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Abstract
Edge waves are coastal waves trapped near the shore by reflection and refraction. Previous
studies show the excitation mechanism of edge waves under monochromatic wave conditions
via phase locking and nonlinear growth. However, how efficiently the mechanism would work
under random incident waves remains unclear. Consequently, this thesis aims: (1) to provide
the first laboratory evidence of edge wave excitation under random incident waves and
compare the edge wave growth under random incident waves with that under monochromatic
incident waves; (2) to test the excitation mechanism proposed by a theory of edge wave
excitation under narrow-banded random incident waves with laboratory measurements; and (3)
to examine the performance of numerical models to reproduce the resonance between incident
and edge waves.
The laboratory experiments consist of cases in which edge wave excitation under
monochromatic incident waves and cases in which edge waves are present under random
incident waves. In the laboratory, edge waves develop when incident waves are
monochromatic, and the edge wave amplitude remains unchanged when the waveform
stabilises after the growth. By comparison, the presence of edge waves is intermittent when the
incident wave energy is distributed over frequencies (i.e., with frequency spread) and directions
(i.e., with directional spread). Edge waves modulate during the intermittent growth. Under
incident waves with different levels of spread in frequencies and directions, modulating edge
waves differ in amplitudes and durations. The observed intermittent edge wave growth agrees
with predictions from the theoretical model. In the theoretical model, when narrow-banded,
random incident waves are used, the predictions show that edge wave amplitudes keep
modulating over time. Further comparisons based on decomposed incident waves and edge
waves from the runup measured in the laboratory show the phase locking/unlocking between
incident and edge waves consistent with the observed intermittent presence of edge waves.
Both the theory and the measurements suggest that the coupling (uncoupling) phases drive the
growth (decrease) of edge wave amplitudes under monochromatic and random incident waves.
Two numerical models, SWASH and GPUSPH, are used to reproduce the resonance between
edge waves and incident waves. The simulation of edge wave excitation under monochromatic
incident waves agrees with the observations during experiments. Meanwhile, certain
drawbacks of the models are revealed from the case study. The computation of SWASH is not
stable when edge waves are simulated with reflective side boundaries and when two peaks of
i

edge waves merge into one. On the other hand, GPUSPH produces a slowly increasing mean
water level in the simulation. All the results - laboratory, theoretical and numerical - contribute
to a clear example of how random incident waves affect the hydrodynamics of the nearshore
differently from monochromatic waves, and the results recommend random wave conditions
to be used in hydrodynamic and morphological models of the nearshore. Future work should
explore how morphological changes affect the excitation mechanism of edge waves. Also, the
resonance between incident and edge waves should be used as a case study to test more types
of wave models in the future.
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Chapter 1 Introduction
1.1 Background
Waves input energy into the coastal zone and significantly influence sediment transport
(Masselink et al., 2014). Edge waves are coastal waves trapped near the shore and travelling in
the alongshore direction. Large-scale edge waves have periods much longer than wind waves
and swells; they can be generated over continental shelves by events such as tsunamis and
landslides. By comparison, small-scale edge waves have periods similar to swells; they can be
generated on sloping beaches through resonance with incident waves from the sea. Previous
research suggest that these two types of edge waves have significance in different aspects of
coastal processes. The large-scale edge waves can dominate the nearshore wave circulation
(Lynett & Liu, 2005) and affect the maximum water levels during tsunamis (González et al.,
1995). The small-scale edge waves can lead to nearshore circulations (Bowen & Inman, 1969)
and seiches in harbours (Yanuma & Tsuji, 1998). Progressive edge waves have energy
propagating along with the waveform in alongshore directions (Huntley et al., 1981). When
two progressive edge waves with the same wave period and wavelength travel in opposite
directions, they lead to standing edge waves with nodes and antinodes along the shoreline
(Guza & Inman, 1975). Previous studies have related small-scale standing edge waves to the
formation of rhythmic morphodynamic patterns such as crescentic sand bars and beach cusps
(Figure 1.1; Bowen, 1969; Bowen & Inman, 1969; Bowen & Inman, 1971; Komar, 1971;
Komar, 1973; Guza & Inman, 1975; Huntley & Bowen, 1978; Inman & Guza, 1982; Benavente
et al., 2011). Edge waves are characterised by a series of integers referred to as “mode
numbers”. Mode numbers are related to the cross-shore profiles of edge waves and equal to the
numbers of crossing points of these profiles with the still water level. Edge waves with different
mode numbers have different alongshore wavelengths and cross-shore profiles. Besides, the
alongshore wavelength of edge waves is also affected by wave period and beach slope. The
alongshore wavelength of an edge wave can be calculated under the assumption of shallow
water as (Eckart, 1951):
Le = (g/2π)Te2 (2n + 1) tanβ

1

(1.1)

where Le is the wavelength of the edge wave (m), g is the acceleration due to gravity (m2/s), Te
is the wave period of the edge wave (s), β is the beach slope (degrees), and n (n = 0, 1, 2, 3,
etc) is the mode number.

Figure 1.1: Beach cusps at (a) Hahei beach, New Zealand (courtesy of R. Budd) and (b) Pearl
Beach, Australia (courtesy of A. Short).
Standing edge waves can grow through energy transfer from incident waves to edge
waves (Guza & Davis, 1974). Edge wave excitation is the process where the amplitude of
small-scale edge waves increases from infinitely small to the scale of incident waves. The
process involves nonlinear interactions between standing incident waves and edge waves.
Standing edge waves lead to periodic alongshore motions with antinodes and nodes
characterised by maximum and minimum runup amplitude. The theory of edge wave excitation
by Guza & Davis (1974) has been successfully tested by small-scale laboratory experiments
(e.g., Guza & Inman, 1975; Buchan & Pritchard, 1995) and some field observations also
support the theory (Huntley & Bowen, 1973; Huntley & Bowen, 1978). However, the
monochromatic incident waves (waves which have the constant frequency and direction) used
in the laboratory and the theory are different from the random waves observed on natural
beaches where waves are characterised by frequency spread or/and directional spread.
Consequently, edge wave growth in realistic coastal conditions remains unclear. This research
is carried out to investigate the excitation mechanism of edge waves under random incident
waves similar to natural coastal waves.
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1.2 Aims and motivation
This thesis investigates the impact of coastal incident wave properties on edge wave excitation.
Three approaches are used: laboratory observations, theoretical analysis and numerical
simulations. Laboratory observations are based on comprehensive measurements from
previously conducted large-scale experiments at IH Cantabria, Spain, where edge wave growth
under monochromatic incident waves and random incident waves was observed and measured.
The most recent theoretical model of edge wave excitation (Vittori et al., 2019) is used to
simulate coastal waves and the theoretical predictions are tested against laboratory
observations. Then, numerical models are used to reproduce the process of edge wave growth
and results of the simulations are compared with the laboratory measurements.
The key research questions are:
•

Question 1: How is edge wave excitation under coastal random incident waves different
from edge wave excitation under monochromatic incident waves?

•

Question 2: Can the idealised theoretical model explain the edge wave growth under
coastal random incident waves?

•

Question 3: Can the resonant interactions between edge waves and incident waves be
conveniently and correctly reproduced by numerical models?
The research objectives are :

•

Objective 1: In order to show how coastal wave conditions affect edge wave growth,
this thesis aims to present laboratory observations of edge wave excitation under
random incident waves and compare these observations with those under
monochromatic incident waves. To achieve this objective the following steps are
considered:

compare

the

measurements

from

the

experiments

containing

monochromatic incident waves with those of previous studies; present the excitation of
edge waves from the experiments containing random incident waves and compare it
with the monochromatic cases; conduct frequency analysis and wavenumber analysis
to analyse the wave period and mode number of the edge waves;
•

Objective 2: In order to clarify the validity of idealized theoretical models of edge wave
growth, this thesis aims to test the idealized theoretical model against laboratory
observations. To achieve this objective the following steps are considered: address the
assumptions of the theory of Vittori et al. (2019) before comparing the simulation of
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the theory with the laboratory experiments; conduct phase analysis of the measurements
from experiments and simulations to test the mechanism of edge wave growth proposed
by the theory;
•

Objective 3: In order to check the ability of numerical models to reproduce the resonant
interaction, this thesis aims to use numerical models to simulate edge waves under
laboratory setup and compare the simulations with observations. To achieve this
objective the following steps are considered: chooses two wave models to conduct the
simulations; use the two numerical models to reproduce the edge wave growth;
compare results from the simulations of the two models against each other and with
laboratory measurements.

1.3 Thesis overview
This thesis contains six chapters. The first two chapters are the Introduction and Literature
Review. The main body of the thesis consists of Chapter 3, 4 and 5. The final chapter is the
Discussion and Conclusions (Chapter 6).
Chapter 3 presents the observations and data analysis of the laboratory experiments.
The laboratory set-up, wave generation and data acquisition methodology are described. Then,
comparisons between observations of edge waves under different incident wave conditions are
presented. The incident waves are characterised by different wave periods, wave heights,
frequency spread and directional spread. After providing the first laboratory evidence of the
intermittent edge wave excitation, this chapter shows how edge wave properties change with
both frequency and directional spread of the incident wave fields. This chapter also presents
the frequency analysis and wavenumber analysis of edge waves during different intermittent
processes.
In Chapter 4 the mechanism proposed by the theoretical model on edge wave excitation
under random incident waves is tested. After introducing the theoretical model and its
fundamental assumptions, the model is applied to the incident wave conditions used in the
laboratory experiments. The impacts of wave height and frequency spread on edge wave
growth are tested with ensemble runs. Furthermore, the theoretical model suggests that the
coupling between the phases of incident waves and edge waves leads to the initial growth of
edge waves. To test this theoretical prediction, the phase of incident waves and edge waves
from laboratory measurements are estimated and the relation between the estimated phases are
compared with the theory.
4

Chapter 5 discusses simulations of edge waves using two numerical models. One of the
models is particle-based, the other mesh-based. Both models use the same set-up as the
laboratory experiment. The similarity and differences between edge waves simulated by the
two models are evaluated. Additionally, the simulations are compared with the laboratory
measurements to show the ability of the numerical models to reproduce the resonant
interactions between incident waves and edge waves.
Results from Chapter 3, 4 and 5 jointly contribute to a better understanding of edge
wave properties under random incident waves. They also show the limitations of the research
of this thesis. Finally, these limitations, as well as their suggestions for future research, are
discussed in Chapter 6.
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Chapter 2 Literature review
2.1 Theoretical background
Here the two aspects of edge wave theory are described in detail. The first, proposed by
Guza & Davis (1974), discusses the instability of the perturbation in the form of edge waves
under monochromatic incident waves. This theory concerns the initial growth of edge waves
when the edge waves have infinitely small amplitudes. The second theory, proposed by
Vittori et al. (2019), analyses the interaction between incident waves and finite amplitude edge
waves. Specifically, the second theory describes the modulation of edge waves under
narrow-banded random incident waves with frequency spread. Details of derivations in the two
theories (Guza & Davis, 1974; Vittori et al., 2019) are shown in this section and in Appendix
I, II and III.
2.1.1 Governing equations
The nonlinear shallow water equations (Stoker, 1957; Mei & Le Méhauté, 1966) are partial
differential equations which describe two-dimensional wave motions in the nearshore region.
The shallow water equations consist of one continuity equation and two momentum equations.
On a sloping beach, the equations are
∂𝜂
∂𝑡

∂

∂

+ ∂𝑥 [(𝑥 tan 𝛽 + 𝜂)𝑈] + ∂y [(𝑥 tan 𝛽 + 𝜂)𝑉] = 0,
∂𝑈
∂𝑡
∂𝑉
∂𝑡

∂𝑈

∂𝑈

∂𝜂

∂𝑉

∂𝑉

∂𝜂

+ 𝑈 ∂𝑥 + V ∂𝑦 = −𝑔 ∂𝑥 ,

(2.1)
(2.2)

+ 𝑈 ∂𝑥 + 𝑉 ∂𝑦 = −𝑔 ∂𝑦

(2.3)

where 𝜂 is the free surface elevation (m), 𝑥 is the cross-shore direction (m) pointing towards
the offshore side with the shoreline at 𝑥 = 0 m, 𝑦 is the alongshore direction (m), 𝑡 is the time
(s), 𝑈 is the cross-shore velocity (m/s) and 𝑉 is the alongshore velocity (m/s). The sloping
beach profile is described by ℎ = 𝑥 tan 𝛽, where ℎ is the water depth (m).
When the flow is irrotational, the potential function 𝜙 is introduced so that
∂𝜙

𝜂 = − ∂𝑡 , 𝑈 =

∂𝜙
∂𝑥

and 𝑉 =

∂𝜙
∂𝑦

.

(2.4)

By integrating the momentum equations into one equation, the shallow water equations become
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∂𝜂
∂𝑡

∂

∂𝜙

∂

∂𝜙

+ ∂𝑥 [(𝑥 tan 𝛽 + 𝜂) ∂𝑥 ] + ∂𝑦 [(𝑥 tan 𝛽 + 𝜂) ∂𝑥 ] = 0
∂𝜙

∂𝜙 2

1

(2.5)

∂𝜙 2

+ 2 [( ∂𝑥 ) + ( ∂𝑦 ) ] + 𝑔𝜂 = 0,

∂𝑡

(2.6)

which, by eliminating 𝜂, can be rewritten as a single governing equation
∂2 𝜙

∂2 𝜙

∂𝜙

∂2 𝜙

∂𝜙 ∂2 𝜙

∂𝜙 ∂2 𝜙

− ∂𝑡 2 + 𝑔 tan 𝛽 [ ∂𝑥 + 𝑥 ( ∂𝑥 2 + ∂𝑦 2 )] = 2 ( ∂𝑥 ∂𝑥 ∂𝑡 + ∂𝑦 ∂𝑦 ∂𝑡) +
∂𝜙 2

1

∂𝜙 2

∂2 𝜙

∂𝜙 2 ∂2 𝜙

∂2 𝜙

+ 2 [( ∂𝑥 ) + ( ∂𝑦 ) ] ( ∂𝑥 2 + ∂𝑦 2 ) + ( ∂𝑥 )

∂𝑥 2

∂𝜙 ∂2 𝜙
∂𝑡

∂𝜙 2 ∂2 𝜙

+ ( ∂𝑦 )

∂2 𝜙

( ∂𝑥 2 + ∂𝑦 2 )

∂𝜙 ∂𝜙 ∂𝜙2

+ 2 ∂𝑥 ∂𝑦 ∂𝑥 ∂𝑦.
∂𝑦 2

(2.7)

In order to solve the governing equation, dimensional scales are introduced to nondimensionalise Equation 2.7. With ω𝑝 denoting the angular frequency of the incident waves,
the dimensional scales are

𝑔 tan 𝛽
ω2𝑝

for cross-shore and alongshore distances,

𝑔(tan β)2
ω2𝑝

for vertical

1

distances and ω for time. Based on the temporal and spatial scales, the dimensional scales of
𝑝

other variables can be derived (Appendix I).
The dimensionless governing equation is
̂
∂2 𝜙

̂
∂𝜙

̂
∂2 𝜙

̂
∂2 𝜙

̂ ∂2 𝜙
̂
∂𝜙

̂ ∂2 𝜙
̂
∂𝜙

− ∂𝑡̂ 2 + ∂𝑥̂ + 𝑥̂ ( ∂𝑥̂ 2 + ∂𝑦̂ 2 ) = 2 ( ∂𝑥̂ ∂𝑥̂ ∂𝑡̂ + ∂𝑦̂ ∂𝑦̂ ∂𝑡̂) +
1

̂ 2
∂𝜙

̂ 2
∂𝜙

̂
∂2 𝜙

̂ 2 ∂2 𝜙
̂
∂𝜙

̂
∂2 𝜙

+ 2 [( ∂𝑥̂ ) + ( ∂𝑦̂ ) ] ( ∂𝑥̂ 2 + ∂𝑦̂ 2 ) + ( ∂𝑥̂ )

∂𝑥̂ 2

̂
̂ ∂2 𝜙
∂ϕ
(
∂𝑡̂ ∂𝑥̂ 2

̂ 2 ∂2 𝜙
̂
∂𝜙

+ ( ∂𝑦̂ )

∂𝑦̂ 2

̂
∂2 𝜙

+ ∂𝑦̂ 2 )

̂ ∂𝜙
̂ ∂2 𝜙
̂
∂𝜙

+ 2 ∂𝑥̂ ∂𝑦̂ ∂𝑥̂ ∂𝑦̂

(2.8)

where the operator "^" indicates the dimensionless form of a variable.
2.1.2 Solutions of linear incident waves and edge waves
Ignoring the nonlinear terms in Equation 2.8 leads to its first-order approximation
̂
∂2 𝜙
2
̂
∂𝑡

=

̂
∂𝜙
∂𝑥̂

̂
∂2 𝜙

̂
∂2 𝜙

+ 𝑥̂ ( ∂𝑥̂ 2 + ∂𝑦̂ 2 ).

(2.9)

Solutions representing linear incident waves and linear edge waves are derived from
Equation 2.9. To solve the equation, waves are assumed to have small amplitudes; for incident
waves, the small-amplitude assumption means that the dimensionless amplitude satisfies
𝑎̂𝑖 = 𝑎𝑖 /

𝑔(tan 𝛽)2
2
𝜔𝑝

7

≪ 1,

(2.10)

where 𝑎̂𝑖 and 𝑎𝑖 are the dimensionless amplitude and dimensional amplitude (m) of incident
waves at the shoreline, respectively. For monochromatic incident waves, 𝑎𝑖 and 𝜔𝑝 denote the
average wave amplitude and angular frequency, respectively. For random incident waves, 𝑎𝑖
and 𝜔𝑝 denote the significant wave amplitude and peak angular frequency, respectively.
Similarly, the small-amplitude assumption also requires edge waves amplitudes to
satisfy
O(𝑎̂𝑒 ) = O(𝜀),

𝜀≪1

(2.11)

where 𝑎̂𝑒 is the dimensionless edge wave amplitude at the shoreline and 𝜀 is a small,
dimensionless variable denoting the scale of the edge wave amplitude.
̂
∂2 𝜙

With the small-amplitude assumption and ignoring the alongshore variation ( ∂𝑦̂ 2 = 0),
the velocity potential of linear, normally, monochromatic and totally reflected (i.e., standing)
incident waves is obtained as (Stoker, 1957)
𝑖𝑎̂
𝜙̂𝑖 = − 2𝜔̂𝑖 𝐽0 (2𝜔
̂𝑝 √𝑥̂)𝑒 −𝑖𝜔̂𝑝 𝑡̂ + 𝑐. 𝑐.

(2.12)

𝑝

where 𝜙̂𝑖 is the dimensionless velocity potential of incident waves, 𝐽0 denotes the zero-order
Bessel function of the first kind, “ 𝑐. 𝑐. ” denotes the complex conjugate and 𝜔
̂𝑝 is the
dimensionless peak angular frequency of incident waves (𝜔
̂𝑝

≡

1 with the given temporal

scale). Another solution of Equation 2.9 is found by accounting for the alongshore variation
̂
∂2 𝜙

( ∂𝑦̂ 2 ≠ 0). The solution describes linear edge waves with a constant amplitude (Eckart, 1951)
𝑖𝑎̂
̂𝑦 𝑥̂)] cos(𝐾
̂𝑦 𝑦̂) 𝑒 −𝑖𝜔̂𝑒𝑡̂ + 𝑐. 𝑐.,
𝜙̂𝑒 = − 2𝜔̂𝑒 [𝑒 −𝐾̂𝑦 𝑥̂ 𝐿𝑛 (2𝐾
𝑒

(2.13)

with the dimensionless dispersion relation (under the assumption of shallow water)
̂𝑦 ,
𝜔
̂𝑒2 = (2𝑛 + 1)𝐾

(2.14)

̂𝑦 is the dimensionless
where 𝜔
̂𝑒 is the dimensionless angular frequency of the edge waves, 𝐾
angular wavenumber of the edge waves, and 𝐿𝑛 denotes the Laguerre polynomial at the order
equalling the mode number 𝑛.
When considering random incident waves and edge waves with time-varying
amplitudes, the velocity potential functions are found to be similar to Equation 2.12 and
Equation 2.13 with small modifications. Following the approaches detailed in Appendix II, the
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velocity potential of random incident waves characterised by narrow-banded frequency spectra
and no directional spread is described by
𝑖𝑎̂𝑖 𝐴(𝜏)
𝜙̂𝑖 = − 2𝜔
𝐽0 (2𝜔
̂𝑝 √𝑥̂)𝑒 −𝑖𝜔̂𝑝 𝑡̂ + 𝑐. 𝑐. +O(𝑎̂𝑖2 )
̂

(2.15)

𝑝

where 𝐴(𝜏) is the dimensionless variable describing the slow-varying incident wave amplitude.
By assuming that the incident wave spectrum is narrow-banded, it is found that 𝐴(𝜏) modulates
over a slow temporal scale
𝜏 = 𝑎̂𝑖 𝑡̂ ≪ 𝑡̂.

(2.16)

Meanwhile, by assuming that edge wave amplitudes also modulate over 𝜏 , the velocity
potential of the modulating edge waves is obtained (Appendix III)
𝑖𝜀𝐵(𝜏)
̂𝑦 𝑥̂)] cos(𝐾
̂𝑦 𝑦̂) 𝑒 −𝑖𝜔̂𝑒𝑡̂ + 𝑐. 𝑐.
𝜙̂𝑒 = − 𝜔̂ [𝑒 −𝐾̂𝑦 𝑥̂ 𝐿𝑛 (2𝐾

(2.17)

𝑒

where 𝐵(𝜏) is a dimensionless variable which varies slowly over the temporal scale 𝜏 and
describes the slow-varying edge wave amplitude. When 𝐴(𝜏) = 1 and 𝐵(𝜏) is a constant, 𝐵0,
Equation 2.15 and Equation 2.17 become the same as those for monochromatic, regular
incident and edge waves with
𝑎̂𝑒 = 2𝜀𝐵0.

(2.18)

2.1.3 The initial growth of edge waves
In order to determine if incident waves are unstable under a small perturbation, the velocity
potential of the wave fields is assumed to be the superposition of the velocity potential of linear
incident waves and a small perturbation, i.e.,
̂
𝜙̂ = 𝜙̂𝑖 + 𝛿𝛹

(2.19)

̂ is the dimensionless variable describing the
where 𝛿 is a small parameter with 𝛿 ≪ 1 and 𝛹
velocity potential of the perturbation. Substituting the perturbed velocity potential function 𝜙̂
in Equation 2.8 leads to
̂
𝜕2 𝛹

− 𝜕𝑡̂ 2 +

̂
𝜕𝛹
𝜕𝑥̂

̂
𝜕2𝛹

̂
𝜕2𝛹

̂ ∂2 𝛹
̂
∂𝜙

̂ ∂2 𝛹
̂
∂𝜙

̂ ∂𝛹
̂
∂2 𝜙

̂ ∂𝛹
̂
∂2 𝜙

+ 𝑥̂ ( 𝜕𝑥̂ 2 + 𝜕𝑦̂ 2 ) = 2 ( ∂𝑥̂ ∂𝑥̂ ∂𝑡̂ + ∂𝑦̂ ∂𝑦̂ ∂𝑡̂ + ∂𝑥̂ ∂𝑡̂ ∂𝑥̂ + ∂𝑦̂ ∂𝑡̂ ∂𝑦̂ ) +
̂
̂ ∂2 𝜙
∂𝛹

̂
∂2 𝜙

̂ ∂2 𝛹
̂
∂𝛹

̂ ∂2 𝛹
̂
∂𝛹

+ ∂𝑡̂ ( ∂𝑥̂ 2 + ∂𝑦̂ 2 ) + 𝛿 [2 ( ∂𝑥̂ ∂𝑥̂ ∂𝑡̂ + ∂𝑦̂ ∂𝑦̂ ∂𝑡̂) +
The solution of Equation 2.20 has the form of
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̂ ∂2 𝛹
̂
∂𝛹
(
∂𝑡̂ ∂𝑥̂ 2

̂
∂2 𝛹

̂ 𝜕2𝛹
̂
𝜕𝜙
(
𝜕𝑡̂ 𝜕𝑥̂ 2

+ ∂𝑦̂ 2 )] + O(𝛿 2 ).

̂
𝜕2 𝛹

+ 𝜕𝑦̂ 2 )
(2.20)

̂ =𝛹
̂0 + 𝛹
̂1
𝛹

(2.21)

̂0 is the homogeneous solution of Equation 2.20 which satisfies
where 𝛹
−

̂0
∂2 𝛹
∂𝑡̂ 2

+

̂0
∂𝛹
∂𝑥̂

̂
∂2 𝛹

+ 𝑥̂ ( ∂𝑥̂ 20 +

̂0
𝜕2 𝛹
𝜕𝑦̂ 2

) = 0.

(2.22)

Considering the triad resonance between a standing incident wave and two edge waves with
̂𝑦 , then 𝛹
̂0 is the superposition of the two linear edge waves
the same alongshore wavenumber 𝐾
̂0 = − 𝑖𝜀𝐵1 (𝜏) [𝑒 −𝐾̂𝑦 𝑥̂ 𝐿𝑁 (2𝐾
̂𝑦 𝑥̂)] cos(𝐾
̂𝑦 𝑦̂) 𝑒 −𝑖𝜔̂1𝑡̂
𝛹
1
̂
𝜔
1

−

𝑖𝜀𝐵2 (𝜏)
̂2
𝜔

̂𝑦 𝑥̂)] cos(𝐾
̂𝑦 𝑦̂) 𝑒 −𝑖𝜔̂2 𝑡̂ + 𝑐. 𝑐.
[𝑒 −𝐾̂𝑦 𝑥̂ 𝐿𝑁2 (2𝐾

(2.23)

where 𝑁1 and 𝑁2 denote the mode numbers of the two edge waves; 𝐵1 (𝜏) and 𝐵2 (𝜏) are the
dimensionless, slowing-varying variables describing the temporal changes in the amplitudes of
the two edge waves; 𝜔
̂1 and 𝜔
̂2 are the dimensionless angular frequencies of the two edge
waves; 𝐿𝑁1 and 𝐿𝑁2 denote the Laguerre polynomials of the order the same as the two mode
numbers. The dispersion relations of the two edge waves become
̂𝑦 and 𝜔
̂𝑦 .
𝜔
̂12 = (2𝑁1 + 1)𝐾
̂22 = (2𝑁2 + 1)𝐾

(2.24)

The formation of the resonance triad requires that the angular frequencies of the two edge
waves satisfy one additional relation
𝜔
̂2 = 1 + 𝑠𝜔
̂1 ,

𝑠 = ±1;

(2.25)

the relation leads to 𝜔
̂1 = 𝜔
̂2 = 0.5 (𝑠 = -1; subharmonic edge waves, i.e., edge waves which
have twice the period of incident waves) when the two edge waves have the same modes
(𝑁1 = 𝑁2 ). When the two edge waves have different mode numbers, combining Equation 2.24
and Equation 2.25 leads to
2 +1)]
̂𝑦 = (𝑁1+𝑁2+1)+𝑠[(2𝑁1+1)(2𝑁
𝐾
2
2(𝑁 −𝑁 )
2

1

1/2

.

(2.26)

On the other hand, by substituting Equation 2.21, Equation 2.23 and Equation 2.24 in
̂1 is found to have the following
Equation 2.20 and ignoring terms at order O(𝛿) or higher, 𝛹
structure
̂1 = ∑𝑠=±1 𝑏̂1 (𝜏)𝜉1𝑠 (𝑥̂) cos(𝐾
̂𝑦 𝑦̂) sin(𝑡̂ + 𝑠𝜔
𝛹
̂1 𝑡̂ + 𝑠𝜃1 )

10

̂𝑦 𝑦̂) sin(𝑡̂ + 𝑠𝜔
+ ∑𝑠=±1 𝑏̂2 (𝜏)𝜉2𝑠 (𝑥̂) cos(𝐾
̂2 𝑡̂ + 𝑠𝜃2 )

(2.27)

where 𝑏̂1 (𝜏) and 𝑏̂2 (𝜏) are dimensionless, slow-varying variables related to the edge wave
amplitudes, 𝜉1𝑠 (𝑥̂) and 𝜉2𝑠 (𝑥̂) are dimensionless functions describing the cross-shore profiles of
the edge waves, and 𝜃1 and 𝜃2 are related to the phases of the two edge waves. Elaborate
analyses, detailed in Guza & Davis (1974), show that the edge wave amplitudes can grow
exponentially. When the viscous dissipation of bottom friction is included, the growing
amplitudes are described by
𝑏̂1 (𝜏) = 𝑏̂1 (0) exp(𝜏𝛾(𝑁1 , 𝑁2 )), 𝑏̂2 (𝜏) = 𝑏̂2 (0) exp(𝜏𝛾(𝑁1 , 𝑁2 ))

(2.28)

with
(𝑑 −𝑑2 )2 1/2
2]
1 ,𝑁2 )

1
γ(𝑁1 , 𝑁2 ) = 𝑐(𝑁1 , 𝑁2 ) {[1 + 4𝑐(𝑁

𝑑 +𝑑2

1
− 2𝑐(𝑁

1 ,𝑁2 )

},

̂1
̂2
̂𝑦 √ 𝜐̂𝜔
̂𝑦 √ 𝜐̂𝜔
𝑑1 = 𝐾
, 𝑑2 = 𝐾
,
̂
̂
8𝑎̂2 𝜔
8𝑎̂2 𝜔
𝑖

𝑝

𝑖

𝑝

(2.29)

(2.30)

where γ(𝑁1 , 𝑁2 ) is the growth rate of the dimensionless edge wave amplitudes when bottom
friction is considered, 𝑐(𝑁1 , 𝑁2 ) is the growth rate of the edge wave amplitudes when the
viscous dissipation is ignored, and 𝜐̂ is the dimensionless kinematic viscosity. Therefore, the
exponential growth will only happen when γ(𝑁1 , 𝑁2 ) > 0. To ensure γ(𝑁1 , 𝑁2 ) > 0, the
incident wave amplitude should exceed a critical value 𝑎̂𝑖,𝑐 :
𝑎̂𝑖,𝑐 = √𝐾(𝑁1 , 𝑁2 )𝜐̂/𝜔
̂𝑝

(2.31)

where 𝐾(𝑁1 , 𝑁2 ) is a dimensionless parameter determined by 𝑁1 and 𝑁2 . Numerical
computations show that edge waves with lower modes have larger growth rates and smaller
critical incident wave amplitudes regardless of whether the simulations ignore or include
viscous dissipation. When 𝑁1 = 0 and 𝑁2 = 0, the growth rate is the largest and the critical
value is the smallest. Therefore, when incident waves have amplitudes exceeding the smallest
critical value for edge wave excitation, i.e.,
𝑎̂𝑖 > √𝐾(0,0)𝜐̂/𝜔
̂𝑝 ,
zero-mode, subharmonic edge waves are most readily excited and grow the fastest.
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(2.32)

2.1.4 Finite-amplitude edge waves under narrow-banded random incident waves
This section discusses the interactions between incident waves and the most unstable
zero-mode, subharmonic edge waves in the theory of Vittori et al. (2019). After edge waves
become excited, their amplitudes, at order O(𝜀), are assumed to satisfy
𝜀 = 𝑎̂𝑖 1/2 ,

(2.33)

to prevent the amplitudes from growing infinitely. In this way, the energy transferring from
incident waves to edge waves at order O(𝜀𝑎̂𝑖 ) will be limited by the energy radiated to deep
water as a result of the self-interaction of edge waves at order O(𝜀 3 ). The small-amplitude
assumption leads to 𝜀 > 𝑎̂𝑖 , which means that the edge waves are no longer the infinitely small
perturbation assumed in the previous section.
Hence, the velocity potential of the wave fields containing both the incident and edge
waves can be expanded in the structure
𝜙̂𝑒 = 𝑎̂𝑖 1/2 𝜙̂0 + 𝑎̂𝑖 𝜙̂1 + 𝑎̂𝑖 3/2 𝜙̂2 + 𝑐. 𝑐.

(2.34)

which, by substituting Equation 2.34 in Equation 2.8, leads to
𝑎̂𝑖 1/2 [−

̂0
∂2 𝜙
̂
∂𝑡 2

+

̂0
∂𝜙
∂𝑥̂

̂
∂2 𝜙

+ 𝑥̂ ( ∂𝑥̂ 20 +
̂ ∂2 𝜙
̂
∂𝜙

= 2𝑎̂𝑖 ( ∂𝑥̂0 ∂𝑥̂ ∂𝑡0̂ +

̂0
∂2 𝜙
∂𝑦̂ 2

̂1
∂2 𝜙
̂
∂𝑡 2

)] + 𝑎̂𝑖 [−

̂ 0 ∂2 𝜙
̂0
∂𝜙
)
̂
̂
∂𝑦 ∂𝑦 ∂𝑡̂

+ 𝑎̂𝑖

+

̂ 0 ∂2 𝜙
̂0
∂𝜙
∂𝑥̂ ∂𝑥̂ 2

̂1
∂𝜙
∂𝑥̂

̂
∂2 𝜙

+ 𝑥̂ ( ∂𝑥̂ 21 +

̂1
∂2 𝜙
∂𝑦̂ 2

+ O(𝑎̂𝑖 3/2 ).

)]
(2.35)

At order O(𝑎̂𝑖 1/2 ), Equation 2.35 becomes
−

̂0
∂2 𝜙
∂𝑡̂ 2

+

̂0
∂𝜙
∂𝑥̂

̂
∂2 𝜙

+ 𝑥̂ ( ∂𝑥̂ 20 +

̂0
∂2 𝜙
∂𝑦̂ 2

)=0

(2.36)

̂𝑦 𝑥̂) = 1)
and has the solution corresponding to linear edge waves (𝐿0 (2𝐾
𝑖𝐵(𝜏)
̂𝑦 𝑦̂) 𝑒 −𝑖𝜔̂𝑒𝑡̂ + 𝑐. 𝑐.
𝜙̂0 = − 𝜔̂ 𝑒 −𝐾̂𝑦 𝑥̂ cos(𝐾

(2.37)

𝑒

At order O(𝑎̂𝑖 ), Equation 2.35 becomes
−

̂1
∂2 𝜙
∂𝑡̂ 2

+

̂1
∂𝜙
∂𝑥̂

̂
∂2 𝜙

+ 𝑥̂ ( ∂𝑥̂ 21 +

̂1
∂2 𝜙
∂𝑦̂ 2

̂ ∂2 𝜙
̂
∂𝜙

) = 2 ( ∂𝑥̂0 ∂𝑥̂ ∂𝑡0̂ +

̂ 0 ∂2 𝜙
̂0
∂𝜙
)
∂𝑦̂ ∂𝑦̂ ∂𝑡̂

+

̂ 0 ∂2 𝜙
̂0
∂𝜙
∂𝑥̂ ∂𝑥̂ 2

.

(2.38)

The solution of 𝜙̂1 has the structure
𝜙̂1 = 𝜙̂1ℎ + 𝜙̂1𝑝 ,
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(2.39)

where 𝜙̂1ℎ and 𝜙̂1𝑝 are the homogeneous solution and the particular solution of Equation 2.38,
respectively. By solving the homogeneous equation
−

̂ 1ℎ
∂2 𝜙
∂𝑡̂ 2

+

̂ 1ℎ
∂𝜙
∂𝑥̂

̂ 1ℎ
∂2 𝜙

+ 𝑥̂ (

∂𝑥̂ 2

+

̂ 1ℎ
∂2 𝜙
∂𝑦̂ 2

) = 0,

(2.40)

the solution of 𝜙̂1ℎ is found to correspond to linear incident waves:
𝑖𝐴(𝜏)
𝜙̂1ℎ = − 2𝜔̂ 𝐽0 (2𝜔
̂𝑝 √𝑥̂)𝑒 −𝑖𝜔̂𝑝 𝑡̂ + 𝑐. 𝑐.
𝑝

(2.41)

On the other hand, the solution of 𝜙̂1𝑝 describes the nonlinear effects from edge waves and has
the expression
̂𝑦 𝑥̂)𝑒 −𝑖2𝜔̂𝑒𝑡̂ + 𝑐. 𝑐.
𝜙̂1𝑝 = 𝑖2𝜋𝜔
̂𝑒 𝐵 2 (𝜏)𝐺(𝐾

(2.42)

with
̂𝑦 𝑥̂) = −𝐸2 (𝐾
̂𝑦 𝑥̂)𝐽0 (4√𝐾
̂𝑦 𝑥̂) + 𝐸1 (𝐾
̂𝑦 𝑥̂)𝑌0 (4√𝐾
̂𝑦 𝑥̂)
𝐺(𝐾

̂𝑦 𝑥̂)
+[𝐸2 (∞) − 𝑖𝐸1 (∞)] 𝐽0 (4√𝐾

(2.43)

and
̂

̂

̂𝑦 𝑥̂) = ∫𝐾𝑦 𝑥̂ 𝑒 −2χ 𝐽0 (4√χ)𝑑χ , 𝐸2 (𝐾
̂𝑦 𝑥̂) = ∫𝐾𝑦 𝑥̂ 𝑒 −2χ 𝑌0 (4√χ)𝑑χ
𝐸1 (𝐾
0
0

(2.44)

where 𝑌0 denotes the zero-order Bessel function of the second kind.
After obtaining the solutions of 𝜙̂0 and 𝜙̂1, substituting Equation 2.34 in Equation 2.8
again, terms at order O(𝜀 3 ) show that the solution of 𝜙̂2 has the structure
̂𝑦 𝑦̂)
𝜙̂2 = 𝐻(𝑥̂, 𝜏) cos(𝐾

(2.45)

where 𝐻(𝑥̂, 𝜏) is a dimensionless function that accounts for the effects from the interaction
between incident and edge waves and the effects from the self-interaction of edge waves. The
solvability condition of 𝐻(𝑥̂, 𝜏) leads to the following relationship between incident and edge
wave amplitudes:
𝑑𝐵(𝜏)
𝑑𝜏

̂3

̂2

̂4

𝐾𝑦
𝑖2𝜋𝐾
𝑖3𝐾𝑦
= 𝑖𝛼 𝑇 4𝜔̂ 𝐴(𝜏)𝐵̃ (𝜏) − 𝑅𝐵(𝜏) − ( 𝜔̂ 𝑦 𝛽𝑇 + 4𝜔̂3 ) 𝐵̃ (𝜏)𝐵(𝜏)2,
𝑒

𝑒
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𝑒

(2.46)

where 𝐵̃ (𝜏) is the complex conjugate of 𝐵(𝜏); 𝛼 𝑇 and 𝛽𝑇 are parameters, 𝛼𝑇 = 0.541 and
𝛽𝑇 = -0.0894 - 0.0366i; 𝑅 is the dimensionless viscosity parameter given by
𝑅=−

̂/𝜔
̂𝑝
√2𝜐
16𝑎̂𝑖

.

(2.47)

Since both the edge waves have the mode number equalling zero, the dispersion relation of the
edge waves becomes
̂𝑦 = 𝜔
𝐾
̂𝑒2 .

(2.48)

Equation 2.46 only considers subharmonic edge waves perfectly tuned with the incident
waves, i.e., the edge wave frequency is exactly half of the incident wave frequency (𝜔
̂𝑒 = 0.5).
When the tuning between incident and edge waves is not perfect, the angular frequency of edge
waves can be written as
1

𝜔
̂𝑒 = 2 (1 + 𝑎̂𝑖 𝜇)

(2.49)

where 𝜇 is a dimensionless detuning parameter; 𝜇 = 0 for perfect tuning. Thus, Equation 2.46
becomes
𝑑𝐶(𝜏)
𝑑𝜏

̂3

̂2

𝐾𝑦
𝑖𝐾
𝜇
3
= 𝑖𝛼𝑇 4𝜔̂ 𝐴(𝜏)𝐶̃ (𝜏) + 𝑖 2 𝐶(𝜏) − 𝑅𝐶(𝜏) − 𝜔̂ 𝑦 (2𝜋𝛽𝑇 + 4) 𝐶̃ (𝜏)𝐶(𝜏)2
𝑒

𝑒

(2.50)

with
𝜇

𝐶(𝜏) = 𝐵(𝜏)𝑒 𝑖 2 𝜏

(2.51)

to account for the effects of detuning; 𝐶̃ (𝜏) is the complex conjugate of 𝐶(𝜏). When 𝜇 = 0,
Equation 2.50 becomes the same as Equation 2.46. With the relation described by
Equation 2.46 and Equation 2.50, the time-varying edge wave amplitudes can be determined
once the time series of the incident wave amplitude, determined by 𝐴(𝜏), and an initial value
of the edge wave amplitude, determined by 𝐵(0), are given.

2.2 Theories of edge wave formation
The first study describing edge waves was proposed by Stokes (1846). Stokes’ solution was
later found to be one of a series of solutions by Eckart (1951) and Ursell (1952). Both studies
by Eckart and Ursell described the velocity potential and dispersion relation of edge waves. By
applying an additional shallow water assumption, Eckart’s approach was especially applicable
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to shallow waters. The dispersion relation of edge waves (Equation 2.14) showed the
dependence of wavelengths on wave periods and showed that a variety of edge waves were
possible and could be characterised individually using the so-called “mode number”. The
theoretical models of Eckart and Ursell were built with linear wave equations. Besides, the
cross-shore profile in their theoretical models was characterised by a planar, sloping beach
extending from the shoreline to deep water with an infinite water depth. Eckart’s and Ursell’s
studies, and many subsequent studies which were built on the original ones, just postulate edge
wave propagation along a shoreline, without consideration of how edge waves were formed.
For example, Guza & Bowen (1976), Minzoni & Whitham (1977) and Rockliff (1978) included
weak nonlinear corrections. With the nonlinear corrections, the shape of edge waves had
sharper peaks and broader troughs compared to the sinusoidal solution. When two edge waves
propagated in the opposite directions and formed a standing edge wave, the nonlinear
corrections suggested that energy was radiated from the standing edge wave near the shoreline
to deep water. According to the theoretical prediction of Guza & Bowen (1976), the energy
was radiated in the form of a wave with half the period of the standing edge waves, and edge
waves with more nonlinear forms increased the amount of radiated energy. The existence of
the radiated wave was detected by Guza & Bowen (1976) through laboratory experiments.
Besides, some researchers also modified the dispersion relation to account for the impacts of
different beach profiles (Ball, 1967; Holman & Bowen, 1979; Kirby et al., 1982) and longshore
currents (Howd et al., 1992).
Instead of postulating edge waves alone, a large number of theoretical studies
considered the formation of edge waves and instability of perturbations in the form of edge
waves under wind stress, pressure variations and incident waves. Theoretical models revealed
that edge waves could grow under alongshore winds or pressure varying in alongshore
directions during storms (Greenspan, 1956; Munk et al., 1956). Besides, tsunamis (Bricker et
al., 1971) and wave-wave interactions among incident wave groups (Gallagher, 1971) could
also lead to edge wave growth. Generally, edge waves resulting from alongshore winds,
alongshore pressure variations or tsunamis were progressive, large-scale and had periods much
longer than wind waves. Relevant to this study, resonance was found between standing edge
waves and monochromatic incident waves fully reflected at sloping beaches (Guza & Davis,
1974). Edge waves growing through resonance with incident waves could be standing and were
characterised by periods similar to gravity waves. Two types of interactions between edge
waves and incident waves were suggested by previous studies. Gallagher (1971) suggested that
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edge waves could grow through the three-wave interaction between an edge wave and two
incident waves. On the other hand, Guza & Davis (1974) proposed the resonance between two
edge waves and a standing, monochromatic incident wave. Later experiments (Guza & Bowen,
1976; Bowen & Guza, 1978) showed that the maximum edge wave amplitudes under standing,
monochromatic incident waves were much larger than the amplitudes of edge waves growing
under incident wave groups.
The theoretical model of Guza & Davis (1974) described the nonlinear interactions
between incident waves and edge waves during their initial growth. As previously shown in
Section 2.2.3, in order to overcome bottom friction, incident wave amplitudes needed to be no
smaller than the critical value:
𝑎𝑖 ≥ √𝐾(𝑁1 , 𝑁2 )𝜐/𝜔𝑖

(2.52)

where ai is the incident wave amplitude (m), ωi is the angular frequency of the incident wave
(rad/s) and υ is the kinematic viscosity (m2/s). The minimum incident wave amplitude required
for the excitation was √52.5𝜐/𝜔𝑖 (Guza & Inman, 1975). Among different modes and periods,
zero-mode, subharmonic edge waves were found to grow the fastest. Standing, zero-mode,
subharmonic edge waves could also be excited and consisted of two edge waves with the same
mode number, n = 0, and twice the period of incident waves. Zero-mode, synchronous edge
waves, with the same period as the incident waves, were found to be the second fastest growing
mode. The prediction of rapid subharmonic edge wave growth made by the theoretical model
was consistent with the qualitative laboratory observations prior to the study (Galvin, 1965;
Harris, 1967; Guza & Bowen, 1967; Bowen & Inman, 1969). The theory also led to more
laboratory experiments and the precise measurements again confirmed the theoretical
predictions (Guza & Inman, 1975; Guza & Chapman, 1979; Yeh, 1986; Buchan & Pritchard,
1995).
In the theory of Guza & Davis (1974), incident waves were assumed to be
small-amplitude and edge wave amplitudes were assumed to be much smaller than incident
wave amplitudes. Therefore, the theory was valid for the initial growth of edge waves but not
when the amplitudes of edge waves and incident waves were similar. Guza & Bowen (1976),
Minzoni & Whitham (1977) and Li (2007) studied the interaction between edge waves and
incident waves during edge wave growth and obtained the maximum amplitudes of developed
edge waves considering finite-amplitude effects. Specifically, their results showed that the
phase difference between the incident and edge waves was related to the relation of the wave
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frequencies. When the edge wave frequency was exactly half of the incident wave frequency
(i.e., subharmonic resonance through perfect detuning, with µ = 0 in Equation 2.49), edge
waves and incident waves would be continuously coupled with the phase relation:
sin(2𝜃 − 𝜑) = 1

(2.53)

where 𝜑 is the phase of the monochromatic incident wave (Equation A13) and 𝜃 is the phase
of the subharmonic edge wave (Equation A25).
For mathematical simplicity, these theories considered fully reflected, monochromatic
incident waves which were very different from the random wave fields from field observations
(Hasselmann et al.,1973). To account for irregular incident waves, Vittori & Blondeaux (1996)
and Vittori et al. (2019) built a theoretical model which assumed the incident waves to be
characterised by narrow-banded frequency spectra. As shown in Section 2.1.4, the predictions
of edge wave growth under random incident waves showed significant differences from the
results of Guza & Bowen (1976). They found that edge wave growth under random incident
waves was not continuous as under monochromatic incident waves and that edge waves could
grow intermittently. The frequency spread of the incident waves led to shifting phases in the
incident wave amplitudes inhibiting the coupling between edge waves and incident waves
necessary for edge wave growth. The model predicted that the intermittence of edge waves
related to the coupling and uncoupling between the phases of incident waves and edge waves.
Given the small-amplitude assumption, their theory concerned the instability of subharmonic
edge waves under the standing, small-amplitude, random incident waves with only frequency
spread.

2.3 Laboratory experiments
With idealised bathymetry and controlled incident wave conditions, laboratory experiments
have provided validation tests for the theories discussed in the previous section. Moreover,
processes observed on the coast but not considered by theoretical studies could be included in
laboratory studies. These coastal processes included incident waves not satisfying the
small-amplitude assumption (Guza & Inman, 1975), sediment transport (Bowen & Inman,
1971; Guza & Inman, 1975) and wave breaking (Abcha et al., 2017).
The discrete dispersion relation of inviscid edge waves proposed by Ursell (1952) was
tested through experiments in the same study. During the experiments, Ursell used beaches
noticeably steeper than those occur in nature. In fact, the beaches had the steepest slopes ever
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used for the laboratory studies of edge wave. The beach slopes were set to 37.6 degrees so that
the basin width would only be long enough for zero-mode edge waves, and 29.5 degrees for
only zero-mode and first-mode edge waves. The base plane of the beach and its side walls
oscillated with small amplitudes in various frequencies to find the resonant frequencies which
led to edge waves with the maximum runup. To meet the boundary conditions at the side walls,
the basin width had to be a multiple of half of the edge wave wavelength, thus frequencies of
edge waves corresponding to the wavelengths which met the conditions could be calculated
according to the dispersion relation. Optical observations by Ursell showed that the frequencies
of oscillations which led to the maximum edge wave response agreed with the frequencies
calculated from the dispersion relation.
The inviscid, discrete dispersion relation was further confirmed by Guza & Bowen
(1976). They used a wave tank of similar size to that of Ursell (1952) but with a gentler slope
(20.8 degrees). A paddle hinged on one basin wall oscillated with different frequencies near
the fixed beach during the experiments. Consistent with Ursell’s observations, Guza and
Bowen also observed the maximum edge wave response when the paddle imposed zero-mode
edge waves and the wavelength was twice of the basin width. The experiments confirmed their
theoretical prediction that standing edge waves would radiate energy to deep water through
waves with twice the edge wave frequency. Bowen & Inman (1971) tested the impact of edge
waves on sediment transport. Morphological features similar to crescentic bars were built by
edge waves through large drift velocities at the boundary layer above the beach surface. The
bar development did not affect the wavelengths and periods of the edge waves.
More recently, experiments were conducted to investigate the mechanism of edge wave
excitation under incident waves from deep water. Edge waves grew after incident waves
propagated into shallow waters. The first laboratory evidence of subharmonic resonance was
reported by Galvin (1965; the details were described later by Birchfield & Galvin, 1975). More
observations of standing subharmonic edge waves developed under monochromatic incident
waves were reported afterwards (Harris, 1967; Bowen & Inman, 1969; Guza & Inman, 1975;
Guza & Chapman, 1979; Yeh, 1986; Buchan & Pritchard, 1995; Abcha et al., 2017).
Observations from these experiments confirmed the theoretical prediction (Guza & Davis,
1974) in which the zero-mode, subharmonic edge waves were the most easily excited among
all the motions during the experiments. Additionally, subharmonic excitation did not happen
when large incident wave breaking occurred (Abcha et al., 2017). As well as the resonant
mechanism between edge waves and incident waves proposed by Guza & Davis (1974), the
18

edge wave growth through three-wave interactions which predicted the edge wave growth
under incident wave groups, proposed by of Gallagher (1971), was also tested in the laboratory
(Bowen & Guza, 1978). However, the edge wave amplitudes observed by Bowen & Guza
(1978) were much smaller than the amplitudes of edge waves excited through the subharmonic
and synchronous resonance.
Guza & Inman (1975) conducted experiments in a wave basin to study the resonance
between incident waves and edge waves. The basin was 15.2 m x 18.2 m, consisting of a flat
region on the side of deep water and a nonerodable beach extending from one side of the flat
region. The bottom and one side wall of the beach were adjustable. Different beach slopes,
including 6.83 degrees, 6.00 degrees, 5.08 degrees and 4.17 degrees, were used.
Monochromatic incident waves with different wave periods and wave heights were generated
on the deep-water side and propagated normally to the beach. They observed the growth of
zero-mode, subharmonic edge waves when edge wave wavelengths fitted the basin width
(Figure 2.1). However, when the basin width was not sufficient for subharmonic excitation,
they observed only synchronous edge waves. The maximum amplitude of the synchronous
edge waves was smaller than the maximum wave amplitude of subharmonic edge waves.
Despite the consistency between theoretical predictions and laboratory observations, the
small-amplitude assumption was a primary theoretical assumption which was proved in many
of the experiments to be invalid. According to this assumption, the parameter describing
nonlinearity, 𝑎̂𝑖 (and 𝑎̂𝑒 for edge waves), needed to be small (more details in Section 2.1.2):
𝑎 𝜔2

𝑎 𝜔2

𝑒 𝑒
𝑖 𝑖
𝑎̂𝑖 = 𝑔 tan
̂𝑒 = 𝑔 tan
2 𝛽 ≪ 1, 𝑎
2𝛽 ≪ 1

(2.54)

where ae is the edge wave amplitude (m) and ωe is the angular frequency of edge waves (rad/s).
For theories concerning the growth of edge waves, an additional assumption of O(𝑎̂𝑖 ) = O(𝑎̂𝑒 2 )
was required (Section 2.1.4). Although the theories only considered small-amplitude waves,
the mechanism of edge wave growth revealed by the theories seemed to be dominant during
laboratory experiments with 𝑎̂𝑖 ≥ 1. Guza & Inman (1975) found that the maximum parameter
leading to observations of subharmonic edge waves was max(𝑎̂𝑖 ) ≈ 2. Based on the finding
that max(𝑎̂𝑖 ) = 2 coincided with the transition between surging and plunging breakers, the
coincidence was interpreted as an indicator that edge wave excitation is more likely to occur
on reflective beaches (𝑎̂𝑖 < 2) rather than dissipative beaches (𝑎̂𝑖 > 2).
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Figure 2.1: Edge waves generated during the experiment of Guza & Inman (1975). Courtesy
of R. Holman.

2.4 Numerical modelling
There have been very few numerical studies on edge waves. To simulate standing edge waves
under incident waves, a model should meet the following requirements (Özkan-Haller & Kirby,
1997):
•

the capability to simulate two-dimensional hydrodynamic motions;

•

treating shorelines with accurate wetting-drying fronts;

•

high accuracy on the treatment of dispersion and dissipation.

These requirements made simulating edge wave excitation a robust test for numerical models.
Only Özkan-Haller & Kirby (1997) have been able to simulate edge wave excitation
and provided detailed comparisons between the simulations and existing theories. They tested
their model’s ability to handle low-frequency alongshore unstable processes by simulating the
instability of edge waves under monochromatic, normally incident waves. The model was
based on nonlinear, two-dimensional shallow water equations. The simulation area consisted
of a planar beach with a slope of 5.7 degrees. The incident waves, with small amplitudes
(around 0.091 m at the shoreline) and long wave periods (around 10 s), had 𝑎̂𝑖 ≈ 0.3 which
satisfied the small-amplitude assumption. The width of the beach equalled the wavelength of
standing, zero-mode edge waves with a wave period of 20 s. Perturbations in the form of edge
waves with ae = 0.001 m were applied to the initial free surface. The simulations investigated
20

the impact of the detuning on the maximum edge wave amplitudes. The dominance of
zero-mode, subharmonic edge waves agreed well with the theory of Guza & Davis (1974).
Furthermore, the simulated relation between the incident wave amplitude, detuning parameters
(Equation 2.49) and the equilibrium amplitude of edge waves agreed well with the theory of
Guza & Bowen (1976). The phase relation between incident waves and edge waves over the
detuning parameter was also reasonably consistent between the simulations and
Guza & Bowen’s prediction.
Although numerical models of coastal processes developed rapidly after the study of
Özkan-Haller & Kirby (1997), the models presently used have rarely been applied to
simulations of edge wave excitation.

2.5 Field observations

Figure 2.2: Alongshore motions similar to edge waves on the beach. Courtesy of A.J. Bowen.
Measuring the growth of standing edge waves on natural beaches has remained challenging.
Ideally, to measure the growth only requires the deployment of wave gauges on two arrays: a
cross-shore array at the profile of an antinode, and an alongshore array which includes locations
of nodes and antinodes. In practice, however, since there is little knowledge of the properties
of incident waves and especially the wave period, both wave properties and locations of edge
waves are unknown before the measurements. An accurate estimation of edge wave
wavelengths would be difficult if no wave gauge is deployed close to a node. Without prior
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knowledge about edge wave wavelengths, the number and location of instruments are hard to
design. In addition to the difficulties of measuring one single standing edge wave, it would be
even harder to measure the waves when several edge waves coexist. The coexistence would
change the locations of the zero-crossing points in both the alongshore direction and the
cross-shore direction. Apart from the uncertainty in wave conditions, the instruments can only
be deployed for a limited amount of time.
Despite the difficulties and the lack of direct field observations of edge wave excitation,
field studies showed strong evidence of the existence of standing edge waves. Huntley &
Bowen (1973; 1975) constructed onshore and alongshore velocity fields on a natural beach and
measured alongshore waves consistent with subharmonic standing edge waves. They collected
the measurements after a storm on a long, straight and smooth beach. Instruments were fixed
at four locations on the same cross-shore profile. The frequency spectrum of the measurements
showed that the wind waves were characterised by a broad spectrum with the peak at around
0.2 Hz. The spectrum also showed a sharp peak at around 0.1 Hz, half of the peak frequency
of the wind waves. Additionally, the phases and amplitudes derived from the velocities were
found to agree with a standing edge wave with the wavelength of 32 m. The derived wave
period and wavelength agreed with the linear dispersion relation (Eckart, 1951). Therefore,
these observations by Huntley & Bowen (1973; 1975) were acknowledged as being the first
field evidence of the standing, zero-mode, subharmonic edge waves.
The lack of alongshore arrays in the field observations of Huntley & Bowen (1973;
1975) made it hard to avoid potential errors in the calculation of wavelengths resulting from
the coexistence of several edge waves. To increase the accuracy of these calculations,
subsequent field measurements included both alongshore and cross-shore arrays. Most of these
observations were conducted on open beaches and reported progressive edge waves (Huntley
et al., 1981; Oltman-Shay & Guza, 1987; Oltman-Shay et al., 1989). Wave motions in forms
of standing edge waves were only found at a narrow pocket beach (Özkan-Haller et al., 2001).
The wave spectra generally showed two peaks, one corresponding to incident waves and the
other one with half or the same the frequency of the incident waves. Other studies have looked
for edge waves but found none (e.g., Masselink et al, 2004) and more studies are needed. It
should also be noticed that the main difference between laboratory/theory and natural beaches
is the wave condition. While monochromatic waves have been mostly used in the laboratory
and theory, incident waves are mostly random waves characterised by frequency and
directional spread on natural beaches.
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2.6 Summary
Most previous studies on edge wave excitation have been theoretical studies. The mechanism
of edge wave growth proposed by theories (Guza & Davis, 1974; Guza & Bowen, 1976) has
been validated by a limited number of laboratory experiments and numerical simulations, and
there has been only one direct field observation. It is noticeable that the wave conditions
considered by the theoretical, laboratory and numerical studies are mostly monochromatic,
different from the wave conditions in the field which are mainly random waves. Therefore, the
resonant interactions between edge waves and incident waves tested in most previous studies
might not match the resonance in the field. Indeed, the theoretical model of Vittori et al (2019)
considers random incident waves with frequency spread and predicts an intermittent edge wave
growth which is different from the edge wave growth under monochromatic waves predicted
and observed by previous studies. The theoretical model shows the potential to explain edge
wave excitation on natural beaches; however, the assumptions underlying the theory are
violated by realistic coastal conditions. Since previously laboratory studies have shown that
the theoretical prediction of edge wave growth under monochromatic waves are valid when
wave conditions violated the small-amplitude assumption of the theories, it is possible that the
resonant mechanism predicted by Vittori et al (2019) can be more realistically applicable to
wave conditions than previously assumed. On the other hand, the directional spread of the
random waves is commonly observed in the field but not included in the theory. The impacts
of directional spread on the resonance between incident waves and edge waves remain
unknown. It is necessary to carry out systematic observations of edge wave excitation under
coastal random waves in the laboratory to investigate the impacts of frequency spread and
directional spread on edge wave growth, and to test the excitation mechanism proposed by the
theory under realistic wave conditions.
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Chapter 3 Laboratory observations of continuous
and intermittent edge wave excitation
3.1 Methodology
3.1.1 Laboratory set-up
The experiments were conducted in 2014, prior to this study, at the Cantabrian Coastal and
Ocean Basin, IH Cantabria (Figure 3.1a). Dr Giovanni Coco (the author’s supervisor) directed
the experiments, and the research group designing the experiments agreed upon the use of the
data for this thesis. The basin size was 25 m in the cross-shore direction and 32 m in the
alongshore direction. The bathymetry in the alongshore direction was uniform. In the crossshore direction, the profile was divided into two parts: a flat region of 15 m with the water
depth of 1 m and a planar beach of 10 m in horizontal distances. The beach had a constant slope
of 1:5.
Thirty-three wave gauges (WG01-33) measured the free surface elevations at fixed
locations (Figure 3.1c). Eight of the wave gauges were implanted with Acoustic Doppler
Velocitymeters (ADVs) to record the water velocity at their locations. Runup wires (L1-15;
Figure 3.1b) measured the runup elevations along fifteen cross-shore profiles on the beach. The
distance between two adjacent runup wires, as well as between the wires and the side walls,
was 2 m. For all the instruments, the frequency of the measurements was 50 Hz. Two cameras
recorded the nearshore wave motions in grayscale images. For some experiments, two
additional cameras recorded the wave motions in full colour videos.
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Figure 3.1: The wave basin and instruments. (a) The wave basin (courtesy of G. Barajas). (b)
Runup wires. (c) Location of the instruments. Circles: wave gauges. Locations of wave gauges
represented by bold circles also had ADVs. Thick lines on the beach: runup wires above the
still water level.
3.1.2 Incident wave spectra
The experiments covered two types of wave forcing: monochromatic incident waves and
random incident waves. The random incident waves could be further divided into two
categories depending on their spectra, where some only had frequency spread and the others
had both frequency spread and directional spread. All the incident waves had a shore-normal
mean wave direction. Incident wave periods were carefully chosen so that the basin width
would be a multiple of the wavelength of potentially growing zero-mode, subharmonic edge
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waves. In other words, edge waves should have antinodes at the side walls and the ratio
between the basin width and half of the wavelength of edge waves, me, was an integer
(Guza & Inman, 1975):
me = 2b/Le

(3.1)

where b is the basin width (m). Based on the side boundary conditions (Equation 3.1) and the
dispersion relation of edge waves (Equation 1.1), the incident wave periods were calculated by
𝑇0 = √𝑚

𝜋𝑏

(3.2)

𝑒 𝑔 tan 𝛽

where T0 is the wave period of incident waves in deep water.
The surface elevation of random incident waves was considered to be the sum of
harmonic waves with different frequencies (leading to frequency spread) and directions
(leading to directional spread). For random incident waves having only frequency spread, the
properties of the harmonic waves were characterised by frequency spectra. One type of
frequency spectra, the energy density spectrum, was used during data analysis (Section 3.1.3)
and showed how the total wave energy was distributed over discrete frequencies:
𝐸𝑡𝑜𝑡𝑎𝑙 = ∑𝑁
𝑖=1 𝐸𝜂 (𝑓𝑖 ) ∆𝑓

(3.3)

where 𝐸𝑡𝑜𝑡𝑎𝑙 is the wave energy (per unit horizontal area) (kJ), 𝐸𝜂 (𝑓𝑖 ) is the energy density
(kJ/Hz) at frequency 𝑓𝑖 (Hz) and N is the number of the distributed frequencies. The energy
density at each frequency was directly related to the amplitude of the harmonic wave:
𝐸𝜂 (𝑓𝑖 ) =

1
2∆𝑓

𝜌𝑔𝑎𝑓2𝑖

(3.4)

where 𝑎𝑓𝑖 is the amplitude of the harmonic wave with frequency 𝑓𝑖 (m).
The energy density spectrum could also relate to a second type of frequency spectra,
the variance density spectrum:
𝑆𝜂 (𝑓𝑖 ) =

1
𝑆 (𝑓 )
∆𝑓 𝑣𝑎𝑟 𝑖

=

1
𝜌𝑔

𝐸𝜂 (𝑓𝑖 )

(3.5)

where 𝑆𝜂 (𝑓𝑖 ) is the variance density at frequency 𝑓𝑖 (m2/Hz) and 𝑆𝑣𝑎𝑟 (𝑓𝑖 ) is the variance of the
elevations of the harmonic wave at frequency 𝑓𝑖 (m2), 𝑆𝑣𝑎𝑟 (𝑓𝑖 ) = 𝑎𝑓2𝑖 /2. The empirical wave
spectra obtained from field surveys (Hasselmann et al., 1973; Longuet-Higgins et al., 1961;
Mitsuyasu et al., 1975) generally described coastal random waves with variance density spectra.
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During experiments, the random incident waves were parameterised using the JONSWAP
spectra (Hasselmann et al., 1973):
−5𝑓𝑝4

𝑆𝐽 (𝑓𝑖 ) = 𝛼𝐻02 𝑓𝑝4 𝑓𝑖 −5 𝛾 𝐵 exp ( 4𝑓 4 )

(3.6)

𝑖

with
0.0624

𝛼 = 0.230 + 0.0336𝛾 − 0.185/(1.9 + 𝛾)
𝛽 = exp (

𝑓 2𝑝 (𝑓𝑖 − 𝑓𝑝 )2

(3.7)

)

(3.8)

0.07, 𝑓𝑖 ≤ 𝑓𝑝
𝜎𝑓 = {
0.50, 𝑓𝑖 > 𝑓𝑝

(3.9)

2𝜎𝑓2

where 𝑆𝐽 (𝑓𝑖 ) is the variance density of the JONSWAP spectrum at frequency 𝑓𝑖 (m2/Hz), 𝐻02 is
the significant wave height (m), 𝑓𝑝 is the peak frequency (Hz), and 𝛾 is the frequency
spreading parameter. When 𝛾 gets large, the frequency spreading in the spectrum gets small.
For random incident waves with directional spread, the distribution of wave energy
over discrete directions was characterised by a directional spreading function. The “cos-2s”
directional spreading function (Longuet-Higgins et al., 1961) was used during the experiments:
𝐷(𝜃𝑗 ) =

22𝑠−1 𝛤2 (𝑠 + 1)
𝜋

𝜃𝑗 − 𝜃0

cos 2𝑠 (
𝛤(2𝑠 + 1)

2

)

(3.10)

with
𝑑𝑖𝑟
∑𝑁
𝑗=1 𝐷(𝜃𝑗 ) ∆𝜃 = 1

(3.11)

where 𝐷(𝜃𝑗 ) is the proportion of wave energy (1/degree) distributed on propagation angle 𝜃𝑗
(in degrees), 𝑁𝑑𝑖𝑟 is the number of the distributed propagation angles, 𝜃0 is the angle of the
mean wave direction (in degrees; 𝜃0 = 0 shore-normal), Γ is the Gamma function, and 𝑠 is the
directional spreading parameter. When s is large, the directional spread in the spectrum
becomes small. Directional spectra, the spectra which described the spread of waves over both
frequencies and directions, were constructed by multiplying the frequency spectra (either
energy density spectra or variance density spectra) by the directional spreading function:
𝐸𝜂 (𝑓𝑖 , 𝜃𝑗 ) = 𝐸𝜂 (𝑓𝑖 )𝐷(𝜃𝑗 ), 𝑆𝜂 (𝑓𝑖 , 𝜃𝑗 ) = 𝑆𝜂 (𝑓𝑖 )𝐷(𝜃𝑗 )
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(3.12)

where 𝐸𝜂 (𝑓𝑖 , 𝜃𝑗 ) and 𝑆𝜂 (𝑓𝑖 , 𝜃𝑗 ) are the energy density (kJ/Hz/degree) and the variance density
(m2/Hz/degree) of the directional spectra at frequency 𝑓𝑖 and propagation angle 𝜃𝑗 .
Different directional spectra were constructed with combinations of different values of
frequency spreading parameters and directional spreading parameters. The larger the values of
𝛾 or 𝑠, the smaller spectral spread. For 𝛾 = +∞ there was no frequency spread while for 𝑠 = +∞
there was no directional spread. A series of random incident waves were generated using the
same significant wave height, peak period and different combinations of 𝛾 = 20, 14, 7, or 3,
and 𝑠 = +∞, 100, or 10. Since both the JONSWAP spectra and the “cos-2s” distribution were
derived from field measurements, the resulted directional spectra ensured that our experiments
were undertaken under realistic coastal conditions. Monochromatic incident waves were
generated with combinations of deep-water wave heights between 0.1~0.5 m and wave periods
between 1.4~7.2 s. Random incident waves were generated using the deep-water significant
wave height 𝐻0 = 0.2 m and peak periods 𝑇0 = 2.4 s or 𝑇0 = 3.6 s.
3.1.3 Data analysis
The wave properties of incident waves were calculated using the free surface elevations in the
vicinity of the wavemaker to minimise the impacts of edge waves. For monochromatic waves,
the wave heights and wave periods were obtained using the measurements from the offshore
wave gauge WG04 (measurements from WG01-07 had identical free surface elevations). For
random waves, the frequency spread was estimated by frequency spectra calculated using the
Fast Fourier Transform (FFT) method. The energy densities were calculated for the
frequency/directional spectrum, and the significant wave heights and peak periods were
obtained from the spectrum. If the spectrum were calculated with only one wave record, the
estimated energy densities would have poor reliability (Holthuijsen, 2010). Using the average
of the spectra calculated from multiple wave records of the same random wave field could
increase the reliability, and the accuracy of the estimation increased with the number of wave
records. Therefore, energy densities were calculated every two minutes from the measurements
of thirteen offshore wave gauges (WG01-13) and the energy density spectrum was estimated
as the average of the energy densities over all the wave records. In cases where both the
frequency spread and directional spread were considered, the extended maximum likelihood
method (EMLM; Hashimoto et al., 1995; Johnson, 2002) was applied to calculate the
directional spectra. The calculations here and in the remainder of the thesis were conducted
using MATLAB (2017).
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A peakedness parameter, P, which was affected by both 𝛾 and 𝑠, represented the overall
spread of the incident wave spectrum:
1

𝑓

1
𝑃 = 𝑚2 ∑𝑓=0
(𝐸𝜂 (𝑓, 𝜃)2d𝜃d𝑓

(3.13)

0

with
𝑓

1
𝑚0 = ∑𝑓=0
𝑆𝜂 (𝑓, 𝜃)𝑑𝜃𝑑𝑓

(3.14)

where m0 is the zeroth moment of the directional spectrum and 𝑓1 = 1 Hz.
The wave properties of edge waves were calculated using the runup elevations. The
frequency spectra (shown with energy densities over frequencies) were estimated using FFT
method with the runup at the edge wave antinode in the middle of the beach. Additional
calculation steps beyond the FFT method were applied to obtain the wavenumber spectra of
the runup. The wavenumber spectrum (shown with energy densities over wavenumbers) was
firstly calculated using the FFT method with the runup at all wires at each time step. Similar to
the calculation of incident wave spectra, the difference between the estimated and actual
wavenumber spectrum was reduced by averaging the spectra over multiple time steps. Here,
the spectra were averaged over every 25 time steps after obtaining the spectra at all time steps.
Then, a time-varying wavenumber spectrum was compiled with the maximum spectra taken
over every edge wave period to filter out the periodic motion of the runup. Since the runup
wires were evenly distributed with the same alongshore distance of 2 m, the FFT method led
to the wavenumber resolution of 0.033 m−1. Although the fairly coarse resolution impeded
wavenumber analysis with a high accuracy, results in Section 3.2 illustrated that the resolution
had been enough to show the presence of edge waves.
The wavenumber spectra were discrete whereas all wavenumbers were present during
the experiments. Therefore, the energy density at wavenumber 𝑘𝑖 covered the energy
distributed over wavenumbers within [𝑘𝑖 -0.5d𝑘, 𝑘𝑖 +0.5d𝑘]. The total energy distributed over
wavenumbers within [𝑘𝑖 -0.5d𝑘, 𝑘𝑖 +0.5d𝑘] at the ith time step, 𝐸(𝑘𝑖 , 𝑡𝑗 ) , could be derived
from the time-varying wavenumber spectra:
𝐸(𝑘𝑖 , 𝑡𝑗 ) = 𝐸𝜂,𝑖,𝑗 𝑑𝑘
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(3.15)

where 𝐸𝜂,𝑖,𝑗 is the energy density of the time-varying wavenumber spectra at wavenumber 𝑘𝑖
at the jth time step (kJ/m), and dk is the resolution of the wavenumber spectra (m). The wave
energy within each wavenumber range could be averaged over time:
1

𝑁𝑡
𝐸𝑖,𝑎𝑣𝑔 = 𝑁 ∑𝑗=1
𝐸(𝑘𝑖 , 𝑡𝑗 )
𝑡

(3.16)

where 𝐸𝑖,𝑎𝑣𝑔 is the averaged wave energy distributed within the wavenumber range of
[𝑘𝑖 -0.5d𝑘, 𝑘𝑖 +0.5d𝑘] (kJ) and 𝑁𝑡 is the total number of time steps. The percentage of the total
wave energy contributed by any particular wavenumber component, 𝑅𝐸𝑊 , was calculated as:
𝑁

𝑘
𝑅𝐸𝑊 = 𝐸𝑖,𝑎𝑣𝑔 / ∑𝑖=1
𝐸𝑖,𝑎𝑣𝑔

(3.17)

where 𝑁𝑘 is the total number of wavenumber steps.
When the wave energy was calculated from the wavenumber spectrum at wavenumber
at (or close to) the edge wave wavelength, the time series of the energy obtained from
Equation 3.16 was associated with edge waves. Since alongshore variations during
experiments were found to result mainly from edge waves, the energy obtained at wavenumber
closest to the edge wave wavelength was considered as the approximation of edge wave energy.
The distribution of the edge wave energy at different values was shown by the cumulative
distribution function of the time series:
Pr{EEW ≤ E0} = 100% ∗ nt (EEW ≤ E0)/Nt

(3.18)

where Pr{EEW ≤ E0} is the cumulative distribution function (%), EEW is the time series of the
edge wave energy (kJ) and nt (EEW ≤ E0) is the number of time steps having edge wave energy
no larger than the value E0.

3.2 Results
3.2.1 Monochromatic incident waves
During the experiments conducted under monochromatic wave forcing, edge waves grew
continuously until they reached the equilibrium amplitude. Figure 3.2 presents one example to
show the properties of edge waves growing under monochromatic incident waves. During this
experiment, incident waves had an average wave height Havg = 0.17 m and an average wave
period Tavg = 2.4 s. Soon after the incident waves propagated to the beach, standing edge waves
formed (Figure 3.2a). The edge wave amplitude increased rapidly during the initial three
minutes. Meanwhile, their shape showed features of growing nonlinearity, characterised by
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increasingly narrow peaks and flat troughs. The stable standing edge wave pattern had a
wavelength of 8 m with nodes and antinodes located exactly at the runup wires. The
equilibrium amplitude was approximately three times larger than the amplitude of the incident
waves (Figure 3.2b). Comparisons between the frequency spectra at intermediate water depth
and at the beach (Figure 3.2c) confirmed that the edge waves were subharmonic. Furthermore,
the wavenumber spectrum at the beach (Figure 3.2d) had the largest energy density at
kpeak = 0.13 m-1. This suggested that the subharmonic edge waves were zero-mode (n = 0; with
the theoretical wavenumber k0 = 0.14 m-1).

Figure 3.2: Continuous edge wave growth under monochromatic incident waves with
Havg = 0.17 m and Tavg = 2.4 s. (a) Edge waves with an increasing amplitude at the beginning
of growth (1.5 min and 1.5 min + Tavg after the experiment started), and with the maximum
amplitude at equilibrium (8.5 min and 8.5 min + Tavg after the experiment started). (b) Oﬀshore
free surface elevations and the runup at the beginning of the growth (starting at 75 s) and after
the amplitude stabilized (starting at 495 s). The elevations and runup were obtained from the
same cross-shore proﬁle of an edge wave antinode. (c) Frequency spectrum of runup at an
antinode. f0 = 0.21 Hz. (d) Time-varying wavenumber spectrum of the runup.
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With other incident waves which met the boundary condition (Equation 3.2), edge
waves were also present (Figure 3.3). Frequency and wavenumber analysis confirmed that most
of the edge waves grew through subharmonic excitation and had n = 0. However, during
experiments with incident wave periods equalling or larger than 5.1 s, the dominant motions
were synchronous edge waves. Figure 3.4 shows different phases of the standing synchronous
edge waves at equilibrium under incident waves with Havg = 0.14 m and Tavg = 7.20 s, and the
equilibrium edge wave amplitude was slightly larger than the incident wave amplitude. The
synchronous resonance was discussed more in detail in Section 3.3.2.

Figure 3.3: Subharmonic edge waves at equilibrium under diﬀerent monochromatic incident
waves.

Figure 3.4: Four phases during a wave period of a standing synchronous edge wave. The
synchronous edge wave grew under monochromatic incident waves with Havg = 0.14 m and
Tavg = 7.2 s.
The conditions of edge wave excitation under different monochromatic incident waves
are summarised in Figure 3.5. Results in the figure included both the experiments of this study
and the smaller-amplitude experiments conducted by Guza & Inman (1975). Generally, the
edge waves had n = 0 and subharmonic frequencies. However, during a small number of
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experiments, mostly characterised by incident waves with relatively small wave heights
(Havg < 0.2 m) and large wave periods (Tavg ≥ 3.6 s), the dominant edge waves were zero-mode,
synchronous edge waves. A line which described reflective and dissipative conditions
separated the incident wave conditions. For both sets of experiments, only incident waves on
the reflective side or close to the theoretical line generated edge waves. By comparison, all the
experiments without edge wave excitation experienced dissipative conditions, showing that, in
line with the theory, incident wave breaking affected the growth of edge waves.

Figure 3.5: Conditions of edge wave excitation under monochromatic incident waves
considered by this study and Guza & Inman (1975) (data extracted from Figure 3 and 4 of their
paper). The line is the theoretical boundary between reﬂective and dissipative beaches (i.e.,
𝑎̂𝑖 = 2 in Equation 2.54).
3.2.2 Random incident waves
Random incident waves generated with the same deep-water wave height and wave period led
to free surface elevations at offshore wave gauges with similar significant wave heights and
peak periods. When generated with the same deep-water significant wave height H0 = 0.2 m,
peak period T0 = 2.4 s and different frequency and directional spreading parameters, the random
waves at offshore wave gauges had significant wave heights Hs ranging between 0.15~0.19 m
and peak periods Tp ranging between 2.3~2.5 s. When generated with H0 = 0.2 m, T0 = 3.6 s
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and different frequency and directional spreading parameters, the random waves at offshore
wave gauges had significant wave heights ranging between 0.14~0.18 m and peak periods
between 3.4~3.6 s. As shown by the dispersion relation of edge waves (Equation 1.1),
conditions of edge waves were closely related to the incident wave period and not as much
related to the incident wave height. Since the inputting incident wave periods T0 were chosen
based on the side boundary conditions (Equation 3.2), the small difference between the
inputting and generated incident wave periods Tp led to edge waves with identical wavelengths
with antinodes at side walls. In the remainder of this chapter, each experiment containing
random incident waves was referred to by the significant wave height, peak period, frequency
spreading parameter and directional spreading parameter. For experiments with the same
deep-water wave height, deep-water wave period and different spreading parameters, the mean
significant wave height and peak period were used: the experiments containing random waves
with H0 = 0.2 m and T0 = 2.4 s were referred to with Hs = 0.17 m and Tp = 2.4 s, and the
experiments with H0 = 0.2 m and T0 = 3.6 s were referred to with Hs = 0.16 m and Tp = 3.5 s.
Edge waves were present under random incident waves and their amplitude modulated
over time, resulting in intermittent growth. At times, edge wave amplitudes became too small
to be detected. Figure 3.6 illustrates the intermittent presence of edge waves under incident
waves with Hs = 0.17 m, Tp = 2.4 s, γ = 14 and s = +∞. The edge wave amplitude initially
increased to around twice the incident wave amplitude (t = 8.5 min), later decreased to smaller
values (t = 11.5 min), then increased again to around three times of the incident wave amplitude
(t = 16.5 min), and finally decreased again to small values (t = 24.5 min). The frequency spectra
of the incident waves had one peak (Figure 3.6b). By comparison, the frequency spectra from
runup showed narrow bands centred around two peaks. One peak had the same frequency band
as the frequency spectra of incident waves. The other peak had the frequency band at the
subharmonic peak frequency, half of that of the incident waves. Figure 3.6b also shows the
frequency spectra of incident waves and the runup during experiments with Hs = 0.17 m,
Tp = 2.4 s, s = +∞, and γ = 20, 7 or 3. The spectra from γ ≥ 7 had peaks at the incident wave
frequency and the subharmonic frequency, suggesting the presence of subharmonic edge waves.
However, when γ = 3, the energy density of the spectra at the subharmonic frequency became
insignificant. Visual observations confirmed that edge waves under incident waves with γ ≥ 7
were present.
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Figure 3.6: Intermittent processes under random incident waves with Hs = 0.17 m, Tp = 2.4 s,
s = +∞ and different frequency spread. (a) Intermittent presence under incident waves with
γ = 14. The pictures were taken at moments when the cross-shore variation of runup was the
maximum within an incident wave period. (b) Frequency spectra oﬀshore (blue bars) and at
the beach (solid lines) showing the subharmonic energy under incident waves with diﬀerent
frequency spread.
During periods when edge waves were dominant among all wave motions, kpeak of the
spectra was the closest to the wavenumber of edge waves (Figure 3.7). Under incident waves
with Tp = 2.4 s, kpeak was 0.13 m−1, while for Tp = 3.5 s, kpeak was 0.066 m−1. Thus, the
wavenumbers of the dominant edge waves during the intermittent growth fell into the same
wavenumber bands as those during the continuous growth. Since the dominant edge waves had
subharmonic frequencies, comparisons between the peak wavenumber, peak frequency and
Equation 1.1 showed that the mode of the edge waves was n = 0.
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Figure 3.7: Wavenumber spectra for different incident wave conditions. The random incident
waves had approximately the same wave height and wave period (a) Hs = 0.17 m, Tp = 2.4 s.
(b) Hs = 0.16 m, Tp = 3.5 s.
Figure 3.8 shows the edge waves with maximum amplitudes under different incident
wave conditions. The edge waves during intermittent growth had smaller maximum amplitudes
compared to edge waves at equilibrium under monochromatic incident waves with the same
wave height and wave period (Figure 3.2 and Figure 3.3). The shape of edge waves was close
to being sinusoidal as the frequency and directional spread increased (lower values of γ and s).

Figure 3.8: Intermittent edge waves during experiments containing random incident waves.
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3.2.3 Comparison between continuous and intermittent processes
This section compared different processes under incident waves with Hs = 0.17 m and
Tp = 2.4 s. As previously shown in Figure 3.7, the peaks on the wavenumber spectra generally
had wavenumbers within 0.033 m−1 and 0.066 m−1 during periods without observations of edge
waves. On the other hand, the peaks during periods with edge waves when Tp = 3.5 s had the
wavenumber of 0.066 m−1. The similar peak wavenumbers during periods with and without
edge waves made it hard to extract the edge wave signals from the spectra when edge waves
had small amplitudes. Therefore, quantitative comparison in this section was not carried out
for the cases with Tp = 3.5 s.
To more quantitatively compare different processes of edge wave growth, it was
necessary to quantify the energy corresponding to the initial growth of edge waves. At the
beginning of the growth, the characteristic waveform of the edge waves could not be
recognised until the edge wave energy, EEW, exceeded a certain threshold. Since the edge wave
growth under monochromatic incident waves was continuous, the time series of the spectra
under monochromatic incident waves were utilised to estimate the threshold. During the
experiment containing monochromatic waves with Havg = 0.17 m and Tavg = 2.4 s, edge waves
were not observable at the very beginning of the initial growth. Correspondingly, EEW
remained close to zero during the initial time steps (Figure 3.9a). However, at t1 = 1.5 min,
edge waves became visually recognisable in the middle of the beach (Figure 3.9b). Soon
afterwards, from t1 to t2 = 2.0 min, the edge wave amplitude increased, and the waveform fully
extended to both sides of the beach. During the growth, EEW increased from 0.02 kJ at t1 to 0.09
kJ at t2. During the following three minutes, the edge wave amplitude continued increasing
until it reached an equilibrium value. Meanwhile, EEW became approximately 0.048 kJ. Values
of EEW at t1 and t2 were used to analyse the intermittent presence of edge waves under random
incident waves.
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Figure 3.9: The initial growth of edge waves under monochromatic incident waves with
Havg = 0.17 m and Tavg = 2.4 s. (a) EEW during and after the initial growth. The time steps were
selected every 0.5 minute. The dotted lines indicate EEW = 0.02 kJ at t1 = 1.5 min when the
waveform started to be visually recognized. The dashed lines indicate EEW = 0.09 kJ at
t2 = 2.0 min when the waveform extended fully in the alongshore direction. (b) Partly and fully
developed waveforms at diﬀerent moments. (c) The increasing energy density at k0 during the
initial growth.
During the intermittent growth, the energy was mostly between 0.02 kJ and 0.09 kJ.
For example, among the three experiments containing random incident waves with Hs = 0.17 m,
Tp = 2.4 s shown in Figure 3.10, only the experiments with no directional spread had reached
EEW ≥ 0.09 kJ. In comparison, all the experiments with intermitted edge waves were
characterised by EEW ≥ 0.02 kJ during most of the experiment.
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Figure 3.10: Time-varying EEW under incident waves with Hs = 0.17 m, Tp = 2.4 s and different
spectra. Dotted lines: EEW = 0.02 kJ. Dashed lines: EEW = 0.09 kJ.
Edge waves under random incident waves showed two types of intermittent processes.
The first type had edge waves with smaller amplitudes present for a longer period. The second
type had edge waves with larger amplitudes present for a shorter period. Their difference can
be illustrated through the cumulative frequency curves against thresholds. Figure 3.11 shows
the cumulative frequency curves of the edge wave spectra under random incident waves with
Hs = 0.17 m and Tp = 2.4 s. The difference between the two types can be illustrated using the
cumulative frequency Pr{EEW ≤ E0}. The curves of the first type had a similar growth rate at
Pr{EEW ≤ E0} ≥ 90% as that at 80% < Pr{EEW ≤ E0} < 90%. By comparison, the curves of the
second type had a much higher growth rate at Pr{EEW ≤ E0} ≥ 90% than when
80% < Pr{EEW ≤ E0} < 90% due to the short-lasting edge waves with large amplitudes. For
example, the curves from the case with γ = 14 and s = +∞ had approximately 90% of time steps
with EEW ≤ 0.09 kJ and the other 10% within 0.09 kJ < EEW < 0.13 kJ. The curve from the case
with γ = 20 and s = +∞ had approximately 90% of time steps with EEW ≤ 0.09 kJ and the remained

10% of time steps within 0.09 kJ < EEW < 0.11 kJ. Observations confirmed that the largest edge
waves during the experiment with γ = 14 and s = +∞ had larger amplitudes lasting for a shorter
period compared to the largest edge waves during the experiment with γ = 20 and s = +∞. Other
intermittent processes with short-lived edge waves with relatively large amplitudes, e.g., the
edge wave growth for γ = 7 and s = 100, also showed large growth rate at Pr{EEW ≤ E0} ≥ 90%.
In the case of γ = 7 and s = 100, the curve had approximately 95% of times steps with EEW,j ≤
0.02 kJ and 10% of time steps within 0.02 kJ < EEW < 0.11 kJ.
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Figure 3.11: Cumulative frequency curves of edge wave energy for diﬀerent values of the
spreading parameters. Dotted lines: E0 = 0.02 kJ. Dashed lines: E0 = 0.09 kJ.
The peakedness parameters of random incident waves were calculated to consider their
impact on edge wave growth. Figure 3.12 shows the peakedness parameters decreasing with
the frequency spread and directional spread for Hs = 0.17 m and Tp = 2.4 s. The peakedness
parameter was the largest (P = 1.78) when the incident waves were monochromatic (γ = +∞
and s = +∞). Generally, the peakedness parameter decreased when the frequency or directional
spreading parameter increased. When the random incident waves had the largest frequency and
directional spread (γ = 3 and s = 10), the peakedness parameter was the smallest.
Correspondingly, the maximum energy density of the directional spectra decreased from
0.251 kJ/Hz/degree for the monochromatic incident waves to 0.001 kJ/Hz/degree for the
random incident waves with the largest spread.
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Figure 3.12: Directional spectra of incident wave ﬁelds with decreasing peakedness. The
dashed lines indicate the frequency of 𝑓0 and the direction of 0 degree. 𝐸𝑑𝑖𝑟 and 𝐸𝑓 are the total
energy density at each directional or frequency grid, respectively.
Figure 3.13 illustrates the dependence of the ratio of the edge wave energy over the
total energy, REW, on the peakedness parameter of the incident waves, P. The ratio increased
with the peakedness parameter, reaching the largest value when the incident waves were
monochromatic. Both the values of the peakedness parameter and the variance in the parameter
increased rapidly with s. The only exception was when the incident waves had γ = 3 and s = 100.
In this experiment, the peakedness parameter was smaller than that of the experiment having
incident waves with a smaller directional spread (γ = 20 and s = 10). In both experiments, the
peakedness parameter was close to its smallest values. With such large spread, it is likely that
the peakedness parameter became less sensitive to s. The larger values of REW with larger values
of P could either result from longer durations or larger amplitudes during the edge wave growth.
During the experiments with the peakedness parameter P < 0.15, there were no recognisable
edge waves. If edge waves had been present during these experiments, their waveforms were
no longer distinguishable from the background noise.
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Figure 3.13: Dependence of REW on P. The black triangle represents the monochromatic case.
Other colors and shapes represent cases with diﬀerent frequency spread and directional spread.
Red: s = +∞. Green: s = 100. Blue: s = 10. Circles: γ = 20. Asterisks: γ = 14. Squares: γ = 7.
Diamonds: γ = 3.

3.3 Discussion
3.3.1 Changes in edge wave wavelength
The wavelength of edge waves changed during a few experiments. In these cases, the
wavelength of edge waves at equilibrium was different from the wavelength at the beginning
of the initial growth. The different wavelengths generally resulted from two antinodes merging
into one. Figure 3.14 shows the process where two antinodes merged under monochromatic
incident waves with Havg = 0.17 m and Tavg = 2.4 s. The antinodes merged after the experiment
started for t = 3 min 14 s. The antinodes were located at the side walls before and after the
antinodes merged. Before the antinodes merged, the antinodes at the two side walls were in
anti-phase with me = 9. Within one edge wave period, the antinode at the left side wall and its
adjacent antinode merged into one (marked with blue arrows in Figure 3.14). The wavelength
after the changes corresponded to me = 8. The new antinode, which was located at the left side
wall, became in phase with the antinode at the other side wall. Afterwards, the standing edge
wave continuously grew until the equilibrium state with the wavelength unchanged. The same
process of merging antinodes happened in cases with random incident waves Tp = 2.4 s and
under monochromatic incident waves with Havg = 0.17 m, Tavg = 2.7 s.
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Figure 3.14: Locations of the antinodes next to the left side wall (marked blue with arrows)
before and after two antinodes (marked with dashed blue arrows) merged. Black arrows mark
the two antinodes nearest to the merged antinodes. The incident waves had Havg = 0.17 m and
Tavg = 2.4 s.
One possible cause of the merging antinodes might be the reflective sidewalls. During
experiments containing monochromatic incident waves with different wave period, when edge
waves were at equilibrium, me was always an even number. This ensured that the antinodes at
the sidewalls would be in phase when edge waves had the maximum amplitude. When the
antinodes at the side walls were not in phase, the alongshore pressure gradient could generate
an alongshore flow which propagated along the shoreline. After the two antinodes merged, the
two antinodes at side walls would become in phase, which could help to keep the edge wave
shape stable. During the adjustment, the presence of strong longshore flows might change the
dispersion relation of the edge waves, making the original linear dispersion relation (Equation
1.1) no longer valid (Howd et al., 1992) and decreasing the alongshore wavenumber of edge
waves. Or, the flow might result in a complicated ensemble of edge waves which had identical
frequencies and different wavelengths, and energy could then transfer from the edge wave with
the original wavelength to edge waves with larger wavelengths. Whether the wavelength
adjusted based on one of the proposed mechanisms or, rather, by another mechanism, would
require further investigation.
3.3.2 Synchronous edge wave excitation
Zero-mode, synchronous edge waves were the only edge waves present under monochromatic
incident waves with Tavg = 7.2 s and Tavg = 5.1 s. Also, there was only zero-mode, synchronous
resonance during experiments containing monochromatic incident waves with Havg = 0.07 m
and Tavg = 3.6 s, and Havg = 0.07 m and Tavg = 4.2 s. When the monochromatic incident waves
had Havg = 0.17 m and Tavg = 3.6 s, synchronous edge waves were present soon after incident
43

waves started to affect the beach and decreased shortly after the subharmonic edge waves grew.
In addition, under random incident waves Hs = 0.16 m and Tp = 3.5 s, synchronous edge waves
also modulated intermittently when there were no subharmonic edge waves. The beach was
highly reflective for these incident waves (Figure 3.5) and the incident waves agreed with the
small-amplitude assumption in theory (with 𝑎̂𝑖 ≤ 0.42).
The possibility of the synchronous resonance has been confirmed by previous theories
(Rockliff, 1978; Blondeaux & Vittori, 1995) and experiments (Guza & Inman, 1975). These
studies suggested that edge waves growing through synchronous resonance generally had a
growth rate smaller than for subharmonic resonance, therefore the synchronous edge waves
were most likely to grow when the subharmonic resonance was inhibited. Guza & Inman (1975)
observed synchronous edge waves under two incident wave conditions. First, they observed
only synchronous excitation when the incident wave period was chosen to not allow
subharmonic resonance (i.e., incident wave periods did not agree with Equation 3.2). Besides,
Guza & Inman also observed synchronous edge waves when the incident wave amplitude was
not large enough for the subharmonic resonance to overcome the viscous damping (Equation
2.32). They also observed short-lived synchronous excitation before subharmonic excitation in
the laboratory. Both the Guza & Inman and this study found that synchronous edge waves
generally had smaller amplitudes than subharmonic edge waves.
Not all the incident waves which led to synchronous resonance in this study agreed with
the wave conditions reported by Guza & Inman (1975). During all the experiments in this study,
the basin width would not limit the zero-mode, subharmonic excitation. Besides, the incident
waves resulted in synchronous edge waves in this study had larger wave amplitudes than those
used by Guza & Inman (1975), and the amplitudes exceeded the critical amplitudes calculated
from Equation 2.32. The incident wave conditions might be consistent with the reported waves
by Guza & Inman only when synchronous edge waves lasted shortly before the subharmonic
resonance occurred. It was possible that incident waves were too small to overcome the viscous
damping when the monochromatic waves impinged on the beach or when random waves
modulated with small amplitudes. When the incident waves had Tavg = 7.2 s, 5.1 s or 4.2 s, the
wavelength of a zero-mode, subharmonic edge wave was larger than 21.5 m, therefore larger
than the distance between the shoreline and the wavemaker. Since flow motions induced by
edge waves in the cross-shore direction were mostly within one wavelength from the shoreline
(Equation 2.13), the subharmonic excitation could be prohibited during these experiments
because of insufficient cross-shore space in the basin. Nevertheless, the incident wave
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conditions leading to long-lasting synchronous edge waves reported by Guza & Inman should
not be the cause of synchronous resonance during the experiment with Havg = 0.07 m, Tavg = 3.6
s. Also, despite that previous theories confirmed the possibility of synchronous excitation,
these theories also found that the growth rate of synchronous edge waves could only be at a
scale either slower or the same as the subharmonic resonance (Rockliff, 1978; Blondeaux &
Vittori, 1995). Therefore, the dominance of synchronous edge waves under incident waves
with Havg = 0.07 m and Tavg = 3.6 s could not be explained by the theories. More research
should be carried out to understand the mechanism which resulted in the dominance of these
synchronous edge waves.
3.3.3 Realisations of edge wave growth
The theory of Vittori et al. (2019) could potentially explain the intermittent presence of edge
waves under random incident waves. According to their theory (Section 2.1.4), two incident
waves fields consisting of harmonic wave components with the same amplitudes (thus the same
frequency spectra) but different phases would lead to different wave amplitudes and duration
of edge waves during intermittent growth. Each intermittent process was referred to as a
realisation. Different realisations from the same incident wave spectrum would result in
different phase relations.
Several laboratory observations were qualitatively consistent with the random
realisations proposed by the theory. The theory suggests that edge waves under different phase
relations would be observable for different periods and have different maximum amplitudes. If
that is so, it is possible that incident waves with the same spectra could lead to the two types
of intermittent processes discussion in Section 3.2.3 due to different phase relations. The
difference in phase relations between the experiments might also explain the lack of a simple
relation between REW and P. It is unfortunate that the experimental campaign of this study did
not include repeated experiments. Thus, impacts of the difference between phase relations on
REW and P could not be quantified.
Despite the consistency, more tests were needed to check the applicability of the theory
to the laboratory wave conditions. Results of REW and P suggested a larger impact of the
directional spread compared to the frequency spread. Nonetheless, directional spread was not
considered in the theory by Vittori et al. (2019). Besides, the incident waves during
experiments did not satisfy the small-amplitude assumption of the theory. The random incident
waves during the experiments had values of 𝑎̂𝑖 around 2.0, whereas the theory assumed 𝑎̂𝑖 ≪ 1.
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Whether the difference would reduce the validity of the theory in the laboratory conditions
requires further study. More comparisons between theory and laboratory experiments are
presented in Chapter 5.

3.4 Summary
Measurements from a set of experiments were analysed to study the growth of edge waves with
monochromatic incident waves and random incident waves. The observations during
experiments with monochromatic incident waves agreed well with previous theories and
experiments. Under monochromatic incident waves, zero-mode, subharmonic edge waves
were most easily excited. Edge wave amplitude increased continuously during edge wave
growth. The amplitude reached the maximum value when edge waves reached an equilibrium
state. The equilibrium amplitude was approximately three times larger than incident wave
amplitudes.
For the first time, intermittent edge wave growth was observed during experiments with
random incident waves. Data analysis showed that the edge waves under random incident
waves were mostly zero mode, subharmonic edge waves. During the experiments, edge wave
presence was intermittent. The maximum edge wave amplitudes and for how long edge waves
were observed differed with the frequency spread and directional spread of the incident wave
field.
Two types of intermittent behaviour were observed. One type had edge waves with
smaller amplitudes present for a long period. The other type had edge waves with larger
amplitudes but present for a shorter period. The edge wave spectral energy over the total energy
showed an increasing trend with the peakedness parameter of incident wave spectra. The trend
suggested a larger chance of edge wave growth when the incident wave field has smaller spread.
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Chapter 4 Comparisons between laboratory
measurements and the theoretical model of
intermittent edge wave excitation
4.1 Revisiting the theoretical model
4.1.1 Theoretical background
The theoretical model of intermittent edge wave excitation (Vittori et al., 2019; described in
Chapter 2) is based on the following key assumptions:
•

The small-amplitude assumption: the dimensionless significant incident wave
amplitude 𝑎̂𝑖 (𝑎̂𝑖 = 𝑎𝑠 /

𝑔 tan2 𝛽
ω2𝑝

where 𝑎𝑠 is the significant wave height of the incident waves

at the shoreline) and the dimensionless significant edge wave amplitude 𝑎̂𝑒

(𝑎̂𝑒 = 𝑎𝑠,𝑒 /

𝑔 tan2 𝛽
ω2𝑝

where 𝑎𝑠,𝑒 is the significant wave height of the edge waves at the shoreline)

are assumed to be much smaller than 1 at the shoreline.
•

The narrow-banded assumption: the dimensionless frequency spectrum characterising
the incident waves is assumed to be narrow-banded. Therefore, only the harmonic
components close to the peak angular frequency need to be considered in the theoretical
modelling. When including the small-amplitude assumption, the bandwidth is assumed
to be at order O(𝑎̂𝑖 ) (Equation A3):
max(𝜔
̂𝑚 − 𝜔
̂𝑝 ) = O(𝑎̂𝑖 ) ≪ 1,

𝑚 = 1, 2, … 𝑀,

(4.1)

where 𝜔
̂𝑚 is the dimensionless angular frequency of the mth harmonic component and
the 𝜔
̂𝑝 is the dimensionless peak angular frequency.
•

The assumption of slow-varying amplitudes: the amplitudes and phases of the
elevations induced by incident waves and edge waves are assumed to vary slowly. The
changes in |𝐴| (Equation A10) and |𝐵| (Equation A21), which describe the
time-various amplitudes, are small at each dimensionless time step:
𝜕|𝐴|
𝜕𝑡̂

≪ |𝐴| and
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𝜕|𝐵|
𝜕𝑡̂

≪ |𝐵|.

(4.2)

•

The relationship between the scales of amplitudes: the scaling parameter for incident
wave amplitudes, 𝑎̂𝑖 , and the scaling parameter for edge wave amplitudes, 𝜀
(Equation 2.11), are assumed to have the relationship:
𝜀 = √𝑎̂𝑖 .

•

(4.3)

The assumption of standing incident waves: the theoretical model considers no wave
breaking, nor wave-wave interaction between harmonic components of the incident
wave field. Both the elevations induced by the irregular incident waves and the
elevations induced by each harmonic component have cross-shore profiles described
by the Bessel function. For each harmonic component, the relationship between
amplitudes at different cross-shore locations is:
𝑥

0
𝑎𝑚,𝑥0 = 𝑎𝑚,𝑠 𝐽0 (2𝜔𝑝 √𝑔tan𝛽
)

(4.4)

where 𝑎𝑚,𝑥0 and 𝑎𝑚,𝑠 are the amplitudes (m) of the mth harmonic component at
𝑥 = 𝑥0 (m) and at the shoreline (𝑥 = 0 m), respectively.
Based on the above assumptions, the elevation induced by the incident waves is
𝜂𝑖 (𝑡, 𝑥) = 𝑎𝑖,𝑡 cos (𝜔𝑝 𝑡 − 𝜑),

(4.5)

with the slow-varying, instantaneous incident wave amplitude being
𝑥

𝑎𝑖,𝑡 = 𝑎𝑠 |𝐴| 𝐽0 (2𝜔𝑝 √𝑔tan𝛽)

(4.6)

where 𝑎𝑠 is the significant wave amplitude of incident waves at the shoreline (m), and |𝐴| and
𝜑 are the time-varying modulus and phase of 𝐴(𝜏) (Equation A10). The elevation induced by
the edge waves is
𝜂𝑒 (𝑡, 𝑥) = 𝑎𝑒,𝑡 cos (𝜔𝑒 𝑡 − 𝜃),

(4.7)

with the slow-varying, instantaneous edge wave amplitude being
𝑎𝑒,𝑡 = 2

𝑔(tan𝛽)2
2
𝜔𝑝

𝜀|𝐵|𝑒 −𝐾𝑦 𝑥 cos(𝐾𝑦 𝑦).

(4.8)

where |𝐵| and 𝜃 are the time-varying modulus and phase of 𝐵(𝜏) (Equation A21). Based on
the assumed relationship in Equation 4.3, Equation 4.8 becomes:
𝑎𝑒,𝑡 = 2

tan𝛽
𝜔𝑝

√𝑔𝑎𝑠 |𝐵|𝑒 −𝐾𝑦 𝑥 cos(𝐾𝑦 𝑦).

(4.9)

4.1.2 Determining incident wave amplitudes from frequency spectra
For irregular waves, the variance density spectrum and the significant wave amplitude have a
fixed relationship:
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∑𝑀
𝑚=1 𝑆𝑥0 (𝑓𝑚 )Δ𝑓 = (

𝑎𝑥0 2
)
2

(4.10)

where 𝑆𝑥0 (𝑓𝑚 ) is the variance density (m2/Hz) of the mth harmonic component at x = x0, 𝑓𝑚 is
the frequency of the component (Hz), Δ𝑓 is the frequency step (Δ𝑓 = 𝑓𝑖+1 – 𝑓𝑖 ), and 𝑎𝑥0 is the
significant wave amplitude at x = x0. The variance density of the mth harmonic component is
related to the amplitude of the component:
𝑎𝑚,𝑥0 = √2𝑆𝑥0 (𝑓𝑚 )Δ𝑓.

(4.11)

𝐴(𝜏) can be determined as a function of the incident wave spectrum calculated at the shoreline
(Equation A7):
𝐴(𝜏) =

1
𝑎𝑠

−𝑖[(𝜔𝑚 −𝜔𝑝 )𝑡−𝜓𝑚 ]
∑𝑀
𝑚=1 √2𝑆0 (𝑓𝑚 )Δ𝑓𝑒

(4.12)

where 𝜓𝑚 and 𝑆0 (𝑓𝑚 ) are the phase and variance density of the mth harmonic component. The
phase spectrum plots the phases 𝜓𝑚 against frequencies 𝑓𝑚 . Using the phase spectrum and
variance density spectrum at the shoreline, the instantaneous incident wave amplitude is written
as
𝑥

0
−𝑖[(𝜔𝑚 −𝜔𝑝 )𝑡−𝜓𝑚 ]
).
𝑎𝑖,𝑡 = |∑𝑀
|𝐽0 (2𝜔𝑝 √𝑔tan𝛽
𝑚=1 √2𝑆0 (𝑓𝑚 )Δ𝑓 𝑒

(4.13)

Furthermore, based on the assumption of standing incident waves, replacing Equation 4.4 in
Equation 4.11 leads to the relationship between frequency spectra at 𝑥 = 𝑥0 and at the
shoreline:
𝑥

0
𝑆𝑥0 (𝑓𝑚 ) = 𝑆0 (𝑓𝑚 )[𝐽0 (2𝜔𝑝 √𝑔tan𝛽
)]2.

(4.14)

Therefore, considering an incident wave spectrum at 𝑥 = 𝑥0 , 𝐴(𝜏) and the instantaneous
incident wave amplitude at the same cross-shore distance can be derived as:
𝑀

1
𝐴(𝜏) =
∑ √2𝑆𝑥0 (𝑓𝑚 )Δ𝑓𝑒 −𝑖[(𝜔𝑚−𝜔𝑝)𝑡−𝜓𝑚 ]
𝑎 𝑥0
𝑚=1

−𝑖[(𝜔𝑚 −𝜔𝑝 )𝑡−𝜓𝑚 ]
𝑎𝑖,𝑡 |𝑥=𝑥0 = |∑𝑀
|.
𝑚=1 √2𝑆𝑥0 (𝑓𝑚 )Δ𝑓𝑒

(4.15)

Based on Equation 4.15 and Equation 4.5, the elevations induced by a random incident wave
field can be derived using the frequency spectrum. As shown later in Section 4.2.1, these
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formulas have been used to simulate the elevations induced by spectra with different
bandwidths to test the narrow-banded assumption.
4.1.3 Relationship between incident and edge amplitudes
When the effects of detuning (Equation 2.49) are neglected, i.e., the incident wave period is
exactly half of the edge wave period, the time-varying edge wave amplitudes, represented by
|𝐵|, and the time-varying incident wave amplitudes, represented by |𝐴|, have the following
theoretical relationship (derived from Equation 2.46 and Equation 2.50, with the detuning
parameter 𝜇 = 0):
d|𝐵|
d𝜏

= 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 + 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 + 𝑋𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛

(4.16)

where
𝑋𝑙𝑖𝑛𝑒𝑎𝑟 = 0.541

̂ 𝑒3
𝜔
4

|𝐴||𝐵| sin(2𝜃 − 𝜑), 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 = −0.0366 ∗ 2𝜋𝜔
̂𝑒5 |𝐵|3 ,
𝑋𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = −𝑅|𝐵|.

(4.17)

The first term 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 increases linearly with |𝐵| and describes the quadratic interaction
between incident waves and edge waves. The value of 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 is related to the phase relation
of incident waves and edge waves. When the phases of incident waves and edge waves are
coupled, 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 > 0, there is a positive energy flux from incident waves to edge waves. When
the phases are not coupled, 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 < 0, the direction of the energy flux is reversed. The second
term 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 increases nonlinearly with |𝐵|; its value is not related to the incident wave
condition but to the nonlinearity of the edge waves. The value of 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 is always negative,
indicating a time-varying energy flux from edge waves in the offshore direction. The third term
𝑋𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 reflects the decrease of the edge wave amplitudes due to bottom friction. When the
beach surface is smooth, the energy loss due to bottom friction is much smaller than the energy
gain/loss related to the interaction with incident waves and the nonlinearity in edge waves. In
this case, 𝑋𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 can be ignored.

4.2 Methodology
4.2.1 Testing the narrow-banded assumption
Scenarios with different incident wave spectra were simulated using the theoretical model to
study the impacts of the spectral bandwidth on edge wave growth. Two types of incident wave
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spectra were used: the empirical JONSWAP spectra (Hasselmann et al., 1973; see Chapter 3)
and the Gaussian spectra (Vittori et al., 2019)
𝑆̂𝐺 (𝜔
̂𝑚 ) =

√𝜋 𝑎̂𝑖 −[(𝜔
̂ 𝑚 −𝜔
̂ 𝑝 )/(√2𝑎̂𝑖 𝜎𝑒 )]2
𝑒
2√2 𝜎𝑒

(4.18)

where 𝑆̂𝐺 (𝜔
̂𝑚 ) and 𝜔
̂𝑚 are the dimensionless variance density and angular frequency of the
mth harmonic component; 𝜎𝑒 is the parameter controlling the peakedness of the spectrum. Two
values of the peakness parameter of the Gaussian spectra, 𝜎𝑒 = 0.02 and 0.04, and three values
of the peakedness parameter of the JONSWAP spectra, 𝛾 = 100, 20 and 3, were used to control
the peakedness of the spectra. In addition, the spectra were also generated with two values of
𝑎̂𝑖 (0.2 and 1.7) to separately study the effect of the narrow-banded assumption and of the
small-amplitude assumption (Table 4.1). A narrowness parameter was used to describe the
spectral shape:
𝑅𝑛𝑎𝑟𝑟𝑜𝑤 = log (𝑚𝑎𝑥(𝑆̂)/𝐹𝑊𝐻𝑀)

(4.19)

where 𝑚𝑎𝑥(𝑆̂) is the maximum variance density of the dimensionless frequency spectrum and
FWHM is the Full Width at Half Maximum of the spectrum (Figure 4.1). Each variance density
spectrum was modelled with 1,000 sets of randomly generated phases 𝜓𝑚 (m = 1, 2, … M). In
this way, for every incident wave spectrum, 1,000 realisations of edge wave growth were
generated.

Table 4.1: Parameters of the incident wave spectra used to test the narrow-banded
assumption.
Gaussian

JONSWAP

𝑎̂𝑖 = 0.2

𝜎𝑒 = 0.02

𝜎𝑒 = 0.04

𝛾 = 1000

𝛾 = 20

𝛾=3

𝑎̂𝑖 = 1.7

𝜎𝑒 = 0.02

𝜎𝑒 = 0.04

𝛾 = 1000

𝛾 = 20

𝛾=3
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Figure 4.1: Full Width at Half Maximum (FWHM) of a spectrum.
For the Gaussian spectrum defined in Equation 4.18, the maximum variance density,
√𝜋 𝑎̂
𝑚𝑎𝑥(𝑆̂𝐺 ) = 2√2 𝜎𝑖 , and the spectral width, proportional to 𝐹𝑊𝐻𝑀𝐺 = 4𝑎̂𝑖 𝜎𝑒 , increased
𝑒

linearly with 𝑎̂𝑖 , leading to the spectral narrowness parameter unrelated to 𝑎̂𝑖 :
√𝜋

1

𝑅𝑛𝑎𝑟𝑟𝑜𝑤,𝐺 = log (8√2 𝜎 2).
𝑒

(4.20)

By converting the frequency domain to (Equation A3)
𝛺̂𝑚 =

̂ 𝑚 −1
𝜔
,
𝑎̂𝑖

(4.21)

there is
∆𝛺̂ =

1
∆𝜔
̂
𝑎̂𝑖

=

2𝜋 ̂
∆𝑓.
𝑎̂𝑖

(4.22)

The frequency band corresponding to 𝛺̂ = [-3 4] was divided into M = 30001 parts and the
phase was randomly generated for each part. Equation 4.11 and Equation A7 led to
𝑎̂
𝐴̂𝑚 = ̂𝑚 =
𝑎𝑖

1
̂
√2𝑆̂𝐺 (𝑓̂𝑚 )Δ𝑓
𝑎̂𝑖

(4.23)

and
̂ −𝑖𝛺̂𝑚𝜏 =
𝐴(𝜏) = ∑𝑀
𝑚=1 𝐴𝑚 𝑒

1 𝑀
̂ 𝑒 −𝑖𝛺̂𝑚𝜏
√2𝑆̂𝐺 (𝑓̂𝑚 )Δ𝑓
∑
𝑎̂𝑖 𝑚=1

(4.24)

where 𝐴̂𝑚 is the ratio of the 𝑚th harmonic component's amplitude to the incident wave amplitude.
Combining Equation 4.24 and 4.18, 𝐴(𝜏) was calculated for the Gaussian spectrum:
𝐴(𝜏) = ∑𝑀
𝑚=1 √

2
1 1 −[𝛺
̂ 𝑚 /(√2𝜎𝑒 )]
𝑒
∆𝛺̂𝑒 −𝑖𝛺̂𝑚 𝜏 .
2√2𝜋 𝜎𝑒
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(4.25)

Notice that the relationship between the spectrum and 𝐴(𝜏) in Equation 4.23 differed from
1

Equation 2.4 of Vittori et al. (2019) because of the multiplication factor 𝑎̂ . Since the Gaussian
𝑖

spectrum and the resultant 𝐴(𝜏) here (Equation 4.18 and 4.24) were the same as the formulas
used by Vittori et al. (2019; Equation 3.20 and 3.21), they should actually have used
Equation 4.23 in this thesis during their calculations.
4.2.2 Analysing the phase relation of incident waves and edge waves
The intermittent edge wave growth observed in the laboratory was analysed using the phase
relation proposed by the theoretical model. The elevations induced by incident waves and edge
waves at the shoreline were estimated using the measured runup. Since the beach surface was
smooth, the energy loss due to bottom friction was neglected. The phase relation was analysed
for two sets of laboratory experiments. The experiments examined incident waves generated
with the same deep-water significant wave amplitude, 𝑎0 = 0.2 m, and different deep-water
peak periods T0 = 2.4 s and T0 = 3.6 s. The following analysis was carried out:
Step 1: Estimation of the contributions of incident waves, 𝜂𝑖,𝑟𝑎𝑤 , and of edge waves, 𝜂𝑒,𝑟𝑎𝑤 ,
from the measurements. The time series of 𝜂𝑖,𝑟𝑎𝑤 was calculated as the average of
runup at L4-11 (covering two whole edge waves when T0 = 2.4 s and one whole edge
wave when T0 = 3.6 s). The time series of 𝜂𝑒,𝑟𝑎𝑤 was calculated from the two runup
wires closest to two adjacent antinodes. When T0 = 2.4 s, 𝜂𝑖,𝑜𝑟𝑖 was calculated by
subtracting the runup at L9 from the runup at L7 during intermittent excitation. When
T0 = 3.6 s, 𝜂𝑖,𝑟𝑎𝑤 was calculated by subtracting the runup at L8 from the runup at L4.
The runup signals from L8 and L6 were used when the incident waves were
monochromatic with T0 = 2.4 s due to the adjustment in edge wave wavelength, since
the antinodes were only close to L9 and L7 shortly before the adjustment and were
located at L8 and L6 afterwards, as discussed in Section 3.3.1.
Step 2: Filtering 𝜂𝑖,𝑟𝑎𝑤 and 𝜂𝑒,𝑟𝑎𝑤 within narrow frequency bands to obtain the
slow-varying elevations induced by incident waves, 𝜂𝑖,𝑓𝑖𝑙𝑡 , and by edge waves, 𝜂𝑒,𝑓𝑖𝑙𝑡 .
The passband frequencies were close to 1/T0 for incident waves and 0.5/T0 for edge
waves. After applying FFT to 𝜂𝑖,𝑟𝑎𝑤 (or 𝜂𝑒,𝑟𝑎𝑤 ), the amplitudes of all the harmonic
components outside the frequency band were converted to zero. After the conversion,
the inverse FFT was applied to the harmonic components over the whole frequency
domain to obtain 𝜂𝑖,𝑓𝑖𝑙𝑡 or 𝜂𝑒,𝑓𝑖𝑙𝑡 . After trials, the frequency bands were chosen to be
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[0.40 0.43] Hz for incident waves and [0.20 0.22] Hz for subharmonic edge waves for
cases with T0 = 2.4 s. For cases with T0 = 3.6 s, the frequency bands were [0.39 0.44] Hz
for incident waves and [0.19 0.23] Hz for edge waves.
Step 3: Deriving 𝐴(𝜏) and 𝐵(𝜏) from 𝜂𝑖,𝑓𝑖𝑙𝑡 and 𝜂𝑒,𝑓𝑖𝑙𝑡 using the Hilbert transform (Hahn,
1996; Huang et al., 2003). Since the edge waves observed during the experiments had
twice the period of the incident waves (subharmonic), as previously described in
Chapter 3, the phase analyses were carried out by considering perfect resonance
( 𝜔𝑒 = 𝜔𝑖 /2). The moduli and phases of 𝐴(𝜏) and 𝐵(𝜏) were calculated using the
elevations:
|𝐴| =

1
𝑎𝑠

𝐻{𝜂𝑖,𝑓𝑖𝑙𝑡 }

2
+ 𝐻{𝜂𝑖,𝑓𝑖𝑙𝑡 }2 ,
√𝜂𝑖,𝑓𝑖𝑙𝑡

𝜑 = 𝜔𝑝 𝑡 − arctan (

𝜂𝑖,𝑓𝑖𝑙𝑡

),

(4.26)

and
|𝐵| =

𝜔𝑝
2tan𝛽√𝑔𝑎𝑠

2
+ 𝐻{𝜂𝑒,𝑓𝑖𝑙𝑡 }2 ,
√𝜂𝑒,𝑓𝑖𝑙𝑡

𝜃=

𝜔𝑝
2

𝑡 − arctan (

𝐻{𝜂𝑒,𝑓𝑖𝑙𝑡 }
𝜂𝑒,𝑓𝑖𝑙𝑡

).

(4.27)

Step 4: Calculating the change of |𝐵| directly from d|𝐵|/d𝜏 (the left-hand side of
Equation 4.16) and indirectly from 𝐴(𝜏) and 𝐵(𝜏) (the right-hand side of
Equation 4.16).
The incident wave conditions of the laboratory experiments are listed in Table 4.2. These
laboratory experiments contained incident waves with no directional spread and different
frequency spectra characterised by 𝛾 = +∞ (monochromatic), 20, 14, 7 and 3. Before analysing
the phase relation during experiments, the phases of incident and edge waves of two
numerically simulated cases were analysed (Case 1A-B). For these two cases, Steps 2 to 4 were
carried out with the raw free surface elevations, 𝜂𝑖,𝑟𝑎𝑤 and 𝜂𝑒,𝑟𝑎𝑤 , simulated using the
theoretical model. The simulated elevations were calculated using 𝐴(𝜏) and 𝐵(𝜏) modelled
with monochromatic incident waves (𝛾 = +∞) or random incident waves with 𝛾 = 20. In the
numerically simulated cases, the input values of the JONSWAP spectra, significant wave
amplitudes and peak period at deep water and 𝐴(𝜏) were constructed using Equation 4.15.
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Table 4.2: Cases to test phase coupling.
Case

Type

𝑎0 (m)

𝑇0 (s)

𝛾

1A

Simulation

0.1

2.4

+∞

1B

Simulation

0.1

2.4

20

2A

Experiment

0.1

2.4

+∞

2B

Experiment

0.1

2.4

20

2C

Experiment

0.1

2.4

14

2D

Experiment

0.1

2.4

7

2E

Experiment

0.1

2.4

3

3A

Experiment

0.1

3.6

+∞

3B

Experiment

0.1

3.6

20

3C

Experiment

0.1

3.6

14

3D

Experiment

0.1

3.6

7

3E

Experiment

0.1

3.6

3

4.3 Results
4.3.1 Edge wave growth under the narrow-banded assumption
The shape of the incident wave spectra varied with 𝑎̂𝑖 , 𝜎𝑒 and 𝛾 (Figure 4.2). Spectra with the
same peakedness parameter (𝛾 or 𝜎𝑒 ) but different 𝑎̂𝑖 had different scales of variance densities.
For the two testing spectra with 𝜎𝑒 = 0.02, the maximum variance density with 𝑎̂𝑖 = 1.7
(𝑚𝑎𝑥(𝑆̂) = 53.3) was nearly nine times that with 𝑎̂𝑖 = 0.2 (𝑚𝑎𝑥(𝑆̂) = 6.3). The ratio between
the maximum variance densities of cases with different 𝑎̂𝑖 varied with 𝜎𝑒 and 𝛾, and ranged
between 8~80. The maximum variance density of the spectrum with 𝜎𝑒 = 0.04 was the second
largest among all the spectra with 𝑎̂𝑖 = 0.2 but was the second smallest among the ones with
𝑎̂𝑖 = 1.7. When 𝑎̂𝑖 was held constant, the Gaussian spectrum with 𝜎𝑒 = 0.02 had the largest
maximum variance density. When the amplitude was held constant, the broadest-banded
spectra (𝛾 = 3) had the lowest spectral peak. The narrow-banded assumption assumed that only
harmonic components with frequencies satisfying 𝜔
̂𝑚 − 𝜔
̂𝑝 ≪ 1 needed to be considered, but
the validity of the assumption kept decreasing over the peakedness parameters when 𝑎̂𝑖 = 1.7.
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Figure 4.2: Dimensionless Gaussian spectra and JONSWAP spectra for (a) 𝑎̂𝑖 = 0.2 and (b)
𝑎̂𝑖 = 1.7. The x-axis ranges between 𝛺̂𝑚 = [-0.5 0.6] in both plots. The scales of the y-axis were
proportional to 𝑎̂𝑖 .
The difference in narrowness between the variance density spectra and their impacts on
edge wave growth are shown in Figure 4.3. With the same variance density spectrum, different
phase spectra resulted in variations of edge waves over time (Figure 4.3a). Despite the
intermittency in each realisation, the ensemble-averaged values of the realisations 〈|𝐵|〉𝑎𝑣𝑔
increased continuously before τ = 1000 (Figure 4.3). In most cases, the growth of 〈|𝐵|〉𝑎𝑣𝑔
slowed down rapidly after τ = 1000. For cases having a spectrum with 𝑎̂𝑖 = 1.7, the growth of
〈|𝐵|〉𝑎𝑣𝑔 reached equilibrium and stabilised with minor fluctuations after τ = 3000. Larger
values of 〈|𝐵|〉𝑎𝑣𝑔 resulted in a shorter time to reach equilibrium. Since 𝐴(𝜏) for the Gaussian
spectra did not change with 𝑎̂𝑖 (Equation 4.24), the realisations under Gaussian spectra with
the same 𝜎𝑒 , the same phases of harmonic components and different 𝑎̂𝑖 had identical time series
of 〈|𝐵|〉𝑎𝑣𝑔 . For cases with JONSWAP spectra with 𝑎̂𝑖 = 0.2, although the narrow-banded
assumption was more valid than cases with 𝑎̂𝑖 = 1.7, the values of 〈|𝐵|〉𝑎𝑣𝑔 were much smaller.
In fact, the values during these cases were so small that the simulation period was not long
enough for 〈|𝐵|〉𝑎𝑣𝑔 to stabilise. Therefore, under the JONSWAP spectra with 𝑎̂𝑖 = 0.2,
〈|𝐵|〉𝑎𝑣𝑔 kept increasing during the whole simulation, but its growth rate generally decreased
over time. Using the results at τ = 5000, the values of 〈|𝐵|〉𝑎𝑣𝑔 at equilibrium (slightly smaller
than the actual values for the cases with JONSWAP spectra with 𝑎̂𝑖 = 0.2) showed a linear
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dependence on the narrowness parameter 𝑅𝑛𝑎𝑟𝑟𝑜𝑤 (Equation 4.20; Figure 4.3b). The growth
rate of 〈|𝐵|〉𝑎𝑣𝑔 over 𝑅𝑛𝑎𝑟𝑟𝑜𝑤 was approximately constant at 0.24. The value of 〈|𝐵|〉𝑎𝑣𝑔 at
equilibrium was larger than 0.4 only in the cases where 𝑅𝑛𝑎𝑟𝑟𝑜𝑤 > 1.

Figure 4.3: (a) Growth of 〈|𝐵|〉𝑎𝑣𝑔 under different incident wave spectra. Each line represents
the ensemble average of 1,000 realisations. Solid lines: 𝑎̂𝑖 = 0.2. Dotted lines: 𝑎̂𝑖 = 1.7. The
results of the Gaussian spectra with 𝑎̂𝑖 = 1.7 were shown in diﬀerent colours from 𝑎̂𝑖 = 0.2
(cyan dotted line: 𝜎𝑒 = 0.02; yellow dotted line: 𝜎𝑒 = 0.04) due to their same values. (b) Linear
relationship between |𝐵| at τ = 5000 and 𝑅𝑛𝑎𝑟𝑟𝑜𝑤 . Asterisks: 𝑎̂𝑖 = 0.2. Circles: 𝑎̂𝑖 = 1.7. The
linear regression relationship is shown using a dashed line with the function written next to the
line. In the equation, “x” denotes 𝑅𝑛𝑎𝑟𝑟𝑜𝑤 and “y” denotes |𝐵|, respectively.
For realisations with JONSWAP spectra with 𝛾 between 20 and 3, the range of |𝐵|
overlapped (Figure 4.4a-b). The ensemble average and the ensemble maximum of |𝐵|
generally decreased with 𝛾. At times, the ensemble maximum of |𝐵| from realisations with
𝛾 = 14 was larger than the ensemble maximum from realisations with 𝛾 = 20 (see, for example,
τ = 4300~4500). Nevertheless, the realisations with the smallest 𝛾 (𝛾 = 3) had the smallest
ensemble average and ensemble maximum among the realisations with different JONSWAP
spectra. However, for individual realisations undertaken with the same set of random phases,
the smallest 𝛾 did not always lead to the smallest |𝐵|, nor did |𝐵| calculated with 𝛾 = 20,
14 and 7 always decrease with 𝛾 (Figure 4.4c). During periods such as τ = 1300~3100, a
smaller 𝛾 led to smaller values of |𝐵|. During some other periods, e.g., τ = 800~1200, the
realisation with the second smallest 𝛾 (𝛾 = 7) had the largest values of |𝐵|. In addition, during
the period τ = 3200~3500, the realisation with the smallest 𝛾 had the second largest |𝐵|.

57

Figure 4.4: Realisations of |B| under incident waves with 𝑎̂𝑖 = 1.7 and diﬀerent JONSWAP
spectra (results of various spectra shown in different colours). (a) Ensemble maximum (solid
lines) and ensemble average (dashed lines) of |B|. (b) Ensemble minimum of |B|. (c)
Realisations with diﬀerent 𝛾 but the same set of random phases for harmonic components.
4.3.2 Phase-coupling analysis at the shoreline
Simulated incident and edge waves
Wave conditions for monochromatic incident waves in Case 1A (see Table 4.2) are shown in
Figure 4.5. Even though the raw free surface elevations induced by incident waves were
simulated with |𝐴| ≡ 1, the time series of |𝐴| used for the phase analyses departed from the
constant value, especially at the beginning of the simulation (Figure 4.5a). The difference
between the original constant and the values of |𝐴| for phase analyses was a result of the
difference before and after filtering the incident wave field (Figure 4.5c). Similarly, the values
of |𝐵| obtained from the filtered elevations became slightly larger than the input values for
simulating the raw elevations induced by edge waves. The differences resulted because
filtering elevations inevitably brought errors into the calculation of phase relation at the initial
stage of the simulation (t < 30 s), but the differences largely decreased afterwards. As shown
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in Figure 4.5a, the growth of edge waves started at around t = 50 s and ended shortly before
t = 200 s. Since the growth of |𝐵| was not significant before t = 50 s, the difference resulting
from filtering the elevations did not affect the phase relation during edge wave growth. After
the edge waves reached equilibrium by the end of the growth, |𝐵| stabilised at around 1.4. At
the same time, both 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 and 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 were much smaller than 1 (Figure 4.5b). 𝑋𝑙𝑖𝑛𝑒𝑎𝑟
remained positive from the beginning of the growth, showing the continuous energy flux from
incident waves to edge waves. On the other hand, 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 increased with |𝐵| as a result of
the increasing energy flux from edge waves in the offshore direction. Changes in |𝐵| were
calculated directly from the derivative of |𝐵|, i.e., 𝑑|𝐵|/𝑑𝜏, and indirectly from Equation 4.16,
i.e., 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 + 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 . The results of 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 + 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 agreed well with the results of
𝑑|𝐵|/𝑑𝜏 . The values of 𝑑|𝐵|/𝑑𝜏 and 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 + 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 only had abnormally large
differences before t = 50 s due to the additional fluctuations of |𝐵| after filtering elevations.
Regardless of whether the changes in |𝐵| were calculated directly or indirectly, the changes
were positive during the growth of |𝐵| and remained zero when |𝐵| was at equilibrium (Figure
4.5d).
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Figure 4.5: Phase coupling between incident waves and edge waves during Case 1A. (a) Time
series of |𝐴| and |𝐵|. (b) 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 and 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 . (c) Elevations induced by incident waves and
by edge waves. (d) Agreement between the changes of |𝐵| calculated directly (𝑑|𝐵|/𝑑𝜏) and
indirectly (𝑋𝑙𝑖𝑛𝑒𝑎𝑟 + 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 ).
When the wave conditions were simulated with the JONSWAP spectrum, i.e., in Case
1B (Table 4.2), both 𝐴(𝜏) and 𝐵(𝜏) varied over time. During the simulation period, |𝐴|
changed more rapidly than |𝐵| and the values ranged between 0 and 1.5 (Figure 4.6a). Both
𝑋𝑙𝑖𝑛𝑒𝑎𝑟 and 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 remained close to zero, with 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 being positive during periods when
|𝐵| increased (Figure 4.6b). The rapid changes in the incident wave amplitudes were smoothed
out through the frequency bandpass (Figure 4.6c). Compared to the incident waves, the
elevations induced by edge waves showed little difference before and after filtering elevations.
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The changes of |𝐵| calculated directly and indirectly again showed small differences no larger
than 0.005 (excluding the initial 50 s of the simulation).

Figure 4.6: Phase coupling between incident waves and edge waves during Case 1B. (a) Time
series of |𝐴| and |𝐵|. (b) 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 and 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 . (c) Elevations induced by incident waves and
by edge waves. (d) Changes in |𝐵|.
Elevations induced by incident and edge waves derived from measured runup
For Case 2A, edge waves grew under monochromatic incident wave conditions. Apart from
the period during t = 100~200 s when |𝐴| was around 0.8, the value of |𝐴| fluctuated around
1, in a similar manner to Case 1A. Meanwhile, |𝐵| increased rapidly during t = 130~200 s and
reached a stable value at around 2.7, approximately twice the simulated maximum value of |𝐵|
in Case 1A (Figure 4.7a). Both |𝐴| and |𝐵| varied slowly after filtering the elevations within
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narrow frequency bands (Figure 4.7b-c). During the experiment, 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 had values around
0.02. By comparison, the modulus of 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 was as large as 0.14, seven times the
maximum modulus of 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 in Case 1A. The difference in the scale of 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 and the
scale of 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 resulted from the large edge wave amplitudes; the relation between the
scales was analysed in more detail in the Discussion (Section 4.4.1). Because of the different
scales of 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 and 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 , the superposition of the two terms was no longer close to zero
when |𝐵| was at equilibrium. Instead, 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 + 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 remained negative after t = 180 s
with the minimum value smaller than -0.13; this was inconsistent with the growth, decrease
and equilibrium of |𝐵| illustrated by 𝑑|𝐵|/𝑑𝜏 (Figure 4.7d). Nevertheless, the changes in
𝑋𝑙𝑖𝑛𝑒𝑎𝑟 and 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 still provided a plausible mechanism for the different stages of edge
wave growth. From the start of the growth, 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 remained positive, due to the energy flux
from incident waves to edge waves. On the other hand, 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 had different absolute values
during different stages of the experiment. Since 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 scaled linearly with |𝐵| and 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟
with the cube of |𝐵|, the relation of the two terms changed when |𝐵| grew. During the initial
edge wave growth, |𝐵| was close to zero, thus 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 was smaller than 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 , resulting in
a net positive energy flux to the edge waves which made edge waves grow. During the growth,
the value of |𝐵| kept increasing until it reached a value such that the energy flux away from
the edge waves (in the offshore direction, increasing with 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 ) equalled the energy flux
towards edge waves (from incident waves, increasing with 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 ). With this value of |𝐵|
under monochromatic incident waves, the energy of edge waves remained unchanged, thus |𝐵|
became stable.

Table 4.3: Wave conditions of Case 2A-E at the shoreline.
Cases

𝑎𝑠 (m)

𝑇𝑠 (s)

𝑎̂𝑖

𝑚𝑎𝑥(|𝐴|)

𝑚𝑎𝑥(|𝐵|)

2A

0.08

2.40

1.33

1.20

2.67

2B

0.05

2.45

0.88

1.45

1.86

2C

0.06

2.40

0.98

1.34

2.00

2D

0.06

2.50

0.94

1.50

1.40

2E

0.05

2.45

0.83

1.76

0.59
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Figure 4.7: Phase coupling between incident waves and edge waves during Case 2A. (a) Time
series of |𝐴| and |𝐵|. (b) 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 and 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 . (c) Elevations induced by incident waves and
by edge waves. (d) Changes in |𝐵|.
When random incident waves were generated with 𝑎0 = 0.1 m and 𝑇0 = 2.4 s during the
laboratory experiments (Case 2B-E), the peak period of incident waves at the shoreline only
differed from the wave period of the monochromatic case at the shoreline (Case 2A) by less
than 4%. By comparison, the significant amplitude of the random incident waves was 25~38%
smaller than the amplitude of monochromatic incident waves at the shoreline. Notice that,
despite that the shoaling should increase the wave heights, both the wave heights of the
monochromatic waves and random waves with 𝑎0 = 0.1 m and 𝑇0 = 2.4 s at the shoreline were
smaller than the offshore wave heights (0.09 m for Case 2A and 0.075~0.095 m for Case 2B-E).
The decrease in significant wave height was smaller for the monochromatic waves and larger
for the random waves. Considering the breaking of large waves in the random wave groups,
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the smaller decrease of the monochromatic case might be the result of less wave breaking. The
results from Case 3B-E shown in the following paragraph also supported the assumption.
During those cases, incident waves were generated with less wave steepness and thus less wave
breaking, and the results showed no decrease in waves amplitude. As a result of decreased
amplitudes, the values of 𝑎̂𝑖 of Case 2B-E were between 0.05~0.06 m and smaller than 𝑎̂𝑖 from
the experiment with monochromatic incident waves. The experiment with 𝛾 = 20 had the
longest periods with |𝐵| > 0.5, whereas the experiment with 𝛾 = 14, i.e., Case 2C, had the
largest value of |𝐵| among experiments with different 𝛾 (Figure 4.8). Case 2C was the same
experiment which had the largest energy density in the wavenumber spectrum. The time series
of |𝐵| had peaks with |𝐵| > 0.5 during experiments with different values of 𝛾; the periods with
peaks in |𝐵| were the same as the periods when the time-varying wavenumber spectra had the
largest amplitudes at observed edge wave wavenumber (k0 = 0.13 m−1). During the excitation
of edge waves, 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 remained positive, showing the long-lasting energy flux from incident
waves to edge waves, which favoured the increase in |𝐵|.
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Figure 4.8: Phase-coupling terms and the time-varying wavenumber spectra calculated using
the runup from Cases 2B-E.
In Case 3A-E where incident waves were generated with 𝑎0 = 0.1 m and 𝑇0 = 3.6 s, the
peak periods of the random incident waves at the shoreline were 1%~8% smaller than 𝑇0
(Table 4.4). Apart from Case 3A, 𝑚𝑎𝑥(|𝐴|) was always more than twice 𝑚𝑎𝑥(|𝐵|). During
the experiments with 𝛾 = 7 and 𝛾 = 3, the values of 𝑚𝑎𝑥(|𝐴|) were as large as thirteen times
the values of 𝑚𝑎𝑥(|𝐵|). As shown in Figure 4.9, among the experiments with different values
of 𝛾, |𝐵| was only larger than 0.5 when 𝛾 = 14 (t = 400~700 s). During the same period, the
wavenumber spectrum had the largest amplitude at the edge wave wavenumber (k0 = 0.07 m−1).
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𝑋𝑙𝑖𝑛𝑒𝑎𝑟 remained positive when edge waves got excited (e.g., t = 1600~1800 s with 𝛾 = 14) or
reached the maximum values (e.g., t = 300~650 s with 𝛾 = 20).
Table 4.4: Wave conditions of Case 3A-E at the shoreline.
Cases

𝑎𝑠 (m)

𝑇𝑠 (s)

𝑎̂𝑖

𝑚𝑎𝑥(|𝐴|)

𝑚𝑎𝑥(|𝐵|)

3A

0.08

3.64

0.68

2.10

2.60

3B

0.11

3.33

1.04

1.43

0.36

3C

0.13

3.53

1.01

1.56

0.75

3D

0.10

3.53

0.81

1.35

0.10

3E

0.09

3.43

0.79

1.47

0.11

66

Figure 4.9: Phase-coupling terms and the time-varying wavenumber spectra calculated using
the runup from Cases 3B-E.

4.4 Discussion
4.4.1 Scaling of amplitudes
During the analysis of the phase relation, while maximum values of |𝐴| were mostly in the
range 1~2, maximum values of |𝐵| changed more than one order of magnitude during
experiments with different 𝑇0 and 𝛾 (Table 4.3 and Table 4.4). At the same time, the cases with
|B| ≫ |A| also had |𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 | ≫ |𝑋𝑙𝑖𝑛𝑒𝑎𝑟 | . Since 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 remained negative
(Equation 4.17), its larger order of magnitude led to the change of |B| calculated indirectly,
𝑋𝑙𝑖𝑛𝑒𝑎𝑟 + 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 , much smaller than the change of |B| calculated directly (as illustrated in
67

Figure 4.7d of Case 2A). Here, further analysis was presented to show that, mathematically,
the difference in orders between |𝑋𝑙𝑖𝑛𝑒𝑎𝑟 | and |𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 | was a result of the different orders
of |A| and |𝐵| . The analysis was carried out taking the perfect tuning ( 𝜔
̂𝑒 = 0.5 from
Equation 2.49) at antinodes at the shoreline as an example. The approach could also be applied
to other nearshore locations and would lead to the same conclusion.
The division of the absolute values of 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 and 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 can be calculated using
Equation 4.17 (𝛼 𝑇 = 0.541 from Equation 2.46):
|𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 |
|𝑋𝑙𝑖𝑛𝑒𝑎𝑟 |

𝜋 |𝐵|2

= 7.39 sin(2𝜃−𝜑) |𝐴|.

(4.28)

Equation 4.6 and Equation 4.8 lead to
|𝐴| =

𝑎𝑖,𝑡
𝑎𝑠

𝑎

𝜔 2

𝑒,𝑡 𝑝
and |𝐵| = 2𝜀𝑔(tan𝛽)2 .

(4.29)

By replacing |A| and |𝐵| in Equation 4.28 with Equation 4.29, there is
|𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 |
|𝑋𝑙𝑖𝑛𝑒𝑎𝑟 |

0.0338𝜋𝜔𝑝 4

𝑎

𝑎

2

= |sin(2𝜃−𝜑) (tan𝛽)4 𝑔2| ⋅ |𝜀2𝑠 | ⋅ | 𝑎𝑒,𝑡 |.
𝑖,𝑡

(4.30)

During Case 2A, since sin(2𝜃 − 𝜑) ≤ 1, the first term on the right-hand side of Equation 4.30
was larger than 36.9. With the relationship between 𝜀 and 𝑎𝑠 assumed by the theory
(Equation 4.3), the second term on the right-hand side of Equation 4.30 was equal to 1.
Therefore, when 𝑎𝑒,𝑡 > 𝑎𝑖,𝑡 , the values of 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 and 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 calculated from Equation
4.17 would have the relation of 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 ≫ 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 . In other words, when edge wave
amplitudes were larger than incident wave amplitudes to the extent that the assumed
relationship between the scales of the amplitudes, i.e., 𝜀 = √𝑎̂𝑖 , failed, the absolute values of
𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 and 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 would have different orders, making their superposition no longer
represent the changes of |B|. Therefore, the phase analysis based on laboratory or field
experiments should be performed by comparing edge wave growth with 𝑋𝑙𝑖𝑛𝑒𝑎𝑟 instead of with
𝑋𝑙𝑖𝑛𝑒𝑎𝑟 + 𝑋𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 .
4.4.2 Slow-varying amplitudes
When deriving the phases of incident waves and edge waves during experiments
(Section 4.3.2), the slow-varying amplitudes were filtered from the FFT of the raw time series
(Figure 4.10). Compared to the energy density spectra of the free surface elevations
(Figure 3.6b) which were derived from multiple wave records, the FFT over frequencies were
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less smooth due to the use of only one time series (the improved accuracy of the averaged
spectra were stated in more detail in Section 3.1.3). The main reason of using only one time
series was because the phase spectrum should not be averaged, otherwise the phase spectrum
would not lead to the instantaneous phases of waves during the experiment (Equations 4.5 and
4.7). Besides, due to the nonlinearity of edge waves (Section 4.4.3) and moving antinodes due
to adjusting wavelengths (Section 3.3.1), records from runup wires were generally affected by
edge waves. As a result, for each experiment, only one raw time series was derived for incident
waves by using the average runup (Section 4.2.2).
During the phase analysis, the elevations were filtered within narrow frequency bands
to meet the theoretical assumptions of narrow-banded spectra and slow-varying amplitudes
(Section 4.1.1). The frequency bands only included limited parts of the whole spectra; this was
particularly evident when the incident wave spectra were wide (Figure 4.10). The upper and
lower limits of the frequency bands were chosen based on the widths of the FFT of the
elevations induced by incident waves and the FFT of the elevations induced by edge waves. In
the simulated cases, both |𝐴| and |𝐵| calculated from the filtered elevations varied more slowly
compared to |𝐴| and |𝐵| calculated from the raw elevations (Figure 4.11a-b), which is in line
with the slow-varying assumption. By comparison, when |𝐴| and |𝐵| were calculated from the
measurements, only the results of filtered elevations met the slow-varying assumption
(Figure 4.11c-d). Filtering the elevations with the narrow frequency bands effectively removed
high-frequency fluctuations of |𝐴| and |𝐵| (Figure 4.11) so that 𝑑|𝐵|/𝑑𝜏 would not vary too
rapidly to be compatible with the theory. The smoothened moduli and phases of |𝐴| and |𝐵|
were likely to filter out the short, fast-changing periods with uncoupling phases between long
periods with coupling phases. Therefore, the phase relation calculated with narrow frequency
bands might overestimate the periods with phase coupling. This was not found in the simulated
cases (Figure 4.7 and Figure 4.8). Compared to the results in the simulated cases, the raw time
series from experiments led to faster fluctuations in |𝐴| and |𝐵| , thus the removal of
fluctuations by filtering elevations was likely to result in more overestimation of periods with
coupled phases during edge wave growth, and the overestimation should be less significant
when the frequency spectrum was narrower. For example, periods with coupling phases
showed better agreement with the periods with peaks in wavenumber spectra for Case 2B
(Figure 4.8a) compared to Case 2E (Figure 4.8d).
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Figure 4.10: The frequency bands used during cases with 𝑎0 = 0.1 m and 𝑇0 = 2.4 s compared
with the FFT of 𝜂𝑖,𝑜𝑟𝑖 and 𝜂𝑒,𝑜𝑟𝑖 (a) simulated and (b) extracted from laboratory experiments.
|FFT{𝜂}| indicates the modulus of the FFT of the time series of the elevations. Blue lines:
incident waves. Red lines: edge waves. Grey lines: upper and lower limits of the frequency
bands to filter the elevations.

Figure 4.11: |𝐴| and |𝐵| calculated using raw and filtered elevations in cases with 𝑎0 = 0.1 m,
𝑇0 = 2.4 s and 𝛾 = 20. Blue lines: using raw elevations (𝜂𝑖,𝑟𝑎𝑤 or 𝜂𝑒,𝑟𝑎𝑤 ). Black lines: using
filtered elevations (𝜂𝑖,𝑓𝑖𝑙𝑡 or 𝜂𝑒,𝑓𝑖𝑙𝑡 ). (a) Slow-varying |𝐴| during Case 1B. (b) Slow-varying
|𝐵| during Case 1B. (c) Fast-varying |𝐴| from 𝜂𝑖,𝑟𝑎𝑤 and slow-varying |𝐴| from 𝜂𝑖,𝑓𝑖𝑙𝑡 . (d)
Fast-varying |𝐵| from 𝜂𝑒,𝑟𝑎𝑤 and slow-varying |𝐵| from 𝜂𝑒,𝑓𝑖𝑙𝑡 . Due to the different scales, the
y-axis limits change between plots.
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4.4.3 Impact of the sampling frequency in the alongshore direction
During experiments with 𝑎0 = 0.1 m and 𝑇0 = 2.4 s, the antinodes of edge waves propagated in
the alongshore direction as the wavelength of edge waves adjusted to fit the width of the basin.
Also, when the antinodes were not located at the measured cross-shore profiles, the edge wave
amplitudes were underestimated.
On the other hand, when edge waves were highly nonlinear, the alongshore shape of
the runup was no longer sinusoidal but agreed better with the Jacobi elliptic function cn
(Figure 4.12). When the runup was better described by the Jacobi elliptic function, the average
of measured runup from one or two whole edge wave wavelength might not represent the actual
elevation induced by incident waves. In addition, due to the sharpened peaks of the edge waves,
the elevations decreased faster with the distance from the highest points than when the runup
was sinusoidal. Therefore, when the antinode was not located right at the peak, the maximum
runup was further underestimated due to the nonlinearity in the shape of edge waves. Since the
nonlinearity increased with edge wave amplitudes, the impact of the nonlinear shape and
sampling frequency was the largest for monochromatic incident waves and the smallest for
random incident waves with 𝛾 ≤ 7 and 𝑠 ≤ 10 due to the resulting small edge waves. For edge
waves intermittently occurring under random incident waves, the impact of the nonlinear shape
was generally negligible and was only large when the edge wave amplitudes were close to the
case with the monochromatic incident waves.

Figure 4.12: Fitting the highly nonlinear alongshore variation of the runup induced by edge
waves with the Jacobi elliptic function cn. Asterisks: measurements. Solid line: runup
characterised by the Jacobi elliptic function. Dotted line: average of the measurements.
4.4.4 Validity of the theoretical model in the laboratory wave conditions
The wave conditions determined in the laboratory were not necessarily in line with the
theoretical assumptions:
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•

The small-amplitude assumption: although 𝑎̂𝑖 values calculated at the shoreline during
the experiments were all smaller than 1, the values ranged between 0.32~0.67 and thus
were not much smaller than 1 as assumed by the theory.

•

The assumption of narrow-banded spectra and the slow-varying amplitude: as
discussed in Section 4.4.2, the amplitudes were only slow-varying when the elevations
of incident waves and the elevations of edge waves were filtered through narrow
frequency bands.

•

The relationship between scales of amplitudes: the relationship was not accurate when
edge wave amplitudes were much larger than the incident wave amplitudes
(Section 4.4.1). Therefore, it was incorrect to calculate the edge wave amplitudes with
incident wave amplitudes indirectly through Equation 4.16 during the experiments.

4.5 Chapter summary
This chapter compared the laboratory measurements with the theoretical model of edge wave
growth under random incident waves (Vittori et al., 2019). According to the theoretical model,
𝐴(𝜏) and 𝐵(𝜏) were the two dimensionless variables describing the variation of incident and
edge wave amplitudes, respectively. The time-varying incident wave amplitudes were
proportional to the modulus of 𝐴(𝜏), i.e., |𝐴|. The time-varying edge wave amplitudes were
proportional to the modulus of 𝐵(𝜏), i.e., |𝐵|.
Realisations simulated by the theoretical model showed that the ensemble average of
|𝐵| grew continuously until equilibrium was reached regardless of whether the incident waves
were small-amplitude or not. When the dimensionless wave amplitude was kept constant, the
ensemble average of |𝐵| grew linearly over the narrowness parameter of the frequency spectra.
For incident waves characterised by JONSWAP spectrum, the ensemble average of |𝐵|
increases with 𝛾. However, for individual realisations, at specific time instances the edge wave
under larger 𝛾 could have smaller values of |𝐵| due to the different combinations of phases and
amplitudes of the harmonic components.
For realisations simulated using the theoretical model, the modulus and phases of 𝐴(𝜏)
and 𝐵(𝜏), which described the changes of incident and edge wave amplitudes over time, were
calculated using the simulated elevations. The changes in edge wave amplitudes calculated
directly from the amplitudes and indirectly from the phase coupling equation agreed well and
had values much smaller than 1.
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When 𝐴(𝜏) and 𝐵(𝜏) were derived from measured runup, the time series of modulus
of 𝐵(𝜏) peaked together with the time-varying wavenumber spectra. Also, the energy flux due
to the nonlinearity of edge waves increased with edge wave amplitudes. Finally, the interaction
between incident waves and edge waves resulted in an energy flux from incident waves to edge
waves, which is consistent with the theory.
Despite the differences between the wave conditions during experiments and the wave
conditions assumed by the theoretical model, the theoretical model appeared to explain many
features observed in the laboratory experiments:
•

When the incident waves were monochromatic, the edge waves in the laboratory grew
until equilibrium was reached, as predicted by the theoretical model.

•

When the incident waves had frequency spread and no directional spread, the edge
waves were present intermittently during experiments, agreeing with the theoretical
prediction of intermittent edge wave growth under narrow-banded incident waves.

•

The smallest edge wave amplitudes were observed for 𝛾 = 3 both during laboratory
experiments and theoretical modelling.

•

The experiment with a larger 𝛾 did not necessarily have the largest edge wave
amplitudes, in agreement with the impact of random phases of harmonic components
revealed by the theoretical model.

•

The phases of elevations between incident waves and edge waves were coupled during
the excitation of edge waves, supporting the phase relation proposed by the theory
describing the intermittent edge wave growth.
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Chapter 5 Numerical simulations of subharmonic
edge wave excitation
5.1 Numerical models
Detailed numerical simulations of free surface waves are of critical importance for both
scientific research and coastal engineering. Numerical models can be broadly subdivided
depending on whether the system’s equations are solved on a computational domain based on
a grid (mesh-based) or not (mesh-free). Some mesh-based models use the Reynolds averaged
Navier–Stokes (RANS; Sarkar & Vassalos, 2000) solver or Large Eddy Simulation (LES;
Yoshizawa & Horiuti, 1985; Li & Wang, 2000) to solve the full Navier-Stokes equations
(Temam, 2001) which govern the motion of fluids. RANS or LES based modelling can also be
performed

using

the

computational

fluid

dynamic

(CFD)

toolbox

OpenFOAM

(https://openfoam.com; Schmitt & Elsaesser, 2015; Devolder et al., 2017). These models
include turbulent effects and incur high computational costs, making applications to long-term
processes in large areas impossible. As an alternative, the Navier-Stokes equations can be
approximated as Boussinesq-type equations (Nwogu, 1993; Wei et al., 1995) by assuming
small density fluctuations. Boussinesq models are weakly dispersive and weakly nonlinear;
thus they have lower computational costs and are more commonly used to simulate coastal
waves compared to models solving the full Navier-Stokes equations (Kirby et al., 1998; DHI,
2008; Nwogu & Demirbilek, 2001; Lynett et al., 2002; Tavakkol & Lynett, 2017). However,
when simulating coastal waves for a large area with very shallow water, Boussinesq-type
models require complicated discretisation and the computation costs are still high. In addition,
Boussinesq-type models can only use semi-empirical approaches to calculate energy
dissipation due to wave breaking (Zijlema et al., 2011). More recently, models based on the
non-hydrostatic approach (Stelling & Zijlema, 2003) have been proposed. The non-hydrostatic
models can track the free surface with lower vertical resolutions and included the computation
of energy dissipation due to wave breaking. Although the non-hydrostatic models require
additional treatments to calculate the frequency dispersion, they can accurately reproduce
wave-wave and wave-current interactions in shallow waters. Therefore, non-hydrostatic
models, examples of which include the phase-resolving model SWASH (“Simulating WAves
till SHore”; Zijlema et al., 2011), are widely applied to simulate wave motions in the surf and
swash zone.
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Among mesh-free wave models, the Smooth Particle Hydrodynamics (SPH) method
has been most widely used. This method was initially developed in astrophysics (Lucy, 1977;
Gingold & Monaghan, 1977) and was later introduced to simulate free surface flows
(Monaghan, 1994; Dalrymple & Rogers, 2006). The SPH method has been applied to the
simulation of various coastal processes, including tsunami waves (Rogers & Dalrymple, 2008;
Capone et al., 2010; Weiss et al., 2011; Shadloo et al., 2015), wave propagation over beaches
(Monaghan, 1994; Monaghan & Kos, 1999; Dalrymple & Knio, 2001) and wave-structure
interaction (Dalrymple & Rogers, 2006; St-Germain et al., 2014; Wei et al., 2015). A few
studies have applied the SPH method to simulating surf zone waves, especially breaking waves
on beaches (Dalrymple & Rogers, 2006; Makris et al., 2016; Wei & Dalrymple, 2017;
Altomare et al., 2015). Unlike mesh-based models, SPH models require no special treatment
for the wetting-drying front (Wei et al., 2016). Besides, SPH models are better able to track
complicated free surface deformations than mesh-based models, especially for rotational flows
with vorticity and turbulence (Dalrymple & Rogers, 2006; Wei et al., 2016). The main issue
related to SPH models is the treatment of pressure. Unlike mesh-based models which calculate
the pressure intrinsically (as shown in the following section), the pressure in SPH models is
approximated as a filtered pressure through a relationship between the filtered pressure and the
local fluid density (see Equation 5.17; Monaghan, 1994).
Both mesh-based and mesh-free models possess advantages for accurately simulating
edge wave excitation (see Chapter 2). This study used two open-source models, the mesh-based
model, SWASH (http://swash.sourceforge.net), and the mesh-free model, GPUSPH
(http://www.gpusph.org), to reproduce edge wave growth under monochromatic incident
waves. SWASH (Zijlema et al., 2011) is a depth-averaged, non-hydrostatic model for
simulating free surface flows with strict conservation of mass and momentum. SWASH has
been widely applied to the simulation of nearshore wave motions (Smit et al., 2013; Buckley
et al., 2014; Rijnsdorp et al., 2015; De Bakker et al., 2016; Rijnsdorp & Zijlema, 2016; Liu &
Li, 2016; Lerma et al., 2017; Rijnsdorp et al., 2018; Ruju et al., 2019; Passarella et al., 2020).
GPUSPH (Herault et al., 2010) is a SPH model, which computes using Graphic Processing
Units

(GPUs)

through

compute

unified

device

architecture

(CUDA;

http://www.Nvidia.com/cuda). Previous tests have shown that using GPUs significantly
reduces the computational time (Herault et al., 2010). GPUSPH was used to simulate various
types of flows, including lava flows (Herault et al., 2011; Bilotta et al., 2016), tsunamis (Wei
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et al., 2016; Wei & Dalrymple, 2016), and gravity waves (Wei & Dalrymple, 2017; Wei et al.,
2019). Advantages of both models are summarised in Table 5.1.
Table 5.1: Advantages and disadvantages of SWASH and GPUSPH.
Model
SWASH

Advantages

Disadvantages

• Does not require too many grid cells

• Approximates wetting-drying front.

in the vertical direction, significantly

• Has lower computational stability

reducing the computational time.

for complicated free surface

• Incorporates wave-wave and wave-

deformations.

current interactions.
• Does not require any special
treatment to calculate the pressure.
GPUSPH

• Does not require any special

• High computational cost for long-

treatment for the wetting-drying front. term simulations in large areas.
• Naturally tracks complicated free

• Approximates pressure.

surface deformations.

• Has fixed dissipation.

5.1.1 SWASH
The model is based on the nonlinear shallow water equations and adds the non-hydrostatic
pressure (here the equations are for one vertical layer, i.e. depth-averaged):
𝜕𝜂

+
𝜕𝑡

𝜕𝑢
𝜕𝑡
𝜕𝑣

𝜕𝑢

𝜕𝑢

𝜕𝜂

1

𝜕ℎ𝑢
𝜕𝑥

+

𝜕ℎ𝑣
𝜕𝑦

=0

𝜂 𝜕𝑞

+ 𝑢 𝜕𝑥 + 𝑣 𝜕𝑦 + 𝑔 𝜕𝑥 + ℎ ∫−𝑑 𝜕𝑥 𝑑𝑧 + 𝑐𝑓
𝜕𝑣

𝜕𝑣

𝜕𝜂

1

𝜂 𝜕𝑞

+ 𝑢 𝜕𝑥 + 𝑣 𝜕𝑦 + 𝑔 𝜕𝑦 + ℎ ∫−𝑑 𝜕𝑦 𝑑𝑧 + 𝑐𝑓
𝜕𝑡

(5.1)

𝑢√𝑢2 +𝑣 2
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𝑣√𝑢2 +𝑣 2
ℎ

1 𝜕ℎ𝜏𝑥𝑥
𝜕𝑥

+

1 𝜕ℎ𝜏𝑦𝑥
𝜕𝑥

+

= ℎ(
= ℎ(

𝜕ℎ𝜏𝑥𝑦
𝜕𝑦
𝜕ℎ𝜏𝑦𝑦
𝜕𝑦

)

(5.2)

)

(5.3)

where d is the still water depth; 𝜂 is the surface elevation measured from the still water level;
h is the total water depth, ℎ = 𝜂 + 𝑑; u and v are the depth-averaged velocities in the x and y
directions respectively; q is the normalised non-hydrostatic pressure; cf is the dimensionless
bottom friction coefficient (see Equation 5.21); 𝜏𝑥𝑥 , 𝜏𝑥𝑦 and 𝜏𝑦𝑦 are the horizontal turbulent
stresses. The horizontal turbulent stresses are solved by using the boundary condition and the
viscosity model described below.
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The integrals of the non-hydrostatic pressure in Equation 5.2 and Equation 5.3 are
calculated as (Stelling & Zijlema, 2003):
𝜂 𝜕𝑞

∫−𝑑 𝜕𝑥 𝑑𝑧 =

1
2

ℎ

𝜕𝑞𝑏
𝜕𝑥

1

+ 2 𝑞𝑏

𝜕(𝜂−𝑑)
𝜕𝑥

𝜂 𝜕𝑞

, ∫−𝑑 𝜕𝑦 𝑑𝑧 =

1
2

ℎ

𝜕𝑞𝑏
𝜕𝑦

1

+ 2 𝑞𝑏

𝜕(𝜂−𝑑)
𝜕𝑦

(5.4)

where 𝑞𝑏 is the normalised non-hydrostatic pressure at the bottom. The value of 𝑞𝑏 is obtained
by applying the Keller-box method (Lam & Simpson, 1976; Stelling & Zijlema, 2003), which
is:
𝑞|𝑧= 𝜂 − 𝑞|𝑧= −𝑑
ℎ

=−

𝑞𝑏

1 𝜕𝑞

=

ℎ

|
2 𝜕𝑧 𝑧= 𝜂

+

1 𝜕𝑞

|
2 𝜕𝑧 𝑧= −𝑑

(5.5)

where 𝑞|𝑧= 𝜂 is the non-hydrostatic pressure at the free surface, 𝑞|𝑧= 𝜂 = 0; 𝑞|𝑧= −𝑑 is another
form of 𝑞𝑏 and represents the non-hydrostatic pressure at the bottom. The momentum
equations for the vertical velocity component at the surface and bottom are:
𝜕𝑤𝑠
𝜕𝑡

𝜕𝑞

𝜕𝑤𝑏

+ 𝜕𝑧 |𝑧= 𝜂 = 0,

𝜕𝑡

𝜕𝑞

+ 𝜕𝑧 |𝑧= −𝑑 = 0

(5.6)

where 𝑤𝑠 and 𝑤𝑏 are the velocity in the vertical direction at the free surface and at the bottom,
respectively. Combining Equations 5.4 and 5.5 leads to
𝜕𝑤𝑠
𝜕𝑡

=

2𝑞𝑏
ℎ

−

𝜕𝑤𝑏
𝜕𝑡

.

(5.7)

The kinematic boundary condition implies
𝜕𝑑

𝜕𝑑

𝑤𝑏 = −𝑢 𝜕𝑥 − 𝑣 𝜕𝑦,

𝑤𝑠 =

𝜕𝜂
𝜕𝑡

𝜕𝜂

𝜕𝜂

+ 𝑢 𝜕𝑥 + 𝑣 𝜕𝑦.

(5.8)

Combining the kinematic boundary condition with the continuity equation (Equation 5.1) leads
to
𝜕𝑢
𝜕𝑥

𝜕𝑣

+ 𝜕𝑦 +

𝑤𝑠 −𝑤𝑏
ℎ

= 0.

(5.9)

The boundary condition from the bottom is defined by the bottom stress:
𝜕𝑢

𝜏𝑏 = −𝜈𝑡 𝜕𝑧

at 𝑧 = −𝑑,

(5.10)

where 𝜏𝑏 is the bottom shear stress and 𝜈𝑡 is the eddy viscosity.
A more detailed explanation of this mathematical approach can be found in Zijlema &
Stelling (2005) and Zijlema et al. (2011).
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5.1.2 GPUSPH
The SPH method divides the fluid into particles at different nodal points, with each particle
corresponding to a fluid parcel. Instead of a prescribed location, every nodal point moves with
the fluid. Each particle discretised from the computational domain carries the properties (e.g.,
mass, velocity, density and pressure) of the part of fluid at its location. The properties of one
particle are determined from the properties of neighbouring particles within a distance:
𝑓(𝑟⃗) = ∫ 𝑓(𝑟⃗′) 𝑊(𝑟⃗ −𝑟⃗′, ℎ0 ) 𝑑𝑟⃗′

(5.11)

where 𝑟⃗ is the particle location vector, 𝑓(𝑟⃗) is the property at the location described by 𝑟⃗,
𝑊(𝑟⃗ −𝑟⃗′, ℎ0 ) is the weighting function (referred to as the kernel in studies regarding the SPH
method), and ℎ0 is the smoothing length which defines the influence area of the kernel. The
discrete version of the Equation 5.11 is
𝑚

〈𝑓(𝑟⃗𝑖 )〉 = ∑𝑗 𝑗 𝑓(𝑟⃗𝑗 )𝑊(|𝑟⃗𝑖 −𝑟⃗𝑗 |, ℎ0 )
𝜌
𝑗

(5.12)

where i is the particle of interest, 〈𝑓(𝑟⃗𝑖 )〉 is the approximation of 𝑓(𝑟⃗𝑖 ) at 𝑟⃗𝑖 , j is a particle
within a radius of 2ℎ0 of the particle i, 𝜌𝑗 and 𝑚𝑗 are the density and mass of particle j. The
approximated derivative of the function is
𝑚

〈∇𝑓(𝑟⃗𝑖 )〉 = ∑𝑗 𝑗 𝑓(𝑟⃗𝑗 )∇𝑊(|𝑟⃗𝑖 −𝑟⃗𝑗 |, ℎ0 ),
𝜌
𝑗

(5.13)

where ∇(·) is the gradient operator.
The interaction between particles is governed by the Navier-Stokes equations (Wei et
al., 2019). In Lagrangian form, the continuity equation and the Navier-Stokes equations
become
𝐷𝜌
𝐷𝑡
⃗⃗
𝐷𝑢
𝐷𝑡

where

𝐷(·)
𝐷𝑡

=

𝜕(·)
𝜕𝑡

=−

∇P
𝜌

= −𝜌∇ ·𝑢
⃗⃗
1

+ 𝜈0 ∇2 𝑢
⃗⃗ + 𝜌 ∇ · 𝜏⃗ + 𝑔⃗

(5.14)

+𝑢
⃗⃗∇(·) is the total time derivative, ∇ · (·) is the divergence operator,

∇2 (·) = ∇ · (∇(·)) is the second derivative, 𝑢
⃗⃗ is the vector representing the particle velocity, P
is the pressure, 𝑔⃗ is the vector of gravitational acceleration, 𝜈0 is the laminar kinematic
viscosity and 𝜏⃗ is the turbulence stress tensor.
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In order to close the equations, the turbulence stress tensor and the pressure are
approximated using two more equations. The turbulence stress tensor is approximated using
the sub-particle scaling (SPS) method (Dalrymple & Rogers, 2006):
1

2

𝜏𝑖,𝑗 = 2𝜌𝜐𝑡 (𝑆𝑖,𝑗 − 3 𝛿𝑖,𝑗 𝑆𝑘,𝑘 ) − 3 𝜌𝐶𝐼 Δ2 𝛿𝑖.𝑗 |𝑆|2

(5.15)

1 𝜕𝑢

𝜕𝑢

where 𝜐𝑡 is the turbulent viscosity; 𝑆𝑖,𝑗 is the strain tensor, 𝑆𝑖,𝑗 = 2 (𝜕𝑥 𝑖 + 𝜕𝑥𝑗 ); 𝛿𝑖.𝑗 is the
𝑗

𝑖

Kronecker delta; 𝑆𝑘,𝑘 is the turbulent kinetic energy; CI is constant parameter, CI = 0.0066; Δ
is the initial particle spacing; and |𝑆| is the rate of strain tensor, |𝑆| = √2𝑆𝑖,𝑗 𝑆𝑖,𝑗 . The turbulent
viscosity is calculated using the Smagorinsky turbulence model (Smagorinsky, 1963):
2

𝜐𝑡 = (𝐶𝑠𝑚𝑎𝑔 Δ) |𝑆|

(5.16)

where Csmag is the Smagorinsky constant, Csmag = 0.12.
The pressure is approximated as the filtered pressure which is related to the local fluid
density (Monaghan, 1994):
𝜌 𝛾0

𝑃 = 𝛽0 [(𝜌 ) − 1]
0

(5.17)

with
𝛽0 =

𝜌0 𝐶𝑠2
𝛾0

(5.18)

where 𝜌0 is the initial density; 𝛾0 is a parameter, 𝛾0 = 7; Cs is the speed of sound. To avoid the
computational cost resulting from very small time steps, the natural sound speed was not used
as the value of Cs. Instead, the model used the minimum Cs satisfying the relation Cs/umax ≥ 10
(umax being the maximum velocity in the simulation). This criterion ensures that the density
fluctuations are minimal (Monaghan, 1994).

5.2 Model configuration
5.2.1 Computational domain
Edge wave growth during two experiments, both with regular incident waves, were simulated
using SWASH and GPUSPH. One experiment had incident waves with the deep-water wave
height 𝐻0 = 0.2 m and wave period 𝑇0 = 2.4 s, and the other experiment had 𝐻0 = 0.2 m and
𝑇0 = 3.6 s. During the numerical simulations of both experiments, the computational domain
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reproduced the laboratory basin. The coordinate system was consistent with the theory in
Chapter 4, with the x-axis pointing from the shoreline (x = 0 m) towards the offshore boundary
(at or around x = 20 m). The cross-shore size of the computational domain was lx = 25 m. The
flat region was at 5 m ≤ x ≤ 20 m while the sloping beach extended between -5 m ≤ x ≤ 5 m
with a slope of 1:5. The alongshore length of the domain, ly, was 32 m for the simulations of
GPUSPH. For the simulations of SWASH, the alongshore size was changed (see Section 5.2.3).
5.2.2 Computational resolution
The computational resolution was defined by the grid size in SWASH and the particle size in
GPUSPH. The particle size in GPUSPH was the distance between particles. The simulations
were carried out with a particle size of 0.05 m, resulting in more than 120 particles within each
incident wave wavelength. In SWASH, the grid size was 0.05 m in the cross-shore direction
and 0.2 m in the alongshore direction, leading to more than 120 meshes within each incident
wave wavelength. For edge waves excited under incident waves with T0 = 2.4 s, there were
approximately 160 particles in GPUSPH and 40 cells in SWASH within each edge wave
wavelength. When T0 = 3.6 s, the number increased to 320 particles and 80 cells due to the
doubled edge wave wavelength. In the vertical direction, the water depth in the flat region
allowed four particles in GPUSPH. In SWASH, one vertical layer was enough to ensure the
accuracy of the frequency dispersion by using the Keller-box scheme (Stelling & Zijlema,
2003). When this scheme was used to discretise the vertical momentum equation (Equation
5.5), only one or two vertical layers led to accurate wave properties that would otherwise
require 10-20 vertical layers if using the classic finite difference schemes (Zijlema & Stelling,
2005; Zijlema, 2012). The number of vertical layers was chosen based on the dimensionless
depth Kyd (Ky is the angular wavenumber, d is the still water depth) of the primary waves and
one layer was found sufficient for waves with Kyd ≤ 2.9 (SWASH manual, 2019). For incident
waves in the flat region during the experiments, Kyd ≈ 0.94 when T0 = 2.4 s and Kyd ≈ 0.59
when T0 = 3.6 s. Therefore, one vertical layer was sufficient to simulate both experiments.
5.2.3 Boundary conditions
The monochromatic incident waves were generated with defined wave heights and wave
periods at the offshore boundary. In SWASH, regular waves were generated by imposing a
time series of free surface elevations at a fixed offshore boundary (x = 20 m):
𝜂|𝑥=20 =

𝐻𝑥 |𝑥=20
2
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sin(

2𝜋
𝑇0

𝑡)

(5.19)

where 𝜂|𝑥=20 is the imposed free surface elevation (m) and 𝐻𝑥 |𝑥=20 is the imposed incident
wave height at the offshore boundary. Since there were no direct measurements of free surface
elevations at the wavemaker in the laboratory, the value of the incident wave height at the
offshore boundary was tested by comparing the simulated cross-shore variations of incident
wave heights with the measurements (see Section 5.3.1).
By comparison, GPUSPH generated incident waves with a moving offshore boundary
(Wei et al., 2017) centred around x = 20 m. The offshore boundary was initially located at
x = 20 m and moved similarly to the paddles of a piston-type wave-maker (the same used in
the laboratory experiments).The stroke of the moving offshore boundary corresponded to the
stroke of the wave-maker, i.e., the horizontal displacements of the paddles. The stroke and the
incident wave height had the following relationship (Dean & Dalrymple, 1991):
𝐻𝑥 |𝑥=20
𝑆𝑝

2cosh(2𝐾𝑦 𝑑)−1

= sinh(2𝐾

𝑦 𝑑)+2𝐾𝑦 𝑑

.

(5.20)

where 𝑆𝑝 is the stroke of the wave-maker (m).
The side boundaries (y = 0 m and y = ly) corresponded to the side walls of the wave
basin. The side boundaries were fully reflective during the simulations of GPUSPH and
periodic during the simulations of SWASH. The use of periodic side boundary conditions in
SWASH was needed to ensure computational stability, as discussed in Section 5.4.2. To meet
the periodic side boundary conditions, the simulations of SWASH were computed with the
alongshore size of ly = 28.8 m when the incident wave period was T0 = 2.4 s and ly = 32.0 m
when the incident wave period was T0 = 3.6 s.

5.3 Results
5.3.1 Simulating incident waves
GPUSPH and SWASH had different dissipation methods, and the focus of this study was to
produce the same edge wave pattern as observed during the experiments, so this thesis used
the offshore wave height as a calibration parameter.
In GPUSPH, the dissipation was fixed. Changing the soundspeed in GPUSPH could
potentially affect dissipation; however, tests with different soundspeeds showed little
difference. Due to this limitation, incident waves were generated using GPUSPH by imposing
the wave height 𝐻𝑥 |𝑥=20 = 0.20 m and wave period 𝑇𝑥 |𝑥=20 = 2.4 s at the offshore boundary to
reproduce the edge wave excitation during the experiment with 𝐻0 = 0.2 m and 𝑇0 = 2.4 s, and
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imposing 𝐻𝑥 |𝑥=20 = 0.14 m and 𝑇𝑥 |𝑥=20 = 3.6 s at the offshore boundary to reproduce the
experiment with 𝐻0 = 0.2 m and 𝑇0 = 3.6 s, respectively.
In SWASH, tests were firstly carried out to determine the bottom friction coefficient.
Among different expressions of the bottom friction coefficient, the Manning’s formula was
found to produce better results than the other expressions for wave dynamic at surf zones in
SWASH (Zijlema et al., 2011; Altomare et al., 2015). The formula to calculate the bottom
friction coefficient is:
𝑐𝑓 =

𝑛𝑀 2 𝑔
ℎ1/3

(5.21)

where 𝑛𝑀 is Manning’s roughness coefficient. Since the expression was formulated under
steady flow conditions, the value of the roughness coefficient needed to be tested for the
purpose of this study. Simulations considering the sensitivity of results to Manning’s roughness
coefficient were carried out with different values of the coefficient, ranging between 0.003 and
0.021. When reproducing the experiment with 𝐻0 = 0.2 m and 𝑇0 = 2.4 s using SWASH, cases
were simulated with the same offshore wave height, 𝐻𝑥 |𝑥=20 = 0.18 m, wave period,
𝑇𝑥 |𝑥=20 = 2.4 s, and different Manning’s roughness coefficients (Figure 5.1). The imposed
wave height and wave period at the offshore boundary were close to the values measured at
offshore wave gauges (Havg = 0.17 m and Tavg = 2.4 s) during the experiment (Section 3.2.1).
Compared to the difference between the simulations and the measurements, the difference
resulting from different Manning’s roughness coefficients was minor. Nevertheless, the
cross-shore variation of average wave heights of the simulated incident waves agreed well with
the laboratory data, especially on the offshore side (e.g., at x = 17 m). As for the experiment
with 𝐻0 = 0.2 m and 𝑇0 = 3.6 s, the offshore boundary was imposed with the same wave period,
𝑇𝑥 |𝑥=20 = 3.6 s, as the measurement (Tavg = 3.6 s). When the offshore boundary was also
imposed with the measured wave height (Havg = 0.17 m), the simulation largely overestimated
the incident wave heights (Figure 5.2). Instead, the simulated wave heights best agreed with
the measurements when the imposed wave height was decreased to 𝐻𝑥 |𝑥=0 = 0.14 m, the value
the same as the imposed wave height in GPUSPH for the same experiment. Taking the
cross-shore profile of standing edge waves in this study into consideration, the smaller wave
height imposed at the offshore boundary compared to the measurements was likely due to
different locations of maximum wave heights of the standing incident waves. Further
calibrations showed that the difference between wave height simulated with different values of
the Manning coefficient were within 0.04 m, close to the maximum difference between the
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simulations and the measurements (Figure 5.3). Due to the minor impact of bottom friction on
incident wave height, Manning’s roughness coefficient was eventually determined by
examining the timing of the initial edge wave growth. Results suggest that edge waves
simulated with 𝑛𝑀 = 0.005 developed within a period the closest to the observations, thus this
Manning’s roughness coefficient was employed.

Figure 5.1: Cross-shore significant wave heights measured (asterisks) and simulated (greylines,
spread shows range between simulations) by SWASH with 𝐻𝑥 |𝑥=20 = 0.18 m, 𝑇𝑥 |𝑥=20 = 2.4 s
and Manning’s roughness coefficients ranging between 0.003 and 0.021. The variation is
shown from the offshore boundary (on the left side) to the nearshore region (on the right side).

Figure 5.2: Wave heights, simulated with 𝑇𝑥 |𝑥=20 = 3.6 s and 𝑛𝑀 = 0.019 by SWASH,
decreasing with the increase of the wave height at the offshore boundary. Asterisks: experiment.
Lines: simulations, with 𝐻𝑥 |𝑥=20 from 0.12 m (bottom, purple line) to 0.19 m (top, light green
line), increasing by 0.01 m.

Figure 5.3: Range of the cross-shore wave height simulated by SWASH with 𝐻𝑥 |𝑥=20 = 0.14
m, 𝑇𝑥 |𝑥=20 = 3.6 s and various Manning’s roughness coefficients ranging between 0.003 and
0.021. Asterisks: experiment. Grey lines: range between simulations.
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The simulated incident waves were compared with the data (Figure 5.4 and 5.5).
Comparisons were made between simulated and measured free surface elevations at two
locations: WG06 (x = 17 m) and WG20 (x = 2 m) (locations of the wave gauges shown in
Figure 3.1). During the comparison between simulations, short periods at the beginning of the
time series simulated by GPUSPH were removed to eliminate their initial phase difference
from the simulations of SWASH. Thus, the first 3.6 s and the first 1.8 s were removed from
the simulations of GPUSPH for the experiment with 𝐻0 = 0.2 m and 𝑇0 = 2.4 s and the one
with 𝐻0 = 0.2 m and 𝑇0 = 3.6 s, respectively. Incident wave amplitudes became stable after the
first half minute both in the simulation and the measurements. Despite the rapid fluctuations in
GPUSPH due to its Lagrangian nature, the results showed that, in both experiments, the
incident wave period was generated correctly by SWASH and GPUSPH.

Figure 5.4: Regular incident waves during the experiment with 𝐻0 = 0.20 m and 𝑇0 = 2.4 s and
its numerical simulations. (a) Free surface elevations at WG06. (b) Free surface elevations at
WG20.
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Figure 5.5: Regular incident waves during the experiment with 𝐻0 = 0.20 m and 𝑇0 = 3.6 s and
its numerical reproductions. (a) Free surface elevations at WG06. (b) Free surface elevations
at WG20.
The cross-shore variation of the simulated and measured incident wave height is
compared in Figure 5.6. Simulations of the experiment with 𝐻0 = 0.2 m and 𝑇0 = 2.4 s using
the two models showed a major difference in the flat region (Figure 5.6a). In the offshore region
(8 m ≤ x ≤ 20 m), the wave heights simulated by SWASH showed little variation at different
locations. The simulated wave heights had nearly the same value as the measurements. By
comparison, incident waves simulated by GPUSPH had a wave height larger than the imposed
value (𝐻𝑥 |𝑥=20 = 0.20 m) at 3 m away from the wavemaker, and the wave height decreased
continuously over the cross-shore distance to the offshore boundary over the remainder of the
flat region. The simulated wave height decreased from 0.26 m at x = 17 m to 0.20 m at x = 9 m
(Figure 5.7) and this conflicted with the measurements. Since edge wave excitation was mostly
affected by incident wave conditions on the beach, the incident wave height at the offshore
boundary in GPUSPH was 0.03 m larger than the measured offshore wave height to consider
the decreasing wave height from offshore towards the beach when simulating the experiment
with 𝐻0 = 0.2 m and 𝑇0 = 2.4 s. In this way, the wave height simulated by both models agreed
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well with the measurements at the beach (0 m ≤ x ≤ 5 m). For the experiment with 𝐻0 = 0.2 m
and 𝑇0 = 3.6 s, the wave heights simulated by the two models were both close to the
measurements (Figure 5.6b).

Figure 5.6: Measured and simulated wave heights of the incident wave fields on the cross-shore
proﬁle of y = 8 m. (a) 𝐻0 = 0.2 m and 𝑇0 = 2.4 s. (b) 𝐻0 = 0.2 m and 𝑇0 = 3.6 s.

Figure 5.7: Detrended free surface elevations simulated by GPUSPH and measured in the
laboratory; their difference decreasing with the distance from the offshore boundary.
𝐻0 = 0.2 m and 𝑇0 = 2.4 s. (a) x = 17 m. (b) x = 13 m. (c) x = 9 m. (d) x = 7 m.
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5.3.2 Simulations of edge wave growth
Different stages of edge wave growth during the experiment with 𝐻0 = 0.2 m and 𝑇0 = 2.4 s
were compared with the numerical simulations (Figure 5.8). Within the initial 30 s, no
alongshore variation was observed nor simulated by SWASH. However, in the simulation of
GPUSPH, small synchronous edge waves (with the peak period of 2.4 s) were present
(Figure 5.8c). After two minutes from the start of the experiment, subharmonic edge waves
started to grow. Compared to the observations, the initial growth of subharmonic edge waves
took a longer time in the simulations of SWASH and a shorter time in the simulations of
GPUSPH. The synchronous edge waves disappeared shortly after the subharmonic resonance
started. Both during the experiment and in the simulations of the two models, the average
wavelengths of the subharmonic edge waves were around 7.2 m during the initial growth. The
edge wave wavelength remained the same for around one minute. Afterwards, the edge wave
wavelength was observed to adjust to 8 m during the experiment (Figure 5.8j). This adjustment
in the edge wave wavelength was reproduced by GPUSPH. Since the adjustment was due to
reflection at side boundaries (Section 3.3.1), when simulations were conducted with periodic
side boundary conditions by SWASH, they did not reproduce the adjustment. After the edge
wave wavelength adjusted, the wavelength stabilised during the experiment and in the
simulations by GPUSPH. Before the wavelength adjusted, the observed maximum edge wave
amplitudes were significantly larger than the simulated edge wave amplitudes. The runup
induced by edge waves by SWASH had sinusoidal shapes when the amplitude was the
maximum. Although the shapes of edge waves simulated by GPUSPH had more flattened
troughs and sharper peaks compared to edge waves simulated by SWASH, the simulated
amplitudes (around 0.25 m) remained smaller than the observations (around 0.3 m). After the
wavelength adjusted, the edge wave amplitude was observed to further increase to 0.4 m,
whereas the edge wave amplitude in the simulations of GPUSPH halved, contradictory to the
observation of increased amplitudes after the adjustment in wavelength. On the other hand, in
the SWASH simulations, the edge waves propagated in the alongshore direction with unstable
waveforms (Figure 5.8k). Elevations from observations and simulations at WG32 (x = 1 m),
were compared. The frequency spectra of the measured elevations and the elevations simulated
by GPUSPH both showed peaks at the incident wave frequency and at the subharmonic
frequency (Figure 5.9). Compared to the measurements, the frequency spectrum of the
simulations of GPUSPH had a smaller amplitude at the subharmonic peak due to the smaller
edge wave amplitudes. For the edge waves simulated by SWASH, the frequencies of the peaks
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on the frequency spectrum did not have the same frequencies as the measurements. On the
other hand, the incident wave frequency was confirmed to be correctly generated by SWASH
and the edge waves to be subharmonic. Therefore, the difference between the frequencies of
the peaks on the spectrum of the simulations by SWASH from the measurements was more
likely to be a result of the wave propagation in the alongshore direction (Figure 5.10). The
propagation of subharmonic edge waves changed the location of the peaks and troughs in the
alongshore direction as a result of the periodic side boundary condition (discussed in Section
5.4.2). During the propagation there was always a peak which was flattened and had the runup
smaller than the other peaks. In some cases, the smallest distance between adjacent peaks of
the progressive edge waves kept decreasing until two peaks merged into one. The turbulent
flows generated by two merging peaks increased the computational instability and stopped
many of the simulations.

Figure 5.8: Different stages of edge wave growth during the experiment with 𝐻0 = 0.2 m and
𝑇0 = 2.4 s, and the numerical simulations of the experiment. (a, b, c): shorelines before the
growth of subharmonic edge waves. (d, e, f): initial growth of subharmonic edge waves. (g, h,
i): developed subharmonic edge waves before the wavelength adjusted. (j, k): subharmonic
edge waves after the wavelength adjusted. (l): instable subharmonic edge waves. Note that the
photos of the experiment were originally taken from an angle. The removal of rectification
from the original photos introduced distortion in the images, but the distortion was small
enough to not affect the analysis of edge wave growth here. Since GPUSPH did not intrinsically
calculate free surface elevations, wave fields simulated by GPUSPH are shown in terms of
pressure (Equation 5.17).
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Figure 5.9: (a) Free surface elevations at WG32 and (b) the frequency spectra of these
elevations during a period when subharmonic edge waves were present. The simulated
experiment had 𝐻0 = 0.2 m and 𝑇0 = 2.4 s. 𝑆𝜂 (𝑓) indicates the variance density (Equation 3.5).
The variance densities were estimated from individual wave records.

Figure 5.10: Edge waves simulated by SWASH with 𝐻0 = 0.2 m and 𝑇0 = 2.4 s. The plotted
area covers the whole basin width and was between 𝑥 = 5 m and 𝑥 = -5 m.
During the experiment with 𝐻0 = 0.2 m and 𝑇0 = 3.6 s, neither the observed nor the
simulated shorelines showed periodic alongshore variations during the first 30 s (Figure 5.11).
By the end of the first minute, small synchronous edge waves, with an average wavelength of
around 4 m, developed near the middle of the beach. Synchronous edge waves with the same
average edge wave wavelength as the observation were present also in the simulations of
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SWASH (Figure 5.11e) but not in the simulations of GPUSPH. After another two minutes,
subharmonic edge waves developed. Amplitudes of the subharmonic edge waves observed
during the experiment (Figure 5.11j) and simulated by GPUSPH kept increasing for two
minutes, while the peaks sharpened and the troughs flattened. After the growth, the maximum
amplitude of the subharmonic edge waves simulated by GPUSPH was close to 0.3 m, smaller
than the amplitude of the edge waves at equilibrium during the experiment (0.64 m). Figure
5.12a shows the measured and simulated elevations at WG32 (x = 1 m). The largest peaks at
the subharmonic frequency (Figure 5.12b) illustrated the dominance of subharmonic edge
waves at WG32 during the experiment and in the simulations of GPUSPH. For edge waves
simulated by SWASH, the peaks and troughs also propagated in the alongshore direction. As
a result, the frequencies of the peaks on the frequency spectrum of simulations of SWASH
were again different from the measurements.

Figure 5.11: Edge wave growth during the experiment with 𝐻0 = 0.2 m and 𝑇0 = 3.6 s, and the
numerical simulations. (a, b, c): shorelines before the growth of subharmonic edge waves. (d,
e): synchronous edge waves. (f): lack of synchronous edge waves. (g, h, i): growing
subharmonic edge waves. (j, k, l): developed subharmonic edge waves.
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Figure 5.12: (a) Free surface elevations at WG32 and (b) the frequency spectra of these
elevations during a period when subharmonic edge waves were present. The simulated
experiment had 𝐻0 = 0.2 m and 𝑇0 = 3.6 s.

5.4 Discussion
5.4.1 Increasing mean water levels simulated by GPUSPH
The mean water level simulated by GPUSPH did not remain constant during the simulations
(not shown in previous figures since the time series were detrended). The averaged free surface
elevation simulated by GPUSPH increased during the whole simulation period (Figure 5.13).
When simulating the experiment with 𝐻0 = 0.2 m and 𝑇0 = 2.4 s, the averaged free surface
elevation increased at the rate of 0.0004 m/s at WG06 and 0.0005 m/s at WG32. When
simulating the experiment with 𝐻0 = 0.2 m and 𝑇0 = 3.6 s, the averaged free surface elevation
increased at the rate of 0.0003 m/s at WG06 and 0.0004 m/s at WG32. By comparison, the
averaged free surface elevations shown in the measurements and the elevations simulated by
SWASH did not change. The measured free surface elevations at WG32 showed identically
larger amplitudes than the simulations after t = 100 s due to the dominance of larger edge wave
in the laboratory (Figure 5.11). Since the increase in the mean water level was not noticeable
within a short simulation period, the problem had not been identified by previous studies in
GPUSPH. However, a simple calculation indicated that, with the increasing rate of 0.0005 m/s
for 30 min, the simulated mean water level would be 0.9 m higher than the actual mean water
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level. Therefore, the changing water depth could affect the breaking of the incident wave
groups during the simulation of intermittent edge wave growth under random incident waves.
The issue of increasing mean water levels suggested errors in the density and pressure
fields (Antuono et al., 2012); this pressure problem is a fundamental limitation of the modelling
technique. The number of particles does not change significantly, so using a larger number of
particles or smaller time steps would not solve the problem – the problem persisted in test runs
with both more particles and smaller time steps.

Figure 5.13: Time series of the surface elevation from the experiment and the simulations at
WG06, WG20 and WG32 for the experiment with 𝐻0 = 0.2 m and 𝑇0 = 2.4 s. The magenta line
represents the trendline.
5.4.2 Computational instability of SWASH and the impacts of bottom friction on edge
wave growth
Periodic side boundary conditions were necessary to ensure computational stability of SWASH
during the simulations. When using other types of side boundary conditions, i.e., the reflective
side boundary conditions, the wave field became unstable and the simulation crashed (Figure
5.14). For example, with the same bottom friction (𝑛𝑀 = 0.006), the simulations with reflective
side boundary conditions crashed around t = 186 s when simulating the experiment with
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𝐻0 = 0.2 s and 𝑇0 = 2.4 s, and crashed around t = 240 s when simulating the experiment with
𝐻0 = 0.2 s and 𝑇0 = 3.6 s. By comparison, when the simulations were conducted with the same
set-up but with periodic side boundary conditions, the computation proceeded until the end of
the simulation period (approximately 540 s).
Consequently, this study used the nonrealistic, periodic boundary conditions because
otherwise the model crashed. Sensitivity tests were conducted by reducing the cross-shore grid
cell size (to 0.05 m and 0.025 m), reducing the alongshore grid cell size (0.2 m and 0.1 m),
decreasing time steps (as small as 0.0005 s, 0.005 s was used in the presented results), using
multiple vertical layers (such as 3 layers and 10 layers), using various friction types (Manning
equation or Chezy equation), using various viscosity types (being constant or changing), using
different parameters controlling wave breaking, and using different parameters controlling the
courant condition. Regardless of these attempts, the model crashed with the reflective boundary
condition, suggesting that SWASH has some fundamental problems in the treatment of the
lateral boundary conditions.

Figure 5.14: Comparison between flows simulated by SWASH with (left) reﬂective and (right)
periodic side boundary conditions. The simulations were conducted for the two experiments
with the same wave height 𝐻0 = 0.2 m and different wave periods. Manning’s roughness
coefficient was 𝑛𝑀 = 0.006.
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Another factor which affected computational stability of SWASH was bottom friction.
When imposing the same incident waves with 𝐻𝑥 |𝑥=20 = 0.14 m and 𝑇𝑥 |𝑥=20 = 3.6 s, all the
simulations with 𝑛𝑀 < 0.007 crashed (Figure 5.15). By comparison, when bottom friction was
larger, the simulation only crashed when 𝑛𝑀 = 0.013. The simulation with the smallest bottom
friction (𝑛𝑀 = 0.003) stopped after the shortest simulation period, 2.15 min, whereas other
simulations continued for at least 4.9 min. Since the simulations mostly crashed when the
alongshore current was strong, it was likely that instabilities grew most rapidly with
𝑛𝑀 = 0.003 because edge waves grew most rapidly and the alongshore flow was the largest
when bottom friction was the smallest.

Figure 5.15: Time-varying wavenumber spectra illustrating the edge wave amplitude
decreasing with bottom friction simulated by SWASH with 𝐻𝑥 |𝑥=20 = 0.14 m and
𝑇𝑥 |𝑥=20 = 3.6 s. The time variation of edge wave amplitudes is illustrated by the time-varying
wavenumber spectra of the simulated shorelines.
Simulations also showed that bottom friction affected various stages of edge wave
growth. As shown in Figure 5.15 and Figure 5.16, edge waves simulated by SWASH with the
same incident waves but different Manning’s roughness coefficients had different effects
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before the initial growth, during the initial growth and at equilibrium. The initial growth of
edge waves was constrained by bottom friction, as previously shown in the theories of
Guza & Davis (1974) and Vittori et al. (2019). Under monochromatic incident waves, edge
wave excitation only happened when the incident wave amplitude was larger than a threshold
related to bottom friction. For the subharmonic resonance simulated with 𝐻𝑥 |𝑥=20 = 0.18 m
and 𝑇𝑥 |𝑥=20 = 2.4 s, subharmonic edge waves were always present except when bottom friction
was the largest (𝑛𝑀 = 0.021).

Figure 5.16: Time-varying wavenumber spectra illustrating the edge wave amplitudes
decreasing with bottom friction simulated by SWASH with 𝐻𝑥 |𝑥=20 = 0.18 m
and 𝑇𝑥 |𝑥=20 = 2.4 s. The time variation of edge wave amplitude is illustrated by the
time-varying wavenumber spectra of the simulated shorelines.
When incident wave amplitudes were large enough to allow edge wave growth, the
maximum edge wave amplitude was limited by bottom friction. With a larger bottom friction,
the amplitudes of edge waves at equilibrium should be smaller due to the damping effects
(Vittori et al., 2019). Indeed, when 𝐻𝑥 |𝑥=20 = 0.18 m and 𝑇𝑥 |𝑥=20 = 2.4 s, the results of the
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simulations of SWASH with smaller bottom frictions (𝑛𝑀 ≤ 0.009) had larger maximum edge
wave amplitudes than the results of the cases simulated with larger bottom frictions
(𝑛𝑀 ≥ 0.011; Figure 5.15). For simulations with 𝐻𝑥 |𝑥=20 = 0.14 m and 𝑇𝑥 |𝑥=20 = 3.6 s, cases
with smaller bottom frictions (𝑛𝑀 ≤ 0.015) also had larger maximum edge wave amplitudes
than the cases with larger bottom frictions (Figure 5.16). Note that the growth of edge waves
simulated with 𝐻𝑥 |𝑥=20 = 0.18 m and 𝑇𝑥 |𝑥=20 = 2.4 s generally took longer time when bottom
friction was larger. In these simulations, the time taken for edge waves to grow from zero to
the first maximum amplitude increased from around 1 min when 𝑛𝑀 = 0.005 to around 3 min
when 𝑛𝑀 = 0.009, and from 3.1 min when 𝑛𝑀 = 0.011 to around 4.5 min when 𝑛𝑀 = 0.015.
The reduced growth rate resulting from a larger bottom friction was also suggested by the
theory (Equation 4.16 and 4.17). The inversed relationship between the growth rate of edge
wave amplitudes and bottom friction was also found in the cases simulated with
𝐻𝑥 |𝑥=20 = 0.14 m and 𝑇𝑥 |𝑥=20 = 3.6 s (Figure 5.15).

5.5 Chapter summary
This chapter discusses numerical studies carried out to reproduce the process of edge wave
excitation. SWASH and GPUSPH were used to simulate the edge wave growth during two
experiments with monochromatic incident waves. The first experiment had incident waves
generated with a deep-water wave height of H0 = 0.2 m and wave period of T0 = 2.4 s. After
testing the bottom friction, the experiment was simulated using SWASH by imposing incident
waves with a wave height of 0.18 m and wave period of 2.4 s at the offshore boundary. The
same experiment was simulated by GPUSPH with a wave height of 0.20 m and wave period
of 2.4 s. For the simulations of the experiment with H0 = 0.2 m and T0 = 3.6 s, the offshore
boundary in both SWASH and GPUSPH was imposed with the wave period of 3.6 s and wave
height of 0.14 m. The cross-shore variation of the incident wave heights simulated by both
models agreed with measurements, except that wave heights in the simulations of GPUSPH
decreased with the distance from the offshore boundary on the offshore side of the flat region
when simulating the case with T0 = 2.4 s.
Edge waves simulated by SWASH and GPUSPH grew under monochromatic incident
waves. The initial growth of edge waves simulated by SWASH took around 50 s longer than
the edge wave growth during the experiments. By comparison, the initial growth of edge waves
simulated by GPUSPH took one third less time than the observations when simulating the
experiment with H0 = 0.2 m and T0 = 2.4 s, and a time identical to the observations when
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simulating the experiment with H0 = 0.2 m and T0 = 3.6 s. The adjustment in edge wave
wavelength during the experiment with H0 = 0.2 m and T0 = 2.4 s was reproduced by GPUSPH.
On the other hand, the presence of synchronous edge waves before the growth of subharmonic
edge waves was found in the simulations of SWASH during the experiment with H0 = 0.2 m
and T0 = 3.6 s. The observed maximum edge wave amplitudes were larger than the simulated
results. Therefore, edge waves showed sharper peaks and flatter troughs during the experiments
than in the simulations. The edge wave amplitudes in the laboratory increased after the edge
wave wavelength adjusted, whereas the edge waves simulated by GPUSPH had smaller
amplitudes after the same adjustment in the wavelength.
Several constraints were found when using the two models to simulate the growth of
edge waves. GPUSPH was found to produce increasing mean water levels due to the inaccurate
density and pressure fields. For edge waves simulated by SWASH, bottom friction played an
important role in various aspects. Computational stability was increased when the model had a
larger bottom friction. On the other hand, when the bottom friction increased, the simulated
edge waves generally took longer periods to grow. The increased bottom friction also resulted
in edge waves with smaller growth rates and maximum amplitudes. Besides, results of SWASH
showed that the periodic side boundary conditions were essential to ensure computational
stability, but edge waves simulated with periodic side boundary conditions were progressive
and with an average wavelength that changed over time.
In conclusion, despite that both numerical models were capable to simulate the
subharmonic resonance, neither of the models reproduced the nonlinearity in edge waves as
that observed in the laboratory. When simulating the continuous edge wave excitation using
SWASH, periodic side boundary conditions were required, but these boundary conditions
prevented edge waves from reaching equilibrium. Instead, the boundary conditions resulted in
intermittency in the presence of edge waves under monochromatic incident waves, which was
a major difference from the edge waves observed at equilibrium in the laboratory. Compared
to SWASH, GPUSPH showed significant advantages in producing the resonance between
monochromatic incident waves and subharmonic edge waves mainly due to its high
computational stability, the use of reflective side boundary conditions and the nonlinearity in
the shape of its simulated edge waves. However, the increasing mean water levels simulated
by GPUSPH inhibited the applications of the model to the numerical reproduction of the more
complicated intermittent resonance. The main problems encountered in the study, i.e., the
computational instability of SWASH and the increasing mean water level in GPUSPH, were
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due to factors beyond edge waves and further studies on the development of the two models
are required.
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Chapter 6 Discussion
6.1 General discussion
In this thesis, the resonance between incident waves and edge waves has been systematically
analysed. The results are discussed in this section and topics worthy further research are
proposed in the next section.
6.1.1 Laboratory experiments
Insights of how coastal wave conditions affect edge wave growth are essential for
understanding edge waves’ role in nature. However, previous research did not account for
coastal wave conditions. This thesis presented laboratory observations of edge wave excitation
under random incident waves and focused on comparing edge wave growth under
monochromatic and random waves. Under monochromatic incident waves, observed edge
wave excitation agreed with previous studies. Furthermore, under random waves, edge waves’
presence showed clear intermittency and differed from the stable edge waves in the
monochromatic cases.
This study presented the first laboratory evidence of intermittent excitation, which no
previous laboratory study had reported. The measurement had associated errors, yet the
measurement errors did not affect intermittency for several reasons. The laboratory set-up,
including the wave-maker, was accurate to allow edge wave excitation; the testing cases with
monochromatic incident waves in this study agreed well with previous laboratory studies (e.g.,
Guza & Inman, 1975; Buchan & Pritchard, 1995; Abcha et al., 2017). The most significant
measurement errors occurred when the nodes and antinodes did not locate exactly at the runup
wires. This study largely reduced measurement errors by carefully choosing the cases with
antinodes and nodes located close to the runup wires. Also, the laboratory set-up in this study
had the smallest measurement errors among available laboratory studies on edge wave
excitation because of the large wave basin, extensively deployed instruments, and accurate
runup measurements. Many previous experiments were conducted in flumes (Birchfield &
Galvin, 1975; Buchan & Pritchard, 1995; Abcha et al., 2017) or small wave basins (Guza &
Inman, 1975; Hammack, 1982). The flumes’ lengths, up to 22.0 m, were smaller than the wave
basin’s cross-shore distance used in this study. The comparably large wave basin used by Guza
& Inman (1975) had the cross-shore size of 18.2 m and the alongshore size of 15.2 m (they
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used a movable sidewall to adjust the beach length, such as 10.8 m, within the alongshore size),
both smaller than the basin used in this study. Also, edge wave properties were analysed based
on runup measured by fifteen runup wires deployed 0.02 m above the beach surface in this
study, leading to the frequency and wavenumber analyses of edge wave excitation not allowed
in previous laboratory studies. Inevitably, errors arose because the runup wires were not located
exactly on the surface of the beach. However, out of all these sources of errors, the
measurement error in this study was minimal.
Therefore, random incident waves were the cause of the intermittent edge wave
excitation in this study. This intermittency was not entirely unexpected if comparing the
observations with the theoretical model of Blondeaux & Vittori (1995) and Vittori et al. (2019).
The theoretical model showed continuously varying edge wave amplitudes due to the
randomness of incident waves. If the periods without laboratory observations of edge waves
was due to edge wave amplitudes being too small to be observable, then the intermittent
presence of edge waves in the laboratory resembled the modulating edge wave amplitudes
proposed by the theoretical model.
6.1.2 Validation of the theoretical model
Despite the similarity between observed intermittent excitation and the modulating amplitudes
predicted by the theory, the wave conditions in the laboratory violated the small-amplitude
assumption. No research had tested the theoretical model based on random incident waves. To
test the theoretical model, this thesis compared theoretical predictions and laboratory
observations of subharmonic edge wave excitation under random incident waves. The focus
during the comparisons was on comparing the waves’ phases, since one of the theory’s main
predictions was that the coupled phases between incident waves and edge waves were
necessary for edge wave growth. Despite that waves in the laboratory violated theoretical
assumptions, the results showed that phase analysis of laboratory observations agreed with the
theoretical models.
The results confirmed the mechanism of edge wave excitation proposed by previous
theoretical models: phase coupling between incident waves and edge waves drove the growth
of subharmonic edge waves both under monochromatic waves (Guza & Bowen, 1976;
Rockliff, 1978; Li, 2007) and under random waves (Blondeaux & Vittori, 1995; Vittori et al.,
2019). Nevertheless, this thesis is not the first study showing agreement between observations
and theory with violated assumptions. For example, the edge wave excitation theory by Guza
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& Davis (1974) was based on small-amplitude assumption, but its prediction of dominant zeromode, subharmonic resonance has been confirmed by laboratory experiments against this
assumption (Guza & Inman, 1975; Buchan & Pritchard, 1995; Abcha et al., 2017). Also, the
evolution of edge waves under monochromatic incident waves was described theoretically
based on the assumption of small-amplitude incident waves (Guza & Bowen, 1976; Minzoni
& Whitham, 1977; Li, 2007; Vittori et al., 2019); the theoretically predicted radiated energy
flux and the set-down phenomenon in mean water level were also observed in the laboratory
(Guza & Bowen, 1976; Yeh, 1986). In conclusion, although the small-amplitude assumption
was necessary for previous studies to use the common perturbation method, the mechanism
obtained based on this assumption revealed dominant physical processes that occur even when
this assumption was violated. On the other hand, the small-amplitude assumption restricted the
comparisons between observations and theory in this thesis to be qualitative.
6.1.3 Numerical modelling
Despite the extensive theoretical and laboratory studies of edge waves under monochromatic
incident waves, numerical simulations of this resonance have been rarely conducted.
Meanwhile, with the increasing demand for wave models for coastal studies, it is necessary to
validate commonly used models for complex coastal hydrodynamics. This thesis used two
widely applied wave models, SWASH and GPUSPH, to reproduce edge wave excitation
observed in the laboratory. This thesis focused on reproducing the subharmonic resonance
under monochromatic incident waves. Simulations by both SWASH and GPUSPH showed
zero-mode, subharmonic edge waves like those observed in the laboratory.
However, this thesis also revealed limitations of both models that prevented the models’
further applications to reproduce long-term resonant interactions. For SWASH, the model
crashed easily with reflective boundary conditions. For GPUSPH, the mean water level
increased over time due to errors in the pressure field. Previous studies have not mentioned the
limitations due to the lack of similar validations. Examples of analogous studies are discussed
here to show why the case of edge wave excitation is more challenging and thus more capable
of revealing the models’ limitations.
As an SPH-based model, GPUSPH approximates the pressure field based on an
assumed relation between pressure and local density. Using GPUSPH, Wei et al. (2017)
validated the model for some other experiments conducted in the same laboratory like the one
used in this study. Their model set-up is similar to that in this study, but because the
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experiments are short, the simulations by Wei et al. (2017) are only up to 100 seconds, so the
problem was not evident. Discussion with GPUSPH’s developers during this thesis’s
preparation confirmed that the increasing mean water level resulted from errors in the pressure
field.
SWASH has been rarely used to reproduce experiments in wave basins, and the
problem with fully reflective sidewall boundaries has not been studied before. With reflective
side boundaries, a few studies validated SWASH based on experiments in wave basins;
however, the basins were fully submerged underwater, and wave motions were simpler than in
this study. For example, Smit et al. (2013) validated SWASH using an experiment conducted
in a large basin (12 m long and 20 m wide); although this experiment used random waves, the
basin contained only a submerged breakwater, so it has no wave motions on the beach near the
side walls as in this study. Rijnsdorp & Zijlema (2016) validated SWASH similarly.
Nonetheless, Almar et al. (2018) used SWASH to simulate the wave propagation from deep
water to the beach at a field scale (50 m in the cross-shore direction and 300 m in the alongshore
direction). Their waves were generated offshore, and the propagation of incident waves from
offshore to the beach was like the incident waves in this study. Yet the alongshore variation in
their simulation was not comparable to that of edge waves in our study, and they used periodic
boundary conditions in the alongshore direction.
6.1.4 Significance of the work
The present results are significant in at least three major respects:
•

The evidence of random waves’ impacts on edge wave growth strongly suggests future
coastal studies should consider random waves rather than simplifying incident waves
as monochromatic waves;

•

The phase coupling/uncoupling mechanism proposed by theory explains the
intermittency of edge waves under frequency spread and could potentially be expanded
to incident waves with directional spread;

•

Simulating the resonant interaction stretches the limit of current wave models;
reproducing the subharmonic resonance can efficiently reveal a model’s limitations, so
it is a good testing case to validate wave models.
Despite these promising results, questions remain. There is ample room for further

progress in accurately simulating edge wave growth with numerical models and quantifying
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the accuracy of the nonlinear term in theoretical models. Also, there are still many unanswered
questions about how a natural beach’s morphological changes affect edge waves. The next
section lists the limitations of this study and some future work to improve these limitations.
6.2 Limitations and future work
6.2.1 Testing other hydrodynamic models
As presented in Chapter 5, hydrodynamic models could be tested by reproducing the edge wave
excitation observed during laboratory experiments. This study has tested the performance of a
non-hydrostatic model (SWASH) and a SPH model (GPUSPH) and has shown that problems
of computation instability and increasing mean water levels resulted from the complex flow
motions during edge wave growth. The theory used by SWASH (i.e., shallow water equations)
uses the same equations as the edge wave theories (Guza & Davis, 1974; Vittori et al., 2019),
thus it is capable to describe the growth of edge waves. The instability problem likely results
from the implementation of the equations, particularly with respect to the boundary conditions.
For GPUSPH, it is difficult to clarify whether the problem of increasing water level is a tool or
a method issue. SPH methods require specifying a function that describes the pressure field;
clearly, the present function does not work well.
The same experiments can be simulated using other non-hydrostatic models, such as
XBeach (Roelvink et al., 2018), and other SPH models, such as DualSPHysics, to test if these
models have the same problems found in SWASH and GPUSPH. It would also be valuable to
use the cases in this study to test the performance of other types of wave models, such as
Boussinesq-type models or RANS based CFD models. Models that can accurately reproduce
the resonance between edge waves and monochromatic incident waves can be further tested
with cases of intermittent edge wave excitation under random incident waves. Compared to
monochromatic wave conditions, simulating random incident waves requires a more accurate
calculation of the dispersion relation. Also, compared to the continuous edge wave growth,
simulation of the intermittent growth requires a better representation of wave reflection.
Further, an accurate representation of the phase coupling/uncoupling and the nonlinear growth
during the intermittent excitation requires better treatment of wave breaking and the wet/dry
interface, and a higher level of computational stability. Considering these requirements,
reproducing the intermittent edge wave excitation can be used as a good case study to evaluate
the model’s performance.
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6.2.2 Improving the simulations using SWASH and GPUSPH
This study has shown that SWASH simulated the propagation of incident waves more
accurately than GPUSPH (Section 5.3.1). By comparison, GPUSPH had higher computational
stability when the model used the reflective side boundary condition as in the laboratory
(Section 5.4.2). Based on the results, several approaches are proposed to improve the numerical
simulation of edge wave excitation.
The simulation of GPUSPH could be improved by decreasing particle size and using
the semi-analytical boundary condition. The particle size used in this study, 0.05 m, was small
enough to produce the subharmonic resonance, but it might still be too coarse to accurately
simulate wave runup. The issue of increasing mean water levels in the long-term simulation by
GPUSPH may be addressed by implementing δ-SPH (Marrone et al., 2011; currently being
worked on by the developer team) or by using the semi-analytical boundary condition. Before
a new version of GPUSPH is released with this implementation, experimentation can be made
by simulating edge waves with the semi-analytical boundary condition. High-computational
capacity will be required since both approaches, i.e., decreasing particle size and utilising the
semi-analytical boundary condition, significantly increase the computational cost.
Hybridisation of SWASH and GPUSPH can potentially combine the advantage of
SWASH in fast computation and the advantage of GPUSPH in high computational stability for
simulating edge wave excitation. A hybrid model can be built by using SWASH to simulate
the propagation of incident waves in the flat region and GPUSPH to simulate the wave
condition on the beach. The coupling point of the hybrid model can be set at the foot of the
beach face, with the displacement of moving boundary particles in the SPH model calculated
based on the interpolated horizontal velocity at the nearest grids in SWASH (Altomare et al.,
2015). As previously shown in Chapter 5, bottom friction in SWASH had a small impact on
wave height in the flat region but is significantly related to computational stability. Manning’s
roughness coefficient used in this study (𝑛𝑀 = 0.005) was chosen to produce edge wave growth
rather than because of computational stability. Since edge waves mainly impact areas near the
shoreline, the difference between edge waves simulated by SWASH with different Manning’s
roughness coefficients would have little impact on the wave condition in the flat region.
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Therefore, Manning’s roughness coefficients larger than those in this thesis are advised for the
hybrid model.
6.2.3 How directional spread of incident wave fields affects edge wave growth
As presented in Chapter 3, the directional distribution of wave energy incident on the beach
impacted the growth of edge waves significantly, the distribution following a broad-banded
directional spectrum which decreased the maximum amplitude and caused intermittency.
Because the theoretical model does not include directional spectra, impacts of directional
spread on edge wave growth have not been further analysed. Whether the directional spread of
incident waves affects edge wave growth through the same mechanism as the frequency spread,
i.e., changing the phase relation between incident waves and edge waves, is unclear. From the
theoretical perspective, the possibility that the directional spread of incident waves affects edge
wave growth by phase locking/unlocking is worth assessing. If the nonlinear interactions
between waves in different directions are ignored, the wave field with directional spread could
be regarded as the superposition of wave components incident from different directions. As a
result, the cluster of oblique incident waves with various angles of propagation would lead to
two clusters of progressive edge waves with various frequencies and wavenumbers propagating
in opposite directions. If the frequency spectrum and the wavenumber spectrum of the clusters
of edge waves are assumed to be narrow-banded, then the superposition of the edge waves
might be simplified as an edge wave with the peak frequency, peak wavenumber, and a slowvarying amplitude. A theoretical study can be carried out to see if this simplification of the
edge wave conditions is plausible and if the phase relation under incident waves with a
narrow-banded directional distribution would drive the growth and decrease of edge waves.
6.2.4 Morphological changes during edge wave growth
Past studies have related standing edge waves to multiple rhythmic morphological patterns
(Guza & Inman, 1975; Guza & Bowen, 1981; Inman & Guza, 1982). These studies assume the
so-called forcing template mechanism (Coco & Murray, 2007) and regard the flow pattern of
pre-existing standing edge waves as a template for morphological changes. The assumption of
monochromatic incident waves and exclusion of the impacts of morphological changes to the
initial edge wave growth make the forcing template mechanism not fully consistent with the
conditions in nature. Meanwhile, the self-organisation models (Werner & Fink, 1993;
Coco et al., 2000; Coco et al., 2007; Murray et al., 2014) based on cellular automata have been
proposed to explain the formation of coastal morphological patterns. The self-organisation
models consider initial morphological perturbations and are based on feedback relation
105

between fluid, sediments, and morphology. Despite that the self-organisation method has
become an increasingly competitive alternative to the forcing template mechanism, researchers
have not reached agreement on the role of edge waves in the morphological changes in nature.
To consider edge waves in nature, it is important to include morphological changes in
the process of edge wave growth. Guza & Inman (1975) conducted laboratory experiments
with the same incident wave conditions with and without sediments to investigate the
interactions between edge waves and morphological changes. They spread sediments evenly
into the swash zone after edge waves developed. They found that beach cusps developed after
sediments were scattered and, with the continuously increasing amount of sediments in the
work area, the growth of the cusps diminished the standing edge wave activity. Constrained by
the laboratory conditions at that time, their experiments only included monochromatic incident
waves, and the sediment was introduced into the system only after edge waves developed.
Based on laboratory observations in this study, when the incident waves have frequency spread
or directional spread, edge wave amplitudes show significant time variations (i.e., intermittent
excitation) which have not been included in previous laboratory studies. It requires further
research to investigate the impact of morphological change on edge wave growth under random
incident waves and vice versa. Large-scale laboratory experiments with a mobile bed can be
used to investigate the impacts of intermittent edge wave growth on morphological
implications. Sediments can be added into the basin in the same way as Guza & Inman (1975)
did, i.e., scattering sediments evenly into the swash zone after edge waves develop. Besides,
the experiments can be conducted with the same incident wave condition but without scattering
sediments, so that comparisons between the two cases can potentially illustrate whether the
morphological changes increase, maintain or decrease edge wave activity. It should be noted
that the experiments would be challenging if the wavelengths of edge waves change
significantly due to the cross-shore sediment transport during the periods when incident waves
are dominant. If the new wavelength does not fit the basin width, a movable side wall to change
basin width might be necessary to encourage the formation of standing edge waves.
6.2.5 Numerical simulation of edge wave growth on an erodible beach
Compared to laboratory experiments, numerical simulation of edge wave excitation on
erodible beaches is more challenging due to its high requirement for computational cost and
computational stability. For SPH models, several studies have simulated sediment transport by
considering sediment particles using multi-phase SPH methods (Fourtakas & Rogers, 2016;
Zubeldia et al., 2018; Nguyen et al., 2019). Due to the high computational cost, these studies
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only included cases with a small area for short period, which were different from the largescale, long-term process of edge wave excitation considered in this study. Compared to the
SPH models, mesh-based models have the advantage of lower computational cost for
simulating long-term erosion/accretion. Morphological impacts on nearshore hydrodynamics
can be investigated by simulating waves with nonerodable, irregular bedforms (Almar et al.,
2018). Alternatively, the wave model can be coupled with a morphodynamic model to simulate
wave propagation on an erodible bedform. Process-based models such as Delft-3D (Reniers et
al., 2004) and XBeach (Roelvink et al., 2018) provide the option to simulate hydrodynamics
excluding and including morphodynamics. Neither model has been reported to reproduce edge
wave excitation, therefore it is necessary to test the models with laboratory measurements,
following in the approaches in Chapter 5, before including morphological changes in the
simulation.
6.2.6 Importance of using random incident waves in nearshore hydrodynamic and
morphological models
Results in this study show the time variation of edge waves as a result of the randomness of
incident wave fields. For simplicity, many past studies used monochromatic waves as the
hydrodynamic input for surf zone models (Bowen & Inman, 1971; Bowen & Inman, 1971;
Inman & Guza, 1982; Calvete et al., 2007; Coco et al., 2020). Despite that the primary effects
of waves on the morphological change should have been revealed by monochromatic waves, a
few studies also report temporal and spatial variation in morphology due to the randomness of
incident waves (Reniers et al., 2004; Coco et al., 2000). The difference between hydrodynamics
of the nearshore with random or monochromatic incident waves presented by this study
recommends a revisit of those models based on monochromatic waves with the use of random
waves for their applications to more realistic coastal conditions.
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Chapter 7 Conclusions
In conclusion, this study has achieved all the research objectives, and the research questions
proposed in Chapter 1 have been answered explicitly in Chapter 3, 4 and 5.
Firstly, this thesis compares the laboratory experiments of edge wave excitation under
random incident waves with those under monochromatic incident waves and finds that the
former have different processes of edge wave modulation from the latter. Laboratory
observations of edge wave excitation under monochromatic incident waves agree well with
previous studies, with edge waves present after the initial growth till the experiment ends.
However, when random waves are incident at the beach, edge waves only occur intermittently.
Under incident waves with different levels of spread in frequency and direction, the edge waves
which are present intermittently have different maximum amplitudes and total durations during
experiments. Broad-banded incident wave conditions lead to the smallest measured edge wave
amplitudes. When generated with the same frequency spread, incident waves that have the
largest directional spread generally lead to the smallest edge wave energy. On the other hand,
incident waves that have the smallest (finite) frequency spread do not necessarily result in the
largest edge wave amplitudes.
Secondly, this study finds agreement between laboratory measurements and the
theoretical model of edge wave growth under monochromatic and random incident waves.
Compared to the narrow-banded, random incident waves assumed by the theoretical model,
incident waves during experiments have larger amplitudes, wider frequency spectra, and fastervarying amplitudes. However, despite the differences, the theoretical model predicts the main
features of edge wave excitation observed in the laboratory. Like the laboratory observations,
the theoretical model also predicts continuous and intermittent (synchronous and subharmonic)
edge wave growth under monochromatic and random incident waves, respectively. Also, the
smallest edge wave amplitudes are predicted with incident waves having broad-banded spectra.
The runup signals measured during experiments are decomposed into incident and edge wave
contributions for analysis of the phase relation. Consistent with the theoretical model, the
results show that the coupling between phases of incident waves and edge waves ensures a
positive net energy flux to the edge waves during the initial growth. Meanwhile, uncoupling
phases result in a negative net energy flux, thus decreasing edge wave amplitudes.
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Finally, this thesis has reproduced the resonance between edge waves and
monochromatic incident waves using two hydrodynamic models, SWASH and GPUSPH,
without high computational cost. In the simulations, edge waves develop with the same wave
period and mode number as during the experiments. The amplitudes of simulated edge waves
at equilibrium are smaller than in the laboratory, making the peaks and troughs of simulated
edge waves not as sharp and flat as observations. Compared to the conserved total mass in
SWASH and during experiments, the wave field simulated by GPUSPH shows that the mean
water levels have been increasing at the speed of approximately 0.0003~0.0005 m/s due to
errors in the pressure field. On the other hand, simulations with reflective side boundaries are
stable in GPUSPH but highly unstable in SWASH. Thus, periodic side boundary conditions
have to be used in SWASH to ensure computational stability. Due to the periodic boundary
conditions, edge waves simulated by SWASH are initially standing waves and then slowly
propagate parallel to the shoreline.
In summary, this thesis provides a clear example of how the edge wave growth, and
corresponding hydrodynamics of the nearshore, under random incident waves, differs from that
under monochromatic incident waves. Despite the improved understanding of the excitation
mechanism of edge wave achieved through this thesis, further research is required to explore
the edge wave excitation on natural beaches where more nearshore hydrodynamic and
morphological processes are involved than the controlled wave conditions in this study. Future
laboratory experiments should include sediments to investigate how edge waves affect the
morphology and the impacts of morphological changes on edge waves. Also, numerical
simulations should be conducted by coupling hydrodynamic simulation of edge wave
excitation with sediment transport to investigate the feedback from morphology to edge waves
and vice versa. The impact of the directional spread of incident waves could be further
investigated in theory. Theoretical analysis can be carried out by assuming narrow-banded
directional distribution to test if the directional spread of incident waves also affects edge wave
growth through phase coupling/uncoupling. Since the resonance between edge waves and
monochromatic waves has proved a good means to test hydrodynamic models, the same cases
used in this study should be used to test other numerical models.
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Appendix I List of dimensional scales
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Appendix II Solutions of narrow-banded random incident waves
For random incident waves with only frequency spread, the velocity potential is assumed to be
the superposition of harmonic components at different frequencies. The harmonic components
are characterised by different amplitudes, with each harmonic component having the velocity
potential
𝑖𝑎̂
𝜙̂𝑖,𝑚 = − 2𝜔̂𝑚 𝐽0 (2𝜔
̂𝑚 √𝑥̂)𝑒 −𝑖𝜔̂𝑚𝑡̂ + 𝑐. 𝑐.
𝑚

(A1)

where 𝑎̂𝑚 and 𝜔
̂𝑚 (𝑚 = 1, 2, 3, ... 𝑀) are the dimensionless amplitude and angular frequency
of the 𝑚th harmonic component, respectively. Thus, the velocity potential of the incident
waves becomes
̂

𝑖𝑎̂𝑖 𝐴𝑚
𝜙̂𝑖 = − ∑𝑀
𝐽0 (2𝜔
̂𝑚 √𝑥̂)𝑒 −𝑖𝜔̂𝑚𝑡̂ ) + 𝑐. 𝑐.
𝑚=1 ( 2𝜔
̂
𝑚

(A2)

where 𝐴̂𝑚 = 𝑎̂𝑚 /𝑎̂𝑖 is the ratio of the 𝑚th harmonic component's amplitude to the incident
wave amplitude.
Under the small-amplitude assumption, the amplitude of a harmonic component is not
considered unless the component's frequency falls into a narrow frequency band centred around
𝜔
̂𝑝 . The width of the narrow frequency band is assumed to be at order O(𝑎̂𝑖 ). Accordingly, the
harmonic components to be considered have frequencies in the form of
𝜔
̂𝑚 = 𝜔
̂𝑝 + 𝑎̂𝑖 𝛺̂𝑚

(A3)

where 𝛺̂𝑚 is a dimensionless parameter at order O(1) . Substituting Equation A3 in
Equation A2 leads to
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𝑖𝑎̂
𝜙̂𝑖 = − 2 𝑖 ∑𝑀
𝑚=1 𝜔
̂

𝐴̂𝑚
̂𝑚
̂𝑖𝛺
𝑝 +𝑎

𝐽0 (2𝜔
̂𝑝 √𝑥̂ + 2𝑎̂𝑖 𝛺̂𝑚 √𝑥̂)𝑒 −𝑖𝜔̂𝑝 𝑡̂ 𝑒 −𝑖𝑎̂𝑖 𝛺̂𝑚 𝑡̂ + 𝑐. 𝑐.

(A4)

Based on the small-amplitude assumption,
𝐴̂𝑚 /(𝜔
̂𝑝 + 𝑎̂𝑖 𝛺̂𝑚 ) ≈ 𝐴̂𝑚 /𝜔
̂𝑝 ,

𝐽0 (2𝜔
̂𝑝 √𝑥̂ + 2𝑎̂𝑖 𝛺̂𝑚 √𝑥̂) ≈ 𝐽0 (2𝜔
̂𝑝 √𝑥̂),

(A5)

then, by introducing the slow-varying temporal scale 𝜏, Equation A4 is simplified as
𝑖𝑎̂
̂ −𝑖𝛺̂𝑚 𝜏 + 𝑐. 𝑐..
𝜙̂𝑖 = − 2𝜔̂𝑖 𝐽0 (2𝜔
̂𝑝 √𝑥̂)𝑒 −𝑖𝜔̂𝑝 𝑡̂ ∑𝑀
𝑚=1 𝐴𝑚 𝑒
𝑝

(A6)

By introducing the dimensionless, slow-varying, complex function
̂ −𝑖𝛺̂𝑚 𝜏 ,
𝐴(𝜏) = ∑𝑀
𝑚=1 𝐴𝑚 𝑒

(A7)

𝑖𝑎̂
𝜙̂𝑖 = − 2𝜔̂𝑖 𝐴(𝜏)𝐽0 (2√𝑥̂)𝑒 −𝑖𝜔̂𝑝 𝑡̂ + 𝑐. 𝑐.

(A8)

𝜙̂𝑖 = −𝑎̂𝑖 |𝐴(𝜏)|𝐽0 (2√𝑥̂) sin(𝑡̂ − 𝜑(𝜏))

(A9)

𝐴(𝜏) = |𝐴(𝜏)|𝑒 𝑖𝜑(𝜏)

(A10)

Equation A6 becomes

𝑝

or, in another form,

with

where |𝐴(𝜏)| and 𝜑(𝜏) are the modulus and phase angle of 𝐴(𝜏), respectively.
Additionally, the incident-wave induced elevations can be derived from the velocity
potential:
𝜂̂ 𝑖 = −

∂𝜙̂𝑖
d𝜑(𝜏)
= 𝑎̂𝑖 |𝐴(𝜏)| 𝐽0 (2√𝑥̂) cos(𝑡̂ − 𝜑(𝜏)) (1 − 𝑎̂𝑖
)
d𝜏
∂𝑡̂
+𝑎̂𝑖

𝜕|𝐴(𝜏)|
𝐽0 (2√𝑥̂) sin(𝑡̂
𝜕𝑡̂

− 𝜑(𝜏)).

(A11)

Since
∂|𝐴(𝜏)|
∂𝑡̂

= 𝑎̂𝑖

∂|𝐴(𝜏)|
∂𝜏

≪ |𝐴(𝜏)|,

(A12)

the expression for the dimensionless elevations induced by small-amplitude incident waves is
𝜂̂ 𝑖 = 𝑎̂𝑖 |𝐴(𝜏)| 𝐽0 (2√𝑥̂) cos(𝑡̂ − 𝜑(𝜏)).
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(A13)

Appendix III Solutions of edge waves with time-varying
amplitudes
Substituting the velocity potential in Equation 2.9 in the form
̂𝑦 𝑦̂) 𝑒 −𝑖𝜔̂𝑒𝑡̂ + 𝑐. 𝑐.
𝜙̂𝑒 = 𝜉(𝜏)𝑓(𝑥̂) cos(𝐾

(A14)

leads to
𝑎̂𝑖2 𝑓(𝑥̂)

d2 𝜉(𝜏)
d𝜉(𝜏)
d𝑓(𝑥̂)
d2 𝑓(𝑥̂)
2
− 𝑎̂𝑖 2𝑖𝜔
̂𝑒 𝑓(𝑥̂)
−𝜔
̂𝑒 𝑓(𝑥̂)𝜉(𝜏) + 𝜉(𝜏)
+ 𝜉(𝜏)𝑥̂
d𝜏 2
d𝜏
d𝑥̂
d𝑥̂ 2
̂𝑦2 𝑓(𝑥̂) = 0
−𝜉(𝜏)𝑥̂𝐾

(A15)

where 𝜉(𝜏) is a function related to the slow-varying amplitudes and 𝑓(𝑥̂) is a function
describing the cross-shore profile of the edge waves.
By ignoring terms at order O(𝑎̂𝑖 ) or higher, Equation A15 becomes
−𝜔
̂𝑒2 𝐹(𝑥̂, 𝜏) +

∂𝐹(𝑥̂,𝜏)
∂𝑥̂

∂2 𝐹(𝑥̂,𝜏)

+ 𝑥̂ (

∂𝑥̂ 2

̂𝑦2 𝐹(𝑥̂, 𝜏)) = 0
−𝐾

(A16)

with
𝐹(𝑥̂, 𝜏) = 𝜉(𝜏) 𝐹(𝑥̂, 𝜏).

(A17)

Algebra leads to the expression:
𝐹(𝑥̂, 𝜏) = −

𝑖𝐵(𝜏)
̂𝑒
𝜔

̂𝑦 𝑥̂)].
[𝑒 −𝐾̂𝑦 𝑥̂ 𝐿𝑛 (2𝐾

(A18)

Therefore, the velocity potential of edge waves with time-varying amplitudes is
𝑖𝜀𝐵(𝜏)
̂𝑦 𝑥̂)] cos(𝐾
̂𝑦 𝑦̂) 𝑒 −𝑖𝜔̂𝑒𝑡̂ + 𝑐. 𝑐.
𝜙̂𝑒 = − 𝜔̂ [𝑒 −𝐾̂𝑦 𝑥̂ 𝐿𝑛 (2𝐾
𝑒

(A19)

or, in another form,
𝜀|𝐵(𝜏)|
̂𝑦 𝑦̂) sin(𝜔
𝜙̂𝑒 = −2 𝜔̂ 𝑒 −𝐾̂𝑦 𝑥̂ cos(𝐾
̂𝑒 𝑡̂ − 𝜃(𝜏))

(A20)

𝐵(𝜏) = |𝐵(𝜏)|𝑒 𝑖𝜃(𝜏)

(A21)

𝑒

with
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where |𝐵(𝜏)| and 𝜃(𝜏) are the modulus and phase angle of 𝐵(𝜏), respectively.
The edge-wave induced free surface elevations can be derived from the velocity
potential:
𝜂̂ 𝑒 = −

∂𝜙̂𝑒
𝜀|𝐵(𝜏)| −𝐾̂ 𝑥̂
d𝜃(𝜏)
̂𝑦 𝑦̂) cos(𝜔
=2
𝑒 𝑦 cos(𝐾
̂𝑒 𝑡̂ − 𝜃(𝜏)) (𝜔
̂𝑒 − 𝑎̂𝑖
)
𝜔
̂𝑒
d𝜏
∂𝑡̂
𝜀 ∂|𝐵(𝜏)| −𝐾
𝑒 ̂𝑦 𝑥̂
∂𝑡̂
𝑒

+2 𝜔̂

̂𝑦 𝑦̂) sin(𝜔
cos(𝐾
̂𝑒 𝑡̂ − 𝜃(𝜏)).

(A22)

Since
∂|𝐵(𝜏)|
∂𝑡̂

= 𝑎̂𝑖

d|𝐵(𝜏)|
d𝜏

≪ |𝐵(𝜏)|,

(A23)

the velocity potential and elevations of edge waves can be described as
|𝐵(𝜏)|
̂𝑦 𝑦̂) sin(𝜔
𝜙̂𝑒 = −2𝜀 𝜔̂ 𝑒 −𝐾̂𝑦 𝑥̂ cos(𝐾
̂𝑒 𝑡̂ − 𝜃(𝜏))

(A24)

̂𝑦 𝑦̂) cos(𝜔
𝜂̂ 𝑒 = 2𝜀|𝐵(𝜏)|𝑒 −𝐾̂𝑦 𝑥̂ cos(𝐾
̂𝑒 𝑡̂ − 𝜃(𝜏)),

(A25)

𝑒

and

respectively.
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