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Abstract
This paper describes a new approach for finding an approximate Euclidean
shortest path with additional constraints, which we call a multi-criteria shortest
path, between two given points that avoids vertical obstacles in a three-dimensional
space. Currently, there does not exist any polynomial-time algorithm that solves
this problem exactly. Furthermore, existing approximation algorithms mostly focus on reducing the running time at the expense of the accuracy with respect to
the optimal length. Here, we aim at finding approximate shortest paths with reduced lengths. To this end, our new algorithm is based on geometric principles to
determine all obstacle segments and partial obstacle segments that are visible to
each other. Using this information, we employ Mixed Integer Linear Programming
to compute an approximate shortest path between two given points. We test our
algorithm on a number of test cases and find that our method returns approximate
shortest paths that are shorter than those returned by other currently available
algorithms. Moreover, our method is more flexible since it allows users to define
additional constraints or criteria in exploring different types of optimal paths. Our
results can apply into path planning for unmanned aircraft vehicles or other systems that require a near optimal shortest path. keywords: 3D shortest paths,
visibility graph, vertical obstacles and Mixed Integer Linear Programming
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Introduction

Given a geometric domain, or a work space, finding an optimal path from one or many
start points to an end point with respect to some optimality criteria is essential for many
applications in different fields. The work space can be a graph, a plane, the surface
of a single polyhedron, or a three-dimensional space that might contain a collection
of static (fixed and known in advance) or dynamic (unknown placement in advance or
movable) obstacles. The obstacles can be in continuous or segmented shapes. The
optimality criteria can be various metrics, e.g. the distance, time, energy, or user-given
cost functions. If the work space contains obstacles, the resulting path needs to be a
collision-free path (no part of it intersects the obstacles) with respect to the optimality
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criteria. In addition, the problem is also defined by the moving object, which may be
a robot or merely a point. If the moving object is a single point, without shape, path
planning only needs to take into account the characteristics of the work space. However,
if the moving object is a robot whose shape has specified geometry, we need to perform
additional work for each specific robot shape. The other characteristics of the robot
also impact on path planning results. Finding an optimal path with respect to some
optimality criteria is necessary for a large class of applications, such as in robotics, VLSI
(Very-Large-Scale Integration) circuit design, GIS (Geographic Information System) and
computer animation [8, 26]. For example, path planning can support autonomous ground
robots in 2D or flying robots, such as drones, in 3D to find the optimal trajectories when
moving. In VLSI design, path planning can support finding the optimal path between
two points in a circuit for wire connections avoiding components. Our work in this paper
specifically focuses on the development of a new algorithm to compute an approximate
multi-criteria Euclidean shortest distance path from a start point to an end point in a
three-dimensional work space, for a point moving object, avoiding static vertical obstacles
that are right prisms and their coordinates are fixed and known in advance, as illustrated
in Figure 1. We next present the related works in Section 1.1. Then, a detail of our work
and contributions are given in Section 1.2.

1.1

Related works

Currently many unmanned aircraft vehicles (UAVs) are used in civil applications, such as
agricultural supplies, product deliveries, or aerial photography [52]. These civilian UAVs
need to move around in an urban environment, at low altitudes. Hence, they have to
navigate a number of static obstacles, such as buildings. By this trend, more research has
been published on path planning, which attempt to find an approximate shortest path
between two points avoiding obstacles for UAVs. However, in mathematical geometry,
finding a shortest path (or additionally multi-criteria shortest path) is also a traditional
research field, with many valuable contributions. Thus, we roughly divide the related
works into two fields, path planning in robotics and path planning in geometry. We note
that this division is just to review the previous main results that researchers in both
fields have achieved in path planning, and then to show the challenges that still exist in
each field.
(a) Path planning algorithms published in robotics. Many algorithms recently published in robotics use grid-based methods, or heuristic methods (such as A*,
genetic algorithm, or swarm optimization), or using probabilistic characteristics and randomization. A quick roll-call of these methods is as follows.
With the grid-based methods, the map of the geometric domain is divided into a grid
of cells. Each cell then will be defined as being or not being able to cross. Based on this,
the continuous space is turned into a discrete space, then traditional search methods of
graphs, such as Dijkstra, are used to find the shortest path [33, 2, 53]. However, with this
method, the density of the grid cells significantly influence to the accuracy of the optimal
result. The grid-based methods are also frequently combined with heuristic methods,
such as A*, D* or genetic algorithms. With the A* method, many works are explored,
such as [39, 12, 22, 30, 34]. The A* method is also flexible and easy to adapt to which
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additional constraints of the environment can be added, or the robot’s shape can be
considered [11, 60, 57, 10, 59, 23, 64]. Furthermore, many works have tried to improve
and reduce the search space of A*, such as [17, 56, 63]. Genetic algorithms have their
own strong points, such as dealing with dynamic obstacles, but might not be able to gain
a global optimal path [55, 1, 50, 58, 49]. On the other hand, a wide range of methods
using a potential field to reduce the running time for finding a path in real-time has been
published. However, as one of disadvantages of the genetic methods, this approach can
easily fall into a local optimal result instead of a global one [29, 62, 61, 6, 38, 32]. Some
other heuristic methods, such as ant colony [31] or particle swarm optimization [37] have
also been applied into path planning for robotics.
Additionally, we have another popular group of methods using probabilistic characteristics and randomization, such as probabilistic roadmaps (PRM) [21], Batch Informed
Trees (BIT*) [14], or Rapidly-Exploring Random Trees (RRT) [7, 25] and its improvements RRT*[20], RRT*-AB [43], RRT*-SMART [19]. For more detailed comparisons
among these methods, we refer the interested reader to [42, 41, 40].
These methods are suitable for practical applications, in which only a collision-free
path rather than an optimal path is required and the computing time needs to be specified. The accuracy of the results of these methods depends on the predetermined computing times.
(b) Path planning algorithms published in geometry. Algorithms of finding
a shortest path avoiding obstacles in geometry are divided into finding the exact shortest
path or an approximate shortest path. All of the results here are proven by mathematical theories with a specific running time for each algorithm. We mention some main
contributions in this field below.
In a 2D work space with m polygonal obstacles having altogether n vertices and e
edges, finding the shortest path between two points has been extensively studied. There
is a range of exact solutions in polynomial time, such as the visibility graph method with
running time of O (n + m2 log n) [51],
 or3 O(e + n log n) [16, 48], or the continuous Dijkstra method with running time of O n 2 + [35], which has been improved to O (n log n)
by [18].
In a 3D work space with m polyhedral obstacles having altogether n vertices, also
called end-points, finding an exact shortest path between two points is an NP-hard
problem when m ≥ 3 [5]. Let Pv∗ = (s = v0 , v1 , . . . , vl , vl+1 = t) be a shortest path
between the start point s and the end point t, where every point vi , i ∈ {1, . . . , l},
named a waypoint, is the ith point at where Pv∗ bends, and l is a non-negative number.
The number of links of the path Pv∗ is l + 1. In 2D, each point vi , i ∈ {1, . . . , l}, is a
vertex of the polygonal obstacles. However, in 3D, vi can be any point on the polyhedral
obstacle edges. Therefore, the complexity of finding Pv∗ in 3D is increased. For the exact
solution, when m ≥ 3, to our knowledge, the best-known existing algorithm has running
time O(n7m ) [54]. Since the problem is proven to be NP-hard, it is natural to look
for approximation algorithms. Among such algorithms, a group of (1 + ) approximate
algorithms operates by dividing each obstacle edge into a set of internal vertices according
some rules. Then a graph of these vertices is created, and an approximate shortest path
is found based on the graph, such as in [9, 47].
3

For the special case when all polyhedral obstacles are right prisms, called vertical
obstacles, it is still not known whether computing an exact shortest path between two
points is NP-hard or not [36, 13, 24]. In
 this setting, for the exact solution, we have the
6k−1
time, where n is the number of vertices and k is
method of [15], which runs in O n
the number of different heights of the right prisms. However, with this exponential time,
this method is not able to be applied in practice. For the approximation solutions, some
methods have been published, such as [15, 45, 24].
(c) Analyze algorithms that combine two fields. As we mentioned above,
the strong points of heuristic or randomization methods are fast and easy to combine
different constraints together. They can even find a path without concerning the shape
of the obstacles, both in 2D and 3D. However, the main disadvantage of these methods
is that they cannot supply a (close) optimal path, once compared with their peers in
geometry. Contrarily, the main disadvantages of path planning in geometry are that
they are rather complicated to implement, not easy to add more constraints, or probably
time-consuming. In addition, we must specify the shape of the obstacles because with
different shapes, we have different difficulties as well as different results in term of finding
a the shortest path. However, the benefit of these algorithms is that an exact shortest
path or an approximate shortest path with high accuracy is obtained.
In brief, to find an (approximate) shortest path between two points avoiding static
obstacles for robots, if an algorithm can take into account the geometric characteristics
of obstacles, the result will be more accurate, which should be shorter than those using
heuristic or randomization methods. For example, two results that are published recently
in [13] and [28] have used geometric characteristic of static obstacles, and demonstrated by
experiments that their approximate shortest paths are shorter than those of heuristic and
randomization methods. More specifically, as presented in [28], their method is confirmed
to be better than A* and genetic methods. Similarly, the method of [13], named ApVL
(Approximation with Visibility Line), which is modified from the work of [15], is also
claimed to be faster and more accurate than the six existing methods, including [47, 15,
45, 21, 25, 14] by 500 test cases. We notice that the compared methods [21, 25, 14] are
the algorithms that use randomization and probabilistic characteristics mentioned above.
However, both algorithms in [28] and [13] are designed by greedy-type strategy, which
in many cases, their results will be far from the exact shortest path (see our analysis
in Section 4.2 for details). Regarding how to find an approximate shortest path, the
algorithm in [28] simply uses a straight line segment from s to t, then the obstacles and
points that are close to this line segment will be considered to find the approximate
shortest path. With the ApVL method, the straight line segment from s to t is also used
in the algorithm where only obstacles that intersect the line segment are considered.
However, in order to find the approximate shortest path through the involved obstacles,
the ApVL method has employed the method in [15]. For m vertical obstacles with k
different heights, which can be seen as k levels, the main idea of the method in [15] is to
build a visibility graph for each level, and then connect all of the visibility graphs of k
levels together to find the approximate shortest path. Since this method only considers
obstacles that intersect the line segment from s to t, the output path can intersect other
obstacles that do not intersect the line segment. If this case happens, the A* method is
used to find a free-collision path. Therefore, this method can often provide better results
4

than its competitors.
In this paper, also among static vertical obstacles as restricted in [13], we provide a
new method that can find an approximate shortest path shorter than that of [13]. More
than this, our solution can solve multi-criteria optimal path while both methods of [13]
and [15] only find an approximate shortest path. See our contributions in the next section
for details.

1.2

Our work

In this section, we first present our problem. We then summarize the existing challenges
of the problem. Based on these difficulties, we present our contributions and which
applications of robots that our work is applicable.
The problem. Given a map of static vertical obstacles, a start point and an end
point, we wish (1) to find an approximate shortest path between the start point and
the end point avoiding obstacles with high accuracy, and (2) to be able to solve with
multiple criteria. That is, along with the minimum Euclidean distance as the main
optimality criterion, we attempt to find a new solution that can be flexible with additional
constraints.
The existing challenges. For the exact shortest path, in this setting, one can
be computed in O(n6k−1 ) time [15], which is exponential and not applicable. Whether
this problem is NP-hard is still an open question. To our knowledge, currently we do
not have a published polynomial time algorithm to find the exact shortest path for this
problem [36, 13, 24].
For the approximate shortest path, recently, the ApVL method of [13] is demonstrated
as being better than the six other popular algorithms [47, 15, 45, 21, 25, 14] by their 500
test cases.
Regarding multi-criteria shortest path, in the geometry view, multi-criteria shortest
path is NP-hard, even with polygonal obstacles in 2D [13]. In the robotics view, heuristic
methods can solve multi-criteria, but their result can be far from the exact shortest path
length.
Our contributions. The length of an approximate shortest path that our algorithm
returns is shorter than the length of an approximate shortest path that is returned by
the ApVL method of [13]. Also with 500 new randomly generated test cases, which are
different from those of [13], we test both methods. The experimental results is presented
in Section 4.
More importantly, our method can find an approximate shortest path with multicriteria. In this paper, we present three examples of how our method deals with different
constraints, namely the path is an (approximate) shortest and:
(a) With the number of links being less than or equal to a given number; or
(b) With the highest altitude of waypoints being less than or equal to a given number;
or
(c) With some segments being required or avoided.
We note that once the problem optimally satisfies multi-criteria, such as shortest both
in Euclidean distance and in the number of links, the waypoints of the most optimal
path can be any point in the continuous free space outside obstacles of the work space.
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However, with our method, we need to add one more constraint that all waypoints of the
resulting paths are restricted on the obstacle edges.
We summarize our work along with main related works in Table 1. Since we focus on
the accuracy of the shortest path, Table 1 mostly shows results in the geometry field.
Our method. Our target is to work with static obstacles, and to find an approximate
shortest path with a high accuracy, which means the result must be close to the most
optimal one. Thus, we attempt to avoid using heuristic methods. However, a question is
how we can deal with multi-criteria shortest path without using heuristic methods.
Our main idea is that, based on the geometry characteristics, first, we find the visibility among segments of vertical obstacles. We then use a new data structure, named
Visibility Constrained Segment graph (VCS-graph), to keep track of all visible segments
in the work space. Subsequently, Mixed Integer Linear Programming (MILP) is used to
find an approximate shortest path.
Applications. Our method aims to support applications where the processing time
is not critical, but the accuracy needs to be improved.
Currently, we have many published methods that are fast, but not optimal, or based
on heuristics that different results are given after different number of iterations. However,
we believe, in some cases, or with some special applications, we might need to know which
one is the closest to the optimal one although the running time can be longer.
With a map of static obstacles, such as buildings, we suggest that our method is
suitable with pre-processing steps before a UAV takes off. Additionally, our method can
apply into other systems, such as 3D printers or industry robots that requires a high
accuracy of finding a multi-criteria shortest path among right prisms.
The rest of the paper is organized as follows. Section 2 contains some definitions and
preliminaries. Our proposed method is presented in Section 3 with four sub-sections. Section 3.1 first describes how to detect the visibility among segments and then Section 3.2
shows how to build a VCS-graph. In Section 3.3, we provide our MILP-model with necessary constraints to find an approximate shortest path from a VCS-graph. Subsequently,
two procedures, one that supports pre-processing before building the VCS-graph and
another that supports post-processing after running the MILP-model are presented in
Section 3.4. Experimental results and discussion of our method are presented in Section 4.
Finally, Section 5 concludes the paper.

2

Preliminaries

A vertical obstacle is a right prism whose top and bottom bases, also called faces, are
polygons, being parallel and congruent. The remaining faces of vertical obstacles are
rectangles, being perpendicular to the top and the bottom bases. In the context of this
paper, all vertical obstacles are placed on the ground, being the xy-plane in the Cartesian
coordinate system. The shortest path between two points cannot go under any bottom
face of any obstacle. The top and bottom polygonal bases in this setting are convex.
Edges on the top and bottom faces are named top and bottom segments, respectively.
Edges that connect the top with the bottom faces are called vertical segments.
Two points p1 and p2 in the work space are visible to each other in two cases: if p1
6
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Table 1: Literature review.

This method chooses only
the middle points of obsta-

Intractable when the number of building heights k is
large.

These methods use probabilistic characteristics and
randomization.

L is the precision of the
problem instance.

Intractable (NP-hard)

We do not present details of
these methods here; see [4]
for a survey.

Notes

and p2 are on the same obstacle, they need to be on the same face; otherwise, if p1 and
p2 are not on the same obstacle, the straight line segment between them does not cross
the interior of any other obstacle.
Two segments s1 and s2 are fully visible to each other if every point on s1 is visible to
every point on s2 .
Two segments s1 and s2 are partly visible if there exists a point p1 on s1 that is visible
to a point p2 on s2 , where p1 and p2 are not end-points of s1 and s2 , and there exists a
point p01 on s1 that is not visible to a point p02 on s2 . If s1 and s2 are neither fully nor
partly visible to each other, they are not visible to each other.
Let Ps = (s = s0 , s1 , . . . , sl , sl+1 = t) be a sequence of segments that a path from s to
t crosses, and let Pv = (s = v0 , v1 , . . . , vl , vl+1 = t) be a sequence of points. We say that
Pv respects Ps if every point vi , i ∈ {1, . . . , l}, is a point on si . For i ∈ {1, . . . , l}, every
point vi is called a waypoint and for j ∈ {0, . . . , l}, every segment (vj , vj+1 ) is called a
link of the path.
Instance:
Let W = (O, s, t) be a work space, where O is a set of m disjoint convex vertical obstacles
with m ≥ 3, and s and t are the start and the end point, respectively.
For each obstacle oi ∈ O, i ∈ {1, . . . , m}, let oi = (Ei , Fi , Vi ), where Ei is the set of
segments, Fi is the set of faces, and Vi is the set of end-points of oi .
m
S
Let E =
Ei ∪ {s, t}, and let d(vi , vj ) ∈ R+ be the Euclidean distance between two
i=1

points vi and vj in the work space.
Question 1: Find a sequence of points Pv∗ = (s = v0 , v1 , v2 , . . . , vl , vl+1 = t) that respects
a sequencePof segments Ps∗ = (s = s0 , s1 , . . . , sl , sl+1 = t), such that
l
i=0 d(vi , vi+1 ) is minimum,
where si ∈ E, si and si+1 are fully or partly visible to each other, and two points vi and
vi+1 are visible to each other, for every i ∈ {0, . . . , l}.

Question 2: As in Question 1, but we put additional constraints for the three examples
(a), (b) and (c) as presented in Section 1:
Pl
(a)
i=0 d(vi , vi+1 ) is minimum and the number of links l + 1 is less than or equal to
a given number.
Pl
(b)
i=0 d(vi , vi+1 ) is minimum and for every i ∈ {1, . . . , l}, the z-coordinate of point
vi is less than or equal to a given number.
(c) Let SR and SA be two disjoint sets of segments that are required or avoided in the
l
Pl
S
path from s to t.
d(v
,
v
)
is
minimum,
then
with
S
=
si , E ⊇ S ⊇ S R
i i+1
i=0
i=1

and S ∩ SA = ∅.

3

Proposed method

In order to find a shortest path between two points among vertical obstacles, our method
includes two main steps: (1) determining the visibility among all obstacle segments,
8

Figure 1: An example of the work space.
and (2) finding a shortest path from s to t through visible segments. For example, to
move from s to t in Figure 1, a path is the sequence Pv1 = (s, v1 , v5 , v6 , t) while another
path is the sequence Pv2 = (s, v1 , v2 , v7 , v8 , t), where vi is a point on segment si , for
i ∈ {1, . . . , 10}. Thus, Pv1 and Pv2 respect the sequences of segments Ps1 = (s, s1 , s5 , s6 , t)
and Ps2 = (s, s1 , s2 , s7 , s8 , t), respectively. Intuitively, we can see that a point on segment
s1 can go to any point on segment s2 or s5 , which means s1 is fully visible to both s2
and s5 . However, s1 is not visible to s10 . Furthermore, s8 is partly visible to s1 and s4
in which we can determine which sub-segment of s1 that is fully visible to which subsegment of s8 , but we cannot determine which sub-segment of s4 that is fully visible to
which sub-segment of s8 . How to find all fully and partly visible segment or sub-segment
pairs is presented in Section 3.1. In order to store this visibility combination among
segments, we use a VCS-graph, as presented in Section 3.2. Subsequently, we need to
determine which segments (or sub-segments) and which points on the segments should
be chosen to minimize the path length from s to t. In Section 3.3, we introduce a method
using MILP to solve this problem. Finally, in Section 3.4, we present our pre-processing
and post-processing procedures that can apply before building the VCS-graph and after
running the MILP-model to eliminate unnecessary obstacles in the work space and refine
the resulting path, respectively.

3.1

Visibility among segments

In this section, we show how to find all segments that are fully or partly visible to each
other. Since all of the faces of vertical obstacles are parallel or perpendicular to the xyplane, it is more straightforward to detect the visibility among segments on these faces
than in the general case where obstacles are polyhedrons.
Let si ∈ E be a segment of an obstacle oi . If si is a vertical segment, let fi1 and fi2
be the two vertical faces that are adjacent to si . Otherwise, if si is a top segment, let fi1
be the vertical face that is adjacent to si and fi2 be the top face of oi . Two half planes
ending at si and containing fi1 and fi2 divide the work space into two parts, one with oi ,
9

Figure 2: How to determine Pobs and Pf ree for a vertical segment.

Figure 3: How to determine Pobs and Pf ree for a top segment.
named Pobs , and another one without oi , named Pf ree .
Lemma 3.1. Let si and sj be vertical or top segments of two distinct obstacles oi and
j
i
oj with Pobs
, Pfi ree and Pobs
, Pfjree being Pobs and Pf ree of si and sj , respectively. Let vi
and vj be two interior points on si and sj , respectively. The segment (vi , vj ) does neither
intersect oi nor oj only if vi is in Pfjree and vj is in Pfi ree .
i
Proof. If si is a vertical segment of oi , Pobs
and Pfi ree of si are formed as in Figure 2. All
of the line segments that start from an interior point on si and are directed to any point
i
i
in Pobs
intersect the obstacle oi . Similarly, if si is a top segment of oi , Pobs
and Pfi ree of si
are formed as in Figure 3, which only segments that are from an interior point on si to a
point in Pfi ree do not intersect the obstacle oi . Therefore, if si and sj are two segments of
two obstacles oi and oj , and vi and vj are two interior points on si and sj , respectively,
segment (vi , vj ) does not intersect oi and oj only if vi in Pfjree and vj in Pfi ree .

We say that an obstacle ok interferes with the visibility between two segments si and
sj if one of the following three conditions is satisfied:
(1) Segments si = (qi , pi ) and sj = (qj , pj ) are two vertical segments of two obstacles
oi and oj , where qi and qj are the top end-points, and pi and pj are the bottom
end-points of si and sj , respectively. If segment (pi , pj ) intersects the interior of the
bottom face of ok , ok interferes with the visibility between si and sj . An example
of this case is shown in Figure 4(a).
(2) Segments si = (qi1 , qi2 ) and sj = (qj1 , qj2 ) are two top segments of two obstacles oi
and oj , where qi1 and qi2 are the two top end-points of si , and qj1 and qj2 are the
two top end-points of sj , respectively. Let pi1 , pi2 , pj1 and pj2 be projected vertices
of qi1 , qi2 , qj1 and qj2 on the bottom face, respectively. If the bottom polygon of ok
either intersects the interior of or is contained in the quadrangle (pi1 , pi2 , pj2 , pj1 ),
10

Figure 4: Two segments are partly visible to each other in three cases.
ok interferes with the visibility between si and sj . An example of this case is shown
in Figure 4(b).
(3) Segments si = (qi1 , qi2 ) is a top segment and sj = (qj1 , pj1 ) is a vertical segment of
two obstacles oi and oj , where qi1 and qi2 are the two top end-points of si , and qj1
and pj1 are the top and the bottom end-points of sj , respectively. Let pi1 and pi2
be projected vertices of qi1 and qi2 on the bottom face, respectively. If the bottom
polygon of ok intersects the interior of or is contained in the triangle (pi1 , pi2 , pj1 ),
ok interferes with the visibility between si and sj . An example of this case is shown
in Figure 4(c).
Next, Lemmas 3.2 to 3.3 correspond to the three conditions (1) to (3).
Lemma 3.2. Let ok be an obstacle that interferes with the visibility between two vertical
segments si = (qi , pi ) and sj = (qj , pj ) of obstacles oi and oj , respectively. Suppose that
si is in Pfjree and sj is in Pfi ree . Without loss of generality, assume that the height of oi
is larger than the height of oj . Let ui and uj be two intersection points of the top polygon
of ok and the plane created by si and sj , where ui is closer to si and uj is closer to sj . If
uj is not in the interior of the quadrangle (pi , qi , qj , pj ), si and sj are not visible to each
other. Otherwise, if uj is in the interior of the quadrangle (pi , qi , qj , pj ), si and sj are
partly visible to each other.
Proof. Since si is in Pfjree and sj is in Pfi ree , as in Lemma 3.1, every segment from a point
on si to a point on sj does not intersect the interiors of both oi and oj . As illustrated
in Figure 4(a), since ok interferes with the visibility between two vertical segments si
and sj , the segment (pi , pj ) intersects the interior of the bottom polygon of ok . Also, the
plane created by si and sj intersects the top polygon of ok at ui and uj . Thus, we have
that the z-coordinate of ui is equal to the z-coordinate of uj in which segment (ui , uj ) is
parallel to segment (pi , pj ). If uj is not in the interior of the quadrangle (pi , qi , qj , pj ), the
segment (qi , qj ) and ok intersect each other (or (qi , qj ) is a tangent of ok if uj is on (qi , qj )).
In this case, si and sj are not visible to each other since all straight segments from si to
sj intersect ok (except (qi , qj ) if uj is on (qi , qj )). Otherwise, if uj is in the interior of the
quadrangle (pi , qi , qj , pj ), there are segments from si to sj that ok does not intersect, but
also there are other segments from si to sj that ok does intersect. Therefore, si is partly
visible to sj in this case.
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Figure 5: Tangents between two bottom polygons of obstacles oi and oj . Four tangents
are (pil , pjl ), (pir , pjr ), (picl , pjcr ) and (picr , pjcl ), where (pil , pjl ) and (pir , pjr ) are two outer
tangents; (picl , pjcr ) and (picr , pjcl ) are two inner tangents.
Lemma 3.3. Let ok be an obstacle that interferes with the visibility between two top
segments si = (qi1 , qi2 ) and sj = (qj1 , qj2 ), or between a top segment si = (qi1 , qi2 ) and a
vertical segment sj = (qj1 , pj1 ) of obstacles oi and oj , respectively. Suppose that si is in
Pfjree and sj is in Pfi ree . We have two cases. (1) If ok does not intersect into the space
created by (qi1 , qi2 , qj2 , qj1 ) for condition (2) or by (qi1 , qi2 , qj1 , pj1 ) for condition (3), si
and sj are fully visible to each other. (2) Otherwise, if ok intersects into (qi1 , qi2 , qj2 , qj1 )
for condition (2) or (qi1 , qi2 , qj1 , pj1 ) for condition (3), there are two sub-cases: (2.1) If
all of the four line segments (qi1 , qj1 ), (qi1 , qj2 ), (qi2 , qj1 ), and (qi2 , qj2 ) for condition (2)
or (qi1 , qj1 ), (qi1 , pj1 ), (qi2 , qj1 ), and (qi2 , pj1 ) for condition (3) intersect the obstacle ok ,
then si and sj are not visible to each other; (2.2) Otherwise, si and sj are partly visible
to each other.
Proof. Consider the case that si and sj are two top segments, as in condition (2) first.
Since si is in Pfjree and sj is in Pfi ree , as in Lemma 3.1, every segment from a point on si
to a point on sj does not intersect the interiors of both oi and oj . Clearly, (1) follows. For
(2), if all of the four line segments (qi1 , qj1 ), (qi1 , qj2 ), (qi2 , qj1 ), and (qi2 , qj2 ) intersect the
obstacle ok , there is no straight segment from a point on si to a point on sj that is not
intersected by ok . Thus, for (2.1) of the lemma, si and sj are not visible to each other.
Otherwise, if ok intersects the space created by (qi1 , qi2 , qj2 , qj1 ), but does not cover all of
the space, we can find a collision-free segment between two points on si and sj . Thus, for
(2.2) of the lemma, si and sj are partly visible to each other, as illustrated in Figure 4(b).
This is similar to the proof of that si is a top segment and sj is a vertical segment as in
condition (3) and illustrated in Figure 4(c).
For each pair of obstacles oi and oj in the work space, there are four tangents between
the two bottom polygons of oi and oj . Without loss of generality, as illustrated in Figure 5,
let (pil , pjl ), (pir , pjr ), (picl , pjcr ) and (picr , pjcl ) be four tangents between the two bottom
polygons of oi and oj , where {pil , pir , picl , picr } and {pjl , pjr , pjcl , pjcr } are end-points of the
bottom polygons of oi and oj , respectively. Let {sil , sir , sicl , sicr } and {sjl , sjr , sjcl , sjcr } be
vertical segments at {pil , pir , picl , picr } and {pjl , pjr , pjcl , pjcr }, respectively. Let (pil , pjl )
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and (pir , pjr ) be two outer tangents and (picl , pjcr ) and (picr , pjcl ) be two inner tangents
of the two bottom polygons of oi and oj . Also suppose that the height of the obstacle
i
i
i
oi is larger than or equal to the height of oj . Let Vini , Tin
, Vout
and Tout
be four sets of
i
i
i
i
oi , where Vin and Vout contain vertical segments, and Tin and Tout contain top segments.
All vertical and top segments of oi from sil to sir following the direction that includes
i
, respectively. All vertical and top segments of
sicl and sicr are contained in Vini and Tin
oi from sil to sir following the direction that does not include sicl and sicr are contained
i
i
in Vout
and Tout
, respectively. Note that sil and sir are contained in Vini . The sets Vinj ,
j
j
j
Vout
, Tin
and Tout
of oj are formed similarly.
For each pair of obstacles oi and oj , according to Lemma 3.1, we have that no segment
j
i
i
is visible to any segment of oj , and no segment in Vout
is visible to any
and Tout
in Vout
segment of oi . In addition, since a shortest path is not allowed to go under any bottom
face of an obstacle, we do not need to check the visibility of any bottom segment to any
other segment. In case that both z-coordinates of s and t are equal to zero (2D case), the
shortest path is still found by the end-points of vertical segments. Thus, to determine the

visibility between two segments si of oi and sj of oj , we only consider si ∈ Vini , sj ∈ Vinj ,



j
j
j
j
i
i
si ∈ Tin
, sj ∈ Tin
∪ Tout
, si ∈ Vini , sj ∈ Tin
∪ Tout
and si ∈ Tin
, sj ∈ Vinj .
Additionally, for every pair of si and sj , we find the sub-segments of si and sj that
satisfy Lemma 3.1. Then, we need to check if there exist other obstacles that interfere
with the visibility between si and sj to finally determine if they are fully or partly
visible to each other. These checking procedures are performed based on Lemma 3.2
for pairs of segments in condition (1), named vertical-vertical, and based on Lemma 3.3
for pairs of segments in condition (2) and condition (3), named top-top and vertical-top,
respectively. The whole process of determining the visibility of segments is presented in
procedure Visibility-Detection as follows.
Visibility-Detection:
For every pair of obstacles oi and oj of O:
– Find four tangents between the two bottom polygons of oi and oj .
j
j
i
– Find the sets Vini , Vinj , Tin
, Tin
and Tout
.

– For every pair of segments
(si , sj ), where 



j
j
j
j
i
i
∪ Tout
and si ∈ Tin
, sj ∈ Vinj :
si ∈ Vini , sj ∈ Vinj , si ∈ Tin
, sj ∈ Tin
∪ Tout
, si ∈ Vini , sj ∈ Tin
– Find s0i and s0j such that s0i and s0j are sub-segments of si and sj , respectively,
and s0i ∈ Pfjree and s0j ∈ Pfi ree .

– If there exist obstacles that interfere with the visibility between s0i and s0j :

– Let Ok be a set of obstacles that interfere with the visibility.
– For every obstacle ok ∈ Ok , apply the vertical-vertical procedure if s0i and
s0j are from condition (1), or the top-top procedure if s0i and s0j are from
condition (2), or the vertical-top procedure if s0i and s0j are from condition
(3).
If there exists an ok that makes s0i and s0j not visible to each other, s0i and
s0j are not visible to each other.
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Figure 6: An example of the VCS-graph in which nodes are segments, including s and t;
and every edge between two nodes means that two corresponding segments are fully or
partly visible to each other.
If with all obstacles in Ok , si and sj are fully visible to each other, s0i and
s0j are fully visible to each other.
Otherwise, s0i and s0j are partly visible to each other.
– Otherwise, s0i and s0j are fully visible to each other.

3.2

Visibility Constrained Segment graph

Using the Visibility-Detection procedure, we can determine the visibility between all pairs
of segments. Thus, if two segments are (fully or partly) visible to each other, we create
an edge to connect them in the associated VCS-graph. Figure 6 depicts an example of a
VCS-graph, in which each node is a segment or a sub-segment of obstacles in the work
space, including s and t. Two nodes are connected by an edge precisely if the segments
are partly or fully visible to each other. For example, s is fully visible to segments s1 , s2 ,
and s3 ; s3 is also fully visible to s and both segments s4 and s5 , and so on.
Suppose that a path from s to t crosses the segment si at vi , i ∈ {1, . . . , n}. Note
that vi can be anywhere on its segment si . For a normal graph, a shortest path from
s to t is simply an ordered list of nodes from s to t with the minimum cost. However,
because the VCS nodes correspond to segments, not only an ordered list of VCS nodes
from s to t needs to be found, but also which point on each VCS node of the ordered
list that the path crosses needs to be determined to make the path length minimum. We
next show how to build a VCS-graph and its related problems. Later, in Section 3.3, we
show how to use MILP to find an approximate shortest path from s to t based on a given
VCS-graph.
m
S
An undirected VCS-graph (E, E 0 ) consists of VCS nodes E =
Ei ∪ {s, t}, bei=1

ing the set of all obstacle segments including s and t, and of VCS edges E 0 = {uv |
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u and v are fully or partly visible}.
Let si and sj be two segments of obstacles oi and oj , respectively. Suppose that si
and sj are partly visible to each other and intersected by an obstacle ok , as presented
in Section 3.1. Let vi and vj be two points on si and sj , respectively. Since si and sj
are partly visible to each other, the segment (vi , vj ) might intersect the obstacle ok . We
consider three cases as follows:
(1) Segments si = (qi , pi ) and sj = (qj , pj ) are two vertical segments that are partly
visible to each other, as illustrated in Figure 8. Suppose that the plane containing the
top polygon of ok intersects si and sj at two points ci and cj , respectively; and the plane
created by si and sj intersects the top polygon of ok at two points ui and uj , where ui
is closer to si and uj is closer to sj . With any point vi on si , there are two considered
cases. First, if vi is on (qi , ci ), suppose that the line created by vi and uj intersects the
line containing sj at rj and if rj is not on the segment sj , vi is visible to all points of
sj ; however, if rj is on the segment sj , vi is just visible to points that are from qj to
rj . Second, if vi is on (ci , pi ), suppose that the line created by vi and ui intersects the
line containing sj at rj and if rj is not on the segment sj , there is no point of sj that
is visible to vi ; however, if rj is on the segment sj , vi is visible to points from qj to rj .
The procedure is the same for a point vj on sj looking for the visibility to si . However,
the points vi and vj are only determined when our MILP-model runs. Thus, checking
whether a point on si is visible to a point on sj avoiding ok needs to be performed in the
MILP-model. The linear constraints assuring that a path from si to sj does not intersect
ok are presented in Section 3.3.4, named Checking-1.
(2) Segments si and sj are two top segments that are partly visible to each other,
as illustrated in Figure 9. More complex than the Checking-1 procedure of two vertical
segments, even knowing that a point vi is on si , it is not straightforward to determine
which sub-segments on sj are fully visible to vi in this situation. However, when the
coordinates of vi and vj are determined, it is possible to check whether the segment
(vi , vj ) intersects ok . Since vi and vj are only detected when our MILP-model runs, we
provide linear constraints such that (vi , vj ) does not intersect ok in Section 3.3.5, named
Checking-2.
(3) Segment si is a top segment and segment sj is a vertical segment that are partly
visible to each other, as illustrated in Figure 10. Similar to the case of two top segments,
it is not easy to find exactly which parts of si are visible to which parts of sj . However,
if a point vi on si and a point vj on sj are known, it is possible to check whether (vi , vj )
intersects ok . The linear constraints of this checking are presented in Section 3.3.6, named
Checking-3.
Furthermore, we consider three special cases that a VCS edge can be involved, as in
Figure 7. For example, as in Figure 7(a), the whole segment si from ai to ci is visible to
the whole segment sj from aj to cj , with eij being a VCS edge between them. However,
it can happen that only a sub-segment of si , from ai to bi , is visible to the whole segment
sl from al to cl . Another case is that si is visible to two disjoint sub-segments of sj , as
in Figure 7(b). The whole segment si from ai to ci is visible to the sub-segment from
aj to bj and the sub-segment from cj to dj of sj . The last case is that two segments si
and sl are visible to two overlapping sub-segments of sj , as in Figure 7(c). The whole
segment from ai to ci of si is visible to the sub-segment from aj to cj of sj while the whole
15

Figure 7: Three special cases of VCS edges.
segment from al to cl of sl is visible to the sub-segment from bj to dj of sj . Therefore,
when creating VCS edges, we store all bounding vertices. For example, with the case as
in Figure 7(a), eij is stored along with the coordinates of the set {ai , ci } for si and {aj ,
cj } for sj while eil is stored along with {ai , bi } for si and {al , cl } for sl . This storage is
also similar to the case in Figure 7(c). However, for the case in Figure 7(b), since from
a point on si , the path can only reach a point on either sub-segment (aj , bj ) or (cj , dj ),
we store eij along with the coordinates of {ai , ci } for si and the coordinates of both {aj ,
bj } and {cj , dj } for sj .
As in the problem formulation, let Pv∗ = (s = v0 , v1 , v2 , . . . , vl , vl+1 = t) be a shortest
path between two points s and t. Moving from vi to vi+1 is corresponding to an VCS
edge. Thus, the coordinates of vi and vi+1 need to be constrained in the range of the
bounding vertices of their corresponding VCS edge. All of the linear constraints of the
MILP-model that correspond to these cases are presented in Section 3.3.3.

3.3

Mixed Integer Linear Programming (MILP) model

Let Pv∗ = (s = v0 , v1 , v2 , . . . , vl , vl+1 = t) be a shortest path between two points s and
t, which respects the sequence of segments Ps∗ = (s = s0 , s1 , s2 , . . . , sl , sl+1 = t). For
every point vi of Pv∗ , i ∈ {1, . . . , l}, vi is on segment si ∈ E, and for every pair (si , si+1 ),
i ∈ {0, . . . , l}, there exists an VCS edge ei ∈ E 0 that connects si and si+1 . The objective
function and all constraints of this work are packed in a model named MILP-model.
MILP-Model:
• With a VCS-graph (E, E 0 ), corresponding to each ek ∈ E 0 , a binary variable xk is
created. The value of xk is equal to either 0 or 1. Value 0 means that ek is not
involved and value 1 means that ek is involved in the shortest path.
• A point vi is created on each si ∈ E (except s and t), thus three variables vi [0],
vi [1], vi [2] that are the x, y and z coordinates of vi are created, respectively.
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• With each ek ∈ E 0 , let si and sj be two VCS nodes that are connected by ek , vi
and vj be two points on si and sj , respectively. A real variable dk that corresponds
to the Euclidean distance from vi to vj is created.
Objective function:

Minimize:

P|E 0 |

k=1

xk dk

Subject to:
• For every xk , k ∈ {1, . . . , |E 0 |}, xk ∈ {0, 1};

(1)

• For every VCS node si ∈ E, i ∈ P
{1, . . . , |E|}, si 6= P
s and si 6= t, let Ai be the set of
all VCS edges incident with si : xk ∈Ai xk = 0 or xk ∈Ai xk = 2;
(2)
• P
For the node si = s or si = t, let Ai be the set of all VCS edges incident with si :
(3)
xk ∈Ai xk = 1;
• Calculations for every cost dk , k ∈ {1, . . . , |E 0 |}, are presented in Section 3.3.2; (4)
• Every point vi = (vi [0], vi [1], vi [2]), i ∈ {1, . . . , |E|}, needs to be on the segment or
sub-segment si and in the range of the bounding vertices of the corresponding VCS
edges. Constraints are presented in Section 3.3.3;
(5)
• For each VCS edge ek ∈ E 0 with si and sj being two VCS nodes of ek in which si
and sj are partly visible to each other by the set Ok of obstacles, we need additional
constraints. For each obstacle ok ∈ Ok , we need to ensure that the segment (vi , vj )
does not intersect any face of ok if xk is equal to 1:
Checking-1 : If si and sj are two vertical segments, constraints are presented
in Section 3.3.4.
(6)
Checking-2 : If si and sj are two top segments, constraints are presented in
Section 3.3.5.
(7)
Checking-3 : If si is a top segment and sj is a vertical segment, constraints are
presented in Section 3.3.6. The case that si is a vertical segment and sj is a top
segment is similar.
(8)
We note that the objective function is not linear. Also, every dk is calculated by
dk = (vi [0] − vj [0])2 + (vi [1] − vj [1])2 + (vi [2] − vj [2])2 , where dk is the distance from
vi = (vi [0], vi [1], vi [2]) on si to vj = (vj [0], vj [1], vj [2]) on sj , which is a quadratic function.
A number of constraints in Checking-1, Checking-2 and Checking-3 are also quadratic.
Ideally, quadratic programming should be used to solve this model instead of MILP, but
it would be too time-consuming when the number of obstacles is large. Therefore, in the
next sections, we present methods that can change these quadratic functions to linear
ones; and then, MILP is used to find the optimal results. Section 3.3.1 first presents
our method of changing the objective function to a linear one. Section 3.3.2 then shows
a method of [44] applied here to find the approximate Euclidean distance between two
points with a linear function instead of calculating an exact Euclidean distance with a
quadratic function. Constraints in (5) are detailed in Section 3.3.3. Finally, constraints
2
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corresponding to the three cases of (6), (7) and (8) in the MILP-model are shown in
Sections 3.3.4, 3.3.5 and 3.3.6, respectively. We also note that all of the constraints from
(1) to (8) of the MILP-model answer Question 1 of the problem formulation given in
Section 2. For Question 2, we present how to add additional constraints in Section 4.3
along with three specific examples.
3.3.1

Changing the objective function to be linear

Consider the following constraints:
z = xd

(1)

L≤d≤U

(2)

where x is a binary variable; z and d are two real variables; L is a lower bound on d and
U is an upper bound on d.
Lemma 3.4. The constraints (1) and (2) can be changed into linear constraints as follows:
z ≤ Ux
(3)
z ≥ Lx

(4)

z ≤ d − L(1 − x)

(5)

z ≥ d − U (1 − x)

(6)

Proof. Recall that x ∈ {0, 1}. If x = 1, the constraints (5) and (6) become z ≤ d and
z ≥ d, then z = d. From (1), if x = 1, then z = d. Furthermore, the constraints (3)
and (4) satisfy (2). If x = 0, the constraints (3) and (4) become z ≤ 0 and z ≥ 0, then
z = 0. From (1), if x = 0, then the result is also z = 0. Again, with z = 0 and x = 0,
the constraints (5) and (6) satisfy (2).
Thus, for each xk dk in the objective function of the MILP-model, we use an auxiliary
variable zk and the objective function becomes
P|E 0 |
Minimize: k=1 zk
For each zk , the four constraints from (3) to (6) are added to the MILP-model with U
and L being the upper bound and the lower bound of dk , respectively.
3.3.2

Changing constraints in (4) of the MILP-model to be linear for the
Euclidean distance function

Suppose that vi = (vi [0], vi [1], vi [2]) and vj = (vj [0], vj [1], vj [2]); dx = |vi [0] − vj [0]|,
d
− vj [1]| and dz = |vi [2] − vj [2]|. The exact Euclidean distance from vi to vj is
py =2 |vi [1]
2
dx + dy + d3z .
The author of [44] proposed a linear function to approximate a 3D Euclidean distance
as follows:
0.9398 · d1 + 0.3893 · d2 + 0.2987 · d3 ,
(7)
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where d1 , d2 and d3 are the largest, the middle and the smallest values among dx , dy and
dz . The error of this function is within ±6% [44].
Thus, with each dk , k ∈ {1, . . . , |E 0 |}, in (4) of the MILP-model, three corresponding
auxiliary non-negative variables dx , dy and dz are added into the MILP-model. We next
need to find an ordering of dx , dy and dz that allows us to apply function (7). However,
instead of attempting to find this ordering by linear constraints, we consider all six
permutations of dx , dy , and dz .
For each dk , k ∈ {1, . . . , |E 0 |}, the following constraints are added:
dk
dk
dk
dk
dk
dk

≥ 0.9398 · dx + 0.3893 · dy + 0.2987 · dz
≥ 0.9398 · dx + 0.3893 · dz + 0.2987 · dy
≥ 0.9398 · dy + 0.3893 · dx + 0.2987 · dz
≥ 0.9398 · dy + 0.3893 · dz + 0.2987 · dx
≥ 0.9398 · dz + 0.3893 · dx + 0.2987 · dy
≥ 0.9398 · dz + 0.3893 · dy + 0.2987 · dx

For MILP solvers in which the absolute value function is not available, we suggest the
following method to find the absolute values for dx , dy and dz :
dx
dx
dy
dy
dz
dz

≥ vi [0] − vj [0]
≥ vj [0] − vi [0]
≥ vi [1] − vj [1]
≥ vj [1] − vi [1]
≥ vi [2] − vj [2]
≥ vj [2] − vi [2]

Due to the facts that dk is involved in the objective function, the objective function
is minimizing, and dx , dy and dz are non-negative, dx , dy and dz will be equal to their
absolute values. Furthermore, the minimum value among the six permutations given
above will be assigned to dk when the MILP-model runs. Note that once dx , dy and dz
are sorted and applied with function (7), dk also receives the minimum value among the
six permutations.
3.3.3

Constraints in (5) of the MILP-model

This section presents constraints that assure that all points vi on the corresponding
segments si ∈ E, i ∈ {1, . . . , |E|}, are positioned properly.
Let Ai be the set of all VCS edges incident with si . If |Ai | > 1, suppose that eij ∈ Ai
is a VCS edge connecting si and sj and eil ∈ Ai is another VCS edge connecting si and
sl . It is possible that the whole segment si is visible to the whole segment sj , but only a
sub-segment of si is visible to the whole segment sl . As in Figure 7(a), with eij , vi can be
on the segment (ai , ci ) while with eil , vi can only be on the segment (ai , bi ). Therefore,
our model is that, first, for every si ∈ E, all coordinates of vi need to satisfy the line
equation of si , and then, for every ek ∈ E 0 , all coordinates of vi need to be in the range
of the corresponding segments or sub-segments.
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For every si ∈ E, i ∈ {1, . . . , |E|}, let p1 = (p1 [0], p1 [1], p1 [2]) and p2 = (p2 [0], p2 [1], p2 [2])
be the two end-points of si . For vi = (vi [0], vi [1], vi [2]) to satisfy the line equation of si ,
we have:
If si is a vertical segment (p1 [0] = p2 [0] and p1 [1] = p2 [1]):
vi [0] = p1 [0]

(8)

vi [1] = p1 [1]

(9)

Otherwise, if si is a top segment (p1 [2] = p2 [2]):
vi [2] = p1 [2]

(10)

vi [0] = p1 [0] + ti · (p2 [0] − p1 [0])

(11)

vi [1] = p1 [1] + ti · (p2 [1] − p1 [1])

(12)

0 ≤ ti ≤ 1

(13)

a0i [2] ≤ vi [2] ≤ b0i [2]

(14)

a0i [0] ≤ vi [0] ≤ b0i [0]

(15)

For every ek ∈ E 0 , k ∈ {1, . . . , |E 0 |}, suppose that ek connects two segments si and
sj , where the point vi is positioned on the sub-segment (ai , bi ) on si and the point vj is
positioned on the sub-segment (aj , bj ) on sj . Except for the case as shown in Figure 7(b),
we have constraints as follows.
For vi on si :
If si is a vertical segment:

If si is a top segment:
a0i [1] ≤ vi [1] ≤ b0i [1]

(16)

a0j [2] ≤ vj [2] ≤ b0j [2]

(17)

a0j [0] ≤ vj [0] ≤ b0j [0]

(18)

where a0i [0] = min(ai [0], bi [0]), a0i [1] = min(ai [1], bi [1]), a0i [2] = min(ai [2], bi [2]) and b0i [0] =
max(ai [0], bi [0]), b0i [1] = max(ai [1], bi [1]), b0i [2] = max(ai [2], bi [2]).
For vj on sj , similarly,
If sj is a vertical segment:

If sj is a top segment:
a0j [1] ≤ vj [1] ≤ b0j [1]

(19)

where a0j [0] = min(aj [0], bj [0]), a0j [1] = min(aj [1], bj [1]), a0j [2] = min(aj [2], bj [2]) and
b0j [0] = max(aj [0], bj [0]), b0j [1] = max(aj [1], bj [1]), b0j [2] = max(aj [2], bj [2]).
However, if ek is eij as illustrated in Figure 7(b) in which the point vi is positioned
on (ai , ci ) on si and the point vj is positioned on either (aj , bj ) or (cj , dj ) on sj , we use
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an auxiliary binary variable wij , as below. We cannot simply place the constraints that
position vj between aj and bj and between cj and dj into the MILP-model because MILP
connects constraints by the operator “AND”, but we need the operator “OR” here. The
“OR” operator is exactly what is modeled by the binary variable wij .
Before considering constraints of the case as in Figure 7(b) and wij , we present the
next technique to conditionally enforce a constraint with respect to a binary trigger
variable.
Observation 3.5. Let the coordinates of any point p = (x, y, z) in the work space be
bounded by max{|x|, |y|, |z|} < B. Let C = Σai xi ≤ c be a linear programming constraint
where ai are constants and |xi | ≤ B. Let w be a new binary variable and constant
M > Σ|ai |B, which we call the maximum value for a calculation. Define C 0 to be the
constraint Σai xi ≤ c + M · w. When w is equal to 1 then C 0 is satisfied regardless of the
other variables. When w is equal to 0, then C 0 is satisfied only if C is satisfied. Likewise,
if the linear constraint C uses the inequality ≥ instead of ≤, we subtract the term M · w
in creating C 0 .
From Observation 3.5, the MILP constraints for vj on sj of the case that ek is as in
Figure 7(b) are as follows:
If sj is a vertical segment:
aj [2] ≤ vj [2] + M · wij

(20)

vj [2] ≤ bj [2] + M · wij

(21)

cj [2] ≤ vj [2] + M · (1 − wij )

(22)

vj [2] ≤ dj [2] + M · (1 − wij )

(23)

aj [0] ≤ vj [0] + M · wij

(24)

vj [0] ≤ bj [0] + M · wij

(25)

aj [1] ≤ vj [1] + M · wij

(26)

vj [1] ≤ bj [1] + M · wij

(27)

cj [0] ≤ vj [0] + M · (1 − wij )

(28)

vj [0] ≤ dj [0] + M · (1 − wij )

(29)

cj [1] ≤ vj [1] + M · (1 − wij )

(30)

vj [1] ≤ dj [1] + M · (1 − wij )

(31)

If sj is a top segment:

where M is the maximum value such that all calculations are in the range [−M, M ].
Since wij is a binary variable, there are two cases wij = 0 or wij = 1. If wij = 0,
constraints (22), (23) and (28) to (31) are satisfied while the remaining constraints assure
that vj is on the sub-segment (aj , bj ). Otherwise, if wij = 1, constraints (20), (21) and
(24) to (27) are satisfied while the remaining constraints assure that vj is on the subsegment (cj , dj ).
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Figure 8: Two vertical segments si and sj that are only partly visible to each other
because of obstacle ok . For details on how to build constraints for the MILP-model to
assure that if the approximate shortest path goes from si to sj , it does not intersect ok ,
see text.
In addition to the Boolean trigger variables wij , all constraints (14) to (31) need to
be enforced if only if the corresponding VCS edge ek is chosen, i.e. xk = 1. Thus, as in
Observation 3.5, we add to the right side of constraints (14) to (31), the term M · (1 − xk )
if the operator of the constraints is ≤ or the term −M · (1 − xk ) if the operator of the
constraints is ≥.
3.3.4

Constraints in (6) of the MILP-model: Checking-1

Let si and sj be two vertical segments of obstacles oi and oj , respectively. Let vi =
(vi [0], vi [1], vi [2]) and vj = (vj [0], vj [1], vj [2]) be two points on segments si and sj , respectively. Recalling Checking-1 in Section 3.2, si and sj are partly visible to each other
because of obstacle ok , as in Figure 8. Let hi , hj and hk be the heights of obstacles oi ,
oj and ok , respectively. Without loss of generality, suppose that hj ≤ hi . This section
presents constraints in (6) of the MILP-model such that the moving between vi and vj
does not intersect ok . We note that vi [0], vi [1], vj [0] and vj [1] are known values because
si and sj are vertical segments while vi [2] and vj [2] are variables that the MILP-model
needs to determine.
The top polygon of ok intersects the plane created by si and sj at ui = (ui [0], ui [1], ui [2])
and uj = (uj [0], uj [1], uj [2]), where ui is closer to oi and uj is closer to oj , as in Figure 8.
The coordinates ui [0], ui [1], ui [2], uj [0], uj [1] and uj [2] are known values.
We consider two cases, namely vi [2] ≥ hk and vi [2] ≤ hk . If vi [2] ≥ hk , let rj =
(rj [0], rj [1], rj [2]) be the intersection point of the line containing sj and the line containing
(vi , uj ). Otherwise, if vi [2] ≤ hk , let rj = (rj [0], rj [1], rj [2]) be the intersection point of the
line containing sj and the line containing (vi , ui ). In both cases, for vi and vj to be visible
to each other, vj [2] ≥ rj [2] needs to be satisfied. Next, we only consider constraints for
the case that vi [2] ≥ hk . Constraints for the remaining case are similar. We have:
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rj [0] = vi [0] + t · (uj [0] − vi [0])

rj [1] = vi [1] + t · (uj [1] − vi [1])

rj [2] = vi [2] + t · (uj [2] − vi [2]),

(32)
(33)
(34)

where t > 1 is a real number.
Once statements (32) to (34) are added into the MILP-model, rj [2], vi [2] and t become variables, thus equation (34) is a quadratic constraint. Our method to avoid this
quadratic constraint is as follows.
From (32) to (34), rj [2] is calculated by:
rj [2] = vi [2] +

rj [0] − vi [0]
· (uj [2] − vi [2]) if uj [0] 6= vi [0]
uj [0] − vi [0]

(35)

rj [1] − vi [1]
· (uj [2] − vi [2]) if uj [1] 6= vi [1]
(36)
uj [1] − vi [1]
Note that both uj [0] = vi [0] and uj [1] = vi [1] cannot be true because oi and ok are two
disjoint obstacles and vi is on a segment of oi while uj is on a segment of ok . Furthermore,
because uj [0], vi [0], ui [1] and vi [1] are known values, before adding constraints into the
MILP-model, we can determine whether rj [2] is calculated by one of the two functions
(35) or (36). Without loss of generality, suppose that rj [2] is calculated by (35).
Collect all conditions of the first case vi [2] ≥ hk :
rj [2] = vi [2] +

vi [2] ≥ hk

vj [2] ≥ rj [2]
rj [0] − vi [0]
· (uj [2] − vi [2])
rj [2] = vi [2] +
uj [0] − vi [0]
We translate (37) to (39) into MILP constraints as follows:
vi [2] − hk ≥ −M · yij

(37)
(38)
(39)

(40)

rj [0] − vi [0]
· (uj [2] − vi [2]) − M · yij
(41)
uj [0] − vi [0]
where yij is an auxiliary binary variable; vi [2] and vj [2] are real variables; rj [0], vi [0],
uj [0] are uj [2] are parameters; M is the maximum value such that all calculations are in
the range [−M, M ].
As mentioned previously, we consider two cases vi [2] ≥ hk and vi [2] ≤ hk . In order to
choose between these two cases, we use a binary variable yij . According Observation 3.5,
the term ±M · yij is added into all constraints of the case vi [2] ≥ hk , while the term
±M · (1 − yij ) is added into all constraints of the case vi [2] ≤ hk . When the case
vi [2] ≥ hk is considered, yij = 0, ±M · yij in constraints of this case becomes zero while
constraints of the case vi [2] ≤ hk are satisfied. Otherwise, when vi [2] ≤ hk is considered,
yij = 1, ±M · (1 − yij ) in constraints of this case become zero while constraints of the
case vi [2] ≥ hk are satisfied.
We note that all constraints in this section are only considered if xk = 1 and satisfied
if xk = 0, where xk is the binary variable corresponding to the VCS edge from si to sj .
Thus, as in Observation 3.5, we add to the right side of constraints the term ±M ·(1−xk ).
vj [2] ≥ vi [2] +
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Figure 9: Two top segments si and sj that are only partly visible to each other because
of obstacle ok . For details on how to build constraints for the MILP-model to assure that
if the approximate shortest path goes from si to sj , it does not intersect ok , see text.
3.3.5

Constraints in (7) of the MILP-model: Checking-2

Let si and sj be two top segments of obstacles oi and oj , respectively. Let vi =
(vi [0], vi [1], vi [2]) and vj = (vj [0], vj [1], vj [2]) be two points on segments si and sj , respectively. Recalling Checking-2 in Section 3.2, si and sj are partly visible to each other
because of obstacle ok , as in Figure 9. Let hi , hj and hk be the heights of obstacles oi ,
oj and ok , respectively. This section presents constraints in (7) of the MILP-model such
that the moving between vi and vj does not intersect ok . We note that vi [2] and vj [2]
are equal to hi and hj , respectively while vi [0], vi [1], vj [0] and vj [1] are variables of the
MILP-model.
The segment (vi , vj ) does not intersect ok only if (vi , vj ) does not intersect any vertical
face of ok . Let Fk0 be the set of vertical faces of ok . For each face fk ∈ Fk0 , let vk0 and
vk1 be two end-points of the bottom segment of fk , as illustrated in Figure 9. With
Pk being the plane containing fk , let r = (r[0], r[1], r[2]) be the intersection point of
(vi , vj ) and Pk . Projecting vi , vj and r into the xy-plane, we have vib = (vi [0], vi [1], 0),
vjb = (vj [0], vj [1], 0) and rb = (r[0], r[1], 0). If rb is not on (vk0 , vk1 ), then (vi , vj ) does
not intersect fk . However, if rb is on (vk0 , vk1 ), (vi , vj ) does not intersect fk only if the
z-coordinate of r is greater than or equal to hk .
For rb to be on (vk0 , vk1 ) and r[2] ≥ hk , the following statements need to be satisfied.
r[0] = vi [0] + tij · (vj [0] − vi [0])

(42)

r[1] = vi [1] + tij · (vj [1] − vi [1])

(43)

r[2] = vi [2] + tij · (vj [2] − vi [2])

r[0] = vk0 [0] + t01 · (vk1 [0] − vk0 [0])
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(44)
(45)

r[1] = vk0 [1] + t01 · (vk1 [1] − vk0 [1])

(46)

0 < tij < 1

(47)

0 < t01 < 1,

(48)

r[2] ≥ hk

(49)

where tij and t01 are non-zero real numbers.
Once statements (42) to (49) are added into the MILP-model as constraints, since
tij , vi [0], vi [1], vj [0] and vj [1] become variables, equations (42) and (43) are quadratic
constraints. However, we can avoid these quadratic constraints as follows.
From (42) and (45) we have:
tij =

vk0 [0] + t01 · (vk1 [0] − vk0 [0]) − vi [0]
if vj [0] 6= vi [0]
vj [0] − vi [0]

(50)

From (43) and (46) we have:
tij =

vk0 [1] + t01 · (vk1 [1] − vk0 [1]) − vi [1]
if vj [1] 6= vi [1]
vj [1] − vi [1]

(51)

Note that since si cannot intersect sj , both vj [0] = vi [0] and vj [1] = vi [1] cannot be
true. Hence, tij is always determined by (50) or (51). Next, we consider the case that tij
is calculated by (50). The remaining case that tij is calculated by (51) is similar.
For (50), to have 0 < tij < 1, one of the following two cases needs to be satisfied:
Case 1:
vj [0] − vi [0] > 0
vk0 [0] + t01 · (vk1 [0] − vk0 [0]) − vi [0] > 0
vk0 [0] + t01 · (vk1 [0] − vk0 [0]) − vi [0] < vj [0] − vi [0]
Case 2:
vj [0] − vi [0] < 0
vk0 [0] + t01 · (vk1 [0] − vk0 [0]) − vi [0] < 0
vk0 [0] + t01 · (vk1 [0] − vk0 [0]) − vi [0] > vj [0] − vi [0]
Since vk0 [0] and vk1 [0] are known values, once added into the MILP-model, all statements in Case 1 and Case 2 are linear constraints.
Next, from (50), (44) and (49), we have:
If vj [0] − vi [0] > 0:
vi [2] · (vj [0] − vi [0]) + (vk0 [0] + t01 · (vk1 [0] − vk0 [0]) − vi [0]) · (vj [2] − vi [2])
If vj [0] − vi [0] < 0:

≥ hk · (vj [0] − vi [0])

vi [2] · (vj [0] − vi [0]) + (vk0 [0] + t01 · (vk1 [0] − vk0 [0]) − vi [0]) · (vj [2] − vi [2])
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(52)

≤ hk · (vj [0] − vi [0])

(53)

Since vj [2] and vi [2] are known values, (52) and (53) are linear.
Summarizing, if Case 1 is satisfied, then (52) needs to be satisfied, or if Case 2 is
satisfied, then (53) needs to be satisfied. The constraints for the MILP-model are as
follows.
t01 ≤ M · cij + M · (1 − aij )

(54)

t01 ≥ 1 − M · (1 − cij ) − M · (1 − aij )

(55)

t01 ≥ −M · aij

(56)

t01 ≤ 1 + M · aij

(57)

vj [0] − vi [0] ≥ −M · bij − M · aij

(58)

vk0 [0] + t01 · (vk1 [0] − vk0 [0]) − vi [0] ≥ −M · bij − M · aij

(59)

vk0 [0] + t01 · (vk1 [0] − vk0 [0]) − vi [0] − (vj [0] − vi [0]) ≤ M · bij + M · aij

(60)

vi [2] · (vj [0] − vi [0]) + (vk0 [0] + t01 · (vk1 [0] − vk0 [0]) − vi [0]) · (vj [2] − vi [2])
≥ hk · (vj [0] − vi [0]) − M · bij − M · aij

(61)

vj [0] − vi [0] ≤ M · (1 − bij ) + M · aij

(62)

vk0 [0] + t01 · (vk1 [0] − vk0 [0]) − vi [0] ≤ M · (1 − bij ) + M · aij

(63)

vk0 [0] + t01 · (vk1 [0] − vk0 [0]) − vi [0] − (vj [0] − vi [0]) ≥ −M · (1 − bij ) − M · aij

(64)

vi [2] · (vj [0] − vi [0]) + (vk0 [0] + t01 · (vk1 [0] − vk0 [0]) − vi [0]) · (vj [2] − vi [2])
≤ hk · (vj [0] − vi [0]) + M · (1 − bij ) + M · aij

(65)

where aij , bij and cij are auxiliary binary variables; t01 is an auxiliary real variable;
vi [0] and vj [0] are real variables; vk0 [0], vk1 [0], vi [2] and vj [2] are parameters; M is the
maximum value such that all calculations are in the range [−M, M ].
As mentioned previously, if t01 ≤ 0 or t01 ≥ 1, (vib , vjb ) does not intersect (vk0 , vk1 ),
then (vi , vj ) does not intersect the face fk . Otherwise, if 0 ≤ t01 ≤ 1, Case 1 and (52) or
Case 2 and (53) need to be satisfied. Based on Observation 3.5, we use a binary variable
aij to choose between 0 ≤ t01 ≤ 1, t01 ≤ 0 or t01 ≥ 1. If aij = 1, which is corresponding
to t01 ≤ 0 or t01 ≥ 1, only two constraints (54) to (55) are considered. We use one more
binary variable cij to choose between t01 ≤ 0 or t01 ≥ 1. Otherwise, if aij = 0, which is
corresponding to 0 ≤ tij ≤ 1, all constraints (58) to (65) are considered. When aij = 0, to
choose between Case 1 and Case 2, we use a binary variable bij . If bij = 0, all constraints
(58) to (61), which are corresponding to Case 1, are considered. Otherwise, if bij = 1, all
constraints (62) to (65), which are corresponding to Case 2, are considered.
We note that all constraints in this section are only considered if xk = 1 and satisfied
if xk = 0, where xk is the binary variable corresponding to the VCS edge from si to sj .
Thus, as in Observation 3.5, we add to the right side of constraints the term ±M ·(1−xk ).
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Figure 10: The top segment si and the vertical segment sj that are only partly visible
to each other because of obstacle ok . For details on how to build constraints for the
MILP-model to assure that if the approximate shortest path goes from si to sj , it does
not intersect ok , see text.
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Figure 11: The bottom views when the segment si and the vertical segment sj are partly
visible to each other because of obstacle ok , where vjb is the bottom end-point of sj ;
pi0 and pi1 are the bottom end-points of si ; vk0 and vk1 are the bottom end-points of a
vertical face fk of ok .
3.3.6

Constraints in (8) of the MILP-model: Checking-3

Let si be a top segment of obstacle oi and sj be a vertical segment of obstacle oj . Let
vi = (vi [0], vi [1], vi [2]) and vj = (vj [0], vj [1], vj [2]) be two points on segments si and sj ,
respectively. Recalling Checking-3 in Section 3.2, si and sj are partly visible to each other
because of obstacle ok , as in Figure 10. Let hi , hj and hk be the heights of obstacles oi ,
oj and ok , respectively. This section presents constraints in (8) of the MILP-model such
that the moving between vi and vj does not intersect ok . Since vi is on si of oi , then vi [2]
is equal to hi and vj is on sj of oj , then vj [0] and vj [1] are also two known values. Hence,
vi [0], vi [1] and vj [2] are variables of the MILP-model.
Let Fk0 be the set of vertical faces of ok . For (vi , vj ) to not intersect ok , any intersection
point between (vi , vj ) and any plane containing fk ∈ Fk0 needs to be outside fk . Let vk0
and vk1 be two bottom end-points of fk and let vib and vjb be the projected points of vi
and vj on the bottom, respectively, as illustrated in Figure 10. Similar to the constraints
in (7) of the MILP-model in Section 3.3.5, if (vib , vjb ) does not intersect (vk0 , vk1 ), then
(vi , vj ) does not intersect fk . Otherwise, if (vib , vjb ) intersects (vk0 , vk1 ), the z-coordinate
of the intersection point between (vi , vj ) and fk is constrained to be at least hk . As in (7)
of the MILP-model, constraints (61) and (65) are used for this purpose. However, in this
case, since vj [2] is a variable, constraints (61) and (65) become quadratic. Therefore, we
next present our alternative way to avoid these quadratic constraints.
Let sib be the bottom segment corresponding to si with two ending points pi0 and
pi1 . We note that, on the bottom, vjb , (vk0 , vk1 ) and (pi0 , pi1 ) can be one of five cases
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as illustrated in Figure 11. For the Figure 11(a) case, let b0 = (b0 [0], b0 [1], 0) and
b1 = (b1 [0], b1 [1], 0) be the intersection points between (pi0 , pi1 ) and the lines containing (vjb , vk0 ) and (vjb , vk1 ), respectively. Only if vib is on (b0 , b1 ), (vjb , vib ) intersects
(vk0 , vk1 ). For the Figure 11(b) case, (vjb , vib ) does not intersect (vk0 , vk1 ) for any vib
on si . For the Figure 11(c) case, (vjb , vib ) intersects (vk0 , vk1 ) for all vib on si . For the
Figure 11(d) and (e) cases, only when vib is on (b1 , pi0 ) and (b0 , pi1 ), respectively, (vjb , vib )
intersects (vk0 , vk1 ). Next, we present constraints that are only for the Figure 11(a) case.
The remaining cases can be solved similarly.
Since the coordinates of vjb , vk0 and vk1 are known values, b0 [0], b0 [1], b1 [0] and b1 [1]
can be computed based on these values and the line segment containing sib . Thus, b0 [0],
b0 [1], b1 [0] and b1 [1] are also known values. We have two cases as below.
If vib is not on (b0 , b1 ), (vjb , vib ) does not intersect (vk0 , vk1 ), then (vi , vj ) does not
intersect the face fk .
Otherwise, if vib is on (b0 , b1 ), let (vi , rj ) be a tangent on the top of ok at u =
(u[0], u[1], u[2]), where rj = (rj [0], rj [1], rj [2]) is on the line containing sj , as in Figure 10.
Hence, (vk0 , vk1 ) and (vib , vjb ) intersect each other, and (vi , vj ) does not intersect fk only
if vj [2] is greater than or equal to rj [2]. Thus, we have:
b00 [0]
b00 [1]
rj [2]
tij
vj [2]

<
<
=
≥
≥

vi [0] < b01 [0]
vi [1] < b01 [1]
vi [2] + tij · (u[2] − vi [2])
1
rj [2]

where tij is a real number, b00 [0] = min(b0 [0], b1 [0]), b01 [0] = max(b0 [0], b1 [0]), b00 [1] =
min(b0 [1], b1 [1]) and b01 [1] = max(b0 [1], b1 [1]).
Since vi [2] = hi and u[2] = hk , rj [2] = vi [2] + t · (hk − hi ) is a linear constraint.
However, we note that tij also needs to satisfy rj [0] = vi [0] + tij · (u[0] − vi [0]) and
rj [1] = vi [1] + tij · (u[1] − vi [1]). We cannot add these two constraints into the MILPmodel because they are quadratic constraints. Thus, we find the range for tij as follows.
Let d(vjb , b0 ), d(vjb , b1 ), d(vk0 , b0 ) and d(vk1 , b1 ) be the distances of (vjb , b0 ), (vjb , b1 ),
(vk0 , b0 ) and (vk1 , b1 ), respectively. Let t0 and t1 be two values calculated by t0 =
d(vjb , b0 )/d(vk0 , b0 ) and t1 = d(vjb , b1 )/d(vk1 , b1 ). Then, tij is in the range [tl , tu ], where
tl = min(t0 , t1 ) and tu = max(t0 , t1 ). The constraints for the MILP-model are as follow.
vi [0] ≤ b00 [0] + M · cij + M · (1 − gij )

vi [0] ≥ b01 [0] − M · (1 − cij ) − M · (1 − gij )
vi [1] ≤ b00 [1] + M · c0ij + M · (1 − gij )

vi [1] ≥ b01 [1] − M · (1 − c0ij ) − M · (1 − gij )
b00 [0] ≤ vi [0] + M · gij
vi [0] ≤ b01 [0] + M · gij
b00 [1] ≤ vi [1] + M · gij
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(66)
(67)
(68)
(69)
(70)
(71)
(72)

vi [1] ≤ b01 [1] + M · gij

(73)

vj [2] ≥ vi [2] + tij · (u[2] − vi [2]) − M · gij

(74)

tl ≤ tij + M · gij

(75)

tij ≤ tu + M · gij

(76)

where gij , cij and c0ij are auxiliary binary variables; tij and u[2] are auxiliary real variables;
vi [0], vi [1] and vj [2] are real variables; b00 [0], b00 [1], b01 [0], b01 [1] and vi [2] are parameters; M
is the maximum value such that all calculations are in the range [−M, M ].
We use a binary variable gij to choose between the two cases of that vib is on (b0 , b1 ) or
vib is not on (b0 , b1 ). If gij = 0, in which vib is on (b0 , b1 ), all constraints (70) to (76) need
to be considered while all constraints (66) to (69) are satisfied. Otherwise, if gij = 1, in
which vib is not on (b0 , b1 ), all constraints (66) to (69) are considered while all constraints
(70) to (76) are satisfied. When (66) to (69) are considered, we use a binary variable
cij to choose between vi [0] ≤ b00 [0] and vi [0] ≥ b01 [0]. Similarly, c0ij to choose between
vi [1] ≤ b00 [1] and vi [1] ≥ b01 [1].
We note that all constraints in this section are only considered if xk = 1 and satisfied
if xk = 0, where xk is the binary variable corresponding to the VCS edge from si to sj .
Thus, as in Observation 3.5, we add to the right side of constraints the term ±M ·(1−xk ).

3.4

Pre-processing and Post-processing

In this section, we present two new procedures Obstacle-Filter and Path-Refine for the
pre-processing and post-processing that can apply before building the VCS-graph and
after running the MILP-model, respectively. First, the pre-processing procedure is shown
in Section 3.4.1. It helps to eliminate unnecessary obstacles in the work space, thus
reducing the computational burden for the MILP-model. Then, the post-processing procedure is shown in Section 3.4.2. It helps to refine the resulting path after running the
MILP-model.
3.4.1

Pre-processing

Given the work space W = (O, s, t), we note that, in many cases, only some of the
obstacles in O are related or involved into finding the shortest path between the two
points s and t while the remaining obstacles are not. For example, as in Figure 12, from
the bottom view of obstacles, we see that the shortest path between s and t Pv∗ only
crosses segments of obstacles that are in a convex hull, named CH . Let O0 be the set
of obstacles whose bottom end-points are in or on segments of CH . We define CH as a
boundary containing the set of obstacles O0 that the path Pv∗ only crosses segments of
obstacles in O0 . In other words, the path Pv∗ will not cross any segment of any obstacle
that is not in O0 . Thus, in this section, we present a procedure named Obstacle-Filter
that will receive the input W = (O, s, t) then return the set of obstacles O0 . The main
idea of the procedure is that, first, we only find the convex hull containing bottom endpoints of obstacles that are intersected by the line segment from s to t, including both
two points s and t. Then, if segments of this initial convex hull intersect other obstacles,
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CH
t

s

Figure 12: An example of the convex hull CH (from the bottom/top view of the work
space).
the convex hull is expanded to contain all bottom end-points of these new intersected
obstacles. The convex hull continues being expanded until its segments do not intersect
any obstacle. The details of the procedure are presented as follows.
Obstacle-Filter :
Input: The work space W = (O, s, t)
(1) Determine the set of obstacles that the line segment from s to t intersects, named
Ost .
(2) Initially, O0 = Ost .
(3) Find the convex hull CH that contains bottom end-points of obstacles in O0 , s and
t.
(4) Let Os , initially Os = ∅, be the set of obstacles that are intersected by segments of
CH . For every segment si of CH , if si intersects obstacles oi ∈ O, where oi 6∈ O0 ,
Os = Os ∪ {oi }.
(5) If Os is empty, go to Step (7).
(6) Otherwise, if Os is not empty: O0 = O0 ∪ Os . Go to Step (3).
(7) Determine the set of obstacles that are in CH , but not in O0 , named Oh .
(8) O0 = O0 ∪ Oh . Return O0 .
3.4.2

Post-processing

As presented in Section 3.3.2, we use the approximate linear Euclidean function (7) of
the work [44] to replace the exact Euclidean function when computing the distance between two points. Let d(vi , vj ) and d0 (vi , vj ) be the exact Euclidean distance and the
approximate distance using the function (7), respectively. Let vi−1 , vi and vi+1 be three
consecutive points in the resulting path Pv∗ = (s = v0 , v1 , v2 , . . . , vl , vl+1 = t) between s
and t after running the MILP-model. In some cases, the MILP-model might return a path
that has no obstacle intersecting the segment (vi−1 , vi+1 ), as in Figure 13. This means
that the path can be refined by going straight from vi−1 to vi+1 to get a shorter distance
than going from vi−1 to vi+1 through vi . This is caused by the function (7) in which,
sometimes, it might result that d0 (vi−1 + vi ) + d0 (vi , vi+1 ) ≤ d0 (vi−1 , vi+1 ). However, with
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o4
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s1

s2
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vi−1

Figure 13: An example of that the resulting path between s and t can be refined at vi−1 ,
vi and vi+1 (from the bottom/top view of the work space). Note that s1 , s2 , s3 and s4
are top segments. The resulting path from s to t crosses the top faces of the obstacles o1
and o4 .
the exact Euclidean distance, it must be d(vi−1 + vi ) + d(vi , vi+1 ) > d(vi−1 , vi+1 ). Thus,
we present the procedure Path-Refine to refine the resulting path if this case happens
after running the MILP-model, as follows.
Path-Refine:
Input: W = (O, s, t) and the resulting path Pv∗ = (s = v0 , v1 , v2 , . . . , vl , vl+1 = t) after
running the MILP-model
(1) Initially, i = 1
(2) Loop until i = l:
– Get three consecutive points vi−1 , vi , vi+1 ∈ Pv∗ :
– If the segment (vi−1 , vi+1 ) does not intersect any obstacle:
– Remove vi from Pv∗ ; l = l − 1.
– If i > 1, i = i − 1 (Otherwise, if i = 1, i does not change).
– Otherwise, if the segment (vi−1 , vi+1 ) intersects an obstacle: i = i + 1
– Go to Step (2).

3.5

Time complexity

Theorem 3.6. A VCS-graph can be constructed in O(n3 ) time and O(n2 ) space, where
n is the number of obstacle end-points in the work space.
Proof. Let ni be the number of end-points of an obstacle oi . In the work space, for every
pair of obstacles oi and oj , first, finding tangents between these two bottom polygons,
which are convex polygons, takes O(ni +nj ) time [46]. After finding the tangents, the sets
j
j
j
i
i
i
Vini , Vout
, Tin
, Tout
of oi and Vinj , Vout
, Tin
, Tout
of oj are set up, also taking O(ni + nj ) time

in the worst case. Next, for every pair of segments si and sj where si ∈ Vini , sj ∈ Vinj ,



j
j
j
j
i
i
si ∈ Tin
, sj ∈ Tin
∪ Tout
, si ∈ Vini , sj ∈ Tin
∪ Tout
and si ∈ Tin
, sj ∈ Vinj , we need to
check if there exists any obstacle that interferes with the visibility between si and sj , then
determine they are fully, partly or not visible to each other. For every pair of si and sj ,
this step takes O(n) time, and we have O(ni nj ) pairs of segments si and sj in the worst
case, thus, taking O(nni nj ) time. In total, for each pair of obstacles oi and oj , we need
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P Pm
O(2(ni +nj )+nni nj )). Therefore, with m obstacles, we need m
j=1
i=1 O(ni +nj +nni nj )
3
3
= O(mn + mn + n ) = O(n ). Regarding space, in the worst case, if all pairs of the
obstacle segments are visible to each other, we need O(n2 ) space to store all virtual edges
of the VCS-graph.
Theorem 3.7. The number of variables and the number of constraints of the MILP-model
are O(n3 ), where n is the number of obstacle end-points in the work space.
Proof. Let |E| and |E 0 | be the number of nodes and the number of edges of a VCS-graph
(E, E 0 ), respectively. We have |E| = O(n) and |E 0 | = O(n2 ). We count the number of
variables and constraints separately.
Variables.
For every ek ∈ E 0 , two variables xk and dk are created; and for every point vi on
si ∈ E, three variables vi [0], vi [1], vi [2] are created. Thus, initially, the number of main
variables is 2|E 0 | + 3|E|, which is O(n2 ).
(A)
To change the objective function from a quadratic to a linear function, for every xk dk ,
we use an auxiliary variable zk . To change from the Euclidean distance function to the
approximate linear function for each dk in (4) of the MILP-model, we use three auxiliary
variables dx , dy and dz . Hence, for these steps, the number of auxiliary variables is 4|E 0 |,
which is O(n2 ).
(B)
Note that for constraints in (2) of the MILP-model, we need the operator “OR”,
which take one more auxiliary variable to process. Thus, for all constraints in (2) of the
MILP-model, the number of auxiliary variables is |E| − 2, which is O(n).
(C)
Next, for the constraints in (5) of the MILP-model, if si is a top segment, we need
an auxiliary variable ti . Thus, we need at most |E| auxiliary variables to guarantee that
every point vi is on si , i ∈ {1, . . . , |E|}. However, for every ek ∈ E 0 , when points vi are
positioned on their corresponding segments, if the case as in Figure 7(b) happens, we
use one more auxiliary variable wij . Thus, for constraints in (5) of the MILP-model, the
number of variables is at most |E| + |E 0 |, which is O(n2 ).
(D)
Let si and sj be two segments that are partly visible to each other by a set of obstacles
Ok . If si and sj are two vertical segments, for each ok ∈ Ok , constraints in (6) (Checking1 ) are added into the MILP-model to assure that the path between si and sj does not
intersect ok . For constraints in (6), we use one auxiliary variable yij . In the worst case,
there can be m−2 obstacles in Ok . Thus, the number of auxiliary variables for constraints
in (6) is m − 2 in the worst case, which is O(m).
If si and sj are two top segments, for each ok ∈ Ok , constraints in (7) (Checking-2 ) are
added into the MILP-model to assure that the path between si and sj does not intersect
a vertical face of ok . For each vertical face of ok , we use four auxiliary variables aij , bij ,
cij and t01 for the case that tij is calculated by (50). When the constraints corresponding
to (51) are added into the MILP-model, we keep the variable aij , cij , t01 , but use one
new variable to replace bij . In total, for each vertical face of ok , we need five auxiliary
variables. Because all constraints corresponding to all vertical faces of ok need to be
added into the MILP-model, and if the number of obstacles in Ok is m − 2, the number
of auxiliary variables for constraints in (7) is O(5n) in the worst case, which is O(n).
If si and sj are one top segment and one vertical segment, for each ok ∈ Ok , constraints in
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(8) (Checking-3 ) are added into the MILP-model to assure that the path between si and
sj does not intersect a vertical face of ok . For each vertical face of ok , we use five auxiliary
variables gij , cij , c0ij , tij and u[2]. Similarly as constraints in (7) of the MILP-model, the
number of auxiliary variables for constraints in (8) in the worst case is O(5n), which is
O(n).
Summarizing, for a VCS edge that connects two partly visible segments si and sj , we
need at most O(m) auxiliary variables if si and sj are two vertical segments, and O(n)
auxiliary variables if si and sj are two top segments or one top and one vertical segment.
Thus, if all |E 0 | VCS edges of the VCS-graph connecting two partly visible segments, we
need at most O(n|E 0 |) auxiliary variables, which is O(n3 ).
(E)
From (A), (B), (C) and (D) and (E), the number of variables that the MILP-model
needs is O(n2 ) + O(n2 ) + O(n) + O(n2 ) + O(n3 ) = O(n3 ).
Constraints.
To change the objective function from a quadratic to a linear function, the number
of constraints we need is 4|E 0 |, which is O(n2 ).
(A)
We do not count constraints in (1) of the MILP-model because these constraints are
just to clarify the binary characteristic of variables xk . The sum of all constraints in both
(2) and (3) of the MILP-model is 3|E|, which is O(n).
(B)
Next, for constraint in (4) of the MILP-model, the number of constraints that need
for using the approximate linear Euclidean function is 12|E 0 |, which is O(n2 ).
(C)
For the constraints in (5), we need at least 2|E| and at most 3|E| constraints so
that every point vi is on si with i ∈ {1, . . . , |E|}. Then, for every VCS edge ek , k ∈
{1, . . . , |E 0 |}, if the connection between two segments of ek is as in Figure 7(a) or (c),
we need at least two and at most four constraints. Otherwise, if the connection between
two segments of ek is as in Figure 7(b), we need at least five and at most ten constraints.
Thus, the number of constraints in (5) of the MILP-model is at most 10|E 0 |, which is
O(n2 ).
(D)
For constraints in (6) of the MILP-model, we need two constraints for each case
vi [2] ≥ k or vi [2] ≤ k. In the worst case, if si and sj are partly visible to each other by
m − 2 obstacles, then we need 4(m − 2) constraints, which is O(m). For constraints in
(7), we use 12 constraints, from (54) to (65), for the case that tij is calculated by (50).
For the case that tij is calculated by (51), we keep constraints (54) to (57), but change
constraints (58) to (65). Thus, for both cases (50) and (51), we need 20 constraints. For
constraints in (8), we need 11 constraints. Constraints in (7) and (8) the are to assure
that moving between si and sj does not intersect a vertical face of ok . In the worst case,
if Ok has m − 2 obstacles and all constraints related to all vertical face of an ok ∈ Ok
need to be added into the MILP-model, the number of constraints in (7) or (8) is O(n).
Thus, if all pairs of segments of all |E 0 | VCS edges are partly visible to each other, the
number of constraints is at most O(n|E 0 |), which is O(n3 ).
(E)
From (A), (B), (C), (D) and (E), the number of constraints in the MILP-model is
O(n2 ) + O(n) + O(n2 ) + O(n2 ) + O(n3 ) = O(n3 ).
Theorem 3.8. For the pre-processing and post-processing, in the worst case, the procedures Obstacle-Filter and Path-Refine run in O(mn2 ) and O(n2 ) time, where n is the
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number of obstacle end-points and m is the number of obstacles in the work space, respectively.
Proof. First, with the procedure Obstacle-Filter, among many existing algorithms of
determining a convex hull covering n points, one can run in O(n log n) [3]. Thus, the
Step (3) of the procedure can run in O(n log n) in the worst case. Then, in Step (4) of the
procedure, for every segment si of CH , we check whether si intersects any obstacle. Thus,
this step requires O(n2 ) time in the worst case. Since Steps (3) and (4) can be repeated
at most m times while the running time of the Step (7) is only O(mn), the running time
of the whole procedure Obstacle-Filter is O(mn2 ) in the worst case. With the procedure
Path-Refine, for every three consecutive points vi−1 , vi , vi+1 of Pv∗ , we need O(n) time to
detect whether the segment (vi−1 , vi+1 ) intersects any obstacle, and in the worst case,
l = n, thus, the running time of the whole procedure Path-Refine is O(n2 ).

4

Experimental results

We randomly create 500 test cases in five groups of the work spaces that have 10, 50, 100,
150 and 200 obstacles (100 test cases for each group). Let (s, t) be the straight segment
from s to t. In the coordinate system for each test case, we set the distance of (s, t) to
be 2000. All test cases are assured that the segment (s, t) always intersects a number
of obstacles while the remaining obstacles are randomly generated around (s, t). For
each obstacle, the top (or bottom) face is a triangle or quadrangle. SageMath, Python
language, and CPLEX 12.8.0 are used to build the VCS-graph and solve the MILP-model.
All experiments presented in this section are run on a computer with the configuration
of 3.5GHz Intel(R) Core(TM)i5-7600 CPU and 8.00GB RAM.
In Section 4.1, we first show that, with only one optimality criterion of being the
shortest distance, our method can find the approximate shortest paths that are shorter
than those of the ApVL method of [13], using the above-mentioned 500 test cases. Two
main reasons that lead to the differences between our method and the ApVL method are
also analyzed in Section 4.2. After that, for multi-criteria shortest paths, in Section 4.3,
we present the results of three specific examples to demonstrate that our method is
flexible in which users can easily define and add more constraints into the MILP-model.
Finally, all of the experimental running times are presented in Section 4.4, which to show
that although we use MILP, our method can run in an acceptable amount of time in
practice.

4.1

Accuracy comparison

For every test case i, let d∗i be the approximate shortest path length of our method and di
be the approximate shortest path length of the ApVL method. Let Di = di − d∗i be the
difference between our method and the ApVL method corresponding to the test case i.
Di
100% as the percentage that we can improve
We use the value that is calculated by
2000
for every test case i. Figure 14 depicts all of the percentages of 500 test cases according
to five groups of 10 to 200 obstacles. We have all positive percentages. This means that
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Table 2: The largest and average percentages of five groups that our method improves
the ApVL method.
Number of Obstacles
Largest percentages
Average percentages

10
4.24%
0.42%

50
5.13%
0.65%

100
9.27%
0.94%

150
6.65%
1.03%

200
6.03%
1.10%

%
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6
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4 Obstacles

5 Obstacles

6 Obstacles
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Figure 14: The percentage differences between the approximate shortest path lengths of
our method and the ApVL method with all 500 test cases.
all of the result lengths of our method are shorter than those of the ApVL method in
these 500 test cases. Furthermore, for the largest difference between two methods, we
improve by up to 9.27%. Table 2 summarizes the average and largest percentages that
we can improve according to the five groups.

4.2

Discussion on accuracy

Two main reasons that create the differences in the results of our method and the ApVL
method are as follows.
(1) In the work space {O, s, t}, the ApVL method, first, connects s and t to create a
line segment, called the baseline. Let Q be a set of obstacles that are intersected by the
baseline. Suppose that the number of different heights of all obstacles in Q is k, then with
every i ∈ {1, . . . , k + 1}, a corresponding leveli is created with level1 being the ground
level. For example, as shown in Figure 15, there are two obstacles in Q with two different
heights, k = 2, thus three levels level1 , level2 and level3 are created. For every leveli ,
the ApVL method builds a corresponding 2D visibility graph Gi . A set of 2D visibility
graphs {G1 , . . . , Gk+1 } corresponding to all levels is subsequently formed. Note that,
according to the ApVL method, if a vertex exists at one level, all projected vertices from
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Figure 15: 2D visibility graphs at three levels between two vertical obstacles with s = u0
and t = v 0 adopted from [13].
this vertex to all other levels are also created. For example, as in Figure 15, u0 exists at
level3 , thus u2 and u1 , which are projected from u0 to level2 and level1 , respectively, are
also created. The ApVL method, then, connects all vertices of all 2D visibility graphs
together, using the method of [15]. After that the ApVL method uses the A* search
algorithm to find an approximate shortest path from s to t. Since the approximation
shortest path of the ApVL method only goes through vertices of 2D visibility graphs, it
is not optimal. For example, as shown in Figure 15, to go from vertex u1 to vertex r2 ,
according to the ApVL method, the approximate shortest path is either (u1 , p2 , r2 ) or
(u1 , p1 , r2 ). However, a shorter path in this situation could be (u1 , pk , r2 ), where pk is a
point somewhere on the segment from p1 to p2 .
Using MILP, our method outperforms the ApVL method by finding an optimal point
pk on the segment (p1 , p2 ). However, as presented in Section 3.3.2, because we approximate the Euclidean function [44], the path (u1 , pk , r2 ) of our method is about ±6% of
the length of an exact shortest path.
(2) Because only obstacles in Q, as defined in (1), are involved in the first process
of finding a shortest path, the resulting path of the ApVL method from s to t possibly intersects the obstacles that are not in Q. Suppose that the path from s to t is
(s, v1 , . . . , vk , . . . , t) such that the sub-path (s, v1 , . . . , vk ) is a collision-free path while
the sub-path (vk , . . . , t) intersects some obstacles. Then the ApVL method solves this
situation by keeping the first segment (s, v1 ) as a part of the final path and repeating the
process of finding a shortest path from v1 to t until all parts from s to t are collision-free.
For example, as shown in Figure 16, first, the baseline from s to t intersects only the
obstacle o1 , Q = {o1 }. A shortest path from s to t with only the obstacle o1 in this
scenario is (s, v1 , v2 , t). However, the path from v2 to t intersects obstacles o2 and o3 ,
which are not in Q. In this case, the ApVL method keeps the path from s to v1 and
repeats the process of finding a shortest path from v1 to t. Finally, an approximate
shortest path result of the ApVL method is (s, v1 , v2 , v3 , t). However, the shortest path
in this scenario is (s, v4 , v5 , t). If there are more obstacles on the path from v1 to t, an
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Figure 16: An example of that the shortest path is (s, v4 , v5 , t), but the ApVL method,
with the greedy strategy, produces the longer path (s, v1 , v2 , v3 , t).
approximate shortest path result of the ApVL method is likely to be less accurate. In
contrast, our method can find the path (s, v4 , v5 , t) with a shorter distance.

4.3

Multiple criteria

In this section, along with finding an approximate shortest path, we present three examples of finding an approximate shortest path with (a) the number of links being less
than or equal to a given number, (b) the highest altitude of the path being less than or
equal to a given number, and (c) some segments being required or avoided, as mentioned
in Question 2 of the problem formulation given in Section 2. We note that our path
results of (a), (b) and (c) are based on the VCS-graph, which means that all waypoints
of the paths need to be on obstacle segments. We use an example of 10 obstacles whose
coordinates are shown in Table 3 to present all results of this section.
Question 1: Approximate shortest path.
As a result, the red (r) line in Figure 17 is an approximate shortest path among ten
obstacles in the example, with five links. The length of this path is 2617.19 units while
the length of the path found by the ApVL method is 2665.44 units.
Question 2: Three examples for additional constraints.
(a) Approximate shortest path with the number of links being less than
or equal to a given number. Let l0 be an upper bound on the number of links on a
P|E 0 |
path from s to t. The following constraint is added into the MILP-model : k=1 xk ≤ l0 .
The yellow (y) line in Figure 17 shows an approximate shortest path of the example with
the number of links being less than or equal to 4. In this scenario, the (approximate)
shortest path from s to t is 2617.19 units with 5 links while it is 4690.95 units with 4
links, and there is no path with 3 links.
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Table 3: The coordinates of an example work space with ten obstacles, as illustrated in
Figure 17. Vertical obstacles are presented with the coordinates of bottom end-points
and the heights in the Cartesian coordinate system.
Obstacles Id
1
2
3
4
5
6
7
8
9

10
s
t

Work space
Coordinates of bottom end-points
(127.64, 731.66), (127.64, 2000.44),
(245.12, 953.44), (245.12, 731.66)
(294.97, -1025.34), (294.97, 1974.66),
(350.78, 1974.66), (350.78, -1025.34)
(446.81, 228.88), (370.81, 2500.65),
(543.87, 1578.65), (543.87, 228.88)
(580.93, 658.22), (580.93, 1617.01),
(632.66, 1617.01), (632.66, 658.22)
(650.55, -1020.12), (650.55, 2974.50),
(691.36, 2974.50), (691.36, -1020.12)
(707.03, -270.18), (707.03, 2559.27),
(794.87, 2559.27), (794.87, -270.18)
(795.44, -1059.17), (795.44, 1681.49),
(946.47, 1681.49), (946.47, -1059.17)
(1187.31, 69.78), (1000.31, 1600.71),
(1286.72, 1278.71), (1286.72, 669.78)
(1359.05, -646.65), (1359.05, 1610.48),
(1500.05, 2000.48), (1633.78, 1610.48),
(1633.78, -646.65)
(1777.47, -500.03), (1777.47, 1024.15),
(1929.22, 1024.15), (1929.22, 52.03)
(0.00, 900.00, 281.68)
(2000.00, 900.00, 350.34)

Height
400.10
923.48
237.40
59.14
250.83
822.88
897.26
621.34

175.00
629.83

(b) Approximate shortest path with the highest altitude of the path being
less than or equal to a given number. Let h0 be an upper bound on the z-coordinates
of all waypoints on a path from s to t. For every vi = (vi [0], vi [1], vi [2]) in the constraints
in (5) of the MILP-model, the constraint vi [2] ≤ h0 is added. In Figure 17, the green (g)
and purple (p) lines are the approximate shortest paths of the example with h0 = 900
and h0 = 600, respectively.
(c) Approximate shortest path with some segments being required or
avoided. Let SR and SA be two sets of segments that are required and avoided on
a path from s to t, respectively. P
For every si ∈ SR , the corresponding constraint in (2) of
the MILP-model is changed to xk ∈Ai xk = 0 and for
P every si ∈ SA , the corresponding
constraint in (2) of the MILP-model is changed to xk ∈Ai xk = 2. As in Figure 17, the
black (b) line is a path with SA = {2} and SR = {∅}; and the cyan (c) line is a path
with SA = {1, 2, 3, 4} and SR = {5}.
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Figure 17: Figure (a) and (b) illustrate an example work space of ten obstacles whose
coordinates are shown in Table 3 in two different views. The approximate shortest path
is the red (r) line. The approximate shortest paths with additional constraints of: (a)
the number of links being less than or equal to 4 is the yellow (y) line, (b) the altitudes
being less than or equal to 900 is the green (g) line and the altitudes being less than
or equal to 600 is the purple (p) line, (c) avoiding segment 2 is the black (b) line; and
avoiding segments 1 to 4 and required to visit segment 5 is the cyan (c) line.
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Table 4: Our approximate shortest path results of examples in Section 4.3.
Approximate shortest path with:
No additional constraints
The number of link being less than or equal to 4
The altitude being less than or equal to 900
The altitude being less than or equal to 600
Avoiding segment 2
Avoiding segments 1 to 4 and requiring to visit segment 5

Euclidean distance
2617.19
4690.95
3366.61
4067.97
2665.19
5027.24

Table 5: Running times in seconds of 500 test cases in four scenarios.
Number of Obstacles
Scenario (1)
Scenario (2)
Scenario (3)
Scenario (4)

4.4

10
0.58
0.11
0.28
0.49

50
1.28
0.18
0.69
1.20

100
4.05
0.31
1.75
3.96

150
21.54
0.48
5.6
16.71

200
35.21
0.59
7.5
22.00

Average
12.53
0.33
3.17
8.88

Running times

In this section, we discuss the running times of our method using 500 test cases in four
scenarios, as follows. (1) With only one optimality criterion, being the shortest distance,
we show the running times of finding the approximate shortest paths, which is presented
in Section 4.1. Then, with multi-criteria shortest path, according to three examples in
Section 4.2, we measure the running times of finding the approximate shortest paths of
500 test cases with: (2) the number of links being less than or equal to l0 = 3, (3) the
highest altitude of the path being less than or equal to 500, and (4) two segments being
required and two segments being avoided (randomly created for each test case). Table 5
summarizes the running times of these four scenarios.
For Scenario (1), with only one optimality criterion of being the shortest distance, the
average running times of the ApVL method that we measure is 0.16 seconds. This quick
running time is more suitable for systems that require real-time or fast path planning
compared with our average running time. However, our method can produce shorter
paths (as presented in Section 4.1, we can improve up to 9.27% of the path length
compared with that of the ApVL method). Furthermore, our method is the only one
that can solve the multi-criteria shortest path while the ApVL and other methods (see
our introduction) can handle only one optimality criterion. Therefore, for Scenario (2),
(3) and (4) we just show our running time, which not comparable with the other methods.
We claim in the introduction section that our method, although it is not fast, can solve
the multi-criteria shortest path in an acceptable amount of time in practice. The running
times given in Tables 5 confirm our claim. Most of the running times of our method are
attributed to solving the MILP-model. These running times are suitable for systems
that the processing time is not critical, but the accuracy respect to the path length and
multi-criteria are required. We note that, with MILP, our method is more flexible than
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the three above-mentioned examples. Users can redefine the objective function or add
other constraints into the MILP-model easily.

5

Conclusion

We have presented a new method for finding an approximate Euclidean shortest path with
high accuracy among static vertical obstacles. By geometry principles, we first showed
how to determine segments or sub-segments of vertical obstacles that are visible to each
other. Then, by connecting all visible segments into a new data structure called VCSgraph, an approximate shortest path is computed between two points based on MILP.
With a moderate number of obstacles the running time of using MILP is still acceptable.
Our method is, thereby, suitable for applications that require a high accuracy rather
than a low running time. Additionally, based on the flexibility of MILP, our method
can find an approximate shortest path with multiple simple constraints, such as the
number of links being less than a given number, the highest altitude being less than a
given height, or some segments being required or avoided on a path. These examples,
among others, demonstrate the flexibility of our method. In practice, other constraints
can be explored by this approach. For our future work, we plan to carry out physical
world experiments. Furthermore, some other improvements and generalizations can be
explored, such as working with non-convex obstacles, reducing the time complexity of
creating the VCS-graph and finding an alternative to MILP to work with the VCS-graph.
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