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Abstract
Vibration energy harvester (VEH) is an electromechanical device that can convert the
ambient vibrational energy into useful electricity. This technology is believed to be a
promising alternative to conventional batteries as energy source for small electronics.
However, the traditional VEHs are usually designed as a linear oscillator with narrow
frequency bandwidth and constructed by inflexible structure. These properties may
significantly limit their applications in many scenarios, where the ambient vibrations
are confined in low frequency domain and contain multiple frequency components.
In this thesis, we endeavour to develop a light-weight broadband VEH operating in low
frequency domain (< 10 Hz) and small acceleration (<0.2 g) conditions. This VEH is
constructed by a cantilever based on soft magneto-sensitive elastomer (SMSE) material.
This material is fabricated by mixing some iron particles in a soft polymer base before
crosslinking. The SMSE is quite flexible, so that a low resonance frequency could be
easily achieved without largely increasing the mass. Moreover, the SMSE cantilever
exhibit a unique softening nonlinearity, which could be applied to broaden the
frequency bandwidth of the VEH. Experimental and theoretical studies are conducted
for fabrication, charactering the SMSE material and analysing its unique nonlinearity.
A piezoelectric VEH is developed with the SMSE cantilever and a polyvinylidene
fluoride (PVDF) layer. This harvester can achieve a broad frequency bandwidth in low
frequency domain and low acceleration levels, but its energy harvesting efficiency is
extremely low due to the fact that the soft substrate of SMSE is difficult to deform the
PVDF layer with relatively high stiffness, apart from the low coupling coefficient of
PVDF itself. An electet-based VEH (eVEH) is then developed using the SMSE
cantilever. The voltage generation mechanism of the eVEH is studied in view of its
charge migration process. The impact-based frequency up-conversion technology is
utilized in the eVEH and an asymmetrical frequency response profile of the SMSE
cantilever is proposed to mitigate the side effect of the impacts and preserve the
broadband behaviour of the eVEH. Efficient broadband energy harvesting is achieved
i

with such an SMSE eVEH device. According to the experimental results, the proposed
broadband eVEH based on SMSE cantilever can deliver an average power output of
40.32 μW at its optimal load resistance and the effective working frequency bandwidth
is 4.0 Hz to 8.2 Hz.
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Introduction
1.1. Background
Currently, most small electronic devices rely on electrochemical batteries as their
power source. For advanced equipment embedded with many small electronic devices,
recharging and replacing their batteries could be troublesome. Besides, in some
healthcare applications such as a pacemaker, battery replacement usually means
another surgery for the patient. In such a context, a self-powered device that can harvest
energy from its nearby environment has aroused great interests from various research
communities.
Vibration energy is one promising energy source to be scavenged for powering small
electronic devices as they are ubiquitous. The device that converts vibration energy into
electricity is termed as vibration energy harvester (VEH). Currently, the performances
of VEHs are largely dependent on the frequencies of environmental vibrations, i.e, a
satisfactory energy harvesting efficiency occurs when the environmental vibration
frequency matches the resonance frequency of the harvester. This property poses some
challenges for most conventional VEHs constructed by metallic structures.
The first challenge concerns using VEHs in a low-frequency scenario, which is very
common in many civil and mechanical engineering applications [1-4]. This is because
most of the state-of-the-art VEHs use metals as substrate and piezoelectric ceramics as
transduction medium. The stiffness of such a metallic structure is usually high, and a
low resonant frequency is difficult to achieve without increasing the size or weight [5].
This problem becomes worse if the harvester needs to be scaled, such as the MEMS
devices to integrate with wireless sensing electronics.
Another challenge of the conventional VEH concerns the operation frequency
bandwidth. The power harvesting efficiency of a linear oscillator will deteriorate
significantly if the exciting frequency deviates slightly from the resonant frequency,
which means they can only operate in a very narrow frequency range [5]. However, the
1

practical environmental vibration usually contains multiple frequency components.
Thus, a broad operation bandwidth could significantly improve the energy harvesting
efficiency. Nowadays, one of the most popular approach to broaden the frequency
bandwidth of VEH is by exploiting their nonlinear behaviors [6]. Nevertheless, a large
acceleration level is usually expected for the conventional metallic structures to
generate enough nonlinearity for bandwidth broadening [7, 8]. This property further
limits the use of conventional VEHs in low-acceleration conditions.

1.2. Motivation and Research Gaps
Recently, using soft materials and structures to improve the performance of VEH has
become an attractive research topic. This is because soft structures with low Young’s
modulus are more appropriate for applications at low-frequency range [9] and soft
materials are believed to be more reliable in terms of mechanical properties [10].
Motivated by the previous designs of VEH based on soft materials and structures, this
research focuses on the development of broadband VEHs for low frequency and low
acceleration applications based on a novel smart material, in this case, the soft magnetosensitive elastomer (SMSE). This material is fabricated by mixing a certain amount of
ferromagnetic particles in the polymer matrix before crosslinking. After consolidation,
this material performs as a highly flexible ferromagnetic material and shows a unique
magneto-sensitive behavior when an external magnetic field is applied. Specifically, an
SMSE cantilever structure is developed, and its dynamics are investigated subjected to
a non-uniform magnetic field from a permanent magnet. The magnetic force between
the cantilever and magnet provides the flexibility of linear stiffness adjustment and
strong nonlinear behaviours. Such a configuration behaves similar to the traditional
nonlinear VEH with metallic cantilever and tip magnet. However, by replacing metallic
cantilever with SMSE cantilever, a more tuneable linear stiffness and more obvious
frequency broadening effect due to nonlinearity during vibration could be expected.
Both effects will contribute to the improvement of the harvesting efficiency of VEH in
low-frequency domain and low-acceleration levels.
2

Taking advantages of the flexible and highly magneto-sensitive characteristics of the
SMSE material can provide a viable solution to improve the performance of broadband
vibration energy harvester in low frequency, low acceleration conditions. The study is
of great significance in both academic research and practical industries. However,
several obvious knowledge gaps need to be addressed before their practical applications:
(1) A comprehensive mathematical model is required to include the mechanicalmagnetic coupling dynamics in nonlinear vibrations. For traditional metallic
cantilever with a tip permanent magnet (PM), the magnetic force is only exerted at the
tip [8, 11]. The system can be approximated as a lumped parameter model with only
several degrees of freedom (DOF). However, for the SMSE cantilever, the structure is
very flexible and wholly sensitive to an uneven magnetic field. This means the
parameters along the cantilever cannot be regarded as constants, and a lumped
parameter model is not suitable. To ensure the effectiveness of the dynamic model,
multiple DOFs should be involved with localized parameters only valid in small
elements along the cantilever.
Moreover, traditional nonlinear VEH modelling with magnet usually uses the dipoledipole model to describe the magnetic force, where the PM is regarded as a pair of
magnetic dipole and the effect of its geometry is ignored [12]. However, when the
SMSE cantilever is very close to the PM, it will be highly sensitive to the external field
and the dipole-dipole model will not be accurate. Therefore, for an SMSE cantilever,
the geometrical characteristics of the PM need to be considered in the modelling of the
magnetic force.
(2) An appropriate energy transducer is required to combine with the SMSE
cantilever. The soft characteristic of SMSE poses a challenge in selecting an
appropriate energy conversion method. There are primarily three kinds of energy
conversion methods for vibrational energy harvesters, namely, electromagnetic [13],
piezoelectric [14] and electrostatic transductions [15].
The electromagnetic transducer converts energy from electromagnetic induction. This
3

method is not suitable for the nonlinear SMSE cantilever, as it requires another magnet
to generate current in the coil. Its magnetic field will interfere with the nonlinear
magnetic force of the SMSE cantilever.
The piezoelectric transducer converts energy from the piezoelectric effect. Common
piezoelectric materials, like Lead zirconate titamate (PZT) material, is not suitable. This
is because its elastic modulus is too high and thus incomparable with SMSE. A flexible
piezoelectric material potentially compatible with the SMSE cantilever is
polyvinylidene fluoride (PVDF), which is lightweight, highly flexible, and available in
a wide variety of thickness and large areas [16]. However, the amount of energy
produced by PVDF is considerably limited by its weak electromechanical coupling
coefficient [17].
The other potential energy conversion method is based on electrostatic method, which
converts energy from its specific electronic charge migration procedure. Among
different electrostatic energy harvester forms, electret-based vibration energy harvester
(eVEH) is promising because the electret provides the positive/negative permanent
surface voltage bias instead of an external voltage bias [18]. Furthermore, since the
energy generation mechanism is based on the relative distance change between parallel
plates of a capacitor, the construction of an electret VEH is simple and makes it very
suitable for SMSE structure. However, one challenge persists before a successful
utilization of the SMSE cantilever in eVEH. The equivalent capacitance of the
electrostatic harvester is very small, which result in a very large output impendence in
low-frequency applications [19]. Practically, a frequency up-converter should be
involved in the structure to boost the low-frequency vibration into high-frequency
vibration, before an efficient energy harvesting could be achieved.

1.3. Research Objectives
The goal of the research is to exploit the advantages of the nonlinear performance of
the SMSE to enhance the broadband performance of low-frequency VEH. A successful
4

realization of this goal requires a comprehensive study, including technologies of
material fabrication and characterization, magneto-mechanical-electrical coupled
modeling and numerical simulation, structural design, prototyping, and optimizations.
Specifically, the study embarks the following objectives:
(1) Fabrication and characterization of a soft magneto-sensitive elastomer cantilever
and theoretical modeling of its nonlinear behavior during vibration;
(2) Theoretical and experimental studies of a broadband piezoelectric VEH based on
the SMSE cantilever and PVDF material;
(3) Theoretical and experimental study of the specific charge migration procedure of
eVEH and its power generation mechanism;
(4) Theoretical and experimental studies of a broadband electret-based VEH with the
SMSE cantilever, with frequency up-conversion technology.

1.4. Thesis Outline
The thesis is formed in the following structure.
Chapter 2 gives a concise but comprehensive literature review on the research progress
of vibration energy harvesters and the corresponding frequency bandwidth broadening
technique using magnetic force.
Chapter 3 concerns the fundamental studies of the SMSE cantilever, including
fabrication, characterizing and theoretical modelling of its nonlinear vibration.
Chapter 4 considers the development of a broadband piezoelectric vibration energy
harvester based on the SMSE cantilever and PVDF material.
Chapter 5 is a fundamental study of an electret-based electrostatic vibrational energy
harvester from the view of its specific charge migration process.
Chapter 6 concerns the development of a broadband vibration energy harvester based
5

on the SMSE cantilever and electret transducers.
Chapter 7 summaries the main findings and contributions and recommends the future
work that could extend current research.

6

Literature Review
2.1. Introduction of Vibration Energy Harvesting Technology
Extracting power from ambient source is generally known as energy harvesting, or
energy scavenging. This technology provides a viable solution as power supply for low
power electronics, such as wireless sensor nodes, and therefore has attracted a great
deal of interest from both academic community and industry. There are advantages and
disadvantages of different ambient energy sources that can be transformed into useful
electricity, and each application should be evaluated individually with respect to the
harvesting method. Among all these energy sources, kinetic energy from the human
body movement is a versatile and ubiquitous ambient energy source and very suitable
for powering small wearable devices [20]. The device that scavenges ambient vibrations
is termed as vibrational energy harvester (VEH). Given the fact that human motions
could generate abundant vibration energy, VEH could be a promising solution to extend
the lifespan of batteries in wearable devices.
Table 2-1 Comparison of electromagnetic, piezoelectric and electrostatic
transductions [18, 21]
Type
Electromagnetic

Piezoelectric

Advantages

Disadvantages

-High output current;

-Low efficiency in small size

-Long life proven;

-Poor performance in micro-scale

-Robustness;

-Low output voltage

-Simple structure;

-Expensive (Material)

-High output voltage;

-Poor mechanical properties

-No need to control any gap;

-Charge leakage

-High capacitance compared with

-Low output current

electrostatic converters

-Unchangeable coupling coefficient
-Influence of parasitic capacitances;

-High output voltage;
Electrostatic

-adjustable coupling coefficient;
-High efficiency in small size.

-Low capacitance;
-Low efficiency in low-frequencies;
-Require accurate control of dimensions.

There are three common transduction mechanisms for VEHs: electromagnetic
transduction, in which energy is generated via electromagnetic induction; piezoelectric
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transduction, which uses the direct piezoelectric effect; and electrostatic transduction,
in which electricity is generated via a variable capacitance. A brief comparison of
different transductions are shown in Table 2-1.

2.2. Broadband VEH Techniques Using Magnetic Force
Most of the VEHs are designed as linear resonators, which is only efficient around their
resonant frequencies. A slight shift of the excitation frequency from the resonances
would lead to a drastic reduction in energy harvesting efficiency. This characteristic
makes the linear VEHs unsuitable for practical applications, where the frequencies of
the ambient vibrating sources might vary or the vibrations exist in a random pattern.
Hence, developing techniques to broaden the operation bandwidth of VEHs is one of
the crucial issues to enhance their efficiencies [5].
There are various bandwidth broadening techniques, for example, resonant frequency
tuning techniques, nonlinear configurations, multi-modal methods and frequency upconversion methods. Many of these techniques could be realized by using magnetic
force. Thus, this section reviews the advances made in the past few years on broadband
VEHs using magnetic force.
2.2.1 Resonance Tuning Using Magnetic Force
The principle of resonance tuning techniques is via incorporating a specific mechanism
in the harvester to adjust its resonance frequency and match the frequency of
environmental vibration. Hence, an optimal output could be achieved. According to
Roundy and Zhang [22], the resonance can be tuned ‘actively’ or ‘passively’. Active
mode requires continuous power input in the tuning procedure, while passive mode
means the harvester could be self-tuned without energy consumption.
Challa et al.[23] developed a tuneable cantilever harvester, in which two magnets were
fixed at the free end of the beam, while the other two magnets were fixed at the top and
bottom of the enclosure, opposite to the magnets at the cantilever’s free end. The
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attractive and repulsive magnetic forces were generated on each side of the beam. By
tuning the distance between magnets using a spring-screw mechanism, the prototype
with a volume of 50 cm3 was tuneable over the frequency range of 22~32 Hz with the
power output of 240 ~ 280 μW, at an acceleration level of 0.8 m/s2. However, this
system can only work in the circumstance where the excitation frequency changes
slowly, as it would take around 320 s for each tuning procedure. In their later works,
they employed a piezoelectric cantilever array using the above frequency tuning
techniques. The device was successfully tuned from -27% to +22% from its untuned
resonance frequency, while outputting a peak power of approximately 1 mW [24].
Instead of utilizing the magnetic force in the vertical direction, Reissman et al. [25]
developed a tuning technique via a variable attractive magnetic force in the horizontal
direction. The magnetic force is tuned with the adjustment of a slider mechanism. As
the slider can move vertically, the magnetic force could be changed accordingly. The
bandwidth of the harvester can reach up to 6.9 Hz and 11.28 Hz with and without tip
mass respectively. Compared with Challa’s design [23, 24], this structure is much
simpler.
Zhu et al. [26] also utilized magnetic force in the horizontal direction to tune the
resonant frequency of a harvester, but the magnetic force tuning is realized by changing
the gap distance between the magnet couple in the horizontal direction. In addition, they
employed a microcontroller to the system, which woke up periodically to detect the
output voltage and give instructions to change the gap [27]. According to their
experimental results, the resonant frequency has been successfully tuned from 67.6 to
98 Hz when the gap was changed from 5 to 1.2 mm. However, a separate power supply
was still required to power the microcontroller and the actuator to adjust the gap in their
experiment. This part of energy consumption could be even larger than the collected
energy from the harvester. Another drawback is the control system detected only the
output voltage of the harvester with a pre-defined threshold. Thus, this control system
is insensitive to the change in frequency and amplitude of the excitation vibration.
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Similarly, Aboulfotoh et al. [28] developed a self-tuning resonator for VEH. They also
utilized the magnetic force in the horizontal direction to adjust the resonant frequency
and a microcontroller to control the amplitude of the magnetic force. Unlike Zhu et al.’s
work [27], they detected directly the base vibration frequency using an electromagnetic
method, instead of the voltage output from the harvester. A magnet is mounted on the
frame of the harvester and moves past a stationary coil, generating an electric signal.
The excitation frequency could be acquired after processing this electric signal. The
natural frequency of the harvester is successfully tuned from 4.7 Hz to 9.0 Hz
generating voltage per acceleration from 6.3 V/m/s2 to 1.1 V/m/s2, respectively.
2.2.2 Nonlinear Configurations Using Magnetic Force
Section 2.2.1 reviewed several resonance tuning techniques using magnetic force. The
magnetic force introduced not only a change in the linear stiffness but also a nonlinear
stiffness. Such a nonlinear stiffness could also be exploited for frequency bandwidth
broadening. Generally, the behavior of a single degree of freedom dynamic system with
nonlinear restoring force is governed by the following equation,

my  cy 

dU  y 
dy

 f t 

(2.1)

where, y is the motion of the system, f(t) is the excitation force, m is the equivalent mass,
and c is the viscous damping. U(y) is the potential energy, which can be generalized as,
1
1
U  y     y2   y4
2
4

(2.2)

in which, α and β denotes the linear and nonlinear stiffness coefficients, respectively.
The potential function U(y) is symmetrical and bistable for α > 0, and monostable for α
≤ 0. Furthermore, a monostable nonlinearity could be further classified as hardening
nonlinearity for β > 0 and softening nonlinearity for β < 0.
The softening, hardening and bistable nonlinearities could all be realized with the help
of magnetic force. For instance, a well-studied cantilever-type piezoelectric vibration
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energy harvester with a pair of magnets is shown in Figure 2-1. According to Tang et
al. [11], the harvester will obtain a softening nonlinearity if the two magnets are
attracted to each other. While, with two repulsive magnets, the harvester possesses the
hardening nonlinearity or a bistable configuration if the gap between the magnets is
sufficiently small.

Cantilever

Magnets

Figure 2-1 A typical vibration energy harvester with a couple of magnets

Compared with the resonance tuning techniques, the nonlinear technique is simple with
no requirement for external control and power supply. There is plenty of literature that
investigated different kinds of nonlinear configurations by introducing magnetic force.
Their benefits in improving the bandwidth of VEHs are discussed in the following
paragraphs.
Monostable nonlinear configuration
Stanton et al. [29] first proposed a piezoelectric cantilever VEH with a magnetic tip
mass interacting with the field of oppositely poled stationary magnets. Both hardening
and softening nonlinearity could be realized by tuning the nonlinear magnetic
interaction around the tip mass. In a hardening configuration, the operational frequency
bandwidth is 14 - 24 Hz, at an acceleration level of 0.5 g.
Barton et al. [7] developed a cantilever type VEH with the electromagnetic transducer.
The nonlinearity is generated by a particular arrangement of magnets in conjunction
with an iron-cored stator. One benefit of their nonlinear harvester is the presence of
superharmonic resonances at frequencies below the linear resonance, which is useful
for applications in low frequency range and still able to extract decent amount of power.
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Table 2-2 Typical monostable nonlinear cantilever-type VEHs with magnets

Ref

Author/
Year

Multi-solution range*/
Excitation level/
Nonlinear type

[30]

Zhou and Lin/
2016

14-22Hz/
0.27g/
Hardening

[31]

Deng and Wang/
2017

10-16Hz/
0.334g/
Softening

[14]

Firoozy et al./
2017

Schematics of monostable
configurations with cantilever and
magnets

3.48-4.24Hz/
1g/
Hardening

[32]

Fan et al./
2018

8-15.4Hz/
0.3g/
Softening

[33]

Zou et al./
2018

7.5-10Hz/
0.3g/
Softening

Spring

After these pioneering researches in monostable nonlinear energy harvesting by Stanton
et al. [29] and Barton et al. [7], numerous works appeared to exploit the nonlinear
dynamic phenomena of the VEH with different configurations of cantilever and
magnets. Some typical monostable nonlinear cantilever-type VEHs with magnets in the
past five years (2015-2019) are summarized in Table 2-2.
Besides the cantilever-type VEH with magnets, magnetic levitation is another nonlinear

*

Multi-solution range denotes the frequency range between backward and forward jumping frequencies.
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monostable configuration using magnetic force. This technique uses repulsive magnetic
force to levitate an oscillating magnet within a tubular structure. The vibration energy
of this oscillating magnet could be partly converted into electricity via the coil wound
around the tube of the harvester. Due to the nonlinear behavior of the magnetic force,
the frequency bandwidth of the harvester could be broadened. The principle is similar
to the cantilever type monostable VEH but is more suitable for low-frequency scenarios
compared with cantilever type VEH, as the design of its resonant frequency is not
constrained by the geometrical and material properties of the cantilever. However, the
magnetic repulsive force can only provide a hardening nonlinearity to a floating magnet.
As a result, the frequency bandwidth can only be broadened towards the high-frequency
range.
The first magnetic levitation VEH is proposed by Mann and Sims [34], in which they
employed two magnets on the top and bottom of the tube and a floating magnet in the
center. However, in their design, the floating magnet has to be constrained by a tight-fit
tube to avoid the instability in the horizontal direction. The friction between the central
magnet and the tube leads to energy loss in the harvester. To mitigate the problem
described above, Liu and Yuan [35] investigated the feasibility of a VEH using
diamagnetic levitation method. They proposed a tube-free magnetic levitation system
using a diamagnetic method. A stable levitation of the floating magnet could be realized
without any mechanical constraint. Later on, Wang et al. [36] developed a diamagnetic
levitated VEH and experimentally proved Liu and Yuan’s concept. Moreover, in their
structure, coils are incorporated with the diamagnetic plates to collect more energy. The
performance of the above mentioned and some other broadband VEH based on the
magnetic levitation methods are summarized in Table 2-3.
Further improvement on magnet configuration for magnetic levitated VEH structures
also includes combining multiple generators [37], use of coil array [38] and Halbach
array [39]. These works are not discussed in this chapter, as they concerned about
enhancing the output power rather than broadening the frequency bandwidth.
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Table 2-3 Performances of reported broadband VEHs based on magnetic levitation
method

Ref

Author /Year

Excitation

Frequency range

Maximum power

[34] Mann and Sims

0.86g

10-12Hz

Not provided

[37] Foisal et al. /2012

0.5g

7-10Hz

2.37mW

[36] Wang et al. /2013

0.01g

2-7Hz

103.45μW

[40] Apo and Priya /2014

1g

13-16Hz

12.9mW

[41] Abed et al. /2016

0.17g

4.6-14.5Hz

795mW

[42] Wang et al. /2017

0.5g

5-7.8Hz

10.66mW

Bistable nonlinear configuration
As discussed previously, two repulsive magnets can realize a bistable nonlinearity in a
cantilever. Based on this structure, Cottone et al. [43] developed a nonlinear vibration
energy harvester. The average electrical power output as a function of the gap distance
between magnets (g) are studied for different acceleration levels. According to their
experiments, the bistable harvester generates more power than the linear harvester.
However, for extremely small g, the pronounced potential energy barrier confined the
cantilever to swing within one potential well. Tang et al. [11] also discovered that if g
is too small, it could not improve the power output performance of the cantilever.
According to their experimental results, the optimal performance of nonlinear
configuration could be achieved around the region where a monostable configuration
transforms into a bistable one.
Yang et al. [44] replaced the tip magnet with a spring-loaded magnet, which is movable
along the cantilever axis. This configuration enables a variable potential function of the
harvester. When the cantilever is in the equilibrium position, the spring is compressed
due to repulsive force between magnets. The gap between magnets is large, which
indicates a low threshold for inter-well oscillations. When the cantilever moves away
from the equilibrium position, the spring releases its stored energy and helps the
cantilever to increase its vibration amplitude.
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The bistable nonlinearity can also be realized by magnetic attraction force. This
structure was firstly investigated by Moon and Holmes [45]. The structure consists of a
ferromagnetic cantilever with two magnets located symmetrically near the free end,
which is shown as Figure 2-2.

Figure 2-2 Schematics of the magnetoelastic structure investigated by Moon and
Holmes [45]

Depending on the spacing between the magnets, the ferromagnetic cantilever in Figure
2-2 may have a different amount of stable equilibrium positions. Erturk et al. [46]
utilized this structure in energy harvesting by attaching two piezoelectric layers to the
root of the cantilever and term it as a ‘piezomagnetoelastic’ structure. For an initial
deflection at one stable equilibrium position, the experimental results showed a chaotic
voltage response under small harmonic base excitation. Given a large base excitation,
the experimental results showed a large-amplitude periodic motion (limited cycle
oscillation). More importantly, this type of large-amplitude response can also be
realized by the small excitation amplitude but different initial conditions. In their later
work [47], they provided a series of theoretical and experimental investigations of the
high-energy orbits of this piezomagnetoelastic structure. Compared with the same
structure without magnet, this structure can generate power of an order magnitude
higher.
By using the attractive magnetic force, the bistable state of the ferromagnetic cantilever
can also be realized by one single magnet. Ferrari et al. [48] developed a single-magnet
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nonlinear piezoelectric harvester for random vibrations. In their configuration, there is
one rectangular magnet near the free end of the ferromagnetic cantilever. The
magnetization direction of the magnet is vertical to the axial direction of the cantilever.
Larger attracting forces are generated when the free end of the cantilever approaches
the magnet poles. As a result, the cantilever bounces between two stable states (near the
poles). According to their experimental results, the output voltage of this bistable
structure is 400% higher than that of the linear counterpart.
For the bistable VEH with attractive force shown in Figure 2-2, Lan and Qin [49] further
improve its performance by adding a small magnet at the middle between the two fixed
magnets. It is proved that the attractive force from the additional magnet can pull down
the potential barrier, cause the potential well to be shallower and increase the occurrence
of inter-well motion of the harvester.
2.2.3 Multiple Degree of Freedom VEH with Magnetic Coupling
In the abovementioned techniques, the magnetic force is used to broaden the frequency
bandwidth of a single degree of freedom (SDOF) VEH. In most of the cases, the
frequency bandwidth can only be broadened around its fundamental resonance. Studies
have revealed that the frequency bandwidth of the harvester could be further utilized if
multiple degrees of freedom (MDOF) oscillator is engaged [50, 51].
Synergizing the nonlinearity and multi-modal designs to achieve nonlinear MDOFVEH has become an attractive research topic [52-54]. In particular, the magnets can
provide a non-contact force to couple the independent single oscillators in the MDOF
VEH, and the frequency bandwidth could be further broadened.
In 2012, Ando et al. [55, 56] proposed two bistable VEH based on magnetically-coupled
cantilevers. The first design involves two parallel cantilevers. Each carries a tip magnet,
as is shown in Figure 2-3 (a) [55]. Due to the interaction force between the two tip
magnets, the initial equilibrium positions of the two cantilevers forms an antiphase
configuration. This configuration results in a bistable behavior for each cantilever
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during vibration. Compared with the bistable harvester formed by single cantilever with
a pair of repulsive magnets, this dual cantilever structure is easier to construct [55]. In
their second design [56] (Figure 2-3(b)), two cantilevers align co-axially, but they
deflect orthogonally to each other. This configuration allows for collecting energy from
different directions. The two repulsive tip magnets provide a coupling effect and assists
in transmitting the vibration of one cantilever to the other and also enables a more
efficient inter-well motion for the harvester.

(a)

(b)

Figure 2-3 Magnetically-coupled cantilevers proposed by Ando et al. [55, 56]

Su et al. [57] developed a dual-cantilever structure consists of an outer and an inner
beam with tip magnets, respectively. The magnets provide repulsive force between the
two beams and realize a bistable structure for bandwidth broadening and more efficient
energy harvesting. According to their experimental results, the dual-cantilever structure
with magnetic coupling helps to broaden the frequency bandwidth. However, a band
gap is observed in frequency sweep results of their prototype as the beams cannot cross
the energy barrier and oscillate between the two stable states. This band gap could be
minimized by increasing the distance between magnets but the enhancement of power
brought by the magnets will also be deteriorated.
Wu et al. [58] developed a 2-DOF piezoelectric VEH based on a folded cantilever with
magnetic coupling. The structure is shown in Figure 2-4, which comprises a main beam
and a secondary beam. The magnet on the secondary beam is repulsive to the one fixed
on the base. By properly choosing the structural dimensions and the distance between
the magnets, the two resonant response peaks can be tuned to be close enough and with
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comparable amplitudes. Meanwhile, compared with its linear counterpart, the negative
effect of the anti-resonance valley for bandwidth broadening can be mitigated by the
magnetic coupling effect.

Figure 2-4 Folded cantilever with magnetic coupling by Wu et al. [58]

Later, Wu and Lee [59] developed a magnetic coupled VEH with two folded
piezoelectric cantilevers. The cantilevers are intentionally designed to have different
resonances, which are 18 and 32Hz, respectively.
In order to understand the variable potential energy of the magnetic coupled MDOF
VEH, Kim et al. [60] introduced a phase-dependent dynamic potential concept to
explain the underlying principle of the complicated dynamics of the system. According
to their theoretical analysis, the 2-DOF magnetic coupled VEH possessed two distinct
dynamic regimes: the out-of-phase mode in the 1st resonance and the in-phase mode in
the 2nd resonance. For the 1st mode, the frequency response of the VEH exhibited
interwell dynamics as it is expected from a bistable system. However, for the 2nd mode,
only intrawell dynamic behavior could be observed from the frequency response, even
within the interwell motions of the two cantilevers.
Lan et al. [61] provided the analytical solutions of the magnetic coupled dual-cantilever
VEH working in quasi-linear, monostable and bistable regions respectively. With this
analytical model, parametrical studies are carried out to evaluate the benefits and
limitations of the magnetic coupled dual-cantilever VEH. According to their analysis,
for a certain range of excitation, the increased output of one cantilever is always
accompanied by the decreased output of the other at high-energy oscillation in both
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monostable and bistable configurations.
2.2.4 Non-Impact Frequency Up-Conversion Using Magnetic Plucking
In many practical cases, ambient vibrations occur in the ultra-low frequency range,
which, however, is not beneficial for energy harvesting. Hence, another aspect of
efficient energy harvesting involves up-converting the low frequency excitation to highfrequency vibrations. In particular, this frequency up-conversion technique is very
significant and desirable in micro-scale energy harvesters. In these structures, the
resonant frequency can be in the order of 1 kHz, while the ambient vibration is generally
below 100 Hz. Because of the significant difference between the excitation and
resonance frequency, the common resonance tuning or bandwidth broadening strategies
fail to work.
Most of the existing frequency up-conversion techniques are based on mechanical
impact between a primary oscillator and an up-converter [62-64]. Through mechanical
impacts, the low frequency forced vibrations of the primary oscillator can be transferred
into high-frequency free vibrations of the up-converter where the energy harvesting
components are integrated. Although it provides a robust energy harvesting solution for
ultra-low frequency vibration scenarios, one of the primary drawbacks in the above
technique is the mechanical loss due to impacts. To address this issue, non-contact
frequency up-conversion techniques with magnetic force have been proposed by
researchers.
The first conceptual design of non-impact frequency up-conversion technique for a
cantilever type VEH is proposed by Wickenheiser and Garcia [65]. The impact effect is
realized by magnetic excitation, which is shown as Figure 2-5. The cantilever type VEH
with tip magnet interacts with a series of vertically aligned ferromagnetic structures. As
the cantilever vibrates due to base excitation, the tip magnet transits through the wells
of attraction of nearby ferromagnetic structures. This transition induces impulses to the
cantilever beam, causing it to vibrate freely, irrespective of the exciting frequency. The
advantage of this mechanism is the absence of physical impacts that reduces the energy
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loss and potential damage to the cantilever.

Stationary ferromagnetic structures

Tip magnet

Cantilever

Figure 2-5 Layout of the non-impact frequency up-conversion concept of a cantilever
type VEH [65]

Pillatsch et al. [66] developed an eccentric-rotor based VEH and proposed the concept
of ‘magnetic plucking’ for frequency up-conversion. In their structure, two magnets are
fixed respectively on a rotor and a piezoelectric cantilever. The rotor swings with the
external vibration and causes relative movement between two magnets. When these two
magnets pass each other, the cantilever gets plucked and the piezo element vibrates
freely.
Further design and improvement of the magnetic plucking techniques involve more
sophisticated numerical [67] and analytical modeling [68-70]; using an array of
piezoelectric cantilevers [71]; and combining magnetic plucking with the structural
nonlinearity to extract more energy, such as buckled beam and [72] and bistable
cantilever [73]. However, these works are beyond the discussion scope of this thesis as
their studies focus on harvesting energy from rotary movements rather than
environmental vibrations.

2.3. Magnetic Elastomers for Broadband VEH
Although there are plenty of methods to tune the frequency bandwidth with magnetic
force, most of these oscillators are based on metallic structures. The large Young’s
modulus of a metallic structure results in high equivalent stiffness, which might limit
the utilization of VEH in certain low frequency circumstances, such as human body
movements. Due to the high stiffness, a low resonant frequency can only be achieved
by increasing the overall weight or size of a harvester. While the increased weight and
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size makes the harvester incompatible with wearable devices.
Another problem for a metallic structure is the small vibration amplitude at low
acceleration levels. For most of VEHs, small vibration amplitudes limit the total
harvested energies. Furthermore, for a nonlinear configuration, a small vibration
amplitude usually fails to provide sufficient nonlinearity for bandwidth broadening.
Thus, the VEH constructed by metallic structures might be inefficient in low
acceleration conditions.
In this section, one promising solution is investigated to address the above issue, i.e.,
by replacing the metallic structure with elastomers. Meanwhile, by integrating the
elastomer with ferromagnetic particles, nonlinearity could be achieved. Such a
magnetic elastomer is fabricated by mixing a certain ratio of ferromagnetic particles in
an elastomer matrix before crosslinking. After the polymer is consolidated, the
ferromagnetic particles are scattered within the elastomer matrix. The whole elastomer
then becomes sensitive to the external magnetic field.
2.3.1 Magneto-Mechanical Characteristics of Magnetic Elastomer
Two kinds of magneto-mechanical characteristics could be realized by a magnetic
elastomer when an external magnetic field is applied.
Magnetorheological effect
The first magneto-mechanical characteristic is the magnetorheological (MR) effect and
the magnetic elastomer utilizing this effect is termed as magnetorheological elastomer
(MRE) [74, 75]. This effect refers to the elastic modulus and the damping ratio of the
elastomer that can be altered by a homogenous external magnetic field. The principle
is similar to that of the magnetorheological fluid, in which the external field can tune
the damping of the fluid [76]. Jolley et al. [77, 78] proposed a dipole-dipole model to
explain the MR effect in the elastomer. In his model, the magnetized particles are
regarded as magnetic dipoles. When the external magnetic field changes in magnitude,
the interaction force between these dipoles will change accordingly. These dipole forces
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are regarded as the internal force of the elastomer and their superposition leads to a
change in mechanical property of the elastomer [77, 78]. Because the magnetic particles
within the elastomer are usually weakly magnetized, a large and uniform magnetic field
is required, and the mass ratio (mass of the magnetic particles over the total mass of the
mixture) for magnetic particles is high (80%[79], 90%[80]). Particles are usually
required to be aligned during the curing to achieve an obvious MR effect [81, 82]. The
magnetic elastomer with MR effect is commonly utilized in developing adaptive
vibration absorbers [83-85] and isolators with tuneable stiffness [86-88].
Field-responsive effect
Different from the MR effect that derives from the interaction between magnetic
particles, the field-responsive effect comes from the interaction between the whole
elastomer and the external magnetic field. Elastomers utilizing this field-responsive
effect could be further divided into two categories. The first kind of elastomer uses soft
magnetic particle like iron or ferrite. When exposed to the external magnetic field, the
elastomer will be attracted by the magnetic force and acts as a highly flexible
ferromagnetic material [89], this kind of elastomer is termed as magneto-sensitive
elastomer (MSE) [90]. In the second category, hard magnetic particles like strontium
[91] are utilized. In the fabrication stage, the elastomer is cured under a strong external
magnetic field, the hard magnetic particles will get a high remnant flux density.
Correspondingly, the reaction between the elastomer and external field could be
stronger than MSEs. Not only attractive force but also repelling force could be
generated. Since this type of elastomer is highly active to the magnetic field, they are
termed as magnetic active elastomer (MAE) in some literature [92-95]. The magnetic
elastomer with the field-responsive effect is usually utilized as soft actuators [96-98],
soft robotics [99, 100] and remote switches [101].
It should be noted that besides the above magneto-mechanical behavior, the magnetic
elastomers also exhibits several other specific characteristics like Mullins effect [102,
103], magneto-resistance [104] and mechanical-resistance effect [105, 106]. These
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effects will not be discussed in this thesis, as they cannot be utilized for frequency
bandwidth broadening for VEHs.
2.3.2 Utilization of Broadband VEHs with Magnetic Elastomer
The magnetic elastomers could be a promising candidate for a broadband VEH from
human body movement. Firstly, the magnetic elastomer is light in weight, which makes
it compatible with the human body movement. Secondly, the elastic modulus of the
magnetic elastomer is much smaller than metallic structures. A low resonance could be
realized without increasing the inertial mass [107] significantly. Thirdly, the vibration
amplitude of a magnetic elastomer can be large at low acceleration levels, due to its
flexibility. Last but not least, the unique magneto-mechanical characteristics of the
magnetic elastomers could be utilized for frequency bandwidth broadening.
Pioneering works by Sun et al. [108, 109] has proved that the MR effect could be
utilized to broadening the frequency bandwidth of VEHs. They developed a tunable
VEH prototype with MRE for resonance tuning. The prototype is shown in Figure 2-6.
A pair of MRE layers and a pair of magnet blocks are included and by tuning the gap
between magnets and MRE layers, the torsional stiffness is varied. The linear resonant
frequency of the cantilever can be tuned manually from 20.59 Hz to 26.46 Hz. However,
additional energy is required to adjust the magnetic field, which means the tuning
procedure is not self-powered.

Figure 2-6 VEH based on MRE [108]

Given the drawback of the structure above using the MR effect for bandwidth
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broadening, this thesis focuses on utilizing the field-responsive effects for frequency
broadening. Motivated by the nonlinear configuration, a broadband VEH based on the
magnetic elastomer is desirable if the nonlinear interaction force between the elastomer
and the external magnetic field could be sophisticatedly utilized. As the target
applications are expected to operate in the low-frequency domain, frequency upconversion technologies might be involved. To the best of my knowledge, few research
exists in the previous literature. Therefore, this thesis will concentrate on this area.

2.4. Chapter Summary
In this chapter, the technology of vibration energy harvesting has been overviewed.
Different broadband VEH techniques using magnetic force are introduced. The
functional magnetic elastomer and its unique magneto-mechanical characteristics,
namely, magnetorheological effect and the field-responsive effect are discussed. The
potential of utilizing magnetic elastomer in VEH design is further discussed. According
to the review, taking advantages of the field-responsive effect of the magnetic elastomer
could be a promising solution to improve the performance of the broadband VEH for
low frequency, low acceleration conditions, which is also the primary objective of this
thesis.
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Fundamental Study of a Soft MagnetoSensitive Elastomer (SMSE) Cantilever
3.1. Introduction
As discussed in Chapter 2, magnetic elastomers show the exciting potential in
developing vibrational energy harvesters for human body movement applications, due
to their softness and unique magneto-mechanical characteristics. The magnetic
interaction force between the external magnetic field and magneto-sensitive elastomer
could be exploited as a nonlinear source to broaden the frequency bandwidth of VEHs
in low acceleration conditions.
In this chapter, a cantilever structure by a magneto-sensitive elastomer is developed.
The magneto-sensitive elastomer is fabricated by a soft polymer base and iron particles.
The soft polymer helps to improve the magneto-sensitivity of the elastomer. This
customized elastomer is termed as a soft magneto-sensitive elastomer (SMSE). With
the help of a permanent magnet (PM) located near its free end, the frequency response
of the cantilever exhibits a strong softening nonlinear behavior, which verifies our
inference. Both theoretical and experimental studies are carried out on this SMSE
cantilever structure. Its nonlinear behavior is evaluated for potential applications of
VEHs.

3.2. Material Fabrication and Structure Design
3.2.1 Fabrication of SMSE Material
Raw material preparation
The proposed soft magneto-sensitive elastomer contains two parts as shown in Figure
3-1: a silicon rubber base (Eco-flex 00-30) and iron particles (Atomised231-096-4,
Inoxia Inc.).
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(a)

(b)

Figure 3-1 Components of SMSE: (a) Eco-flex and (b) iron particles

Mixing and curing
Both components were added and mixed thoroughly using the ultrasonic stirrer. The
mixture was poured into the 3D printed mold carefully and stored inside a vacuumed
chamber for overnight. The equipment involved in this procedure are shown as Figure
3-2 (a) and (b), The fabricated samples with different iron particle mass ratios are shown
in Figure 3-3.

(a)

(b)

Figure 3-2 Equipment for SMSE fabrication: (a) ultrasonic stirrer and (b) vacuum
chamber
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Figure 3-3 MSE samples with different iron particle mass ratios

3.2.2 Structural Design and Principle for Nonlinearity
The general set-up of the SMSE cantilever with PM is shown in Figure 3-4(a), where a
PM is located at the cantilever’s free end. The PM exerts a magnetic field distributed
as shown in Figure 3-4 (b) and induces variable magnetic interaction force all through
the SMSE cantilever during vibration.
The general principle of the nonlinear behavior of the SMSE cantilever could be
explained briefly. In the equilibrium position, the magnetic force gives a strong tension
along the cantilever; On the other hand, when the cantilever deviates from the
equilibrium position, it also moves away from the magnet, the magnetic force will
decrease sharply and therefore reduce the tension along the cantilever.

y

z

x
SMSE cantilever
PM

(a)

(b)

Figure 3-4 (a) Schematic of SMSE cantilever with a PM at the free end and (b)
Magnetic flux streamline of a rectangular PM

Unlike the MRE applications, the magnetorheological effect will provide a very limited
role in altering its linear stiffness here. This is because the magnetic field provided by
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PM is weak and attenuate sharply away from the PM along the x-direction, making this
field intensity negligible to have any MR effect [110-112]. Also, the magnetic field of
the PM distributes unevenly and hence the attainable MR effect is relatively low since
the particle-particle interaction is insignificant. Furthermore, with a high field gradient,
the effect of PM-particle interaction dominates over the particle-particle interaction
(MR effect) [113]. Finally, the mass ratio of iron particles of the SMSE is relatively low
(30%, 40%) as compared to typical MRE (80%) [79], (90%) [80] and the iron particle
is isotopically distributed, which further negates the MR effect [114, 115] in this SMSE.

3.3. Nonlinear Modelling of SMSE Cantilever
As indicated in the last section, the nonlinear behaviour of the SMSE cantilever is
derived from its interaction with the PM. This configuration is similar to the traditional
nonlinear VEH with PM except for the mechanical and magneto properties of the
cantilever.
Compared with the traditional metallic cantilever, the SMSE cantilever is very soft and
highly magneto-sensitive. This specific property makes it inappropriate to use the same
model of those traditional VEH in dealing with the strong nonlinearity of the SMSE
cantilever. Outstanding issues and our solution in dynamic modeling SMSE cantilever
are listed as below:
(1) A multiple DOF model is required to cover the dynamics of the SMSE
cantilever.
For traditional VEH of the metallic cantilever with tip magnet, the structure is inflexible
and magnetic force are only exerted at the tip. The structure can be simplified as a single
degree of freedom (SDOF) system during vibration. However, for SMSE cantilever, the
structure is very flexible and wholly sensitive in an uneven magnetic field. A SDOF
model is apparently insufficient to deal with the issue, as it cannot properly cover the
uneven magnetic force along the cantilever. In this thesis, the finite element method is
used to deal with this issue, i.e. by partitioning the cantilever into multiple small length
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elements and the magnetic force could be regarded as constant along each length
element.
(2) The geometrical characteristics of the PM have to be considered in modelling
the magnetic force.
In calculating the magnetic force, traditional VEH usually employs the dipole-dipole
model. This model provides an effective method to account for the magnetic force by
regarding the PM as a magnetic dipole without considering its geometrical shape.
However, this simple model fails to cover the magnetic field near the magnet, because
the field distribution in this region is dependent on the geometrical shape of the magnet.
Therefore, when the material is near the PM and highly sensitive to the external field,
the dipole-dipole model will be inaccurate. In our SMSE case, the geometrical shape
and dimension are considered when modelling the magnetic force.
Before dynamic modelling, the following assumptions are introduced.
Assumption 1: iron particles are evenly distributed in the SMSE cantilever;
Assumption 2: ignore the in-plane distribution unevenness of magnetic force;
Assumption 3: the MR effect is very weak and does not alter the dynamic property of
SMSE during vibration;
Assumption 4: the vertical deflection is small at low excitation level, which leads to
the following deductions.
Deduction 4. 1: the second order component of bending is negligible;
Deduction 4. 2: the axial deformation of the cantilever is negligible;
3.3.1 Magnetic Model
Magnetic field model of a rectangular PM
Consider a rectangular PM (lpm×wpm×hpm) in a Cartesian coordinate system as shown
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in Figure 3-5. The magnetization of the PM is Magn, which is along the z-direction.
According to Ampere’s molecular current hypothesis, the magnetic field generated by
the PM could be regarded as the rectangular circuit surrounding its circumference. By
selecting the source point as S  x0

z0  and field point as P  x0

y0

y0

z0  and

assuming the current density of the circuit Js, the relationship between Js and
magnetization Magn is, in which n denotes the normal direction of the assumed current
loop.

J s  M agn  n

(3.1)
P

~z
wpm

lpm
S
dz~

dy~

~y0

z~0

2

1

hpm

~y

x~
Figure 3-5 Coordinate system for rectangular PM modelling

Select a thin layer of the current circuit in Figure 3-5, which is surrounded by the dashed
line. The current intensity is I = Jsdz. This current will generate a magnetic field dB at
P, therefore the whole magnetic field generated by PM could be calculated by
integrating along the thickness direction.

B  Bx i  By j  Bz k  

hpm

0

dB i  dB
x

y

j  dBz k



(3.2)

In which, dBx , dBx and dBz denote the magnetic field of a thin layer rectangular circuit in
three directions.
Divide the rectangular circuit into four edges, with the arrow denotes the direction of
each edge.
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Edge 1: {x  l pm
Edge 3: {x  l pm

y : 0  wpm

z  z0 } ;

Edge 2: {x : l pm  0 y  wpm z  z0} ;

y : wpm  0 z  z0 } ; Edge 4: {x : 0  l pm

y  wpm

z  z0 } .

The magnetic field generated by a certain source point, such as Point S in Figure 3-5,
could be solved via Biot-Savart Law [116], and the field contributed by one of the four
edges could be computed by integrating all the point contributions along the edge. Then,
the overall magnetic field from the assumed thin layer rectangular circuit could be
calculated by the superposition of the four edge contributions.
Thus, the magnetic field generated from Edge 1 is
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The flux density in each direction is then written as
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The magnetic field generated from Edge 2 is
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0


z  z0

dx  dz0 (3.5)
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The flux density in each direction is then written as
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For Edge 3:
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The flux density in each direction is written as
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For Edge 4,
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In each direction,
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Mark k pm  0 J s , the magnetic field generated by the thin layer circuit could be
4

summarized and rearranged in each direction as,
dBx  dBx1  dBx 2  dBx 3  dBx 4





w pm
z  z0
x
  k  wpm
dy  
dy  dz
3/ 2
 pm  0
0
2
2
2 3/ 2
2
2
2
 x  l    y  y    z  z  
 x   y  y0    z  z 0  



pm
0
0







dBy  dBy1  dBy 2  dBy 3  dBy 4




 l

l pm

z  z0
y
  k pm   pm
d
x

d
x
 dz
3/ 2

0
0
2
2
2 3/ 2

2
2
2
 x  x    y  w    z  z  
 x  x0   y   z  z0  


0
pm
0








dBz  dBz1  dBz 2  dBz 3  dBz 4

l pm
ax
b y
 wpm


dy  
dx 
3/ 2
3/ 2
 0
0
2
2

2
2
2
2
 x  l    y  y    z  z  
 x  x    y  w    z  z  


pm
0
0
0
pm
0





 dz
  k pm 
l pm
 wpm

x
y

dy  
dx
  0


0
2
2 3/ 2
2
2 3/ 2
2
2
 x   y  y0    z  z 0  
 x  x0   y   z  z0  











(3.11)

Therefore, the magnetic field of the whole PM is the integration of (3.11) along the zdirection.
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(3.12)

The evaluation of the integrals in (3.12), the analytical expression for the magnetic
field distribution along three directions of a rectangular PM is
k pm

   l pm  y, wpm  y, z     l pm  x, y, z     x, w pm  y , z     x, y , z  
 Bx 
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k
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(3.13)

In which, the expressions for the function Γ and Ψ are
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(3.14)

In which, the coefficient kpm could be scaled by testing the surface magnetic potential
of PM (Bpm0).
Magnetic force model of the SMSE cantilever
The coordinate system used in the modelling of the SMSE cantilever is shown in Figure
3-6. The clamping position of the cantilever is assumed as the origin. The x-direction is
along the axis of the cantilever pointing to the free end and the y-direction is along the
direction of the deflection of the cantilever.
tpm
y

wpm

O

x

SMSE cantilever
hpm PM

z

Figure 3-6. Coordinate system for SMSE cantilever modelling

Consider a ferromagnetic particle in the elastomer, the magnetic force could be
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calculated as [117],
Fmag 


BV p Grad  B 


(3.15)

where, B and Grad(B) denote the magnetic flux density and its gradient. Vp denotes the
particle volume, χ denotes the magnetic susceptibility (real susceptibility), and μ
denotes its permeability. Based on Assumption 1 and (3.15), the magnetic force
distribution in the horizontal and vertical directions are dependent on its vertical and
horizontal position. The corresponding magnetic force density could be expressed as


 f magx  x, w   Acs p


f
 x, w  Acs p
 magy

 x Bx
B
0 x x
 y By
B
0 y y

(3.16)

where fmagx and fmagy denote the magnetic force densities along x and y directions; w
denotes the displacement relative to the base in the y-direction; Acs denotes the crosssectional area of the SMSE cantilever; φp is the mass ratio of iron particles in the
elastomer; and χx and χy are the equivalent magnetic susceptibilities (real susceptibilities
/ relative permeability) of the cantilever in x and y directions. If the uneven magnetic
field distribution along z-direction is ignored, the coordinate system in Figure 3-5 could
be converted into that in Figure 3-6. i.e.

x  l pm / 2 y  y  wpm / 2 z  d gap  l  x

(3.17)

In which, l is the length of the SMSE cantilever, dgap is the gap distance between the
cantilever and PM. Thus, the magnetic field distribution along the cantilever is derived
from (3.13) as,
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and
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3.3.2 Dynamic Model
In this section, the equation of motion is derived based on the extended Hamilton
principle. The coordinate system used in this section is shown in Figure 3-6. The
absolute displacement of the SMSE cantilever in the the y-direction (wabs) contains two
parts, namely, the relative displacement of the cantilever with respect to the vibrating
base (w), and the displacement of the vibrating base (wb), i.e.,

wabs  w  wb
The strain energy (Ustrain) of a bending beam takes the following form
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(3.20)

2
l YI   w 
M 2  x
dx    2  dx
0
0 2
2YI
 x 
2

U strain  

l

(3.21)

where, Y denotes the Young’s modulus, I the area moment of inertia of the rectangular
cross-section, M the bending moment of the cantilever. l is the length of the cantilever.
The kinetic energy (T) can be expressed as,

T 

l

 Acs  wabs 

2

(3.22)


 dx
2  t 

0

where, ρ is the density of cantilever.
Based on Deduction 4.2, the total work by horizontal force is calculated as,

Wx   Fmagx  x, w  1  cos  dx
l

0

(3.23)

where, θ denotes the bending angle of the cantilever. At low excitation levels, the
deflection is small and the following approximations are involved,

sin    

w
1
cos   1   2
x
2

(3.24)

Fmagx denotes the magnetic force in the x-direction along the cantilever and can be
expressed as,

Fmagx  x, w   f magx  x, w dx
l

x

(3.25)

Submitting (3.24) into (3.23), the work by force in the x-direction is

1 l
 w 
Wx   Fmagx  x, w    dx
0
2
 x 
2

(3.26)

The total work in the y-direction (Wy) is,

Wy   f magy  x, w wdx
l

0
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(3.27)

The extended Hamilton’s principle is written in the following form,
t2

  T   U

strain

  Wy   Wx  dt  0,  w  x, t   0, 0  x  l t  t1,2

(3.28)

t1

where, t1,2 denotes the initial and final time. The variation of strain energy could be
obtained as,
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Taking into account the boundary conditions, (3.29) yields,
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Writing the variation of kinetic energy T and integrating it with respect to time,
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l

Considering δw(x,t)=0 at t1 and t2, and approximate δwabs ≈ δw for an incremental
virtual displacement, submit (3.20) into (3.31),
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The variation of Wx can be derived as
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Deduction 4.1 indicates that the value of   in the first term of the integral in (3.33)
 x 
2

is very small. Furthermore, according to the analysis of horizontal magnetic force
distribution along the vertical direction, its linear part is also tiny, i.e.
negligible. Therefore, the first item in the integral of

Fmagx  x, w 
w

is

(3.33) can be neglected, and

(3.33) reduces to the following form,

 Wx   Fmagx  x, w 
l

0

2w
 wdx
x 2

(3.34)

(3.34) is similar to the energy expression of an axial force applied on a cantilever beam
[24, 26, 118, 119]. The difference is that the horizontal force induced by non-uniform
magnetic field from the PM in this work is not constant along the cantilever beam.
The variation of Wy is written as

 Wy   f magy  x, w  wdx
l

0

Combining equations (3.30), (3.32), (3.34) and (3.35) with (3.28),
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(3.35)
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Therefore, the governing equation of the system is rearranged as
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In (3.37),
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fmagy could be further divided into a linear stiffness part and a nonlinear

restoring force, which is expressed as

f magy  kmagy w    x, w

(3.38)

where k magy w and   x, w  are the distributed linear and nonlinear restoring force
due to fmagy respectively. In addition, mark acc

 2 wb
for a constant acceleration
t 2

excitation. Hence, the governing equation could be further written as
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3.3.3 Finite Element Model
In the finite element model, the continuous system is discretised. The displacement
within the finite element can be expressed using the shape functions and the nodal
displacements as
4

w   uei N i

(3.40)

i 1

where uei are the nodal displacements (translation and rotation) in each finite element.
The shape functions are

40

2
3

 
 
 N1  1  3    2  

 le 
 le 

2
3
 
 

 N3  3  l   2  l 
 e
 e


 
N 2   1  
 le 

2

   2  
N 4      
 le  le 

(3.41)

where, le denotes the finite element length and ξ is the local coordinate of each element.
On submitting these shape functions into the equation of motion, the residue (RSD) is
given by
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The weak form of the residual equation could be obtained by integrating (3.42) within
each element length and multiplying by a test function test(ξ),
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In the Galerkin method, the test function is equate to the shape function (3.41) and
substitute these shape functions into the weak form of the equation (3.43), rearrange
the equation as the following form,
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For the first part,
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For the second part,
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By considering the boundary conditions, the second part could be reduced as,
 4

 4
 4
 4   uei Ni  4
 2   uei Ni  d 2  N j
le
 i 1
 N d  le YI  i 1
 i 1 d
j
2
0 YI  4 

0


d 2
j 1

(3.47)

For the third part,
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By considering the boundary condition, the third part could be reduced as,
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(3.48)
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For the fourth part,
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Eventually, the weak form of the governing equation using the Galerkin method is
derived as,
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Therefore, the element mass matrix, stiffness matrix and force vector are
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In which, [~]ij denotes the element of ith row and jth column of the matrix.
Based on Deduction 4. 2, the horizontal position xe,k of the kth element could be
determined from its geometrical relationship with element vertical displacement (we,k)
 x  l  l 2  w 2
e
e,k
 k e

 k 1

1
 xe , k  k  le    x j  xk 
2
 j 1



The element stiffness matrix is,
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(3.53)
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The element mass matrix is,
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The element force vector is,
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After assembling the corresponding element matrix and vector expressions in (3.54),
(3.55) and (3.56), the global governing equation in the matrix form becomes,

 M u   C u    K u    F 

(3.57)

where, [M], [C] and [K] denotes the global mass, damping and stiffness matrices. [u]
and [F] denotes the global displacement and force vector, respectively. The expression
of the global damping matrix ([C]) is difficult to be directly addressed. A reduced form
of the global matrix will be covered in the next section.
3.3.4 Model Reduction
To properly describe the unevenness of the magnetic field in the x-direction, multiple
elements are selected for the finite element model. Therefore, the matrix dimensions
will be extremely large after the boundary conditions are enforced (i.e., removing the
first two rows and two columns in the [M] and [K]). Given the nonlinearity in the system,
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further mathematical treatments have to be taken to reduce the computing cost.
When the vibration amplitude is low, the system could be regarded as a linear system
with a fixed stiffness matrix [K(0)]. The corresponding modal matrix could be obtained
after solving the algebraic eigenvalue problem in (3.58),
[K  0]i   i2 [M ]i 

(3.58)

Here ωi denotes the ith mode natural frequency. φi denotes the ith modal vector. The
linear system could be decoupled using the modal matrix formed by the modal vectors.
When the cantilever vibrates with large amplitudes, the mass matrix [M] is unchanged
but the stiffness matrix varies with time and the nonlinearity is involved. Theoretically,
the modal matrix also changes accordingly with the varying stiffness matrix. However,
evidenced by the simulation and experimental results, there is no obvious change
between the linear modal shape and the nonlinear varying mode shape.
Therefore, the first three vectors will be selected as the ‘assumed modes’ i.e. [Φ]=[[φ1],
[φ2], [φ3]] of the discretized nonlinear system and kept unchanged. With the help of [Φ],
the original finite element model could be reduced to a much more computable version
with reduced matrices (3×3) and vectors as follows:
[ M rd ]    T [ M ]  

[ K rd  t ]    T [ K  t ]  

T
[ Frd  t ]     [ F  t ]

T
[urd  t ]     [u  t ]

(3.59)

where, [ M rd ] , [ K rd  t ] , [ Frd t ] , [urd  t ] and are the reduced mass matrix, stiffness
matrix, force vector, displacement vector in the modal space. The mass matrix [M] is
unchanged and thus still diagonalizable. Except for the mass matrix, all other
matrices/vectors are time-dependent.
The damping ratio  identified from the impulse test is the first modal damping ratio.
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Here it is assumed that the modal damping ratios for higher order modes equal to the
first one.
As a result, the reduced damping matrix could be expressed as,

 2 [ M rd ]1,1[ K rd  t ]1,1
0

[Crd ]  
0
2 [ M rd ]2,2 [ K rd  t ]2,2


0
0





0

2 [ M rd ]3,3 [ K rd  t ]3,3 

0

(3.60)

Since [Mrd] is diagonalized, the matrix form of the governing equation can be
transformed into the state-space form and solved with the Runge-Kutta method as
follows.
0
 urd   


1
 urd     M rd K rd  t 

Diag ([1,1,1])   urd   
0

   1


1
 M rd Crd   urd    M rd Frd  t  

(3.61)

where, Diag ([~]) represents a diagonal matrix.
Some parameters of the SMSE cantilever could be measured and listed in Table 3-1.
Table 3-1. Measurable parameters of SMSE cantilever
Parameter
Thickness of PM, tpm
Height of PM, hpm
Width of PM, wpm
Mass ratio of iron particle, φp
Density of iron particle, ρp
Surface flux density, Bpm0
Length of SMSE cantilever, l
Width of SMSE cantilever, b
Thickness of SMSE cantilever, h
Density of SMSE cantilever, ρ
Cantilever-PM gap, dgap

Value
3 mm
9 mm
25 mm
30%, 40%
2.8×103 kg/m3
0.18 T
26 mm
15 mm
2.1 mm (30% sample); 2.2 mm (40% sample)
1.52×103 kg/m3 (30% sample); 1.86×103
kg/m3 (40% sample)
4 mm

3.4. Parameter Identification
In spite that most of the parameters are measurable and listed in Table 3-1, some crucial
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parameters are still to be determined using experimental method. These parameters
includes the Young’s modulus, damping ratio and natural frequency of the SMSE
cantilever. The magnetic susceptibilities of the SMSE materials in horizontal and
vertical direction. The general procedure of parameter identification is outlined as
Figure 3-7.
Linear damped natural
frequency without PM
(fd0)

Static impulse test
without PM

Young s modulus (Y)

Damping ratio (ς )

Static impulse test with
PM

Linear damped natural
frequency with PM (fd1)

Static magnetic force
test

Horizontal equivalent
magnetic susceptibility
(χx )

Total natural frequency
change

Natural frequency
change due to horizontal
magnetic force

PM parameters and field
distribution pattern

Natural frequency
change due to vertical
magnetic force
Vertical equivalent
magnetic susceptibility
(χy )

Figure 3-7 Parameter identification procedure for SMSE cantilever

3.4.1 Mechanical Parameters

30% iron SMSE without PM
30% iron SMSE with PM

40% iron SMSE without PM

40% iron SMSE with PM

Figure 3-8 Free vibration responses

Free vibration tests were conducted with / without the PM to estimate the linear natural
frequency and damping ratio of the SMSE cantilever. The results are shown in Figure
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3-8.
The linear damped natural frequency (fn) can be determined from the interval between
two adjacent peaks in Figure 3-8.
The damping ratio ζ is identified using the logarithmic decrement method. The linear
natural frequency is then f n  f d

1 2 .

The Young’s modulus (Y) can then be estimated based on the equivalent SDOF model
of a homogenous cantilever beam,
fn 

1.8752
YI
2
 Acs l 4

(3.62)

It is worth noting that a very small initial disturbance is applied to ensure a quasi-linear
response when the magnet acts.
The identified natural frequencies and damping ratios are listed in Table 3-2.
Table 3-2 Mechanical parameter identification results
Parameter
Natural frequency, fn
Young’s modulus, Y
Damping ratio, ζ

30% iron SMSE
4.67 Hz (Without PM)
20.67 Hz (With PM)
9.8164×104 Pa
0.037

40% iron SMSE
4.92 Hz (Without PM)
22.39 Hz (With PM)
1.6282×105 Pa
0.032

3.4.2 Equivalent Magnetic Susceptibilities
Unlike common ferromagnetic metallic materials, the magnetization level in iron
particles embedded in a polymer matrix is far from saturation. The field intensity of PM
is very low and attenuates sharply from its centre, while the matrix has a much larger
reluctance than the iron particles. In this case, Jolly et al revealed that the magnetization
level of the iron particles in the elastomer is field dependent [78]. Because the magnetic
field is significantly different in x- and y-direction in this configuration, the
corresponding equivalent magnetic susceptibility (real susceptibility / relative
permeability) in each direction has to be determined separately.
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Equivalent magnetic susceptibility in the x-direction
The equivalent magnetic susceptibility in the x-direction, χx could be identified by
testing the static tension in its initial position. In the static condition, the tension FT at
the clamped end is the sum of the total distributed magnetic force along the cantilever
FT  0, 0    f magx dx
l

(3.63)

0

This force could be measured by a force sensor (Precision Digital Force Gauge FGD50) illustrated in Figure 3-9. Given that the tension is measured as FT(0,0), χx could be
identified as

x 

FT  0,0 
B  x ,0  Bx  xi ,0 
Acs p x i

0
x
i 1

(3.64)

n

where, xi denotes the horizontal position of each element, μ0 the vacuum permeability.
To eliminate the interference between PM and the steel probe of the force sensor, a long
and slender non-magnetic stick is used to hold the SMSE cantilever at one end and
connected to the steel probe of the force sensor at the other end as shown in Figure 3-9.

Attractive force
Force
sensor
Non-magnetic

MRE
SMSE

stick

cantilever

PM

Figure 3-9. Static tension measurement

Equivalent magnetic susceptibility in the y-direction
Based on Assumption 3, the equivalent magnetic susceptibility in the y-direction, χy
could be determined through its contribution to change in the linear stiffness based on
the stiffness matrix expression in (3.54).
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The parameter identification results are listed in Table 3-3.
Table 3-3 Equivalent magnetic susceptibility identification results
Equivalent magnetic susceptibility
χx
χy

30% iron SMSE
1.91
4.69

40% iron SMSE
1.42
4.56

It should be noted that the identified χy is larger than χx, and for SMSE cantilever with
40% iron particle, the susceptibility is slightly smaller than SMSE with 30% iron
particles. This could be interpreted to be due to the magnetization mechanism of iron
particles in the elastomer matrix. Jolly et al. [78] proved that for the iron particles in the
elastomer matrix, a weak external field caused the iron particles to be incompletely
magnetized and saturation begins near the contact points between iron particles. When
the external field increases, the saturation region of the iron particle grows. In the
unsaturated region, the reluctance is negligible compared with the saturated region. A
larger saturation region means a larger reluctance or in another meaning, a smaller
equivalent susceptibility.

In this specific case, the vertical magnetic field is much

smaller than the horizontal field, which leads to a larger χy, where a lower particle mass
ratio means a larger particle-particle distance, which also leads to a higher susceptibility.
3.4.3 Finite Element Number
Because of the uneven distribution of the magnetic field along the x-direction, a small
number of elements is insufficient to provide a reliable simulation result while the
computing cost is unaffordable with too many elements involved. Therefore, an
appropriate number of elements needs to be determined to make the finite element
model sufficiently accurate with manageable computation time.
Taking the 30% iron SMSE as example, the number of elements could be determined
by the identification of χx. The number of elements is sufficient if the identified χx and
χy converge. Figure 3-10 shows that 15 elements are sufficient to get converged χx and
χy.
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(a)

(b)

Figure 3-10. Susceptibility identification at different element amount: (a) χx, (b) χy

Figure 3-11. Percentage distribution of fmagx in a fifteen finite element model

Upon selecting the appropriate number of elements, the percentage of the distributed
fmagx in each element is calculated as shown in Figure 3-11. It is noted that the elements
near the free end dominate the magnetic force along the x-direction. The last three
elements make up 87.83% of the total force and the last element itself contributes to
49.25%. This result indicates that the dynamics of SMSE cantilever is largely
influenced by its free end that is adjacent to the magnet.

3.5. Result and Discussion of Modelling
3.5.1 Frequency Sweep Response
The Experimental and model-based numerical simulation results of frequency sweeps
were conducted. In both experiment and simulation, the sweep rate is 0.02 Hz/second.
The results at the excitation levels of 0.3 g and 0.4 g for two SMSE cantilevers are
compared in Figure 3-12 and Figure 3-13. For high excitation conditions (0.6 g and 0.8
g), the experiment results are presented to demonstrate the potential of SMSE cantilever
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at a high excitation level as Figure 3-12 (e), (f) and Figure 3-13 (e), (f). However, when
the excitation is too large, the basic assumptions of this dynamic model is invalid and
is not of interest in this research.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 3-12 Frequency sweep simulation and experimental results (30% iron SMSE):
(a) and (b) for 0.3 g and 0.4 g simulation; (c) and (d) for 0.3 g and 0.4 g experiments
(e) and (f) for 0.6 g experiments
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 3-13. Frequency response simulation and test result comparison (40% iron
SMSE): (a) and (b) for 0.3 g and 0.4 g simulation; (c) and (d) for 0.3 g and 0.4 g
experiments (e) and (f) for 0.6 g experiments

From Figure 3-12 and Figure 3-13, the simulation and experimental results qualitatively
agree in the low-frequency region. The possible sources of the discrepancies are the
slight loosing at the clamped end during vibration, inhomogeneity of SMSE and the
unevenness of magnetization along the x-direction, etc. The definition of the parameters
used here is explained in Figure 3-14.
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∆f

fback

Figure 3-14. Definitions of ∆f and fback

∆f is the frequency range where multiple dynamic responses co-exist; fback is the
jumping frequency during backward sweep (jumping from high energy response branch
to the lower one). The frequency shift indicator γ = 1-fback/fn, is defined, where fn is the
linear natural frequency when the SMSE cantilever experiences an extremely small
vibration with the magnetic field applied.

(a)

(b)

Figure 3-15. (a) Frequency shift indicator γ and (b) multi-value frequency range
variation with different excitation levels

The variation of γ and ∆f with excitation level is shown in Figure 3-15. In general, the
natural frequency decreases while the multi-value range ∆f increases with the increase
in excitation. For 30% iron SMSE, when the excitation reaches 0.8 g, γ is 35.56%,
which means the peak frequency is shifted downward from its linear natural frequency
by 35.56%. At the excitation of 0.8g, ∆f reaches 3.71 Hz. Even at a low excitation level
of 0.4 g, the jumping frequency can be shifted by 20.47% of the linear natural frequency,
which reflects the strong softening behavior of the developed SMSE cantilever.
In the comparison of 30% and 40% iron SMSE cantilevers, the frequency shift and
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multi-value range are larger in the 30% iron SMSE cantilever for all the excitation
levels. That is because the Young’s modulus and axial force are higher than those in the
40% SMSE cantilever, increasing the linear stiffness, which means the deflection of the
cantilever is smaller at the same excitation level. This result indicates that increasing
iron particle ratio will not necessarily contribute to stronger nonlinear behaviour.
3.5.2 Discussion on Contributing Factors from Magnetic Interaction
Based on the developed model, a more thorough analysis is conducted to investigate
the dynamic behaviour of SMSE cantilever and the effects of various contributing
factors from the magnetic interaction. The various contributions of magnetic interaction
and the consequent effects are summarized in Figure 3-16.

Static tension
Horizontal
component

Variation during
vibration

Linear stiffness
change

Magnetic force
Linear component

Nonlinear behavior

Vertical
component

Nonlinear
component

Figure 3-16. Effects of magnetic interaction on dynamics of SMSE cantilever

The two effects of the SMSE cantilever arising from the magnetic interaction are the
increase in linear stiffness and the nonlinear softening behaviour. For the increase in
linear stiffness, there are two contributing factors: (i) the static tension, which was
induced by fmagx; (ii) the linear component of fmagy; For the nonlinear behaviour of the
SMSE cantilever, it is also contributed by two components: (i) the nonlinear component
of fmagy; (ii) Fmagx variation during vibration.
Linear stiffness change
In order to estimate the influence of different factors contributing to the increase in
linear stiffness, the linear natural frequencies are calculated in the following cases. Case
1: the linear natural frequency of the cantilever without magnet; Case 2: the linear
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natural frequency with fmagx only; Case 3: the linear natural frequency with linear part
of fmagy only; Case 4: the linear natural frequency with both fmagx and fmagy. Table 3-4
lists the calculated linear natural frequencies in all cases.
Table 3-4. Linear natural frequency comparison in different cases
Case
Linear natural
frequency (Hz)

1

2

3

4

30% Sample

4.67

16.47

14.38

20.67

40% Sample

4.92

16.82

16.47

22.39

It can be seen from Table 3-4 that the linear natural frequency is increased by 4.42 times
(from 4.67 to 20.67 Hz) and 4.53 times (from 4.92 to 22.39 Hz) with the introduction
of a PM for 30% and 40% iron SMSE cantilevers, respectively. This is very different
from traditional MRE applications where the change in linear stiffness is mainly
contributed by MR effects [112]. In those traditional MRE cantilevers, a relatively
strong and uniform magnetic field is required to induce a change in the linear stiffness
and a minor change in the nonlinear behaviour [80, 111-113]. The linear stiffness
change is mainly due to the interaction between magnetized iron particles subjected to
a magnetic field usually provided by an electromagnet. In this research, a soft polymer,
Eco-flex, is introduced as the matrix for SMSE cantilever. Therefore the SMSE in our
case has a much lower linear stiffness than typical MRE based cantilever [120-122].
After the introduction of the PM, the magnetic interaction force between the cantilever
and PM itself dominates the change of the linear stiffness rather than the MR effect.
Nonlinear behavior
The analysis of nonlinear behaviour can be divided into three cases. Case 1: the
nonlinear part of fmagy is neglected but the variation in Fmagx is considered; Case 2: the
nonlinear part of fmagy is considered but the variation in Fmagx is neglected; Case 3: the
nonlinear behaviour due to both the nonlinear part of fmagy and Fmagx variation are
considered. The previously defined frequency shift indicator γ is used to evaluate the
nonlinear contribution of each case, with the results shown in Figure 3-17.
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(a)

(b)

Figure 3-17. Different factors in contribution to nonlinear behavior: (a) 30% SMSE (b)
40% SMSE

From Figure 3-17, it is noted that the frequency shift indicator γ in Case 1 is much
larger than Case 2. Interestingly, the above observations indicate that fmagx plays a
dominant role in providing the softening behaviour of an SMSE cantilever. This is
because the specific geometry of a rectangular PM makes the magnetic force in xdirection much larger than that in the y-direction. This is unlike the traditional metallic
cantilever based VEHs, which also exploit the nonlinear effect using PMs [23]. In those
cantilevers, a pair of PMs are usually utilized with one fixed PM interacts the other PM
located at the free end of a cantilever. In such a configuration, the nonlinear dynamic
behaviour is primarily from the vertical component of the nonlinear magnetic force
during vibration and the effect of the horizontal force usually neglected [11, 12]. The
fact that the nonlinear behaviour of the developed SMSE cantilever comes from two
sources, together with the significant tuneability of the linear stiffness, provides a more
flexible design option to broaden the frequency bandwidth for energy harvesting
applications [26, 118].
3.5.3 Discussion on Cantilever-PM Gap and PM Geometry
As indicated in Section 2.2, the SMSE cantilever is soft and highly sensitive to the
geometry of PM and the gap between the cantilever’s free end and PM. Therefore, a
parametric study is conducted to select the proper gap and PM geometry for a specific
SMSE cantilever. In this parametric study, the magnetization level change with different
gaps is neglected.
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Cantilever-PM gap
In the following discussion, the geometrical parameters of the cantilever follow Table
3-1, and the cantilever gap varies from 3 mm to 5 mm.
Influence on force distribution along the x-direction
In the static condition, the SMSE is horizontal. The magnetic force density along the
SMSE cantilever with different gaps is shown in Figure 3-18. It is noted that the
magnetic force is very sensitive to the cantilever-PM gap. A slight increase in the gap
will reduce the total magnetic force on the cantilever, and reduce the magnetic
interaction. A small gap will sharply increase the magnetic force at the free end and
meanwhile makes it more sensitive to the geometry of PM.

Figure 3-18. static distribution of fmagx with different cantilever-PM gaps

Influence on force distribution along the y-direction
When the free end of cantilever changes its vertical displacement during vibration, the
magnetic force distribution also changes. This changing pattern is shown in Figure 3-19,
the magnetic force of the last three elements contribute 87.83% of the total magnetic
force (30% iron SMSE), therefore the average force density within the last three finite
elements (15 finite elements in total to model the cantilever) is calculated with different
vertical displacement at the free end. For comparison purpose, the force distribution of
the middle finite element is also calculated. The force, fmagy is divided into linear and
nonlinear parts in order to distinguish their contribution to different magneto effects.
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(a)

(b)

(c)

(d)

Figure 3-19. Magnetic force density distributions at the vertical position of last three
finite elements and middle finite element, fnonlinear, linear denotes the nonlinear and
linear components of fmagy. (a) Average fmagx; (b) average fmagy of last three finite elements;
(c) fmagx of middle finite element; (d) fmagy of middle finite element.

In Figure 3-19, the origin is at the center of the PM. Vertical displacement = ±4.5 mm
denotes the top and bottom edges of PM. From Figure 3-19 (a) and (b), the cantilever
becomes more sensitive to the geometrical characteristics of PM when the gap gets
smaller. The fmagy is much smaller than fmagx in magnitude and most of fmagy contributes
to the linear stiffness component. That is the reason why fmagy has much less effect on
the nonlinear effect as compared to fmagx shown in Figure 3-17. The fmagx follows a
saddle distribution when the gap is small and the valley becomes deeper and wider as
the gap becomes smaller. In order to obtain an obvious softening behaviour, one should
ensure the cantilever tip is able to jump out of this valley. As a consequence, a very
small gap may confine the vibration in this valley, which is not preferred.
Compared with the elements close to the free end, the middle element is not sensitive
to PM geometries because they are far away from each other. At this distance, the PM
could be regarded as a magnetic dipole regardless of its geometry.
To further prove the above analysis, the simulation result of frequency shift indicator
and multi-value range when gap equals to 4 mm and 4.5 mm are listed as Figure 3-20.
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Figure 3-20 Compare γ and ∆f for cantilever-PM gap equals 4mm and 4.5mm,
respectively

From Figure 3-20, the change of gap will considerably alter the dynamic behaviour of
SMSE cantilever. When the gap is 4.5 mm, the softening effect is not obviously
improved by larger excitation, which means for larger gap, the magnetic interaction is
weak.
Influence of PM geometry
In this section, the cantilever-PM gap is fixed at 4 mm and the dimensions of PM vary.
For the thickness of the PM, its influence is similar to the cantilever-PM gap where the
increase in PM thickness is similar to the decrease in the gap. The effect of height and
width of the PM will be discussed separately. This discussion will only concentrate on
the variation of fmagx, as it leads a dominant influence towards the nonlinear behaviour.
Height of PM
Changing the height of the PM from 9 mm to 21 mm, the alteration of average fmagx of
last three elements are summarised in Figure 3-21, where the red dashed line denotes
the bottom and top edges of the PM.

(a)

(b)

(c)

Figure 3-21. Average fmagx of last three elements in different PM height: 9 mm (a), 15
mm (b) and 21 mm (c)
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As mentioned earlier, the fmagx follows a saddle distribution along with different vertical
displacement, the valley becomes deeper with an increase in height. If an obvious
softening behaviour is desired, the cantilever must be made to jump out of the valley
region. However, after the cantilever tip jumps out of the valley, the magnetic force will
decrease sharply, which means the softening behaviour can only be marginally
increased with large displacement. This effect is obvious in the vibration test results of
SMSE cantilever at 0.6 g and 0.8 g excitation. As can be seen from Figure 3-13 and
Figure 3-15, although the excitation level was increased, the softening effect increases
slightly for 30% iron SMSE and it even decreased slightly for 40% iron SMSE. As a
consequence, an appropriate PM height should be approximately similar to the tip
displacement range of the cantilever. An extreme condition is when the valley
sufficiently large and deep, hardening rather than the softening behavior could be
expected. This inference will be experimentally verified in Section 4.5.2.
The frequency shift indicator and multi-value range when PM height is 9 mm and 15
mm are shown in Figure 3-22. Note that an increase of PM height negatively influences
the nonlinear behaviour of SMSE cantilever, which agrees with the above analysis.

Figure 3-22 Compare γ and ∆f for PM height equals to 9mm and 15mm

Width of PM
Based on our basic assumption, the z direction distribution of fmagx and fmagy is believed
to be constant. This assumption is valid given the PM is wide enough relative to the
width of SMSE cantilever.
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wpm=15 mm
Cross section

Figure 3-23. Initial fmagx along the in-plane direction

In Figure 3-23, the origin is at the centre of the PM. According to simulation results, a
wider PM will make the profile of fmagx distributed flatter. This is important as it also
determines the acceptable width of SMSE cantilever.
Setting the acceptable threshold of the unevenness as 10% from edge to the centre of
the cantilever, the acceptable SMSE cantilever widths (b) for different PM widths (wpm)
are listed as Table 3-5.
Table 3-5. Acceptable SMSE cantilever widths for different PM widths
wpm (mm)
b (mm)
b / wpm (%)

15
9.3
46.59

25
14.9
59.66

35
23.0
65.73

45
32.0
71.20

From Table 3-5, the width of the cantilever could be selected from a larger range when
the PM is wider. The ratio between the acceptable width and PM width also increases
with the PM width. This is because a wider PM will provide a flatter field distribution
along the z-direction.

3.6. Chapter Summary
This chapter concerns the design, fabrication and dynamic modelling of a soft magnetosensitive elastomer (SMSE) cantilever, which provides a large linear stiffness
tuneability and exhibits nonlinear dynamic behaviour from various sources.
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A magnetic force model taking into consideration of PM geometry and a finite element
model based on a modified Euler-Bernoulli beam is established. It takes into account
the variable horizontal magnetic force contribution in the dynamic response of the
SMSE cantilever. The model has been validated by experiment. With the aid of a PM,
the linear natural frequency of the SMSE cantilever could be increased by 4.5 times
than the original value without magnet. This is mainly due to the magnetic interaction
force rather than the MR effect.
Compared with the traditional cantilever, the natural frequency of SMSE cantilever (30%
ferrite SMSE) can be shifted backward 20.47% even at low excitation level (0.4 g).
Such a nonlinear behaviour was believed to be from two sources; i.e., slightly from the
vertical nonlinear component of the magnetic force and mainly from the variation in
the horizontal component of the magnetic force in the cantilever after the introduction
of magnetic interaction between the SMSE cantilever and PM.
With the model validated, different factors contributing to its magneto-induced linear
stiffness change and strong softening nonlinearity were investigated. The results
confirm the significant contribution of the variation in the horizontal component of
magnetic force for the nonlinear behaviour. The strong nonlinearity of SMSE cantilever
even at a low excitation level, in addition to the tunability of the linear stiffness,
provides a more flexible design option to broaden the frequency bandwidth at low
excitation and low-frequency energy harvesting applications. The work of this chapter
set a cornerstone for the further combination with piezoelectric / electret transducers
for energy harvesting in the following chapters.
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Broadband Piezoelectric VEH Based on
SMSE Cantilever
4.1. Introduction
In Chapter 3, an SMSE cantilever is developed which exhibits strong softening
nonlinear behaviour in low frequency, low acceleration conditions. In this chapter, the
SMSE cantilever is utilized in the design of a piezoelectric VEH. While the
piezoelectric effect can be found in materials such as quartz, ceramics, and polymers,
most piezoelectric based VEHs utilize ceramics due to their high electro-mechanical
coupling. For example, ceramic materials such as barium titanate (BaTiO3) and lead
zirconate titanate (PZT), their piezoelectric constants are hundreds of pC/N [17].
However, the large Young’s modulus of the ceramic materials limits their combination
with the SMSE cantilever. For polymer-based piezoelectric materials, they are more
compatible with the SMSE cantilevers, but have much smaller piezoelectric charge
constants. polyvinylidene fluoride (PVDF) is regarded as the best performing polymer
based piezoelectric material, with a piezoelectric charge constant around 20 to 30 pC/N
[16]. Another advantage of PVDF is that it has a large voltage constant due to its
relatively low dielectric constant, making it a much more sensitive material than
ceramics, requiring little force to trigger the piezoelectric response [123]. This property
makes it quite suitable for VEHs operating in low acceleration conditions.
Despite the diverse design of PVDF based VEHs, most of them are still linear
oscillators based on metal substrates [124, 125] and suffer from the limited bandwidth
around their linear resonances. To broaden the bandwidth of the PVDF based VEHs,
Emad et al. developed a nonlinear hardening VEH based on clamped-clamped PVDF
beam [126]. According to their simulation results, the frequency bandwidth broadened
from 50 Hz to 70 Hz at an excitation level of 0.5 g. Li et al. [127] prototyped a biresonant PVDF structure based VEH. The structure consisted of two cantilevers with
different resonant frequencies. The operating frequency bandwidth is broadened to 14
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Hz at an acceleration of 1 g with the maximum output power of 0.35 μW. To the best of
my knowledge, a broadband VEH based on PVDF for low frequency, low acceleration
applications are still not found. Given the flexibility of PVDF and the current research
status, in this chapter, an SMSE layer is utilized as the substrate for a PVDF-based VEH.
Such a VEH device is termed as SMSE/PVDF-VEH.

4.2. Fabrication of PVDF/SMSE Cantilever
The fabrication procedure of SMSE cantilever is detailed in Chapter 3. This section
focuses on the fabrication of the composite structure. Before the combination with the
SMSE, a pair of conducting wires was attached to both sides of PVDF using silver paste
(CW2400, CircuitWorks Corp.); the PVDF layer was attached to the top of the SMSE
layer, and then another thin layer of Eco-flex was attached on the top of the PVDF, to
ensure a proper bonding between the PVDF and SMSE.
Two prototypes were fabricated with the SMSE layers of two different thicknesses. In
Prototype 1, the SMSE layer thickness is 3 mm. In Prototype 2, the SMSE layer
thickness is 5 mm. Two prototypes are shown in Figure 4-1 and the SMSE/PVDF-VEH
with PM and holder are shown in Figure 4-2.
Prototype 1

Prototype 2

(a)

(b)

Figure 4-1 (a) two prototypes of SMSE/PVDF-VEH and (b) their multi-layer structures

Figure 4-2 Layout of the SMSE/PVDF-VEH with PM and holder
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4.3. Finite Element Modelling with Piezoelectric Effect
4.3.1 Energy and Work
Strain energy with piezoelectric effects
The constitutive equations of the piezoelectric material follow a linear relation [128],

 D   33 E  d31


  Yp    d 31 E 

(4.1)

where, D and E are the electric displacements and electric field intensity of the PVDF
layer. σ and ε are the stress and strain of the piezoelectric material; Yp is the Young’s
modulus of the piezoelectric material. ε33 is the dielectric coefficient and d31 the
piezoelectric coefficient.
For the PVDF layer, the electrical field intensity is

E

V
hp

(4.2)

where, V is the voltage across the PVDF layer and hp is its thickness.
The same coordinate system is used in Figure 3-6 to model the SMSE/PVDF cantilever.
The strain distribution follows

2w
y 2
x

(4.3)

The strain energy of the SMSE/PVDF cantilever could be written as

U strain    dxdydz
Submitting (4.1) to (4.3) into (4.4),
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(4.4)
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(4.5)

where, YSMSE is the Young’s modulus of the SMSE cantilever, YI is the bending stiffness
of the composite cantilever and ϑ is the electromechanical coupling coefficient.
Theoretically, YI is determined via the Young’s modulus, thickness and width of each
layer in the composite cantilever [128]; ϑ could be calculated via Young’s modulus,
piezoelectric constant, thickness, and width of the PVDF layer, as well as the distance
between PVDF layer to the neutral plane of the composite cantilever [4]. However, the
theoretical methods cannot be utilized directly to determine YI and ϑ in our
SMSE/PVDF composite cantilever. This is because the PVDF is a sandwich structure.
There are two thin electrode layers sandwiching the piezoelectric polymer layer. The
thicknesses of electrodes on the top and bottom surfaces of the PVDF layer cannot be
guaranteed to be uniform and are very difficult to quantify. The thickness of the PVDF
layer itself is not perfectly uniform. Moreover, in the fabrication procedure of the SMSE
layer, an ideally homogenous distribution of the iron particles in the Eco-flex matrix
cannot be guaranteed. As a result, the thickness and Young’s modulus in PVDF and
SMSE layers are not uniform. The neutral plane position of the cantilever is also
uncertain. For ease of numerical modelling, the above uncertainties is neglected and
parameter identification method is used to determine the overall bending stiffness and
the electromechanical coupling coefficient of the SMSE/PVDF cantilever in (4.5). The
identification procedure is detailed in Section 4.4.
Electrical potential energy and work by electrical force
The electrical potential energy takes the following form,

UE 

1 l hc V
b
2 0 hb hp
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(4.6)

where,

Cp  

l



hc

0 hb

 33b
 bl
dydx  33
2
hp
hp

(4.7)

During vibration, the amount of work from the electrical force to carry a certain amount
of charge (Q) from one side to the other side of the PVDF layer through the interface
circuit is expressed as,
l

WE   VQdx

(4.8)

0

Kinetic energy and work by magnetic force
Learned from Chapter 3, the kinetic energy (T) of the cantilever is,

T 

l

0

 Acs  wabs 

2


 dx
2  t 

(4.9)

where, ρ and Acs are the density and cross-sectional area of the composite cantilever
beam, wabs is the absolute displacement of the cantilever.
Learned from Chapter 3, the magnetic force distribution in x (fmagx) and y-direction
(fmagy),


 f magx  x, w  ASMSE p


 f  x, w   A 
SMSE p
 magy

 x Bx
B
0 x x
 y By
B
0 y y

(4.10)

where, w denotes the displacement relative to the base in the y-direction; ASMSE is the
cross-sectional area of the SMSE substrate; φp is the mass ratio of iron particles to the
whole mixture in the SMSE substrate; χx and χy are the equivalent magnetic
susceptibilities of the cantilever in the x- and y-directions, respectively.
The work by magnetic force in horizontal (Wmagx) and vertical (Wmagy) directions are
represented as
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2

1 l
 w 
Wmagx  0 Fmagx  x, w    dx
2
 x 

l
l

W
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 magy 0 magy

(4.11)

in which, the magnetic force density along the y-direction fmagy comprises the linear
component kmagyw and nonlinear component Π(x,w). l is the length of SMSE/PVDF
cantilever, Fmagx denotes the magnetic force at the position of x along the cantilever and
can be expressed as,

Fmagx  x, w   f magx  x, w dx
l

x

(4.12)

4.3.2 Finite Element Model
The governing equation of the system could be expressed using the extended
Hamilton’s principle,
t2

  T   U

strain

  U E   Wmagy   Wmagx   WE   Wext  dt  0,

t1

(4.13)

 w  x, t   0, 0  x  l t  t1,2
By using the shape functions in (3.41) to represent the displacement distribution in
each element, the variation form of the strain energy in one element is,

 U strain 



le

0

2
le 1
le 1
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where, le is the length of the element.
The variation of UE and WE in each element is
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(4.15)

where, Qe is the charge generated by one element.
The variation of the kinetic energy in each element is
le
 2 wb
2w

w
d
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0
t 2
le
le
2w
    Acs 2  wdx    Acs acc wdx
0
0
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The variation of the magnetic force in horizontal and vertical directions are
le
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(4.17)

Submitting (4.14) to (4.17) into (4.13), the integration form of the governing equation
is
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(4.18)

Eventually, the mass matrix [Me], stiffness matrix [Ke], force vector [Fye] and the
transforming vector [Te] are
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The detailed expressions of [Me], [Ke] and [Fye] have the same forms as (3.54) to (3.56)
and [Te]=  [0 -1 0 1]T. Assembling the element matrices and vectors in (4.18), the
governing equation of the discretized SMSE/PVDF cantilever could be expressed as,

[ M ][u ]  [C ][u ]  [ K ][u ]  [T ][V ]  [ Fy ]

Cp
T
 [V ]  [Qe ]  [T ] [u ]  0
 n

(4.20)

Where, [M], [C], [K] are the global mass, damping and stiffness matrices, respectively;
[Qe] and [V] are the vectors composed of charges Qe in each element and voltage Ve
across the PVDF layer in each element; [T] is the global transforming matrix, which is,
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(4.21)

Note that the PVDF layer has electrodes on both sides, which means the voltage (Ve)
and charge (Qe) in each beam is the same. i.e.
Ve1  Ve 2 

 Ven  Ve  [V ]  Ve [1 1
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1]T

(4.22)

By substituting (4.22) into (4.20), and multiplying 1 1

1 and differentiating
T

the second equation in (4.20) with respect to time, the governing equations are deduced
as,

 M u   C u    K u   T  Ve   F 
 


T
C pVe  Q  T  u   0
where, T   T 1 1

(4.23)

1 , Q is the total charge flowing into the simple interface
T

circuit with a pure resistor RL.
4.3.3 Model Reduction
Learned from Chapter 3, there is no obvious change between the linear modal shape
and the nonlinear varying mode shape. Therefore, the first three vectors will be selected
as the ‘assumed modes’, i.e. [Φ]=[[φ1],[φ2],[φ3]] of the discretized nonlinear system
and kept unchanged. With the help of [Φ], the original finite element model could be
reduced to a much more computable version with reduced matrices and vectors are:
[ M rd ]    T [ M ]  

[ K rd  t ]    T [ K  t ]  

T

[ Frd  t ]     [ F  t ]

T
[urd  t ]     [u  t ]

T
  Erd  t       [T ]Ve

(4.24)

where, [Mrd], [Krd(t)], [Frd(t)], [urd(t)] and [Erd(t)] are the reduced mass matrix, stiffness
matrix, force vector, displacement vector and electrical field force vector in the modal
space. The mass matrix is unchanged and thus still diagonalizable. Except for the mass
matrix, all other matrices/vectors are time-dependent. The damping ratio ζ identified
from the impulse test is the first modal damping ratio. Here it is assumed that the modal
damping ratios for higher order modes equal to the first one. As a result, the reduced
damping matrix takes the same form as (3.60).
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Since [Mrd] is diagonalized, the first equation of (4.23) can be transformed into the
state-space form and solved with the Runge-Kutta method as follows.

0
0
Diag ([1,1,1])   urd   
 urd   



   1


1
1
 M rd Crd   urd    M rd  Frd  t   Erd  t   
 urd     M rd K rd  t 

(4.25)

where Crd denotes the damping matrix, which takes the same form of (3.60).
The parameters are listed in Table 4-1.
Table 4-1 Parameters for the SMSE/PVDF cantilever model
Parameter
Piezoelectric coefficient, d31
Relative dielectric coefficient, ε33
Dielectric coefficient of vacuum, ε0
Height of PM, hpm
Width of PM, wpm
Thickness of PM, tpm
Field intensity parameter, kpm
Width of SMSE/PVDF cantilever, b
Length of SMSE/PVDF cantilever, l
Mass of SMSE/PVDF cantilever, m
Thickness of PVDF layer, hp

Value
23 pC/N
12
8.854×10-12 F/m
9 mm
25 mm
3 mm
0.101
15 mm
46 mm
3.7 g (Prototype 1); 5.68 g (Prototype 2)
0.1 mm

4.4. Experimental Setup and Parameter Identification
4.4.1 Experimental Setup
The vibration testing system is shown in Figure 4-3, composed of a dynamic controller
(VR9500, Vibration Research Corp.), a power amplifier (APS125, APS Dynamics
Corp.) to intensify the controlling signal from the controller, a shaker (APS113, APS
Dynamics Corp.) to convert the electrical signal into mechanical vibration and an
accelerometer (352A56, PCB Piezotronics Inc.) to measure the acceleration as feedback
to the controller. Two laser displacement sensors (CP08MHT80, Wenglor Corp.) were
used to measure the displacement at the middle of the SMSE cantilever and the base
displacement, respectively. The middle position displacement is recorded because the
tip displacement of SMSE/PVDF cantilever has exceeded the measurement range of
74

the laser sensors. The relative displacement is obtained as the difference between the
middle position displacement and the base displacement. A data acquisition card NI
9215 (National Instrument) was used to pick up the signals from laser sensors; while
the voltage generated by the PVDF was acquired by another card NI 9205 (National
Instrument). NI 9205 was used to read the output voltage from the PVDF as it has a
very large input impendence (over 10 GΩ) to match the internal impendence of PVDF.
Controller

Accelerometer

Power amplifier

Shaker

Computer

DAQ

Voltage of PVDF
Cantilever middle
Laser sensor 1
position displacement
Base
displacement

Laser sensor 2

SMSE/PVDF-VEH

Figure 4-3. Frequency sweep system setup

4.4.2 Parameter Identification
The parameter identification procedure of the SMSE/PVDF cantilever is similar to that
in Chapter 3. The general procedure is shown as Figure 4-4 and the impulse tests results
for two prototypes are shown as Figure 4-5.
Static impulse test
without PM

Linear damped natural
frequency without PM
(fd0)

Bending stiffness (YI)

Damping ratio (ς )

Static impulse test with
PM

Static magnetic force
test
PM parameters and field
distribution pattern

Total natural frequency
change

Linear damped natural
frequency with PM (fd1)
Natural frequency
change due to horizontal
magnetic force

Electro-mechanical
coupling coefficient of
PVDF (ϑ)
Horizontal equivalent
magnetic susceptibility
(χx )

Natural frequency
change due to vertical
magnetic force
Vertical equivalent
magnetic susceptibility
(χy )

Figure 4-4 Parameter identification procedure of SMSE/PVDF cantilever
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Learned from Chapter 3. The bending stiffness (YI) of the SMSE/PVDF cantilever
could be identified using the equation of (3.62). The damping ratio ζ is identified using
the logarithmic decrement method. The equivalent magnetic susceptibility in xdirection (χx) could be identified as

x 

FT  0,0 
B  x ,0  Bx  xi ,0 
ASMSE p x i

0
x
i 1

(4.26)

n

where, xi denotes the horizontal position of each element, μ0 the vacuum permeability.
FT(0,0) is the static tension of the SMSE/PVDF cantilever in the equilibrium position,
which is measured with the setup in Figure 3-7. The equivalent magnetic susceptibility
in y-direction is identified through its contribution to the change in the linear stiffness
based on the stiffness matrix expression in (3.52).

(a)

(b)

Figure 4-5. Impulse test for SMSE/PVDF cantilever: (a) Prototype 1; (b) Prototype 2

The electromechanical coupling coefficient (ϑ) could be determined from the open
circuit voltage Vopen and the tip displacement response of the cantilever from the
impulse test. According to (4.21)

T   T 1 1

1  0
T

0, 

(4.27)

In the open circuit condition, the second equation in (4.23) could be expressed in terms
of the tip rotation angle (

wtip
x

), as
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C pVopen  T  u   
T

wtip

(4.28)

x

In the parameter identification procedure, if we approximate the deformation of the
cantilever roughly follows its static deformation pattern, the tip rotation angle and tip
deflection could be expressed as [129]
 wtip f ext l 3
=

x
6YI

4
 w = f ext l
tip

8YI

(4.29)

Thus, the tip rotation angle could be approximated as

wtip
x



4wtip
3l

.

Submitting this relation to (4.28), the identification expression ϑ can be roughly
estimated as,



3C pVopen l

(4.30)

4 wtip

Practically, wtip and Vopen is obtained by extracting the tip displacement and voltage
peaks of the SMSE/PVDF cantilever from the impulse tests, which are shown as Figure
4-5. With the cantilever-PM gap of 5 mm, the parameter identification results for both
prototypes are summarized as Table 4-2.
Table 4-2. Parameter identification results of the SMSE/PVDF cantilvers
Parameter
Linear damped natural frequency without PM (fd0)
Linear damped natural frequency with PM (fd1)
Damping ratio (ζ)
Bending stiffness (YI)
Static magnetic force in (FT(0,0))
Equivalent magnetic susceptibility in x direction (χx)
Equivalent magnetic susceptibility in x direction (χy)
Electromechanical coupling coefficient (ϑ)
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Prototype 1
4.32 Hz
13.94 Hz
0.032
1.98×10-5 Nm2
0.055 N
1.49
6.89
2.22×10-9

Prototype 2
6.89 Hz
13.45 Hz
0.037
6.47×10-5 Nm2
0.060 N
1.06
6.78
2.18×10-9

4.5. Results and Discussion
4.5.1 Frequency Bandwidth Broadening Analysis
The experimental and simulation results of the frequency sweeps of two SMSE/PVDFVEH prototypes are shown in Figure 4-6 and Figure 4-7, respectively. As mentioned in
Section 4.1, the middle point displacement was measured since the free end deflection
exceeded the measurement range of the laser sensor.
Learned from the simulation and experimental results, with the help of a PM and the
induced nonlinear softening effect, the frequency bandwidth of an SMSE/PVDF
cantilever has been considerably widened. In general, the simulated frequency
responses qualitatively agree with the experimental measurements in terms of the
voltage magnitude and the frequency range.

(a)

(b)

(c)

(d)

Figure 4-6. Frequency sweep simulation and experimental results of Prototype 1
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(a)

(b)

(c)

(d)

Figure 4-7. Frequency sweep simulation and experimental results of Prototype 2

There are a few possible reasons responsible for the discrepancies between the
simulation and experimental results. As for the displacement results, one possible
reason for the discrepancies is that the geometrical nonlinearity is not considered in the
beam bending model. When the deflection of the SMSE/PVDF cantilever is large, it
cannot be ideally described by the Euler-Bernoulli beam model. As a result, the
calculated displacement is slightly different from the experimental results. As for the
voltage results, the electromechanical coefficient (ϑ) is regarded as an unchanged
constant in all the elements. However, due to the inevitable unevenness in PVDF
thickness and the inhomogeneity in the SMSE material, the practical position of the
neutral plane varies in different elements. As a result, the practical ϑ changes its value
in different elements.
There is a slight non-uniformity in the experimental voltage results. One possible reason
for this non-uniformity is the hysteresis of the piezoelectric material [129], which is not
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considered in the modelling. Due to this hysteresis property, the peak-to-peak voltage
does not vary uniformly during the frequency sweep.
It should be noted in Figure 4-6 and Figure 4-7 that there are two orbits in the multisolution range between backward and forward jumping frequencies. In a practical
environment with unknown initial conditions, the harvester may vibrate in either orbit.
Nevertheless, the broadband performance could be realized only if the harvester
captures and maintains a high energy orbit. Once the harvester is attracted to the low
energy orbit, it will not be efficient for power generation. Therefore, the basin of
attraction of such nonlinear harvester is useful [6]. However, it is difficult to perform
such an analysis in this study because our model cannot be described as a simple
Duffing equation and it has multiple degrees of freedom.
4.5.2 ‘Force Valley’ Effect
According to Chapter 3, SMSE is a highly magneto-sensitive material. Apart from the
gap between the SMSE/PVDF cantilever and the PM, the dynamic behavior of the
cantilever can even be altered by the magnetic field distribution of the PM. Specifically,
if the SMSE/PVDF cantilever is vibrated near a rectangular PM, an interesting ‘force
valley’ effect could be observed. This effect is further explained in the following
paragraphs.

(a)

(b)

Figure 4-8. Pictures of (a) PM1 and (b) PM2

Two PMs with different dimensions are selected: width/ height/ thickness = 25 mm/9
mm/ 3mm for the PM1; width/ height/ thickness = 25 mm /25 mm/ 5 mm for the PM2.
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The pictures for PM1 and PM2 are shown in Figure 4-8.
The horizontal magnetic force densities of SMSE/PVDF-VEH at different spatial
positions are shown in Figure 4-9.
The coordinate system is shown in Figure 4-9 (a). Compared with the coordinate system
for the SMSE cantilever modelling (Figure 3-6), the origin is selected as the geometric
center of PM, y1 is the same as y; x1 is opposite to x, pointing away from the PM towards
the cantilever.
The horizontal magnetic force distribution for the different spatial position is calculated.
The results are shown in Figure 4-9 (b) and (c). In order to highlight the distribution
pattern, the magnetic force distribution is normalized as fˆmagx .

(a)

(b)

(c)

Figure 4-9. Normalized horizontal magnetic force density distribution. (a) Coordinate
system for modelling; (b) distribution for PM1; (c) distribution for PM2;

Figure 4-9 (b) and (c) show that in general, the magnetic force decreases away from the
origin in both x1 and y1 directions. Interestingly, in Figure 4-9 (c), there are two peaks
when the cantilever-PM gap is small. The two peaks are due to the flux streamlines get
denser near the upper and lower edges of the PM, which leads to a larger flux density
(B) as well as the steeper gradient along the x1-direction ( B x1 ). As a result, there is
a valley between the two peaks, as shown in Figure 4-10. Within this valley, the
magnetic force density increases from the equilibrium point. This region is termed as
‘force valley’. Due to the ‘force valley’, the stiffness of the system increases from the
equilibrium point, leading to a hardening nonlinearity within the range of this valley.
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Nevertheless, when the vibration amplitude of the free end gets larger than the width of
this ‘force valley’, the magnetic force drops and the cantilever will experience an

force valley

overall softening nonlinearity effect.

SMSE/PVDF cantilever
Vibration
direction

Figure 4-10. Demonstration of ‘Force valley’ for the SMSE/PVDF cantilever

As indicated in Figure 4-9, a more obvious ‘force valley’ happens with rectangular PM
with larger height and smaller cantilever-PM gap distance. In order to validate the
hardening nonlinearity due to the ‘force valley’ effect, frequency sweep experiments
are conducted for Prototype 1. In these experiments, PM2 is allocated by the free end
of the cantilever with different cantilever-PM gaps.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(j)

Figure 4-11. Frequency sweep experimental results of Prototype 1 with different
cantilever-PM gaps: (a), (f) 2 mm; (b), (g) 3 mm; (c), (h) 4 mm; (d), (i) 5 mm; (e), (j) 6
mm; (a) to (e): displacement, (f) to (j): voltage. (Dashed line for forward sweep, solid
line for backward sweep)

The experimental results of the frequency sweeps are shown in Figure 4-11. The
hardening nonlinearity is observed when the cantilever-PM gap is small. As the gap
increases, the hardening nonlinearity is gradually replaced by the softening nonlinearity.
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Since the nonlinearity is related to the ‘force valley’, this observation could be
explained in Figure 4-9 (c). With the increase of the cantilever-PM gap in x1 direction,
the width and depth of ‘force valley’ decrease and finally the ‘force valley’ disappears.
4.5.3 Power Output
The average power generated at an acceleration level of 0.3 g for the two SMSE/PVDFVEH prototypes with different load resistances can be calculated using the equation

P

2
VRMS
RL

(4.31)

where P is the average power generated on the load resistance, V RMS is the peak to peak
voltage of load resistance RL divided by 2 .

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 4-12. Power generation for different load resistances at 0.3g acceleration, (a)(d) for Prototype 1; (e)-(h) for Prototype 2 (dashed line for forward sweeping, solid
line for backward sweeping)

The plotted power with different load resistances is shown in Figure 4-12. A larger
power can be expected when the load resistance is 4.7 MΩ and the corresponding
powers for Prototype 1 and Prototype 2 are 0.096 μW and 0.11 μW respectively. The
generated power is limited by the energy conversion efficiency of the PVDF and the
acceleration levels. The results also show that the load resistance does not change the
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jumping frequencies of the SMSE/PVDF cantilever in the frequency responses, which
indicates that the prototypes are weakly electromechanically coupled. This also
explains the limited energy conversion efficiency.

4.6. Chapter Summary
In this chapter, SMSE cantilever is proposed to broaden the frequency bandwidth of a
PVDF vibrational energy harvester. Due to its soft and highly magneto-sensitive
properties, the SMSE layer gives the harvester an obvious softening effect even at low
acceleration levels. The difference between the backward and forward jumping
frequencies at 0.3 g acceleration for the Prototype 1 and Prototype 2 are 2.39 Hz and
4.34 Hz respectively. The ‘force valley’ effect of SMSE/PVDF-VEH is revealed, which
leads to an interesting hardening effect with certain PM dimensions and cantilever-PM
gaps. The power generated with different loads is plotted and the average power
generated around the backward jumping frequencies are 0.096 μW and 0.11 μW for
Prototype 1 and Prototype 2 respectively with a 4.7 MΩ load resistance. Despite the
obvious frequency broadening effect, the harvested energy is quite small. Therefore, a
more appropriate transducer will be required.
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Modeling and Validation of Electret-Based
VEH (eVEH) in View of Charge Migration
5.1. Introduction
In the last chapter, a vibrational energy harvester is developed combining the SMSE
cantilever with a PVDF layer. The composite structure exhibited obvious softening
nonlinearity. However, very limited power could be harvested from this prototype. This
is because the SMSE is very flexible, and the neutral axis position of the composite
cantilever is slightly biased from the original neutral axis of the PVDF layer. Moreover,
the electromechanical coupling coefficient for the PVDF material is quite small. As a
result, a more appropriate transducer is required.
The electrostatic transducer could be a potential candidate, due to its high voltage
output and adjustable electromechanical coefficient [18]. Most importantly, vibration
energy will be converted from the large deflection of the SMSE cantilever rather than
its small strain energy. Among different electrostatic transducers, electret-based
vibrational energy harvester (eVEH) has become an attractive research topic recently
[130, 131]. Thanks to the implanted charge and the constant surface potential in the
electret, the requirement of the bias external voltage or charge source in the
conventional electrostatic energy harvester is removed.
The theoretical modeling and analysis of an electret device date back to 1970s, when
Jefimenko and Walker developed a theoretical model for an in-plane electret-based
rotational electrostatic current generator [132]. In their model, the electret polarization
is assumed to consist of two parts. One part is the induced polarization (a function of
electrical field), and the other part is the remanent polarization (independent of
electrical field). This model is further generalized by Tada in 1980s [133]. In his model,
the polarization is equivalent to the charge on the top and bottom surfaces of the electret
(polarized charge). In his later work, this model is further extended for more
complicated structures [134].
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In 2003, Boland et al. proposed an equivalent circuit model [135] for an in-plane
electret current generator. In their model, the electret is assumed as two capacitors in
series formed by the electret thin film and the air gap, respectively. At the same year,
Sterkin et al. also proposed an equivalent circuit model for an electret-based
micromachined lateral comb-finger variable capacitor [136]. By applying Gauss’s law,
they regarded the electret-based harvester as a voltage source in series with one
capacitor. From then on, the equivalent circuit model for eVEHs [137-140] has been
widely adopted and become popular. The electric circuit model is straightforward to
understand and suitable for system-level simulation conducted in mature electronic
simulators like SPICE [137, 141] and SIMetrix [140, 142]. This equivalent circuit
model has also been applied in out-of-plane eVEHs. In some literature, the charge
stored on the counter electrode is believed to be not necessarily equal in amount with
the base electrode, and the total charge storage on both electrodes equals to the
implanted charge [18, 142-145]. Meanwhile, from the view of the classical
electrostatics theory [146], the charge stored on one electrode of the parallel plate
capacitor should be equal in amount but opposite in polarity with the other electrode.
The seemingly controversial charge storage expressions between the electret model and
the classical parallel plate capacitor model are primarily ascribed to the specific charge
migration of the eVEH. For the classical parallel plate capacitor, the charge migration
is driven directly by the external power source. However, for the equivalent capacitor
of the eVEH, the charge migration is fundamentally driven by the polarized charge
within the medium between the electrodes [18].
This chapter aims at revealing the charge migration procedure of eVEHs fabricated by
different processes. Based on our analysis, for the electret fabricated through the dipoleoriented process, the charge stored on the base and counter electrodes of the electret is
fundamentally consistent with the classical parallel plate capacitor model. For the
electret fabricated by charge injection process, such as corona discharge, the charges on
the two electrodes are different but the total charge is still conserved. A unified
analytical model for eVEHs is established from the first principle. The current produced
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by eVEHs is due to the continuous charge rearrangement through the circuit during
vibration. This paper helps clarify the different charge migration processes of the eVEH
with dipole-oriented and charge-injected electret layers. The proposed model also
provides a framework for further analytical studies of eVEHs from the first principle.

5.2. Charge Migration of eVEH
There are two large classes of substances: conductors and dielectrics [147]. Charge
conduction occurs in the conductors like metals and the charge in these media are free
to move. When a voltage potential is applied, the conducting charge can be distributed
to form the voltage potential. Current is generated when the charge is moving. Charge
polarization occurs within dielectric materials. Unlike the conducting charge, the charge
in the dielectrics cannot move when an external electrical field is applied. The charge
can only be displaced within their atoms and change the intensity of the external
electrical field within the dielectrics. In this polarization procedure, the charge is
aligned along the direction of the external field. As a result, for a piece of film-like
dielectric material, the polarized charge is concentrated on both sides of the material,
with the same amount but opposite signs.
A strict definition of the ‘charge migration’ only concerns the charge conduction
process, as the polarized charge is bounded on both surfaces of the dielectrics and
cannot ‘migrate’. However, in the fabrication and working procedure of eVEH, both
conduction and polarization processes are involved. The conducting charge migration
is driven by the polarized charge, which at the same time affects the intensity of
polarization as well. Therefore, the charge polarization process is also studied in the
charge migration process.
Given the above analysis, the charge migration study of the eVEH includes both the
charge conduction and polarization mechanism in eVEH. Namely, the conducting and
polarized charge distribution of the electret in different fabrication procedures; the
conducting charge accumulation on the electrodes and its influence on the polarized
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charge of the electret; the conducting charge rearrangement during vibration and its
current generation mechanism.
5.2.1 Charge Distributions in Different Fabrication Procedures
There are two types of electrets based on two fabrication techniques: one is fabricated
by dipole orientation and the other by charge injection [18]. In the dipole orientation
process, the electret thin film is heated above its melting temperature. Then, an
electrical field is maintained throughout the dielectric layer to align the dipoles in the
dielectrics along the direction of the electrical field. When the electret is cooled down,
the dipoles are kept in the oriented position and a permanent polarization is left within
the material. In the charge injection process, an excess of real charges (Qi) is injected
onto the electret. There are several processes for the charge injection, for example, the
corona discharging [148]. Both fabrication processes lead to a surface potential (Vs) on
the electret and an electrical field across the electret. The intensity of the electrical field
could be quantified by dividing Vs by the thickness of the electret thin film (h1).
The different fabrication processes lead to different charge conservation mechanisms
in the electret, which is shown in Figure 5-1. For ease of comparison, in Figure 5-1 and
the following figures in this chapter, the charge kept in the electret is colored in blue
and the charge kept in the electrode in red.
+ ++ + ++ + ++ + ++ + ++ + + ++

Electret
--------------------------

+ ++ + ++ + ++ + ++ + ++ + + ++

Qe

Qi

Electret
-Qe

-------------------------Base electrode

Base electrode

(a)

-Qi

(b)

Figure 5-1 Charge conservation of the electret fabricated by: (a) dipole orientation;
(b) charge injection;

As shown in Figure 5-1 (a), for the dipole-oriented electret, the permanent electrical
field leads to polarized charge on the top and bottom surfaces of the electret, which is
Qe and -Qe, respectively. Both ±Qe are kept within electret. However, as shown in
Figure 5-1 (b), for the charge-injected electret, Qi is the injected charge kept in the top
surface of the electret. Thanks to the charge conservation, the same amount of
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conducting charge (-Qi) is acquired on the surface of the base electrode during the
fabrication process.
5.2.2 Charge Accumulation in the Initial State
The charge conduction, accumulation and polarization after connecting the electret to
the external circuit (e.g. a purely resistive load) and reaching the initial electrical
equilibrium is depicted in Figure 5-2 and Figure 5-3, for the dipole-orientated electret
and charge-injected electret respectively.
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+ Positive conducting
+
+
+
charge accumulation

(a)

Counter electrode
- - - - - - - - - - - - - - - - - -

Counter electrode
-Q
- - - - - - - - - - - - - - - - - -0
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Qe-Δ Q
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-Qe+Δ Q
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---------------------+ + + + + + + + + + + + + + +
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Q0

(b)

R

-Q0

E
Vs/h1

E1
Electret

+ + + + + + + + + + + + + + +
Base electrode

Q0

(c)

Figure 5-2 Charge conduction, accumulation and polarization in the initial state, for a
dipole-oriented eVEH: (a) Transient charge accumulation on the electrode before the
initial electrical equilibrium is reached; (b) Polarized and conducting charge
distribution when the initial electrical equilibrium is reached; (c) Electrical fields
between electrodes when the initial electrical equilibrium is reached.

Figure 5-2 (a) depicts the transient charge conduction when the external circuit is just
connected to the dipole-oriented electret before an electrical equilibrium stage is
reached. The permanent polarization in the electret drives the conducting charge to
move in the circuit. The conducting charge starts to accumulate on both electrodes and
provide another electrical field opposite to that from the permanent polarization. As
depicted in Figure 5-2 (b), when the initial electrical equilibrium is reached, the
polarized charge of the electret (±Qe) is changed by the new electrical field induced by
the conduction charge on the electrodes. In this stage, the conducting charge on the base
and counter electrodes are -Q0 and Q0 respectively. The polarized charge of the top
surface of electret is changed from Qe to Qe-∆Q. Similarly, the polarized charge of the
bottom surface is changed from -Qe to -Qe+∆Q. As depicted in Figure 5-2(c), the
conducting charge and the new induced polarized charge lead to the electrical fields in
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the electret and the air gap. E is the electrical field in the air gap, which is induced by
the conducting charge ±Q0. E1 is the resultant electrical field induced by the conducting
charge (±Q0) and the change of the polarized charge on electret (±∆Q). Vs/h1 is the
electrical field induced by the original polarized charge on electret (±Qe). It should be
mentioned that in the eVEH with dipole-oriented electret, the charge on the two
electrodes are equal in amount but opposite in signs, which is consistent with the
classical parallel plate capacitor model without electret inserted between its electrodes.
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Figure 5-3 Charge conduction, accumulation and polarization in the initial state, for a
charge-injected eVEH: (a) Transient charge accumulation on the electrode before the
initial electrical equilibrium is reached; (b) Polarized and conducting charge
distribution when the initial electrical equilibrium is reached; (c) Electrical fields
between electrodes when the initial electrical equilibrium is reached.

The charge migration process for the eVEH with charge-injected electret is shown in
Figure 5-3. Once the external circuit is connected, the negative charge –Qi on the base
electrode acquired during the fabrication, start to conduct to the counter electrode,
which is equivalent to have the same amount of positive charge conduct to the base
electrode in the meanwhile, as shown in Figure 5-3 (a). Similar to the dipole-oriented
electret, the conducting charge on both electrodes provide another electrical field
opposite to that from the injected charge Qi.
As depicted in Figure 5-3 (b), when the initial electrical equilibrium stage is reached,
the charge on the top surface of electret is changed by the new polarized charge -∆Q
due to the electrical field formed by the conducting charge. Similarly, on the bottom
surface of the electret, +∆Q is formed. It should be mentioned that if the conducting
charge from the base electrode to the counter electrode is Q0, then the charge remaining
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on the base electrode is Qb= –Qi+Q0. Denote the charge on the counter electrode Qt = Q0. The charge conservation obviously holds, i.e., Qb+Qt=-Qi, which is fundamentally
in accordance with previous literature [18, 135, 143].
It is worth noting that in the eVEH with charge-injected electret, the charge on the base
and counter electrodes are not the same in the amount. The conventional parallel plate
capacitor model seems invalid in this case. However, if we consider that the charge on
the base electrode is equivalent to two parts, -Qi and +Q0. Then in Figure 5-3 (c), the
charge –Qi on the base electrode, together with +Qi on the top surface of the electret,
form the permanent electrical field (Vs/h1), as the dipole-oriented electret. The charge
+Q0 on the base electrode, together with –Q0 on the counter electrode, forms the
electrical field E in the air gap. The electrical field E1, apart from Vs/h1, in the electret
is caused by the ±Q0 on the base electrode and the polarized charge ±∆Q. From this
viewpoint, the conventional parallel plate capacitor model still holds [146]. Thus the
electrical field distribution of the eVEH with charge-injected electret is numerically
identical to that of the dipole-oriented electret and a unified analytical model could be
derived.
5.2.3 Charge Rearrangement in the Dynamic State
The eVEH is in the dynamic state as the counter electrode vibrates. The counter
electrode keeps changing its distance to the electret. As a result, the air gap varies
continuously. In view of charge migration, a certain thickness of the air gap corresponds
to a certain instantaneous electrical equilibrium in the medium between electrodes. This
instantaneous electrical equilibrium stage further corresponds to certain charge
accumulation on the counter electrode. The accumulated charge on both electrodes must
rearrange accordingly through the circuit, attempting to reach a new instantaneous
electrical equilibrium for the medium between electrodes. The continuous current is
thus generated in the circuit.
Assuming the charge stored on the base and counter electrode is Q and –Q respectively.
The electrical fields across the electret (E1) and air gap (E2) are,
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Q

 E1  A 

0 1

Q
E 
 2 A 0

(5.1)

where ε1 is the relative permittivity of the electret. If the charge flowing in the circuit is
Qc, the current in the circuit is the changing rate of Qc, i.e., Qc .
According to Kirchhoff’s Law, the governing equation for the dynamic state is

RQc  h1

Q
Q
 h2
 Vs  0
A 01
A 0

(5.2)

where Vs is the surface potential of the electret and R is the load resistor. As the base
electrode is grounded, Vs could be regarded as the external voltage exerted on electret.
h2 is the air gap between the electret and the counter electrode. Due to the charge
conservation, the changing rate of the rearranging charge should equal to the changing
rate of the stored charge on the electrodes, i.e., Qc  Q . Thus, the governing equation
(5.2) turns into the following form,

RQ  h1

Q
Q
 h2
 Vs  0
A 01
A 0

(5.3)

Notice that the series capacitance of the electret and air gap (C) takes the following
form,

C

A 0
h1 / 1  h2

(5.4)

By submitting (5.4) into (5.3), another form of the electrical governing equation could
be achieved,

RQ 

Q
 Vs  0
C
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(5.5)

The above form is consistent with the equivalent circuit model, which assumes the
electret as a constant voltage source in series with a capacitor formed by the medium
between electrodes.
The governing equation for the mechanical system is,

mw  cw  kw  Fe  F

(5.6)

where, m, c, and k are equivalent mass, damping and stiffness of the movable counter
electrode in eVEH. w is the displacement of the counter electrode and thus the air gap
between the counter electrode and the electret is h2 = w + h0, where h0 is the initial air
gap. In many cases, the electrostatic force (Fe) is insignificant compared with the
mechanical excitation force (F) [138, 142, 149]. As a result, the system is reduced to a
weak coupling system, that is, the electrical domain has a negligible effect on
mechanical behaviour. The governing equation for the mechanical motion is thus
reduced to,

mw  cw  kw  F

(5.7)

Taking into the mechanical motion, the capacitance between the base and counter
electrodes in (5.4) is converted as

C

A 0
h1 / 1  h0  w

(5.8)

Thus, for an out-of-plane eVEH, the holistic governing equations are,

w  h0  h1  r

 Vs  0
 RQ  Q
A 0

mw  cw  kw  F


(5.9)

When the parasitic capacitance (Cp) is considered, the charge in the circuit could be
divided into two parts, and its changing rate takes the following form,
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Q  Qc  QR  Qp

(5.10)

QR is the charge flowing through the load resistor and Qp is the charge stored on the
parasitic capacitor. Furthermore, Qp could be expressed by Q,

Q

Q p  C pVL  C p  Vs  
C


(5.11)

where, VL denotes the voltage across the load resistance. Derivate both sides of (5.11),
and submitted with (5.8),
Qp  

C pQ
C



C pQ
A 0

w

(5.12)

In addition, the derivation of QR can also be expressed with Q, as

QR 

VL 1 
Q
  Vs  
R R
C

(5.13)

Submitting (5.12) and (5.13) into (5.10) and together with the mechanical governing
equation, the holistic governing equations considering Cp of the system are
C w
 A 0  C p  w  h0  h1  r 
w  h0  h1  r
QR p Q
Q  Vs  0
R
(5.14)
A 0
A 0
A 0

mw  cw  kw  F


VL is related to Q by

VL  Vs 

w  h0  h1  r
Q
A 0

(5.15)

5.3. Simulation and Experiment Studies
5.3.1 Charge Accumulation Simulation in COMSOL
In the initial stage, the conducting charge is rearranged in the circuit until reaching an
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electrical equilibrium state. To verify the hypothesis, transient analysis is conducted in
COMSOL. The 3-D model and the meshing is shown in Figure 5-4.

Counter electrode
and movable mass

Surrounding air

Electret and base
electrode

Air gap

Figure 5-4 Meshed eVEH model in COMSOL

The ‘electric circuit’ and ‘electrostatics’ modules in COMSOL were used. In the
‘electric circuit’ module, the load resistor is considered. In the ‘electrostatics’ module,
an electrical potential boundary condition is applied on the top surface of the electret to
emulate the surface potential of the electret and the base electrode is grounded.
5.3.2 Equivalent Circuit Simulation in SIMetrix

w
m

F

1/k

c

Mechanical domain

Cair

Celec
Vs

R

CP

VR

Electrical domain
Figure 5-5 Equivalent circuit model of eVEH
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An equivalent circuit model is built and simulated in SIMetrix, as shown in Figure 5-5.
The mechanical parameters are equivalent to electronic components by applying the
analogy between mechanical and electrical domains. The mass (m) is equivalent to an
inductor. The compliance (1/k) is equivalent to a capacitor. The damping (c) is
equivalent to a resistor. The excitation force (F) is equivalent to an AC voltage source.
In the electrical domain, Celec=Aε0ε1/h1 is the capacitance of the electret.
Cair=Aε0/(h1+h0) is the capacitance of the varying air gap, which is a function of the
counter electrode displacement w. Cair is modelled by using an arbitrary voltage source
and defined as Vair=Qc/Cair. Thus, two parameters are needed to define Vair, that is, Qc
and w. Qc could not be directly obtained during simulation from SIMetrix. Instead, it is
calculated by extracting the voltage across Celec, which is related to Qc by Qc=CelecVelec.
w is equivalent to charge and could be obtained in the same way as Qc by measuring
the voltage across the capacitor 1/k in the mechanical domain. Cp is the parasitic
capacitance. R is the load resistor; VR is the load voltage across R. The surface potential
of the electret Vs is modelled as a constant DC voltage source.
5.3.3 Prototyping for Experiments
A prototype of the out-of-plane eVEH consists of the following part: an electret sample
with a base electrode, a fixture to mount the electret onto the shaker, a top part with a
spiral spring and a movable mass. The movable mass is hollowed for the ease of wiring
and reducing the weight of the mass. A piece of the copper layer is attached on the
bottom surface of the movable mass, acting as the counter electrode. The fixture and
top parts are 3D printed. A diagram of the device and the prototype mounted on the
electrodynamic shaker is shown in Figure 5-6. The equivalent stiffness of the spiral
spring is determined by testing the relationship between the out-of-plane displacements
of movable mass with an applied static force. The equivalent mass of the movable mass
is identified by the equivalent stiffness and the measured resonance frequency. The
parasitic capacitance is estimated by subtracting the series capacitance of the air gap
and electret from the measured total capacitance in the initial state. The parameters for
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simulation are listed in Table 5-1.

Spiral spring
Counter electrode

Movable mass

Base electrode and

Fixture

Electret

(a)

(b)

Figure 5-6 An eVEH Prototype: (a) 3D drawing and (b) Mounted on the
electrodynamic shaker
Table 5-1 Parameters of eVEH
Parameter
Electret thickness h1
Initial air gap h0
Area of electrodes and electret A
Dielectric coefficient of vacuum ε0
Relative dielectric coefficient of electret εr
Surface potential Vs
Parasitic capacitance Cp
Equivalent stiffness k
Equivalent mass m
Equivalent damping coefficient c

Value
0.1 mm
1.6 mm
576 mm2
8.85×10-12
2
1900 V
13.70 pF
80 N/m
1.7 g
0.0133 Ns/m

5.4. Results and Discussion
5.4.1 Charge Accumulation in the Initial State
Conducting charge in the electrical circuit start to accumulate in the initial state. The
charge stops migration when an initial electrical equilibrium is reached. The above
transient procedure is described in Section 5.2.2. In the COMSOL simulation, the
transient charge accumulation on the counter electrode is recorded. As shown in Figure
5-7, the charge on the counter electrode starts to accumulate once the eVEH is
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connected in the circuit. The charge accumulation in saturation is larger than the
expected initial charge (surface potential of the electret multiplied by the initial
capacitance between electrodes). This is because the fringe effect of the electrodes was
not considered in the theoretical calculation but captured in COMSOL simulation.

Figure 5-7 Charge accumulation in the initial state simulated by COMSOL

5.4.2 Load Voltage Simulation in the Dynamic State
The analytical (by the theoretical model in Section 5.2.3), simulation (by SIMetrix
model in Section 5.3.2) and experimental results for 0.1 g and 0.15 g acceleration levels
are shown in Figure 5-8. From Figure 5-8, the displacement and voltage amplitudes of
our analytical model agree with the SIMetrix and experimental results, which generally
verifies our analytical model in low acceleration levels.
To further verify our model in terms of load voltage calculation, vibration tests with
fixed excitation frequencies under larger acceleration levels are carried out. The load
voltage (VR) results from the analytical model, SIMetrix simulation and experimental
results are shown in Figure 5-9. Both SIMetrix simulation and experimental results
verify our analytical model in view of charge migration. The analytical model is
fundamentally identical to the equivalent circuit model.
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(a)
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(c)
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Figure 5-8 Frequency responses (33 Hz - 40 Hz) with different acceleration levels:
the analytical model, equivalent circuit simulation and experimental results: (a) to (c)
for analytical, SIMetrix simulation and experimental results in 0.1 g excitation; (d) to
(e) for analytical, SIMetrix simulation and experimental results for 0.15 g excitation.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 5-9 Analytical model, SIMetrix simulation and experimental results of the
generated load voltage VR, with two fixed frequencies and three acceleration levels
(dotted line for 0.2 g excitation; dashed line for 0.4 g excitation; solid line for 0.6 g
excitation): (a)-(c) 10 Hz; (d)-(f) 20 Hz; (a) and (d) are based on analytical model; (b)
and (e) are SIMetrix simulation; (c) and (f) are experimental results.
99

5.4.3 Parametrical Study for Maximum Power Output
It is reported the power generated from eVEH is dominated by the capacitance change
in every vibration period [138, 150]. For an out-of-plane eVEH, this capacitance change
is highly related to the thickness of electret and its initial air gap distance with the
counter electrode. Moreover, as the equivalent capacitance of eVEH is quite small, the
maximum power output is also largely dependent on its excitation frequency and the
load resistance. Based on our verified model, a series of parametrical studies are
provided to investigate how the maximum power is influenced by different factors.
The parametrical studies are conducted with a fixed vibration amplitude for a fair
comparison. In this case, the analytical model of the eVEH in (5.14) is reduced as the
following form,

R
R

A 0  C p W sin t   h0  h1  r 
A 0

C pW  cos t 
A 0

Q

W sin t   h0  h1  r
Q
Q  Vs  0
A 0

(5.16)

where, W is the fixed vibration amplitude, ω is the excitation frequency in rad/s; The
load voltage is calculated by (5.15) and the maximum power output (Pmax) is expressed
as,

Pmax 

VL2,max
R

(5.17)

where, VL,max is the maximum load voltage for a certain vibration amplitude.
Influence of air gap distance and electret thickness
Set the vibration amplitude W = 1 mm, load resistance R = 1 GΩ, and the excitation
frequency is 50 Hz. The electret thicknesses are selected as 0.1, 0.3 and 0.5mm,
respectively. Learned from Figure 5-10, the thinner air gap and electret helps to improve
Pmax. From the view of charge migration, reducing the thickness of the air gap or electret
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helps to increase the electrical field between electrodes. Therefore, an increasing
number of charge is rearranged during vibration.

Figure 5-10 Parametrical study of maximum power output with different initial air gap
distances and electret thicknesses (W=1mm, R=1GΩ, excitation frequency=50Hz)

Optimal load resistances for different excitation frequencies

(a)

(b)

Figure 5-11 (a) Parametrical study of maximum power output with different load
resistances and excitation frequencies; (b) Optimal resistances for different excitation
frequencies (W=1mm, initial air gap=1.6mm)

Set W = 1 mm and the initial air gap distance is 1.6 mm. Learned from Figure 5-11(a),
Pmax increases with the driving frequency, the red dashed line denotes the Pmax when
Ropt are selected for different excitation frequencies. Learned from Figure 5-11 (b), the
optimal resistance decreases with the increasing excitation frequencies. The above
results are ascribed to the facts that eVEH could be equivalent as a variable capacitance
with a constant voltage source. The high-frequency signal reduces its internal
impudence and increases the maximum power it can deliver to the load resistance.
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According to the simulation results, when the eVEH works at the resonance frequency
(34.59 Hz), Ropt is approximately 0.26 GΩ and the corresponding Ppeak is about 255 μW.
Deduced from the experimental results and the theoretical analysis, the eVEH can
provide a very large output voltage (up to 270 V at the resonance peak, for 0.15 g
excitation), which is much larger than its piezoelectric and electromagnetic counterparts
[9, 151, 152]. Meanwhile, the large impendence of eVEHs (0.44 GΩ to 0.18 GΩ for 20
Hz to 50 Hz) significantly limits its maximum current output. The above properties
should be seriously considered when combining eVEH with practical devices or
develop the corresponding interface circuits.

5.5. Chapter Summary
In this chapter, the charge migration process is conceptually and quantitatively analyzed
for two types of eVEHs fabricated from dipole-orientation and charge-injection.
The charge conservation mechanisms of the eVEH are different for electret fabricated
by different processes: for dipole-oriented electret, conservation is realized by the
polarized charge within electret layer; for charge-injected electret, conservation is
realized between the injected charge in the electret and the conducting charge initially
acquired during fabrication. In the charge-injected eVEH, the classical parallel plate
capacitor model still holds if the conducting charge is separated from the charge initially
acquired during fabrication. In addition, the current generation mechanism of the eVEH
could be interpreted as the continuous charge rearranging through the circuit. Both
charge polarization and charge conduction are involved in the working procedure of the
eVEH.
Subsequently, for eVEH fabricated from these two processes, a unified analytical model
with parasitic capacitance is built from the first principle. The derived model is
fundamentally consistent with that of the equivalent circuit model frequently used in
the literature. The results of the analytical model have been validated by the SIMetrix
simulation and the experimental results. With the verified model, a series of
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parametrical studies are conducted for peak power output. According to the
parametrical study, a thinner electret or air gap improves the power output of eVEH,
and the optimal load resistance decreases with the increasing excitation frequencies,
which provides some general guidelines on the parameter selection to improve the
power output of an eVEH.
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Broadband

eVEH

Based

on

SMSE

Cantilever and Frequency Up-Conversion Techniques
6.1. Introduction
In the last chapter, the working principle of eVEH is revealed in view of its particular
charge migration process. A unified model is proposed from the first principle. Both
simulation and experimental results indicate, eVEH exhibits great potentials in
generating a large voltage output in low acceleration conditions.
Recently, the frequency broadening technology for eVEH has become a popular
research topic. Wang and Hansen [153] developed a promising broadband behavior of
the out-of-plane eVEH. According to their experiment, the bandwidth of an out-ofplane eVEH prototype is from 4.6 to 20Hz when the acceleration levels increase from
0.05 to 1g. After that, Zhang et al. [154] developed a broadband eVEH with dual
cantilever structure. The broadband behaviour comes from the strong mechanical
coupling between two cantilevers. Continuous power output up to 6.2-9.8 μW can be
harvested under vibration amplitude of 9.3 m/s2 in a frequency range of 36.3-48.3 Hz.
In their another work [155], the squeeze-film damping force from the air flow is utilized
to broaden the frequency bandwidth of an out-of-plane eVEH. With a low excitation
level of 0.09 g, the frequency bandwidth of the harvester reaches 12Hz (135-147Hz)
with a maximum power output of 4.9 μW.
Despite the eVEHs mentioned above with broadband behavior, they are designed to
operate in high-frequency ranges (>20 Hz), and not suitable for ultra-low frequency
vibration scenarios, such as civil engineering applications and human body movements
[156]. In Chapter 3, a light-weight soft magneto-sensitive elastomer (SMSE) cantilever
was developed. With the help of a magnet, SMSE cantilever exhibited a unique strong
softening nonlinear behavior that could help to broaden the frequency bandwidth of
VEHs. In Chapter 4, the SMSE cantilever is combined with a flexible piezoelectric
layer (i.e. PVDF) and developed a broadband VEH. However, due to the softness of the
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SMSE and thus low electromechanical coupling using piezoelectric transduction, very
little energy could be harvested. Therefore, it is of great interest to exploit the SMSE
cantilever in harvester design with other transduction mechanism, such as eVEHs, for
harvesting energy in low frequency, low excitation scenarios.

6.2. Structure and Working Principle of SMSE-eVEH
In spite of the aforementioned potential of SMSE based eVEH (SMSE-eVEH) in the
above section, the remaining challenge for eVEH in low-frequency applications is the
high internal impedance which brings the difficulty for impedance matching. Learned
in Chapter 5, the high impendence of eVEH causes that the harvested power drops
significantly in low excitation frequency conditions. Therefore, the ideal eVEH for lowfrequency scenarios should be able to work in the low-frequency applications but the
vibration frequency of the eVEH itself should be high enough to ensure a manageable
matching load to maximize the harvested power.
To realize this, the frequency up-conversion technique is employed in our design.
Eventually, our proposed SMSE-eVEH is composed of three primary components
namely: an SMSE cantilever with the magnet, a spring-loaded end-stopper for
frequency up-conversion and an out-of-plane eVEH. The above three components and
the general working flow of the SMSE-eVEH are diagrammed as Figure 6-1.
Broadband nonlinear vibration with
softening effect

Low
frequency
vibration

High frequency free vibration
of up-converter

++++++
+
SMSE cantilever
with magnet

Spring-load end-stopper

eVEH

Figure 6-1 Function of each component in SMSE-eVEH
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Electricity

The working principle of the proposed SMSE-eVEH is detailed as follows. The SMSE
cantilever vibrates under base excitation. Due to its unique magneto-sensitive
performance, an obvious softening nonlinearity could be observed in the frequency
domain. In the structure of the frequency up-converter, a centre mass is suspended by
spiral springs. The vibrating cantilever periodically contacts the centre mass of the
frequency up-converter. The contacts trigger its free vibration with a much higher
frequency. The counter electrode of the eVEH is bonded to the surface of the centre
mass opposite to the electret. The free vibration of the up-converter is therefore
converted as the voltage output in eVEH.

6.3. Design and Analysis of Frequency Up-Converter
6.3.1 Structure of Frequency Up-Converter
A spring-loaded end-stopper is developed to serve as the frequency up-converter, which
is shown in Figure 6-2. The frequency up-converter contains a centre mass and a beamspring suspension structure with four single beam-springs rotational symmetrical about
the centroid of the centre mass.
Beam-spring suspension

Centre mass

Figure 6-2 3-D diagram of a spring-loaded end-stopper for frequency up-conversion

6.3.2 Model of Frequency Up-Converter
Due to the symmetrical geometry, only one single beam-spring in the structure is
considered. For ease of the theoretical modelling, the deflection of the connecting parts
between the beam, the centre mass and frame could also be neglected, which is shaded
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in red in Figure 6-3 (a). After that, the single beam-springs could be simplified as the
L-shaped beams shaded in blue in Figure 6-3 (a). A 3-D diagram of the L-shaped beam
is shown in Figure 6-3 (b).

F

M
A

Beam B-A
B
C

Beam C-B
Clamped

(a)

(b)

Figure 6-3 (a) 2-D Illustration of the beam-spring suspension structure; (b) 3-D
diagram of the equivalent clamped guided beam structure

As shown in Figure 6-3 (b), the guided end, vertex and clamped end are marked as A,
B and C respectively. An out-of-plane force F and a moment M is loaded on the guided
end, which accounts for the constraint from the centre mass. The L-shaped beam could
be further divided as two beams, i.e. Beam B-A and C-B, if the constraint on boundary
B is released.
For Beam B-A, it is clamped on Boundary B and loaded with F and M on Boundary A.
The bending deflection (δBA) and angle (θBA) on Vertex A could be expressed as,

Fl 3 Ml 2




 BA 3EI 2 EI

2
  Fl  Ml
BA


2 EI EI

(6.1)

where, l is the length of Beam 1 and Beam 2, E and G are respectively Young’s modulus
and shear modulus of the beam, which follows a relationship,

E  2G 1   
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(6.2)

where, υ denotes the Poisson ratio of the material. I and J in (6.1) are the area moment
of inertia and torsional constants of a rectangular cross-section, which take the
following forms [157],

 bh3
I 
12


4
 J  bh3  1  0.21 h 1  h  



b  12b 4  
3

(6.3)

The reaction force (FB) and the moment on Vertex B could be expressed as,
 FB  F

 M B  Fl  M

(6.4)

For beam C-B, it is clamped on Vertex C and loaded with FB as a concentrated force
and MB as a torque on Vertex B. The bending deflection (δCB) and rotation angle (𝜑BA)
due to the torque could be expressed as,

FB l 3 Fl 3




 CB 3EI 3EI

  M B l   Fl  M  l
CB

GJ
GJ


(6.5)

For the overall L-shaped beam, the total deflection (δA) and bending angle (𝜃A) on
Vertex A could be expressed as,
 A   BA   CB  CBl

 A   BA  CB

(6.6)

In addition, when the out-of-plane deformation on the centre mass is neglected,

 A  BA  CB  0

(6.7)

Submitting (6.1) and (6.5) into (6.7), the analytical expression of M takes the
following form,
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1
EI  GJ
2
M
Fl
EI  GJ

(6.8)

The stiffness of the multi-beam structure could be express as,

k

F
A

(6.9)

With a centre mass (m), the resonance frequency model is then expressed as,

n 

4k
m

(6.10)

6.3.3 Model Validation
Simulations are conducted in COMSOL to verify the effectiveness of our resonance
model. The parameters for the model validation procedure are selected as Table 6-1.
Table 6-1 Parameters for modal validation of the frequency up-converter

Parameters
length of beam 1 and beam 2, l
width of the beam, b
Young’s modulus, E
Poisson ratio, ν
centre mass, m

value
32.5 mm
2 mm
3.5 GPa
0.35
1.5 g

Figure 6-4 Deformation contour of the up-converter in COMSOL, under 0.1 N out-ofplane force in the centroid

As shown in Figure 6-4, the deformation states of the four beam-springs are almost
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identical and there is no significant deformation in the centre mass and the connecting
parts, which verifies our simplification assumptions.
Parametrical sweeps are conducted in COMSOL and compared with our analytical
model for validations. The static displacement of the centre mass with different applied
force, and the first resonance frequency with different centre mass value are shown
respectively in Figure 6-5 (a) and (b).

(a)

(b)

Figure 6-5 Comparison of the parametrical sweep in COMSOL simulation and in the
analytical model: (a) centre mass displacement versus applied force; (b) Resonance
frequency versus centre mass value

According to Figure 6-5, the resonant frequency computed in COMSOL agrees well
with the theoretical results, which verifies our analytical model. However, there is an
increasing discrepancy in the displacement results, which is due to our structural
simplification procedure. Thus, this theoretical model could be utilized to determine the
resonance frequency of the up-converter from its material and geometrical parameters.

6.4. Asymmetrical Frequency Response Profile for Broadband
eVEH with Frequency Up-Conversion
6.4.1 Design Concept
Despite the frequency up-conversion could be realized by our proposed SMSE-eVEH
in Figure 6-1, the frequency bandwidth of the eVEH is limited by the end-stopper in
two ways: On one hand, the harvester generates electricity only if the cantilever collides
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with the end-stopper and triggers its free vibration. This implies that the operating
bandwidth of the harvester is determined by how much the end-stopper constrains the
vibration amplitude of the cantilever. For a larger constraint, the cantilever could collide
with the end-stopper over a broader frequency range. On the other hand, unfortunately,
the collision with the end-stopper also brings a hardening nonlinearity, which could
negate the broad bandwidth brought by the softening nonlinearity of the SMSE
cantilever.
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Figure 6-6 Concepts of frequency response profiles and frequency bandwidth fw
gaven a certain amount of amplitude constraint d: (a) profile of a linear oscillator;
(b) symmetrical profile of a softening nonlinear oscillator; (c) asymmetrical profile of a
softening nonlinear oscillator

To address the above issue, a method is proposed to achieve the broadband performance
of SMSE-based eVEH in a low-frequency range by exploiting an asymmetric frequency
response profile. To demonstrate this principle, the linear, symmetrical and
asymmetrical frequency response profiles of linear and nonlinear oscillators are shown
in Figure 6-6. w is the vibration amplitude of the oscillators. A positive w means the
oscillator approaches the end-stopper from the equilibrium position. When the endstopper is impacted, the low-frequency vibration will be converted to high-frequency
vibration for energy harvesting. The amount of amplitude constraint by the end-stopper
is defined as d. With this amount of constraint, the corresponding frequency range fw
could be compared within which impacts occur and energy can be harvested. Obviously,
the asymmetrical frequency response profile of the softening nonlinear oscillator
provides a flatter response in the positive w. As a result, given the same d, the widest
working frequency bandwidth of energy harvesting can be expected. On the contrary,
the linear oscillator will have the narrowest frequency bandwidth.
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6.4.2 Realization of Asymmetrical Profile Using Tilted SMSE Cantilever
SMSE cantilever

y

Permanent magnet

x

End-stopper model

Gravity
direction

Impactor
Electrodes

Excitation
direction

Electret

θ

(a)

(b)

Figure 6-7. (a) Conceptual design and (b) prototype of the SMSE-based eVEH

The asymmetrical profile can be realized by simply tilting the SMSE cantilever and
biasing the potential with gravity. The conceptual diagram and prototype of the SMSEeVEH are shown in Figure 6-7. The principle for the tilted cantilever to generate an
asymmetrical profile could be explained from its dynamic modelling. For a vibrating
SMSE cantilever with tilted orientation, the strain energy (Ustrain), kinetic energy (T)
and the work by force in x- and y-directions (Wx, Wy), could be expressed in the
following forms
2
2
2

l M
l YI   w 
dx  
U strain  
 2  dx
0 2YI
0 2

 x 

2
T  l  Acs  w  dx

0 2  t 

2
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Wx   1  Fmagx  x, w    Acs  l  x  g cos    w  dx
 x
2 0 

 

l
Wy  0   Acs acc cos    Acs g sin   f magy  x, w   wdx


(6.11)

where, w denotes the displacement relative to the base in y-direction; Y denotes the
Young’s modulus; I the area moment of inertia of the rectangular cross-section; and M
the bending moment of the cantilever. l and ρ are the length and density of the SMSE
cantilever, respectively.
Based on the method in Chapter 3, the governing equation of the tilted SMSE cantilever
113

without end-stopper can be derived using the extended Hamilton’s principle as
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In (6.12), kmagyw and Π(x,w) are the distributed linear and nonlinear restoring force due
to fmagy. the finite element method is utilized to discretize the continuous system.
The weak form of the governing equation could be obtained using the Galerkin method,
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where uei are the nodal displacements (translation and rotation) in each element. xe,k is
the x-coordinate of the centre of the kth element along the beam. The element with length
le is small enough, so that the magnetic force is regarded as uniform within the element
and the centre of each element is chosen (xe,k) to calculate the magnetic force. Ni is the
shape functions.
The mass matrix, stiffness matrix and force vectors are
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(6.14)
In (6.14), there are two gravity components in the system ρAcsg(l-xe,k)cosθ and
ρAcsgsinθ in (6.11)-(6.14). The component in the x-direction, ρAcsg(l-xe,k)cosθ could be
regarded as a constant positive axial tension to the cantilever. The component in the y114

direction, ρAcsgsinθ could be regarded as a constant negative force density in the ydirection, which suppresses the positive vibrating amplitude during vibration.
Therefore, the gravity component in the y-direction is the primary factor that leads to
an asymmetrical frequency response profile of the cantilever. If the gravitational
components are removed in (6.11)-(6.14), the model is the same as that in Chapter 3.

6.5. Simulation, Experiment and Discussion
The parameters of the prototype are shown in Table 6-2.
Table 6-2. Parameters of the SMSE eVEH prototype
Parameter

Value

Length/thickness/width of SMSE cantilever

47/6/15 mm

Young’s modulus of SMSE cantilever (E)

9.81×104 Pa

Damping ratio of SMSE cantilever

0.037

Density of SMSE cantilever (ρ)

1.52 g/cm3

Mass ratio of iron particles (φp)

30%

Cantilever-PM gap

7 mm

Equivalent magnetic susceptibility (χ) in x- and
1.68
y-directions
Tilted angle of SMSE cantilever (θ)

18°

Thickness/height/width of magnet

3/9/25 mm

Surface flux density of PM

0.18 T

Surface potential of electret

1900 V

Area of the counter electrode

576 mm2

Natural frequency of end-stopper

35.71 Hz

Two configurations are considered for comparison. In the first configuration, the SMSE
cantilever is aligned along the vertical direction (i.e. no tilting), giving a symmetrical
frequency response profile. In the second configuration, the SMSE cantilever is tilted
from the vertical direction by a small angle θ, giving an asymmetrical profile. In the
initial stage, without the end-stopper, simulation and experimental results demonstrate
the realization of the asymmetrical nonlinear frequency response profile by slightly
tilting the SMSE cantilever, as shown in Figure 6-8.
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(a)

(b)

(c)
(d)
Figure 6-8 Simulation and experimental results of frequency responses of SMSE
cantilever without end-stopper under excitation of 0.1 g. (a) (b) Vertical SMSE
cantilever and (c) (d) Tilted SMSE cantilever. Red and blue lines represent forward
and backward sweeps.

Furthermore, including the end-stopper and the eVEH, a series of experiments are
conducted to verify the bandwidth broadening characteristics of the two configurations
for energy harvesting. The experiments are conducted with a base acceleration of 0.1 g
and the results are shown in Figure 6-9. The performance is tested with different amount
of amplitude constraint (d). If the vibration amplitude of the cantilever is insufficient
for the impactor to collide with the end-stopper, there is no electrical output. The initial
gap between the counter electrode and electret is 4 mm, which is large enough to avoid
possible impacts between them.
From the results shown in Figure 6-9, it is evidenced that the configuration with
intentionally designed asymmetrical frequency response profile provides a wider
working bandwidth for energy harvesting, as compared to that with the symmetrical
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profile with the same d. In particular, when d = 5 mm, the bandwidths are 0.73 Hz (6.947.67 Hz) for the symmetrical configuration and 2.25 Hz (4.72-6.97 Hz) for the
asymmetrical configuration.
It can also be noted that the proposed asymmetrical configuration helps to better
preserve the softening nonlinearity of the SMSE cantilever after the end-stopper is
engaged. This is evidenced by the jump-down frequency change in the downward
sweep. For the symmetrical configuration, the jump-down frequency changes from 5.08
Hz (without end-stopper) to 6.85 Hz (with end-stopper and d = 5 mm), as shown in
Figure 6-8(b) and Figure 6-9(d). While, for the asymmetrical configuration, the jumpdown frequency changes from 4.51 Hz (Figure 6-8 (d)) to 4.82 Hz (Figure 6-9(h)) with
the same condition.

(a)

(b)

(c)

(d)
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(e)

(f)

(g)

(h)

Figure 6-9. Experimental results of displacement and voltage frequency responses of
SMSE-based eVEH with various amounts of constraint d; (a)-(d) Vertical SMSE
cantilever; (e)-(h) Tilted SMSE cantilever. Red and blue lines represent forward and
backward sweeps.

The performance of the eVEH with the tilted SMSE cantilever is further evaluated
given different excitation levels and under a fixed frequency harmonic excitation, as
shown in Figure 6-10. The initial gap between the tilted cantilever and the end-stopper
is set to be 2 mm (d = 5 mm for the excitation of 0.1 g). The initial gap between the
counter electrode and the electret is set to be 1.2 mm to enhance the voltage output.
Both frequency sweep test (4-10 Hz, 0.1-0.2 g base excitation) and harmonic excitation
test (5 Hz, 0.2 g base excitation) are carried out. The internal impedance of the eVEH
(i.e. the capacitance of air gap and the capacitance of the electret in series) at the initial
condition is around 1.09 GΩ. To generate a large power output, a resistor R = 1 GΩ is
selected as load resistance. The maximum peak voltage and average power outputs of
our prototype, and the brief comparison with two reported state-of-the-art broadband
eVEHs, are summarized in as Table 6-3.
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(a)

(b)

(c)

(d)

Figure 6-10. Experimental results of responses of SMSE-based eVEH with d=5mm:
(a)-(c) voltage frequency responses under various excitation levels; (d) displacement
and voltage response under a fixed frequency excitation (5 Hz and 0.2 g).

In Table 6-3, the average power output is calculated as

1 N Vi 2
Pave  
N i 1 R

(6.15)

where N is the number of samples of the voltage signal acquired by the data acquisition
device in one vibration impact period, i.e. the time interval between two adjacent
impacts. Vi is the ith voltage sample. For a 0.2 g excitation, the maximum peak voltage
of the harvester is VR,max = 605.8 V and the average power is calculated to be 40.23 μW.
As compared to the performance of the other reported eVEHs, our prototype shows
great potential to harvest vibration energy more efficiently in ultra-low frequency range
and at low acceleration levels. In addition, as shown in Figure 6-10 (d), the low
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frequency vibration of the SMSE cantilever (reflected in the displacement response w)
is successfully converted to a high frequency vibration of the end-stopper (reflected in
the voltage response VR) and thus more efficient energy harvesting. Based on the
experimental results in Figure 6-10 (d) at a fixed frequency of 5 Hz, the input
mechanical power to the cantilever is 17.91 μW and the average harvested power is
3.57μW. Therefore, the energy harvesting efficiency can reach up to 19.93%.
Table 6-3. Frequency sweep results of the voltage output at different excitation levels
for the SMSE eVEH prototype
Prototype in

Excitation Working Frequency
level
range/ bandwidth

Maximum peak
voltage VR,max

Average power
output Pave at VR,max

This work

0.1 g

[4.9, 7.2 Hz]
/ 2.3 Hz

374.1 V

15.34 μW

This work

0.15 g

[4.5, 7.6 Hz]
/ 3.1 Hz

478.1 V

25.05 μW

This work

0.2 g

[4.0, 8.2 Hz]
/ 4.2 Hz

605.8 V

40.23 μW

[155]

0.09 g

[135 147 Hz]
/ 12 Hz

Not provided

1.8 μW

[154]

0.95 g

[36.3 48.3 Hz]
/ 12 Hz

Not provided

6.2-9.8 μW

6.6. Chapter Summary
In summary, the broadband SMSE-based eVEH presented in this chapter could be used
for efficient energy harvesting in low frequency and low excitation scenarios. The
asymmetrical frequency response profile intentionally introduced to the system, which
is realized with a tilted SMSE cantilever configuration, has demonstrated the ability to
mitigate the side effect from the frequency up-conversion technique and preserved the
broadband characteristics of the SMSE cantilever. With the proposed approach, the
SMSE-based eVEH can obtain the maximum instantaneous power of 366.9 μW and the
working frequency range of 4.0-8.2 Hz under a base excitation of 0.2 g. The proposed
approach could be utilized in other scenarios involving frequency up-conversion and
softening nonlinearity.
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Conclusions and Future Work
7.1. Conclusions
The thesis presented the research work on broadband vibration energy harvesters (VEH)
using soft magneto-sensitive elastomer (SMSE) cantilever. The main conclusions and
contributions of this thesis are listed as below.
First of all, for the designed SMSE cantilever, its frequency response shows an obvious
softening nonlinearity due to the variable magnetic force in the presence of a permanent
magnet. This unique softening nonlinearity show great potential in broadening the
frequency bandwidth of vibration energy harvesters in low frequency and low
acceleration applications.
Secondly, a broadband piezoelectric vibration energy harvester is proposed based on
the SMSE cantilever and PVDF material. The wide frequency bandwidth of the
proposed SMSE/PVDF-VEH is achieved, but the power output is too small for practical
application, due to the softness of SMSE compared to PVDF as well as the low coupling
coefficient of PVDF.
Thirdly, an electret-based transducer is investigated for potentially used for energy
harvesting with the SMSE cantilever. The benefit of using electret is that the energy
generation does not depend on strain but displacement. In view of charge migration. the
voltage generation mechanism of the electret-based vibration energy harvester (eVEH)
was unveiled.
Lastly, a broadband electret-based VEH based on SMSE cantilever is developed for low
frequency and low acceleration conditions. Frequency up-conversion technology is
applied in the eVEH to improve its efficiency in low frequency domain. Moreover, an
asymmetrical frequency response profile is proposed to maintain the broadband
behavior of the SMSE cantilever when frequency up-conversion technology is involved.
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7.2. Recommendations for Future Work
7.2.1 Design of PM Array for SMSE Cantilever with Complex Nonlinearities
As presented in Chapter 3 and 4, the SMSE cantilever is highly sensitive to the
background magnetic field from the magnet. A slight change in the size, position, and
orientation of the PM will result in a substantial influence on the dynamics of the
cantilever. Therefore, an array of magnets can be intentionally designed to arouse the
hardening or bistable nonlinearities of the SMSE cantilever.
As the magnetic field distribution of the PM array is far more complicated than that
from a single magnet. The analytical expression could be extremely complicated and
difficult to integrate with the dynamic model of SMSE cantilever for real time
simulation. Thus, COMSOL could be used to simulate the field distribution of the
magnet array. After that, this field distribution could be imported into MATLAB and
combine with the SMSE dynamic model.

SMSE cantilever

Figure 7-1 A two-PM array configuration for SMSE cantilever to generate hardening
nonlinearity

A case study has been conducted to evaluate the complex nonlinearities of the SMSE
cantilever with PM array. A two-PM array configuration is designed to arouse the
hardening nonlinearity from the SMSE cantilever, which is shown in Figure 7-1. The
excitation level is 0.2 g. The length, width and thickness of the cantilever are 45 mm,
15 mm and 6 mm respectively. The other physical parameters could be referred to
Chapter 3.
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SMSE cantilever

(a)

(b)

Figure 7-2 Simulation results: (a) Contour of the logarithm scale of the magnetic
energy, log (Wm); (b) Frequency response of the SMSE cantilever with hardening
nonlinearity

The simulation results are shown in Figure 7-2. In Figure 7-2 (a), the magnetic field
(Wm) distribution calculated by COMSOL is exhibited in a 2-D contour. Logarithm
scale of the magnetic energy is applied to outline the changing pattern, i.e. the colour
table represents log(Wm). In Figure 7-2 (b), the frequency response of the SMSE
cantilever is calculated in MATLAB, which shows an obvious hardening nonlinearity.
7.2.2 Self-Powered Synchronized Charge Extraction Circuit for eVEHs
In Chapter 5 and 6, the eVEH connects directly with a load resistor and the power is
delivered as an AC form. However, most practical electrical devices require a DC
source. The most convenient way to realize the AC-to-DC power conversion is via a
full bridge rectifier, termed as the standard (STD) circuit [158]. It is fully passive and
easy to be implemented. Apart from the STD circuit, some semi-passive power
conditioning circuits were also extensively studied, in order to achieve a more efficient
energy harvesting than the STD circuit [159-163]. However, most of the power
conditioning circuits are load dependent, which means a more efficient energy
harvesting cannot always be guaranteed for varying load resistances. The loaddependency could be a critical challenge for these circuits to be applied with eVEHs.
As learned in Chapter 5, the power output of eVEHs is usually low due to impedance
mismatch. There is one exceptional circuit proved to be load-independent for
piezoelectric VEHs, that is the synchronous charge extraction (SCE) circuit [158, 164].
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L

Cf

R1

Piezoelectric energy
harvester

(a)

(b)

Figure 7-3 (a) SCE circuit and (b) displacement and voltage waveforms of a
piezoelectric VEH with SCE circuit[165]

The schematic of the SCE circuit is shown as Figure 7-3(a), which includes a full-bridge
rectifier, an inductor LSCE, a diode DSCE, a synchronized witch S, a filter capacitor Cf
and a resistor RL. The displacement and voltage waveform of a piezoelectric VEH with
SCE circuit is shown in Figure 7-3(b). The switch will be open until the displacement
reaches the peak amplitude. When the switch is open, the VEH stays in an open-circuit
condition and energy accumulates within the harvester. Once the displacement reaches
the peak amplitude, the switch is closed for a short period and the accumulated energy
is transferred quickly from the VEH to LSCE. After that, the voltage of the VEH reduced
to zero, the energy on the inductor LSCE is further released to the filter capacitor and
load resistance RL.

eVEH

Self-powered SCE circuit

Vp
L

Ce
Vs

CF

Vc

Cp

MOSFET
R1

Figure 7-4 Schematic of self-powered SCE circuit
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RL

The schematic of the eVEH with a self-powered SCE circuit constructed in SIMetrix is
shown in Figure 7-4. Vp is the voltage across the output ports of the rectifier, Vc is the
voltage across C1. The synchronized switching is realized by the following principle:
Before a peak voltage amplitude of VEH is reached, Vp is slightly larger than Vc. There
is no current flow through BJT Q2, and MOSFET Q1 is blocked. The VEH is in an
open-circuit state. When a peak voltage amplitude is reached, Vc turns larger than Vp.
The capacitor C1 starts to discharge through Q2 and R2, for a short period of time.
Within this period, Q1 is turned on and the voltage of VEH is transferred to the inductor
L1.

(a)

(b)

Figure 7-5 Simulation results of the eVEH with STD and SCE circuits respectively: (a)
load voltage and (b) power output

The simulation results of an eVEH with different load resistances are shown in Figure
7-5. For both STD and SCE circuits, an increasing load resistance gives a larger voltage
output. Meanwhile, the power output in SCE keeps stable with the increasing resistance,
which proves the load independent characteristics.
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Appendix B: MATLAB Code of the SMSE Cantilever
Finite Element Model
(1) Main program
%

FEM model of Magneto-senstive elastomer cantilver

%

Dr. Zhaoshu Yang, University of Auckland

%

zyan281@aucklanduni.ac.nz

%

05/06/2017

%% csai identification and parameter setting
clear
% clc
global l l_pm w_pm d_pm B_pm0 d_gap Acs n ratio_V mv_0
n=15; % Number of element
l_pm=25e-3; % length of magnet
w_pm=15e-3; % width of magnet
d_pm=3e-3; % thickness of magnet
B_pm0=0.18; % surface flux density of magnet
d_gap=4e-3; % initial gap distance between magnet and SMSE cantilever
T_test=0.095; % Intial magnetic force for a 30% sample SMSE
cantilever
l=26e-3; % length of SMSE cantilever
width=15e-3; % width of SMSE cantilever
l_orig=30e-3; % original length of cantilever
w=15e-3; % width of SMSE cantilever
thk=2.1e-3;% thickness of SMSE cantilever
Acs=w*thk; % cross section area of SMSE cantilever
I=(1/12)*w*thk^3; % second moment of area of SMSE cantilever
m=1.44e-3; % mass of SMSE cantilever
vol=w*l_orig*thk; % volume of SMSE cantilever
rho=m/vol; % density of SMSE cantilever
rhoA=m/l_orig; % mass per unit length of SMSE cantilever
rho_particle=2.8e3; % density of iron particle
ratio_m=0.3; % mass ratio of iron particle
ratio_V=ratio_m*rho/rho_particle; % volume ratio of iron particle
Mt=0;

% tip mass

acc1=0.4; % base acceleration
theta_1=0.037; % damping ratio
mv_0=4*pi*1e-7; % vacuum permittivity
freq1=4.67; % resonance frequency of SMSE cantilever without magnetic
force
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E=(freq1*2*pi/1.875^2)^2*rhoA*l^4/I; % identify Young's modulus E
%% mesh and initial tension determination
h=l/n*ones(n,1); % length of each finite element
x0=linspace(1,n,n)*l/n-0.5*l/n; % central position of each finite
element
f_magx0=zeros(n,1); % acclaim initial magnetic force on each finite
element
T=zeros(n,1); % acclain tension on each finite element
for i=1:n
[f_magx0(i),~]=fmag0926(x0(i),0,1);
end
F_magx0=f_magx0.*h; % initial horizontal magnetic force in each
finite element
csai=T_test/sum(F_magx0); % identify magnetic susceptibilities in xdirection
%% Mesh, force map and initial tensition calculation
Fh0=zeros(1,n); % initial horizontal force on each element
Fv0=zeros(1,n); % initial vertical force on each element
FT0=zeros(1,n); % tension force on each element
for i=1:n
[f_magx0(i),~]=fmag0926(x0(i),0,csai);
end
F_magx0=f_magx0.*h; % initial horizontal force on each element
for i=1:n
Fh0(i)=sum(F_magx0(i:end));
FT0(i)=Fh0(i)+Fv0(i);
end
%% extract the linear stiffness from vertical magnetic force to
calculate magnetic susceptibilities in vertical direction
% vertical magnetic susceptibilities are identified by through its
contribution to change in the linear stiffness based on the stiffness
matrix expression
y_poly=linspace(-8e-3,8e-3,1000);
coeff_poly=zeros(n,4);
f_magy0=zeros(n,length(y_poly));
for i=1:n
for j=1:length(y_poly)
[~,f_magy0(i,j)]=fmag0926(x0(i),y_poly(j),csai);
end
coeff_poly(i,:)=polyfit(y_poly,f_magy0(i,:),3);
end
%% -------------- Mass and stiffness matrix of FEM model -----------EI=E*I;
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K1=zeros(2*n+2,2*n+2);
K3=zeros(2*n+2,2*n+2);
M1=zeros(2*n+2,2*n+2);
Q1=zeros(2*n+2,1);
for i=1:n
Ke=EI/h(i)^3*[12 6*h(i) -12 6*h(i); 6*h(i) 4*h(i)^2 -6*h(i)
2*h(i)^2;-12 -6*h(i) 12 -6*h(i); 6*h(i) 2*h(i)^2 -6*h(i) 4*h(i)^2];
K_y=h(i)/420*[156 22*h(i) 54 -13*h(i); 22*h(i) 4*h(i)^2 13*h(i) 3*h(i)^2; 54 13*h(i) 156 -22*h(i); -13*h(i) -3*h(i)^2 -22*h(i)
4*h(i)^2];
Me= h(i)/420*[156 22*h(i) 54 -13*h(i); 22*h(i) 4*h(i)^2 13*h(i) 3*h(i)^2; 54 13*h(i) 156 -22*h(i); -13*h(i) -3*h(i)^2 -22*h(i)
4*h(i)^2];
Qe=h(i)/2*[1;6*h(i);1;-6*h(i)];
K1((2*i-1):(2*i+2),(2*i-1):(2*i+2)) = K1((2*i-1):(2*i+2),(2*i1):(2*i+2)) + Ke;
K3((2*i-1):(2*i+2),(2*i-1):(2*i+2)) = K3((2*i-1):(2*i+2),(2*i1):(2*i+2)) - coeff_poly(i,3)*K_y;
M1((2*i-1):(2*i+2),(2*i-1):(2*i+2)) = M1((2*i-1):(2*i+2),(2*i1):(2*i+2)) +rhoA*Me;
Q1((2*i-1):(2*i+2))=Q1((2*i-1):(2*i+2))+rhoA*Qe;
end
M1(2*n+1,2*n+1)=M1(2*n+1,2*n+1)+Mt;
K = K1(3:2*n+2,3:2*n+2);
M = M1(3:2*n+2,3:2*n+2);
Q = Q1(3:end);
%% ------------- chirp excitation setting ------------------------acc_amp=acc1*9.8;

% magnitude of

acceleration of base motion
freq_start =16;
freq_end =22;
dt1 = 1e-3;

% time increment

for simulation5
freq_sweeprate1 = 0.5;
dt2 = 1e-3;
freq_sweeprate2 = 0.05;
freq_step1=freq_start+3;
freq_step2=freq_end-1;
SimT1 = (freq_start-freq_step1)/(-freq_sweeprate1);

%

simulation duration
SimT2 = (freq_step1-freq_step2)/(-freq_sweeprate2);
simulation duration
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%

SimT3 = (freq_step2-freq_end)/(-freq_sweeprate1);

%

simulation duration
t1=0:dt1:SimT1;
freq1=t1*freq_sweeprate1+freq_start;
t2=SimT1+dt2:dt2:SimT1+SimT2;
freq2=(t2-t1(end))*freq_sweeprate2+freq_step1;
t3=SimT1+SimT2+dt1:dt1:SimT1+SimT2+SimT3;
freq3=(t3-t2(end))*freq_sweeprate1+freq_step2;
t=[t1,t2,t3];
freq=[freq1 freq2 freq3];
dt=diff(t);
SimT=SimT1+SimT2+SimT3;
%% ------------- Resolve using 4th order Ruge-kutta method ---------nt=length(t);
dof=length(M);
y_beam=zeros(dof,nt);
dof_modal=2;
y0=zeros(dof_modal,1);
z0=zeros(dof_modal,1);
k0=zeros(dof_modal,1);
l0=zeros(dof_modal,1);
y1=zeros(dof_modal,1);
z1=zeros(dof_modal,1);
k1=zeros(dof_modal,1);
l1=zeros(dof_modal,1);
y2=zeros(dof_modal,1);
z2=zeros(dof_modal,1);
k2=zeros(dof_modal,1);
l2=zeros(dof_modal,1);
y3=zeros(dof_modal,1);
z3=zeros(dof_modal,1);
k3=zeros(dof_modal,1);
l3=zeros(dof_modal,1);
y4=zeros(dof_modal,nt);
z4=zeros(dof_modal,nt);
t_Q1=0:dt1/2:SimT1;
t_Q2=SimT1+dt2/2:dt2/2:SimT1+SimT2;
t_Q3=SimT1+SimT2+dt1/2:dt1/2:SimT1+SimT2+SimT3+dt1/2;
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t_Q=[t_Q1,t_Q2,t_Q3];
Q_ext=Q*acc_amp*chirp_linear(t_Q,freq_start,SimT,freq_end);
Fh=Fh0;
Fv=Fv0;
FT=FT0;
x_t=zeros(n,1);
for i_t=1:nt-1
F_magy1=zeros(dof+2,3);
f_magx=f_magx0;
f_magy=zeros(n,3);
y_beam_t=zeros(n,3);
y_beam_t(:,3)=y_beam(1:2:end,i_t);
dy_beam_x=[y_beam_t(1,3);diff(y_beam_t(:,3))];
dx_beam=[0;h-sqrt(h.^2-dy_beam_x.^2)];
if i_t==1
y_beam_t(:,1)=zeros(n,1);
dy_beam_t=zeros(n,1);
else
y_beam_t(:,1)=y_beam(1:2:end,i_t-1);
dy_beam_t=y_beam_t(:,3)-y_beam_t(:,1);
end
y_beam_t(:,2)=y_beam_t(:,1)+dy_beam_t/2;
for i=1:n
x_t(i)=x0(i)-dx_beam(i+1)/2-sum(dx_beam(1:i));
Qe=h(i)/2*[1;6*h(i);1;-6*h(i)];
[~,f_magy(i,1)]=fmag(x_t(i),y_beam_t(i,1),csai);
F_magy1((2*i-1):(2*i+2),1)=F_magy1((2*i1):(2*i+2),1)+(f_magy(i,1)-coeff_poly(i,3)*y_beam_t(i,1))*Qe;
[~,f_magy(i,2)]=fmag(x_t(i),y_beam_t(i,2),csai);
F_magy1((2*i-1):(2*i+2),2)=F_magy1((2*i1):(2*i+2),2)+(f_magy(i,2)-coeff_poly(i,3)*y_beam_t(i,2))*Qe;
[~,f_magy(i,3)]=fmag(x_t(i),y_beam_t(i,3),csai);
F_magy1((2*i-1):(2*i+2),3)=F_magy1((2*i1):(2*i+2),3)+(f_magy(i,3)-coeff_poly(i,3)*y_beam_t(i,3))*Qe;
[f_magx(i),~]=fmag(x_t(i),y_beam_t(i,3),csai);
end
F_magx=f_magx.*h;
F_magy=F_magy1(3:end,:);
for i_F=1:n
Fh(i_F)=sum(F_magx(i_F:end));
Fv(i_F)=sum((F_magy(2*i_F-1,3)-Q_ext(2*i_F1,2*i_t+1))*y_beam_t(i_F*2));
FT(i_F)=Fh(i_F)-Fv(i_F);
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end
K2=zeros(2*n+2,2*n+2);
for i=1:n
K_t=1/(30*h(i))*[36 3*h(i) -36 3*h(i);3*h(i) 6*h(i)^2 -3*h(i) h(i)^2;-36 -3*h(i) 36 -3*h(i);3*h(i) -h(i)^2 -3*h(i) 4*h(i)^2];
K2((2*i-1):(2*i+2),(2*i-1):(2*i+2)) = K2((2*i-1):(2*i+2),(2*i1):(2*i+2))+FT(i)*K_t;
end
K4=K1+K2+K3;
K = K4(3:2*n+2,3:2*n+2);
[M_dc,K_dc,phi,wn]= ModalAnalysis(M,K,dof_modal);
theta=theta_1*[wn(1,1)/wn(1,1) wn(1,1)/wn(1,1)];
Q_dc0=phi'*(Q_ext(:,i_t*2-1)+F_magy(:,1));
Q_dc1=phi'*(Q_ext(:,i_t*2)+F_magy(:,2));
Q_dc2=phi'*(Q_ext(:,i_t*2)+F_magy(:,2));
Q_dc3=phi'*(Q_ext(:,i_t*2+1)+F_magy(:,3));
for

i_ode=1:dof_modal
m_dc=M_dc(i_ode,i_ode);
k_dc=K_dc(i_ode,i_ode);
y0(i_ode)=y4(i_ode,i_t);
z0(i_ode)=z4(i_ode,i_t);
k0(i_ode)=dt(i_t)*z0(i_ode);
l0(i_ode)=dt(i_t)*(Q_dc0(i_ode)/m_dc-k_dc/m_dc*y0(i_ode)-

2*wn(i_ode)*theta(i_ode)*z0(i_ode));
y1(i_ode)=y0(i_ode)+1/2*k0(i_ode);
z1(i_ode)=z0(i_ode)+1/2*l0(i_ode);
k1(i_ode)=dt(i_t)*z1(i_ode);
l1(i_ode)=dt(i_t)*(Q_dc1(i_ode)/m_dc-k_dc/m_dc*y1(i_ode)2*wn(i_ode)*theta(i_ode)*z1(i_ode));
y2(i_ode)=y0(i_ode)+1/2*k1(i_ode);
z2(i_ode)=z0(i_ode)+1/2*l1(i_ode);
k2(i_ode)=dt(i_t)*z2(i_ode);
l2(i_ode)=dt(i_t)*(Q_dc2(i_ode)/m_dc-k_dc/m_dc*y2(i_ode)2*wn(i_ode)*theta(i_ode)*z2(i_ode));
y3(i_ode)=y0(i_ode)+k2(i_ode);
z3(i_ode)=z0(i_ode)+l2(i_ode);
k3(i_ode)=dt(i_t)*z3(i_ode);
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l3(i_ode)=dt(i_t)*(Q_dc3(i_ode)/m_dc-k_dc/m_dc*y3(i_ode)2*wn(i_ode)*theta(i_ode)*z3(i_ode));
end
y4(:,i_t+1)=y4(:,i_t)+1/6*(k0+2*k1+2*k2+k3);
z4(:,i_t+1)=z4(:,i_t)+1/6*(l0+2*l1+2*l2+l3);
y_beam(:,i_t+1)=phi*y4(:,i_t+1);
if isnan(y_beam(:,i_t+1));return;end
end
%% ------------------- Result ---------------------------------------figure
plot(freq,y_beam(dof-1,:),'r')
axis tight
legend('0.4g Forward');
set(gca,'FontSize',50);
xlabel('Freq (Hz)','FontSize',50,'Fontname','Times')
ylabel('Displacement (m)','FontSize',50,'Fontname','Times')

(2) Function of Calculating Magnetic Force
function [fx,fy]=fmag(x_inpt,y_inpt,csai)
global l l_pm w_pm B_pm0 d_pm d_gap Acs ratio_V mv_0
h=d_pm;
fun1=@(x1,x2,x3) log((sqrt(x1^2+x2^2+(x3-h)^2)x2)/(sqrt(x1^2+x2^2+(x3-h)^2)+x2))-log((sqrt(x1^2+x2^2+x3^2)x2)/(sqrt(x1^2+x2^2+x3^2)+x2));
fun2=@(x1,x2,x3) atan(x1/x2*(x3-h)/sqrt(x1^2+x2^2+(x3-h)^2))atan(x1/x2*x3/sqrt(x1^2+x2^2+x3^2));
dfun1_x2=@(x1,x2,x3) -2/sqrt(x2^2+(x3h)^2+x1^2)+2/sqrt(x2^2+x3^2+x1^2);
dfun2_x3=@(x1,x2,x3) (x1*x2*(x3^2-2*h*x3+h^2+x1^2+x2^2))/((x3^22*h*x3+h^2+x2^2)*((x3-h)^2+x2^2+x1^2)^(3/2))(x1*x2)/((x3^2+x2^2)*sqrt(x3^2+x2^2+x1^2));
a=l_pm;
b=w_pm;
k_B=B_pm0/(-fun2(b/2,a/2,0)-fun2(b/2,a/2,0)-fun2(a/2,b/2,0)fun2(a/2,b/2,0)-fun2(b/2,a/2,0)-fun2(b/2,a/2,0)-fun2(a/2,b/2,0)fun2(a/2,b/2,0));
z=d_gap+l-x_inpt;
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y=y_inpt+w_pm/2;
x=l_pm/2;
Bx=k_B*(-fun2(b-y,a-x,z)-fun2(y,a-x,z)-fun2(a-x,b-y,z)-fun2(x,by,z)-fun2(b-y,x,z)-fun2(y,x,z)-fun2(a-x,y,z)-fun2(x,y,z));
By=k_B/2*(-fun1(b-y,a-x,z)-fun1(b-y,x,z)+fun1(y,ax,z)+fun1(y,x,z));
csai_x=csai;
csai_y=csai*2.46; % 30% sample
% csai_y=csai*3.25; % 40% sample
dBx=k_B*(-dfun2_x3(b-y,a-x,z)-dfun2_x3(y,a-x,z)-dfun2_x3(a-x,by,z)-dfun2_x3(x,b-y,z)-dfun2_x3(b-y,x,z)-dfun2_x3(y,x,z)-dfun2_x3(ax,y,z)-dfun2_x3(x,y,z));
dBy=k_B/2*(dfun1_x2(b-y,a-x,z)+dfun1_x2(b-y,x,z)+dfun1_x2(y,ax,z)+dfun1_x2(y,x,z));
fx=-Bx*dBx*Acs*csai_x/mv_0*ratio_V;
fy=By*dBy*Acs*csai_y/mv_0*ratio_V;
end

(3) Fuction of Modal Decomposition
function [M_dc,K_dc,phi,w]= ModalAnalysis(M,K,dof_modal)
% Modal Analysis
[V,D]=eig(K,M);
[W,k]=sort(diag(D));
V=V(:,k);
Factor=diag(V'*M*V);
Phi=V*inv(sqrt(diag(Factor)));
Omega=diag(sqrt(Phi'*K*Phi));
% selecting only first two Natural Frequencies and Mode shapes
w = diag(Omega(1:dof_modal)) ;
phi = Phi(:,1:dof_modal) ;
% Reducing the Degree's of Freedom of M, K and P
M_dc = phi'*M*phi;
K_dc = phi'*K*phi;
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