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Abstract 

Parallel robots play a key role in the development of the robotics industry. Redundantly actuated 

parallel robots (RAPRs) can be utilized to both exploit the intrinsic advantages of parallel robots 

and to overcome their disadvantages such as the abundance of singularities in their limited 

workspace. Most studies in the field of RAPRs have only focused on solving theoretical 

problems, and no known empirical research has focused on the in-vitro study of the reaction 

forces on the temporomandibular joints (TMJs) by a chewing RAPR that can help in further 

understanding of the temporomandibular disorders (TMDs). 

Several studies have documented different mechanisms to model the chewing process, dental 

training, and stomatognathic system (an anatomic system, including teeth, jaws, and associated 

soft tissues) rehabilitations. However, a few of them used a RAPR mechanism, which is more 

biologically congruent. The stomatognathic system has a redundantly actuated mechanism since 

the mandible moves with more muscles of mastication than the number of degrees of freedom of 

the mandible with respect to the maxilla. 

A mandibular motion-capturing system along with a chewing RAPR capable of mimicking the 

human mandibular motion and measuring the real-time TMJs loading are practical in the study 

of the mastication process. Such a study can assist performance testing of dental health care 

materials, diagnosis of the chewing related diseases, such as TMDs, and provide an 

understanding of the damage to dental enamel due to chewing habits. Moreover, it can aid in 

texture analysis of the food materials, which is beneficial for the food industry. 

This thesis used a novel mandibular motion-capturing system to record human subjects’ 

mandibular motion and a chewing RAPR equipped by force sensors on its TMJs to measure the 

TMJs reaction forces while the RAPR is mimicking a human subject’s mandibular motion to 

chew a food material. First, a comprehensive literature review on RAPRs is presented. Then, the 

design of a novel, low-cost, and portable mandibular motion-capturing system is discussed and 

used for the first time in this study. The chewing RAPR mechanism is presented, and closed-

form solutions for the RAPR’s kinematics and Jacobian analyses are investigated. Inverse 

dynamics of the RAPR is studied and two cost functions, corresponding to two neuromuscular 

objectives in human chewing, are formulated to solve the indeterminacy of the chewing RAPR’s 

inverse dynamics problem. Finally, disturbance observer-based control is used for trajectory 

tracking control of the RAPR’s mandible to follow a human subject’s mandibular motion 

captured by the motion-capturing system. 
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The combination of the portable motion-capturing system and the chewing RAPR allow for the 

subject-centric study of the stomatognathic system and its related diseases such as TMDs by 

recreating the human subject’s mandibular motions and measuring the TMJs reaction forces. The 

research results represent a further step towards developing industrial and medical robotics.  
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1 Chapter 1 Introduction 

The biological masticatory system has redundancy in its actuation since the mandible moves 

by a greater number of muscles of mastication than the number of degrees of freedom (DOFs) 

of the mandible with respect to the maxilla. Therefore, chewing robots with actuation 

redundancy are more biologically congruent. The state-of-the-art chewing robots have 

redundantly actuated parallel mechanisms [1]–[3], where the actuation redundancy is 

introduced by mechanically modeling the two temporomandibular joints (TMJs). In the 

anatomical masticatory system of the human, the TMJs connect the jawbone to the skull. In 

this research, a novel mandibular motion-capturing system and a chewing RAPR are used to 

capture and reproduce the human subject’s mandibular motion to study the temporomandibular 

reaction forces during food chewing. 

1.1 Motivation 

Dental decay, as a chronic and irreversible disease, is the most prevalent disease in New 

Zealand (NZ) [4]. Approximately one in three adults over 45 years old have lost all their natural 

teeth in NZ [4]. Edentulism (complete tooth loss) results in an altered chewing cycles leading 

to additional stress on the stomatognathic system (an anatomic system, including teeth, jaws, 

and associated soft tissues such as masticatory muscles, tongue, and lips). Such stresses are key 

contributors to orofacial disorders in later stages [5]. A portable fiducial-marker-based 

mandibular-motion-capturing system (PFMS) [6], is designed and suggested to be used as a 

low-cost and simple mandibular motion-capturing system instead of conventional commercial 

motion-capturing systems [7], [8], which are bulky, time-consuming in setup and calibration, 

and expensive. Both planar and spatial recordings of the mandibular motions by the PFMS 

provide meaningful results for the evaluation of the chewing cycles [9]. 

Temporomandibular joint disorders (TMDs) are a common stomatognathic system issue 

threatening peoples’ health and quality of life. Studies show that 60-70% of people experience 

temporary symptoms of TMDs during their life [10], [11]. Approximately 10 million 

Americans suffer from TMDs [12]. TMDs can impose restricted jaw movements and alter the 

patient’s mandibular motion from that of a healthy subject. If the patient cannot get prompt 

proper treatment, the issue can lead to severe pains. The PFMS can be readily available in 

clinics for a fast, easy, low-cost, and periodic evaluation of the patients’ mandibular motion for 

early diagnosis of the TMDs and prevention of the TMJs tissue damages and its typical 
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symptoms such as headache, neck pain, toothache, pain in masticatory muscles, pain in the 

TMJs, and jaw lock [13]. 

A high magnitude TMJ reaction force is a potential predisposing risk factor for TMDs 

prevalence. In-vivo evaluation of the TMJs reaction forces is difficult and invasive [14]. 

Development of new methods such as chewing robots is required to model mastication through 

physical experimentation [15], which make the in-vitro measurement of TMJs reaction forces 

possible. The chewing RAPR is equipped by force sensors and is capable of measuring the 

TMJs reaction forces. Treatment options for TMDs, depending on the severity of the 

symptoms, range from conservative and minimally invasive treatments to open surgery [11]. 

Jaw rehabilitation exercises are therapies that appear beneficial as conservative treatments for 

patients with TMDs. The effects of the mandibular rehabilitation exercises on TMJs reaction 

forces could be tested in-vitro by the chewing RAPR. Physical therapists may find the results 

of this research helpful for finding the true rehabilitation exercises for the patients. 

The chewing RAPR can also be employed for the bio-mimicking simulation of the mastication 

process to study the in-vitro interaction between the foods and the teeth. The chewing RAPR 

is practical for dental material testing and design of dentures, implant reliability testing, dental 

training, and study of chewing efficiency. Studying the physical properties and texture of the 

food materials is a requirement for the food industry that can also be performed by this robotic 

platform. In this research, a mandibular motion-capturing system, the PFMS, and a chewing 

RAPR will be used to capture a human subject’s mandibular motion and to reproduce the 

motion and measure the TMJs reaction forces while chewing food materials, which allow for 

making the abovementioned potential applications of the PFMS and the chewing RAPR 

practical. 

1.2 Aims and objectives 

The aim of this research is to use the portable mandibular motion-capturing system to capture 

real-life mandibular motion of human subjects as a reference signal for trajectory tracking 

control of the chewing RAPR to enable data supported customized subject centric evaluation 

and diagnosis of the human stomatognathic system, for which the following objectives will be 

undertaken. Each objective is a foundation for its following ones; therefore, the objectives of 

this research should be studied sequentially. Fig. 1.1 shows the research objectives and the 

roadmap for conducting this research [16]. 
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Fig. 1.1 Research road map 

1.2.1 Objective one: Human subjects’ mandibular motion capturing 

The mandibular motion of human subjects needs to be captured to find the mandibular 

trajectory points as the input data for the other three objectives of this research. For this 

purpose, the PFMS, which is a novel, low-cost, and portable mandibular motion-capturing 

system based on planar fiducial markers, is invented and used in this research for the first time. 

The captured mandibular motion by the PFMS provides the desired mandibular motion for 

trajectory tracking control of the chewing RAPR, which allows for mimicking the human 

subjects’ mandibular motion by the chewing RAPR and for setting up a robotic platform for 

the in-vitro study of the stomatognathic system. 

1.2.2 Objective two: Inverse kinematics and Jacobian analysis of the 

chewing RAPR 

The inverse kinematics of the chewing RAPR is the problem of finding angular displacements 

of six actuators of the chewing RAPR for the given mandibular motion trajectory points 

captured by the PFMS. The mechanical design of the RAPR’s TMJs constrains two of its 

DOFs, and therefore, 𝑍(𝑡) and 𝛼(𝑡) are functions of the other four DOFs of the chewing RAPR, 

𝑋(𝑡), 𝑌(𝑡), 𝛽(𝑡), and 𝛾(𝑡). The details of these constraints and the definition of the DOFs of 

the RAPR will be presented in Section 4.3. Fig. 1.2 schematically shows the input and output 

data for the inverse kinematics problem of the chewing RAPR. 𝑋(𝑡), 𝑌(𝑡), 𝛽(𝑡), and 𝛾(𝑡) are 

the four independent DOFs of the chewing RAPR and 𝜃𝑖(𝑡), 𝑖 = 1,2,3, … ,6 are the angular 

displacements of the actuators. 

Mandibular Motion-
Capturing (trajectory of 

the end-effector)

Inverse kinematics 
(angular displacement 

of  the actuators)

Inverse dynamics 
(required actuator 

torques)

DOB control (trajectory 
tracking control of the 

mandible)

Experiments (TMJs 
reaction forces)
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Fig. 1.2 Schematic diagram of the inverse kinematics problem of the chewing RAPR 

The Jacobian matrix maps the velocities in the Cartesian space to the velocities in the joint 

space of the chewing RAPR. Closed-form solution of the inverse kinematics problem and the 

Jacobian matrix of the chewing RAPR are required to solve its inverse dynamics problem. 

1.2.3  Objective three: Inverse dynamics of the chewing RAPR and TMJs 

load measurement 

The inverse dynamics analysis of the chewing RAPR provides the required actuation torques, 

𝜏𝑖(𝑡), 𝑖 = 1,2,3, … ,6, for given mandibular trajectory points and their corresponding actuator 

angular displacements, see Fig. 1.3. There are a greater number of unknowns (required 

actuation torques for the six motors of the chewing RAPR) than the independent equations of 

motion (four independent DOFs of the chewing RAPR result in four equations for this robot) 

in RAPRs. Thus, the inverse dynamics problem of such robots is an indeterminate problem. 

Formulating an optimizing cost function is a redundancy resolution method to encounter the 

indeterminacy problem in the inverse dynamics problem of RAPRs, which will be used in this 

research. 

 
Fig. 1.3 Schematic diagram of the inverse dynamics problem 

The inverse dynamics of the chewing RAPR is studied using the Lagrange’s equations of the 

second kind and two cost functions corresponding to two neuromuscular objectives in human 

chewing are formulated to tackle the indeterminacy problem in inverse dynamics of the 

chewing RAPR. Once the inverse dynamics of the chewing RAPR is solved, the dynamic 

model can be used for model-based trajectory tracking control of the RAPR to study the 

reaction forces on RAPR’s TMJs. 
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1.2.4  Objective four: Disturbance observer-based control for motion/force 

control of the chewing RAPR and experimental results 

Passive anti-disturbance control methods use feedback signals to reject external disturbances 

and internal uncertainties, which leads to indirect and slow reactions against strong 

disturbances. In the case of the chewing RAPR, uncertainties such as parameter perturbations 

and unmodeled dynamics and disturbances such as interactions between the RAPR’s teeth and 

food materials need to be compensated. In active anti-disturbance control methods, 

feedforward signals based on disturbance estimation can counteract disturbances directly. 

Disturbance observer-based control (DOBC) as an active anti-disturbance control method can 

counteract disturbances fast and directly in the chewing RAPR. DOBC is used to control the 

mandible to track a desired mandibular motion captured by the PFMS from a human subject. 

1.3 Scope 

Stomatognathic system is a complicated anatomic system and is difficult to be modeled 

completely. In this research, some simplifying assumptions are taken to model and in-vitro study 

of this system. These assumptions can be listed as follows:  

1.3.1 The soft tissues of the stomatognathic system are neglected 

Stomatognathic system is an anatomic system, including teeth, jaws, and associated soft tissues 

such as masticatory muscles, cheeks, tongue, articular disk between the condyle and the 

mandibular fossa, and lips. The mechanical design of the whole system is out of the scope of 

this research. The focus of the design in this research is on rigid parts of the system, including 

the teeth and the jaws and some of the soft tissues such as masticatory muscles and the TMJs, 

which are modeled mechanically by rigid elements. 

1.3.2 All parts of the chewing RAPR are assumed to be completely rigid 

The rigid-body assumption is used for all parts of the chewing RAPR, which allows for rigid-

body dynamic principles to be governed for kinematics, Jacobian, and dynamics analysis of 

the chewing RAPR. 

1.3.3 Geometrical model of the TMJs 

The temporal bone geometry can be approximated by a third-order polynomial in the sagittal 

plane [17]. In the built chewing RAPR, the temporal bone geometry of the TMJs is 

approximated by a second-order polynomial.  
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1.3.4 Planar reaction forces on the TMJs 

The mechanical design of the TMJs of the chewing RAPR constrains a ball portion, simulating 

the condyle, within a curved slot, simulating the mandibular fossa. One of the force components 

on the TMJs is only due to the friction in the higher kinematics pairs point contacts between 

the ball portion and the curved slot. Reaction forces on the chewing RAPR’s TMJs are assumed 

planar since the friction force is negligible after proper lubrication of the joint. 

1.4 Major contribution 

1.4.1 A novel portable mandibular motion-capturing system 

Conventionally, commercial motion-capturing systems were used for spatial mandibular 

motion capturing. These systems are bulky, expensive, time-consuming to setup and calibrate. 

They also require an expert to operate them. To alleviate the problems associated with the 

commercial motion-capturing systems, a portable fiducial-marker-based mandibular-motion-

capture system, PFMS, is invented, introduced, and used in this research for the first time. The 

PFMS is portable, low-cost, and easy to setup and calibrate that make it a good option for being 

readily available in clinics and research labs. The design of the PFMS is presented, and its 

ability to capture the mandibular motion is verified by comparing its work with a benchmark 

system [6], [19]. 

1.4.2 Kinematics and Jacobian analysis of the chewing RAPR 

A closed-form solution for the inverse kinematics of the RAPR is derived using the kinematic 

chains in the structure of the chewing RAPR. Furthermore, a physical constraint on the RAPR’s 

couplers is used to find the Jacobian matrix of the RAPR analytically. Both the inverse 

kinematics and Jacobian analysis of the RAPR are a foundation for studying the inverse 

dynamics of the RAPR [20]. 

1.4.3 Dynamics of the chewing RAPR 

Employing the Lagrange’s equations of the second kind and with a point-mass assumption in 

the chewing RAPR’s couplers, a straightforward dynamic analysis is presented for the chewing 

RAPR that results in finding the nonconservative generalized forces corresponding with four 

generalized coordinates (four independent DOFs) of the chewing RAPR. Simulated reaction 

forces and moments on a molar resulted from a chewing experiment by a 1-DOF chewing robot 

are used to account for the interaction of the food materials and the chewing RAPR’s teeth. 
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Two different optimization cost functions, corresponding to specific neuromuscular objectives, 

which are the minimization of the effort of the muscles of mastication and TMJs loads, are 

formulated to find the RAPR’s optimized actuation torque distributions [21], [22]. 

1.4.4 Disturbance observer-based trajectory tracking control of the chewing 

RAPR and its mechatronics 

The mechatronics design of the chewing RAPR and the force sensors on its TMJs are presented. 

The chewing RAPR as a system interacts with the external environment while chewing food 

materials through the food-teeth reaction forces and moments, which impose disturbances to 

the system. Moreover, there are parameter perturbations and unmodeled dynamics of the 

system that are demanding to deal with. Therefore, an active anti-disturbance control design 

that can counteract disturbances and uncertainties fast and directly is beneficial in the trajectory 

tracking control of the chewing RAPR. A DOBC is designed and implemented to the chewing 

RAPR to improve the performance of the chewing RAPR in terms of mimicking a human-like 

mandibular motion. 

1.4.5 Experiments, TMJ force measurements, conclusion, and future work 

The outcome of the chapters of this thesis allows for capturing a subject-specific mandibular 

motion by the PFMS and mimicking the captured mandibular motion by the chewing RAPR 

while chewing different food materials. The installed force sensors on RAPR’s TMJs allow for 

the measurement of the TMJs reaction forces, which provide insight for better diagnosis and 

rehabilitation of TMD patients by identifying root causes for TMJ pains [23]. 

1.5 Thesis layout 

The following chapters of the thesis are organized as follows; 

Using redundant actuators in parallel robots to make RAPRs, owing to bringing a variety of 

advantages for the parallel robots, has become an emerging research topic. Chapter 2 presents 

a comprehensive literature review of RAPRs for enabling their further application. In this 

thesis, a chewing robot is used to measure the TMJs mechanical loadings. However, this 

chapter focuses on the RAPRs and not on the chewing robots since the state-of-the-art chewing 

robots have redundantly actuated parallel mechanisms, which is biologically in congruence 

with human masticatory systems driven by more masticatory muscles than the DOFs of the 

mandible. The relevant published works are studied and classified into four primary topics, 

including design, kinematics, dynamics, and control issues of RAPRs. Common structures of 
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RAPRs are introduced and studied. The literature is also studied in terms of RAPRs 

applications, wherein the limited practical applications are pointed out. The current challenges 

and future directions of the field are discussed with the research gap identified. New 

applications for RAPRs are proposed. 

The key for realistic reproduction of a human chewing mandibular motion by the chewing 

RAPR is capturing a human subject’s mandibular motion to be used as an input trajectory for 

the inverse kinematics and inverse dynamics and as a reference signal for the trajectory tracking 

control of the chewing RAPR. Chapter 3 presents the design of the PFMS as a portable 

mandibular motion-capturing system, which can capture the spatial complex mandibular 

motion of human subjects in our research lab. The ability of the system in spatial mandibular 

motion-capturing is verified by comparing the captured mandibular motions by the PFMS and 

a benchmark system available in the market. The results showed that there are no biases 

between the captured motions by the systems. The mandibular motions recorded by the PFMS 

while the subject is chewing gum and peanuts as food materials are recorded and presented. 

Chapter 4 briefly introduces the chewing RAPR structure and presents an analytical study of 

the inverse kinematics of the chewing RAPR. Moreover, the Jacobian matrix of the chewing 

RAPR is derived in this chapter. The closed-form solution for the inverse kinematics problem 

of the chewing RAPR provides the angular displacement of its six actuators for a given chewing 

trajectory, and the Jacobin matrix of the chewing RAPR relates its joint space velocities to the 

Cartesian space velocities. The results of this chapter are the foundation and required data for 

the next chapter to study the inverse dynamics of the chewing RAPR and to find its actuation 

torque distributions for a given chewing task and trajectory. 

In Chapter 5, the inverse dynamics of the chewing RAPR is studied using Lagrange’s equations 

of the second kind. Unlike conventional parallel robots, the inverse dynamics of the RAPRs is 

an indeterminate problem, the solution of which often requires redundancy resolution methods 

such as optimizing a cost function to determine suitable actuator efforts to perform a given 

task. Two different optimization cost functions, corresponding to specific neuromuscular 

objectives, which are the minimization of the effort of the muscles of mastication and TMJs 

loads, are used to find the chewing RAPR’s optimized actuation torque distributions. The 

actuation torques and TMJs loads under the influence of experimentally determined dynamic 

chewing forces on molar teeth reproduced from a separate chewing experiment are calculated 

for realistic in-vitro simulation of typical human chewing. 
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Chapter 6 presents the mechatronics design of the chewing RAPR. Moreover, the trajectory 

tracking control of the chewing RAPR’s mandible is studied in the joint space by a DOBC. 

The chewing RAPR’s mandible is controlled with this controller, and the reaction forces on 

the RAPR’s TMJs are recorded and reported. 

In chapter 7, the ideas for improving the novel mandibular motion-capturing system and the 

chewing RAPR are listed, and the thesis is concluded. Furthermore, some recommendations 

for further medical and industrial applications of the motion-capturing system and the chewing 

RAPR are presented.  
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2 Chapter 2 Literature Review 

2.1 Introduction 

The term “redundancy” is associated with various concepts in the literature of parallel robots. 

The differences between these concepts can be confusing for the researchers. However, a deep 

understanding of these concepts and their advantages and disadvantages allows for efficient 

synthesis and application of the parallel robots. For a better understanding of the differences 

between the concepts of redundancy in parallel robots, each concept is introduced and 

presented in the structure of a spatial parallel robot. Moreover, the advantages and 

disadvantages of each concept are discussed. Actuation redundancy, in which the parallel robot 

is actuated by a greater number of actuators than the required number of actuators for 

controlling the independent DOFs of the end-effector of the robot, is one of these concepts. 

RAPRs have been proposed as a means to improve parallel robots. This chapter provides a 

comprehensive review of the published literature on RAPRs, since this field emerged over three 

decades ago, to lay a foundation for the next investigations and to enhance the state-of-the-art. 

The relevant published works are studied and classified into four primary topics, including 

design, kinematics, dynamics, and control issues of RAPRs. Common structures of RAPRs are 

introduced and studied. The literature is also studied in terms of RAPRs applications, wherein 

the limited practical applications are pointed out. The current challenges and future directions 

of the field are discussed with the research gap identified. New applications for RAPRs are 

proposed.  

Configurations of robotic manipulators are broadly classified into three main categories: serial, 

parallel, and hybrid robots. Serial robots or open-chain manipulators have a serial kinematic 

chain that can be comprised of links (arms), joints, actuators, wrists, sensors, controllers, and 

an end-effector (EE). All the joints are active in serial robots unless the robot is under-actuated. 

However, parallel robots have a base platform and a moving platform that works as their EE. 

The moving platform is supported with legs. All these together constitute one or more closed 

kinematic chain(s) in the parallel robots’ structure. In a fully parallel robot, each leg can have 

several passive joints, but only one active joint. Moreover, the number of actuators/legs equals 

the DOFs of the EE. On the other hand, hybrid robots also have a single linkage connected to 

both the base and the moving platform, as in the case of serial robots. However, unlike serial 

robots, this linkage can include multiple closed loops similar to parallel structures [24]. 
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Parallel robots have several intrinsic advantages such as compact structure, high stiffness, high 

accuracy, high payload to weight ratio, low inertia, good stability, and simple inverse 

kinematics. However, their parallel structure also results in some inevitable disadvantages, 

such as limited workspace, multiple singular configurations in their reachable workspace 

resulting in limited maneuverability, low dexterity, and their complex forward kinematics 

problem [25]–[31], which restrict their effectiveness in some applications. 

An extensive literature has grown up around the theme of redundancy in parallel robots [18], 

[32]–[37] to address their limitations. Redundant parallel robots not only possess the 

advantages of parallel robots but also overcome some of the shortcomings in them. The term 

“redundancy” in the literature of parallel robots can be classified into five main different 

concepts including actuation redundancy [18], static redundancy (a.k.a. force redundancy) 

[32], [33], sensor redundancy (a.k.a. measurement redundancy) [34], [35], kinematic 

redundancy [36], [37], and internal redundancy [38], [39]. 

Actuation redundancy is a typical concept in redundant parallel robots. It has been proposed to 

actuate parallel robots by more actuators than needed for the required DOFs of the mechanism 

to address a number of the limitations of the parallel robots while maintaining their advantages. 

The literature on such structures referred to as redundantly actuated parallel robots (RAPRs) is 

reviewed in this chapter. RAPRs can eliminate singularities and increase the useful workspace, 

improve manipulator stiffness, increase dexterity, improve fault tolerance, improve 

force/moment capability, and increase the EE acceleration capability. Moreover, redundant 

actuation can yield an optimal actuation force/torque distribution, improve the force 

transmission properties, avoid backlash and improve repeatability, and homogenize the 

stiffness of the robot structure within the workspace [40]–[49]. RAPRs also have some 

downsides, such as their complex direct kinematics problem, complicated control 

methodologies because of the model uncertainties and unintentional antagonistic actuation, 

higher energy consumption due to extra actuators and internal forces/torques [50]–[52]. 

Moreover, extra actuators in RAPRs impose extra costs of actuators and drivers, time and cost 

of manufacturing and implementation, and introduce friction from additional active joints. 

RAPRs’ advantages render them ideal for applications where large workspace, high speed, 

acceleration, and precision are desirable when subject to large external loads. Rehabilitation 

robots [40], cable-driven robots [53], simulators [54], multi-fingered hands [55], humanoid 
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robots [56], pick-and-place and electronic packing robots [57], and machine tools [30] are 

examples of such applications. 

In this thesis, symbols R, P, U, and S represent revolute, prismatic, universal, and spherical 

joints, respectively. Underlined symbol, a number preceding a symbol, and a hyphen between 

symbols stand for an active joint, the number of legs (or chains), and different leg groups, 

respectively. For instance, 2RRR-RR symbolizes a RAPR that has three legs, two in one leg 

group and a single leg group. The first leg group type has a structure comprising of three 

revolute joints, RRR. The second leg group type has a structure having two revolute joints, RR. 

The first revolute joint (the one attached to the base platform) of each leg is active. The robot 

has two DOFs but three actuators, thus it is a RAPR with one degree of redundancy (DOR), 

see Fig. 2.2 (e). 

In the following sections, different concepts of redundancy are defined, their effects on a 

parallel robot are discussed, and each of the redundancy concepts is illustrated schematically 

in the structure of a parallel robot. Then a comprehensive review of the literature on RAPRs is 

presented. The literature is classified into four broad topics, with possible subtopics detailing 

key research aspects. Common RAPR architectures applied in both research and practice are 

introduced and studied. Research gaps and possible future works are identified, and new 

applications for RAPRs are proposed. 

2.2 Types of Redundancy in Parallel Robots 

In a parallel robot, when the number of the actuators, 𝑛𝑎, is greater than the DOFs of the robot’s 

EE, 𝑛, the robot is called redundantly actuated with δ = 𝑛𝑎 − 𝑛 degrees of redundancy (DOR). 

The advantages and disadvantages of this type of redundancy in parallel robots were already 

discussed in Section 2.1 and will be completely reviewed in the following sections of this 

chapter. 

Static redundancy implies that the robot is hyperstatic. In other words, the robot is not 

kinematically and statically determined or so-called isostatic. Static redundancy can be 

introduced by locking a passive joint in a parallel robot. Such redundancy is often desirable 

when an enhanced stiffness is needed while actuation redundancy is not necessary. 

Sensor redundancy occurs when the number of the sensors exceeds the number of active joints 

in the robot. Sensor redundancy can be employed to realize more exact direct kinematics and 

control analysis of a parallel robot. It can also assist in designing a self-calibration system. It 
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is worth mentioning that actuation redundancy can imply static and sensor redundancies as 

well. 

Kinematic redundancy implies that the robot has at least one DOF more than the required DOFs 

for a particular application in the task space. Kinematic redundancy can enlarge the robot’s 

workspace. However, Merlet [12] defined a fully parallel manipulator as a robot with n DOFs, 

which has strictly n legs and n simple actuators. Considering this definition of a fully parallel 

manipulator, adding kinematic redundancy to a parallel robot converts it to a parallel-serial 

hybrid robot. See Fig. 2.1 (e). 

The term internal redundancy is a relatively new name for the variable geometry that was 

introduced by [10]. Although internal redundancy cannot improve the maneuverability of the 

EE, it improves dynamic capabilities and provides more efficient usage of the actuators [11]. 

All preceding types of redundancies are illustrated in Fig. 2.1. 

One might be confused by the definitions of the kinematic redundancy and the internal 

redundancy. To make them much clearer, let us describe the position and orientation of the EE 

by means of q  generalized coordinates in a robot with 𝑛 DOFs in its EE. Moreover, let us 

denote the order of the system by 𝑚, which equals 3 or 6 for planar or spatial robots, 

respectively. Then, if  𝑚 = 𝑛 < 𝑞, there is an internal redundancy of degree 𝑞 − 𝑚, while 𝑛 =

𝑞 > 𝑚  indicates a kinematics redundancy of degree 𝑛 − 𝑚. It is important to note that 𝑛 =

𝑚 = 𝑞  can imply either no redundancy or the existence of other kinds of redundancies except 

kinematics and internal redundancies. 
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n = m = q m = q > n n = m = q 

(a) Typical 6UPS parallel 

robot (without redundancy) 

(b) Actuation redundancy 

in 7UPS parallel robot 
(c) Static redundancy 

in 6UPS parallel robot 

 
 

 

𝑛 = 𝑚 = 𝑞 n = q > m n = m < q 

(d) Sensor redundancy 

in 6UPS parallel robot 
(e) Kinematic redundancy 

in a hybrid robot 

(f) Internal redundancy 

Fig. 2.1 Schematic illustration of various redundancies applied on a 6-3 Stewart robot 

 

2.3 Types and structures of RAPRs 

Redundant actuation in RAPRs can be achieved in four ways: (1) replacing one or more passive 

joints by active one(s); (2) adding extra kinematic chains with active joints;  (3) combination 

of the above two methods; and (4) adding kinematic constraint(s) to a non-redundant parallel 

robot (NRPR) while the number of the actuators remain unchanged. The most frequent RAPR 

structures realized in literature are listed in Table 2.1, and their schematic illustration is 

presented in Fig. 2.2. 
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Table 2.1 Common structures in RAPRs  

Type Common RAPRs DOR DOF References 

Planar 

3RRR 1 2 [26], [31], [63]–[71], [43], [47], [49], [58]–[62] 

3RRR 3 3 [41], [72], [73] 

5R 2 2 [74]–[79] 

V-shaped 1 3 [46], [80]–[88] 

2RRR-RR 1 2 [45], [89]–[91] 

4RRR 1 3 [42], [50], [52], [71], [92]–[95] 

Spatial 

6PUS 2 4 [96]–[98], [99] 

6RSS 2 4 [1], [100] 

Stewart-like 1 6 [54], [101], [102] 

3UPS-U 1 2 [40], [103]–[105] 

4UPS-PU 1 3 [28], [106], [107] 

8PSS 2 6 [108]–[111] 

 
 
 

Planar 3RRR RAPR architecture has been investigated considerably, which accounts for over 

a quarter of reviewed published literature, see Fig. 2.3. 3RRR architecture can be divided into 

two main types, including 2-DOF and 3-DOF 3RRR RAPRs. 1-DOR 2-DOF 3RRR, see Fig. 

2.2 (a), is the most frequent RAPR structure studied in the literature. On the other hand, the 3-

DOF 3RRR type includes various structures such as 1-DOR 3-DOF 2RRR-RRR and 2RRR-

RRR, 2-DOR 3-DOF 2RRR-RRR [112], and 3-DOR 3-DOF 3RRR, see Fig. 2.2 (b), [41] 

RAPRs. Actuation redundancy in RAPRs can eliminate actuator singularities [81]. 3-DOF 

NRPRs with either 3RRR or 3RRR structures have actuator singularities of the order of infinity 

square, O(∞2). However, by introducing redundancy, these singular configurations can be 

reduced or eliminated, which will be discussed in more details in Section 2.5.2. For example, 

1-DOR 3-DOF 2RRR-RRR and 2RRR-RRR has an O(∞) actuator singularities and 2-DOR 3-

DOF 3-RRR RAPRs have only a finite number of actuator singularities. Furthermore, 3-DOR 

3-DOF 3-RRR RAPRs with no singularities due to the kinematic constraints will have no 

actuator singularities [112]. This is the reason for the superiority of 3-DOR 3-DOF 3-RRR 

RAPRs, such as 3RRR, over other types of 3-DOF 3-RRR robots. 
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(a) 3RRR (b) 3RRR (c) 5R 

   

(d) V-shaped (e) 2RRR-RR (f) 4RRR 

   

(g) 6PUS (h) 6RSS (i) Stewart-like 

   

(j) 3UPS-U (k) 4UPS-PU (l) 8PSS 

 Point contact higher kinematic pair,  active R joint,  passive R joint,  P joint,  U joint,  S joint. Blue 

arrows indicate active joints. 

Fig. 2.2 Schematic illustrations of common RAPRs 
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Fig. 2.3 Published research in terms of typical RAPR structures 

 

Another common RAPR architecture is the five-bar mechanism. Several researchers studied a 

planar 2-DOR 2-DOF 5R mechanism, see Fig. 2.2 (c). However, some others investigated five-

bar finger mechanism RAPRs with different DORs [44], [55], [113]. 

In terms of application, actuation redundancy has been utilized commonly in the machine tool 

industry, see Fig. 2.3. Redundant actuation decreases or removes singularities and increases 

the stiffness of the machine tool. Reducing singular positions enlarges the useable workspace 

and results in a stiffer machine tool. Higher stiffness in case of machine tools can allow for a 

higher feed rate and speed for a given machining precision [80]. A planar 1-DOR 3-DOF 

RAPR, developed by researchers from Tsinghua University, is a frequently studied RAPR 

employed as a machine tool. This RAPR is referred as V-shaped RAPR in this review, see Fig. 

2.2 (d). V-shaped RAPR enables planar motion, i.e., two translational DOFs along a plane and 

a rotational DOF around an axis normal to this plane. Combination of the V-shaped RAPR 

with a one-translational-DOF feed worktable results in a 4-DOF hybrid machine tool capable 

of performing four-face milling [88]. A 5-DOF hybrid machine tool was also created by 

combining the V-shaped RAPR with a feed worktable having a translational and a rotational  

DOF [80]. Experimental results demonstrated that this 5-DOF hybrid machine tool could 

machine gas turbine blades [46]. Fig. 2.4 depicts the V-shaped RAPR used as a hybrid machine 
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tool. Another 1-DOR 3-DOF RAPR was incorporated in a 5-DOF hybrid machine tool, 

RASPET 150, which was also developed by Tsinghua University [27] for freeform surface 

machining [114]. It offers two translational DOFs along the Y and Z axis and a rotation around 

the Y axis in a Cartesian coordinate system [115]. Therefore, it has a spatial operational mode 

which is different from the planar operational mode in the V-shaped RAPR. Moreover, this 

RAPR is characterized by a high rotational ability of more than 115˚ and capable of five-face 

machining in a single setup [114]. 

  
(a) Four-DOF hybrid machine tool (b) Five-DOF hybrid machine tool 

Fig. 2.4 Hybrid machine tools made by V-shaped RAPR [83] 

Eclipse series machine tools are 6-DOF parallel robots with the ability to carry rapid five-face 

machining [116]. The special design of Eclipse RAPR not only allows for a continuous 90˚ tilt 

of its spindle axis but also makes it possible to sweep 360˚ around the workpiece continuously 

[30]. Eclipse-I is a spatial 2-DOR 6-DOF RAPR, see Fig. 2.5 (a). Two redundant revolute 

actuators in the structure of Eclipse-I eliminate actuator singularities. This RAPR can machine 

aluminum stock [30], but the robot’s stiffness needs to be improved to handle harder materials. 

Thus, spatial 3-DOR 6-DOF Eclipse-IA was proposed as a stiffer alternative for Eclipse-I. The 

design of Eclipse-1A was optimized to achieve actuation redundancy using three prismatic 

redundant actuators actuated by ball screw mechanisms, Fig. 2.5 (b). Prismatic redundant 

actuators actuated by ball screw system in Eclipse-IA offer more stiffness than revolute 

redundant actuators actuated by rotary motors in Eclipse-I [25]. 
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(a) Kinematic scheme of Eclipse-I (b) Kinematic scheme of Eclipse-IA 

Fig. 2.5 Eclipse series machine tools. Arrows indicate active joints. Blue arrows represent actuators of NRPR, 

while red ones show redundant actuators 

Other RAPR structures are also proposed for machine tool applications. A spatial 1-DOR 3-

DOF 4PUS-PU RAPR was proposed to be used as a CNC machine, and its higher stiffness 

compared with its NRPR counterpart was demonstrated in [51]. In [117], a spatial 1-DOR 3-

DOF 3PRS-UPS RAPR was proposed for a 5-axis machine tool. The special feature of this 

RAPR is its modified S joint capable of ±120˚ tilting to alleviate the workspace restrictions 

imposed by cone angle limitations of traditional S joints. In [118], a planar 1-DOR 2-DOF 

RAPR was proposed to be incorporated in a 4-DOF hybrid machine tool. Based on simulation 

results, a higher natural frequency of the RAPR was reported in comparison with its NRPR 

counterpart. 

There has been a surge of researchers’ interest in studying cable-driven RAPRs during the last 

decade. Cable-driven robots (a.k.a. tendon-driven or wire-driven robots) have cables, instead 

of rigid links, between their base and moving platforms [119]. Since cables are unable to act in 

compression, they must always be in tension. Therefore, researchers often use actuation 

redundancy in structure of a cable-driven robot [120] to ensure taut cables over the robot 

workspace [121], or to enlarge their workspace to footprint ratio [53]. Cable-driven RAPRs are 

generally light mechanisms with good flexibility and maneuverability [122]. They are also 

reconfigurable mechanisms and require less manufacturing and maintenance costs [123]. 

Cable-driven RAPRs are of interest where handling heavy payloads in a large workspace with 

high velocity and acceleration is desirable [123]. Gosselin [124] presented a review of cable-

driven parallel robots, which highlighted features that make them ideal for many applications 

such as skycams for filming sport events in a stadium, construction cranes, haptic devices, 
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rehabilitation robots, surgical tools, and large radio telescopes. Moreover, the collaboration 

between a cable-driven robot and an industrial robot can result in a RAPR to improve the 

stiffness and static performance of the robotic system [125]. This concept is depicted in Fig. 

2.6. However, more research is needed to solve practical problems regarding cable-driven 

RAPRs. For instance, vibration is a major problem in these RAPRs. A research effort that takes 

into account the cable masses and inertias in equations of the motion of the robot can alleviate 

the vibration problem [121]. 

 

Fig. 2.6 Stiffness improvement concept [125] 

Since the Stewart platform was introduced in 1965, it has become the most popular and studied 

parallel robot because of its intrinsic advantages such as high stiffness and payload to weight 

ratio. Modified RAPR structures based on the Stewart platform are called Stewart-like in this 

chapter, see  

Table 2.1 and Fig. 2.2 (i). In addition to Stewart-like RAPRs with rigid links mentioned in  

Table 2.1,  Hiller et al. [126] studied the workspace, trajectory planning, and forward 

kinematics of cable-driven Stewart-like RAPRs and introduced a spatial 1-DOR 6-DOF 

Stewart-like cable-driven RAPR called SEGESTA. They pointed out that Stewart-like cable-

driven RAPRs offer the ability of heavy load manipulation with high acceleration and minimal 

energy consumption. 

2.4 Design of RAPRs 

Optimal design is an important problem to be addressed to realize practical applications for 

RAPRs [114]. This section reviews the literature on the selection of design criterion and 

optimizing the structure of a RAPR. Wang et al. [97] presented the design of the spatial 2-DOR 
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4-DOF 6PUS RAPR, see  Fig. 2.2 (g), to simulate jaw movements during a chewing process. 

They modeled six groups of muscles of the biological chewing system and the 

temporomandibular joints with six linear actuators and two point contact higher kinematic 

pairs, respectively. This design is different from 2-DOR 4-DOF 6RSS, see  Fig. 2.2 (h), 

chewing RAPR in [100] and [1], also depicted in Fig. 2.7, wherein six rotary actuators drive 

crank and coupler systems simulating the six groups of chewing muscles. These two robots are 

the only RAPR structures that used higher kinematic pairs for realizing the actuation 

redundancy. 

 

 
Fig. 2.7 Spatial 2-DOR 4-DOF 6RSS chewing robot [100] 

Sagila et al. [103] presented the design and optimization of the spatial 1-DOR 2-DOF 3UPS-

U ankle rehabilitation device with a simple kinematic structure, see  Fig. 2.2 (j). Wang et al. 

[127] studied the conceptual design and kinematic performance of a spatial 3RUS-RRR ankle 

rehabilitation robot with a partially decoupled kinematic feature to realize two different 

operational modes, including 2-DOF or 3-DOF modes, depending on rehabilitation needs. In 

[128], they presented the design of two serial mechanisms to substitute for a spherical joint and 

used them to propose spatial 1-DOR 3-DOF 3UPS-RRR ankle rehabilitation RAPRs. Based on 

their kinematic performance, two RAPR structures, ARDS1-R and ARDS2-R were proposed 

as potential ankle rehabilitation RAPRs. 

Hex4 as a 1-DOR 3-DOF RAPR with 2PUR-2RPU structure is proposed in [129], and its 

optimized design is investigated through simulation. Tex4 with 1-DOR 3-DOF 2PUR-2PRU 
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structure is introduced, and the optimized design of its prototype is presented in [130]. Another 

1-DOR 3-DOF RAPR with 2UPR-2PRU structure is proposed, and its optimized design is 

studied through simulation in [131]. Palpacelli et al. [132] studied the design of a spatial 1-

DOR 2-DOF miniature pointing device. A special feature of their design was the existence of 

a flexible universal joint with two rotational DOFs made of superelastic materials. Wijk et al. 

[93] designed a dynamically balanced 4RRR RAPR to significantly reduce the shaking forces 

and moments during high-speed manipulations. Liang et al. [79] proposed a planar 2-DOR 2-

DOF RAPR with parallelogram structure branches to alleviate the shortcomings of the 

conventional 5R mechanism. Lee et al. [116] used dynamic simulation and the Taguchi method 

to study the actuator sizing of the Eclipse. Gouttefarde et al. [53] introduced a novel 

performance index and presented the optimal geometry selection of a spatial 2-DOR 6-DOF 

cable-suspended RAPR. This geometry allows for a large workspace to footprint ratio. 

2.5 Kinematics of RAPRs 

2.5.1 Direct and inverse kinematics 

Kinematic analysis of RAPRs is categorized as inverse and direct kinematics, which are needed 

for the position and velocity control of the robots. Unlike serial manipulators, the inverse 

kinematics is usually an easier problem in parallel robots and therefore, often studied 

analytically (a.k.a. geometric vector method). However, the direct kinematics problem of 

parallel robots is more challenging. This problem is investigated by analytical methods, 

numerical methods, measurement (a.k.a. sensor) redundancy, or intelligent (neural network or 

Support Vector Machine) methods [107]. Wu et al. [85] used the V-shaped RAPR in a hybrid 

4-DOF machine tool and developed closed-form solutions for its direct and inverse kinematics 

problems by an analytic method. The results showed that the RAPR has the same number of 

inverse kinematic solutions and less number of direct kinematic solutions compared to its non-

redundant counterpart. Taghirad and Nahon [133] proposed a planar macro-micro RAPR 

comprised of two planar 3-DOF 4RPR cable-driven parallel mechanisms, which was adopted 

from the next generation Canadian radio-telescope, Large Adaptive Reflector (LAR). They 

investigated the inverse kinematics problem of this RAPR analytically while its forward 

kinematics was studied numerically using iterative search routines. Wen et al. [98] investigated 

the inverse kinematics of the 6PUS chewing RAPR analytically. 

Zhang and Lei [107] introduced the spatial 1-DOR 3-DOF 4UPS-PU RAPR, see  Fig. 2.2 (k), 

and investigated its forward kinematics by various intelligent methods, namely Multilayer 
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Perceptron neural network, Radial Basis Functions neural network, and Support Vector 

Machine. They analyzed the pros and cons of each of these methods. Simulation results 

demonstrated better convergence speed and better generalization of the Support Vector 

Machine solutions. 

2.5.2 Singularity 

Published literature has established an indubitable relationship between actuation redundancy 

and a decrease or elimination of actuator (a.k.a. parallel) singularities in parallel robots [101],  

[134]–[136]. Appropriate redundant actuators in a RAPR provide extra motion space that spans 

uncontrollable poses of actuator singularities [135]. Dasgupta and Mruthyunjaya [101] 

demonstrated a dramatic reduction of the parallel singularity in a planar 1-DOR 3-DOF 4RPR 

and a spatial 1-DOR 6-DOF 7UPS Stewart-like RAPRs compared with their non-redundant 

counterparts. Saglia et al. [40] compared the singularity and dexterity of the 3UPS-U ankle 

rehabilitation RAPR with its non-redundant counterpart. Results of their study demonstrated 

better performance of the RAPR in terms of singularity and dexterity over the entire workspace. 

If two serial robots cooperatively manipulate an object, the whole system can be considered as 

a RAPR. Kumar and Gardner [75] studied kinematics indices, namely manipulability and 

condition number, and reported singular positions of such system with the planar 2-DOR 2-

DOF 5R structure. 

2.5.3 Workspace 

Different types of workspaces and their calculation methods for parallel robots are presented 

in [24]. The same methods can be adopted for workspace analysis of RAPRs. Using the global 

searching method, reachable workspace, m-orientation workspace, and non-singular 

workspace of the planar 1-DOR 3-DOF 4RRR RAPR, see Fig. 2.2 (f), were studied in [95]. 

Wen et al. [96] studied the workspace of the 6PUS chewing robot with respect to lower incisor 

point numerically and demonstrated that the robot’s reachable workspace is enough to mimic 

the human-like chewing pattern. In [88], both position workspace and orientation workspace 

of the V-shaped RAPR were studied based on the kinematic analysis. 

2.5.4 Trajectory 

Pham and Stasse [56] applied the time-optimal path parameterization algorithm for multi-

contact trajectory planning of a 30-DOF humanoid robot. They demonstrated that their 

proposed method is time-efficient and, therefore, is useful for global trajectory optimization 
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problem. In [137], using the antipodal theorem, dynamic trajectory planning of a planar 2-DOR 

2-DOF cable-suspended RAPR for a straight line and a circular periodic Cartesian trajectories 

was studied and compared with its corresponding NRPR. It was shown that actuation 

redundancy could extend the feasible frequency regions for both trajectories. Pradipta and 

Sawodny [54] proposed a multi-step motion cueing algorithm for the trajectory planning of a 

spatial 1-DOR 6-DOF pneumatic flight simulator Stewart-like RAPR. The algorithm kept the 

actuators within their travel limits and allowed a smoother motion. 

2.5.5 Stiffness 

Robots manipulating heavy payloads with high precision, e.g., machine tools, require a high 

stiffness to weight ratio. Interaction between the robot and the environment implies some forces 

and/or moments act on the EE that can deteriorate the precision of the EE position due to 

deflection of the robot. The amount of the deflection depends on the stiffness, which is a 

function of several variables such as type of the joints, actuators, transmission mechanism, 

controller, and physical characteristics and dimension of the links. The stiffness of a robot 

deteriorates in the vicinity of the robot’s singular poses [43]. As mentioned in Section 2.5.2, 

actuation redundancy can decrease or eliminate parallel singularities and therefore, enhance 

the stiffness of the robot. Moreover, actuation redundancy in RAPRs also allows for internal 

prestresses that can be used to generate a desired EE stiffness [50]. 

Wu et al. [86] presented two stiffness indices and studied the stiffness of the V-shaped RAPR 

as a part of a hybrid 4-DOF machine tool. They demonstrated better dexterity and higher 

stiffness of the RAPR compared with its non-redundant counterpart. They also used the RAPR 

in a 5-DOF hybrid machine tool and derived stiffness matrices of all machine elements to 

derive the stiffness matrix of the machine tool by the assembly method [80]. They improved 

the stiffness of the 5-DOF hybrid machine tool by improving the stiffness of a bearing that was 

identified to contribute the lowest stiffness to one of the machine parts. 

2.5.6 Calibration 

Manufacturing tolerances and assembling errors inevitably result in differences between the 

calculated and actual position of the EE. Kinematic calibration can alleviate this problem and 

results in a higher accuracy of the EE position. However, redundancy in RAPRs causes internal 

forces and constraints that result in some elastic deformations, which makes their calibration 

more challenging than NRPRs. Different calibration algorithms have been suggested by 
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researchers [26], [89], [90], [138], and their efficiency was experimentally verified for planar 

RAPR structures. 

2.6 Dynamics of RAPRs 

2.6.1 Inverse dynamics 

The dynamic analysis of a robot is generally classified into forward and inverse dynamics 

problems. The forward dynamic analysis is often employed in computer simulation, whereas 

the inverse dynamic analysis is required for real-time control. Therefore, from the application 

point of view, inverse dynamics is more relevant. Standard approaches to study the inverse 

dynamics of parallel robots such as Newton Euler formulation, Lagrangian formulation, and 

the principle of virtual work can also be applied to RAPRs. The Newton Euler formulation 

allows for computation of all the reaction forces, however, at the expense of deriving equations 

of motion from first principles for robot limbs and EE, which is often tedious [139]. Lagrangian 

formulation computes generalized forces corresponding to the chosen set of generalized 

coordinates. In this formulation, kinetic and potential energies of the limbs and the EE must be 

computed. However, using Lagrangian formulation is also time-consuming for RAPRs since 

kinematic constraints imposed by the robot’s architecture can result in complex closed-form 

terms for kinetic energy in the Lagrange equations. The principle of virtual work computes 

input forces through the expression of inertial forces and considering the entire system in static 

equilibrium. This method is faster than the two former mentioned methods since there is no 

need for computing constraint forces [140]. 

The additional actuator(s) in RAPRs result(s) in indeterminate inverse dynamics equations, i.e., 

the inverse dynamics solution is not unique. To tackle this problem, researchers have 

investigated several redundancy resolution approaches, such as, formulating an optimization 

problem and finding an optimal force distribution to determinate the dynamics problem [55]; 

considering the deflections of the links and joints of the robot to get a unique solution for the 

system [141]; and making the system determinate by deactivating some of the actuator sets 

[75]. The optimization method has a number of advantages over the other two methods [142], 

which are also sensitive to modeling errors and computationally expensive. 

Nahon and Angeles [143] used the recursive Newton-Euler method and quadratic optimization 

to minimize the internal forces in mechanical hands and studied the inverse dynamics of a 1-

DOR 3-DOF mechanical hand. Nakamura and Ghodoussi [55] used D’Alembert’s principle to 
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investigate the inverse dynamics and redundancy optimization of a 3-DOF five-bar robotic 

hand RAPR with nine actuators. Taghirad and Nahon [139] studied the dynamics of the cable-

driven macro-micro robot by the Newton–Euler formulation. 

Zhao et al. [108] studied the inverse dynamics of the spatial 2-DOR 6-DOF 8PSS, see  Fig. 2.2 

(l), using the principle of virtual work and proposed an index for dynamic performance of 

parallel robots. They also used the kinematic and dynamic indices to compare the performances 

of the RAPR and the spatial 6-DOF 6PSS NRPR [111]. It was demonstrated that the RAPR 

has better dynamic performance, even though their kinematic performance is not significantly 

different. Furthermore, a comparison of the elastodynamic characteristics of these two robots, 

including natural frequency and elastic displacement responses of the moving platform, 

revealed better performance for the RAPR architecture [109]. 

Xu et al. [141] utilized the compatibility equations of the deformation of the robot’s limbs, 

which were obtained from the conservation of energy law, and studied the inverse dynamics of 

RAPRs. They also studied the existence of the internal forces within the pseudo-inverse 

solution of RAPRs and investigated a 1-DOR 1-DOF 2SPS-R forging manipulator as a case 

study. 

2.6.2 Dynamics parameter identification 

Due to manufacturing tolerances and uncertainties arising from deformations, friction, wear 

and tear of the limbs, etc., the dynamic parameters calculated based on the values of the robot’s 

physical parameters are often not accurate. Therefore, dynamic parameter identification can 

assist in developing accurate model-based controllers [144]. 

Wu et al. [84] used the principle of virtual work to obtain linear dynamic equations whose 

parameters were identified for the V-shaped RAPR by a two-step approach. In [82], a method 

to obtain the linear dynamic equations of both RAPRs and NRPRs was proposed for dynamic 

parameter identification. The proposed method was applied to the V-shaped RAPR and its non-

redundant counterpart. 

Shang et al. [65] applied the weighted least square method for dynamic and friction parameter 

identification of the 3-RRR RAPR. In [60], they studied a nonlinear model to compensate 

viscous, Coulomb, and Stribeck friction effects of the RAPR. They also performed 

identification experiments and presented an estimation of the parameters of the friction model 

using nonlinear optimization. 
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2.6.3 Force/Moment capability 

Force/Moment capability of a robot is the maximum tolerable amount of force and moment 

that it can withstand. Nokleby et al. [41] used a scaling factor method to study the force 

capability of both RAPRs and NRPRs analytically. They compared the planar 3-DOF 3RRR 

NRPR with its redundant counterpart, planar 3-DOR 3-DOF 3RRR, and concluded that the 

actuation redundancy improves force capabilities of parallel robots significantly. They also 

presented an optimization-based method to determine the force capabilities of RAPRs and 

demonstrated that the optimization-based method realizes better use of the maximum force 

capabilities of the actuators than the pseudo-inverse method. Zibil et al. [72] presented an 

explicit method based on adjusting the actuator outputs to their maximum capabilities to study 

force/moment capability of both planar RAPRs and NRPRs. They stated that this new explicit 

method is more accurate, reliable, and efficient in terms of results and computation time than 

the method based on optimization. Carg et al. [145] applied both scaling factor and explicit 

methods to study the force/moment capability of a spatial 3-DOR 6-DOF 3RRRS RAPR and 

showed that the explicit method is more efficient. 

2.6.4 Force/Torque distribution 

While NRPRs have a unique actuator torque set associated with a given task and trajectory of 

the EE, RAPRs can have an infinite set of permissible actuator torques for a given trajectory 

and task. Using the pseudo-inverse solution to minimize the Euclidian norm of the actuating 

force/torque vectors is the most common method to address this problem [108]. Minimizing 

the Euclidean norm ensures a uniform force/torque distribution over all the robot’s joints, thus 

distributing the load over all the joints. Different optimal criteria for force distribution of 

RAPRs result in a significantly different dynamic performance of the robot [100]. Distribution 

methods can result in a better torque balance and thereby improve efficiency and energy 

consumption of the RAPRs. 

Wu et al. [67] considered bending elastic deformation of the moving components of the 3RRR 

RAPR and proposed a weighted force optimization method. By simulation, they verified that 

the method could improve the robot’s precision since it experiences less deformation when 

compared to the traditional method of minimizing the norm of the driving forces. Shim et al. 

[68] proposed a geometric approach using screw theory for optimal torque distribution of the 

3RRR RAPR and showed that this method realized the characteristics of minimizing the 

maximum torque. 
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Finding an acceptable force distribution is an important problem for cable-driven RAPRs [126] 

since all the cables need to be in tension while the EE is tracking a specific trajectory [121]. 

Gosselin and Grenier [120] proposed using the p-norm to optimize the force distribution 

problem of the cable-driven RAPRs. They studied the force distribution optimization of a 

planar 1-DOR 2-DOF cable-driven RAPR by minimizing the 4-norm of its force vector, which 

resulted in a unique solution with continuous cable tensions. Hassan and Khajepour [146] used 

Dykstra’s projection method to study the optimum force distribution of a 2-DOR 3-DOF RAPR 

made by three cables and two rigid links (compressive-only cylinders). The aforementioned 

studies neglected the cable mass and assumed cables as straight lines that may result in 

inaccurate force distribution, especially when the cables are long and heavy. This was 

addressed by Yuan et al. [121], who considered the effect of cable sag and proposed a force 

distribution method to compute more accurate cable forces. They calculated the pose-

dependent lower-boundary of the cable forces to minimize the cable forces and energy 

consumption. They took a spatial 2-DOR 6-DOF cable-driven RAPR as a case study and 

showed that the pose-dependent lower-boundary method is more efficient than the fixed lower-

boundary method in minimizing the energy consumption and motor size. 

2.7 Control of RAPRs 

By developing an efficient dynamic model for RAPRs, the conventional control algorithms of 

NRPRs can be deployed to control RAPRs. Controllers for parallel robots are classified into 

kinematic and dynamic controllers in terms of whether the dynamic model is considered or not. 

In kinematic controllers, the nonlinear dynamic equations of the robot are not considered. 

Proportional-Integral-Derivative (PID), Nonlinear PID (NPID), and fuzzy controllers are 

examples of kinematic controllers. Computed-Torque (CT), Augmented Proportional-

Derivative (APD), and robust controllers often consider the nonlinear characteristics of the 

dynamic equations and therefore are examples of dynamic controllers (a.k.a. model-based 

controllers). Cheng et al. [43] utilized D’Alembert’s principle to present the inverse dynamics 

of the 3RRR and studied the trajectory tracking control of the RAPR using four control 

algorithms including a Proportional-Derivative (PD) control in joint-space, a PD control in 

generalized coordinates, an APD control, and a CT control. They demonstrated the better 

performance of the last two model-based controllers. 

Fig. 2.8 depicts a prototype of the 3RRR RAPR, whose control was studied extensively by 

Shang et al. In [31], they introduced an active joint synchronization dynamic controller in the 
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joint space to control the trajectory tracking of the RAPR. A linear projection method was used 

to calculate the magnitude of the internal forces for dynamic modeling. The friction in active 

joints was described using the Coulomb viscous model. In [49], besides the synchronization 

error in the joint space defined in [31] the synchronization error of the EE in the task space was 

also calculated, and a coordination controller in the task space based on different kinds of 

synchronization error was proposed. The controller with the EE synchronization error was 

shown to have a better performance by performing tracking error experiments on the RAPR. 

In [70], a combination of the acceleration feedback (AF) and the robust dynamics 

compensation and trajectory tracking was developed as a dynamic acceleration feedback 

(DAF) controller to study the motion control of the RAPR. They also used a nonlinear friction 

model and designed an APD controller for the trajectory tracking of the RAPR to study the 

friction compensation [60]. Moreover, they studied trajectory tracking of the RAPR using 

several nonlinear control architectures. These included combining nonlinear Proportional-

Derivative (NPD) control with a robust dynamic compensation that formed a robust nonlinear 

controller [69], an augmented NPD (ANPD) controller [61], a nonlinear CT (NCT) controller 

[62], and a nonlinear adaptive (NA) dynamic controller in the task space[64]. They proved the 

stability of these proposed nonlinear controllers using the Lyapunov theorem. 

 

 
Fig. 2.8 Prototype of the planar 1-DOR 2-DOF 3RRR RAPR [69] 

Müller [50] presented an amended version of the APD and CT control schemes to solve the 

problem of parasitic perturbation forces in RAPRs due to geometric uncertainties that cannot 

be compensated by standard model-based control algorithms. He studied the 4RRR RAPR as 

a case study. Müller and Hufnagel [66] proposed an APD and a CT control scheme in redundant 

coordinates instead of the coordinate switching approach for the trajectory tracking problem of 
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RAPRs and performed experiments on the 3RRR (2RRR-RR) RAPR. Hufnagel and Müller 

[47] used the antagonism filter concept to eliminate the antagonistic control forces arising from 

decentralized (independent) kinematic controllers in RAPRs. 

Cheng et al. [1] proposed five performance criteria for the torque distribution of the 6RSS 

chewing RAPR and employed the distributed torque as a feedforward signal to enhance the 

independent joint control during the motion tracking of the EE. To decrease the tracking error, 

the frictional forces were compensated in their model. The force/position hybrid control of the 

6PUS chewing RAPR is investigated in [99]. Fang et al. [122] studied the motion control of 

the SEGESTA and presented a simple algorithm for its optimal tension distribution. They used 

nonlinear feedforward control laws in the cable length coordinates, and experimentally showed 

that their proposed control laws reduce the energy consumption of the actuators while 

maintaining the trajectory tracking accuracy. 

2.8 Application of RAPRs 

There is a significant gap between academic research and the real application of RAPRs. Less 

than a quarter of the reviewed articles studied a mechanism with a practical application. 

Machine tools [30], [46], mastication robots [1], [100], simulators [54], rehabilitation robots 

[40], [103], cable-driven robots [53], and humanoid robots [56] are examples of the practical 

application of RAPRs. In most cases, prototypes of RAPRs are restricted to studies in 

laboratories for academic purposes. 3RRR [43], [64], 2RRR-RR [45], [90], and 5R [76], [77] 

are common structures used in research investigations. 

The potential contribution of RAPRs in the enhancement of the stiffness, load carrying 

capacity, and reliability of parallel robots makes them ideal candidates for applications in 

which high payload and/or precise manipulation are involved [50], [83]. For example, RAPRs 

can potentially be used to control the cutting head position of a large machine like a tunnel 

boring machine (TBM) used in tunnel excavation. Similarly, an exoskeleton mechanism can 

gain from the reduced singularity and more stiffness, reliability, and improved force/moment 

capability from using the actuation redundancy of a RAPR [145]. The ability to manipulate 

heavy payloads along with large workspace of cable-driven RAPRs [53] can be exploited in 

cable suspended access platforms, such as for scaffoldings. RAPRs can also be used in the 

positioning of the reflector of radio telescopes such as the LAR concept. Other potential 

applications include positioning devices requiring precision, such as for water cutting and laser 
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devices. The higher stiffness, fault tolerance, precision, and dexterity make RAPRs applicable 

to robotic surgeries [50]. 

2.9 Discussion and conclusion 

There are some other areas of RAPR investigations besides those described in this review, such 

as the backlash [73], [92], energy consumption [29], and fault-tolerance indices [147]. 

However, only limited published research is available regarding these fields. Further research 

is required to generalize the understanding of such concepts to various RAPR structures. 

A common research aspect studied in literature is to compare a RAPR with its non-redundant 

counterpart. However, little literature is available on the synthesis of RAPRs and comparing 

possible structures for a given kinematic performance. Such investigation will allow for an 

optimized RAPR design that is crucial for practical applications. 

In a fully parallel robotic structure, only one joint is actuated in each kinematic chain, and 

usually, this actuated joint is chosen to be the nearest one to the base. However, RAPRs can 

have more than one active joint in a kinematic chain. Therefore, studying the selection of active 

joints is an important issue in the design of RAPRs. 

Roughly a quarter of practical applications of RAPRs studied in literature are machine tools, 

which is an application area for which servo positioning and homing process are important 

aspects. Therefore, it is necessary to study these aspects of machine tools in the context of a 

RAPR. 

Though spatial robot structures have larger dexterity, which is practical to the industry, 

however, only a third of reviewed articles considered spatial ones with remaining concentrating 

on planar structures. Therefore, further research about spatial RAPR structures is strongly 

recommended. 

Cable-driven RAPRs are ideal for several applications, such as construction cranes, haptic 

devices, rehabilitation robots, and surgical tools, since they allow larger workspace, higher 

velocity and acceleration, and have lower manufacturing and maintenance costs compared to 

rigid-link parallel robots. However, geometry and force distribution of the cable-driven RAPRs 

influence the robot’s performance dramatically. These are important research topics requiring 

further research investigations. 
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As with the rest of the robotic field, bio-inspired redundantly actuated mechanisms is an 

important emerging research area for RAPRs. Chewing RAPRs with higher kinematic pairs 

are examples of such systems. 

In conclusion, in this chapter, various types of redundancy in parallel robots were defined and 

compared. The available literature on RAPRs has been reviewed in this chapter. First, common 

RAPR structures were identified and studied. Then, based on research aspects, the reviewed 

literature was broadly classified under design, kinematics, dynamics, and control of RAPRs 

categories. The limited literature on applications of RAPRs was presented, and a number of 

potential applications were suggested based on the advantages of a RAPR structure. Finally, 

the research gaps along with the current and future challenges regarding RAPRs were 

discussed. 
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3 Chapter 3 Mandibular Motion-Capturing System 

3.1 Introduction 

Motion-capture systems are important tools for several industrial and clinical applications. 

Although commercial optical motion-capture systems are available, their setup is often bulky, 

time-consuming, expensive, and requires access to specialized laboratories. Several attempts 

have been made to introduce an alternative low-cost simple motion-capture system, though the 

performance has not been satisfactorily addressed. In this chapter, a compact, portable, low-

cost, and simple planar-fiducial-marker based motion-capture system (PFMS) is developed. 

The system comprises of one or two generic webcams for planar or spatial (non-planar) 

mandibular motion capturing, a tripod, planar markers printed on paper, and a computer for 

processing the real-time tracking of the markers. Sensor fusion of measurements from the two 

webcams in the PFMS results in accurate data for spatial mandibular motion capturing. The 

ability of the PFMS to record both planar and spatial motions is examined through capturing 

the complex 3D movements of the incisal point of a human subject simultaneously by both the 

PFMS and a commercial research-oriented optical motion-capture system. Least products 

regression (LPR) and normalized root-mean-square error (NRMSE) were used to compare the 

recordings by the two systems. The statistical analyses indicate a similar order of precision in 

the results obtained from the two systems, even though the PFMS is significantly cheaper and 

easier set-up compared to the commercial 3D motion-capture system. 

Existing literature emphasizes that there is no silver bullet motion-capture system for all 

possible applications [148]–[150]. Accordingly, there are various motion-capture systems 

operating on different technologies, each of which is particularly useful for a particular 

application. In general, motion-capture systems aim to estimate pose from measured data 

acquired by optical, inertial, magnetic, mechanical, or acoustic sensors. A discussion of the 

advantages and drawbacks of these sensing systems is presented in [149]. 

Optical motion-capture systems can provide reliable recorded data and being non-invasive 

[151], [152] makes them an attractive system for applications with complex trajectories such 

as encountered in human or robotic tracking applications [153]. Unlike inertial, magnetic, and 

acoustic motion-capture systems, optical systems are not affected by ambient noises. 

Moreover, optical systems are also not limited to capturing restricted movements as compared 

to mechanical systems. Passive [7], active [149], and markerless [154] optical motion-capture 
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systems have been developed for varied applications. However, markerless optical motion-

capture systems are not as accurate as marker-based optical systems, and they are usually not 

used in real-time applications due to a high computation load of processing the captured data. 

Active optical systems require light-emitting markers that necessitate either wires or battery, 

resulting in lifetime limitations or affecting the dynamics of the system due to additional 

weight. Passive optical systems provide accurate data and alleviate these limitations. However, 

they require more than two high-speed cameras [8], [155] to track retroreflective markers, 

which results in additional costs and time-consuming process of arranging the cameras, 

calibration, and setup of the system. Some passive optical systems also require a comparatively 

large volume of space for their setup. These drawbacks of optical systems limit their 

applicability to only specialized research labs [152]. Therefore, there is a need for an alternative 

accurate, simple, and low-cost motion-capture system [151], [152], [156]. 

Planar fiducial markers printable on a piece of paper allow an alternative tracking tool instead 

of specialized light-emitting/reflective markers and can be used to make a simple and low-cost 

motion-capture system. In systems based on planar fiducial markers, calibrated cheap pinhole 

cameras can capture image frames. The software component comprises an algorithm to detect 

the fiducial markers in captured frames. The unique internal black and white pattern of each 

detected marker allows a codification to identify the markers. The outputs of such a system are 

an ID for each marker along with the information of the image position. The internal patterns 

of each marker are designed to be distinguishable not only from the environment but also from 

other set of markers of the same size. This set of markers is called a dictionary. 

Several planar fiducial markers have been proposed in the literature, e.g., Matrix [157], 

CyberCode [158], Intersense [159], VisualCode [160], ARTag [161], BinARyID [162], 

reacTIVison [163], ARToolkit [164], ARToolkit Plus [165], and ArUco [166]. These markers 

are also illustrated in Fig. 3.1. Among these, the square ones have gained more popularity, 

especially in augmented reality (AR) [166] and pose estimation [167] applications. Fiala [168] 

introduced eleven criteria to evaluate the performance of the fiducial systems. ArUco system 

demonstrated better performance than other state-of-the-art fiducial systems based on some 

performance criteria such as inter-marker confusion rate and false negative rate [166], which 

are two important criteria for motion-capture application. Using the ArUco system, one can 

generate configurable marker dictionaries in terms of both the size and the number of markers. 

In some applications, a few markers may be required to be tracked. In such an application, 

choosing a dictionary with fewer markers allows for maximizing the minimum Hamming 
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distance of the binary codifications of the markers, referred to as inter-marker distance, which 

results in a less inter-marker confusion rate [169]. ArUco system is particularly appropriate for 

localization, which is a pre-requisite for motion capturing. 

 

     
Matrix CyberCode Intersense VisualCode ARTag 

     
BinARyID reacTIVison ARToolkit ARToolkit Plus ArUco 

Fig. 3.1. Examples of planar fiducial markers 

Mandible has a complicated spatial six degrees of freedom (DOFs) motion during mastication. 

Investigating this motion can aid many fields of food and health research, as well as industry. 

Such investigation is applicable both to the clinical studies of the stomatognathic system and 

the food industry by providing new customized subject-centered information. While the former 

deals with the diagnosis and therapy of orofacial diseases, the latter is related to texture analysis 

of food materials, which plays a key role in customer preference for the food items. 

Both planar and spatial investigations of mandibular motion provide meaningful results. 

Although the natural mandibular movements are in 3D space, the key characteristics of 

mandible trajectory can be observed in planar motion. Studying this planar motion assists in 

understanding the complicated mandibular motion as well as the evaluation of the role of the 

mastication muscles and the temporomandibular joint [9]. The clinical and industrial 

applications of capturing the mandibular motion of a human subject make it an important issue 

to be addressed. Electrognathography [170], accelerometers [151] and Kinesiograph based on 

Hall effect [171] [172], ultrasonic [173], and optoelectronic [7], [8], [152], [155], [174]–[178] 

systems have been proposed as motion-capture systems for capturing the mandibular motion. 

This chapter proposes the planar-fiducial-marker based motion-capture system (PFMS) as a 

novel, compact, portable, low-cost, and simple motion-capture system for both planar and 

spatial mandibular motion capturing. To verify the ability of the PFMS in capturing the planar 

and the spatial movements of the mandible, the incisal trajectory of a human subject along x-, 
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y-, and z-axis of a Cartesian coordinate frame are recorded and compared to that of a Vicon 

system (the commercial motion-capture system) as a benchmark. The effectiveness and 

accuracy of the PFMS in capturing both the planar and the spatial movements are analyzed. 

In the following sections, the PFMS is introduced, and its main components are explained in 

more detail. The simultaneously recorded mandibular motion of a human subject by both the 

PFMS and the benchmark system are presented. ArUco system allows detecting multiple 

markers simultaneously, whose measurements can be fused for precise pose estimation. In this 

work, two ArUco markers and a sensor fusion method are employed to carry out an accurate 

spatial mandibular motion capturing. The least products regression (LPR) and normalized root-

mean-square error (NRMSE) are used to compare both planar and spatial motion captured data 

from the PFMS and the benchmark system. The results are discussed, and the ability of the 

PFMS in capturing both the planar and the spatial mandibular motions is verified. 

3.2 The planar-fiducial-marker-based system 

The PFMS is a portable, simple, and low-cost motion-capture system. The system is comprised 

of one or two generic webcams for planar or spatial mandibular motion capturing, respectively, 

and a tripod to fix the webcam(s). Planar ArUco markers printed on a piece of paper, a custom-

made brace to affix the markers to the subject’s mandible, and a software developed in Python 

running on a computer to capture the movements of the markers in real-time are the other 

components of the system. In this Chapter, the PFMS using only one webcam is shown to be 

suitable for general planar motion capturing applications, while the system with the second 

webcam is designed particularly for spatial mandibular motion capturing. 

3.2.1 Camera calibration and software 

The PFMS uses generic webcams, for which a calibration process is first required to eliminate 

distortion in captured frames. During this calibration process, distortion parameters of the 

webcams can be calculated by comparing actual 3D point coordinates with image points. The 

former is acquired from a well-defined object of a known size and distinct corner points, while 

the latter is acquired from captured images of the object from the webcams. In this work, a 

chessboard was used as the well-defined object. It was held and shot in several arbitrary angles 

to collect sufficient data required for solving the calibration problem [179]. Fig. 3.2 illustrates 

the chessboard held in one of the arbitrary angles for the calibration purpose. The calibration 

process is only required once for a given set of webcams used in the system. This allows for a 
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portable system that can be moved around to be used in different locations or on different 

subjects without any recalibration requirements. 

 

 
Fig. 3.2. Identified image points on the calibration chessboard of known dimensions 

A software was developed in Python 3 based on OpenCV and ArUco library for calibrating the 

webcams as well as detecting and capturing the movements of the ArUco markers in real-time. 

Some predefined dictionaries with different number of markers and marker sizes are available 

within the ArUco library. However, using a dictionary with less number of markers results in 

a less inter-marker confusion rate. In this chapter, a customized dictionary including only two 

markers with marker size of 64 (8 × 8) bits were used to minimize the marker detection error 

in the PFMS. This allowed for experiments with no observed errors in the marker detection. 

3.2.2 Custom-made brace 

One of the considerations to be addressed in mandibular motion-capture systems during the 

study of mastication is the relative motion of the soft tissue over the mandible with respect to 

the jawbone. Mastication can be divided into the opening, closing, and occlusal phases [180]. 

The occlusal phase, during which the food break down occurs, is the most critical phase to 

understand the interactions between the food bolus and the teeth. The amplitude of jaw motion 

during this phase is much less than that of the opening and closing phases. Therefore, small 

discrepancies arising from differences in the measurement of skin motion versus the jawbone 

motion can result in large errors in the dynamic response analysis of food break down between 

the simulation and the experiment. Previously, researchers have measured the mandibular 

motion by markerless methods [154] or by affixing markers directly over the skin [8], [174]–
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[176], [178], wherein the relative motion of the soft tissue with respect to the jawbone is 

neglected contributing to such observed discrepancies. To improve the accuracy in 

measurements, using a custom-made brace to affix markers rigidly to the mandible is 

recommended [7], [155]. Therefore, in this chapter, a light custom-made brace was used that 

was designed to fit firmly to the subject’s lower jaw without any glue. The brace has an 

extension that comes out of the mouth, and ArUco markers are fixed on flat surfaces for motion 

capturing. The brace was designed to minimize interference with the natural chewing process 

and the secretion of saliva. 

The process of making the brace is illustrated in Fig. 3.3 and comprises the following steps. 

An alginate impression was taken from the subject’s lower jaw, Fig. 3.3 (a) and (b), as a mold 

for a mandibular cast of dental stone, Fig. 3.3 (c). Using vacuum forming, mouthguard material 

was forced against the cast to form the brace prototype, Fig. 3.3 (d). Articulating papers were 

used to detect the occlusal contacts between the brace surface and the subject’s maxillary teeth. 

These occlusal contacts were removed, as shown in Fig. 3.3 (e), from the brace, so that no 

interference occurred in occlusion when the subject chewed. An ArUco marker printed on 

paper was attached on an acrylic plate. The plate was connected to the brace using a metal wire 

with a thickness of 1.2 mm, Fig. 3.3 (f). The protrusion of metal wire may need slight 

modifications based on the subject’s centric occlusion to have no interference between the 

metal part and the subject’s occlusal. Moreover, the gingivae portion of the molar parts of the 

brace is trimmed due to its tendency to stick to the food bolus, Fig. 3.3 (g). For spatial motion 

capturing, the brace with two ArUco markers was used, Fig. 3.3 (h). For simultaneous motion 

capturing using both the PFMS and the benchmark system, retroreflective markers were also 

attached to the brace, Fig. 3.3 (i). 

The subject of this study tried a custom-made brace fabricated based on the aforementioned 

procedure and reported complete stability of the brace while performing chewing motion 

without any interference and stickiness problems. Using this brace, the movements of the 

incisal point, which is located between the mandibular central incisors, can be measured. 
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(a) (b) (c) 

   
(d) (e) (f) 

   
(g) (h) (i) 

Fig. 3.3. Steps taken to make a customized brace affixed with ArUco markers 

 

3.3 Evaluation of the PFMS 

In order to evaluate the ability and accuracy of the PFMS in capturing the mandibular 

movements, the trajectory of the incisal point of a 31-year-old male human subject was 

captured by both the PFMS and the benchmark system simultaneously. The subject was asked 

to wear the brace before the experiment, chew a piece of chewing gum to get accustomed to 

wearing the brace. During the experiments, the subject was seated in an office chair without 

head support in a laboratory equipped with Vicon motion-capture system, which was utilized 

for benchmarking the proposed PFMS. The PFMS’s webcam was located at 320 mm distance 

in front of the subject’s jaw. While the subject was chewing, both the PFMS and the benchmark 

system were capturing the movements of their corresponding markers simultaneously. The 

sampling frequency of both systems was set at 30 Hz. 

In the following sections, the ability and accuracy of the PFMS in capturing the mandibular 

movements by one and two webcams is evaluated. 
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3.3.1 The PFMS with one webcam 

One ArUco marker and three retroreflective spherical markers were attached to the custom-

made brace, and the subject’s mandibular trajectory was recorded by both systems in the 

camera coordinate frame, {𝐶1}, with its origin located at the webcam center. The positive 

direction of 𝑥1-axis of the {𝐶1} is from the center of the webcam to the right, while the positive 

direction of its 𝑧1-axis is perpendicular to and outward from the webcam lens plane, as depicted 

in Fig. 3.4. 

 

 
Fig. 3.4. The PFMS setup with one webcam 

Four retroreflective markers, as shown in Fig. 3.5 (a), were affixed over the webcam to align 

the reference recording frame {𝐶1} for both the PFMS and the benchmark system. However, 

another challenge was to record the movements of the same point by the two systems. The 

PFMS records the movements of the central point of the ArUco marker. A retroreflective 

marker was fixed at the center of a rigid transparent acrylic square with the side length equal 

to the size of the black borders of the ArUco marker. This combined marker was used to locate 

the same measuring point for the both systems. Fig. 3.5 (b) shows this combined marker. 

𝑥𝐼 

𝑦𝐼 

𝑧𝐼 𝑥1 

𝑧1 

𝑦1 
{𝐶1} {𝐼} 

Webcam 

Tripod 

An ArUco marker 
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(a) (b) 

Fig. 3.5. (a) Retroreflective markers affixed on the webcam to align the reference coordinate frames of the two 

systems. (b) The combined marker for locating the same measuring point for the two systems. The dashed red 

square shows the border of the ArUco marker 

However, all the captured data in this chapter are reported in an incisal frame, {𝐼}, with its 

origin fixed at the initial position of the incisal point and having the same orientation and 

direction of axes as those of the frame {𝐶1}. The frame {𝐼} is also illustrated in Fig. 3.4. 

Both systems were used to capture the movements of the common measuring point shown in 

Fig. 3.5 (b), while the subject chewed the gum. Throughout this study, the raw data collected 

by both systems were smoothed using a moving average filter with a window size of four. Fig. 

3.6 illustrates ten consecutive recorded cycles of the chewing trajectories of the incisal point 

by the two systems along x-, y-, and z-axis of the frame {𝐼}, respectively. 

Fig. 3.6 shows that the captured mandibular trajectories measured by the PFMS along the x- 

and y-axis are matched well by those from the benchmark system, whereas the captured data 

by the two systems along the z-axis are different due to the noisier data in that direction as 

captured by the PFMS with one webcam. 
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Fig. 3.6. Ten consecutive cycles captured for the incisal movement along the x-, y-, and z-axis by the PFMS 

with one webcam and the benchmark system 

 

3.3.1.1 Statistical analysis 

The purpose of comparison of the measurements of a continuous biological variable by two 

different measurement systems is to detect a systematic bias between the two systems [181]. 
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This systematic bias can be due to fixed or proportional biases. The former happens when there 

is a constant difference between measurements of the two systems, while the latter represents 

an unfixed difference changing through the measurement period [182]. The LPR [183] and the 

Bland-Altman [184] analyses methods are suggested in the literature to detect the bias between 

two measuring systems. It is argued in [181] that the Bland-Altman analysis does not test for 

fixed and proportional bias independently. Hence, in this chapter, the LPR analysis is used to 

estimate the systematic bias between the two motion-capture systems. 

Moreover, the normalized root-mean-square error (NRMSE) between the measurements of the 

two motion-capture systems are evaluated to show the effects of using the second webcam and 

the sensor fusion in the PFMS on the reduction of the measurement error. The NRMSE is 

defined as, 

NRSME =

√∑ (𝜃 − 𝜃)
2𝑛

1

𝑛

𝜃𝑚𝑎𝑥 − 𝜃𝑚𝑖𝑛
, 

(3.1) 

where 𝜃 is the value of a variable measured by the benchmark system and 𝜃 is the same variable 

measured by the PFMS. The captured data from both systems along the x-, y-, and z-axis of 

the frame {𝐼} for the ten consecutive cycles were compared and the results of the LPR and 

NRMSE analyses are reported in Table 3.1.  

 

Table 3.1 Summary of the statistical analysis 

Axis 95% CI for 𝒂 95% CI for 𝒃 FB PB % NRMSE 

x -0.020, 0.013 0.999, 1.016 No No 1.86 

y -0.051, 0.043 1.029, 1.051 No Yes 2.59 

z -0.075, 0.140 1.377, 1.534 No Yes 14.79 

 

In Table 3.1, 𝑎 and 𝑏 are the intercept and the slope of the LPR, respectively. If zero is not 

included in the 95% CI for 𝑎, there is a fixed bias (FB) between the two systems. Moreover, if 

one is not included in the 95% CI for 𝑏, a proportional bias (PB) between the two systems can 

be concluded [183]. Table 3.1 shows no fixed or proportional bias between recorded 

trajectories of the two systems along the x-axis. However, proportional bias is observed for 

measurements along the y- and z-axis. It is useful to note that the 95% CI for b is further away 

from 1 for the z-axis as compared with the y-axis, indicating a larger proportional bias. 
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Similarly, the NRMSE for the z-axis is larger than for the y-axis, which is larger than for the 

x-axis. These indicate that the measurements along the y- and particularly the z-axis need to be 

improved. The differences between the recorded trajectories by the two systems along the z-

axis can also be clearly observed in Fig. 3.6. 

3.3.2 The PFMS with two webcams 

The analysis presented in Section 3.3.1 shows the need for amendment of the PFMS due to the 

differences between the trajectories captured by the two systems along the y- and more 

specifically z-axis. To improve the PFMS for spatial motion capturing, planar motions in two 

perpendicular planes can be captured and combined. To this regard, two webcams are arranged 

perpendicular to each other on the tripod, and this arrangement was used to capture the subject’s 

mandibular motion. Fig. 3.7 shows the arrangement of these two webcams. Furthermore, the 

brace with two ArUco markers perpendicular to each other, as shown in Fig. 3.3 (h), was used 

for this motion capturing experiment. Each webcam records the movements of an ArUco 

marker in a plane, allowing the mandibular motions in both the sagittal and the coronal planes 

to be captured simultaneously. The acquired data are combined and used for more accurate 

motion capturing among the axes of the frame {𝐼}. The proposed PFMS with two webcams is 

analyzed both analytically and statistically. 

 
Fig. 3.7. The prototype of the PFMS with two webcams. 𝑎 = 210𝑚𝑚 and 𝑏 = 240𝑚𝑚. 𝑎 and 𝑏 are adjustable 

based on the subject’s size of head and mandible and should be chosen to give enough space to the subject for 

moving his head and mandible 

The top view of the PFMS with two webcams along with the brace designed for spatial 

mandibular motion capturing are depicted in Fig. 3.8. 

𝑎  𝑏  



Chapter 3 Mandibular Motion-Capturing System 

45 

 

 
Fig. 3.8 Top view of the brace and PFMS with two webcams 

 

3.3.2.1 Analytical analysis 

Fig. 3.9 (a) illustrates the coordinate frames of the two markers and the two webcams used in 

the proposed PFMS. 

 

 

(a) (b) 

Fig. 3.9. Graphical representation of the markers and the frames 

The length of the sides of each marker is equal to 2𝑥0. Moving frames {𝑀1} and {𝑀2} located 

at the central point of the marker one (𝑀1) and marker two (𝑀2), respectively. Similarly, fixed 
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camera frames {𝐶1} and {𝐶2} are located at centers of the webcams. Both the two webcams and 

two markers are arranged perpendicular to each other. Frame {𝑀2} is rotated relative to the 

frame {𝑀1} about 𝑦𝑀1
 by -90˚. All the angles in this chapter are measured in a right-hand sense. 

The frame {𝑀2} relative to the frame {𝑀1}  is described by, 

{𝑀2} = { 𝑹𝑀2

𝑀1 , 𝐏 
M1

M2ORG }, (3.2) 

where 𝐏 
M1

M2ORG denotes a vector that locates the origin of the frame {𝑀2} relative to {𝑀1} and 

𝑹𝑀2

𝑀1  is a rotation matrix that describes {𝑀2} relative to {𝑀1}. For these particular frames 

𝐏 
M1

M2ORG and 𝑹𝑀2

𝑀1  are defined as, 

𝐏 
M1

M2ORG =  [−𝑥𝑜 0 0]T, (3.3) 

and 

𝑹𝑀2

𝑀1 = [
cos 𝜃 0 sin 𝜃

0 1 0
− sin 𝜃 0 cos 𝜃

] ,      𝜃 = −
𝜋

2
 . (3.4) 

Therefore, the homogenous transform that rotates by 𝑹𝑀2

𝑀1  and translates by 𝐏 
M1

M2ORG is 

defined as, 

𝑻𝑀2

𝑀1 = [
        𝑹        𝑀2

𝑀1 | 𝐏 
M1 M2ORG

 0     0     0     |          1      
] = ൦

0 0 −1 −𝑥𝑜

0 1 0 0
1 0 0 0
0 0 0 1

൪. (3.5) 

Similarly, the homogenous transform between two camera frames is defined as, 

𝑻𝐶1

𝐶2 = ൦

0 0 −1 𝑏
0 1 0 0
1 0 0 𝑎
0 0 0 1

൪, (3.6) 

where 𝑏 and 𝑎 are constants based on dimensions indicated in Fig. 3.7. 

Considering Fig. 3.9 (a), it is assumed that the frame {𝑀1} relative to {𝐶1} is initially rotated 

about 𝑥1-axis by 180˚. Moreover, the moving frame {𝑀1} can rotate in the space. This rotation 

matrix of {𝑀1} relative to {𝐶1} can be defined by Euler angle rotations, where {𝑀1} first rotated 

by 𝛼 degrees about 𝑥1-axis, then by 𝛽 degrees about 𝑦1-axis, and finally by 𝛾 degrees about 

𝑧1-axis. Therefore, the homogenous transformation matrix describing {𝑀1} relative to {𝐶1} is 

defined as, 
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𝑻𝑀1

𝐶1 = [
            𝑹       𝑀1

𝐶1 | 𝐏 
C1

M1ORG

 0     0     0     |       1     
], (3.7) 

where 𝐏 
C1

M1ORG =  [𝑥1 𝑦1 𝑧1]𝑇 and 

𝑹𝑀1

𝐶1 = [

𝑐𝛽 𝑐𝛾 −𝑐𝛽 𝑠𝛾 𝑠𝛽
−𝑐𝛼 𝑠𝛾 − 𝑐𝛾 𝑠𝛼 𝑠𝛽 𝑠𝛼 𝑠𝛽 𝑠𝛾 − 𝑐𝛼 𝑐𝛾 𝑐𝛽 𝑠𝛼
𝑐𝛼 𝑐𝛾 𝑠𝛽 − 𝑠𝛼 𝑠𝛾 −𝑐𝛾 𝑠𝛼 − 𝑐𝛼 𝑠𝛽 𝑠𝛾 −𝑐𝛼 𝑐𝛽

], (3.8) 

the notations 𝑠𝜃 and 𝑐𝜃 represent sin(𝜃) and cos(𝜃), respectively. 

From (3.5), (3.6), and (3.7) the homogenous transformation matrix, 

𝑻𝑀2

𝐶2 = 𝑻𝐶1

𝐶2 𝑻𝑀1

𝐶1 𝑻𝑀2

𝑀1 . (3.9) 

Therefore, the position of central point of 2M  in the frame  2C  is  

𝑻𝑀2

𝐶2  [0 0 0 1]T =  [𝑎1 𝑎2 𝑎3 1]T,
 

(3.10) 

where 𝑎1 = 𝑏 − 𝑧1 − 𝑥0(𝑠𝛼𝑠𝛾 − 𝑐𝛼𝑐𝛾𝑠𝛽), 𝑎2 = 𝑦1 + 𝑥0(𝑐𝛼𝑠𝛾 + 𝑐𝛾𝑠𝛼𝑠𝛽), and 𝑎3 = 𝑎 +

𝑥1 − 𝑥0𝑐𝛽𝑐𝛾. 

The position of this central point is also recorded by the second camera as [𝑥2 𝑦2 𝑧2]T. 

Considering [𝑥2 𝑦2 𝑧2]T = [𝑎1 𝑎2 𝑎3]T, for this particular perpendicular camera 

arrangement and marker design, Eq. (3.10) shows that for small values of either 𝑥0 or 𝛽 and 𝛾, 

the last term in equations for 𝑎1 and 𝑎2 can be neglected and therefore, the captured data in 

{𝐶2} can be used to estimate the measurement along 𝑦1- and 𝑧1-axis of {𝐶1}. As demonstrated 

by LPR and NMSRE analyses in the previous section, the data related to the depth of an ArUco 

marker are noisier and therefore not reliable. In other words, equating the depth measurement 

𝑧2 to 𝑎3 is not helpful. The mandible is pivoted in temporomandibular joints which allows large 

roll rotation, 𝛼, while the pitch and yaw angles, 𝛽 and 𝛾, are biologically restricted [185]. The 

small values of 𝛽 and 𝛾 in mandibular motion makes the design of the PFMS particularly 

suitable for capturing the mandibular movements. 

3.3.2.2 Statistical analysis 

The developed software was amended for simultaneous detecting and capturing of the two 

ArUco markers affixed to the brace as depicted in Fig. 3.3 (h). Using the previous recording 

protocol, both the PFMS and the benchmark system captured the movements of the subject’s 
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incisal point simultaneously. Ten consecutive cycles of the recorded trajectories by the PFMS 

with two webcams and the benchmark system are depicted in Fig. 3.10. 

 

 

 

Fig. 3.10. Ten consecutive cycles captured for the incisal movement along the x-, y-, and z-axis by the PFMS 

with two webcams and the benchmark system 

From Fig. 3.10, it can be observed that the captured data along the axes of the frame {𝐼} by the 

PFMS with two webcams matched well to that of the benchmark system. 
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To compare the captured data by the PFMS with two webcams and the benchmark system, the 

recorded trajectories by the two systems were subjected to the LPR and the NRMSE analyses, 

and the results are shown in Table 3.2. 

Table 3.2 summary of the statistical analysis 
Axis 95% CI for 𝒂 95% CI for 𝒃 FB PB % NRMSE 

𝒙 -0.04376, 0.04472 0.980, 1.019 No No 1.82 

�̅� -0.09523, 0.09411 0.981, 1.019 No No 1.34 

�̅� -0.02550, 0.02516 0.978, 1.022 No No 4.27 

 

As was mentioned earlier, considering (3.10), the captured data along 𝑥2- and 𝑦2-axis by the 

second webcam can be fused to captured data along 𝑧1- and 𝑦1-axis by the first webcam for a 

better estimate of z and y data, respectively. These better estimates are denoted by 𝑧̅ and �̅�. 

Based on Table 3.2, the NRMSE along the y- and z-axis are decreased significantly. It should 

be noted that, the range of the mandibular motion along the z-axis is only 4.68 mm, see Fig. 

3.10, and  4.27% error along this axis corresponds to less than 0.2 mm root-mean-square error 

along this axis. Moreover, Table 3.2 reports no proportional and fixed bias between the 

measurements of the two systems. 

Both analytical and statistical analyses of the PFMS with two webcams demonstrate the ability 

of the system to capture the mandibular motion along all three axes of a coordinate system. 

3.3.2.3 Finding the Euler angles for the frame {𝑪𝟏} 

In Fig. 3.9 (b), 𝑝1, 𝑝2, and 𝑝3 denote three points on 𝑀1, where the point 𝑝2 is the central point 

of 𝑀1 and 𝑝1 and 𝑝3 are two of its corner points. While the vectors 𝐏2 
C1  is measured by the 

PFMS, ArUco system also allows for the measurement of the corner points of each marker, 

thus making vectors 𝐏1 
C1 , and 𝐏3 

C1  available. For 𝐏1 
C1  and 𝐏3 

C1 , the 𝑥 component is captured 

in the frame {𝐶1}. The �̅� and 𝑧̅ components of 𝑷1 
C1  can be evaluated by averaging the 

coordinates for points 𝑝4 and 𝑝5 captured in the frame {𝐶2}. Similarly, using the data captured 

for 𝑝6 and 𝑝7, the �̅� and 𝑧̅ components of 𝐏3 
C1  can be evaluated. Given the position vectors for 

𝑝1, 𝑝2, and 𝑝3 in the frame {𝐶1}, one can find the orthogonal unit vectors defining the principal 

directions of the frame {𝑀1} in terms of the frame {𝐶1} as 

𝐮1 =
( 𝐏1 

C1 − 𝐏3 
C1 ) × ( 𝐏2 

C1 − 𝐏3 
C1 ) × ( 𝐏1 

C1 − 𝐏3 
C1 )

|( 𝐏1 
C1 − 𝐏3 

C1 ) × ( 𝐏2 
C1 − 𝐏3 

C1 ) × ( 𝐏1 
C1 − 𝐏3 

C1 )|
 (3.11) 
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𝐮𝟐 =
( 𝐏𝟏 

𝐂𝟏 − 𝐏𝟑 
𝐂𝟏 )

|( 𝐏𝟏 
𝐂𝟏 − 𝐏𝟑 

𝐂𝟏 )|
 

𝐮𝟑 =
( 𝐏𝟐 

𝐂𝟏 − 𝐏𝟑 
𝐂𝟏 ) × ( 𝐏𝟏 

𝐂𝟏 − 𝐏𝟑 
𝐂𝟏 )

|( 𝐏𝟐 
𝐂𝟏 − 𝐏𝟑 

𝐂𝟏 ) × ( 𝐏𝟏 
𝐂𝟏 − 𝐏𝟑 

𝐂𝟏 )|
 . 

Therefore, 

𝑹𝑀1

𝐶1 = [𝐮1 𝐮2 𝐮3] = [

𝑟11 𝑟12 𝑟13

𝑟21 𝑟22 𝑟23

𝑟31 𝑟32 𝑟33

]. (3.12) 

On the other hand, 𝑹𝑀1

𝐶1   is defined by (3.8), where 𝛼, 𝛽, and 𝛾 are rotation angles around 𝑥1-, 

𝑦1-, and 𝑧1-axis, respectively. The angles 𝛽, 𝛼, and 𝛾 can be computed as, 

𝛽 = 𝑎𝑡𝑎𝑛2 (r13, √r11
2 + r12

2 ) 

𝛼 = 𝑎𝑡𝑎𝑛2(r23/𝑐𝛽, −r33/𝑐𝛽) 

𝛾 = 𝑎𝑡𝑎𝑛2(−r12/𝑐𝛽, r11/𝑐𝛽). 

(3.13) 

For instance, the position vectors of the points 𝑝1, 𝑝2, and 𝑝3 for the image frame shown in Fig. 

3.11 are measured by the method presented in this section and using (3.11) and (3.12) the 

rotation matrix 𝑹𝑀1

𝐶1  is evaluated as, 

𝑹𝑀1

𝐶1 = [
 0.9788 0.2032 0.0238
0.1936 −0.9578 0.2123
0.0660 −0.2032 −0.9769

]. (3.14) 

 

  

Marker 1 Marker 2 

Fig. 3.11. A sample image frame used for Euler angles calculation 

  

Using (3.13) and given the elements of the rotation matrix in (3.14), Euler angles for the image 

frame shown in Fig. 3.11 are, 
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𝛽 = 0.0238 rad, 𝛼 = 0.2140 rad, and 𝛾 = −0.2047 rad. (3.15) 

3.4 Discussion 

Despite the effort to align the origins and the axes of the reference recording frames of the 

PFMS and the benchmark system in this chapter, some inevitable misalignment between the 

recording frames of the two systems exists. Moreover, small differences in the location of the 

same measuring point for both systems also inevitably exist. These dissimilarities contribute to 

the errors between recorded trajectories by the two systems. Considering these aforementioned 

sources of error and the small amount of error between the PFMS with one webcam and the 

benchmark system along the y-axis, 2.59% NRSME, the PFMS with one webcam can be used 

for the planar mandibular motion capturing application. However, it should be noted that the 

noisy captured data along the z-axis limits the application of the PFMS with only one webcam 

for spatial motion capturing. 

For an ArUco marker, the accuracy of the measurement of the rotational DOFs depends on the 

accuracy of the captured coordinates of the four corners of the marker. While ArUco is 

introduced as a system to estimate the 6DOF motion of an object [19], the captured data along 

the z-axis using only one ArUco marker and one webcam is noisy, which deteriorates the 

accuracy of the captured rotational DOFs dramatically. However, adding a second webcam to 

the PFMS allows for simultaneous recording of the movements of a second ArUco marker in 

an orthogonal plane that overcomes some of the limitations in the depth measurement. This 

two-webcam system was employed for spatial mandibular motion capturing, where the two 

cameras recorded movements in both the sagittal and the coronal planes, which were fused for 

accurate measurements. 

The advantages of the PFMS over previously proposed mandibular motion-capture systems 

can thus be summarized as follows. 1) The PFMS is a simple to set-up inexpensive system. In 

this work, the cost associated with system hardware was mainly from the use of the generic 

webcams and the computer. 2) The use of a custom-made light brace in this system imposed a 

little restriction on the natural mandibular movements as well as minimal interference with 

saliva secretion. Moreover, the brace fits firmly to the subject’s lower jaw without any glue, 

which allowed for a noninvasive mandibular motion capturing 3) The proposed system does 

not need a time-consuming camera calibration process for each experiment run. The cameras 

used in the system only need to be calibrated once, and later the system can be moved around 
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to be used in different locations or on different subjects without any recalibration requirements. 

This allows for a portable motion-capture system. 4) There is no strict requirement for ambient 

light control, and the system is not sensitive to ambient electromagnetic noises. 5) The system 

captures the mandibular movements in real-time, and its simplicity and affordability can make 

it readily available for a typical research lab or clinic. The system can be operated by a single 

user. 

The captured mandibular motion provided useful information and insight for a number of 

applications. It can be used in the clinical studies of the stomatognathic system that deals with 

teaching tools or diagnosis and therapy of orofacial diseases. Moreover, the captured trajectory 

can be used as the input data for studying the inverse kinematics, inverse dynamics, and model-

based trajectory tracking control for a chewing robot to mimic the human-like chewing 

patterns, which itself is beneficial for in-vitro investigation of the food-teeth interaction [43]. 

Such studies of food-teeth interaction are important for dental material testing, design of 

dentures, implant reliability testing, evaluation of load on the mastication muscles and the 

temporomandibular joint, and texture analysis of food materials required by the food industry 

[36]. 

3.5 Conclusion 

This chapter examines the ability of a novel, portable, low-cost, simple planar-fiducial-marker 

based motion-capture system (PFMS), which is practical for planar or spatial mandibular 

motion capturing of a human subject using one or two generic webcams, respectively. The least 

products regression (LPR) and the normalized root-mean-square error (NRMSE) were used to 

compare captured mandibular movements by the PFMS and a commercial research-oriented 

optical motion-capture system. Using the sensor fusion to combine measurements of two 

webcams used in the PFMS, LPR analysis reported no proportional or fixed bias between the 

recordings by the PFMS and the benchmark system. Moreover, the sensor fusion method 

reduced the NRMSE from 2.59 and 14.79 along y- and z-axis, to 1.34 and 4.27, respectively. 

The results of the statistical analyses verify the ability of the PFMS with two webcams to 

accurately capturing both the planar and spatial mandibular movements. In addition to the 

mandibular motion, the PFMS with only one webcam can be utilized in general planar motion 

capturing applications.  
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4 Chapter 4 Mechanism, Kinematics, and Jacobian of the 

Chewing RAPR 

4.1 Introduction 

The chewing RAPR used in this study has a spatial 2-DOR 4-DOF 6RSS structure. The 

mechanism of the chewing RAPR is presented in this chapter. The closed-form solution 

for the inverse kinematics of the RAPR is derived. Captured mandibular motions of a 

human subject are used as the input trajectory points for the inverse kinematics analysis 

of the chewing RAPR to find the desired angular displacement of the RAPR’s actuators 

for reproducing the mandibular motions by the robot. Moreover, the Jacobian matrix 

that relates the velocities in the workspace to the velocities in the joint space of the 

chewing RAPR is derived based on the rigid body assumption for the RAPR’s couplers. 

Both the inverse kinematics and forward kinematics problems of the parallel robots are 

important research questions  [187]. The challenge in the forward kinematics problem 

of a parallel robot is to find the position and orientation of the robot’s EE for a given 

set of actuated joints coordinates. The forward kinematics problem is practical in task 

space trajectory tracking control of the robot’s EE. However, for parallel robots, 

generally, the forward kinematics problem does not have a unique solution, which 

means for a given set of actuated joints coordinates the parallel robot can be assembled 

in several ways [186]. Moreover, the forward kinematic problem of a parallel robot is 

usually complicated and generally finding an analytical expression to describe the 

position and orientation of the robot’s EE as a function of the actuated joints coordinates 

is not possible. There are methods for finding all the solutions of the forward kinematics 

solution of the parallel robots. However, these solutions are not computationally 

efficient, and therefore are not practical for real-time control of the parallel robots. 

Using additional sensors can assist in solving the forward kinematics problem in 

parallel robots. Nonetheless, it adds to the manufacturing cost of the robot, and 

sometimes, bulky equipment is involved that occupy more space or can affect the 

optimal design of the robot [20]. Conventional numerical methods with prior 

knowledge on the current position and orientation of the EE can solve the forward 

kinematics of the parallel robots. However, an appropriate initial guess is required for 

their convergence [186]. Numerical continuation methods can alleviate the need for the 
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appropriate initial guess and the convergence problem, but their computation time is 

still not short enough for a real-time application [187].  

One the other hand, the inverse kinematics problem of a parallel robot usually has a 

unique solution. The inverse kinematics problem is the challenge of finding the 

coordinates of the robot’s actuated joints for a given position and orientation of the 

robot’s EE. The inverse kinematics problem is essential for joint space control of a 

parallel robot [186]. In this chapter, a closed-form solution for the inverse kinematics 

problem of the chewing RAPR is derived and will be used in the following chapters for 

joint space trajectory tracking control of the chewing RAPR. The following sections of 

this chapter are organized as follows. First, the mechanism of the chewing RAPR is 

presented. Then, the inverse kinematics problem of the robot is studied analytically. 

Finally, the Jacobian analysis of the RAPR is investigated to be used in the dynamics 

analysis of the RAPR that will be presented in the next chapter. 

4.2 The redundantly actuated parallel chewing robot 

Different parts of the bodies of humans, mammals, and insects can be redundantly 

actuated systems due to having more actuators (muscles) involved in moving a specific 

joint than the DOFs of the joint. Redundant actuation can be used as a bio-inspired 

design concept for robotic manipulators. The human mandible is moved by more 

number of masticatory muscles than the number of DOFs of the mandible in space, and 

therefore has a redundantly actuated mechanism. A RAPR mechanism is biologically 

incongruent with the human masticatory system. In this study, a chewing robot with a 

spatial 2-DOR 4-DOF 6RSS structure is studied. This chewing RAPR is depicted in 

Fig. 4.1. 

The 6RSS structure of the chewing RAPR indicates that the robot has six kinematic 

linkages connecting the ground (robot’s maxilla) to the robot’s EE (robot’s mandible) 

simulating the layout of the main muscles of mastication (masseter, temporalis, and 

pterygoid). Each kinematic linkage has an active revolute joint (R) including a 

permanent magnet DC motor that actuates a crank and two passive spherical joints (SS). 

The two spherical joints of each link are fixed at two ends of a coupler, which connects 

the crank to the robot’s mandible. Robot’s maxilla is fixed to the ground, see Fig. 4.1. 
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Fig. 4.1 The 6RSS chewing RAPR 

The robot’s mandible is constrained to move in two predefined paths made by two 

point-contact higher kinematic pairs acting as robot’s TMJs. Each higher kinematic pair 

is realized by a point-contact between a ball portion and a curved slot simulating the 

condyle ball and the mandibular fossa, respectively. The curved slots are bonded to the 

robot's maxilla, and the ball portions are bonded to the robot's mandible through a 

connecting rod. Four strain gauges are bonded to each connecting rod to form force 

sensors for measuring the reaction forces of each TMJs. The design of the robot’s TMJs 

is shown in Fig. 4.2. Due to the restrictions imposed by the robot’s TMJs, 6RSS 

chewing robot has only four independent DOFs of 2T2R type, where T and R stand for 

translation and rotation, respectively. Therefore, the 6RSS chewing robot with six 

actuators is a RAPR with two DORs. More details on how the robot’s TMJs constrain 

two DOFs of the mandible will be presented in Section 4.3. 
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Fig. 4.2 Design of one of the robot’s TMJs 

 

In order to study the kinematics of the chewing RAPR, some coordinate frames are 

required to be defined on the robot. The schematic model of the robot along with the 

aforementioned coordinate frames are illustrated in Fig. 4.3. Frame {𝑆} is the global 

frame, which is fixed to the robot’s maxilla. However, the maxilla is not included in 

Fig. 4.3 for the sake of better illustration of more important details. The 𝑋𝑌 plane of the 

frame {𝑆} is horizontal and its 𝑍-axis is normal to this plane. 

Origin of a moving frame, {𝑀}, is attached to the middle point of the bicondylar axis, 

the axis that connects the central points of condyle balls. In the frame {𝑀}, 𝑦-axis is 

along the connector line and is towards the left TMJ. When the robot is in its home 

position, origins and orientations of the frames {𝑆} and {𝑀} are coincident with each 

other. 

Moreover, moving frame {𝐺𝑖} is defined on the crank and moves with it, where the 

subscript 𝑖 = 1,2,3, … ,6 indicates the 𝑖𝑡ℎ kinematics chain of the RAPR. Origin of {𝐺𝑖} 

is fixed to the points in which the cranks are attached to the shafts of the actuators, 𝐺𝑖. 

The 𝑥𝐺𝑖
-axis is from the origin, 𝐺𝑖, to the point in which the cranks and the couplers are 

jointed, 𝑆𝑖. The 𝑧𝐺𝑖
-axis is normal and upwards to the surface of the cranks and the 𝑦𝐺𝑖

-

axis is defined by the right-hand rule. Each coupler is connected to a crank and the 

mandible by spherical joints located at 𝑆𝑖 and 𝑀𝑖 points, respectively, see Fig. 4.3. 
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Fig. 4.3 Schematic illustration of the 6RSS chewing RAPR 

4.3 Constrained mandibular movement of the chewing RAPR 

TMJs are the kinematic constraints that make the 6RSS chewing robot a redundantly 

actuated mechanism. The non-redundant counterpart of the 6RSS chewing robot has a 

similar structure, including the mandible, maxilla, and six RSS kinematic chains 

connecting the mandible to the maxilla (without the TMJs), in which 𝑛𝑎 = 𝑛 = 𝑚 =

𝑞 = 6, where 𝑛𝑎 is the number of the actuators, 𝑛 is the DOFs of the robot’s EE, 𝑞 is 

generalized coordinates of the robot, and 𝑚 is the order of the system. In this section, 

the effects of adding the TMJs to the structure of the no-redundant counterpart of the 

6RSS robot to make a RAPR are discussed. 

The geometrical model of the TMJs can be approximated by third-order polynomials in 

the sagittal plane [13]. This polynomial can be written in 𝑋𝑍 plane as follows, 

𝑍𝑇𝑀𝐽𝑠 = 𝑎0𝑋𝑇𝑀𝐽𝑠
3 + 𝑎1𝑋𝑇𝑀𝐽𝑠

2 + 𝑎2𝑋𝑇𝑀𝐽𝑠. (4.1) 

Therefore, the paths where the left and right condyle ball centers move on, in the frame 

{𝑆}, can be defined as follows, 

𝑍𝐿 = 𝑎0𝑋𝐿
3 + 𝑎1𝑋𝐿

2 + 𝑎2𝑋𝐿,   (4.2) 
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and 

𝑍𝑅 = 𝑎0𝑋𝑅
3 + 𝑎1𝑋𝑅

2 + 𝑎2𝑋𝑅, (4.3) 

In the chewing RAPR, the cross-sections of the curved slots of the TMJs are invariable 

along the 𝑌-axis. Moreover, in the chewing RAPR, 𝑎0 = 0, 𝑎1 = 0.0723, and 𝑎2 =

−1.4 are constant values. In other words, the TMJs of the chewing RAPR are modeled 

by second-order polynomials. The left and the right condyle ball centres are located at 

[0, 𝑑, 0]𝑇 and [0, −𝑑, 0]𝑇, respectively, in the moving frame {𝑀}. The constant value 

𝑑 = 27 𝑚𝑚 is known by the design of the robot. Let us denote the position of the origin 

of the moving frame {𝑀} defined in the fixed frame {𝑆} by [𝑋, 𝑌, 𝑍]T and denote the 

𝑌 − 𝑍 − 𝑋 Euler angle rotation matrix describing the moving frame {𝑀} relative to the 

fixed frame {𝑆} by 𝑹𝑴
𝑺 , where 𝛼, 𝛽, and 𝛾 are rotation angles around 𝑥-, 𝑦-, and 𝑧-axis, 

respectively. For brevity, throughout this study, for any angle 𝜃, 𝑠𝜃 and 𝑐𝜃 represent 

𝑆𝑖𝑛(𝜃) and 𝐶𝑜𝑠(𝜃), respectively. 

𝑹𝑴
𝑺 = 𝑹𝒚(β)𝑹𝐳(γ)𝑹𝐱(α) = 𝑹𝑴

𝑺
𝒚𝒛𝒙(β, γ, α) 

       = [
cβ cγ sβ sα − cβ sγ cα cβ sγ sα + sβ cα

sγ cγ cα −cγ sα
−sβ cγ sβ sγ cα + cβ sα cβ cα − sβ sγ sα

] = [

r11 r12 r13

r21 r22 r23

r31 r32 r33

].

  

(4.4) 

Therefore, position vectors of the center of the left and the right condyles in the fixed 

frame  S  can be defined as following [100], see Fig. 4.3, 

[
𝑋𝐿

𝑌𝐿

𝑍𝐿

] = [
𝑋
𝑌
𝑍

] + 𝑹𝑴
𝑺 [

0
𝑑
0

], (4.5) 

and 

[
𝑋𝑅

𝑌𝑅

𝑍𝑅

] = [
𝑋
𝑌
𝑍

] + 𝑹𝑴
𝑺 [

0
−𝑑
0

]. (4.6) 

Considering 𝑎0 = 0 and substituting (4.5) and (4.6) into (4.2) and (4.3), respectively, 

result in [100], 

𝑍 + 𝑟32𝑑 = 𝑎1(𝑋 + 𝑟12𝑑)2 + 𝑎2(𝑋 + 𝑟12𝑑), (4.7) 
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and, 

𝑍 − 𝑟32𝑑 = 𝑎1(𝑋 − 𝑟12𝑑)2 + 𝑎2(𝑋 − 𝑟12𝑑). (4.8) 

Adding (4.8) to (4.7) and subtracting (4.8) from (4.7) results in (4.9) and (4.10), 

respectively [100], 

𝑍 = 𝑎1[𝑋2 + (𝑟12𝑑)2] + 𝑎2𝑋. (4.9) 

 

𝛼 = tan−1 (
(𝑠𝛽 +  2𝑎1 𝑋 𝑐𝛽 + 𝑎2 𝑐𝛽) 𝑠𝛾

(2𝑎1 𝑋 + 𝑎2) 𝑠𝛽 −  𝑐𝛽
). (4.10) 

Equations (4.9) and (4.10) show that 𝑍 and 𝛼 are not independent variables and they 

are defined based on four other independent variables of the chewing RAPR, including 

𝑋, 𝑌, 𝛽, and 𝛾. The number of actuators of the robot is six while there are only four 

independent variables. This makes the chewing robot a RAPR with two DORs. 

However, without kinematic constraints implied by TMJs to the robot, the non-

redundant counterpart of the 6RSS robot has six degrees of freedom [188]. 

4.4 Inverse kinematics analysis of the chewing RAPR 

The chewing RAPR can be used for the in-vitro investigation of the interaction between 

food and teeth, which is practical in the dentistry and food industry [16]. Moreover, 

there are strain gauges affixed to the condyle balls of the RAPR that allows for studying 

the effects of not only different foods but also the shape and size of the teeth and the 

jaw on applied forces to the TMJs while chewing some food materials. However, 

studying the inverse kinematics of the chewing RAPR is the first step to realize the 

aforementioned applications of the robot [16]. In this section, a closed-form solution 

for the inverse kinematics of the RAPR is derived. 

Coordinates of 𝐺𝑖 and 𝑀𝑖 in the fixed frame {𝑆} at the robot’s home configuration are 

known by the design of the robot. These coordinates are shown in Table 4.1. 
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Table 4.1 Coordinates of 𝐺𝑖 and 𝑀𝑖 in {𝑆} at the robot’s home configuration (mm) 

 𝑮𝟏 𝑮𝟐 𝑮𝟑 𝑮𝟒 𝑮𝟓 𝑮𝟔 𝑴𝟏 𝑴𝟐 𝑴𝟑 𝑴𝟒 𝑴𝟓 𝑴𝟔 

X 23.65 23.65 40.15 40.15 36.15 36.15 9.75 9.75 28.65 28.65 36.25 36.25 

Y -12.25 12.25 -58.24 58.24 -61.67 61.67 -41.10 41.10 -54.70 54.70 -52.96 52.96 

Z -16.02 -16.01 -36.24 -36.24 39.47 39.48 -6.73 -6.73 -51.33 -51.33 -1.63 -1.63 

 

Similarly, lengths of couplers and cranks are known by the design of the RAP and 

denoted by 𝑙𝑖 and 𝑏𝑖, respectively. These values are shown in Table 4.2. 

Table 4.2 Lengths of couplers and cranks (mm) 

𝑖 1 2 3 4 5 6 

𝑙𝑖 33.9 33.9 33 33 52.35 52.35 

𝑏𝑖 10 10 15 15 15 15 

 

Moreover, denote rotation matrices to describe the orientation of the moving frames 

{𝐺𝑖} relative to the fixed frame {𝑆} at robot’s home configuration with 𝑹𝐆𝐢𝐡

𝑺 =

[

𝑟11
′

𝑖
𝑟12

′
𝑖

𝑟13
′

𝑖

𝑟21
′

𝑖
𝑟22

′
𝑖

𝑟23
′

𝑖

𝑟31
′

𝑖
𝑟32

′
𝑖

𝑟33
′

𝑖

], which are also known by the robot’s design as follows, 

 

𝑹𝐆𝟏𝐡

𝑺 = [
0.8540 0.5199 0

−0.5200 0.8538 0
0 0 1

] 𝑹𝐆𝟐𝐡

𝑺 = [
0.8540 0.5199 0
0.5200 −0.8538 0

0 0 −1
] 

𝑹𝐆𝟑𝐡

𝑺

= [
0.9307 0.3670 0

−0.0827 0.2090 0.9739
0.3573 −0.9067 0.2250

] 
𝑹𝐆𝟒𝐡

𝑺 = [
0.9307 −0.3670 0
0.0827 0.2090 −0.9739
0.3573 0.9067 0.2250

] 

𝑹𝐆𝟓𝐡

𝑺

= [
−0.8127 0.5828 0
−0.1213 −0.1689 0.9786
0.5700 0.7948 0.2086

] 

𝑹𝐆𝟔𝐡

𝑺 =

[
−0.8127 −0.5828 0
0.1213 −0.1689 −0.9786
0.5700 −0.7948 0.2086

]. 

 

Therefore, 𝑹𝐆𝐢

𝑺  can be defined as, 

 𝑹𝐆𝐢

𝑺 = 𝑹𝐆𝐢𝐡

𝑺 𝑹𝐆𝐢

𝐆𝐢𝐡 = [

𝑟11
′

𝑖
𝑟12

′
𝑖

𝑟13
′

𝑖

𝑟21
′

𝑖
𝑟22

′
𝑖

𝑟23
′

𝑖

𝑟31
′

𝑖
𝑟32

′
𝑖

𝑟33
′

𝑖

] [
𝑐𝜃𝑖 −𝑠𝜃𝑖 0
𝑠𝜃𝑖 𝑐𝜃𝑖 0
0 0 1

] 
(4.11) 
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        = [

𝑟11
′

𝑖
𝑐𝜃𝑖 + 𝑟12

′
𝑖
𝑠𝜃𝑖 𝑟12

′
𝑖
𝑐𝜃𝑖 − 𝑟11

′
𝑖
𝑠𝜃𝑖 𝑟13

′
𝑖

𝑟21
′

𝑖
𝑐𝜃𝑖 + 𝑟22

′
𝑖
𝑠𝜃𝑖 𝑟22

′
𝑖
𝑐𝜃𝑖 − 𝑟21

′
𝑖
𝑠𝜃𝑖 𝑟23

′
𝑖

𝑟31
′

𝑖
𝑐𝜃𝑖 + 𝑟32

′
𝑖
𝑠𝜃𝑖 𝑟32

′
𝑖
𝑐𝜃𝑖 − 𝑟31

′
𝑖
𝑠𝜃𝑖 𝑟33

′
𝑖

], 

where 𝑹𝑮𝒊

𝑮𝒊𝒉 = [
𝑐𝜃𝑖 −𝑠𝜃𝑖 0
𝑠𝜃𝑖 𝑐𝜃𝑖 0
0 0 1

] denotes the rotation of the moving frames {𝐺𝑖} relative 

to their orientation at the robot’s home configuration, and 𝜃𝑖 is the angular displacement 

of the 𝑖𝑡ℎ actuator about 𝑍𝐺𝑖
-axis, see Fig. 4.4. 

 
Fig. 4.4 Kinematic chains of the robot 

Generally, 𝐀𝐁 
𝐂  denotes a vector 𝐀𝐁 in a frame {𝐶}. Considering Fig. 4.4, position 

vectors of points 𝑀𝑖 defined in the fixed frame {𝑆} can be found as, 

𝐎𝐌𝐌𝐢 
𝐒 = 𝑹𝑴

𝑺  𝐎𝐌𝐌𝐢 
𝐌 . (4.12) 

As it was mentioned earlier, the position of the origin of the moving frame {𝑀} defined 

in the fixed frame {𝑆} is, 

𝐎𝐒𝐎𝐌 
𝐒 = [𝑋, 𝑌, 𝑍]T, (4.13) 

also, 

𝐆𝐢𝐒𝐢 
𝐆𝐢 = [𝑏𝑖, 0, 0]T, (4.14) 

thus, 

𝐆𝐢𝐒𝐢 
𝐒 = 𝑹𝐆𝐢

𝑺 𝐆𝐢𝐒𝐢 
𝐆𝐢 .

 
(4.15)

 

𝑥𝐺𝑖
 𝑦𝐺𝑖

 

𝑧𝐺𝑖
 

{Gi} 

𝜃𝑖 
Gi 

𝑀i 

𝑆i 

𝑍 

𝑌 𝑋 

{𝑆} 𝑂𝑆 

𝑂𝑀 
𝑥 𝛽 

𝑦 

𝛾 

𝛼 

𝑧 

{𝑀} 
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Based on the kinematic chains of the RAPR depicted in Fig. 4.4, the following vector 

equations can be concluded [188], 

𝐆𝐢𝐌𝐢 
𝐒 = 𝐆𝐢𝐎𝐒 

𝐒 + 𝐎𝐒𝐎𝐌 
𝐒 + 𝐎𝐌𝐌𝐢 

𝐒 , (4.16) 

and 

𝐒𝐢𝐌𝐢 
𝐒 = 𝐆𝐢𝐌𝐢 

𝐒 − 𝐆𝐢𝐒𝐢 
𝐒 . (4.17) 

Squaring the norm of (4.17) results [188],  

| 𝐒𝐢𝐌𝐢 
𝐒 |

2
= | 𝐆𝐢𝐌𝐢 

𝐒 |
2

+ | 𝐆𝐢𝐒𝐢 
𝐒 |

2
− 2 𝐆𝐢𝐌𝐢 

𝐒  . 𝐆𝐢𝐒𝐢 
𝐒 , (4.18) 

where, | 𝐒𝐢𝐌𝐢 
𝐒 | and | 𝐆𝐢𝐒𝐢 

𝐒 | are the length of the 𝑖𝑡ℎ coupler and crank, respectively. 

Equation (4.18) can be rewritten as, 

𝐆𝐢𝐌𝐢 
𝐒  . 𝐆𝐢𝐒𝐢 

𝐒 =
| 𝐆𝐢𝐌𝐢 

𝐒 |
2

+ | 𝐆𝐢𝐒𝐢 
𝐒 |

2
− | 𝐒𝐢𝐌𝐢 

𝐒 |
2

2
. (4.19) 

The vector 𝐆𝐢𝐌𝐢 
𝐒 = [𝐺𝑖𝑀𝑖𝑋

𝐺𝑖𝑀𝑖𝑌
𝐺𝑖𝑀𝑖𝑍]T is known by (4.16). Moreover, 

substituting (4.15) into (4.19) leads to, 

[𝐺𝑖𝑀𝑖𝑋
𝐺𝑖𝑀𝑖𝑌

𝐺𝑖𝑀𝑖𝑍] [

𝑟11
′

𝑖
𝑐𝜃𝑖 + 𝑟12

′
𝑖
𝑠𝜃𝑖

𝑟21
′

𝑖
𝑐𝜃𝑖 + 𝑟22

′
𝑖
𝑠𝜃𝑖

𝑟31
′

𝑖
𝑐𝜃𝑖 + 𝑟32

′
𝑖
𝑠𝜃𝑖

]

=
| 𝐆𝐢𝐌𝐢 

𝐒 |
2

+ | 𝐆𝐢𝐒𝐢 
𝐒 |

2
− | 𝐒𝐢𝐌𝐢 

𝐒 |
2

2𝑏𝑖
. 

(4.20) 

Let us define, 

| 𝐆𝐢𝐌𝐢 
𝐒 |

2
+ | 𝐆𝐢𝐒𝐢 

𝐒 |
2

− | 𝐒𝐢𝐌𝐢 
𝐒 |

2

2𝑏𝑖
= 𝑐3, (4.21) 

thus, 
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𝐺𝑖𝑀𝑖𝑋
𝑟11

′
𝑖
𝑐𝜃𝑖 + 𝐺𝑖𝑀𝑖𝑋

𝑟12
′

𝑖
𝑠𝜃𝑖 + 𝐺𝑖𝑀𝑖𝑌

𝑟21
′

𝑖
𝑐𝜃𝑖 + 𝐺𝑖𝑀𝑖𝑌

𝑟22
′

𝑖
𝑠𝜃𝑖

+ 𝐺𝑖𝑀𝑖𝑍
𝑟31

′
𝑖
𝑐𝜃𝑖 + 𝐺𝑖𝑀𝑖𝑍

𝑟32
′

𝑖
𝑠𝜃𝑖 = 𝑐3. 

(4.22) 

Equation (4.22) can be simplified as, 

(𝐺𝑖𝑀𝑖𝑋
𝑟11

′
𝑖

+ 𝐺𝑖𝑀𝑖𝑌
𝑟21

′
𝑖

+ 𝐺𝑖𝑀𝑖𝑍
𝑟31

′
𝑖
)𝑐𝜃𝑖

+ (𝐺𝑖𝑀𝑖𝑋
𝑟12

′
𝑖

+ 𝐺𝑖𝑀𝑖𝑌
𝑟22

′
𝑖

+ 𝐺𝑖𝑀𝑖𝑍
𝑟32

′
𝑖
)𝑠𝜃𝑖 = 𝑐3. 

(4.23) 

Defining 𝐺𝑖𝑀𝑖𝑋
𝑟11

′
𝑖

+ 𝐺𝑖𝑀𝑖𝑌
𝑟21

′
𝑖

+ 𝐺𝑖𝑀𝑖𝑍
𝑟31

′
𝑖

= 𝑐1 and 𝐺𝑖𝑀𝑖𝑋
𝑟12

′
𝑖

+ 𝐺𝑖𝑀𝑖𝑌
𝑟22

′
𝑖

+

𝐺𝑖𝑀𝑖𝑍
𝑟32

′
𝑖

= 𝑐2, equation (4.23) can be rewritten as, 

𝑐1𝑐𝜃𝑖 + 𝑐2𝑠𝜃𝑖 = 𝑐3 . (4.24) 

The inverse kinematics of the robot is the problem of finding the angular displacements 

of the actuators, 𝜃𝑖(𝑡), for a given trajectory,  𝑞(𝑡) = [𝑋(𝑡), 𝑌(𝑡), 𝛽(𝑡), 𝛾(𝑡)]𝑇. For any 

angular displacement 𝜃𝑖, one can write, 

1

𝑐𝑜𝑠2 (
𝜃𝑖

2 )
= 1 + 𝑡𝑎𝑛2 (

𝜃𝑖

2
). (4.25) 

Using (4.25), (4.26) can be derived, 

𝑠𝑖𝑛 𝜃𝑖 =
2 𝑡𝑎𝑛 (

𝜃𝑖

2 )

1 + 𝑡𝑎𝑛2 (
𝜃𝑖

2 )
. (4.26) 

Furthermore, 

𝑐𝑜𝑠 𝜃𝑖 =
1 − 𝑡𝑎𝑛2 (

𝜃𝑖

2 )

1 + 𝑡𝑎𝑛2 (
𝜃𝑖

2 )
. 

(4.27) 

Defining 𝑥𝑖 = tan (
𝜃𝑖

2
), (4.26) and (4.27) result in (4.28) and (4.29), respectively. 
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𝑠𝜃𝑖 =
2𝑥𝑖

1 + 𝑥𝑖
2

 , (4.28) 

and 

𝑐𝜃𝑖 =
1 − 𝑥𝑖

2

1 + 𝑥𝑖
2

 . (4.29) 

Substituting (4.28) and (4.29) into (4.24) yields, 

𝑐1

1 − 𝑥𝑖
2

1 + 𝑥𝑖
2

+ 𝑐2

2𝑥𝑖

1 + 𝑥𝑖
2

− 𝑐3

1 + 𝑥𝑖
2

1 + 𝑥𝑖
2

= 0. (4.30) 

Simplifying (4.30) results in, 

𝑐1 − 𝑐1𝑥𝑖
2 + 2𝑐2𝑥𝑖 − 𝑐3 − 𝑐3𝑥𝑖

2 = 0, (4.31) 

further simplification results in, 

(𝑐1 + 𝑐3)𝑥𝑖
2 − 2𝑐2𝑥𝑖 + 𝑐3 − 𝑐1 = 0. (4.32) 

Solving equation (4.32) results in, 

𝑥𝑖 =
𝑐2 ± √𝑐2

2 − 𝑐3
2 + 𝑐1

2

𝑐1 + 𝑐3
. (4.33) 

Considering 𝑥𝑖 = tan (
𝜃𝑖

2
) and (4.33), the inverse kinematics problem of the robot can 

be solved as, 

𝜃𝑖 = 2 𝑡𝑎𝑛−1 (
𝑐2 ± √𝑐2

2 − 𝑐3
2 + 𝑐1

2

𝑐1 + 𝑐3
). (4.34) 

There is a sign ambiguity in (4.34) that can be solved by taking into account an initial 

condition in which the position of the actuators, 𝜃𝑖, must be zero at the home 

configuration of the robot. The home configuration of the robot is where 𝑋 = 𝑌 = 𝛽 =
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𝛾 = 0. Applying this condition, the inverse kinematics of the robot is solved and 𝜃𝑖 for 

the 𝑖𝑡ℎ motor can be computed as follows, 

𝜃𝑖 = 2 𝑡𝑎𝑛−1 (
𝑐2 + √𝑐2

2 − 𝑐3
2 + 𝑐1

2

𝑐1 + 𝑐3
)  𝐹𝑜𝑟 𝑖 = 1, 2, 4, 5, (4.35) 

and 

𝜃𝑖 = 2 𝑡𝑎𝑛−1 (
𝑐2 − √𝑐2

2 − 𝑐3
2 + 𝑐1

2

𝑐1 + 𝑐3
)   𝐹𝑜𝑟 𝑖 = 3, 6. (4.36) 

Equations (4.35) and (4.36) are functions of only 𝑐1, 𝑐2, and 𝑐3. On close inspection of 

(4.21) and (4.24), one can observe that  𝑐1, 𝑐2, and 𝑐3 are functions of 𝑋, 𝑌, 𝛽, and 𝛾, 

which are the four independent DOFs of the RAPR that can be found by a given 

mandibular trajectory. 

4.5 Trajectory generation 

Given the desired RAPR’s motors trajectory, the RAPR can be controlled to follow the 

trajectory and mimic the subject’s mandibular motion. The key for finding the desired 

RAPR’s motors trajectory is capturing the human subject’s mandibular motion by the 

PFMS, a portable fiducial-marker-based motion-capture system [6] introduced in 

Chapter 3, and using the captured motion as the input data for the closed-form solution 

of the inverse kinematics problem of the RAPR found in (4.35) and (4.36). 

In this section, the PFMS is used to capture the mandibular motion of the human subject 

while he was chewing the gum and peanuts. The PFMS webcams detect and track four 

planar markers printed on papers. Two of the markers, perpendicular to each other, are 

bonded to an elastic headband that is fixed to the subject’s forehead. The forehead 

markers are bonded on the elastic headband, and not on the subject’s skin directly, to 

cancel out the relative motion of the skin over the forehead with respect to the skull. 

The other two markers, perpendicular to each other, are bonded to a brace that is fixed 

to the subject’s jaw. Fig. 4.5 shows the motion-capturing setup. The PFMS captures the 

motions of the subject’s incisal point and forehead simultaneously. The motion of the 

forehead is used to nullify the subject’s head movements during chewing food samples. 
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By subtracting the captured motion for the forehead from that of the incisal point, the 

subject’s pure mandibular motion can be found. 

 
Fig. 4.5 The motion-capturing setup 

𝑹𝑰
𝑰𝑷  denotes the rotation matrix describing the frame {𝐼}, see Fig. 4.5, relative to the 

frame {𝐼𝑃} with its origin fixed at the initial position of the chewing RAPR’s incisal 

point and having the same orientation and direction of axes as those of the frame {𝑆}, 

see Fig. 4.3. Using (4.37), the pure mandibular motion reported in the frame {𝐼} will be 

mapped to the frame {𝐼𝑃}. 

𝑹𝑰
𝑰𝑷 = 𝑹𝒚(𝜋

2⁄ )𝑹𝐳(− 𝜋
2⁄ ) = [

0 0 1
−1 0 0
0 −1 0

]. (4.37) 

The position of the origin of the frame {𝐼𝑃} defined in the frame {𝑆}, in mm, is known 

by (4.38). 

𝐈𝐏 
𝐒 = [97.65 0 −51.31]𝐓. (4.38) 

Therefore, one can find the incisal trajectories in the frame {𝑆}. The resultant trajectory 

points need to be checked to be inside the RAPR’s workspace. The workspace analysis 

of the robot is presented in [189]. 
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𝑦𝐼 

𝑧𝐼 



Chapter 4 Mechanism and Kinematics of the Chewing RAPR 

67 

 

 

Fig. 4.6 Incisal trajectory for chewing gum in different views 

 

Fig. 4.6 shows the incisal trajectory of a human subject recorded by the PFMS for 12 

cycles of chewing gum. The subject was asked to chew by only one side of his mouth 

in order to minimize the effects of the food manipulation inside the oral cavity by tongue 

on the recordings. The trajectory points in three translational coordinates to describe 

the position of the mandible, including 𝑋, 𝑌, and 𝑍 of the frame {𝑆}, and three rotational 

coordinates to describe the orientation of the mandible, including 𝛼, 𝛽, and 𝛾, which 

are the Euler angles about the 𝑥-, 𝑦-, and 𝑧-axis of the frame {𝑀}, respectively, are 

illustrated in Fig. 4.7. The maximum values for the coordinate 𝑍 in Fig. 4.7 show the 

positions in which the maxillary and mandibular teeth are in contact and the occlusion 

occurs. 
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Fig. 4.7 Incisal Trajectory for chewing gum in the frame {𝑆} 

 

Similarly, Fig. 4.8 shows the incisal trajectory of a human subject for 18 cycles of 

chewing peanuts by his left molars, which are recorded by the PFMS. The trajectory 

points in three translational coordinates to describe the position of the mandible, 

including 𝑋, 𝑌, and 𝑍 of the frame {𝑆}, and three rotational coordinates to describe the 

orientation of the mandible, including 𝛼, 𝛽, and 𝛾, which are the Euler angles about the 
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𝑥-, 𝑦-, and 𝑧-axis of the frame {𝑀}, respectively, are illustrated in Fig. 4.9. The 

maximum values for the coordinate 𝑍 in Fig. 4.9 show the positions in which the 

maxillary and mandibular teeth are in contact and the occlusion occurs. 

 

Fig. 4.8 Incisal trajectory for chewing peanuts in different views 

 

Captured mandibular trajectories that are shown in Fig. 4.7 and Fig. 4.9 can be used as 

the input trajectories for the inverse kinematics analysis of the robot to find the desired 

angular displacement of the RAPR’s motors shown in Fig. 4.10 and Fig. 4.11, 

respectively. The desired angular displacement of the RAPR’s motors will be used for 

joint space trajectory tracking control of the RAPR. 
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Fig. 4.9 Incisal trajectory for chewing peanuts in the Frame {𝑆} 
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Fig. 4.10 Angular displacements of the motors of the RAPR for chewing gum 
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Fig. 4.11 Angular displacements of the motors of the RAPR for chewing peanuts 
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4.6 Jacobian matrix analysis 

Using (4.11) and (4.15), 𝐕𝐒𝐢 
𝐒  denoting velocity of points 𝑆𝑖 in the frame {𝑆}, can be 

defined as follows, 

𝐕𝐒𝐢 
𝐒 =

d( 𝐆𝐢𝐒𝐢 
𝐒 )

dt
= 𝑏𝑖�̇�𝑖 [

𝑟12
′

𝑖
𝑐𝜃𝑖 − 𝑟11

′
𝑖
𝑠𝜃𝑖

𝑟22
′

𝑖
𝑐𝜃𝑖 − 𝑟21

′
𝑖
𝑠𝜃𝑖

𝑟32
′

𝑖
𝑐𝜃𝑖 − 𝑟31

′
𝑖
𝑠𝜃𝑖

]. (4.39) 

Considering Fig. 4.4, the following vector equations can be concluded, 

𝐎𝐒𝐌𝐢 
𝐒 = 𝐎𝐒𝐆𝐢 

𝐒 + 𝐆𝐢𝐌𝐢 
𝐒 . (4.40) 

Taking the time derivative from both sides of (4.40) yields 𝐕𝐌𝐢 
𝐒  denoting velocity of 

points 𝑀𝑖 in the frame {𝑆}. 

𝐕𝐌𝐢 
𝐒 =

d( 𝐆𝐢𝐌𝐢 
𝐒 )

dt
=

d( 𝐎𝐒𝐌𝐢 
𝐒 )

dt
= 𝐕 + 𝛀 

𝐒 × 𝐎𝐌𝐌𝐢 
𝐒 . (4.41) 

Equations (4.39) and (4.41) define 𝐕𝐒𝐢 
𝐒  and 𝐕𝐌𝐢 

𝐒 , respectively. Assuming the RAPR’s 

couplers as rigid bodies and projecting 𝐕𝐒𝐢 
𝐒  and 𝐕𝐌𝐢 

𝐒  along 𝐒𝐢𝐌𝐢 
𝐒  result in a scalar that 

represent the velocity of the 𝑖𝑡ℎ coupler along itself. Thus, 

𝐒𝐢𝐌𝐢 
𝐒  . 𝐕𝐌𝐢 

𝐒 = 𝐒𝐢𝐌𝐢 
𝐒  . 𝐕𝐒𝐢 

𝐒  (4.42) 

Substituting (4.39) and (4.41) into (4.42) results in, 

𝐒𝐢𝐌𝐢 
𝐒  . (𝐕 + 𝛀 

𝐒 × 𝐎𝐌𝐌𝐢 
𝐒 ) = 𝐒𝐢𝐌𝐢 

𝐒  . 𝑏𝑖 [

𝑟12
′

𝑖
𝑐𝜃𝑖 − 𝑟11

′
𝑖
𝑠𝜃𝑖

𝑟22
′

𝑖
𝑐𝜃𝑖 − 𝑟21

′
𝑖
𝑠𝜃𝑖

𝑟32
′

𝑖
𝑐𝜃𝑖 − 𝑟31

′
𝑖
𝑠𝜃𝑖

] �̇�𝑖. (4.43) 

Left-hand side of (4.43) can be written as, 

𝐒𝐢𝐌𝐢 
𝐒  . (𝐕 + 𝛀 

𝐒 × 𝐎𝐌𝐌𝐢 
𝐒 ) = 𝐒𝐢𝐌𝐢 

𝐒  . 𝐕 + 𝐒𝐢𝐌𝐢 
𝐒  . ( 𝛀 × 

𝐒 𝐎𝐌𝐌𝐢 
𝐒 ) =

𝐒𝐢𝐌𝐢 
𝐒  . 𝐕 + ( 𝐎𝐌𝐌𝐢 × 

𝐒 𝐒𝐢𝐌𝐢 
𝐒 ) . 𝛀 

𝐒 . 
(4.44) 

However, differentiating (4.9) leads to, 

�̇� = 𝑎1(2𝑋�̇� + 2(𝑑)2𝑟12�̇�12) + 𝑎2�̇� = (2𝑎1𝑋 + 𝑎2)�̇� + 2𝑎1(𝑑)2𝑟12�̇�12, (4.45) 

computing �̇�12 from (4.4) and substituting the result into (4.45) lead to, 
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�̇� = (2𝑎1𝑋 + 𝑎2)�̇� + 2𝑎1(𝑑)2𝑟12(𝑐𝛽 𝑠𝛼 �̇� + 𝑐𝛼 𝑠𝛽 �̇� − 𝑐𝛾 𝑐𝛼 𝑐𝛽 �̇� +

𝑐𝛼 𝑠𝛾 𝑠𝛽 �̇� + 𝑐𝛽 𝑠𝛾 𝑠𝛼 �̇�), 
(4.46) 

that can be simplified as, 

�̇� = (2𝑎1𝑋 + 𝑎2)�̇� + 2𝑎1(𝑑)2𝑟12[(𝑐𝛼 𝑠𝛽 + 𝑐𝛽 𝑠𝛾 𝑠𝛼)�̇� + (𝑐𝛽 𝑠𝛼 +

𝑐𝛼 𝑠𝛾 𝑠𝛽)�̇� − (𝑐𝛾 𝑐𝛼)𝑐𝛽 �̇�]. 
(4.47) 

Considering (4.4), (4.47) can be rewritten as, 

�̇� = 𝑒1�̇� + 𝑒2�̇� + 𝑒3�̇� + 𝑒4�̇�, (4.48) 

where 𝑒1 = 2𝑎1𝑋 + 𝑎2, 𝑒2 = 2𝑎1(𝑑)2𝑟12𝑟32, 𝑒3 = 2𝑎1(𝑑)2𝑟12𝑟13, and 𝑒4 =

−2𝑎1(𝑑)2𝑟12𝑟22𝑐𝛽. 

On the other hand, differentiating (4.10) leads to, 

�̇� =
𝑓3�̇� + 𝑓4�̇� + 𝑓5�̇�

𝑓1
2 + 𝑓2

2 = 𝑔1�̇� + 𝑔2�̇� + 𝑔3�̇�, (4.49) 

where 𝑓1 = 𝑠𝛽𝑠𝛾 + (2𝑎1𝑋 + 𝑎2)𝑐𝛽𝑠𝛾, 𝑓2 = (2𝑎1𝑋 + 𝑎2)𝑠𝛽 − 𝑐𝛽, 𝑓3 = −2𝑎1𝑠𝛾, 

𝑓4 = −𝑠𝛾[1 + (2𝑎1𝑋 + 𝑎2)2], 𝑓5 = 𝑒2[𝑠𝛽𝑐𝛾 + (2𝑎1𝑋 + 𝑎2)𝑐𝛽𝑐𝛾], 𝑔1 =
𝑓3

𝑓1
2+𝑓2

2 , 𝑔2 =

𝑓4

𝑓1
2+𝑓2

2 , 𝑔3 =
𝑓5

𝑓1
2+𝑓2

2 . 

Substituting �̇� and �̇� from (4.48) and (4.49), respectively, into the vector of the linear 

velocity of 𝑂𝑀 in the frame {𝑆} leads to, 

𝐕 = [
�̇�
�̇�
�̇�

] = [
�̇�
�̇�

𝑒1�̇� + 𝑒2�̇� + 𝑒3�̇� + 𝑒4�̇�
]

= [
�̇�
�̇�

(𝑒1 + 𝑒3𝑔1)�̇� + (𝑒2 + 𝑒3𝑔2)�̇� + (𝑒4 + 𝑒3𝑔3)�̇�
]. 

(4.50) 

Equation (4.50) can be rewritten as, 

𝐕 = 𝑽′ ൦

�̇�
�̇�
�̇�
�̇�

൪, (4.51) 
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where 𝑽′ = [
1 0 0 0
0 1 0 0

𝑒1 + 𝑒3𝑔1 0 𝑒2 + 𝑒3𝑔2 𝑒4 + 𝑒3𝑔3

]. 

The angular velocity of the mandible in the frame {𝑀} is, 

𝛀 
𝐌 = [

�̇�
0
0

] + 𝑹𝒙
−1 [

0
0
�̇�

] + 𝑹𝒙
−1𝑹𝒛

−1 [
0
�̇�
0

]. (4.52) 

Therefore, the angular velocity of the mandible in the frame {𝑆} can be found as, 

𝛀 
𝐒 = 𝑹𝑴

𝑺  𝛀 
𝐌 . (4.53) 

Substituting (4.52) into (4.53) results in, 

𝛀 
𝐒 = 𝑹𝒚𝑹𝒛𝑹𝒙 [

�̇�
0
0

] + 𝑹𝒚𝑹𝒛 [
0
0
�̇�

] + 𝑹𝒚 [
0
�̇�
0

] = [

𝑐𝛾 𝑐𝛽 �̇� + 𝑠𝛽 �̇�

𝑠𝛾 �̇� + �̇�
𝑐𝛽 �̇� − 𝑐𝛾 𝑠𝛽 �̇�

]. (4.54) 

Moreover, substituting �̇� from (4.49) into (4.54) results in, 

𝛀 
𝐒 = [

𝑐𝛾 𝑐𝛽 𝑔1 �̇� + 𝑐𝛾 𝑐𝛽 𝑔2 �̇� + (𝑐𝛾 𝑐𝛽 𝑔3 + 𝑠𝛽)�̇�

𝑠𝛾 𝑔1 �̇� + (1 + 𝑠𝛾 𝑔2)�̇� + 𝑠𝛾 𝑔3 �̇�

−𝑐𝛾 𝑠𝛽 𝑔1 �̇� − 𝑐𝛾 𝑠𝛽 𝑔2 �̇� + (𝑐𝛽 − 𝑐𝛾 𝑠𝛽 𝑔3)�̇�

], (4.55) 

Equation (4.55) can be rewritten as, 

𝛀 
𝐒 = 𝜴′ ൦

�̇�
�̇�
�̇�
�̇�

൪, (4.56) 

where 𝜴′ = [

𝑐𝛾 𝑐𝛽 𝑔1 0 𝑐𝛾 𝑐𝛽 𝑔2 𝑐𝛾 𝑐𝛽 𝑔3 + 𝑠𝛽
𝑠𝛾 𝑔1 0 1 + 𝑠𝛾 𝑔2 𝑠𝛾 𝑔3

−𝑐𝛾 𝑠𝛽 𝑔1 0 −𝑐𝛾 𝑠𝛽 𝑔2 𝑐𝛽 − 𝑐𝛾 𝑠𝛽 𝑔3

]. 

Substituting (4.51) and (4.56) into (4.44) leads to, 



Chapter 4 Mechanism and Kinematics of the Chewing RAPR 

76 

 

𝐒𝐢𝐌𝐢 
𝐒  . 𝐕 + ( 𝐎𝐌𝐌𝐢 × 

𝐒 𝐒𝐢𝐌𝐢 
𝐒 ) . 𝛀 

𝐒 = [ 𝐒𝐢𝐌𝐢 
𝐒 𝐓

𝑽′ +

( 𝐎𝐌𝐌𝐢 × 
𝐒 𝐒𝐢𝐌𝐢 

𝐒 )𝐓𝜴′] ൦

�̇�
�̇�
�̇�
�̇�

൪. 
(4.57) 

Substituting (4.57) into (4.43) results in, 

[ 𝐒𝐢𝐌𝐢 
𝐒 𝐓

𝑽′ + ( 𝐎𝐌𝐌𝐢 × 
𝐒 𝐒𝐢𝐌𝐢 

𝐒 )𝐓𝜴′] ൦

�̇�
�̇�
�̇�
�̇�

൪ =

𝐒𝐢𝐌𝐢 
𝐒  . 𝑏𝑖 [

𝑟12
′

𝑖
𝑐𝜃𝑖 − 𝑟11

′
𝑖
𝑠𝜃𝑖

𝑟22
′

𝑖
𝑐𝜃𝑖 − 𝑟21

′
𝑖
𝑠𝜃𝑖

𝑟32
′

𝑖
𝑐𝜃𝑖 − 𝑟31

′
𝑖
𝑠𝜃𝑖

] �̇�𝑖. 

(4.58) 

Equation (4.58) can be expanded as, 

𝑱𝐗 ൦

�̇�
�̇�
�̇�
�̇�

൪ = 𝑱𝛉

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
�̇�1

�̇�2

�̇�3

�̇�4

�̇�5

�̇�6ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې

, (4.59) 

where 𝑱𝑿 =

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ 𝐒𝟏𝐌𝟏 

𝐒 𝐓
𝑽′ + ( 𝐎𝐌𝐌𝟏 × 

𝐒 𝐒𝟏𝐌𝟏 
𝐒 )𝐓𝜴′

𝐒𝟐𝐌𝟐 
𝐒 𝐓

𝑽′ + ( 𝐎𝐌𝐌𝟐 × 
𝐒 𝐒𝟐𝐌𝟐 

𝐒 )𝐓𝜴′

𝐒𝟑𝐌𝟑 
𝐒 𝐓

𝑽′ + ( 𝐎𝐌𝐌𝟑 × 
𝐒 𝐒𝟑𝐌𝟑 

𝐒 )𝐓𝜴′

𝐒𝟒𝐌𝟒 
𝐒 𝐓

𝑽′ + ( 𝐎𝐌𝐌𝟒 × 
𝐒 𝐒𝟒𝐌𝟒 

𝐒 )𝐓𝜴′

𝐒𝟓𝐌𝟓 
𝐒 𝐓

𝑽′ + ( 𝐎𝐌𝐌𝟓 × 
𝐒 𝐒𝟓𝐌𝟓 

𝐒 )𝐓𝜴′

𝐒𝟔𝐌𝟔 
𝐒 𝐓

𝑽′ + ( 𝐎𝐌𝐌𝟔 × 
𝐒 𝐒𝟔𝐌𝟔 

𝐒 )𝐓𝜴′ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

,  

𝑱𝜽 =

ۏ
ێ
ێ
ێ
ێ
ۍ
ℎ1 0 0 0 0 0
0 ℎ2 0 0 0 0
0 0 ℎ3 0 0 0
0 0 0 ℎ4 0 0
0 0 0 0 ℎ5 0
0 0 0 0 0 ℎ6ے

ۑ
ۑ
ۑ
ۑ
ې

, and ℎ𝑖 = 𝐒𝐢𝐌𝐢 
𝐒 𝐓

[

𝑟12
′

𝑖
𝑐𝜃𝑖 − 𝑟11

′
𝑖
𝑠𝜃𝑖

𝑟22
′

𝑖
𝑐𝜃𝑖 − 𝑟21

′
𝑖
𝑠𝜃𝑖

𝑟32
′

𝑖
𝑐𝜃𝑖 − 𝑟31

′
𝑖
𝑠𝜃𝑖

] 𝑏𝑖. 

Hence, the Jacobian matrix of the RAPR can be defined as, 
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�̇� = 𝑱�̇�, (4.60) 

where �̇� = [�̇�1 �̇�2 �̇�3 �̇�4 �̇�5 �̇�6]T,  �̇� = [�̇� �̇� �̇� �̇�]T, 𝑱 = 𝑱𝛉
−𝟏𝑱𝐗, and 

𝑱𝜽
−𝟏 =

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ
1

ℎ1
⁄ 0 0 0 0 0

0 1
ℎ2

⁄ 0 0 0 0

0 0 1
ℎ3

⁄ 0 0 0

0 0 0 1
ℎ4

⁄ 0 0

0 0 0 0 1
ℎ5

⁄ 0

0 0 0 0 0 1
ℎ6

⁄ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

. 

 

4.7 Conclusion 

In this chapter, the mechanism of the chewing RAPR along with the role of the RAPR’s 

TMJs on constraining 2DOFs of the robot to realize the 2-DOR 4-DOF 6RSS structure 

for the chewing RAPR was presented. The closed-form solution for the inverse 

kinematics of the RAPR was derived, and the Jacobian analysis of the chewing RAPR 

was studied. Using the PFMS, the mandibular motion of a human subject while chewing 

peanuts and gum were captured and used as the input data for the inverse kinematics 

analysis of the RAPR to find the desired angular displacement of the RAPR’s actuators.
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5 Chapter 5 Dynamics of the Chewing RAPR 

5.1 Introduction 

The inverse dynamics solution of redundantly actuated parallel robots (RAPRs) often requires 

redundancy resolution methods, such as optimizing a cost function to determine suitable 

actuator efforts to perform a given task. In this Chapter, the Lagrange’s equations of the second 

kind are used to derive the governing equations of the chewing RAPR. Two different 

optimization cost functions, corresponding to specific neuromuscular objectives, which are the 

minimization of the effort of the muscles of mastication and temporomandibular joints (TMJs) 

loads, are used to find the RAPR’s optimized actuation torque distributions. The actuation 

torques and TMJs loads under the influence of experimentally determined dynamic chewing 

forces on molar teeth reproduced from a separate chewing experiment are calculated for 

realistic in-vitro simulation of typical human chewing. The calculated actuation torques are 

applied to the RAPR with a distributed-computed-torque proportional-derivative control 

scheme, allowing the RAPR’s mandible to follow a human subject’s chewing trajectory. TMJs 

loads are measured by force sensors, which are comparable to the computed loads from 

theoretical formulation. The TMJs loads for the two optimization cost functions are measured 

while the RAPR is chewing three grams of peanuts on its left molars. Maximum and mean of 

the recorded loads on the left TMJ were higher in both cases. Moreover, the maximum and 

mean of the recorded loads on both TMJs were smaller for the cost function minimizing the 

TMJs loads. These results demonstrate the validity of the model and capability of the RAPR to 

measure the TMJs loads to understand the chewing characteristics of patients suffering from 

TMJs pain. 

Mastication is the beginning of the voluntary phase of digestion, and therefore, has a strong 

influence on our health. Study of the mastication process can assist dental training, performance 

testing of dental health care materials, diagnosis of the chewing related diseases such as TMDs, 

and provide an understanding of the damage to dental enamel due to chewing habits. Moreover, 

it can aid in texture analysis of the food materials, which is beneficial for the food industry. 

Such studies of mastication require an understanding of the chewing forces on the teeth, 

chewing muscles, and the TMJs. TMJ discomfort is quite common, and temporary symptoms 

of TMDs are experienced by 60-70% of people [11]. Headache, toothache, TMJs pain, neck 

pain, pain in masticatory muscles, restricted jaw motions, and jaw lock are typical symptoms 
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of TMDs, which are detrimental to both the patients’ quality of life and ability to eat and digest 

food by affecting their chewing efficiency [190]. 

The effect of TMJ loading while chewing foods with different textures has been proposed as a 

predisposing risk factor for TMJ pain [191]. However, an in-vivo measurement of mechanical 

loading of the TMJs is difficult [191] as it involves invasive procedures [14]. Therefore, using 

a robotic platform for the in-vitro study of the reaction forces on TMJs is of interest. For the 

in-vitro study of the reaction forces on TMJs, a mandibular motion-capturing system to capture 

the complex cycle-to-cycle varying mandibular movements during mastication and a 

masticatory mechanism to reproduce the captured mandibular movements are required [15]. 

For this purpose, the portable fiducial-marker-based mandibular-motion-capturing system, 

PFMS [6], and the biologically inspired redundantly actuated parallel chewing robot [1] were 

developed. The chewing RAPR employs two point contact HKPs acting as the robot’s TMJs. 

Robot’s TMJs constrained the robot’s degrees of freedom to four, while six rotary actuators 

simulate human muscles of mastication, i.e., temporalis, masseter, and pterygoid. The chewing 

robot is capable of bio-mimicking a human subject’s mandibular movements using the six 

rotary actuators connected to links acting as the masticatory muscles and measuring the forces 

acting on its TMJs using strain gauges. 

The biological masticatory system has redundancy in its actuation since the pose of the 

mandible is controlled by higher number of muscles of mastication than the number of degrees 

of freedom of the mandible with respect to the maxilla. Therefore, masticatory robots with 

actuation redundancy are more biologically congruent. The state-of-the-art chewing robots 

have redundantly actuated parallel mechanisms [1]–[3], where the actuation redundancy is 

introduced by mechanically modeling the two TMJs. This redundancy renders the solution to 

the inverse dynamics problem of such RAPRs to be indeterminate since the number of 

unknowns (required actuation torques) is more than the number of independent governing 

equations (which is same as the number of the independent degrees of freedom of the motion 

in the RAPR). Therefore, for a given EE trajectory of RAPRs, infinite solutions for possible 

actuation torques can exist. This peculiarity of RAPRs hence enables an optimal actuation 

force/torque distribution in the robot to fulfill a particular performance objective. 

In this Chapter, the inverse dynamics of the chewing RAPR is studied using the Lagrange’s 

equations of the second kind. Dynamic chewing forces on a molar are reproduced from a 

separate chewing experiment and used to evaluate the actuation torques for two performance 
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objectives, (a) the minimum Euclidean norm of the actuation torques (associated with 

minimum effort of muscles of mastication) and (b) minimum reaction forces on the TMJs 

(associated with the neuromuscular objective to minimize the TMJs loads). Two experiments, 

each of which using the torque distributions resulting from one of the performance objectives, 

are carried out. In each experiment, the robot is chewing peanuts. The results present the forces 

applied to the robot’s TMJs, which are measured using strain gauges. 

5.2 Dynamics analysis 

Lagrange’s equations of the second kind are used to find required actuation torques for a given 

trajectory of the robot’s mandible. 

𝑑

𝑑𝑡
(

𝜕𝐿

𝜕�̇�𝑗
) −

𝜕𝐿

𝜕𝑞𝑗
= 𝑄𝑗𝑛.𝑐

 , (5.1) 

where 𝑗 = 1,2,3,4, 𝑞𝑗 is the 𝑗𝑡ℎ generalized coordinate and �̇�𝑗 is the 𝑗𝑡ℎ generalized velocity of 

the chewing RAPR. 𝑄𝑗𝑛.𝑐
 is the neoconservative generalized force corresponding to the 𝑗𝑡ℎ 

generalized coordinate. For this RAPR, generalized coordinates are 𝑋, 𝑌, 𝛽, and 𝛾 i.e. 𝐪 =

[𝑋, 𝑌, 𝛽, 𝛾]. 𝐿 is Lagrangian of the chewing RAPR, which is equal to 𝐾 − 𝑃, where 𝐾 and 𝑃 

are kinetic and potential energies of the RAPR, respectively. 

5.2.1 Kinetic Energy of the Robot 

The kinetic energy of the chewing RAPR is equal to the summation of the kinetic energy of its 

moving parts including the moving platform (the mandible), 𝐾𝑝𝑙,  the cranks, 𝐾𝑐𝑟𝑖
, and the 

couplers, 𝐾𝑐𝑜𝑖
, 

𝐾 = 𝐾𝑝𝑙 + ∑ 𝐾𝑐𝑟𝑖

6

𝑖=1

+ ∑ 𝐾𝑐𝑜𝑖

6

𝑖=1

 

=
1

2
𝐕𝐓𝑚𝑝𝑙𝐕 +

1

2
𝛀𝐓

 
𝐒  𝑰𝑝𝑙 

𝑺  𝛀 
𝐒 +

1

2
∑ 𝛚cri

𝐓
 

𝐆𝐢  𝑰𝑐𝑟𝑖 
𝑮𝒊  𝛚cri 

𝐆𝐢

6

𝑖=1

+
1

2
∑ 𝐕𝐇𝐢

T
 

𝐒 𝑚𝑐𝑜𝑖
𝐕𝐇𝐢 

𝐒

6

𝑖=1

+
1

2
∑ 𝛚coi

T
 

𝐒  𝑰𝑐𝑜i 
𝑺  𝛚coi 

𝐒

6

𝑖=1

, 

(5.2) 

where 𝑚𝑝𝑙 = 339.52g and 𝑰𝑝𝑙 
𝑺 = 𝑹𝑴

𝑺  𝑰 
𝑴

𝑝𝑙 𝑹𝑴
𝑺 𝑻 are mass and inertia matrix of the moving 

platform in the frame {𝑆}, respectively, and 𝑰 
𝑴

𝑝𝑙 = [
1.375 0 −0.475

0 1.183 0
−0.475 0 1.027

] ×
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106   g. mm2. 𝛚cri 
𝐆𝐢 = [0 0 �̇�𝑖]T and 𝑰𝑐𝑟𝑖 

𝑮𝒊 = [

𝐼11𝑖
𝐼12𝑖

𝐼13𝑖

𝐼21𝑖
𝐼22𝑖

𝐼23𝑖

𝐼31𝑖
𝐼32𝑖

𝐼33𝑖

] are the vector of angular 

velocity and inertia matrix of the 𝑖𝑡ℎ crank in the frame {𝐺𝑖}. Therefore, 𝛚cri

𝐓
 

𝐆𝐢  𝑰𝑐𝑟𝑖 
𝑮𝒊  𝛚cri 

𝐆𝐢 =

𝐼33i
�̇�𝑖

2
. Table 5.1 shows mass of the cranks and the component on the third row and third 

column of the inertia matrix of the cranks. 

Table 5.1 Mass and inertia of cranks 

𝑖 1 2 3 4 5 6 

𝑚𝑐𝑟𝑖
 (𝑔) 49.77 49.77 52.67 42.16 99.55 101.29 

𝐼33𝑖
 (𝑔. 𝑚𝑚2) 3463.04 3463.04 5435.08 3830.89 17383.22 17393.73 

𝑚𝑐𝑜𝑖
 is the mass of the 𝑖𝑡ℎ coupler and 𝐕𝐇𝐢 

𝐒 =
1

2
( 𝐕𝐌𝐢 

𝐒 + 𝐕𝐒𝐢  
𝐒 ), 𝛚coi 

𝐒 , and 𝑰𝑐𝑜i 
𝑺  are vector of 

velocity of centre of the mass, vector of angular velocity, and inertia matrix of the 𝑖𝑡ℎ coupler 

in the frame {𝑆}, respectively. However, for the chewing RAPR, the average mass of the 

couplers is around a percent of the mass of the moving platform. Thus, the couplers can be 

assumed as point masses located at their centre of mass resulting in zero rotational kinetic 

energies for these elements, which allows for more computational efficiency without 

considerable deterioration in the accuracy of the dynamics model. The mass of the couplers, 

based on the built RAPR, are reported in Table 5.2. 

Table 5.2 Mass of couplers 

𝑖 1 2 3 4 5 6 

𝑚𝑐𝑜𝑖
 (𝑔) 2.7 2.7 2.6 2.6 5.8 5.8 

 

5.2.2 Potential Energy of the Robot 

The potential energy of the chewing robot is equal to the summation of potential energies of 

the moving platform, 𝑃𝑝𝑙, cranks, 𝑃𝑐𝑟𝑖
, and couplers, 𝑃𝑐𝑜𝑖

. 

𝑃 = 𝑃𝑝𝑙 + ∑ 𝑃𝑐𝑟𝑖

6

𝑖=1

+ ∑ 𝑃𝑐𝑜𝑖
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    = 𝑚𝑝𝑙 𝐠
T 𝐎𝐒𝐂𝐩𝐥 

𝐒 + ∑ 𝑚𝑐𝑟𝑖
 𝐠T 𝐎𝐒𝐂𝐜𝐫𝐢 

𝐒

6

𝒊=1

+ ∑ 𝑚𝑐𝑜𝑖
 𝐠T 𝐎𝐒𝐂𝐜𝐨𝐢 

𝐒

6

𝒊=1

, 

(5.3) 
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where 𝐠 = [0 0 −9807]𝑇  (𝑚𝑚
𝑠2⁄ ) and 𝐎𝐒𝐂𝐩𝐥 

𝐒 , 𝐎𝐒𝐂𝐜𝐫𝐢 
𝐒 , and 𝐎𝐒𝐂𝐜𝐨𝐢 

𝐒  are position vectors 

to the centre of mass of the moving platform, the 𝑖𝑡ℎ crank, and the 𝑖𝑡ℎ coupler in the frame 

{𝑆}, respectively. 

The moving platform is comprised of the jaw and TMJs. Based on the built RAPR, the centre 

of mass of the jaw ( 𝐎𝐌𝐂𝐉 
𝐌 ) and TMJs ( 𝐎𝐌𝐂𝐓𝐌𝐉 

𝐌 ) are defined as 𝐎𝐌𝐂𝐉 
𝐌 =

[32.70 0 −49.88]T and 𝐎𝐌𝐂𝐓𝐌𝐉 
𝐌 = [0 0 −11.09]T (the units are 𝑚𝑚), respectively. 

One can find the vector that represents the center of mass of the moving platform in the frame 

{𝑀}, 𝐎𝐌𝐂𝐩𝐥 
𝐌 , as, 

𝐎𝐌𝐂𝐩𝐥 
𝐌 =

𝑚𝐽 𝐎𝐌𝐂𝐉 
𝐌 + 𝑚𝑇𝑀𝐽 𝐎𝐌𝐂𝐓𝐌𝐉 

𝐌

𝑚𝑝𝑙
, (5.4) 

where, 𝑚𝐽 = 255.7440 𝑔 and 𝑚𝑇𝑀𝐽 =  83.7720 𝑔 are masses of the jaw and the TMJs, 

respectively. In addition, 𝑚𝑝𝑙 is the total mass of the moving platform and is equal to the 

summation of mJ and 𝑚𝑇𝑀𝐽. The vector that represents the centre of mass of the moving 

platform in the frame {𝑆} can be defined as, 

𝐎𝐒𝐂𝐩𝐥 
𝐒 = 𝐎𝐒𝐎𝐌 

𝐒 + 𝑹𝑴
𝑺 𝐎𝐌𝐂𝐩𝐥 

𝐌  . (5.5) 

Based on the built RAPR, the center of mass of the cranks in the frame {𝐺𝑖}, 𝐆𝐢𝐂𝐜𝐫𝒊 
𝐆𝐢 , are 

reported in Table 5.3, 

Table 5.3 Coordinates of the center of mass of the 𝑖𝑡ℎ crank in the frame {𝐺𝑖} 

𝐆𝐢𝐂𝐜𝐫𝒊 
𝐆𝐢  𝐆𝟏𝐂𝐜𝐫𝟏 

𝐆𝟏  𝐆𝟐𝐂𝐜𝐫𝟐 
𝐆𝟐  𝐆𝟑𝐂𝐜𝐫𝟑 

𝐆𝟑  𝐆𝟒𝐂𝐜𝐫𝟒 
𝐆𝟒  𝐆𝟓𝐂𝐜𝐫𝟓 

𝐆𝟓  𝐆𝟔𝐂𝐜𝐫𝟔 
𝐆𝟔  

𝒙 0.46 0.46 1.60 4.02 1.11 1.10 

𝒚 0 0 0 0 0 0 

𝒛 -15.19 -15.19 -15.03 -15.68 -13.37 -13.42 

 

The center of the mass of the cranks in the frame {𝑆} can be defined as follows, 

𝐎𝐒𝐂𝐜𝐫𝐢 
𝐒 = 𝐎𝐒𝐆𝐢 

𝐒 + 𝑹𝐆𝐢

𝑺 𝐆𝐢𝐂𝐜𝐫 
𝐆𝐢  . (5.6) 

The center of mass of the couplers, 𝐎𝐒𝐂𝐜𝐨𝐢 
𝐒 , are located at points 𝐻𝑖 (see Fig. 4.3) and can be 

formulated as, 
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𝐎𝐒𝐂𝐜𝐨𝐢 
𝐒 = 𝐎𝐒𝐇𝐢 

𝐒 =
1

2
( 𝐎𝐒𝐌𝐢 

𝐒 + 𝐎𝐒𝐒𝐢 
𝐒 ) , (5.7) 

where 𝐎𝐒𝐌𝐢 
𝐒  is known by (4.40), and 

𝐎𝐒𝐒𝐢 
𝐒 = 𝐎𝐒𝐆𝐢 

𝐒 + 𝐆𝐢𝐒𝐢 
𝐒  , (5.8) 

where vectors 𝐎𝐒𝐆𝐢 
𝐒  and 𝐆𝐢𝐒𝐢 

𝐒  are known by Table 4.1 and (4.15), respectively. 

Substituting the kinetic and potential energies of the RAPR from (5.2) and (5.3), respectively, 

into (5.1), one can find the vector 𝐐n.c. The components of the vector 𝐐n.c are the generalized 

forces corresponding to the RAPR’s 𝑖𝑡ℎ generalized coordinates, 𝑄𝑗𝑛.𝑐
. 

5.2.3 Chewing Forces on a Molar 

The portable fiducial-marker-based motion-capturing system, called PFMS [6] (see Chapter 

3), was used to capture the mandibular motion of a human subject while chewing peanuts. Both 

the movements of the mandible and forehead were recorded to remove the effect of skull 

movements during chewing by subtracting head measurements from the ones from the 

mandible. The captured chewing motion, illustrated in Fig. 4.8 and Fig. 4.9, was used to 

generate the input trajectory for the robot’s actuators, such that the robot’s mandible mimics 

the subject’s mandibular motion. 

The potential energy stored in the food is not considered in this chapter. Food-teeth interaction 

is accounted by food reaction forces and moments denoted by 𝐖𝐜 = [𝐅𝐜 𝐌𝐜]T defined in the 

frame {𝑆}, see Fig. 5.1. The wrench 𝐖𝐜 is applied at point 𝑃𝑐 on the first lower molar, which 

bears the most mechanical loading in the natural dentition [199]. The wrench 𝐖𝐜 affects the 

tooth during the occlusion phase, when the maxillary and mandibular teeth are approaching 

each other. 
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Fig. 5.1. Free body diagram for force analysis of the chewing RAPR 

 

To the best of the author’s knowledge, there are no time series of measurement of the chewing 

wrench reported in the literature, which can be used to determine the actuation torques for the 

RAPR according to the formulation described in this study. Mechanical instruments 

performing instrumental force measuring tests such as puncture, bending, compression, tensile, 

torsion, shear, etc. are commonly used to characterize food mechanics. However, more than 

one test is required to model most prepared food samples appropriately [200]. Furthermore, 

these instrumental tests assume the food materials to be isotropic and homogeneous, while 

most of them have anisotropic and heterogeneous behavior. Also, instrumental tests are 

conducted at a constant velocity, whereas the rates of chewing cycles in humans differ during 

the food's chewing. The loading rate affects the mechanical properties of food materials. For 

instance, a food sample during a high-velocity loading may act as a brittle material, whereas 
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the same food sample may behave as a ductile material during a low-velocity loading [16]. 

Therefore, the instrumental tests, despite all the consideration for an accurate experiment, may 

lead to inaccurate results. 

A single DOF chewing robot [201], which follows a trajectory similar to the human mandible 

has been previously used to measure the wrench experienced by teeth. The wrench for 18 

chewing cycles for three grams of peanuts (8 peanut halves) was measured by an ATI Mini40 

force sensor mounted on the robot. In this chapter, those previously measured amplitudes of 

the applied forces and moments on a tooth of the single DOF chewing robot during its occlusion 

phase are used to recreate forces and moments with the same amplitude for simulating the 

dynamic model of the chewing RAPR. The frequency of the simulated chewing forces and 

moments was matched to be the same as shown for the chewing trajectory in Fig. 4.9. The 

simulated chewing forces and moments are illustrated in Fig. 5.2, which shows the wrench 𝐖𝐜. 

The instantaneous power exerted by the wrench 𝐖𝐜 is equal to that of the transformed forces 

and moments, 𝐐𝐜. Therefore, 

where 𝐎𝐌𝐏𝐜 
𝐒  is the position vector of point 𝑃𝑐 in the frame {𝑆} and �̇� = [�̇�, �̇�, �̇�, �̇�]

T
 is the 

vector of the generalized velocity. 𝐐𝐜 is the vector of transformed chewing forces and moments 

corresponding to the robot’s generalized coordinates and can be found using (5.9) as 

where 𝑰𝟑, [𝑶𝑴𝑷𝒄]×
 , and 𝟎𝟏×𝟑 are an identity matrix of size three, a skew-symmetric matrix of 

size three spanned by 𝐎𝐌𝐏𝐜 
𝐒  vector, and a 1×3  zero vector, respectively.  

 

 

𝐅𝐜. 𝐕 + [ 𝐎𝐌𝐏𝐜 
𝐒 × 𝐅𝐜 + 𝐌𝐜]. 𝛀 

𝐒 = 𝐐𝐜
T. �̇�, (5.9) 

𝐐𝐜
T = {𝐅𝐜

𝐓 [ 𝑰𝟑 [𝑶𝑴𝑷𝒄]×
𝐓] + [𝟎𝟏×𝟑 𝐌𝐜

𝐓]} [
𝑽′

𝜴′], (5.10) 
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Fig. 5.2. Chewing forces and moments on a molar for chewing peanuts 

 

The total generalized forces corresponding to generalized coordinates of the robot can be 

determined as 

where 𝐐𝐧.𝐜 is the vector of generalized forces, components of which are the generalized forces 

corresponding to the robot’s 𝑗𝑡ℎ generalized coordinates. 

  𝐐 =  𝐐𝐧.𝐜 + 𝐐𝐜, (5.11) 
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5.2.4 Cost Functions to Resolve the Redundancy 

An advantage of RAPRs is the access to additional actuators that can allow for an optimal 

actuation torque distribution [18]. However, different cost functions can result in different 

corresponding optimal actuation torque distributions of a RAPR that set its dynamic 

performance to fulfill the requirements of a specific demand. To make the inverse dynamics of 

the chewing RAPR a determinate problem and to find the optimal actuation torque distribution 

of this RAPR, two optimizing cost functions are formulated in this chapter. Measuring the TMJ 

reaction forces while operating the robot using each of the cost functions can expound the 

effects of different optimal actuation torque distributions on the dynamic performance of the 

RAPR.  

5.2.4.1 Minimum Euclidean norm of actuation torques 

The first cost function minimizes the Euclidean norm (2-norm) of the actuation torques, which 

results in a uniform torque distribution among the six actuators of the chewing RAPR. This 

cost function simulates the minimum effort of mastication muscles to chew a food material. 

The Euclidean norm of the actuation torques is minimized using the pseudo-inverse of the 

Jacobian matrix of the RAPR as  

5.2.4.2 Minimum reaction forces on the robot’s TMJs 

Minimizing the TMJ load to prevent degenerative changes to the tissue of the joint due to large 

magnitude loads is a neuromuscular objective in humans [202]. Therefore, the second cost 

function, which minimizes the loads on the robot’s TMJs, simulates in-vitro the natural TMJ 

fatigue prevention mechanism. Considering the free body diagram of the chewing RAPR 

shown in Fig. 5.1, the Newton-Euler equations for the 𝑖𝑡ℎ crank can be formulated as 

where 𝐆𝐢 
𝐆𝐢 𝐒𝐢 = [𝑏𝑖 0 0]T, 𝐅𝐒𝐢

′
 

𝐆𝐢  denotes total reaction force vector from the 𝑖𝑡ℎ coupler 

acting on point 𝑆𝑖 on the 𝑖𝑡ℎ crank defined in the frame {𝐺𝑖}. 𝐌𝐆𝐢 
𝐆𝐢 = [𝑀𝑥𝐺𝑖

, 𝑀𝑦𝐺𝑖
, 𝑀𝑧𝐺𝑖

]
T

 is 

the moment from the 𝑖𝑡ℎ motor acting at point 𝐺𝑖 on the 𝑖𝑡ℎ crank in the frame {𝐺𝑖} and 𝑀𝑧𝐺𝑖
=

𝜏𝑎𝑖
, where 𝜏𝑎𝑖

 is the actuation torque of the 𝑖𝑡ℎ motor. 𝐆𝐢 
𝐆𝐢 𝐂𝐜𝐫𝐢

= [𝐶𝑐𝑟𝑖𝑥
, 𝐶𝑐𝑟𝑖𝑦

, 𝐶𝑐𝑟𝑖𝑧
]

T

, see Table 

𝛕𝒂 = (𝑱T)−1𝐐, (5.12) 

𝐆𝐢 
𝐆𝐢 𝐒𝐢 × 𝐅𝐒𝐢

′
 

𝐆𝐢 + 𝐌𝐆𝐢 
𝐆𝐢 + 𝐆𝐢 

𝐆𝐢 𝐂𝐜𝐫𝐢
× 𝐖𝐜𝐫𝐢 

𝐆𝐢 = 𝑰𝐜𝐫𝐢 
𝐆𝐢 𝛂𝐜𝐫𝐢 

𝐆𝐢 + 𝛚𝐜𝐫𝐢 
𝐆𝐢 × ( 𝑰𝐜𝐫𝐢 

𝐆𝐢 𝛚𝐜𝐫𝐢 
𝐆𝐢 ), (5.13) 
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5.3, and 𝑰𝐜𝐫𝐢 
𝐆𝐢  denote center of mass and inertia matrix of the 𝑖𝑡ℎ crank in the frame {𝐺𝑖}, 

respectively. 𝛚𝐜𝐫𝐢 
𝐆𝐢 = [0,0, �̇�𝑖]

T
 and 𝛂𝐜𝐫𝐢

= [0,0, �̈�𝑖]
T

  
𝐆𝐢  are the angular velocity and angular 

acceleration of the 𝑖𝑡ℎ crank in the frame {𝐺𝑖}, respectively. 𝐖𝐜𝐫𝐢 
𝐆𝐢  is the  𝑖𝑡ℎ crank weight in 

the frame {𝐺𝑖}. Using (5.13), the y-component of 𝐅𝐒𝐢

′
 

𝐆𝐢  can be found as 

where 𝑔 is the gravitational constant and 𝐼33𝑖
, 𝑟23𝑆

𝐺𝑖 , 𝑟13𝑆
𝐺𝑖 , 𝐶𝑐𝑟𝑖𝑥

, and 𝐶𝑐𝑟𝑖𝑦
 are scalar values 

representing element on the third row and the third column of the 𝑰𝐜𝐫𝐢 
𝐆𝐢 , element on the second 

row and the third column of  𝑹𝑺
𝑮𝒊 = 𝑹−1

𝑮𝒊

𝑺 , element on the first row and the third column of 

𝑹𝑺
𝑮𝒊 , the first element of 𝐆𝐢 

𝐆𝐢 𝐂𝐜𝐫𝐢
, and the second element of 𝐆𝐢 

𝐆𝐢 𝐂𝐜𝐫𝐢
, respectively. 

The Newton-Euler equations for the 𝑖𝑡ℎ coupler can be formulated as,  

and 

where 𝐅Mi 
S  denotes the total reaction force vector from the mandible acting on point 𝑀𝑖 on the 

𝑖𝑡ℎ coupler defined in the frame {𝑆} and 𝐅Si 
S  denotes the total reaction force vector from the 

𝑖𝑡ℎ crank acting on points 𝑆𝑖 on the 𝑖𝑡ℎ coupler defined in the frame {𝑆}. 𝐖𝐜𝐨𝐢 
S , 𝐚coi 

S = �̇�Hi 
S , 

and 𝛂coi 
S = �̇�coi 

S  are the weight, linear acceleration of the centre of the mass, and angular 

acceleration of the 𝑖𝑡ℎ coupler in the frame {𝑆}, respectively. As it was mentioned earlier, the 

mass of the couplers used in the chewing robot are small and can be neglected. Neglecting the 

mass and inertia of the couplers, (5.15) results in 

and (5.16) results in 

𝐹𝑆𝑖

′
 

𝐺𝑖

𝑦
=

𝐼33𝑖
�̈�𝑖 + 𝑚𝑐𝑟𝑖

𝑔 ( 𝑟23𝑆
𝐺𝑖 𝐶𝑐𝑟𝑖 𝑥

− 𝑟13𝑆
𝐺𝑖 𝐶𝑐𝑟𝑖 𝑦

) − 𝜏𝑎𝑖

𝑏𝑖
, (5.14) 

𝐅Mi 
S + 𝐅Si 

S + 𝐖𝐜𝐨𝐢 
S = 𝑚𝑐𝑜𝑖

𝐚coi 
S , (5.15) 

𝐒𝐢𝐌𝐢 
S

2
× 𝐅Mi 

S −
𝐒𝐢𝐌𝐢 

S

2
× 𝐅Si 

S = 𝑰coi 
S 𝛂coi 

S + 𝛚coi 
S × ( 𝑰coi 

S 𝛚coi 
S ), (5.16) 

𝐅Mi 
S = − 𝐅Si 

S , (5.17) 
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It can be seen from (5.18) that 𝐅Si 
S is along the 𝐒𝐢𝐌𝐢 

S , therefore, 

𝐅Si 
S = 𝜌𝑖 𝐒𝐢𝐌𝐢 

S or 𝐅𝐒𝐢

′
 

Gi = −𝜌𝑖  𝑹𝑺
𝑮𝒊  𝐒𝐢𝐌𝐢 

S , using y-component of which 𝜌𝑖 can be found as a 

function of 𝜏𝑎𝑖
 and therefore, 𝐅Si 

S , 𝐅Mi 
S , and 𝐅M𝐢

′
 

S = − 𝐅Mi 
S  are functions of 𝜏𝑎𝑖

. In other words, 

𝐅M𝐢

′
 

S = [𝐹𝑥𝑖
(𝜏𝑎𝑖

) 𝐹𝑦𝑖
(𝜏𝑎𝑖

) 𝐹𝑧𝑖
(𝜏𝑎𝑖

)]
T
. 𝐅M𝐢

′
 

S  denotes the total reaction force vector from the 

𝑖𝑡ℎ coupler acting on points 𝑀𝑖 on the mandible defined in the frame {𝑆}. 

Considering Fig. 5.1, the Newton’s second law of motion for the moving platform leads to 

where 𝐖𝐩𝐥, 𝐅𝐂 = [𝐹𝐶𝑥
𝐹𝐶𝑦

𝐹𝐶𝑧]
T
, 𝐅𝐑 = [𝐹𝑅𝑥

𝐹𝑅𝑦
𝐹𝑅𝑧]

T
, 𝐅𝐋 = [𝐹𝐿𝑥

𝐹𝐿𝑦
𝐹𝐿𝑧]

T
, and  

𝐚pl 
S  denote the weight of the RAPR’s mandible, chewing forces from the molar, reaction forces 

on the right TMJ, reaction forces on the left TMJ, and linear acceleration of RAPR’s mandible 

respectively, defined in the frame {𝑆}. Based on the mechanical design of the chewing RAPR’s 

TMJs, the reaction forces on the TMJs along the Y-axis are only due to friction of the point 

contact HKPs, which can be negligible when a proper lubrication is applied to the robot’s 

TMJs. Therefore, it is assumed that 𝐹𝑅𝑦
= 𝐹𝐿𝑦

= 0, which implies that the resultant TMJ forces 

are perpendicular to the tangent of the curved profile for the point contact in the TMJs. A 

schematic view of the right TMJ and the TMJ forces is shown in Fig. 5.3. 

 
Fig. 5.3. Schematic view of the right TMJ reaction forces 

𝐒𝐢𝐌𝐢 
S

2
× (−𝟐 𝐅Si 

S ) = 0. (5.18) 

∑ 𝐅𝐌𝐢

′
 

S

6

𝑖=1

+ 𝐖𝐩𝐥 + 𝐅𝐂 + 𝐅𝐑 + 𝐅𝐋 = 𝑚𝑝𝑙 𝐚pl 
S , (5.19) 

{𝑆} 

𝑋 

𝑍 

θR 

θR 

𝑭𝑅 

𝑭𝑅𝑋
 𝑭𝑅𝑍
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Considering this figure, 𝐹𝑅𝑥
= −𝑡𝑎𝑛 𝜃𝑅 𝐹𝑅𝑧

 where 𝑡𝑎𝑛 𝜃𝑅 is known by the design of the TMJ. 

Similarly, for the left TMJ, 𝐹𝐿𝑥
= −𝑡𝑎𝑛 𝜃𝐿 𝐹𝐿𝑧

 where 𝑡𝑎𝑛 𝜃𝐿 is known by the design of the 

TMJ. Therefore, (5.19) can be written as 

For tan θR = tan θL the square matrix is singular and (5.20) fails in calculating 𝐹𝑅𝑧
and 𝐹𝐿𝑧

. 

However, in such case, the robots mandible rotation with respect to z-axis, 𝛾 is equal to zero, 

which results in rotation with respect to x-axis, 𝛼 to be equal to zero, and therefore 𝐹𝑅𝑧
= 𝐹𝐿𝑧

=

0.5(𝑚𝑝𝑙(𝑔 + �̈�) − ∑ 𝐹𝑧𝑖
(𝜏𝑎𝑖

)6
𝑖=1 − 𝐹𝐶𝑧

). Thus, 𝐹𝑅𝑧
 and 𝐹𝐿𝑧

 are defined as functions of 

actuation torques. 

Minimum reaction forces on the TMJs can be formulated as the following optimization 

problem, which was solved using a nonlinear programming solver to find the actuation torque 

distribution to minimize reaction forces on the TMJs. 

Where 𝑰6 is a 6-by-6 identity matrix, and 𝛕max and 𝛕min can be found based on the robot’s 

motors specification. 

5.3 Experimental results 

In this chapter, distributed-computed-torque proportional-derivative controller was used for 

joint space trajectory tracking control of the chewing RAPR [1]. The block diagram of the 

control system for the chewing RAPR is shown in Fig. 5.4, using the control law 

where 𝛕a is the vector of actuation torques resulted from each of the cost functions and the 

values for 𝑘𝑃 and 𝑘𝑃 are equal to 0.297 and 0.002, respectively. 

[
𝐹𝑅𝑧

𝐹𝐿𝑧

] = [
−𝑡𝑎𝑛 𝜃𝑅 − 𝑡𝑎𝑛 𝜃𝐿

1 1
]

−1

ۏ
ێ
ێ
ۍ 𝑚𝑝𝑙�̈� − ∑ 𝐹𝑥𝑖

(𝜏𝑎𝑖
)

6

𝑖=1
− 𝐹𝐶𝑥

𝑚𝑝𝑙(𝑔 + �̈�) − ∑ 𝐹𝑧𝑖
(𝜏𝑎𝑖

)
6

𝑖=1
− 𝐹𝐶𝑧ے

ۑ
ۑ
ې

. (5.20) 

Minimize (√𝐹𝑅
2 + 𝐹𝐿

2) 

subject to {

𝑰𝟔𝝉𝑎 ≤ 𝝉max          

𝑱T𝝉𝑎 = 𝐐               
𝝉min ≤ 𝝉a ≤ 𝝉max

, 
(5.21) 

𝛕 =  𝛕a + 𝑘𝑃𝐞 + 𝑘𝐷�̇�, (5.22) 
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Fig. 5.4. Distributed-computed-torque proportional-derivative control scheme of the chewing RAPR 

 

5.3.1 TMJ Forces Measurements 

Four strain gauges make up two force sensors for measuring the reaction forces on each TMJ 

along the X and Z-axis. The details of the design of the TMJs force sensors are presented in 

Chapter 6. The actuation torques based on the minimum Euclidean norm and the minimum 

TMJ reaction force solutions are evaluated and provided as input 𝛕a to the controlled chewing 

RAPR. Simultaneously, the TMJ sensors are used to measure the resulting reaction forces for 

both cases. 

Fig. 5.5 presents the measured and the computed reaction forces for free chewing for applied 

input using the minimum Euclidean norm solution. It can be seen that the experimental and 

computed TMJ reaction forces have the same general pattern and frequency. The measured 

forces also have the same frequency as the recorded rhythmic mandibular motion presented 

earlier in Fig. 4.9. The results shown in Fig. 5.5 demonstrate the capability of the robot to carry 

the in-vitro measurements of the TMJ reaction forces. Some differences between the 

magnitudes of the experimental and computed TMJ reaction forces can be observed in Fig. 5.5, 

which are attributed to the following reasons. 1) Dynamic occlusion of the human subject 

whose mandibular motion was captured for this study is different from that of the robot since 

the size and shape of the jaws and the size, shape, and angle of the teeth of the subject are 

different from those of the robot. These differences were not compensated for in the computed 

TMJs reaction forces. 2) Despite applying lubrication to the robot’s TMJs, there is still some 

presence of friction that was neglected in the computation of the TMJ reaction forces. 3) The 

TMJ force sensors are custom made using small strain gauges with a length of 0.2 mm. Errors 

in bonding the strain gauges on the robot’s TMJs, crosstalk between the strain gauges, and the 

calibration process of the sensors can cause deviation between the measured and computed 

values. 4) Unmodeled dynamics of the robot, such as the mass and inertia of the couplers, and 

RAPR 

 

 
𝝉 𝐾𝑝 + 𝐾𝑑S 
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friction in the robot’s active joints were neglected in the computation of the required actuation 

torques. 5) Tracking error between the desired and real trajectory of the robot’s actuators due 

to the uncertainties from unmodeled dynamics and parameter perturbations of the robot. 

 

Fig. 5.5 Computed and measured TMJ forces 

Fig. 5.6 presents the TMJ reaction forces measured from the robot while it is chewing three 

grams of peanuts on its left molars for applied actuation torques as evaluated from minimizing 

the cost functions for Euclidean norm and TMJ reaction forces. The peak values in Fig. 5.5 and 

Fig. 5.6 show the TMJs reaction force values in the occlusion phase of the chewing cycles, 

where the teeth of the mandible and maxilla are in contact and more forces are applied to the 

TMJs. Different optimization functions provide different dynamic responses. Such 

understanding can be used later to employ the chewing RAPR to both identify biomarkers for 

potential masticatory defects and devise strategies for oral rehabilitation. Table 5.4 compares 

the TMJ reaction forces measured by the force sensors for the two cost functions. It can be seen 

that both the maximum and mean of the reaction forces on both right and left TMJs are less for 

minimum TMJ reaction forces cost function in comparison with those of the minimum 

Euclidean norm cost function. Moreover, the chewing RAPR was chewing the peanuts by its 

left molars that resulted in the higher mean and maximum reaction forces for both cost 

functions for the left TMJ. 
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Table 5.4. Comparison of the TMJ reaction forces for two cost functions 

Cost function 

Maximum forces on 

left TMJ (N) 

Mean of the forces 

on left TMJ (N) 

Maximum forces on 

right TMJ (N) 

Mean of the forces 

on right TMJ (N) 

Euclidean norm   of 

the actuation forces 

141.5226 17.2620 59.8897 10.5170 

Minimum reaction 

forces on TMJs 

60.6525 4.8155 25.0719 4.0329 

 

 

Fig. 5.6. Reaction forces on TMJs for the two cost functions 

5.4 Conclusion 

In this chapter, the 6RSS chewing RAPR capable of measuring the reaction forces on the 

robot’s TMJs was used to measure the TMJs mechanical loadings during chewing. The inverse 

dynamics of the chewing robot was studied and used for distributed-computed-torque 

proportional-derivative control of the mandible to mimic the human subject’s mandibular 

motion. Two cost functions, including the Euclidean norm of the actuation torques and 

minimum reaction forces on the TMJs, were used to solve the inverse dynamics problem of the 

robot. Using both the cost functions, the robot’s mandible was controlled to mimic the recorded 

mandibular motion. In both cases, TMJ reaction forces were recorded and compared while the 

robot was chewing three grams of peanuts on its left molars. The maximum and mean of the 
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recorded TMJ reaction forces on the left TMJ were higher in both cases. Moreover, the 

maximum and mean of the recorded reaction forces on both TMJs were smaller for the cost 

function minimizing these forces. The results of this chapter demonstrate the capability of the 

robot in recording the TMJ forces while chewing a food material. In future, such measurements 

of TMJs reaction forces, while the robot is chewing different food materials using different 

subject acquired mandibular motions as the input trajectory, and using the 3D printed model of 

the subject’s jaws and teeth can allow for the in-vitro analysis of the effects of the food texture, 

chewing patterns, and tooth decay on the TMJs reaction forces. Such analysis can provide 

insight for better diagnosis and rehabilitation for TMD patients by identifying root causes for 

TMJ pain.
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6 Chapter 6 Force Sensing and Disturbance Observer-based 

Control of the Chewing RAPR 

6.1 Introduction 

TMJ acts as a pivot to connect the mandible to the skull, making it an important load-bearing 

component in human chewing physiology. TMDs is a common affliction, however, its etiology 

is yet uncertain. The texture of the food materials in our dietary habits is assumed to be 

associated with the TMDs symptoms. The study of reaction forces on TMJs during chewing 

different food materials provides useful information for diagnosis and prevention of the TMDs 

as a common stomatognathic system disease. In-vivo study of TMJs reaction forces is 

complicated and invasive. In this chapter, details of the mechatronics design of the force 

sensors for the chewing RAPR’s TMJs by using the strain gauges are presented. The force 

sensors are calibrated and used for the in-vitro study of the TMJs reaction forces during 

chewing cycles of the RAPR. Reproduction of a human subject's mandibular motion by the 

chewing RAPR is essential for the in-vitro study of the TMJs reaction forces. Dynamic 

modeling of the interactions of different foods and teeth is complicated. An active 

antidisturbance controller is required to handle not only uncertainties and disturbances due to 

food-teeth interactions but also those of the unmodeled dynamics and parameter perturbations 

in the chewing RAPR. A disturbance observer-based controller is used to mimic a human 

subject’s mandibular motion, captured by the PFMS, by the chewing RAPR for the in-vitro 

measurement of the TMJs reaction forces while chewing peanuts and gum. The results of this 

chapter show that the PFMS and the chewing RAPR can help in understanding the effects of 

the food materials on the applied forces on the TMJs to identify and avoid a potential etiologic 

factor for the TMDs. 

Studies show that 60-70% of people experience temporary symptoms of TMDs during their 

life [10], [11]. Typical symptoms of TMDs are joint clicking and crepitus, restricted jaw 

movements, headache, neck pain, toothache, pain in masticatory muscles, pain in the TMJs, 

and jaw lock [10], [13], [190], [203]. Pain in the muscles of mastication and/ or the TMJs is a 

major symptom of TMDs [190]. Treatment options for TMDs, depending on the severity of the 

symptoms, range from conservative and minimally invasive treatments to open surgery [11]. 

However, knowledge of the predisposing risk factors can assist in the prevention of the TMDs. 

The influence of forces acting on the TMJs during the mastication of different food materials 
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with different textures is a potential predisposing risk factor for TMDs prevalence. Studying 

the TMJs reaction forces is crucial since it paves the way for further understanding of the effects 

of TMJs mechanical loading on TMJs pain during chewing foods with different mechanical 

properties. TMJs pain is one of the most common diseases in the stomatognathic system [204]. 

Having force sensors on the TMJs of the chewing RAPR allows for measuring the reaction 

forces acting on the robot’s TMJs while the robot chews different food materials. 

Three main phases, including ingestion, chewing sequence, and clearance and swallowing, can 

be defined for the masticatory sequence [185]. For the in-vitro study of the chewing sequence 

of mastication, a mandibular motion-capture system and a robotic platform are required to 

record the motion of a human subject’s jaw and to reproduce the subject’s recorded mandibular 

trajectory, respectively. The PFMS as a portable and simple mandibular motion-capture system 

is able to record the spatial mandibular motion of a human subject [6]. Moreover, the 

biologically congruent designed 6RSS chewing RAPR can mimic the mandibular motions [16]. 

Mastication robots with different structures are designed for rehabilitation or study of the 

chewing sequence of the mastication, through which the bolus is formed by chewing the food 

materials and is mixed with saliva. The Waseda Jaws (WJ) dental training robots with one 

degree of freedom (DOF) or three DOFs were introduced by Takanobu [195]. However, to 

reproduce a human-like mandibular movement by a robot, more than three independent DOFs 

of the mandible relative to the maxilla of the robot are required. The 6-DOF rehabilitation 

robots were designed to be able to mimic the natural human mandibular motions. Waseda 

Yamanshi (WY) series mouth opening and closing training robots are prototypes of such robots 

[197]. The next generation of masticatory robots is 6-DOF chewing robots. Based on the 

biomechanical knowledge of the mandible structure and mastication muscles, 6-DOF chewing 

robots were designed to study the chewing characteristics and dynamics of the food materials 

quantitatively [188], [198], [205]–[207]. However, in the state-of-the-art chewing robots [3], 

[208], [209], in addition to the mandible, maxilla, and masticatory muscles, TMJs are also 

modeled using constraint surfaces. These constraint surfaces restrict some degrees of freedom 

of the robots to make them redundantly actuated parallel mechanisms. Therefore, the use of 

RAPRs to model and study the stomatognathic system is biologically congruent. However, the 

control problem of such mechanisms is challenging. 

The terms “uncertain”, “disturbance”, and “uncontrollable” inputs (UDUIs)  have emerged in 

the literature of the control theory since 1986 [210]. In most real-world industrial applications, 
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when a robot interacts with the environment, the UDUIs are expensive to measure [211], 

challenging to measure [212], or unmeasurable [213]. A control system needs to be able to deal 

with the presence of the UDUIs to be practical in real-world applications. Conventional 

feedback control approaches cannot counteract fast enough against strong UDUIs. Researchers 

proposed active anti disturbance control methods to react fast in the presence of the UDUIs. 

Among the active anti disturbance control methods, soft disturbance measurement control 

methods, in which the disturbances are estimated instead of being measured directly by 

physical sensors, have attracted a great deal of attention. Soft disturbance measurement 

methods are prevalent since the disturbances might be either unmeasurable, challenging to 

measure, or very costly to measure by sensors. Disturbance observer-based control (DOBC) is 

one of the most popular soft disturbance measurement methods, which offers direct and 

senseless counteraction against the disturbances through a feedforward signal based on 

disturbance estimation [214]. 

The disturbance observer technique was proposed initially by Ohnishi [214]. The purpose of 

such a technique is to deduce disturbances and uncertainties of a system without using 

additional sensors. Disturbances usually come from an exogenous source and uncertainties, 

such as parameter variations and unmodeled dynamics, have sources inside the system. In the 

basic structure of the DOBC, the control problem is divided into two subproblems. First, a 

feedback control is designed independently (without taking into account the UDUIs) to fulfill 

desired performance control goals, such as trajectory tracking. Then, a disturbance observer is 

designed in another inner feedback loop to estimate and compensate the disturbances and 

uncertainties via a feedforward control signal [215]. 

The DOBC has been employed to control rigid robots for many years. Different applications 

for DOBC exist in the literature [7], [8]. External force sensing is a significant problem for the 

robots interacting with the environment, which is the case in most of the industrial [3] and 

surgical [218] robots. Force sensors can be bonded to the robot's EE to measure the external 

forces acting on it. However, the acquired data from a force sensor is very noisy. Moreover, 

the narrow bandwidth of the captured data by a force sensor and its flexible structure restrict 

the application of force sensors where the robot is in stable contact with the environment [212]. 

The use of the disturbance observer instead of force sensors allows for a more simplified 

structure of the robot, less robot's fabrication cost, and a reliable system in stable contact with 

the environment. 



Chapter 6 Force Sensing and Disturbance Observer-based Control of the Chewing RAPR 

98 

 

Furthermore, using the disturbance observer can improve the performance of the independent 

joint control by compensating for nonlinear coupling torques from other links, which are 

considered as unknown disturbances and are estimated by the disturbance observer [217]. 

DOBC can also be used to compensate for friction forces/ torques [219], [220], and improve 

the performance of the robot. Friction is a nonlinear phenomenon presents in moving joints of 

a rigid robot that deteriorates the robot’s performance, such as its trajectory tracking. Moreover, 

DOBC can be used for robustness improvement of the robot by compensating for parameter 

perturbations and unmodeled dynamics [214]. 

In the following sections, the details through which the chewing RAPR with two point-contact 

higher kinematic pairs functioning as its TMJs is equipped with force sensors to be able to 

measure the reaction forces on its TMJs during chewing is presented. Eight strain gauges are 

bonded to the RAPR’s TMJs as force sensors to measure and record the reaction forces on the 

TMJs. The RAPR’s teeth are in contact with different food materials while chewing different 

food samples. It is challenging to model dynamics of different foods perfectly. DOBC is used 

for the joint space trajectory tracking control of the chewing RAPR to mimic the mandibular 

motion. The interactions of the RAPR’s teeth and different food materials and other unmodeled 

dynamics of the robot are considered as a lumped disturbance, and an observer is designed to 

estimate and compensate it. The proposed controller is verified by experiments in which 

chewing RAPR’s mandible mimic the subject’s mandibular motion to chew peanuts and 

chewing gum regardless of the food material resistance. The TMJs reaction forces are measured 

and reported while the chewing RAPR is chewing peanuts and gum. The results of this chapter 

show the capability of the robot in measuring the TMJs reaction forces while chewing different 

food materials. Thus, this robotic platform can be used for categorizing different food textures 

in terms of the amplitude of reaction forces on the TMJs according to the chewing pattern 

recorded from an individual by the PFMS. Such a study can correlate the amplitude of reaction 

forces on the TMJs and the TMDs in future investigations. 

6.2 Mechatronics design of the chewing RAPR 

As it was mentioned earlier, the chewing RAPR has a 6RSS structure, which indicates that the 

robot has six kinematic linkages connecting the ground (robot’s maxilla) to the robot’s EE 

(robot’s mandible). Each kinematic linkage has an active revolute joint (R), including a 60 Watt 

permanent magnet DC motor that actuates a crank and two passive spherical joints (SS). The 

two spherical joints of each link are fixed at two ends of a coupler, which connects the crank 
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to the robot’s mandible. Robot’s maxilla is fixed to the ground. There are two other kinematic 

constraints imposed on the robot’s mandible by two point-contact higher kinematic pairs acting 

as robot’s TMJs. Each higher kinematic pair is realized by a point-contact between a ball 

portion and a curved slot. The curved slots are bonded to the robot's maxilla, and the ball 

portions are bonded to the robot's mandible through a connecting rod, See Fig. 4.2 for details 

on the design of the TMJs. Four strain gauges with a length of 0.2 mm and resistance of 120 Ω 

are bonded to the connecting rod of each TMJ to form two Wheatstone bridges and create a 

two-dimensional force sensor for measuring the reaction forces on the TMJ [23]. The force 

component perpendicular to the cross-section of the curved slot in each TMJ is neglectable 

after proper lubrication of the joint since this force component is only due to the friction 

between the ball portion and the curved slot. A CompactRIO system reads the data provided 

by the four bridges. Each of the six motors has an incremental rotary encoder with 500 counts 

per turn and a planetary gearhead with a 66:1 reduction ratio. Six analog servo drives control 

the motors. The drives and the encoders are connected to three terminal-blocks, which are 

connected to three PCI cards installed on a PC. The user interface to control the robot is 

developed in LabVIEW. Fig. 6.1 and Fig. 6.2 show the whole setup and schematic 

mechatronics design of the chewing RAPR, respectively. 

 
Fig. 6.1 The chewing RAPR, TMJs force measurement setup and the user interface 

DC Motor 

RAPR 

Drive 

NI cRIO-9035 Chassis 

NI 9237 Bridge 

Gear Head 
Encoder 

LabVIEW User Interface 
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Fig. 6.2 Mechatronics design of the chewing RAPR 

6.3 Adding force sensors to the TMJs 

Two force sensors are developed and bonded to the TMJs of the RAPR to measure and record 

the reaction forces on the TMJs while the robot is chewing different food materials. Each force 

sensor is comprised of four KFR-02N-120-C1-11 L1M2R strain gauges by KYOWA Co., 

Japan, with a resistance of 120 Ω and length of 0.2 mm. The ball portion of each TMJ is 

connected to the mandible through a connecting rod. For bonding the strain gauges to the TMJs, 

four plane surfaces, either aligned vertically or horizontally, were machined on the rod portion 

of each TMJ. A strain gauge is bonded to each of these surfaces of both TMJs along the axial 

direction of the rods. Fig. 6.3 shows the schematic view of the placement of the strain gauges 

on a TMJ. For 𝑖 = 1,3, strain gauges 2𝑖 − 1 and 2𝑖 are arranged to measure the horizontal 

forces along the 𝑥-axis of the TMJs, 𝐹𝑥, while the strain gauges 2𝑖 + 1 and 2𝑖 + 2 are arranged 

to measure the vertical forces along the 𝑧-axis of the TMJs, 𝐹𝑧. Considering the mechanical 

design of the TMJs, see Fig. 4.2, the force components along the y-axis, 𝐹𝑦, are only due to the 

friction between the ball portion and the curved slot of the TMJs, which are neglectable after 

proper lubrication. 

The wires of strain gauges are connected to the connectors of four NI 9949 Terminal Blocks, 

which are linked to the NI 9237 Simultaneous Bridge Module by RJ50 cables, see Fig. 6.4. The 

modified TMJ ball portions with strain gauges bonded to them are also shown in Fig. 6.4. Fig. 

6.5 shows the connection of the wires of two strain gauges to the NI 9949 Terminal Blocks to 

make a channel. Each channel measures the reaction forces on the TMJs along either 𝑥- or 𝑧-

axes. Similar connection pattern is used for the other six strain gauges to make three other 

channels. 

6RSS Chewing RAPR 

Strain Gauges DC Motors Encoders 

Drives Bridges 

 LabVIEW 

PCI Cards Compact-RIO 

Terminal Blocks 

PC 
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Fig. 6.3 Schematic view of the placement of the strain gauges on the right TMJ 

 

 

 
Fig. 6.4 Force sensors and their connectors 
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Fig. 6.5 Wire connection diagram for an NI 9949 terminal block 

The signal connections included in Fig. 6.5 are described in Table 6.1. 

Table 6.1 Connection descriptions 

Connection RS+ RS- AI+ AI- EX+ EX- 

Description 
Positive 

remote sensing 

Negative 

remote sensing 

Positive 

analog input 

Negative 

analog input 

Positive sensor 

excitation 

Negative sensor 

excitation 

 

Connecting the RJ50 cables to the NI 9237 Simultaneous Bridge Module will form four 

Wheatstone bridges. Fig. 6.6 shows the Wheatstone bridge for Channel 1, where 𝑅1 and 𝑅2 are 

the resistances of the gauges 1 and 2, respectively, and 𝑅3 and 𝑅4 are internal resistances of the 

NI 9237 Module to provide half bridge completion. 

 
Fig. 6.6 Half Wheatstone bridge made by the NI 9237 bridge module 
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6.4 Software settings for TMJs force measurement 

After adding the NI cRIO-9035 to a LabVIEW project, four analog inputs AI0, AI1, AI2, and 

AI3 of the NI 9237 Bridge Module can be found under the NI cRIO-9035 in LabVIEW Project 

Explorer window. The root to find these four analog inputs is shown in Fig. 6.7. These four 

analog inputs can be easily dragged and dropped into the Block Diagram of a VI to create four 

LabVIEW shared variable nodes to read the voltages from strain gauges and convert the 

voltages to forces after calibrating the force sensors. A section of the Block Diagram of a VI 

including these shared variable nodes is shown in Fig. 6.8. 

 

 
Fig. 6.7 Four analog inputs for force measurement 
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Fig. 6.8 The four shared variable nodes for reading the four bridges 

Some more settings need to be set before the measurements. For the real-time CompactRIO 

settings, the Scan Period and Network Publishing Period for the properties of the Scan Engine 

should be set to 1 ms and 10 ms, respectively, as it is shown in Fig. 6.9. 

 
Fig. 6.9 Scan engine properties 

Under the module properties, the excitation voltage needs to be set to 2.5 V, and half-bridge 

completion checkboxes need to be selected, as shown in Fig. 6.10. 
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Fig. 6.10 Module properties 

Waveform Charts can be used as indicators to read the values of the bridges. The multiplier 

10+6 is required as a scaling factor for the Y-axis of the charts to change the unit of the readings 

from V to μV. Fig. 6.11 shows the chart properties window on the Front Panel of the VI 

including the Waveform Chart indicators. 

 
Fig. 6.11 Waveform Charts properties 

When there are no forces acting on the RAPR’s TMJs (initial unstrained condition for the 

bridges), the TMJs force measurement VI reads the voltage values with some offsets from the 
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chart zeros, as shown in Fig. 6.12, that need to be compensated in the software. These offsets 

can be due to the effects of temperature changes on the readings. 

 
Fig. 6.12 Waveform charts with raw zeros 

However, the properties of each shared variable can be changed for an offset-nulling to balance 

the output of the bridges to zero, see Fig. 6.13.  

 
Fig. 6.13 Shared variables properties 

Fig. 6.14 shows the readings after setting the offsets for all the raw zeros of the charts. 
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Fig. 6.14 Readings after zero offsets 

 

6.5 Calibration of the TMJ sensors 

The force sensors on the RAPR TMJs were calibrated to determine the sensitivity and the 

linearity of the developed sensors and convert the readings of the sensors from voltage to force. 

Calibration weights were measured before the calibration process, and some balancing weights 

were added/ removed to/ from the calibration weights to have the accurate desired weights. A 

scale with the resolution of one gram was used for measuring the weights. 

For calibrating the sensors, each sensor was fixed to a table in a way that its 𝑥-axis is along the 

gravitational direction. Calibration weights, as the static forces, were attached to the ball 

portion of the sensor, see Fig. 6.15. The weights and the output voltages of the two channels of 

each sensor were recorded. A similar calibration process was repeated for each sensor fixed 

with their 𝑧-axis along the gravitational direction. Each measurement was repeated three times, 

and the average values were used for calculation of the sensitivities. These average values are 

reported in Table 6.2 to Table 6.5. 
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Table 6.2 Calibration data for the left TMJ along 𝑥-axis 

Weight (kg) 0.5 1.5 2.5 3.5 4.5 5.5 6.5 

Ch1 (μV) 47 144 238 328 442 522 615 

Ch2 (μV) -2 -6 -6 -13 -16 -20 -22 

Weight (kg) 5.5 4.5 3.5 2.5 1.5 0.5 0 

Ch1 (μV) 535 440 318 228 134 42 -2 

Ch2 (μV) -18 -15 -14 -10 -6 -3 -6 

 

 

 

Table 6.3 Calibration data for the left TMJ along 𝑧-axis 

Weight (kg) 0.5 1.5 2.5 3.5 4.5 5.5 6.5 

Ch1 (μV) -1 -3 -5 -6 -9 -9.75 -13.5 

Ch2 (μV) 55 168 276 380 496 609.5 739 

Weight (kg) 5.5 4.5 3.5 2.5 1.5 0.5 0 

Ch1 (μV) -10 -7 -5 -2 1 4 6 

Ch2 (μV) 612 514 385 279 165 52 -6 

 

 

 

Table 6.4 Calibration data for the right TMJ along 𝑥-axis 

Weights(kg) 0.5 1.5 2.5 3.5 4.5 5.5 6.5 

Ch1 (μV) 48 138 233 331 435 500 645 

Ch2 (μV) -4 -12 -20 -30 -38 -44 -56 

Weights(kg) 5.5 4.5 3.5 2.5 1.5 0.5 0 

Ch1 (μV) 508 417 324 236 144 44 -1 

Ch2 (μV) -43 -36 -28 -20 -13 -2 2 

 

 

 

Table 6.5 Calibration data for the right TMJ along 𝑧-axis 

Weights(kg) 0.5 1.5 2.5 3.5 4.5 5.5 6.5 

Ch1 (μV) 2 7 14 18 22 28 38 

Ch2 (μV) 45 140 230 328 407 487 610 

Weights(kg) 5.5 4.5 3.5 2.5 1.5 0.5 0 

Ch1 (μV) 34 24 18 15 8 2 1 

Ch2 (μV) 528 412 327 230 136 47 0 
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Fig. 6.15 Calibration weights attached to the ball portion of a TMJ 

 

Using the data presented in Table 6.2 to Table 6.5, and the Polyfit function in MATLAB, the 

sensitivities of the force measurement channels are obtained in a least-squares sense. The 

obtained sensitivities for each channel are, 

𝑆𝑐ℎ1𝑥
= 9.83 μV/N, 𝑆𝑐ℎ1𝑧

= −0.25 μV/N, 𝑆𝑐ℎ2𝑥
= −0.31 μV/N, 𝑆𝑐ℎ2𝑧

= 11.48 μV/N, 

𝑆𝑐ℎ3𝑥
= 9.7 μV/N,      𝑆𝑐ℎ3𝑧

= 0.57 μV/N,       𝑆𝑐ℎ4𝑥
= −0.86 μV/N,    𝑆𝑐ℎ4𝑧

= 9.46 μV/N, 

where 𝑆𝑐ℎ1𝑥
 denotes the sensitivity of Channel 1 along the 𝑥-axis (main effect), and 𝑆𝑐ℎ2𝑥

 

denotes the sensitivity of Channel 2 along the 𝑥-axis (crosstalk effect). Using these sensitivities 

as the slope of straight lines and drawing the lines with the slopes and test points, four charts 

shown in Fig. 6.16 are obtained, in which the measurement points are marked by ▲ and ●. It 

can be observed that there is a good linear relationship between force and output voltage of the 

measurement channels. The crosstalk between Channels 1 and 2 is small, while that of 

Channels 3 and 4 is larger. This may be caused by errors in parts manufacturing, strain gauge 

bonding, and calibration conditions. However, the maximum crosstalk sensitivity happened in 

Channel 4 along the 𝑥-axis, which is about 8.87% of the main effect in Channel 3.  
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Fig. 6.16 Force-voltage calibration curves 

 

Using the calibration data, the readings of the force sensors can be converted from the voltage 

(microvolts) to force (Newton). The level of the noise, as depicted in Fig. 6.14, is in the range 

of -8 to +8 microvolts, which is equivalent to less than -1 to +1 N, according to the calibration 

data. 

6.6 DC motors modeling 

The chewing RAPR is actuated by six actuators, including permanent magnet (PM) DC motors 

and gear heads. Fig. 6.17 illustrates the schematic modeling of an actuator of the chewing 

RAPR. 

 
Fig. 6.17 Schematic modeling of an actuator of the chewing RAPR 

𝜏 𝑟: 1 

𝐽𝑚 

𝑓𝑚 

𝑘𝑡 = 𝑘𝑒 = 𝑘, 𝑅𝑎 

𝑉𝑎 
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For a PM DC motor, 

𝜏𝑚 = 𝑘𝑡𝐼𝑎, (6.1) 

where 𝜏𝑚 is the amount of the torque at the motor axis (Nm), 𝑘𝑡  is the motor torque constant 

(Nm/A), and 𝐼𝑎 is the armature current (A). 

Moreover, for a PM DC motor, the back emf voltage (V), 𝑉𝑒𝑚𝑓, is related to the angular velocity 

of the motor axis (rad), �̇�𝑚, through the back emf constant (Vs/rad), 𝑘𝑒, as follows, 

𝑉𝑒𝑚𝑓 = 𝑘𝑒�̇�𝑚. (6.2) 

However, for a PM DC motor 𝑘𝑡 = 𝑘𝑒 = 𝑘. 

The gears reduction ratio, 𝑟, relates the angular position of the motor axis (rad), 𝜃𝑚, to the 

angular position of the external axis (rad), 𝜃, 

𝜃𝑚 = 𝑟𝜃. (6.3) 

Considering the circuit of a DC motor shown in Fig. 6.18, it follows from Kirchhoff’s voltage 

law that, 

𝑉𝑎 = 𝐿𝑎
𝑑𝐼𝑎

𝑑𝑡
+ 𝑅𝑎𝐼𝑎 + 𝑉𝑒𝑚𝑓, (6.4) 

where 𝑉𝑎 is the armature voltage (V), 𝐿𝑎 is the armature inductance (H), and 𝑅𝑎 is the armature 

resistance (Ω). 

 
Fig. 6.18 A DC motor circuit 

Moreover, Newton’s second law for a DC motor results in, 

 𝐽𝑚�̈�𝑚 = 𝜏𝑚 − 𝑓(�̇�𝑚), (6.5) 

𝑉𝑎 

𝑉𝑒𝑚𝑓 

𝐼𝑎 

𝐿𝑎 𝑅𝑎 

+ 

− 
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where 𝑓(�̇�𝑚) is the friction torque between the rotor and its bearings, 𝐽𝑚 is the moments of 

inertia of the rotor, and 𝜏 is the applied torque to the external axis (load axis). Considering only 

the viscos friction as 

𝑓(�̇�𝑚) = 𝑓𝑚�̇�𝑚 = 𝑓𝑚𝑟�̇�, (6.6) 

where 𝑓𝑚 is the viscos friction coefficient and can be found experimentally. For a PM DC 

motor without an external load (6.5) can be rewritten as, 

𝐽𝑚�̇�𝑚 = 𝑘𝐼𝑎 − 𝑓𝑚𝜔𝑚, (6.7) 

where 𝜔𝑚 is the angular velocity of the motor shaf. For a constant angular velocity 𝜔𝑚
∗  one 

can measure the armature current, 𝐼𝑎, and find the viscos friction as follows, 

𝑓𝑚 =
𝑘𝐼𝑎

𝜔𝑚
∗

 . (6.8) 

Replacing (6.2) and (6.3) into (6.4) yields, 

𝑉𝑎 = 𝐿𝑎

𝑑𝐼𝑎

𝑑𝑡
+ 𝑅𝑎𝐼𝑎 + 𝑘𝑟�̇�, (6.9) 

moreover, replacing (6.1), (6.3), and (6.6) into (6.5) results in, 

𝐽𝑚𝑟�̈� = 𝑘𝐼𝑎 − 𝑓𝑚𝑟�̇�. (6.10) 

Defining the input, output, and state variables for a DC motor as 𝑢𝑚 = 𝑉𝑎, 𝑦𝑚 = 𝜃, and 𝑥𝑚 =

[𝜃, �̇�, 𝐼𝑎]
T

 , respectively, its state space model can be find as 

{
�̇�𝑚 = 𝐴𝑚𝑥𝑚 + 𝐵𝑚𝑢𝑚

𝑦𝑚 = 𝐶𝑚𝑥 𝑚                
, (6.11) 

where 𝐴𝑚 =

ۏ
ێ
ێ
ۍ
0 1 0

0 −
𝑓𝑚

𝐽𝑚

𝑘

𝐽𝑚𝑟

0 −
𝑘𝑟

𝐿𝑎
−

𝑅𝑎

𝐿𝑎ے
ۑ
ۑ
ې
, 𝐵𝑚 = [

0
0
1

𝐿𝑎

], and 𝐶𝑚 = [1 0 0]. 

For the PM DC motors used in the chewing RAPR, the specifications of the motors are as 

follows, 
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𝑅𝑎 = 0.611 (Ω), 𝑘 = 𝑘𝑡 = 𝑘𝑒 = 0.0259 (Nm
A⁄  & Vs

rad⁄ ), 𝑟 = 66, 𝐽𝑚 = 33.5 ×

10−7 (Kgm2), 𝐿𝑎 = 0.119 × 10−3 (H). 

6.7 Design of a disturbance observer-based controller for joint space 

trajectory tracking control of the RAPR 

For the chewing RAPR, there are UDUIs such as parameter perturbations, unmodeled 

dynamics, e.g., joint frictions, and interactions between the RAPR’s teeth and food materials, 

which are considered as a lumped disturbance. A DOBC is used to compensate for the UDUIs. 

Fig. 6.19 illustrates the block diagram of the proposed DOBC. The proposed controller includes 

two segments. 

1) A feedback loop with a poor disturbance rejection ability, which is designed to realize 

stability and other specific performance objectives, such as trajectory tracking, regardless of 

the existence of the disturbance in the system. This feedback loop is the outer loop shown in 

Fig. 6.19. Where 𝑦𝑟 ∈ 𝑅6, y ∈ 𝑅6, u ∈ 𝑅6, and 𝑉𝜏𝑎
∈ 𝑅6 are the reference signal, the system 

output, the control output, and equivalent armature voltage required for a specific load torque, 

respectively. The space 𝑅6 is related to the six actuators of the chewing RAPR. In several 

applications, the armature inductance is negligible [221], thus 𝐿𝑎 ≈ 0. Replacing 𝐿𝑎 = 0, (6.2), 

and (6.3) into (6.4) yields,  

𝑉𝑎 = 𝑅𝑎𝐼𝑎 + 𝑘𝑟�̇�. (6.12) 

Moreover, replacing (6.1) and (6.3) into (6.5),  𝐼𝑎 can be found as,  

𝐼𝑎 =
𝐽𝑚𝑟

𝑘
�̈� +

𝑓𝑚𝑟�̇�

𝑘
+

𝜏

𝑟𝑘
. (6.13) 

Also, replacing (6.7) into (6.12) results in, 

𝑉𝑎 =
𝑅𝑎𝐽𝑚𝑟

𝑘
�̈� + ( 

𝑅𝑎𝑓𝑚𝑟

𝑘
+ 𝑘𝑟) �̇� +

𝑅𝑎 

𝑘𝑟
𝜏. (6.14) 

Where  𝑅𝑎, 𝐽𝑚, 𝑘, 𝑟, 𝑓𝑚, �̇�, �̈�, and 𝜏 represent the armature resistance, the moment of inertia of 

the rotor, the back emf and motor torque constants, the gears reduction ratio, the viscous friction 

coefficient, the angular velocity of the motor, the angular acceleration of the motor, and applied 

torque to the external axis of the RAPR’s actuators, respectively. 𝑅𝑎, 𝐽𝑚, 𝑘, and 𝑟 are known 
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by the datasheets provided by the motor and gearhead manufacturers. 𝑓𝑚 can be found 

experimentally. �̇� and �̈� are known by the inverse kinematics of the robot. Replacing 𝜏 in (6.14) 

by 𝜏𝑎, which is the calculated required actuation torque (load torque) by the inverse dynamics 

of the RAPR, results in finding the equivalent armature voltage required for the load torque, 

𝑉𝜏𝑎
. 

 
Fig. 6.19 Block diagram of the disturbance observer-based controller 

2) An internal loop that acts as a disturbance observer for estimating the existing disturbance. 

The disturbance can have different natures depending on the application for which the observer 

is designed. In this chapter, 𝑑 ∈ 𝑅6 is a lumped general disturbance voltage term, including 

friction, unmodeled dynamics, etc. In Fig. 6.19, 𝑥 ∈ 𝑅18 is the system state (three states for 

each of the RAPR’s actuators), 𝑧 ∈ 𝑅6 is the internal variable of the observer, 𝐿 ∈ 𝑅6×18 is the 

observer gain to be designed, �̂� ∈ 𝑅6 is the disturbance estimation, and 𝐴 ∈ 𝑅18×18 and 𝐵 ∈

𝑅18 are system matrices. 

The following disturbance observer is used to estimate the disturbance in the system [214],  

{
�̇� = −𝐿𝐵(𝑧 + 𝐿𝑥) − 𝐿(𝐴𝑥 + 𝐵𝑢)

�̂� = 𝑧 + 𝐿𝑥                                        
, (6.15) 

Considering the disturbance, the chewing RAPR can be modeled as  

{
�̇� = 𝐴𝑥 + 𝐵(𝑢 + 𝑑)
𝑦 = 𝐶𝑥                       

, (6.16) 

𝑑 

𝑥 

𝐿 

𝑢 

�̂� 

𝑦 𝑦𝑟 
PD 

𝑉𝜏𝑎
 

+ 

− 

+ 

− 

+ 

�̇� = −𝐿𝐵(𝑧 + 𝐿𝑥) − 𝐿(𝐴𝑥 + 𝐵𝑢) �̇� 𝑧 

Disturbance Observer 
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moreover, the control law is  

𝑢 = 𝑘𝑃(𝑦𝑟 − 𝑦) + 𝑘𝐷(�̇�𝑟 − �̇�) + 𝑉𝜏𝑎
− �̂�, (6.17) 

where 𝑘𝑃 and 𝑘𝐷 are the proportional and derivative gains, respectively. 

Denote the disturbance estimation error by 𝑒𝑑 = 𝑑 − �̂�. Using (6.15) and (6.16) yields, 

�̇̂� = �̇� + 𝐿�̇� 

    = −𝐿𝐵(𝑧 + 𝐿𝑥) − 𝐿(𝐴𝑥 + 𝐵𝑢) + 𝐿(𝐴𝑥 + 𝐵𝑢 + 𝐵𝑑) 

    = −𝐿𝐵�̂� + 𝐿𝐵𝑑 

    = 𝐿𝐵(𝑑 − �̂�) 

    = 𝐿𝐵𝑒𝑑, 

(6.18) 

thus,  

�̇�𝑑 = �̇� − 𝐿𝐵𝑒𝑑 , (6.19) 

therefore, the closed-loop system is, 

{
�̇� = (𝐼 + 𝐵𝑘𝐷𝐶)−1(𝐴 − 𝐵𝑘𝑃𝐶)𝑥 + (𝐼 + 𝐵𝑘𝐷𝐶)−1𝐵(𝑘𝑃𝑦𝑟 + 𝑘𝐷�̇�𝑟 + 𝑉𝑎 + 𝑒𝑑)

�̇�𝑑 = −𝐿𝐵𝑒𝑑 + �̇�.                                                                                                             
 (6.20) 

If the PD gains and the observer gain are selected such that (𝐼 + 𝐵𝑘𝐷𝐶)−1(𝐴 − 𝐵𝑘𝑃𝐶) and 

−𝐿𝐵 are Hurwitz (all their eigenvalues have strictly negative real part), respectively, the 

system shown in (6.20) is BIBO stable. 

6.8 Experimental results 

The chewing RAPR’s mandible is controlled using the DOBC design shown in Fig. 6.19. The 

mandibular motion of a human subject was captured by the PMFS and was converted to the 

RAPR’s motors displacements, 𝜃𝑖  , 𝑖 = 1, 2, 3, ⋯ , 6, using the inverse kinematics of the 

chewing RAPR, to be used as the reference signals, 𝑦𝑟. The actual trajectory of the chewing 

RAPR’s motors, 𝑦, while the RAPR was chewing peanuts (as a hard, brittle, and fracturing 

material) and chewing gum (as a soft material) is also recorded. Fig. 6.20 shows 𝑦𝑟 (reference 

trajectory) and 𝑦 (actual trajectory for gum and peanuts). 

 

https://en.wikipedia.org/wiki/Eigenvalue
https://en.wikipedia.org/wiki/Negative_number
https://en.wikipedia.org/wiki/Real_part
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Fig. 6.20 Reference and actual trajectories 

 

Table 6.6 shows the root mean square error (RMSE) for trajectory tracking of RAPR’s motors 

in both cases of chewing the peanuts and the gum. It can be seen that food resistance is not 

affecting the accuracy of the trajectory tracking significantly. 
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Table 6.6. Root mean square error for trajectory tracking of the RAPR’s motors 

Motor number 
RMSE (rad) 

Peanuts Gum 

1 0.0466 0.0466 

2 0.0662 0.0659 

3 0.0392 0.0396 

4 0.0357 0.0358 

5 0.0767 0.0767 

6 0.0960 0.0969 

 

Fig. 6.21 illustrates the recorded TMJs forces measured by the RAPR during chewing the gum 

and peanuts. 

High TMJs reaction forces have been proposed as a reason for TMJs pain [191]. The pain 

affects individuals’ quality of life and their health by exacerbating their chewing efficiency. 

TMJs reaction forces measurement pave the way for the in-vitro study of the TMJs loading, 

which its in-vivo study is difficult and invasive [14]. It should be noted that, the mandibular 

motion, the shape and size of the jaws and teeth, tooth loss, and food particles movements 

during bolus formation inside the oral cavity diverse the TMJs mechanical loading among 

individuals. Using the PFMS, personalized mandibular motions can be captured. Moreover, 

3D scanning and 3D printing technologies allow for fast prototyping for personalized jaw 

shapes and sizes, dentitions, and tooth loss. These devices along with the chewing RAPR offer 

a platform for the personalized measurement of the TMJs reaction forces. However, the bolus 

formation inside the oral cavity needs further research. 
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Fig. 6.21 TMJs reaction forces for chewing peanuts and gum 

6.9 Conclusion 

In this chapter, the design of the force sensors to measure the reaction forces on the TMJs of 

the chewing RAPR is presented. Reproducing the mandibular motion of human subjects by the 

chewing RAPR is the key for the in-vitro TMJs force measurement. The mandibular motion of 

a human subject recorded by the PFMS is used as the reference trajectory. The food-teeth 

interactions in the chewing RAPR and RAPR’s unmodeled dynamics were assumed as a 
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lumped disturbance and a disturbance observer-based controller was designed for the joint 

space trajectory tracking control of the robot’s mandible. The chewing RAPR was able to 

follow the chewing trajectory regardless of the food resistances. The TMJs reaction forces were 

measured and reported for two food materials, including peanuts and gum. TMDs are common 

problems afflicting many people from different backgrounds. The aim of the present research 

was to provide a robotic platform to evaluate the role of food texture on TMDs. The results of 

this study show the capability of the developed robotic platform in measuring the reaction 

forces on the TMJs, which allows for further study of the correlation between the texture of the 

food materials and the TMDs. The study of the TMJs reaction forces by the chewing robot is 

practical in the diagnosis and treatment of patients suffering from TMJs pain as a common 

stomatognathic system disease. 
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7 Chapter 7 Conclusion and Future Work 

7.1 Conclusion 

Chapter 1 presents an introduction to the research. The biological masticatory system has 

redundancy in its actuation since the mandible moves by more number of muscles of 

mastication than the number of degrees of freedom of the mandible with respect to the maxilla. 

Therefore, a chewing RAPR is more biologically congruent for bio-mimicking the chewing 

cycles. In this thesis, the 6RSS chewing RAPR, in which two point-contact higher kinematic 

pairs model the robot’s TMJs and each of the TMJs is equipped by a force sensor for measuring 

the TMJs reaction forces while the robot is chewing different food materials, is used. 

In Chapter 2, a comprehensive review of the research aspects of RAPRs for enabling further 

applications of RAPRs is conducted. The conducted literature review assists in finding the 

research gaps and understanding the differences and challenges involved with the RAPR 

mechanisms that were the foundation of the following chapters. 

Chapter 3 discusses the design of the PFMS as a low-cost, simple, and portable mandibular 

motion-capturing system that can be used instead of conventional commercial motion-

capturing systems, which are bulky, time-consuming in setup and calibration, and expensive. 

The PFMS is specially designed for the mandibular motion capturing. It is comprised of one 

or two generic webcams for planar or spatial mandibular motion capturing, respectively. The 

system has a tripod to fix the webcam(s), which are programmed to detect and track planar 

ArUco markers printed on a piece of paper. A custom-made brace to affix the markers to the 

subject’s mandible, and a software developed in Python running on a computer to capture the 

movements of the markers in real-time are the other components of the PFMS. The accuracy 

and capability of the PFMS are verified by comparing the captured mandibular motions by it 

with the same motions captured simultaneously by a benchmark commercial motion-capturing 

system. The PFMS is portable and can be readily available in different research labs or clinics 

to capture the mandibular motion of different subjects. 

The chewing RAPR is capable of mimicking the mandibular motion of a human subject 

recorded by the PFMS. However, the mandibular trajectory captured by the PFMS needs to be 

converted to joint space coordinates to be used for trajectory tracking control of the RAPR. 

The solution of the inverse kinematics problem of the RAPR provides the tool for this 

conversion. In Chapter 4, the mechanism of the chewing RAPR is presented, its inverse 
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kinematics problem is solved analytically, and its closed-form solution is found. The Jacobian 

matrix of the RAPR relates workspace velocities to the joint space velocities. Also, using 

the principle of virtual work, the Jacobian matrix can relate the actuation torques to the forces/ 

torques in the Cartesian space. The Jacobian matrix of the chewing RAPR is derived based on 

a physical constraint in the dynamics of the RAPR’s couplers and is used to solve the inverse 

dynamics of the RAPR by finding an optimized actuation torque distribution for the chewing 

RAPR’s motors.  

In RAPRs, having more number of actuators than minimum required actuators for controlling 

the EE allows for formulating different actuation torque distributions correspond with different 

optimization objectives. This peculiarity of RAPRs allows for formulating a cost function to 

minimize TMJs loads in the chewing RAPR for the in-vitro simulation of the biological TMJs 

fatigue prevention mechanism. Minimizing the TMJs load to prevent degenerative changes of 

tissue of the joint due to large magnitude loads is a neuromuscular objective in humans. The 

minimum effort of muscles of mastication is another neuromuscular objective in the human 

stomatognathic system. Chapter 5 studies the inverse dynamics problem of the chewing RAPR 

using Lagrange’s equations of the second kind. Dynamic chewing forces on a molar during 

chewing peanuts are reproduced from a separate chewing experiment and used to evaluate the 

actuation torques for the two aforementioned optimization objectives. These actuation torques 

are used in controlling the RAPR’s mandible for chewing peanuts for measuring the reaction 

forces on RAPR’s TMJs. 

In Chapter 6, the results of the dynamics analysis of the robot are used for the joint space 

trajectory tracking control of the mandible of the chewing RAPR to mimic the human subject’s 

mandible trajectory. Conventional feedback control methods result in a steady-state tracking 

error between the desired and real trajectory of the chewing robot’s actuators due to the 

uncertainties from unmodeled dynamics and parameter perturbations of the robot and 

disturbances from the external environment of the control system, such as tooth-food 

interacting during chewing a food material. Therefore, a disturbance observer-based control 

scheme is implemented to compensate for the effects of uncertainties and the external 

disturbances, and to control the RAPR to follow the reference trajectory in the existence of 

disturbances. Moreover, in Chapter 6, the design of the TMJs force sensors is presented and 

the reaction forces on RAPR’s TMJs are measured while the RAPR is chewing peanuts and 

chewing gum. 
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The research done in this thesis suggests that the combination of the portable fiducial-marker-

based mandibular-motion-capturing system, called PFMS, and the 6RSS chewing RAPR 

provide a platform for the in-vitro study of data-centric mastication and oral rehabilitation, 

which allow for filling the gap between robotics and oral health. 

7.2 Future work 

Further research can be conducted using the PFMS and the 6RSS chewing RAPR. Some 

suggestions for future work are listed in this section. 

Both planar and spatial recordings of the mandibular motions by the PFMS provide meaningful 

results for the evaluation of the chewing cycles [6]. Using the PFMS, clinical studies can be 

conducted, and patients with abnormal chewing cycles can be trained for recovering their 

normal chewing cycles by removing motion characteristics deviated from normal chewing. 

TMDs is a common stomatognathic system issue threatening peoples’ health and quality of 

life. TMDs can impose restricted jaw movements and alter the patient’s mandibular motions 

from those of a healthy subject. If patients cannot get proper early treatment, the issues can 

cause severe pain that can lead to invasive treatments, such as open surgery. The PFMS can 

benefit TMD patients with a fast, easy, and low-cost method of mandibular motion capturing. 

The PFMS can be used in a clinical study for periodic evaluation of the patients’ mandibular 

motion for early diagnosis of the TMDs, which can assist in the prevention of the severe TMDs 

symptoms and prevention of the TMJs tissue damages. 

Mandibular motion for a wide range of food materials can be recorded using the PFMS and 

correlation between the food hardness and mandibular motion characteristics, such as chewing 

velocity and occlusion time, can be studied. 

Moreover, using the PFMS, effects of dentures, missing teeth, and dental implants on chewing 

patterns can be studied. 

Some improvements in software and hardware of the PFMS can further ease the mandibular 

motion capturing. The challenges involved in the current version of the PFMS are as follows. 

(1) For the ArUco library, there are several markers in an ArUco dictionary. The number of 

markers in a dictionary defines the size of the dictionary. Depending on an application, 

dictionaries with different sizes are required. For the 3D mandibular motion capturing, at least 

a dictionary of size four is required. For this application, two markers should be affixed to the 

subject’s mandible to track the 3D motion of the jaw, and two other markers should be affixed 
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to the subject’s forehead to nullify the 3D movements of the skull during mastication. The 

ArUco library is robust enough to distinguish marker patterns from the objects available in the 

environment with similar size and shape of the markers. However, when a dictionary including 

multiple markers is used (four markers for the mandibular motion capturing application), 

sometimes, there is an intermarker confusion, in which a marker is detected mistakenly instead 

of another marker in a dictionary. For example, in the mandibular motion-capturing 

application, a jaw marker can be detected instead of a forehead marker. The frames in which 

the intermarker confusion happened can be detected by a MATLAB code, and the readings of 

the markers that were detected mistakenly can be swapped. However, there are novel fiducial 

marker libraries introduced recently in the literature that focuses on shortcomings of the already 

available fiducial marker libraries [167]. A new fiducial marker library can be employed to 

improve the intermarker confusion rate of ArUco. 

(2) The cameras of the current version of the PFMS are generic pinhole webcams capable of 

recording the motions at the rate of 30 frames per second. They can be upgraded with more 

modern cameras with a higher capturing frame rate to record smoother motions. 

(3) The software, developed in Python, can be further improved to have a user-friendly user-

interface to be easily practical by clicking on icons to perform a task. It makes the system 

independent from a person with basic programming knowledge, which is currently required for 

running and stopping the program, shifting between the planar and spatial mandibular motion-

capturing moods, and collecting and processing the data. 

Jaw rehabilitation motions are therapies that appear beneficial as conservative treatments for 

patients with TMDs. The effects of the mandibular rehabilitation exercises on TMJs reaction 

forces could be tested in-vitro by the chewing RAPR. The results of this research can be used 

in a research for finding the true rehabilitation exercises for the patients. 

High TMJs reaction forces have been proposed as a reason for TMJs pain [191]. One possible 

reason for TMJ disorder is eating hard foods or inefficient chewing patterns [222]. New 

methods such as chewing robots/ simulators are needed to be developed to model mastication 

through physical experimentation [15], which make the in-vitro measurement of TMJs reaction 

forces possible. TMJs reaction forces measurement pave the way for the in-vitro study of the 

TMJs loading, which its in-vivo study is difficult and invasive [14]. The results of this study 

show that the chewing RAPR is capable of measuring reaction forces on the TMJs while 

chewing food materials. It should be noted that, the mandibular motion, the shape and size of 
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the jaws and teeth, tooth loss, and food particles movements during bolus formation inside the 

oral cavity diverse the TMJs mechanical loading among individuals. Using the PFMS, 

personalized mandibular motions can be captured. Moreover, 3D scanning and 3D printing 

technologies allow for fast prototyping for personalized jaws shapes and sizes, dentitions, and 

tooth loss. These devices, along with the chewing RAPR, offer a platform for the personalized 

measurement of the TMJs reaction forces. 

Quantitative research can be undertaken to investigate the correlation between the TMDs and 

a range of food materials with different textures. The same set of food materials can be chewed 

in-vitro by the chewing RAPR to record the reaction forces on the TMJs. Then, it would be 

possible to specify high-risk food materials for the TMDs based on the amount of the forces 

they apply on the TMJs. 

Forward kinematics problem of the RAPR can be studied and can be used in implementation 

of the task space trajectory tracking control of the RAPR’s mandible. 
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