22 THE UNIVERSITY
OF AUCKLAND

LIBRARIES AND LEARNING SERVICES

http://researchspace.auckland.ac.nz

ResearchSpace@Auckland

Copyright Statement

The digital copy of this thesis is protected by the Copyright Act 1994 (New
Zealand).

This thesis may be consulted by you, provided you comply with the provisions of
the Act and the following conditions of use:

¢ Any use you make of these documents or images must be for research or
private study purposes only, and you may not make them available to any
other person.

¢ Authors control the copyright of their thesis. You will recognise the
author's right to be identified as the author of this thesis, and due
acknowledgement will be made to the author where appropriate.

¢ You will obtain the author's permission before publishing any material from
their thesis.

To request permissions please use the Feedback form on our webpage.
http://researchspace.auckland.ac.nz/feedback

General copyright and disclaimer

In addition to the above conditions, authors give their consent for the digital copy
of their work to be used subject to the conditions specified on the Library Thesis
Consent Form and Deposit Licence.



http://researchspace.auckland.ac.nz/
http://researchspace.auckland.ac.nz/feedback
http://researchspace.auckland.ac.nz/docs/uoa-docs/thesisconsent.pdf
http://researchspace.auckland.ac.nz/docs/uoa-docs/thesisconsent.pdf
http://researchspace.auckland.ac.nz/docs/uoa-docs/depositlicence.htm

Order Theory and Nonparametric Analysis
for Interval Censored Data

Alain C. Vandal

A thesis submitted in partial fulfulment of the requirements
for the degree of Doctor of Philosophy in Statistics,
The University of Auckland, 1998

©Alain C. Vandal 1998



Abstract

Interval censored data arises when individuals can be subjected to periodic inspection at random
moments, and their status (e.g. failed or functioning) is ascertained at each inspection. We exploit
the order theoretic properties of interval orders to develop a new language describing interval cen-
sored data. We propose a method by which the set of linear extensions of an interval order may be
partitioned into sets of linear extensions of weak orders, using so-called marked configurations of the
interval order. The technique relies heavily on the natural linear ordering of maximal antichains in
interval orders. We also propose a method whereby sets from this partition can be generated with
known probability so as to permit efficient cluster or staged sampling. These techniques, among
other uses, may be applied to generate sampling estimates of average rank score statistics for in-
terval censored data similar in construction to that proposed by Prentice (1978) for right-censored
data. In order to address the above problem we must determine all sets which form minimal covers
of maximal antichains for interval orders. Finding minimal covers generalizes the minimum clique
cover problem. We produce an algorithrﬁ enumerating all minimal covers using the minimal elements
of the interval order and also characterize maximal removable sets, which are the complements of
minimal covers We use this characterization to provide bounds on the maximum number of mini-
mal covers for an interval order with a given number of maximal antichains. Finally, we determine
nonparametric maximum likelihood estimators (NPMLE) of the cumulative distribution function
(CDF) on the set of maximal antichains M of the data rather than the real line, extending the rea-
soning of Peto (1973) and Turnbull (1976). We discuss some properties of self-consistent estimators
of the CDF in light of the structure of M. We show the identity between self-consistency augmented
by Kuhn-Tucker conditions and Fenchel duality, which characterize the NPMLE on M. We port
to M recently developed isotonic regression techniques to estimate the NPMLE. We correct some
misapprehensions which have gained currency in recent literature on interval censored data.
Keywords: interval censored data; survival analysis; interval order; nonparametric maximum likelihood;

maximal antichains; self-consistency; isotonic regression; linear extensions; order partition.
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Introduction

Both in medical research and in industry, the analysis of failure time data lies at the heart of
decisions of great importance. Unsurprisingly, statisticians and other practitioners in these fields
go to great lengths to avoid unwarranted assumptions about the data with which they work. Given
that frequentist models still hold great sway in scientific and technological fields, such efforts are
worthwhile practically as they leave conclusions to the data rather than to analytical convenience,
and foundationally as they avoid the informal mechanism of hidden assumptions which so often
underlies — and undermines — frequentist data analysis.

As aresult, nonparametric techniques are the most common techniques used in survival analysis.
Survival analysis concerns primarily CDF (or survival function) estimation, rank-based statistics
and hazard modelling. Data censoring often prevents the translation of conceptually simple survival
models into simple analysis techniques. Censoring causes information loss by replacing exact data
with intervals, bounded or not, known to contain the exact times of failure. Broadly speaking, it
is this type of censoring which we call “interval censoring”. Censored data generally represents
imperfect knowledge about the times at which events have occurred, and as such will be described
by intervals on the non-negative real half-line.

Different types of observed intervals may arise from different conditions on the observational
process. Medical follow-up is a typical process by which data may be interval censored: a patient
is monitored at preset periodic intervals for the development of a condition. The patient may miss
some visits. The resulting data consists only of a time interval during which the condition has
developed. If the patient has not developed the condition by the time of the last inspection, the
condition is presumed to develop in a time interval unbounded above and bounded below by the time
of the last inspection: this is the case of right-censoring. The patient may already have developed

the condition by the time of the first inspection, in which case the condition is presumed to have
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developed between some plausible origin zero (e.g. birth) and the time of the first inspection: this
is the case of left-censoring. Interval censored data includes as particular cases: exact data; right-
censored data, where data consists of exact observations and intervals unbounded above; current
status data, consisting of intervals either bounded below by zero or unbounded above; and doubly
censored data, consisting of either exact observations, intervals bounded. below by zero or intervals
unbounded above. There are of course many cases of interval censored data which belong to none
of these categories.

The loss of information caused by censoring prevents the use of plug-in estimators to perform
analysis on the data. Plug-in estimators are the natural nonparametric estimators for exact data.
What information is left in the observations by censoring must be coaxed, using different techniques,
to yield statistics somehow similar to plug-in estimators while introducing a minimal number of
assumptions.

We will show in this work that rank tests and nonparametric CDF estimation on interval censored
data can be performed on an important invariant of the data: the underlying interval order. An
interval order (Chapter 1, Definition 1.1) is a partially ordered set, members of which can be
identified with intervals on the real line of the form (l;,u;), with the order relation < given by
(Zi;us) < (lj,uj) whenever u; < l;. Interval orders already have a long history in the study of
scheduling and preference models, but we believe this work represents the first instance of interval
order theory being applied to the study of interval censored data.

Order theory arises as an important player in interval censored data analysis as a result of the
following question: what is left of the data after censoring? Nonparametric techniques on exact data
typically rely on the ordering of the data. Rank-based statistics are an obvious example, seeing as
they rely strictly on the ranks of the observations. Order is a less obvious but important invariant as
far as CDF estimation on exact data is concerned. To see this, note that we can separate the form
of an empirical distribution function from the actual location of its jumps on the real line. So long
as we know how many observations belong to each tie group and how these tie groups are ordered,
we can safely predict how high and in what order jumps must occur in the estimate; porting the
estimate to the real line is quite a separate activity. The information concerning the tie groups is

exactly the partial order structure of the data, in the sense explained in Chapter 1. In much the
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same way, ordering properties are fundamental for both rank-based tests and nonparametric CDF
estimation with interval censored data.

A general discussion of some fundamental assumptions of nonparametric statistical analysis for
censored data is perhaps in order. Rank-based statistics are conceptually simple and provide a good
illustration for this discussion. Let us assume initially that we are dealing with a two-sample setting
X ={z1,...,%n,} and Y = {y1,...,Yn,} With no two observations tied. We consider all pairs of
observations of the form (z,y), z € X, y € Y, and assign a score to each of them. For definiteness,
let us assume that we are dealing with the score U(z, y), which takes on the value 1if £ < y and -1
otherwise. We call these U(z,y)’s U-scores. Other scoring schemes are of course possible and well
documented; however the simple U-score will serve our expository purposes. The Wilcoxon statistic
is defined as the sum of the U-scores over all the pairs of observations as described above; under a
null hypothesis of identical distributions for samples X and Y, its distribution does not depend on
that of the data, and has an expected value of zero and a readily computable variance. It can be
used to test against appropriate alternatives, which typically involve the location of the underlying
unknown distributions. Lehmann (1975), Chapter 1, provides a survey of the Wilcoxon and related
tests. |

Ties in exact data may occur when the underlying distribution for failure times has atoms,
but can also be viewed as a simple case of censoring of observations from a continuous distribu-
tion, where limited precision makes discrimination between close measurements impossible. Such
precision-dependent censoring occurs within small intervals which overlap with one other only within
equivalence classes, each such class consisting in a set of tied observations. The Wilcoxon statistic
can be adapted for the case of exact data with ties by allowing U(z,y) = 0 if z = y. Generalizing
from this technique, Gehan (1965b) proposed a generalized Wilcoxon statistic for right-censored
data, almost immediately generalized further in Gehan (1965a) to deal with doubly censored data.
The rationale he implemented was that if two observations £ € X and y € Y overlap, then they are
incomparable and should be assigned a U-score of zero. Such overlap is opposed to comparability,
where two observations, censored or not, are known to be ordered in some definite way. Compara-
bility occurs when the intersection of the intervals or points which form the observation is empty.

We then have complete knowledge about the ordering of the event times. For the right-censored
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and doubly censored cases, Gehan (1965a,1965b) provided expressions for the expected value and
variance of his generalized Wilcoxon statistic and showed its asymptotic normality under certain
regularity conditions, conditionally on the observed pattern of censoring. The essential purpose
of these conditions is to allow randomized assignment of observations to one sample or the other
under the null hypothesis and the observed pattern of censoring, thus allowing the use of permu-
tation arguments to determine the null distribution of the statistic. Such permutation arguments
do not always hold, and in particular may be inapplicable when censoring patterns differ between
the samples (Mantel, 1967). The basic idea of assigning a non-zero score only to comparable pairs
of observations made the further generalization of the Wilcoxon statistic to interval censored data
rather straightforward. This task was completed by, among others, Schemper (1984,1991) and Abel
(1986).

Prentice (1978) approached rank tests for censored data from a different angle. Dealing with
righf-censored data, he considered all possible complete orderings of the data which are compatible
with the observations. Prentice’s basic assumption was that every rank vector compatible with-the
data has an equal probability of being the true rank vector of the data. Under this assumption, he
proposed a general linear rank statistic consisting of the unweighted average of a rank score statistic
(such as the Wilcoxon statistic) over the set of all rank vectors compatible with the data. Some
amenable features of right-censored data allowed Prentice to produce closed form expressions for
the expected value and variance of such statistics.

Gehan and his successors took the view of that incomparable observations can be ordered ar-
bitrarily and that no other information concerning that ordering is available. Hence, for instance,
an incomparable pair gets assigned a score of zero. We call this the pure incomparability assump-
tion. By contrast, Prentice posited that every linear ordering consistent with the data had an equal
chance of correctly representing the data’s true ordering. We call this assumption the underlying
order assumption. Both assumptions have merit as nonparametric foundations: simplicity of im-
plementation for pure incomparability, and ease of interpretation for underlying order. In the case
of exact data, with or without ties, the assumptions are in fact equivalent: a tied (incomparable)

group of observations will contribute an equal number of compatible rank vectors for each possible



Introduction 5

pairwise ordering of its members. In more complex censored cases, these assumptions cease to be
equivalent.

It is not our purpose in this work to critique or compare these assumptions in any definitive
way. This reticence is attributable to the absence of a generally applicable methodology based on
the underlying order assumption. Closed form expressions for expectation and variance of rank-
based statistics, for instance, are unavailable in the more general case of interval censored data.
Another problem exists in that the set of linear orderings compatible with the data gets very
large very quickly with the number of observations, making enumeration impracticable. Self &
Grossman (1986) pursued Prentice’s reasoning and proposed to produce sample estimates of rank
score statistics for interval censored data. Sample estimation requires, within this scheme, uniform
random generation of rank vectors from the population of rank vectors coinpatible with the data.
Though Self & Grossman (1986) proposed several algorithms to generate rank vectors uniformly,
their algorithms do not achieve uniformity.

Thus our first goal in this work will be to propose a general methodology to deal with statistics
on the set of linear orderings compatible with the data. From a combinatorial point of view, this
is a larger problem than that of finding sampling estimates for rank-based statistics. Our second
goal will be to uncover how current nonparametric estimation paradigms for censored data, namely
self-consistency and maximum likelihood, extend the view on the CDF plug-in estimator which we
described above.

In order to deal with both of these problems, we had to borrow terminology and tools from
order theory, a particular flavour of combinatorial mathematics. We not only avoided unnecessary
bushwhacking in doing so, but also rode on the crest of some striking mathematical constructions.
The aspects of order theory we refer to in this work have been grouped in § 1 of Chapter 1. The
notion of partial order is basic to our investigation; in particular, interval orders will serve to abstract
interval censored data from the real line and identify important properties which are independent
of their real representation. Linear extensions (§ 1.2) and maximal antichains (§ 1.3) and their
structures are the first and possibly most important objects to be borne out of order theory for our
purposes. It could be argued that the fundamental nonparametric assumption chosen to perform

a statistical analysis will dictate which of these two objects will provide the entry point to the
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analysis: linear extensions for the underlying order assumption, and maximal antichains for the
pure incomparability assumption.

Chapter 1 also includes a few original extensions of interval order theory, such as duals and double
duals (Definition 1.7); minimal elements (Definition 1.8) a simple proof that the Petrie matrix of an
interval order has full row-rank (Lemma 1.5); the notions of cover and minimal cover of maximal
antichains (§ 1.5); and an extension of the characteristic matrix of interval orders (§ 1.7). Interval
censored data is defined in § 2 of the same Chapter, along with a primordial motivation for the
abstract interval order as a tool for statistical analysis. The central result of § 2 is Theorem 1.10,
which couches a result of Peto (1973) and Turnbull (1976) identifying the form and location of CDF
nonparametric maximum likelihood estimates in order theoretic terms.

As we have mentioned, there is currently no practical method to uniformly generate linear
orderings compatible with an observed interval censored data set, which we will simply call linear
extensions for the remainder of this Introduction. A general methodology to do so for any partially
ordered set was proposed by Matthews (1991); it has not been implemented as computer software
and is, in the words of the author “probably too slow for practical implementation”. We had to
delve into the structure of interval orders as defined by Fishburn (1973), and ultimately had to
produce a small body of theory concerning covers and minimal covers of maximal antichains for
interval orders. This theory is expounded in Chapter 2. Chapter 3 is devoted to the construction of
a partition of the set of linear extensions into simple sets for which linear extensions or statistics on
them are simple to generate. A pseudo-random generation method for this partition which relies on
the theory of Chapter 2 is also proposed. Together, partition and generation method make sampling
estimates based on the set of linear extensions easy to produce. These estimates include, but are
not limited to, rank-based statistics.

Chapter 4 veers away from the heavily combinatorial topics of Chapters 2 and 3, and extends
the work initiated in § 2 of Chapter 1 on estimation of the CDF for interval censored data. We
consider self-consistency and nonparametric likelihood approaches to estimation. The fundamental
nonparametric assumption behind these approaches is the pure incomparability assumption. Our
first task in Chapter 4 is to define precisely what we mean by a CDF on the set of maximal

antichains, and to show how it relates to the equivalence class of distribution functions which are
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covered by the NPMLE of the CDF. Uniqueness of the estimate on the maximal antichains ensues
from properties of the maximal antichain structure of interval orders. In § 2, we revisit the notion of
self-consistency in the light of the order structure of interval censored data. A relationship between
covers of maximal antichains, self-consistency and nonparametric maximum likelihood estimation is
expounded. Bounds on self-consistent estimates depending only on the maximal antichain structure
of the data are also produced. Finally, we review statements from two works in the recent literature
on interval censored data in the light of our analysis, and show how the order theoretic viewpoint
helps in clarifying some issues. Section 3 in Chapter 4 aims at carrying over recently developed
isotonic regression techniques for nonparametric estimation to the space of maximal antichains.
Isotonic regression techniques are also known as convex minorant techniques. The application of
isotonic regression on maximal antichains is explained for some cases of interval censored data.

Finally, this work closes with a brief discussion of research perspectives in the field of order
theory and nonparametric analysis of interval censored data.

A note on the numbering system throughout this work: within a chapter, sections are identified
by a single number and subsections by a number preceded by the section number. Equations,
theorems, examples, figures and such, however, are referenced using tﬁe chapter number and an
ordinal, to account for the fairly high frequency of inter-chapter references to these headings. This
hybridized system was settled upon to avoid triple nesting while maintaining ease of reference. A
section or subsection number not accompanied by a chapter number is a reference within the current

chapter.



Chapter 1

Interval orders and interval censored data

Before describing interval censored data in § 2 and the problems we propose to address in this work,
we will expose some aspects of order theory in § 1. Order theory is an active branch of combinatorial
mathematics, which traces its theoretical foundations to the works of Szpilrajn (1930) and Dushnik
& Miller (1941). Statisticians are rarely exposed to order theoretic concepts; nevertheless, we have
decided to introduce material relevant to order theory at the outset of this work to mark clearly
the break with classical interval censored data analysis, to hint at the richness of the approach
and to provide the reader with a convenient reference to some definitions and theorems. The main
connection between interval orders and interval censored data will be made explicit in § 2.

The readeris encouraged to refer to Appendix A , where some notational conventions are exposed,

before proceeding.

1 Interval orders

The main object of our attention will be interval orders. Interval orders are partially ordered sets
defined in such a way as to embody the natural ordering properties of sets of intervals on the real line.
The abstract definition of interval orders will enable us to move beyond the real line to conceptually
separate the ordering properties of the data from their real-valued representation. Some groundwork
from the theory of partially ordered sets needs to be laid out before we can motivate the abstract
representation exposed in Theorem 1.1. Definitions and discussions of linear extensions and maximal
antichains will follow in § 1.2 and § 1.3. These two objects are basic to our approach.

The material in this section is partly adapted and extended from Fishburn (1985). Some of
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the statements taken from this source have been simplified inasmuch as we only deal with finite
non-empty sets of real-valued intervals, and therefore with finite non-trivial interval orders. The
theory of infinite interval orders is of obvious interest to the study of consistency of estimators for
the CDF; however, we do not deal with the issue of consistency in the present study. Readers may

wish to refer to Figures 1.4 and 4.1 to test the concepts of Chapter 1.

1.1 Partially ordered sets

Let X = (X, <) denote a partially ordered set, or poset. That is, there is a binary relation < C X x X

which is both
e irreflexive: if (z,y) €< then (y,z) ¢<; and
e transitive: if (z,y) €< and (y,2) €<, then (z,z) €<.

We call < a precedence or ordering relation. In the sequel, we will denote (z,y) €< by = < y, which
is read “z precedes y”.

We shall use ~ to denote the incomparability relation for poset (X, <) defined by
z ~ y if and only if not(z < y) and not(y < z).

The incomparability relation is the symmetric complement of < with respect to X x X. To indicate
the relationship between < and ~, we will sometimes write ~= sc(<).

The graph (X, ~) is called the interval graph of X. Under our definition, £ ~ « is always true.
The term “incomparability relation” is sometimes reserved to denote the relation between distinct
unordered elements.

In a real interval mapping of an interval order, as described later in Theorem 1.1, the relation ~
can be thought of as relating two overlapping intervals, while the relation < indicates the direction
of the precedence relationship between two intervals which do not overlap.

We will be concerned with three types of partial orders.

Definition 1.1 A linear or complete order is an ordered set (X, <) such that x # y for allz,y € X

with © # y.
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A weak order is an ordered set (X, <o) such that x <o y implies that either © <o z or z <o y for
all z,y,z € X.
An interval order is an ordered set (X, <) such that

(a<z,b<y)= (a<yorb=<z), for all a,b,z,y € X.

For completeness, it is worth setting down the definition of a fourth partial order.

Definition 1.2 A semi-order is an interval order < on X with the added property that whenever

a < b<<c, then either a <z orz < b for all a,b,c,z € X.

Definition 1.1 is more easily interpreted in terms of forbidden suborders. The Hasse diagrams
of Figure 1.1 display the forbidden suborders for the above three orders. Hasse diagrams indicate
precedence relationships z < y by linking z to y with an arc or a path, with y appearing above z.

Elements of ordered sets are indicated by circles.

(@) (b) (©)

Figure 1.1: Forbidden suborders in (a) linear orders (ties not allowed), (b) weak orders (ties allowed

only under transitive incomparability) and (c) interval orders.

Though we are primarily concerned with interval orders, linear and weak orders play an important
role throughout our study. Linear orders induce a distinct rank on each of their elements, while
weak orders induce a ranking with ties on their elements. That is to say, weak orders consist of
linearly ordered subsets of X, each subset containing only mutually incomparable elements.

In a weak order, incomparability is an equivalence relation, and will consequently often be

denoted by = instead of ~. If (X, <) is a weak order, we will denote by (X/=~, <) the linear order
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induced on its equivalence classes. It should be noted that weak orders are a special case of interval
orders, as linear orders are a special case of weak orders.
Unless otherwise specified, X = (X, <) will denote an interval order from this point on, and we
will let n = |X| (the cardinality of X) and X = {z1,...,%,}, with arbitrarily ordered subscripts.
Interval orders embody the ordering properties of sets of intervals on the real line equipped with
the usual linear order relation <, indeed of sets of intervals in any linear order. The following

theorem, adapted from Theorems 2.6 and 2.8 in Fishburn (1985), will be sufficient for our purposes.

Theorem 1.1 (X, <) is an interval order if and only if there is a mapping H from X into open

intervals in IR such that £ <y < sup H(z) < inf H(y).

Theorem 1.1 provides a simple interpretation for precedence in a real representation. The equiv-

alent interpretation for incomparability is:
T ~ y < sup H(z) > inf H(y)andsup H(y) > inf H(z).

Alternatively, we can write: z ~y & H(z) N H(y) # 0. So long as the interval order is finite, the
open intervals of Theorem 1.1 may be replaced by semi-open or closed intervals. These may include
points, that is, intervals of the form [a,a]. Order theoretic results can therefore be applied to sets
consisting of real intervals and real numbers, and thus in particular to interval censored data, as we
will see in § 2.

The mapping H can be represented using the pair (h,p), where h : X — IR is the location
function and p : X = IR* U {0} is the length function. We can then set H(z) = (h(z), h(z) + p(z)).
Theorem 1.2 below shows that the interval order representation of a given set of real-valued intervals

is invariant under a set of transformations which is larger than that of monotonic transformations.

Theorem 1.2 (Fishburn, 1985, Chapter 7) Let (X, <) be a finite interval ordered set. Define

the relation C on non-empty, disjoint subsets of X by

ACB i Y pla) < pd)

€A beB

for all real-valued interval representations (h,p) of X. Then for every p. : X — IR* there is a

function h, : X — IR such that (h«, p«) is a representation of (X, <) if and only if Zp*(a) <
a€A

> " ps(b) for all A, B C X such that AT B.

beB
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The invariant set of transformations of the real-valued intervals, however, depends upon the
interval order being considered. An open question is whether the invariant set of transformations is
in fact larger than that of monotonic transformations across all finite interval orders.

The representation theorem for semi-orders (Fishburn, 1973) characterizes them as having a real

interval representation where all intervals are of the same length.

1.2 Linear extensions

Definition 1.3 A linear eztension of a partially ordered set (X, <) consists of (X,<x), where <x

is a linear order relation on X and <C<j.

We will often treat linear extensions as ordered lists A of a set rather than as an order relation

<. The two views are equivalent, with A\ = (Zi,, Ty, ..., Ti,) & Ti; <x Tip <a >+ <A Ti, -
Definition 1.4 Let (X, <) be a poset. We denote by L (X, <) the set of linear extensions given by

AEL(X,<) & <C <y,

where <) is the linear order relation induced by linear extension \.

Linear extension sets and partial orders thus form a simple concept lattice in the sense of Wille
(1981). In a convenient abuse of terminology, we will say that A belongs to, or is in, a partial order
if A belongs to its set of linear extensions.

Szpilrajn (1930) laid an early cornerstone of order theory:
Theorem 1.3 (Szpilrajn) FEvery poset has a linear eztension.

Dushnik & Miller (1941) built on this foundation to show the deep relation between posets and their

linear extension. Theorem 1.4 paraphrases their result.

Theorem 1.4 (Dushnik and Miller) If X = (X, <) is a poset, then

<) = [) (<

AEL(X)

Rank vectors are objects which are equivalent to linear extensions but hold greater currency in

statistics than in combinatorial mathematics. Given an arbitrary linear order of the elements of
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X (e.g. subscript ordering from some index set), the rank of an element z in linear extension \
will consist in |{z; z <) z}| + 1. Though our focus will be on linear extensions, in keeping with the
terminology of order theory, the reader should bear in mind that linear extensions and rank vectors
embody the same ordering information.

In general, one can talk of extensions of a poset other than linear. We have mentioned the
underlying order assumption in the Introduction as an assumption that places equal weight a priori
on each linear extension, in a modern version of the principle of insufficient reason. Though we will
not address the matter in this study, a weak as opposed to linear order may underlie the interval
order and would certainly represent a more general model. In this case, determining weak extensions
may be more appropriate.

We will reserve further discussion of the set of linear extensions of interval orders until Chapter 3,

where we deal with sampling statistics over this set.

1.3 Maximal antichains

Chains in partially ordered sets play only an ancillary role in the present study. They are often the
starting point from which combinatorists approach partially ordered sets, and we therefore set down

their definition for completeness.

Definition 1.5 A chain in a partially ordered set (X, <) is a subset K C X such that (K, < N(K x K))
is a linear order.
A mazimal chain is a chain not properly contained in any other chain.

A mazimum chain is a mazimal chain of largest possible cardinality.

Maximal antichains, by contrast, are the most convenient tool to describe the ordering properties

of interval order elements as they lend themselves to statistical analysis.

Definition 1.6 An antichain in a partially ordered set (X, <) is a subset M C X such that z ~ y
forallz,y e M.
A mazimal antichain is an antichain not properly contained in any other antichain.

A mazimum antichain is a mazimal antichain of largest possible cardinality.
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The set of maximal antichains of a partial order X is usually denoted MA (X), but we will
express it by M to lighten the notation.

A crucial characterization of interval orders is that there exists a natural linear ordering on
their set of maximal antichains (see Behrendt, 1988, and Fishburn, 1985, § 3-3). Specifically, if

M,, My € M and we define the relation < over M by

where the relation < is extended to subsets of X, then (M, <) is a linear order. It will therefore make
sense to use terminology such as the largest or smallest element in a set of maximal antichains. A
fact of note which follows from definitions is that the maximal antichains of X are also the maximal
cliques of the interval graph (X, ~). A clique in a graph is a complete subgraph, that is, a subgraph
where every pair of nodes is linked by an arc.

Setting m = | M|, called the magnitude of X, we will assign subscripts ¢ = 1,...,m to the
elements of M according to their linear ordering, that is with M; < M; < ¢ < j. Minima and
maxima are thus well-defined elements over subsets of M.

It is useful to consider ordering properties of a partial order from the point of view of maximal
antichains. To do so, consider, for a partial order (X, <), the equivalence relation =~ induced by
~= sc(<):

crye{z;z~z2}={2y~z}.

The corresponding equivalence classes are denoted X/ ~ (Fishburn, 1985, Chapter 1). It is a trivial
observation that if z ~ y in a partial order, then £ and y must belong to exactly the same maximal
antichains. This observation yields alternative characterizations of weak and linear orders. A weak
order on X is such that ~=~, so that its maximal antichains are precisely the equivalence classes

X/ ~= X/ =, while a linear order is such that the equivalence classes X/ ~ are all singletons.

1.4 Petrie representation

The Petrie matriz of an interval order is an indicator matrix relating the elements of X to the

maximal antichains of M. Specifically, the Petrie matrix of X is given by A = [a4;] € {0,1}™*",
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where
(1.1)

See Example 1.1. This definition along with our ordered subscripting convention on M imply
that therows of A are ordered similarly to the elements of M. Under this ordering, all interval orders
will have a unique Petrie matrix representation up to the subscript ordering of X or, equivalently,
up to ordering of the columns of A. In the order theoretic representations of interval censored
data seen in Theorem 1.10, our c;; notation is the transpose of the one which is more usual in the
statistical literature.

Elements of X have properties which depend on the maximal antichains of X and are most easily

assessed via the Petrie matrix of X. The basis of these properties is the element’s dual.

Definition 1.7 The dual of € X s given by
¥ ={M e M;z e M}.

The cardinality of ©* is called the length of .
The double dual of a mazimal antichain M € M is given by

M* = U T*.

TEM

The linear ordering of M causes the maximal antichains forming the dual of any given element to
be consecutive. This property is commonly called the consecutive-1’s property when applied to the
columns of matrix A (Golumbic, 1980, Chapter 8), whence the name of Petrie matrix (Fishburn,
1985, § 3.3). The Petrie matrix is also known as the cligue matriz of the interval graph (X,~)
(Golumbic, 1980, Chapter 3), with the proviso that we require the rows of the clique matrix to be
ordered according to the maximal antichain or clique linear ordering, thus explicitly preserving the
consecutive-1’s property.

The propositions £ € M and M € z* equivalently express the fact that z is covered by or
contained within maximal antichain M. The dual of an element — and therefore the element itself —
is isomorphic to its corresponding column in the Petrie matrix of X. The consecutive-1’s property

of the Petrie matrix allows an alternative compact representation for the elements of X in terms
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of the first and last maximal antichains in their duals. Specifically, we can say that, under known
m, z; is isomorphic to the integer pair (Ij,u;), j = 1,...,n, where l; = argmin,[c;; = 1] and
u; = argmax; [o;; = 1]. We will sometimes call this sequence of integer pairs the Petrie pairs of X.

Under the linear ordering of the maximal antichains of an interval order, we will write for

simplicity M < z* for M < minz* and z* < M for maxz* < M.

The structure of an element’s dual determines some of its fundamental properties.

Definition 1.8 An element of X is called simplicial if it belongs to a single mazimal antichain, i.e.
if |z*| = 1. A mazimal antichain containing a simplicial element is called essential.
An element of X is called universal if it belongs to every mazimal antichain, i.e. if |z*| = m.

An element of X is called minimal if its dual properly contains the dual of no element in X.

The term “simplicial” derives from the fact that, in the interval graph (X, ~), the neighborhood of
a simplicial element is complete (Fishburn, 1985, Chapter 3).
Universal elements are incomparable with évery element of X. Minimal elements are discussed

in greater detail in Chapter 2.
Example 1.1 Consider the following real open intervals on an arbitrary scale:
z; = (0.50,2.00), z2 = (1.50,4.50), z3 = (1.75, 3.50),

24 = (2.75,7.00), z5 = (5.50,8.00), zg = (4.00,6.50).

Observation
W

0 2 4 6 8

Time

Figure 1.2: Ezample intervals and Hasse diagram of corresponding interval order.
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There are 4 mazimal antichains in the interval order induced by these intervals: My = {z1,z2,z3},

The Petrie matriz for these intervals is given by

A=

OO = = o~
O
~ooo
- O

11
01
01
0 0
where row ¢ corresponds to mazimal antichain M;, 1 = 1,2,3,4, and column j corresponds to x;j,

Jj=1,...,6. The only minimal elements in this set of intervals are 1 and z5. Note that minimality

does not relate to the length of the interval in the real representation.

The definition of maximal antichains and their linear ordering cause every maximal antichain
to be the smallest member of some dual and the largest member of some (possibly different) dual.
We will refer to this property as the starting/ending property of interval orders. As a result of
this property, the Petrie matrix of an interval order will have at least one sequence of ones start
on every row, and at least one sequence of ones end on every row. If a single sequence is involved,
then its corresponding element must be first and la-wst of its sequence: it is therefore simplicial and
its maximal antichain is essential.

The starting/ending property forces the existence of at least two simplicial elements in the
interval order, with respective duals {M; } and {M,}, making M; and M,, essential in any interval
order of magnitude m. This observation leads in turn to the following Lemma, to which we will

return in the context of nonparametric maximum likelihood theory.

Lemma 1.5 If A € {0,1}™*" is the Petrie matriz of an interval order with cardinality n and

magnitude m, then rank (A) = m.
Proof. Consider the equation
A'B=0, (1.2)

where § = [8y,...,Bm]. There are columns of A which correspond to the simplicial elements in
My, say r of them, with 7 > 1. Each of these columns is equal to [0,0,...,0, 1]', and therefore

Bm = 0. Assume, since the ordering of the columns of A can be arbitrary, that the columns of A
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described above correspond to elements z,,_r41, Tn—r+2,--.,ZTn 0f X and occur in that same order

in A. Then we can rewrite (1.2) as

+ = Om o4 Agﬂo = 0m—l
0(n~r)><(m—1) €p 0

for some arbitrary a,—, € {0,1}"”", and where e is a vector consisting all of one’s. Putting
Xo = X\ {Zn—r+1,Zn—rt2,.-.1Tn}, it is easy to see that A, € {0,1}("'_1)"("_") is the Petrie
matrix of interval order (X,,<N[X, x X,]). It retains the consecutive-ones property, the linear
ordering of its rows, and the essentiality of its last maximal antichain M, n,—1, since the dual of
some element of X must start at M,,_; by the starting/ending property.

Repeating the above process m — 1 more times on the Petrie matrices of successively reduced
interval orders shows that 8,, = B;—1 = :+- = 1 = 0, which in turn shows A to be of full row-rank.

a

1.5 Covers of maximal antichains

We will often refer in this work to covers of maximal antichains, or simply covers. They are an
important concept, both in the context of rank score tests and related statistics and in that of

nonparametric CDF estimation.

Definition 1.9 For X = (X, <) an interval order, we call W C M a cover of X if X = Urepy M-
We will call W a minimal cover of X if no proper subset of W is a cover of X. A minimal cover is

a minimum cover if it has lowest possible cardinality.

For a given interval order, an essential maximal antichain has an alternative definition as a maximal
antichain which belongs to every cover. Equivalently, it can be characterized as belonging to every
minimal cover.

Covers of maximal antichains for interval orders possess an important property of invariance

with respect to interval ordering.

Lemma 1.6 Let (X, <) be an interval order. Then if W C MA(X) (properly) is a cover for X,

there exists <w such that

o (<) C (<w) properly,
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e (X, <w) is an interval order and
e W=MA(X,<w).

Proof. It is enough to construct <y for W = MA(X)\ {M}, for some non-essential M €
MA (X). Essential maximal antichains can evidently not be removed, since the resulting set would
not be a cover. Every cover of X can be generated by repeating the process of removing appropriately
chosen non-essential maximal antichains.

Define then o = {(z,y) € X x X;maxz* = M and miny* = M}, and set <yy=< U o. It is
easily verified that <y satisfies the statement of the Lemma. a

Lemma 1.6 states that covers induce interval orders by creating new precedence relations where
maximal antichains forced incomparability in the original interval order. A simple corollary to
Lemma 1.6 is that in an interval order induced by a minimal cover, every maximal antichain is
essential. This result will be used in discussions in Chapters 2 and 4. Referring to the proof of
Lemma 1.5, we note that removing an essential maximal antichain also induces an interval order,

though on a proper subset of X.

The general theory of minimal covers forms the substance of Chapter 2.

1.6 Endpoint ordering of interval orders

Define the composition of two binary relations o; and og by
(01)(02) = {(a,b);a o1 z and z oy b for some 2} .

Fishburn (1985) (§ 2.2) uses composition of relations to construct a weak order on the abstract
version of interval endpoints in an interval order.

For (X, <) an interval order and ~ the symmetric complement of <, let < = (~)(<) and
<*t= (<)(~). In an open real representation of an interval order, <~ and <% are weak orderings on
the left and right endpoints respectively (Fishburn, 1985, § 2.2). In this weak ordering, left (right)
endpoints belonging to the same equivalence class are incomparable, even though a precedence

relation may exist between them in a real-valued representation.
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Example 1.2 Consider the open intervals of Example 1.1. The real endpoints of these intervals
are linearly ordered. Specifically, let <~ and <% denote these linear orders, and i represent interval
Ti,i=1...,6. Then1< 2< 3< " 4< 6< 5andl<t3<t2<t6<t4<t5.

However, the <~ and <% orderings are the weak orderings illustrated in Figure 1.3.

(a) (b) ()
Figure 1.3: Hasse diagrams for (a) interval ordering <, (b) left-endpoint equivalence class weak

ordering <~= (~)(=) and (c) right-endpoint equivalence class weak ordering <*= (<)(~).

We write X ~ and X+ to distinguish the elements of X as they are associated with their left
or their right endpoint respectively. We distinguish elements of these two sets using the same
superscripts.

We can now define a weak order on X~ |J X, denoted <o, and called the conjoint weak order
(Fishburn 1985, § 2.2). This relation orders both the left and the right endpoints of the intervals in
a natural way, namely, for z,y € X,

1. 0<%~ & z<y
2. zt 0yt & <ty
3. <0y & <y
4. =<0yt & z<yorzn~y

We let &*=n~2 be the incomparability relations for (X,<%), a = —,+,0. Theorem 1.7 spells out

the structure of (X~ |J Xt)/a0 as it relates to X~ /~~ and Xt /=t
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Theorem 1.7 (Fishburn, 1985, § 2.3) Suppose (X,<) is a finite interval order of magnitude
m. Then X~ /~~ and Xt/=~% both have cardinality m. Moreover if we let (X~ /=~~,<%) =

{L7 <Ly <°--- <" L.} and (X*/~t, <°) = {Rf <° Rf <°--- <° R}, then

Weput L; = {z;2~ € L] } and R; = {z;5+ € R} },fori =1,...,m. Thefact that |(X~/~7)| =
|(Xt/~1%)| =m can be deduced from

. -
M={0Li\JUR,-;j=1,...,m} (1.3)

i=1 i=1

In applications, it is useful to recognize that (1.3) embodies a method for computing the set
of maximal antichains of an interval ordered set. The reader familiar with Turnbull’s treatment of
nonparametric maximum likelihood estimation for interval censored data may wish, at this point,

to compare Theorems 1.9 and 1.10 with (1.3).

1.7 Characteristic matrix of an interval order

Using the equivalence classes L;, R;,¢ = 1,...,m derived from Theorem 1.7, we define the m x m

characteristic matriz x of (X, <) in the following manner:
(1.4)

Since the L; and R; both partition X, matrix x will have at least one non-zero entry in every
row and column. This requirement can be shown to be equivalent to the starting/ending property
of maximal antichains in an interval order. Theorem 1.7 guarantees that x will be upper-triangular.

Our definition of the characteristic matrix differs from Fishburn (1985, § 2.3), where it is defined
as the indicator matrix 1[L; N R; # 0]. This simpler version of the characteristic matrix plays a role
in extremization problems involving the cardinality of the interval order and the number of distinct
interval lengths required in its real-valued representations (Fishburn, 1985, Chapter 8). It plays no
obvious role in the analysis of interval censored data.

The characteristic matrix of an interval order is easily related to its Petrie matrix.

Lemma 1.8 Let K = [ci] = [1(i > k)], 3,k = 1,...,m, (the cumulative sum transformation) so

that K~' = 1[i = k] — 1[i — 1 = k] (the backward difference transformation).
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Then the characteristic matriz of an interval order with Petrie matriz A is given by
x=K oK 1AA'K™! (1.5)

that is, the upper triangular part of K-1AA'K~!.

Moreover, the characteristic and Petrie matrices of an interval order are in 1-1 correspondence.

Proof.  Let ny = (AA');, and define also nok = Rim+1 = Nom+1 = 0, 4,k = 1,...,m.
Obviously, n;, = # (Mt n Mk), iL,k=1,...,m.
Using the definition of maximal antichains provided in (1.3), it is a simple matter to verify that,

fori < k, LiN Ry = (M; N M)\ [(M;—1 N M) J (M; N Mg+1)]. Since the subtracted set is a subset

(1.6)

for i,k = 1,...,m. Equation (1.5) is now easily verified.

To show that A and x are in 1-1 correspondence, first note that, since A has full row-rank by
Lemma 1.5, a simple application of the singular value decomposition (see, for instance, Horn &
Johnson, 1985, § 7.3) shows that A is fully determined by A A’. Then it is enough, heuristically, to
recognize that the information contained in x* = K"!AA'K™! is also contained in x, since K is
nonsingular. To see this, note that if j = ¢ — 1, the expression for x;; given by (1.6) corresponds to
the negative of the cardinality of the symmetric difference of M; and M1, while if i > j + 1, the
same expression once again corresponds to |M; N M;|. Hence the lower left-hand (m — 1) x (m —1)

submatrix of x* is symmetric about the subdiagonal of x*, with the subdiagonal itself given by

for i = 2,...,m, wholly defined in terms of elements of x.
More formally, simple manipulations show that with vectork = [(I - K_l) - X+ (I — K"l) x' ] e,
then we have AA' = x + (I - K1) (D + x') I - K™). D
A simple interpretation of the characteristic matrix brought to light by the proof of Lemma 1.8

is that, for ¢ < k,

Xik=‘{.’L‘EX;.’L'*={M-,',M—H.l,...,Mk}}’. (17)
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The characteristic matrix is an invariant of the interval order under all its real-valued interval

representations.

Example 1.3 The characteristic matriz of the interval order in Ezample 1.1 is

2 Interval censored data and interval orders

We show in this section how the main features of interval censored data are captured by its order
theoretic representation. We first state the form of the data in § 2.1. In § 2.2, we briefly introduce the
nonparametric likelihood function for the CDF of interval censored data. Our only purpose in doing
so is to motivate the order theoretic approach by showing that the classical result of Peto (1973)
and Turnbull (1976) concerning the support of the CDF NPMLE in fact shows that estimation
of the CDF can be performed on the set of maximal antichains of the data. A fuller discussion
of nonparametric estimates of the CDF is reserved for Chapter 4. We also describe some special,

well-studied cases of interval censored data in terms of their maximal antichain structure.

2.1 The data model

We are interested in a random event time T' from a distribution F' having support on [0, +00). A
realization of event time ¢; is observed exactly with probability v;, 0 <v; < 1L, forj=1,...,n, cor-
responding to a continuous inspection process. Otherwise the event time realization is not observed
exactly; under inspection point process Q;, the observed data will consist of the last inspection time
prior to the event and the first inspection time after the event. The process @; consists of inspection
times gjx, k = 1,..., K, to which initial and final inspection times g;o = 0 and g;,x,4+1 = +00 are
added for convenience. With probability 1 — +;, the observation for individual j will therefore be
the open interval z; = (I5,7) = (gj,ko» %jko+1), fOr some kg depending on j.

An exact observation can be viewed as a very small open interval, and indeed usually is, since
so-called exact measurements are in fact of finite precision. Intervals themselves do not need to be
open for Theorem 1.1 to apply. The data description remains similar on an order theoretic level,

and cumbersome notation is avoided.
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We make two important assumptions which ensure that the censoring remains uninformative.
Assumption I The inspection processes (); are all independent of F'.

Assumption II No event occurs with positive probability at an atom in any of the inspection pro-

Cesses.

Interval censoring as described above includes several common data models as special cases:
e Exact data;

e Right-censored data (see, e.g., Kaplan & Meier (1958), consisting of exact data points along

with intervals of the form (I, +00).

e Current status data, also called interval censored data case I (see, e.g., Groeneboom & Wellner

(1992), consisting entirely of intervals of the form (0,;) and (I;,400).

e Doubly censored data (see, e.g., Turnbull, 1974, Gu & Zhang, 1993, Mykland & Ren, 1996,
Wellner & Zhan, 1997, consisting of exact data points along with intervals of the form (0,r;)
and (lj,+00). Readers familiar with the above authors will recognize that our approach to

doubly censored data differs from that usually used in the literature.

2.2 Order theoretic representation of interval censored data

Assumptions I and II above ensure that estimation and inference can be conditioned on the inspec-
tion times at no cost in terms of information. The censoring information and the observed data will
be split into two components: the ordering structure, on which most of the estimation and inference
can be done; and the. mapping H s defined in Theorem 1.10, which enables us to port our results
to the real line.

We can specify the likelihood function for the CDF F' as follows:
n
L) =][[[Fei)-F )]
j=1

Let {bs}i(;;)’q) denote the ordered elements of 0,{l;}7_y, {rj}}—; and +oo. Peto (1973) and

Turnbull (1976) both showed the following result.
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Theorem 1.9 Let (Ij,7;), j =1,...,n, be an interval data set, and consider the subset {ba}i:1 of

these points such that

;Y- U{0}  ifaisodd, and
{ri}io, U{+o0} ifa is even,
o (1.8)
and there are no other elements of {0, {lj};-‘=1, {rj};-‘=1}

between b, and by+1 for any other a.

Then outside of the intervals (bya—1,b20), a = 1,...,m, the NPMLE of F must remain constant

and within these intervals, it is unidentifiable.

The following theorem shows how the Petrie representation captures the combinatorial structure
of interval censored data which is relevant to nonparametric likelihood estimation. The link between
the maximal antichain structure of interval orders and the support of the NPMLE of F' shows how
the estimation problem, conditioned on the censoring pattern, can be viewed as the estimation of a

probability measure on a discrete set.

Theorem 1.10 Let {(l;,r;);5 =1,...,n} be a set of positive real valued open intervals, and let
X = (X, =) be its interval order representation, putting H(z;) = (lI;,r;) as in Theorem 1.1. Define
the mapping H pm from M to positive real-valued open intervals by

Hu(M) = ()] H(z) (1.9)
TEM

Then Haq is one-to-one, that is, the set of intervals identified in Theorem 1.8 and M are in one-

to-one correspondence.

Proof. (The following argument relies implicitly on Theorem 1.1 and the short discussion which
accompanies it.) We first show that to every maximal antichain of X there corresponds an interval of
the form (1.8) in Theorem 1.9. Let M € M be a maximal antichain. Let v = argmax; {I; : z; € M}
and v = argmin, {rj :z; € M}. Since z, ~ z,, we have l, < r, and I, < 7y, and therefore
ly < ly <1y £ 1y Suppose some element x,, has a corresponding left or right endpoint lying
strictly between l,, and r,. If I, <1, < ry, then z,, < z, by definition of u, so r, < l,,. But then

Ty < Ty < ly, a contradiction. Similarly, no right endpoint may lie between [,, and r,. Hence for

every maximal antichain there is an interval of the form (1.8).
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We next show the converse statement. Consider an interval (bg;—1,bs;) of the form (1.8) and let
K be the set of observations such that z; € K if and only if (I;,7;) N (bzi—1,b2:) # 0. Since there are
no endpoints between ba;_; and by, it must be that (bai—1,b2:) C (Ij,7;) for every z; € K; hence
all (I;,r;) overlap, so that K is an antichain. Suppose that K is not a maximal antichain. Then
there exists a maximal antichain, M, such that K is a proper subset of M. Let z* € M \ K, with
corresponding real representation (I*,7*). Since z* € K, (I*,7*) N (bai—1,b2;) = 0. Let z,, denote
the element of K with left endpoint equal to bs;_; and let z, denote the element of K with right
endpoint equal to by;. Then either z* < z,, or z* > x,; but all three must be in M, and therefore
all pairwise incomparable. Therefore there is no z* € M \ K, so that K is in fact maximal. O

It is customary, when dealing with the product-limit estimator of the survival function derived
by Kaplan & Meier (1958), to state that the estimate is undefined on the right of the last observation
if that observation is (right-)censored. Theorems 1.9 and 1.10 show that this is a particular case of

the unidentifiability of the CDF within the intervals which compose H r¢ (M).

Example 1.4 Let the intervals of Example 1.1 represent interval censored data. Each observation
is an open interval, on an arbitrary time scale, within which the event of interest is known to have
occurred. The 4 mazimal antichains in the interval order induced by these intervals are illustrated
in Figure 1.4 by the shaded bozes. The mazimal overlap between the intervals in a single mazimal

antichain is the mapping of that mazimal antichain to a real interval via Hprq, viz.

Hp (M) = (1.75,2)  Hpaq (M3) = (2.75,3.5)
Hp (Ms) = (4.0,4.5)  Hpq (My) = (5.5,6.5)
The linear ordering of the mazimal antichains as well as the result of Theorem 1.10 are evident

in Figure 1.4. The set Ha (M) consists in the intervals where the NPMLE can put mass (see

Chapter 4).
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Observation

Time

Figure 1.4: Real representation of interval censored data and boz representation of Hpq (M).

Referring back to the two competing fundamental assumptions of nonparametric analysis for
censored data mentioned on page 4, it is clear that the likelihood function does not involve the
linear extensions compatible with the data, depends on the cardinality and order of the maximal
antichains, and is determined wholly by the partial order relationships of the interval order. In that
sense, nonparametric maximum likelihood and self-consistent estimates, as we shall see in Chapter 4,
participate of the pure incomparability assumption.

We can now describe special cases of interval censored data in terms of the maximal antichain

structure of their underlying interval order. All statements below are made with probability one;

we also assume that no element is universal in our description of the double duals.

Exact data. The interval order underlying exact data is linearly ordered under continuous F'
and weakly ordered if F' has atoms. Every maximal antichain is essential and contains exactly one
simplicial element under the continuous model, possibly more otherwise. The Petrie matrix is the
n X n identity matrix under the continuous model. Under an F with atoms, the Petrie matrix is
constrained to have a single 1 in every column. The characteristic matrix of such data is non-zero
everywhere on the diagonal and only on the diagonal,i.e. x;; > Oifand onlyifi =j,4,j=1,...,m.

In terms of double duals, M* = {M;} fori =1,...,m.
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Right-censored data. Every maximal antichain in an interval order representing right-censored
data is essential, as maximal antichains are mapped onto the (small) intervals of the exact data
points, except possibly for M,,, which may be unbounded above if the last observation is censored.
This i corresponds to the first maximal antichain of the right-censored element with the longest
dual. ‘The characteristic matrix of such data is non-zero everywhere on.the diagonal and can have
non-zero values in the last column only on and after some row ¢ > 1,i.e. x; >0foralli =1,...,m,
and x;; > 0 only if j = m and ¢ > ¢. In terms of double duals, M* = {M;} for 1 < i < 4, and

My ={Mj,...,Mp} fori <i<m.

Current status data. Only M; and M, are essential. For all i = 2,...,m — 1, Ugep,zj = M.
Moreover, x;; > 0 if and only if ¢ = 1 or ¢ = m, and x;; > 0 only if either ¢ = 1 or j = m. In terms

of double duals, M;* = {My,...,Mp_1}, M3 ={M,,..., My}, and M* =M fori=2,...,m.

Doubly censored data. Doubly censored data has a more complex structure than the previous
examples. As happens with exact and right-censored data, the exact observations induce essential
maximal antichains; however, some non-essential maximal antichains may be created by the overlap
of left- and right-censored data, similarly to current status data. It is a simple matter to show that,
as for current status data, if M € M is not essential, then Ugzepz* = M; however some essential
maximal antichains may lie in {Ma,..., M,;,—1}. In doubly censored data, xi; > O only if either
t = 7,1 = 1or j = m. The double dual structure can be generalized from right-censored data. There
exist i and i with 1 < § <7 < m such that M}* = {My,..., Mz} for 1 <i <i, M = {M;,..., Mm}
fori<i<m,and M* =M fori<i<i.

There seems to have been a trend in recent years to treat the above cases as being distinct from
interval censored data. In the case of exact and right-censored data, the existence of a closed form for
the NPMLE (see § 3.2) and the general tractability of the problem probably warrant the distinction.
In general, however, the above special cases as well as the general case of interval censored data
benefit greatly from the simplification afforded by the order theoretic approach. In particular, this
approach shows that the orderingstructure of some data sets can be that of one of the above special
cases without the data nominally adhering to traditional real-line-based definitions. Example 1.4,

for instance, is structurally a case of current status data since the only essential maximal antichains
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are M; and Mp,, and since every dual extends to either M; or M,,. The techniques described in
Chapter 4, § 3.2 can therefore be applied to nonparametric likelihood estimation of the CDF for

these data in spite of the fact that they are not nominally current status data.



Chapter 2

Minimal covers of maximal antichains for

interval orders

Having hinted at the relevance of an order theoretic representation for interval censored data, we
now turn away from statistics for the space of this chapter and, largely, of the next, and describe in
some detail the structure of minimal covers of maximal antichains for interval orders (Definition 1.9).
Aside from being an interesting extension of the ;:lassical clique covering problem, minimal covers
are a crucial cornerstone of weak order partitioning of interval orders. This generic method for
pseudo-random generation of linear rank statistics on the set of linear extensions of an interval
order is elaborated in Chapter 3.

In this chapter, we characterize minimal covers and present two main algorithms to enumerate
these sets. The problem of covering the vertices of incomparability graphs, including interval graphs,
by maximal cliques has been well investigated by such as Fulkerson & Gross (1965), Bertossi &
Bonucelli (1987), Rhee & Liang (1996) and Felsner, Miiller & Wernisch (1997). Because the maximal
antichains of (X, <) are also the maximal cliques of (X, ~) (Chapter 1, § 1.3), the minimal cover
problem translates to an extension of the minimum clique cover problem for interval orders (see
Golumbic, 1980, Chapter 4): that of finding sets of maximal cliques no subset of which forms a
cover for an interval graph. To our knowledge, this question has not been considered before. For
our purposes, discussions of minimal covers are essential, as they underlie the methods of Chapter 3.
The special structure and pliability of interval orders have led us to adopt the point of view of the
precedence relation (X, <) dual to the interval graph (X, ~), which leads us to consider maximal

antichains instead of maximal cliques.

30
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We consider minimal covers from two points of view. The first, discussed in § 1, is a backtracking
algorithm which constructs all minimal covers of an interval order. We show that this algorithm is a
generalization of a simpler one which generates one maximum chain along with one minimum cover
from an interval order. The second perspective is that of a characterization of the complements
of minimal covers, termed mazimal removable sets. We provide properties and algorithmic details
concerning maximal removable sets. These, while of perhaps less immediate applicability than the
generating algorithm of § 1, are valuable for the insight they provide on the structure of minimal
covers and ultimately supply us with an upper bound on the maximum number of minimal covers
achievable with a given number of maximal antichains. In § 3, we present the derivation of this
upper bound, as well as some simulation results and a short discussion of some research avenues

concerning minimal covers of interval orders.

1 Finding minimal covers

In this section, we first present a simple algorithm in Construction 2.2 which enables us to find a
single minimum cover. This procedure is similar to that found in Gavril (1972); its expression is
couched in the language of comparability rather than incomparability, and serves to introduce its
generalization to Construction 2.3. These latter algorithms produce all minimal covers of an interval
order.

The following result, found in Felsner (1992), Chapter 1, and closely related to Dilworth’s De-
composition Theorem (Dilworth, 1950), concerns the cardinality of minimum covers, also called the

cliqgue cover number (Golumbic, 1980, Chapter 1).

Theorem 2.1 Let (X,<) be a partially ordered set. The height (length of the longest chain) of

(X, <) equals the minimum number of antichains required to cover the elements of X.

Since the minimum number of antichains can be no smaller than the minimum number of maximal
antichains which cover a poset, the theorem tells us that a minimum cover has cardinality equal to
the length of the longest chain in the poset.

This result can be shown constructively for interval orders, with the added bonus that we produce

a minimum cover and a maximum chain in the process. In essence, the following Construction and
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Theorem state that there exists a minimum cover consisting of a set of maximal antichains, each
of which uniquely contains a certain element. The set of these elements forms a maximum chain in

the interval order.

Construction 2.2 Let {M;,... yMp,} be the linearly ordered set of mazimal antichains of interval
order X = (X, <). Let y; be a simplicial element of X belonging to the first mazimal antichain My,
and let py = My. Form the sets Y{ = {y1} and W] = {1 }. Then form the sets Y; and W; for

it > 1 as follows:

While i is such that {y; p;—1 < y*} #0, let Y} =Y, U {yi}, wherey; is any selection of the set

Y;y minimizes max w* p,
pi—1<w*

and let Wi = W;_, U{w:}, where

Theorem 2.2 Under Construction 2.2, there ezists I such that {y;ur < y*} =0 and W =Wy is

a minimum cover for X.

Proof. The proofs of coverage and minimality for W' are specializations of the proofs of Claims 1
and 2 in Theorem 2.3, possible since Construction 2.2 is a special case of Construction 2.3. Proof
that W' is of minimal cardinality is simple viewed from the context of Theorem 2.3. See also Gavril
(1972). m]

The initial inclusion of {M;} in the sequence of W)’s in Construction 2.2 is legitimate and
necessary since M, is always essential, and therefore required in any cover. We note without proof

that Y’ = Y7 is a maximum chain in X.

Example 2.1 (In the following ezample as in subsequent ones, elements of X [columns] are iden-

tified by regular subscripts and mazimal antichains of X [rows] by bolded subscripts.) Consider the
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Petrie matriz

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
1 111111111000000000O000O00O0TO0°7
2 110111111111 0000O0O0O0O0O0O0O0O0
3 1100111111111 110000000°O00
4 10001111111111110000O0000

A= 5 0o0o0001111111111111000O0O0O0O0°TP0
6 0000111011111 11111000000
7 0000O0O1101100111111110000
8 0oo0oo0000101100111111111000
9 0000001001001 01111111100
10 0oo0oo0oo0000O0O0OO0OI1O0O0O101111101111 ]

Construction 2.2 yields W' {11, 16, o, p10}, with I = 4. Members of these mazimal an-
tichains which do not belong to mazimal antichains previously chosen in the construction have
their Petrie matriz entries underlined above. Y' could be any one of the sets {$1,$11,$201$23})
{Z1,211, T20, Z24}, {1’1,$12,Z20,.’E23} or {Z1, %12, T20,T24}. The occurrences of the y’s in the mazi-

mal antichains for which they cause inclusion in the minimum cover are bolded in the matriz.

Construction 2.2 will yield a single minimum cover. The natural generalization from this setting
is to broaden the choice for p; without changing the property that no two elements of Y are covered
by the same maximal antichain. This generalization leads to Construction 2.3. The < precedence

relation between maximal antichains is explained on page 16.

Construction 2.3 Let y; be a simplicial element of X belonging to the first mazimal antichain
M, and let py = My. Form the sets Y1 = {y1} and W1 = {p1}. Then form the sets Y; and W; for

i > 1 as follows:

While i is such that {y; p;—1 <y*} #0, let Y; =Y;_1 U {yi}, where y; is any selection of

¥;y minimizes max y*,,
i1 <y*

and let Wi = Wi—1 U{ni}, where

is a particular selection of p;.

Theorem 2.3 For every sequence of pairs (W;,Y;),t = 1,... formed in Construction 2.3, there
ezists I < m such that {y;pr < y*} = 0. Defining (W,Y) = (Wr,Y;), the class of minimal covers

of X is ezactly the class of sets W which can be produced by Construction 2.3.
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Proof of Theorem 2.3. First we must show that I is well-defined for any selection of y;, p;,% =
1,...,I compatible with Construction 2.3. Since p;—1 < y; and since p; € y;, it must be that
pi—1 < pi. Thus in at most m steps we will reach pur = M,,. Since M,, = max M we obtain
{y; ur < y*} =0, and the construction terminates.

We now show the theorem’s statement in three steps: s

1. Every W produced by Construction 2.3 is a cover for X.

2. Every cover W produced by Construction 2.3 is minimal for X.

3. Every minimal cover for X is a set V¥ compatible with the selection method of Construction 2.3.

e Claim 1: Every W is a cover for X.

Let Y = Y7 and W = Wy be particular realizations of Construction 2.3, and let £ € X be
arbitrary. We must show that pu € z* for some p € W. If z € Y, z is covered by construction, so
assume £ € X \ Y. Since gy = My <. z* < M, = pj, there must be some ¢ such that p; < z*
but piy1 £ =*. Also, since we know y;4; minimizes J'_n<a3:_ y* and since p; < z*, we deduce that
maxy;,; < maxz*.

We can now show that p;1 € z*. Assume not; then we need maxz* < piy1. But then

maxz* < pi+1 < maxyj,; < maxz*, a contradiction. Therefore x is contained in p;11,s0 Wis a

cover.
e Claim 2: Every cover W is minimal for X.

Let Y and W be particular realizations of Construction 2.3 as before, and let W® = W\ {1;}
for some i € {2,...,I — 1}, since neither yy = M nor pur = M,, can be removed. We show that
W is not a cover.

Since pi—1 < y}, we know that p;—1 € y;, which implies that {u1,...,pi—1} Ny = 0, by the
linear ordering of the maximal antichains. By construction, p;y; € y;, which again implies that

{Bit1,-- -, e} Ny; = 0. Hence W9 does not cover y;, and thus W is a minimal cover.

e Claim 3: Every minimal cover for X is produced by the algorithm of the theorem.
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Let V = {v; = My, va,...,¥_1,4 = My} be a minimal cover. We need to supply a set ¥ =

{v1,-..,y¢} such that V and Y satisfy Construction 2.3. For this it is enough to show that

if y; € '{y;argmin max y*} fori=1,...,1I, then v; €y} \ y;_,. (2.1)
Y vi1<y*

Apply Construction 2.2 to V, which by Lemma 1.6 is the maximal antichain set of some interval
order. Since V' is minimal, it is its own minimum oox;er. The set Y’ produced in the construction
satisfies requirement 2.1.

O

Though Construction 2.3 involves an arbitrary selection from a set, the available set from which
to select p; does not depend on the particular choices of y;—; and y;, since only maxy}_;, and
max ¥y} play a role in the determination of that set. Algorithm 2.4 ListMinCovers below explicitly
recognizes this fact by retaining only this information from the elements of Y. On the other hand,
the choice of p;—1 does affect the set of available y;’s at every step.

The elements of the sets Y produced by Construction 2.3 can be circumscribed.

Definition 2.1 An element of X is called a minimal element if its dual properly contains the dual

of no other element of X .

All sets Y compatible with Construction 2.3 will be subsets of the set of all minimal elements of
X. This characterization of the elements of all sets Y from Theorem 2.3 means that the original
set X may be reduced to just its minimal elements to solve the minimal cover problem. In view
of this observation, we can translate Theorem 2.3 into the following algorithm, which returns the
set of all minimal covers of X when called with arguments (Xmpin,®), with Xpin the set of minimal
elements of X. The second argument is @ only on the first call, with the convention that # < M for
all M € M; otherwise it is a maximal antichain, p|, which corresponds to maxy;_; and contributes

to defining the set y; \ y;_, of Construction 2.3.
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Algorithm 2.4

ListMinCovers(Y, ;1)
Arguments: Y, a set of minimal elements of an interval order;

1), equal to @ on the first call, or to p |» @ maximal antichain, in any subsequent call.

IfYy =90
Return {0}
else
M:=10
Yo i= arg;ninr;lea;c y"
For each po € {M; M € y§,u) < M}
M, := ListMinCovers({y; po < y*} ,maxyg)
‘For each Wy € My
M := MU {{ro} UWo}

Return M

The following example is accompanied by a sample recursion tree for the ListMinCovers algo-

rithm at all stages of the recursion from each branch after the leaves are reached:

Example 2.2 Consider the Petrie matriz

12 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1 [t 111110000WO0O0O0O0O0TO

2 011111111000O0O0°©00

3 011011111100O00°©00

A= 4 0010011111100000
5 000O0O0O1CO01111100U00

6 000O0O0O1O0O0O1O0O111100

7 0000O0OO0OO0OO0O1O0O111110

8 |[000OO0OO0ODOOOOOOOOTI1I 11

If we identify once again elements and mazimal antichains by their subscripts, we can form the set of
minimal X -elements Ymin = {1, 7, 10,13, 16}, corresponding to Petrie pairs {(1,1), (2, 4), (3,5),(6,7),
(8,8)}. The first tree (Figure 2.1) shows the arguments to each of the calls to ListMinCovers,
unfurled to the first returning call for each branch. The edges are labelled with the values of po and
Yo in the calling procedure.

Figures 2.2 to 2.6 show how covers are built up upon returning from recursion.
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Figure 2.1: Argument tree for the recursive calls of ListMinCovers

({7,10,13,16},1)

#o=2,y0=17
({10, 13,16},4) ({13,16},4) ({13,16},4)
10=>5,yo=10 #o=6,90718 pocT,y0=13 wo=6,yo713 pox7,y0=13
({13,16},5) ({16},7) ({16},7) ({16},7) ({16},7)

Ho=6,90 713 poxT,y0=13 rno=8yo=16 po=8yo=16 po=8o=16 po=8,y0=16

({16},7) ({16},7) (9,8) (©,8) @,8) ©,8)

Ho=8,yo=16 H0=8,yo=16

(,8) 0,8)
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Figure 2.2: Returned values for ListMinCovers, 5th level calls

ListMinCovers({1,7,10,13,16},0)

po=1|yo=1
1o=2,y0=17
({10, 13,16} ,4) ({13,16},4) ({13,16}, 4)
1o=5,yo=10 1o=6,907138 poc7,90=13 po=6,90713 u&R7,90=13
({13,16),5) ({16}, ({16}, ({16),7) ({16},7)

#0=8,0AA3  #O=T,wo=13 wo=8,yo=16 po=8,yo=16 po=8,yo0=16 po=8,yo=16

{{8}} {{8}} 0,8) ©,8) @ 8) @,8)

Figure 2.3: Returned values for ListMinCovers, 4th level calls

ListMinCovers({1,7,10,13,16},0)

ro=1|yo=1
1o=2,y0="T
({10,13 16},4) ({13, 16},4)
Ito=5,Fo=10 ro=6,50743 pdcT,y0=13

{{s,8},{7,8}} {{8}} {{8}} {{8}} {8}
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Figure 2.4: Returned values for ListMinCovers, 3rd level calls

ListMinCovers({1,7,10,13,16},0)

ro=1|yo=1

{{5,6,8},{5,7,8}} {{6,8},{7,8}} {{6,8},{7,8}}

Figure 2.5: Returned values for ListMinCovers, 2nd level calls

ListMinCovers({1,7,10,13,16},0)

po=1|yo=1

{{2,5,6,8},{2,5,7,8},{8,6,8},{3,7,8},{4,6,8},{4,7,8}}

Figure 2.6: Returned values for ListMinCovers, initial call

{{1’ 21 51 6’ 8} ’ {1’ 21 51 71 8} ) {17 31 6’ 8} ) {17 3’ 7’ 8} ) {1, 47 67 8} ’ {17 47 77 8}}

Apart from the reduction of the original X to its minimal elements, several other simplifications
can be applied to the minimal cover enumeration procedure of Construction 2.3. These simplifica-
tions may provide substantial gain in practice, in particular if we modify Algorithm 2.5 to count,

as opposed to list, minimal covers.

e Further reduction is accomplished by the prior inclusion of every essential maximal antichain
in the minimal cover W and by correspondingly restricting the minimal element set X ,in
to non-simplicial elements, as these elements can only generate their own essential maximal

antichain in Construction 2.3.

o If we order X according to the order of the initial maximal antichain of their dual, we need
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only find minimal covers for each series of consecutively overlapping minimal elements, and

combine them at the end of the procedure.

e Finally, maximal antichains which overlap exactly the same minimal elements will be mutually
exclusive and interchangeable in any minimal cover produced by Construction 2.3. The classes
of such elements can be kept track of and all but one element from each class deleted from the

problem, to be reinstated after the covers are listed.

Example 2.3 Consider Figure 2.1; the above simplifications and reductions take on the following

forms:

e The first and last mazimal antichains can be removed from the problem, and simply added to

the sets produced at the end of the procedure.

e Once the leaves corresponding to the last essential mazimal antichains are removed, we notice
that a subtree of height 2 is repeated at every termination of the tree. This occurs because

element 13 and the closest element above, 10, share no mazimal antichain in common.

e Lastly, we see that the two right subtrees at the second level are identical, reflecting the fact

that mazimal antichains 2 and 8 overlap the same elements in the minimal cover.
The above considerations yield the following algorithm from Construction 2.3:

Algorithm 2.5

Arguments: X = (X, <), an interval order.

1. Determine the set Y’ of all non-simplicial minimal elements of X.
2. Determine sets Kj,..., K, of maximal antichains which overlap exactly the same elements in Y.
3. For each set K; = {Kj1,..-,K5r; },d=1,...,T
For eachy € Y’
Let y* := y* \ {Kj2,-- -, Kjr; }
4. Form the disjoint subsets Y7, ... ,Yp' of pairwise overlapping elements of Y.

5. For each set Yy, k =1,...,p, label its elements Yy = {yk,1,.. .Yk, }
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so that j1 < j2 & minyy ;, < minygj,, j1,J2 = 1,...,t.
6. For each set Yj
Let My, := ListMinCovers(Y}, 0)
7. Let M = {W;W = US_, Wi, Wi € My, k=1,...,p}
8. Augment M by all combinations of its covers
replacing element k;,; by an element of K; \ {x;1}, j =1,...,r.
9. Add all essential maximal antichains to every cover in M.

Return M

Example 2.4 Using Algorithm 2.5 applied to the interval order of Ezample 2.2, we would get the

following sequence of steps:

1 Y':={7,10,13}

2. K1 :={2},K; :={3,4},K3 := {5}, K, := {6, 7}

3. y7 == {2,3},yi0 := {3,5} Y13 := {6} (notice that this instruction reduces the number of steps
which need to be performed by ListMinCovers)

4 Y ={1,10},Y{ = (13}

5. As in preceding step.

6. M; := ListMinCovers({7,10},0) = {{2,5},{3}}, M2 = ListMinCovers({13},0) = {{6}}

7. M = {{2,5,6},{3,6}}

8. M = {{2,5,6},{2,5,7},{3,6},{3,7},{4,6},{4,7}}

9. M := {{17 2157618}7{112a5a7,8},{1,316,8}:{1137 71 8}5{1’4a6,8}1{1a4, 7’8}}

2 Maximal removable sets

We now turn our attention to the generation of maximal removable sets. A set of maximal antichains
is removable if no sequence of maximal antichains in the set is equal to z* for any z € X, i.e. if its
complement is a cover. A removable set is maximal if adding any maximal antichain creates such a
sequence. An alternative characterization of a maximal removable set is that it is a set of maximal
antichains such that its complement with respect to M is a minimal cover. Hence, a maximal

removable set is a removable set that is not a proper subset of any other removable set.
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The algorithm discussed in this section is solely for exposition. It is much more efficient to use
Algorithm 2.5 and in fact attempts to improve or analyze Algorithm 2.7 lead to consideration of

minimal elements and a variant of Algorithm 2.5.

2.1 Simplifying Assumptions

For any minimal cover or maximal removable set problem, we can assume that the only essential
maximal antichains are My and M,,. If any other maximal antichain, say M,, is essential, the
problem can be split into two subproblems: one dealing with M; through M, and the other with
maximal antichains M, through M,,. The solution to the large problem is simply the union of the
solutions to the two subproblems.

For a minimal cover this statement would be negated if there existed a maximal antichain which
belonged to the minimal cover of one subproblem but which could be removed once the union were
formed. This would imply that the element covered by this maximal antichain had now been covered
by a maximal antichain from the other subproblem. However, by the consecutive-1’s property of the
dual any such maximal antichain would be covered by M,., and hence a contradiction would arise.
Since every MRS is the complement of a minimal cover, the problems are equivalent and the same
simplification obtains.

We also assume that any z such that z* contains an essential maximal antichain has been
removed from the problem, since it is covered by the essential maximal antichain. In other words,
since the essential maximal antichain must be retained the element x imposes no other restrictions

on the MRS.

2.2 MRS generation algorithm

Once the simplifying assumptions of § 2.1 have been applied we may assume that we are dealing with
maximal antichains M, through M,,_; and that none of these maximal antichains are essential.

The following observation can be proven under these assumptions.
Observation 2.6 For any i such that 2 <i <m — 3 both M; and M2 can be removed together.

Proof.  Suppose not. Then there must exist an = such that z* includes M; and M;, 2 but
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not M;;1. For all interval orders * must have the consecutive-1’s property; hence no such z can
exist. ]

The basis of our MRS generating algorithm is the two following properties.

Property I If M; is the largest mazimal antichain in a removable set, then M;,o can be removed

fori<m —2.

Property II. There can exist MRS ’s containing both M; and M ;3 and neither M;,1 nor Mo for

1 <m—2.

The proof of these properties follows. Property I is simply a special case of Observation 2.6 and
hence holds. Property II can hold when there are z,y € X such that * = {Ma,..., Mi, Miy1},
a <i,and y* = {Miy2, Miy3,..., Mp}, i+ 3 < b. In this case, if {Ma,..., M;} U{M;ys,..., M} is
removable and removed then neither M;;; nor M;;2 can be removed.

Iﬁ principle, our algorithm consists of enumerating all removable sets and then deleting from
. the enumeration those that are proper subsets of any other removable set. The efficiency of the
algorithm can be maintained by performing the deletions while enumeration is taking place.

We first note the form of removable sets. We maintain the subscript ordering described in § 1.3.
Consider the subscripts of any two adjacent elements of an MRS. They must follow one of three
patterns: (M, Mjy1), (Mj, Mj42), or (M;,Mj43). It is not possible for (Mj, M;i4) to occur in
sequence in an MRS because, by a variant of Property I, it is possible to remove M; 2 for any
removable set which includes (M, Mj4), and hence the removable set is not maximal.

This points to a further important property of MRS ’s. Consider constructing an MRS starting
with either M2 or M3 and subsequently adding maximal antichains with larger indices. The partially
constructed list will be termed a candidate set. Define the tail of a candidate set as the set of maximal
antichains with subscripts contiguous with the largest maximal antichain in that candidate set. Any
two candidate sets with the same tail will evolve in exactly the same manner. A gap in the sequence
of maximal antichains making up a removable set provides a kind of independence: the future
evolution of a candidate set does not depend on those maximal antichains preceding the gap.

For example, suppose two candidate sets are {Ms, M3, M5} and {Ms, M5}, both with tail

{Ms}. There is no point in pursuing { M3, Ms} since its evolution can be no different from that
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of {Ms, M3, M5} and therefore it cannot be maximal. On the other }-1and if one candidate is
{M,, M3, M,} and a second is { M3, M4} then such elimination is not possible. While the smaller is
a proper subsePt of the larger, they do not share the same tail.

From the preceding argument we can deduce that there are at most 3™~2 sequences to be
examined. However, the number is actually much smaller. One needs to.consider (M;, M;3) only
if (M;,Mj41) is not possible. Hence the true upper bound is 2™~2. A further substantial saving

comes from identifying and deleting candidates that will become proper subsets of other candidates.
Algorithm 2.7

ListMaxRemovableSets(S)

Arguments: S a list of candidates.

Begin
If S =0 then
Return ListMaxRemovableSets({{M2, M\M3}},{M3, M \ { M3, M3}})
Else
Begin
S*=0
For each w = {s, M} in S
Begin
If isCovered (s, S*, S) Break
S* = append ( S*, {(s U Ma), M\ {M1, M>}})
If isRemovable (s U M)
S* = append ('S*, {(s, M1), M\M1})
Else If isRemovable (s U M3)
S* = append (S*, {(s, M3), M\ {M1, M2, M3}})
End
If Finished (S*)
Return (S*)

Else
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Return ListMaxRemovableSets(S5*)
End

End

Our algorithm grows candidate lists starting at the left end. By Property I either M3 or M3 must
be the first element of the MRS. From this point elements are added sequentially to the candidate
lists according to Properties I and IT and the observations made above.

Any candidate which is a proper subset of another candidate can be deleted if both have the
same tail ; this is detected by the function isCovered. The function isRemovable determines
whether a given candidate can be removed. Finally the function Finished determines whether all
candidates have been pursued to My,.

Consider the output of Algorithm 4.2 applied to the data of Example 2.2. In that example only

M, and Mg are essential.

Step 1 So = { M1, M.}
Ty = {M>,M3}  removable
T, = { M2, M4} removable
Ts = { M3, My} removable
Ty = {M3,Ms} removable
Step 2 S; = {{Ma, M3}, {Mq, Ma},{Ms, Ms},{Ms, Ms}}
Ty = {M2,M3,M;s} mnot removable z7 C T1
T = {M2, M3, Ms} removable
T = {M2,M3,M5} removable
T3 = {Ms, M4, M5} removable
Ty = {M3, M4, Mg} removable
Ts = {M3, M4, M5} not removable z;9% = T5
T = {M3, M4, M7} removable
T = {M3, M4, Ms} removable
{M3, Ms} is not considered because it has the same tail as T5.

Step 3 Sy = {{Mz, M3,M6}, {Mz, , M3, M5}, {Mz, My, M5},
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{Maz, My, Mg}, {M3, My, Mo}, { M3, My, Mg}}

Ty = {M2, M3, Mg, M7} not removable z}; C T}
T{ = {M;, M3, M5, Mg} removable

T> = {M3, M3, M5, M7z} removable

Ts = {M,, My, M5, Mg} removable

Ty = {M,, My, M5, M;} removable

Ts = {Ma2, M4, Mg, M7} not removable z$; C T
T: = {M3, M4, Mg} removable

T = {Ms, M4, M7} removable

Done S = {{My, M3, My, Mg}, {Mz, M3, M5, M7}, {M2, M4, M5, Mg},

{Ma2, M4, Ms, M7},{Ms, My, Mg}, { Mz, My, M7}}

3 The number of minimal covers of an interval order

How many minimal covers does X "have? The question is not only of theoretical interest. In
applications, if this number grows too large with the size of X, we might opt for random generation
of minimal covers instead of enumeration.

The number of minimal covers will depend on four characteristics of the interval order:
e the number of maximal antichains;

e the number of minimal elements;

e the length of each minimal element;

e the degree of overlap betwgen the minimal elements.

The problem of determining the number of minimal covers for a general interval order is thus
fairly complex. The last item, degree of overlap, can be more formally described as the size of the
intersection of the duals of minimal elements. Overlap between minimal elements can either increase

or decrease the number of minimal covers for an interval order, as the next example shows.
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Example 2.5 In the following examples, partial Petrie matrices of elements which do not overlap
with simplicial elements are displayed on the left of each table; minimal covers, one per column to
the right, are denoted by dots (e) which indicate mazimal antichain membership in the cover.

The first pair of examples illustrates a case where overlap decreases the number of minimal

covers:

1 0 M; o o 10 M; o o
1 0 M i+1 o o 1 1 M, i+1 °
01 M i+t2 @ 0 1 M i+2 | @
0 1 M i+3 [ [ ] 0 1 M i+3 o
4 minimal covers 3 minimal covers

The second pair of examples illustrates a situation where overlap increases the number of minimal

covers:

1000 M; |e]e 1000 M, |eo o

11 00 M;+ o | e 11 00 M e oo

01 00 M,'+2 LR 01 10 Mi+2 o | e

00 1 0 Mi+3 L] L] 00 10 Mi_+_3 L]

0 0 1 1 Mi+4 [ ] [ ] 0 0 1 1 Mi+4 ° O‘

0 0 01 Miys | ® ° 00 01 Mits e|eo | o
4-minimal covers 5 minimal covers

We aim at bounding the maximal number of minimal covers Npyax(m) for an interval order
with m maximal antichains, and at establishing whether enumeration of the minimal covers is a
useful approach for realistic interval data sets. With these views in mind, § 3.1 provides lower and
upper bounds on Npay, while § 3.2 following provides some simulation results designed to supply
an empirical approximation for this number and to determine the applicability of Algorithm 2.5 in

a realistic situation.

3.1 Bounds on N, (m)

Theorem 2.8 For m > 2,

(2.2)
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where

k1= 1943v33, ko= 19-—3V33

Proof. An immediate lower bound on the maximum number of minimal covers Npyax(m) for
a given m can be determined if we assume no overlap between minimal elements. The number of
minimal covers "N pax in the case of no overlap is then simply the product of the lengths of the
minimal elements. Since M and M, are essential and both contain a minimal element of length 1,
we need to partition m — 2 elements into consecutive sequences such that the product of the lengths
of these sequences is maximized. The problem can be reformulated as that of maximizing HkK=1 ag
subject to Ekkzl ar = m — 2 for K and ay,...,ax, for which a solution is exposed in Saaty (1970,
Theorem 4-6). For all values of m > 2, "°Npax > 3

For the upper bound, we bound the number of MRS ’s compatible with m maximal antichains
by using the properties of MRS ’s described in § 2.2. Specifically, we determine the number B, of
ways in which a sequence of m — 1 (ordered) items can be partitioned exactly in consecutive groups
of 1, 2 or 3 items, such that a group of 3 items occurs neither at the beginning nor at the end
of the sequence. If we take the items to be the linearly ordered maximal antichains of an interval
order beginning at M, then a set formed by the final maximal antichain of each group, bar the last
group, will form a set of maximal antichain of the requisite structure for an MRS. The number of
such partitions thus forms an upper bound on the number of MRS’s achievable with m maximal
antichains.

The reason for starting the sequence at M, and omitting to include the final maximal antichain
from the last group is that M; and M,, are essential, and thus cannot be removed. The requirement
that a group of 3 neither start nor end a sequence of groups formed in this manner ensures that at
least one of maximal antichains M, and M3, and at least one of M,,_o and M,,_;, will be included
in the candidate set, the necessity of which is stated in § 2.2.

To determine the number of groupings of m — 1 items in sequence which satisfy the above
conditions, we start with the determination of the number G,, of general groupings in 1, 2 or 3

of m — 1 items which do not necessarily satisfy the condition on the first and last group. Since
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each such sequence must start with a group of length ¢ = 1,2 or 3, and since the remainder of
the sequence of m —4 — 1 elements must satisfy the grouping requirements as well, it is clear that
Gm =Gm-1+Gp—2+ Gp_3 for m > 4. To determine the number B,, of group sequences of m — 1
items which satisfy the requirement of not starting or ending with a group of length 3, we simply
subtract the number of unconstrained group sequences which start or end with a grouping of 3.
There are 2G,,,—3 — Gi—¢ such groupings, so that By, = G, —2Gp—3 + Gm—g for m > 4. A simple
algebraic verification shows that B, = By—1 + Bm—2 + Bm—_3 for m > 4. Values for 2 < m < 4 are
depicted in the following diagrams. Only the endpoint of each group is identified by a circle (o).
My |o]|o
M |o

o
My|loflo o
m=2 By=1 m=3,B3=2 m=4,By

I
w

Since By = 1, Bs =2, By =3, and B, = Bpy—1 + Bjn—2 + Bp—3 for m > 4, 2 e
where T, is the m*® Tribonacci number (Feinberg, 1963). Spickerman (1982) showed that T}, =

[ap™ + 0.5], where a and p are as above, which completes the proof. O

3.2 Simulations and simulation results

Theorem 2.8 shows that the maximal number of minimal covers grows exponentially with m, lying
somewhere between the curves y = (0.48)1.44™ and y = (0.33)1.84™ for m > 1. Having in mind
practical applications for minimal covers, we wish to determine whether, in practice, the number
of minimal covers tends to reach these large values. We adopted a simulation approach with this
purpose in mind, with the specific objectives of assessing the bounds mentioned above and of deter-
mining whether it is feasible to enumerate the minimal covers of an interval order likely to occur as
a real data set. The simulation results we present are based on two pseudo-random interval order
generation mechanisms designed to provide answers to both of these questions.

The generation mechanisms we present warrant a preliminary explanation. Recall from Chap-

ter 1, § 1.1 that all interval orders X can be represented as sets of intervals on the real line

{[h(z), h(z) + p(x)];2 € X,h: X 5> R,p: X = R},
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characterized by left endpoint function 2 and non-negative length function p, and such that for
z,y € X, ¢ <y if and only if h(z) + p(z) < f(y). Thus, to generate random finite interval orders,
it is enough to generate left and right endpoints defining real intervals.

In simulation series A, we systematically varied the number n of elements in X between 10 and
115, and the ratio of expected left-endpoint placement to interval length in the real representation.
We produced real representations of interval orders by generating left endpoints according to an
Exponential distribution with mean 1, then generating lengths according to an Exponential distri-

- bution with mean g = 1/, where A took on the values 0.4,0.6,...,3.0. A simple calculation shows
that the probability of overlap between any two intervals in such a setup is 1/(1+ A), and so varied
between 0.25 and 0.72 in the course of our simulation. By way of comparison, the proportion of
pairs of overlapping intervals in the breast cosmesis data presented in Finkelstein & Wolfe (1985),
was approximately 0.45. For each pair (n, A), 50 interval orders were generated, thus yielding 14,300
interval orders in total. Simulation series A was designed to produce a large variety of overlapping

patterns which would help assess the bounds of Equation (2.2) (see Figure 2.7).

Interval
—h
—

“NDWhrOON®O©

0 2 3

Time

Figure 2.7: Series A sample interval set; n = 20, A = 0.5.
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For simulation series B, we generated intervals by setting potential inspection times at ¢ =
0,1,2,...,30. For each interval , the inspection times were retained with a probability of 1 for
t = 0, a probability of 0.4 for ¢ = 2,..., 6, and a probability of 0.1 for t = 7,...,30. A number n of
event times were generated according to an Exponential distribution with mean p, p = 2,2x(1.25) =
3.5,2 x (1.25)% = 3.125,...,2 x (1.25)1% = 56.8, for values of n = 10, 20,...,150. Intervals were
formed by using the largest inspection time smaller than the event time as the left endpoint, and
the smallest inspection time larger than the event time as the right endpoint. This setup mimics a
long-term prospective study in which a condition is monitored at fixed inspection times which may
be missed; event time corresponds to the moment of change in condition. This simulation setup can
produce right-censored cases (i.e. intervals without a finite right endpoint) with a probability of
exp(—30/p). This probability ranged over 0.0667,0.0833,...,0.53. Sixty simulations were run for
each pair (n, u), thus yielding a total of 13,500 simulated interval orders. Simulation series B was
designed to mimic typical data from a long term prospective study where a condition is periodically

monitored for change (see Figure 2.8).

Interval
—
o

“NWhOON®O

0 8 16 24 32

Time

Figure 2.8: Series B sample interval set; n = 20, 4 = 15. (Intervals 1, 4, 11, 17 and 20 are right censored)
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Simulation results are illustrated graphically using boxplots. The conventions we adhered to in
the use of boxplots correspond to the standard S-Plus software conventions (Becker et al., 1988).
The range represented by the inner shaded box corresponds to values of N lying between the first
and third quartile of the data, with the line within this box indicating the median of the values.

The results of simulation series A are shown in Figures 2.9 and 2.10. The exponential growth of
the number of minimal covers N with the cardinality n of X is manifest in both the average case
and the maximal case, placing an exponential lower bound on this growth for the general interval
order. An approximate value of #N,ax(m), the maximum number of minimal covers in terms of
m for simulation series A, can be determined by a Poisson regression of m on n with identity
link. Such a regression yields m = 0.366n + 0.805, from which we can derive the approximation
A Nmax(m) = (0.485)1.023™. Figure 2.10 shows, as was expected, that this growth is more strongly
associated with the increase in the number & of minimal elements in X rather than with the increase
in n, though both quantities are positively correlated. Because simulations were not run an equal
number of times for each value of k, the range of values of N as a function of k£ should not be

interpreted as meaningful on the boxplots.

12

Log(number of minimal covers)
6

10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100105110115

Cardinality of X

Figure 2.9: N as a function of n for simulation series A. Lower solid line is a least-squares regression

line of log N on n; upper solid line is a least-squares regression line of logmax,, N on n.
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Figure 2.10: N as a function of & for simulation series A.

By contrast, simulation series B shows that the rate of increase of N with respect to n diminishes
with increasing n in the average case, while the maximum value of NV itself remains more or less
constant for n > 80 (Figure 2.11). These results are explained by the fact that the simulation series
B setup creates an expected proportion of right censored values which increases with p; this increase
causes the number of maximal antichains to converge in probability to 1 as y grows larger. In the
limit, all intervals overlap, forming a single maximal antichain and a single minimal cover. Thus N
tends to 1 in probability. Figure 2.12, however, shows that the relationship between the number of
minimal elements and the number of minimal covers remains roughly exponential, which indicates
that right-censoring curbs the number of minimal covers by preventing the creation of large numbers

of minimal elements.
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10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

Cardinality of X

Figure 2.11: N as a function of n for simulation series B. Smooth curves were computed using local

regression (loess).
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Number of minimal elements

Figure 2.12: N as a function of k for simulation series B.
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The results of simulation series A confirm a rapid exponential growth in the number of minimal

covers, which could preclude their enumeration even for modestly sized interval orders. However,
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simulation series B provides an indication that we can expect the number of minimal covers in
a realistic data set to remain manageable. The censoring mechanism itself, based as it is on fixed
inspection times, forces the number of maximal antichains, and thus the number of minimal elements,
to be at most the number of inspection times. We can expect this phenomenon to keep N manageable
in applications.

Refining the bound on Npax(m) remains an open problem of theoretical interest. Of immediate
practical interest is the determination of the expected number of minimal covers under a specific
interval generation mechanism. Embedded semi-orders may provide an avenue of research for both
of these questions, since minimal elements in an interval order form an embedded semi-order in the
interval order. See Fishburn (1985), Chapter 6 for a discussion of maximal embedded semi-orders.
This embedded semi-order need not be of maximal cardinality, since minimality of elements is a
stronger constraint than semi-orderedness. Determining Npax(m) and the expected value of N
under a given generation mechanism is likely to require knowledge about the attainable cardinality
of such an embedded semi-order, but also about the patterns of maximal antichain membership in

these embedded semi-orders.



Chapter 3

Weak order partition of interval orders

One form of nonparametric inference on interval censored data involves rank-score statistics. In the
simplest case of rank scoring, a selected group of individuals are assigned to a “control” category
while the remainder are assigned to a “treatment” category prior to any measurement being made.
In the presence of complete information about the ordering of all individuals according to some
measured quantity, we can assign a rank to every one of them. A function of this rank, usually but
not necessarily monotonic, is then summed over the treatment individuals, and the resulting rank
score statistic is usually assessed on the basis of its exact or asymptotic distribution under the null
hypothesis of no difference between treatment and control.

However, information about the measured quantity is often only available as interval censored
data. Prentice (1978) introduced a closed-form rank score statistic for right-censored data which
consists of the average rank score statistic over all linear extensions of the partial order induced by
censoring, or, equivalently, over all rank vectors compatible with the data. The basic nonparametric
assumption underlying this technique is that every possible ordering of the underlying data is of
equal weight a priori. Attempting to apply this principle to interval censored data is complicated
by the fact that in this case there is no closed form for average rank score statistics.

To produce such statistics, it is therefore necessary to enumerate all linear extensions. However,
enumeration is rarely feasible for actual data sets. Consider Example 1.1 from Chapter 1 viewed
as interval censored data. It consists of 6 observations and has 57 linear extensions, as ascertained
through a backtracking enumeration algorithm (see § 1), while the breast cosmesis data analyzed in
Finkelstein & Wolfe (1985), with 93 observations, have approximately 2.4 x 1092 linear extensions,

as estimated using the techniques described in § 3. The available alternative to enumeration is

56
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to produce a sampling estimate of the rank score stgtistic, based on uniformly generated linear
extensions of the underlying interval order.

Self & Grossman (1986) offer several algorithms to perform uniform generation of linear exten-
sions; unfortunately, none of these algorithms actually achieves uniform generation. In this chapter,
we propose a structuring view of the set of linear extensions of interval orders through what we call
weak order partitioning. In essence, we will construct a scheme whereby this set can be partitioned
into disjoint sets, each of which consists of the linear extensions of a weak order. This partition
greatly simplifies the task of both uniform generation of linear extensions and sampling estimation
of various rank-based statistics of interval orders.

In § 1, we provide some detail about backtracking algorithms as they can be used to generate
linear extensions; our purpose there is to provide insight into the problem, as backtracking-based
generation algorithms are not up to the task of generating the linear extensions of an interval order
uniformly. We construct the weak order partition in § 2. This is accomplished in Theorem 3.4,
the main result of this chapter. The construction involves a number of deﬁniti(;ns, most important
among which is that of marked configurations of the interval order. By partitioning the linear
extensions into simple sets, Theorem 3.4 yields a straightforward technique not only to generate
linear extensions uniformly, but also to estimate linear rank statistics without generating the linear
extensions directly. We provide a brief description of a general sampling application based on this
partition in § 3, as well as describe a few typical questions concerning interval orders which may be

addressed with the aid of standard sampling techniques.

1 Backtracking algorithms

Backtracking is a general method to count or enumerate linear extensions of a poset in constant
linéar time. Kalvin & Varol (1983) provide a review of backtracking algorithms applied to the
enumeration of linear extensions. Even for small posets, the number of compatible linear extensions
is large enough so as to make the method unusable in practice. However, for the insight it provides
on the nature and complexity of the problem, we will describe backtracking using the precedence

matrix as a starting point.
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1.1 Counting the linear extensions of a poset

We illustrate how backtracking methods can be used to perform the conceptually simple task of
counting the number of linear extensions of a partially ordered set. To do so, we introduce the

precedence matrix of a partially ordered set.

Definition 3.1 Let (X,=) be a poset, with X = {z;,zs,...,7,}. Then we can define the n x n

precedence matrix P of (X, <) as follows:
Pij =1{z; < z5],i,5=1,...,n.

Our convention that < be irreflexive causes P to be zero-diagonal. Moreover, for transitive
relations such as partial orders, it is always possible to reorder the labels in X so as to make P
strictly upper triangular.

For P € {0,1}"*" a (square) precedence matrix of size n, denote by P/ the jth column of P, and
by PJ the sum of the elements of P7. We denote by Pj,,....j,) the matrix P with rows jy,. .., jx and
columns ji,...,j; deleted, but with remaining rows and columns retaining their original labeling.
The latter convention simplifies notation.

The idea behind backtracking enumeration is to recursively apply the following principle: only
elements of X which have no predecessor can head a linear extension of (X, <). These are easily
identifiable in terms of the precedence matrix as elements with index j such that P4 = 0. Once
initial element z; has been chosen to head the linear extension, the problem is reduced to finding a
linear extension for the poset with precedence matrix P;), and to let z; head it.

We introduce further notation. For P as above:
e with j in the index set of rows and columns of P, let v; (P) = 1[P? =0];

e let N (P) be the number of linear extensions consistent with precedence matrix P, with

N (0] = 1.

Then N (P) can be expressed as

N®) =Y v ®)N (Bg). (3.)
j=1
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Repeatedly expanding the right-hand side of 3.1 yields

n n n n
N(P) = Z vj, (P) Z Vi, (P(jl)) Z Vs, (P(j1 .jz)) Z v, (P(j1,jz,....j,;))
Jji=1 jo=1 ja=1 e
Ja# 41 Ja#i Jn#i1
Ja#d2
so that
N(P) = Z H V(Tj (P(dl,--.,ﬂj_l)) ?
o j=1

where the sum is taken over all permutations o of {1,...,n}. We note that the factors in the

summed products can be expressed in terms of the original P;;, since

1.2 Enumeration and random generation

The recurrence formula (3.1) can be transformed into an algorithm which will enumerate the linear
extensions themselves. Such an algorithm is equivalent to the algorithm proposed by Knuth &
Szwarcfiter (1974) when indices are kept track of.

The enumeration algorithm, in turn, can easily be adapted as a pseudo-random generation
algorithm: at every turn, choose the element to head the remaining sublist uniformly randomly
among available candidates, until a linear extension is produced. Such a method does not produce

linear extensions with uniform generation probability, as the following example demonstrates.

Example 3.1 Consider the interval order X = {z1,z2,23,24} endowed with the following real

representation:

T1

3

Under the natural subscript ordering 1,2, 3,4 of X, the precedence matriz of < is
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Representing linear eztensions by their indez sequence, the set of linear extensions L (X)) compatible

with interval order X = (X, <) is
L: (i) = {(1’2’ 3’4)) (1’ 2’ 4’ 3)’ (2’ 1737 4)’ (2, 1,4,3)’ (2’37 1’4)}

The event that an element has been chosen to belong to the linear\ eztension being generated
is represented by the precedence matriz having the appropriate row and column struck out, and by
leaving out the unchosen indices in the linear extension.

We can compute the probability of generation Pg for, say, eztensions (1,2,3,4) and (2,1,3,4),

as follows.

PG[(L 2,3, 4)]

= lx1><—><1
2
- 1
T4
13 4
0 01 84 4
Ps((2,1,3,4)] = Pz[(2,7,7,7]FPs |(2,1,7,? 6 00 Pz |(2,1,3,7) |0 0 | Pg [(2,1,3,4) 0]
000 00
= lxlxlxl
T 27272
_ 1
T8

A generator with uniform generation probability across all linear extensions in L(<) can be based

on the backtracking random generator in the following manner:

Algorithm 3.1

BacktrackWithRejection(X)
Arguments: X, a partially ordered set;

N, size of the sample to generate.

1. Find a quantity a < minezx) Po [
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2. Generate a linear extension A through backtracking; include it in the sample with probability a/Pg [A
3. Repeat step 2. until a sample of size N is generated.

Return sample.

Such an algorithm would generate any linear extensions in £ (X)) with equal probability. This al-
gorithm stands in slight contrast with the closely related rejection scheme which generates a primary
sample S, then resamples it by culling each of its members A with probability miny,es Pa[Ao]/Pa[A],
to create a secondary sample. Sample sizes are difficult to control with such an approach, since sec-
ondary samples issued from different primary samples cannot be merged without knowledge of the
primary sample. On the other hand, finding an appropriate quantity @ in Algorithm 3.1 may be
costly.

In practice, we have found that neither approach is practicable because of the unacceptably high
rejection rates. Attempts at uniform generation of linear extensions of the breast cosmesis data from
Finkelstein & Wolfe (1985) (n = 93) using backtracking-based generation have led to acceptance
rates of about 2.3 x 10~29, This crippling acceptance rate has led us to consider alternative methods.
Generation methods based on simple Markovian transitions, usually dubbed Monte Carlo Markov
Chain methods, are attractive in many ways, not least of which is the simplicity with which some
may be implemented. The difficulty in measuring the association between successively generated
linear extensions using simple transitions, as well as the usual doubts concerning the convergence of
simulated Markov chain to stationarity and the possibility of transitional bottlenecks in the set of

linear extensions, have led us to consider a new approach.

2 Weak order partitioning of interval orders

The solution we settled on is expounded in the remainder of this Chapter. So-called weak order
partitioning of interval orders holds the particular attraction of avoiding the generation of linear
extensions altogether when linear statistics on the ranks of the data are desired. This property
arises because a certain set of weak, rather than linear, extensions are produced by the method.
Linear rank statistics on the linear extensions of a weak order can be computed directly by appealing

to the average such rank statistic over each equivalence class of the weak order.
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2.1 The marked configuration-induced weak order

We first formalize what we mean by partitioning a set of linear extensions using partial orders.

Definition 3.2 For X = (X,<) a poset, an order partition of L (X) is a collection {L(X,R); R € R}

such that
1. R C (X x X) is a set of partial order relations on X,

2. L(X)= U L(X,R), and
RER

Because a partial order is the intersection of all the linear orders induced by its linear extensions
(Theorem 1.4), we could also write dually that R is an order partition of <, in the above definition.

We will qualify the term “order” in “order partition” using the specific type of order contained
in R, viz. weak order partition in the current investigation.

By way of heuristics, we now construct a first weak order based on the maximal antichain
structure of an interval ordered set. Recall that M = MA (X)) denotes the set of maximal antichains

of an interval order X

Definition 3.3 A configuration of an interval order X is a mapping C : X - M where C(z) = M

only if t € M.

A configuration is simply an assignment of each element of X to a single maximal antichain of X.
We will represent a configuration C by the matrix of indicators C = [¢;;i = 1,...,m;j = 1,...,n],
with ¢;; = 1[C(z;) = M;). Such a matrix will have a zero entry wherever the Petrie matrix of the
interval order has a zero entry, and will contain a single 1 in every column. Configurations can also
be represented by the sequence of integers s; = arg; [Cij = 1], j = 1,...,n, which we will call the
mazimal antichain sequence of C. We will use the same bolded letter to represent both the matrix
and maximal antichain sequence of a configuration, relying on the obvious isomorphism between the
representations.

We will also denote = {C; C is a configuration of X}.

==
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Example 3.2 Consider the interval order X = (X, <) corresponding to the data in Ezample 1.4,

which has Petrie matriz A shown below. Then a configuration C of X could be represented by matriz

C:
"1 11000 1
|10 1.1 100 10
A_010101’0_0
000111 0

Equivalently, using mazimal antichain sequence, we could put
C=(1,3,1,4,4,4).

Each configuration C' of X induces a weak order on X in a simple way, as indicated in the next

Lemma, the simple proof of which is again omitted.

Lemma 3.2 Let X = (X, <) be an interval order. Let C be a configuration of X be represented by

the mazimal antichain sequence C = (s1,...,8,), and define the relation <o by

Then <¢ is a weak order on X, < C <¢ and Rc=~c 15 given by T, Nc Tp < S = Sp.

We can conclude from Definition 1.4 and Lemma, 3.2 that two configurations C' and C" of an inter-
val order given respectively by maximal antichain sequences C = (s1,...,8,) and C' = (s{,...,s})

will induce weak orderings with linear extensions in common, in the sense that £ (X, <¢) [ £ (X, <¢r) #

0) whenever s, < sp <> s, < sp foralla,b€ 1,...,n.

Example 3.3 Using the interval order from Ezample 8.2 above, we consider the two configurations

C and C' represented by matrices

101000 111000
looo0o0o0 o0 , looo 1o o0
C=lo10000]|% C=|0000 01

000111 000010

Indicating equivalence classes by curly braces {-}, the induced weak orders of Lemma 3.2 are

and
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It is easy to see that

Thus {£ (X, <c);C € ._, isnot in general a weak order partition for £ (X, <). The fact that
it does form a cover for £ (X, <) will be shown in the course of proving Theorem 3.4. Configurations,

however, form the first of two main building blocks which we will use to construct such a partition.

Before proceeding, we introduce further notation:

Definition 3.4 For C a configuration of interval order X, let M;(C) = {z; € M;; C(z;) = M;},

i=1,...,m, and let Mpy,+1(C) = 0. We call M;(C) a configuration mazimal antichain of C.

We define now the concept of marker, the second building block in the construction of a weak

order partition of £ (X, <):

Definition 3.5 For C a configuration of interval order X and i = 1,...,m, we say that M;(C),
can be marked or is markable if there exists z € M;(C) with.x & Mi41.

Such an z (including therefore any x € My,) will then be called a marker for mazimal antichain
M;.

A configuration can be marked or is markable if all of its configuration mazimal antichains are

markable.

A marker, in a particular configuration, is thus simply an element which appears in the config-
uration maximal antichain corresponding to the maximal antichain in which it last occurs in the
original interval order; “last occurs” is here, as usual, used in the sense of the maximal antichain
linear ordering. Every element of X is a marker for exactly one maximal antichain in an interval
ordering of X, in the sense of Chapter 1, § 1.3.

It must be noted that not every configuration can be marked; specifically, if, for some 7, M;(C)

is non-empty but does not contain a marker, then C cannot be marked (see Example 3.4 below).

Definition 3.6 A marked configuration of an interval order is a mapping C* = (C{,C3) : X —
M x {0,1}™ where C} is a markable configuration of X and C3 is such that for every M € C; (X)

there is exactly one marker z € M with C;(z) = 1.
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One useful way to represent a marked configuration of X is as a matrix-vector pair (or maximal

antichain sequence-vector pair) (C,w), where
1. C is the matrix or maximal antichain sequence of a markable configuration of X;

2. wis a vector [w;],i = 1,...,m, where w; is undefined if M;(C) = @, and is a marker for M;(C)

otherwise.

Again, we will use C* to denote either the mapping (C7,C5) and the bold version C* to denote
the matrix-vector pair representation (C,w).

The example below should help to clarify our definitions.

Example 3.4 Using the interval order and configuration from Ezample 8.3, and identifying w only
through element subscripts, we could have a marked configuration C* with matriz-vector represen-

tation

C* = (C,w) =

o= OO
- O OO
-0 O O
[ == en R en]
gt |

1
0
0
0

OO O =

where the — indicates that the marker is undefined, an allowable state since M3(C) = 0.
We note that configuration C' in Ezample 8.8 cannot be marked, since M, (C') = {z2}, and z5

cannot be a marker for Ms since it last occurs in Ms.

Marked configurations may be used to induce weak order relations on X in the following manner.

Lemma 3.3 Let X be an interval order. Let C* be a marked configuration of X with mazimal an-
tichain sequence-vector representation C* = [(sy, ..., 8,),w], and define the relation <c» as follows

for all xg,zp € X :

Then <c+ is a weak order on X, < C <=, and Rg«, for T, # Tp 15 given by T, Ro+ Ty < sS4 = Sp

Example 3.5 The marked configuration of Ezample 8.4 above yields the following weak order, in

the sense of Lemma 3.3:
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Elements identified as markers occur immediately after all the elements of the configuration mazimal

antichain to which they are mapped.

The construction of <g» shows that (<¢) C (<¢-) for any markable configuration C' and
compatible vector of markers w. The following Theorem shows that this tightening of configuration-
induced weak orders is enough for us to meet our goal of partitioning the linear extensions of an

interval order in simple subsets.

Theorem 3.4 Let X be an interval order. Let C* (X) = {C*;C* is a marked configuration of X}.
Then the weak orderings induced by C* (X) by the construction of Lemma 8.8 form a weak order

partition of £ (X, <).

Proof. We first show that the weak orders <« cover the set of linear extensions, by constructing

a marked configuration for each linear extension in £ (X, <).

Let A = (Zj,,Tj,- -, Zj,) € L(X). For convenience, we let yx = zj,, k = 1,...,n. The linear
ordering of the subscripts k = 1,...,n will then correspond exactly to the ordering of the ’s in .
We construct a configuration C by completely determining its dual sets M;(-), 2= 1,...,m. As we

construct the dual sets, we identify markers by entering them in a marker vector w. The procedure
is effected in such a way that A belongs to the induced weak order. The induced ordering will be
denoted <¢,, during the course of this proof.

Place y, in M,,(C), which can always be done since the last element of a linear extension of
X must belong to the last maximal antichain, by the linear ordering of the maximal antichains
and the essentiality of Mp,. Let wy, = y,. Also assign yn—1,¥n—2,-- ., Yk, 0 My(C), where k,, is
chosen so that yk,, € My, but yk,.—1 € M.,. Thereafter, assign yk,—1, Yk, ~2, - - Yk, 0 M;._, (C),
where M;__, is the largest maximal antichain to which gz, _; belongs, and where k._; =1 or is
chosen so that y;,_, € M;, _, but yg,_,—1 € M;,._,. Put w;._, = Yk,—1, which is possible since
Yk.—1 € M;,_,4+1 by construction. Since all y’s belong to at least one maximal antichain, they will
all be assigned to a configuration maximal antichain after a finite number of steps, say s steps,
yielding M;.(C) = {yk,, . -,yk,+1—1}, Wi, = Ykp1—1, T =M —§,...,m, where kyy1 =m + 1.

If yo <cw Yo, then a < b, for either Mo (y,) < Mc(ys), in which case a < b by construction,

or ¥, € Mc(y,) and y, is the selected marker for M¢o(y,) in which case a < b obtains again
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by construction. Hence the weak order induced by (C,w) has precedence relations only where the
subscripts k = 1, ..., n also have precedence in the integer ordering; therefore <¢,, C <. Extending
the construction to every A € £ (X, <) shows that

Lx,<c |J L& <cw-
(Cw)ecC*(X)

But since
(R) C (Ke) C (<ew) = L(X,<cw) CL(X,<c) C L(X,=) for all (C,w) € C*(X),

this shows that

Lx,<)= |J L& <cw)
(Cw)ecC* (X)

We must now show that £ (X, <¢,u) £ (X, <¢'w) = O forall (C,w) # (C',w'), with (C,w), (C',u') €
C*(X).

If C = C', then there is an % such that w; # w}. Thus w} <cw wi, but w; <c¢rw wl, so

Ift C # C' but w = w', then there exists z € M;(C) with z € M;(C") for some ¢ # j. Without
loss of generality, assume that j < i; then w;- <cw T but T <cr o w;-.

If C # C' and w # w', consider for some ¢ the configuration maximal antichain M;(C"') which
contains w;- Then either M; = M; or M; < M;, siﬁce M; is the last maximal antichain where w;
can occur, by definition of markers.

If M; = M;, then w; <¢r . wj, but since wj last occurs in maximal antichain M; = M;, it must
be that wj <cw Wi

If M; < M;, then w; <cr W w; by construction. But since w;- occurs before M;(C), w;- <Cw Wi-

In all cases, £ (X, <cw)NL (X, <c'w) =0. o

3 Sampling marked configurations

Marked configurations partition the space of linear extensions of an interval order, and it is therefore
natural to use them to construct a sampling plan on that space. The most obvious applications of

Theorem 3.4 will require pseudo-random generation of marked configurations according to a known
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probability measure. In 3.1, we provide a general scheme whereby marked configurations can be

randomly generated. We describe some of the applications in 3.2.

3.1 Generating marked configurations

Our objective will be to describe a procedure to generate marked configurations with preset proba-
bilities, and to sample appropriately from the marked configurations. A few more concepts related

to covers of maximal antichains are necessary before we can make this procedure explicit.
Definition 3.7 For X a partial order, we call W C M a cover of X if X = ey M.

Covers will ultimately provide us with a practical method for generating marked configurations.

The technique is described below, for interval order X with | M| =m.
I. Generate a cover W for X with known probability p(WV).

II. Select a marker for each M € W.

III. Select a maximal antichain from W for each £ € X which is not a marker.

Whereas II. and III. are straightforv;rard and even suggest natural uniform probabilities of selec-
tion, viz. | {markers of M} |~ for marker selection and | {M € W;z € M}|~! for maximal antichain
selection, generating a set of maximal antichains YW which covers X is a more difficult task. To
resolve this difficulty, we appeal to minimal covers.

To generate a cover with known probability, the following procedure may be used:

Step 1. Generate a minimal cover Wy uniformly. Put b= |W|.
Step 2. Generate a value a, 0 < a < m — b, according to predetermined probability ps(a).

Step 3. Select a set W, of a maximal antichains from M \ Wy uniformly and set W = Wy |J W1 to be

the generated cover.

Step 4. Determine the number and cardinality of all minimal covers which are subsets of W, and thus

determine the probability p(W) of generating W.

A few notes on each of the steps:



Chapter 3. Weak order partition 69

e Step 1. Generate a minimal cover uniformly.

The uniform generation techniques for minimal covers are based on Algorithm RandomMin-

Cover, a non-uniform pseudo-random minimal cover generator based on Algorithm 2.4.

Algorithm 3.5

RandomMinCover(Y)
Argument: Y, the set of minimal elements of an interval order;

W+ 0

p+1
While Y =0
Begin
Yo = arg;nin Tea%y*
to + ChooseRandom (T)
b
P =
|T|
W+~ WU {po}
Y «+ {y € Y;maxyj <y*}
End

Return (W, p)

" The function ChooseRandom called with a set of maximal antichains of size k returns a
uniformly randomly selected maximal antichain from the set, that is, every maximal antichain
has probability 1/k of being returned. The values returned by Algorithm RandomMinCover

are a pseudo-randomly generated minimal cover W along with its probability of generation p.

Generating a minimal cover uniformly can be done using one of the following two methods.

1. Finding the number of minimal covers is a less onerous task than enumerating them; if

this number is small enough, minimal covers can be listed using Algorithm SimplifiedList-
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MinCovers, and uniform generation of a minimal cover reduces to random selection from

the list.

2. If the number of minimal covers is too large for eﬁumeration, a Monte Carlo Markov
Chain may be set using the Metropolis-Hastings algorithm described in Hastings (1970).
Transitions are then based on proposals generated independently from the previous state,
which provides the chain with a geometric rate of convergence to its stationary distribu-
tion (Smith & Tierney (1996)). A proposal is obtained by generating a minimal cover for
the interval order using Algorithm RandomMinCover, with known probability of gener-

ation.

e Step 2. Generate a number a of maximal antichains to add to the minimal cover.

Known probabilities of generation do not guarantee efficient sampling. Since, at least concep-
tually, our ultimate sampling units are linear extensions, the most efficient generation scheme
would have probability of generation proportional to the number of linear extensions belonging
to the marked configuration-induced weak order, a set-up known as sampling with probability

proportional to size Thompson (1992, Chapter 6).

It is dubious whether this ideal may be reached at all in our setting; however, a probability
of generation which roughly increases with the weight of the marked configuration will ensure
acceptable efficiency. We first note that weak orders containing large equivalences classes will
have large sets of linear extensions. Larger equivalence classes occur in weak orders with fewer
equivalence classes. A positive association between the probability of generating a weak order
and the size of its linear extension set can therefore be achieved by setting py(a) so as to
place greater probability mass on smaller values of a. A discretized truncated exponential
distribution probability function provided empirically good results (see Figure 3.1). Data-

driven schemes are also possible, but have not been explored by us.

The cover generation procedure was designed specifically to include Step 2. as a device to
achieve approximate positive relationship between probability of generation and size of the

linear extension set. Other generation schemes were unsuccessful in that they were not efficient.
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Figure 3.1: Bozplots on log-log scale relating the number of linear eztensions in a marked
configuration-induced weak order to the probability of generating the marked configuration, for a
sample of 100,000 marked configurations of the interval order underlying the breast cosmesis data
(93 observations) analyzed in [3]. The straight line is a least-squares fit of the original data, and

has slope =~ 0.83.

e Step 3. Select a subset of « maximal antichains uniformly to add to the minimal

cover.

Uniformity is trivially achieved when the number of maximal antichains to add has been fixed

beforehand.

e Step 4. Determine the probability of generation of W.

Because there may be more than one way of generating W using the method we are describing,
the probability of its generation cannot be computed on the fly. In order to determine this
probability, all possible pathways to the generation of YW must be considered. A few features
of interval orders and of our cover generation scheme conspire to make this task relatively

simple.

— Any cover of an interval order represents the full set of maximal antichains of another
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interval order; any minimal cover for this new interval order is also a minimal cover for

the original interval order.

— Algorithm ListMinCover can be modified to list the number of minimal covers of an

interval order according to the number of maximal antichains they contain.

— A non-zero probability of generating a cover from a given minimal cover depends only on

the difference in cardinalities.

— Minimal covers are generated uniformly.

These observations can be brought together as follows:

Let W be a cover for interval order X. Let r = (W) be the number of distinct cardinalities
for minimal covers which are subsets of W. Let by = bx(W), k = 1,...,r, be the distinct
cardinalities of minimal cover of W, and let ¢ = cx(W) be the number of minimal covers of
W bearing the corresponding cardinality bx. We can write down the probability of generating

W as

(W) = ckpy, (W - br)
k=1

3.2 Applications

The weak order partition of interval orders has strong potential for a variety of tasks involving
interval orders, including uniform generation of linear extensions and estimation of various statistics

of the linear extension set. We give four examples.

Linear extensions. To generate linear extensions uniformly, two-stage sampling (see Cochran
(1977, Chapter 11), for instance) may be used. Marked configurations are sampled with replacement
at the first stage, and their probability of generation is determined after they have been generated.
Then an appropriate number of linear extensions are generated with replacement from the induced
weak orders at the second stage. Generating linear extensions from a weak order is a very simple
task, requiring only unconstrained shuffling of the weak order’s equivalence classes while the order
between equivalence classes is maintained. Basic sampling techniques allow the generation of linear

extensions to be uniform.
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Number of linear extensions. The number of linear extensions of an interval order may be
estimated using marked configurations. A given weak order has a number of linear extensions
which is simply computed: if E;, i = 1,...,r are the equivalence classes of weak order Y, then
I )| =I1;-, |Ei|! If C%, s=1,...,S are a sample of marked configurations of interval order X,
each sampled with replacement with probability p,, then the Hansen-Hurwitz estimator (see, e.g.

Thompson, 1992, Chapter 3) is an unbiased estimator for |£ (X)| and is given by

S
EDI=53 'ﬁ(XI’)*C:”.

s=1 .

An unbiased estimate of its variance is given by

S 2
Var (IEQ01) = g S (" (Xz’:": N |£(2(_)I)

s=1
Rank score statistics. Rank score statistics, which can be based on the average rank score
of elements of X in the set of linear extensions, are simple to deal with at the level of weak or-
ders. If, in a given weak order <o, an element x belongs to an equivalence class E such that
k=|{zr € X;z <o E}| and k = | {z € X; E <o z}, then = will take on ranks k+ 1,k +2,...,k — 1
an equal number of times amongst the linear extensions of (X, <o). If ¢c: X — IR is a rank score
function which depends only on the rank of z in a linear order (z(;), . - ., %(s)) of X and on a covariate
Z(x) of the observation, then the value of the rank score of z over all linear extensions of (X, <o)
will simply be (5 —s5—1)"" Zf;; 1€ (z(s)» Z(z(3))). Summing these average rank scores over all
relevant rank and covariate values yields an average rank score statistic p, for the weak order.
This simple property of weak orders along with the ease with which linear extensions are counted
within them makes single-stage cluster sampling estimates of rank score statistics simple and readily
available. A slightly biased but efficient estimate for the average rank score statistic over all linear

extensions is given by

See Sirndal et al. (1992, Chapter 4).

Precedence proportions. Given two elements z,y of a partial order X = (X, <), we define

the precedence proportion of z over y as |[{\ € £L(X);z <x y}/|L(X)|, the proportion of linear
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extensions of X where z precedes y. Precedence proportion has been studied in the related settings of
correlation inequality (e.g. Winkler, 1986) and linear extension majority (e.g. Brightwell, Fishburn
& Winkler, 1993). Precedence proportions in a weak order are always 0, 0.5 or 1, and sampling
estimates of precedence proportions in an interval order using marked configuration-induced weak
orders are thus simple to compute. The sampling estimate for precedence proportions takes on the

same form as for rank score statistics.



Chapter 4

Nonparametric estimation of the CDF

In this chapter, we pursue the work initiated in Chapter 1 concerning nonparametric estimation of
the CDF for interval censored data. In particular, we will endeavour to reconcile two perspectives
on nonparametric maximum likelihood estimation for interval censored data which have gained wide
currency during the past twenty-five years or so.

The first of these perspectives is the point of view represented in'works such as Peto (1973),
Turnbull (1976) and Gentleman & Geyer (1994), to name a few. It models the probability density
function (PDF) observed under the censoring pattern as a discrete probability function on a set
of disjoint intervals determined by the data. The CDF is undefined within these intervals and
remains unvarying outside of them. The basic tool in this perspective is self-consistency and its
natural implementation, the EM algorithm. Convergence of the EM algorithm to the nonparametric
maximum likelihood estimate (NPMLE) of the PDF is guaranteed when the Kuhn-Tucker conditions
are satisfied. Bohning, Schlattmann & Dietz (1996) propose, with the same view on the form of the
NPMLE and again using the Kuhn-Tucker conditions, algorithms based on the Vertex Exchange
Method and the Vertex Displacement Method which appear to be much more efficient than the EM
algorithm.

The second point of view is based mostly on the work of Groeneboom (1991) and Groeneboom
& Wellner (1992), as well as Jongbloed (1998) and Wellner & Zhan (1997). In this case, the NPMLE
of the CDF is assumed to have jumps on the positive real line only at the endpoints of the intervals
forming the data. Isotonic regression is used for estimation of the CDF in this setting, with the
Iterative Convex Minorant algorithm and some variants thereof as its main implementations. The

assumed form of the CDF and Fenchel duality conditions on the estimate (see § 3) guarantee the
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convergence of the modified Iterative Convex Minorant algorithm proposed by Jongbloed (1998) to
the NPMLE.

Our aim within this Chapter is to show that apparently disparate perspectives on nonparametric
likelihood estimation .ca,.n actually share a single descriptive language rooted in order theory. This
bridge is based on the discretization of Turnbull (1976), formalized in ‘Theorem 1.10. An added
value to the language of order theory is that some of its objects are easily expressed in matrix/vector
notation, with a few extensions introduced in Appendix A. The simplicity of the notation and of the
underlying computations may contribute to a more widespread use of correct methods to analyze
interval censored data.

The main order theoretic concepts we will call upon are the linear ordering of maximal antichains
in an interval order, and the structure of the data’s duals with respect to their maximal antichains,
embodied in the characteristic matrix. In § 2, we state the nonparametric likelihood of the event
time CDF and revisit real-valued intervals in accordance with order theoretic concepts. One of
the results which ensues naturally is the uniqueness of the CDF NPMLE on the set of maximal
antichains of the interval order. In § 2, we discuss the non-uniqueness and the effective support
of self-consistent estimates, and relate them to covers of maximal antichains. We also show how
the simple distinction between essential and non-essential maximal antichains yields bounds on
self-consistent estimates, and discuss recent work by Mykland & Ren (1996) and Wellner & Zhan
(1997) in the light of our observations. In § 3, we apply the approach of Groeneboom & Wellner
(1992) to our discrete setting. We show the similarity of the Fenchel duality conditions proposed by
Groeneboom & Wellner (1992) and of self-consistency augmented by the Kuhn-Tucker conditions,
as proposed by Gentleman & Geyer (1994). We then apply the Iterative Convex Minorant algorithm

to the set of maximal antichains of the interval order represented by the data.

1 The likelihood and M

The explicit mapping H a¢ of Theorem 1.10 determines the support of the NPMLE of F. We can
carry out estimation strictly on the interval order and its maximal antichains, knowing that the

results can be assigned to a real setting after we are done. An important aspect of the linear
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ordering of maximal antichains in interval orders is that we will remain justified in dealing with a
cumulative distribution function on M.

To see what is being estimated when we maximize the nonparametric likelihood, consider the
image distribution of F' restricted in its support to H ¢ (M) and unidentifiable within this sup-
port. To simplify notation, we extend the domain of the inverse mapping H;,l to real values
in Hp (M), setting Hyf(z) = M if + € Hum(M). We then obtain, with ¢ ¢ Haq (M) and

M(t) = argmaxyse pq [sup Hm(M) < 1],

F(t|T € Hp(M))) Prob(T < t|T € Hpq (M)]

Prob [T < sup M (t))|T € Hp (M)]
= Prob[Hjy (T) < M(t)|T € Hp (M)]

Fp (M(t))

where F), is the distribution function of maximal antichains, uniquely identified for every equiva-
lence class of distribution functions which are unidentifiable on H ¢ (M) and only on that set. The
passage from sup M(t) to M(t) in the second and third lines is justified by the right continuity of
distribution functions.

Writing X,, for X and M, for M, the NPMLE of the event time CDF conditional on the

censoring pattern with a sample size of n is then just

Otherwise, we leave F}, undefined. In this setting, we will put p; = Faq (M;) — Faq (Miz1) =
Probay [M;), with My = 0 and Fq () = 0.
The indicator notation introduced in § 1.1 can be defined in terms of maximal antichain mem-

bership
Qij = 1[(b2i—1’b2i) € iL‘j] == 1[:1:] S Mi], 1= 1,...,m,j = 1,. ey N (41)

This notation is just the transposed version of the the one used by Turnbull (1976) and Gentleman

& Geyer (1994).
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The likelihood can be written as
(4.2)

subject to 0 < p < e and e'p = 1, where A = [a;;] is the Petrie matrix of the data. See A for the
notational conventions, an explanation of matrix/vector exponentiation and the definition of en.

Equation (4.2) can be reparametrized in terms of a discrete CDF vector on M. Letting o =
[61...,0m]) = Kp, where K = 1[i > j] € {0,1}™*™ is the cumulative sum operator matrix
previously described in Lemma, 1.8, we can define W = K'~1A € {-1,0,1}™"" and redefine the
likelihood function by

Li@=.__o°

subject to the constraint
0<on £ Lopm_1<om=1 (4.3)

The strict inequalities in this constraint are justified later by the application of Lemma 4.2 to
the essential maximal antichains M; and My,. Thg reparametrization from p to o is not merely
cosmetic: as we will see in § 3, the constraint that o lie in a bounded region of isotonicity allows
the application of isotonic regression techniques to determine the MLE of a.

There is another useful form for the likelihood which is justified by the interpretation of the
characteristic matrix seen in § 1.7:

Le)= [ (or—oq)x+* (4.4)
0<i<k<m
subject to (4.3), where we define g = 0 and oy, = 1.

As one would expect, universal elements are superfluous to the likelihood as they merely con-
tribute a factor of one to it. We will assume in the sequel that no element of X is universal. In
terms of the characteristic matrix, this will mean that x1,m = 0.

In Turnbull (1976) and Gentleman & Geyer (1994), the authors caution against cases where
(in our transposed notation) there are maximal antichains M; and M} such that a;; = og; for
all j, as such a situation can lead to non-uniqueness of the NPMLE. However, Lemma 1.5 and

Theorem 1.10 show together that this situation can never occur, since A must have full row-rank,
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or since, equivalently, no two maximal antichains can have the same membership without violating
the starting/ending property described in § 1.4.

We can extend this observation to the following Theorem.
Theorem 4.1 With M = {M;i=1,...,m} and p; = Proba [M;], the NPMLE of p is unique.

Proof. As noted in Gentleman & Geyer (1994), the NPMLE p is unique if H = ADX?i,A’ is
positive definite. But H is certainly non-negative definite since H = (AD;}‘.,) (ADR,II.:),. Also,
A'P # 0 elementwise, since otherwise the likelihood is 0. Therefore DTA}f, has full rank n. Since by
Lemma, 1.5, A has full row rank m < n, H must have rank m and so is positive definite. a

Theorem 4.1 applies to all cases of interval censored data (for example all those listed on p. 11).
This can be compared with the proof of Wellner & Zhan (1997) which is specific to doubly censored
data.

Theorem 1.10 opens a number of avenues concerning the interpretation of consistency for esti-
mators of p viewed from an order theoretic point of view. The dimensionality of the estimand and
the mapping H a4 both depend on the censoring pattern. Depending on this pattern, the number
of maximal antichains may or may not increase as n increases. If it does increase, H o4 (M) may or
may not converge to a dense set in IR. Whatever conditions apply, the results of Redner (1981) can
be used to show consistency of the NPMLE up to the identifiability of the underlying distribution.
Asymptotic distributional results, in such a case, may depend on the mechanism which gives rise
to the censoring pattern. Alternatively, by selecting a particular member of the equivalence class
as the estimate and assuming so-called strong separation of interval endpoints, Groeneboom (1996)

obtains explicit asymptotic results.

2 Self-consistency

Our interpretation of interval censored data in terms of their order theoretic structure shows that
the estimation problem conditioned on the censoring pattern is essentially discrete.

We will first apply the language of order theory to investigate self-consistent estimates of the
CDF. The product limit estimator for right-censored data, first proposed by Kaplan & Meier (1958)

[see also (4.19)] was later shown by Efron (1967) to be self-consistent. Turnbull (1974,1976) then
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used self-consistency as the basis for an estimation algorithm, later shown in Dempster, Laird &
Rubin (1977) to be a particular application of the EM algorithm.

Self-consistent estimates of the CDF exhibit two closely related properties of particular interest,
on which order theory casts a new light. The first is non-uniqueness, and the second is the fact
that such estimates can assign a mass of zero to some maximal antichains. We will call effective
support of an estimate the set of maximal antichains on which it puts positive mass. The quest for a
simple a priori characterization of the effective support of the NPMLE will motivate discussions in
this section and the next. To date, a simple set of necessary and sufficient conditions for a maximal
antichain to receive no mass at the NPMLE is still eluding us, and may in fact not exist.

We discuss the relationship of self-consistency with covers of maximal antichains and propose
some bounds on self-consistent estimates originating from the maximal antichain structure of the
data. We then discuss two examples involving self-consistency from the recent literature on interval
censored data, and show how apparently complex problems can be greatly simplified by the use of

order theoretic language.

2.1 Self-consistent estimates and maximal antichain covers

The self-consistency condition of Turnbull (1976) can be expressed compactly as follows: p is a

self-consistent of p if and only if
(4.5)

Turnbull showed that the NPMLE is self-consistent in that it satisfies (4.5); however, it is now
a well recognized fact (see Groeneboom & Wellner, 1992; Gentleman & Geyer, 1994; Wellner &
Zhan, 1997) that in general there exist several distinct values of p which are self-consistent but do
not maximize the likelihood. In order to be the NPMLE, a self-consistent estimate must satisfy
the Kuhn-Tucker conditions listed in Gentleman & Geyer (1994). We return to these conditions in
§ 3.1.

Starting from some initial estimate p(®), (4.5) can be transformed into an expression of the EM

algorithm where pM. r=12..., converges to a self-consistent estimate p, viz.

(4.6)
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The convergence properties of the EM algorithm are formally demonstrated in Dempster, Laird &
Rubin (1977) and Wu (1983). In particular, the conditions expressed in Wu (1983) show that the
EM algorithm will converge to the NPMLE if the initial seed puts mass on every maximal antichain,
that is, if p@@ > 0. It is easy to generate self-consistent estimates with negative entries in p. We
will tacitly assume that only non-negative entries in any self-consistent estimate p are allowed. This
condition will always be satisfied for self-consistent estimates generated by the EM algorithm seeded
with p(® > 0.

Though the effective support of a self-consistent estimate may possibly not include all maximal
antichains, the collection of maximal antichains on which a self-consistent estimate does put mass

must form a cover for X. We formalize this observation in the following Lemma.

Lemma 4.2 If p is any self-consistent estimate of p, then
U M=x.
2:p; >0

In particular, if M; € M is essential, then p; > 0.

Proof. The elementwise version of self-consistency reads

n -~

1 -
== . 4.7
j 47)

ng
where 7; = Y10, ;jfs, for i = 1,...,m. If {M; € M;p; > 0} does not form a cover for X, then
there is a jo such that 7, = Z:T;1 a;,pi = 0. For all ¢ such that a;5, = 1, the self-consistency
equation above must then fail as the left-hand side p; is equal to zero while the right-hand side is
undefined. a

To appreciate the consequence of assigning a value of 0 to one or more of the p;, we appeal to
Lemma 1.6. Letting p; = 0 for some ¢ is equivalent to removing a non-essential maximal antichain.
In a real interval representation, this could be achieved by shortening the intervals represented in

R;_1 and L; (the endpoint equivalence classes defined in Theorem 1.7) until they cease to overlap.

Observation 4.3 Let p be a self-consistent estimate of p for interval order (X, <). Let Z(P) =
{i;1 <i <m,p; >0}, and let <o be the interval order induced by Mo = {M; € M;i € Z(p)}. Then

Po = [ﬁ‘i]iel(f)) is the NPMLE of the probability function vector po on Mo = MA (X, <,).
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We can thus view any self-consistent estimate consistent with the data as the NPMLE of a

similar data set with added precedence relations.

Example 4.1 Consider the interval censored data of Figure 4.1, on an arbitrary time scale.

E-

6
7
z 111100000
011101000
A=]100 0101110
0 2 4 6 8 10 12 14 16 000110110
Time 000O0OT1O0T1T1S]1

Figure 4.1: Ezample data, interval representation of their mazimal antichains, Hasse diagram and

Petrie matriz.

The NPMLE of p is p = (3/10,1/5,1/10,0,2/5)', which corresponds to mazimal antichain cover
{M,, My, M3, Ms}. Another self-consistent estimate for the data is p ~ (0.4026, 0, 0.2436, 0, 0.3538)’,
with cover {My, M3, Ms}. We can conclude immediately that p, ~ (0.4026,0.2436,0.3538)" mazi-
mizes the likelihood of the interval censored data displayed in Figure 4.2. The Hasse diagrams shows

that the interval order of Figure 4.2 corresponds to that of Figure 4.1 augmented by precedence

relations (2,6), (3,6) and (4,5).
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2
3
4
5
6
7
8
® 111100000
A*=[0 0 01 01 1 10
0 2 4 6 8 10 12 14 16 0 00 O0O1O01T11
Time

Figure 4.2: A similar representation for a data set with NPMLE p, ~ (0.4026,0.2436,0.3538)'.

The other self-consistent estimate for the data of Figure 4.1 is (5/18,5/18,0,0,4/9)", correspond-

ing to the interval order induced by the cover { My, My, M5}.

The case of current status data provides another illustration. For this type of data, there always
exists a self-consistent estimate p with p; = (1/n) Z;ﬁnz_ll X1,k Bm = (1/n) Yy Xiym = 1 — Py, and
pi =0fori =2,...,m— 1 This self-consistent estimate is the NPMLE for (X, <,) where z <, y if
and only if z is left-censored and y is right-censored. All overlaps are ignored, and mass is assigned
only to the minimal cover {M;, Mp,}.

In the interval order on X induced by a minimal cover, every maximal antichain must be essential.
Otherwise some maximal antichain may be removed from the set without affecting its covering
property, and thus the cover could not have been minimal in the first place. Lemma 4.2 shows
that every minimal cover will be the effective support of some self-consistent estimate. In other
words, if W is a minimal cover of X, then there exists a self-consistent estimate p (W) such that
W = {M; € M;p;(W) >0}. Of course, some self-consistent estimates will correspond to non-
minimal covers.

A consequence of this observation is that it provides us in principle with lower and upper bounds
on the number of self-consistent estimates for a particular data set, corresponding respectively to
the number of minimal covers and the number of covers for the data. Though we are not aware

of a practical method for determining the number of covers for an interval order, the number of
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minimal covers can be determined using a slight modification of Algorithms 2.4 and 2.5 presented
in Chapter 2, thereby providing us with a lower bound on the number of self-consistent estimates
for a particular data set. For example, the breast cosmesis data presented in Finkelstein & Wolfe
(1985), with n = 93 and m = 30, correspond to an interval order with 2646 minimal covers, a lower

bound on the number of self-consistent estimates for these data. .

2.2 Bounds on self-consistent estimates

Although the isotonic regression approach of § 3 may be better suited to explain the tendency of
the NPMLE and other self-consistent estimates to assign no mass to some maximal antichains, this
phenomenon can be addressed partly from the point of view of self-consistency.

Theorem 4.5 and Corollary 4.6 below provide some simple bounds on the entries of self-consistent
estimates of p. These bounds are derived from Turnbull’s self-consistency condition and from the
maximal antichain structure of interval orders. The proof and constructions used to derive these
results are instructive in their own way, in spite of being slightly technical.

Let X = (X,<) with X = {z1,...,Z,} be an interval order. Recall the definition of the
characteristic matrix x (Chapter 1, § 1.7). Welet J; = {j;z; € M;} be the index set of M; € M
and write n; = |M;| = Z;;=1 Xk,i + Ppeir1 Xiky fori =1,...,m. For every maximal antichain M;,
recall that x;; is the number of simplicial elements it contains. With A the Petrie matrix of X, we
put 7 = A'p.

Denote 8 = 1[M}, € M}*], (see Definition 1.7) and 8¢ = (8%,..., %), the double dual indicator

vector of M;, i =1,..., m. The following are elementary facts:
e fjj>0forallj=1,...,n; and
o il > fi for all j € ;.

If p is any self-consistent estimate of p, then 8P > 7j; for all j € J;. We also assume that there
are no universal elements, since they have no bearing on the estimation of p. This corresponds to
the assumption that xi1,m = 0. These observations along with Lemma 4.2 establish the following

Lemma.
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Lemma 4.4 Let X be an interval order with m = |[M|. If p € [0,1]™ is such that €'p = 1 and if
M; € M, then

and

0<n;<1

forallje J;,i=1,...,m.

Theorem 4.5 Let X be an interval order, M; € M, i = 1,...,m, and P be a self-consistent
estimate of p. Let n; = |M;| and let x;; denote the number of simplicial elements in M;.
Then

Xii

——— < p; <
n— N + Xis =phis

3|3

The left inequality is strict if and only if 0 < Xs < n;. The left and right hand sides are equal if

and only if n; = Xxus, that is, if and only if all members of M; are simplicial.

Proof. For clarity, we omit the ~ sign within the proof, which applies to alli =1,...,m.

Self-consistency equation (4.7) is equivalent to the statement that

1
n:Z;orﬁi=0 (4.8)
jen

fori=1,...,m.

We first show that p; < ni/n. Since p; < n; for all j € J;, we obtain

n; T‘\ 1
Pi ey i
from which the result is immediate. If x;; = n;, equality occurs since then n; = p; for all j € J;.

Assume now that 0 < X3 < n;, so that p; > 0 by Lemma 4.2.

Xii

To show that —="—— < p;, we use Lemma 4.4. Put S; = {j € J;;z; is simplicial} # 0.
n—n; + X

Then
1
n — —
jex M
Pi eans M
> % + ni — X (4.9)
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whence the result follows.

If p; = 0, then x;; = 0 by Lemma, 4.2, and the result is immediate. If x;; = 0, then there exists a
self-consistent estimate which assigns a mass of zero to M;, by the discussion in § 2.1. Constraining
self-consistent estimates of p to have non-negative entries makes zero the lowest achievable bound
for p;.- Lastly, we note that n; = x;; if and only if x;;/(n — ni + xi:) = ni/n.

O

The lower bound on f; for non-essential maximal antichains (for which x;; = 0) is zero and
cannot be improved. By contrast, the bounds on essential maximal antichains may be tightened

somewhat.
Corollary 4.6 Under the setting of Theorem 4.5, let
& = {k; My, is essential and My, & M}*}.

Suppose M; is an essential mazimal antichain. Let

fgo) _ Xii
‘ n—n; + Xi

and define for r > 1

ST (1= Sheer- £7) (4.10)

P n (1 = Ekeg;- f,(:_l)) —ni + Xii '
Then fi(r) converges to some value f; € [0,1] which is a fized point of (4.10) as r — +oo, for
i=1,...,m; if D is any self-consistent estimate of p, then

[ ng
figpi<min [ 21— 37 f
kEER

Proof. As with the proof of Theorem 4.5, the ~ sign is omitted in the following, which applies
toi=1,...,m.
First note that we can tighten the bound shown in (4.9) using Lemma 4.4 at the cost of the

strictness of the inequality:

Xii | T — Xid
n>XE 411
i B8p (411)
For any c; > Bip, we will have, by (4.11),
n> Xii + N — Xii

Y2 G
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whence

% <pi (4.12)
Ci
Equation (4.12) must apply with ¢; =1 — Z f;o) > Bip.
JEEr™

Simple induction arguments show both that the fi(r) are all bounded above by the corresponding
pi,t =1,...,m, and are non-decreasing in r; hence it must be that f‘-(r) -+ fi for some f; which still
bounds p; below. |

In the case of current status data, Corollary 4.6 provides an interesting analysis of self-consistent
estimates. Simple calculations show that if x11Xmm > (n1 — X11) (Mm — Xmm), then f; = ny/n and
fm = nm/n. In this case, the only self-consistent estimate, and therefore the NPMLE, is given by
p = (n1/n,0,...,0,nm/n). If X11Xmm < (P12 — X11) (Mm — Xmm), then fi = X11/("m — Xmm + X11)
and fm = Xmm /(N1 — X11 + Xmm)-

In the case of right-censored data, long-winded but straightforward calculations show that upper
and lower bounds are equal for every maximal antichain, and correspond to the expression given in
(4.19). This is to be expected, as right-censored data only supports one self-consistent estimate, but
shows that the bounds may be tight in some cases. Whether they are tight in general, i.e. whether
there always exists a self-consistent estimate with some entry equal to its lower or upper bound in
Corollary 4.6, is an open problem.

Theorems 4.5 and Corollary 4.6 are interesting practically in that they can provide good initial
estimates in iterative estimation procedures to determine the NPMLE, and theoretically as they flesh
out the basic result of Lemma 4.2 by appealing strictly to the maximal antichain structure of the
underlying interval order. Their application is limited first in that they provide bounds on all self-
consistent estimates, and secondly in that they take an unweighted view of the maximal antichain

double duals. For these reasons, no refinement of the lower and upper bounds of Corollary 4.6 can

be expected to converge to a single value.

2.3 Two examples

We consider two examples taken from the recent literature on interval censored data to motivate

the use of our language.
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Our first example concerns the results of Mykland & Ren (1996) on doubly censored data. In
Theorem 2, they characterize the NPMLE of the survival function (equivalently, of the CDF) as a
self-consistent estimator satisfying Kuhn-Tucker-type conditions. In Corollary 3, they provide an
equality which must be satisfied at a particular self-consistent estimate of the survival function. The
EM algorithm is used to determine the estimate satisfying this equation. This estimate has jumps
precisely at the exact observations, apart possibly from the right endpoint of the first occurrence
of left censoring and the left endpoint of the last occurrence of right censoring. They propose a
condition under which this self-consistent estimator is also the NPMLE in Corollary 4 and indicate
where jumps might occur if it is not in Corollary 5.

In the language of order theory, their Theorem 2 is equivalent to the Kuhn-Tucker conditions
satisfied at a self-consistent estimate proposed by Gentleman & Geyer (1994), to which we will
return in § 3.1. The version they propose is the particular form these conditions take in the cases
of doubly censored and current status data. Corollary 3 states that there exists a self-consistent
estimate which puts mass only at essential maximal antichains, which we know to be true since
the essential maximal antichains form a cover for the data in the doubly censored case. Corollary
4 indicates that this self-consistent estimator is the NPMLE whenever all maximal antichains in
the data are essential, which must be true since every maximal antichain then has positive mass
by Theorem 4.5; Corollary 5 identifies non-essential maximal antichains as being the only other
locations on which the NPMLE can put mass if their estimate does not maximize the likelihood.
These results are more easily expressed and interpreted within an order theoretic framework than
in the rather elaborate notation usually employed to distinguish between various types of censoring,.

A statement by Mykland & Ren (1996) to the effect that several authors have shown “the strong
consistency and weak convergence of any self-consistent estimator of [the survival function]”, is not
quite correct. Consistency as shown in Gu & Zhang (1993), for instance, requires a regularity con-
dition to be satisfied. This condition is that if ¢ is a random interval endpoint or exact observation,

then

Prob[gq is an exact observation|g =¢] > 0 for all ¢ > 0. (4.13)

Current status data, a special case of doubly censored data, are patently excluded by this condition.
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Given that there always exists a self-consistent estimate for doubly censored data with py = 1 — Pm;
we should not expect consistency to be provable in this case. Other obvious cases of doubly censored
data may be excluded by this condition, such as those with mixed continuous and point inspection
processes along the time line. By contrast, consistency of the NPMLE is well-documented for
the general case of interval censored data. Since determining the NPMLE requires no more work
than evaluating the self-consistent estimator of Mykland and Ren, the NPMLE should remain the
estimator of choice unless or until a better estimator is proposed.

Secondly, we discuss a simple example used by Wellner & Zhan (1997) to show that the EM
algorithm does not necessarily converge to the NPMLE, which leads them to deem it “ambiguous”.
In fact the EM algorithm will always converge to the NPMLE if its initial seed puts mass on all
maximal antichains. Their Example 5.1 of doubly censored data is composed of the exact data and

intervals 1, (2, +00), (0,3) and (0,4).

c
)
o
§ 2
8 3

4

0 2 4 6
Time

Figure 4.3: Data and Petrie matriz for Wellner and Zhan’s Ezample 5.1

The data contain two universal points, which can essentially be discarded, except inasmuch as
they determine the mapping Haq of Theorem 1.10. We can immediately deduce from the Petrie
matrix that the NPMLE vector is (1/2,1/2). Any p(® > 0 used to seed the EM algorithm (4.6)
will converge to the NPMLE.

Wellner & Zhan (1997), however, use the estimator of Groeneboom & Wellner (1992), which
models the CDF as having a possible jump at every interval endpoint, namely at ¢t = 1,23
and 4. They suggest two different seeds to estimate the CDF using the EM algorithm: 0§0) =
(0.1,0.1,0.1,0.2) and ago) = (0.1,0.1,0.15,0.2). While the latter leads the EM algorithm to the

NPMLE (1/2,1/2,1,1), the former causes it to converge to (2/3,2/3,2/3,1).
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The wrong convergence value is easy to understand when considered from the point of view of
maximal antichains. By placing mass only at t = 1 and ¢ = 4, the seed reinvents, as it were, the
combinatorial properties of the data. Figure 4.3 shows clearly that intervals (0, 3) and (0, 4) are in
fact equivalent in terms of their duals, and should therefore be assigned the same mass. Since the

(0)

EM algorithm cannot create mass where none is assigned, o; ’ imposes-on the data the structure

depicted in Figure 4.4.
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Time

Figure 4.4: Wrong mazimal antichain structure imposed by Ugo) on the data and corresponding

Petrie matric.

Again the nonparametric likelihood estimate (2/3,1/3) can be read off directly from the Petrie
matrix. The estimate is correct; the data are wrong. In fact (2/3,1/3) is not even a self-consistent
estimate for the original data set.

The second seed oéo) is also instructive, in that it places massat t = 1, t = 3 and ¢t = 4. Both

maximal antichains of the original data are here given mass (at their right endpoint), but extra

mass is assigned at t = 4.
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Time

Figure 4.5: Wrong mazimal antichain structure imposed by ago) on the data and corresponding

Petrie matriz.
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In this case, the mass at ¢ = 4 corresponds to an antichain which is not maximal, a fact made
obvious by the row rank deficiency of Az. The EM algorithm ignores the extra antichain, since mass
must be assigned in such a way that both (0,3) and (0, 4) receive the same probability.

This example illustrates the importance of assigning mass to endpoint equivalence classes, as

defined in Theorem 1.7, rather than to the endpoints themselves.

3 Isotonic regression

In this section, we discuss isotonic regression methods for estimating CDF under interval censoring
proposed by Groeneboom (1991) and Groeneboom & Wellner (1992). We will first consider the
Fenchel duality conditions of Groeneboom & Wellner (1992). These conditions characterize the
NPMLE and guarantee its uniqueness, but the artificial requirement of allowing the estimate to have
jumps only at interval endpoints may have masked their generality. We will show these conditions
to be equivalent on M to self-consistency augmented by the Kuhn-Tucker conditions as proposed
by Gentleman & Geyer (1994). Our second concern is to reformulate isotonic regression methods to

make them applicable on the set of maximal antichains.

3.1 Fenchel duality and Kuhn-Tucker conditions

Recalling that m = |M)|, we define the matrix K, as in Lemma 1.8 by K., = [1(i > j)], 4,j =
1,...,m. We recall that K, is the cumulative sum transformation, K’, is the reverse cumulative

sum transformation, and K;! = 1[i = j] — 1[i — 1 = j] is the backward difference transformation.

We can then denote the CDF on M by g = = K,,,p under the constraint e'p = 1. It follows

that o € (0,1)™". We also set W = K/-'A. Using the notational convention of (4.5), we can

describe a log-likelihood partial derivative vector evaluated at o by

where the value of a at a self-consistent estimate will be made explicit below. Groeneboom and
Wellner’s Fenchel duality conditions on the existence and uniqueness of the CDF NPMLE can be

translated on the discrete space M as follows.
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Theorem 4.7 (Groeneboom & Wellner, 1992, Proposition IL1.3) Ifa = (01,...,0m-1,1)
is the CDF on M for some interval order X. = (X, <), then & mazimizes the likelihood (W'g)®

over 0 < gy <02 <+-- < om—1 <1 if and only if
K, _,w; < 0 elementwise (4.14)
and
6'ws =0 (4.15)

One of the Kuhn-Tucker conditions (Gentleman & Geyer, 1994) corresponds directly to (4.15)

the other to the requirement that the Lagrange multipliers ne — A (A’ f))_I be non-negative, that is

A(A'D)™" < ne elementwise, so that

K\ W.__ 5" < neie

IN

ne.

This expression is satisfied at an estimate if and only if the first of the Fenchel duality conditions
(4.14) is satisfied.

Since it is well-known that there are self-consistent estimates that are not NPMLEs, we next
examine why self-consistency alone is not sufficient to guarantee maximization of the likelihood.

Premultiplying self-consistency equation (4.5) by Ky, and expressing it in terms of ¢ yields

(4.16)

The structure of the matrix premultiplying w is as follows:

Q
3

|
A
[y
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Equating the last two elements of the vectors in (4.16), we obtain

for & a self-consistent estimate of 6. Hence a = n at a self-consistent estimate of o, whence (4.16)

reduces to
(4.17)

We are now in a position to compare self-consistency to the Fenchel duality conditions. Consid-
ering the first and last rows of the matrix premultiplying wz in (4.17), we get that, at self-consistent
estimate &,

e'ws; =0and 6wz =0.

Although (4.17) forces a complex constraint to be respected by an estimate for it to be self-

consistent, the crucial missing condition for a self-consistent estimate to uniquely maximize the

likelihood is therefore (4.14).

3.2 Isotonic regression on M

Given that we can apply Fenchel duality conditions on an estimate of the CDF on M, the use of iso-
tonic regression methods can be justified in a manner which parallels the discussion in Groeneboom
& Wellner (1992). Our goal here will be to reexpress the convex minorant approach introduced by
them in terms of a maximum likelihood estimation technique on M. This reinterpretation, in our
view, grounds isotonic regression techniques on more intuitive and more easily applicable bases. It
also applies a preliminary data reduction which improves the performance of the algorithms involved.

We use likelihood equation (4.4) subject to the isotonicity constraint (4.3). The form of the
likelihood will guarantee that 6, > 6,—1 whenever x4, > 0. In particular, it will cause all estimates
to lie strictly between 0 and 1, since the factors (0; — ok,) and (ok, — 0;) must appear in the

likelihood for all 7 and some k;, ko, by the starting/ending property mentioned in § 1.4. In general,



Chapter 4. Nonparametric estimation of the CDF 94

the ordering thus induced is only partial and the isotonic constraint (4.3) remains necessary unless
all maximal antichains are essential.

In this section, we deal with the more convenient log-likelihood function

m—1 k-1

logL (o) = Y [X1610g0; + Xk+1,m10g (1 — 0k) + I Xirt1,6 108 (0% — 03) | , (4.18)
k=1 i=1

which we must maximize subject to (4.3).
The main idea now lies in isotonic regression, by which the estimate is made to satisfy the

constraint (4.3). References on isotonic regression are Barlow et al. (1972) and, more recently,

Robertson et al. (1988).

The case of right-censored data

Our first case of interest is right-censored data. Every maximal antichain is essential in such data;
Lemma 4.2 indicates that the unconstrained NPMLE of the CDF will be strictly increasing over
M since all §; > 0, thus satisfying (4.3). We can express the nonparametric maximum likelihood

estimate in terms of the entries of the characteristic matrix.
-1 o
o xat (E}":m Xii + 2jeit ij) Git
0; = m —_— fori=1,...,m—1 (4.19)
dimiXii Xjm

putting op = 0.

We derive explicitly (4.19) from first principles, but starting with the interval order structure of
the data. Right-censored data consists only of simplicial elements (x;; > 0 for i = 1,...,m) and

right-censored elements (x;; > 0 for ¢ < j only if j = m). Bearing in mind that the unconstrained

NPMLE of o will already be isotonic, we obtain a reduction of the log-likelihood (4.18) to

m—1 m—2
log L (0) = x1110g (01) + Xmm 10g (1 = om—-1) + D _ xiilog (05 — 7ic1) + D Xit1,mlog (1 — 09)
=2 i=1
(4.20)
Taking the derivative of each ok, k = 1,...,m — 1 in turn yields estimating equations
(4.21)
0 (4.22)

Xm—1,m—1 — (Xm—l,m—l + Xm,m) &m—l + Xm,m&m—2 0 (423)
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Claim 1 Fork=1,...,m — 1, with 6o d=ef0, (4.19) provides the NPMLE of 0.

Proof. We first proceed by induction on k = m — 1,m — 2,...,2. First note that (4.19) is a
reexpression of (4.23), showing the expression is true for k =m — 1.

Assume then that the expression is true with k replaced by k+ 1, 2 < k < m — 2. Use (4.22)
and replace 6+1 by the appropriately modified expression given by in;iuction hypothesis (4.19).
Multiply through by Z;’; w1 Xi7 + Z;’;;ﬁw Xjm, and factor out (1 — 6%) Xk+1,k+1; then solve the
remaining linear equation for 6 in terms of 6;_; to obtain the induction hypothesis for k.

To show the induction hypothesis holds for £ = 1, use (4.19) to substitute for 2 in (4.21),
multiply through by Z;’;z Xj; + E;’;}l Xjm, simplify and factor out (1 —61). The remaining linear
equation is (4.19) with k = 1. O

These estimators for o correspond to the Kaplan-Meier estimators, as becomes clear if we

rewrite (4.19) as

Xkk — XkkOk—1 + oXxiit : ij) 6r—1
= ‘ z (4.24)
2u5=k Xii T - Xjm
1— 06—
Gey + Xkk (1 — 0g—1) (4.25)

-1
Z;'r;k Xij + Z;'n=k+1 Xjm

A Xkk
hes (1 - ak—l) (1 - m—1 > ) (426)
Sk Xii 2 ikl Xim

or one less the product limit NPMLE for survival function S(t) = 1 — F(t) introduced by Kaplan &
Meier (1958).

The right-censored data case has been somewhat of a misguiding tyrant since the product-
limit estimator (4.24) was first derived by Kaplan & Meier (1958). The first cause of confusion is
the fact that all maximal antichains in right-censored data are essential. Consequently, M is the
only minimal cover and induces the only self-consistent estimator, which must of course also be the
NPMLE. Since Efron (1967) showed the equivalence of self-consistency and nonparametriclikelihood
maximization for right-censored data, self-consistency has been considered an attractive feature in
an estimator, stifling research in non-self-consistent or asymptotically self-consistent estimators. We
have seen in § 2.3 that self-consistent estimators can be badly behaved. In particular, self-consistent
estimators have been shown [see (4.13)] to be consistent only by positing a positive probability

for an observed endpoint to be an-exact observation everywhere on the support of F, a stringent
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requirement which cannot be weakened. A second cause of confusion arises because H a4 maps M
to points, rather than intervals on the real line. In order to mimic the consequent jump behaviour
of the CDF estimates, statisticians have placed strong requirements on the placement of mass by
their estimates and have made the tacit assumption that the only acceptable CDF estimates are
uniquely defined step functions. We hope that by separating estimation on M from the mapping
to the real line Haq, we have made it clear that right-censored data have an exceptional structure

which cannot be expected to apply to the general case of interval censored data.

The case of current status data

Our second example is current status data. In this case, only terms of the form o; or 1 — o; occur

in the log-likelihood, so that (4.18) can be rewritten as
m—1
logL (0) = Y [x1,jl080%+ Xit1,m 10g(1 — a3)] (4.27)
i=1
Because each term of the log-likelihood only involves one entry of o, we can solve for unconstrained
&; and then isotonize the estimates, in a manner similar to the one illustrated in Theorem 1.10 of

Barlow et al. (1972) or Theorem 1.5.1 of Robertson et al. (1988).

Setting the partial derivative of the log-likelihood with respect to o equal to zero for each

k=1,...,m—1, yields the following (non-isotonized) estimates:
a_ni _ X1,k (428)

T Xkt Xetim
each associated with a weight of X1 % + X&-+1,m representing the number of elements of X in maximal
antichain k.

Before isotonizing this estimate, it is instructive to couch the derivation of the NPMLE for current
status data found in Groeneboom & Wellner (1992) in terms of the maximal antichain structure
of the data, or, in effect, to consider the translation process of the problem from the real line to
M. Their data model is of the form (zj,6;) € Rt x {0,1}, j = 1,...,n, each observed pair being
associated with an unobserved event time #;, with &; = 1[t; < z;]. Let (z(;),d(;)) denote the data
set ordered according to the linear ordering on the z;’s. Then Proposition 1.2 of Groeneboom &

Wellner (1992) characterizes the NPMLE of the event time CDF at z(4) as being the left derivative
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of the greatest convex minorant of the cumulative sum diagram (CSD),
kY 8 | at k. (4.29)
i<k
The greatest convex minorant of a CSD is the graph of the supremum of all convex functions which
do not exceed the CSD (Barlow et al., 1972, Chapter 1). Example 4.2 illustrates the concept.

The nature of current status data is that the dual of each element of X over M extends either
to M, or to M,,, as previously noted. The endpoint equivalence classes of Theorem 1.7 are thus
structured not only according to the maximal antichains of X, but also according to the censoring
pattern of the elements. Specifically, all elements belong either to L; or R,. In the CSD given
by (4.29), right-endpoint equivalence class Ry corresponds to a vertical rise of x4 over an equal
number of horizontal units for k = 1,...,m — 1; left-endpoint equivalence class L corresponds to
no rise over y,m units for £ = 2,...,m. Thus (4.29) can serve as a representation of the conjoint
weak order of Theorem 1.7, where the precedence relation between any pair of successive classes is
indicated by a bend or elbow in the curve.

An equivalent representation of this cumulative sum diagram is

k. k
(Z X1,k + Xk+1,m) > Z X1,k> . (4.30)

By “equivalent”, we mean that the greatest convex minorant of (4.30) must be equal to that of
(4.29).

A basic result of isotonic regression theory is that the left derivative of the greatest convex
minorant of cumuiative sum diagram (Zf=1 Wi, Zf=1 w; gi) is the regression of g; on ¢ with weights
wi, t = 1,...,m, subject to g; < g < -+ < gm, otherwise known as the isotonic regression of g;.
The cumulative sum diagram given by (4.30) corresponds to g; = x1,i/ (X1,i + Xit+1,m) With weights
W; = X1,i + Xi+1,m- Thus the NPMLE of o is just the isotonic regression of the unconstrained

likelihood estimator given by (4.28).

Example 4.2 Consider the ezample of current status data shown in Figure 4.6.
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Figure 4.6: Real representation of current status data.

The corresponding interval order X = (X, <) is given by Petrie and characteristic matrices

1 111 1000O00O0 1 3 10
A= 0111111000 _ 0 0 2
“loooo111100]| X7 01
000O0OOT1T1T1T11 1

The NPMLE of a, constrained to lie between 0 and 1 but not constrained to be isotonic is given

by
68 = x11/0aa+ x24) = 1/(1+2) = 1/3
680 = x12/ (a2 + X3,4) 3/3+1) = 3/4

68 = xus/(x13+xa4) = 1/(1+2) 1/3
The cumulative sum diagrams ({.29) and ({.80), in this case, have representations given in Fig-

ure 4.7.
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Figure 4.7: Cumulative sum diagram and greatest convez minorant of ezample.

The isotonic regression of &zi on k with weights w; = 3, we = 4 and w3 = 3 can be read off
as the left derivative of the greatest conver minorant at the appropriate cumulative weight values.
Alternatively, the Pool-Adjacent Violator Algorithm or any other algorithm used to perform isotonic
regression (see, e.g., Barlow et al., 1972, Chapter 2) can be used to find the isotonic regression of
6’?. In this ezample, isotonization will be achieved by letting

1/3

X1,2 +X1,3 = 47
X1,2 + x3,4+ x1,3 + X4,4

which yields probability mass estimates on the mazimal antichains of p1 = 1/3, p2 = 5/21, p3 =0

and ps = 3/7.

The general case: the iterative convex minorant algorithm

For the general case of interval censored data, isotonic regression is used in the same spirit as for
current status data. A complication arises, however, in that the terms of the log-likelihood generally
involve more than one entry from the vector o. In contrast to the case of current status data, the

second derivative of log L (¢) is not a diagonal matrix. However, consider the general expression for
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the partial derivative of (4.18) with respect to g;,i=1,...,m — 1
i—1 m
_8__10gL (a) — Xalyt _ Xi+1,m + Xk+1,i N Xi+1,k = w; (0') i (4_31)

Oo; ; 1—-o0; 0;i—0O or — 0;
1 1 1 k=1 Ot k k=it1 k i

Now assume, within an iterative process, that all o4 are fixed for k # ¢, and that we wish to

solve for o; in w; (o) = 0, without regards to the isotonic constraint. Positing some starting value

(new),ni
i

(8 : log L (a))
iz ) Ooi

The “ni” superscript above emphasizes the fact that this second-order approximation based on

o4 for o;, we could use Fisher scoring to obtain an approximate solution o via the equation

. & -

si=olotd)

a fixed o(®9) is not isotonized.

We can isotonize this approximation, realizing that an approximate weight for aE"ew)’"i will be

the information value at a?’ld), still assuming all other a,(;’]d) to be fixed.
Putting
- g(0)
E(a‘):WZI(__' ) 21: o L
a

for some a, we can reexpress these weights as a vector, replacing the “old” and “new” superscripts
by an iteration superscript (r):

0 (x)
WlogL(a) =g(@™)

o=a(r)

Determining an isotonic o("*1) from the approximation o("+1)% can be done by finding the slope

of the greatest convex minorant of the CSD

which is precisely the process of the Iterative Convex Minorant (ICM) algorithm of Groeneboom
and Wellner.

The “upwards” and “downwards” jumps described by Groeneboom & Wellner (1992) in § 3, Part
2] as determining blocks of constant values for the CDF correspond in fact to the left- and right-
endpoint equivalence classes described in § 1.6, which themselves identify the boundaries between
maximal antichains.

While the ICM algorithm does not always converge, a modified algorithm which maximizes the

likelihood along the line Ao(™ + (1 — A)a(™+1) for 0 < A < 1 was shown by Jongbloed (1998) to
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converge globally. A constant value of A = 0 was observed to take the ICM algorithm to convergence
in all the examples we surveyed. The hybrid EM/ICM algorithm introduced by Wellner & Zhan
(1997) was shown by way of simulation to converge much more rapidly than either the EM or ICM
algorithm. In this case, an extra step of the nature of (4.6) is taken after the isotonization step.
Preliminary trials suggest that the rate of convergence is improved by concentrating on the maximal
antichains and that the hybrid EM/ICM algorithm provides substantial improvement in this case

as well.



Perspectives

The work on minimal covers and weak order partitioning, though combinatorial in nature, was mo-
tivated by the need to provide a basic methodology to perform nonparametric analysis on interval
censored data under the assumption of underlying order (page 4). A comparative assessment be-
tween this assumption and the assumption of pure incomparability still needs to be done, at least
empirically. Theorem 3.4 established a strong connection between the maximal antichain structure
and the linear extension set of an interval order, by way of marked configurations. This connection
may be a promising starting point to compare the two assumptions for interval censored data.

In the case of CDF estimation, the language of order theory has identified new equivalent invari-
ants which are central to the estimation process, namely the Petrie matrix and the characteristic
matrix. The importance of dealing with endpoint equivalence classes rather than real-valued end-
points has led to a simple proof of uniqueness of the NPMLE of p, considered as an estimate on
M. The language has also removed some confusion about the structure of self-consistent estimates,
and provided a simple expression for some important results concerning them. The simple alge-
braic language of order theory has made the identity between the Kuhn-Tucker and Fenchel duality
conditions obvious. It has also enabled a painless simplification of the isotonic regression methods
of Groeneboom & Wellner (1992). Order theory has demonstrated itself to be an efficient data
reduction tool and a help rather than a hindrance in applications.

Self-consistency and nonparametric maximum likelihood lie under the umbrella of the assump-
tion of pure incomparability (page 4), relying as they do on the maximal antichain structure and
disregarding the linear extension set. Estimates obtained through these methods routinely remove
maximal antichains by assigning zero mass to them, thereby creating precedence between observa-
tions where none existed in the data, as illustrated in Example 4.1. When new precedence relations

are created by a CDF estimate, the estimate becomes incompatible with some linear extensions
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of the interval order. We can consider these maximal antichain removals as the end result of the
pooling of maximal antichains necessary to force the CDF estimate to be isotonic. This pooling can
potentially create many new and spurious ordering relations, especially for small sample sizes. An
important and useful research task could be to determine a CDF estimate based on the assump-
tion of underlying order. It may be possible, for instance, to construct a hybrid estimate designed
both to put mass on the maximal antichains (to be mapped onto the real line by Haq (M)) and
to approximate as closely as possible the pairwise precedence proportions found in the set of linear
extensions. The optimal properties of alternative estimates based on the set of linear extensions
would likely differ from those of the classical nonparametric estimates. For instance, such estimates
would not need to be self-consistent, a requirement which may have intuitive appeal but often forces
estimates into unnatural contortions. Consistency and asymptotic self-consistency may be sufficient
targets for which to aim, in the context of a precedence proportion-optimal estimator.

In light of the above comments, a closer investigation of the properties of rank tests based on the
NPMLE of the CDF, such as those described in Petroni & Wolfe (1994) and Fay (1996), should be
undertaken. The robustness of such rank tests to incomparability misspecification by CDF estimates
must be determined.

Another application of our approach concerns bivariate interval censored data. Such data can
be visualized in the plane as a set of points, line segments, half-lines and variously bounded and
unbounded squares, which we will all group under the name of “boxes”. By extending the arguments
of Peto (1973) and Turnbull (1976), we can easily identify the only areas in the plane where the
bivariate NPMLE of the probability function can put mass. We must first determine the maximal
cliques of the intersection graph of the boxes (see Golumbic, 1980, Chapters 1 and 2), that is, of the
graph (X, ~), where X stands for the set of boxes (i.e. the bivariate data) and a ~ b for a,b € X only
if the boxes represented by a and b have non-null intersection. Box intersection graphs, however,
are not triangulated, and as a consequence the fast algorithms for determining the maximal cliques
of perfect graphs (Golumbic, 1980, Chapter 2) are not available. However, algorithms based on the
product of the univariate maximal antichain sets can alleviate this problem. A maximal clique can
be identified with the intersection of the boxes it contains on the plane. It is then a simple matter

to show that the NPMLE of the probability function can only put mass within these intersections.
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Self-consistency via a properly seeded EM algorithm can then be used to determine the probability
function estimate. This approach has been taken before for the case of right-censored data, but
identifiability problems have caused a flurry of competing eétimators to be devised, some very
closely related to the N PMLE. The CDF estimate for bivariate will be subject to a partial ordering
called ‘a trapezoid order (see Dagan, Golumbic & Pinter, 1988, and Felsner, Miiller & Wernisch,
1997, among others). It may be that isotonic regression techniques can be applied to this estimation
problem using this partial ordering rather than the linear ordering which obtains in the univariate
case.

Closely related to the question of characterizing a priori the effective support of the probability
function NPMLE is that of determining whether Hpq (M) is always the best we can do in terms of
predicting the support of this NPMLE. To couch the problem more formally, consider the m x m
characteristic matrix x of an interval order. The question is then: is there always an interval order
with m x m characteristic matrix I" such that I';; = 0 if and only if x;; = 0, and such that its
probability function NPMLE has no entry equal to zero?

Another problem of interest is to refine the relationship between covers and self-consistent esti-
mates. Why do some covers not correspond to a self-consistent estimate? The question is in fact
a generalization of the NPMLE effective support characterization problem mentioned above. The
advantage of dealing with the potentially large array of all self-consistent estimates is that we may
find a clue in the lattice-like structure of covers as to why self-consistency requires the removal of
some maximal antichains and how it can do so while maximizing the likelihood.

One of the main limitations of our approach lies in the necessity for permutation arguments to
apply under null hypotheses. This necessity is best illustrated with the simple case of rank tests,
where bias can be introduced if the inspection processes Q; described in Chapter 1, § 2.1 are not
permutable between different samples (see Mantel, 1967, for a description of the source of this bias
for doubly censored data). It may be that the need for permutation arguments can be obviated
with more research.

Another limitation, likely to be correctable, is that no proper toolbox of order theoretic methods
seems to exist for consistency analysis. It seems likely, however, that the theory of infinite interval

orders and of random graphs can be brought to bear on this question. Consistency of the NPMLE
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has been well-established, as we mentioned in Chapter 4, § 1, using approaches different from order
theory. Alternative estimators may eventually require some asymptotic firepower from our approach
in order to be shown consistent.

The looming absence in our study is that of nonparametric hazards models. We have not
considered them at all for reasons of focus, and a full order theoretic study of them is still needed.

In spite of these few shortcomings, this work has introduced concepts and a language based
on order theory that have helped to clarify several outstanding issues in the analysis of interval
censored data. The mathematical nature of such data is profoundly combinatorial; combinatorial
mathematics, specifically order theory, has much to say about its structure and analysis. This

language has the potential to draw together the methodologies associated with different types of

censored data.



Appendix A

Matrix notation and Hadamard

exponentiation

We first briefly expose a shorthand notation and a few conventions used to simplify the expression
of several constructs and equations occuring in this work. Boldface capital letters represent complex
matrices or vectors, boldface lowercase letters will represent complex vectors, and normal lowercase
letters will represent complex numbers. C refers to the set of complex numbers. A matrix A € C™m*n
will have 1, jth element a;5,i=1,...,m,j =1,... ,Ii, and a vector v € C™*! will have ith element

V4.

e For v, w € IR" define v; < v, to mean v; < w; for ¢ = 1,...,n, and similarly for >, < and >.

Define the identity matrix I, = [0;;] e where 6;; = 1 and d;; = 0 whenever i # j.

%,J=1,..

Define the column vector ef, = [6;], the kth column of I,,,.

Define the column vector e,, = [1]™*1, having all entries equal to 1.

For a vector v € C™X1, define D, € C™*™ by (Dy);j = 8i;vi, 4,5 = 1,...,m, the diagonal

matrix with diagonal v.

e Denote transposition by /, that is, if B = A’, then b;; = aj;.

For A,B € C™*", define the Hadamard (or elementwise) product o by (A o B);; = a;;bi;.

Define 0° = 1, and any empty product [],.ga = 1.
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Definition A.1 Let A = [kyj] € C™*" and B = [mi] € C™" Then define AR = [(AB);;] € C™*"

by
if agj #0 orbg; € R JO for alls =1,...,m

otherwise.

We call the operator h(A,B) = AB Hadamard exponentiation.

Example A.2 Let q € R™™!, and let v.e R™ ! be such that v, > 0 whenever g < 0. Then

 Example A.3 Let v e R™*! be such that vy #0 fork=1,...,m. Then v'I» = ['01_1, .. ,v,;l]/.
Example A4 Leta € C\ {0} and v e C™X1. Then oV = [a"1,...,a%"]".

Hadamard exponentiation is a generalization of matrix-matrix exponentiation as defined in Bar-
radas & Cohen (1994).

Theorem A.1 is not used in this work, but is included for completeness.

1. Al= = A,



Appendix A. Hadamard exponentiation 108

Proof of 5.
rm L
bas
105
Ls=1 i=1,...,7;5=1,...,mn
[ 7 m Cik
bai
H H“sj
Li=1 \s=1 k=1,...,¢;j=1,..,n
[ m T N
baicik
IT { IT a5
Ls=1 \i=1 k=1,...,g;j=1,...,n
. -
i—1 baicCik
—1bs
I
Ls=1 k=1,...,¢;j=1,...,n
17 . B0)
BC)sk
H Qs
Ls=1 k=1,...,g;j=1,...,n
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