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Abstract

In this thesis I study the physics of the early universe, specifically inflation

and the subsequent reheating process. Inflation was proposed in the early 1980s

to solve observational problems in the present day universe by introducing a very

early period of near-exponential growth and has become a standard assumption in

cosmology although its exact mechanism is not known.

In the first part of this thesis I describe the general dynamics of a single

canonically coupled inflaton with a fourth order polynomial potential. This model

can produce an inflationary spectrum consistent with a wide range of observations.

However, there are possible observations that it would not explain and constraints

from planned experiments may have the ability to rule it out. This has implications

for the overall inflationary paradigm: next generation experiments may rule out

the most general renormalizable inflationary potential.

The second part concerns the transition from inflation to big bang nucleosyn-

thesis, known as reheating. This phase is important as it can affect the details of

the inflationary power spectrum and the present dark matter abundance. In simple

models, the universe is dominated by a nearly-homogeneous inflaton condensate

when inflation ends. In some models, self interactions or couplings to other particles

can quickly disrupt this condensate or lead to quick reheating. There are other

models in which this does not happen and inflation can be followed by a long period

in which the universe is dominated by an oscillating inflaton condensate. I study

the slow gravitational growth of perturbations in this condensate and its eventual

breakup into isolated overdensities. I show that this growth is well described by

the Schrödinger-Poisson equations, describe a code that solves them and use it to

do the first simulations of nonlinear perturbations in this phase.
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Chapter 1

Introduction and Outline

1.1 Introduction & Background

Our universe appears to be well described by the so-called ΛCDM model; a scenario

that assumes general relativity in a universe comprised of normal matter together

with dark energy (Λ) and cold dark matter (CDM) [11, 12]. The presence of dark

energy (a cosmological constant Λ) explains the observed accelerated expansion

of the universe at present times [13, 14]. The presence of dark matter explains

the observed motion and distribution of normal matter. The ΛCDM model also

makes further predictions which have been confirmed observationally, such as

the mixture of light elements produced during Big Bang nucleosynthesis (BBN).

ΛCDM poses challenges to particle physics, which must account for these new

ingredients of the universe. There are also alternatives to ΛCDM such as modified

Newtonian dynamics (MOND) [15] and modified general relativity (e.g. f(R)

models) [16]. However ΛCDM makes more testable predictions at the cost of fewer

added hypotheses than competing scenarios and is the standard model of Big Bang

cosmology, to which other models are compared.

The cosmic microwave background (CMB) is a key prediction of a universe with

a Big Bang. The very early universe consisted of an optically thick plasma. As the

universe expanded, it cooled and the plasma combined to form hydrogen during

recombination. At this time the photons in this plasma decoupled from the plasma

and began to travel freely. This primordial thermal radiation is the origin of the
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present-day background of black body microwave radiation. We can measure the

(spatial) power spectrum of this radiation to obtain crucial data about the early

universe, with which to test extensions of the ΛCDM model.

The ΛCDM model on its own does not fully describe our universe. In particular,

it must be given fine tuned initial conditions to avoid three problems:

• The Horizon Problem or Homogeneity Problem: The universe is very

uniform on large scales. Under the assumption of a ΛCDM Big Bang, opposite

sides of the sky should never have been in causal contact. However, they

have cosmic microwave background (CMB) temperatures the same to a part

in 105 [17]. How is it that apparently causally disconnected regions of the

universe seem to be in thermodynamic equilibrium?

• The Flatness Problem: Our universe seems to be very close to the critical

density ρcr separating open and closed universes. This is supposed to be an

unstable state requiring a large amount of fine-tuning of the initial conditions

of the ΛCDM model.

• The need for initial perturbations to source present-day large scale struc-

ture. The initial conditions cannot be completely uniform; small perturbations

are needed to seed the later emergence of large scale structure.

Inflation is supposed to solve these apparent problems in the ΛCDM model by

extending it to include a period of accelerated expansion in the very early universe.

It has been a major cosmological paradigm since its introduction in the early

1980s [18, 19, 20]. Such a period would solve the horizon and flatness problems

by expanding a small region of space, initially in causal contact, to a much larger

volume. It is then no longer surprising that when we observe these widely separated

regions they appear uniform. Initial perturbations for structure formation come

from microscopic quantum perturbations stretched during inflation.

The mechanism by which inflation may have happened is not known. It is

typically implemented by adding one or more scalar fields (inflatons) to the ΛCDM

model and specifying a potential for them. Typically, a first examination of an

inflationary model is done in the slow roll approximation, in a regime where the

field evolves slowly, because derivatives of the potential are much smaller than the
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potential itself. The inflaton field(s) and potential may be motivated by particle

physics, data fitting, or other criteria such as simplicity. There are also other

implementations, such as Starobinsky inflation, which adds higher order terms to

the Einstein-Hilbert action of general relativity [21].

Despite the absence of a specific model for inflation, the inflationary paradigm

can explain the homogeneity and flatness of the universe. It also predicts a spectrum

of scalar perturbations in the CMB, the details of which depend on the particular

model. This is the primary way in which different models have been tested and

compared observationally. Inflation predicts the production of gravitational waves,

manifested as tensor perturbations in the CMB. These have not yet been detected

although some classes of models predict a relatively large amplitude for tensor

fluctuations in the CMB; others predict that it will be vanishingly small.

These broad predictions are in agreement with early observations of the cosmic

microwave background by COBE and WMAP [17, 22, 23, 11]. They are also in

agreement with data from non-CMB observations of large scale structure in the

present universe [24, 25]. New observations of the CMB by the likes of Planck and

BICEP/Keck [26, 27, 28] mean that observational precision has now reached a level

at which can we can begin to distinguish between some of the many competing

models. Inflation will face more stringent tests over the coming years from both

CMB Stage-4 experiments and galaxy clustering measurements such as by the SKA,

DESI and WFIRST [29, 30, 31].

1.1.1 Alternatives to Inflation

Other mechanisms have been proposed to solve some or all of the above problems.

Ekpyrotic models replace inflation with a cyclic universe with expanding and

contracting phases [32]. Conflation [33] and anamorphic cosmology [34, 35] borrow

ideas from both inflation and ekpyrosis. Varying speed of light (VSL) models

propose that the horizon problem may be resolved by a higher speed of light in the

early universe [36, 37, 38], explaining why regions which are coming into causal

contact at the present time appear also to have been in contact in the past. Each

of these alternatives seems less plausible than inflation; they introduce new physics

more exotic than a new scalar field.
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1.1.2 Open Problems in Inflation

There are hundreds of proposed fields and/or potentials supposed to yield infla-

tion [39]. Although many remain viable, recent observations have begun to disfavor

some models relative to others [26]. In fact, some of the simplest models such as a

monomial potential have been disfavored [26]. Beyond verifying the existence of a

phase of accelerated expansion, the foundation problem in inflationary cosmology

is to identify a working implementation which agrees with observations and is well

motivated by fundamental physical considerations.

Some of the proposed models are not very predictive — given sufficient fine-

tuning, they can yield almost any desired result. See for example the model of

Chapter 3. This is undesirable but can be somewhat mitigated by using Bayesian

evidence for model selection.

Some models may also be disfavoured because of problems more fundamental

than disagreement with increasingly precise CMB measurements: they themselves

have initial conditions problems. Many models of inflation seem to require tuned

initial conditions to work outside the slow roll approximation. This would weaken

inflation’s ability to solve ΛCDM’s initial conditions problems.

A narrow inflationary plateau can result in problems with the initial time

derivative of the inflaton field. It is expected that slow roll is an attractor; given

initial conditions outside slow roll, they should be damped towards the slow roll

solution. This is the case for many large field models, but many small field models

do not exhibit this behaviour. Instead, the field may overshoot the inflationary

plateau, yielding much less inflation than necessary. I will revisit this in Chapter 3.

This would seem to reintroduce an initial conditions problem but can sometimes

be addressed by the addition of extra complexity, see for example [40].

The slow roll approximation assumes a homogeneous inflaton field on a homo-

geneous Friedmann–Lemâıtre–Robertson–Walker (FLRW) background. This is not

realistic; one would expect that the initial conditions for inflation would have a

field whose value and derivatives vary spatially. Studying this problem in detail

requires one to resort to numerical general relativity. There has been some work

done to examine the stability of inflation to spatial perturbations in the initial

conditions [41, 42, 43, 44], but much remains to be understood in this area.
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The plausibility of a model for inflation also depends on a successful transition

from inflation back to the usual ΛCDM universe. During inflation the universe is

super-cooled. Most of the energy content of the universe is stored in the inflaton

field. This energy must be transferred back to ordinary matter in order to proceed

with a ΛCDM Big Bang, in a process known as reheating. The latter half of this

thesis addresses this reheating period.

1.2 Outline

In Chapter 2 I review background information that is important to the rest of this

thesis.

In Chapter 3 I present work previously published in JCAP [10]. It examines a

model of inflation in which the potential is a quartic polynomial with an inflection

point. This is in some sense the next simplest model after the monomial quadratic

and quartic potentials disfavored by recent observations [26]. The flatness of the

potential at the inflection point supports slow roll inflation and yields a small

value for the tensor:scalar ratio r ∼ V ′/V . I find that although this potential can

reproduce current observational results, it is not particularly compelling. It requires

a high degree of fine-tuning in the parameters of the model. The initial conditions

must also be carefully fine-tuned in order to have any inflation at all occur.

In Chapters 4 to 7 I study the physics of the end of inflation, during the epoch

of reheating. Some of this has been previously reported in [45]. Understanding the

post-inflation dynamics is necessary to understand how (and if) the universe can

make the transition from inflation to a hot thermalised plasma, the assumed initial

conditions for big bang nucleosynthesis. The detailed predictions of an inflationary

model depend on the integrated expansion history of the post-inflationary universe,

which is a function of the efficiency of thermalisation [46, 47].

In Chapter 4 I give an overview of the scales involved and show that they

are compatible with the Schrödinger-Poisson approximation for the Klein-Gordon-

Einstein equations. In Chapter 5 I examine perturbation theory for the Schrödinger-

Poisson equations. This has applicability beyond its use in the reheating epoch,

particularly in ongoing investigations of ultralight dark matter. Chapter 6 describes

the implementation of the Schrödinger-Poisson equations in code. In Chapter 7 I
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present the results of simulations of the reheating phase.

In Chapter 8 I summarize results and provide an outlook to the future.
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Chapter 2

Background and Literature

review

In this section I give an overview of some background knowledge from the literature.

This provides context and motivation for the following chapters.

2.1 Slow Roll Inflation

Inflation is typically modeled as being caused by one or more inflaton fields. The

evolution of an inflaton is governed by the Einstein equations general relativity,

Gµν = 8πGTµν (2.1)

where Gµν is the Einstein tensor, G is the Newton’s constant and Tµν is the stress

energy tensor of the inflaton field. The simplest case is of a single homogeneous

scalar field φ with a potential V (φ), in which case the above reduces to the

Friedmann and Klein-Gordon equations,

H2(t) =
1

3M2
Pl

ρ− k

a2
=

1

3M2
Pl

(
1

2
φ̇2 + V (φ)

)
− k

a2
(2.2)

φ̈(t) + 3H(t)φ̇(t) + V ′(φ) = 0 (2.3)
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where H = ȧ/a is the Hubble parameter and MPl is the reduced Planck mass.

The Klein-Gordon equation is analogous to the equations of a damped harmonic

oscillator or a point mass rolling down a hill with friction. As we will see, one

often uses language that invokes these intuitions. The Friedmann equation defines

a critical density

ρcrit = 3M2
PlH

2 , (2.4)

separating a closed universe with k = 1 from an open universe with k = −1.

A further assumption is typically made: slow roll. In this approximation, the

field evolves slowly; φ̇� 1. The slow roll regime is described by dimensionless slow

roll parameters [48, 49],

ε =
M2

Pl

2

(
V ′

V

)2

(2.5)

η = M2
Pl

|V ′′|
V

(2.6)

ξ = M4
Pl

V ′

V

V ′′′

V
. (2.7)

Inflation is successful when they are small. This happens in the vicinity of a so

called inflationary plateau, in which the potential is not steep (that is, |V ′/V | � 1)

and ends when ε = 1.

The observables of the theory are properties of the spectra of scalar and tensor

modes. The spectrum of scalar perturbations observed in the CMB is assumed to

take the form

Ps = As

(
k

k∗

)ns−1+αs ln(k/k∗)

. (2.8)

A flat spectrum would have ns = 1 and αs = 0. Similarly, the tensor spectrum of

primordial gravitational waves is

Pt = At

(
k

k∗

)nt

. (2.9)
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In the slow roll approximation, these observables have simple forms [48, 49],

ns = −6ε+ 2η (2.10)

r = 16ε (2.11)

αs = 16εη − 24ε2 − 2ξ (2.12)

These are evaluated at the time when modes of wavenumber k∗ corresponding to

those in the present day CMB are crossing the horizon. This happens some number

N = log(aend/a∗) ∼ 60 of e-folds before the end of inflation. The exact value of N

depends on the post-inflaton expansion history of the universe. This is captured

by the matching equation [50, 46, 49, 51],

N = 56.12− log
k

k∗
+

1

3(1 + w)
log

2

3
+ log

V
1/4
k

V
1/4
end

+
1− 3w

3(1 + w)
log

ρ
1/4
reh

V
1/4
end

+ log
V

1/4
k

1016 GeV

(2.13)

where ρreh is the density by which the universe is assumed be reheated and w is

an effective equation of state during reheating. The value of N can substantially

affect the predictions of a model.

A multitude of models have been considered since the inflationary paradigm was

introduced in the 1980s [39] and their analysis has become increasingly sophisticated.

Recent observations have begun to narrow the space of viable predictions. Deviation

from a flat spectrum has been found; the Planck collaboration has measured

ns = 0.9677±0.0060 [26]. A non-zero tensor to scalar ratio r = At

As
has not yet been

observed; Planck found a 95% confidence limit of r < 0.11 [26]. This is sufficient

to disfavor potentials such as m2φ2 and λφ4.

There are different criteria used to evaluate and classify inflationary models.

These include simplicity, typically interpreted as a statement about the mathe-

matical form of the potential. Simple potentials are seen as desirable as they are

less likely to overfit the observational data. It has been known for some time that

low-order polynomial potentials cannot be consistent with arbitrary observational

data without a high degree of fine tuning [52, 53]. Technical naturalness requires
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that the implementation of inflation avoids large unquantified contributions from

unknown higher-energy (Planck scale in this context) physics.

Models can also be separated into large field and small field inflation by whether

the field excursion during inflation is super- or sub-Planckian. Large field models

include some of the simplest, such as monomial potentials. Small field models are

often preferred due to their avoidance of effects from higher energy physics, but

often have more difficulties dealing with initial conditions. The Lyth bound [54]

suggests that it is difficult to have an observable gravitational wave background

without large field excursions, although this is now observationally disfavored.

2.2 Reheating

Inflation ends at temperature of around 1016GeV, around 30 e-folds before the

present. At this time energy of universe is stored in the inflaton field and must be

transferred to Standard Model and dark matter particles by the time of big bang

nucleosynthesis at temperatures around 10−3 GeV. The processes that mediate the

transition between these two phases are known as reheating.

A detailed explanation of reheating is lacking but is important not only to

confirm that inflation can lead to our universe, but also to understand its predictions.

As seen in equation (2.13), the way in which reheating takes place impacts the

basic analysis of the inflationary spectrum [50, 46, 49, 51]. Reheating does not just

enter the predictions of a model through the matching equation, in some models,

dark matter is coupled to the inflaton [55, 56, 57] or consists of remnants of the

inflaton itself [58, 59]. In these cases, a detailed understanding of reheating may

allow predictions of the present day properties and abundance of dark matter.

After inflation ends, the inflaton field undergoes coherent oscillations around

the minimum of the potential,

φ ∼ 1

t
sin(mt) . (2.14)

The inflaton may experience parametric resonance due to self-interactions or

coupling to other fields during this period of oscillation [60, 61, 62, 63]. If this

happens, the field quickly fragments and may undergo preheating, an initial transfer
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a∗ ∼ 10−60 aend ∼ 10−30 aBBN ∼ 10−15 a0 = 1

inflation reheating
everything

else

?

Figure 2.1: A schematic summary of expansion history. The universe has grown by
roughly 1060 since the time when perturbations imprinted in the present day CMB
were generated. These 60 factors of 10 can be divided roughly into halves. The
first half comprises the rest of inflation. The second half can be subdivided into
two quarters: reheating takes place during the first and the remaining portion is
dedicated to more well understood processes including big bang nucleosynthesis,
the formation of stars and galaxies, and the much anticipated emergence of life.

of energy from the inflaton to non-thermal particles.

The end results of parametric resonance depends on the model, but these

scenarios result in a variety of nonlinear phenomenology [64]. In some there is

prompt thermalisation; the inflaton field breaks up rapidly and within an e-fold

there is little energy in the coherent field [65]. In others there is a long period

of oscillon domination; the field breaks up into a collection of gravitationally

bound clumps (see, for example, [66, 67, 68, 69, 70, 71, 72, 73, 74, 75]). They can

be studied numerically by solving the Klein-Gordon equations on an expanding

background [76, 77, 78, 79, 80]. Some codes calculate metric perturbations and

include their feedback on the inflaton [81].

Interactions between nonlinear objects during reheating can result in a stochastic

gravitational wave background [82, 83, 84, 85, 73, 64]. The production of primordial

black holes is another possibility; their subsequent evaporation could help to reheat

the universe Hawking radiation [86, 87, 88].

On the other hand, in many scenarios resonant reheating is not possible. In

this case thermalisation is driven by tree-level couplings between the inflaton and

other fields [89, 90, 91]. This takes place very slowly and if the inflaton remains

nearly homogeneous the universe potentially grows millions of times larger before

thermalisation is complete. However, it has been known for some time that in

such models perturbations in the inflaton field and metric typically become large

before reheating completes [92, 93]. In scenarios where the inflaton decay rate

is proportional to the density squared, the decay will be enhanced by localised

11



clustering and proceed faster than in a homogeneous universe.

The end state of this the collapse is unknown, leaving room for speculation on

possible outcomes but difficulty determining their likelihood. It is possible that

once the field forms clumps they interact gravitationally and emit gravitational

waves [94, 95, 96] This may lead to a stochastic background of gravitational waves,

the nature of which would depend on the properties of the clumps. It is also possible

that once these perturbations begin to collapse the process continues unabated,

leading to the formation of microscopic primordial black holes [97]. If overdensities

do not completely evaporate into Standard Model particles, their remnants may

make up a fraction of present day dark matter. That process may need to be

fine tuned; over production of dark matter would be contradicted by present day

observations.

An understanding of the further evolution of these overdensities will help

to evaluate these possibilities but involves requires analysis of the evolution of

an inhomogeneous expanding universe over many e-folds, a non-trivial task. At

first glance, it appears to require numerically solving the Einstein field equations

coupled to the Klein-Gordon equation. While the first numerical GR codes that

describe an inhomogeneous primordial universe were developed in the early 1990s,

it is only in the past few years that hardware and numerical techniques have

improved to the point where it is possible to analyse a universe with large, localised

inhomogeneities [43, 98]. However, as will be seen in Chapters 4 to 7, even these

advances are not sufficient to simulate a long period of reheating.

In Chapters 4 to 7 I demonstrate that one can reasonably model the post-

inflation behaviour of the inflaton field with the Schrödinger-Poisson equations.

This is very convenient; these equations have been extensively studied in other

contexts and analytical and numerical tools exist for their analysis [99, 100, 101,

102, 103, 103, 104, 105, 106, 107, 108, 109]. The results in these chapters open a

wide avenue of possible directions.
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2.3 The Schrödinger-Poisson Equations

The Schrödinger-Poisson equations

i
∂ψ

∂t
= − 1

2ma2
∇2ψ +mψΦ (2.15)

∇2Φ =
4πG

a
(|ψ|2 − 〈|ψ|2〉) . (2.16)

are central to the latter part of this thesis. They describe a scalar field ψ with

mass m and density ψψ∗ undergoing gravitational interactions in a potential Φ and

have seen previous use in cosmology, although not in this exact context. Angle

brackets 〈·〉 denote a spatial average.

The variously named ultralight dark matter (ULDM), axion-like dark matter

(ADM), fuzzy dark matter (FDM) or extremely light bosonic dark matter (ELBDM)

has been of interest in recent years (see, for example [110, 111, 112, 113]). There

are ongoing efforts to understand ULDM’s impacts on dark matter predictions

and differences from CDM. This has resulted in a number of Schrödinger-Poisson

solvers being written [103, 104, 105, 106, 107, 108, 109]. As I discuss in Chapter 6,

these solvers can be repurposed to inflaton fields in the early universe.

The Schrödinger-Poisson equations have been used in CDM calculations, where

they are used as an approximation of the Vlasov-Poisson equations (see, for

example [102, 114, 115, 116]). This correspondence suggests an extension of the

work in this thesis in the opposite direction: it may be possible simulate the growth

of overdensities in an inflaton in an N -body code originally intended for CDM. I

have not investigated this possibility.

The most similar application used the Schrödinger-Poisson equations to simulate

solitons in the post-inflation universe [117]. However, that application assumed a

field with self-interactions (as in the case of parametric resonance) that has solitons

form very soon after the end of inflation. I am more concerned with the case

without self-interactions, where overdensities do not become nonlinear until long

after the end of inflation.

In Chapter 4 I show that there is a further application: the Schrödinger-

Poisson equations also describe the post-inflation behaviour of an inflaton field.

Each of these contexts exhibits structure formation with clustering and growth of
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overdensities, this is exactly what I am interested in examining during reheating.
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Chapter 3

Expectations for Inflationary

Observables: Simple or Natural?

This chapter is an adaptation of

Nathan Musoke and Richard Easther
Expectations for Inflationary Observables: Simple or Natural?

JCAP12(2017)032 [10]
Copyright (2017) by Institute of Physics Publishing and SISSA Medialab

3.1 Introduction

Inflation has been part of the conventional cosmological narrative of the evolving

universe since the early 1980s [18, 19, 20] and can account for key observations,

including the overall flatness, isotropy, homogeneity of the universe, and the nearly

scale-invariant spectrum of perturbations. However, there is no clear and compelling

“standard model” of inflation, making it difficult to formulate conclusive tests of

the overall paradigm.

There are two broad approaches to establishing generic properties of the in-

flationary phase within the framework of slow-roll inflation driven by a single

scalar field with a canonical kinetic term. The first stipulates that the inflationary

potential is algebraically simple, with monotonic derivatives and an elementary

algebraic form [52, 53, 118, 119]; the quadratic and quartic potentials are the
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canonical examples. For simple scenarios the tensor to scalar ratio r is typically

r & 0.1, while values of r . 0.01 appear fine-tuned. However, relatively large

values of r suggest that the inflaton field makes a super-Planckian excursion dur-

ing the course of inflation [54]. At large VEVs generic Planck scale operators

contribute significantly to the potential; these contributions must be fine-tuned

if the potential is smooth and flat over a trans-Planckian field range, a violation

of technical naturalness. From this perspective, a very small (r � 10−3) tensor

background is the more likely outcome. As a consequence, simple and natural

are far from synonymous in the context of inflation. The tension between these

viewpoints is resolved if a symmetry suppresses Planck-scale and other very high

energy corrections to the potential. Within string theory, this approach leads to

the identification of scenarios such as monodromy inflation [120, 121, 122, 123]

which generate a significant tensor spectrum in a framework whose stability against

ultraviolet corrections can be directly assessed. Likewise, an effective single-field

model can arise as a cooperative effect among many individual fields, each of which

makes a sub-Planckian excursion [124, 125, 126, 127, 128, 129].

The status of inflationary models is usefully discussed from a Bayesian standpoint

[130, 131, 132, 26]. Rather than performing parameter estimation for empirical

observables associated with the primordial perturbations such as ns (spectral index),

r, As (amplitude), αs (running) or fNL (non-Gaussianity), candidate inflationary

models can be defined by the prior specifying the functional form of the model

and the distributions from which its free parameters are drawn. In many cases a

natural measure on the inflationary parameter space map to highly non-uniform and

strongly correlated distributions for ns, r and αs [130, 49]. Furthermore, Bayesian

methodology addresses the inflationary model selection problem via the evidence for

each identified inflationary scenario. For a model with an m-dimensional parameter

vector ā drawn from a joint distribution P (ā) the evidence is

E =

∫
damP (ā)L(ā) (3.1)

where L(ā) is the likelihood derived from a specified set of observations and P (ā)

is normalised to unity [133, 130, 131, 132, 26]. If two models M1 and M2 are a

priori equally likely, E1/E2 is the odds ratio for the two scenarios; if the relative
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prior likelihood of M1 and M2 is P (M1)/P (M2) then the odds ratio becomes

E1P (M1)/E2P (M2).

Quantitative treatments of inflationary model selection typically assume that

the P (Mj) are equal, where j labels the models under consideration. The statement

that a model is fine-tuned can reflect external knowledge regarding the model’s

physical origin, resulting in a stipulation that the corresponding P (Mi) is small.

Alternatively, fine-tuning may become apparent when parameter estimation reveals

that the posteriors of one or more free parameters differ greatly from a physically

motivated prior. In some cases this tuning, and thus the impact on P (Mj), can be

quantified. For example, given a “new physics scale” Λ it is well-known that the

effective mass m2 of a scalar field with bare mass m2
b is

m2 = m2
b + f2Λ

2 (3.2)

where f2 is expected to be of order unity [120]. With Λ ∼ MPl, a uniform

distribution for f2, and in the absence of an underlying symmetry controlling f2

it can appear that P (Mquad) ∼ 10−11 since successful quadratic inflation requires

m2 ∼ 10−11M2
Pl.

While attempts to identify truly canonical attributes of the inflationary paradigm

have been largely futile, the accuracy and precision of measurements of the primor-

dial perturbations has improved dramatically over the last 25 years [134, 12, 26].

In particular, current constraints on ns and r barely overlap with the region of

parameter space open to the quadratic model, while the quartic potential has

been disfavoured by observations since the first WMAP data release [135]. It is

thus unlikely that very simple implementations of the inflationary paradigm are

consistent with observational constraints. In Bayesian terms, this allows us to

update inflationary priors in light of data. Consequently, although we cannot draw

inferences about the detailed structure of high energy physics, we can state with

increasing confidence that (for example) it is unlikely our universe underwent a

period of inflation driven by a potential that is quadratic or steeper.

The immediate goal of this paper is to fully assess the possible observable

consequences of inflation due to a single scalar field with a 4-th order polynomial.

This is the simplest polynomial that supports inflection point inflation [136, 137,
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138, 139, 132] while being bounded below, so it yields both large field and small

field inflation [140]. Moreover, this is the most general renormalizable potential for

a minimally coupled scalar field. Clearly this is not a new model; to our knowledge

this scenario was first explicitly analysed in 1990 [141, 142], with a focus on its

ability to support designer scenarios with broken scale invariance in the large-field

regime. In addition, Ref. [53] gives a Monte Carlo sampling of the parameter space,

Ref. [143] presents an analysis of possible observable outcomes with constraints

from early WMAP data, Ref. [144] provides up-to-date constraints on potential

parameters, and Ref. [145] performs a Bayesian analysis in the context of the

hierarchy problem.

Our treatment adds to previous discussions by a) presenting a more complete

analysis of the possible observables including the spectral running; b) stating clear

“inflationary priors” that will facilitate parameter estimation and model selection

calculations; c) treating these model specifications as hyperpriors for a generative

model [146] of the spectrum and computing distributions for the usual spectral

parameters, showing that these are highly nonuniform; d) providing a qualitative

analysis of the extent to which these inflationary priors can be updated with

reference to present-day data, and e) showing that data from plausible future

experiments could potentially rule out all inflationary scenarios based on the

single-field 4-th order potential, including the most general renomalizable potential.

In particular, although the catalog of inflationary behaviours available to a

4-th order polynomial potential populates a substantial subset of the {ns, r, αs}
parameter-space, a significant fraction of this region is revealed to be incompatible

with the potential and near-future experiments will have the ability to exclude the

full parameter space. This is a key result of this paper: the 4-th order polynomial

– the most complex potential compatible with the tree-level action of a single,

renormalizable, minimally coupled scalar field – can be falsified by experiments

that are part of the current roadmap for experimental cosmology. The physical

basis of this result is that parameter combinations that predict smaller values of r

tend to have larger values of αs [118, 49, 31]. We do not find scenarios where both

parameters are vanishingly small and ns lies inside its currently permitted range,

so even null results for both r and αs could rule out a 4-th order potential.

This analysis sets the stage for a broader discussion of the status of fine-tuning
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in inflationary cosmology. Our results allow us to construct priors based on a variety

of physically motivated expectations for values of parameters in the potential, from

which we derive distributions for ns, r and αs. These are typically highly non-

uniform and effectively quantify the degree of tuning associated with different values

of the empirical spectral parameters. Furthermore, in some regions of parameter

space the pre-inflationary initial conditions must themselves be chosen carefully in

order for inflation to begin, further heightening the degree of tuning these models

require.

The prospect of all putatively simple models being ruled out by observations

forces a closer evaluation of the naturalness of these scenarios. Given that even

simple potentials are more plausible when embedded in more complex theories we

argue that this development need not immediately undermine confidence in the

overall inflationary paradigm. However, if the simplest potentials are ruled out,

arguments that inflation is natural must increasingly be framed within the context

of more general discussions about the properties and nature of ultra-high energy

physics.

3.2 Inflationary Dynamics

A minimally coupled scalar field with a canonical kinetic term and potential V (φ)

obeys the Klein-Gordon equation,

φ̈+ 3Hφ̇+ V ′(φ) = 0 , (3.3)

where H is the Hubble parameter. The scale factor a(t) is described by the usual

Friedman equation

H2 =

(
ȧ

a

)2

=
1

3M2
Pl

[
1

2
φ̇2 + V (φ)

]
, (3.4)

where MPl is the (reduced) Planck mass. Our analysis is based on the generic

quartic potential, the most complicated renomalizable tree-level action a single
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scalar field can possess

V (φ) =
4∑
i=0

ciφ
i . (3.5)

We require that the potential has a global, stable minimum at φmin with V (φmin) = 0;

a linear shift can always give φmin = 0. As a consequence of these criteria we fix

c0 = c1 = 0, c2 > 0 and c4 > 0 so

V (φ) =
m2

2
φ2 − g

3
φ3 +

λ

4
φ4 (3.6)

with λ > 0. We also choose g ≥ 0 without loss of generality since the underlying

theory is invariant under φ→ −φ if g → −g.

Inflationary observables may be characterised by the potential slow roll param-

eters [48]

ε =
M2

Pl

2

(
V ′

V

)2

, (3.7)

η = M2
Pl

V ′′

V
, (3.8)

ξ = M4
Pl

V ′

V

V ′′′

V
. (3.9)

Inflation occurs when ε . 1. The slow roll parameters specify the inflationary

observables,

ns − 1 ≈ −6ε+ 2η , (3.10)

r ≈ 16ε , (3.11)

αs ≈ 16εη − 24ε2 − 2ξ . (3.12)

These quantities are evaluated at the field value φN corresponding to the instant

at which the corresponding mode leaves the horizon, N e-folds before the end of

inflation, with

N =
1

M2
Pl

∫ φN

φend

V (φ)

V ′(φ)
dφ. (3.13)

A 4th-order potential can have up to three local extrema. Given that λ > 0,
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V (φ) may have either two local minima (including a global minimum) and a local

maximum, a global minimum and a saddle point, or a single, global minimum. The

ratio MPlV
′/V goes to zero at large φ so this potential certainly supports inflation

at very large field values. However, the potential can have an inflection point at

arbitrary values of φ, in the vicinity of which V ′/V is small enough to support

inflation. Consequently, there are two distinct inflationary regimes – the large-field

case and a possible small field case around an inflection point – and we analyse

them separately.

3.3 Small Field: Observables From Inflection Po-

int Inflation

Inflection point potentials have been studied in many contexts. Some are mo-

tivated by particle physics, e.g. an inflection point added to monomial chaotic

models through radiative corrections [147], Higgs potentials [136], the minimal

supersymmetric standard model (MSSM) [137, 138, 139, 132], D-brane inflation

[148, 149], or loop inflection-point inflation [150]. The 4-th order model looked at

here is discussed by Martin, Ringeval and Vennin [39], who dub it Renormalizable

Inflection Point Inflation.1

We begin by noting that the potential (3.6) has an exact saddle point at

φ = g/2λ when m2 = g2

4λ
and reparameterize via

m2 =
g2

4λ
(1 + δ) . (3.14)

If the dimensionless parameter δ is negative we have a trapping potential2 and

δ = 0 is the saddle point limit. Our first task is to determine the overall inflationary

1Section 4.18 of Ref [39] treats the δ = 0 case (in our notation) while Section 5.7 discusses
the general δ 6= 0 case; we give a unified account of both situations and our conclusions regarding
the tuning required for inflation and the overall falsifiability of the scenario are new.

2Such a potential would support hilltop inflation but this possibility does not change any of
our conclusions as it yields an ns even more inconsistent with observations – see for example [39,
Section 5.7, Figure 125].
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region inside the potential. The slope V ′ is minimized at

φinf =
g
(
2±
√

1− 3δ
)

6λ
. (3.15)

The positive root coincides with the saddle location when δ = 0 and this inflection

point only exists if δ < 1/3. We will see that a realistic inflationary phase requires

δ � 1/3, so we write

φinf ≈
g

2λ

(
1− δ

2

)
= M

(
1− δ

2

)
(3.16)

and make the identification g = 2λM . Changing variables to ψ = φ − φinf and

dropping terms beyond first order in δ gives

V (ψ) =
λ

12

[
M4(1 + 6δ) + 12M3δψ + 2Mψ3 (−3δ + 2) + 3ψ4

]
. (3.17)

Note that the quadratic term would be proportional to δ2 and is thus absent in this

approximation. The overall minimum lies at exactly ψ = −M with V (−M) = 0.

The shape of the potential is determined by the parameters M and δ, while its

overall scale is fixed by λ. Since inflation occurs when φ ≈ M the total field

excursion is of order M . In this section we assume M ≤ MPl, i.e. small field

inflation. The ψ4 term in equation (3.17) ensures the potential is bounded below.

During a viable inflationary phase V ′/V and V ′′/V are both small. Dropping

higher order terms in δ and noting that V changes much more slowly than V ′ and

V ′′ near ψ = 0, we approximate the slow roll parameters as

ε ≈ 72M2
Pl

M2

(
δ +

ψ2

M2

(
1− 3

2
δ

))2

(3.18)

η ≈ 12
M2

Plψ

M3
(2− 3δ) (3.19)

ξ ≈ 288δ
M4

Pl

M4

(
1 + 3

ψ

M

)
. (3.20)
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To have any inflation at all we need ε < 1 at ψ = 0, so

δ .

√
2

12

M

MPl

≡ δmax . (3.21)

If M .MPl this immediately implies δ . 0.1, justifying our decision to retain only

terms first order in δ.

We also need the higher order slow roll parameters to be small. By definition,

V ′′ = 0 at an inflection point, so η = 0 when ψ = 0 and we do not find a new

constraint. However, writing δ = cδmax and substituting into ξ we find

ξ ≈ +c
24
√

2M3
Pl

M3
. (3.22)

The full hierarchy of slow roll equations (in either the potential or Hubble slow roll

formalism [48]) shows that dε/dN and dη/dN are large if ξ ≥ 1 so the inflationary

region of the potential is very narrow and the number of e-folds N less than unity.

Consequently, N and αs are correlated in generic slow roll models [151]; current

observational bounds on αs and ensuring N & 30 both require |ξ| . 0.01 at ψ = 0,

or

c .
0.01

24
√

2

(
M

MPl

)3

. (3.23)

Since δ = cδmax, combining with equation (3.21) yields

δ .
0.01

288

(
M

MPl

)4

; (3.24)

decreasing M by an order of magnitude decreases this upper bound on δ by four

orders of magnitude. If M ∼ 10−2MPl the cubic term is tuned to parts in 1012,

independently of the constraint on λ required to produce a suitable amplitude for

the perturbation spectrum. This relationship is illustrated in Figure 3.1. Similar

tuning requirements have been seen in the analysis of other models with inflection

points, including MSSM motivated potentials [139] and accidental inflation [152].

This fine tuning can be reduced by adding a constant term to the potential (3.6),

decreasing V ′/V and effectively flattening the potential [153, 154]. The trade-off is

that V (φmin) > 0, making the model unrealistic in the absence of a mechanism to
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Figure 3.1: The total number of e-folds of inflation N as function of δ for repre-
sentative values of M , found by numerically integrating (3.13). The value of δ
required for a fixed number of e-foldings scales as (M/MPl)

4, consistent with the
constraint (3.24).

subsequently ensure that the vacuum energy becomes vanishingly small.

To compute N note that inflation begins and ends when ε ≈ 1, or

ψend
2 ≈ M2

1− 3
2
δ

(
−δ ±

√
2

12

M

MPl

(1 + 6δ)

)
. (3.25)

Since δ � δmax, inflation ends at

ψend ≈ −
2

1
4

√
3

6
M

√
M

MPl

. (3.26)

When expressed as a function of ψ the minimum of the potential is at ψ = −M ;

the relative width of the inflationary saddle scales as
√
M/MPl and ψbegin ≈ −ψend.

We can now evaluate the integral in (3.13); if δ = 0 it is formally divergent for

ψN ≥ 0, and N is apparently infinite. For δ 6= 0 (3.13) can be solved approximately
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by setting V = V (0) and taking only the two lowest order terms in V ′:

N ≈ 1

12

M3

M2
Pl

∫ ψN

ψend

1

M2δ + ψ2
dψ (3.27)

=


1
12

(
M
MPl

)2
1√
δ

arctan
(

1√
δ

ψ
M

) ∣∣∣∣ψN

ψend

δ 6= 0

− 1
12

M3

M2
Pl

1
ψ

∣∣∣∣ψN

ψend

δ = 0

. (3.28)

These expressions apparently disagree in the limit δ → 0 but the identity arctan(x) =

− arctan(1/x)− π/2 makes their overlap manifest when ψN has the same sign as

ψend:

N ≈ − 1

12

(
M

MPl

)2
1√
δ

arctan

(√
δ
M

ψ

) ∣∣∣∣ψN

ψend

(3.29)

≈ − M3

12M2
plψ

+
δ

36

M5

M2
Plψ

3
for 0 ≤

√
δM

ψN
� 1 . (3.30)

Consequently, when δ → 0 and M < MPl the field value at the pivot scale is

approximately

ψN ≈ −
1

12

M3

M2
Pl

1

N
. (3.31)

We need δ � 1 for successful inflation but equation (3.31) is valid only when

δ is smaller than the bound in eq. (3.24): as this bound becomes saturated the

inflationary phase is relatively short and the pivot scales leaves the horizon when

ψN > 0. In this case η changes sign during the observationally relevant phase of

inflation and when η is positive ns can exceed unity. However, for fixed N there is

a lower limit on ns. This behaviour can be deduced from a slow roll analysis, and

is apparent in the plots of ns and r shown in Ref. [53] for the spectral parameters

60 e-folds before the end of inflation. Similar behaviour is also seen in the related

model studied in Ref. [139]; for a given r there is sharp lower bound on ns, and no

clear upper bound.

The matching equation connects present-day scales to the inflationary era
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[46, 47, 49]; assuming instant thermalization after inflation it is

N = 56.12 +
1

4
log

2

3
+ log

(
V

1/4
N

V
1/4
end

)
+ log

(
V

1/4
N

1016 GeV

)
(3.32)

≈ 61 +
1

4
log λ+

1

4
log

( [
M4 + 12M3δψN ]1/2

MPl

[
M4 + 12M3δψend]1/4

)
. (3.33)

Finally, the parameter λ is fixed by the amplitude of the scalar perturbations:

As =
1

12π2M6
Pl

V 3

V ′2
=

λ

20736π2

M7 (M + 12ψNδ)
3

M6
Pl

(
M2δ + ψN

2
)2 . (3.34)

The value of As is well-measured [12]; in our numerical examples we take As =

2.2× 10−9. In the limit δ → 0 equations (3.31) and (3.34) give an expectation for

the height of the potential:

λ = π2As

(
M

MPl

)2
1

N4
. (3.35)

In Figure 3.2 we show spectral parameters as a function of δ computed self-

consistently from the matching equation along with current bounds on these

parameters.3 For any sub-Planckian M the scalar-tensor ratio r is very small, with

r ∼ 10−14 for M = 0.1MPl. Moreover, when δ → 0, ns is below the observationally

allowed range, ns . 0.93 vs ns = 0.9677 ± 0.0060. However, ns increases as δ

approaches the bound in equation (3.24) and so this model is consistent with

current data.

Interestingly, |αs| also increases with δ, providing leverage to test the model

as constraints on the spectrum improve. CMB-S4 in the microwave background

“roadmap” aims to measure the running with an uncertainty of 0.002 to 0.003

[29, 31], while the Square Kilometer Array (SKA) may reduce the 1-σ bounds on

αs to 0.0018 (SKA1) or 0.00092 (SKA2) [30]; combining data from CMB-S4 and

SKA2 would put even tighter constraints on αs [31]. Consequently, planned future

3We do not plot joint probability distributions on r, ns and αs; as we will see later, αs may
be strongly scale dependent for some parameter choices and direct observational constraints on
this potential will be obtained in a forthcoming analysis.
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Figure 3.2: Spectral parameters for three values of M , varying δ across its per-
missible range. The values of λ and N are fixed by simultaneously matching the
amplitude to the observed value of As and solving the matching equation assuming
instant reheating. We include indicative bounds on ns (blue) and αs (red); 68%
confidence level results from Planck [26]. The points at the ends of the lines in the
top left figure denote δ = 0.
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Figure 3.3: We plot spectral parameters for three values of M and two values for
N , while varying δ across its permissible range. As in Figure 3.2 we have plotted
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Note that the curves for αs vs ns coincide.
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observations could conclusively falsify this model.

These results have implications for the renormalization of inflationary potentials.

In particular, if current observational limits on ns continue to hold, sufficiently

small r and αs would rule the most general renomalizable inflationary potential.

This analysis would not change significantly if we drop the assumption of instant

thermalization; Figure 3.3 shows the spectral parameters as a function of N . In

the δ = 0 limit, increasing N pushes ns closer to the observationally allowed range.

Physically, this would require a post-inflationary phase where the equation of state

w > 1/3, which is technically feasible but has little motivation. Even then the δ = 0

limit cannot easily be made consistent with the data. Conversely, if thermalization

is preceded by a substantial matter dominated phase, ns is moved further away

from unity. Likewise, the running αs depends on N , but |αs| remains above 10−3

for any reasonable configuration.

This analysis takes place in the slow roll limit. This amounts to a constraint on

the initial conditions since, if the inflaton arrives at the plateau with a significant

kinetic energy, it will experience “ultra slow-roll” and “overshoot” before inflation

can commence [40, 155]. To show this we make the simplifying assumptions that

φ̈+ 3Hφ̇ ≈ 0 and φ̇2 ≈ V as the field-point approaches the inflationary plateau; the

latter condition is equivalent to requiring that ρ+ 3p ≈ 0, which is the condition

for the onset of inflation [156]. In this limit, the field velocity is approximately

φ̇0 exp (−3Ht) where φ̇0 is the velocity at a given initial time. Via equation (3.25)

the total width of the inflationary plateau is roughly M
√
M/MPl. Putting all this

together (and recalling that H ∼
√
V /MPl) we see that 3H∆t ∼ (M/MPl)

3/2 so for

M < MPl the field velocity will not change dramatically as it evolves through the

region containing the inflection point. Consequently, inflation cannot commence

unless φ̇2 � V (φ) initially. Imposing this condition is strong tuning unless the

model is embedded inside a larger dynamical system in which this situation occurs

naturally – a stipulation that undercuts any claim to simplicity.

3.4 Large Field Inflation

We now turn our attention to the large field limit. As previously, there is no

minimum other than the origin if g ≤ 2
√
λm. When M . MPl and φ ∼ M ,

29



inflation requires δ � 1; when M &MPl and φ &MPl inflation will occur whether

or not the potential possesses an inflection point. Moreover, negative values of g

are consistent with inflation in this regime; in that case all nontrivial derivatives of

the potential are positive. We will find it convenient to define g = 2
√
λm∆ and

again use M = g/2λ to write

m =
√
λM , (3.36)

g = 2λM∆ . (3.37)

This allows us to express V (φ) as

V (φ) = λ

(
M2

2
φ2 − 2

3
∆Mφ3 +

1

4
φ4

)
. (3.38)

and we have not dropped any terms from the potential. The contribution of the

cubic term, 2
3
∆Mφ3/V (φ), is maximized at φ =

√
2M so the transition from a

quadratic to quartic potential occurs when φ ∼M even if V ′ increases monotonically.

In the near-saddle point limit ∆ ∼ 1/
√

1 + δ, where δ is the expansion parameter

from the small field case.

Large field inflation occurs for any value of ∆, although ∆ ≤ 1 is needed to

avoid a trapping potential. As in the small field case, λ sets the amplitude of the

perturbations but does not influence the inflationary dynamics. We restrict our

attention to scenarios where the velocity is consistent with slow roll; additional

possibilities arise if we allow transient velocities but have little physical motivation.

The {M,∆} parameter space contains a number of distinguishable large field

scenarios, which we now enumerate:

• Effective Quadratic Potential If M � 10MPl, the potential is effectively

quadratic throughout the cosmologically relevant phase of inflation.

• Effective Cubic Potential If ∆ � 1 and M & O(few)MPl, the potential is

effectively cubic during the cosmologically relevant phase of inflation.

• Effective Quartic Inflation If M . MPl the potential is effectively quartic

for φ &MPl and the resulting spectrum will be incompatible with the data

[135, 134, 12, 26].
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Figure 3.4: Spectral parameters r and ns as a function of ∆ and N , the number of
e-folds before the end of inflation. In each case M = 8MPl.
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• Exact Saddle Point: Eternal Inflation Here ∆ = 1 and M & 2MPl. If φ is

initially larger than M , the field dynamics have an attractor solution with

φ→M as t→∞ and inflation never ends. In the slow roll limit,

3Hψ̇ + λMψ2 ≈ 0 (3.39)

⇒ ψ ≈ M
2MPl

√
λ
1
t

(3.40)

where again φ = ψ +M and H is effectively constant. The neglected terms

in equation (3.39) all scale as t−2 or beyond as ψ → 0 so this solution has a

non-trivial basin of attraction establishing that slow roll remains valid even

as V ′ vanishes identically. Consequently this configuration supports eternal

inflation and semiclassical evolution must begin with φ < M , both from

the perspective of the field configuration in the primordial universe and in

numerical treatments of the inflationary dynamics.

• Large Field Saddle Point Inflation The most complex possibility is a saddle

point lying in the cosmologically relevant segment of the potential, e.g. with

M ∼ O(few)MPl and 0 . ∆ < 1. In the large-field regime, V ′/V is necessarily

small but is further suppressed in the vicinity of a (near)-saddle point. The

perturbation amplitude scales as V 3/V ′ so when V ′ passes through a local

minimum there is a corresponding feature in the spectrum. The height of the

feature is correlated with its width (as a function of comoving wavenumber,

k) since N ∼ V/V ′, “stretching” the feature over a larger range of k-values

if V ′ approaches zero. As explored below, this scenario produces a range of

outcomes including the counterintuitive possibility that the scalar amplitude

is reduced relative to a comparable monomial case at the same energy density.

• Punctuated Inflation IfMPl .M . 2MPl and ∆ ≈ 1 a punctuated inflationary

scenario is possible [157, 158], as illustrated in Figure 3.7. These solutions

arise when ∆ is very close to unity and in the exact ∆ = 1 limit. When

MPl . M . 2MPl the ∆ = 1 limit is far enough from perfect slow roll to

evade the eternal inflation solution above.

• Hilltop Inflation If ∆ > 1 hilltop inflation results; hilltop inflation yields a

relatively large value of r unless the quadratic term in the Taylor expansion
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Figure 3.5: The tensor to scalar ratio r is plotted for three models, quadratic
(blue), quartic (orange) and M = 8MPl and ∆ = 0.75 (green); data computed with
ModeCode assuming instant preheating with λ chosen to reproduce the observed
density perturbation amplitude. The tensor amplitude of the inflection point
scenario can exceed that of either monomial scenario.

vanishes almost exactly [159, 160], a situation that cannot occur for this

potential.

Some of these scenarios are limited to a narrow region of the {M,∆} parameter

space but unlike the small-field regime there is no need for tuning to ensure that

inflation takes place. In most cases the power spectrum can be well-understood in

the slow-roll limit, but there are regions of parameter space for which this approach

would be inadequate and we have implemented both the small field and large field

scenarios in ModeCode [161], which we use to generate the results shown here.4

The most interesting scenarios from our perspective are those with 0 ≤ ∆ ≤ 1

and MPl < M . 20MPl. Figure 3.4 shows the astrophysical observables ns and r

as a function of ∆ and N , the number of remaining e-folds. These plots show that

ns varies significantly thanks to the “feature” in the potential. However, for these

4ModeCode was modified to add the potential (3.38); the initial conditions must be chosen
with some finesse and the stopping condition must account for the possibility of punctuated
inflation.
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Figure 3.6: Trajectory for a set of parameters (M = 8MPl, ∆ = 0.935, λ =
1.6× 10−11) yielding a large tensor-scalar ratio r = 0.8 when N is fixed at 55.

scenarios r can be counter-intuitively large: the cubic term reduces both V and

V ′ but the impact on V is larger than that on V ′, increasing ε and thus r relative

to values seen with monomial potentials. A representative scenario is shown in

Figure 3.5. Given the observational constraints on r this significantly reduces the

area of the {M,∆} plane that yields observables compatible with current data,

and runs contrary to the naive expectation that a flatter potential necessarily leads

to a lower value of r.

As illustrated by Figure 3.6, models with a large r are those where the inflaton

is approaching the plateau in the potential as astrophysical modes leave the horizon.

In these cases ε and thus r is significantly scale dependent. Models with large

r are now primarily of academic interest, but note that the tensor amplitude

is proportional to V and thus slowly decreasing; the rapidly increasing scalar

amplitude drives the scale-dependence of r. The punctuated inflation scenarios can

be understood as extreme versions of this situation. Recalling that

εH =
1

2

1

M2
Pl

(
dφ

dN

)2

(3.41)
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the expansion of the universe is accelerating. Each plot is with ∆ = 0.9999. For
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is exactly unity when accelerated expansion ends, Figure 3.7 shows several punctu-

ated scenarios in which inflation pauses briefly before resuming. Interestingly, these

scenarios only exist when M & MPl. For smaller values of M the field rolls past

the plateau before inflation can resume, further demonstrating the “ultra slow-roll”

and “overshoot problem” faced by the small field models.

For any model the specific value of λ can be obtained by self-consistently solving

the matching equation for N and matching to the observed spectral amplitude.

Given this constraint, a large value of r implies that the energy density during

inflation is higher than that in the low r configurations. The height of the potential

at the pivot scale is shown as a function of ∆ in Figure 3.8, assuming instant

thermalisation.

In Figure 3.9 we show ns and r measured at the pivot scale for a range of M

and ∆. The limit ∆→ 1 is a saddle point model with the field rolling away from a

plateau toward the global minimum; in these cases r can be very small and ns lies

below the observationally permitted range. A preference for relatively large values

of the running (as compared to typical single-term potentials [49]) is clear, and we

we also see that models in which the running is small typically have large values of

r, an observation we explore in detail in the following Section.

3.5 Fine-tuning, Priors and Testability

The preceding Sections catalog the wide range of inflationary dynamics associated

with the quartic polynomial potential. We now use these analyses to specify priors

for these scenarios that will facilitate parameter estimation and model selection

calculations. In principle, one can work with a generic quartic potential with priors

specified in terms of the slow roll parameters5 but here we build on the analysis of

the previous sections to parametrize these inflationary scenarios.6 In particular,

these priors will facilitate parameter estimation and model selection calculations,

see e.g. [163, 164, 130, 131, 132, 26], for these scenarios.

5As done in [144] for potential slow roll parameters, or [162] for a three parameter Hubble
Slow Roll analysis; in the latter case the potential is not strictly a quartic polynomial.

6In the context of Bayesian model selection, two “models” with the same algebraic specification
and which differ only in the joint distribution from which their parameters are drawn and are
viewed as distinct scenarios, since the evidence integral will be weighted differently for each case.
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Specifying the distributions from which the parameters are drawn is a neces-

sarily qualitative process. However, the choices made when constructing these

distributions weight the evidence integrals (via equation (3.1)) and this issue can be

particularly pressing for multiparameter models. Approaches to specifying “maxi-

mal entropy” priors for inflationary models were examined carefully in Ref. [130].

Here the overall amplitude of the spectrum is set by a multiplicative parameter in

front of the potential in both the large and small field regimes. In the small field

case we can estimate the likely value of λ (via equation (3.35)) but in the large

field case we have to allow a large enough range of λ to account for scenarios like

those in Figure 3.8. We also apply a further cut – any parameter choice for which

the spectral amplitude does not satisfy 10−11 ≤ As ≤ 10−7 is excluded from the

prior volume. This will have no impact on the posterior distributions but protects

against a “volume effect” when calculating evidence [130], a task we will pursue in

a followup publication.

3.5.1 Small Field

To handle the small field case we first make the following parameterization

δ =
δ̃

288

(
M

MPl

)4

(3.42)

λ = 10−9π2λ̃

(
M

MPl

)2
1

504
. (3.43)

Inflationary solutions in this regime need an almost-exact inflection point for which

the potential is described by equation (3.17). In this setting, M is an unknown

energy scale and by assumption M ≤MPl. The lower bound Mmin is less clear; in

principle it could be as low as the TeV scale, the minimal energy at which we can

reasonably expect to see new physics, but in this limit the required tuning would

be extreme.
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• Small field, log prior: If M corresponds to an unknown scale it is appropriate

to draw it from a logarithmic or Jeffries prior:

log10

(
Mmin

MPl

)
≤ log10

(
M
MPl

)
≤ 0 ,

0 ≤ δ̃ ≤ 1 , (3.44)

−5 ≤ log10(λ̃) ≤ 5 .

• Small field, uniform prior: If M is assumed to be associated with an

intrinsically high scale it is self-consistently drawn from a uniform prior, or

Mmin

MPl
≤ M

MPl
≤ 1 ,

0 ≤ δ̃ ≤ 1 , (3.45)

−5 ≤ log10(λ̃) ≤ 5 .

Inflationary models typically require a “small parameter” to ensure that the

perturbation amplitude matches observation. However, this potential requires not

one but two small parameters – λ to set the overall scale of the potential and fix

the perturbation amplitude, and δ to quantify the departure of the inflection point

at ψ = 0 from an exact saddle. As we saw in Section 3, inflation will only occur

when δ . (M/MPl)
4. Given current constraints on ns the limit δ ≡ 0 is excluded

by the data, as illustrated by Figures 3.2 and 3.3. Consequently, the posterior for δ̃

will differ substantially from the prior. If a symmetry is responsible for generating

the saddle point it must be weakly broken by higher order contributions,7 but these

corrections must be exceptionally small to prevent the inflection point phase from

being completely destabilized. Moreover, beyond the tuned parameters and the

“overshoot” problem analysed in Section 3, models in which inflation is supported

by a narrow range of field values typically need highly homogeneous initial field

configurations [41, 43, 44], partially undermining the explanatory power of inflation.

These problems could be ameliorated if small field inflation is preceded by a

tunnelling event [165] but extra structure would need to be added to the theory

7We justified the choice of a 4-th order polynomial, in part, by appealing to renomalization
requirements but the actual inflaton dynamics will be controlled by the semi-classical potential
which includes all loop corrections to the tree-level action.
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to permit this, undercutting any claim to simplicity. We have not attempted to

“score” the dynamical tunings when constructing the priors, but these are more

pronounced at lower values of M which are disfavoured in the uniform prior relative

to the log prior.

3.5.2 Large Field

We now consider the large field case for which relevant values of M lie between MPl

and (generously) 50MPl – beyond this we are in the quadratic limit of the theory

and increasing M will have little impact on observables; given this relatively limited

range we draw M from a uniform distribution. Conversely, we can draw |1−∆|
from either a logarithmic or a uniform distribution, depending on whether we

understand the inflection point as arising from a (near) symmetry or an accidental

cancellation, respectively. Further, ∆− 1 can have either sign and these cases are

physically distinct, since ∆ > 1 yields a local maximum with a trapping potential

for which the onset of inflation and associated initial conditions problem differs

significantly from the case where field values can be arbitrarily large.8

• Large field, log prior: This scenario is appropriate if it is assumed that a

near-saddle point is required by the symmetries of some underlying theory.

MPl ≤M ≤ 50MPl ,

−6 ≤ log10(|∆− 1|) ≤ 0 , (3.46)

−15 ≤ log10(λ) ≤ −5 .

• Large field, uniform prior: This scenario is appropriate if the near-inflection

point arises from an “accidental” cancellation of terms.

MPl ≤M ≤ 50MPl ,

0 < |∆− 1| ≤ 2 , (3.47)

−15 ≤ log10(λ) ≤ −5 .

8In principle we could have also considered a small-field hilltop scenario but it cannot yield
physically reasonable spectra.
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Figure 3.10: The prior probabilities for the empirical spectral variables derived
for the log (top) and uniform hyperpriors (bottom) describing large field inflection
point models.

The ranges of some free parameters (e.g. the upper bound on M) cannot be

inferred from fundamental principles and so we set the endpoints such that further

extending the range would not introduce new possible combinations of empirical

observables.

These models can viewed as hyperpriors for hyperparameters ∆ and M in a

Bayesian network that defines a generative model yielding ns, r and αs [146]. If the

running is large the scale dependence of αs may also be nontrivial; however these

scenarios are generically also those for which r is much larger than observationally

permitted. In what follows we will assume instant reheating and that the spectrum

can be fully described by r, αs and ns. The resulting distributions of spectral

variables for large field inflection point scenarios are shown in Figure 3.10 and they

are anything but uniform. For both scenarios there is considerable support for

models with r < 0.1.
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Figure 3.11 shows joint distributions for the spectral parameters generated from

the logarithmic large field prior. The degree of fine-tuning required to produce any

given set of observables can be inferred from these plots, relative to the specified

hyperprior. This distribution is peaked at n ≈ 0.963, r ≈ 0.14, a pairing broadly

consistent with quadratic inflation. However, the distribution of r in Figure 3.10

reveals that there is an overall preference for r < 0.1 with the logarithmic prior.

The distribution for r derived from a uniform prior on ∆ has a similar peak but

favours larger values of r relative to the logarithmic case. These results can be

contrasted with the tuning criterion advocated by Boyle, Steinhardt and Turok

[52] for which the “least tuned” region of the {ns, r} plane is larger than the peak

found here, while ascribing a high level of tuning to regions of parameter space

that are not strongly disfavoured by this Bayesian analysis.9

A second noteworthy feature of the joint distributions is that some combinations

of parameters cannot be produced by any configuration of the 4-th order potential,

so future observations could comprehensively falsify the overall scenario. “Excluded

regions” exist in both the {ns, r} and {αs, r} planes. For example, if ns and r had

been accurately measured to be 0.93 and 0.1 respectively all 4-th order potentials

would be ruled out; however ns is now known to be larger than this limit.10 However,

the permitted pairings of {αs, r} are restricted by limits on ns so we can update

these priors in the light of observational evidence, as illustrated by Figure 3.11.

Looking again at Figure 3.11 we see that small values of r are correlated

with relatively “large” values of αs, in contrast to most widely studied, simple

models of single field inflation for which the running is typically αs ∼ −O(few)10−4

[49]. Likewise, the distributions for α shown in Figure 3.10 peak at |αs| < 10−3.

Projections suggest that SKA2 will be able to measure αs to a precision of 0.001

[30] and Stage-IV CMB experiments likewise hope to measure r to a precision

of 0.001 [29, Table 6-2]. Consequently, even if future high-precision cosmological

measurements only put tight upper bounds on the running and the tensor amplitude

this would suffice to rule out all possible inflationary scenarios built upon a single

9This statement is, to some extent, dependent on the choice of upper bound on M in the
priors – if the upper bound becomes arbitrarily large the joint distributions will become more
peaked at the values associated with purely quadratic inflation. However, simply doubling this
bound (to 100MPl) would not materially change our conclusions.

10The same structure in the {ns, r} plane is visible in the plots of Refs [52, 53].
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minimally coupled field with a 4-th order polynomial potential.11

Figures 3.10 and 3.11 were obtained using the slow roll approximation with

a fixed number of e-folds, rather than a self-consistent solution of the matching

equation. For an extreme post-inflationary equation of state the pivot scale may

be pushed to larger values of N , which typically reduces the running. However,

Figure 3.12 shows the allowed regions of parameter space for two specified sets of

bounds on the spectral parameters obtained from self-consistent solutions to the

matching equation. These results are consistent with Figure 3.11 – if α ≈ −0.002

and r < 0.001 a nontrivial region of parameter space (if 1 −∆ is drawn from a

logarithmic prior) would be consistent with these observations, but if |α| ≈ 0.001

the overall model space is excluded.

In contrast to the small field case, the large field scenarios are likely to need no

significant tuning of their initial conditions. Matching the overall amplitude of the

perturbations will constrain λ but inflation occurs for generic values of ∆ and M .

3.6 Discussion

We have reviewed the inflationary scenarios generated by a 4-th order polynomial

potential. This topic was first addressed in 1990 [141, 142] and has been the subject

of numerous subsequent analyses. Our treatment is based on a parametrization of

V (φ) which makes it easy to identify the inflationary regimes the potential supports

and adds to previous discussions by including the spectral running among the

possible observables.

The simplest potentials, both of which are at odds with observations, are the

quadratic and quartic models. The 4-th order polynomial is the next-most-simple

scenario that is bounded below. It also marks a critical threshold in the inflationary

model space as it is the most complex potential consistent with a renormalizable

scalar field theory. This potential has far richer phenomenology than the simplest

models – we catalogued eight different supported inflationary regimes (including

the small field case). However, this scenario is not arbitrarily complex and many

11A similar correlation between r and αs is observed in Ref. [118] in the context of the Hubble
Slow Roll approximation, in which the Hubble parameter H is represented as a finite order
polynomial in φ.
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Figure 3.11: Joint distributions for the large field, log prior inflection point scenario,
measured N = 55 e-foldings before the end of inflation, with observables computed
in the slow roll approximation. The top plot shows the joint distribution of r and
ns; the lower plots show r and αs – the left hand plot is restricted to parameter
combinations for which .9 < ns < 1.1 while the right hand plot shows only those
with 0.95 < ns < 0.97.
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combinations of the spectral parameters ns, r and αs cannot be generated by any

configuration of the potential.

Interestingly, the 4-th order model has previously been used to explore questions

of tuning and naturalness in inflationary models [52, 53, 118, 119]. Our treatment

allows us to give a quantitative and fully Bayesian assessment for the naturalness of

any combinations of cosmological observables this potential can produce. As part

of our analysis we have written down priors that describe the distributions of free

parameters in the 4-th order scenario, looking at both the large field and small field

regimes. The free parameters in the potential can be viewed as hyperparameters in

a generative model for the spectral parameters and the resulting prior distributions

are computed in Section 5.2, with examples plotted in Figures 3.10 and 3.11.

In the large field scenarios the joint distributions for ns and r are sharply peaked

around the values expected from quadratic inflation but a wide range of tensor

amplitudes can be generated within these scenarios. This is clearly true for the large

field log prior example but even with a uniform prior case there is still non-zero

support for small values of r; these cases are somewhat disfavoured relative to

those with r & 0.1 but the level of tuning involved to produce a tensor amplitude

in the range 0.001 . r . 0.1 would not be outlandish from this perspective.

Conversely, this analysis has shown that there are combinations of ns, r and αs

which cannot be produced by a 4-th order potential for any choice of parameter

values. In particular, given current limits on ns, if r and αs are simultaneously

constrained to have magnitudes smaller than 10−3 no scenarios we have identified

within this potential would survive. Such a result that would represent a significant

threshold in the understanding of inflationary phenomenology, and thus provides a

target for the designers of future experiments.

It is worth considering what we would learn if future experiments do rule out

the 4-th order potential. Clearly, if algebraic simplicity is held to be synonymous

with naturalness this would diminish the credibility of the inflationary paradigm.

However, the only small-field (i.e. φ . MPl at all times) scenario that the 4th-

order potential supports is the inflection point scenario described in Section 3, for

which the parameters in the potential and the initial field configuration are both

highly tuned. Conversely, potentials with a higher degree of algebraic complexity

can support inflation at lower scales (and thus smaller field excursions) without
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fine-tuned initial conditions [43]. These potentials typically have large plateau,

which can be a consequence of possible symmetries in the underlying theory of

high energy particle physics but cannot be constructed from a quartic polynomial.

If natural models are those where the inflationary dynamics is the consequence of

a fundamental symmetry rather than happenstance, the most natural small-field

scenarios are necessarily more complex than the 4-th order polynomial, and metrics

based on naturalness as opposed to simplicity will yield contradictory conclusions

about the likelihood of inflation. Conversely, the 4-th order potential supports large-

field inflation without needing dramatic tunings to either the potential parameters

or initial state. However, the robustness of this potential against corrections from

Planck-scale operators is again a question of high energy physics rather than the

simplicity of its algebraic form [54, 120]. Consequently, the one inference we can

draw is that in all cases the naturalness or prior likelihood of an inflationary scenario

is best assessed in terms of the theory or theories of fundamental physics that are

hypothesised to give rise to its potential, rather than the form of the potential

itself.
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Chapter 4

The Schrödinger-Poisson

Equations in the Reheating Epoch

As discussed in Chapter 2, the post inflation behaviour of the inflaton field is

important to the predictions of inflation. Some cases with resonant growth of

perturbations have been studied extensively but reheating in the absence of res-

onance is less well understood. In this chapter I show that the dynamics of an

inflaton field after inflation are well-described by the Schrödinger-Poisson equations.

I demonstrate that this approach is appropriate for understanding the nonlinear

evolution of perturbations during a long period of reheating.

4.1 Introduction

If the inflaton field does not experience self-resonance or resonance with other

coupled particles, reheating must take place through the slower perturbative decay

of the inflaton field into other particles [89, 90, 91]. The inflaton is a roughly

homogeneous condensate at the end of inflation [166] and thereafter acts like a

pressureless dust.

It has been known for some time that a homogeneous scalar field on a time-

independent background can experience gravitational instabilities [167]. Jedamzik et

al. [92] and Easther et al. [93] have looked at this phase more carefully, doing analytic

calculations on a dynamical background. Both demonstrated that perturbations in
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the condensate grow gravitationally and that eventually it breaks up. Jedamzik

et al. found that in some cases density perturbations grow fast enough to become

nonlinear before reheating would be expected to complete, even when the analogy

to matter domination does not hold. They found that modes on the horizon at

the end of inflation are of particular interest. Easther et al. analysed a quadratic

potential in more detail [93]. They considered the coupled Klein-Gordon and

Einstein equations and perturbations in both the metric and scalar field. They

showed that for a quadratic potential, density perturbations grow linearly with the

scale factor and that nonlinearity occurs when the universe has expanded by ∼ 106

after the end of inflation. They too found that the scales which go nonlinear first

are on the order of the horizon size at the end of inflation.

I assume a quadratic potential V (φ) = 1
2
m2φ2 for a real scalar inflaton field.

Current observational constraints suggest that this could not be exactly the inflaton

potential: any inflationary plateau is likely to be flatter than in pure 1
2
m2φ2 [168].

The corresponding quadratic expansion of the potential near its minimum would

be steeper than for m2φ2 inflation and so the inflaton mass m could be any value

larger than the one corresponding to appropriately normalised m2φ2 inflation1. For

concreteness I use the same value as [93], m = 6.35× 10−6 MPl = 2.7× 10−14 kg.

Whether or not the inflaton potential is strictly quadratic at all scales, I will

assume a) it is quadratic about the origin and b) that there is no resonance (either

self-resonance as in λφ4 or monodromy, or the resonant production of other particles

coupled to the inflaton), and the post-inflationary evolution matches the scenario

in Easther et al.

The analogy to pressureless dust is not perfect — the inflaton field contains

another timescale, that of the coherent oscillations. The Klein-Gordon equations

has solutions that oscillate rapidly. It is these that make it difficult to analyse the

condensate on the timescales required to see the gravitational breakup of the field.

1The mass could be smaller for a sufficiently weird potential.
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V(
)

Figure 4.1: A schematic plot of possible potentials that would be m2φ2 near their
minimum. A pure m2φ potential is in blue. The two gray curves are more complex
potentials that are appropriately quadratic near their minima. Observations suggest
that the potential should be relatively flat during inflation, far from φ = 0.

4.2 Scenario and Scaling Considerations

Assuming single field slow roll, φ̇2
end � V (φend) and inflation ends when the inflaton

has a value φend such that the slow roll parameter ε of equation (2.5) is unity;

1 = ε =
1

2
M2

Pl

(
V ′

V

)2

= 2M2
Pl

1

φend
2 (4.1)

φend ≈ ±
√

2MPl , (4.2)

where MPl =
√

1
8πG

is the reduced Planck mass. This relies upon the assumption

that the quadratic potential is a good approximation all the way up to the scale

where inflation ends, but not necessarily higher than that.

I denote the density at the end of inflation as ρend. It is approximately

ρend = V (φend) +
1

2
φ̇2
end ≈ V (φend) ≈M2

Plm
2 , (4.3)

and thus much less than a Planck density. For a quadratic potential (in the regime

relevant to the post-inflationary stage) the universe expands as during matter
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domination, a = (t/tend)2/3 and the density scales as for matter,

ρ

ρend
= a−3 . (4.4)

I will use the end of inflation as a reference scale; scale factors a can be interpreted as

a/aend unless otherwise noted. I have assumed that this expansion is homogeneous

and without feedback from the field. The Friedmann equation tells us how the

density influences the expansion rate,

H2 =
8πG

3
ρ =

8πG

3
ρend

1

a3
=

1

3
m2 1

a3
. (4.5)

As usual, I define the physical Hubble length to be LH = 1/H, and compute its

scaling as a function of a:

LH =
1

H
=

√
3

m
a3/2 = LH, enda

3/2 . (4.6)

The Comptom wavelength λCompton = 1/m of the inflaton is of order the Hubble

length at the end of inflation.

I am interested in modes that were just outside the horizon at the end of

inflation, then move back inside the horizon and begin to grow. A perturbation of

initial physical wavelength λ does not have a constant size relative to the Hubble

length, it will scale as
λa

LH

=
λ√
3/m

a−1/2 (4.7)

So a length just outside the horizon goes subhorizon rapidly after inflation ends.

The exact form of their spectrum depends on the inflationary model in question.

I am not interested in the specifics of a particular model and so I use a generic

spectrum in which only modes that left the horizon during inflation have power2.

In particular,

∆2
R(k) =

A, if k . kHorizon

0, if k & kHorizon

(4.8)

where kHorizon = 2π/LH is the wavenumber of modes on the horizon at the end of

2This assumption is discussed further in Chapter 7.
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inflation and A is a constant amplitude.

There are two important timescales in the problem: oscillation of the field

tφ ∼ 1/m, and the evolution of perturbations on the order of the Hubble time

tH = 1/H. The field oscillation time stays constant as the universe expands, but the

Hubble time grows significantly. Although they are of a similar order immediately

after inflation end, they scale very differently with the scale factor,

tH
tφ

=
√

3a3/2 (4.9)

By the time the universe has grown by a factor of 100, there are thousands of

oscillations in each Hubble time. Resolving these oscillations in a Klein-Gordon

code is not feasible computationally. This is the primarily computational challenge

addressed by using the Schrödinger-Poisson equations: they allow us to factor out

the coherent oscillations of the field and calculate only their envelope.

4.3 Schrödinger-Poisson Equations: Derivation

In this section I show how and under what conditions the Schrödinger-Poisson

equations are obtained from the Klein-Gordon and Einstein equations. I roughly

follow Widrow and Kaiser’s derivation of the Schrödinger-Poisson equations [102].

I give more detail here, including of the assumptions which must be verified and

the inclusion of a varying scale factor.

I start from the Klein-Gordon equation

∇µ∇µφ− dV

dφ
= 0 , (4.10)

the equation of motion of a scalar field, and the Einstein field equations

Gµν = 8πTµν (4.11)

Tµν = ∂µφ∂νφ−
1

4
gµν (∂κ∂

κφ− V (φ)) , (4.12)

describing the gravitational dynamics. I assume that the metric is that of a per-

turbed flat Friedman-Lemaitre-Robertson-Walker universe written in the Newtonian
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gauge,

gµν = − (1 + 2Φ(r, t)) δ0µδ0ν + a(t)2 (1− 2Φ(r, t)) γij , (4.13)

where Φ is the Newtonian gravitational potential that will appear in the Poisson

equation and a(t) is the scale factor [169, equation (3.21)]. In this case, the Einstein

equations reduce to Newtonian gravity,

1

a2
∇2Φ = 4πG(ρ− ρ̄) . (4.14)

I will need some of the corresponding Christoffel symbols, defined by

Γγαβ =
1

2
gγλ (gβλ,α + gαλ,β − gαβ,λ) (4.15)

where Greek letters run over all indices and Latin letters run over only spatial

indices. In particular,

Γ0
00 =

Φ,t

1 + 2Φ
(4.16)

Γ0
ij =

1

1 + 2Φ

(
aȧ(1− 2Φ)− a2Φ,t

)
γij (4.17)

Γk00 =
Φ,k

a2(1− 2Φ)
(4.18)

Γkkk = − Φ,k

(1− 2Φ)
(4.19)

Γkii = +
Φ,k

(1− 2Φ)
= −Γkkk for i 6= k . (4.20)

Then

∇µ∇µφ = gµν
(
∂µ∂νφ− Γλµν∂λφ

)
(4.21)

= g00φ,00 + gijφ,ij −
(
g00Γ0

00φ,0 + g00Γk00φ,k + gijΓ0
ijφ,0 + gijΓkijφ,k

)
(4.22)

= − φ,00
1 + 2Φ

+
∇2φ

a2(1− 2Φ)
+

Φ,0φ,0

(1 + 2Φ)2
+

(∇Φ) · (∇φ)

a2(1 + 2Φ)(1− 2Φ)

− 3

a2(1− 2Φ)(1 + 2Φ)
(aȧ(1− 2Φ)− a2Φ,0)φ,0 −

(∇Φ) · (∇φ)

a2(1− 2Φ)2

(4.23)
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= − φ,00
1 + 2Φ

+
∇2φ

a2(1− 2Φ)
+ Φ,0φ,0

(
1

(1 + 2Φ)2
+

3

(1− 2Φ)(1 + 2Φ)

)
+ (∇Φ) · (∇φ)

(
1

a2(1 + 2Φ)(1− 2Φ)
− 1

a2(1− 2Φ)2

)
− 3

(1− 2Φ)(1 + 2Φ)

ȧ

a
(1− 2Φ)φ,0 .

(4.24)

To first order in the gravitational potential Φ,

∇µ∇µφ = −(1− 2Φ)φ̈+
1 + 2Φ

a2
∇2φ+ 4Φ̇φ̇− 3H(1− 2Φ)φ̇ . (4.25)

After dividing the Klein-Gordon equation by 1− 2Φ and substituting the potential

V (φ) = 1
2
m2φ2,

0 = −φ̈+
1

a2
(1 + 4Φ)∇2φ+ 4Φ̇φ̇− 3Hφ̇− (1 + 2Φ)m2φ . (4.26)

I make a WKB-like transformation similar to that of Widrow and Kaiser

φ =
1

ma3/2
(
ψe−imt + ψ∗eimt

)
, (4.27)

Here it is assumed that ψ varies much more slowly than φ; the exponentials contain

the oscillations corresponding to the coherent field and ψ is an envelope. The

factor of a−3/2 means that the density is comoving. Widrow and Kaiser have a

factor of
√

2 in the denominator whereas I do not, this is because we have different

normalisations of the potential. Substituting this into equation (4.26), separating

the result into e±imt components and dividing out factors of 1
2m
e±imt reduces the

Klein-Gordon equation to

0 =−
[
ψ̈ − 2imψ̇ −m2ψ − 3

2
Ḣψ +H

(
−3ψ̇ + 3imψ +

(
3

2

)2

Hψ

)]

+
1

a2
(1 + 4Φ)∇2ψ +

(
4Φ̇− 3H

)(
ψ̇ − imψ − 3

2
Hψ

)
− (1 + 2Φ)m2ψ

. (4.28)

A series of assumptions are required to reduce this further. They amount to
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requirements that the field does not vary quickly either temporally or spatially and

that the universe is not expanding too quickly:

|ψ̈| � m|ψ̇| � m2|ψ|∣∣∣∣ 1

a2
∇2ψ

∣∣∣∣� m|ψ|

H � m

Ḣ � mH

. (4.29)

This implies another condition, ∣∣∣Φ̇∣∣∣� m|Φ| (4.30)

because the potential is sourced by the field. Altogether these yield the Schrödinger

equation

i
∂ψ

∂t
= − 1

2ma2
∇2ψ +mψΦ . (4.31)

The Poisson equation for ψ follows more easily from the Poisson equation for φ,

1

a2
∇2Φ = 4πG (ρ− ρ̄) = 4πG (V (φ)− ρ̄) =

4πG

a3
(
ψψ∗ −

〈
|ψ|2

〉)
. (4.32)

It is clear from the form of this that ψψ∗ should be interpreted as a matter density.

Together, equations (4.31) and (4.32) describe the evolution of the scalar field φ(t, r)

in an expanding background with the constraints specified in equation (4.29).

4.4 Schrödinger-Poisson Equations: Validity

In this section I verify that the required constraints for the use of the Schrödinger-

Poisson equations are satisfied in the reheating phase.

Expansion is sufficiently slow when H � m. As seen earlier,

H =
1√
3
ma−3/2 (4.33)
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so this is clearly true when a� 1. Likewise,

Ḣ = −3

2
H2 � mH . (4.34)

These constraints are not scale dependent; they rule out the use of the Schrödinger-

Poisson equations whenever the expansion rate is too high.

The most interesting scales are those that were around horizon-sized at the

end of inflation, but at a time after significant expansion has occurred. As an

approximation, I assume that the field contains a plane wave with wavelength λ

around this size and that the Klein-Gordon equations are separable,

φ(t, r) = T (t) cos

(
2πx

λ

)
. (4.35)

Solving the Klein-Gordon equation for φ and referring to equation (4.27) gives an

expression for the functional form of ψ,

ψ = Ama3/2 cos

(
2πx

λ

)
e
−imt

(√
1+(2π/λm)2−1

)
. (4.36)

From this I conclude that the field varies sufficiently slowly when

∣∣∣ψ̇∣∣∣
m|ψ| =

∣∣∣∣−im(√1 +
(

2π
λm

)2 − 1

)
+ 3

2
H

∣∣∣∣
m

� 1 . (4.37)

I have already demonstrated that H � m; all that remains is 2π
λm
� 1. This is true

for λ on the order of LH, end. In that case,

2π

λm
∼ 1

a
. (4.38)

Similarly, |ψ̈| � m2|ψ| when a� 1. The requirement that the gradient is small is

satisfied under the same condition,∣∣ 1
a2
∇2ψ

∣∣
m2|ψ| ∼

(
2π

aλm

)2

� 1 . (4.39)
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Chapter 5

Perturbation Theory for the

Schrödinger-Poisson Equations

In Chapter 4 I showed that the Schrödinger-Poisson equations can be used to

describe an inflaton field during reheating. In this chapter I present an expository

treatment of perturbation theory for the Schrödinger-Poisson equations. This will

be useful for understanding their linear evolution and initialising simulations of

their nonlinear evolution.

5.1 Introduction

In this chapter I present an expository treatment of perturbation theory for the

Schrödinger-Poisson equations. Some aspects of this have already been presented in

the literature [116, 103]. Other aspects seem to have been confused or overlooked

may be known in some circles. There are two common treatments of perturbation

theory for the Schrödinger-Poisson equations.

One of these decomposes perturbations in the scalar field ψ into a linear

combination its real and imaginary parts [103, 108]. This gives predictions for

both the real and imaginary parts of wave function, but the approximation breaks

down before the density contrast approaches unity. We give a description of this

approach in Section 5.2.

The other is a Madelung-like hydrodynamical treatment of the scalar field [103].
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This approximation is valid for density contrasts of order unity, but does not give

the phase information needed to initialize a simulation exploring the nonlinear

regime. This approach is discussed in Section 5.3.

An almost trivial extension of these two approaches allows tracking phase

information much later in the evolution. In this approach the perturbation theory

for the density fluctuations is linear, but the phase of the ψ field is nonlinear. As

far as I am aware, the results in section Section 5.4 have not been explicitly stated

in the literature.

5.2 Linear Perturbation Theory

Woo and Chiueh [103] write

ψ =
√
ρ0 +R + iI . (5.1)

and assume that R, I � √ρ0 are small perturbations. Substituting this ansatz into

the Schrödinger equation and separating into real and imaginary parts, one finds

−dI

dt
= − 1

2a2m
∇2R +mρ0Φ (5.2)

dR

dt
= − 1

2a2m
∇2I . (5.3)

The Poisson equation reduces to

∇2Φ =
4πG

a
(|ψ|2 − ρ0) =

4πG

a
((ρ0 + 2R +R2 + I2)− ρ0) ≈

8πG

a
R (5.4)

where the last approximation holds only with the additional constraint I2 �
2R.When I2 > 2R, the potential is sourced by the imaginary part of the perturba-

tion and the following conclusions do not apply. In fact, [103] contains an extensive

discussion of this breakdown.
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5.3 The Madelung Representation

Woo and Chiueh also make a quite different ansatz in [103],

ψ = m
√
neiS , (5.5)

where n is a number density. After some effort, the Schrödinger-Poisson equations

can be rewritten as

∂v

∂t
+

1

a2
v · ∇v +

∇Φ

m
− 1

2m2a2
∇
(∇2

√
n√
n

)
= 0 (5.6)

∂n

∂t
+

1

a2
∇ · (nv) = 0 (5.7)

v =
∇S
m

. (5.8)

This is puts the Schrödinger-Poisson equations in a Madelung representation. The

first two of these are equations for a fluid with a so-called “quantum pressure” and

the last defines the fluid velocity. They do perturbation theory in this representation

and find solutions for the density, valid up to δρ ∼ ρ.

I require phase information to initialise simulations consistently. In principle,

their equation for the velocity can be solved and phase information obtained.

However, this is not done in [103]. If they had done so, they would have found

that this version of perturbation theory yields much more than their ansatz. The

breakdown is still at δρ ∼ ρ, potentially much later than when I ∼ 1 in the linear

approximation, but phase information is available.

In principle, this approach raises the possibility of treating the post-inflation

inflaton field as a fluid and harnessing relevant preexisting tools and formalism for

its analysis. However, I have not pursued this line of exploration.

5.4 Nonlinear Perturbation Theory

The way in which the approximation of Section 5.2 breaks down when I2 > 2R

while the fluid approximation continues to work prompts a more straightforward

derivation without making the Madelung transformation. I derive equations for the
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density and phase perturbations directly from the Schrödinger-Poisson equations

by using the ansatz

ψ =
√
ρ0
√

1 + δ exp(iS) (5.9)

or

ψ =
√
ρ0(1 + δ/2) exp(iS) . (5.10)

The former ansatz is more natural in light of Section 5.3 and is what I have used

in code, but involves slightly more tedium in the following derivation. Under the

mapping

δ 7→ 2R

S 7→ I
. (5.11)

these reduce to the ansatz of equation (5.1) at linear order in δ and S. Substituting

equation (5.10) into the Schrödinger equation and dividing out
√
ρ0 exp iS, the real

and imaginary parts of the Schrödinger equation are

−(1 + δ/2)
∂S

∂t
= − 1

2ma2
(
∇2δ/2− (1 + δ/2)(∇S)2

)
+mΦ(1 + δ/2) (5.12)

1

2

∂δ

∂t
= − 1

2ma2
(
(∇δ)(∇S) + (1 + δ/2)∇2S

)
(5.13)

and at linear order in δ and S these are

−∂S
∂t

= −∇
2δ/2

2ma2
+mΦ (5.14)

∂δ

∂t
= −∇

2S

ma2
, (5.15)

identical to equations (5.2) and (5.3) for R and I under the mapping 5.11. However,

the crucial distinction is that upon substitution into the Poisson equation,

∇2V =
4πG

a
ρ0
(
|ψ|2 − 1

)
=

4πG

a
ρ0δ (5.16)

applies without further restriction on S, whereas the linear approximation requires

I2 � 2R. Thus this approximation is clearly valid for a much wider range of

perturbations than that of Section 5.2.

The coupled PDEs equations (5.14) to (5.16) can be transformed into two
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coupled ODEs by Fourier transforming. The previous equations become

−dSk
dt

=
k2

4ma2
δk −m

4πG

a
ρ0

1

k2
δk (5.17)

Sk =
ma2

k2
dδk
dt

(5.18)

Φk = −4πG

a
ρ0

1

k2
δk . (5.19)

Introducing a dimensionless variable x such that

dx

dt
= −1

2

k2

ma2
(5.20)

simplifies the equation for Sk;

Sk = −1

2

dδk
dx

. (5.21)

With the assumption a ∼ t2/3 (that is, matter dominated growth), I find that

x =
k2

mH0

√
a
. (5.22)

Here H0 refers not just to the present day Hubble parameter, but to the Hubble

parameter at which a is normalised. After changing variables and substituting

Sk and Φk into the equation for dSK/dt, the system is reduced to a single second

order equation,

x2
d2

dx2
δk + (x2 − 6)δk = 0 , (5.23)

as in Section 5.2.

There are two solutions to this differential equation for the density perturbation,

δd,k = +

(
3

x2
− 1

)
sinx− 3

x
cosx (5.24)

δg,k = −
(

3

x2
− 1

)
cosx− 3

x
sinx . (5.25)

The first of these vanishes in the limit that x → 0 (equivalently a → ∞) while

the second blows up; these correspond to decaying and growing solutions. The
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respective solutions for the phase are

Sd,k =

(
− 6

x3
+

3

x

)
sinx+

(
6

x2
− 1

)
cosx (5.26)

Sg,k =

(
+

6

x3
+

3

x

)
cosx+

(
6

x2
− 1

)
sinx . (5.27)

Given some amplitudes Ad,k, Ag,k for the Fourier modes, the real space repre-

sentation of the density perturbation is

δ(a) = F−1 (Ag,kδg,k(a) + Ad,kδd,k(a)) , (5.28)

and analogously for the phase S.

5.5 Discussion and Applications

I have presented solutions for the evolution of perturbations to the field ψ. The

linear ansatz is only valid for I � 1 while the nonlinear ansatz presented here is

valid for all δ � ρ0, even when I 6� ψ0. In some cases the nonlinear formulation of

perturbation theory remains valid at much later times than the linear formulation.

This means that it has the potential to save large amounts of computational

time by initialising simulations later than would otherwise be possible or avoiding

them outright. This is particularly helpful because the time step during pressure

domination has a factor of a2 in it, so is much smaller at early times. To further

demonstrate that the two versions of perturbation theory break down at different

times, I plot their predictions in Figure 5.1. Both approaches are only valid when

the universe expands as during matter domination.

Note that at late times (that is, for x� 6),

δg ∼ −
3

x2
∼ a (5.29)

so perturbations grow linearly. This is as expected from [93].

The special value x2 = 6 in equation (5.23) corresponds to a transition from

oscillating to growing or decaying solutions. Note that for a given k, x decreases
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Figure 5.1: Comparison of two versions of perturbation theory for the Schrödinger-
Poisson equations. The bottom panel shows the maximal value of I2 and 2R, as
predicted by linear perturbation theory. The top panel shows the root mean square
density contrast in a box, as predicted by two versions of perturbation theory. They
clearly give different results; the linear perturbation theory curve has a kink when
the imaginary part of the field becomes of order the real part. This is as expected
from the discussion in Section 5.2. On the other hand, the version of perturbation
theory where the phase is not linearised grows linearly even after I2 ∼ 2R. The
scale factor is in arbitrary units for this illustration.
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monotonically as a grows. That is, modes go progressively further into the collapsing

regime. The interpretation of this as a Jeans length is demonstrated in Figure 5.2,

where kJeans = 61/4
√
mH0a

1/4 is plotted with the growing and decaying modes. At

the end of inflation, the Jeans length is

λJeans =
2π

21/4m
, (5.30)

approximately the size of the horizon. This is in line with expectations from the

literature [92, 93].

Modes at different length scales unfreeze at different times; a mode with

wavenumber k unfreezes when the scale factor is approximately

aJeans(k) =
k4

m2H2
06
. (5.31)

The subsequent evolution of a mode depends on exactly where in an oscillation it

is when it transitions but, schematically, a growing mode evolves as

δ(a, k) ≈

 a
aJeans(k)

δ0, if a & aJeans(k)

δ0, if a . aJeans(k)
. (5.32)

If one has an initial spectrum with δ(k) ∝ kn and two scales with k0 < k1, then k0

begins to grow sooner than k1. By the time the k1 modes begin to grow, the ratio

of their amplitudes is
δ(a, k0)

δ(a, k0)
=

(
k0
k1

)n−4
. (5.33)

One would need to have an initial spectrum with δ(k) ∼ k4 for small scale modes

to keep up with the growth of modes on larger scales. I will come back to this

when discussing the initial conditions in Section 7.1.

I expect that the nonlinear version of perturbation will be most useful when

density perturbations stay small for a very long time. At any given time, the phase

and amplitude of the perturbations have an equal ratio regardless of the size of

the perturbations. However, if their magnitudes are initially very small, Sg,k can

dominate δg,k before δρ ∼ δ. In this case, the linearised phase breaks perturbation
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Figure 5.2: Top panel: root mean square of the density contrast for perturba-
tion theory with either growing (blue) or decaying (orange) modes. The density
contrast is initially approximately constant then grows linearly, as expected from
equation (5.32). Bottom panel: the Jeans wavenumber kJeans as a function of scale
factor. The shaded band shows the range of modes that are populated. One can see
that the modes unfreeze as the Jeans length changes. At first glance the growing
modes seem to unfreeze sooner than the decaying modes. This is actually because
there are a range of active modes; the long scale modes unfreeze before short scales.
The wavenumbers k and scale factor a are in arbitrary units in this illustration.
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theory much sooner than it has to. Being able to fast-forward through some portion

of the early evolution is very useful. As we will see in Chapter 6, in an expanding

universe, time steps are smaller at the beginning of simulations and a simulation

can spend a disproportionate amount of time there. I expect that this will lead to

speed ups in cosmological simulations of ULDM and will investigate this in future.
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Chapter 6

pySPE:

pySchrödingerPoissonExpand

As shown in Chapter 4, the post-inflation universe is well described by the

Schrödinger-Poisson equations. These equations have seen much use in other

areas, and so codes to solve them already exist [103, 104, 105, 106, 107, 108, 109].

In this chapter I present changes I made to PyUltraLight [107] and then some

tests I have done to verify their correctness. The code itself will be made public at

a later date.

6.1 The Code

PyUltraLight is a pseudo-spectral solver for the Schrödinger-Poisson equations

in a period box. The Poisson equation is solved in Fourier space, while the field is

evolved forwards by a split step method: the gradient is applied in Fourier space

and the potential in real space. It has been used in studies of ULDM and structure

formation in the late universe [170, 107, 171].

I have adapted PyUltraLight to the early universe. Its simple structure

and implementation in the Python programming language made it a good starting

point. The assumed periodicity of the box is natural for a nearly-homogeneous

field, more so than for PyUltraLight’s original use studying ULDM solitons.

The most foundational change is the addition of expansion so, in keeping with
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Python traditions, this fork of PyUltraLight has acquired the name pySPE,

where SPE stands for Schrödinger-Poisson expand. There are other changes which

follow naturally from this, they are described too.

pySPE has demonstrated the usefulness of a Schrödinger-Poisson code in the

reheating epoch, but more sophisticated features such as adaptive mesh refinement

(AMR) would require substantial changes to the codebase.1 .

In the following subsections I describe the changes I made to PyUltraLight

to adapt it for early universe simulations. There are also more minor changes not

worthy of the own sections:

• I have added unit tests, to ensure that individual parts of the code behave

as intended. This has made it simpler to ensure that regressions are not

accidentally introduced. The unit tests make use of a standard Python tool,

pytest [172].

• I have allowed the user to set constants without editing source files and

factored the unit system out into a different module. This includes the

Hubble parameter H0, which is different here from PyUltraLight’s original

use in the later universe. See Appendix A for a discussion of these code units.

• I have included an implementation of the perturbation theory described in

Chapter 5. This is used while setting initial conditions.

6.1.1 Expansion

I have modified the evolution of the field to allow for an expanding background.

This is essential to the dynamics of a post-inflation universe; the expansion of the

universe and resulting evolving Jeans length are critical to the phenomenology we

are interested in.

The scale factor is assumed to be homogeneous across the box and unaffected by

the dynamics of the simulation. Lengths and masses are comoving, so wavenumbers

are transformed by k → k/a and densities by ρ → ρ/a3. This entails inserting

1That said, AMR codes for ULDM structure formation simulation are in development, and
these would likely generalise directly to the early universe epoch.
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factors a in the lines of code corresponding the calculation of the gravitational

potential Φ

Φk = −4π
ρk
k2
→ −4π

ρk
ak2

(6.1)

and the gradient of ψ in Fourier space

− i1
2
hk2 → −i1

2
h
k2

a2
(6.2)

corresponding to equation (4.32) and equation (4.31).

pySPE’s solver takes advantage of Python’s first class functions to accept a user

defined function specifying the scale factor as a function of time as a parameter.

For the purposes of this simulation, I assume that the universe grows as in a matter

dominated universe. In this phase, the scale factor goes as a ∝ t2/3. The Hubble

parameter

H =
ȧ

a
=

2

3

1

t
(6.3)

sets a time at the end of inflation,

tend =
2

3

1

Hend

. (6.4)

Given an initial scale factor aend, the scale factor is defined as

a(t) = aend

(
t

tend

)2/3

, (6.5)

where I set aend = 1.

6.1.2 Time Steps

PyUltraLight sets the time step with a heuristic based on the box size and

resolution. I have changed this to instead set the time step by a Courant-Friedrichs-

Lewy-like causality condition as in other Schrödinger-Poisson solvers [103, 105, 106].

The maximum time step is

∆t = min

(
2π

max(Φ)
,

2π

max(k)
a2
)
. (6.6)
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These constraints ensure that the complex phase of the ψ field is not changed by

more than π at any grid point. The user is able to set a multiplier for this maximum

time step and control how often the time step should be updated. This multiplier

allows more conservative time steps to be taken, allowing for some variation in the

maximum allowed as the simulation progresses.

There are factors of a in equation (6.6). This may be inconsequential in non-

expanding codes, but makes a significant difference when the scale factor is allowed

to vary significantly. In an expanding universe, the maximal time step increases

substantially as the simulation progresses. I was able to reduce run times by orders

of magnitude by implementing adaptive time steps.

Implementing adaptive time steps requires an update to the split step algorithm:

a half step is always taken before updating the time step through equation (6.6).

Frequent updates to the time step may result in slow-downs in a non-expanding

universe: an extra half step is taken each update and the expected gains are small

unless the gravitational potential grows significantly. Therefore, the user is able to

set the frequency with which the time step is updated.

The addition of adaptive time steps adds a complication to outputting results:

one cannot say a priori at which time steps to output data. I have circumvented

this by comparing the current time to a list of desired output times. When the

current time is within one and a half time steps of the next output time the time

step is decreased to reach this value. Another option would have been to write

output at the time step closest to the desired time. However, this would have made

it more difficult to compare the results of two simulations.

In Figure 6.1 I plot the time steps used through the simulation for the results

presented in Chapter 7. After expanding by a factor of almost 100, the time step

is almost 100 times larger at the end of the simulation than at the beginning. One

can see shorter time steps corresponding to times at which data was output. In

practice, none of the simulations I ran reached a point where the potential Φ grows

enough that it limits the allowed time step.
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Figure 6.1: Time steps used through the main simulation to get the results presented
in Chapter 7. As expected, the time step increases as the universe expands. There
are some spikes to lower values; these occur at times when a shorter step is taken
to produce output at a pre-specified scale factor.
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6.1.3 Initial Conditions

I have changed how the code is initialised. Instead of a hard-coded initialisation

routine, one can define a Python class with a few simple methods. An object from

this class can be passed to pySPE’s evolution routine, it calls these methods to set

initial conditions.

There are a few classes of initial conditions included with the code, these are

described below.

• A single Fourier mode

With these initial conditions, only a single growing and/or decaying modes is

initially activated. I have used these initial conditions when testing the code

against theoretical expectations and perturbation theory.

• A flat spectrum

I have defined initial conditions that have a flat spectrum at some scale factor.

I have used these as generic non-trivial initial conditions when testing the

code in Section 6.2.

To begin, a complex Gaussian random field Ak is generated in Fourier space.

This is transformed into real space, the real part taken, transformed back to

Fourier space and the amplitudes of all modes with wavenumber greater than

the Nyquist frequency of the grid are set to zero:

Bk = θ(kNyquist − k)F
(
<
(
F−1(Ak)

))
, (6.7)

where θ is the Heaviside function. The resulting Bk is the Fourier transform

of a real Gaussian field with a cutoff at the Nyquist frequency [173]. It is

used as a seed for the initial conditions. The initial amplitudes of the growing

modes are then defined by

Cg,k = Bk
1

δg,k(a = ainit)
(6.8)

and likewise for the decaying modes, and scaled to give some desired amplitude.

The background value of the field is stored in the 0-mode of the amplitudes:
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C0,0,0 = ψinit ∗ resol3. The field is initialised with

δk = Bk (6.9)

Sk = Bk
Sg(a = ainit)

δg(a = ainit)
. (6.10)

• Reheating initial conditions

These are the initial conditions used for the final results in my thesis. I have

implemented these initial conditions in such a way that one can generate

initial conditions reproducibly, even at differing resolutions. They are very

similar to the previously described flat initial conditions but have a power

spectrum applied; their exact motivation and description is in Section 7.1.

• Loading externally generated initial conditions

I have added facilities to load a ψ field directly from a file or from an array.

This file can formatted either in numpy’s .npy format or as an HDF5 file.

Because HDF5 does not have a common standard for complex data, it is

often simpler to save the real and imaginary parts separately; I have allowed

for this possibility.

I have used these initial conditions in preliminary extensions of the results

in Chapter 7. These involved extracting overdensities from the box and

continuing their evolution in a non-expanding box.

6.1.4 Phase Checks

I have added checks on the phase of the ψ field. In addition to the temporal

constraint in Section 6.1.2, there is a spatial constraint to be satisfied.

In the Madelung interpretation of the Schrödinger equation, the gradient of

the phase is interpreted as a velocity. With a finite resolution, a cell-to-cell phase

difference ∆φ > π is indistinguishable from a negative phase difference. If this

happens it means that the simulation cannot distinguish between a forward or

backward velocity and so it should not be trusted. Checking the phase is somewhat

resource intensive, so the user can configure how often to perform this check.
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Figure 6.2: A plot of the relative error in the mean density across a box vs the scale
factor. The simulation is the same as that used to produce Figures 6.5 and 6.6.
Mass is conserved up to machine precision.

The development of large phase gradients turns out to be the primary limitation

of pySPE at late times. The velocities in the vicinity of overdensities becomes large

and the constraint on the gradient of the phase is violated.

6.2 Tests Against Perturbation Theory

The most basic test is to confirm that mass is conserved throughout a simulation.

A plot of the mean density in a box vs time is shown in Figure 6.2. This shows

that the density is preserved to approximately 1 part in 1015 after expansion by a

factor of 103.

In Chapter 5 I gave expressions for the perturbative evolution of Fourier modes

in the Schrödinger-Poisson equation. These can be used to validate simulations

in the applicable regime. Conversely, simulations can be used to confirm the
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correctness of perturbation theory. Perturbation theory is only valid for δ � 1,

so although I perform these simulations with a parameters corresponding to the

post-inflation period, the density contrast is much lower than would be physically

interesting. I checked several cases, three of which are plotted here. I have also

checked that convergence at small scales improves when the resolution is increased;

plots of this are not presented here. Each of the tests below were run at a resolution

of 1283.

The simplest check is against a single growing mode, initialised just as the mode

is about to transition from oscillating to growing. The results of this test are shown

in Figure 6.3. The mode is initially below the Jeans length and oscillates. As the

scale factor grows, the Jeans length shrinks and the density perturbation begins

to grow as its wavelength becomes longer than the Jeans length. The final power

in the only initially active mode is simulated well although the simulation leaks

some power into higher frequency modes. I have also compared the root mean

square density contrasts. The temporal phase of the oscillation does not match

exactly; this results in a spike in the relative error of rms(δ). However, the two are

in general agreement at other times.

I have also tested against a single decaying mode; see Figure 6.4. This is a more

challenging test of numerical stability: machine noise is expected to be amplified

and dominate the input mode. I have found that the code is in fact unable to evolve

decaying modes reliably. The power stays mostly in the correct mode but grows

rather than decaying. The numerical solutions are consistent with theory in the

oscillating regime but the density diverges when it should begin to decay linearly

with the scale factor. This divergence occurs even when the density is large enough

that one might expect the solution to be stable. Upon further investigation, I find

that the complex phase of the ψ field decays much more quickly than its amplitude.

The divergence occurs around the time when the grid-point to grid-point phase

difference approaches machine precision. This is not too concerning; the decaying

modes make a negligible contribution to late time states and I will neglect them in

my analysis.

As a final check, I test against initial conditions that have a flat spectrum

and power in all growing and decaying modes up to a cutoff. The simulation is

started after the scale factor has grown 100 times larger than at the end of inflation
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Figure 6.3: Here I initialise a simulation with a single growing mode. Top: The
initial spectrum together with a final spectrum from both perturbation theory and
simulation. Second from top: the Jeans scale as a function of the scale factor (solid)
and the wavelength of modes in the box (dashed). Second from bottom: root mean
square of the density contrast δ from simulation (solid blue) and perturbation
theory (dashed orange). Bottom: relative error of simulation result in above panel.
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Figure 6.4: Here I initialise a simulation with a single decaying mode. The plots
are as in Figure 6.3. The mode is initially below the Jeans length and oscillates.
As the scale factor grows, the Jeans length shrinks and the analytic solution for
the perturbations decays. The code is unable to simulate this decay.
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and run until it has grown by a further factor of 1000. The results are plotted in

Figures 6.5 and 6.6. The perturbations grows on all scales and the simulated and

theoretical spectra are in general agreement. Once again, the simulation has some

power excesses in short wavelength modes. The root mean square density contrasts

from the simulation match well against those from perturbation theory. However,

the temporal phase of the oscillations does not match exactly; this results in a

spikes in the error of the root mean square density contrast. Figure 6.6 compares

density slices from the simulation and perturbation theory at the final time. This

plane is the one containing the highest density; it should have the highest errors.

They match well, with sub-percent errors in the density perturbation across the

plane.
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Figure 6.5: A plot of the results of activating both growing and decaying modes in
the initial conditions. The plots are as in Figures 6.3 and 6.4, other than that the
shaded region shows the range of modes with power in the initial conditions.
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Figure 6.6: From top to bottom: plots of a slice through a density field obtained
from simulation and perturbation theory, and the difference between the two. This
uses the same data as Figure 6.5. There is a sub-percent level error in the density
at each point, with the highest error around the regions with highest density.

82



Chapter 7

Simulations and Results

Chapters 4 to 6 have set the stage for the simulation of the gravitational breakup

of an inflaton field in the reheating epoch. In Chapter 4 I showed that the field is

well described by the Schrödinger-Poisson equations. In Chapter 5 I discussed some

theoretical considerations for the Schrödinger-Poisson equations, then in Chapter 6

I introduced a tool which can simulate the evolution of nonlinear perturbations in

an expanding universe. In this chapter I apply this machinery. I first motivate and

define some initial conditions, then show the results of evolving these forward to

the emergence of large over densities.

7.1 Initial Conditions

I initialise simulations by defining a state at the end of inflation and using per-

turbation theory to evolve it forward to the onset of nonlinearity. As discussed in

Section 4.4, this is not entirely accurate but is sufficient for my purposes.

The initial conditions are based on a Gaussian random field with a power

spectrum applied to it. I use amplitudes for the growing modes given by

Ak = α
δend,k

δg,k(a = 1)
Gk (7.1)

where δend,k is the desired density spectrum at the end of inflation, α is a constant

setting the relative amplitudes and Gk is a Gaussian field with a cutoff at the
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Nyquist frequency of the simulation grid. Gk is generated as for the flat initial

conditions in Section 6.1.3. The denominator is required to cancel the effects of

evolving forward with the transfer function from perturbation theory;

δk(a) = α
δend,k

δg,k(a = 1)
δg,k(a)Gk . (7.2)

The value of α is chosen such that the perturbations are boosted to a computa-

tionally convenient amplitude. To be precise, I choose α such that the root mean

square of δ on scales two percent of the size of the box is 1× 10−2. This means that

nonlinearity occurs sooner than at a = 106 as would be expected from perturbation

theory [93].

The form of δk is determined by the model of inflation. I do not calculate an

exact spectrum for two reasons. This spectrum would be very model specific and

sensitive to the form of V (φ) near the end of inflation. The large field form of V (φ)

is out of scope for what I am doing; I am less concerned with the predictions of a

particular model than with the possibility of doing calculations in this period of

expansion history. Additionally, I do not expect the perturbative evolution from

the end of inflation to the initial initialisation of the simulation to be exact; a

box is not subhorizon until there has been significant expansion. There is more

work to be done to fill in the details of this gap, but much of it is laid out in the

literature [93].

Instead, I assume a very generic spectrum. The next two subsections describe

how this is constructed and allay some potential concerns about its reasonableness.

7.1.1 The Matter Power Spectrum

Easther et al. showed that for m2φ2 inflation, the superhorizon comoving curvature

perturbations at the end of inflation [93] obey

|Rk|2 =
H2(tk)

4ε(tk)M2
Pl

1

k3
(7.3)

where tk is the time at which modes with wavenumber k leave the horizon, ε is the

slow roll parameter and Hm, am are the Hubble parameter and scale factor during
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matter domination. I make approximations

H(tk) = Hend =
m√

3
(7.4)

ε(tk) = 1 . (7.5)

These are a reasonable approximations since I care about modes that exit the

horizon near the end of inflation. Together they mean that the dimensionless metric

spectrum ∆2
R is completely flat inside the horizon. The amplitude at subhorizon

scales is much smaller than at superhorizon scales so I will assume that it vanishes.

The resulting dimensionless spectrum is

∆2
R =

 m2

24π2M2
Pl

for k . kHorizon

0 for k & kHorizon

, (7.6)

as foreshadowed in Section 4.2.

pySPE works with the field in the Newtonian gauge, so I convert these metric

perturbations to the matter perturbations required to source them. In the Newto-

nian gauge R = −Φ. The Poisson equation relates the density perturbations to

metric perturbations in the Newtonian gauge,

4πGρ = ∇2Φ . (7.7)

This is most helpfully solved in Fourier space, where

4πGρk = −k2∇2Φk = k2Rk . (7.8)

Finally, density perturbations corresponding to the desired curvature perturbations

are

ρ2k =

1
3
M2

Plm
2k for k < ktrans

0 for k > ktrans
(7.9)

In practice, because I boost the spectrum, only the linear k dependence is important.
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In terms of the spectrum used in the initial conditions of the simulation,

δend,k =


0 for k = 0

1√
3
MPlmk

1/2 for k < kHorizon

0 for k > kHorizon

. (7.10)

7.1.2 A Vanishing Small Scale Spectrum

One might worry about the effects of small scale power in the initial conditions.

I am not trying to make any predictions that depend on the details of the final

structure formation and I argue that it can reasonably be neglected.

Modes on the horizon at the end of inflation grow immediately, while small

scales modes do not grow until they have passed the Jeans scale. Unless they are

initially larger than the superhorizon modes, the amplitudes of subhorizon modes

will be subdominant by the time they begin growing. To be precise, as shown in

Section 5.5, the density spectrum would have to grow at least as fast as k8 in order

for small scale modes to keep up. This is also evident from Figure 6.5, where an

initially flat spectrum has a red tilt after evolving forward. Nonlinear interactions

will eventually put power into short scales, but this will be due to the collapse of

longer wavelength modes.

7.2 Results

I used the PySPE code described in Chapter 6 to evolve the above initial conditions

forward from the onset of nonlinearity. I used a box size 10 times the size of the

horizon at the end of inflation. This includes the modes which become nonlinear

first. The simulation was initialised when the universe has grown by a factor of 25

since the end of inflation. At this time

aLH, end

LH

=
1

a1/2
(7.11)
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Figure 7.1: On the vertical axis is the mean density perturbation squared, in units
of the Hubble parameter at the end of inflation. On the horizontal axis is the
wavenumber. The dotted blue line is the spectrum corresponding to the initial
conditions of the simulation. The dotted yellow and solid green lines correspond to
the spectrum obtained at a = 200 from, respectively, perturbation theory and the
simulation. One can see that the initial conditions have a cutoff at k = kHorizon.
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so the modes of interest are subhorizon but the whole box is not. Such superhorizon

boxes also occur in N-body simulations of large scale structure, where boxes may

initially be superhorizon. Running at several box sizes and initial amplitudes

has given empirical evidence that the superhorizon evolution has little impact,

but an obvious generalisation will be to initialise the simulation at later times

when the whole box is subhorizon and set initial amplitudes from solutions of the

Klein-Gordon equation for specific inflationary potentials.

I scaled the spectrum to get rms(δ) = 0.01 on scales 2% the size of the box.

This scaling was chosen for computational convenience; it circumvents having to

evolve the field at a ∼ 106 when the gradient of the phase is much larger (or,

equivalently, when the comoving box is less able to handle large velocities).

The simulation was run at a spatial resolution of 5123. This was sufficient

to resolve the phase (equivalently, velocities) up until shortly after a = 200, at

which time the simulation was stopped. This end time would span to thousands

of oscillations of the coherent condensate. Simulating the full evolution of the

Einstein-Klein-Gordon equations over this period would be intractable.

In Figure 7.1 I show the initial and final spectra. One can see that the

initial spectrum is not flat; perturbation theory has been used to take that in

equation (7.10) from a = 1 to a = 25. The simulated density spectrum has grown

much more than that of perturbation theory.

In Figure 7.2 I plot the maximum and root mean square of δ across the box as the

scale factor grows. As in the spectrum in Figure 7.1, one can see that the simulated

and perturbative results differ. Here is it clear that simulated overdensities are

much larger than would be obtained from naively applying perturbation theory to

times when δ & 1. This is the first time that the field has been evolved well past

δ ∼ 1 into the nonlinear regime with δ ∼ 600.

In Figure 7.3 I have plotted two slices through the final box. The both planes

contain the point of maximal density; the upper plane is the density itself while the

lower plane is the phase gradient in this plane. One can see a few overdensities and

hints of a web-like structure suggestive of structure formation in the late universe.

One can also see that the velocity field is as would be expected: velocities are

directed towards overdensities and have their highest values in their immediate

vicinities. This suggests that adaptive mesh refinement will have some chance of
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Figure 7.2: The maximum (blue) and root mean square (orange) density contrasts
from the simulation (solid) and perturbation theory (dotted). Both are measured
on scales 2% the size of the box. As expected, the simulated and perturbative
results diverge in this regime where δ & 1.
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Figure 7.3: Top: A plot of the final density in the plane containing the largest over
density. Bottom: a projection of the velocity field in the same plane as the above
plot. The color scale shows the magnitude of the phase difference and the arrows
show the direction. Note in particular, the large velocities in the vicinity of the
large overdensities in the top left and lower right corners. These match up to the
overdensities.
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Figure 7.4: A volume rendering of a subset of the final simulated box, when the
universe has expanded by 200 times since the end of inflation. Blue contours have
δ ∼ 1, and yellow-white contours have δ ∼ 10 to 100.

success; the simulation halted due to large phase gradients in only a small faction

of the box.

Figure 7.4 has a volume rendering of a subset of the box. Here it seems that

the peaks are typically aspherical. This would seem to cast doubt on the proposed

collapse to primordial black holes, but more work is needed to explore this possibility.

In any case, other models may give more plausible precursors to primordial black

holes.

We have done a preliminary examination of the later evolution of the overdensi-

ties. Once they grow large enough they will break free from the Hubble flow and

can be simulated in isolation. They can be extracted from the box and interpolated
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to a higher resolution, then evolved forwards in a non-expanding background. This

has difficulties arising from pySPE’s assumption of periodic boundary conditions.

The phase is now discontinuous at the boundary of the box. This is not as serious

a problem as it might initially seem — the edges of the box contain relatively

uninteresting underdense regions and the phase discontinuity does not propagate

through the box — but care must be taken. Further more, the periodic box means

that the supposedly isolated overdensity will see mirror images of itself, disrupting

its collapse. This is avoidable by padding the extracted overdensity in a very

large box, but that defeats the purpose of extracting a sub-box. Adaptive mesh

refinement (AMR) will be more elegant solution for a more civilised age.

We also looked briefly at what happens when the box is allowed to continue

evolving without respecting the constraint on the phase. The phase gradient

becomes large in only a small subset of the box, so although it is untrustworthy,

this approach does provide clues to the large scale evolution. It appears that that

the web-like structure in Figure 7.3 develops further.

7.3 Discussion

I have done the first simulations of the non-perturbative growth of inflaton over-

densities during a reheating period without resonance. This has been enabled by

the use of a new tool: the Schrödinger-Poisson equations in the early universe. I

have demonstrated the growth of overdensities up to a density contrast δ ∼ 600,

well into the nonlinear regime. The reheating epoch may have several observable

consequences, so this will enable further constraints on inflationary models.

The reheating temperature figures into the “matching equation”, a prescription

for the number of e-folds of expansion required during inflation [50, 46, 49, 51].

This in turn affects which part of the potential is probed by CMB observations,

which has a potentially observable impact on the observed spectrum. Indeed, this is

even seen in Chapter 3, where we made a simplifying assumption that the universe

is instantly thermalised after inflation. The simplest way in which the emergence

of overdensities could affect the reheating temperature is if the inflaton decay

rate is proportional to the density squared. Although the mean density remains

unchanged, the mean squared density is boosted relative to a more homogeneous
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universe, possibly resulting in a higher reheating temperature.

Furthermore, it is possible that a detailed understanding of reheating would

provide evidence disfavoring some models of inflation and dark matter without

requiring more detailed measurements of the inflationary power spectrum. Nonlinear

physics during reheating can result in a stochastic gravitational wave background [82,

83, 84, 85, 64]. It has been shown that the collapse and subsequent interaction

of overdensities such as those found here can contribute to this background at

frequencies that may be accessible to current and proposed detectors such as LIGO,

DECIGO and BBO [94, 95, 96]. That prediction requires verification simulations

such as those I have enabled. Some models of dark matter have a field coupled

to [55, 56, 57, 174, 175] or consisting of [58, 176, 59, 177] the inflaton; their

predictions could be affected by a nonlinear reheating process.

There are a number of possible future directions to take this work.

Comparing the predictions and likelihoods of different models of inflation will

require working out the details of realistic initial conditions. This will be an

extension of existing literature [92, 93]. Even in models where the non-quadratic

terms do not have a direct impact on the field evolution, one has to adjust details

including the exact value of the inflaton mass m, energy scale at the end of inflation

and initial spectrum. In general, if non-quadratic terms in the potential affect the

post inflationary dynamics they may result in parametric resonance and preheating

soon after inflation ends. In those cases, the present approach is unnecessary to

understanding the growth of overdensities but may be useful to understand the

post-resonance dynamics. In cases where this does not happen, there will be some

work to adapt the Schrödinger-Poisson equations to a non-quadratic potential.

The end state of the collapsing overdensities remains unclear. They could form

structures such as solitons or oscillons [178, 66, 67, 68, 69, 70, 71, 72, 73, 74, 117, 75].

Understanding this will require higher resolution simulations, likely in an AMR

solver. This would be yet another example of non-trivial dynamics in the early

universe.

The former assumes that the decay of the inflaton is slow enough that the

growth of overdensities is unaffected. It is possible that the inflaton field would

begin to decay rapidly once the density squared reaches some threshold. This

would limit their growth rate substantially.
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It is also possible that the formation of primordial black holes is a likely end

state of collapse processes like the one found here. In this case one could use

Schrödinger-Poisson simulation to fast forward through to the strong gravity regime

and initialise a full general relativistic code only when it is needed.
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Chapter 8

Conclusion and Future Work

In this thesis I have presented work in two areas of inflationary cosmology. Both

have been focussed on the observational predictions of models of inflation, one

more directly than the other.

In Chapter 3 I examined the predictions of a particular model. This dealt with

the tension between a desire for models that are simple and for models that are

natural. Simple models are those whose potential is algebraically simple; they

require little theoretical motivation to justify their form. However, the simplest

models are disfavored by observations and typically violate naturalness, a desire

for a model to avoid trans-Planckian field excursions. We showed that the next-

simplest models can be consistent with a wide range of observations, but that they

cannot produce the whole of the currently favored parameter space. Together, this

suggests that, if the quartic potentials I presented are indeed ruled out by future

observations, future model builders will have to rely more heavily on motivations

from high energy physics.

Continuing this line of enquiry is to a large extent reliant on future data.

There is room to extend the work described in Chapter 3 by doing more detailed

calculations of the Bayesian evidence as compared to other models More broadly,

there one could propose and test more ways to distinguish classes of inflationary

potentials. Hilltop, plateau and inflection point potentials can be distinguished

by the values and signs of the slow roll parameters. For example, [26, section 6.1]

presents constraints on the slow roll parameters from Planck data. This would
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provide more information as to which models are most worth studying in more

detail and types of observations are most valuable. This would be quite speculative

in the absence of new CMB data.

In Chapters 4 to 7 I looked at the post-inflation dynamics of the inflaton field.

These dynamics impact the predictions of inflation and a better understanding of

them may help to distinguish between models. Cases where perturbations in the

inflaton experience resonant growth have been studied in some detail [60, 61, 62, 63].

The case without resonance has been much more challenging.

It has been known for some time that perturbations in non-resonant scenarios

grow to the point of nonlinearity but the details of their subsequent growth has

been unclear [167, 92, 93]. I expect that reheating will proceed more quickly in the

overdensities than in a homogeneous universe because particle interaction rates are

likely to scale with the squared density. Simulation of this regime is difficult due

to the existence of multiple timescales: the coherent background field oscillates

much more quickly than perturbations grow. Resolving both these timescales

in the Klein-Gordon equation is numerically prohibitive. In Chapter 4 I showed

that the reheating dynamics are, under certain conditions, well described by the

Schrödinger-Poisson equations. Making this transformation removes the shorter

timescale, allowing one to focus on the more interesting growth of structure. In

Chapter 5 I explored some properties of the Schrödinger-Poisson system and in

Chapter 6 I described how I modified an existing Schrödinger-Poisson code to solve

the Schrödinger-Poisson equations in an expanding universe. I have demonstrated

the usefulness of this approach by doing some simulations presented in Chapter 7.

This has allowed me to do the first simulations of the nonlinear growth of a

non-resonant inflaton field during the primordial dark age.

The use of the Schrödinger-Poisson equations in the reheating universe opens

up multiple new lines of inquiry and will allow a deeper understanding of the

reheating phase. Now that it is known that the post-inflationary inflaton field

undergoes processes analogous to structure formation in CDM in the absence

of strong coupling, we can apply existing tools and strategies to it. This has

already begun with the application of the Press-Schechter formalism to a similar

model [179]. I will examine the later evolution of overdensities such as those

found in Chapter 7. My exploration of their growth has been limited by the code
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I used but will be reinvigorated through the use of a Schrödinger-Poisson code

with adaptive mesh refinement. Further follow-up work on this topic includes the

evolution of nonlinearities in models with additional coupled fields (which will

need yet another analytic extension to [93] followed by numerical modelling), and

the impact of nonlinear gravitational interactions on resonant reheating, which

thermalises the universe but also renders it strongly inhomogeneous. These will

pursued with the goal of understanding two things: how inhomogeneities affect

reheating processes and the predictions of inflation, and inherently interesting

non-linear physics in the very early universe.

I anticipate a series of papers extending the work in this thesis:

• Applying pySPE and the perturbation theory presented in Chapter 5 to ULDM

structure formation.

• A deeper examination of isolated overdensities in the post-inflation universe.

• Initialising pySPE with exact perturbations from inflation. This will be

enabled by an extension of [93] already underway by others in the cosmology

group at University of Auckland.
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Appendix A

Code Units

There is a unique rescaling of time, length, mass, field, and gravitational poten-

tial such that the Schrödinger-Poisson equations contain no physical constants.

These units have previously been used by [180, 181, 107, 170] in the current

(non-expanding) universe, but I did not find a detailed description or motivation

elsewhere in the literature. Because the work in this thesis deals with the early

universe, these units must be changed slightly. This amounts to using a value of

the Hubble parameter appropriate for the early universe, a matter fraction Ωm = 1

and an appropriate scalar mass m. I have not attempted to incorporate the varying

scale factor in the code units as this would add complexity to the code rather than

remove it. The following is a detailed description and justification of the units used,

inspired by [170].

Start from the Schrödinger-Poisson equations (4.31) and (4.32) with factors of

~ re-inserted,

i~
∂ψ

∂t
= − ~2

2m

1

a2
∇2ψ +mψΦ(r) (A.1)

∇2Φ(r) =
1

a
4πGmψψ∗ (A.2)
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We are free to rescale four of

t→ T t′ (A.3)

x→ Lx′ (A.4)

m→Mm′ (A.5)

ψ → Yψ′ (A.6)

Φ→ FΦ′ (A.7)

where x denotes spatial variables, all of which have the same scaling. Derivatives

transform as

∂t =
1

T ∂t′ (A.8)

∇ =
1

L∇
′ (A.9)

and the Schrödinger-Poisson equations (4.31) and (4.32) transform to1

i
Y
T ~

∂ψ

∂t′
= − ~2

2m

1

a2
Y
L2
∇′2ψ′ +mFYψ′Φ′(r′) (A.10)

F
L2
∇′2Φ′(r′) =

1

a
4πGmY2ψ′ψ′∗ (A.11)

or

i
∂ψ

∂t′
= − ~2

2m

1

a2
T
~L2
∇′2ψ′ +m

FT
~
ψ′Φ′(r) (A.12)

∇′2Φ′(r) =
1

a
4πGm

L2Y2

F |ψ′|2 (A.13)

The first term on the right hand side of the Schrödinger equation implies that

1 =
~
m

T
L2

(A.14)

1Note that the literature has some inconsistency in the Poisson equation, depending on whether
|ψ|2 in multiplied by m or not. Woo and Chiueh [103], Edwards [170] and Edwards et al. [107]
assume the former. Widrow and Kaiser [102] assume the latter. The field scaling equation (A.16)
depends on the assumption made but the final scalings equations (A.21) to (A.23) do not depend
on this assumption.
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while the second implies

F =
~
mT . (A.15)

The Poisson equation implies that

Y2 =
F

GmL
2

=
~

Gm2L2T =
1

GmT 2
. (A.16)

Scaling the scalar field and space implies a scaling for the mass:

M =

∫
m|ψ|2d3r =

∫
m|Yψ′|2L3d3r′ = mL3Y2

∫
|ψ′|2d3r′ (A.17)

M =
M

M ′ = mY2L3 (A.18)

There is only one remaining free scaling: T or L. This scaling is fixed by requiring

that the density is measured in units of matter’s contribution to the critical density

ρcrit = 3
8πG

H2 at the time of H.

ρcritΩm =
M
L3

=
1

GT 2
(A.19)

T 2 =

(
3

8π
ΩmH

2

)−1
(A.20)

In summary, the scalings

T =

(
3

8π
H2Ωm,0

)−1/2
∼ 1

H
= tH (A.21)

L =

(
~
m

)1/2(
3

8π
ΩmH

2

)−1/4
(A.22)

M =

(
~
m

)3/2
1

G

(
3

8π
ΩmH

2

)1/4

(A.23)

result in transformed Schrödinger-Poisson equations

i
∂ψ

∂t′
= − 1

a2
∇′2ψ′ + ψ′Φ′(r′) (A.24)

∇′2Φ′(r) =
1

a
4π|ψ′|2 (A.25)
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There is an intuition for the time scaling as the Hubble time. Together the length

and mass scalings set the density to be measured in units of the critical density,

but doesn’t seem to be an obvious interpretation of either on its own.
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