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Abstract

Solid Earth geophysics is based on different types of data, such as magnetic, gravitational,
electrical and seismic generally collected near or at the surface of the Earth, and is used to
estimate physical parameters of the subsurface. The related parameter estimation problems are
typically characterized as inverse problems. Other types of data may include petrophysical data
from borehole (core) drilling. All these types of data are then used to decide, for example, where
to carry out further drilling, which is an expensive undertaking. The standard way of modelling
different types of data uses oversimplified likelihood models, which can be interpreted as being
induced by white noise, zero mean and uncorrelated with the unknowns. The problem is that
the use of these trivial likelihood models tends to underestimate the underlying uncertainties
of the parameters. However, the so-called Bayesian Approximation Error (BAE) approach has
shown that feasible likelihood models are typically non-trivial.
In this thesis, we use the BAE approach to construct feasible likelihood models for the case of
different data types and jointly correlated parameters. We show that the associated joint likelihood functions are coupled and that the errors are heavily correlated with the unknowns. We
also show that the assimilation of different measurement modalities with properly constructed
covariance structures may increase accuracy in the estimates.
As examples, we use linear and non-linear geophysical forward problems, namely, gravity and
magnetics, to estimate the large scale representation of the associated physical parameters. As
joint prior models, we use jointly correlated Whittle-Matérn random field models with crosscovariance constructed using statistical constitutive models. We add borehole data which is
inherently represented in a smaller spatial scale. We show that straightforward incorporation
of the small scale borehole data with the large scale model can underestimate the posterior
uncertainty and can render parameter estimates useless.
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Introduction

Probability and statistics constitute the practically only feasible framework for uncertainty quantification as well as quantitative decision making [1]. Ideally, decisions are made on (statistically)
quantifiable variables such as profits, risks, costs and the related uncertainties, or lower level
criteria such as spatial homogeneity of uncertainty. In the following, we will refer to such variables as decision variables. But such decision variables, naturally, cannot be predicted exactly
and thus have to be treated as unknown random variables, which given some measured data
and other observations, have some uncertainty. This uncertainty is quantified as (conditional)
probability distributions that can be roughly interpreted as the probability of the variable having
some value, or rather, having a value in some interval of values [2]. All statistically meaningful
decision-making approaches are based on these conditional probability densities.
The context of geophysical exploration provides a typical scenario of decision-making under
uncertainty. Geophysical methods are used to map the subsurface through the remote measurement of its physical properties [3]. These methods play a major role in the exploration of
the earth resources such as minerals, petroleum and groundwater. The success of the exploration relies on being able to infer the presence of economic mineral deposits, hydrocarbons,
and groundwater. The main unknowns here would be the amount of mineral, oil or water in
the field. Then, given the measurements, there is the (posterior) uncertainty in the values of
the unknowns. This uncertainty would then serve as a basis in deciding for further actions
such as continuing exploration. Every further action involves a certain cost and yields a certain
probability that the exploration will be successful if the expected profit is positive. This profit
is computed based on the quantitative measure of the uncertainty which is computed from the
related conditional densities.
One can argue that the overall model for the uncertainty of the decision variable is always
erroneous since it is largely based on models which are erroneous themselves and, therefore,
the model for the probability distribution of the decision variable is useless. The usefulness
and feasibility of probabilistic models, however, boil down to the feasibility of the modelling
of the underlying uncertainties in the models and the data. If the related modelling tasks are
not performed properly and, especially, if the underlying uncertainties are underestimated, the
probabilistic model for the decision variables can be misleading.
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It is intuitively clear that the more information (data) one has, the less uncertainty there is
in the variable of interest. This can also be mathematically proven assuming that the models
are correct. Computationally, it will always seem that the accuracy of the parameter estimates
increases when more data is added to the overall model. It is, however, possible to have seemingly
accurate estimates while the actual errors are so large that the overall model claims that they
are practically impossible. This, again, would be induced by poor (oversimplified) models and
underestimation of the underlying uncertainties [4, 5, 6].
Although, above, we discussed the topic of the uncertainty in predicting decision variables,
this thesis does not focus on constructing the distributions of decision variables, but rather the
modelling and uncertainties that would result in the probabilistic models that would, eventually,
be used for deriving a probability distribution model for the decision variables, given all available
data. For discussion and analysis of decision theory in the Bayesian framework, see, for example
[1, 7] and in the context of exploration [8].
Geophysical model are based on different types of measurements. The modalities include gravity,
several electromagnetic methods and seismic. These measurements (modalities) are related
to spatially varying physical parameters such as density and conductivity. The framework
to combine different (types of) models for the measurements and parameters as well as the
related uncertainties, is called the Bayesian (framework for) statistics. In the Bayesian model
construction, it is essential to model the observation separately from the unknowns. In the
following, we describe the different types of observation used in geophysical modelling. Then we
give a review of the current state of the art in uncertainty quantification in geophysical inversion
as well as references to other related fields.

1.1
1.1.1

Observations
Geophysical methods

Geophysical methods aim to estimate the physical properties of the subsurface (e.g. magnetic
susceptibility, density, elastic properties) based on the measured (raw) data and models of
the associated physical phenomena, such as the geomagnetic field, the force of gravity, the
propagation of seismic waves, or the heat flow. For geophysical methods in general, see, for
example [9] and in the context of exploration, see, for example [10].
Geophysical methods can be categorised roughly into four main classes: static, dynamic, relaxation and integrated effect methods [11]. With static methods, the distortions or anomalies of
a static field are measured (detected) to delineate the features producing them. Here, the distortion/anomaly refers to the deviation from a (locally) homogeneous physical coefficient. The
static field may be a naturally occurring field such as the geomagnetic or gravitational field, or
it may be artificially applied such as an electric potential gradient. With dynamic methods, the
measurements are dynamic (time-varying), either directly, such as time-dependent displacement
in seismic methods, or indirectly such as the frequency or phase difference in electromagnetic
methods. Relaxation methods are a subclass of dynamic methods. However, with relaxation
methods, only the time for a disturbed, or excited, medium to return to its normal state is
employed. The most important method in this class is the induced polarisation (IP) method.
With integrated effect methods, the detected signals are statistical averages over a given area
or within a given volume. The radiometric methods fall into this class.
The two most common objectives of geophysical methods in exploration and mining are to i)
map the geology and ii) detect anomalies, that is, identify geological structures favorable for

4

1.2. FORWARD MAPPINGS
mineralisation [10]. When combined with traditional surface geological mapping, geophysical
data can help in the qualitative interpretations of subsurface rock units and structures, such as
the geometry of faults, sediment-filled basins and igneous intrusions. Anomaly detection seeks
to detect local variation in the measured parameter relative to a (spatially constant or slowly
varying) background. Such variations are attributable to a subsurface source of distinctive
physical properties.

1.1.2

Geological observations

Geological observations can be categorised as expert knowledge. In the exploration context, this
knowledge is an insight into the geological structure of a particular location or site. Such information builds on qualitative models of geological processes and experience to offer insights on a
variety of types of information. For example, insights into subsurface features such as probable
rock types, stratification patterns, fault locations, depth of cap rock or depth of basement rock
can all be given as initial structural guesses. During the exploration, as further information is
gathered, the structural guesses can, of course, be updated.
For the Bayesian framework, geological information can mainly be employed in the design of
prior models. For example, [12] incorporates prior information from rock sample data to estimate
lithological properties of the rocks. The expected rock species, layering, stratification and other
such considerations can be parametrised in the (joint) prior models. In case of uncertainty,
hierarchical models (hypermodels) are often straightforward to construct to allow for example
uncertainty in the depth of cap rock. However, embedding significant levels of uncertainty in
the structure of the prior models, typically leads to computationally complex models.

1.1.3

Petrophysical observations

Petrophysics is the study of the physical properties of rocks and minerals such as lithology,
porosity and permeability. Methods of analysis include coring and downhole logging. Coring is
a direct measurement of physical properties that are made on (cylindrical) sub-samples of rock
samples that are retrieved from the subsurface. This process is time consuming and expensive.
Downhole logging is used as a relatively inexpensive method where the in-situ physical properties
of the rocks penetrated by a drill hole are measured to produce a continuous record of the
measured parameters. Physical properties of rocks provide the link between geophysical surveys
and their geological interpretation. Once the local dependence of physical properties on the
lithological properties is established, geophysical surveys are used to extend the geological map
to three dimensions.

1.2

Forward mappings

The fundamental link between the parameters of interest and the observations (i.e. the forward
models) are typically described using mathematical and/or statistical models. The mathematical models are most often induced by partial differential equations (PDEs) and the related
boundary (or initial boundary) value problems. The resulting mapping from the unknowns to
the (noiseless) measurements can be a linear or a nonlinear one.
Although the mathematical models may be fixed, the methods used to construct the forward
models vary. In the context of geophysically induced PDE models, common methods used
to construct the forward map includes the finite element method (FEM) [13, 14, 15], the finite
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difference method (FDM) [16, 17] and integral methods [18, 19, 20, 21], as well as other methods
including the finite volume method (FVM) [22, 23, 24]. All these methods share the common
procedure of discretisation, that is, in each method the domain is broken into smaller blocks or
elements and is then solved numerically over each of the elements or blocks to get a discrete
solution.
It should be noted that while the construction of the forward models requires the ability to
“solve” the (partial differential) equations, the forward map is a significantly more complex
entity: a physical phenomenon that is governed by a single PDE, can induce a plethora of
forward maps depending on what is known and what is not. For example, the solution of
a boundary value problem with an unknown coefficient (such as resistivity) assumes that the
boundary values are known. In geophysical problems, these boundary values are, however, never
known exactly. The complexity of the mapping related to the (invariant) boundary conditions
and the errors related to the uncertainties is significant and applicable approaches have been
considered in the literature [25, 26].
The above considerations mean that all numerical methods used for the solution of the PDEs
are not equally feasible for the construction of the forward map. For example, some methods
practically dictate to consider the computational domain as a cube or a sphere. In addition, it
is important that (almost) arbitrary structures can be represented and that the method allows
for the construction of all mappings from all unknowns and uncertainties to the measurements.

1.3

Deterministic inversion

Deterministic inversion refers to the computation of solutions to inverse problems in a framework
that does not treat the unknowns as random variables but merely as unknowns. The theory of
deterministic inversion is cantered at the notion of regularization which focuses on the behaviour
of the related algorithms when the models are perfect and the noise levels are very low.
Due to the statement of the overall problem, these algorithms are not able to provide any estimates for the accuracy of the computed results in terms of probability and statistics. The
solutions are therefore usually taken as descriptive or indicative images. Nevertheless, deterministic inversion is employed quite widely, see for example [27, 28, 29, 30, 20].

1.4

Bayesian inversion

Historically, geophysics was the first application field which adopted the Bayesian view of inversion for the reason that high value decisions needed to be made in geophysical exploration and,
in particular, oil exploration. The set up of the Bayesian framework comprises the construction
of the likelihood model and prior model.

1.4.1

Likelihood models

Traditionally, the form of the likelihood function depends on both the forward model and the
model for the noise. Although noise is almost invariably modelled as Gaussian [31, 20, 32, 33, 34]
other noise models do exist, such as Cauchy or Laplace distributed errors, and have been used in
other fields to model outlier type (measurement) errors [35]. The main benefit to using Gaussian
noise is that the resulting potential of the posterior distribution can be written as the sum of
squares, thus making optimisation fairly straight forward.
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As discussed the most common form of noise used in mineral exploration is zero mean i.i.d.
Gaussian noise [32, 19, 36]. However, for many reasons such a model seldom coincides with
the true distribution of the errors [37]. As noted in [4], the noise model should incorporate
both measurements noise and modelling errors. Modelling errors stem from the use of heavily
discretised, mathematical models which neglect to take into account all unknowns, and can lead
to (highly) correlated errors which generally are non-zero mean. Although a limited amount of
work has been carried out on what the actual noise in the measurements is (see, for example
[38, 39]), quantification of the modelling errors is usually ignored.

1.4.2

Prior models

Random fields
It is common to assign random field type models to the parameters of interest. In the continuous
case, the most common type of random fields used are the so-called Gaussian random fields
(GRF), see for example [40, 41, 42], or for a general exposition on GRFs see [43]. A GRF
model is specified completely by its mean and covariance function only. The mean of the GRF
is chosen to reflect our beliefs about the most common value the parameters should take, and
is thus somewhat arbitrary. On the other hand, the covariance function must simultaneously
encode any prior knowledge we have about the correlation structure of the parameters, such as
smoothness or anisotropy, while also being positive semidefinite. As discussed in Section 1.2,
essentially all forward problems need to be discretised to be solved, typically using one or more
of the methods discussed in Section 1.2. As a consequence, the covariance function must in fact
be a positive definite matrix.
There are several families of covariance matrices widely used in practice, the most popular being
the Whittle-Matérn class [44, 45]. Whittle-Matérn covariance functions have two adjustable
parameters; a smoothness parameter and an effective correlation length parameter. Two widely
used types of Whittle-Matérn covariance matrices are the exponential covariance matrix and
exponential square or Gaussian covariance matrix.
Other popular choices of random fields used to model different types of continuous parameters
include the more general Markov Random Fields (MRFs), such as those used in [46]. So-called
structural priors have also become popular recently. For these types of priors, the associated
covariance matrices have local properties, meaning that the components of the covariance matrices corresponding to different regions of the domain can have (very) different correlation and/or
anisotropy structures.
It is noteworthy that many side constraints, or penalties terms that are employed by regularisation approaches, correspond to random field models superficially. This means that it is possible
to write the regularised solution in a form that resembles the posterior mean of a normal posterior model. Thus, implicitly the form also suggests a posterior covariance. However, this term
is not a covariance matrix and cannot be used to compute any uncertainty related estimates.
Examples of such regularised approaches include [47, 20]
Geostatistics and Kriging
Geostatistics refers to models dealing with spatial and spatiotemporal data [48]. The most
widely used approach is called Kriging and it was originally developed for mineral exploration.
Technically, Kriging type methods are interpolation methods in which the basic setting is that
the interesting variables are measured at certain locations and then various implicit and explicit
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models are used to interpolate between the measurement locations to achieve a spatial map of
the interesting variable. The typical construction of the Kriging estimate can be interpreted,
however, as deterministic interpolation between the measurement locations and the measured
values. First, a model for the spatial “mean” is fitted and then a variogram (covariance) model is
fitted. This process takes the form of linear regression and requires the computation of weighted
averages of (products of) observations.
There are several types of Kriging including ordinary Kriging, simple Kriging, co-Kriging and
fixed-rank Kriging, see, for example [49, 50]. They differ in the implicit and explicit assumptions
of the spatial mean and the covariance structure of the underlying model for the Gaussian
processes, which in the terminology of this thesis are called normal (Gaussian) random fields
[48].
It is possible, in principle, to construct the Kriging estimate systematically in the Bayesian
framework [51, 52]. In such a case, a (random field) prior model is first formulated and then
the observations are written in terms of a well-defined likelihood model. This model would need
to take into account the representations of observations with respect to the representation of
the unknowns. This seems to, however, rarely be the case. Thus, in most cases, the Kriging
estimates cannot be interpreted as posterior models for the random field given the observations.
They can, however, provide qualitative estimates for the posterior uncertainty.
For assimilating different data types, co-Kriging is the most relevant type of Kriging. Co-Kriging
has been used, for example, to cross-correlate spatial grades of different minerals [53, 50], and
to combine borehole and surface measurements [54].
Other models
Other models for unknowns include re-parametrisations of the unknowns using models consisting
of geometrically simple bodies or shape-based models (e.g. sphere, horizontal cylinders, discs,
ellipsoid, irregular prisms, facet models), each assigned a particular property value. In this case
it may be feasible to solve the forward problem exactly [55]. However, great care should be
taken when interpreting these results, as in general the shaped-based model is such a crude
approximation to reality.
Discrete spatial variables with a set of possible categories at each location (such as rock types)
are usually modelled using discrete Markov Random Fields. The number of classes is most
commonly two and the random field can be regarded as black or white; this model with a firstorder neighbourhood is called the Ising model [56]. In some applications, more categories are
natural, which can be incorporated in a systematic and straightforward manner [57].

1.5

Posterior models and inference

Once the (computational) forward model, the prior and the likelihood models have been derived,
the task is to compute point estimates, spread estimates, marginal densities as well as various
functions of the unknowns for the posterior model, that by the definition of conditional density,
exhibits the uncertainty in the (interesting) variables given (all) the measurements.
It is, however, easy to end up with a computational posterior model that does not allow us to
compute any of the above estimates exactly in practice [58]. For example, the parameterisation
of the unknowns and the numerical accuracy of the forward models might be such that even
supercomputers are not able to compute the results in any reasonable time, or the number of
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mathematical entities is so high that few computers can deal with the variables. In the context
of mineral exploration, this topic has been discussed, for example, in [28].
Approximations and simplification need usually to be carried out. Such simplifications can superficially lead to immediate computational advantages. However, if the effects of these simplifications and approximations are not taken into account, the computational results are almost
invariably severely misleading: apparent accuracy can be very high but the estimate can be
completely unfeasible and misleading, for examples related to ground penetrating radar and
estimating subsurface layer boundaries, see [59, 60].
The initial focus on the modelling is in the feasibility of the forward model and the modelling
of the underlying uncertainties in all related random variables. These uncertainties must not be
underestimated since the typical outcome would be to come up with estimates that are starkly
misleading: the posterior can easily “claim” that the true value is practically an impossible one
[59, 60, 61].
As stated above, the outcome of the modelling stage is the model for the posterior probability
density. In the (computational) inference stage, one needs to compute point estimates such
as the conditional mean and maximum a posteriori estimates; spread estimates such as the
(approximative) posterior covariance and posterior marginal models as well as draws (samples)
from the posterior model.

1.5.1

Draws and simulations

Ideally, one is able to compute draws from the posterior model. In addition to the posterior
covariance, draws from the posterior are an excellent alternative way to assess the posterior
uncertainty, see, for example [34, 62].
The main motivation to compute draws from the posterior is, however, the following. By computing sample averages of functions of the draws, it is easy and efficient to answer any statistical
question on the unknowns or their functions. This is particularly important in decision-making
and computing model predictions [1].
Draws from the posterior model can be computed either by linear algebraic transforms of mutually independent normal random variables or by Markov Chain Monte Carlo (MCMC). The
former is, in practice, only possible for jointly normal (Gaussian) models or local (Laplace) approximations. This is what is usually carried out in large dimensional cases since, with inverse
problems, the accuracy of the measurements induces “narrow posterior models” which poses a
major challenge to MCMC type algorithms. For MCMC in the context of geophysical inference,
see, for example [63, 61].
Other geostatistical approaches such as conditional simulations are specifically designed for
sampling from the associated models to allow for uncertainty evaluation, such as the approach
carried out in [64]. For an alternative approach, see [65]. It is important, however, not to
over-interpret draws that are not draws from a posterior model.

1.6

Current research topics and the contribution of the thesis

Modelling errors. As noted in [66], if any modelling errors are present (which is always the case),
the effective noise covariance is never diagonal. It is noteworthy that we are not aware of any
geophysical inversion related paper in which the likelihood model would exhibit an additive noise
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covariance that is not diagonal. In addition, neglecting modelling errors results in (possibly)
drastically underestimated posterior uncertainty.
Assumptions made about the noise in the measurements. Measurement errors have usually
been formulated and included in the measurement or the likelihood model. But even then,
the statistical model for the measurement errors is usually not constructed based on separate
measurements and theoretical analysis of the measurement system (including the electronics)
but, rather, assumed. Such an approach to modelling measurement errors, again, renders the
posterior uncertainty estimates useless.
Multi-scale data integration. A key issue in Earth sciences is the integration of different types of
data. The formulation of an overall probabilistic model that combines information from various
sets of measurements has been described, for example, in [67]. The challenge is that some data
and parameters are inherently represented in different spatial scales. This posses the problem
of scales of representation, which seems to have been consider only rarely, see for example [68],
[69].
In this thesis, we consider the modelling and analysis of the posterior uncertainty. The specific
focus is on three different modelling problems. First, we consider the Whittle-Matérn class of
prior covariances for multiple random fields which are linked by statistical constitutive models.
The statistical constitutive models imply only partial structure to the joint covariance. In this
thesis, we consider the completion of such joint covariances. Second, we apply the Bayesian
Approximation Error (BAE) approach to the joint inversion of geophysical potential field data.
Third, we consider the BAE approach in for the construction of the likelihood and posterior
models with multi-scale (survey type and borehole) data. Anticipating large scale formulations,
we mainly consider either inherently normal models or Laplace approximations. As model
problems, we consider the gravity and magnetic forward problems.

1.7

Thesis outline

In Chapter 2 we give an overview of the theory of a weak solution of elliptic partial differential
equations. We consider the implementation of the gravity and magnetic forward problem in
Chapter 3. An overview of the Bayesian theory of quantitative modelling of uncertainty is
given in Chapter 4. The construction of Gaussian smoothness priors is considered in Chapter
5 and Chapter 6 deals with the construction of joint covariances based on constitutive models.
Chapter 7 is devoted to the implementation of the BAE approach to account for modelling
(discretisation and approximations) errors and as model examples, we consider the gravity and
magnetic inverse problems. Chapter 7 also discusses the extension of the BAE approach to
different types of data and models. In Chapter 8 we discuss an application to the joint BAE
approach to the inversion of gravity, magnetic and petrophysical (borehole) data. Finally, the
concluding remarks are considered in Chapter 9.
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Second order elliptic equations

In this Chapter, we consider the variational formulation of second-order elliptic partial differential equations and their approximate solutions. The following is largely based on [70].

2.1

The Poisson problem

Consider the following boundary value problem
−∇ ⋅ κ∇u = f,

u ∈ Ω,

(2.1)

with one of the following boundary conditions:
u=0

or

on ∂Ω,

(2.2)

∂u
= b on ∂Ω,
∂n

(2.3)

∂u
+ hu = b on ∂Ω.
∂n

(2.4)

where Ω is an open bounded domain in RN , ∂Ω is the boundary of Ω and N is typically 1, 2 or
3. The problem in (2.1) is to find u given κ, f , b and h. In (2.1), κ ∶ Ω → RN ×N and f ∶ Ω → R.
Finding the solution of (2.1) subject to the boundary condition (2.2) is called the homogeneous
Dirichlet problem. The problem of solving (2.1) satisfying the boundary condition (2.3) is called
the Neumann problem. Finally, the problem of finding the solution of (2.1) subject to (2.4) is
called the Robin problem.
In the case κij = δij , (2.1) becomes −∆u = f . Equation (2.1) occurs frequently in the study of
the steady-state phenomena and in the theory of conservative fields (e.g. electrical, magnetic,
gravitational). As u typically represents a potential, the term q ∶ −κ∇u represent a force field
within Ω and the coefficient κ describes the (possible) anisotropic/heterogeneous nature of the
medium.
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2.2
2.2.1

Weak or variational formulations
The Dirichlet problem

Consider the Dirichlet problem
−∇ ⋅ κ∇u = f

in

Ω,

u=0

on ∂Ω

(2.5)

where Ω ⊂ RN is a bounded open set and f ∈ C(Ω). By definition, a classical solution u of the
Dirichlet problem is a function u ∈ C 2 (clΩ) which satisfies (2.5) at every point. On the other
hand, if f ∉ C(Ω) or κ is discontinuous, the problem (2.5) does not have a classical solution.
We assume that u is a classical solution and multiply the equation (2.1) by v ∈ C0 (Ω), and then
integrate to obtain
− ∫ v∇ ⋅ κ∇u dr = ∫ f v dr.
(2.6)
Ω

Ω

Since v = 0 on ∂Ω, integrating by parts yields
∫ κ∇u ⋅ ∇v dr = ∫ f v dr
Ω

Ω

(2.7)

for every v ∈ C0 (Ω). Equation (2.7) does not require u ∈ C 2 (clΩ).
Since H01 (Ω) is the closure of C0 (Ω), solving (2.7) is equivalent to finding u ∈ H01 (Ω) such that
⟨κ∇u, ∇v⟩ = ⟨f, u⟩,

for all v ∈ H01 (Ω)

(2.8)

where ⟨⋅, ⋅⟩ is the inner product in L2 (Ω) ∶ ⟨φ, ψ⟩ = ∫Ω φψdr. Equation (2.8) is known as the variational or weak formulation of the problem (2.5). Note that (2.8) corresponds to the variational
problem
(2.9)
B(u, v) = ⟨f, v⟩
for all v ∈ H01 (Ω),
where
B(u, v) = ⟨κ∇u, ∇v⟩

(2.10)

is a bilinear form. If κ is symmetric and strictly positive, the left-hand side of (2.10) defines
an inner product in H01 (Ω) and the Riesz’s Theorem yields the well posedness of the Dirichlet
problem [70].

2.2.2

The Neumann problem

We next consider the Neumann boundary value problem
−∇ ⋅ κ∇u = f in Ω,
∂u
= b on ∂Ω,
∂n

(2.11a)
(2.11b)

where Ω ⊂ RN is a bounded open set and n is the exterior unit normal to ∂Ω. In (2.11),
f ∈ L2 (Ω) and b ∈ L2 (Ω). The variational formulation of (2.11) may be obtained by the usual
integration by parts technique. Then, we multiply (2.11a) by v ∈ H 1 (Ω) and use (2.11b) to
obtain
(2.12)
∫ κ∇u ⋅ ∇v dr − ∫ κb v ds = ∫ f v dr
Ω
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for all v ∈ H 1 (Ω). A weak solution of (2.11) is defined as u ∈ H 1 (Ω) satisfying (2.12). Or,
equivalently, a weak solution is u ∈ H 1 (Ω) satisfying
B(u, v) = ∫ f v dr + ∫
Ω

∂Ω

κb v ds = ⟨f, v⟩ + ⟨κ b, v⟩∂Ω

∀v ∈ H 1 (Ω),

(2.13)

where B is the bilinear form defined in 2.10 and ⟨κ b, v⟩∂Ω = ∫∂Ω κ b vds. Solutions of (2.13) are
determined up to a constant, that is, if u is a solution of (2.13), then so is u + c0 , where c0 is a
constant. A way to restore uniqueness is to select a solution such that
∫ u dr = 0.

(2.14)

Ω

2.2.3

The Robin problem

The variational formulation of the problem
−∇ ⋅ κ∇u = f in Ω,
∂u
+ hu = b on ∂Ω
∂n

(2.15a)
(2.15b)

is obtained by replacing the bilinear form B in problem (2.13), by
B̃(u, v) = B(u, v) + ∫

∂Ω

hκ uv ds.

(2.16)

Like in the Neumann problem, this bilinear form is not always symmetric. If it is symmetric,
bounded and coercive, then there exist a unique solution by the Lax-Milgram Theorem (see for
example [70]).

2.3

The Galerkin approximation

As we showed in Section 2.2, problems (2.5), (2.11), and (2.4) can be recast in the form
A(u, v) = ⟨f, v⟩

(2.17)

for every v in the Hilbert space V. The idea of the Galerkin’s method is to write V as a union
of finite dimensional subspaces Vn . It is then possible to obtain approximate solutions to (2.17)
by projecting (2.17) into those subspaces. To perform the projection, let {φ1 , . . . , φn } span Vn
and write an approximate solution of u in the form
n

un (r) = ∑ xi φi (r),

(2.18)

i=1

replacing un into (2.17) yields the projected problem
A(un , v) = ⟨f, v⟩,

∀v ∈ Vn .

(2.19)

Since {φ1 , . . . , φn } forms a basis for Vn , (2.19) amounts to requiring
A(un , φj ) = ⟨f, φj ⟩,

j = 1, . . . , n.

(2.20)
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A substitution of (2.18) into (2.20) gives a linear algebraic set of n equations
n

∑ xi A(φi , φj ) = ⟨f, φj ⟩,

j = 1, . . . , n

(2.21)

i=1

for the unknown coefficients {c1 , . . . cn }. By introducing the matrix K and the vector b with
entries
Aij = A(φi , φj ),
bj = ⟨f, φj ⟩,
i, j = 1, . . . , n,
equation (2.21) takes the form

Ax = b.

The above constitutes the theoretical basis for numerical methods such as finite elements. To
implement the finite element method, one discretises the domain Ω into a collection of elements.
In this thesis, we use functions φj that are piecewise linear in each element such that φj takes
the value of unity at the node k and the value zero at all other nodes. That is,
⎧
⎪
⎪1,
φi (rj ) = ⎨
⎪
⎪
⎩0,

i=j
otherwise.

for i, j = 1, . . . , n.
The finite element method exhibits several advantages. First, it is based on the so-called weak
form of the PDE rather than the classical form: the geophysical problems do not usually even
have classical solutions due to discontinuities of physical coefficients. It also allows for arbitrary
geometry of the terrain, all mappings from all unknowns are straightforward albeit sometimes
tedious to construct, and the unknowns are naturally written in explicit forms that allow for arbitrary structural precision. On the downside, the FEM solutions do not satisfy all conservation
laws which can be a challenge with small-dimensional approximations to the forward map.
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Forward models

Geophysics is concerned with deducing the physical properties of the subsurface of natural
phenomena such as geomagnetism, gravitational attraction, propagation of seismic waves, heat
flow, etc. Such natural phenomena are described by mathematical models based on physical
laws and constitutive relations which come from experimental observations. The combination of
the two components is usually a partial differential equation (PDE) or a system of them. Using
approximate solutions of these equations for predicting the result of measurements corresponds
to solving the forward or direct problem. This chapter considers the PDEs associated with two
forward problems: gravity and magnetic. We discuss their weak solutions and finite element
discretisation.

3.1

Gravity

Gravity observations comprise measurements of variations of the Earth’s gravity. There are various contributions to observed gravity. These include the gravitational attraction of a hypothetical Earth containing no lateral density variations (reference ellipsoid), the effects of elevation,
topography, tides (time dependent variations), the effect of masses that support topographic
loads (isostatic) and the effect of regional density models. For the geophysical gravity problem,
see, for example, [71, 72, 73] and for a description of the correction applied to the observed
gravity see, for example [74]. Once the corrections have been applied and the regional fields
have been removed, the residual observed gravity field is caused by anomalous density distributions within the Earth. Assuming we know such density distribution, we can predict the result
of observation using Newton’s gravitational theory. The force of gravity can be derived from a
Newtonian potential.
∆ρ(q)
U (r) = G ∫
dq,
(3.1)
R3 ∥r − q∥
where G is the gravitational constant, ∆ρ is the mass density contrast, r denotes the observation
point and q denotes the point of integration. For a density distribution in R2 , the Newtonian
potential is replaced by the logarithmic potential
U (r) = 2 G ∫

R2

∆ρ(q)log(∥r

− q∥)dq.

(3.2)
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Note that Newtonian potential (3.1) vanishing at infinity. The logarithmic potential does not
vanish at infinity; its asymptotic behaviour is
U (r) ∝ −log(∥r − r0 ∥) + O (

1
),
∥r − r0 ∥

as

∥r − r0 ∥ → ∞.

(3.3)

where r0 denotes the location of the centre of mass.
Alternatively, the gravitational potential can be derived from the Poisson’s equation with Robin
boundary conditions
∇2 U = −4πG∆ρ
∂U
+ hU = 0
∂n

in
on

Ω
∂Ω.

(3.4a)
(3.4b)

We can use (3.3) to derive the value of the coefficient h for a two-dimensional domain. Taking
r0 = 0 for simplicity, the first order approximation of the normal derivative of (3.3) is given by
r̂ ⋅ n̂
∂u(r)
≈ u(r)
,
∂n
∥r∥ log(∥r∥)
and therefore
h=−

r̂ ⋅ n̂
.
∥r∥ log(∥r∥)

(3.5)

(3.6)

In practice, the Robin boundary condition is implemented by locating ∂Ω at a large (but finite)
distance from the mass distribution. For the implementation of a Robin boundary condition in a
3D domain see for example [75]. In the gravity forward problem, ∆ρ and h are known quantities
and we want to compute U via (3.4). Once the gravitational potential is computed, predictions
of the vertical component of the gravitational field are given by
∂U
.
(3.7)
∂z
The positive sign in (3.7) complies to the following convention (see [74]): If like sign particles
attract each other (e.g. gravity fields), the potential equals work done by the force field. On the
other hand, if like sign particles repel each other (e.g. electrostatic field), the potential equals
the work done against a force field.
gz =

3.1.1

Weak solution of the gravity problem

From Section 2.2.3, the variational (weak) formulation of (3.4) is
⟨∇U, ∇v⟩ + ⟨h U, v⟩∂Ω = −4πG⟨∆ρ, v⟩

(3.8)

for v ∈ H 1 (Ω). Following the argument in Section 2.3, we assume that the vectors {φ1 , . . . , φn }
span Vn ⊂ H 1 (Ω) and look for an approximation of the solution u of the form.
n

U (r) = ∑ ui φi (r),

(3.9)

i=1

where ui = U (ri ). We also assumed an analogous approximation for the density
n

∆ρ(r)

= ∑ xi φi (r),
i=1
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where xi = ∆ρ(ri ). A substitution of (3.9) and (3.10) into (3.8) gives
n

n

i=1

i=1

∑ ui (⟨∇φi , ∇φj ⟩ + ⟨h φi , φj ⟩∂Ω ) = −4πG ∑ xi ⟨φi , φj ⟩,

j = 1, . . . , n.

(3.11)

We define the n × n matrices K, N and M with entries
Kij = ⟨∇φi , ∇φj ⟩,

Nij = ⟨hφi , φj ⟩,

Mij = ⟨φi , φj ⟩,

and write (3.11) in the compact form
(K + N )u = −4πGM x,
and therefore

u = −4πG(K + N )−1 M x.

(3.12)

Taking the vertical derivative of (3.9), we get
gz =

∂U (r) n ∂φi (r)
= ∑ ui
∂z
∂z
i=1

(3.13)

The derivatives are constant within elements and it is discontinuous at element boundaries.
However, general recovery techniques have been developed for determining the derivatives of the
finite element solutions at nodes, see for example [76] and also Section C.2. The implementation
of such techniques results in
gz = Dz u
(3.14)
where Dz ∈ Rm×n is the discretised directional derivative and nd is the number of data points.
Replacing (3.12) into (3.14), we obtain

gz = −(4πG)Dz (K + N )−1 M x
gz = A x

(3.15)

where A = −(4πG)Dz (K + N )−1 M is the forward linear mapping.

3.2

Magnetostatics

The magnetic method of applied geophysics is based upon measuring variations of the local geomagnetic field produced by anomalies in the intensity of the magnetisation in rock formations.
The total magnetisation of rocks is the sum of its induced and remanent magnetisations. The
induced magnetisation depends primarily upon the strength of the magnetic field and the magnetic susceptibility χ of the rocks. The remanent magnetisation depends upon various factors
including the geological, tectonic and thermal history of the rocks. We note that although it is
possible to include remanent magnetisation in the magnetic forward problem, see for example
[22], in this thesis we consider only the induced magnetisation.
Magnetic fields are vector fields characterised by both magnitude and direction. The direction
of B0 is usually expressed in terms of declination (the angle between the horizontal component
of the field vector and magnetic north) and the inclination (the angle between B0 and the
horizontal surface). The instruments to measure magnetic fields are called magnetometers.
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Commonly used in geophysics are the total field magnetometers or scalar magnetometers which
measure the magnitude of the vector magnetic field. The magnitude of a magnetic field is usually
expressed in nanoteslas in SI units.
Similarly as the gravity field, the magnetic field is a potential field and can be expressed as the
gradient of some scalar potential. For the derivation of the relationship between the magnetic
field and the magnetic potential we consider two of Maxwell’s Equations.

∇×H =J +
∇ ⋅ B = 0,

∂D
,
∂t

(3.16)
(3.17)

where B is the induction, H the magnetic field, J the electric current density and ∂D
∂t the electric
displacement current density. In geophysical applications, electrical currents are negligible in
regions where the magnetic field is measured. Then, assuming J = 0 and ∂D
∂t = 0, the magnetic
field H is rotation free
∇ × H = 0.
This means that H is a conservative field in the region of interest and that a scalar potential V
exists of which H is the (negative) gradient, H = −∇V . However, the potential is defined by the
magnetic induction B rather than from the field H by using B = µH. The quantity µ is called
the magnetic permeability and it is related to susceptibility χ by µ = µ0 (1 + χ). In a free space,
χ = 0 and thus µ = µ0 . It follows from (3.17) that the magnetic potential must satisfy Laplace’s
equation with Neumann boundary conditions.

−∇ ⋅ µ∇V = 0
∂V
µ0
= B0 ⋅ n̂
∂n

in

Ω

(3.18a)

on

∂Ω

(3.18b)

The magnitude of the vector magnetic field is given by
B = ∥B∥ = µ0 ∥∇V ∥

(3.19)

Note that the magnetic and gravity fields are both potential fields; the fields are the gradient
of some scalar potential. However, while the mapping between gz and ∆ρ is linear, the mapping
between B and χ is non linear. This non-linearity is reflected in the construction of the stiffness
matrix as we will show in Section 3.2.1.
The total magnetic anomaly is calculated from total field measurements by subtracting the
magnitude of a suitable regional field [74]. If B represents the total field at any point, and Breg
the regional field at the same point, then the total field anomaly is defined as
BT = B − Breg .
and it represents the perturbation of Breg due to some magnetic susceptibility difference ∆χ.
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3.2.1

Weak solution of the magneto-static problem

Following the procedure similar to that employed in Section 2.2.2 we start by writing the weak
formulation of (3.18) in the form
⟨µ∇V, ∇v⟩ =

1
⟨B0 ⋅ n̂, v⟩
µ0

∀v ∈ H 1 (Ω).

(3.20)

As usual, we make the approximations for V and µ in terms of a given basis {φ1 , . . . , φn } for
Vn ⊂ H 1 (Ω)
n

V (r) = ∑ Vi φi (r),
i=1

n

µ(r) = ∑ µk φk (r).

(3.21)

k=1

A substitution of (3.21) into (3.20) gives
n

n

∑ ⟨ ∑ φk µk ∇φi , ∇φj ⟩Vi =

i=1 k=1

1
⟨B0 ⋅ n̂, φj ⟩,
µ0

i, j, k = 1, . . . , n.

(3.22)

The left-hand side of (3.22) is the stiffness matrix and it depends on the coefficients µk . To
compute the stiffness matrix, we define the set of matrices Kk with entries
(Kk )ij = ⟨φk ∇φi , ∇φj ⟩,

k = 1, . . . , n,

and then construct a vector composed of all the columns of Kk . We denote this vectors by
2
vec(Kk ). Next, let K ∈ Rn ×n be the matrix formed by stacking all the vectors vec(Kk )
K = (vec(K1 ), . . . , vec(Kn )).
The matrix K is called pre-stiffness matrix. Equation (3.22) can then be written in the compact
form Kµ u = b, where we use Kµ = vec−1 (Kµ) to denote the stiffness matrix and b is a vector
with entries
1
⟨B0 ⋅ n̂, φj ⟩.
bj =
µ0
Since Neumann boundary condition is imposed on all the boundary, the matrix Kµ is singular.
To solve this singular system we impose the additional constrain C v = 0 where C is a 1 × n
vector with entries Cj = ⟨φj , 1⟩, see Section 2.2.2. We arrive at the uniquely solvable system
Kµ C
V
b
)(
)=( )
T
λ
0
C
0
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶ ´¹¹ ¹ ¹¸¹ ¹ ¹ ¹¶ ´¹¹ ¸¹ ¹ ¶
F
Ṽ
b̃
(

(3.23)

Then, Ṽ = F −1 b̃ and V = Ṽ (1 ∶ n). Note that, to compute the forward problem with different
values of µ, only requires one matrix times vector multiplication. As the pre-stiffness needs to
be calculated once for a given mesh, regardless of the boundary conditions.
Assume that the measurements are carry out at locations p1 , p2 , . . . , pm . At these locations we
define the discretised horizontal and vertical derivatives Dx and Dz so that

B = ∥µ0 ∇V ∥ = µ0 (Dx V ⊙ Dx V + Dz V ⊙ Dz V )1/2
(3.24)
where ⊙ indicates the Hadamard product.
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3.3

Forward models based on integral equations

Some forward problems can also be represented as integral equations. For a source material (e.g.
density, magnetisation) represented by f (s) confined to a region Ω, the potential field U (r) at
an observer’s position r not within Ω is given by
u(r) = ∫ G(r − s)f (s)ds
Ω

(3.25)

where G is the impulse response or Green’s function. In the case of gravity, for instance, the
Green’s function G(r − s) is the solution to the differential equation (3.4b) when ∆ρ is a Dirac
delta distribution located at s. If we write f in some basis φ we get
u = ∑ βk ∫ G(r − s)φk (s)ds = ∑ qk βk = Qβ
k

Ω

k

where qk are precomputed vectors, so the forward problem is
y = Mu = MQβ
where M is the observation operator. A typical choice is when the basis consists of indicator
functions of some element, then f is discretised in a set of volumes. The field contribution from
each volume is calculated using equation 3.25 and by the principle of superposition, the field at
any point is approximated by summing the effects of all volumes, see for example [74]. However
is better not to think of f as constant in volumes, rather as represented in some basis.

20

3.4. CASE MODELS

3.4

Case models

In this section we consider three different (geological) models described by the changes in density
∆ρ, and magnetic susceptibility ∆χ. We will attempt to reconstruct ∆ρ and ∆χ from synthetic
observations throughout the thesis.
The observations are the vertical component of the gravity acceleration, gz , and the total magnetic anomaly BT . The computational domain is taken to be an x-z rectangle Ω = [−1, 1] ×
[−1.2, 0.8] km2 . We distinguish two disjoint sub-domains as Ω = Ω0 ∪ Ω1 where Ω1 is the region
of interest (ROI) and Ω0 consist of the rest of the computational domain where ∆ρ and ∆χ are
set to zero. The forward models are solved numerically using the finite element method with
9202 piece wise linear basis functions with 19716 triangles. In Ω1 , the models are parametrise
using 5393 piece-wise linear basis functions with 10304 elements. Figures 3.1 show the mesh and
observation locations.

Figure 3.1: FEM mesh with 9202 piece wise linear basis functions with 19716 triangles. The region of
interest Ω1 (ROI) consists of 5393 piece-wise linear basis functions with 10304 elements. The red dots
show the position of gravity and magnetic stations.
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1. Isotropic model
The first case consists of two infinitely long cylinders buried in a homogeneous background,
see Fig. 3.2. Both of cylinders have a radius of 0.075 km and their axis go through the x-z
plane at r1 = (−0.15, −0.1) and r2 = (0.15, −0.2). The density contrast is ∆ρ =300 kg/m3 and the
magnetic susceptibility contrast is ∆χ = 0.5 in SI units. Figure 3.3 shows the simulated gravity
and magnetic data.

Figure 3.2: Isotropic (geological) model in Ω1 . The density contrast is ∆ρ =300 kg/m3 and the magnetic

susceptibility contrast is ∆χ = 0.5 in SI units.

(a)

(b)

Figure 3.3: (a) Simulated gravity data and (b) simulated total magnetic anomaly for the model in
Fig. 3.2

2. Anisotropic model
The second case consists of a stratified (layered) underground that is tilted by 50○ , see Fig. 3.4.
The density contrast is again ∆ρ =300 kg/m3 and the magnetic susceptibility contrast is ∆χ = 0.5
in SI units. Figure 3.5 shows the simulated gravity and magnetic data for this case.

Figure 3.4: Anisotropic model in Ω1 .
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(a)

(b)

Figure 3.5: (a) Simulated gravity data and (b) simulated total magnetic anomaly for the model in
Fig. 3.4

3. Anisotropic and heterogeneous model
The last case consists of a stratified underground similar to the previous model but this time in
the presence of a heterogeneous background. This model is multi-scaled, having characteristics
on both a small and large scale, see Fig. 3.6. However, in this thesis, we are only interested in
the recovery of the large scale component. The large scale density contrast is ∆ρ = 300 kg/m3
and the large scale magnetic susceptibility contrast is ∆χ = 0.5 in SI units. Figure 3.7 shows the
simulated gravity and magnetic data for this case.

Figure 3.6: Anisotropic and heterogeneous model.

(a)

(b)

Figure 3.7: (a) Simulated gravity data and (b) simulated total magnetic anomaly for the model in
Fig. 3.6.
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Bayesian framework of inverse problems

This chapter provides a general review of the solution of inverse problems from a Bayesian
probabilistic perspective. The situation is that there is a set of geophysical measurements y
available whose values depend upon some physical parameters x and some auxiliary parameter
ξ. Also available is a mathematical model A(x, ξ) which supplies means of calculating the
values of the observation if x, ξ are specified; this is called the forward problem. In the inverse
problem we want to infer x via the relationship y = A(x, ξ) assuming we know something about
ξ. Depending on the parametrisation of the unknowns, this problem can be hugely under
determined, and hence ill-posed; ill-posedness is characteristic of many inverse problems, and is
only worsened by the fact that the observations may be corrupted by observational noise, see
for example [5]. In addition, the mathematical model is only an approximation of reality, and
even if it were perfectly accurate, the fields x, ξ are all discretised and solved numerically, so it
is of interest to incorporate these discretisation errors into the inversion.

4.1

Inverse problems and regularisation

Techniques known as regularisation methods have been developed to deal with this ill-posedness,
see for example [77, 78]. Assume we are given some input parameter x for a mathematical model
A, and want to determine the corresponding measurements y given by y = A(x). Furthermore,
very often we do not actually observe A(x), but some noisily corrupted version of it, such as
y = A(x) + e
One approach to the problem of ill-posedness is to seek a least square (LS) solution. Find
xLS = arg min ∥y − A(x)∥ = min ∥r∥2 ,
x∈Rd

x

r = y − A(x)

2
where r is a vector of residuals, or fitting errors, and ∥r∥2 = ∑N
k=1 rk . The variable x that gives the
smallest fitting error is then called the least squares estimate and is denoted by x̂LS . However,
this problem can also be difficult to solve as there may be infinitely many least squares solutions
and/or it may be strongly sensitive to errors in the observed data y. If we consider that the
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data contains noise, and we do not try to fit the observed data too closely, we can regularise the
problem by seeking
(4.1)
x̂T ik = arg min{∥y − A(x)∥2 + αΦ(x)}.
x∈Rd

This regularisation scheme is known as Tikhonov regularisation. The α in (4.1) is called regularisation parameter and Φ(x) is called the penalty functional or regularisation functional. The
purpose of the regularisation functional is to induce stability and to allow the incorporation of
a priori information about x. The standard regularisation functional is simply Φ(x) = ∥x∥2 .
Another common regularisation functional penalise non smooth solutions. Selecting the regularisation parameter is an important problem in regularisation schemes. When the level of noise
is known exactly α can be fixed by the so-called Morozov discrepancy principle. In practice, the
level of noise is often unknown. The most common scheme for selecting α, that does not require
prior knowledge of the noise level, is the L-curve method, see for example [78].

4.2

Bayesian inversion

In the Bayesian viewpoint, y, x and e are random variables. Their joint density will be denoted
by π(y, x, e). In Section 4.4, we describe the process of marginalisation of the uninteresting
variable e. This process preserves the uncertainty related to the marginalised variables in the
ensuing distribution, for example, marginalising over e leads to π(y, x). For now, assume that
this task has been carried out and we are left with the joint density π(y, x).
The central notion behind Bayesian inference is the conditional density π(x ∣ y) which is also
referred to as the posterior density or the posterior model. The conditional density is defined as
π(x ∣ y) = π(x, y)/π(y). While the density π(x) describes how likely combinations of values of
x are, or, in other words, what the uncertainty in x is, the posterior model describes what the
uncertainty in x given the measurements y. This is what we are after: the reason to carry out
measurements y in the first place is to reduce the uncertainty in the interesting variable x.
The Bayes’s formula is an implication of the definition of conditional density and it states that
π(x ∣ y) ∝ π(y ∣ x)π(x).

In the context of parameter estimation, π(y ∣ x) is called the likelihood model and the marginal
density π(x) the prior model. The Bayes’s formula is remarkable since the posterior model is
often impossible to derive directly whereas the likelihood and prior models are usually straightforward (although sometimes tedious) to model.
As an example, let us have a single measurement y and a single unknown x. The joint density
π(y, x) and two conditional densities π(x ∣ y1 ) and π(x ∣ y2 ) are shown in Fig. 4.1. This figure
illustrates how the uncertainty is reduced by the information brought about by the measurements
and how the uncertainty depends on (in this case) a single measurement. The question is,
however, how much the uncertainty is reduced by a particular (additional) measurement, or
by several different types of measurements. It turns out that the decrease of uncertainty in
the interesting variables by a particular additional measurement can be often predicted without
carrying out the measurement. The estimate for the unknown will, of course, depends on the
additional measurement.
While we still can visualise prior and posterior uncertainties in the very rare cases when we
have 1-2 unknowns, in larger dimensional cases the complexity needs to be summarised in a

26

4.3. PRIOR MODELS: CONTINUOUS AND DISCRETE RANDOM FIELDS

π(x, y)

y

y ′′

µy

y′
π(x|y ′ )

π(x|y ′′ )

π(x)

µx

µx|y′

µx|y′′

x

Figure 4.1: The contour plot of a bivariate normal distribution π(y, x), the marginal density
π(x) and two conditional densities π(x ∣ y ′ ) = π(x ∣ y = y ′ ) and π(x ∣ y ′′ ) = π(x ∣ y = y ′′ ) that
corresponds to two different possible measurements y ′ and y ′′ . The density π(x) gives the
uncertainty in the unknown x before, or prior to, the measurements while the posterior density
(model) gives the uncertainty in the unknown x after, or given, the measurements. Note that
the posterior uncertainty is smaller (the density is narrower) than the prior uncertainty. Also,
note how the posterior density (where the likely values x are located) depends on what the
measurement was. In this case, the measurements y carry significant information about the
unknown x since the posterior densities are significantly “narrower” than the prior density.

form that can be interpreted, usually in the form of representative point estimates. The most
common so-called point estimates, that is, the best guesses for the unknowns are the conditional
or posterior mean
xCM = E(x ∣ y) = ∫ xπ(x ∣ y)dx
Rn

and the maximum a posteriori (MAP) estimates
xMAP = arg max
π(x ∣ y).
n
x∈R

Before continuing, we mention a popular point estimate in statistics, the maximum likelihood
(ML) estimate, that is the maximiser maxx π(y ∣ x). However, this a non-Bayesian estimator
and, under certain assumptions, it turns out to be almost similar to the LS solution. The
difference being that in maximum likelihood estimation, the noise properties need to be known
or estimated explicitly whereas in LS estimation an implicit model for the noise is used [5].
The most common so-called spread estimate is the posterior covariance, defined as
cov(x ∣ y) = ∫

Rn

(x − xCM )(x − xCM )T π(x ∣ y)dx

∈ Rn×n .

The posterior standard deviations σx∣y,k of individual unknowns xk are then the square roots of
the diagonal elements of the posterior covariance matrix.

4.3

Prior models: continuous and discrete random fields

A prior model of an uncertain quantity is the probability distribution that would express one’s
knowledge about this quantity before data is taken into account. One of the most important (in
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the context of distributed parameters) prior models are random fields [44, 43, 79, 80]. Random
field models are generalisations of stochastic processes (random signals) to multiple spatial
dimensions: while the stochastic processes are usually indexed with time, random fields are
usually indexed by the two or three spatial coordinates. In practical methods of stochastic
processes, the (naturally) continuous-time variable is usually replaced by a discrete-time variable.
While a similar approach is possible with random fields, it is usually more feasible to approximate
the physical variable in some basis so that the representation of the variable is finite dimensional.
This is the same approach as the one used in the so-called element methods to approximate
solutions of partial differential equations [81].
Variables that are inherently infinite dimensional, such as the (physical) density, are referred
to as distributed parameters in the context of parameter estimation. We note that there are
also other types of models for distributed parameters. For example, we can parametrise the
conductivity in such a way that is constant everywhere underground except inside a polygon,
then the parameters for the conductivity would be the conductivity outside and inside the
polygon as well as the position of the corners of the polygon, so that we actually have only a
few unknowns. Such models are sometimes used in geophysics [74].
We can have continuous (state) random fields as well as discrete (state) random fields. Continuous fields are used for variables which can, in principle, assume any number such as density
or conductivity. Some variables, such as rock types, are, however, discrete by nature and they
do not typically have any numerical value. But the rock type is also a distributed parameter.
Then, for example, the densities at different locations are correlated via the spatial correlation
of the rock types, see for example [12].

4.3.1

Continuous random fields

The random field models that are used as prior models are probabilistic models that indicate
where certain types of features of the unknown spatially distributed parameter might be like
or where they might be located. For example, they have a probability density, marginal and
conditional densities as well as means and covariances. In particular, the covariance indicates
how the model assumes that the values are spatially correlated. We can have different correlation
lengths (a statistical extension of the notion of size) representing the different expected size of
“anomalies” and the correlation lengths can vary in different subregions of the underground.
Stratification is also straightforward to model with different correlation lengths in different
directions. There are several particular constructions of random fields that are often used in
modelling distributed parameters, see, for example [43, 44, 45, 82, 5]. In Fig. 4.2, we show one
draw of four continuous normal Markov random field models with different spatial characteristics:
each draw is from a different (prior) model π(ρ). For example, in a model that corresponds to a
strata hypothesis, the homogeneous (non-stratified) physical variable is still the most likely one
(if we modelled the mean as spatially constant). In Fig. 4.3, we show four draws from a single
random field model. The construction of random fields such as these is the topic of Chapter 5

4.3.2

Categorical variables: discrete random fields

With discrete (state) random fields, many of the concepts of continuous random fields are interpreted somewhat differently [83]. The unknowns are still represented in some basis, and have
a probability distribution. They do not, however, have a probability density, which complicates the analysis considerably. For this reason, we only give a brief account of the related
interpretation.
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Figure 4.2: Examples of four different random field models πj (ρ), j = 1, . . . , 4. π1 (ρ): Assuming
that the potential anomalies are relatively large. π2 (ρ): Assuming that the potential anomalies
are relatively small. π3 (ρ): Assuming that the potential anomalies are stratified in a particular
direction. π4 (ρ): Assuming that the potential anomalies are stratified in the shallow subregion
of the subsurface but not in the deepest subregion. All four random fields are Gaussian Markov
random fields.

Categorical variables are variables such as rock type: they are (mathematically) abstract variables that do not assume any numerical form. Their use in the modelling stage is straightforward.
For example, let be M1 = {Limestone} and M2 = {Gabbro}. It is clear that the probability
density of (physical) density or conductivity of samples of limestone and gabbro are very different and that it is straightforward to model this probability densities based on rock samples, see,
for example [12]. Then, in terms of probability densities, we denote the conditional probability
densities by π(ρk ∣ M1 ) and π(ρk ∣ M2 ) for all k = 1, . . . , N . Additionally to these conditional
probability densities, we need to specify the (marginal) probabilities, for example, P(M1 ) = 0.3
and P(M1 ) = 0.7. Then,
π(ρ, M ∣ y) ∝ π(y ∣ ρ)π(ρ ∣ M)P(M).
While the idea in this formula is correct, it can only be taken formally since the density
π(ρ, M ∣ y) does not exist (as a function). The function, or the more general notion of a probability measure would, however, exist and it is possible to answer (most of the) relevant questions.
A further challenge is, then, that the rock type is also a spatial variable. Spatial models for
categorical variables are quite common in physics and applied sciences in general. One of the
most common of such spatial models is the Ising model [84]. This is a topic which is out of the
scope of this thesis. We show, however, three draws from different Ising models in Fig. 4.4.

4.4

Likelihood models

Likelihood models consist of the forward model as well as information about all the errors and
uncertainties. The uncertainties can be associated with the measurement system and to the
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Figure 4.3: Examples (four draws) of a single random field model corresponding to π3 (ρ) in
Fig. 4.2. Note that the constant (homogeneous) parameter would still be the most likely one.
These draws illustrate the idea behind a statistical model for the unknown: the model states
that unknowns such as these four ones are (approximately) as likely before (or prior to) any
observations are carried out.

(a)

(b)

(c)

Figure 4.4: Three draws from different generalised Ising models

models for the unknowns. Examples related to the measurement system include the measurement noise variance or the entire structure of the measurement error covariance matrix, the
exact location of a borehole or a sensor. Examples that are related to models for the unknown
include the minimum assumed value of density or the correlation length or strata angle. Furthermore, some uncertainties are not inherent to the measurement device but, rather, they stem
from numerical or modelling approximations [5, 85, 86, 66].
The construction of the likelihood starts with an observation formula or rule, that shows how
the unknown, the observation and the uncertainties are related to each other. A common model
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is the additive error model

y = A(x) + e

(4.2)

where e are additive errors. Let the joint prior model for x and e be π(x, e). Using the Bayes’s
formula repeatedly, the joint distribution of all associated random variables can be decomposed
as
π(y, x, e) = π(y∣x, e)π(e∣x)π(x)
= π(y, e∣x)π(x)

(4.3)
(4.4)

Once x and e are fixed, the measurement y in (4.2) is completely defined, so the conditional
distribution is formally given by
π(y∣x, e) = δ(y − A(x) − e)

(4.5)

where δ is the Dirac delta distribution. Using (4.3) to (4.5) we integrate over e to determine
π(y∣x) = ∫ π(y∣x, e)π(e∣x)de
= ∫ δ(y − A(x) − e)π(e∣x)de
= πe∣x (y − A(x))
This process of integrating over the possible values of one variable to determine the marginal
contribution of another is called marginalisation. Therefore, in terms of probability densities,
this additive error model/approximation would then induce the likelihood model which would
often be approximated with a normal model such that
π(y ∣ x) = N (y − A(x) − µe , Γe )
1
1
=
exp (− (y − A(x) − µe )T Γ−1
e (y − A(x) − µe ))
2
(2π)M /2 ∣Γe ∣1/2
where µe is the mean of e and Γe is the covariance matrix of e. We note that while making the
further approximation µe = 0 and Γe = σe2 I where I is the identity matrix1 is the most common
choice for π(e), it is seldom a feasible choice, see [5]. The reason for such an infeasible choice is
that, in that case, only a single number (σe ) needs to be modelled instead of the mean (vector)
and the covariance (matrix). The construction of a non-trivial feasible normal model is, however,
a significant undertaking [5, 66]. For the construction of measurement and observation models,
in particular, in the context of distributed parameters, see, for example [6]. For measurement
models in the context of geophysics, see, for example [4, 71, 72].

1

Which assumption is made when computing least squares estimates.
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4.4.1

Maximum likelihood and least squares estimates

The maximum likelihood (ML) estimates are the maximisers of the likelihood function. The ML
estimation adheres to the so-called Fischerian (frequentist) framework for statistics in which the
unknowns are not treated as random variables and it is not possible to ask questions such as
what the posterior distribution and what the posterior mean are. Maximum likelihood estimates
are often feasible when the number of measurements is considerably larger than the number of
unknowns and the forward problem does not induce an inverse problem. An additional challenge
with ML estimation is that it is difficult to take into account the ubiquitous model related
approximations and errors.
The least squares (LS) estimates inherit the same problems and challenges as the maximum
likelihood since they can mathematically be viewed as special cases of ML estimates. Neither
ML or LS estimates are, in practice, feasible for exploration related inference although extremely
approximative models for the unknowns have occasionally been employed, see for example, [55].
As stated above, regularised LS and ML estimations have often been used with simplified models
in geophysical problems but they do not allow for the assessment of (posterior) uncertainty.

4.5

The posterior model

Often, the prior model and likelihood model are expressed in terms of, not only the primary
(interesting) unknown x and the observations y, but also in terms of other auxiliary or nuisance
parameters ξ. The posterior is then of the form π(x, ξ ∣ y). To access the uncertainty in x, we
need formally to marginalise (integrate) over the other unknowns ξ, that is,
π(x ∣ y) = ∫ π(x, ξ ∣ y) dξ.
If the forward models are linear and all the underlying models are normal, this marginalisation can be carried out using linear algebra only. This is the main reason to adopt normal
approximations which are discussed in Section 4.8. In almost all other cases, carrying out the
integration is a major challenge. Standard numerical integration approaches such as quadrature
are very seldom feasible approaches. The most common approach, when applicable, is to use
sampling methods such as the Markov Chain Monte Carlo methods which are discussed briefly
in Section 4.7.
The most common sources of auxiliary unknowns are i) further distributed parameters in the
forward models that are related to the physics behind the measurement phenomena, ii) representations of errors in the models, and iii) parameters in the prior and likelihood models. These
parameters can be large dimensional such as in case i), they can have “moderate” dimensions
such as modelling related errors in likelihoods in ii), or they can be real valued (single unknown
numbers) such as those often in iii).
How to approach the marginalisation of these auxiliary parameters depends largely on the related
dimension of these parameters as well as the structure of the models.
Some auxiliary unknowns such as additive errors can be pre-marginalised exactly [5, 66]. For
example, although the additive noise is part of the overall joint density of all unknowns, the
likelihood model can be pre-marginalised over the additive noise, that is, we can carry out the
integration ∫ π(y, e ∣ x) de = π(y ∣ x) analytically. For large dimensional unknowns, one usually
attempts to pre-marginalise rather than post-marginalise. The latter refers to carrying out
the inference for both the interesting and uninteresting unknowns, however, the computational
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load of post-marginalisation is often prohibitive. For low-dimensional auxiliary unknowns, it is
sometimes feasible to carry out the inference for both the interesting and uninteresting unknowns
before post-marginalisation. The approximative pre-marginalisation is discussed in Section 7.1
and post-marginalisation is most often carried out after MCMC sampling, see Section 4.7. For
the general field of approximative Bayesian computation, we refer to [87].

4.6

Model selection and averaging

Model selection refers to modelling topics such as the following example. Assume that we have
two possibilities: we have a stratified or a non-stratified variable x. For both of these cases,
we could construct a prior model, see, for example, the draws in Fig. 4.2. As described in
Section 4.3.2, we would then adopt the categorical variables M1 and M2 to refer to stratified
and the non-stratified cases, respectively. Formally, we would then arrive at the posterior density
(although, instead of the density, we would need to formulate the posterior distribution in terms
of the more general probability measures)
π(x, M ∣ y).
If the underlying question was “is the subsurface stratified or not”, we would formally need to
carry out the marginalisation over x and compute the posterior probabilities
P(M1 ∣ y) and P(M2 ∣ y),
which posterior marginal probabilities add up to unity and we could then claim whichever
possibility based on which conditional probability is larger. These posterior probabilities are
sometimes referred to as evidences supporting the two competing models, or hypotheses.
Model averaging is based on similar modelling but the incentive is different. Assume that one
can describe many “qualitative features” that the unknown x could exhibit. For all of these
features, it is possible to construct a prior model π(x ∣ M` ). It might, however, be difficult to
construct a prior model π(x) directly. But if we can assign prior probabilities P(M` ) to each
of these features, we can formally construct the prior model as
p

π(x) = ∑ π(x ∣ M` )P(M` )
`=1

which type of approach is referred to as model averaging. For a general text in Bayesian model
selection and averaging, see [88].

4.7

Markov Chain Monte Carlo

The incentive to carry out sampling is the following. If we have a set of draws x(`) , ` = 1, . . . , p
from a distribution (in the context of inference) π(x ∣ y), then we can approximate expectations
such as E(g(x)) with sample averages, that is,
E(g(x)) ≈

1 p
(`)
∑ g (x ) .
p `=1

It can be shown that answers to all statistical questions about the posterior distribution can
be written in the form E(g(x)) where x ∼ π(x ∣ y). For any particular question, it is relatively
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straightforward to derive the related function g. Under relatively mild conditions on the draws,
these expectations can be computed with arbitrary accuracy as p is made large enough.
The question remains, how to compute the draws. Via the so-called inverse probability transform, it is straightforward to compute samples from any posterior, but only when there is one
unknown or the unknowns are (conditionally) independent. This is practically never the case.
The so-called Markov chain Monte Carlo (MCMC) algorithms are algorithms that draw from
a sequence (a chain) of distributions that converge to the target distribution, in our case, the
posterior model. The most common classes of MCMC algorithms are called the MetropolisHastings algorithm and the Gibbs sampler and a very large number of their generalisations and
modifications. We do not elaborate on the algorithms themselves and refer only to the following:
see [89, 90, 91, 92] for MCMC methods in general, [4, 5, 6, 93] for MCMC methods in the context
of inverse problems and [94, 95, 96, 97] for MCMC methods in the context of geophysics and
exploration.
When inverse problems are involved, the MCMC algorithms result, unfortunately, in most cases,
in a prohibitive computational load. For example, quite counter-intuitively, the more accurate
the measurements are, the more difficult it is to run the MCMC algorithm. In addition, MCMC
methods suffer quite badly from the curse of dimensionality.

4.8

Normal models

In this section, we state the forms of the posterior mean and covariances in the case of a linear
model with additive errors and when the prior and measurement noise model are normal. That
is, x ∼ N (µx , Γx ) and e ∼ N (µe , Γe ). We assume that x and e are mutually independent,
that there are no model uncertainties or errors, that the computational forward model is an
exact representation of the underlying physics, that the actual unknown can be represented
in the employed discretisation exactly and that the errors are mutually independent with the
unknowns.
y = A(x) + e.
This additive error model/approximation would induce the likelihood model
π(y∣x) = πe (y − A(x)),
and once the measurement has been obtained, π(y) > 0 is a fixed normalisation constant and
the posterior distribution model is proportional to the product of the likelihood and the prior,
that is
π(x ∣ y) ∝ π(y ∣ x)π(x)
1
1
T −1
π(x ∣ y) ∝ exp (− (y − A(x) − µe )T Γ−1
e (y − A(x) − µe ) − (x − µx ) Γpr (x − µx ))
2
2
1
∝ exp (− (∥Le (y − A(x) − µe )∥2 +∥Lx (x − µx )∥2 )) ,
(4.6)
2
T
−1
T
where Γ−1
x = Lx Lx and Γe = Le Le . The MAP estimate of x given y is found by

1
x̂MAP = arg min{ (∥Le (y − A(x) − µe )∥2 +∥Lx (x − µx )∥2 ) }.
x
2
34

(4.7)

4.8. NORMAL MODELS

4.8.1

Linear problems

If the equation y = A(x) solving the forward problem is linear, we write instead
y = Ax,
where A ∈ RM ×N is now a matrix. The posterior density is then normal (Gaussian) and its
explicit form is straightforward to calculate from (4.6) (by arranging the quadratic form of the
exponent according to the degree of x) such that the posterior density can be written as
1
π(x ∣ y) ∝ exp (− (x − x̄)T Γpost (x − x̄)) ,
2

(4.8)

where the posterior mean x̄ is either of the two equivalent expressions2
x̄ = µx + Γx AT (AΓx AT + Γe )−1 (y − Aµx − µe )
=

−1 −1
T −1
(AT Γ−1
e A + Γx ) (A Γe (y

− µe ) + Γ−1
x µx ).

(4.9)
(4.10)

Similarly, the posterior covariance is given by any of the two equivalent expressions
Γpost = Γx − Γx AT (AΓx AT + Γe )−1 AΓx
=

−1 −1
(AT Γ−1
e A + Γx ) .

(4.11)
(4.12)

The comparison of the posterior uncertainties, as represented by Γpost , with the prior uncertainties, as represented by Γx , helps to understand the actual information that the data has provide
on x. It also shows which parameters have been “resolved” and by the data and by how much.
Note that, in the sense of quadratic forms, Γpost ≤ Γpr which means that a measurement can
never increase the uncertainty. In the linear case, (4.7) becomes
1
x̂MAP = arg min{ (∥Le (y − Ax − µe )∥2 +∥Lx (x − µx )∥2 ) }
x
2
1
= arg min{ ∥(Hx − z)∥2 }
x
2

(4.13)

where
H =(

Le A
),
Lx

z=(

Le (y − µe )
).
Lx µx

Note that in computing the MAP takes approximately the form of a least square problem. If
the columns of H are linearly independent3 , one can (formally) compute the solution as
x̂MAP = (H T H)−1 Hz.

(4.14)

However, in practical computations the computation of the inverse (H T H)−1 leads to inefficient
implementation, and therefore the solution is usually computed by using the QR decomposition
of H. If the size of H is very large, the solution can be computed by using iterative methods
such as the conjugate gradients (CG) method, see for example [98].
2
3

The equivalence of these expressions can be demonstrated using the Woodbury matrix identity
If this is not the case, then x̂ = H † z
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4.8.2

Nonlinear Problems: The Laplace Approximation

If A(x) is not a linear function of x, π(x∣y) in (4.6) is not normal. The more nonlinear A(x) is,
the more distant π(x∣y) is from a normal density. If A(x) is mildly non linear, it is customary
to compute the maximum a posteriori (MAP) estimate x̂MAP and approximate the nonlinear
forward map with its first order multivariate Taylor series expansion around x̂MAP . This takes
the form
y = A(x) + e ≈ A(x̂MAP ) + JA (x̂MAP )(x − x̂MAP ) + e
where JA (x̂MAP ) is the Jacobian matrix of A evaluated at x = x̂MAP . This results in a normal approximation of the posterior model and it is called the Laplace approximation (for the
posterior model). As x̂MAP is the point minimising the sum of squares in equation (4.7). Such
minimization can be carried out, for instance, using the iterative line search algorithm
−1 −1
T −1
xk+1 = xk − ak (JkT Γ−1
e Jk + Γx ) (Jk Γe (y − µe ) + Γx µx )

(4.15)

where Jk is the Jacobian of A at xk and ak is the step length. When initialised at an arbitrary
point x0 , (4.15) converges to a local minimum. In many practical applications, the simple choice
x0 = µx is convenient. The main computational challenge here is that the Jacobian for the
current parameter, Jk has to be computed at each iteration. Once the x̂MAP has been attained,
the covariance would be approximated with
−1
Γpost ≈ (Jx̂TMAP Γ−1
e Jx̂MAP + Γpr )

−1

,

where Jx̂MAP is the Jacobian of A(x) evaluated at the MAP estimate. We note that the computation of the MAP estimate of the posterior density can be carried out for effectively the same
cost as carrying out inversions in the deterministic framework. Then, by taking a Gaussian
approximation of the posterior, and with the additional cost of one matrix inversion we can
quantify the uncertainty in the parameters (i.e. give approximate uncertainty intervals for the
parameter values).
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4.9
4.9.1

Model applications
Inverse gravity problem

The inverse gravimetric problem consists of the reconstruction of density contrast ∆ρ ∈ Ω, from
measurements of the vertical component of the gravitational field in D ⊂ Ω. Recall from Section
3.1 that we can model these measurements solving the Poisson’s equation with a Robin type
boundary conditions
∆U = −4πG ∆ρ

in

∂U
+ hU = 0
∂n

on

Ω

(4.16a)

∂Ω.

(4.16b)

where G is the gravitational constant and U the gravitational potential. Once U is determined,
the data of interest consist of components of ∇U at specified locations D. In this thesis, we only
observe the vertical component of ∇U
gz =

∂U
.
∂z

(4.17)

The domain is the x-z rectangle Ω = [−1, 1] × [−1.2, 0.8] km2 in Fig. 3.1. For the inversion we
decompose the domain into two disjoint sub domains as Ω = Ω0 ∪ Ω1 where Ω1 is the region of
interest and Ω0 consist of the outer part of the computational domain (including above ground
air region), used to approximate the boundary conditions when solving the forward problem.
Since we are interested in Ω1 only, then
∆ρ

= ∆ρ∣Ω1

and ∆ρ∣Ω0 is fixed throughout the inversion. In Ω, ∆ρ is approximated by
n

∆ρ(r)

= ∑ xk ϕk (r)

(4.18)

k=1

where xk = ∆ρ(rk ). Following Section 3.1.1, the FEM based forward solution of (4.16) and (4.17)
is denoted by A x ∈ Rm . That is, the vector Ax contains computed gravity values at observation
locations.
To avoid the so-called inverse crimes [86], we do not estimate x (and therefore ∆ρ) in the same
mesh in which the gravity data was simulated. Let Th denote the mesh on which we attempt to
reconstruct x (inversion mesh) and let TD denote the mesh we used to simulate the data. Table
4.1 shows the attributes of the meshes TD and Th , and their corresponding regions of interest,
Ω1 , are indicated in Fig. 4.5.
Table 4.1: Attributes of the meshes used to calculate synthetic data TD and the coarser inversion mesh
Th . The computational domain Ω is split into two disjoint sub domains as Ω = Ω0 ∪ Ω1 where Ω1 is the
region of interest.
Mesh
TD
Th

Elements in Ω
18444
727

Nodes in Ω
9317
388

Elements in Ω1
10304
161

Nodes in Ω1
5293
99
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(a)

(b)

Figure 4.5: The region of interest Ω1 of two finite element meshes. (a) The mesh used to calculate
synthetic data TD and (b) the coarser inversion mesh Th .

The observational model can then be written as
gz = Ax + e
where A denotes the forward mapping constructed in Th . We consider the noise e to be Gaussian,
uncorrelated and zero mean, that is, e ∼ N (0, δe2 I), where δe is referred to as noise level. The
noise level is chosen by
1
δe =
(max{gz } − min{gz }).
(4.19)
100
We compute gravity data gz for the three (geological) models presented in Section 3.4. As for the
prior model π(x), we use proper Gaussian smoothness prior π(x) = N (µx , Γx ). The prior mean
is taken µx = 0. On the other hand, the prior covariance Γx depends on various parameters such
as the length scale `, the direction of anisotropy θ and variance σρ . The covariance parameters
are given in table 4.2. The construction of this covariance is taken by first finding a numerical
approximation of Gaussian fields with Matérn covariance, see Chapter 5. Furthermore, we
assume that the prior is constructed directly in Th .
Table 4.2: Parameters of Γx .
model
isotropic
anisotropic
heterogeneous
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σx [kg/m2 ]
150
150
150

` [km]
0.15
0.20
0.20

θ○
50
50
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.6: The MAP estimate ∆ρ̂ in Th and corresponding cross sections along dotted lines with 90%

uncertainty intervals for the isotropic model (top), anisotropic model (middle) and heterogeneous model
(bottom). The extend of the actual large scale anomalies are indicated by the ellipses and by a red line
in the cross sections.

Figure 4.6a shows the MAP estimate ∆ρ̂ of the isotropic model for 1% noise level. We note that
the MAP estimate fails to indicate the true depth of the deeper source. The upper source however
was recovered in agreement with the actual model (black circles). It is worth emphasizing that
the geometry and depth of an anomalous mass distribution cannot be uniquely determined. It
can be shown that the gravity field can be related to an infinite variety of subsurface distributions.
When no assumptions are made about the depth of the anomalous body (we just assumed it is
smooth and isotropic), the shallowest possible mass distribution is more likely. Therefore, unless
geological or other data preclude such shallow distribution, the true location of the anomalous
body is, in this case, a less likely outcome.
A profile through the upper source shows that the reconstruction is also feasible, see Fig. 4.6b.
In this thesis feasibility means that the estimate is approximately contained within the 90 %
uncertainty intervals.
Similarly, Figures 4.6c and 4.6e show ∆ρ̂ of the anisotropic and anisotropic/heterogeneous model
respectively. Both reconstructions look qualitatively similar, showing that the large scale reconstruction of the heterogeneous model is not affected by the small scale structure. We note
that for both models the large scale features are detected and appear reasonable. However, the
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reconstruction is in fact unfeasible and of poor quality (i.e. the orientation of the features are
not recovered correctly), see Figures 4.6d and 4.6f. This is because the errors due to the coarse
discretisation and small scale cannot be accounted for using just the measurement error model.
We also investigate reconstructions using data with lower and higher noise levels of 0.1% and
5% respectively. The quality of the MAP estimate generally decreases with increased noise level.
Although, with higher noise level we see wider variances in the posterior, even a 5% noise level
is not sufficient to make the anisotropic and heterogeneous model feasible.

4.9.2

Inverse magnetostatic problem

The inverse magnetostatic problem is that of using magnetic measurements on or above the
surface of the Earth to determine a feasible distribution of subsurface changes in magnetic
susceptibility ∆χ. Recall from Section 3.2 that these measurements can be computed solving the
following

−∇ ⋅ µ∇V = 0
in Ω
∂V
µ0
= B0 ⋅ n̂
on ∂Ω
∂n
B = µ0 ∥∇V ∥ on D

(4.20a)
(4.20b)
(4.20c)

where B0 is the geomagnetic inducing flux, V is the magnetic scalar potentials and µ = µ0 (1+χ).
Once V is determined, the data of interest is the total field anomaly BT = B − B0 . If we write
n

∆χ

= ∑ zk ϕk (r)

(4.21)

k=1

and let F (z) denote the FEM approximation to the forward solution, the observation model can
be written as
BT = F (z) + eB
(4.22)
where eB are the measurement errors associated with the acquisition of the survey data.
Finding the MAP estimate equates to solving the minimisation of the functional
1
ẑ = min { ( ∥LeB (A(z) − BT )∥22 + ∥Lz (z − µz )∥22 )}
z
2
T
−1
T
where Γ−1
e = Le Le and Γz = Lz Lz . Minimisation is carried out using the Gauss-Newton method
with line search and the initial guess set at the prior mean. Convergence is established once the
norm of the gradient of the objective function is reduced by a factor of 10−5 . Then, the posterior
covariance matrix is approximated at the MAP estimate
−1
Γx∣y ≈ (JẑT Γ−1
e Jẑ + Γz )

−1

(4.23)

where Jẑ is the Jacobian evaluated at ẑ. To avoid the computational burden of calculating the
the Jacobian matrix using finite differencing, we use an adjoint approach as we describe in the
following.
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4.9.2.1

Computation of Jacobian

The sensitivity of the ith measurement to the jth parameter is given by
Jij =

∂Ai (χ)
∂χj

(4.24)

In this section we construct the Jacobian column-wise. Then for a given χj
∂A(χ) ∂ ∥µ0 ∇V ∥ ∂µj
=
∂χj
∂µj
∂χj
∂
1/2
(D̃x Ṽ ⊙ D̃x Ṽ + D̃z Ṽ ⊙ D̃z Ṽ )
= µ20
∂µj
=

µ30
∂ Ṽ
∂ Ṽ
(D̃x
⊙ D̃x Ṽ + D̃z
⊙ D̃z Ṽ )
B
∂µj
∂µj

(4.25)

By construction Ṽ = A−1 b̃, where
Kµ C
b
V
)(
)=( )
T
0
λ
C
0
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶ ´¹¹ ¹ ¹¸¹ ¹ ¹ ¹¶ ´¹¹ ¸¹ ¹ ¶
A
Ṽ
b̃
(

(4.26)

and then

∂ Ṽ
∂A −1
= −A−1
A b̃
∂µj
∂µj
∂A
Ṽ
= −A−1
∂µj

(4.27)

Replacing (4.27) in (4.25)

µ3
∂A
∂A
∂A(χ)
= = − 0 (D̃x A−1
Ṽ ⊙ D̃x Ṽ + D̃z A−1
Ṽ ⊙ D̃z Ṽ )
∂χj
B
∂µj
∂µj
=−

µ30
∂A
∂A
((A−1 D̃xT )T
Ṽ ⊙ D̃x Ṽ + (A−1 D̃zT )T
Ṽ ⊙ D̃z Ṽ )
B
∂µj
∂µj

=−

µ30 T ∂A
∂A
(γx
Ṽ ⊙ D̃x Ṽ + γzT
Ṽ ⊙ D̃z Ṽ )
B
∂µj
∂µj

(4.28)

If we consider the blocks of (4.26), the block Kµ is the only block which depends on µ. As a
result
∂A ∂Kµ
=
∂µj
∂µj
and we get another representation for (4.28)
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∂Kµ
∂Kµ
µ3
∂A(χ)
= − 0 (γx (1 ∶ n, ∶)T
V ⊙ Dx V + γz (1 ∶ n, ∶)T
V ⊙ Dz V ) .
∂χ
B
∂µj
∂µj
Therefore we must only compute
structed so that

∂Kµ
∂µj .

(4.29)

However, as we mentioned in Section 3.2.1, Kµ is con-

Kµ = (vec(K1 ), . . . , vec(Kn ))µ
Hence

∂Kµ
= vec(Kj )
∂µj

Converting vec(Kj ) back to a n × n matrix Kj gives
∂A(χ) µ30 T
(γ Kj V ⊙ Dx V + γzT Kj V ⊙ Dz V )
=
∂χj
B x

4.9.3

(4.30)

Case Models

For the magnetic case, we consider the same computational domain as that for the gravity case.
Like for ∆ρ, the ∆χ in Ω0 remains fixed throughout the inversion, then
χ = χ∣Ω1 .
We assume an inducing flux B0 = 50000 nT inclined 90% to the horizontal and with zero declination (i.e. in the x-direction). The simulated data is computed from the actual susceptibility
shown from the models in Section 3.4. The errors in the data are assumed to be of the form
e ∼ N (0, δe2 I), where noise level, δe , is chosen using (4.19).
Table 4.3: Parameters of the prior covariance Γz .
model
isotropic
anisotropic
heterogenous

σz
0.5
0.5
0.5

`z [km]
0.15
0.20
0.20

θ○
50○
50○

As for the prior model π(z) we use again a Gaussian prior π(z) = N (µz , Γz ) where Γz is
constructed from numerical approximations of Gaussian fields with Matérn covariance. The
prior mean is taken µz = 0 and the parameters of the prior covariance are given in table 4.3.
In the following we discuss the posterior estimates of the isotropic, anisotropic and heterogeneous
case models, using the standard error model. The measurement error in all cases is 1% of the
simulated range of data values.
In the following, we discuss the posterior estimates of the case models (isotropic, anisotropic and
heterogeneous) using the standard error model. The measurement error in all cases is 1% of the
simulated range of data values. First, we show the MAP estimate of the isotropic model in Fig.
4.7a. We note that while the upper source is in agreement with the actual model, the deeper
one is not. The problem of estimating deep (magnetic susceptibility) anomalies from surface
magnetic measurements is essentially the same as that of estimating deep (physical) density
anomalies from surface gravity measurements because here too we are concerned with a field
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.7: The MAP estimate ∆χ̂ in Th and corresponding cross sections along dotted lines with 90%
uncertainty intervals. The extent of the actual model is indicated by the black circles and in the profiles
the red line represents the actual model. Isotropic model (top) and anisotropic model (bottom).

force derivable from a Newtonian potential and we face limitations of non uniqueness. A profile
through the upper source shows that the reconstruction is in most parts feasible, see Fig. 4.7b.
Next, we show the MAP estimate of the anisotropic and heterogeneous models in Figs. 4.7c and
4.7e respectively. The reconstructions of both cases are in general unfeasible, see Figs. 4.7d and
4.7f. The infeasibility is more prominent in the anisotropic case; observe that the true model
is not contained within the posterior uncertainty intervals. The issue is that the narrowness of
these intervals makes the MAP estimate seem accurate. But, it is not.
We also consider simulated data with different noise levels and observe similar overall effects as
those reported for the gravity inversion, that is, with increased noise levels, the quality of the
MAP estimate generally decreases and the posterior variances increases.

4.10

Summary

In this chapter, we gave a brief overview of inverse problems in the deterministic and Bayesian
framework. In the Bayesian framework, the unknown and the data are modelled as a jointly random variable, linked through a mathematical model. Then, the solution of the inverse problem
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is the posterior model, that is, the distribution of the unknown given the data. This approach
provides a natural way to provide uncertainty estimates of the unknowns.
We also covered several concepts, including the likelihood function and prior densities, that are
common terms in Bayesian inference. We analysed a particular structure which occurs in the
linear inverse problem when the errors in the measurements and the prior density are distributed
according to a Gaussian, then the posterior model is also Gaussian. We saw that the analysis
of non linear problems involves finding the maximum a posteriori (MAP) estimate, that is, the
value that maximises the posterior density. The posterior uncertainty can then be approximated
by calculating the posterior covariance matrix at the MAP estimate.
Then we presented a numerical example based on synthetic gravity and magnetic data calculated
from three different geological models one of which is a multi-scale one. However, in this thesis,
we are only interested in the large scale component. To avoid the so called inverse crimes, and
to keep the computational complexity viable, we carried out the inversions using a mesh much
coarser than that used to simulate the data. The discrepancy between the fine forward and
coarse inverse models induced modelling errors that affected the quality of the solution. For
the examples given in this chapter, we note that, compared to the gravity inverse problem, the
magnetic one is more prone to be affected by modelling errors. A systematic approach to handle
modelling errors is given in Chapter 7.
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Smoothness priors

There are a number of constructions of random fields that are often used in modelling distributed
parameters. Gaussian, or normal, fields have jointly normal distribution of the parameters. The
covariance matrix does not need to have any particular structure other than the requirement
of being symmetric and positive semi-definite. On the other hand, Markov random fields have
an appealing property in terms of their covariance structure (or, sparse whitening filters) which
allows for efficient drawing of samples and computational representation [43, 79].
In particular, Gaussian Markov random field models with inhomogeneous anisotropic smoothness
properties are of interest due to the inherent inhomogeneity and anisotropy of Earth’s physical
parameters. In this chapter, we describe two approaches to construct such fields. The first
approach consists of constructing numerical approximations of Gaussian random fields with
Matérn covariance using the finite element method, for this we follow [99]. The second approach
is based on the so called structural whitening filters, as in [82, 5].

5.1

Gaussian random fields

Let x(r) be a random field and let r ∈ Ω ⊂ Rd represent the spatial location where d is typically
2 or 3. The field x(r) is a Gaussian or normal field if for any integer k ≥ 1 and any location
r = r1 , . . . , rk ∈ Ω, (x(r1 ), . . . , x(rk ))T is normally distributed [43]. The mean and covariance
functions (CF) are defined by
µ(r) = E(x(r)),

C(r, s) = cov(x(r), x(s)),

r, s ∈ Ω.

The Gaussian field is stationary if µ(r) = µ for all r ∈ Rd and if the covariance function only
depends on h = r − s. A stationary Gaussian field is called isotropic if C(r1 , s1 ) = C(r2 , s2 )
whenever ∥r1 − s1 ∥= ∥r2 − s2 ∥, where ∥⋅∥ is the Euclidean norm. One of the most widely used
isotropic covariances belong to the Matérn covariance family,
C(r, s) =

1
(κ ∥r − s∥)ν Kν (κ ∥r − s∥),
2ν−1 Γ(ν)
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where Kν is the modified Bessel function of the second kind of order ν > 0, and κ > 0 is a scaling
parameter. A Gaussian field with Matérn covariance has sample functions that are ν − 1 times
differentiable. When ν = 1/2, the Matérn covariance is equivalent to the exponential covariance
and as ν → ∞ the Matérn converges to the square exponential covariance. The covariance matrix
Γx has entries (Γx )ij = C(ri , rj ) and, unless otherwise noted, exists and it is positive definite.

5.2

Gaussian Markov random fields

A Gaussian Markov random field (GMRF) is a normal random field x ∼ N (µx , Γx ) for x ∈ Rd
that satisfies
π(xi ∣x−i ) = π(xi ∣{xj ∶ j ∼ i})
where xi ∈ Rd and x−i = (x1 , . . . , xi−1 , xi+1 , . . . , xn ) denotes the set of all discrete points except xi ,
and the notation i ∼ j means that xi and xj are neighbours. The GRMF have a very appealing
mathematical property that the inverse of the covariance matrix, the precision matrix, Qx = Γ−1
x ,
is sparse [43].
Drawing a sample of x ∼ N (µx , Q−1
x ) can be carried out by taking
x = µx + L−1
x e,

e ∼ N (0, I).

(5.1)

−1
where Qx = LT
x Lx . Simulation of x ∼ N (µ, Qx ) when the covariance matrix is rank deficient,
that is, when Qx does not exist, has to be carried out using other matrix square root forms
1/2
such as the eigenvalue decomposition, Γ = Vr Λr VrT = Ur UrT with Ur = Vr Λr . Then, to draw a
sample, we take
x = µx + Ur β,
β ∼ N (0, Ir )
(5.2)

5.3

Whittle-Matérn fields

This section is based on using approximated weak solutions to (linear) stochastic partial differential equations (SPDEs) as described in [44]. A Gaussian field with a Matérn covariance is a
solution to the following SPDE,
(κ2 − ∆)α/2 x(r) = W(r),
where ∆ =

∂2
∑i ∂r
2
i

r ∈ Ω ⊂ Rd ,

α = ν + d/2,

(5.3)

is the Laplacian operator and W represent a Gaussian white noise field with

unit variance. For a formal interpretation of (5.3), see for example [100].
Consider the case α = 2, then following Section 2.2.2, the weak solution to (5.3) is found by
requiring that
⟨v, (κ2 − ∆)x⟩ = ⟨v, W⟩
(5.4)
for all v ∈ H 1 (Ω). In (5.4), the symbol = should be interpreted in the sense of equality in
distributions [44]. The approximation for x in terms of a given basis {ψ1 , . . . , ψn } for Vn ⊂ H 1 (Ω)
is given by
n

x(s) = ∑ xj ψj (s)

(5.5)

j=1

where xj = x(sj ). Taking v = ψi (the so called Galerkin choice) and substituting (5.5) in to (5.3)
we obtain
n

2
∑ ⟨ψi , (κ − ∆)ψj ⟩ xj = ⟨ψi , W⟩,

j=1
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i = 1, . . . , n.

(5.6)

5.3. WHITTLE-MATÉRN FIELDS
Then, applying Green’s first identity and taking zero Neumann boundary conditions, (5.6) becomes
n

2
∑ (κ ⟨ψi , ψj ⟩ + ⟨∇ψi , ∇ψj ⟩) xj = ⟨ψi , W⟩

(5.7)

j=1

for i = 1, . . . , n. We define the n × n mass matrix, stiffness matrix and system matrix,
Mij = ⟨ψi , ψj ⟩,

Kij = ⟨∇ψi , ∇ψj ⟩,

Aij = κ2 Mij + Kij

respectively. Then, (5.7) can be written in matrix form as: Ax = w, where the integrals,
w = ⟨ψi , W⟩, i = 1, . . . , n are jointly Gaussian with expectation and covariance given by (see
definition 6 [99, p. 26])
E(⟨ψi , W⟩) = 0

and

cov(⟨ψi , W⟩, ⟨ψj , W⟩) = Mij

T
−1
That is, the coefficients x are distributed as x ∼ N (0, Q−1
x ) with Qx = A M A. Three WittleMatérn fields with varying values of the parameter κ are shown in Fig. 5.1.

(a) κ = 0.1

(b) κ = 10

(c) κ = 100

Figure 5.1: Draws of a Whittle-Matérn field with varying κ values on a FEM mesh of 1250 elements
and 676 nodes.

Whittle-Matérn models have the drawback that the induced precision matrices do not have
sparse representations, in contrast to Markov random fields [44, 80, 45]. When using piecewise
linear finite element basis function, only neighbouring basis function overlap, thus both K and
M are sparse. However, M −1 is not sparse. In the sequel, we replace the mass matrix, M , with
a diagonal matrix M̃ with diagonal elements
M̃ii = ∫ ψi (s)ds,
Ω

i = 1, . . . , n,

in order to obtain an approximate sparse precision matrix Q̃. Other boundary conditions,
namely Robin and Dirichlet (including the so called Aristotelian boundary condition) have been
considered, for example, in [101].

5.3.1

Anisotropy

In this section, we consider Whittle-Matérn fields that are smoother in some direction than in
others. Fields with such properties can be constructed using coordinate transformations. For
example, in a two dimensional case, we can use the following coordinate transformation matrix,
R=(

`1 0
cos(θ) −sin(θ)
)(
)
0 `2
sin(θ) cos(θ)
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where `1 and `2 indicate the correlation length along the rotated coordinates. The coefficients `
and the angle θ can in general be spatially varying. This can be achieved by replacing ` and θ
with a function of the spatial coordinate r, that is, ` = `(r) and θ = θ(r).
Applying the above transformation will result in a stochastic partial differential equation of the
form [101]
(I − ∇ ⋅ (RT R)∇)α/2 x(r) = (`1 `2 )α/2 W(r),

r ∈ R2 ,

α=ν +1

to which the same numerical discretisation as in Section 5.3 can be applied. For illustration
purposes, two draws of these anisotropic Whittle-Matérn fields are shown in Fig. 5.2.

(a) ν = 1

(b) ν = 2

Figure 5.2: Draws of an anisotropic Whittle-Matérn field with `1 = 1, `2 = 0.001, θ = 45○ and different
smoothness parameter ν.

5.4

Non standard smoothness priors: deterministic approach

In this section we consider a method for the regularisation of inverse problems whose solutions
are known to exhibit anisotropic characteristics. The method is proposed by [82] and is based on
the generalised Tikhonov regularisation and on the spatial information of the unknown function
x. Although the approach is deterministic, taking a statistical interpretations leads to a random
field model.
Consider the generalised Tikhonov regularisation
Ψ(x) = ∥y − A(x)∥2 +αR(x)
where α > 0 is the regularisation parameter and R(x) ≥ 0 is the penalty or regularisation
Tikhonov functional. Standard Tikhonov functionals penalise non smooth solutions but they
have no particular structure. Structural spatial information on the smoothness of the solution
was taken into account in [82] by considering the following functional
R(x) = ∫ ∥K(r)∇(x(r) − x∗ (r))∥2Rd dr,
Ω

(5.8)

where x ∈ Ω, x∗ is a reference model and K ∶ Ω → Rd×d denotes a matrix-valued mapping on
Ω. In the following we assume that K is positive semidefinite, symmetric and has a eigenvalue
decomposition, K = V ΛV T , where Λ = diag(λ1 (r), . . . , λd (r)). The column vectors vi of V are
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the eigenvectors and λi (r) ≥ 0 are the eigenvalues. By the eigenvalue decomposition of K and
the orthonormality of V (r), (5.8) becomes
d

2

R(x) = ∑ ∫ (λi (r)vi (r)T ∇(x(r) − x∗ (r))) dr
i=1
d

Ω

i=1

Ω

(5.9)

2

= ∑ ∫ (Lλi ,vi (x(r) − x∗ (r))) dr,
where Lλi ,vi = λi (r)vi (r)T ∇ are the directional derivatives in the direction λi (r)vi (r).

5.4.1

Discretisation in a FEM mesh

Consider the case x(r), r ∈ Ω ⊂ R2 . The domain Ω is discretised into Ne triangular elements. In
the following we use the standard Lagrange piece-wise linear approximation for x(r) to compute
(5.9). In this case, the gradient of x(r) is piecewise constant. By also using piecewise constant
approximations for λi (r) and vi (r), we can write equation (5.9) as

2 Ne

(k) T
(k)
∗ (k)
R(x) = ∑ ∑ ∣Ωk ∣ (λ(k)
i (vi ) ∇(x(r ) − x (r )))

2

i=1 k=1

where ∣Ωk ∣ is the area of the k th triangular element, λ(k)
= λi (r(k) ) and vi(k) = vi (r(k) ). The
i
th
function x defined over the k element is expressed in the form
3

x(r(k) ) = ∑ x(k)
i ψ(ξ, η)

(5.10)

i=1

so that

3

∇x(r(k) ) = ∑ x(k)
i ∇ψi (ξ, η)

(5.11)

i=1

where ψ(ξ, η) are element interpolation functions satisfying the property: ψi = 1 at the ith
element node, and ψi = 0 at the other two element nodes, and with the understanding that any
point r is mapped to the coordinates (ξ, η) through r(k) = r1(k) + (r2(k) − r1(k) )ξ + (r3(k) − r1(k) )η, where
r1(k) , r2(k) and r3(k) denote the three geometrical vertex nodes of the k th triangular element.
Applying the explicit form of ∇ψi (ξ, η) we find that (5.11) can be written as
3

∇x(r(k) ) = ∑ xi(k) ∇ψi (ξ, η)
i=1

T

= 2∣Ωk ∣( (r2(k) − r3(k) ) (r3(k) − r1(k) ) (r1(k) − r2(k) ) ) ( x(k)
x(k)
x(k)
1
2
3 )
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
P
where P ∈ R2×3 . It follows that
(k)
(vi(k) )T ∇ (x(r(k) ) − x∗ (r(k) )) = (vi1

T

(k)
∗(k)
∗(k)
∗(k)
) P ( x(k)
)
vi2
x(k)
x(k)
1 − x1
2 − x2
3 − x3

T

= P̃ ( x(k)
x(k)
x(k)
1
2
3 )
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where P̃ ∈ R1×3 . Thus, we can write
Ne

∑ ∣Ωk ∣ (λi (r

(k)

k=1

2

Ne

2

(k)
∗
)vi (r(k) )T ∇(x(r(k) ) − x∗ (r(k) ))) = ∑ ∣Ωk ∣ (λ(k)
i Li (x − x ))

k=1

where L(k)
is a row vector of length Nn (the number of nodes) with zero elements except at
i
three locations. By denoting
⎛ L(1)
⎞
i
⎟
Li = ⎜
⎜ ⋮ ⎟
(Ne )
⎝Li ⎠

√
λ̃i = diag( ∣Ωk ∣ λ(k)
i ),

and

k = 1, . . . , Ne

we finally get
2

R(x) = ∑∥λ̃i Li (x − x∗ )∥2 = ∥Lx (x − x∗ )∥2

(5.12)

i=1

where Lx is obtained by stacking the matrices λ̃i Li .

(b) ϕ =

(a) ϕ = 0

π
2

(c) ϕ =

π
4

Figure 5.3: Three draws from π ∗ (x) with parameters λ1 = 1, λ2 = 0.001, v1 = cos(ϕ) e1 + sin(ϕ) e2 and
v2 = − sin(ϕ) e1 + cos(ϕ) e2 . Here, e1 and e2 represent the horizontal and vertical direction respectively

5.4.2

Statistical interpretation

The statistical interpretation of (5.12) as a prior potential is not straightforward because LT
x Lx
has non trivial kernel (Lx is an approximation of a first order differential operator). However,
we can identify x as Gaussian random variable with an improper density π ∗ (x),
1
π ∗ (x) ∝ exp(− R(x)).
2
d
∥
⊥
By taking Qx = LT
x Lx , we see that any x(r), r ∈ R can be decomposed as x = x + x , where
∥
⊥
∥
x is the projection of x onto the null space of Qx and x is orthogonal to x . Using this
decomposition, we note that π ∗ (x) = π(x⊥ ), and that π ∗ is invariant to any addition of x∥ .
Then, to draw from π ∗ (x), we draw from the proper part π ∗ (x⊥ ). In Fig. 5.3 we show three
draws from π ∗ (x) with different structural directions.
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5.5

Re-parametrisations for setting constraints

Although we are dealing with Gaussian random field models, one can often use parameter
transformations to emulate non-Gaussian priors. This can be done by mapping a Gaussian
variable x through a transformation f (x), where f is the parameter of interest. Two common
examples are the exponential (cf. positivity constraint) and sigmoid (cf. range constraint)
mappings.
The exponential mapping is useful for imposing positivity constraints on the parameters. Let
z = exp(x) and x be normally distributed, x ∼ N (µ, σ), then z > 0. The first two moments of z
can be computed analytically from the first two moments of the Gaussian posterior distribution
of x.
σ
E(z) = exp(µ + ),
var(z) = exp(2µ + σ)(exp(σ) − 1)
2
On the other hand, the sigmoid mapping is useful for imposing range constraints on model
parameters. Let
(a − b)
z=
+b
1 + exp(−x)
and x be normally distributed, x ∼ N (µ, σ), then a ≤ z ≤ b. Approximation for the moments of
z are given in [102]; the first two moments are given by
µ
)
E(z) ≈ f ( √
1 + aσ
var(z) ≈ f ( √

µ
µ
µ
) (1 − f ( √
)) (1 − √
)
1 + aσ
1 + aσ
1 + aσ

where a = 3/π 2 . For the multidimensional case, that is, x ∈ Rn , the transformations are carried
out for each component.
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Constitutive models and joint covariances

Multivariate inversion is of growing importance in the geophysical sciences. Of particular interest is how to model the relationship between the parameters being estimated. The use of
multivariate Gaussian random fields (MGRFs) have been shown to be useful in this topic, see
for example [12, 33, 34, 62, 103]. The major challenge in modelling MGRFs is in specifying
the cross-covariance matrix, that is, the matrix describing the relationship between distinct
parameters. There are different approaches to building cross-covariance models, including the
linear model of co-regionalisation, convolution methods, the multivariate Matérn model and non
stationary extension of these, among others, see for example [104]. In this chapter, we follow
[105] of constructing cross-covariance models based on statistical constitutive models and on the
modelling of Whittle-Matérn marginal covariances.

6.1

Multivariate Gaussian random fields

The definition of a multivariate Gaussian random field (MGRF) is an extension of the definition
of a GMRF, see Chapter 5. A p-dimensional multivariate random field x = (x1 (r), . . . , xp (r))T ,
r ∈ Rd , for p ∈ N with p > 1 is called a (MGRF) with mean µx and precision matrix Qx , if its
density has the form
1
π(x) ∝ exp (− (x − µx )T Qx (x − µx )) .
2
(6.1)
The covariance matrix, Γx = Q−1
x is given by
⎛ Γ11 Γ12 ⋯ Γ1p
Γ22 ⋯ Γ2p
⎜ Γ
Γx = ⎜ 21
⎜ ⋮
⋮
⋱
⋮
⎝ Γp1 Γp2 ⋯ Γpp
where

(Γx )ij = Γij (r, s) = cov{xi (r), xj (s)},

⎞
⎟
⎟
⎟
⎠

(6.2)

r, s ∈ Rd

(6.3)
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for i, j = 1, . . . , p and must be positive definite, see for example [43]. The matrices Γii and Γij are
usually referred as marginal covariance and cross-covariance respectively. A MGRF is stationary
if the marginal and cross-covariance functions depend only on the separation vector h = r − s,
that is,
cov{xi (r), xj (s)} = Γij (h), h ∈ Rd ,
otherwise, the field is non-stationary. A MGRF is isotropic if it is stationary and invariant under
rotations and reflections, that is,
cov{xi (r), xj (s)} = Γij (∥h∥),

h ∈ Rd ,

otherwise, the MGRF is anisotropic. The cross-covariance matrices are generally not symmetric,
that is,
Γij (r, s) ≠ Γji (r, s),
r, s ∈ Rd .
On the other hand, the marginal covariance matrices Γii (r, s) must be symmetric. In addition,
the marginal and cross-covariance functions must satisfy
∣Γij (r, s)∣2 ≤ Γii (r, r)Γjj (s, s),
see for example [104].

6.2

Statistical Constitutive Models

In this thesis, statistical constitutive models refer to point-wise (spatially) models between two
or more variables. The models are, in general, the joint probability densities of the variables at
any location. Such joint density models can be constructed from local samples or from averages
over larger regions. For example, consider sample data for cadmium and nickel in some region,
see Fig. 6.1. The current description relies on using Gaussian random fields although the rock
6
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0
0

0.1

0.2
0.1
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0
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20

30
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40

50

60

Figure 6.1: An example of data that can be used to construct a statistical constitutive model,
in this case, cadmium and nickel.

properties are, in general, not Gaussian. In this thesis, we consider Gaussian approximations
to non Gaussian joint random variables. The transform of variables to Gaussian distribution is
common place in geostatistics, see for example [106, 64] and also see 5.5. For instance, consider
the following transformed variables x1 = log(Cd) and x2 = log(Ni) which are (locally) correlated
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and assume that we can use a normal joint model π(x1 (rk ), x2 (rk )) with local covariance of the
form
2
% σ1k σ2k
σ1k
)
(6.4)
Σk = (
2
%σ1k σ2k
σ2k
where σ1k = σ1 (rk ), σ2k = σ2 (rk ) and %k is the correlation between x1 and x2 at location
rk . These models are, by nature, constitutive (pointwise/local) while the inverse problems
(consider in this thesis) require spatial (prior) models such as the random field models discussed
in Chapter 5. The remainder of this section is devoted to incorporate constitutive models such
as (6.4) in the modelling of cross-covariances. Modelling cross-covariances is largely an open
topic in the field of random fields, see for example [53, 50, 54, 104]. The main challenge lies in
simultaneously encoding our belief on the cross-correlation while fulfilling the requirement that
the joint covariance is positive (semi) definite, which is a condition that all covariances must
satisfy.

6.3

Bivariate model

Let us consider the case p = 2 of a bivariate Gaussian random field (x1 (r), x2 (r))T . In the
following we denote x = x1 and z = x2 , where x ∈ Rnx and z ∈ Rnz are spatially correlated and
assume that we can use normal joint models. Let the marginal prior models be x ∼ N (µx , Γxx )
and z ∼ N (µz , Γzz ), where Γxx ∈ Rnx ×nx and Γzz ∈ Rnz ×nz . In the sequel we assume that they
are discretized in the same spatial basis so that n = nx = nx , but this can likely be generalised.
The joint covariance would then, in general, be of the form
Γ=(

Γxx Γxz
).
Γzx Γzz

T
−1
T
−1
−1
We assume that Γ−1
xx and Γzz have decompositions of the form Γxx = Lx Lx and Γzz = Lz Lz . In
this section we focus on the construction of the cross-covariance matrices Γxz and Γzx (note that
n×n
Γzx = ΓT
, and let its singular value decomposition be
xz ). For this, we consider a matrix C ∈ R
T
C = U ΛV , with λi < 1. The joint covariance can then be written as

(

−T
L−1
x Lx
T −T
L−1
z C Lx

−T
Γxx Γxz
L−1
x CLz
)
−1 −T ) = (
ΓT
Lz Lz
xz Γzz

Since Γxx and Γzz are symmetric, Γ is symmetric. In the following we check if Γx is a positive
T
definite matrix. Since Γzz is invertible, we can write the Schur complement, Γxx − Γxz Γ−1
zz Γxz , of
Γxx to obtain the following factorisation
T

T
Γ
Γxz
I Γxz Γ−1
I Γxz Γ−1
Γ − Γxz Γ−1
0
zz
zz
zz Γxz
Γ = ( xx
)=(
) ( xx
)(
)
T
0
I
0
I
Γxz Γzz
0
Γzz

Note that

−1

(

I Γxz Γ−1
zz
)
0
I

=(

(6.5)

I −Γxz Γ−1
zz
)
0
I
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and we know that for any invertible matrix A and symmetric positive definite matrix B, the
matrix ABAT is positive definite. But, a block diagonal matrix is positive definite if and only
T
if each diagonal block is definite. Therefore, we only need to show that Γxx − Γxz Γ−1
zz Γxz > 0. To
see this, let us write

T
−1 −T
−1
T −T
Γxx − Γxz Γ−1
xx Γxz = Lx Lx − Lx CC Lx
T
−T
= L−1
x (I − CC )Lx
T
T T T
−T
= L−1
x (U U − U ΛV V Λ U )Lx
T
T −T
= L−1
x U (I − ΛΛ )U Lx .

Recall that by assumption, λi < 1. Thus, (I − ΛΛT ) > 0 (in terms of quadratic forms). Then, it
follows that
T
−1
T
T −T
Γxx − Γxz Γ−1
xx Γxz = Lx U (I − ΛΛ )U Lx
−1
T
= (L−1
x U Λ̃)(Lx U Λ̃)
−1
T
= (L−1
x D)(Lx D)
T
where Λ̃Λ̃T = (I − ΛΛT ) and D = U Λ̃, that is Γxx − Γxz Γ−1
zz Γxz > 0.

Next, we can efficiently find L such that Γ−1 = LT L. Observe that using 6.6 we can write (6.5)
as follows
T

T
0
I Γxz Γ−1
(L−1
I Γxz Γ−1
L−1 D 0
zz
x D)
zz
)
Γ=(
)( x
−1 ) (
−T ) (
0
I
0
Lz
0
I
0
Lz

(6.6)

T

=(

−1
−1
L−1
L−1
x D Lx C
x D Lx C
) .
−1 ) (
0
L−1
0
Lz
z

Therefore
Lx = (

−1
L−1
x D Lx C
)
0
L−1
z

−1

=(

(6.7)

D−1 Lx −D−1 CLz
).
0
Lz

Now, the joint probability of x and z can be written as
2

⎛ 1
⎞
D−1 Lx −D−1 CLz
x − µx
π(x, z) ∝ exp − ∥(
)(
)∥ .
0
Lz
z − µz
⎝ 2
⎠

(6.8)

The question now is how the elements of C are related to the correlation between the variables.
In this thesis, we model C as a diagonal matrix whose entries ck are computed so that
√
√
−T
diag(Γxx ) ⊙ diag(Γzz )
(6.9)
diag(L−1
x CLz ) = % ⊙
where ⊙ denotes the Hadamard (component-wise) product and % is the correlation between x
and z at each point r1 , . . . , rn in the region. Note that −1 < ck < 1, since by assumption λk < 1,
for k = 1, . . . , n.
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√
√
Let us denote σxk = Γx (rk , rk ) and σzk = Γz (rk , rk ) for k = 1, . . . , n. Then, we can write (6.9)
as the following linear system of equations
−T
(L−1
1 ⊙ L2 )c = % ⊙ b

(6.10)

where b is a vector with entries bk = σxk σxk . Note that since the coefficients ck are bounded,
−1 < ck < 1, the correlation coefficient is bounded by
−vk < % < vk ,

k = 1, . . . , n.

(6.11)

−T
where vk is the k th component of v = (L−1
1 ⊙ L2 ) ⊘ b and where ⊘ denotes a Hadamard division.
This shows that when the random fields have different smoothness properties, that is, when
L1 ≠ L2 , we cannot have % ≈ 1. Conversely, it can be shown that if Lx = Lz , % can indeed be −1
or 1.

Figure 6.2 shows a simulated realization from (6.8). The marginal covariances, Γxx and Γzz are
of the Whittle-Matérn type with different scale parameters: κ1 = 10 and κ2 = 5. The correlation
coefficient is maximised at ρ = 0.6 at all locations.

(a)

(b)

Figure 6.2: Simulated realisation from a bivariate Whittle-Matérn model with common variance: σx2 =

σz2 = 1, common smoothness parameters: ν1 = ν2 = 1 but different scale parameters, κx = 10 and κz = 5.
The correlation coefficient is ρ = 0.6

In Fig. 6.3 we show the k th row of the marginal and cross-covariance matrices. These graphical
representations reveals different aspects of the joint covariance, such as the the smaller correlation length of Γxx compared to Γzz and the asymmetry of the cross-covariance matrices Γxz ,
Γzx .

6.4

Discussion

Joint covariance models are of increasing demand in the multivariate modelling of geophysical
data. We have introduced one possible construction based on the Cholesky factorization of
the marginal precision matrices. Our construction allows each field component to maintain its
distinct smoothness properties, while admitting flexible degrees of cross-correlation. Although it
is well documented that the construction of joint covariance from only marginals is not unique.
We also gave an efficient form for the joint whitening filter.
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Figure 6.3: kth row of the covariances: Γx (top left), Γxz (top right), Γzx (bottom left) and Γz (bottom
right).
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Approximate marginalisation over model uncertainties

Geophysical inverse problems (in real life applications) are often solved using approximations.
These approximations might be related to the approximation of the physics itself such as using
diffusion models instead of more accurate and general transport models [107] or using twodimensional approximations for three-dimensional models [108], neglecting some underlying
physical unknowns such as setting an unknown, uninteresting random field to a best-guess
constant value [109], using an approximate geometry [110, 111], replacing the subsurface with a
relatively small cubic domain with unknown boundary conditions [112, 26], using coarse computational models to approximate solvers for partial differential equations [86, 60, 61] and approximating nonlinear functions by linear ones [113].
While stable forward problems can tolerate such modelling errors to a degree, inverse problems
such as those involving geophysical measurement seldom do. During the last few decades, the
understanding of inverse problems has been expanding significantly, see for example [67] in the
case of inverse problems in Earth sciences with multiple spatially distributed parameters. The
modelling errors have, however, been considered only lately. There are several approaches to
deal with modelling errors and uncertainties such as hypermodels, stochastic finite elements,
polynomial chaos and the Bayesian Approximation Error (BAE) approach [66]. The latter is
perhaps the most general and the most straightforward to implement. The BAE approach is
technically based on the fact that (almost) all modelling errors and uncertainties are induced by
the prior models and can be propagated to an additional additive error term in the likelihoods.
If these errors are approximated with a normal model, it is possible to premarginalise over
these (errors). This process has been shown to yield feasible posterior models with varying
combinations of modelling errors and uncertainties, including ground penetrating radar [59],
vadoze hydrology [114] and seismology [60, 61]. In this chapter, we give an overview of the
(BAE) approach. As model applications we consider the gravity and magnetic inverse problem
of estimating a low dimensional representation of the associated physical parameters. For this,
we follow the approach given in [115]. In Section 7.3 we give an extension is to the BAE approach
in the case of multiple measurement modalities and multiple strongly correlated unknowns.
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7.1

Bayesian Approximation Error

In this section, we review the Bayesian Approximation Error (BAE) approach. The BAE approach propagates the uncertainties and errors into an additive term in the observation model.
Consider the accurate observation model
y = Ā(x̄, ξ) + e
where the barred (¯⋅) terms refer to (computationally) accurate representations and ξ denotes
unknowns and uncertainties that we do not want to estimate. Then, we can write
y = Ā(x̄, ξ) + e
= A(x, ξ0 ) + e + Ā(x̄, ξ) − A(x, ξ0 )
= A(x, ξ0 ) + e + ε(x, ξ)
= A(x, ξ0 ) + ν
= A(x) + ν
where A and x denote an approximate forward model and approximate representation, respectively, ξ0 is a fixed value (best guess) for ξ, and ε(x, ξ) is a vector-valued random variable whose
distribution depends on the accurate and approximate forward model and the joint prior model
for the random variables (x, ξ). In this thesis, we write A(x, ξ0 ) = A(x) if ξ0 is fixed. Importantly, in the presence of any modelling errors, approximations and uncertainties, there is always
a term ε that is not mutually independent with the primary unknown x. Therefore, even if the
(pure electronic) measurements errors were mutually independent of x, the random variable ν
is a function of x and the other random variable ξ.
Then, the variable ν can be pre-marginalised to get the likelihood [66]
π(y ∣ x) = πe+ε∣x (y − A(x) ∣ x).

(7.1)

This likelihood is usually so complex that it is not useful for any computations. In BAE, one
approximates the conditional model πe+ε∣x (e + ε ∣ x) with a normal model [66]. The mean and
all covariances related to ε are typically computed by sample averages over the prior model
T

⎛ 1 ε − µε
Γ
Γεx
π(x, ε) ≈ π̃(x, ε) ∝ exp − (
) ( ε
)
Γxε Γx
⎝ 2 x − µx

−1

(

ε − µε ⎞
) .
x − µx ⎠

(7.2)

We note that π(ε, x) does not need to be normal. In the sequel, we omit the tilde in π̃(x, ε) and
acknowledge that we are dealing with a normal approximation, so we have a closed form for the
likelihood and the MAP estimate can be easy to compute. The likelihood model (7.1) becomes
π(x∣y) ∝ πν∣x (y − A(x)∣x)
1
T
∝ exp {− (y − A(x)) − µν∣x ) Γ−1
ν∣x (y − A(x) − µν∣x )}
2

(7.3)

where
µν∣x = µe + µε + Γεx Γ−1
x (x − µx )

(7.4)

Γν∣x = Γe + Γε − Γεx Γ−1
x Γxε .

(7.5)

and
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In several applications, however, x and ε have been approximated as mutually independent and
therefore Γεx = 0. Then, the mean (7.4) and covariance (7.5) become
µν = µe + µε ,

Γν = Γe + Γε .

(7.6)

This additional approximation is often referred to as the enhanced error model, see for example [86, 85]. For a comparison between measurement and modeling errors, we can say that
approximation errors dominate the measurement errors if
∥µe ∥2 + trace(Γe ) < ∥µε ∥2 + trace(Γε )

(7.7)

which is guaranteed by requiring
µe (k)2 + Γe (k, k) < µε (k)2 + Γε (k, k),

k = 1, . . . , m

(7.8)

for all k. If (7.7) and (7.8) hold, neglecting the approximation errors in the likelihood will likely
result in meaningless posterior estimates [66].
In the case that the prior distribution π(x) is normal, the posterior is of the form
1
2
π(x∣y) ∝ exp (− ∥Lν∣x (y − A(x) − µν∣x )∥2 + ∥Lx (x − µx )∥22 )
2
T
T
−1
where Γ−1
ν∣x = Lν∣x Lν∣x and Γx = Lx Lx . The MAP estimate of x with the approximation error
model is obtain by solving a minimisation problem
2

x̂ = arg min {∥Lν∣x (y − A(x) − µν∣x )∥2 + ∥Lx (x − µx )∥22 } .
x

The Laplace approximation of the posterior covariance is then computed by linearizing A(x, ξ0 )
at x̂
T −1
−1 T
−1
Γx∣y ≈ ((J + Γεx Γ−1
x ) Γν∣x (J + Γεx Γx ) + Γx )

−1

where J is the Jacobian of A(x) evaluated at x̂.

7.1.1

Sample joint covariances and low rank approximations

Note that the posterior density in (7.3) is not a normal model unless the mapping x ↦ A(x, ξ0 ) is
a linear one. In the linear case, one can compute the second order statistics of π(ε, x) analytically.
Let us denote Ā(x, ξ) = Āx̄ and A(x, ξ0 ) = Ax. Then
ε = (Ā − AP )x̄
where P is a projector operator such that x = P x̄. In the nonlinear cases, however, one has to:
1. Compute a set of samples (x̄(`) , ξ (`) ), ` = 1, . . . , p from the prior π(x̄, ξ)
2. Set x(`) = P x̄(`)
3. Compute the approximation errors samples
ε(`) = Ā(x̄(`) , ξ (`) ) − A(x(`) , ξ0 ),

` = 1, . . . , p

where p is the number of samples. These samples are used to construct sample matrices
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X = (x(1) , x(2) , . . . , x(p) ) ∈ Rn×p
Υ = (ε(1) , ε(2) , . . . , ε(p) ) ∈ Rm×p
from which sample means
µ̃x =

1 p (`)
∑x ,
p `=1

µ̃ε =

1 p (`)
∑ε
p `=1

(7.9)

and sample covariances
p
1
XX T −
µ̃x µ̃T
x,
p−1
p−1
1
p
Γ̃ε =
ΥΥT −
µ̃ε µ̃T
ε,
p−1
p−1
1
p
Γ̃εx =
ΥX T −
µ̃ε µ̃T
x,
p−1
p−1
Γ̃x =

(7.10a)
(7.10b)
(7.10c)

are computed
The symbol (∼) in Γ̃x is to denote that the covariance is computed from samples. The alternative
approach of constructing Γx directly (from covariance functions or PDE operators) using the
same correlation parameters used to construct Γx̄ results in a non positive definite Γε∣x . In
addition, the correlation structures of the covariances Γx and Γ̃x are not the same.
The sample covariance matrix calculated with p ≤ n is singular and so its inverse does not exit.
Indeed, for n very large and even p > n, the condition number of the sample covariance can be
still very large, that is, Γ̃x is almost singular, and the computation of its inverse is prone to
large numerical errors. A (large) amount of work has gone into studying how to proceed if Γ̃x
is singular, see for example [116] and recently in [117].
Here we proceed by seeking a small rank approximative covariance Γ̃x . Let x ∈ Rn be Gaussian
so that x ∼ N (µx , Γ̃x ) where rank(Γ̃x ) = r < n. The eigenvalue decomposition of the covariance
1/2
is Γ̃x = Vr Λr VrT = U U T , where U = Vr Λr ∈ Rn×r . Let β ∼ N (0, Λr ) and
x′ = V r β + µ x .
Note that the statistics of x′ is equal with that of x. Indeed, we have E(x′ ) = µx and
cov(x′ ) = U U T . This is known as principal component analysis, proper orthogonal decomposition, Hotelling transform and Karhunen-Loeve decomposition (transform), see for example,
[118]. A similar low dimensional approximation can be used when dealing with high dimensional
data and/or the computation (and storage) of Γε and its inverse are prohibitive tasks [66].
Then, the conditional covariance of ε given the reduce basis variable β is

T
Γ̃ε∣β = Γ̃ε − Γ̃εx Vr Λ−1
r Vr Γ̃xε
T
= Γ̃ε − Γ̃εβ Λ−1
r Γ̃εβ

where Γ̃εβ = Γ̃εx Vr . If the dimension m of the data y is very large and only a small number
of samples is available, that is, if p ≪ m, then Γ̃ε is rank deficient. In such a case, ε can be
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approximated in the bases of the vector space spanned by the columns of Γ̃ε [66]. In this thesis,
however, we consider that Γ̃ε is full rank and therefore its inverse and the associate Cholesky
factors exist. Now consider the conditional covariance

Γ̃ν∣β = Γe + Γ̃ε∣x
T
= Γe + Γ̃ε − Γ̃εβ Λ−1
r Γ̃εβ

= Γ̃e+ε − W̃ W̃ T

(7.11)

where W̃ = Γ̃εβ Λr
∈ Rm×d . Note that Γν∣β is a rank d update to Γ̃e+ε . Low rank updates of the
form (7.11) are presented, for example, in [119]. Let L−1
ν∣β be such (low) rank Cholesky update,
then we can write
−T
Γ̃ν∣β = L̃−1
ν∣β L̃ν∣β
−1/2

T
−1
Note that Γ−1
ν∣β = L̃ν∣β L̃ν∣β . Since Lν∣β is a triangular matrix, its inverse, Lν∣β can be computed
efficiently by, for example, back-substitution.

The corresponding posterior potential is
2

2

Ψ(β) = ∥Lν∣β (y − A(x(β)) − µν∣β ∥ + ∥Λ−1/2
β∥ .
r

(7.12)

Finding the MAP estimate, β̂, equates to solving the minimisation problem: Ψ(β) → min.
Minimisation can be carried out using, for example, the Gauss Newton method with line search.
Then, the posterior uncertainty can be computed using the Laplace approximation.

7.2

Applications

In Section 4.9, we used the results of synthetic gravity and magnetic data to recover the large
scale variations in the parameters (physical properties: density and magnetic susceptibility) of
three different geological models: isotropic, anisotropic and heterogeneous multiscale. We used
the standard error model to estimate a large scale approximation of the parameters in a coarse
mesh. These approximations induced modelling errors due to discretisation. These modelling
errors played a more prominent role in the heterogeneous case, because this case includes a small
scale component that cannot be accounted for using the standard error model. We saw that
neglecting the approximation errors and simply ignoring the small scale components rendered
the posterior estimates unfeasible.
In this section, we consider the heterogeneous multiscale model only and address the problem
of finding a low dimensional approximation of ∆ρ given gravity measurements. That is, we are
interested in the large scale component of ∆ρ only and consider that the use of a fine discretisation
to resolve the small scale can be computationally prohibited. A similar problem, related to the
multi-scale electrical impedance tomography (EIT) problem, has been considered in [115].
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7.2.1

Large scale reconstruction of a multiscale density

Recall that in Section 4.9.1 we wrote the relationship between gravity data and an approximated
FEM based forward mapping A by
gz ≈ Ax + eg
where x ∈ Rn are the coefficients of the representation of ∆ρ in 4.18 and eg is mutually independent
of x. In this section, we use the notation Ā to represents the accurate forward mapping that
can be directly compared to observations via
gz = Āx̄ + eg

(7.13)

where x̄ ∈ Rn̄ have components in both large and small scale. In line with [115], we assume that
x̄ can be decomposed into a large scale component x̄L and a small scale component x̄S such that
x̄ = x̄L + x̄S .
Since we do not attempt to take into account any small scale features of x̄ we treat x̄S and
discretisation related errors as model uncertainties. That is, instead of using (7.13), we fix
xS = 0 and use the approximate observation model

where

gz = AxL + eg + εg

(7.14)

εg = Ā(x̄L + x̄S ) − AxL

(7.15)

is a random variable whose distribution is induced by both the accurate and approximate forward
models and also by the prior distributions π(x̄L ) and π(x̄S ). Assume x̄L ∼ N (µx̄L , Γx̄L ) and
x̄S ∼ N (µx̄S , Γx̄S ). Since xL can be modelled as a projection: xL = P x̄L , the statistics of π(εg , xL )
can be computed analytically. In the sequel we omit the subscript L in xL and acknowledge that
we are estimating the large scale component of x.
Numerical example: heterogeneous model
Consider the heterogeneous model in Section 3.4. Here the aim is to use surface gravity measurements to reconstruct the large scale structure of ∆ρ. The actual model involves two stratified
anomalies with ∆ρ = 300 kg/m2 on top of a background containing small scale structures, see
Fig. 7.2a. The actual data from this model is shown in Fig. 3.7a. In Section 4.9.1, we carried
out the inversion assuming a coarse representation for ∆ρ, but did not take into account the
modelling errors that such approximation may introduce.
In this section, we incorporate modelling errors into the inversion using the BAE approach
described in Section 7.1. In order to implement the BAE we must first specify the accurate and
approximate forward models Ā and A respectively. Next, we must specify the prior models of an
accurate representation of the unknowns x̄L and x̄S . This means fixing the values of their prior
means µx̄L , µx̄S and covariance matrices Γx̄L and Γx̄S . The large scale covariance Γx̄L depends on
the parameters σx̄L , `x̄L and also on the strata (layer) orientation, θ. The small scale covariance
Γx̄S depends on σx̄S and `x̄S such that σx̄S > σx̄L and `x̄S << `x̄L . The prior parameters are
as follows: µx̄L = µx̄S = 0, σx̄L = 150, σx̄S = 170, `x̄L = 0.2, `x̄S = 0.001 and θ = 50 ○ . For the
interpretation of these parameters see Chapter 5.
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Table 7.1: Approximation errors statistics.
Th

ngz
11

trace(Γeg )
0.0001

trace(Γεg )
0.0136

trace(Γεg ∣x )
0.0009

With all prior parameters set, we use (7.15) to compute the statistics of the approximation
errors. Table 7.1 shows such statistics when the prior distributions are those described by
the parameters given above. Figure 7.1 shows the statistics of εg in Th along with varying
measurement noise levels. Note that for a 15% noise level, the measurement errors dominate
the approximation errors according to (7.7).

Figure 7.1: Statistics of the approximation errors εg = εg (x̄L , x̄S ) in Th along with varying noise levels.
In Fig. 7.2 we show the results with 1% noise level. As a reference, we show again that the
standard error model identifies both anomalies but does not recover the amplitude or orientation, see 7.2c. Furthermore, the posterior uncertainty fails to capture the actual model and
consequently, the estimate is unfeasible, see 7.2d. Conversely, the posterior mean estimated
using the enhanced error model is in agreement with the actual model in the sense that the
orientation of the anomalies is close to the actual one, see Fig. 7.2e. We do observe an increase
in the posterior variance which allows for variations caused by the small structure. However,
the posterior mean is overly smooth and push towards the prior mean, see Fig. 7.2f. In contrast,
not only the orientation but also actual amplitude of the anomalies are better estimated using
the full error model, see Fig. 7.2g. Like the enhanced error model, the full error model yield
feasible estimates, with the posterior variance just 96% of that estimated using the enhanced
error model, see Fig. 7.2h.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 7.2: (a) Actual (physical) density model and (b) cross section along dotted lines with 90%
uncertainty intervals of the prior mean. (c) MAP estimate ∆ρ̂ and (d) cross sections along dotted lines
with 90% uncertainty intervals using the standard error model. (e) MAP estimate ∆ρ̂ and (f) cross
sections along dotted lines with 90% uncertainty intervals using the enhanced error model. (g) MAP
estimate ∆ρ̂ and (h) cross sections along dotted lines with 90% uncertainty intervals using the full error
model. The extend of the actual model is indicated by the black ellipses and in the profiles the red line
represents the actual model.
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7.2.2

Large scale reconstruction of a multi-scale magnetic susceptibility

We now consider the problem of finding the large scale magnetic permeability in a multi-scale
medium. Recall that in Section 4.9.2 we wrote the relationship between total magnetic data
and an approximated FEM based forward mapping F by
BT ≈ F (z) + eB
where z ∈ Rnz are the coefficient of the representation of ∆χ in (4.21) and eB is mutually independent of z. In this section, we use the notation F̄ to represent the accurate forward mapping,
which can directly be compared to observations via
BT = F̄ (z̄) + eB

(7.16)

where z̄ ∈ Rn̄z have components in both large and small scale. Like in the case of x̄ in Section
7.2.1, we can assume that z̄ can be decomposed into a large scale component z̄L and a small
scale component z̄S such that
z̄ = z̄L + z̄S .
Since we do not attempt to take into account any small scale features of z̄ we treat again z̄S
and discretisation related errors as model uncertainties. That is, instead of using (7.16), we fix
zS = 0 and use the approximate observation model

where

BT = F (zL ) + eB + εB

(7.17)

εB = F̄ (z̄L + z̄S ) − F (zL )

(7.18)

is a random variable whose distribution is induced by both the accurate and approximate forward
models and also by the prior distributions π(z̄L ) and π(z̄S ). As for the priors, we assume again
Gaussian models, z̄L ∼ N (µz̄L , Γz̄L ) and x̄S ∼ N (µx̄S , Γx̄S ). However, unlike in the gravity case
in which the statistics of ε are computed analytically, in the magnetostatic case the statistics of
ε are computed from samples. Let the `th sample of ε
εB = F̄ (z̄L + z̄S ) − F (zL ),
(`)

(`)

(`)

(`)

` = 1, . . . , p

(7.19)

where z̄L and z̄S are also samples and zL = P z̄L , where P is the projection operator. In
the sequel we omit the subscript L in zL and acknowledge that we are estimating the large scale
component of z.
(`)

(`)

(`)

(`)

Numerical example: heterogeneous model
We now revisit the example given in Section 4.9.2. The aim is to use magnetostatics surface
measurements to reconstruct the large scale structure of a multi-scale subsurface magnetic susceptibility model. The actual model involves two stratified anomalies with ∆χ = 0.5 on top of
an isotropic background containing small scale structures. The range of values of these small
scale structures are: ∆χ = [-0.7, 0.7 ], see Fig 7.4a. The actual data from this model is shown in
Fig 3.7b.
In order to implement the approximation errors, we must first specify the accurate and approximate forward mappings F̄ and F respectively. Next we specify the Gaussian prior models of z̄L
and z̄S in a similar way to that described in Section 7.2.1. The prior parameters are as follow:
µz̄L = µz̄S = 0, σz̄L = 0.3, σz̄S = 0.6, `z̄S = 0.001, `z̄L = 0.2 and θ = 50 ○ .
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Table 7.2: Statistics of the approximation errors εB
Th

nB
20

trace(ΓeB )
0.0009

µεB
2.9716

trace(ΓεB )
13.0581

trace(ΓεB ∣z )
0.5592

With all prior parameters set, we use (7.19) to compute the sample statistics of the approximation errors ε. Table 7.2 shows the statistics of the approximation errors ε in Th and Fig. 7.3
shows the statistics of ε along with varying noise levels. Note that even with 15% noise level,
the modelling errors dominates the measurement errors according to (7.7).

Figure 7.3: Statistics of the approximation errors εB in Th along with varying noise levels. Note the
approximation are big; they have save order of magnitude that the amplitude of the data
In the following we discuss estimates of z (or ∆χ via (4.21)). We use a 1% noise level. Recall that
in Section 4.9.2 we showed that the standard error model yielded meaningless MAP estimates
with no resemblance to the actual ∆χ, see Fig. 7.4c. Furthermore the actual ∆χ were outside the
posterior uncertainty intervals, see Fig. 7.4d. The MAP estimate attained using the enhanced
error model is only qualitative informative as the two large scale features anomalies can be
distinguished, but neither the actual horizontal location nor the extent of the features is properly
reconstructed, see Fig. 7.4e. We do see that the MAP estimate is pushed towards the prior
mean significantly and also that the posterior uncertainty is wider, so it contains the actual ∆χ
in most parts, see Fig. 7.4f. The MAP estimate recovered using the full error model is fairly
accurate close to the surface but deteriorates with depth, see Fig. 7.4g. We also observe that
the actual ∆χ is generally contained within the uncertainty intervals, see Fig. 7.4h.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 7.4: (a) Actual magnetic susceptibility model and (b) cross section along dotted lines with 90%
uncertainty intervals of the prior mean. (c) MAP estimate ∆χ̂ and (d) cross sections along dotted lines
with 90% uncertainty intervals using the standard error model. (e) MAP estimate ∆χ̂ and (f) cross
sections along dotted lines with 90% uncertainty intervals using the enhanced error model. (g) MAP
estimate ∆χ̂ and (h) cross sections along dotted lines with 90% uncertainty intervals using the full error
model. The extend of the actual model is indicated by the black ellipses and in the profiles the red line
represents the actual model.
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7.3
7.3.1

Approximation errors in joint inverse problems
Two surface measurements and two unknowns

The extension to several unknowns and measurement modalities is straightforward. Consider
two measurement models
y1 = A1 (x1 ) + e1 + ε1 ,

y2 = A2 (x2 ) + e2 + ε2 .

(7.20)

Here, e1 , e2 are additive measurement errors and ε1 , ε2 are modelling errors. The effective
errors are ν1 = e1 + ε1 and ν2 = e2 + ε2 . To derive the posterior model of the variables of interest
x1 and x2 given the measurements y1 and y2 , we consider the joint model of all variables and
marginalise over the effective errors and obtain
π(x1 , x2 ∣y1 , y2 ) ∝ π(ν1 , ν2 ∣x1 , x2 )π(x1 , x2 ).
In Chapter 6 we considered the construction of a Gaussian joint model π(x1 , x2 ) and showed
that it can be written in the form
⎧
⎪
D−1 Lx1
⎪ 1
π(x1 , x2 ) ∝ exp ⎨ − ∥(
0
⎪
2
⎪
⎩

2⎫
⎪
−D−1 CLx2
x − µ x1
⎪
)( 1
)∥ ⎬,
Lx2
x 2 − µ x2
⎪
⎪
⎭

(7.21)

T
−1
T
T
where Γ−1
= I −CC T with C a diagonal matrix whose elements
x1 = Lx1 Lx1 , Γx2 = Lx2 Lx2 and DD
give an indication of the local correlation between x1 and x2 . In this section, the aim is to derive
the likelihood function π(ν1 , ν2 ∣x1 , x2 ).

In the approximation error approach, the conditional distribution of the effective additive errors
π(ν1 , ν2 ∣x1 , x2 ) is approximated with a normal distribution whose mean and covariance are
derived from the joint prior model π(ε1 , ε2 , x1 , x2 ) which is assumed to be Gaussian. This time,
however, the general joint covariance is a 4-by-4 block covariance matrix:

Γε1 ,ε2 ,x1 ,x2

⎛
⎜
=⎜
⎜
⎝

Γε1 ε1
Γε2 ε1
Γx1 ε1
Γx2 ε1

Γε1 ε2
Γε2 ε2
Γx1 ε2
Γx2 ε2

Γε1 x1
Γε2 x1
Γx1 x1
Γx2 x1

Γε1 x2
Γε2 x2
Γx1 x2
Γx2 x2

⎞
Γ
Γεx
⎟
⎟ = ( εε
)
⎟
Γxε Γxx
⎠

This is a symmetric matrix so only the upper triangular part needs to be determined:
Γx1 x1 , Γx2 x2

∶ Prior covariance for the (random fields) x1 and x2

Γx1 x2

∶ Determined by the constitutive model between x1 and x2

Γx1 ε1 , Γx2 ε2

∶ Vanish often if only ordinary measurement errors present;
otherwise induced by modelling errors (see below)

Γε1 ε1 , Γε2 ε2

∶ Effective error covariances: depend on the ordinary measurement
error and the modelling errors (see below)

Γε1 ε2

∶ Vanish often if only ordinary measurement errors present;
otherwise induced by modelling errors (see below)
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Then, the mean and covariance of π(ε1 , ε2 ∣ x1 , x2 ) are
µε∣x = (

Γε1 ε1
Γε2 ε1

Γε1 ε2
Γ
) + ( ε 1 x1
Γε2 ε2
Γε2 x1

Γε1 x2
Γ
) ( x1 x1
Γε2 x2
Γx2 x1

Γx1 x2
)
Γx2 x2

−1

(

x 1 − µ x1
)
x 2 − µ x2

(7.23)

and
−1

Γ
Γε1 ε2
Γ
Γε1 x2
Γ
Γx1 x2
Γ
Γx1 ε2
Γε∣x = ( ε1 ε1
) − ( ε 1 x1
) ( x1 x1
) ( x1 ε1
)
Γε2 ε1 Γε2 ε2
Γε2 x1 Γε2 x2
Γx2 x1 Γx2 x2
Γx2 ε1 Γx2 ε2
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶ ´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶ ´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶ ´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
Γεε
Γεx
Γxε
Γ−1
xx

(7.24)

By making the following substitutions
x=(

µx = (

x1
),
x2

µ x1
),
µ x2

e=(

e1
),
e2

ε=(

ε1
)
ε2

µe = (

µe1
),
µe2

µε = (

µε1
),
µε2

we can write the approximate conditional mean and covariance of the effective errors as
µν∣x = µe + µε + Γεx Γ−1
xx (x − µx ) = (
and
Γν∣x = Γe + Γεε − Γεx Γ−1
xx Γxε = (

µν1 ∣x
)
µν2 ∣x

(7.25)

Γν1 ν1 ∣x Γν1 ν2 ∣x
).
Γν2 ν1 ∣x Γν2 ν2 ∣x

(7.26)

Note that, even with the further approximation Γεx = 0 (enhanced error model), Γν is not a
block diagonal matrix. Indeed
Γν = Γe + Γεε = (

Γe1 + Γε1 ε1
Γε2 ε1

Γε1 ε2
).
Γe2 + Γε2 ε2

(7.27)

In the following, we compute the Cholesky factors Lν∣x of Γ−1
ν∣x . Assuming the diagonal block
1
matrices in (??) are invertible, we can write their Schur complements as
Γ̃ν2 ν2 ∣x = Γν1 ν1 ∣x − Γν1 ν2 ∣x Γ−1
ν2 ν2 ∣x Γν2 ν1 ∣x
Γ̃ν1 ν1 ∣x = Γν2 ν2 ∣x − Γν2 ν1 ∣x Γ−1
ν1 ν1 ∣x Γν1 ν2 ∣x .
Thus,
Γ−1
ν∣x =
1

−1
−Γ̃−1
Γ̃−1
⎛
Q12
Q
ν2 ν2 ∣x Γν1 ν2 ∣x Γν2 ν2 ∣x ⎞
ν2 ν2 ∣x
= ( 11
).
−1
Γ̃−1
Q
Q22
⎠
⎝ −Γ̃ν1 ν1 ∣x Γν2 ν1 ∣x Γν1 ν1 ∣x
21
ν1 ν1 ∣x

Note that, for example
Γν1 ν1 ∣x = Γe1 e1 + Γε1 ε1 − ( Γε1 x1

Γε1 x2 ) Γ−1
x ( Γε1 x1

Γε1 x2 )

T

−1
and therefore Γ−1
ν1 ν1 ∣x exist if Γx exist. As explained in Section 7.1.1, Γx is in general computed from samples
and the existence of its inverse depends on the number of samples we take.
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Since Q11 is invertible, we can write its Schur complement Q̃11 = Q22 − Q21 Q−1
11 Q12 to obtain the
following factorization
(

Q11
0
Q11 Q12
I Q−1
I
0
11 Q12 )
)
(
)=(
)
(
−1
0
I
Q21 Q11 I
Q21 Q22
0 Q̃11

T
Substituting Q11 = LT
11 L11 and Q̃11 = L22 L22 into the above, we obtain the factorization

(

T
Q11 Q12
LT
0
L11 L11 Q−1
0
L11 L11
11
11 Q12 ) = ( L11
)=(
)
(
)
−1 T
T
T
T )(
0
L22
0 L12
Q21 Q11 L11 L22
L12 L22
Q21 Q22

where
LT
11 L11 = Q11
L12 = L−T
11 Q12
T
LT
22 L22 = Q22 − L12 L12

Therefore, the likelihood function can be written as
2

1
y − A1 (x1 ) − µν1 ∣x
L
L12
π(y1 , y2 ∣x1 , x2 ) ∝ exp { − ∥( 11
)( 1
)∥ }
0 L22
y2 − A2 (x2 ) − µν2 ∣x
2
2

(7.28)

If we do not consider approximation errors, L12 = 0, L11 = Le1 and L22 = Le2 . In this case, (7.28)
becomes
1
π(y1 , y2 ∣x1 , x2 ) ∝ exp { − (∥Le1 (y1 − A1 (x1 ) − µe1 )∥2 + ∥Le2 (y2 − A2 (x2 ) − µe2 )∥2 )}.
2

(7.29)

In practice, the conditional mean and covariances of the approximation errors in (7.25) and
(7.26) are computed from samples, similarly to the way described in Section 7.1.1. Given the
(accurate) forward mappings Ā1 (x̄1 ) and Ā2 (x̄2 ), we compute such samples by
ε1 = Ā1 (x̄`1 ) − A1 (x1 )
(`)

(`)

ε2 = Ā2 (x̄`2 ) − A2 (x2 )
(`)

(`)

for ` = 1, . . . , p, and where (x̄1 , x̄2 ) are also samples to be drawn from the joint density
π(x̄1 , x̄2 ). The normal approximation for π(x1 , x2 ∣ ε1 ε2 ) is formed by setting
(`)

(`)

⎛ x(`)
⎞
P
1
=(
(`)
0
⎝ x2 ⎠

(`)
0 ⎛ x̄1 ⎞
)
P ⎝ x̄(`) ⎠
2

where P is the projection operator between the accurate and approximate representation of the
unknowns. The amount of samples p we need to compute so Γ̃x1 ,x2 be not singular is p ≥ nx1 +nx2 .
Therefore, the computational cost of computing approximation errors in the joint case increases.
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7.3. APPROXIMATION ERRORS IN JOINT INVERSE PROBLEMS

7.3.2

Borehole and surface measurements

In this section, we consider the joint inversion of data that are carried out at different spatial scales. In particular, we consider the assimilation of borehole and surface measurements.
Borehole measurements can, in principle, be carried out with a centimetre accuracy spatially.
Furthermore, core samples can be analysed in a laboratory with a very high accuracy. For
example, the average (say) conductivity and other variables can be measured over a (10 cm)3
cube with essentially no measurement errors. It would be ideal that any (computational) model
that we use should take the high accuracy fully into account. But the accurate conductivity is
representative of the conductivity in the (10 cm)3 cube only: the average value over a (100 m)3
cube might be very different.
The straightforward assimilation of the accurate measurement with the large scale representation for the unknowns implicitly claims that the value of the unknown in the (100 m)3 cube is
(assuming typical piece-wise constant basis functions) spatially invariant and that this constant
value is our laboratory measurement. This is drastically incorrect.
In this thesis, we handle this multiscale problem via (statistical) approximation theory which is
mathematically carried out in the context of Hilbert space theory of random variables, see for
example [120, 121]. In this context, the borehole measurements are written on a basis that is
consistent with the scale in which they are carried out
Nb

yb (r` ) = ∑ x̄k ψk (r` )

(7.30)

k=1

where r` ∈ R1 refers to the location of the `th measurement along the borehole. These measurements are assumed to be observations of the accurate representation of the physical parameter,
which is represented by x̄. In matrix from, (7.30) can be written as
yb = B̄ x̄ + eb
where B̄ is a matrix with entries B̄k,` = ψk (r` ) and eb is the (laboratory) measurement errors.
Let the large scale representation for x be
N

x(r) = ∑ xk ϕk (r).
k=1

The second order statistical properties of the small scale structure of x̄ can be estimated from
the borehole samples. Time series analysis methods will yield the small scale mean and the
covariance (matrix) Γx̄ along the borehole. This small scale structure will then induce a model
for the error in the representation of x in the large scale, which will result in a measurement
model in terms of the large scale density of the form
N

yb ` = ∑ xk ϕk (r` ) + εb `
k=1

or in matrix form

yb = Bx + eb + εb ,

(7.31)

where B is an interpolation operator with entries Bk,` = ϕk (r` ) and
εb = (B̄ − BP )x̄,

(7.32)
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where P is a projection operator between the two representations. The statistics of εb are derived
from (7.32) and from the statistics of x̄. An example of borehole data and the resulting error
model is given in Fig. 7.5. It is to be noted that the actual errors are 1-2 orders of magnitude
larger than the (laboratory) measurement errors.
1
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depth, z2

0.8

1

1.2

Figure 7.5: Borehole data: small scale data which typically has small variances (black whiskers) and the
large scale representation (straight lines) and the projected standard deviations (red whiskers). Both the
small and the large scale have been represented in piecewise linear basis which is typical also for finite
element discretisation.

Now assume that we have a single (vector-valued) unknown x and two different types of measurements such as surface and borehole measurements. The assimilation of these measurements
(types) is similar to that describe in Section 7.3.1. We need to consider the joint probability distribution of all related random variables, marginalised over the uninteresting variables
(such as different noise terms) and derive the posterior model of the primary variable given all
measurements.
For example, let the measurement noise of the surface measurements e ∼ N (0, Γe ) to be mutually
independent with the unknown parameter x so that we have two linear models
y = Ax + e.
We can then marginalise over e and εb , and obtain
π(x ∣ y, yb ) ∝ πe (y − Ax)πεb ∣x (yb − Bx ∣ x)π(x).
Assuming a normal prior model, we can express the MAP estimate (which coincides with the
conditional mean estimate in this case) as the minimiser of the posterior potential
Ψ(x ∣ y, yb ) = ∥Le (y − Ax)∥2 + ∥Lεb ∣ x (yb − Bx + Γεb x Γ−1
x (x − µx ))∥2 + ∥Lx (x − µx )∥2 ,
where

(7.33)

Γεb ∣ x = Γεb − Γεb x Γ−1
x Γxεb

T
is the conditional covariance of εb given x and Γ−1
εb ∣ x = Lεb ∣ x Lεb ∣ x . In the following, we omit ∣ x
in the subscript εb ∣ x and acknowledge that the errors εb are (possibly highly) correlated with
x. Despite the apparent complexity of (7.33), Ψ(x ∣ y, yb ) is a quadratic function of x and its
minimiser has the following analytical solution
T −1
−1 −1
T −1
T −1
−1
x̂ = (AT Γ−1
e A + B̃ Γεb B̃ + Γx ) (A Γe y + B̃ Γεb (y − µ̃εb ) + Γx µx ) ,
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−1
where B̃ = B + Γεb x Γ−1
x and µ̃εb = µεb + Γεb x Γx µx . Furthermore, the posterior covariance can
be computed as,
T −1
−1 −1
Γx ∣ y,yb = (AT Γ−1
e A + B̃ Γεb B̃ + Γx ) .

Further measurements with different forward and likelihood models are, in principle, straightforward to add to the overall posterior model. In the linear case with Gaussian error and prior
models, it is also possible to predict by how much the posterior uncertainty in the unknowns will
be reduced by a new set of measurements before carrying out the measurements. In the above,
we stated the resulting forms for the linear forward model only, the corresponding non-linear
problems are handled with the Laplace approximation that was described above in Section 4.8.2.

7.4

Discussion

In this chapter, we considered the gravity and magnetostatic inverse problem for a heterogeneous
(multi scale) two dimensional medium and used a coarser discretisation for the inversion than
the one used in the numerical simulation. In this scenario, the small scale component of the
actual physical parameter is unrecoverable. However, we are only interested in the large scale
component of the parameters.
We adopted the Bayesian approximation error (BAE) approach to model the error due to discretisation and also due to ignoring the small scale component in the unknown (changes in
physical parameters). The BAE approach models the statistics of the difference of the model
predictions using an accurate and an approximate forward mapping. This difference, called the
approximation error, appears in the observation model as an additive term that is correlated
with the unknown. By carrying out a normal approximation to the joint distribution of the
primary unknown and the approximation errors, this term can be marginalised analytically.
This procedure yields a computationally efficient estimator that has the same or similar computational complexity as the standard error model and, for example, a deterministic Tikhonov
regularisation.
The computational results of our example suggest that the gravity inverse problem is more tolerant to (large) modelling errors compared to the magnetic inverse problem. Most importantly,
this approach leads to better estimates and feasibility, that is, the actual target typically lies
within a 90% posterior uncertainty intervals.
To further increase the reconstruction quality of the (physical) parameters, we gave the theoretical framework for the joint inversion of surface measurements as well as the assimilation of
borehole measurements. The joint inversion we propose includes approximation error and can
be applied to different settings of geophysical data and multiple parameters containing complementary information about the subsurface. In the next chapter, we use the BAE approach to
jointly invert surface gravity, surface magnetic and petrophysical data.
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8

Application to joint inversion of gravity and magnetic data

In Section 7.3 we considered a general Bayesian approach to invert different data sets to obtain joint estimates on various physical properties characterizing the subsurface (primary variables). The approach considered the joint probability density of all related random variables
marginalised over the uninteresting variables, such as modelling and measurement error terms,
and then, derived the overall posterior model of the primary variables given all the measurements.
It is known that gravity and magnetic data contain common or complementary information
about the subsurface [10], and their joint inversion have been described by several authors
[122, 123, 47, 124]. However, the joint inversion of these data sets under the presence of modelling
errors, has not been considered. In this chapter, we apply the proposed approach to the joint
inversion of gravity and magnetic data calculated from the heterogeneous (multi-scale) medium
in Section 3.4. Furthermore, we show that additional petrophysical (borehole) measurement,
with its own forward and likelihood models, can be straightforwardly incorporated to the overall
posterior model.

8.1

Numerical example revisited: heterogeneous model

Consider the joint estimation of the density and magnetic susceptibility contrasts from gravity
and magnetic synthetic measurements. The measurements are computed from the heterogeneous
model given in Section 3.4. This model is multi-scaled, having characteristics on both a small
and large scale. However, we are interested in estimating only the large scale component of the
model.
Forward Modelling
Considering the large scale representation of the parameters ∆ρ and ∆χ,
n

∆ρ

= ∑ xk ϕk (r),
k=1

n

∆χ

= ∑ zk ϕk (r).
k=1
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In Sections 7.2.1 and 7.2.2, we wrote the relationship between the data and the parameters as
gz = Ax + eg + εg ,

(8.1)

BT = F (z) + eB + εB

(8.2)

where A and F are approximate forward mappings; eg , eB are measurement errors, and εg , εB
are modelling errors. Recall also that we marginalised over the error terms and derived the
posterior model of each variable independently given the corresponding data set. The posterior
distribution of x given gz is approximated as Gaussian
x ∣ gz ∼ N (x̂gz , Γx ∣ gz ).

(8.3)

where x̂gz is simultaneously the conditional mean and the maximum a posteriori MAP estimate.
Since, we will be adding further measurements, and the MAP estimate x̂ will be updated, in
the sequel, we use the notation x̂gz to denotes the MAP estimate computed from gz and so on.
We also assumed that the magnetic forward mapping can be linearised around the MAP estimate
ẑBT so that,
z ∣ B˜T ∼ N (ẑBT , Γz ∣ B˜T )
(8.4)
where B̃T = BT − F (ẑ) + Jẑ ẑ.
Joint likelihood function
The derivation of the joint likelihood with approximation errors is similar to the derivation in
Section 7.3.1. The resulting joint likelihood can be written in the form
1
π(gz , BT ∣x, z) ∝ exp (− Ψgz ,BT (x, z))
2

(8.5)

where Ψgz ,BT (x, z) is the likelihood potential
2

Ψgz ,BT (x, z) = ∥(

gz − A(x) − µνg ∣x,z
L11 L12
)(
)∥
0 L22
BT − F (z) − µνB ∣x,z
2

(8.6)

and
LT
11 L11 = Q11
L12 = L−T
11 Q12
T
LT
22 L22 = Q22 − L12 L12

where
(

Γνg νg ∣x,z Γνg νB ∣x,z
)
ΓνB νg ∣x,z ΓνB νB ∣x,z

−1

are computed from samples similarly to Section 7.3.
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=(

Q11 Q12
)
Q21 Q22

(8.7)

8.1. NUMERICAL EXAMPLE REVISITED: HETEROGENEOUS MODEL
Computing the approximation errors
To compute the statistics of the approximation errors, we start by defining an accurate representation of the unknowns. Let such representation be denoted by x̄ and z̄. We assume again
that such representation can be written as
x̄ = x̄L + x̄S

and

z̄ = z̄L + z̄S ,

where the subscripts L and S stand for large and small scale respectively. Next we consider that
π(x̄L , z̄L ) = N (0, ΓL ) and similarly π(x̄S , z̄S ) = N (0, ΓS ) with
ΓL = (

Γx̄L x̄L
Γz̄L x̄L

Γx̄L z̄L
)
Γz̄L z̄L

and

ΓS = (

Γx̄S x̄S
Γz̄S x̄S

Γx̄S z̄S
).
Γz̄S z̄S

For the construction of the marginal covariances Γx̄L x̄L , Γz̄L z̄L , Γx̄S x̄S and Γz̄S z̄S we use the same
properties (smoothness, spatial correlation length, etc.) that we have used in the construction
of the approximation error of each geophysical measurement. These properties were given in
Tables 4.2 and 4.3. This time we also need to specified the cross covariance matrices Γx̄L z̄L and
Γz̄L x̄L . The construction of these matrices is based on a combination of the spatial correlation
of each parameter and also on the correlation between the parameters at individual locations or
regions, see Chapter 6.
The resulting joint model

π(x̄, z̄) = N (0, ΓL + ΓS )

(8.8)

can then be used to draw joint samples of x̄ and z̄ , and subsequently to compute samples
of the approximated representation of the parameters by setting x(`) = P x̄(`) and z (`) = P z̄ (`) ,
where P is a projection operator between the accurate and approximate representation. For
(`)
instance, three draws of x̄L and their projections are displayed in Fig. 8.1. Samples of the
approximation errors are then given by
(`)

(`)

= Ā(x̄(`) ) − A(x(`) )
ε(`)
g

(8.9a)

εB = F̄ (z̄ (`) ) − F (z (`) ),

(8.9b)

(`)

and from those we compute the joint conditional mean µν∣x,z and covariance Γν∣x,z in a similar
way to that described in Section 7.3.
Prior
As for π(x, z) we use a Gaussian prior
1
π(x, z) ∝ exp (− Ψpr (x, z)) ,
2

(8.10)

where the prior potential Ψpr (x, z) is written in the form, see Section 6.3,
2

Ψpr (x, z) = ∥(

D−1 Lx −D−1 CLz
x − µx
)(
)∥ ,
0
Lz
z − µz

(8.11)

T
−1
T
T
T
where Γ−1
x = Lx Lx , Γz = Lz Lz and DD = I − CC with C a diagonal matrix whose elements
give an indication of the correlation coefficient % at individual locations, see Chapter 6. In our
example we take % = 0.9 at all locations.
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(a)

(b)

Figure 8.1: (a) Three draws of x̄ from joint prior π(x̄, z̄) = N (µ̄, Γ̄) and (b) their projection in the coarse

mesh. The assumption here is that we have geological information that suggest a stratified (layered)
underground tilted by θ = 50○ . Although in this example we assume that we actually know the direction
of the strata, θ, we are aware that, in general, we can assume that the joint prior can be justified to
be of the form π(x̄, z̄ ∣ θ) = N (µ̄, Γ̄(θ)) where θ is an auxiliary unknown variable. This type of model
uncertainties can be modelled via hypermodels or hierarchical models, see for example [43].
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Posterior
The posterior model results from combining the likelihood function (8.5) and prior model (8.10).
1
π(x, z∣gz , BT ) ∝ exp (− (Ψgz ,BT (x, z) + Ψpr (x, z))) .
2
The MAP estimate is found by seeking the minimiser of the following functional
(

x̂
)
ẑ g

z ,BT

1
= arg min − (Ψgz ,BT (x, z) + Ψpr (x, z)) .
x,z
2

(8.12)

We first look at the standard error model, that is, we look at the case where only measurement
errors eg and eB are considered. In this case, the MAP estimate (8.12) simplifies to

(

x̂
)
ẑ g

z ,BT

1
2
= arg min − (∥Lgz (gz − Ax − µeg )∥2 + ∥LBT (BT − F (z) − µeB )∥22 + Ψpr (x, z)) . (8.13)
x,z
2

We solved (8.12) using the Gauss Newton method. An straightforward way to approximate the
posterior covariance is to linearised again the magnetic mapping F (z) directly by its first order
Taylor series at the MAP estimate z = ẑ
BT ≈ F (ẑ) + Jẑ (z − ẑ),
where Jẑ denotes the Jacobian matrix computed at z = ẑ. Then, we write the local lineal
approximation as
B̃T ≈ Jẑ z + eB + εB ,
where B̃T = BT − F (ẑ) + Jẑ ẑ. After the linear approximation, the variables x, z, gz and B̃T are
jointly Gaussian variables and their joint covariance is of form

Γx,z,gz ,B˜T

Thus, for example,

⎛
⎜
≈⎜
⎜
⎜
⎝

Γxx
Γzx
Γgz x
ΓB˜T x

Γxz
Γzz
Γgz z
ΓB˜T z

Γxgz
Γzgz
Γgz gz
ΓB˜T gz

ΓxB˜T
Γz B˜T
Γgz B˜T
ΓB˜T B˜T

⎞
⎟
⎟
⎟
⎟
⎠

(8.14)

x ∣ gz , BT ∼ N (x̂gz ,BT , Γgz ,BT )

where
Γx∣gz ,BT ≈ Γxx − Γxx ( Γxgz

ΓxB˜T

Γg g
)( z z
ΓB˜T gz

Γgz B˜T
)
ΓB˜T B˜T

(8.15)
−1

(

Γgz x
) Γxx .
ΓB˜T x

(8.16)

The block components in (8.14) are as follows
Γxgz = Γxx AT
Γzgz = Γzx AT
ΓxB˜T = Γxz JFT

(8.17)

Γz B˜T = Γzz JFT
Γgz gz = AΓxx AT + Γeg eg
ΓB˜T B˜T = JF Γzz JFT + ΓeB eB
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Figure 8.2 shows the the MAP estimates ∆ρ̂ and ∆χ̂ using the standard error model in (8.13).
Also shown are cross sections along dotted lines with 90% approximate posterior uncertainty
intervals computed from (8.16) with (8.17).

(a)

(b)

(c)

(d)

Figure 8.2: Joint reconstructions using the standard error model. (a)-(c) MAP estimates ∆ρ̂ and ∆χ̂
respectively. The actual shape of the anomalies is outlined by the ellipses. (b)-(d) Cross sections along
dotted lines with 90% uncertainty intervals respectively. Here the red line indicates the actual model.
The reconstructed MAP estimate for the density Fig. 8.2a shows the two stratified features.
While the amplitudes of the features are similar to the amplitudes of the actual anomalies,
their shape is not correctly estimated. Also note that, at the depth of the cross section, the
uncertainty intervals are narrow and do not contain the actual value, see Fig. 8.2b. The situation
worsens for the reconstruction of ∆χ. Also here we recover the two sources, but their amplitudes
are further from the actual value, see Fig. 8.2c. Furthermore, the reconstruction of ∆χ is not
feasible at almost all points, Fig. 8.2d.
Compared to their respective individual inversions using also the standard model, it is noted
that the individual gravity inversion provides a more accurate estimate of ∆ρ (see Fig. 4.6e).
The reason is clear as the joint inversion adds the modelling errors (not accounted for in the
standard error model) of the magnetic data to the gravity data. Conversely, the joint estimate
of ∆χ is better than the individual estimate (see Fig. 4.6e). Recall that the individual estimate
fail to even identify clearly two anomalies while the joint inversion recovers the anomalies at the
right location even though not accurately.
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We now look at the full error model where both the measurement and modelling errors are
consider. In this case, the MAP estimate in (8.12) is computed using the coupled likelihood
potential (8.5). The local approximation of the posterior covariance can again be computed
from the joint covariance in (8.14), but this time the block components are as follows:

Γxgz = Γxx AT + Γxεg
Γzgz = Γzx AT + Γzεg
ΓxB˜T = Γxz JFT + ΓxεB
Γz B˜T = Γzz JFT + ΓzεB

(8.18)

Γgz gz = AΓxx AT + AΓxεg + Γεg x AT + Γeg eg + Γεg εg
ΓB˜T B˜T = JF Γzz JFT + JF ΓzεB + ΓεB z JFT + ΓeB eB + ΓεB εB

(a)

(b)

(c)

(d)

Figure 8.3: Joint reconstructions using the full error model. (a)-(c) MAP estimates ∆ρ̂ and ∆χ̂ respectively. The actual shape of the anomalies are outlined by the ellipses. (b)-(d) cross sections along dotted
lines with 90% posterior uncertainty intervals respectively. Here the red line indicates the actual model.

The joint reconstruction of ∆ρ and ∆χ using the full error model are shown in Fig. 8.3. The
MAP estimates ∆ρ̂ and ∆χ̂ are in good agreement with the actual models in terms of amplitude
and orientation of the sources, see Figs. 8.3a and 8.3c. However, the extent of the sources is
overestimated due to the lack of depth sensitivity of both data sets. This means that at depth
the posterior uncertainty is dictated by the prior uncertainty. Looking at the cross sections we
notice that both estimates are largely feasible at that depth, see Figs. 8.3b and 8.3d. Compared
to the individual inversions using the full error model in Section 7.2.1, the posterior uncertainty
intervals are narrower. The joint reconstruction of ∆ρ and ∆χ using the enhanced error model are
not shown but we report that again the estimates posses larger variance and that the posterior
mean is pulled towards the prior mean.
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8.1.1

Adding borehole measurements

In the previous section, we jointly estimated ∆ρ and ∆χ (through its coefficients x and z respectively) given gravity and magnetic data. In this section, we add borehole measurements. The
assimilation of borehole (petrophysical) measurements is straightforward. Let yb be the data of
two boreholes. Fig. 8.4 shows the location of two boreholes and the data points.

(b)
(a)

Figure 8.4: (a) True ∆ρ and the locations of the boreholes. (b) borehole data (black) and coarse scale
projection (red).

Recall that in Section 7.3.2 we wrote the borehole observation model as
yb = Kx + eb + εb

(8.19)

where K is a measurement operator, eb are measurement errors and εb are modelling errors.
Assuming that eg , eB and eb are mutually independent, the prior potential (8.11) stays the same
but the likelihood potential (8.6) is updated as
2
X
X
X
X
X
⎛ L11 L12 L13 ⎞ ⎛ gz − Ax − µνg ∣x,z
⎞X
X
X
X
X
X
X
⎜ 0
L22 L23 ⎟ ⎜ BT − F (z) − µνB ∣x,z ⎟X
Ψgz ,BT ,yb (x, z) = X
X
X
X
X
X
X
X
X
⎝
⎠
⎝
⎠
X
X
0
0
L
y
−
Kx
−
µ
X
X
33
b
νb ∣x,z
X
X2

(8.20)

where
LT
11 L11 = Q11
L12 = L−T
11 Q12
L13 = L−T
11 Q13
T
LT
22 L22 = Q22 − L12 L12
−T T
L23 = L−T
22 Q23 − L22 L12 L13
T
T
LT
33 L33 = Q33 − L13 L13 − L23 L23

and where
−1

⎛ Γνg νg ∣x,z Γνg νB ∣x,z Γνg νb ∣x,z ⎞
⎜ ΓνB νg ∣x,z ΓνB νB ∣x,z ΓνB νb ∣x,z ⎟
⎝ Γν ν ∣x,z Γν ν ∣x,z Γν ν ∣x,z ⎠
b g
b B
b b
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⎛ Q11 Q12 Q13 ⎞
= ⎜ Q21 Q22 Q23 ⎟ .
⎝ Q31 Q32 Q33 ⎠

(8.21)

8.1. NUMERICAL EXAMPLE REVISITED: HETEROGENEOUS MODEL
The updated MAP estimate is found by seeking the minimiser of the functional
(

x̂
)
ẑ g

z ,BT ,yb

1
= arg min − (Ψgz ,BT ,yb (x, z) + Ψpr (x, z)) .
x,z
2

(8.22)

Once we have found the minimiser of (8.22), we can write the linear approximation of the
magnetic forward mapping at the new MAP estimate, ẑgz ,BT ,yb . Then, all the variables x, z, gz , yb
are Gaussian, and
B̃T ≈ J (ẑgz ,BT ,yb ) z + eB + εB ,
is also Gaussian. Hence, the joint covariance is of the form

Γx,z,gz ,B˜T ,yb

⎛
Γx,z,gz ,B˜T
⎜
⎜
⎜
≈⎜
⎜
⎜
⎝ Γy x Γy z Γy gz
b
b
b

Γxyb
Γxyb
Γgz yb
ΓB˜T yb
Γyb yb

Γyb B˜T

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(8.23)

where Γx,z,gz ,B˜T is given in (8.16). Thus, for example, the marginal of x given gz, BT , yb is
x ∣ gz , BT , yb ∼ N (x̂gz ,BT ,yb , Γgz ,BT ,yb )

(8.24)

where
Γx∣gz ,BT ,yb ≈ Γxx − Γxx ( Γxgz

ΓxB˜T

Γxyb

⎛ Γgz gz
)⎜
⎜ ΓB˜T gz
⎝ Γyb gz

Γgz B˜T
ΓB˜T B˜T
Γyb B˜T

Γgz yb
ΓB˜T yb
Γyb yb

⎞
⎟
⎟
⎠

−1

⎛ Γgz x ⎞
⎜ ΓB˜T x ⎟ Γxx . (8.25)
⎝ Γy x ⎠
b

In Fig. 8.5, we show the the MAP estimates ∆ρ̂ and ∆χ̂ using the enhanced error model given the
gravity, magnetic and borehole data. We also show the cross sections along dotted lines with
90% approximate uncertainty intervals computed from (8.25). The actual model is generally
well contained within the uncertainty intervals and the MAP estimate pushed towards the prior
mean, see Figs. 8.5b and 8.5d.
In Fig. 8.6 we show the joint reconstruction given gravity, magnetic and borehole data using the
full error model. Compared to the results given gravity and magnetic data only, adding borehole
data improves the reconstruction near the surface, where it complements the information given
by the surface gravity and magnetic measurements. Note that the 90% uncertainty intervals
along the cross sections still generally contain the true large scale models. Also note that
posterior variance increases far away from where the boreholes intersect the cross section (at
-0.01 km and 0.21 km), see Figs. 8.6b and 8.6d. Nevertheless, deeper in the domain, where the
surface measurements have no sensitivity, the reconstruction is dictated only by the borehole
and structural prior information, see Figs. 8.6a and 8.6c.
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(a)

(c)

(b)

(d)

Figure 8.5: Reconstructions using the enhanced error model given gravity, magnetic and borehole (petrophysical) data. (a) MAP estimate ∆ρ̂ and (b) cross sections along dotted lines with 90% uncertainty
intervals using the standard error model. (c) MAP estimate ∆χ̂ and (d) cross sections along dotted lines
with 90% uncertainty intervals using the enhanced error model. The actual shape of the anomalies is
outlined by the ellipses, while the red line in the profile indicates the actual model.

(a)

(c)

(b)

(d)

Figure 8.6: Same as Fig. 8.5 but for the full error model.
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8.1.2

Marginal posterior analysis

How much a further measurement reduces the posterior uncertainty is a central tool when
deciding whether to carry out a further survey. For instance it may be of interest to know how
much the posterior uncertainty of the mass excess (or deficit) in a subregion R ⊂ Ω (see Fig. 8.7)
is reduced by gz , BT and yb separately and together.

Figure 8.7: Schematics showing a sub region R where we compute estimates of the mass excess.
We can compute the mass excess (or deficit) ∆m in R by
∆m

=∫

∆ρ(r)dr.

R

Replacing ∆ρ(r) by its representation we have that
n

∆m

= ∑ ∫ xk ϕk (r)dr = Φx ∈ R
k=1

R

where Φ is a row vector with entries Φk = ∫R ϕ(rk )dr. In previous sections we looked at the
(Laplace approximation at the MAP estimate) posterior density of (a) x given gravity, (b) x given
gravity and magnetics and (c) x given gravity, magnetics and borehole data. These posteriors
are (approximated as) Gaussian and given in equations (8.3), (8.15) and (8.24), respectively.
Therefore, the corresponding posterior densities of ∆m are given by

π(∆m ∣ gz ) ∼ N (∆m̂, σg2z )
π(∆m ∣ gz , BT ) ∼
π(∆m ∣ gz , BT , yb ) ∼

N (∆m̂, σg2z ,BT )
N (∆m̂, σg2z ,BT ,yb )

(8.26a)
(8.26b)
(8.26c)

where, for instance, µgz = Φ µx ∣ gz and σg2z = Φ Γx ∣ gz ΦT . These three marginal posteriors are
computed using the standard, enhanced and full error models and are shown in Fig. 8.8. The
actual value is ∆mtrue = 1.46 and is indicated by the dashed line. The purpose of these figures
is to see which measurements have reduced the posterior uncertainty in the parameters the
most. When adding (assimilating) magnetic measurements, the standard error model, which
ignores the modelling errors, leads to excessively optimistic results, that is, it underestimates
the uncertainty in ∆m; note that although π(∆m∣gz , BT ) is less spread out and has a larger
peak than π(∆m∣gz ), it does not contain the actual value, see Fig. 8.8a. On the other hand,
the enhanced error model overestimates the uncertainties, which is preferable, as long as the
actual value is feasible, see Fig. 8.8b. More accurate and precise results are given by the full
error model. Note that the main reduction in the posterior is given by the borehole data, see
Fig. 8.8c.
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Figure 8.8: Posterior model of the mass excess inside the region R (see Fig. 8.7) given the gravity data
only (green curve), gravity and magnetic data (blue curve) and gravity, magnetic and borehole data (red
curve). (a) standard error model (b) enhance error model (c) full error model.

It is also possible to look at the posterior marginal densities of ∆m given the gravity data only
and borehole data only. These densities would indicate that in this particular region, carrying
out a gravity survey would not reduce the uncertainty significantly if the borehole measurement
had already been carried out. The situation would be reversed if the region was far from the
borehole. However, such deductions should not be generalised qualitatively: the mathematical
structure of the overall model is rather complex and every analysis of how much information
a specific survey carries, should be carried out computationally. The good news is that the
additional reduction in the posterior uncertainty can be computed exactly (linear case) or at
least approximately before any measurement is carried out
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8.2

Discussion

In this chapter, we carried out the joint inversion of gravity and magnetic and petrophysical
data computed from an anisotropic multi-scale medium. The physical parameters of interest,
∆ρ and ∆χ, had features in both the large and small scale and were strongly correlated. The
borehole data possessed the information at depth and it could “see” the small scale features.
We adopted the Bayesian Approximation Error (BAE) approach to marginalise over small scale
effects and discretisation errors. The BAE approach models the statistics of the difference of the
model predictions using the accurate and an approximate forward model of each measurement
modality. These approximation errors appeared in the observation models as additive terms
that were correlated with the unknowns and therefore also with themselves. By carrying out
a normal approximation to the joint distribution of the primary unknown and approximation
errors, this joint term can be marginalised analytically. This procedure yielded a coupled joint
likelihood model, that is not simply the product of the data likelihood function for each of the
data components, as is typical in geophysical models.
As a prior, we used correlated Gaussian random field models based on statistical constitutive
models and Whittle-Matérn covariances. The computational results suggest that the proposed
approach can handle highly correlated approximation errors. Most importantly, the posterior
error estimates are found to be feasible in the sense that the ground truth typically lies within
90% posterior uncertainty intervals.
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9

Concluding remarks

There is increasing interest in geophysical exploration to adopt practices related to systematic
uncertainty quantification. These practices are necessary if any decisions are made based on
statistical risk analysis. The proper framework for such analysis is the Bayesian framework for
statistics. This framework has been widely adopted in geosciences such as seismology, hydrology, marine sciences and atmospheric physics over the last three decades. However, simplified
probabilistic models are often employed.
In this thesis, we used the Bayesian framework to show how different types of measurements
and associated models build up to provide a model for the posterior uncertainty of the variables
of interest. In the Bayesian framework, the word model refers to models for the physics of the
measurement phenomenon, measurement noises, numerical approximations, priors and so on;
that result in the posterior model which is a probabilistic model that can generate an unlimited
number of scenarios that are consistent with the underlying models and the measurements.
In particular, we focused on four different modelling problems. First, we considered the WhittleMatérn class of prior covariances for two random fields. The main challenge lies in how the crosscovariances of these random fields are modelled so that their joint covariance is positive definite.
We addressed this challenge by incorporating statistical constitutive models. The constitutive
models possess information on the statistical local relationship between two physical parameters.
This information determines some elements of the cross-covariance matrices. The main benefit
of such a construction is that it allows to correlate two random fields with different smoothness
properties. However, the strongest possible correlation is bounded by the smoothness properties
of the associated random fields.
Second, we apply the Bayesian Approximation Error (BAE) approach to the inversion of geophysical potential field data. As model problems, we considered the gravity and magnetic
forward problems. By using this approach, we were able to approximately marginalise over
discretisation and small scale effect errors. To our knowledge, this was the first time such
modelling errors were included in the inversion of potential field data. Anticipating large scale
representations, we mainly considered either inherently normal models or Laplace approximations. We showed that this approach provides a more accurate and statistically feasible posterior
uncertainty than using the standard error model with approximate forward models.
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Third, we extended the BAE approach for the case different measurement modalities and multiple spatially distributed parameters. All modalities with different forward models are likely
to have measurements uncertainties independent of the unknowns, thereby the joint likelihood
can be written as the product of the data likelihood functions for each modality (with accurate forward models). We showed, however, that in the presence of any modelling errors, this
is not the case. Approximative forward models and uncertainties induce error terms that are
not mutually independent with the primary unknowns, and since these are (assumed) spatially
correlated, then the modelling errors are also jointly correlated.
Ultimately, geophysical computational models are inherently large dimensional and with limited
computational resources, one is forced to use (heavily) approximate forward models, which used
with standard error models, lead to possible misleading estimates. The methods we proposed
in this thesis facilitates the use of such approximate models and still obtain feasible estimates.
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A

Analytical tools

A.1

Vector Space

A vector space is is a non empty set E with two operations:
a mapping (x, y) ↦ x + y from E × E into E called addition
a mapping (λ, x) ↦ λx from R × E into E called multiplication by scalars,
such that the following conditions are satisfied:
(a) x + y = y + x;
(b) (x + y) + z = x + (y + z);
(c) For every x, y ∈ E there exist z ∈ E such that x + z = y;
(d) α(βx) = (αβ)x;
(e) (α + β)x = αx + βx;
(f) α(x + y) = αx + αy;
(g) 1x = x;
Elements of E are called vectors.
Subspaces. A subset E1 of a vector space E is called a vector subspace (or simply a subspace)
if for every α, β ∈ R and x, y ∈ E1 the vector αx + βy is in E1 .
Note that a subspace is a vector space of itself. According to the definition, a vector space is a
subspace of itself. If we want to exclude that case, we say a proper subspace, that is, E1 is a
proper subspace of E os E1 is a subspace of E and E1 ≠ E.
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Linear combination. Let x1 , . . . , xk be elements of a vector space E. A vector x ∈ E is called
a linear combination of vectors x1 , . . . , xk if there exist scalars α1 , . . . αk such that
x = α1 x1 + . . . αk xk
For example, any element of RN is a linear combination of vectors
e1 = (1, 0, 0 . . . , 0), e2 = (0, 1, 0 . . . , 0), . . . , eN = (0, 0, . . . , 0, 1)
Similarly, any polynomial of degree k is a linear combination of monomials
1, x, x2 , . . . , xk
Linear independence. A finite collection of vectors {x1 , . . . , xk } is called linearly independent
if α1 x1 + ⋅ ⋅ ⋅ + αk xk = 0 implies α1 = α2 = ⋅ ⋅ ⋅ = αk = 0. An infinite collection of vectors V is called
linearly independent if every finite sub-collection of V is linearly independent. A collection of
vectors which is not linearly independent is called linearly dependent.
Let V be a subset of a vector space E. By span V we denote the set of all finite linear combination
of vectors from V, that is,
span V = α1 x1 . . . αk xk ∶ x1 , . . . xk ∈ V, α1 , . . . , αk ∈ R, k = 1, 2, . . .
The span V is a vector subspace of E. This subspace is called the space spanned by calV . It is
the smallest vector subspace of E containing V.
Basis.
B = E.

A set of vectors B ∈ E is called a basis of E is B is linearly independent and span

If there exist a finite cases in E, then E is called finite dimensional vector space. Otherwise we
say that E is infinite dimensional. It can be proven that, for a given vector space E, the number
of vectors in any basis of E is the same. If, for example, E has a basis that consists of exactly
n vectors, then any other basis has exactly n vectors. In such a case n is called the dimension
of E and we write dimE = n.
Norm. A function x ↦ ∥x∥ from a vector space E into R is called a norm id it satisfies the
following conditions:
(a) ∥x∥ = 0 if and only if x = 0;
(b) ∥λx∥ = ∣λ∣ ∥x∥ for every x ∈ E and λ ∈ R;
(c) ∥x + y∥ ≤ ∥x∥ + ∥y∥ for every x, y ∈ E.
Condition (c) is usually called the triangle inequality. Since
0 = ∥0∥ = ∥x − x∥ ≤ ∥x∥ + ∥−x∥ = 2 ∥x∥ ,
we have ∥x∥ ≥ 0 for every x ∈ E
For example, the function defined by
√
∥x∥ = x21 + ⋯ + x2N

for

x = (x1 , . . . , xN ) ∈ RN ,

is a norm in RN . This is often called the Euclidean norm. The following are also norms in RN :
∥x∥ = ∣x1 ∣ + ⋯ + ∣xN ∣,
∥x∥ = max{∣x1 ∣ + ⋅ ⋅ ⋅ + ∣xN ∣.
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A.2

Normed Spaces

A vector space with a norm is called a normed space. It is possible to define different norms on
the same vector space. Therefore, to define a normed space we need to specify both the vector
space and the norm. We can say that the norm space is a pair (E, ∥⋅∥), where E is a vector space
and ∥⋅∥ is a norm defined of E. Some vector spaces are traditionally equipped with standard
norms. For instance, when we say “the normed space RN ” we mean the norm
∥x∥ =

√

x21 + ⋯ + x2N .

Open and Closed Sets. A subset S of a normed space E is called open if for every x ∈ S
there exist ε > 0 such that {y ∈ S ∶ ∥y − x∥ < ε} ⊆ S. A subset S is called closed is its complement
is open, that is, if E/S is open.
Closure. Let S be a subset of a normed space E. By the closure of S, denoted by clS, we
mean the intersection of all closed sets containing S.
Dense Subsets. A subset S of a normed space E is called dense in E if clS = E
Linear mappings.
A mapping A ∶ E1 → E2 is called linear mapping if L(αx + βy) =
αA(x) + βA(y). for all x, y ∈ E1 and all scalars α, β
The domain of A will be denoted by D(A). The set A(D(L)) is called the range of A and
denoted by R(A), that is,
R(A) = {y ∈ E2 ∶ A(x) = y for some x ∈ D(A)}
By the null space of A, denoted by N (A), we mean the set of all vectors x ∈ D(A) such that
A(x) = 0.
Convergence. Let (E, ∥⋅∥) be a normed space. We say that a sequence (xn ) os elements of
E converges to some x ∈ E is for every ε > 0 there exist a number M such that for every n ≥ M
we have ∥xn − x∥ < ε. In such a case we write limn→∞ xn = x or simply xn → x.
Cauchy Sequence. A sequence of vectors (xn ) in a normed space is called a Cauchy sequence
if for every ε > 0 there exists a number M such that ∥xm − xn ∥ < ε for all m, n > M .
Banach space. A normed space E is called complete if every Cauchy sequence in E converges
to an element of E. A complete normed space is called a Banach space.
Completion of Normed Spaces. Let (E, ∥⋅∥) be a normed space. A norm space (Ẽ, ∥⋅∥1 ) is
called a completion of (E, ∥⋅∥) if
(a) There exist a one-to-one linear mapping Φ ∶ E → Ẽ,
(b) ∥x∥ = ∥Φ(x)∥1 for every x ∈ E,
(c) Φ(E) is dense in Ẽ
(d) Ẽ is complete
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A.3

Hilbert Spaces

Hilbert spaces, H, are (complete) normed spaces, where the norm is defined through the inner
product
∥x∥ = ⟨x, x⟩x ∈ H
Th W norm is defined as

∥x∥W = ⟨x, W x⟩1/2 ,

where W is positive semidefinite linear operator. The linear operator T ∶ H → R be a bounded
linear functional, where H is a Hilbert space. Then, by the Riesz lemma there exist a unique
vector y ∈ H such that
T (x) = ⟨x, y⟩
for all x ∈ H. Further, ∥T ∥ = ∥y∥ and the vector y is called the representer of the linear operator.
Another important concept is orthogonality; two elements x and y are orthogonal if ⟨x, y⟩ = 0.
For a given set of vector V, there is another set called the orthogonal complement V ⊥ , such that
if x ∈ V and y ∈ V ⊥ space.
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Random Variables

B.1

Univariate random variables

In this thesis, we (mostly) consider continuous random variables (RV) x, that is, random variables that get values on the real line. Furthermore, we assume that the RV’s can be equipped
with a probability density function π(x) and we write x ∼ π(x). In an experiment (outcome),
the probability that the random variable x gets a value between a and b is then
P(x ∈ (a, b)) = ∫

a

b

π(x) dx ,

see Fig. B.1. For two different values x1 and x2 , if π(x1 ) > π(x2 ), it is more likely that an
outcome is “near” x1 than near x2 . The probability that x = x1 or x = x2 exactly is, however,
zero.
2

π(x)
1

0
0

0.5

1

1.5

2

Figure B.1: The probability density function π(x) of a random variable x.
The mean µ of a random variable X is defined as
µ = E(x) = ∫

∞

xπ(x) dx
−∞
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and it gives the “center of gravity” of the probability distribution. If a random variable needs
to be expressed with a single number only, the mean would usually be chosen.
The variance (second moment) σ 2 of a random variable x is defined as
σ 2 = E(x − µ)2 = ∫

∞
−∞

(x − µ)2 π(x) dx

√
The standard deviation is defined as σ 2 = σ. These are measures of how “wide” the probability
density is, or how much the outcomes of the experiment typically deviate from the mean.
In the context of parameter estimation, variance and standard deviation are indications of the
uncertainty of an outcome. For example, if the variance is very small, we know that the outcome
typically does not differ much from the mean. In other words, if we are interested in the value
of x, small variance is “good news”.
The (univariate) normal (Gaussian) density is of the form
π(x) = √

1
1
exp (− 2 (x − µ)2 )
2σ
2πσ

and we also use the notation x ∼ N (µ, σ 2 ). The standard deviation of x is σ, and it has the
same (physical) dimensions as x. Therefore, it makes sense to ask probabilities such as
P(x ∈ (µ − 2σ, µ + 2σ)) = ∫

µ+2σ

µ−2σ

π(x) dx

For example, for a normal random variable x ∼ N (µ, σ 2 ) we have
P(x ∈ (µ − σ, µ + σ)) ≈ 0.683
P(x ∈ (µ − 2σ, µ + 2σ)) ≈ 0.955
P(x ∈ (µ − 3σ, µ + 3σ)) ≈ 0.997

B.2

Multivariate Gaussian random variables

While the probability density of a single random variable specifies how probable different values
are, the joint density specifies how probable different combinations of random variables are. The
central concept in parameter estimation is the conditional density which specifies how probable
certain combinations of unknowns are when other random variables are given (measured).
Let us first consider a single vector-valued variable x. For example, below, we will let the elements
of x denote the values of the (physical) density at different locations underground. The joint
probability density π(x) is now a function of several variables and it describes how probable
it is that the elements of x assume different values. For example, if x has two components
x = (x1 , x2 ), we could write
P(1 < x1 ≤ 3, 2 < x2 ≤ 4) = ∫

1

3

∫

4
2

π(x1 , x2 ) dx2 dx1

The mean µ is now a vector and the variance turns into a covariance matrix Γ
⎛ µ1 ⎞
E(x) = µ = ⎜ ⋮ ⎟ ,
⎝ µN ⎠
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⋱
⋮ ⎟
Γ=⎜ ⋮
⎝ ΓN 1 . . . ΓN N ⎠

B.2. MULTIVARIATE GAUSSIAN RANDOM VARIABLES
The multivariate normal density is defined as
π(x) =

1
(2π)N /2 ∣Γ∣1/2

1
exp (− (x − µ)T Γ−1 (x − µ))
2

where ∣Γ∣ and Γ−1 denote the determinant and the inverse of the matrix, respectively. Although
the form of the probability density of the multivariate normal distribution looks complicated, it
has properties that make it the easiest distribution to work with.
3
π(x2 )

2

π(x1 , x2 )

x2

1
0
-1
-2

π(x1 )

-3
-3

-2

-1

0

1

2

3

x1

Figure B.2: The contour plot of a bivariate normal distribution: the ellipses represent the
(x1 , x2 ) combinations for which π(x1 , x2 ) = constant. The mean is located at the centre of the
ellipses and the covariance Γ is such that when x1 gets larger, x2 is highly likely to get larger
too. The marginal densities π(x1 ) and π(x2 ) are also shown. Combinations of (x1 , x2 ) that are
within the ellipses are likely combinations while those outside are unlikely ones.
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Finite Element Method

Consider a partial differential equation of the form
−∇ ⋅ σ∇u = 0,

u∈Ω

(C.1)

In the finite element method the domain Ω is divided into a finite number, Ne , of non-overlapping
sub-domains called elements. In this thesis, we consider triangular elements as shown in
Fig. C.1.
5

∂Ω

6
4

14
15

16

Ω

3

13

9

7
10
11

12

2
8
1

Figure C.1: (a) The domain and the boundary contour. (b) A triangulation on Ω
Equation (C.1) can be formulated in a so-called weak, or integral form, so that the contributions
of each subdomain to the global integrals sum up to produce an integral characterizing the
problem over the whole domain. That is,
− ∫ ∇ ⋅ (v σ∇u)dr + ∫ σ∇u ⋅ ∇v dr = 0.
Ω

Ω

(C.2)

Applying Green’s theorem (C.2) becomes
−∫

∂Ω

v σ∇u ⋅ n̂ dr + ∫ σ∇u ⋅ ∇v dr = 0.
Ω

(C.3)
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The boundary flux is defined as q = σ∇u ⋅ n̂. Applying this definition in the first integral on the
right-hand side, and rearranging terms, (C.3) becomes
∫ σ∇u ⋅ ∇v dx = ∫ v s dx + ∮
Ω

Ω

∂Ω

v q d`.

(C.4)

Let us write
Nn

Nn

v(r) = ∑ vj φj (r),

u(r) = ∑ uj φj (r),

(C.5)

j=1

j=1

where φj (r) are piece-wise linear functions on the triangulation. That is, functions that are
linear on each triangle and globally continuous. The functions φi are the basis functions of the
discrete approximation space. In particular, if {ri ∣ i = 1, . . . , Nn } is the set of nodes in the FEM
mesh, the basis functions satisfy
φi (rj ) = δij .

(C.6)

The next claim is the following: it is enough to take v = φi . This choice is called Galerkin choice.
Inserting the expansion (C.5) in (C.4) results in
Nn

∑ ∫ σ∇φi ⋅ ∇φj dr = ∮

i=1

Ω

∂Ω

φj q d`,

(C.7)

where
Kij ≡ ∫ σ∇φi ⋅ ∇φj dx
Ω

(C.8)

is the stiffness matrix, and
bi ≡ ∮

∂Ω

φi q d`

(C.9)

is the boundary integral. Note that bi is non zero only if the ith nodes is a boundary node where
the Neumann condition is specified.
Finally, the system of ordinary differential equations C.7 reduces to the linear algebraic system
Ku=b

C.0.1

(C.10)

Dirichlet boundary conditions

Consider a Dirichlet boundary conditions specify that u = um at the mth global node, where
um is given. In the finite element implementation, after the Galerkin system has been compiled
for all nodes, the mth constituent equation is discarded and replaced by the Dirichlet boundary
condition, in four steps:
1. Replace all entries on the right-hand side, bj with bj − Kjm for i = 1, 2, . . . , Nn .
2. Set all the elements in the mth column and mth row of K equal to zero.
3. Set the diagonal element, Kmm equal to unity.
4. Replace the mth entry of the right-hand side, bm with um .
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C.0.2

The Neumann problem

The stiffness matrix K defined in (C.8) is singular, that is, the addition to an arbitrary constant
to the solutions makes another one. In other words, the null space of K is one dimensional and
is spanned by the vector of all ones. One approach to find a unique solution of (C.10) is to fix
an arbitrary point, say u = 0, at some point in Ω. Another approach is to imposed the following
constrain
∫ udr = 0
Ω

Nn

∑ ∫ ui φi (r)dr = 0

i=1

Ω

(C.11)

C u = 0.
Solving (C.10) subject to (C.11) is a constrain minimization problem. The solution u can be
found form the Lagrangian function
1
L(u, λ) = uT Ku − uT b + λC u.
2

(C.12)

It follows that
∂L
∂u
∂L
∂λ

= K u − b = 0,
= Cu = 0,

b
K CT u
][ ] = [ ]
λ
0
C 0
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶ ´¸¶ ´¸¶
A
θ
f
[

C.0.3

(C.13)

The Robin boundary condition

The Robin or mixed boundary condition, requires that the flux is related to the local function
value by the linear relation
∂u
a1 u + a2
= g,
on ∂Ω
(C.14)
∂n
This boundary condition can be implemented by replacing the flux term q in (C.7) with:
q ≡ σ∇u ⋅ n̂ = σ

∂u
g a1
= σ( − u)
∂n
a2 a2

(C.15)
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C.1

Assembly

The previous section left us with a linear system of equations. The next step is to compute the
integrals that appear in the stiffness matrix and in the right hand side of the system.

C.1.1

The reference element and the integrals

Consider the three vertices of a triangle element E
r1 = (x1 , y1 ),
The transformation

r2 = (x2 , y2 ),

r3 = (x3 , y3 ).

r = ψ1 (ξ, η)r1 + ψ2 (ξ, η)r2 + ψ3 (ξ, η)r3 ,

(C.16)

where
ψ1 (ξ, η) = 1 − η − ξ
ψ2 (ξ, η) = ξ
ψ3 (ξ, η) = η,
are interpolation function satisfying
ψi (ξj , ηj ) = δij

i, j = 1, 2, 3.

The transformation (C.16) maps the reference element Ê into E, see Fig. C.2.

η

r3

E

Ê
r1

ξ

0

r2

Figure C.2: The reference element Ê
To evaluate the gradient we apply the chain rule
∇=[

dx
(x − x1 ) (x3 − x1 ) dξ
]=[ 2
][ ]
dy
(y2 − y1 ) (y3 − y1 ) dη
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
JF

where JF is the Jacobian of the transformation. The integral of a function f (r) = f (x, y) can
then be written as
(C.17)
∫ f (r)dr = ∫ f (ξ, η)∣JF ∣dξdη
K

Ê

where ∣JF ∣ means the determinant of JF ,
and
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f (r) = ψ1 (ξ, η)f (r1 ) + ψ2 (ξ, η)f (r2 ) + ψ3 (ξ, η)f (r3 ),

(C.18)

dr = dxdy = ∣JF ∣dξdη

(C.19)

C.1. ASSEMBLY

C.1.2

The stiffness matrix

The stiffness matrix has elements
= ∫ σ∇φj ⋅ ∇φi dr

Dij

Ω

= ∑ ∫ σ∇φj ⋅ ∇φi dr
E

E

where integral over Ω were decomposed as the sum of integrals over the different triangles. Using
the integration formula (C.17), the kth element diffusion matrix is given by
Dij = ∫ σ∇φj ⋅ ∇φi dr = ∫ σ∇φj ⋅ ∇φi ∣JF ∣dξdη
(k)

E

Ê

(C.20)

from [125, p. 224] we can write
−(y3 − y2 )
∇φ1 = [
],
(x3 − x2 )

−(y1 − y3 )
∇φ2 = [
]
(x1 − x3 )

(C.21)

−(y2 − y1 )
∇φ3 = [
].
(x2 − x1 )
Replacing (C.21) in (C.20), the element diffusion matrix can be written as
D(k) = ∫ σ(JF−T L)T (JF−T L)∣JF ∣dξdη.
Ê

where
L=(

(C.22)

−1 1 0
).
−1 0 1

Under piece-wise constant basis for σ, (C.22) becomes
1
D(k) = σ(JF−T L)T (JFT L)∣JF ∣dξdη.
2

(C.23)

Similarly, under linear basis function for σ, (C.22) becomes
1
D(k) = (σ1 + σ2 + σ3 )(JF−T L)T (JFT L)∣JF ∣.
6

C.1.3

(C.24)

The right hand side

The surface integrals can be treated in a similar way to the stiffness matrix
∫

∂Ω

φi q d` = ∑ ∫ φi q d`
L

L

(C.25)

where L denotes the edge that lies on the boundary. Note that unless ri is on the boundary,
this integral vanishes. As we had for the triangular elements, there is a transformation
` = (1 − t)`1 + t`2

(C.26)

that maps the edge L on the boundary to the reference element [0, 1]. Then, the right hand
side integral in (C.25) can be computed as
∫ φi q d` = (`2 − `1 ) ∫
L

1
0

φi q dt.
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C.2

Computation of the Gradient

The function uh defined over an element can be expressed in the form
3

uh (x, y) = ∑ uE
i ψi (ξ, η).

(C.27)

i=1

Taking the gradient
3

u′h = ∇u(x, y) = ∑ uK
i ∇ψi (ξ, η)

(C.28)

i=1

The gradient u′h calculated from equation C.28 is in general discontinuous at nodal points and
has a lower accuracy there. To compute the gradient at nodal points, we use the derivative patch
recovery, see [76]. The derivative patch recovery approximates the derivative on an element patch
(set of elements) by
u′p = P α
(C.29)
where α is a set of unknown parameters and P is a polynomial of degree p on each element
patch. For two dimensions and linear expansion we have
P = [1, x, y]
The determination of the unknown parameter α of the expansion given in equation C.29 is made
by ensuring a least square fit of u′p to u′h in the patch considered. To do this the functional is
minimized
n

F (α) = ∑(u′h (xi , yi ) − u′p (xi , yi ))2

(C.30)

i=1
n

= ∑(u′h (xi , yi ) − P (xi , yi )α)2

(C.31)

i=1

where (xi , yi ) is a group of sampling points and n is the number of elements in the patch. The
minimization condition of F (α) implies that α satisfies
n

n

i=1

i=1

T
T
′
∑ P (xi , yi )P (xi , yi )α = ∑ P (xi , yi )uh (xi , yi ),

which can be solve in matrix form as
where

n

α = A−1 b

A = ∑ P T (xi , yi )P (xi , yi )

and b = P T (xi , yi )u′h (xi , yi ).

i=1

Once α is determined, u′p is simply calculated by replacing the nodal coordinates into the expansion (C.29).
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[99] Finn Lindgren, Håvard Rue, and Johan Lindström. An explicit link between Gaussian
fields and Gaussian Markov random fields: the stochastic partial differential equation
approach. Journal of the Royal Statistical Society: Series B (Statistical Methodology),
73(4):423–498, 2011.

112

BIBLIOGRAPHY
[100] Bernt Øksendal. Stochastic differential equations. In Stochastic differential equations,
pages 65–84. Springer, 2003.
[101] Lassi Roininen, Janne MJ Huttunen, and Sari Lasanen. Whittle-Matérn priors for Bayesian
statistical inversion with applications in electrical impedance tomography. Inverse Probl.
Imaging, 8(2):561, 2014.
[102] Jean Daunizeau. Semi-analytical approximations to statistical moments of sigmoid and
softmax mappings of normal variables. arXiv preprint arXiv:1703.00091, 2017.
[103] Haruko M Wainwright, Jinsong Chen, Douglas S Sassen, and Susan S Hubbard. Bayesian
hierarchical approach and geophysical data sets for estimation of reactive facies over plume
scales. Water Resources Research, 50(6):4564–4584, 2014.
[104] Marc G. Genton and William Kleiber. Cross-Covariance Functions for Multivariate Geostatistics. Statistical Science, 30(2):147–163, 2015.
[105] R. Nicholson, S. Guzman, O.J. Maclaren, M. Niskanen, L. Lee, and J.P. Kaipio. Prior
models for joint inverse problems. In preparation, 2019.
[106] Ying Sun, Bo Li, and Marc G Genton. Geostatistics for large datasets. In Advances and
challenges in space-time modelling of natural events, pages 55–77. Springer, 2012.
[107] T Tarvainen, V Kolehmainen, A Pulkkinen, M Vauhkonen, M Schweiger, S R Arridge,
and J P Kaipio. An approximation error approach for compensating for modelling errors
between the radiative transfer equation and the diffusion approximation in diffuse optical
tomography. Inverse Problems, 26(1):015005, 2010.
[108] Olli-Pekka Tossavainen, Julie Percelay, Mark Stacey, Jari P. Kaipio, and Alexandre Bayen.
State estimation and modeling error approach for 2-D shallow water equations and Lagrangian measurements. Water Resources Research, 47, OCT 13 2011.
[109] Ville Kolehmainen, Tanja Tarvainen, Simon R. Arridge, and Jari P. Kaipio. Marginalization of uninteresting distributed parameters in inverse problems-application to diffuse
optical tomography. International Journal for Uncertainty Quantification, 1(1):1–17, 2011.
[110] A. Nissinen, V. Kolehmainen, and J.P. Kaipio. Compensation of modelling errors due to
unknown domain boundary in electrical impedance tomography. IEEE T. Med. Imaging,
30(2):231–242, 2011.
[111] A. Nissinen, V. Kolehmainen, and J.P. Kaipio. Reconstruction of domain boundary and
conductivity in electrical impedance tomography using the approximation error approach.
Int. J. Uncertain. Quantification, 1(3):203–222, 2011.
[112] A. Lehikoinen, S. Finsterle, A. Voutilainen, L. M. Heikkinen, M. Vauhkonen, and J.P.
Kaipio. Approximation errors and truncation of computational domains with application
to geophysical tomography. Inverse Probl Imaging, 1:371–389, 2007.
[113] Tanja Tarvainen, Ville Kolehmainen, Jari P. Kaipio, and Simon R. Arridge. Corrections
to linear methods for diffuse optical tomography using approximation error modelling.
Biomed. Opt. Express, 1(1):209–222, Aug 2010.
[114] A Lehikoinen, J M J Huttunen, S Finsterle, M B Kowalsky, and J P Kaipio. Dynamic
inversion for hydrological process monitoring with electrical resistance tomography under
model uncertainties. Water Resources Research, 46(4), 2010.

113

BIBLIOGRAPHY
[115] Ruanui Nicholson. Approaches to Multiscale Inverse Problems. PhD thesis, University of
Auckland, 2016.
[116] Nathan Halko, Per-Gunnar Martinsson, and Joel A Tropp. Finding structure with randomness: Probabilistic algorithms for constructing approximate matrix decompositions.
SIAM review, 53(2):217–288, 2011.
[117] Owen Dillon. Probabilistic Approximations of Matrix Decompositions for Inverse Problems.
PhD thesis, University of Auckland, 2018.
[118] Ian Jolliffe. Principal component analysis. Springer, 2011.
[119] Gene H. Golub and Charles F. Van Loan. Matrix Computations (3rd Ed.). Johns Hopkins
University Press, Baltimore, MD, USA, 1996.
[120] Peter J Brockwell and Richard A Davis. Time Series: Theory and Methods. SpringerVerlag, Berlin, Heidelberg, 1986.
[121] S. Janson, P.M.S. Janson, B. Bollobas, W. Fulton, A. Katok, F. Kirwan, P. Sarnak,
and B. Simon. Gaussian Hilbert Spaces. Cambridge Tracts in Mathematics. Cambridge
University Press, 1997.
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