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Abstract 
Large deformation mechanics faces numerous challenges when simulated using mesh-based 

methods, notably the finite element method. Firstly, the computational modeler is required to 

fit a mesh to the body of interest, which is a tedious and time-consuming process. Secondly, 

these meshes are typically simplex shapes and therefore can resist deformation artificially as 

their deformation increases, and numerical instability can occur as these simplexes/polygons 

invert for deformation beyond their resolution. Thirdly, these meshes can be resolved further 

into smaller pieces, a process called refinement, but the process of robust automatic refinement 

is still another challenge face by modelers. Therefore, in this thesis, we are motivated to use a 

meshfree method to simulate large deformations of hyperelastic mechanics without the 

dependency of a body mesh. 

The thesis then explores some of the challenges faced by meshfree methods currently and further 

developing and maturing its strengths of solving PDEs with only random nodal distributions. 

We found that these meshfree methods often depends on a background mesh for quadrature 

process, hence currently many meshfree methods are still not as “mesh-independent” as we wish 

them to be. Therefore we attempted to develop a truly meshfree method is in this thesis, where 

the quadrature is performed in overlapping support domains of a set of functions that form 

partition of unity of the body. We manage to improve on the Partition of Unity Quadrature 

scheme, where polynomial consistency can be restored for the first time in overlapping 

quadrature schemes, while still conserving energy according to the work conjugacy theory. The 

methods fall short that the quadrature accuracy must be increased with refinement of particle 

distributions, a common observation among truly meshfree methods. 

Another issue that meshfree methods faces is the ability to enforce incompressibility in solid 

mechanics. Hyperelasticity does not only undergo large deformations, they also exhibit nearly-

to-truly incompressible behaviour. Such incompressibility constraints may be enforced using 

mixed formulations, but this requires the user to define the distribution of particles representing 

primal and dual variables in a certain fashion, such that a stability criterion known as the inf-

sup condition is satisfied. This criterion is, however, normally satisfied through the use of a 

mesh. A more natural approach would have been to set the distributions to be the same set for 
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meshfree method, such that we may avoid the need of tessellation to satisfy the inf-sup condition. 

Therefore in this thesis, we further propose a stabilised mixed meshfree formulation based on a 

stabilisation technique called the Polynomial Pressure Projection (PPP) to penalise the violation 

of the inf-sup condition caused from using the same distributions of primal and dual variables. 

Similar to the previous investigation, we continue to improve on the quadrature of our stabilised 

mixed formulation such that the so-called integration constraint may be satisfied, by means of 

correcting the classical gradient field. Some of the associated properties of the quadrature scheme 

and the corrected gradients are given in the appendices, where it theoretically explained on why 

the use of a background mesh is convergent and the resulting bilinear form using corrected 

gradient remains stable. 

The stabilised mixed formulation is tested to be effective in linear elasticity mechanics and non-

convective fluids, motivating us to further extend it to large deformation mechanics of 

hyperelasticity, albeit using a more strengthen form of the PPP. We also unified the gradient 

correction/quadrature scheme with the stabilised mixed formulation using the Veubeke-Hu-

Washizu (VHW) approach. We ran some simple test cases and found that the stabilised mixed 

formulation continues to converge optimally and being locking free. A simple comparison 

between stabilised meshfree and finite element methods, however, highlighted that meshfree 

methods consumes more computational power and yield solution with larger errors, an 

observation that is consistent with the current literature, mainly due to meshfree basis functions 

are more costly to be computed, stored and integrated in weak form.  

Next, we recast the formulation in Eulerian setting to enable us to compute undeformed 

geometry when given a deformed geometry. We continue to use the enhanced/strengthen PPP 

stabilisation method in the VHW framework, so that the gradient correction scheme is 

encompassed naturally. We also showed that our Eulerian formulation can recover the standard 

Cauchy’s law of equilibrium, with some mesh-dependent conditions that diminish with 

refinement. When we tested against simple test cases, we observed that the formulation also 

yields solutions with optimal convergence, besides being free from spurious pressure modes. 

Besides that, when we re-paramerise the undeformed geometry as unknown variables in the 
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stabilised Lagrangian mixed formulation, we also can demonstrate that the unloaded 

configuration can be computed, using an example of inflated and extended cylinder. 

Lastly, a summary of our endeavour in solving some challenges in meshfree method is given in 

the last chapter.  
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Nomenclature 

Part I  General nomenclature 

ℝ (1-dimensional) Real line 

ℝ  𝑑-dimensional real space  

𝑖, 𝑗, 𝑘; 𝐼, 𝐽, 𝐾 Indices for a set  

𝒩 Index set to contain subsets of a set 

ℕ Natural number set 

Part II  Differential geometry 

 

Coordinate system 

Reference Deformed Convected 

Indices 𝐼 = 1, … , 𝑑 𝑖 = 1,… , 𝑑 𝐼 = 1, … , 𝑑 

Position 
vector 

𝑹(𝑿) ∈ ℝ  𝒓 𝒙 ∈ ℝ  𝒓 (𝒙 ) ∈ ℝ  

Euclidean 
coordinates 

𝑋 = 𝑋  𝑤ℎ𝑒𝑟𝑒 
𝑋 = 𝑹 ⋅ 𝑬

 𝑥 =
𝑥  𝑤ℎ𝑒𝑟𝑒 

𝑥 = 𝒓 ⋅ 𝒆
 𝑥 =

𝑥  𝑤ℎ𝑒𝑟𝑒 

𝑥 = 𝒓 ⋅ 𝒆
 

Curvilinear 
coordinates 

Ξ (𝑋) 𝜉 𝑥  𝜉 (𝑥 ) 

Euclidean 

base vectors 
𝑬 = 𝑬  𝒆 = 𝒆  𝒆 = 𝒆  

Covariant 
base vectors 

𝑍 =
𝜕𝑹

𝜕Ξ
 𝑧 =

𝜕𝒓

𝜕𝜉
 𝑧 =

𝜕𝑹

𝜕𝜉
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Contravariant 
base vectors 

𝒁 = 𝑍 𝒁  𝒛 = 𝑧 𝒛  𝒛 = 𝑧 𝒛  

Covariant 
metric 

𝑍 = 𝒁 ⋅ 𝒁  𝑧 = 𝒛 ⋅ 𝒛  𝑧 = 𝒛 ⋅ 𝒛  

Contravariant 
metric 

𝑍 = 𝒁 ⋅ 𝒁  𝑧 = 𝒛 ⋅ 𝒛  𝑧 = 𝒛 ⋅ 𝒛  

Christoffel 
symbols 

Λ = 𝒁 ⋅
𝜕𝒁

𝜕Ξ
 

= −𝒁 ⋅
𝜕𝒁

𝜕Ξ
 

Λ = 𝒛 ⋅
𝜕𝒛

𝜕𝜉
 

= −𝒛 ⋅
𝜕𝒛

𝜕𝜉
 

Λ = 𝒛 ⋅
𝜕𝒛

𝜕𝜉
 

= −𝒛 ⋅
𝜕𝒛

𝜕𝜉
 

Vector 
𝒖(𝑿) = 𝑢 (𝑋)𝒁  

= 𝑢 (𝑋)𝒁  
𝒖 𝒙 = 𝑢 𝒙 𝒛  

= 𝑢 𝒙 𝒛  
𝒖(𝒙 ) = 𝑢∗(𝒙 )𝒛  

= 𝑢∗(𝒙 )𝒛  

Vectorial 
covariant 
differentiation 

∇ 𝑢 =
𝜕𝑢

𝜕Ξ
+ Λ 𝑢  

∇ 𝑢 =
𝜕𝑢

𝜕Ξ
− Λ 𝑢  

∇ 𝑢 =
𝜕𝑢

𝜕𝜉
+ Λ 𝑢  

∇ 𝑢 =
𝜕𝑢

𝜕𝜉
− Λ 𝑢  

∇ ∗𝑢∗ =
𝜕𝑢∗

𝜕𝜉
+ Λ 𝑢  

∇ ∗𝑢
∗ =

𝜕𝑢∗

𝜕𝜉
− Λ 𝑢  
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Part III  Continuum mechanics 

 

Coordinate system 

Reference Deformed Convected 

Kinematics measurement 

¤ Quantities that are geometrically invariant 

Reference 
particle¤ 

𝑹(𝑿) = 𝑅 𝒁  
𝑹 𝒙 = 𝑅 𝒛  

𝑅 = 𝑹(𝑿) ⋅ 𝒛  

𝑹(𝒙 ) = 𝑅∗𝒛  

𝑅∗ ≔ 𝑹(𝑿) ⋅ 𝒛  

Displacement 
vector¤ 

𝒖(𝑿) = 𝑢 𝒁 = 𝑢 𝒁  𝒖 𝒙 = 𝑢 𝒛 = 𝑢 𝒛  𝒖(𝒙 ) = 𝑢∗𝒛 = 𝑢∗𝒛  

Deformed 
particle¤ 

𝒓(𝑿) = 𝑟 𝒁  

𝑟 = 𝒓 𝒙 ⋅ 𝒁  
𝒓 𝒙 = 𝑟 𝒛  

𝒓(𝒙 ) = 𝑟∗𝒛  

𝑟∗ ≔ 𝒓 𝒙 ⋅ 𝒛  

Displacement 
differentiation  

∇ (⋅) 

∇ 𝑢 =
𝜕𝑢

𝜕Ξ
+ Λ 𝑢  

∇ 𝑢 =
𝜕𝑢

𝜕Ξ
− Λ 𝑢  

∇ 𝑢 = ∇ 𝑢 (𝒁 ⋅ 𝒛 ) 

∇ 𝑢 = ∇ 𝑢 (𝒁 ⋅ 𝒛 ) 

∇ 𝑢∗ =
𝜕𝑢∗

𝜕Ξ
+ Λ 𝑢∗  

∇ 𝑢∗ =
𝜕𝑢∗

𝜕Ξ
− Λ 𝑢∗  

Displacement 
differentiation  

∇ (⋅) 

∇ 𝑢 = ∇ 𝑢 (𝒛 ⋅ 𝒁 ) 

∇ 𝑢 = ∇ 𝑢 (𝒛 ⋅ 𝒁 ) 

∇ 𝑢 =
𝜕𝑢

𝜕𝜉
+ Λ 𝑢  

∇ 𝑢 =
𝜕𝑢

𝜕𝜉
− Λ 𝑢  

∇ 𝑢∗ = ∇ 𝑢 (𝒛 ⋅ 𝒛 ) 

∇ 𝑢∗ = ∇ 𝑢 (𝒛 ⋅ 𝒛 ) 

Deformation 
gradient tensor 

𝑭 = 𝐹 𝒛 𝒁  

𝐹 = ∇ 𝑟 = ∇ (𝑅 + 𝑢 ) 

𝑭 = 𝒛 𝒁  

𝐹 ∗ = 𝛿 ∗ 

Left Green 
tensor 

𝑩 = 𝑭 ⋅ 𝑭 , 𝑩 = 𝑩 

- 𝐵 = 𝐹 𝐹 𝑍  𝐵 ∗ ∗ = 𝑍  
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Right Green 
tensor 

𝑪 = 𝑭 ⋅ 𝑭 , 𝑪 = 𝑪 

𝐶 = 𝐹 𝐹 𝑧  - - 

Green-
Lagrange strain 
tensor 

𝑬 =
1

2
(𝑪 − 𝑰), 𝑬 = 𝑬 

𝐸 =
1

2
(𝑧 − 𝑍 ) - - 

Almansi strain 
tensor 

𝒆 =
1

2
(𝑰 − 𝑩− ), 𝒆 = 𝒆 

- 𝑒 =
𝑧 − 𝐹 𝐹 𝑍

2
 𝑒 ∗ ∗ =

1

2
(𝑧 − 𝑍 ) 

Stress measurement 

First Piola-
Kirchhoff stress 
tensor 

𝑷 = 𝑃 𝒁 𝒁  
𝑷 = 𝑃 𝒁 𝒛  

𝑃 = 𝑠 𝐹  
𝑷 = 𝑃 ∗𝒁 𝒛  

Second Piola-
Kirchhoff stress 
tensor 

𝑺 = 𝑆 𝒁 𝒁  - - 

Cauchy stress 
tensor 

- 

𝝈 = 𝜎 𝒛 𝒛  

𝜎 =
1

𝐽
𝐹 𝑃  

=
1

𝐽
𝐹 𝐹 𝑆  

𝝈 = 𝜎 ∗ ∗𝒛 𝒛  

𝜎 ∗ ∗ =
1

𝐽
𝑃 ∗ 

=
1

𝐽
𝑆  
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Part IV  Functional analysis 

Multi-index notation. 

Multi-index notation enables us to write the expression of exponential of a 𝑑-dimensional vector 

concisely. We call a 𝑑-tuple 𝜶 = (𝛼 ,… , 𝛼 ) as a multi-index when it is use to denote 𝑥 , where 

𝒙 ∈ ℝ , 𝑑 ∈ ℕ and |𝜶| ≔ ∑ 𝛼  is known as the length of the multi-index. An exponent of 𝒙  

can be written as 

𝒙 = {𝑥 … 𝑥 }  

Leibniz’s formula and Taylor’s expansion  

It also allows us to express finite dimensional differentiation concisely as followed 

𝐷 𝑓 =
𝜕

𝜕𝑥
…

𝜕

𝜕𝑥
𝑓 =

𝜕 | |𝑓

𝜕𝑥 …𝜕𝑥
 

When 𝑓(𝒙) = 𝑢(𝒙)𝑣(𝒙), Leibniz’s formula that performs the chain rule of differentiation can be 

written concisely as 

𝐷 (𝑢𝑣) =
𝜶
𝜷 𝐷 𝑢(𝒙)𝐷 − 𝑣(𝒙)

≤

, 𝒙 ∈ ℝ  

where 𝜶 and 𝜷 being two 𝑑-tuple multi-indices, with 𝛽 ≤ 𝛼 , 𝑖 = 1,… , 𝑑 and the permutation 

is given by 

𝜶
𝜷 =

𝜶!

𝜷! (𝜶 − 𝜷)!
=

𝛼

𝛽 …
𝛼

𝛽  

where the factorial of multi-index is given by 

𝜶! = 𝛼 !… 𝛼 ! 

Therefore this allows us to write multi-dimensional Taylor’s expansion of a function 𝑢 ∈

𝐶 + (Ω) about a (fixed) point 𝑦 as 

𝑇 𝑢(𝒙) =
1

𝜶!
𝐷 𝑢(𝒚)(𝒙 − 𝒚)

| |≤

 

and denote the residual as 𝑅 𝑢(𝒙), given by 
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𝑅 𝑢(𝒙) = 𝑢(𝒙) − 𝑇 𝑢(𝒙) =
1

(𝑚 + 1)!
𝐷 𝑢 𝒚 + 𝜃(𝒙 − 𝒚) (𝒙 − 𝒚)

| |= +

 

for some 0 < 𝜃 < 1. However, sometimes 𝐷 𝑢 may not be well-defined pointwise, and hence we 

can regularise the formula by using an averaging procedure, yielding the averaged Taylor 

expansion defined as 

𝑄 𝑢(𝒙) = 𝑇 𝑢(𝒙)𝜙(𝒚) 𝑑𝒚 

where 𝐵 being a closed ball within the interior of Ω and 𝜙(𝒚) ∈ 𝐶 𝐵  being a weighting 

function whose support is the closure of 𝐵. This averaged expansion only makes sense provided 

𝑢(𝒙) has weak derivatives (see definition below) strictly no greater than order 𝑚.  

Integrable function spaces  

We define the Lebesgue function space 𝕃 , 1 ≤ 𝑝 ≤ ∞ to be the set of functions, which acts on 

a subset of ℝ  denoted as Ω, whose norms are bounded., i.e. 

𝕃 (Ω) ≔ 𝑓| ‖𝑓‖𝕃 ( ) < ∞  

where ‖⋅‖𝕃  is the 𝕃  norm, defined as 

‖𝑓‖𝕃 ( ) ≔ |𝑓(𝑥)| 𝑑Ω , 1 ≤ 𝑝 < ∞ 

‖𝑓‖𝕃 ( ) ≔ 𝑒𝑠𝑠. sup{|𝑓(𝒙) | 𝑥 ∈ Ω} 

We also can define a locally integrable function as 

𝕃 (Ω) ≔ {|𝑓(𝒙) | 𝑓 ∈ 𝕃 (𝐾), ∀𝐾 ⊂ 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟(Ω)} 

Weak derivatives and Sobolev norm 

Given a function 𝑔(𝑥) ∈ 𝕃 (Ω), its 𝛼th order derivatives may not be well-defined, hence we 

may make use of its weak derivative, denoted as 𝐷 𝑔, shall there exists another function 𝑓(𝑥) ∈

𝕃 (Ω) which satisfied 

𝑓(𝑥) 𝜙(𝒚) 𝑑Ω = (−1)| | 𝑔(𝒙)𝜙 (𝒚) 𝑑Ω, ∀𝜙 ∈ 𝐶 (Ω) 
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then 𝐷 𝑔(𝒙) = 𝑓(𝒙). The norm of the function and its weak derivatives up to 𝑚th order is 

called the Sobolev norm and can be computed by 

‖𝑓‖ ( ) ≔ ‖𝐷 𝑓‖
𝕃 ( )

| |≤

, 1 ≤ 𝑝 < ∞ 

and if 𝑝 = ∞ 

‖𝑓‖𝕎 ( ) ≔ max
| |≤

‖𝐷 𝑓‖𝕃 ( ) 

If we are only interested in the norm of the 𝑚th order weak derivative, defined as the Sobolev 

semi-norm, it can be computed by 

|𝑓| ( ) ≔ ‖𝐷 𝑓‖
𝕃 ( )

| |=

, 1 ≤ 𝑝 < ∞ 

‖𝑓‖ ( ) ≔ max
| |≤

𝑒𝑠𝑠. sup
∈

{|𝐷 𝑓(𝒙)|} , 𝑝 = ∞ 

The set of functions that have bounded Sobolev norm form a Sobolev space, defined via 

𝑊 (Ω) ≔ 𝑓 ∈ 𝕃 (Ω) | ‖𝑓‖ ( ) < ∞  

In this work we are only interested in the case where 𝑝 = 2 and 𝑚 = 1.  

Part V  Meshfree basis functions  

𝐼 Indices of meshfree nodes/particles 

𝑢  The nodal value of the scalar function 𝑢(𝑿) at the node 𝐼  

𝑢  The nodal value of the 𝑖th component of the vector 𝒖(𝑿) at the node 𝐼  

𝜑 (𝑿) Basis function of the node 𝐼 

∇𝜑 (𝑿) Gradient of the basis function of the node 𝐼 

𝑢 (𝑿) The approximated scalar function of 𝑢(𝑿) based on its nodal values 

∇𝑢 (𝑿) The gradient of the approximated function of 𝑢(𝑿) based on its nodal values 
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Part VI  Implementation aspects 

{ ∙ } Vector quantity in column form 

{ ∙ }  Vector quantity in row form, i.e. transpose of { ∙ } 

[ ∙ ] Matrix quantity 

[ ∙ ]  Transposed matrix of [ ∙ ] 

⨋(⋅) 𝑑Ω 

⨖(⋅) 𝑑Ω 

(⋅)

∧

𝑑Ω 

The numerical quadrature of ∫(⋅) 𝑑Ω 
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 Introduction and motivation 

Modelling large deformations of soft tissues reliably and robustly is of significant importance to 

bioengineering research and modern healthcare. Successful application of mechanics simulation 

has led to better patient-specific surgical decision making and diagnostics, robust design of 

medical prosthesis, and the development of Virtual Reality (VR) environments for physicians’ 

training and education [1]. However, currently there are many technical challenges in modelling 

soft tissues because they are often anisotropic, heterogeneous (layered or fibrous), and can exhibit 

large deformations under various loading and boundary conditions [2]. 

Currently the most widely used approach to simulate soft tissue deformations is by employing 

the Lagrangian mesh-based Finite Element Method (FEM) [3]. The method simulates soft tissue 

deformations by first discretising the soft tissue domain into a mesh with interconnecting 

elements and then solves the underlying governing partial differential equations (PDEs) that 

describe the physics of finite elastic deformations. Each element would then undergo 

deformations induced by surface or body forces until equilibrium of stress is reached. With 

increasing number of elements, the equilibrium of stress is approximated more accurately because 

FEM solutions converge monotonically with finer meshes [4]. Due to its accuracy and relative 

ease of implementation, it has been widely employed in modelling various soft tissue 

deformations, such as brain [1], lung [5], heart [6] and breasts [7]. 

FEM modelling of soft tissue deformations, however, is not without challenges and limitations. 

First of all, FEM relies on customised domain meshes to represent geometries, which can be 

onerous when actual geometries are required because automatic mesh generation is not fully 

developed and available yet [8, 9]. Much time may be required by the user to either manually 

create the mesh or to correct the mesh created from semi-automatic mesh generators. Secondly, 

due to the large deformations in soft tissues, the elements of these meshes could “stiffen” (i.e. 

resisting deformation) when approaching their allowable deformations. This can cause element 

inversions and numerical failure [10], a common experience among biomechanics researchers. 

Therefore, a denser mesh is often desirable for large deformation simulations, but impeded by 

its high computational time and memory. These issues, unfortunately, limit its practical usage 

in the clinical setting, where real time or near real time simulations are often desirable. 
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An apparent drawback of FEM in simulating large deformations of soft tissue is mesh-related. 

This is also a common problem among other mesh-based methods, such as Finite Volume Method 

(FVM), Finite Difference Method (FDM) and Mesh-Spring Method (MSM), where a domain 

mesh is needed. This motivated the development and utilisation of a class of numerical methods 

that do not require domain mesh, collectively called meshless or meshfree methods, to model 

large deformations simulations. Meshfree methods were developed in 1990’s, primarily for fluid 

mechanics computations [10, 11]. Currently the methods include Smooth Particle 

Hydrodynamics (SPH) [12], Element-Free Galerkin Method (EFG) [13], Partition of Unity 

Method (PUM) [14], Meshless Local Petrov-Galerkin Method (MLPG) [15], the Method of Finite 

Spheres [16, 17] and many others [18-22]. Nodal points could be added randomly within the body 

to capture the deformation or field variable with arbitrary accuracy, and re-meshing could be 

done easily as a consequence, thus addressing the problem of elemental distortion while allowing 

large deformations to take place. The connectivity of these nodes is provided with the use of a 

compactly supported function as the domain of influence, where the domain of each node 

overlaps with others to exert influence on each other. The solution of the entire domain may be 

found through interpolation of field variables using a special basis, like the Radial Basis 

Functions (RBF) [23] or the Moving Least Squares Basis Functions (MLSBF) [24]. 

Currently these meshfree methods are still in their infancy, with few examples of meshfree 

methods being used to model soft tissue mechanics. This is due to many aspects of meshfree 

methods still awaiting further improvement [25]. One of the major challenges is the exertion of 

boundary conditions, because of the non-interpolating nature of some types of the basis functions 

used, notably the MLSBF [13, 26]. In addition, these basis functions are often non-polynomial 

in nature, leading to complex numerical quadrature schemes, such as bounding box method [27] 

and other stabilised nodal integration schemes [28-30]. These complexities, unfortunately, slow 

down computation but could be mitigated to a certain extent with parallel programming [31]. 

Meshfree methods also face significant difficulties in modelling incompressible solids, where the 

physics are often cast in mixed formulation. This is often because computationally these meshfree 

methods do not satisfy stability criteria of mixed formulation easily. To address this, one often 

requires a mesh to satisfy the stability criteria, going against the spirit of being mesh-free. 
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Despite these challenges, meshfree methods have undergone much development and 

improvements, exhibiting capability and potentials rival that of FEM in accuracy and robustness 

for large deformation simulations [32]. 

 Thesis objective and aims 

Motivated by the wish to solve large deformation elastic mechanics without the need of a mesh, 

this thesis aims to exploit and further develop meshfree methods so that it can be applied to 

modelling hyperelastic material accurately and robustly. The goal is to develop meshfree methods 

suitable for modelling soft tissue mechanics in the clinical setting. 

Specifically the project aims to achieve the following: 

1. Explore the possibility of a truly meshfree method based on a Partition of Unity scheme  

2. Formulate, implement, and validate a stabilised mixed meshfree computational 

framework to solve deformation mechanics of incompressible materials, starting from 

linear elasticity and non-convective laminar fluids mechanics. 

3. Further extend (2) by developing a stabilised mixed meshfree computational framework 

to solve forward deformation mechanics of incompressible hyperelastic materials where, 

given a reference stress-free configuration, the method predicts the deformed 

configuration accurately and stably. 

4. On a minor note, compare both of the performance of the stabilised mixed meshfree 

method and ℎ/𝑝 finite element method. 

5. Modify the stabilised mixed formulation (3) such that the framework solved inverse 

deformation mechanics of incompressible hyperelastic materials, where given a deformed 

configuration, the method predicts the reference stress-free configuration accurately and 

stably.  

Section 1.2.1. Thesis overview and contribution 

Chapter 2 investigates the potential of using a Partition of Unity Quadrature (PUQ) scheme 

[14] to achieve a truly meshfree method. We modify current local subdomain-based quadrature 
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schemes to preserve total potential energy as dictated by weak form, while preserving conformity 

of corrected/enhanced gradients. Our method can exactly reproduce the polynomial fields, 

including gradient fields and strains of linear mechanics, hence passing the patch test, a test to 

check for variational consistency. Our method is therefore variationally consistent but non-

symmetrical, and still faces challenges to solve problems described by mixed formulation. 

Chapter 3 proposes a formulation to solve incompressible media in the small deformation range, 

involving the use of a modified corrective quadrature scheme and a stabilisation method to 

weaken the stability criteria of mixed formulation. The method manages to pass the mixed patch 

test, constituting the first meshfree method to be able to reproduce polynomial primal and dual 

fields, to the best knowledge of the investigator. 

Chapter 4 proposes a Lagrangian formulation to solve incompressible hyperelastic mechanics 

in the large deformation range, involving a further enhanced stabilisation method and the 

modified corrective quadrature scheme described in the previous chapter. The method is 

proposed in general curvilinear coordinates, which yields the standard Euler-Lagrange governing 

equations as its optimality condition. We also describe its solution procedure in detail. 

Chapter 5 tests the convergence property of the proposed method in Chapter 4 against several 

test cases which have known analytic solutions. We also test the method against a cube under 

indentation to verify that the method is locking free, and compare our solutions against the 

values reported in the literature. Tangentially, we also solve these problems using finite element 

method that is formulated by the weak form in Chapter 4, enabling us to perform a behavioural 

comparison of the proposed formulation solved using mesh-based and meshfree methods. 

Chapter 6 describes an Eulerian formulation similar to Chapter 4 to solve incompressible 

hyperelastic mechanics in the large deformation range, where one solves for the reference stress-

free configuration when given the deformed configuration. Some tests are also performed to 

demonstrate its efficacy. We also demonstrated a re-parameterisation of Chapter 4 where the 

unknown is set to be unloaded geometry, we can successfully recovery the reference shape. 
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Chapter 7 concludes the research and provides a brief outlook for the developed meshfree 

method. 

Other contributions 

 We discover that Timoshenko beam in the classical plane stress solutions of Timoshenko 

beam [33] are not incompressible (i.e. ∇ ⋅ 𝒖 ≠ 0 when Poisson’s ratio is 0.5) due to the 

lack of an incompressibility constraint in the derivation process. We therefore derived a 

solution for an incompressible beam in Appendix B. 

 A minor contribution to establish that the discretised version of Reproducing Kernel 

Moving Least Squares (RKMLS) basis functions are Backus-Gilbert optimal, a condition 

not satisfied in the continuous counterpart in Chapter 2. 

 Theoretical analysis on quadrature theory of meshfree method of Duan’s and Talischi’s 

gradient correction schemes in Appendix C and Appendix D, which further provided 

insight onto the use of background cells for quadrature as a simple yet very effective tool 

to ensure converging meshfree solutions with refinement.  

 Theoretical establishment that the Lax-Migram theorem and standard a priori error 

estimates remain valid for standard primal-based formulation in Appendix D, even when 

the gradients are corrected according to Duan’s and Talischi’s correction schemes. 

 Theoretical analysis on the effect of the quadrature on stabilised mixed formulation in 

Appendix E, which proved that a weaker version of the inf-sup condition (a necessary 

stability condition for mixed formulation) is satisfied and further explained the reason of 

current stabilised mixed formulation remain stable.  

 Theoretical estimates of the computational complexity of the Partition of Unity 

Quadrature scheme are also laid out in Appendix G. 
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 An overview of meshfree methods 

This section presents a brief overview of the theory and implementation of meshfree methods to 

solve large deformations of nonlinear elastic structures, including soft tissues. This section aims 

to provide further insight into the potential of meshfree methods and some challenges they face, 

some of which will be addressed as novel contributions in this thesis, including improved 

quadrature schemes and novel stabilised mixed meshfree methods. Lastly, we also provide a 

literature review on the application of meshfree methods to solve hyperelasticity and soft tissues 

mechanics. 

Section 1.4.1. Meshfree methods: mechanics, theory and implementation 

There are many different types of meshfree methods that have been developed over the past two 

decades. Despite the vast variety of methods, there are many similarities between them. Some 

common features of meshfree methods are that: 

(1) a domain mesh is absent and these methods operates on scattered domain nodes, 

(2) domain nodes are connected locally by overlapping spatially defined basis functions, 

(3) basis functions are smooth and continuous but might not interpolate nodal values, 

(4) boundary conditions are treated with special techniques, and 

(5) integration is performed either on a background mesh or nodally with additional 

stabilisation techniques. 

In order to study meshfree methods better, these methods could be further classified into major 

groups based on either (1) the governing equation solved or (2) basis function employed. 

Both mesh-based and meshfree methods solve mechanics with the same procedures and in the 

same spirit, that is, to estimate a deformation field that corresponds to the least energy state or 

residual measurement, depending on the governing equations solved. However, there are some 

differences in implementation due to the absence of a domain mesh and the basis function 

employed. These major differences will be discussed in the following sections and they include 

(1) the interpolation or approximation schemes, (2) the enforcement of boundary conditions, and 

(3) integration schemes. 
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Section 1.4.2. (Local or/to global) Governing equations for residual 
minimisation 

The governing equation for hyperelastic/soft tissues mechanics include a balance of momentum 

equation and boundary and volumetric constraints. There are 3 major meshfree methods as a 

result of solving different sets of governing equations: 

(1) (Petrov- & Bubnov-) Galerkin weak form which solves a weakened balance of momentum 

equation based on Principle of Virtual Work. 

(2) Least squares strong form which solves the mechanics by satisfying the balance of 

momentum equation in a least squares sense [34]. 

(3) Collocation strong form which solves the mechanics by satisfying the balance of 

momentum equation node-wise [35, 36]. 

These methods may also be defined to hold at local or global scale, producing further variants, 

like MLPG being the locally defined EFG. Each of these methods has distinct strengths and 

weaknesses, which may be compensated with combinations of these methods, giving raise to 

meshfree Galerkin least squares method [37], mixed weak-strong form [38], etc. By far, the most 

widely used meshfree methods are based on the (symmetric global Bubnov-) Galerkin weak form, 

due to its performance as well as ease of implementation compared to the others.  

It should be noted that because there are 2 forms of the balance of momentum equation in 

mechanics, following either a Lagrangian or an Eulerian point of view, the resulting meshfree 

methods could take 2 different formulations. The (total) Lagrangian formulation is more popular 

because it is more stable and natural for solid (soft tissue/hyperelastic) mechanics [39, 40]. On 

the other hand, the Eulerian formulation suffers from tensile instability [41], a result of nodal 

derivatives near zero at nodes, hence requires further costly correction and stabilisation [28]. 

Since either formulation is highly nonlinear, these equations are linearised and solved iteratively, 

notably with Newton-Raphson [42, 43] or Picard methods [44]. Linearisation of governing 

equations could be done either numerically [45] or analytically [46], with the latter form has been 

popular in meshfree community.  
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Section 1.4.3. Meshfree basis functions: consistency, compatibility and 𝜹-
property 

Meshfree methods operate with scattered domain nodes, whose connectivity is established 

through meshfree basis functions. Although all are constructed based on the principle of Partition 

of Unity [14], each has different properties, producing many different meshfree methods. These 

basis functions are (rational) non-polynomial in general [27] and some popular examples include 

moving least squares (MLS), radial basis function (RBF) [23], RBF with polynomial reproducing 

condition, maximum entropy (Max-Ent) [47, 48] and natural neighbour interpolation [49]. In 

particular, MLS is the most widely used. Introduced by [24], it approximates values point-wise 

by fitting a desired polynomial field within the region defined by a compact support domain. 

The fitting process is a weighted least squares exercise and the fitting process is repeated 

throughout the entire domain. 

Similar to mesh-based basis functions, meshfree basis functions are required to be consistent, i.e. 

to be able to exactly reproduce the differential governing equation in the limit as the distance 

between neighbouring nodes approaches zero [50]. This concept is important to ensure that the 

solution converges with increasing degree of refinement. As it is difficult to check that a basis 

function is consistent for unstructured nodes, completeness or reproducibility is usually employed 

to define consistency [11, 51]. An approximation is said to be of 𝑘 -order complete if any 

polynomial up to the order 𝑘 can be reproduced exactly. Hence a basis function is assumed to 

be consistent if it can reproduce a polynomial field exactly when the basis function is equipped 

with a sufficient order of polynomial completeness. As a result of using completeness to define 

consistency, some meshfree basis functions based on weighted least squares approximation or 

reproducing kernel approximation, such as MLS and Max-Ent, satisfy consistency, while other 

basis functions, such as RBF, could be inconsistent although in practice they converge [8]. 

Another property that is essential for Galerkin meshfree methods is compatibility, which refers 

to the field approximated from the meshfree basis function being unique and smooth over the 

problem/material domain [8]. This concept is important because a non-unique field corresponds 

to discontinuity and would induce “cracking” in Galerkin schemes. However, compatibility is 

not essential when applied locally [52] or with non-Galerkin schemes [53]. 
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Meshfree basis functions derived from weighted least squares do not interpolate domain nodes, 

hence do not possess the 𝛿-property like those basis functions used in mesh-based methods do. 

While this property is not essential for mechanics, it complicates imposition of essential boundary 

conditions, which will be discussed in 1.4.3.  

Basis functions Consistency Compatibility 𝜹-property 

Shepard’s method √ √ × 

Moving least squares 
(MLS) 

√ √ × 

Radial Basis Function 
(RBF) 

×   polynomial field 

√   differential eq. 
× √ 

RBF + Polynomial Basis √ × √ 

Maximum Entropy 

(Max-Ent) 
√ √ × 

Sibsonian & Non-
Sibsonian 

√ √ √ 

Table 1-1: Summary of meshfree basis functions in satisfying consistency, compatibility and the Kronecker 

delta property 

Section 1.4.4. Enforcement of essential boundary conditions 

As some meshfree basis functions do not possess the 𝛿-property, that is, 𝜙 (𝑥 ) ≠ 𝛿 , hence 

result in 𝑢(𝑥 ) ≠ 𝑢 , i.e. the nodal parameters 𝑢  are not the nodal values of 𝑢(𝑥 ) or the 

approximated fields do not passes through domain nodes. Hence these meshfree basis functions 

do not interpolate but rather approximate the underlying field(s) [54], further complicating 

imposition of essential boundary conditions (EBCs), so that both the domain nodes and the 

(fictitious) field obey EBCs.  

Some of the earliest efforts to enforce EBCs are collocation methods [55-57], penalty methods 

[58] and Lagrange multipliers [13]. [59] replaced Lagrange multipliers with its physical 

counterpart in elasticity, i.e. traction. [60] derived kinematically admissible basis functions 

explicitly by enforcing them to vanish on essential boundaries. More exotic methods like 
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Nitsche’s method [10, 61], transformation method in time stepping scheme [62] and D’Alembert’s 

principle [63] were also employed, while some seek for an easier approach by coupling mesh-

based basis functions on essential boundaries to meshfree basis functions within domain [26, 64, 

65]. 

Methods Advantages Disadvantages 

Penalty method Easy to implement 
EBCs weakly enforced;  

Too large penalty factor cause instability 

Lagrange multiplier EBCs enforced exactly 
More variables to solve;  

Required to satisfy LBB theorem 

Transformation 
method 

Easy to implement 

Point-wise satisfaction;  

Unable to satisfy on entire boundary; 

Required to inverse (large) matrices 

Nitsche’s method 
Easy to implement; 

Similar to penalty method 

Point-wise satisfaction;  

Unable to satisfy on entire boundary 

D’Alembert’s 
principle 

Able to enforce nonlinear 
EBCs; Reduces system size 

Point-wise satisfaction;  

Unable to satisfy on entire boundary 

Coupling with FEM EBCs enforced exactly Requires a mesh on essential boundary 

Table 1-2: Summary of advantages and disadvantages of different techniques to enforce the essential 

boundary conditions 

Section 1.4.5. Meshfree integration schemes 

A complication that arises from the non-polynomial nature of meshfree basis functions is that 

numerical integration based on Gaussian quadrature scheme, which is designed to integrate 

polynomials, is insufficient and requires special treatment. The simplest solution would be to 

fine-tune the density of the background mesh while increasing the order of Gaussian quadrature 

until the residuals reduce to within the desired tolerance. However, this method is very time-

consuming and computationally expensive, prompting adaptive schemes being developed [66, 

67].  
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[27] found that the major cause of quadrature error is due to incomplete quadrature of the basis 

function when the background cells do not align with the nodal support domain. They further 

developed the Bounding Box method to capture the misalignment, and achieved considerable 

accuracy. This pioneering work provided insight to the problem and inspired further development 

of support domain based integration schemes [15, 68, 69]. However, these methods are very costly 

and slow because of the repeated integration of overlapping regions. 

Another breakthrough was achieved by [29] when they managed to pass the linear patch test by 

satisfying the so-called integration constraint, which is essentially divergence theorem, by using 

a stabilised conforming nodal integration (SCNI) scheme based on a Voronoi mesh. Later, [70] 

extended SCNI to satisfy 2nd order integration constraints and [71] generalised SCNI to be 

performed on an arbitrary integration mesh and called the new scheme stabilised non-conforming 

nodal integration (SNNI). Further investigations finally enabled [30] and [72] to extend SCNI & 

SNNI to achieve integration exactness of arbitrary order. 

Integration schemes Advantages Disadvantages 

Dense background mesh 

(Belytschko et al, 1994) 
Easy to implement 

Required high order 
Gaussian quadrature;  

failed to pass patch test 

Bounding box method 

(Dolbow & Belytschko, 1999) 

Significantly increases accuracy 
of integration 

Required to segment 
integration cell; 

Became mesh dependent 

Support domain-based 
integration 

(Atluri et al, 1999; Atluri & 
Zhu, 2000; Duflot & Nguyen-
Dang, 2002) 

Easy to implement 

Required high order 
Gaussian quadrature;  

failed to pass patch test 

Direct nodal integration 

(Beissel & Belytschko, 1996) 
Easy to implement 

Incorrect and severely 
under integrate unless 
stabilised;  

costly to stabilised 
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Stabilised Conforming Nodal 
Integration (SCNI) 

(Chen et al, 2001) 

Fulfil 1st order Galerkin 
exactness; 

Pass through patch test 

Required Voronoi mesh; 
Became mesh dependent 

Stabilised Non-conforming 
Nodal Integration (SNNI) 

(Hillman et al, 2013) 

Fulfil 1st order Galerkin 
exactness; 

Pass through patch test;  

Does not require Voronoi mesh 

Requires extra evaluation 
of correction parameters 

Quadratically Consistent One-
Point (QC1) Quadrature  

(Duan et al, 2012) 

Fulfil 2nd order Galerkin 
exactness;  

Pass through patch test 

Required Voronoi mesh; 
Became mesh dependent 

Variationally Consistent 
Integration  

(Hillman et al, 2013) 

Satisfy Galerkin consistency of 
arbitrary order;  

Pass through patch test 

Could not support mixed 
formulation yet 

Variationally Consistent 
Integration  

(Duan et al, 2012; Duan et al, 
2014) 

Satisfy Galerkin consistency of 
arbitrary order;  

Pass through patch test 

Requires extra evaluation 
of corrected derivatives at 
Gauss points; 

Could not support mixed 
formulation yet 

Table 1-3: Summary of advantages and disadvantages of various method to inetgration meshfree methods 

 A review of meshfree modelling of hyperelasticity and soft 

tissue mechanics 

In this section, we provide a literature review of applying meshfree methods to model hyperelastic 

materials, which incidentally also includes soft tissues as a first order approximation.  

Section 1.5.1. Soft tissue mechanics and hyperelasticity 

Soft tissues have long been regarded by biomedical researchers to behave elastically like rubbers 

[2]. Hence without loss of generality, the nonlinear theory of elasticity applied to rubbers is also 

extended naturally to soft tissues. However, as certain soft tissues contain fibres aligned in 

certain directions and exhibits anisotropic behaviour, which is generally absent in rubbers, these 

observations would constitute some modifications to the theory [73, 74]. 
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In continuum mechanics, rubbers or rubber-like materials are normally treated as isotropic, 

incompressible, and hyperelastic. Hyperelasticity of rubber refers to a special class of elastic 

materials where the stress developed within the material while undergoing deformations can be 

derived from a scalar function called a strain energy function, 𝑊 . This function is often a sum 

of simple polynomials and/or exponentials with coefficients obtained through experimental 

fitting. Some notable examples are Mooney-Rivlin relation [75, 76], Fung’s exponential [74], and 

Ogden’s model [77]. 

Another important feature that rubbers (and soft tissues) exhibit is near-incompressible 

deformation, which further restricts the hyperelastic relation used. Some works model the 

incompressibility constraint explicitly by appending a Lagrange multiplier to 𝑊  and constitute 

the mixed formulation [78], while others decompose and penalise the volumetric changes 

implicitly in 𝑊  and constitute the displacement formulation. The mixed formulation has an 

advantage that it does not suffer from potential numerical locking that the displacement 

formulation exhibits, but it requires solving an extra set of variables. Other methods to handle 

incompressibility and numerical locking also exist, such as the pressure projection method [79, 

80], hybrid method [81], 𝐹̅- [82] or 𝐵-approach [83], the selective-reduced integration [84], the 

perturbed Lagrangian formulation [85], and the rank-one filtering [86]. 

Soft tissues can undergo large deformations which can result in self-contact or contact with 

nearby tissues and/or objects. Therefore, another important consideration of soft tissue 

mechanics is the incorporation of contact mechanics, which may be frictional or frictionless 

contact. Both types of contact mechanics can be enforced as a special type of traction boundary 

conditions by the use of a penalty factor or a Lagrange multiplier [87]. 

Section 1.5.2. Meshfree methods for soft tissues and hyperelastic materials 

The analysis of soft tissue or hyperelastic materials undergoing large deformations with 

volumetric, contact, and boundary constraints can be very challenging when modelling with 

mesh-based methods because they are sensitive to the quality of the discretised domain mesh. 

When domain meshes undergo large deformations, element inversion and instability can result, 

leading to numerical breakdown [88]. Adaptive refinement may help to relieve the distortion, 

but results in more computation effort. These problems are commonly faced when using mesh-
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based methods, but have been alleviated with meshfree or meshless methods as domain meshes 

are not a feature of these methods. 

Since the pioneering work by [89], the inspiration has brought about a rapid development of 

different types of meshfree methods and their applications in both academic and industrial 

problems. These methods are mainly based on Galerkin schemes, but others use least squares 

[90] and strong form collocation formulations [91]. Material and deformation fields can be 

approximated and interpolated with less dependence on mesh. Some examples of meshfree 

methods are smooth hydrodynamics (SPH) [12], element-free Galerkin method (EFG) [13, 92], 

and reproducing kernel particle method (RKPM) [18]. 

Recently these meshfree methods have been actively developed and are being employed to solve 

a range of different problems, including hyperelasticity and soft tissues in general. Early 

applications of meshfree methods are targeted to model isotropic hyperelastic materials for 

industrial problems such as rubber bushing [43, 46, 93-95]. There are also extensions to analyse 

material and shape design optimisation for industrial hyperelastic structures using RKPM [96, 

97]. Later meshfree regimes were extended to model contact problems for hyperelastic materials 

[98, 99]. These are rather early developmental stages of meshfree frameworks to model 

hyperelastic materials and applications were few. 

As meshfree methods mature, their application to model biomechanics increases. [9] applies 

Natural Element Method (NEM) to solve knee joint and bone remodelling. With further 

improvement of NEM to handle complex (non-convex) boundaries, his team contributed to a 

meshfree library to model soft tissue mechanics [9]. He later presented a series of soft tissues 

being solved with NEM, including cornea, temporomandibular disc, and passive heart response 

[100]. [101] also applies NEM to model human ear structures. Other meshfree methods are also 

being used to simulate brain indentation [102], brain shift [103], brain surface mapping [104], 

active cardiac pumping [105, 106], and skeletal muscle contraction [107].  
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Section 1.5.3. Applications to Simulate Deformations of Rubber and 
Rubber-like Materials 

This section provides a brief review on the application of various meshfree methods in modelling 

rubber and rubber-like materials. Although the literature for this section is reviewing industrial 

rubber problems, the theories and methods are applicable to soft tissues mechanics. 

Meshfree modelling of rubber and rubber-like materials 

Conventionally mesh-based methods have been applied to solve large deformations of rubber 

mechanics, particularly hyperelastic rubbers which have wide applications in various areas in 

engineering. Rubber can undergo large deformations with little change in volume, and the large 

deformations could also cause rubber to come into contact with itself/nearby materials, which 

often necessitates contact considerations. Such simulation of large deformation with volumetric 

and boundary constraints is very challenging with mesh-based methods. Hence, recently, mesh-

free methods are being applied to rubber mechanics to overcome the limitation of mesh-related 

problems in conventional methods. 

[43, 46] developed a framework to model rubber based on RKPM. They considered nearly-

incompressible hyperelasticity and modelled with a displacement-based Galerkin formulation. 

Due to the nonlinearity of the weak form, they linearized the weak form analytically and solved 

it using the Newton-Rapshon method. They reported that, with a large support domain size, 

volumetric locking, a frequently encountered complication with mesh-based methods, is not 

evident. However, the framework is computationally expensive due to the use of large support 

domain size, because locking would persist with small support domain size. [96, 97] used RKPM 

to analyse the shape design of hyperelastic structures. Later, they improved on locking with 

small support size by introducing pressure projection method [79] and using selectively reduced 

integration with enhanced strain [108]. Frictional contact constraints were added into their 

framework [98] and was included into a meshfree library to model large deformations of rubbers 

and nonlinear structures called SNAW [42]. Another similar framework using EFG, the more 

rudimental form of RKPM, is proposed in [109]. 

Similar trends of framework development into meshfree libraries (for hyperelasticity) are also 

observed for other types of meshfree methods, such as EFG, MLPG, NEM and SPH. [110] 
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presented a framework to solve hyperelasticity and Cosserat continuum with EFG. The 

framework solved nearly-incompressible hyperelasticity with mixed formulations, but oscillation 

in displacement is encountered as a result of violation of LBB theorem. Later, [102, 103, 111] 

also used EFG to model nearly-incompressible hyperelastic brain tissue, and they developed an 

EFG library for hyperelastic soft tissues [112]. The nonlinear Galerkin weak form, however, is 

not linearized analytically, but numerically using Newton’s forward differentiation. Selective 

reduced integration [84] is employed to control volumetric locking. 

At the same time, MLPG was also developed to solve hyperelasticity by [93]. The Galerkin weak 

form was performed locally and resulted in a truly meshfree scheme. They also showed that the 

scheme is relatively more efficient than FEM. [95] derived a new MLPG formulation with 3 fields 

(displacement, traction, and pressure). This formulation uses same interpolation schemes for all 

3 fields, a violation of LBB theorem that they acknowledged, but achieved good solutions for 

the numerical examples showed. Later, [52] would model hyperelasticity with frictional contact 

mechanics. [99] further modified the framework by [93] with the use of RBF enriched with 

polynomial basis. This allowed the imposition of boundary conditions directly like mesh-based 

methods. Pressure projection method is also employed to avoid volumetric locking.  [113] used 

MLPG to model hyperelasticity with Rayleigh damping. 

[114] applies Natural Element Method (NEM) to solve hyperelastic knee joint and bone 

remodeling. With further improvement of NEM to handle complex (non-convex) boundaries, his 

team contributed to a meshfree library to model large strain problems of hyperelasticity [9]. It 

has since been used to model various hyperelastic soft tissues (see § 5) [100, 114, 115].  

SPH is another  meshfree method being employed to solve nearly-incompressible hyperelasticity 

[94, 116], however, it uses Eulerian mechanics and is less popular because it is less stable (tensile 

instability) [41] and imposition of boundary conditions is difficult. The near-incompressibility 

condition is enforced by the Pressure Poisson Equation [117, 118]. [119] further extended SPH 

to satisfy the reproducing condition [25], while correcting and stabilizing the integration of SPH 

kernels. Another work by [120] improved on imposition of boundary condition by using a 

Lagrangian particle level set method [121], instead of the conventional ghost particles method 

[122]. 
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[123] proposed to model hyperelasticity with a stabilized meshfree scheme, involving a second 

order gradient correction to the nodal integration, while [35] recently developed a solver to model 

hyperelasticity with contact using a collocation formulation. Some frameworks are also being 

adapted to simulate hyperelastic soft tissue during surgery. [124] and [125] simulate hyperelastic 

deformations of soft tissues in real time using the method of finite spheres [16], where soft tissues 

are regarded as a lump of particles and the inter-particle interaction bring about the 

deformations of the material. [126] also proposed a similar framework, but extended it to real-

time interaction with haptic sensors. 

Meshfree library to model rubber and rubber-like materials 

There are several meshfree libraries that are developed to solve large deformations of hyperelastic 

materials, and some also support contact mechanics. These libraries use different meshfree 

methods and hence inherit disadvantages and advantages of the underlying method employed. 

Below is a general overview of the meshfree libraries found. 

1.  Structural nonlinear analysis workspace (SNAW) 

SNAW is a meshfree package developed at the University of Iowa by Professor Jiun-Shyan 

Chen’s team [42]. This package aims to solve nonlinear large deformations of elastic and plastic 

materials, including linear elasticity, nonlinear hyperelasticity, rate form, and total form of 

elasto-plasticity. These problems could be solved in quasi-static or time-evolving settings. 

Another feature of this package is that it supports frictional and frictionless contact problems.  

The meshfree method used is the nonlinear formulation of Reproducing Kernel Particle Method 

(RKPM) with moving least squares (MLS) basis function. However the nonlinear formulation is 

linearized for implementation. Specifically the package uses the incremental total Lagrangian 

formulation for analysis [127]. To perform numerical quadrature, the package ultilises a 

background mesh where standard Gaussian quadrature is specified. Lastly, a full transformation 

method is employed to enforce essential boundary conditions [58]. 
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2.  Meshless Total Lagrangian Explicit Dynamics (MTLED) 

MTLED is another meshfree package developed for large deformation analysis, especially 

targeted to solve hyperelastic materials [111, 112, 128-130]. This package is being developed by 

Professor Karol Miller’s team at the University of Western Australia. Currently the package 

handles large deformation mechanics in a time-stepping manner. The package, however, does 

not yet support contact mechanics. 

The meshfree method used by MTLED is the Element-Free Galerkin Method (EFGM) with 

MLS basis function. The package ultilises a background mesh to perform numerical integration 

of the weak form. As the weak form is nonlinear, linearization of the weak form is performed 

through Newton’s forward differentiation [131], which is solved until equilibrium is reached. 

Currently, the essential boundary conditions are enforced either by a penalty method or by 

coupling to Finite Element (FE) mesh through a ramp blending function as described by [26]. 

3.  SPH library for hyperelasticity and soft tissues 

This library is developed at ETH Zurich, Switzerland by [120]. The package supports large 

deformations of hyperelastic materials and handles frictionless contact mechanics. The library 

uses Smooth Particle Hydrodynamics (SPH) with MLS basis functions to approximate material 

field. This package is different from the above 2 in that it is employing a time-dependent Eulerian 

formulation and is a truly particle-based scheme, where integration is performed locally at the 

particle support domain. 

Essential boundary conditions are also enforced locally with particle level sets [121] and ghost 

particles [122]. Another feature of this package is that it adaptively remeshes the domain to 

support the undergoing deformation while maintaining sufficient numerical stability [41]. 

4.  NEM library for hyperelasticity and soft tissues 

This package is developed by [9] at the University of Zaragoza, Spain. It supports elastostatic 

simulations of hyperelastic materials undergoing large deformation, with the use of an 

incremental total Lagrangian formulation. The meshfree method employed is the Natural 

Element Method (NEM) [22] and approximates the material field with Sibsonian basis functions 
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[49]. The Sibsonian basis function is constructed using Voronoi background cells, hence the 

constructed Voronoi background mesh is also used for numerical quadrature purposes as well as 

the enforcement of boundary conditions. For non-convex surfaces, however, the Voronoi cells are 

not sufficient and the surface is interpolated with an 𝛼-extension of the shape function [9]. 

Section 1.5.4. Applications to Simulate Soft Tissues Deformations 

While meshfree methods have been applied to solve large structural deformations in solid, fluid, 

and thermoplastic mechanics, the application of meshfree methods to individual soft tissue 

organs is still very limited. Many of the examples of application to soft tissues are merely a 

showcase that meshfree methods could model soft tissue deformations plausibly, but they lack 

any substantial comparisons of accuracy and computational performance against other mesh-

based methods. Nonetheless, these examples provide a proof of concept that soft tissue mechanics 

are within the operation range of meshfree methods. 

Heart 

Active cardiac pumping was simulated using meshfree methods by [106] and [105]. [106] was 

modelling the heart tissue with SPH, based on a point-based framework developed by [132]. 

They simplified the mechanics and used linear elasticity to model the soft tissue constitutive 

relation. A cyclical pacemaker force term stimulates the heart cycle. In order to further improve 

the accuracy of deformation, [106] added a viscous force term acting on the soft tissue material 

particles to dampen the cardiac rhythmic dynamics and a volume preservation force term to 

conserve the volume of the deforming heart. These terms are added ad hoc to the cardiac 

simulation to make the simulation plausible, hence are not strictly based on the underlying 

physics. The method to enforce boundary conditions is not given and there is no comparison 

against FEM solutions or ground truth. 

[105] modelled heart tissue using EFG. The framework developed by [105] was extensive, 

spanning from segmentation of cardiac geometry from MRI to electromechanical coupling 

modelling of the contracting heart. Electrical wave propagation through the heart and the active 

pumping events are also included. The heart is first segmented automatically using software 

called NUAGES [133] and further incorporated with fibres from Auckland Dog Heart Models 
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[134]. The heart undergoes contraction upon stimulation from pacemaker. The heart is assumed 

to behave according to Guccione transversely isotropic materials [135]. Boundary conditions are 

enforced through a penalty method and integration is performed on background cells. However, 

meshfree solutions have not been compared with FEM solutions or ground truth. 

[100] also performed a study on the passive response of cardiac tissues using NEM. The heart 

geometry, incorporated with fibres, was obtained from the Bioengineering Institute at Auckland 

University. The constitutive equation assumed was the Lin and Yin model [136]. The heart is 

then inflated, with appropriate boundary conditions applied, to simulate ventricular diastole. 

Displacements at the base of each ventricle are set to zero. NEM solutions have not been 

compared with FEM solutions or ground truth. 

Brain 

Meshfree modelling of the brain has been undertaken by Miller and colleagues since 2007, 

specifically looking at the brain shift problem: the deformation of brain after the skull is open 

during neurosurgery [103, 137, 138]. The aim is to simulate and predict brain tissue deformations 

quickly to assist surgical guidance. Miller argues that an accurate displacement field is more 

important than the stress field for such applications [102]. The configuration of the brain tissue 

before operation could be forced to the configuration after the skull is opened, with an assumed 

material parameter, under a purely displacement prescription. Hence the displacement field 

would be insensitive to mechanical property of individual brain tissues. 

Miller models the brain shift problem using a framework called Meshless Total Lagrangian 

Explicit Dynamics (MTLED) [111, 139], which is based on EFG. The brain tissue assumes a 

nearly-incompressible Neo-Hookean relation. Essential boundary conditions are enforced by 

coupling MTLED with FEM. The displacement field is forced to match the portion of the 

exposed brain surfaces before and after the skull is open. Miller’s group further improves on the 

classification of brain tissues into different components using fuzzy logic classification, creating 

a patient-specific computational framework [140]. 

There has also been work done by [104] to extract cortical surface from MRI images using 

RKPM. The surface extracted can then be deformed using the same RKPM framework. 
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Human cornea 

Cornea is the outermost structure that refracts and focuses light onto the retina in eyes. 

Imperfection in the cornea results in refraction errors, defocussing images. Surgical procedures 

like laser may help correct such errors. The problem for biomechanics researchers is to define, 

and to model the effect of, the parameters that determine the surgery outcome, i.e. laser and 

geometric parameters concerning both incision and ablation. 

[100] modelled the cornea as a nearly-incompressible, anisotropic, hyperelastic material 

embedded with 2 families of fibres. The hyperelastic relation assumes that of Holzapfel’s 

constitutive model [141]. Cornea is subjected to radially symmetrical intraocular pressure (IOP) 

and the deformation is calculated using NEM. Boundaries around cornea are fixed. No 

comparisons against ground truth or FEM solutions are reported. [142] modelled heat transfer 

within cornea using a hybrid boundary element method (BEM) — radial basis integral equation 

(RBIE) [143], another meshfree method based on RBF. 

Temporomandibular disc 

The temporomandibular disc is located between the temporal bone and the mandible. It absorbs 

shocks and allows sliding of the mandible while eating and talking. Doblare et al modelled it as 

a transversely isotropic hyperelastic material, and the hyperelastic strain energy function follows 

that of a modified Yeoh’s cubic function [144]. The mandible connection is prescribed such that 

the mandible is moving. The disc is modelled using NEM [100]. No comparisons against ground 

truth or FEM solutions reported. 

Skeletal muscle 

Recently [107] simulated large deformations of skeletal muscle with RKPM. They have developed 

a framework to extract skeletal muscle geometry based on pixel data from MRI. Muscle fibres 

and material properties are also extracted from each pixel. Because the use of MLS basis 

functions, the material properties and fibre directions transition smoothly. The resulting model 

is heterogenous and anisotropic. Skeletal muscle was assumed to behave as a transversely 

isotropic material, the skeletal muscle matrix was assumed to be an isotropic quadratic 

hyperelastic material, and the fat and connective tissues were assumed to be isotropic cubic 
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hyperelastic materials. The framework is a displacement-based total Lagrangian formulation. 

Penalty methods were used to enforce boundary conditions and a nodal integration scheme SCNI 

was employed.  

Knee tendons 

Knee tendons were simulated using NEM by [100, 145], where it was assume to be a neo-Hookean 

hyperelastic material embedded with collagen fibres. Stress developed from fibres is stretch 

dependent, according to the free energy function proposed by Weiss et al. Meshfree solutions 

have not been compared with FEM solutions or ground truth. 

Other soft tissues 

[146] reported on modelling articular cartilage using SPH. They treated cartilage as a biphasic 

fibril-reinforced poroviscoelastic material which could be decomposed into 3 components: non-

fibrillar solid matrix, the collagen fibril network, and interstitial fluid support. The solid matrix 

was modelled with a neo-Hookean hyperelastic relation, and the fibre networks as interconnecting 

springs. Essential and contact boundary conditions were enforced by the ghost particle method.  

Although not based on hyperelasticity, [101] modelled human ear structures using NEM. The 

structures considered include the basement membrane, cochlear wall, tympanic membrane, and 

various joining ligaments. 
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Part of this chapter is prepared as a manuscript titled “A support domain-based gradient 

correction scheme for globally conforming Galerkin meshfree methods” to be submitted to 

“Computer Methods in Applied Mechanics and Engineering” as an original article. 
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 Meshfree basis functions and quadrature challenges 

Since the introduction of the “diffuse element method” by Nayroles et al. [89], there have been 

various meshfree methods developed to solve boundary-value problems. These methods share 

the common ability to solve the underlying PDEs without reliance on a mesh. These techniques 

can handle large deformations, while allowing more flexibility in modification and adaptivity of 

nodal structure for problems involving moving surfaces or fracture. The interested reader is 

referred to [147] for a detailed review of meshfree methods and their applications. While there 

are many meshfree methods, the paper focuses on Galerkin-type meshfree methods. 

A common issue plaguing Galerkin meshfree methods is the inaccuracy and inefficiency of the 

integration scheme based on polynomial quadrature, as meshfree approximation functions are 

generally non-polynomial. Currently, there are three major types of quadrature schemes where 

the quadrature is performed either: (1) on a background mesh that need not coincide with 

domain of interest; (2) on a local domain that may (or may not) be the nodal-compact-support; 

or with (3) direct nodal integration. Currently, computing the quadrature on a dense background 

mesh using very high order rules (number of Gauss points > 6) is the common practice, which 

substantially increases computational cost. The use of background meshes, such as those reported 

in [148, 149], is seen as undesirable since the approach exhibits a certain degree of mesh 

dependence. Quadratures based on support domain can preserve the meshfree spirit, such as 

those used in meshless local Petrov-Galerkin (MLPG) method [15] or the Partition of Unity 

Quadrature (PUQ) [69, 150]. Such support-based quadrature schemes, unfortunately, are more 

computationally expensive than those computed using a background mesh since support domains 

often overlap and evaluation of basis functions is repeated in these overlapped regions. Nodal 

integration is the most efficient quadrature scheme. However, when the integrand is sampled 

with almost vanishing derivatives, the scheme suffers from spurious modes due to insufficient 

nodal constraints. This can be remedied with addition of special least squares residual 

stabilisation terms [119], which are introduced at the cost of higher-order-derivative evaluations. 

In order to address the issue of numerical integration, several correction schemes have been 

proposed. The earliest correction attempt is the bounding box technique proposed by Dolbow 

and Belytschko [27] which partitions the background mesh based on the nodal-support-domains. 
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Such a procedure, however, quickly leads to an intractable, complicated mesh layout. This 

motivated Griebel and Schweitzer [151] to decompose the background mesh into disjoint cells 

using a hierarchical approach. Krongauz and Belytschko [152] proposed the concept of pseudo-

derivatives, wherein a set of correction coefficients for each background cell is computed to 

satisfy the linear discrete divergence map (termed as the integration constraint (IC) in [29]), 

reducing the number of Gauss points. The concept is extended in Duan et al [70, 153] to satisfy 

higher order IC and the resulting quadratically-consistent three-point (QC3) integration scheme 

can achieve quadratic consistency in 2D and 3D [154]. Currently, only a few correction techniques 

[29, 119, 155, 156] satisfy the integration constraint. 

Stabilised conforming nodal integration (SCNI) [29], a widely used quadrature scheme, is based 

on the concept of gradient modification. SCNI projects the nodal gradient field, within its 

associated Voronoi cell, to a constant. A non-conforming version of SCNI, called stabilised non-

conforming nodal integration (SNNI), allows overlapping of smoothing domains, consequently 

eliminating Voronoi mesh generation. While SCNI only restores linear consistency, SNNI can be 

tuned to recover higher order polynomial consistency. SNNI captures quadrature error through 

the enhancement of a corresponding assumed gradient, and not through projection or smoothing 

of current gradient field. Since SCNI and SNNI are nodal integration schemes, they could contain 

spurious zero-energy modes (see [157, 158]), requiring a stabilisation term.  

The stabilised SCNI and SNNI are closely-related to the virtual element method (VEM) [159], 

which splits the internal energy bilinear form into polynomial and non-polynomial parts. Exact 

quadrature of the polynomial part is then sufficient to warrant convergence at optimal rate, 

while zero-energy mode instability is suppressed by the non-polynomial part. Recently, the VEM 

concept has been further applied to maximum-entropy meshfree method (MEM-VED) [160] to 

ensure that the method is stable and convergent, but renders the method to be dependent on a 

background mesh. 

Currently, SCNI, SNNI, QC3 and its variants, and MEM-VED are the quadrature correction 

schemes that enable Galerkin meshfree methods to exactly pass the patch test with numerical 

tolerance. Upon closer inspection of these correction schemes, one observes that QC3 is a pseudo-

derivative scheme which is not integratable. MEM-VED requires a well-tuned stabilisation 
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parameter to ensure convergence, and QC3, SCNI and MEM-VED require a non-overlapping 

background mesh to define local smoothing or projection domains. Although SNNI is the only 

technique that performs quadrature without reliance on a background mesh, it should be noted 

that the technique is essentially a corrected MLPG method, which is not the standard global 

Galerkin meshfree method. 

In this chapter, we propose to integrate the global Galerkin meshfree method using the partition 

of unity technique by correcting the localised quadrature with the enhancement of a local 

assumed-strain defined in each support domain. We use Shepard’s basis [161] to form the 

partition of unity, and glue the locally-defined assumed-strains into a globally conforming 

function again after summation of all support domains. The major contribution of this paper is 

therefore a corrected globally-conforming meshfree method that possess polynomial consistency 

without the need for a background mesh. 

Throughout this paper, 𝕎 (Ω) ≔ {𝐷 𝑓 ∈ 𝕃 (Ω), |𝛼| ≤ 𝑘}, with 𝑘 = {0,1} denotes the Sobolev 

space on Ω that contains bounded, square-integrable functions that are differentiable up to 𝑘  

order. Note that 𝕎 (Ω) corresponds to the usual 𝕃 (Ω). Additionally, the space of polynomial 

functions up to order 𝑚 is written as ℙ (Ω). We remark that by default, ℙ− = ℙ . The 

notation ⨋ (⋅)𝑑Ω  is used to indicate numerical quadrature within a patch 𝜔 , as opposed to 

the case of continuous integration ∫ (⋅) 𝑑Ω.  

The chapter is organised as follows: The RKMLS basis function used in this chapter is described 

in Section 2.2. Section 2.3 presents a corresponding model problem to facilitate the development 

of our quadrature correction scheme. The model problem is partitioned using Shepard’s basis 

following the standard PUQ scheme. In Section 2.4, we proceed to develop our quadrature 

correction scheme based on an integration constraint that is subjected to the partition of unity 

condition. Further, we shed light on the relationship between the proposed method and existing 

techniques in Section 2.5. The implementation aspects of our quadrature correction scheme are 

given in Section 2.6. We then demonstrate that the patch tests are passed to numerical tolerance 

in Section 2.7. A Timoshenko beam is also simulated to evaluate the convergence performance 

of our quadrature correction scheme, before we summarise the method again in Section 2.8. 
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 Reproducing kernel moving least squares (RKMLS) 

In this section, we review the reproducing kernel moving least squares (RKMLS) basis functions. 

The construction of RKMLS in [162] is similar to the original moving least squares (MLS) basis 

function proposed by Lancaster and Salkaukas [24]. However, the RKMLS is endowed with a 

continuous inner product, making it difficult to satisfy the polynomial reproducibility condition 

when discretised (see Section 3.2 of [163]). This motivated us to compute RKMLS in discrete 

form directly. We now show that a particular discretised RKMLS is Backus-Gilbert optimal. 

Let 𝓊 = {𝑢𝐼 ≡ 𝑢(𝒙𝑰), 𝐼 = 1,… , 𝑁} be a set of field values sampled at domain nodes 𝒙 . The 

domain nodes are conveniently grouped in another set 𝜒 = 𝒙 ,𝒙 ∈ Ω ⊂ ℝ , 𝑖 = 1,… , 𝑁 . 

Similar to other approximation schemes, discretised RKMLS seeks to estimate the field through 

a weighted sum of these field values, i.e. 

 𝑢(𝒙) = 𝜑 (𝒙)𝑢
=

, (2.1) 

The Backus-Gilbert approach of local discrete RKMLS is to compute, at a given location 𝒙, the 

minimal nodal-contributions 𝜑 (𝒙) associated with each node such that polynomial can be 

recovered locally. Therefore, 𝝋 (𝒙) ≔ [𝜑 (𝒙), … , 𝜑 (𝒙)] can be computed by the following 

constrained optimisation problem 

 𝑚𝑖𝑛
1

2

𝜑 (𝒙)

𝑤 (𝒚)
𝑑Ω , (2.2) 

such that the polynomial, up to a desired degree 𝑚 ≤ 𝑁 , is reproduced within a small domain 

Ω  (of a radius 𝜐ℎ, see below) centered at 𝒙, i.e.  

 𝑝
𝒙 − 𝒙

𝜌
𝜑 (𝒙)

=

= 𝑝 (𝟎), 𝑗 = 1,… , 𝑛, 𝑛 =
𝑚 + 𝑑

𝑑
, (2.3) 

where 𝑝  is the 𝑗  order monomial. 𝑤 (𝒙) is a quartic weighting function valued at 𝒙 whose 

center is the node 𝐼 and defined as  

 𝑤 (𝒙) ≡ 𝑤(𝒙 − 𝒙 ) = �̂� (𝑥 , 𝑥 )
=

, (2.4) 
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 �̂� (𝑥 , 𝑥 ) = 1 − 6𝑠 + 8𝑠 − 3𝑠 𝑠 ≤ 1
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

, 𝑠 =
𝑥 − 𝑥

𝜐ℎ
. (2.5) 

Here ℎ = sup
∈

min
∈

‖𝒙 − 𝒙 ‖  is the characteristic length of the dispersion of meshfree nodal 

distribution and 𝜐 is a dimensionless dilation factor. Unless specified otherwise, 𝜐 = 2.5 for both 

linear and quadratic RKMLS basis functions in this chapter. The associated Lagrange functional 

for the minimisation problem is given by (Chapter 22 of [164]) 

ℒ 𝜑 ,𝜆 =
1

2

𝜑 (𝒙)

𝑤 (𝒚)
=

𝑑Ω − 𝜆
=

𝑝
𝒙 − 𝒙

𝜌
𝜑 (𝒙)

=

− 𝑝 (𝟎) , (2.6) 

where the Lagrange multipliers 𝜆 are introduced to enforce the polynomial constraint. The 

optimality condition of ℒ satisfies the following matrix system (see Appendix A): 

 𝑨 −𝑷
𝑷 𝟎

𝝋(𝒙)

𝝀(𝒙)
=

𝟎
𝒑(𝟎)

, (2.7) 

 𝝋 (𝒙) ≔ [𝜑 (𝒙) … 𝜑 (𝒙)], 𝝀 (𝒙) ≔ [𝜆 (𝒙) … 𝜆 (𝒙)], (2.8) 

where 𝑤 (𝒚) is the only dependent functional with respect to integration, while 𝝋(𝒙) and 𝑷(𝒙) 

are constants with respect to the integration. The submatrices of 𝑨 and 𝑷  are given by 

 𝑨⏟
×

= 𝑾 − (𝒚) 𝑑Ω , 𝑾(𝒚) = 𝑑𝑖𝑎𝑔 𝑤 (𝒚) , 𝐼 = 1,… , 𝑁  (2.9) 

 
𝑷(𝒙)

×

=

⎣

⎢
⎢
⎢
⎡𝑝

𝒙 − 𝒙

𝜌
… 𝑝

𝒙 − 𝒙

𝜌
⋮ ⋱ ⋮

𝑝
𝒙 − 𝒙

𝜌
… 𝑝

𝒙 − 𝒙

𝜌 ⎦

⎥
⎥
⎥
⎤

 

= 𝒑
𝒙 − 𝒙

𝜌
, … , 𝒑

𝒙 − 𝒙

𝜌
. 

(2.10) 

Therefore, by solving the above linear system of equations, the weights for RKMLS basis function 

can be determined as: 

 𝝋(𝒙) = 𝑨− 𝑷 (𝒙)𝝀(𝒙),  (2.11) 

 𝝀(𝒙) = 𝑷(𝒙)𝑨− 𝑷 (𝒙)
−

𝒑(𝟎) = 𝑴− (𝒙)𝒑(𝟎). (2.12) 

where the moment matrix 𝑴(𝒙) can be rewritten as 
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𝑴(𝒙) = 𝑷(𝒙) 𝑾 − (𝒚) 𝑑Ω 𝑷 (𝒙) = 𝑷(𝒙) ⋅ 𝑾 − (𝒚) ⋅ 𝑷 (𝒙) 𝑑Ω , (2.13) 

since 𝑷(𝒙) is constant with respect to integration. 

Since 𝒙 is arbitrary, it can be any point in Ω , 𝒙 can move over the whole domain, i.e. 𝒙 → 𝒙, 

and determine the global approximation of 𝑢(𝒙) [162]. Using this procedure we obtain a variant 

of MLS and RKMLS basis function 

𝝋(𝒙) = 𝑾(𝒚)𝑷 (𝒙) 𝑑Ω 𝑴− (𝒙)𝒑(𝟎). (2.14) 

Although 𝝋(𝒙) appears identical to the original RKMLS, they are different since the definition 

of 𝑷(𝒙) used in the original RKMLS is a function of 𝒚– the local convolution variable, while 

here 𝒚 is replaced with the nodes 𝒙 . Hence 𝝋(𝒙) is, in fact, a weighted and shifted MLS basis 

function with the weight ∫𝑾(𝒚,𝒙) 𝑑Ω . Finally, we observe that in discrete form, 𝝋(𝒙) 

coincides with the discretised RKMLS basis function when the same discrete nodal weights are 

used in both cases. However, in continuous form 𝝋(𝒙) will be different from continuous RKMLS. 

The derivatives of 𝝋 can be computed using analytic differentiation. We remind the reader that 

an 𝑚-order RKMLS basis function can reproduce polynomials up to order 𝑚, i.e. 

𝒙 = 𝜑 (𝒙) ⋅ (𝒙 )
=

, 0 ≤ 𝑛 ≤ 𝑚. (2.15) 

 Model problem and the weighted residual method 

In order to facilitate our gradient correction scheme, consider the following Poisson problem: 

Δ𝑢(𝒙) = −𝑓(𝒙) in Ω,

𝑢 = 𝑔(𝒙) on Γ ,

∇𝑢 ⋅ 𝑛 = ℎ(𝒙) on Γ ,

 (2.16) 

where the domain, Ω, is subjected to an external distribution −𝑓(𝒙) while the boundary Γ ≔

𝜕Ω is subjected to 2 different conditions. The boundary Γ  is under Neumann loading ℎ(𝒙) and 

the boundary Γ  is fixed with Dirichlet condition. Both boundaries are mutually complementary 

and exclusive, i.e. Γ ∩ Γ = ∅ and Γ ∪ Γ = Γ. 

The solution 𝑢(𝒙) satisfies the weak form 
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𝑣Δ𝑢𝑑Ω = − 𝑣𝑓 𝑑Ω, (2.17) 

where ∀𝑣 ∈ 𝕎 (Ω) ≔ 𝑣 ∈ 𝕎 (Ω), 𝑣 = 0 𝑜𝑛 Γ . 

Defining 𝜁 ≔ 𝜙 ∈ 𝐶 (Ω), 𝐼 = 1, … , 𝑁, 𝑠𝑢𝑝𝑝(𝜙 ) ⊆ Ω, ∑ 𝜙 = 1  to be a set of functions 

that form a partition of unity over Ω, 𝑣 can be partitioned over Ω and (2.17) can be expressed 

as 

⎝

⎜⎛ 𝑣𝜙 Δ𝑢𝑑Ω + 𝑣𝜙 𝑓 𝑑Ω

⎠

⎟⎞

=

= 0. (2.18) 

Here the compact support of 𝜙  is 𝜔  and its boundary is 𝛾 ≔ 𝜕𝜔 . Note that the summation 

of 𝜙  is no longer linear with respect to integration as the integral is operating on different 

subdomains. Such decomposition of integrals into subdomains using a set of functions satisfying 

partition of unity is called the Partition of Unity Quadrature (PUQ) scheme [69]. While any 

function that satisfies the partition of unity property can be employed in (2.18), but for reasons 

that will be apparent later, Shepard’s functions of the form 

∀𝐼, 𝜙 =
𝑤 (𝒙)

∑ 𝑤 (𝒙)
, 0 ≤ 𝜙 ≤ 1. (2.19) 

are used to form 𝜁. Using the Shepard’s function in (2.18), and applying the divergence theorem1,  

⎝

⎜⎜
⎛ 𝑣𝜙 ℎ

∩

𝑑Γ + 𝑣𝜙 ∇𝑢 ⋅ 𝑛

\

𝑑Γ − ∇(𝜙 𝑣) ⋅ ∇𝑢𝑑Ω + 𝑣𝜙 𝑓 𝑑Ω

⎠

⎟⎟
⎞

=

= 0 (2.20) 

is obtained. Eq. (2.20) can be recast in the usual weak form as 

𝐵(𝑣, 𝑢) = 𝐿(𝑣), ∀𝑣 ∈  𝕎 (Ω), (2.21) 

where  

𝐵(𝑣, 𝑢) = 𝑎 (𝑣, 𝑢) + 𝑏 (𝑣, 𝑢) − 𝑐 (𝑣, 𝑢)
=

, (2.22) 

 
1 We have used the following corollary of the divergence theorem to derive (2.20),∫ 𝑓(𝒙) ∇ ⋅ 𝒈(𝒙) 𝑑Ω =

∫(𝒈(𝒙) ⋅ 𝒏)𝑓(𝒙) 𝑑Γ − ∫ ∇𝑓(𝒙) ⋅ 𝒈(𝒙) 𝑑Ω , provided 𝑓(𝒙) is differentiable at least once. Therefore, the 
chosen Shepard’s functions should be differentiable once for (2.20) to hold.  
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𝐿(𝑣) = 𝑙 (𝑣).
=

 (2.23) 

The bilinear forms 𝑎 , 𝑏  and 𝑐 , and linear form 𝑙  are given as  

𝑎 :𝕎 (Ω) × 𝕎 (Ω) → ℝ, 𝑎 (𝑣, 𝑢) = 𝜙 (∇𝑣 ⋅ ∇𝑢)𝑑Ω, (2.24) 

𝑏 :𝕎 (Ω) × 𝕎 (Ω) → ℝ, 𝑏 (𝑣, 𝑢) = 𝑣(∇𝜙 ⋅ ∇𝑢) 𝑑Ω, (2.25) 

𝑐 :𝕎 (Ω) × 𝕎 (Ω) → ℝ, 𝑐 (𝑣, 𝑢) = 𝑣𝜙 ∇𝑢 ⋅ 𝑛

\

𝑑Γ, (2.26) 

𝑙 : 𝕎 (Ω) → ℝ, 𝑙 (𝑣) = 𝑣 ⋅ 𝜙 ⋅ 𝑓 𝑑Ω + 𝑣 ⋅ 𝜙 ⋅ ℎ

∩

𝑑Γ. (2.27) 

Note that we have explicitly indicated the integration domains to be the compact support of 

node 𝐼 in the subscript of each bilinear term. In the standard non-overlapping, conforming finite 

element setting, if 𝜔  is the support of the 𝐼  element then 𝜙 = 1 within 𝜔 . A unit 𝜙  implies 

that 𝑏 ≡ 0 and all 𝑐  with internal edges will vanish since neighbouring fluxes cancel out, hence 

recovering the usual Galerkin form. 

The bilinear forms 𝑏  and 𝑐  are additional functionals often omitted in published PUQ schemes, 

as (2.21) is expressed in weak form prior to partitioning. When 𝛾 ∩ 𝛤 = ∅, 𝑐  is dropped as 

𝜙 = 0. The boundary 𝛾 \Γ  also contains the case for 𝛾 ∩ Γ  where 𝑣 = 0, rendering 𝑐 = 0 

again. Hence, the bilinear 𝑐  can be ignored in practice without affecting the formulation, but it 

is explicitly included here to remind the readers of its connection to the weighted residual 

method. One may also drop 𝑏  as they sum to zero in the continuous form as follows: 

𝑏 (𝑣, 𝑢) = 𝑣(∇𝜙 ⋅ ∇𝑢) 𝑑Ω = 𝑣(∇𝜙 ⋅ ∇𝑢) 𝑑Ω 

= 𝑣 ∇𝜙 ⋅ ∇𝑢 𝑑Ω = 0, 
(2.28) 

Here, due to the compact support nature of ∇𝜙 , the integration can be extended over the whole 

domain, allowing the summation to be pulled into the integrals and, by using the partition of 
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nullity property of ∇𝜙 , 𝑏  vanishes. Despite this observation, the bilinear 𝑏  will be retained 

here, as it may not be evaluated accurately by numerical integration and yield non-zero 

contributions. 

We wish to highlight the difference between our method and the meshless local Petrov-Galerkin 

(MLPG) technique (including the SNNI scheme) with Heaviside/box test functions. The weak 

form of such MLPG techniques, written in our notation, is given as 

𝑎□(𝑣, 𝑢) − 𝑐□(𝑣, 𝑢)
∈

= 𝑙□(𝑣)
∈

. (2.29) 

These functionals are integrated with 𝜙 = 1 over an arbitrary domain denoted by □. There is 

no restriction on the size or shape of quadrature domain; the domain may extend beyond the 

body, as long as the external forces, i.e., both body forces and boundary tractions are restricted 

to act solely on the body. 

Another important feature of MLPG is the use of 𝜙 = 1 within the quadrature domain, which 

has simplified the weak form but such a construct does not satisfy the partition of unity property. 

Such approaches follow a local Eulerian view, and these local functionals are not globally 

compatible. This complicates the effort to describe the system using the classical energy-

principles. Consequently, conventional stability and convergence analysis cannot be applied in a 

straightforward manner. 

The solution 𝑢(𝒙) can be approximated by solving (2.21) using trial functions 𝑢 (𝒙). The test 

function will also be approximated with 𝑣 (𝒙). Both test and trial functions reside in the finite 

dimensional spaces spanned by the RKMLS basis functions, which are denoted as 𝑉  and 𝑉  

respectively, where 

𝑉 ≔ 𝑣 (𝒙) = 𝜑 (𝒙)𝑣 , 𝑣 ∈ 𝕎 (Ω) , (2.30) 

𝑉 ≔ 𝑢 (𝒙) = 𝜑 (𝒙)𝑢 , 𝑢 ∈ 𝕎 (Ω) . (2.31) 

The system of equations formed by substituting 𝑢 (𝒙) and 𝑣 (𝒙) into (2.21) may now be 

derived. For the Poisson model problem, the global stiffness matrix 𝑲  is obtained by 

substituting 𝑢 (𝒙) and 𝑣 (𝒙) into (2.22) and reassembling it as 
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𝑲 = 𝑲 + 𝑲 − 𝑲 . (2.32) 

The components of each of the submatrices can be explicitly written as 

𝐾 = 𝜙 ∇𝜑 ⋅ ∇𝜑 𝑑Ω, (2.33) 

𝐾 = 𝜑 ∇𝜙 ⋅ ∇𝜑 𝑑Ω, (2.34) 

𝐾 = 𝜙 𝜑 𝑛 ⋅ ∇𝜑

\

𝑑Ω. (2.35) 

Note that the matrix 𝑲  uses the corrected derivatives. We can drop the submatrix 𝑲  as 

remarked in Section Section 2.3, due to 𝜙 = 0  on 𝛾 \Γ  and 𝑣 = 0  on 𝛾 ∩ Γ . We have 

explicitly written 𝑲  here, however, to remind the readers of its existence. If 𝜙  is non-zero on 

𝛾 \Γ , 𝑲  will be an important contributor to the system of equations, as in the case for MLPG 

and its closely related method - SNNI. We remark that the resulting matrix 𝑲  is not 

symmetrical but can be solved using iterative solver. 

The residual vectors may be assembled in the usual way as 

𝑭 = 𝑭 + 𝑭 , (2.36) 

where the components are given as 

𝐹 = 𝜙 𝜑 𝑓 𝑑Ω, (2.37) 

𝐹 = 𝜙 𝜑 ℎ

∩

𝑑Γ. (2.38) 

For vector problems, we can repeat the same procedure to compute the corrected derivatives 

due to the similarity in the governing equations. The second order PDE for a linear elastostatic 

problem is given by 

𝛁 ⋅ 𝑫: 𝜺(𝒖) = −𝒇 in Ω,

(𝑫: 𝜺(𝒖)) ⋅ 𝒏 = 𝒉 on Γ ,

𝒖 = 𝒈 on Γ ,

 (2.39) 
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with 𝜺(𝒖) ≔ 𝑠𝑦𝑚(𝛁𝒖) the small strain tensor and 𝑫  is the constitutive elasticity tensor. 

Without loss of generality, we have use an isotropic constitutive material here, although 𝑫 =

𝑫(𝒙) in general. One can repeat the derivation in Section 2.3 to obtain the Shepard-weighted 

weak form, given as 

𝜙 𝜺(𝒗):𝑫: 𝜺(𝒖) 𝑑Ω + (𝒗 ⊗ ∇𝜙 ):𝑫: 𝜺(𝒖) 𝑑Ω − 𝜙 (𝒗 ⊗ 𝒏):𝑫: 𝜺

\

𝑑Γ 

= 𝜙 𝒖 ⋅ 𝒇 𝑑Ω + 𝜙 𝒖 ⋅ 𝒉

∩

𝑑Γ 
(2.40) 

The resulting global matrix 𝑲 for a meshfree discretised system can then be derived as 

𝑲 = 𝑲 + 𝑲 − 𝑲 , (2.41) 

where each term is assembled as 

𝑲 = 𝜙 𝑩 𝛁𝝋(𝒙) ⋅ 𝑫 ⋅ 𝑩 𝛁𝝋(𝒙) 𝑑𝛺
=

, (2.42) 

𝑲 = 𝑪 𝝋(𝒙) ⋅ 𝑩 𝛁𝜙 (𝒙) ⋅ 𝑫 ⋅ 𝑩 𝛁𝝋(𝒙) 𝑑𝛺,
=

 (2.43) 

𝑲 = 𝜙 (𝒙)𝑪 𝝋(𝒙) ⋅ 𝑵(𝒙) ⋅ 𝑩 𝛁𝝋(𝒙)

\

𝑑𝛤 ,
=

 (2.44) 

with 𝝋(𝒙) ≔ [𝜑 (𝒙), … , 𝜑 (𝒙)]  and 𝛁𝝋(𝒙) ≔ [𝛁𝜑 (𝒙), … , 𝛁𝜑 (𝒙)]  being the 

concatenated meshfree basis function and derivative matrices, respectively. However, 𝜙 (𝒙) and 

𝛻𝜙 (𝒙) retain their standard interpretations as the scalar Shepard function and the Shepard’s 

derivative vector associated with node 𝐼 . The submatrix 𝑵  is a matrix function while the 

submatrices 𝑩 and 𝑪 are composite matrices consisting of smaller matrices, given by 

𝑵(𝒙) =
𝑛 (𝒙) 0 𝑛 (𝒙)

0 𝑛 (𝒙) 𝑛 (𝒙)
, (2.45) 

𝑩(𝛁𝝋) ≔ [𝒃(𝛁𝜑 ), … , 𝒃(𝛁𝜑 )], (2.46) 

𝑪(𝝋) ≔ [𝒄(𝜑 ), … , 𝒄(𝜑 )], (2.47) 

where the smaller matrices 𝒃 and 𝒄 are functions with the following entry format: 
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𝒃 𝛁𝜑 (𝒙) =

⎣

⎢
⎡
𝜑 (𝒙) 0

0 𝜑 (𝒙)

𝜑 (𝒙) 𝜑 (𝒙)⎦

⎥
⎤
, (2.48) 

𝒄 𝜑 (𝒙) =
𝜑 (𝒙) 0

0 𝜑 (𝒙)
, (2.49) 

where we have simplified the differentiation by denoting (⋅) ≡ 𝜕(⋅)/𝜕𝑥 and (⋅) ≡ 𝜕(⋅)/𝜕𝑦. 

The constitutive matrix 𝑫 given by 

𝑫 =
𝐸

1 − 𝜈

1 𝜈 0
𝜈 1 0
0 0 (1 − 𝜈)/2 

, (2.50) 

for plane stress problems. Similar to the scalar problems, the residual vector 𝑭  is given as 

𝑭 = 𝑭 + 𝑭 , (2.51) 

Where 

𝑭 = 𝜙 𝑪 𝝋(𝒙) ⋅ 𝒇(𝒙) 𝑑Ω, (2.52) 

𝑭 = 𝜙 𝑪 𝝋(𝒙) ⋅ 𝒉(𝒙)

∩

𝑑Γ. (2.53) 

 Quadrature correction scheme 

In this section, we discuss how an inexact quadrature scheme prevents convergence. The effect 

motivated us to perform a correction for the current partition of unity quadrature scheme (see 

Section 2.4.1), so that polynomial consistency is restored (see Section 2.4.2). 

Section 2.4.1. Polynomial consistency and effect of quadrature scheme 

The polynomial consistency condition  

𝐵(𝑣 , 𝑝) = 𝐿(𝑣 ),          ∀𝑣 ∈ 𝑉 , ∀𝑝 ∈ ℙ (Ω), (2.54) 

is satisfied by the continuous form under exact integration for 𝑓 ∈ ℙ − (Ω) in (2.16). This 

condition is also known as the patch test condition in the engineering community. Patch tests 

are often used as a tool to assess convergence for non-conforming methods. Meshfree methods, 
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although conforming, are validated against patch tests, as it is a necessary condition to satisfy 

Strang’s first lemma [29, 165], and to ensure convergence. 

Numerical integration is performed using polynomial-based quadrature rules. However, the 

meshfree basis functions are non-polynomial in nature and this consistency condition is violated 

[71], i.e. 

𝐵∗(𝑣 , 𝑝) ≠ 𝐿∗(𝑣 ), ∀𝑣 ∈ 𝑉 , (2.55) 

where 𝐵∗(𝑣, 𝑢) and 𝐿∗(𝑣) are the corresponding numerically-integrated counterparts of 𝐵(𝑣, 𝑢) 

and 𝐿(𝑣). Assuming that 𝐵∗(⋅,⋅) of (2.55) does not degenerate as described in [155] and retains 

coercivity and boundedness under numerical quadrature, then there exists a unique solution 𝑝∗ 

that satisfies  

 𝐵∗(𝑣 , 𝑝∗) = 𝐿∗(𝑣 ), ∀𝑣 ∈ 𝑉 . (2.56) 

The solution 𝑝∗ is the projection of 𝑝 onto 𝑉  with respect to 𝐵∗, but due to ℙ (Ω) ⊂ 𝑉 (Ω), 

the projection may lead to a 𝑝∗  in 𝑉 (Ω)\ℙ (Ω) , i.e. 𝑝∗  no longer of polynomial nature. 

Geometrically, one can visualise ℙ (Ω) as a hyperplane that is a subset of a larger space 𝑉 (Ω) 

(see Figure 2-1), and that the projection 𝐵∗ perturbs the exact solution 𝑝 within the hyperplane 

to an approximation 𝑝∗ out of the plane.  

Therefore, to restore polynomial consistency while using PUQ rules, we propose the following 

modified weak form, such that ∀𝑓 ∈ ℙ − (Ω),  

 𝐵∗(𝑣 , 𝑝) + 𝑆∗(𝑣 , 𝑝) = 𝐿∗(𝑣 ),        ∀𝑣 ∈ 𝑉 , ∀𝑝 ∈ ℙ (Ω), (2.57) 

where in (2.57), we have introduced a bilinear correction term 𝑆(𝑣, 𝑢):𝕎 (Ω) × 𝕎 (Ω) → ℝ, 

which is defined as  

 𝑆(𝑣 , 𝑢 ) = 𝜙 𝝃 (𝑣 ) ⋅ ∇𝑢 𝑑Ω
∈

, (2.58) 
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where 𝑆∗ is the corresponding numerical counterpart and 𝝃
𝐼
(𝑣ℎ) is an enrichment/correction 

vector function which is linear with respect to 𝑣ℎ, associated with each support domain 𝜔𝐼. The 

interpretation of 𝑆∗(𝑣ℎ, 𝑝) is then the operation that corrects and restricts 𝑝∗ to 𝑝. We remark 

that there are infinite different ways to define 𝑆∗(⋅,⋅) in (2.57), where each corresponds to a 

different “path” connecting 𝑝∗ to 𝑝 (see straight and curve lines of Figure 2-1). A natural choice 

would be a “straight path”, hence motivated us to use a bilinear instead of a nonlinear 𝑆(⋅,⋅) in 

(2.58). 

Figure 2-1: We geometrically sketch the idea of quadrature correction scheme to satisfy the patch test, 

where we aim to correct the erroneous solution 𝑝∗ to 𝑝 with the introduction of a correction term 𝑆∗(⋅,⋅). 

We recognise that we have the freedom to define the form of 𝑆∗, where each trace a different path for the 

correction operation. For example, we can have a bilinear 𝑆∗ corresponding to the straight line or a 

nonlinear 𝑆∗ corresponding to a curve dash line.  

After computing 𝝃 , the solution 𝑢 (𝒙) can be determined by solving 

𝐵(𝑣 , 𝑢 ) + 𝑆(𝑣 , 𝑢 ) = 𝐿(𝑣 ), ∀𝑣 ∈ 𝑉 , (2.59) 

for any 𝑓 ∈ 𝕃 (Ω) . From (2.54), we can deduce that 𝑆(𝑣 , 𝑢 ) = 0  since the consistency 

condition is satisfied. However, its numerical counterpart 𝑆∗(𝑣 , 𝑢 ) ≠ 0  in general due to 

quadrature error. In the next section, we present a technique to compute 𝝃  within each support 

domain using a technique inspired by [166]. 



Section 2.4  
Quadrature correction scheme 

40 
 

Section 2.4.2. Unsymmetrical assumed-gradient correction scheme 

Define a linear functional 𝐺 : [ℙ − (Ω)] → ℝ for 𝑢 ∈ 𝑉 (Ω) 

𝐺 (𝝉) = 𝝉 ⋅ ∇(𝜙 𝑢 ) 𝑑Ω + 𝜙 (∇ ⋅ 𝝉)𝑢 𝑑Ω − 𝜙 (𝝉 ⋅ 𝒏)𝑢

∩

𝑑Γ (2.60) 

where 𝐺  is the extent to which the divergence theorem is violated at the local subdomain 𝜔 . 

In the analytic case 𝐺  is zero as the divergence theorem is satisfied exactly. However, for 

discretised and numerically integrated cases, 

𝐺∗(𝝉) = 𝑢 𝑔∗ (𝝉), (2.61) 

𝑔∗ (𝝉) ≔ ⨋ 𝜙 𝝉 ⋅ ∇𝜑 𝑑Ω + ⨋ 𝜙 (∇ ⋅ 𝝉)𝜑 𝑑Ω + ⨋(𝝉 ⋅ ∇𝜙 )𝜑 𝑑Ω

− ⨋
∩

𝜙 (𝝉 ⋅ 𝒏)𝜑 𝑑Ω 
(2.62) 

𝐺∗(𝝉) ≠ 0 in general due to the quadrature related error introduced when computing 𝑔∗ (𝝉). 

This motivated us to modify 𝐺∗(𝝉) = 0 with a local enrichment of polynomial function 𝝃 . The 

subscript 𝐼 is assigned to associate each 𝝃 to the subdomain 𝜔 , similar to the bilinear terms 𝑎  

and 𝑏 . 

We seek to find a 𝝃  with the smallest 𝜙 -weighted 𝕃  norm, i.e. the least oscillating function, 

to correct 𝐺∗(𝝉). Accordingly, 𝝃  is computed by solving the following minimisation problem. 

min
∈[ℙ − ( )]

1

2
⨋ 𝜙 𝝃 (𝒙) ⋅ 𝝃 (𝒙) 𝑑Ω  𝑠. 𝑡.

∀𝝉 ∈ [ℙ − (Ω)] , ⨋ 𝜙 (𝝉 ⋅ 𝝃 )𝑑Ω + 𝐺∗(𝝉) = 0
 (2.63) 

Assuming a set of canonical basis spanning the space [ℙ − (𝛺)] = 𝑠𝑝𝑎𝑛 𝝍 ,… ,𝝍 , with 

𝑛 = 𝑑
𝑚 + 𝑑 − 1

𝑑
 being the maximum number of basis, the Lagrange functional associated to 

problem (2.63) may be written as  
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𝒥(𝜶 ) =
1

2
𝜶 ⨋ 𝜙 𝚿 (𝒙) ⋅ 𝚿(𝒙) 𝑑Ω 𝜶

− 𝜆

⎝

⎜⎛ ⨋ 𝜙 𝜙 𝝍 ⋅ 𝚿 𝑑Ω 𝜶 + 𝐺∗ 𝝍

⎠

⎟⎞

=

 

(2.64) 

where 𝝃  is linearly decomposed using the canonical basis, i.e. 𝝃 = ∑ 𝝍 𝛼 ≡ 𝚿𝜶 , and 𝝀  

is the Lagrange multiplier to enforce the polynomial consistency constraint of subdomain 𝜔 . 

We also require that the quadrature scheme that it should be able to integrate ℙ (𝜔 ),∀𝐼 

accurately. In fact, our quadrature scheme has 𝑛 = (𝑚 + 1)  quadrature points when the 

meshfree basis functions can reproduce functions in ℙ (Ω). The optimality condition of the 

saddle problem of (2.64) is again computed by (Appendix A): 

𝑻 (𝒙) −𝑸 (𝒙)

𝑸 (𝒙) 𝟎

𝜶

𝝀 =
𝟎

𝑹
 (2.65) 

where the submatrices are given by  

𝑻 (𝒙)

×

= 𝑸 (𝒙) = ⨋ 𝜙 𝚿 (𝒙) ⋅ 𝚿(𝒙) 𝑑Ω,   (2.66) 

𝑹

×

= 𝐺∗(𝝍 ), … , 𝐺∗ 𝝍  (2.67) 

The system of equations has a closed form solution of the form 

𝜶 = 𝑻 − 𝑸 𝝀 = 𝝀 ,   (2.68) 

𝝀 = (𝑸 𝑻 − 𝑸 )− 𝑹 = 𝑸− 𝑹 , (2.69) 

from which 𝝃  is computed from 𝜶 . 

Note that 𝜶  exists and is unique if 𝑸  is invertible, which is actually a 𝜙 -weighted Gram 

matrix. Adopting Shepard’s functions as 𝜙  to perform the partition of the weak form, ensures 

that they are always non-negative, rendering 𝑸  as a symmetric positive semidefinite matrix. 

Invertibility of 𝑸  depends on whether the columns of 𝚿 are linearly independent. We did not 

verify this condition for all cases of 𝑚 and 𝑑 here. However, for lower order polynomials such as 

linear and quadratic for 2D and 3D problems, 𝑸  can be made invertible by construction, as 
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there are more distinct quadrature points 𝑛  than the number of local basis vectors 𝑛 . Consider, 

for example, a 2D problem modelled with quadratic basis functions, then 𝑚 = 2, and we require 

𝑛 = 3 × 3 = 9 Gauss points to integrate ℙ (𝜔 ) while 𝑛 = 2
3
2

= 6. In practice, however, we 

will not compute 𝜶  explicitly since 𝐺  depends on 𝑢  as seen in (2.60), instead the derivative 

of basis functions can be corrected, which is described in the next section. 

Another important observation about (2.69) is that the coefficient 𝜶  is the Lagrange multiplier 

itself, which implies that the projection of the error in satisfying the discrete divergence theorem, 

i.e. 𝐺∗(𝝉),∀𝝉 ∈ [ℙ − (𝛺)]  to a local polynomial space of ℙ − (𝜔 ) automatically yields a 

polynomial, in this case 𝝃  with the smallest weighted 𝕃  norm. 

The norm of 𝝃  is bounded by that of 𝑹 , since any square matrix can be spectrally decomposed 

as 𝑸 = 𝑬 𝑫 𝑬 , with eigenvalues 𝜌
=

 being the elements of the diagonal matrix 𝑫 . 

When {‖𝑸− ‖ } =  is uniformly bounded from above 2 , there exists a positive constant 

independent of 𝑹  such that 𝜌− (𝒙) ≤ 𝐶,∀𝐼 . Then, by the Cauchy-Schwarz inequality, the 

following relationship holds 

‖𝜶 ‖ ≤ ‖𝑸− ‖ ‖𝑹 ‖ =
1

𝜌 (𝒙)
‖𝑹 ‖ ≤ 𝐶‖𝑹 ‖   ∀𝐼. (2.70) 

Here the identity that ‖𝑨‖ = 𝑚𝑎𝑥𝜌 (𝒙), which holds for any symmetric matrix 𝑨, is used. As 

a consequence, when 𝑹 ≡ 𝟎, as in the case of exact integration, the correction vector vanishes. 

This implies that the magnitude and hence existence of 𝝃  is determined by the extent to which 

the discrete divergence theorem is violated. 

Unfortunately, 𝑹  can never be exactly integrated using Gaussian-type quadrature rules, even 

when {𝜑 } = ∈ ℙ (Ω) is used in the evaluation of 𝑹 , due to the presence of the non-

 
2 Alternatively, one can view 𝑸  as a finite dimensional linear operator, 𝑸 : 𝜶 → 𝑹 . Since 𝑸  is 
symmetric positive definite by design, i.e. ∀𝒗 ∈ ℝ \{0} , 𝒗 𝑸 𝒗 > 0,∀𝐼 , this implies that there exists a 
positive constant 𝑡 , such that ∀𝒗 ∈ ℝ , 𝒗 𝑸 𝒗 ≥ 𝑡 ‖𝒗‖ , ∀𝐼 . If one let 𝑸  be the square root of 𝑸 , 
which is computable since all eigenvalues is positive, we can say that |𝒗 𝑸 𝒗| = 𝑸 𝒗 ≥ 𝑡 ‖𝒗‖ . 

Therefore, the upper bound of ‖𝑸− ‖ ≤ 𝑸
−

≤ 𝐶 = 𝑚𝑎𝑥{1/𝑡 , 1/𝑡 }, suggesting the upper bound 

of {‖𝑸− ‖ } =  is sup{𝐶 } = . 
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polynomial Shepard’s function. This is in stark contrast to quadrature correction schemes like 

SCNI, SNNI and Talischi’s gradient scheme [166]. 

The design to compute 𝝃  also verifies that it is a linear function with respect to 𝑢 . To see this, 

we use 𝑢 = 𝑐 𝑢 + 𝑐 𝑢  in (2.60), and split the functional 𝐺  by the contribution of 𝑢  and 𝑢  

𝐺 (𝝉) = 𝑐

⎝

⎜⎛ 𝝉 ⋅ ∇(𝜙 𝑢 ) 𝑑Ω + 𝜙 (∇ ⋅ 𝝉)𝑢 𝑑Ω − 𝜙 (𝝉 ⋅ 𝒏)𝑢

∩

𝑑Γ

⎠

⎟⎞

( )

+ 𝑐

⎝

⎜⎛ 𝝉 ⋅ ∇(𝜙 𝑢 ) 𝑑Ω + 𝜙 (∇ ⋅ 𝝉)𝑢 𝑑Ω − 𝜙 (𝝉 ⋅ 𝒏)𝑢

∩

𝑑Γ

⎠

⎟⎞

( )

 

(2.71) 

Therefore, by linearity of the quadrature rule, we can decompose the residual vector component-

wise 

𝑹 = 𝐺∗(𝝍 ), … , 𝐺∗ 𝝍 , 

= 𝑐 𝐺∗ (𝝍 ), … , 𝐺∗ 𝝍 + 𝑐 𝐺∗ (𝝍 ), … , 𝐺∗ 𝝍 , 

= 𝑐 𝑹 + 𝑐 𝑹 . 

(2.72) 

This leads to a linear decomposition of 𝜶  

𝜶 = 𝑸− 𝑐 𝑹 + 𝑐 𝑹 = 𝑐 𝜶 + 𝑐 𝜶 , (2.73) 

𝝃 = 𝚿𝜶 = 𝑐 𝝃 + 𝑐 𝝃 . (2.74) 

Therefore, we conclude that 𝑆(𝑣, 𝑢) is linear with respect to 𝑣  following the linearity of 𝝃 (𝑣 ). 

The correction vector 𝝃  then corresponds to a local assumed gradient. In order to see this, we 

sum the constraint of (2.61) using a background mesh-based quadrature rule on Ω, denoted 

⨖(⋅)𝑑Ω  with non-overlapping Ω . The non-overlapping Ω  is partitioned from overlapping 

support domains, as performed by particle-partition of unity method [151] or the bounding box 

technique [27], to yield the global discrete divergence theorem. 
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𝜙 (𝝉 ⋅ 𝝃 ) + 𝐺∗(𝝉)  

= 𝝉 ⋅ ∇(𝜙 𝑢 ) 𝑑Ω +  𝜙 (∇ ⋅ 𝝉)𝑢 𝑑Ω − 𝜙 (𝝉 ⋅ 𝒏)𝑢 𝑑Γ

+ 𝜙 (𝝉 ⋅ 𝝃 ) 𝑑Ω , 

= 𝝉 ⋅ ∇𝑢 + 𝜙 𝝃 𝑑Ω + (∇ ⋅ 𝝉)𝑢 𝑑Ω − (𝝉 ⋅ 𝒏)𝑢 𝑑Γ, 

(2.75) 

where we have pulled the summation sign into the integration of ⨖(⋅)𝑑Ω in the last step as the 

background mesh is fixed. The partition property of 𝜙  can be used to simplify the expression 

as 

𝜙 (𝒙 )∇𝑢 (𝒙 ) = 𝜙 (𝒙 ) ∇𝑢 (𝒙 ) = ∇𝑢 (𝒙 ), (2.76) 

where 𝒙  is a Gauss point in any background mesh cell. The summation of 𝝃 , however, is not 

reduced as one cannot factor a unique 𝝃 field for any point within the domain due to the 

overlapping nature, i.e, 

𝜙 (𝒙 ) 𝝃 (𝒙 ) ≠ 𝜙 (𝒙 ) 𝝃 (𝒙 ) = 𝝃 (𝒙 ). (2.77) 

The summation of these local 𝝃 , weighted by Shepard’s functions, will produce a continuous 

global field again. We call this continuous global field as the corrected derivative field. 

Since 𝝉  is arbitrary, we conclude that the global derivative, at each Gauss point at the 

background mesh is given by 

∇𝑢 = ∇𝑢 + 𝜙 𝝃  (2.78) 

Eq. (2.78) confirms that this is an assumed gradient technique while demonstrating that the 

corrected derivative field is conformal due to the use of Shepard’s function for the second term. 

We emphasise that the conformity of enriching gradients distinguishes this method from existing 

schemes. We would like to remind the readers that, 𝝃 ≠ 𝟎 even when 𝑢 ∈ ℙ (Ω), and thus 

observe that the corrected derivative satisfies ∇𝑝 ≠ ∇𝑝, ∀𝑝 ∈ ℙ (Ω). A direct consequence of 

this inequality is that we do not have a symmetric formulation that passes the patch test, i.e. 
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the corrected derivatives can only be used for the test function, using it on the trial solution will 

deviate it from its polynomial solution. 

 Relationship to existing techniques 

In this section, we present the connection of the current scheme with Talischi’s gradient 

correction scheme. It turns out that when we set the weight to be a constant within each non-

overlapping subdomain 𝜔 , i.e. 

𝑤 =
1 if Ω ∩ 𝜔

0 otherwise
 (2.79) 

one can deduce the 𝜙 = 1  for each patch. This further reduces the gradient correction 

minimisation problem to  

min
∈[ℙ − ( )]

1

2
⨋ 𝝃 (𝒙) ⋅ 𝝃 (𝒙)𝑑Ω  𝑠. 𝑡. 

∀𝝉 ∈ [ℙ − (Ω)] , ⨋ 𝝉 ⋅ 𝝃 𝑑Ω + 𝐺∗(𝝉) = 0. 
(2.80) 

Substituting (2.78) into the problem and setting the minimisation variable to be ∇𝑢 ∈ [𝕃 (𝜔 )]  

shows that this coincides with the correction scheme proposed in [166]. The similarity between 

our technique and [166] is not surprising as it was inspired by it. Here, Talischi’s gradient 

correction scheme is modified to be applied in PUQ techniques. 

Interestingly, we can also show the connection between the current method and the popular 

stabilised conforming nodal integration (SCNI) technique, which possesses linear consistency. 

For a constant 𝝉  and 𝝃  the corrected derivative satisfies the following relation 

∀𝝉 ∈ ℙ (Ω) , 𝝉 ⋅ ∇𝑢 + 𝜙 𝝃 𝑑Ω = (𝝉 ⋅ 𝒏)𝑢 𝑑Γ, (2.81) 

where ⨖(⋅)𝑑Ω denotes the Voronoi mesh-based quadrature rule. On introducing and correcting 

the derivatives ∇𝜑 , 𝐼 = 1,… ,𝑁  and eliminating 𝝉 due to its arbitrariness, we have  

∇𝜑 𝑑Ω = 𝜑 𝒏𝑑Γ     ∀𝐼 (2.82) 

which again is the same as the smoothed gradient used in SCNI. 
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We emphasize that our method is not related to stabilised non-conforming nodal integration 

(SNNI). SNNI is actually a gradient-corrected variant of meshless local Petrov-Galerkin 

(MLPG), while our method is a global Petrov-Galerkin method localised through the use of 

Shepard’s function. We may recover the global weak form through summation of all local 

subdomains, a feature missing in MLPG. MLPG is related to kernel-based collocation technique 

and converges in a different space from the current proposed technique (see [167] for detailed 

explanations). 

 Implementation aspect 

In this section, we briefly describe the generic procedure involved in computing 𝝃  from (2.63). 

The procedure is independent of the types and reproducibility-order of the meshfree basis 

functions used. However, we remark that the minimisation problem (2.63) is still not sufficiently 

general to handle any arbitrary field 𝑢  since 𝐺∗(𝝉)  still depends on the field parameter 

implicitly. A better way is to change the minimisation problem to correct 𝑔∗ (𝝉) = 0 directly. 

This can be performed if we express 𝝃  in terms of the field parameters, i.e. there exists a 𝑑 × 𝑁  

coefficient matrix 𝜩 ≔ [𝜼 , … , 𝜼 ], where 𝜼 ∈ [ℙ − (𝜔 )] , 𝐽 = 1,… ,𝑁  such that 

𝝃 = 𝜩 ⋅ 𝒖 = 𝜼 𝑢
=

, (2.83) 

which establishes linearity with respect to 𝑢 . Therefore (2.63) may be recast to compute the 

set of coefficients {𝜼 } =  separately by solving  

𝑚𝑖𝑛
∈[ℙ − ( )]

1

2
⨋ 𝜼 (𝒙) ⋅ 𝜙 ⋅ 𝜼 (𝒙)𝑑Ω  𝑠. 𝑡.

∀𝝉 ∈ [ℙ − (Ω)] , ⨋ 𝝉 ⋅ 𝜙 ⋅ 𝜼 𝑑Ω + 𝑔∗ (𝝉) = 0,
 (2.84) 

for a given 𝐽  column in 𝚵 . Let us recall that both 𝝉 and 𝝃  (and hence 𝜼 ) are vectors with 

components consisting of polynomials no higher than order 𝑚 − 1. Therefore, we may express 

them again as described in Section 2.4.2 using a set of local canonical basis 𝝍 ,… , 𝝍  defined 

within the subdomain 𝜔 , such that 

𝝉 = 𝝍 𝛼
=

, 𝜼 = 𝝍 𝛽
=

, ∀𝐽. (2.85) 
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Although orthogonal polynomials, such as Legendre polynomials, may be used [151], the basis 

𝝍  used in this chapter consists of standard monomials, i.e. 𝝍 (𝒙) = 𝒙 , |𝜹| = 𝑖, where 𝜹 ≔

(𝛿 ,… , 𝛿 ) denotes the integer power of each component of 𝒙 in multi-index notation. We can 

construct the 𝑛 × 𝑛  local weighted Gram matrix 𝑲 spanned by local bases 𝝍 as 

⨋ 𝝉 ⋅ 𝜙 ⋅ 𝜼 𝑑Ω = 𝛼 ⨋ 𝜙 𝝍 ⋅ 𝝍 𝑑Ω 𝛽 = 𝜶 ⋅ 𝑲 ⋅ 𝜷  (2.86) 

where the 𝑛 × 1 residual vector 𝒁  of the local weighted divergence theorem 𝑔∗ (𝝉) is given by 

𝑔∗ (𝝉) = 𝛼 ⨋ 𝜙 𝝍 ⋅ ∇𝜑 𝑑Ω + ⨋ 𝜙 (𝛁 ⋅ 𝝍 )𝜑 𝑑Ω + ⨋(∇𝜙 ⋅ 𝝍 )𝜑 𝑑Ω

+ ⨋
∩

𝜙 (𝝍 ⋅ 𝒏)𝜑 𝑑Γ  

= 𝜶 ⋅ 𝒁  

(2.87) 

Therefore, one can compute 𝜷  by a simple linear operation of 

𝜷 = 𝑲− 𝒁 . (2.88) 

Grouping all residuals into 𝚭 ≔ [𝒁 , … , 𝒁 ]  and 𝚩 ≔ [𝜷 , … , 𝜷 ] , simplifies the 

computation of 𝚩 into a single operation 

𝚩 = 𝑲− 𝚭. (2.89) 

Also, centring the basis with respect to the node, i.e. 𝝍 = 𝝍 (𝒙 − 𝒙 ) further improves the 

conditioning of the matrix system. The coefficient matrix 𝚵  is computed at each Gauss point 

using the expansion relation (2.85), and added to the derivatives. The updated gradients are 

called corrected gradients and will be used in matrix assembly procedure later. 

RKMLS basis functions lack the Kronecker delta property, which complicates the imposition of 

essential boundary conditions. In this chapter, we have resorted to two simple yet effective 

approaches. The first approach is a transformation of the basis functions by inversion of the 

approximation matrix, which yields the transformed basis function with delta property by 

�̂� (𝒙) = 𝐿− 𝜑 (𝒙) , where ℝ × ∋ 𝐿 = 𝜑 (𝒙 ) . This approach is more computationally 

expensive as a global matrix inversion is required. The second, less expensive, option is to replace 

the corresponding row of the global matrix with its approximate basis function allowing us to 

extrapolate the field values to the desired boundary function. The solution obtained from this 
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approach, however, is fictitious (in the meshfree sense), hence a re-approximation step is 

necessary to obtain the true solution. In the following texts, we will not refer to �̂� (𝒙) explicitly 

as both procedures yield very similar solutions. 

Lastly, we briefly discuss the issue of spurious modes induced by insufficient quadrature points. 

The quadrature points are assigned within the support domain by treating it as a finite element 

cell. We remark that, however, that these support domains could be further partitioned into 

smaller cells whose partition density and pattern may be different from one to another, depending 

on the desired local accuracy (see Figure 2-2). In this chapter, we have uniformly partitioned all 

support domains into four cells (see 𝜔  in Figure 2-2), which mimics the setting of a 

quadrilateral/hexahedral finite element meshes, where the support of a node will cover 4 adjacent 

cells. Therefore, we can supply sufficient independent relations from quadrature point to prevent 

spurious modes. 

 

Figure 2-2. A schematic of Gaussian quadrature performed on two support domains 𝜔  and 𝜔  each with one node 

(). In order to distinguish the different support domains, we have drew them using dash line for 𝜔  and a continuous 

line for 𝜔 . The support domains are partitioned into finer disjoint cells (A). The corresponding domain Gauss points 

() and boundary Gauss points () of each cell are then determined in a quadrilateral/hexahedral finite element 

setting. The region of the support domain that extends beyond the body Ω is cut-off. The boundaries 𝛾  and 𝛾  of 

each support domain is highlighted in bold dark (continuous and dash) lines (B). 
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 Results 

In this section, we present results from a number of test cases to quantify the performance of 

our corrected quadrature scheme. 1D and 2D scalar patch tests were performed to demonstrate 

that our technique is able to reproduce exact polynomial fields. Following this, we extended our 

quadrature scheme to simulate 2D linear elastostatic problem. We used the Timoshenko beam 

problem as a benchmark for mechanical simulation results comparison, as it has a closed form 

analytic solution and allows us to quantify the convergence rate of our method. The errors 

reported in this section are computed using the following metric: 

‖𝑬 ‖ = ‖𝒖 − 𝒖 ‖ ≔ ⨖(𝒖 − 𝒖 ) ⋅ (𝒖 − 𝒖 )𝑑Ω, (2.90) 

|𝑬 | = |𝒖 − 𝒖 | ≔ ⨖(𝛁𝒖 − 𝛁𝒖 ): (𝛁𝒖 − 𝛁𝒖 )𝑑Ω, (2.91) 

where ⨖(⋅)𝑑Ω denotes quadrature on a standard background mesh. 

Section 2.7.1. 1D and 2D patch tests 

In order to test the polynomial consistency of our quadrature scheme, we tested it against the 

1D problem on Ω = (0,1) with the following ODE problem [29] 

𝑑 𝑢

𝑑𝑥
= −𝑓(𝑥) (2.92) 

For the linear patch test, the boundary conditions and source term are given by 

𝑢(0) = 0, 𝑢(1) = 1, 𝑓(𝑥) = 0, (2.93) 

while the quadratic patch test has the following setup 

𝑢(0) = 𝑢(1) = 1, 𝑓(𝑥) = 10𝑥(𝑥 − 1). (2.94) 

Table 2-1 shows the error of the patch tests when tested using linear and quadratic RKMLS 

basis functions with 10 randomly placed nodes within Ω. As one would expect, the quadratic 

RKMLS passes both the linear and quadratic tests, but linear RKMLS can only reproduce linear 

test and fails with the quadratic test. 

We remark that spurious modes appear in the solution when quadrature rules with fewer than 

5 Gauss points are used. However, these modes are suppressed when more than 5 Gauss points 
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are used. The result in Table 2-1 is simulated using 6 Gauss points and when higher order (>6) 

Gaussian rule is used, we continue to pass the patch tests to machine tolerance. We did not 

encounter spurious modes in higher dimensional tests. 

RKMLS basis 

function 
Error Linear patch test Quadratic patch test 

Linear 
‖𝑬 ‖  5.06E-15 0.36E+00 

|𝑬 |  1.98E-14 1.19E+00 

Quadratic 
‖𝑬 ‖  5.14E-14 2.57E-15 

|𝑬 |  1.60E-13 9.68E-15 

Table 2-1: Errors of 1D patch tests 

Following [30], we formulated the patch tests using the Poisson model problems on a domain 

Ω = (−1,1) × (−1,1) and further subjected the top boundary where 𝑦 = 1 to be a Neumann 

boundary while the other boundaries are setup according to the analytic solution (see Figure 

2-3). For the linear patch test, the solution and source term are given by 

𝑢 = 𝑥 + 2𝑦, 𝑓(𝑥) = 0 (2.95) 

while for the quadratic patch test, we have 

𝑢 = 0.1𝑥 + 0.3𝑦 + 0.8𝑥 + 1.2𝑥𝑦 + 0.6𝑦 , 𝑓(𝑥) = −2.8 (2.96) 

 

Figure 2-3: Boundary conditions for patch tests 
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For both tests the domain was discretised with 7 × 7 randomly placed nodes. The patch tests 

are passed to numerical tolerance (see Table 2-2) when tested using the basis functions with 

corresponding reproducibility. The linear RKMLS basis functions, similar to previous case, yield 

considerable error for the quadratic test as they fail to reproduce quadratic polynomials. 

RKMLS basis 

function 

Error Linear patch test Quadratic patch test 

Linear ‖𝑬 ‖  2.35E-16 4.29E-02 

|𝑬 |  2.55E-15 1.71E-01 

Quadratic ‖𝑬 ‖  6.58E-16 1.50E-16 

|𝑬 |  2.51E-14 1.99E-15 

Table 2-2: Errors of 2D patch tests 

Passing patch tests is a necessary, but not sufficient, condition to ensure the underlying method 

can converge with refinement [168]. It also implies that polynomial consistency is restored, i.e. 

Galerkin projection is now optimal with respect to the order of polynomial reproducibility. To 

the knowledge of the authors, this is the first demonstration of a globally conforming meshfree 

method passing the patch tests without the use of a background mesh. 

Section 2.7.2. Timoshenko beam 

In order to quantify the convergence rate of our scheme, we have simulated the Timoshenko 

beam problem. We remark that the Timoshenko beam is a 3D problem [169], analysed using 2D 

approach due to the plane stress assumption. Timoshenko beam is one of a few problems with 

analytic solutions to the Cauchy’s equations of equilibrium, and hence very valuable to test the 

polynomial consistency and the convergence property of the PUQ scheme. We have set up the 

beam problem with the boundary conditions showed in Figure 2-4, where we fix the entire 

boundary of 𝑥 = 0 and subject the remaining three with the corresponding traction loading. Note 

that zero loading on boundaries 𝑦 = ±  is considered as a Neumann condition that must be 

enforced explicitly. The corresponding traction boundary condition on 𝑥 = 𝐿 is given by 
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𝑡 = 0, 𝑡 =
𝜃

2𝐼
𝑦 −

𝑤

4
 (2.97) 

 

 

Figure 2-4: Boundary conditions for Timoshenko beam 

The analytic solution of this problem is derived in [169] and is given as 

𝑢 =
𝜃𝑦

6𝐸𝐼
(6𝐿 − 3𝑥)𝑥 + (2 + 𝜈) 𝑦 −

𝑊

4
, (2.98) 

𝑢 = −
𝜃

6𝐸𝐼
3𝜈𝑦 (𝐿 − 𝑥) + (4 + 5𝜈)𝑥

𝑊

4
+ (3𝐿 − 𝑥)𝑥  (2.99) 

𝐼 =
𝑊

12
, (2.100) 

where 𝐼  is the second moment of area, 𝜈 is Poisson’s ratio, 𝐸 is Young’s modulus, 𝐿 is the 

length, 𝑊  is the width of the beam, and 𝜃 is the resultant shear force. The parameters used for 

this study are given in Table 2-3.  

Quantity Value Unit 

𝐿 10 m 

𝑊  2 m 

𝜃 1×103 kN 

𝐸 3×106 kN/m2 

𝜈 0.4999999 - 

Table 2-3: Parameters for Timoshenko beam 
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Figure 2-5: Convergence behaviour for (A) displacement field and (B) displacement gradient field of the Timoshenko 

beam when simulated using linear RKMLS basis function. 

 

Figure 2-6: Convergence behaviour for (A) displacement field and (B) displacement gradient field of the 

Timoshenko beam when simulated using quadratic RKMLS basis function. 

Although the Poisson’s ratio is close to 0.5, we remark that it does not suffer from the locking 

phenomenon since we are considering a plane stress situation here. In order to investigate the 

convergence performance with refinement, we have simulated the beam using a set of 32, 111, 

238, 413 randomly placed nodes when using the linear basis function, while we use a successively 

denser set of 75, 269, 583, 1017, 1571 random nodes for the quadratic basis function. The 

difference in number of nodes is attributed to the need of more nodes to support the computation 

of quadratic basis functions. Since we have used a random particle distribution, each simulation 

was repeated three times and the average convergence behaviour plotted in Figure 2-5 for linear 
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basis function, and Figure 2-6 for quadratic basis function. We also solved the problem with 

SNNI, and included the results within these figures for comparison. Similar to standard SNNI 

setting, the quadrature domains were chosen to fit within a circle of radius ℎ - the characteristic 

length of the particle distribution. 

While we have used a relatively small mesh refinement, the convergence behaviour from Figure 

2-5 and Figure 2-6 indicates that the error decreases with refinement up to a level, before the 

error starts to increase again, regardless of the number of Gauss points used to integrate the 

local weak form. In other words, we have lost the purpose of undergoing further refinement, 

where the solution is worse than the non-refined version. Such behaviour is not surprising as the 

increasing error is attributed to the error in the numerical integration using Shepard’s functions. 

Briefly, conventional Gauss-Legendre quadrature scheme is constructed by assuming a unit 

weight and therefore do not integrate Shepard-weighted polynomials accurately. By using the 

same Gaussian rule, this local quadrature error persists and may be of small magnitude 

throughout all refinement scales, but globally the error will quickly blow up as the number of 

Shepard-weighted local weak form increases with refinement. Such behaviour is also 

mathematically analysed in [155, 165] and numerically demonstrated in various meshfree 

methods integrated using support-domains [156, 170]. The persistent error in these works, 

however, stemmed from the quadrature of the underlying meshfree basis functions, but not from 

Shepard’s function as in this work. Therefore, one major limitation of current work is that the 

quadrature scheme needs to be more accurate as one increases the degrees of freedom. 

Interestingly, SNNI shows a similar convergence behaviour. SNNI does not use Shepard’s 

function weights, and hence avoids introducing cumulative quadrature error with refinement. 

However, SNNI stalls in convergence, with the error then increasing with refinement. This 

phenomenon is in contrast with the understanding above, and similar incidents have been 

reported in the MLPG literature [171] – a closely related method to SNNI. The cause of its 

eventual increase of error in these methods is currently still an open question. 
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 Chapter summary 

In this work, we proposed a novel quadrature correction scheme that restores the polynomial 

consistency of a globally-conforming meshfree weak form using the assumed gradient framework, 

without the use of a background mesh. In order to perform the correction efficiently, we first 

localise the globally-defined weak form using a series of Shepard’s functions after invoking their 

partition of unity property. This leads to a set of local linear system of equations associated with 

the local quadrature error, which can be analysed. The local quadrature errors quantify the 

extent to which the discrete divergence theorem is violated by polynomial test functions. This 

error is corrected using a set of assumed gradients of polynomial nature. Essentially, the method 

projects the error corresponding to the violation of the discrete divergence theorem into a 

polynomial space and restores the solution with a polynomial endowed with the smallest 

weighted 𝕃  norm, and ensures that the divergence theorem is not violated. Consequently, a 

globally conforming assumed-gradient is obtained by gluing these locally defined assumed 

gradients using Shepard’s functions. This results in the conformity of global derivative field. Our 

method reduces to the gradient correction technique used in polygonal finite element, when a 

non-overlapping domain is used to compute the assumed gradient. It reduces to SCNI when a 

constant test function is used to compute the assumed gradient. 

When tested against 1D and 2D scalar patch tests, the method reproduces the polynomial field 

within the capacity of the employed basis function. The convergence results indicate that the 

method has similar limitations to other meshfree methods that integrate using support domains. 

Specifically, the method requires an integration scheme whose accuracy also increases with 

refinement in order to maintain convergence. This limitation is attributed to the quadrature 

error of Shepard’s function and will be addressed in the future.  
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 Introduction 

Although we have developed an improved version of PUQ scheme that enables us to have a 

truly meshfree method, convergence cannot be achieved without increasing the quadrature order, 

we have hence refrained and relied on a background mesh at the current stage. In this chapter, 

we attempt to address another challenge of meshfree method – the enforcement of 

incompressibility constraint in meshfree method using a stabilised mixed formulation using a 

Polynomial Pressure Projection (PPP) stabilisation method while recovering polynomial 

consistency through the use of a gradient correction scheme as proposed by Duan et al. [72].  

Robust modelling of incompressible media has remained challenging within the conventional 

displacement-based Bubnov-Galerkin paradigm. A fundamental difficulty commonly observed is 

that displacements are over-constrained, resisting deformations and losing approximation power 

as the volumetric parameters, such as the bulk modulus (𝜅) or Lamé’s first parameter (𝜆), 

approach infinity at the incompressibility limit. Such a situation is referred to as volumetric 

locking.  

The over-constraining locking situation can be relieved by either enhancing or enriching the 

displacement approximation space, as performed in methods involving incompatible modes [172] 

and enhanced assumed strain [173, 174], or through the use of an auxiliary variable to project 

the displacements onto the constraint admissible space or the so-called divergence-free space, 

such as those used in the penalty method [175] and pressure projection method [79]. Other 

techniques such as 𝐹̅ [176, 177] or 𝐵 [178, 179] approaches and selective reduced integration 

schemes [180, 181] have also been proposed. In meshfree methods, the enrichment techniques 

can be readily achieved by enlarging the support domain size; however, this may increase 

computational expense. The pressure projection method is another popular technique to alleviate 

locking in meshfree methods, such as those reported in [52, 98, 108]. While these techniques 

address the locking issue, they have not yet been extended to the ideally incompressible mixed 

formulation. 

Another promising approach to address the locking phenomenon is the mixed formulation [182], 

where a pressure variable acts as a Lagrange multiplier to enforce the isovolumetric constraint. 
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This approach, although effective and applicable in both nearly- and ideally-incompressible 

problems, is not without its difficulties since the formulation essentially constitutes a saddle 

problem. The well-known inf-sup (or LBB) condition governs the stability of such constrained 

problems, and dictates that the approximation scheme for the displacements must be richer than 

that for pressure, such that the range of the divergence operator coincides with that of the 

pressure field [183]. 

While the inf-sup condition can be satisfied by a suitable choice of shape functions in mesh-

based methods, it is more difficult to achieve this in meshfree methods, since displacement and 

pressure nodes are required to be positioned deliberately to satisfy the condition, as reported in 

[184-189]. Such requirements challenge the nature of meshfree methods, since the stable positions 

of pressure nodes are determined through tessellation procedures. It is also computationally 

expensive to compute separate meshfree shape functions for displacement and pressure fields 

with different consistency requirements. Therefore, many mixed meshfree methods [97, 181, 184, 

190] assume a constant pressure field locally to avoid the computation of shape functions, and 

then apply static condensation of the pressure variable, which masks the violation of the inf-sup 

condition.  

Despite these challenges, it is possible to employ an equal order approximation for both the 

displacement and pressure fields as long as the instability caused by the violation of the inf-sup 

condition is stabilised. A major advantage of such stabilised mixed methods is that meshfree 

displacement and pressure nodes can be distributed similarly, avoiding the need for redistribution 

of pressure nodes following each stage of random or targeted adaptive enrichment of meshfree 

nodes. Various stabilisation schemes, such as variational multiscale stabilisation (VMS) [191, 

192], Galerkin least squares (GLS) [193], pressure gradient projection (PGP) [194], pressure 

Laplacian stabilisation (PLS) [195, 196], finite incremental calculus (FIC) [197-199], bubble 

stabilisation (BS) [186, 200, 201], and polynomial pressure projection (PPP) [80] are among the 

methods developed to compensate for the violation of the inf-sup condition. To-date, the 

meshfree community has favoured stabilisation schemes that are variationally consistent, 

although they are generally computationally expensive as they require higher order tensors in 

the stabilisation operator.  
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In this chapter, we examine the application of PPP, a variationally inconsistent stabilisation 

method, to achieve the desirable arbitrary equal-order mixed meshfree formulation. PPP was 

originally proposed by Dorhmann and Bochev [80], and has been theoretically established to be 

unconditionally stable, optimally accurate, and to always result in a banded symmetric matrix. 

The method appends the standard mixed weak form with an operator that projects the 

inconsistent pressure field to a lower order divergence-admissible space through a least squares 

procedure, thereby stabilising the weak form while solving it. With a parameter-free stabilisation 

operator defined locally, the method is computationally more efficient compared to other 

globally-defined stabilisation methods, and avoids the need for ad hoc tuning of stabilisation 

parameters. This method is popular with the finite element method, and has been studied 

extensively in incompressible solid and fluid mechanics, and contact mechanics [202-204]. More 

recently there have been efforts to implement PPP to stabilise mixed meshfree methods, such as 

[205, 206], but these have been limited to constant projection stabilisation. This chapter extends 

this stabilisation scheme to higher order projection operators (see Sections 3.4, 3.5 and 3.6).  

The PPP stabilisation method may be ineffective if the stabilisation operator suffers inadequate 

enforcement due to computation errors. A potential source of such errors is numerical integration 

error, which is a common issue in meshfree methods. Meshfree shape functions are generally non-

polynomial in nature, rendering common numerical integration techniques, such as the 

trapezoidal rule, Simpson’s rule or Gaussian quadrature, inaccurate and ineffective. In practice, 

this issue is partially addressed by using high order (≥4) numerical integration schemes on a 

dense background mesh. However, this approach does not pass the patch test to machine 

tolerance. Furthermore, as shown in [30, 207, 208], the inaccuracy of high order numerical 

integration schemes limits the convergence rate, indicating that the numerical integration error 

violates the variational consistency of the weak form. Combining that with a compromised 

stabilisation operator due to under-integration, spurious pressure modes are not sufficiently 

suppressed and volumetric locking persists, rendering the numerical approximations ineffective. 

In order to address the integration issue in meshfree methods, we have adopted the gradient 

correction scheme described by Duan et al. [72]. There have been similar gradient modification 

schemes developed to address the variational inconsistency arising from inexact numerical 
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integration, such as least squares stabilised nodal integration [28], stabilised conforming nodal 

integration (SCNI) [29], stabilised non-conforming nodal integration (SNNI) [71], quadratic 

consistent one-point (QC1) [70] and three-point (QC3) [153] schemes, variationally consistent 

integration (VCI) [209] and other correction schemes [165, 207, 210]. These techniques can be 

interpreted as either strain smoothing (SCNI and SNNI), strain stabilisation [28], or strain 

mapping/projection (VCI, QC1 and QC3). However, they are all fundamentally designed to 

obtain a gradient that satisfies both the continuous and discretised forms of the divergence 

theorem, which are used to derive the weak form of the governing equations. We show that 

gradient correction of [72] enables our approach to pass the mixed patch test, indicating the 

restoration of both consistency and stability for our equal order mixed weak form.  

The major contribution of this chapter is the proposal of an accurate and robust meshfree 

framework to solve mechanics of incompressible media. For the first time, we use a high order 

gradient correction (smoothing) scheme to solve mixed formulation problems. We also use a full 

numerical integration scheme with our gradient correction scheme, such that our method is 

always stable and avoids the need for further stabilisation techniques, such as those in [205]. In 

this new framework, we: 

(1) correct displacement derivatives following [72] to restore variational consistency when 

the weak form is integrated numerically, thereby preserving the optimal accuracy and 

convergence rate of mixed Galerkin schemes; 

(2) approximate both the displacement and pressure variables using the same set of nodes 

and shape functions, avoiding additional computation and storage of pressure nodal 

parameters and shape functions, thus reducing computational expense; 

(3) stabilise the equal order mixed formulation using PPP [80], which has been theoretically 

analysed and numerically demonstrated (in mesh-based methods) to be accurate and 

stable, while eliminating the risk of suboptimal stabilisation due to numerical integration 

error. 

This chapter is organised as follows. In Section 3.2, we briefly describe the reproducing kernel 

particle meshfree method (RKPM). We describe the derivation and computation of the shape 

functions, and the gradient correction scheme to compute the corrected nodal derivatives. In 
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Section 3.4, we develop a stabilised equal order mixed weak form using PPP, which solves both 

Stokes flow and problems of ideally incompressible linear elasticity. While the resulting weak 

form is similar to that developed using the conventional PPP, the strain applied is derived from 

the corrected derivatives. We then describe the implementation of our stabilised mixed weak 

form in Section 3.5. We also modify the original gradient correction scheme to adopt a 

quadrilateral background mesh, instead of the triangular meshing used in [72]. The details of the 

modifications and implementation procedures are described therein. In Section 3.6, we report 

the results of our scheme when tested on some classical mechanics problems, including: (1) the 

mixed patch tests, which verify the linear and quadratic consistency of our method; (2) a 

Timoshenko beam; and (3) Stokes flow, which verified that our method converges optimally as 

theoretically predicted. An interesting aside that arose from the Timoshenko beam analysis is 

that the classical solution is not incompressible; therefore we derive and present the 

incompressible solution in Appendix B.   

Section 3.1.1. Preliminary 

We briefly introduce the notation used in this chapter. We denote ℍ (Ω) as the Sobolev space 

that contains finite square-integrable functions consisting of derivatives up to 𝑘  order in a 

bounded, simply connected, open set domain Ω  with a trace equalling 𝑔  on its Lipschitz-

continuous boundary Γ. Hence, functions of ℍ  vanish on the boundary. Specifically, we also 

denote ℍ (Ω)  to be the standard Lebesgue space 𝕃 (Ω)  and write 𝕃 (Ω)  to indicate the 

functions have zero mean within the domain. Finally, a subspace of 𝕃 (Ω) that contains all 

polynomials up to degree 𝑚 is denoted as ℙ (Ω). 

We denote all discretised quantities with a superscript or subscript ℎ (i.e. (∙)  or (∙) ) to 

differentiate them from their continuous form. All quantities with an overbar (i.e. (⋅) ) are 

modified versions of the unbarred quantities, whose modifications will be explained in the 

discussion. Lastly, in order to distinguish the continuous Lebesgue integration and its numerical 

integration approximation, we have denoted the former continuous form with ∫⋅ 𝑑Ω and the 

latter with ∫⋅ 𝑑Ω  or more explicitly ∫ ⋅
 

𝑑Ω  to denote the numerical integration over a 

subdomain Ω . The standard Legendre-Gaussian quadrature scheme is implemented in this 

study. 
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We also introduce the local projection operator 𝜋 : 𝕃 (Ω) ↦ [ℙ (Ω)] which executes within a 

certain subdomain Ω  such that for a given function 𝑝 ∈ [𝕃 (Ω )] 

 𝑟 ⋅ 𝜋 𝑝 𝑑Ω = 𝑟 ⋅ 𝑝 𝑑Ω ∀𝑟 ∈ [ℙ (Ω )]

𝜋 𝑟 = 𝑟  

 (3.1) 

Alternatively, 𝜋  can be interpreted as a local least squares polynomial fitting operator  

 𝜋 𝑝 = argmin
∈[ℙ ( )]

1

2
‖𝜏 − 𝑝‖  (3.2) 

where (3.1) forms the necessary conditions to solve (3.2). In this chapter, we use  𝜋  as a 

stabilisation operator to suppress spurious pressure modes arising from an unstable equal order 

displacement-pressure interpolation, following the polynomial pressure projection stabilisation 

scheme.  

 Overview of the reproducing kernel particle method (RKPM) 

The meshfree method employed in this chapter is the RKPM [18], which can restore the 

polynomial consistency of approximation near domain boundaries. In 3.3.1, we discuss the 

important moving least squares reproducing kernel that restores consistency. The procedures to 

compute the shape functions are described in 3.3.2. As these shape functions are rational 

polynomials, integration using Gaussian quadrature is inefficient and variationally inconsistent. 

We therefore use the gradient correction technique [72] to restore variational consistency (3.4), 

first on a scalar field problem in Section 3.3.1 and then on a vector field problem in Section 

3.3.2. 

Section 3.2.1. Continuous moving least squares reproducing kernel 

Following [162], suppose there is a continuous field 𝑢(𝒙) occupying a domain Ω ∈ ℝ , 𝑑 ∈ ℕ. 

RKPM reproduces 𝑢(𝒙) within a local support Ω  by the following kernel  

 𝑢 (𝒙) = 𝑢(𝒚)𝒦(𝒚 − 𝒙,𝒙) 𝑑Ω (3.3) 

where 𝑢 (𝒙) is the approximated local field and the reproducing kernel is defined as 
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 𝒦(𝒚, 𝒙) = 𝒃 (𝟎)𝑴− (𝒙)𝒃
𝒚

𝜌
Φ(𝒚) (3.4) 

where 𝑴(𝒙) is the moment matrix at point 𝒙, defined as 

 𝑴(𝒙) = 𝒃
𝒚 − 𝒙

𝜌
𝒃

𝒚 − 𝒙

𝜌
Φ(𝒚 − 𝒙)𝑑Ω (3.5) 

where 𝒃(𝒙) contains the monomial terms for a certain polynomial of order 𝑚.  

Φ(𝒙) is the weighting function defined over Ω  and takes a cubic profile, defined as 

 Φ(𝒙) = Φ
=

(𝑥 ) (3.6) 

Φ (𝑥 ) =

⎩

⎨

⎧ 2

3
− 4𝑥̃ + 4𝑥̃ 𝑖𝑓 𝑥̃ ≤

1

2
4

3
− 4𝑥̃ + 4𝑥̃ −

4

3
𝑥̃ 𝑖𝑓 

1

2
≤ 𝑥̃ ≤ 1

0 𝑖𝑓 𝑥̃ > 1

    𝑥̃ =
|𝑥 |

𝜌
       (no sum on 𝑖) 

(3.7) 

 

where 𝜌  denotes the radius of the support domain of Φ  and 𝑥  denotes the 𝑖  dimension of a 

point 𝒙 in Cartesian space. 

Section 3.2.2. Discretised moving least squares reproducing kernel 

Consider the case where Ω  is now discretised into 𝑁  nodes. We denote a set 𝒳 =

{𝒙 ∈ Ω, 𝐼 = 1, … ,𝑁} that contains the positions of the nodes, and another image set 𝒰 =

{𝑢 = 𝑢(𝒙 ),∀𝒙 ∈ 𝒳} to store the associated field values of each node under a general mapping 

𝑢(𝒙) . Furthermore, we can associate 𝒳  with another set 𝒲 = 𝑤 ∈ ℝ |∑ 𝑤
=

=

𝑚𝑒𝑎𝑠(Ω),∀𝒙 ∈ 𝒳  which stores the numerical integration weights of each node. 

Hence we can discretise (3.3)—(3.5) using 𝒰 and 𝒲, which leads to 

 𝑢 (𝒙) = 𝒦 (𝒙 − 𝒙,𝒙)𝑢 𝑤
=

= 𝜑 (𝒙)𝑢
=

 (3.8) 

 𝒦 (𝒙 − 𝒙, 𝒙) = 𝒃 (𝟎) 𝑴 (𝒙)
−

𝒃
𝒙 − 𝒙

𝜌
Φ (𝒙 − 𝒙) (3.9) 

 𝑴 (𝒙) = 𝒃
𝒙 − 𝒙

𝜌
𝒃

𝒙 − 𝒙

𝜌
Φ (𝒙 − 𝒙)𝑤

=

 (3.10) 
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 𝜑 (𝒙) = 𝒦 (𝒙 − 𝒙, 𝒙)𝑤  (3.11) 

where 𝜑 (𝒙) is the shape function of node 𝐼 evaluated at 𝒙. In order to ensure the invertibility 

of 𝑴 (𝒙), we further require 𝜌  to be sufficiently large to include a minimum of 𝑚 + 1 nodes in 

each 𝑖  dimension, due to the so-called admissible particle distribution condition [162]. In this 

chapter, we set  

 𝜌 = 𝛼 𝜚   (no sum on 𝑖), 𝜚 =
1

𝑁
|𝑥 − 𝑥 |

−

=

,   (3.12) 

 𝒙 = min‖𝒙 − 𝒙 ‖ , ∀𝒙 ∈ 𝜒, 𝒙 ≠ 𝒙  (3.13) 

where 𝑥  and 𝑥  are the 𝑖  components of node 𝒙  and 𝒙 , and the node 𝒙  in (3.13) is 

defined as the closest node in the neighbourhood of 𝒙 , such that 𝜌  is 𝛼  times larger than the 

average nodal spacing 𝜚  in the 𝑖  dimension. We set all 𝛼  to be same value, i.e. 𝛼 = 𝛼. Unless 

specified otherwise, we use 𝛼 = 1.5 when 𝒃(𝒙) is linear and 𝛼 = 2.5 when 𝒃(𝒙) is quadratic so 

that the admissible condition is satisfied.  

The weights of 𝒲 can be determined using an appropriate numerical integration scheme, such 

as the trapezoidal rule or Gaussian quadrature. For the purpose of basis function construction, 

the accuracy of the weights is not critical [108]. Hence, for the sake of simplicity, we use unit 

weights in this chapter. 

The shape function 𝜑(𝒙) obtained possesses 𝑚-consistency (condition I in [162]); that is, it is 

able to reproduce a polynomial field of order 𝑚 exactly.  

 (𝒙) = 𝜑 (𝒙)(𝒙 )
=

  (3.14) 

𝜑(𝒙) is a rational (polynomial) function due to the inverse of 𝑴 (𝒙) [27], and it lacks the 

Kronecker delta property since 𝜑 (𝒙 ) ≠ 𝛿 . The former property means that numerical 

integration using standard numerical integration rules on a background mesh would be inefficient 

and inaccurate, while the latter property complicates the application of boundary conditions. In 

this chapter, we convert the background mesh around the domain boundaries to finite elements, 

allowing boundary conditions to be applied straightforwardly. 
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 Corrected derivative of moving least squares reproducing 

kernel 

The derivatives of meshfree basis functions can be approximated by differentiating (3.8)—(3.11). 

The computed derivatives are also rational polynomials, and satisfy the differentiated 𝑚 -

consistency (condition II in [162]); that is, they can reproduce a polynomial field of order 𝑚 − 1 

exactly. 

 (𝑥 ) − =
𝜕𝜑

𝜕𝑥
(𝒙)(𝑥 )

=

, 𝑖 = 1, … , 𝑑, (no sum on 𝑖) (3.15) 

where (𝑥 )  is 𝑖  component of node 𝒙  to the power of 𝑚. 

These rational derivatives are challenging to integrate correctly using numerical integration. An 

inexact numerical integration scheme also leads to variational inconsistency [211] and violates 

Strang’s first lemma [208, 212], leading to a sub-optimal rate of convergence, and hence 

compromising the efficiency of the method. If the numerical integration scheme is under-

integrated, as in the case of naïve direct nodal integration demonstrated in [28], stability and 

convergence can be severely undermined.  

Section 3.3.1. Corrected derivative for scalar field 

In order to recover efficiency and variational consistency, we followed the approach of [72] and 

corrected the gradient vector component-by-component such that the divergence theorem was 

satisfied. To illustrate the concept, let us examine the following functional Θ − : [𝕃 (Ω )] ×

[𝕃 (Ω )] → ℝ 

Θ − (𝒒, 𝑢) = 𝜺(𝒙) ⋅ 𝒒

∧

𝑑Ω + ∇ ⋅ 𝜺(𝒙) 𝑢

∧

𝑑Ω − 𝑢(𝜺(𝒙) ⋅ 𝒏)

∧

𝑑Γ,

∀𝜺(𝒙) ∈ [ℙ − (Ω )]  

(3.16) 

where 𝑢(𝒙) is the scalar field defined locally within a subdomain Ω  and 𝒏 is the outward 

normal vector defined over the boundary Γ  of the subdomain. We have implicitly required the 

Gaussian quadrature scheme to integrate 𝜺(𝒙) exactly. To understand the functional in (3.16), 

we choose 𝒒 = ∇𝑢, 
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Θ − (∇𝑢, 𝑢) = 𝜺(𝒙) ⋅ ∇𝑢

∧

𝑑Ω + ∇ ⋅ 𝜺(𝒙) 𝑢

∧

𝑑Ω − 𝑢(𝜺(𝒙) ⋅ 𝒏)

∧

𝑑Γ,

∀𝜺(𝒙) ∈ [ℙ − (Ω )]  

(3.17) 

which indicates that Θ −  represents the error of Gauss’ theorem under numerical integration. 

Ideally, we would wish that Θ − (∇𝑢, 𝑢) = 0 (i.e. Gauss’ theorem is exactly satisfied from a 

numerical perspective), but that is generally not the case since the Gaussian quadrature of non-

polynomial meshfree shape functions is inexact. Consequently, the Galerkin weak form derived 

from Gauss’ theorem is no longer consistent and convergence may be compromised.  

Alternatively, we can solve for a new vector ∇𝑢 such that Θ − ∇𝑢,𝑢 = 0, and replace ∇𝑢 

with ∇𝑢  in subsequent computation. We call ∇𝑢  the corrected gradient. The approach, 

advocated by [72], suggests a component-wise correction, where we rewrite Θ −  in indicial form 

and define a similar functional 𝜃 −

( )
: [𝕃 (Ω )] × [𝕃 (Ω )] → ℝ  

 
𝜃 −

( )
𝑞 , 𝑢 = 𝜀 𝑞

∧

𝑑Ω +
𝜕𝜀

𝜕𝑥
𝑢

∧

𝑑Ω − 𝑛 𝜀 𝑢

∧

𝑑Γ,

∀𝜀 ∈ [ℙ − (Ω )], (no sum on 𝑗) 

(3.18) 

such that Θ − (𝒒, 𝑢) = 𝜃 −

( )

=

𝑞 , 𝑢  (3.19) 

where 𝑞  denotes the 𝑗  component of 𝒒. When solving for the 𝑗  component of ∇𝑢, we would 

require it to satisfy 𝜃 −

( )
, 𝑢 = 0 such that, after all components of ∇𝑢 are determined, we 

would have Θ − ∇𝑢,𝑢 = 0. In fact, from a computational perspective, 𝜃 −

( )
, 𝑢 = 0 

becomes the condition to satisfy for components of ∇𝑢. Since 𝜀  is a polynomial field, assuming 

𝜀 ≡ 𝒄 𝒓(𝒙) ≠ 0,  we can rewrite (3.18) as 

𝜃 −

( ) 𝜕𝑢

𝜕𝑥
, 𝑢 = 𝒄 𝒓(𝒙)

∂𝑢

𝜕𝑥

∧

𝑑Ω + 𝒄
𝜕𝒓(𝒙)

𝜕𝑥
𝑢

∧

𝑑Ω − 𝒄 𝒓(𝒙)𝑛 𝑢

∧

𝑑Γ = 0,

∀𝒓(𝒙) ∈ [ℙ − (Ω )] , ∀𝒄 ∈ ℝ  

(3.20) 

with 𝑞 = . Since the coefficient vector 𝒄 is arbitrary in (3.20), it can be eliminated yielding 
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 𝒓(𝒙)
jx

u




∧

𝑑Ω = 𝒓(𝒙)𝑛 𝑢

∧

 𝑑Γ −
𝜕𝒓(𝒙)

𝜕𝑥
𝑢

∧

 𝑑Ω, ∀𝒓(𝒙) ∈ [ℙ − (Ω )]  (3.21) 

which yields the final equation that determines
jx

u


 , the 𝑗  component of ∇𝑢. 

Section 3.3.2. Corrected derivatives for vector field 

When considering a vector field 𝒖 ∈ ℝ  in 𝑑  dimensional rectangular Cartesian frame, we can 

redefine (3.17) with Θ − : [𝕃 (Ω )] × × [𝕃 (Ω )] → ℝ 

Θ − (∇𝒖,𝒖) = 𝝐(𝒙):∇𝒖

∧

𝑑Ω + ∇ ⋅ 𝝐(𝒙) ⋅ 𝒖

∧

𝑑Ω − (𝝐(𝒙) ⋅ 𝒏) ⋅ 𝒖

∧

𝑑Γ,

∀𝝐(𝒙) ∈ sym([ℙ − (Ω )] × ) 

(3.22) 

where sym(𝑨) = (𝑨 + 𝑨),∀𝑨 ∈ ℝ ×  and solve for the corrected gradient field ∇𝒖, such 

that the discrete divergence theorem holds; that is, Θ − ∇𝒖,𝒖 = 0. Note that 𝝐(𝒙) is a 

symmetric tensor whose components consist of a polynomial field of order 𝑚 − 1. Without loss 

of generality, 𝝐(𝒙)  could be constructed with 𝑑  copies of 𝜺(𝒙)  of (3.16), 𝝐(𝒙) =

sym 𝜖 𝜺 (𝒙)⨂𝜺 (𝒙) , 𝑖, 𝑗 = 1, … , 𝑑 . This construction allows us to reuse the gradient 

correction procedure outlined in 3.4.1. To demonstrate this idea, we rewrite (3.22) in component 

form and obtain  

𝜃 −

( )
(∇𝑢 , 𝑢 ) = 𝜖 (𝒙)

𝜕𝑢

𝜕𝑥

∧

𝑑Ω +
𝜕𝜖

𝜕𝑥
(𝒙)𝑢

∧

𝑑Ω − 𝑛 𝜖 (𝒙)𝑢

∧

𝑑Γ ,

∀𝜖 (𝒙) ∈ [ℙ − (Ω )]     (no sum on 𝑖) 

(3.23) 

such that Θ − (∇𝒖,𝒖) = 𝜃 −

( )
(∇𝑢 , 𝑢 ) (3.24) 

where we have redefined 𝜃 −

( )
: [𝕃 (Ω )] × [𝕃 (Ω )] → [𝕃 (Ω )] for each 𝑖  component of 𝒖. A 

closer inspection of (3.23) reveals that 𝜃 −

( )  has the same structure as (3.16), since the 

summation of index 𝑗 of both 𝜖 (𝒙) and  in Cartesian system is effectively equivalent to a 

dot product of vectors 𝜺 (𝒙) and ∇𝑢  consisting of 𝑗 components. The same procedures of 

gradient correction for a scalar problem can thus be applied. Following the same steps as in 
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3.4.1, for a certain subdomain Ω , we can now solve for each component of iu  by requiring 

that the following holds 

 
𝒓(𝒙)

j

i

x

u




(𝒙)

∧

 𝑑Ω = 𝒓(𝒙)𝑛 𝑢 (𝒙)

∧

 𝑑Γ −
𝜕𝒓(𝒙)

𝜕𝑥
𝑢 (𝒙)

∧

 𝑑Ω,

∀𝒓(𝒙) ∈ [ℙ − (Ω )]  

(3.25) 

This is analogous to (3.21) but expressed for each component of 𝒖. Solving (3.25) to compute 

iu for all components of 𝒖, we then obtain the full corrected gradient tensor ∇𝒖. 

An interesting case occurs when 𝑚 = 1, i.e. constant 𝜺(𝒙), and we have 𝒓(𝒙) = 1 and ( ) = 0. 

Thus (3.25) yields  

  
j

i

x

u




=
1

𝑚𝑒𝑎𝑠(Ω )
j

i

x

u




∧

𝑑Ω =
1

𝑚𝑒𝑎𝑠(Ω )
𝑛 𝑢

∧

𝑑Γ  (3.26) 

where we have exploited the fact that the numerical integration chosen is exact for a constant 

in the first equality.  Note that (3.26) coincides with the “integration constraint” described in 

stabilised conforming nodal integration (SCNI) [29], as well as the smoothing operator described 

in the smoothed finite element method (SFEM) [213] and the smoothed point interpolation 

method (SPIM) [214].  

If (2.35) is integrated exactly then it satisfies the continuous form and the right hand side 

simplifies to  

 𝒓(𝒙)
j

i

x

u




𝑑Ω = 𝒓(𝒙)
𝜕𝑢

𝜕𝑥
 𝑑Ω, ∀𝒓(𝒙) ∈ [ℙ − (Ω )]  (3.27) 

If 𝑢  is a polynomial field, (3.27) would closely resemble the first condition of (3.1). However, 

this does not imply that (3.27) is a projection operator because, for an arbitrary 𝒖(𝒙), we observe 

that  

 𝒓(𝒙)
𝜕𝑢

𝜕𝑥

∧

𝑑Ω ≠ 𝒓(𝒙)𝑛 𝑢

∧

 𝑑Γ −
𝜕𝒓(𝒙)

𝜕𝑥
𝑢

∧

 𝑑Ω = 𝒓(𝒙)
j

i

x

u




∧

𝑑Ω (3.28) 



Section 3.4  
Mixed formulation for incompressible media 

70 
 

due to numerical integration error, so (3.27) does not hold in general. When 𝑢  is not a 

polynomial, (3.25) serves to preserve the consistency of the numerical integration approximation 

of the weak form [166, 208].  

We implicitly require the numerical integration to be sufficiently rich that rank deficiency does 

not occur. We further require 𝒓(𝒙) to be defined consistently with the order of numerical 

integration scheme employed and being enriched with higher order polynomial cross terms when 

necessary. In this chapter, we used quadrilateral background elements Ω  as opposed to 

triangular elements Ω  originally proposed in [72]. Hence (3.25) is subjected to some further 

modifications as detailed in Section 3.5.1.  

 Mixed formulation for incompressible media 

In this section, we consider 2D incompressible linear elasticity and incompressible Stokes flow, 

which are modelled by the same governing equation. Although we use the same notation for 

both problems, the physical meaning is understood though its context. We limit ourselves to 

isotropic problems. 

Section 3.4.1. Governing equations 

Consider the following boundary value problem for incompressible media: 

 𝜇Δ𝒖 + ∇𝑝 = 𝒇 in Ω

∇ ⋅ 𝒖 = 0 in Ω
 (3.29) 

with the boundary conditions for Stokes flow given as 

 𝒖 = 𝟎 on Γ (3.30) 

or with the following boundary conditions for linear elasticity 

 
𝒖 = 𝒖 on Γ

𝝈 ⋅ 𝒏 = 𝒕 ̅ on Γ
 (3.31) 

where 𝑝  is the hydrostatic pressure, which is defined here to be negative for Ω  under 

compression, the Cauchy tensor 𝝈 = 𝜇(∇𝒖 + ∇𝒖 ) + 𝑝𝑰, and 𝜇 is a positive constant within 

the domain. 𝜇 can be considered either as the dynamic viscosity for Stokes flow, or as the shear 

modulus for linear elasticity. We split Γ into two mutually exclusive sets in (3.31), where velocity 
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(Stokes flow) or displacement (linear elasticity) are specified on Γ  and an external traction is 

applied on Γ . 

We note that the boundary value problems (3.29)—(3.31) correspond to finding (𝒖, 𝑝) ∈

ℍ (Ω) × 𝕃 (Ω) such that3 

 
𝐴 𝜺(𝒗), 𝜺(𝒖) + 𝐵(𝜺(𝒗), 𝑝) = 𝐹(𝒗) ∀𝒗 ∈ ℍ (Ω)

𝐵(𝜺(𝒖), 𝑞) = 0 ∀𝑞 ∈ 𝕃 (Ω)
 (3.32) 

where 𝐴 𝜺(𝒗), 𝜺(𝒖) = 𝜺(𝒗):𝓓: 𝜺(𝒖)  𝑑Ω, 𝐵(𝜺(𝒗), 𝑝) = 𝑝 tr 𝜺(𝒗) 𝑑Ω 

(3.33) 

 𝐹(𝒗) = 𝒗 ⋅ 𝒕 ̅𝑑Γ + 𝒗 ⋅ 𝒇 𝑑Ω 

and 𝜺(⋅) =
1

2
∇(⋅) + ∇(⋅) = sym ∇(⋅)  (3.34) 

where tr(⋅) is the trace operator. 

We define the diffusion tensor for Stokes flow or the elastic tensor for linear elasticity as 

 𝓓 = 2𝜇 sym(𝓘) (3.35) 

where 𝓘 is the 4th order identity tensor. 

From an optimisation perspective, we can recast (3.32) as the following Lagrange functional 

ℒ(𝒖, 𝑝) =
𝜇

2
|𝜺(𝒖)| 𝑑Ω + 𝑝 tr 𝜺(𝒖) 𝑑Ω − ℒ (𝒖) (3.36) 

and ℒ (𝒖) = 𝒖 ⋅ 𝒕 ̅ 𝑑Γ + 𝒖 ⋅ 𝒇 𝑑Ω (3.37) 

We note that (3.36)—(3.37) corresponds to a saddle-point problem and its first variations yield 

(3.32). 

 
3 The default function spaces are defined for linear elasticity. A modification to (𝒖, 𝑝) ∈ ℍ (Ω) × 𝕃 (Ω) 
following condition (3.30) is assumed when referring to Stokes flow 
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Section 3.4.2. Stabilised mixed RKPM formulation 

We aim to solve problems (3.36)—(3.37) with an equal order pair (𝒖, 𝑝). The stability of this 

setting is not guaranteed, since the inf-sup condition is violated. In order to stabilise the method, 

we follow the approach of [80] and further modify (3.36):  

ℒ(̅𝒖, 𝑝) =
𝜇

2
|𝜺(̅𝒖)|  𝑑Ω + 𝑝̅ tr 𝜺(̅𝒖)  𝑑Ω − ℒ (𝒖) −

1

2

𝑝 − 𝑝̅
√

𝜇
 (3.38) 

where Θ ∇𝒖,𝒖 = 0 (3.39) 

and 𝑝̅ = 𝜋 − 𝑝 (3.40) 

where 𝜺(̅𝒖) = ∇𝒖 + ∇𝒖  is the strain computed from the corrected derivatives under 

(3.39)4. We refer to  𝜺(̅𝒖) as the assumed strain tensor as opposed to the natural strain 𝜺(𝒖) 

computed using the meshfree approximation. It is necessary to satisfy (3.39) to achieve full 

numerical integration of the weak form on a quadrilateral background mesh (see Section 4). 

However, if a triangular background mesh is used, Θ − ∇𝒖,𝒖 = 0 is sufficient. Following [80], 

𝑝̅ is the pressure projected from 𝑝 to a lower order polynomial field under 𝜋 − , hence we call 𝑝̅ 

the projected pressure.  

The last term of (3.38) is a stabilisation term that eliminates the inconsistent approximation of 

the equal-order pair (𝒖, 𝑝) by penalising pressures away from the range of the divergence 

operator. Some studies (e.g. [215], [216]) have introduced a dimensionless scaling parameter 𝛼 

to the term to enhance accuracy. Since PPP is unconditionally stable, this parameter is optional, 

hence we have chosen the nominal value of 𝛼 = 1 in this case. 

The stability of the method will be compromised if the stabilisation term is under-integrated, 

and hence stabilised suboptimally, which would result in pressure oscillation and undesirable 

volumetric locking. Furthermore, under-integration undermines convergence. This motivates us 

 
4 Explicitly, we require 𝒓(𝒙) ∈ [ℙ (Ω )]  for (3.25). Although 𝒓(𝒙) is raised to a higher order, the 
corrected gradient remains consistent and is an order lower than that of displacement at the Gauss points. 
This can be proven by modifying the proof of consistency for Θ − , given in Section 4 of [72], with a 
higher order 𝒓(𝒙). 
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to avoid erroneous numerical integration by using a gradient correction scheme, resulting in the 

replacement of 𝜺(𝒖) with 𝜺(̅𝒖) in (3.38).  

We solve (3.38) in its variational form, where we take its first variation with the approximated 

field (𝒖 , 𝑝 ) ∈ ℍ (Ω) × 𝕃 (Ω) to yield 

 
𝐴 𝜺(̅𝒗 ), 𝜺(̅𝒖 ) + 𝐵 (𝜺(̅𝒗 ), 𝑝̅ ) = 𝐹 (𝒗  ) ∀𝒗 ∈ ℍ (Ω)

𝐵 (𝜺(̅𝒖 ), 𝑞 ̅ ) − 𝐶 (𝑞 , 𝑝 ) = 0 ∀𝑞 ∈ 𝕃 (Ω)
 (3.41) 

where 𝐶 (𝑞 , 𝑝 ) =
1

𝜇
(𝑞 − 𝑞 ̅ )(𝑝 − 𝑝̅ ) 𝑑Ω (3.42) 

Originally the stabilisation operator 𝐶(⋅,⋅) was described as a local operator since the pressure 

projection is performed element-wise, which is desirable for efficient computation. In Galerkin-

based meshfree methods, however, operations performed are commonly global due to the lack of 

elements. Despite that, we can partially recover the locality property by performing the global 

projection locally. This is only a partial recovery, because in practice (3.41)—(3.42) are computed 

and assembled locally based on the background numerical integration cell.  

We also note that 𝐶(⋅,⋅) is symmetric and semi-positive definite because 𝐶(⋅,⋅) is zero when the 

pressure is within the range of the divergence operator (i.e. 𝑝̅ = 𝑝 ). This prevents the use of 

standard penalty methods to eliminate the second equation of (3.41).  

𝐶(⋅,⋅) is a non-residual-based stabilisation operator as it does not contain the residuals of (3.29). 

This makes (3.41) variationally inconsistent; that is, we can no longer derive (3.29) from (3.41), 

which constitutes a violation of conservation of linear momentum5. While this is a downside of 

the polynomial pressure projection method, the violation can be shown to be bounded within 

the discretisation error of the domain mesh and diminishes with refinement  [218]. The 

effectiveness, accuracy and stability of this method have been verified previously [80, 205, 206], 

and are verified again in our numerical tests in Section 3.6. 

 
5 The variational consistency of (3.13) can be restored by using the variational multiscale stabilisation 
(VMS) scheme [217]. However, it is deemed unduly complicated and is not pursued here. 
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One issue to consider is the substitution of 𝑝 with 𝑝̅ in the operator 𝐵 (𝜺,̅⋅). In [80], since 

polynomial shape functions were used to interpolate the dependent variables, this substitution 

was valid by virtue of (3.1). However, the use of meshfree shape functions in the present study 

challenges the validity of the substitution of 𝑝  with 𝑝̅  in 𝐵 , because the approximated 

dependent fields may be non-polynomial, and (3.1) may not be applicable. Nonetheless, we 

proceeded with this substitution so that the divergence theorem in (3.22) could be reapplied to 

𝐵 (𝜺,̅⋅). This is because (3.22) requires that 𝝐 is polynomial, i.e. 𝝐 ∈ [ℙ − (Ω )] × , which is 

satisfied if 𝝐 is set to be the projected pressure, i.e. 𝝐 ≡ 𝑝̅𝑰. The use of the projected pressure in 

𝐵  has essentially rendered our method a different variant from the standard form advocated in 

[80, 218], and thus necessitates a new analysis of convergence and stability.  

Lastly, although we have so far focused on ideally incompressible cases, we note that the weak 

form can be modified slightly to accommodate nearly-incompressible cases, by relaxing the 

incompressibility constraint through perturbation of the Lagrange multiplier. The resulting 

stabilised mixed weak form is given by 

 Implementation 

The implementation procedures for our proposed scheme are similar to those used in the original 

studies of  [72] and [80], with some minor modifications. We can partially recover the locality of 

𝐶(⋅,⋅) by performing the projection in a subdomain, which is required to be the same as the 

subdomain over which gradient correction is performed, to be consistent with the operators 

𝐴 𝜺(̅⋅), 𝜺(̅⋅)  and 𝐵(𝜺(̅⋅), 𝑝̅) defined within that subdomain. Although not necessary, we also 

chose the subdomains to be the numerical integration cells to further simplify the 

implementation. 

 
𝐴 𝜺(̅𝒗 ), 𝜺(̅𝒖 ) + 𝐵 (𝜺(̅𝒗 ), 𝑝̅ ) = 𝐹 (𝒗  ) ∀𝒗 ∈ ℍ (Ω)

𝐵 (𝜺(̅𝒖 ), 𝑞 ̅ ) − 𝐶 (𝑞 , 𝑝 ) − 𝐸 (𝑞 ̅ , 𝑝̅ ) = 0 ∀𝑞 ∈ 𝕃 (Ω)
 (3.43) 

where 𝐸 (𝑞 , 𝑝 ) =
1

𝜆
𝑞 𝑝  𝑑Ω (3.44) 
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This section is divided into two parts. We describe the gradient correction scheme performed on 

quadrilateral background cells in Section 3.5.1, and the procedure to assemble the stabilised 

stiffness matrix in Section 3.5.2.  

Section 3.5.1. Gradient correction scheme 

We performed gradient correction according to (3.25) in each numerical integration cell Ω . 

Originally in [72], 𝒓(𝒙) was defined based on Θ − ∇𝒖,𝒖 = 0, therefore the authors proposed, 

for a triangle mesh 

𝒓(𝒙) = [1]  if 𝒃(𝒙) = [1, 𝑥, 𝑦]  
(3.45) 

𝒓(𝒙) = [1, 𝑥, 𝑦]  if 𝒃(𝒙) = [1, 𝑥, 𝑦, 𝑥𝑦, 𝑥 , 𝑦 ]  

and so on. 

However, since in this chapter we have employed Θ ∇𝒖,𝒖 = 0 following (3.39), we use a 

higher order 𝒓(𝒙) compared to (3.45):  

𝒓(𝒙) = [1, 𝑥, 𝑦, 𝑥𝑦]  if 𝒃(𝒙) = [1, 𝑥, 𝑦]  
(3.46) 

𝒓(𝒙) = [1, 𝑥, 𝑦, 𝑥𝑦, 𝑥 , 𝑦 , 𝑥 𝑦, 𝑥𝑦 , 𝑥 𝑦 ]  if 𝒃(𝒙) = [1, 𝑥, 𝑦, 𝑥𝑦, 𝑥 , 𝑦 ]  

and so on. 

The number of monomial terms in 𝒓(𝒙) is set to be the same as the number of Gauss points (see 

Figure 3-1) corresponding to full numerical integration of a quadrilateral element, thereby 

avoiding generating a rank-deficient stiffness matrix, which could compromise the stabilisation 

power of 𝐶(⋅,⋅), and require further stabilisation procedures such as that in [205]. A side 

observation regarding (3.46) is that we can also populate 𝒃(𝒙) with higher order cross terms, 

but we noted few changes to our numerical performance when we tested this approach. In fact, 

provided that the consistency conditions (3.14)—(3.15) are not required to reproduce the higher 

order cross terms, it is theoretically acceptable to omit these terms. 
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Figure 3-1: Schematic diagram of the numerical integration schemes of [72] and the modified 

scheme used in this chapter. (a) and (b) show the original numerical integration schemes for a 

triangular background mesh reproduced from [72] for linear and quadratic approximation of 

meshfree basis functions, respectively. (c) and (d) are the corresponding modified numerical 

integration schemes for a quadrilateral background mesh. The circles (●) are the meshfree 

approximation nodes, while the squares () and the triangles () are the domain and boundary 

integration points, respectively. The positions and weights associated with these integration 

evaluation points are determined from the standard Legendre-Gaussian quadrature scheme. 

Next we compute the corrected derivatives at the numerical integration points by discretising 

and assembling (3.25) with (3.46) as follows: 

 𝑸𝓭( ) = 𝓯( ) (3.47) 

where 𝑄 = 𝑊 𝒙
( )

⋅ 𝑟 𝒙
( )  (3.48) 
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 𝒹
( )

=
𝜕𝜑

𝜕𝑥
𝒙

( )  (3.49) 

and 

𝒻( ) = 𝑤 𝒙
( )

⋅ 𝑟 𝒙
( )

⋅ 𝜑 𝒙
( )

⋅ 𝑛
==

− 𝑊 𝒙
( )

⋅
𝜕𝑟

𝜕𝑥
𝒙

( )
⋅ 𝜑 𝒙

( )

=

 
(3.50) 

 𝑖 = 1, … ,𝑛 , 𝑗 = 1,… , 𝑛 = 𝑛 , 𝑘 = 1,2  

where 𝑛  and 𝑛  are the number of domain and boundary Gauss points, respectively, of the 

subdomain Ω . 𝓭( ) contains the unknown corrected 𝑘  nodal derivatives, 𝑸 and 𝓯( ) are the 

discretised LHS and RHS kernels of (3.25).  The explanation of the symbols above is given as: 

 𝑊 𝒙
( )  is the 𝑖  domain Gaussian weight, 

 𝑟 𝒙
( )  is the 𝑗  component of 𝒓(𝒙) which corresponds to the 𝑖  domain Gauss point, 

 𝑤 𝒙
( )  is the 𝑙  boundary Gauss weight at the 𝑙  boundary Gauss point, 

 𝑛  is 𝑘  component of the normal vector 𝒏 at the 𝑒  quadrilateral segment, and lastly 

 𝒙
( )  is the 𝑘  derivative of the 𝑖  component of 𝒓(𝒙) at the 𝑙  Gauss point 𝒙( ).  

𝑸 is always invertible since each column of 𝑸 is populated by a set of weighted 𝒓(𝒙), which are 

linearly independent with respect to the domain Gauss points. Combined with the well-posed 

nature of 𝓯, this guarantees that the corrected derivative (tensorial) field always exists.  

Lastly, (3.47)—(3.50) are repeated to correct the nodal derivative shape functions of all domain 

Gauss points. The corrected nodal derivatives and nodal shape functions are stored for further 

operations.    

Section 3.5.2. Assembly of stabilised stiffness matrix 

Using the shape functions and corrected derivatives, we assemble (3.41) in the following matrix 

form. 

 𝑲𝑼 = 𝑻  (3.51) 

where 𝑲 = 𝑨 𝑩
𝑩 −𝑪

, 𝑼 =
𝓾
𝓹 , 𝑻 =

𝑭
𝟎

 (3.52) 
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and 𝓾 = 𝑢1
(1)

𝑢2
(1) … 𝑢1

(𝑁)
𝑢2

(𝑁) 𝑇
, 𝓹 = [𝑝(1) … 𝑝(𝑁)]𝑇 (3.53) 

𝑲  is the global stiffness matrix, 𝑼  contains the unknown parameters of displacement and 

pressure fields and 𝑻  is the global force vector.  

𝑲  contains the matrices of operators 𝐴,𝐵  and 𝐶  assembled from background cells. The 

submatrices 𝑨 and 𝑭  are computed and assembled using (3.33). However, the submatrices 𝑩 

and 𝑪 require the computation of the 𝕃  projection of 𝑝  prior to assembly, which is given by  

 𝑝̅ = 𝜋 − 𝑝 (𝒙) = 𝓹 𝑮 𝑯− 𝒂(𝒙) (3.54) 

where 𝑮 = 𝒂(𝒙)𝝋(𝒙)

∧

𝑑Ω (3.55) 

and 𝑯 = 𝒂(𝒙)𝒂(𝒙)

∧

 𝑑Ω (3.56) 

where 𝝋(𝒙) is the vector containing the nodal shape functions for 𝑝(𝒙) and 𝒂(𝒙) contains the 

polynomial basis defined for [ℙ − (Ω )] . This makes 𝒂(𝒙) an order lower than 𝒃(𝒙) in (3.4)—

(3.5), which constructs the shape functions for 𝑝 . In order to ensure greater stability, cross 

terms such as those enriched in 𝒓(𝒙) of (3.46) are omitted in 𝒂(𝒙). 

With 𝑝̅  defined, the matrices of 𝑩 and 𝑪 are given by 

 𝑩 = 𝑮 𝑯− 𝒂(𝒙)𝒅 (𝒙)

∧

𝑑Ω (3.57) 

 𝑪 =
1

𝜇
𝑫 − 𝑮 𝑯− 𝑮  (3.58) 

where 𝑫 = 𝝋(𝒙)𝝋 (𝒙)

∧

 𝑑Ω (3.59) 

where 𝒅(𝒙) is the (corrected) discretised divergence operator, so that 𝒅 (𝒙)𝓾 = tr 𝜺(̅𝒖 ) . 

While we have set 𝜇 to be a constant in this chapter, we can deal with the anisotropic situation 

if the locally averaged 𝜇, denoted  𝜇 , is applied within each cell. 
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If the nearly-incompressible formulation is preferred, we can assemble the stiffness matrix of 

(3.43), which largely follows the same procedures described above, but the lower right submatrix 

of −𝑪 is subtracted by an additional perturbed Lagrangian matrix 𝑬. 𝑬 is assembled by 

 𝑬 = 𝑮 𝑯− 1

𝜆
⎝

⎜⎛ 𝒂(𝒙)𝒂 (𝒙)

∧

𝑑Ω

⎠

⎟⎞𝑯− 𝑮   (3.60) 

With (3.60), static condensation of pressure may be performed following the approach of [219].  

In order to impose essential boundary conditions, we couple meshfree shape functions with a 

strip of finite elements converted from quadrilateral background cells near the domain 

boundaries. The method proposed in [65] was implemented in this chapter to couple meshfree 

and finite element shape functions. Nonetheless, meshfree shape functions lack the delta 

property, therefore the nodal parameters do not necessarily correspond to the solution field 

values at the nodes. We can recover the delta property using the full transformation method 

[43]. While computationally expensive, this bypasses the need for interpolation. Our proposed 

method can be used with any method deemed suitable to impose essential boundary conditions, 

provided that the underlying approximation consistency conditions (3.14)—(3.15) are satisfied. 

 Numerical results 

We test our proposed scheme against a set of ideally incompressible problems: the linear and 

quadratic mixed patch tests; a Timonshenko beam problem; and a Stokes flow problem. These 

problems are analysed with equal-order approximation of the displacement and pressure fields 

by employing either a linear or a quadratic shape function.  

In order to facilitate the quantification of the performance of our method, we use the following 

error norms to evaluate the relative error in the displacement (3.61), displacement gradient 

(3.62), and the modified hydrostatic pressure (3.63) fields. 

 𝑒 | =

⎷

∫ (𝒖 − 𝒖 ) ⋅ (𝒖 − 𝒖 )𝑑Ω

∫ 𝒖 ⋅ 𝒖 𝑑Ω
 (3.61) 
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 𝑒 | =

⎷

∫ ∇𝒖 − ∇𝒖 : ∇𝒖 − ∇𝒖 𝑑Ω

∫ ∇𝒖 :∇𝒖 𝑑Ω
 (3.62) 

and 𝑒 =

⎷

∫ (𝑝 − 𝑝 ) 𝑑Ω

∫ (𝑝 ) 𝑑Ω
 (3.63) 

Our method is successful and optimally accurate if  

 𝑒 | = 𝒪(ℎ ), 𝑒 | = 𝒪(ℎ), 𝑒 = 𝒪(ℎ) (3.64) 

for linear shape functions (i.e. linear 𝒃(𝒙) and 𝑚 = 1), or if 

 𝑒 | = 𝒪(ℎ ), 𝑒 | = 𝒪(ℎ ), 𝑒 = 𝒪(ℎ ) (3.65) 

for quadratic shape functions (i.e. quadratic 𝒃(𝒙) and 𝑚 = 2). 

Section 3.6.1. Mixed patch tests 

The first numerical test is the (𝒖, 𝑝) mixed patch test6, similar to that described in [220], where 

traction boundary conditions are applied on a square 2m × 2m linear elastic domain, except that 

each node contains both displacement and pressure degrees of freedom. In order to test both the 

linear and quadratic consistency of our proposed method, we devised linear and quadratic 

representations of the patch tests, and tested each with regular and irregular nodal distributions. 

For all tests, we discretised the domain into 7 × 7 nodes and assigned 𝜇 = 10  Pa.  

In this chapter, a 2D irregular nodal distribution is generated by perturbing the regular domain 

nodes 

 𝑥
( )

= 𝑥
( )

+ (−𝜂 + 2𝜂𝛿)𝜚 , 0 ≤ 𝛿 ≤ 1, 𝑖 = 1,2 (3.66) 

where 𝛿 is a randomly generated parameter within the interval [0,1], and 𝜂 controls the degree 

of perturbation. We use  𝜂 = 0.3 to allow up to a 30% perturbation in each direction.  

The boundary conditions for both the linear and quadratic patch tests are given in Figure 3-2, 

where the traction boundary condition on the right face is given by 

 
6 Although strictly speaking there are no distinct patches in meshfree methods, we have retained the 
technical term “patch test” here, because the tests we performed essentially mimic that of a patch test in 
finite element analysis. 
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 𝑡 ̅ = 𝛾, 𝑡 ̅ = 0 (3.67) 

for the linear patch test and 

 𝑡 ̅ = 𝛾 𝑥 +
𝑤

2
, 𝑡 ̅ = 0 (3.68) 

for the quadratic patch test with any real number 𝛾 and width 𝑤. The origin of the coordinate 

system is in the middle of the left face and is fixed kinematically. 

Figure 3-2: Boundary conditions for the patch tests 

The closed-form analytic solutions are given by 

 𝑢 =
𝛾𝑥

4𝜇
, 𝑢 = −

𝛾𝑥

4𝜇
, 𝑝 = −

𝛾

2
 (3.69) 

for the linear patch test and 

 
𝑢 =

𝛾𝑥

4𝜇
𝑥 +

𝑤

2
, 𝑢 = −

𝛾

8𝜇
(𝑥 (𝑥 + 𝑤) + 𝑥 ),

𝑝 =
𝛾

2
𝑥 +

𝑤

2
 

(3.70) 

for the quadratic patch test. 
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  Linear patch test Quadratic patch test 

  Regular Irregular Regular Irregular 

Linear 

shape 

functions 

𝑒 |  1.48e-13 3.82e-13 2.61e-2 2.54e-2 

𝑒 |  4.03e-13 7.37e-13 5.07e-2 4.84e-2 

𝑒  1.47e-13 2.14e-13 3.23e-2 2.89e-2 

Quadratic 

shape 

functions 

𝑒 |  1.82e-13 1.12e-13 2.97e-13 2.07e-13 

𝑒 |  1.61e-12 9.88e-13 2.13e-12 1.17e-12 

𝑒  1.41e-13 1.53e-13 2.51e-13 2.79e-13 

Table 3-1: Results for the linear and quadratic patch tests with gradient correction applied to 

the PPP-stabilised mixed formulation 

Table 3-1 presents the results of the patch tests using our method with 𝛾 = 500. It can be seen 

that both tests passed to within machine precision when solved with shape functions of the same 

order of consistency. For example, both the regularly and irregularly discretised linear patch 

tests were solved to machine precision with a linear shape function. Similarly, the regular and 

irregular quadratic patch tests also passed to within machine precision with a quadratic shape 

function. Since a shape function that possesses higher order polynomial consistency and 

completeness can reproduce lower order polynomials, we also observed that linear patch tests 

passed using a quadratic shape function. However, the converse does not hold, hence linear shape 

functions yielded considerable error when tested against the quadratic case. 
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Figure 3-3: The effect of gradient correction on the pressure fields for both the linear and 

quadratic patch tests, solved with an irregularly distributed set of meshfree nodes (a, g). The 

pressure fields obtained without gradient correction (c, e, i, k) showed significant oscillations 

irrespective of the shape function used. Although we observed pressure oscillations when using 

linear shape functions for the quadratic patch tests (i, j), they were substantially smaller when 

gradient correction was used (j). The use of quadratic shape functions with gradient correction 

eliminated these oscillations (f, l), and the patch tests were satisfied to within machine tolerance 

(see Table 1). 

Passing the patch tests is an important indication that our proposed method is consistent. That 

is, with refinement the approximation is able to converge to the true solution, following the 

argument of [211]. From an engineering persepctive, passing the patch tests also verifies that the 

underlying formulation and implementation are working correctly [183]. 

As pointed out in [208, 211], a sufficient condition to pass the patch test is that the numerical 

integration of the gradient of the approximation scheme is exact. The gradient correction scheme 

achieves exact numerical integration with Θ ∇𝒖,𝒖 = 0  since the gradient is corrected 

assuming that the solution is a polynomial field and satisfies the divergence theorem used for 

the weak formulation.  
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When we did not correct the gradient, the quadrature errors persisted, and we observed that the 

patch tests did not pass to within machine tolerance, as shown in Table 3-2. We noted that the 

displacement fields obtained using the standard PPP-stabilised weak form without gradient 

correction were generally acceptable. However, the corresponding pressure fields oscillated 

substantially more than those computed with the gradient correction applied. This occurred 

because the variational equations and the stabilisation operator were not fully integrated. In 

Figure 3-3, we have used linear and quadratic patch tests to illustrate the restoration of 

consistency and stability when gradient correction is used.  

  Linear patch test Quadratic patch test 

  Regular Irregular Regular Irregular 

Linear 

shape 

functions 

𝑒 |  3.09e-4 4.47e-2 2.66e-2 5.74e-2 

𝑒 |  1.54e-3 1.58e-1 4.89e-2 1.17e-1 

𝑒  1.34e-3 6.78e-2 3.27e-2 8.42e-2 

Quadratic 

shape 

functions 

𝑒 |  1.75e-3 2.54e-2 1.50e-3 4.53e-2 

𝑒 |  8.73e-3 1.77e-1 6.56e-3 1.84e-1 

𝑒  9.96e-3 8.64e-2 9.20e-3 9.13e-2 

Table 3-2: Results for the linear and quadratic patch tests without gradient correction applied 

to the PPP-stabilised mixed formulation 

Comparison of Table 3-1 and Table 3-2 shows that the gradient correction scheme plays an 

important role in establishing variational consistency of our stabilised mixed formulation. While 

variational consistency for the displacement-based assumed strain framework using corrected 

derivatives is now well-understood [72, 221], this has not been established for the mixed 

formulation.  

We note that our proposed formulation is variationally consistent for the displacement fields 

using corrected derivatives, because the strong form is recoverable from equation (3.13a) by 

applying the divergence theorem. However, consistency may not be inferred for the pressure 
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field, because (3.13b) indicates a possible presence of pressure modes when the inf-sup condition 

is violated. These spurious modes are, however, filtered and supressed by the discrete operator, 

𝐶 . Therefore numerical integration for 𝐶  is required to be accurate, and it is deemed to be 

sufficiently accurate once the weak inf-sup condition has been satisfied [218]. Through use of 

corrected gradients and the projected pressure, the weak inf-sup bound can be established using 

the divergence theorem. Therefore, gradient correction plays an important in numerical stability. 

As shown in Figure 3-3, this was demonstrated using the mixed patch tests, for which spurious 

pressure modes were suppressed and the pressure field coincided with the projected field. This 

meant that the stabilisation term 𝐶(⋅,⋅) vanished, and our formulation degenerated to the 

standard weak form, for which variational consistency with respect to the governing equations 

(3.29)‒(3.31) can be inferred. 

The success of our mixed formulation also based on the stabilisation feature of the polynomial 

pressure projection method. This is also the first time a mixed patch test has been reported to 

have passed using this stabilisation method, even though the method is in general variationally 

inconsistent. We did, however, observe that the patch tests failed when a non-affine background 

mesh was used, which is not surprising since the stabilisation method was designed to operate 

on affine elements [80]. Furthermore, a non-affine background mesh can also reduce the 

polynomial completeness of the corrected derivatives, and is thus unable to exactly reproduce 

the solution [222]. However, since the background mesh is designed to be independent of the 

underlying deformations, in practice we can always rely on an affine background mesh for any 

problems and pass the tests.  

Section 3.6.2. Timoshenko beam 

The next test performed was a problem involving an incompressible Timoshenko beam, in order 

to quantify the convergence rate of our proposed method. We remark that Timoshenko beam 

has analytic solutions to which our computed solutions, using our proposed method, can be 

compared against. The failure of convergence when solving such simple problem would cast 

doubt on the usefulness of the proposed method. We also remark that the existence of an 

incompressible linear elastic beam is theoretically possible by virtue of Poisson’s effect on 

deformed volume. Surprisingly, we found that the classical plane stress solutions of Timoshenko 
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beam [33] are not incompressible (i.e. ∇ ⋅ 𝒖 ≠ 0 when Poisson’s ratio is 0.5) due to the lack of 

an incompressibility constraint in the derivation process. We therefore derived a solution for an 

incompressible beam, which is presented in Appendix B. 

The beam was specified with dimensions 6m × 2m and was assumed to have 𝜇 = 10  Pa. The 

boundary conditions are illustrated in Figure 3-4. 

Figure 3-4: Boundary conditions for incompressible Timoshenko beam. 

 

The traction boundary condition on the left face is given by  

 𝑡 ̅ = 0, 𝑡 ̅ =
𝛾

2𝐼

𝑤

4
− 𝑥 , 𝐼 =

𝑤

12
 (3.71) 

where 𝛾 is an arbitrary dimensionless scaling factor and 𝐼 is the second moment of area of the 

cross-section of the beam. We have also kinematically fixed the right face. Note that the origin 

of the coordinate system is in the centroid of the left face. The closed-form analytic solutions of 

the incompressible Timoshenko beam are given by (B.5) and (B.22) (see Appendix B). 

We computed solutions for the incompressible Timoshenko beam using our method with 𝛾 = 50 

over meshes with 30×10, 60×20, 90×30 and 120×40 irregularly distributed nodes. The 

convergence result is shown in Figure 3-5, where the errors are plotted against the discretisation 

dimension, measured as the average distance between nodes, ℎ in a log-log plot. The convergence 
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rates were obtained from the gradients of the plot. In this chapter, the average distance between 

nodes was measured as the root mean square of the average nodal spacing in each direction  

 ℎ = 𝜌 + 𝜌  (3.72) 

 

Figure 3-5: Convergence graph for the Timoshenko beam using (a) linear shape functions, and 

(b) quadratic shape functions with irregularly distributed domain nodes. 

Figure 3-5 demonstrates that our method converges optimally in all error measurements with 

respect to the consistency order of the shape function. For many error measurements, we observe 

convergence rates better than theoretically predicted. For example, the convergence rates of 

pressure were 1.6 and 2.5 for linear and quadratic shape functions, respectively, which exceeds 

the theoretical values of 1 and 2, respectively. Similarly, the convergence rates of the gradients 

were also higher when using linear or quadratic shape functions. The better convergence rates 

obtained are consistent with some studies relating to SFEM, where (3.25) is applied as a 

smoothing operator with linear Lagrange shape functions. In this case, the theoretical 

convergence rates for energy can be as high as 𝒪(ℎ ) with a uniform mesh (see Theorem 4.1 of 
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[223]). While the theoretical convergence rates of quadratic shape functions are unknown, we 

postulate that it is also of a higher rate, following the same argument as [223]. We also tested 

our method using a nearly-incompressible plane strain Timoshenko beam, and we observed an 

optimal rate of convergence without pressure oscillations (data not shown). This observation is 

consistent with results reported in [63], where PPP stabilisation was used within a particle finite 

element framework. 

Section 3.6.3. Stokes flow 

Next, we test a Stokes flow problem, which was used to verify that our method is applicable to 

fluid problems. We consider a square domain of 1m × 1m and 𝜇 = 1 Pa. Domain boundaries 

were fixed and a body force was applied over the domain as showed in Figure 3-6, using the 

following expression given in [224] 

 

𝑏 = −𝑥 (24𝑥 − 12) + 𝑥 (48𝑥 − 24) + 𝑥 (−48𝑥 + 72𝑥 − 48𝑥 + 12)

+ 𝑥 (48𝑥 − 72𝑥 + 24𝑥 − 2) − 8𝑥 + 12𝑥 − 4𝑥 + 1 

𝑏 = 𝑥 (48𝑥 − 48𝑥 + 8) + 𝑥 (−72𝑥 + 72𝑥 − 12) + 𝑥 (24𝑥 − 48𝑥

+ 48𝑥 − 24𝑥 + 4) − 12𝑥 + 24𝑥 − 12𝑥  

(3.73) 

yielding the following closed form analytic solutions. 

Figure 3-6: Boundary conditions for Stokes flow 

 

𝑢 = −
1

𝜇
𝑥 (1 − 𝑥 ) (4𝑥 − 6𝑥 + 2𝑥 ) 

𝑢 = −
1

𝜇
𝑥 (1 − 𝑥 ) (4𝑥 − 6𝑥 + 2𝑥 ) 

(3.74) 
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𝑝 = 𝑥 (1 − 𝑥 ) 

The origin of the coordinate system was positioned at the left bottom corner. The Stokes problem 

was solved with meshes of 20×20, 24×24, 30×30, 40×40, and 60×60 irregularly distributed 

nodes. Since the problem setup essentially satisfied the incompressibility condition, we assigned 

the value of pressure at the origin to avoid rank deficiency in the 𝑲 matrix. The convergence 

results are shown in Figure 3-7. 

 

Figure 3-7: Convergence graph for the Stokes flow problem using (a) linear shape functions, and 

(b) quadratic shape functions with irregularly distributed domain nodes. 

Figure 3-7 illustrates that all convergence rates are optimal. The rates for displacement gradients 

are better than theoretically predicted while those for the displacements and pressure are close 

to the theoretical rates. Combined with the results of the Timoshenko beam from Appendix B, 

it seems reasonable to conclude that our scheme converges as theoretically predicted.   

 Chapter summary 

We have presented a stabilised mixed meshfree method to analyse nearly-to-ideally 

incompressible media with equal order approximation of displacement and pressure fields. We 

have demonstrated that our proposed method is effective, robust, and accurate. The method is 
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inspired by the polynomial pressure projection scheme, and the gradients are corrected to satisfy 

the divergence theorem under the given discretisation scheme. This restores the variational 

consistency of the displacement fields, while the inconsistency of the pressure field is penalised 

by a 𝕃  projection stabilisation operator. The gradient correction scheme has been adapted to 

use a quadrilateral background mesh in this chapter.  

We tested our method using a set of analytical problems with closed form solutions. Our 

variationally inconsistent method passes mixed patch tests using linear and quadratic shape 

functions of the same order for the displacement and pressure fields. We postulate that this 

success is due to the effectiveness of the overlapping local projection of global pressure on a 

uniform background mesh. Our method also converges optimally when tested against the 

incompressible Timoshenko beam and Stokes flow when using linear or quadratic shape 

functions. We postulate that optimal convergence would also hold for other higher order shape 

functions. We did not encounter any spurious pressure modes with any of our numerical tests. 

As an aside, we also discovered that is that the classical plane stress Timoshenko beam is not 

incompressible, hence we derived and presented the incompressible analytic solution. In future 

work, we intend to generalise the formulation to solve nearly-to-ideally incompressible media 

undergoing large deformations. 
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 Challenges of modelling incompressible nonlinear elasticity 

Motivated by the success of Chapter 3 in modelling incompressible linear elasticity, we have 

extended the formulation for large deformations of hyperelasticity in this Chapter. The extension 

on the formulation, if successful, would allow us to model incompressible soft tissues in a more 

flexible way, as we may continue to use the same set of nodes to represent the displacement and 

pressure, while we continue to stabilise the violation of the inf-sup condition using PPP-

stabilisation method. In fact, we are interested in using a PPP-stabilised Veubeke-Hu-Washizu 

variational principle, where its generality in theoretical formulation of continuum mechanics may 

lead us to a successful unifications on the use of a nonlinear version of PPP-stabilisation and the 

gradient correction scheme in the Lagrangian perspective.  

Non-linear elasticity or hyperelasticity modelling remains an active research area in the field of 

computational method, motivated by not only academic interest, but also the wide application 

of rubbery materials in various areas of engineering, such as automobile and textile industries. 

Furthermore, many fiber-embedded polymeric materials are often assumed to behave 

hyperelastically, such as solid hydrogel, organic implants and even biological soft tissues in the 

field of biomechanics research. The prediction of computational modelling of the behavior of 

hyperelastic materials can thus help improve various engineering design and even help sharpen 

clinical diagnosis with patient-specific modelling.  

Despite numerous development in the past decades, computational modelling of hyperelastic 

materials, however, still faces various challenges today. The large deformations these rubbery 

materials suffer, which often leading to self-contact and buckling modes, poses great difficulty 

for conventional mesh-based techniques as the domain meshes being distorted greatly, and 

ultimately fail when the meshes unable to resolve the deformation. Adaptive re-meshing is 

possible but may lead to loss of accuracy if the a posteriori residual is not computed accurately, 

which is often the case when the meshes are skewed heavily. The common phenomenon that 

hyperelastic materials always nearly preserve volume under deformation further complicates the 

analysis process as an additional (nonlinear) constraint is being enforced during deformation. If 

the constraint is enforced using the classical penalty technique, the system can suffer from ill-

conditioning when the penalty factor increases as the material becomes less compressible, and 
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the approximation power diminishes as the domain mesh resists deformations. Such phenomenon 

is also called volumetric locking. Classically, the incompressible constraint is handled using the 

method of Lagrange multiplier, which resulted in a mixed formulation.  

The most commonly used mixed formulation is the displacement-pressure mixed formulation, 

where the pressure field acts as a Lagrange multiplier to enforce the incompressibility constraint. 

This formulation is first proposed by Herrmann [78] through a modification of the Hellinger-

Reissner mixed formulation [225] (or also known as a displacement-stress formulation) to model 

incompressible small strain problems, where only the isotropic part of the stress field is 

introduced as an additional variable. This greatly reduces the number of degree of freedoms in 

the resulting discretised system. Herrmann’s formulation is later being generalised to adapt for 

nonlinear elasticity by Oden and Key [131] and Sussman and Bathe [226], whose difference being 

the latter derived the mixed formulation using an isochoric decomposition on the deformation 

gradient field.  

While the displacement-pressure mixed formulation is effective against the well-known locking 

pathology associated with the enforcement of incompressibility constraint, mixed formulation 

has not been widely adopted as the primary algorithmic treatment for solid mechanics. A 

fundamental difficulty commonly faced when using such mixed formulation is that the 

discretisation and approximation schemes used to interpolate the displacement and pressure 

variables need to be compatible with the inf-sup (or the Ladyzhenskaya–Babuška–Brezzi) 

condition [227, 228]. Such requirement, when satisfied, would render the mixed formulation 

stable and convergent while avoid spurious pressure oscillations and potential locking 

phenomenon. The pursuit to satisfy the stability condition, however, complicates implementation 

and solution procedures. Currently, for the sake of simplicity, the most popular mixed 

approximation pair commonly used in both the finite element and meshfree methods is a low-

order displacement approximation coupled with a (piecewise) constant pressure field, a seemingly 

natural scheme although being unstable in the LBB sense. 

Alternatively, the locking phenomenon could be alleviated using more advanced techniques 

involving the enrichment of the displacement approximation space, such that the pressure ranges 

within that of the divergence of the displacement field. The pressure variable (or other pressure-
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like variables such as stress) may then be statically condensed through projection onto the 

enriched displacement space and resulted in a locking-free displacement-based formulation. 

Notable techniques that fall under such reduced mixed formulation includes the method of 

statically-condensed MINI element [229] for geometrically linearised problems as well as the 

method of incompatible modes [230] and enhanced assumed strain (EAS) [174] proposed for 

geometrically nonlinear problems, which are reduced from a three fields Hu-Washizu principle. 

Later, the latter two methods are unified under concept of incompatible bubble. Other locking-

free approaches that constrained the isovolumetric part of the strain tensors, such as the classical 

𝐵 and 𝐹̅ methods, the pressure projection method, and the more recent Volume-Averaged-

Nodal-Pressure (VANP) operator [201, 231] proposed by Ortiz and coworkers for meshfree 

methods may also be viewed as reduced mixed formulation with the pressure hidden within the 

dilatation constraints. While these methods are displacement-based, it should be noted that the 

projection is still performed with respect to the inf-sup condition, so that stability is warranted. 

Unfortunately, these methods are yet to be extended to the fully incompressible range since the 

pressure projection and condensation steps central to these reduced methods could breakdown 

if the volumetric parameters like bulk modulus or Lame’s first parameter tends towards infinity.  

The powerful displacement-pressure mixed formulation remains attractive to handle nearly-to-

ideally incompressible hyperelasticity. While the inf-sup condition is a necessary condition for 

mixed formulation to achieve convergence, it can be violated as long as the spurious pressure 

modes are stabilised, and suffice to guarantee convergence. This then allows us to use equal-

order displacement-pressure pair to approximate the mixed formulation, which greatly simplifies 

the implementation framework. This also allows us to position meshfree pressure nodes similarly 

with displacement nodes without special rearrangement to satisfy the inf-sup condition, which 

often involves certain mesh-based tessellation procedures.  

Currently, there are various stabilisation techniques being proposed. They can be broadly 

classified into 2 classes, the variationally consistent and inconsistent stabilisation methods. The 

variationally consistent method often involves scaling the residuals of the governing equations 

in the stabilisation process, therefore is generally more computationally expensive as higher order 

tensors/derivatives are needed to be evaluated. Besides that, the scaling factor could also be a 
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problem-dependent parameter that requires ad hoc tuning. The benefit of using this class of 

stabilisation method is that when one substitutes the exact solution into the stabilised equation, 

the stabilisation term vanishes and one can rederive the governing equation, i.e. it does not 

change the physical solution. Notable techniques that fall under this class includes the 

Streamline-Upwind Petrov-Galerkin (SUPG) [192, 232, 233] and the Pressure Stabilising Petrov-

Galerkin (PSPG) [234] methods, which was later generalised as the Galerkin Least Squares 

(GLS) [235] method. The GLS method was later analysed under a multiscale approach, which 

provides a way to predict the scaling factor for the residuals. Such framework is called the 

variational multiscale stabilisation (VMS) [236] method. Other similar techniques that requires 

ad hoc parameters also include the Algebraic Subgrid Stabilisation (ASGS) [237] and the 

Orthogonal Subgrid Stabilisation (OSGS) [237], which is inspired by the characteristic-based 

splitting procedure from fluid mechanics that decouples the pressure field from the velocity field. 

The parameter is generally decided from scaling consideration. Another variationally consistent 

method is called the Finite Incremental Calculus (FIC) [197, 199, 238], which involves Taylor’s 

expansion of the governing equation. This then introduces a mesh-based/characteristic length-

based term that acts as a stabilisation term. The variational consistency of FIC is understood 

differently and is with respect to the modified governing equations. When the characteristic 

length shrinks, one can obtain the (locally-defined) governing equations. Currently, the 

computational community has successfully and widely used this class of stabilisation method to 

model incompressible linear and nonlinear elasticity, turbulent and laminar flows and plastic 

deformations.  

The other class of stabilisation technique is the variational inconsistent stabilisation method, 

which generally involves a mesh-dependent term. The primary aim of methods of this class is to 

stabilise the spurious modes such that the approximated solution converges to the exact solution 

with refinement. This class of method is easier to be implement than the variational consistent 

methods, as one does not need to evaluate higher order tensors. The system of equations formed 

also generally symmetrical and hence computationally more efficient. However, as the name 

implies, when one substitutes the exact solution into the stabilised equations, the stabilisation 

term does not vanish, hence preventing the recovery of the governing equations in coarse mesh 

setting. As refinement occurs, the governing equation is recoverable since the stabilisation term 
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diminishes. This class of technique generally relies on projection method, for example the famous 

Polynomial Pressure Projection (PPP) technique [80] as well as the pressure jump penalisation 

technique [239]. The pressure jump penalisation technique suffers the same drawback as the 

classical penalty method, where the penalty factor must not be too large to cause ill-conditioning 

of matrix system. PPP, on the other hand, is more attractive as the method is unconditionally 

stable and does not require an ad hoc stabilisation parameter. It has been successfully 

implemented and showed to pass the mixed patch test for meshfree method in the Chapter 3. 

We explore the potential application of PPP to model incompressible hyperelasticity using 

stabilised mixed meshfree method here, similar to the previous chapter. We found that although 

PPP is quite useful that constant stress state continued to be recoverable in nonlinear elasticity, 

hourglass modes may appear when enrichment of meshfree particle occurs, and there are residual 

oscillations of pressure field in high stress region. Therefore, we propose to further enhance the 

stabilisation effort by introducing an additional pressure gradient projection (PGP) term, where 

we weakly require not just the pressure field to coincide with that from the lower order field, 

which is the inf-sup admissible field, but the gradient of the pressure field also coincides with 

that of the lower order field. Such construction still preserves symmetry of the matrix system 

and manages to stabilise some hourglass modes as showed in the result section (see Chapter 5), 

while optimal convergence rate is observed when tested with problems with analytic solutions. 

A stabilised meshfree method, however, may still fail to yield meaningful solution as it also faces 

problems from inaccurate quadrature when using the standard Gaussian-type quadrature 

schemes. Inaccurate quadrature could undermine our stabilisation since an inaccurately 

integrated stabilisation operator may be inadequate to penalise spurious pressure modes. 

Therefore, our stabilised mixed meshfree formulation is further modified where its gradients are 

corrected to satisfy the discrete divergence theorem. Such corrected gradients will substitute the 

standard gradients obtained from the differentiation of respective fields, which in this case 

corresponds to the displacement field. In order to incorporate the corrected gradient within the 

stabilised formulation, we have made use of the stabilised Veubeke-Hu-Washizu (VHW) 

formulation, whose corrected gradients are treated as independent variables. A static 

condensation of the corrected gradients with respect to the standard gradients, subjected to the 
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condition to satisfy the discrete divergence theorem yield a more commonly recognised 

displacement-pressure formulation (see Section 4.2.2.3). 

The chapter has the following layout, where we first describe the stabilised Veubeke-Hu-Washizu 

(VHW) formulation with the improved PPP formulation in Section 4.2 and setting it for large 

deformation mechanics. We then described how the PPP-stabilised VHW four fields formulation 

is condensed to a standard displacement/pressure mixed formulation in Section 4.2.2. The 

discretised system is then described within Section 4.3.  

 A new stabilised mixed formulation using modified 

Polynomial Pressure Projection scheme 

In this section, we briefly introduce the notation used in this thesis and describe the improved 

stabilised equal-order mixed formulation for (nearly-to-) incompressible hyperelasticity, based 

on the popular polynomial pressure projection (PPP) scheme. Without loss of generality, we 

have confined ourselves to time-independent deformations of isotropic materials here. 

Section 4.2.1. Large deformations and equilibrium of incompressible 
hyperelasticity 

Consider a stress-free continuum entity occupying a simply connected, closed bounded region Ω 

with a Lipschitz continuous boundary Γ in ℝ . Upon external loading, the embedded material 

particle 𝑹 = 𝑅 𝒁 , measured with respect to the reference frame spanned by covariant bases 

𝒁 = 𝜕𝑹 𝜕Ξ⁄ , 𝐼 = 1,2,3, deformed to a new equilibrated position, denoted 𝒓 = 𝑟 𝒛 , measured 

against the deformed frame with covariant bases 𝒛 = 𝜕𝒓 𝜕𝜉⁄ , 𝑖 = 1,2,3. Note that both of the 

undeformed and deformed body are labelled according to curvilinear coordinates system Ξ(𝑿) 

and 𝜉(𝒙), respectively. The difference between the positions yield the displacement vector 𝒖 =

𝒓 − 𝟏 ⋅ 𝑹 where 𝟏 = 𝒛 ⊗ 𝒁  is the point-wise shifter tensor relating undeformed and deformed 

coordinate systems. The differentiation of 𝒖 further yields the deformation gradient tensor by 

 𝑭 = 𝑰 + 𝛁𝒖, 𝑑𝑒𝑡(𝑭 ) > 0 𝑎. 𝑒. (4.1) 

where the symbol 𝛁(⋅) ≡ 𝒁 𝜕(⋅) 𝜕Ξ⁄  denotes the differential operator with respect to the 

material point 𝑹 . The determinant of 𝑭  quantifies the ratio of deformed-over-undeformed 

volume, hence for incompressible material, we will have det(𝑭 ) = 1.  
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In this study, the continuum body is further considered as a hyperelastic material, whose 

deformation 𝑭  may be derived by minimising a potential field, denoted 𝑊(𝑭)7 . As a 

conservative field, its derivative yields the nominal stress tensor 𝑷 = 𝜕𝑊 𝜕𝑭⁄ , which is also 

called the first Piola-Kirchhoff tensor. The equilibrium state written in terms of the reference 

geometry is hence governed by 

 𝛁 ⋅ 𝑷 + 𝜌 𝑮̅ = 𝟎 in Ω (4.2) 

and subjected to the boundary conditions 

 𝒖 = 𝒖 𝑜𝑛 Γ  (4.3) 

 𝑵 ⋅ 𝑷 = 𝑻̅ on Γ  (4.4) 

where 𝜌  is the mass density of the reference body, 𝑮̅ is an external body force per unit 

undeformed volume, and 𝑵  is the unit normal vector on the reference boundary Γ. Note that 

we have split the boundary Γ into 2 mutually exclusive parts, such that the displacement 

satisfies a prescribed field 𝒖 on 𝛤 , while the internal traction equilibrates with 𝑻̅ , the prescribed 

external traction on Γ . We have further taken the external loadings to be dead loadings in this 

study.  

Section 4.2.2. Multi-fields variational Lagrange functional 

In this section, we will introduce the PPP-stabilised Veubeke-Hu-Washizu (VHW) formulation 

ℑ whose stationary point 𝒖, 𝑭̃, 𝑷̃ , 𝑝 ∈ (𝒰 × ℳ × ℳ × 𝒫) satisfying conditions (4.2)‑(4.4) in 

incompressible hyperelasticity may be given by [240]: 

ℑ 𝒖(𝑿),𝛁𝒖(𝑿), 𝑝(𝑿),𝑷̃ (𝑿),𝑭 ̃(𝑿)  

= 𝑊 𝑪 𝛁𝒖 + 𝑝 𝐽 𝛁𝒖 − 1 𝑑Ω − 𝑷̃ : 𝑭 ̃ − 𝑭 𝑑Ω − ℑ (𝒖)

− ℑ (𝑝) 

(4.5) 

where 𝐽 = det(𝑪), 𝑷̃  is the assumed nominal stress, 𝑭̃ is the assumed deformation gradient, 

𝑝 is the assumed pressure and 𝒖 is the admissible displacement field. The field 𝑭  is dependent 

 
7 Alternatively, the literature also called 𝑊  the strain energy function per unit underformed volume. 



Chapter 4  
A Stabilised Mixed Meshfree Method for Incompressible Nonlinear Elasticity 

99 
 

on 𝒖 as shown in (4.1) while the fields 𝑩 = ̅  and 𝐽 = 𝑑𝑒𝑡 𝑭̃  are dependent on the variables 

𝑭̃. ℑ (𝒖) computes the  external work done onto the body 

 ℑ (𝒖) = 𝒖 ⋅ 𝑮̅ 𝑑Ω − 𝒖 ⋅ 𝑻̅ 𝑑Γ  (4.6) 

and ℑ (𝑝) is the stabilisation functionals given by 

ℑ (𝑝) =
𝛼

2𝜈
𝑝 − 𝜋 − | 𝑝 𝑑Ω

=

+
𝛽ℎ

2𝜈
∇𝑝 − ∇𝜋 − | 𝑝 𝑑Ω  

(4.7) 

We remark that 𝒰 and 𝒫 are the spaces containing the set of admissible displacements 𝒖 and 

pressure 𝑝, respectively: 

 𝒰 = {𝒖:Ω → ℝ ,𝒖 ∈ ℍ (Ω) ,𝒖 = 𝒖 on Γ } (4.8) 

 𝒫 = {𝑝: Ω → ℝ, 𝑝 ∈ 𝕃 (Ω)} (4.9) 

while the associated set of perturbed displacements which satisfy the boundary conditions is 

contained in  

 𝒱 = {𝜹𝒖:Ω → ℝ , 𝜹𝒖 ∈ ℍ (Ω) , 𝜹𝒖 = 𝟎 on Γ } (4.10) 

as in the usual form. The variables 𝑭̃ and 𝑷̃  are (two-pointed) second order tensors whose 

components are assumed to be square-integrable functions, therefore the function space that 

they belong to is defined as  

 ℳ = {𝑯:Ω → ℝ × ,𝐻 ∈ 𝕃 (Ω)} (4.11) 

 𝒩 = {𝑲: Ω → ℝ × ,𝐾 ∈ 𝕃 (Ω)} (4.12) 

The small and capital indices 𝑖, 𝐽 = 1,2,3  reflects the nature of the two-point tensor and 

represents the contravariant and covariant components, respectively. Lastly, 𝛿𝑝, 𝜹𝑭 ̃ and 𝜹𝑷̃  

would again resides in 𝒫, ℳ and 𝒩 respectively as there are no boundary conditions set for 

them. However, we remark that there is a special condition set for 𝜹𝑷̃ , where  𝜹𝑷̃ ⋅ 𝑵 = 𝟎 on 

𝚪 . This condition does not need to be enforced explicitly as the variational form will handle it 

naturally.  
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Section 4.2.2.1. Gradient correction scheme 

ℑ can be further simplified if we constrain the assumed stress to perform equal work done when 

conjugated with the classical strain and with the assumed strain, i.e.  

𝑃⋅̃ 𝐹̃ − 𝐹 𝑑Ω = 𝑃⋅̃ 𝐹̃ − 𝐹 𝑑Ω = 0, ∀𝑃⋅̃ ∈ 𝒩 (4.13) 

in this case. Such constraint can be satisfied a priori based on the choice of interpolation schemes 

for both 𝑷̃  and 𝑭̃, as usually performed when resorting to incompatible modes or enhanced 

assumed strain techniques. In this study, the constraint is readily verified and implied when we 

restrict the function space 𝒩 to consist only of polynomials of order no larger than 𝑚, i.e.  

𝒩 ≔ [ℙ (Ω)] × , (4.14) 

where 𝑚 is the polynomial reproducible order of 𝜑 and compute 𝑭̃ using the gradient correction 

scheme detailed in the previous chapter. This also transformed 𝑭̃ = 𝑭̃(𝒖) to be dependent on 

the displacement field explicitly, motivating us to call it as the corrected deformation gradient 

tensor.  

By virtue of the divergence theorem, we have an equivalent form of  

𝑃⋅̃ 𝐹̃ 𝑑Ω = 𝑁 𝑃⋅̃ 𝑢 𝑑Γ − ∇ 𝑃⋅̃ 𝑢 𝑑Ω , ∀𝑃⋅̃ ∈ ℙ (Ω ) (4.15) 

or in quadrature form, 

⨋(𝑃⋅𝑖

𝐼
𝐹𝐼

𝑖)𝑑Ω𝑠 = ⨋(𝑁𝐼𝑃⋅𝑖

𝐼
𝑢

𝑖)𝑑Γ𝑠 − ⨋(∇𝐼𝑃⋅𝑖

𝐼
𝑢

𝑖)𝑑Ω𝑠, ∀𝑃⋅𝑖

𝐼
∈ ℙ𝑚(Ω𝑠) (4.16) 

which is also known as the “gradient correction” statement [72], or some also called it as the 

“integration constraint” [30], when we required 𝐹̃  to satisfied the constraint explicitly under 

quadrature rule. At a first glance, the assumption that the stress field resides within the 

polynomial field may restrict its convergence, and hence that of the displacement field. However, 

in a broader picture, we also recognise the formulation is essentially a 4-field mixed formulation, 

hence the choice of stress field also have influences on the stability of the resulting mixed 

formulation. A more conservative choice of 𝒩 would be a lower-order polynomial field [72], i.e. 

𝒩 ∈ [ℙ − (Ω)] × . However, in this work, we have raised it to an order higher. Correspondingly, 
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this assumption also leads to ℳ to encompass ℙ (Ω). The norm of introduced higher order 

mode continued to be bounded by quadrature error in satisfying the discrete divergence theorem 

(see Appendix D). In our numerical experiments, the higher order modes are not activated and 

it continues to diminish with refinement, as the quadrature becomes more accurate.  

Note that the difference between the standard gradient correction scheme, notably VCI scheme 

[30] and the current one is that instead of assuming the displacement being a polynomial field, 

we have begun our correction scheme by assuming the stress is a polynomial. This is a more 

general approach which can encompass the standard approach in linear problems, since the dual 

space of polynomial strain, where the stresses reside, is still a polynomial space. However, for a 

certain nonlinear problem which yield a polynomial stress field from a non-polynomial 

displacement field, the standard method could not reproduce the stress field, but our method 

can. This also has significant consequent on the procedure to recover the stresses later. Our 

method would use a simple polynomial projection to recover the stress, instead of a more 

complicated equivalent work transformation.  

Therefore we will arrive at a simpler functional ℑ(𝒖, 𝑝) which characterises elastostatics of 

incompressible hyperelasticity, involving only displacement and pressure fields, such that  

∀𝑷̃ ∈ 𝒩, 

ℑ(̅𝒖, 𝑝) = 𝑊 𝑭̃(𝒖)  𝑑Ω + 𝑝 𝐽 𝑭̃(𝒖) − 1 𝑑Ω − ℑ (𝒖) − ℑ (𝑝) 
(4.17) 

where Θ 𝑭̃, 𝒙 = 0 and 𝑷̃ ≡ 𝜺(𝒙) in Chapter 3. Note that although dropped from (4.17), 𝑭̃ 

and 𝑷̃  remain state variables that need to be solved for. 𝑭̃ is now projected to the admissible 

displacement space 𝒰 through the gradient correction scheme, as long as 𝑷̃ ∈ 𝒩 and we could 

recover 𝑷̃  through post processing of solutions. The functional (4.17) paired with displacement-

pressure variables is very common with volume-constrained physical problems, especially in fluid 

and elastoplastic mechanics, which could be solved by applying variational principle, and results 

in a saddle point problem.  

If one started with the work conjugation of ∫𝑺:̃𝑬 𝑭̃ 𝑑Ω  instead, where 𝑺  ̃and 𝑬  are the 

second Piola-Kirchhoff stress tensor and the Green strain tensor, respectively, the Piola 

transformation yields ∫𝝈: 𝒆 𝑑Ω where 𝒆 = 𝑰 − 𝑭̃− ⋅ 𝑭 ̃−  is the Almansi strain tensor. This 
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resulted in a nonlinear functional as geometrical nonlinearity arises from the second order 

displacement gradient. However, when one derives the Eulerian description from (4.17), we will 

obtain ∫ 𝝈:𝛁 𝒖 𝑑Ω , which is linear in the displacement gradient. One can further show that 

𝛁 𝒖 is the corrected gradient in achieved via the Piola transformation of the constraint:  

0 = 𝑷̃ : 𝑭 ̃ − 𝑭 𝑑Ω  

= 𝝈:𝑭 − ⋅ 𝑭 ̃ − 𝑰 − (𝑭 − 𝑰) 𝑑Ω 

= 𝝈: 𝛁 𝒖 − 𝛁 𝒖 𝑑Ω 

(4.18) 

following the identities 𝐽𝝈 = 𝑭 ⋅ 𝑷̃  and (𝛁 𝒖) = (𝑭 − 𝑰) ⋅ 𝑭 − . The symmetry of 𝝈 , 

however, will be enforced independently by the constitutive law to conserve angular momentum. 

As a result, one may further write ∫𝝈: 𝛁 𝒖 − 𝛁 𝒖 𝑑Ω = ∫𝝈: (𝝐 ̃− 𝝐) 𝑑Ω , which is the 

gradient correction scheme in [72]. The established equivalence further justifies the use of the 

gradient correction scheme in the Lagrangian setting of large deformation range despite the 

scheme is original conceived for Eulerian/small strain formulations.  

Section 4.2.2.2. The local polynomial projector  

Note that we have a linear projection operator 𝜋 : 𝕃 (Ω ) → ℙ (Ω ) in (4.7) as defined in the 

previous chapter 3, where it satisfy 

𝜋 (𝛼𝑝 + 𝛽𝑞) = 𝛼𝜋 𝑝 + 𝛽𝜋 𝑞 (4.19) 

and we will require 𝜋 | 𝑓(𝒙) → 𝑓(𝒙) as |Ω | → 0, i.e. shrinking towards its (fixed) center point 

𝒚. We will also be explicit on the domain of the projector by appending it on the projector 

symbol, i.e. 𝜋 | (⋅) if confusion arises. Before we begin further analysis of the PPP-stabilised 

VHW functional, we would like to quickly check that these two conditions hold.  

The local polynomial projector is defined as followed: 

𝜋 | 𝑝 = argmin
∈ℙ ( )

1

2
(𝑝 − 𝑞) 𝑑Ω  (4.20) 

where its optimality condition is given by 
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𝑟(𝑝 − 𝑞) 𝑑Ω = 0, ∀𝑟 ∈ ℙ (Ω ) (4.21) 

This immediately suggests that the norm of the projected field could not be larger than that of 

the original field, as demonstrated by 

‖𝜋 𝑝‖𝕃 ( ) = (𝜋 𝑝) 𝑑Ω = (𝜋 𝑝)𝑝 𝑑Ω ≤ ‖𝜋 𝑝‖𝕃 ( )‖𝑝‖𝕃 ( ) (4.22) 

∴ ‖𝜋 𝑝‖𝕃 ( ) ≤ ‖𝑝‖𝕃 ( ) (4.23) 

Expanding 𝑟(𝑥) = ∑ (𝑥 − 𝑥 ) 𝑎( )| |<
, 𝑞(𝑥) = ∑ (𝑥 − 𝑥 ) 𝑎( )| |≤

, we can compute 𝑎( ) by 

(𝑥 − 𝑥 ) (𝑥 − 𝑥 ) 𝑑Ω 𝑎
( )

| |≤

= (𝑥 − 𝑥 ) 𝑝 𝑑Ω , |𝛼| = 0,… , 𝑚 (4.24) 

where we have used the multi-index notation to denote the polynomial expansion. The resulting 

linear system of equations will be positive definite and hence invertible when at least 𝑚 number 

of Gauss points are used in the computation process. We can now proceed to show the property 

of 𝜋 | 𝑓(𝒙) → 𝑓(𝒙) when |Ω | → 0. If the field 𝑝 is already a polynomial no greater than order 

𝑚, this allows us to recover the field, i.e. 𝜋 𝑝 = 𝑝, hence the terminology of projector being 

used, since 𝜋 (𝜋 𝑝) = 𝑝. 

Lemma. The local polynomial projector satisfies the following error estimation for all 𝑓 ∈

𝐶 − (Ω) ∩ 𝑊 (Ω),𝑚, 𝑛 ≥ 1, such that a pointwise convergence could occur with refinement of 

mesh. 

𝜋 | 𝑓 − 𝑓 ( )

/

≤ 𝐶ℎ ‖𝑓‖ ( ) (4.25) 

We note that the projector allows us to write 

𝜋 𝑓(𝑥) = 𝜋 𝑄 𝑓(𝑥) + 𝑅 (𝑥)  

= 𝑄 𝑓(𝑥) + 𝜋 𝑅 (𝑥) 
(4.26) 

where we have Taylor-expanded the function 𝑓(𝑥) up to polynomial order 𝑚 about a point 𝑦, 

conveniently chosen as the center point of Ω , denoted as 𝑄 𝑓(𝑥), while 𝑅 (𝑥) is the residual 

of the truncation. This then leads us to write  
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‖𝜋 𝑓 − 𝑓‖𝕃 ( ) = 𝑄 𝑓 + 𝜋 𝑅 (𝑥) − 𝑄 𝑓 − 𝑅 (𝑥) 𝕃 ( ) 

= ‖𝜋 𝑅 (𝑥) − 𝑅 (𝑥)‖𝕃 ( ) 

≤ ‖𝜋 𝑅 (𝑥)‖𝕃 ( ) + ‖𝑅 (𝑥)‖𝕃 ( ) 

≤ 2‖𝑅 (𝑥)‖𝕃 ( ) = 2 𝑓 − 𝑄 𝑓 𝕃 ( ) 

≤ 𝐶ℎ ‖𝑓‖ ( ) 

(4.27) 

by using Bramble-Hilbert inequality in the last step. Convergence will occur if 𝑓 ∈ 𝐶 − (Ω) ∩

𝑊 (Ω), i.e. if at least 𝐷 𝑓 exist. Under suitable affine transformation and regular background 

cells, the inequality follows directly 

‖𝜋 𝑓 − 𝑓‖𝕃 ( ) ≤ 𝐶ℎ ‖𝑓‖ ( ) ≤ 𝐶ℎ ‖𝑓‖ ( ) (4.28) 

where 𝐶 is a generic positive constant, which may change in value but unchanged in print to 

avoid excessive renaming. Note that the gradient ∇𝜋 𝑓, however, cannot approach ∇𝑓 even 

when 𝑚 ≥ 1 because 𝜋 𝑓 ∉ 𝑊 (Ω), 𝑛 ≥ 1. A Clement operator that ensures 𝐶 −  projection 

will be required if higher order convergence is desired. However, this is not important here as we 

are only interested that the stabilisation quantity vanishes eventually under refinement, i.e. 

ℎ → 0. 

Section 4.2.2.3. An enhanced PPP-stabilisation scheme 

We recognise that the stabilisation functional in (4.7) has an additional term as compared to 

the chapter 3 and we referred to the resulting PPP-stabilised as an enhanced scheme. The 

rationale for the additional term is discussed further in this section.  

Without loss of generality, if we ignore the other terms involving 𝑷̃  and 𝑭̃, it is well known that 

the solvability and stability of functional (4.5) is subjected to the inf-sup (or LBB) condition. 

However, as described in the Introduction of this chapter, the condition necessitates a different 

approximation schemes be used for both displacement and pressure fields, which is difficult to 

satisfy when using a meshfree method. Therefore, we allow violation of the inf-sup condition to 

certain degree with equal order (𝒖, 𝑝) pair while stabilising the appearance of spurious pressure 

modes using a higher order polynomial pressure projection scheme (PPP) involving an additional 

gradient projection term, which we called pressure gradient projection (PGP), as evident in the 

stabilisation functional (4.7).  
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Our improved stabilisation functional ℑ : 𝕃 (Ω) → ℝ introduced to ℑ in (4.17) to suppress 

spurious pressure modes for nonlinear elasticity is proposed as 

ℑ (𝑝) =
𝛼

2𝜈
𝑝 − 𝜋 − | 𝑝 𝑑Ω

=

( )

+
𝛽ℎ

2𝜈
∇𝑝 − ∇𝜋 − | 𝑝 𝑑Ω

( )

 
(4.29) 

where 𝑝̅ = 𝜋 − 𝑝, defined within a subdomain Ω , is called a projected pressure. We also denote 

the first term as ℑ (𝑝), which is the standard PPP term and the second term as ℑ (𝑝), 

which is a higher order term introduced to enhance stability for nonlinear problems.  

We remark that the introduction of this stabilisation term to ℑ yields a stabilised functional  

ℑ̅ = ℑ − ℑ  (4.30) 

allowing for the choice of an equal order interpolation scheme, but it also renders ℑ ̅variationally 

inconsistent in the sense that ℑ  is non-vanishing, in general, when substituted with 

(𝒖 , 𝑝 )  that satisfies the governing equations (4.2)–(4.4), i.e. ℑ (𝑝 ) ≠ 0  and 

hence ℑ(̅𝒖 , 𝑝 ) ≠ 0. While this is a downfall of this method, the stabilisation term is 

bounded and diminish with refinement and 𝑝  is recoverable. 

The parameters 𝛼, 𝛽  and 𝜈  are the stabilisation parameters and the (instantaneous) shear 

modulus, respectively. We have used the nominal value of 1 for 𝛼 in this study, while 𝛽 could 

be tuned separately to enhance the stabilisation further. Although the PPP stabilisation is 

proven to be stable theoretically when dealing with deformations in an Eulerian framework or 

with small strain problems, its stabilisation ability is poorer when the deformations are large 

while employing a Lagrangian description. This is not entirely a surprising observation since 

PPP is designed to compensate inf-sup deficiency of the mixed formulation in the Eulerian 

setting, but its violation arising from equal-order interpolation for nonlinear elasticity has not 

been shown before to sufficiently compensate with PPP alone.  

The motivation of introducing the pressure gradient projector is to enforce the field projection 

further, by requiring that the gradient of the inconsistent pressure field to also match that of 

the projected pressure field. The advantage of the new operator is that it provides some 

connections to other consistent stabilisation methods that involve pressure gradient terms, which 
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hints as a weak recovery of variational consistency in the pressure field. To demonstrate this, 

we compare our method with the well-known Galerkin least squares stabilisation (GLS) scheme 

[241]: 

ℑ (𝒖, 𝑝) = ℑ(𝒖, 𝑝) + ℑ (𝑝),   (4.31) 

ℑ (𝑝) =
𝛽ℎ

2𝜈
𝛁𝑝 ⋅ 𝛁 ⋅

𝜕𝑊

𝜕𝑭̃
𝑑Ω (4.32) 

Often due to the use of linear basis functions, the higher order derivatives within the stabilisation 

term vanish and many thus authors, see for example [242], have use a simpler form of 

Π (𝑝) =
𝛽ℎ

2𝜈
𝛁𝑝 ⋅ 𝛁𝑝 𝑑Ω, (𝒖, 𝑝) ∈ [ℙ (Ω )] × [ℙ (Ω )] (4.33) 

For our method, a similar functional can be derived when we turn omit the PPP stabilisation 

term, i.e. set 𝛼 = 0 and use a RPIM-linear approximation for both (𝒖, 𝑝) fields, i.e. 𝑚 =  1. This 

results in projecting the pressure to a constant field, i.e. 𝑝̅ = 𝜋 𝑝, whose gradient is zero. 

Therefore, we have  

ℑ (p) =
𝛽ℎ

2𝜈
‖𝛁𝑝 − 𝛁𝜋 𝑝‖ 𝑑Ω =

𝛽ℎ

2𝜈
‖𝛁𝑝‖ 𝑑Ω (4.34) 

Consequently, our method coincides with the GLS scheme when both techniques use linear basis 

functions and hence is weakly consistent with respect to the governing equations. However, when 

one uses higher order approximations, our method differs from the GLS scheme, since GLS 

recovers variational consistency in both fields but our method remains variationally inconsistent 

for the pressure field. We recall our aim to penalise the unstable pressure field with respect to 

the inf-sup condition, which is consistent with the suggestion of [243] that pressure penalisation 

corresponds to a minimal yet effective strategy, whilst GLS penalises both displacement and 

pressure instabilities. The strong coupling effect of the GLS scheme renders the method 

particularly computational costly, but our proposed technique preserves symmetry and remains 

stable and effective. 

Finally, we remark that although when compared with the standard Galerkin least squares (GLS) 

or the Variational Multiscale Stabilisation (VMS) frameworks, there are some similarity between 
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both techniques, our method and VMS differs in the interpretation of 𝐹̃ . With GLS or VMS, 

one may view the ansatz function for 𝐹̃  as enrichment with a “fine-scale” bubble function and 

that the term ∫ 𝛿𝑃⋅̃ 𝐹̃ − 𝐹 𝑑Ω  tries to force the bubble function to vanish. This 

interpretation opens up a new possibility in the VMS framework as the standard approach is to 

enrich the displacement field, rather than the gradient field directly. However, we recognise that 

this could disrupt the standard VMS fine scale recovery procedure using a Green’s function and 

not useful in the present form. In fact, our technique could be viewed as a more flexible method, 

since VMS relies on the use of Green’s functions and adjoint operators, which are not required 

for our method. 

There is another variant that the second stabilisation operator ℑ (𝑝) can take, especially 

when we used low order meshfree basis functions, as we realised that the gradient of the projected 

pressure, being a constant, degenerated and vanished. The exotic variant penalises the 

orthogonal space of ∇𝑝, similar to [194] in order to suppress spurious pressure modes while not 

exhibiting locking behaviour. We wrote the exotic variant as 

ℑ  (𝑝) =
𝛽ℎ

2𝜈
∇𝑝 − 𝜋 − | 𝜻 𝑑Ω (4.35) 

where 𝜋 − | 𝜻 is another (lower order) vector field that satisfied ∀𝜋 − | 𝜹𝜻 ∈ ℙ − (Ω ) , 

∇𝑝 − 𝜋 − | 𝜻 ⋅ 𝜋 − | 𝜹𝜻 𝑑Ω = 0, ∀Ω ⊂ Ω.  (4.36) 

While this variant also produces incompatible artificial conditions for the pressure field, these 

fictitious conditions disappear with refinement and can be ignored from physics considerations. 

Depending on the way one performs the projection, especially if one assumes 𝜻 as a field 

interpolated by meshfree basis functions, the computation cost of the exotic PGP variant may 

be higher as the resulting matrices are singular and pseudoinverses are needed. However, we 

remark that this variant continues to produce convergent results, albeit the theoretical analysis 

is not straightforward with the use of pseudoinverse. We recommend using this variant only 

when the canonical PGP stabilisation operator becomes sensitive to the value of 𝛽.   
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Section 4.2.3. Stress recovery procedure  

In order to recover the stress, we claim that the following functional is sufficient 

𝒦 𝑷̃ , 𝝀 =
1

2
𝑃⋅̃ 𝑑Ω − 𝑃⋅̃ −

𝜕𝑊

𝜕𝐸̃
𝐹 ̃ 𝑔 − 𝑝𝐽�̃� ̃ 𝜆 𝑑Ω  (4.37) 

as the first variations yield 

𝛿 ̃ 𝒦 = 𝑃⋅̃ 𝛿𝑃⋅̃ 𝑑Ω − 𝛿𝑃⋅̃ 𝜆 𝑑Ω = 0 (4.38) 

𝛿 𝒦 = 𝑃⋅̃ −
𝜕𝑊

𝜕𝐸̃
𝐹 ̃ 𝑔 − 𝑝𝐽�̃� ̃ 𝛿𝜆 𝑑Ω = 0 (4.39) 

Note that we did not use the usual tensor contraction in the first term in the computation of 

the norm of 𝑷̃ . A more robust yet complicated approach is to cast 𝑷̃  in physical components 

during the recovery process. The current method, however, only project the curvilinear 

component of 𝑷̃  in the polynomial space such that it matches the components derived from the 

constitutive relation.  

In order to demonstrate the computational aspect, we set 𝜆 = (𝜉 ) [𝜓 (𝑥)]  and 𝑃⋅̃ =

(𝜂 ) [𝑝 (𝒙)], which yields the following matrices for a 2D system of equations 

𝑃⋅̃ 𝛿𝑃⋅̃ 𝑑Ω =

⎝

⎜⎜
⎜⎜
⎜⎜
⎜⎛

⎣

⎢
⎢
⎢
⎡
𝛿𝑃⋅̃

𝛿𝑃⋅̃

𝛿𝑃⋅̃

𝛿𝑃⋅̃ ⎦

⎥
⎥
⎥
⎤

⎣

⎢
⎢
⎢
⎡
𝑃⋅̃

𝑃⋅̃

𝑃⋅̃

𝑃⋅̃ ⎦

⎥
⎥
⎥
⎤

⎠

⎟⎟
⎟⎟
⎟⎟
⎟⎞

𝑑Ω =

⎣
⎢
⎡
{𝜹𝜼 }

⋮
{𝜹𝜼 }⎦

⎥
⎤ [𝑨] [𝑨] 𝑑Ω

[ ]
⎣
⎢
⎡

{𝜼 }
⋮

{𝜼 }⎦
⎥
⎤ (4.40) 

𝛿𝑃⋅̃ 𝜆 𝑑Ω =

⎝

⎜⎜
⎜⎜
⎜⎜
⎜⎛

⎣

⎢
⎢
⎢
⎡
𝛿𝑃⋅̃

𝛿𝑃⋅̃

𝛿𝑃⋅̃

𝛿𝑃⋅̃ ⎦

⎥
⎥
⎥
⎤

⎣

⎢
⎢
⎡
𝜆⋅

𝜆⋅

𝜆⋅

𝜆⋅ ⎦

⎥
⎥
⎤

⎠

⎟⎟
⎟⎟
⎟⎟
⎟⎞

𝑑Ω =

⎣
⎢
⎡

{𝜹𝜼 }
⋮

{𝜹𝜼 }⎦
⎥
⎤ [𝑨] [𝑩] 𝑑Ω

[ ]
⎣
⎢
⎡
{𝝃 }

⋮
{𝝃 }⎦

⎥
⎤ (4.41) 

𝜕𝑊

𝜕�̃�
𝐹 ̃ 𝑔 + 𝑝𝐽�̃� ̃

⋅

𝛿𝜆 𝑑Ω =

⎣
⎢
⎡
{𝜹𝝃 }

⋮
{𝜹𝝃 }⎦

⎥
⎤ [𝑩]

⎣

⎢
⎢
⎡

𝑃⋅

𝑃⋅

𝑃⋅

𝑃⋅ ⎦

⎥
⎥
⎤

𝑑Ω

{ }

 
(4.42) 

where we note the conventional tensor summation applies and the matrices are given by 
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[𝐴] =

⎣
⎢
⎡
{𝒑}

⋱

{𝒑}⎦
⎥
⎤ , {𝒑} = [𝑝 (𝒙) … 𝑝 (𝒙)] (4.43) 

[𝐵] =

⎣
⎢
⎡
{𝝍}

⋱

{𝝍}⎦
⎥
⎤ , {𝝍} = [𝜓 (𝒙) … 𝜓 (𝒙)] (4.44) 

The system of linear equations in matrix form are thus 

[𝑺] −[𝑻 ]

[𝑻 ] 𝟎

{𝜼}

{𝝃}
=

{𝟎}

{𝑹}
 (4.45) 

which is not symmetric. If the matrix system is invertible, the solution {𝜼} can be determined 

from the relation [𝑺]{𝜼} = [𝑻 ] {𝝃}, i.e. {𝜼} = [𝑺]− [𝑻 ] {𝝃}. This also implies that {𝝃} can be 

found by the second relation [𝑻 ]{𝜼} = {𝑹} as [𝑻 ][𝑺]− [𝑻 ] {𝝃} = {𝑹} or  

{𝝃} = ([𝑻 ][𝑺]− [𝑻 ] )− {𝑹}. (4.46) 

Substituting the solution of {𝝃} into the first relation of (4.45) gives 

{𝜼} = [𝑺]− [𝑻 ] ([𝑻 ][𝑺]− [𝑻 ] )− {𝑹} (4.47) 

and we recover the assumed stresses by 

⎣

⎢
⎢
⎢
⎡

𝑃⋅̃

𝑃⋅̃

𝑃⋅̃

𝑃⋅̃ ⎦

⎥
⎥
⎥
⎤

= [𝑨]{𝜼} (4.48) 

When we choose the same basis for both 𝑃⋅̃  and 𝜆 , this allows [𝑺] = [𝑻 ] and we can simplify 

the solution procedure greatly to  

{𝜼} = [𝑺]− {𝑹}, (4.49) 

which implies 𝑃⋅̃  is a polynomial projection of {𝑹} component wise. If we have used a constant 

basis, [𝑨] = [𝑰], [𝑺] = 𝑚𝑒𝑎𝑠(Ω ), {𝑹} = ∫ 𝑃⋅̃ 𝑃⋅̃ 𝑃⋅̃ 𝑃⋅̃
𝑑Ω , hence 

⎣

⎢
⎢
⎢
⎡
𝑃⋅̃

𝑃⋅̃

𝑃⋅̃

𝑃⋅̃ ⎦

⎥
⎥
⎥
⎤

= [𝑰][𝑺]− {𝑹} =
1

𝑚𝑒𝑎𝑠(Ω )

⎣

⎢
⎢
⎡

𝑃⋅

𝑃⋅

𝑃⋅

𝑃⋅ ⎦

⎥
⎥
⎤

𝑑Ω  (4.50) 
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coinciding with the standard stress recovery in the assumed strain method. The main difference 

is that the functional used to recover the stress is not a least squares procedure performed in 

linearised form of the variational statement, but we recover the stress in the full nonlinear form 

after convergence is achieved. Hence, we avoided the need to perform the recovery procedure in 

each iteration and our produce is also significantly simpler computationally without the need of 

a fourth order tensor.  

The functional used to recover stress can be cast in the framework of equivalent work as we 

identify the physical interpretation of 𝜆  as 𝐹̃ . Therefore the second term yields the differences 

between the internal work done derived from constitutive relation and 𝑃⋅̃ . Hence the objective 

is to compute 𝑃⋅̃  with the smallest Frobenius norm (in a matrix sense), while performing 

equivalent work done. 

This stress recovery process then completes the solution procedure where all the unknowns 

𝑝, 𝑢,∇𝑢,∇𝑢,𝑃̃  are obtained, and that variational consistency will be achieved. The ad hoc 

enforcement of 𝛿 ∫𝑃⋅̃ 𝐹̃ − 𝐹 𝑑Ω = 0 is no longer viewed as an artificial procedure but a 

natural consequent of using the particular ansatz functions for 𝑃⋅̃  and 𝐹̃ , permitted by the 

respectively function spaces.  

Section 4.2.4. The Euler-Lagrange equations of the PPP-stabilised VHW 
functional 

The first variation of ℑ , denoted as 𝛿ℑ 𝜹𝒖, 𝛿𝑝, 𝜹𝑭 ̃, 𝜹𝑷̃ 𝒖, 𝑝,𝑭 ̃, 𝑷̃ , can be computed using 

standard Gateaux derivatives. The notation of 𝔖[⋅ | ⋅] is interpreted where 𝔖 is linear with 

respect to the quantity in the front slot, but may be nonlinear with respect to the quantity in 

the last slot. 𝛿ℑ is then computed as  

𝛿ℑ 𝜹𝒖, 𝛿𝑝, 𝜹𝑭̃, 𝜹𝑷̃ 𝒖, 𝑝,𝑭 ̃, 𝑷̃  

=
𝑑

𝑑𝜖 =

ℑ 𝒖 + 𝜖𝜹𝒖,𝛁𝒖 + 𝜖𝜹𝛁𝒖,𝑭̃ + 𝜖𝜹𝑭̃, 𝑷̃ + 𝜖𝜹𝑷̃ , 𝑝 + 𝜖𝛿𝑝 , 𝜖 ∈ [0,1] 
(4.51) 
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=
𝑑

𝑑𝜖
𝑊 𝐶 𝛁𝒖 + 𝜖𝜹𝛁𝒖 𝑑Ω + 𝑝

𝑑

𝑑𝜖
𝐽 ̃ 𝛁𝒖 + 𝜖𝜹𝛁𝒖 𝑑Ω

+
𝑑

𝑑𝜖
(𝑝 + 𝜖𝛿𝑝) 𝐽 ̃− 1 𝑑Ω

+
𝑑

𝑑𝜖
𝑃⋅̃ + 𝜖𝛿𝑃⋅̃ 𝐹̃ 𝛁𝒖 − 𝐹 (𝛁𝒖) 𝑑Ω

+ 𝑃⋅̃

𝑑

𝑑𝜖
𝐹 ̃ 𝛁𝒖 + 𝜖𝜹𝛁𝒖 − 𝐹 (𝛁𝒖 + 𝜖𝛁𝜹𝒖) 𝑑Ω

=

− 𝛿ℑ [𝜹𝒖|𝒖] − 𝛿ℑ [𝛿𝑝|𝑝] 

=
𝜕𝑊

𝜕�̃�

𝜕�̃�

𝜕𝐹 ̃
𝛿∇𝑢 𝑑Ω + 𝑝

𝜕𝐽 ̃

𝜕𝐹
𝛿∇𝑢 𝑑Ω + 𝛿𝑝 𝐽 ̃− 1 𝑑Ω

− 𝛿𝑃⋅̃ 𝐹̃ − 𝐹 𝑑Ω − 𝑃⋅̃ 𝛿∇𝑢 − ∇ 𝛿𝑢 𝑑Ω

− 𝛿𝒥 [𝜹𝒖|𝒖] − 𝛿𝒥 [𝛿𝑝|𝑝] 

where we have the following first variations for the external work done and stabilisation 

functionals 

𝛿ℑ [𝜹𝒖|𝒖] = 𝛿𝑢 𝐺̅ 𝑑Ω − 𝛿𝑢 𝑇̅ 𝑑Γ  (4.52) 

𝛿ℑ [𝛿𝑝|𝑝] =
𝛼

𝜈
𝛿𝑝(𝑝 − 𝜋 − 𝑝) 𝑑Ω

=

+
𝛽ℎ

𝜈
(∇ 𝑝 − ∇ 𝜋 − 𝑝)𝑍 (∇ 𝛿𝑝 − ∇ 𝜋 − 𝛿𝑝) 𝑑Ω  

(4.53) 

We give the explicit components of the deformation gradient tensor and its assumed counterparts 

as follow: 

𝐹 = 𝒛 ⋅ 𝑭 ⋅ 𝒁 = (𝛿 + ∇ 𝑢 )(𝒁 ⋅ 𝒛 ) (4.54) 

𝛿𝐹 ̃ = 𝛿∇𝑢 (𝒁 ⋅ 𝒛 ) (4.55) 

Differentiation of 𝐸̃  and 𝐽  ̃with respect to 𝐹̃  yields 

𝜕𝐸̃

𝜕𝐹 ̃
=

1

2

𝜕

𝜕𝐹 ̃
𝐹 ̃ 𝐹 ̃ 𝑧 − 𝛿 =

1

2
𝛿 𝛿 𝐹 ̃ 𝑧 + 𝐹 ̃ 𝛿 𝛿 𝑧  

=
1

2
𝛿 𝐹 ̃ + 𝐹 ̃ 𝛿 𝑧  

(4.56) 
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𝜕𝐽 ̃

𝜕𝐹 ̃
= 𝐽�̃� ̃  (4.57) 

Therefore by expansion, and following relabeling of some indices, we can simplify the first term 

to 

𝜕𝑊

𝜕𝐸̃

𝜕𝐸̃

𝜕𝐹 ̃
𝛿∇𝑢 =

1

2

𝜕𝑊

𝜕𝐸̃
𝛿∇𝑢 𝐹̃ 𝑧 +

1

2

𝜕𝑊

𝜕𝐸̃
𝐹 ̃ 𝛿∇𝑢 𝑧 =

𝜕𝑊

𝜕𝐸̃
𝐹 ̃ 𝑧 𝛿∇𝑢  (4.58) 

Note that if one sets 𝑗 to be 𝐾, 𝐹  will become 𝐹 = 𝛿 , allowing further simplification of 

𝐹 ∇ 𝛿𝑢 = ∇ 𝛿𝑢 . This enables the computation of the covariant derivative of 𝛿𝑢  in 

terms of convected basis vectors. The interpretation of the stress  changes from being a 

second Piola-Kirchoff tensor to be the first Piola-Kirchoff tensor as one of the basis vectors 

changes to a convected basis vector, i.e. 𝒁 → 𝒛  (see page 157, Chapter 4 of [244]). But such 

computation is more difficult to interpret and hence we will stick to the computation of ∇ 𝛿𝑢 =

𝐹 ∇ 𝛿𝑢 . 

The optimality conditions of the potential functional ℑ are then revealed after requiring its first 

variation to vanish: 

𝛿ℑ =
𝜕𝑊

𝜕𝐸̃
𝐹 ̃ 𝑔 + 𝑝𝐽�̃� ̃ − 𝑃⋅̃ 𝛿∇𝑢 𝑑Ω + 𝛿𝑝 𝐽 ̃− 1 𝑑Ω

− 𝛿𝑃⋅̃ 𝐹̃ − 𝐹 𝑑Ω + 𝑃⋅̃ ∇ 𝛿𝑢 𝑑Ω − 𝛿𝑢 𝐺̅ 𝑑Ω

− 𝛿𝑢 𝑇̅ 𝑑Γ −
𝛼

𝜈
𝛿𝑝(𝑝 − 𝜋 − 𝑝) 𝑑Ω

=

−
𝛽ℎ

𝜈
(∇ 𝑝 − ∇ 𝜋 − 𝑝)𝑍 (∇ 𝛿𝑝 − ∇ 𝜋 − 𝛿𝑝) 𝑑Ω  

(4.59) 

By applying the divergence theorem, we have the Euler-Lagrange equation for incompressible 

non-linear elasticity: 
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0 = − ∇ 𝑃⋅̃ 𝑔 𝛿𝑢 𝑑Ω − 𝜌𝛿𝑢 𝐺̅ 𝑑Ω + 𝛿𝑝 𝐽 ̃− 1 𝑑Ω

− 𝛿𝑃⋅̃ 𝐹̃ − 𝐹 𝑑Ω + 𝛿𝑢 𝑧 𝑃⋅̃ 𝑁 𝑑Γ

+ 𝛿𝑢 𝑧 𝑃⋅̃ 𝑁 𝑑Γ − 𝛿𝑢 𝑇̅ 𝑑Γ

−
𝛼

𝜈
𝛿𝑝(𝑝 − 𝜋 − 𝑝) 𝑑Ω

+
𝛽ℎ

𝜈
(∇ 𝑝 − ∇ 𝜋 − 𝑝)𝑍 (∇ 𝜋 − 𝛿𝑝) 𝑑Ω

+
𝛽ℎ

𝜈
(Δ𝑝 − Δ𝜋 − 𝑝)𝛿𝑝 𝑑Ω

−
𝛽ℎ

𝜈
⟦∇ 𝜋 − 𝑝𝑁 ⟧𝛿𝑝 𝑑Γ

−
𝛽ℎ

𝜈
(∇ 𝑝 − ∇ 𝜋 − 𝑝)𝑁 𝛿𝑝

∩

𝑑Γ  

(4.60) 

Or equivalently, we arrive at the following Cauchy’s law of equilibrium from a Lagrangian 

perspective (in general curvilinear coordinates): 

∇ 𝑃⋅̃ 𝑔 + 𝐺̅ = 0  𝑖𝑛 Ω  (4.61) 

∇𝑢 = ∇ 𝑢   𝑖𝑛 Ω  (4.62) 

𝑃⋅̃ =
𝜕𝑊

𝜕𝐸̃
𝐹 ̃ 𝑔 + 𝑝𝐽�̃� ̃   𝑖𝑛 Ω  (4.63) 

𝑇̅ = 𝑔 𝑃⋅̃ 𝑁    𝑜𝑛 Γ  (4.64) 

𝑃⋅̃ 𝑁
+

= 𝑃⋅̃ 𝑁
−
  𝑜𝑛 𝛾  (4.65) 

with the perturbed incompressible constraint  

𝐽 ̃ = 1 − Χ (𝑿)
𝛼

𝜈
(𝑝 − 𝜋 − 𝑝) + Χ (𝑿)

𝛽 ℎ

𝜈
(Δ𝑝 − Δ𝜋 − 𝑝)  𝑖𝑛 Ω  (4.66) 

where Χ  is the characteristic function 
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Χ (𝑿) =
1 𝑖𝑓 𝑿 ∈ Ω

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (4.67) 

and the following artificial optimality conditions due to the pressure gradient stabilisation term 

∇ 𝑝 = ∇ 𝜋 − 𝑝  𝑜𝑛 Ω

(𝑁 ∇ 𝜋 − 𝑝)+ = (𝑁 ∇ 𝜋 − 𝑝)−  𝑜𝑛 𝛾

𝑁 ∇ 𝑝 = 𝑁 ∇ 𝜋 − 𝑝   𝑜𝑛 𝛾 ∩ Γ ⎭
⎬

⎫
 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑣𝑎𝑛𝑖𝑠ℎ 𝑎𝑠 ℎ → 0 (4.68) 

These conditions are strict and implying that we should have ∇𝑝 = ∇𝜋 − 𝑝, which is not 

possible in general due to the discontinuity of 𝜋 − 𝑝. Luckily, these conditions are artificial and 

relaxed with refinement, hence can be ignored. As ℎ → 0 , the second stabilisation term 

∑ ∫ ‖∇𝑝 − ∇𝜋 − 𝑝‖ 𝑑Ω  diminishes while 𝜋 − 𝑝(𝑥) → 𝑝(𝑥) (pointwise) and hence the 

perturbation terms vanish, recovering the full incompressibility constraint. A consequence of the 

weight ℎ approaching zero is that all the artificial optimality conditions can indeed be ignored 

as the associated stabilisation term vanishes, which allow us to use a local projector that disrupts 

continuity in the global field.  

Section 4.2.5. Consistent linearisation 

The first variation 𝛿ℑ (4.59) was shown to yield the Euler-Lagrange equations of (4.2)(4.4) as 

parts of its optimality condition when we perform the standard variational analysis. In order to 

satisfy for the optimality condition, we are required to solve it iteratively, as 𝛿ℑ is non-linear in 

nature. However, since 𝛿ℑ is dependent on 4 different variables, we have simplified it according 

to section Section 4.2.2.1, dropping the variable 𝑷̃ . We now present a consistent linearisation of 

the first variation of functional (4.17), rewriting here again for convenience of reference: 

∀𝑷̃ ∈ 𝒩, 

ℑ(̅𝒖, 𝑝) = 𝑊 𝑭̃(𝒖)  𝑑Ω + 𝑝(𝐽 − 1) 𝑑Ω − ℑ (𝒖) − ℑ (𝑝) 
(4.69) 

This leads to difficulty as the linearisation procedure for a functional cannot be performed using 

the standard Taylor expansion for functions, because the first variation is obtained by 

differentiating a continuous variable 𝜖, rather than a function. In order to obtain the linearised 

version of (4.17), we formulate a total potential energy functional ℑ:̅ℍ (Ω ) × 𝕃 (Ω ) → ℝ with 

incremented displacement 𝒗 = 𝒖( ) + 𝚫𝒖  and pressure 𝑞 = 𝑝( ) + Δ𝑝 , given by the same 

functional  
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ℑ[̅𝒗, 𝑞] = 𝑊 𝑭̃(𝛁𝒗) + 𝑞(𝐽(𝛁𝒗) − 1) 𝑑Ω − ℑ (𝒗) − ℑ (𝑞) (4.70) 

Note that both of 𝒖( ) and 𝑝( ) are fixed and interpreted as the current 𝑘  estimate of 𝒗  and 

𝑞, and both 𝚫𝒖 and Δ𝑝 are the function variables to be optimised in ℑ.̅ If the estimates exactly 

minimise the functional ℑ,̅ then the increments are uniquely zero. The first variation of this 

functional yields a similar equation as before, albeit simpler because 𝑭̃ and 𝑷̃  are omitted, but 

defined with respect to the incremental quantities as follows: 

𝛿ℑ[𝜹𝒗, 𝛿𝑞|𝑣, 𝑞] =
𝜕𝑊

𝜕𝐸
(𝛁𝒗)𝐹 (𝛁𝒗)∇ 𝛿Δ𝑢 𝑑Ω

+ 𝑞𝐽(𝛁𝒗)𝐹 (𝛁𝒗)𝑔 ∇ 𝛿Δ𝑢 𝑑Ω + 𝛿Δ𝑞(𝐽(𝛁𝒗) − 1) 𝑑Ω

− 𝛿Δ𝑢 𝐺̅ 𝑑Ω − 𝛿Δ𝑢 𝑇̅ 𝑑Γ − 𝛿ℑ [𝛿𝑞|𝑞] = 0 

(4.71) 

where 𝛿ℑ [𝛿𝑞|𝑞] is given as 

𝛿ℑ [𝛿𝑞|𝑞] =
𝛼

𝜈
(𝛿𝑞 − 𝛿𝑞)̅ ⋅ (𝑞 − 𝑞)̅ 𝑑Ω

+
𝛽ℎ

𝜈
(∇𝛿𝑞 − ∇𝛿𝑞)̅ ⋅ (∇Δ𝑞 − ∇Δ𝑞)̅ 𝑑Ω 

(4.72) 

The variables 𝒗 and 𝑞 allow us to further expand the functions using Taylor’s expansion, which 

yields the following explicit expressions: 

𝜕𝑊

𝜕𝐸
(𝛁𝒗) =

𝜕𝑊

𝜕𝐸
𝛁𝒖( ) +

𝜕 𝑊

𝜕𝐸 𝜕𝐸
𝛁𝒖( ) 𝐹 ∇ Δ𝑢 + ⋯ (4.73) 

𝐹 (𝛁𝒗) = 𝛿 + ∇ 𝑢 ( ) + ∇ Δ𝑢 (𝒁 ⋅ 𝒛 ) = 𝐹 𝛁𝒖( ) + ∇ Δ𝑢  (4.74) 

𝐹 (𝛁𝒗) = 𝐹 𝛁𝒖( ) +
𝜕𝐹

𝜕𝐹
∇ Δ𝑢 + ⋯ 

= 𝐹 𝛁𝒖( ) − 𝐹 𝛁𝒖( ) ∇ Δ𝑢 𝐹 𝛁𝒖( ) + ⋯ 
(4.75) 

𝐽(𝛁𝒗) = 𝐽 𝛁𝒖( ) +
𝜕𝐽

𝜕𝐹
∇ Δ𝑢 + ⋯ 

= 𝐽 𝛁𝒖( ) + 𝐽𝐹 ∇ Δ𝑢 + ⋯ 
(4.76) 

 

 

Therefore, the linearised form is revealed as 
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𝛿ℑ̅ ≈
𝜕𝑊

𝜕𝐸
+

𝜕 𝑊

𝜕𝐸 𝜕𝐸
𝐹 ∇ Δ𝑢 𝐹 + ∇ Δ𝑢 ∇ 𝛿Δ𝑢 𝑑Ω

+ 𝑝(𝐽 + 𝐽𝐹 ∇ Δ𝑢 ) 𝐹 − 𝐹 ∇ Δ𝑢 𝐹 ∇ 𝛿Δ𝑢 𝑑Ω

+ Δ𝑝(𝐽 + 𝐽𝐹 ∇ Δ𝑢 ) 𝐹 − 𝐹 ∇ Δ𝑢 𝐹 ∇ 𝛿Δ𝑢 𝑑Ω

+ 𝛿Δ𝑝(𝐽 + 𝐽𝐹 ∇ 𝑢 − 1) 𝑑Ω − 𝛿ℑ (𝚫𝒖) 

(4.77) 

where one can recognise the variational form of the original functional evaluated at 𝒖( ), 𝑝( )  

𝛿 ℑ̅ 𝜹𝚫𝒖 𝒖( ), 𝑞( )  

=
𝜕𝑊

𝜕𝐸̃
𝐹 ̃ 𝑧 + 𝑝𝐽�̃� ̃ ∇ 𝛿Δ𝑢 𝑑Ω − 𝛿ℑ (𝚫𝒖) 

(4.78) 

𝛿 ℑ̅ 𝛿Δ𝑞 𝒖( ), 𝑞( ) = 𝛿Δ𝑝(𝐽 − 1) 𝑑Ω  (4.79) 

and 𝛿ℑ (𝚫𝒖) is the external work done  

𝛿ℑ (𝚫𝒖) = 𝜹𝚫𝒖 ⋅ 𝒃 𝑑Ω + 𝜹𝚫𝒖 ⋅ 𝒕 𝑑Γ  (4.80) 

By setting 𝛿ℑ 𝜹𝚫𝒖, 𝛿Δ𝑝, 𝚫𝒖,Δ𝑝 𝒖( ), 𝑞( ) = 0, and ignoring higher order terms, we have 

𝑆 𝑔 ∇ Δ𝑢 ∇ 𝛿Δ𝑢 𝑑Ω + 𝐶 𝐹 𝑔 𝐹 𝑔 ∇ Δ𝑢 ∇ 𝛿Δ𝑢 𝑑Ω

+ Δ𝑝𝐽𝐹 ∇ 𝛿Δ𝑢 𝑑Ω + 𝛿Δ𝑝𝐽𝐹 ∇ 𝑢 𝑑Ω

− 𝑝(𝐽𝐹 𝐹 ∇ Δ𝑢 ∇ 𝛿Δ𝑢 )𝑑Ω

= −𝛿 ℑ̅ 𝜹𝚫𝒖 𝒖( ), 𝑝( ) − 𝛿 ℑ̅ 𝛿Δ𝑝 𝒖( ), 𝑝( )  

(4.81) 

where we have identified the second Piola-Kirchhoff stress tensor and the fourth order elasticity 

tensor 

𝑆 =
𝜕𝑊

𝜕𝐸
+ 𝑝𝐽𝑔 , ℂ =

𝜕 𝑊

𝜕𝐸 𝜕𝐸
 (4.82) 

Equation (4.67) can be written in more succinct manner as 

∀𝜹𝒖 ∈ ℍ (Ω), 

𝐴 𝜹𝚫𝒖,Δ𝑢 𝒖( ), 𝑝( ) + 𝐵 𝜹𝚫𝒖,Δ𝑝 𝒖( ) = −𝛿 ℑ̅ 𝜹𝚫𝒖 𝒖( ), 𝑝( )  
(4.83) 
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∀𝛿𝑝 ∈ 𝕃 (Ω), 

𝐵 𝚫𝒖, 𝛿Δ𝑝 𝒖( ) − 𝐶[𝛿Δ𝑝|Δ𝑝] = −𝛿 ℑ̅ 𝛿Δ𝑝 𝒖( ), 𝑝( )  
(4.84) 

where the functional 𝐴 represents the incremental internal work done, 𝐵 represents the work 

done to preserve volume, and 𝐶 stabilises the incremental pressure oscillations that arise from 

the unstable equal-order pair. Note that all quantities except 𝐶 depend on the current estimate 

𝒖( ), 𝑝( ) . Similar from previous work [95], we write down the full forms of 𝐴 and 𝐵 as 

𝐴 𝜹𝚫𝒖,Δ𝑢 𝒖( ), 𝑝( )  

= 𝑆 𝑔 ∇ Δ𝑢 ∇ 𝛿Δ𝑢 𝑑Ω + ℂ 𝐹 𝑔 𝐹 𝑔 ∇ Δ𝑢 ∇ 𝛿Δ𝑢 𝑑Ω

− 𝑝(𝐽𝐹 𝐹 ∇ Δ𝑢 ∇ 𝛿Δ𝑢 )𝑑Ω  

(4.85) 

𝐵 𝜹𝚫𝒖,Δ𝑝 𝒖( ) = Δ𝑝𝐽𝐹 ∇ 𝛿Δ𝑢 𝑑Ω  (4.86) 

In order to compute 𝐶 , we perform the linearisation procedure through standard Gateaux 

differentiation, which yields the following expression 

𝐶[𝛿Δ𝑝|Δ𝑝] =
𝛼

𝜈
(𝛿Δ𝑝 − 𝛿𝑝̅) ⋅ (Δ𝑝 − Δ𝑝̅) 𝑑Ω

+
𝛽ℎ

𝜈
(∇𝛿Δ𝑝 − ∇𝛿Δ𝑝̅) ⋅ (∇Δ𝑝 − ∇Δ𝑝̅) 𝑑Ω  

(4.87) 

Since δℑ  is linear with respect to all the arguments, 𝐶 is obtained straightforwardly through 

a linear split:  

𝛿ℑ 𝛿Δ𝑝 𝑝( ) + Δ𝑝 = 𝛿ℑ 𝛿Δ𝑝 𝑝( ) + 𝛿ℑ [𝛿Δ𝑝|Δ𝑝] (4.88) 

where the first term can be rearranged to the right-hand side to become a part of 𝛿 ℑ ̅while the 

second term, which contains the incremental pressure, is recognised as 𝐶. 

 Implementation aspects 

For the sake of completeness, we have presented the framework based on Newton’s method. This 

does not mean that Newton’s method must be used to solve our equations. The reader could 

instead use numerical linearisation in available explicit solvers and packages such as [111]. 
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In this section, we describe and discuss some implementation aspects of the linearised 

(incremental form of) variational principle as a classical Newton’s solver. The implementation 

procedures are similar to those used in the classical finite element method, except that the locally 

constructed basis functions within a subdomain are globalised to cover all domain nodes. This 

is achieved by assigning null values to nodes that are exterior of local support domain. Similar 

globalisation procedures are performed for corrected gradients.  

This section is divided into 4 subsections. In subsection Section 4.3.2, we derive the matrix form 

of the new pressure gradient projection operator, which is then assembled into the global stiffness 

and residual vectors in Section 4.3.3. To help readability and understanding, we explicitly write 

the rank of matrices to show consistency of operations.  

We first introduce the following conventions to write tensors and vectors in matrix form. In the 

usual format, we group degrees of freedom into global vector forms {𝓭} = {{𝖚} {𝖕} } ∈

ℝ × , where  

{𝖕}

ℝ ×

≔ {𝑝 … 𝑝 }, {𝖚}

ℝ ×

≔
{𝒖 }

ℝ ×

… {𝒖 }

ℝ ×

,  (4.89) 

where we associate 𝒖 ,𝛼 = 1, … ,𝑁  as the displacement vector of the 𝛼  node, whose 

components are computed by a dot product with its corresponding (contravariant) bases, 

𝒁 ,𝐽 = 1,2,3. 

{𝒖 }

ℝ ×

= [𝒖 ⋅ 𝒁 𝒖 ⋅ 𝒁 𝒖 ⋅ 𝒁 ] = [𝑢 𝑢 𝑢 ]  (4.90) 

Variational and incremental degrees of freedom were arranged into vector forms in similar 

fashion, i.e. 𝜹𝓭 ≔ [𝜹𝖚 𝜹𝖕 ] and 𝚫𝓭 ≔ [𝚫𝖚 𝚫𝖕 ].  

Section 4.3.1. Linearised stiffness matrix in general curvilinear coordinates  

In this section, for the sake of mathematical completeness, we derived and postulated the 

Jacobian structure in general curvilinear coordinates according to (4.81). Further testing for this 

structure is left as future work as we have focused on demonstrating the effectiveness of our 

formulation whereby Cartesian cases are deemed sufficient. (4.81) simplified significantly when 

cast in Cartesian coordinates and its Jacobian, without the stabilisation operators, coincides 
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with those widely reported in literature. We recommend using the standard Jacobian structure 

if curvilinear coordinates are not required. 

We may now denote the displacement and its variation vectors as  

𝑢 (𝑿) = 𝜑 (𝑿)𝑢 , (4.91) 

𝛿𝑢 (𝑿) = 𝜑 (𝑿)𝛿𝑢 , (4.92) 

∇ 𝑢 = (𝒛 ⋅ 𝒁 )∇ 𝑢  (4.93) 

For example, in 2D curvilinear coordinates, we compute the displacement gradient in Voigt 

notation as 

⎣

⎢
⎢
⎢
⎡
𝛁 𝚫𝒖

𝛁 𝚫𝒖

𝛁 𝚫𝒖

𝛁 𝚫𝒖 ⎦

⎥
⎥
⎥
⎤

= [𝔾][𝔹]{𝚫𝕦 }, (4.94) 

where the matrices [𝔾], [𝔹] which respectively are the shifter tensor and the discrete covariant 

differentiation matrix, can be given by 

[𝔾] =
𝒛 ⋅ 𝒁 𝑰 𝒛 ⋅ 𝒁 𝑰

𝒛 ⋅ 𝒁 𝑰 𝒛 ⋅ 𝒁 𝑰
, (4.95) 

[𝔹] =

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜕𝜑( )

𝜕Ξ
0

𝜕𝜑( )

𝜕Ξ
0

…

𝜕𝜑( )

𝜕Ξ
0

𝜕𝜑( )

𝜕Ξ
0

0
𝜕𝜑( )

𝜕Ξ

0
𝜕𝜑( )

𝜕Ξ

…
0

𝜕𝜑( )

𝜕Ξ

0
𝜕𝜑( )

𝜕Ξ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

+
[𝚲(𝟏)]

[𝚲(𝟐)]
[𝕫], (4.96) 

[𝚲(𝒏)] =
Λ Λ

Λ Λ
, [𝕫] = [𝜑( )𝑰 × … 𝜑( )𝑰 × ] (4.97) 

For 3D, we have 
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⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
∇ Δ𝑢

∇ Δ𝑢

∇ Δ𝑢

∇ Δ𝑢

∇ Δ𝑢

∇ Δ𝑢

∇ Δ𝑢

∇ Δ𝑢

∇ Δ𝑢 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= [𝔾][𝔹]{Δ𝕦 } (4.98) 

[𝔾] =

⎣

⎢⎢
⎡

𝒛 ⋅ 𝒁 𝑰 𝒛 ⋅ 𝒁 𝑰 𝒛 ⋅ 𝒁 𝑰

𝒛 ⋅ 𝒁 𝑰 𝒛 ⋅ 𝒁 𝑰 𝒛 ⋅ 𝒁 𝑰

𝒛 ⋅ 𝒁 𝑰 𝒛 ⋅ 𝒁 𝑰 𝒛 ⋅ 𝒁 𝑰⎦

⎥⎥
⎤
, (4.99) 

[𝔹] =

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜕𝜑( )

𝜕Ξ
0 0

𝜕𝜑( )

𝜕Ξ
0 0

𝜕𝜑( )

𝜕Ξ
0 0

0
𝜕𝜑( )

𝜕Ξ
0

0
𝜕𝜑( )

𝜕Ξ
0

0
𝜕𝜑( )

𝜕Ξ
0

0 0
𝜕𝜑( )

𝜕Ξ

0 0
𝜕𝜑( )

𝜕Ξ

0 0
𝜕𝜑( )

𝜕Ξ

…

𝜕𝜑( )

𝜕Ξ
0 0

𝜕𝜑( )

𝜕Ξ
0 0

𝜕𝜑( )

𝜕Ξ
0 0

0
𝜕𝜑( )

𝜕Ξ
0

0
𝜕𝜑( )

𝜕Ξ
0

0
𝜕𝜑( )

𝜕Ξ
0

0 0
𝜕𝜑( )

𝜕Ξ

0 0
𝜕𝜑( )

𝜕Ξ

0 0
𝜕𝜑( )

𝜕Ξ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

+

⎣
⎢
⎡
[Λ(1)]

[Λ(2)]

[Λ(3)]⎦
⎥
⎤ [𝕫] (4.100) 

[Λ(𝑛)] =

⎣
⎢
⎡
Λ Λ Λ

Λ Λ Λ

Λ Λ Λ ⎦
⎥
⎤ , [𝕫] = [𝜑( )𝑰 × … 𝜑( )𝑰 × ] (4.101) 

While the vectors of degrees of freedom and their variational counterparts are given by 

{Δ𝕦 } =

⎣

⎢
⎢
⎢
⎢
⎢
⎡

Δ𝑢( )

Δ𝑢( )

⋮

Δ𝑢( )

Δ𝑢( )⎦

⎥
⎥
⎥
⎥
⎥
⎤

, {𝛿Δ𝕦 } =

⎣

⎢
⎢
⎢
⎢
⎢
⎡

𝛿Δ𝑢( )

𝛿Δ𝑢( )

⋮

𝛿Δ𝑢( )

𝛿Δ𝑢( )⎦

⎥
⎥
⎥
⎥
⎥
⎤

 (4.102) 
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Therefore, we have the first and second terms of 𝐴 as 

𝐴 = 𝑆 𝑧 ∇ Δ𝑢 ∇ 𝛿Δ𝑢 𝑑Ω  

= {𝛿Δ𝕦 }

⎝

⎜⎜
⎜⎜
⎛

[𝔹] [𝔾] [𝕘] [𝕊][𝔾][𝔹] 𝑑Ω

[ ] ⎠

⎟⎟
⎟⎟
⎞

{Δ𝕦 } 
(4.103) 

𝐴 = ℂ 𝐹 𝑧 𝐹 𝑔 ∇ Δ𝑢 ∇ 𝛿Δ𝑢 𝑑Ω  

= {𝛿Δ𝕦 }

⎝

⎜⎜
⎜⎜
⎛

[𝔹] [𝔾] [𝕘] [𝔽] [ℂ][𝔽][𝕘][𝔾][𝔹] 𝑑Ω

[ ] ⎠

⎟⎟
⎟⎟
⎞

{Δ𝕦 } 
(4.104) 

where we further introduced the following matrices 

[𝕘] =
𝑧 𝑰 𝑧 𝑰

𝑧 𝑰 𝑧 𝑰
, [𝕊] =

𝑺

𝑺
, [𝔽] =

⎣

⎢
⎢
⎡
𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹 ⎦

⎥
⎥
⎤
 (4.105) 

[ℂ] =

⎣

⎢⎢
⎡
ℂ ℂ
ℂ ℂ

ℂ ℂ
ℂ ℂ

ℂ ℂ
ℂ ℂ

ℂ ℂ
ℂ ℂ ⎦

⎥⎥
⎤

 (4.106) 

for 2D, while for 3D we have 

[𝕘] =

⎣
⎢
⎡
𝑧 𝑰 𝑧 𝑰 𝑧 𝑰

𝑧 𝑰 𝑧 𝑰 𝑧 𝑰

𝑧 𝑰 𝑧 𝑰 𝑧 𝑰⎦
⎥
⎤ , [𝕊] =

⎣
⎢
⎡

𝑺

𝑺

𝑺⎦
⎥
⎤, (4.107) 

[𝔽] =

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹

𝐹 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 (4.108) 
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[ℂ] =

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
ℂ ℂ ℂ
ℂ ℂ ℂ
ℂ ℂ ℂ

ℂ ℂ ℂ
ℂ ℂ ℂ
ℂ ℂ ℂ

ℂ ℂ ℂ
ℂ ℂ ℂ
ℂ ℂ ℂ

ℂ ℂ ℂ
ℂ ℂ ℂ
ℂ ℂ ℂ

ℂ ℂ ℂ
ℂ ℂ ℂ
ℂ ℂ ℂ

ℂ ℂ ℂ
ℂ ℂ ℂ
ℂ ℂ ℂ

ℂ ℂ ℂ
ℂ ℂ ℂ
ℂ ℂ ℂ

ℂ ℂ ℂ
ℂ ℂ ℂ
ℂ ℂ ℂ

ℂ ℂ ℂ
ℂ ℂ ℂ
ℂ ℂ ℂ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 (4.109) 

Lastly, the third term of 𝐴 may be expanded as 

𝐴 = 𝑝(𝐽𝐹 𝐹 ∇ Δ𝑢 ∇ 𝛿Δ𝑢 ) 

= {𝛿Δ𝕦 }

⎝

⎜⎜
⎜⎜
⎜⎛

𝑝𝐽[𝔹] [𝔾] [ℍ] [ℚ][ℍ][𝔾][𝔹] 𝑑Ω

[ ] ⎠

⎟⎟
⎟⎟
⎟⎞

{Δ𝕦 } 
(4.110) 

where for 2D 

[ℚ] =

⎣

⎢⎢
⎡

1
1

1
1 ⎦

⎥⎥
⎤

, [ℍ] =
𝑭 −

𝑭 −
 (4.111) 

and for 3D 

[ℚ] =

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1
1

1
1

1
1

1
1

1 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

, [ℍ] =

⎣
⎢
⎡
𝑭 −

𝑭 −

𝑭 − ⎦
⎥
⎤ (4.112) 

With regard to the 4th order tensor, we can be explicit for a Mooney-Rivlin material, where it is 

given as 

ℂ =
𝜕 𝑊

𝜕𝐸 𝜕𝐸
= 2

𝜕

𝜕𝑔
2𝑐 𝑍 + 2𝑐 𝑧 𝑍 𝑍 − 𝑍 𝑧 𝑍  

= 4𝑐 (𝑍 𝑍 − 𝑍 𝑍 ) 
(4.113) 
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where 𝑍  is the components of 𝑪− . For 2D cases, the 4th order tensor is, 

[ℂ] = 4𝑐

⎝

⎜⎜
⎜⎛

⎣

⎢⎢
⎡
𝑍
𝑍
𝑍
𝑍 ⎦

⎥⎥
⎤

⎣

⎢⎢
⎡

𝑍
𝑍
𝑍
𝑍 ⎦

⎥⎥
⎤

− 𝑍 𝑪− 𝑍 𝑪−

𝑍 𝑪− 𝑍 𝑪−

⎠

⎟⎟
⎟⎞ (4.114) 

and for 3D cases, it is 

[ℂ] = 4𝑐

⎝

⎜⎜
⎜⎜
⎜⎜
⎜⎜
⎜⎜
⎜⎜
⎜⎜
⎜⎜
⎛

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑍
𝑍
𝑍
𝑍
𝑍
𝑍
𝑍
𝑍
𝑍 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑍
𝑍
𝑍
𝑍
𝑍
𝑍
𝑍
𝑍
𝑍 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

−
𝑍 𝑪− 𝑍 𝑪− 𝑍 𝑪−

𝑍 𝑪− 𝑍 𝑪− 𝑍 𝑪−

𝑍 𝑪− 𝑍 𝑪− 𝑍 𝑪−

⎠

⎟⎟
⎟⎟
⎟⎟
⎟⎟
⎟⎟
⎟⎟
⎟⎟
⎟⎟
⎞

 (4.115) 

The matrix associated with 𝐵 is given as 

𝐵 = Δ𝑝𝐽𝐹 ∇ 𝛿Δ𝑢 𝑑Ω = {𝛿Δ𝕦 } [𝔹] [𝔾] {𝕙}{𝕕} 𝑑Ω

[ ]

{Δ𝕡 } 
(4.116) 

{𝕙} =

⎣

⎢
⎢
⎡

(𝐹− )

(𝐹− )

(𝐹− )

(𝐹− ) ⎦

⎥
⎥
⎤

, {𝕕} =

⎣
⎢
⎡

𝜑( )

⋮

𝜑( )⎦
⎥
⎤ (4.117) 

Section 4.3.2. Pressure projection stabilisation operators 

In this section, we briefly describe the matrices associated with the assembly of the stabilisation 

terms 𝐶[𝛿Δ𝑝|Δ𝑝] and the associated matrix [𝐾 ], before they are appended into the global 

matrix. Since the stabilisation operator 𝐶 contains both the conventional PPP stabilisation term 

and the proposed pressure gradient projection term, it may be expressed as 

𝐶[𝛿Δ𝑝|Δ𝑝] = 𝜹𝖕

ℝ ×

⋅ 𝑲

ℝ ×

⋅ 𝖕⏟
ℝ ×

, 𝑲 = 𝑲 + 𝑲  (4.118) 

where from [80], the standard PPP stabilisation matrix 𝑲  is given by 

𝑲

ℝ ×

=
𝛼

𝜈
𝑴 − 𝑮 𝑯

−
𝑮  (4.119) 
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and the coefficient matrices are given by 

𝑴

ℝ ×

= 𝝋(𝒙)

ℝ ×

⋅ 𝝋 (𝒙)

ℝ ×

𝑑𝛺 (4.120) 

𝑮

ℝ ×

= 𝒂(𝒙)

ℝ ×

⋅ 𝝋 (𝒙)

ℝ ×

𝑑𝛺 (4.121) 

𝑯

ℝ ×

= 𝒂(𝒙)

ℝ ×

⋅ 𝒂 (𝒙)

ℝ ×

𝑑𝛺 (4.122) 

where 𝒂(𝒙) contains 𝑚 =
𝑚 + 2

3
 complete monomials terms of order not exceeding 𝑚 − 1. 

Contrary to the flexibility of allowing higher order cross terms for 𝒒 in Section 2, we define that 

𝒂(𝒙) to exclude such terms to penalise cross-order inconsistent pressure modes and therefore 

enforces the stabilisation further.  

We derive the matrix 𝑲 , in a similar manner as for the first term of 𝐶 . After some 

manipulations, one obtains  

𝑲

ℝ ×

=
𝛽ℎ

𝜈
𝑴 − 𝑮̂ 𝑯

−
𝑮 + 𝑮 𝑯

−
𝑳 𝑯

−
𝑮

− 𝑮 𝑯
−

𝑮̂  

(4.123) 

where the caps indicate quantities that involve (corrected) differential operators. Explicitly, the 

new matrices are computed as 

𝑴

ℝ ×

= 𝛁𝝋(𝒙)

ℝ ×

⋅ 𝛁𝝋 (𝒙)

ℝ ×

dΩ (4.124) 

𝑮̂

ℝ ×

= 𝒅 (𝒙)

ℝ ×

⋅ 𝛁𝝋 (𝒙)

ℝ ×

dΩ (4.125) 

𝑳

ℝ ×

= 𝒅(𝒙)

ℝ ×

⋅ 𝒅 (𝒙)

ℝ ×

dΩ (4.126) 
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where 𝒅(𝒙) = ∈ ℝ ×  is the matrix containing differentiated monomials. For 

example,  

𝒅 (𝒙) = [0 0 0] if 𝑎(𝑥) = 1  (4.127) 

𝒅 (𝒙) =
0 1
0 0
0 0

0 0
1 0
0 1

if 𝒂(𝒙) = [1 𝑥 𝑥 𝑥 ]  (4.128) 

Although 𝑲  appears to have 2 additional terms, i.e. the second and fourth terms compared 

to 𝑲 , similar terms also appeared in 𝑲  but they vanished due to the orthogonality of 

𝑝̅ and 𝑝 − 𝑝̅. For 𝑲 , these terms remain active as 𝛁𝑝̅ need not be orthogonal to 𝛁𝑝̅ − 𝛁𝑝. 

Finally, we remark that the computational overhead induced by the new matrix is comparable 

to that of 𝑲  yet arguably less than other stabilisation techniques such as variational 

multiscale stabilisation (VMS) method, which involves matrix inversion and higher order 

derivatives. The parameter 𝛽 may also be defined differently for each subdomain, enforcing 

stability locally when regional stress fluctuations are high and thereby enhance global 

performance. To simplify matters in this study, we have chosen that 𝛽 is the same throughout 

the domain. 

Another important observation is that 𝑲  is symmetrical and hence the inclusion of this 

new stabilisation operator preserves symmetry of the system of equations. This can help save on 

memory storage and solution time. We also note that 𝑲  is semi-positive definite similar to 

𝑲 . This is because when the field 𝑝̅ coincides with 𝑝, as in the case of a polynomial stress 

state of order 𝑚 − 1, then their gradients also coincide, and the stabilisation terms vanish. The 

semi-positive definiteness of the stabilisation operators, however, does not undermine the 

uniqueness and solvability of the global matrix since, in the original formulations by Hermann 

[78] and Oden [131], their resulting global matrix without the stabilisation matrix is already 

semi-positive definite. The solvability and stability conditions are both addressed by the weak 

inf-sup condition (see Appendix E). 

Section 4.3.3. Assembly of the tangent stiffness matrix and residual vector 

With the basis functions and corrected derivatives computed, we can assemble the residual and 

linearised variational equations into vectors and matrix forms.  
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The global matrix is symmetrical following the symmetry of all terms and is given by 

𝓚
ℝ ×

=
[𝑲 ] + [𝑲 ] − [𝑲 ] [𝑲 ]

[𝑲 ] [𝑲 ]
, 𝓡⏟

ℝ ×

=
{𝕗 }

− 𝕗
 (4.129) 

where 𝓚 is the global tangent stiffness matrix and 𝓡 stores the residuals of (27), i.e. 

{𝕗 } = {𝑓 } − {𝑓 } (4.130) 

{𝑓 } = [𝕫]
𝑔 𝑔
𝑔 𝑔

𝐺̅

𝐺̅
𝑑Ω + [𝕫]

𝑔 𝑔
𝑔 𝑔

𝑇̅

𝑇 ̅
𝑑Γ , (4.131) 

{𝑓 } = [𝔹] [𝔾] [ℙ] 𝑑Ω , (4.132) 

𝑃⋅ =
𝜕𝑊

𝜕𝐸
+ 𝑝𝐽𝑔 𝐹 𝑔 = 𝑆 𝐹 𝑔  (4.133) 

For 2D, 

[ℙ] = [𝑃⋅ 𝑃⋅ 𝑃⋅ 𝑃⋅ ] (4.134) 

and for 3D, 

[ℙ] = [𝑃⋅ 𝑃⋅ 𝑃⋅ 𝑃⋅ 𝑃⋅ 𝑃⋅ 𝑃⋅ 𝑃⋅ 𝑃⋅ ] (4.135) 

Each of these submatrices represents the discretised (linearised) functionals 𝐴, 𝐵 and 𝐶 of (30), 

e.g. A = 𝛅𝖚 (𝑲 + 𝑲 + 𝑲 )𝖚 . These submatrices 𝑲  and 𝑲  and residuals {𝑓 } and 

{𝑓 } take the standard form except that they are in general curvilinear coordinates. Another 

difference lies in the residual 𝕗 , where it contains the contributions of the stabilisation terms. 

We hence explicitly write 𝕗  as 

𝕗

ℝ ×

= 𝑮

ℝ ×

⋅ 𝑯
−

ℝ ×

⋅ 𝒂⏟
ℝ ×

⋅ (𝐽 − 1) 𝑑Ω − 𝑲

ℝ ×

⋅ 𝖕⏟
ℝ ×

 (4.136) 

With both the tangent stiffness and residual vectors defined, one can proceed to compute the 

equilibrium point (𝒖∗, 𝑝∗) iteratively using the classical Newton’s method until convergence is 

achieved. If an intermediate estimate of the solution at the 𝑖  iteration, denoted 𝒖( ), 𝑝( )  does 

not satisfy the weak form, an incremental improvement to the current estimate, denoted 

𝚫𝓭( + ) = [ 𝚫𝒖( + ) 𝚫𝒑( + ) ]  can be found by solving  



Chapter 4  
A Stabilised Mixed Meshfree Method for Incompressible Nonlinear Elasticity 

127 
 

𝓚( )𝚫𝓭( + ) = 𝓡( ) (4.137) 

where 𝓚( ) and 𝓡( ) are evaluated at 𝒖( ), 𝑝( ) . This yields a new estimate 𝒖( + ), 𝑝( + ) =

𝒖( ), 𝑝( ) + 𝚫𝒖( + ),Δ𝑝( + ) . This process is repeated until the relative changes of ‖𝚫𝓭‖ and 

‖𝓡‖ between iterations are within a desired tolerance. We have implemented the Newton solver 

in Matlab 2017 (Version 9.2) and further enhance the performance of the solver with adaptively 

optimising solution increments using the trust-region approach. In addition, we utilise Matlab’s 

parallelism feature in order to speed up the global assembly and solution procedures. However, 

we remark that these were merely enhancements of the implementation and their absence does 

not affect the solutions obtained.  

 Chapter summary 

As an extension to the work from Chapter 3, we have described and derived a stabilised mixed 

formulation to model incompressible hyperelasticity in this chapter. The formulation combines 

several features of the formulation in Chapter 3, including a gradient correction scheme and a 

stabilisation operator into a single Lagrange functional. In particular, the ad hoc gradient 

correction scheme that independently correcting the meshfree derivatives are not interpreted as 

an assumed variable, whose role is to enforce polynomial consistency of the proposed formulation. 

Possessing polynomial consistency also implies the underlying method is variationally consistent 

and hence satisfying a necessary condition for achieving convergence. Besides that, we also 

enhanced the polynomial pressure projection stabilisation in the previous chapter to suppress 

pressure modes in the large deformations range. We also analyse the formulation in general 

curvilinear coordinate systems and give the matrices of the system of equations. In the next 

Chapter, we will test the proposed method against some simple test cases to check for its efficacy 

in modelling incompressible hyperelasticity. 
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 Background 

Following the derivation of the stabilised mixed formulation in Chapter 4, where we unified the 

gradient correction and PPP-stabilisation method into the framework of the enhanced assumed 

strain using a PPP-stabilised VHW variational principle, we would like to apply the developed 

stabilised mixed formulation to model incompressible hyperelasticity, using meshfree 

methodologies. On a minor note, one may also be interested in applying the proposed formulation 

for finite element method, and how well each one performs. Therefore, the aim of this chapter is 

then to establish that the developed stabilised mixed formulation is applicable in both mesh-

based and meshfree settings, while providing an identical mathematical foundation, i.e. the same 

formulation for a valid comparison between both methods in handling large deformations. 

 Meshfree shape functions and gradient correction scheme 

In this section, we briefly review the meshfree interpolation scheme used in this paper – the 

radial point interpolating method (RPIM) augmented with polynomial basis, denoted RPIM-𝑝, 

where the suffix 𝑝 indicates the order of augmented polynomial. As the RPIM-𝑝 basis function 

is a non-polynomial rational function, quadrature using the standard Gaussian-Legendre schemes 

is variationally inconsistent and inefficient. This motivated us to further correct the gradients 

to restore Galerkin consistency in Section 5.2.2.  

Section 5.2.1. Radial point interpolating method augmented with 𝒑 -order 
polynomial basis (RPIM-𝒑) 

Assume a continuum body Ω ∈ ℝ  being discretised and approximated by a cloud of 𝑁  particles, 

whose positions are collectively stored as 𝜒 = {𝒙 ∈ Ω, 𝐼 = 1,… , 𝑁}. Upon discretisation, a 

continuous field 𝑢(𝒙) defined on the body may also be associated with 𝜒 where the set of discrete 

field values is denoted 𝒰 = {𝑢 = 𝑢(𝒙 ), ∀𝒙 ∈ 𝜒}. Similar to other approximation schemes, we 

may reconstruct the field as 𝑢 (𝒙) locally within a subdomain Ω  through a weighted sum of 

nodal field values: 

𝑢 (𝒙) = 𝜑 (𝒙)𝑢
=

= 𝝋 (𝒙)𝒖 (5.1) 
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where 𝑛  is the number of support nodes contained within Ω , and 𝜑 (𝒙)  is the nodal 

weighting/basis function corresponds to the field value 𝑢  and associated with the node 𝒙 ∈

Ω ⊆ Ω. The basis function and nodal values are further re-expressed in vector form as 𝝋(𝒙) 

and 𝒖, respectively. Note that for a compact support domain, one may not cover all domain 

nodes, i.e. 𝑛 ≤ 𝑁 , so we would pad the values of uncovered nodes with zeros in 𝝋(𝒙) such that 

the vector operation with a global vector 𝒖 makes sense. 

The specific form of 𝝋(𝒙) used here is computed using a meshfree method RPIM-𝑝, which 

assumes 𝑢 (𝒙) as a combination of radial basis functions and polynomial basis: 

𝑢 (𝒙) = 𝑟 (𝒙)𝑎
=

+ 𝑞 (𝟎)𝑏
=

= 𝒓 (𝒙)𝒂 + 𝒒 (𝟎)𝒃 (5.2) 

where 𝒂 and 𝒃 are coefficient vectors, and m is the number of (complete) monomials terms8 

associated with the augmented 𝑝  order polynomial basis, contained within 𝒒.  To avoid 

computational difficulty when 𝒙 is large, the support nodes 𝒙  are centralised against 𝒙 and 

being normalised. The vector 𝒓(𝒙) ≔ [𝑟 (𝒙) … 𝑟 (𝒙)]  stores the radial basis functions that 

relates 𝒙 to other 𝑛 subdomain nodes. The cardinal function that relates a particle 𝒙 ∈ Ω  to 

𝒙, denoted 𝑟  takes the expression of 

𝑟 (𝒙) = 𝑒𝑥𝑝 −
𝒙 − 𝒙

𝛼
. (5.3) 

For this research, we have assumed an exponent power 𝑑 = 1.5 and a normalisation factor 𝛼 =

𝐴 ⋅ 𝑟 , with 𝑟 = 𝑠𝑢𝑝
∈

𝑚𝑖𝑛
∈

‖𝒙 − 𝒙 ‖  being the maximum distance among neighbouring 

particles. If 𝑑 = 2, we would have the standard normalised Gaussian radial basis function. Unless 

stated otherwise, we have chosen the dilation factor 𝐴 = 1.5 when 𝒒(𝒙) is linear and 𝐴 = 2.5 

when 𝒒(𝒙)  is quadratic to ensure the desired polynomial field would be well-defined. By 

 
8There are 2 possible degrees of polynomial completeness. A conventional definition for polynomial 
completeness in ℝ  involves 𝑚 =

𝑝 + 3
3

= ∏ (𝑝 + 𝑑)
=

 terms, constructed using Pascal’s pyramid 

which can fully express (𝑥 + 𝑦 + 𝑧 + 𝑎) , where a is an arbitrary constant. The other definition involves 
𝑚 = (𝑝 + 1)  terms, whose polynomial is expanded as ∑ ∑ ∑ 𝑥 𝑦 𝑧

===
 to include higher 

order cross terms. The monomials terms and corresponding coefficients are then collected into vectors 
𝒒(𝒙) and 𝒃, respectively. We remark that RPIM-𝑝 is compatible with either definition. 
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constraining 𝒒 (𝟎) to be orthogonal to 𝒂 (see [245] for more details), the coefficients 𝒂 and 𝒃 

can be uniquely computed in terms of 𝒖 and yield the (local) basis function as 

𝝋 (𝒙) = 𝒓 (𝒙)𝑺 + 𝒒 (𝟎)𝑺  (5.4) 

where 𝑺 ∈ [ℝ] ×  and 𝑺 ∈ [ℝ] ×  are coefficient matrices associated with 𝒂  and 𝒃 , 

respectively, such that 𝒂 = 𝑺 𝒖 and 𝒃 = 𝑺 𝒖. They are computed by 

𝑺 = 𝑹− − 𝑹− 𝑸𝑺  (5.5) 

𝑺 = (𝑸 𝑹− 𝑸)− 𝑸 𝑹−  (5.6) 

where 𝑹 ∈ [ℝ] ×  and 𝑸 ∈ [ℝ] ×  are, respectively, the matrices containing the evaluation of 

radial basis functions and polynomial bases of all 𝑛 support nodes. Regarding the computability 

of (5.5)-(5.6), we remark that 𝑹 is positive definite and always invertible, while we chose both 

𝑑 and 𝐴 such that 𝑸 𝑹− 𝑸 is invertible [245]. 𝑹 and 𝑸 are explicitly given by  

𝑹 =

⎣

⎢⎢
⎡

𝑟 (𝒙 ) 𝑟 (𝒙 ) … 𝑟 (𝒙 )

𝑟 (𝒙 )
⋮

𝑟 (𝒙 )

𝑟 (𝒙 ) … 𝑟 (𝒙 )
⋮ ⋱ ⋮

𝑟 (𝒙 ) … 𝑟 (𝒙 )⎦

⎥⎥
⎤

=

⎣

⎢
⎢
⎡

𝒓 (𝒙 )

𝒓 (𝒙 )
⋮

𝒓 (𝒙 )⎦

⎥
⎥
⎤

, 𝑸 =

⎣

⎢
⎢
⎢
⎢
⎡

𝒒
𝒙 − 𝒙

𝛼

𝒒
𝒙 − 𝒙

𝛼
⋮

𝒒
𝒙 − 𝒙

𝛼 ⎦

⎥
⎥
⎥
⎥
⎤

 (5.7) 

The RPIM-p basis function possesses the Kronecker delta property, i.e. 𝜑 (𝒙 ) = 𝛿 . This 

property renders the (local) approximation field to pass through meshfree nodes and hence 

simplifies the enforcement of boundary conditions without the need for special treatments, such 

as the use of Lagrange multipliers [13], d’Alembert’s principle [63] or coupling with finite 

elements [65]. While the standard radial basis function also possesses the delta property, we 

chose to augment it with polynomials to improve on the consistency of the method, which 

enabled us to pass the nonlinear “patch test” (see Section 5.3.1).  

Finally we remark that RPIM- 𝑝  basis functions may not be globally compatible when 

constructed locally, but it is desirable since a local support maintains a sparse connectivity 

matrix (and hence a global matrix) of a small bandwidth. Besides that, a compact RPIM-𝑝 basis 

function also avoids the issue of ill-conditioning of 𝑹 as the discretisation is refined with more 

particles [164]. Although at a glance, the incompatible field would violate continuity requirement 
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of the Galerkin weak form, but we would weaken that requirement and smooth out the gradient 

fluxes on boundaries of Ω  using a gradient scheme.  

We also use the gradient correction scheme to correct quadrature error. This is due to, 

unfortunately, the computed basis function is a non-polynomial rational function and hence 

unable to be integrated exactly using conventional quadrature schemes, such as trapezoidal rule 

or the popular Gaussian schemes. The quadrature error is known to lead to sub-optimal 

convergence rate due to violation of Strang’s first lemma [208] and threatens the variational 

consistency of the weak form [168]. Although the quadrature accuracy may be improved with 

denser background mesh with higher order quadrature rules, this is highly demanding 

computationally and exhaustive in storage requirement, yet still unable to pass the patch test 

to machine tolerance [246]. Besides that, the quadrature error also threatens the stability of our 

formulation since if the stabilisation operator is integrated inaccurately, which could result in 

inadequate stabilisation and suppression of spurious pressure modes. Therefore, we would restore 

variational consistency and stability using a gradient correction scheme. There are many 

quadrature correction rules as mentioned in the Introduction, and the particular scheme chosen 

for this paper is developed by Duan and coworkers, which is originally proposed in [153] for 2D 

problems and later being generalised to solve 3D problems with tetrahedral [154] and hexahedral 

[247] background meshes.  

Section 5.2.2. Gradient correction scheme for hexahedral background mesh 

Following the notation of [248], the general idea of gradient correction scheme is to construct an 

assumed or weak gradient 𝛁𝒖  which satisfied the divergence theorem, whose functional 

measuring the error in agreement is denoted as Θ − : [𝕃 (Ω )] × × [𝕃 (Ω )] → ℝ  

Θ − ∇𝒖,𝒖 = 𝜺(𝒙): ∇𝒖dΩ − 𝜺(𝒙):𝒖 ⊗ 𝒏 dΓ + ∇ ⋅ 𝜺(𝒙) ⋅ 𝒖 dΩ ,

∀𝜺(𝒙) ∈ [ℙ − (Ω )] ×  
(5.8) 

where 𝒖(𝒙) is the vector field defined locally within a subdomain Ω  and 𝒏 is the outward 

normal vector defined over the boundary Γ  of the subdomain. In discretised form, we would 

replace the continuous integral with its numerical counterpart ⨋(⋅) 𝑑Ω  and required the 

Gaussian quadrature scheme to integrate 𝜺(𝒙) exactly. Lastly, we have further modified the 
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standard gradient correction of Duan and coworkers [153] to a higher order correction scheme 

with Θ . The procedure of computing ∇𝒖  begins by setting the desired condition of 

Θ ∇𝒖,𝒖 = 0, and solve for a set of corrected basis 𝛁𝜑 , 𝐼 = 1, … ,𝑁  such that 𝛁𝒖 =

∑ 𝒖 ⊗ 𝛁𝜑  or in component form ≡ ∑ ∇𝜑 (𝒖 ) . That is, we proceed with ∀𝜺(𝒙) ∈

sym([ℙ (Ω )] × ), 

⨋𝜺(𝒙): 𝒖 ⊗ 𝛁𝜑 𝑑Ω = ⨋𝜺(𝒙):𝒏 ⊗ 𝒖 𝑑Γ − ⨋ 𝛁 ⋅ 𝜺(𝒙) ⋅ 𝒖 𝑑Ω  (5.9) 

We can then recast (5.9) into indices form and solve for the components of ∇𝜑  as we 

substitute in 𝒖 = ∑ 𝜑 𝒖  and 𝜀 (𝒙) ≡ 𝒄 𝒒(𝒙), 𝒒(𝒙) ∈ [ℙ (Ω )] . After factoring out the 

parameters 𝒖  and 𝒄 from (5.9), the resulting system of equations to solve for ≡ ∇𝜑  is 

given by  

⨋𝒒
𝜕𝜑

𝜕𝑥
𝑑Ω = ⨋𝒒𝜑 𝑛 𝑑Γ − ⨋𝜑

𝜕𝒒

𝜕𝑥
𝑑Ω , ∀𝒒 ∈ [ℙ (Ω )]  (5.10) 

We note that (5.10) is the gradient scheme given in [70, 72, 153], except that the polynomial 

vector 𝒑(𝒙) has a higher order. In fact, if we increase the order 𝑚 → ∞ and requiring it to 

vanish on Γ , i.e. 𝒑(𝒙) ∈ 𝒞 (Ω ), (5.10) would recover the classical weak Sobolev derivatives 

locally. Therefore the extension of 𝒑 to higher order is desirable and mathematically consistent. 

On a minor note, this approach also eases the burden of gradient correction scheme for 

hexahedral mesh without the need to correct for second order derivatives as proposed in [247]. 

Besides being computationally simpler, our modified gradient correction scheme would also 

corresponds to a full integration scheme for hexahedral meshes and hence avoid the issue of rank 

deficiency due to reduced integration. Stabilisation term aimed to suppress unphysical hourglass 

modes is then not required in our method. Spurious modes in both pressure and displacement 

fields, however, could arise shall one enriches the density of particles within each quadrature 

subdomain. This issue is addressed to some extent with the new pressure gradient stabilisation 

operator (see Chapter 4, Section 4.2.2.3) and could be addressed fully by increasing the order of 

𝐪 according to the standard rule that the independent relation from quadrature points shall be 

greater than the degrees of freedom in order to supress reduced-integrated zero energy modes. 
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In this paper, we called 𝛁𝒖 as the corrected gradients, while [249] has termed it the “constructed 

gradients” and [250] named it as the “weak derivatives”. In the continuous form, that is, when 

exact integration is achieved, such weak gradients could correspond to the polynomial part of 

the classical gradient 𝛁𝒖, shall one exists. However, the weak gradient corresponds instead to 

the polynomial part of the discretised gradient 𝛁𝒖  under our approximation scheme. The error 

functional Θ (𝛁𝒖 ,𝒖 ) ≠ 0 in practice due to consistency errors resulted from erroneous 

quadrature and poor discretised representation of the geometry under discussion. Such 

consistency error is particularly prominent for meshfree method as the fields of 𝒖  and 𝛁𝒖  

were approximated with non-polynomial basis functions that are notorious to be integrated 

exactly when using standard Gaussian quadrature schemes. Nonetheless, shall the computation 

is exact, for example in the case of 𝒖 being a polynomial field and Ω  are affine subdomains, one 

could recover the classical gradients with the correction scheme (see [72, 208] for elaborations).  

The consistency error due to discretised geometry and quadrature schemes constitute the well-

known variational crimes of the Galerkin formulation. The question then naturally arise whether 

both the discretised Θ 𝛁𝒖 ,𝒖  and 𝛁𝒖  can converge to the continuous Θ (𝛁𝒖,𝒖) and 

𝛁𝒖 with mesh refinement. In order to ensure that the corrected gradient would result in good 

approximation and convergence of the second order elliptic Galerkin scheme, we further require 

the corrected gradient to possess the following 2 properties [250] and a zero row-sum condition 

[155], whose proof of satisfaction is given in Appendix D. 

 P1: 𝛁𝒖 = 𝟎 if and only if 𝒖 = constant in Ω (see Proposition 3).  

 P2: 𝛁𝒖  is a good approximation of 𝛁𝒖, and converges optimally to 𝛁𝒖 with an error 

estimate of 𝛁𝒖 − 𝛁𝒖 ( ) ≤ 𝐶ℎ ‖𝒖‖ + ( ) (see Proposition 4). 

 Zero row-sum: ∑ 𝛁𝜑 ⋅ 𝛁𝜑
=

𝑑Ω = 0,∀𝐼 = 1, . . ,𝑁  (see Proposition 6). 

 Numerical examples for comparisons  

In this section, we will test our method against several test cases. We first demonstrate that our 

method is able to reproduce a constant stress state under uniaxial extension and compression in 

Section 5.3.1. In Section 5.3.2, we would show that the current method is converging optimally 

in the 𝕃 (Ω) and ℍ (Ω) norms by computing the flexure of an incompressible beam. Lastly, for 
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Section 5.3.3, we proceed to demonstrate the method is free of pressure oscillations and being 

locking free by indenting a nearly-incompressible block.  

Quantifying accuracy 

We define the following norms to measure the error against analytic solutions, if one exists, to 

quantify the convergence performance of our method. These norms will evaluate the relative 

errors of the displacement, pressure and displacement gradient fields.  

‖𝒖 − 𝒖 ‖ ≔
⎷

∫ (𝒖 − 𝒖 ) ⋅ (𝒖 − 𝒖 )𝑑Ω

∫ 𝒖 ⋅ 𝒖 𝑑Ω
=

‖𝒖 − 𝒖 ‖

‖𝒖 ‖
 (5.11) 

|𝒖 − 𝒖 | ≔
⎷

∫ 𝛁𝒖 − 𝛁𝒖 : 𝛁𝒖 − 𝛁𝒖 𝑑Ω

∫ 𝛁𝒖 :𝛁𝒖 𝑑Ω
 

=
𝛁𝒖 − 𝛁𝒖

‖𝛁𝒖 ‖
 

(5.12) 

‖𝑝 − 𝑝 ‖ ≔
⎷

∫ (𝑝 − 𝑝 ) 𝑑Ω

∫ (𝑝 ) 𝑑Ω
=

‖𝑝 − 𝑝 ‖

‖𝑝 ‖
 (5.13) 

Note that we have distinguished the relative norms from the usual (Sobolev) norm counterpart 

with a subscript 𝑅 . One expects that shall the convergence is optimum, the following 

convergence rate is observed for the relative error norms of 2nd order elliptic hyperelasticity when 

refined with more particles: 

‖𝒖 − 𝒖‖ = 𝒪(ℎ + ), |𝒖 − 𝒖| = 𝒪(ℎ ), ‖𝑝 − 𝑝‖ = 𝒪(ℎ ) (5.14) 

where ℎ is the characteristic length of the particle distributions, and 𝑚 is the order of the 

polynomial reproducibility of the basis functions. Lastly, we remark that for all the following 

tests, Newton’s method has been employed with a tolerance of 5 × 10−  for both relative change 

of degrees of freedom and residual evaluations.  

It should be noted that even if a method is accurate, it may be increasingly unstable, i.e. the 

system is no longer solvable as refinement proceeds. Certain preconditioners may be required for 

stabilising the method. This motivates us to check for the stability of the method. 
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Quantifying computational costs 

We quantify the computational costs of both methods through the following aspects: 

 Computational time spent 

 Computational memory needed  

to solve for a particular problem. We remark that this is a rather crude way to estimate the 

efficiency of both methods, but it provided a general picture on the techniques.  

Section 5.3.1. Uniaxial extension or compression of a beam  

The first numerical test is the uniaxial extension or compression of an incompressible rectangular 

cuboid, which has polynomial solutions and hence could be used to infer the polynomial 

consistency of our proposed method. The deformation is characterised by a homogenous strain 

and it produces a constant stress throughout the block. Such test, when performed in a small 

strain range, would degenerate to the mixed patch test [251]. Therefore, we take this test as a 

nonlinear mixed patch test to infer the variational consistency of our method. We remark that 

although we can also perform the extension/compression while fixing both faces while 

compression/extension, the arising bulging (Poynting) effect further complicated the analysis 

and yields no closed form solution, and hence not useful in the inference of recovery of polynomial 

consistency using our method. 

The test features an incompressible rubber block of dimension 𝐿 × 𝐿 × 𝐿  being extended or 

compressed to a deformed dimension of 𝑙 × 𝑙 × 𝑙  as traction is applied at one face while fixing 

the other (opposing) face in-plane. In this paper, the block takes the undeformed dimension of 

1𝑚𝑚 ×  1𝑚𝑚 ×  1𝑚𝑚 and assumed to be an isotropic Mooney-Rivlin material obeying the 

relation 

𝑊(𝑭) = 𝑐 (𝐼 − 3) + 𝑐 (𝐼 − 3) (5.15) 

where 𝑐  and 𝑐  are material parameters, while 𝐼  and 𝐼  are the first and second principal 

invariants of 𝑭 ⋅ 𝑭 . The applied traction is normal to the face, given as 

𝑡 = 𝛾, 𝑡 = 0, 𝑡 = 0 (5.16) 
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where |𝛾| ∈ ℝ is magnitude of the traction applied. It corresponds to compression of cuboid when 

it takes a negative value and extension when in positive range. The deformed cuboid and its 

mean stress distribution (i.e. pressure) can be expressed in terms of undeformed geometry as 

𝑥 = 𝑋 𝜙, 𝑥 =
𝑋
√

𝜙
, 𝑥 =

𝑋
√

𝜙
, 𝑝 = −

2

𝜙
𝑐 − 2𝑐 𝜙 +

1

𝜙
 (5.17) 

where 𝜙 > 0 is the extension/compression ratio, which is a nonlinear function of the applied 

traction. In fact, specifically for Mooney-Rivlin material, 𝜙 satisfies the following relationship 

against 𝛾  

𝑐 𝜙 −
1

𝜙
+ 𝑐 1 −

1

𝜙
=

𝛾

2
 (5.18) 

The test is performed with 2 different basis functions: RPIM-linear and RPIM-quadratic bases, 

and against 2 different mesh discretisation: regular and irregular particle distributions. The 

background mesh, however, remains regular. The irregular particle distribution is generated by 

randomly perturbing the regularly placed particles in all directions while still confining them 

within the domain.  

∀𝒙 ∈ 𝜒, 𝒙
( )

= 𝒙
( )

+ 𝑟

⎣
⎢
⎡
(−𝜂 + 2𝜂Δ )

(−𝜂 + 2𝜂Δ )

(−𝜂 + 2𝜂Δ )⎦
⎥
⎤,   

0 ≤ Δ ≤ 1, 𝑖 = 1,2,3, 𝐼 = 1, … ,𝑁  

(5.19) 

We recall 𝑟  is the maximum distance between neighbouring particles. We also introduce a 

perturbation factor 𝜂 = 0.5 or at most 50% perturbation in each direction where it is randomly 

tuned down by a parameter Δ ∈ [0,1], 𝑖 = 1,2,3.  

We chose to perform the compression test only as the spurious modes are more profound when 

activated, and hence constitutes a more stringent test for our method. The block has dimensions 

of 1𝑚𝑚 × 1𝑚𝑚 × 1𝑚𝑚 discretised by 5 × 5 × 5 particles with material parameters 𝑐 = 2 𝑘𝑃𝑎 

and 𝑐 = 6 𝑘𝑃𝑎 and constrained from out-of-plane movements for nodes within planes 𝑋 =

0, 𝑋 = 0 and 𝑋 = 0. The traction applied is 𝛾 = −5𝑘𝑃𝑎.  

We would anticipate that both RPIM-linear and RPIM-quadratic bases could pass the test as 

they are able to reproduce constant strain field by definition, regardless of particle distributions. 

These expectations were confirmed and showed in Table 5-2, where the deviations from analytic 
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solution is closed to machine tolerance and we said that the patch test is passed. We also 

observed that the error in quadratic basis functions are slightly higher than that for linear basis 

function, which is due to the error in gradient computations and corrections. Such accumulations 

of errors with ℎ/𝑝 refinement for patch tests have also been observed in the literature [252] and 

can be reduced further if one choses to correct the gradients in a parametric space but we chose 

not to report on those errors as they are subjects of a future work.  

 Computation time Computational costs (byte) 

RKPM-linear 2 mins 45 seconds 32129 

FEM-linear 1 mins 03 seconds 13344 

RKPM-quadratic 5 mins 02 seconds 144338 

FEM-quadratic 3 mins 15 seconds 29437 

Table 5-1: Computation time and costs required for both methods in solving the uniaxial 

extension/compression problem. It can be seen that the finite element method is using twice as less time 

and an order less memory compared to the meshfree counterpart.   
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Regular Irregular 

Uncorrected Corrected Uncorrected Corrected 

RPIM-

Linear 

‖𝑢 − 𝑢 ‖  3.66E-01 5.21E-12 1.86E-01 5.21E-12 

‖𝑝 − 𝑝 ‖  1.12E-02 3.69E-13 3.05E-03 3.69E-13 

|𝑢 − 𝑢 |  1.41E+00 9.94E-12 7.48E-01 1.12E-11 

RPIM-

Quadratic 

‖𝑢 − 𝑢 ‖  7.82E-01 1.23E-11 8.12E-01 6.94E-12 

‖𝑝 − 𝑝 ‖  1.38E-02 6.32E-13 1.35E-02 4.27E-13 

|𝑢 − 𝑢 |  1.51E+00 5.33E-10 1.56E+00 2.01E-10 

FEM-

linear 

‖𝑢 − 𝑢 ‖  4.63E-15 - 6.68E-15 - 

‖𝑝 − 𝑝 ‖  7.73E-14 - 3.25E-14 - 

|𝑢 − 𝑢 |  8.94E-14 - 7.88E-14 - 

FEM-

quadratic 

‖𝑢 − 𝑢 ‖  1.04E-15 - 5.47E-15 - 

‖𝑝 − 𝑝 ‖  3.21E-14 - 8.78E-14 - 

|𝑢 − 𝑢 |  9.43E-13 - 2.45E-13 - 

Table 5-2: Errors in compression test against analytic solutions when simulated with uncorrected and 

corrected gradients with different meshfree basis functions. We also showed the computational  

Table 5-2 showed the comparison of errors of both mesh-based and meshfree methods. We note 

that stabilised mixed finite element and meshfree methods pass the test and recovered the 

pressure and displacement correctly to machine tolerance. However, finite element method have 

produced a slightly more accurate results compared to meshfree method. This is not surprising 

as the Gaussian quadrature technique is still not integrating meshfree basis functions, which is 

non-polynomial in nature, as accurately as integrating finite element piecewise polynomial basis 

functions. We remark that however, this is the first time a meshfree method passes the patch 

test in the nonlinear setting using a stabilised mixed formulation.  

When focusing on the meshfree method in Table 5-2, it also showed that shall the gradient 

correction is not performed, our method is unable to pass the patch tests. Hourglass modes are 

activated and corrupted our solutions, hindering convergence of solution when one increases the 
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loading. Figure 5-1 shows the hourglass modes appeared under compression of 8 𝑘𝑃𝑎. This 

further suggests that quadrature error can undermine our stabilisation effort.  

Figure 5-1: Effect of gradient correction scheme. We perform uniaxial compression test of an 

incompressible beam discretised by 5 × 5 × 5 regularly placed particles at 8 𝑘𝑃𝑎, where gradient correction 

scheme is applied in (a) but not in (b). Further compression beyond 8 𝑘𝑃𝑎 fails for (b). RPIM-linear basis 

functions are used for both cases. The uniform colour in (a) indicates a uniform pressure distribution but 

the coloured distribution in (b) denotes the present of fictitious pressure modes. 

Passing the patch test is a crucial indication that our method is convergent with refinement, 

following the argument of [168], since our method is actually a non-conforming formulation. For 

non-conforming methods, the discontinuities across subdomains could be enlarged arbitrarily 

and uncontrollably when loading is applied, as a mechanism to generate internal stresses to resist 

deformations. Such situation resulted in volumetric locking and convergence failed regardless of 

refinement level. However, shall polynomial tests such as the current ones are passed, we 

intuitively believe that convergence will ensue as the mesh is discretised further, since the local 

RPIM-p approximations are dense in 𝕃 (Ω)  and can reproduce arbitrary functions with 

refinement. Besides that, passing the patch test also verifies that our numerical implementation 

is correct and functional. 

Lastly, we reemphasise that our method is not variationally consistent in general. However, for 

the compression test, as the stabilisation terms vanishes due to the stress states (and pressure 

field) consist of polynomials of order 𝑚 − 1 and coincides with the projected field. This renders 

the weak forms consistent with the Euler-Lagrange equations again. We also remark that the 

test could fail if one chose to utilise a non-affine irregular background mesh, since this diminishes 
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the polynomial reproducibility of the corrected gradients and no longer exactly recovers the 

solution. Nonetheless, one can always use a regular background mesh in meshfree method and 

pass the test since the mesh is not a part of domain discretisation and only facilitating quadrature 

of weak forms.  

Section 5.3.2. Flexure of incompressible beam   

While we showed that our method is able to reproduce a constant stress and strain state in the 

previous section 6.1, the deformation mode is too simplistic for practical situations. Therefore, 

in order to demonstrate the utility of our method against inhomogeneous deformations, we have 

tested our method by flexing an incompressible beam. The flexure deformation is one of the few 

known problems with closed form semi-analytic solutions for hyperelasticity [253], derived and 

studied by Rivlin in his seminal works [254, 255]. With the analytic solutions known, the test 

also could provide insights into the convergence rate of our method.  

The test features an incompressible rectangular beam of dimension 𝐿 × 𝐿 × 𝐿 ,𝐿 ≤ 𝐿 , 

where each faces/sides of the beam align with the Cartesian bases and materially assumed to 

obey Mooney-Rivlin law, undergoes bending to form a partial cylindrical arch by application of 

traction forces on all boundaries except along the bended surfaces (see Figure 5-2). To be exact, 

we further construct the undeformed beam to occupy the space 𝑎 − 𝐿 ≤ 𝑋 ≤ 𝑎 , 0 ≤ 𝑋 ≤

𝐿 ,− ≤ 𝑋 ≤  and deforms into an arch with radii 𝑟  and 𝑟  for the exterior and internal 

cylinder surfaces.  

 we curve 𝑋 𝑋  planes embedded within the beam into a partial cylindrical surface 

whose axis is the X -axis 

 we allow affine transformations of undeformed 𝑋 𝑋  planes embedded within the beam 

such that they rotate about the 𝑋 -axis 
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 we allow no deformations along the 𝑋 -direction  

Since the deformed beam forms a cylindrical arch, we may give the analytic solution in polar 

cylindrical coordinates as 

𝑥 = 𝑟 ⋅ 𝑐𝑜𝑠𝜃, 𝑥 = 𝑟 ⋅ 𝑠𝑖𝑛𝜃, 𝑥 = 𝑋  (5.20) 

where r and θ are functions of X  and X , respectively: 

𝑟(𝑋 ) = 2𝜏 𝑋 + 𝜏 , 𝜃(𝑋 ) =
𝑋

𝜏
 (5.21) 

and the constants 𝜏  (unit: [length]) and 𝜏  (unit: [length] ) are given by  

𝜏 =  
𝑟 − 𝑟

2𝐿
, 𝜏 =

𝑎 𝑟 − (𝑎 − 𝐿 )𝑟

𝐿
 (5.22) 

We may predetermine the location of the external cylindrical surface at desired 𝑟  and find the 

deformed radius 𝑟  using the following relation, derived using the fact that no traction is applied 

on the curved surfaces (see section 5 of [254] for more details) 

(𝑟 − 𝑟 ) = 4𝐿 𝑟 𝑟  (5.23) 

For the sake of completeness, we also report the components of Cauchy stresses 𝝈 and pressure 

𝑝 in terms of undeformed state as 

𝑝(𝑿) = (𝑐 + 𝑐 )
𝑟

𝑟 𝑟
−

𝑟 𝑟

𝑟
−

𝑟 + 𝑟

𝑟 𝑟
− 2𝑐  (5.24) 

Figure 5-2: Boundary conditions for the flexure problem 
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𝜎 (𝑿) = 2(𝑐 + 𝑐 )
𝜏

𝑟
𝑐𝑜𝑠 𝜃 +

𝑟

𝜏
𝑠𝑖𝑛 𝜃 + 2𝑐 + 𝑝(𝑿) (5.25) 

𝜎 (𝑿) = 2(𝑐 + 𝑐 )
𝜏

𝑟
𝑠𝑖𝑛 𝜃 +

𝑟

𝜏
𝑐𝑜𝑠 𝜃 + 2𝑐 + 𝑝(𝑿) (5.26) 

𝜎 (𝑿) = 2 𝑐 +
𝜏

𝑟
+

𝑟

𝜏
𝑐 + 𝑝(𝑿) (5.27) 

𝜎 (𝑿) = 𝜎 (𝑿) = (𝑐 + 𝑐 )
𝜏

𝑟
−

𝑟

𝜏
𝑠𝑖𝑛2𝜃 (5.28) 

𝜎 = 𝜎 = 𝜎 = 𝜎 = 0 (5.29) 

The deformed traction, 𝒕 acting on the boundaries is then computed by 𝒕 =  𝑵 ⋅ 𝑭 − ⋅ 𝝈 where 

𝑭  is the deformation gradient and 𝑵 is the normal vector point outwards of the undeformed 

beam.  

In order to compute the convergence rates, we have simulated the test against both regular and 

irregular distributions of 4 × 6 × 2, 6 × 9 × 3, 8 × 12 × 4, 10 × 15 × 5 and 12 × 18 × 6 particles 

with both RPIM-linear and RPIM-quadratic basis functions. The parameters are assumed as 

𝑐 = 2 𝑘𝑃𝑎 and 𝑐 = 6 𝑘𝑃𝑎 while the geometrical setup assumed the beam has dimensions of 

1𝑚𝑚 × 1𝑚𝑚 × 4𝑚𝑚 and 𝑎 = 𝑟 = 4𝑚𝑚.  The corresponding deformed radius 𝑟 =

3.010022𝑚𝑚. Traction boundary conditions are applied to all surfaces except the planes 𝑋 =

𝑎 − 𝐿 and 𝑋 = 𝑎 . To constrain the beam from translating in 𝑋 - and 𝑋 -directions, we have 

further fixed (i) the 𝑋  coordinate of the bottom surface on the 𝑋 𝑋  plane, (ii) the nodes along 

the line of 𝑋 = 𝑎 ,𝑋 = 0, 𝑋 = 0 and (iii) the 𝑋  coordinate of the nodes on the upper and 

lower planes 𝑋 = ± .  
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Figure 5-3: The convergence rates of beam flexure against refinement, where we report the errors of 
displacement (a), pressure (b) and displacement gradients (c). 

Figure 5-3 showed that our method is converging optimally for RPIM-quadratic basis functions 

across all error measurements with refinement. Figure 5-3 also shows the sensitivity of our 

method against the stabilisation parameter 𝛽  associated with the new pressure gradient 

projection operator. In particular, we observed that the errors when 𝛽 = 10  is closed to that 

of 𝛽 = 10 , signifying that the effect of the new stabilisation term is diminishing. In fact, one 

can extrapolate to the state of 𝛽 = 0, where our method degenerates to the standard PPP 

(c)  

(b)  (a)  
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formulation and optimal rates were continue to be observed for both types of basis functions. 

Similar to Galerkin least squares (GLS) stabilisation scheme, the pressure gradient stabilisation 

operator penalises spurious modes effectively but the additional operator also violates the 

conservation of energy. Therefore, we observe a higher error with the cases with the new 

stabilisation operator. Figure 5-3 confirms our expectation that the greater the parameter 𝛽, the 

higher the error as more deformations incurred following a higher loss of energy. Finally, we 

remark that the choice of parameter is problem dependent and an ad hoc tuning is often required 

until a suitable parameter is determined for the solutions are stable. Generally, 𝛽 is small and 

we have take 𝛽 ∈ [10− , 1].  However, we remark that for our method, it needs to be tuned on 

only when instability is detected, such as the case when one enriches the discretisation with more 

particles.  

When compared with the results from stabilised finite element (results not showed), which were 

also optimal against theoretical rates, we observed that the quadratic finite element method can 

yield more accurate results than that of meshfree method. However, if significantly irregular 

mesh is used, we also observed (slightly) worse results than meshfree method. Hence, we did not 

show the conflicting results here. On an average account, we remark that finite element method 

is still more accurate. This is a consistent observation for all of our other test cases. This is 

because quadrature error from finite element method is smaller than that of meshfree methods, 

due to the use of polynomial basis functions. Therefore, without increasing the number of Gauss 

points, as restricted by the gradient correction scheme, we could not surpass the accuracy for 

finite element, although meshfree methods when integrated more accurately, would have produce 

better results than finite element.  
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Figure 5-4: Effect of stabilisation parameter. For RPIM-linear basis function, the higher order 

projection operator degenerates and becomes sensitive to the stabilisation parameter chosen. (A) shows 

that when the stabilisation parameter is too large, the potential energy loses energy to stabilise the spurious 

modes and hence yields larger flexure. (B) shows that with a well-chosen parameter, the solution will be 

physical but when an inappriopriate stabilisation parameter is chosen as in (C), the stabilisation is 

inadequate and spurious pressure modes ensues. However, with a quadratic basis function, the sensitivity 

toward parameter is less, as shown in (D)-(F). 

Figure 5-5: Effect of new stabilisation operator. We simulate a flexure problem with 5 × 7 × 3 

irregular particles enriched with 96 randomly placed particles whose analytic solution for pressure is given 

in (a). The problem is approximated with RPIM-linear basis functions for both displacement and pressure 

fields, stabilised with only PPP (𝛼 = 1) stabilisation operator in (b) and PPP and PGP (𝛽 = 10E − 3) 

operators in (c). The appearance of pressure modes in (b) suggests an inadequate stabilisation which can 

be suppressed more effectively with the new PGP operator. 
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We also investigated the effect of the new operator against particle enrichment. Figure 5-5 shows 

that our method is able to suppress spurious pressure modes with the introduction of the new 

stabilisation operator. The reason that enrichment of meshfree particles would generate 

instabilities is largely due to insufficient independent information per quadrature point. To see 

why, one can compare the situation analogously with instabilities of reduced integration schemes 

used popularly in nearly-incompressible formulations, where our enrichment of particles renders 

our quadrature scheme inadequate in providing independent strain relations. The new pressure 

gradient stabilisation term compensated more independent relations and hence able to stabilise 

the appearance of hourglass modes. Therefore, the pressure gradient projection term not only 

strengthen stabilisation effort, recovers variational consistency weakly, but also acts as a 

suppressor of hourglass modes by improving the ratio of “strain relations-to-quadrature points”. 

Lastly, as RPIM-quadratic is less sensitive to the changes of 𝛽, we would advocate the use of 

quadratic or higher when using our method. We further remark that if we chose an inappropriate 

𝛽, the convergence analysis using RPIM-linear can have difficulty in achieving convergence with 

refinement (results not showed), although the solutions remained free of spurious modes. We 

postulated that this is because an inappropriately chosen PGP operator may adversely affect 

conservation of energy when RPIM-linear is used, as showed in previous Figure 5-4.  

Methods Computational time Computational costs (byte) 

Meshfree method 

(RPIM-Quadratic) 

10 mins 5 seconds 483612 

Finite element method 

(Quadratic Lagrange basis) 

6 mins 27 seconds 168876 

Table 5-3: Comparison of computational costs of finite element and meshfree method for a test case for 
the coarsest mesh (4×6×2) 

Table 5-3 further qualitatively suggested that our stabilised meshfree method is consuming more 

computational resources than stabilised finite element method. Note that the computational 

memory will grow quadratically for both methods, and the computational time will grow at a 

rate of at least 𝑂 𝑛𝑙𝑜𝑔(𝑛) , where 𝑛 is the degree of freedom, depending on algorithm used to 

solve for solution of linear system of equations. Hence we can continue to deduce that the 
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computational costs for meshfree methods to be exponentially longer than that of finite element 

method. This is to be expected as the additional gradient correction scheme absent in finite 

element method contributed to computational costs. Furthermore, the stiffness matrix from the 

meshfree method is dense compared to a banded structure for finite element, hence a considerable 

memory could be saved up. Hence, this becomes a trade-off between meshfree method and mesh-

based method, where one could spend time on mesh construction for mesh-based method, and 

obtain a faster computation, or that one may spend time on the computation of the mechanics 

without need of a mesh fitting process.  

Section 5.3.3. Indentation of an incompressible block   

Lastly, we demonstrate our method is locking free by indenting an incompressible block. The 

test is first devised by Reese et al [256] and studied numerous times [257-259] to test for potential 

volumetric locking, which is manifested as resistance to indentation and fluctuations in the 

pressure field. The block is indented on a small square domain at the center of the top surface. 

Due to symmetry, only a quarter of the block is simulated. To be exact, we specified the quarter 

of the block, of dimension 𝐿 × 𝐿 × 𝐿 to be aligned with the first octant of the ℝ  Cartesian 

space, where the origin coincides with the center of the bottom surface of the block. Particles 

residing within the planes 𝑋 = 0,𝑋 = 0, 𝑋 = 0 are restricted from movement out of the plane 

and the particles at the top surface, i.e. X = L are only allow to slide in the 𝑋  direction.  

 

Figure 5-6: The indentation of a quarter residing in the first octant of ℝ . Downward traction is applied 
in the red box and the vertical displacement of the red point is studied for convergence. 
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In this study, we have set 𝐿 = 1𝑚𝑚 and assumed the block to be a simpler neo-hookean 

material, characterised by  

𝑊(𝑭, 𝑝) =
1

2
𝑐 (𝐼 − 3) − 𝑐 ln 𝐽 + 𝑝̅ ln 𝐽 , 𝑝̅ = 𝜅 ln 𝐽  (5.30) 

where we take the bulk modulus 𝜅 = 400889.806 𝑀𝑃𝑎  and material parameter 𝑐 =

80.194 𝑀𝑃𝑎. Following [259], we have indented the block with a traction ‖𝒕‖ = 320𝑀𝑃𝑎 in the 

𝑋  direction with 4 incremental step loadings of 80 MPa. To simulate for convergence, we have 

indentated the block using a quadratic basis function with uniformly placed particles of 

distributions 1 × 1 × 1, 2 × 2 × 2, 4 × 4 × 4, 8 × 8 × 8, 12 × 12 × 12  and 16 × 16 × 16 . The 

stabilisation parameters were chosen with 𝛼 = 𝛽 = 1. We have also selectively investigated the 

convergence of the displacement of the center point on the top surface (see red point of  

Figure 5-6), since its convergence behaviour have been previously reported in the literature. 

Therefore, this allows us to compare our solutions against other formulations.  

 

Figure 5-7: We show the convergence behaviour of displacement at the center of the top surface against 

refinement level and across step loadings, which is further compared against the values reported in the 

literature [256, 257].  

Figure 5-7 showed that the performance of our method against refinement level for all load 

stepping is comparable to the results of Elguedj and coworkers [257] and Reese and colleagues 

[256]. A note to remark is that both Elguedj and Reese have used displacement-based nearly-

incompressible formulations which are variationally consistent, where Elguedj employed a 
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projected F-approach approximated with NURBS interpolation scheme within the classical 

virtual work principle while Reese developed an hourglass stabilisation technique within the 

framework of VHW principle. As we have obtained a similar convergence behaviour as other 

formulations, this also further provides confidence in applying our method to adapt large 

deformations of nonlinear elasticity. Lastly, we also remark that our method does not suffer from 

volumetric locking and we did not observe spurious pressure oscillations throughout the 

simulation process. The simulated results are satisfactory results without further special 

“softening” treatment like in [259].  

 Chapter summary 

In this chapter, we have applied the developed stabilised mixed formulation to model 

incompressible hyperelasticity, using both the finite element and meshfree methodologies. The 

aim of this chapter was then to establish that the developed stabilised mixed formulation is 

applicable in both mesh-based and meshfree settings, while providing an identical mathematical 

foundation, i.e. the same formulation for a valid comparison between both methods in handling 

large deformations. Both finite element and meshfree methods will be compared in terms of their 

accuracy of the solution predicted, and lastly, their computational costs, i.e. memory and time 

required to obtain a prediction. In order to assess the accuracy of their solutions, we tested both 

methods with a problems with analytic solutions, which is (1) a beam under uniaxial extension 

or compression and (2) a beam under flexure deformations, where we observed that the uniaxial 

test is passed to numerical tolerance and the convergence analysis of the flexure problem is 

optimal. We also tested our meshfree method for potential volumetric locking with an 

indentation problem, whose solution is be compared with other solutions reported in the 

literature as the problem lacks an analytic solution. This chapter then demonstrated the efficacy 

of meshfree method in handling large deformation in comparison with the popularly used finite 

element method, albeit a stabilised version.   

  



Section 5.4  
Chapter summary 

152 
 

 

 

 

  



Chapter 6  
Determine stress-free reference state with new stabilised mixed meshfree formulation 

153 
 

 

 

 

 

 

 

 

Chapter 6.                                                   

Determine stress-free reference state 

with new stabilised mixed meshfree 

formulation 

 

 

 

 

 

 

 

  



Section 6.1  
Introduction 

154 
 

 Introduction 

While for many theoretical analysts of rubber mechanics, the common setting is to compute the 

deformed state under a given external loading, the practical situation may need require us to 

compute the reference/undeformed configuration when the deformed shape and its corresponding 

external force distributions is known. A notable example would be determining the undeformed 

shape of rubber O-ring filling which will maintain a certain gap size between engine components 

when undergoing load cycles. We commonly refer to the former case of computing deformed 

body from reference state as a “forward mechanics”, and the latter of obtaining reference body 

as an “inverse mechanics”, since the latter is categorically an inverse problem.  

Historically, the theoretical exploration of inverse mechanics of hyperelasticity was first started 

by Euler with a force acting on the tip of a rubber cantilever, whose boundary conditions were 

further generalised by Truesdell [260]. Later, duality relationships between reference coordinates 

and deformed coordinates were posed by Shield [261] and Chadwick [262]. Yamada [263] is 

another contributor to the problem of hyperelastic inverse mechanics, with the use of Arbitrary 

Lagrangian Eulerian (ALE) approach. Shield’s approach was based on establishing a deformation 

gradient tensor for each coordinate systems, where they formed inverses of each other, and by 

scaling the strain energy density functional, the resulting Cauchy’s law of equilibrium relating 

to each coordinate system was derived. Shield also studied incompressibility effect in the 

derivation. Chadwick further formalises Shield’s approach using Eshelby’s energy-momentum 

tensor. However, these formulations are not widely used in the literature for hyperelastic inverse 

problems, because it was analysed in [264] that although they are formally computational 

tractable, they give rise to artificial unmeasurable boundary conditions in the resulting 

weak/variational form. These formulations are also only true for homogenous hyperelastic bodies 

without body forces, and in general the stresses do not conjugate with symmetrical strain 

measures. Another approach to compute inverse mechanics of deformed bodies are through re-

parameterisation of the total Lagrangian formulation in the deformed coordinates [265, 266]. 

Such approach is simpler in implementation and still retain the validity of physics and the 

desirable quadratic convergence. 
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Therefore, in this chapter we propose to remedy this situation by considering an equivalent work 

transformation of the weak form of the forward problem of finite elasticity as a solution method 

for the inverse incompressible problem. Our transformation yielded a weak form involving the 

work conjugacy between Cauchy stress tensor and small strain tensor, which give rise to the 

standard Cauchy’s law of equilibrium (or motion), expressed in terms of deformed or convected 

coordinates. In fact, the same weak form can be obtained from the first variation of the standard 

Lagrangian functional. This allows us to compute the undeformed configuration with respect to 

the deformed body for all iterations of the solution process, such that the Eulerian Cauchy’s law 

of motion is satisfied. Our work is hence analogous to the standard “total Lagrangian” 

formulation, where the deformed configuration is computed with respect to the undeformed body 

until equilibrium is attained according to the Lagrangian Cauchy’s law of motion. Although our 

work is set in the Eulerian setting, it differs from standard Eulerian mechanics, where the 

equilibrium is not measured in an updated/current frame but with respect to the known and 

given deformed frame at all times, prompting us to term the current framework as “total 

Eulerian”, to distinguish standard Eulerian and our approach. For small deformations, both of 

the “total Lagrangian” and “total Eulerian” framework coincide. Note that “total Eulerian” is 

not a new concept as it is reported in literature such as [264] before, it is only used here to 

highlight the difference between standard Eulerian and current framework. 

As we are interested to solve incompressible media, we would cast the problem in the mixed 

formulation and use a Lagrange multiplier variable to enforce incompressibility. Similar to the 

chapter 4, a displacement-pressure mixed formulation is used, which was reduced from a three-

field Vuebeke-Hu-Washizu (VHW) variational scheme. The motivation of using the VHW 

scheme is to accommodate a gradient correction scheme, such that polynomial consistency in 

the inverse mechanics can be further preserved when solved using a meshfree method. Our results 

will show that the polynomial consistency is restored. 

The chapter is divided into four sections. Section 6.2 details the derivation of incremental total 

Eulerian formulation for incompressible nonlinear elasticity using the stabilised PPP 

formulation; whose incremental form and its corresponding implementation aspects are given in 
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Section 6.3 and Section 6.4 respectively. Section 6.5 then proceeds to demonstrate a set of test 

cases to illustrate applications of the method. 

 Derivation of total Eulerian formulation for incompressible 

nonlinear elasticity using PPP-stabilised Veubeke-Hu-

Washizu variational formulation 

To demonstrate the derivation, we have restricted ourselves to isotropic cases here, but we 

remark that a general case can be derived similarly according to the derivation steps below. The 

assumption of isotropic cases then allow us to transform the strain energy density functional 

𝑊(𝑪) = 𝑊(𝑩) , where 𝑩 = 𝑭𝑭  being the left Cauchy tensor, by virtue of rotational 

independence of isotropic material. This leads us to write the total potential energy functional 

as 𝕁: ℍ (Ω ) × [𝕃 (Ω )] × × 𝕃 (Ω ) × [ℙ (Ω )] × × [𝕃 (Ω )] × → ℝ, given by 

𝕁 𝒖(𝒙),𝛁 𝒖(𝒙), 𝑝(𝒙),𝝈(𝒙)  

= 𝑊 𝑩 𝛁 𝒖(𝒙) + 𝑝 𝐽 𝛁 𝒖(𝒙) − 1 𝑑Ω

− �̃� ∇ 𝑢 − ∇ 𝑢 𝑑Ω − 𝕁 (𝒖) − 𝕁 (𝑝) 

(6.1) 

where 𝐽 = det(𝑩) and 𝕁 (𝒖) is the external work done on the body given as 

𝕁 (𝑢) = 𝒖 ⋅ 𝒈̅ 𝑑Ω + 𝒖 ⋅ 𝒕 ̅𝑑Γ (6.2) 

and the stabilisation functional is given as in chapter 4 but cast in deformed configuration 

𝕁 (𝑝) =
𝛼

2𝜈
𝑝 − 𝜋 − | 𝑝 𝑑Ω

=

+
𝛽 ℎ

2𝜈
∇𝑝 − ∇𝜋 − | 𝑝 𝑑Ω (6.3) 

One may also replace 𝕁 (𝑝) with an exotic variant as briefly mentioned in (4.35)–(4.36). We 

remark that 𝒖(𝒙) is the displacement field, relating the undeformed and deformed particle, 

denoted as 𝒓(𝒙) and 𝑹(𝑿), respectively by  

𝒖(𝒙) = 𝒓(𝒙) − (𝑹(𝒓) ⋅ 𝒛 )𝒛  (6.4) 

where we have decomposed the undeformed position vector according to deformed base vectors, 

𝑧 , 𝑧 , 𝑖 = 1, . . , 𝑑. This allows us to relate 𝛁𝒖 = 𝑭 ⋅ 𝛁 𝒖 or 𝛁 𝒖 = 𝑭 − ⋅ 𝛁𝒖, where the 
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superscripts on ∇ (⋅) ≡ ∇ (⋅) denotes explicitly the differentiation is performed with respect to 

the deformed coordinate system. However, we will drop the superscripts when indices are used, 

since the coordinate system is reflected in the index. In order to further distinguish against 

covariant differentiation with respect to convected coordinate, we remark that they are written 

with an asterisk in the index like ∇ ∗(⋅). Before we continue with the variational differentiation, 

it will also be useful to compute the variation of 𝛿𝐹  here as it will be used extensively later.  

Since 𝛿 𝐹 𝐹 = 𝛿𝐹 𝐹 + 𝐹 𝛿𝐹 = 0, we can deduce the following identities 

∴ 𝛿𝐹 = −𝐹 𝛿𝐹 𝐹 = −𝐹 ∇ 𝛿𝑢  

= −𝐹 ∇ (𝜹𝒖 ⋅ 𝒛 ) = −∇ (𝜹𝒖) ⋅ (𝒛 𝐹 ) 

= −𝐹 ∇ ∗(𝜹𝒖 ⋅ 𝒛 ) = −𝐹 ∇ ∗𝛿𝑢 = −∇ 𝛿𝑢  

(6.5) 

where we have made use of the metrilinic property of ∇ 𝒛 = 𝟎 and ∇ ∗𝒛 = 𝟎 in the third and 

fifth equality, respectively, and lastly, the identity 𝒛 𝐹 = 𝒛  in the fourth equality.  
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The first variation of 𝕁, denoted as 𝛿𝕁  is then computed as 

𝛿𝕁 =
𝑑

𝑑𝜖 =

𝕁 𝒖 + 𝜖𝜹𝒖,𝛁 𝒖 + 𝜖𝜹𝛁 𝒖, 𝑝 + 𝜖𝛿𝑝,𝝈 + 𝜖𝜹𝝈, 𝛁 𝒖(𝒙) + 𝜖𝜹𝛁 𝒖(𝒙)  

=
𝑑

𝑑𝜖
𝑊 𝑩 𝛁 𝒖 + 𝜖𝛁 𝒖 +

𝑑

𝑑𝜖
(𝑝 + 𝜖𝛿𝑝) 𝐽 ̃ 𝛁 𝒖 + 𝜖𝛁 𝒖 − 1 𝑑Ω

−
𝑑

𝑑𝜖
(𝝈 + 𝜖𝜹𝝈): 𝛁 𝒖 − 𝛁 𝒖 𝑑Ω

− 𝝈:
𝑑

𝑑𝜖
𝛁 𝒖 + 𝜖𝜹𝛁 𝒖 − (𝛁 𝒖 + 𝜖𝛁 𝜹𝒖) 𝑑Ω

=

−
𝑑

𝑑𝜖 =

𝕁 (𝒖 + 𝜖𝜹𝒖) −
𝑑

𝑑𝜖 =

𝕁 (𝑝 + 𝜖𝛿𝑝) 

=
𝜕𝑊

𝜕𝐵

𝜕𝐵

𝜕𝐵

𝜕𝐵

𝜕𝐹 ̃
𝛿𝐹 ̃ 𝑑Ω + 𝑝

𝜕𝐽 ̃

𝜕𝚥 ̃

𝜕𝚥 ̃

𝜕𝐹 ̃
𝛿𝐹 ̃ 𝑑Ω − �̃� 𝛿 ∇𝑢 − ∇ 𝛿𝑢 𝑑Ω

− 𝛿�̃� ∇𝑢 − ∇ 𝑢 𝑑Ω + 𝛿𝑝 𝐽 ̃− 1 𝑑Ω − 𝛿𝕁 [𝜹𝒖|𝒖]

− 𝛿𝕁 [𝛿𝑝|𝑝] 

= −
𝜕𝑊

𝜕𝐵

𝜕𝐵

𝜕𝐵

𝜕𝐵

𝜕𝐹̃
𝐹 ̃ 𝛿 ∇𝑢

⋅
𝑑Ω +

𝑝

𝚥 ̃

𝜕𝚥 ̃

𝜕𝐹 ̃
𝐹 ̃ 𝛿 ∇𝑢

⋅
𝑑Ω

− �̃� 𝛿 ∇𝑢 − ∇ 𝛿𝑢 𝑑Ω − 𝛿�̃� ∇𝑢 − ∇ 𝑢 𝑑Ω

+ 𝛿𝑝 𝐽 ̃− 1 𝑑Ω − 𝛿𝕁 (𝒖) − 𝛿𝕁 (𝑝)                             (6. 6) 

 

where the quantities with tilde are functions of assumed variables 

𝑩 = 𝑭̃ ⋅ 𝑭 ̃ , 𝐵 = 𝐹 𝑍 𝐹  (6.7) 

𝑭̃ = 𝑰 − 𝛁 𝒖
−

 (6.8) 

𝐽 ̃ = det 𝑭̃ , 𝚥 ̃= 1 𝐽 ̃⁄  (6.9) 

and 𝛿𝕁 (𝒖) and 𝛿𝕁 [𝛿𝑝|𝑝] are the first variational form of the external work functional and 

stabilisation functional, respectively. 

𝛿𝕁 (𝒖) = 𝛿𝑢 𝑔 ̅ 𝑑Ω + 𝛿𝑢 𝑡 ̅ 𝑑Γ (6.10) 
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𝛿𝕁 [𝛿𝑝|𝑝] =
𝛼

𝜈
𝛿𝑝(𝑝 − 𝜋 − 𝑝) 𝑑Ω

=

+
𝛽 ℎ

𝜈
(∇ 𝑝 − ∇ 𝜋 − 𝑝)𝑍 (∇ 𝛿𝑝 − ∇ 𝜋 − 𝛿𝑝) 𝑑Ω 

(6.11) 

The task is then to reduce the first variational form. By using the following relationship 

𝜕𝐵

𝜕𝐵
𝑇 = −𝐵 𝑇 𝐵 , ∀𝑇 ∈ {𝑇𝑒𝑛𝑠𝑜𝑟 𝑟𝑎𝑛𝑘 2} (6.12) 

we have obtained  

𝜕𝐵

𝜕𝐹 ̃
= 𝛿 𝛿 𝐹 ̃ 𝑍 + 𝛿 𝛿 𝐹 ̃ 𝑍 = 𝛿 𝐹 ̃ 𝑍 + 𝛿 𝐹 ̃ 𝑍  (6.13) 

𝜕𝐵

𝜕𝐹 ̃
𝐹⋅̃ 𝛿 ∇𝑢

⋅
= 𝐵 𝛿(∇𝑢)⋅ + 𝐵 𝛿(∇𝑢)⋅ = 2𝑠𝑦𝑚(𝐵 𝛿(∇𝑢)⋅ ) (6.14) 

𝜕𝐵

𝜕𝐵

𝜕𝐵

𝜕𝐹 ̃
𝐹⋅̃ 𝛿 ∇𝑢

⋅
= − 𝐵 𝛿 ∇𝑢

⋅
+ 𝐵 𝛿 ∇𝑢

⋅
 

= −2𝑠𝑦𝑚 𝐵 𝛿 ∇𝑢
⋅

 

(6.15) 

where 𝑠𝑦𝑚(⋅) is the symmetrising operator. Hence, we finally obtained a simplification of the 

first term as 

−
𝜕𝑊

𝜕𝐵

𝜕𝐵

𝜕𝐵

𝜕𝐵

𝜕𝐹 ̃
𝐹⋅̃ 𝛿 ∇𝑢

⋅
𝑑Ω  

= 2
𝜕𝑊

𝜕𝐵
𝑠𝑦𝑚 𝐵 𝛿 ∇𝑢

⋅
𝑑Ω  

= �̃�∗ 𝑠𝑦𝑚 𝛿 ∇𝑢 𝑑Ω 

= �̃�∗ 𝑠𝑦𝑚 𝐹̃ 𝐹 ̃ 𝛿 ∇𝑢
∗ ∗

𝑑Ω 

= �̃�∗ 𝑠𝑦𝑚 𝛿 ∇𝑢
∗ ∗

𝑑Ω 

(6.16) 

where 𝜎∗  is a part of Cauchy stress tensor computed from (2 𝐽⁄ ) 𝜕𝑊 𝜕𝐵⁄ 𝐵 𝑧 , which after 

incompressibility is enforced, becomes the deviatoric Cauchy stress tensor. To be more explicit, 

we can also denote 𝑠𝑦𝑚 𝛿 ∇𝑢 = 𝛿𝜀̃  or 𝑠𝑦𝑚 𝛿 ∇𝑢
∗ ∗

= 𝛿𝜀̃  to clarify that they are 
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the components of small strain tensors in deformed and convected coordinate system. One may 

further drop the asterisks as the small strain tensors are not expressed in the reference coordinate 

system by default. Note that the fourth equality is obtained by observing the following identity 

𝐹 ∇ ∗𝑢 ∗𝐹 = 𝐹 ∇ ∗(𝑢 ∗𝒛 ) ⋅ 𝒛 𝐹  

= 𝐹 ∇ ∗ (𝑢 ∗𝒛 ) ⋅ 𝒛 − 𝒖 ⋅ ∇ ∗𝒛  

= 𝐹 ∇ ∗𝑢 − 𝒖 ⋅ 𝐹 ∇ ∗𝒛  

= 𝐹 ∇ ∗𝑢 = ∇ 𝑢  

(6.17) 

where the metrilinic property of convected covariant differentiation ∇ ∗𝒛 = 𝟎 is used. We also 

note that  

𝒛 𝐹 =
𝜕𝒓

𝜕Ξ

𝜕Ξ

𝜕𝜉
=

𝜕𝒓

𝜕𝜉
= 𝒛  (6.18) 

and 𝐹 ∇ ∗𝒛 = ∇ 𝒛 = 𝟎, i.e. the metrilinic property of covariant differentiation, hence allowing 

the identity above to be obtained. The last equality, however, is a transformation of  

𝐹 𝜎 𝐹 = 𝐹 (𝒛 ⋅ 𝒛 )𝜎 (𝒛 ⋅ 𝒛 )𝐹 = (𝒛 ⋅ 𝒛 )𝜎 (𝒛 ⋅ 𝒛 ) = 𝜎  (6.19) 

This also allows the incompressibility term (second term) to be simplified accordingly to become 

𝑝

𝚥 ̃

𝜕𝚥 ̃

𝜕𝐹 ̃
𝐹 ̃ 𝛿 ∇𝑢 𝑑Ω = 𝑝𝛿 ∇𝑢 𝑑Ω = 𝑝𝑧 𝛿𝜀 ̃ 𝑑Ω (6.20) 

The optimality of the potential functional 𝕁 would be requiring its first variation to vanish, 

𝛿𝕁 = (�̃�∗ + 𝑝𝑔 ) 𝛿𝜀 ̃ 𝑑Ω + 𝛿𝑝(1 − 𝚥)̃ 𝑑Ω

− �̃� 𝛿 ∇𝑢 − ∇ 𝛿𝑢 𝑑Ω − 𝛿�̃� ∇𝑢 − ∇ 𝑢 𝑑Ω

− 𝜹𝒖 ⋅ 𝒈̅ 𝑑Ω − 𝜹𝒖 ⋅ 𝒕 ̅𝑑Γ −
𝛼

𝜈
𝛿𝑝(𝑝 − 𝜋 − 𝑝) 𝑑Ω

=

−
𝛽 ℎ

𝜈
(∇ 𝑝 − ∇ 𝜋 − 𝑝)𝑧 ∇ 𝛿𝑝 − ∇ 𝜋 − 𝛿𝑝 𝑑Ω = 0 

(6.21) 

By applying the divergence theorem, we have the Euler-Lagrange equation for incompressible 

non-linear elasticity: 
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0 = (∇ �̃� + 𝑔 ̅ )𝛿𝑢 𝑑Ω − 𝛿�̃� ∇𝑢 − ∇ 𝑢 𝑑Ω + 𝛿𝑢 𝑛 �̃� 𝑑Γ

− 𝛿𝑢 𝑡 ̅ 𝑑Γ + 𝛿𝑝(1 − 𝚥)̃ 𝑑Ω + 𝛿𝑢 ⟦�̃� 𝑛 ⟧ 𝑑Γ

−
𝛼

𝜈
𝛿𝑝(𝑝 − 𝜋 − 𝑝) 𝑑Ω

+
𝛽 ℎ

𝜈
(∇ 𝑝 − ∇ 𝜋 − 𝑝)𝑧 ∇ 𝜋 − 𝛿𝑝 𝑑Ω

+
𝛽 ℎ

𝜈
(Δ𝑝 − Δ𝜋 − 𝑝)𝛿𝑝 𝑑Ω

−
𝛽 ℎ

𝜈
⟦∇ 𝜋 − 𝑝𝑛 ⟧𝛿𝑝 𝑑Γ

−
𝛽 ℎ

𝜈
(∇ 𝑝 − ∇ 𝜋 − 𝑝)𝑛 𝛿𝑝

∩

𝑑Γ 

(6.22) 

Or equivalently, we arrive at the following Cauchy’s law of equilibrium in Eulerian point of view: 

∇ �̃�∗ + 𝑝𝑧 + 𝑔 ̅ = 0   𝑖𝑛 Ω (6.23) 

𝑡 ̅ = 𝑛 �̃�    𝑜𝑛 Γ (6.24) 

∇𝑢 = ∇ 𝑢   𝑖𝑛 Ω (6.25) 

�̃� =
2

𝐽

𝜕𝑊

𝜕𝐵
𝐵 𝑧 + 𝑝𝑧   𝑖𝑛 Ω (6.26) 

(�̃� 𝑛 )+ = (�̃� 𝑛 )−  𝑜𝑛 𝛾  (6.27) 

with the perturbed incompressible constraint  

𝐽 ̃ = 1 − Χ (𝒙)
𝛼

𝜈
(𝑝 − 𝜋 − 𝑝) + Χ (𝒙)

𝛽 ℎ

𝜈
(Δ𝑝 − Δ𝜋 − 𝑝)  𝑖𝑛 Ω (6.28) 

where Χ  is the characteristic function 

Χ (𝒙) =
1 𝑖𝑓 𝒙 ∈ Ω

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (6.29) 

and the following artificial optimality conditions due to the pressure gradient stabilisation term 
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∇ 𝑝 = ∇ 𝜋 − 𝑝  𝑜𝑛 Ω

(𝑛 ∇ 𝜋 − 𝑝)+ = (𝑛 ∇ 𝜋 − 𝑝)−  𝑜𝑛 𝛾

𝑛 ∇ 𝑝 = 𝑛 ∇ 𝜋 − 𝑝   𝑜𝑛 𝛾 ∩ Γ ⎭
⎬

⎫
 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑣𝑎𝑛𝑖𝑠ℎ 𝑎𝑠 ℎ → 0 (6.30) 

The artificial conditions can be ignored as discussed in Chapter 4, as the stabilisation terms are 

approaching to zero with refinement.  

Section 6.2.1. Reduced formulation using gradient correction scheme 

Similar to chapter 4, 𝕁 can be further simplified if we constrain the assumed stress to perform 

equal work done when conjugated with the classical strain and with the assumed strain, i.e. 

∀�̃� ∈ [ℙ (Ω )] × , 

�̃� 𝛿 ∇𝑢 − ∇ 𝛿𝑢 𝑑Ω = �̃� 𝛿 ∇𝑢 − ∇ 𝛿𝑢 𝑑Ω = 0,   (6.31) 

where 𝑚  is the polynomial reproducible order of 𝜑  and compute 𝛁 𝒖  using the gradient 

correction scheme detailed in [72, 153]. This also transformed 𝛁 𝒖 = 𝛁 𝒖 (𝒖)  to be 

dependent on the displacement field explicitly, motivating us to call it as the corrected 

displacement gradient tensor.  

Therefore we will arrive at a simpler functional 𝕁(𝒖, 𝑝) which characterises elastostatics of 

incompressible hyperelasticity, involving only displacement and pressure fields, such that  

∀�̃� ∈ [ℙ (Ω )] × , 

𝕁(̃𝒖, 𝑝) = 𝑊 𝑩(𝒖) 𝑑Ω + 𝑝 1 − 𝑗 𝑩(𝒖) 𝑑Ω − 𝕁 (𝒖) − 𝕁 (𝑝) 
(6.32) 

where Θ 𝑭̃, 𝒙 = 0 and 𝑷̃ ≡ 𝜺(𝒙) in Chapter 3. Note that although being dropped, 𝛁𝒖 and 

𝝈 remain state variables that need to be solved for. 𝛁𝒖 is now projected to the admissible 

displacement space through the gradient correction scheme, and we could recover 𝝈 through 

post processing of solutions. The functional then reduced from a 4-field VHW formulation to one 

paired with displacement-pressure variables, resulting in a saddle point problem.  

Section 6.2.2. Stress recovery procedure  

Similar to Chapter 4, we recover the stress in each patch Ω  through the minimising the 

following functional 𝒦: [ℙ (Ω)] × × [ℙ (Ω)] × → ℝ, given by 
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𝒦 𝑷̃ , 𝝀 =
1

2
(�̃� ) 𝑑Ω − �̃� −

2

𝐽

𝜕𝑊

𝜕𝐵
𝐵 𝑔 − 𝑝𝑔 𝜆 𝑑Ω  (6.33) 

as the first variations yield 

𝛿 𝒦 = (�̃� ) 𝑑Ω − 𝛿�̃� 𝜆 𝑑Ω = 0 (6.34) 

𝛿 𝒦 = �̃� −
2

𝐽

𝜕𝑊

𝜕𝐵
𝐵 𝑔 − 𝑝𝑔 𝛿𝜆 𝑑Ω = 0 (6.35) 

The optimality condition of this minimisation then yields the Cauchy stress tensor in the 

polynomial space. We remark that the stress tensor is not recovered in the computation 

procedure in practice, but only for the sake of completeness of the variational statement. Similar 

to Chapter 4, our recovery procedure does not involve any intermediate solution iterations like 

in the classical enhanced assumed strain methods [174], thus simplifying our computational costs. 

 Incremental Eulerian formulation 

We can formulate a total potential energy functional 𝕁: ℍ (Ω ) × 𝕃 (Ω ) → ℝ with incremented 

displacement 𝒗 = 𝒖( ) + 𝚫𝒖 and pressure 𝑞 = 𝑝( ) + Δ𝑝, given by the same functional again as 

𝕁[𝒗(𝒙),𝛁 𝒗(𝒙), 𝑞(𝒙)] 

= 𝑊 𝑩 𝛁 𝒗 + 𝑞 𝐽 ̃ 𝛁 𝒗 − 1 𝑑Ω − 𝕁 (𝒗) − 𝕁 (𝑝) 
(6.36) 

The first variation of this functional yields the same equation as before: 

𝛿𝕁[𝜹𝒗, 𝛿𝑞|𝑣, 𝑞] = �̃� (𝒗, 𝑝)𝛿𝜀 ̃ (𝒗) 𝑑Ω + 𝛿Δ𝑝 1 − 𝑗(𝒗) 𝑑Ω − 𝛿𝕁 (𝚫𝒖)

− 𝛿𝕁 (Δ𝑝) 
(6.37) 

where 𝛿𝕁 (𝚫𝒖) and 𝛿𝕁 (Δ𝑝) are the first variation of the external work and stabilisation 

functionals, respectively. We remark that the linearisation is performed with respect to the 

deformed frame because we have held it fixed throughout all solution iterations, since we know 

the configuration at the deformed frame. By performing Taylor expansion of the terms about 

the function 𝒖( ) while ignoring higher order terms, we have the following functionals 
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𝑇 𝛿Δ𝑢,Δ𝑢 𝒖( ), 𝑝( ) ≔ �̃�∗ 𝒖( ) + 𝚫𝒖 𝛿𝜀̃ (𝚫𝒖)𝑑Ω 

≈ �̃�∗ 𝛿𝜀 ̃ 𝑑Ω +
𝜕�̃�∗

𝜕𝐹
∇ Δ𝑢 𝑧 𝛿𝜀 ̃ ⋅ 𝑑Ω 

(6.38) 

𝑇 𝛿Δ𝑢,Δ𝑝 𝑢( ), 𝑝( ) ≔ 𝑞∇ 𝛿Δ𝑢 𝑑Ω = 𝑝𝑧 𝛿𝜀 ̃ 𝑑Ω + Δ𝑝𝑧 𝛿𝜀 ̃ 𝑑Ω (6.39) 

𝑇 𝛿Δ𝑝 𝑢( ), 𝑝( ) ≔ 𝛿Δ𝑝 1 − 𝑗(𝒗) 𝑑Ω ≈ 𝛿Δ𝑝(1 − 𝑗 + 𝑗∇ Δ𝑢 )𝑑Ω (6.40) 

where we have split ∫ �̃� (𝒗)𝛿𝜀 ̃ (𝒗) 𝑑Ω = 𝑇 𝛿Δ𝑢,Δ𝑢 𝑢( ), 𝑝( ) + 𝑇 𝛿Δ𝑢,Δ𝑝 𝑢( ), 𝑝( ) . Setting 

𝛿𝕁[𝜹𝚫𝒖, 𝛿Δ𝑝|𝒗, 𝑞] = 0, we have 

𝐴 𝜹𝚫𝒖,𝚫𝒖 𝒖( ), 𝑝( ) + 𝐵( )[𝜹𝚫𝒖,Δ𝑝] + 𝐵( )[𝚫𝒖, 𝛿Δ𝑝] − 𝐶[𝛿Δ𝑝|Δ𝑝]

= −𝛿𝕁 𝜹𝚫𝒖, 𝛿Δ𝑝 𝒖( ), 𝑝( )  
(6.41) 

where we have defined the following functionals 

𝐴 𝜹𝚫𝒖,𝚫𝒖 𝒖( ), 𝑝( ) =
𝜕�̃�∗

𝜕𝐹 ̃
∇ Δ𝑢 𝛿𝜀 ̃ 𝑑Ω (6.42) 

𝐵( )[𝜹𝚫𝒖,Δ𝑝] = 𝑎Δ𝑝∇ 𝛿Δ𝑢 𝑑Ω (6.43) 

𝐶[𝛿Δ𝑝|Δ𝑝] =
𝛽 ℎ

𝜈
(∇ Δ𝑝 − ∇ 𝜋 − Δ𝑝)𝑧 ∇ 𝛿Δ𝑝 − ∇ 𝜋 − 𝛿Δ𝑝 𝑑Ω

+
𝛼

𝜈
𝛿Δ𝑝(Δ𝑝 − 𝜋 − Δ𝑝) 𝑑Ω

=

 
(6.44) 

Note that we have a subscript 𝑎 to 𝐵 to denote its dependency to a weight which we generically 

denoted as 𝑎(𝑥) where it takes the value of a constant 1 for 𝑇  or 𝑗(𝑥) for 𝑇 .  

We can now compute the expression for 𝜎  and its fourth order derivative 𝜕𝜎∗ 𝜕𝐹⁄ . We 

remind the reader that 𝜎∗ = 2𝑗(𝜕𝑊 𝜕𝐵⁄ )(𝐵 )𝑧  is the part that depends only on 𝒖. We 

can be more explicit with the partial derivative tensors 

𝑉 ≔
𝜕𝑊

𝜕𝐵
=

𝜕𝑊

𝜕𝐼

𝜕𝐼

𝜕𝐵
+

𝜕𝑊

𝜕𝐼

𝜕𝐼

𝜕𝐵
, 𝑉 = 𝑉  

(6.45) 

where the invariants and their derivatives are given by 
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𝐼 (𝑩) = 𝑡𝑟(𝑩) = 𝐵 𝑧 ,
𝜕𝐼 (𝑩)

𝜕𝐵
= 𝑧  (6.46) 

𝐼 (𝑩) =
1

2
𝐼 (𝑩) − 𝑡𝑟(𝑩 ) =

1

2
𝐵 𝑧 − 𝐵 𝐵 𝑧 𝑧  (6.47) 

𝜕𝐼 (𝑩)

𝜕𝐵
= 𝐵 𝑧 𝑧 − 𝑧 𝐵 𝑧  (6.48) 

𝑉 = 𝑐 𝑧 + 𝑐 𝐵 𝑧 𝑧 − 𝑧 𝐵 𝑧  (6.49) 

The specific form of 𝑉  also made 𝜎  symmetrical as followed 

𝜎 = 2𝑗𝑧 𝑉 𝐵 + 𝑝𝑧  

= 2𝑗𝑧 𝑐 𝑧 + 𝑐 𝐵 𝑧 𝑧 − 𝑧 𝐵 𝑧 𝐵 + 𝑝𝑧  

= 2𝑗 𝑐 𝐵 + 𝑐 𝐼 (𝑩)𝐵 − 𝐵 𝑧 𝐵 + 𝑝𝑧  

= 𝜎  

(6.50) 

We can proceed to compute the fourth order derivative 

𝜕𝜎∗

𝜕𝐹
∇ Δ𝑢 =

𝜕𝜎∗

𝜕𝐵

𝜕𝐵

𝜕𝐹
∇ Δ𝑢  (6.51) 

𝜕𝜎∗

𝜕𝐵
= −

1

2
𝜎∗ 𝐵 + 𝑗 𝑐 + 𝑐 𝐼 (𝑩) 𝑠𝑦𝑚 𝛿 𝛿 + 2𝑗𝑐 𝑧 𝐵 − 𝑗𝑐 𝑠𝑦𝑚 𝛿 𝐵  (6.52) 

where the 𝑠𝑦𝑚(𝑨) = 𝐴 + 𝐴 ,∀𝑨 ∈ {𝑡𝑒𝑛𝑠𝑜𝑟 𝑟𝑎𝑛𝑘 4} , which leads to an explicit 

expression of 𝐴 𝜹𝚫𝒖,𝚫𝒖 𝒖( ), 𝑝( )  as followed 

𝐴 = − 𝛿𝜀̃ �̃�∗ ∇ Δ𝑢 𝑑Ω + 4𝑐 𝑗𝛿𝜀 ̃ (𝐵 ∇ Δ𝑢 − 𝑠𝑦𝑚(∇ Δ𝑢 )𝐵 )𝑑Ω

+ 4 𝑗𝛿𝜀 ̃ 𝑧 𝑉 𝑠𝑦𝑚(∇ Δ𝑢 )𝑑Ω 
(6.53) 

 Implementation aspects 

Since the incremental formulation is rather difficult to implement due to the complicated 

Jacobian structure, we recommend that the user performs the linearisation numerically and 

compute for the solution using conventional techniques like Newton-Raphson methods. We have 

left the development of the Jacobian structure as a future work.  
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We remark that in this chapter, the incremental displacement 𝚫𝒖 will be added to the current 

displacement estimation 𝒖( + ) = 𝒖( ) + 𝚫𝒖 and the undeformed geometry is estimated by  

𝑹( + ) = 𝒓 − 𝒖( + ), 

while the hydrostatic pressure field is updated similarly to displacement. 

 Numerical examples 

In this section, we will test our method against several test cases. We first demonstrate that our 

method is able to reproduce a constant stress state under uniaxial extension and compression in 

subsection 6.1. In subsection 6.2, we would show that the current method is converging optimally 

in the 𝕃 (Ω) and ℍ (Ω) norms by computing the flexure of an incompressible beam.  

Similar to Chapter 5, we define the following norms to measure the error against analytic 

solutions, if one exists, to quantify the convergence performance of our method. These norms 

will evaluate the relative errors of the displacement, pressure and displacement gradient fields.  

‖𝒖 − 𝒖 ‖ ≔
⎷

∫ (𝒖 − 𝒖 ) ⋅ (𝒖 − 𝒖 )𝑑Ω

∫ 𝒖 ⋅ 𝒖 𝑑Ω
 (6.54) 

|𝒖 − 𝒖 | ≔
⎷

∫ 𝛁𝒖 − 𝛁𝒖 : 𝛁𝒖 − 𝛁𝒖 𝑑Ω

∫ 𝛁𝒖 :𝛁𝒖 𝑑Ω
 

(6.55) 

‖𝑝 − 𝑝 ‖ ≔
⎷

∫ (𝑝 − 𝑝 ) 𝑑Ω

∫ (𝑝 ) 𝑑Ω
 (6.56) 

Note that we have distinguished the relative norms from the usual (Sobolev) norm counterpart 

with a subscript 𝑅 . One expects that shall the convergence is optimum, the following 

convergence rate is observed for the relative error norms of 2nd order elliptic hyperelasticity when 

refined with more particles: 

‖𝒖 − 𝒖‖ = 𝒪(ℎ + ), |𝒖 − 𝒖| = 𝒪(ℎ ), ‖𝑝 − 𝑝‖ = 𝒪(ℎ ) (6.57) 
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where ℎ is the characteristic length of the particle distributions, and 𝑚 is the order of the 

polynomial reproducibility of the basis functions. Lastly, we remark that for all the following 

tests, Newton-Raphson’s method has been employed with a tolerance of 5 × 10−  for both 

relative change of degrees of freedom and residual evaluations, while we choose to use the 

stabilisation parameter (𝛼, 𝛽) = (1,10− ) throughout all test cases here. All the cases are solved 

using RPIM meshfree basis functions, similar to Chapter 5, unless specified otherwise. 

Section 6.5.1. Uniaxial extension/compression 

The first numerical test is the uniaxial extension or compression of an incompressible rectangular 

cuboid. The deformation is characterised by a homogenous strain and it produces a constant 

stress throughout the block. Such test, when performed in a small strain range, would degenerate 

to the mixed patch test [251]. Therefore, we take this test as a nonlinear mixed patch test to 

infer the variational consistency of our method.  

The test features an incompressible rubber block of dimension 𝐿 × 𝐿 × 𝐿  being extended or 

compressed to a deformed dimension of 𝑙 × 𝑙 × 𝑙  as traction is applied at one face while fixing 

the other (opposing) face in-plane. In this chapter, the block takes the deformed dimension of 

1𝑚𝑚 ×  1𝑚𝑚 ×  1𝑚𝑚 and assumed to be an isotropic Mooney-Rivlin material obeying the 

relation 

𝑊(𝑭) = 𝑐 (𝐼 − 3) + 𝑐 (𝐼 − 3) (6.58) 

where 𝑐  and 𝑐  are material parameters, while 𝐼  and 𝐼  are the first and second principal 

invariants of 𝑩 = 𝑭 ⋅ 𝑭 . The applied traction is normal to the face, given as 

𝑡 = 𝛾, 𝑡 = 0, 𝑡 = 0 (6.59) 

where |𝛾| ∈ ℝ is magnitude of the traction applied. It corresponds to compression of cuboid when 

it takes a negative value and extension when in positive range. The undeformed cuboid and its 

mean stress distribution (i.e. pressure) can be expressed in terms of deformed geometry as 
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𝑋 (𝑥 ) =
𝑥

𝜙
, 𝑋 (𝑥 ) = 𝑥 𝜙, 𝑋 (𝑥 ) = 𝑥 𝜙,

𝑝 = −
2

𝜙
𝑐 − 2𝑐 𝜙 +

1

𝜙
 

(6.60) 

where 𝜙 > 0 is the extension/compression ratio, which is a nonlinear function of the applied 

traction. In fact, specifically for Mooney-Rivlin material, 𝜙 satisfies the following relationship 

against 𝛾  

𝑐 𝜙 −
1

𝜙
+ 𝑐 1 −

1

𝜙
=

𝛾

2
 (6.61) 

Similar to Chapter 5, the test is performed with 2 different basis functions: RPIM-linear and 

RPIM-quadratic bases, and against 2 different mesh discretisation: regular and irregular particle 

distributions. The background mesh, however, remains regular. The irregular particle 

distribution is generated by randomly perturbing the regularly placed particles in all directions 

while still confining them within the domain.  

∀𝒙 , 𝒙
( )

= 𝒙
( )

+ 𝑟

⎣
⎢
⎡
(−𝜂 + 2𝜂Δ )

(−𝜂 + 2𝜂Δ )

(−𝜂 + 2𝜂Δ )⎦
⎥
⎤ , 0 ≤ Δ ≤ 1, 

𝑖 = 1,2,3, 𝐼 = 1, … , 𝑁 

(6.62) 

We recall 𝑟  is the maximum distance between neighbouring particles. We also introduce a 

perturbation factor 𝜂 = 0.5 or at most 50% perturbation in each direction where it is randomly 

tuned down by a parameter Δ ∈ [0,1], 𝑖 = 1,2,3.  

We chose to recover the undeformed state of a compressed cube only as the spurious modes are 

more profound when activated. The block has dimensions of 1𝑚𝑚 × 1𝑚𝑚 × 1𝑚𝑚 discretised 

by 5 × 5 × 5 particles with material parameters 𝑐 = 2 𝑘𝑃𝑎 and 𝑐 = 6 𝑘𝑃𝑎 and constrained 

from out-of-plane movements for nodes within planes 𝑋 = 0, 𝑋 = 0 and 𝑋 = 0. The traction 

applied is 𝛾 = −5𝑘𝑃𝑎.  



Chapter 6  
Determine stress-free reference state with new stabilised mixed meshfree formulation 

169 
 

As discussed in Chapter 5, we would anticipate that both RPIM-linear and RPIM-quadratic 

bases could pass the test they are able to reproduce constant strain field by definition, regardless 

of particle distributions. These expectations were confirmed and showed in Table 6-1 where the 

deviations from analytic solution is closed to machine tolerance and we said that the patch test 

is passed. We again observed that the error in quadratic basis functions are slightly higher than 

that for linear basis function, which is due to the error in gradient computations and corrections. 

Such accumulations of errors with ℎ/𝑝 refinement for patch tests have also been observed in the 

literature [252] and can be reduced further if one choses to correct the gradients in a parametric 

space but rendering our method to become mesh dependent. 

 
Regular Irregular 

Uncorrected Corrected Uncorrected Corrected 

RPIM-

Linear 

‖𝑢 − 𝑢 ‖  5.48E-01 5.89E-12 9.98E+00 6.48E-12 

‖𝑝 − 𝑝 ‖  8.76E-01 2.11E-13 4.21E-02 6.69E-13 

|𝑢 − 𝑢 |  1.19E-01 5.64E-12 8.76E-01 2.14E-12 

RPIM-

Quadratic 

‖𝑢 − 𝑢 ‖  9.65E-01 1.55E-11 8.66E-01 7.69E-12 

‖𝑝 − 𝑝 ‖  8.63E-02 2.78E-13 5.21E-02 8.36E-12 

|𝑢 − 𝑢 |  2.34E+00 7.65E-11 9.22E+00 5.43E-11 

Table 6-1: Errors in compression test against analytic solutions when simulated with uncorrected and 

corrected gradients with different meshfree basis functions 

Section 6.5.2. Beam under flexure 

While we showed that our method is able to reproduce a constant stress and strain state in the 

previous Section 6.5.1, the deformation mode is too simplistic for practical situations. Similar 

along the ideas of Chapter 5, we therefore have tested our method by flexing an incompressible 

beam. With the analytic solutions known and reported in Chapter 5, the simulation of the test 

also could provide insights into the convergence rate of our method. Since the problem has 



Section 6.5  
Numerical examples 

170 
 

constant stress across the thickness of the beam, we have assumed a 2D analysis here. We quickly 

mentioned that we have used standard moving least squares basis coupled with finite elements 

on the edges of the beam [65] to ease the enforcement of essential boundary conditions.  

The test is performed by first assuming a flexed arc shape, occupying the first quadrant of the 

Cartersian coordinate, which in our simulated have assumed an internal radius of 5𝑚𝑚, an 

external radius of 6𝑚𝑚 and a height of 5𝑚𝑚, forming an arc. We also assumed the beam to be 

a Neo-Hookean material, whose parameters are c = 1kPa. We then unload the traction acting 

on the internal and external curved surfaces of the arc in 5 load steps. The convergence analysis 

is performed across 3 cylindrical arcs discretised by 3 × 9, 7 × 13, and 9 × 17 irregularly space 

nodes. 

 

Figure 6-1: Convergence graph of inverse mechanics of flexure problem using MLS-quadratic 

basis function 

Our results showed in Figure 6-1 continued to support the prediction that we can recover the 

undeformed beam optimally with refinement. The sudden increase of the convergence rate of 

both the displacement and pressure fields is currently unknown. However, we remark that this 
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may be problem dependent as the convergence trend is still optimal. We remark that the 

convergence rate for MLS-quadratic continues to be optimum and we observed no spurious 

pressure modes. Lastly, similar to Chapter 5, we do not recommend the use of MLS-linear as 

convergence can be affected by choosing the inappropriate 𝛽. A more exotic formulation may be 

needed to reduce the sensitivity of low order RPIM against 𝛽. 

Section 6.5.3. Hollow cylinder under extension and inflation 

In this section, we will compute the undeformed geometry using a Lagrangian re-paramerisation 

technique such as performed in [265] to show that our formulation is adaptable to other 

strategies. We will reuse the variational equations (4.78)-(4.79) in Chapter 4 for this purpose. 

We also make use of the exotic variant when using RPIM-linear to demonstrate its effectiveness.  

Let us consider an incompressible Mooney-Rivlin hollow cylinder of internal radius, 𝑅  and 

external radius, 𝑅  and of height 𝐻 under inflation, and an extension ratio of 𝜆. Hence a point 

that is originally at (𝑅, Θ,𝑍) will move to a new deformed position at (𝑟, θ, 𝑧), where 

𝑟 = 𝑟(𝑅), 𝜃 = Θ, 𝑧 = 𝜆𝑍 (6.63) 

The radial Cauchy stress is 

𝜎 (𝑅) = −
1

2λ
(Φ + Ψ𝜆 )

1

𝜇 𝜆
−

1

𝜇 𝜆
+ ln

𝜇

𝜇
 (6.64) 

where 

𝜇 =
𝑟

𝑅
=

1

𝜆
1 +

𝐾

𝑅2
, 𝜇

𝑖𝑛𝑡
=

𝑟𝑖𝑛𝑡

𝑅
, 𝜇

𝑒𝑥𝑡
=

𝑟𝑒𝑥𝑡

𝑅
,    𝐾 = 𝑐𝑜𝑛𝑠𝑡. (6.65) 

and it satisfies a compatibility condition that if 𝜎 (𝑅 ) = 0, then 𝐾 can be computed from 

1

2λ
(Φ + Ψ𝜆 )

1

𝜇 𝜆
−

1

𝜇 𝜆
+ ln

𝜇

𝜇
= 0 (6.66) 
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The complete stresses in physical component are given by: 

𝜎 (𝑅) = 𝜎 (𝑅), 𝜎 (𝑅) = 𝑟𝜎 (𝑅) = 0 (6.67) 

𝜎 (𝑅) = 𝑟 𝜎 (𝑅) = Ψ
1

𝜆
+ 𝜆 𝜇 + Φ𝜇 − 𝑝(𝑅) (6.68) 

𝜎 (𝑅) = 𝜎 (𝑅) = 𝜆 Φ + Ψ
1

𝜆 𝜇
+ 𝜇 − 𝑝(𝑅) (6.69) 

𝑝(𝑅) =  Ψ
1

𝜆
+

1

𝜇
+

1

𝜆 𝜇
Φ +

1

2λ
(Φ + Ψ𝜆 )

1

𝜇 𝜆
−

1

𝜇 𝜆
+ ln

𝜇

𝜇
 (6.70) 

where Φ = 2𝑐  and Ψ = 2𝑐 .  

These equations are cast in the undeformed coordinates, and a re-parameterisation of these 

equations can be performed to transform them into the deformed coordinate system, using the 

inverse relations 

𝑅 = 𝑅(𝑟), Θ = 𝜃, 𝑍 =
𝑧

𝜆
 (6.71) 

For this problem, the gradient correction is performed on a rectangular block on the parameter 

space, before mapped to a hollow cylinder. We then proceed to unload a deformed cylinder by 

reducing the internal pressure in 5 load steps, across 3 deformed cylinders discretised by 

4 × 6 × 2, 8 × 12 × 4 and 12 × 18 × 6  regularly distributed particles. The dimension of the 

deformed cylinder has an internal radius of 2𝑚𝑚, and external radius of 4𝑚𝑚 and a height of 

1𝑚𝑚, loaded with a pressure of 10kPa. We use a Mooney-Rivlin material to describe the 

cylinder, whose parameters are 𝑐 = 2𝑘𝑃𝑎 and 𝑐 = 6𝑘𝑃𝑎. Due to symmetry of the problem, we 

have modelled only a quarter of the cylinder and constrained the boundaries of the quarters, 

where particles on boundaries are only allowed to move along respective surfaces. The top and 

bottom of the cylinder are prescribed with given displacements.  
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We simulated the problem was using Cartesian coordinates, contrary to the derivations of finite 

elasticity variational form in curvilinear coordinates, since our results showed that a standard 

Cartesian coordinate already converges optimally according to Figure 6-2 and Figure 6-3. We 

also observed that the convergence rate for the pressure field is higher than the theoretical rate 

in the cases simulated using RPIM-linear. We have attributed this to the fact that the pressure 

field is approximated with meshfree basis function of higher consistency order. Hence the rate 

may approach a higher order than conventional prediction. Apart from that, we remark that we 

observe quadratic convergence in each Newton iterations and there is no spurious pressure 

modes. 

 

Figure 6-2: Convergence graph of inverse mechanics of cylinder inflation and extension using RPIM-

linear basis function 
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Figure 6-3: Convergence graph of inverse mechanics of cylinder inflation and extension using RPIM-

quadratic basis function 
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 Chapter summary 

This chapter aims to compute the undeformed configuration of a loaded incompressible finite 

elastic material using the stabilised mixed formulation. We have performed a coordinate change 

in the total potential energy functional such that all terms will be expressed with respect to the 

deformed configuration. This helps to greatly simplify the computation algorithm as there is no 

need to compute the terms in the current estimated undeformed configurations, which are 

fictitious configurations in the solution process and could possibly lead to more nonlinearity to 

the already highly nonlinear objective functional (i.e. the total potential energy functional). The 

solution process may also be sensitive to the current estimation and leads to iterations of 

estimation that never converge. Therefore our scheme, which is analogous to the total Lagrangian 

formulation, is hereby coined as the total Eulerian formulation, is valuable as we avoided the 

problem of inciting more nonlinearity.  

The author starts the derivation of the variational statement from first principle, and made use 

of the rotation invariance of isotropic tensor function, we have expressed the strain energy 

function in terms of Green’s left tensor. The resulting variational statement still recovers the 

Cauchy’s law of equilibrium (or motion, but simplified over here), and the governing equation 

will be expressed in terms of convected/deformed coordinate system. In fact, if one omits the 

stabilisation operators, the resulting variational statement coincide with the standard Eulerian 

formulation for inverse mechanics. We have also derived the incremental formulation using full 

curvilinear coordinate systems, which is not present in current literature.  

In order to test the accuracy of our method, we have tested it against 2 test cases, involving a 

beam under uniaxial extension and the Rivlin’s flexure problem of a beam. We also simulated 

the unloaded configuration using the Lagrangian formulation in Chapter 4, showing that the 

stabilisation operators do not affect either total Eulerian or Lagrangian recovery process. We 

remark that the results are converging optimally.  
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 Reflection of current work 

In order to overcome the prominent challenge of mesh distortion for mesh-based computational 

modelling techniques for soft tissue mechanics, this thesis has explored the possibility of using 

meshfree techniques for such simulations. During the investigation, the goal of applying meshfree 

methods to soft tissue mechanics has led to several developments for meshfree methods, as we 

have found that existing meshfree methods have various drawbacks compared to mesh-based 

techniques, such as enforcement of essential boundary conditions, accuracy of the quadrature 

scheme, and enforcement of the incompressibility constraint in the mixed formulation. 

These issues can have undesirable impacts on soft tissue simulations, and may require a more 

complex mathematical formulation that consumes more computational resources (computational 

time and memory) and may be less stable compared to mesh-based technique. These issues were 

addressed in this thesis.  

In summary, this thesis has achieved the following outcomes with regard to the above challenges. 

 An improved “Partition of Unity Quadrature” (PUQ) scheme for a truly meshfree 

method is proposed, where variational consistency and conformity of basis function 

derivatives are respected. 

 A stabilised mixed meshfree method based on the Polynomial-Pressure Projection (PPP) 

stabilisation method is proposed for incompressible linear elasticity and stationary 

laminar flow. 

 A stabilised mixed meshfree method based on an enhanced PPP-stabilisation method is 

proposed for incompressible hyperelasticity to analyse large deformation mechanics 

problems. 

 Numerical examples on the efficacy of proposed meshfree method were presented, and 

comparisons were made against the finite element method using the same formulation. 

 A stabilised mixed meshfree method based on an enhanced PPP-stabilisation method is 

proposed for incompressible hyperelasticity to analyse inverse mechanics problems that 

compute the unloaded configuration of a loaded soft body. 
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In Chapter 1, we have reviewed some of the current state-of-the-art of meshfree methods and 

their applications in soft tissue and hyperelasticity modelling, challenges reported in the 

literature, and methods used to address these challenges. However, one gap remains challenging 

for meshfree modelling of solid mechanics, that is, the enforcement of the incompressibility 

constraint, which is a property often associated with hyperelastic materials and soft tissues. 

There are many techniques developed for nearly-incompressible materials, but relatively few on 

the cases involving fully incompressible materials. The literature also suggests that meshfree 

methods often need a background mesh for integration purposes. As these challenges could 

impact soft tissue modelling, we have focused on improving them.  

 Reflection and outlook for the improved PUQ scheme 

In Chapter 2, we have explored the possibility of developing a truly meshfree method without 

the need for a background mesh by using a Partition of Unity concept. Currently the most 

successful truly meshfree methods are the strong form collocation method and the Stabilised 

Non-conforming Nodal Integration (SNNI) and Meshless Local Petrov-Galerkin (MLPG) 

methods in the weak form. These methods are in fact, members of the same family of strong 

form methods. In particular, they do not preserve energy when interpreted from the classical 

work conjugation theory. We have improved on the SNNI and MLPG in this regard, using the 

concept of enhanced assumed strain. The assumed strain is computed using a modified version 

of Talischi’s gradient correction scheme, which is performed on overlapping quadrature domains. 

The overlapping enhanced assumed strains were then made compatible with the solution function 

space by interpolating them using Shepard’s basis functions. The use of Shepard’s basis functions 

in the construction of the assumed strains was important, as we rely on the property that it is 

always positive, hence ensuring the computation of the enhanced strains was always possible. 

The resulting quadrature scheme is a “Partition of Unity Quadrature” (PUQ) scheme and passes 

the numerical patch tests like the SNNI method. The difference, however, is that our method 

conserves energy in the classical sense. One disadvantage is that convergence analysis of our 

method highlighted that the quadrature scheme must be chosen to be increasingly more accurate 

in order to maintain convergence. Such behaviour is commonly observed in many support-

domain based quadrature schemes, and has been previously mathematically analysed. The search 
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for a truly meshfree method was difficult as we are trying to achieve exact integration of non-

polynomial basis functions when refinement tends to infinity, while these basis functions never 

simplify as a polynomial field. This explains the error growth if the quadrature scheme is 

unchanged with refinement.  

As future work, we recommend the merging of SNNI and the proposed PUQ method to take 

advantage of the positive aspects of both methods, so that energy is conserved as is the case 

with PUQ, and convergence is preserved as with SNNI. The merging of these approaches would 

constitute a method between the strong and weak forms. Adaptive a posteriori error estimation 

could also be incorporated in the computation of local enhanced assumed strains, and the 

resulting PUQ could be optimised by choosing the quadrature order for a given refinement level, 

thus serving as an adaptive ℎ/𝑝 method. In such a situation, one may need to pay specific 

attention to the appearance of zero energy modes. In this way, we believe that PUQ holds 

potential for various applications in mechanics.  

 Reflection and outlook for the stabilised mixed meshfree 

method for incompressible continua for small deformations 

In Chapter 3, we examined the enforcement of incompressibility in solid mechanics using 

meshfree methods. In the first instance, we focused on incompressible linear elasticity and 

laminar flow. A deeper review on the problem revealed that such constrained problems are often 

augmented with a Lagrange multiplier to enforce incompressibility, constituting a mixed 

formulation whose uniqueness and stability are only guaranteed if the inf-sup condition is 

satisfied. This condition dictates that the placement of meshfree particles for the primal and 

dual variables is not arbitrary, but often relies on a mesh tessellation procedure. Motivated to 

maintain the nature of a meshfree approach, we co-located the meshfree particles for both the 

primal and dual variables, and compensated for the violation of the inf-sup condition using the 

Polynomial-Pressure-Projection (PPP) stabilisation technique. We also corrected the meshfree 

derivatives using a modified version of Duan’s correction scheme, which enabled our method to 

pass a mixed patch test. This is the first meshfree method that is able to pass the mixed patch 

test, implying variational consistency is restored. Convergence analysis against Timoshenko’s 
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beam and a Stokes flow problem showed that the method is convergent. A limitation of the 

current work is that we still require a background mesh for the purpose of integration, besides 

also requiring us to enforce boundary conditions through coupling with a finite element surface 

mesh. In Appendices C, and D, we have further proved the equivalence between Duan’s and 

Talische’s gradient correction scheme and some properties associated with the corrected 

gradients. These proofs, for the first time in our knowledge, theoretically explain why a 

background mesh is sufficient to guarantee convergence without the need for increasing 

interpolation accuracy with refinement.  

Future work might explore time stepping for the proposed method. The method could also be 

improved to satisfy variational consistency at all refinement levels. The gradient correction 

scheme could also be modified according to the procedure used for the Smoothed Finite Element 

Method (SFEM), to yield a “softer” method in modelling hyperelasticity. The predictions from 

this and the current “stiffer” methods could then be tuned to match exact solution. In terms of 

applications, one may also use the proposed method for soft tissues undergoing small 

deformations, such as brain shift modelling.  

 Reflection and outlook for stabilised mixed meshfree method 

for incompressible hyperelasticity for forward mechanics 

The success in handling the incompressibility constraint in the linear deformation range 

motivated us to extend the application of PPP-stabilised meshfree method in the large 

deformation range in Chapter 4. We recognised that the gradient correction scheme is performed 

independently of the underlying mechanics in the previous development for small deformations. 

Therefore, we have further incorporated the gradient correction scheme with the physics through 

the use of a Veubeke-Hu-Washizu (VHW) variational principle, and interpreted the corrected 

gradient as an assumed deformation gradient tensor. The gradient correction scheme then 

naturally falls out of the formulation when the stresses are residing in the polynomial space, 

which we recovered through a simple polynomial projection after simulation convergence is 

achieved. The VHW principle is further stabilised by an enhanced PPP-stabilisation scheme, 

and the formulation is analysed in a general curvilinear coordinate system. In Appendix E, the 

enhanced PPP-stabilisation is analysed under the effect of quadrature error. This provides a 
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foundation for the use of the gradient correction scheme for the mixed formulation. A limitation 

of the current framework is that it continues to require the use of a background mesh, while the 

limitation of enforcement of boundary conditions was overcome by using the Radial Point-

Interpolating Method (RPIM) meshfree basis functions as it possesses Kronecker delta property. 

This formulation could be generalised to apply to dynamic solid mechanics. Similarly, the 

gradient correction schemes may be modified along the lines of SFEM to achieve “softer” 

simulations. In the future, we may also use the VHW formulation to analyse deformation of pre-

stressed materials by virtue of the inclusion of stress as a variable field. 

 Reflection on comparisons of the stabilised mixed meshfree 

and finite element methods for incompressible continua 

undergoing large deformations 

We applied the proposed technique to simulate several test cases using both finite element and 

meshfree methods. When simulating a beam under uniaxial compression, both methods were 

able to recover constant stresses and strains. This test proved that variational consistency is 

respected for polynomial solutions, which is valid locally when one refines the discretisation of 

the particles. When simulating a beam under flexure, we investigated the effect of the 

stabilisation parameters using quadratic meshfree basis functions. We found that the beam 

converged optimally regardless of the stabilisation (𝛼, 𝛽) parameters used, as long as 𝛽 ≤ 𝛼. 

Nominally, we chose 𝛼 = 1. In Appendix E, the reason for such behaviour is explained due to 

the design of the PPP method. However, despite convergence, we noticed that the solution 

became softer with more deformation following an increase of 𝛽. This was due to a loss of energy 

during the stabilisation process. In terms of the computational costs, we found that the finite 

element method used less computational memory and time to achieve convergence for the flexure 

test case compared to our meshfree method. This is because the quadrature error in the finite 

element method is less than that for the meshfree method, and hence the absolute error is 

smaller. In addition, the stiffness matrix computed using finite elements has a smaller bandwidth, 

therefore the computational memory required to store it is less compared to the meshfree method, 

and this contributed to faster solution computation for the FEM. We also simulated the 

indentation of a rubber block using the proposed method. We found that our proposed method 
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converged to the reported value in the literature, while not encountering volumetric locking or 

unphysical deformation modes.  

 Reflection and outlook on stabilised mixed meshfree for 

incompressible hyperelasticity for inverse mechanics 

Finally, we reformulated the “forward mechanics” scheme in Chapter 4 to compute the 

undeformed configuration when given a deformed shape. The resulting “inverse mechanics” 

formulation is based on the PPP-stabilised VHW principle. The formulation is performed from 

the Eulerian perspective, and gradient correction scheme was implicitly applied. We then tested 

the proposed method using beam flexure and extension problems. In order to demonstrate that 

the stabilisation operators do not affect the recovery of reference geometry even using a 

Lagrangian re-paramerisation, we have unloaded an inflated and extended cylinder using the 

total Lagrangian formulation in Chapter 4. These results converged optimally, hence we 

demonstrated that the undeformed configuration can be recovered accurately with refinement.  

In the future, we may apply this proposed method to soft tissue mechanics, where often only the 

loaded configuration is known. A notable application of this proposed method is to compute 

supine breast when given a prone breast, where one will unload the prone breast that is subjected 

to gravity force, to a reference stress-free state, before reloading gravity to the reference stress-

free state in the opposite direction to simulate for the supine breast shape. This application can 

therefore be used in patient-specific tumour tracking between different imaging modalities.  
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Appendix A. Optimality condition for saddle system 
Saddle systems often arise in constrained minimisation problems. The critical points of the 

system can be determined via variational analysis of the associated Lagrangian functionals 

ℋ(𝑢, 𝑝). Here 𝑢 is the quantity of interest of certain PDEs/functions/transformations subject 

to certain constraint enforced by Lagrange multiplier 𝑝. In general, 𝑢 could be a vector and there 

may be 𝑛 constraints requiring 𝑝 , 𝑖 = 1,… , 𝑛 Lagrange mutipliers. In this Chapter 2, we only 

consider Lagrangian functionals of the form of 

 ℋ(𝑢, 𝑝) =
1

2
𝑓(𝑢) 𝑑Ω − 𝑝 𝑔 (𝑢) − 𝑘 𝑑Ω

=

, (A.1) 

where 𝑓(𝑢) is a linear function defined on 𝑢, while 𝑔  and 𝑘  are the linear constraints and the 

targets, respectively. Since 𝑓 and 𝑔  are linear, they can be expressed in operator form as 𝑓(𝑢) =

𝐴𝑢 and 𝑔 = 𝐵 𝑢, respectively. For 𝑢 and 𝑝 to be at a critical point, the Gateaux derivative 

should be zero for any admissible variations 𝛿𝑢 and 𝛿𝑝 

 

𝐷 ℋ(𝑢, 𝑝)[𝛿𝑢] = 𝐷𝑓(𝛿𝑢) ⋅ 𝑓(𝑢) 𝑑Ω − 𝑝 𝐷𝑔 (𝛿𝑢) 𝑑Ω
=

, 

= 𝛿𝑢𝐴 ⋅ 𝐴𝑢𝑑Ω − 𝑝 𝛿𝑢𝐵 𝑑Ω
=

= 0, 
(A.2) 

 𝐷 ℋ(𝑢, 𝑝)[𝛿𝑝] = − 𝛿𝑝 𝐵 𝑢 − 𝑘 𝑑Ω
=

= 0. (A.3) 

If the field 𝑢 can be decomposed using a set of bases 𝜑 , such that 𝑢 = ∑ 𝜑 𝑢 ≡ 𝝋 𝒖, the 

first variation of ℋ can be rewritten as 

 
𝐷 ℋ(𝑢, 𝑝)[𝛿𝑢] = 𝜹𝒖 ⋅ 𝑺 ⋅ 𝒖 − 𝜹𝒖 ⋅ 𝑻 ⋅ 𝒑 = 0, 

𝐷 ℋ(𝑢, 𝑝)[𝛿𝑝] = −𝜹𝒑 ⋅ (𝑻 ⋅ 𝒖 − 𝑹) = 𝜹𝒑 ⋅ (𝑻 ⋅ 𝒖 − 𝑹) = 0, 
(A.4) 

Or, in matrix notation: 

 𝑺 −𝑻
𝑻 𝟎

𝒖
𝒑 =

𝟎
𝑹

, (A.5) 

where 𝑺 = ∫ 𝝋 (𝑨 ⋅ 𝑨)𝝋𝑑Ω,𝑻 = ∫[𝑩 ,… , 𝑩 ]𝝋𝑑Ω, 𝑹 = ∫[𝑘 ,… , 𝑘 ] 𝑑Ω. Note that the 

matrix system is no longer symmetric as we negated 𝐷 ℋ[𝛿𝑝].  
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If the matrix system is invertible, the solution 𝒖 can be determined from the relation 𝑺𝒖 =

𝑻 𝒑, i.e. 𝒖 = 𝑺− 𝑻 𝒑. This also implies that 𝒑 can be found by the second relation 𝑻𝒖 = 𝑹 

as 𝑻𝑺− 𝑻 𝒑 = 𝑹 or  

 𝒑 = (𝑻𝑺− 𝑻 )− 𝑹. (A.6) 

Resubstituting the solution of 𝒑 into the first relation gives 

 𝒖 = 𝑺− 𝑻 (𝑻𝑺− 𝑻 )− 𝑹. (A.7) 
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Appendix B. Derivation of the analytical solution for an incompressible 
Timoshenko beam 

From [33], we have the following conditions for stresses at equilibrium: 

 𝜎 = −
𝛾𝑥 𝑥

𝐼
, 𝜎 = 0, 𝜎 = −

𝛾

2𝐼

𝑤

4
− 𝑥 , 𝐼 =

𝑤

12
 (B.1) 

where 𝜎 is the Cauchy stress tensor, 𝑤 is the width of the beam, 𝛾 is a dimensionless weighting 

factor, and 𝐼 is the second moment of area. From Cauchy’s law, we have the governing equation 

for stresses 

 𝜎 = 𝜇
𝜕𝑢

𝜕𝑥
+

𝜕𝑢

𝜕𝑥
+ 𝑝𝛿 , 𝑖, 𝑗 = 1,2 (B.2) 

Therefore, we have 

 𝜎 = 2𝜇
𝜕𝑢

𝜕𝑥
+ 𝑝, 𝜎 = 2𝜇

𝜕𝑢

𝜕𝑥
+ 𝑝, 𝜎 = 𝜇

𝜕𝑢

𝜕𝑥
+

𝜕𝑢

𝜕𝑥
 (B.3) 

This allows us to obtain the hydrostatic pressure, 𝑝, from the incompressibility condition 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑢

𝜕𝑥
= 0 (B.4) 

which yields 𝜎 + 𝜎 = 2𝑝, or 

 𝑝 = −
𝛾

2𝐼
𝑥 𝑥  (B.5) 

With 𝑝 we can find the displacement gradients: 

 
𝜕𝑢

𝜕𝑥
= −

𝛾

4𝐼𝜇
𝑥 𝑥  (B.6) 

 
𝜕𝑢

𝜕𝑥
=

𝛾

4𝐼𝜇
𝑥 𝑥  (B.7) 

We can integrate (B.6)—(B.7) and obtain 

 𝑢 = −
𝛾𝑥 𝑥

8𝐼𝜇
+ 𝜙(𝑥 ) (B.8) 

 𝑢 =
𝛾𝑥 𝑥

8𝐼𝜇
+ 𝜑(𝑥 ) (B.9) 

where additional unknown functions have been added such that the dependency on other 

dimensions is recovered. When (B.8)—(B.9) are substituted into the expression of 𝜎  (ie. 3rd 

condition of (B.3)) 
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 −
𝛾𝑥

8𝐼𝜇
+

𝑑𝜙(𝑥 )

𝑑𝑥
+

𝛾𝑥

8𝐼𝜇
+

𝑑𝜑(𝑥 )

𝑑𝑥
= −

𝛾

2𝐼𝜇

𝑤

4
− 𝑥  (B.10) 

Note that there are no cross terms in (B.10), hence we can group these terms into 

 𝐹(𝑥 ) = −
𝛾𝑥

8𝐼𝜇
+

𝑑𝜑(𝑥 )

𝑑𝑥
, 𝐺(𝑥 ) = −

3𝛾𝑥

8𝐼𝜇
+

𝑑𝜙(𝑥 )

𝑑𝑥
 (B.11) 

and we have 𝐹(𝑥 ) + 𝐺(𝑥 ) = − , which is a constant, implying that both 𝐹(𝑥 ) and 𝐺(𝑥 ) 

are constants, which we denote 𝛼 and 𝛽 respectively. 

 𝛼 + 𝛽 = −
𝛾𝑤

8𝐼𝜇
 (B.12) 

 𝛼 = −
𝛾𝑥

8𝐼𝜇
+

𝑑𝜑(𝑥 )

𝑑𝑥
 (B.13) 

 𝛽 = −
3𝛾𝑥

8𝐼𝜇
+

𝑑𝜙(𝑥 )

𝑑𝑥
 (B.14) 

Therefore, after rearranging (B.13)—(B.14) and integrating, we can solve for 𝜑(𝑥 ) and 𝜙(𝑥 ). 

 𝜑(𝑥 ) = 𝛼𝑥 +
𝛾𝑥

24𝐼𝜇
+ 𝛿  (B.15) 

 𝜙(𝑥 ) = 𝛽𝑥 +
𝛾𝑥

8𝐼𝜇
+ 𝜖 (B.16) 

where 𝛿 and 𝜖 are constants of integration. Substituting (B.15)—(B.16) into (B.8)—(B.9), we 

obtain 

 𝑢 =
𝛾𝑥

8𝐼𝜇
(𝑥 − 𝑥 ) + 𝛽𝑥 + 𝜖 (B.17) 

 𝑢 =
𝛾𝑥

8𝐼𝜇
𝑥 +

𝑥

3
+ 𝛼𝑥 + 𝛿 (B.18) 

The constants 𝛼, 𝛽, 𝛿, 𝜖 can be found using (B.12) and the other 3 physical constraints on the 

beam. 

The first and second constraints: we have fixed the point (𝑙, 0), therefore 

 𝜖 = 0, 𝛿 = −𝛼𝑙 −
𝛾𝑙

24𝐼𝜇
 (B.19) 

The third constraint: No rotation of the vertical element at point (𝑙, 0)  or =

=

= 0 . 

Differentiating (B.17) and fixing the derivative at (𝑙, 0) yields 
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  𝛽 =
𝛾𝑙2

8𝐼𝜇
 (B.20) 

From (B.12), we obtain 𝛼 as 

 𝛼 = −
𝛾

8𝐼𝜇
− 𝛽 = −

𝛾

8𝐼𝜇
(𝑤 + 𝑙 ) (B.21)  

Substituting (B.19)—(B.21) into (B.17)—(B.18) , we get the solutions 

 

𝑢 =
𝛾𝑥

8𝐼𝜇
(𝑥 − 𝑥 + 𝑙 ) 

𝑢 =
𝛾

8𝐼𝜇
𝑥 𝑥 +

1

3
(𝑥 − 𝑙 ) − (𝑥 − 𝑙)(𝑤 + 𝑙 )  

(B.22)  

Note that the Young’s modulus 𝐸 and Poisson’s ratio 𝜈 have been absorbed into the shear 

modulus 𝜇.  

 𝜇 =
𝐸

2(1 + 𝜈)
 (B.23) 

An important point to note is that the analytic solutions (B.22) are only valid for ideally 

incompressible problems when 𝜈 =  because (B.4) is not applicable otherwise. Also, (B.22) 

remains applicable to both plane stress and plane strain situations, since 𝜇 is same for both 

cases.   
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Appendix C. Equivalence between Duan’s gradient correction scheme with 
Talischi’s gradient correction scheme 

Duan’s gradient correction scheme is given as  

 min
[𝕃 ( )]

1

2
𝑊 𝑥 ∇𝑢 𝑥 ⋅ ∇𝑢 𝑥  (C.1)  

such that the discrete divergence theorem is satisfied ∀𝒑 ∈ [ℙ (𝛺 )] , 

𝑊 𝑥 ∇𝑢
ℎ

𝑥𝑔 ⋅ 𝒑𝒋 𝑥𝑔  

= 𝑤 (𝑥 )𝑢 (𝑥 ) 𝒏(𝑥𝑏) ⋅ 𝒑𝒋
(𝑥𝑏) − 𝑊 𝑥 𝑢ℎ 𝑥𝑔 ∇ ⋅ 𝒑𝒋 𝑥𝑔  

(C.2)  

which is the discretised form of the Talischi’s gradient correction scheme 

 min
[𝕃 ( )]

1

2
⨋∇𝑢

ℎ
⋅ ∇𝑢

ℎ
𝑑Ω𝑠 (C.3)  

such that the discrete divergence theorem is satisfied ∀𝒑 ∈ [ℙ (Ω )]  

⨋ ∇𝑢
ℎ

⋅ 𝒑
𝒋

𝑑Ω𝑠 = ⨋ ∇ ⋅ 𝒑
𝒋

𝑢
ℎ
𝑑Ω𝑠 − ⨋ 𝒑

𝒋
⋅ 𝒏 𝑢

ℎ
𝑑Γ𝑠,   (C.4)  

Note that for Talischi’s gradient scheme, under the assumption that the quadrature of 

polynomials up to order 𝑚 are exact, ∇𝑢  will automatically reside in the polynomial space, 

which is evident when one decomposes ∇𝑢  into mutually orthogonal polynomial and non-

polynomial parts. The non-polynomial part vanishes when the inner product ⨋ ∇𝑢
ℎ

⋅ 𝑝
𝑗

𝑑Ω𝑠
 

is performed.  One can thus further restrict the minimisation of ∇𝑢  in the polynomial space 

instead. As a result of such restriction, if 𝑢 ∈ ℙ (Ω), both of the gradient correction schemes 

will yield the same polynomial gradient as obtained from standard differentiation, i.e. ∇𝑢 =

∇𝑢. 

The difference of both schemes then lies at Duan’s corrected gradients, which are computed and 

sampled at the Gauss points, and hence not integradable, while Talischi’s corrected gradients 

are computed as a (polynomial) field. By comparing both of the Lagrangian functionals of Duan’s 

and Talischi’s gradient correction schemes, we remark that they are equivalent when the  

 testing polynomial 𝒑𝒋  

 Gaussian quadrature rule, including sampling points and sampling weights used 
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 meshfree basis functions used 

are the same. In practical terms, since we are only using the corrected gradient at the Gauss 

points for the purpose for integration, both of the effect of the corrected gradients yield same set 

of corrected gradients, so the effect is the same, i.e. ensuring the patch test is passed. 

Once the equivalence is established, this transforms the analysis of the stability of the system 

into one which can be done through the standard functional analysis, i.e. standard Lax-Milgram 

theorem and inf-sup conditions shall be satisfied for the stabilised mixed form to have unique 

solution.  
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Appendix D. Quadrature theory 
The quadrature of functions decomposed by RKMLS basis functions (or any convergent meshfree 

basis functions), when performed on background cell converges to the exact function under 

refinement, without need to increase quadrature accuracy. This is in stark contrast with 

quadrature based on support domain. This is because the RKMLS basis function becomes more 

non-polynomial when the quadrature domain is scaled down, i.e. with refinement, so the 

quadrature error explodes at a rate of at least 𝑂(ℎ− ), where ℎ is the maximum diameter of the 

sphere fitting between discretisation particles of the body. The error is hence uncontrollable by 

maintaining the same quadrature rule throughout refinement for support-domain type meshfree 

methods. However, the use of quadrature on background cells is only concerned with quadrature 

of the function RKMLS interpolates, but not the basis function itself, hence we bypass the 

danger of non-convergence under refinement. 

Before we begin the exploration of the subject, we note the following assumptions of RKMLS 

basis functions.  

Assumption 1: There is a finite overlap between support domains of each particles with a 

background cell, on which numerical quadrature is performed. Let us define a set 𝒮  containing 

all particles whose support domains overlapping with a background cell Ω , where for any index 

𝛼 ∈ 𝒩, 𝒩 is an index set for the particles and the associated basis functions 𝜑 ∈ , such 

that 𝑠𝑢𝑝𝑝(𝜑 ) ∩ 𝑠𝑢𝑝𝑝(Ω ) ≠ 0, we assume that ∃ 𝜅 < ∞ such that  

𝑐𝑎𝑟𝑑(𝒮 ) < 𝜅, ∀𝑠 ∈ 𝒢, 𝑒𝑣𝑒𝑛 𝑎𝑠 𝑐𝑎𝑟𝑑(𝒩) & 𝑐𝑎𝑟𝑑(𝒢) → ∞ (D.1)  

where 𝒢 is an index set of all the non-overlapping background cells of the body Ω. Note that 

background cells satisfied the properties of Ω ∩ Ω = 0, ⋃ Ω = Ω, ∀𝑖, 𝑗, 𝑘 ∈ 𝒢. 

Assumption 2: There are independent positive constants such that all meshfree basis functions 

and their derivatives satisfy computability or boundedness property up to (a problem-dependent) 

order 𝑚 

‖𝐷 𝜑 ‖𝕃 ≤ 𝐶ℎ−| |, 0 ≤ |𝑘| ≤ 𝑚, 𝑠𝑜𝑚𝑒 𝑚 ≥ 1 (D.2)  
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Assumption 3: The background cells also satisfy certain scalability properties with respect to 

ℎ, the characteristic length of set of particles, where there exists positive constants 𝐶 ,𝐶  

independent of ℎ and 𝑠, such that 

𝐶 ℎ ≤ |Ω | ≤ 𝐶 ℎ , 𝐶 ℎ − ≤ |Γ | ≤ 𝐶 ℎ −  (D.3)  

where |Ω |, |Γ |  are the domain measure and surface measure of the background cell, 

respectively. This assumption implicitly requires us to densify the background cell’s partition 

when there are more particles, i.e. ℎ → 0.  

Assumption 4: There are positive constants 𝐶 ,𝐶  independent of ℎ and 𝑠, such that ∀𝑣 =

∑ 𝜑 𝑣 , 𝑣 = 𝑣(𝒙 ), we have 

𝐶 ‖𝑣 ‖𝕃 ( ) ≤ ℎ 𝑣
∈

≤ 𝐶 ‖𝑣 ‖𝕃 ( ) (D.4)  

𝐶 ‖𝑣 ‖𝕃 ( ) ≤ ℎ − 𝑣
∈

≤ 𝐶 ‖𝑣 ‖𝕃 ( ) (D.5) 

𝐶 |𝑣 | ( ) ≤ ℎ − 𝑣 − 𝑣
∈

≤ 𝐶 |𝑣 | ( ), 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑣 ∈ 𝒮  (D.6) 

where 𝒯  is the index set of particles residing on the boundary of a background cell, Γ . These 

bounds are obtained from scaling consideration and boundedness of the basis functions.  In order 

to establish the lower bounds, we also require that the basis functions be linearly independent. 

Note that the function is in a finite dimensional vector space, so all of these bounds are equivalent 

to each other.  

Assumption 5: The current basis functions used can reproduce polynomials 𝒑 up to order 𝑚.  

𝒑(𝒙 )𝜑 (𝒙) = 𝒑(𝒙), ∀𝒑 ∈ [ℙ (Ω)]  (D.7)  

The order 𝑚 is normally problem dependent, and they must be at least up to the order of the 

weak derivatives appearing in the weak form, assuming we are solving PDEs, so that we are 

satisfying the regularity requirement of the underlying problem. 

Assumption 6: There exists 2 small positive constants 𝜂 and 𝜏 , independent of 𝑠 and ℎ, such 

that our numerical quadrature satisfied  

⨋(𝑓)𝑑Ω − (𝑓) 𝑑Ω ≤ 𝜏|Ω |‖𝑓‖𝕃 ( ), (D.8)  
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⨋(𝑓)𝑑Γ − (𝑓) 𝑑Γ ≤ 𝜂|Γ |‖𝑓‖𝕃 ( ) (D.9) 

Lemma 1. The norm of corrective vector 𝜉  is bounded by the accuracy of the quadrature 

scheme in satisfying the continuous Green-Gauss theorem, i.e. ‖𝜉 ‖𝕃 ( ) ≤ 𝐶 ‖𝑢 ‖ ( ) 

where 𝜏  and 𝜂  are the quadrature accuracy parameter. This lemma established that the 

corrective vector continues to yield meaningful gradient under the gradient correction scheme, 

and that it may diminish by increasing the accuracy of the quadrature scheme.   

In the following proof, 𝐶 is a generic positive constant, which may change in value but unchanged 

in print to avoid excessive renaming. 

Proof. We remind the reader that the corrected gradient may be decomposed into 

∇𝑢 = ∇𝑢 + 𝜉 (𝑢) (D.10)  

where 𝜉  is computed from minimising its norm while satisfying the discrete divergence theorem 

(see (2.80) in Chapter 2). This allows us to bound its norm by  

‖𝜉 (𝑢 )‖𝕃 ( ) = ⨋(𝜉 ⋅ 𝜉 ) 𝑑Ω  

≤ ⨋(𝜉 ⋅ 𝑛)𝑢 𝑑Γ − (𝜉 ⋅ 𝑛)𝑢 𝑑Γ

+ ⨋(∇ ⋅ 𝜉 )𝑢 𝑑Ω − (∇ ⋅ 𝜉 )𝑢 𝑑Ω

+ ⨋(∇𝑢 ⋅ 𝜉 )𝑑Ω − (∇𝑢 ⋅ 𝜉 ) 𝑑Ω  

≤ 2𝐶𝜂‖𝜉 ‖𝕃 ( )‖𝑢 ‖ ( ) + 𝐶𝜏‖𝜉 ‖𝕃 ( )‖𝑢 ‖𝕃 ( ) 

≤ 𝐶 𝜂‖𝜉 ‖𝕃 ( ) + 𝜏‖𝜉 ‖𝕃 ( ) ‖𝑣 ‖ ( ) 

≤ 𝐶 ‖𝜉 ‖ ( )‖𝑢 ‖ ( ) 

(D.11)  

where the upper bounds of each term is given below and the trace inequality 

‖𝑣‖𝕃 ( ) ≤ 𝐶‖𝑣‖
𝕃 ( )

‖𝑣‖
( )

≤ 𝐶‖𝑣‖ ( ) (D.12)  

is used to obtain the last inequality. Note that the last inequality is not dimensionally consistent, 

so we interpret it as a norm comparison. When 𝜉 ∈ ℙ (Ω ), ‖𝜉 ‖𝕃 ( ) = ‖𝜉 ‖ ( ), we can 

infer that 

‖𝜉 ‖𝕃 ( ) ≤ 𝐶 ‖𝑢 ‖ ( ) (D.13)  
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Since the proof is obtained without relying on the choice of 𝜉 , we can substitute 𝜉  with its 

weak derivative to obtain a similar inequality. Hence by iteratively reusing the inequality above, 

one can deduce that for higher order 𝜉 ∈ ℙ (Ω ) , 1 ≤ 𝑚 < 𝑛 , 𝑛  is the polynomial 

reducibility order of 𝑣  decomposed by RKMLS basis function, we can bound its 𝑚  order 

derivative 

|𝜉 | ( ) ≤ 𝐶 ‖𝑢 ‖ + ( ) (D.14)  

as we notice that |𝜉 | + ( ) = 0. Combining these results, we arrived at 

‖𝜉 ‖ ( ) ≤ 𝐶 ‖𝑢 ‖ ( ), 𝜉 ∈ ℙ (Ω ) , 0 ≤ 𝑚 < 𝑛 (D.15)  

An interesting case occurs when we choose 𝑚 = 𝑛 = 1 , where the weak derivative of 

‖𝜉 ‖ + ( )  vanishes, hence |𝜉 | ( ) = |𝜉 | + ( ) , where we have both of these 

inequalities  

‖𝜉 ‖𝕃 ( ) ≤ 𝐶 ‖𝑢 ‖ ( )‖𝜉 ‖ ( ) (D.16)  

|𝜉 | ( ) ≤ 𝐶 ‖𝑢 ‖ ( )|𝜉 | ( ) (D.17) 

whose squared quantities when added together, give 

‖𝜉 ‖ ( ) ≤ 𝐶 ‖𝑢 ‖ ( )‖𝜉 ‖ ( ) (D.18)  

and a slightly modified bound  

‖𝜉 ‖ ( ) ≤ 𝐶 ‖𝑢 ‖ ( ), 𝜉 ∈ ℙ (Ω ) , 0 ≤ 𝑚 ≤ 𝑛 (D.19)  

may be obtained. We could also extend the proof to other values of 𝑚 and 𝑛 similarly.  

While this support that we could choose 𝑚 to be of order 𝑛 and even possibly independently for 

the construction of 𝜉 , however, when 𝑚 ≫ 𝑛, there are a few undesirable implications: 

1. The validity of bound |𝜉 | ( ) ≤ 𝐶 ‖𝑢 ‖ + ( ) might be questioned as it may 

be 𝑣 ∉ 𝑊 + (Ω ),𝑚 ≫ 𝑛, depending on the RKMLS construction. 

2. Even if the bound makes sense, the resulting linear system of equations to compute 𝜉  

will be linearly dependent and hence be singular as there are insufficient constraints, i.e. 

the maximum number of constraints is 𝑛.  

3. While one can prevent singularity in the computation of 𝜉  by increasing number of 

constraints, it is still undesirable physically, since this implies 𝜉  contains higher order 
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deformation modes, while the displacement field is incompatible with these modes, i.e. 

these modes become zero-energy modes and required further physical constraints, thereby 

increasing computational costs. 

This also shows that if the quadrature is increasingly accurate, which need not be dependent on 

refinement, such that 

𝜏 ≤ 𝐶 ℎ , 𝜂 ≤ 𝐶 ℎ , 0 ≤ 𝑝, 𝑞 𝑑𝑒𝑝𝑒𝑛𝑑𝑠 𝑜𝑛 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑢𝑟𝑒 𝑠𝑐ℎ𝑒𝑚𝑒 (D.20)  

we can ideally force ‖𝜉 ‖𝕃 ( ) → 0  or equivalently, ∇𝑢
𝕃 ( )

→ ‖∇𝑢 ‖𝕃 ( )  under two 

circumstances, where  

1. the accuracy of quadrature increases, i.e. 𝐶 → 0, 𝐶 → 0, while ℎ is unchanged 

2. ℎ → 0 while maintaining 𝐶  and 𝐶  unchanged 

Bound 1: Bounding ⨋(∇𝑢 ⋅ 𝜉 )𝑑Ω − ∫(∇𝑢 ⋅ 𝜉 ) 𝑑Ω  

Due to the polynomial reproducibility of 𝜑, we can allow 𝝃 = 𝒆 𝜉 = 𝜑 𝜉 𝒆   

⨋ ∇𝜑 ⋅ 𝜑 𝒆 𝜉 𝑑Ω − ∇𝜑 ⋅ 𝜑 𝒆 𝜉 𝑑Ω
𝑖,𝛽

 

≤ 𝐶𝜂|Ω |‖∇𝜑 ⋅ 𝜑 𝒆 ‖𝕃 ( ) 𝜉

/
√

𝜅 

≤ 𝐶𝜂ℎ − 𝜉 ≤ 𝐶𝜂ℎ − ‖𝜉 ‖𝕃 ( ) 

(D.21)  

Since 

⨋(∇𝑢 ⋅ 𝜉 )𝑑Ω − (∇𝑢 ⋅ 𝜉 ) 𝑑Ω  

= ⨋ ∇ 𝑢 − 𝜒 𝑢 ⋅ 𝜉 𝑑Ω − ∇ 𝑢 − 𝜒 𝑢 ⋅ 𝜉 𝑑Ω  

= ⨋(∇𝜑 ⋅ 𝜉 )𝑑Ω − (∇𝜑 ⋅ 𝜉 ) 𝑑Ω |𝑢 − 𝑢 | 

≤ |𝑢 − 𝑢 | ⨋(∇𝜑 ⋅ 𝜉 )𝑑Ω − (∇𝜑 ⋅ 𝜉 ) 𝑑Ω

/

 

= 𝐶𝜂ℎ − ‖𝜉 ‖𝕃 ( ) |𝑢 − 𝑢 | ≤ 𝐶𝜂‖𝜉 ‖𝕃 ( )‖∇𝑢 ‖𝕃 ( ) 

(D.22)  
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Therefore, 

⨋(∇𝜑 ⋅ 𝜉 )𝑑Ω − (∇𝜑 ⋅ 𝜉 ) 𝑑Ω ≤ 𝐶𝜂 ℎ − ‖𝜉 ‖𝕃 ( ) (D.23)  

Bound 2: Bound ⨋(∇ ⋅ 𝜉)𝑢 𝑑Ω − ∫(∇ ⋅ 𝜉)𝑢 𝑑Ω  

⨋(∇ ⋅ 𝜉)𝑢 𝑑Ω − (∇ ⋅ 𝜉)𝑢 𝑑Ω  

= |𝑢 | ⨋(∇ ⋅ 𝜉 )𝜑  𝑑Ω − (∇ ⋅ 𝜉)𝜑 𝑑Ω  

≤ |𝑢 | 𝐶𝜂ℎ − ‖𝜉 ‖𝕃 ( ) ≤ 𝐶𝜂‖𝜉 ‖𝕃 ( )‖𝑢 ‖𝕃 ( ) 

(D.24)  

Since  

⨋(∇ ⋅ 𝜉 )𝜑  𝑑Ω − (∇ ⋅ 𝜉 )𝜑 𝑑Ω  

≤ 𝜉 ⨋(∇ ⋅ 𝜑 𝒆 )𝜑  𝑑Ω − (∇ ⋅ 𝜑 𝒆 )𝜑 𝑑Ω  

≤ 𝜉 𝐶𝜂|Ω | ∇ ⋅ (𝜑 𝒆 ) 𝜑 𝕃 ( )

√
𝜅 ≤ 𝐶𝜂ℎ − ‖𝜉 ‖𝕃 ( ) 

(D.25)  

Bound 3: Bound ⨋(𝜉 ⋅ 𝑛)𝑢 𝑑Γ − ∫(𝜉 ⋅ 𝑛)𝑢 𝑑Γ  

⨋(𝜉 ⋅ 𝑛)𝑢 𝑑Γ − (𝜉 ⋅ 𝑛)𝑢 𝑑Γ  

= ⨋(𝜉 ⋅ 𝑛)𝜑 𝑑Γ − (𝜉 ⋅ 𝑛)𝜑 𝑑Γ |𝑢 | 

≤ |𝑢 | ⨋(𝜉 ⋅ 𝑛)𝜑 𝑑Γ − (𝜉 ⋅ 𝑛)𝜑 𝑑Γ  

≤ |𝑢 | 𝐶𝜏ℎ
−

‖𝜉 ‖𝕃 ( ) ≤ 𝐶𝜏‖𝜉 ‖𝕃 ( )‖𝑢 ‖𝕃 ( ) 

(D.26)  

as 
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⨋(𝜑 𝒆 ⋅ 𝑛)𝜑 𝑑Γ − (𝜑 𝒆 ⋅ 𝑛)𝜑 𝑑Γ 𝜉
𝛽,𝑖

 

≤ 𝐶𝜏|Γ |
√

𝜅 𝜉 ‖𝑒 ⋅ 𝑛‖𝕃 ( ) 

≤ 𝐶𝜏ℎ − 𝜉 ≤ 𝐶𝜏ℎ
−

‖𝜉 ‖𝕃 ( ) 

(D.27)  

 

Proposition 1. The corrective gradient diminishes under refinement, i.e. ‖𝜉 ‖𝕃 ( ) ≤

𝐶ℎ ‖𝑢 ‖ + ( ). Under the completeness property of Banach space, there exists a sequence 

such that 𝑢 → 𝑢 as 𝑗 → ∞, hence  

‖𝜉 ‖𝕃 ( ) ≤ 𝐶ℎ ‖𝑢‖ + ( ) (D.28)  

Proof. We can repeat the proof on the bounds again and make use of Bramble-Hilbert lemma, 

to show that 

‖𝜉 (𝑢 )‖𝕃 ( ) = ⨋(𝜉 ⋅ 𝜉 ) 𝑑Ω  

≤ ⨋(𝜉 ⋅ 𝑛)𝑢 𝑑Γ − (𝜉 ⋅ 𝑛)𝑢 𝑑Γ

+ ⨋(∇ ⋅ 𝜉 )𝑢 𝑑Ω − (∇ ⋅ 𝜉 )𝑢 𝑑Ω

+ ⨋(∇𝑢 ⋅ 𝜉 )𝑑Ω − (∇𝑢 ⋅ 𝜉 ) 𝑑Ω  

≤ 𝐶ℎ ‖𝑢 ‖ + ( )‖𝜉 ‖ ( ) 

(D.29)  

since, by repeating the same procedure like the previous proof, we have 

⨋(∇𝑢 ⋅ 𝜉 )𝑑Ω − (∇𝑢 ⋅ 𝜉 ) 𝑑Ω  

= ⨋(∇𝑢 − 𝑄 − ∇𝑢 ) ⋅ 𝜉 𝑑Ω − (∇𝑢 − 𝑄 − ∇𝑢 ) ⋅ 𝜉 𝑑Ω  

≤ 𝐶‖∇𝑢 − 𝑄 − ∇𝑢 ‖ ( )‖𝜉 ‖𝕃 ( ) ≤ 𝐶ℎ + ‖∇𝑢 ‖ + ( )‖𝜉 ‖𝕃 ( ) 

≤ 𝐶ℎ ‖𝑢 ‖ + ( )‖𝜉 ‖𝕃 ( )  (𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦) 

(D.30)  

and 
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⨋(∇ ⋅ 𝜉 )𝑢  𝑑Ω − (∇ ⋅ 𝜉 )𝑢 𝑑Ω  

= ⨋(𝑢 − 𝑄 𝑢 )(∇ ⋅ 𝜉 ) 𝑑Ω − (𝑢 − 𝑄 𝑢 )(∇ ⋅ 𝜉 ) 𝑑Ω  

≤ 𝐶‖𝑢 − 𝑄 𝑢 ‖ ( )‖𝜉 ‖𝕃 ( ) ≤ 𝐶ℎ ‖𝑢 ‖ + ( )‖∇𝜉 ‖𝕃 ( ) 

(D.31)  

and lastly 

⨋(𝜉 ⋅ 𝑛)𝑢 𝑑Γ − (𝜉 ⋅ 𝑛)𝑢 𝑑Γ  

= ⨋(𝑢 − 𝑄 − 𝑢 )(𝜉 ⋅ 𝑛) 𝑑Γ − (𝑢 − 𝑄 − 𝑢 )(𝜉 ⋅ 𝑛) 𝑑Γ  

≤ 𝐶𝜏‖𝜉 ‖𝕃 ( )‖𝑢 − 𝑄 − 𝑢 ‖𝕃 ( ) ≤ 𝐶𝜏‖𝜉 ‖𝕃 ( )‖𝑢 − 𝑄 − 𝑢 ‖ ( ) 

≤ 𝐶ℎ ‖𝑢 ‖ + ( )‖𝜉 ‖ ( ) 

(D.32)  

By using the same argument that one can replace 𝜉  with its weak derivatives above, we can 

deduce that  

‖𝜉 ‖𝕃 ( ) ≤ 𝐶ℎ ‖𝑢 ‖ + ( ) → 𝐶ℎ ‖𝑢‖ + ( ), 𝜉 ∈ [ℙ (Ω )] , 0 ≤ 𝑚 < 𝑛 (D.33)  

Note that when 𝜉 ∈ ℙ (Ω ), a slightly modified version of the bound is also available 

‖𝜉 ‖ ( ) ≤ 𝐶ℎ ‖𝑢 ‖ + ( ) → 𝐶ℎ ‖𝑢‖ + ( ), 𝜉 ∈ [ℙ (Ω )] , 0 ≤ 𝑚 ≤ 𝑛 (D.34)  

after performing the same steps according to the Lemma 1 above.  

 

Proposition 2. We can further provide a global estimate of ‖𝜉 ‖𝕃 ( ) where 

‖𝜉 ‖𝕃 ( ) = ‖𝜉 ‖𝕃 ( ) ≤ 𝐶 ‖𝑢‖ ( ) ≤ 𝐶‖𝑢‖ ( ) (D.35)  

Taking the square root on both sides, we have ‖𝜉 ‖𝕃 ( ) ≤ 𝐶‖𝑢‖ ( ). 

 

Proposition 3. We can show that ∇𝑢
𝕃 ( )

 forms equivalent norm with ‖∇𝑢 ‖𝕃 ( ) for 𝑢 ∈

𝑊 (Ω) where 𝑢 = 𝑢 = 0 on Γ ≡ 𝜕Ω. By virtue of Poincare’s inequality, we have 

‖𝑢‖𝕃 ( ) ≤ 𝐶 |𝑢| ( ) (D.36)  

Therefore, our global estimates on corrective gradient becomes 
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‖𝜉 ‖𝕃 ( ) ≤ 𝐶‖𝑢‖ ( ) ≤ 𝐶 𝐶 + 1|𝑢| ( ) (D.37)  

In such case, one can readily show that 

∇𝑢
𝕃 ( )

≤ ‖∇𝑢 ‖𝕃 ( ) + ‖𝜉 ‖𝕃 ( ) ≤ 𝐶 𝐶 + 1 + 1 ‖∇𝑢 ‖𝕃 ( ) (D.38)  

∇𝑢
𝕃 ( )

= ‖∇𝑢 − (−𝜉 )‖𝕃 ( ) ≥ ‖∇𝑢 ‖𝕃 ( ) − ‖−𝜉 ‖𝕃 ( )  

≥ 𝐶 𝐶 + 1 − 1 ‖∇𝑢 ‖𝕃 ( ) 
(D.39) 

Choosing 𝛼 = 𝐶 𝐶 + 1 + 𝐶 + 1 ≥ 𝛼− , we have 

1

𝛼
‖∇𝑢 ‖𝕃 ( ) ≤ ∇𝑢

𝕃 ( )
≤ 𝛼‖∇𝑢 ‖𝕃 ( ) (D.40)  

Hence in the case of exact quadrature, i.e. 𝐶 = 0, we have ∇𝑢
𝕃 ( )

= ‖∇𝑢 ‖𝕃 ( ). We can 

thus write ∇𝑢
( )

≲ ‖∇𝑢 ‖ ( ), 0 ≤ 𝑚 ≤ 𝑛 , where the notation “𝑎 ≲ 𝑏” denotes an 

ordered equivalent relation, i.e. there are 2 positive constants such that 𝑐 ≤ 𝑎 𝑏⁄ ≤ 𝐶. This also 

implies that the space 𝑉 = 𝑠𝑝𝑎𝑛{𝜑 } ∈  enriched/corrected with the corrective gradient is 

closed under the gradient correction operation, whenever 𝑢 ∈ 𝑊 (Ω). Another consequent is 

that if 𝑢 is a constant, i.e. ∇𝑢 = 𝟎, this immediately implies ∇𝑢 = 𝟎. 

In fact, we are not required to have a homogenous boundary condition to establish the equivalent 

norm. However, the equivalency is established between a new norm ‖|𝑢|‖ ( ) ≔ ‖𝑢‖𝕃 ( ) +

∇𝑢
𝕃 ( )

 and ‖𝑢‖ ( ), which can be showed as followed 

‖|𝑢 |‖ ( ) ≤ ‖𝑢 ‖𝕃 ( ) + ‖∇𝑢 ‖𝕃 ( ) + ‖𝜉 ‖𝕃 ( ) ≤ (1 + 𝐶 )‖𝑢 ‖ ( ) (D.41)  

which bound ‖|𝑢 |‖ ( ) from above. In order to establish the lower bound, we notice 

‖|𝑢 |‖ ( ) ≥ ‖𝑢 ‖𝕃 ( ) + ‖∇𝑢 ‖𝕃 ( ) − ‖𝜉 ‖𝕃 ( ) ≥ |1 − 𝐶 |‖𝑢 ‖ ( ) (D.42)  

Hence we have 𝛼 = 𝐶 + 𝐶 + 1 

1

𝛼
‖𝑢 ‖ ( ) ≤ ‖|𝑢 |‖ ( ) ≤ 𝛼‖𝑢 ‖ ( ) (D.43)  

This implies that the convergence in ‖|𝑢 |‖ ( ) is sufficient to guarantee the convergence in 

‖𝑢 ‖ ( ). 
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Proposition 4. This yield a general error estimate for any 𝑢 ∈ ⨂ 𝑊 + (Ω ) ∩ 𝑊 (Ω), 𝑛 ≥

0, 𝝍 ∈ 𝐶 (Ω ) ,𝑚 ≥ 𝑑/2, where ‖𝜓‖𝕃 ( ) < ∞ 

⨋ 𝝍 ⋅ ∇𝑢 𝑑Ω − (𝝍 ⋅ ∇𝑢) 𝑑Ω  

≤ ⨋(𝝍 ⋅ 𝜉 )𝑑Ω + ⨋(𝝍 ⋅ ∇𝑢 )𝑑Ω − (𝝍 ⋅ ∇𝑢) 𝑑Ω  

= ⨋(𝝍 ⋅ 𝜉 )𝑑Ω + ⨋(𝝍 ⋅ ∇𝑢 )𝑑Ω − 𝝍 ⋅ (∇𝑢 − ∇𝑢 )𝑑Ω − 𝝍 ⋅ ∇𝑢 𝑑Ω  

≤ ⨋(𝝍 ⋅ ∇𝑢 )𝑑Ω − 𝝍 ⋅ ∇𝑢 𝑑Ω + 𝝍 ⋅ (∇𝑢 − ∇𝑢 ) 𝑑Ω + 𝐶ℎ ‖𝑢‖ + ( )‖𝜓‖𝕃 ( ) 

≤ ⨋ 𝝍 ⋅ (∇𝑢 − ∇𝑄 𝑢) 𝑑Ω − 𝝍 ⋅ (∇𝑢 − ∇𝑄 𝑢)𝑑Ω + 𝐶ℎ ‖𝑢‖ + ( )‖𝜓‖𝕃 ( ) 

≤ 𝐶ℎ ‖𝑢‖ + ( )‖𝜓‖𝕃 ( ) + 𝐶ℎ
−

‖∇(𝑢 − 𝑄 𝑢)‖ ( )‖𝜓‖𝕃 ( )   (see below) 

≤ 𝐶ℎ ‖𝑢‖ + ( )‖𝜓‖𝕃 ( ) + 𝐶ℎ
− − ‖(𝑢 − 𝑄 𝑢)‖ ( )‖𝜓‖𝕃 ( )   (inverse inequality) 

≤ 𝐶ℎ ‖𝑢‖ + ( )‖𝜓‖𝕃 ( ) + 𝐶ℎ
− − ‖𝑢 − 𝑢 ‖ ( ) + ‖𝑢 − 𝑄 𝑢‖ ( ) ‖𝜓‖𝕃 ( ) 

≤ 𝐶ℎ ‖𝑢‖ + ( )‖𝜓‖𝕃 ( ) + 𝐶ℎ
− − ℎ + ‖𝑢‖ + ( ) ‖𝜓‖𝕃 ( ) 

≤ 𝐶ℎ ‖𝑢‖ + ( )‖𝜓‖𝕃 ( ) 𝑎𝑠 𝑑 ≥ 1, ℎ → 0 

(D.44)  

where we also have made use of the Bramble-Hilbert inequality  

‖𝑢 − 𝑄 𝑢‖ ( ) ≤ 𝐶ℎ + − ‖𝑢‖ + ( ), 0 ≤ 𝑘 ≤ 𝑛, 1 ≤ 𝑝 < ∞ (D.45)  

in the last inequality. We have used the error estimate of RKMLS basis function  

‖𝑢 − 𝑢 ‖ ( ) ≤ 𝐶ℎ + − ‖𝑢‖ + ( ), 0 ≤ 𝑘 ≤ 𝑛, 1 ≤ 𝑝 < ∞ (D.46)  

in the third and seventh inequality. The rest of the inequalities make use of the bound of 

‖𝜉 ‖𝕃 ( ) ≤ 𝐶ℎ ‖𝑢‖ + ( ) , and the differential property of weak derivatives 𝐷| |𝑄 𝑢 =

𝑄 −| |𝐷 𝑢, where |𝛼| = 1 here and 𝑄 𝑢 is the averaged Taylor expansion of 𝑢 up to order 𝑚 

locally within Ω .  

Here we show how to bound the difference of 
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⨋(𝝍 ⋅ ∇𝑢 )𝑑Ω − 𝝍 ⋅ ∇𝑢 𝑑Ω  

= ⨋ 𝝍 ⋅ (∇𝑢 − ∇𝑄 𝑢) 𝑑Ω − 𝝍 ⋅ (∇𝑢 − ∇𝑄 𝑢)𝑑Ω  

≤ ⨋(𝑒 ⋅ ∇𝜑 )𝑑Ω − (𝑒 ⋅ ∇𝜑 )𝑑Ω (𝑢 − 𝑄 𝑢)
𝛼,𝑖

‖𝜓‖𝕃 ( ) 

≤ ‖𝜓‖𝕃 ( ) ⨋(𝑒 ⋅ ∇𝜑 )𝑑Ω − (𝑒 ⋅ ∇𝜑 )𝑑Ω |(𝑢 − 𝑄 𝑢) |  

≤ 𝐶𝜂 |Ω |

≤

√
𝜅‖𝑒 ⋅ ∇𝜑 ‖𝕃 ( )

≤ −

‖𝜓‖𝕃 ( ) |(𝑢 − 𝑄 𝑢) |  

≤ 𝐶𝜂‖𝜓‖𝕃 ( )ℎ
−

‖∇(𝑢 − 𝑄 𝑢)‖ ( ), 𝑑 ≥ 1, 𝑑 = dim(Ω ) 

(D.47)  

From the analysis, one does not need to perform the quadrature correction, and convergence can 

occur. However, the patch test condition will not be satisfied and the absolute error will also be 

higher for the uncorrected meshfree method. This is in contrast to the meshfree method that 

integrates on the support domain, whose quadrature scheme must be increasingly accurate with 

number of particles, or the convergence in error will diverge with refinement. 

 

Proposition 5. There exists a compatibility condition on the strain and deformation gradient 

tensors, for the case of small and large deformations, respectively. These conditions ensure that 

the body is not developing unphysical/artificial gaps without undergoing damage. It also ensures 

that the stress-strain relations are uniquely invertible in the case of linear elasticity and linearized 

form of hyperelasticity. They are given as 

∇ × ∇ × 𝜺 = 𝟎  𝑓𝑜𝑟 𝑠𝑚𝑎𝑙𝑙 𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 

∇ × 𝑭 = 𝟎  𝑓𝑜𝑟 𝑙𝑎𝑟𝑔𝑒 𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 
(D.48)  

where 𝜺 and 𝑭  are the small strain tensor and deformation gradient tensor, respectively. We 

remark that the tensors derived using the corrected displacement gradient tensor continued to 

satisfy the compatibility condition. The proof is, however, remarkably simple, by realizing that 

these quantities can be expressed using basis functions derivatives, whose curl vanishes. It is 

sufficient to show  
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∇ × ∇𝑢 = 𝜖 ∇ ∇𝑢 = 𝜖 ∇
𝜕𝜑

𝜕𝑥
𝑢 = − 𝜖 ∇

𝜕𝜑

𝜕𝑥
𝑢  

= − 𝜖 ∇
𝜕𝜑

𝜕𝑥
𝑢 = 0 

(D.49)  

where the corrected derivatives are same as Chapter 3 and 4 and we used the skew-symmetry 

property of the Levi-Civita symbol in the third equality; renaming the indices 𝑗, 𝑘 and invoking 

commutativity of ∇ ∇ = ∇ ∇  in Euclidean space for the third equality. 

 

Proposition 6. The corrected gradients satisfied partition of nullity. This can be shown by 

invoking the partition of unity property of meshfree basis functions: 

⨋ 𝑝𝑘
𝜕𝜑

𝛼

𝜕𝑥𝑘
𝑑Ω𝑠 = ⨋ 𝑝𝑘𝑛𝑘𝜑𝛼

𝑑Γ𝑠 − ⨋ ∇𝑘𝑝
𝑘𝜑

𝛼
𝑑Ω𝑠, ∀𝒑 ∈ [ℙ𝑚(Ω𝑠)]𝑑   ⇒ 

⨋ 𝑝𝑘
𝜕𝜑

𝛼

𝜕𝑥𝑘
𝛼

𝑑Ω𝑠 = ⨋ 𝑝𝑘𝑛𝑘 𝜑
𝛼

𝛼

𝑑Γ𝑠 − ⨋ ∇𝑘𝑝
𝑘 𝜑

𝛼

𝛼

𝑑Ω𝑠 

= ⨋(𝑝 𝑛 )𝑑Γ − ⨋(∇ 𝑝 )𝑑Ω  

= 𝒑 ⋅ 𝒏dΓ + (𝛁 ⋅ 𝒑) dΩ = 0 

(D.50)  

where we change the numerical quadrature into continuous integration due to exact integration 

using Gaussian quadrature rule. This then suggests that  

𝜕𝜑

𝜕𝑥
= 0 (D.51)  

since 𝒑 can be replaced by any 𝒇 ∈ [𝕃 (Ω )] . To see why, we note that the corrected derivatives 

are actually residing in polynomial space, as discussed in Appendix C. Hence the inner product 

of the corrected derivatives with any smooth function only acts on the polynomial part of the 

smooth function. 

We proceed to prove that we satisfy the zero row-sum condition. Babuska and coworkers [155] 

identifies that meshfree quadrature is nonlinear in nature due to overlapping quadrature 

domains, and the resulting stiffness matrix may be singular due to quadrature error. In order to 

guarantee convergence, the meshfree integrated stiffness matrix must satisfy the zero row-sum 

condition, which can be demonstrated as followed: 
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⨋
𝜕𝜑

𝛼

𝜕𝑥𝑙
𝑧𝑘𝑙

𝜕𝜑
𝛽

𝜕𝑥𝑘
𝑑Ω𝑠 = ⨋

𝜕𝜑
𝛼

𝜕𝑥𝑙
𝑧𝑘𝑙

𝜕𝜑
𝛽

𝜕𝑥𝑘
𝛽

𝑑Ω𝑠 = 0 (D.52)  

 

Theorem 1 (Lax-Milgram). For elliptic PDEs resulting in bilinear form, the Lax-Milgram 

theorem guarantees the existence and uniqueness of solution. Here we show that despite the use 

of corrected gradients, the theorem continues to hold. The theorem states that when we have a 

coercive and continuous bilinear form 𝑎(𝑣, 𝑢) and a continuous linear functional 𝑓(𝑣), such that 

𝑎(𝑣, 𝑢) = 𝑓(𝑣),∀𝑣 ∈ 𝑊 (Ω)  then a unique 𝑢  exists and computable. We remark that the 

corrected gradients are only used in 𝑎(𝑣, 𝑢) and we left our 𝑓(𝑣) unchanged from its classical 

continuous form, hence we only concentrate on proving the coercivity and continuity of 𝑎(𝑣, 𝑢).  

Without loss of generality, let us consider the Dirichlet case where  

𝑎(𝑣 , 𝑢 ) = ∇𝑣 ⋅ ∇𝑢 𝑑Ω (D.53)  

∀𝑢 ∈ 𝑊 (Ω) with 𝑢 = 𝑢 = 0 on Γ. The coercivity is showed as followed: 

∇𝑢
𝕃 ( )

= ∇𝑢 ⋅ ∇𝑢 𝑑Ω ≳ ∇𝑢 ⋅ ∇𝑢 𝑑Ω ≥ 𝐶‖𝑢 ‖𝕃 ( ) (D.54)  

where we have made use of the equivalent norm of corrected and natural gradients in the first 

inequality, and Poincare’s inequality for the last inequality. After adding 𝐶‖∇𝑢 ‖𝕃 ( ) to both 

sides, and reapplying the equivalent norm property ∇𝑢
𝕃 ( )

≥ 𝐶 ‖∇𝑢 ‖𝕃 ( ), we obtain the 

desired result: 

𝐶‖𝑢 ‖ ( ) ≤ 𝐶‖∇𝑢 ‖𝕃 ( ) + ∇𝑢
𝕃 ( )

≤ (𝐶𝐶 + 1) ∇𝑢
( )

 

∴ ∇𝑢 ⋅ ∇𝑢 𝑑Ω ≥
𝐶

𝐶𝐶 + 1
‖𝑢 ‖ ( ) 

(D.55)  

The continuity bound of ∫ ∇𝑢 ⋅ ∇𝑢 𝑑Ω  followed from Cauchy-Schwarz’s inequality  

∇𝑣 ⋅ ∇𝑢 𝑑Ω ≤ ∇𝑣
𝕃 ( )

∇𝑢
𝕃 ( )

≤ ‖𝑣 ‖ ( )‖𝑢 ‖ ( ) (D.56)  

where the equivalent norm property is used again on the second inequality. For linear elasticity, 

we have the standard bilinear form of 
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𝑎 ∇𝑣 ,∇𝑢 = 𝑠𝑦𝑚 ∇𝑣 :ℂ: 𝑠𝑦𝑚 ∇𝑢 𝑑Ω, ∀𝑢 , 𝑣 ∈ 𝑊 (Ω)  (D.57)  

The upper bound of 𝑎 is a direct consequent of the Cauchy-Schwarz inequality. The more 

difficult proof is to establish coercivity, which can be showed by making use of Korn’s inequality, 

where we have a positive constant 𝐶 independent of ℎ such that 

‖𝑢 ‖ ( ) ≤ 𝐶 𝑎(∇𝑢 ,∇𝑢 ) + ‖𝑢 ‖𝕃 ( )  (D.58)  

By adding 𝐶‖𝑢 ‖ ( ) on both sides, we can further reduce the inequality  

(𝐶 + 1)‖𝑢 ‖ ( ) ≤ 𝐶 𝑎(∇𝑢 ,∇𝑢 ) + ‖𝑢 ‖ ( )  

∴
𝐶 + 1

𝐶
‖𝑢 ‖ ( ) ≤ 𝑎(∇𝑢 ,∇𝑢 ) + ‖𝑢 ‖ ( ) 

∴
1

𝐶
‖𝑢 ‖ ( ) ≤ 𝑎(∇𝑢 ,∇𝑢 ) ≲ 𝑎 ∇𝑢 ,∇𝑢  

(D.59)  

where the equivalence norm property is being used in the last inequality.  

Theorem 2 (Strang’s second lemma) The error estimate of the solution after gradient 

correction is applied can be succinctly captured by a modified Strang’s second lemma [168], 

where the effect of quadrature is also included. It should be noted that the second lemma 

concerns with incompatible method, which is the case when we have computed corrected 

gradients locally in each background cells. When we stitch the corrected gradients into a 

compatible global field as in the case for PUQ schemes, the result from the second lemma still 

remains valid.  

In order to be more precise for this theorem, let us redefine the variational form in Theorem 1 

to find 𝑢 ∈ 𝑊 (Ω) +⊗ 𝕃 (Ω ) such that 

𝑎(𝑣, 𝑢) = 𝑙(𝑣), ∀𝑣 ∈ 𝑉 (Ω) ⊂ 𝑊 (Ω) +⊗ 𝕃 (Ω ) (D.60)  

where the continuous, coercive and bounded bilinear form 𝑎:𝑊 (Ω) × 𝑊 (Ω) → ℝ is given 

as 

𝑎(𝑣, 𝑢) = 𝑎 (𝑣, 𝑢) , 𝑎 (𝑣, 𝑢) = ∇𝑣 ⋅ ℂ ⋅ ∇𝑢𝑑Ω  (D.61)  

and a continuous and bounded linear form 𝑙:𝑊 (Ω) → ℝ is 

𝑙(𝑣) = 𝑙 (𝑣) , 𝑙 (𝑣) = 𝑣 ⋅ 𝑓 𝑑Ω + 𝑡 ⋅ 𝑣 𝑑Γ  (D.62)  
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Discrete setting, on the other hand, is written as 

𝑎 (𝑣 , 𝑢 ) = 𝑙 (𝑣 ), ∀𝑣 ∈ 𝑉 (Ω) ⊂ 𝑊 (Ω) +⊗ 𝕃 (Ω ) (D.63)  

where the corresponding discretised bilinear and linear forms are 

𝑎 (𝑣 , 𝑢 ) = 𝑎 (𝑣 , 𝑢 ) , 𝑎 (𝑣 , 𝑢 ) = ⨋ ∇𝑣 ⋅ ℂ ⋅ ∇𝑢 𝑑Ω  

𝑙 (𝑣 ) = 𝑙 (𝑣 ) , 𝑙 (𝑣 ) = ⨋(𝑣 ⋅ 𝑓)𝑑Ω + ⨋[𝑡 ⋅ 𝑣]𝑑Γ  
(D.64)  

Note that contrary to the continuous case, the corrected gradient is used in the discrete setting 

∇𝑢 = ∇𝑢 + 𝜉(𝑢 ) (D.65)  

and that 𝜉(𝑢 ) = 0 on Γ  by definition of the gradient correction scheme. 

Defining a norm locally in each background cell ‖|𝑣 |‖ ( ) = ‖𝑣 ‖ ( ) + ‖𝜉(𝑣 )‖𝕃 ( ) and 

by virtue of 𝑉 -ellipticity of 𝑎 (⋅,⋅), we have 

𝛼‖|𝑢 − 𝑣 |‖ ( ) 

≤ 𝑎 (𝑢 − 𝑣 , 𝑢 − 𝑣 ) + 𝑎 (𝑢 − 𝑣 , 𝑢 − 𝑣 ) − 𝑎 (𝑢 − 𝑣 , 𝑢 − 𝑣 ) 

= 𝑎 (𝑢 − 𝑣 , 𝑢 − 𝑣 ) + 𝑎 (𝑣 , 𝑢 − 𝑣 ) − 𝑎 (𝑣 , 𝑢 − 𝑣 ) + 𝑙 (𝑢 − 𝑣 )

− 𝑙 (𝑢 − 𝑣 ) 

(D.66)  

By the boundedness of 𝑎 (𝑢, 𝑣) ≤ 𝑀‖𝑢‖ ( )‖𝑣‖ ( ), after using the equivalence property  of 

‖|𝑣 |‖ ( ) and ‖𝑣 ‖ ( ) (see Proposition 3 in Appendix D), this leads to 

𝛼

Θ
‖𝑢 − 𝑣 ‖ ( ) ≤ 𝛼

‖|𝑢 − 𝑣 |‖ ( )

‖𝑢 − 𝑣 ‖ ( )

 

≤ 𝑀‖𝑢 − 𝑣 ‖ ( ) +
|𝑎 (𝑣 , 𝑢 − 𝑣 ) − 𝑎 (𝑣 , 𝑢 − 𝑣 )|

‖𝑢 − 𝑣 ‖ ( )

+
|𝑙 (𝑢 − 𝑣 ) − 𝑙 (𝑢 − 𝑣 )|

‖𝑢 − 𝑣 ‖ ( )

 

≤ 𝑀‖𝑢 − 𝑣 ‖ ( ) + sup
∈ ( )

≠

|𝑎 (𝑣 ,𝑤 ) − 𝑎 (𝑣 ,𝑤 )|

‖𝑤 ‖ ( )

+ sup
∈ ( )

≠

|𝑙 (𝑤 ) − 𝑙 (𝑤 )|

‖𝑤 ‖ ( )

 

(D.67) 

where Θ = 𝐶 + 𝐶 + 1 and 𝐶  is the quadrature violation constant, such that when we have 

exact quadrature, 𝐶 = 0. By triangle inequality, ∀𝑣 ∈ 𝑉 (Ω ) 
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𝛼

Θ
‖𝑢 − 𝑢 ‖ ( ) ≤

𝛼

Θ
‖𝑢 − 𝑣 ‖ ( ) +

𝛼

Θ
‖𝑣 − 𝑢 ‖ ( ) 

≤
𝛼

Θ
‖𝑢 − 𝑣 ‖ ( ) + 𝑀‖𝑢 − 𝑣 ‖ ( ) + sup

∈ ( )

≠

|𝑎 (𝑣 ,𝑤 ) − 𝑎 (𝑣 ,𝑤 )|

‖𝑤 ‖ ( )

+ sup
∈ ( )

≠

|𝑙 (𝑤 ) − 𝑙 (𝑤 )|

‖𝑤 ‖ ( )

 

(D.68)  

which suggested  

‖|𝑢 − 𝑣 |‖ ( ) ≤ Θ‖𝑢 − 𝑢 ‖ ( ) 

≤ 𝐶 inf
∈ ( )

⎝

⎜⎜
⎜⎛‖𝑢 − 𝑣 ‖ ( ) + sup

∈ ( )

≠

|𝑎 (𝑣 ,𝑤 ) − 𝑎 (𝑣 ,𝑤 )|

‖𝑤 ‖ ( )

⎠

⎟⎟
⎟⎞

+ 𝐶 sup
∈ ( )

≠

|𝑙 (𝑤 ) − 𝑙 (𝑤 )|

‖𝑤 ‖ ( )

 

(D.69)  

where 𝐶 = 𝑀𝛼− Θ ,𝑀 ≥ 1. Note that we have arrived at the local version of the Strang’s 

second lemma, further scaled by quadrature violation constant, since we have introduced the use 

of the corrected gradient. The global version of the modified Strang’s second lemma can then be 

inferred as 

‖|𝑢 − 𝑣 |‖ ( ) = ‖|𝑢 − 𝑣 |‖ ( ) 

≤ 𝐶 inf
∈ ( )

⎝

⎜⎜
⎜⎛ ‖𝑢 − 𝑣 ‖ ( ) + sup

∈ ( )

≠

∑ |𝑎 (𝑣 ,𝑤 ) − 𝑎 (𝑣 ,𝑤 )|

‖𝑤 ‖ ( )

⎠

⎟⎟
⎟⎞

+ 𝐶 sup
∈ ( )

≠

∑ |𝑙 (𝑤 ) − 𝑙 (𝑤 )|

‖𝑤 ‖ ( )

 

(D.70)  

Before we can arrive to the final error estimate, we need another estimate on the boundary term, 

given by 

|𝑙 (𝑤 ) − 𝑙 (𝑤 )| ≤ ⨋(𝑤 ⋅ 𝑓)𝑑Ω − 𝑤 ⋅ 𝑓 𝑑Ω + ⨋[𝑡 ⋅ 𝑤 ]𝑑Γ − 𝑡 ⋅ 𝑤 𝑑Γ  

≤ ⨋[𝑤 ⋅ 𝑓 ]𝑑Ω − 𝑤 ⋅ 𝑓 𝑑Ω + ⨋[𝑡 ⋅ 𝑤 ]𝑑Γ − 𝑡 ⋅ 𝑤 𝑑Γ  
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≤ 𝑤 ⨋ 𝜑 𝒆 ⋅ (𝑓 − 𝑄 𝑓 ) 𝑑Ω − 𝜑 𝒆 ⋅ (𝑓 − 𝑄 𝑓 ) 𝑑Ω

+ ⨋ 𝜑 𝒆 ⋅ (𝑡 − 𝑄 𝑡 ) 𝑑Γ − 𝜑 𝒆 ⋅ (𝑡 − 𝑄 𝑡 ) 𝑑Γ ,

0 ≤ 𝑘 ≤ 𝑚 < ∞, 𝑚 = 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑟𝑒𝑝𝑟𝑜𝑑𝑢𝑐𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑉  

≤

⎣

⎢
⎢
⎢
⎢
⎡ 𝑓 − 𝑄 𝑓 ⨋ 𝜑 𝒆 ⋅ 𝜑 𝒆 𝑑Ω − 𝜑 𝒆 ⋅ 𝜑 𝒆 𝑑Ω

+ |𝑡 − 𝑄 𝑡 | ⨋ 𝜑 𝒆 ⋅ 𝜑 𝒆 𝑑Γ − 𝜑 𝒆 ⋅ 𝜑 𝒆 𝑑Γ
⎦

⎥
⎥
⎥
⎥
⎤

|𝑤 |  

≤ 𝐺𝜏
√

𝜅‖𝑓 − 𝑄 𝑓 ‖𝕃 ( )‖𝑤 ‖𝕃 ( ) + 𝐻𝜂
√

𝜆‖𝑡 − 𝑄 𝑡 ‖𝕃 ( )‖𝑤 ‖𝕃 ( ) 

≤ 𝐹 𝜏ℎ ‖𝑓 ‖ ( ) + 𝜂ℎ
−

‖𝑡 − 𝑄 𝑡 ‖ ( ) ‖𝑤 ‖ ( )  

≤ 𝐹 𝜏‖𝑓‖ ( ) + 𝜂‖𝑡‖ + ( ) ℎ ‖𝑤 ‖ ( )      (D.71) 

where we have used the orthogonality projection property of the RKMLS basis functions such 

that the inner products involving 𝑓  and 𝑡  are equivalent to that of their corresponding 

approximated counterpart. This boundary inequality then suggests that quadrature error of 𝑓  

and 𝑡  will also affect the variational consistency. Note that the boundary term does not contain 

jump terms under the summation, due to the incompatible corrected gradient vanishes on the 

boundary Γ . In fact, due to continuity of 𝑡, the boundary summation vanishes whenever the 

boundary is part of the interior of the body. Hence, with the use of (D.30) and Proposition 4, 

together with the boundary inequality above, we have  

‖|𝑢 − 𝑢 |‖ ( ) ≤
𝐶 inf

∈ ( )

⎝

⎜⎜
⎜⎛‖𝑢 − 𝑣 ‖ ( ) + 𝐸𝜏ℎ ‖𝑣 ‖ + ( )‖ℂ‖𝕃 ( ) sup

∈ ( )

≠

|𝑤 |𝕃 ( )

‖𝑤 ‖ ( )

⎠

⎟⎟
⎟⎞

+𝐶 𝐹 𝜏‖𝑓‖ ( ) + 𝜂‖𝑡‖ + ( ) ℎ

 

≤ 𝐶ℎ ‖𝑢‖ + ( ) + 𝜏‖ℂ‖𝕃 ( )‖𝑢 ‖ + ( ) + 𝜏‖𝑓‖ ( ) + 𝜂‖𝑡‖ + ( )    (D.72) 

which is similar to the standard a priori error estimates [267]. Consequently, we realised that 

the gradient correction scheme yields solutions that convergence optimally. The proof also 

implies that even without gradient correction, background cells with increasing refinement 

process will yield optimal convergence, with the provision that polynomials of order 𝑚 is exactly 

integrated.  
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Appendix E. Weak inf-sup stabilisation under quadrature rule 
In this appendix, we show the effect of the gradient correction scheme onto the PPP-stabilisation 

technique, where a weaker version of the LBB condition continues to hold. The result in this 

appendix explains why our proposed methods are producing convergent and stable results in the 

linear deformation range. 

Lemma 2. The weaker inf-sup condition [218] is given by  

sup
∈𝕎 ( )

∫𝑝 ∇𝑢 : 𝐼 𝑑Ω

‖𝑢 ‖ ( )

≥ 𝐶 ‖𝑝 ‖𝕃 ( ) − 𝐶 ℎ‖∇𝑝 ‖𝕃 ( ) (E.1)  

which can be satisfied by using the PPP-stabilisation method. However, we claimed that 

quadrature errors could undermine the effect of the PPP-stabilisation. In fact, the discrete 

version of the weak inf-sup condition under inexact quadrature rule is given by 

sup
∈𝕎 ( )

⨋ 𝑝 ∇𝑢 : 𝐼 𝑑Ω

‖𝑢‖ ( )

 

≥ 𝐶 ‖𝑝 ‖𝕃 ( ) − 𝐶 ‖𝑝 − 𝜋 − 𝑝 ‖𝕃 ( ) − 𝐶 ℎ‖∇(𝑝 − 𝜋 − 𝑝 )‖𝕃 ( ) 

(E.2)  

When 𝑚 = 1, the stabilisation operator is the standard form 

Π (𝑝) = 𝐶 (𝑚 + 1)‖𝑝 − 𝜋 − 𝑝 ‖𝕃 ( ) (E.3)  

For general order polynomials, i.e. 𝑚 ≥ 1, the stabilisation operator can take a more general 

form 

Π (𝑝) = 𝐶 (𝑚 + 1)‖𝑝 − 𝜋 − 𝑝 ‖𝕃 ( ) + 𝐶 ℎ‖∇(𝑝 − 𝜋 − 𝑝 )‖𝕃 ( ) (E.4)  

For large deformations, the stability criteria changes to the generalised inf-sup condition 

sup
∈𝕎 ( )

∫𝑝 𝐽 𝛁𝒖 :𝑭 − 𝑑Ω

‖𝑢 ‖ ( )

≥ 𝐶 ‖𝑝 ‖𝕃 ( ) (E.5)  

However, we remark that this is equivalent to the previous weak inf-sup condition, where the 

only difference lies at the different coordinate systems they are expressed in, since by virtue of 

Piola-transformation, one has 

𝑝 𝐽 𝛁𝒖 :𝑭 − 𝑑Ω = 𝑝 𝛁 𝒖 : 𝑰 𝑑Ω (E.6)  
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Computationally, however, the equivalence may not hold in discrete setting. The proof that a 

weaker version of generalised inf-sup condition exists and that it is stabilised by the current 

stabilisation operators is currently an open endeavour and we left it as a future work.  

Lemma 3 [268]: A well-known inverse inequality that polynomials of order 𝑚 can be bounded 

by 

|𝜋 𝑝 | ( ) ≤ 𝐶ℎ− 𝑚 ‖𝜋 𝑝 ‖ ( ), 𝑙 ≥ 1 (E.7)  

 

In the following proof, 𝐶 is a generic positive constant, which may change in value but unchanged 

in print to avoid excessive renaming. 

Proof of Lemma 2: We now proceed to proof a further weakened inf-sup condition by making 

use of Lemma 3 as followed 

∫𝑝 ∇𝑢 : 𝐼 𝑑Ω

‖𝑢 ‖ ( )

 

≥
|∫ 𝑝 (∇ ⋅ 𝒖 ) 𝑑Ω|

‖𝑢‖ ( )

−
∑ ∫𝑝 𝑰: 𝝃 (𝒖 ) 𝑑Ω

‖𝑢 ‖ ( )

 

≥
|∫ 𝑝 (∇ ⋅ 𝒖) 𝑑Ω|

‖𝑢‖ ( )

−
|∫ 𝑝 (∇ ⋅ 𝒖 − ∇ ⋅ 𝒖 ) 𝑑Ω|

‖𝑢‖ ( )

−
∑ ∫ 𝑝 𝑰: 𝝃 (𝒖 ) 𝑑Ω

‖𝑢 ‖ ( )

 

≥ 𝐶 ‖𝑝 ‖𝕃 ( ) −
|∫∇𝑝 ⋅ (𝒖 − 𝒖 )𝑑Ω|

‖𝑢‖ ( )

−
∑ ∫(𝑝 − 𝜋 − 𝑝 ) 𝑰: 𝝃 (𝒖 ) 𝑑Ω

‖𝑢 ‖ ( )

 

≥ 𝐶 ‖𝑝 ‖𝕃 ( ) − 𝐶 ℎ‖∇𝑝 ‖𝕃 ( ) − 𝐶 ‖𝑝 − 𝜋 − 𝑝 ‖𝕃 ( ) 

≥ 𝐶‖𝑝 ‖𝕃 ( ) − 𝐶 ℎ‖∇𝑝 − ∇𝜋 − 𝑝 ‖𝕃 ( ) − 𝐶 ‖𝑝 − 𝜋 − 𝑝 ‖𝕃 ( ) 

(E.8)  

where the last line follows from bounding ‖∇𝑝 ‖  using triangle inequality 

‖∇𝑝 ‖𝕃 ( ) ≤ ‖∇𝑝 − ∇𝜋 − 𝑝 ‖𝕃 ( ) + ‖∇𝜋 − 𝑝 ‖𝕃 ( ) (E.9)  

and bounding the projected gradient using inverse inequality and continuity property of 𝜋 

‖∇𝜋 − 𝑝 ‖𝕃 ( ) = ‖∇𝜋 − 𝑝 ‖𝕃 ( ) ≤ 𝐶 ℎ− ‖𝜋 − 𝑝 ‖𝕃 ( )

≤ 𝐶 ℎ− ‖𝑝 ‖𝕃 ( ) 
(E.10)  

In fact, we can extend the bound of the last line by realizing ‖∇𝑝 − ∇𝜋 − 𝑝 ‖𝕃 ( ) ≤

𝐶 ℎ− 𝑚 ‖𝑝 − 𝜋 − 𝑝 ‖𝕃 ( ) . This hence explain how the higher order polynomial pressure 
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projection have produced optimally convergent results. Note that despite the discontinuity 

generated from 𝕃  projection, pressure jump terms did not arise in our analysis, because we have 

never used a constant (cell-wise) pressure in the term ∫∇𝑝 ⋅ (𝒖 − 𝒖 )𝑑Ω in the formulation.  

However, under the effect of quadrature, the discrete weak inf-sup changes to 

⨋𝑝 ∇𝑢 : 𝐼 𝑑Ω

‖𝑢 ‖ ( )

 

≥
∫𝑝 ∇𝑢 : 𝐼 𝑑Ω

‖𝑢‖ ( )

−
∑ ∫𝑝 ∇𝑢 : 𝐼 𝑑Ω − ⨋𝑝 ∇𝑢 : 𝐼 𝑑Ω

‖𝑢 ‖ ( )

 

≥ (𝐶 − 𝐷)‖𝑝 ‖𝕃 ( ) − 𝐶 ℎ‖∇𝑝 − ∇𝜋 − 𝑝 ‖𝕃 ( ) − 𝐶 (𝑚 + 1)‖𝑝 − 𝜋 − 𝑝 ‖𝕃 ( ) 

(E.11)  

Note that if 𝐶 ≤ 𝐷, the discrete weak inf-sup condition no longer hold and the numerical 

stability is not guaranteed. Therefore inexact quadrature could also impact the stabilised mixed 

formulation. To see how the constant 𝐷 arises we first observed that  

𝑝 ∇𝑢 : 𝐼 𝑑Ω − ⨋𝑝 ∇𝑢 : 𝐼 𝑑Ω  

≤ 𝜑 ∇𝑢 : 𝐼 𝑑Ω − ⨋𝜑 ∇𝑢 : 𝐼 𝑑Ω 𝑝  

≤ |𝑝 | 𝜑 ∇𝑢 : 𝐼 𝑑Ω − ⨋𝜑 ∇𝑢 : 𝐼 𝑑Ω

/

 

≤ |𝑝 | 𝐷 𝜂‖∇𝑢 ‖ ( ) + 𝐷 𝜂‖𝜉 ‖𝕃 ( )ℎ
( − )

+ 𝐷 𝜂 ‖∇𝑢 ‖ ( )‖𝜉 ‖𝕃 ( )ℎ
−  

≤ (𝐷 𝜂ℎ− + 𝐷 𝜂ℎ − + 𝐷 𝜂 ℎ− ) ℎ ‖𝑝 ‖𝕃 ( )‖∇𝑢 ‖ ( ) 

≤ 𝐷 𝜂ℎ− ℎ ‖𝑝 ‖𝕃 ( )‖∇𝑢 ‖ ( )  𝑎𝑠 ℎ → 0 

= 𝐷‖𝑝 ‖𝕃 ( )‖∇𝑢 ‖ ( )  𝑎𝑠 ℎ → 0 

(E.12)  



Appendix E  
Weak inf-sup stabilisation under quadrature rule 

211 
 

where 

𝜑 ∇𝑢 : 𝐼 𝑑Ω − ⨋𝜑 ∇𝑢 : 𝐼 𝑑Ω  

≤ 𝜑 (∇𝜑 𝒈 : 𝐼) 𝑑Ω − ⨋𝜑 (∇𝜑 𝒈 : 𝐼)𝑑Ω 𝑢 − 𝑢

+ 𝜑 (𝜑 𝒈 : 𝐼) 𝑑Ω − ⨋𝜑 (𝜑 𝒈 : 𝐼)𝑑Ω 𝜉  

≤ 𝑢 − 𝑢 ‖𝜑 ‖𝕃 ( )𝐶𝜂|Ω |ℎ−
√

𝜅𝑑

+ ‖𝜑 ‖𝕃 ( ) 𝜉 𝐶𝜂|Ω |
√

𝜅𝑑 

≤ 𝐶 𝜂‖∇𝑢 ‖𝕃 ( ) + 𝐶 𝜂‖𝜉 ‖𝕃 ( )ℎ
−

 

(E.13)  
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Appendix F. Polyconvex condition of strain energy functional 
Polyconvexity is a necessary condition to ensure the existence of a physically plausible solution 

to hyperelasticity problems, whose condition is satisfied for (compressible) Mooney-Rivlin 

constitutive law. However, as the 2 stabilisation terms: PPP and PGP may be appended into 

the strain energy function and resulting in a new stain energy function, therefore we would 

require to check that the stabilisation terms preserved the polyconvexity condition. We note 

that the 2 stabilisation terms are of the form of a squared norm, i.e. 𝜓(𝝌, 𝜸) =

∑ ‖𝝌 − 𝜸‖ ( ), and hence we have for each of such term 

𝜕 𝜓

𝜕𝝌
=

𝜕 𝜓

𝜕𝜸
= 𝑰,

𝜕 𝜓

𝜕𝝌𝜕𝜸
= 𝟎 (F.1)  

which confirms that the Legendre-Hadamard condition is satisfied for all admissible 𝜹𝝃 =

{𝜹𝝌 𝜹𝜸}, 

𝜹𝝃:
𝜕 𝜓

𝜕𝝃𝜕𝝃
: 𝜹𝝃 =

𝜹𝝌

𝜹𝜸

⎣

⎢
⎢
⎡

𝜕 𝜓

𝜕𝝌

𝜕 𝜓

𝜕𝝌𝜕𝜸

𝜕 𝜓

𝜕𝝌𝜕𝜸

𝜕 𝜓

𝜕𝜸 ⎦

⎥
⎥
⎤ 𝜹𝝌

𝜹𝜸
=

𝜹𝝌

𝜹𝜸
𝑰 𝟎
𝟎 𝑰

𝜹𝝌

𝜹𝜸
≥ 0 (F.2)  

We remark that 𝜸 is actually a function of 𝝌, where 𝜸 = 𝜋 − (𝜒𝑰) for PPP and 𝜸 = 𝛁𝜋 − 𝜒 

for PGP. Therefore, we may further re-express 𝛅𝛄 as 

𝜹𝜸 =
𝝏𝜸

𝝏𝝌
⋅ 𝜹𝝌 =

𝜋 − 𝜹𝝌 𝑓𝑜𝑟 𝑃𝑃𝑃

𝛁𝜋 − 𝛿𝜒 𝑓𝑜𝑟 𝑃𝐺𝑃
 (F.3)  

and proof polyconvexity again, regardless of the proposition of 𝜹𝜸. As linear combinations of 

polyconvex functions are also polyconvex, therefore so does our stabilised functional. ■ 
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Appendix G. Computational complexity of Partition of Unity Quadrature 
In PUQ scheme, the gradient correction scheme is an additional part that is missing in standard 

truly meshfree computation, whose addition managed to recover polynomial consistency at any 

degree of discretisation of the domain mesh (see details in Chapter 2). We may infer the share 

of the computational time required for the gradient correction part as a measurement of 

additional overhead cost through the following theoretical analysis. We will adopt the 𝒪-notation 

to infer the asymptotic upper bound of the computational time. For a given function ℎ(𝑛) 

bounded asymptotically by 𝑔(𝑛), then we said ℎ(𝑛) ∈ 𝒪 𝑔(𝑛) , where  

𝒪 𝑔(𝑛) ≔ {𝑓(𝑛)|∃𝐶 > 0, 𝑛 > 0, 𝑓(𝑛) ≤ 𝐶𝑔(𝑛), ∀𝑛 ≥ 𝑛 } (G.1)  

Let us define the total computation time as 𝑇  and it is contributed by 

𝑇 = 𝑇 + 𝑇 + 𝑇 + 𝑇  (G.2)  

where each term, is given respectively as  

1. 𝑇 : time to assemble the stiffness matrix,  

2. 𝑇 : time to assemble the residual matrix 

3. 𝑇 : time to solve the linear system of equations 

4. 𝑇 : total time to compute the corrected gradients 

We briefly mention that the philosophy of PUQ scheme dictates that we integrate a series of 

local weak forms, partitioned from the global weak from by a cover of partition of unity (PU) 

basis functions, denoted Ψ ≔ 𝜓 ,∑ 𝜓 = 1 , which we have associated to the set of 𝑛 

meshfree nodes through bijective relationship. Each of these overlapping local weak forms will 

then be further partitioned into an ever-finer Θ (definition given later) non-overlapping mesh 

where the quadrature procedure is performed. The summation of these local stiffness matrices 

and residuals will then yield a system of linear equations to which we solve the solution of the 

global weak form. 

Following standard analysis as [17], the computational complexity of a local stiffness matrix is 

then given roughly as 

𝒪(𝑇 ) = 𝒪(𝑑 𝑁𝑀𝑇 ) (G.3)  
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where we have assumed the matrix has "𝑑𝑁" rows and "𝑑𝑀" non-empty columns for each row, 

while 𝑇  is the time to compute each terms of the local weak form. In general, 𝑑 is the 

dimension of the physical body under analysis, 𝑁  is the number of meshfree nodes and 𝑀 can 

be loosely interpreted as the average number of nodes covered in each support domains. 

Assuming we only have one term involving the 𝜓-weighted local inner product of corrected 

meshfree derivatives, then we model  

𝒪(𝑇 ) = 𝒪 Θ𝑁 𝑇 𝑇  (G.4)  

where 𝑁  is the number of Gaussian quadrature points, while 𝑇  and 𝑇 , respectively, is 

the average time to compute the PU basis function and that of the corrected meshfree 

derivatives. Here we used 𝑁 = (𝑝 + 1)  where 𝑝 is the polynomial reproducibility order of the 

meshfree basis function used. Lastly, Θ is defined as the number of non-overlapping elements 

partitioning the local weak form. Assuming we use Shepard’s function as 𝜓, then we have 

𝒪 𝑇 = 𝒪 (𝑀 + 1)𝑇  where 𝑇  is the time to compute the weighting function used in the 

meshfree basis function. We now compute 𝑇  as part of (local) gradient correction effort, 

i.e. 𝒪 𝑇 = 𝒪 𝑇 . 

The gradient correction scheme involves a residual contributed by 4 terms evaluated on each of 

the Θ elements (see (2.87)) and the inversion of a symmetric positive definite 𝑛 × 𝑛  Gram 

matrix, where 𝑛 = 𝑑
𝑝 + 𝑑 − 1

𝑑
. The corrective vectors will then be added onto each 

contributing meshfree derivatives in the residual vector. We first model the complexity of the 

residual vector as 

𝒪(𝑇 ) = 𝒪 𝑑Θ𝑁 𝑛 𝑇 𝑇 + 𝒪 𝑑Θ 𝑁 𝑛 𝑇 𝑇 ≤ 𝒪 𝑑𝑛 Θ𝑁 𝑇 𝑇  (G.5)  

where 𝑇  is the time to compute the meshfree basis functions (or their derivatives), which is 

given by [17] as 𝒪 𝑇 = 𝒪 𝑛 𝑀𝑇 . We also can model the Gram matrix as 𝒪 𝑇 =

𝒪 𝑛 𝑁 Θ𝑇 . Therefore, the inversion process and matrix multiplications to yield the corrected 

gradients then suggest 

𝒪 𝑇 = 𝒪 𝑛 + 𝒪 𝑑𝑀𝑛 + 𝒪 𝑇 + 𝒪(𝑇 ) 

≤ 𝒪 𝑛 𝑁 Θ𝑇 + 𝑑𝑛 Θ𝑁 𝑇 𝑇 𝑀  
(G.6)  
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where we also use the fact that 𝑛 ≤ 𝑁 . 

Similarly, scaling these complexities due to summation, we have the complexities for global 

stiffness matrices and residual vector 

𝒪(𝑇 ) = 𝒪(𝑁𝑇 ) = 𝒪 𝑑 𝑁 𝑀Θ𝑁 𝑇 𝑇  (G.7)  

𝒪 𝑇 = 𝒪(𝑁𝑇 ) = 𝒪 𝑑𝑛 Θ𝐻𝑁 𝑇 𝑇  (G.8) 

Solving the system of equations with LU factorisation, followed by backward and forward 

substitutions, we have [17] 

𝒪(𝑇 ) = 𝒪(𝑑𝑁𝑚 + 𝑑𝑁𝑚 ) ≤ 𝒪(𝑑𝑁𝑚 ) (G.9)  

where 𝑚  is the half-bandwidth of the stiffness matrix. Till this end, we estimate that  

𝒪(𝑇 ) = 𝒪 𝑑 𝑁 𝑀Θ𝑁 𝑇 𝑇 + 𝒪(𝑁𝑇 ) + 𝒪(𝑑𝑁𝑚 )

+ 𝒪 𝑁𝑇  
(G.10)  

Therefore, the share of the gradient correction scheme in the total computational cost could be 

given as 

𝒪
𝑇

𝑇

= 𝒪
𝑁𝑇

𝑑 𝑁 𝑀Θ𝑁 𝑇 𝑇 + 𝑁𝑇 + 𝑑𝑁𝑚 + 𝑁𝑇
 

≤ 𝒪
𝑁

𝑑 𝑁 𝑀Θ𝑁 𝑇 + 2𝑁
= 𝒪

1

𝑑 𝑁𝑀Θ𝑁 𝑇 + 2
≤ 𝒪

1

2
 

(G.11)  

This analysis concludes that the PUQ scheme has a sizeable share in the total computational 

cost, whose contribution approaches almost 50% of the total solution time theoretically, once we 

use the fact that 𝑇 ⋘ 𝑑 𝑁𝑀(𝑀 + 1) and assuming Θ and 𝑁  as constants. But that is not 

surprising as standard meshfree methods have similar (or even significantly more) contribution 

from the computation of meshfree basis functions (or derivatives) alone. However, as discussed 

in Chapter 2, either 𝑁  or Θ  need to increase with refinement, i.e. Θ,𝑁 ∝ 𝑁  to ensure 

convergence and stability of the resulting system of equations. Therefore, the contribution of 

PUQ scheme will decrease with refinement when more time is spent in assembling the stiffness 

matrix.  
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The computational cost of the PUQ scheme may be reduced if one reduces the support size and 

bandwidth. In order to reduce cost further, the gradient correction scheme may be further 

improved as an adaptive scheme, based on the degree of violation of polynomial consistency in 

local region under variational principle. Neural/statistical techniques may also be used to 

interpolate/diffuse the corrected gradient fields in high stress region.  

Lastly, we briefly mention the computational memory usage of PUQ scheme. Since only the 

corrected gradients are store, and PUQ scheme effectively only has temporary variables, we say 

that its contribution to total memory usage is transient and insubstantial. For the sake of 

completeness, we may infer, by using the similar analysis above, that  

𝒪(𝑀 ) = 𝒪 𝑀 + 𝒪 𝑀 + 𝒪(𝑀 ) + 𝒪 𝑀  

= 𝒪 𝑑𝑀𝑛 𝑛 + 1 + 𝒪 𝑛 + 𝒪 𝑑𝑀𝑛 + 𝒪 𝑑𝑀𝑛  

≤ 𝒪 𝑑𝑀𝑛 𝑛 + 1  

(G.12)  

where we use the fact that 𝑛 ≥ 𝑀 . Note that the memory usage never grows with number of 

nodes, hence insignificant when compare to that used to store and compute global matrices and 

residuals, where they grow at an order of at least 𝒪(𝐻). 
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