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Abstract—Achieving high stiffness and low inertia is a big challenge for current haptic devices. Impedance-based devices are 

limited in providing high stiffness while, in contrast, admittance-based devices are limited in generating low inertia. Thus, it is 

difficult to simulate hard contact and small inertia simultaneously in virtual environments. In this paper, we introduce a co-

actuation module to overcome this difficulty. The module is a one degree-of-freedom (DOF) revolute joint which consists of a 

link and a physical constraint with a clearance between the two components. A motor controls the physical constraint moving 

cooperatively with the link. In free space, the constraint has no contact to the link and thus, users can move the link freely 

without feeling the inertia of the motor. In constrained space, the constraint comes into contact with the link and thus, users can 

feel a resistance from the motor. By means of a direct physical contact between the link and the constraint, users can feel a 

hard virtual surface. This paper describes the principle and the implementation of the proposed co-actuation module. 

Performance evaluation was conducted using a two-DOF haptic device in a task workspace of 100 mm × 100 mm. The effective 

inertia of the device is 64-142 g within the task workspace. The device can stably render a virtual wall with stiffness as high as 

65 N/mm. The penetration to the virtual wall was 0.02-0.41 mm when tapping the wall with a speed range of 80-320 mm/s. The 

maximum back driving force was about 0.19 N when moving within 4.5-8.6 mm/s. The experimental results demonstrate that the 

concept of co-actuation is feasible in achieving high force, high stiffness range and low inertia for haptic devices. 

Index Terms—Co-actuation, haptic device, force feedback, physical constraint, stiffness rendering, transparency  

——————————      —————————— 

1 INTRODUCTION

great number of haptic devices have been developed 

which allow users to feel the feedback force from both 

virtual and remote physical environments [1-4]. Existing 

haptic devices can be divided into two distinct classes, im-

pedance and admittance displays. Impedance displays 

usually have low inertia and friction, and are highly back-

drivable [1], [2]. They typically are able to render low-

inertia, low-damping environments, but have difficulty 

emulating stiff constraints. Notable impedance devices, 

Phantom models, have a low inertia about 50 g. However, 

the stiffness they can render is low, ranging from 1 to 3.5 

N/mm [5]. Admittance displays usually contain a reducer 

of a significant ratio, and are therefore non-back-drivable 

due to high inertia and friction [3], [4]. They are capable of 

rendering high stiffness and large damping, but often not 

capable of rendering low inertia. Notable admittance de-

vice, Haptic Master, can render stiffness as high as 50 

N/mm and the nominal/max force of 100/250 N, while 

the minimal tip inertia is 2 kg [3].   

In some applications, such as dental simulation [6], the 

enamel is highly stiff and the dental tools are light. Thus, 

both high stiffness and low inertia are required, which 

places a great challenge in the design of force feedback 

devices. Previous research has suggested that stiffness 

higher than 24 N/mm is required to convey the presence of 

a hard constraint [7]. In the current commercial force feed-

back devices, either impedance or admittance haptic devic-

es are unable to achieve the stiffness higher than 24 N/mm, 

while having inertia lower than 10 g for simulating the 

dental tools. 

Several researchers studied the maximum stiffness an 

impedance display can stably render. Colgate and Schenkel 

developed a relationship between damping, stiffness, and 

update rate from which the maximum stiffness of a virtual 

wall can be estimated [8]. More recently, the relationship 

was generalized by considering more factors including 

sensor quantization and coulomb friction [9-11]. 

Numerous research efforts were made in the emulation 

of hard virtual surface. Different concepts have been pro-

posed to implement a truly “hard” constraint. To render 

stiff environments over a large workspace, Zinn et al. [12] 

addressed the limitation of traditional impedance devices 

by introducing a new actuation approach based on parallel 

actuation concept. They divided the torque generation into 

separate low- and high-frequency actuators that work in 

parallel. A high-power, high-torque actuator was used to 
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provide the low frequency torques while a small, fast actu-

ator was used to provide the high frequency torques. They 

also optimized the locations of the low- and high-

frequency actuators on the device, so that their effect on 

device transparency was minimized while their contribu-

tion to dynamic force range was maximized. Experimental 

data showed that the approach was able to achieve a high 

stiffness of 57 N/mm for a three-DOF prototype and re-

duce the output friction to less than 1.5 N within a large 

workspace of 0.6 m3.   

Being dissipative by nature, brakes are ideal for provi-

sion of physical damping to a haptic device. Several re-

searchers have investigated the use of brakes to achieve 

high impedance and thus improve stability. Different types 

of brakes were used [13-17]. It was found that some charac-

teristics of the brakes, such as being slow to actuate and 

nonlinear relationship between velocity and torque, limit 

the fidelity of the rendering. 

To improve the performance of virtual wall rendering, 
Gosline and Hayward proposed to use eddy current brakes 
(ECBs) as linear, fast actuating, programmable viscous 
dampers for haptic rendering. They found that virtual 
walls rendered using the physical dampers do not have the 
characteristic “sticky” feel that is typical of walls rendered 
using existing programmable brakes. However, the use of 
dampers in brakes leads to the increase of the inertia and 
power consumption in the device [18]. In an alternative 
approach, the dissipative properties of a DC motor were 
taken as an advantage to realize programmable electrical 
damping [19]. Diolaiti and Niemeyer proposed wave hap-
tics approach to fully embrace and utilize the electrical dy-
namics of DC motors [20]. Their approach was built upon 
the motor’s physical behavior and can achieve higher vir-
tual stiffness than traditional rendering methods for im-
pedance displays. 

Another concept to provide a convincingly hard surface 

is to use mechanical constraints. A typical example was 

Cobot, in which a parallel linkage was used to build a 6 

DOF device [4]. Although controlled as an admittance de-

vice, the Cobot does not suffer from the high inertia, fric-

tion and backlash that normally exist in a highly geared 

admittance device. By using a rotational-to-linear continu-

ously variable transmission (CVT), the Cobot enhanced the 

dynamic range that extends continuously from a complete-

ly clutched state to a highly back drivable state. With the 

novel mechanical design, the Cobot achieved a force 

transmission capability exceeding 50 N, a structural stiff-

ness ranging from 20 to 400 N/mm, a motion control 

bandwidth of 40 Hz, and the near zero power requirements 

for sustaining high output loads. 

An early concept using mechanical constraints is en-

counter-type force feedback device [21], which stays near-

by the interaction location and waits for an operator to en-

counter it. Yokokohji et al. [22] proposed an encounter-

type haptic device to simulate three-fingered grasping 

process, extending the concept to fingertip contacts. With 

the observation from actual human grasping, the mecha-

nism of the device was designed. Then, an encounter-type 

master hand, featured with a compact exoskeleton mech-

anism, was introduced in [23] to enable free motion of the 

operator’s finger and natural contact sensation at the fin-

gertip. A further variation on mechanical constraints is 

dynamic physical constraints (DPC) introduced recently by 

[24]. The DPC is adjusted depending on the user’s current 

position in space. When not in contact with the virtual sur-

face, the user can move the device with complete freedom 

as all joints are unimpeded. Once the virtual surface is 

reached, the DPC creates a unidirectional physical barrier 

to limit the movement of partial joints. The DPC concept 

can produce a realistic sensation of hard surface contact 

because of the real physical contact between the user and 

the DPC. However, the DPC concept was proposed to em-

ulate a virtual surface that is approximately concentric with 

the central pivot point. The extension of this idea to arbi-

trary virtual surfaces needs further investigation. 

To develop a haptic device that can render both low in-

ertia and high stiffness, it is necessary to overcome the limi-

tations of impedance displays in rendering high stiffness 

and admittance displays in rendering low inertia. We pro-

posed a concept, co-actuation, to achieve this goal in [25]. 

Preliminary study on a 1 DOF device showed that the co-

actuation approach is effective in achieving high stiffness 

while keeps low inertia of force feedback devices [26]. In 

this paper, we prove that the co-actuation approach can be 

applied to multi-DOF haptic devices. In Section II, we de-

scribe briefly the principle of co-actuation approach. In 

Section III, we present a model for determining a critical 

design parameter of the approach. In Section IV, we dis-

cuss in details about controller implementation. In Section 

V we evaluate the performance of the co-actuation ap-

proach using a 2 DOF haptic device. We conclude in Sec-

tion VI. 

2 CO-ACTUATION PRINCIPLE 

Co-actuation means that the actuators of the force feedback 

device act in collaboration with the user. Fig. 1 (a) shows 

the principle of co-actuation in a 1 DOF module, in which 

the link is actuated by the user and the socket by the motor. 

The socket works as a physical constraint. The link and the 

socket rotate about the same axis and are defined as L  and 

P  respectively. The two angles have the same home posi-

tion, as shown in Fig. 1 (b). Given an arbitrary P , the rota-

tion range of the link limited by two sides of the socket is 

determined by a clearance angle, which is defined as           

                   max min ,L L      given a P                        (1) 

Note that the clearance angle   is a structural constant and 

it is shown in Fig. 1 (b). 

The module works in two modes: free motion and con-

strained motion, which are distinguished by 
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In free motion mode, the physical constraint continuous-

ly tracks the rotation of the link ensuring that the link is not 

in contact with the socket. Thus, the motion of the link is 

unimpeded by the physical constraint. In constrained mo-

tion mode, the motion of the link is impeded by the socket 

through the two physical contacts between them. Two 

modes are depicted in Fig. 1 (c).   

Fig. 2 (a) and (b) show how the two modes are mapped 

to the virtual environment. In Fig. 2 (a), the module works 

in free motion mode. Accordingly, the virtual object moves 

freely in the virtual environment without contact with the 

virtual wall. In Fig. 2 (b), the module works in constrained 

motion mode. Accordingly, the virtual object collides with 

the virtual wall. 

In co-actuation approach, the inertia reflected to the user 

is given by 

                                       = linkJ J                                     (3) 

where linkJ  is the link inertia. This is because the link and 

the socket/motor are mechanically decoupled. In other 

existing haptic devices, the two are mechanically coupled, 

thus the effective inertia is given by 

                       
2= +link socket transmission motorJ J J J i J          (4) 

where socketJ , transmissionJ , motorJ are the inertias of the sock-

et, the transmission and the motor respectively, i is the 

transmission ratio. Compared to the coupled situation, 

the inertia in the co-actuation is reduced to a fraction de-

fined by the ratio 

                  
2

= link

link socket transmission motor

J

J J J i J


   
          (5)        

When simulating high stiffness, the large motor and 

high transmission ratio are required to provide a large 

force, which leads to the increased inertia of motor and 

transmission. Because of the mechanical decoupling, the 

increased inertia and friction in transmission is not re-

flected to the user and in this way both high stiffness and 

low inertia/friction can be achieved with the co-actuation 

approach. 

The effectiveness of the co-actuation approach was ver-

ified through a 1 DOF module in [25]. Here we briefly 

report the result. More details about the experiment pro-

cess can be found in [25]. As shown in Fig. 3, the physical 

constraint was actuated by a motor (Maxon RE30) with a 

gear ratio of 50. Two optical encoders are respectively 

mounted on the shafts of the motor and the link to meas-

ure their positions. At the tip of the link, a force sensor 

(ATI Nano 17) is mounted to measure the force applied 

      
(a)                                       (b) 

Fig. 2. (a) Motion mapping between the link and the virtual object 

in free motion mode. (b) Motion mapping between the link and the 

virtual object in constrained motion mode. 
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(c) 

Fig. 1. (a) Working principle of co-actuation. (b) Definition of the link 

position θL, the physical constraint position θP and the clearance an-

gle  . (c) Definition of the free motion and the constrained motion.  
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by the user. The major components in the module are 

listed in TABLE I. In this case, the inertia reduction ratio 

is η=0.168, which means the effective inertia is reduced by 

83.2%. The 1 DOF module achieved a stiffness of 

40N/mm measured at the end of the link with a length of 

80mm (Fig. 4). It is noted that the force-displacement 

curve has two segments. The lower stiffness of the first 

segment was due to mechanical backlash in gear box, 

which was located between the motor and the socket. 
 

3 CLEARANCE MODEL 

The clearance angle   defined in Eq. (1) is a key design 

parameter in implementing the co-actuation approach. To 

ensure free motion, the clearance angle must be large 

enough to tolerate the steady-state error   between de-

sired and real positions of the physical constraint ( d

P  and 
r

P ), i.e. 

                                       
2max( )

= d r

P P

 

  




                                   (6) 

The lower limit of the clearance angle depends on not 

only the performance of the control system, but also the 

maximum speed at which the operator's hand would be 

allowed to move without resulting in an unintended col-

lision in free motion. This speed is decided during the 

design phase. A high speed of free motion requires a 

larger clearance to ensure no collision between the link 

and the physical constraint during free motion. Therefore, 

a critical problem in the design of the co-actuation mod-

ule is to find the lower limit of the clearance angle.  

To estimate the maximum error  , we assume the in-

put signal of the controller for the physical constraint is  

                             sin( )d

P in t                                    (7)                                  

The output is 

                           sin( )r

P out t                                 (8)  

Then, 

              sin( ) sin( )in outt t                              (9) 

The reason we chose the sinusoidal function as the in-

put signal is because: 1) in most cases the link rotates 

within allowable angular range, thus the amplitude of the 

sinusoidal function can easily be determined; 2) it is intui-

TABLE Ⅰ      PARAMETERS OF THE CO-ACTUATION MODULE 

Parameter Value 

Motor Maxon RE30 268214 

Reduction HD CSF11, ratio i=50 

Force sensor ATI Nano 17, res. 0.001N 

Encoders res. 0.036° (motor), 0.005° (link) 

Driver Custom designed 

Close-loop rate 1kHz 

 

 
Fig. 4. Virtual wall stiffness simulated by a 1 DOF co-actuation 

module. ([25]) 

 

 

 

 

 

 

 

 

(a)                                                                         (b)                                                                 (c) 

Fig. 3.  1 DOF co-actuation module. (a) The structural components. (b) The virtual prototype. (c) The physical prototype. 

 

 

 

 

 

Fig. 5.  The block diagram of the co-actuation module control system. 
The transfer fiction is simplified as a second-order system. 
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tive to measure the speed of motion by the frequency and 

the amplitude of the sinusoidal function. 3) the error can 

be determined using frequency response analysis. 

Applying frequency response analysis, we can find the 

maximum error. To illustrate the principle, we assume 

the control system of the co-actuation module is a second-

order system as shown in Fig. 5. The closed-loop transfer 

function can be expressed as 

                           
2

2 2
T( )

2

n

n n

s
s s



 


 
                         (10) 
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                    (11) 

Using Eq. (11), we can calculate the lower limit of the 

clearance angle. Then the clearance angle   is selected to 

be larger than the twice of the maximum steady-state er-

ror according to Eq. (6). The system parameters in Eq. (11) 

can be deduced from experimentally determined fre-

quency response, which is illustrated in Section 5.1. 

4 CONTROL APPROACH 

When simulating tasks in the virtual environment, the 

control system of co-actuation approach works in two 

control modes. The free motion mode is activated when 

no contact exists between the object and the environment, 

i.e. in free space. The constrained motion mode is activat-

ed when the virtual object contacts the environment, i.e. 

in constrained space.  

Fig. 6 illustrates the control structure of co-actuation. 

The general control scheme of the co-actuation approach 

is force-and-position-in and position-out. Both force and 

position are used as inputs depending on which control 

mode is activated.  

A virtual environment can be divided into free space 

and constrained space. How the virtual object is con-

strained depends on different simulating tasks. Here, we 

take a virtual wall in 2D space as an example to discuss 

the control method in free and constrained spaces. The 

principle of the method is general and can be extended to 

3D space.  

The virtual wall is defined as  

                                      ( , ) 0f x y                                        (12) 

The free space and constrained spaces can be divided by 

                      
( , ) 0  free space

  
( , ) 0 constrained space

f x y

f x y





               (13) 

Consider the force feedback device is a five-bar linkage 

driven by two co-actuation modules as shown in Fig. 7. 

Suppose the virtual object a point Q, which corresponds 

to the point Q on the device. The coordinate of Q is de-

termined by 
L  and denoted by (x , y )L L LQ . By substitut-

ing the coordinates of (x , y )L L LQ into the function ( , )f x y , 

we can identify which mode the controller works, i.e. 

                  
( , ) 0 free motion

 
( , )=0 constrained motion

L L

L L

f x y

f x y





              (14) 

4.1 Free motion control 

In free motion mode, the physical constraint is controlled 

to track the motion of the link. The control target is the 

desired gap between the physical constraint and the link. 

To prevent contact with the physical constraint when us-

ers move the link, it is desired to control the link position 

in the middle of the clearance angle. Then the distance of 

the link to the right and left sides of the socket is the same, 

i.e. / 2 . Therefore, the desired position of the physical 

constraint is determined by the real position of the link, 

i.e. 

                                   =d r

P L                                          (15) 

4.2 Constrained motion control 

In constrained motion mode, the physical constraint is 

controlled to simulate the virtual wall according to admit-

Human

Operator

Hand 
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Encoder
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Collide?
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Virtual constraint model
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Kinematics
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Hand Force Force
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L
d
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Fig. 6.  Control scheme of co-actuation. The superscript d and r mean desired and real respectively. 
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tance principle. As presented in Fig. 7 (a), we assume that 

the point Q represents the position of the end-effector of 

the device. The point Q in virtual space is the avatar of 

the end-effector. Assuming at time t, the end-effector is in 

constrained space and collides with the virtual wall. Ac-

cording to the force to end-effector applied by human 

hand, the desired position of virtual object at time t+1 is  

                              
1t t

t t n nC C

   

  

Q Q d

d F F
                          (16) 

where Ct and Cn are compliance coefficients in tangential 

and normal directions of the virtual wall respectively. Ft 

and Fn are the tangential force and the normal force re-

spectively, which are calculated by, 

                          
( )

( )

t

n

 

 

F F t t

F F n n
                                (17) 

where F is the force applied to the end-effector by the 

user, which can be measured by a force sensor. After get-

ting the 1t
Q , the desired link angle d

L  is obtained, which 

is used to calculate the desired angle of the physical con-

straint d

P  according to Eq. (2) and selection rules illus-

trated in Section 4.4. The control scheme discussed above 

is illustrated in Fig. 7 (b). 

To render a high stiffness virtual wall, we choose Cn = 0 

and Ct > 0. The zero Cn ensures that the displacement 

normal to the wall is zero, so that to simulate a stiff virtu-

al wall. To render the friction on the stiff virtual wall, we 

use the following equation to determine the desired dis-

placement tangential to the wall: 

t t tC d F                                     (18) 

Ct can be set according to the requirement of the desired 

friction, and increasing the value of Ct results in a de-

creased friction force Ft. However, the maximum value of 

Ct is limited by the stability of the controller. When the 

time interval is set as 0.002 s, we found that the sliding 

movement is smooth when Ct < 1.33 mm/N. This control 

scheme is different from the traditional admittance con-

trol where a non-zero inertial term and viscous damping 

term are usually included to determine the desired dis-

placement. Due to the decoupling between the link and 

the motor in the co-actuation approach, the determination 

of the desired displacement can be simplified without 

considering the inertial term. During the sliding motion, 

the user will perceive the inertia of end-effector, but the 

inertia of motors and transmission gear are not reflected 

to the user because of the decoupling. Therefore, when 

moving slowly on the wall, users will perceive a friction 

force, while moving fast, they will perceive a damping 

force. 

4.3 Switching between two modes 

In constrained motion, the link contacts the physical con-

straint.  Since the physical constraint has two contact 

sides (Fig. 1), to differentiate, we define  

                    

left side contact
2

=

right side contact
2

p

C

p













 


，

，

                (19) 

which side of contacts should be selected is discussed in 

Section 4.4.  

   Suppose (x , y )C C CQ  is the position of the virtual object 

defined by 
C . The controller switches from free motion 

mode to constrained motion mode when (x , y )C C CQ  is in 

the constrained space, i.e. 

             f ( , y ) 0,   switch to constrained motionC Cif x     (20) 

Once the controller switches to the constrained motion, 

the physical constraint is controlled such that f ( , y )=0C Cx
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Fig. 7.  A virtual constraint model. (a) The desired position of the 
end-effector and corresponding virtual object at time t. n and t indi-
cate the normal and tangential directions of the virtual wall respec-
tively. (b) The control scheme of the constrained motion mode. 
The selection rules are illustrated in Section 4.4. 
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Fig. 8. Switch between control modes. 
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even though f ( , y ) 0L Lx   at this time. It means that be-

fore the link collides to the virtual wall, the physical con-

straint has been controlled at the proper position to simu-

late the virtual wall. This is achieved by finding the pro-

jection of the point (x , y )L L LQ on the virtual wall as 

shown in Fig. 8. Before contact, the point (x , y )C C CQ  

keeps moving on the virtual wall to follow the movement 

of (x , y )L L LQ . During contact, C L   and (x , y )L L LQ  

coincides with (x , y )C C CQ , i.e.  

                           f ( , y )=f ( , y )=0C C L Lx x                            (21) 

Therefore, the point (x , y )L L LQ stays exactly on the vir-

tual wall and no penetration happens in theory. In prac-

tice, the position of physical constraint is affected by the 

error and response delay of the control system, as well as 

backlash in transmission. A small penetration may often 

exist. 

When the virtual object moves back to the free space, 

the point (x , y )C C CQ  keeps staying on the virtual wall, i.e. 

f ( , y )=0C Cx (see Fig. 8) until the difference between C  

and L  becomes larger than / 2 , i.e. 

               

( , y ) 0

,  switch to free motion
| |   

2

L L

C L

x

if 
 





 


     (22) 

Note that in 2D case, 

                              
1 1

2 2

C L

C L

C L

 
 

 

   
    

  
，                        

and the desired position of physical constraint d

P  is calcu-

lated according to C  by Eq. (19) during switch period.  

4.4 Selection of contact sides 

When the controller works in constrained motion mode, 

the physical constraint is in contact with the link. Since 

the contact can occur in two sides of the socket as shown 

in Fig. 9, which side should be selected needs to be de-

termined. 

Suppose the virtual object moves toward the virtual 

wall. The opposite reaction of normal force Fn is provided 

by the motor torque τ. According to static equilibrium, 

                                       T

n J F                                 (23) 

where J denotes a 2x2 Jacobian matrix.  The contact posi-

tion of the physical constraint is determined by:  

                       
0 side

        1, 2
0 side

i i
 


 

                   (24) 

where τi is the ith element of τ. When the direction of τi is 

the same as that of the link angle L , the contact position 

of the physical constraint is defined as side +. The defini-

tion of the side + and – of the physical constraint is illus-

trated in Fig. 9. Eq. (23) can be simplified as 

                                    T J n                                  (25) 

where n  is the normal vector against the virtual wall. It 

suggests that the contact positions are related to the Jaco-

bian matrix, meaning that they depend on the configura-

tion of the device and the normal direction of the virtual 

wall. Fig. 10 illustrates two cases that the contact positions 

of the physical constraints are different when the direc-

tions of the normal forces are opposite. 

5 EXPERIMENTAL VALIDATION 

In this section, we validate the effectiveness of co-

actuation approach using a 2 DOF haptic device. 

As shown in Fig. 11, the 2 DOF haptic device is a five-

bar linkage driven by two co-actuation modules. The me-

chanical and the control parameters of the prototype are 

listed in TABLE II. To reduce the influence of the backlash 

in the transmission, a harmonic reducer with a ratio of 50 

was used. The two motors were driven by commercial 

motor drives (Copley ACJ-055-18), which communicated 

with a computer via a USB-CAN adapter based on CAN-

Open protocol with a closed-loop rate of 500 Hz. The mo-

tor drivers were operated in 3 kHz for the position and 

velocity loop and 15 kHz for the current loop. The link 

angles were measured by two encoders with the resolu-

tion of 0.005°, and the encoder signals were processed by 

a PCI data acquisition card (PCI-1784), which can achieve 

a sampled frequency higher than 1 kHz. A six-

dimensional force sensor (SunRise Inc, M3701) was 

mounted at the end-effector to measure the force applied 

τi (+)
θL (+)

τi (-)

θL (+)

 
(a)                                            (b)  

Fig. 9. Definition of side + and – of physical constraint. (a) side +. 
(b) side -. 

o

y

x

n
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x

n

Co-actuation 

module 2

Co-actuation 

module 1
Co-actuation 

module 2

Co-actuation 

module 1

Fn

 
(a)                                               (b) 

Fig. 10.  Contact positions of physical constraint: The contact po-

tions in (a) are opposite to that in (b) 
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by the human operator. The signal of the force sensor was 

uploaded at a rate of 1 kHz to the computer through a 

USB data acquisition card (SunRise Inc., M8128). The 

computer used in the experiment is a 3 GHz Intel Core 2 

Duo CPU with 4G RAM. All codes were programmed on 

Visual Studio 2012 and run in Windows 7, 64bit operating 

system. 

The following experiments were implemented within 

the task workspace of the 2 DOF haptic device, which was 

defined as a square with the center point at (0 mm, 115 

mm) and the length of 100 mm. It was enclosed in the 

reachable workspace and ensured no singular points of 

the mechanism. As shown in Fig. 13 (a), a virtual wall was 

defined as a horizontal line at y=115 mm, and the region 

above the line (i.e. y >115 mm) was defined as free space.  

5.1 Frequency response 

The performance of the co-actuation module control sys-
tem shown in Fig. 5 was investigated by frequency re-
sponse method. In the experiment, the Copley ACJ drive 
was operated in position control mode with the following 
PID parameter values: KP = 150, KI=0, KD=0 in position 
loop, KP=0.18, KI=0.06, KD=0 in velocity loop and KP=1.5, 
KI=8000, KD=0 in current loop. The input was the desired 

angle of physical constraint 
 d

P  defined as a sinusoid sig-

nal. The real angle of the physical constraint
 r

P  was 

measured. Empirically, we chose 2 degrees as the input 

amplitude in . We measured the output amplitudes and 

phase angles at eight input frequencies / 2   [1, 2, 3, 5, 

7, 10, 15, 20] (Hz). The measurement was repeated for five 
times at each frequency. The measured Bode diagram of 
the system is shown in Fig. 12.  

Since we approximate the control system by a second-

order system, the unknown parameters n  and   in Eq. 

(10) can be deduced from the experimentally determined 

frequency response. Specifically, we implemented system 

identification and estimated n  = 120.9 rad/s,   = 0.99. In 

terms of the step response of the system, the rise time is 

about 28 ms and no overshoot exists.  

The transfer function can be used to calculate the lower 
limit of the clearance angle using the clearance model 
proposed in Section 3.  In Section 5.2.1, we verified the 
clearance model based on free motion test.  

5.2 Free space performance 

Free space performance was evaluated by the maximum 
speed in free space without collision, back driving force, 

Link 1

Link 2

Force Sensor

End-effector

Co-actuation 

Module 1

Co-actuation 

Module 2

Positioning pins

Platform

 
Fig. 11. 2-DOF prototype adopting the co-actuation module. 

 
(a) 

 
(b) 

Fig. 12. The experimentally determined Bode diagram of co-

actuation module control system. (a) The magnitude-frequency 

curve. (b) The phase-frequency curve. 

TABLE Ⅱ 

PARAMETERS OF THE 2 DOF PROTOTYPE 

Motor and transmission 

Motor type 
Maxon Re 30 

268214 
Reduction 

HarmonicDrive 

CSF11, ratio 50 

Sensors 

Res. of 

encoders 

0.036° (motor), 

0.005° (link) 

Force 

sensor 

SunRise Inc, 

M3701, res. 0.01N 

Mechanism 

Length of 

link 

90mm(link 1), 

110mm(link 2), 

74mm(base) 

Clearance  
Angle( ) 

17.04° (module 1), 

16.85° (module 2) 

Control System 

Drive 
Copley ACJ-

055-18 

Close-loop 
rate 

500Hz 

Data acqui-

sition card 

PCI-1784, 

>1MHz 
Computer  

3 GHz Intel Core 2 

Duo CPU, 4G 

RAM 

Operating 
system 

Windows 7,  

64 bit 

Comunicat-
ion 

USB-CAN 

adapter, 1Mbps 
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and effective inertia. During the test, a human operator 
was asked to move the device along a given trajectory 
displayed on computer screen. During the motion, the 
physical constraints were controlled in free motion mode. 
The link angles and the forces applied by the operator 
were recorded at the rate of 500 Hz. The speed and accel-
eration of the motion were estimated using the link en-
coders.  

5.2.1 Collision free speed 

To find the maximum speed ensuring no collision in 

free space, a green virtual ball was displayed on screen to 

guide the user movement as shown in Fig. 13 (a). The 

green ball moved back and forth along the linear trajecto-

ry at a speed 
gv . In programming, the magnitude of 

gv  is 

set as a constant value. Once the green ball arrived at the 

line endpoints, the moving direction reversed instantane-

ously with the same magnitude of the speed. The opera-

tor was asked to move the red ball, i.e. the virtual avatar 

of the end-effector, to follow the green ball to the best of 

his/her ability. By varying gv  from 160 to 640 mm/s (one 

to four cycle per second), the maximum speed ensuring 

no collision in free space was found at 560 /gv mm s . Un-

der this condition, the real-time displacements and 

speeds in X direction of the red ball were recorded. As 

shown in Fig. 13 (b) and (c), the actual motion of the red 

ball was close to a sinusoidal form, when the green ball 

followed a square wave speed trajectory. On a separate 

note, the displacements and speeds of the red ball in Y 

direction, resulted from the error of user motion, were 

less than 6% and 5% of those in X direction respectively, 

and were not shown in Fig. 13. The frequency of the red 

ball motion was observed at about 3.5 Hz. 

Solving for inverse kinematics, the link angles corre-

sponding to the above movement was determined as 41 

degrees. To verify the clearance model described in Sec-

tion 3, substituting  41 / 2  (0.358 )in rad  o  and 3.5 Hz 

( 7  /rad s  ) as the input frequency. Based on the ob-

tained transfer function in Section 5.1, it can be calculated 

that the maximum error   is about 7.2 degrees. Accord-

ing to Eq. (6), the clearance angle   should be designed 

larger than 14.4 degrees. 

As shown in TABLE II, we designed the clearance angle 

  larger than the lower limit. Therefore, free motion is 

guaranteed for the specified maximum speed of user 

movement under the condition of no overshoot.   

5.2.2 Effective inertia 

The effective inertia can be determined from the system 

dynamics, 

( ) ( , ) ( )x x x  Θ Θ Θ Θ
gg g

，F M X V G              (26) 

where Θ is the angle vector of joint space coordinates and 

X is the position vector of Cartesian coordinates. Mx(Θ) is 

the inertia matrix of the system formulated in Cartesian 

coordinates, F is the force vector applied to the end-effector. 

Vx is the velocity term and Gx is the gravity term. Given a 

specific position, the maximum inertia can be determined 

by the largest eigenvalue 
max  of Mx(Θ), i.e. 

max ( ( ))e xm  ΘM                            (27) 

As illustrated in Eq. (3), the effective inertia at end-

effector includes only the linkage mass, due to the separa-

tion of the link and motor. Thus we obtained the mass and 

the related geometric parameters using the CAD model of 

the linkage in Solidworks, and calculated Mx(Θ) along with 

max . As shown in Fig. 14, the maximum effective inertia 

forms a symmetrical distribution along the X direction. The 

maximum effective inertia ranges from 64-142 g within the 

task workspace.  

    Furthermore, we implemented experiments to investi-

gate the inertial behavior in two cases: i.e. moving along 

the given trajectory at a low speed and at a high speed. 

For the low-speed movement, the back driving force was 

observed. We chose the line y=115mm, x∈[-40 mm, 40 

mm] and the line y=135 mm, x∈[-40 mm, 40 mm] as the 

desired trajectories. The user moved the end-effector 

 
(a) 

 
(b) 

 
(c) 

Fig. 13. (a) The graphic display of the virtual environment. (b) The 

real-time displacements and (c) speeds in X direction of two balls 

when the red ball tracked the green ball where vg was set as 560 

mm/s. 
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slowly along the two trajectories in free space, while the 

real-time positions and applied forces were recorded. The 

results shown in Fig. 15 illustrates that the maximum 

back driving force is about 0.19 N when moving along the 

linear trajectory at y=115 mm with the speed ranging 

from 4.2 to 8.7 mm/s, and 0.19 N moving along the linear 

trajectory at y=135 mm with the speed ranging from 4.5 to 

8.6 mm/s. 

For high-speed movement, we also selected these two 

linear trajectories. The user moved the end-effector fast 

along the lines. The force applied to the end-effector and 

the acceleration along the line were measured. It is noted 

that the measured force includes friction component, 

which should be subtracted to calculate the inertia. A pos-

sible way to estimate the friction component is to measure 

the back driving force at a low speed that is mainly due to 

the friction in the linkage joint. Therefore, in each position 

we subtracted the corresponding back driving force 

(shown in Fig. 15) from the measured force in high-speed 

movement, and then divided the resultant force with the 

acceleration to obtain the inertia. We moved the end-

effector along the lines back and forth for several times and 

the inertia-position curve is plotted as shown in Fig. 16. 

The effective inertia at y=115 mm is variable from 42 to 71 

g when the user speed changed from 50 to 680 mm/s. At 

y=135 mm, the effective inertia varies from 32 to 62 g 

when the user speed changed from 48 to 684 mm/s. In 

addition, the curve is roughly symmetrical along the X 

direction as well, due to the symmetry of the device mech-

anism and the moving trajectory.  

The effective inertia is anisotropic that varies with the 

change of the moving direction. The theoretical value in 

Fig. 14 represents the maximum effective inertia among 

all directions. For comparison, the theoretical values of 

effective inertia in X direction along two linear trajectories 

were calculated, which are close to experimental values as 

shown in Fig. 16. The maximum error is no more than 4 g. 

5.3 Constrained space performance 

Constrained space performance was evaluated by pene-

tration and stiffness of virtual wall. 

5.3.1 Penetration 

To investigate the penetration during contact with a vir-
tual wall, the human operator manipulated the end-
effector to simulate two motions: tapping against and 
sliding along the virtual wall (y=115 mm). The operator 
taped the virtual wall with gradually increased speeds. 
As shown in Fig. 17 (a), encountering the virtual wall at a 
low speed (80 mm/s) produced little penetration (0.02 
mm). When striking the virtual wall in high speed (320 
mm/s), the penetration increased (0.41 mm) which may 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 14. The theoretical value of maximum effective inertia at each 

position within the task workspace. 

 
(a) 

 

 

 

 

 

 

 

 

 

(b) 

Fig. 16. The experimental effective inertia when moving the end-

effector along the linear trajectories at (a) y=115 mm and (b) at 

y=135 mm. Blue and yellow curves represent different moving direc-

tions. 

 
(a) 

 

 

 

 

 

 

 

 

 

(b) 

Fig. 15. The recorded back driving force when moving the end-

effector along the linear trajectories at (a) y=115 mm and (b) y=135 

mm at a low speed. Blue and yellow curves represent different mov-

ing directions. 
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result from the backlash in transmission and response 
delay in control system. As shown in Fig. 17 (b), the max-
imum penetration was approximate 0.13 mm when the 
operator moved the end-effector back and forth along the 
virtual wall at an average speed of 42 mm/s.  

During tapping and sliding on the virtual wall, the op-

erator felt no detectable chattering. The smooth haptic 

interaction process was confirmed by the displacement 

curve shown in Fig. 17, where no high frequency oscilla-

tion was found. 

The achieved small penetration is due to the advantage 

of the co-actuation approach. First, the contact position 

can be anticipated so that the physical constraint can stop 

exactly on the virtual wall. Secondly, the physical con-

straints are decoupled from the linkage, reducing the in-

ertia of control system, and thus increases bandwidth. 

Finally, the virtual wall simulated by physical constraints 

is passive, which means the physical constraint always 

stay in the proper position to wait for the collision rather 

than colliding with the link actively. It greatly prevents 

chattering during frequent switch between free and con-

strained spaces.  

5.3.2 Stiffness  

To evaluate the rendered stiffness of virtual wall, we de-

fined a virtual wall in the task workspace of the device 

and measured the maximum stiffness at the given posi-

tion. During the test, the physical constraint was con-

trolled according to Eq. (21) to ensure that the end-

effector stays on the virtual wall at the given position. A 

human operator gradually increased the force applied to 

the virtual wall. The force and the displacement were 

simultaneously recorded at a rate of 500 Hz. Fig. 18 (a) 

shows the sample force-displacement curve in one posi-

tion of the virtual wall at y=115 mm. The measured stiff-

ness was estimated by the slope of the fitting line. 

 We repeated the above stiffness measurement at dif-

ferent positions. We varied the location of the virtual wall 

to y=65 mm and y=165 mm and selected three positions, 

i.e. x=-50, -25, 0 mm, on each virtual wall. A total of nine 

positions were measured in the left half of the task work-

space defined by the red square in Fig. 18 (b). Due to the 

symmetry of the device, the right half should have the 

same stiffness property. The numbers shown in Fig. 18 (b) 

are the stiffnesses at the corresponding positions along 

the negative direction of Y axis, which range from 8 to 65 

N/mm. The lowest stiffness (8 N/mm) happens at the 

position close to the singularity of the five-bar linkage, 

which results in significant decrease in force. It is noted 

that the stiffness may be different along different direc-

tions due to non-isotropy of the linkage. 

6 DISCUSSION AND CONCLUSION 

We have presented a concept of co-actuation for overcom-

ing the limitation of low stiffness of impendence displays 

and high inertia of admittance displays. The co-actuation 

approach achieves both high stiffness and low inertia by 

decoupling the linkages of haptic devices with actuators 

which move in collaboration with the users’ motion. The 

principle of the approach was tested on both 1-DOF and 

2-DOF haptic devices. The experimental results showed 

that the co-actuation approach can achieve high stiffness 

comparable to existing admittance displays while having 

low inertia and back driving force comparable to existing 

impedance displays. Thus, the approach has potential 

advantage for the applications requiring both high stiff-

ness and low inertia and back driving force.  

 
(a) 

 
                              (b) 

Fig. 17. (a) The recorded displacement of end-effector in Y direction 

when tapping the virtual wall. (b) The real trajectory of end-effector 

sliding along the virtual wall back and forth. The v with arrow de-

notes the motion direction.  

 

 
(a)                                              (b) 

Fig. 18. (a) Force-displacement diagram along negative Y axis at 

position (-25 mm, 115 mm). (b) The number is the measured stiff-

ness along negative Y axis in the task workspace. 
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Inertia in co-actuation devices is much lower than in 
traditional admittance displays. Users only feel the link-
age inertia due to the decoupling between the link and 
the motor with transmission. We have shown in 5.2.2 that 
the maximum effective inertia at the interacting point is 
64-142 g within the task workspace. It is possible to re-
duce the effective inertia by optimizing the linkage design 
for a particular application.  

The co-actuation system can achieve higher bandwidth 
than traditional admittance displays because the motor 
only drives a small mass of physical constraint. The link 
inertia is not the load for the controller. In addition, due 
to the existence of the clearance, the link can move faster 
than the physical constraint before making contact with it, 
which means response delay has less effect in co-
actuation system than that in traditional admittance dis-
plays. 

Penetration to constrained space in co-actuation ap-
proach is much less than in traditional impedance ap-
proach. In theory, the physical constraint can be con-
trolled to stop exactly at desired position on the boundary 
of the constrained space. In practice, due to time delay in 
control system and backlash in transmission, the error of 
position control exists which may result in small penetra-
tion. We have shown a small penetration of 0.02-0.41 mm 
in Section 5.3.1. It is possible to further reduce the pene-
tration by optimizing response performance in the con-
troller design.  

The co-actuation approach relies on the clearance be-

tween the physical constraint and the link of the device. 

The clearance angle is a critical design parameter, which 

depends on the speed of the link and the response of the 

controller. A large clearance angle is required for high 

speed of user motion and low response delay of control 

system. The proposed clearance model can be used to 

determine the lower limit of the clearance angle. Free mo-

tion can be guaranteed if the clearance angle is larger than 

the lower limit as long as overshoot in transient process is 

prevented. 

In the case of unilateral constraints, such as the virtual 

wall, there is no upper limit of the clearance angle. How-

ever, in the case of bilateral constraints which is equiva-

lent to moving between two parallel virtual walls, the 

distance between the two virtual walls is related to the 

clearance angle. The larger the angle, the larger the dis-

tance between the two virtual walls has to be. Because the 

contact directions on the two simulated virtual walls are 

opposite, the contact of the link with the physical con-

straint will change from one side to the other as illustrat-

ed in Fig. 10. During the transition, no resistance force can 

be displayed. Because of this, simulating bilateral con-

straint, such as peg-in-hole, is challenging for the co-

actuation approach. In addition, the compensation of the 

link gravity using motors is not as easy as in existing ad-

mittance displays. Therefore, the proposed approach may 

have a better fit to the applications requiring small work-

space, such as VR-based dental simulator [6]. The ap-

proach may also be applicable to the cases that are more 

sensitive to large stiffness or force, but less sensitive to the 

device gravity. Such applications may include virtual fix-

ture in orthopedic surgery, where preventing surface 

penetration is the most essential performance, and reha-

bilitation, where large resistant force may be required for 

arm or leg training. 
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