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Abstract 
Harvesting ambient vibration energy provides a promising solution to implement self-powered 

microwatts to milliwatts low-power electronic devices, as an alternative to batteries. Due to 

the high power density and simple construction, piezoelectric transducers have attracted the 

most attention in the field of vibration energy harvesting. Optimization of the performance of 

linear piezoelectric energy harvesters requires matching resonant frequencies with the 

dominant excitation frequency. Since ambient vibrations are usually distributed over a wide 

spectrum, nonlinear mechanisms have been widely explored to extend the bandwidths of energy 

harvesters with minimal reduction of power density. Moreover, nonlinear piezoelectric energy 

harvesters could also manifest broadband vibration suppression when attached to a primary 

structure. 

Internal resonance is a nonlinear mechanism which can achieve wide bandwidth due to extra 

resonant peaks. In this thesis, a two-degree-of-freedom energy harvester is designed and 

fabricated, whose first two natural frequencies can be tuned to a near 2:1 ratio. Double 

jumping, modal interaction, and saturation phenomena are revealed experimentally and 

numerically. A theoretical study based on two approximate methods is also conducted to gain 

insights into the key features of internal resonance and the benefits for energy harvesting. The 

optimal resistance to obtain the maximum power is determined. By and large, the operational 

bandwidth can be enlarged compared with conventional linear and nonlinear energy 

harvesters due to the two-to-one internal resonance. 

A nonlinear energy sink is another mechanism investigated in this thesis. This has been utilized 

for adaptive and broadband vibration absorption in previous studies. With the integration of a 

piezoelectric transducer, the nonlinear energy sink can serve as a vibration energy harvester 

as well as a vibration absorber. With alternative and direct current interface circuits, targeted 

energy transfer, an energy localized branch and their influence on the dynamic and electrical 

performance are revealed experimentally and numerically. Also, approximate methods are 

used to reveal the underlying mechanism of targeted energy transfer in the presence of 

electromechanical coupling. In summary, the piezoelectric energy harvester based on a 

nonlinear energy sink is able to absorb vibrational energy of the primary structure and 

effectively collect electric energy over a broad frequency range.  
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Chapter 1. Introduction 

1.1. Background 

Vibrations are mechanical oscillations about an equilibrium position. As vibration is one of the 

most ubiquitous energy sources in the environment, researchers are motivated to find 

approaches to control or harness the undesirable or wasted energy of vibrations. In recent years, 

vibration energy harvesting has attracted considerable attention from various research 

communities as well as industrial sectors. The device used in the process of extracting electrical 

energy from ambient vibrations is called a “vibration energy harvester”. The main application 

of such a technique is to provide a power supply in the micro-watt to mill-watt range for low 

power electronic devices, such as wireless sensors. It aims at providing an alternative to 

batteries that suffer from finite energy storage and costly periodic maintenance in harsh or 

inaccessible locations and bring environmental impacts. For instance, several commercial 

vibration energy harvesters have been proposed to power autonomous sensors (Penella & 

Gasulla, 2007). By transforming the vibrational energy from the local environment using 

electromechanical transducers, there is less restriction on the lifespan and workspace of the 

electronic devices.  

Different mechanisms and materials can be used to harvest vibration energy. In general, 

piezoelectric, electromagnetic, triboelectric, and electrostatic transductions are four common 

vibration-to-electric conversion mechanisms. Among them, energy harvesting using a 

piezoelectric transducer has received the greatest attention due to the simple nature of the 

structure, the ease of application, and the high power density. When piezoelectricity is used for 

energy harvesting, one approach is to bond the piezoelectric elements to the vibrating structures 

directly. The majority of the piezoelectric energy harvesters are attached to the host structure 

as add-on systems (usually in the form of cantilever configurations with bonded piezoelectric 

layers (Erturk & Inman, 2008)). 

Conventional piezoelectric vibration energy harvesters only work efficiently around resonance. 

Since the majority of vibrations in the environment contain a range of possible frequencies, 

ideally, harvesters should possess a broad operation bandwidth for efficient energy harvesting. 

One approach is to tune the resonant frequency of the harvester such that it can adapt to the 

frequency-varying vibration. However, sophisticated control and continuous external power 
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are needed to tune the properties of the harvester and eventually there might not be any net 

benefit from the frequency tuning. Alternatively, broadening the resonant bandwidth is another 

approach to improve the performance of piezoelectric energy harvesters. A straightforward 

approach to achieve broad operational bandwidth is to create multiple resonant frequencies 

close to each other in the given vibration spectrum with a tailored cantilever array configuration 

(Ferrari et al., 2008). However, the power volume or weight density of such multi-modal 

piezoelectric harvester is relatively low and is not applicable in some situations where there 

exist volume or weight constraints, for example, micro electromechanical systems (MEMS). 

Exploiting nonlinearity in piezoelectric energy harvesting to attain broad operational 

bandwidth has attracted increasing attention in recent years. Compared to the linear counterpart, 

the nonlinear piezoelectric energy harvester is expected to be able to achieve broadband 

resonant peaks with no tuning effort and a minor increase in the volume or weight of the system. 

Monostable nonlinear configurations have been investigated to enhance the resonant 

bandwidth through hardening or softening stiffness effects. The operational bandwidth is 

increased as the resonance curve is bent to the right (hardening) or left (softening). The 

configuration with mechanical stoppers is another strategy to enhance the operational 

bandwidth due to the piecewise-linear stiffness. Moreover, bistable and tristable nonlinear 

piezoelectric energy harvesters have also been investigated recently. For bistable or tristable 

energy harvesters, the oscillators can “snap-through” from one stable equilibrium to another, 

which creates large amplitude inter-well oscillations and thus generates higher power. 

In addition to these extensively studied techniques, some other intriguing behavior of nonlinear 

systems could also be explored for energy harvesting. Internal resonance is an interesting 

phenomenon when the linearized natural frequencies of the nonlinear system are 

commensurable or nearly commensurable. The key feature is that hardening and softening 

coexist so that the resonant curve can be broadened in two directions, which is of great benefit 

for broadband energy harvesting. The nonlinear energy sink (NES) is another unique system 

with no preferential resonance frequency. This feature imparts frequency adaptability and has 

been utilized in broadband vibration suppression. The phenomenon that the vibration energy 

initially applied to the host structure can be irreversibly transferred and localized within the 

NES is termed as “targeted energy transfer”. Instead of dissipating the localized vibration 

energy, integrating a piezoelectric transducer into the NES has excellent potential in broadband 

energy harvesting. Thus, apart from the research in dynamics, several attempts have been made 

in recent years to exploit these two nonlinear mechanisms: internal resonance and nonlinear 
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energy sink for energy harvesting. However, knowledge gaps still exist before their deployment 

in practical applications. The understanding of the fundamental nonlinear dynamic mechanism 

and the influence of the energy harvesting component on the dynamic properties are still 

inadequate. For the internal resonance based energy harvester, a comprehensive analysis via 

analytical methods, numerical simulation, and experimental validation is lacking. For the 

nonlinear energy sink based energy harvester, research on the steady-state response of the 

piezoelectric nonlinear energy sink and how the energy harvesting process interacts with the 

nonlinear dynamics of the NES after the integration of electromechanical transduction 

component is lacking. 

This thesis intends to pursue the advantages of internal resonance and nonlinear energy sink 

mechanisms for broadband energy harvesting and gain insights into the underlying principles. 

The outcome of this research will lay the foundation for the design and optimization of the 

broadband energy harvesters based on these two mechanisms. 

1.2. Research Objectives and Scope 

The general objective of this research is to utilize two different nonlinear mechanisms, that is, 

internal resonance and nonlinear energy sink, to enhance the broadband performance of 

piezoelectric vibration energy harvesting. The broadband dynamic behavior and energy 

harvesting performance should be examined analytically, numerically and experimentally. The 

electromechanical coupled system should be modeled and appropriately solved to predict and 

interpret the nonlinear behavior. Efforts should also be devoted to exploring the effect of the 

electromechanical coupling on the nonlinear dynamic behaviors. The overall aim embarks on 

the following specific objectives: 

Objective 1: Experiment and numerical study of internal resonance based piezoelectric 

energy harvester. 

A two-degree-of-freedom structure with the piezoelectric transducer that can be tuned to 

achieve internal resonance is designed. Magnets are used to introduce a quadratic nonlinearity 

in the system such that two-to-one internal resonance can be investigated. Double jumping 

phenomenon and its effect on the piezoelectric energy harvesting are explored through direct 

numerical method, equivalent circuit simulation and experiment. 
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Objective 2: A comprehensive theoretical investigation on the underlying mechanism of 

the internal resonance based piezoelectric energy harvester. 

For the system proposed in the first objective, a theoretical model considering cubic and 

quadratic nonlinearity is formulated and developed. The amplitude-frequency responses of 

such a system with full electromechanical coupling and complex nonlinearity are solved and 

analyzed by approximate approaches, such as the multi-scale method and the harmonic balance 

method. 

Objective 3: Exploring the application of a piezoelectric nonlinear energy sink system for 

simultaneous vibration suppression and energy harvesting under impulsive excitations. 

A nonlinear energy sink based piezoelectric energy harvester is designed, the performance of 

which is investigated under impulsive excitations first. The fundamental characteristic of 

energy localization is studied by direct numerical integration. Moreover, the approximate 

analytical approaches give insight into the underlying mechanism and how the 

electromechanical coupling affects the dynamic characteristics of the nonlinear energy sink 

system. 

Objective 4: Exploring the steady-state responses of the piezoelectric nonlinear energy 

sink system under harmonic excitations. 

Under harmonic excitations, analytical methods, direct numerical integration, together with the 

equivalent circuit simulations are used to examine the nonlinear dynamic behavior and energy 

harvesting performance, which can be qualitatively validated by the experiment. Effects of the 

system parameters on the energy localization orbit and consequent vibration suppression and 

energy harvesting performance are investigated. Both alternating current circuit and direct 

current circuit are taken into account. 

1.3. Outline of Thesis 

Apart from this introductory chapter, the rest of the thesis is composed of six chapters and is 

structured as follows: 

Chapter 2: Literature Review  

This chapter reviews the state-of-the-art vibration energy harvesting techniques focusing on 

piezoelectric energy harvesters. Starting from the basic linear piezoelectric transduction, the 
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advantages and limitations of different modeling approaches and efficiency enhancement 

methods are summarized. 

Chapter 3: Internal Resonance Based Piezoelectric Energy Harvester: Experiment and 

Numerical Study  

This chapter proposes an internal resonance based piezoelectric vibration energy harvester with 

a strong nonlinear magnet interaction. The first two linearized natural frequencies are tuned to 

be commensurable by properly choosing the geometric properties. Nonlinear behaviors, 

including multiple stable regions, double jumping, and energy exchange between modes are 

studied in the experiment. With the derived equivalent circuit model, the nonlinear dynamics 

and energy harvesting performance are also verified by circuit simulations. 

Chapter 4: Internal Resonance Based Piezoelectric Energy Harvester: Approximate 

Analysis  

This chapter is devoted to a theoretical study of the steady-state response of the internal 

resonance based piezoelectric vibration energy harvester proposed in Chapter 3. The 

electromechanical coupled governing equation is solved by two different approximate methods: 

the multi-scale method and the harmonic balance method. The approximate results of output 

voltage and vibration amplitude are verified against the numerical results obtained by circuit 

simulation and experiment, providing a theoretical basis for the analysis of broadband energy 

harvester based on two-to-one internal resonance. 

Chapter 5: Vibration Absorption and Energy harvesting With a Piezoelectric Nonlinear 

Energy Sink: Transient Response  

This chapter proposes a piezoelectric energy harvesting system based on nonlinear energy sink, 

which can be used for simultaneous vibration suppression and energy harvesting. Transient 

responses under impulsive excitations are analytically and numerically discussed by 

complexification-averaging method and wavelet transform analysis, respectively. The 

influence of the electromechanical coupling, characterized by the electrical damping and 

stiffness, on the nonlinear dynamic and the consequent energy harvesting performance of the 

piezoelectric nonlinear energy sink system is studied. 

Chapter 6: Vibration Absorption and Energy Harvesting With a Piezoelectric Nonlinear 

Energy Sink: Forced Response   
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This chapter investigates the steady-state responses of the nonlinear energy sink based 

piezoelectric energy harvester connected with an alternating current or standard direct current 

interface circuit. Harmonic balance method is employed to approximately analyze the 

nonlinear dynamic behavior and energy harvesting capability, verified by experiment and 

circuit simulation incorporating the complex nonlinearity. Frequency responses are obtained to 

verify the broadband performance of energy harvesting and vibration suppression. The effects 

of the system parameters on the energy localization and the consequent vibration suppression 

and energy harvesting performance are investigated. 

Chapter 7: Conclusions, Contributions, and Future Work  

This chapter summarizes the main findings from this research and provides the 

recommendation for future work. 
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Chapter 2. Literature Review 
Vibration is one of the most ubiquitous energy sources in the environment, which can be 

induced by wind, traffic, machines, human motions, wave, and so on. Usually, vibration is 

undesirable since it may cause fatigue problem, reduce the working life of machinery, and 

create unwanted noise. Extensive research have been conducted to mitigate the impact of 

vibration via various vibration control strategies. Moreover, driven by the need for sustainable 

power supply for low power electronics, converting ambient vibration energy into useful 

electricity has aroused increasing research interest in the recent decade. The vibration energy 

harvesting technique provides an alternative to batteries currently used in sensors and portable 

devices. The piezoelectric material is one of the most common transducers to convert the 

vibration into electricity. Due to high power density and simple structure, the piezoelectric 

transducer has attracted the most attention in the field of energy harvesting (Erturk & Inman, 

2011b).This chapter first briefly introduces the fundamental vibration-to-electricity principles 

of piezoelectric transduction. Subsequently, the state-of-the-art vibration energy harvesting 

techniques in terms of interface circuit architecture, resonant frequency tuning, and nonlinear 

methods will be reviewed comprehensively. Some associated researches on nonlinear 

dynamics that are essential for enhancing the energy conversion efficiency are also reviewed. 

2.1. Piezoelectric Transduction 

The principle of the piezoelectric transducer in energy harvesting is the direct piezoelectric 

effect, which was first discovered and defined by Jacques Curie and Pierre Curie in 1880. 

Particular crystalline materials can generate electric current or voltage in response to applied 

external stress onto the crystal mesh. Conversely, the application of an electrical field may also 

create mechanical strain or stress in the crystal, which is called the converse piezoelectric effect. 

It was deduced mathematically from the principles of conservation of energy and charge by 

Lippmann (1881) and then experimentally verified by the Curie brothers in 1881. 

The mechanism of piezoelectric effect can be illustrated using a simple molecular model 

(Dahiya & Valle, 2012), as shown in Figure 2.1. Before an external stress is applied, the 

molecule where the center of the negative and positive charges coincide is unpolarised, as 

shown in Figure 2.1a. However, the application of the external stress can cause the deformation 

of the piezoelectric material, resulting in the separation of the positive and negative centers of 
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the molecule, as illustrated in Figure 2.1b. Thus, the fixed charges appear on the surface of the 

piezoelectric material, and the inside opposite facing poles cancel each other. This polarization 

generates two electrodes deposited on the opposite surfaces of the material, which can be 

utilized in piezoelectric vibrational energy harvesting to convert the mechanical energy into 

electrical energy. 

 

Figure 2.1 Principle of piezoelectric effect: (a) an unperturbed molecule; (b) the molecule with an 

external force (Fk) and (c) the polarization on the surface of the piezoelectric material (Dahiya & Valle, 

2012). 

There are two main types of the piezoelectric coupling modes, namely d31 and d33 modes, as 

shown in Figure 2.2. In the d31 mode, the external force is applied perpendicular to the 

polarization direction while the applied force is parallel to the mode polarization direction in 

the d33 mode. The d31 mode is more commonly used, although it has a lower coupling 

coefficient than the d33 mode. 

 

Figure 2.2 Illustration of d31 and d33 operating modes (Roundy et al., 2003). 

  

(a) (b) (c) 
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Based on the first law of thermodynamics, the linear constitutive equation describing the 

coupling between mechanical stress, mechanical strain, electric field and electric displacement 

of piezoelectric materials can be expressed as follows (Ikeda, 1996), 

 
 = +


= +

E

T

S s T dE
D dT ε E

  (2.1) 

where S is the mechanical strain tensor, D (C/m2) is the electrical displacement tensor, E (V/m) 

is the electric field tensor, T (N/m2) is the mechanical stress tensor, d (m/V) is the piezoelectric 

coefficient tensor, s (m2/N) is the elastic coefficient tensor, and ε (F/m) is the dielectric constant 

tensor. The subscript ( )E and ( )T indicate the quantity is measured at the constant electric field 

and constant stress, respectively. Depending on the specific boundary conditions, the 

constitutive equation may be written in the other three forms for the sake of simplification 
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where e (C/m2), h (V/m) and g (m2/C) are other three forms of piezoelectric coefficient tensor, 

c (N/m2) is the elastic constant tensor, β (m/F) is the dielectric impermeability tensor. The 

subscript ( )S and ( )D indicate the quantity is measured at constant strain and constant electric 

displacement, respectively. The meaning of other variables and superscripts are the same as 

those in Equation (2.1). 

Several piezoelectric materials can be used for energy harvesting. One of the most commonly 

used material is the lead zirconate titanate (PZT) developed by researchers at the Tokyo 

Institute of Technology in the 1950s. PZT is a piezoelectric ceramic with greater sensitivity 

and higher operating temperature than other piezoelectric ceramics (Cook-Chennault et al., 

2008; Sodano et al., 2004). Piezoelectric polymer is another kind of widely explored 

piezoelectric materials for energy harvesting, such as polyvinylidene difluoride (PVDF). PVDF 

is more eco-friendly compared to PZT with heavy content of Pb. Besides, PVDF is more 
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flexible than brittle PZT, which makes it suitable for fluid-induced or wind-induced vibration 

energy harvesting (Akaydin et al., 2010; Guan et al., 2014; Park et al., 2017; Song et al., 2017). 

The ceramic and polymer materials can also be combined by embedding active piezoceramic 

fibers into polymeric matric phase. The composite piezoelectric material possesses high 

efficiency, flexibility, and reliability, such as Macro Fiber Composite (MFC) (Yang et al., 

2009). Other materials such as single crystal lead magnesium niobate-lead titanate (PMN-PT) 

(Moffett et al., 2007) and lead zincate niobate titanate (PZNT) (Zhang et al., 2003) were also 

investigated due to their high piezoelectric coupling coefficients. 

2.2. Piezoelectric Energy Harvesting Interface Circuit 

In general, piezoelectric transducers subjected to mechanical vibrations will generate 

alternating current (AC). From the perspective of practical use and energy storage, an electric 

circuit with rectifiers should be introduced to rectify and smooth the AC output from the 

piezoelectric transducer. A standard interface circuit comprises a full-wave diode bridge, a 

filtering capacitor and a load resistance, as shown in Figure 2.3. The output power is related to 

the load resistance. Thus, the load resistance should be tuned to match the internal impedance 

of the piezoelectric transducer to optimize the output power (Shu & Lien, 2006). 

 

Figure 2.3  Schematic of a standard rectifying circuit (Lefeuvre et al., 2006).  

Several attempts have been made to modify the standard direct current (DC) circuit to improve 

the efficiency of the energy harvesting circuit. A buck DC-DC converter was used to implement 

an impedance adaption interface circuit (Ottman et al., 2002). An adaptive control algorithm 

can be used in the buck DC-DC converter to continuously implement optimal power transfer. 

The experimental results demonstrated that the use of the buck DC-DC converter could reach 

a power improvement by approximately 400%. The power optimization can also be achieved 

using a buck-boost DC-DC converter which requires neither sensors nor complex algorithm. 
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In the discontinuous condition mode, the efficiency of the converter can achieve 84% for input 

voltages between 1.6 and 5.5 V (Lefeuvre et al., 2007). 

 

 

 

Figure 2.4 Schematics of energy harvesting circuits: (a) SCE, (b) parallel SSHI, and (c) series SSHI 

(Lefeuvre et al., 2006). 

In addition to the quasilinear impedance adaptation technique, the synchronized switch 

harvesting (SSH) interface circuits based on nonlinear switching techniques have been 

developed to improve the conversion efficiency of the rectifying circuit. One type of SSH is 

the synchronized charge extraction (SCE) interface circuit (Lefeuvre et al., 2005; Tang & Yang, 

2011). A flyback switch-mode DC-DC converter is used, as shown in Figure 2.4a. The switch 

S is triggered when the displacement or voltage of the piezoelectric harvester reaches its 

extremum. It opens again when the voltage of the piezoelectric transducer drops to zero. Thus, 

  (a) 

  (b) 

  (c) 
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the DC-DC converter in SCE only operates in short time intervals in one period, which is 

different from the impedance adaptation technique. During the short triggering time, the energy 

stored on the piezoelectric transducer is extracted and transferred into the inductor L. When the 

switch S is re-opened, the energy in the inductor L then is then transferred to the filter capacitor 

Cr. Experiment and theoretical results showed that the harvested power could be increased by 

400% as compared to the optimal power using a quasilinear impedance adaptation technique. 

Moreover, it is found that the power output is independent on the electrical load (Lefeuvre et 

al., 2005). 

Another type of SSH is synchronized switch harvesting on inductor (SSHI) interface circuit 

(Guyomar et al., 2005; Guyomar et al., 2008). Different from the SCE circuit, the switch is 

placed before the rectifier bridge and is in series with the inductor. The SSHI has two 

configurations: parallel SSHI (Figure 2.4b) and series SSHI (Figure 2.4c). The switch and 

inductor are placed in parallel with the piezoelectric transducer in parallel SSHI. The switch S 

is triggered in the same way as that in the SCE, but it opens again when the voltage of the 

piezoelectric transducer is inversed rather than dropping to zero. The series SSHI is a similar 

topology design, but the switch and inductor are placed in series with the piezoelectric 

transducer. Researchers have found that both the parallel SSHI and series SSHI can improve 

the power transfer performance and increase the power density of the piezoelectric energy 

harvester (Garbuio et al., 2009; Liang & Liao, 2011; Lien et al., 2010; Shu et al., 2007). 

However, an additional control circuit is usally required to sense the voltage and control the 

switching at the extremum of voltage. In recent years, self-powered SSHI (SP-SSHI) and self-

sensing SSHI (SS-SSHI) have been proposed to address this issue (Eltamaly & Addoweesh, 

2017; Liang & Liao, 2012; Tang et al., 2014). 

Other than the development of new piezoelectric materials and advanced interface circuits, 

researcher also paid great attention to the structural configuration of the piezoelectric energy 

harvester to improve the efficiency (Liu et al., 2018). The vibration displacement and the 

consequent output power of the energy harvester fall dramatically if the dominant frequency 

of the excitation mismatch with the resonant frequency of the harvester. Hence, designing a 

piezoelectric energy harvester that is adaptive or has a broad operating frequency range has 

been the key issue before the practical use. Various mechanisms reported in the literature to 

address this issue are summarized in the sections below. 
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2.3. Piezoelectric Energy Harvesters With Tunable Resonant 
Frequency 

In order to enhance the efficiency of piezoelectric energy harvesting over a broad frequency 

range, harvesters with tunable resonant frequency have been proposed. There are several 

approaches through which the resonant frequency can be tuned to match the source frequency. 

Resonance tuning approaches can be categorized into types: active tuning mode and passive 

tuning mode (Roundy & Zhang, 2005). In the active tuning mode, continuous power input is 

required for resonance tuning. While the passive tuning mode requires intermittent power only 

during the frequency tuning process. Generally speaking, the frequency tuning can be achieved 

manually or automatically by mechanical, magnetic, and piezoelectric methods (Ibrahim & Ali, 

2012). 

 Mechanical Methods  

The resonant frequency can be tuned by changing the mechanical properties of the piezoelectric 

energy harvester. Researchers have attempted several possible mechanical methods: adding an 

end mass (Cornwell et al., 2005), changing the dimension (Jo et al., 2011), moving the center 

of the harvester with a lever mechanism (Schaufuss et al., 2011) or varying the folding angle 

and crease position of the folded beam (Pydah & Batra, 2018). 

In practice, it is not feasible to alter the mass, length, or thickness to change the resonant 

frequency in real-time applications. Another frequency tuning technique has been proposed 

based on the fact that the stiffness and resonant frequency of the oscillating beam structure vary 

with the axial preload. Leland and Wright (2006) proposed a simply supported piezoelectric 

bimorph with a proof mass mounted at the center of the bimorph, where a variable compressive 

axial preload was applied to consequently change its resonant frequency. It was claimed that a 

compressive axial preload to 60 N can reduce its resonant frequency by up to 24%. Eichhorn 

et al. (2008) conducted a similar work using a cantilever beam with preload at its free end. 

Figure 2.5 shows the schematic of the tunable generator and the resonance curves with different 

axial preload. Applying axial compressive load by driving the screw would change the stiffness 

of the main beam, which would also shift its resonant frequency. Dehghan Niri and Salamone 

(2012) used a sliding mechanism to simultaneously change the equivalent vertical stiffness and 

axial load of the structure, as shown in Figure 2.6. The equivalent tip stiffness and axial load 

varied with the spring angle to the beam. Rather than the bending mode, the extensional mode 



Chapter 2 

 14 

was also considered in designing the tunable resonator, which was termed “extensional mode 

resonator” (Youngsman et al., 2010). 

   

Figure 2.5 (a) Schematic of a tunable cantilever energy harvester and (b) Resonance curves with 

different axial preloads (Eichhorn et al., 2008). 

 

Figure 2.6 Schematics of (a) a dual bimorph energy harvester and (b) its equivalent cantilever beam 

with the tip mass, stiffness, and axial load (Dehghan Niri & Salamone, 2012). 

The tunable harvesters based on varying the axial loads can operate at “passive” tuning mode. 

No additional energy is required after the axial load is applied. However, mechanical preload 

is usually applied by a screw and should be tuned manually, which is not favorable for 

implementing a real-time harvester with autonomous frequency tuning. For rotational motion, 

several passive self-frequency-tuning energy harvesters have been proposed to address this 

problem (Gu & Livermore, 2012; Hsu et al., 2014). Figure 2.7 shows an experimental setup 

for a self-frequency-tuning energy harvester for rotational vibration (Hsu et al., 2014). The 

underlying mechanism is that the rotating tip mass exerts a varying centrifugal force on the 

beam, which can increase the beam stiffness by the tensile stress. It is noted that the centrifugal 

  (a)   (b) 

  (a)   (b) 
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force increased with the driving frequency of the rotational motion. Thus, the centrifugal force 

links the driving frequency and resonant frequency. As a result, the harvesters can be designed 

to achieve a good match between the driving frequency and resonant frequency in a certain 

range. 

 

Figure 2.7 Schematic of a piezoelectric self-frequency-tuning energy harvester for rotational vibration 

(Hsu et al., 2014). 

 Magnetic Methods  

In addition to the mechanical tuning, the magnetic force can be used to change the stiffness and 

thus alter the resonant frequency of the harvester. Challa et al. (2008) proposed a tunable 

cantilever harvester with two magnets fixed at the free end. Other two magnets were fixed to 

the enclosure of the device at the bottom and the top, as shown in Figure 2.8. The resonant 

frequency could be tuned between 22 and 32 Hz by tuning the distance between the magnets. 

It enabled a continuous power output 240-280 µW at 0.8m/s2 over the frequency range tested. 

Some similar designs employing the magnetic tuning technique have also been reported in 

recent years (Al-Ashtari et al., 2012, 2013; Dong et al., 2016; Xia et al., 2017). However, the 

distance between the magnets needs to be adjusted manually, which is not possible for real-

time tuning.  

Ayala-Garcia et al. (2010) proposed a tunable energy harvester with an automatic controller 

for resonance tuning. The phase shift between the harvester and the base was used to detect 

whether the vibration frequency matches the resonant frequency or how far away it is from 

resonance. An accelerometer was employed for calculating the phase shift. Challa et al. (2011) 

also improved their design and developed an autonomous self-tunable energy harvester with 

an actuator programmed to periodically adjust the distance between magnets, as shown in 

Figure 2.9a. The energy harvester with a piezoelectric beam array was successfully tuned from 
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−27% to +22% of the untuned resonant frequency. Figure 2.9b shows that a peak power pf 

approximately 1mW could be output over the tunable frequency range. However, the energy 

consumed by the actuator during the tuning process was estimated to be 3.2J to 3.9J. It took a 

long time (72–88 min) for the system to accumulate enough energy for a single tuning 

procedure. 

 

Figure 2.8 Schematic of a piezoelectric cantilever with magnetic force tuning (Challa et al., 2008). 

 

Figure 2.9 (a) Schematic of a self-tunable piezoelectric energy harvester with a programmable motor 

controller and (b) Power output versus resonant frequency (Challa et al., 2011). 

Hoffmann et al. (2016) reported a self-frequency-tuning energy harvester using the rotating 

magnets and a stepper motor, as shown in Figure 2.10a. A bidirectional frequency tuning was 

implemented by varying the angular position of the circular tuning magnets instead of varying 

the gap between the tuning magnet and the coupling magnet, as shown in Figure 2.10b. 

Experimental results showed a low power consumption (124 mJ) for a single tuning process. 

The net power by utilizing a tuning mechanism could be doubled compared to the non-tunable 

vibration energy harvester. Although the energy harvester was designed based on the 

electromagnetic transducer, the tuning concept can also be used in piezoelectric energy 

harvesting. Bouhedma et al. (2019) explored this rotating magnets based tuning mechanism in 

the study of a self-tunable dual-frequency piezoelectric energy harvester. Simulation results 

  (a)   (b) 
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demonstrated that the tunable frequency range could be improved compared to the tuning 

scheme based on the magnets positioning. However, the self-tunable energy harvesters still 

required a period of time (duty cycle) to accumulate enough energy for the next tuning process. 

Thus, they could only be applied to intermittent and infrequent frequency tuning. 

 

  

Figure 2.10 (a) Schematic of a self-tunable energy harvester with rotating magnets and a stepper 

motor and (b) Resonant frequency as a function of the angular (Hoffmann et al., 2016). 

The aforementioned researches mainly consider the linear oscillation under the magnetic force. 

In fact, nonlinear oscillations can be motivated by the magnetic force, which may lead to more 

complex phenomena. Nonlinear energy harvesting techniques utilizing the magnetic force are 

summarized in Section 2.5 

 Electrical Methods 

The resonant frequency of the piezoelectric energy harvester can also be altered through 

electrical methods by using the piezoelectric actuator or by varying the electrical load 

(Charnegie, 2007). It is noted that the frequency tuning using the piezoelectric actuator usually 

works in the “active” mode. It requires continuous power supply during the hold phases 

between the tuning steps, which is different from the majority of the aforementioned frequency 

tuning techniques via mechanical or magnetic methods. 

  (a) 

  (b) 
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Using a piezoelectric actuator to change the stiffness of a beam was presented by Roundy and 

Zhang (2005). The transducer is separated to sections by two electrodes on the surface of the 

beam, one for frequency tuning and another for energy harvesting. The resonant frequency was 

tuned by controlling the voltage across the tuning electrode, which required continuous power. 

However, no net increase in the power output was found in this active tunable energy harvester. 

The increase in power output of the harvesting transducers (82 µW) was significantly smaller 

than the power needed to drive the tuning actuator (440 µW). Eichhorn et al. (2009) improved 

the previous cantilever design (Eichhorn et al., 2008) whose resonant frequency was tuned by 

axial preloads. Instead of the screw, piezoelectric actuators were employed as the arms to 

electrically tune the axial preloads of the main beam, as shown in Figure 2.11a. A tunable 

frequency range from 133Hz to 170Hz could be achieved by applying the voltage from -20 V 

to 20V to the piezoelectric actuator (Figure 2.11b). In addition to adding a piezoelectric 

actuator, the stiffness of the system could also be altered by changing the capacitive load (Wu 

et al., 2006). Power was only required to switch the shunt electrical load rather than to drive 

the actuator. Under the random frequency excitation, the average power output increase 

reached almost 30%. 

 

Figure 2.11 (a) Schematic of a tunable cantilever energy harvester with piezoelectric actuators and (b) 

Frequency shift of device for different actuation voltages (Eichhorn et al., 2009). 

No frequency detection and self-actuation mechanism are implemented in the above researches. 

Thus, they are still unable to autonomously adjust the properties according to the environmental 

conditions. Lallart et al. (2010) presented a frequency self-tuning scheme for broadband 

vibration energy harvesting (Figure 2.12). A piezoelectric sensor and an accelerometer were 

introduced to record the beam displacement and base acceleration. Then, the phase between 

the two signals can be determined based on the averaged product of them. It was validated that 

  (a)   (b) 
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the effective bandwidth could increase taking into account the actuation cost. Eichhorn et al. 

(2011) also proposed a piezoelectric energy harvester whose resonant frequency can be self-

tuned. The controller would wake up every 22s (the predefined time intervals) and then 

analyzed the ambient vibration by identifying the vibration frequency of the harvester. A 

predefined look-up table was used in the tuning algorithm to reduce the power consumption 

for adjusting the voltage of the actuator. Ahmed-Seddik et al. (2013) proposed a self-powered 

frequency tunable piezoelectric energy harvester that could track the excitation frequency and 

change its resonant frequency in real time by using a feedback loop. The design allowed up to 

40% of tuning ratio and only consumed less than 10% of the harvested power. Cheng et al. 

(2017) developed a piezoelectric beam energy harvester bonded with a stack actuator, as shown 

in Figure 2.13. It could adjust the axial force applied to the energy harvester with a new 

frequency self-tuning process. The generated voltage from the harvester was also used to 

charge a tuning capacitor to control the stack actuator. Simulation results showed that the power 

output could be significantly increased by more than 26 times compared to the one without 

tuning. 

 

Figure 2.12 Schematic of a self-tuning piezoelectric energy harvester (Lallart et al., 2010). 

 

Figure 2.13 Schematic of a self-tuning piezoelectric energy harvester with simply supported beam 

(Cheng et al., 2017). 
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2.4. Piezoelectric Energy Harvesters With Multiple Modes 

Among the frequency tunable piezoelectric energy harvesters mentioned above, some multi-

degree-of-freedom (MDOF) systems have been explored (Challa et al., 2011; Pydah & Batra, 

2018). Actually, piezoelectric energy harvesters based on the MDOF system possess several 

frequency resonance peaks, which are advantageous for increasing the operational bandwidth. 

A number of multi-modal energy harvesting systems have been proposed to collect energy 

efficiently from vibrations over a wide frequency range. In general, the multi-modal energy 

harvesting methods can be categorized into two major groups. One is using a series of 

cantilevers with different resonant frequencies, and the other is utilizing multiple bending 

modes of a continuous beam structure. 

The design of multi-modal piezoelectric energy harvester based on an ensemble cantilever 

beam with tip proof masses was proposed by Shahruz (2006). Ferrari et al. (2008) presented an 

array-type piezoelectric energy harvester comprising three cantilevers with different tip masses 

and lengths, whose fundamental resonant frequencies were 113 Hz, 183 Hz, and 281 Hz, 

respectively. Similar cantilevers array design was also investigated at the micro-electro-

mechanical systems (MEMS) scale by Liu et al. (2008). The cantilevers in these array 

configurations were decoupled (not connected), so only one or a set of cantilever was active at 

one time. Chew and Li (2010) proposed a multiple resonant frequency energy harvester 

consisting of a series of piezoelectric beams connected to each other. The experimental result 

showed that the 9-beam structure possessed at least seven obvious resonant peaks from 100 Hz 

to 1000 Hz, which, however, were far away from each other. Kim et al. (2011) developed a 

2DOF piezoelectric energy harvester in which two piezoelectric cantilevers were connected by 

an additional vibration body. Both translational and rotational modes were utilized to achieve 

two close resonances and thus led to a 280% increase in bandwidth at a voltage level of 55 V/g. 

The main disadvantage of the cantilever array configuration is that the increased volume and 

weight may impair the power density of the harvester. Moreover, the phase difference of 

voltage output between the active cantilevers may lead to a voltage cancellation. Rather than 

using a series piezoelectric cantilevers, some researchers utilized the multiple bending modes 

of a continuous beam structure to reduce the volume or weight. Tadesse et al. (2008) presented 

a multi-modal hybrid energy harvester with piezoelectric and electromagnetic transducers. The 

electromagnetic transducer was efficient for the first vibration mode, while the piezoelectric 

transducer produced high energy output for the second vibration mode. However, the resonant 
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frequency of the first mode (20 Hz) was far away from that of the second mode (300Hz). Ou 

et al. (2012) proposed a double-mass piezoelectric cantilever beam to achieve broadband 

energy harvesting, while the two resonant frequency were still far apart (at about 50 and 350 

Hz). 

To achieve close resonances with noticeable magnitudes and high power density, some 

researchers exploited multi-modal piezoelectric structures by attaching an auxiliary oscillator 

or dynamic magnifier to the cantilever energy harvester (Aladwani et al., 2012; Arafa et al., 

2011; Liu et al., 2012b). Some alternative configurations with unique shapes other than the 

conventional cantilever were also deliberately designed. Erturk et al. (2009b) exploited an L-

shaped piezoelectric structure for broadband energy harvesting, as shown in Figure 2.14a. 

Figure 2.14b shows that the first two resonances of the L-shaped structure could be tuned close 

to each other. However, there existed a mode shape dependent voltage cancellation for the 

continuous beam. Different combination of the electrode leads might cause power cancellation 

around mode 1 or mode 2 due to the phase difference, as illustrated in Figure 2.14c. Toyabur 

et al. (2017) proposed a primary beam bridge connected with four parallel piezoelectric 

elements, which could obtain four close resonance peak in the range of 10–20 Hz. Spiral 

structures were also investigated to achieve compactness and low resonant frequency in multi-

modal energy harvesting. Bai et al. (2014) presented a multi-modal energy harvester utilizing 

a spiral-shaped cantilever with tip mass. A magnetoelectric transducer was used for energy 

conversion. Experimental results indicated that five significant peak values could be achieved 

in the range of 15–70 Hz. This idea was also explored in the broadband piezoelectric energy 

harvesting. Tikani et al. (2017) developed a spiral multi-modal piezoelectric energy harvester, 

as shown in Figure 2.15. The first three resonances of the system could be tuned to be close to 

each other in the low frequencies, which were concentrated around 4.2 Hz, 6.2 Hz and 10.2 Hz, 

respectively. The use of the spiral piezoelectric energy harvester was also exploited in the 

MEMS application (Liu et al., 2014; Udvardi et al., 2017). Wu et al. (2013) proposed a cut-out 

cantilever configuration to achieve close and effective resonant peaks (Figure 2.16a). 

Compared with a conventional cantilever, the proposed design had significantly wider 

bandwidth at a voltage level of 3V, as shown in Figure 2.16b. However, there existed an anti-

resonance frequency. Some other geometries were also explored for multi-modal piezoelectric 

energy harvesting, such as “zigzag” (Karami & Inman, 2011; Zhou et al., 2016b) , V-shaped 

(El-Hebeary et al., 2013; Hosseini & Hamedi, 2015) , U-shaped (Su, 2017) , M-shaped (Wu et 

al., 2015) and E-shaped (Ramírez et al., 2018) structures. 
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Figure 2.14 (a) Schematic of an L-shaped piezoelectric energy harvester; (b) Amplitude frequency 

response function and (c) Power frequency response function (Erturk et al., 2009b). 

 

Figure 2.15 Schematic of a multi-modal piezoelectric energy harvester based on a spiral-shaped 

cantilever (Tikani et al., 2017). 

  (a) 

(b) (c) 
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Figure 2.16 (a) Schematic of a single cantilever and a cut-out beam based piezoelectric energy 

harvester and (b) Comparison of open-circuit voltages (Wu et al., 2013). 

In summary, the multi-modal piezoelectric energy harvesters do not require tuning effort, 

which is easy to implement. Multiple vibration modes can cover a broader bandwidth for 

efficient energy harvesting. The main concern for the multi-modal piezoelectric energy 

harvester lies in that the increased volume and weight may sacrifice the power density of the 

system and the resonant peaks are far away from each other in most of the structures. Moreover, 

there exist voltage cancelation due to the phase difference between the electrode leads, which 

may impair the efficiency of energy conversion. 

2.5. Nonlinear Piezoelectric Energy Harvesters  

As mentioned in Section 2.3, the introduction of magnets will not only change the linear 

stiffness but also introduce a nonlinear stiffness to the system. Actually, the nonlinearity is 

beneficial for broadband energy harvesting. The potential benefits of a nonlinear stiffness in 

the application of energy harvesting were revealed by researchers (Cottone et al., 2009; Daqaq 

et al., 2008b; Gammaitoni et al., 2009; Mann & Sims, 2009; Nguyen & Halvorsen, 2011; 

Ramlan et al., 2009). Hence, considerable researches have been focused on exploiting the 

nonlinearity for improving energy conversion efficiency. In general, the inherent nonlinearity 

of the piezoelectric energy harvesting system comes from the large-amplitude oscillation of the 

system (i.e., geometric nonlinearity) (Nayfeh & Mook, 2008) or results from the nonlinear 

constitutive relationships of piezoelectric materials (i.e., material nonlinearity) (Triplett & 

Quinn, 2009). However, the inherent nonlinearities cannot be easily controlled and have a 

  (a) (b) 
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limited effect. Thus, magnetic or mechanical forces is the most common approach to introduce 

nonlinear restoring forces to piezoelectric energy harvesting systems. 

The governing equation for a single DOF oscillator under excitations can be described as 

 ( ) ( )dU x
mx cx f t

dx
+ + = 

  (2.5) 

where m is the inertial mass; c is the viscous damping; x is the displacement of the oscillator; 

U(x) is the potential energy function, and f (t) is the ambient excitation force. For a Duffing-

type oscillator, the potential energy function may be expressed as 

 ( ) ( ) 2 4
1 3

1 11
2 4

U x k r x k x= − +   (2.6) 

where k1 and k3 are linear and nonlinear stiffness coefficients, respectively; and r is a tuning 

parameter. From Equation (2.6), the restoring force function can be obtained by 

 ( ) ( ) ( ) 3
1 31

dU x
F x k r x k x

dx
= = − +   (2.7) 

The restoring force and potential energy for different nonlinear systems are shown in Figure 

2.17. The nonlinear duffing system can be classified into three major categories according to 

the tuning parameter r and nonlinearity strength δ=k3/k1. When r <1, the nonlinear duffing 

oscillator is monostable, which exhibits a hardening nonlinearity for δ>0 or a softening 

nonlinearity for δ<0. When r >1 and δ>0, the system become bistable. In the following part, 

both the monostable and bistable nonlinear piezoelectric energy harvester are reviewed. Some 

special nonlinear systems are also discussed, such as piecewise-linear systems. 

 

Figure 2.17 (a) Restoring force and (b) Potential energy for different nonlinear oscillators. 

  (a)   (b) 
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 Monostable Nonlinear Piezoelectric Energy Harvesting  

The frequency response curve in the monostable nonlinear system bends to the right or the left, 

indicating a hardening characteristic (δ>0) or a softening characteristic (δ<0). The hardening 

and softening characteristics will broaden the resonance region of the system, which 

encourages researchers to exploit them for the broadband piezoelectric energy harvesting. 

Incorporating nonlinear magnetic interaction is the most common way to invoke hardening or 

softening behavior in the piezoelectric energy harvesting system. Stanton et al. (2009) proposed 

a nonlinear energy harvester consisting of a piezoelectric beam with a magnetic end mass 

interacting with two oppositely poled fixed magnets. Bidirectional hysteresis could be achieved 

by tuning the position of the external fixed magnets, allowing the resonance response to be 

broadened in either direction, as shown in Figure 2.18. A similar design using duffing oscillator 

was explored by Sebald et al. (2011a), who mainly considered the hardening characteristic. 

Tang and Yang (2012) proposed a piezoelectric energy harvester with a magnetic oscillator 

and compared it with the linear counterpart and nonlinear counterpart with a fixed magnet, as 

shown in Figure 2.19. Experimental results showed that for the nonlinear piezoelectric energy 

harvester interacted with an oscillating magnet, it can provide a nearly 100% increase in the 

operating bandwidth and 41% increase in the magnitude of the power output at an excitation 

level of 2 m/s2. 

In addition to the magnetic interaction, a pronounced nonlinearity can be mechanically 

achieved in a clamped-clamped beam that experiences mechanical stress or stretching under 

large deflections. Marzencki et al. (2009) introduced a hardening nonlinearity by designing 

interlayer stresses on the interface with the piezoelectric thin film layer of the clamped-clamped 

beam. The frequency adaptability of over 36% was achieved at 2 g input acceleration, which 

was beneficial for broadband energy harvesting. Huang et al. (2013) presented a MEMS 

piezoelectric energy harvester using four parylene-C beams. The clamped-clamped beam 

harvester could nonlinearly deform at a large deflection with stretching strain, leading an 

operational frequency range from 200 Hz to 600 Hz. The hardening nonlinearity could also be 

introduced by a clamped-clamped beam with an axial load at one end. Masana and Daqaq (2011) 

comprehensively investigated an axially loaded clamped-clamped piezoelectric beam 

subjected to a harmonic base excitation, as shown in Figure 2.20. When the axial load was 

below the critical buckling force, the harvester was monostable, and wide operational 

bandwidth could be achieved due to the geometrical nonlinearity. 



Chapter 2 

 26 

 

Figure 2.18 (a) Schematic of a piezoelectric beam with a permanent magnet end mass (b) Predicted 

response amplitudes for different distance d between magnets (Stanton et al., 2009). 

 

Figure 2.19 Various configurations of piezoelectric energy harvester: (a) linear structure; (b) nonlinear 

structure with a fixed magnet at enclosure; and (c) nonlinear structure with a magnetic oscillator (Tang 

& Yang, 2012). 

 

Figure 2.20 Schematic of an axially loaded beam harvester (Masana & Daqaq, 2011). 

For monostable nonlinear energy harvesters, it is noted that the operational bandwidth could 

only be increased given that the high-energy branch of the frequency response is captured, 

  (a)   (b) 
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which can be achieved with a slowly increasing or decreasing frequency sweep in the 

experiment. However, such a condition cannot be guaranteed in practice. The oscillation may 

veer to the low-energy branch depending on initial conditions or disturbances. To address this 

issue, certain means of mechanical or electrical perturbations, such as fast burst perturbation 

(Sebald et al., 2011a, 2011b; Zhou et al., 2016a) and voltage impulse by utilizing a negative 

resistance (Lan et al., 2017; Masuda et al., 2013) can be applied to trigger and maintain the 

high energy orbit oscillations. 

 Bistable Nonlinear Piezoelectric Energy Harvesting  

For the bistable nonlinear system, the potential energy has two potential wells, as illustrated in 

Figure 2.17. Depending on the input excitation level, there may exist three different types of 

motions in the bistable system: intrawell oscillation, chaotic vibrations, and interwell 

oscillations. For the low input excitation level, low-energy orbit intrawell oscillations around 

a potential well occurs (Figure 2.21a and d). As the excitation level increases to a critical value, 

the oscillator may experience aperiodic or chaotic oscillations between wells (Figure 2.21b and 

e). As the excitation amplitude further grows, the bistable system may exhibit periodic interwell 

oscillations (Figure 2.21c and f), which is called “snap-through”. 

 

Figure 2.21 Typical displacement–time responses (top row) and phase plots with a superposed 

Poincare map as black circles (bottom row) for three dynamic regimes of bistable oscillators. (a) and 

(d) Intrawell oscillations; (b) and (e) Chaotic vibrations; (c) and (f) Interwell oscillations (Harne & 

Wang, 2013). 
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Compared with the intrawell, aperiodic and chaotic oscillations, interwell oscillation exhibits 

a larger amplitude of displacement, which is beneficial for energy harvesting. Moreover, the 

interwell oscillation may be triggered regardless of the vibration frequency of the exciting 

source (Harne & Wang, 2013). Thus, it has received considerable attention in the field of 

broadband piezoelectric energy harvesting in recent years. 

Bistability can be induced by magnetic attraction or magnetic repulsion. Erturk et al. (2009a) 

and Erturk and Inman (2011a) developed a piezomagnetoelastic energy harvester based on a 

ferromagnetic cantilevered beam with a piezoelectric patch, as shown in Figure 2.22. The 

magnetic attraction was induced by two symmetrically arranged permanent magnets near the 

free end. The bistable piezomagnetoelastic harvester could generate an order of magnitude 

increase in power. Tang et al. (2012) investigated the bistable configuration of a piezoelectric 

beam with magnetic repulsion. An optimum magnetic repulsion gap was observed, at which 

efficient energy harvesting could be implemented for the bistable configuration as well as 

monostable configuration. Considering the preliminary success, the bistable piezoelectric 

energy harvesters using magnetic attraction or repulsion were widely studied under several 

types of ambient vibration excitations: white noise stochastic excitation (Ferrari et al., 2011; 

Ferrari et al., 2010; Vocca et al., 2012), sinusoidal excitation (Stanton et al., 2010; Stanton et 

al., 2012), and impulsive excitation (Harne et al., 2016b).  

 

Figure 2.22 Schematic of a piezomagnetoelastic energy harvester (Erturk et al., 2009a). 

Bistability can also be induced by proper mechanical design and preload. A clamped-clamped 

beam buckled by an axial load provides a readily adjustable bistable structure. Masana and 

Daqaq (2012) extended their study on an axially loaded monostable beam harvester (Figure 

2.20). When the axial load was above the critical load, the clamped-clamped beam harvester 

operated in the bistable configurations. The post-buckled beam would snap from one stable 

state to the other when excited by enough excitation. Zhu and Zu (2013) utilized a midpoint 
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magnetic force to improve the performance of a buckled beam (Figure 2.23). The introduction 

of the midpoint force could trigger the second buckling mode of the beam, which could make 

the beam easily snap through between two equilibriums. The snap-through-bucking 

configuration was also studied by Andò et al. (2015). Alternatively, Friswell et al. (2012) 

proposed an inverted clamped piezoelectric beam with tip mass that can be used to induce 

bistability utilizing gravity.  

 

Figure 2.23 Schematics of (a) a conventional buckled-beam piezoelectric energy harvester and (b) a 

buckled-beam piezoelectric energy harvester subjected to a midpoint force (Zhu & Zu, 2013). 

In addition to the magnets or buckled beams, bistability can also be induced by unsymmetrical 

composite laminates. Compared with the magnetic-based bistable energy harvesting system, 

the bistable composite laminate has a smaller size (Emam & Inman, 2015). Arrieta et al. (2010) 

exploited a bistable composite plate with piezoelectric patches attached for broadband energy 

harvesting (Figure 2.24). Large power was extracted from the limit cycle and chaotic 

oscillations over a wide frequency range. Betts et al. (2012) studied the optimization of energy 

harvesting characteristic of a bistable composite plate, which depended on the laminate aspect 

ratio, laminate ply thickness, ply orientation, and piezoelectric area. An improved electrical 

power generation could be achieved by discovering the optimal configurations of the bistable 

composite based harvester.  

 

Figure 2.24 Statically stable states of the bistable plate (Arrieta et al., 2010). 
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One main challenge for bistable piezoelectric energy harvesting is that there exists an energy 

barrier that must be overcome to achieve large-amplitude interwell oscillation. Thus, the 

bistable system with shallower potential wells is preferable for energy harvesting from low-

intensity ambient vibrations. Nguyen et al. (2017) introduced an auxiliary magnet oscillator 

with a mechanical rectifier into the bistable piezoelectric energy harvesting system. It was 

proved that the half-sine oscillation of the external magnet could reduce the potential barrier. 

Lan and Qin (2017) developed an enhanced bistable piezoelectric energy harvester for random 

vibration by adding a small magnet at the middle of two fixed magnets. Experimental results 

showed that the attractive force originated from the additional magnets could lower the 

potential well and enable the device to pass the potential well at fairly weak excitation. Zhou 

et al. (2014) proposed a tristable piezoelectric energy harvester based on a bistable 

configuration by setting rotatable external magnets at a particular inclination angle, as shown 

in Figure 2.25. Compared with the bistable configuration, the tri-stable energy harvester with 

three shallower potential wells could realize snap-through easily for generating higher power 

output (Figure 2.26). A similar configuration of the tri-stable energy harvester was 

comprehensively explored by the same group (Cao et al., 2015b; Wang et al., 2017). Zhou et 

al. (2017) developed a quadstable piezoelectric energy harvester with a tip magnet and three 

external fixed magnets, which could realize four stable equilibrium positions with shallower 

and wider potential wells. It should be noted that the potential functions of the system discussed 

above are symmetric. However, there may exist an asymmetric potential function due to 

imperfections in structural properties or intentional design. The multi-stable piezoelectric 

energy harvesters with asymmetric potential functions have also been studied by some 

researchers (Wang et al., 2018; Zhou & Zuo, 2018). 

 

Figure 2.25 Schematics of (a) bistable and (b) tristable piezoelectric energy harvesting system (Zhou 

et al., 2014). 

  (a) (b) 



Chapter 2 

31 
 

 

Figure 2.26 Comparison of the potential energy of the bistable and tristable system (Zhou et al., 

2014). 

 Piecewise-Linear Piezoelectric Energy Harvesting  

In addition to the Duffing-type nonlinearity, researchers have also investigated the piecewise-

linear characteristic for broadband piezoelectric energy harvesting, which can be implemented 

by adding mechanical stoppers to the conventional linear harvester. Due to the simple 

configuration, it is suitable for meso-scale and micro-scale piezoelectric energy harvester. The 

spring stiffness of the piecewise-linear system will jump when the primary structure contacts 

the sided mechanical stoppers. Soliman et al. (2008) first explored the use of a one-side 

mechanical stoppers in an electromagnetic energy harvester. The operational bandwidth was 

increased, but the amplitude of the peak was decreased compared with the linear counterpart. 

Blystad and Halvorsen (2010) investigated a piezoelectric energy harvester with a one-side 

mechanical stopper. It was proved that the significant mechanical end stop impact was 

beneficial to maximizing the operational bandwidth. Moss et al. (2010) examined a 

piezoelectric energy harvester based on a vibro-impacting oscillator with double-sided and 

symmetric bimorph stops. The operational frequency range of 100-113Hz and maximum 

energy of 5.3 mW were achieved. Liu et al. (2012a) employed the MEMS devices and 

investigated the broadband frequency responses of piezoelectric energy harvesting system with 

the one-sided and two-sided stoppers, as shown in Figure 2.27. The operation bandwidth of 

such a piecewise-linear model could be optimized by adjusting the stopper distance. Liu et al. 

(2016b) extended this idea in a 2DOF piezoelectric energy harvesting system. Hu et al. (2018) 

proposed a new type of piecewise-linear piezoelectric energy harvester by placing the 

mechanical stoppers onto the body with primary DOF instead of the base. Some other 

investigations into the piecewise-linear piezoelectric energy harvester with stoppers have been 

conducted by Fan et al. (2018b) and Wu et al. (2014b). 
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Figure 2.27 (a) Piecewise linear model with two-sided stoppers and (b) Frequency responses of 

different configurations (Liu et al., 2012a). 

 Frequency Up-Conversion Piezoelectric Energy Harvester 

Most ambient vibrations take place in the low-frequency range (typically lower than 30 Hz). 

The resonant-frequency-matching strategy discussed in section 2.3 aims to match the resonant 

frequency of harvester with the low source frequency. However, the maximum power 

generation produced at resonant frequency decreases with the decrease of resonant frequency 

(Kulah & Najafi, 2008). Frequency up-conversion (FUC) mechanism proposed by Kulah and 

Najafi (2008) provides another option for low-frequency energy harvesting. The FUC 

mechanism up-converts low-frequency vibrations to high-frequency oscillations. When 

combined with the nonlinear mechanism, the FUC based piezoelectric energy harvester can 

produce efficient power generation at a low frequency while simultaneously possessing a broad 

operating bandwidth. According to the triggering mechanism, the FUC mechanism can be 

classified into two types: mechanical contact mechanism and non-contact mechanism. 

Mechanical contact is one of the most common approaches to achieve FUC. Typically, a high-

frequency energy harvester is impacted or plucked by one low-frequency freely movable part, 

such that the kinetic energy can be transferred from the low-frequency vibrations to the energy 

harvester. Pozzi and Zhu (2011) proposed to use mechanical plucking as the frequency up-

conversion strategy for energy harvesting from human activities (Figure 2.28). By deflecting 

and releasing the piezoelectric bimorph through a plectrum, the energy harvester could vibrate 

at its own resonant frequency. Halim and Park (2017) presented a piezoelectric energy 

harvester using a flexible sidewall structure for human-limb motion (Figure 2.29). Instead of 

direct mechanical impact on the piezoelectric beam, the ball impacted on two sidewalls which 

could transfer the deformation to the respective connected unimorph beam with high-frequency 

  (a) (b) 
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oscillations. Kathpalia et al. (2018) proposed the adoption of geometrically nonlinear plucking 

for frequency up-conversion in piezoelectric energy harvesting under quasistatic excitations. 

However, the mechanical impact or plucking may significantly affect the fatigue life of the 

structures. 

 

Figure 2.28 Illustration of three main phases of the plucking action: (1) approach; (2) loading ; (3) free 

vibration (Pozzi & Zhu, 2011). 

 

Figure 2.29 (a) Schematic of the piezoelectric energy harvester using flexible side-walls and (b) 

operational principle (Halim & Park, 2017). 

In order to achieve long-term durability, FUC mechanism with no physical contact was 

proposed by utilizing snap-through buckling or magnetic plucking in nonlinear systems. Jung 

and Yun (2010) demonstrated a piezoelectric energy harvester that used snap-through buckling 

for FUC. It consisted of buckled bridges with piezoelectric cantilevers attached on them (Figure 

2.30). The snap-through characteristic of the buckled beam could provide high acceleration to 

the attached high-frequency piezoelectric resonators. The snap-through buckling based FUC 

strategy was also investigated by Han and Yun (2014). Alternatively, magnetic plucking is 

another non-contact mechanism for achieving FUC effect. Tang et al. (2011) developed a 

bistable piezoelectric energy harvester utilizing magnetic repulsion forces to achieve non-
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contact frequency up-conversion. With an input acceleration of 1g, the proposed device could 

generate an average power of over 10 μW within a broad frequency range of 10–22 Hz. The 

non-contact magnetic plucking based FUC strategy was also demonstrated by Wickenheiser 

and Garcia (2010),Tang and Li (2015), Fan et al. (2018a), and Wu et al. (2019). 

 

Figure 2.30 Schematic of FUC piezoelectric energy harvester realized by snap-through bulking (Jung 

& Yun, 2010). 

2.6. Nonlinear Internal Resonance Mechanism 

It is well known that there exist several different oscillation modes for the MDOF or continuous 

system, which differ from each other in the mode shapes and frequencies. Typically, the steady-

state response of the linear oscillator contains only the mode that is directly excited. However, 

nonlinear MDOF system may exhibit an intriguing behavior when some of the linear natural 

frequencies are commensurable or nearly commensurable, known as “internal resonance”. This 

behavior provides a coupling or energy exchange between the involved modes (Nayfeh & 

Balachandran, 1989; Nayfeh & Mook, 2008). One-to-one internal resonances may occur in 

both quadratic and cubic nonlinear physical system. Three-to-one internal resonance can only 

occur in systems with cubic nonlinearity when the frequency ratio between two modes is a 

multiple of three, while two-to-one internal resonance can be triggered in quadratic nonlinear 

systems when the frequency ratio is a multiple of two. 

 Dynamics of Nonlinear Systems With Internal Resonance  

Internal resonance has been widely studied in the field of nonlinear dynamics over the past few 

decades. Lacarbonara et al. (1998) indicated that an axially loaded buckled beam with quadratic 

or cubic nonlinearities was a possible configuration to implement internal resonance, as the 

natural frequencies could be tuned by adjusting the static axial load (Figure 2.31). For the 
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continuous beam system, Galerkin discretization should be applied to truncate the system, such 

that the governing partial-differential equations can be reduced to an infinite set of nonlinear 

differential equations as that in MDOF systems. Typically, nonlinear differential equations can 

only be approximately solved by perturbation methods (Nayfeh & Balachandran, 1989; Nayfeh 

& Mook, 2008). 

 

Figure 2.31 (a) Schematic of the buckled beam and (b) The first five natural frequencies (Lacarbonara 

et al., 1998).  

One-to-one or three-to-one internal resonance has been widely explored in systems with cubic 

nonlinearity. Afaneh and Ibrahim (1993) studied the nonlinear response of a buckled beam 

with one-to-one resonance under harmonic excitation. Galerkin truncation and multi-scale 

method were applied to derive the modulation equation of the amplitude and phase. The energy 

exchange between the first two modes was revealed and validated by experiment. Chin and 

Nayfeh (1999) investigated the steady-state response of an axially loaded hinged-clamped 

beam with three-to-one internal resonance. By adjusting the static axial load, the natural 

frequency of the second mode could be tuned to be approximately three times of the 

fundamental natural frequency. Hornstein and Gottlieb (2012) presented a nonlinear continuum 

model for a moving microbeam for nocontacting atomic force microscopy. It was revealed that 

there existed energy transfer between modes due to the internal resonance and nonlinearity of 

the system, such that additional modes might be simultaneously excited. Emam and Nayfeh 

(2013) considered a buckled beam system, which had one-to-one internal resonance between 

  (a) 
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the first two vibration modes and three-to-one internal resonance between the first and third 

vibration modes. Responses indicated that chaos and a chaotically amplitude-modulated 

motion could be induced by a Hopf bifurcation. Energy exchange and the non-periodic 

response in the presence of three-to-one internal resonance were also investigated by other 

researchers (Dai et al., 2017a; Ghayesh & Amabili, 2013; Riedel & Tan, 2002; Sun et al., 2018). 

In addition to the energy exchange between coupled modes, internal resonance in the quadratic 

nonlinear system may exhibit some other intriguing behaviors, such as double jumping and 

saturation phenomenon (Nayfeh & Mook, 2008). Haddow et al. (1984) first experimentally 

demonstrated the features of two-to-one internal resonance by using an L-shaped beam with 

two proof masses. Chen et al. (2014) explored the nonlinear vibration of viscoelastic pipes 

conveying fluid in the presence of quadratic nonlinearity and two-to-one internal resonance. 

Double jumping phenomenon and its evolution were examined by multi-scale method and 

numerical simulation. By adjusting the flow speed, the evolution of softening and hardening 

type jumping to double jumping was revealed. Xiong et al. (2014) investigated the amplitude 

and stability of steady-state responses of a buckled beam with small external distributed 

excitation. Saturation phenomenon due to the presence of quadratic and cubic nonlinearities 

and two-to-one internal resonance was observed as well as the double jumping. The vibration 

amplitude of directly excited mode would become saturated with a strong excitation level and 

further increased energy would spill over into the coupled mode through internal resonance. 

Similar behaviors were investigated by Chen et al. (2015), who proposed a structure consisting 

of two elastically connected cantilevers with magnetic interactions. Besides, two-to-one 

internal resonance has also been explored in other structures, such as microscanner (Daqaq et 

al., 2008a), MEMS arch resonators (Hajjaj et al., 2018) and rotating blade under thermal 

gradient (Zhang et al., 2019). 

 Application of Internal Resonance Into Energy Harvesting  

Because double jumping induced by two-to-one internal resonance may lead a broader 

resonance bandwidth due to the coexistence of both softening and hardening characteristics, 

two-to-one internal resonance has been exploited to broaden the operational bandwidth of the 

piezoelectric energy harvesters very recently. 

One configuration that was explored in the internal resonance based piezoelectric energy 

harvesting is L-shaped beam-mass structure with quadratic nonlinearity, the dynamic 

properties of which was first explored by Haddow et al. (1984). Erturk et al. (2009b) extended 
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the use of L-shaped beam-mass structure to piezoelectric energy harvesting. However, the 

discussion was limited to the linear model. Cao et al. (2015a) introduced piezoelectric patches 

and electrical load into the L-shaped beam-mass structure. Approximate analytical and 

numerical results showed a significant enhancement on operational bandwidth for energy 

harvesting by utilizing two-to-one internal resonance. Chen et al. (2016) augmented this L-

shaped piezoelectric harvester by introducing frequency tuning magnets. The natural 

frequencies of the first two modes can be tuned by adjusting the distance between the magnets, 

as shown in Figure 2.32a. Voltage responses were analytically and experimentally investigated 

in the condition of first primary resonance and two-to-one internal resonance. Figure 2.32b 

illustrated that the double jumping induced by two-to-one internal resonance could further 

extend the operational bandwidth compared with the untuned nonlinear system. Harne et al. 

(2016a) exploited the saturation phenomenon in an L-shaped internally resonant piezoelectric 

energy harvester. It was found that the saturation was beneficial to the robustness of energy 

harvesting performance even when the input vibrations contain an additive noise. Internal 

resonance in an L-shaped structure was also designed and experimentally studied by Varoto 

(2017) and Engel et al. (2015). 

 

Figure 2.32 (a) Schematic of the L-shaped internally resonant piezoelectric energy harvester and (b) 

Comparison between the internally and non-internally resonant responses (Chen et al., 2016). 

As mentioned above, internal resonance may also occur in the axially loaded buckled beam. 

Xiong et al. (2016) explored the two-to-one internal resonance of a piezoelectric buckled beam 

to enhance the working bandwidth of the harvester. Jiang et al. (2016) investigated the 

broadband performance of a piezoelectric energy harvester based on the internal resonance in 

an axially load buckled beam with an additional mass-spring-damper oscillator. However, 

steady-state responses only applied to weak excitations as the buckled beam may exhibit 

bistable interwell motions with a strong excitation. Pendulum structure is another option to 
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achieve internal resonance. Xu and Tang (2015) attached a pendulum to the tip of the 

piezoelectric cantilever for broadband and multi-directional energy harvesting, as shown in 

Figure 2.33. With properly chosen parameters, two-to-one internal resonance could be induced. 

Experimental results illustrated the modal interaction between the beam bending mode and 

pendulum oscillation mode. The piezoelectric spring pendulum oscillator was also used for 

multi-directional piezoelectric energy harvesting by Wu et al. (2018). Some other 

configurations were also proposed for internal resonance based piezoelectric energy harvesting. 

Karimpour and Eftekhari (2014) exploited the two-to-one and one-to-one internal resonance 

for vibration suppression and energy harvesting using a composite cantilever carrying a sliding 

mass retained by a spring. Due to the saturation phenomenon, the energy could be diverted 

toward the axial direction and thereafter converted into electricity. Yang and Towfighian 

(2017b) proposed an internal resonance based energy harvester consisting of two cantilevers, 

each with a tip magnet. The proposed energy harvester could provide 97% increase in the 

frequency bandwidth as compared to a linear counterpart with the same output power. They 

also presented a hybrid energy harvester that combined the advantage of internal resonance and 

bistable mechanism (Yang & Towfighian, 2017a). Chen and Jiang (2015b) numerically 

revealed the efficient performance of an internal resonance based energy harvester under 

different noise conditions (Gaussian white noise, colored noise, narrow-band noise, and 

exponentially correlated noise). The benefit for enlarging operational bandwidth of energy 

harvesters due to the internal resonance were also reported by Lan et al. (2015), Wu et al. 

(2014a) and Rocha et al. (2017). 

 

Figure 2.33 Schematic of the piezoelectric cantilever-pendulum internally resonant piezoelectric 

energy harvesting system (Xu & Tang, 2015). 
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2.7. Nonlinear Energy Sink Mechanism 

Nonlinear energy sink (NES) is a unique nonlinear system that consists of a small mass, a 

viscous damper, and a spring with quasi-zero (or very low) linear stiffness but strong nonlinear 

stiffness. It has been used as a substructure for passive vibration control of the mechanical 

system subjected to the transient or broad-spectrum excitations. The key feature of the NES 

system is the kinetic energy applied to the primary structure can be irreversibly transferred, 

localized and diminished within NES in a broadband manner when the input energy exceeds a 

threshold, which is known as “targeted energy transfer” (TET) (Vakakis et al., 2008). Due to 

the broadband vibration suppression characteristic, NES also opens the possibility for 

broadband energy harvesting by integrating a piezoelectric transducer into the NES. 

 Application of Nonlinear Energy Sink in Vibration Suppression 

Vibrations ubiquitously and extensively exist in the ambient environment, which can be 

induced by the wind, traffic, human motions, or even earthquake. From the perspective of 

engineering, most of the vibrations are undesired as they may cause a fatigue problem and 

reduce the lifespan of machinery. Before the concept of energy harvesting was proposed, the 

first idea to deal with the annoying vibrations was to reduce or eliminate their impacts through 

vibration control techniques. 

A common approach to vibration suppression is vibration isolation, which prevents vibration 

transmission from the vibration sources to the host structure. Conventional linear vibration 

isolators should have low natural frequencies for better isolation performance, however, 

leading a low static load capacity. To address this issue, anti-resonant band-stop type vibration 

isolators utilizing a levered mass-spring combination (Liu et al., 2016a; Liu et al., 2017; Yilmaz 

& Kikuchi, 2006), high static but low dynamic stiffness utilizing nonlinearities (Carrella et al., 

2012; Lu et al., 2016; Shaw et al., 2013a) and nonlinear bistable vibration isolator (Shaw et al., 

2013b; Yang et al., 2014) have also been reported in recent years. In addition to the vibration 

isolation, vibration absorption is another effective mean to achieve vibration suppression by 

absorbing kinetic energy from the host system, such as using linear or nonlinear tuned mass 

damper (Alexander & Schilder, 2009; Viguié & Kerschen, 2010; Zuo, 2009) and particle 

impact damper (Lu et al., 2018). 

NES has been investigated a lot in the last decade as an effective vibration absorption 

mechanism. An ideal NES possesses an essential nonlinearity (i.e., a quasi-zero linear stiffness 
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but a strong nonlinear stiffness), such that it has no inherent or preferential resonant frequency, 

which provides an effective strategy for passive vibration suppression under broad-spectrum 

excitations. Two different configurations of NES have been considered for vibration absorption: 

grounded configuration and ungrounded configuration (Vakakis et al., 2008), as shown in 

Figure 2.34. Grounded and heavy NES configuration was considered in the earlier researches 

(Gourdon & Lamarque, 2005; Kerschen et al., 2005b; Koz’min et al., 2007; Vakakis et al., 

2003). However, the relatively heavy attachments of the grounded NES is not beneficial to the 

practical applications. Thus, ungrounded NES proposed by Gendelman et al. (2005) has been 

the spotlight in recent years due to the simple structure and effective performance.  

 

Figure 2.34 Primary structure connected to a: (a) grounded NES (b) ungrounded NES (Vakakis et al., 

2008). 

Regarding impulsive excitations, Gendelman et al. (2001) and Vakakis and Gendelman (2001) 

investigated the one-way (irreversible) energy transfer from the primary linear structure to the 

essential nonlinear system by perturbation analysis and numerical simulations. It was 

concluded that the energy pumping was associated with the resonance capture in the 1:1 

resonance manifold if the initial energy level exceeded a certain threshold. Kerschen et al. 

(2005a) numerically and analytically investigated the nonlinear dynamics of targeted energy 

transfer in coupled oscillators with essential nonlinearity. Three mechanisms for energy 

pumping were revealed in this work. Either fundamental or subharmonic resonant manifolds 

in phase space could trigger resonance capture and irreversible energy transfer. While in the 

initial stage, strong energy pumping could only be initiated by nonlinear beating, which might 

act as “bridging orbits” to activate either one of the main (fundamental or subharmonic) energy 

pumping mechanisms. McFarland et al. (2005) provided the first experimental verification of 

passive nonlinear energy pumping in the NES system. Based on the wavelet transform, 

Kerschen et al. (2007) further experimentally revealed the TET induced by transient resonance 
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capture. In addition to the single NES system, multiple NES system was also considered. 

Wierschem et al. (2012) presented an experimental study of the targeted energy transfer 

characteristics of a system consisting of two NESs in series (Figure 2.35a). Compared with the 

previously considered system consisting of single NES, 2DOF NES system may offer effective 

TET over a broader range of initial energies. Zhang et al. (2015b) attached two parallel NESs 

to an axially moving beam (Figure 2.35b). Compared with the single NES configuration, the 

parallel NES configuration performed better in suppressing the vibration of the primary beam. 

Apart from the mechanical system, the use of NES in the acoustic system was also explored by 

Cochelin et al. (2006) and Bellet et al. (2012). Noted that the grounded and parallel NES is the 

only possible configuration in the acoustic system, as the membrane should be attached to the 

wall. 

 

Figure 2.35 Schematic of the primary system coupled to the MDOF NES system: (a) Series 

configuration (Wierschem et al., 2012) and (b) parallel configuration (Zhang et al., 2015b). 

In the above-mentioned researches, impulsive excitations applied to the primary structures 

were considered. Regarding harmonic excitations, some intriguing phenomena are also worth 

studying for broadband vibration suppression. Jiang et al. (2003) analytically and 

experimentally investigated the steady-state responses of the primary oscillator weakly coupled 

with a grounded NES. It was found that the NES was capable of absorbing energy from the 

primary linear oscillator over a broad frequency range. The jumping phenomena were observed 

during the forward and backward frequency sweeps. Other than the periodic response, 

Gendelman and Starosvetsky (2007) revealed the quasi-periodic response regimes of linear 

oscillator coupled to an NES under periodic forcing, which resulted from linear instability of 

the steady-state regime and the interaction of the dynamic flow. The strongly quasi-periodic 

responses due to the interaction of the dynamic flow was termed “strongly modulated response”, 
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which could be regarded as another form of TET in harmonic excitations (Starosvetsky & 

Gendelman, 2008). Kurt et al. (2014) investigated the steady-state responses of a 2DOF system 

consisting of a linear oscillator weakly coupled to the NES. Nonlinear normal modes of the 

underlying Hamiltonian system and frequency-energy plots of the forced and damped system 

were constructed. As shown in Figure 2.36, NES could be utilized to achieve broadband 

vibration suppression due to the energy localized branch (branch 2) with steady-state vibrations 

mostly confined to the NES. 

 

Figure 2.36 Steady-state responses of the optimized system: (a) response of the primary linear 

oscillator with NES (compared with that without NES); (b) response of the NES and (c) damped 

frequency-energy plot ( compared with the nonlinear normal mode of the Hamiltonian system) (Kurt et 

al., 2014). 

In addition to the conventional NES that has essential nonlinearities, some variant types of NES 

have also been proposed to further improve the vibration absorption performance. Romeo et al. 

(2015) proposed a bistable NES possessing a negative linear and cubic nonlinear stiffnesses 

through a bucked beam (Figure 2.37a). Different from the previous NES designs based on 

essential nonlinearities, the energy exchange could be triggered by the aperiodic (chaotic) 
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cross-well oscillations and in-well nonlinear beating even at the low initial energy level, as 

illustrated in Figure 2.37b. Similar buckled beam based bistable NES was also explored by 

Chiacchiari et al. (2017). Bistable NES design has also been realized by using magnets (Fang 

et al., 2016) and a snap-through mass-spring system (Al-Shudeifat, 2014). Besides, a non-

smooth vibro-impact NES combining linear and vibro-element was proposed by Gendelman 

and Alloni (2016). The chaotic strongly modulated responses were observed for a very low 

level of excitation.  

By and large, NES can reduce the response of primary linear oscillator due to the features of 

TET and mode localization. It has been widely used in a range of applications, including 

vibration mitigation of air-spring supported slab (Goyal & Whalen, 2005), seismic mitigation 

(Lu et al., 2017), aero-elastic instabilities suppression (Guo et al., 2018), vortex-induced 

vibration mitigation (Dai et al., 2017b) and galloping control (Dai et al., 2016).  

 

Figure 2.37 (a) Schematic of the primary linear oscillator coupled to a lightweight NES through a 

buckled beam and (b) Response of the linear oscillator (blue line) and the relative response (red line) 

(Romeo et al., 2015). 

 Application of Nonlinear Energy Sink in Energy Harvesting  

NES can suppress the vibration of the primary oscillator in a broadband manner, which also 

makes it an excellent candidate as a broadband piezoelectric energy harvester. Instead of 

dissipating energy via a damper, piezoelectric or other electromechanical transducer can be 

introduced in the NES system to convert the absorbed kinetic energy into electric energy. In 

the recent few years, several efforts have been made to exploit the NES mechanism for 

simultaneous vibration suppression and energy harvesting. 
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Quinn et al. (2011a) and Quinn et al. (2011b) first considered the piezoelectric energy 

harvesting system with intentional essential nonlinearities under harmonic and impulsive 

excitations. The nonlinear attachment was not attached to the primary structure in these cases. 

Similar to other nonlinear configurations, it was demonstrated that the essential nonlinear 

system exceeded the linear counterpart in terms of operational bandwidth. The proposed system 

could also generate a higher magnitude of harvested power for the impulsive excitation. Nili 

Ahmadabadi and Khadem (2014) attached the NES with a piezoelectric transducer to a free-

free beam under shock excitation. Both the grounded and ungrounded NES were examined, as 

depicted in Figure 2.38. The systems parameters were optimized, and a satisfactory amount of 

energy was obtained for both configurations. Zhang et al. (2015a) and Zhang et al. (2017) 

presented an NES based piezoelectric energy harvester under impulsive excitation, which could 

achieve simultaneous broadband energy harvesting and vibration suppression. Although 

essential nonlinearity would be hard to achieve in practice, 1:1 resonance capture and TET 

were revealed by nonlinear normal modes and the wavelet transform of numerical and 

experimental responses with quasi essentially nonlinear stiffness (i.e., linear stiffness is made 

much lower than that of the primary structure), as shown in Figure 2.39. The integration of the 

NES and piezoelectric energy harvester under impulsive and harmonic excitations was also 

studied by Li et al. (2017) and Li et al. (2018), respectively. Apart from the piezoelectric 

transducer, some other electromechanical transductions may also be integrated with NES for 

energy harvesting use, such as magnetostrictive material (Fang et al., 2017) and 

electromagnetic transducer (Kremer & Liu, 2014, 2017; Remick et al., 2016; Yuan et al., 2018). 

 

Figure 2.38 Schematic of the piezoelectric NES based energy harvester: (a) grounded configuration 

and (b) ungrounded configuration (Nili Ahmadabadi & Khadem, 2014). 
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Figure 2.39 Wavelet transforms of transient responses of (a) primary structure and (b) NES (Zhang et 

al., 2017). 

2.8. Chapter Summary 

The state-of-the-art vibration energy harvesting techniques are reviewed in this chapter with a 

focus on piezoelectric energy harvesting. The fundamentals of the piezoelectricity and energy 

harvesting circuit are first briefly presented in this chapter. To harvest energy from ambient 

vibration containing a range of possible frequencies or a time-varying frequency, different 

approaches for enhancing the piezoelectric energy harvesting performance are reviewed. The 

basics principle and major drawback of each approach are summarized. 

Piezoelectric energy harvesters with tunable frequency are first reviewed, whose resonant 

frequency can be passively or actively tuned to match the frequency of the ambient vibration 

by mechanical, magnetic, and electrical methods. However, most of the tunable energy 

harvesters require manual adjustment, extra continuous or intermittent power input for tuning 

process, which may largely reduce the efficiency of the piezoelectric energy harvester. Passive 

self-frequency-tuning piezoelectric energy harvester that requires no external power is very 

few and is limited to certain applications. 

Employing multi-degree-of-freedom or continuous system possessing several frequency 

resonance peaks is also an option for collecting energy from wide-spectrum vibrations. In 

general, multi-modal energy harvesting can be achieved by exploring a series of cantilevers, 

multiple bending modes of a continuous beam structure or a cantilever with an auxiliary 

oscillator serving as a dynamic magnifier. However, the cantilever array configuration 
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increases the volume and weight of the harvester, which impairs its power density. Moreover, 

the phase difference between different active cantilevers may lead to a voltage cancellation, 

while the issue for the continuous beam or dynamic magnifier system is that the resonant 

frequencies of multi-modes are usually far away from each other and cannot cover a 

continuously wide frequency range. 

The use of nonlinearity is a promising technique to attain a broad operational bandwidth of the 

piezoelectric energy harvester, which attracts increasing attentions due to no tuning effort 

required and better power density. The nonlinear piezoelectric energy harvester can be 

classified into three major groups: monostable configuration, bistable configuration, and 

piecewise-linear configuration. For the monostable configuration, the bandwidth for the large-

amplitude oscillation and power output can be extended through softening or hardening 

properties. For the bistable configuration, high power can be generated when bistable 

oscillators snap through from one stable equilibrium position to the other. The piecewise-linear 

characteristic can also be utilized for broadband piezoelectric energy harvesting by adding 

mechanical stoppers to the linear harvester. Besides, frequency up-conversion mechanism is 

an option for low-frequency energy harvesting. When associated with the nonlinear mechanism, 

the piezoelectric energy harvester can improve the efficiency of power generation at a low 

frequency while simultaneously possessing a wide operational bandwidth. 

Internal resonance and nonlinear energy sink are two intriguing nonlinear mechanisms, both of 

which have been investigated in the field of nonlinear dynamics before. For the internal 

resonance, the coexistence of both hardening and softening characteristics is of great benefit 

for broadband energy harvesting. While for the nonlinear energy sink, the targeted energy 

transfer and energy localization phenomenon also provide a promising solution for 

simultaneous vibration suppression and energy harvesting in a broadband manner. Some 

pioneering researches on energy harvesting based on the two nonlinear mechanisms are 

reviewed. Despite the preliminary success, the study on internal resonance or nonlinear energy 

sink based energy harvester is still limited. The internal resonance or nonlinear energy sink 

based piezoelectric energy harvester with concise design and easy tuning is still very few. Thus, 

more efforts are required to explore these nonlinear mechanisms and unlock their potential for 

broadband piezoelectric energy harvesting, which are the main concerns of this research. 
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Chapter 3. Internal Resonance Based Piezoelectric 
Energy Harvester: Experiment and Numerical Study 

A common piezoelectric energy harvester is usually designed based on the cantilever 

configuration bonded with piezoelectric transducers. Usually, only the fundamental mode of 

the cantilever is utilized and approximated as a linear single-degree-of-freedom (SDOF) system. 

It can only work efficiently when the excitation frequency is close to the resonant frequency, 

which is not ideal for practical applications where the frequencies of vibration sources may be 

time-varying or random. As reviewed in Section 2.7, the frequency range of large-amplitude 

oscillation can be further extended in the internal resonance system in such way that the 

hardening and softening properties coexist (double jumping phenomenon). An L-shaped beam 

structure has been acknowledged as a simple configuration to realize internal resonance (Erturk 

et al., 2009b). However, the inherent geometric nonlinearities have limited effect and cannot 

be easily achieved. 

Based on a typical cantilever beam carrying a magnetic tip mass interacting with a fixed magnet 

on the frame, a two-to-one internal resonance based piezoelectric energy harvester is proposed 

by introducing an auxiliary beam. This structure can be simplified as a two-degree-of-freedom 

(2DOF) system, whose natural frequencies can be easily tuned to be commensurable for 

internal resonance and thus lead to more resonant peaks in a wider frequency range. In this 

chapter, rich nonlinear behaviors of the internal resonance based piezoelectric energy harvester 

are revealed by the experiment, including multiple stable responses, double jumping, and 

energy exchange between modes. In addition, experiment results are compared with those from 

the circuit simulation to verify the effectiveness of an equivalent circuit model (ECM) that may 

be used for sophisticated structure and nonlinear interface circuits. The open circuit voltage 

and optimal resistance for maximum power output are determined. The proposed nonlinear 

piezoelectric energy harvester is able to outperform the linear counterpart from the perspective 

of operational bandwidth. The findings provide insights to help develop broadband energy 

harvesters based on nonlinear internal resonance mechanism. 
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3.1. Modeling of Internal Resonance Based Piezoelectric Energy 
Harvester  

The proposed nonlinear piezoelectric energy harvester based on internal resonance is 

developed from a traditional cantilever based configuration, as depicted in Figure 3.1. 

Compared with the typical SDOF nonlinear piezoelectric energy harvester consisting of a 

cantilever carrying a magnetic tip mass, an auxiliary beam with a proof mass is attached to the 

free end of the primary cantilever beam, which is a bit similar to the L-shaped configuration.  

 

Figure 3.1 (a) A conventional SDOF nonlinear piezoelectric energy harvester and (b) A 2DOF 

nonlinear piezoelectric energy harvester that can be tuned to internal resonance. 

The primary cantilever beam is bonded with a bimorph piezoelectric transducer near the 

clamped end and carries a magnetic tip mass. Another magnet is fixed on the vibration frame. 

The nonlinear restoring force is introduced by the magnetic repulsion between the two magnets. 

As compared to an L-shaped structure with weak geometric nonlinearity, the proposed design 

can introduce strong nonlinearity by the use of magnets. It is worth noting that there exists a 

  (a) 

(b) 
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misalignment of initial positions of the magnets Δ1 in the vertical direction, as shown in Figure 

3.2, which is intentionally introduced to bring in the quadratic nonlinearity that will be 

discussed in detail in the next Chapter. The natural frequencies can also be easily tuned by 

adjusting the distances between the tip magnet and fixed magnet. When two-to-one 

commensurability between the first two linear natural frequencies is achieved, two-to-one 

internal resonance can be triggered. 

 

Figure 3.2 Nonlinear piezoelectric energy harvester based on internal resonance: (a) Top view and (b) 

Side view. 

For simplicity, the system can be modeled as a 2DOF system by converting the distibuted mass 

of the cantilever beam to the equivalent tip mass. Bending vibration is concerned in this 

research, and the effect of torsion or longitudinal vibrations is neglected. The lumped-

parameter 2DOF system is modeled as shown in Figure 3.3. Based on the coupled model 

considering the backward electromechanical coupling in the mechanical domain, the governing 

equation of this structure subjected to the base excitation can be described by 
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  (3.1) 

where dot denotes the derivative with respect to time t. m1 and m2 are the effective masses of 

the main piezoelectric cantilever beam and the auxiliary beam with stiffness k1 and k2 

respectively. η1 and η2 are the corresponding damping coefficients. The motions of the two 

masses relative to the base are described by displacements u1 and u2. u0 is the displacement of 

the base. The electrical domain is characterized by the resistance RL, the capacitance of the 

piezoelectric transducer Cp, electromechanical coupling coefficient θ, and the electric voltage 

output VRL. Fmagv is the nonlinear magnetic force between two repulsive magnets in the vertical 

(a) 

Auxiliary beam 

Fixed magnet Tip magnetic mass 

Piezoelectric beam 
∆1 

(b) 
Base motion u0 u1,2 – motions 

relative to base  
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direction, which can be derived using the dipole-dipole model (Cottone et al., 2009; Levitt, 

2001; Tang & Yang, 2012). Based on the magnetic dipole-dipole interaction assumption, the 

magnetic force Fmag can be expressed by 

 
( )

o1 o2
mag 2 2

1 1 m

2

1

3 1
2π

M MF
u D

µ

 + ∆ + 
 

=   (3.2) 

where μ is the vacuum permeability. Mo1 and Mo2 are the effective moments of the magnetic 

dipoles. The distance Dm1 should be calculated from center to center of the magnets, that is, 

Dm1= Dm0+h, where Dm0 is the distance between the facing surfaces of the two magnets and h 

is the thickness of the magnet. Δ1 is the misalignment of initial positions of magnets in the 

vertical direction (Figure 3.2b). The component of magnetic force Fmag in the vibration 

direction (vertical to the base) thus can be obtained by 
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=   (3.3) 

There may exist two-to-one internal resonance if the first two natural frequencies of the derived 

linear system are in the ratio 2:1 by varying Dm0, Δ1 or the tip mass of the auxiliary beam. 

 

m1 

m2 

η2 k2 

Piezoelectric 
Transducer k1 

u1 

u0 

R 
η1 

u2 

Fmagv 

 

Figure 3.3 Lumped parameter 2DOF model of the proposed nonlinear piezoelectric energy harvester  

If the fixed magnet is removed, the harvester will degrade to a conventional linear 2DOF 

system. For the undamped free vibration, the natural frequencies and mode shapes of the 

corresponding linearized system (without magnetic interactions) can be solved as 
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The static equilibrium positions with the nonlinear magnetic force can be obtained by setting 

the time derivatives in the governing equation (Equation (3.1)) to zero, giving 
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where u1S and u2S are the static equilibrium displacements of the primary and auxiliary structure, 

respectively. 

3.2. Experiment Setup 

An experiment test is conducted to explore the features of the proposed piezoelectric harvester. 

Figure 3.4 shows the fabricated prototype of the proposed structure, which is installed on an 

electrodynamic shaker that works in the vertical direction. A bimorph piezoelectric macro fiber 

composite (MFC) (Smart Materials Corp., model: M-2814-P2) is bonded at the root of the 

primary cantilever beam. A neodymium cylinder magnet (Magnets NZ., model: ND105) is 

embedded in a holder at the tip of the primary beam with another one fixed on the frame. An 

auxiliary beam carrying a tip mass is clamped to the free end of the primary beam. Thus, the 

total mass of the tip magnet, the holder and the clamp of the auxiliary beam may be regarded 

as the tip mass of the primary cantilever beam. The lumped mass of the auxiliary beam and 

distance between magnets can be adjusted to tune the natural frequencies so that the internal 

resonance can be triggered. However, the natural frequencies are hard to achieve completely 

commensurable, namely perfect internal resonance, as the mass and stiffness cannot be 

steplessly controlled and the natural frequencies would vary in the nonlinear system. Some 

preliminary experiments are required to obtain and confirm the natural frequencies of the 

system. 

The whole experimental setup is illustrated in Figure 3.5. Electrodynamic shaker (Data Physics, 

model: SignalForce™) provides the base motion, which is electronically governed by a 
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vibration controller (Data Physics, model: SignalStar) based on the feedback of accelerometer 

mounted on the shaker. The voltage output of the piezoelectric transducer with or without the 

simple resistor can be acquired by the data acquisition (DAQ) module (National instruments, 

model: NI9229). The acquired time-varying responses can be processed on the computer. 

 

Figure 3.4 Prototype of the 2DOF nonlinear piezoelectric energy harvester based on internal 

resonance 

 

Figure 3.5 Schematic of the testing setup 

Prior to the model validation, system parameters should be determined from the preliminary 

experiment. Following a procedure similar to that used by Tang and Yang (2012), the system 

parameters can be identified by measuring the distributed and proof mass of the primary and 

auxiliary beam, the short circuit current and the attenuation curves of the strain. System 
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Shaker  
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Magnets  
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parameters identified in the experiment and inherent parameters of the magnet and MFC are 

shown in Table 3-1. Then, a sinusoidal frequency sweep excitation with a base acceleration 

amplitude of 2m/s2 and a sweep rate of 0.02 Hz/s can be conducted. The open circuit condition 

can be approximately achieved with a high internal resistance of DAQ module (RL = 1 MΩ). 

Table 3-1 System parameters of the proposed piezoelectric energy harvester based on internal 

resonance 

Parameters Value 

Effective mass m1 (g) 28.96 

Effective mass m2 (g) 16.03 

Stiffness k1 (Nm-1) 666.29 

Stiffness k2 (Nm-1) 153.85 

Damping coefficient η1 (Nsm-1) 0.05 

Damping coefficient η2 (Nsm-1) 0.014 

Distance between the magnet surface Dm0 (m) 0.0067 

Thickness of the magnet(m) 0.005 

Misalignment Δ1 (m) 0.0025 

Effective moments Mo1 (Am2) 0.428 

Effective moments Mo2 (Am2) 0.428 

Vacuum permeability μ (Tm/A) 4π×10-7 

Capacitance Cp (nF) 50 

Coupling coefficient θ (NV-1) 2.2×10-4 

3.3. Equivalent Circuit Model 

The theoretical model is helpful for understanding the mechanism and physical effects of the 

piezoelectric energy harvester. However, the analytical derivation process is usually tedious 

and has limitations in solving nonlinear problems. Since the main concern of energy harvesting 

is the electrical output, it is useful to develop an accurate equivalent circuit model (ECM) to 

bridge structural modeling and electrical stimulation. This numerical approach analogizes the 

mechanical governing equation with an equivalent circuit network, such that circuit simulation 

can be conducted in the simulation software like SIMetrix/SIMPLIS (Bao & Bao, 2010) based 

on iterative methods. The advantage of this technique lies in a holistic way to evaluate the 

entire electromechanical system which may include sophisticated structures and complex 

nonlinear interface circuits. 
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Generally, a mechanical force can be replaced by a voltage source, and a mechanical velocity 

(i.e., the first derivation of the displacement) can be represented as an electric current in ECM 

(Hehn & Manoli, 2015). One can assume that  
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Based on this analogy, the governing equation (Equation (3.1)) can be rewritten as  
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It is worth noting that each term in the electrical and mechanical domain of the governing 

equation then can be considered as an electrical voltage rather than a mechanical force. Hence, 

the mass, stiffness, and damping in the mechanical domain can be regarded as the circuit 

components. The mass can be modeled by the inductor, the flexibility is described by the 

capacitor and the damping is represented as the resistor. The nonlinear magnetic force Fmagv 

can be modeled as a user-defined nonlinear voltage source Vm, whose magnitude depends on 

the charge in the circuit. Therefore, the equivalent voltage sources V1, V2 and Vm, inductors L1 

and L2, capacitors C1 and C2, and resistors R1 and R2 in the equivalent circuit are  
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It should also be noted that the electromechanical coupling coefficient is equivalent to an ideal 

transformer with the winding ratio 1: θ, which has the functionality of coupling the mechanical 

domain and electrical domain. The real electric circuit can be directly represented in the 

electrical domain. Thus, the governing electromechanical equation can be converted into the 

electrical equation 
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Finally, the ECM can be obtained as shown in Figure 3.6, whose response can be simulated in 

the electric circuit simulator SIMetrix/SIMPLIS. Using the identified parameters in the 

experiment, the accuracy and effectiveness of the ECM can be verified by comparing the 

predicted responses with the experimental results.  

 

Figure 3.6 ECM of the proposed nonlinear piezoelectric energy harvester. 

3.4. Open Circuit Voltage Response 

The piezoelectric transducer is directly connected with a DAQ module. Though the measured 

voltage could be slightly lower than the ideal open circuit voltage due to that the DAQ module 

has an internal resistance of 1 MΩ, it can be regarded as the open circuit condition as they are 

very close. 

  Mechanical Domain Coupling Electrical Domain 
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 Frequency Responses for Sinusoidal Sweep 

The root-mean-square (RMS) voltage responses under a sinusoidal frequency sweep excitation 

are recorded. The amplitude of base acceleration and the sweep rate are set to be 2 m/s2 and 

0.02 Hz/s, respectively. 

First, the voltage frequency responses of the corresponding linear 2DOF piezoelectric energy 

harvesting system are investigated by removing the fixed magnet on the frame. The natural 

frequencies of the proposed system can be tuned by varying the proof mass of the auxiliary 

beam. According to Equation (3.4) and Table 3-1, the first two natural frequencies of the linear 

system (without magnetic interactions) can be calculated as ω1=13.59 Hz and ω2=27.89Hz. 

Figure 3.7 shows the voltage frequency responses of the linear system obtained by experiment 

and numerical simulation based on ECM. It can be seen that the first two resonant frequencies 

are 13.52Hz and 27.25Hz in the experiment, while 13.59Hz and 28.32Hz in ECM simulation. 

Both the experimental results and ECM simulation results are in general consistent with the 

theoretical predictions. Two linear single resonance peaks are a bit far away from each other, 

which is hard to be optimized to achieve broadband energy harvesting. However, the ratio of 

the first two natural frequencies is close to 2:1, which can be utilized to construct a nonlinear 

internal resonance system by introducing magnets. 

 

Figure 3.7 Frequency responses of open circuit voltage of conventional linear piezoelectric energy 

harvester. 

Then, the repulsive magnetic force is introduced by an external magnet fixed on the vibration 

frame. The linear stiffness of the nonlinear 2DOF system is slightly changed by the linear part 
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of the magnetic force. However, it is hard to extract and measure the linear component 

separately in the experiment. With a properly selected distance between the repulsive magnets, 

the first two natural frequencies of the derived system can be fine-tuned to achieve the two-to-

one internal resonance. It is worth noting that this system may be tuned into the bistable 

configuration (i.e., the linear stiffness is tuned to be negative) if the distance between the 

magnets is small enough. However, the bistable configuration is more complicated and is out 

of the scope of this research. 

Figure 3.8a shows the voltage frequency responses of the proposed nonlinear energy harvester 

in the presence of two-to-one internal resonance in the experiment. Typical internal resonance 

phenomenon occurs with the magnet arrangement of D0 = 6.7 mm and Δ1 = 2.5 mm. The second 

natural frequency of the derived system is nearly twice the first natural frequency (one at 

around 13.5 Hz and the other at around 27 Hz). Both upward frequency sweep (blue line) and 

downward frequency sweep (red line) are taken into account. It can be seen that the proposed 

nonlinear energy harvester may exhibit large-amplitude or small-amplitude responses over a 

range of frequencies, depending on the direction of the frequency sweep and initial conditions. 

Compared with the conventional 2DOF linear piezoelectric energy harvester ( Figure 3.7a), the 

four bending resonance peaks rather than normal two single resonance peaks can lead to a 

broader resonance bandwidth with little reduction in response magnitude. In addition, different 

from the single jumping of the conventional nonlinear duffing system, double jumping 

phenomenon is observed in the frequency response curve, that is, the hardening and softening 

behaviors coexist with four resonant peaks. This unique feature allows the resonant response 

to be broadened in two directions, providing further enlargement in the operational bandwidth. 

Figure 3.8b illustrates the voltage frequency responses obtained from the ECM simulation. 

Despite the small difference in the magnitudes of the peaks and slight shift of the resonant 

frequencies, the simulations predict the same trends of nonlinear behavior as the experiments. 

Four resonant peaks arising from nonlinear internal resonance are evident. The discrepancy in 

the magnitude of output is probably due to the change of damping in the experiment with the 

magnetic force introduced, and the rotations at the free end of the main beam, which are not 

taken into account in the simulation. Theoretical investigation on the underlying mechanism of 

the internal resonance is given in the next chapter based on the perturbation method. 
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Figure 3.8 Frequency responses of open circuit voltage of proposed nonlinear piezoelectric energy 

harvester: (a) experiment and (b) ECM simulation. 

 Time Domain Responses and Frequency Spectra 

Voltage responses at specific frequencies are also recorded in the experiments to further 

investigate the harmonic components in the response spectrum by Fast Fourier Transform 

analysis. The amplitude of base acceleration is still selected as 2m/s2. Figure 3.9 to Figure 3.12 

show the time domain responses and corresponding frequency spectra in the experiment with 

the excitation frequencies of 8 Hz, 13.5Hz, 24.5Hz and 27.5Hz, respectively. 

As shown in Figure 3.9 and Figure 3.11, the system is excited far away from either the first and 

second resonances (e.g., off-resonance), so it can be seen that there is only one single peak 

having the same frequency as the external excitation frequency. Figure 3.10 illustrates the 

  (a) 

  (b) 



Chapter 3 

59 
 

response with an excitation frequency of 13.5Hz, which is around the first resonance. 

Interestingly, one more peak appears near the second resonant frequency in addition to that 

near the first resonance, indicating that the excitation around one resonant frequency is coupled 

to the large response at the other resonant frequency through the internal resonance. Note that 

the amplitude of the response is much larger than that with off-resonance excitation (Figure 3.9 

and Figure 3.11). Figure 3.12 shows a same phenomenon when the system is excited close to 

the second resonance (27.5 Hz). An additional peak appears around the first resonant frequency. 

These results demonstrate the mode interaction and energy transfer between the first two modes 

in the presence of commensurable relationship in internal resonance. 

 
Figure 3.9 (a) Time domain response; (b) Frequency spectrum in experiment (excitation: 8 Hz). 

 
Figure 3.10 (a) Time domain response; (b) Frequency spectrum in experiment (excitation: 13.5 Hz). 

  (a) 
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  (a) 
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Figure 3.11 (a) Time domain response; (b) Frequency spectrum in experiment (excitation: 24.5 Hz). 

 

Figure 3.12 (a) Time domain response; (b) Frequency spectrum in experiment (excitation: 27.5 Hz). 

The feature of modal interaction is also revealed in the ECM simulation. The spectra of the 

response when the system is excited far away from resonance (8Hz and 24.5Hz), around first 

primary resonance (13.5Hz), and around second primary resonances(26.7Hz) are shown in 

Figure 3.13 to Figure 3.16, respectively. Note that the chosen frequency (26.7Hz) around the 

second resonant frequency is a slightly different from that in the experiment, as there is a minor 

shift between the second resonance regions in the experiment and ECM simulation. The ECM 

simulation shows the same property as seen in the experiment. Excitation of one mode induces 

a frequency component of another mode through internal resonance. 

  (a) 

(b) 

  (a) 

(b) 
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Figure 3.13 (a) Time domain response; (b) Frequency spectrum in ECM simulation (excitation: 8Hz). 

 
Figure 3.14 (a) Time domain response; (b) Frequency spectrum in ECM simulation (excitation: 13.5 

Hz). 

 

Figure 3.15 (a) Time domain response; (b) Frequency spectrum in ECM simulation (excitation: 24.5 

Hz). 
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Figure 3.16 (a) Time domain response; (b) Frequency spectrum in ECM simulation (excitation: 26.7 

Hz). 

3.5. Power Output and Effect of Load Resistance 

In addition to the open circuit voltage response, power output is another major concern when 

evaluating the performance of a piezoelectric energy harvester. Different from measuring the 

open circuit voltage, a resistive load should be connected to the harvester to evaluate its power 

output. Generally, the maximum power output is achieved when the load impedance is tuned 

to match the internal impedance of the piezoelectric transducer (Shu & Lien, 2006). Thus, there 

exists an optimal resistive load to maximize power output from the harvester. Based on the 

validated ECM, various resistive loads ranging from 50 kΩ to 1000 kΩ are connected to the 

piezoelectric transducer to evaluate the power output performance. According to P = V2/RL, the 

maximum instantaneous power Ppeak can be derived using the amplitude of the voltage Vamp 

(semi peak-to-peak value) across the load resistive RL, while the average power Pavg can be 

derived based on the RMS value of the voltage VRMS. 

Table 3-2 shows the maximum instantaneous power Ppeak obtained by ECM simulation under 

different excitation frequencies and resistive loads with a base acceleration amplitude of 2m/s2. 

The highlighted cells represent the optimal or quasi-optimal power at various frequencies. It is 

noted that the exact optimal load varies with frequency. However, the peak values around the 

first (13.3Hz) and second (27Hz) resonance are the most interest for evaluating the 

performance, as the responses of the power output at off-resonance region are much lower. 

Thus, 150 kΩ can be considered as the optimum load resistive, which provides close to the 

maximum power over the frequency range around both the first and second resonances. Using 

this resistive load, the frequency sweep for the output power is conducted by ECM simulation.

  (a) 

(b) 
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Table 3-2 Peak Power (µW) obtained with different excitation frequencies and resistive loads 

 

               Resistance (kΩ) 
 
Frequency (Hz) 

50.00 100.00 150.00 200.00 300.00 400.00 500.00 600.00 800.00 1000.00 

8.00 0.16 0.31 0.42 0.52 0.62 0.65 0.63 0.59 0.51 0.44 

11.00 1.03 1.89 2.50 2.87 3.02 2.76 2.60 2.34 1.92 1.61 

12.60 82.20 528.53 592.83 594.05 523.34 441.23 373.74 319.70 245.00 196.84 

12.80 337.84 412.16 457.06 453.63 395.67 332.93 280.61 240.00 183.77 147.62 

13.00 209.95 321.49 352.35 346.11 299.25 252.51 210.54 180.27 138.08 111.30 

13.30 1108.56 1612.90 1696.02 1612.81 1336.67 1086.81 898.88 761.84 572.45 456.89 

13.50 603.90 874.23 920.42 877.15 724.23 587.14 485.78 409.77 308.11 244.77 

13.70 193.44 281.96 297.93 282.75 232.97 188.79 155.41 131.42 98.68 78.23 

14.00 15.40 24.34 27.47 27.38 23.94 20.02 16.82 14.31 10.88 6.00 

16.00 0.36 0.60 0.73 0.75 0.69 0.60 0.52 0.45 0.35 0.29 

24.00 0.61 0.89 0.92 0.85 0.68 0.55 0.46 0.39 0.30 0.24 

26.00 6.84 9.56 9.60 8.65 6.77 5.40 4.46 3.79 2.89 2.33 

26.30 22.05 36.48 42.67 43.96 39.91 34.60 31.36 28.38 23.22 19.40 

26.50 17.30 28.56 33.90 35.64 33.92 30.10 26.21 22.94 18.10 14.78 

26.70 41.47 61.50 65.63 63.37 53.73 44.52 37.32 31.83 24.31 19.49 

27.00 200.34 282.49 287.77 268.28 218.97 178.08 148.26 126.01 96.14 77.44 

27.10 127.77 174.72 172.72 155.40 121.20 96.57 79.63 67.42 51.52 41.54 

29.00 4.44 5.87 5.64 4.98 3.81 3.00 2.49 2.09 1.60 1.29 
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Figure 3.17a and b illustrate the average power output of the proposed nonlinear piezoelectric 

energy harvester for upward and downward frequency sweeps with various load resistances. It 

can be seen that the optimal resistance (150 kΩ, solid black line) can provide a larger power 

output compared with other load resistances, especially around the resonance. At the power 

level of 100 µW, the proposed nonlinear piezoelectric energy harvester based on internal 

resonance can provide a bandwidth of 2.65 Hz (downward sweep) with the optimal resistance 

(150 kΩ) at the excitation level of 2m/s2.  

 

Figure 3.17 Numerical results of output power based on ECM simulation by (a) upward frequency 

sweep (b) downward frequency sweep. 

The power output of the linear counterpart with the magnetic force removed is also plotted for 

comparison in Figure 3.18, as well as the power output of 1DOF nonlinear  system with the 

auxiliary beam removed. The resistance is selected to be 150 kΩ. Despite the reduction of the 

  (a) 

(b) 
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power output peaks, the operational bandwidth of the proposed system is wider than that of the 

conventional linear harvester, which only provide 1.15 Hz over the power level of 100 µW.  

The nonlinear 1DOF system can provide a bandwidth of 1.97 Hz, which is larger than that of 

linear harvester but still lower than the proposed internal resonance based system.  

 

Figure 3.18 Comparison of output power of different configurations based on ECM simulation by (a) 

upward frequency sweep (b) downward frequency sweep.  

It is worth noting that the distance between the facing surfaces of the two magnets Dm0 is 

properly tuned to be 6.7 mm, which can trigger the two-to-one internal resonance. The 

mistuning in Dm0 may lead to the failure of internal resonance such that the piezoelectric can 

only works in a typical duffing-type nonlinear mode or linear mode, as shown in Figure 3.19. 

The resistance is still selected to be 150 kΩ. It can be seen that only hardening or softening 

nonlinearity is demonstrated. The bandwidths over the power level of 100 µW for Dm0 =9 mm 

  (a) 

(b) 
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and Dm0 =4.5 mm are, 1.16 Hz and 1.36 Hz, respectively, which are wider than that of the 

conventional linear configuration but narrower than the nonlinear configuration with internal 

resonance mechanism. Figure 3.19 shows the output power based on ECM. The improvement 

associated with the internal resonance mechanism is revealed. 

 

Figure 3.19 Numerical results of output power based on ECM simulation with other distances between 

the magnets: (a) Dm0 = 4.5mm (b) Dm0 = 9 mm. 

3.6. Chapter Summary 

In summary, this chapter explores the application of two-to-one internal resonance for 

broadband energy harvesting performance. A two-degree-of-freedom piezoelectric energy 

harvester possessing two-to-one internal resonance is proposed and studied experimentally and 

numerically. The auxiliary linear oscillator is introduced to easily attain commensurability of 

the natural frequencies to guarantee the occurrence of two-to-one internal resonance. Both 

  (a) 

(b) 
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experiment and simulation successfully capture the unique nonlinear characteristics of internal 

resonance and demonstrate their exciting potential for designing piezoelectric energy harvester. 

It provides larger operational bandwidth compared to the conventional nonlinear and linear 

piezoelectric energy harvesters. 

A prototype of the proposed nonlinear piezoelectric energy harvester is first fabricated and 

tested in the experiment. Subsequently, a mathematical lumped parameter model considering 

the electromechanical coupling and its equivalent circuit model are developed to validate the 

experimental result. In contrast to the previous studies on internal resonance based energy 

harvesters, this research introduces an offset between the magnets to induce two-to-one internal 

resonance. Four peaks around two primary resonances due to the internal resonance are first 

observed. The experimental results are qualitatively consistent with that obtained by simulation 

based on equivalent circuit model. The multiple solutions region and double jumping 

phenomenon are revealed in the open circuit voltage frequency responses for the sinusoidal 

frequency sweep excitation. The energy transfer between the coupled modes through internal 

resonance is also illustrated by frequency spectra for the excitations at specific frequencies. 

Based on the validated equivalent circuit model, the power output responses with a simple load 

resistance connected to the harvester are studied, and the optimal resistance for maximum 

power output is determined. The proposed harvester is able to outperform the linear counterpart 

or the typical Duffing–type nonlinear system from the perspective of operational bandwidth. 

The study reveals the function of internal resonance in developing broadband piezoelectric 

energy harvesters.  

Following the experimental and numerical analysis, perturbation methods will be used and 

theoretical analysis will be provided in the next chapter to acquire more insights into the 

underlying principle of the nonlinear internal resonance based piezoelectric energy harvesting. 

  

https://cn.bing.com/dict/search?q=qualitatively&FORM=BDVSP6&mkt=zh-cn
https://cn.bing.com/dict/search?q=consistent&FORM=BDVSP6&mkt=zh-cn
https://cn.bing.com/dict/search?q=with&FORM=BDVSP6&mkt=zh-cn
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Chapter 4. Internal Resonance Based Piezoelectric 
Energy Harvester: Approximate Analysis 

A two-to-one internal resonance based piezoelectric energy harvester has been proposed for 

broadband energy harvesting in Chapter 3. The commensurability of the natural frequencies 

can be achieved by adding a properly tuned auxiliary oscillator and an appropriate nonlinear 

magnetic force. In this chapter, an approximate analysis is conducted on the nonlinear dynamic 

and consequent energy harvesting performance of the proposed harvester. The accuracy of 

various approximate analytical methods for such an electromechanical system is examined by 

comparing with the experiment and equivalent circuit model illustrated in Chapter 3. The 

approximate analysis helps to understand the underlying physical principles of internal 

resonance. 

By fitting the nonlinear magnetic force into the polynomial form, the significance of the 

misalignment of initial positions of the magnets in the vertical direction is revealed. The 

governing equation is converted into a typical nonlinear system consisting of the quadratic and 

cubic nonlinearity. The harmonic balance method and perturbation method are the most 

common approaches to tackle the derived nonlinear mathematical model. They can be 

employed to simplify the complex differential equations which cannot be routinely solved. 

Given a harmonic base excitation, the voltage frequency response curves are obtained. The 

necessity of taking into account the zeroth-order harmonic component (constant term) in the 

harmonic balance method is verified and discussed. Without considering this component, the 

approximate method may fail to accurately predict the nonlinear dynamic behavior observed 

in the circuit simulation and experiment. Subsequently, based on the validated harmonic 

balance method and the equivalent circuit model, key features of internal resonance are 

revealed by investigating modal interaction and saturation phenomena under varying 

excitations. 

By and large, the enlargement of operational bandwidth due to two-to-one internal resonance 

is achieved and discussed from the theoretical level. The harmonic balance method considering 

the constant term is good for accurate estimation of performance of the piezoelectric energy 

harvester, and may help to improve future designs. 
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4.1. Modelling of the Quadratic Nonlinear System 

The governing equation of the lumped parameter model of the proposed piezoelectric energy 

harvester is depicted in Equation (3.1). However, it is worth noting that the displacements u1 

and u2 are calculated from the initial position of the two masses. The static equilibrium 

positions under the nonlinear magnetic force can be obtained by Equation (3.6). For the system 

parameters given in Table 3-1, the static equilibrium positions can be calculated as 

u1s=u2s=0.002472 m. Introducing the relative displacements from the equilibrium positions 

 1 1 1s 2 2 2s,y u u y u u↔ − ↔ −   (4.1) 

The governing equations under forced harmonic base excitation thus become 

 

( ) ( ) ( )

( )
( ) ( )

1 1 1 1 2 1 2 1 1 1S 2 1 2

o1 o2 1 1S 1
RL 1 02 52 2

1 1S 1 1

2 2 2 2 1 2 2 1 0
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M M y u V m u

y u D

m y y y k y y m u
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η η

τ θ

η

θ

⋅

 + + − + + + −


+ + ∆− + = −  + + ∆ +  


+ − + − = −
 + − =

   



   





  (4.2) 

Equation (4.2) is difficult to solve due to the complex expression of the dipole-dipole model. 

For the sake of simplification, the nonlinear magnetic force in this scenario can be 

approximated by a polynomial regression analysis. When terms higher than cubic terms are 

ignored, the governing equations under forced harmonic vibration thus become 

 

( ) ( )

( ) ( )

1 1 1 1 2 1 2 1 1 2 1 2

2 3
1 1S 0 1 1 2 1 3 1 RL 1 0

2 2 2 2 1 2 2 1 0

L p RL RL L 1

2
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m y y y y k y k y y

k u d d y d y d y V m u
m y y y k y y m u

R C V V R y

η η

θ

η

θ

 + + − + + −

+ − − − − + = −


+ − + − = −
 + − =

   



   





  (4.3) 

where the d0, d1, d2 and d3 are the corresponding polynomial fitting coefficients with values as 

 1 2 3
0 1 2 31.647N, 129.46Nm , 27548.48Nm , 15273.28Nmd d d d− − −= = = − = −   (4.4) 

Noted that k1u1s-d0 is set to be zero, such that the force-displacement relationship passes 

through the original point. As shown in Figure 4.1, the corresponding potential energy shape 

of this fitted model is compared with that of the dipole-dipole model. It can be seen that the 

fitted model could describe the magnetic field well if the amplitude of the motion is small. 
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Figure 4.1 Potential energy shape for dipole-dipole model and third-order polynomial curve fitting. 

It is apparent that the quadratic term dominates the nonlinearity, which is introduced by the 

misalignment of the magnets Δ1. If Δ1 were zero, one can obtain d2 = 0, indicating that there is 

no quadratic term. In the system without quadratic nonlinearity, two-to-one internal resonance 

would not occur to induce intriguing behaviors (Nayfeh & Mook, 2008). Thus the existence of 

a non-zero offset Δ1 is essential for inducing the two-to-one internal resonance and 

consequently broad the bandwidth for energy harvesting. The two linear natural frequencies 

and the corresponding modes of the system with the magnetic interactions can be solved as 

 
( ) ( )

( ) ( ) ( )

1 2 2 2 1 1
2
1,2 2

1 2 1 2 2 2 1 1 1 2 1 1 2

1
2 4

m m k m k d

m m m m k m k d m m k d k
ω

  + + −  =  
 + + − − −   

  (4.5) 

 2 2
1 1 2 1 1 1 1 2 1 2

1 2
2 2

1 1
1 1

,
)k d k m k d k mp p

k k
ω ω

   
      = =− + − − + −            

   

  (4.6) 

Compared with Equation (3.4) and Equation (3.5), it can be seen that the linear component of 

the magnetic force would slightly change the linear stiffness of the system. In this scenario, 

one can obtain the corresponding natural frequencies and modes as  

 1 2 1 212.964Hz, 26.060Hz, 3.240, 0.557f f p p= = = = −   (4.7) 

The first two natural frequencies of the system are nearly in 2:1 ratio. In other words, two-to-

one internal resonance could be activated. The amplitude frequency responses of this nonlinear 
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system are subsequently investigated by approximate analysis. There are various approximate 

analytical methods to solve the derived nonlinear governing equations. Taking advantage of a 

“small” parameter, perturbation method can be implemented to simplify the complex 

differential equations that cannot be routinely solved. The multi-scale method is the most 

commonly used perturbation method. In addition, harmonic balance method is another 

approach for obtaining approximate analytical steady-state solutions using truncated Fourier 

series. Normally, the solutions by multi-scale method in time response are assumed to be 

symmetric, while zeroth-order harmonic components can be included in the harmonic balance 

method to account for asymmetric response. In this work, we will investigate the nonlinear 

dynamics and energy harvesting performance by both multi-scale and harmonic balance 

method, and the results will be verified by equivalent circuit simulation and experiment. 

4.2. Multi-Scale Method 

Following the process of the multi-scale method (Chen & Jiang, 2015a), the modal coordinates 

yp1 and yp2 are introduced, and the displacements of the primary beam and the auxiliary 

oscillator can be expressed as 

 1
p1 p2

2 1 2

1 1y
y y

y p p
     

= +     
     

  (4.8) 

Substituting Equation (4.8) into Equation (4.3), the linear part of Equation (4.3) can be 

decoupled using the orthogonality of modes 
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  (4.9) 

where  

 ( )1 2 2 22
1 2

1
( , 1, , 2)j k j

j j jk
j

p p p
M m p m j k

M
η η η η

ζ
+ − + −

= + = =   (4.10) 
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Then the rescaled governing equations become 
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 − + =  

  (4.11) 

where ε is a small parameter serving as a book keeping device. It has no physical meaning and 

aims to separate terms for different scales. f is the amplitude of the base displacement. Ω is the 

frequency of the excitation. fΩ2 can be considered as the amplitude of the base acceleration Af. 

The right-hand sides thus contain linear viscous damping terms, electric coupling terms, 

quadratic and cubic coupling stiffness terms and the harmonic excitation. With the definition 

of the fast and slow time scales T0=t and T1=εt, the multi-scale method assumes the expansion 

of displacements to be 

 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
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  (4.12) 

Time derivatives are then changed to 

 ( ) ( )
2

2 2 2
0 1 0 0 12, 2d dD D o D D D o

dt dt
ε ε ε ε= + + = + +   (4.13) 

where D0=∂/∂T0 and D1=∂/∂T1. o(ε2) represents the high-order terms. Substituting Equations 

(4.12) and (4.13) into Equation (4.11) and equating the component of order ε0 and ε1 lead to 

Order ε0 
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Order ε1 
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  (4.15) 

Equation (4.14) defines a derivation linear system and the solutions are 
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  (4.16) 

where Ap1 (T1) and Ap2 (T1) are undetermined and cc signifies the complex conjugate of those 

preceding terms. 

 First Primary Resonance 

The detuning parameters σ0 and σ1 are introduced to describe the nearness of Ω to ω1 and ω2 to 

2ω1, respectively. Thus, the frequency relations for the first primary resonance with the two-

to-one internal resonance are described by 

 1 0 2 1 1, 2ω εσ ω ω εσΩ = + = +   (4.17) 

Substituting Equations. (4.16) and (4.17) into Equation (4.15) and eliminating the secular 

terms yield 
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where 
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The solutions to Equation (4.18) are assumed in the polar form 

 ( ) ( ) ( ) ( )1 1 2 1
p1 p1 1 p2 p2 1
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2 2

i T i TA a T e A a T eθ θ= =   (4.20) 

where ap1, ap2 and θ1, θ2 are, respectively, the real-valued amplitudes and phases of the two 

modal coordinates Ap1 and Ap2. Substituting Equation (4.20) into Equation (4.18) and 

separating the equation into real and imaginary components yield 
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  (4.21) 

where 

 1 2 1 1 1 2 1 0 12 ,T Tγ θ θ σ γ θ σ= − + = − +   (4.22) 

Equation (4.21) is the corresponding amplitude-modulation equations (AMEs). For the steady-

state response, ap1, ap2 and θ1, θ2 should be independent of T1. Thus, the right-hand side of 

Equation (4.21) should be set to zero to obtain the possible steady-state solutions, which can 

be solved numerically, for example by using the MATLAB package Matcont (Dhooge et al., 

2006). 

 Second Primary Resonance 

Around the second primary resonance, the two-to-one internal resonance is described by 
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 2 0 2 1 1, 2ω εσ ω ω εσΩ = + = +   (4.23) 

Substitution of Equations (4.16) and (4.23) into Equation (4.15) and eliminating the secular 

terms in the resulting equations lead to 
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where 
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Likewise, consider the polar form of the solution of Equation (4.24) 

 ( ) ( ) ( ) ( )1 1 2 1
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1 1,
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i T i TA a T e A a T eθ θ= =   (4.26) 

where the meanings of ap1, ap2, θ1, and θ2 are the same as those in Equation (4.20). Substituting 

Equation (4.26) into Equation (4.24) and separating the resulting equation into real and 

imaginary components give the AMEs 
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where 

 1 2 1 1 1 2 2 0 12 ,T Tγ θ θ σ γ θ σ= − + = − +   (4.28) 
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4.3. Harmonic Balance Method 

In addition to the multi-scale method, the harmonic balance method (HBM) can also be 

introduced to estimate the amplitude frequency response. The difference is that the zeroth-order 

harmonic component will be taken into account in the HBM. This results in the underlying 

asymmetric motion and may have a significant effect on the steady-state frequency response. 

First, it is helpful to write the governing equation (4.3) in the state-space form by setting

1 1 2 1 3 2 4 2 5,  ,  ,  ,  q y q y q y q y q v= = = = =  . It thus becomes a first order system of ordinary 

differential equations 
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  (4.29) 

 First Primary Resonance 

In view of the two-to-one internal resonance, steady-state solutions of the motions near the first 

primary resonance are assumed to have two harmonics with frequencies of Ω and 2Ω and the 

zeroth-order harmonic component. Thus the solutions are assumed to be in the form of 
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  (4.30) 

Equation (4.29) can be written in the form of 

 ( )1 2 3 4 5( ) , , , , ,n nq t F t q q q q q=   (4.31) 

where n=1, 2…5. The residual functions thus can be defined as (Leadenham, 2015) 

 ( )1 2 3 4 5 ˆ, , , , , ( )n n nr F t q q q q q q t= −    (4.32) 
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With the chosen approximate solutions, one can obtain  
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  (4.33) 

In order to approximate the steady-state solutions, the residual functions are minimized in the 

Galerkin sense, i.e. 
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  (4.34) 

where [ ]1 2, , nr r r=r   is the vector representing the residual functions (Equation (4.32)). 

Substituting Equation (4.33) into Equation (4.34), equating the coefficients of the zeroth-order 

harmonic components and balancing the first two harmonic components yield 25 nonlinear 

algebraic equations for the 25 unknown coefficients, which is hard to solve directly. The 

Newton-Raphson method then can be introduced to solve those equations (Leadenham, 2015). 

 Second Primary Resonance 

In contrast to the first primary resonance, the motion in the second primary resonance 

comprises two harmonics with frequencies of Ω/2 and Ω and the zeroth-order harmonic 

component. Thus the solutions are assumed to be 
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  (4.35) 

Similarly, the residual functions can be defined as  

 ( )1 2 3 4 5 ˆ, , , , , ( )n n nr F t q q q q q q t= −    (4.36) 

where n=1, 2…5. Substituting Equation (4.35) into Equation (4.36) yield the following residual 

functions 
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  (4.37) 

In order to estimate the steady-state solutions, the residual functions are again minimized in 

the Galerkin sense, i.e. 



Chapter 4 

81 
 

 

2

0

2

0

2

0

2

0
2

0

0

cos 0
2

sin 0
2

cos 0

cos 0

dt

tdt

tdt

tdt

tdt

π

π

π

π

π

=

Ω
=

Ω
=

Ω =















Ω =

∫

∫

∫

∫
∫

r

r

r

r

r

  (4.38) 

where [ ]1 2, , nr r r=r   is the vector representing the residual functions (Equation (4.32)). One 

can solve these equations by minimizing the residual functions in a similar way as described 

above for the first primary resonance. 

It is noted that the oscillation will be asymmetric in the presence of the zeroth-order harmonic 

component, which is different from the symmetric responses obtained in the multi-scale 

method. To illustrate the influence and necessity of this term, results of HBM without the 

zeroth-order harmonic components (the constant terms) in Equation (4.30) and (4.35) will also 

be discussed. 

It is worth noting that the nonlinear magnetic force in the form of cubic polynomial can also 

be considered as a behavioral voltage source as that described by dipole-dipole model (Figure 

3.6). The magnitude depends on the charge across the analogized capacitance C1. Thus, the 

equivalent circuit model (ECM) for the governing equation (Equation (4.3)) can also be built 

to conduct circuit simulations with the deterministic excitation and sinusoidal frequency sweep 

(upward and downward) excitation. The accuracy of the approximate analytical methods thus 

can be examined by the frequency responses extracted from the time domain responses from 

circuit simulation as well as the experiment. 

4.4. Parametric Analysis 

A series of parametric studies are conducted to examine the performance of the piezoelectric 

energy harvester based on the two-to-one internal resonance in terms of the frequency 

responses and time domain responses. System parameters are taken from Table 3-1, which are 

identified from experiment, except that the nonlinear magnetic force is characterized as a 

polynomial form (Equation (4.4)). Open circuit condition with a high load resistance (RL=1 

MΩ) is considered in the following part of this section. 
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 Frequency Responses 

Sinusoidal frequency sweep with the base acceleration amplitude of 2 m/s2 is investigated first. 

As shown in Figure 4.2 to Figure 4.5, the frequency responses of root-mean-square (RMS) 

voltage near the first two primary resonances are obtained by the multi-scale method, harmonic 

balance method with and without zeroth-order harmonic, and ECM simulation based on the 

fitted magnetic force model, respectively. It can be seen that, different from the single 

resonance peak in linear oscillator, there exist two resonance peaks in each primary resonance, 

leading to a significant output voltage in a broadband manner, as illustrated in Chapter 1. 

Depending on the direction of the frequency sweep and the initial conditions, the piezoelectric 

energy harvester may exhibit large or small amplitude responses within a range of frequencies. 

 

Figure 4.2 Frequency responses from multi-scale method: (a) first primary resonance and (b) second 

primary resonance. 

  (a) 

(b) 
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Figure 4.3 Frequency responses from HBM without zeroth-order component: (a) first primary 

resonance and (b) second primary resonance. 

 

  (a) 

(b) 

   (a) 
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Figure 4.4 Frequency responses from HBM with zeroth-order component: (a) first primary resonance 

and (b) second primary resonance. 

 

Figure 4.5 Frequency responses from ECM simulation based on the fitted magnetic force model: (a) 

first primary resonance and (b) second primary resonance. 

   (b) 

  (a) 

(b) 
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With regard to the steady-state frequency responses, the approximate analytical results 

obtained by the HBM considering the zeroth-order component (Figure 4.4) and the numerical 

results obtained by the ECM simulation (Figure 4.5) agree well in terms of the amplitude and 

bandwidth, demonstrating that HBM with the zeroth-order component can accurately predict 

the vibration and electrical output response in internal resonance. However, the results obtained 

by the multi-scale method (Figure 4.2) and HBM without the zeroth-order harmonic component 

(Figure 4.3), would significantly underestimate the bandwidth of resonance in down sweep, 

which is not consistent with the circuit simulation. Besides, the response obtained by the multi-

scale method shows the evident double jumping phenomenon. However, HBM with the zeroth-

order harmonic component predicts that the bending of the left peak is more evident than that 

of the right peak (strong softening and weak hardening behavior) near the first primary 

resonance, which is also demonstrated in the ECM results. 

The error in the results predicted by the multi-scale method and HBM without the zeroth-order 

harmonic component is because the vibration responses are asymmetric near the resonance, as 

predicted by the ECM (Figure 4.6). Figure 4.7 shows the zeroth-order harmonic component 

(constant term) in the displacement frequency response obtained in the HBM near the first 

primary resonance. It can be seen that the zeroth-order harmonic component in the response of 

auxiliary oscillator is actually the same as that of the primary structure. So basically, this 

zeroth-order harmonic component results from the quadratic component in the nonlinear 

magnetic force applied in the primary structure. The existence of the zeroth-order harmonic 

component would then make a pronounced difference on the resonant bandwidth even though 

it produces asymmetric non-harmonic AC voltage. Hereafter, results from the multi-scale 

method and HBM without the zeroth-order harmonic component are not considered further. 

 

   (a) 
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Figure 4.6 Displacement responses in the first primary resonance obtained by ECM: (a) primary 

structure and (b) auxiliary oscillator. 

 

Figure 4.7 The zeroth-order harmonic component in the first primary resonance obtained by HBM: (a) 

primary structure and (b) auxiliary oscillator. 

   (b) 

  (a) 

(b) 
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In addition, the RMS voltages obtained by the analytical method (HBM) and circuit simulation 

(ECM) show qualitative agreement with the experiment results (Figure 3.8a). The quantitative 

difference between the results may be due to the simplification of the nonlinear magnetic force 

in analytical and numerical study and errors in the identified effective parameters. In general, 

the features of the internal resonance are evident: two peaks are obtained around each primary 

resonance; only one jump with strong softening behavior is observed around the first primary 

resonance. Thus, the HBM and ECM results are validated by the experiment and in turn the 

HBM could explain the mechanism of internal resonance phenomenon that appeared in the 

experiment. 

 Modal Interaction Revealed in Time Domain Responses 

Apart from the frequency responses, time domain responses at specific frequencies are also 

investigated in the ECM simulations to further reveal the harmonic components in the response 

spectrum, which are also validated by reconstructed responses by the HBM (Equations (4.30) 

and (4.35)). As in Section 3.4.2, Fast Fourier Transform analysis is carried out to estimate the 

frequency and amplitude of each harmonic component. 

Figure 4.8 to Figure 4.10 show the time domain responses and frequency spectra with the 

excitation frequencies of 8 Hz (off-resonance), 13.2 Hz (around first primary resonance) and 

26.3 Hz (around second primary resonance), respectively. It can be seen that the HBM results 

agree with the ECM simulation results very well. As shown in Figure 4.8, since the system is 

excited harmonically far away from the first and second primary resonances, there is only one 

peak having the same frequency as the external excitation. It can be seen in Figure 4.9 that an 

additional frequency component near the second natural frequency appears in the frequency 

spectrum when the system is excited at 13.2 Hz around the first primary resonance. Excitation 

of one mode is coupled through the internal resonance to the other mode. It should also be 

noted that the response is much larger than that obtained at off-resonance. Figure 4.10 shows 

the same phenomenon when the system is excited at 26.3 Hz, close to the second primary 

resonance. An additional frequency component around the first natural frequency appears even 

though the system is excited around the second natural frequency. These results obviously 

demonstrate the mode interaction and energy transfer between the first two modes in the 

presence of the commensurable relationship in internal resonance. 
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Figure 4.8 Comparison between ECM and HBM results at off-resonance (8Hz): (a) and (b) time 

domain response and frequency spectrum by ECM simulation; (c) and (d) reconstructed time domain 

response and frequency spectrum by HBM. 

 

  (a) 

(b) 

(c) 

(d) 

  (a) 

(b) 
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Figure 4.9 Comparison between ECM and HBM results around the first primary resonance (13.2Hz): 

(a) and (b) time domain response and frequency spectrum by ECM simulation; (c) and (d) 

reconstructed time domain response and frequency spectrum by HBM 

 
Figure 4.10 Comparison between ECM and HBM results around the second primary resonance 

(26.3Hz): (a) and (b) Time domain response and frequency spectrum by ECM simulation; (c) and (d) 

reconstructed time domain response and frequency spectrum by HBM. 

  (c) 

(d) 

  (a) 

(b) 

(c) 

(d) 
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 Saturation Phenomenon 

To further illustrate the energy exchange between the coupled modes, the RMS voltage can be 

plotted as a function of external base excitation to reveal an intriguing saturation phenomenon 

in the second primary resonance. With an excitation frequency of 26 Hz, the RMS voltages 

proportional to frequencies Ω ≈ω2 and Ω/2≈ω1, are demonstrated in Figure 4.11. The solid and 

dashed lined are the stable and unstable solutions obtained by HBM, respectively. For 

validation, the dots indicate the RMS values of fast Fourier transform amplitude of the voltage 

captured in ECM simulation. 

 
Figure 4.11 Saturation phenomena in the second primary resonance near 26 Hz: (a) RMS voltage 

proportional to frequency Ω and (b) RMS voltage proportional to frequency Ω/2. 

As can be seen in the Figure 4.11, there exists a critical excitation level Afc around 0.7 m/s2. 

For Af ≤ Afc, the voltage proportional to the excitation frequency Ω≈ω2 will increase as the 

increase of the excitation level and there is no component of frequency Ω/2. For Af > Afc, the 

saturation phenomenon occurs. The amplitude of the component at the excitation frequency 

  (a) 

(b) 
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does not change and all the additional external energy spills over to the first mode due to the 

interaction of modes in internal resonance. 

4.5. Chapter Summary 

This Chapter provides a comprehensive approximate theoretical analysis of the steady-state 

response of internal resonance based piezoelectric energy harvester subjected to harmonic base 

excitations. Various analytical approximation methods are compared. The harmonic balance 

method and the multi-scale method are employed to obtain the relationship between the 

electrical output and excitation frequency under the first two primary resonances in the 

presence of two-to-one internal resonance. An equivalent circuit model, which involves both 

mechanical and electrical domains, is also used as a numerical tool to evaluate the system 

performance. Different from in Chapter 3, the equivalent circuit model is based on the fitted 

model of the nonlinear magnetic force instead of the dipole-dipole model for simplicity. Both 

analytical solutions and simulation results illustrate the key characteristics of the internal 

resonance observed in the experiments. Based on the results obtained, several conclusions can 

be deduced: 

• The misalignment between the magnets is necessary to introduce the quadratic 

nonlinearity in the system, such that two-to-one internal resonance can induce some 

unique nonlinear characteristics. 

• Based on the fitted polynomial model of the nonlinear magnetic force, the harmonic 

balance method and equivalent circuit model successfully predict the similar nonlinear 

behavior of the internal resonance based harvester. There exist two resonant peaks in 

each primary resonance, which is helpful to broaden the useful bandwidth. 

• Experimental results are similar to these predictions and the qualitative difference is 

due to the difficulty of accurately estimating system parameters and the simplification 

made in the model. The multi-scale method and harmonic balance method without the 

zeroth-order harmonic component cannot accurately predict the nonlinear dynamics of 

internal resonance. This is because the responses are asymmetric due to the existing of 

a quadratic term in the nonlinear magnetic force. 

• The features of internal resonance of the developed two-to-one internal resonance based 

piezoelectric energy harvester are discussed analytically. The nonlinear modal 
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interactions in the first two primary resonances can trigger an additional frequency 

component in addition to the directly excited component through the energy exchange 

among the commensurate modes. In addition, when the excitation level is sufficiently 

large in the second primary resonance, the nonlinear response of the second mode 

becomes saturated with the extra energy transferred to the activated first mode. 
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Chapter 5. Vibration Absorption and Energy 
Harvesting With a Piezoelectric Nonlinear Energy 

Sink: Transient Response 
Nonlinear energy sink (NES) is a nonlinear system consisting of a light mass, a small viscous 

damper, and a spring with low linear stiffness but strong nonlinear stiffness. It has been used 

to passively control the vibration of the host structure subjected to a broad-spectrum excitation 

or transient input, as an enhancement of the tuned mass damper. For a transient input, the 

vibration energy initially applied to the primary structure can be irreversibly transferred, 

localized, and diminished within the NES, which is known as the “Targeted Energy Transfer” 

(TET). TET is associated with the 1:1 resonance, which enables the NES to be frequency 

adaptive and to oscillate at the frequency of the primary system such that an efficient energy 

transfer occurs. 

As reviewed in Section 2.7.2, the feature of TET implies an opportunity for combining 

vibration control and energy harvesting strategies in one device which can passively adapt itself 

to a range of excitations. Instead of dissipating localized vibration energy via a damper, 

piezoelectric transducer and energy harvesting circuit can be integrated into the conventional 

NES to collect electric energy. In this manner, the nonlinear energy sink acts as a piezoelectric 

energy harvester as well as a vibration absorber. However, there are few reports on the feasible 

and practical piezoelectric nonlinear energy sink device. Besides, the discussion on the 

electrical domain backward effects on the nonlinear dynamics is insufficient. 

In this Chapter, a piezoelectric NES based energy harvester is proposed, which can absorb the 

vibration energy from the primary structure and convert it to the electric energy. It is worth 

noting that an ideal nonlinear energy sink system possessing essential nonlinearity (i.e., zero 

linear stiffness) is hard to implement in practice. The natural frequencies of the nonlinear 

energy sink can be tuned to be much smaller than that of the primary system with the help of 

properly arranged magnetic interaction. Transient responses of the developed piezoelectric 

nonlinear energy sink system under impulsive excitation are investigated by approximate 

analysis and numerical simulation. The TET phenomenon, the initial energy dependence, and 

the effects of the mechanical and electrical parameters are revealed. 
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5.1. Mathematical Model  

The proposed piezoelectric nonlinear energy sink (NES) based energy harvester and vibration 

absorber is shown in Figure 5.1. It consists of a rigid base, the primary structure, and the NES 

structure. Piezoelectric cantilever beam configuration is used for energy harvesting as a part of the 

NES. The tip mass is composed of three cylinder magnets (two magnets at the sides and one magnet 

at the top) which act in a repulsive manner with another three external magnets mounted at the NES 

cage (Figure 5.1b). The external magnets at the top can introduce an extra negative linear stiffness 

and a positive nonlinear stiffness, while the external magnets at the sides can introduce the positive 

linear and nonlinear stiffness in the system. Thus, the linear and nonlinear stiffness of the NES 

system can be tuned by adjusting the position of the magnets through the adjustable screws. With 

a proper magnets distance, the natural frequency of the NES system can be tuned to be much 

smaller than that of the primary system. 

 

Figure 5.1 Schematic of the piezoelectric NES based energy harvester: (a) Overall view and (b) front 

view. 

This structure can be simplified by a two-degree-of-freedom (2DOF) system, as shown in 

Figure 5.2. With a simple resistive load R, the governing equation for the free vibration of such 

an electromechanical system is given by 
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where dot denotes the derivative with respect to time. mp and ma are the masses of the primary 

structure and the NES, respectively. cp and ca are the damping coefficients of the primary 

structure and the NES, respectively. kp and ka are the linear stiffnesses of the primary structure 

and the NES structure without magnets, respectively. xp is the relative displacement between 

the primary mass and the base. z is the relative displacement between the NES mass and the 

primary mass. Fmag1 and Fmag2 are the nonlinear magnetic force in the vibration direction 

(horizontal to the base) from the horizontal and vertical magnets, respectively. A piezoelectric 

transducer is introduced between the primary structure and NES and is connected to a simple 

AC interface circuit (i.e., a resistive load R). θ and CS are the electromechanical coupling 

coefficient and capacitance of the piezoelectric transducer, respectively. v is the voltage across 

the load resistance R. 

 

Figure 5.2 Lumped parameter 2DOF model of the piezoelectric NES based energy harvester. 

By using the dipole-dipole model, the nonlinear magnetic force from the vertical and horizontal 

magnets can be respectively expressed as 
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where μ is the vacuum permeability. Mo1 and Mo2 are the effective moments of the magnetic 

dipoles. D0,h and D0,v are the initial horizontal magnet distance and vertical magnet distance, 

respectively, which are calculated from center to center. Taylor expansion can be utilized to 

expand the nonlinear magnetic force into polynomial form here. If terms higher than cubic 

terms are ignored, the total magnetic force can be expressed by 

 mag1 mag2
3

10 3k zF F k z+ = +   (5.4) 

where k10 and k3 are the magnets induced linear and nonlinear stiffnesses, respectively. Thus, 

the total linear stiffness of the NES can be obtained by 

 1 10 ak k k= +   (5.5) 

5.2. Nonlinear Normal Mode Analysis 

The effect of the piezoelectric transducer can be represented by the electrical stiffness and 

damping, such that the mechanical and electrical systems can be decoupled, which significantly 

facilitates the nonlinear normal mode analysis. 

It is assumed that the responses of the NES and voltage output have the same frequency Ω and 

can be expressed as 

 ( ) ( )1 1,
2 2

i t i tz Ze cc v Ve ccβ γΩ + Ω += + = +   (5.6) 

where Z and V are undetermined amplitudes of z and v. i is the imaginary unit. β and γ are 

undetermined phases. cc represents the complex conjugate of the preceding terms. Substituting 

Equation (5.6) into the third equation of Equation (5.1) leads to 

 ( ) ( ) ( )S 0i t i t i tV e i C Ve i Ze
R

γ γ βθΩ + Ω + Ω ++ Ω − Ω =   (5.7) 

Rearranging Equation (5.7) gives 

 ( )

( )
( )

( )
( )

2 2 S

2 2S S1 1
i t i t i tR R CVe i Ze Ze

RC RC
γ β βθ θωΩ + Ω + Ω +Ω
= +

+ Ω + Ω
  (5.8) 

According to Equation (5.8), the voltage output can be expressed as 
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( ) ( )

2 2 S

2 2S S1 1
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RC RC

θ θΩ
= +

+ Ω + Ω
   (5.9) 

By inserting Equation (5.9) into the governing equation, we note that the effect of the load 

resistance on the mechanical domain through electromechanical coupling can be characterized 

as an equivalent electrical stiffness and an equivalent electrical damping coefficient. 
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To facilitate the analysis of dynamic behavior of the system, Equation (5.10) can be inserted 

into the governing equation to express the effect of the circuit as the electrical stiffness and 

damping. The underlying Hamiltonian system of Equation (5.1) (i.e. without damping) thus 

can be obtained as 
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If the dominant frequency of the primary structure and NES are the same (i.e., 1:1 resonance 

occur.), the frequency-energy plot depicting the periodic orbits can be obtained based on the 

complexification-averaging (CX-A) method (Vakakis et al., 2008; Zhang et al., 2017). 

Following the method, new complex variables can be introduced as 
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where Ω is the dominant frequency. The displacements and the acceleration of the system thus 

can be written as 
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where cc denotes the complex conjugate of the preceding terms. Substituting the Equation 

(5.13) into the underlying Hamiltonian system and collecting the terms associated with the 

frequency Ω yield 
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Then, we introduce the polar form of the complex amplitude 

        
1 2,i t i ta t e b t e      (5.15) 

where a and b are real amplitudes, while α and β are real phases. Substituting the polar forms 

into Equation (5.14) and separating the real and imaginary part yield 
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  (5.16) 

In order to investigate the steady-state responses, the right hand side of Equation (5.16) should 

be set to zero. Assuming that the NES and primary system oscillate in phase (i.e., α=β) yields 

the real amplitude modulation equations 
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  (5.17) 

According to Equations (5.12), (5.13) and (5.15), the amplitudes of the periodic responses of 

the system in the presence of 1:1 resonance can be obtained by 

 p ,a bX Z=
Ω

=
Ω

  (5.18) 
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where Xp and Z denote the amplitude of xp and z, respectively. The total conserved energy of 

the dynamic system then can be calculated by 

 2 2 4
p p 1 3

1 1 1
2 2 4

E k X k Z k Z     (5.19) 

Thus, the frequency-energy plot (FEP) could be constructed to illustrate the relationship 

between energy and frequency. 

5.3. Numerical Simulation Analysis 

To validate the frequency-energy plot of the underlying Hamiltonian system, a wavelet 

transform can be applied to the damped transient responses obtained by numerical simulation. 

The governing equations can be written in the state space form as follows 
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  (5.20) 

It can be numerically integrated, for example, using the ODE45 function in MATLAB. In order 

to compare with the nonlinear normal mode analysis, the instantaneous energy in the NES ENES 

and in the primary system Ep can be defined as follows 

 
2 42

a a 31
NES 2 2 4

m x k zk zE = + +


  (5.21) 

 2 2
p p p p p

1 1
2 2

E m x k x= +   (5.22) 

The effectiveness of the TET can be measured by the percentage of the instantaneous 

mechanical energy, which is defined by 

 NES

p NES

( )( ) 100%
( ) ( )
E tD t

E t E t
= ×

+
  (5.23) 
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To measure the electrical output, the accumulated electrical energy can be obtained by 

 
2

h 0
( )

t vE t dt
R

= ∫   (5.24) 

If the initial conditions are set as ( )p p 0, 00 , 0, 0,x xX zz v= = = = =  , the total initial system 

energy is given by 

 2
NES p p h

1(0) 0, (0) , (0) 0
2

E E k X E= = =   (5.25) 

5.4. Transient Response  

System parameters used in the nonlinear normal mode analysis and numerical simulation are 

taken from a preliminary study of such a NES system (Hamzah & Jasmon, 2016), as listed in 

Table 5-1. The magnetic force has been simplified as the cubic nonlinear restoring force to 

facilitate the theoretical and numerical study. With these parameters, the linear natural 

frequencies of the primary structure alone and the NES alone are 12.07 Hz and 6.40 Hz, 

respectively. Thus, the NES under consideration is not an ideal one as it does not possess an 

essential nonlinearity. However, similar NES performance may be obtained if the linear 

stiffness of the NES is low enough (Zhang et al., 2017). 

Table 5-1 System parameters of the piezoelectric NES system 

Parameters Value 

Mass of primary structure mp (kg) 0.715 

Stiffness of primary structure kp (Nm-1) ( 4115.2 

Damping coefficient of primary structure cp (Nsm-1) 1.14 

Mass of NES ma (kg) 0.0177 

Linear stiffness of NES k1 (Nm-1) 28.61 

Nonlinear stiffness of NES k3 (Nm-1) 5.396×107 

Damping coefficient of NES ca (Nsm-1) 0.0421 

Capacitance of piezoelectric transducer CS (nF) 87 

Coupling coefficient θ (NV-1) 5.89×10-4 

Figure 5.3 shows the corresponding equivalent electrical stiffness and damping with various 

oscillation frequencies and load resistances. It can be seen that the equivalent electrical stiffness 

ke and electrical damping coefficient ce are negligible with a low load resistance (close to short 

circuit condition). ke increases with the load resistance and eventually reaches a plateau (close 
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to open circuit condition). While, ce increases first, reaches the maximum and then decrease 

with the load resistance. In other words, the equivalent electrical damping is zero in the open 

and short circuit conditions. In this section, a large load resistance of 1 MΩ is first considered, 

which is close to the open circuit condition. 

 

Figure 5.3 (a) Equivalent electrical stiffness ke and (b) Equivalent electrical damping coefficient ce. 

 Targeted Energy Transfer 

Figure 5.4 shows the analytical approximation of FEP based on Equations (5.17) to (5.19). The 

total mechanical energy is plotted as a function of frequency Ω, which is an usual representation 

in the literature on the nonlinear normal mode (NNM) (Vakakis et al., 2008). A steady-state 

periodic motion can be represented by a point in the frequency energy plot, while a branch is a 

family of motions at different energy levels possessing the same qualitative features. It can be 

seen that there exist two branches of NNM in the FEP when the motions of two oscillators are 

dominated by a single frequency, namely, 1:1 resonance occurs. For R=1MΩ (near open circuit 

condition) and a weak electromechanical coupling strength θ=589 µN/V, an in-phase branch 

  (a) 

(b) 
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S11+ originates from the first linearized natural frequency (around the natural frequency of the 

NES) and an out-of-phase branch S11- originates from the second linearized natural frequency 

(around the natural frequency of the primary structure). 

 

Figure 5.4 Analytical approximation of frequency-energy plot (FEP) ( R=1 MΩ and θ=589 µN/V). 

Figure 5.5 shows the numerical simulation results with the excitation level of X=2 mm. It can 

be seen in Figure 5.5a that the vibration energy in the primary structure decreases much more 

quickly than that in the NES, which is a sign that an energy transfer and localization occurs. 

Simultaneously, a large voltage output is noted in Figure 5.5b. Figure 5.5c shows the targeted 

energy transfer (TET) phenomenon in a more explicit way by depicting the percentage of 

instantaneous energy in NES, which is defined previously by Equation (5.23). The mechanical 

energy is irreversibly transferred into the NES until it is completely localized in the NES, in 

other words, there is an irreversible energy flow from the primary system to the NES. 

The wavelet transform spectra for numerical simulation results is shown in Figure 5.6, which 

can be considered as the instantaneous frequency spectra in contrast with the Fourier transform. 

At the initial stage, there exists the beat-like waveform, indicating an energy exchange between 

the primary structure and NES. Then, it is noted that the dominant response frequency of the 

NES is very close to that of the primary structure, in other words, 1:1 resonance is captured. 

Thus, the TET is triggered due to the 1:1 resonance, such that the primary is quickly damped 

and the vibration energy is localized in the NES. In the end, the instantaneous frequency 

gradually reduces and eventually becomes close to the natural frequency of the NES. To further 

interpreting the dynamics, the superposition of the wavelet transform of the NES displacement 

(xa=xp+z) and the NNM branch in the FEP is shown in Figure 5.7. Numerical transient 
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responses fit the approximate analytical branch very well. After the initial nonlinear beating, 

1:1 resonance occurs, and the energy traces the in-phase backbone branch S11+ originating 

from the natural frequency of the NES. It validates that the periodic orbit of the underlying 

Hamiltonian system is a useful tool to interpret and predict the TET in the damped system. 

 
Figure 5.5 Numerical simulation results: (a) displacement, (b) open-circuit voltage, and (c) percentage 

of instantaneous mechanical energy in the NES (X=2 mm, R=1 MΩ, and θ=589 µN/V). 

  (a) 

(b) 

(c) 
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Figure 5.6 Wavelet transform spectra for numerical simulation results: (a) xp and (b) xa (X=2 mm, R=1 

MΩ, and θ=589 µN/V). 

 
Figure 5.7 Wavelet transform of transient response of NES from numerical simulation superimposed 

with approximate analytical NNM branches in FEP (X=2 mm, R=1 MΩ, and θ=589 µN/V). 

 Initial Energy Dependence 

The 1:1 resonance is successfully engaged when the initial perturbation is X=2 mm. Figure 5.8 

shows the percentage of instantaneous mechanical energy in the NES from numerical 

simulation under some other excitation levels. It can be seen that when the excitation level is 

very low (X=0.2 mm), the vibration energy cannot be transferred and localized in NES, i.e., 
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TET does not occur. Only when the excitation level increases to a certain degree will the TET 

be observed, and it becomes more evident with a larger excitation (Figure 5.8b and c). 

 

Figure 5.8 Percentage of instantaneous mechanical energy in the NES from numerical simulation 

under different excitation levels: (a) X=0.2 mm, (b) X=0.5mm and (c) X=1mm (R=1 MΩ, and θ=589 

µN/V). 

  (a) 

(b) 

(c) 
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Figure 5.9 Superposition of analytical NNM branch and the wavelet transforms of transient responses 

of NES under different excitation levels: (a) X=0.2 mm, (b) X=0.5mm and (c) X=1mm. 

To interpret this phenomenon, the corresponding wavelet transforms of transient responses of 

NES superimposed with approximate analytical NNM branches are shown in Figure 5.9. In 

  
(a) 

(b) 

Threshold 

Threshold 

Threshold 
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fact, there exists a threshold in the FEP, which represents the minimum required energy for the 

system being attracted to the S11+branch, as illustrated in Figure 5.9. For the low initial energy 

level (X=0.2 mm), the energy level is below the energy threshold. Thus, the NES does not 

oscillate at the frequency of the primary system but around its own natural frequency, 

indicating that 1:1 resonance is not captured, and the subsequent TET cannot occur. When the 

initial energy level exceeds the threshold (X=0.5mm and 1mm), nonlinear beating occurs and 

1:1 resonance is captured such that the NES responses trace the S11+ branch, and TET can be 

triggered. Thus, it can be concluded that the TET phenomenon depends on the initial energy 

level, and it can only occur when the input energy is above a certain threshold.  

5.5. Effect of Electromechanical Coupling  

 Effect on Activation of TET  

The approximate analytical FEP with varying electromechanical coupling strengths is plotted 

in Figure 5.10. With the increase of electromechanical coupling θ, the stiffness of the NES 

system increases, shifting the S11+branch toward a higher frequency. For a strong enough 

electromechanical coupling strength θ=3000 µN/V, the natural frequency of the NES is larger 

than that of the primary structure. Then, the in-phase branch S11+ originates from the natural 

frequency of the primary structure instead of the NES. This change may affect the dynamic 

characteristics of the system. 

 

Figure 5.10 FEP showing the NNM branches S11± with different θ (R=1MΩ). 
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To verify the effect of θ on the analytical NNM branches, a wavelet transform can be applied 

to the damped transient response of the NES from the numerical simulation. With an initial 

perturbation of xp=2 mm and z=0 mm, and a resistive load R=1MΩ, the contours of the wavelet 

spectra corresponding to four electromechanical couplings are plotted, with the NNM branches 

superimposed on them, as shown in Figure 5.11. For the relatively weak electromechanical 

coupling strength, a nonlinear beating phenomenon takes place in the initial stage of the 

damped free vibration. After this period, the 1:1 resonance occurs, and the energy traces the 

in-phase branch S11+ originating from the natural frequency of the NES, where the energy is 

localized in the NES, as shown in Figure 5.11a. The process is the same as that of a typical 

NES system without piezoelectric transducer. Figure 5.11b and c show that with the increase 

of the electromechanical coupling strength (θ=1000 µN/V and 2000 µN/V), the S11+ branch 

still originates from the natural frequency of NES, but it shifts toward a higher frequency. 

Hence, in the final stage, the energy still traces the S11+ and dissipated in the NES but at a 

higher frequency as compared to Figure 5.11a. When the electromechanical coupling strength 

is sufficiently strong (θ=3000 µN/V), the energy still dissipates along the in-phase branch S11+, 

which however, originates from the natural frequency of the primary structure rather than NES, 

as shown in Figure 5.11d. 

To gain a clearer vision of the energy distribution, Figure 5.12 depicts the percentage of 

instantaneous mechanical energy in the NES obtained by the numerical simulation with 

different θ. The initial perturbation and resistive load are still selected as xp=2 mm and z=0 mm, 

and R=1MΩ. As can be seen in Figure 5.12, the TET phenomenon is observed in the condition 

of a relatively weak electromechanical coupling strength (θ=589 and 1000 µN/V). That is, the 

initial energy of the primary structure is irreversibly transferred to the NES. The percentage of 

instantaneous energy in the NES could then achieve nearly 100%. Thus, the mechanical energy 

of the 2DOF system is predominantly localized in one of the oscillators, which is called “energy 

localization”. It is the key feature of the NES system, which is beneficial for vibration 

suppression of the primary structure (Vakakis et al., 2008). With a medium electromechanical 

coupling strength (θ=2000 µN/V), the TET is still observed, though the percentage of the 

instantaneous energy in NES could not achieve completely 100%. When the electromechanical 

coupling strength is sufficiently strong strength (θ=3000 and 4000 µN/V), the energy is no 

longer localized in the NES but rather constantly exchanges between the primary structure and 

NES. In other words, the strong electromechanical coupling may deactivate the TET of the 

NES system, which is not favorable for vibration suppression. 
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Figure 5.11 Wavelet transforms of damped transient responses of NES from numerical simulation 

superimposed with approximate analytical NNM branches for different θ: (a) θ=589 µN/V; (b). θ=1000 

µN/V; (c) θ=2000 µN/V and (d) θ=3000 µN/V (initial perturbation: xp=2 mm and z=0 mm, and R=1 MΩ) 

 

Figure 5.12 Percentage of instantaneous mechanical energy in NES from numerical simulation (initial 

perturbation: xp=2 mm and z=0 mm, and R=1 MΩ). 

It is illustrated in Section 5.5 that the initial energy level of the system must reach a certain 

threshold before S11+ branch is captured. To reveal the possible effect of the electromechanical 

coupling strength on the threshold, the transient responses of the system with a low initial 

energy level are studied. Figure 5.13a and b depict the wavelet transform of NES displacement 

  
(a) 

  
(b) 

  
(c) 

  (d) 
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from the numerical simulation with the initial perturbation of xp=0.25mm and z=0mm, together 

with the analytical NNM branches for electromechanical coupling strength θ=589 µN/V and 

θ=2000 µN/V, respectively. The resistive load is still R=1MΩ. As shown in Figure 5.13a, for 

θ=589 µN/V, the damped motion of NES does not trace the S11± branch, indicating that the 

1:1 resonance is not engaged with this low initial energy level. However, for a stronger 

coupling θ=2000 µN/V, the threshold shifts down, and the damped motion can still trace the 

S11+ branch. The results with a further increased coupling (for example θ=3000 µN/V) are not 

shown because there is no threshold to activate 1:1 resonance as predicted in Figure 5.11d. 

Damped motion traces S11+ but it does not originate from the natural frequency of NES and 

the energy is not localized in the NES anymore. 

 

Figure 5.13 NNM branch and wavelet transform of damped transient responses of NES from 

numerical simulation for: (a) θ=589 µN/V and (b) θ=2000 µN/V (initial perturbation: xp=0.25mm and 

z=0mm, and R=1MΩ). 
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It is noted that a high resistive load R=1MΩ (near open circuit condition) is selected in the 

discussion above. Figure 5.14a and b show the influence of the resistive load R on the 

approximate analytical NNM branches with weak (θ=589 µN/V) and strong (θ=3000 µN/V) 

coupling strengths, respectively. It can be seen that the NNM branches are more sensitive to R 

given a strong coupling strength. For the weak coupling strength (Figure 5.14a), the impact of 

the resistive load R is very minor. For the strong coupling strength (Figure 5.14b), the in-phase 

branch S11+ originates from the natural frequency of primary structure with a large R. While 

with a small R, the in-phase branch S11+ originates from the natural frequency of the NES and 

below the natural frequency of the primary structure. 

 

Figure 5.14 FEP showing the approximate analytical NNM branches S11± with different R: (a) θ=589 

µN/V; (b) θ=3000 µN/V. 

To verify the influence of the resistive load in the presence of the strong coupling strength, 

Figure 5.15 shows the percentage of instantaneous mechanical energy in the NES obtained by 

  (a) 

(b) 
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the numerical simulation with R=10 kΩ and R=1 MΩ. The coupling strength θ=3000 µN/V 

and initial perturbation of xp=2 mm and z=0 mm are selected. It is noted that TET can be 

observed for R= 10 kΩ. While, the large resistive load R=1 MΩ may lead to the failure of TET 

(Figure 5.15b), as the S11+branch does not originate from the natural frequency of the NES. 

In addition, the effect of the resistive load with a relatively strong coupling strength on the 

NNM branch will also change the threshold of 1:1 resonance, which is revealed in Figure 5.16. 

The coupling strength θ=2000 µN/V and initial perturbation of xp=0.25 mm and z=0 mm are 

selected. The threshold is reduced when S11+branch shifts to a higher frequency with the 

increase of R. Therefore, 1:1 resonance is not engaged with R=10 kΩ but engaged with R=1 

MΩ given the low initial energy level. 

 

Figure 5.15 Numerical results of percentage of instantaneous mechanical energy in NES: (a) R=10 

kΩ and (b) R=1 MΩ (initial perturbation: xp=2 mm and z=0 mm, and θ=3000 µN/V). 

 

  (a) 

(b) 
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Figure 5.16 Analytical NNM branch and wavelet transform of damped transient responses of NES 

from numerical simulation for: (a) R=10 kΩ and (b) R=1 MΩ (initial perturbation: xp=0.25mm and 

z=0mm, and θ=2000 µN/V). 

By and large, it can be concluded that the electromechanical coupling could shift the S11+ 

branch and affect the activation of TET. With the increase of the electromechanical coupling, 

S11+ branch originating from the natural frequency of the NES may shift to the higher 

frequency with the reduced threshold to capture S11+ branch (1:1 resonance). When the 

electromechanical coupling reaches a certain level, the S11+ branch may even originate from 

the natural frequency of the primary structure rather than the NES. The energy localization and 

TET then disappear, which impairs the vibration suppression. These dynamic behaviors are 

achieved through the use of a large resistive load R. The influence of R on the TET activation 

is pronounced when the electromechanical coupling strength is strong. 
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 Effect on Vibration Suppression 

In Section 5.5.1, the effect of electromechanical coupling on the TET activation is investigated, 

which definitely impacts the vibration suppression performance of the NES. Actually, as 

pointed out in Section 5.2, the electromechanical coupling also introduces an equivalent 

electrical damping to the system, which also affects the dynamic response of the system. Hence, 

this section will investigate the effect of electromechanical coupling on the vibration 

suppression performance through both TET and equivalent electrical damping. An initial 

perturbation of xp = 0.5mm and z=0mm and a resistive load R=1MΩ are selected in the 

numerical simulation. 

Figure 5.17 depicts the percentage of instantaneous mechanical energy in the NES with 

different electromechanical coupling strengths. For θ=589 µN/V and 2000 µN/V, the TET is 

observed and energy localization is achieved quickly. For θ=3000 µN/V, the TET is not 

engaged and the energy constantly exchanges between the primary structure and NES.  

Figure 5.18 compares the damped transient responses of the primary structure without the NES 

and with piezoelectric NES for different θ in the numerical simulation. It can be seen in Figure 

5.18a and b that for θ =589 µN/V and 2000 µN/V, the existence of TET and electrical damping 

suppress the responses of the primary structure. In addition, it is noted that the response with 

θ=2000 µN/V is suppressed more quickly than that with θ=589 µN/V. The reason is that the 

electrical damping with θ=2000 µN/V is larger than that with θ =589 µN/V according to 

Equation (5.10). For θ=3000 µN/V (Figure 5.18c), the electrical damping is even larger but the 

TET is deactivated, which has been demonstrated in Figure 5.17. Thus, the vibration 

suppression performance with θ=3000 µN/V is not improved but rather get worse than those 

with θ =589 µN/V and 2000 µN/V, showing the critical role that TET plays in the vibration 

suppression. 

Hence, it can be concluded that the vibration suppression of the piezoelectric NES system is 

the results of the combined effect of the TET and electrical damping. The increase of strong 

electromechanical coupling strength will lead to a larger electrical damping, but could also 

deactivate the TET and consequently impair the vibration suppression performance. 
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Figure 5.17 Numerical results of percentage of instantaneous mechanical energy in NES (initial 

perturbation: xp=0.5mm and z=0mm, and R=1MΩ). 
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Figure 5.18 Transient responses of the primary structure from numerical simulation for: (a) θ =589 

µN/V; (b) θ =2000 µN/V and (c) θ =3000 µN/V; (initial perturbation: xp=0.5mm and z=0mm, and 

R=1MΩ). 

 Effect on Energy Harvesting 

Generally speaking, the increase in the electromechanical coupling strength will lead to more 

energy converted by the piezoelectric transducer. However, it will also reduce the vibration of 

the NES relative to the primary structure due to the strong equivalent electrical damping and 

the absence of TET and energy localization in the NES, which will, in turn, affect the energy 

harvesting performance. Therefore, the energy harvesting performance might not 

consecutively increase with the increase of electromechanical coupling. 

Figure 5.19 shows the accumulated harvested energy with different resistive loads for various 

θ in the numerical simulation. The initial perturbation is selected as xp=2 mm and z=0 mm. As 

shown in the figure, the accumulated energy first increases until it reaches the maximum and 

then decrease with the increase of R. There exists an optimal R that can exact the maximum 

energy. In this case, R=100kΩ can be regarded as the optimal resistive load to extract the 

maximum energy from the piezoelectric NES system. 

Figure 5.20 compares the accumulated harvested energy obtained with the optimal resistive 

load R=100kΩ and different coupling strengths by the numerical simulation. It is noted that the 

accumulated harvested energy first increases with the coupling strength. However, when the 

coupling strength exceeds a certain value, the power output may decrease with the increase of 

the coupling strength due to the deactivation of TET and strong equivalent electrical damping. 

  (c) 
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Thus, the excessively strong coupling strength not only impairs the vibration suppression 

performance but also negates the energy harvesting efficiency. 

 

  (a) 

(b) 

(c) 
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Figure 5.19 Accumulated harvested energy with different resistive loads from numerical simulation for: 

(a) θ=589 µN/V; (b) θ=1000 µN/V; (c) θ=2000 µN/V and (d) θ=3000 µN/V (initial condition: xp=2 mm 

and z=0 mm). 

 
Figure 5.20 Accumulated harvested energy with different θ from numerical simulation (initial 

perturbation: xp=2 mm and z=0 mm, and R=100kΩ). 

5.6. Chapter Summary 

In this chapter, a design of two-degree-of-freedom piezoelectric energy harvester based on the 

nonlinear energy sink (NES) is proposed and studied. The introduction of proper magnetic 

coupling can largely reduce the linear stiffness and meanwhile bring in a strong nonlinear 

stiffness of the auxiliary piezoelectric cantilever beam, such that it can meet the conditions of 

NES. In contrast to the previous studies in NES based piezoelectric energy harvester, low linear 

stiffness of the system can be easily achieved by adjusting the distance between the magnets. 

The electromechanically coupled nonlinear dynamic model of the NES based piezoelectric 

  (d) 
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energy harvester is developed, and the energy harvesting and vibration absorption performance 

under impulsive excitation are examined through both analytical study and numerical 

simulation. The nonlinear normal mode obtained through the complexification averaging 

method together with the frequency-energy plot is used to explain the mechanism of targeted 

energy transfer (TET) in the presence of electromechanical coupling. The sensitivity of the 

transient responses of the NES to the excitation level is also revealed. In addition, the influence 

of the electrical parameters on the change of damping and stiffness, and the influence on the 

dynamic characteristics and consequent energy harvesting performance are evaluated, which 

have not been considered in the previous studies. Based on the analytical and numerical results, 

some conclusions can be reached: 

• The developed NES based piezoelectric energy harvester possess the fundamental 

characteristics of TET. The damped transient response of the NES traces the in-phase 

S11+branch in the frequency energy plot, indicating that the TET is associated with the 

1:1 resonance capture, and there exists a threshold of input energy to trigger the TET. 

Meanwhile, the piezoelectric NES can also convert the absorbed vibration energy from 

the primary structure into useful electrical energy. 

• The in-phase branch S11+ that originates from the natural frequency of NES would 

shift to the higher frequency and become easier to capture with the increase of the 

electromechanical coupling. When the electromechanical coupling exceeds a certain 

value, the S11+ branch may originate from the natural frequency of the primary 

structure where the energy is no longer localized in the NES, and the TET is deactivated. 

• For the NES based piezoelectric energy harvester, the vibration suppression is the 

combined effect of the activation of TET and equivalent electrical damping. The 

excessively strong coupling strength fails to improve the vibration suppression 

performance due to the absence of TET. In addition, the electrical output will saturate 

or even be mitigated with the increase of the electromechanical coupling due to that the 

deactivation of TET would, in turn, affect the energy harvesting performance. 
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Chapter 6. Vibration Absorption and Energy 
Harvesting With a Piezoelectric Nonlinear Energy 

Sink: Forced Response 
Transient responses of the proposed energy harvester based on the piezoelectric nonlinear 

energy sink (NES) mechanism are investigated in Chapter 5. It has shown that the proposed 

system with weak or medium electromechanical coupling still exhibits typical behavior of the 

NES and is capable of collecting electric energy. This chapter will focus on the steady-state 

responses of the weak coupling system under the harmonic base excitation as a follow-up. 

Generally, a multi-valued region exists in the frequency response curve for harmonic excitation 

due to the strong nonlinearity. As reviewed in Section 2.7.1, on the high energy branch in this 

region, the NES has a very large vibration amplitude while the primary structure has a small 

amplitude, indicating that the vibration energy is localized in NES. With the introduction of 

the piezoelectric transducer, this desired high energy branch (“energy localized branch”) may 

be used for simultaneous vibration absorption and energy harvesting in a broadband manner. 

Similar to the previous study, the piezoelectric energy harvester connected with an alternating 

current (AC) circuit (a simple resistive load) is first considered. Additionally, a standard 

rectifying direct current (DC) interface circuit is developed to evaluate the DC power from the 

NES based piezoelectric energy harvester. Simultaneous broadband vibration suppression and 

energy harvesting performances are examined through the use of the multi-scale method and 

harmonic balance method. The approximate solutions of steady-state frequency responses and 

possible strongly modulated responses for the AC and DC interface circuits are derived, 

including the displacement, output voltage, and power. As the electromechanical model for the 

DC circuit is more complex, an equivalent circuit model (ECM) of such an electromechanical 

system with piezoelectric NES is also derived, the efficiency of which has been proved in the 

previous modelling of the internal resonance based piezoelectric energy harvester. The circuit 

simulation thus can be conducted to examine the accuracy of the approximate analysis, as a 

supplementary of the direct numerical integration. A frequency sweep test is also conducted to 

verify the findings qualitatively. In general, the results demonstrate the beneficial energy 

harvesting and vibration absorption performances in a broadband vibrational environment. 
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6.1. Mathematical Model 

In Chapter 5, Equations (5.1) describes the governing equations of the piezoelectric NES based 

energy harvesting system for the free vibration. If the structure is subjected to a harmonic base 

displacement, the governing equation considering a simple resistive load can be written as 

 ( )

3
p p p p p p a 1 3 p

3
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+ − =


  

 

 

  (6.1) 

where A and Ω are the amplitude and frequency of the base acceleration y , respectively. 

Definitions of other symbols and the values of system parameters are basically the same as 

those in Chapter 5. In addition, it is worth noting that direct current (DC) power is required for 

an electronic device in practical use. Thus, the alternating current (AC) output should be 

rectified and smoothed through a standard rectifying DC circuit. The simplest way to achieve 

this goal is to introduce a full-wave rectifier (4 diodes) and a filtering capacitor, as shown in 

Figure 6.1. 

 

Figure 6.1 Lumped parameter 2DOF model of the NES based piezoelectric energy harvester 

connected with a DC interface circuit. 

The Shockley diode model can be used to represent the DC interface circuit (Leadenham, 2015). 

Combining the DC circuit equations in the electric domain with the differential dynamic 

equations in the mechanical domain, the governing equation then becomes 
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  (6.2) 

where Is is the saturation current; n is the ideality factor; VT is the thermal energy; Vp is the 

voltage across the piezoelectric transducer; Cf is the filtering capacitor, and v is the output DC 

voltage across R. 

6.2. Approximate Analysis 

A simple resistive load in the AC circuit is first considered to provide insight into the dynamic 

and electric behaviors of the piezoelectric NES based energy harvester under harmonic 

excitations. A DC circuit with a full-wave rectifier is then introduced to convert the AC power 

to DC power. To study the steady-state response under harmonic excitations, a mixed multi-

scale method and harmonic balance method is employed to find approximate solutions to the 

governing differential equations. 

 AC Circuit 

Due to the fact that the NES is an oscillator with strong nonlinearity, the standard multi-scale 

method cannot be directly applied. Thus, the study of the proposed system connected to a 

simple resistor is approached by a mixed multi-scale and harmonic balance method (MSHBM) 

(Kremer & Liu, 2017; Zulli & Luongo, 2014) when there exists no internal resonance. 

A dimensionless time is first introduced 

 ptω τ=   (6.3) 

where ωp is the natural frequency of the primary structure. The governing equations given by 

Equation (6.1) can be rewritten as 
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where (.)’ is the derivative with respect to τ, and other parameters are defined as  
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Rescaling Equation (6.4) with a small parameter ε yields 
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Defining the fast and slow time scales T0 = τ and T1 = ετ, the time derivatives become 
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where D0=∂/∂T0 and D1=∂/∂T1. Expansions of the response quantities are assumed as  
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Substituting Equations (6.7) and (6.8) into Equation (6.6) and collecting terms of the same 

order lead to the following perturbation equation 

Order ε0 

 2 2
0 p0 p0 0D x xω+ =   (6.9) 

Order ε1 
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Order ε2 
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The solution of the equation in order ε0 can be written as 

 ( ) ( ) 0
p0 0 1 1 1, i Tx T T A T e ccω= +   (6.12) 

where cc denotes the complex conjugate of the preceding terms. One can expect that the NES 

will have a 1:1 resonance, and will oscillate with frequency ω. Applying this assumption, the 

assumed solutions for the first order relative motion and voltage can be written as 
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The variables A1(T1) and B1(T1) can be expressed in complex exponential notation as 
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where a and α are the amplitude and phase of A1(T1), and b and β are the amplitude and phase 

of B1(T1). Through the MSHBM, one can obtain the approximate frequency-amplitude relation 

with respect to the dimensionless time τ  
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Separating these two equations into real and imaginary parts and solving for the derivatives of 

each term, the complex amplitude modulation equations (AMEs) are obtained as  
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Actually, Ke and r can be regarded as the dimensionless alternative electromechanical coupling 

coefficient and dimensionless load resistance, respectively (Tang & Yang, 2011). It can be seen 
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that each equation contains the linear terms (related to κ or λ or Λ), nonlinear terms (related to 

K) and electromechanical coupling (related to Ke2). To construct the amplitude frequency 

response curve, the equilibrium solutions to the AMEs can be solved by the continuation 

package Matcont (Dhooge et al., 2006). Stability can be determined by the eigenvalues of the 

Jacobian matrix of the right-hand side of the AMEs. An equilibrium is stable if the real parts 

of all the eigenvalues are negative, otherwise it is unstable. 

 DC Circuit  

For the standard DC circuit, the MSHBM cannot be directly utilized due to the introduction of 

a constant term. In addition, the complexity of the rectifying DC circuit makes a closed-form 

general harmonic solution impossible. Thus, the harmonic balance method (HBM) can be 

combined with a numerical Newton-Raphson method (Leadenham, 2015) to solve this system. 

The variables can be written in the state-space form 
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One thus can obtain the vector form of the governing equation 
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Considering the simplest solution using only the constant term and first order harmonic terms 

to illustrate the solution process, solutions for the displacements, velocities and voltage can be 

assumed as  

 1 1ˆ cos( ) sin( )i i i ix a A t B t= + Ω + Ω   (6.20) 

where i=1,2...6. With the chosen approximate solution, the residual function is defined as  

 ˆ( ) ( , ( )) ( )t t t t= −r f x x   (6.21) 

To find the stable solutions, the residual function is minimized by the Galerkin method as 
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The Newton-Raphson method can be used to solve them by calculating the Jacobian matrix. 

This approach can also be applied to the analysis of AC circuit.  

6.3. Numerical Simulation Analysis 

The governing equations can be numerically simulated by stepping through an appropriate time 

interval and calculating the integral of the derivatives with the help of ODE45 function in 

MATLAB. 

In addition, as mentioned in Chapter 3 and 4, the equivalent circuit model (ECM) possesses 

the advantage of being able to obtain numerical solutions for an energy harvester connected to 

DC or even more complex practical energy harvesting interface circuits. Thus, an analogue of 

the equations of the electromechanically coupled systems is implemented in a circuit network 

to facilitate the analysis of both AC and DC circuit. Following a similar analogy process in 

Chapter 3, the variables and parameters in the equivalent circuit can be obtained as 

 1 p 2 a 1 p 2 a 1 p 2 a 1 p 2 1, , , , , , 1/ , 1/V m y V m y L m L m R c R c C k C k= − = − = = = = = =    (6.23) 

The electromechanical coupling is represented by an ideal transformer with the turn ratio 1: θ. 

Figure 6.2 shows the SIMetrix circuit configuration of the piezoelectric energy harvester 

connected to an AC circuit comprising a simple resistive load and a standard DC circuit 
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comprising a full-wave rectifier, a filtering capacitor, and a resistor. V_C1 and V_C2 are 

oscilloscopes monitoring the voltage across C1 and C2. They can be converted to charges by 

being divided by the value of C1 and C2, which are equivalent to the actual displacement of the 

primary mass relative to the base (xp) and displacement of the NES mass relative to the primary 

mass (z), respectively. The major advantage of this approach lies in a holistic way to investigate 

the entire system in an electrical simulation environment (e.g., SIMetrix). 

 

Figure 6.2 Equivalent circuit model for NES based piezoelectric energy harvester connected with an 

AC circuit or a standard DC circuit. 

6.4. Experiment Setup 

To validate the key features of piezoelectric NES based energy harvester, a sinusoidal 

frequency sweep test can be conducted. The fabricated testing rig installed on an 

electrodynamic shaker working in the horizontal direction is shown in Figure 6.3. The 

prototype used in this experiment is a continuation from the previous research on the transient 

responses of NES (Hamzah & Jasmon, 2016), however, its system parameters are slightly 

different from those in Chapter 5. 

It consists of a rigid and thick base, the primary structure, and the NES structure. The primary 

structure is supported by two plates of metals clamped rigidly to the base of the structure and 

the base of the NES structure. The NES structure comprising a piezoelectric beam (Volture 

V21BL) is connected rigidly to the platform of the primary structure. Three circular magnets 
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is mounted at the tip of the beam (two at the sides, one at the top) as a tip mass. The magnets 

act in a repulsive way with the other three magnets surrounding them at the cage of the NES. 

The magnet at the top provides a repulsive force that can reduce the natural frequency of NES, 

while the magnets at the sides introduce a strong nonlinear stiffness in the NES system. Thus, 

the magnetic force and subsequent linear and nonlinear stiffness can be tuned by adjusting the 

magnets distances through the adjustable screws. 

 

Figure 6.3 Prototype of the 2DOF piezoelectric energy harvester based on NES. 

The frequency sweep excitation of the base is provided by the electrodynamic shaker (Data 

Physics, model: SignalForce™). A vibration controller (Data Physics, model: SignalStar) is 

used to electronically govern the shaker based on the feedback of accelerometer mounted on 

the shaker. Different from the pure energy harvesting system, displacement data is also the 

concern of this experiment to evaluate the vibration suppression performance of the 

piezoelectric NES. Two reflex sensors (Wenglor, Model: CP24MHT80 and CP08MHT80) are 

used to measure the displacement of the NES and primary structure, respectively. The signal 

from the sensors and the piezoelectric beam are collected using the data acquisition (DAQ) 

module (National instruments, model: NI9229). The time-varying responses can be further 

processed on the computer. The internal resistance of the DAQ card is 1 MΩ. When the 

piezoelectric beam is directly connected with the DAQ card, the measured voltage is close to 

the open circuit voltage. 
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6.5. Steady-State Response 

 AC Circuit 

In the AC circuit, a high resistance (R = 1 MΩ) and a weak electromechanical coupling strength 

θ=589 µN/V are considered. Other system parameters are the same as listed in Table 5-1. As 

shown in Figure 6.4, the responses of the primary structure without the NES and the 

piezoelectric NES based energy harvester are obtained by ECM simulation under slow 

frequency sweep excitation and MSHBM with an base acceleration amplitude of 2 m/s2. It is 

clearly shown that the amplitudes of the responses from the ECM simulation agree well with 

those from the approximate analytical solutions. In the absence of the NES, the primary 

structure possesses a linear single resonance peak around 12 Hz. After the introduction of the 

NES, frequency up sweep and down sweep reveal that there exists a broadband multi-valued 

region in the amplitude frequency response. During the frequency up-sweep, the steady-state 

energy may be localized in the NES in one of the branches, which can be termed the “energy 

localized branch” (Jiang et al., 2003). The amplitude of the primary structure remains low, 

while the amplitude of the NES remains high, leading to a good performance of the output 

voltage in a broadband manner. In addition, two Hopf bifurcation points (denoted as “HF” in 

Figure 6.4) are found around 15.39 Hz and 16.89 Hz, indicating non-periodic motions (so-

called “strongly modulated responses” (SMR) (Starosvetsky & Gendelman, 2008)) within this 

region. These motions are also revealed in the ECM results, though the unstable region is not 

exactly the same as predicted. 

 

(a)   
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Figure 6.4 Responses of NES based piezoelectric energy harvester obtained by ECM and MSHBM 

with the base acceleration amplitude of A=2 m/s2: (a) and (b) xp of the primary system without and 

with NES, respectively; (c) and (d) z and V with NES, respectively.  

  (b) 

(c) 

(d) 
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Figure 6.5 Responses of NES based piezoelectric energy harvester obtained by ODE45 with the base 

acceleration amplitude of A=2 m/s2: (a) xp of the primary system; (b) and (c) z and V of NES, 

respectively. 

  (a) 

(b) 

(c) 
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The nonlinear behavior of the NES based piezoelectric energy harvester can also be verified 

numerically by using the direct numerical integration of the governing equation. Figure 6.5 

shows the responses obtained by ODE45 in MATLAB under frequency sweep with the same 

excitation level as the approximate analysis and equivalent circuit simulation. Thus, MSHBM 

with the first harmonic order involved is applicable to understand the mechanism of NES and 

predict the physical effects, though higher order may lead to more accurate results (Zang & 

Chen, 2017). It is also effective to predict the responses via circuit simulation, which is not 

time-consuming and is capable of involving complex interface circuits. It should be noted that 

the non-periodic motions (strongly modulated responses) around 15 Hz are also revealed in 

Figure 6.5. In addition, there may exist asymmetric motions around 12 Hz, as shown in Figure 

6.4 and Figure 6.5. These intriguing motions may due to period-doubling (Malatkar & Nayfeh, 

2006). The symmetric breaking and strongly modulated responses are further discussed in 

Figure 6.7 and Figure 6.8. 

Figure 6.6 compares the amplitude frequency responses and time domain responses of the 

primary structure with and without the NES. As shown in Figure 6.6a, the NES reduces the 

amplitude of the primary structure in the energy localized branch. As the frequency continues 

to increase, there occurs a jump from the energy localized branch to another branch, which is 

essentially a near-linear response. Figure 6.6b and c show the time histories obtained by ECM 

simulations at excitation frequencies of 17 Hz and 19 Hz. The initial conditions are selected 

from the basin of attraction of the energy localized branch. It is also clearly shown that the NES 

plays a role of absorbing energy from the primary structure. Thus, vibration absorption and 

energy harvesting are simultaneously achieved due to the energy localized branch in the 

broadband multi-valued region. 

 

(a)   
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Figure 6.6 Responses of primary structure with and without NES: (a) amplitude frequency responses 

obtained by MSHBM; (b) and (c) time responses obtained by ECM at 17 Hz and 19 Hz, respectively. 

By examining the eigenvalues of the Jacobian matrix of the AMEs, it appears that some 

periodic solutions on the energy localised branch are unstable. Alternatively, by ECM 

simulation and ODE45 numerical integration, asymmetric or non-periodic also exist within 

certain frequency ranges in Figure 6.4 and Figure 6.5. These types of motions were also found 

in the previous researches (Malatkar & Nayfeh, 2006; Zang & Chen, 2017). Here, time histories 

and their frequency spectra are investigated at some specific excitation frequencies. 

Typically, if motions are symmetric, the system only possesses cubic (odd) nonlinearity as 

illustrated in Figure 6.7a. The frequency spectrum only contains odd harmonics of the 

excitation frequency. However, there may exist asymmetric periodic solutions near the 

fundamental resonance as shown in Figure 6.7b. The symmetry is broken, and even harmonics 

of the excitation frequency may be introduced from the period-doubling bifurcation. However, 

(b)   

(c) 
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the exact location of these symmetry-breaking bifurcations cannot be determined by the 

approximate analysis (Malatkar & Nayfeh, 2006). In addition to the periodic motions, there 

may exist strongly modulated responses within a certain frequency range, which may be 

quasiperiodic or chaotic motions, as shown in Figure 6.7c. 

To investigate these motions, a set of Poincare maps are generated by ECM simulation at an 

excitation frequency of 15.5 Hz, as shown in Figure 6.8. As the excitation level increases, the 

motion bifurcations from a period one motion to a quasiperiodic motion and then to chaos, and 

then degenerate to a period one motion. This phenomenon was explained by Hopf bifurcation 

with higher harmonic orders involved (Zang & Chen, 2017). The vibration pattern in this region 

thus depends on the excitation level. Fortunately, large-amplitude responses of the NES are still 

able to enhance the power generation capability. 

 

(a)   

(b) 

https://en.wikipedia.org/wiki/Poincar%C3%A9_map
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Figure 6.7 Time history and frequency spectrum of output AC voltage obtained by ECM at different 

excitation frequencies: (a) 10 Hz; (b) 11.5 Hz; (c) 15.5 Hz. 

 

 

(c)   

  (a) (b) 

  (c) (d) 
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Figure 6.8 Evolution of Poincare sections regarding motion of primary system under different base 

acceleration amplitudes: (a) 1 m/s2; (b) 1.3 m/s2; (c) 2 m/s2 ; (d) 3 m/s2 ; (e) 3.2 m/s2 ; (f) 4 m/s2. 

 DC Circuit 

In the theoretical analysis with the Newton-Raphson enabled HBM and numerical simulation 

based on the ECM, a load resistance R = 200 kΩ and an acceleration amplitude A=2 m/s2 are 

considered. The electrical parameters of the DC interface circuit are listed in Table 6-1. Other 

parameters are set as those used in the previous study of the AC circuit. The approximate 

theoretical analysis is implemented and solved by using the HBM, while the circuit simulation 

is conducted in SIMetrix based on the derived ECM. 

Table 6-1 System parameters of the DC interface circuit 

Parameters Value 

Saturation current Is (pA) 1 

Filtering capacitor Cf (µF) 10 

Ideality factor n 1 

Thermal voltage VT (mV) 26 

As shown in Figure 6.9, the responses of the primary structure and piezoelectric NES are 

obtained by the HBM and ECM simulation. It is noted that the DC voltage waveforms have 

somewhat ripples because Cf is not sufficiently large and harmonic terms exist (Equation 

(6.20)). Cf cannot be too large either, because the circuit should reach quasi-steady-state faster 

than the frequency rate sweep. A61 and B61 in Equation (6.20) calculated from the Newton-

Raphson harmonic balance method are quite small, which means that the DC voltage can be 

considered as constant. It can be seen from Figure 6.9 that the ECM results agree qualitatively 

  
(e) (f) 
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well with the theoretical results obtained by the HBM, showing that the output DC voltage 

possesses the same broadband characteristic as that of the AC circuit. 

 

Figure 6.9 Responses of NES based piezoelectric energy harvester connected with DC circuit: (a) xp; 

(b) z; (c) DC voltage (A=2 m/s2, R = 200 kΩ and θ=589 µN/V). 

  (a) 

(b) 

(c) 
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6.6. Parametric Study 

A weak electromechanical coupling strength θ=589 µN/V is considered in the study above. 

Given various electromechanical coupling strengths, Figure 6.10 shows the percentage of 

mechanical energy in the NES and the harvested power of the AC circuit by HBM. The 

excitation level is still A=2m/s2, and the load resistance is R=100kΩ. The steady-state 

percentage of the mechanical energy in the NES is defined as 
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where Xp and Z are the amplitude of xp and z, respectively. It can be seen from Figure 6.10 that 

there exists a desired high energy branch (energy localized branch) for weak electromechanical 

coupling strength, where energy localization in NES occurs, and broadband energy harvesting 

can be simultaneously achieved. The increase of electromechanical coupling reduces the 

percentage of mechanical energy in the NES and narrows the high energy branch. In other 

words, the increase of coupling strength is not beneficial for energy localization and hinders 

the vibration suppression performance, which is similar to the results in the transient response. 

In terms of energy harvesting, the maximum power output around the first resonance is 

increased, but the bandwidth of energy harvesting on the high energy orbit is narrowed with 

the increase of electromechanical coupling. It can be concluded that there is a trade-off between 

the maximum power output and bandwidth of the energy localized branch when we choose the 

electromechanical coupling to achieve the certain desired performance of the piezoelectric NES 

system under harmonic excitations. Thus, in the further parametric analysis of rectifying DC 

circuit, weak or medium electromechanical couplings are used to ensure that the discussion is 

in the scope of NES mechanism. 

Figure 6.11 depicts the output DC voltage of the NES based piezoelectric energy harvester 

under different amplitudes of acceleration. The electromechanical coupling and load resistance 

are θ=589 µN/V and R=200kΩ, respectively. Both theoretical and ECM simulation results 

show that the output power and the bandwidth will increase with the excitation level. Hence, it 

can be concluded that strong excitation benefits both the peak output enhancement and the 

bandwidth broadening. 
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Figure 6.10 HBM solutions: (a) percentage of mechanical energy in NES and (b) power output for 

different electromechanical couplings (A=2m/s2 and R=100kΩ). 

 

  (a) 

(b) 

(a)   
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Figure 6.11 Influence of the excitation level on the output DC voltage: (a) HBM result and (b) ECM 

result (R = 200 kΩ and θ=589 µN/V). 

 

Figure 6.12 Output DC power with varying electromechanical couplings: (a) HBM result and (b) ECM 

result (A=2 m/s2 and R = 200 kΩ). 

(b)   

  (a) 

(b) 
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Figure 6.12 shows the output DC power of the proposed energy harvesting system with 

different electromechanical couplings (weak or medium level). The excitation level and load 

resistance are A=2 m/s2 and R=200kΩ, respectively. Similar to the Figure 6.10, it can be seen 

that the increase of electromechanical coupling would result in an increase of output power but 

a narrower bandwidth, which is associated with the diminishing of the energy localization with 

the increased electrical damping and stiffness. The jumping frequency would shift to the left 

with stronger electromechanical coupling, though the maximum output power would be larger. 

There is a trade-off between the maximum power output and operational bandwidth, which is 

different from the effect of the excitation level. 

The output DC powers against varying load resistances obtained by HBM and ECM during the 

frequency up sweep are shown in Figure 6.13. The excitation level and electromechanical 

coupling are A=2 m/s2 and θ=589 µN/V, respectively. It can be seen that the power output first 

increases until the optimal resistive load and then decreases with increasing load resistance. It 

is also noted that the optimal resistive load may slightly vary for different excitation 

frequencies. Similar to the electromechanical coupling strength, the load resistance also has the 

effect on the bandwidth (jumping frequency) through the electric damping and stiffness, though 

the effect is not significant with the weak electromechanical coupling. The maximum power 

output usually corresponds the maximum electrical damping from the perspective of energy, 

which can narrow the working bandwidth. Hence, the electromechanical coupling and the load 

resistance should be appropriately determined, considering not only the maximum output 

power but also the operational bandwidth. In this work, given the chosen parameters and a 

threshold power of Pcr = 0.2 mW, the maximum working bandwidths of 9.44 Hz and 8.12 Hz 

are predicted using HBM and ECM methods, respectively. 

 

(a)   
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Figure 6.13 Responses of DC power with varying resistive loads: (a) HBM and (b) ECM (A=2 m/s2 and 

θ=589 µN/V). 

6.7. Experiment Study 

To validate the key features revealed in the theoretical study and simulation, the sinusoidal 

frequency sweep tests and sinusoidal dwell tests are conducted. The amplitude of the base 

acceleration is 2m/s2. For the sweep vibration testing, the frequency sweep rate is set to be 

0.05Hz/s. Compared to the electromechanical coupling strength related to the material or 

structure, the load resistance is much easier to be adjusted in the experiment for the parametric 

study. 

Figure 6.14a shows the average power output responses against various load resistances (R=10, 

100, 200,500 and 1000 kΩ) in AC circuit. The multi-valued region is observed through upward 

and downward frequency sweeps. The large-amplitude branch, namely, the energy localized 

branch together with the primary resonance peak can be used for broadband energy harvesting. 

Besides, there exists SMR (nonperiodic motion) within this regime, which is a unique feature 

of the NES system. The load resistance impacts on the jumping frequency as well as the 

maximum power output due to the electrical stiffness and damping. Figure 6.14b plots the 

corresponding jumping-down point of the large-amplitude branch (second peak) against 

different load resistances. It can be seen that the trend is the same as estimated from the theory 

and simulation (Figure 6.13). With the increase of the load resistance, it shifts to the left until 

the optimal resistive load that can exact the maximum power output (corresponds to the 

maximum electric damping), and then turns to the higher frequency with a loss in power output. 

(b)   
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Figure 6.14 (a) Average power output responses and (b) Jumping-down points with varying resistive 

loads in AC circuit. 

Other than the frequency sweep tests, the dwell tests are performed around the resonances. 

Figure 6.15 shows the time domain responses of the output AC voltage at specific frequencies. 

It can be seen that there exists a periodic steady-state response when the excitation frequency 

is 10.5Hz. Under the excitation frequency of 13.5Hz, a quasi-periodic motion occurs, which is 

a typical SMR with the energy exchange. Thus, the non-periodic responses predicted by the 

theoretical analysis and numerical simulation is verified. 

Figure 6.16 shows the power output responses in the upward sweep with a standard DC 

interface circuit. There exist some ripples in the response due to the small filtering capacitance 

Cf, especially for the small load resistance. Compared to the AC circuit, the power output is 

slightly reduced. Despite this, the DC power output possesses the same characteristic as that of 

  (a) 

(b) 



Chapter 6 

 146 

the AC circuit. In addition, the load resistance can affect the bandwidth in the same manner, 

though the shift of the jumping frequency is less than that with the AC circuit.  

 

Figure 6.15 Time domain responses of the AC voltage output at: (a) 10.5Hz and (b) 13.5Hz. 

 

  (a) 

(b) 

(a)   
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Figure 6.16 (a) DC power output responses (upward sweep) and (b) Jumping-down points with 

varying resistive loads in DC circuit. 

6.8. Chapter Summary 

This chapter explores the application of the nonlinear energy sink (NES) mechanism in the 

broadband energy harvesting. Both AC and DC circuits are taken into account. The dynamic 

properties and energy harvesting capability of the NES based piezoelectric vibration energy 

harvester under harmonic base excitation are investigated. 

Approximate analytical results are derived using the mixed multi-scale and harmonic balance 

method and Newton-Raphson enabled harmonic balance method. Numerical solutions were 

also obtained by simulations based on the equivalent circuit model simulation as well as direct 

numerical integration of the state-space form governing equations. Upward and downward 

frequency sweep simulations are conducted to validate the approximate frequency responses. 

It can be seen that the NES attached to the primary system results in rich dynamics behaviors 

over a broad frequency range, which are also verified by the experiment. The findings are 

summarized below: 

• The energy localised branch in the multi-valued region is favorable in terms of 

absorbing energy from the primary structure and improving the energy conversion 

efficiency of the piezoelectric energy harvester. 

• In addition to the steady-state response, symmetry breaking and non-periodic responses 

are also observed due to series of period doubling and Hopf bifurcations, which are 

called “strongly modulated responses”. These responses are not beneficial for the 

(b)   

http://cn.bing.com/dict/search?q=approximate&FORM=BDVSP6&mkt=zh-cn
http://cn.bing.com/dict/search?q=analytical&FORM=BDVSP6&mkt=zh-cn
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vibration suppression. However, large-amplitude responses of NES are maintained and 

the electric output remains high. 

• The electromechanical coupling strength and load resistance in the electric domain can 

significantly affect the energy localized branch. The increase of the electromechanical 

coupling would increase the maximum power output, but it would narrow the working 

bandwidth for both energy harvesting and vibration suppression. 
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Chapter 7. Conclusions, Contributions, and Future 
Work 

7.1. Conclusions 

This thesis concerns theoretical analysis, numerical simulation, and experimental tests on 

nonlinear vibration energy harvesting using piezoelectric transducers. This research is focused 

on broadening the operational bandwidth of the piezoelectric energy harvester by utilizing 

nonlinear internal resonance and nonlinear energy sink mechanisms. The results of the research 

can be summarized as follows: 

(1) A two-degree-of-freedom (2DOF) configuration of the internal resonance based 

piezoelectric energy harvester was proposed. In this design, an auxiliary cantilever beam is 

attached to the tip of a piezoelectric cantilever beam. Compared to the conventional 

nonlinear piezoelectric energy harvester, the natural frequencies of this 2DOF nonlinear 

system can be tuned to be commensurable to achieve internal resonance and thus introduce 

more resonant peaks. An equivalent circuit model was developed to simulate the nonlinear 

dynamics and energy harvesting performance with identified system parameters, and was 

verified by experiment. Rich nonlinear behaviors were revealed in the experimental 

measurements and equivalent circuit simulations, including multi-valued regions, double 

jumping and energy exchange between modes. Due to the nonlinear characteristics of 2:1 

internal resonance, it was demonstrated that this design outperforms its linear counterpart 

in terms of bandwidth.  

(2) Approximate analytical solutions for the internal resonance based piezoelectric energy 

harvester were derived to further gain insights into the underlying mechanism through the 

multi-scale method and harmonic balance method. The accuracy of various analytical 

approximations was examined by comparing the analytical predictions with equivalent 

circuit simulations and experimental measurements. An initial misalignment of magnets is 

required for constructing a quadratic nonlinear system such that two-to-one internal 

resonance can induce some unique nonlinear characteristics. For such a system, it was 

found that the zeroth-order harmonic component in the harmonic balance method is 

essential for accurate prediction of the nonlinear behavior due to the asymmetric response 
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around the primary resonance. Ignoring this term or using the multi-scale method may lead 

to a failure for describing the broad bandwidth in the circuit simulation and experiment. In 

addition to the modal interaction wherein energy is exchanged among the commensurable 

modes, a saturation phenomenon was revealed under varying excitations. When the 

excitation level is sufficiently large around the second primary resonance, the energy in the 

second mode becomes saturated, while extra energy would be transferred into the first mode. 

By and large, the enhancement of the piezoelectric energy harvester due to two-to-one 

internal resonance was interpreted from the theoretical perspective. 

(3) A 2DOF configuration of the nonlinear energy sink (NES) based piezoelectric energy 

harvester was also proposed. Proper arrangement of the magnets can largely reduce the 

linear stiffness and meanwhile introduce a strong nonlinear stiffness in the auxiliary 

piezoelectric beam, such that the auxiliary oscillator can be considered as a NES serving as 

a vibration absorber and energy harvester. For impulsive excitation, the energy harvesting 

and vibration absorption performance were examined through nonlinear normal mode 

analysis and numerical simulation. It was found that the NES based piezoelectric energy 

harvester possesses the fundamental characteristics of targeted energy transfer (TET), 

which is associated with the 1:1 resonance capture, and there exists a threshold of input 

energy to trigger the TET. In addition, the electromechanical coupling strength and load 

resistance have an impact on the in-phase branch S11+ and its threshold in the frequency 

energy plot. Strong electromechanical coupling shifts S11+ to a higher frequency and may 

lead to the failure of TET. It was revealed that vibration suppression for impulsive 

excitation is the combined effects of the activation of TET and equivalent electrical 

damping. Thus, the increase of the electromechanical coupling is not beneficial for the TET 

(energy localization), and may impair the subsequent vibration suppression and energy 

harvesting performance. 

(4) For harmonic base excitation, the vibration suppression and energy harvesting 

performances were also examined. Both AC and DC circuits were considered. Mixed multi-

scale and harmonic balance method and Newton-Raphson enabled harmonic balance 

method were used to obtain approximate analytical results, verified by the numerical 

simulation based on the equivalent circuit model and the direct numerical integration. 

Dynamic properties and energy harvesting capability of the piezoelectric NES were also 

qualitatively validated by the sinusoidal frequency sweep experiment. The energy localised 

branch in a broadband multi-valued region was revealed, which is beneficial for both 

http://cn.bing.com/dict/search?q=approximate&FORM=BDVSP6&mkt=zh-cn
http://cn.bing.com/dict/search?q=analytical&FORM=BDVSP6&mkt=zh-cn
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vibration absorption and piezoelectric energy harvesting. The “strongly modulated 

response” was also seen to occur in a certain frequency range, which can still maintain a 

high electric output though it is not favorable for vibration suppression. Similar to the 

transient responses, large electromechanical coupling strength and load resistance are 

against the energy localization. The increase of the electromechanical coupling narrows the 

operational bandwidth for simultaneous energy harvesting and vibration suppression. 

7.2. Contributions 

This thesis contributes the following: 

(1) A device featuring concise design and easy tuning was fabricated and tested to illustrate 

the practical implications and advantages of internal resonance on broadband energy 

harvesting. A comprehensive analysis of the internal resonance based piezoelectric energy 

harvester was conducted via analytical methods, numerical simulation and experimental 

validation, which can provide theoretical support for developing applicable broadband 

piezoelectric energy harvesters based on internal resonance. 

(2) A piezoelectric structure featuring the fundamental characteristic of NES was implemented. 

The research provide insight for the TET activation mechanism of the variant piezoelectric 

NES. The energy localizations in transient and harmonic response were shown to be 

beneficial for simultaneous vibration suppression and energy harvesting in a broadband 

manner. In addition, the interaction of energy harvesting process with the nonlinear 

dynamics after the integration of NES and piezoelectric transducers was revealed, which is 

a crucial component for self-adaptive or broadband energy harvesting.  

7.3. Future Work 

Piezoelectric vibration energy harvesting technologies aim to implement self-sustained power 

supplies for small electronics, providing an eco-friendly alternative to batteries especially in 

remote and hostile environment. An ideal piezoelectric energy harvester is capable of achieving 

efficient energy harvesting over a broad frequency range of excitation. When attached to a 

vibrating host structure, the energy harvester may also be used for vibration suppression as a 

bonus. However, there still exist many hurdles to be overcome before the commercial use of 

vibration harvesting technologies. Based on the considerable amount of research in this area 
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and the experiences accumulated throughout this work, the author believes that the research 

presented in this thesis can be further extended through the following avenues. 

(1) Study of nonlinear piezoelectric energy harvester connected with advanced interface circuit 

This thesis mainly concerns the structural configuration and nonlinear dynamics of the 

broadband piezoelectric energy harvester. A simple alternating current (AC) circuit or standard 

direct current (DC) circuit is employed in the electric domain, which requires impedance 

matching to achieve the maximum power output. The synchronized charge extraction (SCE) 

circuit (Figure 7.1) has recently been used in the energy harvesting area. This can increase the 

energy conversion efficiency from the perspective of interface circuits and has no requirement 

of impedance matching. The advanced interface circuit is more practical compared to a simple 

resistor and provides the potential for energy harvesting enhancement if the system is originally 

weakly coupled. Thus, the SCE circuit or other sophisticated energy harvesting interface 

circuits can be prototyped to test their efficiency for energy harvesting in the proposed 

broadband energy harvesting system based on internal resonance or NES, and the impact of 

the strong electromechanical coupling on the nonlinear dynamics can be studied. 

 

Figure 7.1 SCE interface circuit 

(2) Utilizing the saturation phenomenon with internal resonance for vibration control  

In Chapter 4, a saturation phenomenon resulting from the two-to-one internal resonance was 

revealed between the first two modes of the system. When the excitation amplitude exceeds a 

threshold, this phenomenon can transfer the extra vibration energy fed into the second mode to 

the first mode. Such a nonlinear feature has been exploited to control oscillatory responses 

(Oueini et al., 1998; Oveisi & Gudarzi, 2013; Saguranrum et al., 2003). Thus, the internal 

resonance based piezoelectric energy harvester also has a great potential to realize 

simultaneous vibration suppression and energy harvesting. However, there is little research 
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combining vibration control and energy harvesting by using two-to-one internal resonance 

(Felix et al., 2018). This is an interesting topic definitely worth further research efforts. 

 (3) Variant forms of the piezoelectric NES 

The NES considered in this thesis is ungrounded and is attached on a vibrating host structure, 

acting as a vibration absorber. Grounded NES (Figure 7.2) is another configuration that can be 

explored, where the primary system is linear coupled to a grounded NES. For this configuration, 

the piezoelectric NES may act as a vibration isolator that can reduce the displacement (force) 

transmissibility in a certain frequency range and meanwhile collect the electrical energy. This 

has not been investigated yet. 

In addition, it is noted that the piezoelectric NES studied in the thesis is not a real NES, which 

possesses a weak linear stiffness. This suggests that the NES characteristic can be achieved 

provided the S11+branch is below the natural frequency of the primary structure. Thus, for a 

structure originally possessing a strong linear stiffness, a reversible nonlinearity (e.g., negative 

cubic and positive quantic stiffness) may be introduced to achieve a partial targeted energy 

transfer. Due to the existence of negative cubic nonlinearity, the NES may possess a low natural 

frequency at some time and the energy will still be transferred and localized in NES (Figure 

7.3). It may be beneficial for the low-frequency vibration suppression and energy harvesting 

due to the existence of softening behavior, which deserves to be explored.  

 

Figure 7.2 Grounded piezolectric NES configuration. 
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Figure 7.3 Wavelet transform of the response of NES system based on the reversibile nonlinearity: (a) 

priamry structrue and (b)NES. 
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