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We investigate how students make sense of irrational exponents. The data is comprised of 32 
interviews with university students, which revolved around a task designed to examine students 
sensemaking processes involved in the understanding of the concept. Both the task design and 
data analysis relied on the concept of sensemaking trajectories, blending the notions of 
sensemaking and (hypothetical/actual) learning trajectories. The findings focus on three kinds of 
reasoning utilized in the participants’ sensemaking trajectories while working with irrational 
exponents: even/odd numbers and functions; range of exponent values; and exponentiation as 
repeated multiplication. These findings reveal students’ conceptual development of irrational 
exponents, and could in turn be used for the refinement of tasks aimed at promoting students’ 
comprehension of the topic. 
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Mathematics education research has devoted considerable attention to both topics of 
irrational numbers (e.g., Kidron, 2018; Sirotic & Zazkis, 2007) and exponents (e.g., Levenson, 
2012; Pitta-Pantazi, Christou, & Zachariades, 2007). However, students’ understanding of the 
concept that emerges from the combination of the two – that is, irrational exponents – has not yet 
been sufficiently explored (e.g., Wasserman, Weber, Villanueva, & Mejia-Ramos, 2018). In this 
paper, we continue our research on irrational exponents (Marmur & Zazkis, 2019) and 
investigate how university students make sense of ! " = " $. In particular, we examined 
students’ work on a task involving different graphs of % = "&, where ' ∈ ℚ and “close” to 2. 

Theoretical Framing 
Our theoretical framing is informed by two constructs: hypothetical learning trajectory 

(HLT; Simon, 1995) and the notion of sensemaking (e.g., Weinberg, Wiesner, & Fukawa-
Connelly, 2014). According to Simon (1995), an HLT describes a prediction of a route in which 
students’ learning may occur. It is comprised of three parts: a learning goal, instructional 
activities planned to fulfill the goal, and a conjectured learning process predicting students’ 
thinking and understanding during the different stages of these activities. When implemented 
with students, an HLT could then be compared with the learning process that occurs in reality, 
referred to as an actual learning trajectory (ALT; Clements & Sarama, 2004). The construct of 
learning trajectories has been used to bridge the work of researchers and teachers, as it “supports 
the content-specific documentation of common milestones and learning environments that 
support students’ progression” (Andrews-Larson, Wawro, & Zandieh, 2017, p. 809). 

Students’ thinking and learning is closely related to the notion of sensemaking. That is, when 
students are facing a novel task or unfamiliar content, they attempt to make sense of what is 
involved by restructuring knowledge structures that are founded on prior mathematical 
knowledge (Scheiner, 2016). Informed by research in psychology and information systems, 
Weinberg et al. (2014) described sensemaking in the mathematics classroom as “the process by 
which students interpret and construct meaning for the activities, personal interactions, and 
discourse in which they participate; sense making also focuses on the individual student’s mental 
schemas that shape this process of meaning construction” (p. 169). In our view, this description 
is not restricted to a classroom and is applicable to any engagement with mathematics. 
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Accordingly, we focus on one of the sensemaking frames suggested by Weinberg et al. (2014) – 
content-oriented sensemaking – which describes a situation where students encounter gaps about 
the meaning of certain mathematical content or concepts. The sensemaking of the mathematical 
situation subsequently involves a learner “bridging the gap” by “drawing upon his or her ideas, 
thoughts, conceptions, attitudes, beliefs, intuitions, and knowledge” (ibid, p. 170). 

We draw on both constructs of sensemaking and learning trajectories and suggest the blended 
concept of sensemaking trajectory, which involves a sensemaking goal, activities or tasks 
towards the goal, and a hypothetical/actual sensemaking path through the stages of the activities. 
Accordingly, we ask the following research questions: What are students’ sensemaking 
trajectories as they work on a task that involves an irrational exponent? In particular, how do 
they make sense of the graph of !(") = " $ and associated mathematical ideas involved in the 
construction of the graph? 

Method 

The Task and Considerations in its Design 
How does the graph of ! " = 	" $ look like? This question typically presents a novelty to 

students who are familiar with irrational numbers and operations on rational exponents, however 
have not yet considered the meaning of an irrational exponent. Accordingly, we designed a task 
based on our hypothetical sensemaking trajectory (HST) for interpreting an irrational exponent 
of ". The task was presented in an individual interview setting and included five stages 
corresponding to five pre-prepared pages that were given to the interviewees (see Figure 1). 

     
(a) Empty graph paper (b) % = "..0 (red) (c) % = "..01 (blue) (d) % = "..2 (green) (e) % = " $ (black) 

Figure 1: The five stages of the task 

In Stage-1 of the interview, the participants were given an empty graph paper and asked to 
sketch ! " = 	" $ (see Figure 1a). We conjectured that in the initial exploration stage, the 
participants would draw on their familiarity with the graphs of % = "3, 4 ∈ ℕ, and based on 2 
being between 1 and 2 would sketch a concave and monotonically increasing function in the first 
quadrant, starting from (0,0), and “in between” % = ". and % = "$. Subsequently, we suspected 
the participants to have some question marks regarding the meaning of !(") = " $ for " < 0, 
and accordingly accounted for different options in their potential sketches (see first row in Figure 
2 from left to right): a “cubic-like” graph, a “parabola-like” graph, claiming that the graph does 
not exist for " < 0, or leaving the graph blank for " < 0 as a result of being unsure of how to 
sketch it or whether it exists there. Alternatively, we conjectured participants might utilize other 
ideas for making sense of the task, such as attempting a table of values or calculating the 
derivative of !(") = " $, which we did not expect would serve as productive avenues (and 
accordingly classified these as “Other”). 
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Figure 2: Hypothetical sensemaking trajectories for the ! " = " $ task 

Regardless of the initial response, in Stage-2 of the interview the participants were presented 
with the graph of % = 	"..0 (Figure 1b) and asked if this helped in constructing the required 
!(") = 	" $. In case the participant was struggling in how to approach the task in Stage-1 of the 
interview, we expected the presented graph to serve as an “entry point” for making sense of " $ 
by using a rational exponent to approximate 2. In case the participant questioned whether 
!(") = 	" $ is defined for " < 0, we expected the presented graph to focus his/her attention to 
differences between rational and irrational exponents. Alternatively, we expected the presented 
graph could confirm the participants’ initial thoughts in case they had sketched a “cubic-like” 
function in Stage-1 of the interview; or be perceived as a mathematical surprise in case they had 
anticipated a different graph earlier. As a general rule, we anticipated the interviewees would 
sketch !(") = 	" $ similar to % = 	"..0, an expectation that was further established in our design 
of the task, when the participants were presented with both graphs of % = 	"..0 and % = 	"..01 in 
Stage-3 (Figure 1c). Note that the exponent 1.48 was chosen purposefully, as this is the only 
number between 1.4 and 1.5 with two digits after the decimal point for which the graph has a 
similar shape to % = 	"..0.  According to our conjectured HST, the interviewee would assume 
that ! " = 	" $ is “in between” the graphs of % = "..0 and % = "..01 as 1.4 < 2 < 1.48. 
Alternatively, we suspected some interviewees may suggest different looking graphs based on 
other exponent choices.  

Subsequently, in Stage-4 of the interview we presented the graphs of % = 	"..0 and % = 	"..2 
(Figure 1d), illustrating that as opposed to % = 	"..0, the graph of % = "..2 is not defined for " <
0. Had this not been attended to earlier, we suspected the difference between the two graphs to 
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invoke a cognitive conflict (e.g., Fischbein, 1987) that would accentuate the gap in the 
participant’s knowledge, consequently highlighting the need for bridging and sensemaking of the 
mathematics involved. This gap could be bridged by reinterpreting the rational exponents 
involved (that is, "..0 = "<= = 	 ">=  and "..2 = "?@ = 	 "A), attending to the domain of the 
related functions, and then extrapolating the conclusions to irrational exponents as a limit of 
rational ones. Alternatively, we suspected the participants might focus on more “peripheral” 
properties, other than rational exponents, when trying to make sense of the graphs. Regardless of 
the participants’ reasoning, in the last stage of the interview they were presented with the graph 
of ! " = 	" $ alongside % = 	"..0 and % = 	"..2 (Figure 1e), which was intended to confirm or 
confront previous conclusions on the shape, as well as allow them another opportunity to make 
sense of " $. Figure 2 presents a visual illustration of our conjectured HSTs. 

Data Collection and Analysis 
The participants of the study were 32 university students from STEM fields (25 

undergraduate students and 7 graduate students), who were individually interviewed following 
the five stages as detailed above. The interviews were typically about 30-minute long, though 
ranged from 15-50 minutes. All interviews were audio-recorded and subsequently transcribed. 

In the analysis we first explored all Actual Sensemaking Trajectories (ASTs) individually, 
and in particular how these compared to our conjectured HSTs. Subsequently, we focused on the 
reasoning the participants provided as they attempted to make sense of the task, which led to a 
categorization of the different ASTs based on prominent repeating themes.  

Findings 
While the interviews inquired into students’ sensemaking of irrational exponents, the analysis 

additionally revealed the participants’ reasoning and sensemaking of related mathematical ideas, 
such as rational exponents, approximation of irrational numbers by rational ones, even/odd 
functions and numbers, and the meaning of exponentiation in general. Given the page limit for 
this paper, we focus here on three repeating themes of reasoning we found in the sensemaking 
trajectories. Illustrations of ASTs in these themes are presented in Figure 3. 

Even/Odd Reasoning 
Students demonstrating what we call “even/odd reasoning” attempted to make sense of the 

different graphs by conflating the idea of even/odd numbers with the concept of even/odd 
functions. For functions in the form ! " = "3 (4 ∈ ℕ), !(") is an even (odd) function if and 
only if 4 is an even (odd) number. It seems this idea was overgeneralized to any exponent in 
order to make sense of the newly encountered mathematical situations. A recurring theme found 
in the data was that students perceived a number as even (odd) if the last digit in its decimal 
representation was even (odd). Interpreting the number in the exponent accordingly, students 
then concluded on the evenness/oddness of the function. Based on this line of reasoning, 2 was 
not perceived as even (or odd) as it does not have a last digit in its decimal representation, and 
this was then used to explain the graph of % = " $. We illustrate this kind of reasoning by 
focusing on the case of Emma (see Figure 3a), who used even/odd reasoning in Stage-1 and 
Stage-4 of her interview. 

In Stage-1 of the interview, Emma attempted to find different function values of !(") = " $ 
for various values of ". In the following interview excerpt Emma uses even/odd reasoning to 

23rd Annual Conference on Research in Undergraduate Mathematics Education 385



justify why ! −1 = −1 in her opinion, after having explained that ! 1 = 1. In particular, note 
her explanation for 2 being “not even” and the graph of % = " $ behaving “like odd”:  

Emma: The % is going to be negative because we see that it’s not like an even power so […] 
" is going to be -1 and the % is going to be -1. […] 

Interviewer: Ok. Can I ask how you know it’s not an even power? 
E: […] Because it [ 2] never ends like you don’t know if it ends with like 3 or 2 or like with 

an even or an odd number because it’s ever going. You can always add a 2 and make it 
even and you can always add a 3 and make it uneven. 

I: Ok. So you don’t know if an irrational is even or odd because it never ends? 
E: Yeah. So it’s definitely not even but it’s also not odd so you don’t know what to do with it 

so I just decided that it’s maybe, maybe it’s like odd. 

    
 (a) Emma’s AST (b) Ryan’s AST (c) Owen’s AST 

Figure 3: AST reasoning-themes: (a) Evenness/oddness; (b) Range of exponent values; (c) Repeated multiplication 

In Stage-2 of the interview, when presented with the graph of % = "..0 and asked to draw the 
graph of % = " $, Emma sketched a similar graph to % = "..0, explaining that “it’s just gonna 
follow where it’s already going”. Continuing this line of thought, in Stage-3 she drew the graph 
“in between” % = "..0 and % = "..01. However, Stage-4 introduced a cognitive conflict for 
Emma, for whom it did not make sense that the graph of % = "..2 was not defined for " < 0, 
which she again explained based on even/odd considerations: 

E: To me it doesn’t make sense that it stops [the graph of % = "..2]. […] If we look at these 
numbers and we […] multiply the power by 10. And we have 14 and 15. 14 is an even 
number. Which means the red [% = "..0] is an even graph. 15 is not an even number 
which means it’s like an odd powered graph. […] Like to me it’s like why is the red one 
continuing and the green one [% = "..2] not continuing? Like if, if this is an odd? 
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Lastly, in Stage-5, when shown the actual graph of % = " $, she struggled to make sense of 
it and returned to the idea she had expressed earlier regarding the “never-ending” decimal 
representation of 2 as an underlying explanation for the graph. 

Reasoning based on a Range of Exponent Values 
The way in which participants in this reasoning theme made sense of the graphs was by 

providing ranges of exponent values for which the graphs behaved similarly, alongside a 
particular value for which there was an abrupt change in how the corresponding graph would 
behave. To elaborate, one of the repeated claims was that functions in the form % = "& would 
look similarly for ' values between 1 and 1.5, and have a different shape for ' values between 
1.5 and 2. As illustration, we focus on Ryan’s AST (see Figure 3b). In line with our original 
expectations regarding the participants’ HSTs, it was only in Stage-4 of the interview, which 
introduced a cognitive conflict, that Ryan re-evaluated his initial sensemaking reasoning – in this 
case by suggesting the explanation stems from a particular range of exponent values. 

In Stage-1 of the interview Ryan sketched a “parabola-like” graph, and was subsequently 
surprised when presented with % = "..0 in Stage-2. Ryan attempted to look for underlying 
explanations, and when examining the graphs of % = "..01 and % = "..0 in Stage-3, he described 
a dynamic change that occurs in the graph behaviors as the exponents increase in value: “So, it 
gets steeper as it gets closer to [exponent] 2.” This may already be regarded as an initial attempt 
to make sense of the graphs by alluding to a range of exponent values. This idea was further 
developed by Ryan in Stage-4, when trying to explain the difference in the graph of % = "..2, as 
illustrated in the following excerpt (we note that also Ryan used the words “odd” and “even”; 
however, as opposed to the previous theme, his terminology was more accurate, and 
“odd”/“even” were discussed only regarding functions): 

R: I suppose there is a range, or a limit in that it behaves odd, like an odd function only at a 
certain range, so I suppose if you change 1.4 to 1.48, in that it would just be like a range 
here, and then a range here, and those ranges behave like odd. So when, for example, " to 
the power 4, if 4 is between those two [pointing to the graphs of % = "..01 and % = "..0], 
then it behaves like an odd function. Anything else, it loses the odd function property. 

[…] 
R: % = "3 [also writes this], so if 4 is in between, say lower band is number here, equals to, 

4 is between 1.4999 whatever, then this thing ["3] behaves like an odd function. [writes: 
� ≤ 4 ≤ 1.4999 → odd]	

I: Is 2 in between these two numbers? 
R: It’s 1.4… [says “dot dot dot”], yeah. […] So, I don’t know what the lower band is, 

hypothetically say it’s around 1.39 or something. 
Based on this “range-of-exponent-values reasoning”, Ryan subsequently drew the graph of 

% = " $ between the graphs of % = "..0 and % = "..2 in the first quadrant, and continued the 
graph in the third quadrant – creating a graph of an odd function. However, when presented with 
the actual graph of % = " $ in Stage-5 of the interview, Ryan could not figure out the reasoning 
for the shape of the graph, and only referred again to his idea of ranges of exponent values as a 
way to make sense of the graphs. 

Repeated-Multiplication Reasoning 
In this reasoning theme, students referred to what we regard as a prevalent concept image of 

exponents, when understood only as repeated multiplication. This resulted in struggles when 
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trying to make sense of irrational exponents, demonstrated by claims such as “If something is an 
irrational number, how can you multiply something by itself a certain number of times, like by 
an irrational number?” While such reasoning often hindered the participants’ sensemaking 
process, we illustrate this theme with the case of Owen (see Figure 3c), who managed to 
overcome this issue by referring to mathematical formalism. 

In Stage-1 of the interview, Owen claimed % = " $ is not defined for " < 0, though justified 
this incorrectly based on a view of exponentiation as repeated multiplication: “Because the 
exponents are multiplied, like for example 2$ is just 2 multiplied by itself two times […] As we 
have a negative number to an irrational number like 2, you don’t necessarily know how many 
times it’s multiplied by itself.” When subsequently asked about (−1)..0, Owen again used 
repeated-multiplication reasoning to discard the option of this number being defined. 

However, when shown that % = "..0 is defined also for " < 0 in Stage-2, Owen took a long 
pause, after which he wrote "

<
= on the page, converted it to 	">= , and provided proper 

explanations for the function domain. In the following two stages of the interview, Owen 
succeeded in explaining the presented graphs based on rules of rational exponents. Additionally, 
it seemed that being exposed to several graphs in the form of % = "&, ' ∈ ℚ, supported Owen’s 
sensemaking process of using these graphs to approximate % = " $. Lastly, when shown the 
graph of % = " $ in Stage-5 of the interview, Owen provided decent reasoning for % = " $ not 
being defined for " < 0: “So, because there are so many approximations for % = 	" $, and all of 
them don’t necessarily agree with each other, some of them might exist there, some of them 
might not exist – […] you can’t be certain that the graph exists for " negative.” 

Conclusion 
The motivation for this study stemmed from a gap of knowledge students have regarding the 

meaning of irrational exponents. The tendency to overlook irrational numbers during students’ 
mathematical education has been recognized by Wu (2011), who noticed that in school 
mathematics, any property that is valid for rational numbers is automatically considered valid 
also for real numbers, without mathematical justification. Our findings, pointing towards 
students’ difficulties to provide meaning to " $, suggest this “irrational gap” extends to tertiary 
mathematics education as well. 

Overall, the ASTs the participating students went through as they were working on the 
% = " $ task, were generally in line with our conjectured HSTs, though revealed particular and 
elaborated reasoning, as well as areas of struggle. As hypothetical learning processes and the 
design of learning activities have a symbiotic relationship (Simon, 1995), it is the detailed 
analysis of students’ reasoning that provides a better understanding of students’ conceptual 
development, which could subsequently be used for the design of instructional tasks. In the 
findings presented herein, we focused on three kinds of reasoning students utilized when 
attempting to make sense of % = " $: even/odd reasoning (conflating even/odd numbers and 
functions); reasoning based on a range of exponent values (where the graph gradually changes as 
the exponent value grows); and repeated-multiplication reasoning (understanding exponentiation 
as repeated multiplication). These provided insight not only into the participants’ comprehension 
of irrational exponents, but also into their understanding of rational exponents, number 
properties, function graphs, and the meaning of exponentiation in general. These findings call for 
further research that inquires into students’ conceptual development of irrational exponents. 
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