___________________________________________________________________________
From: Peter Grootenboer <p.grootenboer@griffith.edu.au>
Sent: Wednesday, November 14, 2018 10:49 AM
To: Nick Melchior; John Moala
Subject: RE: MERJ article and thesis
Dear John
MERJ is happy to grant you permission to publish your unpublished manuscript
(MERJ-D-18-00127 submitted to MERJ and under review) in your doctoral thesis.
All the best for a successful examination process.
Professor Peter Grootenboer
Editor-in-Chief MERJ
Deputy Director Griffith Institute for Educational Research
Deputy Head of School (Research)
School of Education and Professional Studies
Griffith University | Gold Coast campus | QLD 4222 | Building location (G30) Room
3.33
T +61 7 5552 8916| F +61 7 5552 8599 | 0423 184 701
Email p.grootenboer@griffith.edu.augriffith.edu.au
Webpage: https://experts.griffith.edu.au/academic/p.grootenboer
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Appendix E: Request to reanalyze published data for Chapter 6
From: John Griffith Moala
Sent: Saturday, August 18, 2018 12:06 PM
To: zazkis@sfu.ca
Subject: research request
Dear Professor Zazkis,
My name is John Griffith Moala and I am a PhD student at The University of Auckland in New
Zealand, under the supervision of A/Prof. Caroline Yoon and Dr. Igor’ Kontorovich.
Through the application of innovative theories and qualitative fine-grained analysis, my PhD
research seeks to reveal cognitive mechanisms that underpin students' learning of advanced
and rarely explored topics in mathematics (particularly discrete mathematics). More
specifically, my thesis explores the cognitive processes by which learners create, test, modify,
and validate algorithms (i.e., strategies for accomplishing particular tasks).
I am writing to seek your permission to analyze some data that was published as part of your
paper:
•

Zazkis, R., & Chernoff, E. J. (2008). What makes a counterexample
exemplary?. Educational Studies in Mathematics, 68(3), 195-208.

The distinctions that your paper makes between the effectiveness of certain “counterexamples”
were intellectually stimulating for me. Furthermore, I think that your data provides some very
interesting insights into the idiosyncratic mechanisms by which learners modify their
algorithms (strategies) in response to counterexamples. I hope to include some of the results of
my analysis in one of the chapters of my thesis, in which I analyze other data of a similar nature
to yours. Please be assured that full and proper acknowledgement of your data/work will be
included in the relevant parts of my thesis.
While my analysis does not utilize the nuanced distinctions (between counterexamples, pivotal
examples, and bridging examples) that your paper found, I feel that the results of my analysis
(regarding the different cognitive processes by which learners modify their strategies) could
complement your counterexample-distinctions. However, as I said, my analysis does not seek
to compare our two approaches/lenses, so such comparisons would be a potential avenue for
future research. If you are interested, I would be more than happy to share my findings with
you when they are completed. And, if my findings are of any interest to you, I would be very
interested in the possibility of a collaboration, in which we could, for instance,
compare/coordinate our findings (in the spirit of networking of theories).
If there are any other regulations (regarding my request to analyze the aforementioned data),
please let me know. I am aware that Egan Chernoff was a co-author on your paper, but I was
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advised that contacting the corresponding/lead author (yourself) may suffice. However, I can
send my request to Dr. Chernoff if you advise so.
Thank you for kindly considering my request and I look forward to hearing from you.
Regards,
John
__
John Griffith Moala
(a.k.a John Griffith Tupouniua)
PhD Student
Department of Mathematics
The University of Auckland
38 Princes Street, Auckland 1010
Building 303E, Room 163
(09)9231530
From: Rina Zazkis <zazkis@sfu.ca>
Sent: Sunday, August 19, 2018 6:23 AM
To: John Griffith Moala
Subject: Re: research request
Dear John,
You do not need my — or anyone else’s — permission to analyze previously published data.
However, you have my blessing.
Please share your results.
Rina
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Appendix F: Consent Form for Secondary School Students

Department of Mathematics
38 Princes Street, Auckland 1010
64 9 923 5886
The University of Auckland
Private Bag 92019
Auckland 1142
New Zealand

CONSENT FORM
(Secondary School Student)
THIS FORM WILL BE HELD FOR A PERIOD OF 6 YEARS
Project title: Making Mathematical Thinking Visible
Name of researcher/supervisor: A/Prof. Caroline Yoon
Name of co-researcher/ PhD student: John Griffith Moala
Name of research assistant: Szelooi Chin
Contact email address for researchers: c.yoon@auckland.ac.nz; john.moala@aukland.ac.nz;
schi642@aucklanduni.ac.nz.
I have read the Participant Information Sheet, have understood the nature of the research and why I
have been selected. I have had the opportunity to ask questions and have them answered to my
satisfaction.
•

I agree to take part in this research.

•

I understand that my participation is voluntary.

•

I understand that the Principal has given an assurance that neither my grades nor academic
relationships with the school or members of staff will be affected by either refusal or agreement
to participate.

•

I understand that I will be observed, video recorded, and audio recorded as I work on four
mathematical tasks (one-hour each) with two other students outside class time at a location at
my school that will be inaccessible to my teacher. I will also be asked to complete a
questionnaire and answer some questions regarding the tasks. The expected time commitment
from me will be five hours.

•

I understand that I cannot ask for the recorder to be turned off during the sessions, but I can
choose to leave the room.

•

I understand that I will be paid $100 on completion of the four tasks, questionnaire and
interview.
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•

I agree to be video-recorded and audio-recorded, and that a pseudonym will be used instead of
my real name to label the transcripts of the audio-recordings and video-recordings.

•

I understand that a third party who has signed a confidentiality agreement will transcribe the
recordings.

•

I understand that I am free to withdraw participation at any time.

•

I understand that if I withdraw, I may keep the monetary compensation at a rate of $20 per hour
up to 5 hours.

•

I understand that because I will be video and audio recorded together with two other students,
it will be impossible to remove any of my own data that I have already given if I wish to
withdraw my participation after the project has started.

•

I understand that my teacher and the Principal have given their assurance that my performance
on these tasks will not affect my grade or my standing in the class.

•

I understand that electronic data will be kept for 6 years on two University of Auckland
password-protected computers, after which they will be securely destroyed using reputable
destruction services.

•

I wish to receive a summary of findings, which can be emailed to me at this email
_______________________.

Name

address:

___________________________

Signature ___________________________

Date ___________

Approved by the University of Auckland Human Participants Ethics Committee on 30th June 2016 for
three years. Reference number 016950.
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Appendix G: Consent Form for University Students

Department of Mathematics
38 Princes Street, Auckland 1010
64 9 923 5886
The University of Auckland
Private Bag 92019
Auckland 1142
New Zealand

CONSENT FORM
(University Student)
THIS FORM WILL BE HELD FOR A PERIOD OF 6 YEARS
Project title: Making Mathematical Thinking Visible
Name of researcher/supervisor: A/Prof. Caroline Yoon
Name of co-researcher/ PhD student: John Griffith Moala
Name of research assistant: Szelooi Chin
Contact email address for researchers: c.yoon@auckland.ac.nz; john.moala@aukland.ac.nz;
schi642@aucklanduni.ac.nz.
I have read the Participant Information Sheet, have understood the nature of the research and why I
have been selected. I have had the opportunity to ask questions and have them answered to my
satisfaction.
•

I agree to take part in this research.

•

I understand that my participation is voluntary.

•

I understand that the Head of Department has given an assurance that neither my grades nor
academic relationships with the department or members of staff will be affected by either
refusal or agreement to participate.

•

I understand that I will be observed, video recorded, and audio recorded as I work on four
mathematical tasks (one-hour each) with two other students outside class time at a location at
the University of Auckland that will be inaccessible to my lecturer. I will also be asked to
complete a questionnaire and answer some questions regarding the tasks. The expected time
commitment from me will be five hours.

•

I understand that I will be paid $100 on completion of the four/five tasks, questionnaire and
interview.

•

I agree to be video-recorded and audio-recorded, and that a pseudonym will be used instead of
my real name to label the transcripts of the audio-recordings and video-recordings.
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•

I understand that I cannot ask for the recorder to be turned off during the sessions, but I can
choose to leave the room.

•

I understand that a third party who has signed a confidentiality agreement will transcribe the
recordings.

•

I understand that I am free to withdraw my participation at any time.

•

I understand that if I withdraw before completing the project tasks, I may keep the monetary
compensation at a rate of $20 per hour up to 5 hours.

•

I understand that because I will be video and audio recorded together with two other students,
it will be impossible to remove any of my own data that I have already given if I wish to
withdraw my participation after the project has started.

•

I understand that my lecturer and the Head of Department have given their assurance that my
performance on these tasks will not affect my grade or my standing in the class.

•

I understand that electronic data will be kept for 6 years on two University of Auckland
password-protected computers, after which they will be securely destroyed using reputable
destruction services.

•

I wish to receive a summary of findings, which can be emailed to me at this email
_______________________.

Name

address:

___________________________

Signature ___________________________

Date ___________

Approved by the University of Auckland Human Participants Ethics Committee on 30th June 2016 for
three years. Reference number 016950.
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