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Abstract 

An electricity distribution network transports electrical power from the drop-off points 
of the national transmission network to local customers. The capacity of the distri
bution network must be expanded to cope with uncertain future outcomes, such as 
increasing demand, and to ensure the network has adequate reserve capacity to enable 
restoration of power to consumers (by switching in reserve lines) if some single line 
fails. 

This thesis develops a formulation and a solution procedure, constituting a solu
tion approach, for solving instances of a capacity-planning model for an electricity 
distribution network that considers uncertainty in future outcomes and reserve capac
ity (survivability) requirements over a multistage planning horizon. We refer to the 
model as the multistage stochastic capacity-planning and survivable network design 
model, CP-SND. This model has, as a special case, a set of other capacity-planning 
models, namely, a restoration model, a two-stage survivable network design model 
(SND), and a multistage stochastic capacity-planning model (OP). The thesis devel
ops formulations and solution procedures for these models and uses them as building 
blocks to devise those for the CP-SND model. All models minimize the total capacity
expansion and operational cost, and the stochastic models use scenario representation 
of uncertainty. 

Modular capacity expansions and the discrete operational requirements in these 
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models give rise to difficult mixed-integer programs (MIPs). Hence, much of the 
literature either focuses on heuristic solution approaches, which cannot guarantee the 
quality of a solution, or proposes mathematical formulations that are tractable only 
for small instances. All problem instances that we use for computational testing of 
the solution approaches in this thesis are based on a real network that is part of 
the local distribution network in Auckland, New Zealand. We develop mathematical
programming solution approaches that can solve realistic instances and guarantee the 
quality of a solution. Capacity expansions require capital investments typically in the 
order of millions, thus savings from optimizing plans can be significant. 

The restoration model simulates a fault on a single line and determines: the routes, 
the flow on these routes, and necessary capacity expansions that will enable restora
tion of power to customers. By exploiting the sparse structure and an operating 
requirement of the distribution network, we devise a novel super-network represen
tation. This allows derivation of valid inequalities which significantly strengthen the 
LP relaxation and improve the solution times compared to a formulation based on 
the conventional node-arc network representation. 

The SND model is similar to the restoration model except it simultaneously con
siders capacity-expansion and restoration decisions for multiple fault scenarios. The 
CP model, on the other hand, accounts for uncertainty in future outcomes over a 
multistage planning horizon, but does not consider survivability. Unfortunately, de
spite the strengthening, the super-network formulations of both SND and CP yield 
poor LP relaxations and tractability only for small problem instances. 

We present new split-variable formulations for SND and CP whose Dantzig-Wolfe 
decomposition results in master problems with significantly stronger LP relaxations, 
and a subproblem for each fault scenario or scenario-tree node, respectively. The 
subproblems are similar to the super-network based restoration formulation, which 
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solve efficiently. We present computational results for the various formulations and 
compare two "duals stabilisation schemes". An effective solution approach results as 
long as the subproblems solve efficiently, and the procedure incorporates a good duals 
stabilisation scheme. This solution approach enables us to solve realistic problem 
instances based on a single network case study, which until now were not solvable, 
faster than CPLEX 9.0 by an order of magnitude. The largest instance of CP that 
we solve to optimality has 6 stages and 243 scenarios corresponding to an extensive 
formulation with a quarter of a million binary variables. 

Finally, we essentially combine the split-variable formulations for SND and CP to 
construct a split-variable formulation for CP-SND. Analogous to results of SND and 
CP, decomposition of this formulation gives rise to a strong master problem and an 
efficient super-network restoration-formulation subproblem for each fault scenario at 
each scenario-tree node. We show that our split-variable formulation and decomposi
tion solution approach is able to find a good solution to difficult instances of CP-SND 
in reasonable time. This represents a significant advance as we are the first to for
mulate the CP-SND model and to devise a procedure capable of solving instances of 
it. Note, however, that all problem instances used for computational testing of the 
solution approaches developed in this thesis are based on a single case study network, 
and therefore computational tests on instances based on an extensive range of net
works is necessary to confirm the substantial performance improvements that results 
in this thesis imply. 

The master problems have a favourable structure that, for most instances, tends 
to yield integer solutions at LP optimality. We demonstrate that constraint branching 
can be effective in resolving fractions. The intrinsic modular structure of Dantzig
Wolfe decomposition makes it possible to alter subproblems without affecting the 
favourable master problem structure. Thus the subproblems may incorporate other, 
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possibly nonlinear, constraints or objectives, and may be decomposed further. The 
variable-splitting and decomposition solution approach described in this thesis is ap
plicable to many different models for capacity expansion under uncertainty, as long 
as the resulting subproblems can be solved efficiently. 

We describe how the use of CP-SND can improve and overcome problems with 
the existing planning procedures of the local distribution company, Vector Limited, 
and how the restoration model can be used for real-time, optimal management of 
the network. In addition, we suggest a way of integrating the CP-SND model and 
solution approach into the existing systems at Vector. 
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Chapter 1 

Introduction 

Electricity is an essential commodity in enabling the lifestyles of many people, and 
its value is most realised when it suddenly becomes unavailable. In general, such 
power outages occur either when the electric power system disconnects supply to some 
areas due to demand exceeding the system capacity, or when there is a fault and the 
system is unable to restore supply to interrupted customers because of insufficient 
reserve capacity. As we shall describe later, the electric power system consists of four 
subsystems, and owing to deregulation of the industry, different companies own and 
operate these. Each company must therefore plan for an economic capacity expansion 
of their subsystem so that it is robust in the face of faults, minimizing the chance of 
interruption of power supply to customers. The subsystem that this thesis focuses on 
is the electricity distribution network. 

This thesis aims to develop an approach for solving instances of a capacity
planning model for an electricity distribution network that accounts for uncertainty 
in future outcomes, such as demand, over a multistage planning horizon, and that 
ensures the network has adequate reserve capacity to enable rerouting and restora
tion of supply to customers in case of a fault on some single line. We refer to this 
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1.1 The Electric Power System 2 

as the multistage stochastic capacity-planning and survivable network design model, 
CP-SND. This model has, as special cases, a collection of other important capacity
planning models, namely : a restoration model that determines capacity expansions 
to make possible restoration of power to customers in case of a fault scenario; a sur
vivable network design model, SND, which is essentially an extension of the restora
tion model, that simultaneously considers the restoration capacity requirements of 
multiple fault scenarios; and a multistage stochastic capacity-planning model, CP, 
that considers uncertainty in outcomes over the multistage planning horizon. Each 
capacity-expansion model must satisfy constraints that ensure power routes through 
electrical conductors (power lines) to demand points (customers) without exceeding 
power line capacities. Furthermore, all capacity-expansion models can design a net
work from scratch, but we view them mainly as models that may expand capacity 
of existing routes and install capacity in new routes which connect to an existing 
network. The thesis develops formulations and solution procedures for these models 
and uses them as building blocks for devising the formulation and solution procedure 
for the CP-SND model. 

1 . 1  The Electric Power System 

The electric power system enables the generation and transportation of electricity 
to consumers. Figure 1 .1 shows a schematic of the four subsystems constituting 
the electric power system: the power generation plant; the transmission network 
(grid) that transports high volumes of electricity usually over national distances to 
the root of the subtransmission networks, which also transport considerable volumes 
of electricity, however over shorter distances, to the roots of distribution networks; 
and the distribution network that transports electricity from drop-off points of a 
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Transformer increases 
voltage to 220 kilovolts (kV) 

Distribution substation 
( 1 1 kV down to 400V) 

. .. ............... �F====�� 

Customers 

Transmission 
network/grid 
(220kV) 

Grid Exit Point (220kV 
down to 33kV) ............. > 

i i  
, ,_ , ,_, ,_, ,,.., , ,_ . .  : ! 
Subtransmission ! 
network (33kV) ) 

! / 
V ,,-· 

_ _ ,,,·· 

� .. Zone substation (33kV 
down to 1 1 kV) 

Figure 1 .1 :  The electric power system. 

3 

subtransmission network to local residential, commercial, and industrial customers. 
Each square and rectangle in F igure 1 .1 represents a transformer that increases or 
decreases the voltage level. 

Voltage is effectively the electrical pressure that forces electricity to flow through 
conductors. The level of voltage generally drops along a conductor due to losses in 
the form of heat energy. However, voltage-drop is reducible by operating conductors 
at higher voltage levels, using conductors with lower resistance, and through other 
equipment such as voltage regulators and shunt capacitors ( (75 ] ,  p.175 ). Thus for 
efficient transfer of electricity in New Zealand, in general, transmission networks 
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operate at 22 0 kilovolts (kV), subtransmission networks at 33kV, and distribution 
networks at llkV. The subtransmission and the distribution networks in urban areas 
mainly consist of underground conductors with heavy insulation and therefore have 
only small voltage drops that normally do not violate voltage-drop limits. We focus 
on urban distribution networks and so do not take into account voltage drop in 
the capacity-planning models in this thesis. Next we describe the components of a 
distribution network that we represent in the models. 

1 . 2  Electricity Distribution Networks 

In essence, a distribution network consists of ( a) one or more supply points, (b) de
mand points, ( c) junctions, ( d) switching points, ( e) switches, and ( f) interconnecting 
power conductors. An urban distribution network may contain hundreds or even 

I 

thousands of such components. In the following, we explain what these components 
represent in a real distribution network. 

The supply points represent zone substations, and is where transformers step elec
tricity at 33kV from the subtransmission network down to llkV for distribution (see 
1.1). The demand points represent the distribution substations, and are where trans
formers further step the voltage down to 400V to supply the demand of customers 
connected to it. In practice, a conductor mounted on poles is a referred to as an 
overhead line, and a conductor located underground, as an underground cable. For 
convenience, we refer to either type of conductor simply as a line. Lines interconnect 
supply points, demand points, junctions, and switching points. Furthermore, lines 
that are incident on supply points, demand points, and switching points typically have 
a switch on the corresponding end. Thus, the distribution company can carry out 
switching operations from these points. A switching point houses the set of switches 
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for lines connecting at the point, and is a hub from where many switching operations 
are possible. Note that a switching point is essentially the same as a demand point 
but with zero demand, and so we model it in this way. A junction is simply where 
several lines meet, but such lines generally do not have switches on the ends that are 
incident on the junction. For modelling purposes, however, we assume that they do, 
and model them as demand points with zero demand. Nonetheless, it is possible to 
add constraints to the mathematical models to represent the junction exactly. 

In Figure 1.1 ,  there are lines connecting residential, commercial, and industrial 
customers to distribution substations. These are individual lines, the flows on which 
are easy to compute, as described later. Thus, for the purpose of capacity planning 
for a distribution network, it suffices to model the total demand of all customers 
connected to a particular distribution substation through a spur, as a single demand 
point located at that distribution substation. 

In New Zealand, distribution companies own and operate both the subtransmis
sion and the distribution networks in their regions. Although we focus on distribu
tion networks, the capacity of the subtransmission lines that supply the distribution 
network's zone substations limit the amount of flow that can reach these zone substa
tions. Thus, in addition to a detailed model of a distribution network, we model the 
function of a subtransmission network albeit in a simplified manner. The schematic 
in Figure 1 . 2 (a) illustrates the components of these networks that we model in this 
thesis. (Note that Figure 1.2 (a) is not a transformation of the distribution and sub
transmission networks in Figure 1 .1 .  Furthermore, note that, although segments of 
the distribution network are represented as three lines in Figure 1.1 , for simplicity, 
we represent them as single lines in Figure l.2 (a) and in subsequent diagrams, and 
as single lines in the mathematical model but with capacity equivalent to the three 
lines that they correspond to.) 
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As shown in Figure 1 . 1, the Grid Exit Point (GXP) is where the transmission 
network drops power off into the subtransmission network. Since we do not model 
the transmission network, we assume enough power can always reach the GXP and 
consider the GXP as the power source in our models; see Figure 1 . 2 (a). There can be 
multiple GXPs in an urban area, however modelling them collectively as a single power 
source suffices. In our model, each zone substation is connected to the main power 
source through a single subtransmission line . But this is a simplification because: 
in reality, there are generally two such lines in parallel, where both have the same 
capacity but are normally operated at half their capacity so that one can serve as a 
backup during a fault on the other; and in high-load density areas, subtransmission 
lines may interconnect several zone substations to increase the number of backup 
routes. A zone substation connects to the distribution substations through lines that 
typically have a switch on both ends (see Figure 1 . 2 (a)). Note that, for clarity, the 
switches are displaced from the ends of a line in the diagram; however, each switch 
is generally located right at the distribution substation. A distribution company 
uses the switches for operating the network in different configurations and isolating 
sections of the network for maintenance or repair in case of a fault. Similarly, each 
line connected directly to the zone substation has a circuit breaker (switch) located 
at that end, which automatically disconnects from the zone substation when there 
is a fault on a downstream line supplied by that zone substation (we explain this in 
section 2 . 1). Observe that, apart from two spurs, the distribution network shown in 
Figure 1.2 (a) has an underlying mesh structure. 

Distribution networks can be operated in several alternative configurations includ
ing mesh, interconnected, link arrangement, open loop, and radial configurations (62). 
We consider networks, with an underlying mesh structure, that operate in a radial 

configuration. The subtransmission network that we model can operate in meshed 
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configuration but with our simpler representation, we model them to operate in radial 
configuration, too. We can obtain this configuration by opening and closing switches 
at different points of the mesh network, so that the connected network forms a tree 
with the power source as its root node. Thus, power must flow from the power source 
to each demand point following a unique path through the lines, without exceeding 
line capacities or violating voltage-drop standards. We assume that linear equations 
sufficiently model power flow, which is standard for capacity planning of distribution 
networks [54 , 108 , 77 } . Figure l.2 (b) shows an example of an operating radial con
figuration. We assume that all lines in these examples have sufficient capacity. We 
have numbered each demand point and line to ease the following descriptions. 

A line that is in use (active) has closed switches on both ends, and a line not 
in use (inactive) has open switches on both ends, e. g. ,  see Figure l.2 (b). The solid 
lines and dashed lines in the diagram highlight the active and inactive power lines, 
respectively. Notice that lines {3,5 ,8 ,10,12 ,13} are inactive, and all other lines are 
active. We assume that the subtransmission lines are always active. Observe that 
the set of all active power lines form a tree structure, i.e., the network network is 
operating in a radial configuration. The arrow on an active distribution line shows 
the direction of power flow. From this, we can see that power flows from the power 
source to each demand point through a single path, e. g. , power flows to demand point 
4 through the subtransmission line, S1 , and distribution lines {9 ,1 1}. 

An operating radial configuration (tree) can be subdivided into smaller, operating 
subtrees. For each active line that directly connects to a zone substation, that active 
line and all active lines downstream to it form a subtree ( of active lines) with its root as 
the corresponding zone substation. For example, the radially configured distribution 
network in Figure l. 2 (b) has the following five subtrees: {1 ,2 }, {7 } ,  {9 ,11 ,15 ,1 6} ,  
{20,4 } ,  and {21 ,6,14 ,17 ,18 ,1 9 }. Each such subtree feeds power to all demand points 
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connected to it and therefore we refer to them as feeders. 
In a distribution network, spurs are lines and demand points that, owing to lack 

of connectivity, cannot be part of a loop of lines and demand points. The root of 
a spur is a demand point that is part of a loop. For example, in Figure 1 .2(b), 
lines {15 ,1 6} and demand points {1 2,13} are on the spur that is root.ed at demand 
point 5. Similarly, lines {17 ,18 ,1 9 }  and demand points {14 ,15 ,1 6} are on the spur 
rooted at demand point 9 .  The non-loop physical structure of spurs have two direct 
consequences: 1 )  flow can enter a spur only through the demand point at the root of 
the spur, and therefore the amount of flow entering must equal to the total demand 
of the demand points on that spur; 2) the flow can only reach each demand point 
through a single path from the root of the spur, which makes it straightforward to 
determine the flows on spur lines given demand values for each demand point on a 
spur. 

For example, in Figure 1 .2(b), flow can only reach demand point 13 from its root 
( demand point 5)  through a single path comprising lines 15 and 16; the flow on line 
16  will equal the value of demand at demand point 13; the flow on line 15 will equal 
the total demand of demand points 1 2  and 13. The total flow through the root of the 
spur will be the total demand of all demand points on the spur, which, for the above 
example, will be equal to the total demand of demand points 1 2  and 13. 

Once we compute the flows on the spur lines, we can then derive the amount 
of capacity each line requires to accommodate the corresponding flows. Thus as 
long as enough flow to supply the total demand on the spur reaches the root of the 
spur, the flows on the spur lines and their capacity requirements can be determined 
independently of the rest of the network. 

In particular, we model the total demand on spurs by adding its total demand to 
the demand of the demand point at the root of the spur. Aggregating demand in this 
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way ensures that when we solve the model, the total amount of flow that reaches the 
root of the spur is enough to supply the total demand on the spur. 

In the example, we set the demand value at demand point 5 equal to the actual 
demand of demand point 5 plus the demand values of demand points 1 2  and 13 . 
Aggregating the demand of spurs in the network in Figure l.2 (b) and then removing 
those spurs, results in the network in Figure 1.3 .  This diagram illustrates the level 
of detail to which models in this thesis represent distribution and subtransmission 
networks. 

Other structures in a network, which have similar characteristics as spurs, present 
further opportunities to reduce the size of the network through demand aggregation. 
Specifically, if a section of the network (i.e., a sub-network) links to the rest of the 
network through only a single path of lines, the flow on these lines (feeder-lines) will 
be equal to the total demand of the demand points in the sub-network. Moreover, 
changes in configuration or capacity expansions in the sub-network will not have 
an effect on the rest of the network, and vice versa. Thus as long as enough flow to 
supply the total demand on the sub-network reaches the root of feeder-lines, the flows 
on the lines in the sub-network and their capacity requirements can be determined 
independently of the rest of the network using a separate instance of a capacity
planning model; the demand point constituting the root of a sub-network will be 
in effect the power source in such a model. Hence, as done for the spurs, we can 
aggregate the total demand of the sub-network to the demand point at the root 
of the feeder-line, and then remove the sub-network. In a similar manner, we can 
aggregate a sub-network that is connected to the rest of the network only through a 
single demand point, switching point, or junction point. 

Industrial, commercial, and residential customers rely on distribution networks to 
deliver power without interruption. A fault on a major power line in such a network 
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can disconnect thousands of customers and can take hours or even days to repair. In 
the case of a radial configuration, the failure of a line will disconnect all customers 
on the corresponding feeder. This can cause significant disruption to customers' day
to-day operations and substantial financial losses, as happened in Auckland, New 
Zealand in 1 9 98 [23] . 

Faults occur due to a number of causes, such as: extreme weather events, birds and 
branches clashing lines, vehicle hitting a power pole, third party contractor excavating 
into an underground cable, and equipment failure. 

In the event of a fault in a network operating in radial configuration, the dis
tribution company will typically reroute flow to restore power supply to customers 
as quickly as possible. (It may be impossible to quickly identify and repair a fault, 
so rerouting is often the immediate response; repair occurs later. ) This rerouting is 
effected by opening electrical switches to isolate the faulted section and then closing 
switches to establish a alternative path for power to flow from the source to affected 
customers. The rerouting amounts to switching the operating configuration from one 
radial (tree) configuration to another. To enable this switching, the company builds 
redundancy into the network in the form of excess (or reserve) capacity on lines, in
cluding lines that are not used under normal circumstances (inactive lines), but are 
on hand to be used for "recourse" , i.e., for recovering a working, radial configuration. 
The full set of lines form the "underlying mesh structure" . 

We say that a (mesh) distribution network with n lines is n -1 secure, or simply 
survivable, if it has adequate capacity to enable restoration of supply to all demand 
points (customers), by rerouting flow through another radial configuration, in case of 
a fault on any single line. Alternatively, the network can be designed to be survivable 
for only the most critical faults or restore full supply to only a subset of customers. 

To design a survivable network, it is important to ensure that the underlying mesh 
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structure has the connectivity necessary to enable rerouting of flows. In particular, 
there must be at least two line-disjoint paths (routes) connecting each demand point 
to the power source. A set of line-disjoint paths between two points do not have 
any lines in common, and so when there is a fault on a line in one of these paths, 
power can be rerouted through an alternative path that has the required capacity. We 
refer to capacity-planning models that can design survivable networks as survivable 
network design models. Throughout the thesis, the "underlying mesh structure" 
denotes the existing network and the candidate routes for installation of new lines. 
The survivable network design model and the restoration model in this thesis assume 
that the underlying mesh structure of problem instances satisfy the above connectivity 
requirements. 

The survivable network design models in the thesis focus on distribution networks 
and thus the models do not ensure that the subtransmission network is survivable. 
Nevertheless, as noted earlier, in reality, the subtransmission line that transports 
flow from the power source to a zone substation has a dedicated backup line, and 
therefore subtransmission networks are already survivable. This implies that power 
from the source always reaches the zone substation, which essentially makes each zone 
substation a "power source" for the distribution network. Thus, as long as there are 
at least two line-disjoint paths that connect each demand point to a zone substation, 
the distribution network has an adequate level of connectivity for survivability. 

For example, observe that in Figure 1 .3, lines {7 ,10 } and {9 ,11 } form two possible 
line-disjoint paths to demand point 4; in the existing radial configuration, the supply 
to demand point 4 is through lines { 9 ,  11} ,  but if line 11  fails, then following its 
isolation, the radial configuration can change by activating line 10 , hence rerouting 
supply to demand point 4 through the alternative path of lines {7 ,10 } .  

The inherent non-loop structure of spurs means that any demand point on them 
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does not have two line-disjoint paths that connect that demand point to a zone sub
station. Hence, spurs do not meet the survivable network connectivity requirements, 
i.e., when a spur line fails, it is not physically possible to reroute supply to the affected 
demand points. For example, in Figure 1.2 (b), a fault on line 15 will disconnect sup
ply to demand points 1 2  and 13 until the faulty line is repaired. Clearly, any network 
with spurs is not survivable, so we aggregate spurs and check that the network meets 
the survivable network connectivity requirements as a pre-processing step. 

Similarly, the demand points on a sub-network, which is connected to the network 
through only a single path of lines, do not meet the survivable network connectivity 
requirements. Furthermore, although the variant of this sub-network, i.e., a sub
network that connects to the network through only one demand point, may satisfy 
the connectivity requirement, as noted earlier, providing we aggregate their total 
demand into their root demand points, we can treat these sub-networks and its coun
terparts in separate capacity-planning problems. Therefore, as done with spurs, we 
aggregate the demand of all sub-networks and remove them in the pre-processing 
step. We henceforth restrict attention to networks that have 2 line-disjoint paths for 
each demand point. It is interesting to observe that, if all the spurs and sub-networks 
are aggregated in the manner mentioned, then the underlying mesh structure of the 
remaining network will, as a consequence, meet the above connectivity requirements. 

1 .3  Multistage Stochastic Capacity Planning of Sur

vivable Networks 

Industrial and commercial customers incur much greater financial losses per period 
of interruption than do residential customers. To minimize interruption, and to en
sure that the distribution network they are connected to is survivable and that their 
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supply will be restored quickly in case of a fault (114 ), industrial and commercial cus
tomers are willing to pay more. Therefore, the distribution company must make the 
network survivable by considering capacity requirements for network survivability in 
their capacity-planning procedure. The time to reroute and restore supply depends 
on the real-time efficiency of operations for switching the network to an alterna
tive capacity-feasible radial configuration. The distribution companies use automatic 
mechanisms and remote controlled switches to enable fast restoration for customers 
that are on contract for higher service level. Although we do not consider them in the 
computations in the thesis, we describe how the models can minimize the number of 
switching operations necessary to effect restoration, in section 2.2 ,  and how the plan
ners can use a restoration model in real-time to optimize switching for restoration, in 
section 8 .2.2 .  

When planning for capacity investment in the network, in addition to survivabil
ity, the planner must account for long-term population and economic growth as well 
as other stochastic factors that may influence future demand. Thus the full planning 
problem spans a multi-period horizon, must incorporate capacity-expansion decisions 
to accommodate survivability and demand growth, and faces uncertainty in demand, 
costs and possibly other parameters. An optimal capacity-expansion plan will (1 ) en
able flow to meet demand subject to survivability and operational constraints, and (2 ) 
minimize the expected costs of capacity expansion plus operations over the planning 
horizon. This thesis seeks to develop a model and a solution method to generate the 
optimal capacity-expansion plan. We refer to this model as the multistage ·stochastic 
capacity-planning and survivable-network design model, CP-SND. 

Installing or expanding capacity in the network requires substantial capital invest
ments, and since the capacity of the network can be increased in various ways, savings 
from optimizing capacity-expansion decisions can be significant. We can increase the 
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capacity of the network by (a) installing lines along new routes, and (b) replacing 

an old line on an existing route by a higher-capacity line ( "reinforcement" ) .  Instal

lation of new lines, and even some reinforcements, can also require the installation 

of ancillary equipment such as transformers and switches. In our model, we simply 

incorporate the cost of such equipment into the relevant line's cost. Installation of 

small-scale power generators at or near demand points represents an alternative form 

of capacity expansion that may become economic in the future [32, 81] . We can model 

such a generator as a dummy line that potentially connects the power source to the 

generator's connection point in the network, with a cost equaling that of installing 

the new generator. 

In general, the cost of operating a distribution network is very small relative to the 

cost of capacity expansions, which can easily be in the order of millions for average 

projects [113] . Thus the network planners normally assume operational costs to be 

zero when planning for capacity expansion of a distribution network. Models and 

solution approaches we develop in this thesis have constructs that enable considera

tion of both capacity expansion and operational costs. In all computational testing, 

however, we assume operational costs to be zero. 

Similar to some other models in literature, our models can select from multiple 

"technologies" for capacity expansion. From a modelling perspective, these just rep

resent different line capacities that might be installed between two network nodes, 

each with a different cost . In reality, these can represent different sizes of underground 

cables or overhead lines, the option to replace an overhead line with an underg�ound 

cable, installation of a new underground cable plus a transformer, etc. 

The distribution company generally installs lines along roads to ease access for 

maintenance and repair. However, each time the company accesses and works on 

the lines, the company and others in the vicinity incur undesirable costs such as 
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traffic disturbance and management, lost productivity in businesses without power, 
and impact on the environment and community. Moreover, for similar reason, i.e. ,  
ease of access, other infrastructure companies such as telecommunications, gas, and 
water also install their equipment along roads. Since these companies and the road 
companies themselves must perform repair and maintenance, the frequency of such 
undesirable effects is exacerbated. Therefore distribution companies prefer to not 
to install or upgrade a line along the same segment of a route more than once in a 
planning horizon. (Each segment of a route may correspond to a line. ) 

Owing to economies of scale, it is cheaper to install one technology with a large 
capacity instead of multiple small-capacity technologies with combined capacity equal 
to that of the larger-capacity technology. The use of multiple technologies (lines) 
in parallel is rare in distribution networks that operate in a radial configuration. 
Therefore, in addition to limiting the capacity expansions (i.e. , installation of new 
line or upgrade of existing line) along a route segment to occur at most once in a 
planning horizon, distribution companies that operate their network radially generally 
restrict to using only one technology for capacity expansion of a route segment. 

We enforce the above "at most one capacity expansion" restriction in all models, 
except in our general multistage stochastic capacity-expansion model. The general 
model is useful in that it allows the distribution company to explore possibilities 
of carrying out multiple capacity expansions on a route segment over the planning 
horizon. The "at most one capacity expansion" restriction reduces this general model 
to a simpler, multistage stochastic capacity-expansion model that solves significantly 
more efficiently. 

As an alternative to investment in capacity expansions, distribution companies can 
sometimes engage in remunerative contracts with customers that allow the provider to 
shed customer load in the event of a line failure. These types of contracts can translate 
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into useful flexibility for the provider, by enabling the use of existing capacity that 
is used to supply customers on load-shedding contracts before the fault, to supply 
other customers who pay extra fees for higher level of security. We can use one of our 
models, described next, to determine the value of such contracts by penalizing load 
shedding appropriately. 

This thesis presents formulations for four types of capacity-planning models for 
electricity distribution networks. In the following we briefly describe each model and 
the relationships between them. A detailed overview of all the formulations for these 
models is in section 1.8 . 

The restoration model simulates a fault on a line of the network, and determines: 
the set of active lines comprising a radial configuration, the flows on these lines, 
and the capacity expansions that are necessary to enable restoration of supply to 
all customers. This model minimizes the capacity expansion and operational costs. 
The initial formulation of this model also allows the possibility of shedding load of 
customers, although we do not allow this in computations. To determine the set of 
capacity expansions necessary to enable restoration in case a fault occurs on any edge, 
i. e., to make the network survivable, an instance of the restoration model must be 
solved for each edge of the network. While this is an effective approach for making the 
network survivable, a survivable network design model that ·simultaneously considers 
the restoration flows arising from all fault scenarios, is likely to result in a lower-cost 
solution. 

We formulate the survivable network design model as a two-stage stochastic mixed
integer program, which we denote SND. So as to minimize total expected costs, SND 
chooses capacity expansions in the first stage, while the second stage simulates the 
fault scenarios and determines the optimal system operations under those scenarios. 
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The SND model is suitable for short-term planning when values of the model param
eters are known with reasonable certainty. For long-term planning, the model must 
account for uncertainty in future outcomes. 

Our third model plans the capacity expansion of the network over a multistage 
planning horizon while accounting for uncertainty in demand growth and other param
eters. Based on a scenario-tree representation of uncertainty, the model determines 
the capacity expansions, the radial configuration, and flows on the active lines that 
minimize the expected capacity expansion and operational costs over the multistage 
planning horizon. We refer to it as the multistage stochastic capacity-planning model, 
CP. To simplify the exposition, CP does not consider survivability. 

The fourth and final model is essentially a combination of the CP and the SND 
model, and we denote it CP-SND. The CP-SND model considers both the uncertainty 
in future outcomes and the survivability of a network over a multistage planning 
horizon. Thus, the set of capacity expansions determined by this model are hedged 
and provide adequate capacity to enable restoration of supply to customers if a fault 
occurs at any stage. 

Because of the complexity imposed by discrete capacity expansions and by the 
discreteness of radial-configuration requirements, all capacity-planning models must 
incorporate integer variables in all decision stages. Stochastic mixed-integer programs 
like this are notoriously difficult to solve [9 6] , and our approach represents a significant 
advance on the state of the art for solving instances of the models. We will present 
results that show our methods can solve real-world problem instances that general
purpose commercial solvers simply cannot. 

For simplicity, our models ignore one practical consideration that is important for 
some electricity distribution networks. In particular, we ignore voltage drops. We are 
currently concerned with urban networks that consist primarily of underground cables 
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where voltage drops are small, but the models will require refinement when this is not 
the case. The single-stage, deterministic, mixed-integer programming (MIP) approach 
in [77 ] also does not consider voltage-drop constraints, and instead, imposes a linear 
penalty on flow that, in most cases, leads to voltage-feasible solutions. Our models 
can easily incorporate such penalties. We note that many multistage approaches in 
the literature do incorporate voltage-drop constraints, however, these are typically 
heuristics [60 , 73 , 85 ] ,  or mixed-integer programs solved using commercial optimizers 
that are tractable only for small problems; for example, [112 ] ,  [108 ] ,  and [10 9 ]  present 
problem instances based on artificial networks with 4 ,  5 ,  and 14 nodes, respectively. 
On the other hand, instances of our models are based on a real (test) network with 
15 2 nodes. We present details of this test network next. 

1 .4 The Test Network 

The network that we consider as a case study for testing the various models in this 
thesis represents a real portion of the local distribution network in Auckland, New 
Zealand. The company, Vector Limited, own and operate Auckland's electricity dis
tribution network. Figure 1 .4 shows a drawing of the test network as it appears on an 
actual planning diagram in Vector, however with omission of detail that is not neces
sary for the models. This test network is of particular interest to the local distribution 
company as the area in the centre of this network is a development site for a large 
shopping mall. Such developments generally lure further smaller commercial devel
opments and increase residential housing in the surrounding areas. A small number 
of the customers on the existing network are residential and commercial; however the 
majority are large industrial customers who forecast increase in their demand. All 
areas, other than the area designated for the mall, is occupied and supplied by the 
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existing network. Therefore any additional residential and commercial developments 
are likely to occur on land obtained through subdivision of existing properties, which 
are, of course, already reachable by the existing network. Thus we do not model new 
routes into areas that the existing network supplies, but reinforcements are permitted. 

The details of the network in Figure 1.4 are as follows. The network has 15 2 
nodes and 18 2 lines. The set of nodes comprises: 1 power source (GXP) ; 3 zone 
substations; 3 new demand points to represent demand of the mall; 1 new switching 
point; and 144 existing demand points. The switching point acts as a hub for routing 
new lines and consequently introduces many options for capacity expansions. The set 
of lines comprises: 14 potential routes (segments) for installation of new lines that 
connect the new demand points and the switching point to the zone substations and 
to other points on the existing network; 3 subtransmission lines , each connecting a 
zone substation to the power source; and 165 existing distribution lines. Analogous 
to the examples of the previous section, we have aggregated the demand of all spurs 
and sub-networks into their root nodes. 
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For clarity, in Figure 1.4 we do not show the power source, the subtransmission 
lines, and switches at ends of the lines. Three lines in this network are from neigh
bouring zone substations outside the area encompassed by our test network, and 
thus are also not shown in the diagram; nonetheless, we illustrate each of these, line 
and zone-substation pairs, simply as arrows emanating from the demand points to 
which they connect to, and model them as lines spanning directly from the source to 
the corresponding demand points. The existing demand points, lines, and the zone 
substations are denoted by shapes similar to those in the previous figures 1.2-1.3. Ob
serve, however, that we distinguish the components for new mall by putting a cross 
through the new demand points, shading the switching point, and using dashed-lines 
to represent the potential routes for installation of new lines. 

The test network in Figure 1.4 is not to scale, but the capacity expansion (instal
lation) costs for each line are based on lengths obtained from Vector's Geographical 
Information System. The cable, 300 AL-XLPE, is commonly used for capacity ex
pansions in Vector's network, and thus we define this cable as a possible capacity
expansion technology in problem instances of our models. Although we use only 
this cable as a capacity-expansion technology in our test problem instances, all the 
capacity-planning models in this thesis can select from multiple capacity-expansion 
technologies. 

Recall that each demand point represents a distribution substation that contains 
a transformer. The capacity of the transformer depends directly on the demand value 
and not on the capacity of the cables transporting power to it. Thus the problem 
of determining the capacity of each transformer is independent to that of determin
ing the capacity of the lines. Therefore, we do not model the capacity expansions 
of transformers and assume that the capacities of the transformers are sufficient to 
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accommodate the demand in all our problem instances. (On the other hand, trans
formers are facilities and it is straightforward to generalise the models in this thesis 
to consider capacity expansions of facilities.) 

All problem instances in the thesis are based on this real test network. The 
test network is considerably larger than networks used by others in the literature 
to test mathematical-programming approaches for capacity planning of electricity 
distribution networks. 

We develop different problem instances by varying parameters, however all in
stances are essentially based on a single test network. It is important to note, there
fore, that, although computational testing of our solution approaches using such in
stances yield results that show substantial performance improvements, all improve
ments, and corresponding conclusions, are specifically for one test network and that 
computational tests on a larger range of networks is necessary to determine the general 
performance capabilities of the solution approaches proposed in this thesis. 

Owing to its scale, the construction of the shopping mall will occur over several 
stages and years. The time for completion of each stage is known, but there is 
uncertainty in the location of the corresponding demand points and the size of the 
demand. Similarly, there is uncertainty in the rate of demand growth of both the new 
demand points and the existing demand points. The distribution company must, 
therefore, develop a capacity-expansion plan that is hedged for uncertain demand 
growth over the whole region and ensures the network is survivable for the critical 
faults over the planning horizon. Next we describe the existing procedure in Vector for 
devising capacity-expansion plans and emphasise the areas that need improvement. 
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1 .5 The Existing Capacity-Planning Procedure and 

Its Shortfalls 

Two important aspects in devising cost-effective capacity-expansion plans are the 
availability of accurate information for planning, and a procedure that can use this 
information to determine the minimum-cost capacity-expansion plan. In the following 
we describe the existing planning procedure in Vector and the extent of its shortfalls 
in the above aspects. 

Accurate information on the loads (demand) on the distribution substations (de
mand points) located along a feeder is necessary to determine the capacity utilisation 
of feeders (subtrees) both in the existing network and in the network after potential 
capacity expansions. Normally, there are many distribution substations located along 
a feeder and these may supply a combination of industrial, commercial, or residential 
customers. The loads of these customers peak at different times of the day and thus 
the flows, or capacity requirements, along a feeder vary accordingly. 

Although Vector monitor the total load on each feeder in real time, they do not 
have real-time metering systems installed on the distribution substations. Rather, 
their loads are recorded during inspection every three years [113]. As a result, Vector 
cannot determine the exact flows on lines in real-time. 

Similar to a fuse, a line will fail if the power flow on it is above its rated capacity. 
Since the lines constituting a feeder can have different capacities, it is possible for 
some lines to be overloaded even if the upstream lines are not. Such overloaded lines 
are prone to failure, but without real-time monitoring of the loads of distribution 
substations, the company cannot determine if, when, and by how much these lines 
are being overloaded between inspections. 
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Thus, when checking for capacity utilisation prior to capacity planning, the plan
ners usually estimate the loads on distribution substations at peak time, and use 
these to estimate the level of loading along the feeders. This, in part, leads to crude 
and conservative capacity-planning procedures, and thus over investment of capital 
in capacity expansions. 

The first phase of the existing capacity-planning procedure is to forecast loads 
at distribution substations to account for demand growth over the planning horizon 
and then, based on the forecast load, check if the network has adequate (restoration) 
capacity to survive non-simultaneous, worst-case faults. A distribution company con
siders a fault on a line that is incident on a zone substation as the worst-case fault, 
because all customers on that feeder are downstream of the fault, and if the network 
does not have adequate capacity to enable restoration of supply, then these customers 
will remain out of supply until the failed component is repaired. 

Approximately every six months, a planner checks if the network has sufficient 
capacity to restore supply to important customers in case of a worst-case fault. The 
large number of feeders (approximately a thousand) make this a consuming task. 
Nevertheless, the task is made somewhat easier as Vector operate the network such 
that the lqads on feeders are no more than approximately two-thirds of their rated 
capacity. Operating in this way ensures that, even when a worst-case fault occurs, it 
is possible to restore supply to demand points on the faulted feeder by rerouting flow 
through the adjacent feeders. Thus, before checking, the planner ranks the feeders 
according to their total forecast loads, and selects for further analysis the feeders that 
will be loaded significantly above two-thirds their capacity and potentially risk the 
network's ability to restore supply to important customers in the event of a worst-case 
fault on that feeder. Let us denote such faults and associated feeders as critical faults 
and critical feeders. 
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The process of checking if the network is survivable for each critical fault involves 
_simulating the critical fault and investigating whether change in the on or off status 
of switches will lead to another radial configuration in which the active lines have 
sufficient capacity to enable restoration. If the planner finds such a configuration, 
the fault is deemed uncritical and the planner proceeds checking the network for 
restoration capacity for the next critical fault in the list. Otherwise, the planner 
must devise either a load-shedding plan or an appropriate capacity-expansion plan. 

In practice, the planners check the abovementioned reconfigurations and determine 
the load-shedding plan using power systems software, DigSILENT PowerFactory [30], 
which we denote as DPF . Given a radial configuration, DPF has procedures to deter
mine the flows and voltage levels along feeders, and to indicate if there is not adequate 
capacity in the active lines of the given configuration to meet demand. Although the 
earlier versions of DPF require the planner to manually specify the alternative radial 
configurations, which is a time consuming process and tedious task, the latest version 
can perform the reconfigurations and load shedding optimally. Nevertheless, DPF 
cannot determine a capacity-expansion plan automatically. Consequently, to do ca
pacity planning the planner must manually specify possible capacity-expansion plans, 
and then analyse each one using DPF . We further describe the capacity-planning step 
of a planner, later. 

If there are multiple critical or worst-case faults in the same area for which the 
network requires capacity expansions to enable restoration, then the planner must 
consider all such faults collectively and try providing all necessary Gapacity with a 
single capacity-expansion plan. In addition, given that the cost of capacity expan
sions can be in the order of millions, the planner must try to minimize the total 
capacity-expansion cost and the need for reinvestment in the same area in the future 
by planning for the long term. Thus, to try to satisfy these requirements, the planner 
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plans for a forecast of peak demand, based on: expected economic and population 
growth, land available for development, regional council plans, and other known de
velopments [113 ] .  Moreover, the planner adjusts the forecast in an attempt to account 
for uncertainty in future demand; nonetheless, planning is done for a deterministic 
demand forecast. 

Planning involves investigating: 
1. options for connecting any new loads, i.e., whether to install lines in new routes 

that connect to the existing network (i.e., lines in existing routes) and/or install 
them in new routes directly from the zone substations; 

2 .  whether the existing lines will require reinforcement, by replacement with higher
capacity lines, to cope with growth in demand; 

3 .  whether a combination of reinforcing existing lines and installing lines in some 
new routes will lead to a lower cost investment than just planning for demand 
growth of new demand points and existing demand points separately. 

Since there are many routes for new lines, and each existing line can be reinforced, 
the number of possible combinations for capacity expansions, and thus the number 
of feasible capacity-expansion plans, will be huge for large networks. 

To reduce the number of potential capacity-expansion plans, planning is done in 
a relatively small area of the network, which only contains feeders adjacent to the 
faulty feeder(s). This ensures that the effect of the changes the planner makes are 
localised and easy to see. 

In the search for the best capacity-expansion plan (solution), the planner will need 
to consider capacity-expansion requirement (flow) on lines in different radial config
urations, and the timing of investments to defer capital expenditure. The planner 
usually has two or three capacity-expansion plans in mind that they analyse using 
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DPF. Although DPF already has a database with the existing network, a planner 
must manually define the new lines that represent a capacity-expansion plan. Af
ter defining a potential capacity-expansion plan in DPF, the planner attempts to 
improve the plan or make it feasible by manually changing the capacity-expansion 
options ( capacity-expansion technology sizes and routes). 

Even with aid from DPF , a significant component of the existing planning process 
is manual and time consuming: the planner has to think of and specify the route for 
potential lines and their sizes (capacities), and then check if this capacity-expansion 
plan will provide adequate capacity for the network to survive the critical faults. 
Consequently, the planner has time to analyse and adjust only two or three plans, 
and then choose the most economic from these. The overall process of checking for 
capacity problems in the network and devising capacity-expansion plans can take 
weeks to months. 

Although planning in the above manner results in a feasible capacity-expansion 
plan, given that the planning is done over a small area and only with a small subset 
of plans, the best of these is unlikely to be optimal. That is, given the large number 
of possibilities, there is a high likelihood of a better solution. Furthermore, in the ex
isting planning procedure, there is no way to measure how good a capacity-expansion 
plan is in comparison to the optimal, least-cost plan. 

Capital investments are typically in the order of (NZ)$1 million for network ex
pansion projects and over (NZ)$50 million per year. Hence even small percentage 
decreases in cost will be significant. Clearly, there is a need for an efficient method 
that can consider an area greater than just the network in the local area surrounding 
the critical fault and determine the least-cost or a good quality capacity-expansion 
plan. We develop models and solution procedures in this thesis that provide the 
framework for determining the optimal or a good quality capacity-expansion plan, 
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which is hedged against uncertainty in future outcomes and results in a network that 
can survive critical faults. We describe in section 8 . 2 how these models and solution 
procedures can overcome the shortfalls of the existing planning procedure. The fol
lowing section outlines some ways of modelling uncertainty and the approach adopted 
in this thesis. 

1 .6  Modelling Uncertainty 

For capacity planning, Vector uses a demand forecast that assumes the demand grows 
deterministically over the planning horizon. In reality, the future value of demand, 
and other parameters, is uncertain, and thus to avoid significant over or under invest
ment, capacity-planning models must account for this. A common way of representing 
uncertainty in optimization models is through the use of a finite set of scenarios in 
which each scenario represents a realisation of random variables ( uncertain parame
ters) that vary according to a stochastic process, see for example [33]. 

If the probability distribution of the stochastic process is continuous, then to model 
it, we derive a discrete distribution that approximates the continuous distribution 
using scenarios. The quality of the approximation depends the "distance" between 
the distribution represented by the scenarios and the continuous distribution. 
1 .6 .1  General Methods for Scenario Generation 

The set of scenarios must be large enough to give a good approximation of the prob
ability distribution of the stochastic process, but small enough for the optimization 
model to be tractable. Research on scenario generation methods is extensive, e.g., see 
[33] for a survey. Recent contributions on scenario-tree generation include methods 
that match the moments of the discretised scenario tree with a given set of moments 
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[50 ,  51 ] ,  methods that provide bounds on optimal objective value of a stochastic pro
gram that is based on the true distribution of the stochastic process [35 , 20 ], methods 
that discretise using integration quadratures [7 9 ,  78 ] ,  sampling methods [98 , 22 ] ,  and 
an optimal approximation method that minimizes a "probability distance" between 
the discrete distribution represented by the scenario tree and the true distribution of 
the stochastic process [4 9 ]. Such probability metrics have been used by a number of 
authors [34 , 4 6 ,  47 , 48 ] to develop iterative procedures for reducing the size of large 
scenario trees to those that give an acceptable approximation. Kaut and Wallace 
[5 6 ]  describe stability requirements that scenario-generation methods should satisfy 
in order to produce scenario trees that lead to good decisions. They also describe a 
way of evaluating these requirements. 

1 .6 .2  Approach Adopted in This Thesis 

Although the generation of a representative scenario tree is one key component for 
ensuring the solution is well-hedged against uncertain outcomes, the other is being 
able to solve the resulting instance of a stochastic optimization model in an acceptable 
time frame. In general, if a reliable scenario-generation method is used, the larger the 
number of scenarios, the better a scenario tree represents the stochastic process. On 
the other hand, even the best scenario generation methods will be of little use if the 
instances of the model they generate are not solvable. As we shall demonstrate, the 
deterministic-equivalent formulations of the stochastic capacity-planning models in 
this thesis result in MIPs that are intractable even for instances with small scenario 
trees. 

The work described in this thesis focuses on developing models and efficient meth
ods for solving the large MIPs that arise from these models. For testing the methods, 
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it suffices to use as input some representative scenario trees, rather than trees con
structed from a genuine scenario-generation effort. In computational experiments, 
we assume demand to be the only uncertain parameter, and generate scenario trees 
by extrapolating historical demand data according to various growth rates. In the 
case studies, we investigate the effect of spatial variation in demand on the capacity
expansion decisions from a stochastic program with two stages and two scenarios. To 
facilitate this, the network is split into two regions, and in the second stage, each 
scenario represents high demand growth ( up to 60 %) in one region and normal de
mand growth ( up to 10 %) in the other. The growth rate for each demand point is 
a randomly selected value between 0 %  and the maximum growth rate (10 % or 60 %) 
for the associated scenario. As we shall see in section 6 .9 , the scenario trees (problem 
instances) we create using this straightforward procedure are sufficient to demon
strate the value of the stochastic approach and the performance and capabilities of 
our solution methods. 

In a real-life implementation of the capacity-planning models in a distribution 
network, it is necessary to represent the uncertainty (stochasticity) in the future value 
of parameters more realistically than we do in the thesis. For this we recommend 
the use of a more advanced method for generating scenario trees. This is described 
in section 8 .2 .3 .  The following section reviews past research on capacity-planning 
models. 

1 .7  Literature Review 

The goal of this thesis is to develop a multistage stochastic capacity-planning model 
for designing survivable electricity distribution networks, denoted CP-SND, and a 
solution approach capable of finding good solutions to this model. Special cases 
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of CP-SND are the restoration model, the survivable network design model (SND), 
and the multistage stochastic capacity-planning model (CP), all of which we develop 
enroute to a combined model. Although important, the CP-SND model is relatively 
new and has had little research. On the contrary, the survivable network design model 
and the capacity-planning model are each a class of important models and have been 
the focus of much research. In the literature in general, the restoration model is a 
special case of SND and the solution approaches for SND apply directly. Thus we 
only review the literature on SND models, which we do next, followed by a literature 
review of the CP and the CP-SND models. 
1 .7. 1 Survivable Network Design Models 

Although survivable network design problems like ours are NP-hard [40], there has 
been considerable research on solving them exactly. Most research on SND models 
has focused on telecommunications networks; for example, see the review in [103]. 
However, SND models have also received some attention in the area of electric-power 
networks [85, 93] . 

Two main factors influence the solution to an SND mc;>del: the design strategy 
and the restoration strategy. The design strategy can be classified in two ways. A 
sequential-design model assumes that the capacity required for routing flows in the 
"non-failure state" has already been determined, and the only optimization required 
is that of the spare capacity required for routing flows in "failure states" . This is also 
known as "spare-capacity optimization" . On the other hand, a simultaneous-design 
model simultaneously optimizes capacity required for routing of flows both in the 
non-failure state and in failure states. This is also known as "joint optimization" . 
Our SND model is an instance of simultaneous design. (However it can be restricted 
to sequential design [101].) 
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The restoration strategy determines how flows are rerouted in the event of a 
component failure, i.e., line failure in our simplified case: line restoration reroutes 
disrupted flow through an alternate sequence of lines (a path) between the end nodes 
of the failed line; path restoration reroutes disrupted flow for each commodity through 
an alternative path(s) between that commodity 's origin and destination points; global 
restoration allows rerouting of all origin-destination flows ( disrupted and otherwise) 
between their origin and destination points. Our SND model is based on global 
restoration with simultaneous design. (But it can handle any of these restoration 
strategies coupled with sequential design [101].) 

Although our SND model involves global restoration, the best-studied SND mod
els, those in telecommunications, do not typically model global restoration because 
the multicommodity models they lead to become prohibitively large when coupled 
with global restoration [83]. Furthermore, global restoration is not a very practical 
paradigm for telecommunication networks, because the system must determine the 
specific route for each commodity and so unnecessary disruptions can arise from the 
act of rerouting undisrupted multicommodity flows [84 ] . For these reasons, telecom
munications models that use global restoration are relatively rare, and are typically 
used as minimum-cost design benchmarks for other restoration strategies applied to 
small problem instances [119] .  

On the other hand, electrical power is a single commodity, and from a customer or 
a demand point's perspective, the origin (zone substation) and the route of flow is not 
important, as long as an adequate amount of flow reaches the destination ( demand 
point). Thus global restoration in distribution networks, which may involve changing 
routes and origins for flows through switching operations, is unlikely to interrupt 
undisrupted customers. 

In one sense, the SND model for an electricity distribution network is simpler 
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than a telecommunications SND model, because only a single commodity must be 
modelled. Electric power is represented as a flow from a single source to multiple 
destinations, while telecommunication flows are typically modelled as multiple com
modities, one for each origin and destination pair. In another sense, our problem is 
more difficult because of the following unique and challenging modelling requirement: 
the underlying mesh network must be configured, in every failure scenario, by acti
vating certain lines and deactivating others, so that the operational network consists 
of a tree (radial configuration), i.e. , power must flow through a single path from the 
source to each destination. On the other hand, a telecommunication flow may be 
split and routed through multiple paths between its origin and destination points. 
Telecommunication flows require rerouting in a failure scenario, but the underlying 
network does not require reconfiguration. 

The literature on SND models for electricity distribution networks is modest, and 
mostly describes heuristics: local search [73, 60] ,  genetic algorithms [71 ] ,  evolutionary 
algorithms (37 , 85] ,  and tabu search (8 6] . The heuristics in [71 ,  37 , 85 ,  8 6] install ca
pacity for restoring supply and also allow the possibility of penalising unmet demand 
(i.e., energy not supplied). Our initial formulation for the restoration model, which 
is a special case of SND, also permits unmet demand, however we compromise this 
feature for gains in efficiency through a tighter "super-network" formulation. Other 
approaches [54 , 105] do not seek to restore supply and simply penalise demand sup
plied through the failing component prior to failure; networks designed using such 
approaches will be a spanning-tree, which is essentially a spur and thus not sur
vivable. We note that Kagan and Adams [54 ] use Benders decomposition to solve 
a mathematical program with binary, first-stage, capacity-expansion decisions, and 
second-stage decisions that operate the network and penalize unmet demand. Second
stage decisions are all continuous because of the solution method, and therefore this 
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technique cannot handle discrete, radial-configuration requirements. Some heuristics 
also handle radial-configuration requirements among others while being able to find 
acceptable solutions to problems with up to 8 ,9 6 4  nodes [37 ] .  However, heuristics do 
not provide information on the quality of the solution relative to the optimal solution, 
and consequently a heuristic solution may be far more costly. 

In contrast to electricity distribution networks, the literature on SND models in 
telecommunications networks is substantial. Heuristic approaches are common, e.g., 
(8 , 10 , 42 , 66 , 1 15 ,  1 16 ,  1 19 ] .  Of course, the quality of heuristically obtained solutions 
cannot be guaranteed, and perhaps this has motivated the recent research focusing 
on exact solution methods. Iraschko et al. [53 ]  create MIPs for combinations of both 
design strategies, with path and line restoration, while Balakrishnan et al. [9 ] and 
Kennington and Whitler (58 ]  study sequential-design models with line restoration. 
The latter two papers develop valid inequalities to strengthen the LP relaxation at 
the root node of branch and bound. A similar polyhedral solution approach with path 
restoration is explored by Kennington and Lewis [57 ], who also present a specialized 
branch-and-bound algorithm. 

We use column generation to solve our final "split-variable" SND model. Column 
generation is widely used to solve SND models in the telecommunications indus
try, typically using shortest-path subproblems to generate columns for a path-based 
formulation. The main class of models in this area defines a master problem to 
determine edge capacities and flows for the paths generated [72 ,  83 , 8 4]. However, 
column-generation algorithms are also used to solve path-flow separation problems 
in cutting-plane solution approaches (10 4, 25 , 117 ] . Our master problems and sub
problems, and moreover, our solution approach differ greatly from those in above 
literature. 



1. 7 Literature Review 

1 .  7.2 Multistage Stochastic Capacity-Planning Models 

37 

Research on models for capacity-planning of electricity distribution networks is ex
tensive in the power systems literature. The survey by Vaziri et al. [111 ] provides 
a comprehensive review, and thus we only brief the general trend in the past and 
describe recent contributions. 

The early approaches such as [1 , 17 ] tried solving the deterministic multistage 
problem using branch and bound, however only small problems were tractable. The 
need to solve large, realistic-size problems has led to the focus of much of the sub
sequent research on heuristics [71 ,  55 , 60, 18 , 1 9 ,  87 , 85 , 8 6]. We note however that 
with recent advances in MIP solvers, some researchers again propose the use of branch 
and bound [112 ,  110, 108 , 109 ] ,  but their models do not consider survivability and 
uncertainty, and their largest test-problem has only 14 nodes, which is too small to 
resemble a realistic instance. 

Taking into account uncertainty in future outcomes and survivability adds further 
complexity to the problem. Thus, models that incorporate uncertainty use fuzzy sets 
in a single-stage approach [55] or in multistage approaches [8 6, 87 ] .  Carvalho et al. [18 , 
1 9] use multistage evolutionary algorithms with scenario representation of uncertainty. 
Of these multistage approaches, only [8 6] also considers the aspect of survivability, i.e. , 
minimizes the cost of installing excess capacity necessary for restoration. This model 
is the closest to our CP-SND model, but we present a mathematical optimization 
approach, whereas [8 6] use a Tahu Search algorithm. 

From the above review we can see that the power-systems literature has only a few 
approaches, all of which are heuristics, for capacity-expansion planning of electricity 
distribution networks under uncertainty. This is not the case in general however, 
since capacity-planning models have had development and widespread application 
in many other major industries [65 ]. The use of capacity-planning models can lead 
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to millions of dollars in benefits (e.g., [14 ] )  and thus any improvements in gener
ality and efficiency of these models may stimulate further applications to benefit 
from potential economic gains. Consequently the Operations Research literature on 
capacity-planning models is extensive: Luss [65 ]  and Van Mieghem (106] present com
prehensive surveys. Manne's seminal paper (69 ] ,  which models demand growth as an 
infinite-horizon stochastic process, stimulated much research on infinite-horizon mod
els (e.g., (4 3, 38 ]). However, such models cannot incorporate the complex operational 
constraints that many real-world applications require. 

More recent studies incorporate application-specific constraints. For instance, Sen 
et al. [97 ]  develop a two-stage model that integrates demand, capacity expansion, and 
budget constraints, although it assumes only continuous capacity-expansion decisions 
and a single capacity-expansion technology. The authors solve the model using a 
sampling-based stochastic-decomposition algorithm. 

The assumptions of a discrete probability distribution for uncertain parameters 
and a finite planning horizon mean that a set of scenarios can represent uncertain 
outcomes resulting in a (possibly large-scale) mathematical programming problem. 
In this framework it is possible to include a detailed operational model and "strategic 
details" such as a variety of capacity-expansion technologies. Berman et al. [13] 
present and solve a scenario-based multistage model with a single capacity-expansion 
technology. Chen et al. [2 1] extend this concept to multiple capacity-expansion 
technologies, and also model economies of scale. However, both of these approaches 
assume continuous capacity-expansion decisions. 

The use of integer variables to model fixed-charge cost functions and economies 
of scale adds considerable complexity. Eppen et al. [36], Riis and Andersen (88 ] ,  Riis 
and Lodahl [90], and Barahona et al. [11 ]  model these using integer variables in the 
first-stage of two-stage models. 
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In recent years, increased computing power and advances in optimization tech
niques have made it possible to develop and solve multistage stochastic integer
programming models. Ahmed et al. [2 ] solve such problems with a special branch
and-bound procedure that incorporates a heuristic upper-bounding method. Ahmed 
and Sahinidis [3] and Huang and Ahmed (5 2 ]  propose approximation schemes that 
asymptotically converge to an optimal integer solution as the planning horizon length
ens. 

Dynamic programming, though limited in its ability to integrate practical con
straints, appears in a few recent applications. Laguna (61] solves a two-stage model, 
which Riis and Anderson (8 9 ]  extend to multiple stages. Rajagopalan et al. (8 2] 
present a multistage model with deterministic demand, but with uncertainty in the 
timing of the availability of new capacity-expansion technologies. 

A multistage stochastic program with integer variables in all stages does not allow 
a nested Benders decomposition as does its continuous counterpart. In theory, LP
based branch and bound can solve the deterministic equivalent for such a problem, 
but practical instances usually exceed the ability of today's software and hardwar� 
to solve them. Decomposition procedures based on column generation are becoming 
more common, however, for solving large deterministic integer programs (e.g. , (63]). 
This has spawned new research in solving stochastic integer programs: Lulli and Sen 
[64 ] use branch and price ( column generation plus branch and bound) for stochastic 
batch-sizing problems; Shiina and Birge [9 9 ]  use column generation to solve a unit
commitment problem under demand uncertainty; Damodaran and Wilhelm [26] model 
high-technology product upgrades under uncertain demand; and Silva and Wood [100] 
solve a generic class of two-stage problems by branch and price. 

Analogous to our solution approach for the SND model, we propose a new column
generation based approach for solving the various stochastic capacity-planning models 
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in this thesis: our master problem and subproblems differ substantially from those 
developed by other researchers. In particular, our pure integer master problem in
volves capacity expansion and high-level operating decisions, while the subproblems 
determine the set of capacity-expansions required to ensure feasible system operation. 

Our multistage, stochastic capacity-planning models relate most closely to that 
of Ahmed et al. [2 ] .  These authors present a multistage stochastic capacity-planning 
model for production planning that includes continuous as well as binary capacity
expansion decisions. They disaggregate the continuous variables using the reformula
tion strategy of Krarup and Bilde [5 9] , which enables a strong problem formulation. 
We describe how our approach differs in section 6.4 . 

1 .8  Outline of the Thesis 

The objective of the thesis is to develop: 1) a capacity-planning model that can 
account for uncertainty in future outcomes over a multistage planning horizon and 
ensures the network is survivable, i.e., has adequate capacity to restore supply to 
customers if a critical fault occurs at any stage; and 2)  a formulation and an efficient 
procedure for finding good solutions to instances of this model. The following briefly 
describes the developments in each chapter that help achieve the thesis objective. 

In Chapter 2 ,  we present three formulations of a restoration model. The restora
tion model simulates a fault on a specified line of the network, and then determines: 
the set of active lines that form a radial configuration, the flows on these lines, and 
the capacity expansions that are necessary to enable restoration of supply to cus
tomers. This model minimizes the cost of capacity expansions and the operational 
cost associated with the configuration and flow decisions. 
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The first formulation of the restoration model is based on a conventional node
arc representation of a network. To increase solution efficiency, we exploit the sparse 
structure and the radial configuration requirement of distribution networks to develop 
a novel "super-network" representation. This representation enables a super-network 
based formulation for the restoration model that solves quicker. Moreover, the super
network constructs allow us to derive valid inequalities that lead to a strengthened 
super-network formulation which further improves the solution times. 

The capacity expansions specified by a solution to an instance of a restoration for
mulation will make the network survivable only for a single fault. Thus, to determine 
the capacity expansions for making the network survivable for a fault on any edge, 
an instance of the restoration model must be solved for each edge of the network. 
Although this an effective way of making the network survivable, in Chapter 3, we 
show that the total cost of capacity expansions specified by an optimal solution to a 
survivable network design (SND) model, which considers the restoration flows arising 
from all fault scenarios simultaneously, can be cheaper and will cost no more than 
the total cost of capacity expansions from solving instances of the restoration model. 

The SND model minimizes the first-stage capacity-expansion costs plus expected 
second-stage operational costs, and we devise its formulations by extending the node
arc based and the super-network based formulations of the restoration model in Chap
ter 2 to a multiple fault-scenario framework in Chapter 3. Unfortunately, the largest 
instance that it can solve is small compared to realistic sized instances. The poor 
performances of these SND formulations result from weak LP relaxations that lead 
to intractable branch-and-bound trees. 

In an attempt to strengthen the LP relaxation of the SND formulations, in Chapter 
4 ,  we exploit the multiple fault-scenario structure of the SND model using Dantzig
Wolfe decomposition. The early sections of Chapter 4 describe: the theory for 
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Dantzig-Wolfe decomposition; the column-generation algorithm for solving the re
sulting Dantzig-Wolfe master-problem formulation; a way of measuring the quality 
of a solution and the progress of the column-generation algorithm; and methods for 
stabilising the duals and obtaining integral solutions to the master problem. In the 
later sections, we discuss elements that affect the strength of the decomposition, and 
then apply decomposition to the node-arc based SND formulation. Unfortunately, 
this results in naturally integer subproblems and hence a master problem with an LP 
relaxation that is no better than the, already weak, LP relaxation of the extensive 
formulation. Analogous results are apparent for decomposition of the super-network 
based formulations. 

In Chapter 5 ,  we derive a new super-network based split-variable formulation for 
the SND model. This formulation has the same LP relaxation as its counterparts in 
chapters 3 and 4 ,  but its decomposition leads to a master problem with an LP re
laxation that is significantly stronger. The strengthening is due to the corresponding 
subproblems being network-design problems, which are not naturally integer. More
over, the formulation of these subproblems is the same as the strengthened super
network based restoration formulation, which, as noted, solves quickly. We discuss 
the integer properties of the master problem. The computational results show that 
the efficiency of the decomposition relies heavily on strengthened super-network based 
subproblems, and on the use of good duals stabilisation method to solve the larger 
realistic problem instances, that were not solvable before. The strong integer prop
erties of the master problem result in naturally occurring integer solutions for most 
instances. 

The SND model is appropriate for short-term planning when future outcomes 
are known with certainty. However, for capacity planning over a long-term multi
stage planning horizon, a model must account for uncertainty in future outcomes and 
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discounting in capacity-expansion and operational costs. Chapter 6 describes formu
lations for such multistage stochastic capacity-planning models. All formulations use 
a scenario-tree representation of uncertainty, and minimize the first stage capacity
expansion costs and expected operational costs. For simplicity, we do not consider 
network survivability in these formulations, and defer it to the subsequent chapter. 
We present a strengthened super-network based formulation of the multistage stochas
tic capacity-planning model. But, analogous to the initial SND formulations, problem 
instances of this formulation have weak LP relaxations, which result in intractable 
branch-and-bound trees. 

A reformulation using a variable-splitting technique leads to a new general split
variable formulation. This formulation permits multiple capacity expansions of an 
edge over the multistage planning horizon. By imposing a practical restriction of 
at most one capacity expansion on an edge over the planning horizon, we derive a 
simpler split-variable formulation. Dantzig-Wolfe reformulation of either formulation 
results in a master problem having a substantially stronger LP relaxation than the 
extensive formulation, and a single subproblem for each scenario tree node. Fortu
nately, the size of the subproblems for the general split-variable formulation increases 
only slightly with the number of stages, and better yet, those for the restricted for
mulation remain the same size regardless of the number of stages. This situation 
contrasts with scenario-decomposition methods in which the subproblems must cover 
an entire planning horizon, and so increase in size as more stages are added. 

The numerical results show that the solution efficiency of the subproblems along 
with a good duals stabilisation method results in a solution approach that yields order
of-magnitude improvements in solution times compared to the extensive formulations, 
enabling the solution of large problem instances that, until now , were not solvable. 
Furthermore, owing to the strong integral properties, the master problems for all our 
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test problems have naturally occurring integer solutions. 
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In Chapter 7 ,  we present a split-variable formulation of CP-SND, a capacity
planning model that considers uncertainty in future outcomes and survivability over 
a multistage planning horizon. This formulation can be thought of as the result of 
combining the split-variable SND formulation of Chapter 5 with the restricted split
variable capacity-planning formulation of Chapter 6 that permits at most capacity 
expansion on an edge over the planning horizon. 

Decomposition of this formulation leads to a strong master problem and subprob
lems corresponding to each fault scenario of each scenario-tree node. We demonstrate 
the capability of the split-variable formulation and decomposition solution approach 
by obtaining a good solution to a difficult problem instance, which considers the 
worst-case fault scenarios and extreme demand growth scenarios in our test network. 
Owing to their difficulty, mathematical capacity-planning models of the "CP-SND 
type", which take into account uncertainty and network survivability over a long 
term, have not been previously formulated or solved. This marks the substantial 
contribution of our solution approach. 

Finally, Chapter 8 :  presents conclusions; summarises the contributions of the 
solution approaches for the models in this thesis; describes the practical benefits of 
the models and solution approaches, and gives an outline of how Vector can implement 
them; and lists some potential extensions of the research in this thesis. 



Chapter 2 

Restoration Model for Radial 

Networks 

This chapter details the sequence of events that occur following a fault, including 
the main steps taken by the distribution company to isolate the fault and restore 
power to as many customers as possible. We present two mathematical formulations 
that model the restoration process for a fault scenario and determine whether extra 
capacity needs to be installed in the network to enable restoration. 

2 . 1  The Restoration Process 

Electricity distribution companies use SCADA (Supervisory Control and Data Acqui
sition) systems as well as other systems [80 ,  113 ] to monitor and manage the network 
in real-time. When there is a fault on a feeder in a radially operating network, the 
upstream circuit breaker on that feeder, which is nearest to the fault, automatically 
opens (disengages) and disconnects all customers downstream of the circuit breaker. 
Consequently all customers on the disconnected section of the feeder experience an 
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interruption in service. In most instances the distribution company becomes aware 
of a fault through the SCADA system or by "trouble calls" from customers. A crew 
is dispatched to locate the fault and then to isolate the faulty line from the rest 
of the network, before rerouting power through the functioning sections to restore 
service. The crew isolate the faulty line and reroute power (flow) by opening and 
closing switches. Rerouting flow involves changing the faulted radial configuration 
into an alternative radial configuration in which the set of active lines have adequate 
capacity to accommodate flows for restoring supply demand points. We refer to this 
switching process as the restoration process, and to the radial configuration and the 
flow on the corresponding lines as the restoration configuration and restoration flows, 

respectively. In addition, restoration capacity denotes the capacity of the lines in the 
restoration configuration that enables restoration. Once the faulty component is re
paired, the distribution company can switch the network back to its normal operating 
radial configuration. 

For example, figures 2 .1-2.5 use a small network with a single zone-substation to 
demonstrate the steps in the restoration process. We assume all lines in this network 
have adequate capacity to accommodate the restoration flows. To ease exposition 
and conceptualisation, in the networks in these figures and in all subsequent figures 
in this thesis, we do not show the subtransmission lines and the power source. 
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Network in normal operating state Key 

0 Demand point 

t::J Zone substation 
e Circuit breaker - Closed 
O Circuit breaker - Open 
• Switch - Closed 
D Switch - Open 

Line - in use ( active line) 
Line - not in use (inactive 
line) 
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Figure 2 .1 :  Network in normal operating state and radial configuration. 

Network in failure state 

Circuit breaker opens due to 
- fault on downstream line e12 

Key 

0 Demand point 

t::J Zone substation 
• Circuit breaker - Closed 
O Circuit breaker - Open 
• Switch - Closed 
D Switch - Open 

Line - in use (active line) 
Line - not in use (inactive 
line) 

Figure 2 .2 :  A fault occurs on line e12 causing the upstream circuit breaker to open, which disconnects supply to all demand points and lines downstream of the circuit breaker. That is, demand points {4, 5 , 9 , _1 0,11 } and lines {e9 , e11 , e12 , e13 , e6} are disconnected. 
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Figure 2 .3 :  The switches on the ends of the faulty line e12 are opened to isolate it. 

Restoring supply - partly 

Circuit breaker closed to re
- connect supply 

',, 

Faulty line is now e'+-, 12 ' ready for repair ', 
\ 

I 

\:> 6 e,4 

0- - - 0 '97- ..:.'io1 
es � 

Key 
0 Demand point 
CJ Zone substation 

• Circuit breaker - Closed 
O Circuit breaker - Open 
• Switch - Closed 
O Switch - Open 

Line - in use ( active line) 
Line • not in use (inactive 
line) 

Figure 2 .4 :  Once the fault is isolated, the circuit breaker is closed to re-connect and restore supply to downstream demand points. This restores supply to demand points 
{ 4 ,  5, 11 }, but not to {9 , 10 } as they are still not physically connected to the supply. 



2.1 The Restoration Process 

Restoring supply - fully 

Circuit breaker closed to re
- connect supply 

Key 

0 Demand point 

D Zone substation 
• Circuit breaker - Closed 
O Circuit breaker - Open 
• Switch - Closed 
D Switch - Open 

49 

Figure 2.5 : Closing switches on line e14 connects demand points {9, 10} to the source and restores their supply, and thus completes the restoration process. 

In the above example, we have assumed that the network has enough spare ca
pacity to enable restoration. But in reality the distribution company must plan and 
install capacity to ensure that adequate restoration (spare) capacity is available. Fur
thermore, supplying power to customers is a service and the distribution company 
must try and deliver the level of service that their customers perceive as reliable. 

The reliability of supply is governed by the frequency and the duration of interrup
tions to supply and the number of customers affected by an interruption. Distribution 
companies analyse the risk of interruptions and then set standard service levels for 
a reliability and a security criteria that they will endeavour to meet through asset 
and risk management. (These service levels and criteria are influenced by compliance 
requirements of the Electricity Commission [114] .) 

For example, the standard service level for industrial customers of the local elec
tricity distribution company, Vector Limited, guarantees service restoration within 
2 hours of notification of a fault and no more than 3 faults per annum [113] .  An 
additional security criterion ensures that full supply will be restorable for 98% of the 
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year. The standard service levels and security criteria vary according to the different 
types of customers, i .e. , residential, industrial, and commercial. Customers have the 
option of contracting for a higher level of reliability and security (114 ] .  

Capital investments for capacity expansions of the distribution network are driven 
by customer needs (80, 114 , 113] . In general, industrial and large commercial cus
tomers have contracts with the distribution company that requires their network to 
have sufficient capacity and switching mechanisms in place for rapid restoration of full 
supply in case of a fault. Thus the distribution companies must ensure that network 
has such capacity and will continue to do so through the life of the contracts. 

A customer is said to have n - 1 level of security if the network has enough 
restoration capacity to enable rerouting and restoration of supply to meet 100% of 
the customer's demand after isolating a fault. In the literature, n -1 level of security 
is known as network survivability ; we adopt this term and its variants throughout the 
thesis. A network is survivable if it has adequate restoration capacity for restoring 
supply to all customers in case of a fault on any equipment. The distribution company 
must ensure that the network supplying customers on "high security" contracts is 
survivable. 

In Vector, the network planner considers a fault on each line of the network, one 
at time, and uses the power-systems software, DigSILENT PowerFactory (DPF), to 
check whether the network has adequate restoration capacity to be survivable for that 
fault. If not, the planner has to manually determine a set of capacity expansions that 
will provide the necessary capacity. This typically involves the planner specifying a 
set of capacity expansions and running DPF to do the check, and then repeating this 
step with alternative capacity expansions until a suitable capacity-expansion plan is 
found. The planner must try finding the least-cost capacity-expansion plan, but since 
this procedure is very time consuming, after finding a suitable plan, the planner has 
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time to consider only few improvements by adjusting the capacity-expansion plan 
locally. The time to check if the network is survivable, even if only for critical faults, 
and devising appropriate capacity-expansion plans can take weeks to months. See 
section 1. 5 for a full description of the existing planning procedure and its shortfalls. 
As a consequence of the existing planning procedure and of the way the network is 
managed, the determined capacity-expansion plans are highly conservative and are 
likely to lead to unnecessary capital investments in capacity expansions and poor 
capacity utilisation. 

On the other hand, we develop a restoration model that, for a single fault, deter
mines the restoration configuration and flows, and, if the existing network does not 
have adequate restoration capacity, the model identifies the least-cost set of capacity 
expansions that will provide the requisite restoration capacity, i.e . ,  the solution to an 
instance of the model specifies the restoration configuration and flows, and capacity 
expansions to ensure survivability of the network for that particular fault. We refer 
to these set of capacity expansions as the capacity-expansion plan. 

While the model minimizes the total costs, it intrinsically maximizes capacity util
isation of the network as it implicitly considers all possible restoration configurations 
and flows using the capacity of the existing network, and if the network does not 
have restoration capacity, then it considers all possible capacity-expansion plans to 
determine one that costs the least. Moreover, as we shall see, the model can perform 
the above tasks significantly quicker than the existing planning procedure. We out
line the modelling assumptions next and present a formulation of the model in the 
subsequent section. 

The survivability of the network relates to its restoration capacity, where as reli
ability of the network depends on the frequency of faults and the duration of inter
ruptions. In case of a fault, the interruption duration is the time it takes a crew to 
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locate and isolate the fault and restore supply. In our model we assume that the fault 
has been located and isolated, and so do not consider the times for the associated 
switching operations. However, the model can minimize the time it takes to do the 
switching operations to effect a restoration configuration by modelling the time for 
each such operation as an operational cost. Thus, although the focus of the restora
tion model is on minimizing capacity-expansion costs to make the network survivable 
for a particular fault, its ability to minimize the time for switching will also improve 
reliability of the network. For simplicity, we assume that faults only occur on lines, 
but one may extend the model to consider failure of any component and of multiple 
components without added conceptual difficulty. In the following section we describe 
some notation and then present the initial formulation of the restoration model. 

2 .2  Formulation of  the Restoration Model 

In a radial configuration of a distribution network, power must flow from a source 
along unique paths, to demand points, through lines, without exceeding those lines' 
capacities. Typically, each line has two switches, one at each end, which can be closed 
or opened to allow or disallow power flow, respectively. We refer to a line with both 
switches closed as active, and one with both switches open as inactive. A distribution 
network is operated in a radial (tree) configuration by opening and closing switches; 
only active lines form the operating configuration. 

We model the underlying mesh structure of the network as a connected, undirected 
graph G = (V, £) consisting of a set of nodes i E V and a set of edges e E £ such 
that e = (i, j), where i , j E V and i =/ j. A node represents either a supply point, 
a demand point, a junction, or a switching point; an edge represents a route along 
which a line connecting the adjacent nodes can be installed. Therefore, the capacity 
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of an edge equals the capacity of the line installed in the corresponding route, and in 
case no line is installed, the capacity of the edge is zero; such edges are candidates 
for installation of lines. (References to an edge refer to the corresponding line. )  

Power may flow in either direction along a line, and to model this we create a 
directed version of G, denoted G' = (V, IC). The set of nodes in G' is the same as 
in G, but IC replaces each edge e = (i, j) with two antiparallel, directed arcs (i, j) 

and (j, i) . For edge e = (i , j) ,  we define !Ce = {(i, j) ,  (j, i)}, so we may also write 
IC = UeEt:{ICe} .  We model the power source as a single node io E V. Of course, any 
flow on edges incident on i0 will be directed away from it, so arcs of the form (j, io) 
can be eliminated from the model. 

Actually, if we were to allow negative flows, the directed-network model would be 
unnecessary. However, this model enables constructs in the tree-forming submode} 
that yield tighter linear-programming relaxations than do its undirected counterparts 
[68 ). Thus, computational efficiency dictates the use of the directed-network model. 
To distinguish from another network representation in section 2. 3, we refer to this 
node-arc network representation as the original network representation. 

The active and inactive status of lines translates directly to status of the corre
sponding edges and arcs. Hence, in a radial configuration, if an edge is active, one of 
the corresponding arcs is active, else both arcs are inactive. 

In the restoration model, we are concerned with a single �ault scenario correspond
ing to the failure of a single edge s. To restore supply to all customers, we must be 
able to identify a capacity-feasible restoration configuration for G(s) = (V, E\ { s} ). 
Note that simulating a fault on an edge is equivalent to forcing it to be inactive. 

Figure 2 .6 shows a model of a small distribution network that illustrates the 
notation we use to represent the network in the original (node-arc) formulation of the 
restoration model. The solid and dashed lines represent active and inactive edges, 
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respectively. Observe that, the network and radial configuration in Figure 2 .6 is 
the same as that in Figure 2 .1, except, we have not shown the switches and the 
circuit breakers because the active or inactive state of the lines imply the closed or 
open states of the corresponding switches. The active edges in Figure 2.6 form the 
operating radial configuration in which, for example, the flow from node 1 to node 3 
corresponds to flow on arc k = (1, 3) and edge e7. The fault-scenario s = e7 , which 
denotes a fault on e7 , disconnects supply to node 3, and the flow can be rerouted and 
supply restored to this node by activating e10 and hence switching into a restoration 
configuration. (The fault on e7 would be isolated by opening switches not shown, 
located on the corresponding line near its endpoints.) 

Figure 2 .6: Model of a small distribution network that illustrates the notation we use to represent the network in the mathematical model. Here V = {1, . . . , 11}, £ = {1, . .. , 14 }, and as an example, the anti-parallel arcs representing e2 are (2 , 6) and (6, 2 ), or 1Ce2 
= {(2 ,  6), (6, 2 )}. 

We formulate the restoration model as a mixed-integer program (MIP). This model 
simulates a fault on a particular edge and then determines a solution that specifies a 
restoration configuration, the restoration flows, and the capacity expansions necessary 
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to allow restoration of supply to customers ( demand points). Furthermore, the for
mulation admits the possibility of not meeting some portion of demand of customers 
during restoration, i.e. ,  shedding some customer load of customers, if an appropriate 
penalty is paid. Therefore, in the case that the network does not have capacity to 
enable full restoration, then the formulation determines capacity expansions and/or 
load shedding to facilitate restoration, while minimizing the total cost of capacity 
expansions and the penalty for load shedding. Note that the problem of making the 
network survivable for a fault on an edge s is a special case of this formulation in 
which the penalty for load shedding is infinite. 

The MIP formulation comprises: for each edge, a binary decision variable for each 
antiparallel arc to indicate whether the edge is active or inactive, a binary decision 
variable to indicate whether the edge requires a capacity expansion using a particular 
technology, and a continuous decision variable for each antiparallel arc to represent 
the flow on the edge; and for each node, a continuous decision variable to represent 
the amount of load shedding at that node. Accordingly, we refer to them as the 
configuration variables, capacity-expansion variables, flow variables, and the load 
shedding variables. In addition, we denote the configuration, the flow, and the load 
shedding variables collectively as the operational variables. 

As noted in previous section, we can minimize the time it takes to switch into 
a restoration configuration by putting an operational cost, which represents time, 
on each switching operation. In particular, since a configuration variable indicates 
the state of the edge and hence of the corresponding switches, associating a cost to 
the difference between the pre-fault state of an edge and the state indicated by the 
configuration variables, and then minimizing all such operational costs, will result in 
solution that specifies a restoration configuration, which will take the least time to 
switch to from the existing configuration. Indeed, this idea is general and we can 



2.2 Formulation of the Restoration Model 56 

minimize operational costs associated with any of the operational variables. There
fore, in addition to capacity-expansion costs and the penalty on load shedding, the 
upcoming formulation includes a general operational-cost function, q( · ) ,  which may 
be any linear function of the operational variables. We now present some further no
tation and then the MIP formulation of the restoration model, which we denote R-O, 
the restoration formulation based on the original (node-arc) network representation. 

Sets and Indices 

i E V nodes in the distribution network. 
e E £ edges in the network 
k E K, antiparallel arcs corresponding to E 
k E Ke pair of antiparallel arcs representing edge e 

l E .Ce technologies available for capacity expansion of edge e 

i0 power source node 
Data 

Aik 1 if k = (j, i), -1 if k = (i, j), and 0 otherwise 
Get cost of expanding capacity of edge e using technology l 
Di demand ( "load" ) at node i 
Li limit on load-shedding at node i 
s edge that fails in a fault scenario 
qi penalty for shedding a unit of load at node i 
Ueo initial capacity of edge e 

Ue1 additional capacity of edge e by installing technology l 
Ue maximum possible capacity of edge e 
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Variables 

x�L l if technology l is chosen for expanding capacity of edge e, and O otherwise 

Zk l if arc k is active during restoration, and O otherwise 

f k power flow on arc k during restoration, i.e. , restoration flow 

vi amount of load shed at node i during restoration 
Formulation (R-O) 

min 
/,v,x',z 

s.t .  

eEE LE.C iEV kE/C 

fk ::; Ueo + L UeLX:L \/ e E E, k E ICe, 
LE.Ce 

L x:1 ::; 1 'v e  E &, 
LE.Ce 

L Aik!k = Di - Vi 'vi  E V, 
kE/C 

L Zk = l 'vi E V\{i0},  
kE/C:Au.,=1 

fk � 0 'v k E IC, 

Vi �  0 'vi E V, 

Zk E {0, 1}  'v k E IC, 

x:L E {0, 1}  've E E , L E .Ce . 

(2 .1)  

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2 . 10) 

(2 . 1 1) 

(2. 12) 

(2. 13) 

The objective function (2 . 1) minimizes the total cost of capacity expansions, 

penalty for unmet demand, and total operational cost . The capacity-expansion con

straints (2 .2) ensure that the flow through an edge e during restoration after failure of 
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edge s ,  does not exceed the edge's total capacity (initial plus added capacity through 
expansions). Note that Ueo = 0 for new routes that are under consideration by net
work planners. As mentioned in Chapter 1 ,  in practice, the distribution company 
allows at most one capacity expansion of an edge in a planning period; constraints 
(2 .3 ) impose this restriction. 

Constraints (2 .4 ) represent the flow-balance constraints (i.e. , Kirchhoff's first law 
applied at each node [54 ]) which admit load-shedding vi at node i to aid restoration 
after fault on edge s. Constraints (2 .5) put an upper limit, Li , on the amount of load
shedding at node i. The value of Li indicates whether the customer at i is willing to 
shed full load (Li = Di) ,  or part of the load (Li < Di) ,  A large customer may also 
have a backup generator on-site, and can inject power into the network. In this case, 
Li could be as large as total demand plus total generating capacity at node i. 

Constraints (2 .6 ) are sufficient to enforce the radial operating configuration, but 
the additional constraints (2 . 7 )  enable a more efficient branch and bound. Constraints 
(2 .8 ) ensure that flow is permitted on an arc k if and only if the arc is active, i.e. , if 
k is part of the restoration configuration after failure of edge s. Note that since the 
maximum flow possible on an edge will not exceed the edge's maximum acquirable 
capacity, and the capacity of an edge can expand at most once, in constraints (2.8 ) ,  
it is sufficient to set the upper bound Ue = Ueo+ max iaJUe1 } ,  The fault is on edge 
s ,  so it cannot be used during restoration. This is enforced by constraint (2 .9 ) which 
disallows flow on arcs k E Ks. 

The solution to the R-0 formulation provides all the information necessary to 
enable restoration in case of fault-scenario s. In particular, through the values of 
variables, the solution defines: 

1. the set of active arcs ( restoration configuration) , 
2 .  the flows on each active arc (restoration flow) , 
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3. the capacity expansions and load shedding necessary to ensure the most eco
nomic restoration. 

To determine the decisions for making the network survivable for fault-scenario 
s, we disallow load shedding by setting qi = oo, \/i E V. However, the restoration 
formulation considers a fault only on a single edge. In reality, a fault may occur 
on any one of the edges in a network, and therefore to ensure that the network has 
sufficient restoration capacity, and load shedding and switching plans to restore flow 
to customers if one of these faults occur, an instance of R-0 must be solved and its 
solution implemented for each fault scenario. 

As noted earlier, we can model the change in the status of a switch and use it to 
minimize the time for switching operations that are necessary to change from a faulted 
configuration to the restoration configuration. Recall that the active or inactive state 
of an edge corresponds to the closed or open state for the associated switches. For an 
edge e in R-0, the antiparallel configuration variables, Zk , k E /Ce , represent the active 
or inactive states of arcs k E /Ce , and the state of these arcs denote the state of edge 
e. Only one of these "directed" variables can be active. When either is active, edge e 

is active, otherwise e is inactive. Accordingly, an edge e is active if EkeK:e Zk = 1 and 
inactive if EkeK:e Zk = 0. Suppose that a binary parameter Ze represents the state of 
an edge e in the normal operating configuration of the network, prior to fault-scenario 
s occurring, and that '5e represents the operational cost (time) of changing the state 
of switches on an edge e. Now observe that adding the term 

L <5e('ze - L Zk ) + L <5e( L  Zk - ze) 
eE£:ze=l kEK:e eE£:ze=O kEK:e 

to the objective function of R-0 will minimize the time to carry out the switching 
operations to effect the restoration configuration. 

In addition to modelling switching time, it is simple to model the installation of 
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power generators and zone substations as capacity-expansion options, and to model 
failure of these. We can model a generator as a dummy cable routed from the power 
source to the node in which the generator may be installed, with the cost and capacity 
of this cable equal to the cost and generation capacity of the generator. Modelling 
the installation of a zone substation is similar, but with a potential (subtransmis
sion) cable routing from the power source to the node representing the potential 
zone substation. The capacity of the dummy cable represents either the capacity 
of the subtransmission line supplying it or the transformers at the zone substation, 
whichever is lower. The cost of the dummy cable must be equal to the total cost of the 
subtransmission line and the zone substation. The feeders (edges) originating from 
the generator node or the zone substation node are modelled in the normal manner. 

Since it is possible to model possible installation of generators and zone substa
tions using (dummy) cables, we can create fault scenarios that model failure of these 
components by forcing the (dummy) cables to be inactive. Note that this is analogous 
to the way we simulate faults on other edges of the network. Likewise, the model will 
expand capacity of edges to enable restoration under such failures. 

We tested the restoration formulation on problem instances based on the test 
network in section 1.4. This network has 18 2 edges, of which 17 9 represent distribution 
lines that may fail and 3 represent 100% reliable subtransmission lines. The network 
has 15 2 nodes, of which 1 represents power source, 1 a switching point, 3 represent 
zone substations, and 14 7 represent demand points. For simplicity, we assume that 
all demand must be met during restoration, i.e., penalty on unmet demand is infinite, 
and that the operational costs are zero for all test instances. We solve R-0 for a fault 
on each of the 17 9 edges. The problem instances take 3. 7 seconds on average to solve 
using CPLEX version 9.0. 

Although the times to solve instances of the R-0 formulation seem reasonable, 
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solution procedures in later chapters, which repeatedly solve instances of the restora
tion model, require a formulation that solves more efficiently. Furthermore, R-O is an 
NP-hard network design problem, and so the average time to solve each instance of 
R-O can increase exponentially in the size of the network. Improvement in solution 
time will enable the solution to even larger real-world problems. We achieve this in 
the next section by exploiting some special features of distribution networks that op
erate in a radial configuration. Some enhancements of this formulation require that 
load-shedding not be permitted, so we henceforth assume that all variables vi are fixed 
to zero, and remove the load-shedding constructs from the subsequent formulations. 

2 .3  A Super-Network Based Formulation 

This section describes a new way of representing electricity distribution networks 
that operate in a radial (tree) configuration. The formulation that derives from this 
representation is stronger and solves quicker than R-O. 

It is logical in R-O to have variables that correspond to edges, but we will see here 
that a more compact representation of the network and associated decision variables 
leads to a tighter formulation. In particular, we exploit the sparse nature of the 
distribution network's underlying mesh structure, the requirement that the network 
operates as a tree, and the assumption of no load-shedding. 

2.3 .1 The Super-Network 

The degree of a node is the number of edges incident on that node. Many nodes in a 
distribution network will have degree 2 ;  we call these sub-nodes, and refer to all nodes 
with degree 3 or greater as super-nodes. (All nodes on spurs have been collapsed into 
their root nodes, which may be a sub-node or super-node. )  Let M � V denote the 
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set of all super-nodes. We say that two super-nodes i and j, i =I= j, are adjacent if 
they are joined by a chain in which all nodes except i and j are sub-nodes. We denote 
this set of sub-nodes by Vii and let £ii denote the edges in the chain joining i and 
j. In the super-network, any chain joining two super-nodes i and j is represented by 
two anti parallel super-arcs k = ( i, j) and k' = (j, i). We say that the nodes in Vii 

and edges in £ii are spanned by the super-arc k ( or k') .  

To illustrate, consider Figure 2.7(a) which shows a small portion of the network 
in Figure 2.6 (in which M = {l ,  3, 5 ,  6, 10} ). That portion of the network contains 
super-nodes 6 and 10 for which Ea,10 = {e3 , e4 , e5 , ea} and Va,10 = {7, 8, 9}. Figure 
2.7(b) shows the super-arcs k = (6, 10) and k' = (10, 6) that span V6,10 and Ea,10 , 

(a) 

(b) 6 

' ' ' 
k' = (10,6) 

k = (6,10) 

Figure 2 .7: (a) Super-node pair 6 and 10 associated with edges Ea,10 = {ea, e4 , es, ea} and sub-nodes V6 ,10 = {8, 9 ,  10} . (b) The directed super-arcs k and k' span edges £6,10 and sub-nodes V6,10 in the super-network. 

To develop this model and its underlying concepts further, we shall restrict atten
tion to the nontrivial case in which !£ii i  > 1 .  Given a pair of adjacent super-nodes i 
and j, and a feasible radial configuration, we know that either: 

1. all edges e E £ii are active, or 
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2. exactly one edge e' E Cij is inactive. 
In case 1), power must flow through all the edges in either one of two directions, 

and we can model this as flow on a super-arc. The flow on either one of these super
arcs represents a flow on the corresponding edges e E Cij of the super-network, hence 
rendering them active. By an abuse of terminology, we refer to a super-arc with flow 
as active, and its antiparallel partner as inactive. 

In case 2), the inactive edge e' "breaks the super-arcs" in the sense that no flow 
through either super-arc (i, j) or (j, i) can occur. Now, both super-arcs are said to 
be inactive. We refer to the inactive edge e' as a break-edge. The dashed edge e5 in 
Figure 2 .7 (a) represents such an edge. When there is a break-edge, there is no flow on 
the corresponding super-arcs; however flows may still arise on the edges adjacent to 
the break-edge. For example, owing to the break-edge e5 in Figure 2 .7 (a), there will 
be flow on edge e3 that must supply and be equal to demands of nodes 7 and 8 .  Thus 
we can compute the exact flows on edges adjacent to a break-edge e'. In particular, 
observe that, if we define a variable to represent a break-edge, then we can compute 
flows on the edges adjacent to the break-edge as a function of the break-edge, without 
having to define flow and configuration variables for these adjacent edges, which is 
necessary in R-O, the formulation based on the node-arc network representation. 

Thus, we can use the super-arc and break-edge constructs to define variables that 
model the flows and configuration of a network. This will lead to a super-network 
based formulation that will have fewer variables than in R-O. But, since such a 
formulation will rely on known values of demand at the nodes in order to compute 
flows on edges adjacent to a break-edge, the formulation can not permit load shedding 
at the nodes. 

In R-O, each edge e is represented by two flow variables, fk , k E Ke, two configu
ration variables Zk , k E Ke, and one capacity-expansion variable x�1 for each l E Ce , 
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Thus, if I.Ce l = 1 for all e E £6,10 in Figure 2.7 (a), 20 variables in R-O would result. 
In the super-network model below, R-SN, there will be one flow variable and one con
figuration variable for each super-arc, and one capacity-expansion variable and one 
"break-edge variable", described below, for each spanned edge. Thus, the portion of 
the super-network shown in Figure 2. 7 (b) will only account for 12 variables. 

In addition to reducing the number of variables compared to R-O, we will see 
that the super-network representation eliminates the need for flow-balance constraints 
and the radial configuration constraints such as (2 .6) at the sub-nodes, resulting in a 
much smaller formulation. Furthermore, opportunities for strengthening the super
network based formulation are easier to identify and implement. For simplicity, we 
refer to a formulation based on the super-network representation as a super-network 
formulation. 

As noted earlier, unlike R-O, the super-network based formulation does not permit 
load shedding, and consequently the objective function does not have an associated 
penalty term for unmet demand. However, analogous to R-O, it does include general 
operational-cost functions, qk (·) and q; (·), for the super-arc and break-edge opera
tional variables, respectively. These may be any linear function of the corresponding 
operational variables. We now present R-SN, the restoration formulation based on 
the super-network representation, or simply, the super-network restoration formula
tion. (Note that, for consistency in the following notation, we use the same symbol 
to represent different sets that have as elements a common construct, e.g., super-arcs, 
and use a numeric superscript to allow distinction between such sets. ) 
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Sets and Indices 

i E V 
m E M � V  
k E A 

i E Vk � V 
k E nsm 

k E FSm 

e E E 
e E £1 k 
k E A1 
l E Ce 

l' E .c�l 

l E .C,3 

e E Ez2 

nodes 
super-nodes (nodes with degree � 3 )  
super-arcs 
sub-nodes spanned by super-arc k 

all super-arcs entering super-node m (reverse star) 
all super-arcs leaving super-node m (forward star) 
edges 
edges spanned by super-arc k (UkeAEl = £) 
super-arc k, with (k + l)st super-arc in antiparallel 
technologies for expanding capacity of edge e 

technologies for expanding capacity of edge e that have capacity 
equal to or greater than technology l 

technologies for edges requiring expansion due to flows induced by 
adjacent break-edges 
edges that require capacity expansion using technology l to accom
modate flow induced on it by an adjacent break-edge 
edges which, when broken, induce flow on an adjacent edge e that 
requires it to expand capacity using technology l 
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Data 

Get cost of expanding capacity of edge e using technology l 
Di demand at node i 
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Di total demand for all sub-nodes between super-nodes m(k) and m(k), e.g. , for 
k = (6, 10), D1 = E-ev Di (see Figures 2.7 and 2.8) 

• {6,10} D;k total demand of sub-nodes of k from m(k) up to and including su�-node 
i(e, k), e.g. , for k = (6, 10) and e = 5, i(e, k) = 8 =} D;k = D1 + Ds (see 
Figures 2.7 and 2.8) 

io power-source node 
m(k) tail super-node of super-arc k 
m(k) head super-node of super-arc k 
i(e, k) end node of edge e E £I closest to m(k), e.g. , for k = (6, 10) and e = 4 in 

Figure 2.7(b), i(e, k) = 7 
Ueo initial capacity of edge e 

Uet additional capacity of edge e if installing technology l 
Uk upper bound on the flow on super-arc k 

1' .................................. .,. ................................ T ...... D! 

2 D1 D8 D9 Dsk ........ 1... ............................... .1 

Figure 2.8: Illustration of notation for demand parameters in the super-network formulation using a small portion of the network in figure 2.6. 
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Variables 

x�z 1 if technology l is chosen for expanding capacity of edge e, and O otherwise 
be 1 if edge e is inactive during restoration, and O otherwise, i.e., a break-edge 

variable 
Zk 1 if super-arc k is active during restoration, and O otherwise 
fk flow on super-arc k during restoration 

Note: in the formulation below, we have included a one-line explanation of each con
straint to give the reader the general idea of the constraint without having to refer 
to the detailed description that follows the formulation. 

Formulation (R-SN) 

min 
x',b,z,f 

LL CezX�z + L qf (fk, Zk) + L q; (be) 
eEe !E.C., kE.A eEe 

s.t. Super-arc flow capacity-expansion constraints: 
fk - D;k � Ueo + L UezX:z \/ k E A, e E Cf, 

lE.C., 

Break-edge capacity-expansion constraints: 
L be, � x:1 \/ l E £3

, e E &z2, 
e'Ee!1 

At most one capacity expansion on an edge: 
I: x:1 � 1 V e  E &,  
lE.C., 

Flow-balance constraints: 
kE:FSm 

\/ m E M, 

(2 .14 ) 

(2 . 15)  

(2 .16) 

(2 .17 ) 

(2 .18 ) 
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Exactly one edge spanned by a super-arc is inactive ( a break-edge) or 
all edges are active (an active super-arc): 
Zk + Zk+i + L be = 1 \/ k E A 1 , 

eeei 

Permit flow only on active super-arcs: 
fk � UkZk \/ k E A, 
where Uk = min {n:k + Ueo + max Ue1 } . 

eE&l lECe 

(2.1 9 )  

(2.20) 

Constraints to ensure active super-arcs form a radial configuration (1 ): 
� Zk = IMl - 1 , (2.21 ) 
kEA 

Constraints to ensure active super-arcs form a radial configuration (2 ): 
L zk = 1 Vm E M\{i0},  

kEn8m 

Fault-simulation constraint: 
b8 = 1 ,  
Domain restrictions on variables: 
fk 2::: 0 \/ k  E A, 
be E {0,1}  V e  E £, 
Zk E {O, 1 }  V k E A, 

(2 .22) 

(2.23) 

(2 .24 )  
(2 .25) 
(2.26) 
(2.27) 

The objective function (2.14 ) minimizes the total cost of capacity expansions plus 
the total operational cost. Similar to the previous formulation, R-O, constraints 
(2.17 ) allow at most one capacity expansion on any edge. 

The R-SN formulation does not explicitly model flows on the edges. Instead, we 
derive them from super-arc flows fk· To be precise, the flow on the first edge that a 
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super-arc spans equals the super-arc flow fk · For super-arcs that span more than one 
edge, the flow on each edge is calculated by subtracting the upstream demand D;k 

from the super-arc flow fk ; this is expressed on the left-hand-side of the super-arc flow 
capacity-expansion constraints (2.15) . Constraints (2. 15) forces a capacity expansion 
on an edge if the flow on the edge is greater than its initial capacity Ueo • Section 
2.3.2 gives an example of defining such constraints. 

Constraint . (2.23) simulates a fault on edge s by forcing it to be inactive (i.e. , 
making it a break-edge) . Constraints (2.19) ensure that either 1) at most one super
arc, e.g. , k, is active between any pair of super-nodes, and that all break-edges e E £! 

are active; or 2) when a break-edge e E £'le is inactive, then corresponding super
arc k ( and its anti parallel super-arc) is inactive. When a super-arc is inactive, then 
constraints (2.20) prohibit flow on it . It is important to observe, however, that if 
IE'lc l  > 1 and a break-edge e breaks a super-arc k, then fk = 0, but (implicit) flow 
on edges e E E'lc\{e}, which are adjacent to e, is likely to occur . In our model, a 
preprocessing step adds a break-edge capacity-expansion constraint when a break 
in edge e E £'le results in flow on an adjacent edge e E El that exceeds edge e's 
initial capacity Ueo , When there is a break on edge e, these constraints force a 
capacity expansion on edge e using a technology that accommodates its flow. In some 
instances when IE'lc I > 2, breaks in several different edges e E £'le may result in the 
creation of several break-edge capacity-expansion constraints for the same adjacent 
edge e E £'le that specify capacity expansion using a particular technology l .  In 
such cases, it is possible to aggregate these capacity-expansion constraints to derive 
a stronger constraint, as in constraints (2. 16) . Section 2.3.3 gives detailed examples 
of these constraints. 

We enforce flow-balance constraints (2. 18) only at super-nodes in R-SN. These 
flow-balance constraints have an additional "flow-out" term EkeFSm Eee&l D;kbe, 
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which constitutes the flow needed to satisfy demand of sub-nodes up to the break
edge on each inactive ("broken") super-arc k E :FSm , 

Recall that the restoration formulation, R-0, admits load-shedding, however R-SN 
does not. This is because, for correctness, the supply-demand constraints (2 .18 ) and 
the break-edge capacity-expansion constraints (2 .1 6) use demand based parameters, 
e.g. ,  D;k , defined in a pre-processing step, but we can only define these parameters if 
we assume the value of demand at nodes is fixed, i.e., does not decrease due to load 
shedding. Since load-shedding essentially models the values of demand points as vari
ables, it is not permitted in R-SN. The absence of load-shedding enables strengthening 
of R-SN. 

Constraints (2 . 21 )  and (2 . 2 2)  ensure that the super-network satisfies the radial 
configuration requirement by forcing the set of active super-arcs ( Zk = 1)  to form a 
"super-tree". Constraints (2 . 2 2)  are adequate to form the super-tree, but constraints 
(2 . 21 )  produce a more efficient branch-and-bound procedure. Notice that, similar 
to flow-balance constraints, constraints (2.2 2 )  are also only defined at super-nodes, 
which results in fewer constraints than constraints (2.6) in R-0 that serve the same 
purpose. 

The capacity expansion constraints (2 .15 ) and (2 .1 6) are relatively complex. A 
good understanding of how these are defined is necessary to follow developments in 
section 2 .3.4 and also in later chapters, which exhibit more complex super-network 
formulations. Hence, to aid understanding, we present thorough examples of these 
constraints in the next two sections. 
2.3 .2  Examples of Super-Arc Capacity-Expansion Constraints 

In the following, we use examples to help reinforce the understanding of super-arc 
flow capacity-expansion constraints (2 .15 ). One may assume that these examples 
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are for a fault on some edge s, however they hold for super-network formulations 
with capacity-expansion constraints in general . Figure 2 .9 shows a small portion 
of a network with the super-arc k = (6, 10) .  The super-arc spans the set of edges 
&] = { e3, e4 , e5 , e6},  and the set of sub-nodes Vk = {7, 8, 9}.  Demands of the sub
nodes are as shown in the diagram. Suppose all edges e E &] have initial capacity 
Ueo = 2 and capacity-expansion amounts Ue,l=l = 3 and Ue,l=2 = 6 obtainable from 
set of technologies Ce = { 1,  2}. 

D8 = 1  

k = (6,1 0) 

Figure 2.9 :  Part of a network that is used to demonstrate super-arc flow capacityexpansion constraints. 

Given a super-arc flow fk , we compute the flow on an edge e E £1 by subtracting 
the total demand of the sub-nodes preceding edge e from fk, i.e. , fk - D;k . For edge 
e4 , D;

4k = D1 = 3 and so the flow on e4 is defined by fk - 3, which must be less than 
it's initial capacity Ue4

o plus expandable capacity EzE.ce
4 

Ue4
zX�

41 • Substituting for 
Ue4o and Ue4

z gives the super-arc flow capacity-expansion constraint 

In a similar manner, we can define such a constraints for edge e5 and e6 . That is , the 
total demand of sub-nodes preceding these edges, respectively, are D;

sk = D1+Ds = 4 
and D;6k = D1 + Ds + Dg = 6. The corresponding super-arc flow capacity-expansion 
constraints are 



2.3 A Super-Network Based Formulation 72 

and 
fk - 6 � 2 + 3x:

6 1 + 6x:
62 , 

Notice that, since D;
3k = O,the flow (fk - D;3k) on edge e3 will be the same as 

the super-arc flow fk · Hence, the corresponding super-arc flow capacity-expansion 
constraint is fk � 2 + 3x�

31 + 6x�
32 , 

2 .3 .3  Examples of Break-Edge Capacity-Expansion Constraints 

In the following we use Figure 2.10 to illustrate the process of defining break-edge 
capacity-expansion constraints (2. 16). Though we do not use super-arcs in this sec
tion, it is convenient to define El = { e3 , e4, e5 , e6} for a super-arc k spanning super
nodes 6 and 10. Similar to the previous section, suppose all edges e E Cf have initial 
capacity Ueo = 2 and capacity-expansion amounts Ue,l=l = 3 and Ue,l=2 = 6 obtain
able from set of technologies Ce = {1 ,  2}. The demands of sub-nodes are as shown in 
the diagram. Generally, if lci I > 2, flow will arise on more than one edge e E Cf\ { e} 
that is adjacent to a break-edge e, however to demonstrate the concept, we concen
trate only on defining break-edge capacity-expansion constraints for flows arising on 
edge e3 . 

Figure 2. lO(a) shows a break in edge e4 (i.e. , be4 
= 1). This results in 3 units 

of flow on edge e3 to satisfy the 3 units of demand (D1 = 3) at node 7. Since this 
flow exceeds edge e3 's initial capacity of 2 units, e3 requires a capacity expansion 
to accommodate the flow. In this case, expanding capacity of e3 using technology 
Ue31 = 3 (l = 1) will increase its capacity to a sufficient level of 5 units . Thus, we can 
define the break-edge capacity-expansion constraint 

(2.28) 
to force a capacity expansion on e3 (x�

31 = 1) when there is a break in edge e4 



2.3 A Super-Network Based Formulation 

I 
D1 = 3 D8 = 1  

(a) IT}-.,-0-----3 e4 8 

3 units flow b = l  e4 on e3 

D1 = 3 D8 = 1 
(b) 

4 units flow on e3 
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D9 
= 2  

D9 =
2 

es 

b = l  
es 

Figure 2.10: (a) Break-edge e4 results in 3 units of flow on e3 to satisfy the 3 units of demand at node 7. (b) Break-edge e5 results in 4 units of flow on e3 to satisfy the 3 units of demand at node 7 and 1 unit of demand at node 8 .  

Similarly, as shown in Figure 2. lO(b), a break on e5 (be5 = 1 )  results in 4 units of 
flow on edge e3 to satisfy 3 units of demand at node 7 and 1 unit of demand at node 8 .  
Again, the flow exceeds edge e3 's initial capacity and expanding it using technology 
l = 1 (i.e., Ue3 1 = 3) will provide adequate capacity of 5 units. Therefore we can 
define the break-edge capacity-expansion constraint 

(2.2 9)  
Since a break on either edge e4 or e5 requires edge e3 to expand using technology 

l = 1 ,  and since only one edge e E £! can be a break-edge, instead of defining 
the corresponding constraints (2 .28 ) and (2. 2 9 ), we can aggregate them to define a 
stronger valid inequality 

(2.30) 

In the above examples, a break on either edge e4 or e5 requires a capacity expansion 
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on edge e3 using technology l = 1 (Ue31 = 3). Similarly a break on edge e5 requires 
edge e3 to expand using the larger technology l = 2 (Ue32 = 6). That is, a break on 
edge e6 results in flow of 6 units on edge e3 to satisfy D1 + Ds + Dg = 6. In this case, a · 
capacity expansion using technology l = 2 will increase capacity of edge e3 to 8 units, 
which is sufficient to accommodate its flow. Hence, we can define the constraint 

(2.31) 
Notice that constraints (2.30) and (2.31) are each an application of (2. 16) in which 
£!31 = {e4,e5} when l = l and £!32 = {e5}  when l = 2, respectively. Here, given 
l E £,3 = { 1, 2} , e3 is an element of the set £i2 ( that may contain other elements, too). 

We note that as an alternative to constraints (2.16), it is possible to use the 
"break-edge flow capacity-expansions constraints" 

L D!,ebe1 � Ueo + UetX�l \:/ l  E £3
, e E £?, 

e'Et:!1 
(2.32) 

in which D�,e is the flow induced on edge e due to adjacent break-edge e' . This 
constraint ensures that flow induced on edge e is no more than its total capacity. For 
example, in Figure 2. lO(a), the flow induced on edge e3 due to a break on the adjacent 
edge e4 is 3 units, hence D�

4e3 
= 3; similarly, as shown in 2.lO(b), a break on edge e5 

gives D�
5e3 

= 4. To accommodate D!
4e3 

or D!
5e3

, e3 requires capacity expansion using 
technology l = 1. Since Ue3o = 2 and Ue31 = 3, applying constraints (2.32) we get 

(2.33) 
Although valid, constraint (2.33) leads to fractional values for x�

31 in case of a break 
in either e4 or e5 , and thus it is weaker than constraints (2.30), which leads to integer 
values for x�

31 • In particular, from constraint (2.33) "!e can see that, if be4 
= 1 

then x�
31 

= 1/3, and likewise, if be5 
= 1 then x�

31 = 2/3. On the other hand, for 
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the same break edges, constraint (2 .30 ) forces x�31 = 1 .  Consequently we use the 
stronger constraints (2 .16 ) in the R-SN formulation rather than constraints (2 .3 2 ). 
Nevertheless, the multistage stochastic variants of constraints (2 .3 2 )  are necessary in 
the capacity-expansion formulations in section 6 .3 .  

A significant advantage of R-SN is that it will generally result in fewer variables 
and constraints than R-O for a given problem instance. Furthermore, as we will ex
plain in section 2 .3 .4 ,  the super-network presents opportunities for strengthening the 
R-SN formulation using valid inequalities. (Although constraints (2 .16 ) do strengthen 
the R-SN formulation, they are problem-defining constraints, and so we view them 
as standard constraints in R-SN.)  

2.3 .4 Strengthening the Super-Network Formulation 

In the absence of load-shedding we can pre-compute the minimum flow on a super
arc if it is used. This allows us to define additional constraints that may tighten the 
formulation's LP relaxation. For example, if super-arc k is active, then the minimum 
flow !ks (which leaves m(k)) is bounded below by D} + Dm(k) , i.e. , super-arc k must 
carry at least enough flow to satisfy the total demand for all sub-nodes in Vk plus the 
demand at the head node m(k) of super-arc k. We use this information to impose 
lower-bounding constraints: 

(2 .34 ) 
In addition, we use this information to compute the minimum required flow 

through the edges e E el if super-arc k is used, and define capacity-expansion con
straints that force expansions on these edges if the flow on them exceeds their initial 
capacities Ueo · Such constraints are defined by: 
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Zk ::; L x:1, \/ l E £4 , k E Ar, e E £t1, 
l1EC�1 
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(2.35)  
where: £4 is the set of technologies for edges requiring capacity expansion due to 
flows induced by super-arcs; Ar is the set of super-arcs k, which when active, result 
in flow on edges that require them to expand capacity using technology l ( or greater); 
£t1 is the set of edges that require capacity expansion using technology l ( or greater) 
due to flows induced by super-arc k; and £;1 is set of technologies for expanding edge 
e that have capacity equal to or greater than technology l. 

Further improvements in the LP relaxation are made by multiplying the coeffi
cients D;k and Ueo by Zk in the capacity-expansion constraints (2.15 ) to give 

f ks - D�kZk ::; UeoZk + L Ue1X:1 \/ k E A, e E £f . 
lECe 

(Constraints (2.2 )  in R-0 can also be strengthened by multiplying Ueo with zk, but this 
rarely seems helpful.) Let R-SN s denote the R-SN formulation with strengthening, 
as described above. 

We test the R-SN and R-SNs formulations on a set of problem instances based 
on the distribution network presented in section 1 . 4 .  This network has 17 9 edges 
representing distribution lines that may fail and 3 edges that represent 100% re
liable subtransmission lines. The network has 15 2 nodes, of which 1 represents a 
power source, 1 a switching point, 3 represent zone substations, and 147 represent 
demand points. The super-network representation of these problem instances has 
only 32 super-nodes and 1 24 super-arcs (62 "super-edges"). We devise 17 9 problem 
instances, each representing a fault on an edge of the distribution network. Tests on 
similar instances using the restoration formulation based on the original network rep
resentation, R-0, with no load shedding, took on average 3.7 seconds to solve using 
CPLEX 9 .0. On the other hand, the super-network formulations, R-SN and R-SNs, 



2.3 A Super-Network Based Formulation 77 

take on average, 2 .9 seconds and 1 .5  seconds, respectively. Clearly, the efficiency 

gains from the super-network formulation and its strengthening are substantial. 

It is interesting to compare the optimal LP objective values resulting from the 

application of the various restoration formulations to a particular problem instance. 

For one such problem instance, the LP objective values for R-O, R-SN, and R-SNs, 

are 112008, 1 17188, and 222090, respectively. The relative differences in these values 

are similar for all problem instances. For these values, we can see that the relative 

strengths in LP objectives of these formulations lead to analogous improvements in 

their computational performance. So, although the super-network based formulation, 

R-SN, yields significant gains over R-O, its strengthening to R-SNs is essential for 

the more substantial improvement. 

We can compute the size, in terms of the number of variables and constraints, of 

instances based on the original and super-network formulations for a given network 

using the following expressions. The R-O formulation has IJC I + IVI linear variables, 

IJCI + L I.Ce l binary varibles, and 2 IJC I + IE I + 3 IV I + IJCs l constraints. The R-
eEE 

SN formulation has IAI linear variables, L I.Ce l + IE I + IAI binary variables, and 
eEE 

L !El l + L IE? I  + 3 IE I + 2 IM I + IA1 I + 4 IAI + 2L I.Ce l constraints. R-SNs has 
kE.A lE.C3 eEE 

an additional IAI + L L IEtz l constraints. Note that the expressions governing the 
lE.C4kE.Al 

number of constraints in each formulation do not account for constraints that impose 

domain restrictions on variables. Table 2 . 1  displays the sizes of instances of the R-O, 

R-SN and R-SNs formulations for the abovementioned test problems. 

We now conclude this chapter and introduce the next. In this chapter, we dis

cussed formulations for a restoration model that simulate a fault on a particular 

edge, and determine an alternate radial configuration (i .e. , restoration configuration) 

through which supply can be restored to all demand points while minimizing both the 
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No. of linear variables 

No. of binary variables 

No. of constraints 

R-0 R-SN R-SN
8 

364 1 24 124 
546 488 488 
12 16  801  946 

78 

Table 2 .1 :  The number of variables and constraints in instances of the R-O, R-SN, and R-SNs model for the test problems. 

total cost of capacity expansions necessary for providing adequate restoration capac
ity and the operational cost. In addition to determining the capacity expansions, the 
initial formulation, R-O, which is based on the original network representation, ad
mits the possibility of penalised load shedding. However, we compromise this feature 
for faster solution times by developing the super-network formulation, R-SN, and its 
strengthened counterpart, R-SNs. In essence, solving a restoration model determines 
the capacity expansions to make the network survivable for a fault on a single edge, 
and so we can determine the set of capacity expansions to make the whole network 
survivable by solving for a fault on each edge of the distribution network. But, as 
we shall see in the following chapter, this approach of designing a survivable network 
may lead to capacity expansions with a total cost that is more than that of capac
ity expansions achievable through a survivable network design model. A survivable 
network design model simultaneously considers restoration flows and configurations 
arising from all fault scenarios, and minimizes the total operational cost and the to
tal cost of capacity expansions that provide sufficient restoration capacity to enable 
restoration if any fault scenario occurs. In effect, this model extends the restoration 
model to account for multiple fault scenarios. Thus formulations of the survivable 
network design model in the next chapter are extensions of restoration f�rmulations 
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in this chapter. Although problem instances of the strengthened super-network for
mulation, R-SNs, are significantly more efficient to solve than those based on the 
original restoration model, R-O, we extend both formulations to investigate how they 
perform in the survivable network design framework. 



Chapter 3 

Survivable Network Design 

In the previous chapter, ·V!e described the steps a distribution company takes to re
store power to customers after a fault on an edge, i. e. , fault location, fault isolation, 
and restoration of supply through switching the network into an alternate capacity
feasible radial configuration. Assuming that any fault can be located and isolated, 
we represent the latter step of the restoration process using a restoration model. For 
a given fault scenario, this model determines the restoration configuration and flows, 
and capacity expansions to provide adequate restoration capacity, while minimizing 
the total capacity-expansion and operational costs. We developed three formulations 
for this model, in particular, a formulation based on the original node-arc network 
representation, a formulation that uses the super-network representation, and the 
super-network formulation with strengthening, denoted by R-0, R-SN, and R-SN8 , 

respectively. The R-0 formulation also permits demand at nodes to remain unsup
plied or be partly restored during restoration, and penalises unmet demand at each 
node. On the contrary, the super-network formulations cannot model this feature, 
and so we do not allow unmet demand in the computations. 

The restoration model considers a fault on a single edge and expands capacity to 

80 
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render the network survivable for that specific fault. To determine the set of capacity 
expansions that will make the network survivable for a fault on any edge, we must 
solve an instance of the restoration model for a fault on each edge; i.e., for each possi
ble fault scenario. The capacity expansions for each instance of the restoration model 
are determined independently and are optimal for the particular fault scenario. How
ever designing a survivable network using the capacity expansions from considering 
each fault scenario independently can be suboptimal. This is because, unlike a sur
vivable network design model, the restoration model views only information specific 
to a single fault, and does not exploit synergies in capacity expansions arising from 
simultaneously considering the restoration flows from each fault scenario. The differ
ence in capacity expansions from designing a survivable network using a restoration 
model and a survivable network design model is illustrated in figures 3. l(a)-(d). 

Figure 3.l (a) shows an existing network in which nodes 1 and 2 represent zone 
substations, nodes 3 and 4 represent demand points with unit demand, edges e1 and 
e2 represent existing lines with 2 units of capacity each, and edges e3 , e4, and e5 

represent possible routes for installing new lines, each with 2 units of capacity. The 
cost (in boldface) of expanding capacity by installing a new line on edges e3, e4, and e5 

are 3, 2 ,  and 2 units, respectively. In the existing network, e1 and e2 supply demand 
points 3 and 4 ,  respectively. 
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Figure 3.1 :  The difference in the capacity expansions from designing a survivable network using the restoration model and the survivable network design model. The cost of capacity expansions to make the network survivable using the restoration model is 4 units, whereas the cost using the survivable network design model is 3 units. 
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Figures 3 . l (b) and 3 . l (c) show the capacity-expansion results from a restoration 
model for a fault on e1 and e2, respectively. Specifically, when e1 fails, the two 
options of restoring fl.ow to node 3 are: capacity expansion on edge e3 (by installing 
new line) so that fl.ow routes through e2 and e3 from node 1 ;  or capacity expansion 
on e4 so that fl.ow routes from node 2 .  As shown in Figure 3 .l (b), the restoration 
model expands capacity of e4 at cost of 2 units since it is cheaper than the 3 units 
for capacity expansion of e3 • Similarly, as shown in F igure 3 .l (c), when e2 fails, the 
two options of restoring fl.ow to demand point 4 are by expanding capacity of e3 or 
e5 . The restoration model expands capacity of e5 as it is cheaper than e3 . Thus 
the network becomes survivable by capacity expansion of e4 and e5 according to the 
solutions of the restoration model for a fault on e1 and e2 . The total cost of these 
capacity expansions is 4 units. 

Figure 3 .l (d) shows the result of the survivable network design model. In view 
of greater information (i.e., on both fault scenarios), this model "knows" that the 
faults do not occur simultaneously and so the same capacity, possibly available from 
capacity expansions, is usable by restoration flows from each of the fault scenarios. 
Therefore an option ( option-1 ) is to expand capacity of e3 to allow fl.ow to be routed 
to node 3 through e2 and e3 when e1 fails, and to node 4 through e1 and e3 when 
e2 fails. Another option (option-2 ) is to expand capacity of e4 and e5 , which are 
exactly the solutions to the restoration model for the corresponding failures. But the 
total cost of the capacity expansions in option-2 , is 4 units, which is more expensive 
than the cost of 3 units for capacity expansion of e3 in option-1 . Consequently the 
survivable network design model expands capacity of edge e3 • 

From the above example we can see that to make the network survivable, the 
cost savings from using a survivable network design model instead of using a restora
tion model can be significant. Therefore in the rest of this chapter we focus on the 
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survivable network design model. 
The survivable network design model (SND) concerns a set of non-simultaneous 

fault scenarios s E S. Each scenario corresponds to the failure of a single edge 
e( s) . For a network to be classified as survivable, we must be able to identify a 
restoration (radial) configuration with adequate restoration capacity to contain the 
flows in G(s) = (V, E\e(s)) for each s E S. As in the restoration model, the SND 
model simulates a fault on an edge by forcing it to be inactive. 

The frequency of faults on a line is related to its age, loading condition, and ex
posure to possible fault-causing factors. For the SND model we assume that the fault 
frequency of a line and so its failure probability is constant for the planning horizon. 
Accordingly, we incur the operational costs associated with restoration operations 
under each fault scenario with a given probability. Since the SND model considers 
multiple fault scenarios, we can account for uncertainty in incurring the operational 
costs through an expectation term in the objective. 

We formulate the survivable network design model as a two-stage stochastic integer 
program with a scenario representation of uncertainty. The first stage determines 
capacity expansions to make available sufficient restoration capacity. For each fault
scenario s, the second-stage decisions reconfigure the underlying mesh network G(s) 

into an alternative radial (tree) configuration with capacity-feasible flow , i.e. , they 
determine the restoration configuration and flows feasible for the restoration capacity. 

The SND model is essentially an extension of the restoration model to multiple 
fault scenarios. Therefore we extend the restoration formulations, R-O, R-SN, and 
R-SNs, from the previous chapter to their corresponding survivable network design 
formulations, SND-O, SND-SN, and SND-SNs. The SND-O is based on the original 
node-arc network representation of a network, and so analogous to R-O, it can model 
the possibility of penalised load shedding in the second stage. However, since the 
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super-network formulations, R-SN and R-SNs, do not permit load shedding, neither 
do SND-SN and SND-SNs, Thus we also restrict the SND-O formulation to no load 
shedding and exclude the associated constructs from the formulation. Nonetheless, 
the SND-O formulation does include a general second-stage operational-cost function, 
qks ( ·), which may be a linear function of the second-stage operational variables for 
arc k in fault-scenario s. We give an example of this function after the formulation. 

Next we present SND-O, the formulation of the SND model based on the original 
network representation. We then present the corresponding super-network formula
tions, SND-SN and SND-SNs, followed by computational results of these formula
tions. 

3 .1  Original Formulation of the SND Model 

Sets and Indices 
i E V  nodes in the distribution network 
e E £ edges in the network 
k E /( antiparallel arcs corresponding to £ 
k E Ke pair of antiparallel arcs representing edge e 

l E .Ce technologies available for capacity expansion of edge e 

s E S single-edge fault scenarios 
i0 power source node 
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Data 

Aik 1 if k = (j, i), -1 if k = (i, j), and O otherwise 
Gel cost of expanding capacity of edge e using technology l 
Di demand ("load") at node i 
Li limit on load-shedding at node i 
e( s) edge that fails in fault-scenario s 

Ps probability that fault-scenario s occurs 
Ueo initial capacity of edge e 
Ue1 additional capacity of edge e by installing technology l 
Ue maximum possible capacity of edge e 
Variables 
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x:1 1 if technology l is chosen for expanding capacity of edge e, and O otherwise 
Zks 1 if arc k is active during restoration in fault-scenario s,  and O otherwise 
!ks power flow on arc k during restoration in fault-scenario s (i. e. , restoration flow) 

Formulation (SND-0) 

min 
f, x', z 

eE£ lE.C sES kEIC 

s. t. Capacity expansion constraints: 
!ks :S Ueo + L Ue1X�t Ve  E £, k E Ke, S E S, 

IE.Ce 

At most one capacity expansion on an edge: 
L x�1 ::; 1 V e E £, 
IE.Ce 

Flow-balance constraints: 
L Aikfks = Di Vi  E V, S E S, 
kE/C 

(3. 1 )  

(3.2) 

(3 .3) 

(3. 4) 
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Radial (tree) configuration constraint 1 :  
L Zks = I 'v i  E V\{io} ,  s E S, 

kEK::Aik=l 

Radial (tree) configuration constraint 2 :  
L Zks = IVI - 1 'v S E S, 
kEK: 

Permit flow only on active arcs: 

Fault simulation constraints: 
Zks = 0 'v k E JCe(s) , S E S, 
Domain restrictions on variables: 
f ks 2: 0 'v k E JC, s E S, 
Zks E {0, 1} 'v k  E JC, s E S, 
x:l E {0, 1} 'v e  E E, l E Ce , 
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(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3. 10) 

(3. 1 1 )  

This is a deterministic equivalent formulation for the two-stage stochastic integer 
program with first-stage variables x�1 , and second-stage variables !ks and Zks · The 
objective function (3. 1) minimizes the total cost of first-stage capacity expansions 
plus expected second-stage operational costs. Note that, the operational cost function 
could take the form qks Uks, Zks) = (aksfks + f3ksZks) ,  in which aks and f3ks denote costs 
on flow and switching configuration, respectively. 

The operational variables, !ks and Zks , are specific to each fault-scenario s .  The 
solution values for Zks , k E JC, define the restoration (radial) configuration, and those 
for !ks , k E JC, define the amount of restoration flow on each edge of the restoration 
configuration. Apart from load shedding constraints, SND-O differs from R-O only 
in that the constraints with operational variables, !ks and Zks , include an extra index 



3.2 Super-Network Formulation of the SND Model 88 

s that associates these constraints (and variables) with each fault scenario. The 
capacity expansion variables x�1 do not index by s as they do not depend on any 
particular fault scenario. Instead, through the capacity-expansion constraints (3.2), 
the capacity-expansion variables simultaneously consider the capacity required by 
restoration flows !ks arising from each fault scenario s and influence these restoration 
flows by controlling the additional capacity available on the edges. 

As one might expect, the survivable network design model has the restoration 
model as a special case: for a single fault-scenario s, the SND-O reduces to R-O. Thus, 
for a full account of all constraints we refer the reader to the description following 
R-O in section 2.2. We present the computational results of the SND-O formulation 
in section 3.3, along with those of the super-network restoration formulations. 

In this section we presented the survivable network design formulation, SND-O, as 
a two-stage stochastic integer program that simultaneously considers restoration flows 
arising from multiple fault scenarios and minimize first-stage capacity-expansion costs 
and expected second-stage operational costs. This formulation is based on the original 
"node-arc" network representation. The following section presents formulations for 
the SND model based on the super-network representation. 

3.2 Super-Network Formulation of the SND Model 

In the previous section we presented the survivable network design formulation, SND
O, as a two-stage stochastic integer program. This formulation is an extension of the 
restoration formulation R-O that is_ based on the original "node-arc" network repre
sentation. Similarly, this section extends the super-network restoration formulations, 
R-SN and R-SNs, to the corresponding formulations for the SND model, SND-SN 

· and SND-SNs. 
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Analogous to SND-O, we formulate SND-SN and SND-SN8 as two-stage stochastic 
integer programs in which the capacity-expansion decisions occur in the first-stage 
and the operational decisions in the second-stage. Recall that in section 2.3, we first 
presented the R-SN formulation, and then added some strengthening constraints to 
form R-SN8 , the strengthened version of R-SN. We present SND-SN and SND-SNs 
in a similar manner. Both the SND formulations include general operational-cost 
functions, qls (,) and q;s (,) for the super-arc and break-edge variables, respectively. 
These may be any linear function of the corresponding operational variables at fault
scenario s. The SND-SN formulation follows. Variables 
x�l l if technology l is chosen for expanding capacity of edge e, and O otherwise 
bes l if edge e is inactive during restoration in fault-scenario s, and O otherwise 

(break-edge variable) 
Zks l if super-arc k is active during restoration in fault-scenario s, and O otherwise 
!ks flow on super-arc k during restoration in fault-scenario s Formulation (SND-SN) 

mm 
x',b,z,f 

sES kEA 

s. t Super-arc flow capacity-expansion constraints: 
sES eEe 

!ks - D;k ::; Ueo + L Ue1X�1 \/ k E A, e E £f , s E S, 
IE.Ce 

Break-edge capacity-expansion constraints: 
L be, s < X�z \/ l E £3

, e E £z2, s E S, 
e1Ee!1 
At most one capacity expansion on an edge: 
L x�1 ::; 1 \/ e E £, 
IE.Ce 

Flow-balance constraints: 

(3. 12) 

(3. 13) 

(3. 14) 

(3. 15) 
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' 
V s  E S, m E M , 
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(3 . 16) 

Exactly one edge spanned by a super-arc is inactive (a break-edge) or 

all edges are active ( an active super-arc) : 

Zks + Zk+i,s + L bes = l V k E A 1 , S E S, 
eE£l 

Permit flow only on active super-arcs: 

f ks ::; UkZks V k E A, S E S, 

where Uk = min {n;k + Ueo + max Ue1 } , 
eE£l IE.Ce 

(3. 17) 

(3. 18) 

Constraints to ensure active super-arcs form a radial configuration (1) : 

L Zks = IMI  - 1  V S  E S, (3. 19) 
kEA 

Constraints to ensure active super-arcs form a radial configuration (2) : 

L Zks = l V m  E M\{io}, s E S, 
kE'R.Sm 

Fault-simulation constraints: 

be(s)s = l V s  E S, 

Domain restrictions on variables: 

f ks � 0 V k E A, S E S, 

bes E {0, 1} Ve E £, s E S, 

Zks E {0, 1} V k  E A, S E S, 

x:1 E { 0, 1} V e  E £, l E Ce . 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

The objective function (3 . 12) minimizes the total cost of capacity expansions 

plus expected second-stage operational costs. Here qks (iks , Zks) and q;
8
(bes) represent 
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operational costs which could be, for example, qlsUks, Zks) = O:ks!ks + f3ksZks and 
q;s (bes) = 'Yesbes, where O:ks , f3ks , and 'Yes are costs on the respective operational 
variables. 

As one might expect, the SND-SN formulation is similar to its predecessor R
SN, except .that all operational variables and constraints containing these variables, 
include an additional index s for each fault scenario. Furthermore, analogous to SND-
0, the capacity-expansion variables x:1 and capacity-expansion constraints, (3 .13) 
and (3.14 ), simultaneously consider and influence the restoration flows for all fault
scenarios s E S by regulating capacity available on each edge. Owing to similarity 
in SND-SN and R-SN, for a full description of constraints of SND-SN, we refer the 
reader to the description of the constraints of R-SN in section 2.3. 

We obtain the strong super-network based formulation, SND-SNs, by adding the 
following strengthening constraints to SND-SN. 

fks � (Dl + Dm(k))Zks V k E A, S E S, 
Zks :S L x:1, s V l E .C4 , k E A;, e E Cf1 , s E S. 

l1E.C�1 

(3.2 6) 
(3.2 7) 

These constraints are extensions of the strengthening constraints (2 . 34 )  and (2 .35) in 
R-SNs to the multiple fault-scenario framework (see section 2.3. 4 for an explanation 
of these constraints). 

Like R-SNs, we further improve the LP relaxation by multiplying the coefficients 
D;k and Ueo by Zks in the capacity-expansion constraints (3. 13) to give 

!ks - n:kzks :S UeoZks + L Ue1X:1 \;/ k E A, e E Cf, S E  s. 
IE.Ce (Constraints (3. 2 )  in SND-O can also be strengthened by multiplying Ueo with Zks, 
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but this seldom helps.) We demonstrate the performance of the super-network for

mulations, SND-SN and SND-SNs in the following section. 

3 .3  Computational Results 

This section presents the computational performance of the survivable-network design 

(SND) formulations described in this chapter. All problem instances derive from data 

for the test network in section 1 .4. The actual network supplies power to an urban area 

that contains mostly large industrial and commercial customers who pay extra fees to 

ensure that the network is survivable. We use demand data based on forecast of peak

demand. This forecast may include entirely new demand, e.g. , a new subdivision, and 

the data for such situations also describes possible routes for new cables to serve that 

demand. These are modelled by network edges with zero initial capacity. 

The test network comprises: 152 nodes, of which 1 represents power source, 1 

a switching point, 3 represent zone substations, and 147 represent demand points; 
and 182 edges of which 179 are distribution lines and 3 are subtransmission lines. 

Three demand points represent completely new demand, and 14 edges represent new 

routes in which lines can be installed. The super-network representation of this 

problem has only 32 super-nodes and 124 super-arcs. We model a single capacity

expansion technology for each edge and consider non-simultaneous, single-line fault 

scenarios. For testing, a set of problem instances is obtained by varying the number 

of fault scenarios. Each fault scenario represents a potential fault on one of the 179 

distribution lines; the three subtransmission lines have dedicated backup lines which 

we do not model. Thus a solution to a problem instance with 179 fault-scenarios 

will define the capacity expansions necessary to make the entire distribution network 
survivable. For simplicity, we assume that the operational costs are zero. 
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The computational tests are carried out on a desktop computer with a 2.6 GHz 
Pentium IV processor and 1 GB of RAM. We solve all problem instances (MIPs) using 
CPLEX version 9.0 from ILOG, Inc. Solver settings remain constant throughout all 
tests. All MIPs are solved with default parameter settings except that Gomory cuts 
are turned off and a moderate level of probing is used (CPX_PARAM_PROBE = 2). 
All problems are solved with a relative optimality tolerance of 0 .0 5%. The time to 
solve each problem instance is limited to 7 ,200. 

We use the following abbreviations to represent the SND formulations discussed 
in this chapter. 
Abbreviation Formulation 

SND-O 
SND-SN 
SND-SNs 

the SND formulation based on the original network representation 
the SND formulation based on the super-network representation 
SND-SN with strengthening 

Table 3 . 1  displays the solution times for the 8 problem instances solved using 
each SND formulation. The results summarise easily. The super-network formula
tion, SND-SN, is in general faster than SND-O, and the strengthened super-network 
formulation, SND-SN8 , is faster yet. Even so, the largest instance that SND-SNs can 
solve has only 7 fault scenarios, which is far from the 179 fault-scenario instance that 
we must solve to make the network survivable. 

Thus, despite the strengthening, the SND-SNs formulation results in MIPs with 
poor LP relaxations, leading to an intractable branch and bound for the larger prob
lem instances. For example, the gap between the LP relaxation of SND-SN s and the 
optimal integer objective is 301.7% for the 4 fault scenario instance. To solve real
istic problem instances and to improve solution times, we must develop a stronger 
formulation of the SND model. 
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Fault Scenarios SND-O SND-SN SND-SNs 
(number) (CPU sec.) (CPU sec.) (CPU sec.) 

1 3 .7 2.9 1 .5 

2 57.3 8.7 24.0 

3 1 50.5 18 .6 17 .3 

4 937.4 6 165 .5 288.4 

5 3859.7 1 602.3 

6 638.9 

7 1 166.3 

8 

Table 3.1 :  The SND problem instances and their solution times based on using each SND formulation. A dash indicates the problem cannot be solved in under 7 ,200 seconds. All problems are solved to within a relative optimality gap of 0.05 %. 

The SND model has structure that we can exploit. Since the SND model simul
taneously considers multiple (i.e. , ISi) fault scenarios, in essence, it simultaneously 
solves ISi instances of the_ single fault-scenario restoration model, which are linked 
only by the capacity-expansion constraints and variables. All operational constraints 
are specific to each fault scenario. From results of the previous chapter, we know 
that the strengthened super-network formulation allows us to solve instances of the 
restoration model efficiently. 

These facts suggest that, without the linking capacity-expansion constraints, an 
instance of the SND model decomposes into smaller, single fault-scenario problems, 
similar to the restoration problems, and hence, if we can effectively coordinate the 
solution of these problems, we may be able to solve larger instances. This is the topic 
of the following chapter, in which we describe Dantzig-Wolfe decomposition, a method 
that exploits such structure to derive formulations with stronger LP relaxations. 



Chapter 4 

Dantzig-Wolfe Decomposition for 

Solving MIPs 

The results of the previous chapter demonstrates that, although the super-network 
formulation, SND-SNs, is more efficient than the formulation based on the origi
nal network representation, SND-O, it also becomes intractable for relatively small 
problem instances: the largest instance solved has only 7 fault-scenarios whereas the 
largest instance we must solve to make the network survivable has 17 9 fault scenarios. 

Nevertheless, the super-network based formulations exploit only the application
specific structure, i.e., the sparseness of electricity distribution networks and the radial 
configuration requirement; we may still be able to profit from exploiting the general 
structure of the survivable network design model that arises from considering multiple 
fault scenarios. 

In this chapter, we present Dantzig-Wolfe decomposition, an approach that ex
ploits structure of the SND model in an attempt to enable solution of larger problem 
instances. We give only a brief description of the decomposition and associated pro
cedures, and refer the reader to [12 ,  2 9 , 63 ] for thorough discussions on this topic, 

95 
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and for a compendium of its applications. 
The layout of the chapter is as follows. Section 4 .1 presents the theory of Dantzig

Wolfe decomposition and the column-generation algorithm for solving the resulting 
master-problem formulation. Section 4 .2 describes how to measure the quality of the 
solutions and the progress of the algorithm. Methods for obtaining integral solutions 
to instances of the master-problem formulation are noted in sections 4 .3 and 4 .4 ,  and 
those for stabilising the duals for increasing the efficiency of the algorithm are in 
section 4 .5 .  We discuss the strength of the decomposition in section 4 .6 and then 
apply the decomposition to the SND-O formulation in section 4 .7. 

4 . 1  Dantzig-Wolfe Decomposition 

In this section we describe Dantzig-Wolfe decomposition, an approach that has en
abled solution of many large-scale mixed-integer programs [12 ,  63 ] .  All formulations 
that we wish to apply Dantzig-Wolfe decomposition to are mixed-integer linear pro
grams, however for ease of exposition, we restrict variables to integer values in the 
following general formulations. Nonetheless, as we shall demonstrate later, the formu
lations may comprise both linear and integer variables. Consider the mixed-integer 
program (MIP) 

P: min CTX (4 .1 ) 
s.t. Ax � b, (4 .2 ) 

Dx � d, (4 .3 ) 
x E Z�.  (4 .4 ) 

Here A and D, respectively, are m1 x n and m2 x n matrices, and c, x, b, and d are 
vectors of appropriate dimension. 
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Suppose that P has structure such that Ax � b are complicating constraints and 
Dx � d are simpler constraints that are easier to optimize over. A method that 
exploits these sub-structures may enable a faster solution time. In particular, we 
can use decomposition to partition the constraints of P into the set of complicating 
constraints ( 4.2), and the set of simpler constraints ( 4 .3) ,  for which we define 

X = { X E z� I Dx � d} . (4.5) 

Assuming X is nonempty, and comprises a finite set of points {xj} jE.:T, we can express 
any point of X as 

x = I: xjwj , L wj = 1 ,  wj E {O, 1} ,  \/ j E ::r. 
jEJ jEJ 

(4 .6) 
Substituting ( 4.6) into P gives its Dantzig-Wolfe reformulation. (See [28) as the sem-
inal reference for Dantzig-Wolfe decomposition of models with continuous variables, 
and see [6) for the extension to integer variables.) We denote this reformulated prob
lem as the master problem (MP). A formulation of MP follows. 

MP: mm L ( C Txj)wj [dual variables) (4.7) 
jE.:T 

s.t. L (Axj) wj � b, [1r) (4.8) 
jE.:T 

I: wj = 1 ,  [µ] (4.9) 
jE.:T 

wj E {O, 1}.  (4. 10) 

The optimal solution of MP corresponds to the optimal solution of P. The coef
ficients of the variable wj defines column j in the master problem. Each column j 
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corresponds to point x/ in the set X. Thus, all points x/ , j E .J, that satisfy con

straints ( 4.2) lead to feasible columns in MP. Conversely, any feasible solution for MP 

corresponds to xi that is feasible for P, since the "convexity constraint" ( 4.9) selects 

exactly one column. Given the optimal solution wi* , j E .J, to MP, the optimal 
solution to P is x* = E

jeJ xiwi* . 
Naturally, the cardinality of .J in MP will be huge, so we attempt to solve MP 

using dynamic column generation. First, we create a feasible restricted master prob

lem (RMP) in which the set .J represents a modest-sized subset of columns. We 

solve the LP relaxation of RMP (RMP-LP) ,  which replaces wi E {O, 1} by wt 2'. 0. 

(The convexity constraints imply satisfaction of wi :::; 1 . )  Suppose {iJi , j E .J, is 

the optimal primal solution to RMP-LP, and ir and µ are the corresponding optimal 

dual solutions associated with constraints (4.8) and (4.9) , respectively. Since iiJi is 

feasible for the LP relaxation of the restricted version of MP, it is feasible for the LP 

relaxation of MP (MP-LP) .  However, for {iJi to be optimal for MP-LP, ir and µ must 

be feasible for the dual of MP-LP, in which case there exist no columns with negative 

reduced cost. We can check for dual feasibility by enumerating all columns, one for 

each x E X, and evaluating their reduced cost, but this may be impractical when IX!  

is  huge. Instead, we can check this implicitly by solving the optimization subproblem 

SP: min (c-irT A)x-µ 

s.t. Dx 2: d, 

x E Z�.  

(4. 11) 

(4. 12) 

(4. 13) 

Observe that the objective of SP is the reduced cost of a column in MP. If the objective 

of SP is nonnegative, then ir and µ are dual feasible for MP-LP, and iiJi is primal 

optimal for MP-LP. On the other hand, if the objective is negative, then the optimal 
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solution of SP, xi+l , corresponds to a negative reduced-cost column of the form 

1 
Entering this column into RMP gives rise to a new RMP, and solving the LP relaxation 
of this new RMP takes us to the start of the cycle where we check for optimality of 
MP-LP. 

The cycle of solving RMP-LP, extracting duals, and generating new columns is 
known as the column-generation algorithm, or more generally as Dantzig-Wolfe de
composition, which includes both the Dantzig-Wolfe reformulation steps as well as the 
column-generation algorithm to solve the resulting master problem; we find the latter 
terminology more convenient in the computational results sections in this thesis. The 
column-generation algorithm terminates when no columns price favourably, i .e. , no 
columns with negative reduced cost can be found and so we have solved MP-LP to 
optimality. (Since X has finite number of points, the column-generation algorithm 
converges in a finite number of iterations.) 

Given that MP is an integer program, if the optimal solution to MP-LP happens to 
be integer, then we have solved MP since it is an integer program. If not, we may resort 
to a branch-and-price algorithm (see section 4.3) , which generates co�umns within a 
branch-and-bound procedure [94] , or settle for solving the RMP as an IP in the hope 
of getting a good integer solution. Indeed, we can determine integer solutions at any 
iteration of the column-generation algorithm, and terminate the algorithm early if it 
satisfies a preset optimality tolerance. The following section describes this in more 
detail. 
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4.2 Bound Information 

Bound information enables us to measure the progress of the column-generation al
gorithm (Dantzig-Wolfe decomposition). At each iteration of the column-generation 
algorithm, a lower bound �LP on zi,p, the optimal objective value for MP-LP, is read
ily available. In particular, using the arguments in [118 ] ,  p 18 9 ,  it is easy to show 
that 

(4 . 14 )  
where ZLP and o denote the optimal objective values for RMP-LP and SP at the 
current iteration, respectively. Note that this lower bound is only valid when "full 
pricing" is invoked, i.e., after subproblem SP has been solved to optimality. At 
any particular iteration, it is easy to compute an upper bound z1p on the optimal 
integer objective of MP by solving the integer RMP (RMP-IP) with the existing set 
of columns (assuming this is feasible). We define the (relative) optimality gap for the 
master problem, "MP-Gap", as 100% x (z1p -�LP)l�LP· MP-Gap gives an optimality 
check on our algorithm which can be used to terminate the algorithm early if it has 
decreased to a tolerable level. 

4.3 Column-Generation within Branch and Bound 

The optimal solution to MP-LP may have variables with fractional values. In this case 
one might apply a branch-and-bound procedure to RMP, although this can lead to a 
suboptimal solution or integer infeasibility [12). On the other hand, since only a subset 
of columns are generated to solve MP-LP, when its solution is not integral, there may 
exist a set of un-generated columns that correspond to the optimal solution of MP. 
We can find such solutions, if they exist, by branching on each fractional variable and 
then generating columns at branch-and-bound nodes to solve the LP relaxations of 
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the consequent RMPs. This procedure is known as branch and price [94 ]. 
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The following describes the idea of branch and price using constraint branching a 
simple example; we refer the reader to [94 , 1 2 ]  for a comprehensive account. Consider 
a MP in which coefficients of the columns are binary, and in which a subset of the 
binary, convexity variables wi , j E .:11 , that are fractional in the optimal solution to 
MP-LP, where 

a11 1 1 0 1 
arfJ 1 0 1 0 -
aa'j 0 1 1 0 
1 1 1 1 1 

Here aij denotes the coefficient for constraint i and column j. (The coefficients of the 
convexity constraint are in the 4 th row of these columns. For clarity, we do not show 
the cost coefficients.) 

To try and obtain integer values for wi , j E .:11 , we can apply a "O-branch" 
and a "1 -branch" after selecting a constraint to branch on [1 2 ] . Similar to standard 
branch and bound, by constraint branching, we partition the feasible region of MP 
into two. Let MP0 and MP1 be the MPs resulting from a 0-branch and a 1-branch. 
The problem MP0 and MP1 must include only columns that satisfy the branching 
decision (explained in the following paragraph). The number of columns for both 
MP0 and MP1 may be large and therefore to solve them we form the restricted 
master problems, RMPo and RMP1 , and then apply dynamic column generation (see 
section 4 . 1). Indeed, the initial subset of columns for the above RMPs can be the 
columns in the parent MP that satisfy the branching decision. Let SP0 and SP1 be the 
column-generation subproblems corresponding to RMP0 and RMP1 . It is important 
to modify these subproblems to ensure that they generate columns satisfying the 
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associated branching decisions. 
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Now we apply constraint branching to the example columns. Let [xi, x2, x3JT be 
the binary decision variables in the SPs whose values are used to construct columns. 
Suppose we select constraint 2 to branch on. (See (107 ] for some branch selection 
strategies. ) Then each of the following constraint branches give a valid partition 
of the feasible region: E

je..7:a
2
;=l wj = 0 and Eje..1:a

2
;=l wj = 1. Note that these 

correspond to a 0-branch and a 1-branch. The 0-branch implies that no column in 
RMP0 can contribute to constraint 2, i.e. , RMP0 only includes columns j E .:1 that 
have a2j = 0. All columns with a2j = 1 are removed to enforce this constraint branch 
in RMPo and so it is not necessary to explicitly include the branching constraint. 
Adding a constraint x2 = 0 in the subproblem, SP0 , will ensure that only columns 
satisfying the 0-branch branching decision will be generated. A 1-branch implies that 
RMP1 can only include columns j E .:1 that have a2j = 1, and we can generate such 
columns by adding the constraint x2 = 1 in SP1 • For convenience, we henceforth 
refer to a 0-branch or a 1-branch as a k-branch, k E {O, 1}. After forming RMPk 

and SPk , the branching is effected by applying the column-generation algorithm to 
RMPk until the LP relaxation of corresponding master problem, MPk , is optimal. If 
the LP solution of MPk is fractional, then, analogous to standard branch and bound, 
the branch-and-price procedure continues branching by repeating the above steps for 
the resulting fractional variables. 

In branch and price, rather then removing columns that do not satisfy a branching 
decision from an MP, we can add a constraint that equates the sum of the variables 
associated with such columns to zero. Adding this constraint to MPk to enforce a 
branching decision is an explicit constraint branch. Removing columns, on the other 
hand, is implicit constraint branching [12] . Observe that the example in the previous 
paragraph demonstrates implicit constraint branching. In general, implicit constraint 
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branching is standard in branch and price, however in certain cases, the procedure 
can involve explicit constraint branching, as we describe in the next section. (Ryan 
and Foster [92] present implicit constraint branching for set partitioning problems, 
which is generalised to explicit constraint branching for MIPs by Appleget and Wood 
[7] . Barnhart et al. [12] present both forms in the context of column generation. )  

4.4 Explicit Constraint Branching 

Dantzig-Wolfe reformulation of some problems results in master problems (MP) that 
have variables other than those associated with generated columns, which we denote 
as the "non-convexity" variables. If the optimal solution to the LP relaxation of MP 
results in fractional values for the non-convexity variables, then we can carry out 
explicit constraint branching on them in the branch-and-price procedure instead of 
implicit constraint branching. Explicit constraint branching in branch and bound can 
significantly improve the solution efficiency of MIPs [7] .  In the following we describe 
explicit constraint branching for general MIPs [7] and then give an example of its 
application to an MP. 

Consider a MIP with integer variables Yk � 0 for k E IC, and let IC1 be a subset 
of IC. Suppose the LP relaxation of the MIP results in a solution y with fractional 
values Yk , k E IC1 , where EkeK:1 Yk = (3. Then each of the following explicit constraint 
branches EkeK:l Yk < l/3 J and EkeK:l Yk � r /31 gives a valid partition of the feasi
ble region of the MIP. The LP relaxation of the resulting branch-and-bound nodes 
are solved as in the standard branch-and-bound procedure, and explicit constraint 
branching can be applied in the above manner at successor branch-and-bound nodes 
until all fractional values are resolved. The concept of explicit constraint branching 
for general MIPs extends easily to solving an MP that is a MIP. We demonstrate this 
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on the LP relaxation solution of the following master problem. 
MPl: min q Ty + L ( C Txi)wi [dual variables] (4 .15 ) 

jE.7 

s.t. y + L (Axi) wi � b, [1r] (4 .16 )  
jE:J 

I: wi = 1 ,  [µ] (4 .17 ) 
jE:J 

wi E {0 , 1 } , V j E .J, (4 .18 ) 
yE {0 ,1 } .  (4 .1 9 ) 

The MPl formulation is the same as the MP formulation in section 4 .1 except MPl 
includes the vector y representing binary variables [yi , y2 , . . .  , Yn] ,  Notice that these are 
non-convexity variables, which do not get generated through the column-generation 
procedure. 

Suppose that the LP relaxation of MPl gives fractional values for variables {y1 , y2 ,  y3} ,  

e.g. , y1 = 1 /3 ,  y2 = 2 /3 ,  and y3 = 2 /3 .  Here f3 = 5 /3 .  Then two possible explicit con
straint branches are: Y1 + Y2 + Y3 � L 5 /3 J and Y1 + Y2 + Y3 � r5 /3 1 . Enforcing either 
explicit constraint branch will lead to a new master problem, MPk , corresponding to 
a branch-and-price node that we can solve by generating columns as in the standard 
branch-and-price procedure. If some existing columns violate an explicit constraint 
branch, they should be removed before solving MPk , Similarly, it should also be possi
ble to modify the subproblems to generate columns that satisfy the explicit constraint 
branch. Section 7 .4 gives preliminary results of explicit constraint branching for a 
real instance of an MP. The next section describes methods to improve the efficiency 
of the column-generation procedure. 
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4.5 Duals Stabilisation 

The column-generation procedure maintains primal feasibility of MP and seeks dual 
feasibility to guarantee LP optimality. It is well known that, in practice, the con
vergence of the standard column-generation procedure is slow. The cause of this 
inefficiency is thought to be erratic fluctuations in the dual variable values, and de
generacy, w.hich is evident close to optimality where many iterations yield small or 
no improvements in the MP objective [44, 63 ] .  The latter is known as the "tailing
off effect". We demonstrate the slow convergence and the tailing-off effect resulting 
from the standard (unstabilised) column-generation procedure, for one of our test 
problems, in Figure 5.2 . 

The convergence of the column-generation procedure can be accelerated by using 
duals stabilisation methods such as the Box-Step method [70], "du Merle stabilisa
tion" method [3 1 ] , and the Partial-Step method [74]. In preliminary experiments 
with the master problem in the subsequent chapter, we found du Merle stabilisa
tion method to be more effective than the above counterparts. Also effective is an 
interior-point based stabilisation method. Brief descriptions of these two methods 
follow. Consider the following compact formulation of the master problem. 

MP-CF: min c T x 
s.t. Ax = b, 

X ;?:  0. 
The stabilised primal formulation of MP-CF is: 

MP-P: min 

[dual variables] 

[dual variables] 

(4.2 0) 
(4.21 ) 
(4.22 ) 

(4.23 ) 
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s. t. Ax - y 1 + Y2 = b, 
Y1 � c 1 , 

Y2 � c2 , 

Y1 ,  Y2 ,  X � 0.  
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[1r] ( 4 .24 )  
[w1]  (4. 2 5) 
[w2] (4 . 26) 

(4 .27 )  
This formulation introduces surplus and slack variables y1 and y2 with corresponding 
penalty terms <h and o2 , and bounds c1 and c2 . The surplus and slack variables 
y1 and y2 moderate degeneracy by allowing perturbation of b. We can derive a more 
intuitive interpretation from the dual form of MP-P: 

MP-D: max 

s. t. 
bT T T 

1t'-c1 W 1 -E:2 W2 

AT1r � c,  

-1t' - W1 � -01,  

1t' - W2 :s; 02,  

W1 , W2 � 0. 

(4 .28 )  
(4 . 2 9)  
(4 .30) 
(4 .31 ) 
(4 .32) 

Here 1r are duals for constraints (4 . 24 ), and w1 and w2 are duals for the surplus 
and slack upper bound constraints ( 4 . 2 5) and ( 4 . 26), respectively. Observe that 
e1 and e2 are penalties on w1 and w2 . Rewriting constraints (4. 30) and (4 .31 ) as 
01 - w1 :s; 1r � o2 + w2 , we can see that if 1r is less than 0 1 or greater than 02 , it 
indirectly incurs a linear penalty of e! w1 or el w2 , respectively. Thus, adjusting the 
interval [01 , o2] and penalties c1 and e2 within a column-generation procedure has a 
stabilising effect on the duals. 

The column-generation procedure with duals stabilisation differs from the stan
dard algorithm in that it solves MP-P instead of MP, checks for y1 = Y2 = 0 as 
well as no negative-reduced cost columns for the optimality criteria, and updates 
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the stabilisation parameters if the LP relaxation of MP-P is not optimal. General 
strategies for updating these parameters are given in [31 ] , but tuning is necessary 
for each application. We find the following (tuned) update strategy effective for our 
application. 

To initialise the procedure, we set e� = eg = 0 .5, and 1r0 equal to the duals of 
the MP solved with its initial set of columns but without stabilisation constraints. 
At iteration k + 1 ,  let ot+l = 1rk - 1e and 0�+1 = 1rk + 1e, where e is a positive 
constant which we set to 0 .1. If the reduced cost is non-negative, let et+l = et x 0 .7 
and e�+l = e� x 0 .7 ,  else let et+l = et x 1 .5 and e�+l = e� x 1 .5. The finiteness of 
convergence is guaranteed by iteratively decreasing the penalties to zero after a preset 
number of iterations, which varies depending on problem size. For our largest problem 
instance, after 200 iterations, we start decreasing the penalties, i.e. , et+l = et/(k + 1 )  
and e�+l = e�/(k + 1 ) , and only update ot+l and o�+l when the column returned has 
a non-negative reduced cost. See [31 ]  for further details on this duals stabilisation 
procedure. 

We also implement another stabilisation method that simply generates interior
point dual solutions by solving RMP-LP using an interior-point algorithm with the 
option of "crossing over" to an extreme point solution disabled. We call this method 
"interior-point duals stabilisation" . Sections 5.4 and 6.8 compare the performance of 
this method with du Merle's stabilisation, and Figure 5.2 shows the performance of 
both methods along with that of the unstabilised column-generation procedure. Du
als stabilisation enables the column-generation procedure to solve the LP relaxation 
of MP more efficiently. The following section dis_cusses the notion of strengthening 
the LP relaxation of the master problem as a consequence of Dantzig-Wolfe decom
position. 
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4.6 Strength of the Decomposition 
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Dantzig-Wolfe decomposition of a large LP replaces the direct solution of a large
scale problem with a sequence of solutions of smaller, easier-to-solve problems. This 
indirect approach helps when solving large MIPs too. Decomposition of a MIP may 
also improve solution efficiency by defining a master problem whose LP relaxation 
is stronger than the relaxation of the original MIP. (The formulation we present in 
section 5. 1 makes this possible in our case.) 

Recall that Dantzig-Wolfe decomposition expresses feasible points for the LP re
laxation of the master problem as convex combinations of extreme points of the 
convex hulls of the set of feasible solutions for the subproblems. If each subproblem 
is simply an LP, then the convex hull of the set of feasible solutions is identical to the 
LP feasible region, and optimal solutions of the LP relaxation of the master problem 
will have the same value as the LP relaxation of the original MIP. On the other hand, 
if the convex hull of a subproblem's feasible solutions is smaller than its LP feasible 
region-for example when the subproblem is an IP whose LP relaxation does not 
have integer extreme points-then the resulting master problem can have a tighter 
relaxation than that of the original MIP [12) . 

In the following section, we apply Dantzig-Wolfe decomposition to SND-0, and 
analyse the strength of this decomposition. For clarity, in some of the subsequent 
sections, we refer to a formulation that is not a result of decomposition as an extensive 
formulation. 

4. 7 Dantzig-Wolfe Decomposition of SND-0 

The best SND formula:tion in Chapter 3 is tractable only for instances that consider 
no more than 7 fault scenarios. This is much smaller than the realistic sized instances 
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that must be solvable to render the solution procedure useful. The poor performance 
is due to the weak LP relaxations of the existing SND formulations. In an attempt to 
improve the LP relaxation, in this section we apply Dantzig-Wolfe decomposition to 
the SND-O formulation. Note that since the super-network representation is essen
tially an alternative representation of a network operated in radial configuration, one 
may apply decomposition to the super-network based SND formulations in a similar 
manner and obtain the same result; however for ease of exposition, we apply it to 
SND-O. For accessibility, we repeat the SND-O formulation from section 3.1 before 
applying decomposition. 

SND-0: min 
f, x1 , z  

eE& !EC. sES kEIC 

s.t. !ks ::; Ueo + L Ue1X�z V e  E £, k E Ke , s E S, 
lEC.e 

L x�1 ::; 1 V e  E £, 
lEC.e 

L Aikfks = Di V i  E V, s E S, 
kEIC 

L Zks = l V i  E V\ { io}, s E S, 
kEIC:A;k=l 

L Zks = IV I - 1 V S  E S, 
kEIC 

Zks = 0 V k E Ke(s) ,  S E S, 
f ks � 0 V k E /(, s E S, 
Zks E {O, 1 }  V k E /(, S E S, 
x�1 E { 0, 1 }  V e  E £, l E Ce , 

(4 .33) 
( 4 .34 )  
(4 .35) 
(4 .36) 
(4 .37)  
(4 .38 ) 
(4. 39) 
(4 .40) 
( 4 .41) 
( 4 .4 2) 
(4 .4 3) 

The capacity-expansion constraints ( 4 .34 )  govern the amount of capacity available 
on edges to enable restoration of supply for all fault scenarios s E S. These constraints 
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complicate the structure of SND-O by linking the various fault scenarios. Without 

them the problem would separate into a small (sub) problem for each fault-scenario 

s. Thus, as described in section 4 .1 ,  we can use decomposition to partition the 

constraints of SND-O into the set of linking ( complicating) constraints and the set of 

constraints particular to each fault-scenario s ,  for which we define 

Xs = {{fksheJC I {!ks , ZksheJC satisfies (4.36) - (4.42) } . 

We assume Xs is nonempty and comprises a finite set of points {]the.Ts , V k E K, 

i.e. , Js denotes the index set of Xs . We can now express any point of Xs through 

(4.44) 

The set, {.fthe,c , represents restoration flows, which are arc flows that restore supply 

to all demand points under fault-scenario s.  Each such set of restoration flows has 

a corresponding set of arc-states {zthe,c that define the (radial) restoration config

uration. We refer to the pair of sets, {flshe,c and {zthe,c, for each j E Js as a 

feasible restoration plan (FRP) .  

Recall that, in SND-O, the sets of operational variables {!kshe,c and {zthe,c for 

fault-scenario s have an operational cost defined by the function E
keJC Pksqks (!ks , Zks) ,  

Thus, each FRP j E Js has an associated operational cost E
keJC Pksqks (fls , zt) or 

simply <fs. Attaching the operational cost <rs to wt , and substituting expression (4.44) 

into SND-O yields its Dantzig-Wolfe reformulation. We denote this reformulated 

problem as the multi-scenario, column-oriented master problem MP. A detailed for

mulation follows. (For simplicity, we assume that MP is always feasible, i .e . ,  :ls =f:. 0 

for all s . )  
Sets and Indices 

j E Js FRPs for fault-scenario s 
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Data 

restoration flow on arc k in FRP j for fault-scenario s 

the weighted operational cost of FRP j for fault-scenario s 

Variables 

x�1 1 if technology l is chosen for expanding edge e, 0 otherwise 
wt 1 if FRP j is selected for fault-scenario s, 0 otherwise 

Formulation 
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MP: mm 
x',w 

[dual variables] (4.45) 
eEt: IE.C sES jE.Js 

s.t. L J1sw� ::; Ueo + L Ue1X:1 ti e  E £, k E Ke , s E S, [1rks] (4.46) 
jE.Js IE.Ce 

I: w� = 1 ti s  E S, [µs] (4.47) jE.Js 

I: x:z ::; 1 ti e  E e, (4.48) 
IE.Ce 

w� E {O, 1} ti s  E S, j E .Js , ( 4.49) 
x:z E {O, 1} tie E £, l E Ce , ( 4.50) 

The MP's objective function (4.45) minimizes first-stage capacity-expansion costs 
plus expected second-stage operational costs. The convexity constraints ( 4.46) select 
one FRP from the set of possible FRPs for each fault-scenario s. Constraints (4.46) 
ensure that a FRP is only selected if adequate capacity exists to accommodate flow 
on each edge. 

The number of columns in MP will be large and so we solve MP by using the 
column-generation algorithm ( see section 4 .1  for details of this algorithm) . A column j 

• • -;;:j :i T -;,; 3 ,,.._j for fault-scenario s m MP has the form [q8 , {fks
hEJC , 1) , where q8 = 'f:,kEJC Psqks Uks ' Zk8) 

is the operational cost associated with FRP (J'ts, zl
s
hEJC · Given the optimal duals, 

{ikshEJC and /is from RMP-LP, we can identify a column j having the most favourable 
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reduced cost by solving the subproblem 
SP(s): min L Psqks (fks, Zks) - L 1fksfks - fis 

kEK kEK 

s.t. L Aikfks = Di Vi E V, 
kEK 

L Zks = 1 .V i  E V\{io}, 
kEK:Aiic=l 

L Zks = IV I  - 1, 
kEK 

Zks = 0 V k  E Ke(s) , 

fks � 0 V k E JC, 
Zks E {0, l} V k E K,, 
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(4.51) 
(4.52) 
(4.53) 
(4. 54) 
(4.55) 
(4.56) 
(4.57) 
(4.58) 

For fault-scenario s, constraints (4.56) simulate a fault on the network by forcing 
the arcs corresponding to the faulty edge e(s) to be inactive. The flow-balance con
straints ( 4.52) ensure all demand is met by the restoration flows. Constraints ( 4.55) 
only permit flow on an arc k if it is active, i.e., if Zks = 1. These constraints to
gether with constraints (4.53) and (4.54) ensure that the network operates in a radial 
configuration. 

The parameter Ue in constraints (4.55) serves as a big M, therefore this constraint 
is only binding when the associated arc is inactive ( Zks = 0 binds !ks = 0). As 
mentioned in section 1 .3, compared to capacity-expansion costs, the operational costs 
are negligible, and so the distribution network planners normally assume operational 
costs to be zero for capacity-expansion planning. In view of this assumption, observe 
that, if costs associated with configuration variables are zero, qksUks, Zks) = qks (!ks), 
where qksUks) is concave (e.g., it is linear), and we have no upper bounds on flows (i .e., 
constraints (4.55) do not bind flows on active arcs), then SP(s) has an extreme-point 
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optimal solution that corresponds to a minimum-spanning tree for routing restoration 
flows. That is, flow will naturally occur on a set of edges that conform to the radial 
network operating requirement, which, of course, makes constraints (4 .53), (4 .54 ), 
and ( 4 .55) redundant. Thus, the subproblems are naturally integer and the solution 
to their LP relaxations will provide feasible restoration plans. 

Alternatively, observe that when qks (!ks) is linear, the subproblem has a minimum
cost fl.ow formulation which has the integrality property ([4 ] , p. 318 ). Hence, because 
these subproblems have naturally occurring integer extreme points, the lower bound 
from the LP relaxation of the corresponding master problem will be no better than 
that from the LP relaxation of the extensive formulation, SND-O. That is, the de
composition of SND-O yields no strengthening in the master problem (see section 
4 .6). 

The above argument suggests that we should "shift" the difficulty from the master 
problem to the subproblem. This may lead to a master problem with an LP relaxation 
that is better than that of the current formulation. The formulation we present in 
the following chapter has this property and enables a stronger decomposition. 



Chapter 5 

A Decomposition Model for 

Survivable Network Design 

As shown in the previous chapter, a straightforward application of Dantzig-Wolfe 
decomposition to SND-O results in a master problem with a weak LP relaxation. 
In this chapter we endeavour to strengthen the LP relaxation by developing and 
decomposing a new split-variable formulation. 

The layout of this chapter is as follows. Section 5. 1 reformulates SND-SNs using 
a "variable splitting technique" , which leads to a Dantzig-Wolfe decomposition in 
section 5 .2 whose master problem is likely to be stronger than that derived from the 
SND-O formulation. Section 5.3 explores the strength of the decomposition. Section 
5.4 presents computational results for formulations discussed in this chapter, and for 
comparison, those for the formulations in Chapter 3 .  Section 5.5 presents a case 
study that analyses capacity expansions from designing a network with and without 
survivability constraints, and section 5.6 presents conclusions. 
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5 . 1  Split-variable Reformulation and Dantzig-Wolfe 

Decomposition 

As described in section 4 .7 ,  a straightforward Dantzig-Wolfe decomposition of SND
O leads to subproblems that are naturally integer and hence to a master problem 
that has an LP relaxation as weak as that of SND-O. Decomposition of the super
network based SND formulations, SND-SN and SND-SNs, give similar, poor results. 
In this section, we derive a more favourable structure, which enables a stronger de
composition, by reformulating the SND-SNs formulation using a variable-splitting 
technique, and then apply the decomposition. The reformulation steps add a new set 
of capacity-expansion constraints to SND-SNs (see (5. 2)  in following formulation), 
as well as new new "split variables", Xezs, that substitute for the capacity-expansion 
variables x�1 in the constraints (3.13) and (3.14 ) in SND-SN8 . (We explain these new 
constructs after the reformulation. ) The result of reformulation of SND-SNs is a new 
split-variable formulation, SND-SV s: 

Formulation (SND-SV s) 

min 
x',x,b,z,f 

eEE IE.Ce sES kE.A 

s.t Capacity-expansion constraints: 
Xels :s; X�z , 'r/ e E £, l E Ce , s E S, 

sES eEt: 

Super-arc flow capacity-expansion request constraints: 
f ks - D;kzks :s; UeoZks + L UezXels 'r/ k E A, e E Cf , 8 E S, 

IE.Ce 

Break-edge capacity-expansion request constraints: 
L be, s :s; Xels 'r/ l E f,3 , e E £[ , S E S, 

e'Et:!1 

(5. 1) 

(5. 2)  

(5 .3) 

(5.4) 
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At most one capacity expansion on an edge: 
L x�l � 1 \/ e E £ ,  
LE.Ce 

Flow-balance constraints: 
L (f ks - DkZks) - L f ks - L L D;kbes = Dm 

kERSm kE:FSm kE:FSm eE£l 

Vs  E S, m E M, 
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(5 .5) 

(5 .6) 

Exactly one edge spanned by a super-arc is inactive (a break-edge) or 
all edges are active ( active super-arc): 
Zks + Zk+1,s + L bes = 1 \/ k E A 1 , S E S, 

eE&t 

Permit flow only on active super-arcs: 
f ks � UkZks \/ k E A, S E S, 
where Uk = min {D;k + Ueo + max Uei } .  

eE£l IE.Ce 

Constraints to ensure a<:tive super-arcs form radial configuration (1): 
L Zks = IM I - 1 \/ S E S, 
kEA 

Constraints to ensure active super-arcs form radial configuration (2 ): 
L Zks = 1 \/m E M\{io}, s E S, 

kERSm 

Fault-simulation constraints: 
be(s)s = 1 \/ S E S, 
Super-arc forced capacity-expansion request constraints: 
Zks � L Xel' s \/ l E £4, k E A�, e E Cf!, S E S, 

l'E.C�1 

Super-arc flow lower-bound constraints: 

(5.7) 

(5.8) 

(5.9) 

(5. 10) 

(5 . 11)  

(5 . 12) 
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fks 2:: (Dk + Dm(k) )Zks 'v k E A, S E S, 

Domain restrictions on variables: 
fks 2:: 0 \;/ k E A, s E S, 
bes E {0, 1} 'v e  E £, S E S, 

Zks E {O, 1 }  'v k E A, S E S, 

Xe1s E {0, 1}  \;/e  E £, l E Ce , s E S, 
x:z E {0, 1}  \;/ e E £ ,  l E Ce, 

117 

(5. 13) 

(5. 14) 
(5. 15) 
(5. 16) 
(5. 17) 
(5. 18) 

The proof of the following proposition is obvious. (For clarity, we omit some index 
sets in the proposition.) 
Proposition 1 (x�z , Jks , bes , Zks) is feasible for SND-SNs if and only if there exists 

Xe1s such that (x�1 , Xets , !ks , bes , Zks) is feasible for SND-SVs, That is, SND-SNs and 

SND-SVs are equivalent. • 

In SND-SV s, we have defined new split variables Xels that indicate whether an 
edge e requires a capacity expansion using technology l to accommodate restoration 
flow through edge e in fault-scenario s. One may think of Xe1s as requests for capacity 
expansions, which, if granted, will satisfy capacity requirements for restoration of 
supply in fault-scenario s .  The second-stage constraints, (5.3) , (5.4) , and (5.12), 
accumulate such requests for each fault scenario. The variables x�1 are the actual 
determiners of whether a capacity expansion will occur on edge e using technology l ,  
and can be viewed as capacity-expansion grants. Thus the natural interpretation of 
the first-stage constraints (5.2) is variables Xets requesting capacity expansions and 
variables x�1 granting capacity expansions. The objective function (5.1) minimizes the 
total cost of first-stage capacity expansions plus expected second-stage operational 
costs. (Here x�1 are the first-stage variables, and Xets , bes ,  !ks , Zks are the second-stage 
variables. )  
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Observe that the inequality constraints (5 .2 ) amount to nonanticipativity con
straints over the first stage variables. Generally, the nonanticipativity constraints 
equate variables corresponding to different scenarios. However, nonanticipativity con
straints that are inequalities suffice in SND-SV s because we assume that capacities 
only increase with each installation. If we were to model the removal of capacity by 
allowing negative values of Uei , the nonanticipativity constraints would have to be 
equalities. 

Moreover, as we shall see later, we exploit the inequality nonanticipativity con
straints using Dantzig-Wolfe decomposition. Dantzig-Wolfe decomposition typically 
relies on stability of the duals for good convergence (see section 4 .5 ) . Since the duals 
corresponding to the inequality constraints are restricted in sign, i.e., non-positive, 
and those for the equality constraints are not, decomposition based on inequality con
straints results in a more stable and faster convergence than that from using equality 
constraints. 

As implied by proposition 1 ,  the SND-SV s and SND-SNs models are equivalent. 
The SND-SV s model also has a poor LP relaxation and cannot solve realistic size 
problem instances in reasonable · computational time. -Nonetheless, the purpose of 
reformulating SND-SNs as the split-variable formulation, SND-SV s, is not to solve it 
in the extensive form, but to exploit the special structure enabled by the split-variable 
constructs to derive a stronger decomposition, as we shall see in the next section. 

5 .2  Dantzig-Wolfe Decomposition of SND-SV s 

In this section we apply Dantzig-Wolfe decomposition to the split-variable survivable 
network design formulation, SND-SV s,  Henceforth, when convenient, we use the 
following vector notations and variants thereof for a concise presentation. For each 

" 
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fault-scenario S E S, let Xs - (Xels)eet:, lE.Ce , bs - (bes)eet:, fs 

Zs = (zksheA· 
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The capacity-expansion constraints (5.2) in SND-SV s link capacity expansions 
across all fault scenarios. These constraints complicate the structure of SND-SV s, and 
without them the problem would separate into a simpler (sub) problem, one for each 
fault-scenario s. Thus, we can use decomposition to partition the constraints of the 
split-variable formulation into two sets: the set of linking ( complicating) constraints 
(5.2), and the set of constraints specific to fault-scenario s, for which we define 

Xs = { Xs I (xs , bs, fs, Zs) satisfies constraints (5 .3), (5 .4 ), (5.6)-(5.17 )} . 
Letting :ls denote the index set for the extreme points of Xs , i.e., Xs = {x{ I j E :ls}, 

we can then express any element of Xs through 
Xs = L xtwt , L wt = l ,  wt E {O, 1 }, V j E .:fs , 

jEJs jEJa 

(5.1 9)  
Each element of Xs represents a set of capacity-expansion requests that if granted, 

will provide sufficient restoration capacity to enable feasible restoration of supply to all 
demand points under fault-scenario s. We refer to each such set of capacity-expansion 
requests as a feasible expansion plan (FEP). Similarly, we refer to the corresponding 
(b{ , f1 , �) as the feasible restoration plan {FRP). 

Without loss of generality, we assume that each FEP has associated with it at 
least one optimal restoration plan {b� ,f1 ,  z{) with probability-weighted operational 
cost LPsqks (f1s , zt) + LPsq;s (b!8) = <rs, i.e., :ls simultaneously indexes FEPs and kEA eet: restoration plans in fault-scenario s . Thus, attaching the operational costs <rs to w�, 
and substituting expression (5.1 9) into SND-SV 8 yields its Dantzig-Wolfe reformu
lation (see section 4.1 for details on Dantzig-Wolfe reformulation). We denote this 
reformulated problem as the multi-scenario, column-oriented master problem {MP). 
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A detailed formulation follows. (For simplicity, we assume that MP is always feasible, 
i .e., .1s =/= 0 for all s.) 

Sets and Indices 

j E .1s FEPs for fault-scenario s 

Data 

x!is 1 if FEP j requests a capacity expansion on edge e using technology l 

in fault-scenario S (Note (x!1s)eE£, !E.C.e 
= x{.) 

the weighted operational cost of FEP j for fault-scenario s 

Variables 

x�l 1 if technology l is chosen for expanding capacity of edge e, and O otherwise 
wt 1 if FEP j is selected for fault-scenario s, 0 otherwise 

Formulation (MP) 

min 
x,w 

s.t. 
eEt: IE.C. sES jE.:Ts 

L x!ls wt ::; x:1 'tf e E £, l E Le, S E S, 
jE.:Ta 

I: wt = l V s E S, 
jE.:Ts 

L x:1 ::; 1 V e  E £, 
IE.C.e 

wt E {O, 1} Vs E S, j E .Js, 
x:1 E {0, 1} Ve  E £, l E Le , 

[dual variables] 
[1r els] 

[µs] 

(5 .20) 
(5 .2 1) 
(5 .2 2)  
(5 .23) 
(5 .24 ) 
(5. 25 ) 

Note that dual variables correspond to constraints in the LP relaxation of MP, which 
we denote as MP-LP. Optimal dual variables of restricted versions of MP-LP (in this 
chapter and in chapters, 6 and 7)  will be extracted for purposes of column generation. 

The MP's objective function (5 .20) minimizes first-stage capacity-expansion costs 
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plus expected second-stage operational costs. The convexity constraints (5.2 2 )  select 
exactly one FEP from the set of possible FEPs for each fault-scenario s. Constraints 
(5 .21 ) ensure that an FEP for any fault scenario can only be chosen if sufficient 
capacity has been installed. That is, we can only choose (i.e., satisfy) the set of 
capacity-expansion requests for which capacity is granted. 

Inherently, the number of columns in MP will be huge, thus, as described in section 
4 .1 ,  we solve MP using the column-generation algorithm. A column j for scenario 
s in MP has the form [�, x�, l]T, where: . �  is the operational cost associated with 
restoration plan (b�,fi , z�); x� is the corresponding FEP; and 1 is the coefficient for 
the convexity constraint. Given the optimal duals, 1rels and µ8 from RMP-LP, we can 
identify a column j having the most favorable reduced cost by solving the subproblem 
SP(s): min L Psqks (fks, Zks) + L Psq!s (bes) - 1relsXels - µs 

kEA eEt: 

s. t. Super-arc flow capacity-expansion request constraints: 
!ks - n;kzks ::; UeoZks + L Ue!Xels \/ k E A, e E Ef , 

IE.Ce 

Break-edge capacity-expansion request constraints: 
L be's ::; Xels \/ l E £3 , e E £?, 

e1 Et:!1 

Flow-balance constraints: 
L Uks - Dlzks) - L !ks - L L n;kbes = Dm 

kE'RSm kE:FSm kE:FSm eEt:l 

\/ m  E M , 

(5.26) 

Exactly one edge spanned by a super-arc is inactive ( a break-edge) or 
all edges are active ( an active super-arc): 
Zks + Zk+1,s + L bes = 1 \/ k E A 1 , 

eEt:l 
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Permit flow only on active super-arcs: 
fks ::;; UkZks 'v k E A, 
where Uk = min {n;k + Ueo + max Uet} . 

eE£t lECe 
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Constraints to ensure active super-arcs form radial configuration (1 ): 
L Zks = IMl -1 ,  
kEA 

Constraints to ensure active super-arcs form radial configuration (2 ): 
L Zks = 1 Vm E M\{io }, 

kERSm 

Fault-simulation constraints: 
be(s)s = 1 ,  
Super-arc forced capacity-expansion request constraints: 
Zks ::;; L Xet' 8 \;j l E £4 , k E Ar l e E &ti , 

l1EC�1 

Super-arc flow lower-bound constraints: 

Domain restrictions on variables: 
!ks 2:: 0 Vk  E A, 
bes E {0,1 }  Ve  E &, 
Zks E {O, 1 }  'v k E A, 
Xets E {0,1 }  V e E &, l E Ce. 

(5.27 ) 

Any solution (xs , hs, fs,zs) of SP(s) with a negative objective value lets us create a 
new column for RMP, i.e., add a new element to J8 • If no such solution exists for 
any s, then we have solved MP-LP to optimality. 

The formulation of the subproblems arising from Dantzig-Wolfe decomposition of 
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SND-SV s is the same as the (strengthened) super-network restoration formulation, 
R-SN8 • Since problem instances of R-SNs are quick to solve (see section 2 . 3.4 ), these 
subproblems will be, too. An added implication of the similarity is that, if we replace 
the super-network restoration formulation of the subproblem with the restoration 
formulation, R-O, which uses the original (node-arc) network representation, then 
the resulting subproblems and the associated master problem will be the same as 
that arising from Dantzig-Wolfe decomposition of a split-variable formulation that 
is based on the original (node-arc) network representation. We denote such a split
variable formulation as SND-SV-O. 

SND-SV-0: min /, :r/, z sES kEIC 

s.t. Xels � x:1 , \/ e  E £, l E .Ce , s E S, 
!ks � Ueo + L Ue1Xels \/ e E £, k E /Ce, S E S, 

IE.Ce 

I: x:1 � 1 \/ e  E £, 
IE.Ce 

L Aik fks = Di \/i  E V, S E S, 
kEIC 

L Zks = l \/ i  E V\{io} ,  s E S, 
kEIC:Aik=l 

L Zks = IV! - 1 \/ s  E S, 
kEIC 

Zks = 0 \/ k E /Ce(s) , S E S, 

!ks 2: 0 \/ k E IC, s E S, 

Zks E {0, 1} \/ k E /C, S E S, 
Xels E {0, 1 }  \/ e E £, l E Ce , s E S, 

(5.28 ) 
(5 . 2 9)  
(5.30) 
(5.31) 
(5.32)  
(5.33) 
(5.34 ) 
(5.35) 
(5.36) 
(5.37)  
(5.38 ) 
(5 .39 ) 
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X�t E { 0, 1} \/ e E £, l E .Ce , (5 .40) 

Observe that, without the split-variable constructs, SND-SV-O is actually the 
same as SND-O. Moreover, note that the master problem for decomposition of SND
SV-O will be the same as that for SND-SV 8• We compare the performance of the 
decompositions of both, SND-SV 8 and SND-SV-O, in section 5.4. 

Finally we note that the subproblems resulting from decomposition of SND-SV s 
(and SND-SV-O) are network-design problems for a network lacking the failed edge 
and with operational constraints specific to the respective fault scenarios. A discussion 
on the implication of this type of problem on the strength of decomposition is in the 
following section. 

5 .3  Strength of the Decomposition of SND-SV s 

The decomposition of the split-variable formulation, SND-SV s (and SND-SV-O), 
results in a master problem that is stronger than that from the decomposition of 
SND-O. As described in section 4.7, the Dantzig-Wolfe decomposition of SND-O gives 
a MP with no strengthening since the column-generating subproblems are minimum
cost flow problems with naturally integer extreme points. On the other hand, in the 
Dantzig-Wolfe decomposition of SND-SVs (and SND-SV-O), the subproblems SP(s) 
are discrete, network-design problems, which are known to be NP-hard. Thus, they 
do not have LP relaxations with integer extreme points (e.g. , see Figure 5. 1), and so 
our decomposition gives a master problem whose LP relaxation is stronger than that 
of the extensive SND-SV s formulation. For example, the optimal objective value for 
the LP relaxation of SND-SV s for one of our test-problem instances is 222472; in 
comparison, the corresponding MP-LP has an optimal objective value of 893686, a 
302% improvement. The value of the decomposition of SND-SV s is further evident 
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when we consider that the LP relaxation value of SND-O for the same problem 
instance is only 112008. 

Initial Capacity Additional Costs Demand Demand 
Edge (e) (Ue0) Capacity (U

e
) Edge (e) (C,) node (i) (DI

) 

0 1 1 0.5 
2 0 2 2 0.5 
3 0 3 3 - 1 .0 
4 0 4 4 0.0 
5 0 1 5 

Figure 5 .1: Data for an example in which the subproblem from decomposition of SNDSV-O has fractional LP solution. The diagram on the left represents a distribution network with five edges that connect zone-substation nodes 3 and 4 ,  the supply nodes, to demand nodes 1 and 2 .  The tables on the right contain capacity and demand data for a problem instance that has one capacity-expansion technology for each edge. This instance has capacity-expansion request variables { x1 , x2 , x3 , X4, x5 }, and associated flow and configuration variables. Given a fault on e = 4 ,  observe that the optimal LP solution to this problem is fractional with flow on edges e = {1, 2 ,  3, 4 ,  5 }  equal to {0.5 , 0, 0.5 ,  0, 0}, and capacity-expansion requests {0.5 , 0, 0.5 , 0, 0}. 

By comparing the capacity-expansion constraints of the MP resulting from de
composition of SND-O with those of the MP from decomposition of SND-SV s, we 
can also see more directly why incorporating the split variables Xels and associated 
constraints (5 . 2)  in SND-SV s, leads to a strong Dantzig-Wolfe decomposition. The 
capacity-expansion constraints (4 .4 6) and (5 . 21) in the master problems associated 
to SND-O and SND-SV s, respectively, are 

L J'tsw� $ Ueo + L Ue1X�1 \/e E £, k E /Ce, s E S, 
jE:Ts IE.Ce 

L x�ls w� $ X�z \/ e E £, z E .Ce, s E s' 

jE:fs 

(MP-O) 
(MP-SV) 

Here f1s is the flow on arc k, and hence on the corresponding edge e, in the jlh instance 
I of the subproblem for fault-scenario s. Suppose that in MP for SND-O, setting w� = 1 
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requires the capacity expansion using technology l on edge e, but that only a small 
fraction a =  (!/.s - Ueo)/Uet, 0 < a <  1 ,  of that technology's total capacity is needed. 
Assuming edge e has only a single technology l for capacity expansion, constraints 
(MP-O) forces x�1 = a. 

On the other hand, the subproblem for SND-SV s would indicate the capacity
expansion requirement by fixing x!ts = 1 .  Thus because of constraints (MP-SV), 
setting wt = 1 in MP for SND-SV s forces x�1 = 1 ,  which is obviously a much stronger 
result. The key to the improvement is that the split-variable constructs allow us to 
change the division between the master problem and the subproblems. 

It is also remarkable that MP-LP almost always has an optimal integer solution. 
Because the constraint matrix for this problem has coefficients that are either O or 
1 ,  it is easy to see that fixing the wt to binary values leads to binary solutions for 
x�1 even when these variables are allowed to be continuous. For each fault-scenario s, 
the submatrix corresponding to the variables wt has a perfect-matrix structure [76 ] .  
These perfect submatrices prevent fractional solutions from occurring within a single 
block of variables wt, j E .ls, thus making it less likely for fractional solutions to 
occur in MP-LP. (See (91 ] for an account of this effect in set-partitioning problems.) 
On the other hand, the constraint matrix of MP-LP as a whole may not be perfect 
since it has constraints on x�1 that link its (perfect) submatrices. Consequently, the 
interaction between these submatrices can give rise to fractional solutions, although 
we find that these occur only rarely in practice. 

The following section presents the computational results of the various SND for
mulations and solution procedures. 
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5.4 Computational Results 

This section presents and compares the computational performance of the formula
tions and procedures described in this chapter and those in Chapter 3 for solving 
SND problem instances. All problem instances derive from data for the test network 
in section 1.4. The actual network supplies power to an urban area that contains 
mostly large industrial and commercial customers who pay extra fees to ensure that 
the network is survivable. We use demand data based on a forecast of peak-demand. 
This forecast may include entirely new demand, e.g. ,  a new subdivision, and the data 
for such situations also describes possible routes for new cables to serve that demand . 
These are represented by network edges with zero initial capacity. 

The test network comprises: 152 nodes, of which 1 represents the power source, 
1 a switching point, 3 represent zone substations, and 147 represent demand points; 
and 182 edges of which 179 are distribution lines and 3 are subtransmission lines. 
Three demand points represent completely new demand, and 14 edges represent new 
routes in which lines can be installed. The super-network representation of this 
problem has only 32 super-nodes and 124 super-arcs . We model a single capacity
expansion technology for each edge and consider non-simultaneous, single-line fault 
scenarios. For testing, a set of problem instances is obtained by varying the number 
of fault-scenarios . Each fault scenario represents a potential fault on one of the 179 
distribution lines ; the three subtransmission lines have dedicated backup lines which 
we do not model. Thus a solution to a problem instance with 179 fault-scenarios 
will define the capacity expansions necessary to make the entire distribution network 
survivable. For simplicity, we assume that the operational costs are zero . 

The computational tests are carried out on a desktop computer with a 2 .6 GHz 
Pentium IV processor and 1 GB of RAM . We generate all models, and implement our 
decomposition algorithms within the Mosel algebraic modelling system, version 1 .24, 



5.4 Computational Results 128 

from Dash Optimization. RMP-LP is solved with the Xpress-MP, version 14 .24 , also 
from Dash Optimization, but the MIP subproblems and the extensive-form problems 
are solved with CPLEX, version 9.0 from ILOG, Inc. 

Solver settings remain constant throughout all tests. All MIPs are solved with 
default parameter settings except that Gomory cuts are turned off and a moderate 
level of probing is used (CPX_PARAM_PROBE = 2). All subproblems and RMP
LPs are solved to optimality, and the extensive-formulation problems and the MPs 
are solved with a relative optimality tolerance of 0.05%. The time to solve each (test) 
problem instance is limited to 7 ,200 seconds. 

Observe that any instance of RMP will be infeasible unless one feasible column 
(FEP) exists for each fault-scenario. We could use the classical "Phase I approach" 
to finding an initial feasible solution (e.g., see (27] ,  pp 2 91-2 9 2 ), but it is simpler to 
guarantee such a solution by seeding the master problem with one FEP for each fault
scenario. Except for trivially infeasible problems, an FEP that requires all possible 
capacity expansions will surely be feasible for any scenario, so those define our initial 
columns. 

Any such FEP translates into a column in RMP that has coefficients of 1 in 
the capacity-expansion constraints for each edge, a coefficient of 1 in the convexity 
constraint for the corresponding fault-scenario, and Os elsewhere. Note that our ap
plication imposes no operational costs, so these initial columns, as well as all columns 
generated later, have cost coefficients of 0. 

At each iteration of the decomposition algorithm, we can readily obtain a lower 
bound on the optimal objective value for MP-LP and thereby bound the optimality 
gap for this LP relaxation (see section 4 .2 ). In practice, we solve RMP-LP until this 
gap drops below 0.05% and then check to see if the current solution is integral. If it 
is-and it usually is-we have obtained an integer solution to SND-SV s that is within 
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0.05% of optimality and can halt. If not, we enforce the integer restrictions in the 
RMP and solve it by branch and bound. We cannot guarantee that a good integer 
solution will be obtained this way, but the worst optimality gap we have observed is 
1 .3%. 

Our master problems suffer from severe dual degeneracy. Consequently, conver
gence using a conventional Dantzig-Wolfe algorithm is slow, ranging from hours to 
days. To improve convergence, we apply duals stabilisation in the RMP-LP, and com
pare the two methods described in section 4.5: du Merle stabilisation and interior
point duals stabilisation. 

The following abbreviations denote the formulations and solutions procedures dis
cussed in this chapter and in Chapter 3. 

Abbreviation Formulation and solution procedure 

SND-0 
SND-SN 
SND-SNs 

SND-SVs 
DW-SVo-M 
DW-SVs-M 
DW-SVs-1 

the original (node-arc) formulation, solved in extensive form 
super-network formulation, solved in extensive form 
SND-SN with strengthening as described in section 3.2, solved 
in extensive form 
the split-variable reformulation of SND-SNs, solved in exten
sive form 
Dantzig-Wolfe decomposition of SND-SV-0, the split-variable 
reformulation of SND-0, with du Merle duals stabilisation 
Dantzig-Wolfe decomposition of SND-SV s with du Merle duals 
stabilisation 
Dantzig-Wolfe decomposition of SND-SV s with interior-point 
duals stabilisation, 

The results for the SND-0, SND-SN, and SND-SNs formulations have been pre
sented in section 3.3, nonetheless we present them here to ease comparison with results 
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of Dantzig-Wolfe decompositions. Note that, in this section, Dantzig-Wolfe decompo
sition denotes both, Dantzig-Wolfe reformulation of an extensive formulation, and the 
solution of the resulting RMP-LP using column generation. Comparing DW-SVo-M, 
which uses the original network representation as subproblems, with one that uses the 
super-network representation, DW-SV s-M, will allow us to measure the contribution 
of the super-network representation and associated strengthening to the efficiency of 
Dantzig-Wolfe decomposition. 

We assume in all these tests that the operational costs are zero. Table 5.1 displays 
the solution times for 14 problem instances. We attempt to solve each instance with 
the seven solution approaches outlined above. 

The results summarize easily. The super:-network model, SND-SN, is in general 
faster than SND-O, and the strengthened super-network model SND-SNs is faster 
yet. For the relatively larger 6 and 7 fault instances, SND-SNs has considerably 
fewer binary variables than SND-SV s and is therefore quicker to solve. Nonethe
less, Dantzig-Wolfe decomposition with interior-point stabilisation and strengthened 
super-network based subproblems (i.e., DW-SV 8-I), is vastly more efficient than the 
other solution methods: 

The results listed under DW-SVo-M and DW-SV s-M provide clear evidence that 
the strengthened super-network constructs contribute substantially to efficiency. Just 
as critical is the use of the interior-point duals stabilisation, which significantly out
performs the du Merle alternative. The difference in performance of the two duals 
stabilisation schemes is an order of magnitude for larger problem instances. For ex
ample, experimentation with the 50-fault instance reveals that DW-SV s-M requires 
36,000 seconds to reach a relative optimality gap of 7 .6%, compared to DW-SV s-I 
reaching a tighter gap of 5.3% in only 1 ,200 seconds. On a similar note, the poor 
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convergence of the standard (unstabilised) decomposition is evident when we com
pare its performance with that of the stabilised decompositions; Figure 5 .2 shows the 
typical convergence of these algorithms. The efficiency gain from duals stabilisation 
makes possible the solution of the larger problem instances. 

Fault Extensive Formulation Dantzig-Wolfe Decomposition 
Scenarios SND-O SND-SN SND-SNs SND-SVs DW-SV0-M DW-SV.rM DW-SV.rl 

(number) (CPU sec.) (CPU sec.) (CPU sec.) (CPU sec.) (CPU sec.) (CPU sec.) (CPU sec.) 
1 3.7 2.9 1 .5 1 .2 9.2 3.9 28.8 

2 57.3 8.7 24.0 8.4 86.3 29.8 57.9 

3 1 50.5 18.6 17.3 24.7 209.4 103.5 89,0 

4 937.4 6165.5 288.4 285.3 813.0 260.8 184.6 

5 3859.7 1602.3 1335.5 460.1 237.8 

6 638.9 688.1 260.6 

7 1 166.3 2465.1 594.5 3 16.2 

8 1090.0 389. 1 

9 1 130.8 413.4 

10 3368.2 551 .3 

50 *2487.0 

100 9075.7 

1 50 17881.8 

179 22653.9 

Table 5 . 1 :  The list of problem instances and their solution times as extensive formulations or using Dantzig-Wolfe decomposition. A dash indicates the problem cannot be solved in less than 7,200 seconds. We attempt to solve the larger problem instances (100, 150 and 179 fault scenarios) only using DW-SV s-1. All problems are solved to within a relative optimality gap of 0 .05%, except the problem marked by an asterisk, which ends with a gap of 1 .3%. 

It is interesting to compare the optimal objective values for the LP relaxations 
of the extensive formulations, and the optimal objective value for MP-LP. For the 4-
fault instance, these values for SND-O, SND-SN, SND-SN8 , and the master problem, 
are 112008, 117429, 222472, and 893686, respectively. These results clearly show that 
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Figure 5.2: The performance of the Dantzig-Wolfe decomposition with and without duals stabilisation. The unstabilised algorithm did not converge even after several days. The relative performance of these variants is typical for all problem instances in this thesis . 

while the super-network formulation substantially improves upon the LP relaxation of 
the original formulation, SND-O, the improvement achieved from the decomposition 
is even greater. (The LP relaxations of SND-SN8 and SND-SV s are the same. So are 
those for the MPs of DW-SV0-M, DW-SV8-M, and DW-SV8-I.) 

Of course, the fact that the LP solution of the master problem is usually integral 
also attests to the strength of the decomposition. Of all the problems tested, only 
the 50-fault instance gives a fractional optimal solution for MP-LP. The relative 
optimality gap for this problem instance is only 1 .3%, which we regard as acceptable. 
Consequently, we have not had to apply a full branch-and-price solution procedure 
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for these instances. 

5 .5  Case study 

To conclude this chapter we describe a case study that compares the capacity ex
pansions necessary for designing a network that is survivable for a fault on any edge, 
with capacity expansions necessary for designing a network that ignores survivability 
and has capacity to supply only in the non-failure state. This entails comparing the 
solution of a survivable-network design model with that of a network-design model. 
Let C-SND and C-ND denote the corresponding problem instances. In addition, we 
describe a statistic, obtainable from the optimal solution to the SND master problem, 
which a planner can use for prioritising capacity-expansion projects. 

For C-SND, we adopt the solution to the 17 9 -fault instance that was used as one 
of the test problems in Table 5.1. To obtain the solution to C-ND, we first exclude the 
survivability (fault simulation) constraints from the restoration formulation R-SNs in 
section 2 .3 ,  which results in a network-design formulation, and then solve this with 
the same data as used for C-SND. F igures 5 .3 and 5 .4 show the capacity expansions 
defined by the solutions of C-ND and C-SND, respectively. (Recall that each fault 
scenario has an associated restoration configuration and flows, however we do not 
illustrate them for practicality.) 

As one might expect, the solution to C-SND costs substantially more than that 
to C-ND, because C-ND expands capacity required only for supplying demand in 
the normal operating, non-failure state, whereas the C-SND solution specifies extra 
capacity expansions to provide sufficient restoration capacity in case one of the fault 
scenarios occur. The distribution company can use the cost information to analyse 
whether making the network survivable will be profitable with respect to potential 
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income from customers for the improvement in security. Furthermore, as we will see 
later, the solution to the master problem makes it possible to analyse profitability of 
expanding a particular edge. 

The difference in the amount of capacity expansion necessary between the solu
tions of the two models is apparent from considering the connection of new demand 
points (loads) to the source. The C-ND solution connects the new loads (a), (b), and 
( c) to the existing network by installing new lines 1 78 ,  172 ,  and 1 68 ,  respectively. For 
this case, it is important to notice that, because each new load is supplied through 
only one new line, a failure of either of these lines will disconnect the corresponding 
load from supply until the line is repaired. That is, the network is not survivable. 
This "one-connected" solution is an inherent characteristic of C-ND models. 

The solution to C-SND, on the other hand, connects each new load with at least 
two lines: load (a) is connected by lines 178 and 1 77; load (b) is connected by lines 
1 72 and 176; and load (c) is connected by lines 168 and 169. Here lines 177, 176, and 
1 69 serve as backup lines. Observe that, as an alternative, the new loads, (a), (b), 
and (c), can have lines 179 ,  171 ,  and 166, respectively, as backup lines that connect 
directly to the zone substation. However, optimization identifies the more economic 
option: the use of lines 177, 176, and 169 as they all connect to switching point (d), 
which connects to the zone substation through only a single line 170; thus line 170 
serves as a common backup line for restoring supply to the new loads. For example: 
when line 1 78 fails, then flow will be rerouted to load (a) through lines 177 and 170; 
when line 1 68 fails, flow will be rerouted to load (c) through lines 169 and 170; and 
when line 172 fails, flow will be rerouted to load (b) through lines 176 and 1 70. 

Actually, line 170 serves as a backup for many other failure scenarios. In particular, 
we know that this line is used for restoring supply for 161 of the 179 fault scenarios 
(90%). This statistic is readily available from examining the set of columns selected by 
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the values of the convexity variables in the master problem. Recall that the convexity 
constraints select one column for each fault scenario, and each column comprises a 
set of capacity-expansion requests, i.e., a FEP. For each edge e, we examine the 
selected column for each fault scenario to see if a capacity-expansion request was 
made for that edge. If so, capacity expansion on that edge contributes towards the 
survivability of the respective fault scenario. The percentage of columns that have a 
capacity-expansion request for edge e yields the "contribution towards survivability" 
statistic for edge e. Table 5 .2  displays these statistics for the capacity expansions 
specified by the optimal solution to the master problem of C-SND. 

A network planner can use the statistics to assess how critical a capacity expansion 
is to the overall survivability of the network, and then prioritise the order of capacity
expansion projects accordingly. Alternatively, the network planner may want to make 
the network survivable for a subset of fault scenarios before making it survivable for 
other fault scenarios. In this case, the planner can select the column corresponding 
to the fault scenario with the higher priority and expand the lines for which capacity
expansion requests are made. In this manner, the information available from the 
optimal ' solution of the master problem can be used to analyse the value of each 
expansion and justify capital investment in the network. 

5 .  6 Con cl us ions 

This chapter describes formulations of a survivable network design model, SND, for 
the design of survivable electricity distribution networks. This model is a two-stage 
stochastic integer program in which the first stage determines capacity expansions, 
and the second stage identifies an operating configuration for the network that enables 
restoration of supply to all demand nodes under each alternative fault scenario. An 
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Edge Contribution Towards 
Survivability Statistic (%) 

82 

2 82 

42 74 

43 73 

64 1 1  

65 1 1  

121 100 

168 75 

169 39 

170 90 

172 65 

176 42 

177 27 

178 84 

Table 5.2: The Contribution Towards Survivability Statistics for the capacityexpansion solution to the master problem of C-SND. The statistic denotes the percentage of fault scenarios that a capacity expansion on an edge contributes towards making the network survivable for. As an example, a capacity-expansion on edge 1 contributes towards making the network survivable for 82% of fault scenarios. 

operating configuration requires that switches be opened and closed so that active 
lines form a tree (radial) structure and that power flows do not exceed line capacities. 

The initial formulation, SND-O, based on the conventional or original "node-arc" 
network representation, leads to poor LP relaxations and hence becomes intractable 
even for tiny problem instances. The super-network based formulation, SND-SNs, 
which gave substantial improvements for the restoration model, improves only slightly 
over the performance of SND-O owing to poor LP relaxation and is also intractable 
for relatively small instances. A new split-variable formulation of SND-SNs leads to 
a Dantzig-Wolfe master problem whose LP relaxation is substantially stronger than 
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that of the extensive formulation, SND-SNs. Subproblems represent deterministic 
network-design subproblems, one for each fault scenario. 

The effectiveness of Dantzig-Wolfe decomposition for solving realistic instances of 
SND relies heavily on super-network based modelling improvements that strengthen 
the formulation of the subproblems. 

The use of a good duals-stabilisation scheme for the master problem is essential for 
the efficiency of the decomposition solution procedure. Our results show that simply 
using interior-point duals ( "interior-point duals stabilisation" ) greatly outperforms 
the well-known scheme of du Merle et al. [31 ] . 

Through decomposition and improvements afforded by the super-network con
structs and duals stabilisation, we are able to solve, to optimality in most cases, 
realistic sized problem instances not solvable before. The best commercial alterna
tive, CPLEX, becomes intractable for instances larger than 7 fault scenarios whereas 
our approach enables solution of realistic instances with up to 17 9 fault scenarios. 

The columns selected by the optimal solution of the master problem provide a 
measure of how critical each capacity expansion is to the survivability of the network, 
which a network planner can use to justify and prioritise capacity-expansion projects. 

The SND model is suitable for short-term capacity-expansion planning when fu
ture outcomes such as demand are known with certainty. For long-term planning 
it becomes important to account for uncertainty in future outcomes and to exploit 
discounting in costs, because planning for a single scenario or the worst-case demand 
growth scenario can lead to over investment, as the following chapter demonstrates. 
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Figure 5 .3 :  Capacity expansions in a network designed without survivability constraints, i.e., the capacity-expansion solution to the C-ND problem instance . 
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Figure 5.4: Capacity expansions in a network designed with survivability constraints 
for faults on all edges, i .e. , the capacity-expansion solution to the C-SND problem 
instance. 



Chapter 6 

Multistage Stochastic Capacity 

Planning 

In the previous chapter we developed an efficient solution procedure for solving re
alistic instances of the survivable network design model , SND. This model considers 
the important, survivability aspect of distribution network capacity planning. How
ever, because it does not consider uncertainty (stochasticity) in future demand, the 
decisions from the model will be reliable only for short term planning. In this chap
ter, we focus on developing multistage stochastic capacity-expansion models that 
can consider uncertainty in future demand. For simplicity, these models do not in
clude the survivability constraints, but we incorporate them in the model in a subse
quent chapter. All formulations of the capacity-planning models use the strengthened 
super-network based constructs developed in Chapter 2, as extended to a multistage 
stochastic framework. 

The formulations for the SND model, as described in previous chapters, are two
stage stochastic integer programs in which the first stage decision expands capacity 
and the second stage decisions configures the network to enable restoration of supply 

140 
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to all demand points under each fault scenario. Although this model is two-stage in 

the SND framework, it is a single-stage model in the framework of multistage capacity

planning models, as the capacity-expansion decisions are made only in a single stage. 

Thus, the SND model is most suitable for short-term planning where the modelling 

parameters, e.g . ,  demand, are known with certainty. Since uncertainty in the future 

value of parameters may be significant in a long-term planning horizon, using the SND 

model could lead to substantial over or under investment if the anticipated demand 

scenario does not occur. Flexibility must be built into the solution to ensure that it is 

well-hedged against uncertainty, and this is possible by considering multiple scenarios 

over the multistage planning horizon to model variation in future values of demand. 

Apart from the need to account for uncertainty, .another reason why the SND 

model is unsuitable for long-term planning is that it does not consider discounting in 

capacity-expansion costs over the planning horizon. Capital investment in capacity 

expansions are typically in the order of millions, hence gains from deferring investment 

can be significant. To defer investments, it is necessary to be able to make capacity

expansion decisions over multiple stages in the long-term planning horizon. Thus, to 

account for uncertainty and model deferral of investments, we focus on multistage 

stochastic capacity-planning models in this chapter. 

To ensure a clear exposition of the ideas, we temporarily exclude all constraints as

sociated with network-survivability from the multistage stochastic capacity-planning 

models in this chapter. However, we incorporate them in the subsequent chapter, 

which essentially combines the survivable-network design model with a multistage 

stochastic capacity-expansion model. 

The rest of this chapter is as follows. Section 6. 1 gives an example that illustrates 

the potential value in implementing a solution of a model that considers uncertainty 

instead of a solution to a deterministic model that assumes a perfect forecast. Section 
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6.2 describes the way we represent uncertainty in the capacity-planning models in 

this chapter. Section 6.3 describes a general, multistage stochastic capacity-planning 

model and formulates it as a mixed-integer program (MIP) .  Owing to a poor LP 

relaxation, even small instances of this MIP are intractable. In section 6.4, we apply 

the technique of "variable splitting" as in section 5 . 1 ,  which enables Dantzig-Wolfe 

decomposition in section 6.5. Section 6.6 formulates a restricted form of the general 

model which allows at most one capacity expansion of each edge over the planning 

horizon. A Dantzig-Wolfe decomposition of this formulation is described in section 

6.7. In section 6.8 we present computational results for all the formulations in this 

chapter. A case study in section 6.9 demonstrates differences between a solution to a 

stochastic model and that to a deterministic model for a real electricity-distribution 

network. We present conclusions in section 6.10. 

6 . 1  Example: Importance of Stochastic Solutions 

In this section, we give an example that illustrates the value of considering uncertainty. 

This is done by comparing the solution of an instance of a stochastic capacity-planning 

model, with solutions of instances of a deterministic capacity-planning model, where 

each instance is for a single demand-growth scenario, including the worst-case sce

nario. Figure 6 .l (a) shows the network we use in the example. Nodes 1 and 2 are 

demand points which we denote as D1 and D2 , respectively. Nodes 3 and 4 represent 

zone substations. The edges { e1 , e2 , e3 , e4} represent lines with zero initial capacity, 

i .e . ,  candidate routes for capacity installation. (Note that we do not explicitly state 

the route of flows as it will be clear from the context.) 

The stochastic problem instance that we consider has two decision stages and 

two scenarios to represent uncertain demand growth; the other parameters, such 
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Demand 
point 

(a) 

Demmd (D) 
Stage 1 Stage 2 

Scenario 1 Scenario 2 
5 
5 

(c) 

10 
5 

5 
10 

Capacity-expansion technologies (/) 
Stage 1 Stage 2 

Edge / 1 / 2 I 3 / 4 

e I 5 10  5 10 

e 2 5 10 5 10 

5 

5 

10  

1 0  

(b) 

5 
5 

10  

1 0  

Capacity-expansion costs ($) 
Stage 1 Stage 2 

Edge / I / 2 f3 / 4 

e 1  5 8 5 8 

e 2 5 8 5 8 
e 3  5.5 9 3 7 

e 4  5.5 9 3 7 

(d) 
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Figure 6 . 1 :  The network and data for a two-stage stochastic problem instance with two demand scenarios. 

as the capacity-expansion amount and associated costs, are known, i .e. ,  determinis
tic. We assume the two scenarios have equal probability of occurring. Contrary to 
the stochastic problem, a deterministic problem considers only one demand-growth 
scenario at a time. Thus, in the following, we first describe the demand data, con
stituting the demand growth scenarios of the stochastic instance, and then derive 
three deterministic-problem instances from the data for the stochastic instance, two 
that correspond to the two scenarios, and the third that represents the worst-case 
demand growth. Subsequently we describe the capacity-expansion technologies and 
their costs. 

Figure 6. l(c) shows the demand values, D1 and D2 , for the two scenarios over two 
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stages. In scenario 1 ,  D1 has demand of 5 units in stage 1 which grows to 10 units 
in stage 2 ,  whereas demand of D2 is 5 units for both stages. In scenario 2 ,  D2 has 
demand of 5 units in stage 1 which grows to 10 units in stage 2 ,  whereas demand 
of D1 is 5 units for both stages. Values of D1 and D2 differ by scenario only in 
stage 2. The the demand in each of these scenarios represents the demand data for a 
deterministic-problem instance, which expands capacity to accommodate the demand 
growth for the corresponding scenario. Let deterministic instance 1 and deterministic 
instance 2 denote the deterministic-problem instances arising from scenarios 1 and 
2 ,  respectively. We also create a third two-stage, deterministic problem instance in 
which the demand at each node is either the demand of that node in scenario 1 or 
in scenario 2 ,  whichever is greater. This is the highest possible demand outcome at 
each stage, and we refer to it as the worst-case instance. 

The data in Figure 6.l (b) represents the amount of capacity expansion possible 
on the edges depending on the technology used and the stage in which the expansion 
is done. We assume that multiple capacity-expansion technologies of the same or 
different type can be installed on an edge in both stages. The capacity of each 
edge can expand by 5 and/or 10 units in each stage, i.e. ,  can expand capacity using 
technologies li and l2 in stage 1 ,  and/or h and l4 in stage 2. 

Figure 6.l (d) shows the cost of expanding capacity of an edge using a specific 
technology at each stage. For example, the cost of expanding capacity of e 1 using 
li is 5 units. Note the economies of scale in using the larger-capacity technologies 
l2 in stage 1 and l4 in stage 2 ,  for e1 and e2 . For example, if e1 must have 10 units 
of capacity in stage 2 ,  it is cheaper to expand capacity using either l2 in stage 1 or 
l4 in stage 2 ,  costing $8 , than using l1 in stage 1 and l3 in stage 2 ,  which costs $10. 
Observe that the cost structure of capacity expansions on e3 and e4 differ from that 
of e1 and e2 • In particular, to facilitate these examples, the costs for e3 and e4 are 
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discounted in the second stage and those for e1 and e2 are not. 
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=
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Figure 6.2: The deterministic instances that arise from considering each demand scenario of a stochastic instance, and corresponding capacity-expansion solutions. 

We first examine the solution to each deterministic capacity-expansion problem. 
Figure 6.2(a) presents the demand data for deterministic instance 1 and the corre
sponding capacity-expansion solution and costs . The solid lines represent edges with 
capacity and the dashed lines represent edges with zero capacity (i.e., potential routes 
for capacity installation). In stage 1, the solution expands capacity of e1 and e2 by 
installing h for $8 and li for $5, respectively. There are no capacity expansions in 
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stage 2, and so the total cost of this solution is $13. The capacity expansion on e2 

using li provides the 5 units of capacity sufficient to supply D2 in both stages. On 

the other hand, notice that in stage 1, e1 needs only 5 units of capacity to supply D1 . 

However, assuming perfect demand information, i.e. , demand at D1 deterministically 

increases to 10 units in stage 2, and due to economies of scale, the deterministic model 

finds it cheaper ($8) to install 10 units (l2) of capacity on e1 in stage 1 ,  instead of 

installing 5 units (li ) in stage 1 and then 5 units (l3) again in stage 2, which would 

amount to $10. 

Figure 6.2(b) shows the capacity-expansion solution to deterministic instance 2. 

We note that this solution and reasoning for the associated capacity expansions are 

similar to that for the solution to deterministic instance 1 .  That is, the solution 

expands capacity of e1 and e2 by installing l1 for $5 and h for $8, respectively. These 

expansions are only in stage 1 and cost $13 in total. In this instance, installation of li 

on e1 increases its capacity to 5 units which is adequate to supply D1 in both stages. 

In contrast, the demand of D2 is 5 units in stage 1 but deterministically increases to 

10 units in stage 2, and so it is most economic to expand the capacity of e2 to 10 

units by installing l2 in stage 1 .  

Figure 6 . 3  illustrates the solution to the worst-case instance. This instance rep

resents the highest possible demand outcome at each stage. Thus, similar to other 

instances, demand of D1 and D2 are 5 units in stage 1 .  However, the demands for 

both D1 and D2 increase to 10 units in stage 2, which differs from other deterministic 

instances that have only either demand of D1 or D2 increase to 10 units . Observe 

that for this instance, the least-cost capacity expansions are installing l2 on both e1 

and e2 in stage 1 ,  costing $16 in total. 

Figure 6.4 shows the solution to the stochastic-problem instance. Figure 6.4(a) ,  

6.4(b) , and 6.4(c) show the stage 1 solution, the stage 2 solution of scenario 1 ,  and the 
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Solution to worst-case instance 
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Figure 6.3 :  The worst-case demand scenario and the corresponding capacityexpansion solution. 

· stage 2 solution of scenario 2, respectively. In stage 1 ,  the solution to the stochastic 
instance expands capacity of e3 and e4 by 5 units using li . These expansions cost 
$11 .  In stage 2, the solution installs capacity in the network according to the demand 
outcomes in scenarios 1 and 2. The solution adapts to these scenarios by installing 5 
units of additional capacity (l3) on e4 and e3 , respectively. Figure 6.4(b) highlights e4 

to indicate the increase in its capacity, and shows the cost for the capacity addition. 
The label, (li = 5) + (l3 = 5) , in Figure 6 .4(b) signifies the total capacity on e4 , which 
comprises the capacity expansion using using li in stage 1 and h in stage 2. Figure 
6 .4( c) illustrates these for e3 in an analogous manner . The cost for installing l3 in 
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Solution to stochastic instance 
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Figure 6 .4: The two-stage stochastic problem instance with two demand scenarios, and the resulting capacity-expansi�n solution. Note that the two scenarios have the same stage 1 demand. (a) The capacity expansions in stage 1 .  (b) The capacity 
expansions in stage 2 of scenario 1 .  ( c) The capacity expansions in stage 2 of scenario 2.  

stage 2 is $3 for each scenario. Since stage 1 costs are $11 ,  and each scenario occurs 
with probability 0 .5 ,  the total expected cost for capacity expansions is $14. 

Thus, the stochastic solution is significantly different from the solutions to the 
deterministic instances. The stochastic instance hedges against uncertain outcomes 
in stage 2 by installing capacity adequate only for supplying demand in stage 1, and 
specifying capacity expansions in stage 2 that, because of "flexible" stage 1 capacity 
expansions, economically accommodate to outcomes in stage 2.  On the other hand, 
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assuming perfect demand information, deterministic instances install capacity in stage 
1 to minimize the total cost of capacity expansions that will enable the network to 
supply demand in both stages. However, solutions corresponding to deterministic 
scenarios are inherently rigid in that they are unlikely to accommodate variations in 
demand without significant changes to design. 

For example, suppose that we believe scenario 1 will occur, in which D1 and D2 

are 5 units in stage 1, and D1 increases to 10 units in stage 2, and so we construct 
the network for $13 according to the solution to deterministic instance 1, i.e., install 
10 units (h) on e1 and 5 units (li) on e2 in stage 1, as in Figure 6.2(a). However, now 
suppose that at the end of stage 1 it seems scenario 2 will occur, in which demand 
of D2 increases to 10 units in stage 2. Then, as a recourse decision to accommodate 
this change, the cheapest option is to add 5 units (l3) of capacity to e2 at cost of 
$5. Hence, although the solution to the deterministic instance costs only $13, in the 
realisation of uncertain demand, it ends up costing $18. Note that we would incur a 
similar cost if we implemented stage 1 solution of scenario 2 and then used recourse 
to accommodate the occurrence of scenario 1 .  

The solution to the stochastic instance costs $11  in stage 1. These capacity ex
pansions increase the capacity of e3 and e4 to 5 units, which are adequate to supply 
the demand of D 1 and D2 in stage 1. Notice, however, that, expanding e1 and e2 

through li would have also sufficed, and moreover, this would have only cost $10 in 
stage 1. Nonetheless, as we shall demonstrate, installing capacity on e3 and e4 in 
stage 1 positions the network to hedge cost effectively against uncertain demand in 
stage 2 .  

The examples demonstrate that the flexibility built into a stochastic solution en-
ables better hedging against uncertain future outcomes. Thus a solution to a stochas
tic model can accommodate variations more economically than can a solution to a 
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deterministic model. Note that decisions in the first stage are most important as 
they are closest in time, and can critically affect decisions and the ability of the net
work to minimize costs effectively in subsequent stages when the value of uncertain 
parameters are realized. 

To incorporate flexibility in our decision process we need to represent the uncer
tainty in demand using scenarios, the realizations of which are revealed over time. 
The next section describes how this is done. 

6.2 Scenario Tree Representation of Uncertainty 

A scenario is a sequence of realizations of an uncertain parameter, where each realiza
tion occurs at a particular decision stage. We follow Ahmed et al. [2] and represent 
uncertainty using a scenario tree T over T decision stages. For simplicity, we think of 
these stages occurring at evenly spaced increments of time. The uncertain parameters 
represent a discrete-time stochastic process defined on a finite probability space. The 
scenario tree at each stage t consists of a set of nodes that represents collections of 
states of the world that are indistinguishable up to time t. We denote by n E N the 
set of nodes of the scenario tree. Figure 6.5 illustrates a 4-stage scenario tree with 
some examples of the following notation. 

Stage 1 comprises only n = l, the root node of T, which is where all scenarios 
have the same realization. For each node n E N, <Pn denotes the probability that 
the state of the world associated with node n occurs. Tn denotes the successors of 
n which we define to include n itself. Thus, Tn denotes n plus all nodes ·"below" n 
in the tree. P n denotes the set of all predecessors of n, which we define to include n 
itself. Thus, P n denotes n plus all nodes "above" n in the tree. For any leaf node n 
in the tree, P n defines a scenario. 
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t = l Root node 

t = 2  

E.g. 

t = 3 P1 
= { 1 ,3,7} 

T., =  {7, 12, 13}  

t = 4 P13 = { l ,3,7, 1 3 }= Scenario 

Leaf nodes = {8,9, 10, 1 1 , 12, 13 }  

Figure 6.5: A scenario tree with 4 decision stages (t) and 6 scenarios. The set of nodes from the root node to a leaf node represents a scenario, e.g . ,  P13 • 

A scenario tree provides a convenient way of representing relationships among 
scenarios. For the solution of a scenario-based stochastic program to be of practical 
value, the scenarios must sufficiently represent the randomness in the uncertain pa
rameters. Hence, many methods exist for generating scenarios, and these range from 
data manipulation (41] to the more complex sequential importance sampling (24] . See 
section 1 .6 . 1  for a brief survey on scenario generation methods. 

The focus of this thesis is on developing capacity-planning models and an effi
cient solution methodology for solving the large MIPs that result from our stochastic 
capacity-planning models. We test these on a number of representative demand sce
narios derived by manipulation of historical data, but do not implement a comprehen
sive scenario generation procedure. See section 1 .6.2 for more details on the approach 
adopted in this thesis, and section 8.2.3 for recommendations on the tools that Vector 
can use to analyse data and generate scenarios. In the following section we present 
the super-network formulation of the general multistage stochastic capacity-planning 
model. 
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6 .3  Super-Network Multistage Stochastic Capacity

Planning Formulation 

Capacity-expansion decisions could be very complicated, because we might use various 

technologies to expand capacity of an edge e, and decisions in one time period could 

affect decisions in another. For simplicity, the stochastic multistage capacity-planning 

model we describe here assumes that the capacity of an edge e can be expanded at 

scenario-tree node n or not, and can be expanded multiple times over the planning 

horizon. Owing to the possibility of multiple capacity expansions on an edge, we refer 

to this as the general model. Analogous to previous chapters, we define an operational 

cost function, Qn ( · ) ,  which determines the discounted cost associated with operating 

decisions at scenario-tree node n as a linear function of the corresponding operational 

variables. We now present a super-network based formulation of our general stochastic 

multistage capacity-planning model, which we denote as CP-SN. (Most notations for 

CP-SN is the same as that of the super-network based formulation in section 2 .3 ,  

however we repeat them here for convenience. )  
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Sets and Indices 

i E V nodes 

m E M � V super-nodes (nodes with degree � 3) 

n E N scenario-tree nodes 

h E Pn predecessor scenario-tree nodes of scenario-tree node n, in-

eluding n 

k E A super-arcs 

i E Vk � V sub-nodes spanned by super-arc k 

k E nsm all super-arcs entering super-node m (reverse star) 

k E FSm all super-arcs leaving super-node m (forward star) 

e E £ edges 

e E £1 
k edges spanned by super-arc k (UkeACf = 

£) 

k E A1 super-arc k, with (k + l)st super-arc in antiparallel 

k E A2 n super-arcs at scenario-tree node n, which when active, result 

in flow that requires capacity expansion on some edges e E £1 

l E .Cen technologies available for expanding capacity of edge e at 

scenario-tree node n 

e E £2 
n edges at scenario-tree node n that require capacity expansion 

due to flow induced on it by an adjacent break-edge 

e' , E £!n edges at scenario-tree node n which, when broken, induce flow 

on an edge e that requires it to expand capacity 

e E Cfn edges that require capacity expansion due to flows induced by 

super-arc k at scenario-tree node n 
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Data 

Cezn discounted cost of expanding capacity of edge e using technology l at 
scenario-tree node n 

Din demand ( "load" ) at node i at scenario-tree node n 
Dln sum of demand of all sub-nodes between super-nodes m(k) and m(k) 

for super-arc k at scenario-tree node n (Figure 2.8 illustrates this for 
an analogous parameter Dl in R-SN) 

D;kn total demand for sub-nodes of super-arc k from m(k) , and up to and 
including sub-node i(e, k) , at scenario-tree node n (Figure 2.8 illus
trates this for an analogous parameter D;k in R-SN) 

D!,en flow induced on edge e at scenario-tree node n due to adjacent break
edge e' 

io 

m(k) 

m(k) 

i(  e, k) 

Uelhn 

power-source node 
tail super-node of super-arc k 
head super-node of super-arc k 
end node of edge e E El closest to m(k) , e.g. , for k =  (6, 10) and e = 4 
in Figure 2.7(b) , i(e, k) = 7 
initial capacity of edge e 
additional capacity on edge e from installing technology l at node h, 
which becomes available for use at successor node n E 7'i 

Ukn an upper bound on the flow on super-arc k at scenario-tree node n 
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Variables 

x�zn 1 if technology l is chosen for expanding capacity of edge e at scenario

tree node n, and O otherwise 

ben l if edge e is inactive at scenario-tree node n, and O otherwise (break

edge variable) 

Zkn l if super-arc k is active at scenario-tree node n, and O otherwise 

!kn power flow on super-arc k at scenario-tree node n 

Formulation ( CP-SN) 

min 
x1 ,b,z,f 

s.t Super-arc flow capacity-expansion constraints: 

fkn - D;knZkn � UeoZkn + L L UelhnX:zh V k E A, e E Et , n E N, (6.2) 
hE'Pn lE.Ceh 

Break-edge flow capacity-expansions constraints: 

L D!,enbe'n � L Ueobe'n + L L UelhnX:zh V e  E £�, n E N, (6 .3) 
e'E&ln e'E&ln hE'Pn lE.Ceh 

Flow-balance constraints: 

L (!kn - DknZkn) - L fkn - L L D;knben = Dmn 
kE'R-Sm kE:FSm kE:FSm ee&t 

V s  E S, m E M , n E N, 

Exactly one edge spanned by a super-arc is inactive (a break-edge) or 

all edges are active ( an active super-arc): 

Zkn + Zk+I,n + L ben = l V k E A 1 , n E N, 
ee&t 

Permit flow only on active super-arcs: 

(6.4) 

(6.5) 
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fkn � UknZkn 'v k  E A, n E N, 
where Ukn = min {n;kn + Ueo + � � Uezhn } , 

· eE£1 L- L-
k hE'Pn lE.Ceh 

Constraints to ensure active super-arcs form radial configuration (1): 
L Zkn = IM l - 1  'v n  E N, 
kEA 

Constraints to ensure active super-arcs form radial configuration (2): 
L _ Zkn = 1 'vm E M\{io}, n E N, 

kE'RSm 

Domain restrictions on variables: 
fkn 2: 0 'v k E A, n E N, 
ben E {O, 1} 'v e E £, n E N, 
Zkn E {O, 1} "i/ k E A, n E N, 
X�zn E { 0, 1} 'v e E E, l E .Cen , n E N. 
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(6.6) 

(6.7) 

(6.8) 

(6.9) 
(6. 10) 
(6.11) 
(6. 12) 

The objective function (6.1) minimizes the expected cost of capacity expansions 
plus expected operational costs. The CP-SN formulation can be viewed as an ex
tension of the R-SN or SND-SN formulation to the multistage framework, however 
without the fault-simulation constraints. The operational constraints (6.4)-(6.8) are 
essentially the same as their counterparts in R-SN except CP-SN specifies a set of 
these constraints for each scenario-tree node n E N. For a complete description of 
these operational constraints, one may refer to the constraint descriptions following 
R-SN in section 2.3. 

Unlike the operational constraints, the capacity-expansion constraints (6.2) and 
(6.3) are considerably more complex than those in R-SN, since in addition to capacity
expansion decisions at scenario-tree node n, they must account for such decisions at 
predecessor nodes h E Pn , Moreover, R-SN permits at most one capacity expansion 
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on an edge, whereas CP-SN allows capacity expansion of an edge using multiple 
technologies and at multiple stages, adding to the complexity. 

The super-arc flow capacity-expansion constraints (6.2) are an extension of the 
corresponding R-SN constraints (2. 15) to multiple decision stages. The left side of 
such a constraint represents flow on edges associated to super-arc k as a function of 
fl.ow !kn on the super-arc, at scenario-tree node n; the flow on these edges must be 
no greater than the right-hand side, which denotes the initial capacity plus capacity 
acquirable through capacity-expansion decisions for those edges at scenario-tree nodes 
h E 'Pn· 

The break-edge flow capacity-expansion constraints (6.3) are defined for edges 
e E E;, on which flow induced by a break on adjacent edge e' E E!n exceeds the initial 
capacity of e. The left hand side of these constraints represent the capacity required 
by the induced flow on edge e owing to a break in adjacent edge e' , denoted D!,en> 

and the right hand side is the initial capacity plus capacity expansions on e that must 
satisfy this requirement. 

Observe that constraints (6.3) are an extension of constraints (2.32), which were 
redundant in R-SN because of stronger constraints (2. 16). We can define constraints 
in CP-SN that are analogous in strength to (2. 16), however, as we explain later, the 
multistage approach and the possibility of multiple capacity expansions on an edge 
make defining such constraints difficult and impractical. To facilitate discussion and 
for convenience, we repeat (and re-label) constraints (2. 16): 

I: be, :s; x�l \/ l E f,3 , e E Et , (6. 13) 
e'Et:!1 Here: £3 is the set of technologies for edges requiring expansion due to flows induced 

by adjacent break-edges; Et is a set of edges that require expansion using technology 
l due to flow induced on it by an adjacent break-edge e; and E:1 is a set of edges 



6.3 Super-Network Multistage Stochastic Capacity-Planning Formulation 158 

which, when broken, induce flow on an edge e that requires it to expand capacity 
using technology l .  

An instance of constraints (6.13 ) is as follows. In R-SN, suppose that a break on 
edge e' E £;1 ( such that 1£;1 1 = 1 )  induces flow a on an adjacent edge e E £z2 that is 
greater than edge e's initial capacity. Then, since R-SN allows at most one capacity 
expansion on an edge, we can simply define a break-edge constraint (6 .13 ) to force a 
capacity expansion on edge e using a single capacity-expansion technology Ue1 that 
will satisfy the capacity requirement, a, and cost the least, i.e., define be, :::; x�1 since 
a ::5 Uel ·  

In R-SN, it is relatively straightforward to define constraints (6 .13 ), which force 
capacity expansions on edges using a single technology, because R-SN has a single 
decision stage and permits at most one capacity expansion on an edge. That is: 
owing to the single decision stage, we can be sure that expanding the capacity of 
e using a specific technology l will not affect capacity-expansion decisions on e in 
any other stage; and since R-SN permits capacity expansion on an edge e using at 
most one capacity-expansion technology, selecting the technology that costs the least 
and satisfies the capacity requirement a, will be the optimal technology to expand 
capacity of e if there is a break on adjacent edge e' in a solution to R-SN. 

On the other hand, CP-SN considers multiple stages and allows multiple capacity 
expansions on an edge, and so it may be possible to satisfy the capacity requirement on 
edge e using one of many combinations of technologies including capacity expansions 
in earlier stages. Thus, a constraint in CP-SN that is analogous to (6.13 ), will force 
capacity expansions on an edge e using a predetermined, optimal combination of 
technologies to satisfy flow induced on edge e due to break on adjacent edge e' . 

To determine the optimal combination, we must consider the capacity requirement 
(flow) on edge e at scenario-tree node n, as well as the capacity requirements on 
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edge e for each network configuration in each scenario-tree node that may affect 

the capacity expansion decision on edge e, which are, indeed, all other nodes in the 

scenario tree. Hence, the task of determining the optimal combination of technologies 

that constraints in CP-SN, which are analogues to constraints (6. 13) ,  can specifically 

use to expand capacity of edge e if there is a break (be'n = 1)  on adjacent edge 

e' , amounts to fixing be'n = 1 and then solving CP-SN . Since this has to be done 

for every break edge e' that forces an expansion on an adjacent edge e, it is clearly 

inefficient. Consequently, we do not define such constraints in CP-SN. Instead, we 

do this implicitly by defining the simpler constraints (6.3) , which ensure that the 

capacity requirement on edge e due to a break on adjacent edge e' is satisfied by 

capacity-expansion decisions at nodes h E 'Pn - Nevertheless, as an alternative to the 

CP-SN analogue of constraints (6 .13) , we strengthen CP-SN by defining constraints 

L be1n � L L x:lh V e E £! , n E N  
e1Ee�n hE'Pn IE.Cen 

(6. 14) 

which forces an expansion on edge e when a break in an adjacent edge e' induces 

flow that exceeds edge e's initial capacity. These constraints are weaker than (6. 13) 

as they do not specify the technology to use for an expansion, but they require 

negligible computing effort and are worth including in CP-SN. 

For further strengthening, we extend the single stage capacity-expansion con

straints (2.35) to 

Zkn � L L x:lh V k E A�, e E £fn , n E N, 
hE'Pn IE.Cen 

and the lower-bound constraints (2.34) to 

(6. 15) 

(6 . 16) 

We also strengthen CP-SN by aggregating constraints (6.2) and (6.3) to form the 

capacity-expansion constraints: 
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(!kn - D;knZkn) + L D!,enbe'n � L Ueobe'n + UeoZkn + L L UelhnX:lh 
e1E£1,. e1E£1,. 

hE'Pn IE.Cen 

\/ k E A, e E et ' n E N. (6. 17) 
The left hand side denotes the flow on an edge e that arises either due to an active 
super-arc k, or a break in an adjacent edge e', while the right hand side ensures that 
there is adequate capacity on edge e to accommodate the resulting flow. 

To investigate the solvability of CP-SN, we perform preliminary computations on 
problem instances based on the test network in section (1.4). The problem instances 
are derived by varying the number of stages in a binary scenario tree, and we solve 
them using CPLEX 9.0 with solver settings as noted in section (5.4). 

Unfortunately, despite the strengthening through constraints (6. 14, 6.15, 6. 16, 
6. 17), the CP-SN formulation results in MIPs with poor LP relaxations, making 
them intractable for realistic-sized problem instances. For example, a relatively small 
instance with 3 stages and 4 scenarios takes over 7200 seconds to solve. 

Fortunately, however, the constraint structure for a particular scenario-tree node 
in CP-SN is similar to that for a single fault scenario in SND-SNs (see section 3.2), 
which is relatively easy to solve as a MIP. Recall that, in Chapter 5, we exploited this 
structure of SND-SNs using variable splitting and then Dantzig-Wolfe decomposition 
to solve SND problems efficiently. Owing to structural similarities, CP-SN may also 
benefit from these techniques. 
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6.4 A Split-Variable Reformulation and Dantzig

Wolfe Decomposition 

From section 4. 7, we know that Dantzig-Wolfe decomposition of SND-SN s based on 

capacity-expansion constraints that link the fault scenarios will result in naturally

integer network-flow subproblems and consequently a master problem with an LP 

relaxation that is just as weak as the LP relaxation of the SND-SNs formulation. 

Apart from the linking constraints, the constraint structure in CP-SN for a scenario

tree node is similar to that in SND-SNs for a fault scenario. Thus, a direct Dantzig

Wolfe decomposition of CP-SN based on the linking constraints (6 . 14, 6 .15 ,  6 .17) ,  

would also lead to naturally integer subproblems and thus to a master problem that 

yields no strengthening in the LP relaxation. To develop a stronger master problem, 

we reformulate CP-SN using a variable-splitting technique, and then apply decompo

sition. 

For a clear and concise exposition of the subsequent concepts and formulations, 

we temporarily set aside the strengthening constraints (6. 14, 6 .15 ,  6. 16) , and present 

the capacity-expansion constraints (6. 17) in the compact form: 

where 

Yen � Ueo + L L UelhnX�lh V e  E £, n E N, 
hE'Pn lE.Ceh 

(6. 18) 

(6. 19) 

Here Yen is a non-negative linear variable representing the amount of flow or capacity 

requirement on edge e at scenario-tree node n. To simplify further, we represent the 
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set of all flows Yen that satisfy the operational constraints as 
Yn = { {Yen}ee& I ( {ben , Yen}eE& , {fkn , ZkshEA) satisfies } . constraints (6.4) - (6.11 ) ,  (6. 19) , and Yen � 0 
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(6.20) 
(Note that after Dantzig-Wolfe reformulation, we expand the compact formulation 
into the extensive form.) Let qen ( · )  denote the operational cost function of Yen · Ignor
ing the abovementioned strengthening constraints and substituting (6. 18) and (6.20) 
into CP-SN gives the simplified CP-SN formulation: 

CP-SSN: min 
x' , y  

s.t Yen :S Ueo + L L UethnX�zh 've  E £, n E N, 
hE'Pn lE.Ceh 

Yen E Yn 'v e E £, n E N, 
X�zn E {O, 1}  'v e E £, l E Len , n E N. 

The split-variable formulation of CP-SSN is 
CP-SV: min 

x', x, y  

s.t. Xelhn :S X�zh 'v e E £, l E Leh, h E 'Pn , n E N, 
Yen :S Ueo + L L UethnXethn 'v e E £, n E N, 

hE'Pn lE.Ceh 

Yen E Yn 'v e E £, n E N, 
Xe!hn E {0, 1} 'v e E £, l E Leh, h E 'Pn , n E N, 
X�zn E {O, 1} 'v e E £,  l E Len , n E N. 

(6.21) 
(6.22) 

(6.23) 
(6.24) 
(6.25) 
(6.26) 
(6.27) 
(6.28) 

The proof of the following proposition is obvious under the assumption that Uethn and Ueo are nonnegative. (For clarity, we include only index sets n E N  and h E 'Pn , 
and omit l E Len and e E £.) 
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Proposition 2 { X�zn , Yen}neN is feasible for CP-SSN if and only if there exists 

{ Xelhn hE'Pn, nEN such that { X�zn , { Xelhnhe'Pn , Yen}neN is feasible for CP-SV. That is, 

CP-SSN and CP-SV are equivalent. • 

In CP-SV, for each node n, and for each of its predecessor nodes h E Pn , we 
define new variables Xelhn that indicate whether a capacity expansion of an edge e 

using technology l at scenario-tree node h, contributes towards meeting the capacity 
requirement of that edge at scenario-tree node n. Here one may think of Xethn as 
requests for capacity expansions at nodes h E Pn which, if granted, will jointly satisfy 
the capacity requirement of edge e at node n. Constraints (6.25) accumulate such 
requests. The variable x�ln determines actual capacity expansion of an edge e at 
node n and can be viewed as capacity grants. Thus the natural interpretation of 
constraints (6.24) is variables Xelhn requesting capacity expansions and variables x�ln 

granting capacity expansions. (As an alternative, looking "down the tree" from node 
n, one may split x�ln into variables Xetnh, which indicate whether a capacity-expansion 
decision at node n is exploitable, non-exclusively, at successor node h; this equivalent 
interpretation can be formalized by rewriting constraints (6.24) as Xetnh � x�ln \/ e E 
£, l E Cen , h E Tn, n E N.) 

The split-variable reformulation has some similarities to the reformulation that 
Krarup and Bilde (59] use to strengthen lot-sizing models, and to the variable
disaggregation based reformulation used by Ahmed et al. [2] for strengthening stochas
tic capacity-expansion models. Our model differs from those in that the split variables 
Xelhn are binary and force binary capacity-expansion decisions x�ln that control the 
amount of capacity expansion. In contrast, Ahmed et al. [2] disaggregate continuous 
variables that force continuous and binary capacity-expansion decisions. (We do not 
consider continuous capacity expansions .) Their model strengthens because demand 
explicitly provides a lower bound on the capacity requirement of a facility, and this 
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allows the computation of tighter constraints. Furthermore, their operational con
straints are simple: total installed capacity must meet or exceed demand ( although, 
in theory, their model can accommodate more complicated operational constraints). 
Our approach incorporates a set of operational constraints (an operational-level sub
model) at each scenario-tree node, which routes flow to meet demand using installed 
capacity. Our solution approach is also substantially different: Ahmed et al. [2 ] solve 
their mixed-integer program using an LP-based branch-and-bound algorithm with a 
heuristic upper-bounding scheme; we use Dantzig-Wolfe decomposition. 

Variable splitting is a common technique used in stochastic programming to enable 
the decomposition of certain models. The conventional application of this approach 
decomposes a model by scenarios. The decomposed model can then be solved by 
a variety of approaches such as Lagrangian relaxation (95 ], the branch-and-fix coor
dination scheme [5 ], or branch and price (64 ]. Applied to CP-SSN, for each node 
n E N, this approach would split variables x�ln and Yen, into variables for the stage t 
associated with n and all scenarios s that are indistinguishable at n. Thus, the split 
variables here would be x�lts and Yets • Because all split variables for a particular node 
n correspond to the same realization of the random parameters, their values must be 
equal: "non-anticipativity constraints" impose this condition (e.g., (16 ] , p 25 ) .  The 
scenario-decomposition approach relaxes the non-anticipativity constraints to decom
pose the problem by scenario. The number of non-anticipativity constraints can be 
very large as they must be imposed generally on all variables at each non-leaf node. 
In addition, problems that have many stages are likely to lead to a sizeable subprob
lem for each scenario, which can be difficult to solve. These factors can complicate 
scenario-decomposition procedures. 

The master problem resulting from our decomposition of CP-SV only involves 
non-anticipativity constraints on the variables x�1n , and not on Xelhn or Yen · However, 
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because non-anticipativity constraints for each node n must be defined for all h E Pn , 
this master problem will have more non-anticipativity constraints than those in master 
problem arising from a decomposition of a scenario-based formulation of CP-SSN. 
Nonetheless, the structure of CP-SV is key as it allows us to decompose the problem 
by scenario-tree node, which results in smaller, more manageable subproblems (as 
described in the following section). 

Observe that CP-SV remains valid even if we substitute the inequality nonan
ticipativity constraints, Xelhn � x�1h, with equality nonanticipativity constraints, 
Xethn = x�lh · However, similar to the reasons noted for SND-SV in section 5 .1 ,  
the inequality nonanticipativity constraints restrict the duals to non-positive values, 
and so decomposition based on these constraints lead to a more stable and faster 
convergence of the duals to their optimal values than that from using equality nonan
ticipativity constraints. Nonetheless, as is also the case for SND-SV s, if we were to 
model removal of capacity by allowing negative values of Uelhn , then nonanticipativity 
constraints would have to be equalities. 

6 .5  Dantzig-Wolfe Reformulation of CP-SV 

In this section we carry out the Dantzig-Wolfe reformulation of CP-SV and present the 
corresponding master and subproblem formulations. In the rest of this chapter, when 
convenient, we use the following vector notations of the variables and their variants for 
a concise presentation. For each scenario-tree node n E N, let Xhn = {xelhn}eel', lE.Ceh' 
Yn = {Yen}eel', bn = {ben}eEl', Zn = {ZknheA, and fn = {fknhEA· 

The capacity-expansion constraints (6 .24 ) in CP-SV link capacity-expansion deci
sions for successor scenario-tree nodes of a scenario-tree node; these are "complicat
ing constraints" to what are otherwise a set of simpler (sub) problems, one for each 
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scenario-tree node n. (For each e E £ and l E Cen , subproblem n includes split vari
able Xelhn indexed over h E 'Pn , but these variable are not linked across subproblems. 
Hence, they may be viewed as alternative capacity-expansion choices for edge e at 
subproblem n alone. )  Thus, we can use decomposition to partition the constraints of 
the split-variable formulation, CP-SV, into two sets: the set of linking (complicating) 
constraints (6.24) , and the set of constraints specific to scenario-tree node n, for which 
we define 

Xn = {{xhnhE'Pn I { {xhnhE'Pn , Yn} satisfies constraints (6.25) - (6.27) } . (6.29) 
In what follows, we find it convenient in some situations to replace the notation 
{ XhnhE'Pn with the more "vector-oriented" notation 

(Xnn · · · X1n) 
= 

(Xnn Xp(n)n Xp(p(n))n · · · X1n) , 

where p(n) denotes the direct predecessor of node n. 

Let :ln denote the index set for the finite set of vectors Xn , whereby Xn -
{ (xnn · · · x1n)i I j E .Jn} .  We can then express any element of Xn through 

(Xnn · · · X1n) = L (Xnn · · · X1n)iw!, L w! = 1, w! E {O, 1}  V j E .Jn , (6.30) jE:Tn jE:Tn 

Each vector (Xnn · · · x1n)i represents a collection of capacity-expansion requests from 
nodes h E 'Pn ; satisfying these requests will ensure feasible system operation at node 
n. Hence we refer to each collection of requests as a feasible expansion plan (FEP) .  

Without loss of generality, we may assume that each FEP for a scenario-tree 
node n has associated with it at least one optimal operational plan y� with weighted 
operational costs <f>nqn (Y�) = '%, i.e. , :ln simultaneously indexes FEPs and opera
tional plans at scenario-tree node n. Thus, attaching operational costs 'fiti to the wt 

and substituting expression (6.30) above for (Xnn · · · x1n) into CP-SV leads to the 
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Dantzig-Wolfe reformulation of CP-SV. (See section 4. 1 for an overview of Dantzig
Wolfe decomposition.) We denote this multistage stochastic, column-oriented master 
problem as "MP" . 

For each scenario node n, MP contains a group of columns with index set Jn , 
Each j E .:In corresponds to an FEP. For simplicity, we assume that MP is always 
feasible, i .e. , .:In =I- (/) for any n. The formulation for MP follows. 
Sets and Indices 

j E .:In FEPs for scenario-tree node n 

Data 

x!lhn l if FEP j at node n requests a capacity expansion on edge e using 
technology l at node h 

% the weighted operational cost of FEP j for scenario-tree node n 

Variables x�ln l if technology l is chosen for expanding capacity of edge e at scenario-tree 
node n, and O otherwise 

wl l if FEP j is selected for scenario-tree node n, 0 otherwise 
Formulation 

[dual variables] (6.31) 
s.t. V e  E £, l E .Ceh ,  h E Pn , n E N, 

L w! = 1 V n E N, 
jE.:ln 

w! E { 0, 1} V n E N, j E .:In, 

x:in E {0, 1} V e E £ , l E Cen , n E N. 

(6.32) 
[µn] (6.33) 
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MP's objective function (6.31)  minimizes expected capacity-expansion costs plus 
expected operational costs. Constraints (6.32) ensure that no FEP is chosen for 
any node without sufficient capacity having been installed (granted) . "Convexity 
constraints" (6.33) select exactly one FEP for each n. 

We dynamically generate columns for RMP using the column-generation algorithm 
described in section 4. 1 .  A column j for node n in MP has the form [&;_, (Xnn · · · x1n)j , l]T , 
where &;, is the weighted cost of the associated operational plan Yt, and (xnn · · · x1n)j 
is the corresponding FEP. Given the optimal duals, 1felhn and tin from RMP-LP, we 
can identify the column j E .Jn having the most favorable reduced cost by solving the 
subproblem 

SP(n) : min 'Pn L qen(Yen) - L L L 1felhnXelhn - tin 

eE€ hE'Pn eE€ lE.C.eh 

S. t. Yen :::; Ueo + L L UelhnXelhn \/ e E £, 
hE'Pn lE.C.eh 

Yen E Yn \/ e E £, 
Xelhn E {0, 1} 'v e  E £,  l E .Ceh , h E Pn . 

(6 .34) 
(6 .35) 
(6.36) 
(6.37) 

We may create a new column for RMP using any solution (Xnn · · · x1n) of SP(n) that 
gives a negative objective value. 

The above compact formulation for SP(n) implicitly accounts for the feasible oper
ational variables fn , bn , and Zn , which are associated to flows Yn , through the set Yn , The variables y n represent flows on edges as a function of these operational variables 
through inequalities (6. 19) . In the following we "expand" SP(n) and present it in 
its extensive form, which explicitly states all constraints and variables, including the 
strengthening constraints described in section 6.3. (Note that the above formulation 
for MP is already in extensive form.) 
SP(n) : min 'Pn (L qen (ben) + L qkn (fkn , Zkn)) - L L L 1relhnXelhn - tin 

x,b,z,f 
eE€ kEA hE'Pn eE€ !E.C.eh 
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s.t . Aggregated super-arc flow and break-edge flow 
capacity-expansion request constraints: 

+ L L UelhnXe!hn V k E A, e E £I , 
hE'Pn lE.Ceh 

Flow-balance constraints: 
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(6.38) 

L (!kn - Dlnzkn) - L fkn - L L D;knben = Dmn 
kE'RSm kE:FSm kE:FSm eE£l 

V m  E M , (6.39) 

Exactly one edge spanned by a super-arc is inactive ( a break-edge) or 
all edges are active ( an active super-arc) : 
Zkn + Zk+i,n + L ben = l V k E A 

1
, 

eE£l 

Permit flow only on active super-arcs: 
f kn :S UknZkn 'if k E A, 
where Ukn = �ir- { n;kn + Ueo + L L Uelhn } '  

k hE'Pn lE.Ceh 

(6.40) 

(6.41) 

(6.42) 

Constraints to ensure active super-arcs form radial configuration (1) : 
(6.43) 

Constraints to ensure active super-arcs form radial configuration (2) : 
L Zkn = l Vm E M\{io} ,  

kE'RSm 

Break-edge forced capacity-expansion request constraints: 
L be1n :S L L Xelhn Ve E £�, e1 E£�

n 
hE'Pn !E.Cen 

(6 .44) 

(6.45) 
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Super-arc forced capacity-expansion request constraints: 
Zkn � L L Xelhn \:/ k E A;, e E Etn, 

hE'Pn lE.Cen 

Super-arc flow lower-bound constraints: 

Domain restrictions on variables: 
fkn � 0 \:/ k E A, 
ben E { 0, 1} \:/ e E E, 
Zkn E {O, 1} \:/ k E A, 

Xethn E {0, l} \:/ e  E E, l E .Ceh , h E 'Pn, 
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(6.46) 

(6.47) 

(6.48) 
(6.49) 
(6.50) 
(6.51) 

Here constraints ( 6.38) correspond to the capacity-expansion constraints ( 6 . 17) for 
scenario-tree node n in CP-SN; recall that constraints (6.17) strengthen CP-SN by 
aggregating constraints (6.2) and (6.3). Constraints (6.45), (6 .46), and (6.47) are 
strengthening constraints that correspond to constraints (6. 14), (6. 15) and (6.16), 
respectively. 

The constraints (6.38) and (6.45) and (6.46) involve capacity-expansion request 
variables Xethn and therefore we refer to them as capacity-expansion request con
straints. The next section shows that, permitting at most one capacity expansion 
on an edge over the planning horizon substantially simplifies and reduces the number 
of capacity-expansion request variables and capacity-expansion request constraints. 

6 .6  At Most One Capacity Expansion of an Edge 

The CP-SV model allows an edge's capacity to be expanded more than once over the 
planning horizon. However, planning for multiple capacity expansions on the same 
edge often makes little sense because associated fixed charges are large, or "setups" 
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have highly undesirable side effects. For example, electricity distribution networks 
install underground cables along roads to ease access during maintenance and repair. 
Installing new cables or replacing old ones incurs large costs for trenching, traffic 
management, lost productivity in businesses without power, etc. 

This section therefore studies a version of CP-SV that restricts each edge to being 
expanded at most once over the planning horizon. We also assume that Uelhn is 
deterministic and does not evolve with the scenario tree or change over time, i.e., 
Uelhn = Uet V e  E £, l E £eh , h E Pn, n E N  (£eh changes to ,Ce), With these changes, 
CP-SV becomes: 

s.t. Xelhn � X�lh V e  E £, l E £e, h E Pn, n E N, 
Yen � Ueo + L L  UeiXelhn V e  E £, n E N, 

hE'Pn IE.Ce 

L L X�zh � 1 V e  E £, n E N, 
hE'Pn IE.Ce 

Yen E Yn V e  E £, n E N, 
Xelhn E {0, 1} V e  E £, l E £e, h E Pn , n E N, 

X�zn E {O, 1}  V e  E £, l E ,Ce, n E N. 

(6.52) 
(6.53) 
(6.54) 
(6.55) 
(6.56) 
(6. 57) 
(6.58) 

The reader will note that constraints (6.55) for non-leaf nodes are redundant. But, 
we include all these constraints in RMP-LP because, for reasons we cannot explain, 
the Dantzig-Wolfe algorithm tends to solver faster that way. ( Of course, we turn 
off the optimizer's presolver when solving these LP relaxations so that it does not 
eliminate the redundant constraints. ) 

It is convenient to transform CP-SVl' into an equivalent formulation with fewer 
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variables: 
(6 .59) 

s.t. Xeln ::;; L x:1h 'v e E &, l E Ce, n E N, (6.60) 
hE'Pn 

Yen ::;; Ueo + L Ue1Xeln 'v e E E, n E N, 
IE.Ce 

L L x:1h :::; 1 'v e E E, n E N, 
hE'Pn IE.Ce 

Yen E Yn 'v e E £, n E N, 
Xetn E {0, 1} 've E £, l E Ce, n E N, 
x:ln E {0, 1} 'v e E &, l E Ce, n E N. 

(6.61) 
(6.62) 
(6.63) 
(6.64) 
(6.65) 

CP-SVl' and CP-SVl are equivalent problems by virtue of the following proposi
tion. (For clarity, we include only index sets n E N  and h E Pn, and omit l E Ce and 
e E £.) 
Proposition 3 There exists { Xelhn} hE'Pn with { x:ln, { Xelhn} hE'Pn, Yen} being feasible 
for CP-SVl' if and only if there exists Xeln such that { x�1n, Xeln, Yen} is feasible for 
CP-SVl. 

Proof. Suppose {x�zn, {xelhnhE'Pn, Yen} is feasible for CP-SVl'. Let Xeln = 

I:hE'Pn Xelhn · To show that { X�zn, Xeln, Yen} is feasible for CP-SVl, it suffices to check 
that constraints (6.60), (6.61), and (6.64) are satisfied. Constraints (6.53) imply 
(6.60), and constraints (6.54) give (6.61). Moreover, Xeln is binary because of (6.53) 
and (6.55). 

Conversely, if {x�zn, Xein, Yen} is feasible for CP-SVl, then let Xethn = x�lh for all 
h E Pn , All constraints of CP-SVl' hold trivially, except for (6.54). These constraints 
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are satisfied because 
Yen :s; Ueo + L Ue1Xeln :s; Ueo + L L Ue1X:1h = Ueo + L L Ue1Xelhn •  

IE.Ce hE'Pn IE.Ce hE'Pn IE.Ce 

This completes the proof. • 
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The compact formulation of CP-SVl' and CP-SVl facilitated the reformulation 
from CP-SVl' to CP-SVl and the subsequent proof. For completeness, in the fol
lowing we present the extensive formulation of CP-SVl. Recall that, to develop 
the compact formulation, CP-SSN and hence CP-SV, in section 6.4, we temporar
ily exclude the super-network based strengthening constraints, (6.14, 6.15 , 6.16), for 
CP-SN. Since CP-SVl derives from CP-SV, it also excludes these constraints. As 
we shall explain below, constraints (6.1 4) and (6. 16) are accounted for in CP-SVl, 
nonetheless we must consider constraints (6.15) in the extensive form of CP-SVl;  but 
we cannot use constraints (6.15 )  in their current form because CP-SVl allows at most 
one capacity expansion on an edge, whereas the strengthening constraints are for the 
general CP-SN formulation, which permits multiple capacity expansions over the mul
tistage planning horizon. Thus constraints (6.15 ) must be modified to suit CP-SVl. 
It is simplest to think of this modification as extending to multistage stochastic form, 
the strengthening constraints (2 .35 )  of R-SN8 , which is a single stage formulation 
that also permits at most one capacity expansion (see section 2 .3.4). Note that the 
extended version of constraints (6.15 ) are (6.75) in the following CP-SVl formulation. 
Furthermore, the extension of the disaggregated form of the capacity-expansion con
straints (2 .15 )  and (2 .16) of R-SNs to constraints (6. 68 )  and (6.69), respectively, lead 
to a tighter formulation of CP-SVl, than the aggregated form of capacity-expansion 
constraints (6.17 )  of CP-SN. The strengthened extensive formulation of CP-SVl fol
lows. 
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Sets and Indices 

i E V nodes 

m E M � V  super-nodes (nodes with degree � 3) 

n E N scenario-tree nodes 

h E Pn predecessor scenario-tree nodes of scenario-tree node n, including n 

k E A super-arcs 

i E vk � v  sub-nodes spanned by super-arc k 

k E nsm all super-arcs entering super-node m (reverse star) 

k E :FSm all super-arcs leaving super-node m (forward star) 

e E £ edges 

e E £1 
k edges spanned by super-arc k (Uke.A&f = £) 

e E &i� edges at scenario-tree node n that require expansion using technology 

l to accommodate flow induced on it by an adjacent break-edge 

e' E £!tn edges at scenario-tree node n which, when broken, induce flow on an 

adjacent edge e that requires it to expand capacity using technology l 

e E &£in edges that require capacity expansion using technology l ( or greater) 

due to flows induced by super-arc k at scenario-tree node n 

k E A1 super-arc k, with (k + l)st super-arc in antiparallel 

k E Arn 
super-arcs at scenario-tree node n, which when active, result in flow 

that requires capacity expansion on some edges e E £1 using technol-

ogy l ( or greater) 

l E .Ce technologies available for expanding capacity of edge e 
l' E .c;l technologies for expanding capacity of edge e that have capacity equal 

to and greater than capacity of technology l (including l) 

l E £3 n 
technologies for edges requiring capacity expansion due to flows in-

duced by adjacent break-edges at scenario-tree node n 

E £4 n 
technologies for edges requiring capacity expansion due to flows in-

duced by super-arcs at scenario-tree node n 
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Data 

Cetn discounted cost of expanding capacity on edge e using technology l at 

scenario-tree node n 

Din demand ( "load" ) at node i at scenario-tree node n 

Dln sum of demand of all sub-nodes between super-nodes m(k) and m(k) 

for super-arc k at scenario-tree node n (Figure 2.8 illustrates this for 

an analogous parameter Dl for R-SN) 

D;kn 
total demand for sub-nodes of super-arc k from m(k) , and up to and 

including sub-node i(e, k) , at scenario-tree node n (Figure 2.8 illus

trates this for an analogous parameter D;k 
for R-SN) 

io 

m(k) 

m(k) 

i( e, k) 

power-source node 

tail super-node of super-arc k 

head super-node of super-arc k 

end node of edge e E Cf closest to m(k) , e.g. , for k =  (6, 10) and e = 4 

in Figure 2.7(b) , i(e, k) = 7 

initial capacity of edge e 

additional capacity on edge e from installing technology l ,  

an upper bound on the flow on super-arc k at scenario-tree node n 

175 



6.6 At Most One Capacity Expansion of an Edge 

Variables 

x:zn 1 if technology l is chosen for expanding capacity of edge e at scenario
tree node n, and O otherwise 

Xezn l if technology l is requested for expanding capacity of edge e at 
scenario-tree node n, and O otherwise 

ben l if edge e is inactive at scenario-tree node n, and O otherwise (break
edge variable) 

Zkn l if super-arc k is active at sce:Q.ario-tree node n, and O otherwise 
!kn power flow on super-arc k at scenario-tree node n 
Formulation 

CP-SVl: min 
x' ,x,b,z,f 

s. t . At most one capacity-expansion on an edge: 
L L x:zh � 1 V e  E & , n E N, 

hE'Pn ZE.Ce 

Capacity-expansion constraints: 
Xeln � L x:lh V e E £, l E Le , n E N, 

hE'Pn 

Super-arc flow capacity-expansion request constraints: 
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(6.66) 

(6.67) 

fkn - D;knZkn � UeoZkn + L Ue1Xeln V k E A, e E £f, n E N, 
IE.Ce 

Break-edge capacity-expansion constraints: 
L be1n � L Xel'n \;/ e E £1;, l E c;, n E N, 

e1Ee!1n l'E.C�1 

Flow-balance constraints: 

(6.68) 

(6 .69) 
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L (!kn - Dinzkn) - L fkn - L L D;knben = Dmn 

kERSm kE:FSm kE:FSm eEel 

Vm E M, n E N, (6.70) 

Exactly one edge spanned by a super-arc is inactive ( a break 
-edge) or all edges are active ( an active super-arc) : 
Zkn + Zk+1,n + L ben = 1 V k E A1 , n E N, 

eEel 

Permit flow only on active super-arcs: 
fkn � UknZkn \/ k E A, n E N, 
where Ukn = min {n;kn + Ueo + max Ue1 } ,  

eEel LE.Ce 

Constraints to ensure active super-arcs form radial 
configuration (1) :  
L Zkn = IMl - 1 n E N, 
kE.A 

Constraints to ensure active super-arcs form radial 
configuration (2) : 
L Zkn

= l Vm E M\{io} ,  n E N, 
kERSm 

(6.71) 

(6.72) 

(6.73) 

(6 .74) 

Super-arc forced capacity-expansion request constraints: 
Zkn � L Xe11n \/ l E .C!, k E Afn , e E &tzn , n E N, 

l'E.C�1 

Super-arc fl.ow lower-bound constraints: 

Domain restrictions on variables: 
fkn � 0 \/ k E A, n E N, 

(6 .75) 

(6.76) 

(6.77) 
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ben E {0, 1} V e  E £ ,  n E N, 

Zkn E {0, 1}  V k E A, n E N, 

Xeln E {0, 1} V e  E £, l E Ce, n E N, 

X�1n E {0, l} V e E £, l E Ce, n E N. 
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(6.78) 

(6.79) 

(6.80) 

(6.81) 

As noted earlier, the significance of the split-variable formulation is that it leads to 

a strong Dantzig-Wolfe decomposition. The next section reformulates CP-SVl and 

presents the resulting Dantzig-Wolfe master problem and subproblems. Again, for 

each scenario-tree node n E N, it is convenient to use the vector notation Xn -

(xe1n)eee, IE.Ce , bn = (ben)eee , and Zn = (zknheA• 

6 .7  Dantzig-Wolfe Reformulation of CP-SVl 

We perform a Dantzig-Wolfe reformulation of CP-SVl, analogous to that of section 

6.5, by defining 

Xn = {xn I (Xn, bn , fn , Zn) satisfies constraints (6.68) - (6.80)} , 

and by expressing Xn through x�, j E :In , which denote the enumerated feasible 

solutions in Xn : 

V = � X.j Wj 
J� � n n, L w! = 1 ,  w! E {0, 1}, Vj  E .Jn , 

jE.1n jE.1n 

This gives a simplified master problem 

MPl :  min L cf>n L L  CelnX�ln + L L  <itiw! [dual variables] (6.82) 
neN eee IE.Cen nEN jE.1n 

s.t. L x!lnw! � L x�lh V e  E £,  l E Ce , n E N, 
jE.1n hEPn 

L L x�lh � 1 V e  E £,  n E N, 
hEPn IE.Ce 

[7re1n] (6.83) 

(6.84) 
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L W� = l  \/n E N, 
jE.Jn 

w� E {0, 1} \/n E N, j E .:In, 

x:ln E {0, 1} \/ e E £,  l E .Ce, n E N. 

[µn] (6.85) 

and a simpler subproblem 
SPl(n): min 

x,b,z,f <Pn (L q!n (ben) + L q�n (fkn , Zkn)) - LL 1retnXeln - Jl,n 
eEE kEA eEE lEL:e 

s. t Super-arc flow capacity-expansion request constraints: 
fkn - D;knZkn :s; UeoZkn + L UetXetn 

lEL:e 

\/ k E A, e E £f , 

Break-edge capacity-expansion constraints: 
L be'n :s; L Xel'n \/ e E &1�, l E £�, e'EE!1n l'El:�1 

Flow-balance constraints: 

(6.86) 

(6.87) 

L (!kn - DlnZkn) - L fkn - L L D;knben = Dmn 
kE'RSm kE:FSm kE:FSm eEEl 

\/ m  E M, (6.88) 

Exactly one edge spanned by a super-arc is inactive ( a break-
edge) or all edges are active ( an active super-arc): 
Zkn + Zk+i,n + L ben = 1 \/ k E A 1 , eEEl 
Permit flow only on active super-arcs: 
fkn :s; UknZkn \/ k E A, 
where Ukn = min {n;kn + Ueo + max Ue1 } , eEEl lEL:e 
Constraints to ensure active super-arcs form radial 

(6.89) 

(6.90) 
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configuration ( 1): 

Constraints to ensure active super-arcs form radial 
configuration (2): 
L Zkn = 1 Vm E M\{io}, 

kE'RSm 

Super-arc forced capacity-expansion constraints: 
Zkn � L Xet'n V l E .C! , k E Afn, e E £tin, 

l'E.C�1 

Super-arc flow lower-bound constraints: 

Domain restrictions on variables: 
fkn � 0 V k  E A, 
ben E {0, 1} V e E £, 
Zkn E {O, 1} V k E A, 
Xetn E {0, l} V e  E £, l E .Ce , 
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(6.91) 

(6.92) 

(6. 93) 

(6.94) 

(6.95) 
(6.96) 
(6.97) 
(6.98) 

We can create a new column [�, x�, l]T for RMP using any solution Xn of SPl (n) 
that gives a negative objective value. 

Recall that SP(n), the subproblems from decomposition of CP-SV, include binary 
variables Xethn for all nodes h E Pn, In contrast, SPl(n) incorporates only binary 
variables Xetn · Thus, the number of binary variables in SPl (n) reduces by a factor of 
IPn l ,  which can make this subproblem easier to solve. 

It is important to observe that, similar to the subproblem of SND-SV s in section 
5.2, both SP(n) and SPl(n) are single stage network-design problems. Thus, these 
formulations do not have naturally occurring integer extreme points and yield master 



6.8 Computational Results 181 

problems with LP relaxations stronger than that of their extensive formulation. (See 
section 4.6 and 5.3 for details on the strength of a decomposition.) 

Finally, we note that master problems MP and MPl have a structure analogous to 
the SND master problem in section 5.2, i.e. , for each node n in the scenario tree, the 
sub matrix corresponding to the variables wl has a perfect-matrix structure. However 
the master problem as a whole may not be perfect due to constraints that relate its 
perfect submatrices (see section 5 .3). The perfect submatrices embedded within the 
master problem structure makes fractional solutions less likely to occur. Interestingly, 
for all test problems we have solved, the optimal LP solutions to both MP and MPl 
have been integral. Nevertheless, it is possible for the master problem to have an 
optimal LP solution that is fractional, and we demonstrate this in the next section 
before presenting the computational performance of CP-SV and CP-SVl and of their 
Dantzig-Wolfe decompositions. 

6.8  Computational Results 

This section tests the performance of the extensive formulations, CP-SV and CP-SVl, 
and the corresponding Dantzig-Wolfe decompositions on a set of problem instances 
with uncertain demand growth over a multistage planning horizon. 

We report results for seven problem instances, which differ by the number of 
stages in a binary scenario tree (five problems) and the number of stages in a ternary 
scenario tree (two problems). All problem instances derive from data for an actual 
distribution network in Auckland, New Zealand (see section 1.4 for more details). 
The network data comprise 152 nodes, most of which are demand points, and 182 
edges of which 179 are distribution lines and 3 are subtransmission lines. All problem 
instances have been designed so that an optimal solution does not require more than 
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one capacity expansion on any edge over the planning horizon. This allows us to 
apply both CP-SV and CP-SVl formulations and make direct comparisons. 

We have implemented and tested our algorithms on a desktop computer with a 
Pentium IV 2 . 6 GHz processor, and 1 GB of RAM. We generate all models, and im
plement our decomposition algorithms within the Mosel algebraic modelling system, 
version 1.24 , from Dash Optimization. The LP restricted-master problems (RMP
LPs) are solved with Xpress Optimizer, version 14.24 , also from Dash Optimization, 
but the MIP subproblems and problem instances of the extensive formulations are 
solved using CPLEX, version 9 .0  from ILOG, Inc. 

Solver settings remain constant throughout all tests. All MIPs are solved with 
default parameter settings except that Gomory cuts are turned off and a moderate 
level of probing is used (CPX_PARAM_PROBE = 2 ). All subproblems and RMP-LPs 
are solved to optimality and the extensive-form problems are solved with a relative 
optimality tolerance of 1.0%. The time to solve each test problem instance is limited 
to 7 ,�00 seconds. 

As done for the SND restricted-master problems (RMPs) in section 5 .4 ,  we create 
the initial feasible columns for the RMPs using a FEP for each scenario-tree node that 
requires all possible capacity expansions. Any such FEP translates into a column in 
RMP that has coefficients of 1 in the capacity-expansion constraints for each edge, a 
coefficient of 1 in the convexity constraint for the corresponding scenario-tree node, 
and Os elsewhere. Note that our application imposes no operational costs, so these 
initial columns, as well as the columns generated later, all have cost coefficients of 0. 

As noted in section 4 . 2 ,  at each iteration of the Dantzig-Wolfe decomposition, a 
lower bound &LP on zj,p , the optimal objective value for MP-LP, is readily available. 
In particular, 

eLP = ZLP + L On :s; Zr,p , 
nEN 

(6. 9 9)  
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where ZLP and �n denote the optimal objective values for RMP-LP and SP(n) at the 

current iteration, respectively. Note that this lower bound is only valid when after 

all subproblems SP(n) , n E N have been solved to optimality. At any particular 

iteration, we compute an upper bound z1p on the optimal integer objective of MP by 

solving the integer RMP (RMP-IP) with the existing set of columns. We define the 

relative optimality gap for the master problem, "MP-Gap" , as 100% x (z1p-&£p)/ &LP · 

MP-Gap gives an optimality check on our algorithm which can be used to terminate 

the Dantzig-Wolfe decomposition early if it has decreased to a tolerable level. 

Observe that when the solution to RMP-LP is fractional, we must solve RMP-IP 

to obtain z1p , which can be expensive if carried out at every iteration. Thus for the 

overall efficiency of the algorithm, the number of such checks should be minimized. 

As an empirical rule, we start checking the MP-Gap at the first iteration when the 

gap between the RMP-LP objective and the lower bound, "LP-Gap" , reaches 80% of 

a (preset) termination tolerance. For instance, for a termination tolerance of 5%, we 

start checking MP-Gap when LP-Gap reaches 4%. After the first check, we re-solve 

RMP-IP with a branch-and-bound algorithm only when RMP-LP yields fractional 

solutions for five consecutive iterations. We demonstrate the effect of termination 

tolerances on solution times later. 

Unfortunately the Dantzig-Wolfe master problems for CP-SV and CP-SVl suf

fer from severe dual degeneracy. Thus, we employ du Merle duals stabilisation and 

interior-point duals stabilisation to improve convergence of the Dantzig-Wolfe algo

rithm. Recall that the former method penalises deviation of duals from a trust region, 

and the latter generates interior-point dual solutions by solving RMP-LP using an 

interior-point algorithm, with the option of "crossing over" to an extreme point so

lution disabled (see section 4.5 for details on these methods) .  

The optimal solutions of MP-LP turn out to be integer in our test problems . It is 
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interesting to note, however, that fractional optimal solutions are possible, at least in 

the master problem of the CP-SV formulation; see Figure 6.6 for an example network 

and Figure 6.7 for the corresponding MP-LP. 

Initial Capacity Additional Costs (C,.) Demand Demand (D;.) 

Edge (e) (U,o) Capacity (U,) Edge (e) n = I  n = 2  node (1) n =  I n = 2  

1 0 1 1 0 0. 5 

2 0 2 0 2 0. 5 

3 0 3 0 0 3 -1 -2 

Figure 6.6: Data for an example in which the master problem of CP-SV formulation 
has a fractional LP solution. The diagram on the left represents a distribution network 
with three edges that connect zone-substation node 3 to demand nodes 1 and 2. The 
tables on the right contain data for a single scenario, 2-stage problem instance that 
has one capacity-expansion technology, i .e. , N = {l ,  2}; here, Uehn = Ue , V n  E N, 
h E Pn . 

The fractions arise from the interaction of requests by scenario-tree nodes 1 and 

2 for capacity expansions on edges 1 and 2 at scenario-tree node 1 .  Interestingly, 

however, an alternate, integer, optimal solution exists: Xii = 0, x�1 = 1 ,  x;1 = 

1 ,  Xi2 = 1 ,  x�2 = 1, x;2 = 1 ,  wf = 0, w� = 1, wf = 0, w� = 0 and w� = l .  

We use the following abbreviations to denote the various formulations discussed 

in earlier sections and their solution procedures. 
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cu C21 C31 C12 C22 

1 1 0 I 0 0 

x'u x'2 1  x'3 1 x'12  x'22 

I o.5 0.5 1 1 1 

e 

1 1 

n = l , h = l 2 1 

3 1 

1 1 

n = 2, h = 1 2 1 

3 1 

1 1 

n = 2, h =  2 2 1 

3 
n = l 

n = 2 

C32 

0 

x'32 w •  I w 2 
I 

1 0 0.5 

- 1  0 

-1 -1 

-1 -1 

l 
· 1  l 

w J  I w •  2 

o.5 I o.5 

-1 

0 

- 1  

- 1  

-1 

-1 

-1 

-1 

- 1  

1 

1 

w z 
2 

0.5 

0 

0 

0 

-1 

-1 

-1 

l 

;;::: 0 

;;::: 0 

;;::: 0 

;;::: 0 

;;::: 0 

;;::: 0 

;;::: 0 

;;::: 0 

;;::: 0 

Figure 6.7 : Constraint matrix and LP solution to the master problem of CP-SV for the 2 -stage single-scenario problem specified in figure 6. 6. The solution is fractional. 

Abbreviation Formulation and Solution Procedure 

SV-E 
SVl-E 

SV-DW-M 

SV-DW-1 

SVl-DW-M 

SVl-DW-1 

split-variable formulation CP-SV, solved in extensive form 
specialized split-variable formulation CP-SVl that allows the expan
sion of an edge at most once in a scenario, solved in extensive form 
Dantzig-Wolfe decomposition of CP-SV with du Merle duals stabiliza
tion 
Dantzig-Wolfe decomposition of CP-SV with interior-point duals sta
bilization 
Dantzig-Wolfe decomposition of CP-SVl with du Merle duals stabi
lization 
Dantzig-Wolfe decomposition of CP-SVl with interior-point duals sta
bilization 
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Note that the formulations of the extensive-form problems and the Dantzig-Wolfe 
subproblems are based on the super-network representation and use the associated 
strengthening constraints. For convenience, when a statement applies to SY-DW
I and also to SV-DW-M, we use the general term "SV-DW" to denote both these 
decompositions. Analogously, we use the general term "SVl-DW" to refer to both 
SV l-DW-I and SV l-DW-M. Table 6 .1 displays the scenario-tree statistics for the seven 
problem instances, along with their solution times as extensive formulations, or using 
Dantzig-Wolfe decomposition. These results illustrate the power of decomposition in 
solving the larger problem instances. 

Scenario-tree Statistics Extensive Formulation Dantzig-Wolfe Decomposition 
Scenario-

Stages Scenarios tree nodes SV-E SVl-E SV-DW-M SV-DW-1 SVl-DW-M SVl-DW-1 
(number) (number) (number) (CPU sec.) (CPU sec.) (CPU sec.) (CPU sec.) (CPU sec.) (CPU sec.) 

2 2 3 7.5 2.5 20.4 55.9 4.3 17.7 

3 4 7 (1.8%) 1457.6 203.5 95.0 55.8 

4 8 1 5  (42.2%) (34.9%) 2852.3 638.1  284.5 

5 16 31 (69.3%) (65.6%) (85.1%) 3624.2 1212.8 

6 32 63 * • 4301 .4 

5 8 1  1 2 1  * * (26.9%) 7043.5 2812.3 

6 243 364 * • (7.6%) 

Table 6.1 : The problem instances and their solution times using extensive formula
tions and Dantzig-Wolfe decomposition. The values in parentheses are the relative optimality gaps achieved at 7,200 seconds. An asterisk denotes that no integer feasible solution was found in 7,200 seconds and a dash indicates that the optimality gap was more than 100 %. 

The test problems are quite large. The largest instance we can solve with decom
position has 5 stages and 81  scenarios. It results in an SV-E model having 158 ,60 2 
binary variables and 1 94 ,8 64 constraints. The corresponding SV l-E model has 81 ,0 70 
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binary variables and 117 ,332 constraints. Both models have 15,004 continuous vari
ables. Neither CPLEX 9.0 nor Xpress Optimizer 14 .24 can solve either of these 
problems in one day of computing time. 

For this same instance, the largest subproblems for SV-DW have only 1 ,21 6 bi
nary variables, while the SVl-DW subproblems have just 488 binary variables. The 
subproblems share the same 124 continuous variables and 8 00 constraints, and each 
solves in under 3 seconds on average. (Recall that the number of binary variables 
in the SV-DW subproblem for node n increases with its depth in the scenario tree. 
Thus, the subproblems for leaf nodes are the largest.) 

The master problems for SV-DW and SVl-DW are of modest size, too. The 
restricted SVl-DW-I master problem for the 5-stage-81 -scenario problem has only 
23,1 61 variables in its last iteration, iteration 18 (see Table 6. 3), and requires only 
8 .5 seconds to solve. In all iterations it has 44 ,1 65 constraints. The SV-DW master 
problem always has more constraints (see section 6.5 ), but its linear-programming 
relaxation usually solves quickly, too. The SV-DW master problem has 99 ,675 con
straints for the 5-stage-81 -scenario problem instance. Although SV-DW-I cannot 
solve this problem in less than 7 ,200 seconds, at iteration 18 its LP master problem 
has 24 ,181 variables and solves in 7.3 seconds, while at iteration 9 2  the number of 
variables grows to 27 ,8 08 ,  but still requires only 9 .9 seconds to solve. 

Our results show that interior-point duals stabilisation is an important adjunct to 
the decomposition methodology, and that it is clearly superior to du Merle stabilisa
tion. For the 2-stage-2-scenario problem instance, the du Merle stabilisation requires 
extensive tuning of its parameters to get SV-DW-M to converge. We also spent con
siderable effort tuning parameters for the 3-stage-4 -scenario problem instance, but 
without success (as indicated by the dash). In contrast, the interior-point duals sta
bilisation requires no tuning ( other than ensuring that the standard "crossover" to 
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a basic feasible solution is disabled), and it significantly outperforms the du Merle 
alternative. Nonetheless, the results of both duals-stabilisation schemes exhibit the 
well-known tailing-off effect. Thus, terminating the Dantzig-Wolfe decomposition 
early by setting an acceptable optimality tolerance for MP-Gap may still give good 
solutions, without incurring the excessive computation time that it can take to reach 
optimality. Table 6.2 reports the time it takes SV-DW-1 and SVl-DW-1 to satisfy 
tolerances of 5%, 1 % and 0%. 

Scenario-tree Statistics Dantzig-Wolfe Decomposition 

Scenario-

Stages Scenarios tree nodes SV-DW-1 (CPU sec.) SVl -DW-1 (CPU sec.) 

(number) (number) (number) 5% 1% 0% 5% 1% 0% 

2 2 3 30.9 35.6 55.9 14.1 14. 1 17.7 

3 4 7 1 5 1 .4 174.0 203 .5 33.9 52.0 55.8 

4 8 15 1 886.3 2088.7 2852.3 1 88.1 1 88. 1 284.5 

5 16 31  16908.2 21355.2 24620.0 838.8 935.5 1212.8 

6 32 63 2303.4 3286.7 4301 .4 

5 8 1  121 1 8005.3 21875 .7 29820.7 1 17 1 .2 1370.4 2812.3 

6 243 364 7407. 1 1 1 146.2 23637.9 

Table 6.2: Computation times for SV-DW-1 and SVl-DW-I to reach relative optimal-ity gaps of 5%, 1 % and 0%. 

Table 6.3 reports the corresponding number of restricted master-problem itera
tions. As shown in this table, the SV-DW decomposition requires many more iter
ations to converge than SVl-DW. As observed above, the differences in the average 
solution times between the restricted master problems and subproblems for SV and 
SVl are relatively small. So the large differences seen in overall solution times clearly 
result from SV-DW-I requiring many more iterations than SVl-DW-I. (It is interesting 
to see that the number of iterations for SVl-DW-I does not increase commensurately 
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Scenario-tree Statistics Dantzig-Wolfe Decomposition 

Scenario-
Stages Scenarios tree nodes SV-DW-1 (iterations) SVl -DW-1 (iterations) 

(number) (number) (number) 5% 1% 0% 5% 1% 0% 

2 2 3 17 19 26 1 1  1 1  1 3  

3 4 7 27 30 35 10 14 1 5  

4 8 1 5  67 72 88 10  10  13 

5 16 3 1  1 83 221 245 1 2  13 16 

6 32 63 1 1  14 1 7  

5 81  121  63 73 92 10 1 1  1 8  

6 243 364 1 1  14 23 

Table 6. 3: Number of iterations for SV-DW-I and SVl-DW-I to reach relative opti-mality gaps of 5%, 1% and 0%. 

with problem size, at least for this application. This bodes well for solving even larger 
problems.) 

It is important to note that our subproblems are difficult, deterministic network
design problems. For this reason, and because we solve one subproblem for each 
scenario-tree node in each iteration, the total time spent solving subproblems is sub
stantial. SV-DW-I spends 93.7% of its time solving subproblems while SVl-DW-I 
spends 98 .2%, averaged over the problems both methods can solve. Clearly, then, 
any improvement in solution time for subproblems will improve overall solution time 
almost as much. All of the technology that has proved useful for solving deterministic 
network-design problems is worth evaluating for this purpose, e.g. ,  [15 , 67 ]. 
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6.9 Two-Stage Case Study 

In section 6 .1 ,  we showed through a small example that, a deterministic solution can 
invest significantly in capacity expansions in the first stage, whereas a stochastic so
lution hedges by deferring large investments associated to uncertain outcomes and 
building flexibility in the first stage capacity expansions. In this section we use a 
case study to show that the above differences between the stochastic and determin
istic solutions can also arise for real networks, where the stochastic solution enables 
significant savings in the first stage. 

This case study is based on the test network in section 1.4 (the same we used for 
computational experiments) , and has two demand growth scenarios over two decision 
stages, i.e. , a simple two-stage binary scenario tree with three decision nodes. 

We wish to investigate the effect of spatial variation in demand on the capacity
expansion decisions from a stochastic model, and a deterministic model (for an in
stance with worst-case demand growth) . To facilitate this, the demand points in the 
network are separated into two regions. Figure 6.8 shows the network and two regions 
that we refer to in this case study. The two scenarios that we consider have the same 
demand in the first stage; in the second stage, scenario 1 has high demand growth 
(up to 60%) in region 1 and low demand growth (up to 10%) in region 2, and scenario 
2 has low demand growth ( up to 10%) in region 1 and high demand growth ( up to 
60%) in region 2. The growth rate for each demand point is a randomly selected value 
between 0% and the maximum growth rate, 10% or 60%, in a low or high demand 
growth region, respectively. 

We assume that both scenarios have an equal probability of occurring, and that 
at most one capacity expansion is permitted on an edge. Therefore, we formulate 
the problem as an instance of the Dantzig-Wolfe reformulation of CP-SVl,  and refer 
to it as the two-stage stochastic problem, 2-SP. We use a scenario tree to represent 
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uncertainty: node 1 occurs in the first stage and is where both scenarios have the 

same demand, and nodes 2 and 3 occur in the second stage and represent scenarios 

1 and 2, respectively. Node 2 represents high demand growth in region 1 and low in 

region 2, and node 3 represents the opposite growth, i .e . ,  low growth in region 1 and 

high growth in region 2. 

As an alternative, a network planner may want to investigate whether a stochastic 

capacity-expansion plan differs much from a robust plan that installs capacity in the 

network to accommodate the worst-case demand scenario, i .e. , a scenario in which 

both regions have a high demand growth in the second stage. To explore this, we 

model the worst-case scenario as a two-stage deterministic problem, 2-DP. The first 

stage of 2-DP has the same demand data as the first stage of 2-SP, however the 

value of a demand point in the second stage of 2-DP is the second-stage value of that 

demand point in either scenario 1 or scenario 2 of 2-SP, whichever is greater. 

To ensure that a significant number of capacity expansions occur in the first and 

second stages, we decrease the initial capacities of all existing edges by 25%. This in

troduces more opportunities for trade-offs between capacity-expansion decisions both 

within and between the first and second stages. This makes it easier to demonstrate 

the differences between the stochastic and deterministic approaches. 

We consider a single technology for capacity expansion and use the SVl-DW

I procedure to solve both 2-SP and 2-DP. The operational costs are zero and the 

discount rate for the capacity-expansion costs is 6% per stage. Tables 6.4 and 6 .5 

show the solutions, costs, and solve times for 2-SP and 2-DP. Figures 6 .9 to 6 . 13 

illustrate the corresponding capacity expansions. We explain the tables and diagrams 

in turn. 

To illustrate the difference in the first stage solutions of the two problems, Table 

6 .4 highlights in bold the capacity expansions that occur exclusively in the first stage 
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2-SP (Stochastic) 2-DP (Determinstic) 

Capacity- Stage (Scenario) Stage 
Edge 

expansion costs ($) 2 (1) 2 (2) 2 

1 77,079 1 1 

2 16,800 1 1 

3 70,800 1 1 

17 1 14,8 10  1 

22 1 83,930 1 1 

26 39,834 1 1 

27 1 14,222 1 1 

28 96,540 1 1 

29 40,500 1 1 

76 122,082 1 

77 1 6,500 1 1 

78 13,500 1 1 

79 13,500 1 

80 36,000 1 1 

81 74,0 19 1 1 

82 1 1 ,526 1 1 

83 85,500 1 1 

121 237,558 1 1 

162 70,980 1 1 

168 53,400 1 1 

172 1 12,800 1 

174 183,300 1 

178 5 1 ,600 1 

Total discounted capacity-
871 ,299 104,542 802,520 1 , 1 92,344 501 ,543 

expansion cost per stage ($) 

Table 6 .4 :  The solutions for 2-SP and 2-DP, and the associated discounted costs of capacity expansions in each stage. 
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2-SP 2-DP 
(Stochastic) (Deterministic) 

Total expected cost 1 ,324,830 1 ,693,887 

Optimality gap(%) 0.0 0.0 

Time (seconds) 8663 . 9  5 155 .5  

Table 6 .5 :  The total costs for 2 -SP and 2-DP, and their optimality gaps and solution times. 

of either 2 -SP or 2 -DP. These correspond to capacity expansions on edges £1 = {172 }  
and £2 = {77 , 78 , 7 9 , 80 , 81 , 8 2 ,  83 ,174 }. It is interesting to observe that, while the 
solution of 2-DP specifies the capacity expansion on edges £2 to occur in the first 
stage, the solution to 2 -SP schedules them in the second stage of scenario 2. These 
expansions occur in region 2 ,  which is where the second stage of scenario 2 has high 
demand growth. Hence, the solution to 2-SP defers these expansions to the second 
stage of scenario 2 to accommodate the corresponding flows. 

The solution to 2 -DP would not expand capacity on edges £2 in stage 1 unless 
they were necessary to satisfy capacity requirements in stage 1 .  So, since 2 -SP defers 
expansions on £2 to stage 2 of scenario 2 ,  it fulfills the "gap" in capacity requirements 
in stage 1 by expanding capacity on edge £1 . 

Physically, the difference between the first-stage solution of 2-SP and 2 -DP is in 
the capacity expansions for connecting load point (b) . Figure 6 .12 shows that the 
first stage solution to 2 -DP specifies capacity expansions on a sequence of edges £2 

that connects demand point (b) to the zone substation, whereas, Figure 6.9 shows the 
first stage solution of 2 -SP simply connects demand point (b) to the existing network 
by expanding the capacity of edge £1 . 

Figure 6 .10 shows that the stage 1 capacity expansion of edge £1 is also sufficient to 
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accommodate most of the capacity requirements in stage 2 of scenario 1 in which there 

is low demand growth in region 2 .  However, Figure 6 . 11  shows that it is necessary 

to invest in capacity expansions on edges &2 to provide an alternative connection to 

demand point (b) in stage 2 if scenario 2 occurs, i.e. , high demand growth in region 

2.  

It is also interesting to observe in Figure 6 .11 that the high demand growth in 

region 2 necessitates a capacity expansion on edges 22 and 26 in region 1 in stage 2; the 

solution of 2-DP in Figure 6.13 also shows similar capacity expansions. Furthermore, 

observe from Table 6.4, or from comparing figures 6 . 10, 6 . 11 ,  and 6 .13, that, a capacity 

expansion on edge 17 occurs in the 2nd stage of DP, but not in either stage of SP. 

This is because, high-demand growth in the second stage of 2-SP occurs in either 

region 1 or region 2, whereas high-demand growth occurs in both regions in 2-DP, 

and so , in the latter case, the additional capacity provided by a capacity expansion 

on edge 17 becomes necessary for the network to satisfy all the demand. 

In essence, the solution to 2-SP and 2-DP exhibit the same characteristic differ

ences that we observed between the stochastic and the deterministic solutions in the 

examples in section 6. 1 .  That is, assuming a perfect demand forecast, and even with 

discounting, 2-DP finds it economic to invest mostly in the first stage. On the other 

hand, 2-SP accounts for the probability of the high demand growth in region 2 not 

occurring, and thus hedges against the uncertainty by deferring the large number of 

investments in capacity expansions to the second stage, when more certain demand 

information is likely to be available. 

Analogous to the example in section 6 .1 ,  the results in Table 6.4 show that hedging 

against uncertain demand outcomes and deferment of capital investments leads to 

the first-stage capacity expansions in the stochastic solution (2-SP) being $321 ,045 

cheaper than that of the deterministic solution (2-DP) , i .e. , $1, 192, 344 - $871,  299 = 
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$321 , 045. 

Finally, one might observe from Table 6.5 that the time to solve these problems is 

significantly higher than the 17. 7 seconds observed for the like-sized 2-stage-2-scenario 

instance used in the testing phase of the Dantzig-Wolfe decomposition, SVl-DW-1 ( see 
Table 6 .1) . We note, however, that the larger solutions times are a direct consequence 

of the subproblems taking longer to solve since the lowered initial capacities on the 

existing edges necessitates a greater number of capacity expansions and thus greater 

time in branching on the capacity-expansion request variables. 

6 . 10 Conclusions 

In this chapter we have described a super-network based formulation, CP-SN, of a 
general multistage stochastic integer-programming model for planning the capacity 

expansion of an electricity distribution network. A scenario tree represents uncer

tainty. Capacity-expansion decisions are discrete and can occur at multiple nodes 

in a scenario (planning horizon) . All operational constraints are satisfied at each 

node of the scenario tree. The CP-SN formulation leads to MIPs that have poor LP 

relaxations and are intractable, even for relatively small problem instances. 

We reformulate the CP-SN formulation using a new variable-splitting technique 

to give a general split-variable formulation (CP-SV) , which allows multiple capacity 

expansions of an edge over the planning horizon. Based on CP-SV we also devise 

a special split-variable formulation (CP-SVl) that reflects practicality by restricting 

each edge to at most one capacity expansion over the planning horizon. A Dantzig

Wolfe reformulation of either model results in a master problem having a substantially 

stronger LP relaxation than the respective extensive formulation. Dantzig-Wolfe de

composition of both CP-SV and CP-SVl allows us to solve to optimality large prob

lem instances, for which the state-of-the-art commercial solver becomes intractable, 
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in some cases, even before finding a feasible solution. 

Apart from variables Xethn , which denote a request for capacity expansion of an 

edge e using technology l at the scenario-tree node h E Pn , the variables in a sub

problem SP(n) for the Dantzig-Wolfe reformulation of CP-SV pertain only to node 

n. Indeed these variables can be viewed in the subproblem simply as alternative 

capacity-expansion options at node n of the scenario tree. As a result, the sub

problems increase in difficulty only slightly with an increasing number of stages in a 

scenario tree. In CP-SVl,  the situation is even better, because the column-generation 

subproblems involve no variables, such as Xethn, from predecessor nodes in the sce

nario tree. Thus, these subproblems do not become larger as the number of stages 

increases. This situation contrasts with scenario-decomposition methods in which the 

subproblems must cover an entire planning horizon, and so increase in size as more 

stages are added. 

Analogous to the results of the Dantzig-Wolfe decompositions of SND-SV s ,  the 

efficiency of column generation hinges on the use of a good duals-stabilisation scheme 

for the master problem. Once again, the "interior-point duals stabilisation" scheme, 

which obtains dual variables from an interior-point algorithm, greatly outperforms the 

well-known scheme of du Merle et al. [31] . Note that in our implementation of the 

interior-point method, we re-solve the master problems from a cold-start after adding 

a new set of columns. There is some potential to increase the speed of our algorithm 

by re-solving the master problems faster, using a suitable hot-start procedure for 

interior-point methods, e.g. , [45] . 

The solutions to the capacity-planning models in this chapter determine capacity 

expansions that are hedged against uncertain future outcomes, which may realise over 

the multistage planning horizon. However, the models do not consider survivability, 

and so the corresponding capacity expansions may not provide adequate capacity to 
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enable restoration of supply in case a fault occurs. The ability to consider surviv

ability, at least for the most critical faults, is an essential component of an effective 

capacity-planning procedure for electricity distribution networks. Thus, we derive a 

capacity-planning model that incorporates survivability in the following chapter. 
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Figure 6.8 :  The network used in the case study. The border separates the two regions we use to model spatial variation in demand growth. 
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Chapter 7 

Multistage Stochastic Capacity 

Planning With Survivability 

The focus of the pa.st two chapters has been on developing formulations and proce

dures for efficient solution of the survivable network design model and the multistage 

stochastic capacity-planning model. Each has its advantages and disadvantages, but 

neither on its own is adequate for long-term economic capacity-planning of electricity 

distribution networks. One may solve the SND model for the highest demand forecast 

for each demand point and obtain a solution that will be robust against failures and 

uncertainty in future demand. But the disadvantage is that this solution may over

build the network since capacity must be installed to accommodate a set of demand 

outcomes that might not occur. Furthermore, the solution does not specify a schedule 

of capacity expansions to optimize gains from deferring capital investment. On the 

other hand, a solution to the stochastic capacity-planning model accommodates sce

nario representation of uncertainty in a multistage planning horizon, and provides a 

schedule for investments. However, the drawback of this solution is that the network 

may not have adequate capacity for rerouting flow in case of a fault scenario. 

In order to represent both of these effects, in this chapter we merge the two models, 

to give a model that gives a survivable network design that adapts to uncertain 

demand. In practice it is undesirable to expand the capacity of an edge more than 
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once in a planning horizon. Therefore, we essentially merge the "at most one capacity 

expansion" model, CP-SVl , with the survivable network design model, SND-SV s ,  to 

form the split-variable, capacity-planning and survivable-network design model, CP

SND. (One may merge CP-SV with SND-SV 8 if multiple capacity expansions on an 

edge are allowed. )  

Indeed, as done in previous chapters, instead of directly presenting the split

variable formulation, CP-SND, it is possible to first merge the "unsplit" formulations, 

CP-SN and SND-SNs, and then reformulate it into a split-variable formulation, CP

SND. However, since the merging is simple and the split-variable reformulation steps 

are similar to the steps for reformulating CP-SN into CP-SVl ,  we omit such merging 

and reformulation steps here. The straightforwardness of merging the split-variable 

formulations CP-SVl and SND-SV s should be apparent from the following formula

tion of CP-SND. 

7. 1 Split-Variable formulation (CP-SND) 

In this formulation we define new split variables Xetna that indicate whether an edge e 

requires a capacity expansion using technology l to accommodate the restoration flow 

in fault-scenario s at scenario-tree node n. Recall that we refer to the split-variables as 

the capacity-expansion request variables. As in earlier chapters, we define operational 

cost functions, q:ns ( · )  and qf
ns

C · ) , which determine the discounted cost associated with 

operating decisions in fault-scenario s at scenario-tree node n, as a linear function of 

the corresponding operational variables. The split-variable formulation follows. 
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Sets and Indices 

i E V nodes 

m E M � V super-nodes (nodes with degree � 3) 

n E N scenario-tree nodes 

h E Pn predecessor scenario-tree nodes of scenario-tree node n, including n 

k E A super-arcs 

k E 'RSm all super-arcs entering super-node m (reverse star) 

k E :FSm all super-arcs leaving super-node m (forward star) 

e E £ edges 

e E £1 
k 

edges spanned by super-arc k (UkeA£l = £) 

k E A1 super-arc k, with (k + l)st super-arc in anti-parallel 

l E .Ce technologies available for expanding capacity of edge e 

l' E .c�l technologies for expanding edge e that have capacity equal to and 

greater than l 

l E .C,3 n technologies for edges requiring capacity expansion due to flows 

induced by adjacent break-edges at scenario-tree node n 

e E £l; edges at scenario-tree node n that require capacity expansion using 

technology l to accommodate flow induced on it by an adjacent 

break-edge 

e' E e:ln edges at scenario-tree node n which, when broken, induce flow on 

an edge e that requires it to expand capacity using technology l 

l E .C,4 n technologies for edges requiring capacity expansion due to flows 

induced by super-arcs at scenario-tree node n 

k E Afn super-arcs at scenario-tree node n, which when active, result in 

flow that requires capacity expansion on some edges e E £I using 

technology l ( or greater) 
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e E £tin edges that require capacity expansion using technology l ( or greater) 
due to flows induced by super-arc k at scenario-tree node n 

s E Sn single-edge fault-scenarios at scenario-tree node n 
Data 

Celn discounted cost of expanding capacity of edge e using technology l at 
scenario-tree node n 

Din demand ( "load" ) at node i at scenario-tree node n 
Din sum of demand of all sub-nodes between super-nodes m(k) and m(k) 

for super-arc k at scenario-tree node n (Figure 2 .8 illustrates this for 
an analogous parameter Di in R-SN) 

D;kn total demand for sub-nodes of super-arc k from m(k) , and up to and 
including sub-node i (e, k) , at scenario-tree node n (Figure 2 .8 illus
trates this for an analogous parameter D;k 

in R-SN) 

e (ns) 

io 

m(k) 

m(k) 

i( e, k) 

flow induced on edge e at scenario-tree node n due to adjacent break
edge e' 
edge that fails in fault-scenario s at scenario-tree node n 
source node 
tail super-node of super-arc k 
head super-node of super-arc k 
end node of edge e closest to m(k) , e.g. , for k = (6, 10) and e = 4 in 
Figure 2 .7 ,  i (e ,  k) = 7. 
probability that fault-scenario s occurs at scenario-tree node n 

initial capacity of edge e 

additional capacity on edge e from installing technology l 
an upper bound on the flow on super-arc k at scenario-tree node n 
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Variables 

x�ln 1 if technology l is chosen for expanding capacity of edge e at scenario
tree node n, and O otherwise 

Xetns 1 if edge e requires capacity expansion using technology l in fault
scenario s at scenario-tree node n (split variables) 

bens 1 if edge e is inactive in event of fault-scenario s at scenario-tree node 
n, and O otherwise (break-edge variable) 

Zkns 1 if super-arc k is active in event of fault-scenario s at scenario-tree 
node, and O otherwise 

fkns power flow on super-arc k in event of fault-scenario s at scenario-tree 
node n 

Formulation (CP-SND) 

min 
x',x,b,z,f 

s. t At most one capacity expansion on an edge: 
L L x�lh ::; 1 'v e E £, n E N, 

hE'Pn IE.Ce 

Capacity-expansion constraints: 
Xelns ::;  L X�lh 'v e E £, l E .Ce, n E N, s E Sn, 

hE'Pn 

Super-arc flow capacity-expansion request constraints: 
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(7. 1) 

(7.2) 

(7.3) 

fkns - D;knZkns ::; UeoZkns + L Ue!Xelns 'v k E A, e E Cf , n E N, S E Sn, 
IE.Ce 

(7.4) 

Break-edge capacity-expansion request constraints: 
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L be1ns ::;  L Xel1ns 'i/ e E £1;, l E £!, S E  Sn , n E N, 
e1E£;1n l'E.C�1 

Flow-balance constraints: 
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(7.5) 

L (fkns - DknZkns) - L fkns - L L D;knbens = Dmn 

kE'R-Sm kE:FSm ke:FSm eE£! 

'i/ m E M, s E Sn , n E N, 

(7.6) 

(7.7) 

Exactly one edge spanned by a super-arc is inactive ( a break-edge) or 
all edges are active ( an active super-arc) :  
Zkns + Zk+1,ns + L bens = 1 'i/ k E A1 , S E  Sn , n E N, (7.8) 

eee! 

Permit flow only on active super-arcs: 
fkns ::; UknZkns 'i/ k E A, S E Sn , n E N, 

where Ukn = min {n;kn + Ueo + max Ue1 } ,  
eeei IE.Ce 

(7.9) 

Constraints to ensure active super-arcs form radial configuration (1) : 
L Zkns = IM I - 1 'i/ S E Sn , n E N, 
kEA 

(7.10) 

Constraints to ensure active super-arcs form radial configuration (2) :  
L Zkns = 1 ri m  E M\{io}, n E N, s E Sn, 

kE'R-Sm 

Fault-simulation constraints: 
be(ns)ns = 1 'i/ n E N, S E Sn , 
Super-arc forced capacity-expansion request constraints: 
Zkns ::; L Xel'ns 'i/ l E £!, k E A�n , e E £fin , S E Sn , n E N, 

!'E.C�I 

(7. 11) 

(7. 12) 

(7. 13) 



7.1 Split-Variable formulation (CP-SND) 

Super-arc flow lower bound constraints: 
fkns 2: (Dfn + Dm(k)n)Zkns 'r/ k E A, S E  Sn , n E N, 
Domain restrictions on variables: 
fkns 2: 0 'r/ k E A, S E Sn, n E N, 

bens E {O, 1} 'i e E £, S E  Sn, n E N, 

Zkns E {O, 1} 'i k E A, S E Sn, n E N, 

Xelns E {0, 1} 'r/e E £, l E .Ce, S E  Sn , n E N, 

x:ln E {O, 1} 'i e E £,  l E .Ce, n E N. 
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(7 .14 ) 

(7 .1 5) 
(7 .1 6) 
(7.17 ) 
(7.18 ) 
(7.1 9 ) 

The objective (7 .1 ) minimizes the expected cost of capacity-expansions plus the 
expected operational costs of the occurrence of each fault scenario. As constraints 
(7 .4 )-(7 .14 ) are analogous to those in the restoration formulation R-SNs in section 
2 .3 ,  we refer the reader to this section for thorough description of these constraints. 

Observe that for any particular scenario-tree node n, CP-SND corresponds to 
an instance of SND-SV s (see section 5. 1 ) . On the other hand, for a particular fault
scenario s, CP-SND corresponds to an instance of CP-SVl (see section 6.6) . Moreover, 
notice that, for a problem with a single scenario-tree node and a single fault scenario, 
CP-SND reduces to an instance of the restoration formulation, R-SNs (see section 
2 .3 ). Thus, SND-SV s,  CP-SV l, and R-SNs are special cases of CP-SND. (We can 
easily derive the "un-split" formulation of CP-SND by substituting (7 .3 ) into capacity
expansion request constraints (7 .4 ) ,  (7 .5) , and (7 .13 ). ) 

Since decomposition is the only means to solving realistic instances of SND-SV s 
and CP-SV l, it is therefore the only means to solving instances of CP-SND. We 
exploit the split-variable constructs of CP-SND through Dantzig-Wolfe reformulation 
in the next section. Again, for each n E N, s E Sn , let Xns = {xelnsheE, lE.Ce , 
bns = {bens}eeE , fns = {fknsheA, and Zns = {ZknsheA· 
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7.2 Dantzig-Wolfe Reformulation of CP-SND 
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The capacity-expansion constraints (7 .3) link the capacity expansions across nodes 
of a scenario-tree and associated fault scenarios. Without these complicating con
straints, CP-SND would separate into a subproblem for each fault scenario s E Sn of 
scenario-tree node n E N. To exploit this structure, we carry out a Dantzig-Wolfe 
reformulation of CP-SND by defining 

Xns = {Xns I (Xns, bns, fns, Zns) satisfies constraints (7.4 ) - (7.18)} , 
and by expressing Xns through xt, j E .:Ins , which denote the enumerated feasible 
solutions in Xns : 

Xns = L x!sw!s , L w!s = 1, wls E {O, 1}, Y j E .:Ins • jE:Tns jE:Tna 

(7 .20) 
Each vector xt represents a set of capacity-expansion requests from scenario-tree 
node n under fault-scenario s. Granting these requests will ensure feasible system 
operation at n in case of s, and hence we refer to each such set of requests as a 
feasible expansion plan (FEP). 

We may assume that each FEP for a scenario-tree node n and fault-scenario s has 
associated with it at least one optimal operational plan (bt}t, zt ) with probabil
ity weighted operational costs %s = ¢nPns ( LeEt: q;ns (�ns) + LkEA qins (ftns' zlns)) . 
Thus, attaching operational costs %s to wt, and substituting (7 .20) into CP-SND 
gives the master problem 

MPl: min L (¢n LL CeznX:zn + L L <i?iswls) [dual variables] (7.21 )  
nEN eEt: IE.Ce sESn jE.Jn• 

s.t. L �lnswls ::s; L x:zh Y e E £, l E .Ce, n E N, s E Sn, jE.Jns hE'Pn 

L L x:zh ::s; 1 Y e  E £, n E N, 
hE'Pn IE.Ce 

[7re!ns] (7. 2 2 )  
(7.23) 
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L w!s = 1 'v n E N, s E Sn, 
jE.:lna 

w!s E {O, 1} 'v n  E N, j E .Jns, 
X�ln E {O, 1} 'v e E £, l E .Ce, n E N, s E Sn , 
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[µns] (7.24) 

For each fault-scenario s at scenario node n, MPl contains a group of columns 
with index set :Ins · Each j E :Ins corresponds to an FEP. For simplicity, we assume 
that MPl is always feasible, i.e., :Ins =/= 0 'vn E N, s E Sn , 

We solve the linear-programming relaxation of MPl using the column-generation 
algorithm noted in section 4 . 1. The columns are generated from the solution to the 
subproblem 

SPl(ns): min 
x,b,z,/ 

s. t Super-arc flow capacity-expansion request constraints: 
fkns - D;knZkns � UeoZkns + L UetXelhs 'v k E A, e E Cf , 

lE.Ce 

Break-edge capacity-expansion request constraints: 
L be'ns � L Xel1ns 'v e E £1�, l E .C!, 

e1EE;1n l1E.C�1 

Flow-balance constraints: 
L (fkns - DknZkns ) - L fkns - L L D;knbens = Dmn 

kE'R-Sm kE:FSm kE:FSm eEEt 

'v m  E M, 

(7.25) 

(7.26) 

(7.27) 

(7.28) 

(7.29) 

Exactly one edge spanned by a super-arc is inactive (a break-edge) or 
all edges are active ( an active super-arc) : 
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Zkns + Zk+1,ns + L bens = 1 V k E A 1 , eEE� 
Permit flow only on active super-arcs: 
f kns � UknZkns V k E A, 
where Ukn = min {n;kn + Ueo + max Ue1 } , eEE� IE.Ce 
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(7.30) 

(7.31) 

Constraints to ensure active super-arcs form radial configuration (1 ) :  
L Zkns = IM l - 1 , (7.32) 
kEA 

Constraints to ensure active super-arcs form radial configuration (2 ) :  
L Zkns = 1 Vm E M\{io} ,  

kE'RSm 

Fault-simulation constraints: 
be(ns)ns = 1 , 
Super-arc forced capacity-expansion request constraints: 
Zkns � L Xel'ns V l E .C!, k E A;n, e E Cf1n , 

l'E.C�1 
Super-arc flow lower bound constraints: 

Domain restrictions on variables: 
f kns � 0 V k E A, 
bens E {0, 1} V e  E £, 
Zkns E {O, 1} V k E A, 

Xe/ns E {0 ,1 }  V e E e, l E .Ce, 

(7.33) 

(7.34) 

(7.35) 

(7.36) 

(7.37) 

(7.38) 

(7.39) 

(7.40) 

We can create a new column [iz?is, xt, l]T for the restricted version of MPl using any 
solution Xns of SPl (ns) that gives a negative objective value. Similar to subproblems 
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from decomposition of the split-variable formulations in earlier chapters, SPl (ns) is a 
single stage network-design problem and so does not have naturally integer extreme 
points. It follows that the LP relaxation of MPl will be stronger than that of CP
SND. 

7.3 Computational Results 

In this section we analyse and compare the solutions of a stochastic instance and a 
deterministic instance of CP-SND. The details of the test network, and the computer 
and solver settings are the same as those used for computations in previous chapters, 
however we repeat them here for convenience. We use the test network in section 
1 .4 that derives from data for a distribution network in New Zealand. The test 
network comprises: 1 52 nodes, of which 1 represents power source, 1 a switching 
point, 3 represent zone substations, and 147 represent demand points; and 182 edges 
of which 179 are distribution lines and 3 are subtransmission lines. Three demand 
points represent completely new demand, and 14 edges represent new routes in which 
lines can be installed. We model a single capacity-expansion technology for each 
edge and consider non-simultaneous, single-edge fault scenarios. The super-network 
representation of this problem has only 32 super-nodes and 124 super-arcs. 

The actual network supplies power to an urban area that contains mostly large 
industrial and commercial customers who pay extra fees for survivability. Thus, to 
cope with demand growth, the distribution company must plan for cost effective ca
pacity expansion of the network. Capacity-expansion plans must satisfy survivability 
and operational constraints, as well as account for uncertainty in parameters over the 
multistage planning horizon. The CP-SND model enables such capacity-expansion 
plans, and we study two problem instances of this model in the following. 

We consider a stochastic and a deterministic problem instance, each having two 
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decision stages. The stochastic instance has two scenarios representing uncertain 

demand growth in the second stage; all other parameters are deterministic. In par

ticular, the scenarios of the stochastic instance model spatial variation in demand 

growth. This is analogous to the demand scenarios in the case study in section 6 .9 ,  
and we derive demand data for these problem instances in the same way. Accordingly, 

the demand points in the network are separated into two regions. The two scenarios 

that we consider have the same demand in the first stage; in the second stage, sce

nario 1 has high demand growth (up to 60%) in region 1 and low demand growth (up 
to 10%) in region 2, and scenario 2 has low demand growth (up to 10%) in region 1 

and high demand growth ( up to 60%) in region 2. The growth rate for each demand 

point is a randomly selected value between 0% and the maximum growth rate, 10% 

or 60%, in a low or high demand growth region, respectively. 
We assume that both scenarios are equally likely, and refer to the two-stage 

stochastic problem as 2-SP. We use a scenario tree to represent uncertainty: node 

1 occurs in the first stage, and is where both scenarios have the same demand, and 

nodes 2 and 3 occur in the second stage and represent scenarios 1 and 2, respectively. 

Node 2 represents high demand growth in region 1 and low in region 2, and node 3 

represents the opposite growth, i .e. , low growth in region 1 and high growth in region 

2. 

Similar to the case study in section 6.9, we investigate if planning for the worst

case demand scenario gives a solution that is much different from the stochastic 

capacity-planning instance, 2-SP. To do this, we represent the worst-case scenario 

as a two-stage deterministic problem, 2-DP. The first stage of 2-DP has the same 

demand data as the first stage of 2-SP, however the value of a demand point in the 

second stage of 2-DP is the second-stage value of that demand point in either scenario 
1 or scenario 2 of 2-SP, whichever is greater. 
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As noted, in addition to demand growth, the network must have adequate capacity 
to survive faults. We can model potential faults on 17 9 of the 18 2 edges because 
three edges represent lines that transport relatively high volumes of electricity and 
have dedicated high-capacity backup lines (which we do not model). The problem 
instance with 17 9 fault scenarios in section 5.4 can be thought of as an instance of 
CP-SND for a single scenario-tree node. Because the 17 9-fault-scenario instance took 
over 6 hours to solve (see results in Table 5 . 1), solving a 2 -stage instance of CP-SND 
with 17 9 fault scenarios for each of the 3 scenario-tree nodes could easily take over 
a day. Instead, to demonstrate the model and the solution approach, we choose to 
make the network survivable for 20 fault scenarios, each of which represents a fault on 
an edge that is immediately adjacent to the zone substation. Each such fault-edge is 
actually the first edge on a feeder. A feeder is a set of active edges that form a subtree, 
and a set of feeders (subtrees) denote the operating radial (tree) configuration. (See 
Chapter 1 for an illustration of feeders). 

In an operating radial configuration, each edge has flow no less than any down
stream edge in the corresponding feeder. Given that the above fault-edges are the 
first on the respective feeders, a failure on such an edge will interrupt all customers 
supplied by the corresponding feeder during repair of the failed edge if the network 
does not have adequate capacity to restore supply. Thus, faults on these edges are 
considered as critical by a distribution company, especially if the feeder supplies in
dustrial and commercial customers. The network we are considering supplies mainly 
industrial and commercial customers, and so it is essential for this network to survive 
critical faults. Henceforth the term "survivable network" and its variants mean that 
the network is survivable only with respect to the 20 fault scenarios we consider. 

The computational tests are carried out on a desktop computer with a 2 .6 GHz 
Pentium IV processor and 1 GB of RAM. We generate all models, and implement our 
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decomposition algorithms within the Mosel algebraic modelling system, version 1.24, 
from Dash Optimization. RMP-LP is solved with the Xpress-MP, version 14.24, also 
from Dash Optimization, but the MIP subproblems are solved with CPLEX, version 
9.0 from ILOG, Inc. 

Solver settings remain constant throughout all tests. All MIPs are solved with 
default parameter settings except that Gomory cuts are turned off and a moderate 
level of probing is used (CPX_PARAM_PROBE = 2). All subproblems and RMP-LPs 
are solved to optimality, and the MPs are solved with a relative optimality tolerance 
of 0.0 5%. 

We initialise the restricted master problems and terminate the Dantzig-Wolfe de
composition as outlined in section (6 .8) . The results in previous chapters clearly show 
that the interior-point duals stabilisation is much more effective than du Merle duals 
stabilisation (see section 4. 5 for details on duals stabilisation, and Figure 5.2 and 
tables, 5 . 1  and 6 .1 ,  for performance comparisons) . Hence we use only the interior
point duals stabilisation when solving the problem instances in this section. All 
subproblems use the strengthened super-network formulation, and again, we assume 
all operational costs are zero. 

To ensure that a significant number of capacity expansions occur in the first and 
second stages, we decrease the initial capacities of all existing edges by 2 5%. This 
introduces more opportunities for trade-offs between capacity-expansion investments 
both within and between the first and second stages. This makes it easier to demon
strate the differences between the stochastic and deterministic approaches. (Note 
that, as observed in the case study in Chapter 6,  lowering the initial capacities of 
edges also make the problem instance difficult to solve as it requires considerably 
more branch and bound iterations to obtain integer capacity-expansion decisions. )  

We consider a single technology for capacity expansion and use Dantzig-Wolfe 
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decomposition of CP-SND to solve the 2-SP and 2-DP instances. Unfortunately, 
the optimal LP relaxation of the master problems for both 2-SP and 2-DP result 
in fractional solutions. Thus the set of columns existing at LP optimality of MP is 
still a restricted set for MP, and to find an optimal solution to MP we must generate 
columns within a branch-and-bound procedure; in the next section we briefly describe 
how an integer solution to MP can be obtained. Alternatively, we can obtain integer 
solutions by solving an integer version of the restricted master problem (RMP-IP) 
with the restricted set of columns at LP optimality of MP. We perform the latter, 
and obtain integer solutions to 2-SP and 2-DP with relative optimality gaps of 13. 5% 
and 11%, respectively. Table 7 .1 shows the capacity-expansion solutions to 2-SP and 
2-DP and associated capacity-expansion costs discounted at 6% per stage. This table 
highlights, in bold, the capacity expansions that occur in the first stage of either 2-SP 
or 2-DP. The solution times and expected capacity-expansion costs are in Table 7 .2 .  
The first and second stage capacity expansions in scenarios 1 and 2 for 2-SP are in 
figures 7 .1 and 7 .2 ,  respectively; as expected, the first-stage capacity expansions are 
the same for both scenarios. Figure 7 .3 displays the first and second stage capacity 
expansions for 2-DP. 

Though the solutions to 2-SP and 2-DP are not provably optimal, they still make 
for an interesting comparison. In fact the solutions exhibit characteristic differences 
between stochastic and deterministic instances as observed for the case study in sec
tion 6.9 .  That is, the solution to 2-SP hedges for the uncertain second-stage demand 
outcomes by investing less capital in capacity expansions in the first stage and de
ferring capacity expansions that are more specific to the high demand growth in the 
second stage. For example, in Figure 7 .2, we can see that the solution to 2-SP invests 
in a new feeder ( edge 1 79) in scenario 2 to cope with the high-demand growth in re
gion 2. However, only a small investment on edge 172 is necessary in case of scenario 
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1 (see Figure 7.1 ), since in this scenario, region 2 has low demand growth. 
On the other hand, with perfect information assumed for the demand growth in 

stage 2 of the deterministic instance (2 -DP), it is more economic for the solution to 
2 -DP to invest in large capacity expansions in the first stage that also accommodate 
capacity requirements in the second stage. For example, Figure 7.3 shows that the 
solution to 2 -DP invests in capacity expansion of two new feeders (edges 1 71 and 
1 79 costing $4 79 ,000 and $4 59,000) in the first stage in anticipation of high demand 
growth in region 2 .  

Given that 2-SP and 2-DP are instances of CP-SND, their solutions install suffi
cient capacity in the network to ensure that the network can survive any one of the 
20 fault scenarios in either stage. In addition to survivability, the solution to 2-SP 
allows for uncertainty in future outcomes. Thus, having devised an approach that is 
able to find a good solution to 2-SP, i.e., a stochastic instance of CP-SND, achieves 
the goal of this thesis. 

It is interesting to compute the benefit from solving the stochastic problem (2 -
SP) compared with solving a deterministic problem with worst-case demand (2 -DP). 
The Expected Value (EV) problem associated with 2-SP is a two-stage deterministic 
problem that considers a demand scenario comprising the expected value of the ran
dom demand at each stage [1 6, p. 139 ]. The expectation of the cost of using the EV 
solution for each scenario gives the expected cost of implementing the EV solution, 
EEV . We can determine the Value of the Stochastic Solution (VSS) by subtracting 
the objective of 2 -SP from EEV. However, owing to the large variation in the location 
of the high demand growth points between the two scenarios (i.e., each scenario of 
2-SP has high demand growth in the region where the other scenario has low de
mand growth) the EV solution will not be feasible for these scenarios. So VSS equals 
infinity. 
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In this setting, the VSS only makes sense if we compare the 2-SP objective 
($2,718,688) with that of a deterministic solution that is feasible for both scenar
ios, i .e. ,  the solution to 2-DP. The cost of using the 2-DP solution for either scenario 
of 2-SP is the same as the objective value of 2-DP ($2,772,737) ,  and consequently 
the expected cost of implementing this solution will also be the same. Using these 
objectives we can show that the benefit of the stochastic solution is $ 54 ,049,  i .e . , 
$2,772,737 - $2,718,688. 

It is interesting to observe that although the time to solve the single-scenario 
problem, 2-DP, is under 1 hour, the time to solve 2-SP, which has two scenarios, is 
well over 12 hours (see Table 7 .2) . This huge disparity in solution times reflects the 
level of complexity imposed by considering uncertainty. It also raises the possibility of 
improving the model to reduce this computation time. This is an interesting direction 
for future research. 

On a similar note, as with Dantzig-Wolfe decompositions in earlier chapters, the 
time to solve the subproblems constitutes approximately 90% of the total computation 
time. Hence gains in efficiency for solving subproblems will substantially improve the 
overall solution time. 

7.4 Fractional Solutions and Constraint Branching 

The results in the previous section show that the optimal solution to the LP master 
problems for both problem instances, 2-DP and 2-SP, are fractional. In particular we 
are concerned with the solution to 2-SP having a relative optimality gap of 13 . 5%. 
Though the quality of this solution may be acceptable in practice, from a theoretical 
perspective, the gap of 13 . 5% is significant and the chance exists for a lower-cost 
solution. It is possible to carry out branch and price to obtain a better integer solution 
or to prove optimality of the existing solution. However an efficient implementation 
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of a full branch-and-price procedure would require considerable time in programming, 
testing, and improving, and thus is beyond the scope of this thesis. Instead we carry 
out preliminary tests to investigate the effect of explicit constraint branching, which 
eliminates the previous optimal LP solution of the master problem from its feasible 
region. We do constraint branching as noted in section 4.4 ,  that is: after solving the 
LP master problem to optimality, we add a constraint branch to the master problem 
and the subproblem to ensure the columns satisfy the branching decision, and then 
resume the Dantzig-Wolfe procedure. 

It would be interesting to apply constraint branching to the CP-SND master 
problem of the 2-SP problem instance described in the previous section. But the 
LP master problem for this takes more than 1 2  hours to solve and so it is easier 
to demonstrate the effect of constraint branching on a smaller problem instance for 

. which the LP master problem solves relatively quickly. In particular our test instance 
corresponds to a problem for a single scenario-tree node. Since this is the same as 
a problem instance for the SND model, we denote this instance as SND-H. Solving 
SND-H yields a relative optimality gap of 9 .5% in 483 seconds with the RMP-IP 
(upper bound) objective of 1 ,074 ,921 and MP-LP objective (lower bound) of 981 ,93 6. 
The optimal MP-LP solution has 13 capacity-expansion variables and 71 convexity 
variables with fractional values. 

To investigate the effect of constraint branching on the values of the fractional 
variables and on the relative-optimality gap, we constraint branch on the following 3 
variables: xi6s = 0. 67, Xi69 = 0.67 ,  and Xi7o = 0.33 . The value of these variables sum 
to 1 .67 ,  and so two possible candidates for constraint branching are 

I I I < 1 
X15g + X159 + X170 - (7 .41) 

and 
(7 .4 2) 
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which we denote the down-branch and the up-branch, respectively. The corresponding 
constraints, 

X15s + X169 + X170 � 1 

and 
X15g + X159 + X170 2: 2 , 

over the capacity-expansion request variables in the respective subproblems ensure 
that the generated columns (FEPs) satisfy the constraint branch (decision). Table 
7 .3 shows the values of Xi68, xi69 , and xi7o before and after constraint branching, and 
Table 7 .4 presents the statistics of the corresponding MP-LP solutions. 

The results summarise easily. The up-branch is far more effective and efficient 
than the down-branch in all aspects. Importantly, the up-branch requires only an 
additional 73 seconds and 2 columns to re-solve MP-LP to optimality, which gives a 
tighter relative optimality gap of 7. 8%. Note that the lower bounds (MP-LP objective) 
for both the up-branch and the down-branch are still less than the RMP-IP objective 
before branching. Thus the solutions resulting from both constraint branches are 
candidates for further constraint branching. The solution of the up-branch is a better 
candidate for further branching for the following reasons: its RMP-IP objective and 
optimality gap is no worse than that of the down-branch and of the master problem 
before branching; and, its solution has fewer variables with fractional values and so 
is more likely to resolve into integer values after branching. 

Therefore, similar to the standard branch-and-bound algorithm, a constraint
branching procedure may recursively carry out constraint branching until all nodes of 
the "constraint-branch search tree" are fathomed and the incumbent integer feasible 
solution is proved optimal. The efficiency of a procedure of this kind will rely on iden
tifying good branches such as the up-branch (7 .4 2 ), which results in a master problem 
that re-solves efficiently and leads to a solution with a tighter relative-optimality gap 
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and more variables having integer values. 
Finally, we remark that in an attempt to determine the optimal solution of SND

H, we tried solving the extensive formulation of SND-H using CPLEX, but the solver 
terminated at 7 0% relative-optimality gap after 6 hours due to an "out of memory" 
error. Using Dantzig-Wolfe decomposition (CP-SND),  on the other hand, yields a gap 
of 9 .5% in just 483 seconds (without branching). The magnitude of this improvement 
indicates the substantial contribution of the CP-SND formulation combined with 
the exploitation of its split-variable structure using Dantzig-Wolfe decomposition. 
Moreover, as demonstrated, this order of improvement is apparent for all formulations 
in this thesis that we devise using the new variable-splitting technique and solve using 
Dantzig-Wolfe decomposition. 

The following chapter summarises the contributions of the models and solution 
procedures in this thesis, and describes the main aspects to consider in an implemen
tation, and some potential extensions. 
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2-SP (Stochastic) 2-DP (Determinstic) 
Capacity-expansion Stage (Scenario) Stage 

Edge cost ($) 1 2 (1) 2 (2) 1 2 
1 77,079 1 

2 16,800 1 

3 70,800 1 

28 96,540 1 1 
29 40,500 1 
30 142,500 
3 1  7 1 ,739 1 
32 47,241 1 
33 103,947 1 
42 149,148 1 
43 270,228 1 
44 145,644 1 
61  54, 1 50 1 
62 58,770 1 
64 29,409 
65 38,457 1 1 
66 93, 120 1 1 
77 16,500 1 

78 13 ,500 1 1 
79 13,500 1 1 
80 36,000 1 

81 74,019 1 

82 1 1 ,526 1 

83 85,500 1 

121 237,558 1 
158 6,208 1 1 
1 62 70,980 1 1 
168 53,400 1 1 
169 45,300 1 

171  479,700 1 

172 1 12,800 1 1 
175 1 83,300 1 

176 4,500 1 1 
177 59,700 1 1 
178 5 1 ,600 . 1 

179 459 000 1 1 

Total discounted capacity- 2,1 12,435 442,95 1 769,554 2,355,71 1 417,026 expansion cost per stage ($) 

Table 7 .1 :  The capacity-expansion solutions to 2-SP and 2 -DP, and their costs. 
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2-SP (Stochastic) 2-DP (Deterministic) 

Total expected 
cost 2,7 1 8,688 2,772,737 

Optimality 
gap(%) 13 .5 1 1 .0 

Time (seconds) 45862.3 3040.0 

Table 7 . 2 :  The time to solve 2-SP and 2 -DP and their expected costs. 

Capacity-expansion Before After branching 

variables (x'e) branching Down to 1 Up to 2 

x\6s 0.67 0.308 0.67 
I 

X 169 0.67 0.615 1 
I X 170 0.33 0.077 0.33 

Table 7 .3: The values of variables on which constraint branching is carried out. The "Before branching" column shows their values in the solution to MP-LP before constraint branching. The 'down to l '  and 'up to 2 '  columns represent their values in the solution to MP-LP after applying the down-branch and up-branch, respectively. 
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Before 
After branching 

branching Down to 1 Up to 2 

Gap (%) 9.5 2 1 .0 7.8 

RMP-IP Objective 1 ,074,921 1 ,269,921 1 ,074,921 

MP-LP Objective 98 1 ,936 1 ,049,928 997,036 

Time to solve MP-LP 483 . 1  * 1920.5 *555.9 

Number of fractional 
1 3  2 1  12  

expansion variables 

Number of fractional 
7 1  149 68 

convexity variables 

Number of additonal 
69 2 

columns 

Number of additonal 
1 1  2 

iterations 

Table 7. 4 :  The statistics for the MP-LP solutions before and after constraint branching. The asterisk indicates that the computational time includes the time to solve the initial MP-LP (483. 1  seconds). 



Chapter 8 

Conclusions and Extensions 

This thesis presents a new class of formulations and solution procedures for minimum
cost capacity-planning models of electricity distribution networks. In this chapter we 
summarise the contributions of each model, and of their formulations and solution 
procedures, and briefly describe the main components of an implementation of the 
solution approach. We then mention ways an electricity distribution network company 
can use these models. Finally we list general contributions and some extensions. 

8 . 1  Summary and Conclusions 

The ultimate goal of this thesis has been to develop a model and algorithm to deter- · 
mine a least-cost capacity-expansion plan for a network that is hedged against un
certain future demand and that ensures the network has sufficient capacity to restore 
supply in case of critical faults. We refer to this model as the multistage stochas
tic capacity-planning and survivable-network design model, CP-SND. The CP-SND 
model has three other important capacity-planning models as special cases: 

1 .  the restoration model; 
2 .  the survivable network design model (SND); 
3 .  the multistage stochastic capacity-planning model (CP). 

230 
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We have developed formulations and solution procedures (i.e . ,  solution approaches) 

for these special-case models in sequence as building blocks to the final model, CP

SND, which we derived by combining formulations for CP and SND. 

The features common to all models are as follows. All models minimize capacity

expansion costs and operational costs accruing from operating decisions governing the 

route and amount of flow. However, in our computational experiments, we assume 

the operational costs to be zero and minimize only the capacity-expansion costs. 

The solution to each model must satisfy constraints that: ensure power (flow) is 

routed through electrical conductors (lines) to demand points without exceeding line 

capacities; require switches be opened and closed so that lines with flow form a 

tree structure, i .e . ,  a radial configuration; and that power flows do not exceed line 

capacities. To satisfy practical requirements, all models except the general form of 

CP, allow at most one capacity-expansion of an edge (the route on which a line 

is or can be installed) over the planning period. Furthermore, given information 

on potential routes for lines, all models can design a network from scratch, but we 

view them mainly as capacity-expansion models for an existing network that faces 

increasing demand from connected load points and some new load points for which 

new lines have to be built. The problem instances used for computations in the thesis 

are based on a real network with 182 edges and 152 nodes. (Nodes represent either 

supply points, demand points, junctions, and switching points. )  

The models that we solve are NP-hard and most approaches in the literature resort 

to heuristics for finding solutions to realistic instances. We, on the other hand, have 

developed mathematical optimization approaches for solving instances of these models 

to optimality in most cases, or finding good solutions with a guarantee on quality. In 

the following we summarise the formulations and solution procedures ( constituting 

the solution approaches) for the models in this thesis and their contributions. 
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8 .1 . 1  Restoration Model 

Chapter 2 presents the restoration model. The restoration model simulates a fault 
on an edge of the network and determines the radial configuration and the level of 
flows on lines constituting this configuration for restoring power to all demand points 
(customers). This model also identifies and minimizes the total cost of capacity ex-' 
pansions necessary to enable restoration. For simplicity, we refer to the configuration, 
flows, and capacity enabling restoration of supply, as the restoration configuration, 
restoration flows, and restoration capacity, respectively. Observe that the restoration 
model is essentially a network-design model for a network without the faulty edge. 
We formulate the model as a standard mixed-integer program based on the (original) 
node-arc representation of a network, and denote it as R-0. In addition to decisions 
on capacity, configuration, and flows, the R-0 formulation admits the possibility of 
shedding customer loads for proportional penalties to the distribution company in 
case of a fault scenario. (We do not permit load-shedding in the computations to 
facilitate comparison with the performance of other non load-shedding formulations.) 
Instances of the R-0 formulation took on average 3.9 seconds to solve. Though this 
solution time is reasonable, solution procedures for the subsequent larger models re
quire repeat solves of such restoration problem instances, and so gains in efficiency of 
solving such instances amount to large improvements in solving the larger instances. 

To improve on R-0, we proposed a new "super-network" representation that ex
ploits the radial configuration requirement and the sparse nature of electricity dis
tribution networks. The super-network representation does not admit penalised load 
shedding, however it enables the identification of valid inequalities that lead to a 
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strengthened restoration formulation, R-SN8 , with a tighter linear programming re
laxation. Consequently the LP relaxation and average solution time of problem in
stances based on R-SNs improves on that of R-0 by about 100% and 150%, respec
tively. 
8 .1 .2  Survivable Network Design Model 

A problem instance of the restoration model determines an optimal restoration config
uration, flows, and capacity expansions, but these are only for a single fault scenario, 
i.e., a fault on a single edge. The cost of all capacity expansions from solving such 
instances, one for each edge of a network, can be no cheaper and significantly more 
than the cost of the set of capacity expansions specified by a solution to the survivable 
network design model (SND), which considers all fault scenarios simultaneously. We 
explore the survivable network design models in Chapter 3. 

In essence, the SND model extends the restoration model to a multiple fault
scenario framework. We first present SND-0, an extension of R-0, as a standard 
mixed-integer program based on the node-arc network representation for designing 
minimum-cost survivable electricity distribution network. This is a two-stage stochas
tic integer program in which the first-stage determines capacity expansions, and the 
second-stage identifies the restoration configuration and flows under each alterna
tive fault scenario. Unfortunately, this formulation has a poor LP relaxation and is 
tractable only for small instances. 

Since the super-network based formulation R-SN8 , improved significantly on R
O, we also reformulate SND-0 using the super-network formulation and associated 
strengthening inequalities, and represent it as SND-SNs. Although SND-SNs can 
solve larger problem instances with up to 7 faults, the improvements are not sufficient 
to solve realistic instances (e. g., 17 9 fault scenarios as in our test network). The poor 
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performance of both SND-0 and SND-SN8 is a result of the weak LP relaxation. To 
obtain stronger LP relaxations, in Chapter 4 ,  we consider exploiting the structure of 
the SND model through Dantzig-Wolfe decomposition. 

Dantzig-Wolfe decomposition of the extensive SND formulations, SND-0 and 
SND-SN8 , result in minimum-cost flow subproblems that are naturally integer and 
hence will yield a master problem with an LP relaxation no better than that of the 
respective extensive SND formulation. 

Chapter 5 presents a new split-variable formulation, SND-SV s, of the SND-SNs 
formulation. Both extensive formulations SND-SN8 and SND-SV s have similar LP 
relaxations, but decomposition of SND-SV s leads to a master problem whose LP 
relaxation is substantially stronger than that of SND-SV 8, and hence stronger than 
that of SND-SN8 • The strengthening is a consequence of the associated subproblems 
which are effectively network-design problems that do not have naturally integer 
extreme points. There is one such subproblem for each fault scenario, and these have 
the same formulation as the restoration formulation, R-SNs, which solves efficiently. 
We also devise a split-variable formulation, SND-SV-0, based on the original node
arc network representation. Decomposition of SND-SV-0 results in subproblems that 
have the same formulations as the original node-arc restoration formulation, R-0; 
these are different from the super-network based subproblems (R-SNs) arising from 
decomposition of SND-SV S·  By comparing the performance of the decompositions of 
SND-SV s and SND-SV-0, we show that the effectiveness of the column-generation 
procedure for solving a given instance of SND relies heavily on super-network based 
modelling improvements that strengthen the formulation of the column-generation 
subproblems. 

The use of a good duals-stabilisation scheme for the master problem is essential 
for the efficiency of the column-generation solution procedure. Our results show 



8.1 Summary and Conclusions 235 

that using an "interior-point duals stabilisation", which simply uses interior-point 
duals, greatly outperforms the well-known scheme of du Merle et al. [31]. Thus, the 
collective contribution of the split-variable and decomposition approach, the super
network based subproblems, and the interior point duals stabilisation enables us to 
solve SND problem instances with up 17 9 fault scenarios, i. e . , for all edges of the real 
test network. 

The SND model is sufficient for short-term planning. However, longer term plan
ning horizons necessitate a model that can account for uncertainty in future out
comes, such as demand, and admits the possibility of deferring capital investment. 
Consequently, in Chapter 6, we investigate long-term multistage stochastic capacity
planning models. 
8 .1 .3  Multistage Stochastic Capacity-Planning Models 

The multistage stochastic capacity-planning model considers uncertainty in future 
outcomes and specifies an investment schedule that exploits the information that 
accrues over the planning horizon. For simplicity, in Chapter 6 we excluded the 
survivability constraints from all formulations of the capacity-planning models, but 
we included them in the formulation in Chapter 7 .  

We first described a general super-network based formulation, CP-SN, of the mul
tistage stochastic (integer-programming) model for planning the capacity expansion 
of an electricity distribution network. Capacity-expansion decisions are discrete, and 
capacity expansion of an edge can occur multiple times over the multistage planning 
horizon. A scenario is a single realisation of uncertain outcomes over a multistage 
planning horizon and a scenario tree comprises a set of scenarios that together rep
resent uncertainty by approximating the underlying distribution of the uncertain pa
rameters. The CP-SN formulation results in poor LP relaxation and so only small 
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instances are solvable. 
We reformulated the CP-SN formulation using a variable-splitting technique to 

give a general split-variable formulation (CP-SV) that, similar to CP-SN, allows mul
tiple capacity expansions of an edge over the planning horizon. In practice, at most 
one capacity expansion along a route (i.e., on an edge) is permitted over the plan
ning horizon, and consequently, based on CP-SV, we derived another split-variable 
formulation (CP-SVl) that imposes this restriction. A Dantzig-Wolfe reformulation 
of either formulation results in a master problem having a substantially stronger LP 
relaxation than the extensive formulation. 

Recall for each node n in the scenario tree, that P n denotes the set of all prede
cessors of n, including n itself. Apart from the variable Xelhn, denoting requests for 
capacity expansion of an edge e using technology l at the scenario-tree node h E 'Pn, 
the variables in a subproblem SP(n) for the Dantzig-Wolfe reformulation of CP-SV 
pertain only to node n. Indeed these variables can be viewed in the subproblem 
simply as alternative capacity-expansion options at node n of the scenario tree. As a 
result, the subproblems increase in difficulty only slightly with an increasing number 
of stages in a scenario tree. In CP-SVl , the situation is even better, because the 
column-generation subproblems involve no variables, such as Xelhn , from predecessor 
nodes in the scenario tree. Thus, these subproblems do not become larger as the num
ber of stages increases. This situation contrasts with scenario-decomposition methods 
in which the subproblems must cover an entire planning horizon, and so increase in 
size as more stages are added. 

Our Dantzig-Wolfe decomposition for multistage stochastic capacity-expansion 
planning in a scenario tree framework has proved to be extremely effective. We 
anticipate that this approach will lead to new approaches to solving stochastic integer 
programs. 
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Analogous to the results of the Dantzig-Wolfe decompositions in Chapter 5 ,  the 
efficiency of column-generation procedure in solving the LP relaxation of the mas
ter problems hinges on the use of a good duals-stabilisation scheme. Once again, 
the "interior-point duals stabilisation" scheme, which obtains dual variables from an 
interior-point algorithm, greatly outperforms the well-known scheme of du Merle et 
al. [31 ]. 
8 .1 .4 Multistage Stochastic Capacity-Planning Model with 

Survivability 

The final model in this thesis considers all the key aspects of cost-effective long
term capacity planning of electricity distribution networks, namely: a multistage 
planning horizon, uncertainty in future outcomes, and survivability for critical faults. 
Of these aspects, the first two is accounted for in the "at most one capacity expansion" 
capacity-planning model, CP-SVl, and the third, in the survivable network design 
model, SND-SV S ·  Therefore, we combine CP-SVl and SND-SV s to form the (final) 
split-variable, capacity-planning and survivable network design model, CP-SND. 

Although the maximum benefit of the CP-SND model is when it is applied to 
an instance that exploits all three key aspects of planning, an additional significant 
contribution of this model is in its ability to easily accommodate special problem 
instances that require only one or two key aspects. That is, for a scenario-tree with 
a single node, CP-SND corresponds to an instance of the survivable network design 
formulation, SND-SV S· On the other hand, if we consider only a single fault scenario, 
CP-SND corresponds to an instance of capacity-planning model, CP-SVl. Moreover, 
for a problem with single scenario-tree node and single fault scenario, CP-SND reduces 
to an instance of the restoration formulation, R-SNs. Thus, SND-SV s, CP-SVl, and 
R-SNs are special cases of CP-SND, for which we have devised efficient solution 
procedures. 
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Since even relatively small problem instances of the extensive form of SND-SV s 
and CP-SV l cannot be solved directly, and since to solve realistic sized instances 
necessitates decomposition, the only way to solve instances of CP-SND is also through 
decomposition. A Dantzig-Wolfe reformulation of CP-SND yields subproblems for 
each fault scenario s at each scenario-tree node n. These subproblems have the 
same formulation as the restoration formulation, R-SNs, which solve efficiently due 
to the strengthening from the super-network constructs. Moreover, as is the case 
for subproblems from decomposition of CP-SV l ,  for a given network, the size of the 
subproblems do not increase with the number of stages. Thus this decomposition 
solution procedure for CP-SND will remain tractable for large instances, as long as 
the subproblems solve quickly. 

The CP-SND model and the decomposition solution approach achieves the aim of 
this thesis. This mathematical programming approach provides a guarantee on the 
quality of a solution, and our experiments confirm that the approach is able to find 
good quality solutions for difficult instances. Owing to the difficulty of CP-SND, ap
proaches in the literature have resorted to heuristics, which generally cannot provide 
guarantees on the quality of a solution. Mathematical programming approaches in 
the literature can consider models similar to CP-SVl ,  the special case of CP-SND, 
but even then only for network sizes and problems that are much smaller than those 
we use and solve to optimality. Likewise, because of the difficulty of including it, the 
single-stage mathematical programming solution approaches in the literature that are 
for short term capacity planning (as in the SND model) do not consider survivability ; 
in contrast, our solution approach does, and can solve large instances to optimality. 
Thus the contributions of our split-variable reformulation and decomposition solution 
approach is significant. 

The solution to the stochastic instance of CP-SND, which we used in the case 
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study, has a relative-optimality gap of 13.5%. Although this gap may seem signifi

cant in theory, in practice the capacity-expansion plan specified by the solution will 

most likely be acceptable, or at the least, provide an excellent starting plan for plan

ners to improve on. Indeed, the solution may already be optimal, however column

generation within branch-and-bound is necessary to resolve fractions and prove op

timality. Nonetheless, through preliminary experiments we show that a good choice 

of an explicit constraint branch can significantly reduce the relative-optimality gap 

without compromising the efficiency of the overall approach. Thus an implementa-

tion of an efficient branch and bound with column generation and explicit constraint 

branching seems a promising extension to our solution approach, and forms a good 

direction for future research. On the other hand, it is important to observe that the 

solution approaches developed in thesis are able to find optimal or good solutions 

much quicker than the best commercial alternative (in our case, CPLEX 9.0 solver) 

for solving instances of corresponding extensive formulations ( which are large MIPs) . 

Till now we have focused on developing models, and their formulations and solu

tion procedures. In the following section we describe how Vector Limited, the local 

distribution company who partly sponsored this research, can use the solution ap

proaches as tools to efficiently develop economic capacity-expansion plans, as well as, 

for daily operational planning. 

8 .2  How the Models Can Be Of Benefit to  Vector 

The existing planning procedure at Vector is helpful in checking the network for 

capacity problems, and in determining a feasible capacity-expansion plan to overcome 

any identified problems. However this procedure is inefficient and cannot provide 
assurance on the quality of a capacity-expansion plan with respect to the best possible 

alternative, e.g . ,  a capacity-expansion plan composed using the existing procedure and 
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deemed "good" by the planner, might be twice as costly as the optimal. Moreover, as 
noted in section 1 .5 ,  a number of factors in the existing planning procedure can lead 
to unnecessary capital investments and poor capacity utilisation. A brief description 
of these factors follows. 

1 .  Even if the planner identifies multiple faults that the network is not survivable 
for and that are not within the same local area, because of the difficulty, the 
planner generally cannot consider the restoration capacity requirements for all 
these faults simultaneously when developing a capacity-expansion plan. Con
sequently, the planner typically devises a plan to provide adequate restoration 
capacity for each fault, and in doing so, risks losing out on synergies avail
able from considering multiple faults simultaneously while optimizing capacity 
expansions. 

2 .  The existing planning procedure is time consuming, and so when planning for 
making the network survivable for a fault, the planner has time only to devise 
and analyse two or three capacity-expansion plans from the many possible plans. 
Hence the plan selected for implementation may be far from the optimal plan. 

3 .  Owing to the complexity of network planning, the planner considers only the 
area and feeders local to a fault when devising capacity-expansion plans as this 
makes it easier to determine if a plan will be effective. However, a larger area 
for planning will enable a greater number of capacity-expansion plans, some of 
which may be more economic than the plan devised from considering only the 
local area. 

4 .  Planning is carried out for a deterministic demand forecast that is adjusted to 
accommodate: expected economic and population growth, land available for 
development, regional council plans, and other known developments. But in 
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some areas the demand planned for may not arise, and so planning that does 
not account for uncertainty in demand outcomes is likely to lead to suboptimal 
investment of capital. 

Given that the costs of capacity expansion can easily be in the order of millions 
of dollars [113 ] ,  any improvements in the capacity-planning procedure can result in 
significant savings. The models and the corresponding formulations and solution pro
cedures developed in this thesis overcome the above shortfalls of the existing planning 
procedure and make it possible for Vector to determine capacity-expansion plans with 
a guarantee on quality. 

The models are essentially tools to help the planner identify problems with net
work survivability, and determine cost-effective capacity-expansion plans (solutions) 
that resolve these problems. In particular, the CP-SND model and the efficiency of its 
solution procedure, allow a planner to cope with the complexity of considering uncer
tainty and survivability over a multistage planning horizon, and to perform valuable 
analysis beyond what is possible with current systems and procedures. 

In the following subsection we describe the benefits of the CP-SND model that 
addresses the shortfalls of the existing planning procedure. Then, in section 8. 2 .2 ,  we 
describe the benefits that Vector can derive from the restoration models, R-SNs and 
R-0. 
8.2 .1  Benefits from the CP-SND Model 

The CP-SND model is for long-term capacity planning of the electricity distribu
tion network. It accounts for uncertainty in future outcomes of planning parameters 
through scenarios, and ensures that the network is survivable, i.e., has sufficient ca
pacity to enable restoration if a fault occurs. Furthermore, the model ensures that 
all demand is met and the network operates in radial configuration at each node of 
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the scenario tree. 
The model enables the planner to consider multiple demand-growth scenarios over 

multiple stages, rather than just a single scenario, as is the case with existing planning 
procedure. For example, scenarios may represent spatial variation in demand growth 
as demonstrated in the case study in section 6 . 9 . In addition, the model can consider 
uncertainty in the cost of each capacity-expansion technology and in operational costs. 

When there are multiple worst-case fault scenarios under which the network does 
not have capacity to restore supply, the planner must determine the capacity expan
sions that will make restoration possible. However, the laborious nature and limita
tions of the existing planning procedure makes it difficult to devise capacity-expansion 
plans, which provide adequate restoration capacity, for more than one fault scenario 
at a time. Thus planning for each fault scenario separately can lead to overinvestment 
in capacity expansions. On the other hand, the CP-SND model can simultaneously 
consider all the critical fault scenarios, and determine the capacity-expansion plan 
that costs the least and makes the network survivable for any of these fault scenarios, 
at all nodes of the scenario tree. 

Though the core value of the CP-SND model is in its ability to consider the com
plexities of planning, i.e. , uncertainty and survivability over a multistage planning 
horizon, and to determine capacity-expansion plans (solutions) that are of good qual
ity, the model's solution approach can also reduce planning time substantially. The 
model solves efficiently as a direct consequence of the computer-based split-variable 
and decomposition solution approach developed in this thesis. The fast solution time 
also makes it possible to do "what if' analysis by varying parameters and re-solving 
the model. The planner can store the various parameter settings in different files, 
and then construct a batch file that executes the model on each of these parameter 
files in sequence. The solution process of the model does not require interaction from 
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the planner, thus the planner can address other tasks while the model or a batch file 
is running. 

The complexity of capacity planning and the inefficiency of the existing planning 
procedure make it difficult for a planner to consider an area that is much larger than 
the area local to the identified problem. In contrast, the efficiency of the model's 
solution approach allows investigation of area of the size the planner desires. In 
general, the larger the area, the longer the solution time but the higher the chance 
of a better solution. Therefore, to get an idea of the size to consider relative to the 
identified problem area, the planner should investigate several area sizes and analyse 
its effect on the solution quality. That is, the planner must seek a compromise between 
solution time and quality. 

Similar to the existing planning procedure, the model can consider different types 
of technologies, constituting underground cables or overhead lines, with which to 
expand capacity of an edge (i.e., a route) . The solution to CP-SND specifies the 
technology to use for the capacity expansions. The capacity expansions may represent 
reinforcements, which replace an existing technology with higher capacity technology, 
or installation of technologies along new routes. Moreover, as noted in section 2 .2 ,  it 
is simple to model the possibility of installing power generators and zone substations 
as capacity-expansion options, and to model the failure of these. 

When considering a realistic network for planning, e.g., the test network in this 
thesis, there can easily be a huge number of possible radial configurations, and thus 
a huge number of feasible capacity-expansion plans. In addition, the possibility of 
more than one capacity expansion option on the edges further increases the number 
of feasible capacity-expansion plans considerably. Nonetheless, the model implicitly 
searches through all possible plans to find a plan that is optimal or of good quality. 
The planner may use the quality guarantee of a plan to help justify its implementation. 
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The distribution company can determine the cost of making the network survivable 
for a particular fault by comparing the cost of the solution to CP-SND with and 
without the corresponding fault scenario. This cost can be used to devise profitable 
contracts, which ensure full restoration of supply, with customers affected by the 
particular fault. The distribution company can also analyse whether such contracts 
yield more benefits than those which defer capital investments through shedding load 
in the occurrence of the respective fault scenario. 

A valuable property of solving CP-SND using the Dantzig-Wolfe procedure is that 
it allows the network planners to be selective; to some extent, of the features of a 
capacity-expansion plan. If the original solution to MP is barely practicable and the 
planner prefers to investigate other solutions, we can apply a constraint branch to 
eliminate the original s�lution and then generate additional columns to re-optimize 
and find another solution to the master problem. 

The statistics readily available from the optimal set of columns from the master 
problem are useful for ranking capacity expansions. We can determine the percentage 
of fault scenarios that require a capacity expansion on a particular edge, and then 
prioritise capacity expansion of edges based on this percentage (see section 5.5). 

The formulation of the CP-SND model has the super-network restoration formu
lation, R-SNs, as one of its special cases. Though the focus of this thesis has been on 
developing the CP-SND model, its formulation and a solution procedure capable of 

. solving it, the R-SNs formulation, and its node-arc network representation variant, 
R-O, is more appropriate for some planning situations, as we describe in the following 
section. 
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8.2 .2  Benefits of the Restoration Model 

245 

The solution to the CP-SND model specifies the restoration configuration and flows, 
and necessary capacity expansions to provide adequate restoration capacity under 
each fault scenario at all nodes of the scenario tree. Hence, if the capacity expansions 
recommended by the solution are implemented, then the distribution company can use 
the specified restoration configuration when a fault scenario occurs. But, the solution 
to CP-SND is for peak demand, and if the fault occurs at non-peak time, then it 
may not be necessary to do as many switching operations to enable restoration as the 
solution specifies. Fortunately, in such instances, the planner can use the restoration 
formulation, R-SNs, to determine the most suitable restoration configuration in real
time. 

Instances of R-SNs solve in few seconds, and are substantially quicker than in
stance of the CP-SND, which is a much larger long-term planning model. So a planner 
can exploit the efficiency of R-SNs to determine restoration configurations much more 
frequently than is possible using CP-SND. For a fault on a particular edge, R-SNs 
determines a restoration configuration and flows, and minimizes the operational costs 
and the cost of capacity expansions necessary to enable restoration. Therefore, a 
planner can specify a cost for operating a switch and use R-SN8 regularly within an 
automated monitoring procedure that simulates faults on lines of the network, one at 
a time, and for each fault, determines a restoration configuration that requires least 
number of switching operations to switch to from current radial configuration. The 
demand varies through the day and therefore, to keep the most updated set of best 
restoration configurations, such a monitoring procedure may execute at close intervals 
with latest demand data. 

The capacity expansions specified by the solution to CP-SND are hedged for un
certainty and ensure survivability for a given set of fault scenarios. If the planner uses 
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the model and implements the specified capacity expansions regularly, the network 
should have adequate capacity to restore. supply in case an anticipated fault occurs. 
However, the solution may not be hedged for some unlikely outcomes in the interval 
between solves of CP-SND, e.g. , unexpected demand may arise that compromises the 
network's ability to restore supply in case of some fault scenarios. Nonetheless, since 
the R-SNs formulation checks for restoration capacity, the abovementioned real-time 
monitoring procedure will identify such problematic faults, and therefore allow the 
distribution company to plan for dealing with them effectively. 

An immediate response to a failure may include shedding the loads of customers 
to make capacity available for restoring supply to more important customers, and/ or 
installing temporary equipment to aid restoration. Since the R-O formulation per
mits penalised load shedding, a planner can use R-O to determine: the optimal load 
shedding plan, the minimum number of switching operations to effect the restoration 
configuration, and the necessary capacity expansions to enable restoration. Indeed, 
instances of R-O are slower to solve than those of R-SNs, nevertheless, even if an 
instance of R-O takes minutes to solve, it is still likely to be much more efficient than 
obtaining a similar result using the existing planning practice. 

Yet another use of the restoration formulation, R-SNs, is for daily operational 
planning. For example, suppose the distribution company needs to determine an 
alternate operating radial configuration to supply demand after deactivating a line 
for maintenance. They can find such a "maintenance'' configuration efficiently by 
solving an instance of R-SNs with a constraint simulating a fault on the line requiring 
maintenance. Moreover, by imposing a cost on each switch operation, the model 
can minimize the number of switch operations for changing from the existing radial 
configuration to the maintenance configuration. 

From the above we can see that CP-SND will aid the planner in long-term 
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capacity-planning, and R-SN8 and R-0, in daily restoration, operational, and mainte
nance planning. These formulations and the corresponding solution procedures form 
a set of planning tools for the planner, and their use will substantially reduce the time 
to perform the long-term and short-term planning tasks. To exploit the full poten
tial of these formulations and solution procedures, they must integrate into existing 
systems at Vector and be easy to use. 
8.2 .3 Integration into Vector's Existing Systems 

In the existing practice at Vector, planners use the power-systems software, DigSI
LENT PowerFactory [30], to analyse capacity-expansion plans (see section 1.5 for 
details on the existing planning procedure). Unlike CP-SND, DigSILENT PowerFac
tory (DPF) cannot determine capacity-expansion plans, however it can model the 
distribution network and perform power-systems analysis in greater detail than CP
SND can. The planners give substantial consideration to results from DPF when 
making capacity-planning decisions, and therefore regard it necessary to analyse any 
capacity-expansion plan determined by CP-SND in DPF before approval. In essence, 
CP-SND models the core function of the distribution network, and so it is unlikely 
that a plan from this model will be deemed infeasible following analysis in DPF. 
However, if this occurs, we can identify the condition that this plan violates, and 
then add constraints to the CP-SND model to ensure that the plan from re-solving 
the model will not violate this condition. Owing to the need for interaction between 
CP-SND and DPF, an implementation that integrates these is fundamental. 

A successful implementation will coordinate the process of defining and solving 
an instance of CP-SND, and then pass the first-stage capacity-expansion plan and 
associated radial configuration to DPF for the planners to analyse and approve. For 
convenience, we shall call this system the Capacity Acquisition Planning tool, CAP. 



8.2 How the Models Can Be Of Benefit to Vector 248 

In the following, we describe the main capabilities and functions that CAP should 
have, in the context of the planning process that a planner will go through when 
using the program. The description is relatively brief, and is only intended to give 
a general overview. Thus, before an implementation, Vector must develop a more 
detailed plan that considers all data and systems in the company at that time. 

The process of defining and solving an instance of CP-SND will form the major 
component of CAP. The planner first needs to define the geographical area for plan
ning. This may include the existing network as well as space for some new cable routes 
and zone substations. The Geographical Information System (GIS) at Vector displays 
information on all components constituting the existing distribution network. Apart 
from data on the load ( demand) at distribution substations and the cost of capacity 
expansions, DPF imports all data on the components of the distribution network 
from GIS. The CAP tool must integrate DPF with the optimization component that 
defines and solves the CP-SND model, and to populate the model with data, it will 
be more efficient for CAP to import the data for the existing network directly from 
DPF rather than from GIS. 

In addition to reinforcement of the existing network, the planner may want to 
consider potential new routes for installing cables. But since the GIS stores only 
the existing network, new routes cannot be imported into DPF and therefore not 
into CAP. Nonetheless, for ease of access during maintenance and repair, cables are 
generally routed along roads, and given that GIS stores information on roads, it is 
possible to develop a program that uses this information to specify potential new 
routes for installing cables and their lengths. This type of program may be added to 
the existing program that imports data from GIS into DPF. 

The design of CAP should first let the planner define the area for planning, possi
bly using GIS, and then execute the programs that determine new routes and export 
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network data from GIS to DPF. Once the existing network and new routes are in 
DPF , CAP should enable the planner to view, alter, and add new routes, and also 
define potential new load points, zone substations, embedded generators, and asso
ciated cable routes. We collectively refer to the network components defined by the 
above operations as the underlying network. 

The data for the underlying network defines the connectivity of the network in 
terms of nodes and edges, and this is one of the requirements for the CP-SND model. 
In addition, the model also requires: the technology (conductor) types, their capac
ities, and costs; the load at each distribution substation; and data that represents 
uncertain future outcomes in the form of a scenario tree. Other than the scenario
tree data, CAP can obtain most of this data from DPF. The scenario-tree data can 
be specified in CAP, as we will explain later. 

DPF has a library of technology types with information on their capacities and 
costs per unit length. Since DPF also stores the lengths of the existing cables and 
will store lengths of new routes, it is easy to compute the cost of installing a new 
cable. 

Data representing the actual loads on distribution substations is most appropriate 
for planning, but as noted in section 1 . 5 ,  this data is currently not available because 
Vector does not have load meters installed on the distribution substations. They do, 
however, have load meters installed on feeders. DPF reads the feeder loads from a 
feeder-load database and approximates the load on each distribution substation by 
apportioning the total load on a feeder according to the ratings of the distribution 
substations connected to that feeder. 

Thus, after the planner defines the area for planning, CAP can import from DPF: 
data on the underlying network; the cable types, capacities, cost per unit length, 
and the cable lengths; and the apportioned loads on the distribution substations. 
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Recall that, in addition to minimizing capacity-expansion costs, the CP-SND model 

can minimize operational costs. For example, to minimize the number of switching 

operations to assume the restoration configuration, the CP-SND model requires a 

cost on each switch operation and the existing status of the switches. The latter can 

be imported from DPF, nonetheless CAP must also allow the planner to define or 

import other operational costs and associated data. 

The CP-SND model can consider uncertainty in demand growth and in the cost 

of capacity expansions and operations, over a multistage planning horizon. We use 

a scenario-tree representation of uncertainty (see section 6 .2) . To generate represen

tative scenario trees, a network planner needs to derive an econometric model for 

demand growth that accounts for factors such as population growth, demographics, 

economic growth, regional council plans, etc. While the overall population growth can 

be forecast with reasonable certainty, the economic growth and density and location 

of demand within the planning area can be uncertain. Consideration of many factors 

may lead to a large number of scenarios in order to give a close approximation of the 

underlying stochastic processes, but, as noted in section 1 .6 .1 ,  too many scenarios 
can lead to an intractable instance of the optimization model. Therefore, to devise a 

solvable instance, it may be necessary to reduce the number of scenarios. For this, 
Vector can use an optimal scenario-reduction method [34, 47] that recursively aggre

gates similar scenarios, and forms scenario trees, until an acceptable approximation 

of the underlying stochastic process is obtained. The scenario-reduction methods are 

available in the software, GAMS, the General Algebraic Modelling System [39] . 

As the final step in defining an instance of the model, the planner can specify the 

fault scenarios that the network must survive by identifying the edges that may fail. 

The interface of CAP should enable the planner to select such edges directly from a 
graphical view of the underlying network. By this point, the problem instance will be 
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fully defined and ready for solution. Next we describe a possible way of integrating 
the procedure for solving CP-SND problem instances into CAP. 

The Dantzig-Wolfe procedure for solving an instance of the CP-SND model ex
ecutes until the LP master problem is optimal, and if the solution is not integer, 
the procedure solves the integer version of the restricted master problem to obtain 
a feasible solution. CAP's design should allow the planner to specify the quality 
of a solution (i.e., relative-optimality tolerance) that will be acceptable, so that the 
procedure can terminate when a solution of that quality is found (see section 4 .2 ) . 
In our experiments in the thesis, we implemented the solution procedure for solving 
instances of CP-SND in the Mosel mathematical-programming language. The proce
dure solves the master problem using XpressMP and the subproblems using Cplex. 
But since more than 95 % of the time is spent solving the subproblems, for a commer
cial implementation, it is more economic to use just Cplex to solve both the master 
problem and subproblems. As noted earlier, the GAMS software has the scenario
reduction module, ScenRed (3 9 ) , that will take as input the set of scenarios generated 
by an econometric model, and construct a representative scenario tree. Moreover, 
GAMS has a mathematical-programming language that has a built-in interface for 
Cplex, and so it is a natural choice for implementing the Dantzig-Wolfe procedure. 

After solving a CP-SND inst�ce, CAP should export the first-stage solution, i.e., 
the capacity-expansion plan and associated radial configuration, to DPF for analysis. 
The planner must have the option of coordinating the analysis of the plan in DPF, 
but ideally, CAP should automatically circulate between finding a solution, analysing 
it in DPF using planner-specified modules, and adding constraints to the model to 
mitigate violations, until the plan is practicable. At the least, the solution from CAP 
will provide an excellent starting capacity-expansion plan for network planners to 
devise a better alternative. 
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In general, to promote the use of CAP, its design should be similar to a program 
that the planners are familiar with, e.g., DPF. However, as with any program, the 
planners will become proficient with CAP and increasingly confident in its effective
ness through repeated use. Indeed, based on feedback, Vector must refine CAP to 
optimize its design and usability. 
8 .3  General contributions 

We conclude the thesis with a summary of its general contributions and possible 
extensions. The key ingredients in solving instances of the CP-SND model (and 
its special cases, SND and CP) are: the split-variable reformulation, the associated 
Dantzig-Wolfe decomposition, quick-to-solve super-network based subproblems, and 
the interior-point duals stabilisation method. The much stronger master problem 
LP relaxations and the improvements in solution times in comparison to those re
sulting from the extensive formulations, clearly show the substantial contribution of 
the solution approach developed in this thesis. The approach enables the solution of 
realistic-sized problems, which until now has not been possible using a mathematical 
programming approach. 

The split-variable reformulation and Dantzig-Wolfe decomposition solution ap
proach outlined in this thesis can generalise for use in designing networks in other 
industries (e.g. see [101 ] for application to telecommunication network), and even 
more generally, for capacity planning of facilities (see (102]). The master problem 
effectively remains the same for different applications, while the structure of the sub
problems, other than the capacity-requirement constraints, depends on the particular 
application and may be solved or strengthened using successful application-specific 
methods. For our application, we strengthen the subproblems using the super-network 
representation and the valid inequalities it makes possible. 
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The super-network representation, which leads to the super-network formulation, 
exploits the underlying (sparse) mesh structure of electricity distribution networks 
and the radial configuration requirement. Most electricity distribution networks op
erate in a radial configuration. With respect to this, the super-network formulation is 
in itself general, and may be applied to many facets of electricity distribution network 
planning, e.g. , operational planning, power-loss minimization, maintenance planning, 
etc. 

We have applied our methods to solve a capacity-planning problem for an electricity
distribution network, which requires the use of mixed-integer subproblems. However, 
as noted, the algorithm described is quite general. As long as good algorithms ex
ist to solve them, the subproblems can incorporate arbitrary non-linearities or other 
complexities, which other applications may require. 

8.4 Extensions 

The focus of this thesis has been on developing new formulations for capacity-planning 
models and efficient solution approaches for solving the large-scale stochastic mixed
integer programs that arise from instances of these formulations. We have developed 
and tested these new solution approaches on instances based on a real network; the 
contributions of the solution approaches come from substantial improvements in so
lution times, and the ability to find optimal or good quality solutions of previously 
intractable problem instances. Nevertheless, as is the case for any new concept, our 
solution approaches require further testing on an extensive set of problem instances. 
Such instances should include networks of different sizes and connectivity levels, and 
multiple capacity-expansion technologies. 

On a similar note, the multistage stochastic capacity-planning models need testing 
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on a larger set of scenario trees. Although we have briefly mentioned the main fac
tors that must be considered when generating scenario trees and a scenario reduction 
procedure, tests must be performed to ensure that the procedure is stable and unbi
ased [56). Moreover, tests should include a comparison with other scenario generation 
procedures so that the most appropriate procedure for instances of capacity-planning 
models can be found. 

The super-network representation and associated strengthening inequalities con
tribute significantly to the efficiency of our solution approach. This representation 
provides the opportunity for further gains by allowing us to consider fewer fault 
scenarios than the number of edges in the network while still making the network 
survivable for a fault on any edge. To make the network survivable for faults on any 
of the super-arc edges, it is easy to see that we only need to consider fault scenarios 
that simulate faults on edges adjacent to the super-nodes of a super-arc ( or its an
tiparallel partner). For example, to make our test network that has 17 9 distribution 
edges (lines) survivable for a fault on any edge, instead of defining a fault scenario 
for each of the 17 9 edges, we only need to solve our model with 93 fault scenarios. 

In the models in this thesis we assume that voltage drops are small and will remain 
within acceptable levels. This assumption is reasonable for networks that have mainly 
underground cables, however for other network compositions, voltage drop constraints 
may be necessary. Such constraints can be added to the subproblem, albeit with a 
possible increase in complexity. 

Although rare, fractional solutions do arise for some problem instances in our 
models. A branch-and-price procedure or an explicit-constraint branching procedure 
is necessary to resolve such fractions. 

We describe operational costs in all our models but do not include them in ex
periments. Experimentation that tests the effect of operational costs on the solution 
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time may lead to indirect ways of avoiding difficult constraints, e.g. , penalizing flow 
should lead to fewer long feeders, and thus lower voltage drops and the possibility of 
excluding some or all voltage-drop constraints. 

We have mentioned the term that can be used in the objective function of the 
models to minimize the number of switching operations during restoration, however 
this also needs exploration. A challenging problem seems to be determining the 
cost of switching, which will have to be computed in real time to reflect conditions 
on the day. For the many switches in the distribution network that are not remote 
controlled and need a linesman to operate, determining the switching cost may involve 
solving shortest-path (time) problems from the crew bases to the switches necessary 
for restoration. The time of day will affect the loads on the network, the shortest 
path, and thus the restoration configuration. If only a single unit of restoration crew 
is available, the problem becomes a Traveling Salesperson Problem since the crew 
must do the switching in the best sequence and then return to base. 

As noted in section 8.3 , the models in this thesis generalise easily, and can be 
applied to telecommunications networks, water networks, gas networks, road traffic 
networks, and more generally to facility expansion planning. Nonetheless, the models 
rely, in part, on fast solution of subproblems and thus research will have to be done 
in each of these applications to enable the fast solution times. 

Note that in our implementation of the interior-point method, we re-solve the 
master problems from a cold-start after adding a new set of columns. There is some 
potential to increase the speed of our algorithm by re-solving the master problems 
faster, using a suitable hot-start procedure for interior-point methods ( e.g. , see (4 5] ). 

As noted in section 5. 5 ,  using the optimal solution to the master problem, we can 
determine for each edge, the percentage of fault scenarios that a capacity expansion 
of that edge contributes towards making the network survivable for. We refer to 
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this percentage as the "contribution towards survivability" statistic. An interesting 
extension of the CP-SND model is to maximize this statistic subject to a budget 
constraint. To do this, one would have to relax the convexity constraint for each 
fault scenario to "� 1" inequalities. Alternatively, using similar constraints, one can 
maximize the overall survival probability by maximizing the sum of the convexity 
variables. 

The initial formulations, R-O and SND-O, which are based on the node-arc net
work representation, allows the possibility of penalised unmet demand in the restora
tion configuration in case a fault scenario occurs. However, the rest of the formulations 
in the thesis are based on the super-network constructs that require all demand to 
be met, i.e., restored. In general, the large industrial and commercial customers have 
contracts with the distribution company for full survivability (100% restoration of de
mand), but there may be some instances where the amount a customer pays depends 
on the level of survivability the distribution company can provide. 

The extension of the multistage stochastic capacity-planning and survivable design 
network model (CP-SND) and the solution approach, to incorporate the other sub
systems of the electric power system, i.e., the subtransmission and transmission net
works and the power generation utilities, now seems possible. Using such a model, the 
electric power system operators will be able to develop long-term capacity-expansion 
plans that are hedged for uncertain future outcomes and provide a high level security 
of supply at minimum capacity-expansion and operational cost. Moreover, if a fault 
occurs, the restoration plans specified by the solution will enable the system operators 
to swiftly manage restoration of supply, minimizing interruption to consumers, and 
hence delivering a better quality of service. 
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