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Abstract

We study the random geometry of first passage percolation on the complete graph equipped
with independent and identically distributed positive edge weights. We consider the case
where the lower extreme values of the edge weights are highly separated. This model exhibits
strong disorder and a crossover between local and global scales. Local neighborhoods are
related to invasion percolation that display self-organised criticality. Globally, the edges with
relevant edge weights form a barely supercritical Erd6s—Rényi random graph that can be
described by branching processes. This near-critical behaviour gives rise to optimal paths
that are considerably longer than logarithmic in the number of vertices, interpolating between
random graph and minimal spanning tree path lengths. Crucial to our approach is the quan-
tification of the extreme-value behavior of small edge weights in terms of a sequence of
parameters (s,),>1 that characterises the different universality classes for first passage per-
colation on the complete graph. We investigate the case where s, — oo with s, = o(n'/3),
which corresponds to the barely supercritical setting. We identify the scaling limit of the
weight of the optimal path between two vertices, and we prove that the number of edges in
this path obeys a central limit theorem with mean approximately s, log (1/s?) and variance
sﬁ log (n/ sS). Remarkably, our proof also applies to n-dependent edge weights of the form
E*", where E is an exponential random variable with mean 1, thus settling a conjecture of
Bhamidi et al. (Weak disorder asymptotics in the stochastic meanfield model of distance. Ann
Appl Probab 22(1):29-69, 2012). The proof relies on a decomposition of the smallest-weight
tree into an initial part following invasion percolation dynamics, and a main part following
branching process dynamics. The initial part has been studied in Eckhoff et al. (Long paths in
first passage percolation on the complete graph I. Local PWIT dynamics. Electron. J. Probab.
25:1-45, 2020. https://doi.org/10.1214/20-EJP484); the current paper focuses on the global
branching dynamics.
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Long Paths in First Passage Percolation...

1 Model and Summary of Results

In this paper, we study first passage percolation on the complete graph equipped with inde-
pendent and identically distributed positive and continuous edge weights. In contrast to earlier
work [11,12,16,20,27], we consider the case where the extreme values of the edge weights
are highly separated.

We start by introducing first passage percolation (FPP). Given a graph G = (V(G), E(G)),
let (Yég))e€ E(g) denote a collection of positive edge weights. Thinking of Yég) as the cost of
crossing an edge e, we can define a metric on V (G) by setting

d i, j) = inf Y9, 1.1
gy @, J) n:lIil»jZ e (1.1)

eEem

where the infimum is over all paths 7 in G that join i to j, and Y9 represents the edge
weights (Ye(g) ecE(G)- We will always assume that the infimum in (1.1) is attained uniquely,
by some (finite) path 7r; ;. We are interested in the situation where the edge weights Y9 are
random, so that dg’Y(g) is a random metric. In particular, when the graph G is very large,
with |V (G)| = n say, we wish to understand the scaling behavior of the following quantities
for fixed i, j € V(G):

(a) The distance W, = dgyy(g) (i, j)—the total edge cost of the optimal path 7; ;;
(b) The hopcount H,—the number of edges in the optimal path 7; ;;
(c) The ropological structure—the shape of the random neighborhood of a point.

In this paper, we consider FPP on the complete graph, which acts as a mean-field model for
FPP on finite graphs. In [11], the question was raised what the universality classes are for this
model. We bring the discussion substantially further by describing a way to distinguish several
universality classes and by identifying the limiting behavior of first passage percolation in one
of these classes. The cost regime introduced in (1.1) uses the information from all edges along
the path and is known as the weak disorder regime. By contrast, in the strong disorder regime
the cost of a path 77 is given by max,c, Y.?. We establish a firm connection between the weak
and strong disorder regimes in first passage percolation. Interestingly, this connection also
establishes a strong relation to invasion percolation (IP) on the Poisson-weighted infinite tree
(PWIT), which is the local limit of IP on the complete graph, and also arises in the context
of the minimal spanning tree on the complete graph (see e.g. [1]).

Our main interest is in the case G = K, the complete graph on n vertices V(K,) =
[n] := {1, ..., n}, equipped with independent and identically distributed (i.i.d.) edge weights
(Y5 ocE(k,)- We write Y for a random variable with ¥ 2 y9 and assume that the
distribution function Fy of Y is continuous. For definiteness, we study the optimal path
between vertices 1 and 2. First, we introduce some general notation:

Notation. All limits in this paper are taken as n tends to infinity unless stated otherwise. A
sequence of events (A,), happens with high probability (whp) if P(A,) — 1. For random

variables (X,),,, X, we write X, i> X, X, 2 Xand X n 2% X to denote convergence in
distribution, in probability and almost surely, respectively. For real-valued sequences (a; ),
(bn)n, we write a, = O (b,) if the sequence (a, /b,), is bounded; a,, = o(b,) if a, /b, — 0;
a, = O(b,) if the sequences (a,/b,), and (b, /a,), are both bounded; and a, ~ b, if
ay /b, — 1. Similarly, for sequences (X}),, (¥,), of random variables, we write X, =
Op(Y,) if the sequence (X, /Y,), is tight; X, = op(Yy,) if X,/ Y, BN 0;and X,, = Op(Y,)
if the sequences (X, /Y,), and (Y,,/X,), are both tight. We denote by |x] the greatest
integer not exceeding x. Moreover, £ denotes an exponentially distributed random variable
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with mean 1. We often need to refer to results from [21], and we will write, e.g., [Part I,
Lemma 2.18] for [21, Lemma 2.18].
For a brief overview of notation particular to this paper, see p. 81.

1.1 First Passage Percolation with Regularly-Varying Edge Weights

In this paper, we will consider edge-weight distributions with a heavy tail near 0, in the sense
that the distribution function Fy (y) decays slowly to O as y |, 0. It will prove more convenient
to express this notion in terms of inverse F, ! (u), since we can write

y&n L prlw), (1.2)

where U is uniformly distributed on [0, 1]. Expressed in terms of F,~ n saying that the edge-
weight distribution is heavy-tailed near 0 means that Fy~ ") decaysrapidly toOasu | 0. We
will quantify this notion in terms of the logarithmic derivative of F; !, which will become
large as u | O.

In this section, we will assume that

d
u—log Fy ' (u) = u=*L(1/u), (1.3)
du
where « > 0 and t — L(¢) is slowly varying as + — oo. That is, for all a > 0,
lim;, o L(at)/L(t) = 1. In other words, we assume that u > u%log Fy_l(u) =
_d

Togi) log F{l (u) is regularly varying as u | 0.Recall that a function L : (0, o) — (0, 00)

is called regularly varying as u | 0 if lim, o i(au) / f,(u) is finite but nonzero for all @ > 0.
Define a sequence s, by setting u = 1/n:

_(FYA/m
u=1/n nFY_l(l/n)

The asymptotics of the sequence (s;,),, quantify how heavy-tailed the edge-weight distribution
is. For instance, an identically constant sequence, say s, = s, corresponds to a pure power
law Fy (y) = y'/5, F; ! (u) = u’;larger values of s correspond to heavier-tailed distributions.

In this paper, we are interested in the regime where s, — oo, which corresponds to a
very heavy-tailed distribution function Fy (y) that decays to O slower than any power of y, as

y 0.
To describe our scaling results, define

d _
Sp = uﬁlog Fl ) (1.4)

un(x) = Fy Y x/n). (1.5)
Then, for i.i.d. random variables (Y;);cn with distribution function Fy,

IP’(min Y < u,,(x)) Sl—e (1.6)

i€(n]

In view of (1.6), the family (u,,(x))xc(0,00) are the characteristic values for min;c[,) Y;. See
[22] for a detailed discussion of extreme value theory.

Theorem 1.1 (Weight and hopcount—regularly-varying logarithmic derivatives) Suppose
that the edge weights (Ye(K”))eeE(Kn) follow an n-independent distribution Fy that satis-
fies (1.3). If the sequence (sp) from (1.4) satisfies s,/loglogn — oo and s, = o(n'/?),
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then there exist sequences (Ap)n and (¢p)n with ¢p/sp — 1, Ayu, (1) — e=7, where y is
Euler’s constant, such that

1
nFy(W,, -~ log (n/sﬁ)) MV M®, (1.7)
n

H, — ¢ulog(n/s)) a
Z. 1.8
STloguish) 19

Here Z is standard normal, and MV, M® are i.i.d. random variables for which P(M < x)
is the survival probability of a Poisson Galton—Watson branching process with mean x.

Let us discuss the result in Theorem 1.1 in more detail. Under the hypotheses of The-
orem 1.1, u, (x) varies heavily in x in the sense in that u, (x + §)/u,(x) — oo for every
x, 8 > 0. Consequently, the extreme values are widely separated, which is characteristic of
the strong disorder regime.

We seein (1.7) that W,, — %" log (n/s2) ~ u, (M v M®), which means that the weight of

the smallest-weight path has a deterministic part A]T log (n/s;}), while its random fluctuations
are of the same order of magnitude as some of the typical values for the minimal edge weight
adjacent to vertices 1 and 2. For j € {1, 2}, one can think of M as the time needed to
“escape” from the local neighborhood of vertex j. The sequences (1), and (¢,), will be
identified in (3.17)—(3.18), subject to slightly stronger assumptions.

The optimal paths in Theorem 1.1 are long paths because the asymptotic mean of the path
length H,, in (1.8) is of larger order than log n, the path length that arises in many random
graph contexts. See Sect. 2.2 for a comprehensive literature overview. The following example
collects some edge-weight distributions that are covered by Theorem 1.1:

Example 1.2 (Examples of weight distributions)
(a) Leta,y > 0. Take Y5 4 exp(—aE?), for which log F{l(u) = —a(log(1/u))” and
sp = ay (logn)? . (1.9)

The hypotheses of Theorem 1.1 are satisfied whenever y > 1.
(b) Leta, y > 0.Take y¥n £ yatog(+log(1/U)) forwhichlog Fy ™ (u) = a log u(log(1+
log(1/u)))Y and
logn

0
sp = a(log(l +logn))Y +ay ———

log(1 + 1 r=1, 1.10
1+logn(0g( + logn)) (1.10)

We note that s,, ~ a(loglogn)?” asn — oo. The hypotheses of Theorem 1.1 are satisfied
whenever y > 1. We shall see, however, that the conclusions of Theorem 1.1 also hold
when 0 < y < 1; see Sect. 2.1 and Lemma 4.8.

(©) Leta, B > 0. Take Y L exp(—aU~P /), for which log F; () = —au" /B and
sp = an. (1.11)

The hypotheses of Theorem 1.1 are satisfied when 0 < 8 < 1/3. When 8 > 1/3, we
conjecture that the hopcount scaling (1.8) fails; see the discussion in Sect. 2.2. An ana-
logue of the weight convergence (1.7) holds in a modified form; see [Part I, Theorem 1.1
and Example 1.4 (¢)].
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Notice that every sequence (s,,), of the form s, = n“L(n),fore > 0and L slowly varying
at infinity, can be obtained from a distribution by taking log F{l )= [ u ' L(1/u)du,
i.e., the indefinite integral of the function u > u~'=L(1/u). In Sect. 2.1 we will weaken
the requirement s,/ loglogn — oo to the requirement s, — o0 subject to an additional
regularity assumption.

1.2 First Passage Percolation with n-Dependent Edge Weights

In Theorem 1.1, we started with a fixed edge-weight distribution and extracted a specific
sequence (s,),. For an essentially arbitrary distribution [subject to the relatively modest
regular variation assumption in (1.3)], its FPP properties are fully encoded, at least for the
purposes of the conclusions of Theorem 1.1, by the scaling properties of this sequence (s,,),-
Thus, Theorem 1.1 shows the common behaviour of a universality class of edge-weight
distributions, and shows that this universality class is described in terms of a sequence of real
numbers (s;,), and its scaling behaviour.

In this section, we reverse this setup. We take as input a sequence (s,), and consider the
n-dependent edge-weight distribution

Yo L pon, (1.12)
where E is exponentially distributed with mean 1. (For legibility, our notation will not indicate

the implicit dependence of ¥* on n.) Then the conclusions of Theorem 1.1 hold verbatim:

Theorem 1.3 (Weight and hopcount—n-dependent edge weights) Ler Y5 £ Et where
(Sn)n is a positive sequence with s, — 00, s, = o(n'/3). Then

1 Usn ¢
W,— — 3) MO M®, 1.13
(%~ i ) 1

and
H, —sylog(n/s})

Z. 1.14
Vszlog(n/s}) — (19

where Z is standard normal and MV, M® are i.i.d. random variables for which (MY < x)
is the survival probability of a Poisson Galton—Watson branching process with mean x.

We note that Theorem 1.3 resolves a conjecture in [11]. This problem is closely related to
the problem of strong disorder on the complete graph, and has attracted considerable attention
in the physics literature [18,23,33]. The convergence in (1.13) was proved in [Part I, Theorem
1.5 (a)] without the subtraction of the term m log (n /53) in the argument, and
under the stronger assumption that s,/ log logn — 00.!

The edge-weight distribution in Theorem 1.3 allows for a simpler intuitive explanation
of (1.7), while the convergence (1.14) verifies the heuristics for the strong disorder regime
in [11, Sect. 1.4]. See Remark 4.6 for a discussion of the relation between these two results.
As mentioned in Sect. 1.1, strong disorder here refers to the fact that when s, — oo the
values of the random weights ES" depend strongly on the disorder (E.),c E(G)» making small

! [Part I, Theorem 1.5 (a)] in fact deals with powers of uniform random variables, but for this discussion that
makes no difference.
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values increasingly more, and large values increasingly less, favorable. Mathematically, the
elementary limit
lim (x3 + x3)S = x; vy (1.15)
§—> 00

expresses the convergence of the £° norm towards the £°° norm and establishes a relationship
between the weak disorder regime and the strong disorder regime of FPP.

Remarkably, a similar argument actually also applies to Theorem 1.1, exemplifying that
these settings are in the same universality class. Indeed, Theorem 1.3 shows that n-dependent
distributions can be understood in the same framework as the n-independent distributions in
Example 1.2. We next explain this comparison and generalize our results further by explaining
the universal picture behind them.

2 The Universal Picture

In Sect. 2.1, we generalize the results in Theorems 1.1 and 1.3 to a larger class of edge weights
and provide a common language that allows us to prove these results in one go. Having
reached this higher level of abstraction, in Sect. 2.2, we will embed the results achieved here
in the wider picture of universality classes of FPP, and provide conjectures or results how to
describe all universality classes and what the scaling behaviour of each of them might be.
Links to the relevant literature and existing results are provided. For a short guide to notation,
see p. 81.

2.1 Description of the Class of Edge Weights to Which Our Results Apply

In this section, we describe a general framework containing both Theorem 1.1 as well as
Theorem 1.3. This framework, which is in terms of i.i.d. exponential random variables,
determines the precise conditions that the edge weights need to satisfy for the results in Theo-
rems 1.1-1.3 to apply. Interestingly, due to the parametrization in terms of exponential random
variables, this general framework also provides a clear link between the near-critical Erd6s—
Rényi random graph and our first passage percolation problem where the lower extremes of
the edge-weight distribution are highly separated. Finally and conveniently, this framework
allows us to prove these theorems simultaneously. In particular, both the n-independent edge
weights in Theorem 1.1, as well as the n-dependent ones in Theorem 1.3, are key examples
of the class of edge weights that we will study in this paper.

For fixed n, the edge weights (Y, E(K,) are independent for different e. However,
there is no requirement that they are independent over 7, and in fact in Sect. 5, we will
produce Y% using a fixed source of randomness not depending on 7. Therefore, it will be
useful to describe the randomness on the edge weights ((Y5)Y e E(K,) : 7 € N) uniformly
across the sequence. It will be most useful to give this description in terms of exponential
random variables. Fix independent exponential mean 1 variables (X (Kn)y e E(K,)> and define

Y = g(X ), @.1)

where g: (0, 00) — (0, 00) is a strictly increasing function. The relation between g and the
distribution function Fy is given by

Fr()=1-e¢%"0 and gx)=F ' (1-e7). 22)

@ Springer



M. Eckhoff et al.

We define
fax) = g(x/n) = Fy' (1 —e™/m). (2.3)
Let Yy, ..., Y, beiid. with ¥; = g(E;) as in (2.1). Since g is increasing,
. . d
min Y; = g(mm El-) =g(E/n) = f,(E). 2.4
i€[n] i€[n]

Because of this convenient relation between the edge weights Y;“"’ and exponential random
variables, we will express our hypotheses about the distribution of the edge weights in terms
of conditions on the functions f;(x) as n — oo.

Consider first the case Y5 4 E*» from Theorem 1.3. From (2.1), we have g(x) =
gn(x) = x*, so that (2.3) yields

for Y L g £(0) = (x/m)* = fu(Da. 2.5)

Thus, (2.4)—(2.5) show that the parameter s, measures the relative sensitivity of min; ¢, Y; to
fluctuations in the variable E. In general, we will have f;, (x) ~ f,(1)x*" if x is appropriately
close to 1 and s, =~ f, (1)/fa(1). These observations motivate the following conditions on
the functions ( f,),, which we will use to relate the distributions of the edge weights Y&,
n € N, to a sequence (sy),:

Condition 2.1 (Scaling of f;,) For every x > 0,

fn(xl/S")
(1)

Even though we will rely on Condition 2.1 when s, — oo and s, = o(n'/3), we strongly
believe that the scaling of the sequence (s;,), actually characterises the universality classes,
in the sense that the behaviour of H,, and W, is similar for edge weights for (s,,), with similar
scaling behaviour, and different for sequences that have different scaling. We elaborate on
this in Sect. 2.2.1, where we identify eight different universality classes and the expected
and/or proved results in them.

— Xx. (2.6)

Condition 2.2 (Density bound for small weights) There exist eg > 0, 8o € (0, 1]andng € N
such that

xfl(x
) <s,/e0, whenever 1 —68§y<x <1 and n > ng. 2.7

fnx) —
Condition 2.3 (Density bound for large weights)

E0Sn =

(a) Forall R > 1, there existe > 0 andng € N such that forevery1 < x < R, andn > ny,

@)

fax)

(b) Forall C > 1, there exist ¢ > 0 and ng € N such that (2.8) holds for every n > ng and
every x > 1 satisfying f,(x) < Cf,(1)logn.

Notice that Condition 2.1 implies that f, (1) ~ u, (1) [recall the definition of u,(x) in
(1.5)] whenever s, = o(n). Indeed, by (2.3) we can write u,(1) = f,(on™") for x, =
(—nlog(1 — 1/n))*. Since s, = o(n), we have x, = 1 — o(1) and the monotonicity of
f,, implies that £, (xp’*™")/ f,(1) — 1. We remark also that (1.6) remains valid if u, (x) is

replaced by f, (x).
We are now in a position to state our main theorem:

&sp. (2.8)
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Theorem 2.4 (Weight and hopcount—general edge weights) Assume that Conditions 2.1-2.3
hold for a positive sequence (s,), with s, — ocoand s, = o(nl/ 3). Then there exist sequences
(M) and (py)y, such that ¢ /sy — 1, Ay fn(1) — €7V, where y is Euler’s constant, and

1

£ (Wa = log n/s)) <> M v M, (2.9
n

Hy — ¢ulog (n/s;) a

Z, 2.10
Vs2log (n/s3) — 10

where Z is standard normal,and MV, M® arei.i.d. randomvariables for whichP(MY) < x)
is the survival probability of a Poisson Galton—Watson branching process with mean x. The
convergences in (2.9)—(2.10) hold jointly and the limiting random variables are independent.

The sequences (A,), and (¢,), are identified in (3.17)—(3.18), subject to the additional
Condition 2.6. The proof of Theorem 2.4 is given in Sect. 3.7.

Relation between Theorem 2.4 and Theorems 1.1 and 1.3. Theorems 1.1 and 1.3 follow
from Theorem 2.4: in the case Y5 L gon from Theorem 1.3, (2.6)—(2.8) hold identically
with g = ¢ = 1 and we explicitly compute 1, = n*I'(1 + 1/s,)* and ¢, = s, in
Example 6.1. We will prove in Lemma 4.8 that the distributions in Theorem 1.1 satisfy the
assumptions of Theorem 2.4. The convergence (1.7) in Theorem 1.1 is equivalent to (2.9) in
Theorem 2.4 by the observation that, for any non-negative random variables (7},), and M,

nFy(T,) > M < f,"(T,) > M, (2.11)

where the convergence is in distribution, in probability or almost surely; see e.g. [Part I,
Lemma 5.5] for an example.
The following example describes a generalization of Theorem 1.3:

Example 2.5 Let (s,), be a positive sequence with s, — oo, 5, = o'/ 3). Let Z be a
positive-valued continuous random variable with distribution function G such that G'(z)
exists and is continuous at z = 0 with G’(0) > 0 [with G’(0) interpreted as a right-hand
derivative]. Take Y5 £ 75 ie. Fy(y) = G(y'/*). Then Conditions 2.1-2.3 hold and
Theorem 2.4 applies.

For instance, we can take Z to be a uniform distribution on an interval (0, b), for any
b > 0. We give a proof of this assertion in Lemma 4.8.

Condition 2.3 can be strengthened to the following condition that will be equivalent for
our purposes:

Condition 2.6 (Extended density bound) There exist &g > 0 and ng € N such that

/
M > eos, foreveryx > 1,n > ny. (2.12)

Sax) —

Lemma 2.7 It suffices to prove Theorem 2.4 assuming Conditions 2.1, 2.2 and 2.6.

Lemma 2.7, which is proved in Sect. 4.3, reflects the fact that the upper tail of the edge-
weight distribution does not substantially influence the first passage percolation problem.

Henceforth, except where otherwise noted, we will assume Conditions 2.1, 2.2 and 2.6.
We will reserve the notation &g, 8¢ for some fixed choice of the constants in Conditions 2.2
and 2.6, with &y chosen small enough to satisfy both conditions.
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2.2 Discussion of Our Results

In this section we discuss our results and state open problems.

2.2.1 The Universality Class in Terms of s,

In Sect. 2.1, we have described an edge-weight universality class in terms of s,,. In this paper,
we investigate the case where 5, — oo withs, = o(n 173y we conjecture that all universality
classes can be described in terms of the scaling behaviour of the sequence (s,), and below
identify the eight universality classes that describe the different scaling behaviours. These
eight cases are defined by how fast s,, — 0 (this gives rise to four cases), the case where s,
converges to a positive and finite constant, and by how s, — oo (giving rise to three cases,
including the one that is studied in this paper). We believe that this paper represents a major
step forward in this direction in that it describes the scaling behaviour in a large regime of
(sn)n sequences. We next describe the eight scaling regimes of s, and the results proved
and/or predicted for them. We conjecture that these eight cases describe all universality
classes for FPP on the complete graph, and it would be of interest to make this universal
picture complete. Let us now describe these eight cases.

The regime s, — 0. In view of (2.5), for 5, — 0, the first passage percolation problem
approximates the graph metric, where the approximation is stronger the faster s, tends to
zero. We distinguish four different scaling regimes according to how fast s,, — 0:

(1) Firstly, s, logn — y € [0, 0o): the case that Y 4 E~Y fory € (0, oo) fallsinto this class
with s, = y/logn (see [20, Sect. 1.2]) and was investigated in [16], where it is proved

that H, is concentrated on at most two values. For the case of n-dependent edge weights

y & 4 E*n, it was observed in [20] that when s, log n converges to y fast enough, the

methods of [16] can be imitated and the concentration result for the hopcount continues
to hold.

(i) When s, logn — oo but s,% logn — 0, the variance factor s,% log(n/s,f) from the central
limit theorem (CLT) in (2.10) tends to zero. Since H,, is integer-valued, it follows that
(2.10) must fail in this case. First order asymptotics are investigated in [20], and it is
shown that H,, / (s, log n) LN 1, W, /(u,(1)s, logn) s e Ttis tempting to conjecture
that there exists an integer k = k,, = s, logn such that H, € {k,, k, + 1} whp.

(iii) The regime where s, logn — oo but s,f logn — y € (0, oo) corresponds to a critical
window between the one- or two-point concentration conjectured in (ii) and the CLT
scaling conjectured in (iv). It is natural to expect that H, — |¢, logn] is tight for an
appropriately chosen sequence ¢, ~ s,, although the distribution of H, — ¢, logn|
might only have subsequential limits because of integer effects. Moreover, we would
expect these subsequential limits in distribution to match with (ii) and (iv) in the limits
y — 0 or y — oo, respectively.

(iv) When s, — 0, s2logn — oo, we conjecture that the CLT for the hopcount in Theo-
rem 2.4 remains true, and that u, (1) ='W, — /\i log n converges to a Gumbel distribution

for a suitable sequence A, and u,(1). Unlike in the fixed s case, we expect no martingale

limit terms to appear in the limiting distribution.

The fixed s regime. The fixed s regime was investigated in [11] in the case where Y LE s,
and describes the boundary case between s,, — 0 and s, — 0. We conjecture that for other
sequences of random variables for which Condition 2.1 is valid for some s € (0, oo) the CLT
for the hopcount remains valid, while there exist V and A(s) depending on the distribution
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Y such that u, (1)~'W, — ﬁ log (n/s%) 4 V. In general, V will not be equal to (M v
M®@)*, see for example [11]. Instead, it is described by a sum of different terms involving
Gumbel distributions and the martingale limit of a certain continuous-time branching process
depending on the distribution. Our proof is inspired by the methods developed in [11]. The
CLT for H, in the fixed s regime can be recovered from our proofs; in fact, the reasoning in
that case simplifies considerably compared to our more general setup.
The results in [11] match up nicely with ours. Indeed, in [11], it was shown that

£ (W = logn/a(s)) =5 A(s) ™5 (A12 — log LY — log LY —log(1/))'*, (2.13)

1

where A(s) = I'(1 + 1/s)*, Ay is a Gumbel variable so that P(A1> < x) = e™¢ " and
LY, LY are two independent copies of the random variable Ly with E(L;) = 1 solving the
distributional equation

Ly £ 3 e POET L .14)

i>1

where (L ;);i>1 are i.i.d. copies of Ly and (E;);>] are i.i.d. exponentials with mean 1. We
claim that the right-hand side of (2.13) converges to M’ v M® as s — oo, where MV, M@

. .. . i d .
are as in Theorem 2.4. This is equivalent to the statement that (—log LY")!/S —— MY as
s — 00. Assume that (— log LYHY/s converges in distribution to a random variable M. Then

) 1/s 1/s
lim (— 10g< E e MO ErttE) LS,,‘)> = min lim (A(s)(El + -+ E)* —log LS_,->
§—>00 P i>1 s—00

= min (1 ++++ E) v ( lim (~log L,)'")).
B (2.15)

and using (2.14) we deduce that M is the solution of the equation
ML min(E| +---+ E) V M, 2.16)
i>

where (M;);> are i.i.d. copies of M independent of (E;);>. The unique solution to (2.16)
is the random variable with P(M < x) being the survival probability of a Poisson Galton—

. d
Watson process with mean x, so that M = M©,
The regime s, — oo. The regime s, — 00 can be further separated into three cases.

(i) Firstly, the case where s, — oo with s, /n'/3 — 0 is the main topic of this paper.

(ii) Secondly, the regime where s,/n'/3 — y € (0, c0) corresponds to the critical window
between the minimal spanning tree case discussed below and the case (i) studied here.
It is natural to expect (see also Theorems 1.1 and 1.3) that H,/n'/? converges to a non-
trivial limit that depends sensitively on y, and that, when y — 0 and y — oo matches
up with the cases (i) and (iii) discussed above and below, respectively.

(iii) Finally, the regime s,/n'/3 — oo. Several of our methods do not extend to the case
where s,/n'/3 — oo; indeed, we conjecture that the CLT in Theorem 2.4 ceases to
hold in this regime. In this case, our proof clearly suggests that first passage percolation
(FPP) on the complete graph is closely approximated by invasion percolation (IP) on the
Poisson-weighted infinite tree (PWIT), studied in [2], whenever s, — 00, see also [21].
It it tempting to predict that H, /n'/3 converges to the same limit as the graph distance
between two vertices for the minimal spanning tree on the complete graph as identified
in [3].
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2.2.2 First Passage Percolation on Random Graphs

FPP on random graphs has attracted considerable attention in the past years, and our research
was strongly inspired by its studies. In [17], the authors show that for the configuration
model with finite-variance degrees (and related graphs) and edge weights with a continuous
distribution not depending on n, there exists only a single universality class. Indeed, if we
define W, and H, to be the weight of and the number of edges in the smallest-weight path
between two uniform vertices in the graph, then there exist positive, finite constants «, 8, A
and sequences (¢¢;)n, (An)n, Witho, — «, X, — A, such that W, — (1/A;) log n converges in
distribution, while H,, satisfies a CLT with asymptotic mean «,, log n and asymptotic variance
Blogn.

Related results for exponential edge weights appear for the Erd6s—Rényi random graph
in [15], to certain inhomogeneous random graphs in [28] and to the small-world model
in [30]. The diameter of the weighted graph is studied in [6], and relations to compe-
tition on r-regular graphs are examined in [7]. Finally, the smallest-weight paths with
most edges from a single source or between any pair in the graph are investigated in
[5].

We conjecture that our results are closely related to FPP on random graphs with infinite-
variance degrees. Such graphs, sometimes called scale-free random graphs, have been
suggested in the networking community as appropriate models for various real-world net-
works. See [8,31] for extended surveys of real-world networks, and [19,24,32] for more
details on random graph models of such real-world networks. FPP on infinite-variance ran-
dom graphs with exponential weights was first studied in [13,14], of which the case of
finite-mean degrees studied in [14] is most relevant for our discussion here. There, it was
shown that a linear transformation of W,, converges in distribution, while H,, satisfies a CLT
with asymptotic mean and variance « log n, where « is a simple function of the power-law
exponent of the degree distribution of the configuration model. Since the configuration model
with infinite-variance degrees whp contains a complete graph of size a positive power of n,
it can be expected that the universality classes on these random graphs are closely related to
those on the complete graph K,. In particular, the strong universality result for finite-variance
random graphs is false, which can be easily seen by observing that for the weight distribution
1 4+ E, where E is an exponential random variable, the hopcount H, is of order loglogn
(as for the graph distance [26]), rather than log n as it is for exponential weights. See [9] for
two examples proving that strong universality indeed fails in the infinite-variance setting,
and [4,10] for further results. The area has attracted substantial attention through the work
of Komjathy and collaborators, see also [25,29] for recent work in geometric contexts.

2.2.3 Extremal Functionals for FPP on the Complete Graph

Many more fine results are known for FPP on the complete graph with exponential edge
weights. In [27], the weak limits of the rescaled path weight and flooding are determined,
where the flooding is the maximal smallest weight between a source and all vertices in the
graph. In [12] the same is performed for the diameter of the graph. It would be of interest to
investigate the weak limits of the flooding and diameter in our setting.
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3 Detailed Results, Overview and Classes of Edge Weights

In this section, we provide an overview of the proof of our main results.

This section is organised as follows. In Sect. 3.1, we explain how FPP clusters can be
described in terms of an appropriate exploration process, both from one as well as from
two sources. In Sect. 3.2, we discuss how this exploration process can be coupled to first
passage percolation on the Poisson-weighted infinite tree (PWIT). In Sect. 3.3, we interpret
the FPP dynamics on the PWIT as a continuous-time branching process, and study one- and
two-vertex characteristics associated with it. The two-vertex characteristics are needed since
we explore from two sources. Due to the near-critical behavior of the involved branching
processes, the FPP clusters may run at rather different speeds, and we need to make sure
that their sizes are comparable. This is achieved by freezing the fastest growing one, which
is explained in detail in Sect. 3.4, both for the time at which this happens as well as the
sizes of the FPP cluster at the freezing times. There, we also investigate the collision times
between the two exploration processes, which correspond to (near-) shortest paths between
the two sources. In Sect. 3.5, we couple FPP on the complete graph from two sources to a
continuous-time branching process from which we can retrieve the FPP clusters by a thinning
procedure. In Sect. 3.6, we use the explicit distribution of the collision edge (whether thinned
or not) to derive its scaling properties, both for the time at which it occurs, as well as the
generations of the vertices it consist of. Finally, in Sect. 3.7, we show that the first point
of the Cox process that describes the collision edge is with high probability unthinned and
complete the proof of our main results.

3.1 FPP Exploration Processes

To understand smallest-weight paths in the complete graph, we study the first passage explo-
ration process from one or two sources. Recall from (1.1) that dg y«, (i, j) denotes the
total cost of the optimal path 7; ; between vertices i and j.

3.1.1 One-Source Exploration Process

For a vertex j € V(K,), let the one-source smallest-weight tree S WT;j ) be the connected
subgraph of K,, defined by

VISWTY) = {i € V(Ky): dg, yon (i ) < 1),

ESWT)={ec E(K,): e € mj; forsomei € V(SWT;)}. G-D

Note that S WT;j ' is indeed a tree: if two optimal paths 7 j.k» T j k pass through a common

vertex i, both paths must contain 7 ; ; since the minimizers of (1.1) are unique. Moreover, by

construction, FPP distances from the source vertex j can be recovered from arrival times in
the process SWT}":

di, yw (i, j) =inf{r:i e SWT}. 3.2)

To visualize the process (SWT{""),>0, think of the edge weight Y.’ as the time required
for fluid to flow across the edge e. Place a source of fluid at j and allow it to spread through
the graph. Then V(SWT') is precisely the set of vertices that have been wetted by time 7,
while E(SWT}”) is the set of edges along which, at any time up to ¢, fluid has flowed from a
wet vertex to a previously dry vertex. Equivalently, an edge is added to S WT;j " whenever it
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becomes completely wet, with the additional rule that an edge is not added if it would create
acycle.

Because fluid begins to flow across an edge only after one of its endpoints has been wetted,
the age of a vertex—the length of time that a vertex has been wet—determines how far fluid
has traveled along the adjoining edges. Given SWT”, the future of the exploration process
will therefore be influenced by the current ages of vertices in SWT!”, and the nature of
this effect depends on the probability law of the edge weights (Y*").. In the sequel, for a
subgraph G = (V(G), E(G)) of K,,, we write G instead of V (G) for the vertex set when there
is no risk of ambiguity.

3.1.2 Two-Source Exploration Process

Consider now two vertices from K,,, which for simplicity we take to be vertices 1 and 2. The
two-source smallest-weight tree SWT\"? is the subgraph of K, defined by

SWT™? = SWT"*" USWT;"*?, 3.3)
where
VESWT) = {i € [n]: dg, yxn (1,0) < tand dg yan (1,0) < dg, yn (2,0)},
VSWT*?) = {i € [n]: dg, yxn (2.1) < tanddg yn (2,1) < dg yua (1,0},

E(SWT{"*") = {e € E(K,): e € mj; forsomei € V(SWT;"*/)}.

(3.4)
In other words, S WT;"Z) is the union, over all vertices i within FPP distance ¢ of vertex 1 or
vertex 2, of an optimal path, either | ; or 72 ; whichever has smaller weight.

Because the edge weight distribution has no atoms, no two optimal paths have the same
length. Tt follows that, a.s., SWT'"? is the union of two vertex-disjoint trees for all ¢. (To see
this, suppose vertex i is closer to vertex j than to vertex j’, where { Jij } = {1, 2}. Then,
given another vertex i’ and a path 7t passing from i’ to i to j’, there must be a strictly shorter
path passing from i’ to i to j.) We note that

VISWT!?) = VSWT")YUVSWTY), ESWT!?) c E(SWT")UESWTY),
(3.5)
with strict containment for sufficiently large 7.

To visualize the process (S WT;l’z) )r>0, place sources of fluid at vertices 1 and 2 and allow
both fluids to spread through the graph. Then, as before, V (SWT\"?) is precisely the set of
vertices that have been wetted by time 7, while E(SWT'"?) is the set of edges along which,
at any time up to ¢, fluid has flowed from a wet vertex to a previously dry vertex. Equivalently,
an edge is added to SWT!"* whenever it becomes completely wet, with the additional rules
that an edge is not added if it would create a cycle or if it would connect the two connected
components of SWT"?.

From the process SWT;I’Z), we can partially recover FPP distances. Denote by
Tswrt? (i) = inf {t >0:i € SWT;l'z)} the arrival time of a vertex i € [n]. Then, for
Je{l,2},

dg vk, ) =T (i) provided thati € UysoSWT{"7. (3.6)

More generally, observing the process (S WT;I’Z)),ZQ allows us to recover the edge weights
Y5 for all e € UisoE(SWT!"?). However, in contrast to the one-source case, the FPP
distance W,, = dKn’y(Kn) (1, 2) cannot be determined by observing the process (SWT;"Z)),ZO.
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Indeed, if vertices iy, ip satisfy i} € SWTil‘z"l) and ir € SWT}I’“) for some ¢, then by
construction the edge {i1, i} between them will never be added to SWT"? and there is no
arrival time from which to determine the edge weight ¥,

{in.iz}
The optimal weight W), is the minimum value

. (L,2) . 12 .
W, = min | (TSWT i)+ Y& T (12)) , (3.7
ieSwr LD heswrlF?

which is uniquely attained a.s. by our assumptions on the edge weights.

Definition 3.1 (Collision time and edge) The SWT collision time is T o)™ = %Wn. Let
ISV ISV denote the (a.s. unique) minimizers in (3.7). The edge {1;"", I;""} is called

the SWT collision edge.

In the fluid flow description above, 731" is the time when the fluid from vertex 1 and the

fluid from vertex 2 first collide, and this collision takes place inside the collision edge. Note
that since fluid flows at rate 1 from both sides simultaneously, the overall distance is given
by W, = 27517,

coll

Proposition 3.2 (Smallest-weight path) The end points of the collision edge are explored
before the collision time, T"T""” (I3"7) < TS\ for j € (1,2} . The optimal path 7,  from
vertex I to vertex 2 is the union of the unique path in SWT(TI'SQ‘;})T from 1to I}V the collision

coll

edge {I;V", I3""} ; and the unique path in SWT;‘SZQVZ)T from I3"" to 2. Furthermore

coll

P(TSN >t [ (SWT)ux0)

C

= I I

ireswrD g, eswr %2

P(Y -f_ TSWT(LZ)(I.I) TP pswrd:d (in) ’ Y > |Tswr(‘<2) (i) — pswrd2 (12)‘)

1 _ . 12) .
—ep|—— Y X (A (=T a0+ -1 )

ireswrZ jeswr 2
—1 swrd2 . swrd2 .
S (¥ (lz)|)> . (3.8)

We will not use Proposition 3.2 and the formula (3.7), which are a special case of
Lemma 3.20 and Theorem 3.22. These generalizations deal with a freezing procedure that we
will explain below. Note that the conditioning in (3.8) reflects the information about Y, ;,)
gained by knowing that i; and i, belong to different connected components of SWT">:
during the period of time when one vertex was explored but not the other, the fluid must not
have had time to flow from the earlier-explored vertex to the later-explored vertex.

3.2 Coupling FPP on K, to FPP on the Poisson-Weighted Infinite Tree
In this section, we state results that couple FPP on K, to FPP on the Poisson-weighted infinite

tree (PWIT). We start by explaining the key idea, coupling of order statistics of exponentials
to Poisson processes, in Sect. 3.2.1. We continue to define the PWIT in Sect. 3.2.2. We then
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couple FPP on K, to FPP on the PWIT, for one source in Sect. 3.2.3 and finally for two
sources in Sect. 3.2.4.

3.2.1 Order Statistics of Exponentials and Poisson Processes

To study the smallest-weight tree from a vertex, say vertex 1, let us consider the time until the

first vertex is added. By construction, min; e, \(1) Y{(lK,’;; 4 fn (rl”j E) [cf. (2.4)], where E
is an exponential random variable of mean 1. We next extend this to describe the distribution
of the order statistics Y’ ((g”) <Y ((zlg”) <. < Y((nK_”]) ) of the weights of edges from vertex 1
to all other vertices.

By (2.1) and (2.3), we can write Y{(fi'}; = fu(E}), where E| = nXE'ffl.)} are independent,
exponential random variables with rate 1/n. We can realize E] as the first point of a Poisson
point process P% with rate 1/n, with points X (li) < Xg ' < ..., chosen independently for
different i = 2,...,n. We can also form the Poisson point process PV with rate 1/n,
corresponding to i = 1, although this Poisson point process is not needed to produce an edge
weight. To each point of P?, associate the mark :.

Now amalgamate all n Poisson point processes to form a single Poisson point process
of intensity 1, with points X; < X, < ---. Each point X} has an associated mark Mj. By
properties of Poisson point processes, given the points X; < X» < ---, the marks My are
chosen uniformly at random from [n], different marks being independent.

To complete the construction of the edge weights Y, {(IK’ ’;; , we need to recover the first points
X", foralli = 2,...,n, from the amalgamated points X; < X» < ---. Thus we will thin a
point Xz when My = 1 (since i = 1 is not used to form an edge weight) or when My = My
for some k' < k (since such a point is not the first point of its corresponding Poisson point
process). Then

d
(Y ketn—11 = (fa(Xi)keN, Xy unthinned- (3.9

In the next step, we extend this result to the smallest-weight tree SW T using a relation to
FPP on the Poisson-weighted infinite tree.

3.2.2 The Poisson-Weighted Infinite Tree

The Poisson-weighted infinite tree is an infinite edge-weighted tree in which every vertex has
infinitely many (ordered) children. Before giving the definitions, we recall the Ulam—Harris
notation for describing trees.

Define the tree 7V as follows. The vertices of 7 are given by finite sequences of natural
numbers headed by the symbol &1, which we write as @1 ji j2 - - - jk. The sequence &1 denotes
the root vertex of 7. We concatenate sequences v = iy ---ix and w = i -+ jy, tO
form the sequence vw = @iy - - - igji - - - jm of length [vw| = [v|+|w| = k+m. Identifying
a natural number j with the corresponding sequence of length 1, the j™ child of a vertex v
is vj, and we say that v is the parent of vj. Write p (v) for the (unique) parent of v # @y,
and pk(v) for the ancestor k generations before, k < |v].

We can place an edge (which we could consider to be directed) between every v # &1 and
its parent; this turns 7 into a tree with root & . With a slight abuse of notation, we will use
7™ to mean both the set of vertices and the associated graph, with the edges given implicitly
according to the above discussion, and we will extend this convention to any subset 7 C 7.
We also write dt = {v ¢ 7: p (v) € t} for the set of children one generation away from .
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To describe the PWIT formally, we associate weights to the edges of 7V, By construction,
we can index these edge weights by non-root vertices, writing the weights as X = (Xy)y2g,
where the weight X, is associated to the edge between v and its parent p(v). We make the
convention that X, = 0.

Definition 3.3 (Poisson-weighted infinite tree) The Poisson-weighted infinite tree (PWIT) is
the random tree (7", X) for which X, — X, —1) is exponentially distributed with mean 1,
independently for each v € 7™ and each k € N. Equivalently, the weights (X,1, X2, .. .)
are the (ordered) points of a Poisson point process of intensity 1 on (0, 0o), independently
for each v.

Motivated by (3.9), we study FPP on 7 with edge weights (f;,(Xy))y:

Definition 3.4 (First passage percolation on the Poisson-weighted infinite tree) For FPP on
T with edge weights (f,,(Xy))v, let the FPP edge weight between v € 7 \ {&;} and
p (v) be f,(X,). The FPP distance from @ tov € TV is

[v[—1

To= ) fuXpiw) (3.10)
k=0

and the FPP exploration process BP"" = (BP{");=0 on T is defined by BP\" =
[veT®: T, <t}

Note that the FPP edge weights ( f;, (Xvk))ken are themselves the points of a Poisson point
process on (0, 00), independently for each v € 7. The intensity measure of this Poisson
point process, which we denote by w,, is the image of Lebesgue measure on (0, co) under
Jn- Since f, is strictly increasing by assumption, jt,, has no atoms and we may abbreviate
un((a, b)) as u, (a, b) for simplicity. Thus w, is characterized by

pn(a, b) = f;7'(B) = £, (@), /O h(y)dun(y)=/0 h(fn(x))dx, (G.1D)

for any measurable function 4 : [0, co) — [0, 00).
Clearly, and as suggested by the notation, the FPP exploration process B P is a continuous-
time branching process:

Proposition 3.5 (FPP on PWIT is CTBP) The process B P is a continuous-time branching
process (CTBP), started from a single individual &1, where the ages at childbearing of an
individual form a Poisson point process with intensity [i,, independently for each individual.
The time T, is the birth time T, = inf {t >0:ve BP;I)} of the individual v € TV,

3.2.3 Coupling One-Source Exploration to the PWIT

Similar to the analysis of the weights of the edges containing vertex 1, we now introduce a
thinning procedure that allows us to couple BP® and SWT . Define Mz, = 1 and to each
other v € 7W\{@} associate a mark M, chosen independently and uniformly from [n].

Definition 3.6 (Thinning—one CTBP) The vertex v € 7™M\ {1} is thinned if it has an
ancestor vy = pk (v) (possibly v itself) such that M,, = M,, for some unthinned vertex
we TY with T, < Ty,.
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This definition also appears as [Part I, Definition 2.8]. As explained there, this definition is
not circular since whether or not a vertex v is thinned can be assessed recursively in terms of
earlier-born vertices. Write B P;l) for the subgraph of B P;') consisting of unthinned vertices.

Definition 3.7 Given a subset T C 7" and marks M = (M, : v € t) with M, € [n], define
7y (7) to be the subgraph of K, induced by the mapping © — [n], v — M,,. Thatis, ()
has vertex set {M,: v € t}, with an edge between M,, and M () whenever v, p (v) € 7.

Note that if the marks (M), ¢, are distinct then a7 (7) and t are isomorphic graphs.
The following theorem, taken from [Part I, Theorem 2.10] and proved in [Part I, Sect. 3.3],
establishes a close connection between FPP on K, and FPP on the PWIT with edge weights

(fn(Xv)ver:

Theorem 3.8 (Coupling to FPP on PWIT—one source) The law of (S WT;”)IZ() is the same
as the law of (JTM U?AE]))>

tzO'

Theorem 3.8 is based on an explicit coupling between the edge weights (Y.*"), on K,
and (X,), on 7. We will describe a related coupling in Sect. 3.5. A general form of those
couplings is given in Sect. 5.

3.2.4 Coupling Two-Source Exploration to the PWIT

Let 7U» be the disjoint union of two independent copies (7, X)), j € {1, 2}, of the
PWIT. We shall assume that the copies 7 are vertex-disjoint, with roots & j»so that we can
unambiguously write X, instead of X3’ forv € 79, v # @ ;. We set Mg, = jforj=1,2,
and otherwise the notation introduced for 7" is used on 7", verbatim. For example, for
any subset T C 792, we write 9t = {v ¢ t: p (v) € 7} for the boundary vertices of 7, and
we define the subgraph 7 (7) for T € 72 just as in Definition 3.7.

As in Proposition 3.5, the two-source FPP exploration process on 7 ? with edge weights
(fn(Xy))y starting from | and & is equivalent to the union BP = BP" U BP® of two
CTBPs. (In the fluid-flow formulation, the additional rule—an edge is not explored if it would
join the connected components containing the two sources—does not apply.)

Definition 3.9 (Thinning—two CTBPs) The vertex v € 7" \ (@1, &5} is thinned if it has
an ancestor vy = pk(v) (possibly v itself) such that M,, = M,, for some unthinned vertex
w e TP with Ty, < Ty,.

Note that this two-CTBP thinning rule is applied simultaneously across both trees: for
instance, a vertex v € 7" can be thinned due to an unthinned vertex w € 7®. Henceforth
we will be concerned with the two-CTBP version of thinning. Write BP, for the subgraph
of BP, = BP\" U BP” consisting of unthinned vertices.

The following theorem is a special case of Theorem 3.26:

Theorem 3.10 (Coupling to FPP on PWIT—two sources) The law of (SWT;]’D),ZO is the

same as the law of (nM (B/\I_J/,)) o
>
We will not use Theorem 3.10, but instead rely on its generalization Theorem 3.26, since,
in our setting, BP" and BP® can grow at rather different speeds. We will counteract
this unbalance by an appropriate freezing procedure, as explained in more detail later on.
Theorem 3.26 generalizes Theorem 3.10 to include this freezing.
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We next state an equality in law for the collision time and collision edge. As a preliminary
step, note that (3.8) can be rewritten in terms of the measure 1, as

P (T > 1| (SWTWuz0)

coll

=exp( = > w (|70 =TT ) = T ) o - TV 1) /n).
ireswr =D
ieswrh%?

(3.12)

By a Cox process with random intensity measure Z (with respect to a o-algebra %) we
mean a random point measure P such that Z is .#-measurable and, conditionally on .7,
‘P has the distribution of a Poisson point process with intensity measure Z. For notational
convenience, given a sequence of intensity measures Z, on R x X, for some measurable
space X', we write Z, ; for the measures on X defined by Z, ;(-) = Z,((—00, t] X -).

Thus (3.12) states that 73" has the law of the first point of a Cox process on R, where the
intensity measure is given by a sum over SWT 1% x SWT %2 (see also [11, Proposition
2.3]). Using Theorem 3.10, we can lift this equality in law to apply to the collision time and
collision edge.

Theorem 3.11 (Cox process for collision edge) Ler P;"" be a Cox process on [0, 00) X
TO x T (with respect to the o -algebra generated by BP and (My),c1a.2) with random
intensity Z,"" = (Z;"\");>0 defined by

Ty, — Ty,

Z, ({1} x {n2}) = 11[ =Ty +1—T,) (3.13)

1
uleBPf”,vzeBP,(z)} it (|

forallt > 0. Let (Tg;i’l’swr, /AN Vc((zJ,str)) denote the first point of PS"" forwhich Vi ™"

and Vc(é’”SWT) are unthinned. Then the law of(TCﬁl"l‘SWT, 7y (B PTP,,,swr ), Mvu_swr) , Mv(z,swr))
coll coll coll

is the same as the joint law of TCSOVlV]T = %Wn; the smallest-weight tree S WTTSH/T at the time
€O
T3 and the endpoints I}, I3"" of the SWT collision edge. In particular, the hopcount

H,, has the same distribution as |VC<(1)‘“SWT)| + |VC((2)'HSWT)| + 1.

3.3 FPP on the PWIT as a CTBP

In this section, we relate FPP on the PWIT to a continuous-time branching process (CTBP).
In Sect. 3.3.1, we investigate the exploration from one vertex and describe this in terms of
one-vertex characteristics. In Sect. 3.3.2, we extend this to the exploration from two vertices
and relate this to two-vertex characteristics of CTBPs, which will be crucial to analyse
shortest-weight paths in FPP on K, which we explore from two sources.

3.3.1 FPP on the PWIT as a CTBP: One-Vertex Characteristics

In this section, we analyze the CTBP B PV introduced in Sect. 3.2. Notice that (B P}");>¢
depends on n through its offspring distribution. We have to understand the coupled double
asymptotics of n and 7 tending to infinity simultaneously.

Recall that we write |v| for the generation of v (i.e., its graph distance from the root
in the genealogical tree). To count particles in BP'", we use a non-random characteristic
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x: [0, 00) — [0, 00). Following [11], define the generation-weighted vertex characteristic
by
x x.BPY [v]
X (a) =z} @= > a"x@-T1,) foralla.t>0. (3.14)
vesP”

We make the convention that y (t) = zf (a) = 0 for t < 0. For characteristics y, n and for
a,b,t,u >0, write

m{(a) =E@z{ (@) and M} (a,b) = E(z (a)Z](b)). (3.15)
Let i, (A) = fe_’\ydu,, (y) denote the Laplace transform of 1,,. Fora > 0, define A, (a) > 0

by
apin(rn(a)) =1 (3.16)

whenever (3.16) has a unique solution. The parameters A, and ¢, in Theorem 2.4 are given
by

An = (1), (3.17)
bn = Ay (1)/2n (D). (3.18)
The asymptotics of A, and ¢, stated in Theorem 2.4 is the content of the following lemma:

Lemma 3.12 (Asymptotics of BP-parameters) Asn — oo, ¢y, /s, — land i, f,(1) — e77,
where y is Euler’s constant.

Lemma 3.12 is proved in Sect. 6.3.
Typically, z) (a) grows exponentially in ¢ at rate A, (a). Therefore, we write

2 (a) = eV ),
mf (@) = EGE/ (@) = e V'mf (@),
M) (@, b) = EEF(@)Z1(b)) = e @le =t Bl pgXol (g ). (3.19)

In the following theorem, we investigate the asymptotics of such generation-weighted one-
vertex characteristics:

Theorem 3.13 (Asymptotics of one-vertex characteristics) Given e > 0and a compact subset
A C (0,2), there is a constant K < oo such that for n sufficiently large, uniformly fora, b €
A and for x and n bounded, non-negative, non-decreasing functions, A, (1)[t Au] > K,

sy @'y = [5Te  x (2/hn (@) dz] < e X lloo - (3.20)

Jo e x (z/An@"5m))dz [ n(w /Ay (b n))dw
log(1/a + 1/b)

s;?’Ml)’(l;n(al/Sn’ bl/sn) _

< elxlloo lImllos - (3.21)

Moreover, there is a constant K’ < oo independent of & such that m} (a'smy <
K' llxlloo sn and M @V bY) < K'|lxlloo Inlloo 53 for all n sufficiently large, uni-
formly overu,t > 0anda,b € A.

Corollary 3.14 (Asymptotics of means and variance of population size) The population size
|BP."| satisfies E(|BP;"|) ~ spe™ V" and Var(|BP}"|) ~ s3e*» (D /log 2 in the limit as
A (D)t — 00, n — o0.
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Theorem 3.13 is proved in Sect. 6.4. Generally, we will be interested in characteristics
X = xn for which y, ()\,,(1)_1 ) converges as n — 00, so that the integral in (3.20) acts as
a limiting value. In particular, Corollary 3.14 is the special case x = 10,0y, @ = 1.

Since s, — 00, Theorem 3.13 and Corollary 3.14 show that the variance of Zf( (al/sm)
is larger compared to the square of the mean, by a factor of order s,. This suggests that
BP;” is typically of order 1 when X, (1)t is of order 1 [i.e., when 7 is of order f,(1), see
Lemma 3.12] but has probability of order 1/s, of being of size of order s,%. See also [Part I,
Proposition 2.17] which confirms this behavior.

3.3.2 FPP on the PWIT as a CTBP: Two-Vertex Characteristics

Theorem 3.11 expresses the collision time 75" as the first point of a Cox process whose
cumulative intensity is given by a double sum over two branching processes. To study such
intensities, we introduce generation-weighted two-vertex characteristics. Let x be a non-
random, non-negative function on [0, oo)2 andrecall that T, = inf {t > 0: v € B P,}denotes
the birth time of vertex v and |v| the generation of v. The generation-weighted two-vertex

characteristic is given by

Xz lvil_|val
Fay= Y Y aMa'x—Ty,n—Tpy), (322)
vlespﬁl” UQEBPg)
forall 1, 12, a1, as > 0, where we use vector notation @ = (aj, a2), f = (#1, 12), and so on.

We make the convention that x (1, ) = zg,,z (@) = 0forty At < 0. As in (3.19), we
rescale and write

zt{ @ = e_)hn(al)tle_)tn(aZ)&Zt)iJz @,
m¥ (@) = E(ZX (@), (3.23)
TN = DN X (23 (h
T (a,b) = IE(Z? (a)Z,;(b))
In (3.13), the cumulative intensity Z;';" can be expressed in terms of a two-vertex char-
acteristic. If we define

Xn(t1,12) = pn(lty — 2], 11 + 12) (3.24)

then the total cumulative intensity is given by

n,t N

1
|str = ZVT(TO x T?) = ;Zf}(l, D). (3.25)

We will use the parameters aj, ax to compute moment generating functions corresponding
to Z%T.

The characteristic y, will prove difficult to control directly, because its values fluctuate
significantly in size: for instance, x, (3 £, (1), 5 fu(1)) = 1 whereas x, (3 fu(1). fu(D)) =
O(1/sy,). Therefore, for K € (0, 00), we define the truncated measure

(K) __
Hn ™ = “"|(fn(l—K/sn>,f;,(1+K/sn>1’ (3.26)

and again write /Lff)((a, b)) = /Lﬁf)(a, b) to shorten notation. For convenience, we will
always assume that n is large enough that s, > K. By analogy with (3.24), define

x @, n) = pl (0 — 6l 0+ n). (3.27)

By construction, the total mass of wis 2K /Sn, so that s, Ko ig uniformly bounded.
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The following results identify the asymptotlc behavior of zl)g”tz (a) and show that, for
K — 00, the contribution due to y, — Xn X becomes negligible. These results are formulated in
Theorem 3.15, which investigates the truncated two-vertex characteristic, and Theorem 3.16,

which studies the effect of truncation:

Theorem 3.15 (Convergence of truncated two-vertex characteristic) For every ¢ > 0 and
every compact subset A C (0, 2), there exists a constant Ko < 0o such that for every K > K
there are constants K' < oo and ny € N such that for all n > ng, ay,az, b1, b, € A and
(D[ A2 Aut Aup] = K,

1= =178
s, mz" (@) = far/ar)| < e, (3.28)
and
S74M2("(K)’X'(l @\ plsny — {(aa/ar)s(ba/by) e (3.29)
mo log(1/ay + 1/by)log(1/ay + 1/b2) | — '
where ¢ : (0, 00) — R is the continuous function defined by
2ajap logaz/ay) .
Carjay) = |t wma - TarFa (3.30)
1, ifay = as.

Moreover, for every K < oo there are constants K" < oo and ny € N such that

(K)

forall n > ny, 1,12, uy,uy > 0 and ay,a3,b1,by € A, ni?" @'y < K’s, and
__(K) (K
Mg(ri > Xn (al/v,, bl/Yn) < K"s 4

ru

The exponents in Theorem 3.15 can be understood as follows. By Theorem 3.13, the
first and second moments of a bounded one-vertex characteristic are of order s, and v
respectively. Therefore, for two-vertex characteristics, one can expects and 56 Since X(K>
sis,, X,(lK) appears once in the first and twice in the second moment, we arrive at s, and s”,
respectlvely.

(K) -
Theorem 3.16 (The effect of truncation) For every K > 0, mX" n (1) = O(sy), uniformly
over t1, t. Furthermore, given ¢ > 0, there exists K < 00 such that, for all n sufficiently

K
Xn— Xrg )

large, m (T) < es, whenever A, (1)[ty A] > K.

Theorems 3.15 and 3.16 are proved in Sect. 7.

3.4 CTBP Growth and the Need for Freezing: Medium Time Scales

Theorem 3.11 shows how to analyze the weight W, and hopcount H, in terms of a Cox
process driven by two (n-dependent) branching processes. In this section, we describe how
this analysis works when the branching processes grow normally (i.e., exponentially with a
fixed prefactor). In the CTBP scaling results from Sect. 3.3, we have seen that the class of edge
weights we consider gives rise to a more complicated scaling, with n-dependent prefactors
that diverge to infinity. As we will explain, this causes a direct analysis to break down,
and we define an appropriate freezing mechanism that we use to overcome this obstacle. In
Sect. 3.4.1, we first explain what we mean with freezing and why we need it, and in Sect. 3.4.2
we explain how FPP from two sources can be frozen, and then later unfrozen, such that CTBP
asymptotics can be used and collision times between the two FPP clusters can be analyzed.
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3.4.1 Frozen FPP Exploration Process

Under reasonable hypotheses, a fixed CTBP grows exponentially under all measures of size.
More precisely, there will be a single constant A such that m;](l) ~ A,]e)" and M,'Z ’," (1,1) ~
Bnez}" for constants A, By, over a wide class of one-vertex characteristics : [0, 00) —
R, including the choice n = 1 that encodes the population size. Similarly, if x is a two-

vertex characteristic, we can expect that m, (1) ~ Cye?* and M{ ) . ~ Dye™. Taking

‘Zn,,’ = %zf,(l) as in (3.25), we would then expect the first point of the Cox process from
Theorem 3.11 to appear at times ¢ for which e2* 2 n. For such 1, we have e* ~ /n, so that
each branching process has of order /n individuals and a typical individual is of order log n
generations away from the root.

If these asymptotics hold, then a typical vertex v alive at such times ¢ is unthinned whp.
Indeed, for each of the ~ log n ancestors, there are at most & /n other vertices that might
have the same mark. Each pair of vertices has probability 1/n of having the same mark,
leading to an upper bound of ~ @ on the probability that v is thinned.

In particular, the first point of P3"” coincides whp with (Tc(gi"swﬂ, C((IJ’HSWT) Vc(éilswr)),
the first unthinned point of P5"7. Using Theorem 3.11, it is therefore possible to derive
asymptotics of W, and H, by analysing the first point of P57, which in turn can be done
by a first- and second-moment analysis of the intensity measure Z Z“{T

In the setting of this paper, however, this analysis breaks down. The branching processes
now themselves depend on n, and their behaviour becomes irregular when 7 is large. One-
vertex characteristics satisfy m; (1) ~ A’,/sne)‘"(l)’ and M(1,1) ~ B,’Vs?lez“(”’. The
mismatch of prefactors, s, versus s>, suggests that the branching process has probability of
order 1/s, of growing to size sn2 in a time of order 1/1,(1) &~ f,(1), and that this unlikely
event is important to the long-run growth of the branching process.

We can balance the mismatched first and second moments by aggregating s,, independent
copies of the branching process. The sum of s,, independent copies of z; (1) will have mean of
order A%srzle)‘"(l)’ and second moment of order B,/ ste? (V" where now the second moment
is on the order of the square of the mean. [With proper attention to correlations, it is also

possible to show that the two-vertex characteristics sz',’ (1), summed over two groups of s,

independent branching processes each, will have mean of order C’s e (V' and second
moment D’ s,?e‘“‘"(l)t.] This balancing makes a first- and second-moment analysis possible.

To achieve the same effect starting from two branching processes, wait until each branching
process is large enough that it has of order s, new children in time of order 1. Then the
collection of all individuals born after that time (and their descendants) will again have
balanced first and second moments. However, as we will see, the time when each branching
process becomes large enough is highly variable. In particular, by the time the slower-growing
of the two branching processes is large enough, the faster-growing branching process will
have become much too large. For this reason, we will need to freeze the faster-growing
branching process to allow the other to catch up. In the following sections we explain how
freezing affects the FPP exploration process, the coupling to the PWIT, the Cox process
representation for the optimal path, and the effect of thinning. We now first explain precisely
how we freeze our two branching processes.

The choice of the freezing times Tf(r'i ) must attain two goals. First, we must ensure that, at
the collision time 71, the two branching processes with freezing are of comparable size (see
Theorem 3.33 and the discussion following it). Second, we must ensure that, after the freezing
times, the branching processes grow predictably, with the relatively steady exponential growth
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typical of supercritical branching processes (in spite of Theorem 3.13 and Corollary 3.14,
where the mismatch between mean and variance shows that a branching process from a single
initial individual has highly variable growth).

It has been argued in [Part I, Sect. 2.5] that the crossover to typical branching process
behavior occurs when we begin to discover “lucky” vertices that have a large number of
descendants—of order sﬁ—in a time of order f,(1). From [Part I, Theorem 2.15], we can
see that this crossover coincides approximately with several other milestones: for instance,
around the same time, the branching process also reaches height of order s, and total size
of order s2. For our purposes, it will be most important to control moments of the branching
process after unfreezing, which will involve exponentially discounting future births at rate
An(1).

These considerations lead to the following definition of the freezing times:

Definition 3.17 (Freezing) Define, for j = 1, 2, the freezing times

o]
T = inf {r > 0: / e MWO==TD gy, (y) > sn}, (3.31)
t—T,

and the unfreezing time Tynfy = Tf(rl) \Y Tf(rz). The frozen cluster is given by

By = BPp,, = B UB, where B = BP(TJI;/-). (3.32)
fr

The variable fto_oTl e~ A MO=C=T) g (y) represents the expected number of future off-

spring of vertex v € B P;j . exponentially time-discounted at rate A, (1). In Definition 3.17,
this expected discounted number (summed over all v € B P;j ) is required to exceed s;,. This
is the correct choice of scaling, because each newly born vertex has probability of order 1/,
of being “lucky”—i.e., having of order s,% descendants in time f; (1), see [Part I, Definition
2.14 and Proposition 2.17]—and the scaling s,, in Definition 3.17 ensures that such a lucky
vertex will be born in time Op( f;, (1)) after unfreezing.

Recall that MV, M@ are i.i.d. random variables for which P(M“’ < x) is the survival
probability of a Poisson Galton—Watson branching process with mean x. The asymptotics of
the freezing times Tf(ri ’ and the frozen cluster By are as follows.

Theorem 3.18 (Properties of the freezing times and frozen cluster)

(a) The freezing times satisfy f, ' (T5") = MY forj=1,2.
(b) The volume | By | of the frozen cluster is OP(snz).
(c) The maximum height max {|v| : v € By} of the frozen cluster is Op(sy).

We expect, but do not prove, that the bounds in parts (b) and (c) are of the correct order,
i.e., that the volume is ®p (sﬁ) and the diameter ®p(s,). The proof of Theorem 3.18 is based
on [Part I, Theorem 2.15] and is given in Sect. 9.5.

Since MV # M@ a.s., Theorem 3.18 (a) and the scaling properties of f,, confirm that
the two CTBPs B P" and B P require substantially different times to grow large enough.
Theorem 3.18 (b) and (c) will allow us to ignore the elements coming from the frozen cluster
in the proof of Theorem 2.4. For instance, part (c) shows that heights within the frozen cluster
are negligible in the central limit theorem scaling of (2.10).

From the proof of Theorem 2.4, we will see that

1
W — —log (n/s)) = Ty + T + O (fu(1). (3.33)
n
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[The presence of a logarithm in (3.33) reflects the fact that, after Ty,f, the branching processes
grow exponentially.] The effects of the three terms in (3.33) can be combined using the
following lemma:

Lemma 3.19 (Sums behave like maxima) Let (T,"),, (T\*)n, MY, M@ be random vari-
ables such that MV v M@ > 1 a.s. and (£ /(T"), £7U(TP) —> (MD, M®). Then
LT+ T2) 5 MO v M,

Lemma 3.19 is proved in Sect. 4. Theorem 3.18 (a) and Lemma 3.19 yield that £, ! (75" +

T) o MO v M®, Because MO, M® > 1 as., we will be able to ignore the term
Op(f, (1)), and the scaling of W,, in Theorem 2.4 will follow.

3.4.2 FPP Exploration Process from Two Sources with Freezing and Collisions

Let Tf(rj ) be the freezing times defined in Definition 3.17, which are stopping times with
respect to the filtration induced by BP\”, j € {1, 2}. Define

Tunte = Tp vV T2, (3.34)
Ri(t) = (t AT) + ((t — Tunt) V 0), (3.35

and

2
B =JB" B'={veT?: T, <Rt} = BP(,Q_(,) forall r > 0. (3.36)
j=1

In words, we run the two branching processes BP = BP" U BP® normally until the
first freezing time, Tf(r” A Tff), when one of the two branching processes has become large
enough. Then we freeze the larger CTBP and allow the smaller one to evolve normally until
it is large enough, at time Tynfr = Tf<r” \ Tf(rz). At this time, which we call the unfreezing time
Tuntr = T v T, both CTBPs resume their usual evolution. The processes R| (t) are the
on-off processes that encode this behaviour: R (¢) increases at constant rate 1, except for the
interval between Tf(rl) A Tf(rz) and Tynfr, where one of the two processes is constant. In the fluid
flow picture, R (t) represents the distance traveled by fluid from vertex j € {1, 2}. We call
the process (5;);>0 the two-source branching process with freezing.

As with 72, we can consider B; to be the union of two trees by placing an edge between
each non-root vertex v ¢ {1, >} and its parent. We denote by TUB =inf{t >0:v e B}
the arrival time of the individual v € 7" in B = (B;);>0. Using the left-continuous inverse
of R;(t), defined by

t ifr <TY
RYy)=infltr>0:R:(t) >y} = _ = ko 3.37
j o) =inf{r=0: i) 2 v} {Tunfr—T;r”Jrr itr> T, (337
we obtain
TP = R;N(T,) forveT". (3.38)

We next define the two-source FPP exploration process with freezing on K,, which we
will denote (S;);>0. Intuitively, S; is the analogue of S WT;I'Z’ under the assumption that fluid
from vertex j has flowed a distance R; (¢) by time ¢. As with SWT"?, fluid from one vertex
blocks fluid from the other vertex, so that S; will consist of two vertex-disjoint trees for all
t. However, because fluid from one vertex may be frozen while still blocking fluid from the
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other vertex, it will no longer be possible to directly specify the vertex set V (S;) as in (3.4).
Instead we will define S = (S5;);>0 inductively using R;l such that at every time ¢ > 0,

S, = 8" U8 is the disjoint union of two trees S, and S;” with root 1 and 2, respectively.
Attime r = 0, let Sp be the subgraph of K, with vertex set {1, 2} and no edges. Suppose
inductively that we have constructed (S;)o<;<z,_, up to the time 74| where the (k — 1)st
vertex (not including the vertices 1 and 2) was added, for 1 < k < n — 2, with the convention
that 79 = 0. Denote by TS(i) = inf {t > 0: i € S;} the arrival time of a vertex i € [n].
Consider the set 9S;,_, of edges e joining a previously explored vertex e € S;,_, to anew
vertex e ¢ Sy,_,. For such an edge, write j(e) € {1, 2} for the index defined by e € S;i(_"i)
At time
%= min Rty (Rio (T5@) + YY), (3.39)
we add the edge ¢ that attains the minimum in (3.39). Our assumptions on the edge weights
Y5 and the processes Ry, Ry will imply that this minimum, and in addition the minimum

min min  R7Y(R:(TS(e ) 4+ Yo 3.40)
jE{l’Z}EZCEBS%{)_I J ( J( (,) e ) (

(with edges between S and S included), are uniquely attained a.s. We set S; = S, _, for
Tk—1 <t < Tk, and we define Sy, to be the graph obtained by adjoining ej to S, _,.

In the case Ry(t) = Ry(t) = t, S coincides with the two-source smallest-weight tree
SWT"? In general, because the processes Ry, R increase at variable speeds, the relation-
ship between S, T° (i) and the FPP distances d K, .y &n (, J) is subtle. For instance, it need
not hold that deYmn) (1,i) = R(TS (i) fori € Utz()S,“). However, we have the following
analogue of (3.7):

Lemma 3.20 (Minimal-weight representation) The weight of the optimal path 7 > from ver-
tex I to vertex 2 is given by

W, =  min (Rl(Ts(il)) +yn 4 RQ(TS(iz))) , (3.41)
i1eSM ireS® 12
and the minimum is attained uniquely a.s.
The conclusion of Lemma 3.20 is easily seen when R;(¢) = ¢, Ry(¢t) = 0 (in which case
SW is the same as SWT® with vertex 2 removed) or when R () = R»(¢t) = ¢t (in which

case S reduces to SWT?). The proof of Lemma 3.20 in general requires some care, and is
given in Sect. 5.3. The equality in (3.41) will be the basis of our analysis of W,,.

Definition 3.21 The collision time is
Teon =inf {t > 0: R1(¢) + Ra(t) > W, }. (3.42)

The collision edge is the edge between the vertices I} € SV and I, € S? that attain the
minimum in (3.41). We denote by H (1), H (1) the graph distance between 1 and I; in S
and between 2 and I, in S@, respectively.

Theorem 3.22 (Exploration process at the collision time) The following statements hold
almost surely: the endpoints 11, I of the collision edge are explored before time Teo . The
optimal path 1| > from vertex 1 to vertex 2 is the union of the unique path in S%)O” from 1

to Iy; the collision edge {1, Io}; and the unique path in S(TZC)OH from I to 2. The weight and
hopcount satisfy

Wi = Ri(Teon) + R2(Teon),  Hp = H(I1) + H(2) + 1. (3.43)
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Theorem 3.22 is proved in Sect. 5.3. The first equality in (3.43) is a simple consequence
of continuity of # = R;(¢) and the definition of T¢oy in Definition 3.21.

Remark 3.23 The values of the process (S;);>0 depend implicitly on the choice of the pro-
cesses Ry, Ry, which we have defined in terms of B. Similarly, the value of (T¢ol, 11, I2)
depends on the on-off processes R;(¢), Ry(t), as well as on the edge weights Y{<i’f'jl.)2} for
i1 € SV, i € 8@, In particular, the law of (T.o, 11, I2) will depend on the relationship
between 3 and the edge weights (Y:*"), which we will specify in Sect. 3.5.

However, regardless of the laws of S and of (T¢or1, 11, I2), the laws of W), and H,, are the
same.

3.5 Coupling FPP on K, from Two Sources to a CTBP

In this section, we revisit the coupling of FPP on K, from two sources to a CTBP, which we
initialized in Sect. 3.2, using the tools in Sect. 3.3 on vertex characteristics, as well as the
freezing, unfreezing and collisions discussed in Sect. 3.4. In Sect. 3.5.1, we give the final
conclusions of the coupling including freezing, and in Sect. 3.5.2, we relate the law of the
weight of the smallest-weight path and its number of collision edges to a certain Cox process
of collisions.

3.5.1 The Final Coupling Including Freezing

Similarly to Theorem 3.8, we next couple the FPP process S on K, and the FPP process 13
on 7%, To this end, we introduce a thinning procedure for B = (B;);>0: define Mg, = j,
for j = 1,2. Toeach other v € 7"? \ {&}, @}, we associate a mark M,, chosen uniformly
and independently from [n].

Definition 3.24 (Thinning) The vertex v € 7 \ {1, D>} is thinned if it has an ancestor
vy = pk (v) (possibly v itself) such that M,, = M,, for some unthinned vertex w with
T8 <15,

The difference between Definition 3.24 and its closely related cousin Definition 3.9 is that
Definition 3.24 includes freezing, which, as explained in Sect. 3.4, is crucial for our analysis.
As with Definition 3.9, this definition is not circular, as vertices are investigated in their order
of appearance. Write B; for the subgraph of 5; consisting of unthinned vertices.

From here onwards, we will work on a probability space that contains

e the two independent PWITs (7, X)), j € {1, 2},
e the marks M,, v € 7?2,
e and a family of independent exponential random variables E,, ¢ € E(K ), with mean
1, independent of the PWITs and the marks.
Here E(Koo) = {{i, j}:i,j e NJi < j}.
On this probability space, we can construct the FPP edge weights on K, as follows. Let

TE(i) = inf {t > 0: M, = i for some v € B;} (3.44)

be the first time that a vertex with mark i appears in B and denote the corresponding vertex
by V(i) € T"?. Note that T5(i) is finite for all i almost surely since the FPP exploration
process eventually explores every edge. For every edge {i, i’ } € E(K,), we define

X(@i,i"y =min{Xy: My =i', p(v) = V(i)}, (3.45)
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and - ~
1Xa.,i" if T5a) < TEG),
X =1 ixa 0 if TEG) < T (), (3.46)
Egpy  ifTEG) =TEG') =0.

The following proposition states that the random variables in (3.46) can be used to produce
the correct edge weights on K, for our FPP problem:

Proposition 3.25 Let (X(K”))eeg(K”) be defined in (3.46), and write Y5 = (X(K”)) where
g is the strictly increasing function from (2.1)~(2.2). Then the edge weights (Y5™) e E(K»)
are i.i.d. with distribution function Fy.

Proposition 3.25 will be generalized in Theorem 5.3 and proved in Sect. 5.4.

In Theorem 3.22, we have explained the (deterministic) relationship between S and the
FPP problem with edge weights Y.*". Proposition 3.25 shows that, subject to (3.46), these
edge weights have the desired distribution. We next explain the relationship between 3 and
S. Recall the subgraph m/(t) of K, introduced in Definition 3.7, which we extend to the
case where t C 7"?,

Theorem 3.26 (The coupling with freezing) Under the edge-weight coupling (3.46), S; =
M (B,) for all t > 0 almost surely. Moreover, when Band S are equipped with the FPP
edge weights Y, = f,(X,) and Y& = g(XI™), respectively, the mapping my : B— Sis
an isomorphism of edge-weighted graphs.

The proof is given in Sect. 5.4. Even though Theorem 3.26 is closely related to Theo-
rem 3.10, it will be the version in Theorem 3.26 that we rely upon in our technical proofs.
We now discuss its importance in more detail.

Theorem 3.26 achieves two goals. First, it relates the exploration process B, defined in
terms of two infinite underlying trees, to the smallest-weight tree process S, defined in
terms of a single finite graph. Because thinning gives an explicit coupling between these two
objects, we will be able to control its effect, even when the total number of thinned vertices
is relatively large. Consequently we will be able to study the FPP problem by analyzing a
corresponding problem expressed in terms of B (see Theorems 3.27 and 3.28) and showing
that whp thinning does not affect our conclusions (see Theorem 3.33).

Second, Theorem 3.26 allows us to relate FPP on the complete graph (n-independent
dynamics run on an n-dependent weighted graph) with an exploration defined in terms of
a pair of Poisson-weighted infinite trees (n-dependent dynamics run on an n-independent
weighted graph). By analyzing the dynamics of B when n and s, are large, we obtain a
fruitful dual picture: when the number of explored vertices is large, we find a dynamic
rescaled branching process approximation that is essentially independent of n. When the
number of explored vertices is small, we make use of a static approximation by invasion
percolation found in [21]. In fact, under our scaling assumptions, FPP on the PWIT is closely
related to invasion percolation (IP) on the PWIT which is defined as follows. Set IP?V (0) to
be the subgraph consisting of @ only. For k € N, form [P (k) inductively by adjoining to
TP (k — 1) the boundary vertex v € 1PV (k — 1) of minimal weight. We note that, since we
consider only the relative ordering of the various edge weights, we can use either the PWIT
edge weights (X, ), or the FPP edge weights (f,(Xy))y.

Write IPY (c0) = g2 IP™ (k) for the limiting subgraph. We remark that IP%V (c0) is a
strict subgraph of 7 a.s. (in contrast to FPP, which eventually explores every edge). Indeed,
define

MY = sup {X,: v eIPV(c0) \ {@1}}, (3.47)
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the largest weight of an invaded edge. Then P(M" < x) is the survival probability of a
Poisson Galton—Watson branching process with mean x, as in Theorems 1.1, 1.3 and 2.4.

Consequently, (2.9) in Theorem 2.4 can be read as a decomposition of the weight W,, of
the smallest-weight path into a deterministic part i log(n /s,f) coming from the branching
process dynamics and the weight of the largest edge explored by invasion percolation starting
from two sources f,,( MV v M®).

3.5.2 A Cox Process for the Collisions

Similarly to Theorem 3.11, we can relate the collision time and collision edge to a Cox
process driven by B. To state this result, we will use a slightly different coupling between B
and K, than the one just described. More precisely, we alter the definition (3.36) of 15 and
work with a copy having the same law. This alteration only affects the thinned part B \ 3,
and the pointwise relationships in (3.46) and Theorem 3.26 continue to apply. As discussed
in Remark 3.23, this change affects the law of (S, Tcon, 11, I2) but not of W,, and H, . The
full details can be found in Sect. 5.5.

Theorem 3.27 (A Cox process for the collision edges with freezing) Let P, be a Cox process
on [0, 00) x TV x T@ [with respect to the o -algebra generated by B, Ry, Ry and (M) ye5]
with random intensity measure Z, = (Z, ;):>0 defined by

Zni({v1} x {ah) =1 { Lpn(ARy, vy, R1() — RI(TE) + Ro(t) — Ry(TE))
(3.48)

weB® nes?)

forallt > 0, where

RU(TE) — R\(TE), ifTE <715, 3.49)

AR =
T R(TE) = RuT), TS < TS

Let (T v V3 denote the first point of P, for which V"' and V(zil are unthinned.

coll » "coll” "coll coll co!

Then, for a suitable coupling, the law of(T(P”) R (T(P’”) + R2(T(P”)), M (gr(p,,) ), M
coll

coll ° coll coll y s

coll

C
Mv(2>) is the same as the joint law of the collision time Teop; the optimal weight Wy,; the

coll

smallest-weight tree St at time Tcon; and the endpoints Iy, I of the collision edge. In

particular, the hopcount H, has the same distribution as |VC((3] + |Vc(§h’ + 1.

Theorem 3.27 is the version of Theorem 3.11 that includes freezing.

Sketch of the proof By Lemma 3.20, Theorem 3.22 and the fact that R; + R is strictly
increasing, Tco) > ¢ is equivalent to W, > R (¢) 4+ Rx(t), which is in turn equivalent to

Y, > Ri) 4+ Ra(t) = Ri(T (i) — Ra(TS (i) foralliy € 5", iz € S, (3.50)
On the other hand, the fact that iy € S;” and iy € S;” implies that between the times
TS(i1) A TS (i) and TS (i1) Vv T° (io) when the first vertex and the second vertex of {i1, i2}
were explored, respectively, the flow from the first explored vertex did not reach the other
vertex. This translates to precisely the information that Y|/}, > AR;, j,.

Because of the relation S; = myy (Et), the set of pairs (i1, i) € S,(” X S,(z) can be identified
with the set of pairs of unthinned vertices (vy, v2) € BP;” X BP;2> viaij = M,,. Moreover,
(Kn)
i1,02
based on the birth times of children of v; with mark M,, (if Tvlf < Tvlf ) or children of v;

under the edge-weight coupling (3.46), the connecting edge weight Y}, "; , is determined
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with mark M,, (if Tvllg < Tvl;). In either case, given B; and (M,)yep, fort < Tvllg \Y TUK;, the
conditional law of such birth times is Poisson with intensity given by (3.48).

To complete the proof, it remains to ensure that knowledge of 53; and (My)yep, for t >
Tf \Y T£ does not reveal any other information about the birth times used to determine the

connecting edge weights ¥, *")

liria) We will accomplish this by redefining B and R, R; so that
they use a conditionally independent copy of those birth times. See Sect. 5.5 for more details
and the full proof of Theorem 3.27. |

Theorem 3.27 means that we can study first passage percolation on K, by studying a
CTBP problem and then controlling the effect of thinning. In fact, with Theorem 3.27 in
hand, we will no longer need to refer to K, at all.

The remainder of the proof of Theorem 2.4 will be to use Theorems 3.26 and 3.27. In
Sect. 3.6, we will first study the properties of the collision edges ignoring the thinning, and in

Sect. 3.7, we will show that whp the first collision edge is not thinned to conclude the proof.

3.6 The Collision Edge and Its Properties: Long Time Scales

Theorem 3.27 expresses the collision edge in terms of the first unthinned point of P,. We
begin by stating the asymptotic behavior of the first point (whether thinned or not) of P,,:

Theorem 3.28 (The first point of the Cox process) Let Py, be the Cox process in Theorem 3.27,
and let (T, V&gt, Véi;l) denote its first point. Then
log(n /s,f)

Thrst = T4
first unfr + 2)%

+ Op(1/Ay). (3.51)

Furthermore, recalling the sequence (¢y,), from (3.18), the pair
|Vf;gt _ %¢n log(n/s;) |Vfii;l - %qﬁn log(n/s))
s2log(n/s3) ' s2log(n/s3)

converges in distribution to a pair of independent normal random variables of mean 0 and
variance %, and is asymptotically independent of Tgs and of B.

(3.52)

The proof of Theorem 3.28, presented at the end of the current section, is based on a
general convergence result for Cox processes, which we now describe. Consider a sequence
of Cox processes (P;i), on R x R? with random intensity measures (Z})n, with respect to
o-fields (F,),. We will write P , for the measure defined by Py ,(-) = P, ([—00, 1) x -).
Define
T =inf {t: |Py,| > k} (3.53)

n
and let A, ; be the event that Tn*,j ¢ {+o0} and |p:,Tn,_/| = j,for j = 1,..., k. Thatis,
Ay, i is the event that the points of P with the k smallest ¢-values are uniquely defined. On
Ap.k, let X, x denote the unique point for which P:({T:,k} x {X,x}) = 1, and otherwise

set X, x = T, an isolated cemetery point.
The following theorem gives a sufficient condition for the first points of such a Cox process
to converge towards independent realizations of a probability measure Q. To state it, we write

RE) :/ ETARE) (3.54)
Rd
for the moment generating function of a measure R on R¢ and g? e R4,
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Theorem 3.29 Fix a probability measure Q on R? with Q(%) < oo for all§ e R2, a non-
decreasing continuous function g : R — (0, 00) satisfying lim;_, _~, q(t) = 0. Suppose that
we can find a decomposition Z;, = ZXO0 4705 foreach K > 0, and sub-o -fields Fr C Fn,
such that

(a) foreachfixede > 0,t,u € R, 5 € R?, there exists Ko < oo such that, for all K > K,

1 -eg0® <E(Z5®)| 7)) =1 +0q00E), (359

/(1() 1(K)
E < (S) |Zn,u |)2 g;l) ~. and (3.56)
q(t)Q(S) q(u)
E(1Zn'l| #2) < eq (@), (3.57)

all this with probability at least 1 — € for n sufficiently large; and
(b) for each e > 0, there exists t such that

liminf P (|| > 1/e) = 1-e. (3.58)
n—oo ’

Then the random sequence (X, j)‘;ozl converges in distribution to an i.i.d. random sequence
(Xj)?ozl where X j has law Q. Moreover [(T,, j)/? ‘ne€ N] is tight, (X, ]) — 1 Is asymp-
totically independent of 7, and, if (T ) _ | is any subsequential limit of (T, j, X, ])] >
then (Tj)?oz1 and (Xj)iil are ina’ependent

Theorem 3.29 is proved in Sect. 8.
To apply Theorem 3.29, we will rescale and recentre both time and the heights of vertices.
Furthermore, we will remove the effect of the frozen cluster Bs;.

Definition 3.30 (Rescaling and recentering) For v € T"? \ By, define p"™(v) to be the
unique ancestor v” of v for which v" € 9By (with pu"ﬁ(v) = v if p (v) € Bg). Write

ol = | — [p (v)| — Sy log(n/s)
V57 logn/s]) ’
=D — Tungr) — %10g(n/53). (3.60)

Define P;f to be the image under the mapping (¢, vy, v2) = (%, [v1[|*, |[v2|*) of the restriction
of Py to [0, 00) x (TW\ BY) x (T \ BY).

(3.59)

Theorem 3.31 (Our collision Cox process is nice) The point measures (P}), are Cox pro-
cesses and satisfy the hypotheses of Theorem 3.29 when Q is the law of a pair of independent
N (O, %) random variables, q(t*) = e*, and F) is the o-field generated by the frozen
cluster By;.

We prove Theorem 3.31 in Sect. 9.3. All the vertices relevant to P, are born after the
unfreezing time Tynfr, and therefore appear according to certain CTBPs. Theorem 3.31 will
therefore be proved by a first and second moment analysis of the two-vertex characteristics
from Sect. 3.3.2.

To use Theorem 3.31 in the proof of Theorem 3.28, we will show that the first point
(TF . Hff, Hy) of P} and the first point (Thirst, Vi), Vi) of P, are whp related as in
(3.59)- (3.60). This will follow from part (b) of the following lemma, which we will prove in
Sects. 9.2 and 9.4:

@ Springer



M. Eckhoff et al.

Lemma3.32 Let K < 00 and 7 = Tynsr + An ()™ (3 log(n/s3) + K). Then

(a) |B;} = Op(/nsy,); and
(b) Py ([0,7] x By x T®) =P, ([0,7] x T x BE') = 0 whp.

Assuming Lemma 3.32 (b) and Theorem 3.31, we can now prove Theorem 3.28:

Proof of Theorem 3.28 By construction, the first point (7, H{", Hy) of P; is the image
of some point (7', Vi, V») of P, under the mapping (¢, vi, v2) +— (¢*, |v1]*, |v2]*). Theo-
rems 3.29 and 3.31 imply that 7¢, = Op(1), so that T = Tyng + A (1) ! (5 log(n/s3)+
Op(1)) by (3.60). We may therefore apply Lemma 3.32 (b) to conclude that P, ([O, T] x Bg)
xT?) =P, ([0, T] x T x B') = 0whp.

In particular, whp, (T', V1, V) equals the first point (T, Vﬁ(gl, Vtﬁ;t) of P, and therefore

HY = |VeL, |* In Theorem 3.28, the heights are to be rescaled as in (3.52) rather than (3.59).

I
However, these differ only by the term | punfr (Véﬁ;t)| /sny/log(n/s3). By Theorem 3.18 (c),
we have p“nfr(Vﬁi;t)‘ = 1+ Op(sy), since p( p‘mfr(Vfiﬁ;t)) € Bg) by construction. Hence the
term ’ p““fr(Végt)| /sn+/log(n/s3) is op(1). Finally, the asymptotic independence statements
follow from those in Theorem 5.3 and (3.51) follows from the tightness of Tﬁ*rst. ]

3.7 Thinning and Completion of the Proof

In this section, we explain that the first point of the Cox process is whp unthinned and
conclude our main results:

Theorem 3.33 (First point of Cox process is whp unthinned) Let P, be the Cox process in
Theorem 3.27, and let (Tirst, V2 Véiét) denote its first point. Then Vv and Vfﬁ;t are whp

first? first
unthinned. Consequently, whp Tc(g]") = Tfirst, VC((I);I = Vﬁ(gt, VC%;] = Vfﬁit

Proof According to Definition 3.24, the vertex V,”),, j € {1, 2}, will be thinned if and only
if some non-root ancestor vy of Vé;; has M,, = M,,, where w € By, is unthinned and
Tulf < Tvls . We obtain an upper bound by dropping the requirement that w should be unthinned
and relaxing the condition Tf < Tvlg to Tulf < Thrst and w # vo. Each such pair of vertices
(vo, w) has conditional probability 1/n of having the same mark, so, by a union bound,

P (Viegy 0r Vigg i thinned | Vil Vir [Briy[) < 5 (Vi + [V D [Bri |- .61
By Theorem 3.28, Vfii;t = Op(sy, log(n/ss)). Moreover Tirst = Tunir + An(1)7!
(3 log(n/s3) 4+ Op(1)), so that | B, | = Op(,/ns,) by Lemma 3.32 (a). Hence

lo 3
P (1o Vi | i Vi ) < 0 (M) s
nf/s;
and this upper bound is op(1) since n /53 — 00. O

Note that other choices of R (¢), R»(t) would make Theorem 3.33 false. For the first point
of P, to appear, the intensity measure Z,, ;, which is given by 1/n times a sum over B}” X B;z) ,
must be of order 1. If Ry (t) = ¢, Ry(t) = 0, for instance, then B;z) is small and it follows that
B;” must be large (of size at least of order n) at time ¢ = Tfy. In this case thinning would
have a very strong effect. We note that this argument applies even to relatively well-behaved
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edge distributions such as the E® edge weights considered in [11], where the exploration
must proceed simultaneously from both endpoints with R{(#) = Ry (t) = ¢.

In the heavy-tailed case that we consider, even the symmetric choice R () = Ry(t) =t
is in effect unbalanced. Indeed, at the earlier of the two freezing times, = min {Tf(r”, Tf(rz) }
the faster-growing cluster has reached size Op (s,%), whereas

min {73", T"} ~ fu(min {M©, M®}) < f,(max {M©, MP}) (3.63)

(see Theorem 3.18) implies that the slower-growing cluster has not yet explored the unique
edge of weight max {M DM (2’} and therefore has size Op(1). This is a crucial reason for
introducing the freezing procedure of Sect. 3.4.

We are now ready to complete the proof of Theorem 2.4:

Proof of Theorem 2.4 According to Lemma 2.7, we can assume Conditions 2.1, 2.2 and 2.6.
We begin with the hopcount result (2.10). By Theorem 3.27, H, < [V + [VE| + 1,

where (T, Vi V@) is the first point of the Cox process P, for which V.1 and V)

are unthinned. By Theorem 3.33, Tégi” = Ttrst Whp, so that the pairs (Vc((l)il, Vc(iil) and
(Vé;;t, Vﬁf;t) in Theorems 3.27 and 3.28 are the same whp. Hence, whp,
Hy — ¢ulog(n/s)) a Vil = 58alogn/s)) Vi — 30alog(n/s;) o)
- P )
Vs2log(n/s?) Vs2log(n/s?) Vs2log(n/s?)
(3.64)

so that Theorem 3.28 implies the CLT for H, in (2.10).
For the weight result (2.9), Theorem 3.27 states that W, < Ri(T"") + Ro(T'"7).

coll coll

On the event {Tfirst > Tunfe} N {Tﬁrst =717 } (which, by Theorem 3.28 and the argument

- coll

above, occurs whp), the definition (3.35) of R (r), Ry(t) leads to Ry (T 5") + Ry(T' ") =

coll coll

Tf(rl) + Tf(rZ) ~+ 2(Tfirst — Tunfr)- Using again Theorem 3.28, we obtain

3
log(x’Ls”) + 0:(1/An). (3.65)

n

d
W LT T

Therefore, (2.9) follows from Theorem 3.18 (a) and Lemmas 3.12 and 3.19. Finally, the
independence of the limiting variables follows from the asymptotic independence in Theo-
rem 3.28.

O

Organisation of this paper. In the remainder of the paper, we use the outline given in
Sects. 2.1-3.7 and give the details and proofs omitted there. We have already mentioned how
these results complete the proof of our main results, as well as where these results are proved,
we thus now restrict to the relation to the local behavior as described in the companion paper
[21]. While [21] focusses on the local behaviour of FPP on K, in this paper we extend
the analysis to the global behavior. We will rely on some results from [21], but in a highly
localized way. Indeed, in Sect. 5 we rely on some coupling results from [21], in particular
[Part I, Theorem 3.4] and some of its extensions. In Sect. 9, we mainly rely on [Part I,
Theorem 2.15] and some related results. The other sections do not rely on [21].

@ Springer



M. Eckhoff et al.

4 Scaling Properties of f, and 1,

In this section, we derive several useful consequences of Conditions 2.1,2.2 and 2.6, including
Lemma 3.19. We also verify that the edge-weight distributions in Examples 1.2 and 2.5 satisfy
the hypotheses of Theorem 2.4, and we prove Lemma 2.7, showing that we may without loss
of generality assume the stronger condition Condition 2.6 in place of Condition 2.3.

4.1 Growth and Density Bounds for f, and i,

In this section, we explore the key implications of Conditions 2.1-2.2 and 2.6 on f;; and on
the intensity measure (.

Lemma 4.1 Assume Conditions 2.2 and 2.6. Then there exists ng € N such that
£0Sn
fulx) < (i) ’ fa(x") whenever 1 —8y <x <x', n> nyg. 4.1)
X
Proof Divide (2.7) or (2.12) by x and integrate between x and x’ to obtain log f, (x') —
log fu(x) > eosy (log x' —log x) whenever 1 — 8y < x < x’, n > ng, as claimed. O

We call Condition 2.6 a density bound because it implies the following lemma, which will
also be useful in the study of two-vertex characteristics in Sect. 7:

Lemma 4.2 Assume Conditions 2.2 and 2.6. Then, for n sufficiently large, on the interval
(fn(1 —389), 00), the measure i, is absolutely continuous with respect to Lebesgue measure
and

6D
]l{y>fn(l—60)}d//l-n(y) = gifniydy 4.2)

08n y
Proof. By Conditions2.2and 2.6, f, is strictly increasing on (1—8g, 00),80y = f;, (14, (0, y))
fory > f,(1 — §p). Differentiating and again applying Conditions 2.2 and 2.6, we get
Jn(pn(0,y)) d
T 1 (0,y), ¥ > fu(1=8p). O
un(0,y) dy
Lemma 4.3 Assume Conditions 2.2 and 2.6. Then, for n sufficiently large, the density of i,
with respect to Lebesgue measure is at most 1/(eosy, f (1)) on the interval ( f,(1), 00).

d
1= f (a0, Y))El/vn (0, y) > gosn

Proof From Lemma 4.1 it follows immediately that fn’1 (y) < (y/f,,(l))l/s("v" <y/fu(D)
for all y > f,(1) and sufficiently large n. The result now follows from Lemma 4.2. O

Lemma 4.4 Assume Conditions 2.2 and 2.6. Then, given ¢, & > 0, there exist ny € N and
K < oo such that, for alln > ng andt > 0,

/e_gy/f”(l)]l{ysz,,(l)}Mn(t +dy) < &/sp. 4.3)

Proof By Lemma 4.3, for large n, the density of u, with respect to Lebesgue measure is
bounded from above by 1/(ggs, f,, (1)) on (f,(1), co0). Hence, for K > 1,

&y/ fu(D) J % —e=0/ (D) dy e ¢k
e Y/ - r+ < e fWTII I sk = .
/ {y=K f ()} Hn (t +dy) _/t =K e = i
Taking K sufficiently large proves the claim. O
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Lemma 4.5 Assume Conditions 2.1, 2.2 and 2.6. Then, given K < 00, there exist ex > 0
and ng € N such that, for 0 <t < Kf,(1) and n > ny,

/ e DY (1 4 dy) = ex fsn. (4.4)
Proof Forany 0 <t < Kf, (1),

/ e Wy (1+dy) = f e DO oy (y) 2 € P OOy (K £ (1), 2K fu(1)).
4.5)
By Lemma 3.12, A, f,, (1) converges to a finite constant. Since f, is strictly increasing on
(1 —80.00), y = fu(f,7'(») forall y > f,(1 — 8). Writing x, = f, ' (y) and using
Conditions 2.1 and 2.6, we get
y(f,fl)/()’) _ I:-xnf,;(-xn)
A6 Jaen)
By Condition 2.1, f,(1 + x/s,)/ fu(1) — e* for every given x, and it follows with Taylor’s
theorem that £~ (f,(1)K) ~ f;! (f,, (1 + “’gnK)) and, therefore, 11, (K f, (1), 2K £, (1)) =

S

S QK fu(D) = £ (K fu (1) ~ (10g 2) /sy m

-1
] < (eos)™" Yy > fu(1 = 5.

We are now in the position to prove Lemma 3.19:

Proof of Lemma 3.19 By monotonicity, £, (T, +7,2) = max { f; ("), ;7 "(T*)} —>
MDY v M@ For the matching upper bound, let 7, = T, v T, and M = M v M®,
so that £,71(T,) —> M. Noting that 7N + 1,7) < £71(2T), it suffices to show that
f’1 2T,) LN M. Butfor § > 0, Lemma 4.1 implies that f; (x 4+ 8)/ f,, (x) tends to infinity,

n
and is in particular larger than 2 for n sufficiently large, uniformly over x € [1, R] for any

R < oo. It follows that fn_1 QT,) < (v fn_1 (T,,)) + 6 with high probability, for any § > 0.
Since M > 1 a.s. and § > 0 was arbitrary, this completes the proof. O

We conclude the section with a remark on the connection between Theorem 2.4 above
and [Part I, Theorem 2.1] which states that, if s,/ loglogn — oo, then

7w -5 MO v M®. (4.6)

Remark 4.6 The statements for W, in Theorem 2.4 and (4.6) are consistent. Indeed, if
s,/ loglogn — oo, then Lemmas 4.1 and 3.12 imply

1 1 3 1/&0sn 1
fn_1<Elog (n/s,f)) < (%) o (140(1)) exp (Qloglog(n/ss)) = 14+o(1).
4.7)

Hence, Lemma 3.19 gives that (2.9) and (4.6) agree if s,/ loglogn — oo.

4.2 Analysis of Specific Edge-Weight Distributions

Lemma 4.7 With the notation of (2.2)—(2.3), the relation (1.3) [with t — L(t) slowly varying
as t — oo] holds if and only if

4 log g(x) = x “L(1/x) (4.8)
dx
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with t +— I:(t~) slowly varying as t — oo. If either of these two equivalent conditions hold,
then L(t) ~ L(t) ast — o0 and the sequences (sy),, (Sy)n defined by (1.4) and

- L)
Sp =

(1)
satisfy s, ~ S, as n — 00. Moreover if in addition s, — oo (or equivalently §,, — ©0)
then Conditions 2.1, 2.2 and 2.3 (a) hold for the sequences ( f,(x), s,) or (fn(x),Sy). If

the stronger statement s, [ loglogn — oo (or equivalently 5, /loglogn — 00) holds, then
Condition 2.3 (b) holds.

(4.9)

Proof. The proof is virtually identical to the proof of [Part I, Lemma 5.4], and we indicate
only those parts of the proof that differ.
We prove Condition 2.1 for f, and the sequence 5§, defined in (4.9). We compute

Laf0 _ g(/m 58 () _ o L/x)
S0 fu)  (/mg'(d/n) g () Ln)

Noting that xf, (x)/ fu(x) is the derivative of log f, (x) with respect to ¢ = log x, we find

1/sn log(x!/sm) Z —q log x Z —6/sn
fu(x ) — exp / sye % (fe )dq — exp (f e—a0/sn (nf )d9> ’
Ju(1) 0 L(n) 0 L(n)

4.11)
after the substitution 0 = s,g. As n — 00, we have §, — oo by assumption, so that the last
integrand converges to 1 pointwise. For each fixed x, the convergence is uniform over 6 by
properties of slowly varying functions, so that f,(x!/**)/ f,(1) — e!°2* = x as required.
(This argument remains valid, interchanging the limits of integration as necessary, when
x<1)

For Condition 2.3 (b), we note that if 5,/ loglogn — oo then Condition 2.3 (a) implies
Condition 2.3 (b) because, for any ¢ > 0, R > 1,

(4.10)

foR) R

F(Dlogn — logn = exp (elog Rs,, — loglogn) — oo. 5
n

Lemma 4.8 The edge-weight distributions and the associated sequences (sy), from Exam-
ple 1.2 (for all values of the parameters a, y and B) and Example 2.5 satisfy Conditions 2.1—
2.3.

Proof For Example 1.2, it is readily verified that the regular-variation condition (1.3) holds.
By Lemma 4.7 it remains to show that Condition 2.3 (b) holds when s, /loglogn - oo,
i.e., for Example 1.2 (b) with 0 < y < 1. It suffices to find a sequence x, with
g(x,/n)/g(1/n)logn — oo such that sn_lxg’(x)/g(x) — 1 uniformly over 1/n < x <
Xn/n; in fact we will take x,, = logn.

Since u > y@dog(+og(1/m))" i¢increasing, it follows that, with ¢ = log(1/u),

F;l (1) = pUog(I+log(1/u)))” _ exp (—aq(log(l + q))V) . 4.12)
Settingu = 1 —e™ and ¢ = log(1/u) = —log(1 —e™¥), (2.2) and the chain rule lead to
xg'(x xe ¥
g _ — [ a(log(1 + ¢))” +ay 1 (log(1+¢)" " ). (4.13)
g(x) 1—e™* 14+4¢g
In particular, we see that xg’(x)/g(x) is a slowly-varying function of ¢ = —log(l —e™™),

say xg'(x)/g(x) = h(g) where g — h(q) is slowly varying as x | 0, ¢ — oo. Since
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q = log(1/x) + O(x) as x | 0, we find that ¢ = logn + O(loglogn) + O((logn)/n) =
(logn)(1 4 o(1)) uniformly on 1/n < x < (logn)/n, and consequently

1xg') _ h()

sn g(x)  h(=log(1 —e~1/m))
uniformly on 1/n < x < (logn)/n by properties of slowly varying functions, as required.

On the other hand xg’(x)/g(x) — oo as x | 0 implies in particular that xg’(x)/g(x) > 2
for x sufficiently small, so that

=1+o(1) (4.14)

g((logn)/n)
g(1/n)
for n sufficiently large and we have shown that g(x,/n)/g(1/n)logn — oo, as required.
For Example 2.5, we compute f,(x) = (G_l(l - e_x/”))s" and

1) @/m(GY A —em
S n@) Gl —e/m)

Write a = G’(0) > 0. Since Z is positive-valued, we have G(0) = 0 and therefore
u/G V) - aasu | 0, whereas (G~1)'(u) — 1/a as u — 0. This implies that the
quantity in (4.16) tends to 1 whenever x/n — 0, which allows us to conclude Conditions 2.2
and 2.3 (a). Similarly, from s, — oo we can infer that xf,, (x)/ f,(x) > 2, uniformly over
x < logn, for n sufficiently large, whence f,, (logn)/ f, (1) logn — oo and Condition 2.3 (b)
holds. Finally, as in (4.11), we find

> (logn)? (4.15)

(4.16)

1/sn log x 1 % F (%
SnE ™) e (/ R /ACY d9> @.17)
Su (D) 0 su Ja(X) F=ef/sn
and comparing with (4.16), the integrand converges to 1 as n — oo, uniformly over 6 for
any fixed x, and Condition 2.1 follows. O

4.3 Equivalence of Conditions: Proof of Lemma 2.7

The proof of Lemma 2.7 is based on the observation that if the functions f,, f, agree on
the interval [0, X] then, for the FPP problems with edge weights f,, (nX*"’) and fn (nX&my,
respectively, the optimal paths and their corresponding edge weights are identical whenever
either optimal path has weight less than f, (x) = f,, ).

Proof of Lemma 2.7 Let § be the constant from Condition 2.2, let R > 1, and define

xng = RV (inf {x > 1: f,(x) > 4e” f (1) logn}),

log f,, (x). (4.18)

w _ xd

1
2 3 lim inf inf

n—00 1—8y<x<x, g Sp dx

Conditions 2.2 and 2.3 imply that sé)R) > 0 for any R > 1, and there exists nBR) € N such
that x% log fu(x) > s, for x € [1 — 8o, x, g] whenever n > n{®. For definiteness,
we take nE)R) minimal with this property. We may uniquely define f, g: [0, 00) — [0, 00)
by requiring that f, g = f, ifn < nE)R) and if n > nE)R) then (a) f, r(x) = fu(x) for all
x < Xu.R,and (b) ;‘7 % log fu r(x) is constant on [x,l, R, oo). By construction, the sequence
(fn.R)n satisfies Condition 2.6 for any fixed R > 1. Furthermore, given any x > 0, R > 1
implies that x!/** < R < x, g for n sufficiently large, and it follows that f, g satisfies
Condition 2.1. Since x, g > R > 1 it follows that Condition 2.2 holds for (f;; g)x, too.
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Let iy, r and A, g denote the analogues of u, and A, when f, is replaced by f; g, and
let Ay, g = Ap,r(1) and ¢, g = )J R(l)/kn r(1) denote the corresponding parameters [see
(3.11) and (3.16)—(3.18)]. Let Wn r. Hy g denote the weight and hopcount, respectively,
associated to the FPP problem on K, with edge weights f, r(nX, )y - Abbreviate Wp R =
Wi —log(n/s))/an.gs hn g = (Hu.r — ¢u g log(n/s}))//s>log(n/s3).

By assumption, Theorem 2.4 holds assuming Conditions 2.1, 2.2 and 2.6. Therefore, it
applies to f,, r. Using Theorem 2.4, we conclude that for any k € N, we may find n(R P eN
such that n<R B> n(R) and

1
sup | (f;k (wn.r) < x.hng <3) =PIV vV M® < 0P(Z <) = 1. (19%)
x,yeR

Ak fa (D) —e7| < % d’;’f - 1‘ < % (4.19b)
3
fr (R = 1) B Ry e (1) Togn (4.19¢)

n R
whenevern > nE)R * and for definiteness we take ny ' minimal with these properties. Indeed,
using the continuity of M v M® and Z, the umform convergence in (4.19a) follows from
the pointwise convergence at a finite grid ((x;, y;)); depending on k and monotonicity of the
distribution functions. For (4.19¢), use the inequality a + b < 2(a Vv b), Lemma 3.12, and
note that 2 f, (R — 1) < f, r(R) for n sufficiently large by Lemma 4.1. Set

(R.k)

Ry=(2vmax{keN:n>ng"})An, and Ay =Aug,. ¢n=dnr,. (4.20)
Since ng‘ * is finite for each k € N, it follows that R, — 00. Moreover, as soon as n > ng »
we have n > nf)R" B so that (4.19a)—(4.19¢) hold with (R, k) = (R, Ry). By construction,
fn.r(1) = fu (1), and we conclude in particular that ¢, /s, — 1 and A, f,,(1) — 7.

Given two functions f;, and fn, we can couple the corresponding FPP problems by
choosing edge weights f, (nX5") and fn(nXéK")), respectively. Let x > 0. On the event
{W, < fa(x)}, the optimal path 71 2 uses only edges of weight at most f;, (x). If f,, and fn
agree on the interval [0, x], then the edges along that path have the same weights in the two
FPP problems and we deduce that W,, = W, and H, = H,,, where W,, and H,, are the weight
and the hopcount of the optimal path in the problem corresponding to fn

Consequently, on the event {W, g, < fu.r, n.r,)}» Wa = Wa g, and H, = H, g,. By
(4.19a), it remains to show that this event occurs whp. Since R, — oo, we conclude from
(4.19a) that W, g, < fu.r,(Ry—1)+ log(n/s,f)/)\,,an whp. But from the definition of x,, g,
and f;, g, itfollows that f;, g, (xn,r,) = fu.Rr,(Ry) Ve f, g, (1)logn,so (4.19c) completes
the proof. |

5 Coupling K, and the PWIT

In Theorem 3.26, we indicated that two random processes, the first passage exploration
processes S and B on K, and 7"?, respectively, could be coupled. In this section we
explain how this coupling arises as a special case of a general family of couplings between
K, understood as a random edge-weighted graph with i.i.d. exponential edge weights, and
the PWIT. We rely on some results from the companion paper [21], in particular [Part I,
Theorem 3.4, Lemma 3.6 and Proposition 3.7].
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5.1 Exploration Processes and the Definition of the Coupling

As in Sect. 3.5, we define Mg, = j, for j = 1,2, and to each v € TUDN\ @1, D}, we
associate a mark M, chosen uniformly and independently from [n]. We next define what an
exploration process is:

Definition 5.1 (Exploration process on two PWITs) Let %, be a o-field containing all null
sets, and let (7"?, X) be independent of .%). We call a sequence & = (E)ken, Of subsets
of 7U? an exploration process if, with probability 1, & = {&, @} and, for every k € N,
either & = &1 or else & is formed by adjoining to £_; a previously unexplored child
vg € 0&—1, where the choice of vy depends only on the weights X,, and marks M,, for
vertices w € &1 U 0&_1 and on events in .%.

Examples for exploration processes are given by FPP and IP on 7. For FPP, as defined
in Definition 3.4, it is necessary to convert to discrete time by observing the branching process
at those moments when a new vertex is added. The standard IP on 7"? is defined as follows.
Set IP(0) = {@, @»}. For k € N, form IP(k) inductively by adjoining to IP(k — 1) the
boundary vertex v € dIP(k — 1) of minimal weight. However, an exploration process is also
obtained when we specify at each step (in any suitably measurable way) whether to perform
an invasion step in 7" or 7.

For k € N, let .7, be the o-field generated by .%( together with the weights X,, and
marks M,, for vertices w € &1 U & —1. Note that the requirement on the choice of vy in
Definition 5.1 can be expressed as the requirement that £ is (% )r-adapted.

For v € T7"?, define the exploration time of v by

Ny =inf{k e Nyg: v e &]}. 6D

Definition 5.2 (Thinning of two PWITs) The vertex v € T2 \ (&1, @2} is thinned if it has
an ancestor vy = p* (v) (pgssibly v itself) such that M,, = M,, for some unthinned vertex
w with Ny, < Ny,. Write & for the subgraph of & consisting of unthinned vertices.

We define the stopping times
N(i) = inf {k € No: M, = i for some v € & (5.2)

atwhich i € [n] first appears as a mark in the unthinned exploration process. Note that, on the
event {N (i) < oo}, & contains a unique vertex in 7"? whose mark is i, for any k > N (i);
call that vertex V (i). On this event, we define
X(@i,i" =min{Xy: My =i', p(w) = V@)}. (5.3)
We define, for an edge {i, i’} € E(K,),

1X@a,i" ifN@) < NG,
X;;f;;} = 11XG' i) ifNG) < NG, 54
Eyiy  ifN(@) = N(@') =ocoor N(i) = N(i") =0,

where (E.)ccE(k,) are exponential variables with mean 1, independent of each other and of
(Xv).

Theorem 5.3 If € is an exploration process on the union T"? of two PWITs, then the edge
weights X5 defined in (5.4) are exponential with mean 1, independently for each e €
E(Ky).
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The idea underlying Theorem 5.3 is that each variable %X (i, i") is exponentially distributed
conditionally on the past up to the moment N (i) when it may be used to set the value of
X LK?] Theorem 5.3 restates [Part I, Theorem 3.4] and is proved in that paper.

5.2 Minimal-Rule Exploration Processes

An important class of exploration processes, which includes both FPP and IP, are those
exploration processes determined by a minimal rule in the following sense:

Definition 5.4 A minimal rule for an exploration process £ on 7"? is an (Fy)-adapted
sequence (Sk, <k)g, Where S C 9& 1 is a (possibly empty) subset of the boundary
vertices of £_1 and < is a strict total ordering of the elements of Sy (if any) such that the
implication

weSy, p)y=pw), My=M,, X, <Xy = veESv=<tw (5.5)

holds. An exploration process is determined by the minimal rule (S, <k),i’il if & = E_y
whenever S; = @ and otherwise & is formed by adjoining to £ the unique vertex vy € Sk
that is minimal with respect to <.

In words, in every step k there is a set of boundary vertices S from which we can select for
the next exploration step. The content of (5.5) is that, whenever a vertex w € Sy is available
for selection, then all siblings of w with the same mark but smaller weight are also available
for selection and are preferred over w.

For FPP without freezing on 72 with edge weights f,,(X,), we take v <; w if and only
if T, < T, [recall (3.10)] and take Sy = 0&_1. For IP on 72, we have v <; w if and only
if X, < Xy; the choice of subset S; can be used to enforce, for instance, whether the kth
step is taken in 7@ or T,

Recall the subtree 5( of unthinned vertices from Definition 5.2 and the subgraph 7, (gk)
from Definition 3.7. That is, 7, (gk) is the union of two trees with roots 1 and 2, respectively,
and forv € g‘k \{21, @}, Ty (gk) contains vertices M, and M, and the edge LMU’ M) }

Foranyi € [n] for which N (i) < oo, recall that V (i) is the unique vertex of & (k > N (i))
for which My ;) = i. Define V (i, i") to be the first child of V (i) with mark i’.

Recalling (5.3), an equivalent characterization of V (i, i) is

X, i") = Xviimn- (5.6)

The following lemma shows that, for an exploration process determined by a minimal rule,
unthinned vertices must have the form V (i, i’):

Lemma 5.5 Suppose £ is an exploration process determined by a minimal rule (Sk, <x)3=,
and k € N is such that & # Ex—1. Let iy = My and i;, = My, Then vy = V (ig, i}).

See the proof of [Part I, Lemma 3.6].
If £ is an exploration process determined by a minimal rule, then we define

S =i i') € E(Ky) i € mp(Eem1). i’ & T (Ex—1). Vi, i) € S} (5.7)

and
e1 Zker & V(i) <k V(ia, i5), e, er e S, (5.8)

where e; = [ij, z;] andi; € 7 (Ee—t), i} ¢ a1 (E—1) asin (5.7).

@ Springer



Long Paths in First Passage Percolation...

Proposition 5.6 (Thinned minimal rule) Suppose £ is an exploration process determined by
a mirg’mal rule (S, <k)g - Then, under the edge-weight coupling (5.4), the edge weights of
1y (Ex) are determined by

XEI&L?,MW)} = L1x, foranyv e UZ &\ {2, 2, (5.9)

and generally

XEf’l‘,)} = %XV(i,i’) whenever i € nM(g;(_l), i' ¢ er(g;(_l) for some k € N. (5.10)
Moreover, for any k € N for which & # Eket1, Tm (g'k) is formed by adjoining to (g‘k_l)
the unique edge ey € S,iK”) that is minimal with respect to <.

Proposition 5.6 asserts that the subgraph s (&) of Ky, equipped with the edge weights
(XLK“)eeE(nM(gk)), is isomorphic as an edge-weighted graph to the subgraph & of 712,

equipped with the edge weights . Furthermore, the subgraphs s &0

(%Xv)vegk\{gl,@ﬂ
can be grown by an inductive rule. Thus the induced subgraphs (s (Ek)),fozo themselves
form a minimal-rule exploration process on K,, with a minimal rule derived from that of
g, wiNth the caveat that <; may depend on edge weights from & \ gk,l as well as from
Ty (Ex—1)-

See the proof of [Part I, Proposition 3.7] for the proof of Proposition 5.6.

5.3 FPP and the Two Smallest-Weight Trees: Proof of Theorem 3.22

In this section, we discuss the relationship between S and FPP distances, and we prove
Lemma 3.20 and Theorem 3.22.

Proof of Lemma 3.20 Define
Su=8)USY. S)=SWTy . (5.11)

To describe the discrete-time evolution of S = (S,,) u>0, denote by 7;_; the time where the
(k — 1)th vertex (not including vertices 1 and 2) was added to S. At time u = 0, Sy is equal
to Sp, and contains vertex 1 and 2 and no edges. Having constructed the process until time
Ti_1, at time

= _ . . —1 . (Kn)

Ty = min  min R]. (dK y&n (j,e) + Y, ) (5.12)

JE1.2) o) "
—1

adjoin the boundary edge ¢ to S;*’ , where (ji. ;) is the minimizer in (5.12). [As in (3.39),

e is an edge from e € S%( )4 toe ¢ S%( )4 ]. Note that the arrival times in S’ are given by

75" (¢) = R} (dg, yixn (J. ©) (5.13)

by construction, so that we may rewrite (5.12) as
%= min min Ry (R;(15” vy, 5.14
U G A o

-1
Comparing (5.14) with (3.39), S and S will evolve in the same way until the time

T =min{t: §'NS? # o} (5.15)
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when & first accepts an edge between S and S@ . In particular, the minimization problem in
(5.14) will be the same as in (3.40), and the minimizer will be a.s. unique, as long as 7; < 7.
Therefore we can choose J, J' with {J, J'} = {1,2} and I € SP I e S;-"_/) such that, at
time 7, the edge between 7 and I’ is adjoined to . [In other words, j = J and e = {I, I’}
is the minimizer in (5.14)].

Because the minimizer in (5.14) is unique, no vertex is added to S at time 7. In particular,
TS(i) < 7 forevery i € Sz. Since S’ and S agree for t < 7, the arrival times before 7
must coincide. Recalling (5.13),

TG) =T () = R; ' (dy, yon (. 1))

s ifi € SY. (5.16)
dg, yww (j, i) = R;j(T°({))

In addition, Sé"/) and ‘S_‘;-’/) have the same vertex set while S’ and St differ only by the
vertex 1’. It follows that

dg, yn (j. ) = Rj(t) ifi ¢ SY. (5.17)

Consider the optimal path from vertex J to vertex I’. Since I’ is adjoined to S at time

7, it follows from (5.13) that dg vy (J, 1"y = Ry (T). Moreover, since [ is the parent of I’
inS" = SWTYy) ), wehave dg, ywn (J, 1) = dg, yoo (J, 1) + Y7, Applying (5.16)
to the path from J to I to I’ to J',

Wn =< dKn,Y(Kn) (J7 I) + Y{(;inl)r} + dKn’Y(Kn)(J,v 1/)
= Ry(T5(D) + Yy + Ry (T5(I)
=Ry () + Ry(T°(1")) = Ry (D) + Ry (D). (5.18)

In particular, both sides of (3.41) are bounded above by R (7) + R2(7).

The bound (5.18) will allow us to exclude vertices that arrive after time 7. To this end,
we will show that (a) if a path w from vertex 1 to vertex 2 contains a vertex not belonging
to Sz, then the weight of 7 is greater than R (T) + Ry(7); and (b) if iy € SV \ S(f” or
ir € 8P\ 8, then the term Ry (T5(i1)) + Y}, + Ra(T* (i) in the minimum (3.41) is
greater than R{(T) + R2(7).

For (a), suppose that w contains a vertex i ¢ S;. Since the vertex sets of S; and S;
coincide, it follows that i ¢ Sz, and by right continuity i ¢ S, for some ¢ > 7. Since R + R
is strictly increasing, (5.13) shows that the weight of 7 is at least

dy, yeo (1D +dg, yoen (2,0) = Ri() + Ra() > Ri(E) + Ra(D). (5.19)

For (b), suppose for specificity that iy € S \ S{. If in addition i» € S? \ S then
TS(i1), TS(i2) > T and the strict monotonicity of Ry + R, gives the desired result. We may
therefore suppose iy € S? . Since SV and S@ are disjoint, we must have i} ¢ S?) , so that
d K, Y Kn) (2,i1) = Ry(7). In particular, by considering the optimal path from 2 to i, together
with the edge from i to i1, we conclude that d yx. (2,12) + Y{(ill(r,li)z} > Ry(7). By the
assumption ip € S?), we may rewrite this as Ry (TS (i2)) + Y{(if'fi)z} > Ry(7). Together with
R((TS(i1)) > R\ (%), this proves (b).

To complete the proof, consider a path 7 from vertex 1 to vertex 2. By statement (a) and
(5.18), m must contain only vertices from S; if it is to be optimal. Since 1 € Sél) but2 e S?) ,
it follows that 7 must contain an edge between some pair of vertices i| € Sg) and i € S?) .
The minimum possible weight of such a path is dKnyymn) (1,i1) + Y{(ill(r.,li)z} + dKn,y(Kn) 2, 12),
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which agrees with the corresponding term in (3.41) by (5.16). Therefore (3.41) is verified if
the minimum is taken only over i € S;”, ir € S?). But statement (b) and (5.18) shows that
the remaining terms must be strictly greater. |

Proof of Theorem 3.22 Since R + R is strictly increasing, the relation W,, = Ry (Tcon) +
R>(Teon) is a reformulation of Definition 3.21.

Recall the time T from the proof of Lemma 3.20. We showed there that the minimizer of
(3.41) must come from vertices i| € Sé”, in € S;}). In particular, by (5.16),

W, = R (TS(1)) + Y}, + Ra (T (1) (5.20)

expresses W, as the weight of the path formed as the union of the optimal path from 1 to
I,; the edge from I; to I»; and the optimal path from I, to 2. In particular, ;> is the same
as this path. Since TS(Ij) < 7 and S;j) = SWT%;([) for t < 7, it follows that the optimal
paths from j to /; coincide with the unique paths in Séj ) between these vertices. The relation
H, = H(I}) + H(I7) + 1 follows by counting the edges in these subpaths.

Ttremains to show that 75 (1) < Teon. Define sy = Ry (Ri(TS (1)+Y(}"},))- Recalling
(3.39), we see that 1] is the time at which the edge from I} to I is adjoined to S, provided
that /; has not already been added to S at some point strictly before time #;. By construction,
I is added to S®, not S, so it must be that 7 (1) < t;. [Equality is not possible because
of our assumption that the minimizers of (3.39) are unique.] Aiming for a contradiction,
suppose that 75 (1) > Teoy. Comparing the relation W,, = Ry (Teon) + Ra(Teon) to (5.20)
gives R (TS (Ip)) + Y{‘K’” < Ri(Teon), so that f; < Teon. This is a contradiction since

I,by —
11 > T¥(Iy) = Teon. Similarly we must have 7° (/1) < Teon. This shows that the unique
paths in S’ from j to I j are actually paths in S(ch)ou, as claimed. |

5.4 Band S as Exploration Processes: Proof of Theorem 3.26

Before proving Theorem 3.26, we show that the discrete-time analogue of 5 is an exploration
process determined by a minimal rule:

Lemma 5.7 Let vy denote the kth vertex added to B, excluding the root vertices &1, >, and
set & = By fork > 1, & = By = {D1, D2} . Then £ is an exploration process determined
Uk

by a minimal rule.

Proof Consider the kth step and define

0 :
.l (k) = min Ty, (5.21)
next vedENTD
i.e., the next birth time of a vertex in 7% in the absence of freezing, and let v,(cj ) denote the
a.s. unique vertex attaining the minimum in (5.21). Recalling the definition of the filtration
T, we see that 7.0 (k) and v,i/ ) are .Z;-measurable.
The variable ng ' is not .Z-measurable. However, the event {Tf(r/ b <D (k)} is Fp-

next
measurable. To see this, define

oo
tf(l{)(k) = inf {t > 0: Z ]l{’[‘vit}/;

e MO=E=T)) g, (y) > sn}, (5.22)
ve&_1NTW) ~h

so that 7./’ (k) is F;-measurable, and abbreviate Tunfe (k) = 74 (k) V 77 (k). We will use

‘L'f(l_, )(k) as an approximation to Tf(r/ ' based on the information available in .%. By analogy
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with (3.35) and (3.37), we also define
Rjx(t) = (r AT (0) + ((t = Tunie (k) v 0)
ift <7 k), (5.23)

Rjx = zunfr(k) k) +1 ift > 7l (k).

We note the following:

(i) &-1NTY =BP; and 7} (k) = min {T,: v € IBP,)'}, where t' = T,,_,.
(ii)) The sum in (5.22) agrees with the sum in the definition (3.31) of TY whenever t <
fr

()
next(k) . .
(i) Ty < tl. (k) if and only if 7 (k) < 730, (), and in this case T} = rf“(k)

next next

(iv) For j € {1,2}, let Ilij) c [0,z (k)] be nonempty. The minimizers of R,',k(t) and

nex
Rj_1 (t) over all pairs (¢, j) witht € I,ij "and j € {1, 2} agree and return the same value.

Statement (i) follows by induction and (3.36). For (ii), note that the sums in (3.31) and
(5.22) agree whenever BP” C &_1NTY, sousing (i) it suffices to show that B P\ BP(’ )
for t < 30, (k). But for any # and any ¢ < min {7,: v € dBP\'} we have BP;’ C BP(“

next

by definition, so the second part of (i) completes the proof.
Statement (iii) follows from (ii): if one of the sums in (3.31) or (5.22) exceeds s, before

time 7,2\, (k), then so does the other, and the first times where they do so are the same. In

particular, {7 < 7.0 (k)} is Fx-measurable because 7/ (k) and 7 (k) are.
To prove (iv), we distinguish three cases. If 1:(/ (k) > 2 (k), then RJT ,l( and R;l reduce to

next
the identity on [0, 7,0 (k)] by (iii). Hence, (1v)h01d51frf(”(k) > ¢\ (k)forboth j € {1, 2}.1f

next

r“ (k) <t (k) for both j €{1, 2}, then RJ_}{ and R_1 agree everywhere according to (iii).

next

Finally, consider the case that ‘L'f’)(k) >z (k) and Tf(’ (k) < ) (k) for {j, j’} ={1,2}.

HCXI next
Then T(” > ré’e)xt(k) and, therefore, R._k(t) = (t) =ton I,:”. Moreover, Tf(r” = rf<rj/) (k)
implying thatR< () =R, SNty =t on [0, f”)] and for e( k), r,ig;t(k)] Ry () =

Tunfr (k) > Tnex:(k) and R (t) > Tunfr > tn’e)xt(k) Hence, in all three cases, the functions
agree on the relevant domam and we have proved (1V)
Set (vk jk) to be the pair that minimizes R k(Tv) among all pairs (v, j) with v €

& _1NTY, j e{l,2}). NotethatR k(t) canbelnﬁmte when tf’)(k) < ooand rt (k)

where {j J } = {1, 2}, but in this case RJ, k(t) must be finite for all . Furthermore R k is
strictly increasing whenever it is finite. Recalling that the times 7, are formed from varlables
with continuous distributions, it follows that the minimizing pair (vk 2 Ji ) is well defined a.s.
Since R; ,l< is .7-measurable, the choice of v,f is determined by a minimal rule with
Sk = 0&—1. To complete the proof, we must show that v,‘f = vg.
The vertex vy is the first coordinate of the pair (vg, jix) that minimizes TUB = Rj_l(Tv)
over all pairs (v, j) with v € 8[5“) , J € {1,2}. (Once again, this minimizing pair is

Lk 1
well defined a.s., reflecting the fact that, a.s., B never adds more than one vertex at a

time.) Since &1 = Bys , the pairs (v5, j£) and (vg, ji) are both minimizers over the
Vk—1

set {(v, J):ved 1 NT (D}. Moreover, since R;l and R;}{ are both strictly increasing

(when finite), both minimizations can be restricted to the set {(v(’ ) Hij=1, 2} where

(’ ) is the minimizer in (5.21). Since T o = fnext (k), statement (iv) with I; = { Iié)xt (k)}

implies v,‘f = vy, as claimed. O
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Proof of Proposition 3.25 By Theorem 5.3, the edge weights X5 associated via (5.4) to the
exploration process in Lemma 5.7 are independent exponential random variables with mean
1. Recalling (2.1)—(2.2), the corresponding edge weights Y** = ¢(X&") are independent
with distribution function Fy. To complete the proof it suffices to observe that N (i) < N @i
if and only if TB(z) < TB(l’) and that TB(z) is finite for all i € [n] since the FPP process
explores every edge in 7"? eventually. Hence, definitions (3.46) and (5.4) agree. O

Proof of Theorem 3.26 We resume the notation from the proof of Lemma 5.7. Create the edge
weights on K, according to (5.4). Denote by t;/_ the time where the (k' — 1)th vertex (not
including the vertices 1 and 2) was added to S [see (3.39)]. As in the proof of Theorem 3.8,
both B and S are increasing jump processes and 7y (By) = So. By an inductive argument
we can suppose that k, k' € N are such that 5( * gk,l and (gk,l) = &y, The proof
will be complete if we can prove that (a) the edge e,’(, adjoined to Sy, | to form Sy, is the
same as the edge e; = {ix, i} } adjoined to 7 (Ex—1) to form 74 (E); and (b) Ty = 5.
Leti € &y, |, and let j € {1,2} be such that i € 5%271' By the inductive hypoth-
esis, V(i) € &1 N TY and the unique path in Sy, from i to j is the image of
the unique path in gk_l from V(i) to &; under the mapping v — M, (recall Def-
inition 3.7). According to (5.9), (2.1) and (2.3), the edge weights along this path are

(Kn) — (Kn) —o(L . .
{Mpm*l(v(,'))vMp’”(V(i))} - g( {Mpmfl(v(,.)),Mpm(v(,'))}) =8 (nXmel(V(l))) and fn(Xp'"’](V(l)))’

form =1,...,|V(i)|. Summing gives dg y&n (j, 1) =Ty ).
Ty

In addition, let i ¢ S;, | and write e = {i, i/}. By (5.10), X&' = %XV(,',,-/), )
that ¥, = f,(Xy.i»)). Thus the expression in the right-hand side of (3.39) reduces to
Rj_1 (Tviy + fuXviin)), ie., Rj_1 (Tv(i,in)- The edge €, minimizes this expression over
alli € Sy, .i" ¢ Sy,_,. By Proposition 5.6, the edge e, = {ix. i } minimizes R.’}C(Tv(i )
overall i € my(E_1), i’ & mp(E—1) (with j such that V(i) € € (” 1)- By the induction
hypothesis, statement (iv) in the proof of Lemma 5.7 and monotomclty, these two mini-
mization problems have the same minimizers, proving (a), and return the same value, which
completes the proof of (b). O

5.5 Coupling and Cox Processes: Proof of Theorem 3.27

In this section we explain the modified coupling in, and give the proof of Theorem 3.27.

Kn)

Proof of Theorem 3.27 The edge-weight coupling (3.46) selects the edge weights Y { i1 i) for
iy € S, i € S based on values f,(X,,) for which p (w) € BP and {Mpw), My} =
{i1, i2}. Under the present definition of B [see (3.36)], such vertices w are eventually explored,
and consequently the values f,(X,,) can be recovered by observing (53;);>0. On the other
hand, in the context of Theorem 3.27, we want the values f, (X,,) to behave as a Cox process
[with respect to B, Ry, R2, (My)yep]. For this reason, we will modify the definition of B so
that it does not explore vertices w of this kind, and we will replace the contribution of those
vertices using an additional source of randomness.>

As always, we have two independent PWITs (7, X), j € {1,2}, the marks M,,
v € 72 and a family of independent exponential random variables E,, ¢ € E(K ), with

2 Alternatively, we could retain the definition of 13 and set the edge weights Y{( ") fori; € SM, iy € S@

using an additional source of randomness. We prefer to avoid this option because it would entail proving a
more complicated version of Theorem 5.3.
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mean 1, independent of the PWITs and the marks. In addition, from each vertex v we initialise
an independent PWIT with vertices (v, w’), edge weights X Ev,w’) [such that (X! vw,k)),fil
forms a Poisson point process with rate 1 on (0, co)] and marks M, (’v’w,) uniform on [n], all
independent of each other and of the original variables X, M,.

First consider (B, B » R, Ry) as normally constructed, without using the auxiliary PWITs
with vertices (v, w'). Fixi, i’ € [n],i # i’,and suppose for definiteness that T5 (i) < T5(i").
[If instead T5(i") < T®(i), interchange the roles of i and i’ in the following discussion.]
According to (3.46) or (5.4), the edge weight X;lfﬂi}} is set to be 1 X (i, i), where X (i, ') is
the first point in the Poisson point process

P = > 8x,, (5.24)

w: p(w)=V(i),My=i’

of intensity 1/n.
Now condition on V(i) and V (i’) belonging to different trees, say V(i) € 79, V(i) €
T where {J L J! } = {1, 2}. For this to happen the children of V(i) having mark

i’ must not have been explored by time T V( i A child w of V(i) is explored at time

_I(Tw) = R_I(TV(,) + fu(Xw)), so we can reformulate this by saying that the Pois-

son point process P " must contain no point x with R} (Tv(,) + fn(x)) < . Using

V(l
the relation T, = R;(TF) for v € T, we can rewrite this as the condition that P A
contains no point x with f,(x) < RJ(T‘f(i,)) — RJ(T‘?(Z.)) = ARy, v(. However, the
condition gives no information about points of larger value. It follows that, condition-
ally on (By, By, R\ (), Ra(1)) P is a Poisson point process of intensity 1/n on
(£ (ARy ) var)), 00).

To preserve this property when conditioning on (B;, Ri(t), R2(t), (My)yep,) for t >
TB(z ), replace the edge welghts and marks of all vertices w (and their descendants) for
which p (w) = V (i), My, = i’ and f,(Xy) > ARy, v, by the edge weights and
marks of the auxiliary vertices (V (i), w’) (and their descendants) for which p (w’ ) =V(@),
M(’V(l) ) = i’ and f”(X(V(l) w/)) > ARy ) vy Modify the evolution of B, Ry, R, for
t>T8 (i") so as to use the replacement edge weights X’ v’ but continue to use the original
edge weights X, in the edge-weight coupling (5.4). [Formally, modify the minimal rule from
Lemma 5.7 so that vertices are ineligible for exploring once they have been replaced, but
add to the sum in (5.22) the contribution from any replacement vertices from the auxiliary
PWITs that would have been explored at time 7.]

These replacements do not change the law of B, R1, Ry, (My)yep, or the edge
weights X", The pointwise equality between 7, (B) and S is unaffected: the replaced
vertices are thinned and therefore do not affect B. Finally, the evolution of B for
t > TB(;) now gives no additional information about the edge weights
{Xw: pw) =V(y), My =i2, f(Xy) > ARV(,-),V(,-/)}. In particular, conditionally on
B, R, Ry, (My)yep and the event that V(i) € T, V(') € TV for some choice of
{ J, J } = {1, 2}, the law of P% is that of a Poisson point process with intensity measure
1/n on ( fn_] (ARy iy, v ), 00). Furthermore, the Poisson point processes corresponding to
different i, i’ will be conditionally independent.

We can now give an explicit construction of 7,. We begin by defining P, on the subspace
given by unthinned pairs of vertices:

tSTg(i’)’
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foriy,ir € [n] suchthat V(i) € TV, V(i) e T?,
P i B 5
and for {j, j'} ={1,2} with TV(ij) < TV(ij/)’

P |[0,OO)><{V(i1)}><{V(i2)} = Z 8((R1+R2)_1(TV(i1)+fn(Xw)+TV(i2))sV(il)sv(iZ))'
wi pa)=V (i),
Mw:ij/
(5.25)

.tj/)

In the notation above, P, |[ ) is the image of P""'i” under the mapping

0,00)x{V (i1)}x{V(i2)
x> (Ry 4+ R) "N (Tvy + fux) + Tvay)- (5.26)

In particular, by the remarks above, P"’[o 00)x B x BO) has the conditional law of a
Poisson point process conditionally on B, Ry, Ra, (M,)yeB. To compute its intensity mea-
sure, note that the mapping x +— y = f,(x) sends 1/n times Lebesgue measure on

-1 1
(f (ARy(),v@ry), 00) to the measure =y |(ARV(i),V(i’)’°o). It follows that the further map-

pingy — (R1+Ry)™! (Ty i) +y+Tv,)) leads to the intensity measure specified by (3.48),
where we have again used the relation 7\, = R;(T,P) for v € 7. Thus 73”|
is a Cox process of the correct intensity.

Finally, we may extend P, to be a Cox process on [0, 00) x 7™ x 7@ with the specified
intensity, by defining P, using an independent source of randomness for any

[0,00)x B x B@

|[0,00)><{v1}><{v2} ° -

pair of vertices vy, vy for which v € BV\ B or vy € B?\B®. Note that the details of

this extension are unimportant since such pairs (vy, vy) are not considered in the definition
Pn) ) 1@

of (Tcolln ’ Vcoll’ Vcoll)'

Observe that under this construction of P, and under the edge-weight coupling (3.46),
(Tt Veol» Vear) = (Teott, V(I1), V (12)). (5.27)
Indeed, consider any ij,ip € [n] with V(i;) € T and V(i;) € T®. We note that
this assumption is equivalent to ij € S® and iy € S®. Taking {J, J'} = {1,2} with
TP, < T, (3.46) gives

v =g (X(E,)) =8 (AXGr.in) = fuX G i), (5.28)

The value X (iy,i;) coincides with the first point of P/"s”, and applying the increasing

mapping (5.26) it follows that the first point of P, |[0 00 V(i) x [V (ia)} has time coordinate

i1,i2

(Ri+ R (Tviay + Y + Tra ). (5.29)

Using Lemma 3.20, the strict monotonicity of R + R, and the relation Ty ;) = R; (T‘é( l.)) =
R;(TS(i)) for V(i) e TV, i € SV, we see that

_ —1 _ —1 : X (Kn) R
Teon = (R1 + R2)™ (Wy) = (R1 + Ro) <i168(11§1,1if21€8(2) Ty iy + Yy + Tvm))
- i Ri+ Ry)~! (T O+ YE LTy ) 5.30
iles(Ill;l,liIQIES(Z)( 1+ Ra) V@ F iy V6 (5:30)

is the result of minimizing (5.29) over all choices of i, i2, and I, I, are the correspond-

ing minimizers. On the other hand, 77 is the result of minimizing the first point of

coll
over all choices of unthinned verticesv; € 7, v, € 7®, and Vc((l)il, Vc(éil

Pl 0,00 x w1 x (02)
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are the corresponding minimizers. Every such pair (v, v2) can be written as v; = V (i;)
for some i; € SW, j =1,2, and in fact ij= Muj in this correspondence. Hence these two
minimizations problems are equivalent and their unique minimizers coincide, and we have
proved (5.27).

The remaining statements in Theorem 3.27 follow from (5.27) and the relations W, =
R (Teon)+Ro(Teonn), St = TL’M(gI) forallt,andMV(i) =i, V(My) = vfori € S,v e g O

In the remainder of the paper, we will be concerned only with the equality in law from
Theorem 3.27. We can therefore continue to define B as in (3.36), ignoring the modified
construction given in the proof of Theorem 3.27. The edge-weight coupling (3.46) between
792 and K,,, and indeed the edge weights on K, generally, will play no further direct role
in the analysis.

6 Branching Processes and Random Walks

In this section, we prove Theorem 3.13 by continuing the analysis of the branching process
B P introduced in Sect. 3. In Sect. 6.1 we identify a random walk which facilitates moment
computations of the one-vertex characteristics. Section 6.2 contains precise results about
the scaling behavior of the random walk and the parameter A, (a). The results are proved
in Sect. 6.3. Section 6.4 identifies the asymptotics of the first two moments of one-vertex
characteristics. Having understood these, we investigate two-vertex characteristics in Sect. 7
and prove Theorem 3.15.

6.1 Continuous-Time Branching Processes and Random Walks

Recall that BPY"Y = (B P;')),Zo denotes a CTBP with original ancestor &. Using Ulam—
Harris notation, the children of the root are the vertices v with p (v) = &1, and their birth
times (7}) p(v)=g, form a Poisson point process with intensity j1,,. For v € 7, write B P
for the branching process of descendants of such a v, re-rooted and time-shifted to start at
t = 0. Formally,

BPY = Iw €TV vwe BP(TIJH} : 6.1)

In particular, BP"" = BP”V, and the processes (BP™)w)=g, are independent of each
other and of (Ty) p(v)=o,. We may express this compactly by saying that the sum of point
masses Q = ) P(W)=21 8(TU, BPW) forms a Poisson point process with intensity du, ®
dP(BP" € .), where P(BP" € ) is the law of the entire branching process. Recalling the
definition of the one-vertex characteristic from (3.14), we deduce that

,BP®
dF@=x0+a Y, Ig=zly (@

v: p(v)=92 (6.2)
= x+a [ 400 b1z @.

Note that (6.2) holds jointly for all a, ¢, x. To draw conclusions for m} (a) and M,)f,;" (a,b),
the expectation of zf (a) and zf (a)z(b), respectively, defined in (3.15), we will use the
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formulas
B( Y 1w) = [ fmdao.
peQ

coe( L A0 Y 20) = [ A1 dio.
ped peQ

6.3)

where Q is a Poisson point process with some intensity [ (and assuming the integrals exist).
Apply (6.3) to (6.2) with f(y,bp) =1 \<,}z, ¥ (a) to get

mi (@) = x (1) +“/d“n(y)ﬂ{yst}/dP(BP(” bp) (a)

t
= X(l)+a/0 dpn(y)mi_(a). (6.4)

Similarly
M} a, b) — mf(a)mZ(b):ab/dun(y)]l{ys,}]l{ysu}/d]P)(BP“) bp)z[ ””(a) be(b)
AU
=ab/0 dpn (MY, (a, b). (6.5)

Recall from (3.16) that ,(A) = f e du,(t) denotes the Laplace transform of p, and
that for @ > 0 the parameter A, (a) > 0 is the unique solution to af,(A,(a)) = 1. [In
general, if {i,(1o) is finite for some A9 > 0, then the equation has a solution whenever
/0, () < a < 1/u,({0}), and this solution is unique if u, assigns positive mass to
(0, 00). Our assumptions imply that, for n sufficiently large, A, (a) exists uniquely for any
a > 0.] Since z)(a) typically grows exponentially at rate A,(a), we study the rescaled
versions r?zf( (a), Mt)_(,‘ln (a, b) defined in (3.19) and let

dva(y) = ae™ DY dp,, (y). (6.6)

Then (6.4) becomes i (a) = e @ x (1) + [y dv, (y)m_(a). Since v, is a probability
measure by construction, this recursion can be solved in terms of a random walk:

0 j
mf(a) = Ea(Ze—M““"Sﬂx(z - Sj)), where §; =Y D;, Pu(Di €)= va(").
j=0 i=1
6.7)
From (6.5), we obtain similarly
B o0
W @, b) = By (Y e S @ Oh @l X @yl o b)), (68)
j=0
where §; = Z{:l D; now has distribution Py, (D; € ) = vgp(+).
Note that for a random variable D with law v,, for every 4 > 0 measurable,
Eq(h(D)) = f h(y)ae ™ @ d, (y). (6.9)
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Moreover, let v} denote the size-biasing of v,, i.e.,

YW hat B, (h(DY)) = S LD (6.10)
[ydva(y) E.(D)

for 1 > 0 measurable. Here and in all of the following we assume that D and D* have laws
v, and v} respectively under E,. Let U be uniform on [0, 1], and let (D;);>1 be independent
with law v,, and independent of U and D*. Besides the random walk (S;) ; from (6.7)-(6.8),
it is useful to study the random walk (S;‘) j with

dvy(y) =

j
S;=UD* and S§t=5S5+ Y D; forallj>1. (6.11)

i=1
6.2 Random Walk Convergence

In this section, we investigate asymptotics of the random walks in (6.7)—(6.8) and (6.11).
Recall that the branching process B P is derived from the intensity measure 1,,, where for
h: [0, 00) — [0, 00) measurable,

f h)dn(y) = /0 h(fo ())dx. 6.12)

In particular, all the quantities z, m, M, v,, D;, P, and E, as well as the random walks (S;) ;
and (S%); depend implicitly on n. We will give sufficient conditions for the sequence of
walks (S;), (S;‘) j to have scaling limits; in all cases the scaling limit is the Gamma process.
This is the content of Theorem 6.3 below.

As a motivation, we first look at the key example Y5 £ o

Example 6.1 Let Y5 £ £ Then

_xl/Sn

F, =1- d F_l = (=1 1— Sn’
¥ (x) e an £ (x) = (—log(1 —x)) 6.13)
fo(¥) = (x/m)" = f(Dx* and  f7'(x) = nx'/n,
One easily checks that foralla > 0, 8 > 0,
W(DAg @'y = al(1+ 1/s)",  sprn(@'*)Eq1s (D) = 1,
J / ! (6.14)

Suhn (@' /)2y (D*) =1+ 150, a (n(ra(a'/)B))" =1/B.
Notice that T'(1 + 1/s,)% — ¢~ forn — oo.

Theorem 6.3 will show that in general the same identities hold asymptotically under our
conditions on f;,. In fact, we will prove Theorem 6.3 under weaker assumptions on f;,:

Condition 6.2 There exist &9 > 0 and a sequence (8,)nen € (0, 11N such that Sp fn(l —
80/ fa(1) = o(l), fu(xsm) > f,(Dx* for x > 1 and fu(x'/") < fu(1)x® for (1 —

S <x < 1.

Conditions 2.2 and 2.6 together imply Condition 6.2: we may set §,, = &g, with g9 chosen
as for Conditions 2.2 and 2.6, and replacing (x, x”) in Lemma 4.1 by (1, xsmy or (x1/5 1)
verifies the inequalities in Condition 6.2.

Theorem 6.3 (Random walk convergence) Suppose that Conditions 2.1 and 6.2 hold. Then,
forany a € (0, 00),
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(a) the parameter A, (a) exists for n sufficiently large, and, for all B > 0,

lim f,(DAn(a/*") = ae™?, (6.15)
n—oo
lim s, (@) E 1/ (D) = 1, (6.16)
n—oo
lim s, (a'/")?E, 15, (D?) = 1, (6.17)
n—o0
lim a (i (Aa(a'")B))™" = 1/8, (6.18)
n—oo

where y is Euler’s constant;

(b) underE s, , the process (A (a'/smys Lsut])1=0 converges in distribution (in the Skorohod
topology on compact subsets) to a Gamma process (I't);>0, i.e., the Lévy process such
that T'y has the Gamma(t, 1) distribution;

(c) under E, s, , the variable Ay (a'/syD* converges in distribution to an exponential
random variable E with mean 1, and the process (,, (a'/)s E‘sn . J)TZO converges in dis-
tribution to the sum (UE + I';);>0 where U is Uniform on [0, 11 and U, E, (I';);>0 are
independent.

Moreover, given a compact subset A C (0, 00), all of the convergences occur uniformly for
a € A and, for (6.18), for B € A.

Theorem 6.3 will be proved in Sect. 6.3. We stress that the proof or Theorem 6.3 uses
only Conditions 2.1 and 6.2 and the relevant definitions but no other results stated so far.

6.3 Convergence of Random Walks: Proof of Theorem 6.3
For notational convenience, we make the abbreviations

F=x a=a’, b=b"" etc, (6.19)
which we will use extensively in this section and in Sects. 7 and 9.

Proof of Theorem 6.3 We begin by proving

. [ae”V loga
7 =1- +o(1/sy,). (6.20)
" (fna)) oy O/
Recalling (6.12), we have

oo . ~
fn(M) = / e M Wygx. (6.21)
0

Write f,(¥) = fu(¥)1(z>1_s,)- Then
00 . 1-8, -
fin (M) = / e M gy — / (1—e @) dz, (6.22)
0 0

and take A = ae™7/f,(1) to estimate fol_‘s"(l — e € @/ g7 = O(fu(1 —
8n)/ fn(1)) = o(1/s,) by Condition 6.2. Hence, for the purposes of proving (6.20), it is
no loss of generality to assume that f}, (xl/sm) < fa(Dx® forall x < 1.

Inspired by (2.5), where f,,(X) = f,(1)x*, we compute

Sn 1/sn
/Oo e MM g5 = /oo L ts=terhnting, = (F(l o ) . (6.23)
0 0 Sn Afu(1)
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In particular, setting A = al'(1 + 1/5,)*/ f, (1) gives fooo exp (—al'(1 4+ 1/s,)*"x°") dx =
a1/ which is 1 — (loga)/s, + o(1/sy). Subtracting this from (6.21), we can therefore
prove (6.20) if we show that

S /00 (e—aefyfn(f)/fn(l) _ e—al"(1+1/5n)5”)?5")di — 0’ (624)
0
or equivalently, by the substitution ¥ = x!/%_ if we show that
* n—1 (—ae™V f(x!/n 1 —al (141/s,)"n
/ gt (e B P D) gl 141507 e 6.25)
0

Note that I'(1 4+ 1/s)* — e™" as s — o0. Together with Condition 2.1, this implies that
the integrand in (6.25) converges pointwise to 0. For x < 1, f,(x!/*) < f£,(1)x* means
that the integrand is bounded by O (x*~! + 1). For x > 1, Condition 6.2 implies that the
integrand is bounded by e ~%*  for some 8 > 0. Dominated convergence therefore completes
the proof of (6.20). It is easy to see that the proof of (6.25), and hence (6.20), holds uniformly
ina € A, where A C (0, 00) is a fixed but arbitrary compact set.

To conclude (6.15) from (6.20), we use the monotonicity of 1, and A,,: given § > 0, we
have i, (ae_y / fn (1))S" < a~! +6 for all sufficiently large n, uniformly ina € A. Replacing
abya = (1/a — 8)~! shows that A,,(@) < a’e™”/ f,(1) for all n large enough, uniformly
in a. A lower bound holds similarly; take 6 — 0 to conclude (6.15).

The proof of (6.16) is similar to that of (6.15). Using (6.9), we compute

Suhn (@)Ez (D) = sy (@) f yae 1 @DYdp, (y)

=}"n 7 W Da - l/sn_lw —)vn(fl)fn(f)d . 6.26
(@) fu( )G/O x fn(l)e x (6.26)

By (2.6) and (6.15), the integrand in (6.26) converges pointwise to e~¢7% and satisfies a

similar dominated convergence estimates as (6.25) by Condition 6.2. Hence (6.26) converges
to ae™” fooo e~ "*dx = 1 as claimed. The proof of (6.17) is similar.

To prove (6.18), let b, be defined by X, (l;n) = By (a). By (6.15) and monotonicity, it fol-
lows thatb,, — Ba [foriflimsup,_, ., b, > (14¢)Bathenlimsup,_, ., fu (DA, (l;n) > (1+
&)Bae™ = (14¢)lim,— o fn(1)BA,(a), acontradiction, and similarly if lim inf,,_, oo b, <
(1 — &)Bal. But fin(n(by))™ = b, !, giving the result.

Since A, (a)S|s,:) is non-decreasing and right-continuous, and has i.i.d. increments if s,,¢
is restricted to integer values, it suffices to show that its limiting distribution is I'(¢, 1) for
a fixed ¢, where I'(¢, 1) denotes a standard Gamma variable with parameter z. For this, we
note that its Laplace transform is

Eg (7™ @St ) = (@, (a@(1 + )", (6.27)

Since s, — 00, (6.18) yields that the right-hand side tends to (1 + 7). This is the Laplace
transform of a I'(¢, 1) variable, and thus completes the proof of (b).

For the proof of part (c) define b, by A, (l;n) = (1 + t)A,(a) for a given T > 0. Then
(6.10) and (6.9) yield

E; (De—l’)»n(fl)D) a f‘yefk,,(ﬁ)y(lwtr)dun(y) &El;n (D)

E&(e—rxn((})D*) _ = — .
E;(D) Ez(D) b,E;(D)

(6.28)
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By the same argument as in the proof of (6.18), b, — (1 + 7)a. Combining with (6.16),
we conclude that E; (e~ @Dy 5 (14 7)~! and A, (@) D* converges to an exponential
variable with mean 1. So the rest of part (c) follows from part (b).

The remaining uniformity claims follow from the uniformity in (6.15). The uniformity
statements in parts (b) and (c) follow from the observation that the Radon—-Nikodym deriva-
tives dP; ((hn(@)Sys,i)o<i<k € *) /dPar ((An(@)S(s,)0<i<k € -) (and similarly for D*
and S*) are tight for K < 0o, uniformly over a, a’ € A. O

Lemma 6.4 Foralla € (0, 00), A, (a) = 1/(aE4(D)).

Proof Denote fi, (L) = ﬁ An(A) and a/(A) = % i (1). Using the definitions of fi,, and
Vg, an elementary computation shows that —afi),(A,(a)) = E,(D). Moreover, by (3.16),

ajl,(An(a)) = 1 and the claim follows.

Proofof Lemma 3.12 By (6.15), A, f,(1) — e~7 and Lemma 6.4 gives
. A (1) B 1

= = . (6.29)
= 5D I (DEN(D)
Now (6.16) implies that ¢, /s,, — 1, as required. i
Corollary 6.5 Uniformly for a in a compact subset of (0, 00),
A (@) = hp(1) (1 + ‘f— (@a—1)+o(a— 1)2)> : (6.30)
n

Proof By the same arguments as in the proof of Lemma 6.4, the function F(a) = A, (al/sm)
satisfies —afi, (F(a)) = Ez(D) and aj/(F(a)) = Ez(D?). By (3.16), aji,(F(a))" = 1
and we deduce that s, E;(D)F’(a) = 1/a and

siEa(D?) 14
(asiEa(D))* @

The right-hand side of (6.31) converges uniformly to 0 by (6.16)—(6.17). Applying (6.16)
again and noting from (6.15) that A, (@)/A,(1) is bounded, it follows that F”(a)/A,(1)
converges uniformly to 0. A Taylor expansion of F around the point 1 and (6.29) complete
the proof. O

snEz(D)F"(a) = (6.31)

The following lemma is a consequence of Theorem 6.3 and will be used in the proof of
the second moment statements of Theorem 3.13:

Lemma 6.6 Assume the hypotheses of Theorem 6.3, and let A C (0, 2) be compact. For any
measurable, bounded function h > 0, set

o0
E(h) _ Eau:nbl/m Z ei[xn(uI/Sﬂ)+An(bl/sﬂ)7A’n(al/.\'nbl/&pl)]sjh(Sj) . (632)
Jj=0

There are constants K < oo and no € N independent of h such that E(h) < K, ||hl| s for
alln > ng and a,b € A. Moreover, for any ¢ > 0 there are constants K' < 00, n6 e N
independent of h such that foralla,b € A, n > n6,

inf {h(y): 1Dy <K'} _ Eh) sup {h(y): A, (D)y < K'}

oe(jat /by = 5, =Ml = v 1/0)

—ellhlle +
(6.33)
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Note that log(1/a + 1/b) is positive and bounded away from O by our assumption on A.

Proof of Lemma 6.6 We rewrite E(h) in integral form, bound 4 by its maximum, and use
(6.9) and the definition of /i,, to obtain

00 - - -
Eh) = s, / EaE (e—[kn(a)+An(b)—)Ln(ab)]SL.\-mh(SLSntJ)) dt (6.34)
0

Lsnt]

< s Il fo h (@bt (3@ + 20 ®) | . (6.35)

By (6.15) and (6.18), we deduce (A, (a) + Ay (l;))/k,,(l) — (a+b) and
[@bfuy (hn (@) + 20 (B))]™ — ab/(a + b). (6.36)

Since log((a + b)/ab) = log(1/a + 1/b) is positive and uniformly bounded away from 0,
the integral in (6.35) is uniformly bounded for sufficiently large n and we conclude that there
is a constant K < oo with E(h) < Ks, |11 -

For (6.33), let ¢ > 0 be given. Since A C (Q, 2) is compact, (6.15) implies that there
exists § > 0 and nj; € N such that 1,(@) + A, (b) — A, (ab) > 8 f,(1) for all n > nj and
a, b € A.Using again (6.36), we may take 7 and n6 sufficiently large that jt;'o [abji, (A, (a)+
MnO)lde < e and | [(°[@bfin (A (@) + A (5))1" dt — 1/1og(1/a + l/b)‘ < e
for all n > n{), a,b € A. Furthermore, Theorem 6.3(b) implies that the family of laws
]P’él;(kn(l)SLSn,J € ), t < tyg,a,b € A, is tight. Hence we may take K’ large enough that

toe_‘SK/ < land Py;(A,;(1)S)5,e) > K < %s, uniformly for ¢ < f9. We conclude from
(6.34) that

fo . - -
/0 [inf (h): An(Dy < K')E,; (e—uu<a>+xn(b)—xn(ahnsunu) — Lok “h“oo:| i

Sn

E(h fo _ - -
_EW </0 [Sup{h(y): Ay < K'}E,; (e—[)»n(d)+)~l1(b)—7m(ab)]s\_xntj) T %86—51« ”h”ooj|d[

+ /oo 172100 E@E (e—()»n(fl)'Hnn(1;)—)~n(175))5[xntj)dt 6.37)
fo

forn > n/O Using again Eag(e_sl‘"” (on @)+ (B) =Dy (dﬁ))) — [lﬂ;ﬂn (A (@) + Ay (l;))] Lsnt] S we
see that the hypotheses on 7y and n, imply (6.33). |

6.4 Means of One-Vertex Characteristics: Proof of Theorem 3.13

In this section, we prove Theorem 3.13. Further, we set the stage for the proofs of Theorems
3.15 and 3.16 in Sect. 7.
Recall from (6.7) that

[o.¢]
mf (@) =B, [ Y e @S0y —5;)
Jj=0
Thus, nﬁf( (a) can be understood as the expected integral of e M@ x (t) against the
counting measure on the random set {t -8 je No}. When ¢t — oo, this measure
approaches its stationary equivalent, which is the counting measure on the point-stationary

set {t — S;‘: je No} (see [34]). Since the expected value of this stationary measure is a
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multiple of the Lebesgue measure, nif( (a) will approach (as t — o0) the same multiple of
fooo e M@y (t)dt. In the following we make this more precise. We begin with general esti-
mates that apply to any CTBP with any intensity measure ., and we will write simply A(a)
for the parameter defined by the analogue of (3.16). Similarly, all other notation introduced
for B P will be used for a general CTBP.

Proposition 6.7 Let (S;.‘)j be the random walk defined in (6.11). Let x be a non-negative
characteristic. Then, for all a,t > 0,

_ f(; e’“”)“x (u)du

E,(D) (6.38)

o
- - —S*
B () pe(@) =Ba [ Y e MO0y — 5%)
j=0

Proof The first equality is (6.7); the second follows because the set {t - S;‘: Jj€E No] is

point-stationary in the sense of [34]. Alternatively, the equality may be verified by taking
Laplace transforms with respect to ¢. O

In (6.7) and (6.38), we may collapse the tail of the sum into a single value of mi(a).
Namely, if J is a stopping time for (S;); or (S;f) j» respectively, then by the strong Markov

property

J—1
mf (@) =B, [l 5 @)+ ey -5 ],
= (6.39)
_ i .
Jo M xtw) du 7 —@a=S7)
2 =R, | m @+ Yy e " — ST
E.(D) i R jg() j

The following lemmas provide bounds on 772} (a) when m (a) is non-decreasing in ¢:

Lemma 6.8 Suppose x is a non-negative characteristic such that m;( (a) is non-decreasing
in t (in particular, this holds if x is non-decreasing). Let (S;); be as in (6.7) and (S;‘)j
as in (6.38), and suppose that (S;); and (S;'-‘)j are independent. Let ¢ > 0 and set J =

inf {j: |s; - 57

< 8]. Then, fora,t > 0,

t—& —\(a)u d J—1

“n@elo € x () du —r@)(t—e—S5%) "
e - E e x(t—e—8Y)
E,(D) ‘ ,Z:g !

e —A(a)u J—1

_ e x () du _ _s,
< mf(a) < @210 5 D) +E, | D e MOy —sp | 6.40)
a .
Jj=0

Proof The hypotheses imply t — e — S7 < ¢t —S; < t+ & — S} and therefore
e’z’\(“)gni?iaisj (a) < "_1;(,5] (a) < eu(“)gﬁzfﬂisj (a). Combining with (6.39) gives the
result. O

Lemma 6.9 Suppose x is a non-negative characteristic such that m} (a) is non-decreasing
int. Then, foralla,t > 0and K > 0,

ek fooo e DUy () du

=X
ny(a) < -
Ea (e)‘(a)so l{k(a)ngK}) Ea(D)

(6.41)
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Proof On {A(a)S§ < K} wehave i’ g ), ) qe(@) = e™K @S} (a). Apply (6.38) and
replace the limit of integration by oo to obtain the result. |

Lemma 6.10 Let x be anon-negative, non-decreasing characteristic such that fooo e DUy (1)

du < o0, and fix a, K > 0. Then, for all t > 0, Zj‘;o e MOU=S) y (¢t — S;) is square-
integrable under E, and, abbreviating C, x = eK/Ea (ek(“)sg ﬂ{k(a)Sa‘gK})’

2

& O o —2M(a)u 2 0 o—A(@)u 2

_A@—S; e X (w)*du (Jo e ™" x w)du)

E E e HOU=SDy (1 — §}) <C Kfo +2C2 0 :
‘ (;‘:0 ! “ Eq(D) “f ElD)?

(6.42)
The same bound holds with (S); replaced by (S;’.‘).,-.
Proof Since x is non-decreasing, [~ e @y (u)du < oo implies that e =" y (u) must

be bounded. Hence fooo e 2M@uy (u)2du < oo also. Applying Lemma 6.9 to x and 2, we
deduce

o 2
Eo | [ D e @S0y —s))

Jj=0

oo
=E, (Z e 2HOU=8)) 5 (p S_/)z)

=0

Jj=0 k=j+1

[o9] oo
+2E, (Z e HOUTSDy (= 55) Y e MOy (r — Sk))

- 2 > . -
=m} (a) + 2E, (Z e MO8y — Sj)m,{Sj+l (a))

j=0

fooo e My ()2 du fooo e MUy (u)du ad @) (—
< Cak o 4 2C kB | Y e MOyt — 5 |
=Gk Ea(D) + a,K E,(D) a € x( _/)

j=0
(6.43)

Another application of Lemma 6.9 gives (6.42). Finally replacing (S;) ; by (S;.‘) j isequivalent
to replacing ¢ by t — U D*. Since the upper bound in (6.42) does not depend on , the result
follows. O

We now specialise to the offspring distribution (., and apply the convergence results of
Theorem 6.3 to prove Theorem 3.13:

Proof of Theorem 3.13 By Lemma 6.9, for all a, r > 0,
e! Jo7 An(@e™ 2@ || x || o du
Pz (A(@)S5 < 1) snin(@)Ez(D)

and, by Theorem 6.3, Pz (A, (@) S5 < 1) — P(UE < 1) and s,A,(a)Ez(D) — 1 uniformly
ina € A. Hence, the uniform bound for V;l;( (a) follows. By the same reasoning, Lemma 6.10
yields a constant C < oo such that

mi (@) < sn : (6.44)

2

o0
Eg | | e @S0 x - s <CsalxlZ, (6.45)
j=0
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an estimate that will be needed shortly.

For (3.20), fix & > 0. Apply Lemma 6.8 with & and a replaced by & = ,(a)'e and
&, with the stopping time J, = inf [j: ]s, . S}" < 5} — inf {j: (@) 'Sj - S}“ < a}.
By (6.15), we may choose K large enough that fto_og Ip(@)e @2y ()dz < || x lloo € When-
ever A,(1)t > K. By (6.16), it folloyvs that the first terms in the upper and lower bounds
of Lemma 6.8 are s, fooo An(@)e D2y ()dz + O(&)sn |l x lloo- Therefore it is enough to
show that the error term Ej (Z{":;)‘ e T @U=E=S)y (p 5 ij)) is also 0 (&)sy 1 oo
for A, (1)t sufficiently large, uniformly in a € A (the same proof will work for the term with
S;).

To prove this, observe that the variables (J, /s, Ay (Zz)Sj”)neN,aE A are tight. Indeed, the
rescaled processes (A, (@)S\|s,])r>0, (An (&)Si}n ; J)fZO converge by Theorem 6.3 to indepen-
dent Gamma processes (with different initial conditions). These limiting processes approach
to within & /2 at some random but finite time, and tightness follows.

Thus we may choose C’ large enough that the event A = {Jn < C'sy } U [An (&)57,1 < C’]

satisfies P; (A°) < &2. Using the Cauchy—Schwarz inequality and (6.45),

J—1 o
B | 1ac Y e @500 -2 — 8%
j=0
o\ T 1/2
s P = *
< | Pa(AYEG | [ Y e @y — — 57 < VCesp lx oo -
j=0

(6.46)

whereas
Ja—1 o
Ba |14 ) e @S0y -8 =80 | < Clsullxllao e @O (6.47)
j=0

By (6.15), the right-hand side is at most €s, || ||, uniformly over a € A, if A,(1)t > K
with K sufficiently large. This completes the proof of (3.20).

We turn to the estimates for M,)f,‘ln (a, b). In view of (6.8), apply Lemma 6.6 to h(y) =
nﬁ?‘_y(&)niz_v(l;). By the first part of the current proof, ||i|l = O(S,%) 1 oo 1M1l 5o
and for any ¢ > 0 we can make the infimum and supremum in (6.33) differ from
srzlfoooe_zx(z/kn(&))dz . foooe_wn(w/kn(l;))dw by at most ss,%, by taking A, (1)[f A u]

large enough. |

7 Continuous-Time Branching Processes: Two-Vertex Characteristics

In view of Theorems 3.11 and 3.27, we wish to consider generation-weighted two-vertex
characteristics of the form

da= Y Y aaxn-T,.0-T,) (7.1)

v eBP veBPY

for x (1) = xu(f) = pn(lt1 — 2], 11 + t2) defined in (3.24). As discussed in Sect. 3.3.2, we
split x, into x5 and x, — x+* for some K € (0, 00).
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Regarding #; as fixed,

snx (1, ) = s, 10t — 1 11+ 1) — Liysrysa it (11 — 12, 1 — 1) (7.2)

expresses the one-vertex characteristic s, X,EK '(t1, ) as the difference of two uniformly
bounded, non-negative, non-decreasing functions.
We extend our abbreviations from (6.19) to vectors and write

a=a" = (@) =@, a)") et. (1.3)

7.1 Truncated Two-Vertex Characteristic: Proof of Theorem 3.15

In this section, we prove Theorem 3.15. For any two-vertex characteristic y, note that z%‘ (a)
can be written in terms of two one-vertex characteristics as follows:

x(.),BP?

.BpM v
d@=z"" @), where p't)= Y ax(t].n—-Ty) =z (a2)
1€BPY)
(7.4)
(K

Similarly, we may evaluate the two-vertex mean mx” (a) via two one-vertex means:

ES) Prriy - X O .

m (@) =1, >™ (@), where py, ,(t}) =y’ (@) (7.5)

For this reason we first give estimates for the one-vertex characteristic x," (¢1, -) uniformly
in #1. In their statements, we rely on the function ¢ given in (3.30) and on the following

definition: i d
1) = / (eflyfz\ _ e—(y+z)) @ (7.6)
0 y

Proposition 7.1 Assume the hypotheses of Theorem 6.3. For every ¢ > 0 and for every
compact subset A C (0, 2), there is a constant Ko < 0o such that for every K > K there
exist constants K' < 0o and ny € N such that for n > ng, a1, az, by, by € A and ti >0,

K), ./
i w,
m,z

(@) —I(A(@))| <e

(Dt Ata Auy Auz] > K.

3 =Py Puy iy ¢(az/ar1)¢(ba/by)
thlfzulz 20 (a;, b)) - ————————— ,
log(1/ay + 1/b1)
(7.7
Moreover, for every K < oo, there are constants K" < 0o and n6 € N such that
Ky — Pirir Py by o
iy G < K7 My, G by < K, (78)

foralln = ng, 11,1, u1,up > 0and ay, a, by, by € A.

Note that n‘ié” ‘o, )(az) is asymptotically constant, instead of growing like s, as in The-

orem 3.13. This reflects the fact that x,\” itself is typically of scale 1/s,.

Proof of Proposition 7.1 The integrand in (7.6) can be bounded by 2e >*! if z < 1 and by

]l{y<1]26_z+1+]lb>1]e_|y_z|/y if z > 1. Itfollows that we may choose Ky < oo sufficiently
K

s e — e 0t ydy /1y — 1(2)] < < ge,forallz > 0,a € A, K > K.

Here, y again denotes Euler’s constant.

large that
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Applying Theorem 3.13 to each of the uniformly bounded, non-negative, non-decreasing

L)
functions in (7 2), we conclude that for every K < oo, . )(az) is uniformly bounded

and is within 1 36 of fo Spo (Gp)e*n (@)t K)(t t)dt 1fA (1)rp is sufficiently large, uni-
formly over a2 € A. Use Fubini’s Theorem and (6.12), write z = A, (az)t1 and substitute
% = x5 to compute

o0
f S () @1y B (1 1) dt
0

oo ~
= Sn / dﬂ:lK) (y) /0 ]l{ly_[i |St§)’+[i}}\'n (az)e_}\n((lz)t d[

14K /s ) . o
_s, / @) fu®—1f| _ e—xn<az)<fn(x>+zl>) di
I_K/Sn

(1K [s)™ o o
/ (e—m @) fu )=zl _ o= (n(@) f <x)+z>) CVs=1 gy (1.9)
(1=K /su)

Monotonicity, Condition 2.1 and (6.15) imply that A, (az) f,(X) — axe™Vx asn — oo,
uniformly over x € [(1 — K /s,)*, (1 + K /s,)**] and a» € A. Hence the integral in (7.9)

is within te of [ g (e~la2¢™"x =2l — e=(@¢"x42) gy /x for n sufficiently large, uniformly
inz > 0 and ay € A. Substituting y = ape™”x and using K > K, we obtain the desired

)
statements for ;" - (@2).
Pry.ap>Puy by (K)( ) .
For M 1o (ap, b 1), the statements for m (az) can be interpreted to say that

the characteristics oy, ,(-), o (-) are unlformly bounded and lie within %8 of the charac-

up ,bz
teristics I (A, (a2) -), I(An (by) ) if A, (1)t2, A, (1)uy are sufficiently large. It is readily verified
that 7 (z) can be written as the difference of two bounded, non-negative, non-decreasing func-
tions. We may therefore apply Theorem 3.13 to these characteristics. A calculation shows

that ~
f e l(rz)dz =¢(r), r =i (a@)/ (@), (7.10)
0

where ¢ is defined in (3.30). By (6.15), we have r — a3 /aj uniformly over aj, a; € A; since
¢ is continuous, this completes the proof. |

Proof of Theorem 3.15 Interchanging the roles of #; and 7, in (7.2) and using Proposition 7.1,
we can write p;, 3, in (7.5) as the difference of two bounded, non-negative, non-decreasing

functions and Theorem 3.13 yields that — o f’g (Zz) is bounded. To show (3.28), Proposi-
tion 7.1 allows us to replace p;, 3, in (7.5) by I(A,(az-)), making an error of at most &s,,.
Since I can be written as the difference of two bounded, non-negative, non-decreasing func-
tions, Theorem 3.13, (7.10) and the fact that £(r) — ¢(az/a1) uniformly, yield the claim.

_® K . =
For MFX:% (@, b), use (7.4) to obtain [similarly to (6.8)]

S P [ (@) (1) —2n (arh s()fxn A (b2) = (azh s‘2>
M;fﬁ”(a,b) = Euyby.a2b1 Z Z (@) +n(b1)—Ap(a1by)] [An(a2)+An (b2)—An(a2b2)]

J1=0 j2=0

. -
m,175;1> S<2>( )m —50,uz Sg)(b)), (7.11)
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where now (S“)) jand (S@) ; are independent random walks and (S(’)), has step distribution
Vaibi» i =1, 2 Applylng Lemma 6.6 twice and using the results from the first part of the
proof, we obtain the desired conclusions. |

7.2 The Effect of Truncation: Proof of Theorem 3.16

In this section, we control the effect of truncation and prove Theorem 3.16, by showing that
the remainder y, — x." has a negligible first moment.
We will write x, = [ d,(y) Wy, where

Wy (1, 2) = Lt —n|<y.n+n2y)- (7.12)

The same is true for X(K) and M(K) so that, by (6.12) and the substitution X = x /s

1-6
VIRV C. O RN 0 W -
sn_lmi(" () = / Sy U2 n® Dydx
7 0 7

(=K /s poo Vi
+ / + / sy 2z MO (Dx /o dx
(130" (K fsn)n

=lo+ 1 + b. (7.13)

We must therefore show that Iy, 11, I are uniformly bounded and can be made small by

making K and A, (1)[#] A 12] large. To this end, we will bound the two-vertex mean V;l;py (T)
in terms of one-vertex means. Abbreviate

n'(r) = Tio<r<q)- (7.14)
Lemma7.2 Foranyy € (0, 00),
_Wy - 1 o D) @y
m;'(l)E;[/ PO ]~ (mf,—, (Ddr
0
Yo - @ )
+/O et (D0 r)( (D), (1)+ . H,(l) g, (1))dri|. (7.15)

Proof Note that
I [ y
vy < ;[/0 Ly rqoypdr +/0 (Lty—r,y+r1x[0,71 + ]l[o,r]x[y—r,wr])d”] (7.16)

since, for any 7 for which W (?) > 0, the measure of the sets of parameter values r for which
7 belongs to the relevant rectangles is at least y in total. Then the identities m ,1[“ Pled) @y =
a,b d
t,[ Hay )m,; '(az) and
,,(d o

]l[cd l(a) = e (@ (@) (7.17)

complete the proof. |

Using Lemma 7.2, it will suffice to bound the one-vertex means m, (1) We will use
different bounds depending on the relative sizes of g, ¢ and f,(1), as in the following lemma:
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Lemma 7.3 There is a constant C < oo such that, for n sufficiently large,

" (1) < Csp forallt,q >0, (7.18a)

Al (1) < Csnw 1> full =150, q <, (7.18b)

@ q+5uful—80)

mi (1) scm ift < fu(l), q <45t (7.18¢)

w2 g < fu), 120, (7.184)
1 - fa (@)

Proof Theorem3.13and |n|| = 1imply (7.18a). For (7.18d), use the representation (6.7)
and note that, starting from the first index J for which n?(t — §;) # 0 (if one exists), the
total number of indices j for which n®? (r — ;) # 0is stochastically bounded by the waiting
time (starting from J) until the second step where ¥; > g. Then P{(D; < q) < fn_] (9)
proves (7.18d).

For (7.18b)—(7.18c), we employ a size-biasing argument on the jump sizes D;. Fori < j,
write S}’i =3 <k<j ki Dy. We can therefore rewrite (6.7) (noting that the term j = 0

vanishes) as
)

oo
A ()= 2= g [ D Di
(D—ZZ ( i E( 5 S D fra-s =S|
(7.19)

We split according to whether D; > f,(1 — §p) or D; < f,(1 — 8p). For any measurable
function 2 > 0, (6.9) and Lemma 4.2 imply

. 1 _
E; <ek”(l)D’ Dih(Di)]l{Di>_fn(l—50)}) < a)is/h(y)fn '(n)dy. (7.20)

On the other hand, E; (e*" V2 D;h(D;)1(p, < f,(1-8y))) < max {yh(y): y < fu(1 —80)} by
(6.9). Consequently, writing x™ := x Vv 0,

£0Sn

> J . il =S, 1 fu(1 = 80)
7)”,(1)(75 n N n 0
S I e e k=l |

o j 1
=2y Y5 (e_k"“)(’_y Y157, 20) {q}[() + f0 —aO)D (7.21)

oo A —
rh”(q)(l) < ZZEl oA (DE=587 ) g 1 /t S o dy + Jn(1 = 30)
! T s [’_S}.IZO} (1—q=8; )* Sty t—gq

Jji= €0Sn

j=li=1

since —log(l — x) < 2x for x € [0,1/2] and ¢ < %t. To obtain (7.18c), we note that
Pi(S}; <) < £ 1)/, as in the proof of (7.18d), and therefore

_ (q)(l) SC,qf,l () +S5ntfn(1 50)2 it (t)j L (7.22)
n _] 1

and fn_l(t) < fn_l(fn(l)) = 1 completes the proof of (7.18c).
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Finally, to prove (7.18b) we now reverse the argument that led to (7.21) by reintroducing
aterm D;. By (6.12),

1 1
o s Sa (I —1/sp)
f Vil fandin (i) = / fu(®)d3 = / Sa(l=1/sp)dx = =,
0 1—1/s, Sn
(7.23)
so that Eq(eDPiD;1p <r 1yy/fu(1 — 1/s,)) > 1/s,. Abbreviate p(u) = Lo
[qf,7 ) /€0 + su fu(1 — 80)]. Note that p is increasing and that on {D; < f, (1)} we have
t— S;‘,i <t—S;+ fu(). Continuing from (7.21), we estimate

23 (DG—S,) , o Di
Y < - ;; ( TN p -8 OE (eA “)D’mﬂwisml)}»
23 A (D)(=S)) Di
S;g; ( o+ fu(l) — S)m)

2t (1) 20 S
_ 2etM E =l +fa(D=S)) ;4 H—5)H-2L
fn(l_l/sn)z l(e o+ fu(l) S;) "

2C)Ln(1)fn(1) t+f (1) p (1)
- fn(l —1/sy) PR AC)

(7.24)

where in the last inequality we have used that p(r + f,(1) — S;) = 0if §; > ¢ + f,(1).
As in the proof of Theorem 3.13, we use Lemma 6.9, Theorem 6.3 and the definition of p to
obtain

my . (1) < 0() /0 sndn (e Do () du
= O(Sn)[si /wxn(l)e—*n“)uf;l(u) du + sy fr(1 — 50)]. (7.25)
0Jo

By Condition 6.2, we have f,~'(u) < (u/f,(1))"/%0% for u > f,(1). Changing variables
and using that egs, > 1 for large n, we obtain

oo oo
| re O du < 1 [ f e 0RO
0 0

1
du=14+ — =0(1 7.26
“=tts oo - oW (7.20)

according to (6.15). Hence mt+f 1 (1) = OC(sp)(q + su fu(1 — 8p)). The other factors in
(7.24)are O(1/ f, (1)) because of (6 15) Condition 2.1, and the assumptiont > f,(1—1/s;).
This completes the proof of (7.18b). m|

To make use of the bounds (7.18c)—(7.18d), we note the following consequence of Con-
dition 2.2:

Lemma 7.4 Suppose without loss of generality that the constant 8y from Condition 2.2 sat-
isfies 8o < 1. Then there exists C < oo such that, uniformly over f,(1 — &) < u < f,(1),

f71

(D) /u). (7.27)
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Proof 1t suffices to show that x < 1 — (Cs,,) ! log(fu(1)/ fu(x)) for1 — 69 < x < 1,1i.e,
that log(f,,(1)/ fu(x)) < Cs,(1 — x). But Condition 2.2 implies that log( f,,(1)/ f(x)) <
gy Us, log(1/x), as in the proof of Lemma 4.1, so a Taylor expansion gives the result.

Proof of Theorem 3.16 We will show that each of the terms Iy, /1, I in (7.13) is uniformly
bounded, and furthermore can be made arbitrarily small by taking K large enough (for /; and
I) and X, (1)[t; At2]large enough (for Ip). We begin with the term I [i.e.,x > (14+K/s,)"].
Lemma 7.2, (7.18a) and (6.15) give

2 n (%) 2
o 1) < 0(sy) |:/°O e—z,\n(l)rdr+2/f ! e—/\,,(l)(f,,(i)—r)dr:| _ 96 )
0 0

d T fu(X) fa(X)
(7.28)

By Lemma 4.1, f,(X) > f,(1)x® for x > 1, so that I, < O(1) f(ﬁmmm xl/s=eo=1 gy
Since f 100 x~90~ 1 gx < oo, itfollows that I is uniformly bounded and can be made arbitrarily
small by taking K, and hence (1 + K /s,)*", large enough, uniformly over 1, #,.

For 17, we again start by estimating nﬁ;py (1) where y = fup(X)withx € [1 =380, 1 — K /sp].
Suppose for definiteness, and without loss of generality by symmetry, that #; < 5. Split the
first integral from Lemma 7.2 into the intervals [0, 11 — f, (1 —1/s,)], [t1 — fu(1 = 1/s,), t1 —
4y]and [t; — 4y, t1] (noting that the integrand vanishes for » > ¢;) and denote the summand
by 6}'(y), 6}*(y) and 6,°(y). The second summand in Lemma 7.2 is called 6}*(y). The
corresponding parts of /1 are denoted by /1, ..., [14.

We first estimate 6,°(y) and 6}*(y). Since f,(1 —8p) <y < ful = K/sy) < fu(1),
(7.18d) and Lemma 7.4 give

n

1 2 2 y 2 2
g3 g4 < — / —— ) d / 2 d
"m+”M<Jnm“—ﬁWQr+ol—ﬁWM—ﬁer]

omy  _ 06

< — < . (7.29)
(L= fa ON* "~ (log(fu(1)/y))

According to Lemma 4.1,y = f,(X) < f,(1)x®*0 forall | —§p < X < 1. Substitute x = e™*
to obtain

(1=K [s,)"" 1

o0
1
- l/sn_l .
X dx < 0(1 du. 7.30
1—80)sn (log(1/x0))? = 0( )/;< u? (730)

I3+ 114 < 0(1)[
(

Hence /13 + 114 is uniformly bounded and can be made arbitrarily small by taking K large.

For0}'(y),r € [0, 11 — f(1 — 1/s,)] implies t —r > t; —r > fu(1 — 1/s,) and since
2y < 2f,(1 — K/sp) < %fn(l — 1/s,) for large n by Condition 2.1, we can apply first
(7.18b) and then (6.15) to obtain

IA

| pn—Fa=1/s > 1= s0)82
9}/1[1()]) 7/ e*Z)Ln(l)r O(S}%)( y+snﬁl( O)) dr
yJo Ju(D)

(v + sn fu(1 = 80))?

— O(s?
6= 5D

(7.31)
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Using that (@ + b)?> < 2(a*> + b?) for all ¢, b € R and that f,(¥) < f,(1)x® and, for
x € —=560,1—K/sp), fn(x) > fu(1—25p), we obtain

(=K o safa(l =807 1,
1 0(1 n /Sn ld
“S/Q_W G TR A oy S

1=K /sp)* 1—K /s,)n
- 0(1)[/( K /sn)® oo+ /s ldx—i— 5 fu(l = 80) (1—K /sp) xl/snfldx].
N (1=80)%n Sa(D) Ja—spym

(7.32)

The first summand is bounded and can be made arbitrarily small by choosing K large. The
second summand is arbitrarily small for large n uniformly in K since f,(1 — o)/ fn(1) <
(1 —680)%0 = o(s, 3) according to Lemma 4.1.

For 0}*(y) we substitute u = f; — r to obtain

l Ju(1=1/sy) 2y)

0},1[2())) — ,/ e~ (D1 —u) —n(2y>(1) 72 ),I_H,(l)du (7.33)
Y Jay

We consider the two cases t, — t1 > f,(1)/2and 0 < 1, — t; < f,(1)/2 separately. First

th—t > fu(1)/2. Thentr —t; +u > f,(1)/24+4f, (1 =68) > f,(1—1/s,) for sufficiently

large n. Hence (7.18b), (7.18c) and Lemma 7.4 yield

670) < 1/"‘"(“1“">0( 2t sfull=d0) 2y +sifu=80)
Y Jay spu(l — il (u))? Ja(D)
— 2 fn(l l/Yn)
< 0(s§)(y+snﬁ’(l 30)) / 1 _ du
yfu(1) 4y u(log(fn(1)/u))
_ 2 )
< o) b 50))/ L 730
yfa(1) 1og( fu(1)/ fr(1=1/s5,)) §

where the lastintegral [in which & = log(f;,(1)/u)]is O(1) sincelog(f,(1)/ f,(1—1/s,)) —
1 as n — oo. Hence, in the case 1o — 11 > f,(1)/2, we have the same bound for 6,*(y) as
for 611 (y).

Now let tp — 1 < f,(1)/2, and abbreviate u’ = t; — #; + u. Recalling that f,(1 —
1/sp)/ fu(1) = e, wehaveu' < f,,(1)/2+ fu(1—1/s,) < lg—ofn(l) for large n, uniformly
overu < f,(1—1/s,). We firstapply (7.18c) to both factors in (7.33) and then use Lemma 7.4
to obtain

elz(y) - l /‘fn(l—l/sn) ol 2y + sy fu(1 = 80) 2y + sp fu(1 — 80)
n - y 4y Snu(l — fnil(l/l))z Snu/(l _ fn—l(u/))z
— 2 Ju(1=1/sy) 2 )
- 0(1)w/ " 2 - 5 du.
Sy 4y u(log(fn(l)/u)) “/(log(fn(l)/u’))
(1.35)

In (7.35), we have u’ > u, and we are particularly concerned with the case u’ = u. The
function u’ — (u’/ f,,(1))(log( f,,(1)/u’))? is not monotone over u’ € [u, l%fn(l)], but it is
increasing over (0, % f,,(l)) and bounded from zero and infinity over [11—0 fa (D), % fa (1)].
We may therefore find a constant ¢ > 0 such that u’(log(fn(l)/u/))2 > cu(log(fn(l)/u))2
whenever u < u’ < % fn(1). The bound (7.35) may therefore be simplified to

(y + su fu(1 — 80))? /fn(ll/xn) o .
Y 4y u?log(f (1)/u)*

02(y) < O(s2) (7.36)
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and an integration by parts shows that

(v + 5u fu(1 = 80))?
y2(log(fu(D)/yN*

Inserting the bound (7.37) into /17 and using again (a + b)? < 2(a? + b?), we conclude that

(7.37)

6,2(y) < O(s2)

o) x/s =gy, (7.38)

(1-80)n Ja(®)2(og(fu(1)/ frn())*
Recall from Lemma4.1 the bounds f, (X) < f,(1)x® and f,, (1—80p) < f,,(X)((1=30)/X)c0%.
We split the integral for the second summand in (7.38) at (1 —809/2)*". Forx > (1 —§¢/2)",
fu(1=80) < fu(X)(1—=58")*0% forsome s’ € (0, ). Forx < (1—80/2)",log(f(1)/ fu(X)) =
golog(1/x) > cs, for some ¢ > 0. Hence

s | =K/ @52 (]~ bo)

(1=K /sn)™ |
—_dx
1—soyn  x(log(1/x))

(1-80/2™ 27 (| _s
+0(1)/ Safnll— 40) X1t
- so)w Sa(X)=s

Ir < 0(1)<1 +s3(1 — 5/)805,1)/

(1=d0/2)"

1

<oQ - _dx+0(s? 1 — 8g) %08 x~ 17280 gx.,

= ()/o *og(/my ¥ O b )/(1750)“’" (oo
(7.39)

The first summand in (7.39) is bounded and can be made arbitrarily small by choosing K
large, while the second summand is arbitrarily small for large n uniformly in K. We have
now handled all four contributions to /.

Finally, for Ip, lety < f,, (1 —8p) and note that W (¢{, -) = Lot -yt 91 = Ll —yy* 4010
where (f] — y)* := (t] — y) v 0. From (7.17) and (7.18d) it follows that

@} +y=e{-»™)

‘I’ (G (D] =9)F =0
D) S g pase OGS
2
= PR OM) 10,1+ f, (1)), (7.40)
{=1—f.01 80)}1_fn Qfdl —80)) [0,22+ fn (1—=80)1 11

and therefore 11_1;}y (I) < O(sy) by (7.4)—(7.5) and (7.18a). We conclude that [ is uniformly
bounded. To show the smallness, we sharpen the bound (7.40) when ¢ is far from #, by using
(7.18b) instead of (7.18d), to obtain for , > t{ + fu(1 —380) + fu(1),

_ ‘I’y(ll (r +y=(]-»)

(1) < 2y + sp fu(1 = 80) fn(l )

)
1)<O0 - =0
oty (D= 06025 KON
(7.41)
Combining (7.40)—(7.41), we have iz, heaut )(1) < O(sz)f"(1 50)—{-0(1)1{,2 —2fu(=<t] <2+ fu (D)}

Applying (7.4)—(7.5), (7.17), (7.18a) and (6.15) we conclude that

na?"(l) < 0(s )f" ) 4 O (s,)e (D2 (7.42)

fn(l)

and consequently /o may be made small by taking 7, large. |
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8 First Points of Cox Processes: Proof of Theorem 3.29

Let X denote a topological space equipped with its Borel o-field and let (P,),>1 be a
sequence of Cox processes on R x X" with random intensity measures (Z,),>1. That is, there
exist o-fields .7, such that Z, is .%,-measurable and, conditionally on .%,, P, is a Poisson
point process with (random) intensity Z,. For instance, Theorem 3.27 expresses the first
passage distance and hopcount in terms of the first point of a Cox process. In this section,
we determine sufficient conditions to identify the limiting distribution of the first points of
‘P, based on the intensity measure at fixed times 7.

This section is organised as follows. We start in Sect. 8.1 with preparations of convergence
of Cox processes. In Sect. 8.2, we use these results to prove Theorem 3.29.

8.1 Preparations: Weak Convergence of Cox Processes

We will write P, ; for the measure defined by P, ;(-) = P, ((—00, t] X -), and given a partition
fo < --- < ty we abbreviate AP, ; = Py, — Pn,y_,; similarly for Z,, ;, AZ, ;. Write ||
for the total mass of a measure (.
Define
Tox =inf {t: |Pus| >k}, (8.1)

and let A,  be the event that 7), ; ¢ {£o0} and ’PI’I,Tn./ = j,forj=1,...,k Thatis, A, «
is the event that the points of supp P, with the k smallest ¢-values are uniquely defined. On
An k. let X, ¢ denote the unique point for which P, ({T,k} x {Xnx}) = 1, and otherwise
set X, x = T, an isolated cemetery point.

We will impose the following conditions on the intensity measures (Z,),, expressed in
terms of a probability measure Q on X and a family H of measurable functions #: X — R.

Condition 8.1 (Regularity of Cox process intensities)

(a) Foranyt € R and forany h € 'H,

/ hdZ,, — |zn,,|/ hdQ — 0. (8.2)
X X
(b) For each e > 0, there exists t € R such that
liminf P (| Z,,| <€) > 1 —e. (8.3)
n—0o0 -

(¢) Foreach e > 0, there exists t € R such that

liminf P (|Z, 7| > 1/¢) = 1 —e. (8.4)
n—o00 ’
(d) Foreache > 0 and eacht < t, there exists a partitionty =t <t < --- <ty =1 of
[z, 7] such that
al 2
lim inf P (Z |AZ, | < e) >1—e (8.5)
i=1

We make the convention that any function /4 on X is extended to X U {f} by h({) = 0.

Proposition 8.2 Suppose that Condition 8.1 holds for a probability measure Q on X and
a family 'H of bounded measurable functions h: X — R. Then, for each fixed k € N,

P(A, k) — 1, the collection {(T,,J)I;:l ne N] of random vectors is tight, and
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]_[g,(Tn,)h (Xnj) | Fu | —E Hg,(Tn,) Fn H/h dQ —>0 (8.6)

j=1 j=1

for all bounded continuous functions g1, ..., gx: R — Randall hy, ..., hy € H.

Theorem 8.3 Suppose Condition 8.1 holds when either

H is the family of all bounded continuous functions on X
X =R? and H is the family of functions h(X) = e’ff forg eR?; or

X =[0,00)! and H is the family of functions h(X) = e 5% forg‘ € [0, c0)? .
Then

(a) the random sequence (X, ])Oo_l converges in distribution [with respect to the product

topology on (X U (DN 10 a random sequence (X ;)2
with law Q;
(b) the sequence (X, j)?ozl is asymptotically independent of F,;

iy where the X j are independent

(¢c) the collection [(Tn j)k ‘n € N] of random vectors is tight; and

(d) if (T}, X ;)52 is any subsequential limit in distribution of (T, j, X, /)/ |» then (Tj);?';l
and (X ) j)j= are independent.

Proof of Theorem 8.3 assuming Proposition 8.2 Because of the product topology, it suffices to
consider finite sequences (7, /, X, /)]; | for a fixed k € N. Applying (8.6) with g;(t) =1
gives the convergence of (X, /) .- The independence of (Tj)/‘_1 and (X )" _ follows from
the product form of (8.6), and the asymptotic independence of X from 7, follows because

of the conditional expectations in (8.6). O
We first prove the following lemma. Given 7y < --- < ty, write B, ; for the event that
there exist (random) integers 1 < I} < --- < Iy < N with |A73,,,1j| =lforj=1,...,k

and |77n,¢,k | = k. (That is, By, x is the event that each of the first k£ points of P, is the unique
point in some interval (#;_1, ti]. In particular B, y C Ay k.)

Lemma 8.4 Assume Conditions 8.1 (b)—(c). Then, given ¢ > 0 and k € N, there exists [t, 1]
and a partitiont =ty < --- < ty =1t of [t, 1] such that liminf,_, o P(B,x) > 1 —¢e. In
particular, P(A, 1) — 1.

Proof Given a partition ¢t =ty < --- < ty = t, the complement By , is the event that
P, contains a point in (—oo, ], fewer than k points in (—oo, 7], or more than one point
in some interval (¢;_1, ti]. By Conditions 8.1 (b)—(c), we may choose ¢, ¢ such that the first
two events each have probability at most ¢/3 for n large. Since P ( |A73,,,," >2 | Zn) =

1—e18Znil(1 + \AZn,i]) < ]AZ,,,,- 2,

Condition 8.1 (¢) gives a partition of [¢, #] such that

the third event also has probability at most /3 for n large. |
Proof of Proposition 8.2 Fix any ¢ > 0 and bounded, continuous functions gi, ..., g-
Choose 7p < --- < ty as in Lemma 8.4. By taking a refinement, we may assume that

|gj(t) — gj(ti)| < &foreacht € (ti_1, 1] and each i, j. Define (1) = t; if ti_; <1t <1
and vy (¢) = 1y otherwise, and set g; = g; o V. Partitioning according to the integers /;,

ngnkl'[g,m,)h (M,)—annk [i= }Hg,o,,)/ hj APui;,  (87)

j=1
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where the sum is over i € N with 1 <i] <--- <ir <N, and we write [ = Iy, ..., I).
Observe that a Poisson point process P with intensity p satisfies E(Lypj=1) [ hdP) =
e~ [ hdu. Consequently,

k

Bu k 1_[ n,j)hj(Xn,j) yn = 267

k
Zl‘l/'

T ngj(tij)/;wthZn,ij. (8.8)
j=1

Apply (8.8) twice, with the original /2 ;’s and with the constant functions h j(x) = f h;jdQ,
to get

E|( 15, Hg,(Tn,)h (X)) — Hg,(r,,,)/h a0 ||,

Jj=1 j=1

k k
Z”"‘*‘ ngj(tij)th AZy i, _ng(tij)‘AZn,ij|/thdQ . (89
=1 j=1

:Zef

The right-hand side of (8.9) is bounded (since g;, h;, and |AZ,,,,<j |e7‘AZ’“'j| are bounded)
and, by Condition 8.1 (a), converges to 0 in probability, and hence also in expectation. By
the choice of the partition, |g; (T}, ;) — gj(T,,,j)‘ < eon By andlimsup,_, ., IF’(BZ,k) <e.
Now let (F},), be a uniformly bounded sequence of R-valued random variables such that F;,
is .%,-measurable. Since all the functions involved are bounded, there exists C < oo such
that

k k k
timsup |E | F, [ [ & (Tu)hj (X j) | =B | Fu [ ] &i(Tnp) ]_[/ hjdQ| < Ce,
oo j=1 j=1 j=17%
(8.10)
which completes the proof. i

When X = RY, another natural family is H = {h()?) = eg';‘ : é’ c R4 ] However, these
functions are not bounded, so it is necessary to modify the argument of Proposition 8.2 and

Theorem 8.3. Recall from (3.54) that we write R for the moment generating function of a
measure R on RY.

Proposition 8.5 Ler X' = RY. Suppose Condition 8.1 holds when H is the famlly of functions

h(x) = 6% for £ € RY, |E| < &8, where § > 0 and Q(F) < oo for all |E| < 8. Then the
conclusions (a)—(d) of Theorem 8.3 hold.

Proof Fix any ¢ > 0,k € N, gy, ..., g bounded, continuous functions, and choose 7y <
- < ty as in Lemma 8.4. By taking a refinement, we may assume that t; — t;_; < ¢.
Let C, be the event that Z,, ;, (§0) < |Z,,,,,.| Q(&y) + e foreachi = 1,..., N and for each

50 € {8/\/3, —S/ﬁ}d. By Condition 8.1 (a), P(C,) — 1. Let X; be independent random
variables with law Q, and define f(n ,j = Xu,j on B, N C, and f(,, .j = X otherwise.
Recall the notations 1/f(t) g (t) from the proof of Proposition 8.2 and set T, =T ).
Seth(x) = e‘?J X for ||$ illoo <8/ Jd. d. By the argument of the previous proof, this time using
that the X,,’] have law Q on (B, x N C,)“, we find
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]_[g,(Tn DX ) — H g (Tn ) OE)) | o

j=1

Zus| Hg,-(n,)ﬁn,,-j(é’j)—Hg,-cz,-,)|Azn,,-,.\Q(%,-) . (811

j=1 j=1

=1c, Ze_
i

By Condition 8.1 (a), the right-hand 51de of (8.11) converges to 0 in probability. Moreover,
by the bound efl <>Y: Eoe(ds/Va ¢50% and the choice of C,, it is bounded as well. Hence
we may repeat the argument from the proof of Theorem 8.3 to find that (T,, s X n,j)j satisty
the desired conclusions. But by construction, liminf, o P(X,, ; = X,, o1 Tn,j — ,,,~,| <

g) > 1 —e. Since ¢ > 0 was arbitrary, it follows that X, ; and 7, ; themselves have the
same convergence properties. O

8.2 Convergence of First Point of Cox Processes: Proof of Theorem 3.29

In this section, we use the above conditions for convergence of Cox processes to prove
Theorem 3.29:

Proof of Theorem 3.29 For any ¢ > 0 we may define

t(e) =max {t € Z,t < —1/e: q(t) < &*}, (8.12)
7(e) = mm[z €Z,t > 1/e: lminf P(Z},| > 1/¢) > 1—8}, (8.13)

K/ (&) = min {Iq € N: liminf P (]E(|z“’9 ‘gﬂ) < 2q(?(e))) >1—¢forall K > kl}
n—00 n,i(e) n

vmin {ki € N: liminf P (E (|2)%) || #) =) = 1 — e forall K = k],
n— 00 n,t(e) n
(8.14)

by lirn,%,Oo q(t) = 0, assumption (b), (3.55) and (3.57), respectively. Given any ¢ > 0,
let &’ € (0, &) be arbitrary. By construction, 7(¢') < f(¢g), so taking K = K (¢’) shows that

E ( } n.F(e) | ‘ ) is uniformly bounded apart from an event of probability at most 2’ +o0(1).

Since ¢’ was arbitrary, it follows that ‘Z* - ’ is tight as n — 00, so we may define
n,t(e)

zo(¢) = min {z e N: limsupIP(|Z:;(6)| <z)>1-— 8} . (8.15)

n— oo

Fore > 0,t,u € R,g € R?, let Ko(e, t, u, é') denote the smallest integer exceed-
ing K1(e) such that (3.55)—(3.57) hold with probability at least 1 — ¢ for K > Ky(¢)
and n > no(K,e,t,u,g‘). Let Ko(¢) and ng(e) denote the maxima of Ko(e,t,u,g)
and ng(Ko(e), e, t, u, 5), respectively, over all numbers 7, u € [f(¢),t(¢)] and &,& €
[—1/e, 1/¢] that are dyadic rationals of the form i2~¢ (i € Z, £ € N) with £ < 1/e.

The hypotheses imply that Ko(¢) and ng(e) are finite for each ¢ > 0. Moreover, by
construction, 7(¢) — 00, t(¢) — —oo as ¢ | 0. Therefore, by letting ¢ = g, decrease
to O sufficiently slowly as n — oo and setting K = Kp(g,), we can assume that Z} =
Z + 7/ where
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E(25®|7) = a0 0@, (8.16)
/(K) 1(K)

E(( @ |z y y> N w1
a00E 9w

(|Z//(K>| | 5\/) l) 0, (8.18)

whenever ¢, u, &1, & are dyadic rationals.

Let P/, P! denote the Cox processes with intensity measures Z,*’, Z,™, respectively.
For any fixed 7 € R, (8.18) implies that the first point of P does not occur by time 7 with high
probability. By Proposition 8.5, it therefore suffices to show that Zy® satisfies Condition 8.1
for the family of functions h(X) = €57, £ e R2.

Applying Chebyshev’s inequality to (8.17),

11(K)

2\ @) - ( Q(E)IZ;(KJILO (8.19)

(a continuity argument extends the convergence from dyadic rationals to all ¢, u, g? ). Taking
t=u veriﬁes Condition 8.1 (a). For Condition 8.1 (b), fix ¢ > 0 and choose ¢ € R such that

g(t) < L2 Then (8.16) implies thatE( Z/%

7n ) < %82 whp, and Markov’s inequality

implies that IF’(‘ ;{’?‘ > g‘ 7, ) < le Whp. Condition 8.1 (c) follows from (8.18) and
assumption (b) in Theorem 3.29.

Finally, lete > 0 and acompactinterval [¢, f] be given. Expanding the interval if necessary,
we may assume that ¢, 7 are dyadic rationals, and, decreasing ¢ if necessary, we may assume
that ¢ < 7(¢). Since ¢ is continuous and non-decreasing, we may choose a partition #y <

- < ty of [¢, 7] consisting of dyadic rationals such that

N 2
Q(zi) &
; <‘I(ti71) - l) = 4z0(e)2" (8.20)

[it is enough to choose the partition finely enough that max;(g(t;) — q(ti—1)) <
q(1)/420(2)*q(D)], and bound

N
(1) )

=3 (121 2 ()

i=l q(ti-1) q(ti-1)

N 2
ti ti

(172~ 2z, 1) 2 (1)

q(ti-1) q(ti-)

2 a 1K) q(t) 7/
+2Z<!Zn,t,- i \) (8.21)
i=1

Z ‘AZ“K)

7

i=1

e
S [
270(8)?

*
n,t(e)

The latter sum is op(1) by (8.19) with 5 = 6, and the remaining term is at most /2 on the
event {|Z* () | <20 (e)} This event has probability at least 1 — & — o(1) by (8.15), which
completes the proof. O
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9 Moment Estimates and the Cluster After Unfreezing

While most other sections did not rely on the companion paper [21], in this section we do
heavily rely on it. In particular, we make use of [Part I, Theorem 2.15], [Part I, Lemma 2.18],
[Part I, Proposition 2.17] and [Part I, Lemma 6.4].

In this section we study B; for ¢ > Tynsr, when the cluster resumes its CTBP behaviour.
We will use moment methods to prove Lemma 3.32 and Theorem 3.31, completing the proof
of our results.

This section is organised as follows. We start in Sect. 9.1 with some preparations con-
cerning frozen intensity measures. In Sect. 9.2, we investigate the volume of the cluster after
unfreezing and prove Lemma 3.32 (a). In Sect. 9.3 we use second moment methods on the
collision edges to prove Theorem 3.31. In Sect. 9.4 we show that the collision edge whp
does not originate from the frozen cluster, but rather from one of its descendants, to prove
Lemma 3.32 (b). Finally, in Sect. 9.5, we study the freezing time and frozen cluster and use
this to prove Theorem 3.18.

9.1 Preparations: Frozen Intensity Measures

We introduce the frozen intensity measures

du () = Y Tpsoua(Ty — To +dy). ©.1)
veB?

Recall that the notation 1 (fg + dy) denotes the translation of the measure p by #o; thus (9.1)
means that, for a test function 47 > 0,

f hdpl ) = Y / g, 0= = T) . 9.2)

B(])

Lemma 9.1 Almost surely, for j = 1,2,
sn < / e M WVdp e (v) < sp+ 1. 9.3)

Proof By (9.2),

- . (=11
[emainm=3 [ O ). 0

ve B(/)

The expression in (9.4) is the value of the process ) veBp? ftooT e nO==TDgy, (y) from
Definition 3.17, stopped at t = Tf(r/  (recall that B(’ )= BpY i ))- Since (1, has no atoms, this

process is continuous in ¢ except for jumps at the birth tlmes and since the birth times are

distinct a.s., the corresponding jump has size fo e *¥du,(y) = 1. By definition, Tfr

the first time the process in (9.4) exceeds s, so it can have value at most s,, + 1 at that time.
|

For future reference, we now state a lemma, to be used in Sect. 9.3, showing that most of
the mass of the frozen intensity measures M(/ *.comes from small times:
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Lemma9.2 Let 5,8’ > 0and ay > 0 be given. Then there exists K < 0o and nog € N such
that, for all a > ag and n > ny,

— 1/sn i
]P’(/e @Y LG =K A (9) > 8sn> <4, 9.5)

Proof Let ¢ = ape™” /2, where y denotes Euler’s constant. Using the definition of ui{ffr
from (9.1), the monotonicity of A, (-) and (6.15), we obtain ng € N such that for all K < oo,

a > ap and n > no,

/e”"(“”’ﬂ{xna)yzK}dMifffr(Y) = /fgy/f"““{yzKﬂ(l)}#n (T3 = Ty +dy).
UEB:{)
(9.6)
According to Lemma 4.4, for any ¢’ > 0 we can choose some K < oo such that, after
possibly increasing ng, the right-hand side of (9.6) is bounded from above by |B(’ ) | &' /sy
Since ’B(/ )‘ = OP(SZ) by Theorem 3.18 (b), the proof is complete. O

9.2 A First Moment Estimate: Proof of Lemma 3.32 (a)

In this section we show how to express B; \ Bf, t > Tynfr, as a suitable union of branching
processes. This representation leads to a simple proof of Lemma 3.32 (a). We will also use
it in Sect. 9.3 to prove Theorem 3.31.

Consider the immediate children v € 9By of individuals in the frozen cluster Bg.. Then,
for ¢’ > 0,

_ (v)
Br v\ By = U [owiwenpy TF} , 9.7)
veEI By : T <Tunfr+t’

where B P denotes the branching process of descendants of v, re-rooted and time-shifted
as in (6.1). Furthermore, conditionally on By, the children v € 955 appear according to a
Cox process. Formally, the point measures

(j)
nuntr_ Z 8]‘5 Tunfe, BPW)) 9.8)
veaBY

form Cox processes with intensities dpcif’)fr ® dP(BP"V € .), j = 1,2, where the frozen

intensity measures M;j )fr were introduced in (9.1).

Proof of Lemma 3.32 (a) By Theorem 3.18 (b), the volume | B¢ | of the frozen cluster is Op (s,%),
and this is op( /ns,) since n/s3 — 00. It therefore suffices to show that |B;\Bfr| =

Op(/nsy) when 7 = Tynge + A, (D)7 (4 log(n/s3) + K).
Abbreviate 1" = 7 — Tyngy = Ay ()™ (3 log(n/s3) + K). By (9.7)~(9.8),

(v)
B\ B | = Z tlf;:ml‘r TB(I) - Z/ ’<’}Zz’ t(l)dP:lILnfr(t’bp)’

ved By : T <Tunfr+t’
9.9
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so that, by Theorem 3.13 and Lemma 9.1, there exists a K’ < oo such that for sufficiently
large n,

E ( |Br\ Br| | Brr) = Z / <™ D m L (Ddp ()

n ok —da (D1 7, () K [
< /ge 2}/ 1< K sne M dun’yfr(t)fK’e lgsn(sn—i—l).
]:

(9.10)

Markov’s inequality completes the proof. i

9.3 Second Moment Estimates: Proof of Theorem 3.31

In this section we prove that P satisfies the assumptions of Theorem 3.29. Namely, we will
split p, = M(K) + (un — ,uﬁ,K) ) into the truncated measure and a remainder, as in Sect. 7.
This induces a splitting of the intensity measure into Z, X’ + Z,®’, and the hypothesis (a)
will be verified using the estimates for the two-vertex characterlstlcs x5 and x, — x\F
in Theorems 3.15 and 3.16. The remaining hypothesis (b) will be proved using a separate
argument.

Throughout the proof, the times ¢ and t* are related as in (3.60), and we recall from (3.54)
that, for a measure Q on R?, we write 0 for its moment generating function.

Proof of Theorem 3.31 Since P} is the image of a Cox process under a mapping that is mea-
surable with respect to By, it is immediate that it itself is a Cox process, and its intensity
measure is

Zip= ) Y hn(ARun RIO=Ry (TE)+Ro0=R2 (T5 )80y oy
vieBMBY veBP\BY
©.11)

where we recall |v|* from (3.59) and |v ;i |* denotes |v|* for BY. In the above sum, Tvlj > Tunfrs
so that Ry (1) — Rj/(T%) =t — T, whenevert > T,0, j, j’ € {1, 2}, and, recalling (3.49),
ARy v, = |TE -

We begin by expressing Z7 .. (§) as a sum of two-vertex characteristics. As in (9.7), any

vertex v/ € B, \ By is descended from a unique vertex v = p‘"‘fr (v") € 0By and can therefore

be written as v’ = vw for some w € BP;”_)TB. Hence ‘v" — ‘p““fr(v’)’ = [vw| — |v| = |w].
v

Thus

Z; . (6)

)R I S

v €0 By wleBP(U') vzeBB()wzeBP(‘2)
”l Tv2

&1 lwyl + &2 |wa| d)n
e Sl 1 3
( log(n/s;) —Gte; Og(n/sn))
x I’L” (| viw] Tvlzng Tvl?wl +1— Tvljwz) (912)
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We note that TUBw = Tvlj, + va]? ), where Tii)vjj  denotes the birth time of w j in the branching
process B P/ deﬁned in (6.1). (Note that Tvlj > Tunfr, so that freezing plays no role after

Tvlj_ and we need not consider 7’5 .) It follows that

(| viwg

B B B (vy) B (v2)
Tv1w1 +1= Tvzwz) = Xn (t - Tv1 - Tw1 = Tv2 - Twz ’

9.13)
where x, is the two-vertex characteristic from (3.24). Recalling the notation from (3.22)

¢ 2 BPOD BpW2) 5
25 B) = fexp (—<sl+sz>g’l’1\/1og<n/s3>) 2 2 Hlsegs @
vied B ved B

vz w2

(9.14)

where @ = (al/s” ;/S”) as in (7.3) and

§j
L — . 9.15
R <\/10g<n/s3>> 1

Note that a1, a; depend implicitly onn and a; — 1 asn — o0

) _ . .
measures P,/ o = Zueals}-r’) S(TUB_TUHH!BP(U)) from (9.8):

2: @) = fexp<—<sl+sz>,j’%\/1og<n/s3>) / PO tr, bp®)

@n ., xn,bp™M, bp® =
/ dpn unfr ([2’ bp )Zt*Tunfr*tl Jd=Tunfr—12 (a) (9 16)

As in Sect. 9.2, we express the sums over 838), 86}? in (9.14) in terms of the point

Recalling the notation from (3.23) and (6.19),

F @) =~ exp ( & +6)7 @ ,/1og(n/s;) + (t = Tune) en (@1) + Ay (éz)))

_ ~ _ ~ ) (1),[, 2) 3
/dlpnlimfr(tl’bp<l))/d7)112>lxnfr(t2’bpm)e At )\n(02)12Zi(fTuifr*n{)t*Tunfr*fz(a)
hn(ar) + A (G2) ¢
- xp<i" P (r+ L 1og(n/s))) = (& +82)5 = log(n/s}) — log(n/s,)
dp," bp") | 4P}, bp®ye—n @)=y (@)t 210,60V bp? ;
n, unfr(tl’ P ) nunfr(tzv 4 )6 thTunfrfrl,thunfrftz(a)'

9.17)

For the non-random factors on the right-hand side of (9.17), we use the asymptotics from
Corollary 6.5:

)‘n(&j) ¢n

2
) =14+— (exp (’;‘j/ log(n/s3)> - 1) +o <exp (Sj/ log(n/s,?)) - 1)

. 1
¢ (Sj/ 1og(n/s3)+is}/1og(n/s3)>+o(1/1og(n/s,§)). 9.18)

Combining with the asymptotics A, (@) /A, (1) = 1 +o0(1) and s, /¢, = 1 +0(1) [see (6.15)
and Lemma 3.12], we conclude that, for any fixed t* € R
)Ln(&j) 1 3 ¢n
o) (t* +3 log(n/sn)) §i— 2,

3 _1 3y %y 1g2
1og(n/s}) 2log(n/sn)—t + 787 +o(1). (9.19)
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[When &; =0, a; = 1, the term o(1) in (9.19) is absent.] Combining (9.17) and (9.19),

2 +4”$” +o(l)
5 P pwn 1 ale 2
ZypE) = / e 11, 6p™) / i (12, )
n
)Ln(al)tle—)\n(tlz)tzz)(n bl’( ) hP(2> ( ) (9 20)
t—Tunfr—11, t—Tunfr—12 :
This is the desired representation in terms of two-vertex characteristics.
Given K < o0, define

/(K) l B B
=3 > u (1B =T+ 1= TE) 8401 o). (9:21)
vieBMN\BY v,eBP\BP

MK _ gx _ K)
n,t* T “n,t* n t*
Z/& 7" on K ) Clearly, (9 20) remains true when Z  and x, are replaced by Z, 1K o ) and

K0 or by Z, (K D and x, — x~ respectlvely. We will use (9.20) to control first and second

moments of Z;l(";i, 1/1/(:(*)
with & =& = 0. ~ '
Verification of (3.55): Writing A, (@) = (A, (d1), A, (a2)), we obtain from (9.20),

similarly to Definition 3.30, and set Z (We suppress the dependence of

for arbitrary but fixed values 1*, £, & € R, and first moments of Z

e *)
24 [E o )
—r, (@) t—Tunfr—t
/ / e @7 T gy (1) (1),
Sn
(9.22)

2
S

Since A, (1) (t —Tyntr) = %log(n/sfl)—}—t* — ooanda; — 1, Theorem 3.15 and Corollary 6.5
imply that for e € (0, 1) and K < oo sufficiently large, there exists K’ < oo and ng € N such
that the integrand of (9.22) lies between e ~*»(D(1+2)=¢(] _ ¢} and e~ (D1+2)+2 (] 4 ¢)
for A, (1)[#; V 12] < K’ and n > nyg, and there are constants K" < 0o, nj, € N such that it

is bounded by K"e =M@ for a| 1,12 = 0, n > ng. Using Lemmas 9.1 and 9.2, it easily
follows that

21*+lH§ ?
4

o2
¢ (1426 (9.23)

L —20) <E (2,6 |B0) =e

1

whp. Since e* = Q(E ), where Q is the law of two independent N (0, %) variables, we

have therefore verified the first moment cond1t1on (3.55) of Theorem 3.29 with g (t*) = e,
Verification of (3.57): For Z”“O set “;‘ =0: = (0, 0). In (9.22), we can replace Z;l(';i and

,(lK) by Z:l/(t’i) and y, — X,QK), and Theorem 3.16 implies that, for any ¢ € (0, 1) and large K,
there is K’ < oo such that the integrand of the resulting equation is at most ge~*n (D (1+72)
uniformly for A, (1)[#; V 1] < K’ for large n, and there is K” < oo such that it is bounded
by K”e 2 (Dt1+12) for all 11, 1, > 0, n large. This verifies the first moment condition (3.57),
as in the previous case.
Verification of (3.56): The second moment estimates for Z;(ﬁi, though somewhat more
complicated, are similar in spirit. Note the importance of freezing, which is not so far apparent
from the first moment calculations only: the freezing times Tf(j ’ and the rescaled times ¢ ~
Tunfr + 5 ! log(n/s; ) have exactly the scaling needed so that both the ﬁrst and second

XK (K) (K
- ~ TXn X ~
moments of Zn’t* will have order 1, even though m?" (a) sy, 77"1; n (a, b) ~ Sn by

Theorem 3.15.
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Equation (9.20) for Z;’t* expresses 2;’1* (5) in terms of a double integral with respect to
a pair of Cox processes, whose intensity is measurable with respect to Bf. An elementary
calculation [applying (6.3) twice] shows that, for a pair PV, P® of Poisson point processes
with intensities vy, v,

E (ff f(X1,X2)d7’(”(X1)d79(2)(X2)f/g(hv Y2)d7’<”(Y1)d7’(2)(Y2))
=f/ f(xlsx2)g(Xlsx2)dV1(xl)dV2(x2)+// S (1, x2)g(x1, y2)dvi (x1)dva (x2)dva(y2)
+// f e, x2)g(y1, x2)dvi (x1)dvi (y1)dva(xz2)
+// fx1, x2)dvi (x1)dva(x2) f/ g1, y2)dvi (y)dva(y2). 9.24)

We apply (9.24) to (9.20). In the notation of (9.24), we have x; = (t;, bp"’), and

- - (K) 2 (1) ) ~
_ a2 @Dt a—hp (@) zXn k™ bp 5 : :
flx1,x2) = glx1,x2) =e . e oty t—Tunfe—t (a). Integration against the
J

intensity measure dv; = du,’;, ® dP(BPY € ) is equivalent to a branching process
expectation together with an integration over ¢;, and we will therefore obtain first or second
moments of one- or two-vertex characteristics from the various terms in (9.24). Namely, for

§, Z € R? and writing b; = exp(gj/./log(n/s;f)), we obtain
Rl [-aw—g [ -, (2. ® 2, @) ‘ Brr)

_ / / = Con @)+ (Bt g~ Oun(@)+n B2 gt n" ~<3,Z§) du® (t)du ()

t—Tunfr —1,u—Tunfr —1 n,fr n.fr

n / / / e @) +hn (B =A@~ By g~ Tonie =22 P T (7

t—Tunfr—11,u—Tunfr—11
1) 2) 2
X dﬂn’fr(t] )dﬂn,fr(tZ)dﬂn,fr(MZ)

+ /// e—()»n(ﬁ2)+)\n(52))tze—)xn(fll)t1e—)»n(l;l)ulMp”T""ff”l‘al’p“*Tunfr*“1-51 (@2, 52)

t=Tunfr—12,u—Tunfr—12

X d g ()d ) g (11)d ) g (1)

~ 5 (K) =
N // efln(“l)ﬂe**"(“2)’ZmﬁTunfr_;(a)dﬂ(nl,)fr(“)d“fy)fr(tz)

~ = L, K) 3
x / / e tnbmeTtabi g () (u1)d )y (u2),
(9.25)

(K) 1
) . .. .
where 0, 4, (t{) = m;; (1 )(az) is the characteristic from (7.5). Abbreviate

12 12
p— e 24 Z, () —e 2 |7, _ ] 7, ) —e 2 2] (D). (9.26)

Then

E (1)2 ‘ Bﬁ) s (Z;m GYAN } Bfr) et 4 g (Z;m &2, - 0) ‘ Bﬁ)

+e 'R (z ) YZN0) } Bfr) . (9.27)
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Applying (9.25) to each of the 3 terms in (9.27) gives 12 summands. From the first term in
the right-hand side of (9.25), we obtain

o(1) _ ~ (K) _(K) ~
€ s—4 | =2 @n g=22n @iz gy X _(a
s’% n t— Tunfr_tyt_Tunfr_t ’

9= On(@)+hn ()11 g=Oun @) +3n (D)2 28 25" (3 1)

Qn

t—Tunfr —1,u—Tunfr —1

u_Tunfr_;xu_Tunfr_t n,fr n,fr

- (K) (K) S o
+e*2)hn(l)lle*2)\n(l)tzMXn s Xn _(17 1)] dﬂ(l) (tl)dM(Z) (t2)~ (928)

As in (9.22), Theorem 3.15 and Corollary 6.5 imply that the integrand in (9.28) is at most
(4e+o(1))e 2 Dntoll) e =24, (Mntol) in absolute value, uniformly for A, (1)[#; V2] < K,
and is otherwise bounded by 4K"e~2*»(17dD1 =22:(1782)22 Using Lemmas 9.1 and 9.2, it
easily follows that the quantity in (9.28) is at most 5S¢ in absolute value, whp. From the second
term in the right-hand side of (9.25), we obtain similarly

o(1) . _ _ _ _
€ /-/:/ Sn_3 [e—an(al)tle—ZAn(a2)(t2+u2)M'O’*Tunfr*’Qv”Z”Or*Tunfr*l‘Zv‘Q (&1’ 5‘11)

S3 t=Tunfr—11,8=Tunfr—11
n

_ —(An(@)+r ()ty a—An (@)t a—rn (Duz 7 Pi=Tunfr—12,@3 * Pu—Typfy—up. 1  ~
2e © © M[*Tunfrftl»”*Tunfr*[l (lll, 1)

+ e—zxn(l)tl e—Z)Ln(])(t2+'42)M’O“_Tunfr_‘Zvl 2 Pu—Typfr—ur,1 (1’ 1)] d/—L(l) (tl )dﬂ(Z) (t2)dl—1«(2) (MZ)

u—Tunfr—11,u—Tunfr —11 n,fr n,fr n,fr

(9.29)

Arguing from Proposition 7.1 instead of Theorem 3.15, the quantity in (9.29) is again at most
5S¢ in absolute value, whp. The third and fourth terms from (9.25) are analogous. This verifies
the second moment condition (3.56).

Verification of (3.58): Finally we verify condition (b) of Theorem 3.29. For R € (0, 00), let

v; g be the first vertex in BY) born after time Tynfr With ‘BP%(I)‘ > Rs2, so that v is Rs2-
lucky in the sense of [Part I, Definition 2.14]. (We will use a similar notion in Definition 9.3.)
It follows from [Part I, Proposition 2.17 and Lemma 2.18] that

15 = Tunte + Op(fu (1)), (9.30)
To see this, note that [Part I, Lemma 2.18] gives Ty; , — Ty;, = Op(fn(1)) for each r > 0,
so it suffices to show that TvB,-_, = Tunfr + Op(f, (1)) for some r > 0O sufficiently small. Let

& > 0 and use Lemmas 9.1 and 9.2 to find K < oo such that ;L;j’)fr([O, Kf, (D] > %s,, with
probability at least 1 — ¢ for n sufficiently large. Assuming this event occurs, the number of
vertices born in the time interval (Tynsr, Tuntr + K f5(1)]is conditionally Poisson with mean at
least %sn. By [Part I, Proposition 2.17] we can choose r > 0 such that, for n sufficiently large,
each such vertex has probability at least 1/es, of being rs,%-lucky. Hence at least one vertex
born by time Tyyf; + K f,, (1) will be rs2-lucky, with probability at least 1 —e —e~1/2¢ —o(1).
This verifies Tul’/’.’yr = Tunfr + Op(f,(1)) and hence proves (9.30).

Now lete > 0and chooseng € Nand C’ < oo such that A, (1) (f,, () + frn(14+1/s,)) < C’
for all n > ng. Choose R € (0, o) such that (10;62)4 e*'(1 + 2R)/R? < &. After possibly
increasing ¢, (9.30) and (6.15) yield a constant C” € (0, co) such that with probability at
least 1 — e, A, (1)(Tvlj R Tunfr) < C”. Denote this event by A and assume for the remainder
of the proof that A holds.

Set ﬁ%) to be the collection of descendants w of v; g such that Tf — TvljR < fu(1) (thus

‘ﬁ%)’ > Rsrzl by definition). We will repeat the previous arguments used to analyze Z, ;«,
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with E%) playing the role of Bg). Instead of BL%), we consider the subset
Uy = [v €LY TR, + fi() < TP <TH, + ful+ 1/s,,)} (9.31)

[the set of immediate children of E(j ) born to a parent of age between times f,(1) and
Sfa(1 4+ 1/s,)]. Since v; g is born after Typfy, it follows immediately that B(’ N L{}{) =g
Moreover the arrival time TUB ofany v € Z/I;e” satisfies

v] R +m)<T (v)+fn(l) < TB <7158 p(v) + fu(I+1/sy) < T, iR +fn(1)+fn(1+l/sn)

(9.32)

Let 75,(1’) = Zveu;(j) S(TvaTunfr,BP(”) [cf. (9.8)]. The definitions of v; g and E(Ié) depend

only on descendants born to parents of age at most f, (1), whereas L{%) consists of descendants

born to parents of age greater than f;,(1). It follows that P(’ 'r 1s a Cox process conditionally

on L(” with intensity measure du“) ®dP(BPY € ), where [i, g is the measure such that,
for all measurable, nonnegative functions / on R,

Su(1+1/sy)

l/h(wdu“)bo 2: /' h(y — (T — Tu) dpta (). 9.33)

£y fa (D)
imfr ;j’)fr, see (9.2 and (9.8).] In particular, the total mass
of ,&;’?R is atleast Rs,,. Using (9.32) we find that its support is in [T,ﬁR — Tuntr + fn (1), 5
Tunfe + fn(1) + f,(1 4 1/s,)] and, uniformly over ¢; in that set and t* > 0,

[These are the analogues of P(’ and

(T = Tunte) < Aa(Dtj < 2n (DTS | = Tunte) + €, (9.34)
1
In(D)(t = Tunte = 1)) = - log(n/sy) = C" = C". (9.35)

In particular, the fact that the right-hand side of (9.35) tends to infinity implies that, possibly
after increasing no, Z/l(/ ' c B;’ ) whenever n > ng and +* > 0. Furthermore, Theorem 3.15
and Proposition 7.1 yleld a constant K < oo such that

(K)

m;(" Tunfr—11,1— Tumr*t2(1) == S”/z’ (936)
(K) _ (K) SN 2
Xn s Xn 4
Mt Tu“fr—; M—Tunfr—; (1’ 1) = (lOg 2)2 Sn ’ (937)
o P1=Tunfr =1 1> Pu—Tyngr—u 2 3
t—Tu,,fr—t;/,u—Tunﬁ—t, " ( 1)< log Sy (9.38)

for { j "} = {1, 2}, all 71, #, in the support of ﬁ(")R and n > ng. Using this K to truncate,
let Z;(’;i g denote the restriction of Z,, (K) to pairs (vy, v2) for which each v; is a descendant

of some vertex of Z/I;Q”. As in the argument leading to (9.20), we conclude that

| Z5s 1

1K) e ) 1
|Zn 1, R| =3 / 7) R(tl bP< )
Sh
dﬁ(Z) . b )\ a—An(D)(ty +t2) Xn = bP(l) bp(z) 1 9.39
X an(z’ P )e t Tunfr—t1,1— Tunl'r_fz( ) ( : )

Hence, on A, we may use (9.34) and (9.36) to obtain
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<|zjj’§iR|\L“> £g) (9.40)
> / iR (1) / A 12 exp (<an (D) (15, = Tunse + 5, = Tantr) =2€7) 3
n
~(1) ~(2)
1 Hu,R| [Pn,R
:7exp<2t —An(l)( B~ Tunee +T5 , — Tunfr)_ZC/) : ’ ;1 ’ (9.41)
n n
2
> %exp( —2C"+ ). (9:42)

Similarly, using (9.24) to compute the variance of |Zn o, R| as in (9.25), and employing
(9.34) and (9.37)—(9.38) for the estimation, we find that, on A,

2
var (2,5 ‘ £y.Ly) < Toaz O (4% = 220 () (T8, = Tunie + T, = Toe))
2
~ () ~2) 4 ~ (D ~(2) ~(1) 2) 3
Mn,R‘ 'un Sn Ky R‘ I‘Ln,R S + My, R‘ ’l‘L
X
SV? S6

(9.43)

Abbreviate the conditional mean from (9.40) as m. Chebyshev’s inequality, (9.41) and (9.43)
give

2
(|Z;’U§i R| = %m ‘ £x E(I?> =1- (101762)464Cl ~<1> T pae) S(Z + S(Z)
‘ M, R‘ Hop, R' M, R‘
> -9 e“c’(l +2— )>1—g (9.44)
- (log2)* R? - ’
on A. For given C < oo, we use (9.42) to choose ¢* sufficiently large that %m > C. The
claim now follows from Zn ol = |Z;’t*.R’ and (9.44). m]

9.4 No Collisions from the Frozen Cluster: Proof of Lemma 3.32 (b)

In this section we prove Lemma 3.32 (b), which will show that whp the collision edge neither
starts nor ends in the frozen cluster.

Definition 9.3 Let &; denote the constant from Lemma 4.5 for K = 1. Call a vertex v € TV
lucky if [BPY) )| = s;7/e1, and set

Ty = 0f {7y v € T\ {2} is lucky and T, > Ty + fu (D)}, (9.45)
the first time that a lucky vertex is born to a parent of age greater than f,(1).

The notion that v is lucky is the same as the notion of v being s2/e;-lucky in [Part I,
Definition 2.14 and (2.24)]. We will use this fact later on, when we apply results from Part I.
In view of Definition 3.17 and Lemma 4.5, we have

veTVislucky = T3 <T,+ fu(l). (9.46)
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In other words, a lucky vertex has enough descendants in time f, (1) that the integral in the
definition (3.31) of the freezing time must be at least s,,.
It has been proved in [Part I, Lemma 6.4 and Proposition 2.17] that the distribution of

. +
> (Kt (T —7) = 1) is exponential with rate P(vis lucky),  (947)

veBPY),
()
lucky

and that there is a constant § > 0 so that for sufficiently large n,
P(v is lucky) > §/s. (9.48)
Now we are in the position to prove Lemma 3.32 (b):

Proof of Lemma 3.32 (b) 1t suffices to show that the Cox intensity Z,, 7 satisfies

Z Z vy, vnBe o} Zn ({1} X {v2}) = op(1), (9.49)

UleBtgl) UQGB;Z)

where we recall that Z,, , ({v1} x {v2}) = %M,, (ARy; vy, R1(1) = R{(TB)+ Ry (t) — Ry(T)).
We begin with the contribution to Z, ; arising from the restriction of u, to (f,(1), 00).
Note that, by construction, R;(#) — R;(Ty) = xr,(1)"'(3log(n/s}) + K) and
) + . +
(Rj(Tf(r'/)) — Rj(TvLj)) = (Tf(r’) — T,f) . Hence

1
E,u'n

(AR s RI®) = RUT) + RoD = R2 (T,3))
hn (1)

1 42K\ o :
<, (fn(l), 3%) +3 b <f,,(1), () V3 (ng” _ Tf)+) .
n ]:1

(9.50)

(fn(1),00)

= b (ﬁ’(”’ +RUTY) = RITE) + RaT) - Rz(Tv’f>)

Lemma 4.3 and (6.15) imply that the first term in (9_.50) is 0(1)(19g(n/s3) + K)/(nsy). In
the second term, the jth summand is zero if v; ¢ Béf .Forv; € Bg), we consider separately
the intervals

I = (fn(n, SOV (T - Tff)+) :
L= (fn(l) v (Tﬁ{gky —~ va>+ (1) v (Tf(rj) - Tf)+> ’ ©>D
I = (fn(l) v(n - TJ‘f)+ a3 (T - T,ff)+> :

where Tli"gky was defined in Definition 9.3. The definition of 11, gives 11, (I1) = (f,! (T]L’gky —

Tvzj) — 1)+. For I, note from (9.46) that I, is a subinterval of (f, (1), co) of length at most
fa(1),50 wn () < O(1/s,) by Lemma4.3. For I3, note from Lemma 4.1 that f,, (3'/20% ) >
3 f,(m) for any m > 1. It follows that fn_1(3y) < 31/803'”]‘,1_.1()/) =1+ 0(1/Sn))fn_l(y)
uniformly over y > f,(1), so that u, (I3) < 0(1/5,,)fn_1 (Tf(r")). We conclude that
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Ll 1y oy (ARurass RID = RUTE) + Ra(®) = RoTS))

log(n/s” ; + 1+ f I(T(“
<o) ( e, +Z [ye50) ( ( 1 (Tl:,gky - Tfj) - 1) ]
(9.52)

By Theorem 3.18 (a), f‘l(T”)) = Op(1). Sum (9.52) over v| € Bli”, vy € Bt@ with
{vi, v2} N By # & and use TB T, forv; € Bg) to obtain

om 3 || (RO S (1 (i, -7,) 1) ).

o nsy .
{7,7"1=(1,2} v €Br("rl)

(9.53)
= Op(/nsn), = Op(s2). In the
sum over v; € Bg) , only terms with v; € B T/ (j can contribute, s0 (9.46)—(9.48) imply that

By Lemma 3.32 (a),

lucky
the inner sum in (9.53) is Op(s,). Hence (9.53) is OP(log(n/s )/\/n/s ), which is op(1)
since n/s; — oo.
We now turn to the contribution to Z,, 7 arising from the restriction of u, to [0, f,(1)] and
split the sum into three groups of vertex pairs. Let (J, J') denote the random ordering of {1, 2}

forwhich 7. < T,"". The first group of vertex pairs are those with v, € B andv; € B! (j)
fr
That is, the vertex in the slower-growing cluster is born before the faster cluster freezes.

We show that the number |B( ( ,)| of such choices for v,/ is Op(1). By Theorem 3.18 (a),

I ](Tf”)) s MY for Jj € {1, 2} and MV £ M® a.s. Hence Tf(r” < fu(MY") whp. A
vertex v’ € B” ) with Tvl? < fu(MY") must be connected to the root & ; by edges that all have

PWIT edge weight less than M/". The number of such vertices is finite and independent of
n, and is in particular Op(1). Since the measure w, ‘[0 (D] has total mass 1 by construction,

the total contribution to Z,, ; of this group of vertex pairs is at most % Op(1), which is
op(1) by Lemma 3.32 (a).
The second group are pairs (vy, vz) with Tvlj, > Tf(rj’ > T,ﬁ . For these pairs, by (3.49),

ARy v, = Ry(TE) = Ry(TE) = Ry(T) = RyTE) =T =75 (954)

vyt
We can therefore bound the contribution to Z,, 7 in terms of the contribution to //L;lj }r:

1

- > walio_f iy (BRuss RI@ = RUTS) + Ro(@) = Ra(T))
viwa: T8, 21" =75
<HBOL YT () A (T = TE) . fu(D)
'U_]EB(J)
X oo
< 0p(Jnsy) Y M WA® /0 e MWy, (1 — TB + dy) < Op(/s3/n)
vyeBy

(9.55)
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by Lemma 3.32 (a), Lemma 9.1 and (6.15). The last group of vertex pairs are those with
TU[j > Tf(rj ) > TUKj,. These pairs satisfy ARy, y, > Tf(rl ) — Tvlj, instead of (9.54), and their
contribution can therefore be handled as in (9.55) with J and J' interchanged. i

9.5 Properties of the Freezing Time and Frozen Cluster: Proof of Theorem 3.18

Proof of Theorem 3.18 The proof uses the results of [Part I, Theorem 2.15], which applies
because the assumptions in [Part I, Conditions 2.2-2.3] are weaker than those of Condi-
tions 2.1-2.3. We adopt the terminology of [Part I, Theorem 2.15], adding superscripts in the
obvious way to indicate the two copies of the PWIT.

Let &1 denote the constant from Lemma 4.5 with K = 1. Then Lemma 4.5 asserts that
any vertex v € BP;D of age at most 1, i.e. t — T, < f,(1), contributes at least &1 /s, to the
sum in the formula (3.31) defining Tf(rj ), for n sufficiently large. In particular, if there are at
least s,%/e:] such vertices at time ¢, then the sum in (3.31) will be at least s,,. We conclude that
then v is lucky, as in Definition 9.3. Thus,

(9.56)

for n sufficiently large.

On the other hand, by Lemma 4.4 [with ¢ = 1 and ¢ chosen sufficiently small that
e/ fu(1) < A, (1); this is possible, for n sufficiently large, by Lemma 3.12], a single vertex
can contribute at most

o0
/ e MO0 g1, (v) < a0, Kfn(l))+fe_” OO0 s kg a4 dY)

t

<1+0U/sy) + 1/sy 9.57)

to the sum in (3.31). In particular, this contribution is O (1). It follows that B must contain
at least §s, vertices, for some 6 > 0 chosen sufficiently small, and thus that

7 > T (9.58)

size 8sy

The proof now follows from (9.56), (9.58) and [Part I, Theorem 2.15] (with 0, = s, /./e1
and o, = +/ds,, respectively). ]

A short guide to notation:

o SWTY is SWT from vertex j € {1, 2}.

S is the SWT from vertex j € {1, 2} such that S and S® cannot merge and with an
appropriate freezing procedure.

S =8"us?.

B PY is branching process copy number j where j € {1, 2}, without freezing.

BY is branching process copy number j where j € {1, 2}, with freezing.

B; is the union of 2 CTBPs with the appropriate freezing of one of them.

B, is the union of 2 CTBPs with the appropriate freezing of one of them, and the resulting
thinning. Thus, E, has the same law as the frozen S;.

fn 1s the function with yiKn 4 fa(nE), where E is exponential with mean 1.

[y 1s the image of the Lebesgue measure on (0, oo) under f;,.

An(a) is the exponential growth rate of the CTBP, cf. (3.16).

z?( (a) and ztf (a) are the generation-weighted vertex characteristics from one and two
vertices, respectively, cf. (3.14) and (3.22).
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° n_i?( (a) and rhti( (a) are the expected, rescaled vertex characteristics, cf. (3.19) and (3.23),
respectively.
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