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Abstract. Given integers k and m, we construct a G-arc-transitive
graph of valency k and an L-arc-transitive oriented digraph of out-
valency k such that G and L both admit blocks of imprimitivity of
size m.

1. Introduction

Primitivity is one of the fundamental notions in the theory of permuta-
tions groups, the history of which goes back to the very beginnings of group
theory, see for example [7].

The notions of primitivity and imprimitivity also play a very important
role in the study of finite vertex-transitive graphs, especially when using
quotienting techniques [8, 9]. A vast number of papers have focussed on
graphs whose automorphism group acts primitively on the vertex set. In
this case, very strong tools are available, such as the O’Nan-Scott Theorem
[5] and the Classification of Finite Simple Groups [3].

On the other hand, less can be said in the vertex-imprimitive case. In
fact, even some seemingly basic questions remain to be answered. Motivated
by a problem concerning arc-types of infinite vertex-transitive digraphs [6],
Rögnvaldur G. Möller and Sara Zemljič asked:

Question 1: “Given positive integers k and m, does there exist a fi-
nite connected graph Γ of valency k whose automorphism group contains a
subgroup that acts transitively on the arcs of Γ and imprimitively on the
vertices, with blocks of size m?”

In this short note, we give the following positive solution (see below for
terminology).

Theorem 1.1. Let k > 2 and m > 1 be integers.

(1) There exists a finite connected G-arc-transitive graph of valency k
such that G admits blocks of imprimitivity of size m.

(2) There exists a finite connected L-arc-transitive oriented digraph of
out-valency k such that L admits blocks of imprimitivity of size m.
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Note that if the assumption of arc-transitivity is weakened to vertex-
transitivity, the theorem becomes trivial (it is easy to find examples using
Cayley graphs). The additional requirement for the group to act transitively
on the arcs makes the problem surprisingly more difficult. We present a
construction which may appear somewhat complicated, and indeed, for some
special values of k and m, there are easier constructions. Nevertheless, we
have reason to believe that a general solution cannot be much simpler. For
example, by Marston Conder’s census of cubic arc-transitive graphs on up
to 10,000 vertices [2], our examples of graphs for k = 3 in Theorem 1.1(1)
are “optimal” (in the sense of having minimal order) for m ∈ {5, 11, 17}
and, we believe, for infinitely many other values of m.

In Theorem 1.1 we also answer Question 1 for digraphs. A digraph Γ =
(V,A) is a set of vertices V and a set of arcs A ⊆ V ×V . An automorphism
of Γ is a permutation of V that preserves A. The digraph Γ is G-arc-
transitive if G is a group of automorphisms of Γ that is transitive on V and
on A. Observe that, in this case, the binary relation A is either symmetric
or asymmetric, and we call Γ a graph or an oriented digraph, respectively.
The out-valency of Γ is then |{v ∈ V | (u, v) ∈ A}| (which is independent of
the choice of u ∈ V ), and we simply call this the valency when Γ is a graph.

In Section 2.1 we construct infinite Cayley digraphs of prime out-valency
which are the parents of all our examples. In Sections 2.2 and 2.3 we quotient
these infinite examples by an appropriate normal subgroup to obtain finite
Cayley digraphs with the required properties. We then complete the proof
in Section 3.

2. Some infinite Cayley graphs

2.1. Discrete Heisenberg groups. Given elements x and y of a group,
we write [x, y] for x−1y−1xy and xy for y−1xy.

Let n > 1 be an integer and let k = 2n+1. The discrete Heisenberg group
in dimension k, is

Hk = 〈x1, . . . , x2n, z | [z, xi] = 1 for i ∈ {1, . . . , 2n},
[xi, xj ] = 1 if |j − i| 6= n,

[xi, xi+n] = z for i ∈ {1, . . . , n}〉.

Note that Hk is generated by {x1, . . . , x2n} (but giving a “name” to z
greatly simplifies the notation). Note also that Z(Hk) = 〈z〉 is infinite cyclic
and Hk/〈z〉 is free abelian of rank 2n. In particular, every element of Hk can
be written uniquely in the form xα1

1 · · ·x
α2n
2n zα2n+1 , with α1, . . . , α2n+1 ∈ Z.

Let t be the unique automorphism of Hk such that

xti = x−1
i for i ∈ {1, . . . , 2n},

zt = z.

To see that this indeed defines an automorphism, one must first observe
that the images of the generators of Hk under t generate Hk, and then
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check that every defining relation of Hk, after substituting each generator
in the relation by its image under t, becomes a relation in Hk. For example,
the relation [xi, xi+n] = z becomes [x−1

i , x−1
i+n] = z. Now, in Hk, we see

that [x−1
i , x−1

i+n] = xixi+n[xi, xi+n]x−1
i+nx

−1
i = xixi+nzx

−1
i+nx

−1
i = z, and so

the aforementioned equation is indeed a relation in Hk. The other defining
relations are easier to check and are left to the reader.

We now let

Rk = Hk o 〈t〉
and, to simplify notation, we will write Rk as an inner semidirect product,
so in particular, we view t as an element of Rk. Note that t2 = 1.

From now on, we assume that k = 2n + 1 is prime. We define an auto-
morphism b of Hk by the following rule:

xbi =


xi+1xn+1 if i ∈ {1, . . . , n− 1},
xi+1 if i ∈ {n, . . . , 2n− 1},
x−1

1 x−1
n+1x

−1
n+2 · · ·x

−1
2n if i = 2n.

In [1, 4.1], it was shown that b indeed defines an automorphism of Hk

of order k. (More specifically, the subgroup of Aut(Hk) acting trivially on
Z(Hk) contains a subgroup isomorphic to Sp(2n,Z), and b is simply the
automorphism of Hk induced by a matrix of Sp(2n,Z) that is shown in
loc. cit. to have order k.) Note that zb = z. We now extend b to an
automorphism of Rk by setting

tb := xn+1t.

We need to check that this indeed defines an automorphism of Rk, and
so we must check that b preserves the defining relations of Rk (in fact,
merely those that involve t). Note that (tb)2 = (xn+1t)

2 = xn+1txn+1t =
xn+1x

−1
n+1 = 1. Moreover, for i ∈ {1, . . . , n− 1}, we have

(xbi)
tb = (xbi)

xn+1t = (xi+1xn+1)xn+1t = (xi+1xn+1)t = x−1
i+1x

−1
n+1 = (xbi)

−1.

For i ∈ {n, . . . , 2n− 1},

(xbi)
tb = (xbi)

xn+1t = (xi+1)xn+1t = (xi+1)t = (xi+1)−1 = (xbi)
−1,

and, finally,

(xb2n)t
b

= (xb2n)xn+1t = (x−1
1 x−1

n+1 · · ·x
−1
2n )xn+1t

= (x−1
1 x−1

n+1 · · ·x
−1
2n z

−1)t = x1xn+1 · · ·x2nz
−1

= x2n · · ·xn+1x1 = (x−1
1 x−1

n+1 · · ·x
−1
2n )−1

= (xb2n)−1.

Thus b extends to an automorphism of Rk (which we also denote by b),
as claimed. By induction on i, one can easily show that, for every i ∈
{1, . . . , n}, we have

tb
i

= xn+i . . . xn+1t and tb
n+i

= x−1
i t.
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Recall that b induces an automorphism of order k on Hk and, by the above,

we see that tb
k

= (x−1
n t)b = (x−1

n )btb = t. Hence b, as an automorphism of
Rk, also has order k. We define the following products, and as for Rk, view
each as an internal semidirect product:

Gk = Rk o 〈b〉,

Lk = 〈Hk, b〉 = Hk o 〈b〉,
Sk = {t, tb, . . . , tb2n},

Pk = {xn+1, (xn+1)b, . . . , (xn+1)b
2n}.

Since the order of b, as an automorphism of Rk, is k, we see that both Pk
and Sk are closed under conjugation by 〈b〉. Since (xn+1)b 6= xn+1, tb 6= t
and b has prime order, we have

|Pk| = |Sk| = |b| = k.

We claim that 〈Sk〉 = Rk. First, note that tbt = xn+1 ∈ 〈Sk〉. For

i ∈ {−1, 0, . . . , n − 1}, we have xb
i

n+1 = xn+1+i and thus, since 〈Sk〉 is
closed under conjugation by b, it follows that xn, . . . , x2n ∈ 〈Sk〉. Note that
(xn−1)b = xnxn+1 ∈ 〈Sk〉 and thus xn−1 ∈ 〈Sk〉. Repeating this argument,
we get that x1, . . . , xn−1 ∈ 〈Sk〉 and thus 〈Sk〉 = Rk. This calculation also
shows that 〈Pk〉 = Hk.

Let Γk = Cay(Rk, Sk) (that is, Γk is the digraph with vertex set Rk and
arc set {(g, sg) | g ∈ Rk, s ∈ Sk}). Since 〈Sk〉 = Rk, we see that Γk is
connected and, since the elements of Sk are involutions, Γk is a graph of
valency k.

Let ~Γk = Cay(Hk, Pk). Since 〈Pk〉 = Hk, ~Γk is connected. Observe that

no element of Pk is the inverse of another element in Pk, implying that ~Γ is
an oriented digraph of out-valency k.

Since 〈b〉 is a group of automorphisms of Rk that preserves and acts
transitively on Sk, the group Gk, being equal to Rko〈b〉, acts arc-transitively
as a group of automorphisms on the Cayley graph Γk (see, for example, [4]).
Similarly, since 〈b〉 is a subgroup of Aut(Hk) acting transitively on Pk, Lk
acts arc-transitively on the digraph ~Γk.

2.2. m odd. We now construct some finite digraphs with blocks of size m as
quotients of the infinite digraphs from the previous section. In this section,
we assume that m > 3 is some odd positive integer. We will deal with the
case that m is even in the next section.

Let Nk = 〈xm1 , . . . , xm2n, zm〉 6 Hk. We claim thatNk is a normal subgroup
of Hk. Note that

(xmi )xi+n = (x
xi+n

i )m = (xiz)
m = xmi z

m ∈ Nk

and, similarly, (xmi+n)xi = (xi+nz
−1)m = xmi+nz

−m ∈ Nk. This shows xi

and xi+n normalise Nk. Using the equations x
x−1
i+n

i = z−1xi and xxi
−1

i+n =
zxi+n, similar calculations show that the inverses of the generators also
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normalise Nk, and thus Nk is a normal subgroup of Hk. Clearly, (Nk)
t = Nk.

Moreover, for i ∈ {1, . . . , 2n − 1}, we see that (xmi )b is equal to either
xmi+1x

m
i+n or xmi+1, and is thus an element of Nk. On the other hand,

(1) (xm2n)b = (xb2n)m = (x−1
1 x−1

n+1 · · ·x
−1
2n )m = x−m1 x−mn+1 · · ·x

−m
2n z−(m2 ).

Since m is odd, m divides
(
m
2

)
and thus (xm2n)b ∈ Nk. Since t and b have

finite order, it follows that Nk is a normal subgroup of Gk.
Since each s ∈ Sk is an involution, the element sNk ∈ Rk/Nk is also

an involution. Hence Γk,m := Cay(Rk/Nk, {sNk | s ∈ Sk}) is a connected
Gk/Nk-arc-transitive graph of valency k.

Note that (xn+1)2 /∈ Nk, and hence xn+1Nk ∈ Hk/Nk is not an involution.

It follows that ~Γk,m := Cay(Hk/Nk, {sNk | s ∈ Pk}) is a connected Lk/Nk-
arc-transitive oriented digraph of out-valency k.

Note that 〈z〉Nk/Nk
∼= 〈z〉/(〈z〉 ∩ Nk) = 〈z〉/〈zm〉 has order m, acts

semiregularly on the vertices of Γk,m as well as of ~Γk,m and is normal in

Gk/Nk. Thus the orbits of 〈z〉Nk/Nk on the vertices of ~Γk,m, respectively,
Γk,m are blocks of size m for Lk/Nk, respectively, Gk/Nk.

Finally, note that 〈z〉Nk/Nk is a central cyclic subgroup of Hk/Nk of
order m, and that the quotient (Hk/Nk)/(〈z〉Nk/Nk) is isomorphic to Z2n

m .

It follows that |V(~Γk,m)| = |Hk/Nk| = mk and |V(Γk,m)| = 2mk.

2.3. m even. Now, we assume m > 2 is even and we aim to produce di-
graphs with the required properties. Let

vn = vn+1 = · · · = v2n = 1,

(vn−1, vn−2, vn−3, vn−4, . . .) = (0, 1, 0, 1, . . .),

Ek = 〈xm1 zv1m/2, . . . , xm2nzv2nm/2, zm〉;

In particular, v1 = 1 if n is even, and v1 = 0 if n is odd. Again, it easy to
check that Ek is a normal subgroup of Hk; for example, (xmi z

vim/2)xi+n =

(x
xi+n

i )mzvim/2 = (xiz)
mzvim/2 = xmi z

vim/2zm ∈ Ek. Note that (xmi z
vim/2)t =

x−mi zvim/2 = (xmi z
vim/2)−1 ∈ Ek and thus (Ek)

t = Ek.

We now check that (Ek)
b = Ek. For i ∈ {1, . . . , n− 1}, we have

(xmi z
vim/2)b = (xbi)

mzvim/2 = (xi+1xn+1)mzvim/2 = xmi+1x
m
n+1z

vim/2

= (xmi+1z
vi+1m/2)(xmn+1z

vn+1m/2)z(−vi+1−vn+1+vi)m/2.

Note that vn+1 = 1 and vi − vi+1 ∈ {−1, 1}, hence z(−vi+1−vn+1+vi)m/2 ∈
〈zm〉 and (xmi z

vim/2)b ∈ Ek. It is easy to check that this also holds for
i ∈ {n, . . . , 2n − 1}. It remains to check the case i = 2n. By (1), (xm2n)b =
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x−m1 x−mn+1 · · ·x
−m
2n z−(m2 ) and thus

(xm2nz
v2nm/2)b = x−m1 x−mn+1 · · ·x

−m
2n z−(m2 )zv2nm/2

= (xm1 z
v1m/2)−1(xmn+1z

vn+1m/2)−1 · · ·

· · · (xm2nzv2nm/2)−1z−(m2 )+(v1+vn+1+···+v2n+v2n)m/2.

Observe that v1 + vn+1 + · · · + v2n is even. Finally, we have
(
m
2

)
≡ m/2

(mod m) hence (xm2nz
v2nm/2)b ∈ Ek. This completes our proof that Ek is a

normal subgroup of Gk.
As in the previous section, we conclude that Cay(Rk/Ek, {sEk | s ∈ Sk})

is a connected Gk/Ek-arc-transitive graph of valency k and order 2mk, and
the orbits of 〈z〉Ek/Ek form blocks of size m for Gk/Ek.

Recalling the definition of Ek, we can show that xn+1Ek ∈ Hk/Ek has
order 2m > 4. It follows that Cay(Hk/Ek, {sEk | s ∈ Pk}) is a connected
Lk/Ek-arc-transitive oriented digraph of out-valency k and order mk, and
the orbits of 〈z〉Ek/Ek form blocks of size m for Lk/Ek.

3. Proof of Theorem 1.1

Let Γ = (V,A) be a connected G-arc-transitive digraph of out-valency
b. The Cartesian ath power of Γ, denoted Γa, has vertex set V a and arc
set {((v1, . . . , vk), (u1, . . . , uk)) | (vi, ui) ∈ A for some i and vj = uj for all
j 6= i}. The digraph Γa is a connected (G o Sym(a))-arc-transitive digraph
of out-valency ab. Moreover, if G admits a block of size m, say B, then
(G o Sym(a)) also does, namely the “diagonal” block {(u, . . . , u) | u ∈ B}.
Note that Γa is an oriented digraph, respectively, graph, if and only if Γ is an
oriented digraph, respectively, graph. This reduces the proof of Theorem 1.1
to the case of prime out-valency.

We now prove Theorem 1.1 in this case. Let m > 2 (the case that m = 1
is vacuous) and let k be a prime. If k is odd (so k = 2n + 1 for some
integer n > 1) the required digraph is shown to exist in Section 2.2 or 2.3
depending on the parity of m. Thus we may suppose that k = 2. A cycle
of length 2m is an arc-transitive graph of valency two with blocks of size

m. For m > 3 let Am = Z3 × Zm and ~Γ2,m = Cay(Am, {(1, 1), (1,−1)}).
There is an automorphism τ of Am swapping (1, 1) and (1,−1). It follows

that ~Γ2,m is an 〈Am, τ〉-arc-transitive oriented digraph of valency two and
order 3m admitting blocks of size m (the orbits of a Zm subgroup of Am).

For m = 2, ~Γ2,2 = Cay(Z4 × Z2, {(1, 0), (1, 1)}) is a D8 × Z2-arc-transitive
oriented digraph of valency two, order 8 and with blocks of size 2.

4. Concluding remarks

Remark 4.1. As remarked earlier, Hk/Nk in Section 2.2 has centre of order
m and the quotient by the centre is isomorphic to Z2n

m . In particular, when
m is prime, Hk/Nk is an extraspecial group of order mk.



ARC-TRANSITIVE DIGRAPHS WITH BLOCKS OF GIVEN SIZE 7

Remark 4.2. We note that the systems of imprimitivity preserved by the
groups G and L in Theorem 1.1 might not be preserved by a larger group of
automorphisms (if one exists). Whilst we have made no effort to compute
the (full) automorphism group of the digraphs constructed in this paper,
computational evidence (for small values of k and m) suggests that the
automorphism group of the graph Γk,m constructed in Section 2 is twice as
big as Gk/Ek – and still preserves the system of imprimitivity with blocks
of size m.
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