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Abstract

This thesis is a theoretical development of epistemic logic to problems concern-
ing the relationship between perception and knowledge. We closely follow the
approach of Seligman, Liu and Girard’s “Logic in the Community” [55] which
proposes a two-dimensional multi-agent epistemic logic, in which the model
operator K (knows) is supplemented with a ‘social’ operators which allow rea-
soning about relations between agents. The logic also uses operators from hy-
brid logic, such as nominals n, which name agents, the perspective shifting
operator @n, which moves to agent n’s perspective, and the downarrow opera-
tor ↓x, which names the current agent a rigid name x. We review axiomatic and
tableaux systems for this logic and propose a new axiomatisation and complete-
ness proof, using the step-by-step method, first for the basic logic and then for
the case of downarrow, which is more involved. While the framework is very
general, we are specifically interested in a perceptual agent-oriented operator S
(sees). Axioms for the interaction of seeing and knowing are explored. We then
consider dynamic extensions of the basic logic with public announcement and
“observational” announcement, in which information is given only to agents
who can see the announcer. Various subtleties are discussed and connections
are made to dynamic epistemic logic.
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Chapter 1

Introduction

This thesis is a contribution to recent work in epistemic logic that aims to incorpo-
rate reasoning about relations between agents. In the last ten years, logicians have
developed formal systems for reasoning about many topics on the interface between
logic and sociology: social influence [55, 41, 56, 43, 6, 18, 19, 22, 4, 32], pluralistic
ignorance [31, 29, 17, 8, 49, 52] and information cascades [5, 51].

I start with the paper “Logic in the Community” by Seligman, Liu and Girard [55].
This proposes a general framework for social epistemic logic based on two main
ideas. First, it uses a two-dimensional model logic, in which formulas are evaluated at
a pair. The pair consists of a ‘world’ to denote an epistemic possibility, and an agent.
In other words, formulas of this logic are ‘agent-indexical’ propositions, whose truth
value depends on the perspective of a particular agent. Second, this logic borrows
the logical machinery of hybrid logic [10] to increase its expressive power, which is
useful in applications.

The main contribution of this thesis is an axiomatisation of social epistemic logic and
the proof of its completeness.

I propose an axiomatisation for not only the minimal logic, but also some extensions
for various classes of logics (Chapter 3) that are useful in applications. I also consider
the distinction between rigid and non-rigid names. Chapter 4 covers an axiomatisa-
tion of the extension that includes the down arrow operator of hybrid logic. Dynamic
extensions of the logic are discussed more briefly (Chapter 5), by incorporating the
ideas from Baltag, Moss and Solecki [7].

Although general in scope, the thesis focuses on a specific social relation: the seeing
relation. To demonstrate the applicability of the logical tools I have developed here,
I will show how they can be used to discuss the interactions between seeing and
knowing.

A Chinese proverb says: “What you hear about may be false; what you see is true.”
The following scenarios show how seeing affects agents epistemic reasoning.

1
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1.1 Seeing and Knowing

A classical puzzle of modern epistemic logic is the “Muddy Children” story, in which
a strict father scolds his children for having mud on their faces after playing outside
[61]. We adapt it to give the story of the Muddy Monks.

SCENARIO 0

Three monks Andrew, Bob and Charlie may have mud on the top of their heads
without being aware of this. Of course, they cannot see their own mud if they have
any. However, they can see whether the other monks are muddy. They are perfect
logicians and not allowed to communicate with each other. And all this is commonly
known. Let us assume Andrew is the only clean monk. The Abbot now says: “At
least one of you is muddy. If you know you are, say it out loud.” If nobody reacts,
then the Abbot repeats his request. Then the result is that Bob and Charlie shout out
“muddy”. Only after that will Andrew know that he’s clean. From the perspective
of the muddy monks, the reasoning is simple. In the first round, it is obvious that
no one knows. The fact that no one knows becomes common knowledge when the
Abbot’s first question is met with silence. Both muddy monks know that they can
see a clean monk. And both of them also know that if he is clean, the other one will
see two clean monks and say “muddy” on the first round. But that didn’t happen. So
he knows that he is also muddy! After two muddy monks shout out “muddy”, the
clean monk will know he’s clean since he knows that the only case in which the other
monks know that they are muddy is one in which he is clean. So every monk gets to
know if he is muddy or not. We show this in Figure 1.1. For Andrew (a), Bob (b)
and Charlie (c), gray means muddy. The dotted arrows represent their line of vision.
The number means how many rounds (how many times the Abbot has to repeat the
question) are needed for each monk to know whether he is muddy.

b
2

a
3

c
2

Figure 1.1: Muddy Monks

There are two issues to discuss. First, there is the question of whether the facts about
who sees who is common knowledge. If they are, we will say that there is public
vision, abbreviated as PV. Figure 1.1 is a very special case in which “everyone can
see everyone else”. And in this case we can assume there is public vision. Another
slightly less public setting we want to look at is the one in which each agent knows
that she is seen by another agent if and only if she sees that agent, and knows whether
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other agents that can see each other or not if and only if she can see both of them.
In this case, we’ll say that vision is semi-private, denoted as SV. The second issue is
whether any announcements made are public. If so, we call it public announcement,
denoted as PA. In this story, the Abbot and the monks communicate with their voice.
To make the question and announcements public, it should be assumed that none of
them has hearing problems.

Now let’s consider announcements that depend on seeing rather than hearing. For
example, we can suppose that the monks stay silent and only raise their hands when
they know they are muddy. We call this an observable announcement (OA) because
the message is received by all and only the agents who can see the announcer.

We have four possible combinations of the two issues above: public announcement
with public vision (PA+PV); observable announcement with public vision (OA+PV);
public announcement with semi-private vision (PA+SV) and observable announce-
ment with semi-private vision (OA+SV). In the Muddy Monks story, these four com-
binations make no difference because all the monks can see each other. We now
consider some variants.

SCENARIO 1

The three monks Andrew, Bob and Charlie, stand in a line in such a way that the only
mud a monk can see is the mud on the heads of the monks in front of him. Only one
of the monks is clean. But this is known only to the Abbot. The Abbot also tells them
that at least one of them is muddy and asks who now knows he is muddy. If any of
the muddy monks fails to know it, the Abbot repeats his question. Now we consider
the four possible combinations we mentioned above. We assume that a monk’s reply
by shouting “muddy” is PA and by silently raising hands is OA. For the facts of who
sees whom, if it is common knowledge, then it is PV; if it is only known by those who
can see the people involved, it is SV. Figure 1.2 shows the four variants and the result
for each initial state. ”N” means that the agent will never find out if she is muddy. If
there is a number instead, it is the number of times the Abbot asks his question.

We only briefly explain Case Two of PV+OA. Andrew and Bob cannot see Charlie, so
they cannot know whether Charlie made his observable announcement (raise hands)
or not. Without receiving Charlie’s reply, Bob just sees that Andrew is clean and
concludes nothing about himself. So does Andrew.

The weaker vision, the harder reasoning.

In Scenario 1, we investigated many possible cases based on the same seeing settings.
The distinct difference between Scenario 1 and the original puzzle is that the monk’s
vision is restricted. And this difference makes the monks performance worse. There
are twelve variants in Scenario One, but none of them allows the monks to all know
whether they are muddy or clean. The best performing case is Case Two of PA+PV.
It is not surprising that their performance is better when their announcements are
public. But it is better under the condition of public vision. For example, they can’t
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achieve anything in PA+SV. So the agent’s vision may play the dominant role for the
monks’ reasoning here.

PA+PV PA+SV

Case One: b
N

aN c N

Case Two: a
3

b
2

c N

Case Three: b
N

c N aN

Case One: b
N

aN c N

Case Two: a
N

b
N

c N

Case Three: b
N

c N aN

OA+PV OA+SV

Case One: b
N

aN c N

Case Two: a
N

b
N

c N

Case Three: b
N

c N aN

Case One: b
N

aN c N

Case Two: a
N

b
N

c N

Case Three: b
N

c N aN

Figure 1.2: SCENARIO 1

SCENARIO 2

We introduce another variant of Muddy Monks. Bob’s eyesight has some problem
such that he can only see Andrew who stands nearer.

Figure 1.3 shows that Bob will shout out “clean” in round two of the PA+PV case
because if he is clean then Charlie will see two clean monks and shout out “muddy”
on round one. Then after Bob’s announcement, Andrew will know that he is clean
based on the same reasoning as Bob’s from round one.

How about the PA+SV case? By definition, the only uncertainty is whether Bob
knows Charlie can see him or not. But this is enough to stop Bob knowing that he is
muddy because no matter whether he is muddy or not Charlie will keep silent.

In the last two cases, we assume it is Andrew (not Bob) who has a problem with his
eyes such that he can only see Bob.1 Figure 1.3 shows the change of setting. Andrew
knows he is muddy finally in both cases. It seems that SV in the last case doesn’t
affect Andrew’s reasoning. Why?

1Since we fix that Andrew is clean and the other two are muddy, we change who has eyesight
problem to continue our discussion.
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Your new knowledge may bring a bonus of knowing who can see you.

After Bob raises his hand in round 2, Andrew sees it. Then, Andrew will think how
Bob knows that he is muddy: Bob didnt raise his hand on round 1, so either Charlie
is, or I am muddy. If Charlie cannot see me, then Bob knows it. Then Charlies
silence in round 1 doesnt give any significant information to Bob. And Bob cannot
raise his hand on round 2. So Charlie sees me. And if both of them cannot see a clean
monk, no one raises hands in round 2. Since Bob is muddy, I am clean. So Bob’s
announcement provides the significant knowledge for Andrew to know that Charlie
can see him. In this case, SV is really not more restrictive than PV.

PA+PV PA+SV

b
2

a
3

c
N

b
N

a
N

c
N

OA+PV OA+SV

b
N

a
N

c
N

b
N

a
N

c
N

OA+PV OA+SV

a
3

b
2

c
2

a
3

b
2

c
2

Figure 1.3: SCENARIO 2

Seeing the right person is helpful but not significant.

Perhaps we restricted the monks’ vision too much in Scenario 1. So here only one
monk’s vision is restricted. But for the first four cases, it seems that no benefit arises
from the improvement of vision. The last two cases have weaker announcement
and weaker vision than the original puzzle. However, the monks achieve the same
knowledge.

Why? If we compare the last two cases with the first four cases, we will realise the
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only difference is whether the muddy monks commonly know that both of them can
see one muddy monk and one clean monk. If yes, then both of them will exclude the
case where there is only one muddy monk. This leads to all three finally knowing
whether they are muddy or not finally. Does this mean that vision is not so important
if you can see the right monks? No. Take the last case (SV+OA) as an example. If
Bob cannot see Charlie, then no monk will find out if he is muddy. In this sense,
vision still plays the most significant role.

SCENARIO 3

Andrew and Charlie see each other. They also see Bob. This is common knowledge.
Bob’s eye sight problem is so severe that he is almost blind. So he has no idea who
can see him. Two cases are shown in Figure 1.4.

Case One: Bob’s eye sight problem is common knowledge.

On the first two rounds of PV+PA, no monk makes an announcement. Andrew sees
two muddy monks and Charlie sees one clean and one muddy. This is not enough for
them to know whether they are muddy or not. But on round 3, blind Bob will say that
he is muddy. Why is that? How can the blind monk know anything? Well, from the
perspective of Bob, if he is clean, then either Andrew or Charlie is muddy. If there is
only one muddy monk, then that monk will see two clean monks and know that he is
the only muddy one in the first round and so he would have made an announcement.
If both are muddy, then the story is similar to the original scenario. The muddy ones
will announce they are muddy on the second round. But we have two silent rounds.
So Bob knows he is muddy.

Seeing more, knowing more? Not really.

The most surprising result of PV+PA is that poor blind Bob knows he is muddy
but normal Andrew and Charlie fail to know. Ironic? This phenomenon has indeed
already occurred: Case Two of PV+PA in Scenario 1 and PV+PA of Scenario 2. In
these cases, the monk with the worst visual access to the others knows whether he is
muddy or not, but at least one of the others doesn’t. Why? Because monks with better
vision will get more information and make valuable announcements, however, they
cannot get help from the monk with the worst vision, but their announcements help
him reason. But there is a precondition: their announcements mustn’t be observable
ones. Otherwise, the announcements won’t be so helpful. It is demonstrated by the
first OA+PV.

Case Two: Bob’s eye sight problem is a secret.

We discuss the OA+BV where BV means believed vision, e.g. who you believe you
can see and whom you believe can see you. How does Charlie reason now? Charlie
thinks Bob sees both him and Andrew. In other words, Charlie thinks the visual
situation is the same as in the original scenario: the Muddy Monk. When Bob is
silent on round 1, Charlie will announce that he is muddy on round 2. Andrew has
the same reasoning as Charlie’s. Moreover, since Andrew and Charlie can see each
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other and Bob, they commonly know that the other is reasoning with the same way
as himself. After Andrew and Charlie raise their hands, Bob doesn’t. So Andrew and
Charlie realise that their conclusions are wrong.

PA+PV OA+PV

b
3

a
N

c
N

b
N

a
N

c
N

OA+PV OA+BV

b
N

a
N

c
N

b
N

a
2 muddy

c
muddy 2

Figure 1.4: SENARIO 3

Seeing and believing

The BV case in this scenario is tricky. Bob keeps the fact that he is blind a secret.
Then it turns out that Andrew and Charlie mistakenly think they are in the original
Muddy Monks scenario. The outcome depends crucially on the fact that Charlie and
Andrew have false beliefs. But they finally will realise that their beliefs about mud
and vision are wrong. After belief revision, they will realise that they are both clean
is the only case that makes this dramatic result happen.

1.2 Outline of the Thesis

Our plan is to propose a series of logical systems to discuss the reasoning in a range
of different scenarios. The main technical idea we adopt to achieve this goal is the
‘step-by-step’ method for constructing models from consistent sets of formulas. This
method was famously used for tense logic by Burgess [14] and by Xu [64]. In Chap-
ter 2, we develop a generalised form of the technique and apply it to ordinary (one-
dimensional) modal logic.

Chapter 3 addresses minimal social epistemic logic, BSEL. This is the system in-
troduced in the 2010 paper ‘Logic in the Community’ [55]. At that time, only se-
mantic definitions were given, without a formal system. Since then a tableau system
was provided by Christoff, Hansen and Proietti[19] and a tree sequent calculus and
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a Hilbert axiomatisation were provided by Sano [54]. Instead we give a standard
Hilbert axiomatisation and prove the completeness directly, using the step-by-step
method. This was reported briefly as [40]. A discussion of the relationship between
our system and those of Sano and Christoff et al. is given. Chapter 3 also discusses
the rigidity of names, and some important extensions of the minimal logic such as
S4 and S5.

Chapter 4 concerns the full logic SEL obtained by adding the downarrow operator.
The axiomatisation and completeness proof is much harder, but also uses step-by-
step.

Chapter 5 explores the dynamics of BSEL. We first review dynamic epistemic logic,
following the seminal work of A. Baltag, L. Moss and S Solecki [7], and show how it
can be adapted to formalise the action of “observable announcements”. We provide
a semantic treatment of dynamic operators to axiomatise DSEL with the methods
of dynamic epistemic logic. We propose an indexical action structures in which the
epistemic accessibility relations between actions are defined indirectly and use them
to analyse the scenarios presented in this chapter.

Finally, Chapter 6 summarises what we take to be the conclusions of this thesis, and
points at some perspectives for future research.



Chapter 2

Logical Preliminaries

2.1 Basic Epistemic Logic

There is a long tradition of logicians analysing information and the change of infor-
mation. What do we mean by information? We agree with the explanation given by
[61] on Page 1:

We regard information as something that is relative to a subject who
has a certain perspective on the world, called an agent, and the kind of
information we have in mind is meaningful as a whole, not just loose
bits and pieces. This makes us call it knowledge and, to a lesser extent,
belief.

The logicians propose formal languages to analyse not only the notions: knowledge,
belief and so on, but also reasoning about valid arguments. Let us now briefly give
an overview of the history of epistemic logic, the branch of philosophical logic that
aims to formalise the logic of discourse about knowledge and belief.

Most logical systems can be specified either syntactically or semantically. The idea
of epistemic logic goes back at least to Von Wright [63], which is one of the most
important syntactic driven papers. Based on modal logic, he is one of the first to
propose a formal system of reasoning about knowledge. Following this, there were
many syntactic results about deduction, axiomatisation and so on. But typically the
most interesting problems and solutions are found when logicians concentrate on
semantics. There is a longer story of the semantically driven results. Early Possible
world semantics can be traced to Carnap [15]. Then it was developed by Hintikka
[33] which proposed the concept of “accessibility relation between worlds”. Another
book by Hintikka, Knowledge and Belief: An Introduction to the Logic of the Two
Notions [34], is the first work to give a clear semantic account of knowledge and
belief. Then Kripke developed the semantical analysis [37].

9
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Thanks to the work of these people, possible world semantics was established by the
1960s. What then is possible world semantics?

One day two years ago, I took a flight from China to New Zealand. During my
flight the All Blacks had an important match against one of the best National rugby
teams in the world. I couldn’t access any information about the match that night. So I
didn’t know the result when I was on the flight. But I could still consider two possible
situations, one in which the All Blacks won, and one in which they are not. We can
let p denote “The All Blacks won” and assume that it is true in the first situation, then
“It is not the case that p” could be denoted as ¬p and it is true in the second situation.
The situations are called “possible worlds”1. The more issues you consider at the
same time, the more possible worlds you will have to consider. For example, I also
had no idea whether it was raining during the match (call this q). Then there are four
possible worlds: p, q both true, p true q false, p false q true, and both false. In fact,
there are 2n possible worlds if you consider n issues at one time.

The method that represents agents’ knowledge or lack of knowledge by possible
worlds can be fitted perfectly into the framework of Kripke-style possible world se-
mantics. Assume that we have a countably infinite set Prop of propositional atoms,
which correspond to the issues under consideration. We define a truth assignment
function V from Prop to the subsets of all possible worlds such that: for any p ∈ Prop
and any possible world in the subset assigned to p, p is true in this possible world.
Formally, a Kripke model is a structure of the form:

Definition 2.1.1 A Kripke model is a structure M of the form 〈W,R, V 〉, where

• W is a non-empty set of possible worlds;

• R ⊆W ×W is the knowledge accessibility relation;

• V : Prop −→ pow(W ) is a function from atoms to sets of possible worlds.

We give a brief explanation of the knowledge accessibility relation. For any possible
worlds w and v, w accessibly relates to v, Rwv, if and only if v is indistinguishable
from w. Figure 2.1 represents the above “win or lose” example.

In this figure, w and v denote two possible worlds: w is the one in which p is true
and v is the other one that p is false. The underline of w means the actual situation is
that All Blacks won. We have w ∈ V (p).

We hope that a Kripke model M can tell us that something is true or false in a
given possible world (maybe for every possible world). For example, what is the
condition to be able to claim Kϕ where K is a model operator denoting “The agent

1Readers must notice that possible worlds are different from the rows of a truth table, at least in
multi-agent settings.
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w v

p ¬p

Figure 2.1: Win or lose?

knows a formula ϕ”? Then what is the condition to say that a possible world satisfies
(denoted as |=) Kϕ in a Kripke model? This is defined semantically as follows: for
any M = 〈W,R, V 〉 and w ∈W ,

M,w |= Kϕ iff for all v ∈W with Rwv, M, v |= ϕ

This definition states that the agent knows the formula ϕ at a possible world w if and
only if ϕ holds in all possible worlds deemed by the agent at w. Then in Figure 2.1,
the bi-directional arrow betweenw and v makes bothM,w 6|= Kp andM,w 6|= K¬p
hold.

So far we haven’t said clearly which symbols are formulas of the basic epistemic
logic. Given a set Prop of propositional atoms, its BNF is:

ϕ ::= p | ¬ϕ | (ϕ ∧ ϕ) | Kϕ

For the semantic definitions of atoms p ∈ Prop and the usual propositional connec-
tives: ¬ (not), ∧ (and), ∨ (or), → (implication) and ↔ (bi-implication), we define
them the usual way as:

M,w |= p iff w ∈ V (p)
M,w |= ¬ϕ iff M,w 6|= ϕ
M,w |= ϕ ∧ ψ iff M,w |= ϕ and M,w |= ψ
M,w |= ϕ ∨ ψ iff M,w |= ϕ or M,w |= ψ
M,w |= ϕ→ ψ iff M,w |= ϕ implies M,w |= ψ
M,w |= ϕ↔ ψ iff M,w |= ϕ if and only if M,w |= ψ

Some formulas, for example Kϕ ∨ ¬Kϕ, are satisfied by any Kripke model and any
possible world in the model. Formally, we say that ϕ is valid, denoted as |= ϕ, if
M,w |= ϕ for allM and w ∈W . Then the valid formulas with respect to the Kripke
models can be axiomatised by the following Hilbert system K depicted by the Figure
2.2 :
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` ϕ if ϕ is a propositional tautology Taut

` K(ϕ→ ψ)→ (Kϕ→ Kψ) KK

from ϕ infer Kϕ NecK

from ϕ and ϕ→ ψ, infer ψ MP

Figure 2.2: An axiomatisation of K

The most fundamental properties of K are soundness and completeness with respect
to the class of all Kripke models. The soundness theorem states that all K-derivable
formulas are valid. The completeness theorem states the converse. The readers are
referred to [36] for details into how to prove it is sound and complete.

The above Hilbert system K is a minimal logic in the sense thatR has no property. Is
the concept of knowledge expressed well by K? Unfortunately, no. The reason is that
R is too weak. For instance, one of the properties of knowledge is that knowledge has
to be true and this could be stated as the schema: Kϕ→ ϕ. However, this formula is
not valid in all Kripke models. This suggests that we should constrain the underlying
Kripke models by putting conditions on the accessibility relation R.

Proposition 1 Any Kripke model where R is reflexive validates Kϕ→ ϕ.

By adding Kϕ → ϕ to K as an axiom called T, we obtain the system T. It can be
shown to be sound and complete with respect to the class of all Kripke models in
which R is reflexive; see Chapter 2 of [36] for details.

Is there any other property required for R to describe knowledge? Unlike T, some
other properties are conversial to add. For example, in many circumstances, people
should know that they know what they know. This is expressed by the schemaKϕ→
KKϕ. This however is not valid in either K or T. We need another extra property
for R to make it valid: transitivity. The accessibility relation R of M = 〈W,R, V 〉
is transitive if it satisfies:

Rwv and Rvu implies Rwu for any u, v, w ∈W

Proposition 2 Any Kripke model where R is transitive validates Kϕ→ KKϕ.

The readers may anticipate that the combination of T and Kϕ → KKϕ is sound
and complete with respect to the class of Kripke models where R is reflexive and
transitive. It is, and this combination is well known as S4.
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We can go further: R is an equivalence relation it it satisfies the following three
properties:

• Reflexivity: Rww for all w ∈W

• Symmetry: Rwv implies Rvw for all w, v ∈W

• Transitivity: Rwv and Rvu implies Rwu for all w, u, v ∈W

Then we have the system known as S5. Although it is controversial to claim it is
perfect to formalise knowledge (actually, we haven’t got a well accepted one), S5 is
still regarded as a more or less standard logic tool to analyse knowledge and is intro-
duced by textbooks of epistemic logic, e.g. [61]. Figure 2.3 shows an axiomatisation
of S5, which includes K and the following:

` Kϕ→ ϕ T

` Kϕ→ KKϕ 4

` ¬Kϕ→ K¬Kϕ 5

Figure 2.3: Additional axioms for S5

One of the reasons that epistemic logic is of such interest to philosophers and AI re-
searchers is that it deals with not only knowledge about propositional facts, but also
knowledge about knowledge, i.e., higher-order knowledge. Two of the most contro-
versial principles of higher-order knowledge are positive introspection and negative
introspection. Positive introspection says that you know what you know (axiom 4)
and negative introspection says that you know what you don’t know (axiom 5). These
axioms correspond to requiring the knowledge accessibility relation to be transitive
and Euclidean, respectively. For human knowledge, these principles, especially neg-
ative introspection, are too strong. To be introspective, you need to be aware of the
issue first. You may not know the name of someone who passes you on the street,
but until I ask you, it is unlikely that you know that you don’t. Despite this objection,
using S5 as the basis for epistemic logic is adequate when awareness (or the lack
of it) is not an issue. Although some progress has been made in applying dynamic
epistemic logic to the problem of introspection (e.g. [59, 60, 23, 27, 50]) the matter
will not be consider further in this thesis.

Epistemic logic for a single knower extended multi-agent epistemic logic. Syntacti-
cally it augments the language of propositional logic with knowledge operators Ka,
for each agent a. Semantically we need an accessibility relations Ra for each agent
a. As a result, different possible worlds may be accessible to different agents and so
agents may have different knowledge about not only themselves but also others. For
example, KaKbp says that a knows that b knows p. This implies Kbp that b knows p,
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but not that KbKap, b knows a knows p, even if Kap that a does know p. A variation
of Kripke model may be used to describe the knowledge in the multi-agent case.

Definition 2.1.2 A multi-agent Kripke model is a structure M = 〈W, {Ra|a ∈
A}, V 〉 where W and V are defined as before, A is a finite set (of agents) and

Ra ⊆W ×W is an equivalence relation for each a ∈ A.

The following is a model of Muddy Monks (after the Abbot’s first request) we intro-
duced in Chapter 1. The underlined possible world is the actual one. The number
0 means the monk is clean. And 1 means the monk is dirty. Each possible world is
denoted by three numbers which denotes a, b and c’s being muddy or not respectively.

Figure 2.4: A model of the Muddy Monks

Then “group knowledge”, “distributed knowledge”, “common knowledge” can be
defined [28].

Group knowledge is the knowledge that every agent in a group has. For any finite
group B of agents, EBϕ, which means “everybody in B knows ϕ”, is defined as:

EBϕ =
∧
b∈B

Kbϕ

Semantically, the modal operator EB is associated with REB
=
⋃
a∈B

Ra and defined

as:

M,w |= EBϕ iff M,v |= ϕ for every v with REB
wv

This definition means that a proposition is known to the group when it is satisfied at
all the possible worlds that every group member can access. Any group knowledge
is true in all of the alternatives of every person in the group.
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As a normal modal operator, EB satisfies properties such as KEB
: EB(ϕ → ψ) →

(EBϕ → EBψ) and NecE: from ϕ infer EBϕ. Moreover, it satisfies EBϕ → ϕ.
Also note that it doesn’t satisfy 4 or 5, and this is interesting, e.g. Kap, Kbp so Ea,bp
but ¬KaEa,bp because ¬KaKbp.

In the model of Figure 2.4 , M, 010 |= E{a,b,c}Kpb where pb denotes “b is muddy”.

Another variant of knowledge is distributive knowledge (DBϕ), which means that if
everyone shares their knowledge with everyone in the group, then it becomes general
knowledge. We have DBϕ if ϕ is distributed over the members of B, e.g. a knows
ψ implies ϕ and b knows ψ for some a, b ∈ B. In another word, DBϕ requires ϕ is
true at the intersection of b’s accessible worlds for b ∈ B: RDB

=
⋂
a∈B

Ra.

M,w |= DBϕ iff M,v |= ϕ for every v with RDB
wv

So M, 010 |= D{a,c}K(¬pa ∧ ¬pc) in the above model. This means monk a and c
knows they are clean after sharing their knowledge at the possible world 010.

Common knowledge is a very strong concept that can be defined via group knowl-
edge. ϕ is common knowledge of a finite group B (CBϕ) if “everybody in B knows
ϕ and everybody in B knows that everybody in B knows that ϕ and so on. Let EnBϕ
denote the iteration of EBϕ n times, then CBϕ is defined as

CBϕ =
∧
n∈N

EnBϕ

(Of course, this uses infinite conjunction and so cannot be expressed in basic epis-
temic logic.) From the perspective of semantics, CBϕ requires ϕ is to be satisfied
not only at the possible worlds of REB

, but also at all those possible worlds that are
in any degree accessible via REB

. This can be realised by the reflexive transitive
closure of REB

.

The reflexive transitive closure of REB
is the smallest of R∗EB

where

1. REB
⊆ R∗EB

2. R∗EB
(w,w) for all w ∈W

3. for all w, v, u ∈W , if R∗EB
(w, v) and R∗EB

(v, u), then R∗EB
(w, u).

Then in the above model, we have M |= C{a,b,c}(pa ∨ pb ∨ pc), which means “It is
commonly known that at least a monk of a, b and c is muddy in every possible case.”

Now we are ready for the axiomatisation of multi-agent epistemic logic, which is
based on S5 and with the following additional axioms ([25], p.199), which is shown
by Figure 2.5.
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` CB(ϕ→ ψ)→ (CBϕ→ CBψ) KC

` DB(ϕ→ ψ)→ (DBϕ→ DBψ) KD

` EB(ϕ→ ψ)→ (EBϕ→ EBψ) KE

` CBϕ→ ϕ TC

` DBϕ→ ϕ TD

` DBϕ→ DBDBϕ 4D

` ¬DBϕ→ DB¬DBϕ 5D

` EBϕ↔ (Kaϕ ∧ . . . ∧Kmϕ) KE

` CBϕ→ EBCBϕ EC

` CB(ϕ→ EBϕ)→ (ϕ→ CBϕ) Cind

from ϕ infer Kaϕ NecKa

from ϕ infer CBϕ NecC

from ϕ infer DBϕ NecD

Figure 2.5: Additional axioms for multi-agent epistemic logic

The system can again be proven sound and complete, although the common knowl-
edge operator brings much complexivity. For further details, please refer to [44].

Another goal of modern epistemic logic is to discuss “belief” formally. It is well
known that the main difference between knowledge and belief is that belief can be
false. It is acceptable if you say “I believe that they are friends” when they are
strangers, but it does not make sense to say “I know that they are friends.” Although
we do not require belief to be true, it should be “internally consistent”. From a tech-
nical point of view, it seems that KD45, which is the same as S5 except replacing
T with D is a good choice for logics to discuss belief. The reason to delete T is
obvious. Belief is not always true. The operator B usually denotes belief. Then D is
the schema: ¬B(ϕ ∧ ¬ϕ), which means belief has to be consistent. In other words,
any agent shouldn’t believe a contradiction. Figure 2.6 shows an axiomatisation of
KD45. Note that B is not an agent set here. It is a model operator switched from K
meaning “believes that” instead of “knows that”.

Similarly, one can define general/distributed/common belief, which are usually in-
terpreted with respect to the transitive closure of the union of each agent’s plausible
relations.

At the individual level, multi-agent epistemic logic can talk about each agent’s knowl-
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` ϕ if ϕ is a propositional tautology Taut

` B(ϕ→ ψ)→ (Bϕ→ Bψ) KB

` Bϕ→ BBϕ 4B

` ¬Bϕ→ B¬Bϕ 5B

` ¬B(ϕ ∧ ¬ϕ) D

from ϕ infer Bϕ NecB

from ϕ and ϕ→ ψ, infer ψ MP

Figure 2.6: An axiomatisation of KD45

edge (or belief). At the community level, it can discuss group epistemic properties
like distributed knowledge, group belief and so on. But there are still at least two
directions for it to be extended. One direction is dynamic epistemic logic. With such
extensions, knowledge upgrade and belief update on either level can be modeled. The
other direction is to add social relations between the agents. Most research on logic
considers agents as elements of simple agent sets without any structure. But humans
are social beings. In real life, we all live in social networks which constrain and in-
fluence our thinking and behaviour. So we need to enrich the logic’s perspective and
put a social structure in the agent set to strengthen our research.

2.2 Semantics of Basic Social Epistemic Logic

We will start by introducing the semantics of the logic proposed in [55] and give
the axiomatisation and completeness proof in the next chapter. This logic has been
used to reason about peer pressure in [41], knowledge and communication in social
networks in [56], [24] and epistemic influence in [43], [17], [5] and[18]. It is a
two-dimensional modal language: One dimension ranges over epistemic possible
worlds, and the other over agents. Each dimension has an associated modal operator,
one representing some sort of epistemic attitude (knowledge, belief, etc.) and the
other quantifying over a social relation (friendship, influence, communication, etc.).
The language also includes names for agents and the hybrid-logic-like operators @n.
Formulas are evaluated at a world-agent pair.

Definition 2.2.1 The basic social epistemic logic language L is defined using a count-
ably infinite set of propositional atoms Prop whose elements are usually denoted p,
q, r, and so on, a set Nom of agent names whose elements are denoted n, m, and so
on, and two unary modal operators: K and S. The well-formed formulas ϕ of this
language are given by the rule
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ϕ ::= p | n | ¬ϕ | (ϕ ∧ ϕ) | Kϕ | Sϕ | @nϕ

We use standard abbreviations for the other Boolean operators: ∨,→ and↔. The
dual modal operators are also defined: 〈K〉 = ¬K¬ and 〈S〉 = ¬S¬.

The epistemic logic we introduced at the previous section is a one-dimensional modal
language. The formulas are evaluated only at a possible world of a model. However,
the basic social epistemic logic, BSEL, is agent-indexical: formulas must be evalu-
ated at a world-agent pair, which means they are also evaluated from the perspective
of an agent. World-agent pairs are sometimes known as “centred worlds”. They
were introduced by David Lewis [39] to characterise self-idexical or de se thought,
and have been used subsequently, in a modified form by David Chalmers in Chapter
2, section 4 of [16] and others to do more work in the philosophy of mind and lan-
guage. Recall the above formula, Kapb denotes “agent a knows that b is muddy.” To
express the same meaning in BSEL, we firstly give agents a and b each a name, say
a and b respectively. Then the name itself is a formula according to the definition of
BSEL. The formula a would be interpreted by “I am a”. Here “I am” is what the
agent-indexical means; the objective of each atomic proposition is the current agent,
say “I”. Then let p denote the muddy property and (a ∧ p) says “I am a and I am
muddy”. Then (a ∧ Kp) says that “I am a and I know I am muddy”. But it is far
from the same expression as Kapb. Now we introduce the operator @, the operator
to shift perspective. Then @bp means “b is muddy”. So (a ∧ K@bp) says “I am a
and I know that b is muddy”. But this is still a little different from Kapb since it
assumes that the current agent is a. We only need one more step: replace a with @a

for the last formula to get @aK@bp, which exactly says “agent a (named a) knows
that agent b (named b) is muddy.” The @ operator has a long history in modal logic
dating back to the work of Arthur Prior, who used it in tense logic [48], and has been
subsequently developed in hybrid logic [2, 53, 12, 9, 57, 35].

Now we introduce the operator S. Sϕ says that I stand in some relationship to ev-
eryone else, from whose perspective ϕ is true. Examples of such relationships are:
seeing, hearing, following on a social network or being followed by, being a friend
of, and so on. In this thesis, we interpret S as a “seeing” relation. So, for example
Sn says that I can only see the agent named n if I see someone. And 〈S〉n says that
I can see n. A more complex example is 〈S〉K@aK@bp, which says that I can see
someone who has the knowledge that a knows b is muddy.

We are introducing the semantics now. The semantics of BSEL is based on that of
epistemic logic but is more complex.

Definition 2.2.2 A basic social epistemic modelM is a tuple 〈W,A, k, s, g, V 〉where
W is a set (of possible worlds), A is a non-empty set (of agents), k = {ka|a ∈
A} is a binary relation on W , s = {sw|w ∈ W} is a binary relation on A,
gw: Nom → A is a function assigning an agent to each name in each world, and
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V : Prop→ pow(W × A) is a valuation function assigning a subset of W × A (i.e.,
an agent-indexical proposition) to each propositional variable.
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Figure 2.7: A simple model of social epistemic logic

Fig. 3.5 illustrates a simple social epistemic model with worlds W = {w, v, u} and
agentsA = {a, b, c}. Vertical arrows represent epistemic relations, e.g. ka(w, v) and
the horizontal dotted arrows represent social relations, e.g. sv(a, b). The distribution
of ‘p’ represents V (p), e.g. 〈v, b〉 ∈ V (p) and gv(n) = b is indicated by placing
‘n’ at the intersection of the v row and b column. Note that n is a rigid name in
this model but j is not. We say a name n is rigid in M if gw(n) = gv(n) for any
w, v ∈ W ; “Rigid” will be discussed at the end of the next chapter and we assume
that all names are non-rigid elsewhere. Moreover, not all agents need have names: in
world w agent c is nameless.

Saul Kripke [38] first introduced the distinction between rigid designators and non-
rigid designators: a rigid designator designates the same thing in all possible worlds,
and a non-rigid one designates different things in some possible worlds. Much of the
philosophical debate about rigid designation concerns natural kind terms like “H2O”
and “water”, but here we will be more concerned with personal names. When we use
names in ordinary life, we often assume that they are rigid. Take the muddy monk as
an example. Suppose monk a is called “Andrew”. Although he thinks he is muddy
in another possible world, he wouldn’t think that he is not Andrew in that world. But
some names we use are non-rigid. Take the name Satoshi Nakamoto for example.
It is a non-rigid name. Why? Satoshi Nakamoto refers to the person who invented
BitCoin in the actual world. But it could refer some other person, say Andrew, for
Andrew might have invented BitCoin. That is, there are possible worlds in which it
refers someone other than Satoshi Nakamoto.

Definition 2.2.3 Given a basic social epistemic model M = 〈W,A, k, s, g, V 〉, the
relation |= (satisfies) is defined recursively as follows:
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M,w, a |= p iff 〈w, a〉 ∈ V (p)

M,w, a |= n iff gw(n) = a

M,w, a |= ¬ϕ iff M,w, a 6|= ϕ

M,w, a |= (ϕ ∧ ψ) iff M,w, a |= ϕ and M,w, a |= ψ

M,w, a |= Kϕ iff M,v, a |= ϕ for all v if ka(w, v)

M,w, a |= Sϕ iff M,w, b |= ϕ for all b if sw(a, b)

M,w, a |= @nϕ iff M,w, gw(n) |= ϕ

As usual,M,w, a |= Σ ifM,w, a |= ϕ for all ϕ of Σ; ϕ is valid inM ifM,w, a |= ϕ
for all w and a; it is valid if it is valid in every social epistemic model.

Then we say that ϕ is a semantic consequence of Σ (notation: Σ |= ϕ) if for all M ,
all worlds w and agents a in M , if for all ψ ∈ Σ M,w, a |= ψ, then M,w, a |= ϕ.

Figure 2.8 is a BSEL model representing Figure 2.4. Since k is an equivalence rela-
tion, we denote the bidirectional relations with lines (no arrows) and avoid drawing
the reflexive relations. Moreover, we assume it is a rigid name model and a, b and
c are a’s, b’s and c’s names respectively. We show how formulas are evaluated via
Definition 2.2.3.

010

011

111

110

001

101

100

a b c

Figure 2.8: A BSEL model of Muddy Monks

From the story, it is true that a knows b is muddy in the case in which only b is
muddy, that is, the possible world 010. How do we show that M, 010, a |= K@bp?
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By the definition, M, 010, a |= K@bp iff for all possible worlds v if ka(010, v) then
M,v, a |= @bp. ByM , there are two such v: 010 and 110. Obviously,M, 010, b |= p
and M, 110, b |= p. By M is rigid and b is b’s name, gv(b) = b for all v ∈W . By the
last clause of the semantic definition, we have M, 010, a |= @bp and M, 110, a |=
@bp. Hence, M, 010, a |= K@bp.

As a more complicated example, we show M, 011, a |= 〈S〉K@aK@bp. By the
semantic definition of K and S, the dual 〈K〉 and 〈S〉 are semantically defined as:

M,w, a |= 〈K〉ϕ iff M,v, a |= ϕ for some v such that ka(w, v)
M,w, a |= 〈S〉ϕ iff M,w, b |= ϕ for some b such that sw(a, b)

Then we have M, 011, a |= 〈S〉K@aK@bp iff M, 011, j |= K@aK@bp for some
j such that s011(a, j). Both b and c could be a candidate for j. We let c = j. To
prove M, 011, c |= K@aK@bp, we need to show for all v, M, v, c |= @aK@bp, if
kc(011, v). Checking the model, we know v could be 011 and 010. So, we have to
show:

(1) M, 011, c |= @aK@bp and

(2) M, 010, c |= @aK@bp

From the last result, (2) is obvious. So we only prove (1), which is needed to show
M, 011, a |= K@bp. Then 011 and 111 are the only possible worlds to check whether
@bp are satisfied. And the answer is obviously yes. So we are done.





Chapter 3

Axiomatisation of Basic Social
Epistemic Logic

At the beginning of this chapter, we will review two recent pieces of research: [19]
and [54]. Both are very close to the topic that we are discussing in this chapter.

Then we introduce a “step-by-step” method. It is a technique from the completeness
proof of modal logic. Then as the main component of this chapter, we will show the
completeness of the basic social epistemic logic (BSEL), which has no restriction on
the modal operators in either dimension and whose names are non-rigid. An earlier
version of this result was published as [40].

We then extend this basic logic by: (1) restricting the modal operators in either di-
mension to represent some sort of epistemic attitude, social structure and the inter-
actions between them; (2) restricting the non-rigid names to rigid ones. Then we
update the completeness proof to show that all the extensions are complete too. We
also compare my system with Sano’s Hilbert system.

Like the standard hybrid logic, our language has a mixture of devices from modal
propositional logic (modalities) and predicate logic (names and predication). The
difference is that names of BSEL do not refer to points of evaluation (worlds, in
the case of hybrid logic) but to agents. This imbalance upsets the canonical model
method of proving completeness in a way that is hard to restore using the technique
of “witnesses” familiar from predicate logic. In the last section, we will explain why
we abandon the canonical model method.

3.1 A Tableau System for BSEL

In [19], the authors proposed a formal framework for representing reasoning about
an individual’s private opinion and public behaviour under social influence in the
social network. Their research is also based on the “Facebook Logic” of Seligman
et al. To model knowledge and friendship, the epistemic relation is an equivalence

23
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relation and the social relation is irreflexive and symmetric. Inspired by [13] from
Bolander and Blackburn and [3], the work of Balbiani et al., they introduced a sound
and complete tableaux system for some fragment of their logic.

In this section, I am going to adapt the method of their tableaux system to BSEL.
Since BSEL is minimal, we will ignore any assumption of the epistemic relation
and social relation. Our tableaux system is represented by Fitting’s method in [21].

Let W and A be sets of natural numbers. We regard them as prefix sets such that W
is called the world prefix set and A is the individual prefix set.

We will normally denote elements of W by w, v, . . . and elements of A by a, b, . . ..
If ϕ is a BSEL formula, then we call w, a : ϕ a prefixed formula.

Note that if w, a : n and v, b : n are both in a set of prefixed formulas Γ, then for Γ
to be realised in a model, the individual-indices a and b must be identified. This is
just like the situation in predicate logic with the identity symbol. The construction of
a model works by first defining an equivalence relation between individual-indices
and then constructing the agents of the model out of the equivalence classes. Specif-
ically, we define individual-equivalence in Γ to be the smallest equivalence relation
between individual-indices such that if for some agent name n, there is a world-
index w such that both w, a : n and w, b : n are in Γ, then a is individual-equivalent
to b in Γ. We abbreviate this to a ≈ b in Γ. Then we define [a]Γ = {b|a =
b or a ≈ b in Γ}. Also, we define WΓ = {w|w is a world-index occurring in Γ} and
AΓ = {a|a is an individual-index occurring in Γ}. We will denote [a]Γ as [a] if no
ambiguity arises.

For a tableau, we need another two kinds of formulas besides the prefixed for-
mulas: (1) network accessibility formulas of the form sw(a, b); and (2) epistemic
accessibility formulas of the form ka(w, v). In the following parts of this section,
when we say a set of prefixed formulas, we mean a set of prefixed formulas and
network/epistemic accessibility formulas, if no ambiguity arises.

A realisation of a set of prefixed formulas Γ is given by a modelM = 〈W,A, k, s, g, V 〉
and functions rW and rA from world indices WΓ and agent indices AΓ to W and A,
respectively, such that

1. M, rW(w), rA(a) |= ϕ for every w, a : ϕ in Γ,

2. srW(w)(rA(a), rA(b)) for every sw(a, b) in Γ, and

3. krA(a)(rW(w), rW(v)) for every ka(w, v) in Γ

Figure 3.1 shows the tableau rules for BSEL. A tableau is a downward branching
tree. To draw a tableau for a finite set of formulas Γ, we first list all ϕ ∈ Γ as 0, 0 : ϕ
and put them at the root. So every formula of Γ has the same prefix at the root. Now
we discuss how to apply rules in Figure 3.1. Suppose we have w, a : ϕ on a branch
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α α1 α2

w, a : (ϕ ∧ ψ) w, a : ϕ w, a : ψ
w, a : ¬¬ϕ w, a : ϕ

β β1 β2

w, a : ¬(ϕ ∧ ψ) w, a : ¬ϕ w, a : ¬ψ

π π1 π2

w, a : @nϕ w, b : n w, b : ϕ
w, a : ¬@nϕ w, b : n w, b : ¬ϕ
w, a : ¬Sϕ w, b : ¬ϕ sw(a, b)
w, a : ¬Kϕ v, a : ¬ϕ ka(w, v)

γ γ1

w, a : Sϕ w, b : ϕ
w, a : Kϕ v, a : ϕ

Closure: a branch is closed if the set of indexed formulas Γ on the branch contains
w, a, b and ϕ such that w, a : ϕ and w, b : ¬ϕ are in Γ and a ≈ b in Γ.

≈ is the smallest equivalence class of individual indices such that
if w, a : n and w, b : n occur on the same branch, then a ≈ b on this branch.

Figure 3.1: Tableau rules for BSEL

for some world-index w and individual-index a. If w, a : ϕ is an α formula, then α1

and α2 can be added to the end of the branch. If w, a : ϕ is a β formula, then the
branch can be split into two branches, one with β1 and the other with β2. If w, a : ϕ is
a π formula, then π1 and π2 can be added to the end of the branch. However, both π1

and π2 have to be associated with a “new” individual-index or world-index such that
neither of them occurs on the branch where w, a : ϕ is. Specifically, if ϕ is ¬Kψ for
some ψ, then π1 is v, a : ¬ψ and π2 is ka(w, v) where v is the new world-index. If ϕ
is one of the other three forms of the π formulas, say @nψ, then π1 is w, b : n and π2

is w, b : ψ where b is the new individual-index. The new world-index (or individual-
index) is chosen to be numerically greater than any world-index (or individual-index)
occurring on the same branch so far. For example, if you get w, b : n and w, b : p
by applying the π rule to w, a : @np, then b is the new individual-index and b is
currently the numerically greatest individual-index on the branch. Each time we
apply an α rule, a β rule or a π rule to w, a : ϕ, we check w, a : ϕ and mark it with
the notation X. No rule can be applied to a checked formula any more. Finally, if
w, a : ϕ is a γ formula, then γ1 can be added to the end of the branch. If ϕ starts with
the S operator, then γ1 has to be associated with individual indices b and c such that
sw(c, b) has already occurred on the same branch where a ≈ c. If γ starts with the K
operator, then γ1 has to be associated with an individual-index b and a world-index
v such that kb(w, v) has already occurred on the same branch where a ≈ b. Any time
we apply a γ rule, we have to tag the formula with \, not X. So after we apply the γ
rule to w, a : Sψ and have w, b : ψ as a result, we have to mark w, a : Sψ with \b.
Similar for the K case.

A closed branch of a tableau is a branch that satisfies the condition of closure given
in Figure 3.1. And a closed tableau is a tableau where each branch is closed. We say
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a formula ϕ is provable, ` ϕ, if there is a closed tableau where only ¬ϕ is at the root.
The following is a tableau calculation as an example:

3.1.1 Soundness of the tableau system

Lemma 3.1.1 Let Γ be a set of prefixed formulas.

1. If Γ ∪ {α} has a realisation, so has Γ ∪ {α, α1, α2};

2. If Γ ∪ {β} has a realisation, so has Γ ∪ {β, β1} or Γ ∪ {β, β2};

3. If Γ ∪ {π} has a realisation, so has Γ ∪ {π, π1, π2};

4. If Γ ∪ {γ} has a realisation, so has Γ ∪ {γ, γ1};

Proof: Suppose Γ ∪ {X} has a realisation where X ∈ {α, β, γ, π}. Then there
is an M = 〈W,A, k, s, g, V 〉, rW and rA such that M, rW(w), rA(a) |= ϕ for ev-
ery w, a : ϕ in Γ ∪ {X}, srW(w)(rA(a), rA(b)) for every sw(a, b) in Γ ∪ {X}, and
krA(a)(rW(w), rW(v)) for every ka(w, v) in Γ ∪ {X}.

Case One: X = α = w, a : (ϕ ∧ ψ)

ThenM, rW(w), rA(a) |= ϕ∧ψ. SoM, rW(w), rA(a) |= ϕ andM, rW(w), rA(a) |=
ψ. So M , rW and rA is a realisation of Γ ∪ {α, α1, α2}.

The case in which X = α = w, a : ¬¬ϕ is straightforward to prove.
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Case Two: X = β = w, a : ¬(ϕ ∧ ψ)

Straightforward to prove.

Case Three: X = π = w, a : @nϕ

Then M, rW(w), rA(a) |= @nϕ. And π1 = w, b : n and π2 = w, b : ϕ for
some new individual-index b. Let r′W = rW and

r′A(c) =

{
grW(w)(n) if c = b
rA(c) Otherwise

where the domain is AΓ∪{π,π1,π2}. Then we have M, r′W(w), r′A(b) |= n. But
b is a new individual-index to Γ ∪ {π}. So b doesn’t occur in Γ ∪ {π}. Then
rA ⊆ r′A. So M , r′A and r′W agree with M , rW and rA for all formulas in
Γ ∪ {π}. So M, r′W(w), r′A(a) |= @nϕ. Then M, r′W(w), r′A(b) |= ϕ. So M ,
r′A and r′W is a realisation of Γ ∪ {π, π1, π2}.

Case Four: X = π = w, a : ¬Sϕ

Then π1 = w, b : ¬ϕ and π2 = sw(a, b) for some new individual-index b.
Also,M, rW(w), rA(a) |= ¬Sϕ. So there is some b ∈ A such that srW(w)(rA(a), b)
and M, rW(w), b |= ¬ϕ. Let r′W = rW and

r′A(c) =

{
b if c = b
rA(c) Otherwise

where the domain is AΓ∪{π,π1,π2}. By a similar proof to the Case Three,
we have M, r′W(w), r′A(b) |= ¬ϕ. Also, we have sr′W(w)(r

′
A(a), r′A(b)) by

srW(w)(rA(a), b). So M , r′A and r′W is a realisation of Γ ∪ {π, π1, π2}.
The case in which X = π = w, a : ¬Kϕ is similar to prove.

Case Five: X = γ = w, a : Sϕ

Then γ1 = w, b : ϕ where sw(a, b) is in Γ ∪ {γ}. So srW(w)(rA(a), rA(b)) is
in Γ ∪ {γ}. Also, M, rW(w), rA(a) |= Sϕ. Then M, rW(w), rA(b) |= ϕ. So
M , rA and rW is a realisation of Γ ∪ {γ, γ1}.
The case in which X = γ = w, a : Kϕ is similar to prove.

♣

A branch B of a tableau can be regarded as a set of prefixed formulas such that any
formula occurs onB if and only if it is in the set of prefixed formulas. If no ambiguity
arises, we will borrow the notation B to denote the set of the prefixed formulas on
the branch B. So we define a tableau to be realisable if it has some branch B that has
a realisation.
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Lemma 3.1.2 No closed branch has a realisation.

Proof: Suppose there is a closed branch B. For contradiction, suppose the branch
has a realisation M . Since B is closed, there exists w, a, b and ϕ such that w, a : ϕ
and w, b : ¬ϕ are on the branch B where a ≈ b in B. Then there is v ∈ W such that
v, a : n and v, b : n in B for some n. Since M is a realisation of B, there are rW and
rA such that M, rW(v), rA(a) |= n and M, rW(v), rA(b) |= n. Then rA(a) = rA(b).
Also, M, rW(w), rA(a) |= ϕ and M, rW(w), rA(b) |= ¬ϕ. Then M doesn’t exist.

♣

Lemma 3.1.3 Every tableau is realisable if the formulas at its root have a realisa-
tion.

Proof:

Let T be a tableau where the root has a realisation. Let t ∈ N be the number of rules
that have been applied to get T . We prove T is realisable by induction on t.

Base Case: t = 0

Since the root has a realisation, T is realisable.

Inductive Case: t = i+ 1 where i ∈ N
By Inductive hypothesis, T is realisable after i rules have been applied. Then
there is some branchB of T that has a realisation. When we apply the (i+1)th

rule to B, we will get a branch B′ ⊃ B as a result.1 By Lemma 3.1.1, B′

still has a realisation no matter what kind of rule the (i + 1)th is. So T is still
realisable.

♣

Theorem 3.1.1 (Soundness) If ϕ is provable, then ϕ is valid.

Proof:

Suppose ϕ is not valid, we prove that ϕ is not provable. Let T be a tableau where
¬ϕ is at the root. We need to show that T is not closed. Since ϕ is not valid, there is
a model M = 〈W,A, k, s, g, V 〉, w and a such that M,w, a 6|= ϕ. Then M,w, a |=
¬ϕ. Define rW(0) = w and rA(0) = a. Then M is a realisation of the root since
M, rW(0), rA(0) |= ¬ϕ. By Lemma 3.1.3, T is realisable. So there is some branch
B of T such that B has a realisation. By Lemma 3.1.2, B is not closed. So T is not
closed.

♣
1We will get two branches if it is the β rule. But that will not affect the following proof.
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3.1.2 Completeness of the tableau system

To prove the completeness, we use contraposition. For any unprovable ϕ, a tableau
starting from 0, 0 : ¬ϕ is not closed. So there exists at least one branch not closed.
However, it would make no sense to say a branch is not closed if some rule in Figure
3.1 is still available to apply on this branch. So we have to decide at which stage
the applications of rules bring no more progress for a tableau. If so, we say that
the tableau is complete. To define a completable tableau, we need the following
definitions.

A closed branch is complete. To say an open branch is complete, we need the follow-
ing conditions: every prefixed formula in the branch is (1) basic (an atomic formula
or its negation); or (2) checked (notation: X) or (3) tagged with \a or \w for ev-
ery index a or w required by the γ rule respectively. A tableau is complete if all its
branches are complete. A descendant of the branch B is a branch that results from
the branch B after a finite sequence of rule applications. A completable branch B of
a tableau is a branch where there is a finite sequence of rule application after which
all of the descendants of B are complete. Now a completable tableau T is a tableau
where every branch of T is completable.

Every tableau is completable. A standard way to prove this is to appeal the complex-
ity of formulas by the assumption that the more rules we apply on a branch, the less
complexity that the branch will be. Unfortunately, it is not always so in our tableau
system. When we apply γ rule, the total complexity of the unchecked formulas on the
branch increases. So we have to assign a natural number c(B) to each branchB care-
fully, measuring its complexity in such a way that rule applications are guaranteed to
reduce the complexity.

Definition 3.1.1 Given a formula ϕ, we define the complexity cN (ϕ) of formula ϕ
bounded by N ∈ N by induction as follows:

cN (p) = cN (¬p) = cN (n) = cN (¬n) = 0

cN (ϕ ∧ ψ) = cN (ϕ) + cN (ψ) + 1

cN (¬(ϕ ∧ ψ)) = cN (¬ϕ) + cN (¬ψ) + 1

cN (¬¬ϕ) = cN (@nϕ) = cN (ϕ) + 1

cN (¬@nϕ) = cN (¬Sϕ) = cN (¬Kϕ) = cN (¬ϕ) + 1

cN (Sϕ) = cN (Kϕ) = N × cN (ϕ)

For prefixed formulas, cN (w, a : ϕ) = cN (ϕ), also for relation formulas: cN (sw(a, b)) =
cN (ka(w, v)) = 0. Then we define the complexity cN (B) of a branch B bounded by
N to be the sum of cN (θ) for each unchecked and untagged prefix formula θ on the
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branch B added to the sum of cN (γ)− n× cN (γ1) for each formula γ on B having
n tags. Then if the maximum number of tags on any prefixed formula is less than N ,
cN (B) will be positive.

Lemma 3.1.4 Given a branch B and descendant branch B′, there is a function t
mapping each prefixed formula on B′ to its unique “trace”, a sub-formula occur-
ring in a prefixed formula on B.2 We denote “sub-formula occurrences” with the
underlining, e.g. ¬(Sp ∧ SSp).

Proof:

First we want to make it clear that we don’t add a formula which already exists on
the branch if we apply a rule, i.e., that if θ is already on the branch and a rule requires
us to add θ then we don’t add another copy. Similarly to w, a : (p ∧ p) we only add
one copy of w, a : p.

Now we give an inductive definition of t. If θ is on B, then t(θ) is the result of
underlining the whole formula of θ. If θ was obtained by applying a rule to a prefixed
formula w, a : ϕ, then θ has the form v, b : ψ, where ψ is either a sub-formula of
ϕ or the negation of a sub-formula of ϕ. Then we define t(θ) to be the result of
underlining that sub-formula in t(v, b : ψ). Here is an example. If B has w, b : ¬Sp
then t(w, a : ¬Sp) = w, a : ¬Sp. The π rule can be applied to it such that w, b : ¬p
and sw(a, b) are added to get B, then t(w, b : ¬p) = w, a : ¬Sp.

Suppose t(v, b : ψ1) = t(v, b : ψ2) which is an underlining of θ. We show ψ1 = ψ2.
For the cases that θ is an α, β, or π formula, then it will be checked off when the rule
is applied. So v, b : ψ1 and v, b : ψ2 can only come from the same rule application.
Since we underlined the same sub-formula of θ, ψ1 = ψ2. For the case that θ is a γ
formula, then it won’t be checked off, but the rule can only be applied to get v, b : ψ1

or v, b : ψ2 if θ is not tagged with \b. So v, b : ψ1 and v, b : ψ2 must be from the
same rule, and the underlining argument can be applied again.

♣

Lemma 3.1.5 For any branch B, there is a number N such that cN (B′) is positive
for every descendant B′ of B.

Proof: Let N be the total number of sub-formulas of prefix formulas occurring on
B added to the number of relation formulas on B.3 Now let B′ be any descendant
branch of B and γ be a prefix formula onB′. Suppose γ is of the form w, a : Sϕ and is
tagged with \b1, . . . , \bn. Then sw(a, bi) is on B for each 1 ≤ i ≤ n. Each of them

2By unique we mean that t is injective for the formulas with the same prefix, i.e., if t(w, a : ϕ) =
t(w, a : ψ) then ϕ = ψ.

3If a given formula is a sub-formula that occurs twice in a prefix formula or in two prefix formulas
with different prefixes, then we count it twice.
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is either already in B or was introduced by applying the rule for some w, a : ¬Sψ,
which is checked off and cannot be used again. But there are no more than N of
these since every prefixed formula on B′ with a given prefix can be traced back to a
unique sub-formula of a prefixed formula on B by Lemma 3.1.4. So n ≤ N . The
argument for the K case is similar.

♣

We define cB to be cN .

Lemma 3.1.6 If the branch B′ is a descendant of the branch B and B′′ is obtained
from B′ by the application of a tableau rule, then we have:

0 < cB(B′′) < cB(B′)

Proof: First, by Lemma 3.1.5, cB(B′′) is positive. For the cases that B′′ results from
B′ by an application of the α, β or π rule, we have:

α) cB(B′′) = cB(B′)− cB(α) + cB(α1) + cB(α2)
but cB(α) > cB(α1) + cB(α2) and so cB(B′′) < cB(B′).

β) cB(B′′) = cB(B′)− cB(β) + cB(αi) (where i = 1 or 2)
but cB(β) > cB(βi) and so cB(B′′) < cB(B′).

π) cB(B′′) = cB(B′)− cB(π) + cB(π1) + cB(π2)
but cB(π) > cB(πi) and so cB(B′′) < cB(B′).

For the γ rule, suppose it is the S case in which the rule is applied to w, a : Sϕ on
B′ with sw(a, b) also on B′. If so, it cannot be tagged with \b in B′ but with \b in
B′′. Suppose w, a : Sϕ has one more tag in B′′ than in B′ and so the contribution of
w, a : Sϕ to cB(B′′) is cB(w, a : Sϕ), which is less than it is to cB(B′). But w, b : ϕ
is added to B′′. So we have:

γ) cB(B′′) = cB(B′)− cB(w, a : Sϕ) + cB(w, b : ϕ)
but cB(w, a : Sϕ) > cB(w, b : ϕ), so cB(B′′) < cB(B′).

And similarly for K.

♣

Lemma 3.1.7 Every tableau is completable.

Proof:

For contradiction, we suppose that a tableau T is not completable. Then it has
a branch B1 that is not completable. But then there must be a rule that can be
applied to B1 resulting the branch B2 that is also not completable. By Lemma
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3.1.6, cB(B2) < cB(B1). Iterating this process, we get an infinite sequence of
branches B1, B2, B3, . . . with cB(Bi+1) < cB(Bi). But this is impossible since
each cB(Bi) > 0 is a whole number.

♣

Theorem 3.1.2 Given a complete tableau, any open branch of the tableau has a
realisation.

Proof: Let T be a complete tableau. And suppose B is an open branch of it. First,
we define a structure. Then we prove that it is a BSEL model. Then we show that
B has a realisation.

We define M = 〈W,A, k, s, g, V 〉 as follows:

W = {w|w, a : ϕ ∈ B}

A = {[a]|w, b : ϕ ∈ B and a ≈ b in B} ∪ {ew|w ∈W}

k[a](w, v) if kb(w, v) is on the branch B for some b where a ≈ b in B

sw([a], [b]) if sw(c, d) is on the branch B where c ≈ a and d ≈ b in B

gw(n) =

{
[a] if w, b : n is on B for some b ≈ a
ew Otherwise

V (p) = {(w, [a])|w, a : p ∈ B}

where {ew|w ∈W} is a disjoint set from A. Why do we introduce this set? We have
to handle the cases in which some name n is not on B. If so, we assign it something
not in A, say ew, for each world-index w. For each w ∈ W , ew is different from all
individual indices and each name, which doesnt occur on the branch but has w as its
world-index.

To prove M is a model of BSEL, we have to show k, s, g and V are well defined.
Obviously, g and V are well defined since A is a set of equivalence classes. So we
only prove the first two.

To show k is well defined, we suppose a′ ∈ [a] and prove k[a′](w, v) iff k[a](w, v).
We only prove the left to right direction since the reverse can be proven similarly.
Suppose k[a′](w, v). Then kb′(w, v) is on the branch B for some b′ and a′ ≈ b′ in B.
By a′ ∈ [a], a ≈ a′. Then a ≈ b′. So k[a](w, v).

Now we show s is well defined by proving

(1) a′ ∈ [a] implies sw([a′], [b]) iff sw([a], [b]);

(2) b′ ∈ [b] implies sw([a], [b′]) iff sw([a], [b]);
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We only prove the left to right direction of (1) since the others are similar to prove.
Suppose sw([a′], [b]). Then sw(c, d) is on the branch B where c ≈ a′ and d ≈ b in
B. By a′ ∈ [a], a ≈ a′ in B. So a ≈ c in B. So sw([a], [b]).

Let rW be the identity function. Define rA(a) = [a] for each a ∈ A. Now we
prove M is a realisation of B by inductively showing that w, a : ϕ is on B implies
M,w, [a] |= ϕ.

Base Case: ϕ = p, ϕ = ¬p, ϕ = n or ϕ = ¬n

If ϕ = p, then by definition of V , w, a : p is on B implies (w, [a]) ∈
V (p).
So M,w, [a] |= p.

Ifϕ = ¬p, then w, a : p is not onB (OtherwiseB is closed). So (w, [a]) 6∈
V (p). So M,w, [a] 6|= p, which means M,w, [a] |= ¬p.

If ϕ = n, then w, a : n is on B implies gw(n) = [a]. So M,w, [a] |= n

Ifϕ = ¬n, for contradiction we supposeM,w, [a] 6|= ¬n. ThenM,w, [a] |=
n. So gw(n) = [a]. Since B is not closed, for any b, if a ≈ b in B, then it
is not the case that both w, a : ¬n and w, b : n are onB. Since w, a : ¬n is
on B, w, b : n is not on B for any a ≈ b. So gw(n) 6= [a]. Contradiction.
So M,w, [a] |= ¬n.

Inductive Case:

ϕ = (ψ ∧ θ). Suppose w, a : (ψ ∧ θ) is on B. Because B is complete,
the α rule has been applied and so both w, a : ψ and w, a : θ are on
B. By the inductive hypothesis, M,w, [a] |= ψ and M,w, [a] |= θ. So
M,w, [a] |= (ψ ∧ θ).
The case in which ϕ = ¬¬ψ is similar to prove.

ϕ = ¬(ψ ∧ θ). Suppose w, a : ¬(ψ ∧ θ) is on B. Because B is complete,
the β rule has been applied and so either w, a : ¬ψ or w, a : ¬θ is on
B. By the inductive hypothesis, M,w, [a] |= ¬ψ or M,w, [a] |= ¬θ. So
M,w, [a] |= ¬(ψ ∧ θ).

ϕ = @nψ. Suppose w, a : @nψ is on B. Because B is complete, the π
rule has been applied and so both w, b : n and w, b : ψ are onB for some
b. By inductive hypothesis, M,w, [b] |= ψ. Also, M,w, [b] |= n, which
means gw(n) = [b]. So M,w, [a] |= @nψ.

ϕ = ¬@nψ. Similar to the above case.

ϕ = ¬Sψ. Suppose w, a : ¬Sψ is on B. Because B is complete, the π
rule has been applied and so both w, b : ¬ψ and sw(a, b) are on B for
some b. By the inductive hypothesis, M,w, [b] |= ¬ψ. Since sw(a, b) is
on B, sw([a], [b]). So M,w, [a] 6|= Sψ. So M,w, [a] |= ¬Sψ
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ϕ = ¬Kψ. Suppose w, a : ¬Kψ is on B. Because B is complete, the
π rule has been applied and so both v, a : ¬ψ and ka(w, v) are on B for
some v. Then we have M, v, [a] |= ¬ψ by the inductive hypothesis. Also,
k[a](w, v). So M,w, [a] 6|= Kψ. Then M,w, [a] |= ¬Kψ.

ϕ = Sψ. Suppose w, a : Sψ is onB. To proveM,w, [a] |= Sψ, we show
that for any [b] such that sw([a], [b]), we have M,w, [b] |= ψ. Suppose
sw([a], [b]). Then sw(c, d) is on B where c ≈ a and d ≈ b in B. Since
w, a : Sψ is on B and B is complete, the γ rule has been applied and
so w, d : ψ is on B. By the inductive hypothesis, M,w, [d] |= ψ. Since
d ≈ b in B, [d] = [b]. So M,w, [b] |= ψ.

ϕ = Kψ. Suppose w, a : Kψ is on B. To prove M,w, [a] |= Kψ, we
show that for any v such that k[a](w, v), we have M, v, [a] |= ψ. Suppose
k[a](w, v). Then kb(w, v) is on B for some b ≈ a in B. Since w, a : Kψ
is on B and B is complete, the γ rule has been applied and so v, a : ψ is
on B. By the inductive hypothesis, M, v, [a] |= ψ.

The last two clauses of the definition of the realisation are satisfied by the construc-
tion of M . So B has a realisation.

♣

Theorem 3.1.3 (Completeness) If |= ϕ, then ` ϕ.

Proof:

Suppose ϕ is valid but 6` ϕ. By ϕ is not provable, for any tableau T with ¬ϕ at the
root, T is not closed. By Lemma 3.1.7, T is completable. Let T ′ be an extended
complete tableau, which is not closed. So there is an open branch in T ′. By Theorem
3.1.2, any formula on the open branch of T ′ is satisfiable. Since T ′ is extended by T
and ¬ϕ is at the root of T , ¬ϕ is also at the root of T ′. So ¬ϕ is satisfiable. And this
contradicts the validity of ϕ, as required.

♣

The system in [19] has several rules for characterising the equivalence relation for k
and irreflexive and symmetric relation for s. BSEL doesnt assume any property for
either relation. So the tableau system in this section is much simpler than the one in
[19]. Nonetheless, the essential insight as to how to build the system is the same as
that of [19], and what we have here is entirely derived from that work.

3.2 Sano’s Hilbert System

In [54], Sano provides a Hilbert system for Epistemic Logic of Friendship. This
minimal logic is almost the same as our social epistemic logic except that it regards
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` ϕ if ϕ is a propositional tautology Taut

` S(p→ q)→ (Sp→ Sq) KS

` K(p→ q)→ (Kp→ Kq) KK

` @n(p→ q)→ (@np→ @nq) K@

` @np↔ ¬@n¬p Selfdual@

` @nn Ref@

` @n@mp→ @mp Agree

` n→ (p↔ @np) Intro

` @np→ S@np Back

` @nm→ K@nm Rigid=

` ¬@nm→ K¬@nm Rigid 6=

` @nK@np↔ @nKp DCom@K

from ` ϕ infer ` ϕ[p/ψ] or ` ϕ[n/m] Sub

from ` ϕ and ` ϕ→ ψ, infer ` ψ MP

from ` ϕ infer ` Sϕ NecS

from ` ϕ infer ` @nϕ Nec@

from ` ϕ infer ` Kϕ NecK

from ` n→ ϕ, infer ` ϕ, where n is not in ϕ Name

from ` L(@n〈S〉m→ @mϕ),

infer ` L(@nSϕ), where m is not in L(@nSϕ) L(BG)

Figure 3.2: Sano’s Hilbert system

the social relation as “friendship” not vision. However, Sano discovers his Hilbert
system indirectly: He first presents a tree sequent calculus for the logic and proves
this calculus is sound and complete. Then he translates a tree sequent into an ordinary
formula to specify a Hilbert system. Finally he proves that any formula is provable
in the Hilbert system if and only if a corresponding tree sequent is provable in the
tree sequent calculus. Based on the result that the tree sequent calculus is sound and
complete, the soundness and completeness of the Hilbert system are proven.

Figure 3.2 shows Sano’s Hilbert system where ϕ[p/ψ], ϕ[n/m] are uniform substitu-
tions. The system has a special rule called L(BG). We are now introducing the notion
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of L(ϕ) in the L(BG) rule. It is called the “necessity form”, and originally proposed
in [26] by the Sofia School of modal logic as a method to investigate different modal
logics that have names.

Definition 3.2.1 Let # be a symbol not occurring in the language. We define the set
of necessity forms as follows:

1. # is a necessity form;

2. if L is a necessity form, then ϕ→ L is also a necessity form;

3. if L is a necessity form and n is a nominal, then @nKL is also a necessity
form; and

4. nothing else is a necessity form.

Note that every necessity forms L has exactly one occurrence of the symbol #. So
@nK(ϕ → (ψ → #)) is a necessity form. We use L(ϕ) to denote the formula
obtained from L by replacing the unique occurrence of # by a formula ϕ.

The reason that Sano introduces the necessity form is to track the unique path from a
label in a tree of a tree sequent to the root label of the tree.

We will review Sano’s Hilbert system in more detail after we present ours.

3.3 Step-by-Step Method

The classical way of proving completeness of systems of modal logic is to construct
the canonical model. For some logics, the canonical model is the unique one where
all possible maximal consistent sets of the language are regarded as the worlds of
the model. For others, the canonical model can be derived from a given consistent
set in the sense that each maximal consistent set is chosen because it is somehow
relevant to the given set. And the valuation of the canonical model is usually defined
in terms of whether the atomic proposition is in the actual world (maximal consistent
set) or not. Then there is one more thing to do: the relations between the worlds of
the canonical model have to be defined in such a way that the semantic requirement
of the modal operators can be mirrored. We call this kind of relation the “canonical
relation”. Although there are many modal logic techniques to allow us to construct
modally equivalent varieties of the canonical model, we are still unable to ensure that
the mirror can always be realised.

In this section, we will take the basic modal logic K as an example. And we show
how to classically prove it is complete via a canonical model and step-by-step method
respectively.

The syntax of our basic modal language L is as follows:
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ϕ ::= p | ¬ϕ | (ϕ ∧ ϕ) | �ϕ

where p ∈ Prop, a countably infinite set of propositional atoms.

A model of L is a triple M = 〈W,R, V 〉 consisting of the following ingredients:

1. a non-empty set W ,

2. R is a binary relation of the elements of W ,

3. V is a valuation with domain Prop and range pow(W )

For the semantics, the clauses for the atomic and Boolean cases are the same as for
the epistemic logic in Chapter Two. As for the modal case, we define

M,w |= �ϕ iff for all v ∈W if Rwv then M, v |= ϕ.

Define the theorems of the basic modal logic K, written ` ϕ by the following axiom
and rule schemas:

Taut ` ϕ if ϕ is an instantiation of propositional tautologies
K ` �(ϕ→ ψ)→ (�ϕ→ �ψ)
MP if ` ϕ→ ψ and ` ϕ, then ` ψ
Nec if ` ϕ then ` �ϕ

A set of formulas Γ is inconsistent if there is a conjunction ϕ of formulas in Γ such
that ` ¬ϕ; otherwise, Γ is consistent. A set of formulas Γ is maximally consistent if
it is consistent and has no strictly larger consistent superset, i.e., if Γ ⊂ ∆, then ∆
is inconsistent. In the latter parts of this thesis, we will see more logics. We assume
these definitions remain unchanged (of course, ` has a different meaning for different
logic, but we will keep using this notation when no ambiguity arises) for these logics.

To prove completeness with the canonical model, we first have to build it. The canon-
ical model M c = 〈W c, Rc, V c〉 is defined as follows:

W c is the set of all maximal consistent sets,

Rcwv iff for all formulas ϕ, �ϕ ∈ w implies that ϕ ∈ v

V c(p) = {w|p ∈ w}

Naturally, we have some desired properties of the maximal consistent set Γ:

1. Γ is closed under modus ponens,
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2. Γ contains all provable formulas of Λ,

3. ϕ ∈ Γ or ¬ϕ ∈ Γ for any ϕ,

4. ϕ ∧ ψ ∈ Γ iff ϕ ∈ Γ and ψ ∈ Γ

And Lindenbaum’s Lemma guarantees that any consistent set can be extended to a
maximal consistent set.

For the canonical relation, we have to prove the Existence Lemma: If ¬�ϕ ∈ w then
there exists v ∈ W such that Rcwv and ¬ϕ ∈ v. To prove this lemma, we need to
find v. In fact, any maximal consistent set containing {¬ϕ} ∪ {ψ|�ψ ∈ w} could be
v. The reader can check that such v satisfiesRcwv and ¬ϕ ∈ v. Does such a maximal
consistent set exist? Yes, by the following lemma and Lindenbaum’s Lemma.

Lemma 3.3.1 Given a maximal consistent set Σ of L, if ¬�ϕ ∈ Σ, then {¬ϕ} ∪
{ψ|�ψ ∈ Σ} is consistent.

Proof: For contradiction, suppose {¬ϕ}∪{ψ|�ψ ∈ Σ} is not consistent. Then there
exists a conjunction θ of {ψ|�ψ ∈ Σ} such that ` ¬(θ ∧ ¬ϕ). So ` θ → ¬¬ϕ.
Then by Nec, ` �(θ → ¬¬ϕ). So we have ` �θ → �¬¬ϕ by K and MP. Keep on
applying theorem: ` �ϕ ∧ �ψ → �(ϕ ∧ ψ)4, we will have �θ ∈ Σ. Since Σ is a
maximal consistent set, �¬¬ϕ ∈ Σ. So �ϕ ∈ Σ, which contradicts ¬�ϕ ∈ Σ.

♣

Then by induction on ϕ ∈ L we finally have the Truth Lemma:

M c, w |= ϕ iff ϕ ∈ w

Now the proof method is clear. Given any consistent set Γ of L, we extend Γ to a
maximal consistent set Γ′. Let M c be the canonical model. Then Γ′ ∈ W c. By
the Truth Lemma, ϕ is satisfied at Γ′ for each ϕ ∈ Γ. So Γ is satisfied. So the
completeness is proven.

We’ll now start to develop some definitions and concepts that will be useful in de-
scribing the step-by-step method for constructing a model. Some parts of the con-
struction are familiar. The basic building materials are maximal consistent sets of
formulas, and these are used in a way that is similar to the usual canonical model
methods. But unlike the canonical model, which is built in one go, the step-by-step
method builds a model in stages, like building a wall from brick. You start with one
brick, then add another and another until you get the wall.

This is a useful guiding metaphor, but there are several differences between wall-
building and model-building. First, the step-by-step construction of a model is less

4The readers can find the derivation of this theorem in any modal logic textbook.
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uniform. It’s like building a wall with lots of holes, which need filling later. At
each stage, we look at the defects of the construction, pick one of them and repair it.
We only repair one defect at a time, but we’re careful not to undo any repairs we’ve
already made, until all defects have been removed.

The second difference is that, unlike a wall, the structures we build are infinite, and
so there can be no end to the step-by-step process. Instead, we take a mathematical
limit of the process and we must be careful that this does not re-introduce defects.

A final point is that whereas partially built walls are still walls, the stages of our
model construction are not actually models. That’s because they have defects. The
name we use for these intermediates structures is ”network”. A network which has
no defects is said to be ”perfect”. It’s only from perfect networks that we can define
a model, and perfection occurs only at the limit.

Normally the key aspect of the step-by-step method is to figure out the specific prop-
erties we need and find a way to construct a network that satisfies these properties.

Definition 3.3.1 A network of L is a tuple N = 〈N, r, δ〉 where N is a non-empty
countable set (of nodes), r is a relation onN , and δ maps nodes to maximal consistent
sets.

From a network N , we define a model induced by N : MN = 〈N, r, V 〉 by

w ∈ V (p) iff p ∈ δ(w) for any w ∈ N and p ∈ Prop.

We are aiming at a network N in which ϕ ∈ δ(w) iff MN , w |= ϕ. This is now
ensured if ϕ is just an atomic formula by the definition of V (p), but in general not.
We list structural properties of the network designed to ensure coordination between
the formulas in the sets δ(w) and those satisfied by the model at w.

But before that, we need to define a set of relations on sets of formulas for r by
mimicing the canonical relations Rc:

rwv iff for all formulas ϕ, �ϕ ∈ δ(w) implies that ϕ ∈
δ(v).

Now comes the structural properties of the network.

Definition 3.3.2 A network N is coherent if for all ϕ ∈ L, �ϕ ∈ δ(w) implies
ϕ ∈ δ(v) for any rwv.

Definition 3.3.3 A network N is saturated if for all formulas ϕ ∈ L, ¬�ϕ ∈ δ(w)
implies that there exists v ∈ N such that ¬ϕ ∈ δ(v) and rwv.

Definition 3.3.4 A network N is perfect if it is coherent and saturated.
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Assuming the network is perfect, we have the Truth Lemma:

Lemma 3.3.2 Given any perfect network N , w ∈ N and ϕ ∈ L, we have:

MN , w |= ϕ iff ϕ ∈ δ(w)

Proof: We perform induction on ϕ.

Case One: ϕ = p

Straightforward by the definition of V .

Case Two: ϕ is a Boolean formula.

By the properties of maximal consistent sets

Case Three: ϕ = �ψ

The left to right direction is guaranteed by N is saturated; The other direction
is because N is coherent.

♣

The Truth Lemma makes the completeness proof straightforward. But don’t forget
the condition of this lemma: N has to be perfect.

So far we have assumed a perfect N exists. But how can we guarantee that we can
build a perfect network for any consistent set of formulas so that we can use the
Extended Truth Lemma?

Here is our method. To makeN saturated, we list all the cases when saturation fails.
These cases are called “defects”. Remove ONE defect in each step and keep our
repair for all the latter steps. Finally we will get a saturated network without any
defects. Moreover, for any coherent network, if we can keep the coherency when we
remove defects, then the final network should be also coherent. The method requires
the following to be established:

(1) Remove only one defect each time and any coherent network will still be coherent
after that.

(2) Whenever we remove a defect, all defects that have been removed should not
occur again.

(3) Based on the above results, we should finally be able to remove all defects of a
network and make it perfect.

Definition 3.3.5 [w,ϕ] is a defect if ϕ = ¬�ψ and ϕ ∈ δ(w), but no v ∈ N exists
such that ¬ψ ∈ δ(v) and rwv.
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Fact: A network N is not saturated iff it has some defect.

Since N ofN is a countable node set, all potential defects [w,ϕ] is also enumerable.
So Rule (1) is easily followed.

To realise the “remove” in Rule (2), we define a structure called “repair”.

Definition 3.3.6 Let N and N ′ be networks. We say that N ′ = 〈N ′, r′, δ′〉 is an
extension of N = 〈N, r, δ〉 and write N E N ′ if all the obvious inclusions hold:
N ⊆ N ′, r ⊆ r′ and δ(w) ⊆ δ′(w) for each w ∈ N .

Fact: If N E N ′, then δ(n) = δ′(n) for each n ∈ N .

The reason is obvious. If we do not change (for example, extend) the language when
we extend networks, then any maximal consistent set will be kept unchanged during
the extension.

Definition 3.3.7 If D is a defect of a coherent N then N ′ is a repair of D of N iff

(1) N ′ is a coherent extension of N
(2) D is not a defect of N ′
(3) N ′ is finite if N is.

Now we propose a Repair Lemma for the basic modal logic to illustrate how to
construct a repair.

Lemma 3.3.3 (Repair Lemma) For any defect [w,ϕ] of a finite, coherent network
N of the basic modal language, there is an N ′ such that N ′ is a repair of [w,ϕ] of
N .

Proof: Let N = 〈N, r, δ〉 be a finite coherent network. The defect [w,ϕ] means that
¬�ψ ∈ δ(w) and no v ∈ N such that rwv and ¬ψ ∈ δ(v). Define N ′ = 〈N ′, r′, δ′〉
such that

(1) N ′ = N ∪ {w†} where w† 6∈ N (w† is a new node)

(2)r′ = r ∪ {〈n, n†〉}

(3)δ′(v) =

{
δ(v) if v 6= w†

Γ Otherwise

where Γ is a maximal consistent set extended by {θ|�θ ∈ δ(w)} ∪ {¬ψ}, which is
consistent by Lemma 3.3.1.

Now we check that N ′ is a repair of [n, ϕ] of N .

Firstly,N ′ exists since Γ exists by Lindenbaum Lemma. Secondly, it is an extension
ofN . Thirdly, [n, ϕ] is not a defect ofN ′ any longer since r′(n, n†) and ¬ψ ∈ δ′(n†).
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Fourthly, N ′ is obviously finite. Is N ′ coherent? Since N is coherent and we didn’t
change anything in N when we constructed N ′, we only need to check r′(n, n†),
the thing we added for extension. But it is straightforward since any �θ ∈ δ′(n) iff
�θ ∈ δ(n), and {θ|�θ ∈ δ(n)} ⊆ δ′(n†).

♣

We would like to make some comments now. We regard the Repair Lemma as the
line of demarcation of the whole procedure of the step-by-step method.

To the left of the line are all the parts that are decided by the logic being discussed.
Given a specific logic, we have to devise the suitable coherence conditions according
to the semantics to ensure that the model induced by the network is a model of this
logic. Saturated conditions also have to be designed according to what we need for
the model existence lemma. Of course, this is also decided by the logic. The repair
method is also decided by how we define the coherent and saturated network. The
readers will see that the proof for the basic modal logic is not strong enough for
our logics since their semantics are more complicated. In the next chapter, we must
figure out the boundary of the language. For example, if we repair some defects
by introducing a new element to the language, and this means we are extending the
signature, then obviously the original maximal consistent sets are no longer maximal
in the extended language. So we have to rebuild all maximal consistent sets for the
recovery. Under this circumstance, a much more complicated case we have to face is
that the language has both free and bound variables.

To the right of the line, which we are going to discuss now, are the properties of
extensions of the networks to realise Rule (3) and (4). We think these results are less
reliant on the logic, so could be treated as a more or less general part of the step-by-
step method and applied similarly in Chapter 4 and 5. So we will avoid repeating this
part as much as we can in those chapters.

Lemma 3.3.4 Let N ′ be an extension of N . Then N ′ does not introduce the defects
which have already been removed, e.g. if [w,ϕ] is a defect of N ′ where w is a node
of N , then [w,ϕ] is already a defect of N .

Proof: For contraposition, suppose [w,ϕ] is not a defect of N . Then by Definition
3.3.5, we have ϕ = ¬�ψ ∈ δ(w) implies there exists v ∈ N such that ¬ψ ∈ δ(v)
and rwv. Suppose ϕ ∈ δ(w). As N ′ is an extension of N , v ∈ N ′. Also ¬ψ ∈ δ′(v)
and r′wv. So [w,ϕ] is not a defect of N ′.

♣

Even though we have the Repair Lemma for each defect, it doesn’t mean that we
know how to remove all defects and obtain a perfect network, which is requested by
Rule (4). Intuitively, we have to find some way to save the repair we gain from each
step.
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Lemma 3.3.5 (Limit Coherence) IfN0 E N1 E . . . is a chain of coherent networks
then the limit of the chain is also coherent.

Proof:

Define the limit network N by taking unions of all the components of the networks.
To show that N is coherent, suppose rN (w, v) and �ϕ ∈ δN (w). There must be an
i such that rNi(w, v) and a j such that �ϕ ∈ δNj (w). Let k = max(i, j). Then
rNk

(w, v) and �ϕ ∈ δNk
(w). So by the coherence of Nk, ϕ ∈ δNk

(v) and so
ϕ ∈ δN (v).

♣

Lemma 3.3.6 (Perfect Extension) If N is coherent then there is a perfect N ′ such
that N E N ′.

Proof: Enumerate the setL×N of potential defects. So every defect of every network
is in this set. Now let the sequence of networks N0 E N1 E . . . be defined by
N0 = N andNi+1 is a repair of the first defect ofNi, i.e., the one that occurs first in
our enumeration of potential defects by the Repair Lemma. IfNi has no defects, then
Ni+1 = Ni. Let N ′ =

∨
i∈NNi (which exists by Lemma 3.3.5). By Repair Lemma,

every network in the sequence is coherent. And so N ′ is coherent by Lemma 3.3.5.
Now suppose for contradiction that N ′ is not perfect. Then it has a defect [w,ϕ].
Let D be the set of defects that occur before this one in the enumeration of potential
defects. By Lemma 3.3.4, [w,ϕ] is also a defect of Ni for some i. For each j ∈ N,
there is a defect of Ni+j that is repaired in Ni+j+1 (by definition, since none of
these networks is perfect) and so it is not a defect of Ni+k for any k > j by Lemma
3.3.4. Since it is the first defect of Ni+j in the enumeration of potential defects, it
must occur before [w,ϕ]. So it is in the set D. Then there is an infinite sequence of
distinct defects, in D which is a finite set. Contradiction.

♣

Since all the four rules have been kept, we are ready for completeness:

Lemma 3.3.7 Every consistent set of formulas is satisfiable.

Proof: Suppose Γ is consistent. By the Lindenbaum Lemma, we extend Γ to a
maximal consistent set Γ′. Let N0 = 〈{0}, ∅, δ0〉 where δ0(0) = Γ′. Then N0 is
coherent. Extend N0 to a perfect network N ′ by Lemma 3.3.6. Then Γ ⊆ δN ′(0).
And by the Truth Lemma, MN ′ , 0 |= ϕ for every ϕ ∈ Γ.

♣
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3.4 Axiomatisation of Basic Social Epistemic Logic

In this section, we are going to propose an axiomatisation of the basic social epis-
temic logic introduced in Section 2.2 and prove its completeness. Since we have
already proposed syntax and semantics in that section, we directly introduce the ax-
iomatisation here.

3.4.1 Axiomatisation

` ϕ if ϕ is a tautology Taut

` S(p→ q)→ (Sp→ Sq) KS

` K(p→ q)→ (Kp→ Kq) KK

` @n(p→ q)→ (@np→ @nq) K@

` @np↔ ¬@n¬p Selfdual@

` @nn Ref@

` @n@mp↔ @mp Agree

` n→ (p↔ @np) Intro

` @np→ S@np Back

from ` ϕ infer ` ϕ[p/ψ] or ` ϕ[n/m]5 Sub

from ` ϕ and ` ϕ→ ψ, infer ` ψ MP

from ` ϕ infer ` Sϕ NecS

from ` ϕ infer ` @nϕ Nec@

from ` ϕ infer ` Kϕ NecK

from ` @nϕ→ (n1 ∨ n2 ∨ . . . ∨ nk) infer ` ¬@nϕ @Name

Figure 3.3: The system of BSEL.

The basic social epistemic logic, denoted by BSEL, consists of the axioms and rules
listed in Figure 3.3.

BSEL is closely based on the usual axiomatisation for hybrid logic; see, for example
[10], p. 833. There are only two small differences. First, the Back Axiom is restricted
to the social modality; this is because our names are names of agents and not world-
agent pairs. Second, we have an additional rule: the @Name rule. To understand
this rule, let’s look at a special case. If @nϕ → m were valid, then @nϕ must be

5ϕ[p/ψ] is the result of replacing p by ψ in ϕ. ϕ[n/m] is the result of replacing n by m in ϕ.
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contradictory. Why? Because if @nϕ is satisfied by any agent it is satisfied by every
agent, and so cannot imply that agent is named m, or any finite disjunction of name
and so cannot imply that agent is named m, or any finite disjunction of names. We
want to emphasise that Lemma 3.4.2 in the next section, is the only case to apply the
@Name rule. We don’t know if the @Name rule is necessary for the proof. If it is
admissible, then this rule is not needed in the Hilbert system of BSEL.

By the soundness of hybrid logic, we only need to show the @Name rule is sound.
To show this rule is sound, we need the following lemma:

Proposition 3 The @Name rule is sound in BSEL.

Proof: For contradiction, suppose 6|= ¬@nϕ. Then there exists an M , w and a such
that M,w, a |= @nϕ. Let M ′ = 〈W,A ∪ {a†}, k, s, g, V 〉 where a† 6∈ A. Then
by the well-known agreement result, M ′, w, a |= @nϕ. So M ′, w, a† |= @nϕ. So
M ′, w, a† |= (n1 ∨ n2 ∨ . . .∨ nk). But g doesn’t map any name to agent a†. Contra-
diction.

♣

The other axioms and rules are standard and can be checked for soundness, giving:

Theorem 3.4.1 Soundness of BSEL.

` ϕ implies that ϕ is valid.

3.4.2 Theorems and Consistency

Theorem 3.4.2 The following formulas of BSEL are the theorems we need for the
completeness proof.

(1) ` Kϕ ∧Kψ ↔ K(ϕ ∧ ψ)
(2) ` Sϕ ∧ Sψ ↔ S(ϕ ∧ ψ)
(3) ` @nϕ ∧@nψ ↔ @n(ϕ ∧ ψ)
(4) ` 〈S〉(ϕ ∧ ψ)→ (〈S〉ϕ ∧ 〈S〉ψ)
(5) ` 〈S〉(n ∧ ϕ)→ @nϕ
(6) ` Sϕ→ (〈S〉n→ @nϕ)
(7) ` @mn→ @nm

Proof: The proof of (1) needs KK, MP, Sub and Taut. (2) and (3) can be proven
similarly with KS and K@. To prove (4), we need to prove “from ϕ → ψ infer
〈S〉ϕ→ 〈S〉ψ first. This is easily proven by Taut and “from ϕ→ ψ infer Sϕ→ Sψ,
which is straightforward from KS. We prove (5) by (4), Intro and Back. Then (6) is
got by (5) and Taut. Finally, (7) needs Intro Axiom, Ref@, Nec@, MP, Agree, Sub
and Taut.
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♣

Lemma 3.4.1 Let ϕ = @n1ψ1 ∧ . . . ∧ @njψj , then for any n ∈ Nom we have
(1) ` @nϕ↔ ϕ and (2) ` @n¬ϕ↔ ¬ϕ.

Proof: For (1), by applying Agree repeatedly, we have ` @n1ψ1 ∧ . . . ∧ @njψj ↔
@n@n1ψ1∧. . .∧@n@njψj . Then applying Theorem 3.4.2.(3) repeatedly, ` @n@n1ψ1∧
. . . ∧@n@njψj ↔ @n(@n1ψ1 ∧ . . . ∧@njψj).

For (2), we have ` ¬@nϕ↔ ¬ϕ by 1. ` @n¬ϕ↔ ¬@nϕ by Selfdual.

♣

Definition 3.4.1 Let e be an enumeration of all formulas of the language. We now
define a maximal consistent function e(Γ) from any consistent set Γ to the maximal
consistent set extending Γ by e .

Here are some abbreivations:

1. Γe = e(Γ)

2. @Σ = {@nϕ|@nϕ ∈ Σ}

3. Nom(Σ) = {n|n ∈ Σ} ∪ {¬n|¬n ∈ Σ}

4. ¬Nom = {¬n|n ∈ Nom}

Lemma 3.4.2 Given any maximal consistent set Σ, @Σ ∪ ¬Nom is consistent.

Proof: For contradiction, suppose @Σ ∪ ¬Nom is not consistent. Then there exists
@n1ϕ1 . . .@nk

ϕk ∈ @Σ and ¬m1 . . . ¬mj ∈ ¬Nom for some k, j ∈ N such that

` ¬(@n1ϕ1 ∧ . . . ∧@nk
ϕk ∧ ¬m1 . . . ∧ ¬mj)

.

Then ` (@n1ϕ1 ∧ . . . ∧@nk
ϕk)→ (m1 ∨ . . . ∨mj). Then by Lemma 3.4.1,

` @n(@n1ϕ1 ∧ . . . ∧@nk
ϕk)→ (m1 ∨ . . . ∨mj)

for some n ∈ Nom. Then by the @Name rule, we have ` ¬@n(@n1ϕ1∧. . .∧@nk
ϕk).

By Lemma 3.4.1 again, ` ¬(@n1ϕ1∧. . .∧@nk
ϕk). So ¬(@n1ϕ1∧. . .∧@nk

ϕk) ∈ Σ.
But by @n1ϕ1 . . .@nk

ϕk ∈ @Σ, @n1ϕ1 . . .@nk
ϕk ∈ Σ.

So (@n1ϕ1 ∧ . . . ∧@nk
ϕk) ∈ Σ. This contradicts that Σ is maximal consistent.

♣
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Lemma 3.4.3 For any maximal consistent sets Σ and Γ, if {ψ|Sψ ∈ Σ} ⊆ Γ, then
@Σ = @Γ.

Proof:

(⇒) Suppose @nϕ ∈ Σ. Then S@nϕ ∈ Σ by Back. So we have @nϕ ∈ Γ.

(⇐) Suppose @nϕ ∈ Γ. Then @n¬ϕ 6∈ Γ. So S@n¬ϕ 6∈ Σ. By Back, @n¬ϕ 6∈ Σ.
So we have @nϕ ∈ Σ.

♣

3.4.3 Completeness

Based on the discussion for applying step-by-step method to the basic modal logic,
we now only need to focus on the following in this section:

1. The network of BSEL

2. The coherence and saturation

3. The induced model and Extended Truth Lemma

4. The kinds of potential defects

5. Repair Lemma

For all the rest, we will give a brief discussion afterward.

Definition 3.4.2 A network of BSEL N = 〈W,A, k, s, δ〉 consists of non-empty
sets W,A ⊆ N, a binary relation ka ⊆ W ×W for each a ∈ A, a binary relation
sw ⊆ A×A for each w ∈W , and a maximal consistent set: δ(w, a) for each 〈w, a〉
(the node of N ).6

When we induced a model from a network for the basic modal language, we only
needed to define the valuation function V . However, we now have to consider g as
well.

Definition 3.4.3 From a network N = 〈W,A, k,s,δ〉, we define a model MN =
〈W,A, k, s, g, V 〉 by

Vp(w, a) iff p ∈ δ(w, a)

gw(n) =

{
the first element of A such that a ∈ δ(w, a) if n ∈ δ(w, b) for some b
an arbitrary element Otherwise

6Although W and A are both sets of numbers and so could overlap, this will have no significance
in the proof. They are just indices.
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The purpose of the second disjunct in the definition of gw is merely to ensure that n
is assigned some element of A in the case that it isn’t in any of the δ(w, b). The “first
element” refers to the first formula in our enumeration of formulas.

Coherence and saturation are structural properties of the network designed to ensure
coordination between the formulas in the sets δ(w, a) and those satisfied by the model
at (w, a).

Definition 3.4.4 A network N is coherent iff for every w, v ∈W,a, b ∈ A
(k) if ka(w, v) and Kϕ ∈ δ(w, a), then ϕ ∈ δ(v, a) for any ϕ
(n) δ(w, a) ∩ δ(w, b) ∩ Nom = ∅ if a 6= b
(s) if sw(a, b) and Sϕ ∈ δ(w, a), then ϕ ∈ δ(w, b) for any ϕ
(@) @δ(w, a) = @δ(w, b)

N is saturated iff

(S) if 〈S〉ϕ ∈ δ(w, a) then there is a b ∈ A such that sw(a, b) and ϕ ∈ δ(w, b)
(@n) if @nϕ ∈ δ(w, a) then there is a b ∈ A such that n, ϕ ∈ δ(w, b)
(K) if 〈K〉ϕ ∈ δ(w, a) then there is a v ∈W such that ka(w, v) and ϕ ∈ δ(v, a)
(N) if n 6∈ δ(w, a) then there is a b ∈ A such that n ∈ δ(w, b)

N is perfect iff it is both coherent and saturated.

Then we have the following lemma:

Lemma 3.4.4 (Hintikka) IfN is perfect thenMN satisfies the following conditions,
which mirror the semantics conditions for |=, for all formulas in L:

n ∈ δ(w, a) iff gw(n) = a

p ∈ δ(w, a) iff Vp(w, a)

¬ϕ ∈ δ(w, a) iff ϕ 6∈ δ(w, a)

(ϕ ∧ ψ) ∈ δ(w, a) iff ϕ ∈ δ(w, a) and ψ ∈ δ(w, a)

Sϕ ∈ δ(w, a) iff ϕ ∈ δ(w, b) for every b ∈ A such that sw(a, b)

Kϕ ∈ δ(w, a) iff ϕ ∈ δ(v, a) for every v ∈W such that ka(w, v)

@nϕ ∈ δ(w, a) iff ϕ ∈ δ(w, gw(n))

for any ϕ,ψ, p and n.

Proof: We perform induction on ϕ.

1. Case ϕ = n.
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(⇒) Suppose n ∈ δ(w, a). We prove that a is the only element such that
n ∈ δ(w, a). Then by Definition 3.4.3, gw(n) = a. For contradiction suppose
not. By the clause (n), there is b ∈ A such that b 6= a and n ∈ δ(w, b). Then
by N is coherent, n 6∈ δ(w, a). Contradiction.

(⇐) Suppose n 6∈ δ(w, a). To prove gw(n) 6= a, we need to show that the
second disjunct in Definition 3.4.3 cannot be satisfied. By n 6∈ δ(w, a), ¬n ∈
δ(w, a). By N is saturated and the clause (N), n ∈ δ(w, b). And this is the
negation of the second disjunct.

2. Case ϕ = p. By definition of MN .

3. Boolean cases. By properties of maximal consistent set.

4. Modal cases: S and K. The left to right direction is straightforward by N is
coherent. And the other direction is proved as N is saturated.

5. Case ϕ = @nψ

(⇒) Suppose @nψ ∈ δ(w, a). By the first induction, n ∈ δ(w, gw(n)). By N
is coherent, @nψ ∈ δ(w, gw(n)). Then by Intro, ψ ∈ δ(w, gw(n)).

(⇐) Similar.

♣

Lemma 3.4.5 (Extended Truth Lemma) Given any perfect networkN , for anyw ∈
W,a ∈ A and any formula ϕ,

MN , w, a |= ϕ iff ϕ ∈ δ(w, a)

Proof: Induction on ϕ. For the case that ϕ = p or ϕ = n, it is straightforwardly
proven by the definition of MN . For the other cases, it is then a simple inductive
consequence of Lemma 3.4.4.

♣

To gain a perfect network, we are now discussing the defects and repair method.
Similarly to the case of basic modal logic, defects correspond to the cases in which
the saturation fails.

Definition 3.4.5 Given N , the following are potential defects of N :
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[w, a, ϕ] is a K-defect iff N fails (K) clause of saturation for ϕ at w, a.

[w, a, ϕ] is an S-defect iff N fails (S) clause of saturation for ϕ at w, a.

[w, a, ϕ] is an @-defect iff N fails (@n) clause of saturation for ϕ at w, a.

[w, a, ϕ] is an n-defect iff N fails (N) clause of saturation for ϕ at w, a.

By this definition, [w, a, 〈S〉ϕ] will be an S-defect if 〈S〉ϕ ∈ δ(w, a) but no b ∈ A
such that sw(a, b) and ϕ ∈ δ(w, b). In fact, if a network satisfies Clause (@n), it will
satisfy Clause (N). Suppose n 6∈ δ(w, a), as the condition of (N). Then by ` @nn,
@nn ∈ δ(w, a). Then by (@n), there exists some b such that n ∈ δ(w, b).

So we only have three kinds of potential defects.

We are ready to define a repair. The repair is defined via the extension of the network
in the case of the basic modal logic. We use the same strategy here.

Definition 3.4.6 We say that N ′ = 〈W ′, A′, k′, s′, δ′〉 is an extension of network
N = 〈W,A, k,s,δ〉 and write N E N ′ if all the obvious inclusions hold: W ⊆ W ′,
A ⊆ A′, ka ⊆ k′a, sw ⊆ s′w, and δ(w, a) ⊆ δ′(w, a) for each w ∈W and a ∈ A.

Definition 3.4.7 If D is a defect of N then N ′ is a repair of D in N iff
(1) N ′ is a coherent extension of N
(2) D is not a defect of N ′
(3) N ′ is finite if N is.

The readers may notice that Definition 3.4.7 is the same as Definition 3.3.7 for the
basic modal logic. Now we are going to discuss how to repair the potential defects.

Lemma 3.4.6 Any S defect of a finite coherent network N has a repair.

Proof:

Suppose we have a defect [w, a, 〈S〉ϕ] of a finite coherent N . We discuss how to
repair it by cases.

Case One: 〈S〉(m ∧ ϕ) ∈ δ(w, a) and m ∈ δ(w, b) for some m ∈ Nom and b ∈ A.

As N is coherent, b is unique for m.

To repair it, we only need to add an s link from a to b at w to get an extension N ′ of
N . So sw(a, b).

Claim I: [w, a, 〈S〉ϕ] is no longer a defect in N ′.

Proof of Claim I:
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We have @mϕ ∈ δ(w, a) by ` 〈S〉(m∧ϕ)→ @mϕ from Theorem 3.4.2. So @mϕ ∈
δ(w, b) since N is coherent and sw(a, b). Then ϕ ∈ δ(w, b) since m ∈ δ(w, b) by
the Intro Axiom. So [w, a, 〈S〉ϕ] is not a defect of N ′.

Here is a formal definition of N ′ = 〈W,A, k,s′, δ〉:

s′v =

{
sv if v 6= w
sv ∪ {〈a, b〉} Otherwise

Claim II: N ′ is a coherent extension of N .

Proof of Claim II:

It is easy to see thatN ′ is an extension ofN . Notice thatN ′ is the same asN except
the addition of s′w(a, b) AsN is coherent, this also means that we only need to check
clause (s) of the coherent definition holds for s′w(a, b).

Suppose Sθ ∈ δ(w, a). We prove θ ∈ δ(w, b). As 〈S〉(m ∧ ϕ) ∈ δ(w, a) and
` 〈S〉(m ∧ ϕ) → 〈S〉m ∧ 〈S〉ϕ (from Theorem 3.4.2), we have 〈S〉m ∈ δ(w, a).
Again by ` Sθ → (〈S〉m → @mθ) from Theorem 3.4.2, @mθ ∈ δ(w, a). Then
@mθ ∈ δ(w, b) as the @ clause holds in coherent N . Since m ∈ δ(w, b) by Intro,
θ ∈ δ(w, b).

N ′ is also finite since N is finite.

Based on the above claims, N ′ is a repair of [w, a, 〈S〉ϕ] of a finite coherent N by
Definition 3.4.7.

Case Two: Otherwise.

This is equivalent to: for any m ∈ Nom, if 〈S〉(m∧ϕ) ∈ δ(w, a), then for all b ∈ A,
m 6∈ δ(w, b). Here is our repair method:

We denote by a† the least number not in A, which exists because A is finite. As
depicted by Figure 3.4, this will add nodes (v, a†) to N for all v ∈W , which makes
a new column. Then we assign [{ϕ}∪{ψ|Sψ ∈ δ(w, a)}]e to (w, a†) and [@δ(v, a)∪
¬Nom]e to (v, a†) for every v ∈W and v 6= w in the new column.

Both maximal consistent sets exist: By Lemma 3.3.1, {ϕ} ∪ {ψ|Sψ ∈ δ(w, a)} is
consistent. And by Lemma 3.4.2, @δ(v, a) ∪ ¬Nom is consistent.

And the new structure N ′ is an extension of N since we didn’t change anything in
the original. By ϕ ∈ δ(w, a†), [w, a, 〈S〉ϕ] is not a defect in the extension.

Claim I: [w, a, 〈S〉ϕ] is no longer a defect in N ′.

By construction, the node (w, a†) is in N ′ such that s′w(a, a†) and ϕ ∈ δ′(w, a†).

Claim II: N ′ is a coherent extension of N .

Proof of Claim II:
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Obviously, N ′ is an extension of N . To prove it is still coherent, we need to check
that the coherency still holds at the new nodes (all the nodes in the new a† column).

Case One: the new node is (v, a†) where v 6= w. Then it has no s relation with
any other nodes. So we only need to check the @ and n clauses. Since no name is
contained by δ(v, a†), n is does not need to be checked. To prove @ is kept, we show
@δ(v, b) = @δ(v, a†) for any b ∈ A. By N is coherent, @δ(v, b) = @δ(v, a). By
@δ(v, a) ⊆ δ(v, a†) and δ(v, a†) is maximal, @δ(v, a) = @δ(v, a†).

Case Two: the new node is (w, a†). Then (@) is kept by Lemma 3.4.3. And (s) is
satisfied by the definition of δ(w, a†). And (k) is no need to consider since k = k′.
To prove it does not break (n), suppose n ∈ δ(w, a†) ∩ δ(w, b) for any b ∈ A
for contradiction. Then n ∈ δ(w, b). But by the condition of Case Two, we have
〈S〉(n ∧ ϕ) 6∈ δ(w, a) . Then S¬(n ∧ ϕ) ∈ δ(w, a). So ¬(n ∧ ϕ) ∈ δ(w, a†) by our
construction. By ϕ ∈ δ(w, a†), we have ¬n ∈ δ(w, a†). So n 6∈ δ(w, a†) and then
n 6∈ δ(w, a†) ∩ δ(w, b). Contradiction.

We now give a formal definition of this extension: N ′ = 〈W,A′, k, s′, δ′〉

A′ = A ∪ {a†}

s′v =

{
sv if v 6= w
sv ∪ {〈a, a†〉} Otherwise

δ′(v, b) =


[{ϕ} ∪ {ψ|Sψ ∈ δ(w, a)}]e if v = w, b = a†

[@δ(v, a) ∪ ¬Nom]e if v 6= w, b = a†

δ(v, b) Otherwise

We give a brief explanation of δ′. The first case is to define the maximal consistent
set assigned to 〈w, a†〉. Since our logic is two dimensional, we also have to consider
which maximal consistent sets to assign to the other nodes of the new a† column.
This is why we have Case Two. Our method is using @δ(v, a) to copy all @ formulas
from agent a’s node of that row7, say v, then make it not contain any names to satisfy
(n). Then Clause Three is to keep the old maximal consistent sets unchanged during
the repair.

When we say no new defect arises for a repair, we mean there is no defect such
that it is not a defect before the repair, however, it is a defect after the repair, and
particularly, it occurs at the node that exists before the repair. To prove that no new
defect arises in this case, for contradiction, we suppose [v, b, ψ] is such a defect. It
could be one of the three kinds of defects. Suppose it is an S defect. Then ψ = 〈S〉θ
for some θ. So 〈S〉θ ∈ δ′(v, b) and 〈v, b〉 is a node of N . By δ(v, b) = δ′(v, b),
〈S〉θ ∈ δ(v, b). By [v, b, ψ] is not a defect of N , there is a c such that sw(b, c) and
θ ∈ δ(v, c). By sw ⊆ s′w and δ(v, c) ⊆ δ′(v, c), we have s′w(b, c) and θ ∈ δ′(v, c).

7It is not necessary to fix a here. In fact, any agent can be chosen since N satisfies the (@) clause
of the coherency definition.
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Figure 3.4: The addition of a†.

Then [v, b, ψ] is not a defect ofN ′. Contradiction. Then suppose it is aK defect. Let
ψ = Kθ now. So 〈K〉θ ∈ δ′(v, b) and 〈v, b〉 is a node of N . Again, 〈K〉θ ∈ δ(v, b)
and there is a node 〈u, b〉 of N such that kb(v, u) and θ ∈ δ(u, b). Then k′b(v, u) and
θ ∈ δ′(u, b). Contradiction. It is similar to prove the case that [v, b, ψ] is an @ defect.

♣

For any @ defect, a similar repair method can be adopted:

Lemma 3.4.7 For any finite coherent network N and w ∈ W , a ∈ A, [w, a,@nϕ]
has a repair.

Proof:

We just propose the structure: N ′ = 〈W,A′, k,s,δ′〉 as follows:

A′ = A ∪ {a†}

δ′(v, b) =


[{n} ∪@δ(w, a)]e if v = w, b = a†

[@δ(v, a) ∪ ¬Nom]e if v 6= w, b = a†

δ(v, b) Otherwise

The proof thatN ′ is the repair we need is very similar to what we have done for Case
Two in Lemma 3.4.6, so we will not repeat it here.

♣

For K defects, the repair method is just slightly different but the proof is still very
similar.

Lemma 3.4.8 For any coherent network N and w ∈ W , a ∈ A, [w, a, 〈K〉ϕ] has a
repair.
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Proof:

Define N ′ = 〈W ′, A, k′, s,δ′〉 as follows:

W ′ = W ∪ {w†}8

k′b =

{
kb if b 6= a
kb ∪ {〈w,w†〉} Otherwise

δ′(w†, a) = [{ϕ} ∪ {ψ|Kψ ∈ δ(w, a)}]e

For all b 6= a, δ′(v, b) =

{
[@δ′(w†, a) ∪ {¬n|n ∈ Nom}]e if v = w†

δ(v, b) Otherwise

Notice that we now add a row not a column. Moreover, we have to build δ′(w†, a) at
first, then copy over the @-formulas from that node, add the negations of all names
and extend it to the unique maximal consistent set. Finally we assign it to the rest
nodes of the w† row.

Similarly, we avoid presenting the proof that N ′ is a repair.

♣

Based on the lemmas of the three kinds of defects, we have Repair Lemma:

Lemma 3.4.9 (Repair Lemma) Any potential defect [w, a, ϕ] in a coherent network
N can be repaired by a finite network.

As we have discussed in the last section, the Repair Lemma is the line of demarcation
for the step-by-step method. All we have done so far can be seen as an adaption of
this method to the new settings brought by BSEL. The rest of the procedures of
the method, as we shown for the basic modal logic, could be taken somewhat more
generally.

Lemma 3.4.10 LetN ′ be an extension ofN . ThenN ′ does not introduce the defects
which have already been removed.

Proof:

The proof of S-defects and K-defects are very similar to that of basic modal logic.

For contraposition, suppose [w, a,@nϕ] is not an @-defect ofN . Then by Definition
3.4.5, we have: @nϕ ∈ δ(w, a) implies that there exists b ∈ A such that n, ϕ ∈

8w† = |W | where |W | is the successors of the largest number in W of N . And |W | exists since
W is finite.
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δ(w, b). Suppose @nϕ ∈ δ(w, a). By N ′ is an extension of N , b ∈ A′. Also
@nϕ ∈ δ′(w, a) and n, ϕ ∈ δ′(w, b). So [w, a,@nϕ] is not a defect of N ′.

♣

Lemma 3.4.11 (Limit Coherence) If N0 E N1 E . . . is a chain of coherent net-
works then the limit of the chain is also coherent.

Proof:

Define the limit network N by taking unions of all the components of the networks.
To show that N is coherent, we need to check each clause of coherency of the N
of BSEL. We just show the s clause as an example since the other clauses are very
similar to prove. To make the notations read easily here, letNi = {W i, Ai, ki, si, δi}
for each i ∈ N. Suppose sNw (a, b) and Sϕ ∈ δN (w, a) for some w ∈WN and a, b ∈
AN . Then there must be an i such that siw(a, b) and a j such that Sϕ ∈ δj(w, a). Let
k = max(i, j). Then w ∈ W k and a, b ∈ Ak. Also skw(a, b) and Sϕ ∈ δk(w, a). So
by the coherence of Nk, ϕ ∈ δk(w, b) and so ϕ ∈ δN (w, b).

♣

Lemma 3.4.12 (Perfect Extension) IfN is coherent then there is a perfectN ′ such
that N E N ′.

Proof:

The proof is similar to Lemma 3.3.6. We just adapt it to the two dimensional lan-
guage.

Enumerate the set L × N of potential defects, so every defect of every network is in
this set. Now let the chain of the networks N0 E N1 E . . . be defined by N0 =
N and Ni+1 is a repair of the first defect of Ni, i.e., the one that occurs first in
our enumeration of potential defects by Repair Lemma. If Ni has no defects, then
Ni+1 = Ni. Let N ′ be the limit of the chain of the networks. By Repair Lemma,
every network in the sequence is coherent. And soN ′ is coherent by Lemma 3.4.11.
Now suppose for contradiction thatN ′ is not perfect, and so it is not saturated. Then
it has a defect [w, a, ϕ]. Let D be the set of defects that occur before this one in the
enumeration of potential defects. Since [w, a, ϕ] is a defect ofN ′, by Lemma 3.4.10,
[w, a, ϕ] is also a defect of Ni for some i. For each j ∈ N, there is a defect of Ni+j
that is repaired inNi+j+1 (by definition, since none of these networks is perfect) and
so is not a defect of Ni+k for any k > j by Lemma 3.4.10. Since it is the first defect
ofNi+j in the enumeration of potential defects, it must occur before [w, a, ϕ] and so
is in the set D. Then there is an infinite sequence of distinct defects in D, but D is a
finite set. Contradiction.

♣
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Theorem 3.4.3 Any consistent set of BSEL is satisfiable.

Proof: Similar to Lemma 3.3.7. Instead, N0 is two dimensional in this case.

♣

Corollary 3.4.1 (Completeness) If ϕ is a semantic consequence of a set of formulas
Γ, then this can be proved in the axiomatic system BSEL, i.e., BSEL is strongly
complete.

3.5 Some Extensions of BSEL

We have proven that BSEL is sound and complete. However, BSEL is too weak
to be an epistemic logic tool on either the epistemic dimension or social dimension.
Neither K nor S can be specifically interpreted because of their semantic definition.
To apply it for modeling knowledge or belief, we have to do more. For example,
we’d like to interpret the operator K as “... know that”. So m ∧ Kp means that “I
am m and I know that p is true to me.” Recall that the formulas are agent-indexical,
which means that the objective of each atomic proposition is the current agent, say
“I”. We also want to read S as “I see that”. Then Sn can represent that “I can see
n.” and KSp says that “I know that p is true to all the agents I can see.” Moreover,
it is a bit weird that the name is non-rigid unless we are talking about descriptive
definitions or some very special cases. Common sense such as “I know who I am”
should be characterised in a social logic. That requires names to be rigid. In this
section, we are going to present several extensions to either the epistemic dimension
or social dimension. Then we discuss some interactions between them. Rigid names
will be discussed after those.

3.5.1 Extending the Epistemic Dimension

The axiomatisation of the extensions of BSEL are based on the axiomatisation of
BSEL with additional axioms. In particular, we will be interested in the following
axioms:

(D) Kp→ 〈K〉p
(T) p→ 〈K〉p
(4) 〈K〉〈K〉p→ 〈K〉p
(5) 〈K〉Kp→ Kp

If Γ is a set of such additional axioms, we write `Γ ϕ to mean that ϕ is provable from
the axioms and rules of BSEL together with additional axioms from Γ (notation:
BSEL + Γ). Then for any Σ ⊆ L we say that
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Σ is inconsistent in BSEL+Γ if there are formulas ϕ,ψ1, . . . , ψj from Σ such that
`Γ ψ1 ∧ . . . ∧ ψj → ¬ϕ. Otherwise, Σ is consistent in BSEL+Γ, abbreviated as
Γ-consistent.

We are interested in the following extensions:

S4 BSEL + {T, 4}
S5 BSEL + {T, 4, 5}
D BSEL + {D, 4, 5}

From the perspective of semantics, extensions correspond to more conditions on the
frame of models. To discuss this, let:

4 denote the class of models in which k is reflexive and transitive,

D denote the class of models in which k is serial transitive and Euclidean,

5 denote the class of models in which k is reflexive, symmetric and transitive.

Knowledge can be modeled with S5, in which k is the equivalence relation. Even
more controversially, belief is often modeled with D.

Theorem 3.5.1 (Soundness of extensions) We have:

`S4 ϕ implies |=4 ϕ

`D ϕ implies |=D ϕ

`S5 ϕ implies |=5 ϕ

Proof: By checking the axioms additional to BSEL in each case.

♣

With Theorem 3.5.1, it is easy to prove the following proposition:

Proposition 4 For any Σ ⊆ L,

Σ `S4 ϕ implies Σ |=4 ϕ

Σ `D ϕ implies Σ |=D ϕ

Σ `S5 ϕ implies Σ |=5 ϕ

Proof: Take the first clause as an example. Suppose Σ `S4 ϕ and M,w, a |= Σ
where M ∈ 4, we prove M,w, a |= ϕ. By Σ `S4 ϕ, there exists ϕ1 . . . ϕj ∈ Σ such
that `S4 ϕ1 ∧ . . . ∧ ϕj → ϕ. Then by the first clause of Theorem 3.5.1, we have
|=4 ϕ1∧ . . .∧ϕj → ϕ (∗). ByM,w, a |= Σ, we haveM,w, a |= ϕ1, M,w, a |= ϕ2,
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. . . and M,w, a |= ϕj . So M,w, a |= ϕ1 ∧ . . . ∧ ϕj . Then by M ∈ 4 and (∗),
M,w, a |= ϕ.

The other two clauses are similar to prove.

♣

Lemma 3.5.1 Let BSEL+Θ be any extension of BSEL, and Γ, ∆, Σ be any max-
imal Θ-consistent set. If K(Γ,∆) is defined as the relation between Γ and ∆ such
that Kϕ ∈ Γ implies ϕ ∈ ∆, then we have:

1. If T ∈ Θ then K(Γ,Γ).

2. If 4 ∈ Θ, then K(Γ,∆) and K(∆,Σ) imply K(Γ,Σ).

3. If 5 ∈ Θ, then K(Γ,∆) and K(Γ,Σ) imply K(∆,Σ).

Proof: Straightforward. ♣

Although we have proven that BSEL is complete, we have a more ambitious goal in
mind: the completeness of S4, D and S5:

Theorem 3.5.2 (Strong Completeness for extensions) For any Γ ⊆ L and ϕ ∈ L,

Γ |=4 ϕ implies Γ `S4 ϕ
Γ |=D ϕ implies Γ `D ϕ
Γ |=5 ϕ implies Γ `S5 ϕ

In fact, we only need to adapt our proof for BSEL a little here. To shorten the length
of this chapter, we just take S4 as an example.

Inspired by the proof of BSEL, we want to show that for each S4-consistent set Γ,
there is a network of Γ such that it is perfect and k is reflexive and transitive. Then
Γ will be satisfied by the model induced by this network by the Truth Lemma. k is
reflexive and transitive, so is k. Done. We need to find a proper way to construct a
perfect network such that an S4 model can be induced from that.

In the case of S4, an extra clause of a coherent network is required to define:

(S4) k is reflexive and transitive

One more clause needs to be satisfied: we have to make sure that the new network,
say N ′′, is still coherent. Then the question is: how should we construct N ′′?

Here is an answer. Given any coherent (satisfies the new definition) network N , let
N ′ be the repair built by the method for BSEL. Let N ′′ = N ′ but k′′ 6= k′.
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Repair method: let k′′ be the reflexive and transitive closure of k′ of N ′.

Now we check N ′′ is coherent. By the BSEL result, we do not need to check (n),
(s) or (@). And (S4) is automatically satisfied by the Limit Coherence Lemma.9 So
(k) is the only clause we need to check. We need to consider the following two cases:

Case One: (k) is destroyed when we repair an S-defect or @-defect.

For example, there exists ψ such that Kψ ∈ δ′′(w, a) but ψ 6∈ δ′′(v, a) for some
k′′a(w, v) whereN ′′ is a repair of a coherent (new definition) N for [v, b, ϕ]. But this
is impossible:

For any k′′a(w, v), ka(w, v). Also, we have δ′′(w, a) = δ(w, a) and δ′′(v, a) = δ(v, a)
by the repair methods of S-defect or @-defect.

Case Two: (k) is destroyed when we repair a K-defect, say [w, a, 〈K〉ϕ].

But it is impossible. We added k′a(w,w
†) since we adopt the repair method of

BSEL. So we have to check whether (k) is also preserved between (w†, a) and
(v, a) for any v ∈ W (old worlds) such that k′a(v, w) because of the reflexive and
transitive closure of k′. By Lemma 3.5.1.2, this holds. And the reflexivity of (k) for
“all” nodes in N ′′ is guaranteed by Lemma 3.5.1.1.

So N ′′ is coherent, and we have the repair lemma. It is not difficult to see that the
Limit Coherence Lemma still holds in S4 case. So the completeness can be proven
very similarly.

Also, we can prove the completeness of S5 and D. We just propose the extra clauses
for the coherency and the repair method for k′′:

(S5) k is reflexive, symmetric and transitive.

Repair method: let k′′ be the equivalence closure of k′ of N ′.

(D45) k is serial, transitive and Euclidean.

Repair method: k′′ is the transitive and Euclidean closure of k′ of N ′.

We need to say a little more about D. The “serial” property cannot be achieved by
producing a closure. What it requires is that all K-defects are repaired, but this is
obviously what we have already done.

The completeness of S5 is also discussed in [18] and [54], especially [54] also dis-
cusses T and S4.

All the extensions we discussed above are at the epistemic level: different properties
of k relation. But we have another operator S. One of the goals of this thesis is to

9Any node that destroys (S4) will be included by some coherent network in X . Then by directed-
ness, this network is not coherent.
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model agents’ vision so that we can discussion the interactions between epistemic
and vision. Before we introduce the related extensions, we discuss rigid names first.

3.5.2 When names are rigid

We have introduced the definition of rigid when we proposed the semantics of BSEL
in the previous chapter. Obviously, BSEL is non-rigid. Do we have any logic com-
plete with respect to the class of rigid models?

The answer is No. It is easy to check that {n, 〈K〉¬n} is S5-consistent. But any
model satisfying this set is not rigid.

The reason is that we need Rig axioms:

Rig n→ Kn

Rig¬ ¬n→ K¬n

Rig@ @nm→ K@nm

Rig¬@ ¬@nm→ K¬@nm

Given an extension of BSEL, the rigid extension (denotation: R) requires the above
four R axioms. For simplicity, if we prove the rigid BSELR is complete, we need (1)
more conditions for coherency and (2) to improve the current method for repairing
each defect to guarantee the new coherency can be kept.

The extra coherent conditions: For any n,m ∈ Nom, w, v ∈W and a, b ∈ A

(Rign) n ∈ δ(w, a) iff n ∈ δ(v, a)

(Rig@) @nm ∈ δ(w, a) iff @nm ∈ δ(v, b)

Then for any perfect networkN under this definition, MN is a rigid social epistemic
model.

For (2), we improve the repair method of BSEL only by changing the definition of
δ′. We discuss it by cases:

Case One: [w, a, 〈S〉ϕ] or [w, a,@nϕ]

At first we build δ′(w, a†) with the Repair Lemma of BSEL:

δ′(w, a†) = [{ϕ} ∪ {ψ|Sψ ∈ δ(w, a)}]e

.

Then for any other nodes of a† column, we define δ′(v, a†) based on δ(v, a†) of the
original network as follows:
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δ′(v, a†) = [@δ(v, a) ∪ Nom(δ′(w, a†))]e

Recall Nom(Σ) = {n|n ∈ Σ} ∪ {¬n|¬n ∈ Σ} which is defined by Definition 3.4.1.

What we are doing here is copying all names and their negations from δ′(w, a†). So
(Rign) holds at a† column. And all @mn and @m¬n are also copied at the same time
because of Intro. So (Rig@) holds at a† too. By N is coherent, the other columns
satisfy Rign and Rig@. All results for checking other clauses of coherency can be
borrowed from the Repair Lemma of BSEL. So N ′ is coherent.

Case Two: [w, a, 〈K〉ϕ]

First, we build δ′(w†, a) by the same repair method of BSEL. Then for the rest of
nodes of the w† row:

δ′(w†, b) = [@δ′(w†, a) ∪ Nom(δ(w, b))]e

Instead, we are now copying the name information from each corresponding node of
the w row. The proof to show N ′ coherent is very similar to the first case. So we
avoid repeating it.

3.5.3 Social dimension extensions and the interactions between the two
dimensions

The inspiration of introducing S is to model social relations and communities. When
S is a modal operator for “mutual friendship” of a community, the corresponding
relation s in the model could be assumed irreflexive and symmetric. Then S¬p says
that p is false to all of my friends. Symmetric is obvious for friendship, the irreflex-
ivity here means you can not be your own friend. The formula S¬p could also be
interpreted as “for all the people I can see, they are not p”. Then the symmetric
shouldn’t be a necessary condition of the corresponding relation s in the model. In
this thesis, we assume that s is only irreflexive.

When we consider the interaction between seeing and knowing, then we realise there
would be some interesting features. For any “visual” property ϕ, we have the follow-
ing pattern:

If you see ϕ, you know you see ϕ, and if you cannot see ϕ, then you know you cannot
see ϕ.

We assume that names have the visual property. And it seems only make sense when
the logic is rigid. Otherwise, you see the same agent with two different names, the
above pattern cannot hold. If we let names are the only thing that has visual property,
then the pattern could be expressed by the following SK axioms:
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(SKI) Sn→ KSn

(SKI′) 〈S〉n→ K〈S〉n
(SKII) ¬Sn→ K¬Sn

(SKII′) ¬〈S〉n→ K¬〈S〉n
(SKIII) S@nm→ KS@nm

(SKIII′) 〈S〉@nm→ K〈S〉@nm

(SKIV) ¬S@nm→ K¬S@nm

(SKIV′) ¬〈S〉@nm→ K¬〈S〉@nm

And Irreflexive expresses the irreflexivity:

(Irreflexive) n→ ¬〈S〉n

Then let BSELSK denotes {Irreflexive, SK}+ S5 + Rig. Formulas 〈S〉Kn ↔
K〈S〉n and 〈S〉K@nm↔ K〈S〉@nm are theorems of BSELSK.

To prove BSELSK is complete, the networks have to satisfy the extra coherent con-
ditions as follows:

(sk) If ka(w, v), then sw(a, b) iff sv(a, b) for any b ∈ A

(Irre) s is irreflexive

The repair methods are very similar to those of S5 + R. We just need to copy all
seeing information sw(a, b) ((w, a) is the node under repairing) to the rest of the
rows, or to the new world w† when a K-defect is being repaired, e.g.

[w, a, 〈S〉ϕ] s′v =

 sv ∪ {〈a, a†〉} if v = w or ka(w, v)

sv Otherwise

[w, a,@nϕ] s′v = sv

[w, a, 〈K〉ϕ] s′v =

 sv if v 6= w†

{〈a, b〉|sw(a, b)} Otherwise

3.6 A Comparison with Sano’s Work

At Section Two, we introduced Sano’s Hilbert system which has also rigid names.
We now give a brief comparison between his system and mine.

The following figure shows the difference.
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Sano’s BSELRig

DCom@K Rigid
Name Rule Rigid¬
L(BG) Rule @Name Rule

Actually, DCom@K Axiom and Kn Axiom are mutually replaceable.

Proposition 5 DCom@K can be derived from BSELRig.

Proof:

1. ` n→ (p↔ @np) (Intro)

2. ` Kn→ K(p↔ @np) (2, NecK)

3. ` n→ Kn (Rigid)

4. ` n→ K(p↔ @np) (2,3, MP)

5. ` @n(n→ K(p↔ @np)) (4, Nec@)

6. ` @nn→ @nK(p↔ @np) (5, K@, MP)

7. ` @nn (Ref@)

8. ` @nK(p↔ @np) (6,7 MP)

9. ` @nKp↔ @nK@np (8. Nec@, NecK, MP)

♣

Proposition 6 Rigid and Rigid¬ can be derived from Sano’s system.

Proof:

Rigid is derived as follows:

1. ` Kn→ (n→ Kn) (Taut)

2. ` @n(Kn→ (n→ Kn)) (2, Nec@)

3. ` @nKn→ @n(n→ Kn) (2, K@, MP)

4. ` @nK@nn→ @nKn (DCom@K)

5. ` @nK@nn→ @n(n→ Kn) (3,4, MP)

6. ` @nK@nn (Ref@, NecK, Nec@)

7. ` @nn→ @nKn (5,6, MP, K@)

8. ` @nKn (7, Ref@, MP)

9. ` n→ Kn (8, Intro, MP)
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And for Rigid¬:

1. ¬@nm→ K¬@nm (Rigid¬@)

2. @n¬m↔ ¬@nm (Selfdual@, Taut)

3. K@n¬m↔ K¬@nm (2, KK, MP)

4. @n¬m→ K@n¬m (1,2,3, Taut)

5. @n@n¬m→ @nK@n¬m (4, Nec@, K@, MP)

6. @n@n¬m→ @n¬m (Agree)

7. @nK@m¬m↔ @nK¬m (DCom@K)

8. @n¬m→ @nK¬m (5,6,7, Taut)

9. n→ (¬m↔ @n¬m) (Intro)

10. n→ (K¬m↔ @nK¬m) (Intro)

11. n→ (¬m↔ K¬m) (8,9,10, Taut)

12. ¬m↔ K¬m (11, Name)

♣

Either Sano’s system or ours is very similar to the hybrid logic Hilbert system. But
both systems have an extra rule than the hybrid logic. As to BSEL, it is the @Name
rule. As to Sano’s system, they are the Name rule and the L(BG) rule. The reason for
the @Name Rule has nothing to do with syntax. Since we only use the rule to prove
that any consistent set of formulas will still be consistent when a set of negation
names is added. So it is a methodology issue. It is an open question whether the
@Name rule is admissible or not.

It is no surprised that Sano has the Name rule since the pure extensions of hybrid
logic also need it so as to generate a named model, which is required for proving
completeness. But the L(BG) rule is different. The L(BG) rule is defined using
necessity forms (see Definition 3.2.1). Sano uses necessity forms to track the unique
path from a label of a tree sequent to the root label of the tree because BSEL doesn’t
refer names to the worlds, whereas the hybrid logic does. The names of BSEL refer
to agents. This requires us to use the methodology of adding witnesses, as is done
in predicate logic, and this cause huge problems, as we will see in the next chapter.
We cannot directly apply the canonical model, the standard methodology from modal
logic[11], either.

3.7 Why not Canonical Model?

I first tried to prove the completeness of BSEL via the canonical model method.
Recall the canonical model construction for basic modal logic. Worlds are taken
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to be maximal consistent sets of formulas. We can show that a world w satisfies
a formula ϕ if and only if ϕ is in w. Then the canonical model M is constructed
from all maximal consistent sets. We show that every consistent set Γ is satisfied at
some world of M . That is because any consistent set can be extended to a maximal
consistent set by the Lindenbaum lemma.

To adapt this to our logic, we need to construct not just a world but a world-agent
pair. Why? Because our models have two sets: agents and worlds and formulas are
evaluated at world-agent pairs.

A natural idea is to define two equivalence classes on the set of all maximal consistent
sets. Let ∼1 denote “the same” worlds and ∼2 denote “the same” agents. Then the
worlds and agents could be defined as the equivalence classes of ∼1 and ∼2. Now
what we need is for there to be exactly one maximal consistent set in w ∩ a and it is
the exactly the set that can be satisfied by M at w, a.

Although world-agent pairs with the same world need not satisfy all the same formu-
las, for example w, a |= p but w, b 6|= p, @ formulas (formulas beginning with the @
operator) have the property:

w, a |= @nϕ iff w, b |= @nϕ

This suggests defining w ∼1 v by:

@nϕ ∈ w iff @nϕ ∈ v

Defining ∼2 is harder. The sameness of agents doesn’t mean the sameness of names.
In the case that some agent doesn’t have a name, ∼2 cannot be defined even if the
names are restricted to be rigid.

The only possible solution is to add new “witnesses” to the language to keep track
of the sameness of agents. This idea is from predicate logic and also used by hybrid
logic. These witnesses should be rigid. Then the maximal consistent sets we work
with should be “named”, i.e each maximal consistent set contains at least one new
witness. Then we define w ∼2 v if and only if

n ∈ w iff n ∈ v

for every witness name n. Now we can define W and A of the proposed canonical
model. Given a named maximal consistent set u, let [u]1 and [u]2 be the equivalence
classes of u with respect to ∼1 and ∼2.

W = {[u]1|u is a named maximal consistent set }

A = {[u]2|u is a named maximal consistent set }

This guarantees thatw∩a is a singleton. Letw ·a denote the unique element inw∩a.
Then the canonical relations k and s can be defined as usual: for every formula ϕ,
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ka(w, v) iff Kϕ ∈ w · a implies ϕ ∈ v · a

sw(a, b) iff Sϕ ∈ w · a implies ϕ ∈ w · b

Then g and V are defined as:

gw(n) = {ϕ|@nϕ ∈ u for every u ∈ w}

V (p) = {〈w, a〉|p ∈ w · a}

What remains is to show the Truth Lemma holds in the canonical model M , i.e.,

M,w, a |= ϕ iff ϕ ∈ w · a

In the inductive proof of this lemma, the clauses for K and S deserve a discussion.

The clause for K still follows a familiar pattern from modal logic. We show the
directions that if M,w, a |= Kϕ then Kϕ ∈ w · a. Suppose Kϕ 6∈ w · a. Then
¬Kϕ ∈ w · a by w · a is maximal. Let Γ be the set containing ¬ϕ and all ψ that
Kψ ∈ w·a. By standard modal logic reasoning, Γ is consistent. So it can be extended
to a maximal consistent set u. Moreover, u is named because w ·a is named by some
witness n. Then by Axiom Rign, n→ Kn, Kn ∈ w · a. So n ∈ v. Let v = [u]1. We
have ka(w, v) and ¬ϕ ∈ v · a. By induction, M,v, a 6|= ϕ. Contradiction.

We prove the S clause similarly. Suppose M,w, a |= Sϕ. By the standard argument,
we define a set Γ containing ¬ϕ and every formula ψ such that Sψ ∈ w · a. It is
consistent and can be extended to a maximal consistent set u. By the axiom @nϕ→
S@nϕ, u contains the same @-formulas. So [u]1 = w. But a problem arises when we
consider [u]2. There is no guarantee that u contains a name. We ensure to construct
a maximal consistent set but not a named maximal consistent set. Moreover, there is
also no guarantee that we can add one because Γ may already contains the negations
of all names.

Again, we look for a solution from predicate logic. If ϕ can be seen, then there must
be some witness with property ϕ. Any witnessing condition should ensure that for
every formula ϕ, the set contains the formula

〈S〉ϕ→ (〈S〉n ∧@nϕ)

for some witness name n.

By adding the following rule, we can consistently add witnessing formulas. And this
is enough to ensure that [u]2 is named.

If ` (〈S〉ϕ→ (〈S〉n ∧@nϕ))→ ψ and n does not occur in ϕ or ψ, then ` ψ.

However, there is a further problem. The requirement that we use witnessed maximal
consistent sets is too demanding for the K-clause of the definition. Recall that we
were able to use the rigidity of witness names to ensure that the generated maximal
consistent set was named. But there is no way of ensuring it is witnessed, which is a
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stronger condition.

How about strengthening the witnessing condition for this difficulty? To ensure that
the generated consistent set is witnessed, we need to ensure that the original set
contains all formulas of the form

K(〈S〉ϕ→ (〈S〉n ∧@nϕ))

i.e., witnessing formulas with K prefixes. Of course, this has to be a recursive con-
dition, so we need arbitrary prefixes of Ks and @s, i.e.,

K∗(〈S〉ϕ→ (〈S〉n ∧@nϕ))

where K∗ refers any length of @ and K operators as follows: @n1K@n2K . . .

Then the corresponding rule to add should be:

(Wit) If ` K∗(〈S〉ϕ → (〈S〉n ∧ @nϕ)) → ψ and n does not occur in K∗ϕ or ψ,
then ` ψ.

This should be enough to get the Truth Lemma. Unfortunately, Wit is not sound.
Figure 3.5 shows a counter example.

w

v
j

a
j

n

b
n

t

c
t

Figure 3.5: A counter example of the soundness of Wit

In this example, ka(w, v), ka(w,w), sw(a, b) and sv(a, c). So we have (K〈S〉> ∧
〈K〉Sn ∧ 〈K〉S¬n) is satisfied at 〈w, a〉, but we claim that K(〈S〉> → (〈S〉m ∧
@m>))→ ψ is provable in BSELRig, where ψ is the formula ¬(K〈S〉> ∧ 〈K〉Sn ∧
〈K〉S¬n). So ψ is not valid. Then Wit is not sound.

Proof: Note that the following are theorems of BSELRig:

(1) K〈S〉m→ (〈K〉Sn→ 〈K〉@nm)
(2) K〈S〉m→ (〈K〉S¬n→ ¬K@nm)

But with the addition of rigid axioms, we can also prove

(3) 〈K〉@nm→ @nm
(4) ¬K@nm→ ¬@nm

So, combining (1) to (4), we get
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K〈S〉m→ ¬(〈K〉Sn ∧ 〈K〉S¬n)

and hence

(K〈S〉> → K〈S〉m)→ ¬(K〈S〉> ∧ 〈K〉Sn ∧ 〈K〉S¬n)

Now we can also easily prove

K(〈S〉> → (〈S〉m ∧@m>))→ (K〈S〉> → K〈S〉m)

Then our claim has been proven.

3.8 Future Directions

The @Name rule deserves further discussion. Without this rule, the axiomatisation
of BSEL is the same as basic hybrid logic [10]. The completeness of basic hybrid
logic can be proven by building a canonical model. Nevertheless, in order to get a
more powerful result, two admissible rules are introduced. The Name rule10 and the
Paste rule11 work together to guarantee that the canonical model is a “named” model,
in which every point has a name, and there are enough named maximal consistent
sets to support the existence lemma. By ensuring that the model is “named”, the
construction enables a more powerful completeness theorem for any extension of the
basic logic with axioms containing only nominals, i.e., no propositional variables. In
Chapter 4, the Name rule is included in SEL and the Paste rule is just a special case
of the 〈K〉Paste rule of SEL. However, the @Name rule in our thesis has nothing to
do with pure formula extensions. It results from the need to show the consistency of
sets of formulas involved in the repair, and so it is a special requirement of our use
of the step-by-step method. Therefore, an important question is whether it is really
needed for completeness. So far, I am not aware of any theorem that uses it in a non-
trivial way. In the next chapter, the axiomatisation of SEL doesn’t have the @Name
rule. I suspect it is because we use named model instead.

The last section discussed my failed attempt to adapt the canonical model method
to prove completeness. But I have not shown it impossible. This deserves to be
investigated more.

Common knowledge, distributed knowledge and group knowledge are introduced
in Chapter 2. So far, they haven’t been considered as additions to BSEL. The
semantics of these operators in standard epistemic logic can be modified for social
epistemic models as follows:

Let M = 〈W,A, k, s, g, V 〉 and B ⊆ A. Define:

10From ` n→ ϕ, infer ϕ where n doesn’t occur in ϕ.
11From ` @n �m ∧@mϕ→ ψ, infer ` @n � ϕ→ ψ where m 6= n and m doesn’t occur in ϕ or

ψ.
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KEB =
⋃
a∈B ka The group knowledge relation is the union of the k relations

of each member of the group.
KDB =

⋂
a∈B ka The group distributive knowledge relation is the intersection

of the k relations of each member of the group.
KCB = K∗EB The common knowledge relation of group B is the reflexive

transitive closure of KEB

Then given a finite set X of agent names we can define general knowledge (EX ),
distributed knowledge (DX ) and common knowledge (CX ) of the group named by
X as follows:

M,w, a |= EXϕ iff M,v, b |= ϕ for every v ∈W s.t KEgw(X)(w, v)

M,w, a |= DXϕ iff M,v, b |= ϕ for every v ∈W s.t KDgw(X)(w, v)

M,w, a |= CXϕ iff M,v, b |= ϕ for every v ∈W s.t K∗Egw(X)(w, v)

where gw(X) = {gw(n)|n ∈ X}.

Note that non-rigid and/or rigid names in X can be used to define a range of seman-
tically distinct operators that are not in epistemic logic.

We predict that an axiomatisation based on 5 would consists of 5 and the axioms and
rules listed in Figure 2.5 adapted to BSEL as depicted in Figure 3.6. We conjecture
that this is a sound and complete axiomatisation.

` CX(ϕ→ ψ)→ (CXϕ→ CXψ) KC

` DX(ϕ→ ψ)→ (DXϕ→ DXψ) KD

` EX(ϕ→ ψ)→ (EXϕ→ EXψ) KE

` CXϕ→ ϕ TC

` DXϕ→ ϕ TD

` DXϕ→ DXDXϕ 4D

` ¬DXϕ→ DX¬DXϕ 5D

` EXϕ↔
∧
n∈X

@nKϕ KE

` CXϕ→ EXCXϕ EC

` CX(ϕ→ EBϕ)→ (ϕ→ CXϕ) Cind

from ϕ infer DXϕ NecD

from ϕ infer CXϕ NecC

Figure 3.6:



70 CHAPTER 3. AXIOMATISATION OF BASIC SOCIAL EPISTEMIC LOGIC

Another interesting direction is to look for further axioms about the interaction of
seeing and knowing. For example,

1. For any two agents you can see, you must know who can see whom:

(〈S〉n ∧ 〈S〉m) ∧@n〈S〉m)→ K@n〈S〉m

(〈S〉n ∧ 〈S〉m) ∧ ¬@n〈S〉m)→ K¬@n〈S〉m

2. Any two agents who can see each other commonly know that they can see each
other.

(@n〈S〉m ∧@m〈S〉n)→ C{n,m}(@n〈S〉m ∧@m〈S〉n)



Chapter 4

Axiomatisation of Social Epistemic
Logic

In this chapter, we introduce SEL, an extension of BSEL, with one more operator:
↓. The operator ↓ works as a variable binder so that in ↓x ϕ, occurrences of x are
bound in ϕ. For example, ↓x@n¬〈S〉x says that n cannot see me. Here “x” is a new
kind of variable that we use for agents. It is assumed to be rigid. So “↓n ϕ” would
be ill-formed in general; n may be a non-rigid name. The addition of the downarrow
operator ↓, however, brings huge complexity for completeness. When we prove it
with step-by-step method, we add a new node to the original network to repair S or
@ defects. Now the downarrow operator requests adding a fresh rigid name (as a
witness) to the new node. However, we may use up all fresh rigid names in a repair.
Our solution is to rename all bounded names in ϕ. We also need a variant of maximal
consistency that is sensitive to the distinction between free and bound names.

Here is the outline of the completeness proof. We will first introduce the full defi-
nition of the new language and its semantics. The substitution requires us to prove
a number of results (Lemma 4.1.1, 4.1.2, etc) showing the relationship between its
syntactic form and semantic form. The axiomatisation will be an extension of the
previous axiomatisation but with a complicated new rule called 〈K〉Paste. Stating
the axioms will require some preparatory definitions and results. These are given in
Section 4.2. Then we propose a network for SEL and prove Extended Truth Lemma.
Similar we have to discuss how to repair each potential defect. After that, we finally
have the completeness result.

4.1 Language and Semantics

Definition 4.1.1 The social epistemic logic language L↓ is defined using a countably
infinite set Prop of propositional variables whose elements are usually denoted p,
q, r, and so on, a countably infinite set Nom of agent names whose elements are
denoted n, m, and so on, a countably infinite set of rigid agent names RNom ⊆ Nom

71



72 CHAPTER 4. AXIOMATISATION OF SOCIAL EPISTEMIC LOGIC

whose elements are denoted x, y and so on, and two unary modal operators: K and
S. The well-formed formulas ϕ of this language are given by the rule

ϕ ::= p | n | ¬ϕ | (ϕ ∧ ϕ) | Kϕ | Sϕ | @nϕ |↓xϕ

The formulas of L↓ are also agent-indexical: Formulas must be evaluated at a world-
agent pair, which means they are also evaluated from the perspective of an agent.
Since we have explained formulas in BSEL in Chapter Two, we only discuss the
meaning of downarrow formulas. The downarrow operator ↓xbinds x to the current
agent. So the formula “↓x ¬〈S〉x” says that I don’t see myself, and “↓x@n〈S〉x” says
that n sees me.

The semantics of SEL is based on BSEL with the additional semantic definition for
downarrow.

A model M = 〈W,A, k, s, g, V 〉 where gw is a function for each world w assigning
an agent gw(n) to each agent name n and gu(x) = gv(x) for all worlds u, v and each
rigid agent name x. Defining |= for the downarrow operator, we have:

M,w, a |=↓xϕ iff [x/a]M,w, a |= ϕ

where [x/a]M = 〈W,A, k, s, [x/a]g, V 〉 is the result of changing the model M by
reassigning a as the denotation of x in every world w, i.e.,

[x/a]gv(m) =

{
a if m = x
gv(m) Otherwise

This model change requires syntactical correspondences, which are defined as fol-
lows:

Definition 4.1.2 The substitution of y for x in formula ϕ is written ϕ[x/y]. This is
defined inductively as follows:

n[x/y] =

{
y if n = x
n Otherwise

p[x/y] = p

(¬ϕ)[x/y] = ¬ϕ[x/y]

(ϕ ∧ ψ)[x/y] = (ϕ[x/y] ∧ ψ[x/y])

(@nϕ)[x/y] = @n[x/y]ϕ[x/y]



4.1. LANGUAGE AND SEMANTICS 73

(Sϕ)[x/y] = Sϕ[x/y]

(Kϕ)[x/y] = Kϕ[x/y]

↓zϕ[x/y] =

{
↓xϕ if z = x
↓zϕ[x/y] Otherwise

Similar to the first-order logic, there are cases in which there is an occurrence of x
inside the scope of ↓y, and y will get captured when it is substituted for x. We will
say x is free for y in ϕ if y avoids being captured.

Then we can prove an Agreement lemma.

Lemma 4.1.1 (Agreement) If either x is not free in ϕ or x is not in ϕ, then

[x/b]M,w, a |= ϕ iff M,w, a |= ϕ

Proof: By induction on ϕ.

♣

With the help of the Agreement Lemma, the following lemma can be proven so that
the substitution has a nice semantic correspondence:

Lemma 4.1.2 (Semantic Substitution) If x is free for y in ϕ, then

M,w, a |= ϕ[x/y] iff [x/gw(y)]M,w, a |= ϕ

Proof: By induction on ϕ. We only require investigating the base case for x and the
inductive case for downarrow:

1. Case ϕ = x. By x[x/y] = y, we have

M,w, a |= x iff gw(y) = a

And we also have

[x/gw(y)]M,w, a |= x iff gw(y) = a

2. Case ϕ =↓zψ. Then ϕ[x/y] = (↓zψ)[x/y].

(a) Subcase z = x. Then x is not free in ϕ. By Agreement Lemma, we have

[x/gw(y)]M,w, a |= ϕ iff M,w, a |= ϕ

Also we have ϕ[x/y] = (↓xψ)[x/y] =↓xψ = ϕ and so we are done.
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(b) Subcase z 6= x. By the semantic definition for downarrow,

[x/gw(y)]M,w, a |=↓zψ iff [z/a][x/gw(y)]M,w, a |= ψ

But we have [z/a][x/gw(y)]M = [x/gw(y)][z/a]M since z 6= x, so

[z/a][x/gw(y)]M,w, a |= ψ iff [x/gw(y)][z/a]M,w, a |= ψ

By inductive hypothesis,

[x/gw(y)][z/a]M,w, a |= ψ iff [z/a]M,w, a |= ψ[x/y]

And again by the semantic definition for downarrow,

[z/a]M,w, a |= ψ[x/y] iff M,w, a |=↓zψ[x/y]

Then by z 6= x, we have (↓zψ)[x/y] =↓zψ[x/y], so we are done.

♣

Let X be a set of rigid names. Given ϕ, how can we guarantee that each bounded
name occurring in ϕ is free for x? The method we adopt is to rename all bounded
names in ϕ with the names not in X . Specially, define ϕX inductively, for example,
nX = n and (¬ϕ)X = ¬ϕX , with the clause for downarrow:

(↓xϕ)X =↓yϕX [x/y]

where y is the first rigid name neither inX nor in ϕX . Here “first” refers to a standard
enumeration of formulas.

In order to make this definition work, X cannot be RNom, the set of all rigid names.
There must be at least as many rigid names not in X as how many downarrows are
in ϕ. And this motivates us to define the modest set as follows:

Definition 4.1.3 A set of formulas is modest if there is an infinite number of rigid
names that do not occur in any formula in the set.

Since ϕX is obtained by renaming all bound names of ϕ, the following lemma
shouldn’t be surprisingly.

Lemma 4.1.3 1. ϕX is the same length as ϕ

2. ϕX and ϕ have the same free names

3. ϕX is logically equivalent to ϕ

4. Any bound name in ϕX not in X .
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Proof:

The clause 1,2 and 4 are obvious by the definition of ϕX . So we only prove (3)
by induction on ϕ and only discuss the case ϕ =↓x ψ. By semantic definition for
downarrow, we have

M,w, a |= ϕ iff [x/a]M,w, a |= ψ

Obviously, ϕX =↓y ψX where y is in neither X nor ψX . By the semantics for
downarrow again,

M,w, a |= ϕX iff [y/a]M,w, a |= ψX [x/y]

By the fact that the assignment function in [y/a]M is [y/a]g and the Semantic Sub-
stitution Lemma, we have

[y/a]M,w, a |= ψX [x/y] iff [x/[y/a]gw(y)][y/a]M,w, a |= ψX

It is easy to see that x is free for y in ψX because y is not in ψX . Now we have
[y/a]gw(y) = a and so

[x/[y/a]gw(y)][y/a]M = [x/a][y/a]M = [y/a][x/a]M

By the fact that y is not free in ψX and Agreement Lemma 4.1.1, we have

[y/a][x/a]M,w, a |= ψX iff [x/a]M,w, a |= ψX

By the induction hypothesis,

[x/a]M,w, a |= ψX iff [x/a]M,w, a |= ψ

By the above chain of equivalence, we are done.

♣

4.2 Axiomatisation

The axiomatisation has a rule called 〈K〉Paste, which is complicated to state. In order
to present it more simply and warm-up to prove it is sound, we propose the following
definitions and lemmas before we provide the axiomatisation.

Definition 4.2.1 Letϕ,ψ ∈ L↓, x, z ∈ RNom and n ∈ Nom. We define a 〈K〉-formula,
the paste of this 〈K〉-formula, an 〈@〉-formula and the paste of this 〈@〉-formula by
induction as follows:

Base Case:
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〈K〉-formula: @x(〈S〉y ∧ @yϕ) is a 〈K〉-formula where y ∈ RNom is the
witness of it such that y 6= x and y doesn’t occur in ϕ.

And @x〈S〉ϕ is the paste of this 〈K〉-formula.

〈@〉-formula: (@xy∧@yϕ) is an 〈@〉-formula where y ∈ RNom is the witness
of it such that y 6= x and y doesn’t occur in ϕ.

And @xϕ is the paste of this 〈@〉-formula.

Inductive Case:

If θ is a 〈K〉-formula (or an 〈@〉-formula) with ρ as its paste, then

@z〈K〉(@nψ ∧ θ) is a 〈K〉-formula (or an 〈@〉-formula) if the witness of θ is
not n or z and doesn’t occur in ψ.

And @z〈K〉(@nψ ∧ ρ) is the paste of this 〈K〉-formula (or 〈@〉-formula).

Now we can state the 〈K〉Paste rule. Given a 〈K〉-formula or an 〈@〉 formula ϕ, for
any ψ where the witness of ϕ doesn’t occur, from ` ϕ→ ψ, we can infer ` ϕ′ → ψ,
where ϕ′ is the paste of ϕ. For example, @z〈K〉(@nθ ∧@x(〈S〉y ∧@yϕ)) is a 〈K〉-
formula. The witness is y and the paste is @z〈K〉(@nθ ∧@x〈S〉ϕ). Then suppose

` @z〈K〉(@nθ ∧@x(〈S〉y ∧@yϕ))→ ψ

for some ψ such that y doesn’t occur in ψ. By 〈K〉Paste Rule, we have:

` @z〈K〉(@nθ ∧@x〈S〉ϕ)→ ψ

Definition 4.2.2 A formula is a witnessed formula if it is of the form @nϕ∧ψ where
ϕ ∈ L↓, n ∈ Nom and ψ is a 〈K〉-formula or an 〈@〉-formula.

The logic SEL consists of all the axioms and rules of BSEL and some additional
axioms and rules. See Figure 4.1.

The first four additional axioms are exactly the axioms for rigid basic social epistemic
logic. Down captures the meaning of ↓ as a variable binder. The Leftname Rule is to
prove consistency when a fresh name is added.

Recall the necessity form of [54] introduced in Chapter 3. In fact, we can rewrite
〈K〉Paste Rule with necessity form.

Definition 4.2.3 Let # be a symbol not occurring in the language. We define necessity
forms as follows:

1. # is a necessity form;
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` ϕ if ϕ is a tautology Taut

` S(p→ q)→ (Sp→ Sq) KS

` K(p→ q)→ (Kp→ Kq) KK

` @n(p→ q)→ (@np→ @nq) K@

` @np↔ ¬@n¬p Selfdual@

` @nn Ref@

` @n@mp↔ @mp Agree

` n→ (p↔ @np) Intro

` @np→ S@np Back

from ` ϕ infer ` ϕ[p/ψ] or ` ϕ[n/m] Sub

from ` ϕ and ` ϕ→ ψ, infer ` ψ MP

from ` ϕ infer ` Sϕ NecS

from ` ϕ infer ` @nϕ Nec@

from ` ϕ infer ` Kϕ NecK

` x→ Kx Rigid

` ¬x→ K¬x Rigid¬

` @xy → K@xy Rigid@

` ¬@xy → K¬@xy Rigid¬@

` y → (↓xϕ↔ ϕ[x/y]) where x is free for y in ϕ Down

from ` n→ ϕ, infer ` ϕ where n is free in ϕ LeftName

from ` ϕ→ ψ, infer ` ϕ′ → ψ,

where ϕ is a 〈K〉-formula or an 〈@〉-formula

such that the witness doesn’t occur

in ψ, and ϕ′ is the paste of ϕ 〈K〉Paste

Figure 4.1: An Axiomatisation of SEL.
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2. if L is a necessity form n is a name, then @nϕ ∧ L is also a necessity form;

3. if L is a necessity form and n is a name, then @n〈K〉L is also a necessity form;
and

4. nothing else is a necessity form.

The 〈K〉Paste Rule can be rewritten as follows:

from ` L(@x(〈S〉y ∧@yϕ))→ ψ, infer ` L(@x〈S〉ϕ)→ ψ,
where y 6= x and doesn’t occur in ϕ or ψ
from ` L(@xy ∧@yϕ))→ ψ, infer ` L(@xy)→ ψ,
where y 6= x and doesn’t occur in ϕ or ψ

There is a similarity between the 〈K〉Paste rule and the L(BG) rule. Both rules allow
us to track the new information. However, the L(BG) rule aims to construct a tree-
shaped model, but the step-by-step method guarantees a tree-shaped model by the
tree like network that we will discuss later in this chapter.

In hybrid logic, it is well-known that we can turn the BG rule into an axiom. However,
we don’t know if it can be done for SEL.

Lemma 4.2.1 If Γ is consistent and n is not free in Γ, then Γ ∪ {n} is consistent.

Proof: Suppose Γ is consistent and n is not free in Γ. For contradiction, suppose
Γ∪{n} is inconsistent. There is a conjunctionϕ of formulas in Γ such that ` ¬(ϕ∧n).
So ` n → ¬ϕ. And by LeftName, we have ` ¬ϕ, which contradicts the consistency
of Γ. So Γ ∪ {n} is consistent.

♣

Recall that we have @Name Rule in the axiomatisation of BSEL. Its only purpose
is to show that any consistent set is still consistent when it unions a set of negative
(negation) names. When we repair a defect by adding a new node to the original
network, we actually add a row (or a column) of nodes instead. It may be the simplest
way to construct maximal consistent sets for the rest of nodes in the row (or column)
that we use this kind of union. However, the rule is redundant in the axiomatisation
of SEL. The reason is simple: we need a named model where each world has a rigid
name. The readers will see that Lemma 4.2.1 takes place of Lemma 3.4.2.

The 〈K〉Paste rule is to prove an addition of a witness without destroying the consis-
tency.

Lemma 4.2.2 Let ϕ be a 〈K〉-formula where y is the witness and ϕ′ be the paste of
it. Then we have:
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M,w, a |= ϕ′ implies [y/b]M,w, a |= ϕ for some b ∈ A.

Proof: We prove it by induction on ϕ.

Base Case: ϕ = @x(〈S〉y ∧@yψ)

Then the paste ϕ′ = @x〈S〉ψ. Suppose M,w, a |= @x〈S〉ψ.

By semantic definition for @, M,w, gw(x) |= 〈S〉ψ. So there exists b ∈ A
such that sw(gw(x), b) and M,w, b |= ψ.

By y is the witness of ϕ, y is not in ψ.

So by Agreement Lemma, [y/b]M,w, b |= ψ (1)

Also, [y/b]M,w, b |= y. By s′w(gw(x), b), [y/b]M,w, gw(x) |= 〈S〉y.

Then by [y/b]gw(y) = b and (1), [y/b]M,w, gw(x) |= @yψ.

So [y/b]M,w, gw(x) |= 〈S〉y ∧@yψ.

And then, [y/b]M,w, a |= @x(〈S〉y ∧@yψ)

Inductive Case: ϕ = @x〈K〉(@nψ ∧ θ).

Then the paste ϕ′ is @x〈K〉(@nψ ∧ θ′). Suppose M,w, a |= ϕ′. Then
M,w, gw(x) |= 〈K〉(@nψ∧ θ′). So there exists v ∈W such that kgw(x)(w, v)
and M, v, gw(x) |= @nψ ∧ θ′. Then we have

M, v, gw(x) |= @nψ(1)

and
M, v, gw(x) |= θ′(2)

By inductive hypothesis and (2), [y/b]M, v, gw(x) |= θ for some b ∈ A.

By the definition of 〈K〉-formula, the witness of θ, y, doesn’t occur in @nψ.
Then by Agreement Lemma and (1), [y/b]M, v, gw(x) |= @nψ.

So [y/b]M,v, gw(x) |= @nψ ∧ θ.

By kgw(x)(w, v), [y/b]M,w, gw(x) |= 〈K〉(@nψ ∧ θ).

By y 6= x, gw(x) = [y/b]gw(x). So [y/b]M,w, [y/b]gw(x) |= 〈K〉(@nψ ∧ θ).

Then [y/b]M,w, a |= @x〈K〉(@nψ ∧ θ).

♣

Lemma 4.2.3 Let ϕ be an 〈@〉-formula where y is the witness and ϕ′ be the paste of
it. Then we have:

M,w, a |= ϕ′ implies [y/b]M,w, a |= ϕ for some b ∈ A.
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Proof: Similar to the proof of Lemma 4.2.2. ♣

Lemma 4.2.4 〈K〉Paste is sound.

Proof:

For contradiction, suppose it is not sound. Then there exists M , w ∈ W and a ∈ A
such that

M,w, a 6|= ϕ′ → ψ

where M,w, a |= ϕ′. but M,w, a 6|= ψ (1).

Ifϕ is a 〈K〉-formula whose witness is y, then by Lemma 4.2.2, we have [y/b]M,w, a |=
ϕ for some b ∈ A. Then [y/b]M,w, a |= ψ since we suppose |= ϕ → ψ. Since y is
not in ψ, by Agreement Lemma, we have

[y/b]M,w, a |= ψ iff M,w, a |= ψ.

So M,w, a |= ψ, which contradicts to (1).

If ϕ is an 〈@〉-formula, then by Lemma 4.2.3 with the same argument, we are done.

♣

Theorem 4.2.1 (Soundness) If ` ϕ then ϕ is valid.

Proof: This is routine. As in the first order logic, Lemma 4.1.1 and 4.1.2 are required
by Down and LeftName, and Lemma 4.2.4 is for 〈K〉Paste.

♣

SEL needs a variant of maximal consistency that is sensitive to the distinction be-
tween free and bound names.

Definition 4.2.4 We say that a consistent set Γ is locally maximal consistent if and
only if it has no strictly larger superset with the same free names.

Every maximal consistent set is locally maximal consistent, but not every locally
maximal consistent is maximal consistent. For example, if n does not occur free in
Γ, then Γ is not maximal consistent since we can add either it or its negation.

Here are the properties that any locally maximal consistent set has.

Lemma 4.2.5 If Γ is locally maximal consistent, then
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1. If ` ϕ and every free name of ϕ is free in Γ, then ϕ ∈ Γ.

2a. If ¬ϕ ∈ Γ, then ϕ /∈ Γ.

2b. If ϕ /∈ Γ and every free name of ϕ is free in Γ, then ¬ϕ ∈ Γ.

2. (ϕ ∧ ψ) ∈ Γ iff ϕ ∈ Γ and ψ ∈ Γ.

3. If ` ϕ→ ψ and ϕ ∈ Γ and every free name of ψ is free in Γ, then ψ ∈ Γ.

To adapt to the setting of local maximal consistency, we need a slightly different
Lindenbaum construction.

We now define a function l from any consistent set Γ to a locally maximal consistent
extension of Γ. We use the Lindenbaum method to construct l(Γ). For the standard
enumeration of all formulas, pick up ϕ0, ϕ1, . . . from the enumeration such that their
free names are all free in some formula of Γ and ϕ0, ϕ1, . . . are in the order they
appear in the standard enumeration, i.e., ϕ0 is the first formula to have all its free
names free in Γ, and ϕi+1 is next one after ϕi. Now define Γ0,Γ1, . . . by

1. Γ0 = Γ

2. Γi+1 =

{
Γi ∪ {ϕi} if consistent
Γi Otherwise

and let l(Γ) be the union of the Γi for i ∈ N. Clearly, Γ ⊆ l(Γ) and if Γ is consistent,
then l(Γ) is locally maximal consistent by a standard argument.

4.3 Substitution and Equivalence Theorems

Lemma 4.3.1 If ` ϕ and y is not in ϕ, then ` ϕ[x/y]

Proof: This is because every axiom and rule schema is closed under substitution by
a refresh rigid name. We just give a brief explanation for the Down rule: if x′ is free
for y′ in ϕ, and y is not in ϕ, then x′ is also free for y′ in ϕ[x/y].

♣

Lemma 4.3.2 The downarrow operator ↓x is a normal modal operator, i.e.,

`↓x (ϕ→ ψ)→ (↓xϕ→↓xψ) (K↓)
if ` ϕ then `↓xϕ (Nec↓)
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Proof:

Let y be a rigid name not in ϕ → ψ. Then x is free for y in ϕ, ψ and ϕ → ψ. Then
by Down,

` y → (↓xϕ↔ ϕ[x/y])
` y → (↓xψ ↔ ψ[x/y])
` y → (↓x (ϕ→ ψ)↔ (ϕ→ ψ)[x/y])

But (ϕ→ ψ)[x/y] is just (ϕ[x/y]→ ψ[x/y]). So by Taut, we have

` y → (↓x (ϕ→ ψ)→ (↓xϕ→↓xψ))

Then we prove it by LeftName.

For (Nec↓), suppose ` ϕ and let y be a rigid name not in ϕ. Then by Lemma 4.3.1,
` ϕ[x/y]. Then by Down, we have ` y → (↓x ϕ ↔ ϕ[x/y]). By Taut, we have
` y →↓xϕ and then have `↓xϕ by LeftName.

♣

Lemma 4.3.3 (Replacement of Logical Equivalents) Let ϕpψ result from replacing
every occurrence of property symbol p in ϕwith ψ. If ` ψ1 ↔ ψ2 then ` ϕpψ1

↔ ϕpψ2
.

Proof: By induction on the structure of ϕ with the help of Lemma 4.3.2.

♣

Recall that we defined ϕX for renaming every bound name of ϕwith other names not
inX . The following lemma guarantees that the renamed formula is logical equivalent
to the original one.

Lemma 4.3.4 (Renaming) Given a finite set X of rigid names, for every formula ϕ
there is a formula ϕX such that:

` (ϕX ↔ ϕ)

where

1. ϕX is of the same length as ϕ.

2. ϕX and ϕ have the same free names.

3. All bound names in ϕX are not in X

Proof: We only prove the equivalence by induction on ϕ by only discussing the
case of downarrow. Other cases are straightforward by the induction hypothesis and
Lemma 4.3.3.
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Suppose ϕ =↓xψ. By induction hypothesis ` ψ ↔ ψX and Lemma 4.3.3,

`↓xψ ↔↓xψX

It is clear that ϕX =↓yψX [x/y] and y does not occur in ψX . By Down, we have

` y → (↓xψX ↔ ψX [x/y])

And by ϕ =↓xψ and the above equivalences,

` y → (ϕ↔ ψX [x/y])

It is clear that y is free for y in ψX [x/y]. Why? It is because y does not occur in ψX

and the substitution [x/y] only replaces free occurrences of x by free occurrences of
y in ψX . By the fact that y is free for y in ψX [x/y] and Down, we have

` y → (↓yψX [x/y]↔ ψX [x/y][y/y])

But ψX [x/y][y/y] is just ψX [x/y]. So by Taut, we have

` y → (ϕ↔↓yψX [x/y])

Since y is not free here, we can imply LeftName to have

` (ϕ↔↓yψX [x/y])

And the right part of the equivalence is just ϕX . So we are done.

♣

4.4 Networks and Models

The step-by-step method we use in this chapter is slightly different from what we
used in Chapter Two. We will highlight the difference.

A network of SEL 〈W,A, k, s, δ〉 consists of a set A of rigid names, a set W of
natural numbers, a binary relation sw on A for each w ∈ W , a binary relation ka on
W for each a ∈ A, and a locally maximally consistent set δ(w, a) of formulas, for
each a ∈ A and w ∈W , such that a ∈ δ(w, a).

The set A now is a set of rigid names and δ now associates with locally maximally
consistent sets. We need to pay close attention to the formulas that are settled by
the network. So we define the language of (w, a), denoted by L(w, a), to be the
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set of formulas ϕ whose property symbols and free names occur in some formula of
δ(w, a). So by local maximal consistency, it contains either ϕ or ¬ϕ.

Recall the definition “modest”. A set is modest if there are an infinite number of rigid
names that do not occur in any formula in the set. For any network, we say that a
network is modest if all its languages are modest; and we define it to be finite if both
W and A are finite.

The model induced byN is defined to be the same as the one in the last chapter, e.g.
MN = 〈W,A, k, s, g, V 〉 where

〈w, a〉 ∈ Vp iff p ∈ δ(w, a)

gw(n) = a iff a is the first element of A such that either n ∈
δ(w, a) or n 6∈ δ(w, b) for every b

In the case of BSEL, the structural properties of a perfect network are designed to
ensure coordination between the formulas in the sets δ(w, a) and those satisfied by
the model atw, a. For SEL, these properties are also necessary, but not enough since
we have both rigid names and normal ones. Now we list all we need

Definition 4.4.1 A network N = 〈W,A, s, k, δ〉 is perfect1 if the following condi-
tions are satisfied for all a ∈ A and n, x and ϕ in L(w, a):

(n) n ∈ δ(w, a) iff ¬n ∈ δ(w, b) for every b ∈ A such that b 6= a

(s) Sϕ ∈ δ(w, a) iff ϕ ∈ δ(w, b) for every b ∈ A such that sw(a, b)

(k) Kϕ ∈ δ(w, a) iff ϕ ∈ δ(v, a) for every v ∈W such that ka(w, v)

(@) @nϕ ∈ δ(w, a) iff (n→ ϕ) ∈ δ(w, b) for every b ∈ A

(x) x ∈ δ(w, a) iff x ∈ δ(v, a) for every v ∈W

As before, that the coherency of N is the condition from left to right and the satura-
tion of N is the condition from the right to left.

Lemma 4.4.1 (World) In any perfect network, we have:

1. L(w, a) = L(w, b) for all a, b ∈ A, and

2. L(w, a) = L(v, a) for all w, v such that ka(w, v).

Proof: By the definition ofN , a ∈ L(w, a). Let s be a property symbol or free name.

1The first four clauses are defined slightly different from those of Chapter 2, but equivalent.
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1. Suppose s is in L(w, a). Then s occurs in some ϕ ∈ δ(w, a). But then @aϕ
is in δ(w, a) since a ∈ δ(w, a) and ` a → (ϕ ↔ @aϕ) by Intro, and δ(w, a)
is logically closed by Lemma 4.2.5. Then for any b ∈ A, we have (a → ϕ) ∈
δ(w, b), by the perfect condition for (@).

2. Suppose ka(w, v) and s is in L(w, a). So there is some ϕ ∈ δ(w, a) containing
s. By modal logic, ` K(ϕ → ϕ) and so K(ϕ → ϕ) is also in δ(w, a). Then
by the perfection condition for (k), (ϕ → ϕ) ∈ δ(v, a) and s is also a symbol
of L(v, a). So we have L(w, a) = L(v, a).

♣

Lemma 4.4.2 (Hintikka) IfN is perfect thenMN satisfies the following conditions,
which mirror the semantic conditions for |=:

n ∈ δ(w, a) iff gw(n) = a

p ∈ δ(w, a) iff 〈w, a〉 ∈ Vp

¬ϕ ∈ δ(w, a) iff ϕ 6∈ δ(w, a)

(ϕ ∧ ψ) ∈ δ(w, a) iff ϕ ∈ δ(w, a) and ψ ∈ δ(w, a)

Sϕ ∈ δ(w, a) iff ϕ ∈ δ(w, b) for every b ∈ A such that sw(a, b)

Kϕ ∈ δ(w, a) iff ϕ ∈ δ(v, a) for every v ∈W such that ka(w, v)

@nϕ ∈ δ(w, a) iff ϕ ∈ δ(w, gw(n))

↓xϕ ∈ δ(w, a) iff ϕ{a}[x/a] ∈ δ(w, a)

for any ϕ,ψ, p and n, x ∈ L(w, a).

Proof:

1. By Lemma 4.4.1 (World Lemma), we have L(w, a) = L(w, b) for any b ∈
A. Then by n ∈ L(w, a), either n or ¬n is in δ(w, b) but not both. By the
Definition 4.4.1 condition for (n), we have n ∈ δ(w, b) for exactly one b ∈ A.
By the definition of gw, we are done.

2. The second clause is proven just by the definition of Vp. The Boolean cases
are routine by Lemma 4.2.5 and the assumption that ϕ is in L(w, a).

3. By the corresponding perfect conditions, it is easy to prove the Hintikka prop-
erties for S and K.

4. The Hintikka property for @ is straightforward from (@) of Definition 4.4.1
and the Hintikka property for n.
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5. For downarrow, by x is free for a in ϕ{a} and Down, we have

` a→ (↓xϕ{a} ↔ ϕ{a}[x/a])

Then by Lemma 4.3.4 (Renaming), we have ` ϕ ↔ ϕ{a} and so by Lemma
4.3.3 (Replacement of Logical Equivalents), we have

` a→ (↓xϕ↔ ϕ{a}[x/a])

Then by Renaming again, ϕ{a} has the same free names as ϕ, and so ϕ{a}[x/a]
has the same as ↓xϕ (with the possible addition of a) and so is in L(w, a). By
a ∈ δ(w, a), we proved the last clause.

♣

We need a slight strengthening of the Hintikka properties of n and @n.

Lemma 4.4.3 IfN is perfect, then for every a ∈ A,w ∈W , every [σ] = [x1/a1] . . . [xk/ak]
such that a1, . . . , ak ∈ A and x1, . . . , xk 6∈ A, and every name n such that n[σ] ∈
L(w, a), we have

1. n[σ] ∈ δ(w, a) iff [σ]gw(n) = a, and

2. for every ϕ such that ϕ[σ] ∈ L(w, a),

@n[σ]ϕ[σ] ∈ δ(w, a) iff ϕ[σ] ∈ δ([σ]gw(n), w)

Proof: We prove it by induction on the length of [σ]. For the base case, whose length
is 0, both clauses are just the Hintikka properties for n and @n.

For the inductive case [x/b][σ], we have to discuss two sub-cases: n = x or not.

If n = x,

we have [x/b][σ]gw(n) = b, and so

[x/b][σ]gw(n) = a iff b = a

But by the Hintikka property of b, we have

b ∈ δ(w, b) iff gw(b) = b

b ∈ δ(w, a) iff gw(b) = a



4.4. NETWORKS AND MODELS 87

Since b ∈ δ(w, b) in any network, gw(b) = b and so

b = a iff b ∈ δ(w, a)

Finally, n[x/b][σ] = b because n[x/b] = b and b[σ] = b since b ∈ A and so
not one of the x1, . . . , xk will be replaced by [σ], which are all not in A. So
we have

b ∈ δ(w, a) iff n[x/b][σ] ∈ δ(w, a)

So we got the inductive clause for 1:

n[x/b][σ] ∈ δ(w, a) iff [x/b][σ]gw(n) = a

Now we prove the second. First, we have the result [x/b][σ]gw(n) = b. So we
have

ψ[x/b][σ] ∈ δ(w, [x/b][σ]gw(n)) iff ψ[x/b][σ] ∈ δ(w, b)

But b ∈ δ(w, b). So gw(b) = b and by the Hintikka property for @, we have

ψ[x/b][σ] ∈ δ(w, b) iff @b(ψ[x/b][σ]) ∈ δ(w, a)

And since n[x/b][σ] = b, we have

@b(ψ[x/b][σ]) ∈ δ(w, a) iff @n[x/b][σ](ψ[x/b][σ]) ∈ δ(w, a)

So we have the inductive clause for 2.

If n 6= x,

we have [x/b][σ]gw(n) = [σ]gw(n) and n[x/b][σ] = n[σ], so n[σ] ∈ L(w, a)
and we can use the inductive hypothesis for 1.

For 2, suppose ϕ[x/b][σ] ∈ L(w, a). By inductive hypothesis, we have

@n[σ]ψ[σ] ∈ δ(w, a) iff ψ[σ] ∈ δ(w, [σ]gw(n))

Lwt ψ be ϕ[x/b]. Then we have

@n[σ](ϕ[x/b][σ]) ∈ δ(w, a) iff ϕ[x/b][σ] ∈ δ(w, [σ]gw(n))

But [x/b][σ]gw(n) = [σ]gw(n) and n[x/b][σ]) = n[σ], so we are done.

♣

Now we can prove the Extended Truth Lemma. Because of the downarrow operator,
we have to consider a substitution case.
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Lemma 4.4.4 (Extended Truth) If N is perfect then for any formula ϕ, every a ∈
A, w ∈ W , and every [σ] = [x1/a1] . . . [xk/ak] such that a1, . . . , ak ∈ A and
x1, . . . , xk 6∈ A, if ϕ[σ] ∈ L(w, a) then

[σ]MN , w, a |= ϕ iff ϕ[σ] ∈ δ(w, a)

Proof: By induction on ϕ.

1. Case ϕ = p. Straightforward by the Hintikka property of p and the fact that
p[σ] = p.

2. Case ϕ = n. By the semantic definition,

[σ]MN , w, a |= n iff [σ]gw(n) = a

The result then follows from Item 1 of Lemma 4.4.3, which shows an extended
Hintikka property.

3. Modal cases: S and K. Straightforward by the induction hypothesis and the
Hintikka properties of S and K. For the S case, Lemma 4.4.1 (World Lemma)
ensures that ϕ[σ] ∈ L(w, b) when sw(a, b). For the K case, it also ensures that
ϕ[σ] ∈ L(v, a) when ka(w, v).

4. Case ϕ = @nψ. By the semantic definition,

[σ]MN , w, a |= @nψ iff [σ]MN , w, [σ]gw(n) |= ψ

Assume ϕ[σ] ∈ L(w, a). So ψ[σ] ∈ L(w, a) = L(w, [σ]gw(n)) by World
Lemma 4.4.1. Then by inductive hypothesis,

[σ]MN , w, [σ]gw(n) |= ψ iff ψ[σ] ∈ δ(w, [σ]gw(n))

Then by Item 2 of Lemma 4.4.3, the extended Hintikka property of @n, we
have

ψ[σ] ∈ δ(w, [σ]gw(n)) iff @n[σ]ψ[σ] ∈ δ(w, a)

since ϕ[σ] = @n[σ]ψ[σ] is assumed to be in L(w, a). We are done.

5. Case ϕ =↓x ψ. By Lemma 4.1.3, ψ is logically equivalent to ψ{a}. Then by
our semantic definition, we have

[σ]MN , w, a |=↓xψ iff [x/a][σ]MN , w, a |= ψ{a}

Now any free name in ψ{a}[x/a][σ] is either a or is free in (↓xψ{a})[σ], which
means it is also free in (↓xψ)[σ], since ψ and ψ{a} share free names by Lemma
4.1.3. But (↓x ψ)[σ] = ϕ[σ], which is assumed to be in L(w, a). Also a ∈
L(w, a), so ψ[x/a][σ] is in L(w, a), so we can use the inductive hypothesis,
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[x/a][σ]MN , w, a |= ψ{a} iff ψ{a}[x/a][σ] ∈ δ(w, a)

Now let [σ′] be the result of removing all substitutions of x from [σ]. Then
ψ{a}[x/a][σ] = ψ{a}[σ′][x/a]. So we have

ψ{a}[x/a][σ] ∈ δ(w, a) iff ψ{a}[σ′][x/a] ∈ δ(w, a)

Since renaming just changed bound names, we have ψ{a}[σ′] = (ψ[σ′]){a}.
So by Hintikka property for downarrow,

ψ{a}[σ′][x/a] ∈ δ(w, a) iff ↓xψ[σ′] ∈ δ(w, a)

Finally, we have (↓x ψ)[σ] =↓x ψ[σ′] by definition of substitution. Based on
the above equivalences, we get the desired result:

[σ]MN , w, a |=↓xψ iff (↓xψ)[σ] ∈ δ(w, a)

♣

4.5 Completeness

Similar to BSEL, we have to show how to obtain a perfect network. First, we are
interested in a special kind of network called tree network.

Definition 4.5.1 A tree network is a tree network with additional conditions for k as
follows:

1. The element 0 ∈W (called the root) does not have any k-predecessor.2

2. Every element of W distinct from 0 has a unique k-predecessor.

3. If ka(w, v) and kb(w, v) then a = b.

4. If ka(w, v) then v > w.

Figure 4.2 represents a very simple tree network where W = {0, 1, 2, 3} and A =
{a, b, c} and the root is 0.

Definition 4.5.2 Given a tree network N , w, v ∈ W and b, c ∈ A, a k path from w
to v is a sequence w0a0w2 . . . ak−1wk for some w0, . . . , wk ∈W , a0, . . . , ak−1 ∈ A
such that w0 = w, wk = v, wm 6= wn if m 6= n, and kaj (wj , wj+1) for each
1 ≤ j < k. And the length of this k path is k, the number of possible worlds in the

2w is a k-predecessor of v iff ka(w, v) for some a ∈ A.
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1

0

2

3

0 3 6

Figure 4.2: A simple network

sequence. Specially, there is a k path from w to w for any w ∈W where its length is
0. If the k path from w to v exists, then we say that w and v are related by a k path,
and denote the path as ~k(w, v). The length of ~k(w, v) is denoted as |~k(w, v)|.

Lemma 4.5.1 If N is a tree network, then there is at most one k path from w to v
for any w, v ∈W .

Especially, for any v ∈W there is one k path from 0 to v.

Proof: Straightforward by Definition 4.5.1.

♣

By Lemma 4.5.1, ~k(w, v) is unique for any w, v ∈ W . By Definition 4.5.2, any
~k(w, v) = w0a0w2 . . . ak−1wk, corresponds to a unique sequence of modal opera-

tors, i.e., @a0〈K〉@a1〈K〉 . . .@ak−1
〈K〉. We use

w→v
@〈K〉 to denote this sequence. In

particular,
w→v

@〈K〉 is the empty string if w = v or not ~k(w, v). And we use
→

@〈K〉 to

denote an arbitrary such a sequence. Moreover,
w→v
@K denotes the dual of

w→v
@〈K〉.

Why are we interested in tree networks? It is because a tree network allows us to
access any node from its root by sequences linked by the k relation. This property
will play a very important role when we reconstruct the original locally maximal
consistent sets in our repair. We will track from the node where we repair a defect
back to the root along the unique k path, collecting suitable witnessed formulas for
each node on this path. When we arrive at the root, we will apply a general method
to extend locally maximal consistent sets for all nodes to an expanded language.

The following definitions are the same as those we give for BSEL. We repeat them
here for the readers’ convenience of reading.

Definition 4.5.3 We say that N ′ = 〈W ′, A′, k′, s′, δ′〉 is an extension of network
N = 〈W,A, k,s,δ〉 and write N E N ′ if W ⊆ W ′, A ⊆ A′, ka ⊆ k′a, sw ⊆ s′w, and
δ(w, a) ⊆ δ′(w, a) for each w ∈W and a ∈ A.
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Definition 4.5.4 Given N , the following are potential defects of N :

[w, a, ϕ] is a K-defect iff N fails the (K) clause of saturation for ϕ at w, a.

[w, a, ϕ] is an S-defect iff N fails the (S) clause of saturation for ϕ at w, a.

[w, a, ϕ] is an @-defect iff N fails the (@n) clause of saturation for ϕ at w, a.

Note that the downarrow operator doesn’t create a defect.

Definition 4.5.5 If D is a defect of N then N ′ is a repair of D in N iff
(1) N ′ is a coherent extension of N
(2) D is not a defect of N ′
(3) N ′ is finite if N is.

We also have some abbreviations, lemmas and theorems to help with the proof of
repair.

For a set of formulas Σ,

@Σ = {@nϕ|@nϕ ∈ Σ, n ∈ Nom}

@+
nΣ = {@nϕ|ϕ ∈ Σ}

@nK
−Σ = {@mϕ|@nK@mϕ ∈ Σ,m ∈ Nom}

We need all the theorems of Theorem 3.4.2 together with the following:

1. ` @xy → @zK@xy

2. ` @x¬y → @zK@x¬y

3. ` @xy → ~@K@xy

4. ` @x¬y → ~@K@x¬y

5. `
→

@〈K〉 @x(¬x1 ∧ . . . ∧ ¬xk)→ @x(¬x1 ∧ . . . ∧ ¬xk)

6. ` @x(¬x1 ∧ . . . ∧ ¬xk)→ ~@K@x(¬x1 ∧ . . . ∧ ¬xk)

7. ` @yKϕ→ @yK@yϕ

8. ` @nm→ (@mϕ→ @nϕ)

9. ` @nϕ ∧@mψ ↔ @j(@nϕ ∧@mψ)

Lemma 4.5.2 Lemma 3.4.1, which says that any conjunction of @ formulas will be
equivalent to an @ formula, still works for SEL.
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Lemma 4.5.3 If Σ is consistent, then @Σ is consistent.

Proof: For contradiction suppose not. Then there exists a conjunction θ of @Σ such
that ` ¬θ. Since θ is an @-formula, we have ` @nϕ ↔ ϕ by Lemma 3.4.1. So
` @n¬ϕ. Then @n¬ϕ ∈ Σ. Contradiction to the consistency of Σ by @nϕ ∈ Σ.

♣

We are now going to discuss the repair methods. We first focus on the construction
of a network we need to repair an S defect. It shows all techniques we will use for
repairing other defects. We will explain explicitly what the network is and prove all
properties that are necessary for it to be a repair.

Definition 4.5.6 Given any finite modest coherent tree networkN = 〈W,A, k, s, δ〉,
with a defect [w, a, 〈S〉ϕ] such that for any m ∈ Nom and b ∈ A, 〈S〉(m ∧ ϕ) ∈
δ(w, a) implies m 6∈ δ(w, b), we define the network [w, a, 〈S〉ϕ]N as follows:

[w, a, 〈S〉ϕ]N = 〈W,A ∪ {i}, k, s′, δ′〉

where s′w =

{
sv ∪ {〈a, i〉} if v = w
sv Otherwise

Recall thatA is a set of rigid names. Here i is a fresh rigid name for eachL(v, b)(v ∈
W, b ∈ A). So i 6∈ A. By the fact that N is modest, L(v, b) is modest. So there are
an infinite number of rigid names that do not occur in any formula in L(v, b). By
Lemma 4.4.1 (World Lemma), each L(v, b) shares the same rigid names that do not
occur in any formula in it. So such i exists.

To define δ′, we will first construct local maximal consistent sets ∆v
3 for each v ∈W .

But we have to pay special attention to all v in the path from the root 0 to the world
w. We present our method with the following three steps.

Step One:

Let wkak−1 . . . w1a0w0 be the unique k path from 0 to w such that wk = 0
and w0 = w. By Lemma 4.5.1, such k path exists. For each wj in this path, we
inductively define Γwj as follows:

Γw0 = {ψ ∧@a(〈S〉i ∧@i(ϕ ∧
∧
b∈A

¬b)) | ψ ∈ @δ(w0, a)}, and

Γwj+1 = {ψ ∧@aj 〈K〉θ | ψ ∈ @δ(wj+1, a), θ ∈ Γwj}.
Notice that each Γwj is a set of witnessed formulas.

Step Two:

For each v ∈W , ∆v is defined by induction on the length of~k(0, v) as follows:

3We will prove ∆v is local maximal consistent after this definition.
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Base Case:

∆0 = l(Γwk
)

Inductive Case:

∆j+1 =

{
l(Γwu ∪@bK

−∆t) if ~k(j + 1, w)
l(@δ(j + 1, a) ∪@bK

−∆t) Otherwise

wherewu is in the k path such thatwu = j+1, and t is the k-predecessor
of j + 1 in N such that kb(t, j + 1) for some b ∈ A. By the fact that N
is a tree network and j + 1 is not the root, both t and b uniquely exist.
Specially in the k path, b = au and t = wu+1.

Notice that the definition of ∆v covers every v ∈ W . This is because N is a
tree network so any node can be accessed from the root 0 by links along the k
relation.

Step Three:

For every b ∈ A ∪ {i}, we define δ′ as follows:

δ′(v, b) = {ψ | @bψ ∈ ∆v}

After giving such a long definition, we now discuss the properties of

[w, a, 〈S〉ϕ]N

Lemma 4.5.4 Suppose Γ is a locally maximal consistent set, then let Σ = {ϕ|@nϕ ∈
Γ} for some n ∈ Nom. Σ is also a locally maximal consistent set with the same
language, e.g. L(Γ) = L(Σ).

Proof: We first prove Σ is consistent. For contradiction, suppose not. Then there
exists a conjunction θ in Σ such that ` ¬θ. Then by Nec@, we have ` @n¬θ. So
@n¬θ is in Γ. However, @nθ has to be in Γ since θ is in Σ. This contradicts the fact
that Γ is consistent.

Now we prove it is locally maximal. By the definition of Σ, every property symbol
and free name in Σ should be contained by Γ. So Σ is local and L(Σ) = L(Γ).
Suppose it is not locally maximal, then there exists ϕ ∈ L(Σ) such that ϕ 6∈ Σ and
¬ϕ 6∈ Σ. So @nϕ 6∈ Γ and @n¬ϕ 6∈ Γ, which means ¬@nϕ 6∈ Γ. Then Γ is not
locally maximal. Contradiction.

♣
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To make sure that the structure we defined in Definition 4.5.6 is indeed a network, we
have to show δ′(v, b) is locally maximal consistent for any v ∈W and b ∈ A′. Since
we have Lemma 4.5.4, we only need to prove each ∆v is locally maximal consistent.
Before that, notice the following fact:

Fact 1: Under the assumption of Definition 4.5.6, 〈S〉(ϕ ∧
∧
b∈A

¬b) ∈ δ(w, a).

Proof: Suppose it is not the case. By δ(w, a) is locally maximal consistent and
〈S〉(ϕ ∧

∧
b∈A

¬b) is in the language L(w, a), we have

¬〈S〉(ϕ ∧
∧
b∈A

¬b) ∈ δ(w, a)

.

And so
S(ϕ→ ¬

∧
b∈A

¬b) ∈ δ(w, a)

.

By 〈S〉ϕ ∈ δ(w, a) and the theorem ` S(ϕ→ ψ) ∧ 〈S〉ϕ→ 〈S〉(ϕ ∧ ψ), we have

〈S〉(ϕ ∧ ¬
∧
b∈A

¬b) ∈ δ(w, a)

which is equivalent to 〈S〉(ϕ ∧
∨
b∈A

b) ∈ δ(w, a).

By δ(w, a) is locally maximal and 〈S〉(ϕ ∧
∨
b∈A

b) is in L(w, a), there exists some

c ∈ A such that 〈S〉(ϕ ∧ c) ∈ δ(w, a). However, Definition 4.5.6 says that for any
m ∈ Nom and b ∈ A, 〈S〉(m ∧ ϕ) ∈ δ(w, a) implies m 6∈ δ(w, b). So we have
c 6∈ δ(w, a). Contradiction.

♣

Fact 2: For each Γwj , any conjunction θ of Γwj can be logically implied by some
witnessed formula (@mρ ∧ ψ) ∈ Γwj where ψ′, the paste of ψ, is in δ(wj , b) and
@mρ is also in δ(wj , b) for any b ∈ A. E.g.

` @mρ ∧ ψ → θ

Proof: We prove it by induction on Γwj .

Base Case: Γw0
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Let @n1ϕ1 ∧ @a(〈S〉i ∧ @i(ϕ ∧
∧
b∈A

¬b))), . . . ,@nk
ϕk ∧ @a(〈S〉i ∧ @i(ϕ ∧∧

b∈A
¬b))) be in Γw0 . Let γ denote the conjunction of these formulas. By Taut,

we have

` (@n1ϕ1 ∧ . . . ∧@nk
ϕk) ∧@a(〈S〉i ∧@i(ϕ ∧

∧
b∈A

¬b))→ γ

By Lemma 3.4.1, the conjunction of these @ formulas is equivalent to an @
formula. So we have

` @m(@n1ϕ1 ∧ . . . ∧@nk
ϕk) ∧@a(〈S〉i ∧@i(ϕ ∧

∧
b∈A

¬b))→ γ

Obviously, @m(@n1ϕ1 ∧ . . . ∧ @nk
ϕk) ∧ @a(〈S〉i ∧ @i(ϕ ∧

∧
b∈A

¬b)) is a

witnessed formula.

To prove that the first conjunct is in Γw0 , we just need to prove

@m(@n1ϕ1 ∧ . . . ∧@nk
ϕk) ∈ δ(w0, a)

Since @ntϕt ∈ @δ(w0, a) for each 1 ≤ t ≤ k and @δ(w0, a) ⊆ δ(w0, a),
@ntϕt ∈ δ(w0, a) and so

(@n1ϕ1 ∧ . . . ∧@nk
ϕk) ∈ δ(w0, a)

So we have @m(@n1ϕ1 ∧ . . . ∧@nk
ϕk) ∈ δ(w0, a) by Lemma 3.4.1.

Now we discuss the paste, which is @a〈S〉(ϕ∧
∧
b∈A

¬b)). By Fact 1, a ∈ δ(w, a)

and Intro, @a〈S〉(ϕ ∧
∧
b∈A

¬b)) ∈ δ(w, a). By N satisfies @ clause of the

coherency definition, @a〈S〉(ϕ ∧
∧
b∈A

¬b)) ∈ δ(w, b) for any b ∈ A.

By @n1ϕ1 . . .@nk
ϕk are all in @δ(w, a), they are all in δ(w, a) and so is the

conjunction. Let θ denote this conjunction.

Then @m(@n1ϕ1 ∧ . . . ∧ @nk
ϕk) ∈ δ(w, a) by the above theorem. By N is

coherent, @m(@n1ϕ1 ∧ . . . ∧@nk
ϕk) ∈ δ(w, b).

Inductive Case: Γwj+1

Let @n1ϕ1 . . .@nk
ϕk be in @δ(wj+1, a) and ψ1 . . . ψk be in Γwj .

So
∧

1≤l≤k
(@nl

ϕl ∧@aj 〈K〉ψl) is a conjunction in Γwj+1 .

Let θ = (@n1ϕ1 ∧ . . . ∧@nk
ϕk). By Taut, we have
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` θ ∧ (@aj 〈K〉ψ1 ∧ . . . ∧@aj 〈K〉ψj)→
∧

1≤l≤k
(@nl

ϕl ∧@aj 〈K〉ψl)

Similarly to the base case,

` @mθ ∧ (@aj 〈K〉ψ1 ∧ . . . ∧@aj 〈K〉ψj)→
∧

1≤l≤k
(@nl

ϕl ∧@aj 〈K〉ψl)(1)

By inductive hypothesis, ` @tψ ∧ γ → (ψ1 ∧ . . . ∧ ψj) for some witnessed
formula (@tψ ∧ γ) ∈ Γwj where @tψ ∈ δ(wj , aj) and γ′, the paste of γ, is
also in δ(wj , aj). By Theorem 3.4.2, we have

` @aj 〈K〉(@tψ ∧ γ)→ @aj 〈K〉(ψ1 ∧ . . . ∧ ψj)

Since ` @aj 〈K〉(ψ1 ∧ . . . ∧ ψj)→ @aj 〈K〉ψ1 ∧ . . . ∧@aj 〈K〉ψk, we have

` @aj 〈K〉(@tψ ∧ γ)→ @aj 〈K〉ψ1 ∧ . . . ∧@aj 〈K〉ψk

Then by Taut,

` @mθ ∧@aj 〈K〉(@tψ ∧ γ)→ @mθ ∧@aj 〈K〉ψ1 ∧ . . . ∧@aj 〈K〉ψk

By (1) and Taut,

` @mθ ∧@aj 〈K〉(@tψ ∧ γ)→
∧

1≤l≤k
(@nl

ϕl ∧@aj 〈K〉ψl)

Since θ is a conjunction of @δ(wj+1, a), θ is in δ(wj+1, a) and so is @mθ.
Then @mθ ∈ δ(wj+1, b) for any b ∈ A by N is coherent. By inductive hy-
pothesis, (@tψ ∧ γ) ∈ Γwj . Then @mθ ∧ @aj 〈K〉(@tψ ∧ γ) ∈ Γwj+1 by the
definition of Γwj+1 .

Now we prove @aj 〈K〉(@tψ ∧ γ′), the paste of @aj 〈K〉(@tψ ∧ γ), is in
δ(wj+1, b).

By γ′ ∈ δ(wj , aj) and @tψ ∈ δ(wj , aj), @tψ ∧ γ′ ∈ δ(wj , aj). Since N is
coherent and kaj (wj+1, wj), @aj 〈K〉(@tψ ∧ γ′) ∈ δ(wj+1, aj). But it is an @
formula, so it is in δ(wj+1, b) by N is coherent.

♣
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Fact 3: Each Γwj is consistent.

Proof:

We prove it by induction on j.

Base Case: Γw0

For contradiction suppose it is not. Then there exists a conjunction θ of @δ(w0, a)
such that

` ¬(θ ∧@a(〈S〉i ∧@i(ϕ ∧
∧
b∈A

¬b)))

Then we have

` @a(〈S〉i ∧@i(ϕ ∧
∧
b∈A

¬b))→ ¬θ

The formula @a(〈S〉i∧@i(ϕ∧
∧
b∈A

¬b)) is a 〈K〉-formula because the witness

i doesn’t occur in θ and i 6= a. Then by 〈K〉paste,

` @a〈S〉(ϕ ∧
∧
b∈A

¬b)→ ¬θ

By Fact 1, 〈S〉(ϕ ∧
∧
b∈A

¬b) ∈ δ(w, a). By a ∈ δ(w, a) and Intro, @a〈S〉(ϕ ∧∧
b∈A

¬b) ∈ δ(w, a). So ¬θ ∈ δ(w, a). But it contradicts the fact that θ is a

conjunction of @δ(w0, a), which is a subset of δ(w0, a) where w0 = w.

Inductive Case: Γwj+1

For contradiction, suppose it is not. Then there exists ψ1 . . . ψl ∈ @δ(wj+1, a)
and θ1 . . . θl ∈ Γwj such that

` ¬(ψ1 ∧@aj 〈K〉θ1 . . . ∧ ψl ∧@aj 〈K〉θl)

By Taut, we have

` (@aj 〈K〉θ1 . . . ∧@aj 〈K〉θl)→ ¬(ψ1 ∧ . . . ∧ ψl)

Then by repeatedly applying the theorem ` @n〈K〉(ϕ ∧ ψ) → @n〈K〉ϕ ∧
@n〈K〉ψ,

` @aj 〈K〉(θ1 ∧ . . . ∧ θl)→ (@aj 〈K〉θ1 . . . ∧@aj 〈K〉θl)
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So
` @aj 〈K〉(θ1 ∧ . . . ∧ θl)→ ¬(ψ1 ∧ . . . ∧ ψl)

Since θ1 ∧ . . . ∧ θl is a conjunction of Γwj , by Fact 2, we have

` @nθ ∧ γ → (θ1 ∧ . . . ∧ θl)

where @nθ ∧ γ is a witnessed formula such that @nθ ∈ δ(wj , aj) and γ′, the
paste of γ, is in δ(wj , aj) too. So

` @j〈K〉(@nθ ∧ γ)→ @j〈K〉(θ1 ∧ . . . ∧ θl)

Then we have

` @j〈K〉(@nθ ∧ γ)→ ¬(ψ1 ∧ . . . ∧ ψl)

Obviously, @j〈K〉(@nθ ∧ γ) is a 〈K〉-formula. Then by 〈K〉Paste,

` @j〈K〉(@nθ ∧ γ′)→ ¬(ψ1 ∧ . . . ∧ ψl)

By the fact that (@nθ ∧ γ′) ∈ δ(wj , aj), kaj (wj+1, wj) and N satisfies k and
@ clauses of coherency, @j〈K〉(@nθ ∧ γ′) ∈ δ(wj+1, aj) and then

@j〈K〉(@nθ ∧ γ′) ∈ δ(wj+1, a).

So ¬(ψ1 ∧ . . . ∧ ψl) ∈ δ(wj+1, a). Then (ψ1 ∧ . . . ∧ ψl) 6∈ δ(wj+1, a). By
@δ(wj+1, a) ⊆ δ(wj+1, a), (ψ1 ∧ . . . ∧ ψl) 6∈ @δ(wj+1, a). Contradiction.

♣

Now we are ready to discuss the properties of ∆v.

Fact 4: For any v ∈W , ∆v is locally maximal consistent.

Proof:

Prove by induction on v.

Base case: v = 0

∆0 = l(Γwk
). By Fact 3, Γwk

is consistent. So Lindenbuam construction can
be applied.

Inductive case: v = j + 1

By the definition, we have two cases to discuss:
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Case One: ∆j+1 = l(Γwu ∪ @bK
−∆t) where ~k(j + 1, w), wu = j + 1

and t ∈ W is the k-predecessor of j + 1 in N such that kb(t, j + 1) for
some b ∈ A.
For contradiction, suppose it is not consistent. Let θ be a conjunction of
Γwu and @bKψ1, . . . ,@bKψk ∈ ∆t. Since Γwu is consistent, we have

` ¬(ψ1 ∧ . . . ∧ ψk ∧ θ)

By Taut,

` (ψ1 ∧ . . . ∧ ψk)→ ¬θ

Then we apply NecK, Nec@, KK and MP to get

` @bK(ψ1 ∧ . . . ∧ ψk)→ @bK¬θ

By repeatedly applying theorem ` @bKϕ∧@bKψ → @bK(ϕ∧ ψ), we
have

` @bKψ1 ∧ . . . ∧@bKψk → @bK(ψ1 ∧ . . . ∧ ψk)

So

` @bKψ1 ∧ . . . ∧@bKψk → @bK¬θ

By @bKψl ∈ ∆t for each 1 ≤ l ≤ k and ∆t is maximal by inductive
hypothesis, @bKψ1 ∧ . . . ∧@bKψk ∈ ∆t. So @bK¬θ ∈ ∆t. (1)
By Fact 2, there exists a witness formula (@mρ ∧ ψ) ∈ Γwu such that

` (@mρ ∧ ψ)→ θ

Similar to the above, we have

` @b〈K〉(@mρ ∧ ψ)→ @b〈K〉θ

By (1), @b〈K〉(@mρ∧ψ) 6∈ ∆t. So (@mρ∧ψ) 6∈ Γwu and contradiction.
And we are done. Why? If (@mρ ∧ ψ) ∈ Γwu , then we have
@m> ∧ @b〈K〉(@mρ ∧ ψ) ∈ Γt by the definition of Γt. And Γt ⊆ ∆t

since ∆t was constructed by the first clause of the definition by ~k(t, w).
So @b〈K〉(@mρ ∧ ψ) ∈ ∆t, which is a contradiction.

Case Two: ∆j+1 = l(@δ(j + 1, a) ∪@bK
−∆t) where kb(t, j + 1).

Suppose it is not consistent. Then there exists a conjunction θ in @δ(j +
1, a) and @bKψ1, . . . ,@bKψk ∈ ∆t such that

` ¬(ψ1 ∧ . . . ∧ ψk ∧ θ)
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With the same proof to Case One, we have @bK¬θ ∈ ∆t.
We also have ` @b〈K〉θ → @b〈K〉¬(ψ1 ∧ . . . ∧ ψk). (2)
By θ ∈ @δ(j + 1, a) and N is coherent, θ ∈ @δ(j + 1, b).
So θ ∈ δ(j+1, b). By kb(t, j+1) and the fact thatN satisfies k clause of
the coherency, @b〈K〉θ ∈ δ(t, b). It is an @-formula, so it is in @δ(t, a).
If ~k(t, w), then @δ(t, a) ⊆ Γt ⊆ ∆t. Otherwise, @δ(t, a) ⊆ ∆t.
So @δ(t, a) ⊆ ∆t. Then @b〈K〉θ ∈ ∆t.
By (2), we have @b〈K〉¬(ψ1 ∧ . . .∧ψk) ∈ ∆t. This is to say @bK(ψ1 ∧
ψk) 6∈ ∆t. So (@bKψ1∧ . . .∧@bKψk) 6∈ ∆t. But this means @bKψl 6∈
∆t for some 1 ≤ l ≤ k. Contradiction.

♣

Fact 5: If ∆v is locally maximal consistent, then δ′(v, b) is also locally maximal
consistent.

Proof:

Straightforward by Lemma 4.5.4.

♣

Fact 6: For any v ∈W and b ∈ A, δ(v, b) ⊆ δ′(v, b).

Proof: Let ψ ∈ δ(v, b) for any v ∈ W and b ∈ A. Then we have @bψ ∈ δ(v, b)
by b ∈ δ(v, b) and Intro Axiom. So @bψ ∈ δ(v, a) by N is coherent. Then @bψ ∈
@δ(v, 0) ⊆ ∆v. Also, @δ(v, a) ⊆ Γv ⊆ ∆v. So @bψ ∈ ∆v in either case of the
definition of ∆v. So ψ ∈ δ′(v, b).

♣

Fact 7: For any v ∈W and c ∈ A ∪ {i}, we have @i
∧
b∈A

¬b ∈ δ′(v, c).

Proof:

If we can prove @i
∧
b∈A

¬b ∈ ∆v for all v ∈ W such that ~k(v, w), then we have

@i
∧
b∈A

¬b ∈ ∆0. Then by the fourth of the theorems listed previously, we have

@[K]@i
∧
b∈A

¬b ∈ ∆0 for any modal operator sequences @[K].

So for any v ∈ W , @i
∧
b∈A

¬b ∈ ∆v since ~k(0, v). Then @c@i
∧
b∈A

¬b ∈ ∆v by Agree

Axiom. So @i
∧
b∈A

¬b ∈ δ′(v, c).
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Here is an induction proof of @i
∧
b∈A

¬b ∈ ∆v for all v such that ~k(v, w).

Base Case: |~k(v, w)| = 0

So v = w. By the definition of Γw and the fact that Γw ⊆ ∆w,

ψ ∧@a(〈S〉i ∧@i
∧
b∈A

¬b) ∈ ∆w for some ψ ∈ @δ(w, a).

So @a(〈S〉i ∧@i
∧
b∈A

¬b) ∈ ∆w.

By the theorem ` @n(ϕ ∧ ψ)→ @nϕ ∧@nψ, @a@i
∧
b∈A

¬b ∈ ∆w.

Then by Agree, @i
∧
b∈A

¬b ∈ ∆w.

Inductive Case: |~k(v, w)| = j + 1

By Inductive Hypothesis, @i
∧
b∈A

¬b ∈ ∆u, where kc(v, u) for some c ∈ A and

|~k(u,w)| = j. Suppose @i
∧
b∈A

¬b 6∈ ∆v. Then @ibj ∈ ∆v for some bj ∈ A.

By Rig@, @cK@ibj ∈ ∆v. So @ibj ∈ ∆u by the construction method of ∆u.
Then it contradicts the Inductive Hypothesis.

♣

Fact 8: [w, a, 〈S〉ϕ]N is a finite modest tree network.

Proof: Since N is finite, W and A ∪ {i} are finite. So [w, a, 〈S〉ϕ]N is finite.

By N is modest, every L(v, b) of N is modest. Since we only add i to the lan-
guages of [w, a, 〈S〉ϕ]N , we do not destroy the modest property. So [w, a, 〈S〉ϕ]N
is modest.

[w, a, 〈S〉ϕ]N is a tree network because it shares W and k with N .

By N is a network, to show [w, a, 〈S〉ϕ]N is also a network only requires: (1)
δ′(v, b) is locally maximal consistent for every v ∈W and b ∈ A ∪ {i};

(2) b ∈ δ′(v, b) for any v ∈W and b ∈ A ∪ {i}.

Obviously, (1) is just the result of Fact 4 and 5. SinceN is a network, b ∈ δ(v, b) for
each v ∈ W and b ∈ A. By Fact 6, this is kept by δ′. So we only need to show the
addition i satisfies this, e.g. i ∈ δ′(v, i). But it is obvious since ` @ii, so @ii ∈ ∆v

for any v ∈W .

♣

Fact 9: [w, a, 〈S〉ϕ]N is coherent.
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Proof: We check each clause of coherency.

(k)

Suppose kb(u, v) and Kψ ∈ δ′(u, b) for any b ∈ A ∪ {i}.
Then @b Kψ ∈ ∆u. By the theorem ` @xKϕ → @xK@xϕ and ∆u is
maximal, @bK@bψ ∈ ∆u. Then by the definition of ∆v, we have @bψ ∈ ∆v.
So ψ ∈ δ′(v, b).

(n)

By N is coherent, we only need to guarantee that i 6∈ δ′(v, b) and b 6∈ δ′(v, i)
for any v ∈ W and b ∈ A. But it is obvious by Fact 7 and the Symmetric
Axiom.

(s)

By N satisfies (s), we only need to check that Sψ ∈ δ′(w, a) implies

ψ ∈ δ′(w, i). Suppose not. Then Sψ ∈ δ′(w, a) but ψ 6∈ δ′(w, i) for some ψ.

By δ′(w, i) is maximal, ¬ψ ∈ δ′(w, i). So @i¬ψ ∈ ∆w. Then @a@i¬ψ ∈
∆w by Intro Axiom. So @i¬ψ ∈ δ′(w, a). By @a〈S〉i ∈ Γw0 , we have
@a〈S〉i ∈ ∆w. So 〈S〉i ∈ δ′(w, a). By the theorem ` Sϕ→ (〈S〉n→ @nψ),
〈S〉¬ψ ∈ δ′(w, a). So ¬Sψ ∈ δ′(w, a). The Sψ 6∈ δ′(w, a). Contradiction.

(@)

Suppose @nψ ∈ δ′(v, b), we prove (n → ψ) ∈ δ′(v, c) for any c ∈ A ∪ {i}.
We have @b@nψ ∈ ∆v. Then by Agree, @nψ ∈ ∆v. Again by Agree, we have
@c@nψ ∈ ∆v and so @nψ ∈ δ′(v, c). By Intro and δ′(v, c) is locally maximal
consistent, (n→ ψ) ∈ δ′(v, c).

(x)

Suppose x ∈ δ′(v, b), we prove x ∈ δ′(u, b) for any u ∈W .

For contradiction, suppose x 6∈ δ′(u, b) for some u. Then ¬x ∈ δ′(u, b). By
b ∈ δ′(u, b) and Intro, @b¬x ∈ δ′(u, b) (1)

Similarly by x ∈ δ′(v, b), we have @bx ∈ δ′(v, b). (2)

Either @bx ∈ δ′(0, b) or @bx 6∈ δ′(0, b). We discuss it by cases.

Case One: @bx ∈ δ′(0, b). Then by the theorem ` @bx → ~@K@bx where

~@K is an arbitrary model operator sequence, we have
0→u
@K @bx ∈ δ′(0, b).

By [w, a, 〈S〉ϕ]N satisfies (k), (@) and ~k(0, u), we have @bx ∈ δ′(u, b),
which contradicts to (1).

Case Two: @bx 6∈ δ′(0, b)

Similarly,
0→v
@K @b¬x ∈ δ′(0, b).

So again by ~k(0, v), @b¬x ∈ δ′(v, b), which contradicts to (2).
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♣

Now we discuss how to repair each kind of potential defect.

Lemma 4.5.5 Any S defect [w, a, 〈S〉ϕ] in a finite modest coherent tree network N
has a repair which is also modest and a tree network.

Proof:

Suppose [w, a, 〈S〉ϕ] is a defect of a finite modest coherent tree network

N = 〈W,A, k, s, δ〉. We discuss [w, a, 〈S〉ϕ] by two cases, very similar to what we
have done for repairing an S defect in BSEL.

Case One: 〈S〉(m ∧ ϕ) ∈ δ(w, a) and m ∈ δ(w, b) for some m ∈ Nom and b ∈ A.

It is possible that there are more than one m satisfying the above condition. So we
pick up the smallest b such that m ∈ δ(w, b).

Then we define [w, a, 〈S〉ϕ]N = 〈W,A, k,s′, δ〉

where s′w =

{
sv ∪ {〈a, b〉} if v = w
sv Otherwise

.

Obviously,N E [w, a, 〈S〉ϕ]N and [w, a, 〈S〉ϕ]N doesn’t have the defect [w, a, 〈S〉ϕ].

Since N is coherent and the only upgrade is s′, we only need to show that Sψ ∈
δ(w, a) implies that ψ ∈ δ(w, b) for any ψ ∈ L(w, a). Recall that we have proven
that L(w, a) = L(w, b). For contradiction, suppose not. Then Sψ ∈ δ(w, a) but
ψ 6∈ δ(w, b). Then ¬ψ ∈ δ(w, b). So @m¬ψ ∈ δ(w, b) by m ∈ δ(w, b). By N
is coherent, @m¬ψ ∈ δ(w, a). By 〈S〉(ϕ ∧ m) ∈ δ(w, a), 〈S〉m ∈ δ(w, a). So
by ` (〈S〉m ∧ @m¬ψ) → 〈S〉¬ψ, 〈S〉¬ψ ∈ δ(w, a). Then ¬Sψ ∈ δ(w, a). So
Sψ 6∈ δ(w, a). Contradiction.

Since [w, a, 〈S〉ϕ]N is coherent, it is a repair of [w, a, 〈S〉ϕ] in N . Also it is a
modest tree network.

Case Two: Otherwise. So for any m ∈ Nom and b ∈ A, 〈S〉(m ∧ ϕ) ∈ δ(w, a)
implies m 6∈ δ(w, b).

Then we define [w, a, 〈S〉ϕ]N with Definition 4.5.6.

Now we check whether it still has the defect.

We have @iϕ ∈ Γw and Γw ⊆ ∆w. So @iϕ ∈ ∆w. So ϕ ∈ δ′(w, i). Also s′w(a, i).
So [w, a, 〈S〉ϕ] is now not a defect.

By Fact 8 and 9, [w, a, 〈S〉ϕ]N is a repair of [w, a, 〈S〉ϕ] and a modest tree network.

♣
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Lemma 4.5.6 Any @n defect [w, a,@nϕ] in a finite modest coherent tree networkN
has a repair which is also modest and a tree network.

Proof:

Define [w, a,@nϕ]N = 〈W,A ∪ {i}, k,s,δ′〉, where i is a fresh rigid name for each
L(v, b)(v ∈W, b ∈ A). Similar to the discussion we made before, such i exists.

To define δ′, we will follow a very similar method to that we used in Definition 4.5.6:

Step One:

Let wkak−1 . . . w1a0w0 be the unique k path from 0 to w such that wk = 0
and w0 = w. By Lemma 4.5.1, such k path exists. For each wj in this path,
we inductively define Γwj as follows:

Γw0 = {ψ ∧ (@ni ∧@iϕ) | ψ ∈ @δ(w0, a)}, and

Γwj+1 = {ψ ∧@aj 〈K〉θ | ψ ∈ @δ(wj+1, a), θ ∈ Γwj}.

Each Γwj is a set of witnessed formulas.

Step Two:

For each v ∈W , ∆v is defined the same as in Definition 4.5.6.

Step Three:

For every b ∈ A ∪ {i}, we define δ′ as in Definition 4.5.6.

Fact 1: [w, a,@nϕ]N is a finite modest coherent tree network.

Proof of this fact:

Here we collect the witnesses for each Γ with 〈@〉-formula instead of 〈K〉-formula
in Defintion 4.5.6. Since both of them share 〈K〉Paste Rule, every result for Γ of
Step One in Definition 4.5.6 will be kept here. Also, this is the only difference from
Definition 4.5.6. So we can borrow every result of Definition 4.5.6.

Fact 2: [w, a,@nϕ]N doesn’t have the fact [w, a,@nϕ].

Proof of this fact:

By (@ni ∧ @iϕ) ∈ Γw0 and Γw0 ⊆ ∆w, (@ni ∧ @iϕ) ∈ ∆w. So @ni ∈ ∆w and
@iϕ ∈ ∆w. By Ref@, @in ∈ ∆w. So n ∈ δ′(w, i) and ϕ ∈ δ′(w, i).

♣

Lemma 4.5.7 AnyK defect [w, a, 〈K〉ϕ] in a finite modest coherent tree networkN
has a repair which is also modest and a tree network.
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Proof:

Define [w, a, 〈K〉ϕ]N = 〈W ∪ {w†}, A, k′, s,δ′〉 where

k′b =

{
kb ∪ {〈w,w†〉} if b = a
kb Otherwise

∆w† = l({@aϕ} ∪ {@aψ |Kψ ∈ δ(w, a)})

Then for all b ∈ A, define

δ′(v, b) =

{
{ψ | @bψ ∈ ∆w†} if v = w†

δ(v, b) Otherwise

where w† is the successor of the largest number in W .

In BSEL, we have proven that {@aϕ} ∪ {@aψ | Kψ ∈ δ(w, a)} is consistent.
So ∆w† exists, as a local maximal consistent set because of the different version of
Lindenbaum Lemma here.

To prove it lacks the defect, we only need ϕ ∈ δ′(w†, a). But it is obvious since
@aϕ ∈ ∆w† .

Now we prove [w, a, 〈K〉ϕ]N is coherent. SinceN is coherent and δ′(v, b) = δ(v, b)
for v 6= w′, we only need to check whether thew† world has destroyed the coherency.
We only show w† world keeps (n) since the other clauses are easily to check.

Suppose n ∈ δ′(w†, b). For contradiction, suppose ¬n 6∈ δ′(w†, c) for some c 6= b.
So n ∈ δ′(w†, c). Then @cn ∈ ∆w† . By n ∈ δ′(w†, b), @bn ∈ δ′(w†, b). By
Ref@, @nb ∈ δ′(w†, b). Since we have the theorem ` @nm ∧ @mϕ → @nϕ,
@cb ∈ δ′(w†, b). So @b@cb ∈ ∆w† . Then by Agree, @a@cb ∈ ∆w† . Then K¬@cb 6∈
δ(w, a). So 〈K〉@cb ∈ δ(w, a). So @cb ∈ δ(w, a) by Rig¬@. Then b ∈ δ(c, b) and
c ∈ δ(c, b). But c 6= b. Contradicts to the fact that N satisfies (x).

♣

Lemma 4.5.8 Any finite modest coherent tree network with a defect has a repair
which is also modest and a tree network.

Proof: By Lemma 4.5.5, 4.5.6 and 4.5.7.

♣

Recall that we defined the extension of a network in Definition 4.5.3. Now we discuss
the properties of E.

The next lemma is to say that the formula will not be lost during the extension.
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Lemma 4.5.9 If N E N ′, then for every ϕ ∈ L(w, a) where (w, a) is a node of N
we have

ϕ ∈ δ(w, a) iff ϕ ∈ δ′(w, a)

Proof: The left to right direction is directly from the definition of E. The other
direction follows from the fact that δ(w, a) is a locally maximal consistent set.

♣

The following lemma is to say that any defect in the extension is definitely in the
original network.

Lemma 4.5.10 IfN E N ′ and ϕ ∈ L(w, a) where (w, a) is a node ofN , if [w, a, ϕ]
is a defect of N ′, then it must be a defect of N .

Proof: This lemma expresses the same idea as expressed by Lemma 3.4.10. So the
proof is also the same.

♣

Now we repeat the Limit Coherence Lemma and Perfect Extension Lemma of BSEL.

Lemma 4.5.11 (Limit Coherence) If N0 E N1 E . . . is a chain of coherent net-
works then the limit of the chain is also coherent.

Proof: A similar proof to Lemma 3.4.11.

♣

Lemma 4.5.12 (Perfect Extension) IfN is coherent then there is a perfectN ′ such
that N E N ′.

Proof: A similar proof to Lemma 3.4.12.

♣

With the Extended Truth Lemma we have proved, we have the following nice lemma:

Lemma 4.5.13 Every modest consistent set of formulas is satisfiable.

Proof: Suppose Γ is modest consistent. We pick up a rigid name a that not in any
ϕ ∈ Γ. We define a network NΓ = 〈W,A, k, s, δ〉 as follows:
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W = {0}

A = {a}

s = k = ∅

δ(0, a) = l({a} ∪ Γ)

Notice that {a} ∪ Γ is consistent since Γ is consistent and LeftName. Also a ∈
δ(0, a). So NΓ is a finite network. Also it is coherent. Since Γ is modest, {a} ∪ Γ
is modest. So NΓ is modest. Finally, NΓ is tree network. Then by the Perfect
Extension Lemma, we extend NΓ to a perfect network N ′. Then Γ ⊆ δN ′(0, a). By
the Extended Truth Lemma, MN ′ , 0, a |= ϕ for every ϕ ∈ Γ.

♣

So far, we have just assumed that the modest set of formula exists. We have not yet
shown how to obtain it. The next theorem tells us how.

Theorem 4.5.1 (Model Existence) Every consistent set of formulas is satisfiable.

Proof: Suppose Γ is consistent. We now show how to make it be modest. Let B
be an infinite and co-infinite subset of RNom. So both B and RNom\B are infinite.
Now define f : RNom → B be a bijection. For each ϕ, we define f [ϕ] to be the
result of replacing every rigid name x in ϕ by f(x). Both free and rigid names are
replaced at the same time. Then let f [Γ] denote the set of f [ϕ] for each ϕ ∈ Γ.

To show f [Γ] is consistent, for contradiction we suppose there is a proof of contradic-
tion from some formulas in f [Γ]. Since our axioms and rules is schematic, they are
invariant under renaming. So if we replace each formula ψ of each line of the proof
of contradiction with f−1[ψ], the obtained proof will be still a proof of contradiction.
However, f−1[f [Γ]] = Γ. But this means we have a proof of contradiction from Γ
which is consistent. Contradiction. So f [Γ] is consistent.

Now we check whether f [Γ] is modest. Since every bound name of each formula in
f [Γ] has been renamed by some rigid name in B, which is disjointed with RNom\B,
each formula in f [Γ] contains no name of RNom\B. But RNom\B is an infinite
rigid name set. So f [Γ] is modest. Then by Lemma 4.5.13, f [ϕ] is satisfiable, i.e.,
M,w, a |= f [ϕ] for each ϕ ∈ Γ.

To jump from the fact that f [ϕ] is satisfiable to the desired result that ϕ is satisfiable,
we define M ′ = 〈W,A, k, s, g′, V 〉 where

g′v(n) =

{
gv(n) if n 6∈ RNom
gv(f(n)) Otherwise
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Then it is easy to show by induction that

M,w, a |= f [ϕ] iff M ′, w, a |= ϕ

And we are done.

♣

Corollary 4.5.1 (Completeness) If ϕ is a semantic consequence of a set of formu-
las Γ, then this can be proved in the axiomatic system SEL, i.e., SEL is strongly
complete.

4.6 Further Directions

The above is an axiomatisation of SEL, the minimal version with downarrow. We
still need to investigate the axiomatisations of the S5, KD45 and SK4 extensions.
The main challenge is the repair methods for each extension. In the minimal case,
the repair method is complicated because SEL is too weak to control the witness
we add for a repair. I expect that repair will be more simple in the extensions. For
example, with S5, the Axiom 4 and 5 may offer better control of witnesses so that
we don’t need to define Γwj .

An interesting subclass of SEL is the class of pure formulas. A pure formula is one
that doesn’t contain any atomic property symbols. As mentioned in the last section of
Chapter 3, every pure extension of basic hybrid logic is complete. A similar result for
BSEL (and SEL) would give us axiomatisations of a number of extensions, without
needing to modify the construction used for completeness. These include the SK and
irreflexivity axioms discussed in Chapter 3.

4Recall that the SK extension is to characterise the interactions of seeing and knowing. The details
can be found in Section 3.5.3



Chapter 5

Dynamic Social Epistemic Logic

In real social life, people reason according to what they see, hear and so on. Behind
this, people are processing information that changes all the time. The possible-worlds
framework used in previous chapters was initially only capable of handling a fairly
static view of knowledge and belief. But in the last thirty years, logicians have gone
on to study more dynamic features of communication and subsequent information
change.

Aimed at investigating the behaviour of computer programmes, dynamic modal logic
was developed in the early 1980s. Dynamic modal logic contains formulas of the
form [π]ϕ, interpreted as “successfully executing programme π yields a ϕ state”
[30]. By enriching the programmes for describing information change and adding
epistemic operators to the language, we are ready for dynamic epistemic logic.

Van Benthem suggested an application of dynamic modal logic to model informa-
tion change in [58]. The dynamic operators could be used to describe factual change
at the level of propositions. He also suggested to improve the methodology of be-
lief revision by the replacement of “theory change operators” with dynamic modal
operators.

This was started by Plaza [46] who defined a logic for public announcements, charac-
terising the logical consequences of making an announcement received by everyone
with a common knowledge that the announcement has occurred. The operator [!p]
means “after publicly announcing p” with the condition that the announcement must
be true. There is a general methodology to this approach: first, we choose a class
of models to represent the relevant information structures together with some appro-
priate static language for describing them, such as standard epistemic logic. Next,
an update mechanism is defined to represent actions that transform the static models.
Usually these update mechanisms have presuppositions. For public announcement,
this is that the announcement must be true. Then an elimination of all possible worlds
that do not satisfy the announcement results in a definable sub-model. Subsequently,
many papers have addressed more complicated forms of epistemic action such as
private announcement [7], public suggestion [42], [7] and so on.

109
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In this chapter, we firstly formally introduce public announcement logic (PAL).
Then we discuss the dynamic operators of dynamic social epistemic logic (DSEL).
We assume that all logics we are discussing in this chapter are based on S5 frames.
To explain them vividly, we present models of several scenarios from Chapter One.

5.1 Public Announcement

Recall my story about the All Blacks in Chapter Two. As a fan of the All Blacks
I was disappointed because I had no way to know the outcome of the game while
flying from China to New Zealand. Then came a surprise. The captain broadcast the
result: the All Blacks just won! Recall the model “Win or lose” which is as the left
part of Figure 5.1. It shows the situation before the captain’s announcement. How to
depict that I knew the All Blacks won (p)? Just by the fact that the ¬p world is no
longer possible after the update. The right-hand part of Figure 5.1 shows the result.

w v

p ¬p

w

p

M
[!p]M

Figure 5.1: The result of publicly announcing p.

Let’s explain it briefly. The left-hand model is just Figure 2.1, which shows my epis-
temic state before the captain’s announcement. We use [!p] to denote an announce-
ment of p. Then [!p]M is the model after the announcement. Because I learned that
p, the ¬p world is no longer considered. This leads to Kp at the actual world w. This
example shows the methodology of PAL. The class of formulas is defined in BNF
as

ϕ ::= p | ¬ϕ | (ϕ ∧ ϕ) | Kaϕ | [!ϕ]ϕ

where everything is the same as multi-agent epistemic logic except [!ϕ]ψ which
means “after a truthful announcement of ϕ, it holds that ψ.” The dual of [!ϕ] is
〈!ϕ〉. Then 〈!ϕ〉ψ stands for “ϕ is truthfully announced and after that, ψ.” Every-
thing announced has to be true. Lies are not allowed when we accept the T axiom.

Given a Kripke modelM = 〈W,R, V 〉, the semantic definition of [!ϕ]ψ is as follows:

M,w |= [!ϕ]ψ iff M,w |= ϕ implies [!ϕ]M,w |= ψ
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where [!ϕ]M = 〈W ′, R′, V ′〉 is defined as:

W ′ = {v|M, v |= ϕ}

R′a = {〈w, v〉|Ra(w, v) and w, v ∈W ′}

V ′(p) = {w|w ∈ V (p) and w ∈W ′}

In other words, the model [!ϕ]M is the restriction of M to those worlds that satisfy
ϕ (in M ), assuming that w is one of them.

We divide the axiomatisation of PAL into three parts. The system S5 of basic epis-
temic logic that we introduced in Chapter 2 (Figure 2.2) is a sub-system of PAL.
The second part, which comprises all reduction axioms is shown in Figure 5.2. The
reduction axioms state that what is the case after an announcement can be expressed
by saying what is the case before the announcement. What are these reduction ax-
ioms for? They are introduced in order to “reduce” the announcement operators
from a formula. By repeatedly applying the reduction axioms, any formula with an
announcement operator can be proved to be equivalent to a formula of the basic epis-
temic language. But the second part cannot handle the iteration of announcement
operators. That is why we need the third part, which consists of the axiom schema:

` [!ϕ][!ψ]θ ↔ [!(ϕ ∧ [!ϕ]ψ)]θ announcementCOM

Adding this axiom schema is one of many possible ways of obtaining reduction in
PAL. A detailed investigation has been given by [62]. We basically have two strate-
gies to prove the reduction: “inside-out” or “outside-in”. The difference between
them is the order of reducing dynamic operators from a formula. Take [!p]Kp →
(q ∧ [!r]Kq) as an example. The inside-out method will reduce [!r] first, then [!p],
while the outside-in method uses the reverse order. The main technical difference is
that the outside-in method requires axioms, e.g. announcementCOM, to deal with
the iteration of operators (e.g. [!p][!r]) whereas inside-out will require the rule of
Replacement of Logical Equivalents:

From ` ϕ↔ ψ infer ` θ ↔ θ[ϕ/ψ]

where θ[ϕ/ψ] denotes any formula obtained by replacing one or more occurrences
of ϕ in θ with ψ. In this way, the reduction axioms provide as recursive definition
of a translation of each formula ϕ in the language of PAL to a formula T (ϕ) in the
language of basic epistemic logic, such that the following lemma holds.

Lemma 5.1.1 (Reduction) For all ϕ in the language of PAL,

` ϕ↔ T (ϕ)
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` [!ϕ]p↔ (ϕ→ p) atomic

` [!ϕ]¬ψ ↔ (ϕ→ ¬[!ϕ]ψ) announcement¬

` [!ϕ](ψ ∧ θ)↔ ([!ϕ]ψ ∧ [!ϕ]θ) announcement∧

` [!ϕ]Kaψ ↔ (ϕ→ Ka[!ϕ]ψ) announcementK

Figure 5.2: Reduction theorems of PAL

Also PAL is sound.

Theorem 5.1.1 (Soundness) ` ϕ implies |= ϕ, for every ϕ in the language of PAL.

Then we have the completeness of PAL.

Theorem 5.1.2 (Completeness) |= ϕ implies ` ϕ, for each ϕ in the language of
PAL.

Proof: Suppose |= ϕ. By the Soundness Theorem and of Reduction Lemma, |=
T (ϕ). Then by completeness of S5, T (ϕ) is a theorem of S5. Since S5 is a sub-
system of PAL, T (ϕ) is also a theorem of PAL. Then by Reduction Lemma, ` ϕ.

♣

We will borrow this strategy to prove some completeness result later in this Chap-
ter. Now we only focus on the semantics of PAL and adapt it to BSEL, which is
indexical and two-dimensional.

Given a model M = 〈W,A, k, s, g, V 〉, a formula ϕ and an agent name n for the
announcer, we define [n!ϕ]M = 〈W ′, A, k′, s′, g′, V ′〉 where:

W ′ is the set of worlds w such that M,w, gw(n) |= ϕ.
k′b(w, v) iff kb(w, v) and w, v ∈W ′.
s′w(b, c) iff sw(b, c) and w ∈W ′.
g′w(m) = gw(m) for all m ∈ Nom and w ∈W ′.
V ′(p) = V (p) ∩ (W ′ ×A).

So [n!ϕ]ψ means “ψ is true after n announces ϕ”. As in public announcement logic,
the model [n!ϕ]M is a restriction of M , this time to those worlds that satisfy ϕ, for
the agent named “n” in M .

Then we have:
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M,w, a |= [n!ϕ]ψ iff either M,w, gw(n) 6|= ϕ or [n!ϕ]M,w, a |= ψ

We define ?Kϕ, to mean “I don’t know whether ϕ or not”, as an abbreviation of
(¬Kϕ ∧ ¬K¬ϕ).

We will now present models of the Muddy Monk scenarios introduced in Chapter
One. For Scenario 1, we only discuss Case Two of PV+PA. We repeat it briefly
here. This case assumes public vision and public announcement. Monks a, b and c
stand in a line such that a is at the front of the line and c is at the back. So a sees
nobody, b only sees a and c can see both a and b. Only a is clean. As a result,
b knows he is muddy on round 2 and a knows he is clean on round 3. Figure 5.2
shows the successive models. We use a, b, c as names for a, b and c, respectively.
We use a triple of binary numbers to denote possible worlds so that in world d1d2d3

monk a is muddy if d1 = 1 and clean if d1 = 0, and similarly for d2 and d3. For
example, in the world denoted 001 only c is muddy and in world 110 only c is clean.
The left column depicts the situation after the Abbot’s first statement. So there is no
world 000. According to the story, no one speaks on round one. The silence means
that every monk effectively announces that he doesn’t know that he is muddy, e.g.
(@a¬Kp∧@b¬Kp∧@c¬Kp). Then by the semantic definition of the announcement
operator, the world 001 has to be deleted since @cKp (c knows he is muddy) is true
at that world. As a result, in the real world 011, monk b now knows he is muddy since
010 and 011 are the only possible worlds he can access from 011. So b publically
announces @bKp (b knows he is muddy). Then all the possible worlds have to be
deleted except 010 and 011. Monk a then knows that he is clean on round three. But
monk c still has no idea since he is muddy at 011 but clean at 010.

5.2 Observable Announcements

A public announcement is “transparent”, meaning that every agent’s update is known
to the other agents. A “private” update is one that not every agent knows has oc-
curred. Now we introduce my friend Jeremy to the All Blacks story. If he and I
were on the same plane that night, he would also have received the captain’s an-
nouncement about the outcome of the match. Since the announcement was public,
the outcome would have been common knowledge to us. See Figure 5.4 where a is
me, b is Jeremy and c is the captain. After the captain made his announcement, p
would be common knowledge between us.

But Jeremy was not on the plane. Since he doesn’t care about rugby, he didn’t watch
the midnight match nor look up the outcome. So after the captain’s announcement, I
know p but Jeremy does not. This difference cannot be modeled using PAL alone.

1The order of these announcements does not make any difference in this example.
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M [!(@a¬Kp ∧@b¬Kp ∧@c¬Kp)]M
1 [b!Kp]M

111
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011
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a b c

Figure 5.3: Case Two of PA+PV of Scenario 1
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M
[c!p]M

Figure 5.4: Public announcement is transparent.

A solution to the above is to characterise a private announcement. We are going
to adapt the method of Baltag, Moss and Solecki [7] to our setting. This logical
system incorporated various group-level epistemic actions into the multi-agent basic
epistemic language. We will adapt this to the two-dimensional setting of BSEL.

5.2.1 Private Announcements For BSEL

A private announcement occurs when some people are uncertain as to whether the
announcement occurred or not. More generally, assume that there are some possible
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actions to consider, from n’s perspective; for some of them, n will be aware when
they happen, and this should result in some update for n, but n may be unaware of
some of them, then when they happen, n will remain ignorant.

A Kripke frame is used to characterise people’s uncertainty about possible actions

Definition 5.2.1 An action structure to be a finite Kripke frame S = 〈S,N, n,R, pre〉
consisting of:

• a finite set S of action tokens to denote all possible information update from
the perspective of n,

• a finite set N of agent names, and this represents whose uncertainty is charac-
terised by the action structure,

• an agent name n ∈ N , shows from whose perspective,

• an indistinguishability relation Rm for each agent m between any two action
tokens in S, and

• a precondition formula pre(s) for each action token s ∈ S. Intuitively, if
an action token s can happen in some possible world w, then pre(s) must be
satisfied at w. Let s, t ∈ S. Rm(s, t) means that if s is the action token that
really happens, then the agent named m thinks it is possible that t happens.

The purpose for introducing the action structure is to discuss how the agent’s uncer-
tainty about the actions epistemically influences people. So we need to relate the
action structure to the epistemic model in some proper way. Here is the method
adopted from [7].

Definition 5.2.2 Given a BSEL modelM = 〈W,A, k, s, g, V 〉 and an action struc-
ture S = 〈S,N, n,R, pre〉 where N ⊆ Nom we then define the model
MS = 〈WS, A, kS, sS, gS, V S〉 as follows:

• WS is the set of pairs (w, s) such that w ∈ W , s ∈ S and M,w, gw(n) |=
pre(s)

So this representation is from n’s perspective to illustrate the world and action.

• kSa ((w, s), (v, t)) iff ka(w, v) and Rm(s, t) for m ∈ N such that gw(m) = a.

The agents in M may be not in N . In this case, these agents know that one of
the actions occurred but do not know which one. The agents in N may know
which action has occurred.

• sS(w,s)(a, b) iff sw(a, b)

The action doesn’t change who sees whom.
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• gS(w,s)(n) = gw(n)

The action doesn’t change who is who.

• V S(p) = {(w, s)|w ∈ V (p)}
The action doesn’t change the truth value of propositional variables.

For all n ∈ N of S, we presuppose that n is rigid in M such that: if g(m) = g(n)
then Rm = Rn. If so, we say that M is suitable for S.

Like the public announcement, we define dynamic operators so that the language can
express the corresponding update.

Definition 5.2.3 Given an action structure S and some s ∈ S, we define the dynamic
operators [S, s] as follows:

M,w, a |= [S, s]ϕ iff if M is suitable for S and M,w, gw(n) |= pre(s)
then MS, (w, s), a |= ϕ

Our semantics follows that of BMS closely. We will use this method to model the
captain’s announcement when Jeremy is not on the plane. Figure 5.5 shows the action
structure of the example of All Blacks. The symbols +, − and = denote the action
tokens such that + represents c announces p, − represents that c announces ¬p and
= represents c doesn’t announce anything.

p
+

¬p
−

>
=

b b

c∗

Figure 5.5: The indexical action structure of the All Blacks

So we haveRb(+,−),Rb(+,=) andRb(−,=), which means only b (Jeremy) cannot
distinguish any actions of captain’s. Then MS, is depicted by Figure 5.6. We have:

M, (w,=), c |= K(p ∧@a?Kp)

Before the captains announcement, only the captain knows the outcome of the match,
and I do not know it.

[c!p]M, (w,+), a |= K(@cp ∧@b?K@cp ∧@b?K@aK@cp)
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After captain’s announcement p, I know the outcome of the match and I know that
Jeremy doesn’t know the outcome. Also he doesn’t know that I know the outcome.

(w,+)

(v,−)

(w,=)

(v,=)

a

p

p

c c
;

Figure 5.6: MS of All Blacks

Now consider another example. You are bald so you were wearing a hat. Suddenly
the hat was blown away by the wind and you caught it before it flew into the sky. Then
you put it on quickly. Suppose that a stranger a was standing behind you, which you
are aware of. Before the wind came, the epistemic situation can be represented by
Figure 5.7. There are four possible worlds since you (b) are uncertain whether the
stranger (a) could see you or not. Since you were wearing your hat at this stage,
a doesn’t know that you are bald (p). Then the action s (wind blew away the hat)
happened. Obviously, a would’t distinguish the action with the situation in which
nothing happened when a couldn’t see you at w0 or w1 while a is able to do at w2

and w3 where a saw you. However, either Ra(s,>) or not Ra(s,>) in an action
structure. This seems to suggest that the current method is not suitable to denote the
observable announcements, e.g. announcements that are only received by those who
can see the announcer. Facts regarding who sees whom are decided by the model not
the action structure. Agents may receive the announcement in some worlds but not
in others. So there is no way of encoding this in the relation Rm of an action model.

Since our logic is talking about seeing and knowing, observable announcements de-
serves our focus. So we have to do more to fix this incompatibility.

5.2.2 Indexical Actions

Definition 5.2.4 An indexical action structure S = 〈S, ind, pre〉 consists of a set S
of action tokens, a precondition formula pre(s) for each action token s ∈ S and an
indistinguishability condition formula ind(s, t) for s, t ∈ S.

Specially, if: (1) ind(s, s) = > (tautology); (2) `BSELS5
ind(s, t) ↔ ind(t, s);

and (3) `BSELS5
ind(s, u) ∧ ind(u, t) → ind(t, s) then we say that S is a BSEL

action structure. The clauses (1), (2) and (3) correspond to reflexive, symmetry and
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w0

w1

w2

w3

a

p

p

b

Figure 5.7: Bald head with a hat

transitivity respectively. Also, an agent is uncertain whether the action token s or t
has occurred when the agent satisfies the condition ind(s, t).

We draw the graphs of indexical action structures in a very similar way to those of
section 5.2.1 structures except that we label the edge between s and t with ind(s, t)
instead of the name of the agent. We also omit drawing the reflexive and transitive
edges if they exist. The following is a simple indexical action structure.

+
¬n

p ¬p
−

=

>¬(n ∨ 〈S〉n) ¬(n ∨ 〈S〉n)

Figure 5.8: An example of an indexical action structure

There are three action tokens: +,−,=. The edge between + and − is labelled ¬n.
This means that no agents other than n can distinguish between actions + and−. But
the edge between + and = (and also between − and −) is labelled by ¬(n ∨ 〈S〉n),
meaning that both n and any agent that can see n can distinguish between = and the
other nodes, but agents who cannot see n cannot. Since + has precondition p and −
precondition ¬p, this means that n is the only agent to receive the announcement.

Definition 5.2.5 Given a model M = 〈W,A, k, s, g, V 〉 of BSEL and an indexical
action structure S, we define the productMS = 〈WS, A, kS, sS, gS, V S〉 as follows:

• WS is the set of pairs (w, s) such that w ∈W , s ∈ S and M,w, a |= pre(s)

• kSa ((w, s), (v, t)) iff ka(w, v) and M,w, a |= ind(s, t).
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• sS(w,s)(a, b) iff sw(a, b)

• gS(w,s)(n) = gw(n)

• V S(p) = {(w, s)|w ∈ V (p)}

Since the settings here are different from Definition 5.2.1 (the structure of action
structure), we need a new semantic definition for the operators defined by the in-
dexical action structure. Then we won’t repeat the semantics for each operator we
introduce later.

Definition 5.2.6 Given an indexical action structure S and s ∈ S, the semantic
definition of the operator [S, s] is given as follows:

M,w, a |= [S, s]ϕ iff if M,w, a |= pre(s) then MS, (w, s), a |= ϕ

M,w, a |= [S]ϕ iff M,w, a |= [S, s]ϕ for every s ∈ S.

If M is a model of BSELS5, what about MS? If yes, what conditions? The answer
is the suitability.

A BSEL model M is suitable for S if ka(w, v), then M,w, a |= ind(s, t) iff
M,v, a |= ind(s, t).

Lemma 5.2.1 If M is a model of BSELS5, S is a BSEL action structure and M
is suitable for S, then MS is also a model of BSELS5.

Proof:

Recall that a model of BSELS5 is an S5 model. We check that kSa is the equivalence
relation. Let (w, s), (v, t), (u, r) ∈WS.

First, kSa is reflexive, i.e. kSa ((w, s), (w, s)) since ka(w,w) and M,w, a |= >.

Second, kSa is symmetric, e.g. kSa ((w, s), (v, t)) implies kSa ((v, t), (w, s)).

Suppose kSa ((w, s), (v, t)). Then we have ka(w, v) and M,w, a |= ind(s, t). Since
M is an S5 model, ka(v, w). Since M is suitable for S, M, v, a |= ind(s, t).
BSELS5 is sound, so M,v, a |= ind(s, t) → ind(t, s) by Clause (2) of Definition
5.2.4. So M,v, a |= ind(t, s), and then kSa ((v, t), (w, s)).

Third, kSa is transitive. And it can be proven similarly.

♣
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But we need to go further to discuss the bald and hat story we discussed at the end of
the last section. Recall the visual property pattern we discussed in Chapter 3: if you
see n, you know you see n, and if you cannot see n, then you know you cannot see
n. This is an exactly underlying assumption of that story. Now we want to categorise
a set of formulas. We call this set VP and define it inductively as follows:

• n ∈ VP for any n ∈ Nom;

• if ϕ ∈ VP, then ¬ϕ ∈ VP;

• if ϕ ∈ VP, then 〈S〉ϕ ∈ VP;

• if ϕ,ψ ∈ VP, then ϕ ∧ ψ ∈ VP;

Especially, > ∈ VP.

Then define a model M is an SK model, if it is a rigid model of BSELS5 and
satisfies:

if ka(w, v), then sw(a, b) iff sv(a, b) for every w, v ∈W and a, b ∈ A.

Lemma 5.2.2 Given an SK model M , if ka(w, v), then we have

M,w, a |= ϕ iff M, v, a |= ϕ for any ϕ ∈ VP.

Proof: By induction on ϕ. We only show the case in which ϕ = 〈S〉ψ.

M,w, a |= 〈S〉ψ iff there is b such that sw(a, b) and M,w, b |= ψ (1)

By ka(w, v) and M is an SK model,

sw(a, b) iff sv(a, b)

Then by inductive hypothesis,

M,w, b |= ψ iff M, v, b |= ψ

So (1) iff M,v, a |= 〈S〉ψ.

♣

Lemma 5.2.3 An SK model M is suitable for S if ind(s, t) ∈ VP for every s, t ∈ S.

Proof: By definition of suitability and Lemma 5.2.2.

♣
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Lemma 5.2.4 IfM is an SK model, S is a BSEL action structure andM is suitable
for S, then MS is also an SK model.

Proof: By Definition 5.2.5, Lemma 5.2.1, 5.2.3.

♣

Lemma 5.2.5 If M is a model of BSELSK, S is a BSEL action structure where
ind(s, t) ∈ VP for s, t ∈ S, then MS is also a model of BSELSK.

Proof: Recall that a BSELSK model is not only an SK model, but also has irreflexive
s.

The relation sS is still irreflexive by the definition of MS: sS(w,s)(a, b) iff sw(a, b).

MS is an SK model by Lemma 5.2.4.

♣

5.2.3 Observable Announcements

With indexical action structures, we can characterise various kinds of observable an-
nouncements. An announcement is “observable” if only those who see the announcer
receive its content. The announcer may or may not be “aware” of this. Both cases
will be considered.

First, we characterise the aware observable announcement. This is when agent n
announces ϕ, and: (1) n is aware of both the content of this announcement and of
having revealed it to any agent who sees n, and (2) any agent who is not n and cannot
see n does not know whether n has done so or not.

The notation [n^ϕ] stands for “after agent n is aware of having revealed ϕ”, and as
usual, this requires that ϕ is true. Then [n^ϕ]ψ means that ψ is true after n is aware
of having revealed that ϕ. [n^ϕ] = [S,+] where S is an BSEL action structure:
S = {+,−,=}; pre(+) = @nϕ, pre(−) = @n¬ϕ and pre(=) = >;

ind(s, t) =

{
¬(n ∨ 〈S〉n) if s 6= t
> Otherwise

.

See Figure 5.9.

Second, we characterise the unaware observable announcement. Agent n is unaware
of observably announcing ϕ, then n reveals ϕ to any one who sees but without know-
ing he has done so.

The notation [n ¯̂ϕ] stands for “after agent n is unaware of revealing ϕ”, which also
requires ϕ to be true. Then [n ¯̂ϕ] is the dynamic operator [S,+] where S is an
BSEL action structure defined below.
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@nϕ @n¬ϕ
+ −

>
=

¬(n ∨ 〈S〉n) ¬(n ∨ 〈S〉n)

Figure 5.9: The BSEL action structure of aware observable announcement

@nϕ @n¬ϕ

>¬〈S〉n ¬〈S〉n
−

=

+

Figure 5.10: The BSEL action structure of unaware observable announcement

Lemma 5.2.6 Let S be an BSEL action structure of [n^ϕ] or [n ¯̂ϕ] and M be a
model of BSELSK. Then MS is also a model of BSELSK.

Proof: By the fact that ind(s, t) ∈ VP for every s, t ∈ S and Lemma 5.2.5.

♣

Now we go back to the example that you are bald with a hat which is suddenly blown
away by the wind. In this case, you “show” the people who can see you that you
are bald. And this observable announcement is one you are aware of. Applying the
indexical action structure for [b^p] to the model shown in Figure 5.7, we get Figure
5.11. Recall that in world w1, a cannot see b. Then we have:

(1) M, (w1,+), b |= [b^p]@a?K@bp

After you (b) are aware of revealing that you are bald (p), the stranger (a) doesn’t
know whether you are bald or not because he didn’t see you.

(2) M, (w2,+), a |= [b^p](@aK@bp ∧@bK@aK@bp)

After you are aware of revealing that you are bald, the stranger knows that you are
bald because he can see you, and you know it because you are aware of revealing you
are bald.

(3) M |= [b^p]@aK@bp↔ @a〈S〉b

After you are aware of revealing that you are bald, the stranger knew that if and only
if he could see you. This is valid in M , i.e. true in every world.
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(w3,−)

(w0,−)

(w0,=)

(w1,=)

(w2,=)

(w3,=)

(w1,+)

(w2,+)

a

p

p

p

p

b

Figure 5.11: Agent b’s aware observable announcement p

Here is another example of unaware observable announcement. Agents a and b are
playing poker. The situation was that a got “A,A,2,3” and b got “6,7,8,10”. These
cards are face up on the table, so everyone can see them. Each player has one more
card face down. It is obvious that b wins if and only if b’s face-down card is “9”.
Before this competition, player a had watched lots of b’s previous poker videos very
carefully. And he found that b always touched his ring inadvertently when he bluffed
in a losing situation. Unfortunately for b, this is true and he is unaware of the “tell”.
Now, on the River Round (the last round of betting), b touches his ring after checking
his face-down card again, and went all-in (bet all his chips). Seeing the tell, a also
went all-in. Naturally, the result was that a won.

Let p be an indexical proposition “I have a losing hand.” Then the model M in
Figure 5.12 depicts the situation before bluffing. Player a didn’t know whether b
had a losing hand, so for him w and v are indistinguishable. Player b already knew
he had a losing hand, because he had seen his final card. He also knew that player
a didn’t know this. Then b started to bluff. When b touched his ring, this was an
unaware observable announcement to a, because a knows this reveals b’s bluffing.
So we have [b ¯̂p]M . In this model, player a understands what is really happening,
but b doesn’t. As a result, in the actual world, a knows he won’t lose, w, after the
tell, a knows both that he has the best cards (¬p), and that b doesn’t know he knows.
Expressing these by formulas, we have:
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M [b ¯̂p]M

w

v
p

a

p

b (w,=)

(w,+)

(v,−)

(v,=)

p

p

a

p

p

b

Figure 5.12: An example of unaware observable announcement

M,w, a |= [b ¯̂p]K@bp

M,w, b |= [b ¯̂p]?K@aK@bp

Definition 5.2.7 The language of observable announcement basic social epistemic
logic (BSELOA) is defined from a set Prop of propositional atoms, a set Nom of
agent names. The well-formed formulas ϕ of this language are given by the rule

ϕ ::= p | n | ¬ϕ | (ϕ ∧ ϕ) | Kϕ | Sϕ | @nϕ | Xϕ

X ::= [n^ϕ] | [n ¯̂ϕ]

We will show that formulas containing dynamic operators are equivalent to formulas
without them. In other words, we need reduction axioms:
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[n^ϕ]p↔ (@nϕ→ p)

[n ¯̂ϕ]p↔ (@nϕ→ p)

[n^ϕ]m↔ (@nϕ→ m)

[n ¯̂ϕ]m↔ (@nϕ→ m)

[n^ϕ]¬ψ ↔ (@nϕ→ ¬[n^ϕ]ψ)

[n ¯̂ϕ]¬ψ ↔ (@nϕ→ ¬[n ¯̂ϕ]ψ)

[n^ϕ](ψ ∧ θ)↔ ([n^ϕ]ψ ∧ [n^ϕ]θ)

[n ¯̂ϕ](ψ ∧ θ)↔ ([n ¯̂ϕ]ψ ∧ [n ¯̂ϕ]θ)

[n^ϕ]@mψ ↔ (@nϕ→ @m[n^ϕ]ψ)

[n ¯̂ϕ]@mψ ↔ (@nϕ→ @m[n ¯̂ϕ]ψ)

[n^ϕ]Sψ ↔ (@nϕ→ S[n^ϕ]ψ)

[n ¯̂ϕ]Sψ ↔ (@nϕ→ S[n ¯̂ϕ]ψ)

[n^ϕ]Kψ ↔ ((@nϕ ∧ (n ∨ 〈S〉n))→ K[n^ϕ]ψ)

[n ¯̂ϕ]Kψ ↔ ((@nϕ ∧ 〈S〉n)→ K[n ¯̂ϕ]ψ)

[n^ϕ](ψ → θ)→ ([n^ϕ]ψ → [n^ϕ]θ)

[n ¯̂ϕ](ψ → θ)→ ([n ¯̂ϕ]ψ → [n ¯̂ϕ]θ)

We only discuss the reduction axiom for [n ¯̂ϕ]Kψ. After n is unaware of observ-
ably announcing ϕ, in the case that ϕ is true for n, which is the precondition for
the announcement, the agents who get influenced are exactly those who can see n
(n cannot see n). So if they know ψ after being informed: for n, ϕ, then in the
original model they should potentially know that ψ is the consequence of n’s such a
announcement.

(Choice One:)

As to the other direction, for any agent who can see n when n is ϕ, if any his (or her)
accessible world looks ψ as a consequence of n’s announcement, then these worlds
will be kept in the updated model from the announcement and also accessible by him,
then he will know ψ. That is exactly what [n^ϕ]Kψ means.

(Choice Two:)

For the other direction, given n has ϕ property, in the case that you can see n, at all
your accessible worlds, that n is unaware of observably announcing ϕ implies ψ is
true, then these accessible worlds are exactly those that you still can access even if n
makes the announcement first, so you will know ψ;
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The axiomatisation of the observable announcement social epistemic logic consists
of the axioms and rules of BSELSK, the above reduction axioms and the following
:

From ` ϕ infer ` [n^ψ]ϕ

From ` ϕ infer ` [n ¯̂ψ]ϕ

Since our announcement operators are standard, by [62], the rules of Replacement of
Logical Equivalents (RE Rule) is admissible in the observable announcement social
epistemic logic.

Recall the strategy of the completeness proof that we introduced when we discussed
PAL. Since we have the RE rule, we will apply the inside-out strategy here with the
Lemma 5.1.1 and prove the completeness of BSELOA. Notice that we already have
reduction axioms. So a translation can be defined to have the following lemma:

Lemma 5.2.7 (Reduction) Every formula of the language of BSELOA is provably
equivalent to a formula of BSEL.

Theorem 5.2.1 (Soundness) ` ϕ implies ϕ is valid.

Proof: By checking the reduction axioms and additional rules.

♣

Theorem 5.2.2 (Completeness) If ϕ is valid, then ` ϕ.

Proof: similar to Theorem 5.1.2.

♣

We have so far discussed the observable announcement of a single agent. Now con-
sider what happens when two agents each make observable announcements. The
announcements may occur sequentially or simultaneously. A sequence of observ-
able announcement operators can deal with the sequential case. But simultaneous
announcement is a little different. Recall the scenarios we discussed in the first chap-
ter. When the Abbot asks the monks whether they know they are muddy or not,
they make their observable announcements by either raising their hands or keeping
silent. But their announcements are made simultaneously. And if we regard them as
a sequence of announcements, we cannot give an accurate description. Why? Take
Figure 5.3 (on page 104) as an example. In M , after Bob is aware of observably an-
nouncing that ?Kp, whose token is denoted as ∅, so pre(∅) =?Kp), then Bob cannot
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distinguish between (011, ∅) and (001, ∅) since kb((011), (001)) in M . But Charlie
knows he is muddy at both worlds now (@cKp). Even if Charlie makes an observable
announcement ?Kp now, we won’t get ((011, ∅), ∅) and ((001, ∅), ∅) (not satisfy the
precondition of pre(∅)), but only get ((011, ∅),+) and ((001, ∅),+), where + is the
token for the observable announcement that I know I am muddy. However, we have
kb(((011, ∅),+), ((001, ∅),+)), which means Bob doesn’t know why Charlie knows
he is muddy. Charlie may know it because Bob just made an announcement or he
sees two clean monks. In fact, a similar problem will occur even if we apply this
method to Scenario 0.

The solution is using simultaneous observable announcements. But there are various
specific situations. We discuss a very simple case in which it is commonly known
that ni (1 ≤ i ≤ k) is either aware of having revealed ϕi or does nothing, we define
the following indexical action structure S = 〈S, ind, pre〉 as follows:

• S = pow{n1, . . . , nk}

• pre(s) =
∧
ni∈s

@niϕi

• ind(s, t) =

{ ∧
n∈s./t

¬(n ∨ 〈S〉n)2 if s 6= t

> Otherwise

where s ./ t = {n ∈ {n1, . . . , nk}|n ∈ s\t or n ∈ t\s}

e.g. s ./ t = (s\t) ∪ (t\s)

For any action token s ⊆ {n1, . . . , nk}, ni is aware of observably announcing ϕi iff
ni ∈ s.

The set s ./ t collects all names of the agents who act differently between s and t.

For example, suppose n,m simultaneously announces p, q in this way, we have the
following action structure:

where S = pow{n,m}, pre({n,m}) = @np∧@mq, pre({n}) = @np, pre({m}) =
@mq, pre(∅) = > and ind is shown by Figure 5.13.

Now we define an operator: [(n1, . . . , nk)^(ϕ1, . . . , ϕk)], which means that agents
n1, . . . , nk make a simultaneous aware observable announcement ϕ1, . . . ϕk respec-
tively. [(n1, . . . , nk)^(ϕ1, . . . , ϕk)] = [S, {n1...nk}] where S = 〈S, pre, ind〉 is just
defined.

2For an unaware observable announcement operator, we only need
∧

n∈s./t
¬〈S〉n.
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{n,m}

{n}@np @mq{m}

∅
>

¬(n ∨ 〈S〉n) ¬(m ∨ 〈S〉m)

¬(m ∨ 〈S〉m)

¬(m ∨ 〈S〉m) ∧ ¬(n ∨ 〈S〉n)

¬(m ∨ 〈S〉m) ∧ ¬(n ∨ 〈S〉n)

¬(n ∨ 〈S〉n)

@np ∧@mq

Figure 5.13: An example of a simultaneous indexical action structure

5.3 Models of Scenarios in Chapter One

Recall the scenarios we proposed in Chapter One, in which all announcements are
simultaneous. In each round, the monks either raise their hands, which is an observ-
able announcement of “I know I am muddy” (Kp), or keep silent, which means “I
don’t know I am muddy” (¬Kp). But it means that we need to adapt the indexical
action structure we just defined by [n1, . . . , nk^ϕ1, . . . , ϕk] to fit this new settings.

In each round, the monks either raise their hand, which is an observable announce-
ment of I know I am muddy (Kp), or keep silent. How to model this? A first attempt
would be to use the simultaneous aware observable announcement [a, b, c^ϕ1, ϕ2, ϕ3]
but what to choose for ϕ1, ϕ2, ϕ3? The problem is that this is determined by the
model not the action structure. If Andrew knows he is muddy, he’ll raise his hand, but
if he doesn’t he won’t. We define a new announcement operator [n1, . . . , nk^Kϕ?]
to model the action of n1, . . . , nk simultaneously (and truthfully) answering the
question“ϕ?”. This is defined as S, where S = 〈S, pre, ind〉 is the action structure
defined by

• S = pow{n1, . . . , nk}

• pre(s) =
∧
ni∈s

@niKϕ ∧
∧
ni 6∈s

@ni¬Kϕ

• ind(s, t) =

{ ∧
n∈s./t

¬(n ∨ 〈S〉n) if s 6= t

> Otherwise
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Note that the definition of pre ensures that for any model M , each world satisfies
exactly one of the action token preconditions. This means that MS has the same
number of worlds and the same structure as M , except possibly for the k relation.

Also, we have the following fact:

(s ./ t) = (t ./ s)
(s ./ t) ⊆ (s ./ u) ∪ (u ./ t)

So, S is a BSEL action structure. By ind(s, t) ∈ VP for s, t ∈ S and Lemma 5.2.5,
we have:

Fact: If M is a model of BSELSK then MS is also a model of BSELSK.

Notice that the semantic definition here should be the second clause of Definition
5.2.6.i.e.

M,w, a |= [S]ϕ iff M,w, a |= [S, s]ϕ for every s ∈ S.

The reason is simple: [n1, . . . , nk^Kϕ?] expresses that agents are simultaneously
answering the question “ϕ?”. It doesn’t mean a specified token.

For modeling the scenarios of Chapter One, we define the following action structure
for the operator [a, b, c^Kp?] where p denotes “I am muddy”, depicted by Figure
5.13:

{a, b, c}

{b, c}

{c}{b}

{a, b} {a, c}

∅

{a}

Figure 5.14: The simultaneous indexical action structure for scenarios of Chapter
One

First, S = pow{a, b, c}. To make the graph neat, we avoid representing ind for each
edge and the pre formulas for each node. But the rule is simple: A token has a name
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iff the agent who has the name knows p. So pre({a}) = @aKp∧@b¬Kp∧@c¬Kp,
pre({a, c}) = @aKp∧@b¬Kp∧@cKp and pre(∅) = @a¬Kp∧@b¬Kp∧@c¬Kp.
There is an edge between any two nodes with the conditions defined by ind. For
example, ind({a, c}, {c}) = ¬(a ∨ 〈S〉a) and

ind({b, c}, {a}) =
∧

n∈{a,b,c}
¬(n ∨ 〈S〉n).

We now show model presentations of some scenarios in Chapter 1. We assume that
all original models (before announcements) are BSELSK models as discussed in
Chapter 3. They are rigid S5 models satisfying SK properties: if you see n, you
know you see n, and if you cannot see n, then you know you cannot see n.

The first proposed model presentation is Case Two in OA+PV of Scenario One in
which Andrew (a) is clean, and Bob (b) and Charlie (c) are muddy. They stand in
a line such that c can see both b and a, b can see a and a sees nothing. The vision
is public. But they can only raise their hands when they know they are muddy.
Otherwise, they keep silent. Before the Abbot says: “At least one of you is muddy.
If you know you are, raise your hands.”, the model M is depicted by the left part of
Figure 5.15. After the Abbot’s request, we have the right part of the figure. Except
for world (001) in M , every world just satisfies the pre(∅), which every monk keeps
silent (observable announcement of ¬Kp). In 001, c knows he is muddy. By Figure
5.13, ind(∅, {c}) = ¬(c ∨ 〈S〉c). However, neither b nor a can see c, so they cannot
distinguish whether c raises his hands or not. This makes the updated model the same
as the original model and no monk will know whether he is muddy or not. This result
agrees with Figure 1.2.

We are ready to discuss the last case of Scenario 2 (Figure 1.3). Recall that a is
still the only clean monk. It is publicly known that b and c see each other, a and b
see each other and a cannot see c. So the only question is whether c sees a, which
is not common knowledge. In fact, c sees a, and only a doesn’t know it by the
definition of semi-private vision. All monks finally know whether they are muddy
or not. Moreover, a gets the new knowledge that c can see him. The original model
M , expressing the situation of the beginning, was depicted by Figure 5.16. Monk a’s
uncertainty about whether c can see him is shown by a’s accessible relations between
the two parts of the model.

After the Abbot’s request, we have [(a, b, c)^Kp?]M , shown by Figure 5.17. We
only explain why it is not ka((011, ∅), (010, {b})) now. Since the token {b} 6= ∅,
ind({b}, ∅) = ¬(b ∨ 〈S〉b). By M, 011, a |= 〈S〉b, not ka((011, ∅), (010, {b})). For
the current world (011, ∅), we have:

MS, (011, ∅), a |= ¬Kp ∧ ¬K@c〈S〉a
MS, (011, ∅), b |= Kp
MS, (011, ∅), c |= Kp

Now b and c raise their hands since they know they are muddy at the current world
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M [(a, b, c)^Kp?]M

(111)

(110)

(011)

(010)

(001)

(100)

(101)

a b c

(111, ∅)

(110, ∅)

(011, ∅)

(010, ∅)

(001, {c})

(100, ∅)

(101, ∅)

a b c

Figure 5.15: Case Three of PV+OA of Scenario 1.2

(011, ∅). We then have the next model: [(a, b, c)^Kp?]M ′ whereM ′ = [(a, b, c)^Kp?]M .
Check Figure 5.18. Now there is no ka relation between (011, ∅), {b, c}) and (011, ∅), ∅).
It is because M ′, (011, ∅), a |= 〈S〉b. In other words, a can see b so a receives b’s
observable announcement. So we have

M ′S, ((011, ∅), {b, c}), a |= K¬p ∧K@c〈S〉a

We now briefly discuss Scenario 3. In the first case, every monk knows b is blind.
After two rounds of public announcement [!(@a¬Kp∧@c¬Kp)], the possible worlds
(101), (100), (001) have been deleted from the original model. Then at world (011)
b knows he is muddy, but neither a nor c knows whether they are muddy or not.

The final case is about belief rather than knowledge. That’s because a and c mistak-
enly believe that b can see them. Although BSEL is available as a base for a logic of
belief, the epistemic operator would need other properties, such as D45 rather than
S5. But also, we would have to modify the dynamic operators so as to perform belief
revision rather than epistemic update. This will be a matter for future research.

We could also consider dynamic operators that change not only the epistemic states
of agents but also their relationship to each other. This has been studied by Seligman,
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M

(111)

(110)

(011)

(010)

(001)

(100)

(101)

a b c

(111′)

(110′)

(011′)

(010′)

(001′)

(100′)

(101′)

a b c

Figure 5.16: Last case of Scenario2 (Round One)

Liu and Girard [56], and in Gasquet, Goranko, and Schwarzentruber [22]. [56] ad-
dresses the issue of how to change social relations in general, but with few technical
details. [22] examines a particular kind of relation change that is directly relevant to
that of SEL, and so we will discuss it in more detail. with our logic as below.

5.4 A Comparison with Big Brother Logic

The logic that [22] developed is a multi-agent system. It has the following setting.
First, different agents have different positions. They are stationary, but can rotate
freely. Second, the observation ability of each agent is reflected by his position, the
direction of his vision and the angle of the vision. Each agent can see everything of
the agents in his visual field. This includes the positions, directions and angles of
these agents. Third, each agent knows all the other agents’ positions, even the posi-
tions of those agents that he can never see. All of the above is common knowledge of
all agents. The motivation of [22] is to reason about not only the agents’ observation
abilities, but also their knowledge. For example, if agent b is in a’s visual field, a will
see b’s position and direction of vision. Since a also knows each agent’s position, he
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[(a, b, c)^Kp?]M

(111, ∅)

(110, ∅)

(011, ∅)

(010, {b})

(001, {c})

(100, ∅)

(101, ∅)

a b c

(111′, ∅)

(110′, ∅)

(011′, ∅)

(010′, {b})

(001′, ∅)

(100′, ∅)

(101′, ∅)

a b c

Figure 5.17: Last case of Scenario2 (Round Two)

knows who can be seen by b. So if b can turn and see a, then a should know that
before b turns around.

The basic language of BBL is defined by a finite set of agents Agt = {a1, . . . , am}
as follows:

ϕ ::= a . b | ¬ϕ | ϕ ∨ ϕ | Kaϕ |
−→〈a〉ϕ

Then BBLC and BBLD are obtained by adding CA and DA to BBL respectively
for every group of agents A. CA and DA are operators for common knowledge and
distributed knowledge respectively, which we have discussed in Chapter Two.

The atomic proposition a . b reads: “agent a sees agent b.” Kaϕ means “agent a
knows ϕ.” And

−→〈a〉 is the turning (diamond) operator where
−→〈a〉ϕ means “agent a

can turn so that ϕ holds.”

Now we introduce the basic idea of the semantics. The geometric model in [22] is a
tuple (pos, dir, ang) defined in the Euclidean plane. The quantities pos, dir and ang
means the positions, the directions and the visual angles of each agent. The figure
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[(a, b, c)^Kp?]M ′

((111, ∅), ∅)

((110, ∅), ∅

((011, ∅), {b, c})

((010, {b}), N)

((001, {c}), N)

((100,>), ∅)

((101,>), ∅)

a b c

((111′, ∅), ∅)

((110′, ∅), ∅)

((011′, ∅), ∅)

((010′, {b}), N)

((001′, ∅), ∅)

((100′, ∅), ∅)

((101′, ∅), ∅)

a b c

Figure 5.18: Last case of Scenario 2 (Round Three)

below shows how these quantities describe the visual field of an agent a.

However, the geometric models are not Kripke models. So they cannot model the
actions of turning around, which are characterised by the turning operator

−→〈a〉 for
each a ∈ Agt. Given a geometric model, for any a ∈ Agt, define the set of the
agents who are in a’s visual field to be the vision set of a (notation: Γa). Take Figure
5.19 as example. The agent a sees nothing, b only sees a and c only sees b. So we
have:
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Figure 5.19: A geometric model

Γa = ∅,Γb = {a},Γc = {b}

Since a can turn around in a full circle, his vision set may keep changing. So we
have to consider all possible Γa. Call the collection of these sets the spectrum of a’s
vision (notation: Sa). Back to Figure 5.19, we have:

Sa = {∅, {b}, {c}}

Sb = {∅, {a}, {a, c}, {c}}

Sc = {∅, {a}, {b}}

We only explain Sc briefly. For agent c, the spectrum of c’s vision is a set of vision
sets of c when c turns around. The agent c sees nobody when he stands with his back
to a and b. In this case, his vision set is the empty set. Then he turns counterclock-
wise, he will see b first. Keep turning, he will see a instead, as depicted by the figure.
That is why {a} and {b} are elements of Sc. You may ask why {a, b} is not in Sc.
This is because the angle of c’s vision is not big enough to see both of them, given
where they are standing in Figure 5.19. More generally, for any geometric model we
can specify a function S mapping each agent a to its spectrum of vision Sa. Given
S, [22] shows how to define a Kripke model V(S) = 〈Γ, τ, ε〉 where Γ is a set of
possible worlds, τa and εa are binary relations on Γ for each a ∈ Agt. Here are the
details.

Γ = {(Γa)a∈Agt|Γa ∈ Sa for all a ∈ Agt}

Then we have

V(S), (Γa)a∈Agt |= a . b iff b ∈ Γa

For example, the world Γ of Figure 5.19 is as given earlier: Γa = ∅,Γb = {a},Γc =
{b}. This clearly does not satisfy a . b because b is not in Γa, which is the empty set.
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For each a ∈ Agt, define τa of V(S) as follows:

τa = {((Γb)b∈Agt, (Γ′b)b∈Agt)|Γb = Γ′b for all b 6= a}

Then we have

V(S), (Γb)b∈Agt |=
−→〈a〉ϕ iff V(S), (Γ′b)b∈Agt |= ϕ for some (Γ′b)b∈Agt ∈ Γ

such that τa((Γb)b∈Agt, (Γ′b)b∈Agt)

Back to Figure 5.19, we now consider another possible world Γ′ where everything
keeps unchanged except that b turns around so that he sees nothing, i.e.,

Γa = ∅,Γb = ∅,Γc = {b}

Then by the definition of τ , we have τb(Γ,Γ
′), but not τa(Γ,Γ′). So we have

V(S),Γ |= −→〈b〉¬b . a saying that b can turn in Γ so that b cannot see a.

Finally, a should not be able to distinguish between Γ and Γ′ in Figure 5.19 because
a sees the same agents in Γ and Γ′. But this condition is not sufficient to define the in-
distinguishability. Why? Take c as example. Since c sees b in both worlds, c realises
that b’s vision direction has changed. Since a’s position is common knowledge, c
realises that b cannot see a in Γ′. So c is distinguishable between Γ and Γ′ although
he sees the same agents in both worlds. Hence, an agent is indistinguishable between
two worlds if he sees the same agents and all the agents he sees see the same agents
in both worlds. Formally, for each a ∈ Agt, the indistinguishable relation εa of V(S)
is defined as follows:

εa = {((Γb)b∈Agt, (Γ′b)b∈Agt)|Γb = Γ′b for all b ∈ {a} ∪ Γa}

Then we have

V(S), (Γb)b∈Agt |= Kaϕ iff V(S), (Γ′b)b∈Agt |= ϕ for all (Γ′b)b∈Agt such that
εa((Γb)b∈Agt, (Γ

′
b)b∈Agt).

The standard public announcement operator, as we have discussed in the previous
section, can be added to BBL. This may give the agents additional information to
obtain knowledge. Back to Figure 5.19, if b public announces that he cannot see c
(denoted by [!¬b . c]), then Γ′ will be deleted in the updated model, then we do not
have εa(Γ,Γ′).

BBL and DSEL clearly focus on different aspects of the logic of seeing and know-
ing.

BBL studies an interesting class of dynamic modalities of motion. But the move-
ment studied in BBL is limited. As we discussed at the beginning, [22] assumes that
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every agent’s position is common knowledge. This requires that agents are stationary.
If the agents are mobile, then it is no longer true that the truth of formulas depends on
what agents see. The construction of V(S) also doesn’t support mobile agents. For
example, in Figure 5.19, however, c will now be indistinguishable between Γ and Γ′

since a may be still in b’s visual field by moving.

DSEL considers a wider range of communications such as observable announce-
ments which are semi-private. Even on the level of public announcements, [n!p] (n
public announces that he is muddy) cannot expressed by BBL due to the syntactic
limitation.

Another way of comparing the two logics is to ask their points of view on the re-
lationship between seeing and knowing. For DSEL, we have listed a number of
axioms that related to this issue (See Chapter 3, section 3.5.3). BBL can realise
SKI, SKI′ , SKII and SKII′ . The failure to realise the rest of axioms is also due to the
syntactic limitation of BBL.

Another property that we haven’t so far considered is the relationship between seeing
and common knowledge. Both BBL and DSEL can express that seeing each other
is common knowledge: (a.b∧b.a)→ Ca,b(a.b∧b.a). However, the BBL formula
a . b → Ka

−→
[b](a . b) states that if a can see b, then a knows that no matter how b

turns around, this will still be true. But this is only approximated by SKI saying that
if a can see b, then a knows it. Another interesting example is c’s distinguishability
of Γ and Γ′ in the above example. This is under the assumption that each agent’s
position is common knowledge. DSEL doesn’t have this assumption, so c will be
indistinguishable to Γ and Γ′ because c cannot see a and then he cannot realise that
b cannot see a in Γ′ too.

On a purely technical level, BBL can define betweenness and collinearity while
DSEL can do neither. For example, under the assumption that the agents’ angles
of vision are strictly less than 2π, the betweenness relation B(acb) (c lies strictly
between a and b) can be defined as follows:

B(acb) :=
−→
[a](a . b→ a . c) ∧ −→[b](b . a→ b . c)

In all, it seems that BBL could be a good complement to DSEL. The expressivity
of agents’ observation abilities could be embedded into DSEL. Consider a logic
combining the turning operator of BBL with observable announcement operators of
DSEL. Take Scenario I OA+SV as example (See Chapter One, Section 1.1). If b can
turn and sees a and c, bwill know not only both a and c can see him, but also whether
a and c are muddy or not. Also b will see c’s observable announcement saying that
c doesn’t know if c is muddy or not. Then b will know he is muddy. Basically, the
combination makes agents be more powerful on reasoning.
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5.5 Further Directions

This chapter provides a semantic treatment of dynamic operators to axiomatise DSEL
with the methods of dynamic epistemic logic. I proposed an indexical action struc-
ture in which the epistemic accessibility relations between actions are defined indi-
rectly, by the formulas ind(s, t) which describe those agents who cannot distinguish
between action tokens s and t. Then I defined two kinds of dynamic operator, [S, s],
where s is a specific action token in indexical action structure S, and [S], which quan-
tifies over all its action tokens. The semantics of these operators is closely based on
the product construction of DEL.

I then defined [n^ϕ] and [n ¯̂ϕ] to model the act of agent n observably announcing
ϕ. Although useful, these operators are not sufficient to analyse most of the scenarios
from Chapter 1, which require simultaneous announcements by a number of agents.
I introduced the simultaneous announcement operators. I defined [n1, . . . , nk^ϕ?]
to model the effect of asking the question ”ϕ?” to the agents n1, . . . , nk. Then I gave
model presentations of some scenarios of Chapter 1.

Here are some further developments:

1. propose an axiomatisation for the logic with the indexical action structure oper-
ators and prove the completeness. There are recursion axioms for public announce-
ment logic and DEL in [7] and [61] and so on. I hope a similar strategy can be
followed but the two-dimensional nature of the operators makes it a bit harder.

2. investigate the frame properties in the product construction.

3. investigate the dynamic operators, which are discussed informally by Seligman,
Liu and Girard in [56].

For example, agent a reads his medical report, which has either a positive result p
or negative result ¬p. All agents who can see a will know that a knows the result,
without knowing the result itself. And those that cannot see a don’t know the fact that
a even knows the result. This can be represented by the following action structure:

〈S〉n@np @n¬p
+ −

>
=

¬(n ∨ 〈S〉n) ¬(n ∨ 〈S〉n)

Another example is a second-person indexical announcement, such as a gesture or
wink by n as an indication of something to m, e.g. you are in danger (@mp). Other
agents who can see n only know that n made a gesture or winked. Only m and n
know the meaning behind it. This is represented by the following action structure:
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¬m ∧ 〈S〉n@mp ¬@mp
+ −

>
=

¬(n ∨ (@m〈S〉n ∧m)) ¬(n ∨ (@m〈S〉n ∧m))





Chapter 6

Conclusions and Future Work

This thesis is a technical contribution to the development of SEL. The main result is
an axiomatisation of social epistemic logic and proof of its completeness.

We started with a number of scenarios of seeing and knowing to motivate and pro-
vide illustrative examples of the development of the logic. Chapter 2 reviewed the
semantics and axiomatisation of standard epistemic logic and gave the language and
semantics of Basic Social Epistemic Logic (BSEL).

Chapter 3 firstly proved completeness of the basic modal logic with the step-by-step
method, which we formulated in a general way, to allow applications to the more
complicated settings of BSEL and SEL. Then we proposed an axiomatisation of
BSEL and several extensions along both dimensions with a proof of completeness
for each of them using the step-by-step method. We discussed extensions with rigid
names, KD45 and DSEL, and the SK axioms as an example of the interaction of
seeing and knowing. We proposed a tableau system based on Christoff, Hansen and
Proietti’s results. We also compared our results with Sano’s.

Chapter 4 discussed an axiomatisation and completeness proof of SEL, which is an
extension of BSEL with the downarrow operator. The proof is long and complex.

Chapter 5 covered a brief discussion of DSEL, the result of adding dynamic oper-
ators to SEL. We adapted dynamic epistemic logic to our two dimensional settings
and gave a semantic definition of different kinds of observable announcements. A
semantic treatment of dynamic operators was given with the methods of dynamic
epistemic logic.

In Chapter 3, 4 and 5, I discussed further directions for research on the technical
development of the logic. There is also potential for philosophical extensions. The
S5 extension of KD45 provides “social doxastic logic” for analysing the diffusion
of possibly false beliefs in a community. Such a logic would make comparison with
the social psychology literature much easier. Take a study by Miller and Macfar-
land [45] for example. Readers who recall their own study experience, will find this
very familiar. Several years ago, 132 undergraduates of Princeton University were
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randomly chosen to respond to a questionnaire about alcohol use on the Princeton
campus. They answered some questions about their own opinions on alcohol con-
sumption, and what they thought the “average student” thinks ([47]). The results
indicated a sharp divergence between their own comfort level and the comfort level
they estimated for others. In other words, most students believed that other students
were more comfortable with the use of alcohol on campus than they were themselves.
This phenomenon is called “pluralistic ignorance” and was first coined by Floyd All-
port [1]. It refers to a situation where the majority of a community has an opinion but
assumes wrongly that most others believe the negation of what they believe. Prentice
and Miller [47] also discussed the consequences of pluralistic ignorance. They think
there are three strategies for people involved pluralistic ignorance: (1) change their
own opinion to make it compatible with those of others; (2) change the opinion of the
group to match their own opinion; and (3) alienate themselves from the group. They
think that (1) is the easiest or cheapest to adopt. This helps to keep the phenomenon
robust and leads to a collective irrationality.

Recently, Hendicks and Hanson, in their book Infostorms [32], introduced the topic
to logicians but without giving technical details.

Christoff and Hansen [17] gave an account of pluralistic ignorance using a logical
framework inspired by Logic in the Community. So it closely relates to SEL. A
more direct influence was an earlier work of mine. Liang and Seligman [41] used a
two-dimensional logic to give a model of “peer pressure”. We proposed an account
of preference change in a community, which has a network of “friends” with an
operator F meaning “all my friends” and an operator P meaning “prefers”. Social
influence by an issue ϕ was modeled by a dynamic operator #ϕ. It changed every
agent’s preference depending on the extent that he is influenced by his friends. If he
is strongly influenced, he will prefer ϕ no matter what he preferred before. If he is
weakly influenced, he will at least not prefer ¬ϕ. And if he is not influenced at all,
he will maintain his original preference. Strong and weak influence were defined as:

SI1ϕ = FPϕ ∧ 〈F 〉Pϕ

WI1ϕ = 〈F 〉Pϕ ∧ F¬P¬ϕ

In other words, an agent is strongly influenced (SI1) if all his friends prefer ϕ (and
he has at least one friend) and weakly influenced (WI1) if none of his friends prefer
¬ϕ and at least one prefers ϕ.

We showed how this operator describes a number of patterns of behavior in social
groups and gave a logical analysis of the conditions under the stablisation of a group’s
preferences.

Our approach was then extended by Liu, Seligman and Girard [43] to model social
influence concerning beliefs.
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Christoff and Hansen [17] applied this approach to model pluralistic ignorance by
introducing a description between two kinds of belief. Inner belief (IB) is the belief
that the agent has in his mind, which can only be accessed by the agent himself.
Expressed belief (EB) is other agents’ interpretation of his action. Only the expressed
belief can be accessed by other agents, and only the expressed belief can influence
other agents. They proposed an analysis of pluralistic ignorance as:

PIϕ := G(IBϕ ∧ EB¬ϕ)

where G is a universal operator interpreted as “for all people”. In other words, plu-
ralistic ignorance about ϕ is the state in which everyone has an inner belief ϕ but
expresses the belief ¬ϕ.

They suggested that social influence works only on the level of expressed belief and
they defined strong and weak influence as:

SI2ϕ = FEBϕ ∧ 〈F 〉EBϕ

WI2ϕ = 〈F 〉EBϕ ∧ F¬EB¬ϕ

For example, an agent who believes ϕ but all his friends all believe ¬ϕ will end up
expressing a belief that ¬ϕ, even though he still has the inner belief that ϕ. It is easy
to see how PIϕ can result. One problem with Christoff and Hanson’s approach is
that they didn’t analyse the relationship between expressed belief and inner belief.

I suggest that a doxastic version of SEL, i.e. SEL + D45, can describe pluralistic
ignorance similarly to Christoff and Hanson’s account, but use only one kind of belief
(B). The basic idea is that pluralistic ignorance occurs when everyone believe both
ϕ and anyone he can see believes ¬ϕ, i.e.

PI2
ϕ := GB(ϕ ∧ SB¬ϕ)

“Expressed belief” is replaced by a (higher order) belief in those who can see me.
The corresponding strong and weak influence are as follows:

SI3ϕ = B(SBϕ ∧ 〈S〉Bϕ)

WI3ϕ = B(〈S〉Bϕ ∧ S¬B¬ϕ)

However, this is only the beginning of a solution. In future work, I propose to study
dynamic operators for modeling social influence, using the indexical action structures
from Chapter 5.

Nonetheless, I think that the link between perception and belief is an important part
of many cases that have been considered to be relevant to pluralistic ignorance.
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To model the dynamic properties of pluralistic ignorance, we need some plausible
revisited operators like ↓x [↓y @x〈S〉y^Bϕ]ψ expressing “after all the people I can
see show that they believe ϕ, ψ.”

Back to the campus alcohol example. When agent a believes that people shouldn’t
drink too much alcohol at campus (p), he looks around, and only sees others enjoying
their drinking. Let b be one of them. The observation that b drinks like a fish can
be regarded by a as b’s observable announcement of ¬p without being aware of this.
Since most of the students a sees are making the same announcements, a has a strong
influence by ¬p and ends up believing ¬p. This response is the first of the strategies
for pluralistic ignorance that we have just introduced by Prentice and Miller [47].

The method can also be applied to modeling the Bystander Effect, another well-
studied phenomenon of social psychology. Someone falls to the ground in a crowded
street and obviously needs help. Many people have seen him but no one helps. The
more witnesses there are, the less likely it is that anyone will offer help. Explanations
for this result are that the bystanders either are [47] unsure of the seriousness of
the victim’s condition, looking at the reaction of others who are also not helping,
then concluding that the situation is not serious, or [20] believe that one of the other
bystanders should offer help to them. In either case, the result is the same: no one
helps.

I believe that who sees what will affect the outcome of the Bystander Effect. And
these details are exactly how SEL can be used to reason. Consider the situation in
which an agent falls at a street corner. There are only two bystanders walking towards
the agent such that one is walking on one street and the other is walking on another.
They are in such a situation that both of them can see the agent but neither of them
can see each other. So after the agent shows that he believes he needs help, either
bystander will be strongly influenced and as such believe he needs help. Since they
cannot see anyone else, they also believe that no one else can offer help. So seeing
“dissolves” the bystander effect.

From an epistemological point of view, pluralistic ignorance and the bystander effect
involve false belief about the beliefs of others and end up with the collective belief
error because people don’t have enough information. Observation is a primary way
for people to access information about others, but observation alone is usually not
enough.

There are are also some purely technical problems that could be investigated. For
example, hybrid logic has various powerful completeness theorems for extensions of
the base logic with axioms of various syntactic forms: the so-called “pure” formulas,
which contain no propositional variables. It would be interesting to investigate pure
extensions of SEL and BSEL. The existence of Sahlqvist forms, known from modal
logic, is another point to consider. It is a fairly strong conjecture that similar results
could be given for SEL. However, more central to the concerns of this thesis is the
open problem of proving completeness for SEL or BSEL using a canonical model.
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As described in Section 3.7, we were unable to do this.

Finally, an important issue that we have not addressed at all in this thesis is that of
computational complexity. The obvious questions to address are whether BSEL
and SEL are decidable, i.e., whether the satisfaction problem for these logics is
decidable. By the tableau system in Section 3.1, we know that BSEL is decidable.
The extensions T and S4 could be easily applied with the same method to show they
are also decidable. But we don’t know about S5 and BSELSK. The undecidability
of hybrid logic H(@, ↓) is proved in [2, 12], based on an encoding of the ℵ × ℵ
tiling problem. So SEL is likely to be undecidable, but there may still be useful to
investigate the tableau system for it.
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