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Abstract 

 

Engineering behaviour of earth materials is one of the major preoccupations in geotechnical 

engineering. Kinematic of earth materials describes the particle and body motions using 

kinematic quantities including displacement, velocity and acceleration. They are considered to 

be the key parameters in the monitoring and analysis of the complicated behaviour of earth 

materials. Capturing those kinematic quantities have been conducted by researchers and 

practitioners in both laboratory and field applications. Nowadays, electronic devices are 

developed into sophisticated equipment to detect the motions of objects. For example, magnets 

have been used to track movements within the human body for medical applications.  

The principle of magnetic tracking is translated to the geotechnical environment in this 

thesis, with necessary alterations and improvements, for acquiring the kinematic quantities of 

soil under geotechnical processes. Development details are shown in this thesis using 

permanent magnets as tracker and magnetometers as receiver. To ensure the effectiveness when 

used for geotechnical related purposes, validations of the tracking system are performed, 

including the evaluation of the influence on tracking accuracy due to the presence of soil, 

performance of capturing cyclic motions and multi-object tracking.  

Small-scale laboratory experiments, making use of the proposed tracking system, are 

conducted to investigate the mechanism of the downslope motions of rigid blocks. Laboratory 

experiments, such as flume tests, play a very important role in investigating the involved 

mechanism since they provide idealised conditions in which each parameter of interest can be 

studied accordingly. The experiment consists of releasing dry rigid blocks on an inclined chute. 

The blocks are made of mortar, in which one of them is implanted with a permanent magnet 

inside as a tracker. By detecting the magnetic flux density generated by the permanent magnet, 
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time histories of positions and orientations of the tracker block can be calculated and thereafter 

used in a kinematic analysis to quantify the dynamic behaviour of the tracker within the moving 

mass; those kinematic quantities considered include the linear and angular displacements, 

velocities and accelerations, and also kinetic energy and frequency of collision. Observations 

obtained from the magnetic tracking system highlight the influence of the initial volume on 

runout distance from the analysis of the distributions of tracker’s velocity and acceleration. The 

movement of the block is divided into two phases based on the distributions of translational 

kinetic energy. Results show that larger volume increases the runout, and the influence of 

volume becomes more prominent when the particles enter the deposit area. The proposed 

magnetic tracking system is proved to have great potential in geotechnical physical modelling 

to bring a new perspective in understanding the downslope motions of granular materials.  

Finally, the potential field applications of the magnetic tracking system are discussed, 

including a recommendation on the optimised number and geometry of the magnetometer array 

and the corresponding strength of the magnetic tracker. 
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1. Introduction 

 

 

 

 

 

 

1.1 Problem statement and research motivation 

Motion capturing of geotechnical materials, such as soil and rock, is considered essential in 

understanding geotechnical processes. Quantifying those geotechnical behaviours depends on 

substantial amount of data, which is not accessible without the recent developments of Micro 

Electro-Mechanical Sensors (MEMS) and Wireless Sensor Networks (WSN). On the other 

hand, the updated requirements of motion capturing pose increasingly challenging 

technological demands which stimulate the development and improvement of sensor systems.  

Motions of geotechnical materials are commonly involved in processes such as 1) soil-

structure interactions due to human excavations and constructions; and 2) natural phenomena 

which include earthquakes, landslides, soil liquefaction, volcanic eruptions, snow avalanches 

and sediment transport. These processes usually take place in complex manner; therefore, the 

quality and diversity of the sensed data are the prerequisites for a better understanding as well 

as effective monitoring of those processes.    

Motions of geotechnical materials could be the direct cause of hazards that bring about 

human loss and economic cost. In this case, they are usually very large in scale, for example 
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rainfall- or earthquake-induced landslides. Therefore, understanding and mitigating such 

hazards call for accurately capturing soil motions.  

On the other hand, rather than resulting in direct disasters and loss, those motions could 

impair the performance of structures by making them potentially vulnerable or unreliable in 

the future. The scale of this kind of motions may be limited compared to the previous one and 

fatality may not be the consequence, but the functionality of structures cannot be maintained. 

For example, earthquake-induced liquefaction does not kill people, while it is hazardous to 

buildings, bridges and tunnels, as it causes the deterioration of soil strength and stiffness of the 

surrounding ground and brings about unexpected settlements or heaves of the structures. 

Therefore, the importance of accurately capturing soil motions have raised great awareness 

among researchers, who developed empirical relationships and numerical modelling to predict 

soil behaviours based on various constitutive models. However, no constitutive model 

available to date has reached a universal agreement for completely describing soil behaviours 

under all conditions (Ti et al., 2009). The verifications of a proposed numerical or empirical 

model are usually supported by laboratory element tests, laboratory-scale physical modelling 

and field observations, in which data on soil motions are often recorded as indispensable 

parameters.  

In addition to the mechanism investigations of soil behaviours, direct monitoring of natural 

hazards is frequently included in an early warning system (EWS). Also, during construction 

activities, the recording of ground motions and response of adjacent structures are collected 

through monitoring programme, the implementation of which is considered necessary due to 

the uncertainties related with soil properties and construction procedures (Hashash et al., 2006).  

This thesis focuses on the development of a tracking system based on static magnetic fields. 

The proposed system aims to provide measurements of motions contextualised under 
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geotechnical applications to provide additional source of information, which can hardly be 

obtained by the previously available systems.  

 

1.2 Scope and objectives 

The scope of this work is the development of a magnetic tracking system and examination of 

its effectiveness in capturing ground motion, especially in bringing new insights to the 

mechanisms of motions of granular particles down a slope at small scale. In order to achieve 

this, the following are the specific objectives: 

• To conduct a literature review of the state of the art for capturing soil motions in laboratory 

testing and field monitoring. 

• To develop the algorithms required to implement motion tracking using static magnetic field.  

• To calibrate the hardware components and to validate the developed prototype magnetic 

tracking system. 

• To implement the proposed magnetic tracking system in investigating the mechanisms 

involved with motions of rigid blocks in small-scale experiments. 

• To develop guidelines and recommendations on the potential application of the system in 

field monitoring and in an early warning system. 

Discussions of the potential field usage of the magnetic tracking system will be provided, 

while it is strongly recommended that corresponding validations with enough circumspections 

should be conducted before fully translating this methodology into the environments of in-situ 

monitoring and early warning systems. It is worth noting that there is hardly a monitoring 

system valid for all cases, as each specific site should have its system designed purposely 

(Intrieri et al., 2012). Therefore, the proposed magnetic tracking technique can only be used as 

part of a large system suited for certain circumstances; and the detailed design, implementation 

and calibration to incorporate this technique are beyond the scope of this thesis. 
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1.3 Limitation of the study 

The work performed in this thesis uses a commercially available magnetometer (Freescale 

magnetic sensor, MAG3110). It is a tiny quad-flat no-leads (QFN) package which has already 

been integrated into breakout board by Sparkfun Electronics for easy use. Since this thesis 

focuses on the mathematical realisation of a magnetic localisation technique and its application 

in physical modelling related with geotechnical processes, the development of the sensor 

package itself is not covered. Communication between sensors and a personal computer (PC) 

is carried through Arduino Uno by I2C interface. All filters of data and performance 

improvement strategies are applied on the PC end during a post-processing procedure. The 

sources of static magnetic fields in this research are permanent magnets, balancing the 

simplicity and demand of a prototype system. Electromagnet has the potential to provide 

stronger field with power supply, which could be more suitable in field applications. However, 

comparison of the two different sources and evaluations of their advantages and disadvantages 

are out of the scope of this thesis.  

Note that laboratory experiments consisting of releasing dry rigid blocks on an inclined 

chute have been designed to: (1) investigate the mechanisms involved in motions of granular 

particles down a slope; and (2) test the capability of the proposed system in capturing kinematic 

quantities of motions in a physical model. For this purpose, cubic blocks are chosen to be the 

moving materials considering an easy manufacture in the Geomechanics Laboratory; this shape 

also facilitates the embedment of the permanent magnet inside the rigid cube. Therefore, the 

influence of different grain shapes and sizes on the dynamic behaviours is not evaluated in this 

thesis. In addition, the works included in this thesis are under similar considerations as those 
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reported in the literature, where man-made blocks are placed in an ordered sequence one on 

top of another before a movement is triggered.  

Another limitation is the miniature scale of the laboratory experiments conducted in this 

thesis. According to Manzella and Labiouse (2013), the scale should be large enough to satisfy 

the continuum assumption so that the mechanical behaviour of an “ideal granular avalanche” 

can be reproduced. In this thesis, the depth of the moving mass in the laboratory experiments 

did not reach the requirement of at least ten times the size of the rigid block, as suggested by 

Drake (1991). Therefore, it poses an issue on the effectiveness of the current configuration to 

study the dynamics of granular avalanche. In contrast, mechanisms of “rock fall” or “small 

rock slide” may seem to be more appropriate as the target for investigation. However, 

according to Hungr et al. (2014), a “fragmental” rock fall, without showing a flow-like 

behaviour, is defined to have fragments which are moving independently; and the interactions 

of the rigid bodies within the rock fall is mainly with the substrate rather than between the 

mobile fragments. As can be observed in the further analysis undertaken (Chapter 5), there are 

definitely interactions between the moving blocks under the current configuration even if the 

continuum assumption is not fully satisfied. For this reason, extrapolating the results in this 

thesis to predict the behaviour of real rock avalanche or rock fall may be fraught with difficulty.  

While multi-object tracking is discussed and validated in Chapter 3 and Chapter 4, it should 

be mentioned in advance that only one tracker is used in the small-scale laboratory experiment. 

Tracking all particles (blocks) from the initial mass is beyond the scope of this research. Instead 

of trying to use only one particle to represent the whole mass movement, the experiments in 

this thesis focus on studying how the mechanism, which influences the macro behaviour (the 

entire flow), could impact the micro behaviour (one block of reference).  

It is suggested to appraise the aim of such laboratory experiments under the context of the 

whole thesis, which focuses on the development of a magnetic tracking system. Even though 
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these experiments are performed under highly simplified conditions, the results still indicate 

suggestive observations for better understanding of the process. Of course, with this prototype 

being validated, further physical modelling in the laboratory scale could be performed with 

more detailed design. 

 

 

1.4 Thesis structure 

The thesis is structured in seven chapters and 6 appendices. 

Chapter 1 briefly outlines the research background, defines the aims and objectives of this 

work and the scope and limitation.  

Chapter 2 provides an overview about the available technologies used in both laboratory 

tests and field monitoring for capturing soil motions. The characteristics of those techniques 

are reviewed with adequate details; therefore, their corresponding operating environments and 

limitations are discussed. Motions are mathematically described in terms of displacement, 

velocity and acceleration. Some techniques even have the capability of capturing rotational 

behaviours of soil. Starting from those works, the main purpose of this thesis is described in 

detail.  

Chapter 3 covers the development details of the magnetic tracking system, more specifically, 

the mathematical realisation of using static magnetic field to localise a magnetic dipole. Firstly, 

the mathematical description of the static magnetic field produced by a magnetic dipole is 

defined. Since the magnetometer used in this thesis is a device that is able to measure magnetic 

flux density in space, this mathematical description provides the basis for converting the 

physical quantities (magnetic flux density) to spatial information of the magnetic dipole. 

Secondly, algorithms are developed to achieve this conversion, including a linear algorithm 

that could provide a rough estimation of the spatial information of the magnetic dipole with 
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short execution time. This rough estimate is then used as the initial guess for nonlinear 

algorithms to search for more accurate solutions. The terms “linear” and “nonlinear” mentioned 

in this thesis simply indicate that the mathematical models describing this conversion are a 

linear system and a nonlinear system, respectively. Thirdly, an evolutionary algorithm is used 

in tracking multiple magnetic dipoles, from which the magnetic fields generated are overlapped. 

Finally, the above-mentioned algorithms are preliminarily tested under a numerical 

environment. The artificial magnetic field is generated by a computer software which also 

provides a reference for the choice of permanent magnets and magnetometers, which are used 

in the later chapters. 

In Chapter 4, the prototype of the magnetic tracking system, comprised of permanent 

magnets as trackers and magnetometers as receivers, is validated. Firstly, tests are performed 

to evaluate the influence of the presence of soil (both dry and wet) on tracking accuracy 

considering its future applications under geotechnical environments. Secondly, a cyclic test is 

conducted by mounting the tracker on a small shaker which can generate cyclic motions up to 

6 Hz. A comparison between the results from the magnetic tracking system and a linear variable 

differential transducer (LVDT) is then presented. Finally, accuracy is evaluated when the 

system is used for multi-object localisations, and an evaluation of an optimised number of 

magnetometers in order to track multiple permanent magnets is provided.  

Laboratory experiments consisting of releasing orderly stacks of dry rigid blocks on an 

inclined chute have been designed to investigate the mechanisms of motions in Chapter 5. The 

varied parameters are the slope inclination, volume and arrangement of the initial mass. The 

rigid blocks are made of mortar, in which one of them is implanted with a permanent magnet 

inside as a tracker. The permanent magnet is wrapped by a lightweight material and then by a 

layer of mortar so that the densities and surface friction coefficients of all blocks used in the 

moving mass are similar. Kinematic quantities of the tracker can be therefore derived using the 
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magnetic tracking system after necessary calibrations. Runout distance is measured manually 

and its relationships with slope inclination, initial volume and block arrangement are discussed. 

The magnetic tracking system provides a way to quantify the dynamic behaviour of the tracker; 

this includes the displacement, linear and angular velocities, acceleration, kinetic energy and 

frequency of collision, among others. The results obtained highlight the influence of the initial 

volume on runout distance from the analysis of the distributions of tracker’s velocity and 

acceleration. The movement of the block is divided into two phases based on the distributions 

of translational kinetic energy. The result shows that the movement within the depositional area 

is more important in terms of its contribution to the longer runout from a larger initial volume. 

In Chapter 6, the potential usage of the magnetic tracking system in future applications are 

discussed. Since the magnetic tracking system mainly comprised of receiver (magnetometer), 

tracker (magnetic dipole) and data transmitting unit, the choice of the resolution of the 

magnetometer and strength of magnetic dipole should be designed specifically for different 

purposes; and of course, wireless data transmitting is considered necessary in field applications. 

The design of the magnetometer array should include the number of the magnetometers 

required and their arrangement. Resolution of the magnetometers and strength of magnetic 

dipoles define an effective distance in which the tracking accuracy is maintained acceptable. 

This effective distance is found by analysing the vector field of magnetic flux density generated 

by the magnetic dipoles. Given these previous discussions as basis, the potential 

implementation of the magnetic tracking system in monitoring geohazards are reviewed and 

how this tracking system could be incorporated is investigated. Secondly, the feasibility of the 

tracking system is evaluated when it is used in applications related to health monitoring of geo-

structures, such as excavation monitoring, settlement monitoring of buildings and pipelines, 

movements of retaining structures, etc. The inverse analysis proposed by researchers to extract 

constitutive model from field measurements is examined considering a potential upgrade can 
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be derived by integrating the magnetic tracking system to obtain the subsurface deformations, 

therefore a more accurate prediction of future excavations could be expected. Last but not the 

least, there are special needs in hydraulic engineering for tracking soil or boulder movements 

that could make use of the proposed tracking system. For example, discussions are made on 

capturing coastal boulder movements under tsunami or storm waves, measurement of coarse 

bed-load transport in rivers, recording of the timing of scour in gravel-bedded river, and 

behaviours of armour units in marine structures.  

Chapter 7 finally summarises the main conclusions of this study and provides 

recommendations for future research work.   

The algorithms developed using MATLAB are provided in the Appendices A-D. Those 

algorithms include the fundamentals that enable the proposed magnetic tracking using the field 

information, and also the necessary synchronisation so that the data can be grouped and sorted 

for later programme. The experiment records obtained in Chapter 5 are also presented in the 

Appendices E and F.  

 

  



10 
 

 



11 
 

2. Review of relevant tracking technologies  

 

 

 

 

 

 

2.1 Background 

With the development of sensor technologies, mechanical behaviours of soil have been 

observed and studied extensively in the laboratory and also in the field scale. Results from 

laboratory experiments have been interpreted into better understanding of not only natural 

processes, for example earthquakes, landslides, soil liquefaction, volcanic eruptions, snow 

avalanches and sediment transport, but also soil-structure interactions due to human 

constructions, including foundations, retaining walls, pipelines, etc. At the same time, direct 

monitoring of those natural phenomena and human constructions are facilitated by different 

types of motion sensors. It is considered very effective to monitor the motions because no 

matter what a complex triggering mechanism is behind a phenomenon of a geotechnical 

process, this process, such as landslide and soil liquefaction, manifests itself with soil motions 

or the potential of soil motions. 

This literature review encompasses three main parts: 1) laboratory-scale techniques in 

capturing soil motions not only for mechanism investigations but also for validating empirical 

and numerical models; 2) field monitoring techniques for structural health control and early 
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warning systems of geo-hazards; and 3) the use of magnet for motion tracking in human 

medical applications. 

In general, motion sensing can be categorised into two groups, i.e., positioning sensing and 

displacement sensing (Nyce, 2004). 

(1) Positioning sensing describes the measurement of distance between a reference point 

and the present location of the target. Displacements are calculated as the change of the 

positions. Velocity and acceleration are derived from the first and second derivatives of 

displacement, respectively. For example, in landslide monitoring, an extensometer measures 

the changes in the distance between two points in a slope. In this case, a long wire and a fixed 

pole is necessary for an extensometer to measure the distance between the fixed pole and the 

target location. The global position system (GPS) is another example of positioning sensing, in 

which the satellites are the references with known positions.  

(2) Conversely, displacement sensing describes the measurement of the distance between 

the current location and the previously recorded location. For example, an inertial navigation 

system (INS) is a relative measurement which does not rely on an external fixed point. In this 

case, the displacement of a target in three-dimensional space can be calculated mathematically 

by integrating the accelerations and rotations about the three axes. 

Kinematic quantities, such as linear displacement, velocity and acceleration, can usually be 

converted to each other with the data given in time series. However, such mathematical 

conversion should be conducted with caution, since data received from sensors are prone to 

noise.  Integration and differentiation may intensify the errors and lead to unexpected results. 

Some of the errors could be reduced significantly with properly developed filtering algorithms, 

while some others may become the major shortcoming of certain techniques. Angular 

components of the kinematic quantities often require additional considerations, because they 

are independent of the linear parts. Note that none of the techniques discussed below or the 
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magnetic tracking system introduced later can meet the needs of all scenarios; they should be 

designed, applied and even combined specifically in order to satisfy all the requirements for 

different projects.  

 

2.2 Motion captures in laboratory experiments 

The measurement of kinematic quantities of motions in a geotechnical procedure is one of the 

key steps in laboratory experiments. The various uses of sensor technologies facilitate the 

understanding of a geotechnical procedure, as different types of sensors bring in information 

from diverse aspects. For example, the most widely used sensors in earthquake-related 

laboratory model experiments are accelerometers and pore pressure transducers, which could 

be embedded inside soil masses to measure linear accelerations and pore water pressures, 

respectively. 

 

2.2.1 Inertial measurement unit 

Accelerometers are devices for measuring acceleration of a body based on its own 

instantaneous rest frame. As a result, this definition implies a difficulty when it is used to 

capture free three-dimensional motions, which is sometimes called pose estimation. It is 

because its instantaneous frame should be firstly referenced to a fixed coordinate system in 

order to have meaningful results. Therefore, measurements are often aided by angular 

velocities derived from 3-axis gyroscopes. Such an inertial measurement unit (IMU) is 

frequently used in many navigation projects due to its small size, lightweight, low cost and low 

power consumption. Integrating angular velocities of an object yields its orientation which 

provides information for benchmarking its own frame to a reference frame. This process is 

usually called dead-reckoning (Kok et al., 2017), and its schematic flowchart can be found in 
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Figure 2-1. As illustrated in the figure, two integration processes are necessary for an IMU to 

capture positions and orientations. However, these integration steps often introduce errors to 

the readings, which are called integration drifts. By making use of such methodology and being 

aware of the limitations, Akeila et al. (2007; 2010) developed smart pebbles embedded with a 

strap-down inertial navigation system (INS) to monitor riverbed sediment transport, as shown 

in Figure 2-2. They further proposed the use of position sensing-aided INS, such as Global 

Positioning System (GPS)-aided INS, to cancel the drifts and increase the level of accuracy 

and reliability of the smart pebbles. Kok et al. (2017) also claimed that inertial sensors should 

be supplemented with other sources of information that do not drift over time to produce 

position and orientation measurements with acceptable accuracy.  

 
Figure 2-1 Schematic flowchart of dead-reckoning, in which estimations of position and 

orientation are linked intrinsically (Kok et al., 2017). 

 
Figure 2-2. Inside of a smart pebble (photo courtesy of Y Xie) 
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When it comes to earthquake-related laboratory testing, direct measurement of displacement 

is usually conducted at the surface due to the opaqueness of soil mass. Double-integration of 

accelerations can be used to acquire the displacement data inside, but this procedure must be 

conducted under caution since integration may cause errors that grow with time. Velocity and 

displacement integrated from acceleration data are proved to be reliable when cyclic motions 

with high frequency are of interest. Wilson (1998) performed centrifuge tests to study the soil-

pile interactions in liquefied sand and soft clay, in which accelerometers are used to capture 

accelerations at multiple locations; those acceleration data were then integrated into velocities 

and displacements for further analysis. According to him, most piezoelectric accelerometers 

lack the ability to record motions in the low-frequency part, since high-pass filters are usually 

included in order to remove the drift in accelerometer signals. Information within the low-

frequency region is corrupted; moreover, the amplitude and phase of the signal near the filter 

corner frequency are also influenced. Wilson (1998) did a comparison (shown in Figure 2-3) 

between displacement time histories obtained by double integration and recorded by a linear 

potentiometer. Results showed a very good agreement when there was no permanent 

displacement, while when a significant permanent component existed, the double integration 

method failed to approach the recorded value. Therefore displacements, especially those 

permanent components after cyclic tests, are sometimes beyond recognition because they tend 

to be obscured by noise, and thus removed by filters. 
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Figure 2-3. Comparison between calculated displacement from double integration 

(dashed line) and recorded displacement from the linear potentiometer. fc is the corner 

frequency used in the high-pass filter. Comparison made when there was (1) no 

permanent displacement; (2) a permanent displacement (Wilson, 1998).  

Accurate measurement of kinematic quantities involved with laboratory experiments is not 

only necessary for better understanding of the mechanisms, but also useful in the validations 

of empirical and numerical models. These works can be found from, for example, Kutter et al. 

(2018), Carey et al. (2018) and Hashash et al. (2015). Their centrifuge experiments entailed 

mechanisms involved with soil liquefaction under cyclic motions and also included shared and 

archived data of soil response for the purpose of validating numerical models. Again, Hashash 

et al. (2015) pointed out that determining permanent displacements of liquefied deposits, in 

contrast to dynamic displacements, requires a new approach rather than double integration of 

acceleration time series data. They further proposed image-based techniques to address the 

problem of measuring surface displacements.  
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2.2.2 Digital image correlation 

Digital image correlation (DIC) is a type of image-processing technique widely used in the 

geotechnical community to deal with fields of incremental displacements of soil body at the 

surface. Originating in the field of experimental solid mechanics, DIC nowadays has attracted 

great attentions from geotechnical engineers as a deformation measurement technique. For 

example, in studies of soil-structure interactions, Helm and Suleiman (2012) performed DIC-

aided analysis of the displacement field due to surface soil interacting with horizontally loaded 

piles. In contrast to the limitations of inability to measure motions with low frequency using 

inertial sensors, the methodology of image-based technique can provide good results on creep 

movements of soil. Baba and Peth (2012) conducted model tests using a large-scale soil box to 

analyse how hydraulic stresses could influence creep deformations of soil under gravity force. 

Their work has shown the effectiveness of using image-based techniques when displacements 

of soil in the long run are of interest.  

The principle of image-based deformation measurement is to match the patterns of soil 

particles between two successive pictures during a geotechnical process. Consequently, all 

local displacement vectors representing the movements of soil can be visualised by incremental 

pixel movements. An example illustrating the failure mechanism of a shallow foundation using 

DIC can be seen in Figure 2-4 (Take, 2015). 
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Figure 2-4. Illustration of the failure mechanism of a shallow foundation (Take, 2015). 

Digital images comprise matrices of pixel intensity values, which are used in DIC to 

distinguish different images. As shown in Figure 2-5, a progressively larger digital zoom 

demonstrates that a digital image consists of pixels with different intensities. A reference subset 

is defined by choosing a square with certain numbers of rows and columns in the initial image. 

The central point of the selected reference subset, 𝑃(𝑥0, 𝑦0), represents the position of the part 

of soil within that square. Displacement components can be figured out by: (1) searching the 

deformed image for the pixel intensity value similar to the reference subset (which is therefore 

considered as the same subset before and after deformation); and (2) calculating the increments 

of coordinates between the original central point 𝑃(𝑥0, 𝑦0) and the deformed central point 

𝑃′(𝑥0
′ , 𝑦0

′) as: 

{
𝑥0
′ = 𝑥0 + 𝑢

𝑦0
′ = 𝑦0 + 𝑣

                                                              (2-1) 

where u and v are the displacement increments in the x and y directions, respectively. 
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Figure 2-5. Progressively larger digital zoom (Take, 2015). 

In searching for the subset after deformations, correlation criteria, such as sum-squared 

difference (SSD) and cross-correlation (CC) (Pan et al., 2009), should be predefined. The 

correlation coefficient is then calculated all across the deformed images to look for the peak 

value of the distributed correlation coefficient. The position of the target subset in the deformed 

images locates where the maximum value of the correlation coefficient is. However, since the 

selected subset of soil cannot be considered as rigid in many cases, data should be corrected 

when the soil strains reduce the strength of the correlation between the reference subset and 

the corresponding displaced subset during geotechnical processes. Shape functions are thus 

introduced to reduce the effect of subset deformations due to rotation, shear, normal and 

volumetric strains. Details about the development of first and higher-order shape functions can 
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be found in works done by, for example, Take (2015), Lu and Cary (2000) and Schreier and 

Sutton (2002).  

Take and Beddoe (2014) used DIC to study the mechanism of liquefaction-induced 

landslides in loose granular soils. Due to the fact that the slopes of interests consisted of 

granular soils with high permeability, and the inclination of the slopes offered high hydraulic 

gradients, the high excess pore-water pressures were not likely to be achieved at the slope area. 

However, flow liquefaction has been observed in the fields. It was assumed that static 

liquefaction might occur at the base of the landslide where the hydraulic gradient was smaller 

than that on the slope. Therefore, a saturated state could be reached at a much lower flow rate. 

This hypothesis was proved by using DIC, which captured the failure process as shown in 

Figure 2-6. Excess pore-water pressures were accumulated at the horizontal base until the 

mobility of the soil extensively increased on the inclined surface.  

By using multiple cameras taking photos from different angles, Brachman et al. (2010) was 

able to measure surface heave during pipe bursting. This application of DIC provided a 2.5-

dimensional (2.5D) deformation pattern on the ground surface during construction process 

underground. However, a problem of 2.5D-DIC in this case is that due to various perspectives 

of multiple cameras, the same increment of pixel movement on an image would represent 

different deformations in reality. Similarly, objects with the same size would cover more pixels 

when approaching the cameras than when receding from the cameras. To solve this problem, 

scale factors as a function of the distances from cameras were introduced. Meanwhile, 

stationary objects in the far field were also installed as references, as shown in Figure 2-7. 
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Figure 2-6. DIC visualisation from Take and Beddoe (2014). 

 
Figure 2-7. 2.5D field experiment using DIC (Brachman et al., 2010). 
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In the centrifuge tests of soil liquefaction, Takano et al. (2014) used high-speed imaging 

aided with DIC techniques to measure soil deformations during dynamic liquefaction. A good 

agreement between the acceleration calculated from DIC and measured from accelerometers 

embedded in the ground was obtained. This work implied that acceleration derived from 

displacement information is more reliable compared to the reverse procedure in which the 

displacement is integrated twice from the acceleration data. Image-based techniques provide 

researchers with full-field displacement information at the boundary, which is then averaged 

across a pair of consecutive images to produce velocity and acceleration profile. This 

methodology is well-suited in a laboratory environment where soil behaviours can be 

“visualised”. Therefore, validating numerical and empirical models is one of the main scenarios 

when image-based techniques are put into use. Bryant et al. (2015) used Particle Image 

Velocimetry (PIV) to observe grain-scale interactions of dry granular flows during artificial 

landslides in a large-scale flume. The granular flow was created by classical “dam break 

experiment” which considers the sudden release of materials behind a trap door onto a 

horizontal deposit area. A depth-averaged model, DAN (“dynamic analysis”), developed by 

Hungr (1995), was evaluated using the results of Bryant et al. (2015), who observed a 

reasonable match of the total runout, runout timing and deposit shape between experiment and 

DAN outcomes. However, discrepancies were observed when local depth-averaged velocity 

and flow height were compared. According to Bryant et al. (2015), the leading and trailing 

edges of the granular flow comprises “dilute” and “saltating” particles, which are categorised 

into a granular gas regime derived from a conceptual framework based on flow velocity and 

particle interactions (shown in Figure 2-8). As a result, this explained the disagreements 

between laboratory experiments and DAN model as the latter used a constant value for bulk 

density.  
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Figure 2-8. Three main flow regimes classifying flows at microscale (Bryant et al., 2015). 

 

The image-based technique is able to detect the motions of soil particles down to µm. 

Additionally, the advances in camera hardware have resulted in direct improvements in the 

accuracy and resolution of DIC. Moreover, maintaining the natural texture of soil particles 

without changing the chemical or mechanical properties of soil is another advantage of this 

technique. However, in the experiments of Bryant et al. (2015), a 0.5 m/s difference between 

the velocity measured at the boundary (transparent wall) and at the centre of the flow was 

noticed. This interface friction between soil and transparent plate is one of the main drawbacks 

of image-based techniques that can extensively influence the behaviours of soil at the boundary 

of physical tests. Another disadvantage is that it is only possible to capture the soil motions at 

the surface, and the behaviours inside the soil body are beyond recognition. Last but not the 

least, DIC technique is nowadays widely used in the analysis of planar (2D) deformation, while 

in, for example, dynamic liquefaction analysis, the 3D motions within soil bodies gain more 

importance. Recognising some of the limitations, Saiyar et al. (2011) assumed that the 

influence of interface friction can be reduced largely when kinematically-controlled boundary 

conditions are applied in studying soil-pipe interaction across a slip or fault plane. Their idea 

was replacing one part of the stationary floor of the soil box by a translating floor, as shown in 
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Figure 2-9. The hydraulic-jacks-controlled floor was able to impose a vertical translation 

together with the soil body and transparent plate step-by-step. In this way, rather than static 

boundary conditions, kinematically-controlled boundary conditions were created, which, as a 

result, led to a reduced impact of frictions. However, one limitation of the kinematically-

controlled boundaries is that it lacks the necessary universality. For example, it is difficult to 

come up with a similar kinematically-controlled boundary for modelling such as landslides and 

earthquake-induced soil liquefaction.  

Further illustrations of the influence due to interface frictions on the transparent boundary 

can be found from the works done by Black (2015), who therefore translated the methodology 

of using transparent soil and laser-aided image technique into centrifuge environment.  

 
Figure 2-9. A translating floor to reduce interface friction in the study of soil-pipe 

interactions (Saiyar et al., 2011).  

2.2.3 Transparent soil 

Transparent soil enables an internal visualisation of geotechnical behaviours, and therefore 

facilitates an enhanced understanding of, for example, three-dimensional (3D) soil-structure 

interactions. This 3D deformation field is usually obtained by optic slicing technique, as shown 

in Figure 2-10. According to Iskander (2010), images on different cross-sections were taken 

within each loading stage. Spatial deformations superimposed from different slices should be 
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captured before a further displacement had been applied. Therefore, a remaining problem of 

this technique in capturing 3D deformations is that it can hardly be used in dynamic studies 

where soil is under high rate of cyclic motions. 

 
Figure 2-10. Schematic diagram of transparent soil model using optic slicing technique. 

By moving the laser source perpendicular to the plane of interest, different cross-sections 

in the soil model are illuminated. A few slices are presented together to show a spatial 

variation of the soil model (Iskander, 2010). 

Although Black (2015) had validated this soil surrogate under 20 and 40g conditions of 

centrifuge tests on strip foundation problems, he was still concerned about the persisting 

shortcomings, such as strict health and safety protocols required due to the necessary laser 

illumination sources. In dynamic studies, Konagai et al. (1992, 1994) investigated the dynamic 

changes of the soil fabric using a transparent soil surrogate. Later studies include cyclic 

undrained behaviour and liquefaction resistance of transparent soil (Kong et al. 2018), which 

provide preliminary step for further applications, such as centrifuge tests on earthquake-

induced soil liquefaction. However, according to Iskander et al. (2015), due to the low light 

sensitivity of the cameras, measurements of soil displacements in dynamic events using 

transparent soils should be conducted with caution. 
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2.2.4 Projectional radiography 

For many years, radiography has been used to investigate internal soil deformations in 

geotechnical engineering. Back in the 1950s, Bergfelt (1956) used X-ray pictures to find out 

the interior movements of clay under a loaded plate. The way of using radiography is to place 

lead shots inside the soil and, by projecting X-rays to the soil mass, the movements of those 

lead shots can be visualised on the X-ray detector. Other endeavours on investigation of subsoil 

deformation can be found from the works done by, for example, Chen et al. (2018) who studied 

the feasibility of using anchored fibre-optic strain-sensing arrays for subsoil deformation 

measurement in a 1-g plane-strain model test.  

With the help of numerical simulations, researchers are able to model particle translation 

and rotation of granular materials under monotonic and cyclic loading. Particle kinematics are 

considered important in understanding the macro-scale mechanical properties of granular 

materials. Ng and Dobry (1994) used a discrete element method (DEM) and found out the 

effect of particle rotation on the cyclic response of soil under monotonic drained loading and 

cyclic constant volume loading. Numerical modelling provided them the ability to partly 

control the behaviour of how the particles responded to loadings. A comparison of results 

between when rotation was allowed and inhibited is shown in Figure 2-11. This result indicated 

that the cyclic response of spherical particles was very sensitive to rotations. Another very 

interesting work can be found from the work by Bardet (1994), who used numerical simulation 

to investigate the effect of particle rotations on the failure of granular materials. His results 

highlighted the change in the shear strength of granular materials as influenced by particle 

rotations and claimed that particle rotations concentrate inside shear bands.  
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Figure 2-11. Constant volumes cyclic tests on a two-dimensional specimen (Ng and 

Dobry et al. 1994). 

The use of circle (in 2D) or sphere (in 3D) to model individual particles in numerical 

modelling leads to lower peak strength (Rothenburg and Bathurst, 1992), but incorporating real 

particle shapes and sophisticated contact models require high computational capability. 

Alternatively, Andò et al. (2012) proposed a discrete particle tracking approach aided by X-ray 

micro-tomography to directly observe the deformations of dry samples in triaxial loadings 

without the needs of lead shots. Their samples were prepared in a column with 11 mm in 

diameter and 22 mm in height. An algorithm was developed identifying each grain in a 

reference and a deformed configuration based on a volume criterion.  Mapping was therefore 

established between two consecutive configurations before the kinematics of each grain can be 

obtained. The tracking requires an allocation of an “ID” to each particle in the undeformed 

image, and the mapping is assigned by looking at the corresponding particle in the deformed 

images based on the IDs. This actually implies that a full-body scan is necessary for each 

loading step, since the particles are likely to be displaced along any direction in the space.  

The scan was conducted through a full 360° rotation by Andò et al. (2012), as shown in 

Figure 2-12 (a). One of their findings is that particle rotations tended to concentrate along the 

shear band, as shown in Figure 2-12 (b). Cheng and Wang (2018) re-examined this approach 
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and applied another criterion for tracking each sand particle. Again, a shortcoming of this 

technique is that a scan of the whole sample takes about 10 minutes, therefore may bring about 

problems when used in dynamic loadings as the loading frequency tends to influence the 

undrained cyclic shear behaviours (Sassa et al. 2005). 

 
Figure 2-12. (a) A discrete particle tracking set-up (Andò et al., 2012); (b) column of 

sample shows particle rotations concentrated along the shear band as captured by Andò 

et al. (2012). 

 

 

2.3 Motion captures in the field 

With the advent of performance-based design, the estimation of ground motions during 

geotechnical processes has been attracting the attention of researchers in the past several 

decades. For example, in the analysis of seismic slope stability, the information of deformation 

associated with slope failure is considered more useful than a single index of stability (the 

factor of safety). Newmark (1965) developed a sliding block model to estimate the magnitude 

of slope deformation under earthquake excitation. This model considered the potential failure 

mass as a block resting on an inclined plane. When the driving forces during a seismic 

(a) 

(b) 
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excitation exceed the resisting forces, this block will be accelerated and movements are 

generated. Further refinements of the Newmark sliding block model can be found in works 

done by Makdisi and Seed (1978), Wartman et al. (2003), Bray et al. (2007), etc. Another 

example is the endeavours in developing models to estimate ground displacements induced by 

soil liquefaction. The prediction of ground deformation is important because the evaluations of 

damage caused by liquefaction rely on the accurate prognostication of cyclic ground 

displacements and permanent lateral displacements. Empirical and semi-empirical approaches 

have been developed. For instance, improved from the Newmark sliding block model, Byrne 

(1990) took the post-liquefaction properties of sands into consideration, in which permanent 

displacement 𝐷 is calculated from: 

{
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where 𝐺𝐿 is the shear modulus of the liquefied soil, 𝑆𝑟 is the residual strength of the liquefied 

soil, 𝛾𝑙𝑖𝑚 is the limiting shear strain, 𝑇𝐿 is the thickness of liquefied layer, 𝜏𝑠𝑡 is the average 

shear stress required for static equilibrium, 𝑚 is the mass of soil above the failure surface and 

𝑣0 is the velocity of the mass at the instant of liquefaction. 

These empirical and semi-empirical models, together with the numerical models, require 

validations and calibrations before a reliable prediction to be expected. In addition, 

mechanisms and triggers behind ground deformations caused by natural hazards and human 

constructions may be very complex. Take landslides as an example, which often are triggered 

by catastrophic events such as earthquakes, heavy rainfalls, volcanic eruptions and floods, and 

they are considered as secondary hazards (Gill and Malamud, 2014). Due to the complex 

mechanism involved in landslides, a thorough and complete understanding is still for most part 

unknown. For example, an earthquake may not be the direct cause of a devastating landslide 
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but instead it could reduce the strength of the soil by creating cracks and channels in the soil 

structure. A subsequent rainfall or human activities may thus result in significant failures. 

Monitoring and early warning systems, as a result, are believed to be one of the most effective 

and straightforward techniques in reducing the damage of landslides (Lin et al., 2015).  

This section reviews the literature discussing the capture of motions of soil especially in the 

field. The included methods may be used as one part of an early warning system or health 

monitoring system for geo-structures. Together with the laboratory techniques examined 

before, it is believed that better understanding of the related geotechnical processes and the 

site-specific mitigations can be expected embracing the ever-developing sensor technologies.  

Measurements of ground deformations can be made by: 1) ground-based geodetic methods, 

such as Global Navigation Satellite System (GNSS), having high accuracy and high frequency 

temporal observations; and 2) remote sensing methods, such as photogrammetry, LIDAR and 

Interferometric synthetic aperture radar (InSAR), which allow observations with larger 

coverage and therefore having high spatial resolution.  

 

2.3.1 Global Navigation Satellite System 

Global Navigation Satellite System (GNSS) is a navigation system with global coverage. 

These collective constellations include the United States' Global Positioning System (GPS) and 

Russia's Global Navigation Satellite System (GLONASS), which are fully operational, and 

China's BeiDou Navigation Satellite System (BDS) and the European Union's Galileo 

scheduled to be fully operational by 2020. Take Global Positioning System (GPS) as an 

example; it is a type of positioning sensing technique requiring satellites to function as 

references. The basic principle of GPS localisation is that any receiver on earth can receive 

coded broadcasts from satellites orbiting in precisely known patterns, and the distances 
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between the receiver and these satellites can be calculated. These measured distances with the 

corresponding satellites can form imaginary spheres centred on these satellites emitting the 

coded signals, as shown in Figure 2-13. Then the intersection of several spheres will indicate 

the exact location of the receiver. 

 
Figure 2-13. GPS satellites and receivers. 

When the satellite oscillator is not synchronised to the GPS time, errors could affect the 

positioning accuracy. This error is often called “clock error”. Differential GPS (DGPS) was 

developed by engineers to decrease the inaccuracy caused by this error from hundreds of metres 

to as small as one metre. Differential GPS uses fixed stations with known locations on earth to 

determine the clock errors in the signals transmitting from the satellites. The corrected signals 

are then sent by the fixed stations to mobile receivers before being used in calculating the 

accurate locations of the mobile receivers. The accuracy of GPS results is dependent on the 

user environment and equipment. For example, the existence of forest, buildings and high 

mountains at the field of interests may impair the signals. As a result, the antennas should have 

good visibility in order to avoid interference. Ideally, obstacles should not appear 15° above 

the horizon.  



32 
 

GPS has already been used extensively in geodesy and surveying. Gili et al. (2000) used 

GPS-assisted techniques to monitor the stability of slopes in Vallcebre in the Eastern Pyrenees 

(Spain). Considering the requirement for high productivity in field monitoring, fast-static (FS) 

and real-time kinematic (RTK) methods were used. The FS method is developed from the 

classical static method with more rapid calculating speed (Frei et al., 1990). RTK method, on 

the other hand, includes a mobile rover station. As shown in Figure 2-14, both base station and 

rover station receive signals from satellites. A message containing the position information 

about the base station will also be sent to the rover station to be merged for calculating a more 

precise position. Gili et al. (2000) compared the GPS results with the measurements from 

inclinometers, which indicated that the errors from FS and RTK methods in the horizontal 

plane were 30 mm and 40 mm, respectively, while in vertical plane they are 46 mm and 62 mm, 

respectively. However, a disadvantage of the RTK method is that it needs an almost direct line 

of sight between the base and rover (Gili et al., 2000).  

 
Figure 2-14. Fast-static (FS) and real time kinematic (RTK) GPS methods (Gili et al., 

2000). 
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In addition to the clock errors mentioned before, atmospheric effects and multipath effects 

could also impair the precision of GNSS. Inconsistency of atmospheric conditions, for example 

in the ionosphere, would affect the transmitting speed of GNSS signals and therefore should 

be taken into consideration, especially when the satellites are near the horizon since the 

transmitting path of the signal through the atmosphere is longer. Multipath errors come from 

the reflection of the radio signals due to surrounding objects, such as buildings and canyon 

walls. Specialised antennas, for example a choke ring antenna, can be used to reduce the error. 

Detailed countermeasures against these errors can be found from works done by Parkinson et 

al. (1996). Instead of relying on only one frequency of signal band to track the position, some 

devices can capture more than one signal from satellites, with each signal having different 

frequency. Details about the dual-frequency GNSS observations have been discussed by 

Cardellach et al. (2014). However, according to Benoit et al. (2015), GNSS receivers using 

multiple frequencies are still very expensive, which limits their usage when denser monitoring 

is required. In the case of landslide monitoring, having a size of a few hundreds of metres to 1 

or 2 kilometres, Benoit et al. (2015) claimed that the accuracy provided by dual-frequency 

equipment is an overkill, considering a relative short baseline between receivers. Taking 

advantage of short baseline, signals transmitted to nearby receivers would be subjected to very 

similar atmospheric effects; as a result, Benoit et al. (2015) developed a temporary Geocube 

dense network that can be deployed quickly as needed, in which a sub-centimetre level 

accuracy with high sampling frequency was achieved. The Geocube dense networks were 

applied to capture the position time series of the Super-Sauze landslide which happened in 

summer 2012 in the southern French Alps.  

As a result of widespread liquefaction and lateral spreading, earthquakes can cause 

significant damage to structures and lifelines. Some examples are shown in the 4 September 

2010 Darfield and 22 February 2011 Christchurch earthquakes as reported by Robinson et al. 
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(2014). Spatial distributions and displacements of lateral spreading were obtained from ground 

survey employed by Robinson et al. (2011), in which GPS recording, laser rangefinder readings 

and tape measurements are combined to provide information along specific alignments, 

oriented in the direction of spreading (referred to as “transect”). The locations of possible 

transects had been predetermined using aerial photographs and Google Earth images. GPS 

provided georeferenced waypoints including the beginning of a transect (at water edge) and the 

location of large cracks, as shown in Figure 2-15. Due to obstacles, such as dense bush, some 

transects were terminated away from the water edge. These inaccessible parts were estimated 

using aerial photos.  

 
Figure 2-15. Aerial view of South Kaiapoi indicating lateral spreading transects and 

locations of major ground cracks/fissures (Robinson et al. 2011). 
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Apart from landslide monitoring and ground surveying after a geotechnical hazard, GNSS-

based methods can also be used to measure ground deformations during seismic events, which, 

according to Turner (2002), can hardly be obtained by conventional instrumentation techniques. 

In 2006, the behaviours of a single pile and pile groups subjected to seismic-induced lateral 

spreading were evaluated making use of full-scale field experiments (Ashford et al., 2006). 

Liquefaction was triggered by controlled blasting and movements of both piles and ground 

surface were observed through RTK-GPS. Tests were conducted at the Port of Tokachi, Japan 

in November and December 2001, in which twelve GPS units were deployed. Since RTK 

methods were used, two of the GPS units served as reference points located roughly 100 m 

away from the blast zoon to avoid vibrations. Data among GPS units were transmitted 

wirelessly and the two base units were mounted at the roof of the monitoring centre to reduce 

the multipath and line-of-sight errors. Positioning information was collected at a rate of 10 Hz 

before the blast, during the blast, immediately after the blast and the following day (Turner, 

2002). Figure 2-16 shows one of the GPS units with the equipment enclosure mounted onto the 

pile cap. One of the derived results showed that relative movements between liquefied soil 

layer and dense gravel layer caused significant bending moments to develop in the piles.  

 
Figure 2-16. A GPS unit measuring movements of the pile cap (Turner, 2002). 
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RTK-GPS technique requires a fixed base receiver in the field which should not be far away 

from the mobile receivers in order to guarantee the accuracy. On the other hand, Precise Point 

Positioning (PPP) algorithms have been developed in GNSS-based systems to accurately 

measure displacements provided with a single receiver. Evaluations of the performance of this 

method can be found from the works done by Dogan et al. (2018) making use of the 21 July 

2017 Kos-Bodrum Mw 6.6 earthquake. Another very interesting work can be found from the 

work by Xu et al. (2013), who provided accuracy analysis comparing PPP and IMU results. 

What they did was to mount a GPS receiver and IMU onto a shake table, which was placed on 

the roof of a building for better signal quality from satellites. The shake table was able to 

provide shaking on horizontal and vertical planes. Sampling from GPS was taken at 50 Hz and 

the cyclic motion was created at a frequency of around 1 Hz.  

 

2.3.2 Synthetic aperture radar 

Radar is the acronym for Radio Detection and Ranging, which sends out a pulse signal and 

look for the reflected return signal pulse. The radar antenna transmits sequential 

electromagnetic waves and is also used to collect the back-scattered echoes. Surface 

characteristics can be determined by measuring the properties of the echoes, including the 

round-trip time of the pulse signal, the strength of the backscatter and the phase of the return 

wave (Ager, 2013). These surface characteristics comprised a physical branch (geometry, 

roughness) and an electrical branch (permittivity). Different from a traditional radar, a 

Synthetic aperture radar (SAR) is an image radar mounted on a moving platform. This attribute 

allows a construction of a virtual aperture that is much longer than the length of a physical 

antenna, which is considered as the origin of the name “synthetic aperture”. The development 

of the principle of SAR was to overcome a main drawback of radar systems, that is, the low 
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azimuth resolution (Cutrona et al., 1961). As shown in Figure 2-17 (a), the images created by 

radar include a range dimension and an azimuth dimension, in which many individual pulses 

are combined to produce a long image swath. Imaging radars are usually side-looking because 

down-looking radars are not able to differentiate two targets having the same distance from the 

sensor but located on the opposite sides. The along-track resolution (azimuth resolution) is 

determined by the beamwidth (β), as shown in Figure 2-17 (b), which is calculated by 𝛽 = 𝜆/𝑑. 

𝜆 is the wavelength of the radar signal and the width in the azimuth dimension of a rectangular 

antenna is given by d. Assuming a distance between the ground target and an airborne radar is 

given by 𝑟,  the azimuth resolution (𝛿𝑎𝑠) is estimated by 𝛿𝑎𝑠 = 𝛽 ∙ 𝑟 in a standard radar system. 

It is clear that larger antenna could improve resolution and a long-range distance (𝑟) would 

yield a low azimuth resolution. However, it is difficult to have a long antenna in space. 

Fortunately, in SAR, a virtual aperture is synthesised by using the movement of the satellite or 

aircraft to simulate a very long antenna. The corresponding synthetic length of the virtual 

aperture is 𝐿𝑎𝑠𝑦𝑛 = 𝜆 ∙ 𝑟/𝑑. Therefore, the azimuth resolution is given through 𝛿𝑎𝑠𝑦𝑛 = 𝑟 ∙

𝜆
2𝜆𝑟

𝑑

=
𝑑

2
 (Moreira et al., 2013). The remarkable attribute of being independent of range distance 

allows SAR azimuth resolution to be very high and suitable for measuring motions of ground 

surface in the long term. According to Ager (2013), a 1 m azimuth resolution can be reached 

by commercial space radars having range distance (𝑟) even larger than 1000 km.  
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Figure 2-17. (a) Radar range and azimuth dimension; (b) Azimuth resolution (Ager, 

2013). 

Remote sensors, such as a radar system, are designed to operate at specific regions of the 

electromagnetic spectrum according to their intended applications. For example, optical 

sensors measure visible light reflected and therefore can only function when clear light path is 

ensured. Radar systems often use bands that lie in the microwave region, which provides higher 

penetration ability through clouds and vegetations compared to optical sensors. The commonly 

used frequency bands and the corresponding wavelength range for SAR systems can be found 

in Table 2-1. As mentioned before, an imaging radar requires two-dimensional resolution, 

namely, the azimuth resolution and range resolution. By sending out signal pulses and 

analysing the reflected echoes, radar system can localise a target or create two-dimensional 

images describing the surface properties. This signal pulse is emitted at the speed of light for a 

short period of time, so its length equals c (light speed) times the duration (τ). In order to 

distinguish two different objects, the corresponding reflected pulses should be sufficiently 

separated. As a result, the range resolution is measured by 𝛿𝑟𝑠 = 𝑐𝜏/2. Even for a very short 

duration, the derived resolution is not enough. Therefore, a so-called chirp signal is commonly 

utilised to modulate the frequency of the waveform for transmission in SAR applications. 

Within the duration τ, the chirped pulse has a frequency variation (also known as bandwidth) 

(a) 

 

(b) 
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changed in a linear manner over τ, as shown in Figure 2-18. This variation denotes the range 

of frequency that is used in a chirped signal and the consequent resolution is improved as  

𝛿𝑟𝑐ℎ𝑖𝑟𝑝𝑒𝑑 = 𝑐/(2 ∙ frequency variation) . For example, a commercial space radar system 

having a frequency variation of 300 to 400 MHz would yield a range resolution of roughly 0.5 

m (Ager, 2013).  

 

Table 2-1. Radar frequency bands (IEE Standard 521-1984) according to Moreira et al. 

(2013). The name of the band designation is based on the Institute of Electrical and 

Electronics Engineers (IEEE) standard (Bruder, 2013).  

Band Frequency Range (GHz) Wavelength Range (cm) 

Ka 25 ~ 40 0.75 ~ 1.2 

Ku 12 ~ 17.6 1.7 ~ 2.5 

X 7.5 ~ 12 2.5 ~ 4 

C 3.75 ~ 7.5 4 ~ 8 

S 2 ~ 3.75 8 ~ 15 

L 1 ~ 2 15 ~ 30 

P 0.25 ~ 0.5 60 ~ 120 

 

 
Figure 2-18. From a simple pulse to a chirped pulse (Ager, 2013). 

There are different types of backscattering mechanisms controlled by the geometry and the 

reflectance characteristics of the objects. In general, the higher the backscattered intensity, the 

rougher the surface being imaged. One can imagine a very smooth surface acting like a mirror. 

Most of the incident radar pulse are reflected away and very little can be scattered back to the 
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radar sensor. In this case, a smooth surface is shown as very dark on radar images, such as 

water surface. In contrast, vertical objects can produce high intensity of return pulse (due to 

double-bounce) and therefore usually appear bright on radar images. In between a smooth 

surface and an area with vertical objects, a rough surface partially reflects the incident energy 

and appears grey. Whether a surface appears rough or smooth to radar depends on the 

wavelength and incident angle of the pulses, as it is considered smooth if the height variations 

of the surface are much smaller than the radar wavelength.  

In order not to only create images of landscapes, but also capture motions of the ground 

surface, SAR interferometry, making use of the phase information of the echoes, is developed. 

For a given scene, by comparing the phase information of multiple radar images derived at 

different times, it is possible to measure very subtle ground surface changes. A prerequisite of 

such comparison is the coherence of the microwave illumination emitted by the same radar 

sensor, i.e. both amplitude and phase values of the signal are recordable. Conversely, optical 

sensors make use of sunlight illumination, which is not controllable and sometimes varies 

significantly due to weather differences. Details about the development of interferometric SAR 

(InSAR) can be found from, for example, Bamler and Hartl (1998), Massonnet and Feigl (1998), 

and Henderson and Lewis (1998).  

Colesanti and Wasowski (2006) demonstrated the advantages and limitations of space-borne 

SAR techniques with a case study of a large Triesenberg–Triesen landslide located in the 

Liechtenstein Alps. Their work also included an introduction of SAR differential 

interferometry (DInSAR), based on which the Permanent Scatterers (PS) technique is discussed. 

By using this innovative method, a slope deformation monitoring with millimetric precision 

and wide-area coverage is achieved if ideal environmental conditions are available. However, 

one limitation is that only very slow ground motions can be detected reliably (usually up to 10–

20 cm/year according to Colesanti and Wasowski 2006). Moreover, being able to measure only 
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a fraction of the horizontal motions is another drawback of space-borne radar systems. Some 

important applications in detecting ground motions are, for example, volcano deformation 

measurements (Massonnet et al., 1995), capturing of earthquake-induced displacement field 

(Massonnet et al., 1993) and estimation of ground subsidence (Ferretti et al., 2000). 

Similar to space-borne SAR, ground-based SAR interferometry (GB-InSAR) is also a 

powerful tool in deformation monitoring, but instead of relying on satellites or aircrafts, GB-

InSAR has radar sensors mounted along a rail track, as shown in Figure 2-19. Monserrat et al. 

(2014) reviewed two types of data acquisition modes: the continuous GB-InSAR and the 

discontinuous one. In the continuous GB-InSAR, radar instruments can be left in-situ and 

operate every several minutes on demand, which is more flexible compared to its space-borne 

counterpart. Corsini et al. (2013) tested the applicability of GB-InSAR in Emilia Romagna 

Apennine (Italy), in which human structures are threatened by prolonged periods of rainfall. 

Some of the areas are covered by sparse vegetation which are considered to be disadvantageous 

to the coherence between radar acquisitions. The radar rail was fixed on permanent structures 

or concrete cubes for providing sensing reference. Distance between the radar sensor and the 

targeted slopes ranged from 0.5 to 3 km, and the operation time for single acquisition lasts from 

5 to 10 min in a total monitoring campaign of 10 days to more than 1 month. With rapid 

operability of the system, they could obtain displacement map after a few hours from 

installation. One of their derived displacement time histories showed that there was almost no 

delay between increased displacement and onset of rainfall during the Fravica landslide, which 

was a reactivated earth flow on 27th April 2009. Other applications include the establishment 

of early warning systems on the potential instability of historical sites having important cultural 

value. For example, Tapete et al. (2013) explored the capability of both air-borne and ground-

based InSAR for detecting deformations on the monuments of archaeological areas in Rome 

(Italy).  
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Figure 2-19. A GB-InSAR system installed in front of a monitored area by Antolini et al. 

(2013). 

 

2.3.3 LiDAR  

In addition to interferometric synthetic aperture radar (InSAR), another major technique in 

remote sensing for ground motion investigation is light detection and ranging (LiDAR) or laser 

(light amplification by stimulated emission of radiation) scanning. Different from the 

previously mentioned radar systems, which usually use microwave bands to illuminate the 

targets, laser uses light as the signal pulse. For example, green light (having a wavelength of 

532 nm) and near-infrared light (1064 nm) are common options. The laser device emits a beam 

or a pulse of radiation in which all the waves are coherent and in-phase (Shan and Toth, 2018). 

The operations of LiDAR rely on laser-based ranging instruments, such as a laser ranger, to 

send out pulses or beams that get reflected by the targets. By recording the returning signals 

and measuring the time of flight, laser ranging is often carried out through two main methods: 

phase and pulse method (Wehr and Lohr, 1999). Pulse method involves the emitting of a short 

but intense laser beam to the target of interest and measuring the precise time duration until the 

echoed signals are received. The distance (R) between the target and receiver is given by 𝑅 =

𝑐 ∙ Δ𝑡/2, where 𝑐 is the speed of light and Δ𝑡 is the measured time duration. According to 
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Jaboyedoff et al. (2012), this method has a large effective range and is consequently suitable 

in most terrestrial laser scanning and airborne laser scanning for ground surface observations. 

Alternatively, the phase method provides more accurate distance detection but suffers from a 

more confined effective range. In phase method, the laser device generates a continuous laser 

radiation rather than a pulse. By comparing the wave patterns between the emitted and received 

versions and measuring the phase difference, the distance can be evaluated. The number of a 

whole wavelength transmitted after emission can be counted as N. A digital pulse counting 

technique is usually conducted to provide a measurement on the fractional part Δ𝜆, which is 

also the phase difference (Shan and Toth, 2018). Therefore, the distance between the target and 

the receiver is calculated as 𝑅 = (𝑁𝜆 + Δ𝜆)/2, where 𝜆 is the wavelength of the used light.  

The derived distance R is the slant distance or the distance along the line of sight, so the 

next step is to convert these slant distances into a location profile of a series of target points by 

taking into account the vertical angle between the line of sight and horizontal direction, as 

shown in Figure 2-20. This relationship holds when terrestrial laser rangers are used. When the 

laser device is mounted on an airborne platform, e.g. an unmanned aerial vehicle, the location 

and altitude of the moving platform should be determined in advance. A global positioning 

system (GPS) aided by inertial measurement unit (IMU) is commonly used to provide such a 

pre-measurement, as shown in Figure 2-20 (c), and then the coordinates of the targets on the 

ground are estimated correspondingly.  

The main product of LiDAR survey is a 3D point cloud. With ideal environmental 

conditions given, a typical laser system can have an accuracy of ±1.5 cm on its range 

measurements within a distance of 800-1000 m (Manetti and Steinmann, 2007). However, as 

mentioned in the reviews of radar systems, this accuracy could be impaired by, for example, 

bad weather conditions (heavy rain or fog). The level of detail a laser scanner can reveal on the 

ground surface is dependent on sampling rate and laser beam width. According to Jaboyedoff 
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et al. (2012), for an airborne laser system, the point density is usually 0.5 to 100 points/m2, 

while a ground-based laser system can usually have a higher density with a value of 50 to 

10000 points/m2.  

LiDAR can provide visualisations of displacement fields of surface ground motions, such 

as landslides. This allows an easier evaluation of the landslide kinematics and failure 

mechanism compared to only using single-point measurements, such as GPS. Displacement 

field is acquired by computing differences between sequential point clouds taken at different 

times. Jaboyedoff et al. (2009) demonstrated the use of terrestrial laser system in quickly 

obtaining topographic information and creation of landslide displacement field with three case 

studies in Canada and Switzerland. One of their derived figures directly reveal the rotational 

sliding mechanism of a landslide on the Sorge River bank (Lausanne, Switzerland) after two 

heavy rainfalls in 2006. As shown in Figure 2-21, negative differences appeared in the scar 

area and deposit materials accumulated at the foot of the slide, while in-between it showed 

almost zero displacement. LiDAR point cloud can also help quickly determine landslide 

volume by comparing pre- and post-event profiles. A good example can be found from the 

work of Chen et al. (2006), who used airborne LiDAR to create a high-resolution digital 

elevation model and to estimate the volume of Tsaoling landslide in central Taiwan triggered 

by 1999 Chi-Chi earthquake.  
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Figure 2-20. (a) Measurement of slant distance with a terrestrial laser device; (b) vertical 

angle used to compute the horizontal distance and height difference between laser device 

and targets; (c) measurements carried out from airborne or spaceborne platform (Shan 

and Toth, 2018). 

 
Figure 2-21. Displacement field of a landslide on the Sorge River bank (Lausanne, 

Switzerland) derived after heavy rainfall events in March and April 2006 (Jaboyedoff et 

al., 2009).   
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2.3.4 Photogrammetry 

According to Linder (2009), photogrammetry can be defined as “the science of measuring 

in photos”, and belongs to the field of remote sensing. Opposite to the previously mentioned 

SAR and LiDAR systems, which use artificial pulses to illuminate the ground surface, 

photogrammetry is a passive method since it is based on photos that are captured using ambient 

light. The information that could be extracted from photos includes the three-dimensional (3D) 

coordinates of objects on the ground surface, after which the kinematics during a geotechnical 

event could be computed by combining with the temporal information given by the times that 

the photos are taken. However, from a single photo at a time, it is only possible to have two-

dimensional (2D) coordinates of objects. It is similar to that if objects are seen through only 

one eye, the perception of depth is lost. Luckily, the brain always receives two slightly different 

images from both eyes, and the so-called stereoscopic viewing provides three-dimensional 

information of an object. Given the fact that light travels along a straight line in space 

(approximately), the basic principle for the conversion of 2D image to 3D point cloud is a 

collinearity constraint: the target point, its projection on the photo and the focus of a camera 

all lie on the same straight line. Figure 2-22 shows a schematic of such conversion, in which 

𝒐𝟏𝒐𝟐, 𝒐𝟏𝒂𝟏
′ , 𝒐𝟏𝒃𝟏

′ , 𝒐𝟐𝒂𝟐
′ , and 𝒐𝟐𝒃𝟐

′  are known vectors. Thus, the coordinates of point A and B 

can be calculated. More details about the mathematical foundations of photogrammetry are 

discussed by Schindler (2014) and Mullen (2004).  
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Figure 2-22. Schematic of a conversion from multiple 2D images to 3D coordinates of an 

object. 

Niethammer (2012) tried to make high-resolution measurements of landslides using images 

taken from unmanned aerial vehicles (UAVs). The site of interest was chosen to be the Super-

Sauze landslides, France, located on the north-facing slope of Southern French Alps. Accuracy 

was evaluated by comparing the results from ortho-photos and from differential GPS 

measurements on 199 ground control points. The mean error turned out to be 0.5 m with a 

standard deviation of 0.57 m. Also, special care was taken to evaluate UAV’s ability to map 

fissures and displacements on the surface of a landslide, because traditional survey cannot 

cover the large area of this landslide and satellite data did not have adequate resolution to 

capture fissures having width of around 0.1 m. A more detailed overview on the accuracy of 

photogrammetry is discussed by Barry (2013). Other applications can be found in the literature, 

such as by Meyer et al. (2015) and Dominici (2017), who used UAV-assisted photogrammetry 

to collect perishable data and to reconstruct 3D models of structures immediately after an 

earthquake; Sato and Nakanishi (2014), who used UAV to capture images and obtain 

information in dangerous areas; Nakano et al. (2014), who used photogrammetry-produced 
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digital elevation model (DEM) to estimate the area and volume of a new island formed by a 

volcanic eruption; and Akca (2013), who used 4 cameras and photogrammetric algorithms to 

measure slope mobilities by tracking tennis balls rigged into the ground.  

Technologies involved with photogrammetry have many similarities with those based on 

LiDAR. For example, both of them can have ground-based and airborne applications, and can 

have higher data density and cover larger area compared to traditional land surveying methods. 

However, they are also quite different from each other and therefore have different application 

environments. One important feature of photogrammetry is that it could produce images and 

3D models with RGB colours, while LiDAR data can only have false-colour based on 

reflectivity or elevation. With colours available in photos derived from UAV, soil moisture 

differences could be detected through contrasting shades on the images. This may help 

researchers quantify the infiltration pathways (Niethammer, 2012). While LiDAR can work in 

the night or low light conditions, photogrammetry is useful only when enough ambient light is 

provided. They are also different in data acquisition, data processing procedure and cost. For 

example, in LiDAR, it only requires a few minutes’ transition from raw data to a point cloud; 

conversely, the transformation of 2D images to 3D models in photogrammetry is very time-

consuming and may even require a third-party processing software. In terms of the cost of 

hardware, a LiDAR sensor set, having a laser scanner, is usually more expensive than a 

photogrammetry-supported system, which only requires cameras.  

 

 

2.4 Motion tracking using magnets 

Magnetic position and orientation tracking system has been studied and applied in many areas. 

Back in the 1970s, Raab et al. (1979) considered the application of magnetic tracking system 

in helmet-mounted sight (HMS). By measuring the orientation of the helmet, the weavers’ line-
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of-sight could be acquired and shared by an electronic system to others. This could enable, for 

example, one pilot of a fighter aircraft to transfer the visually obtained target to another crew 

member. Other applications during the same era include the localisation of trapped miners after 

a mine emergency by calculating the electromagnetic field on the earth surface generated from 

a compatible light-weight loop antenna packaged on miner’s belt (Olsen and Farstad, 1973). 

The feature of free-from-occlusion and being able to capture orientations make magnetic 

tracking techniques very competitive compared to, for example, acoustic tracking, optical 

tracking and image-based tracking systems (Huang et al., 2015).  

Schlageter et al. (2001) developed a system capable of tracking a permanent magnet with a 

2D-array of 16 cylindrical Hall sensors. The 4×4 sensor array was able to track a rare earth 

cylindrical magnet with 6 mm diameter and 7 mm height at a distance up to 140 mm. Recently, 

magnetic tracking system has been proved promising in human medical applications, such as 

robotic surgery and gastrointestinal (GI) endoscopy. Take GI endoscopy for instance, until the 

investigation done by Meng et al. (2004) on the magnet-based localisation and actuation, wired 

active GI endoscopy had been the most effective diagnostic procedure in detecting diseases of 

the GI tract. However, those flexible and bulky cables inevitably bring discomfort and pain to 

the patients. Swallowable capsule carrying a tiny camera and a wireless transmitter was 

therefore developed (Iddan et al., 2000); but it still bore a shortcoming that it was completely 

passive, meaning that the movement of the capsule could not be controlled and missing 

diagnosis was sometimes possible. A magnetic actuator was developed by Sendoh et al. (2003) 

with a spiral-shaped cover. An external rotational magnetic field was used to rotate and propel 

the permanent magnet inside the capsule wirelessly, as shown in Figure 2-23. Since then 

extensive studies have been conducted by researchers. The core part of magnetic tracking is to 

mathematically model the magnetic field generated by a target, after which its location and 

orientation can be obtained usually through optimising an objective function. The magnetic 
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dipole model is often used, especially when the tracker dimension is much smaller than the 

distance between the tracker and the sensor array (Schlageter et al., 2001). This model can be 

expressed as: 

𝑩𝒍 = 𝐵𝑇 (
3(𝑯𝒐∙𝑿𝒍)∙𝑿𝒍

𝑅𝑙
5 −

𝑯𝒐

𝑅𝑙
3)                                             (2-3) 

where 𝑩𝒍 = (𝐵𝑙𝑥, 𝐵𝑙𝑦, 𝐵𝑙𝑧) is the three-axis magnetic flux density; 𝑯𝒐 = (𝑚, 𝑛, 𝑝) indicates 

the orientation of the magnetic dipole; 𝑿𝒍 = (𝑥𝑙 − 𝑎, 𝑦𝑙 − 𝑏, 𝑧𝑙 − 𝑐) is the location vector of 

the dipole relative to the sensor and Rl is a scalar indicating the location vector’s magnitude. 

Hu et al. (2005, 2006) have done a lot of important investigations on magnetic localisation 

using the dipole model. One of their work was to transfer the nonlinear Equation (2-3) to a 

linear nonhomogeneous one so that: 

𝑭𝒍𝑹 = 𝑏𝑙                                                            (2-4) 

where 𝑭𝒍 = [𝐵𝑙𝑥 , 𝐵𝑙𝑦, 𝐵𝑙𝑧, (𝐵𝑙𝑧𝑦𝑙 − 𝐵𝑙𝑦𝑧𝑙), (𝐵𝑙𝑥𝑧𝑙 − 𝐵𝑙𝑧𝑥𝑙)] ; 𝑹 = [(𝑏 − 𝑐𝑛′), (𝑐𝑚′ −

𝑎), (𝑎𝑛′ − 𝑏𝑚′),𝑚′, 𝑛′]𝑇 ; 𝑏𝑙 = (𝐵𝑙𝑥𝑦𝑙 − 𝐵𝑙𝑦𝑥𝑙)  with 𝑚′ = 𝑚/𝑝  and 𝑛′ = 𝑛/𝑝 . This 

nonhomogeneous system can be solved by taking the inverse of the coefficient matrix 𝑭𝒍. In 

Section 3.2.2, this linear algorithm is discussed in detail with some improvements. In contrast 

to the magnetic dipole model, the analytical model integrates the magnetic fields at a position 

caused by thin sheets of surface currents on the magnet. With the Biot–Savart law, the field 

strength from each segment of surface current can be calculated and the magnetic field of a 

permanent magnet can be represented by the integration of those surface currents. Details about 

this analytical model can be found from works done by Song et al. (2014, 2017, 2018). Their 

works also showed that the analytical model provides a more accurate description of the 

magnetic field distribution when there is a small distance between the tracker and sensor array.  
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Figure 2-23. Illustration of wireless capsule endoscope making use of a magnetic actuator 

(Sendoh et al., 2003). 

 

 

2.5 Discussions  

In observations of ground motions, sensors based on inertial measurements have difficulties 

measuring displacements occurring at low rate, which becomes the main hinder to their 

effectiveness when being used in capturing long-term displacements. For example, a potential 

landslide may undergo movement with a linear velocity of <10 mm/day before significant 

failure; such a small speed can hardly be captured by inertial-based sensors using double 

integration. In this case, position sensing techniques, such as extensometers, GB-InSAR and 

GNSS-related techniques, are usually applied simply because the real-time distance between a 

reference and the present location of the target can be recorded.  However, geotechnical 

procedures often involve motions underground, for example, Whiteley et al. (2019) clarified 

the importance of subsurface monitoring especially in moisture-induced landslides as the 

moisture that does infiltrate the subsurface is treated to be effective. Additionally, although 

field observations on the liquefied ground provide straightforward information and can be used 

to validate the predictive models, sub-surface deformations are usually hard to capture. The 
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techniques reviewed in this chapter are only used primarily in surface detections, since their 

high-frequency signals (for example, 1000~1500 MHz for GPS signal) have difficulty 

penetrating through soil layers. Therefore, other methods are required to fill the gap of motion 

measurements underground. 

In the study of laboratory experiments, image-based methods are widely used in 

deformation measurement. Techniques have been developed and improved in the past decades. 

The upgrade of high-resolution low-cost digital cameras may lead to a direct improvement in 

image capture technology as measurement precision is determined by pixels. The increase in 

the resolution of the image would reduce the pixel size (mm/pixel) and, as a result, the object-

space precision is increased correspondingly. Besides, the optimisation of an image texture can 

also maximise the measurement precision given the same camera resolution (Stanier and White 

2013). This image texture is provided naturally by the variations of colours and shadows among 

the individual soil grains. It is worth mentioning that, except for the technique which makes 

use of IMU, the others reviewed previously are more or less similar. Techniques using DIC, 

transparent soil and projectional radiography all first create consecutive images by scanning 

the soil mass (optically or radiographically), and then extract the temporal motion information 

out of those images. Although these techniques make no mechanical contact between the 

sensing element (e.g. cameras or detector screens) and the movable physical element whose 

positions are being measured (e.g. soil mass or soil particles), the “connection” between the 

moving targets and receivers is provided by images, or more essentially, by electromagnetic 

radiation detected by a screen. In applications using DIC and transparent soil, visible light in 

the electromagnetic spectrum is used, so the penetrating ability is limited. As the wavelength 

decreases, X-ray and gamma ray can penetrate the soil mass to produce inside visualisations of 

motions. Laser rangefinder is another type of linear position sensor making use of visible light 

to measure movements of soil mass at the surface. The direction of the displacement measured 
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is usually parallel to the direction of the laser beam. Same requirement of the measurement 

direction can be found in applications using linear variable displacement transducer (LVDT), 

in which the core of the LVDT should be attached to the movable part of the system being 

measured, as shown in Figure 2-24. Horizontal and vertical arrays of LVDTs were used by 

Hashash et al. (2015) who evaluated the seismic site response of sand with centrifuge 

experiments. As shown in Figure 2-25, the vertical LVDTs were used to measure settlements 

at the surface during cyclic motions, while the horizontal ones, mounted on the container 

frames, can capture the relative movements of each frame with respect to a reference.  

As mentioned previously, a “connection” between the target and a sensor should be 

established in a contactless tracking technology. Such a connection could be provided by the 

use of inductive, capacitive, magnetic, or optical coupling. Each of these has its own 

advantages and limitations and can be suited in appropriate situations under careful design. 

Details about the fundamental theories of these sensor technologies can be found in the work 

done by Nyce (2004). In later chapters, a tracking system based on magnetic coupling is 

developed and validated under the environment of geotechnical applications to localise moving 

targets, which can be used to represent the internal 3D motions (both linear and angular) of soil.  

It is worth noting that, by comparing different technologies in laboratory applications and 

field surveys, each technology has its own advantages and limitations. None of them is strictly 

better and can cover all application circumstances. Therefore, in most cases, they are 

complementary. The improvement of technology, whether in sensor hardware or in data 

processing software and algorithms, not only results in a direct upgrade of one correspondent 

method alone but also provides broader opportunities where multiple techniques could be 

combined. This could be seen, for example, from the upgrade of GNSS receivers and IMU sets, 

which facilitates the evolutions of the unmanned aerial vehicle (UAV). Consequently, 
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embracing these upgrades and evolutions, more reliable and cost-effective airborne SAR, 

LiDAR and photogrammetry systems could be expected.  

 
Figure 2-24. LVDT linear position transducer with core (Nyce, 2004). 

 
Figure 2-25. Set-up of centrifuge experiments done by Hashash et al. (2015). 

 

 

2.6 Summary 

This chapter aims to provide reviews of available tracking technologies for motion 

measurements in laboratory tests and field monitoring of geotechnical processes. In the 
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laboratory environment, the scale of tracking is relatively smaller compared to projects in the 

field. But the requirement for tracking resolution is higher considering the investigations of 

mechanism usually call for accurate interpretations of physical processes. Image-based 

techniques can provide full-field measurement of linear displacement and velocity with high 

accuracy, but suffer from the incapability of seeing through the soil mass and capturing soil 

motions inside. Techniques using transparent soil and projectional radiography offer 

circumventions in two contradictory ways. The former replaces the soil with transparent 

material to “visualise” internal deformation while the latter strengthens the penetration of 

information carrier (e.g. from visible light to X-ray).  

While some techniques are very useful in the laboratory, they have obvious limitations when 

applying in the field. For example, it is not practical to replace all the soil at the site of interest 

by transparent one. Air-borne or space-borne methods can cover large area and, thanks to the 

recent development of technology, tracking accuracy is no longer their major shortcoming 

compared to the traditional ground survey. However, how to make the subsurface information 

of soil motion perceivable remains one of the biggest challenges in geotechnical researches.  
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3. Development of a magnetic tracking system: 

Theoretical considerations  

 

 

 

 

 

 

3.1 Background 

Magnetic tracking is a type of position sensing technique which requires a tracking target 

(tracker) and a reference array (receiver). A magnetic dipole, such as a permanent magnet or a 

coil emitting electromagnetic signal (electromagnet), can generate a magnetic field in the space. 

Position as well as direction information of a dipole can be derived from the magnetic flux 

density (B with the unit of Tesla, newton per metre per ampere) it generates. In 

electromagnetism, the term “magnetic field” is usually indicated by two different but related 

fields, denoted by B and H (A/m, ampere per metre). For any point in the space, the H-field is 

related to the B-field by:  

𝑩 = 𝜇0(1 + 𝜒𝑣)𝑯                                                         (3-1) 

where 𝜇0 is the magnetic permeability of vacuum, equals to 4𝜋 × 10−7  N/A2 (Newton per 

ampere square); and 𝜒𝑣  (dimensionless quantity) is the magnetic susceptibility, which 

measures the extent of magnetisation a material can get under an applied magnetic field. This 
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value can be used to classify most materials into two categories based on their response to an 

applied field: (1) paramagnetic materials (𝜒𝑣 > 0); and (2) diamagnetic materials (𝜒𝑣 < 0). 

Some examples are shown in Table 3-1. Given the fact that in vacuum, 𝜒𝑣 = 0 if the material 

has a 𝜒𝑣 value very close to zero, it means that it can cause very little distortion on the field 

generated by a magnetic dipole (as shown in Equation 3-1). Since soil has a very small absolute 

value of 𝜒𝑣, similar to air and water, in most cases its influence on the static magnetic field 

generated by the magnets is negligible. Therefore, it is possible to localise a magnetic tracker 

buried in soil with high accuracy. As soil moves during a geotechnical event, the magnetic 

tracker will move along with the soil body. In this way, the motions of soil can be represented 

by the motions of the magnetic tracker. Figure 3-1 shows the magnetic susceptibilities of soil 

from four areas in the Czech Republic and Austria, as collected by Fialová et al. (2006). 

To clarify further the discussion, B-field (magnetic flux) is used hereafter, because common 

magnetic sensors (receivers) usually measure this field. The measured magnetic flux density 

provides the necessary coupling between the target and receiver. Thus, with known location of 

the receiver array, motions of the target can be calculated. B-field connects the magnetic tracker 

and the receiver array. The main advantage of using a permanent magnet as a tracker is the 

simplicity of the system because no excitation is required. Therefore, the size of the tracker can 

be kept as small as possible. A drawback of using a permanent magnet is that the generated 

strength is limited and cannot be controlled. On the other hand, the magnetic field generated 

by an electromagnet can be quickly changed by controlling the amount of current in the coil of 

wire, while a continuous supply of power is imperative to maintain the magnetic field.  

This chapter aims to provide the mathematical background for the algorithms used in the 

development of magnetic tracking system with adequate details. Discussions will start from 

single object tracking (one magnetic dipole) to a more generalized multi-object tracking. This 

extension is worth mentioning because the basis of single object tracking is not valid anymore 
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when used in multi-object tracking. Therefore, a new method is required to fill-in the gap, as 

will be discussed after. At the end of this chapter, those algorithms are preliminarily tested 

under a numerical environment where the artificial magnetic field is generated by Finite 

Element Magnetics (FEMM) (Meeker, 2010). More discussions on the actual selections of 

permanent magnets as trackers and of magnetic sensors (magnetometers) as receivers are 

presented later in Chapter 4.  

 

 

Table 3-1. Susceptibilities of some materials. 

Material Susceptibility  Material Susceptibility 

Air (Schenck, 1996) 3.6 × 10−7 
Nickel  

(Schenck, 1996) 
600 

Water  

(Arrighini et al. 1968) 
−9.035 × 10−6 

Iron 

(Schenck, 1996) 
200000 

Aluminium  

(Nave, 2008) 
2.2 × 10−5 

Clay  

(Hunt et al. 1995) 
1.7~2.5 × 10−4 

Copper  

(Schenck, 1996) 
−9.63 × 10−6 

Quartz  

(Hunt et al. 1995) 
−1.3~ − 1.7 × 10−5 
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Figure 3-1. Magnetic susceptibilities of soil from four areas in the Czech Republic and 

Austria, collected by Fialová et al. (2006). 

3.2 Algorithms for single object tracking 

3.2.1 Mathematical model 

Assuming the size of the tracker is much smaller than the distance between the tracker and 

receiver array, it is very convenient to model a permanent magnet as a point dipole, as shown 
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in Figure 3-2. The relationship between the magnetic flux density (B) at a spatial point and the 

relative position of that point is illustrated by: 

𝑩 =
𝜇0𝑚

4𝜋𝑟3
(2𝑐𝑜𝑠𝜃�̂� + 𝑠𝑖𝑛𝜃�̂�)                                                  (3-2) 

𝑩 = 𝑩𝒙 + 𝑩𝒚 = 3
𝜇0𝑚

4𝜋𝑟3
𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 ∙ �̂� +

𝜇0𝑚

4𝜋𝑟3
(3𝑐𝑜𝑠2𝜃 − 1) ∙ �̂�                         (3-3) 

where 𝑚 is the magnetic moment of the dipole whose unit is A ∙ m2; 𝜇0 is the permeability of 

vacuum (free space), and 𝐵 is measured in Tesla. The values of 𝑟 and 𝜃 provide information 

on the location of the magnetic tracker in polar coordinates. �̂� and �̂� are unit vectors.  

 
Figure 3-2. Schematic of the magnetic flux density generated by a magnetic dipole. 

Therefore, the principle of the proposed magnetic tracking is to solve for the relative 

position and orientation of the tracker by using the flux density detected at multiple spatial 

points. Although Equations (3-2) and (3-3) are easy to understand, it is difficult to develop an 

effective algorithm based on them. Taking the reference array (receiver) into consideration, 

Equations (3-2) and (3-3) can be rewritten as follows and a schematic of the tracking system 

in the global coordinate frame is shown in Figure 3-3. 

𝑩𝒊 = 𝐵𝑇 (
3(𝑴𝒐∙𝑹𝒊)∙𝑹𝒊

𝑅𝑖
5 −

𝑴𝒐

𝑅𝑖
3)                                                      (3-4) 
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𝑅𝑖 = √(𝑥𝑖 − 𝑎)2 + (𝑦𝑖 − 𝑏)2 + (𝑧𝑖 − 𝑐)2                                           (3-5) 

𝑹𝒊 = (𝑥𝑖 − 𝑎, 𝑦𝑖 − 𝑏, 𝑧𝑖 − 𝑐)                                                      (3-6) 

𝑴𝒐 = (𝑚, 𝑛, 𝑝)                                                                 (3-7) 

where 𝐵𝑇 is a constant parameter related to the magnet being used. 𝑩𝒊 is the magnetic flux 

density detected by magnetometer No. 𝑖, the location of the magnetometer 𝑖 is indicated by 

(𝑥𝑖, 𝑦𝑖 , 𝑧𝑖) . The vector (𝑚, 𝑛, 𝑝)  denotes the magnetisation direction (𝑴𝒐 ) of the magnet 

with 𝑚2 + 𝑛2 + 𝑝2 = 1, and (𝑎, 𝑏, 𝑐) is the location of interest. 

 

 
Figure 3-3. Schematic of the magnetic sensor system in the global coordinate frame. Note 

that: 𝒎𝟐 + 𝒏𝟐 + 𝒑𝟐 = 𝟏. 

For further simplification and in order to develop the algorithm required, Equation (3-4) can 

be expanded into: 

𝐵𝑥𝑖 = 𝐵𝑇 (
3[𝑚(𝑥𝑖−𝑎)+𝑛(𝑦𝑖−𝑏)+𝑝(𝑧𝑖−𝑐)]∙(𝑥𝑖−𝑎)

𝑅𝑖
5 −

𝑚

𝑅𝑖
3)                                     (3-8) 

𝐵𝑦𝑖 = 𝐵𝑇 (
3[𝑚(𝑥𝑖−𝑎)+𝑛(𝑦𝑖−𝑏)+𝑝(𝑧𝑖−𝑐)]∙(𝑦𝑖−𝑏)

𝑅𝑖
5 −

𝑛

𝑅𝑖
3)                                     (3-9) 

𝐵𝑧𝑖 = 𝐵𝑇 (
3[𝑚(𝑥𝑖−𝑎)+𝑛(𝑦𝑖−𝑏)+𝑝(𝑧𝑖−𝑐)]∙(𝑧𝑖−𝑐)

𝑅𝑖
5 −

𝑝

𝑅𝑖
3)                                    (3-10) 
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where 𝐵𝑥𝑖 , 𝐵𝑦𝑖  and 𝐵𝑧𝑖  are the x, y and z components of 𝑩𝒊 , respectively. An effective 

algorithm should be able to solve the equations for the position of the tracker (𝑎, 𝑏, 𝑐) and the 

orientation (𝑚, 𝑛, 𝑝) using the inputs of 𝐵𝑥𝑖, 𝐵𝑦𝑖 and 𝐵𝑧𝑖, along with the known position of the 

magnetometer (𝑥𝑖, 𝑦𝑖 , 𝑧𝑖).  

An effective tracking algorithm is one that could solve the high-order (13) nonlinear 

equations with 6 unknowns, i.e., the position denoted by (𝑎, 𝑏, 𝑐)  and the orientation 

by  (𝑚, 𝑛, 𝑝), under the constraint of  𝑚2 + 𝑛2 + 𝑝2 = 1. Intrinsically, the problem can be 

treated as a constrained nonlinear optimisation problem, which is described as follows. 

Find 𝑥∗, a local minimiser for 

𝐹(𝑥) =
1

2
∑ (𝑓𝑖(𝑥))

2𝑚
𝑖=1 =

1

2
𝐟(𝐱)Τ𝐟(𝐱)                                        (3-11) 

where 𝑓𝑖: ℛ
𝑛 → ℛ, 𝑖 = 1,… ,𝑚 are given functions, and 𝑚 ≥ 𝑛 (𝑚 is the number of different 

sets of input values, which equals the total number of sensors used). 

In this case, the given function should be: 

𝑓𝑖(𝑥) = [𝐵𝑥𝑖 − 𝐵𝑇 (
3[𝑛(𝑥𝑖−𝑎

∗)+𝑚(𝑦𝑖−𝑏
∗)+𝑛(𝑧𝑖−𝑐

∗)]∙(𝑥𝑖−𝑎
∗)

𝑅𝑖
5 −

𝑚∗

𝑅𝑖
3)]

2

+                        () 

                [𝐵𝑦𝑖 − 𝐵𝑇 (
3[𝑛(𝑥𝑖−𝑎

∗)+𝑚(𝑦𝑖−𝑏
∗)+𝑛(𝑧𝑖−𝑐

∗)]∙(𝑦𝑖−𝑏
∗)

𝑅𝑖
5 −

𝑛∗

𝑅𝑖
3)]

2

+                        ()                     

                               [𝐵𝑧𝑖 − 𝐵𝑇 (
3[𝑛(𝑥𝑖−𝑎

∗)+𝑚(𝑦𝑖−𝑏
∗)+𝑛(𝑧𝑖−𝑐

∗)]∙(𝑧𝑖−𝑐
∗)

𝑅𝑖
5 −

𝑝∗

𝑅𝑖
3)]

2

                     (3-12) 

where (𝑎∗, 𝑏∗, 𝑐∗)  and (𝑚∗, 𝑛∗, 𝑝∗)  are the estimated values of the tracker’s location and 

orientation, respectively.  

In this section, two nonlinear optimisation algorithms are discussed, namely the Levenberg-

Marquart method and the Interior Point method. The Levenberg-Marquart method has been 

proven to be more accurate than some widely used methods, as discussed by Hu et al. (2005). 

The Interior Point method, however, shows great potential especially in magnetic localisation 
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compared to the Levenberg-Marquart method. Details are discussed below. The mentioned 

nonlinear optimisation methods require an initial starting point from which the iterations can 

begin. As a result, a linear algorithm developed by Hu et al. (2006) is employed with 

improvements to provide a set of initial guesses of the unknowns, which are then used as inputs 

to the nonlinear optimisation algorithms.  

 

 

3.2.2 Linear algorithm 

The linear algorithm takes advantage of a feature of magnetic fields, which is that the 

magnetic flux density 𝑩𝒊 at a spatial point, the direction vector 𝑹𝒊 from the magnet to that 

spatial point and the direction of the magnetic dipole 𝑴𝒐 lie and act on the same plane. As a 

result, the mix product of 𝑩𝒊, 𝑹𝒊 and 𝑴𝒐 is equal to 0: 

( 𝑩𝒊 × 𝑹𝒊 ) ∙ 𝑴𝒐 = 0                                                          (3-13) 

That is, 

(

𝐵𝑥𝑖
𝐵𝑦𝑖
𝐵𝑧𝑖

) × (

𝑥𝑖 − 𝑎
𝑦𝑖 − 𝑏
𝑧𝑖 − 𝑐

) ∙ (

𝑚
𝑛
𝑝
) = 0                                               (3-14) 

The above equation is a linear system which can be rearranged into: 

[𝐵𝑖𝑦 ∙ 𝑧𝑖 − 𝐵𝑖𝑧 ∙ 𝑦𝑖 𝐵𝑖𝑧 ∙ 𝑥𝑖 − 𝐵𝑖𝑥 ∙ 𝑧𝑖 𝐵𝑖𝑥 ∙ 𝑦𝑖 − 𝐵𝑖𝑦 ∙ 𝑥𝑖 𝐵𝑖𝑥 𝐵𝑖𝑦 𝐵𝑖𝑧]

(

 
 

𝑚
𝑛
𝑝

𝑐𝑛 − 𝑏𝑝
𝑎𝑝 − 𝑐𝑚
𝑏𝑚 − 𝑎𝑛)

 
 
= 0        

(3-15) 
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Rather than having the position (𝑎, 𝑏, 𝑐) and the orientation (𝑚, 𝑛, 𝑝) as unknowns, the 

above converted system has 𝑚, 𝑛, 𝑝, (𝑐𝑛 − 𝑏𝑝), (𝑎𝑝 − 𝑐𝑚) and (𝑏𝑚 − 𝑎𝑛) as its updated 6 

unknowns. As a result, at least six 1-axis magnetometers or two 3-axis magnetometers are 

required for solving the above equation. In reality, because of the existence of noise which may 

affect the magnetic flux density, more magnetometers are preferable in order to obtain more 

accurate results.  

The above problem is actually a homogenous Least Squares Problem to analyse 𝐴𝑥 = 0. 

Obviously, there is always the trivial solution 𝒙 = 𝟎 for a homogeneous system, but it is not of 

interest. And also, if 𝒙(𝒙 ≠ 𝟎) is a solution, then 𝑘𝒙 is also a solution, where 𝑘 is an arbitrary 

scalar. In this case an additional condition is required to determine 𝑘. In the above magnetic 

sensor system, the additional condition is 𝑚2 + 𝑛2 + 𝑝2 = 1.  

An additional 3 × 6 matrix 𝐵 is introduced to describe the condition as 𝐵 = [𝐼3    0], so that  

‖𝐵𝑥‖ = √ 𝑥12 + 𝑥22 + 𝑥32 = √ 𝑚2 + 𝑛2 + 𝑝2 = 1                             (3-16) 

Because of the noise within the sensor system, the condition 𝐴𝑥 = 0 cannot be fulfilled 

perfectly. Therefore, the solution should satisfy the conditions ‖𝐴𝑥‖ = min and ‖𝐵𝑥‖ = 1 

instead. Lagrange method can be used to find out the solution by minimising 

𝑳(𝒙, 𝜆) = ‖𝑨𝒙‖2 + 𝜆(1 − ‖𝑩𝒙‖2)                                         (3-17) 

where 𝜆 is the Lagrange multiplier (Inkilä, 2005).  

Setting the partial derivative of 𝐿 with respect to 𝑥 to 0 gives  

𝑨Τ𝑨𝒙 = 𝜆𝑩Τ𝑩𝒙                                                        (3-18) 

Similarly, setting the partial derivative of 𝐿 with respect to 𝜆 to 0 results in 

‖𝑩𝒙‖2 = 1                                                            (3-19) 
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From Equation (3-18), it is obvious that the above equation can be satisfied by the 

generalised eigenvectors of the symmetric matrices 𝐴Τ𝐴 and 𝐵Τ𝐵. Substituting Equation (3-

18) into Equation (3-17) leads to 𝐿 = 𝜆. 

As a result, the solution that minimises 𝐿 is the generalised eigenvector 𝑒𝑚𝑖𝑛  corresponding 

to the smallest generalised eigenvalue 𝜆𝑚𝑖𝑛. Then, a simple scaling is required in order to fulfil 

the condition ‖𝐵𝑥‖ = 1: 

𝐱∗ =

(

  
 

𝑥1
𝑥2
𝑥3
𝑥4
𝑥5
𝑥6)

  
 
=

(

 
 
 

𝑚∗

𝑛∗

𝑝∗

𝑐∗𝑛∗ − 𝑏∗𝑝∗

𝑎∗𝑝∗ − 𝑐∗𝑚∗

𝑏∗𝑚∗ − 𝑎∗𝑛∗)

 
 
 
= (

1

‖𝐵𝑒𝑚𝑖𝑛 ‖
)𝑒𝑚𝑖𝑛                         (3-20) 

Note that the estimated 𝑚∗, 𝑛∗, 𝑝∗, (𝑐∗𝑛∗ − 𝑏∗𝑝∗), (𝑎∗𝑝∗ − 𝑐∗𝑚∗) and (𝑏∗𝑚∗ − 𝑎∗𝑛∗) 

should be converted back to position (𝑎∗ 𝑏∗ 𝑐∗) and orientation (𝑚∗ 𝑛∗ 𝑝∗) for later use as 

initial guess in the nonlinear algorithms. In order to solve (𝑎∗ 𝑏∗ 𝑐∗) from Equation (3-20), the 

following equations should be solved: 

(
0 −𝑝∗ 𝑛∗

𝑝∗ 0 −𝑚∗

−𝑛∗ 𝑚∗ 0

)(
𝑎∗

𝑏∗

𝑐∗
) = (

𝑥4
𝑥5
𝑥6
)                                  (3-21) 

where the coefficient matrix is singular. As there are only two independent equations available 

from Equation (3-21), more information is required to solve for (𝑎∗ 𝑏∗ 𝑐∗). Luckily, the above 

part of the algorithm only makes use of the coplanar property of magnetic field indicated by 

Equation (3-13). Further calculations will be dependent on the actual measurements of the 

magnetic flux density from Equations (3-8) to (3-10).  

Assuming the derived 𝑚∗ is nonzero (could be 𝑛∗ and 𝑝∗ as well), the unknown 𝑏∗ and 𝑐∗ 

could be represented by: 

𝑏∗ =
𝑎∗𝑛∗

𝑚∗
+

𝑥6

𝑚∗
                                                           (3-22) 
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𝑐∗ =
𝑎∗𝑝∗

𝑚∗
−

𝑥5

𝑚∗
                                                           (3-23) 

By dividing Equations (3-9) and (3-10) with (3-8) and substituting (3-22) and (3-23) into 

(3-9) and (3-10), the parameter 𝐵𝑇  can be eliminated and 𝑎∗  can be solved. The above 

procedure is implemented in MATLAB (MATLAB and Optimization Toolbox Release 

R2019a), which can be found in Appendix A.  

 

3.2.3 Levenberg-Marquardt method 

Levenberg (1944) and Marquardt (1963) used a damped Gauss-Newton method to solve the 

problem described in Equation (3-11). Similarly, the function 𝑓𝑖(𝑥) is given in Equation (3-12). 

The Gauss-Newton method is based on a linear model of 𝑓𝑖(𝑥) in the neighborhood of 𝑥 such 

that: 

𝐹(𝒙 + 𝒉) ≈ 𝐿(𝒉) = 𝐹(𝒙) + 𝒉𝑇𝑱𝑻𝒇 +
1

2
𝒉𝑻𝑱𝑻𝑱𝒉                               (3-24) 

where 𝑱 ∈ ℛ𝒎×𝒏 is the Jacobian, 𝒉 is the searching direction and 𝒇 = 𝒇(𝒙). Classical Gauss-

Newton methods finds the searching direction by setting 𝐿′ = 0 to solve for 𝒉. A direction 𝒉 

is defined to be descent for a function F at 𝒙 if 𝒉𝑇𝑭′(𝒙) < 0. Therefore, it can be shown that 

𝐿(𝒉) has a unique minimiser and the solved 𝒉 is a descent direction:  

The gradient and Hessian of 𝐿 are: 

𝐿′(𝒉) = 𝑱𝑻𝒇 + 𝑱𝑻𝑱𝒉                                                 (3-25) 

                      𝐿′′ = 𝑱𝑻𝑱                                                           (3-26) 

The symmetric matrix 𝑱𝑻𝑱 is independent of  𝒉 , and if the columns of 𝑱  are linearly 

independent, then 𝑱𝑻𝑱 is positive definite. With  𝐿′ = 0 , it implies that 𝐿(𝒉)  has a unique 

minimiser.  
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Given  𝐿′(𝒉) = 𝑱𝑻𝒇 + 𝑱𝑻𝑱𝒉 = 0 , by multiplying both sides of the equation by 𝒉𝑻 , the 

following equation is derived: 

𝒉𝑇𝑱𝑻𝒇 + 𝒉𝑻𝑱𝑻𝑱𝒉 = 0                                                    (3-27) 

Since 𝑱𝑻𝑱  is positive definite,  𝒉𝑇𝑱𝑻𝒇 = 𝒉𝑇𝑭′(𝒙) < 0 , which shows that 𝒉  is a descent 

direction. 

As for the step length, classical Gauss-Newton method simply uses a value of 1. In 

Levenberg-Marquart method, the searching direction is found by solving the modified equation: 

(𝑱𝛵𝑱 + 𝜇𝐈)𝒉𝑙𝑚 = −𝒈     with 𝒈 = 𝑱𝛵𝒇      and 𝜇 ≥ 0                           (3-28) 

Here, 𝜇 is the damping factor. With damping 𝜇 ≥ 0, it can be proved that 𝒉𝑙𝑚, solved from 

Equations (3-25) and (3-26), is a descent direction. The updating of the damping factor is 

controlled by the value  𝜌 = 𝐹(𝒙) − 𝐹(𝒙 + 𝒉𝑙𝑚) . A positive 𝜌 value indicates a good 

estimation of the behaviour of 𝐹, so the damping factor could be decreased; otherwise, the 

value should be increased in order to get closer to the steepest descent direction and reduce the 

step length. One of the end criteria is to stop when the searching direction 𝒉𝑙𝑚 is small. 

One thing worthy to note is that the position and orientation unknowns in Equation (3-11) 

have a physical constraint, which is 𝑚2 + 𝑛2 + 𝑝2 = 1. This constraint is applied by adding 

another error form 𝐸𝑜 = (1 −𝑚
2 − 𝑛2 − 𝑝2)2 to 𝑓𝑖(𝑥) in the previous Levenberg-Marquardt 

method. It is assumed that the estimated orientation (𝑚∗ 𝑛∗ 𝑝∗) could satisfy the constraint 

condition so that their sum of squares could be made as close to 1 as possible. The MATLAB 

code for this algorithm is shown in Appendix B.  
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3.2.4 Interior Point method 

In the previous discussion, the high order nonlinear equation involving 6 unknowns was 

converted into a least-squares problem, which is then solved by the Levenberg-Marquardt 

method. One disadvantage of plugging the constraint into the function 𝑓𝑖(𝑥) is that the 

constraint cannot be strictly satisfied, that is, 𝐸𝑜 = (1 −𝑚∗2 − 𝑛∗2 − 𝑝∗2)2 ≠ 0. Hence, in 

what follows, a method that could be used so that the constraints could be strictly satisfied is 

discussed.  

The nonlinear Interior Point method considers constrained optimisation as follows: 

min
𝑥,𝑠

𝑓(𝒙) − 𝜇∑ ln(𝑠𝑖)
𝑚
1                                                        (3-29) 

subject to       𝑪𝐸(𝒙) = 𝟎                                                        (3-30) 

𝑪𝐼(𝒙) − 𝒔 = 𝟎                                                              (3-31) 

where  𝑪𝐸  are the equality constraints and 𝑪𝐼 are the inequality constraints with the non-

negative slack variables 𝒔, inequality constraints 𝑪𝐼(𝒙) ≥ 0 can be converted to Equation (3-

29); and 𝑚 denotes the number of inequality constraints (the dimension of 𝑪𝐼). In the proposed 

magnetic tracking system, equality and inequality constraints can be written as: 

𝑥4
2 + 𝑥5

2 + 𝑥6
2 = 1                                                       (3-32) 

𝐵1𝑙 ≤ 𝑥1 ≤ 𝐵1𝑢                                                            (3-33) 

𝐵2𝑙 ≤ 𝑥2 ≤ 𝐵2𝑢                                                           (3-34) 

𝐵3𝑙 ≤ 𝑥3 ≤ 𝐵3𝑢                                                           (3-35) 

where 𝒙 = [𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6] = [𝑎 𝑏 𝑐 𝑚 𝑛 𝑝] , which are the 6 unknowns related to the 

tracker’s location and orientation; 𝐵𝑖𝑙 and 𝐵𝑖𝑢 are the lower and upper boundaries of 

𝑥𝑖 , respectively. 
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Equations (3-32) to (3-35) can then be converted to the forms of Equations (3-30) and (3-

31) by using the slack variables, 𝑠𝒊. 

 𝑪𝐸(𝒙) = [𝑥4
2
+ 𝑥5

2 + 𝑥6
2 − 1]                                              (3-36) 

𝑪𝐼(𝒙) − 𝒔 =

[
 
 
 
 
 
𝑥1 − 𝐵1𝑙
𝐵1𝑢 − 𝑥1
𝑥2 − 𝐵2𝑙
𝐵2𝑢 − 𝑥2
𝑥3 − 𝐵3𝑙
𝐵3𝑢 − 𝑥3]

 
 
 
 
 

−

[
 
 
 
 
 
𝑠1
𝑠2
𝑠3
𝑠4
𝑠5
𝑠6]
 
 
 
 
 

                                                (3-37) 

The Lagrangian function can be written as: 

𝐿(𝒙, 𝒔, 𝝀𝑬, 𝝀𝑰) = 𝑓(𝒙) − 𝜇∑ ln(𝑠𝑖)
𝑚
1 − 𝝀𝑬 𝑪𝐸(𝒙) − 𝝀𝑰(𝑪𝐼(𝒙) − 𝒔)            (3-38) 

where 𝝀𝑬 and 𝝀𝑰 are the Lagrange multipliers of 𝑪𝐸  and 𝑪𝐼 , respectively, and 𝜇 is a positive 

parameter. By using the barrier function −𝜇∑ ln(𝑠𝑖)
𝑚
1 , there is no need to include the 

inequality term 𝒔 ≥ 𝟎 . This approach consists of looking for approximate solutions of 

(𝒙, 𝒔, 𝝀𝑬, 𝝀𝑰) for a sequence of {𝑢𝑘} that converges to zero. Then the Karush–Kuhn–Tucker 

(KKT) conditions of Equation (3-29) can be written as: 

∇𝑓(𝒙) − ∇ 𝑪𝐸
𝑇(𝒙)𝝀𝑬 − ∇ 𝑪𝐼

𝑇(𝒙)𝝀𝑰 = 𝟎                                     (3-39) 

𝐒𝝀𝑰 − 𝜇𝒆 = 𝟎                                                             (3-40) 

 𝑪𝐸(𝒙) = 𝟎                                                              (3-41) 

𝑪𝐼(𝒙) − 𝒔 = 𝟎                                                            (3-42) 

One option to find out the approximate solutions is to apply a Newton’s method. More 

details about the first-order optimality conditions (KKT conditions) and Newton’s method are 

discussed by Nocedal and Wright (2006). Newton’s method finds the search direction by 

solving the following equations: 
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[
 
 
 
𝛁𝒙𝒙
𝟐 𝑳 0 −∇ 𝑪𝐸

𝑇(𝒙) −∇ 𝑪𝐼
𝑇(𝒙)

0 𝒁 0 𝑺
∇ 𝑪𝐸

𝑇(𝒙) 0 0 0

∇ 𝑪𝐼
𝑇(𝒙) −𝑰 0 0 ]

 
 
 

[
 
 
 
𝒉𝒙
𝒉𝒔
𝒉𝝀𝑬
𝒉𝝀𝑰 ]

 
 
 

= −

[
 
 
 
∇𝑓(𝒙) − ∇ 𝑪𝐸

𝑇(𝒙)𝝀𝑬 − ∇ 𝑪𝐼
𝑇(𝒙)𝝀𝑰

𝐒𝝀𝑰 − 𝜇𝒆

 𝑪𝐸(𝒙)

𝑪𝐼(𝒙) − 𝒔 ]
 
 
 

   

(3-43) 

where 𝑺 and 𝒁 are diagonal matrices whose diagonal entries are formed by vector 𝒔 and 𝝀𝑰, 

respectively, and 𝒆 = (1, 1, 1, … , 1)𝑻.  

After the search direction 𝒉 = (𝒉𝒙, 𝒉𝒔,  𝒉𝝀𝑬 ,  𝒉𝝀𝑰) has been determined, the new iteration 

can be set as 

(𝒙𝒌+𝟏, 𝒔𝒌+𝟏, 𝝀𝑬𝒌+𝟏, 𝝀𝑰𝒌+𝟏) = (𝒙𝒌, 𝒔𝒌, 𝝀𝑬𝒌, 𝝀𝑰𝒌) + 𝜶𝒉𝒌                          (3-44) 

where 𝜶 is the step length which can be found using, for example, line search.  

Besides, a sequence of {𝑢𝑘} should be chosen that converges to zero, for example, 𝑢𝑘+1 ∈

(0, 𝑞𝑢𝑘), where 𝑞 ∈ (0,1). According to Fiacco and McCormick (1990),  𝑢𝑘 could be fixed for 

some iterations until the KKT conditions in Equations (3-39) to (3-42) are satisfied to some 

level of accuracy. This algorithm is coded together with the linear algorithm discussed before, 

and also with the help of MATLAB Global Optimization Toolbox, as shown in Appendix C.  

 

 

3.3 Algorithm for multi-object tracking 

Not only in laboratory testing but also in field monitoring, it is usually necessary to track 

multiple objects, since the analysis of motions produced by a geotechnical procedure often 

requires information obtained from different locations. For example, in the study of soil-

structure interaction, an investigation of the different responses between isolated and adjacent 

structures can shed light on the mechanisms governing the performance of structures affected 
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by geohazards, such as earthquake and liquefaction. In this case, multi-objective tracking is 

indispensable with trackers being deployed around both isolated and adjacent structures.  

In this section, the algorithm for multi-object tracking is presented, with the first part 

updating the mathematical model, and followed by a discussion of the tracking algorithm. 

 

3.3.1 Mathematical model 

Assuming k (≥ 2) independent permanent magnets are tracked at the same time, their 

locations and orientations can be computed by solving high-order nonlinear equations given by 

Equations (3-45) to (3-47). 

𝐵𝑥𝑖 = ∑ 𝐵𝑇𝑗 {
3[𝑚𝑗(𝑥𝑖−𝑎𝑗)+𝑛𝑗(𝑦𝑖−𝑏𝑗)+𝑝𝑗(𝑧𝑖−𝑐𝑗)]∙(𝑥𝑖−𝑎𝑗)

𝑅𝑖𝑗
5 −

𝑚𝑗

𝑅𝑖𝑗
3 }

𝑘
𝑗=1                   (3-45) 

𝐵𝑦𝑖 = ∑ 𝐵𝑇𝑗 {
3[𝑚𝑗(𝑥𝑖−𝑎𝑗)+𝑛𝑗(𝑦𝑖−𝑏𝑗)+𝑝𝑗(𝑧𝑖−𝑐𝑗)]∙(𝑦𝑖−𝑏𝑗)

𝑅𝑖𝑗
5 −

𝑛𝑗

𝑅𝑖𝑗
3 }

𝑘
𝑗=1                   (3-46) 

𝐵𝑧𝑖 = ∑ 𝐵𝑇𝑗 {
3[𝑚𝑗(𝑥𝑖−𝑎𝑗)+𝑛𝑗(𝑦𝑖−𝑏𝑗)+𝑝𝑗(𝑧𝑖−𝑐𝑗)]∙(𝑧𝑖−𝑐𝑗)

𝑅𝑖𝑗
5 −

𝑝𝑗

𝑅𝑖𝑗
3 }

𝑘
𝑗=1                   (3-47) 

where 𝑅𝑖𝑗  is the distance between magnetometer No. i and tracker No. j. The rest of the 

variables are the same as indicated in Equations (3-8) to (3-10), except for the only difference 

that each component of magnetic flux density detected (e.g. 𝐵𝑥𝑖) is the overlap of the magnetic 

fields generated by all the trackers.  

Then the errors on the three components of the measured magnetic flux densities for all 

magnetometers are defined to be 𝐸𝑥, 𝐸𝑦 and 𝐸𝑧, respectively.  

𝐸𝑥𝑖 = {𝐵𝑥𝑖 − ∑ 𝐵𝑇𝑗 {
3[𝑚𝑗(𝑥𝑖−𝑎𝑗)+𝑛𝑗(𝑦𝑖−𝑏𝑗)+𝑝𝑗(𝑧𝑖−𝑐𝑗)]∙(𝑥𝑖−𝑎𝑗)

𝑅𝑖𝑗
5 −

𝑚𝑗

𝑅𝑖𝑗
3}

𝑘
𝑗=1 }

2

  (3-48) 

𝐸𝑥 = ∑ 𝐸𝑥𝑖
𝑀
𝑖=1                                                (3-49) 
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𝐸𝑦𝑖 = {𝐵𝑦𝑖 − ∑ 𝐵𝑇𝑗 {
3[𝑚𝑗(𝑥𝑖−𝑎𝑗)+𝑛𝑗(𝑦𝑖−𝑏𝑗)+𝑝𝑗(𝑧𝑖−𝑐𝑗)]∙(𝑦𝑖−𝑏𝑗)

𝑅𝑖𝑗
5 −

𝑛𝑗

𝑅𝑖𝑗
3}

𝑘
𝑗=1 }

2

  (3-50) 

𝐸𝑦 = ∑ 𝐸𝑦𝑖
𝑀
𝑖=1                                                (3-51) 

𝐸𝑧𝑖 = {𝐵𝑧𝑖 − ∑ 𝐵𝑇𝑗 {
3[𝑚𝑗(𝑥𝑖−𝑎𝑗)+𝑛𝑗(𝑦𝑖−𝑏𝑗)+𝑝𝑗(𝑧𝑖−𝑐𝑗)]∙(𝑧𝑖−𝑐𝑗)

𝑅𝑖𝑗
5 −

𝑝𝑗

𝑅𝑖𝑗
3}

𝑘
𝑗=1 }

2

  (3-52) 

𝐸𝑧 = ∑ 𝐸𝑧𝑖
𝑀
𝑖=1                                                (3-53) 

where M is the number of magnetometers used.  

Therefore, the object function is given by 

𝐸 = 𝐸𝑥 + 𝐸𝑦 + 𝐸𝑧                                           (3-54) 

An effective algorithm should be able to minimise 𝐸 in order to find the best combination 

of (𝑎𝑗, 𝑏𝑗, 𝑐𝑗) and (𝑚𝑗, 𝑛𝑗 , 𝑝𝑗) for 𝑗 = 2, 3, … , 𝑘. 

 

 

3.3.2 Particle swarm optimisation 

As mentioned in the previous part, the Levenberg-Marquardt method and the Interior Point 

method provide estimations of the unknowns with good accuracy but bearing the shortcoming 

that an initial guess is required. For multi-object tracking, the linear algorithm is no longer able 

to provide the initial guess. Equation (3-13) is the basis for the linear algorithm to be effective, 

that is, 𝑩𝒋, 𝑹𝒋, and 𝑴𝒋 should be coplanar vectors. However, when multiple targets are tracked, 

this property is not valid, as shown in Figure 3-4. Therefore, an alternative is required.  
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Figure 3-4. Schematic for tracking two magnetic dipoles. Obviously, the six vectors shown 

in this figure cannot be coplanar in all cases.  

Particle swarm optimisation (PSO), inspired by natural population, is a metaheuristic 

algorithm originally formulated by Kennedy and Eberhart (1995). A collection of individual 

particles moves in steps throughout a space whose boundaries are defined by the inequality 

constraints, such as Equations (3-33) to (3-35). At each step, the PSO algorithm evaluates the 

object function, indicated by Equation (3-54), at each particle. Since these particles are 

characterised by their positions and velocities, an updated group of velocities and positions will 

be allocated to each particle after the evaluation. As a result, the algorithm can re-evaluate step 

by step until a stop criterion is met.  

In an n-dimensional hyperspace (in this case n=6k, where k is the number of targets being 

tracked), the position of particle i (i=1, 2… N), represented by Equation (3-55), indicates the 

solution location in the hyperspace. Also, the movement of the particle is defined by its velocity, 

as shown by Equation (3-56). 

𝑥𝑖 = (𝑎𝑖1, 𝑏𝑖1, 𝑐𝑖1, 𝑚𝑖1, 𝑛𝑖1, 𝑝𝑖1, … , 𝑎𝑖𝑘, 𝑏𝑖𝑘, 𝑐𝑖𝑘,𝑚𝑖𝑘, 𝑛𝑖𝑘 , 𝑝𝑖𝑘)                 (3-55) 
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𝑣𝑖 = (𝑣𝑎𝑖1 , 𝑣𝑏𝑖1 , 𝑣𝑐𝑖1  , 𝑣𝑚𝑖1
, 𝑣𝑛𝑖1 , 𝑣𝑝𝑖1 , … , 𝑣𝑎𝑖𝑘 , 𝑣𝑏𝑖𝑘 , 𝑣𝑐𝑖𝑘 , 𝑣𝑚𝑖𝑘

, 𝑣𝑛𝑖𝑘 , 𝑣𝑝𝑖𝑘)         (3-56) 

A set of historically best position for each particle is recorded as 𝑝𝑏𝑒𝑠𝑡𝑖, and the global best 

position for all particles is 𝑔𝑏𝑒𝑠𝑡 (a scalar). Each particle i (i=1, 2… N) updates its location 

and velocity by: 

𝑣𝑖,𝑡+1 = 𝑤𝑣𝑖,𝑡 + 𝑐1𝑟1(𝑝𝑏𝑒𝑠𝑡𝑖 − 𝑥𝑖,𝑡) + 𝑐2𝑟2(𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑖,𝑡)               (3-57) 

𝑥𝑖,𝑡+1 = 𝑥𝑖,𝑡 + 𝑣𝑖,𝑡+1                                           (3-58) 

where t is the iteration number; 𝑤  is the initial weight; 𝑐1  and 𝑐2  are two parameters 

representing the particle’s confidence in its own best position and in the global one, 

respectively; and 𝑟1 and 𝑟2 are two uniformly distributed random number in the range [0, 1]. 

According to Yang et al. (2010), the convergence probability and speed are dependent on the 

parameter 𝑤, 𝑐1 and 𝑐2. Guo et al. (2006) and Ren et al. (2006) have discussed the detailed 

selections of these parameters. Similar to PSO, genetic algorithms are also able to provide the 

initial guess to start the iterations of, for example, the Levenberg-Marquardt algorithm and the 

Interior Point algorithm. However, PSO outperforms the genetic algorithms especially in 

magnetic tracking, where it is required to search for solutions of high-order nonlinear equations 

(Yang et al., 2009). 

This algorithm is realized under the MATLAB Global Optimization Toolbox with the 

Interior Point method to provide the tracking on two magnetic dipoles. The code formulated 

can be found in Appendix C.  

 

 

3.4 Numerical validations 

In this section, the previously discussed algorithms are validated numerically. One of the main 

aims is to compare the errors from different tracking methods, which can be regarded as a 
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guidance for selecting the ideal algorithm in later practical applications. Finite Element Method 

Magnetics (FEMM) (Meeker, 2010) is used to artificially generate the magnetic flux density 

from a permanent magnet (diameter 10 mm, height 10 mm, 52 MGOe Neodymium magnet). 

In FEMM, a permanent magnet is simulated as a volume of ferromagnetic material surrounded 

by a thin sheet of current, as shown in Figure 3-5. The permanent magnet used in the validations 

in FEMM is shown in Figure 3-6. Note that the linear algorithm is not taken into account in 

this numerical validation, because FEMM is a 2D software in which all vectors are coplanar.  

 
Figure 3-5. Permanent magnet modelled as an equivalent current sheet (Meeker, 2010). 

 
Figure 3-6. Permanent magnet in FEMM and the magnetic field it generates. 

As discussed in the previous sections, the magnetic flux density (B) is not only dependent 

on the magnet’s location and orientation, but is also related to the constant parameter 𝐵𝑇, as 

shown in Equation (3-4). Therefore, this value should be predetermined. In order to simplify 



77 
 

the calculations, the permanent magnet is centred at location (0, 0) and a series of points are 

generated along the positive direction of the x-axis, as shown in Figure 3-7 (a). Those points 

could force the software to produce denser mesh and therefore more accurate approximations. 

According to Equations (3-8) to (3-10), this configuration leads to a simplification of the 

calculation of magnetic flux density at each generated point: 

𝐵𝑥 = 𝐵𝑧 = 0                                                   (3-59) 

𝐵𝑦 = − 𝐵𝑇
1

|𝑎|3
                                                 (3-60) 

where |𝑎| is the distance between those points to the modelled permanent magnet.  

FEMM can provide the estimations of the 𝐵𝑦 values along the line of the generated points, 

as shown in Figure 3-7 (b). The x-axis in this figure starts from zero because it indicates the 

distance of a point of interest along that line to the first generated point. The y-axis is described 

as “B.n, Tesla”, which means that the measured magnetic flux density, given in the unit of 

Tesla, is in the normal direction to that predefined line. A least square method is then applied 

to find out the coefficient  𝐵𝑇 in Equation (3-60) to best fit the 𝐵𝑦 curve along the line of the 

generated points, as shown in Figure 3-7 (c). The result suggests that (1) the mathematical 

model given by Equations (3-8) to (3-10) is sufficient to model a permanent magnet; and (2) 

the derived coefficient value 1.118 × 10−5 Tm3 can be used as the constant parameter 𝐵𝑇 , 

related with the permanent magnet in FEMM.  
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Figure 3-7. (a) A series of points generated for calculating  𝑩𝑻 along a predefined line; (b) 

𝑩𝒚 curve along the indicated predefined line in FEMM; (c) looking for the  𝑩𝑻 value in 

Equation (3-60) that could best fit the data derived from FEMM. 
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The next step is to assume a location of the permanent magnet and place some observation 

points near the magnet where the simulated magnetic flux densities are recorded. As shown in 

Figure 3-8, 7 observation points are created 50 cm away from the cylindrical permanent magnet 

having a diameter and height of 1 cm (simulated as a square element with a 1 cm side length). 

The detected magnetic flux densities are used as inputs to the Levenberg-Marquardt algorithm, 

Interior Point algorithm and PSO. The results are shown in Figure 3-9.  

The Levenberg-Marquardt algorithm and the Interior Point algorithm require initial guess 

to start the iteration process, so their performances are evaluated with increasing initial guess 

deviation (i), with (𝑎𝑖𝑛𝑖𝑡𝑖𝑎𝑙, 𝑏𝑖𝑛𝑖𝑡𝑖𝑎𝑙) and (𝑚𝑖𝑛𝑖𝑡𝑖𝑎𝑙, 𝑛𝑖𝑛𝑖𝑡𝑖𝑎𝑙)  generated by the following 

equations: 

𝑎𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 0.5 + 𝑖 × 0.01        𝑖 = 1,2, … ,20  (unit:m)                   (3-61) 

𝑏𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 0.06 + 𝑖 × 0.01        𝑖 = 1,2, … ,20  (unit:m)                  (3-62) 

𝑚𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 0 + 𝑖 × 0.01        𝑖 = 1,2, … ,20                                 (3-63) 

𝑛𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 1 + 𝑖 × 0.01        𝑖 = 1,2, … ,20                                 (3-64) 

where (a, b) and (m, n) denote the location and orientation of the magnet, respectively. On the 

other hand, there is no need to provide the PSO algorithm with a starting guess, but upper and 

lower boundaries are required for creating a random swarm. Therefore, its performance is 

evaluated by calculating the errors as the swarm space is enlarged, since the bigger the size of 

the swarm space, the more difficult it is to localise the magnet. The swarm space is enlarged 

under the following strategy: 

𝑎𝑖𝑛𝑖𝑡𝑖𝑎𝑙 ∈ [0.5 − 𝑖 × 0.01, 0.5 + 𝑖 × 0.01  ]        𝑖 = 1,2, … ,20  (unit:m)          (3-65) 

𝑏𝑖𝑛𝑖𝑡𝑖𝑎𝑙 ∈ [0.06 − 𝑖 × 0.01, 0.06 + 𝑖 × 0.01  ]        𝑖 = 1,2, … ,20  (unit:m)        (3-66) 

𝑚𝑖𝑛𝑖𝑡𝑖𝑎𝑙 ∈ [0 − 𝑖 × 0.01,   0 + 𝑖 × 0.01  ]        𝑖 = 1,2, … ,20                    (3-67) 

𝑛𝑖𝑛𝑖𝑡𝑖𝑎𝑙 ∈ [1 − 𝑖 × 0.01,   1 + 𝑖 × 0.01  ]        𝑖 = 1,2, … ,20                    (3-68) 
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It can be inferred from the results that the Interior Point method performs better than the others 

as it keeps the displacement error under 1 cm. However, in the orientation estimations, it seems 

that the Interior Point method is outperformed by the Levenberg-Marquardt algorithm. Taking 

a close look at the measured orientation vector (m, n) in Table 3-2, not surprisingly, only the 

results from the Interior Point method satisfy the constraint 𝑚2 + 𝑛2 = 1  due to its 

effectiveness in solving constrained optimisation problems as stated in Section 3.2. Also, 

because FEMM only produces a rough estimate of the magnetic field especially when the mesh 

is coarse, a physical validation is necessary to test those algorithms in actual experiments.  

 

 
Figure 3-8. Arrangement of permanent magnet and observation points in FEMM. (unit: 

m) 
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Figure 3-9. (a) Errors of displacement measurements with respect to initial guess 

deviation using different algorithms; (b) errors of orientation measurements with respect 

to initial guess deviation (i in Equations (3-61) to (3-64)).  

Table 3-2. Measurements of orientations with enlarging initial guess deviation (i). 

 L-M Interior Point PSO 

i m n m2+n2 m n m2+n2 m n m2+n2 

1 -0.044 1.153 1.332 -0.055 0.998 1 -0.01 1.01 1.020 

2 -0.046 1.177 1.387 -0.055 0.998 1 -0.02 1.02 1.041 

3 -0.046 1.192 1.423 -0.055 0.998 1 -0.03 1.03 1.062 

4 -0.048 1.210 1.467 -0.055 0.998 1 -0.04 1.04 1.083 

5 -0.047 1.222 1.496 -0.055 0.998 1 -0.05 1.05 1.105 

6 -0.048 1.237 1.532 -0.055 0.998 1 -0.06 1.06 1.127 

7 -0.048 1.248 1.560 -0.055 0.998 1 -0.07 1.07 1.150 

8 -0.049 1.264 1.600 -0.055 0.998 1 -0.072 1.08 1.172 

9 -0.049 1.274 1.626 -0.055 0.998 1 -0.073 1.09 1.193 

10 -0.049 1.284 1.651 -0.055 0.998 1 -0.074 1.10 1.215 

 

 

3.5 Summary 

In this chapter, the mathematical foundations that support the proposed magnetic tracking is 

discussed in detail. The task of tracking is translated into solving high-order nonlinear 

equations, which is further simplified as optimisation problems. Those algorithms are 

preliminarily tested under a numerical environment using FEMM. Due to its inability to capture 

three-dimensional fields, the linear algorithm cannot be validated so far; also, the magnetic 

field simulated is impaired by some inaccuracy because of the inevitable coarse mesh. However, 
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it is still recommended to run and test the algorithm numerically before actually purchasing 

permanent magnets and magnetometers for future use. Besides, with FEMM, an efficient way 

to estimate the constant parameter 𝐵𝑇 is developed and proved to be useful in the later chapter.  

At this stage, it can be observed that there are some features of the proposed magnetic 

tracking system when being used to capture soil motions which are complementary to other 

existing techniques: 1) non-invasive operation on trackers allows displacement sensing to be 

free from disturbance; 2) static magnetic field generated by a magnetic dipole is not likely to 

be shielded by rock and soil due to their magnetic permeability being very close to air and 

water; 3) because of the same reason listed above, displacements under the surface and within 

the moving mass can now be investigated, which may lead to a better understanding of the 

interaction behaviours of soil; and 4) there is no need to provide a permanent magnet with 

power source, data logger or data transmission; therefore, with the absence of battery, auxiliary 

circuits or cables, permanent magnets as trackers are easy to set up and it is also possible to 

further reduce the size of a tracker to meet the need of laboratory tests with even smaller size 

(e.g. cyclic triaxial tests). 
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4. Development of a magnetic tracking system: 

Physical validations 

 

 

 

 

 

 

4.1 System description 

Before the magnetic tracking system can be actually used in laboratory experiments and field 

monitoring for geotechnical research, it should be validated, especially considering the 

numerical validations are not sufficient. Apart from testing and debugging the algorithms with 

actual permanent magnets and magnetometers, this chapter aims to answer the following 

questions: (1) how can the sensor readings from the motions of magnets be distinguished 

considering they are influenced by the earth magnetic field? (2) will the presence of soil or 

water distort the static magnetic field? (3) can the tracking system maintain its accuracy if the 

magnet is under high speed cyclic motions? and (4) what is the minimum number of 

magnetometers required for tracking multiple magnets? 

The answers to these questions are crucial to the potential use of the magnetic tracking 

system for future applications since a stable measurement inside the soil layers (or soil samples) 

during a geotechnical event is necessary, i.e. when fast movements, such as landslides, and 

cyclic motions, such as earthquakes, are taken into consideration. In magnetic tracking, 

permanent magnets and magnetometers are considered the most important components. The 
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selection of different combinations of these two building blocks is dependent on the project’s 

requirements in terms of, for example, resolution and effective sensing range.  

 

4.1.1 Permanent magnet 

Rare-earth magnets are strong permanent magnets made from alloys of rare-earth elements.  

According to Fraden (2010), a neodymium magnet (also known as NdFeB, NIB or Neo magnet) 

is among the strongest in the world and can generate extraordinary strength even at a very small 

size. From Equations (3-4) to (3-7), it can be seen that with increasing distance between 

trackers and receivers, the strength of the static magnetic field deteriorates very fast. Thanks to 

the upgrades in manufacturing, the price of such a pack of neodymium magnets is reasonable, 

as shown in Figure 4-1. To understand the figure, some useful terms need to be explained. 

Magnetisation and residual magnetism (Br) define the strength of a permanent magnet. These 

parameters are determined by the materials used to create the magnets, so for a large- and a 

small-size magnet, as long as they are both made from same materials, they have the same 

magnetisation (or grade). However, the intensity of the magnetic flux density in the space 

generated by a magnet is also dependent on the size of the magnet. Therefore, generally 

speaking, the larger the size of a permanent magnet, the longer the effective range the system 

would have. More details about this relationship are discussed in Chapter 6. In this thesis, 

neodymium magnet is used in the validation tests and in later laboratory-scale physical tests. It 

is recommended that in future field monitoring applications, the strength and the life 

expectancy of the magnet should be considered.  
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Figure 4-1. Examples of some permanent magnets from 

https://www.supermagnete.de/eng/supermagnete-strong-neodymium-magnets 

 

4.1.2 Magnetometer 

Magnetometers measure the direction and strength of magnetic fields at a particular position, 

which makes them ideal as receivers in the magnetic tracking system. Similar to permanent 

magnets, there are various types of magnetometers on shelf. A compass is an example of such 

device in the early days that was developed to measure the earth magnetic field. Two basic 

types of magnetometers are the vector magnetometers and the total field magnetometers. The 

former can measure the three components of the ambient magnetic field while the latter can 

only provide information on the magnitude of the field. However, it is not always the case that 

the former type is strictly better even when it offers additional information. Since total field 

magnetometers are insensitive to rotational vibrations, they may outperform their vector 

counterparts in, for example, the detection of ferromagnetic objects. For more technical details 



86 
 

on these two basic types of magnetometers, one could refer to Edelstein (2007). Hall Effect 

and magneto-resistive sensors are among the most widely used magnetometers in small 

projects. Hall Effect allows a voltage output to be directly proportional to the magnetic field 

strength. It is not as effective as a magneto-resistive device when used in low-field situations. 

Magneto-resistance, on the other hand, is a property of materials (e.g. ferromagnetic) to change 

the value of the electrical resistance reacting to the external magnetic field (Freitas et al., 2007; 

Mapps, 1997). Some of the popular magneto-resistive sensors that could be suitable for this 

research are listed in Table 4-1, considering their sensitivity and price.  

 

Table 4-1. Technical information about some popular magnetometers. 

Data retrieved from https://www.sparkfun.com/ and https://www.digikey.com/ 

Manufacturer Resolution 
Sensing 

range 

Axis of 

measurement 

Price 

(NZD) 
Remarks 

SparkFun 

Triple Axis 

Magnetometer 

Breakout - 

HMC5883L 

0.2µT 
±8 

gauss 
3-axis 24.92 

A breakout board for 

Honeywell’s HMC5883L 

Communication with 

HMC5883L is simple 

Honeywell 

HMC1052 
0.012µT 

±6 

gauss 
2-axis 13.68 

High resolution 

Only 2 axes are measured 

May need another single-axis 

to form a 3-axis package 

MAG3110 0.1µT 
±10 

gauss 
3-axis 1.46 

Larger sensing range 

Low price 

Honeywell 

HMC1001 
0.0027µT 

±6 

gauss 
1-axis 49.71 

The highest resolution 

Among the most sensitive and 

reliable low-field sensors 

Only 1 axis is measured 

Expensive 

Honeywell 

HMC1002 
0.0027µT 

±6 

gauss 
2-axis 52.63 

Highest resolution 

2 axes are measured 

Expensive 

Honeywell 

HMC1021 
0.0085µT 

±6 

gauss 
1-axis 19.52 

High resolution 

Only 1 axis is measured 

Honeywell 

HMC1022 
0.0085µT 

±6 

gauss 
2-axis 12.3 

High resolution 

2 axes are measured 
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4.1.3 Data transmission   

At the current stage, in order to balance the price and effective range (especially considering 

the small-scale laboratory tests presented in Chapter 5), the magnet used has a diameter of 15 

mm and height 20 mm with a residual magnetism (Br) of 1.32-1.37 Tesla; and a Freescale 3-

axis magnetometer, MAG3110, having a full-scale range of ±1000 µT and a sensitivity of 0.10 

µT, is used in the proposed tracking system. As shown in Chapter 3, a magnetic tracking 

process for single object is a 5-D positioning, including 3 unknowns related with location and 

2 more unknowns for the orientation, so the minimum number of magnetometers required is 5, 

or at least 2 three-axis magnetic sensors. For higher tracking accuracy and to provide enough 

redundancy to the system, 12 three-axis magnetometers are used in the following validations 

(except for the pendulum test), as shown in Figure 4-2. 

 
Figure 4-2. Sketch showing location of the magnetometer array (unit: cm) 
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Communication between sensors and the computer is conducted through Arduino Uno by 

I2C interface. An example is shown in Figure 4-3 with two groups of data transmitted from 

magnetometer No.11 and No.12. The synchronisation of data from those operating 

magnetometers are essential especially when the target is under high speed of motion. Consider 

a small time gap of 0.1 s between two lines of data received at the “same time” from two 

different magnetometers, a target with a speed of 2 m/s will result in a 20 cm gap between the 

target when tracked by the first and second magnetometer. This gap may be caused by the 

instability of the sensor or a sudden disconnection of the wire, which will probably lead to large 

tracking error, or even tracking failure. That is why the received data include not only the three-

axis magnetic flux density, but also a time-stamp before each line of signal transmitted. The 

time-stamp helps such that the data collected at exactly the same time would be processed 

together, and even when one or two magnetometers have malfunctioned, the rest could still 

provide the tracking with the guidance of the time-stamps, of course, giving enough 

redundancy of the system. In Appendix D, the code to extract data and synchronise them with 

time-stamps is shown.  

 
Figure 4-3. A screenshot of the transmitted data from two magnetometers, with 

timestamps and raw outputs from the three axes.  
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4.1.4 Sensor calibrations  

The magnetic flux density used in calculating the location and orientation of the trackers 

cannot contain the earth magnetic field; therefore, the signal produced by the earth magnetic 

field should be filtered. In the applications to small-scale laboratory experiments, the signal 

from the earth magnetic field can be recorded at the very beginning and then subtracted from 

the system considering that the earth magnetic field is stable during an experiment. For long-

term field monitoring, real-time fluctuations of earth magnetic field can be measured by 

another 3-axis magnetic sensor placed outside the sensing range. As discussed in the numerical 

validation in Chapter 3, the constant parameter 𝐵𝑇, related to the property of the permanent 

magnet, should be obtained in advance. Following a similar route, the relationship between the 

sampled data from, for example, the x-axis readings of magnetometer i and the motion 

information, can be represented by Equation (4-1): 

𝐵𝑥𝑖 = 𝐾𝑥𝑖 (
3[𝑚(𝑥𝑖−𝑎)+𝑛(𝑦𝑖−𝑏)+𝑝(𝑧𝑖−𝑐)]∙(𝑥𝑖−𝑎)

𝑅𝑖
5 −

𝑚

𝑅𝑖
3)                    (4-1)                                  

where 𝐵𝑥𝑖 is the sampled data along x axis from magnetometer i, while 𝐾𝑥𝑖 is the sensitivity 

along that axis. Other parameters are the same as those in Equations (3-8) to (3-10). Here 𝐾𝑥𝑖 

is used rather than 𝐵𝑇 because there is a slight difference between the actual magnetic flux 

density and the raw output directly from the sensors. It is possible to correct those readings in 

order to make them represent the actual field, but it is not necessary. The only thing that needs 

to be noted is how the readings are reacting to the motion of the target, i.e. the value of the gain 

of an axis (𝐾𝑥𝑖). By moving a permanent magnet along the magnetometer x-axis on the plane 

where y- and z-components are 0, such that 𝑥𝑖 = 𝑦𝑖 = 𝑧𝑖 = 𝑏 = 𝑐 = 0 and 𝑛 = 𝑝 = 0,𝑚 = 1, 

𝐾𝑥𝑖 can be calculated from: 

𝐵𝑥𝑖 =
2𝐾𝑥𝑖

𝑎3
                                                       (4-2) 
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The derived sensitivities of all three axes from each magnetometer is shown in Table 4-2. 

Note that not all magnetometers are used in the following validations, but the small-scale 

laboratory tests presented in Chapter 5 will make use of all of them.   

 

Table 4-2. Sensitivities of 16 magnetometers  

Magnetometer x-axis y-axis z-axis Magnetometer x-axis y-axis z-axis 

No. 01 3.66 3.78 -3.46 No. 09 3.72 3.81 -3.45 

No. 02 3.67 3.72 -3.34 No. 10 3.63 3.74 -3.34 

No. 03 3.67 3.72 -3.34 No. 11 3.69 3.79 -3.48 

No. 04 3.67 3.72 -3.34 No. 12 3.68 3.78 -3.51 

No. 05 3.64 3.77 -3.34 No. 13 3.65 3.74 -3.15 

No. 06 3.67 3.71 -3.38 No. 14 3.72 3.80 -3.42 

No. 07 3.66 3.74 -3.35 No. 15 3.61 3.81 -3.49 

No. 08 3.72 3.76 -3.50 No. 16 3.67 3.72 -3.34 

 

 

A local magnetic field is the result of both the earth magnetic field and any magnetic field 

created by nearby objects. Due to the fact that magnetic measurements are subjected to hard- 

and soft-iron distortions, all readings from the three axes of a magnetometer should be 

calibrated before use. Hard-iron distortions are produced by nearby materials, such as a 

permanent magnet or a piece of magnetised iron that generates a magnetic field superimposed 

on the earth magnetic field. Therefore hard-iron distortions usually result in a permanent bias 

in the sensor readings. On the other hand, soft-iron distortions are created when there are 

ferromagnetic materials nearby, which are not necessarily the sources of magnetic fields but 

will cause a distortion on the local field. Influence from the earth magnetic field can be simply 

subtracted from the sampled data. However, soft-iron distortions require some compensation 
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to improve the precision, or another method is to conduct all the laboratory-scale experiments 

in a shield room.  

Due to the fact that error will grow with distance between tracker and magnetometer array, 

targets moving at the border will take stronger impacts from distortions.  As a result, a 

polynomial calibration method is used on the edge of the sensing range defined by the 

magnetometer array. The calibration method assumes that the true position of the tracker can 

be estimated by the distorted data if a measurement of the distortion is given. 26 sets of distorted 

data are recorded near the boundary, while the actual positions are measured. Corrections are 

made by trying to fit the data via an n-order polynomial in x, y and z. If 𝑎, 𝑏 and 𝑐 are the 

distorted components of the location, the corrected values (�̃�, �̃�, �̃�) can be written as: 

�̃� = 𝑎 + 𝑝𝑜𝑙𝑦𝑎(𝑎, 𝑏, 𝑐)                                                  (4-3) 

�̃� = 𝑏 + 𝑝𝑜𝑙𝑦𝑏(𝑎, 𝑏, 𝑐)                                                  (4-4) 

�̃� = 𝑐 + 𝑝𝑜𝑙𝑦𝑐(𝑎, 𝑏, 𝑐)                                                  (4-5) 

where, for example,  𝑝𝑜𝑙𝑦𝑎 is a function of the distorted data (𝑎, 𝑏, 𝑐) with m terms, where m 

depends on the order n of the polynomial. If a second-order polynomial is chosen, 𝑝𝑜𝑙𝑦𝑎 will 

be in the form: 

𝑝𝑜𝑙𝑦𝑎(𝑎, 𝑏, 𝑐) = 𝑇𝑎1𝑎
2 + 𝑇𝑎2𝑏

2 + 𝑇𝑎3𝑐
2 + 𝑇𝑎4𝑎𝑏 + 𝑇𝑎5𝑎𝑐 + 𝑇𝑎6𝑏𝑐 + 𝑇𝑎7𝑎+𝑇𝑎8𝑏+𝑇𝑎9𝑐 + 𝑇𝑎10                          

(4-6) 

where 𝑇𝑎𝑖 is the 𝑖th polynomial coefficient that is required to correct the distorted data.  

Since the true locations (�̅�, �̅�, 𝑐̅) are recorded, polynomial coefficients can be computed by 

solving the following linear least-squares problem:  

 

For the x coordinate, find all the polynomial coefficients 𝑇𝑎𝑖  such that 𝑚𝑖𝑛
𝑇𝑎
‖�̅� − �̃�‖2

2 can be 

achieved (equations for the other two coordinates are similar). 
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Calibration results are derived from 59 sampling points at the boundary where the tracker is 

not moving, as shown in Figure 4-4. The standard deviation before calibration is 6.2 mm, 

whereas after calibration it drops to 3.8 mm. Note that in order to evaluate the performance of 

those coefficients being applied to random places near the boundary, new locations should be 

recorded rather than the 26 sets that have already been used to generate the coefficients; 

otherwise, the effectiveness would be overestimated since essentially those coefficients are 

calculated by setting the errors at those 26 locations to zero. 

 
Figure 4-4. 59 sampling points are taken when magnetic tracker is not moving. The less 

dispersed the data, the higher the accuracy of the tracking. Note that the first 20 samples 

have different mean value from the rest of the samples. It may imply a negative-

directional movement along the z axis of the tracker during calibration. Therefore, it is 

assumed that the true coordinate of the tracker on the z-axis was not constant at -15cm 

but moved down a little bit. 

 

4.2 Validation tests 

With the actual permanent magnet and magnetometers available, the linear algorithm can be 

validated and the performances of the Levenberg-Marquart (L-M) method and the Interior 
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Point (I-P) method can finally be compared in a real magnetic field. This comparison is 

performed when the tracker is at rest. The mentioned two nonlinear algorithms are used 

separately to calculate the location as well as the orientation of the static tracker given the same 

initial guess provided by the linear algorithm. The results are shown in Figure 4-5. 

 

Figure 4-5. (a) Location error computed using the Levenberg-Marquart (L-M) method 

and the Interior Point (I-P) method; (b) orientation error. 

It can be seen that the Interior Point method performs better in both location and orientation 

estimations with average location error of 0.34 cm and deviation of 0.25 cm and average 

orientation error of 4.5˚ and deviation of 0.99˚, compared to those derived from the Levenberg-

Marquart method with average location error of 0.42 cm and deviation of 0.33 cm and average 

orientation error of 5.4˚ and deviation of 1.47˚. This improvement of using the I-P method is 

because the equality constraint 𝑚2 + 𝑛2 = 1 is fully satisfied, as discussed in Chapter 3.  

 

4.2.1 Influence of the presence of soil 

The effectiveness of a magnetic tracking system relies on an accurate detection of the 

magnetic field generated by the tracker. As a result, the accuracy depends on: 1) the sensitivity 

of the magnetometer used; 2) the strength of the permanent magnet as tracker; and 3) the extent 
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to which the flux density has deteriorated due to: 1) increasing sensing range; and 2) 

environmental interference, e.g. the medium. Even though soil, as the main medium in 

geotechnical-orientated studies, is believed to have little impact on tracking accuracy, some 

proofs are still considered necessary. 

The control group is tested in which the tracker is exposed to air. For convenience, the 

tracker is set up to move within a rigid tube under a known path, which is fixed on the soil box, 

as shown in Figure 4-6(a). The coordinates of the starting point on the tube are x=0.5 m, y=-

0.20 m and z=-0.25 m. The result derived from the magnetic tracking system is shown in Figure 

4-6(b), with the y- and z-coordinates staying roughly constant at y=-0.207 m and z=-0.258 m, 

respectively. 

 
Figure 4-6. (a) Tracker moving in a fixed tube as reference; (b) tracking results from 

magnetometer array. 
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Figure 4-7. Tube buried in soil for the test group 

For the test group, a soil box is filled with dry sand, which buried the tube completely. 

Another soil box filled with wet soil is placed right on top of the first box, as shown in Figure 

4-7. Results indicate that the trace of the tracker’s movement is not changed that much, with 

y=-0.209 m and z=-0.259 m, respectively. Thus, it can be observed that the movements from 

both the control group and the test group have similar values on z- as well as on y-axis. 

Comparison of movements between the test group and control group projected on the X-Z 

surface is plotted in Figure 4-8, where no significant difference is observed. Because the tube 

is always fixed at the same location on the soil box, it can be concluded that the presence of 

soil (wet or dry) did not influence the general accuracy as expected. 

 
Figure 4-8. Projections of movements on X-Z surface of test group (with soil) and control 

group (without soil). 
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4.2.1 Pendulum motion 

In this section the algorithm is tested when the tracker is allowed to swing freely like a 

pendulum. The motion is generally along the x-axis, as shown in Figure 4-9 (a). The three axis 

projections of its movement versus time are plotted in Figure 4-9 (b). The results show that the 

algorithm developed generally tracked the sinusoidal movement of the magnet very well in the 

x direction. Since the movement is not really confined to the x-axis only, similar sinusoidal 

movement, albeit with smaller amplitude, can be observed on the y-axis. Along z-axis, 

movement is generally negligible. This preliminary validation does not provide actual 

measurements on rotations of the tracker, but instead shows the tracking system’s capability in 

capturing motions while rotations are not prohibited. A more detailed validation on tracking 

rotational motion of a target will be presented in Chapter 5.  

 
Figure 4-9. Pendulum test: (a) experimental set-up; (b) results. 
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4.2.2 Cyclic motion 

The same platform of magnetometer array is used in this validation. The permanent magnet 

is mounted at one end of a long plastic tube which is then anchored to a small shaker, as shown 

in Figure 4-10. Since the small shaker provides shaking by using magnetic force, a safe distance 

is kept between the magnet and the shaker to avoid significant impact on the readings from the 

surrounding magnetic field. For comparison, a linear variable differential transducer (LVDT) 

is attached to the permanent magnet to record displacements. 

 
Figure 4-10. Test set up for cyclic validation. 

Tests results are shown in Figure 4-11, including comparisons under different frequencies. 

It can be seen from the results that the magnetic tracking system is able to detect the position 

of the magnet under cyclic motions quite accurately. Errors are calculated by averaging the 

discrepancies between the data from LVDT and magnetic tracking system at the times the 

sampling are taken. For the shaking having frequency of 3 Hz and maximum amplitude of 15 

mm, the calculated error is +1.5 mm; for frequency of 5 Hz and maximum amplitude of 7 mm, 

the calculated error is +0.9 mm; and for frequency of 6 Hz and maximum amplitude of 5 mm, 

the calculated error is +0.8 mm. 
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Figure 4-11. Comparison of results between magnetic tracking system and LVDT, with 

shaking frequency of: (a) 3 Hz; and (b) 6 Hz. 

Although a bit of shift can be observed at the beginning of motion under 6 Hz, as shown in 

Figure 4-10 (b), which is partly due to the disconnection between the tracker and LVDT, the 

average error is acceptable.  

 

 

4.2.3 Multi-object tracking  

As discussed before, each permanent magnet has 5 tracking unknowns with 3 indicating its 

location and 2 for its orientation, so the minimum number of receivers required is 5 (or 2 three-

axis) magnetometers for each target. 12 3-axis Freescale magnetic sensors, MAG3110, are used 

for the previous validation tests, so theoretically they should be enough for the following multi-

objective tracking. Two permanent magnets are used as targets. Tracking results are then 

compared with those derived from video images recorded when the two trackers are moving 

by hand on a hand-drawn ruler, as shown in Figure 4-12.  
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Figure 4-12. One of the photos extracted from a video recording the two trackers moving 

on a hand-drawn ruler. 

Results derived from the magnetic tracking system are shown in Figure 4-13, in which 

Tracker No. 1 (on the left) is moving horizontally and Tracker No. 2 (on the right) is moving 

roughly in the vertical direction. Comparisons between the results from tracking system and 

video images are shown in Figure 4-14. Because the video recorded movements only on the x-

z plane, the x-axis movements are considered dominant for Tracker No. 1 and are therefore 

compared, while comparison for Tracker No. 2 is conducted only along the z-axis.  

It can be seen from the results that the magnetic tracking system is able to detect the 

positions of the two magnets quite accurately. Errors are calculated by averaging the 

discrepancies between the data from video and magnetic tracking system at the times the 

samplings are taken. The magnetic tracking system is able to take 20 samples per one second 

with an average error of +2 mm under two circumstances: (1) the tracking plane is around 15-

20 cm away from magnetometer array; and (2) the tracking plane is around 45-50 cm on each 

side. 
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Figure 4-13. Movement paths of Tracker No. 1 (on the left) moving horizontally and 

Tracker No. 2 (on the right) moving vertically.  
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Figure 4-14. (a) X-axis movement comparison between magnetometers and video image 

recording of Tracker No. 1 (left); (b) z-axis movement comparison between 

magnetometers and video image recording of Tracker No. 2 (right) 

The use of 12 magnetometers in tracking 2 permanent magnets is considered an overkill 

based on the previous analysis, but it is still worth studying how the accuracy decreases as the 

number of magnetometers used reduces. Taking a part of the motion of Tracker No. 1 for 

example, comparison is made when different groups of magnetometers are chosen for tracking 

the magnet, as shown in Figure 4-15. By calculating the tracking errors and comparing the 

results of G 1.1 and G 1.2, Figure 4-16 (a) shows that different arrangements of the chosen 

magnetometers clearly influence the performance although both of them have 4 magnetometers 

being used. Similar results can be observed when comparing G 2.1 and G 2.2, as shown in 

Figure 4-16 (b). In Figure 4-17 (a), comparison is made between G 1.2 and G 2.2. When 
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increasing the number of magnetometers, the tracking accuracy can be increased. On the other 

hand, more magnetometers cannot be strictly better in performance, because they could be 

poorly arranged. This is shown in Figure 4-17 (b) with G 1.2 and G 2.1 being compared. Also, 

G 2.2 (having 6 magnetometers) performs better than G 3.1 (having 9 magnetometers), since 

the former one has a better geometry for localising Track No.1, as shown in Figure 4-17 (c). 

When taking G 3.2 into consideration, it outperforms G 2.2 due to the fact that it has more 

magnetometers and, at the same time, it is not suffering from adverse arrangement.  

Magnetometers located at different places provide unique measurements of the field 

generated by the target; therefore, more magnetometers can provide better tracking if they are 

arranged wisely. Also as shown by the analysis above, the geometry of the magnetometer array 

has a great impact on the tracking performance. A detailed discussion on an optimised 

geometry is provided in Section 6.3.  

An additional test is performed by using only 3 magnetometers. As indicated in Figure 4-

18, when the number of magnetometers drops below the theoretical minimum, the system is 

not able to localise the two permanent magnets.  

 
Figure 4-15. Using different groups of magnetometers in the array to localise Tracker No. 

1. 
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Figure 4-16. Errors associated with measurement arrangements using: (a) 4 

magnetometers; (b) 6 magnetometers. 

 

 
Figure 4-17. Error comparison between: (a) G 1.2 (4 magnetometers) and G 2.2 (6 

magnetometers); (b) G 1.2 (4 magnetometers) and G 2.1 (6 magnetometers); (c) G 2.1 (6 

magnetometers) and G3.1 and G3.2 (both using 9 magnetometers).    
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Figure 4-18. Comparison between results of using 12 magnetometers and only 3 

magnetometers. 

 

  

4.3 Summary 

This chapter presents the results of validations under common geotechnical environment with 

the presence of soil (both dry and wet) and under cyclic motions simulating the seismic 

situations for further applications. Being able to capture displacements of soil at different 

locations using multi-object tracking can lead to a better understanding of the mechanisms 

involved in a geohazard. The minimum number of three-axis magnetometers required for 

tracking two permanent magnets is 4. As discussed before, 3 three-axis magnetometers are not 

sufficient to localise two targets. Consider a tracking system comprised of only 4 sensors, even 

if the minimum number required is reached, the accuracy is still too low to be used in practical 

applications. It is because the readings from the sensors are impaired by noise and this system 

has no redundancy; with no additional information to correct the received data, large errors will 

appear.  
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The feasibility of the previously discussed tracking algorithm relies on various assumptions, 

such as modelling the permanent magnet as a magnetic dipole, which is a reasonable 

approximation since the largest dimension of the magnet is negligible compared to the current 

sensing range. Discussions on the effective range of the magnetic tracking system will be 

covered in Chapter 6, where the influence of the magnet strength and resolution of 

magnetometer on the effective range is delineated.  

The data transmission and synchronisation method and necessary sensor calibrations, 

together with the algorithms discussed in Chapter 3, provide the foundations of the study in 

later chapters, in which the kinematic quantities involved in geotechnical procedures are 

derived and analysed.  
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5. Laboratory experiments at small scale 

 

 

 

 

 

 

5.1 Background 

Before proceeding to the discussions of the laboratory experiments, it is necessary to clarify 

the terminology used in this chapter. More specifically, to choose whether “rock fall” or “rock 

avalanche” as the subject of this study. Rock avalanche, as defined by Hungr et al. (2001), is a 

flow-like motion with large mobility. A landslide with most of its volume derived from bedrock 

failure is often referred to as “rock avalanche” compared to the term “debris avalanche”, which 

also exhibits rapid and massive motion but mostly originated in debris. “Rock fall”, on the 

other hand, typically has smaller volumes involved with discrete rigid fragments rolling, falling 

and bouncing individually or in swarms (Hungr et al., 2001). In the updated Varnes 

classification of landslide types from Hungr et al. (2014), “rock fall” is defined to have “little 

dynamic interaction between the most mobile moving fragments, which interact mainly with 

the substrate (path).” Rock avalanche exhibits a flow-like manner which causes the granular 

particles to interact with each other and move as a mass of fragments. As will be revealed later 

in this chapter, interactions between the rigid blocks can be observed in the small-scale 

laboratory experiments, which indicates a flow-like behaviour. However, Drake (1991) 

suggested that in order to reproduce the flow behaviour, the laboratory model is required to 

satisfy a continuum hypothesis, i.e. the depth of the flow should be at least tens of particle 
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diameter. It brings about a dilemma as (1) the depth of the moving mass is limited by the scale 

of the experiments so that the continuum hypothesis is not satisfied, while (2) flow behaviour 

can still be observed, which makes “rock fall” not appropriate to describe the motion of the 

particles. In fact, Hungr et al. (2014) mentioned a transition between rock avalanching and 

falling that exhibits the character of both. They also claimed the difficulty of using a simple 

definition of fragmental rock fall when both flow and rolling/bouncing can occur during the 

motion of the particles. In order to avoid misunderstandings, it is decided to use “motions of 

granular particles” to describe the laboratory model discussed in this chapter. Although hardly 

can the experiment results be extrapolated to predict the actual dynamics of either “rock fall” 

or “rock avalanche” in the real scale, it is hoped that the analysis provided later in this chapter 

can still indicate suggestive observations for better understanding of the processes. The rest of 

this section reviews the previous studies of both rock avalanche (e.g. Manzella and Labiouse 

(2013)) and rock fall (e.g. Okura et al. (2000)).  

Extensive research studies have been performed to investigate the motion mechanism of 

rock fall and rock avalanche in order to have a better understanding and prediction of the post-

failure consequence, such as runout and velocity (energy). One of the well-known analytical 

methods developed by Heim (1932) considered the landslide as a single block sliding down on 

a curved path with constant frictional characteristics. Moreover, by increasing the number of 

blocks from a single to multiple ones forming a discrete flow, researchers could dig deeper into 

mechanisms involved in rock fall or rock avalanche. For example, Okura et al. (2000) 

performed tests with blocks piled orderly on top of the slope covered by granite slabs and 

inclined at 35°, as shown in Figure 5-1. Manzella and Labiouse (2009) studied the difference 

in the dynamic behaviours of rock avalanches when the artificial blocks were piled orderly and 

poured randomly before release, as shown in Figure 5-2. They further explained their choice 
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of the orderly arranged pile with the purpose of modelling an idealised rock mass affected by 

initial discontinuity. 

 
Figure 5-1. Experiments performed by Okura et al. (2000) using blocks. 

 
Figure 5-2. (a) Blocks randomly poured into the container; (b) blocks piled orderly 

(Manzella and Labiouse, 2009). 

Since energy is considered to be fully dissipated through frictional resistance during a 

discrete motion, a straight line can be plotted connecting the centres of gravity of the block at 

the start and at the end of movement. The straight line is inclined at an angle equal to the friction 

angle, as shown in Figure 5-3. This simplification of representing the rock mass as a 

dimensionless block actually implies a constant travel distance of the centre of the mass 

irrespective of its volume. However, it overlooks the spreading of the mass which accounts for 

the excess travel distance of the distal end. The flow experiments with blocks at a small scale, 

conducted by Manzella and Labiouse (2009), led to the observation that the centre of the mass 

travelled the same distance on the horizontal plane as the volume increases. Similar evidence 

(a) (b) 
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provided by Davies (1982) also supports this prediction based on the simple sliding friction 

law. For runout distance, researchers have hypothesised that there could be some conditions 

existing in real events that can hardly be reproduced in a laboratory scale; those conditions 

change the runout behaviour significantly so that the flow materials travel much farther away. 

These observations could be found in works done by, for example, Davies and McSaveney 

(1999) and Legros (2002).  

 
Figure 5-3. Terms that define a motion of rock mass in this study.  

Even with limitations, laboratory tests have been adopted by researchers considering: 1) 

they provide idealised conditions in which each parameter of interest can be studied 

independently; 2) the main purpose of laboratory tests is not to perfectly reproduce the field 

conditions but to study the mechanisms of motions and the parameters influencing energy 

dissipation and deposition properties; and 3) the rareness of the well-documented real events. 

For example, Manzella and Labiouse (2008, 2009, 2013) have done extensive laboratory-scale 

experiments to investigate how parameters, such as fall height, volume, basal friction angle, 

etc., could influence the propagation of a rock avalanche. Being able to use a new image-based 

processing technique, they measured the mass front velocity while the rock avalanche was 

propagating. One of their observations showed that the flow of the rigid rocks decelerated when 
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they arrived at the depositional area, then followed by an acceleration of the front mass through 

a momentum transfer that propelled the front materials. According to their analysis, this 

transfer of momentum could explain the excess travel distance of large rock avalanches. Okura 

et al. (2000) also provided experimental evidence by using cubic granite blocks to produce rock 

fall on an artificial slope. Their results from laboratory tests also helped to verify their 

numerical simulation, in which they highlighted the individual behaviour of one single block 

within the swarm. The velocity of a front-facing block was compared with that of a rear-

positioned block in their experiments, from which they observed that the relative position of 

the block in front and at the rear end was maintained constant during the movement due to the 

larger velocity of the front-facing block. Their numerical simulation offered the capability of 

looking at the frequency of collisions attributed to each individual block, and they found that 

blocks at the front have more acceleration collisions while those at the rear have more 

deceleration collisions. In addition to the above-mentioned endeavours, several other 

interesting works related to laboratory experiments have been conducted by, for example, 

Iverson et al. (2004), Greve and Hutter (1993) and Dufresne (2012) among others. Although 

great efforts have been put into the research of granular flow using laboratory tests, a 

universally valid and accepted explanation for the mechanism involved is still unavailable.  

For laboratory tests, measurements of runout distance and width of rock deposit can be done 

manually, while other features, such as displacement, mass front velocity, and angular and 

linear velocities at the boundary, can be obtained using optical techniques by processing images 

taken through a transparent plate. Those image-based techniques usually require an 

unobstructed light path, which results in two main disadvantages: 1) it is only possible to 

capture the displacements at the boundary, while the behaviour inside the moving mass is 

beyond recognition; and 2) interface frictions between the moving mass and the transparent 

plate can sometimes extensively influence the behaviour of the rock avalanche at the 
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boundaries. Another widely used technique in laboratory study is based on inertial acceleration 

measurements, in which a tracker unit is required. Such a tracker usually has accelerometers 

and gyroscopes inside, so acceleration and angular velocities of the tracker are obtained directly 

while linear velocity and displacement are calculated by integration. Akeila et al. (2007; 2010) 

developed smart pebbles embedded with a strap-down inertial navigation system (INS) to 

monitor riverbed sediment transport. However, one of the major problems with inertial 

measurements is that the integration processes leads to errors that grow with time (Paik 1996).  

With the purpose of studying the mechanism of propagation involved in the downslope 

motions of granular particles and bringing in new insights to the problem, laboratory 

experiments have been carried out by releasing dry rigid blocks on an inclined chute. Also, the 

magnetic tracking system is used as a new tool to capture the kinematic quantities of a tracker 

block. Note that the proposed tracking system and the experiments discussed in this chapter 

are not aimed toward a complete solution of the mentioned problem but are an attempt to use 

new technologies and therefore obtain better insights about the mechanisms involved. 

 

 

5.2 Experimental setup 

5.2.1 Material of the granular particles  

The granular particles are rigid blocks made of mortar with a size of  3.5 cm × 3.5 cm ×

3.5 cm. A completely dry rigid block after curing will have a density of 2.3±0.1 (g/cm3). A 

special rigid block, the tracker block, is made so that a permanent magnet is implanted inside, 

as shown in Figure 5-4. Again, the neodymium disc-shaped magnet, having a diameter of 15 

mm and height of 20 mm, with a residual magnetism (Br) of 1.32-1.37 T (Tesla), is used. Since 

the permanent magnet has a larger density than the mortar, a thin sheet of plastic foam, 
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wrapping the permanent magnet, is used between the outside layer of mortar and the magnet. 

It could also prevent the magnet from erosion. A tilting test is carried out to measure the static 

and dynamic friction coefficients of a normal block and the tracker block on the plywood. The 

results are shown in Table 5-1.  

 
Figure 5-4. Tracker block has a permanent magnet inside with a layer of mortar as cover 

material, which is the same material that makes up the normal block. The surfaces of the 

tracker block are painted with black and red for easy identification in images. 

 

Table 5-1. Characteristics of tracker block and normal block.  

 Tracker block Normal block 

Static friction angle 25˚ ± 1˚ 24˚± 1˚ 

Dynamic friction angle 18˚± 1˚ 19˚± 1˚ 

Density (g/cm3) 2.3 2.3±0.5 

 

 

5.2.2 Sensor array 

An inclined chute is made with one of its side transparent so that the motions of the rigid 

blocks can be monitored using a video camera, as shown in Figure 5-5. The tracker block is 

painted with red and black at the surfaces for easy capture and recognition when moving along 

with the other blocks. The receiver array consisted of 16 Freescale magnetic sensors, 
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MAG3110, which has a full-scale range of ±1000 µT and a sensitivity of 0.10 µT. Figure 5-6 

shows the schematic of the magnetometer array and the experimental set up of the tracking 

system. 

   
Figure 5-5. Inclined chute with one of its side transparent. 
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Figure 5-6. (a) Schematic of magnetometer array along the inclined chute and upon the 

deposit area. Magnetometers are placed at the vertices of the array shown; the origin of 

the coordinate frame is located at the toe of the slope; (b) setup of the magnetic tracking 

system with an additional video camera taking images through a transparent sidewall. 
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5.3 Test configurations 

The experiments are composed of releasing rigid blocks from an inclined surface and ending 

with a horizontal depositional area. Motions of rigid blocks are initiated by opening the trap 

door as shown in Figure 5-6 (b). Parameters such as initial volume and shape, relative tracker 

location and slope inclination are changed. Detailed test configuration is shown in Figure 5-7 

and Table 5-2. The size of the experiment set up is illustrated in Figure 5-8. The coordinate of 

the tracker along the “Length” direction (L value) is always the same, as indicated by the dark 

shaded block in Figure 5-7. Therefore, the relative location of the tracker in the pile before 

release could only be changed along W-direction and H-direction by a value ranging between 

1 and 8, as shown in Table 5-2. Note that the volume of the initial pile, controlled by the width, 

is the only difference between groups having identical first character in the group ID. Two 

slope inclinations are considered and the fall heights of both centre of mass and tracker are 

recorded. By processing the data derived from the magnetic tracking system, how the changing 

parameters would influence the dynamic behaviour of the tracker block is investigated. For 

example, by comparing Test B3 and Test C, the difference in the dynamic behaviour of the 

front-facing block and rear-positioned block could be analysed. 

 
Figure 5-7. Pile of blocks before release. The shade indicates one of the potential locations 

of the tracker block 
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Figure 5-8. Experiment set up: (a) top view; (b) side view, in which ht is the fall height of 

the tracker and hc is the fall height of the centre of mass. 

 

 

 

 

 

 

 

 

(a) 

(b) 
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Table 5-2. Test configuration. Note that Length of the pile is 8×3.5 cm for all groups. 

Group 

ID 

Size of the 

initial pile 

(×3.5 cm) 

Relative 

location of 

the tracker  

Total 

number of 

blocks  

Slope 

inclination 

(α) 

Fall height (cm) 

Width Height W H 
Centre of 

mass, hc 

Tracker, 

ht 

A1 1 

4 1 4 

32 

18° 

32 

37 A2 3 96 33 

A3 6 192 34 

B1 1 

8 1 8 

64 39 

50 B2 2 128 40 

B3 4 256 41 

C 4 8 4 8 256 41 54 

D 1 8 1 4 64 39 37 

E1 1 

3 1 3 

24 

26° 

41 

44 E2 3 72 42 

E3 6 144 45 

F1 1 

5 1 5 

40 44 

50 F2 3 120 45 

F3 6 240 48 

G1 1 

7 1 7 

56 47 

56 G2 3 168 48 

G3 6 336 51 

 

 

 

5.4 Preliminary experimental campaign 

Before investigating the mechanisms involved in the downslope motions of granular particles, 

the reliability of the tracking system in the laboratory is verified through two aspects: (1) four 

identical flume tests are conducted in which magnetic trackers are all released from the same 
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location, as shown in Figure 5-7; and (2) one representative test result is compared with the 

data from images taken by a video camera.  

For the first aspect, with tracker block being released at the same location from piles having 

the same width, length and height, the movements are supposed to be the same. However, some 

discrepancies exist, as shown in Figure 5-9 (a), partly due to the fact that movement of the 

tracker block would be influenced by collisions that cannot be perfectly reproduced each time.  

For the second aspect, the results of representative test are compared with data from images 

taken consecutively by video camera at a rate of 30 frames per second, and these are shown in 

Figure 5-10. In order to evaluate the errors, the position error 𝐸𝑝 is calculated as: 

𝐸𝑝 = √(𝑥𝑚𝑎𝑔𝑡 − 𝑥𝑖𝑚𝑔𝑡)2 + (𝑧𝑚𝑎𝑔𝑡 − 𝑧𝑖𝑚𝑔𝑡)2                         (5-1)                                  

where (𝑥𝑚𝑎𝑔𝑡 , 𝑧𝑚𝑎𝑔𝑡) represents the position of the tracker on x-z surface at time 𝑡 derived 

from magnetic tracking system, and  (𝑥𝑖𝑚𝑔𝑡, 𝑧𝑖𝑚𝑔𝑡) is the position from images. Since the 

video camera can only pick up 2-D motions, only the x-z surface is considered. As shown in 

Figure 5-10 (b), the average position error is about 0.64 cm. 

 

 
Figure 5-9. (a) Four tests are conducted in which the tracker is released from the same 

location. Similar movement paths of the tracker are shown. (b) Image of the movement 

of tracker taken by a video camera 
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Figure 5-10. (a) Comparison between the data from magnetic tracking system and from 

images. Only the x-z surface movement is accessible by using images; (b) position error. 

For later experiments of this chapter, runout is measured manually as the horizontal distance 

between the toe of the slope and the distal end of the final deposit. As indicated by Equations 

(3-8) to (3-10), the tracker’s location and orientation at time t are given as: 𝑳𝒕(𝑎𝑡, 𝑏𝑡, 𝑐𝑡) and 

𝑴𝒕(𝑚𝑡, 𝑛𝑡 , 𝑝𝑡), respectively, in a global coordinate frame shown in Figure 5-6 (a). The time 

interval of sampling is 0.01s, therefore the linear velocity is calculated as, for example, 𝑽𝒙,𝒕𝟏 =

∆𝑷𝒙,𝒕𝟏/0.01 = (𝑳𝒙,𝒕𝟐 − 𝑳𝒙,𝒕𝟏)/0.01 , which is the x-axis component of the velocity of the 

tracker at time t1. Similarly, acceleration is derived by taking the time derivative of the velocity. 

However, numerical differentiation can potentially increase the noise level. This has been 

discussed in the literature by, for example, Pezzack et al. (1977), Daniewicz (1999), Vaughan 

(1982) and Wood (1982). According to Proakis (2001), numerical differentiation can be seen 

as a finite impulse response (FIR) filter that amplifies the high-frequency component of the 

input signal. Taking the representative test as an example, its displacement data in the 

frequency domain is plotted in Figure 5-11. It can be seen that most of the signal energy is 

contained in the low-frequency part. In this thesis, a FIR differentiator filter (realised in 

MATLAB Signal Processing Toolbox) is applied to the frequency spectrum of the 
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displacement data to attenuate the high-frequency component. The resultant acceleration data, 

compared to the raw data, are shown in Figure 5-12.  

 
Figure 5-11. Power spectral density estimate of displacement data using Welch's method 

(Welch, 1967).  

 
Figure 5-12. Comparison between the raw acceleration and filtered acceleration. 

With known orientations at consecutive timestamps, the average angular velocity 𝜔𝑎𝑣𝑒𝑟𝑎𝑔𝑒 
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𝜔𝑎𝑣𝑒𝑟𝑎𝑔𝑒 =
∆𝜃

∆𝑡
=

arccos (
𝑴𝒕𝟏

∙𝑴𝒕𝟐

‖𝑴𝒕𝟏
‖∙‖𝑴𝒕𝟐

‖
)

∆𝑡
                                     (5-2) 

where  𝑴𝒕𝟏 = (𝑚𝑡1 , 𝑛𝑡1 ,  𝑝𝑡1), 𝑴𝒕𝟐 = (𝑚𝑡2 , 𝑛𝑡2 ,  𝑝𝑡2) , 𝑡1  and 𝑡2 are two consecutive 

timestamps with ∆𝑡 = 0.01 s; ∆𝜃 is the angle between two consecutive orientation vectors; 

also, it is easy to prove that ‖𝑴𝒕𝟏‖ = ‖𝑴𝒕𝟐‖ = 1. Note that the self-spin of the tracker about 

𝑴𝒕 is ignored.  

Figure 5-13 shows the rotational motion of the tracker extracted from one of the flume tests. 

Assume that the local reference frame of the tracker, originated at the centre of mass, is parallel 

with the global reference frame and is moving with the tracker. This figure shows the change 

in the tracker orientations and directions of angular velocity with respect to the local reference 

frame of the tracker (a description in the Lagrangian specification).  

Another way of looking at the rotations of the tracker is to plot the direction angles of the 

orientation vector (𝑴) with respect to time, as shown Figure 5-14. As mentioned above, angular 

velocity is estimated using Equation (5-2), and the angular acceleration is calculated by taking 

the time derivative of angular velocity. Results are shown in Figure 5-15. From Figure 5-15 

(a), it can be inferred that after around 0.49 s – 0.68 s, the tracker reached the inclined surface 

of the flume, in which the z-axis velocity (absolute value) decreased by 1m/s and the x-axis 

velocity also decreased because of collision; meanwhile the angular velocity also dropped as 

shown in Figure 5-15 (b). This observation is supported by images taken at t=0.55 s, t=0.58 s 

and t=0.61 s, as shown in Figure 5-16. Also, Figure 5-15 (a) shows that after around 1 s, the z-

axis velocity decreased to roughly 0, and the movement along the x-axis started to decelerate, 

which indicates that the tracker has reached the deposit area.  

The validity of the magnetic tracking system is presented in this preliminary experimental 

campaign with its capability of not only capturing the position but also the other kinematic 

quantities involved with the motions, such as linear and angular velocities. Since all velocities 
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and accelerations are derived indirectly by differentiating the displacement (or angle between 

two consecutive orientation vectors) with respect to time, errors exist, as shown in, for example, 

Figure 5-15, in which a minor data fluctuation can be observed at the end. Different from linear 

velocities, the data of the angular velocity at the end does not fluctuate around 0, but keeps a 

positive value. It is because the angular velocity calculated by Equation (5-2) is the length of 

the angular velocity vector, whose direction is shown by the red arrow in Figure 5-13.  

Future collaboration of the proposed magnetic tracking system with an inertial-based 

tracking technique (comprised of accelerometers and gyroscopes) can be expected because the 

latter measures linear accelerations and angular velocities directly. Potential sensor fusions 

using, for example, Kalman filters, can take advantages of information from both sources in a 

way that improve the accuracy of capturing all the kinematic quantities required. This is 

discussed in later part of this chapter.  

 
Figure 5-13. Rotational motion of the tracker extracted from one of the flume tests, where 

𝒆𝒙, 𝒆𝒚 and 𝒆𝒛 are the unit basis vectors along x, y and z axes, respectively.  𝑴𝟎 and 𝑴𝒔 are 

the orientations of the tracker before and after motion. Note that the self-spin of the 

tracker about 𝑴 is ignored. 

𝑴𝟎 

𝑴𝒔 
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Figure 5-14. (a) Definition of direction angles, where 𝜶,𝜷 and 𝜸 are the direction angles 

of 𝑴 to unit basis vectors along x, y and z axes, respectively. (b) Direction angles of 𝑴 

with respect to time.  

 

Figure 5-15. (a) Linear velocity along the three orthogonal axes. Note that Vy is 

significantly smaller than the other velocity components since the major movement 

direction is along the x-axis. (b) Angular acceleration and angular velocity.  
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Figure 5-16. Images taken at: (a) t=0.55s; (b) t=0.58s; (c) t=0.61s 

 

 

5.5 Small-scale laboratory tests on downslope motions of granular particles 

5.5.1 Measurement of the travel distance of the centre of mass 

Before the kinematic quantities are analysed, it is worth explaining the method used in this 

research to measure the travel distance of the centre of mass. As shown in Figure 5-3, the 

location of the centre of mass should be pinpointed before and after the motion. For a pile of 

rigid blocks stored in a container before the release, the centre of mass is simply the geometric 

centre, while on the deposit area, it is a little bit difficult to locate the centre in a group of 

scattered blocks. A fringe projection method was used by Manzella (2008). In this thesis, a 

simplified method, given that the number of blocks is not too large, is introduced.  

(a) 

(b) (c) 
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Mathematically, the centroid of a figure locates at the mean position of all points in the 

figure. Therefore, the x-axis component of the coordinate of the centre of mass (𝑐𝑥) is given by 

(assuming a constant density of the rigid blocks): 

𝑐𝑥 =
∫𝑥𝑑𝑉

𝑉
                                                        (5-3) 

where 𝑉 is the volume of the deposition. Considering that M discrete rigid blocks have the 

same volume (w), 𝑐𝑥 can be calculated by: 

𝑐𝑥 = 𝐿𝐶𝑜𝑀
′ =

∫𝑥𝑑𝑉

𝑀
=

∑𝑥𝑖𝑤𝑖

∑𝑤𝑖
=

𝑤∑𝑥𝑖

𝑤𝑀
=

∑𝑥𝑖

𝑀
                             (5-4) 

where 𝐿𝐶𝑜𝑀
′  is the calculated travel distance of the centre of mass on the deposit area.  Therefore, 

the most accurate way to measure the travel distance of the centre of mass is to (1) record the 

travel distance of each single block, and (2) average all the recorded distances.  

The volume of the deposition can be approximated using a series of discrete strips, as shown 

in Figure 5-17. The number of blocks (𝑁𝑖)  in strip i, multiplied by volume of each block (w), 

gives the volume of this strip. Therefore, the numerator in Equation (5-3) is calculated as: 

∫𝑥𝑑𝑉 ≈ 𝑤∑ �̅�𝑖 ∙ 𝑁𝑖                                             (5-5) 

�̅�𝑖 =
∑ 𝑥𝑗
𝑁𝑗
𝑗=1

𝑁𝑖
                                                    (5-6) 

where �̅�𝑖 is the mean travel distance of all the blocks in strip i. Assuming each strip can be 

considered as a long cuboid if its width (d) is sufficiently small, Equation (5-4) is approximated 

by: 

𝐿𝐶𝑜𝑀
′ ≈

∑ �̅�(𝑖+1)∙𝑁(𝑖+1)

𝑀
=

∑[(𝑑∙𝑖+𝑑∙𝑖+𝑑
2

)∙𝑁
(𝑑∙𝑖)~(𝑑∙(𝑖+1))]

𝑀 ,     𝑖 = 0, 1, 2, 3, … , 𝑈/𝑑      (5-7) 

where 𝑈 is the upper boundary which the farthest block could reach; and 𝑁(𝑑∙𝑖)~(𝑑∙(𝑖+1)) is the 

number of blocks counted that stop in strip (i+1).  
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Figure 5-17. (a) Schematic of using a series of strips to estimate the volume of the 

deposition;(b) drawing of strips on the deposit surface. The number of blocks that fall 

into each strip can be counted.  

 

 If the width of each strip (d) is small, the number of blocks stopping in any given strip can 

be considered to be uniformly distributed. The centroid of the finite blocks in each strip can be 

approximated as the centre of the corresponding strip. In this research, d is selected to be 10 

cm.  

In order to verify this presumed width, seven tests are conducted. Their configurations are 

shown in Figure 5-18. In each of the tests, the travel distances of all the blocks are recorded. 

(a) 

(b) 
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Averaging the recorded distances in each test brings the accurate travel distance of the centre 

of mass (from Equation (5-4)), which is then compared with the results from the simplified 

method. The normalised error is shown in Figure 5-19 with a standard deviation of 1.2%.  

The calculated travel distance using Equation (5-7) only considers the component on the 

deposit area. By adding the remaining part left on the slope surface, the final travel distance of 

the centre of mass (𝐿𝐶𝑜𝑀), consistent with Figure 5-3, is shown by Equation (5-8) and Figure 

5-20.  

𝐿𝐶𝑜𝑀 = 𝐿𝐶𝑜𝑀
′ +

ℎ𝑐∙𝑐𝑜𝑠𝛼−𝐻𝑝/2

𝑠𝑖𝑛𝛼
                                       (5-8) 

where ℎ𝑐 is the height of the centre of mass before release; 𝐻𝑝 is the height of the initial pile; 

and 𝛼 is the inclination angle of the slope surface. Records of the measurements can be found 

in Appendix E.  

 

 
Figure 5-18. Configurations of the seven tests for verifying the simplified method.  
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Figure 5-19. Errors of using Equation (5-7) to estimate the travel distances of the centre 

of mass in the 7 tests, normalised by the accurate travel distances. 

 

 
Figure 5-20. Calculation of the final travel distance of the centre of mass, including some 

parts on the deposit area and some parts remaining on the slope surface.  

5.5.2 Runout and travel distance of the centre of mass 

Figure 5-21 shows the runout distance recorded for each group of tests. Groups B, C and D 

are combined together because the initial piles in these groups have the same height and the 

relative location of the tracker block is considered to have no influence on the runout. The 

volume of the initial pile is normalised by the fall height of the centre of the mass, considering 
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the slight increase in hc when the volume increases. As can be seen in Figure 5-21 (a), runout 

is increased by increasing the volume of the initial mass. However, when only the volume of 

the mass is increased, the travel distance of the centre of the mass does not increase, as shown 

in Figure 5-22 (a). These observations agree with those reported by Okura et al. (2000) and 

Manzella and Labiouse (2009). Okura et al. (2000) even reported a negative correlation 

between travel distance of the centre of mass and volume of the initial pile, which is 

successfully reproduced in this research, as shown in Figure 5-22 (a) (see Appendix F for 

experiment records). 

Inspired by Davies and McSaveney (1999), various non-dimensional factors are calculated, 

namely the normalised runout (runout/V1/3), normalised height of the initial pile (height/V1/3) 

and the normalised travel distance of the centre of mass. Here, V is the volume of the whole 

mass. As indicated in Table 5-2, groups with identical first character in the group ID have the 

same pile height. Therefore, when normalised by V1/3, the relationship between the runout and 

the shape of the pile is considered. As shown in Figure 5-21 (b) and Figure 5-22 (b), piles 

having larger height but smaller width tend to result in longer normalised runout as well as 

longer travel distance of the centre of mass. This implies that the height of the mass before 

failure plays a very important role in the deposit characteristics so that a “tall-slim” initial shape 

tends to have more mobility than a “short-fat” one, given the same volume. Figure 5-21 (a) and 

(b) use the farthest traveling block to calculate the runout. This approach, which follows that 

used by Okura et al. (2000), is a conservative way to evaluate the risk, since the chance of a 

structure being hit decreases as the distance increases. On the other hand, one may consider the 

travel distance of the main part of the mass as the runout, as structures located within that range 

can almost certainly be damaged by a landslide event. Some researchers, such as Manzella and 

Labiouse (2009), treat the main part of the deposit as the part where it is possible to start 

distinguishing single separate particles, i.e. the distance between two adjacent particles is more 
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than the particle dimension. Using the latter criterion, Figure 5-21 (c) and (d) show the 

relationship of runout against volume and height, respectively. Note that Figure 5-21 (a) and 

(b) show larger data scatter than (c) and (d). This is because the runout calculated by the former 

method is essentially represented by the travel distance of the farthest block; and the motion of 

one single block is largely chaotic. A similar travel distance for one block can hardly be 

reproduced in multiple tests due to the uncertainties within the initial configurations. To take 

into account these uncertainties, the latter method defines a main part of the deposit, which 

effectively reduces the scatter. In later discussion, the behaviour of one single block is studied 

statistically by using cumulative distribution functions to factor in the uncertainties.  
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Figure 5-21. (a) Relationship between runout and volume of the initial pile normalised by 

hc; (b) normalised runout plotted against normalised height of the initial pile; (c) 

relationship between runout and volume of the initial pile using majority of the deposit; 

(d) normalised runout plotted against normalised height of the initial pile using majority 

of the deposit.  
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Figure 5-22. (a) Relationship between travel distance of the centre of mass and volume of 

the initial pile normalised by hc; (b) normalised travel distance of the centre of mass 

plotted against normalised height of the initial pile. 

5.5.3 Motion of the tracker 

In this section, the movements and dynamic behaviour of one block of reference (the tracker 

block) is taken into consideration. It can be observed that the volume of the initial pile has a 

positive influence on the travel distance of the tracker, even though the fall heights (ht) of the 

tracker are exactly the same in those groups that have identical first character ID, as shown in 

Figure 5-23 (a). Identical fall height implies the same potential energy stored on the tracker 

block at the very beginning. As a result, the difference in the dynamic behaviour (including 

travel distance) of the tracker under various initial conditions (including volume of the initial 

pile, slope inclination, relative location of the tracker block in the pile, etc.) provides the 
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potential to use just one reference block to better understand the entire mass during the 

movement. This is because the mechanism of the motion is expected to impact the macro 

behaviour as well as the micro response.  

In Figure 5-23 (b), it can be seen that under the same slope inclination, the higher the tracker 

block locates, the farther it tends to travel. However, the relative location of the tracker in the 

initial pile also influences its travel distance, as denoted by Group D, in which the tracker block 

has the same fall height as that in Group A but travels much less simply because it locates at 

the middle part of the front surface rather than at the top part. A similar observation can be 

found when Group C and Group B3 are compared, with exactly the same volume and shape of 

the initial pile, the tracker block in Group B3 travels much farther due to its front-most location 

in contrast to its rear-positioned counterpart. 

Given the same number of measurements during all groups of tests, the sample sizes are the 

same. The sampling rates are also the same at 100 measurements per 1 second. Therefore, the 

travel distance of the tracker block along the x-axis is directly related to the x-axis component 

of its velocity. Figure 5-24 shows the cumulative distribution functions (CDF) of the tracker’s 

x-axis velocities given different volumes of the initial pile. It can be seen that the reference 

block in tests with larger initial volume tends to maintain higher velocity while moving, which 

is in agreement with the results plotted in Figure 5-23. Also, the tracker blocks in Group C and 

D have smaller velocities due to their rear and lower relative positions in the initial pile.  

CDF is considered to be an effective indication of the overall difference of kinematic 

quantities among groups, since it rearranges the sequence of data and helps compare the 

absolute values. For example, in Figure 5-24 (f), tests in Group G have larger x-axis velocities 

as their mean CDF appears above those from the rest of the groups, which implies their longer 

travel distances. Figure 5-25 shows the CDF of the translational kinetic energy (Ke) for each 

group. Again, even released from the same height (therefore having the same potential energy 
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stored), the reference block in the piles with initially larger volume tends to gain more 

translational kinetic energy. According to work-energy theorem, the net work done by all forces 

acting on the tracker block equals the change in its translational kinetic energy. Any energy 

transfer that tries to stop the tracker (collisions from the front, friction, etc.) will eventually 

reduce the translational kinetic energy of the tracker. Taking Groups C and D into consideration, 

it can be concluded that the reference block located at the upper front is more likely to be 

pushed by the blocks behind and thus gains higher translational kinetic energy, which makes it 

travel farther. 

 
Figure 5-23. (a) Travel distance of the tracker block plotted against the volume of the 

initial pile it comes from; (b) relationship between travel distance of the tracker block 

and its fall height (ht). 
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Figure 5-24. (a)-(e) CDF of x-axis velocities of each group; (f) mean CDF of each group. 
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Figure 5-25. (a)-(e) CDF of translational kinetic energies of each group; (f) mean CDF of 

each group. 
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In Figure 5-26 (a)-(e), the change of translational kinetic energy (Ke) over the x-axis 

displacement is plotted. It can be observed that once released, the tracker block falls and gains 

translational kinetic energy from the potential energy stored and, after hitting the slope surface, 

it loses energy due to collisions. When the tracker block arrives at the toe of the slope, some of 

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.05 0.1 0.15 0.2

C
u
m

u
la

ti
v
e 

d
is

tr
ib

u
ti

o
n

Ke (J)

(a)

A1

A2

A3

D

0 0.05 0.1 0.15 0.2
Ke (J)

(b)

B1

B2

B3

C

0 0.05 0.1 0.15 0.2
Ke (J)

(c)

E1

E2

E3

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.05 0.1 0.15 0.2

C
u
m

u
la

ti
v
e 

d
is

tr
ib

u
ti

o
n

Ke (J)

(d)

F1

F2

F3

0 0.05 0.1 0.15 0.2
Ke (J)

(e)

G1

G2

G3

0 0.05 0.1 0.15 0.2
Ke (J)

(f)

A
B
C
D
E
F
G



138 
 

the translational kinetic energy would be dissipated because of the change of topography. 

Simultaneously, blocks at the rear part enter the deposit area and push the tracker block ahead. 

This energy transfer causes the tracker block to gain a small amount of translational kinetic 

energy until it comes to a complete stop. Looking at Figure 5-26 (a), it can be noticed that the 

energy gain of the tracker block starts when it moves closer to the toe. This is an indication of 

energy input as a result of being pushed at the back. The larger the volume of the initial pile, 

the higher this input would be. Compared to tracker blocks in Group A, the tracker blocks in 

Group D gain a similar amount of translational kinetic energy from falling but this part of 

energy gets dissipated so quickly that it fails to sustain the block to travel further. Trackers in 

Group D locate at the middle part of the front surface, so it is possible to deduce that the energy 

dissipated gets partly transferred to the blocks in front of them after they hit the slope surface. 

On the other hand, Figure 5-26 (b) plots the comparison between Group B and C, in which the 

same volume-energy gain relationship can be observed. However, even starting at slightly 

higher fall height, tracker blocks in Group C cannot acquire as much energy as those in Group 

B can. This is because as the initial pile topples over, the rear-positioned blocks (e.g. tracker 

block in C) are more likely to fall on other blocks rather than fall directly onto the surface, 

therefore the falling distance is shorter.  

In order to figure out the spatial characteristics of the difference in energy gains by the 

tracker blocks from different initial volumes, an estimation of this spatial difference is proposed 

using an overlap coefficient (OVL) (Vijaymeena et al. 2016). OVL is calculated as: 

𝑂𝑉𝐿𝑖 = 𝑜𝑣𝑒𝑟𝑙𝑎𝑝(𝑃𝐷𝐹𝑉1,𝑖, 𝑃𝐷𝐹𝑉2,𝑖) =
|𝑃𝐷𝐹𝑉1,𝑖∩𝑃𝐷𝐹𝑉2,𝑖|

min (|𝑃𝐷𝐹𝑉1,𝑖|,|𝑃𝐷𝐹𝑉2,𝑖|)
                       (5-9) 

where 𝑂𝑉𝐿𝑖 is a coefficient evaluating the similarity between two energy distributions from 

stop point to location i, where a smaller value indicates a bigger difference; 𝑃𝐷𝐹𝑉1,𝑖  and 

𝑃𝐷𝐹𝑉2,𝑖 are the probability density functions (PDF) of the tracker block’s energy in two 
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different initial volumes from location i to the complete stop point. The numerator in Equation 

(5-9) actually measures the overlap area between the two PDFs. An example using the tests in 

Group F is shown in Figure 5-27. An algorithm examines all the possible locations with an 

interval of 5 mm and finds out, for example in Group F, at 𝑥 ≈ 0 and  𝑥 ≈ 0.4 the overlap area 

reaches a local minimum. Interestingly, it is always possible to find a local minimum at around 

𝑥 ≈ 0, where the topography changes, for all the groups of tests, as shown in Figure 5-28. Even 

though the slope toe (𝑥 = 0) is not always the global minimum for OVL, it is still the place 

where the difference in volume becomes significantly influential to the tracker’s kinetic 

properties. A division of movement at this location (𝑥 = 0) is made for tests in Group F as an 

example. Phase 2 includes the movement from 𝑥 ∈ [0, end] , while Phase 1 includes 𝑥 ∈

[start, 0]. The resulting CDF of translational kinetic energy after this separation can be found 

in Figure 5-27 (f) and (g). 
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Figure 5-26. (a)-(e) Translational kinetic energy plot against x-axis displacement. Origin 

of the coordinate frame locates at the toe of the slope. Grey dash line represents the slope 

surface whose z-axis coordinates can be found on the left. Axis for translational kinetic 

energy (Ke) is on the right. (f) CDF of translational kinetic energy in Phase 2 from tests 

in Group F. After this separation, the difference in terms of Ke at deposit area for trackers 

from different volumes becomes more prominent compared with Figure 5-25 (d); (g) CDF 

of translational kinetic energy in Phase 1. 
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Figure 5-27. (a) The overlap area that Equation (5-9) calculates at i=85 (a time step when 

t=0.034s); (b) OVL plotted against x-axis coordinates as tracker block moves. 

 
Figure 5-28. (a)-(e) Overlap coefficient (OVL) of each group of test plot against x-axis 

displacement. 
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5.5.5 Duration of motion and collision of the tracker block 

Given the kinematic details of the tracker block, the duration of motion can be recorded as 

shown in Figure 5-29. It can be seen that with identical fall height of the tracker, the larger the 

volume the longer the duration of its movement. Also, the duration of movement has a positive 

impact on the travel distance of the tracker, as shown in Figure 5-29 (b). These observations 

are in agreement with Manzella and Labiouse (2009), who claimed that the greater duration of 

the interaction between particles from larger volumes contributes to longer runouts. With 

temporal data on x-axis accelerations being available, it is possible to separate the accelerations 

into positive parts and negative parts. Positive accelerations (along the downslope direction) of 

the tracker block come from being pushed from the back, while negative ones (opposite to the 

downslope direction) are due to collisions with chute surface and with blocks in the front.   

Figure 5-29 (b) shows the duration of the motion plotted against the travel distance of the 

tracker. The motion can be split into a proportion with positive collisions and another with 

negative collisions. This split is based on x-axis accelerations. If the acceleration at any given 

time is along the movement direction, it is considered to have a “push effect” to the tracker 

block and therefore it is recorded as a positive collision. By collecting all these positive 

collisions, it is possible to produce the duration of this type of collision. The same approach 

can be done for the negative collisions.  

The upper curve in the figure represents the sum of the positive and negative collisions. 

Since this split is based on x-axis accelerations, interactions with the basal area, which cause a 

deceleration of the tracker, are considered as negative collisions. Therefore, these interactions 

may also include friction effects while the tracker block is sliding on the deposit surface. 

As shown in Figure 5-29 (b), the durations of negative collisions are larger than those of 

positive collisions, especially for those trackers having longer travel distances. A reasonable 

explanation for this phenomenon is that blocks having longer travel distance tend to locate at 
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the front-most; therefore, in the later part of their motions, majority of the net forces is from 

interaction with the basal surface. During this period of time, these blocks would use up all 

their kinetic energy through friction until they stop at a farther distance. Imagining that the 

farthest traveling block always stays at the front-most, the last part of its journey is getting all 

its energy dissipated through friction (considered as negative collision). That is also the reason 

why the majority of the distal ends of deposits are comprised of sparsely distributed particles. 

Besides duration, it is also possible to count the number of collisions of the tracker block. 

As shown in Figure 5-30, there is also a positive relationship between the number of collisions 

and the travel distance of the tracker block. However, due to the same greater duration of 

motion, the longer travelling blocks have similar frequency of collisions when compared to 

their shorter travelling counterparts. 

 
Figure 5-29. (a) Duration of motion plotted against the volume of the initial pile; (b) 

duration of motion plotted against the travel distance of the tracker block; collisions are 

separated into positive and negative parts based on acceleration data. 
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Figure 5-30. Number of collisions and frequency of collisions plotted against the travel 

distance of the tracker. 

 

5.5.6 Rotational kinetic energy and total energy 

Rotational kinetic energy, RKe, is calculated by: 

𝑅𝐾𝑒 =
1

2
𝐼𝜔2                                                           (5-10) 

where 𝜔 is the angular velocity derived from Equation (5-2) ignoring the self-spin; and 𝐼 is the 

moment of inertia of a cube. Again, the cumulative distribution function (CDF) of rotational 

kinetic energy for each group is plotted in Figure 5-31. It seems that volume influences 

rotational kinetic energy in the opposite way as compared to its influence on translational 

kinetic energy. With exactly the same fall height and relative location of the tracker, the smaller 

the volume, the higher the rotational kinetic energy generated during the motion. By comparing 

two series of photos taken consecutively, as shown in Figure 5-32, an explanation for this 

phenomenon is that a large volume prevents rotations as blocks at the rear layer would partly 

shroud the front ones when the initial pile topples over. Since the tracker block locates in the 

front layer would reach the slope surface first, its instant deceleration provides opportunity for 

the rear-positioned blocks to partly cover it and prevent it from bouncing and rotating. Blocks 
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at the rear part would then decelerate, as shown by the behaviour of Group D in Figure 5-26 

(a), and provide a propulsion to the blocks in the front, which would consequently gain a small 

amount of translational kinetic energy. 

With translational and rotational kinetic energy and potential energy (derived by fall height) 

all available, the total energy of the tracker block is calculated as the sum of the three energies. 

The total energy from each fall height of the tracker block is plotted against the x-axis 

displacement in Figure 5-33. Comparing Group A to Group D, it can be concluded that, after 

being released, the rear-positioned blocks transfer their energies to the front-facing ones due to 

collisions. Same observation can be obtained by looking at Group B and Group C.  

  



146 
 

 

 
Figure 5-31. (a)-(e) CDF of rotational kinetic energies of each group; (f) mean CDF of 

each group. 

 
Figure 5-32. (a) Consecutive photos over an interval of 0.12s from one of the tests in 

Group G1; (b) consecutive photos over an interval of 0.12s from one of the tests in Group 

G3; it can be seen that the tracker block in smaller volume tends to bounce back to higher 

location compared to that in larger volume. Moreover, a sparse distribution and intense 

rotation and bounce of front-facing blocks can be observed in smaller volume. 
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Figure 5-33. Mean value of the total energy in each group plotted against the x-axis 

displacement. 

5.5.7 Discussion  

Runout and travel distance of the tracker block have a positive relationship with the volume 

of initial pile, while the travel distance of the centre of mass seems to have no correlation with 

the volume. The shape of the initial pile also plays a very important role in both runout and 

travel distance of the centre of mass. Initial volume influences the behaviour of the tracker 

block as larger volume provides higher translational kinetic energy given the same fall height 

and relative location of the tracker block.  

An overlap coefficient (OVL) is used to look for the place on x-axis where the difference in 

volumes of initial piles become significantly influential to the translational kinetic energy of 

the tracker block. Results imply that after the front-facing blocks arrive at the deposit area, 

rear-positioned blocks in the volume transfer their energies to the ones in front by pushing them 

even farther. Similar momentum transfer was also observed by Manzella and Labiouse (2009), 

who deduced that the volume influences the rock avalanche process primarily on the 

accumulation zone. They further claimed that their experimental evidence had supported Heim 

(1932) and Gassen and Cruden’s (1989) explanation that the exceeding travel distance of large 

rock avalanches comes from this momentum transfer.  
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Okura et al. (2000) conducted numerical simulations of rock fall and studied the influence 

of volume on runout distance. According to their simulations, it is possible to distinguish 

collisions between blocks from collisions with boundaries. However, this discrimination is 

beyond the scope of this research. Taking all types of collisions into consideration, a positive 

correlation between the number of collisions and the duration of motion can be observed.   

The rotational kinetic energy and, therefore, the total energy of the tracker block are derived. 

Opposite to the relationship between volume and translational kinetic energy, a larger volume 

seems to prohibit the development of rotational kinetic energy. The interactions between rear-

positioned and front-facing blocks include the prevention of rotational kinetic energy and 

promotion of translational kinetic energy. This implies that the dynamics of the motion is 

dependent on the shape of the block, slope inclination, the block-block and block-surface 

coefficients of friction. For example, consider a very large block-surface coefficient, the front-

facing layer would decelerate so much after it hits the slope surface that the rear layer would 

then completely overtop it and travel even farther. The total energy combines the translational 

and rotational kinetic energy and the potential energy of the tracker block. The plot of the 

change of the total energy as the tracker block moves down also supports the idea that front-

facing blocks travel farther due to propulsions from the back and result in a longer runout.  

Campbell et al. (1995) did a computer simulation study of landslides using Discrete Element 

Method (DEM). By releasing up to 30,000, 100,000, 200,000 and 1,000,000 two-dimensional 

discs from the top of an inclined surface, they tried to reproduce the features revealed in field 

observations. In particular, by colouring the strata of the initial pile (having 3,000 particles), 

they observed a rotation of the layer so that the flowing materials tended to fold over on 

themselves. This observation seems to agree with the one in this study that, as the number of 

moving blocks increase, the blocks at the rear layer could partially shroud the front ones and 

thus prevent the distal-end rocks from rotating. However, it is worthy to mention that their 
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particles are two-dimensional discs, and the front face of the initial pile is vertical with respect 

to the ground surface, rather than perpendicular to the inclined surface as used in this study. 

Therefore, once released, the discs at the bottom layer were able to roll and be ejected from the 

front of the flow. This behaviour is different from the one discussed here where the initial pile 

tends to topple first and push the front-most block. Another difference is that, in their 

simulations, less than 1% of the particles (which could be 10,000 particles out of 1,000,000 

particles) roll on permanently and therefore omitted from their calculations of, for example, the 

location of the slide’s centre of mass. 

At the beginning of all the tests discussed in this thesis, the initial mass topples before 

moving down the slope surface. Compared to the work done by Campbell et al. (1995), it is 

interesting to see the difference of the initial configuration influencing the flow behaviours. 

For example, Figure 5-23 and Figure 5-24 show that the block located at the bottom has shorter 

travel distance, while in the Campbell et al. (1995)’s work, the bottom layer tended to maintain 

its location at the front end of the flow. The block-surface friction coefficient, slope ratio, 

depth-to-width ratio and the randomness of the blocks in the initial pile (stacked orderly or 

arbitrarily) may be the factors that determine the tendency to topple. 

In future experiments, it is necessary to consider changing the shape of the block, the surface 

material of the chute and the arrangement of the initial pile with, for example, all the blocks 

piled randomly. 

 

 

5.6 Fusion with an initial-based tracking technique  

In the previous sections, data of linear acceleration, calculated from the second time derivative 

of the changing location, is processed through a differentiator filter to reduce the noise within 

the data. An initial-based tracking technique, for example, an initial measurement unit (IMU), 
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usually provides direct measurement on accelerations but lacks the accuracy on displacement 

estimation. Considering that the magnetic tracking system offers direct measurement of 

displacement, it is a good opportunity to show that complementary technologies could improve 

the quality of data acquired, therefore a better understanding of a physical process can be 

expected.  

Translational kinetic energy of an object is related to its velocity, which is a parameter that 

is often obtained indirectly, i.e. either through integrating from acceleration or differentiating 

from displacement. Given the enhanced data of acceleration, also incorporating the information 

from displacement, Kalman filter (Kalman 1960) can be applied to improve the quality of the 

velocity data. This strategy is described as estimating the state 𝒙𝒌 of a process governed by the 

linear stochastic difference equation: 

𝒙𝒌 = 𝑨 ∙ 𝒙𝒌−𝟏 + 𝑩 ∙ 𝒖𝒌−𝟏 +𝒘𝒌−𝟏                                            (5-11) 

with an observation zk which is 

𝒛𝒌 = 𝑯 ∙ 𝒙𝒌 + 𝒗𝒌                                                        (5-12) 

The state variable 𝒙𝒌 = [�̂�𝒌 �̂�𝒌]′, where �̂�𝒌 is the displacement vector predicted at the kth time 

step and �̂�𝒌 is the velocity vector, should not be confused with the x-axis coordinate of a 

magnetometer. 𝒖𝒌 is the acceleration vector after noise reduction, 𝑨 is the prediction matrix 

and 𝑩 is the control matrix, given by Equation (5-13) for application in target tracking. 

𝑨 = [
1 ∆𝑡
0 1

] ; 𝑩 = [0.5∆𝑡
2

∆𝑡
]                                                 (5-13) 

Equation (5-11) provides the predictions of displacement and velocity from the previous 

time step k-1, while Equation (5-12) gives the actual observations of the two vectors. Therefore 

𝒛𝒌 = [𝑷𝒌 𝑽𝒌]′ contains the raw data of the two parameters and 𝑯 is an identity matrix while 

𝒘𝒌−𝟏 and 𝒗𝒌 represent the process and measurement noise, respectively. The state equation 
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shows the underlying relationship between the current state and previous state, which provides 

the basis for prediction. The actual observation, on the other hand, is considered as another 

independent information source measuring the current state. By considering the error 

covariances from the process and measurement noise, the prediction is refined with the 

observation following Bayes’ rule. More details about the probabilistic origin can be found 

from the works of Jacobs (1993).  

Here, a simple dynamic validation of the magnetic tracking system is presented by mounting 

the tracker block together with a 3-axis accelerometer on a small vehicle. As shown in Figure 

5-34, the vehicle runs down an aluminium track and the accelerometer provides a benchmark 

for acceleration measurement from the tracking system while images are used to validate the 

displacement data.  

Figure 5-35 shows the results including comparisons of displacement, velocity and 

acceleration data. In Figure 5-35 (a), it can be seen that the filtered acceleration has much 

smaller error when benchmarked with acceleration from the accelerometer. However, the error 

increased after 1.9 s, perhaps because of the relative movement between the tracker block and 

the accelerometer due to detachment. Figure 5-35 (c) compares the displacements from 

different sources, where the raw data from magnetic tracking and the data integrated from 

filtered velocity show better agreement with the benchmark data from the images, while the 

data integrated from the accelerometer have errors growing with time. Since it is difficult to 

benchmark velocity, the filtered data is considered to be better because: 1) it has less fluctuation 

compared with the raw velocity derived directly from magnetic tracking and from images; and 

2) the data drift is limited as it can be integrated back to displacement with small error, as 

shown in Figure 5-35 (b). 
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Figure 5-34. Small vehicle with a tracker block and 3-axis accelerometer runs along an 

aluminium track 

 

 

 
Figure 5-35. Validation test results: (a) Comparison between raw acceleration directly 

from double differentiation, filtered acceleration data and benchmark data from 

accelerometer; (b) comparison between raw velocities (differentiated from magnetic 

tracking and from images) and filtered velocity using stochastic process estimation 

mentioned above; and (c) comparison between raw data from magnetic tracking, 

integrated displacement from filtered velocity, double integration from accelerometer 

data and benchmark data from images. 
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5.7 Summary 

Small-scale experiments on laboratory granular motions down a flume have been conducted 

by many researchers using various novel techniques to study features such as deposit length 

and thickness, entrainment, erosion, runout distance, etc. For example, Iverson et al. (2004) 

performed experiments on dry granular avalanches across irregular three-dimensional terrain, 

in which the raw data was acquired from sequential snapshots recorded by a digital camera. 

Comparison was made between data from experiments and from their numerical predictions 

for further calibration of their model and deeper understanding of avalanche behaviour. Flume 

tests were performed by Dufresne (2012) to study the interaction process of moving rock or 

debris avalanche traveling over stationary material. In order to observe the interactions, high-

speed video (1000 frames per second) was used to provide details of the movements through 

transparent sidewalls. 

A magnetic system is developed and applied in tracking the position of a block with a 

permanent magnet inside. Kinematic quantities, including displacement, linear and angular 

velocities and kinetic energies, are derived. Since the tracking target is a permanent magnet, 

the influence of the work done by the earth magnetic field should also be considered with 

caution. However, there are mainly two reasons why the magnetic force from the earth could 

be ignored and considered to be zero. Firstly, the earth magnetic field is very weak at the 

surface (about a Gauss or less). Secondly, the field extends over a large space so that it is 

considered to be uniform over a small working environment, such as the laboratory. In fact, the 

total magnetic force on a permanent magnet in a purely uniform magnetic field is exactly zero.  

In this thesis, only one target block is tracked. By adding more trackers supported by multi-

object tracking algorithm, the dynamic behaviour of blocks at different parts within the same 

moving mass could be expected after proper consideration on magnetic interference between 

magnets. However, it is not possible to replace every “normal” block with tracker blocks, all 
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having permanent magnets inside, since in that case the mechanical properties of the motion 

will depend mainly on the magnetic forces among tracker blocks. The purpose of this thesis is 

not to use only one block of reference to represent the entire flow, but focus on studying how 

the mechanism, which influences the macro behaviour (the motion of the entire mass), could 

have its impact on the micro behaviour (one block of reference). Similar idea was found by 

Okura et al. (2000), who compared the velocities of individual blocks from different parts of 

the initial arrangement in a rock fall experiment.  

As stated in Section 1.3 and Section 5.1, although failing to satisfy the continuum 

assumption, the flow-like behaviours are partly reproduced. This can be seen from, for example, 

the influence of the volume of initial mass on the translational kinetic energy gained by the 

tracker block (shown in Figure 5-25). Considering the fact that if the tracker block undergoes 

typical “rock fall” process, i.e. it moves independently without interacting with other moving 

fragments, simply increasing the initial volume of the pile, but keeping the fall height constant, 

would not cause an increase on the translational kinetic energy gained. It is always a 

challenging task to extrapolate experimental results to different scales in order to predict the 

behaviour of a process in a real event (Drake, 1991). Nevertheless, this chapter shows the 

effectiveness of using the proposed tracking system in small-scale laboratory studies, 

especially when the kinematic quantities of a subsurface moving target are of interest. Also, 

the results discussed in this chapter can have potential values to analytical and numerical 

models for validation purpose, since, according to Manzella (2008), if those models cannot 

reproduce the behaviours in highly simplified conditions, there is little hope that they could 

describe real events under much more complicated environment.  

In the future, an overall behaviour can be assessed by replacing the blocks in the initial pile 

one at a time (or several at a time, depending on the number of trackers being used), and iterate 
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the tests until all the locations are considered with enough repetitions. Results could be 

processed following statistical theories in order to make the derived overall behaviour reliable. 

Sensor fusion combining accelerometers and magnetic tracking system seems to show good 

potential not only in the way that the combined output of displacement and acceleration is more 

accurate compared to them being used separately, but also in the velocity correction being able 

to keep the benefits from both sources. The analysis in this chapter only made use of 

displacement information from magnetic tacking system and acceleration from accelerometers. 

Future fusion can utilise the orientation information derived from magnetic tracking, as well as 

from three-axis gyroscopes, to achieve even better performance.  
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6. Potential applications of magnetic tracking 

system  

 

 

 

 

 

 

6.1 Introduction  

In Chapter 2, some widely used methods for measuring soil motions are reviewed. The author 

tried to emphasise the importance of capturing soil motions not only in mechanism 

investigations, but also in geotechnical monitoring tasks. The magnetic tracking system is 

proposed to fill in the gaps of subsurface motion detection not limited to translational 

movements but render rotations possible. The previous chapters introduce the mathematic 

fundamentals of the magnetic tracking system followed by a prototype used in small-scale 

laboratory tests on motions of granular particles down a slope. Some results are discussed 

especially for those that are previously difficult to capture by using traditional methods. The 

mechanism of moving dry rigid cubes is chosen as the target topic, considering that (1) a solid 

background has already been built on substantial data available, thanks to the relentless 

endeavours from researchers, from which the new results can be compared, verified and 

discussed, and (2) its limited size facilitates the installation of a magnetometer array being able 

to track a common magnet and thus provides an ideal environment to examine a prototype 

based on a new method. In this chapter, the uses of the magnetic tracking system are expanded. 
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Discussion of its potential applications are focused on (1) monitoring and early warning system 

of geohazards; (2) health monitoring and construction control; and (3) in-situ tracking tasks in 

geotechnical and hydraulic engineering. But first of all, a more detailed analysis is provided on 

the effective range and optimised geometry of the magnetometer array. The effective range and 

optimised geometry are considered to be necessary foundations for a practical design of the 

tracking system in the future.  

 

 

6.2  Effective range of magnetic tracking system 

The magnetic tracking system uses static magnetic field to convey the tracker’s location and 

orientation information. It requires a tracker to generate the field, a receiver to sense the field 

at a given location and convert it into numbers, and also a mathematical model to use those 

numbers to regenerate the field numerically in computers and then back-calculate the spatial 

information about the source. Therefore, an effective range is defined so that within this 

distance the magnetic field is strong enough, the receiver is sensitive enough, and the 

mathematical model is accurate enough to simulate the original field.  

 

6.2.1 Lower boundary 

Magnetometers are usually manufactured with a full-scale sensing range, which indicates 

the maximum strength of a field a device can detect. As a result, the magnetometers cannot be 

placed too close to a magnet, especially for those neodymium ones which generate strong field 

near them. At the same time, when the spacing becomes too small, a permanent magnet cannot 

be simulated as a magnetic dipole. According to Song et al. (2017), simulating permanent 

magnets as magnetic dipoles will produce larger errors as the field strength increased. Their 
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results showed that magnetic flux density with a strength less than 0.1 Tesla could enable the 

magnetic dipole model. Typically, common magnetometers have a full-scale range of 10-4 ~ 

10-3 Tesla, as shown in Table 4-1. Therefore, the sensing range of the magnetometer is used to 

define the lower boundary of the tracking system. Figure 6-1 plots the lower boundary against 

the size of the permanent magnet used as tracker. The magnetic field is calculated using 

Equations (3-4) to (3-7) taking only the magnitude of the magnetic field into consideration. 

Note that all the magnets are sphere-shaped neodymium magnets having a grade of N50 with 

a residual magnetism of 1.42 Tesla. Three different devices, having a full-scale range of 

6 × 10−4 Tesla, 8 × 10−4 Tesla and 10 × 10−4 Tesla, respectively, are shown as examples. 

Obviously, a larger full-scale range of the magnetometer can provide a broader effective range 

of the tracking system.  

 
Figure 6-1. The lower boundary plotted against the size of the permanent magnet used as 

tracker.  

 

6.2.2 Upper boundary 

The upper boundary defines the maximum distance the magnetometer and the tracker can 

be separated. The strength of the permanent magnet and the resolution of the magnetometer 
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both have positive influences on this value. Using the same type of permanent magnet as in the 

last section, the magnitude of the magnetic flux density is calculated and then compared with 

the resolutions of some common magnetometers. The critical distance is derived when the 

calculated magnitude is equal to the resolution. The results are plotted in Figure 6-2 considering 

different sizes of the permanent magnets. It seems very promising that a 2-cm sphere-shaped 

magnet can track up to 11 m while aided by magnetometers having a resolution of 0.003μT. 

However, the critical distance calculated in this way can be used only when the presence of a 

target is of interest. There is no guarantee that when the target undergoes a small amount of 

motion, a sufficient change in the magnetic field can still be imparted. It is necessary to 

introduce another criterion that takes into consideration the small difference in the flux density 

as the tracker undergoes a movement indicated by v. The gradient criterion can be expressed 

as: 

𝑅𝑚𝑎𝑔𝑛𝑒𝑡𝑜𝑚𝑒𝑡𝑒𝑟 > 𝜵𝑩 ∙ 𝒗                                                 (6-1) 

where 𝜵𝑩 is the gradient of the magnetic field as a function of tracking range and the size of 

the permanent magnet; and 𝑅𝑚𝑎𝑔𝑛𝑒𝑡𝑜𝑚𝑒𝑡𝑒𝑟  is the resolution of the magnetometer used. 

Considering 𝐵 is a scalar field, for example the x-axis component of the vector field B without 

loss of generality, its gradient indicates the direction of the greatest change of the scalar field 

while its magnitude is the rate of change along that direction. The vector v can be seen as the 

accuracy requirement for a project, for example |𝒗| = 1 mm means that any movement larger 

than 1 mm should be captured by the tracking system. Note that, indeed, there is always a 

direction of 𝒗 that could cause the product in Equation (6-1) to be zero, meaning that if only a 

single 1-axis magnetometer is used, the tracker can always find a direction of a small amount 

of movement so that the magnetometer produces no reading (or nearly no reading). While in a 

magnetic tracking system, sensor array with multiple 3-axis magnetometers are usually used, 

this adverse movement direction can be avoided. More discussions on the arrangement of 
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multiple magnetometers in an array are presented in the next section. Figure 6-2 (b) shows the 

upper boundary plotted against different sizes of magnets used as the source. Using the gradient 

criterion, a 2-cm sphere-shaped magnet can provide a tracking up to 2.3 m with an accuracy 

requirement of 5 mm.  

 

 

 
Figure 6-2. (a) Upper boundary plotted against the size of magnet; calculation is based 

on the magnitude of magnetic flux density; (b) calculation is based on gradient of 

magnetic flux density; curves are plotted with different accuracies required. 
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6.3 Optimised geometry of magnetometer array 

In Section 4.2, a discussion is made on the number of magnetometers required to track two 

permanent magnets. It is observed that the tracking accuracy decreases as the number of 

magnetometers reduces, and the minimum number is 4 (3-axis magnetometers) in order to 

localise two magnets. From Equations (3-8) to (3-10) and Equations (3-45) to (3-47), magnetic 

tracking is illustrated by solving for unknowns related with location and orientation. Therefore, 

if one tracker is of interest, there are 6 unknowns with 3 for three-dimensional position 

information (𝑎, 𝑏, 𝑐) and the other 3 for orientation information (𝑚, 𝑛, 𝑝); if the number of 

trackers is k, the number of unknowns increases to 6k. Considering the simplest case in which 

one magnet is tracked, at least 6 groups of unique information should be provided, otherwise 

the system would be underdetermined and yield no solution or infinite solutions (Datta, 2010). 

In fact, the least square optimisation method frequently used in this research is an approach to 

approximate the solution of overdetermined systems, i.e. sets of inputs outnumber the 

unknowns. However, due to multiple magnetometers being used, it is worth discussing the 

optimised geometry of the array so that a better output can be obtained with less error.  

Considering a tracking system making use of measured distances to localise a target, for 

example, two laser rangefinders shown in Figure 6-3. If the devices are perfect and the 

measurements are error-free (as shown in Figure 6-3 (a)), it can be concluded that only two 

lasers are required (in two-dimensional cases) and any arrangement of the devices will yield 

the same accurate localisation. However, because of noise and imperfection of devices, errors 

are inevitable. The errors lead to the measured distances with some inaccuracy indicated by the 

narrow bands shown in Figure 6-3 (b). As a result, the true location of the target will lie 

somewhere inside the intersection area. The arrangement of the devices is important as poor 
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geometry will result in larger intersection causing less accurate estimation, even with the same 

amount of uncertainty for each measurement.  

 

 

  
Figure 6-3. Assume that two laser rangefinders are used to localised a target. (a) Sensors 

are perfect and measurements are error-free; (b) distances measured are error-prone, so 

the estimated location of the target lies inside the intersection area of two bands; (c) a 

poor geometry yields a larger intersection and therefore lower accuracy.  

 

In magnetic tracking, magnetometers measure the magnetic flux density (𝑩𝒊) given by: 

𝑩𝒊 = 𝐵𝑇 (
3(𝑴𝒐∙𝑹𝒊)∙𝑹𝒊

|𝑅𝑖|
5 −

𝑴𝒐

|𝑅𝑖|
3)                                                   (6-2) 

where 𝑹𝒊 is the position vector of the target relative to magnetometer No.i; 𝑴𝒐 is the unit 

vector indicating the orientation of the magnet; and 𝜺 is the measurement error. Equation (6-2) 

is a multi-variable vector-valued function that can be expressed as: 

𝑩𝒊(𝒙) = [𝐵𝑥1(𝒙) 𝐵𝑦1(𝒙) 𝐵𝑧1(𝒙) … 𝐵𝑥𝑘(𝒙) 𝐵𝑦𝑘(𝒙) 𝐵𝑧𝑘(𝒙)]𝑇 

(a) 

(b) (c) 
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  𝑖 = 1,… , 𝑘                                                           (6-3) 

where 𝒙 is the unknown vector (𝑎, 𝑏, 𝑐,𝑚, 𝑛, 𝑝) denoting the target’s location and orientation, 

and k is the total number of magnetometers being used. Assume a proximate solution 𝒙𝒐 and 

one can use Taylor expansion in place of 𝒙𝒐 to express one component of Equation (6-3) as: 

𝐵𝑖(𝒙) = 𝐵𝑖(𝒙𝟎) + 𝒈𝒊
𝑻 ∙ (𝒙 − 𝒙𝟎) +

1

2
(𝒙 − 𝒙𝟎)

𝑇 ∙ 𝑯𝒊 ∙ (𝒙 − 𝒙𝟎) + 휀(‖(𝒙 − 𝒙𝟎)‖
3)     (6-4) 

where 𝒈𝒊 is the gradient vector and 𝑯𝒊 is the Hessian matrix given by: 

𝒈𝒊(𝒙𝟎) = [
𝜕𝐵𝑖

𝑥1
  
𝜕𝐵𝑖

𝑥2
  
𝜕𝐵𝑖

𝑥3
  
𝜕𝐵𝑖

𝑥4
  
𝜕𝐵𝑖

𝑥5
  
𝜕𝐵𝑖

𝑥6
]𝑻                                    (6-5) 

𝑯𝒊(𝒙𝟎) =

[
 
 
 
 
𝜕2𝐵𝑖

𝜕𝑥1
2 ⋯

𝜕2𝐵𝑖

𝜕𝑥1𝑥6

⋮ ⋱ ⋮
𝜕2𝐵𝑖

𝜕𝑥6𝑥1
⋯

𝜕2𝐵𝑖

𝜕𝑥6
2 ]
 
 
 
 

                                              (6-6) 

Using the first two terms to linearise the vector-valued function Equation (6-4): 

𝑩𝒊(𝒙) − 𝑩𝒊(𝒙𝟎) ≈ 𝑱𝒊(𝒙𝟎) ∙ (𝒙 − 𝒙𝟎)                                        (6-7) 

where 𝑱𝒊 is the Jacobian matrix defined over 𝑩𝒊 as: 

𝑱𝒊 =

[
 
 
 
 
𝜕𝐵𝑥𝑖

𝜕𝑥1
…

𝜕𝐵𝑥𝑖

𝜕𝑥6
𝜕𝐵𝑦𝑖

𝜕𝑥1
…

𝜕𝐵𝑦𝑖

𝜕𝑥6
𝜕𝐵𝑧𝑖

𝜕𝑥1
…

𝜕𝐵𝑧𝑖

𝜕𝑥6 ]
 
 
 
 

                                                 (6-8) 

After linearisation, the model of magnetic tracking can be written as: 

𝑩 = 𝑱𝑿 + 𝜺                                                         (6-9) 

where 𝜺 is the error vector representing the uncertainty band with a mean value 𝐸[𝜺] and a 

covariance matrix 𝐸[𝜺 𝜺𝑻]. As mentioned before, the problem described in Equation (6-9) is 

usually solved through least-square method, that is: 
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𝑚𝑖𝑛‖𝑩 − �̂�‖
𝟐
        𝑤ℎ𝑒𝑟𝑒 �̂� = 𝑱�̂�                                        (6-10) 

Setting the derivative of Equation (6-10) with respect to �̂� to 0 gives  

(𝑱�̂� − 𝑩)
𝑻
(𝑱�̂� − 𝑩) = 𝑱𝑻𝑱�̂� − 𝑱𝑻𝑩 = 𝟎                                 (6-11) 

therefore, 

�̂� = (𝑱𝑻𝑱)−𝟏𝑱𝑻𝑩                                                 (6-12) 

Substituting Equation (6-9) into Equation (6-12) yields  

�̂� = (𝑱𝑻𝑱)−𝟏𝑱𝑻(𝑱𝑿 + 𝜺) = 𝑿 + (𝑱𝑻𝑱)−𝟏𝑱𝑻𝜺                           (6-13) 

Equation (6-13) is very useful as it transfers the uncertainty of the measurement 𝑩 to the 

accuracy of the output 𝑿 with ∆𝑿 = �̂� − 𝑿 = (𝑱𝑻𝑱)−𝟏𝑱𝑻𝜺. 

From the above equation, one could estimate the performance of tracking using parameters 

such as mean error 𝑴∆𝑿 and covariance matrix 𝑪∆𝑿: 

𝑴∆𝑿 = 𝐸[∆𝑿] = (𝑱𝑻𝑱)−𝟏𝑱𝑻𝐸[𝜺]                                          (6-14) 

𝑪∆𝑿 = 𝐸[∆𝑿 ∆𝑿
𝑻] = (𝑱𝑻𝑱)−𝟏𝑱𝑻𝐸[𝜺 𝜺𝑻]𝑱(𝑱𝑻𝑱)−1                              (6-15) 

If the measurement error has a zero mean (𝐸[𝜺] = 𝟎), Equation (6-14) implies that an 

accurate location and orientation of the target can be derived by averaging the outputs given 

the sample size is large enough, because 𝐸[𝜺] = 𝟎 leads to the mean error of the output 𝑴∆𝑿 =

𝟎.  

Assuming the measurements from all the axes of the magnetometers are independent and 

having an identical variance 𝜎2, the covariance matrix of the measurement error is 𝐸[𝜺 𝜺𝑻] =

𝜎2𝑰, so that the covariance matrix of the output error is: 

𝑪∆𝑿 = 𝜎
2(𝑱𝑻𝑱)−1                                                      (6-16) 
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In fact, in the applications of satellite navigation, for example Global Positioning Systems 

(GPS), geometric dilution of precision (GDOP) is an important term to evaluate the 

mathematical propagation of errors due to various satellite geometrical configurations. The 

GDOP in GPS applications is given by a similar form as in Equation (6-16) but bearing a 

different Jacobian matrix due to a completely different mathematical model used for 

localisation. According to Parkinson et al. (1996), if the position coordinates are the ordered 

right-hand set, east, north and up, the GDOP matrix is expressed as: 

𝒄𝒐𝒗(𝐏𝐨𝐬𝐢𝐭𝐢𝐨𝐧) = 𝜎𝑅
2

(

 
 

(East DOP)2  Covariance terms

 (North DOP)2   

  (Vertical DOP)2  

Covariance terms  (Time DOP)2)

 
 

   

(6-17) 

where 𝜎𝑅
2 is the same variance of ranging errors from each satellite, and the scalar GDOP is 

defined to be the square root of the trace of Equation (6-17).  

The receivers on the ground choose the best set of satellites to track themselves based on 

the values of GDOP, which is solely dependent on satellite topology. Smaller GDOP indicates 

that less error is transmitted from ranging measurement to location estimation, thus a more 

optimised arrangement.  

 

6.3.1 Tracking with two magnetometers 

The analysis of optimised geometry of magnetometer array starts from the simplest case 

when two magnetometers are used to track a permanent magnet. In this case, tracking can be 

considered as a two-dimensional problem as the two magnetometers and the permanent magnet 

always stay in the same plane. Assume that the permanent magnet locates at (0, 0, 0) with an 

orientation of (0, 1, 0) in a Cartesian coordinate shown in Figure 6-4. The covariance value (C), 
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based on Equation (6-16), will be calculated as magnetometer A moves in a circular motion 

from (0, -1, 0) to (0, 1, 0) with a direction angle 𝛼. A lower covariance indicates a better 

geometry. Note that the distance between magnetometers and the permanent magnet is kept as 

1 to focus on the impact only from the geometry. Also, the distance has no unit because the 

evaluation of covariance does not rely on actual measurement of magnetic flux density and 

focus will be paid on arrangement of sensor array rather than the size.  

 
Figure 6-4. Schematic of tracking with two magnetometers. 

The covariance value (C) is plotted against the direction angle α as magnetometer A moves. 

It is shown in Figure 6-5 that as the magnetometers become closer, the covariance increases 

and the accuracy drops. Therefore, in this case, the optimised geometry is where the two 

magnetometers are most separated from each other. When the two magnetometers reach the 

same location, the covariance increases to infinity. It means that with only a single 

magnetometer it is not able to localise one magnet.  
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Figure 6-5. Change of covariance (C) as magnetometer A moves in a circular motion from 

(0, -1, 0) to (0, 1, 0). When α=180˚, covariance increases to infinity.  

Magnetic tracking is quite different from other techniques based on ranging measurements, 

such as GPS, because the orientation of the target also influences the input measurement 

(magnetic flux density). As a result, the orientation has a strong effect on the optimised 

geometry since it alters the magnetic field in the space. By rotating the permanent magnet at 

(0, 0, 0) about x-axis and z-axis, as shown in Figure 6-6, a drastically different trend of the 

change of covariance can be observed. Rotating around x-axis will not change the shape of the 

covariance curve, as shown in Figure 6-7, while the average value of covariance tends to 

increase as 𝜃𝑌𝑍 increases. It is still possible to conclude that in order to obtain the best geometry 

the two magnetometers should be placed away from each other as much as possible, while 

keeping a constant distance to the magnet they are tracking. When 𝜃𝑌𝑍 = 90° , the two 

magnetometers are symmetric about the orientation vector of the magnet, implying that they 

receive identical inputs. As a result, the covariance increases to infinity no matter what the 

arrangement of the magnetometers is. It is similar to the case of using a technique based on 

ranging measurements. For example, if two laser rangefinders are used to localise a target, as 

shown in Figure 6-3 (a), the resultant location will either be above or below the connection line 

of the two sensors. Without extra information, the actual location of the target cannot be 

determined.  
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Figure 6-6. Rotating the permanent magnet to consider the impact of orientation on the 

covariance (C). 𝜽𝒀𝑿  indicates the rotation angle in y-z plane and 𝜽𝒀𝑿  indicates the x-y 

plane component.  

 
Figure 6-7. Covariance (C) plotted in logarithmic scale against 𝜶  as the permanent 

magnet rotates around x-axis from y=1 to z=1. Due to symmetric magnetic field, rotating 

from z=1 to y=-1 is identical to the rotation starting from y=1 to z=1.  

Note that rotating the magnet’s orientation vector from y=1 to z=1 yields the exactly same 

results as from z=1 and to y=-1; besides, the rotation direction (clockwise or anticlockwise) 

also would not affect the results. In contrast, the magnet’s rotation in the x-y plane (about z-
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axis) cannot take advantage of this symmetric property. Therefore, let 𝜃𝑌𝑋 to change from 0˚ to 

180˚ and the result is plotted in Figure 6-8.  

Rotating about z-axis is a completely different story. There is hardly a “best” strategy for 

arranging the two magnetometers when the orientation vector of the target lies in the x-y plane. 

An infinite value of covariance can always be observed as the geometry of the magnetometers 

changes (𝛼 ∈ (0°, 180°)). In fact, when 𝜃𝑌𝑍 ∈ (0°, 90°), i.e. the magnet rotates from y=1 to 

x=1 about the z-axis, magnetometer A will always be able to reach a location so that it is 

symmetrical with magnetometer B about the orientation vector of the magnet, as shown in 

Figure 6-9. The tracking system falls into the same dilemma as described before and fails to 

provide a localisation.  

In most tracking tasks, it is difficult (or sometimes impossible) to control the tracker such 

that its rotation is constrained in a specific plane. When the permanent magnets are rotating 

arbitrarily, the optimised geometry is heavily dependent on the orientation of the tracker, so a 

theoretical best strategy is seldom achieved. All 𝛼 values have a corresponding orientation 

vector of the magnet so that the covariance grows to infinity. However, if those unfavourable 

situations are ignored, for example, when 𝛼 = 36°, avoid 𝜃𝑌𝑋 to approach 72˚; it can still be 

observed that separating the two magnetometers at two ends of the diameter (𝛼 = 0°) is a good 

strategy since in most cases it provides lower covariance.  
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Figure 6-8. Covariance (C) plotted in logarithmic scale against 𝜶  as the permanent 

magnet rotates around the z-axis from y=1 to y=-1. When 𝜽𝒀𝑿 =72˚, the covariance curve 

breaks at 𝜶  =36˚. Because the magnetometers are symmetric about the magnet’s 

orientation vector, the covariance increases to infinity. Note that different from Figure 6-

7, 𝜽𝒀𝑿 ∈ [𝟎°, 𝟏𝟖𝟎°); but still, the rotation direction (clockwise or anticlockwise) would not 

affect the results.  

 
Figure 6-9. As 𝜽𝒀𝑿  increase from 0˚ to 90˚, there is always a location at which 

magnetometer A is symmetrical to magnetometer B about the orientation vector of the 

magnet.  
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6.3.2 Tracking with three magnetometers 

In the previous section, the covariance (C) is used to evaluate the performance of a 

magnetometer array in all possible geometries that two magnetometers can configure. The 

impact of the tracker’s orientation is presented. In some cases, an infinite covariance appears 

simply because two magnetometers are not enough. One more magnetometer is added in this 

section and the corresponding covariances are calculated based on various geometries.  

Since three magnetometers form a plane, analysis will start from when the permanent 

magnet is coplanar with the magnetometers. Assume without loss of generality that the 

permanent magnet is centred at a circle on which the magnetometers locate. Again, with a 

radius set to be 1 (no unit), the distances between the magnetometers and the magnet are 

identical and focus will be paid only on geometry, as shown in Figure 6-10 (a). Consider the 

permanent magnet has an orientation vector to be (0, 0, 1), therefore some geometries are 

rotational symmetric, for example in Figure 6-10 (b). In this case, all the possible geometries 

can be examined by changing to variables: H and 𝛼, with H∈ [0,1] and 𝛼 ∈ [0°, 180°], as 

shown in Figure 6-11.  

  



173 
 

 
Figure 6-10. (a) Schematic of a permanent magnet tracked by three magnetometers. 

Magnet locates at (0, 0, 0) with an orientation z=1. (b) Magnetometer configuration ABC 

is symmetrical to A’B’C’ given the orientation vector of the magnet is z=1.  

 
Figure 6-11. Examining all the possible geometries by varying H (H∈ [𝟎, 𝟏]) and 𝜶 (𝜶 ∈
[𝟎°, 𝟏𝟖𝟎°]).  

Figure 6-12 shows the results of covariance (C) of all possible geometries, starting from 

H=0 and 𝛼 =0˚ to H=0.95 and 𝛼 =180˚. Note that H=1 is not considered since in that case the 

tracking is demoted to a two-magnetometer problem. A global minimum can be found at H=0.5 

(a) (b) 
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and 𝛼 =180˚, at which the three magnetometers form an equilateral triangle. It is very 

interesting to observe that this equilateral triangle is also the largest triangle possible among 

those that are inscribed in the circle (radius=1). A reasonable assumption can be made: the 

larger the inscribed triangle formed by the three magnetometers, the lower the covariance and 

therefore the better geometry. It is intuitively satisfying because it seems that the larger the 

triangle the more apart the magnetometers are separated. The input information comes with 

more “diversity”. Similar to the previous two-magnetometer scenario, locating the 

magnetometers at two ends of the diameter of a circle is a good strategy especially when the 

magnet’s rotation is constrained in a specific plane.  

Is the assumption above really reliable? Indeed, the equilateral triangle is the single largest 

configuration that three magnetometers can possibly form in a circle. But similar assumptions 

can also be made based on other criteria. For example, by measuring the length of the shortest 

side of all inscribed triangles, it is not difficult to find out that the equilateral triangle also has 

the longest one. Fortunately, these assumptions can be easily tested with known coordinates of 

magnetometer A, B and C. Figure 6-13 plots the length of the shortest side of each triangle 

formed by three magnetometers, and their corresponding covariances. The results show that 

this assumption can hardly be correct. Compared to the shortest-side assumption, the area-of-

triangle assumption performs better, as shown in Figure 6-14, especially at the lower 

covariance part. Each inscribed triangle (formed by three magnetometers) can also have an 

inscribed circle. Using the area of this inscribed circle as a criterion, the corresponding 

covariance can be plotted in Figure 6-15. It performs much better than the previously 

mentioned criteria, and a monotonic decreasing relationship can be observed. Considering the 

situation where the permanent magnet locates outside the plane of magnetometer ABC, but 

keeping the orientation vector always perpendicular to the triangle plane, a three-dimensional 

model is built as the magnetometers lie on the surface of a sphere (radius=1), as shown in 
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Figure 6-16 (a). Again, the covariance is calculated as the height (h) between the magnet and 

the triangle plane increases. The results in Figure 6-16 (b) show that increasing h decreases the 

area of the inscribed circle of the triangle and cause the covariance to grow. When h=1, the 

magnetometers coincide and covariance grows to infinity.  

 
Figure 6-12. Covariance (C) plotted against 𝜶  as H increase from 0 to 1. Since the 

orientation of the magnet is kept constant at (0, 0, 1), a global minimum can be found at 

H=0.5 and 𝜶 =180˚.  
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Figure 6-13. Covariance plotted against the length of the shortest side of the triangles in 

all possible geometry. Note that as focus is made on the arrangement of magnetometer 

array, no specific unit is used in measuring the length.  

 
Figure 6-14. Covariance plotted against the area of the triangle formed by three 

magnetometers.  
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Figure 6-15. Covariance plotted against the area of the inscribed circle of the triangle 

formed by three magnetometers.  

 

  
Figure 6-16. (a) Schematic of a three-dimensional model. (b) Covariance plotted against 

the height of the triangle plane. The calculation is made with equilateral-triangle 

configuration corresponding to each h.  

The previous analysis concludes that the best geometry of the magnetometers is to locate 

them at the three vertices of an equilateral triangle (H=0.5, 𝛼 = 180°) when the orientation 

vector of the magnet is (0,0,1). Again, by rotating the magnet (shown in Figure 6-17), the 

impact of orientation of target on the optimised geometry can be observed. Figure 6-18 shows 

the covariance surfaces as 𝜃𝑍𝑋 increase from 0˚ to 90˚ (rotate about y-axis). The configuration 
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of best geometry alters as 𝜃𝑍𝑋 changes. But configuration around H=0.5 and 𝛼 = 180° can still 

be considered as acceptable since even if it will not provide the lowest covariance at other 𝜃𝑍𝑋 

values, the derived covariances are not too large. The covariances of different configurations 

as 𝜃𝑍𝑋 changes are shown in Table 6-1. Note that all these listed configurations are able to 

result in an optimised geometry under different 𝜃𝑍𝑋 values, as shown in Figure 6-18.  

Similarly, as the magnet rotates by changing 𝜃𝑍𝑌  (𝜃𝑍𝑌 ∈ [0, 90°]) and 𝜃𝑌𝑋𝑌−  (𝜃𝑌𝑋𝑌−  ∈

[0, 180°]), there is hardly a H- 𝛼 combination that can optimise the geometries in all cases. 

Results are shown in Figure 6-19 and Figure 6-20. Also, Table 6-2 and Table 6-3 show the 

covariances of different configurations as 𝜃𝑍𝑌 and 𝜃𝑌𝑋𝑌−  changes, respectively.  

In fact, the average covariance of each H- 𝛼  combination possible while the magnet is 

rotating can be calculated. In the case of 𝜃𝑌𝑋𝑌−  ∈ [0, 180°], configuration of H=0.6 and 𝛼 =

180°  results in the smallest average covariance as 0.13; in the case of 𝜃𝑍𝑌 ∈ [0, 90°] , 

configuration of H=0.6 and 𝛼 = 180° results in the smallest average covariance as 0.14; and 

in the case of 𝜃𝑍𝑋 ∈ [0, 90°], configuration of H=0.4 and 𝛼 = 180° results in the smallest 

average covariance as 0.14. By looking for the combination that yields the smallest average in 

each case, it is shown that even without a globally optimised geometry, the configuration 

around H=0.5 and 𝛼 = 180° still produces good estimation of localisation.  
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Figure 6-17. Rotating the magnet in a three-dimensional space. 

 
Figure 6-18. Covariance of four 𝜽𝒁𝑿 values against changing 𝜶 and H. When 𝜽𝒁𝑿 = 𝟎°, it 
is actually the three-dimensional surface mapped by the curves in Figure 6-12. The best 

geometry for each 𝜽𝒁𝑿 is indicated with a small sphere.  
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Table 6-1. Covariances of different configurations. 

𝜃𝑍𝑋 

Configurations 
90° 60° 30° 0° 

H=0.1, 𝛼 = 108° 0.09 0.11 0.21 1.40 

H=0.2, 𝛼 = 126° 0.09 0.11 0.18 0.43 

H=0.4, 𝛼 = 180° 0.12 0.12 0.14 0.19 

H=0.5, 𝛼 = 180° 0.13 0.12 0.15 0.19 

 

 
Figure 6-19. Covariance of four 𝜽𝒁𝒀 values against changing 𝜶 and H. The best geometry 

for each 𝜽𝒁𝒀 is indicated with a small sphere.  
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Table 6-2. Covariances of different configurations. 

𝜃𝑍𝑌 

Configurations 
90° 60° 30° 0° 

H=0.9, 𝛼 = 180° 0.09 0.10 0.17 0.38 

H=0.6, 𝛼 = 180° 0.12 0.12 0.14 0.19 

H=0.5, 𝛼 = 180° 0.13 0.12 0.15 0.19 

 

 
Figure 6-20. Covariance of seven 𝜽𝒀𝑿𝒀−  values against changing 𝜶  and H. The best 

geometry for each 𝜽𝒀𝑿𝒀−  is indicated with a small sphere. Note that 𝜽𝒀𝑿𝒀− = 𝟎°  and 

𝜽𝒀𝑿𝒀− = 𝟏𝟖𝟎° are symmetric.  

  



182 
 

Table 6-3. Covariances of different configurations. 

𝜃𝑌𝑋𝑌−  

 

Configurations 

180° 150° 120° 90° 60° 30° 0° 

H=0.9, 𝛼 = 180° 0.09 0.11 0.19 0.37 0.19 0.11 0.09 

H=0.9, 𝛼 = 162° 0.09 0.10 0.15 0.33 0.26 0.13 0.10 

H=0.3, 𝛼 = 126° 0.28 0.14 0.09 0.09 0.13 0.28 0.28 

H=0.1, 𝛼 = 108° 1.08 0.18 0.10 0.09 0.12 0.29 1.08 

H=0, 𝛼 = 54° 0.56 0.29 0.13 0.09 0.10 0.17 0.56 

H=0.5, 𝛼 = 180° 0.13 0.13 0.13 0.13 0.13 0.13 0.13 

 

 

6.3.3 Tracking with multiple magnetometers 

When more than three magnetometers are used, it is difficult to examine all the possible 

configurations and calculate their corresponding covariances. However, some special 

representatives could still show that increasing the number of magnetometers may decrease the 

covariance and therefore improve the performance of tracking.  

Consider the orientation vector of the permanent magnet is (0, 0, 1) (z=1), and 3, 4, 6, 8 

magnetometers are used, respectively. Figure 6-21 shows their corresponding configurations 

as representatives. The results seem to show that with more magnetometers used, there is 

always a configuration that can perform better.  
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Figure 6-21. Tracking with multiple trackers. (a) 3 magnetometers, (b) 4 magnetometers, 

(c) 6 magnetometers, (d) 8 magnetometers 

 

6.3.4 Discussion 

In this section, analysis is made on the optimised geometry of a magnetometer array 

composed of multiple magnetometers. By changing the positions of the magnetometers on a 

sphere with a radius=1, the performances of the geometries are evaluated using a covariance 

value given in Equation (6-16). When using only two magnetometers, sending them to the two 

ends of the diameter may be a good strategy. However, infinite covariance sometimes appears, 

which means that two magnetometers are not enough to provide the tracking in some specific 

cases. Three magnetometers can form a triangle inscribed to the sphere. Results show that when 

(a) (b) 

(c) (d) 
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the orientation vector of the magnet is perpendicular to the triangle formed by the three 

magnetometers, the larger the inscribed circle of that triangle, the better the performance of the 

magnetometer array. Covariance analysis with more magnetometers are not covered at the 

current stage. But a reasonable assumption could still be made that the best geometry for 

multiple magnetometers (>3) is when the polyhedron they form has the largest inscribed sphere. 

Reckoning the laser rangefinder and the global positioning system mentioned earlier in this 

section, these localisation techniques are based on ranging measurement. According to the 

research by Parkinson et al. (1996), for a four-satellite system constrained to have a minimum 

elevation angle (i.e. should all be above the local horizon), the best geometry is when one 

satellite is overhead and the others are equally spaced as close to the horizon as possible. 

Interestingly, their further research investigated the theoretical best geometry by removing the 

constraint of elevation angle and claimed that minimum dilution of position is obtained at 

elevation angle=-19.5˚. It corresponds to the configuration of a regular tetrahedron with its four 

apexes occupied by the satellites. Note that the tetrahedron has the largest inscribed sphere in 

all possible configurations.  

It is also worth mentioning that different from techniques based on ranging measurements, 

the magnetic tracking can also capture target’s orientation which in turn influences the 

configuration of a best arrangement. Therefore, a global best geometry can hardly be achieved 

due to arbitrary rotations of targets during most geotechnical processes. However, results show 

that the near equilateral-triangle configuration is still favourable as it provides lower average 

covariance while the magnet is rotating.  

 

6.4 Monitoring of geohazards 

In this section, discussion is made on the potential usage of the proposed magnetic tracking 

system in monitoring geohazards. In earthquake-related research, such as liquefaction and 
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landslides, the requirement for mitigation methods to reduce the risks is urgent due to economic 

cost and human loss. Identification of possible failure mechanisms and assessment of potential 

damage associated with earthquake hazards are important ingredients in mitigating their 

impacts to the built environment (Orense 2003). No matter what complex mechanisms are 

behind them, these geohazards, such as landslides and soil liquefaction, manifest themselves 

in the form of soil movements or the potential of soil movements. As discussed before, sensors 

based on inertial acceleration measurements have difficulties measuring soil motions with low 

rate. The magnetic tracking system can provide subsurface motion detection and output the 

displacement information directly, which grants it a promising future especially when 

cooperated with other techniques.  

 

6.4.1 Monitoring and early warning systems for slope failure 

Earth material flowing over topographic terrain that prevails in many geological mass 

movements, such as landslides, has gain extensive attention due to its common occurrence and 

the insights its investigations could bring to the mechanism of the mentioned natural hazards. 

From an engineering view point, not all landslides are devastating, it is the landslides that will 

potentially bring about human tolls and economic cost that are worth paying attention to. 

Typically, there are two types of methods in reducing the hazards of landslides. The first one 

is to lower the probability of the occurrence of landslides, such as building retaining structures, 

drainage and avoiding development in potential landslide areas (Schuster and Highland, 2007). 

For example, in the United States, regulations and codes have already been developed in order 

to restrict excavation and constructions in landslide prone areas (Schuster and Fleming, 1986). 

Bromhead (1997) claimed that the most efficient way to prohibit a landslide is to modify slope 

geometry by removing unstable part of the soil. In this way, slope gradient can be flattened 
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because the remaining part of the earth cannot drive a landslide. However, some obvious 

disadvantages for this method is that unstable area is hard to be localised, and the improvement 

of the stability for one area could adversely impair the stability of another. An alternative 

strategy for mitigating landslide risks is to control the flow of slope-forming materials and 

runout behaviours of landslides by, for example, building diversionary structures to lead the 

landslide flows to prearranged deposit (Montgomery et al., 1991). It is obvious that engineering 

solutions mentioned above could be very costly.  

Another group of methods may involve the use of an early warning system to ensure the 

readiness or preparedness of the public (Thiebes, 2012; Nadim, 2011). An effective early 

warning system should not only be able to predict the occurrence of landslides, but it also needs 

to offer the public sufficient time to act appropriately. According to Intrieri et al. (2013), four 

main activities of landslide early warning systems are design, monitoring, forecasting and 

education.  

Wireless sensor networks are one of the core parts to collect useful data for an early warning 

system during the monitoring procedure, in which different types of sensors are applied and 

cooperate with each other. For instance, a piezometer can measure pore water pressure while 

accelerometers impart the accelerations of the slope-forming materials. According to Dai et al. 

(2002), real-time monitoring of landslides typically includes deformations of both slope surface 

and subsurface, as well as the rate of deformation and direction of deformation. As stated 

previously, information of soil motions is the most direct sign of the stability of a slope. No 

matter how complex the mechanism of the initiation of a landslide, the hazard always emerges 

in the form of large movement. The proposed magnetic tracking can possibly fill in the gap and 

provide the valuable kinematic data related to a slope. Wang et al. (2018) proposed a 

monitoring system of slope failure using distributed tilt sensors. Their works included the 

measurements from multiple borehole inclinometers. Magnetometers can be deployed inside 
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the borehole to localise the trackers distributed underground, as shown in Figure 6-22. 

Inclinometers and inertial measurement unit can provide the referencing of the magnetometer 

array using dead reckoning. When high precision of georeferencing is required for the 

magnetometer array, techniques such as real-time kinematic (RTK) enhanced global navigation 

satellite systems (GNSS) can be applied.   

 
Figure 6-22. Schematic of an early warning system incorporating the magnetic tracking 

system.  

With data of soil motion available, an obvious way to convert the received information into 

a warning is to set a benchmark or a threshold, for example the amount of sub-soil deformation 

or the velocity of soil movement, above which a warning will be issued. According to Harris 

(2013), this method usually fails to give the time frame at which landslides would occur.  The 

required time frame for failure calls for an effective prediction of a future displacement of a 

slope. This could be evaluated through the soil’s current location, velocity and acceleration.  

However, problem still remains when considering the places outside the sensing range of 

the magnetic tracking system. In fact, it only provides measurements at discrete points. 
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Interpolation and extrapolation of the measurements can be done by using artificial neural 

networks (ANN). It is a computing system being able to model the relationship between sets 

of input and output data. It has been used by researchers to train data to predict the factor of 

safety (FOS) of a slope, with some measurable input parameters such as slope angle, soil 

permeability and shear strength (Harris, 2013).  

However, the factor of safety, usually calculated through the limit equilibrium analysis, is 

still an indirect description of the stability of a slope. Instead, the ground deformation is an 

undeviating value to indicate the stability. Rather than using ANN to predict FOS, a prediction 

of ground deformation is preferred. The magnetic tracking system, supported by the multi-

object tracking algorithm, can provide the inputs for training the ANN.  

In order to further improve the performance of the ANN, one could consider a more 

comprehensive training database composed of a kinematic dataset and an environmental 

dataset.  

The kinematic dataset can be acquired through the fusion between the magnetic tracking 

and inertial measurement units. As discussed in Section 5.6, it can yield much more robust 

evaluations of the motions of objects (linear and angular displacements, velocities and 

accelerations).  

On the other hand, parameters such as soil strength, temperature, soil moisture content and 

pore water pressure comprise the environmental dataset. As a result, these technologies of data 

acquisition (sensor network) and data processing (ANN) help expand the capability of 

monitoring not only temporally but also spatially.   
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6.4.2 Ground shaking maps in earthquake engineering 

In the regions characterised by small slope inclinations, permanent displacements and the 

loss of bearing capacity due to soil liquefaction could still impact urban settlements and lifeline 

systems. The establishment of post-earthquake maps of ground shaking provides data available 

for scientists and engineers who are interested in modelling earthquakes and cyclic response of 

soil and structures. The magnetic tracking system can provide access to kinematic data of soil 

motions both at the surface and subsurface layer. Those data can also be used in susceptibility 

analysis of earthquake-induced geohazards, such as landslide and liquefaction. These 

approaches can be found in detail from the works done by, for example, Nowicki et al. (2014), 

Cauzzi et al. (2017) and Wotherspoon et al. (2015). Meanwhile, the development and 

improvement of such seismic maps capturing ground motions are also underway in many 

countries, for example, ShakeMaps produced by the U.S. Geological Survey Earthquake 

Hazards Program in conjunction with regional seismic network operators, and GeoNet 

developed in New Zealand through the collaborations between the Earthquake Commission, 

GNS Science, and Land Information New Zealand. In addition to data collecting, some of the 

systems also serve as early warning systems allowing users to rapidly react to imminent 

disasters, for example the Tokyo Gas system, also referred to as Super-Dense Real-time 

Monitoring of Earthquakes (SUPREME, Yamazaki and Shimizu, 2000), can estimate the 

potential damage to gas pipelines with measurements of peak ground acceleration and spectrum 

intensity.  

Not only ground motions at the surface, but the subsurface response in seismic events is also 

considered to be a prerequisite for the development of effective mitigations of earthquake 

disasters. Downhole arrays are developed and applied worldwide to record dynamic motions 

of near-surface ground (Elgamal et al, 2004). Information acquired from downhole arrays 

includes kinematic quantities such as accelerations of strata, pore water pressures, shear wave 
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velocity profiles, site shear stress-strain responses and many more. According to Elgamal et al. 

(2004), classic in-situ and laboratory tests have limitations due to disturbance caused by soil 

sampling, difficulties in reproducing in-situ stress-strain state, seismic loading histories, site 

stratification conditions, and appropriate boundary conditions. Therefore, data from downhole 

array provide useful complements to the popular in-situ and laboratory investigations on 

seismic response of soil. Additionally, these data can be valuable for calibrations of empirical 

and numerical models in predicting soil behaviours. Extensive works related to downhole array 

have been published and many more are under development. Practical applications can be 

found in, for example, Treasure Island, California (de Alba et al., 1998), Hualien sites in 

Taiwan (Graves et al., 1996) and Port Island in Japan (Iwasaki and Tai, 1996). One of the 

productions of the downhole array is the shear stress in any level z of the soil layer at time t, 

which can be calculated as (Koga and Matsuo 1990; Zeghal et al. 1996): 

𝜏(𝑧, 𝑡) = ∫ 𝜌�̈�(휁, 𝑡)𝑑휁
𝑧

0
                                       (6-18) 

where 𝜌 is the mass density, and �̈�(휁, 𝑡) is the acceleration detected at level 휁. This can be later 

used to obtain a stress-strain history with the shear strain derived from double-integrating the 

acceleration records divided by the vertical distance. However, according to Elgamal et al. 

(2004), new technologies are required to measure seismic ground displacement, especially the 

long-period contents that are removed by double integrations of recorded accelerations.  

Also note that the shear strain at each layer is derived from the displacement difference 

between two adjacent layers divided by their vertical distance. It actually implies that the 

relative displacement, rather than the absolute movements, of soil layers are required in 

identifying the shear stress-strain history. This provide the context in which the magnetic 

tracking system can be potentially incorporated. Because what the magnetic tracking system 

can measure is exactly the relative motions of the tracker to the magnetometer array. Therefore, 

one possible application is to place the magnetometer array and trackers into different layers 
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of interest and collect the data through wires without the need to georeference each 

magnetometer array, as shown in Figure 6-23.  

 
Figure 6-23. Schematic of a potential use of the magnetic tracking system in capturing 

relative displacement between soil layers. 

 
Figure 6-24. Schematic of a potential use of the magnetic tracking system when absolute 

displacements of soil layers are required. Special tracker is highlighted including a 

stronger magnetic dipole with longer effective range and an IMU to capture the motion 

of subsurface array.  
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In the case when the absolute displacements of the trackers are required, magnetometer array 

underground should be localised as well. One way is to attach an extra tracker rigidly to the 

array referenced by the array above. For example, as shown in the Figure 6-24, Array 1 can 

localise normal trackers buried in soil layer (marked in blue) and also “special tracker” (marked 

in brown) bonded rigidly with Array 2. Motions of the “special tracker” represent the motions 

of the corresponding array. In the most ideal case, all the units underground can be localised 

thereafter. The special tracker can also have an inertial measurement unit (IMU) embedded to 

provide better accuracy after data fusion, with the available power source and data transmission 

channel already connected to the magnetometer array. Moreover, with power supply, the 

“special tracker” can make use of electromagnet, which can generate stronger field and 

therefore larger effective range. 

When absolute displacements are of interest, receiver array at the ground surface should be 

georeferenced. As the tracking system can be implemented with, for example, a strong motion 

station that has already be set up in many locations around the world, the problem now becomes 

the real-time positioning of strong motion stations during a seismic event. Fortunately, 

researchers have already developed techniques to detect surface displacements during an 

earthquake. For example, the Precise Point Positioning (PPP) discussed in Section 2.3.1 has 

been used in GPS-based systems by Xu et al. (2013) to measure displacements under cyclic 

motions. They compared the results of 50-Hz PPP with an inertial measurement unit and 

showed they had achieved a 2-4 mm accuracy horizontally and 7-9 mm vertically.  

 

 

6.5 Health monitoring and construction control 

The development of underground space in urban areas now facilitates a more efficient use 

of space, as it could provide accommodations for denser urbanisations while maintaining the 
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quality of metropolitan life on the surface. A good example is the massive transport hub 

jointing metro lines in big cities, which not only provide convenient and rapid transit for 

passengers but also extensively reduce the carbon footprint caused by public transportations. 

However, underground constructions are challenging especially in those densely populated 

areas because the surrounding buildings and environment should be preserved. Consequently, 

according to Fleming et al. (2016), those urban underground development should avoid large 

impact to ground and adjacent structures assisted by monitoring and construction control. The 

magnetic tracking system has the potential to provide monitoring of ground deformations. 

Based on observational method, constructions are adjusted by measurements of site behaviours 

to control ground deformations (Peck 1969). Data acquired from sensor measurements and 

records provide a feedback to a predictive model that is used to design the excavation support 

system. This predictive model is then updated to better estimate future deformation of the 

ground. Fleming et al. (2016) presented the framework used to acquire the detailed construction 

and excavation history for the Transbay Transit Centre (TTC) in San Francisco, United States, 

as shown in Figure 6-25. In the second element, conventional hard-hat-mounted digital cameras 

are used to capture two-dimensional (2D) images of the excavation, which are then converted 

to three-dimensional (3D) geometries using techniques such as photogrammetry in 3D 

reconstruction software. This 3D model can provide time history of information such as depth 

of excavation and ground deformation. Fleming et al. (2016) compared the image-based 

technique with laser-scanning technique for constructing this 3D model and concluded that 

image-based techniques are cost-effective but sacrificing some levels of accuracy. They also 

proposed to use unmanned aerial vehicles (drones) to access the space that were not reachable 

to hard-hat-mounted digital cameras. With onboard global positioning system (GPS) tracking, 

data captured from these drones were referenced and correlated with those from on-person 

digital cameras.  
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Here, magnetic tracking can play a significant role because it comprises sensor array and 

trackers. Nowadays, strong permanent magnets are not costly as shown in Section 4.1.1 and 

sensor array consisting of magnetometers are usually lightweight. Therefore, a possible 

configuration is to deploy multiple permanent magnets into sites of the excavation field 

especially those that are not accessible, as shown in Figure 6-26. Drones can navigate the sites 

of interest carrying the magnetometer array, and with reference provided by GPS, motions of 

the magnets can be used to represent the motions of the soil mass. In addition to surface 

deformations, sub-surface movements of soil can also be recorded.  

 
Figure 6-25. The framework for construction and excavation process composed of four 

elements: (1) site condition and geometry, (2) sensors and technologies, (3) model 

development tools, and (4) digital construction record (Fleming et al., 2016).  
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Figure 6-26. Schematic of monitoring an excavation field. 

The condition of excavation and judgement of construction activities rely heavily on data 

collected in the field. Those field data are usually used as inputs to numerical models to predict 

the future behaviours of the excavation field (Hashash et al. 2010). Constitutive model 

representing soil behaviours is the fundamentals of numerical simulations. Not only in the 

study of constructing an early warning system discussed in Section 6.4.1, artificial neural 

network is also applied by researchers to extract constitutive behaviours of soil as an inverse-

analysis technique (Ghaboussi and Sidarta, 1997; Hashash et al., 2003). This artificial neural 

network is trained using in-situ measurements such as lateral wall deflections and vertical 

surface settlements. The recorded soil motions from magnetic tracking system can potentially 

improve the performance of this inverse analysis, because not only the surface displacement of 

soil, but the motions inside of the soil mass can be obtained and used as inputs to train the 

artificial neural network.  

In addition to excavation, safety monitoring is very essential among many other 

geotechnical-related practices, such as constructions of retaining walls for slope stability and 

underground pipeline networks. In structural engineering, wireless sensor technology has been 
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used by Kaya et al. (2017) in monitoring a system of smart infrastructure to examine the seismic 

capacity of structures and provide real-time damage assessment during earthquake. An obvious 

advantage of wireless sensors is that they can be perfectly embedded in construction materials, 

such as concrete. Through working along with construction materials, wireless sensors can get 

real-time information about the overall conditions of the structures of interests. Similarly, soil, 

as the most common material related with geotechnical engineering, can also take advantage 

of this property of wireless sensor network. Currently in structural engineering, researchers are 

developing adaptive systems being able to adjust themselves to environmental changes using 

sensor technologies and materials with special properties (Han et al. 2015). For example, in 

traditional structure design against wind and earthquake risks, intensive efforts are put into 

code development (Cheng et al. 2008); such endeavours are passive because in this way the 

structures can only rely on their stiffness to withstand earthquake force and on material and 

structural damping to dissipate dynamic energy. On the other hand, with the sensors and 

actuators added, structures can react according to the feedbacks from sensors and consequently 

improve the performance during earthquake and strong wind. Those smart structures have one 

or more properties that can be changed or controlled in reaction to external stimuli. Sharing a 

similar advantage, magnetic force applied on the magnetic dipoles could provide the basis for 

an actuator to respond to some adverse movements of the soil mass. Researchers from medical 

engineering has already developed soft capsule endoscope controlled by magnetic force and 

torque to move and take tissue samples inside human stomach (Son et al., 2017). A future 

magnetic tracking system for geotechnical monitoring tasks could embrace this technology by 

(1) using magnetometer array (sensor array) to localise a tracker deployed inside of soil mass; 

(2) predicting the behaviours of soil mass using the history of motions combined with the 

mechanical properties of soil; (3) issuing a warning if the predicted displacement is beyond a 

certain threshold; and (4) controlling the tracker in a way that could mitigate the potential 
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displacement with the electromagnetic array (actuator array). Even a complete prevention of 

disaster may not be achieved through limited number and size of the magnetic trackers, the 

system could aim for creating more time for the engineers and communities to respond. A 

schematic of such magnetic tracking and actuation system is shown in Figure 6-27.  

 
Figure 6-27. Schematic of a potential magnetic tracking and actuation system. Actuator 

array consists of electromagnet that can control the tracker remotely in reaction to a 

potential failure.  

 

6.6 In-situ tracking of a target 

The previously mentioned applications have magnetic trackers placed inside the soil targeting 

the motions of the soil mass. In hydraulic and environmental engineering, sometimes the 

kinematics of one single target is of interest. These researches include the studying of the 

motion of sediment in the river, calling for the need to understand the interaction between solid 

sediment and the ambient liquid flow. The development of inertial measurement units (IMU) 

allow researchers to record the forces applied on the sediment particles under complex 



198 
 

entrainment conditions (Maniatis et al., 2016). Techniques using IMU have advantages against 

traditional image-based techniques in sediment tracking especially under a circumstance that 

the light path is not very clear, for example, when the tracking target is submerged by sediment 

during transportation. However, IMU alone may not be able to meet the requirement for 

accurately capturing displacements of the tracker due to the derived data having errors that 

grow with time. The magnetic tracking system can potentially fill in the gap of displacement 

sensing. In laboratory study of sediment transport, particles could have permanent magnet 

embedded inside and magnetometer array arranged in an optimised way to capture motions of 

the trackers. Kinematic quantities include linear and angular displacement, velocity and 

acceleration can be obtained.  

In the study of costal geomorphology, focus has been made on boulder entrainment under 

the conditions of tsunami or storm wave (Stephenson and Abazović, 2016). In order to 

differentiate a storm wave event and a tsunami event, one way is to record the position of large 

boulders relative to the high tide level. This entrainment threshold model assumes that if a 

boulder is too large for a storm wave to transport, its movement is therefore attributed to 

tsunami (Goto et al., 2007). However, according to Stephenson and Abazović (2016), the main 

problem of this model is that it is based on historical evidence and photographs recorded before 

and after an event, rather than a real-time data during an event. They further claimed that if 

real-time motions, such as suspension, rolling and sliding, could be identified alongside flow 

conditions, significant advances could be made on the model. A sensor combining tri-axial 

accelerometers and wave pressure transducers was proposed by them to allow the capture of 

boulder movement and the corresponding wave energy. They chose a flat platform with an area 

of 10 m long and 22 m wide in South Island, New Zealand. Four boulders were selected to be 

cored and incorporated with the sensor unit inside. It is also possible to use the magnetic 

tracking system for similar methodology with the magnetometer array buried under the coastal 
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area and permanent magnets placed inside the boulders, as shown in Figure 6-28. In this way, 

besides the acceleration data, information on rotations and displacements can be acquired with 

good accuracy.  

 
Figure 6-28. (a) Boulder movement captured with accelerometers by Stephenson and 

Abazović (2016); (b) schematic of a magnetic tracking system applied at the coastal area 

to capture boulder motions. No georeferencing is required if the bedrock at the coast is 

considered stable. Data can be stored locally and collected after an event.  

 

6.7 Summary  

In this chapter, the design of the magnetic tracking system is complemented by discussions on 

the effective range of the system and the optimised geometry of the magnetometer array. 

Effective range is a function of the resolution of the magnetometer and the strength of the 

magnetic dipole. The optimised geometry of the tracking system is evaluated using an idea 

similar to the dilution of precision (DOP) from satellite navigation technology. Future 

applications using the magnetic tracking system could follow the guidelines of the analysis in 

this Chapter to achieve the balance between cost and effectiveness.  

In the research of geotechnical hazards, there is a need to assess the temporal development 

of failure, especially for mountainous regions that have high potential risk of landslides 

(a) (b) 
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triggered by earthquakes. Monitoring and early warning systems are believed to be one of the 

most effective and straightforward techniques to achieve this. Real-time monitoring of 

landslides typically includes deformations of both slope surface and subsurface, as well as the 

rate of deformation and direction of deformation. Moreover, liquefaction-induced ground 

movements were given special attentions by geotechnical engineering communities, since 

further evaluations of damage caused by liquefaction rely on the ability to accurately 

prognosticate ground deformations, such as cyclic ground movements and permanent lateral 

movements. Although delicately designed laboratory tests and high-quality field investigations 

have already been conducted by researchers to study the cause of and the mechanism of 

seismically-induced ground surface deformation, sub-surface deformations and particle 

movements within a soil body are beyond recognitions due to the opaqueness of the soil grains. 

As a result, considering the need for a more effective early warning and geotechnical-related 

health monitoring system, the magnetic tracking system, being able to monitor subsurface 

deformation and can withstand underground condition (e.g. presence of soil cover, saturated 

soil environment, etc.), is proposed. 

The subsurface motions of soil mass can also be used to train an artificial neural network to 

predict the future behaviour of soil mass. This methodology of inverse analysis has been 

applied by researchers in, for example, excavation control and seismic response of soil layers. 

Moreover, future geo-structures can embrace the benefits of distributed sensors and actuators. 

With information related to the health evaluation of the soil mass being available, early 

warnings and further countermeasure techniques can be expected. 
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7. Conclusions and recommendations 

 

 

 

 

 

7.1 Conclusions 

In this research, a magnetic tracking system is introduced, including a magnetic dipole (e.g. a 

permanent magnet) as tracker and a magnetometer array as the reference. It is a positioning 

sensing technique to measure the relative motion of the target to the reference array.  

Compared to displacement sensing techniques, the magnetic tracking system, as a 

positioning sensing technique, has a main advantage: higher accuracy especially in capturing 

displacement of a target. Even though displacement sensing technique has the word 

“displacement” in its name, it actually relies on inertial measurements (e.g. three-axis 

accelerations) to calculate the target’s current location relative to its previous location. Thus, 

the integration from accelerations to displacements introduces errors that grow with time and 

can hardly be eliminated. 

Currently, many widely used technologies are based on the idea of positioning sensing, for 

example the global positioning system (GPS), having satellites with known orbit characteristics 

as the reference array and a receiver on the ground as the target. Image-based techniques are 

another example, and they usually track surface markers on the specimen optically. By 

capturing and comparing images during deformation, displacements of the surface markers can 

be obtained.  
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Although these techniques have been successfully used in many researches to capture 

displacement of soil with good accuracy, subsurface deformations are usually beyond 

recognition especially when non-contact operations are required. Some solutions for this 

challenge include: (1) using soil substitutes with special optical properties, such as transparent 

soil; and (2) using high penetration radiation, such as X-ray, to replace visible light to reveal 

motions of the soil inside. However, strictly speaking, transparent soil is not a real soil and 

methods using high penetration radiation are not safe. The magnetic tracking system, on the 

other hand, uses the static magnetic field generated by the tracker to provide its localisation. 

The spatial distribution of static magnetic field cannot be altered by non-ferromagnetic 

materials, such as soil and water, and therefore it enables subsurface tracking when the tracker 

is buried inside of soil. As the characteristics of the magnetic field is not only dependent on the 

position of the source but also on its orientation, the rotation of soil during geotechnical 

procedures can be captured as well.  

The magnetic tracking is realised by solving high-order nonlinear equations containing the 

position and orientation information of the target. Solving such high-order nonlinear equations 

is usually conducted by looking for sets of coefficients that optimise an objective function for 

a minimised least square. A linear algorithm combined with the interior point method is proved 

to be effective in tracking one permanent magnet. Multi-object tracking is achieved by the 

particle swarm optimisation method and the interior point method, which let the solutions to 

strictly satisfy the orientation constraint, i.e. the magnitude of the target’s orientation vector 

equals one.  

The magnetic tracking system is applied in the study of the mechanism of the downslope 

motions of granular particles at a laboratory scale. Rigid blocks made of mortar are used. One 

permanent magnet is implanted inside a rigid block as the tracker block. Runout distance is 

measured manually, while the travel distance of the centre of mass is calculated through a 
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simplified method considering the limited scale of the experiments. Kinematic quantities, 

including displacement, linear and angular velocities and kinetic energies, are derived. The 

results indicate a positive relationship between the volume of initial pile and the runout distance. 

Travel distance of the tracker block is also increased by larger volume. On the other hand, the 

travel distance of the centre of mass seems to have a negative correlation with the volume. 

Initial volume influences the behaviour of the tracker block as larger volume provides higher 

translational kinetic energy given the same fall height and relative location of the tracker block. 

It is because the block at the front may get propelled from those at the rear and therefore can 

travel farther. Given the same initial height of the pile, larger initial volume increases the 

duration of the motion and prolongs the interactions among blocks causing the ones at the front-

most to be pushed even farther. Rotational kinetic energy of the tracker block, opposite to its 

translational kinetic energy, has a negative relationship with the volume of the initial pile. The 

interactions between rear-positioned and front-facing blocks seem to produce the prevention 

of rotational kinetic energy and the promotion of translational kinetic energy. 

Designing the magnetic tracking system for future field applications should be on the 

premise of a detailed examination of the effective range of the system and its optimised 

geometry so that the cost and effectiveness could be balanced. The effective range of a system 

depends on the strength of the magnet used and the corresponding resolution of the 

magnetometer array. It should contain a lower boundary indicating the closest distance that a 

tracker could approach the magnetometer array so that the sensor will not be saturated; it also 

contains an upper boundary beyond which the signal is too weak to be captured. Moreover, 

since the magnetic tracking system is designed to be used in studying the dynamic behaviours 

of soil, a gradient criterion is necessary to ensure any small amount of motion required is 

acquirable. The optimised geometry of the magnetic tracking system is analysed using a 

covariance method. Results show that when the orientation vector of the magnet is 
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perpendicular to the triangle formed by three magnetometers, the larger the inscribed circle of 

that triangle, the better the performance of the magnetometer array. Although a global 

optimised geometry cannot be achieved due the arbitrary rotation of the magnet, the near 

equilateral-triangle configuration for three-magnetometer array is still favourable as it provides 

lower average covariance while the magnet is rotating.  

The magnetic tracking system can be used in early warning systems to provide subsurface 

monitoring of slopes. It can also be used in strong motion stations and downhole arrays to 

measure seismic motions of soil layers directly without the need of integration. As a result, it 

is considered more accurate especially in measuring permanent displacements compared to the 

traditional methods using accelerometers. Data derived from magnetic tracking system can be 

used to train an artificial neural network to predict the future behaviour of soil mass. It not only 

facilitates an effective early warning system, but also helps to build constitutive model of soil 

that validates a numerical model for geo-structural health monitoring and construction control. 

Sensor fusion with other types of transducers, such as inertial measurement units, could 

increase the accuracy of displacement, velocity and acceleration detections. An accurate 

tracking is never the ultimate goal of sensor-assisted studies for geohazards. By using magnetic 

coupling between controllable electromagnetic array (actuator array) and trackers, forces and 

torques could be applied on trackers remotely aiming to mitigate a potential hazard as much as 

possible.  

 

 

7.2 Recommendations for future work 

The development of this magnetic tracking system is based on the magnetic dipole assumption, 

i.e. modelling the field generated by a permanent magnet with a dipole model. It is considered 

accurate when the distance between the tracker and the magnetometer array is large. Future 
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study could use analytical model of permanent magnet to replace the magnetic dipole model. 

Its potential to provide better accuracy when the scale of a laboratory test is very small can be 

studied.  

Electromagnets can generate stronger and controllable magnetic field. Future studies can 

focus on the feasibility of using three-axis transmitting coils as a tracker. The coil from each 

axis can generate different magnetic fields to enable the determination of 3 degrees-of-freedom 

position and orientation. Sensor fusion between electromagnet and inertial measurement unit 

can be carried on to create a comprehensive sensor unit providing accurate motion 

measurements. The potential to decrease the number of magnetometers used after this fusion, 

while still maintaining the quality of tracking, can be studied.  

In the laboratory study of the downslope motions of granular particles, more experiments 

with changing frictional characteristics of the slope surface can be conducted. The shape and 

surface roughness of the rigid block can be changed in future experiments. The released pile 

can be configured with blocks poured randomly to investigate the influence of initial condition 

on the behaviour of the flow, for example, the runout distance of the pile and the kinematic 

quantities of the tracker block. Most importantly, the size of the experiments can be increased 

to satisfy the continuum hypothesis with more blocks involved in the motion; or alternatively, 

consider using smaller permanent magnet to reduce the size of the rigid blocks such that the 

depth of the moving mass can be at least ten times the dimension of the block. By increasing 

the number of trackers, dynamic behaviours of different parts of the moving mass can be 

investigated.  

Besides, other physical models that require motion measurements can also make use of the 

proposed tracking system. Those applications are, for example, modelling tests to investigate 

bearing capacity of foundations, changes in fabric or arrangement of sand particles during 

triaxial loading, and mechanisms of soil liquefaction using centrifuge. However, special care 
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must be taken when this tracking system is applied in centrifuge tests, which usually provide 

centrifugal accelerations several times more than normal gravitational acceleration. The 

geotechnical centrifuge test is designed to simulate soil stress in a large prototype using a small 

model. Therefore, any length is amplified according to the scaling law. The kinematic 

quantities that are associated with length, such as displacement, velocity and acceleration, are 

consequently affected by some scaling factors. Will the magnetic flux density be affected by 

these factors, considering the size of the magnet is definitely related with length? The author 

believes that whether there is a scaling factor associated with magnetic field does not matter, 

because the magnetic flux density in the prototype is not of interest. Stress, kinematic quantity 

and frequency are some of the targeted measurements that researchers want to capture in the 

prototype. Magnetic flux density provides these measurements in the model, which are then 

amplified (or attenuated) by the scaling law to simulate a prototype. As a result, the author 

assumes that the magnetic flux density will not be physically influenced by large centrifugal 

acceleration during the test; and therefore, tracking can still be carried on. However, it is still 

recommended to conduct well designed validations when applying the magnetic tracking 

method for geotechnical centrifuge modelling. 

In preparing for the potential field applications, careful validation tests should be performed 

to ensure the feasibility and reliability of the system.  
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Appendices  

 

 

 

 

Appendix A: Linear algorithm 

%This algorithm is used for providing initial guess in single object tracking  

 

 

for t=1:sampling % algorithm executes on every sampled data points 

 

%data inputs from three axes after calibrations; “com” indicates the communication channel 

number and x, y and z indicate the three components of the readings. 

Bx=[com7_x(t) com9_x(t) com12_x(t) com10_x(t) com8_x(t) com11_x(t) com14_x(t) 

com16_x(t) com17_x(t) com18_x(t) com19_x(t) com20_x(t) com21_x(t) com22_x(t) 

com23_x(t) com24_x(t)]; 

By=[com7_y(t) com9_y(t) com12_y(t) com10_y(t) com8_y(t) com11_y(t) com14_y(t) 

com16_y(t) com17_y(t) com18_y(t) com19_y(t) com20_y(t) com21_y(t) com22_y(t) 

com23_y(t) com24_y(t)]; 

Bz=[com7_z(t) com9_z(t) com12_z(t) com10_z(t) com8_z(t) com11_z(t) com14_z(t) 

com16_z(t) com17_z(t) com18_z(t) com19_z(t) com20_z(t) com21_z(t) com22_z(t) 

com23_z(t) com24_z(t)]; 

 

%coordinates of the 12 sensors; these sensors locations are used in the physical tests in 

chapter 4  

Sx=[-0.8   -0.8   -0.55   -0.55   -0.3   -0.3   -0.3   0   0   0   0.25   0.25   0.25   0.5   0.5   0.5]; 

Sy=[-0.074   -0.274   -0.074   -0.274   -0.074   -0.274   -0.474   0    0   0   0   0   0   0   0   0]; 

Sz=[ 0  0  0  0  0  0  0  0  -0.16  -0.32  0  -0.16   -0.32   0  -0.16   -0.32]; 

Bx=Bx(:);By=By(:);Bz=Bz(:);Sx=Sx(:);Sy=Sy(:);Sz=Sz(:); 

A=[By.*Sz-Bz.*Sy, Bz.*Sx-Bx.*Sz, Bx.*Sy-By.*Sx, Bx, By, Bz]; 

B=[diag(ones(3,1)),zeros(3)]; 
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M=A'*A; 

N=B'*B; 

[V,D]=eig(M,N); 

[row,col]=min(abs(diag(D))); 

emin=V(:,col); 

x=emin./norm(B*emin) ; %x=[m n p cn-bp ap-cm bm-an]' 

 

%m n p values are obtained; solve for a b c using Equations (3-22) and (3-23) 

 

m=x(1);n=x(2);p=x(3); 

[mnp,ind]=max(abs([m,n,p]));  %parameter mnp is nonzero  

mnp=x(ind)   ;               

 

if ind==1           %in the three parameters, m n and p, if m≠0; solve for a  

    n_=n/m; 

    p_=p/m; 

    x6_=x(6)/m; 

    x5_=x(5)/m; 

    k0=(3.*(m.*Sx.*(Sz+x5_)+n.*(Sy-x6_).*(Sz+x5_)+p.*(Sz+x5_).^2)-p.*(Sx.^2+(Sy-

x6_).^2+(Sz+x5_).^2)).*Bx-(3*(n.*(Sy-x6_).*Sx+p.*(Sz+x5_).*Sx)-m.*((Sy-

x6_).^2+(Sz+x5_).^2)+2.*m.*Sx.^2).*Bz; 

    k1=(3.*(-m.*(Sz+x5_)-Sx.*p_.*m-(Sz+x5_).*n_.*n-(Sy-x6_).*p_.*n-2.*p_.*(Sz+x5_).*p)-p.*(-

2.*Sx-2.*n_.*(Sy-x6_)-2.*p_.*(Sz+x5_)))-(3*(-n.*(Sy-x6_+n_.*Sx)-p.*(Sz+x5_+p_.*Sx))-m.*(-

2.*n_.*(Sy-x6_)-2.*p_.*(Sz+x5_))-m.*2.*Sx).*Bz; 

    k2=(3.*(m.*p_+n.*n_.*p_+p.*p_.^2)-p.*(1+n_.^2+p_.^2)).*Bx-(3.*(n_.*n+p.*p_)-

m.*(n_.^2+p_.^2)+2.*m).*Bz; 

    g0=(3.*(m.*Sx.*(Sz+x5_)+n.*(Sy-x6_).*(Sz+x5_)+p.*(Sz+x5_).^2)-p.*(Sx.^2+(Sy-

x6_).^2+(Sz+x5_).^2)).*By-(3.*(m.*Sx.*(Sy-x6_)+n.*(Sy-x6_).^2+p.*(Sz+x5_).*(Sy-x6_))-

n.*(Sx.^2+(Sy-x6_).^2+(Sz+x5_).^2)).*Bz; 

    g1=(3.*(-m.*(Sz+x5_)-Sx.*p_.*m-(Sz+x5_).*n_.*n-(Sy-x6_).*p_.*n-2.*p_.*(Sz+x5_).*p)-p.*(-

2.*Sx-2.*n_.*(Sy-x6_)-2.*p_.*(Sz+x5_)))-((-m.*(Sy-x6_)-Sx.*n_.*m-2.*(Sy-x6_).*n_.*n-

(Sz+x5_).*n_.*p-p_.*(Sy-x6_).*p)-n.*(-2.*Sx-2.*n_.*(Sy-x6_)-2.*p_.*(Sz+x5_))).*Bz; 

    g2=(3.*(m.*p_+n.*n_.*p_+p.*p_.^2)-p.*(1+n_.^2+p_.^2)).*By-

(3.*(m.*n_+n.*n_.^2+p.*n_.*p_)-n.*(1+n_.^2+p_.^2)).*Bz; 

     

%now we have two equations k2*a^2+k1*a+k0=0;g2*a^2+g1*a+g0=0; in order 

%to solve for a 
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p3=4.*(sum(k2.^2)+sum(g2.^2)); 

    p2=6.*(sum(k1.*k2)+sum(g1.*g2)); 

    p1=4.*sum(k0.*k2)+2.*sum(k1.^2)+4.*sum(g0.*g2)+2.*sum(g1.^2); 

    p0=2.*sum(k0.*k1)+2.*sum(g0.*g1); 

    coe=[p3 p2 p1 p0]; 

a=roots(coe) ;  

 

%use least square error method to find out a, solve a polynomial equation, with 3 roots 

     

    a=a(imag(a)==0); %find out the real roots 

    for k=1:16  %number of sensors is 16 

        E(:,k)=(k2(k).*a.^2+k1(k).*a+k0(k)).^2+(g2(k).*a.^2+g1(k).*a+g0(k)).^2 ;%if there are n 

real roots for a, E should be n*16 matrix 

    end 

    E=sum(E,2); %sum of the least square 

    [Emin,indE]=min(E); %find out the index of a which makes the E minimum 

    a=a(indE);%a is derived 

    c=a*p_-x5_; 

    b=a*n_+x6_; %a b c are obtained 

end 

 

if ind==2 %if n≠0; solve for b 

    p_=p/n; 

    m_=m/n; 

    x4_=x(4)/n; 

    x6_=x(6)/n; 

    k0=(3.*p.*(Sz - x4_).^2 - p.*((Sx + x6_).^2 + Sy.^2 + (Sz - x4_).^2) + 3.*m.*(Sx + x6_).*(Sz 

- x4_) + 3.*Sy.*n.*(Sz - x4_)).*Bx-(3.*m.*(Sx + x6_).^2 - m.*((Sx + x6_).^2 + Sy.^2 + (Sz - 

x4_).^2) + 3.*Sy.*n.*(Sx + x6_) + 3.*p.*(Sx + x6_).*(Sz - x4_)).*Bz; 

    k1=(p.*(2.*Sy + 2.*p_.* x4_ + 2.*m_.*(Sx + x6_)) - 3.*n.*(Sz - x4_) - 3.*p.*p_.*(2.*Sz - 2.*x4_) 

- 3.*m.*p_.*(Sx + x6_) - 3.*Sy.*n.*p_ - 3.*m.*m_.*(Sz - x4_)).*Bx-(m.*(2.*Sy + 2.*p_.*(Sz - x4_) 

+ 2.*m_.*(Sx + x6_)) - 3.*n.*(Sx + x6_) - 6.*m.*m_.*(Sx + x6_) - 3.*p.*p_.*(Sx + x6_) - 

3.*Sy.*m_.*n - 3.*m_.*p.*(Sz - x4_)).*Bz; 

    k2=(3.*n.*p_ + 3.*p.*p_.^2 - p.*(m_.^2 + p_.^2 + 1) + 3.*m.*m_.*p_).*Bx-(3.*m_.*n + 

3.*m.*m_.^2 - m.*(m_.^2 + p_.^2 + 1) + 3.*m_.*p.*p_); 
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    g0=(3.*p.*(Sz - x4_).^2 - p.*((Sx + x6_).^2 + Sy.^2 + (Sz - x4_).^2) + 3.*m.*(Sx + x6_).*(Sz 

- x4_) + 3.*Sy.*n.*(Sz - x4_)).*By-(2.*Sy.^2.*n - n.*((Sx + x6_).^2 + (Sz - x4_).^2) + 

3.*Sy.*m.*(Sx + x6_); 

    g1=(p.*(2.*Sy + 2.*p_.*(Sz - x4_) + 2.*m_.*(Sx + x6_)) - 3.*n.*(Sz - x4_) - 3.*p.*p_.*(2.*Sz - 

2.*x4_) - 3.*m.*p_.*(Sx + x6_) - 3.*Sy.*n.*p_ - 3.*m.*m_.*(Sz - x4_)).*By-(n.*(2.*p_.*(Sz - x4_) 

+ 2.*m_.*(Sx + x6_)) - 4.*n - 3.*p.*(Sz - x4_+ Sy.*p_) - 3.*m.*(Sx + x6_ + Sy.*m_)).*Bz; 

    g2=(3.*n.*p_ + 3.*p.*p_.^2 - p.*(m_.^2 + p_.^2 + 1) + 3.*m.*m_.*p_).*By-(2.*n + 3.*m.*m_ + 

3.*p.*p_ - (m_.^2 + p_.^2)).*Bz; 

    p3=4.*(sum(k2.^2)+sum(g2.^2)); 

    p2=6.*(sum(k1.*k2)+sum(g1.*g2)); 

    p1=4.*sum(k0.*k2)+2.*sum(k1.^2)+4.*sum(g0.*g2)+2.*sum(g1.^2); 

    p0=2.*sum(k0.*k1)+2.*sum(g0.*g1); 

    coe=[p3 p2 p1 p0]; 

    b=roots(coe);  

    b=b(imag(b)==0); %find out the real roots 

    for k=1:16   

        E(:,k)=(k2(k).*b.^2+k1(k).*b+k0(k)).^2+(g2(k).*b.^2+g1(k).*b+g0(k)).^2  

    end 

    E=sum(E,2);  

    [Emin,indE]=min(E); %find out the index of a which makes the E minimum 

    b=b(indE);%b is derived 

    c=b*p_+x4_; 

    a=b*m_-x6_; 

end 

 

if ind==3 %if p≠0; solve for c 

    n_=n/p; 

    m_=m/p; 

    x4_=x(4)/p; 

    x5_=x(5)/p; 

    k0=(2.*Sz.^2.*p - p.*((Sy + x4_).^2 + (Sx - x5_).^2) + 3.*Sz.*n.*(Sy + x4_) + 3.*Sz.*m.*(Sx 

- x5_)).*Bx-(3.*m.*(Sx - x5_).^2 - ((Sy + x4_).^2 + Sz.^2 + (Sx - x5_).^2) + 3.*n.*(Sy + x4_).*(Sx 

- x5_) + 3.*Sz.*p.*(Sx - x5_)).*By; 

    k1=(p.*(2.*m_.*(Sx - x5_) + 2.*n_.*(Sy + x4_)) - 4.*Sz.*p - 3.*m.*(Sx - x5_ + Sz.*m_) - 

3.*n.*(Sy + x4_ + Sz.*n_)).*Bx-(m.*(Sz + 2.*m_.*(Sx - x5_) + 2.*n_.*(Sy + x4_)) - 3.*p.*(Sx - 

x5_) - 3.*m.*m_.*(2.*Sx - 2.*x5_) - 3.*m_.*n.*(Sy + x4_) - 3.*Sz.*m_.*p - 3.*n.*n_.*(Sx - 

x5_)).*By; 
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    k2=(2.*p + 3.*m.*m_ + 3.*n.*n_ - p.*(m_.^2 + n_.^2)).*Bx-(3.*m_.*p + 3.*m.*m_.^2 - 

m.*(m_.^2 + n_.^2 + 1) + 3.*m_.*n.*n_).*Bz; 

    g0=(2.*Sz.^2.*p - p.*((Sy + x4_).^2 + (Sx - x5_).^2) + 3.*Sz.*n.*(Sy + x4_) + 3.*Sz.*m.*(Sx 

- x5_)).*By-(3.*n.*(Sy + x4_).^2 - n.*((Sy + x4_).^2 + Sz.^2 + (Sx - x5_).^2) + 3.*Sz.*p.*(Sy + 

x4_) + 3.*m.*(Sy + x4_).*(Sx - x5_)).*By; 

    g1=(p.*(2.*m_.*(Sx - x5_) + 2.*n_.*(Sy + x4_)) - 4.*Sz.*p - 3.*m.*(Sx - x5_ + Sz.*m_) - 

3.*n.*(Sy + x4_ + Sz.*n_)).*By-(n.*(2.*m_.*(Sx - x5_) + 2.*n_.*(Sy + x4_)) - 3.*p.*(Sy + x4_) - 

3.*m.*m_.*(Sy + x4_) - 6.*n.*n_.*(Sy + x4_) - 3.*Sz.*n_.*p - 3.*m.*n_.*(Sx - x5_)).*Bz; 

    g2=(2.*p + 3.*m.*m_ + n.*n_ - p.*(m_.^2 + n_.^2)).*By-(3.*n_.*p + 3.*n.*n_.^2 - n.*(m_.^2 + 

n_.^2 + 1) + 3.*m.*m_.*n_).*Bz; 

    p3=4.*(sum(k2.^2)+sum(g2.^2)); 

    p2=6.*(sum(k1.*k2)+sum(g1.*g2)); 

    p1=4.*sum(k0.*k2)+2.*sum(k1.^2)+4.*sum(g0.*g2)+2.*sum(g1.^2); 

    p0=2.*sum(k0.*k1)+2.*sum(g0.*g1); 

    coe=[p3 p2 p1 p0]; 

    c=roots(coe);  

    c=c(imag(c)==0) ; 

    for k=1:16   

        E(:,k)=(k2(k).*c.^2+k1(k).*c+k0(k)).^2+(g2(k).*c.^2+g1(k).*c+g0(k)).^2;  

    end 

    E=sum(E,2); 

    [Emin,indE]=min(E); 

    c=c(indE);%c is derived 

    b=c*n_-x4_; 

    a=c*m_+x5_; 

end 

 

%initial guesses of a,b,c and m,n,p are derived  

ini(t,:)=[a b c m n p]; 

 

end 
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Appendix B: Levenberg-Marquart method 

%The first part of this code is inspired by Mittrapiyanuruk (2006) with additional improvement 

to deal with multiple objective functions 

 

%Using MATLAB to find out the Jacobian matrix 

%y z are the actual inputs with errors 

syms b c n p Sy(j) Sz(j) y(j) z(j)  

%fy=3*(n*(Sy-b)+p*(Sz-c))*(Sy-b)/(sqrt((Sy-b)^2+(Sz-c)^2))^5-n/(sqrt((Sy-b)^2+(Sz-c)^2))^3; 

fz=3*(n*(Sy(j)-b)+p*(Sz(j)-c))*(Sz(j)-c)/(sqrt((Sy(j)-b)^2+(Sz(j)-c)^2))^5-p/(sqrt((Sy(j)-

b)^2+(Sz(j)-c)^2))^3; 

fy=3*(n*(Sy(j)-b)+p*(Sz(j)-c))*(Sy(j)-b)/(sqrt((Sy(j)-b)^2+(Sz(j)-c)^2))^5-n/(sqrt((Sy(j)-

b)^2+(Sz(j)-c)^2))^3; 

 

d=(y(j)-fy)^2+(z(j)-fz)^2; 

Jsym=jacobian(d,[b c n p]); 

 

%variable cooe is calibration coefficient for each axis  

Bx=Bx_p./cooe; 

By=By_p./cooe; 

Bz=Bz_p./cooe; 

 

for i=1:sampling     

    Nsensor=9; %assuming 9 sensors are available 

    Nunknown=4; % n p b c 

    iteration=200; 

    lamda=0.001; %damping factor for the L-M 

    keep=1; 

    

%generate the initial guess 

    b=b0; c=c0; n=n0; p=p0; it=1; 

    for it=1:iteration %"it" means iteration 

        if keep==1 

            Ja=zeros(Nsensor,Nunknown) ;%a 9*4 matrix  

            for j=1:9 %which is 9, but if increase the number of sensors to N, it will be N 

                Ja(j,:)=[ - 2*(y(j) + n/((b - Sy(j))^2 + (c - Sz(j))^2)^(3/2) - ((3*n*(b - Sy(j)) + 3*p*(c - 

Sz(j)))*(b - Sy(j)))/((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2))*((3*n*(b - Sy(j)) + 3*p*(c - Sz(j)))/((b - 
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Sy(j))^2 + (c - Sz(j))^2)^(5/2) + (3*n*(2*b - 2*Sy(j)))/(2*((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2)) + 

(3*n*(b - Sy(j)))/((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2) - (5*(2*b - 2*Sy(j))*(3*n*(b - Sy(j)) + 3*p*(c - 

Sz(j)))*(b - Sy(j)))/(2*((b - Sy(j))^2 + (c - Sz(j))^2)^(7/2))) - 2*((3*p*(2*b - 2*Sy(j)))/(2*((b - 

Sy(j))^2 + (c - Sz(j))^2)^(5/2)) + (3*n*(c - Sz(j)))/((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2) - (5*(2*b - 

2*Sy(j))*(3*n*(b - Sy(j)) + 3*p*(c - Sz(j)))*(c - Sz(j)))/(2*((b - Sy(j))^2 + (c - Sz(j))^2)^(7/2)))*(z(j) 

+ p/((b - Sy(j))^2 + (c - Sz(j))^2)^(3/2) - ((3*n*(b - Sy(j)) + 3*p*(c - Sz(j)))*(c - Sz(j)))/((b - Sy(j))^2 

+ (c - Sz(j))^2)^(5/2)), - 2*(z(j) + p/((b - Sy(j))^2 + (c - Sz(j))^2)^(3/2) - ((3*n*(b - Sy(j)) + 3*p*(c 

- Sz(j)))*(c - Sz(j)))/((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2))*((3*n*(b - Sy(j)) + 3*p*(c - Sz(j)))/((b - 

Sy(j))^2 + (c - Sz(j))^2)^(5/2) + (3*p*(2*c - 2*Sz(j)))/(2*((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2)) + 

(3*p*(c - Sz(j)))/((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2) - (5*(2*c - 2*Sz(j))*(3*n*(b - Sy(j)) + 3*p*(c - 

Sz(j)))*(c - Sz(j)))/(2*((b - Sy(j))^2 + (c - Sz(j))^2)^(7/2))) - 2*((3*n*(2*c - 2*Sz(j)))/(2*((b - 

Sy(j))^2 + (c - Sz(j))^2)^(5/2)) + (3*p*(b - Sy(j)))/((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2) - (5*(2*c - 

2*Sz(j))*(3*n*(b - Sy(j)) + 3*p*(c - Sz(j)))*(b - Sy(j)))/(2*((b - Sy(j))^2 + (c - Sz(j))^2)^(7/2)))*(y(j) 

+ n/((b - Sy(j))^2 + (c - Sz(j))^2)^(3/2) - ((3*n*(b - Sy(j)) + 3*p*(c - Sz(j)))*(b - Sy(j)))/((b - Sy(j))^2 

+ (c - Sz(j))^2)^(5/2)), 2*(1/((b - Sy(j))^2 + (c - Sz(j))^2)^(3/2) - ((3*b - 3*Sy(j))*(b - Sy(j)))/((b - 

Sy(j))^2 + (c - Sz(j))^2)^(5/2))*(y(j) + n/((b - Sy(j))^2 + (c - Sz(j))^2)^(3/2) - ((3*n*(b - Sy(j)) + 

3*p*(c - Sz(j)))*(b - Sy(j)))/((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2)) - (2*(3*b - 3*Sy(j))*(c - Sz(j))*(z(j) 

+ p/((b - Sy(j))^2 + (c - Sz(j))^2)^(3/2) - ((3*n*(b - Sy(j)) + 3*p*(c - Sz(j)))*(c - Sz(j)))/((b - Sy(j))^2 

+ (c - Sz(j))^2)^(5/2)))/((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2), 2*(1/((b - Sy(j))^2 + (c - Sz(j))^2)^(3/2) 

- ((3*c - 3*Sz(j))*(c - Sz(j)))/((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2))*(z(j) + p/((b - Sy(j))^2 + (c - 

Sz(j))^2)^(3/2) - ((3*n*(b - Sy(j)) + 3*p*(c - Sz(j)))*(c - Sz(j)))/((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2)) 

- (2*(3*c - 3*Sz(j))*(b - Sy(j))*(y(j) + n/((b - Sy(j))^2 + (c - Sz(j))^2)^(3/2) - ((3*n*(b - Sy(j)) + 

3*p*(c - Sz(j)))*(b - Sy(j)))/((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2)))/((b - Sy(j))^2 + (c - Sz(j))^2)^(5/2)]; 

            end 

%this huge part is the Jacobian of “d=(y(j)-fy)^2+(z(j)-fz)^2”          

 

           By_est=3.*(n.*(Sy-b)+p.*(Sz-c)).*(Sy-b)./(sqrt((Sy-b).^2+(Sz-c).^2)).^5-n./(sqrt((Sy-

b).^2+(Sz-c).^2)).^3;%evaluate the distance error at the current parameters 

            Bz_est=3.*(n.*(Sy-b)+p.*(Sz-c)).*(Sz-c)./(sqrt((Sy-b).^2+(Sz-c).^2)).^5-p./(sqrt((Sy-

b).^2+(Sz-c).^2)).^3; 

             

            d=(y-By_est).^2+(z-Bz_est).^2;%d is 9*1 

            H=Ja'*Ja ;%H is a 4*4 matrix 

            if it==1 %compute the total error 

                e=dot(d,d); 

            end 

        end 
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        H_lm=H+(lamda*eye(Nunknown,Nunknown)); %apply the damping factor to the Hessian 

matrix; 

 

%update the data 

        upd=-inv(H_lm)*(Ja'*d(:)); %4*1 matrix 

        b_up=b+upd(1); 

        c_up=c+upd(2); 

        n_up=n+upd(3); 

        p_up=p+upd(4); 

 

%evaluate the total distance error at the updated parameters 

        By_est_up=3.*(n_up.*(Sy-b_up)+p_up.*(Sz-c_up)).*(Sy-b_up)./(sqrt((Sy-b_up).^2+(Sz-

c_up).^2)).^5-n_up./(sqrt((Sy-b_up).^2+(Sz-c_up).^2)).^3; 

        Bz_est_up=3.*(n_up.*(Sy-b_up)+p_up.*(Sz-c_up)).*(Sz-c_up)./(sqrt((Sy-b_up).^2+(Sz-

c_up).^2)).^5-p_up./(sqrt((Sy-b_up).^2+(Sz-c_up).^2)).^3; 

         

        d_up=(y-By_est_up).^2+(z-Bz_est_up).^2; 

        e_up=dot(d_up,d_up); 

         

%decrease the damping factor if the updated error is less than the previous error 

        if e_up<e 

            lamda=lamda/10; 

            b=b_up; c=c_up; n=n_up; p=p_up; e=e_up; 

            keep=1; 

        else %otherwise increases the value of the damping dactor 

            keep=0; 

            lamda=lamda*10; 

        end 

    end 

    be(i)=b; ce(i)=c; scatter(b,c); 

    hold on 

end 

 

%The second part of the L-M code is used in the numerical validation discussed in Chapter 3, 

including the calculation of Bt 
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fileID = fopen('Bt_0.4_0.8.txt','r'); %read magnetic flux density from text file generated by 

FEMM 

formatSpec = '%f'; 

sizeA = [2 Inf]; 

A = fscanf(fileID,formatSpec,sizeA); 

A=A'; 

y=A(:,2); 

x=A(:,1)+0.4; 

fun=@(Bt) [-Bt*(x).^(-3)-y]; 

Bt0=0.01; 

options = optimoptions(@lsqnonlin,'Algorithm','levenberg-marquardt'); 

cooe=lsqnonlin(fun,Bt0,[],[],options); 

% cooe is the Bt value 

 

%numerical validation using FEMM; tracker location (0.5, 0.06, 0) orientation (0,1,0) 

Sx_p=[0        0         0         0        0           0         0]; 

Sy_p=[0.12   0.08    0.04    0        -0.04    -0.08    -0.12]; 

Sz_p=[0        0         0         0         0          0         0]; 

Bx_p=[-2.11504e-005    -6.8371e-006     8.67033e-006    2.09837e-005   3.23878e-005         

4.32072e-005      5.31514e-005]; 

By_p=[-8.58877e-005    -9.02083e-005     -8.99377e-005    -8.59004e-005    -7.94607e-005        

-7.14305e-005     -6.16507e-005]; 

Bz_p=[0  0  0  0  0  0   0]; 

Bx_p=Bx_p./cooe; 

By_p=By_p./cooe; 

Bz_p=Bz_p./cooe; 

input_x=Sx_p; input_y=Sy_p; input_z=Sz_p; 

Bxdata=Bx_p; Bydata=By_p; Bzdata=Bz_p; 

 

%increase the initial guess deviation  

for i=1:20 

a=0.5+0.01*i; 

b=0.06+0.01*i; 

c=0; 

m=0+0.01*i; 

n=1+0.01*i; 

p=0; 
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x0_Bx=[a b c m n p]; 

options = optimoptions(@lsqnonlin,'Algorithm','levenberg-marquardt'); 

[xL,resnormL]= 

lsqnonlin(@(x)(fun_Ex(x,input_x,input_y,input_z,Bxdata)+fun_Ey(x,input_x,input_y,input_z,B

ydata)+fun_Ez(x,input_x,input_y,input_z,Bzdata)+(1-x(4)^2-x(5)^2-

x(6)^2)^2),x0_Bx,[],[],options); 

err_dis(i)=sqrt((0.5-xL(1))^2+(0.06-xL(2))^2); 

m_e(i)=xL(4);    

n_e(i)=xL(5); 

if abs(xL(4))>1 

    xL(4)=1; 

end 

if abs(xL(5))>1 

    xL(5)=1; 

end 

err_ori(i)=atan(abs(xL(4))/abs(xL(5)))/pi()*180; 

end 
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Appendix C: Multi-object tracking  

 

%PSO algorithm is used to provide the initial guess to interior point method for multi-object 

tracking as discussed in Chapter 3 

%the following code is used in the physical validation presented in Chapter 4 

 

%read earth magnetic field  

r_earth_com13=syn_com13(:,4:6);  

r_earth_com5=syn_com5(:,4:6); 

r_earth_com6=syn_com6(:,4:6); 

r_earth_com7=syn_com7(:,4:6); 

r_earth_com8=syn_com8(:,4:6); 

r_earth_com9=syn_com9(:,4:6); 

r_earth_com10=syn_com10(:,4:6); 

r_earth_com11=syn_com11(:,4:6); 

r_earth_com12=syn_com12(:,4:6); 

r_earth_com14=syn_com14(:,4:6); 

r_earth_com15=syn_com15(:,4:6); 

r_earth_com16=syn_com16(:,4:6); 

 

mean_earth_13=mean(r_earth_com13); 

[m_13,f_13]=mode(r_earth_com13); 

mean_earth_5=mean(r_earth_com5); 

[m_5,f_5]=mode(r_earth_com5); 

mean_earth_6=mean(r_earth_com6); 

[m_6,f_6]=mode(r_earth_com6); 

mean_earth_7=mean(r_earth_com7); 

[m_7,f_7]=mode(r_earth_com7); 

mean_earth_8=mean(r_earth_com8); 

[m_8,f_8]=mode(r_earth_com8); 

mean_earth_9=mean(r_earth_com9); 

[m_9,f_9]=mode(r_earth_com9); 

mean_earth_10=mean(r_earth_com10); 

[m_10,f_10]=mode(r_earth_com10); 

mean_earth_11=mean(r_earth_com11); 

[m_11,f_11]=mode(r_earth_com11); 
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mean_earth_12=mean(r_earth_com12); 

[m_12,f_12]=mode(r_earth_com12); 

mean_earth_14=mean(r_earth_com14); 

[m_14,f_14]=mode(r_earth_com14); 

mean_earth_15=mean(r_earth_com15); 

[m_15,f_15]=mode(r_earth_com15); 

mean_earth_16=mean(r_earth_com16); 

[m_16,f_16]=mode(r_earth_com16); 

 

%read data from two moving permanent magnets 

r_com13=syn_com13r(:,4:6); 

r_com5=syn_com5r(:,4:6); 

r_com6=syn_com6r(:,4:6); 

r_com7=syn_com7r(:,4:6); 

r_com8=syn_com8r(:,4:6); 

r_com9=syn_com9r(:,4:6); 

r_com10=syn_com10r(:,4:6); 

r_com11=syn_com11r(:,4:6); 

r_com12=syn_com12r(:,4:6); 

r_com14=syn_com14r(:,4:6); 

r_com15=syn_com15r(:,4:6); 

r_com16=syn_com16r(:,4:6); 

number=size(r_com13); 

 

com13=r_com13-repmat(mean_earth_13,number(1),1); 

com5=r_com5-repmat(mean_earth_5,number(1),1); 

com6=r_com6-repmat(mean_earth_6,number(1),1); 

com7=r_com7-repmat(mean_earth_7,number(1),1); 

com8=r_com8-repmat(mean_earth_8,number(1),1); 

com9=r_com9-repmat(mean_earth_9,number(1),1); 

com10=r_com10-repmat(mean_earth_10,number(1),1); 

com11=r_com11-repmat(mean_earth_11,number(1),1); 

com12=r_com12-repmat(mean_earth_12,number(1),1); 

com14=r_com14-repmat(mean_earth_14,number(1),1); 

com15=r_com15-repmat(mean_earth_15,number(1),1); 

com16=r_com16-repmat(mean_earth_16,number(1),1); 
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%prepare magnetometers  

input_x=[0.5  0  0.25  0  0.25  0.5  0   0.25   0.5   0   0.25   0.5]; 

input_y=[-0.096  -0.096  -0.096  0  0   0   0   0   0   0   0   0]; 

input_z=[ 0.113  0.113  0.113  0   0   0  -0.16  -0.16  -0.16  -0.32  -0.32  -0.32]; 

k=1; 

 

%evaluate whether the input data exceed the full-scale range 

Gradient=[com13 com5 com6 com7 com8 com9 com10 com11 com12 com14 com15 com16]; 

[~,Gy]=gradient(Gradient); 

for i=1:36 

    for j=1:number(1) 

        if abs(Gy(j,i))>500 

            if mod(i,3)==0 

                flag(floor((i-1)/3+1),3)=1; 

            else  

                flag(floor((i-1)/3+1),mod(i,3))=1; 

            end 

            break 

        else  

            if mod(i,3)==0 

                flag(floor((i-1)/3+1),3)=0; 

            else  

                flag(floor((i-1)/3+1),mod(i,3))=0; 

            end 

        end 

    end 

end 

clear i j 

 

 

%running the loop 

for t=1:number(1)  

Bxdata=[com13(t,1) com5(t,1) com6(t,1) com7(t,1) com8(t,1) com9(t,1) com10(t,1) com11(t,1) 

com12(t,1) com14(t,1) com15(t,1) com16(t,1)]; 

Bydata=[com13(t,2) com5(t,2) com6(t,2) com7(t,2) com8(t,2) com9(t,2) com10(t,2) com11(t,2) 

com12(t,2) com14(t,2) com15(t,2) com16(t,2)]; 
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Bzdata=[com13(t,3) com5(t,3) com6(t,3) com7(t,3) com8(t,3) com9(t,3) com10(t,3) com11(t,3) 

com12(t,3) com14(t,3) com15(t,3) com16(t,3)]; 

 

fun= @(x) (fun_Exx(x,Bt1,Bt2,input_x,input_y,input_z,Bxdata,flag)  +  

fun_Eyy(x,Bt1,Bt2,input_x,input_y,input_z,Bydata,flag)  +  

fun_Ezz(x,Bt1,Bt2,input_x,input_y,input_z,Bzdata,flag)); 

lb = [0,  -0.4, -0.5,  -1, -1, -1,  0,  -0.4,  -0.5, -1, -1, -1]; 

ub = [0.5, 0,   0.014,  1, 1,  1,  0.5,   0,   0.014,  1, 1,  1]; 

rng default   

nvars = 12; 

options_pso = optimoptions('particleswarm','SwarmSize',200); 

[x,fval_t,exitflag(t)] = particleswarm(fun,nvars,lb,ub,options_pso); 

fval(t)=sqrt(fval_t); 

 

%correction if the derived values surpass the boundaries 

x1=x(1:6); x2=x(7:12); 

if x1(2)>0; x1(2)=-x1(2); 

end 

if x2(2)>0; x2(2)=-x2(2); 

end  

if x1(3)>0; x1(3)=-x1(3); 

end 

if x2(3)>0; x2(3)=-x2(3); 

end 

    

%using the previous recorded location as the initial guess for the new iteration, considering 

the sampling frequency is high enough 

if t>1 

   if ((x1(1)-L(k-1,1,1))^2+(x1(2)-L(k-1,1,2))^2+(x1(3)-L(k-1,1,3))^2)>((x1(1)-L(k-

1,2,1))^2+(x1(2)-L(k-1,2,2))^2+(x1(3)-L(k-1,2,3))^2) 

        x_tem=x2; 

        x2=x1; 

        x1=x_tem; 

    end 

end 

 

%initial guess generated  
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ini(t,:)=[x1 x2]; 

x0_Bx=[x1; x2]; 

options = optimoptions(@fmincon,'Algorithm','interior-point'); 

[xL,resnormL]=fmincon(@(x)  

(fun_Ex(x,Bt1,Bt2,input_x,input_y,input_z,Bxdata,flag)+fun_Ey(x,Bt1,Bt2,input_x,input_y,inp

ut_z,Bydata,flag)+fun_Ez(x,Bt1,Bt2,input_x,input_y,input_z,Bzdata,flag)),x0_Bx,[],[],[],[],[0 -

0.5 -0.5 -1 -1 -1; 0 -0.5 -0.5 -1 -1 -1],[0.5 0 0 1 1 1; 0.5 0 0 1 1 1],@nonlcon,options); 

resnormN=resnormL+1;  

if t>1 

    x0_Bx=[L(k-1,1,1) L(k-1,1,2) L(k-1,1,3) L(k-1,1,4) L(k-1,1,5) L(k-1,1,6);   L(k-1,2,1) L(k-

1,2,2) L(k-1,2,3) L(k-1,2,4) L(k-1,2,5) L(k-1,2,6)]; 

    options = optimoptions(@fmincon,'Algorithm','interior-point'); 

    [xN,resnormN]=fmincon(@(x)  

(fun_Ex(x,Bt1,Bt2,input_x,input_y,input_z,Bxdata,flag)+fun_Ey(x,Bt1,Bt2,input_x,input_y,inp

ut_z,Bydata,flag)+fun_Ez(x,Bt1,Bt2,input_x,input_y,input_z,Bzdata,flag)),x0_Bx,[],[],[],[],[0 -

0.5 -0.5 -1 -1 -1; 0 -0.5 -0.5 -1 -1 -1],[0.5 0 0 1 1 1; 0.5 0 0 1 1 1],@nonlcon,options); 

end  

 

%the initial guess derived from PSO is compared with previous location based on their 

performance  

if resnormL>resnormN 

    x=xN; 

    resnorm(t)=sqrt(resnormN); 

else  

    x=xL; 

    resnorm(t)=sqrt(resnormL); 

end 

if t>1 

    if ((x(1,1)-L(k-1,1,1))^2+(x(1,2)-L(k-1,1,2))^2+(x(1,3)-L(k-1,1,3))^2)>((x(1,1)-L(k-

1,2,1))^2+(x(1,2)-L(k-1,2,2))^2+(x(1,3)-L(k-1,2,3))^2) 

        x_tem=x; 

        x(2,:)=x(1,:); 

        x(1,:)=x_tem(2,:); 

    end 

end 

if resnorm(t)<200 
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%L stores all the calculated locations and orientations  

L(k,:,:)=x; 

 

%plot the quiver including magnets’ locations and orientations 

q1=quiver3(x(1,1),x(1,2),x(1,3),x(1,4),x(1,5),x(1,6)); 

q1.Marker='o'; 

q1.MarkerEdgeColor=[1 0 0]; 

q1.MaxHeadSize=1; 

q1.AutoScaleFactor=0.025; 

hold on 

q2=quiver3(x(2,1),x(2,2),x(2,3),x(2,4),x(2,5),x(2,6)); 

q2.Marker='x'; 

q2.MarkerEdgeColor=[0 0 0]; 

q2.MaxHeadSize=1; 

q2.AutoScaleFactor=0.025; 

hold on 

k=k+1; 

end 

end 
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Appendix D: Data synchronisation 

%An example of the received data in txt file from two magnetometers is shown below: 

 

%the following code shows how to read the file into MATLAB arrays containing synchronised 

data 

 

function NEWDATA=readtxtfile_r(filename) 

 

fileID = fopen(filename); 

C = textscan(fileID,'%s %s %s','Delimiter',sprintf(':')); 

csize=size(C{1,3}); 

nzero=1; nrec=1; k=1; tmp=csize(1); 

while k<=tmp 

    if isempty(C{3}{k})==1 && length(C{1}{k})<3 

        C{1,1}=C{1,1}([1:k-1 k+1:end]); 

        C{1,2}=C{1,2}([1:k-1 k+1:end]); 

        C{1,3}=C{1,3}([1:k-1 k+1:end]); 

        tmp=tmp-1; 

    end 

    k=k+1; 

end 

clear k 

 

for i=1:tmp 

    if isempty(C{3}{i})~=1 

        rec(nrec)=i; nrec=nrec+1; 
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    end 

    if isempty(C{3}{i})==1 

        C{3}{i}=C{1}{i}; k(nzero)=i;  

        C{1}{i}=C{1}{rec}; C{2}{i}='0';         

        nzero=nzero+1; 

    end 

end 

odd=0; del_n=1; 

for i=1:length(C{1,3}) 

    if isequal(C{3}{i},C{1}{i}) 

        odd=odd+1; dele(del_n)=I; 

    end 

end 

for i=1:length(C{1,3})-odd 

    if isequal(C{3}{i},C{1}{i}) 

        C{1,1}=C{1,1}([1:i-1 i+1:end]); 

        C{1,2}=C{1,2}([1:i-1 i+1:end]); 

        C{1,3}=C{1,3}([1:i-1 i+1:end]); 

    end 

end 

clear i; 

for i=1:3 

  for j = 1:length(C{1,i}) 

     tem(j,:) = str2num(C{i}{j});  

  end 

  if i==1; M=tem; 

  elseif i==2; S=tem; 

  elseif i==3; Da=tem; 

  end 

 clear tem 

end 

clear i j 

if odd~=0 

    for j=1:length(dele) 

        for i=1:length(rec) 

            if rec(i)>dele(j) 

                rec(i)=rec(i)-1; 
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            end 

        end 

    end 

end 

for i=1:length(rec)-1 

    if rec(i)~=rec(i+1)-1 

        if M(rec(i))==M(rec(i+1))  

            devi=rec(i+1)-rec(i)-1;  

            for pp=1:devi 

                M(rec(i)+pp)=M(rec(i)); 

                S(rec(i)+pp)=S(rec(i))+((S(rec(i+1))-S(rec(i)))/(devi+1))*pp; 

            end 

            clear devi; 

            clear pp; 

        else  

            devi=rec(i+1)-rec(i)-1;  

            inb=((S(rec(i+1))+60-S(rec(i)))/(devi+1));  

            for pp=1:devi 

                S(rec(i)+pp)=S(rec(i))+pp*inb; 

                if S(rec(i)+pp)<60 

                    M(rec(i)+pp)=M(rec(i));  

                else 

                    S(rec(i)+pp)=S(rec(i)+pp)-60; 

                    M(rec(i)+pp)=M(rec(i))+1; 

                end 

            end 

            clear devi; 

            clear pp; 

        end 

    end 

end 

clear i; 

 

NEWDATA=[M S Da]; 
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Appendix E: Calculation of the travel distance of the centre of mass 

 

Counted number N for each strip based on Equation (5-7) 

  -15 -5 5 15 25 35 45 55 65 75 85 95 105 

E1 

E1.1   1 7 7 7 2       

E1.2   1 6 10 4 3       

E1.3   1 8 7 8        

E2 

E2.1   8 17 23 17 4 3      

E2.2   8 19 23 14 8       

E2.3   7 19 22 16 7 1      

E3 

E3.1  5 27 25 29 30 19 9      

E3.2  4 20 28 32 32 19 9      

E3.3  6 23 28 31 28 19 9      

F1 

F1.1   2 15 13 9 1       

F1.2   3 11 12 11 2 1      

F1.3   2 13 16 6 1 1 0 1    

F2 

F2.1  3 22 25 27 21 9 10 1 2    

F2.2  3 17 24 23 26 16 7 2 1    

F2.3  4 19 22 24 22 17 9 2 1    

F3 

F3.1 25 24 31 42 34 37 25 14 4 0 3 1  

F3.2 23 24 16 36 44 40 25 22 7 1 1 1  

F3.3 23 23 21 34 39 38 28 20 9 2 1   

G1 

G1.1   5 15 16 12 4 0 0 1 1 1  

G1.2   5 13 21 9 0 2 2 0 3 1  

G1.3   6 12 14 15 5 1 2 0 1   

G2 

G2.1  6 27 29 34 29 18 13 7 0 3 2  

G2.2  7 24 31 36 29 17 12 9 0 1 2  

G2.3  12 31 34 33 21 17 9 4 5 0 2  

G3 

G3.1 80 35 29 37 44 33 34 17 13 7 4 3  

G3.2 49 35 40 40 37 45 30 22 13 10 6 7 2 

G3.3 74 35 28 39 40 37 28 23 15 6 3 3 2 
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Appendix F: Records of experiment data 
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