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ABSTRACT This paper investigates the design of a robust H∞ output feedback controller for a capacitive
power transfer (CPT) system. Firstly, a first harmonic model of the CPT system is derived based on first
harmonic approximation (FHA). Secondly, by linearizing the first harmonic model at its operation point,
a linearized state space model is obtained. Thirdly, variations of coupling capacitances and load in the
CPT system are described as polytopic uncertainties in the linearized state space model. Then, we propose
a novel robust H∞ output feedback controller design technique for the linearized state space model with
polytopic uncertainties. Finally, both simulation and experiment are carried out to verify the effectiveness of
the proposed controller design.

INDEX TERMS RobustH∞ control, dynamic system modelling, capacitive power transfer, class-E inverter.

I. INTRODUCTION
CAPACITIVE power transfer (CPT) technology has enjoyed
increasing popularity in wireless power transfer (WPT) [1].
As a duel of inductive power transfer (IPT) technology, CPT
systems use electric fields instead of magnetic fields to trans-
fer power. Compared to IPT systems, CPT systems are of
low cost and weight and have better misalignment perfor-
mance [2].They barely suffer from eddy current losses in high
frequency magnetic fields when there is metallic material
nearby [3]. CPT systems also have far less electromagnetic
interference (EMI) as the electric fields are mainly confined
between electrically conductive plates [4].

In the current CPT studies, the researchers are mainly
focusing on the compensation topologies [5]–[7] to increase
the power level. With these designs, the CPT technology
has been utilised in many applications. For high power CPT
systems, a 2.4 kW prototype with 90.8% efficiency for elec-
tric vehicles (EV) charging in [8]. In [9], the researchers
increased the operating frequency up to 13.56MHz to improve
the power transfer density. For low power CPT systems, it has
been tested to power biomedical implants [10], [11]. Com-
prehensive modellings and analyses have been done to meet
bio-safety requirements [12], [13]. In [14] and [15], it has
been utilised for drone charging and data transfer. CPT can
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FIGURE 1. A rotary CPT system.

also be applied to a rotary system to avoid power cable con-
nections and achieve 360 degrees rotating freedom [16]. It has
been used in the synchronous machine to replace mechanical
slip rings [17], [18]. A typical rotary CPT system is shown
in Fig. 1. The power inverter is connected to static metal
plates on the primary side, while the load on the secondary
side is connected with rotating plates. The rotating secondary
side plates and static primary side plates form two coupling
capacitors, Cs1 and Cs2.
One of the major challenges in practical WPT applica-

tions is the variations of circuit parameters, such as the
mutual inductance or coupling capacitance. These variations
will lead to random inherent resonant frequency drift in
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the resonant tank, which results in the reduction of power
transfer capabilities and efficiency [19]. In IPT applications,
researchers attempted to solve the aforementioned issues by
optimizing compensation networks and coil designs, as well
as by adopting advanced control strategies. Several compen-
sation topologies like inductor-capacitor-inductor (LCL) or
capacitor-inductor-capacitor (CLC) have been used to the
IPT systems to provide quasi-voltage or quasi-current source
characteristics [20], [21]. Magnetic pad designs such as DD
pad and DDQ pad are used to improve the misalignment
in [22], [23].Recent studies [24], [25] adopt robust H∞ con-
trollers to achieve good tracking performances for systems
with uncertainties.

On the other hand, despite much similarities between IPT
and CPT systems in terms of modelling, CPT systems are
much more challenging in implementation. As the coupling
capacitance is quite small in the real systems, always in
nanofarad or picofarad levels, hence the systems require
sufficiently high values of quality factor Q to realize the
designs [26]. It means that CPT systems can be extremely
sensitive to circuit parameters. It is essential to design a
controller to increase the robustness of CPT systems, yet
most of the existing CPT controllers focus on impedance
matching [27], [28].

Motivated by the aforementioned issues and drawback,
the aim of this paper is to design a robust controller that
improves the robustness of the CPT system against the
variations of coupling capacitance and load. In this paper,
the variations of coupling capacitance and load are modelled
as polytopic uncertainties, which can easily be handled by
linear matrix inequality approach [29]. Based on the LMI
approach, sufficient conditions for the existence of a robust
H∞ controller for a CPT system are given in terms of the
solvability of linear matrix inequalities (LMIs). This novel
robust H∞ feedback controller regulates the output voltage
of a rotary CPT system with a prescribed H∞ performance.
The Class-E amplifier is selected as the power inverter for

the rotary CPT system because of its high-efficiency [30].
Based on the First Harmonic Analysis (FHA), we describe the
rotary CPT system as a First HarmonicModel (FHM). Then a
linear state space model is obtained by linearizing the FHM at
its steady-state operating point. As the coupling capacitance
and load can vary in CPT systems due to misalignment, these
variations are modelled as polytopic uncertainties.

The main contributions of this paper can be summarized as
follows:
• A novel robust H∞ output feedback controller is pro-
posed for systems with polytopic uncertainties.

• RobustH∞ feedback controllers have been designed and
implemented for a rotary CPT system with variations of
coupling capacitance and load.

The paper is structured as follows: A state-space model
of a Class-E based CPT system is obtained via the FHA in
Section II. Section III presents a novel robustH∞ output feed-
back controller design technique for systems with polytopic
uncertainties. Simulation and experimental results are shown

FIGURE 2. The schematic of a Class-E based CPT system.

in Section IV. The performance of the proposed controller
design is compared to the system with a conventional PID
controller. Conclusions are drawn in Section V.

II. MODELLING OF THE CLASS-E BASED CPT
SYSTEM USING FHA
In this section, the first harmonic model of the Class-E based
CPT system is obtained via FHA. Then, the linearization is
performed at its operation point to have the linear state space
model of the the Class-E based CPT system. The schematic
of the Class-E based CPT system is shown in Fig 2.

The Class-E based CPT system is the plant to be controlled.
The input of the plant is the switching frequency (excitation
frequency in Fig. 2) and the output of the plant is the load
voltage (Vout in Fig.2 ).
The first harmonic model of the CPT system is obtained

based on the following assumptions:
1) The inductance of choke inductor, LC , is large enough

that the input current ripple can be negligible. Thus,
only the DC current passes through the chock inductor.

2) The quality factor, Q, of the circuit is sufficiently high
so that it can suppress the harmonics of the fundamental
frequency.

3) The MOSEFT is ideal, which means the MOSFET is
lossless and can turn on and off instantaneously.

4) All diodes in the circuit are ideal, only allow one direc-
tion current to pass through. Furthermore, when diodes
turn on, the forward voltage is zero, and diodes act
like perfect conductors. The reverse direction current
is blocked when diodes are off.

5) The duty cycle is D = 0.5.
By analyzing the equivalent circuit of the Class-E based

CPT system in Fig. 2 with Kirchhoff’s current law (KCL) and
Kirchhoff’s voltage law (KVL), the following equations are
obtained as:


vAB = Lt

di
dt
+ vcs + sgn (i) vf

i = Cs
dvcs
dt

| i |= Cf
dvf
dt
+

vf
RL

(1)

where Cs =
Cs1Cs2
Cs1+Cs2

, the equivalent resistance, Re = 8
π2RL ,

vAB is the MOSFET drain-to-source voltage. vf stands for the
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system output voltage. sgn (x) is a symbol function:

sgn (x) =


1 x > 0
0 x = 0
−1 x < 0

(2)

According to [31], the symbol function, sgn (i) is approxi-
mated as

sgn (i) =
4is
π ip

sin (ωt)+
4ic
π ip

cos (ωt)

| i |≈
2
π
ip

ip =
√
i2s + i2c

(3)

Based on the FHA, the first harmonic of the series current i
(going through Lt and Cs) and the voltage vcs are expressed
as {

i = is sinωt + ic cosωt
vcs = vs sinωt + vc cosωt

(4)

By differentiating both sides of (4), it gives
di
dt
=

(
dis
dt
−ωic

)
sin (ωt)+

(
dic
dt
+ωis

)
cos (ωt)

dvcs
dt
=

(
dvs
dt
−ωvc

)
sin (ωt)+

(
dvc
dt
+ωvs

)
cos (ωt)

(5)

The voltage across the switch within a whole cycle is
described as

I0
ωCp

[
ωt −

3π
2
−
π

2
cos (ωt)− sin (ωt)

]
π < ωt < 2π

0 0 < ωt < π

where I0 is the DC supply current, which is given as

I0 = VCCπωCp. (6)

According to FHA, the first harmonic of the voltage vAB is
described by

vAB = a1 sin (ωt)+ b1 cos (ωt) . (7)

where a1 and b1 are

a1 =
1
π

∫ 2π

π

vAB sin θdθ = −
I0

2ωCp

= −
πVCC
2

b1 =
1
π

∫ 2π

π

vAB cos θdθ =
I0

ωπCp

(
2−

π2

4

)
=

(
8− π2

)
VCC

4

(8)

Substituting (4), (5), (3), (7) and (8) into (1) and by equating
the coefficients of DC, sine and cosine terms respectively,

the state space equation can be obtained as follows:

Lt
dis
dt
= Ltωic − vs −

4is
π ip

vf −
πVCC
2

Lt
dic
dt
= −Ltωis − vc −

4ic
π ip

vf +

(
8− π2

)
VCC

4

Cs
dvs
dt
= is + Csωvc

Cs
dvc
dt
= ic − Csωvs

Cf
dvf
dt
=

2
π
ip −

vf
RL

(9)

At the steady-state, the system output voltage stays as a
constant. Therefore, the last equation in (9) can be expressed
as 2

π
Ip−

Vf
RL
= 0, where Ip and Vf are the steady-state values

of ip and vf respectively. Hence,

Ip =
πVf
2RL

. (10)

Let us denote the steady-state of x̃ = [ic is vc vs vf ]T and w,
respectively, as xss = [Ic Is Vc Vs Vf ]T andW . At the steady-
state, (9) becomes

0=



−8RL
Ltπ2 W

−1
Lt

0

−W
−8RL
Ltπ2 0

−1
Lt

1
Cs

0 0 W

0
1
Cs

−W 0


x∗+


−π

2Lt(
8−π2

)
4Lt
0
0

VCC

= Assx∗ + BssVcc (11)

where x∗ = [Is Ic Vs Vc]T . Note that the last equation of (9)
is (10). From (11), the steady-state x∗ can be calculated as

x∗ = −A−1ss BssVcc. (12)

Therefore, xss =
[
(x∗)T 2

√
(x∗(1))2+(x∗(2))2

π

]T
.

Note that (9) is nonlinear in w, ic, is and w. To design a
linear controller, we linearize (9) at the steady-state operating
point (xss,W ). The linearized state space model is given as
follows {

˙̄x = Al x̄ + Bl ū
ȳ = Cl x̄.

(13)

where x̄ = x̃ − xss, ȳ = vf − Vf , ū = w−W , and

Al =



−4I2c Vf
πLt I3p

W +
4IsIcVf
πLt I3p

−
1
Lt

0
−4Is
πLt Ip

4IsIcVf
πLt I3p

−W
−4I2s Vf
πLt I3p

0
−1
Lt

−4Ic
πLt Ip

1
Cs

0 0 W 0

0
1
Cs

−W 0 0

2Is
πCf Ip

2Ic
πCf Ip

0 0
−1
RLCf


(14a)
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Bl =
[
IC −IS VC −VS 0

]T (14b)

Cl =
[
0 0 0 0 1

]
(14c)

An integrator’s state is introduced to the system to elimi-
nate the steady-state error. The linearized system state space
model with an integrator is given as follows:{

˙̄x = Al x̄ + BlxI
ẋI = ū.

(15)

where xI is the integrator state and ū is the input. Write it in
a more compact form as

ẋ = Aux + Buū, y = Cux (16)

where x = [x̄T xTI ]
T . The augmented system matrices are

Au =
[
Al Bl
0 0

]
(17a)

Bu =
[
0 0 0 0 0 1

]T (17b)

Cu =
[
Cl 0

]
(17c)

The operating point of the system is obtained when the
Class-E based CPT system is operating under optimal mode,
in which this power inverter achieves both Zero-Voltage
Switching (ZVS) and Zero-Voltage Derivative Switching
(ZVDS). In the state space model, the series capacitance, Cs
and the load, RL are modelled as polytopic uncertainties.

III. ROBUST H∞ CONTROLLER DESIGN
In this section, a robust H∞ output feedback controller
design technique for systems with polytopic uncertainties is
presented.

Consider the following polytopic uncertain system.

ẋ (t) = A (θ) x (t)+ B1ω (t)+ B2i (θ) u (t)

z (t) = C1x (t)+ D1u (t)

y (t) = C2x (t)+ D2ω (t) (18)

where x (t) is the state vector, u (t) is the control input,ω (t) is
the disturbance, z (t) is the controlled output and y (t) is the
measured output. B1,C1,C2,D1 and D2 are of appropriate
dimensions. Note that uncertainties inB1 can be absorbed into
the disturbanceω(t). Therefore, only matrices A (θ) and B (θ)
are considered as the convex combinations

A (θ) =
m∑
i=1

θiAi and B2 (θ) =
m∑
i=1

θiB2i (19)

Ai and B2i are constant matrices at the polytope vertex i, θi
are uncertain positive constants satisfying

∑m
j=1 θi = 1 and

m is the number of vertices. In this paper, the dynamic output
feedback controller has the form as followed.

˙̂xc (t) = Acx̂c (t)+ Bcy (t)

u (t) = Ccx̂c (t)+ Dcy (t) (20)

Robust H∞ controller formulation: Given γ , find a con-
troller of the form (20) such that the system (18) and (20) is
stable and satisfying the following inequality.∫

∞

0
zT (t) z (t) dt < γ 2

∫
∞

0
ωT (t) ω (t) dt (21)

The closed-loop system is derived by combining (18)
and (20):

˙̃x (t) = Acl x̃ (t)+ Bclω (t)

z (t) = Ccl x̃ (t) (22)

where

x̃ (t) =
[
x (t)
x̂c (t)

]
, Acl =

[
A (θ) B2 (θ)Cc
BcC2 Ac

]
Bcl =

[
B1 BcD2

]T
, Ccl =

[
C1 D1Cc

]
Theorem 1: Given γ , δ1 and δ2. Suppose there exist sym-

metric matrices W i
11, W

i
22, Q1i, Q2i, Y , and matrices W i

12, G,
X, K , Af and L such for i = 1, ...m, the following inequalities
are satisfied, [

W i
11 W i

12

∗ W i
22

]
> 0 (23)−Q1i YATi + L

TBT2i − G
T 0

∗ −δ2I AiY + B2iL
∗ ∗ −Q2i

− G

<0

(24)
φ11i φ12i φ13 φ14 φ15

∗ φ22i φ23 0 0
∗ ∗ −γ I 0 0
∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ −δ2I

 < 0,

(25)

where

φ11i =


YATi + L

TBT2i + AiY
+B2iL + Q1i

Ai + Af

∗
ATi X

T
+ CT

2 K
T

+XA+ KC2



φ12i =


δ1 (AiY + B2iL)
−Y +W i

11
δ1Ai − I +W i

12

−δ1ATf − I +W
i
12

δ1 (XAi + KC2)

−X +W i
22


φ13 =

[
B1 XB1 + KD2

]T
φ14 =

[
YCT

1 + L
TDT1 CT

1

]T
φ15 =

[
0 δ2X

]T
φ22i =

[
−2Y + Q2i −2I
−2I −X − XT

]
φ23 = δ1

[
B1 XB1 + KD2

]T
.
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TABLE 1. Designed circuit parameters.

Then the system (18) and (20) are stable and the
inequality (21) holds. The controller parameters are given as:

Bc =
(
Y−1 − X

)−1
K

Cc = LY−1

Ac =
(
Y−1 − X

)−1
x

×

{
Af −

(
Y−1 − X

)
BcC2Y − XG

}
Y−1. (26)

Proof of Theorem 1 is given in Appendix.
Remark 1: Theorem 1 states that if the LMIs conditions

given in (23)-(25) are satisfied then the H∞ controller given
in (26) will stabilize the given polytopic uncertain system
with a prescribed H∞ performance, γ .
Remark 2: H∞ controller is chosen over the LQG con-

troller because the process noise in our CPT system cannot
be modelled as white Gaussian noise. The process noise in
the CPT system includes the nonlinearity of the model that
neglected during linearization. This nonlinearity is not white
Gaussian noise. Even if it is Gaussian noise, it is hard to
determine the covariance of this noise. H∞ is an optimal
controller design without assuming the noise to be Gaussian
noise.

IV. SIMULATION AND EXPERIMENTAL RESULTS
In this section, the simulation results of the proposed con-
troller design are presented and compared to a conventional
PI controller. Experiments are then conducted on a Class-E
based rotary CPT system to verify the controller perfor-
mance. The experiment results show a good agreement with
simulations.

A. SIMULATION RESULTS
By following the design procedure of an optimal Class-E
inverter presented in [32], the design specifications are cal-
culated and listed in Table 1.

In this simulation, Cs1,Cs2 and RL are assumed to vary in
a range of around ±30%, which gives:

Csmin = 1.19nF and Csmax = 2.21nF,

RLmin = 15.4� and RLmax = 28.6�,

TABLE 2. Ai matrices.

where RLmax and Csmax are the maximum possible load
resistance and equivalent coupling capacitance, while RLmin
and Csmin are the minimum possible values. As a result, Ai
matrices and B2i matrices are given below.

B21 = B22 = B23 = B24 = Bu

We select

B1 =

 1
Lt

1
Lt

1
Cs

1
Cs

1
Cf

0.01

0 0 0 0 0 0

T ,
C1 =

[
0 0 0 0 1 0
0 0 0 0 0 0

]
,

C2 = Cu =
[
0 0 0 0 1 0

]
,

D1 =
[
0 0 0 0 0 1

]T
,

D2 =
[
0 1 0 0 0 0

]
With γ = 9.1 × 103, δ1 = 1 and δ2 = 1, the con-

troller is obtained by solving the LMIs in (23), (24) and (25).
MATLAB toolbox YALMIP is utilised to solve the LMIs, and
MOSEK is selected as the solver. A 7 × 7 controller matrix
is then obtained.

In practice, microcontrollers have limited RAM resources
and computing speed. The sampling time of Ts = 0.0002s
is selected to discretize the controller. To speed up the com-
putation time, MATLAB inbuilt minimal realization function
is applied to reduce the order of the controller to the second
order as follows:

Ac =
[

0.0202 1.9258× 10−8

1.0279× 106 0.9798

]
Bc =

[
1.4248× 10−4

1.7633× 104

]
Cc =

[
1.9655× 10−8 1

]
A complete simulation of the Class-E based CPT systems

with the designed H∞ output feedback controller is imple-
mented in MATLAB with Simscape package in Simulink.
In the simulation, the values of the load resistor and the
coupling capacitors are set to change at 5 ms. Four cases are
tested to verify the controller performance, in which RL and
Cs are of their maximum values or minimum values. Detailed
simulation results are shown in Fig. 3.

As Fig. 3 shows, the controller is capable of handling the
maximum variations of the load RL and the coupling capaci-
tance Cs. The controller is able to regulate the output voltage
at 20V . The controller shows good response and settles the
operation frequency down quickly with minor overshoot.
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FIGURE 3. Simulation results.

1) COMPARISON BETWEEN PI CONTROLLER AND H∞
FEEDBACK CONTROLLER
PI controllers are considered as the first choice among major
industrial applications, yet they can be very time-consuming

for engineers to tune the parameters. In this simulation, the PI
controller is chosen, and it is carefully tuned using Ziegler-
Nichols method, which gives:

Kp = 1.8× 106 and Ki = 684.41,

Note that the Kp value should be sufficiently high as the
system is running at megahertz level, yet not too aggressive
as it would damage the semiconductor in practice.

The PI controller and the robust H∞ feedback controller
are both tested to run continuously to cover four cases. The
test begins with nominal system parameters and the first
change is taken after 5ms. After that, the system switches
between four extreme scenarios every 20ms. The dynamic
response of each controller is shown in Fig. 4.

The blue trace indicates the robust H∞ controller while
the red trace represents the PI controller. It shows that the
proposed robust H∞ controller has a faster response and
settling time, while PI controller takes longer time to regulate
the output voltage. From

B. EXPERIMENTAL RESULTS
1) EXPERIMENT SETUP
Fig. 6 shows the experiment setup. The primary side consists
of a Class-E inverter, a programmable waveform generator
and a PSoC5 micron-controller served as the computing unit
of the robust H∞ feedback controller. On the secondary side,
an electronic DC load is connected with a full-bridge rectifier.
Another PSoC5 micro-controller is used on the secondary
side to measure the voltage on the load.

The primary side and the secondary side are connected
with the rotary capacitor block shown in Fig. 5. The static
plates on the primary side are colored black, while the blue
pieces and green pieces are rotary secondary plates. They
form the coupling capacitors Cs1 and Cs2 with the static
plates. The secondary plates are connected with an axle that
enables plates to rotate freely. A multiple-plate design is
adopted to increase the coupling capacitance.The capacitance
values of Cs1 and Cs2 are measured to be 3.4 nF.
The feedback loop is implemented via RF modules, shown

in Fig. 7. Each micro-controller is connected with a DL-20
2.4G Zigbee module to communicate with each other. The
micro-controller on the secondary side monitors the output
voltage and transfers the data back to the primary side. The
primary side micro-controller receives the voltage feedback
and computes the desired operating frequency. The frequency
value is then passed to the waveform generator AD9833 to
output the gate signal. Detailed information of the compo-
nents and equipment is listed in Table 3.

In here, we assume the communications between RF mod-
ules has no delay or data packet loss. If there is a delay or any
packet loss, the method proposes in [33] can be utilized.

2) EXPERIMENTAL VERIFICATION
In the experiments, it should be noted that the primary side
and the secondary side should be isolated to avoid any ground
connection. On the primary side, one oscilloscope is used to
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FIGURE 4. Dynamic response of PI controller and robust H∞ controller.

FIGURE 5. Rotary capacitor design.

monitor the gate drive signal and the drain-to-source volt-
age (Vds) of the MOSFET. On the secondary side, the oscil-
loscope is powered by an isolated transformer and used to
measure the output voltage.

The load value is changed precisely with the keypads on
the electronic load. While rotating, the coupling capacitance
Cs1 and Cs2 will vary due to the unevenly distributed air gap.

TABLE 3. Detailed components description.

However, as the LCR meter needs time to measure the capac-
itance accurately, it is hard to determine the actual maximum
values and the minimum values of the coupling capacitance.

Fig. 8 shows the MOSFET drain-to-source voltage and
system output voltage under nominal system parameters, with
RL of 22 �. Under 1 MHz operating frequency, ZVS and
ZVDS are achieved, and the desired output voltage is of 20 V.
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FIGURE 6. Implementation of the H∞ controller on a CPT system.

FIGURE 7. Illustration of communication system design.

In Fig. 9(b), when the load resistance is increased to
29 �, which is slightly larger than RLmax , the H∞ feedback
controller is still able to regulate the output voltage back
to 20 V. The operation frequency is tuned from 1 MHz to
1.0065 MHz, which is consistent with the simulation result
shown in Fig. 3(b). Both ZVS and ZVDS condition are not
met at the turn-on instant. Thus the system efficiency is
expected to drop due to the switching loss.

In Fig. 10, when RL is decreased to 15 �, the designed
controller is able to maintain the desired output voltage and
tunes the operating frequency down to 959.7 KHz. The Class-
E inverter is operating under the sub-optimal mode, where the
ZVS condition is met and yet ZVDS is not achieved, as it is
shown in Fig. 10(a). The system efficiency will drop slightly
compared to the one with a nominal load.

The overall system efficiency comparison among three
conditions is listed in Table 4. As the components used in
the circuit are not ideal, the dominant power loss is found in
capacitors, inductors, and theMOSFET due to their ESRs and
the turn-on resistance. With the minimum load, the efficiency
drops only by 2% compared to the system with the nominal
load of 77%. With the maximum load, the efficiency drops

FIGURE 8. Simulation results when RL = 22 � and f = 1 MHz.

FIGURE 9. Simulation results when RL = 29 � and f = 1.0065 MHz.

by 6 % due to the increasing switching loss, yet it is still
within an acceptable level.
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FIGURE 10. Simulation results when RL = 15 � and f = 959.7 KHz.

TABLE 4. System efficiency.

Remark 3: The major difficulties that encountered during
the experiment are the implementations of the H∞ controller
and the wireless feedback loop. As the CPT system is oper-
ated at 1MHz, a fast digital processor and a fast wireless
communication technology are required. Various types of
digital processors and wireless communication modules have
been tested.

V. CONCLUSION
This paper proposed a robust H∞ controller for the CPT
system with variations in coupling capacitance and load.
A polytopic uncertainty modelling approach has been used
to model variations in the coupling capacitance, Cs and the
load, RL . First, we derived the FHM of the Class-E based
CPT system using FHA. Then, the model is linearized at
its operation point to obtain a linear state space model for
a linear control design. Based on the LMI approach, a novel
robust H∞ control design procedure has been formulated in
terms of LMIs. This proposed robust H∞ controller ensures
the output voltage of the Class-E based CPT system at the

desired voltage with an H∞ performance regardless of the
variations of Cs and RL . The proposed robust H∞ output
feedback controller has been verified in both simulations
and experiments. It has also been proved that the proposed
controller has a better performance than the conventional PI
controller.

APPENDIX
PROOF OF THEROREM 1
For the closed-loop system (22), consider the following
parameter Lyapunov function

V = x̃T (t) P̄ (θ) x̃ (t) , (27)

where

P̄ (θ) =
m∑
i=1

θi (t) P̄i.

Taking the time derivative of (27) along (22) leads to

V̇ = ˙̃xT P̄ (θ) x̃ (t)+ x̃T (t) P̄ (θ) ˙̃x (t) . (28)

Adding[
x̃T (t)P2 + ˙̃xT (t)P1

] [
Acl x̃ (t)− ˙̃x (t)+ Bclω (t)

]
= 0

to (28) yields

V̇ = ϕT (t)Qϕ (t) , (29)

where

ϕT (t) =
[
x̃T (t) ˙̃xT (t) ωT (t)

]
and

Q =

ATclPT1 + P1Acl P̄ (θ)− P1 + P2Acl P1Bcl
∗ −P2 − PT2 P2Bcl
∗ ∗ 0


Adding and subtracting

(
zT (t) z (t)− γωT (t) ω (t)

)
to

and from (29) results in

V̇ = ϕT Q̄ϕ − zT (t) z (t)+ γωT (t) ω (t) ,

where

Q̄ =


ATclP

T
1 + P1Acl

+CT
clCcl

P̄ (θ)− P1
+P2Acl

P1Bcl

∗ −P2 − PT2 P2Bcl
∗ ∗ −γ I

 . (30)

Suppose the conditions in Theorem 1 hold, then φ22 < 0.
This condition implies Y and X are non singular matrices.
Without the loss of generality, let partition P1 as

P1 =
[

X Y−1 − X
Y−1 − X X − Y−1

]
.

We assume P2 = δ1P1. Define

J =
[
Y I
Y 0

]
.
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Multiplying the left hand side of (30) by diag
{
JT , JT , I

}
and its right side by diag

{
JT , JT , I

}
reads

diag{JT , JT , I }Q̄diag{J , J , I } =

Λ11 Λ12 Λ13
∗ Λ22 Λ23
∗ ∗ −γ I

 ,
where

Λ11 = φ14φ
T
14

+


YAT (θ)+ YCT

c B
T
2 (θ)

+A (θ)Y + B2 (θ)CcY
0 (θ)

∗

AT (θ)XT + XA (θ)
−CT

2 B
T
c
(
Y−1 − XT

)
+
(
Y−1 − X

)
BcC2

,

with

0 (θ)

= A (θ)+ YAT (θ)XT + YCT
2 B

T
c

(
Y−1 − XT

)
+YCT

c B2 (θ)
T XT + YATc

(
Y−1 − XT

)
.

Λ12

=



δ(A(θ )Y + B2(θ )CcY δA(θ )− I +W12(θ )
−Y +W11(θ )

δ(XA(θ )Y + (Y−1 − X )BcC2Y δ(XA(θ )+
+XB2(θ )CcY+(Y−1−X )AcY ) (Y−1−X )BcC2

−I +W12(θ ) −X +W22(θ )


,

with[
W11 (θ) W12 (θ)

W21 (θ) W22 (θ)

]
= JT P̄ (θ) J

313=
[
B1 XB1 +

(
Y−1 − X

)
BcD2

]T
323= δ

[
B1 XB1+

(
Y−1 − X

)
BcD2

]T
Λ22=

[
2Y 2I
2I X + XT

]
.

With the notations given in Theorem 1, 311 can be rewrit-
ten as

311 = 3
1
11 +3

2
11

where

31
11 =

m∑
i=1

θi (φ11i + φ15)+ φ14φ
T
14

and

Λ2
11 =

−Q1(θ ) YAT (θ )XT + YCT
c B

T
2 (θ )X

T

−GTXT

∗ −δ2XXT


Also rewrite 312 as

312 =

m∑
i=1

θiφ12i +

[
0 0

XA(θ )Y + XB2(θ )CcY − GX 0

]
= 11

12 +1
2
12

and 322 as

322 =

m∑
i=1

θiφ22i +

[
−Q2 (θ) 0

0 0

]
= 11

22 +1
2
22.

Then

3 =

31
11 31

12 313
∗ 31

22 323
∗ ∗ −γ I

+
32

11 32
12 0

∗ 322 0
0 0 0


= 31

+32.

Multiplying diag
{
I ,X−1, I

}
and diag

{
I ,X−T , I

}
to the left

and right side of 32 respectively yields

32
=



−Q1 (θ)
YAT (θ)− GT

+LTBT2 (θ)
0 0 0

∗ −δ2I
A (θ)Y − G
+B2 (θ)L

0 0

∗ ∗ −Q2 (θ) 0 0
∗ ∗ ∗ 0 0
∗ ∗ ∗ ∗ 0


.

Condition (24) implies32
≤ 0. Applying Schur complement

with respect to the last two rows of (25), it can be shown that
31
≤ 0. Therefore,

V̇ < −zT (t) z (t)+ γωT (t) ω (t) .

Integrating both sides and using the fact that
x (0) = x̂ (0) = 0, we have∫

∞

0
zT (t) z (t) dt < γ

∫
∞

0
ωT (t) ω (t) dt

When ω (t) is zero,

V̇ < −zT (t) z (t) < 0

this implies the closed system is stable and completes the
proof.
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