VERY REGULAR ZERO SETS FOR THE BERGMAN
SPACES
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ABSTRACT. We obtain a condition which is both necessary and
sufficient such that a sequence of regularly spaced points in the
unit disc is a zero set for a Bergman space LE.

1. INTRODUCTION

Let D = {z : |2] < 1} denote the unit disc in the complex plane and
LP(D), p > 1, be the Bergman space of functions f(z) analytic in D
such that

1= [ 17:IPaae) < oo,

where dA(z) is normalised Lebesgue area measure on . A sequence of
points {z,} in D is called a zero set for L? if there exists f # 0 which
vanishes precisely on the z,. It is an open problem to give a geometric
classification of the zeros sets for the Bergman spaces [2].

The case for the Hardy spaces H? is simpler [1]. A sequence {z,} C D
is a Blaschke sequence provided Y - (1 —|z,|) < oo, and the zero sets
for HP are precisely the Blaschke sequences. Functions which vanish
on the z, are given by the Blaschke products:

B(z) = [ = —lan|

vt 1—-a,z a,

All H? spaces have the same zero sets and a union of two zero sets is
a zero set. Horowitz [3] showed that neither statement holds for the
Bergman spaces.

For Bergman spaces we consider zero sets of the following form.
Given an integer ¢, ¢ > 2, and a positive number K, let r; = 1— K¢/,
for j > jo = logK/loggq, and on each circle |z| = r; take n; = ¢/
equally spaced points z; 1, 2j2, . ., Zjn;"

(1) zig =il k=1, n;,
where 6, = 2nki/n;. We ask for conditions on ¢ and K that make

A ={z1} a zero set for some Bergman space L?(D).
A case to bear in mind is the following. With ¢ =2 and K =1,
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(2) zip=(1=279) ™/ k=1,

Such a set is separated in the pseudo-hyperbolic metric but is thick
in the sense that a union of pseudo-hyperbolic balls with centres z;
covers the disc [7]. It turns out that this set is not a zero set for L}
although it is a zero set for L? for p sufficiently small. By thinning the
sequence we obtain zero sets for larger values of the parameter p.

We prove the following result:

Theorem 1. Given‘an integer ¢, with ¢ > 2, and a positive number
K,letrj=1—-Kq7 andn; = ¢, j > jo =log K/logq. Suppose that
A ={z} is the set of points defined by (1). Then A is a zero set for
LP 4f, and only f,
log g
< —F.
K

The sequences defined by (1) do not satisfy the Blaschke condition.

However
> (1= |zl < o0,
j.k

and so the Weierstrass product

z—2z; [EZA
H(z) :H 2T Rk _|Zj’k|e(1+rfjt,%_z‘j%>,

1-— ij,kz Z]‘,k

Jk

converges uniformly on compact subsets of D and vanishes precisely on
the z;; [8]. Part of the proof of Theorem 1 depends on estimates of
the Bergman norm of a function related to I1(z).

2. PROOF OF THEOREM 1

2.1. Necessity. Suppose that p > 1"%. We will show that, given f(2),
analytic in D and having A as its zero set, || f[|F = +oo.
Let n(t) be the counting function of zeros of f(z) and

N(r) = /0 ) gy

t
According to Jensen’s formula,

®) log 1(0) + M) = 5= [ g 7(re)las

so that, multiplying both sides by p > 0 and exponentiating,

| £(0)[PePN () = e Jo " log|f(re)|Pdo

Therefore, by Jensen’s inequality,
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1 2w )
(4) [FOPePN D < = [ |f(re”)|Pdb.
2m J,
To show that || f||h = +oo then, it is enough to show that fl rePN ) dr =

+00, or, what amounts to the same thing, fl PN dr = +o00.
For r, <r < r,,; we have

N(r)=logr» mi— > njlogr;,

J=jo J=jo
so that, since

(5) r" = (1—Kg " <eX,

for all j, and logr 327 1; = O(¢"*' logr,y1 = O(1)), we have
N(r) > Kn+ O(1),

as r — 1. It follows that

Tn41
/ 6pN(r)dr > K(l - qfl)qfnepKnJrO(l) > K(l _ qfl)eo(l),
Tn

and therefore fl PN dr = +00.

2.2. Sufficiency. We will show if p < (loggq)/K, then, with j, as in
the statement of the theorem,

oo
f(2) =[] mi(=)os(2)
J=jo
belongs to LP, where
i o~ |~ (1+ Z__zj,k M)
o) = [ 2 Lzl (i
ZjkZ ik

k=1
and
2K 7";” 2
Evidently f(z) vanishes precisely at the points of A, so that A is a zero
set for LP.
Consider first 7;(z). The general term in 7;(2) has the form (1—u)e",
where

1 — |z
(1 —Zjx2)’

2= 2k \ |Zik
— 1 75 7> — 1 . i
u + (1 — Zj,kz> Zik (1 + 2|zjkl/ 2jk)
and since |(1 — u)e*| < el“/2] Ju| < 2, we have

25, ( L2,k )2 2y ( -7 )2
k=1\T1—-%, 1.2 k=1\[1-%; .z|
imi(2)| < e ) = ==iel)
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Now, with z = re®,

< 1—r )2_(1—7"j)2 L—rjr?

|1—§j,kz| N 1—7”]2-7"2 |1_Ej,kz|2
00
. (]‘ B Tj)2 Z T‘m\,r|m|eim(0j,k—6’)
1 =722 J ’
J m=—o00

Also 0 =2mkq™, k =1,2,...,m; = ¢’ are the n;th roots of unity and

so for m not an integer multiple of 7;, Zle e"birt = (. For m = In;

Nj

iml; . )
E ek =n; = ¢’.

k=1
Therefore

un 2 00
Z L—7 _ K(1—r) Z s .|t o —ilni6
11 —7z;2| 1—rir? J
]7k ¥

k=1 [=—00
2n; 2n;
K oy —r. j
_ Q—ry) 1—r7r

1— 1"]2-1"2 11— r;-”z’h‘ |2

_ KO- (14 r 2
o 1—r2p? L—rfzn |

2K (1 —1rj) (147} 2"
(2)] <e IZ3R I :
mi(=)] < Xp( 1 —rir? (1—7";7]2771
Supposing that r, < r < r,41, we consider two cases: j satisfying

1 < j <n, and j satisfying j > n + 1.
(i) j > n+ 1. Since

and so

1—7”j 1—7”j<1—7"j< 1—7"j R
1—7“]2-7“2_1—r2_1—r_1—rn+1 ’

we have, taking account of (5),
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and therefore, for all large n,

o (ol < ox 2(e" +1)
IT ol <o (=)

j=n-+1 q

(ii) jo < j < n. Since

1—r; 1—r; 1 1 Kq7 1 s
<_— - — 4 K¢I)2
=22 1= 14r, 2 2-Kgi o2 4 /2

and

14 7 gmi 9 i
]. :1 J :
§R<1—r;“z’7f> +§R<1—r?’z’”)’

and also, from (5),

we have

2K i 3K?q~7
j
Imj(2)] < exp <K+§R (1 _T?jzn]) +T % |-
Recalling the definition of 0;(z), then,

3K?
H|7r] |<exp<Kn—i— )

(="

Finally

o0 o0
2Ke K ,

I los@l <exp | T > 7"“)

j=n-+1 j=n+1
2Ke K & o o

e Y
¢ j=n+1
2Ke K & :
7=0

and, since ¢/ > (¢ — 1)j for all j > 0, this last series is convergent,and

thus [[,-,, |oj(2)| is bounded independently of z.

Combining our results we obtain, for 7, < r < 1,1, |f(2)] < MeX™,

where M = M(q, K) is a constant. Hence

/ |f(2)PdA(2) < 2m K MPe*P (g7 — ¢~ 7")
T <r<rpii

=2rKMP(1 — q~ ) (Kp—logg)n_
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Since Kp < loggq,

[ weriae =

and f € LP.

S [ erae <,

ne=1 Y m<r<raoii

Remarks . (i) Let r; =1— K277, For K =1, A= {2} is a zero
set for LP with p < 0.693.... For K = 1/2, A is a zero set for
p < 1.386... and for K = 1/4, for p < 2.772. ...
(ii) We obtain easily zeros sets A = {z;;} and B = {w,;} whose
union is not a zero set for the same L?. For example take

Zj’k — (1 o 1/2]) e?ﬂ'ki/Zi)
wjg = (1 —1/27) e2r k1722

(iii) Plainly in order to obtain a geometric description of more gen-
eral zero sets one has to consider also the angular distribution
of the zeros. In two seminal papers [4], [5] Korenblum uses the
Beurling-Carleson characteristic to give a geometric classifica-
tion of certain growth spaces related to the Bergman spaces.
In particular he characterised the zero sets for the union of all
Bergman spaces.

In conclusion we express our warm gratitude to Professors Milne
Anderson and Walter Hayman FRS for discussions which lead to this
work. We are also grateful to Professor Korenblum for drawing our
attention to a paper of Professor Leucking [6] who also proves Theorem
1.
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