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Abstract

This thesis examines the problem of designing robust dynamic output-
feedback controllers for four-inwheel independently driven Electric Vehicles
(EVs) using differential speed steering. The four-wheel independently driven
Electric Vehicle (FWIDEV) is a nonlinear system. The nonlinear system is
transformed into uncertain polytopic model and the TS fuzzy model. These
models capture uncertainties and nonlinearities in the system and to solve
these problems, two robust controller synthesis approach are proposed —
first, the parameter-dependent Lyapunov function approach and second, the
TS fuzzy Lyapunov function approach. Specifically, the robust controller
aims are to ensure asymptotic stability and improved performance of the
EVs despite variations in the road adhesion coefficient, longitudinal velocity
and external disturbance. The aim also includes respecting the constraints
on the control input and system output. The solutions to the problems are
based on deriving sufficient conditions for such controllers to exist using lin-
ear matrix inequalities constraint approach. Those sufficient conditions are
utilised in designing a robust dynamic output-feedback controller, a robust
model predictive controller and robust dynamic TS fuzzy controller. Impor-
tantly, the design conditions guarantee the robust stability and performance
of the EVs over a broader range of operating conditions. Also, the perfor-
mances of the controller are compared to the controller design for a linear
system under normal operating conditions. Finally, simulation results show
the capabilities of the synthesised controllers using the FWIDEV nonlinear
vehicle dynamics model that considers the effect of uncertain road condi-
tions and varying longitudinal velocities. More so, the experimental results
also validate the improved performance of the robust controller.
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Chapter 1

Introduction

1.1 Background

The transportation industry all across the world are instituting policies
against the continued use of fossil fuel as the primary source of the energy for
ground vehicles. As a result, vehicle manufacturers and researchers have in-
creased efforts to fulfil this obligation [1]. This quest has led to the increased
electrification of ground-vehicle systems to a complete battery driven system
as compared to hybrid and fuel-based ground-vehicles.

Electric Vehicles (EVs) have started emerging from one or two electric
motors as the propulsion to a new individual in-wheel electric motor for all
its wheel. For these types of chassis design, the driven unit resides inside
the wheels, and the wheel contains both the electric motor and tyre, thus,
the name in-wheel driven. The advantages of in-wheel propulsion are a com-
pact drive unit, simplicity, similar drive components, and improved motion
control. Employing this type of design eliminates the mechanical differential
devices required for propulsion. More so, taking out the mechanical differ-
ential will lead to the reduction in both weight and energy losses due to
friction. This reduction is very efficient for an electric vehicle driven by a
compact drive unit. A further weight reduction and improved vehicle han-
dling can be achieved by replacing the traditional steering system with a
steer-by-wire (SbW) system [2, 3].

The traditional steering system consists of steering gearbox, drop arm,
steering knuckle and arm, kingpin, rack and pinion, track arm, and other

1
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mechanical linkages. This system uses the Ackermann steering principle to
steer the vehicle in the desired path. This steering principle assumes that an
instantaneous centre existence for all wheels to rotate [4]. In a traditional
steering system, the steering knuckle and kingpin provide a mechanical ad-
vantage for the outer and inner front wheels of the vehicle chassis to turn
at a different instantaneous centre angle. The outer wheels rotate with a
smaller angle while the inner wheels rotate with a greater angle. This me-
chanical arrangement is intended to provide the driver with ease in vehicle
handling. However, there are a lot of frictional losses in the driveline of the
conventional vehicle that leads to the engine torque losses. Therefore, for an
EV with independently driven motors to avoid frictional losses, the need to
replace the traditional steering system to a SbW system. This will make the
structural arrangement flexible enough to contain the battery units that is
required in an EV.

Furthermore, vehicle handling in an EV with in-wheel motors can take
advantage of an Electronic Differential Steering (EDS) system. This unique-
ness for an EV exists because the dynamics of the in-wheel motors are gen-
erally fast and quick in order of mini-seconds. In most cases, the EDS system
is used for the differential speed steering since some parts of the mechani-
cal linkage are going to be eliminated [5]. The purpose of the EDS system
is to steer the vehicle in accordance with the driver’s command and dis-
tribute the required speed to the individual wheels depending on a number
of conditions. The most important condition is the vehicle driving speed.

Unlike the famous mechanical differentials that use spur gears to transmit
torque and angular speed rotation to the final drives which allow the wheels
to rotate at different speeds especially during cornering, the electronically
controlled differential has the advantage that power and torque could be
applied independently on each of the wheels. When cornering, if the wheels
on the left side transmit more drive torque to the road than those on the
right side, this will result in an intelligent steering of the vehicle to the
right without the need to steer the wheels or consume additional energy by
steering [6].

However, an EV with the introduction of in-wheel motors to each of the
four wheels and the inclusion of a SbW system results in an over-actuated
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system which leads to a vehicle motion control problem that is complex and
requires control and optimization solution for traction and motion control.

Consequently, the general vehicle desired behaviours can be categorised
as a good command following, correcting the driver’s unperceived error,
improved stability and less sensitive to surrounding environmental distur-
bances. These generalisations produce different operating responses for the
vehicle in dry, wet, snow and ice road at different vehicle speed. Therefore,
this research seeks to design controllers for four-wheel independently driven
EVs with differential speed steering. The synthesised controller should in-
clude uncertainties and nonlinearities in its formulations.

1.2 Literature Review on Vehicle Modelling

A review of the modelling parameters for the vehicle dynamic systems is
presented in this section. This section details the vehicle degrees of freedom,
types of steering mechanism and the tyre models.

1.2.1 Vehicle Kinematics and Dynamics Model

To examine the vehicle responses for the purposes of controller design, it is
essential to stipulate coordinate systems for measuring the vehicle position.
According to the Society of Automotive Engineer [7], there are two main
systems required to measure the vehicle pose, the earth-fixed system (XYZ)
and the vehicle-fixed system (xyz). The orientation of xyz with respect to
XYZ produces three angular motion as shown in Figure 1.1, stated as:

1. Roll rotation angle (p) about the vehicles x-axis.

2. Pitch rotation angle (q) about the vehicles y-axis.

3. Yaw rotation angle (θ) about the vehicles z-axis.

The velocities component of the vehicle along the xyz system are:

1. Longitudinal and roll velocities along the x-axis, (Ux,p).

2. Lateral and pitch velocities along the y-axis, (Uy,q).
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Figure 1.1: Vehicle local axis

3. Normal and yaw velocities along z-axis, (θ,r).

In generally, a vehicle exhibit nonlinear attributes and thus can be rep-
resented in a nonlinear model. A form of the nonlinear model is the two-
degree of freedom (DOF) model, this model is popularly known as the bicycle
model. The other form of the nonlinear models can be represented in a set of
7, 8, and 14 DOF model [8]. The 7 and 8 DOF model have the same dynamic
equation of motion for the vehicle in the longitudinal motion, lateral mation,
vertical motion and the rotation of the wheels but with an additional roll
dynamics motion in the 8 DOF model. Thus, the output variables of the
vehicle model are the yaw rate and sideslip for the 7 DOF model, while for
the 8 DOF, yaw rate, roll rate and sideslip. In contrast, the 14 DOF model
has an addition of pitch, bounce and vertical oscillations of the four wheels
to the nonlinear dynamic model while the output variables have an addition
of pitch rate. These models are summarised in table 1.1.

Using the nonlinear dynamic equation of motion for the vehicle, the
mathematical model formulation for the steering system and vehicle states
will be provided. The major steering techniques used are Ackermann steering
principle and differential steering. The differential speed steering technique
is widely used in the mobile robot industry. Two-wheeled, three-wheeled
and four-wheeled mobile robots can be steered using skid steering technique
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while Ackermann steering principle is often used to steer vehicles that have
the mechanical differential hub [9].

Table 1.1: Vehicle Nonlinear Dynamic Model with DOF and output variable

No. of DOFs Vehicle dynamic motions Output variables

1 DOF Longitudinal Longitudinal Velocity

2 DOF Lateral and Yaw Yaw rate

3 DOF Longitudinal and Lateral
and Yaw

Longitudinal, Lateral Yaw
rate

7 DOF Longitudinal, Lateral, Verti-
cal and Wheels rotation

Yaw rate and sideslip

8 DOF Longitudinal, Lateral, Verti-
cal, Roll and Wheels rota-
tion

Yaw rate, roll rate and
sideslip

14 DOF Longitudinal, Lateral, Ver-
tical, Roll, Pitch, Bounce,
Wheel’s rotation and
Wheel’s vertical oscillations

Yaw rate, roll rate, pitch
rate and sideslip

1.2.2 Steering Kinematics

There are two main techniques of steering a ground vehicle chassis. They
are the Ackermann Steering System (ASS) and the Differential Speed Steer-
ing (DSS). The other techniques majorly used in off-road vehicles and on
mobile robots are Skid-steer drive, Synchro drive and articulated drive [9].
The ASS has a wide application in the manoeuvring of a manned ground
vehicle while DSS is widely used for the navigation of some mobile robots
and different from the Skid-steer drive system. The Skid-steer essentially is
achieved by driving the right-side wheel forward and at the same instance,
the left-side wheel is driven in reverse [10]. The Skid-steer has no explicit
steering mechanism, also, it has the disadvantage of tyre wear and energy
consumption. This is why it is used in off-road vehicles.
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1.2.2.1 Ackermann Steering System

The ASS assumes pure rolling of the wheels and neglects the effect of lat-
eral forces on the vehicle’s motion. This way, there is a point called the
instantaneous centre of turn where all the wheels rotate. Using this point as
the reference point, the left-side steering wheel angle of rotation is smaller
than the right-side steering wheel angle of rotation [11], this is illustrated in
Figure 1.2. The equation is given as

cotδL − cotδR =
lc

lf + lr
(1.1)

where δL and δR are the left and right steering wheel angle. lc, lf and lr

are the vehicle half-track width, the distance from the front and rear wheels
center to the vehicle center of gravity.

In [11, 12], the authors state that (1.1) does not represent a practical
steering mechanism. However, an approximated value is accepted for small
angle difference between δL and δR as used in [13, 14, 15], for vehicle stability
control. The ASS shared mechanism between the right and left wheel angle
is defined as

ASS% =
δR − δL

δR − δL,AM
, (1.2)

where δL,AM defines the exact Ackermann outer steering wheel angle which
is used to satisfies equation 1.1. It is interesting to note that the Ackermann
steering for both the rack and pinion steering system and the quadrilateral
steering mechanism is to meet the ideal ASS as expressed in [11], so a sat-
isfactory performance is usually acceptable in practice.
Therefore, the average value for (δ) is selected by this expression as

cotδ =
1

2
(cotδL + cotδR) =

Rrear

lf + lr
. (1.3)

This expression indicates the curve radius (Rrear) is larger than the wheel-
base (lf + lr) and, thus, for an insignificant velocity and lateral acceleration,
the steering wheel angle is a ratio given as

δ =
lf + lr
Rrear

. (1.4)
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Figure 1.2: Ackermann Steering Mechanism

For a small δ, the ASS linear kinematic velocity relationship of the wheels
expressed in [16] is

Vfl = (Vx + rlc)cosδ + (Vy + rlf )sinδ,

Vfr = (Vx − rlc)cosδ + (Vy + rlf )sinδ,

Vrl = Vx + rlc,

Vrr = Vx − rlc.

(1.5)

where Vi is the linear vehicle speed for ASS steering technique on the i
wheel. i wheel stands for the front-left, front-right, rear-left and rear-right.
r is the angular velocity of the vehicle. But for a differential speed steering,
which is the major technique for steering mobile robot, this has a different
expression.

1.2.2.2 Differential Speed Steering

DSS is studied in [10, 17, 18, 9, 5], the ideal kinematic relationship between
each wheel velocities and the linear velocity gives rise to the assumption
that DSS is not an explicit steering system without the consideration of
tyre-ground interaction. Figure 1.3 shows a simplified geometry relationship
between the wheel speed, ICR and yaw motion. Hence, the vehicle linear
and angular velocities are determined as the vector sum of each wheel, as
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Figure 1.3: A sketch of the DSS kinematic model

well as the instantaneous centre of rotation (ICR) approximated as

Vx =
VL + VR

2

r =
VL − VR

lc

RICR = (lc)(
VL + VR
VL − VR

)

(1.6)

Where Vx is the longitudinal velocity and r is the angular velocity while
VL and VR are the right side wheel speed and the left side wheel speed,
respectively. RICR lies in the vehicle local frame of the longitudinal and
lateral direction. As shown from these relationships, the trajectory control
of the vehicle under DSS requires the knowledge of RICR, Vx and r for steady
steering of the vehicle.

1.2.2.3 Control Strategies for Differential Speed Steering

In general, the principle of a differential speed steering can be given in the
followings, see Figure 1.4 for details. First, consider the sign conventions for
a differential speed steering: (positive yaw rate) Left turn; (negative yaw
rate) Right turn; Zero yaw rate (no turning). Also, for simplicity, consider
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Figure 1.4: Simplified differential Speed control structure

that the front right wheel and the rear right wheel are spinning at the same
speed, this consideration applies to the front left wheel and the rear left
wheel. Thus, three conditions arise as:
To turn the vehicle in the Left direction, the Left wheel speed (VL) > right
wheel speed (VR).

To turn the vehicle in the Right direction:
Right wheel speed VR > VL Left wheel speed.

Thus, the desired wheel speeds must be greater than the actual wheel
speed of either side of the wheel to perform such operation. A reduction ratio
is then required from the portion of the available vehicle speed considering
no reverse or negative vehicle speed.

To maintain a straight ahead drive for a desired zero yaw rate value:
Left wheel speed, VL = VR, Right wheel speed.

This general idea of differential speed steering does not consider the effect
of external disturbance on each of the wheel so that on straight ahead drive,
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the desired left wheel speed might not be necessary equal to the desired
right wheel speed.

A summary of the differential speed steering strategy is given in Table
1.2.

Turn Left Turn Right No Turning
Wheel speed VL < VR VL > VR VL = VR

Table 1.2: Summary of the differential speed strategies

1.2.3 Vehicle Tyre Models

The tyre models can be expressed in terms of pure slip conditions for either
the longitudinal slip or lateral slip and also, the combined slips for both
the longitudinal and lateral slip. For the pure longitudinal and lateral slips,
the nonlinear Dugoff and Pacejka tyre model can be used to express such
nonlinear relationship. We will now address the Dugoff tyre model.

1.2.3.1 Dugoff tyre model

The nonlinear Dugoff model [19] is described as a slip function written as

ρi =
µFzi

[
1− εrUxi

√
(α2

i + tan2λi)
]

(1− αi)

2
√
C2
αi
α2
i + C2

λi
tan2λi

. (1.7)

The slip function in (1.7) exist in two different range at

f(ρi) =


ρi(2− ρi) for (ρi < 1),

1 for (ρi > 1).

Leading to the longitudinal and lateral forces as

Fxi =
Cλtanλi
1− αi

f(ρi),

Fyi =
Cααi
1− αi

f(ρi).

(1.8)
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Where εr is an experimentally-determined constant value that depends on
the tyre material. µ is the tyre-road friction coefficient. Fzi is the normal
force of each wheel. The longitudinal and lateral cornering stiffnesses are Cα
and Cλ, respectively.

1.2.3.2 Pacejka tyre model

For the Pacejka tyre model, the magic formula is another method used to de-
termine the tyre-road friction model. This model is experimentally intense.
It, however, ensures that the operating conditions include longitudinal slip,
lateral slips and self-aligning moment with the exception of velocity depen-
dence on friction. The generalized magic formula is given as

Fo = Dsin
[
Ctan−1

{
Bqi− E(Bqi− tan−1(Bqi))

}]
(1.9)

where qi represents the condition of operations, either its α or λ. Fo repre-
sents Fx, Fy and self-aligning moment expression, respectively. For Fy, the
side force at normal tyre load can be expressed as

Fy = Dsin
[
Ctan−1

{
Bλ− E(Bλ− tan−1(Bλ))

}]
. (1.10)

Also, for Fx

Fx = Dsin
[
Ctan−1

{
Bα− E(Bα− tan−1(Bα))

}]
. (1.11)

The constant parameters B, C, D, E are experimentally determined.

1.2.3.3 Combined slip tyre model

The combined model for the longitudinal and lateral slip tyre forces is pre-
sented in [20], expressed for longitudinal forces and lateral forces as

Fxi =
α√

α2 + λ2
(
µxFz
µxoFzo

)Fxo
Cα(Fz)

Cαo

µxoFzo
µxFzi

√
α2 + λ2, (1.12)

Fyi =
λ√

α2 + λ2
(
µyFz
µyoFzo

)Fyo
Cλ(Fz)

Cλo

µyoFzo
µyFzi

√
α2 + λ2. (1.13)

The subscript i = fr, fl, rl, and rr. Where α is the slip ratio and λ is the side
slip angle. Fzo, Fz, µxo, µx, µyo, µy, Fyo and Fxo are the nominal wheel load,
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the new wheel load, the nominal road friction for the corresponding road
surface, nominal longitudinal forces and nominal lateral forces, respectively.
Cα and Cλ are the original cornering longitudinal and lateral stiffnesses
while Cαo and Cλo are the new cornering stiffnesses as a function of the
wheel normal force Fz.
The expression of the combined slip quantity is

σ∗ =
√
α2 + λ2 (1.14)

The normal tyre load is assumed to be a constant and is based on the
geometry of the car model given by

Fzfl = Fzfr =
lrmg

2(lf + lr)
,

Fzrl = Fzrr =
lfmg

2(lf + lr)
.

(1.15)

1.2.4 In-Wheel Dynamic Model: A Quarter-Car

Electric motors are incorporated inside each wheel of the tyre [21, 22], and
as such, the in-wheel motor dynamics can be modelled as a DC motor or a
Brushless DC motor. The simplified operating condition of the electric motor
is related to the operating torque and power of a DC motor as presented in
[23], a typical illustration of a DC motor is shown in Figure 1.5.

By using Kirchoff voltage law and Newton’s second law of motion, the
equation of motion of a typical DC motor can be given as

Jẇi = Tsi − bwi − rwFxi,

Lİ = Vo −RI −Kwwi,

Ux =

(
1

4

)
Fx
m

(1.16)

where Tsi is the supplied motor torque, I is the motor current, b is the motor
viscous friction coefficient and Kw is the electromotive force constant. Vo, m
R and L are the mass of the vehicle, source voltage of the battery, electric
resistance and inductance of the motor, respectively. This quarter-car model
represent a component-based approach to the in-wheel dynamics often used
to demonstrate its dynamics using torque as control input.
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Figure 1.5: Driven/Brake wheel block schematic

1.3 Literature Review on Control of Vehicles

with Differential Steering

For many years, researchers have studied the problem of differential steering
vehicles. This term, differential steering vehicles, has been referred to by
different analogy, skid steering, direct yaw moment control, direct drive and
differential speed assisted steering. Due to the enormity of literature on this
study, the recent work will be limited to the yaw rate and traction control
techniques.

1.3.1 Traction Control and Yaw Rate Control

Techniques

Traction control of an EV relies on the advantages of precise control of the
electric motor when compared to a combustion engine. In wet and slippery
roads, a critical condition is reached when the maximum force that can be
transmitted to the road is exceeded. At this critical condition, the manoeu-
vrability of the vehicle cannot be guaranteed because of wheel locking [24].
Hence, the use of traction controller to control the slip ratio of the wheels.
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Figure 1.6: Control System Structure

In [25, 26], a real-time monitoring of the tyre forces and slips are used
to estimate and prevent the tyre from entering the tyre-road critical con-
dition. A number of different control techniques are used for the optimum
control of tyre slip. Sliding mode control [26, 27], adaptive control [28] and
model-predictive control [29] all used (1.7), (1.12) and (1.13) for the linear
parametrization of the slips. The effect of the lateral force is usually ne-
glected in the use of these models which makes it inappropriate for speed
steered in-wheel electric vehicles. This is because the longitudinal and lateral
tyre forces are strongly coupled together. Therefore, a combined longitudinal
and lateral tyre model is required. A typical control structure for traction
control and yaw moment control is presented in Figure 1.6. This type of con-
trol is well-known for conventional vehicle traction control [30], the inputs
are the driver’s steering connected to the steerable wheels and the acceler-
ation and brake pedal that are connected to the engine and brake system.
The desired torque is specified when the driver steps on the accelerator’s
pedal which has a maximum normalised tyre force, the tyre slip set-point is
then controlled for optimum traction. The resulting control output is then
requested from the engine. In the case of electric vehicles with direct driven
motors, the driver’s input can be a virtual input from the steering angle
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and the acceleration and brake pedal [31]. The traction control relies on
the vehicle body side-slip angle and yaw rate. This method can ensure the
stability and handling of the vehicle.

For the yaw rate control of a conventional vehicle, a desired yaw rate
model is required [32, 33], this desired model is

rd =
Ux

(lf + lr)(1 +KAU2
x)
δ, (1.17)

where δ is the steering wheel angle and the vehicle parameter dependent
factor is given as KA

KA =
m

2(lf + lr)2

Cλf (lf − lr)
CλfCλr

, (1.18)

good for yaw rate tracking and for a zero body slip angle β, both of these
desired models are required for optimal vehicle handling as presented in
[34, 35, 36]. In the control of yaw rate tracking and the desire to make
β = 0, the vehicle model is approximated to a bicycle model [3], which is
often used for direct yaw moment control [34], active steering control [37, 38]
and integrated active chassis control [39].

The integrated active steering model is presented in state space form as[
β̇

ṙ

]
=


−Cλf−Cλr

mUx

−Cλf lf+Cλr lr

mU2
x

− 1

Cλrlr−Cλrlf
J

−Cλl2f−Cλr l
2
r)

JUx


 β

r

+


Cλ
mUx

Cλlf
J

 δd
+


Cλ
mUx

0

Cλlf
J

1
J

[ δc

∆Mz

]
,

(1.19)

where δd is the driving steering angle, δc is the corrective front steering wheel
angles and ∆Mz is the corrective yaw moment considered as the inputs to
the vehicle. The use of yaw moment and integrated active front steering
allows the possibility of controlling both the lateral and yaw motions of
the vehicle. A common control method will be the use of calculated error
by estimating the difference between the actual yaw rate and the desired
yaw rate. This vehicle model is often used for either a front or all steerable
wheels, this way, the bicycle model is valid. For a four in-wheel speed steered
motor, a bicycle model will not be valid.
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1.4 Research Motivation

The study of nonlinear systems poses interesting problems to control engi-
neering. EVs are a highly nonlinear system. Not just from the safety of the
road users and drivers only, but also from the efficient design of the vehicle
itself. These requirements have led to the high expectation for robust oper-
ation of the EVs in what has been an impossible scenario for a conventional
vehicle, especially the delivery of fast and intermittent driving and braking
forces on the road that ensures the vehicle can safely operate at varying
conditions. Until recently, most research in this domain adopts the optimal
distribution of tyre forces for each wheel [31, 40, 34, 41, 42] and fewer studies
considers the effect of uncertainties and nonlinearities in EVs with differen-
tial steering [43]. It is noted that the control of such nonlinear systems can
be recast as the robust controller synthesis for uncertain systems. A method
for solving this problem that has been largely considered in this thesis is
by formulating the robust controller design as an optimisation problem and
specifying the multi-objective design conditions as inequality constraints.

1.5 Thesis Contribution

The contributions of this thesis are summarised in the followings:
The modelling of the four-wheel independently driven electric vehicles

began with the consideration that the vehicle is operating at a single oper-
ating condition, a dry road, and at fixed vehicle speed. Inevitably, a four-
wheel independently driven electric vehicles are nonlinear and manifest fast
parameter-varying behaviour that should operate in a broad range of road
and speed circumstances. With these varying conditions in mind, the system
models then include parameter uncertainties and nonlinearities that are also
affected by external disturbances. Specifically, the two main types of mod-
elling approach adopted in this thesis are the uncertain polytopic system
and TS fuzzy model.

With the derived vehicle models, the control design provides sufficient
conditions for the existence of the robust controller for polytopic uncertain
systems, recursive solution of the MPC models and TS fuzzy models. The
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synthesised robust controllers are guaranteed to satisfy asymptotic stability,
specified performance, robustness to parameter variations and disturbance
rejection of the closed-loop system. The control design conditions are derived
as a feasibility problem of a set of linear matrices inequalities constraints.
These conditions include the constraints on the control input and system
output.

Numerical simulations showed the performance of the controller design.
The effectiveness of the stability and robust performance of the derived con-
troller are further verified in MATLAB/Simulink simulation environment
using the nonlinear vehicle equations. The testing includes varying operat-
ing conditions like snowy, wet and dry road under varying vehicle states.
More so, an experiment on a mobile robot car shows the robustness of the
controller design.

Finally, as the scope of this thesis is the differential speed steering of
electric vehicles, the control input considered are the differential speed rather
than allocating the torque or tyre forces.

1.6 Thesis Outline

From the introduction, the thesis is set out in the following order:
Chapter 2 presents H∞ dynamic output-feedback control for indepen-

dently driven four-wheel electric vehicles with differential speed steering. A
nominal operating condition was considered for deriving the vehicle model,
on a dry road at fixed vehicle speed. The control design applies the quadratic
Lyapunov function approach to establish the stability and disturbance at-
tenuation of the closed-loop system. The design condition guarantees asymp-
totic stability given in a set of LMIs constraints and that the disturbance
attenuation is less than an optimised value. The effectiveness of the controller
is tested for robustness and its ability to attenuate external disturbance as
compared to a PID controller. This H∞ design is used as a comparison in
the subsequent robust controller design chapters.

Chapter 3 designs a robust H∞ output feedback control for EVs with
differential steering. This is an extension of the nominal operating condition
presented in Chapter 2 to include the variations in the system parameters
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described as polytopic uncertainties. In the robust controller design, suffi-
cient conditions for the existence of the controller which ensure both robust
stability and performance for EVs are provided as a set of LMIs constraints.
For this robust design, the design conditions also consider the constraints on
the control input and system output using the parameter-dependent Lya-
punov function approach. The results are less conservative than the ones in
Chapter 2.

Chapter 4 presents a robust model predictive control for the lateral stabil-
isation of a four-wheel independently driven electric vehicle using differential
speed steering. The EV model considers the explicit inclusion of parameter
uncertainties in the vehicle model formed as polytopic parameter varying
systems that are subjected to bounded disturbances. The parameter vary-
ing MPC design approach uses a Lyapunov invariant set to derive sufficient
conditions that assure robust stability and minimises an objective perfor-
mance function. Also, the expansion of the ellipsoidal invariant sets approach
is adopted in providing a low computationally demanding recursive solution.

Chapter 5 presents a robust H∞ TS fuzzy output-feedback control for
differential steering vehicles. The TS fuzzy vehicle model considers the non-
linear variations and interaction in the system states. The difference in the
control design approach from Chapter 3 is the use of the fuzzy Lyapunov
function and the inclusion of the time-derivative term of the membership
function in deriving sufficient conditions for the realisation of the TS fuzzy
controller. A comparison is provided in the numerical simulations.

Chapter 6 shows the experimental validation of the robust control design
using a mobile robot car. The construction of the mobile robot car, speed
measurement and control, and calibration of the gyro sensor are detailed.
A performance comparison is presented for the robot car that is affected by
disturbance. Chapter 7 brings the concluding remarks together and provide
future directions. Useful notes on LMI formulations are presented in the
Appendix.



Chapter 2

H∞ Dynamic Output-Feedback
Control for Independently Driven
Four-wheel Electric Vehicles with
Differential Speed Steering

2.1 Introduction

Electric Vehicles (EV) equipped with four independently driven in-wheel
motors are gradually becoming the design of choice for pure electric vehicle
system among manufacturers and researchers [44, 45]. The advantages of a
four-wheel independently driven electric vehicles (FWIDEV) are a drive-by-
wire system, improved vehicle efficiency, safety, and better manoeuvrability
when compared to a fuel-based conventional vehicle. Further, the manoeu-
vrability capabilities of this type of electric vehicles can be achieved in a
number of different control strategies. As presented in [46], this kind of
systems represents an over-actuated system where the number of actuators
is more than the number of the degree-of-freedom to be controlled. How-
ever, the most importance benefit of electric vehicles with such feature is
improved active safety and energy optimization among several advantages.
Therefore, since FWIDEV represents an over-actuated system for the case
of four driven nor steerable wheels, an additional actuating device will be

19



Introduction 20

analyzed, the differential system. The differential system distributes the re-
quired angular speed to the four road wheels depending on a number of
conditions. Moreover, the control strategies to be adopted for FWIDEV de-
pends on the working principle of the electric differential system (EDS) [47].
The EDS is part of the range of capabilities of the electronic device on-board
FWIDEV which replicates the functionality of a traditional mechanical dif-
ferential. Just like in the conventional mechanical differential system, EDS
regulates the angular wheel speed of the right and left road wheels of the
vehicle, even in an uneven road terrain. This handling behaviour ensures the
driver’s comfort and safety of the vehicle.

Meanwhile, for the driver’s comfort and vehicle safety to be ensured
in long distance driving, yaw disturbance caused by factors such as the
road conditions, side wind forces, and the loss of tire pressure on each of
the road wheels can lead to an undesired over steering and under steering
yaw motions. To overcome this challenge, various works are presented in
literature [48, 49, 50, 51] for yaw dynamic improvement. In [48], Van used
β-method as a feedback control for vehicle handling.This method relates yaw
dynamic response and the rate of steering, in such that, after awhile, the
steering angle reduces the responsiveness of yaw moment as the slip angle
of the vehicle increases. Akiba et al. [49] showed that the steering wheel
angle is indeed required for the vehicle to move in straight road. This is
because the speed output differences on the right side and left side wheels
leads to an increased steering efforts for the driver. Similarly, Pinal et al. [50]
studied the perturbations on each wheel of a two-rear driven electric vehicle
and proposed a synchronisation control approach for lane keeping. From the
above-mentioned description, under some certain operating conditions, the
yaw motion of the EV can be controlled by the driven wheels of the vehicle
instead of the continuous steering by the driver. This way, the driver’s effort
in ensuring the vehicle stays on course is minimised and the ride comfort is
considerably increased.

In this chapter, a dynamic output feedback controller is designed for
the stabilisation of the FWIDEV system using a differential speed steering.
First, a state space form of the model is obtained by assuming a nominal
operating condition. Next, the combination of the state space model and the
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control structure give an augmented system which represents the closed-loop
system. After that, the stability condition and system performance are de-
rived to establish a bound on the H∞ norm. Then, the controller gains where
implemented on the nonlinear vehicle dynamic model; the testing was per-
formed using a vehicle yaw dynamic performance considers the longitudinal
and lateral tire forces with varying coefficient of friction in the non-saturated
region of the tire forces. In summary, the controller ensures the vehicle tra-
jectory stays on the desired path, with an attainable actuator effort which
in this case is regulating the angular wheel speed. This design is verified by
using MATLAB/Simulink for the simulation in different operating scenarios.

The main contributions of this Chapter are 1) the derivation of a nom-
inal operating point for the electric vehicle using the differential speed as
the control input, and 2) achieving a stabilising controller that is able to at-
tain an H∞ performance attenuation level on the disturbance channel. The
simulation uses the nonlinear equation.

This Chapter is organised as follows. In Section 2.2, the system descrip-
tion and system modelling are presented. Also in this section, the vehicle
nonlinear dynamic model is derived with the tire-ground nonlinear dynamics
evaluated in a mathematical form as the primary cause of the yaw distur-
bance. In Section 2.3, the control problem formulation and the design of the
dynamic output feedback controller are presented. The simulation results of
the controller capabilities in rejecting external disturbances is analysed and
presented in Section 2.4. Concluding remarks are presented in Section 2.5.

2.2 System Description and Modelling

2.2.1 System Description

The description of the vehicle in this Chapter is provided in Figure 2.1. The
vehicle consists of a chassis, four independently driven in-wheel motors con-
nected to the vehicle chassis with no kingpin offset to the ground in neither
the front nor the rear wheels, the electronic control unit, and the battery.
This arrangement indicates that there is no mechanical linkage between the
steering system and the rotating wheels. Indeed, there is three global axis,
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namely; longitudinal (X), lateral (Y), and yaw (Z) axis. When analysing the
driver’s input in these axes, the longitudinal motion (Ux) is influenced by
the accelerator and the brake pedal. While the lateral motion (Uy) and yaw
motion (r) of the vehicle depends on the control strategy to be adopted in
the wheel speed and the rate of the steering wheel without a steered axle as
against what is presented in [52].

2.2.2 Control strategy: Differential speed

Consider the following strategy adopted for a differential speed steering for
a given yaw rate:

To turn the vehicle in the left direction for a desired yaw rate value, the
left wheel speed (wl) is greater than right wheel speed (wr) by the differential
speed (∆w). Note that the differential speed uses this factor to increase the
left wheel speed from the portion of the available vehicle speed considering
the desired yaw rate.

To turn the vehicle in the right direction for a desired yaw rate value:
Right wheel speed, (wr), is greater than Left wheel speed, (wl), (by the
differential speed), ∆w. This means that this value will be used to reduce the
right wheel speed from the portion of the available vehicle speed considering
the desired yaw rate.

To maintain a straight ahead drive for a desired zero yaw rate value: the
left wheel speed must be equal to the right wheel speed. In this regard, the
differential speed compensates for the effect of external disturbance. Thus,
the yaw rate controller outputs a differential speed that compensates the
yaw rate deviation due to external disturbance. A summary of the desired
yaw rate differential speed steering strategy is given in Table 2.1.

Turn Left Turn Right No Turning

Desired yaw rate
wl + ∆w

2

wr − ∆w
2

wl − ∆w
2

wr + ∆w
2

wl − ∆w
2

= wr − ∆w
2

disturbance compensation

Table 2.1: Control strategies for desired yaw rate using differential speed
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2.2.3 Vehicle Dynamic Model

In this subsection, the vehicle dynamic model in the longitudinal direction,
lateral direction, and the heading angle direction, as shown in Figure 2.1,
is used to develop the equations of motion. This model represents a three
degree of freedom model that captures the linear motion of a vehicle [53].
Thus, neglecting the effect of the roll and the pitch motions on the vehicle.

Figure 2.1: Schematic of the Vehicle Model

The equations of motion illustrating the dynamics of this model is given as:
Longitudinal velocity:

mU̇x = mUyr + (Fxfl + Fxfr + Fxrl + Fxrr) (2.1)

Lateral Velocity:

mU̇y = −mUxr + (Fyfl + Fyfr + Fyrl + Fyrr) (2.2)

Yaw Velocity:

Jṙ = lf (Fyfl + Fyfr)− lr(Fyrl + Fyrr)

+ ls[Fxfl + Fxrl − Fxfr − Fxrr] +Md

(2.3)

where Ux, Uy, and r are the vehicle’s longitudinal velocity, lateral velocity,
and the yaw rate respectively. lf , lr ls, m, are the distance from the center
of gravity of the vehicle to the center of the front and rear wheel, while
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Fxfl, Fxfr, Fxrl, Fxrr, Fyfl, Fyfl, Fyrl, Fyrr are the longitudinal and lateral
tire forces on the front-left, front-right, rear-left, and rear-right respectively.
Md is the undesired but expected external disturbance introduced into the
vehicle as a result of the unevenness of each wheel on the ground.

2.2.4 Tyre Model

Assuming there exist no steering angle at the front and rear wheels, the wheel
speed actual direction of travel and the heading direction to which the wheel
is pointing produces the effect of the tire longitudinal side and the sideslip
angles. The combined model for a longitudinal and lateral slip is studied
in [54]. The tire model is limited to the region where the road-tire contact
point is linear. In this region, a high value of the tire stiffness represents the
linear region, otherwise, the model is no longer valid for linearity.

The combined model for the longitudinal and lateral slip tire forces is
presented in [20], expressed for longitudinal forces and lateral forces as

Fxi =
α√

α2 + λ2
(
µxFz
µxoFzo

)Fxo
Cα(Fz)

Cαo

µxoFzo
µxFzi

√
α2 + λ2, (2.4)

Fyi =
λ√

α2 + λ2
(
µyFz
µyoFzo

)Fyo
Cλ(Fz)

Cλo

µyoFzo
µyFzi

√
α2 + λ2. (2.5)

The subscript i = fr, fl, rl, and rr. Where α is the slip ratio and λ is the side
slip angle. Fzo, Fz, µxo, µx, µyo, µy, Fyo and Fxo are the nominal wheel load,
the new wheel load, the nominal road friction for the corresponding road
surface, nominal longitudinal forces and nominal lateral forces, respectively.
Cα and Cλ are the original cornering longitudinal and lateral stiffnesses
while Cαo and Cλo are the new cornering stiffnesses as a function of the
wheel normal force Fz.
The expression of the combined slip quantity is

σ∗ =
√
α2 + λ2 (2.6)

The normal tire load is assumed to be a constant and is based on the geom-
etry of the car model given by

Fzfl = Fzfr =
lrmg

2(lf + lr)
,

Fzrl = Fzrr =
lfmg

2(lf + lr)
.

(2.7)
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2.3 H∞ Controller Design

Assuming the longitudinal velocity Ux is constant, the dynamics of the ve-
hicle can be represented by a two degree of freedom model along Uy and
r.

Also, considering the tire operation in its linear region, in [53], longitudi-
nal slip (αxi) is defined in the direction of the wheel-ground-contact velocity
as:

αxi =
rwwi − Ux

max(Ux; rwwi)
(2.8)

where rw is the effective wheel radius of each wheel, assumed to be the same.
wi stand for the angular wheel speed of ith wheel. The sideslip angle (αyi)
for each wheel can be expressed as

αyf,r(l,r) = − arctan

[
Uywi
Uxwi

]
. (2.9)

Where Uywfl = Uy + lfr; Uywfr = Uy + lfr; Uywrl = Uy - lrr; and, Uywrr =
Uy - lrr. Uxwi = Ux. This tire model captures the essential dynamics of the
wheel, tire, and ground interaction in the linear region. Therefore, the tire
forces are derived as

Fxi = µCxiαxi (2.10)

Fyi = µCyiαyi (2.11)

Equations (2.10) and (2.11) present the tire model for a small slip-angle re-
gion with road adhesion. In this region, the longitudinal slip and the sideslip
is proportional to the longitudinal tire forces Fxi and the lateral tire forces
Fyi respectively. Cxi is the longitudinal tires stiffness and Cyi is the lateral
tire cornering stiffness. The value of µ depends on the road adhesion factor.

For the completion of the state-space model, small angle approximation
enabled the formulation, and combing (2.1) to (2.11) together, the state-
space compact form can be obtained as

ẋ(t) = Ax(t) +B1u(t) +B2w(t)

y(t) = C1x(t)

z(t) = C2x(t)

(2.12)
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where

x(t) = [Uy r]T , w(t) = Md, y(t) = r u(t) = ∆w

A =


−µCy

0.25mUx

µCy(lr−lf )

0.5mUx
− Ux

µCy(lf−lr)
0.5JUx

−µCy(l2f+l2r)

0.5JUx


B1 =

[
0

µrwlsCx
0.5JUx

]

B2 =

[
0
1
J

]
, C1 =

[
0 1

]
and C2 =

[
0 1

]
.

In the state space model (2.12), r is the measured output and ∆w is the dif-
ferential speed. Likewise, the longitudinal speed Ux, the mass of the vehicle
m, the moment of inertia J , and the tire stiffness are the variables that cause
noticeable changes in the vehicle dynamic response. The disturbance term
Md is considered as a result of the unevenness of the tire and ground contact
points. It should be noted out here that the on-board sensors is assumed to
only measure the longitudinal speed and yaw rate.

The controller design objective is to reject the yaw disturbances at a
relatively varying longitudinal speed and changing values of the road adhe-
sion. When the full state information of the vehicle cannot be measured or
very expensive to measure, like the lateral velocity, it is desirable to design
a dynamic output feedback controller:{

ẋc(t) = Acxc(t) +Bcy(t)

u(t) = Ccxc(t)
. (2.13)

where xc(t) is the controller state. Taking the augmented state vector as

ζ(t) =
[
xT(t) xT

c (t)
]T

, (2.14)

then the combination of (2.12) - (2.14) leads to the following augmented
system: {

ζ̇(t) = A ζ(t) + Bw(t)

z(t) = C ζ(t)
(2.15)
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where

A =

[
A B1Cc

BcC1 Ac

]

B =

[
B2

0

]
, C =

[
C2 0

]
.

What follows is the design of an H∞ dynamic output feedback controller of
the form (2.13) such that the following two conditions are satisfied:
i) The augmented system (2.15) is asymptotically stable.
ii) Under the zero-initial condition, the controlled output z satisfies

‖z‖2
2 6 γ2‖w‖2

2 (2.16)

where the ‖H‖∞ < γ and equivalent to∫ ∞
0

(zT (t)z(t)− γ2wT (t)w(t))dt < 0 (2.17)

for any nonzero w(t) ∈ L2[0,∞] and an optimized attenuation level γ > 0.
The main result is given as follows.

Theorem 2.3.1. For linear system (2.12), there exists a dynamic output-
feedback controller of the form (2.13) such that the closed-loop system is
asymptotically stable and possesses a disturbance attenuation level γ, if there
exist matrices Â, B̂, Ĉ, X and Y such that

Θ =


Θ11 ÂT + A B2 XCT

2

∗ Θ22 Y B2 CT
2

∗ ∗ −γI 0

∗ ∗ ∗ −γI

 < 0 (2.18)

[
X I

I Y

]
> 0 (2.19)

where

Θ11 = AX +XAT +B1Ĉ + ĈTBT
1

Θ22 = Y A+ ATY + B̂C1 + CT
1 B̂

T.
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The controller gains can be obtained as

Cc = Ĉ
(
MT

)−1
,

Bc = N−1B̂,

Ac = N−1
(
Â− Y AX −NBcC1X − Y B1CcM

T
) (
MT

)−1

(2.20)

where M and N can be any matrices which satisfy MNT = I − XY . For
example, let N = I and then MT = I −XY . The controller is not uniquely
defined.

Proof. Consider the quadratic Lyapunov function V (x) := ζTPζ, where
P > 0 and P = P−1. For this condition to hold on P and P−1, a convexifying
transformation is required [55]. Thus, partitioning P and P−1 as

P =

[
Y M

MT Ŷ

]
(2.21)

P−1 =

[
X N

NT X̂

]
. (2.22)

Also, with a congruence transformation, Tx, one gets

Tx =

[
X I

NT 0

]
. (2.23)

Thus, pre-multiply (2.21) by T Tx and post-multiply it by Tx, one has the
equivalent condition in (2.19). Furthermore, for the condition in (2.16) to
hold,

ζ̇TPζ + ζTP ζ̇ +
1

γ
zT z − γwTw < 0. (2.24)

re-write (2.24) as
ϕ̃TQϕ̃ < 0,

where ϕ̃ = [ζ w] and

Q =

[
A P + A TP + 1

γ
CTC ∗

BTP −γI

]
. (2.25)

Applying the Schur complement on (2.25) leads to A P + A TP PB C T

∗ −γI 0

∗ ∗ −γI

 < 0. (2.26)
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by performing a congruence transformation on (2.26) using diag{T Tx , I, I}
and applying this change of variables

Â = Y AX +NAcM
T +NBcC1X − Y B1CcM

T

B̂ = NBc

Ĉ = CcM
T

(2.27)

the condition in (2.18) is obtained. �

2.4 Simulation Results and Analysis

Table 2.2 gives the vehicle parameters used for the Matlab-Simulink simu-
lation. The objective is to reduce the driver’s effort in steering the vehicle
to follow a desired path. The control input is the differential speed, and
the aim is to ensure the vehicle stays on the trajectory even in the pres-
ence of external disturbances by minimising the vehicle’s deviation from the
desired path. The controller design uses µ at 0.5 and the vehicle velocity
at 50km/h. These are the nominal operating conditions for obtaining the
controller’s gain.

The simulation is performed in different conditions, such as, injecting
the yaw disturbance into the vehicle at a particular time, other conditions
considered are the physical limit of the tire adhesion which ranges from µ =

0.1− 0.9, and varying the vehicle speed. Also, a band-limited signal shown
in Figure 2.2 is used to represent the external yaw disturbance. Finally,
in the simulation, the nonlinear vehicle model given in Subsection 2.2.3 is
used to obtained the results. Using YALMIP toolbox [56] to formulate the
optimisation problem and solver MOSEK [57] to obtain

X =

[
8914.4 0.008974

0.008974 0.46442

]
Y =

[
8984.8 57.367

57.367 523.09

]
.

The designed values for the controller gains and the optimised gamma value
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Figure 2.2: The disturbance

are

Ac =

[
80.421 −14193

825.15 −12924

]
, Bc =

[
141984.78

−226852.18

]
,

Cc =
[
−1.0436 163.42

]
,

γ =
[

2.7262e−6
]
.

For the purpose of comparison, a PID controller with a derivative filter
term in its parallel form is considered. The PID controller is tuned using the
automatic and interactive tuning of PID gains in Simulink. The gains used
are

Kp = −1.213, Ki = −7.319, Kd = 0.01703, N = 9.169.

Figure 2.3 shows the vehicle trajectory with and without the controllers.
At the instance when the disturbance was injected, the trajectory of the
vehicle without the controller starts to veer off course. At the same time in-
stance, the trajectory of the vehicle with the controllers stay on course. Also,
the controllers effort required is such that can be actualised by the actuators
as shown in Figure 2.4. However, one notice an improved performance of the
H∞ controller over that of the PID controller.

The controller efforts present the performance of the wheels in ensuring
the vehicle stays on course, as shown in Figure 2.4, at 10 sec, the control
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Table 2.2: Vehicle Parameters for simulation

Symbol Parameters Values
m Vehicle mass 1200 kg
lf distance from the

front of the wheel
to vehicle centre
of gravity

1.013 m

lr distance from the
rear of the wheel
to vehicle centre
of gravity

0.702 m

ls The track width 0.65 m
rw Tire effective ra-

dius
0.33 m

J Yaw moment of
inertia

1300 kg.m2

µ Coefficient of fric-
tion

0.85

Cx Longitudinal tire
stiffness

75000

Cy lateral tire stiff-
ness

50000

value increases in a linear form despite the disturbance, not so for the PID
controller. This is compatible with the required wheel performance. Further-
more, the simulation results for the conditions when considering the limit
of the road handling, µ=0.1-0.9, as shown in Figure 2.5 and Figure 2.6, the
disturbance effect for the vehicle without the controller shows the vehicle
to be a danger to other road users. Also, the safety of the driver and the
passengers cannot be guaranteed.

The right-sides wheel speed and the left-sides wheel speed can meet the
controller’s demand in ensuring the vehicle stays on track with minimal
deviation. This is true because the dynamics of the electric motors can
be measured easily and precisely. So the controllers are activated at the
instance when the disturbance is introduced. Before this instance, the vehicle
is moving on a straight path and the right-sides and left-sides wheel speed



Simulation Results and Analysis 32

0 200 400 600 800 1000

X [m]

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Y 
[m

]

Vehicle trajectory: U
x
=80km/h; =0.8

W/o Controller

H  Controller

PID Controller

0 200 400 600 800 1000

-0.01

0

0.01

0.02

Disturbance removed here

Disturbance injected here

Figure 2.3: Vehicle trajectory

0 5 10 15 20 25 30 35 40 45 50

Time [s]

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

D
iff

er
en

tia
l S

pe
ed

 (
w

) [
ra

d/
s]

10
-4 Differential Speed

no controller

H  Control

PID Controller

Figure 2.4: Differential Speed.

are equal by a no-differential speed.
Therefore, one can infer that the performances of the H∞ dynamic out-

put feedback controller for the tested scenarios performs better than that of
the PID controller, especially at the limit of road handling has proven to be
significantly effective in achieving the desired control objective. Regardless,
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Figure 2.6: Vehicle trajectory with and without controller µ=0.9.

the vehicle trajectory with the PID controller over the 500m x-axis con-
tinuous injection of yaw disturbance, experiences minimal deviation which
correspond to ± 0.04m. At the limit of the road handling, that is, at µ=0.1,
this is the tire nonlinear region.
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2.5 Conclusion

In this Chapter, the H∞ dynamic output feedback controller is designed
for attenuating the yaw disturbance of a four-wheel independently driven
electric vehicle. The controller performance is capable of rapid disturbance
rejection even at the nonlinear region of the tire-ground interactions. The
vehicle dynamic model used a three degree of freedom to capture the needed
system dynamics. So also is the nonlinear effect of the tire model. Similarly,
the controller design gains were obtained by solving the optimisation prob-
lem. Furthermore, the controller is implemented in MATLAB/Simulink by
computing the desired differences in the wheel speed to the four wheels in
order to keep the vehicle from deviating the desired path. In like manner,
the simulation is performed in distinct situation for the vehicle trajectory,
like the vehicle entry speed, disturbance rejection, and limit of the road han-
dling. The capability of the controller were tested with the vehicle dynamic
model and the simulation results looks promising.



Chapter 3

Robust H∞ Output-Feedback
Control for Electric Vehicles with
Differential Steering

3.1 Introduction

Active vehicle control (AVC) is a system that continuously observes the ve-
hicle’s dynamic responses and implements a corrective control action when
necessary to improve drivability and stability of the vehicle. These subtle
corrective actions can be a blend of regulating the steering angle and opti-
mising the transmitted tyre forces to the road [58]-[34]. Examples of AVC
systems are active four-wheel steering (4WS), direct yaw moment control
(DYC), active roll-over protection, anti-lock brake system (ABS), electronic
stability control (ESC), active front-wheel steering (AFS) and active sus-
pension system [59, 60]. The main benefits of AVC are the improvement in
vehicle safety, a better handling performance, maximum ride comfort and
reducing the burden on drivers at terrible road conditions. To maximise the
benefits of AVC, electronically actuated components rather than mechani-
cal ones are preferred and used as an actuator for the control system design
[61, 62].

Active steering system design, for instinct, can be mechanically or elec-
tronically implemented for directional control of a vehicle. The implementa-
tions are of the forms whereby the tyres can be mechanically steered to the

35
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direction of motion and the other is Steer-by-Wire (SbW) of the road wheels
to the direction of motion. The former method is an established mechanism
of steering a vehicle [60, 63], while the later can further be divided into two
forms. The first being the actual steering of the tyres to achieve the desired
motion and the second is where the tyres are not physically steered but the
directional motion control can still be achieved by DYC [34].

In recent years, studies addressing active yaw moment control for physi-
cally steerable tyres to maintain the vehicle stability are enormous. In [34], a
stability control strategies of the vehicle via DYC are studied. Braking forces
and traction control are essentially used to establish the stability threshold
of the vehicle. Similar control strategies are available for the robust controller
design [63] and the use of optimal tyre forces distribution [41, 64, 65, 31],
in steerable tyres. Similarly, robust controller design [63, 66, 67, 68] and
optimal distribution of tyre forces [41, 64] have been developed for steerable
wheels. However, there are currently limited studies, as far as the search for
these literature goes, addressing the robust control of small-sized vehicles
without physically steerable road wheels using differential speed.

Although often used in tracked vehicles and mobile robots, the consider-
ation in this Chapter assumes no mechanical differential axles are available
to the final drives. The motivation for steering a vehicle without physically
turning the road wheels are the advances in electronically enabled actua-
tors and the fact that, about the vehicle’s vertical axis, the yaw moment is
actually needed for any turn motion to be achieved. This novel case for a
small-sized vehicle will be considered in this Chapter.

Robustifying the motion and orientation of an electronic differential
steered vehicle (EDSV) examines uncertainties and its effect on stability.
These uncertainties are crosswind disturbances, payload, vehicle’s longitu-
dinal velocity, and most importantly, friction differences in the tyre-ground
interaction among many other factors. Several authors have adopted the use
of robust controller design for yaw stability performance in an independently
driven electric vehicle. In [69], a µ-synthesis robust controller is designed for
yaw motion and side slip control. The problem of tracking the yaw rate is
solved by modelling the variations in the front wheels angle and the direct
yaw moment as uncertainties represented in a two transfer function and then
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specifying the performance of the yaw rate and sideslip angle as a frequency
weighting functions. Their design uses the torque difference on either side
of the wheels but they do not consider the tire force saturation. In a similar
study, in [70], the authors design a controller with the aim to achieve both
a neutral steer and a reduction in the sideslip of a four-wheel EV. Their
controller design approach only considers the variations in the longitudinal
velocity and modelled this variation in a polytopic model but the tire force
saturation are not considered. They implemented a gain schedulingH∞ state
feedback control at each vertex points of the system.

Conversely, studies such as [40] considers the tire force saturation, para-
metric uncertainties and external disturbances in solving the lateral-plane
motion problem of an independently driven electric vehicle. To improve the
desired vehicle stability, the higher-level controller design adopted is a robust
gain-scheduling state-feedback based on linear parameter-varying method.
In [71], the authors propose a robust loop-shaping controller design approach
by adjusting two physically meaningful weighting functions to achieve yaw
stability. The controller design is implemented and tested on a small-sized
vehicle. Reference [43] investigated an active steering failure mechanism in
a differential assisted steering for an autonomous system. The authors con-
sider the tyre force saturation and the use of a robust multiple-disturbances
observer-based controller for a path following control. Certainly, achieving
robust performance remains an open issue for yaw stability.

In [72], a dynamic output-feedback controller is designed to realise a dif-
ferential speed steering control strategy. However, in that design, the con-
troller was synthesised by considering a nominal operating condition at the
coefficient of road friction and longitudinal velocity though tested for ro-
bustness. As one knows, the vehicle needs to operate over a wide range of
guaranteed operating conditions, especially at different vehicle speed and
road conditions. Based on linear matrix inequalities approach, this chapter
designs a robustH∞ dynamic output-feedback controller for four-wheel inde-
pendently driven electric vehicles (FWIDEV) under bounded uncertainties
and external environmental disturbance. The bounded uncertainties under
consideration are the road coefficients of friction, vehicle’s longitudinal speed
and the presence of wind disturbance.
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The main contributions of this Chapter are 1) the derivation of sufficient
conditions for the existence of an H∞ output-feedback controller for linear
systems with polytopic uncertainties, and input and output constraints, and
2) the design of an H∞ robust yaw controller that is able to achieve both
robust stability and the specified performance for EVs in the presence of
uncertainties satisfying the input and output constraints.

The rest of the Chapter is organised as follows: Section 3.2 provides the
mathematical model of a four independently in-wheel driven electric vehicle.
Section 3.3 presents the control problem and the robust controller design.
The simulation results and discussion are given in Section 3.4. Concluding
remarks are drawn in Section 3.5.

3.2 Nonlinear Modelling of independently

in-wheel driven electric vehicle

A four independently in-wheel driven electric vehicle under consideration is
shown in Figure 3.1. Each wheel in the EV is independently driven. The lon-
gitudinal, lateral and yaw motion equations are, respectively, schematically
given as follows:

U̇x = Uyr + (1/m)(Fxfl + Fxfr + Fxrl + Fxrr) (3.1)

U̇y = −Uxr + (1/m)(Fyfl + Fyfr + Fyrl + Fyrr) (3.2)

Jṙ = lf (Fyfl + Fyfr)− lr(Fyrl + Fyrr)

+ ls[Fxfl + Fxrl − Fxfr − Fxrr] +Md

(3.3)

where Ux, Uy, and r are the vehicle’s velocity along the longitudinal motion,
lateral motion, and the yaw motion, respectively. m is the vehicle mass, lf is
the distance between the centre of gravity (COG) to the front axle, lr is the
distance between the COG to the rear axle, ls is the half of vehicle width,
J is the yaw moment of inertia, and Md is an external disturbance.

The tyre forces, Fxi and Fyi with i = fl, fr, rl, rr, are the result of the
pneumatic deflections of the tire properties due to the weight of the vehi-
cle, tyre pressure distribution and also the tyre-ground interaction [73]. To
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Figure 3.1: Differential Speed Steer EV manoeuvring a curve

determine the forces generated by the tyres as a result of the tyre-road inter-
action, the tyre nonlinear model for the combined lateral and longitudinal
forces will be used, see [74] and [75] for details.

3.2.1 Nonlinear Tyre Model

The longitudinal and lateral tyre forces components are

Fxi =
σxi
σi
FTi

, (3.4)

Fyi =
σyi
σi
FTi

. (3.5)

where

FTi
=


µFzi

{
3θcσi − 1

3
(3θcσi)

2 + 1
27

(3θcσi)
3
}

if σi ≤ σm

or
µFzi if σi > σm.

(3.6)

where σi =
√
α2
xi + λ2

yi is the total slip for each tyre, σm = 1
θc

and θc =
Cθc

3µFzi
are the limiting values of slip.
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Parameters Cθc and µ are, respectively, tyre lumped lateral stiffness and the
coefficient of tyre-road friction. The lateral tyre slip, σyi, is

σyi =
Uy
w̄irw

tan (λi) (3.7)

and the longitudinal tyre slip, σxi, is

σxi =


w̄irw−Ux
w̄irw

during acceleration
and

w̄irw−Ux
Ux

during braking.
(3.8)

with rw the effective wheel radius, w̄i is the angular velocity of each wheel
and λi is the tyre side slip angle. The normal load, Fzi, is based on the
vehicle’s geometry as

Fzfl = Fzfr =
mglr

2(lf + lr)

Fzfl = Fzfr =
mglf

2(lf + lr)
.

(3.9)

3.2.2 Uncertain Polytopic System: EV

Consider the following uncertain system

ẋ(t) = A(θu)x(t) +B1w(t) +B2(θu)u(t)

z(t) = C1x(t) +D1u(t)

zs(t) = Cs(θu)x(t) +D1sw(t) +D2s(θu)u(t)

y(t) = C2x(t) +D2w(t)

(3.10)

where x(t) is the state vector, u(t) is the control input, w(t) is the distur-
bance, z(t) is the performance output, zs(t) is the control output, y(t) is
the measured output and θu is the uncertain parameter. Uncertain matrices
A(θu), B2(θu), Cs(θu) and D2s(θu) are

A(θu) =
m∑
i=1

θuiAi, B2(θu) =
m∑
i=1

θuiB2i,

Cs(θu) =
m∑
i=1

θuiCsi and D2s(θu) =
m∑
i=1

θuiD2si
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where Ai, B2i, Csi and D2si are constant matrices, θui ≥ 0 exist in a convex
null, satisfies

∑m
j=1 θui = 1 condition, and m is the number of vertices. The

polytopic uncertain domain can be expressed as

Ωp = [A(θu), B(θu), Cs(θu), D2s(θu]

=
∑m

i=1 θui{[Ai B2i Csi D2si]}
(3.11)

The matrices Ai, B2i, Csi and D2si together build the ith vertex of the
polytope.

The nonlinear vehicle model given in Section 3.2 can be recast into a
polytopic uncertain system by selecting two uncertain parameters, the lon-
gitudinal velocity, Ux and the coefficient of friction, µ. These values are
assumed to be known within a bound as

Ux < Ux < Ux, (3.12)

µ < µ < µ, (3.13)

where the lower bounds are µ and Ux, and the upper bounds are µ and Ux,
respectively.

Since, Ux is a known varying constant, hence, (1) that governs its dy-
namic is not considered in forming the polytopic uncertain model. Defining
the system states as
x(t) = [Uy r]T , u(t) = ∆w, z(t) = r(t), zs(t) = ṙ(t), y(t) = r(t) + nd and
w(t) = [Md nd]

T , where nd is the measurement noise andMd is the external
disturbance.

For the purpose of forming the uncertain linear models, assume the ver-
tical load of the vehicle is evenly distributed on each wheel. So that when
the tyre side slip angle is small, by [74] and [76], the tyre forces can be
approximated as

Fxi = µCxiαi, (3.14)

Fyi = µCyiλi. (3.15)
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where Cx is the longitudinal tyre stiffness, the tyre side slip angles, λi, are
approximated as

λfl = −
[
Uy + rlf
Ux

]
, λfr = −

[
Uy + rlf
Ux

]
,

λrl = −
[
Uy − rlr
Ux

]
, λrr = −

[
Uy − rlr
Ux

]
.

(3.16)

and the longitudinal slip ratio, αi, is

αi =
rww̄i − Ux

Ux
, (3.17)

A polytopic model of the form (3.10) can be obtained by putting (3.14) and
(3.15) into (3.2) and (3.3) with Ai and B2i given as follows:

A1 =


− Cyµ

0.25mUx
−Cyµ(lf−lr)

0.5mUx
− Ux

Cyµ(lr−lf )

0.5JUx
−Cyµ(l2f+l2r)

0.5JUx

 ,

A2 =


− Cyµ

0.25mUx
−Cyµ(lf−lr)

0.5mUx
− Ux

Cyµ(lr−lf )

0.5JUx
−Cyµ(l2f+l2r)

0.5JUx

 ,

A3 =


− Cyµ

0.25mUx
−Cyµ(lf−lr)

0.5mUx
− Ux

Cyµ(lr−lf )

0.5JUx
−Cyµ(l2f+l2r)

0.5JUx

 ,

A4 =


− Cyµ

0.25mUx
−Cyµ(lf−lr)

0.5mUx
− Ux

Cyµ(lr−lf )

0.5JUx
−Cyµ(l2f+l2r)

0.5JUx

 .

B21 =

[
0

rwlsCxµ

0.5JUx

]
, B22 =

[
0

rwlsCxµ

0.5JUx

]
,
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B23 =

[
0

rwlsCxµ

0.5JUx

]
, B24 =

[
0

rwlsCxµ

0.5JUx

]
.

C1 =
[

0 1
]
, C2 =

[
0 1

]
,

B1 =

[
0 0
1
J

0

]
, D1 = 0, D2 =

[
0 1

]
.

3.3 Robust Controller Design

A general theory for designing a robust H∞ output-feedback controller for
uncertain polytopic systems that considers the constraints on the control
input and system output is first presented in this section. This theory will
then be applied to a four independently in-wheel driven electric vehicle. The
controller structure uses the dynamic output-feedback controller of the form

˙̂xc(t) = Acx̂c(t) +Bcy(t)

u(t) = Ccx̂c(t)
(3.18)

where Ac, Bc and Cc are the parameters of the controller.

3.3.1 Robust H∞ controller formulation

Given γ, find a controller of the form (3.18) such that

1. the system (3.10) with (3.18) is stable and satisfy the specified condi-
tions

2. under zero initial conditions, the following inequality is satisfied:∫ ∞
0

zT (t)z(t)dt < γ

∫ ∞
0

wT (t)w(t)dt. (3.19)

3. the following control output and input constraints are met:

‖zsj(t)‖ ≤ zs,max,j and ‖u(t)‖ ≤ umax, ∀t > 0 (3.20)

where j = 1, 2, · · · , nr, and nr is the number of rows in zs(t) and
z2
s,max,j > (D2

1sj +D1sj)wmax.
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Without loss of generality, we assume∫ ∞
0

wT (t)w(t)dt ≤ ρ and ‖w(t)‖2 ≤ wmax,∀t > 0. (3.21)

The closed-loop system of (3.10) with (3.18) is

˙̃x(t) = Aclx̃(t) +Bclw(t)

z(t) = Cclx̃(t),

zs(t) = Csclx̃(t) +D1sw(t),

(3.22)

where

x̃(t) =

[
x(t)

x̂(t)

]
, Acl =

[
A(θu) B2(θu)Cc

BcC2 Ac

]
,

Bcl =

[
B1

BcD2

]
, Ccl =

[
C1 D1Cc

]
and Cscl =

[
Cs(θu) D2s(θu)Cc

]
.

Theorem 3.3.1. Given γ, δ1 and δ2. Suppose there exist symmetric matrices
W i

11, W i
22, Q1i, Q2i, Y and matrices W i

12, G, Af , X, K and L such for
i = 1, · · · ,m and j = 1, · · · , nr the following inequalities condition hold

W i > 0, (3.23)[
−u2max

γρ
W i [0 L]T

∗ −I

]
< 0, (3.24)

[
−ρsj

γρ
W i [CsijY D2sijL]T

∗ −(1 + ‖D1sj‖)−1I

]
< 0, (3.25)

 −Q1i Y ATi + LTBT
2i −GT 0

∗ −δ2I AiY +B2iL−G
∗ ∗ −Q2i

 < 0, (3.26)


φ11i φ12i φ13 φ14 φ15

∗ φ22i φ23 0 0

∗ ∗ −γI 0 0

∗ ∗ ∗ −I 0

∗ ∗ ∗ ∗ −δ2I

 < 0, (3.27)
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where ρsj = z2
s,max,j − (‖D1sj‖2 + ‖D1sj‖)wmax,

W i =

[
W i

11 W i
12

∗ W i
22

]
,

φ11i =


Y ATi + LTBT

2i+ Ai + Af

AiY +B2iL+Q1i

∗ ATi X + CT
2 K

T+

XA+KC2



φ12i =


δ1(AiY +B2iL)− δ1Ai − I +W i

12

Y +W i
11

−δ1A
T
f − I +W i

12 δ1(XAi +KC2)

−X +W i
22



φ13 =

[
B1

XB1 +KD2

]

φ14 =

[
Y CT

1 + LTDT
1

CT
1

]

φ15 =

[
0

δ2X

]

φ22i =

[
−2Y +Q2i −2I

−2I −X −XT

]

φ23 = δ1

[
B1

XB1 +KD2

]
.
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Then, the system (3.10) with (3.18) is stable and the H∞ performance,
(3.19) and the input and output constraints, (3.20) hold. Moreover, the con-
troller parameters are given as follows

Cc = LY −1,

Bc = (Y −1 −X)−1K,

Ac = (Y −1 −X)−1{Af − (Y −1 −X)BcC2Y −XG}Y −1.

Proof. For the closed-loop system (3.22), consider the following parameter
Lyapunov function

V = x̃T(t)P̄ (θu)x̃(t). (3.28)

where

P̄ (θu) =
m∑
i=1

θui(t)P̄i.

Taking the time derivative of (3.28) along (3.22) leads to

V̇ = ˙̃xT(t)P̄ (θu)x̃(t) + x̃T(t)P̄ (θu) ˙̃x(t) (3.29)

Adding

2
[
x̃T(t)P1 + ˙̃xT(t)P2

] [
Aclx̃(t)− ˙̃x(t) +Bclw(t)

]
= 0

to (3.29) by [77], for robust stability and performance, yields

V̇ = ϕT (t)Qϕ(t) (3.30)

where ϕT (t) =
[
x̃T (t) ˙̃xT (t) wT (t)

]
and

Q =

 ATclP
T
1 + P1Acl P̄ (θ)− P1 + P2Acl P1Bcl

∗ −P2 − P T
2 P2Bcl

∗ ∗ 0

 .
Adding and subtracting (zT (t)z(t)−γ wT (t)w(t)) to and from (3.30) results
in

V̇ = ϕT Q̄ϕ− zT (t)z(t) + γ wT (t)w(t),



Robust Controller Design 47

where

Q̄ =


ATclP

T
1 + P̄ (θ)− P1 + P2Acl P1Bcl

P1Acl + CT
clCcl

∗ −P2 − P T
2 P2Bcl

∗ ∗ −γI

 . (3.31)

Suppose the conditions in (3.27) hold, then φ22 < 0. This condition implies Y
and X are non singular matrices. Without the loss of generality, let partition
P1 as

P1 =

[
X Y −1 −X

Y −1 −X X − Y −1

]
.

We assume P2 = δ1P1. Define

J =

[
Y I

Y 0

]
.

Multiplying the left hand side of (3.31) by diag{JT , JT , I} and its right side
by diag{J, J, I} reads

diag{JT , JT , I} Q̄ diag{J, J, I} =

 Λ11 Λ12 Λ13

∗ Λ22 Λ23

∗ ∗ −γI

 ,
where

Λ11 =


Y AT (θu) + Y CT

c B
T
2 (θu)+ Γ1(θu)

A(θu)Y +B2(θu)CcY

∗ Γ2(θu)

+ φ14φ
T
14,

with

Γ1(θu) = A(θu) + Y AT (θu)X
T + Y CT

2 B
T
c (Y −1 −XT )

+Y CT
c B2(θu)

TXT + Y ATc (Y −1 −XT ),

Γ2(θu) = AT (θu)X
T − CT

2 B
T
c (Y −1 −XT )

+XA(θu) + (Y −1 −X)BcC2
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Λ12 =


δ1(A(θu)Y +B2(θu)CcY ) δ1A(θu)− I +W12(θu)

−Y +W11(θ)

Γ3(θu) δ1(XA(θu)

+(Y −1 −X)BcC2)


with

Γ3(θu) = δ1(XA(θu)Y + (Y −1 −X)BcC2Y +XB2(θu)CcY

+(Y −1 −X)AcY )− I +W12(θu),[
W11(θu) W12(θu)

W21(θu) W22(θu)

]
= JT P̄ (θu)J.

Λ13 =

[
B1

XB1 + (Y −1 −X)BcD2

]
,

Λ23 = δ1

[
B1

XB1 + (Y −1 −X)BcD2

]
,

Λ22 = −

[
2Y 2I

2I X +XT

]
.

With the notations given in Theorem 3.3.1, Λ11 can be rewritten as

Λ11 = Λ1
11 + Λ2

11

where

Λ1
11 =

m∑
i=1

θiφ11i + φ14φ
T
14

and

Λ2
11 =


−Q1(θu) Y AT (θu)X

T + (Y CT
c

BT
2 (θu)X

T )−GTXT

∗ −δ2XX
T

 .



Robust Controller Design 49

Also rewrite Λ12 as

Λ12 =
m∑
i=1

θuiφ12i +

 0 0

XA(θu)Y+

XB2(θu)CcY −GX 0


= ∆1

12 + ∆2
12

and Λ22 as

Λ22 =
m∑
i=1

θuiφ22i +

 −Q2(θu) 0

0 0

 = ∆1
22 + ∆2

22.

Then

Λ =

 Λ1
11 Λ1

12 Λ13

∗ Λ1
22 Λ23

∗ ∗ −γI

+

 Λ2
11 Λ2

12 0

∗ Λ2
22 0

0 0 0

 = Λ1 + Λ2

Multiplying diag{I,X−1, I} to the left of ∆2 and diag{I,X−T , I} to the
right of ∆2, one obtains

Λ2 =


−Q1(θu) Sc12 0 0 0

∗ −δ2I Sc22 0 0

∗ ∗ −Q2(θu) 0 0

∗ ∗ ∗ 0 0

∗ ∗ ∗ ∗ 0

 ,

with

Sc12 = Y AT (θu) + LTBT
2 (θu)−GT .

Sc22 = A(θu)Y +B2(θu)L−G

The condition in (3.26) implies Λ2 ≤ 0. Applying Schur complement with
respect to the last two rows of (3.27), it can be shown that Λ1 ≤ 0. Therefore,

V̇ < −zT (t)z(t) + γwT (t)w(t).
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Integrating both sides and using the fact that x(0) = x̂(0) = 0, one get∫ ∞
0

zT (t)z(t)dt < γ

∫ ∞
0

wT (t)w(t)dt.

When w(t) is zero,
V̇ < −zT (t)z(t) < 0

this implies (3.22) is stable.
For the control output and input constraints,

V (t)− V (0) < γ

∫ t

0

wT (t)w(t)dt < γρ

With the zero initial condition,

V (t) = x̃T(t)P̄ (θu)x̃(t) < γρ (3.32)

Note that u(t) = Ccx̂c(t) = C̃cx̃ where C̃c = [0 Cc]. Hence,

‖u(t)‖2 = ‖C̃cx̃(t)‖2 ≤ x̃TP̄ (θu)x̃P̄
− 1

2 (θu)C̃
T
c C̃cP̄

− 1
2 (θu).

Using (3.32),
‖u(t)‖2 ≤ γρP̄−

1
2 (θu)C̃

T
c C̃cP̄

1
2 (θu). (3.33)

From (3.33), ‖u(t)‖ ≤ umax if

γρP̄−
1
2 (θu)C̃

T
c C̃cP̄

1
2 (θu) < u2

max, (3.34)

Applying the Schur complement on (3.34) gives[
−u2max

γρ
P̄−

1
2 (θu)C̃

T
c

∗ −I

]
< 0. (3.35)

Multiplying left and right of (3.35) by

[
P̄

1
2 (θu) 0

0 I

]
gives

[
−u2max

γρ
P̄ (θu) C̃T

c

0 −I

]
< 0. (3.36)

Then by multiplying the left and right of (3.36) by[
JT 0

0 I

]
and

[
J 0

0 I

]
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respectively, gives (3.24).
Note that zsj = Cscljx̃(t) +D1sjw(t) where j = 1, · · · , nr. Therefore,

‖zsj‖2 = ‖Cscljx̃(t) +D1sjw(t)‖2

≤ (1 + ‖D1sj‖)‖Cscljx̃(t)‖2

+(‖D1sj‖2 + ‖D1sj‖)‖w(t)‖2

≤ (1 + ‖D1sj‖)‖Cscljx̃(t)‖2

+(‖D1sj‖2 + ‖D1sj‖)wmax (3.37)

Using (3.32),

‖zs(t)‖ ≤ (1 + ‖D1sj‖)γρ‖Cscljx̃(t)P̄−
1
2 (θu)‖2

+(‖D1sj‖2 + ‖D1sj‖)wmax (3.38)

From (3.38), ‖zs(t)‖ ≤ z2
s,max,j if

(1 + ‖D1sj‖)‖Cscljx̃(t)P̄−
1
2 (θu)‖2 ≤ ρsj/γρ (3.39)

Applying the Schur complement on (3.39) gives[
−ρsj

γρ
P̄−

1
2 (θu)Csclj

∗ −(1 + ‖D1sj‖)−1I

]
< 0. (3.40)

Multiplying left and right of (3.40) by

[
P̄

1
2 (θu) 0

0 I

]
gives

[
−ρsj

γρ
P̄ (θu) Csclj

0 −(1 + ‖D1sj‖)−1I

]
< 0. (3.41)

Then by multiplying the left and right of (3.41) by[
JT 0

0 I

]
and

[
J 0

0 I

]

respectively, gives (3.25). This completes the prove. �
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Table 3.1: Vehicle Parameters

Symbol Parameters Values
m vehicle mass 1450 kg
lf distance from COG to front axle 1.013 m
lr distance from COG to rear axle 1.3 m
ls half of track width 0.7180 m
rw tire effective radius 0.33 m
g acceleration of gravity 9.81 ms−2

lc Midpoints of diagonals 1.36 m
J yaw moment of inertia 2300 kg.m2

µ co-efficient of friction 0.2 - 0.9
Cx longitudinal tire stiffness 50000 N/rad
Cy lateral tire stiffness 25000 N/rad

3.4 Simulation Results

In this section, a four independently in-wheel driven electric vehicle modelled
by (3.1) - (3.3) with parameters given in Table 3.1 is considered for the
simulation. A combined tyre force model by (3.4) and (3.5) has been used
to describe the tyre frictional forces on each wheels.

The varying road surface conditions and the longitudinal velocities are
selected as 0.2 < µ < 1 and 20 < Ux < 120km/h, respectively. For com-
parison, a nominal operating point of 50km/h and µ=0.8 are selected for
the H∞ design. These values indicate that the vehicle is operating on a dry
road.

For this simulation, the maximum wheel’s speed is assumed to be
219rad/s or 260km/h vehicle’s speed. Since, the maximum operating speed
is 120km/h (101rad/s), therefore, the input constraint is given as

‖u(t)‖ <= umax = 118rad/s,

For the comfort of the driver and passengers, the output constraint for the
yaw acceleration is chosen as 0.4g/lc, that is,

|ṙ(t)| <= Zs,max =
(0.4g)

lc
,
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where lc = 1.36m is the centroid of the vehicle.
With these control input and system output constraints in mind, select

the system parameters in give Section 3.2.2 as, zs = ṙ, Cs11, Cs21, Cs31

and Cs41 are the second row of A1, A2, A3 and A4, respectively.
D2s11, D2s21, D2s31 and D2s41 are respectively the second row of
B21 , B22 , B23 and B24 . D1s1 = D1s2 = D1s3 = D1s4 =

[
1
J

0
]
.

The disturbance term Md used in the simulation is shown in Fig. 3.2.
The yaw rate measurement white noise’s power density is selected as 0.02
with maximum amplitude 0.1.
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Figure 3.2: The disturbance

With this disturbance and the measurement noise, ‖w(t)‖2 <= 0.26 and
ρ = 5. By Theorem 3.3.1 with δ1 = 0.3, δ2 = 200, and γ = 1.2, the
following robust controller parameters are obtained by solving the LMIs in
(3.23), (3.24), (3.25), (3.26) and (3.27) using YALMIP toolbox (MOSEK
solver) [78].

Ac =

[
−26.5443 4878.64

1.0912 −218.41

]
, Bc =

[
−4684.78

187.12

]
,

Cc =
[

1.7951 −33.0317
]
.

For comparison, the H∞ controller design that uses the vehicle’s nominal
operating conditions used δ1 = 0.35, δ2 = 0.35 and γ = 0.19 as the selected
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design value. The controller parameters are

Ac =

[
−2.0351 70.529

2.6134 −95.302

]
, Bc =

[
−101.78

79.659

]
,

Cc =
[

0.7394 −7.6954
]
.

In addition to the two controllers, a PID controller with a derivative filter
term that uses a parallel form is used. The PID controller is tuned using the
automatic and interactive tuning of PID gains in Simulink. The PID gains
are

Kp = −6.562, Ki = −1.864, Kd = 0.901, N = 35.65.

To test the effectiveness of the robust controller design and control strat-
egy, different simulations are performed under multiple vehicle operating
conditions. The nonlinear vehicle dynamic model in Section 3.2 is used in
the final simulations. Each simulation ran for 50 seconds and generated 505
data points per second. The total displayed distance for the vehicle tra-
jectory depends on the road condition (µ) and the vehicle’s longitudinal
velocity (Ux).

Figure 3.3 shows the trajectories of the EV with its longitudinal speeds
at 120km/h and coefficient of friction at 0.2. The simulation starts with
all the three vehicles operating without the crosswind disturbance given in
Figure 3.2, the trajectories of the vehicles can be seen to be on track.

At the situation when the disturbance is injected from 10 sec - 30 sec, the
vehicle without a controller begins to swerve off the desired path while the
vehicles with a controller stay the course. The vehicle with the H∞ controller
shows a slight lateral deviation of less than 2 cm while the PID controller
showed slightly more deviation. After the vehicles exit the disturbance, the
vehicles with a controller are still able to continue on the trajectory but
the vehicle with the robust controller shows an improved performance by
maintaining a straight path.

The controller output, ∆w, and the control output ṙ are shown in Figure
3.4 and Figure 3.5, respectively. The robust controller shows a fast and good
damping of the disturbance while still within it constraints.
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Figure 3.3: Vehicle trajectories: µ=0.2 vehicle speed: 120km/h
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Figure 3.4: ∆w: µ=0.2 vehicle speed: 120km/h

Figure 3.6 shows the vehicle’s trajectories at the operating condition,
µ = 0.8 and Ux = 20km/h. The vehicles with a controller indicated strong
performances but an improvement can be seen with the robust controller as
shown in the input, Figure 3.7 and control output, Figure 3.8.

One observes that the robust controller is able to quickly attenuate the
disturbance upon entry and exit of the disturbance without violating the
constraints. Figure 3.7 shows an improved performance of the robust con-
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Figure 3.5: Yaw acceleration: µ=0.2, vehicle speed: 120 km/h

troller. It is interesting to note the fast dynamics of the robust controller and
its corresponding output constraint in Figure 3.8, for a straight ahead driv-
ing, Figure 3.6. Figure 3.8 shows the vehicle’s yaw acceleration at µ = 0.8
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Figure 3.6: Vehicle trajectories: µ=0.8 and 20km/h

and a entry speed of 20km/h. The controllers are still able to stabilise the
vehicle on the straight path with minimal lateral deviation. In fact, though
the system with a yaw rate controller was able to slowly recover from the
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Figure 3.7: Control input: µ=0.8 vehicle speed: 20km/h

external disturbance, one notice a very large lateral deviation for the PID
controller. This means that an increase in the driver’s effort would be re-
quired to stay on the path.
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Figure 3.8: Yaw acceleration: µ = 0.8, 20km/h

From the simulations, one observes that the vehicle with the robust con-
troller is able to attenuate the external disturbance while satisfying both the
input and output constraints. However, the H∞ controller showed a slight
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lateral deviation so also is the PID controller. The PID controller showed
slightly more lateral displacement due to the effect of the external distur-
bance.

3.5 Conclusion

This Chapter shows the design of a robust H∞ dynamic output-feedback
controller that stabilises and attenuates external disturbances of a four in-
wheel independently driven electric vehicles. The electric vehicle has been
modelled as a polytopic uncertain system with bounded uncertainties and
external disturbance. This Chapter has developed sufficient conditions for
the existence of a robust controller with input and output constraints that
ensures the vehicle stays on course despite different road conditions and
different longitudinal speeds. The performance of the robust controller has
been tested on a complete nonlinear vehicle dynamic model. The simula-
tion results have shown that despite significant differences in the operating
conditions, the proposed robust controller ensures the vehicle’s trajectory
stays on the desired path and satisfies both the input and control output
constraints. The performance of the robust controller were compared with
that of the H∞ controller, PID controller and no controller, an improved
performance was noticed for the robust controller.



Chapter 4

Robust Model Predictive Control
for Differential Steering Vehicles

4.1 Introduction

From the perspective of robust controller synthesis, four independently
driven electric vehicles (FIWDEV) pose interesting problems. Some of these
problems are the directional control, direct yaw moment control, optimal
wheel force distribution, extended range per charge, disturbance rejection,
time-varying parameters and stability design. These classifications of the
problem come at no surprise due to the numerous literature addressing the
control of FIWDEV. Moreover, the operating states of electric vehicles are
time-variant on the uncertainties present in both the road conditions and ve-
hicle parameters to mention but a few parametric variations. Consequently,
robust control is required for improved performance against model uncer-
tainties and parameter variations. This solution should also be designed to
handle disturbance rejection.

Robust model predictive control (RMPC) is a powerful controller design
technique for control performance optimisation subjected to the bounded
system uncertainties, and the constraints on control inputs and system out-
put [42]. The advantages of Model Predictive Control (MPC) are well docu-
mented such as optimal handling of hard and soft constraints on the states,
control inputs and system outputs, recursive online solution and offline so-
lutions of the optimal control problem [79, 80]. To solve the optimal control

59
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problem at each time step, a model of the system predicts future behaviour
and applies an optimal control action to the system. In practice, only the
first control action is applied; the other control actions are recomputed based
on the predicted forecast and its applied recursively. More so, the optimal
control problem can be recast to a convex affine inequalities optimisation
problem.

Recently, several RMPC procedures have been developed for the lin-
ear varying parameter (LVP) framework mainly because LVP systems can
be used to represent some classes of nonlinear or time-varying system be-
haviour, see [81, 82, 83] and its references. Among those, are the novel
RMPC design procedure based on the pre-computed gain matrices of the
controllers by [84]. The RMPC design based on the parameter-dependent
Lyapunov functions for linear polytopic switched systems presented in [85].
The multi-step RMPC for the uncertain polytopic system designed in [86].
The improved RMPC was designed in [87] for a linear uncertain polytopic
system with bounded disturbance and immeasurable states.

Based on on-line RMPC design, reference [88] presents alternative LMI-
based formulations. These formulations are based on the above-mentioned
RMPC design, and the suitability depends on the trade-off in both the
quadratic stability condition and input/output constraints or computational
complexity.

The literature on the application of MPC for differential steering vehicles
is limited with the exception of [42]. Literature [42] presents the design of a
yaw moment decision controller based on model predictive control (MPC).
It showed the improvement in terms of the driving stability of four-wheel
independent electric drive off-road vehicle.

The main contributions of this chapter are 1) the lateral stabilisation of
the four-wheel independently driven electric vehicles using the differential
speed, and 2) the extension of the ellipsoidal invariant sets to the feasibility
uncertain set for satisfying the objective performance function in the online
solution.

The rest of the chapter is organised as follows: Section 4.2 provides the
prediction model for a four independently in-wheel driven electric vehicle,
it also includes the discrete and continuous time model. In Section 4.3,



Prediction Model: Vehicle Dynamic Model 61

the robust MPC problem formulation and the robust controller design is
presented. The simulation results and discussion are given in Section 4.4.
Concluding remarks are drawn in Section 4.5.

4.2 Prediction Model: Vehicle Dynamic

Model

The prediction model for the MPC evolution is based on the double-track
vehicle model. This model captures the behaviour of the lateral displacement
of the vehicle from a given points, say yo, the lateral velocity response,
Uy, the yaw rate, ψ, and for a small heading angle, θ. It is assumed that
the longitudinal velocity Ux and the control input, the differential speed
(∆w) are constant in the control step. The equation of motion governing
the prediction model is given as

ẏo = Uy + Uxθ

U̇y = −Uxψ + (1/m)(Fyfl + Fyfr + Fyrl + Fyrr)

θ̇ = ψ

ψ̇ = 1
Jx

(lf (Fyfl + Fyfr)− lr(Fyrl + Fyrr)

+ls(Fxfl + Fxrl − Fxfr − Fxrr) +Md)

(4.1)

where the tire forces are generated at the interaction between the road-wheel
contact point. The conditions for combined slip forces to exist are

Fxi =
ρxi
ρ
Fo(ρ); Fyi =

ρyi
ρ
Fo(ρ) (4.2)

where ρi =
√
ρ2
xi

+ ρ2
yi

is the total slip for each tyre, Fo(ρ) = µopFz is the
pure shear slip as a function of slip [11]. The shear slip are nonlinear and its
characteristics depends on the tire forces. The longitudinal slip and lateral
slip are

ρxi :=
wirw − Ux

Ux
, (4.3)

ρyf := −Uy + lfψ

Ux
; ρyr := −Uy − lrψ

Ux
. (4.4)

where ρxi and ρyi are the slip quantities expressed in the lateral and longi-
tudinal wheel rotation. For the braking and driving condition of the tires, a
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typical behaviour of the tire for small slip is the approximated linear rela-
tionship between the friction coefficient µ and the lateral and longitudinal
stiffness, Cy and Cx, respectively. The coefficient of road friction varies de-
pending on the tire-road interaction. For wet roads, µ takes values between
0.6−0.8, µ value for a snowy and ice road are between 0.4−0.5 and 0.1−0.3,
respectively. A dry normal road µ has between 0.85 − 1 of the maximum
coefficient of road friction. This approximation is given as

Fxi = µCxρx (4.5)

Fyi = µCyρyi (4.6)

The coefficient of road friction and the accompanied vehicle speed will be
used as the uncertain element in the prediction model to form the uncertain
system model.
Define the state vector as x = [yo, Uy, θ, ψ]T , the control input as u =

wl − wr denoted as ∆w and the system output as y = [yo, Uy, θ, ψ]T .

4.2.1 Discrete and Continuous time model

The continuous time model of the prediction model is given in state-space
form as

ẋ(t) = Atx(t) +Btu(t) +Bt
w(t)w(t)

y(t) = Ct
2x(t) +Dt

2w(t),
(4.7)

where the system matrices are expressed as

At =


0 1 Ux 0

0 a22 0 a23

0 0 0 1

0 a42 0 a44

 , Bt =


0

0

0
lsrwµCx
0.5JUx

 , Bt
w =


0

0

0
1
J

 ,

Ct
2 =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 , Dt
2 =


1

0

1

1

 .
where a22 = −4µCy

mUx
, a23 =

2µCy(lr−lf )

mUx
− Ux, a42 =

2µCy(lr−lf )

JUx
, and a44 =

−2µCy(l2f+l2r)

JUx
.
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For the discrete time model representation,

x(k + 1) = Adx(k) +Bdu(k) +Bd
ww(k)

y(t) = Cd
2x(k) +D2w(k),

(4.8)

the continuous time model is sampled at 0.2 sec using first−order hold in-
terpolation on the inputs [89] and presented as

Ad = I + At(k)

Bd = Bt(k)

Bd
w = Bw(k)

Cd
2 = Ct

2

Dd
2 = Dt

2.

(4.9)

A figure comparing the step response of the continuous time and discrete
time model is given in Figure 4.1
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4.3 Robust MPC Controller Design

Consider a linear time-varying (LTV) system given as

x(k + 1) = A(k)x(k) +B(k)u(k) +Bw(k)w(k)

y(k) = C2(k)x(k) +D2(k)w(k)
(4.10)
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where x(k) is the state vector ∈ Rnx , u(k) is the control input ∈ Rnu , w(k) is
the disturbance ∈ Rnw and y(k) is the measured or observed output ∈ Rny .
The uncertain matrices [A(k), B(k), Bw(k), C2(k), D2(k)] ∈ Φ are of a
compact set in Θ. The uncertain system in (4.10) can be described in a
polytope set, Φ, with m the number of vertices as

Φ = Co{[A1 B1 Bw1, C21 , D21)], · · · , [Ai, Bi, Bwi, C2m, D2m]} (4.11)

where [A B Bw C2 D2] =
∑m

i θui[Ai Bi Bwi C2i D2i], and θui ≥ 0 satisfying∑m
i=1 θui = 1.

Define a state feedback control law as

u(k) = F (k)x(k), ∀k ≥ 0, (4.12)

where F ∈ Rnu×nx is the design matrix.
Consider the Euclidean norm and element-wise peak norm bounds respec-
tively on the control input, u(k), and system output, y(k), as

‖u(k)‖2 ≤ umax, ∀k ≥ 0

|uj(k)| ≤ uj,max, ∀k ≥ 0, j = 1, 2, · · · , nu.
(4.13)

‖y(k)‖2 ≤ ymax, ∀k ≥ 1

|yj(k)| ≤ yj,max, ∀k ≥ 1, j = 1, 2, · · · , ny.
(4.14)

Also, define an objective performance function as

Jp(k) =

p∑
k=0

(
x̃(k)TWxx̃(k) + ũ(k)TWuũ(k)

)
+ x̃(tc)T tcx̃(tc) (4.15)

where Wx and Wu are respectively the weighting matrices for x̃(k) =

(C2x(k) − Crefxref ) and u(k) = ũ(k), p is the prediction horizon, tc is the
terminal constraint and x̃(tc) ⊆ Rnx.

4.3.1 Robust MPC problem formulation

Problem 4.3.1. The problem of designing a robust MPC controller is find-
ing F (k) that ensures the robust stability of (4.10) ∀k ≥ 0 and also min-
imises the function (4.15) while satisfying the constraints in (4.13) and
(4.14).
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The derivation of the robust conditions are based on the following defi-
nition and lemmas.

Definition 4.3.1. [90]: (Ellipsoidal set: Ω(P, γ) = x ∈ Rn | P ≥ 0) Given
Xf ⊂ Rn, for this set to be positively invariant in (4.10), define an ellipsoid,
xTPx ≤ γ, then all initial state of x(0) inside Xf the solution of x(t) remains
in Xf ∀t ≥ 0.

Lemma 4.3.1. [91]: (Constraint sets): The conditions for the constraints
on the system state, control input and system output are such that the state
constraints is defined as l(G, v) = {x ∈ Rn| |Gx| ≤ v}, the input constraints
as l(u) = {x ∈ Rn| |Fx| ≤ |umaxi |, i = 1, · · · ,m}, and the output constraints
as l(y) = x ∈ Rn| |Cx| ≤ |ymaxi |, i = 1, · · · ,m.

Lemma 4.3.2. (Condition for feasibility of uncertain set (Ω)): If Ω(P ) ⊂
(l(G, v) ∩ l(K) ∩ l(y) where l(·) ∈ Ω) and P satisfies the robust positively
invariant ellipsoid definition (4.3.1), then any initial condition that lie inside
the ellipsoid Ω(P ) contains u(k) ∈ U, x(k) ∈ l(G, v) and y(k) ∈
Y ∀, t > 0.

Theorem 4.3.1. The control law given in (4.12) is the solution to the prob-
lem given in (4.3.1) if the following semi-definite programming (SDP) is
feasible in the presence of energy bounded disturbing signal, w(k).
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minimize
γ, Y, P

γ (4.16a)

subject to[
P ∗

x(k|k)T γ

]
≥ 0, (4.16b)

P ∗ ∗ ∗
AiP +BiY P 0 0

W
1
2
x P 0 γI 0

W
1
2
u Y 0 0 γI

 ≥ 0 ∀i = 1, 2, · · · , m, (4.16c)

[
diag(u2

max)γ ∗
Y T P

]
≥ 0, (4.16d)[

diag(y2
max)γ ∗

(C(AiP +BiY ))T P

]
≥ 0 (4.16e)

Thus, the feedback controller F is

F = Y P−1 ∀k ≥ 0. (4.17)

Proof. Consider the quadratic Lyapunov function: V (x) = xTPx, where
P = P T > 0. Suppose their exist

V (x(k + 1))− V (x(k)) ≤ −Jp(k), ∀k ≥ 0. (4.18)

For the performance function (4.15) to be finite, by the definition in (4.3.1),
and assuming the system state is measured or estimated (available) at time
k, as x(k), Jp(k) ≤ V (x(k)) for V (0) summing from k at 0 → p. This
condition is translated into an LMI given in (4.16c) as minimising an upper
bound in V (x(k)), provided Wx > 0.

The LMI condition in (4.16b) follows from lemma (4.3.2) and definition
(4.3.1).

For the input constraints: At time k, consider the constraint in (4.13),
following from [92],

max
k≥0
‖u(k)‖2

2 = max
k≥0
‖Y P−1x(k)‖2

2

max
k≥0
‖u(k)‖2

2 = γmax(Y P−1Y T )
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Using the Schur complement, ‖u(k)‖2
2 ≤ ‖umax‖2

2 if the LMI condition in
(4.16d) is satisfied. Also, consider the element-wise peak bound, is the exis-
tence of a symmetric matrix Uii ≤ umax such that[

U ∗
Y P

]
≥ 0 (4.19)

For the output constraints: The constraint is imposed over the future
horizon, k ≥ 0. From lemma (4.3.1),

max
k≥1
‖y(k + 1)‖2 = max

k≥0
‖Cx(k + 1)‖2

= max
k≥0
‖C(A(k + 1) +B(k + 1)F )x(k + 1)‖2

≤ max
k≥0
‖C(A(k + 1) +B(k + 1)F )x(k + 1)‖2

Thus, the condition that ‖y(k + 1)‖2 ≤ ymax ∀k ≥ 1 is

y2
maxγI − C(A(k + 1) +B(k + 1)F )P−1(A(k + 1) +B(k + 1)F )TCT ≥ 0

By the Schur complement, it is equivalent to the condition in (4.16e). �

4.4 Simulation Results and Discussion

In this section, by using the parameters given in Table 1, the proposed
control design is verified by stabilising the EV from an initial lateral path to
a final point, representing a single lane change. Thus, the final target path
is xf = [1; 0; 0; 0]T .

The uncertainties in the vehicle parameters are selected to be the coef-
ficient of road friction and the longitudinal velocity. These values are con-
sidered event k varying from 0.1 ≥ µo(k) ≤ 1 and 10 ≥ uxo(k) ≤ 120 km/h,
respectively.

For comparison, the nominal operating points used in Chapter 2, for Ux
at 50km/h and µ at 0.5 are selected. One can obtain five vertex systems
where the third one is the nominal model and the other four are varying
elements in the system matrices. This formation is similar to the approach
used in Chapter 3.
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Thus,A(k), B(k) ∈ Φ = Co{[A1 B1], [A2 B2], [A3 B3], [A4 B4], [A5 B5]},
where

A1 =


1 0.1275 0.5556 0.0167

0 0.3602 0 −0.1185

0 0.0072 1 0.1026

0 0.0456 0 0.2135

 , B1 =


0.0114

−0.0640

0.0575

0.1549

 ,

A2 =


1 0.1225 2.2222 0.0491

0 0.2784 0 −0.4822

0 0.0073 1 0.0923

0 0.0418 0 0.1439

 , B2 =


0.0391

−0.2932

0.0579

0.1326

 ,

A3 =


1 0.1253 3.3333 0.0688

0 0.2661 0 −0.7588

0 0.0071 1 0.0924

0 0.0411 0 0.1339

 , B3 =


0.0532

−0.4423

0.0556

0.1226

 ,

A4 =


1 0.1358 5.2778 0.0957

0 0.2778 0 −1.5004

0 0.0067 1 0.1000

0 0.0414 0 0.1554

 , B4 =


0.0626

−0.7138

0.0494

0.1118

 ,

A5 =


1 0.1397 6.6667 0.1143

0 0.2831 0 −2.0089

0 0.0064 1 0.1016

0 0.0406 0 0.1524

 , B5 =


0.0702

−0.8857

0.0466

0.1028

 .
of the uncertain system matrix in (4.10).

The weighting matrices in (4.15) areWx = diag([1, 1, 1, 1]) andWu = 0.2.
The constraints are umax = 0.5 and ymax = [2m; 5m/s; 45◦; 0.2rad/s]T .
Those values have been selected for producing the optimal control move that
leads to a minimum overshoot on the lateral position.
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The polytopic uncertain model is simulated using two different algorithm,
the implicit MPC control law provided by MATLAB simulation environment
and the LMI-based MPC optimisation control given in Theorem 4.3.1. The
implicit MPC uses the prediction horizon, p = 15, and control horizon,
m = 3, using a custom quadratic programming (QP) solver in Simulink
for solving the QP optimization problem. This solver is built for fast MPC
application.

For the LMI-based MPC control, the optimization problem was modelled
using YALMIP toolbox [78] and the solution to the optimisation problem
was solved recursively using MOSEK solver [57] in MATLAB/Simulink sim-
ulation environment. The performance of the online MPC controller is tested
on each vertex and given in Table 4.1.

Parameters Vertex 1 Vertex 2 Vertex 3 Vertex 4 Vertex 5
solve time (sec) 0.202 0.1168 0.1006 0.1222 0.1612

γmax 0.97371 5.723 5.77 5.9 6
Cost 3.531 1.406 1.132 0.9971 0.9916

Table 4.1: Controller performance

In the simulation, the nature of the external disturbance injected for
three seconds, represented as 2N cross wind disturbance, between the 7th−
12th Sec. This disturbance was not included for the simulation for the QP
solver. This is because unmeasured disturbance degrades the solution.

The simulation scenarios are such that the vehicle starts from an initial
pose, at rest, and should attain a final states within the prediction horizon
while not violating the constraints on the system state and control input.
The performance criteria, however, should indicate a strong disturbance re-
jection and robust to parameter variations.

Figure 4.2 shows the closed-loop response of the uncertain system using
QP optimization. The performance metrics to be tested is how the EV at-
tains 0.50m, minimal deviation of the heading angle, lateral velocity while
not saturating the control input in the best possible time.

The closed-loop response for the LMI-based optimization is shown in
figure 4.3. Note that across all the parameters, the LMI-based optimisation
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Figure 4.2: 0.50m Lateral stabilisation using QP Optimisation
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Figure 4.3: 0.50m Lateral stabilisation using LMI-based Optimisation

technique shows an improved performance except for the utilisation of the
differential speed though both are within the constraints.

On the other hand, Figure 4.4 and Figure 4.5, respectively show the
closed-loop performance for a 1m lateral position target while still starting
from an initial zero state. Notice that one of the state (lateral velocity)
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Figure 4.4: 1m Lateral stabilisation using QP Optimisation
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Figure 4.5: 1m Lateral stabilisation using LMI-based Optimisation

constraint is violated for the QP-optimisation solution, however, this is not
the case for the LMI-based optimisation. Also, the heading angle for both
controllers are about the same and they are able to stabilise the vehicle.

Notice that both optimisation techniques show strong closed-loop perfor-
mance but for some sluggishness in the QP optimisation. However, for the
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LMI-based optimisation in Figure 4.5, the differential speed briefly stays
close to the input constraints for say k ≤ 1. Furthermore, the LMI-based
optimisation showed strong recovery from a yaw disturbance.

Interestingly, the closed-loop simulation for the EV at Vertex 1 indicates
that more control steps is required to attain the desired lateral position. This
observation is for both types of controller. At Vertex 1, the system forms
a very slow system, hence the prediction horizon, p value and the control
horizon, m value should be adjusted to produce better performance. This
is because the longitudinal speed and the coefficient of road friction, µ, are
very small, the system become slow moving.

4.5 Conclusion

This Chapter presents two optimisation approaches to the solution of robust
MPC control design for the lateral stabilisation of the EV in the presence
of a bounded disturbance. The FIWDEV system has been modelled as a
uncertain polytopic system in the continuous time and discrete time. The
proposed lateral stabilisation controller uses both QP, a custom Simulink
solver for fast MPC application, and an LMI-based optimisation technique.
The robust MPC controller aims to stabilise and satisfy the constraint on
control input and system output while also minimising the effect of external
disturbance. Conditions for the feasibility of the LMI to exist were provided
in terms of a positively invariant set, constraint set and the feasibility of
robust positive invariant ellipsoid.



Chapter 5

Robust H∞ TS Fuzzy
Output-Feedback Control for
Differential Steering Vehicles

5.1 Introduction

Differential steering is a promising control strategy that enhances the safety,
stability, manoeuvrability and driveability of ground vehicles. This control
strategy is better implemented in electric vehicles (EVs) with independently
driven wheels because the actuator can deliver fast and accurate driving
and braking demands. The four-wheel independently driven electric vehicles
(FWIDEVs) promises stronger drivability and stability during its operation
over a conventional vehicle [93]. Nevertheless, there are space for improving
the manoeuvrability, stability and safety of FWIDEVs.

Lately, studies that included fast responses in driving and braking capa-
bilities of the EV as additional control functions shows improvement in sta-
bilising and handling of the vehicle. In [94], an electronic differential assisted
system is proposed to track the expected yaw rate based on sliding mode
control (SMC). Also in [43], the differential steering system is considered as
the steering assist component in the event of complete failure of the steer-
ing. Consequently, a complete replacement of the conventional steering to a
differential speed steering system are proposed in [72, 95, 96]. Conversely,

73
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this characterisation suggests advanced vehicle packaging flexibility though
not necessarily ensuring robustness to variation in operating conditions [97].
Inevitably, FWIDEVs are nonlinear and manifest fast parameter-varying be-
haviour that must operate safely in broader types of road condition and at
different circumstances. Thus, the need for a robust control design.

An important feature of a robust control synthesis is the derivation of a
model that represent the state of the system. Since EVs are nonlinear system,
some approach used for presenting nonlinear system are polytopic uncertain
model, structured and unstructured uncertainty and Takagi-Sugeno (TS)
fuzzy model.

TS fuzzy model is a systematic method used to model complex nonlin-
ear systems [98]. The nonlinear system is approximated by blending a group
of linear subsystems through fuzzy membership functions [99]. These linear
subsystems of TS fuzzy models facilities the control synthesis and analy-
sis [100]. In [101, 102], the control design is based on TS fuzzy model but
the time-derivative of the membership function were neglected in the con-
troller synthesis. This is because the MF girds the system nonlinearities as a
weighted sum of the linear subsystems but its also a cause of conservatism. In
fact, this conservatism arise because of the continuity property present in MF
and its time-derivative. Several methods have been proposed to reduce the
conservatism that arise from the MF, see [103, 104, 105, 106, 107, 108, 109]
though still neglecting its time-derivative. More recently, attempt to in-
clude the time-derivatives of MF indicate an increase in the stability region
[110, 111, 112].

Many studies that do not include the properties of the MF in the design
and analysis of the fuzzy systems adopted a common Lyapunov function to
guarantee global stability [108, 109, 113]. The common Lyapunov functions
simplify the design conditions howbeit lead to conservative results or no
solution even for some stable TS fuzzy systems [114]. Various efforts to
reduce this conservatism can be found in [115, 116, 117, 118, 119].

Thus, though including the properties of the MF increases the design and
analysis space, it often result in computational burden in obtaining a solu-
tion, and for the case of LMI constraints, the number of constraints grows
to infinity. Despite these challenges, there are much research dedicated to
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addressing this problem. The two main approaches proposed to solve this
problem are Piecewise Quadratic Lyapunov (PQL) functions [114, 120, 121]
and Fuzzy Lyapunov functions (FLF). The PQL function suffers from dis-
continuities of its function and often leads to bilinear matrix inequalities
constraints. The attractiveness of the FLF is its inherent continuity proper-
ties and dependency on the availability of the time-derivative membership
function term. Although this restriction may seem severe for FLF, which
causes conservatism, for many physical applications, state variables exist in
a bound [122, 123].

Motivated by the results in [110, 124], this Chapter presents LMI-based
stabilisation and performance specification design conditions using a dy-
namic parallel distributed compensation (DPDC) approach. The main con-
tributions are 1) the derivation of a TS fuzzy model for the FWIDEVs using
differential speed steering approach, and 2) the derivation of sufficient con-
ditions for the existence of a robust H∞ TS fuzzy controller that guarantees
both robust stability and performance. The design conditions includes con-
straints on the control inputs and system output. A less conservative result
is displayed over non-TS fuzzy control.

For the control synthesis in TS fuzzy domain, LMI formulations are pre-
ferred because of the inherent flexibility in incorporating multiple satisfying
conditions that can easily be converted to an optimisation problem solvable
by means of interior-point methods [125]. These design conditions can also
include performance index and control input and system output constraints,
decay rate and norms on bound. In fact, the choice of the controller struc-
ture determines if the TS fuzzy model and DPD controller can share the
same set of premise variables and membership function.

The notations (h) in this Chapter stands for
∑

, i.e, P (h) means
∑r

i hiPi,
W > 0 (W ≥ 0) means positive definite (semi-definite) symmetric matrix
while W < 0 (W ≤ 0) means negative define (semi-definite) matrix. The ∗
symbol indicates a symmetric term.

The rest of the Chapter is organised in the following order. Section 5.2
describes the TS fuzzy model and control, the nonlinear model of the vehicle,
and the local model used for controller synthesis. Section 5.3 presents the
control design synthesis based on the fuzzy Lyapunov function approach and
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H∞ performance measure. The information of the membership function is
also included in the design conditions. In Section 5.4, the effectiveness of
the TS fuzzy controller were tested using the nonlinear equation providing
some discussion and comparison, and the final remarks are given in Section
5.5.

5.2 TS fuzzy model and control

The TS fuzzy model consists of a group of local linear models smoothly
linked by membership functions. The general finite set of rules for of a TS
fuzzy model is given as

Model rule i:
i = {1, 2, 3, · · · , r}.

IF z1(t) isMi1 and · · · and zp(t) isMip

THEN


ẋ(t) = Aix(t) +Biu(t) +Bwiw(t)

z(t) = Czjx(t) +Dzju(t) +Dzwjw(t)

y(t) = Cjx(t) +Dwjw(t).

(5.1)
where x(t) is the state vector, u(t) is the control input, w(t) is the distur-
bance, z(t) is the controlled output and y(t) is the measured output. Mij

is the fuzzy set and r is the number of model rules associated with the
membership functions of the ith rule as

wi(z(t)) =

p∏
j=1

Mij(zj(t)), z(t) = [z1(t), z2(t), z3(t), · · · zp(t)],

hi(z(t)) =
wi(z(t))∑r
i=1wi(z(t))

,

r∑
i=1

wi(z(t)) > 0, wi(z(t)) ≥ 0,

r∑
i=1

hi(z(t)) = 1, 0 ≤ hi(z(t)) ≤ 1,
r∑
i=1

ḣi = 0.

(5.2)

Where hi(z(t)) is the normalized membership function. These nonlinear
functions are bounded continuous in the premise vector zp. For brevity,
hi(z(t)) shall be written as hi. Using the centre of gravity method, one
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can represent the TS fuzzy model in the form of

ẋ(t) =
r∑
i=1

hi[Aix(t) +Biu(t) +Bwiw(t)],

z(t) =
r∑
i=1

hi[Czix(t) +Dziu(t) +Dzwiw(t)],

y(t) =
r∑
i=1

hi[Cix(t) +Dwiw(t)],

(5.3)

where Ai, Bi, Bwi , Czi , Ci, Dzi , Dzwi and Dwi are the matrices that forms
the ith local subsystem.

The structure of the TS fuzzy controller considered is presented as

ẋc(t) =
r∑
i=1

r∑
j=1

hihjAcijxc(t) +
r∑
i=1

hiBciy(t)

u(t) =
r∑
i=1

hiCcixc(t)

(5.4)

Rewrite the system and controller in a more compact form, respectively,
as

ẋ = A(h)x+B(h)u+Bw(h)w,

y = C(h)x+Dw(h)w,

z = Cz(h)x+Dz(h)u+Dzww,

(5.5)

and
ẋc = Ac(h)xc +Bc(h)y,

u = Cc(h)xc.
(5.6)

Combining the controller dynamics in (5.4) and system (5.3) leads to a
closed-loop system of the form

˙̃xcl(t) = Acl(h)x̃cl(t) +Bcl(h)w(t)

zcl(t) = Ccl(h)x̃cl(t) +Dcl(h)w(t),
(5.7)

where

x̃cl(t) =

[
x(t)

xc(t)

]
, Acl(h) =

[
A(h) B(h)C(h)

B(h)Cc(h) Ac(h)

]
,

Bcl(h) =

[
Bw(h)

Bc(h)Dw(h)

]
, Ccl(h) =

[
Cz(h) Dz(h)Cc(h)

]
,

Dcl(h) = Dzw(h).
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5.2.1 Nonlinear modelling: Vehicle Model

From the approach given in [126], the nonlinear equation of motion for a
vehicle can be written as

ẋ =


U̇x

U̇y

ψ̇

θ̇

 =


Uyψ + 1

m
(Fxfl + Fxfr + Fxrl + Fxrr − Adr)

−Uxψ + 1
m

(Fyfl + Fyfr + Fyrl + Fyrr)
1
J

(lf (Fyfl + Fyfr)− lr(Fyrl + Fyrr)+

ls(Fxfl − Fxfr + Fxrl − Fxrr) +Md)

ψ − θref



y =

 Ux

ψ

θ


(5.8)

where Ux, Uy, ψ and θ are the state variables respectively representing the
longitudinal and lateral velocity, yaw rate and heading angle. The distur-
bance terms are the aerodynamic drag and side wind disturbance, respec-
tively, Adr and Md. Adr = 1

2
ρairAfCDUx, where ρair is the density of air, Af

is the vehicle frontal area and CD is the drag co-efficient. The measurable
states for feedback purpose are Ux, ψ and θ. The nonlinear tyre model have
been given in Chapter 3, section 3.2.1.

5.2.2 TS Fuzzy modelling: Vehicle Model

Consider nonlinear variations and interaction in the longitudinal velocity
and yaw rate. By using the variations of these state variables, the TS fuzzy
model is formed by interpolating the weighting function.

To facilitate the TS local model, one defines the tire forces in its linear
region [127, 11] as

Fxi = µCλλi,

Fyi = µCααi,
(5.9)

where λi, αi, Cλ and Cα are respectively the tire slip ratio,
tire slip angle, lateral and longitudinal tire stiffness for i =

front left (fl), front right (fr), rear left (rl), rear right (rr) and µ is
the coefficient of the road friction. The approximated tire slip ratio and slip
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angle are
λi = rwwi−Ux

Ux
,

αf(l,r) = −Uy+ψlf
Ux

, αr(l,r) = −Uy−ψlr
Ux

.

For the differential steering, when Fl = Fr, the vehicle operates on a straight
track with the same wheel speed and when Fl 6= Fr, the differential speed can
be used to expressed this difference for the yaw rate control, where Fr and Fl
are the tire forces on the right and left wheel. These possible configurations
for driving and steering the vehicle can be constructed using a MacPherson
suspension design [95].
The system of equations can be rewritten as

U̇x = Uyψ +
µCλ

0.5mUx
(u1)− Adr

m

U̇y = −Uxψ − µ
4Cα
mUx

Uy + µ
2Cα(lr − lf )

mUx
ψ

ψ̇ = µ
2Cα(lr − lf )

JUx
Uy − µ

2Cα(l2f + l2r)

JUx
ψ +

Md

J
+

lsµCλ
0.5JUx

(u2)

θ̇ = ψ.

(5.10)

Where u1 is wl +wr and u2 is the differential speed (∆w). Define an expres-
sion for the difference between the desired velocity and the measure velocity
as ūx = Ux − Uxdes . With this definition, the system of equations becomes

˙̄ux = Uyψ +
µCλ

0.5m(ūx + Uxdes)
(u1)− Adr

m

U̇y = −ūxψ − µ
4Cα

m(ūx + Uxdes)
Uy + µ(

2Cα(lr − lf )
m(ūx + Uxdes)

)ψ − Uxdesψ

ψ̇ = µ
2Cα(lr − lf )
J(ūx + Uxdes)

Uy − µ
2Cα(l2f + l2r)

J(ūx + Uxdes)
ψ +

Md

J
+

lsµCλrw
0.5J(ūx + Uxdes)

(u2)

θ̇ = ψ.

(5.11)

The fuzzification process starts by choosing the premise variables as a func-
tion of the state variables or measured output. Let fi and ei be selected as
the local approximator for ψ and 1

Ux
in the fuzzy partition space. Also, a

reasonable assumption is that the premise variable exist in a fuzzy region,
z1(t) ∈ ei and z2(t) ∈ fi, whose range of values can be obtained as a function
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of the fuzzy variable. Thus, the premise variable zi(t) can be expressed as a
function of the fuzzy sets, Ni and Mi as

z1(t) =
1

Ux
=

n∑
i=1

Ni(z1)ei,

z2(t) = ψ =
n∑
i=1

Mi(z2)fi.

(5.12)

Where n = 2, Ux ∈ [1, 120], ψ ∈ [−0.4, 0.4], e1 = 0.0083, e2 = 1, f1 = −0.4

and f2 = 0.4.

N1(z1) = e2−z1(t)
e2−e1 , N2(z1) = z1(t)−e1

e2−e1 .

M1(z2) = f2−z2(t)
f2−f1 , M2(z2) = z2(t)−f1

f2−f1 .

Define the state vector as x(t) = [ūx, Uy, ψ, θ]T , control inputs as
u(t) = [u1, u2]T , exogenous input (disturbance and noise) as w(t) =

[Adr, Uxdesψ, Md, nd]
T . Then, (5.11) can be represented by a TS fuzzy

model as follows:

ẋ(t) =
4∑
i=1

hi[Aix(t) +Biu(t) +Bww(t)], (5.13)

where hi is the normalized

h1(z) = N1(z1)M1(z2),

h2(z) = N1(z1)M2(z2),

h3(z) = N2(z1)M1(z2),

h4(z) = N2(z1)M2(z2).

(5.14)

with

A1 =


0 f1 0 0

−f1 −µ4Cα
m
e1 µ

2Cα(lr−lf )

m
e1 0

0 µ
2Cα(lf−lr)

J
e1 −µ

2Cα(l2f+l2r)

J
e1 0

0 0 1 0



A2 =


0 f2 0 0

−f2 −µ4Cα
m
e1 µ

2Cα(lr−lf )

m
e1 0

0 µ
2Cα(lf−lr)

J
e1 −µ

2Cα(l2f+l2r)

J
e1 0

0 0 1 0
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A3 =


0 f1 0 0

−f1 −µ4Cα
m
e2 µ

2Cα(lr−lf )

m
e2 0

0 µ
2Cα(lf−lr)

J
e2 −µ

2Cα(l2f+l2r)

J
e2 0

0 0 1 0



A4 =


0 f2 0 0

−f2 −µ4Cα
m
e2 µ

2Cα(lr−lf )

m
e2 0

0 µ
2Cα(lf−lr)

J
e2 −µ

2Cα(l2f+l2r)

J
e2 0

0 0 1 0



B1 = B2 =


µrwCλ
0.5m

e1 0

0 0

0 lsµrwCλ
0.5J

e1

0 0

 ,

B3 = B4 =


µrwCλ
0.5m

e2 0

0 0

0 lsµrwCλ
0.5J

e2

0 0

 .

Bw =


− 1
m

0 0 0

0 −1 0 0

0 0 1
J

0

0 0 0 0

 .
The measured output y(t) = [ūx, ψ, θ]T and outputs to be controlled
z(t) = [ūx, Uy, ψ, θ]

T . With these choices

y(t) =
4∑
i=1

hi[Cix(t) +Dwiw(t)],

z(t) =
4∑
i=1

hiCzix(t).

(5.15)

where for i = 1, 2, 3, 4

Ci =

 1 0 0 0

0 0 1 0

0 0 0 1

 Dwi =

 0 0 0 1

0 0 0 1

0 0 0 1

 Czi =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 .
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5.3 Robust Controller Design

Given the uncertain fuzzy system (5.3), determine the controller of the form
(5.4), such that::

1. the system (5.7) is stable

2. under zero initial conditions, the following inequality is satisfied:∫ ∞
0

(
zT (t)z(t)− γwT (t)w(t)

)
dt < 0. (5.16)

3. subject to constraints on the control input and output

||z(t)|| ≤ zmax

||u(t)|| ≤ umax, ∀t > 0
(5.17)

5.3.1 Robust TS fuzzy problem formulation

The control problem is now defined as; using the measured output, design
a DPDC that guarantees asymptotic stability of the closed-loop system and
also reduces the effect of the disturbance on the output to be controlled to
a value that is less than the prescribed attenuation level, γ. In what follows,
the details of control synthesis in terms of LMIs are provided.

Proposition 1. : Consider two symmetric matrices Q̄ ∈ Rn×n and Qi Rn×n.
If

φiQ̄+Qi < 0 and − φiQ̄+Qi < 0, (5.18)

then
ḣiQ̄+Qi < 0 (5.19)

for any ḣi and φi satisfying |ḣi| ≤ φi.

Proposition 2. : Given i ∈ R, consider hi i ∈ R which satisfy (5.2). For
any matrices X ∈ Rn×n and Pi ∈ Rn×n the following equality holds:

r∑
i=1

ḣiPi = ḣρX +
r∑

i=1,i 6=ρ

ḣi(Pi +X − Pρ) (5.20)
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Interested readers are referred to [124] for details. The important prop-
erty to note here is that from (5.2),

∑r
i=1 ḣi = 0 leading to ḣρ = −

∑r
i=1,i 6=ρ ḣi

for any i ∈ R.

Theorem 5.3.1. : Given γ > 0 and δ1 > 0 and assume that |ḣi| ≤ φi such
for i, j = 1, 2, 3 · · · , r ∀i ∈ Rm, the TS fuzzy system (5.7) is asymptotically
stabilizable using a DPDC for some fixed ρ ∈ Rm, suppose there exist sym-
metric matrices W11i, W22i Y , X, Xl and matrices W12i, Cfi, Bfi, and Afij
such that the following inequalities condition hold

Wi > 0,∀i ∈ R (5.21)

Wi +Xl −Wρ ≥ 0,∀i ∈ R− {ρ} (5.22)
u2max
%in

Wi

[
CT
fi

0
]T

∗ I

 ≥ 0. (5.23)


z2max
%out

Wi

[
CziY +DziCfj Czi

]T
∗ I

 ≥ 0. (5.24)


Ψ11ij ∗ ∗ ∗
Ψ21ij Ψ22ij ∗ ∗
Ψ31ij Ψ32ij −γI 0

Ψ41ij Ψ42ij 0 −I

 < 0, (5.25)

where

Wi =

[
W11i W12i

W T
12i

W22i

]

Ψ11ij = Wφ +


−AiY −BiCfj− −Ai − ATfij
Y TATi − CT

fi
BT
j

∗ −XAi −BfiCj−
ATi X

T − CT
i B

T
fj

 ,
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Wφ = ±φρXl +
r∑

i=1,i 6=ρ

φi (Wi +Xl −Wρ)

Ψ21ij =

 W11i − Y − δ1(AiY +BiCfj) W12i − I − δ1Ai

W T
12i
− I − δ1Afij W22i −X − δ1(XAi +BfiCj)

 ,

Ψ31ij =
[
−BT

wi
−BT

wi
X −DT

wi
BT
fj

]

Ψ41ij =
[
CziY +DziCfj Czi

]

Ψ22 = 2δ1

[
Y I

I X

]

Ψ32ij = −δ1

[
BT
wi

BT
wi
XT +DT

wi
BT
fj

]

Ψ42i =
[
DzwiY Dzwi

]
the controller parameters are given as follows

Cci = CfiY
−1,

Bci = (Y −1 −X)−1Bfi ,

Acij = (Y −1 −X)−1{Afij − (Y −1 −X)BciCjY −XAiY −XBiCciY }Y −1.

Proof. For (5.7), consider the given Fuzzy Lyapunov Function (FLF) pa-
rameterised by the fuzzy membership function as

V = x̃T
cl(t)P (h)x̃cl(t), (5.26)

where P (h) = P (h)T > 0 is to be determined. The derivative of (5.26) along
the trajectory of (5.7) is given as

V̇ (x̃cl(t)) = x̃T
cl(t)Ṗ (h)x̃cl(t) + ˙̃xT

cl(t)P (h)x̃(t) + x̃T(t)P (h) ˙̃xcl(t). (5.27)
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For any appropriate dimension matrices, Mρ1 and Mρ2, it then follows that

2
[
x̃T
cl(t)Mρ1 + ˙̃xT

cl(t)Mρ2

] [
˙̃xcl(t)− Aclq x̃(t) +Bclqw(t)

]
= 0. (5.28)

Add (5.28) to (5.27) yields

V̇ (x̃cl(t)) = ϕT (t)Q1ϕ(t), (5.29)

where ϕT (t) =
[
x̃Tcl(t) ˙̃xTcl(t) wT (t)

]
. Add (zTcl(t)zcl(t)− γ wT (t)w(t)) on

both sides of (5.29) results in

V̇ (x̃cl(t)) + (zTcl(t)zcl(t)− γ wT (t)w(t)) = ϕTQ2ϕ,

where Q2 is Ṗ (h)−Mρ1Acl − ATclMT
ρ1

+ CT
clCcl ∗ ∗

P (h) +MT
ρ1
−Mρ2Acl Mρ2 +MT

ρ2
∗

−BT
clM

T
ρ1

+DT
clCcl −BT

clM
T
ρ2
−γI +DT

clDcl

 .
(5.30)

Hence, for ϕ 6= 0, provided Q2 < 0, V̇ (x̃cl(t))+(zTcl(t)zcl(t)−γ wT (t)w(t)) <

0. Moreover, this also means the condition in (5.16) is satisfied by V (x(0)) =

0, implying (5.7) is stable.
By Schur complement, Q2 can be rewritten as

Ṗ (h)−Mρ1Acl − ATclMT
ρ1

∗ ∗ ∗
P (h) +MT

ρ1
−Mρ2Acl Mρ2 +MT

ρ2
∗ ∗

−BT
clM

T
ρ1

−BT
clM

T
ρ2
−γI ∗

Ccl Dcl 0 −I

 . (5.31)

If Mρ1 is partitioned as [
X Y −1 −X

Y −1 −X X − Y −1

]
.

Assume Mρ2 = δ1Mρ1. Define

J =

[
Y I

Y 0

]
.
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By congruence transformation, multiply the left side of (5.31) by
diag{JT , JT , I, I} and its right side by diag{J, J, I, I} reads

diag{JT , JT , I, I} Q2 diag{J, J, I, I} =


Λ11 ∗ ∗ ∗
Λ21 Λ22 ∗ ∗
Λ31 Λ32 Λ33 ∗
Λ41 Λ42 Λ43 Λ44

 ,
where

Λ11 = JT Ṗ (h)J − JTMρ1AclJ − JTATclMT
ρ1
J, Λ21 = JTP (h)J − JTMT

ρ1
J − JTMρ2AclJ

Λ31 = −BT
clM

T
ρ1
J, Λ41 = CclJ, Λ22 = JTMρ2J + JTMT

ρ2
J, Λ32 = −BT

clMρ2J, Λ42 = DclJ

Λ33 = −γI, Λ43 = 0, Λ44 = −I.

Let partition JTPiJ =

[
W11i W12i

W T
12i

W22i

]
, then

Λ11 =
∑r

i=1 ḣi

[
W11i W12i

W T
12i

W22i

]
−


A(h)Y +B(h)Cc(h)Y A(h)

XA(h)Y +XB(h)Cc(h)Y+ X(A(h)+

(Y −1 −X)(Bc(h)C(h) + Ac(h))Y (Y −1 −X)Bc(h)C(h)

−


Y T (AT (h)) Y T (AT (h) + Y TCT
c (h)BT (h)XT

+Y TCT
c (h)BT (h) +(Y TCT (h)BT

c (h) + Y TATc (h))(Y −1 −XT )

AT (h) (AT (h))XT+

CT (h)BT
c (h)(Y −1 −XT )

 .

Assuming (5.22) holds and |ḣi| ≤ φi ∀i ∈ R− {ρ}, then

ḣi(Wi +Xl −Wρ) ≤ φρ(Wi +Xl −Wρ). (5.32)

Hence, by replacing Ṗ (h) in (5.31) by (5.20) and using the fact in (5.2), we
have,

r∑
i=1

ḣi

[
W11i W12i

W T
12i

W22i

]
≤ ḣρXl +

r∑
i=1,i 6=ρ

φi(Wi +Xl −Wρ) = Wφ.
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Therefore,

Λ11 ≤ Wφ

−



A(h)Y+ A(h)−
B(h)Cc(h)Y − Y TAT (h) Y TAT (h)XT

−Y TCT
c (h)BT (h) −(Y TCT (h)BT

c (h) + Y TATc (h))(Y −1 −XT )

−Y TCT
c (h)BT (h)XT

XA(h)Y +XB(h)Cc(h)Y XA(h) + (Y −1 −X)

+(Y −1 −X)(Bc(h)C(h) + Ac(h))Y Bc(h)C(h)− A(h)TXT

−AT (h) −CT (h)BT
c (h)(Y −1 −XT )


.

Λ21 = JTPiJ −

[
Y T I

I XT

]

−δ1


(A(h) +B(h)Cc(h))Y A(h)

X(A(h) +B(h)Cc(h))Y+ XA(h)

(Y −1 −X)(BcC(h) + Ac(h))Y +(Y −1 −X)Bc(h)C(h)

 ,

Λ21 =


W11i − Y− W12i − I − δ1A(h)

δ1(A(h) +B(h)Cc(h))Y

W T
12i
− I − δ1X(A(h)+ W22i −X − δ1X(A(h)

B(h)Cc(h) + (Y −1 −X)(Bc(h)C(h) + Ac(h))Y +(Y −1 −X)Bc(h)C(h))

 ,

Λ31 = −
[
BT
w(h) (BT

w(h))XT +DT
w(h)BT

c (h)(Y −1 −XT )
]

Λ41 =
[
Cz(h)Y +Dz(h)Cc(h)Y Cz(h)

]

Λ22 = δ1

[
Y I

I X

]
+ δ1

[
Y T I

I XT

]
= 2δ1

[
Y I

I X

]
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Λ32 = −δ1

[
(BT

w(h)) (BT
w(h))X +Dw(h)TBc(h)T (Y −1 −X)

]

Λ42 =
[
Dzw(h)J

]
,

apply this change of variables

Af (h) = (Y −1 −X)(Bc(h)C(h) + Ac(h))Y +XA(h)Y +XB(h)Cc(h)Y

Bf (h) = (Y −1 −X)Bc(h)

Cf (h) = Cc(h)Y.

Therefore,

Λ11 = Wφ +
r∑
i=1

r∑
j=1

hihj


−AiY −BiCfi− −Ai − ATfij
Y TATi − CT

fi
BT
i

∗ −XAi −BfiCj−
ATi X

T − CT
j B

T
fi



Λ21 =
r∑
i=1

r∑
j=1

hihj

 W11i − Y − δ1(AiY +BiCfi) W12i − I − δ1Ai

W T
12i
− I − δ1Afij W22i −X − δ1(XAi +BfiCj)



Λ31 =
r∑
i=1

r∑
j=1

hihj

[
−BT

wi
−BT

wi
XT −DT

wi
BT
fi

]

Λ41 =
r∑
i=1

r∑
j=1

hihj

[
CziY +Dzi(h)Cfi(h) Czi

]

Λ32 = −
r∑
i=1

r∑
j=1

hihjδ1

[
BT
wi

BT
wi
X +DT

wi
BT
fi

]

Λ42 =
r∑
i=1

r∑
j=1

hihj

[
DzwiY Dzwi

]
.
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Therefore, using (5.2), when w(t) is zero, the condition in (5.16) is satisfied
if (5.25) is feasible.

Constraints on the control input and output for (5.3) when w = 0 can
be written for an ellipsoid (x̃cl ∈ ε(P, %)) as

V = x̃T
cl(t)P (h)x̃cl(t) ≤ %. (5.33)

Note that u = Cc(h)xc = Cc(h)xc +DcDw(h)w = C̄ = [C̃xcl 0].
Hence, ||u||2 = ||C̃x̃cl||2 ≤ x̃T

clP (h)x̃clC̄P
1
2 (h)P

1
2 (h)C̄T . The condition that

||u|| ≤ umax is equivalent to

u2
max

%
− C̄P

1
2 (h)P−

1
2 (h)C̄T ≥ 0, (5.34)

by the Schur complement, (5.34) is
u2max
%

P−
1
2 (h)[C̃ 0]T

∗ I

 ≥ 0. (5.35)

Multiply the left and right of (5.35) by

[
P

1
2 (h) 0

0 I

]
gives


u2max
%
P (h) [C̃ 0]T

∗ I

 ≥ 0 (5.36)

Then pre-multiply (5.36) by

[
JT 0

0 I

]
and post-multiply by its transpose

gives (5.23).
Note that ||zcl||2 = ||Cclx̃cl||2 ≤ x̃T

clP (h)x̃clCclP
1
2 (h)P

1
2 (h)CT

cl , and the con-
dition that ||zcl|| ≤ zmax is equivalent to

z2
max

%
− CclP

1
2 (h)P−

1
2 (h)CT

cl ≥ 0. (5.37)

Following same procedure as (5.34 - 5.36), (5.24) is obtained. �
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5.4 Simulation Results and Discussions

The effectiveness of the TS fuzzy controller will be tested using two simul-
taneous scenarios. First, the stabilisation of the vehicle from an initial state
to a final steady state and secondly, while the vehicle is in motion, reject
wind disturbances. Furthermore, the disturbances due to the aerodynamic
drag depends on the actual vehicle speed, and the side-force disturbance of
50N is considered. The Figure of the side-force disturbance is shown in [126].
This disturbance considered in this chapter is similar to Figure 2.2.

Table 5.1 shows the vehicle parameters used for the simulations. The
aim is that the TS fuzzy controller stabilises the vehicle from an initial
given state such that it maintains a straight ahead travel in the presence of
an external side force without neither an understeer nor oversteer correction.
For all of the simulations, the stabilisation of the EV for the cases when the
longitudinal velocity and yaw rate changes from an initial values are shown.

The control input and system output constraints are expressed in terms
of the absolute maximum vehicle speed thereby determining each wheel
speed. Therefore, the output constraint of zmax = 228km/hr and input con-
straint of umax = 191.92rad/s are chosen. By theorem 5.3.1, when δ1 is

Table 5.1: Vehicle Parameters
Symbol Parameters Values

m vehicle mass 1450 kg
lf distance from COG to front axle 1.013 m
lr distance from COG to rear axle 1.3 m
ls half of track width 0.7180 m
rw tire effective radius 0.33 m
g acceleration due to gravity 9.81 ms−2

J yaw moment of inertia 1300 kg.m2

µ coefficient of friction 0.5
Cx longitudinal tire stiffness 75000 N/rad
Cy lateral tire stiffness 50000 N/rad
ρair density of air 1.225 Kg/m3

Af Vehicle Frontal Area 0.562 m2

CD drag Co-efficient 0.35

0.08, φ = 1.5g, %in = 0.03, %out = 0.5 and since γ enters linearly into the
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constraints, it is a returned optimized value by the solver, MOSEK, using
MATLAB toolboxes YALMIP [56]. The solutions to the LMIs (5.21), (5.22),
(5.23), (5.24) and (5.25) indicates both feasibility of the conditions (5.21)
and stability of the nonlinear system (5.25) while satisfying the input and
output constraints. The TS fuzzy control parameters for the DPDC con-
troller are given in Table 5.2. This solution is for when the index ρ = 4. We
also observed that the solutions for other indices, ρ = 1, 2, 3, produces fea-
sible solutions to the LMIs constraints but leads to conservative controller
parameter. It is important to mention here that without including the infor-
mation of the time-derivative term as in (5.30), the LMIs conditions would
be infeasible when the EV is modelled at the nominal operating condition,
such as using a two degree of freedom equation as described in Chapter 2.
This is indicative of the control design approach used in this Chapter.

For the purpose of comparison, a polytopic uncertain model is considered.
The uncertain elements of the models operates at varying conditions. For the
controller synthesis of the uncertain polytopic system, the approach used to
design the robust controller in Theorem 3.3.1 is adopted. Thus, leading to
a parameter-dependent Lyapunov function. The model used for this robust
control design is similar to the one given in Chapter 3 but for a three degree
of freedom equation with same uncertain parameters. The uncertain system
model is given as

Auncer =


0 0 0 0

0 −µu 4Cα
mUu

µu
2Cα(lr−lf )

mUu
0

0 µu
2Cα(lf−lr)

JUu
−µu

2Cα(l2f+l2r)

JUu
0

0 0 1 0



Buncer =


µrwCλ
0.5mUu

0

0 0

0 lsµurwCλ
0.5JUu

0 0

 ,
where Uu and µu represents the parameter uncertainties in the system.

Taking δ1 = 0.1, %in = 0.01, %out = 0.5, the robust controller parameter
obtained by solving LMIs (5.21), (5.23), (5.24) and (5.25) are given in Table
5.3.
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Table 5.2: The T-S fuzzy DPDC control parameters for the nonlinear system

ij − th rule of the controller parameters: γ = 0.049267

Ac11 =


−7215.3 −72.787 21.225 227.15
−1341.4 −83.893 63.233 110.25
−292.79 37.66 −65.55 −20.357

7774 246.15 −103.44 −470.93

,

Ac21 =


−7231.5 281.91 123.94 679.47
−1352.1 −19.317 81.394 201.95
−295.06 54.148 −61.548 −0.99611
7784.2 −133.71 −214.44 −959.19

,

Ac31 =


−7721.1 283.05 3.2498 392.89
−1406.4 −191.20 −235.62 171.25
−419.46 −20.998 98.617 −147.28
8313.6 −439.79 1021.6 −794.92

,

Ac41 =


−7985.2 −242.09 104.11 394.64
−1457.6 −355.49 −216.58 167.46
−338.42 3.5095 −84.643 −57.817
8578.8 211.38 956.86 −800.10

,
· · ·

Ac44 =


−7985.2 −242.09 104.11 394.64
−1457.6 −355.49 −216.58 167.46
−338.42 3.5095 −84.643 −57.817
8578.8 211.38 956.86 −800.10

,

Bc1 =


17.676 −7.3324 −10.343
15.124 −24.179 9.0553
−20.858 40.932 −20.074
−12.208 −6.6748 18.883

, · · ·

Bc4 =


25.095 −21.594 −3.5004
−9.7032 18.994 −9.2887
−10.154 7.1130 3.0384
−1.9927 −22.512 24.505

,
Cc1 =

[
−49.946 −0.4845 0.085621 1.4821
2.1893 101.19 −57.954 −131.25

]
· · ·

Cc4 =

[
−0.46031 −0.014059 0.0058026 0.022321
−0.016069 −0.25132 5.147 −1.7712

]
.
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Table 5.3: Robust Controller for the polytopic uncertain system: γ = 0.2

Acrc =


−1.5775e+6 2.1237e+2 −3.0939e+3 −7.5901e+3
2.0922e+7 −2.7677e+3 4.0022e+4 9.8525e+4
1.004e+7 −1.2578e+3 1.7987e+4 4.4524e+4
1.1846e+6 −1.5618e+2 2.2632e+3 5.5528e+3

,

Bcrc =


−4.6049 2.2480e-2 4.5825
33.759 −8.2599 −25.5
−105.08 51.163 53.919
−10.204 1.0288 9.1755

,
Ccrc =

[
−4.8511 7.3223e-4 −1.0959e-2 −2.6553e-2
2.9467e-5 3.8803 −70.835 −158.16

]
.

For this simulation, the side wind disturbance was introduced when the
time is 10s ≤ t ≤ 30s. Also, the 3-DOF nonlinear model, given in Section
5.2.1 has been used for the numerical simulations. Each simulation ran for 50
seconds and generated 1010 data points per second. The simulations ran for
different desired vehicle speed, 25km/h, 35km/h, 65km/h and 95km/h. The
simulation results show the performance of both controllers, the controller
design that did not include the information of the membership function and
the TS fuzzy controller.

Figure 5.1 shows the robust controller and the TS fuzzy controller at-
taining the vehicle’s desired speed of 25km/h. Also, at time t < 10, Figure
5.1 indicates the vehicle is travelling on a straight line with the desired Ux,
the yaw rate and heading angle are zero to this point. When the time is
10 ≤ t ≤ 30, the duration of the side force disturbance, a very minimal dis-
placement for the lateral speed, yaw rate and heading angle can be noticed
for the TS fuzzy controller, this is not the case for the robust controller, this
deviation are noticeable though still small. Moreover, the robust controller
showed the small deviation and recovery. Both controllers attenuates the
side-force disturbance with a relatively constant yaw rate deviation, an even
better attenuation is observed for the TS fuzzy controller. Note that in spite
of the aerodynamic drag the vehicle controlled with the robust controller
and TS fuzzy controller attained the desired speed.

The effect of the side force disturbance becomes noticeable as the desired
vehicle speed increases in the case of the robust controller, for the TS fuzzy
controller, a minimal deviation is noticed. One reason for this performance
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Figure 5.1: Vehicle Speed: 25 km/h at µ = 0.2

is the utilisation of the membership function as weighting values for both
the longitudinal velocity and yaw rate in the controller design.

Furthermore, Figure 5.2 shows the TS fuzzy controller and the robust
controller attaining the desired speed of 35km/h with no steady-state error.
A faster response for the yaw rate initial values were noticed for the TS
fuzzy controller, seen the yaw rate subplot. Additional, the differential speed
output for the TS fuzzy controller is faster and greater than the robust
controller. In the case of the disturbance rejection, the TS fuzzy controller
and the robust controller stabilises the vehicle and also reject the side force
disturbances. Still, both controllers were able to stabilise and maintain the
vehicle speed using the differential speed.

Figure 5.3 and Figure 5.4 display the TS fuzzy controller and the robust
controller stabilising the vehicle while attaining the desired speed and also
rejecting sides force disturbances. Similar behaviour are noticed. Unfortu-
nately, the TS fuzzy controller indicated a spike in the controller output
of the differential speed, this spike lead to an initial increase in the yaw
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Figure 5.2: Vehicle desired speed: 35 km/h at µ = 0.4

rate deviation when the disturbance was injected though all the controller
recovered. The robust controller showed a more reduced initial attenuation.

One observes that the TS fuzzy controller showed a stronger disturbance
attenuation and a faster response when the yaw rate initial values were
considered. This performance can also be as a result of the operating con-
ditions selected for the robust controller and neglecting the effect of the
time-derivative of the system dynamics in the controller design, the time-
derivatives term of the Lyapunov function. However, the TS fuzzy controller
shows a quicker response for the vehicle speed and yaw rate responses. This
can be the advantage of using the same membership function as the system
local models. Consequently, the differential speed for the TS fuzzy controller
was always slightly increased than that of the robust controller. As a result,
the vehicle speed shows a smooth attaining of the desired speed though, but
controllers show no steady-state error. This behaviour can be because of
the assumption made in the simulation, that the wheel speed dynamics are
quicker than that of the vehicle speed. As the desired wheel speed is attained
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Figure 5.3: Vehicle desired speed: 65 km/h at µ = 0.65
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Figure 5.4: Vehicle desired speed: 95 km/h at µ = 0.85
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very quickly, for both cases, to maintain the desired vehicle speed, one can
come to the reasonable conclusion that the effect of the differential speed
becomes noticeable in stabilising the vehicle and also attenuating external
disturbance.

5.5 Conclusion

This Chapter studied the problem of modelling and controlling a nonlinear
dynamic system based on TS fuzzy modelling and fuzzy Lyapunov stability
function. The local model is formed by choosing a wide range of operat-
ing conditions for the nonlinear system through the normalised membership
function. Based on the fuzzy Lyapunov function approach, sufficient condi-
tions for the existence of a robust H∞ TS fuzzy output feedback control have
been proven in terms of linear matrix inequalities constraints. The proposed
controller design approach has been illustrated by applying it to a four-
wheel independently driven in-wheel electric vehicles (EVs) using differential
speed. The effectiveness of the design is shown by stabilising the EVs along
a forward path and rejecting external side-force disturbance. A comparison
has been made with a robust controller synthesised by using the uncertain
polytopic model and the parameter-dependent Lyapunov function. Though
both controllers showed strong performances, the TS fuzzy controller shows
stronger transient dynamics compared to the robust controller and an im-
proved disturbance rejection. Moreover, the TS fuzzy controller performs
better in terms of robustness to parametric variations in the system nonlin-
ear model and attenuation of external disturbance.



Chapter 6

Experimental Results

6.1 Introduction

This Chapter presents the validation of the controller design using an ex-
periment. The experiment uses a small-sized mobile robot with an electric
motor on each wheel. For the control of each of the electric motor, a 75:1
metal gear motor 25Dx69L mm HP 12V with 48 CPR encoder [128] and a
Dual MC33926 Motor Driver, [129], was used to control each wheel speed
using a proportional, Integral and Derivative control algorithm. The Gyro
on-board the inertial measurement unit [130] was used for measuring the
yaw rate for feedback purposes connected through the reconfigurable I/O
(RIO) device, myRIO [131].

The experiment is performed by setting a reference speed for each inde-
pendent wheel speed control of each of the wheel. Furthermore, a disturbance
is injected along the path of the mobile robot car. For each of the scenarios,
the experiment that only uses the wheel speed controller is compared with
a robust H∞ controller.

6.2 Construction of the mobile robot car

To demonstrates the practical application of the controller design, a mobile
robot car has been re-constructed. Figure 6.1 details the assembly of the
mobile robot car. This 4-wheel-drive chassis [132], is manufactured to excel

98
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Figure 6.1: Mobile robot car

at traversing rough terrain, making it a perfect fit for a re-construction plat-
form in testing the design. It contains four DC motors with brass brushes
and 75:1 steel gearboxes that drive large (120mm diameter) spiked tires,
and the “super-twist” suspension system has been removed for this exper-
iment. The chassis is made from a 2mm-thick corrosion-resistant anodized
aluminum plate, all of the nuts, bolts, and screws are stainless steel.

A hole at the back of each wheel was drilled to enable the new feature
DC motors with an integrated 48 CPR quadrature encoder on the motor
shaft pass through. When the motor is powered at 12 V, they can reach a
free rolling top angular speed of approximately 130 RPM at 300mA, and
each motor has a stall torque of roughly 17 kg-cm (240 oz-in).

6.2.1 Angular Speed Measurement and Control

For the DC motor angular speed measurement, a two-channel hall effect
encoder is used to sense the rotation of the magnetic disk on a rear protrusion
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Figure 6.2: Quadrature Encoder settings

of the motor shaft. The quadrature encoder provides a resolution of 48 counts
per revolution of the motor shaft when counting both edges of both channels.

The detection of the magnetic disk is sent to the quadrature encoder
input on the myRIO device. See Figure 6.2 for the snippet of the encoder.
This expression is used to estimate the angular speed

Velocity(RPM) =
Encoder Pulses Per Revolution in 60 (Sec/Min)

Fixed Waiting time (Sec)
(6.1)

For the angular speed control, a PI control algorithm was adopted for each
of the DC motor using the Jrk 21v3 USB motor controller and a digital
tachometer of 25 ms PID period was used as a feedback. The set-up are
as follows: P = 0.25 and I = 0.06 with the integral limit of 2000. A 0.001
steady-state errors were observed from those values.

The calibration was done over the USB by automatically detecting the
control input channel ranging from 0 V to 5 V analog voltage interface
connection to the myRIO analog channels. See Figure 6.3 for details con-
figuration of the Jrk software. It should be noted that no PID period were
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Figure 6.3: PI settings for the Wheel Speed

violated during operation else the motor will stop as a safety requirement.
After this setting, a set of test-run were performed on the motor and encoder
at the rated angular speed.

6.2.2 Gyro Sensor: MPU-6050

The MPU-6050 devices combine a 3-axis gyroscope and a 3-axis accelerome-
ter with an onboard Digital Motion ProcessorTM (DMPTM), which processes
complex 6-axis MotionFusion algorithms [130]. The MPU 6050 communi-
cates with the myRIO over I2C communication channel. See Figure 6.4 and
Figure 6.5 for a snippet of the code. The calibration of the sensor is set as
follows:

• At no wheel speed, check for any non-zero offset readings;

• The sensor always produces an offset reading;
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Figure 6.4: MPU-6050 Settings

Figure 6.5: Calibrating Gyro sensitivity
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• Check for this offset and add a bias to the sensor reading to correct it;

• Repeat the sensor reading at zero angular wheel speed till there are
no offset.

It was noticed that the yaw rate sensor readings were significantly af-
fected by the location of the robot car in the Lab, the height and posture of
the robot car. This issue was corrected by making sure all the wheels of the
robot car are firmly on the ground when calibrating the sensor and running
the experiment.

6.2.3 myRIO and Labview configuration

myRIO−1900 is a reconfigurable student embedded device with in-
put/output microprocessor manufactured by National Instruments. It offers
an interactive programming environment for testing control systems. myRIO
device includes multichannel analog and digital inputs and outputs lines, on-
board Wi−Fi that enables easy communication and wireless communication
with this control device.

6.2.4 Robust Controller Design

For the implementation of the robust controller, Table 6.1 was used as the
parameter to obtain an offline controller parameter in MATLAB. The Con-
troller parameter are obtained using Theorem 3.3.1 with δ1 = 0.3, δ2 =

10, γ = 1.19, the following robust controller parameters are obtained by
solving the LMIs in (3.23), (3.24), (3.25), (3.26) and (3.27) using YALMIP
toolbox (MOSEK solver) [78].

Ac =

[
−13.49 −1.9

1.83 −17.6

]
, Bc =

[
−2.56

13.24

]
,

Cc =
[

3.33 −17.21
]
.

The controller design were implemented using the LabVIEW Control Design
and Simulation Module an add-on software to the LabVIEW programming
environment. In particular, the LabVIEW Control Design and Simulation
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Table 6.1: Mobile robot parameters

Symbol Parameters Values
m mobile robot mass 4.50 kg
lf distance from COG to front axle 0.21 m
lr distance from COG to rear axle 0.21 m
ls half of track width 0.155 m
rw tire effective radius 0.261 m
g acceleration of gravity 10 ms−2

lc Midpoints of diagonals 0.261 m
J yaw moment of inertia 5 kg.m2

µ co-efficient of friction 0.2 - 1
Cx longitudinal tire stiffness 50 N/rad
Cy lateral tire stiffness 25 N/rad

Module were implemented to test the robot car in real-time. Figure 6.6
shows the complete VI. The communication of the robot car via the myRIO
device and the host computer was through a Wi-Fi connection. This also
enable the seamless capturing of the sensor readings from the encoders and
MPU-6050 sensors.

6.3 Experiment Results

Experimental results demonstrating the usefulness of the robust output feed-
back controller design are presented in this section. Two experimental sce-
narios are considered, one without a feedback controller and a disturbance
and the other with robust controller in the presence of a disturbance. In
both experiments, the sampling time was chosen as Ts = 2ms.

The first sets of experiments concerns the control of the yaw rate of the
robot car by reducing the deviation from a straight line without disturbance
on the path. Figure 6.7 shows the yaw rate of the robot car with and without
a feedback controller. It can be seen that the robot car without a feedback
controller veer off more than the one with a controller. This deviation is as
a result of no further correction to the wheel speed as seen in Figure 6.9
and Figure 6.11. Without a feedback from the yaw rate sensor, a fixed speed



Experiment Results 105

Figure 6.6: Control and Simulation VI

reference is supplied to each wheel to be controlled with a PI controller.
Notice that the right wheel and the left wheel speeds are slightly apart,
indicating that the robot car is veering off to the right side. This deviation
is minimised in the robot car with a yaw rate feedback controller.
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Figure 6.8 and Figure 6.10 show the wheel speed with yaw rate feedback
control. For this case, the wheel speed are spinning closely together. This
is because at each yaw rate measurement, the reference speed to the right
side wheel and left side wheel are automatically adjusted to minimise the
deviation.
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Furthermore, it should be noted that at higher running wheel speed,
the experiment without the feedback controller shows that the robot car is
veering off slightly to the right side. This is because the wheel speed of the
right side is greater than the wheel speed of the left side. The experiment
was performed on a carpet with a very high friction. Whereas in the case of



Experiment Results 108

the low speed, the robot car is veering off to the left side.

6.3.1 Effects of Disturbances on Yaw rate and Wheel

Speed

For the experiment with disturbance, a composite material made from wood
with thickness of 29.9 mm and about 50 mm long is positioned as shown in
Figure 6.12. The material was nicely spread across the path of the robot car.

Figure 6.12: 29.9 mm thick of disturbance

Such that at a certain distance, the piece of wood would cause a disturbance
to the path of travel.

The experiment was repeated for a certain wheel speed of 83 rmp with
the disturbance on the path. Figure 6.13 shows a similar behaviour with a
significant displacement in the yaw rate of the robot car by implementing
the fixed reference speed as compared to the robot car with the yaw rate as
the feedback. It was observed that the robot car with a fixed wheel speed
reference shows a slight reduction in the wheel upon approaching the dis-
turbance. This observation was not noticed for the robot car with yaw rate
feedback.
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In Figure 6.15, the angular wheel speed of the robot car with a fixed
reference wheel speed shows that upon getting to the disturbance, a re-
duction of the wheel speed is noticed. Due to this disturbance, the wheel
speed was relatively fixed for the duration of the disturbance and the wheel
speed slightly increased upon leaving the disturbance. It was noticed that
the wheel speed of the left side was less than the wheel speed of the right
side, thus, the robot is veering off to the right.

Interestingly, for the robot car with varying reference speed as a result
of the yaw rate feedback, Figure 6.14, the wheel speed of the rear left and
front right wheels are spinning at the same angular speed while the front
left wheel are spinning slower and the front right wheel are spinning faster
during the disturbance.

Furthermore, after the robot car exit the disturbance, it can be observed
that the wheel speeds are slightly spinning together. The wheel speed dif-
ferences for the robot car are very close together and closer to the set wheel
speed.

The changes in the wheel speeds as a result of the effect of the disturbance
was minimised in the robot car that implemented the varying reference speed
by using the measurement of the yaw rate. The measurement of the yaw rate
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sensor applies corrective speed references to the right side and left side wheel.
This was done by adding and subtracting a nonzero yaw rate measurement.
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6.4 Conclusion

In this Chapter, the validation of the control design was tested on a robot
car. The construction of the mobile robot car, the selection of the motor
and motor driver, and the configuration and calibration were explained.
Furthermore, the experimental result considered two scenarios, one without
disturbance and the other one with a 29.9 mm placed middle-way in the
direction of travelled. The displacement of the robot car where minimised
for both cases by using the robust controller design.



Chapter 7

Conclusions and Future Work

7.1 Conclusions

This thesis set out to design a robust controller for four independently in-
wheel driven electric vehicles using differential steering technique. It has
been established that FIWDEV are highly nonlinear system in behaviour
and exhibit parameter variation. For such nonlinear system, this thesis de-
velop two types of models for the FIWDEV, uncertain polytopic model and
TS fuzzy model while using the nominal system model as the benchmark.
Consequently, the robust stabilisation problem were solved using parameter-
dependent and TS Fuzzy Lyapunov functions and demonstrated its appli-
cability via numerical simulations and practical experiments.

In Chapters 2, 3 and 4, and 5 three different models for the FIWDEV
were derived using a nominal operating points, parameter variations and TS
fuzzy membership function respectively. The uncertainties were captured in
the uncertain polytopic and TS fuzzy systems model.

Chapter 2 detailed the design of an H∞ dynamic output-feedback con-
troller that stabilises the nominal FIWDEV system and attenuates external
disturbances in the sense of Lyapunov stability. The numerical simulation
shows that while testing for robustness at the limit of vehicle handling, the
performance of theH∞ controller degrades but still performs much more bet-
ter than a PID controller. A similar controller performance were observed
for the PID controller design at different operating conditions. Hence, the
need for robust controller design in the subsequent chapters.

112
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Chapter 3 designed a robustH∞ dynamic output-feedback controller that
attenuates external disturbances for FIWDEV dynamic system. The model
was described as a polytopic uncertain system with bounded uncertainties
which is affected by external disturbance. Furthermore, sufficient conditions
for the existence of a robust controller that considers the constraints of
the control input and system output were given in terms of linear matrix
inequalities. The performance of the robust controller has been compared
with that of the result in Chapter 2. The simulation results have shown
that despite significant differences in the operating conditions, the proposed
robust controller performs better than the controller in Chapter 2.

In addition, the results obtained in Chapter 2 was extended in Chapter
4 to an uncertain positively invariant ellipsoidal set. Though the quadratic
Lyapunov function was adopted in obtaining these results, the MPC solution
includes the additional constraints of the feasibility of an uncertain positively
invariant ellipsoidal set. A performance comparison was provided with the
implicit MPC and LMI−based MPC.

Chapter 5 studied the problem of modelling and controlling a nonlinear
dynamic system based on TS fuzzy modelling and fuzzy Lyapunov function.
Unlike the polytopic uncertain model that used parameter variation in the
system model in Chapters 3 and 4, the TS fuzzy model adopted in Chapter 5
uses the sector non-linearity in the state variable to form the model through
the normalised membership function. Based on the fuzzy Lyapunov function
approach, sufficient conditions for the existence of a robust H∞ TS fuzzy
output feedback control have been proposed in terms of linear matrix in-
equalities constraints. The effectiveness of the design is shown by comparing
with the robust controller and non TS fuzzy control.

Chapter 6 had shown the applicability of the robust controller design on
a mobile robot car. The construction of the mobile robot car, the selection
of the motor and motor driver, and the configuration and calibration were
explained. The experimental result considered two scenarios, one condition
without a disturbance and the other with a 29.9 mm wooden material placed
middle-way in the direction of travelled. The displacement of the robot car
where minimised for both cases by using the robust controller design.
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7.2 Future Work

For future work, the following areas are potential research areas:

1. A modelling approach that incorporates more than two parameters
variation in the system modelling. Presently, the polytopic uncertain
model used in this thesis only considers the changes in the vehicle lon-
gitudinal velocity and the coefficient of road friction. Though the dis-
advantage of including more parameter in the uncertain model would
be increase number of the decision variable in the optimisation problem
which can lead to computational issues the advantage would include
a better representation of the nonlinear system and broader operating
conditions.

2. Controller synthesis: in general, the controller synthesis adopted for the
nonlinear system can include adaptive parameters that reflect realistic
vehicle road conditions. For example, online parameter estimation of
the road conditions, changes in yaw moment and sensing lateral dis-
placement. This is because the computation and vision sensing cost
are reducing.

3. At present, the MPC design assumes that all the state variable are
measurable or observable. The design of an output-feedback MPC for
uncertain system would be an interesting area of research.

4. At present, the controller design were only tested using a mobile robot
car, it would be an interesting and engaging research to test the de-
veloped controller using a real car. This experiment would incorporate
the application of vision systems and other latest estimation algorithm
in testing the performance of the vehicle.
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Appendix A

Appendix

A.1 Note on Schur Complement

Schur complement is adopted in transforming nonlinear inequalities that are
affine in the decision variables. For example, the expression

M(x) =

[
M11(x) M12(x)

M21(x) M22(x)

]
≤ 0 (A.1)

where M depends affinely on x is equivalent to

{
M11(x) ≤ 0

M22(x)−M21(x)M11(x)−1M12(x) ≤ 0
(A.2)

and {
M22(x) ≤ 0

M11(x)−M12(x)M22(x)−1M21(x) ≤ 0
(A.3)

A.2 Note on satisfying stability and

performance: LMI constraints

Consider the bounded-real-lemma representation of LMI in the form of

P > 0 (A.4) AP + ATP PB CT

∗ −γ2I D

∗ ∗ I

 < 0. (A.5)

2



Note on satisfying stability and performance: LMI constraints 3

where A, B, C and D are the augmented closed-loop system matrices and
P is the Lyapunov matrix.

Without loss of generality, note that satisfying the constraints in (A.4),
when its positive definite, guarantees the stability of the closed-loop while
(A.5), when its negative definite, establishes the specified performance by
minimising objective variable. The solution to this set of inequality con-
straints are often said to be feasible when those conditions are met. However,
the eigenvalues ofA must be on the open left-half of the complex plane. This
stability condition also need to be checked for.

A.2.1 Note on nonlinear inequalities: Affine

dependence

Clearly, some terms in (A.5) are not yet linear. To apply the change of vari-
able approach, identify a nonsingular matrix and apply it to the nonlinear
constraint using congruence transformation. This transformation is made
possible by the affine dependence of the closed-loop system on the controller
parameters. Lastly, a bit of algebraic manipulation derives new variables
that are linear in the nonlinear variables.
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