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Abstract

This Thesis is comprised of theoretical and experimental investigations designed

to shed light on novel dynamics of nonlinear optical resonators. The theoretical

investigations focus on cavity soliton (CS) dynamics in the presence of pulsed or

amplitude modulated driving �elds, while the experimental investigation focusses

on frequency comb generation in second-order nonlinear microresonators.

First, we describe theoretical investigations into the dynamics of CSs in the

presence of amplitude inhomogeneities of the driving �eld (such as pulsed driving)

where the repetition rate of the inhomogeneity and the soliton are synchronised.

We show that, in contrast to phase inhomogeneities, CSs are attracted towards

(and trapped to) speci�c values of the driving �eld. We link our �ndings to a

spontaneous symmetry breaking instability that physically arises from a competi-

tion between coherent driving and nonlinear propagation e�ects. We then consider

the impact due to the presence of desynchronization between the CS and the rep-

etition rate of the inhomogeneity. We show that the trapping positions can be

manipulated and even erased, such that single-soliton operation can be assured.

Further investigation into the interplay of this desynchronization and stimulated

Raman scattering has allowed us to explain recent experimental observations.

The experimental portion of this Thesis focusses on the demonstration of inter-

nally pumped optical parametric oscillations in a lithium niobate microresonator.

We demonstrate through numerical simulations that frequency combs can form

around the pump and the second harmonic in a doubly resonant second order

nonlinear microresonator. We then report on our experimental method for comb

generation in a naturally phase matched lithium niobate microresonator by ther-

mally tuning the birefringence of the crystal. Our observations of cascaded in-

ternally pumped optical parametric oscillation producing sidebands around the

pump and the second harmonic bring us one step closer to achieving full comb

generation in quadratically nonlinear optical microresonators.
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Chapter 1

Introduction

With the introduction of light ampli�cation by stimulated emission of radiation

(ubiquitously known as the laser) in 1960 [1], a door opened on a new chapter

of scienti�c discovery and advancement. The introduction of lasers was quickly

followed by the demonstration of nonlinear optical processes. Second harmonic

generation was achieved in 1961 [2] with other frequency conversion processes

following closely [3, 4]. The high intensity light that can be produced with lasers

has facilitated the investigation of many novel nonlinear phenomena [5�7].

The culmination of research into nonlinear frequency conversion techniques

is the generation of broad-band spectra of light. A narrow-band pulse of light

in the frequency domain corresponds to a broad temporal pulse and vice-versa.

Launching this temporally broad pulse into a highly nonlinear waveguide with

strong Kerr nonlinearity causes it to compress. As the pulse compresses temporally,

its spectrum broadens. The result is a spectrum of light that can span as much

as an octave, known as a supercontinum [8�10]. Repeating this pulse to create

a train of pulses forces this broad spectrum to form into thousands of discrete

lines in the frequency domain, with the frequency separation determined by the

pulse repetition rate. These so called frequency combs have revolutionised the

�eld of precision metrology, acting as rulers which allow for the measurement of

unknown frequencies of light with incredible precision. Indeed, the 2005 Nobel

prize was partially awarded to Theodor Hänsch [11] and John Hall [12] for work

on frequency combs and the subsequent contributions to the �eld of spectroscopy.

Many early combs and currently commercially available frequuency comb

sources are made using mode-locked lasers [13]. Although any method which gen-

erates a train of pulses can allow one to realise a frequency comb, an intriguing

concept is that of a repeating train of soliton pulses. Solitons are wave packets that
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2 Introduction

can maintain constant properties such as shape and velocity during propagation.

They have been observed and studied for over a century in such diverse physical

systems as biology [14], plasmas [15], nonlinear optics [16] and cold atoms [17].

The �rst recorded observation is credited to John Scott Russell in Scotland in

1834 [18] when a horse-drawn canal boat stopped abruptly. He witnessed a wave

of water created by the boat "which continued its course along the channel ap-

parently without change of form or diminution of speed." Mathematically, solitons

are generally associated with exact solutions to "completely integrable" nonlinear

models describing many varied physical systems [19].

Though solitons have been observed and studied in many varied �elds of re-

search, optics has become a growing front from which to study solitons due to

the ease with which optical solitons can be studied. The optical soliton can mani-

fest temporally (spatially) due to the competing e�ects of dispersion (di�raction)

spreading the wave packet and self-phase modulation (self-focusing) compressing

it. In this Thesis, we are speci�cally interested in temporal solitons which arise due

to the e�ects of dispersion and Kerr nonlineartiy. Such solitons can be classi�ed

into two catagories depending on the physical system in consideration. In a con-

servative system, solitons persist due to a single balance between the dispersion

and the Kerr nonlinearity [20] as little (or no) dissipation of energy occurs. In

a dissipative system, however, we must also consider the notion that energy will

be both lost and gained during propagation. These dissipative temporal solitons

are analogous to localised dissipative structures that have been widely studied

in a number of non-equilibrium systems [21] and persist due to a precise double-

balance of e�ects. Speci�cally, in addition to maintaining constant shape through

the balancing of dispersion and Kerr nonlinearity, dissipative solitons also main-

tain constant energy due to the cancellation of dissipation by some form of energy

in�ow.

In this Thesis, we are interested in a particular class of temporal dissipative

solitons known as temporal Kerr cavity solitons (CSs). These are pulses of light

that can persist in passive ring resonators that are coherently driven with laser

light [22]. Temporal CSs were �rst studied in macroscopic �ber ring cavities in 2010

in the context of bits of information stored in an optical bu�er [23], demonstrating

that an optical soliton could be excited in a passive, driven Kerr resonator and

recirculate inde�nitely. By extracting a portion of the intracavity �eld from the

resonator, the CS produces an identical pulse with every trip around the cavity,

forming a stable train of pulses at the output. As noted above, this train of pulses
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corresponds to a coherent optical frequency comb in the spectral domain [24].

The ability to use CSs as sources of optical frequency combs has attracted sig-

ni�cant attention in the context of another resonator platform: high-Q monlithic

whispering-gallery-mode microresonators.

Oxford dictionary de�nes a whispering gallery as "a gallery or dome with

acoustic properties such that a faint sound may be heard round its entire circum-

ference". This acoustic phenomenon can be applied to optics by injecting light into

a circular medium which allows light to travel around its circumference in a tightly

con�ned modal area with very low loss. The ultra low loss and large nonlinearity of

these resonators has enabled many nonlinear e�ects � including second harmonic

generation, third harmonic generation, four-wave mixing and optical parametric

oscillation � to be observed at very low pump powers [25�30]. The generation of

broadband frequency combs from a single continuous wave (CW) laser light source

in an optical whispering-galler-mode microresonator was �rst achieved in a Kerr

microresonator in 2007, though the system was not operating in the CS regime, but

rather in a noisy regime corresponding to so-called chaotic modulation instability

patterns. The association with CSs was not demonstrated in microresonators un-

til 2014 [24]. With this, however, the �rst soliton-based microresonator frequency

combs were generated and displayed high coherence and stability, motivating new

e�orts to understand the dynamics of CSs in passive, driven Kerr microresonators.

Kerr CS-based microresonator frequency combs have shown immense potential

for a wide range of applications, from telecommunications [31] to optical ranging

(LIDAR) [32]. Nonetheless, they su�er from certain shortcomings. First, CW driv-

ing of CSs exhibits inherently low conversion e�ciency from the driving �eld to

the CS. The localised nature of the CS means that it will only interact with the

driving �eld in its vicinity while the �eld in the rest of the cavity serves little

purpose. The homogeneity of a CW driving �eld also makes it di�cult to lock the

repetition rate of the CS to an RF signal. Phase modulation of the driving �eld

has been identi�ed as one method for controlling the positions of CSs, as well as

their repetition rate [33], though this method does not address the conversion ef-

�ciency. Intensity modulated (or pulsed) driving �elds aim to provide the bene�ts

o�ered by phase modulation by locking CSs to RF signals while also increasing

the pump to CS conversion e�ciency [34].

Second, due to the nature of the frequency mixing process which dominates

Kerr frequency comb generation, sidebands are only generated around the pump

wavelength [35]. This limits spectral access to regions where pump light can easily
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be generated. It has been recently shown that this problem can be overcome in

resonators dominated by the χ(2) nonlinearity. In such second-order nonlinear res-

onators, the pump can undergo a conversion process (such as second harmonic gen-

eration) to generate a second frequency capable of generating a frequency comb in

a distant region of the spectrum. This was �rst achieved in macroscopic resonators

in 2015 [36], but it has also been proposed that these results can be achieved in

microresonators [37, 38], bringing with them the aforementioned bene�ts that they

o�er.

In this Thesis, we will investigate novel dynamics of nonlinear resonators which

are applicable over a broad range of research platforms. We will shed light on some

of the more nuanced approaches towards the use of CSs as the basis for optical

frequency combs though an investigation into CS dynamics in the presence of

driving �elds with inhomogeneous amplitude pro�les (such as pulsed pumping).

We will also explore new ways of generating frequency combs in hard to reach

spectral regions through the use of second-order nonlinear microresonators. The

main body of this Thesis is made up of six chapters that are presented as follows.

Chapter 2 covers the fundamental concepts that one would need to grasp before

tackling the remainder of the work. This includes the basics of electromagnetic

waves, linear and nonlinear optical e�ects, dielectric waveguides, the behaviour

of light as it propagates through optical waveguides and the linear properties of

optical resonators. Chapter 3 details Kerr cavity dynamics which underpin CSs,

as well as the ability to manipulate temporal CSs via (phase) inhomogeneities in

the CW driving �eld. Chapter 4 investigates and describes the interaction between

temporal CSs and amplitude modulated (or pulsed) driving �elds and details the

phenomenon of intensity trapping in synchronously driven resonators [39]. Build-

ing on this, Chapter 5 investigates the limits of CS stability in the presence of

desynchronization between the solitons and driving �eld [40]. Chapter 6 investi-

gates the ability of second-order nonlinear microresonators to produce frequency

combs via cascaded second-order phenomena. We then describe our methods for

experimentally demonstrating this ability and our detection of initial stages of

comb formation [41].



Chapter 2

Fundamental concepts

The purpose of this Chapter is to outline the basic principles of electromagnetism

and optics that we will be drawing on throughout this Thesis. We will lay out

the basic physics of electromagnetic radiation and nonlinear optics, as well as

dielectric waveguides and optical resonators. This Chapter will also detail how

we model such systems in order to grasp the rich dynamics of nonlinear optical

resonators.

2.1 Electromagnetic waves

An electromagnetic wave (EM wave) is the synchronized oscillation of electric

and magnetic �elds over time created by the acceleration of electrically charged

particles. Maxwell's equations form a set of coupled partial di�erential equations

that govern all electromagnetic phenomena [42]

∇ · ~D = ρf ,

∇ · ~B = 0,

∇× ~E = −∂
~B

∂t
,

∇× ~H = ~Jf +
∂ ~D

∂t
.

Here, ~D is the electric displacement �eld, ~B is the magnetic �eld, ~E is the electric

�eld, ~H is the magnetic displacement �eld, ~Jf is the density of free current and

ρf is the density of free charge. The electric and magnetic displacement �elds are

5



6 Fundamental concepts

related to the electric and magnetic �eld via the relationships

~D = ε0 ~E + ~P , (2.1)

~H =
1

µ0

~B − ~M, (2.2)

where ~P and ~M are the induced electric polarization and magnetization of the

medium respectively, µ0 is the vacuum permeability and ε0 is the permittivity of

vacuum.The electric polarization and magnetization occur due to the electromag-

netic �eld interacting with the electric charges and magnetic dipoles associated

with individual atoms of the medium.

For the purposes of this Thesis, we will be focusing on the electric �eld ~E,

though we know that there is always an inseparable associated magnetic �eld. We

will also be interested in dielectric, non-magnetic materials with no free charge or

currents such that ρ = 0, ~Jf = 0 and ~M = 0. Because the electric polarization of

the medium does not occur instantaneously, the induced electric polarization ~P

can be expressed as the convolution of a time-dependent susceptibility χ(t) and

the electric �eld [20]

~P (~r, t) = ε0

∫ t

−∞
χ(t− t′) ~E(~r, t′)dt′. (2.3)

This representation holds true for small electric �eld amplitudes only, and ~P will

be rede�ned shortly to accommodate high electric �eld amplitudes.

From Maxwell's equations and the de�nitions of the electric and magnetic

�eld displacements, we are able to obtain a second-order partial di�erential equa-

tion (wave equation) to describe the propagation of an electromagnetic wave in a

medium [20]:

∇2 ~E =
1

c2

∂2

∂t2
~E + µ0

∂2

∂t2
~P (2.4)

where ∇2 is the Laplace operator and c = 1/
√
µ0ε0 is the speed of light in vacuum.

The simplest solution to Eq. (2.4) is a plane wave of the form:

~E(~r, t) = ~Ae(iωt−i~k·~r) (2.5)

where ~A is the amplitude of the �eld, ω is the angular frequency and ~k is the wave

vector. The direction of the electric �eld vector ~E is known as the �eld polarization

and should not be confused with the electric polarization ~P of the medium. The

wave vector ~k indicates the direction of propagation and the phase delay per unit

length. The magnitude of ~k is the angular wavenumber and is de�ned as

k =
2π

λ
, (2.6)
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where λ is the wavelength in the medium. This wavenumber is related to angular

frequency ω according to the dispersion relation

ω

k
=

1√
µ0ε0(1 + χ̃(ω))

= vp, (2.7)

where χ̃(ω) is the Fourier transform of the time dependent susceptibility χ(t) and

vp is the phase velocity. Of course, in a vacuum χ = 0 and the phase velocity

becomes the speed of light in a vacuum, c. All other media are characterised by

their refractive index, n(ω) = c/vp(ω), which is a ratio of the speed of light in a

particular medium and the speed of light in a vacuum. Therefore we can write the

refractive index as

n(ω) =
√

1 + χ̃(ω). (2.8)

2.2 Chromatic dispersion

Chromatic dispersion refers to the frequency dependence of the refractive index of

matter, and hence the phase velocity of EM waves. This can be easily seen in the

frequency dependence of the linear electric susceptibility χ̃(ω) and therefore the

frequency dependence of n(ω) in Eq. (2.8). This frequency dependent refractive in-

dex leads to a frequency dependent phase velocity vp(ω). The refractive index n(ω)

accurately describes the velocity of monochromatic light of the form of Eq. (2.5).

Absorption around speci�c atomic resonance frequency bands are the root cause

of chromatic dispersion. At frequencies far from these resonance frequencies, the

refractive index can be well approximated by the Sellmeier equation [20]

n(ω) =

√√√√1 +

m∑
j=1

Bjω2
j

ω2
j − ω2

, (2.9)

where Bj represents the strength of an absorption band centred at ωj . Figure 2.1

shows how the refractive index n for silica glass changes with frequency.

In reality, electromagnetic waveforms are more complicated than simple plane

waves described by Eq. (2.5), exhibiting temporal and spatial variances. These

waveforms are made up of many frequencies, each travelling at a di�erent phase

velocity. Wave packets or pulses of light containing many di�erent frequencies

travel at the group velocity vg which is de�ned by the group refractive index

ng [20], which is shown in Fig. 2.1, as

vg =
c

ng
=

c(
n+ ω dndω

) . (2.10)
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Figure 2.1: The refractive index n and the group velocity index ng of fused silica
glass calculated from Eq. (2.9) and Eq. (2.10).

In general dn/dω 6= 0 due to dispersion. Therefore, the group refractive index

ng di�ers from the refractive index n for a single frequency �eld (as shown in

Fig. 2.1), and accordingly, the group velocity di�ers from the phase velocity. It is

also important to note that the refractive index of a material can be e�ected by

macroscopic environmental variables. Factors such as temperature, pressure, stress

and electric and magnetic �elds can all have an e�ect, and can be accounted for

with additional terms to Eq. (2.9).

2.3 Birefringence

Birefringence is a property of materials having polarization dependent refractive

indices. In an anisotropic material, the susceptibility is not uniform in all direc-

tions. In this case, the linear susceptibility χ should be understood as a tensor of

rank 2 and the dielectric polarization ~P arises as a tensor product between that

tensor and the electric �eld vector. It follows that di�erent orientations of the elec-

tric �eld in an anisotropic medium will experience di�erent indices of refraction.

This phenomenon is known as birefringence.
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In order to analyse EM wave propagation in birefringent materials it is useful

to be able to describe the polarization of the optical �eld with respect to the op-

tical axis of the material. In this research, we are interested in so-called uniaxial

birefringent crystals. Such crystals exhibit a single optical axis which is oriented

in the direction along which propagating light will not experience birefringence.

This axis exhibits a uniform refractive index, no for ordinary, for all polarizations.

In any other propagation direction, the refractive index experienced by light po-

larized parallel to this axis is denoted ordinary (n = no) and the refractive index

experienced by light polarized perpendicular to the optical axis is denoted extraor-

dinary (n = ne). The birefringence of the material (largely crystals with non-cubic

structures) is quanti�ed as the di�erence between the extraordinary and ordinary

refractive indices, ∆n = ne−no, and can be positive or negative. The birefringence
of a material can also depend on external factors which a�ect the structure of the

crystal such as electric �elds or temperature.

2.4 Dielectric waveguides

In this Thesis, we will be focussing on optical phenomena occurring in resonators

that can be understood to be made out of dielectric waveguides. Such waveguide

devices have assumed major roles in today's society, enabling technologies such

as optical �bre telecommunications. A waveguide is a structure that con�nes the

spatial region in which a wave can travel. In optics, this is typically achieved

via the process of total internal re�ection (TIR). When light is travelling in a

transparent dielectric material that is surrounded by a material of lower refractive

index (n1 > n2 in Fig. 2.2), light with a direction of propagation which satis�es

TIR criteria will remain in the dielectric. The dimensions of the waveguide can be

set to con�ne the guided light in one dimension as in planar waveguides or two

dimensions such as in optical �bers and rectangular waveguides. Shown below in

Fig. 2.2 are examples of such dielectric waveguides.
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Figure 2.2: Schematic showing refractive index pro�les for common waveguide
types of (a) a slab (planer) waveguide which con�nes light in one dimension and
(b) cross section of an optical �bre which con�nes the light in two dimensions in
its core.

2.4.1 Waveguide modes

Full analysis of waveguides requires application of Maxwell's equations [20]. For

light of a single frequency and polarization, it is useful to view the �eld distribution

in a plane perpendicular to the direction of propagation (e.g. a circular cross

section of an optical �ber). A given optical waveguide admits particular transverse

pro�les that do not change as they propagate. Such �eld con�gurations are known

as the modes of the waveguide. Mathematically, a mode of a waveguide can be

written as

~E(x, y, z, t) = A(z, t)~F (x, y)eiωt−iβz, (2.11)

where ~F (x, y) corresponds to the transverse pro�le which is invariant with the

propagation direction z, while A(z, t) is a slowly-varying amplitude. Here β is

known as the propagation constant and can be understood as an e�ective wave

number and can be written as:

β = neff
ω

c
, (2.12)

where neff is an e�ective refractive index. The mode pro�les ~F (x, y) and propa-

gation constants β can be obtained by solving the wave equation, Eq. (2.4) with

boundary conditions of the waveguide geometry.

2.4.2 Waveguide dispersion

The refractive index experienced by an electromagnetic wave is frequency depen-

dent due to material dispersion of the medium as discussed earlier. In waveguides,

there is an additional frequency dependence due to the fact that the mode area

itself is frequency dependent. Because of material and waveguide dispersion, the
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mode propagation constant β depends on frequency (β ≡ β(ω)). It is conventional

to represent the frequency dependence of the propagation constant by means of a

Taylor series expansion about a reference frequency ω0:

β(ω) = neff
ω

c
= β0 + β1(ω − ω0) +

β2

2
(ω − ω0)2 +

β3

6
(ω − ω0)3 + ... (2.13)

where βm = (dmβ/dωm)ω=ω0
for m = 0, 1, 2.... The constant β1 relates to the

group velocity:

β1 =
1

c

(
neff + ω

dneff
dω

)
=
ng
c

=
1

vg
. (2.14)

The next coe�cient, β2, is the group velocity dispersion and describes how a pulse

broadens as it propagates through a medium:

β2 =
1

c

(
2
dneff (ω)

dω
+ ω

d2neff (ω)

dω2

)
. (2.15)

Under normal dispersion (positive β2) longer wavelength components travel

faster than shorter, and under anomalous dispersion (negative β2) the opposite is

true. The wavelength at which β2 = 0 is known as the zero dispersion wavelength

(ZDW). Higher orders of dispersion (βk for k > 2) can generally be ignored far from

the ZDW. Additionally, it is useful to de�ne a parameter known as the dispersion

length. If we consider a Gaussian pulse envelope of width τ0, this length is given

by

LD =
τ2

0

|β2|
, (2.16)

which is the length over which a Gaussian pulse envelope will spread by a factor

of
√

2 under the in�uence of second order dispersion alone [20].

2.5 Nonlinear optics

In Eq. (2.3) we assumed the material polarization to be linearly dependent on

the electric �eld. This relationship is only accurate for comparatively small �eld

amplitudes. For large electric �elds, the relationship becomes nonlinear, and gives

rise to a variety of e�ects [20]. The branch of optics that deals with such nonlinear

light-matter interactions is known as nonlinear optics.

2.5.1 Nonlinear polarization

All media are susceptible to electric polarization (di�erent from the polarization

of the optical �eld). This occurs because the polarization density of the medium is
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dependent on the electric �eld of the incident light, creating a polarization wave

that travels through the medium. At low powers, the e�ect is linearly proportional

to the electric �eld strength, as in Eq. (2.3); however, when light of su�cient

intensity propagates in a medium, nonlinear e�ects begin to play a role. The total

induced polarization P in this case can be expressed as a power series of the

incident electric �eld E:

P = ε0

∞∑
k=1

χ(k)Ek, (2.17)

where χ(k) is the kth order susceptibility with rank k + 1 of the material. Equa-

tion (2.17) hides a number of simpli�cations of the complicated underlying physics

and mathematics. In general, and as in Eq. (2.3), P and E are vectors and each

term of the sum on the right hand side represents a tensor convolution of the sus-

ceptibility tensor and the electric �eld vector. In the scalar approximation however,

where the electric �eld is linearly polarised and the susceptibility tensor has only

one dominant (diagonal) term, Eq. (2.17) becomes valid under the assumption of

instantaneous material response. The �rst-order susceptibility, χ(1) describes the

linear susceptibility from the previous Section and is responsible for such com-

mon optical phenomena as re�ection, refraction and chromatic dispersion. When

non-zero, the higher-order e�ects give rise to nonlinear e�ects as the induced elec-

tric polarization is a nonlinear function of the electric �eld. This Thesis will rely

heavily on phenomena arising from the second and third-order nonlinear suscepti-

bilities, χ(2) and χ(3). Nonlinearities of order above 3 have negligible impact with

power levels used in our research, and can be ignored. In what follows, we will

brie�y summarise the most important nonlinear e�ects pertinent to this Thesis.

2.5.2 Second-order nonlinearity

We �rst discuss the second-order nonlinear susceptibility χ(2). This susceptibility

is responsible for important three-wave mixing (TWM) processes and arises in

non-centrosymmetric materials, which do not possess inversion symmetry. It is

important to note that the third-order nonlinearity χ(3), is still present in such

materials, though χ(2) nonlinearities can be orders of magnitude stronger than

their third-order counterparts, and tend to dominate the nonlinear response when

present. What follows are the second-order nonlinear e�ects that will be pertinent

to our studies.
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2.5.2.1 Second harmonic generation

Second harmonic generation (SHG) is the TWM phenomenon by which a pump

at frequency ωp induces a polarization wave in a medium that oscillates at the

second harmonic (SH) frequency, ωSH = 2ωp. Second harmonic generation is a

TWM process due to the fact that it requires two pump photons to generate one

second harmonic photon. This process is demonstrated by the diagram shown in

Fig. 2.3(a). For e�cient SHG momentum must be conserved, meaning that the

wavenumber mismatch, ∆k = 2k(ωp) − k(2ωp), must equal zero. Remembering

that k = ωp/vp and vp = c/n, our wavenumber mismatch condition requires

n(ωp) = n(2ωp). Due to chromatic dispersion, it may not be straightforward to

satisfy the phase-matching condition. With the pump and second harmonic trav-

elling at di�erent phase velocities, the second harmonic generated at one point

will destructively interfere with previously generated second harmonic. However,

methods of achieving this condition have been developed and will be discussed in

detail later.

Figure 2.3: (a) during SHG two pump photons at ω0 combine to generate one
photon at 2ω0. (b) during PDC one pump photon at ωp = 2ω0 is broken into two
in order to form sidebands around ω0 which are spaced by Ω.

2.5.2.2 Parametric down conversion

Parametric down conversion (PDC) is the second-order nonlinear process by which

a single photon of frequency ωp = 2ω0 can break down into two photons of lower

frequencies ωs and ωi such that ωp = ωs + ωi. These signal and idler frequencies

are positioned such that ωs = ω0 + Ω and ωi = ω0 − Ω, as demonstrated by the

diagram shown in Fig. 2.3(b). As is the case with SHG, momentum must also be

conserved for PDC, requiring that k(ωp) = k(ωi) + k(ωs). This phase matching

condition determines the value of Ω for given parameters.
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2.5.3 Third-order nonlinearity

In materials with inversion symmetry such as silica glass, the even order suscep-

tibility tensors vanish. For this reason, the lowest order, and therefore dominant,

nonlinear susceptibility that these materials exhibit is the third-order, χ(3) sus-

ceptibility. This nonlinear susceptibility is capable of mixing four distinct waves,

giving rise to such phenomena as four-wave mixing (FWM) and nonlinear refrac-

tion (Kerr e�ect). Just as χ(2) systems can give rise to SHG, χ(3) systems can give

rise to third harmonic generation. As with second-order processes, phase match-

ing must be achieved. However, in the systems we consider in this Thesis, third

harmonic generation cannot generally be phase-matched, and hence plays no role

in our work and will be neglected. In what follows we will describe the relevant

third-order e�ects for our work.

2.5.3.1 Intensity-dependent refractive index

We know that materials exhibit a frequency-dependent refractive index, but light

of su�cient intensity also experiences an intensity-dependent refractive index:

n(ω, I) = n0(ω) + n2I, (2.18)

where n0(ω) =
√

1 + χ(1)(ω) represents the linear dependency of the refractive

index on the frequency of the light (chromatic dispersion), n2 ∝ χ(3) corresponds to

the nonlinear refractive index (units of m2/W ) and I is the electric �eld intensity,

I ∝ |E|2. This nonlinear dependence of the refractive index on the intensity is

known as the Kerr e�ect.

2.5.3.2 Self-phase and cross-phase modulation

The intensity dependence of the refractive index leads to an intensity dependent

phase shift of the electromagnetic wave propagating in a χ(3) material. As seen

from Eq. (2.5), an EM wave propagating through a material of length L accumu-

lates a phase shift φ = kL = n(ω)Lω/c. Since the refractive index n(ω) depends

on intensity we see that the wave accumulates an intensity dependent, nonlinear

phase shift. The nonlinear phase shift φNL after propagating a distance L is given

by

φNL =
ωn2L

c
I. (2.19)

This phenomenon is known as self-phase modulation (SPM) as the electric �eld is

modifying its own phase. There is another similar phenomenon that arises from
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the Kerr e�ect in which a �eld at one carrier frequency, E1, can cause a phase

shift for a �eld at another carrier frequency, E2. This is known as cross-phase

modulation (XPM) and combining SPM and XPM gives the total accumulated

nonlinear phase shift of each �eld as

φNL,1 =
ωn2L

c
[I1 + 2I2], (2.20a)

φNL,2 =
ωn2L

c
[I2 + 2I1]. (2.20b)

On the right hand side of these equations, the �rst term in the brackets refers to

self-phase modulation while the second term is the cross-phase modulation. From

this it is easy to see that XPM is twice as e�cient as SPM.

2.5.3.3 Kerr four-wave mixing

Kerr four-wave mixing (FWM) is the process by which two photons of frequency

ω1 and ω2 can be annihilated in order to create two new photons of frequencies

ω3 and ω4 such that energy is conserved, ω1 +ω2 = ω3 +ω4, as shown in Fig. 2.4.

In order to conserve momentum, the wavenumbers, k, must satisfy the condition

k(ω1)+k(ω2) = k(ω3)+k(ω4). As with TWM processes, this condition is known as

the phase-matching requirement and enables e�cient four wave mixing processes.

Many other FWM processes exist, but phase-matching of these processes is gen-

erally not possible in the systems considered in this Thesis. Fortunately, the Kerr

FWM process can be spontaneously phase-matched via SPM and XPM, giving it

signi�cant importance.

Figure 2.4: (a) during non-degenerate FWM two pump photons of di�erent fre-
quencies ω1 and ω2 (where ω1 − ω2 = Ω) combine to generate two photons of
frequencies ω3 = ω1 + Ω and ω4 = ω2−Ω. (b) during degenerate FWM two pump
photons of the same frequency ω1 combine to generate two new photons with fre-
quencies of ω3 = ω1 + Ω and ω4 = ω1 − Ω.

The above descriptions pertain to a non-degenerate FWM process where all

four frequency components are di�erent, as shown in Fig. 2.4(a). However, degen-

erate Kerr FWM can also occur when two of the four mixed waves coincide, as
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shown in Fig. 2.4(b). Here you can see that two pump photons of the same fre-

quency produce one signal photon and one idler photon equally spaced from the

pump. The time domain representation of this degenerate Kerr FWM is known as

modulation instability (MI) and will be discussed in the context of optical cavities

in Chapter 3.

2.5.3.4 Stimulated Raman scattering

Another nonlinear e�ect that arises from the third-order nonlinear susceptibility

is Raman scattering [5, 20]. Spontaneous Raman scattering occurs when a pump

photon at ωp is inelastically scattered by a material resulting in part of the energy

of the photon being transferred to the material. This can be understood as a

photon-phonon coupling between the electric �eld and the vibrational modes in

the material. The result is a Raman side band forming at a frequency of lower

energy, Stokes photons of frequency ωs = ωp − Ω, with the di�erence in energy

between the pump photon and Stokes photon being transferred to a phonon of

frequency Ω. The reverse can also take place, allowing the pump photon to gain

energy from a phonon to generate anti-Stokes photons at frequency ωa = ωp + Ω.

The scattering rate can be increased beyond that of the spontaneous case by

injecting the Stokes or anti-Stokes photons along with the pump. This is known

as stimulated Raman scattering (SRS) and can cause shifts in the spectrum of

spectrally broad optical pulses.

2.5.4 Light propagation in nonlinear optical waveguides

Nonlinear optical e�ects are particularly signi�cant in waveguides, where the elec-

tric �eld is con�ned to a small area thus giving rise to large intensities. Indeed,

an electromagnetic �eld can undergo signi�cant temporal and spectral changes

as it propagates through a nonlinear waveguide. To �rst order, as discussed in

Subsection 2.4.1, the transverse mode pro�le remains constant while it is the

slowly-varying �eld amplitude A(z, t) from Eq. (2.11) which changes. The Fourier

transform of A(z, t) gives the corresponding changes in the EM wave spectrum. In

this Thesis, we will be considering resonators which can be described as a waveg-

uide that is looped on itself such that it begins and ends at the same position. To

describe the dynamics of such systems, we need to have theoretical models which

describe the evolution of electromagnetic waves as they propagate through a sec-

tion of waveguide. The equations detailed in this Section only govern the evolution

over a single pass of the waveguide, while the necessary boundary conditions will
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be added in later Sections in order to describe the dynamics of the evolution in

resonator con�gurations.

2.5.4.1 Coupled equations for SHG in χ(2) materials

The experiments to be described in Chapter 6 consider a resonator constructed

of a χ(2) crystal and they operate under conditions where SHG is close to phase-

matching. It can be shown [43] that the evolution of the slowly-varying intracavity

�elds A(z, t) and B(z, t) at frequencies of ωp and 2ωp respectively, over a single

round trip across the resonator obey the coupled equations:

∂A

∂z
= −iβ2A

2

∂2

∂τ2
A+ iκBA∗e−i∆βz, (2.21a)

∂B

∂z
= −∆β1

∂

∂τ
B − iβ2B

2

∂2

∂τ2
B + iκA2ei∆βz, (2.21b)

Here, A(z, τ) and B(z, τ) describe the electric �eld envelopes at position z along

the waveguide with τ = t− β1z being the time coordinate in the reference frame

travelling at the group velocity of the envelope at ωp which we will refer to as

the fast time frame. On the right hand sides of Eq (2.21a) and Eq. (2.21b),

∆β = 2β(ωp)−β(2ωp) is the e�ective wave vector mismatch, ∆β1 = dβ1/dω|2ωp−
dβ1/dω|ωp is the group-velocity mismatch and β2A,B = d2β2A,B/dω

2|ωp,2ωp are the
group velocity dispersion coe�cients at the fundamental and second-harmonic fre-

quencies, respectively. The nonlinear coupling coe�cient κ is normalised such that

|A|2 and |B|2 are measured in Watts and it satis�es

κ =

√
8ω0χ

(2)
eff√

c3n2
1n2ε0

, (2.22)

where χ
(2)
eff is an e�ective second-order susceptibility (measured in V −1) that in-

cludes the spatial overlap between the interacting �elds and n1,2 are the refractive

indices at ωp and 2ωp respectively. Note that these coupled equations can de-

scribe both (degenerate) PDC and SHG, with the initial condition governing the

distinction.

2.5.4.2 Nonlinear Schrödinger equation

When the waveguide is composed of a χ(3) Kerr nonlinear material, the slowly-

varying �eld envelope evolves according to the so-called nonlinear Schrödinger

equation (NLSE):

∂A(z, τ)

∂z
=

[
−iβ2

2

∂2

∂τ2
+ iγ|A|2

]
A(z, τ). (2.23)
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Here A(z, τ), β2, z and τ are de�ned in the same way as Eqs. (2.21). On the

right hand side, the �nal term (containing |A|2) describes the combined e�ects of

SPM, XPM and Kerr FWM. Again, the slowly-varying envelope is normalized such

that |A|2 is the instantaneous power in Watts. Here, γ represents the nonlinear

interaction coe�cient and is de�ned as

γ =
ωn2

cAeff
, (2.24)

where Aeff is the e�ective area of the con�ned mode in the waveguide, de�ned as

Aeff =

[∫∫∞
−∞ |F (x, y)|2dxdy

]2∫∫∞
−∞ |F (x, y)|4dxdy , (2.25)

with F (x, y) being the transverse mode pro�le from Eq. (2.11). The simplest solu-

tion to Eq. (2.23) is a plane wave of the form A =
√
P0 exp(iγP0z). From this, it is

easy to see that the wave does indeed accumulate a nonlinear, intensity-dependent

phase shift as it propagates. Similar to the dispersion length [see Eq. (2.16)], we

can also de�ne a parameter for the nonlinear length

LNL =
1

γP0
, (2.26)

which corresponds to the length over which the accumulated nonlinear phase shift

φNL = 1.

In this work, we will be focussing heavily on one class of solutions to the

NLSE which describes a solitary localised structure known as the soliton [19].

This solution describes a �eld envelope in the shape of a pulse which is capable of

propagation without distortion in a Kerr nonlinear optical waveguide [20]. A care-

ful balancing between dispersion and the nonlinear Kerr e�ect allows the pulse to

maintain its shape for an inde�nite propagation distance. The soliton corresponds

to an exact analytical solution of the NLSE and can be written as [16]

Asol(z, τ) =
√
Pssech

(
τ

τs

)
e(i

γPsz
2 ), (2.27)

where Ps and τs are the soliton peak power and temporal width, respectively, and

are related through the condition 1 = γPsτ
2
s /|β2|.

One important characteristic of the NLSE soliton is the universality of the

solutions across physical systems. Such structures have been observed in many

varied systems from plasma physics [15] to cold atoms [17] In a conservative sys-

tem, the soliton will propagate without losing energy to the medium. However,
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in dissipative systems, such as the ones we will be considering, energy lost to the

medium must be replenished by an underlying driving �eld [44]. Details about

solitons in dissipative systems will be covered in the following Chapter.

2.6 Optical resonators

A resonator is a system that allows a physical property, such as displacement or

amplitude, to oscillate at a resonant frequency. If energy is put into the system

at the resonant frequency it will increase the magnitude of the oscillating physical

property beyond that of the driving force (as long as the energy dissipation is less

than the injected driving energy). For this reason a resonator is said to be able

to store resonant energy. In optics, this is achieved by creating a cavity to con�ne

light. An optical cavity can be a system of mirrors or waveguides which directs a

ray of light back to its origin in the cavity. Such cavities are capable of storing large

amounts of optical power in the intracavity �eld. As this Thesis pertains to res-

onators exhibiting di�erent dominant nonlinear e�ects, this Section will only cover

the linear properties of optical resonators, with the relevant nonlinear behaviours

being discussed in future Chapters.

2.6.1 Linear resonator properties

In our work, we consider ring-type resonators such as the one shown in Fig. 2.5

where coherent driving �eld is injected into the cavity by a coupler. This represen-

tation is valid for many resonator platforms from �ber rings to microresonators [45,

46]. The light trapped inside the cavity will interfere with the driving �eld each

round trip of the cavity. This means that the maximum amplitude of the �eld will

occur when the phase of the light is an integer multiple of 2π after one round trip,

causing the light to constructively interfere with the coherent driving �eld. The

frequencies of light which accumulate an integer multiple of 2π phase shift in one

round trip are known as the resonant frequencies. These frequencies describe the

longitudinal resonator modes which we will primarily use throughout this work as

we normally only consider single transverse mode operation.

During propagation in the cavity, the slowly varying envelope will evolve ac-

cording to cavity environment (Am(0, τ) → Am(L, τ)) before returning to the

input coupler where it is superimposed with the coherent driving �eld. The evo-

lution of the slowly-varying �eld envelope A(z, τ) over consecutive round trips m
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in a cavity of length L can be described mathematically by the following in�nite-

dimensional map [20]:

A(m+1)(0, τ) =
√
ρA(m)(L, τ)eiφ0 +

√
θAin. (2.28)

This equation relates the intracavity �eld at the start of the (m + 1)th round

trip A(m+1)(0, τ) to the intracavity �eld at the end of the previous round trip

A(m)(L, τ). The coe�cient ρ represents the portion of the intracavity �eld intensity

that is that is transmitted from one round trip to the next and stays in the cavity.

For simplicity, ρ accounts for all the losses accumulated by the �eld over one round

trip (e.g. coupling losses, absorption, scattering). The transmission coe�cient θ

represents the portion of the input �eld power |Ain|2 = Pin that is transmitted

into the cavity. The term φ0 = β0L is the accumulated linear phase shift over one

round trip and must be explicitly included here at the boundary as the evolution

A(m)(0)→ A(m)(L) is governed by an envelope equation (such as the NLSE) which

ignores the linear phase shift.

Figure 2.5: Simple schematic of an optical resonator with a single coupler acting
as the transmiter/re�ector.

2.6.2 Linear cavity response

Let us �rst consider the linear cavity behaviour under conditions of continuous

wave (CW) driving such that Ain does not depend on time. Under conditions

where no nonlinearity occurs, the slowly-varying envelope will remain CW and

not evolve during one pass through the resonator. Thus, we have the simple case

of A(m)(L) = A(m)(0). The steady-state solutions of Eq. (2.28) can be obtained

by setting A(m+1)(0) = A(m)(0) which produces

A(m)(0) =

√
θAin

1−√ρeiφ0 . (2.29)
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In terms of �eld powers P = |A(m)|2 and Pin = |Ain|2, we obtain the well-known

Airy function of optical resonators

P

Pin
=

θ/(1−√ρ)2(
1 + F sin2(φ0/2)

) , (2.30)

where F = 4
√
ρ/(1 − √ρ)2. The maximum intracavity power is achieved in the

cavity when φ0 = 2kπ where k is an integer. Consequently, the maximum power

is then

P = Pmax =
Pinθ

(1−√ρ)2
. (2.31)

Figure 2.6: Plot of the linear intrcavity energy pro�le with respect to the linear
phase shift φ for di�erent values of ρ. α ≈ 1−√ρ for cavities with high �nesse.

Figure 2.6 shows an example of a linear resonator frequency response described

by the Airy function (Eq. (2.30)). As can be seen, for phase shifts φ0 that corre-

spond to integer multiples of 2π, the intracavity �eld attains a maximum; this cor-

responds to the phenomenon of resonance. Recalling that φ0 = β0L = ω0neffL/c,

we see that, to �rst order (neglecting group velocity dispersion), the resonances

occur at frequencies fk = kc/neffL with k being an integer [45].

These resonant frequencies are equally spaced and the separation between

resonances is known as the free spectral range (FSR) [45] and is given by

FSR = fk+1 − fk = c/(neffL). (2.32)
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We must emphasize that Eq. (2.32) is strictly valid only when dispersion is not

present. In particular, non-zero group-velocity dispersion β2 renders the resonant

frequencies non-equidistant. For all cases, the free-spectral range corresponds to

the reciprocal of the time it takes for a wave packet to complete one round trip

tR, i.e., FSR = 1/tR where tR = L/vg = L/β1. From this, it should be evident

that non-zero β2 causes the FSR to change with frequency (since β1 changes with

frequency).

As noted above, resonators allow for the storage of optical energy. Referring

to Eq. (2.31), we see that the maximum power inside the resonator is inversely

proportional to the resonator losses: a low-loss resonator (with ρ close to unity)

can enable large powers to build up. This power storage makes resonators very

interesting for nonlinear optical applications, as it becomes possible to obtain a

strong intracavity nonlinear response even with comparatively low injected power

levels [47].

As shown in Fig. 2.6 the loss can have great e�ect on the width of the reso-

nances. It is customary, therefore, to characterize losses in optical resonators by

referring to the ratio between the spacing (FSR) and width of a cavity resonance

(∆f). This ratio is known as the cavity �nesse F [45, 48], and it is de�ned by:

F =
FSR

∆f
. (2.33)

It can be shown that, for low-loss cavities (with large �nesse and ρ close to unity),

the �nesse can be approximated as

F ≈ 2π

1− ρ. (2.34)

Typical �nesse values can range from the tens or hundreds in a macroscopic bow

tie resonator [36] or �ber ring resonator [33], to the tens and even hundreds of

thousands in monolithic microresonators[49, 50].

In addition to �nesse, other metrics (related to the �nesse) also exist that are

often used to characterize resonator losses. One is the quality factor Q which is

ubiquitous throughout all resonator �elds. This factor is used when comparing the

energy stored to the energy lost per cycle in a resonant system and is related to

the �nesse in optical resonators by [51]

Q =
F2πω

FSR
. (2.35)

The cavity photon lifetime tph, which describes the rate at which the intracavity

�eld decays without pumping can also be related to the �nesse by

tph =
FtR
2π

, (2.36)
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where tR = 1/FSR is the cavity round trip time [51].





Chapter 3

Kerr cavity dynamics

This thesis deals both with resonators dominated by the χ(2) nonlinearity and

the χ(3) Kerr nonlinearity. We will �rst describe the pertinent dynamics of Kerr

nonlinear cavities as they are more established in the literature [52�58]. To this

end, the purpose of this Chapter is to describe how the Kerr nonlinearity changes

the properties of the linear resonators described in Chapter 2. This includes a de-

scription of the model which governs these dynamics and is used in all numerical

simulations for Kerr nonlinear resonators in this Thesis. The phenomena of intra-

cavity modulation instability and cavity solitons will also be explained along with

the numerical methods used to simulate their dynamics as they feature heavily

in this Work. We will conclude the Chapter by beginning the discussion of how

temporal cavity solitons react in the presence of modulated driving �elds, which

will be carried over to the following Chapters.

3.1 Impact of Kerr nonlinearity on cavity resonances

The phase shift term φ0 from Eq. (2.28) only accounts for the linear phase shift

over one round trip. In a Kerr nonlinear optical resonator however, we must also

account for the intensity dependent phase shift due to the Kerr e�ect. For a simple

CW driving �eld, the intracavity �eld at the end of one round trip is described as

A(m)(L) = A(m)(0)eiγPL, (3.1)

where γ is the nonlinear coe�cient described in Subsection 2.5.4 and P =

|A(m)(0)|2 is the power of the intracavity �eld. This allows us to re-write Eq. (2.30)
to include the Kerr e�ect as

P

Pin
=

θ/(1−√ρ)2

1 + F sin2[(φ0 + γPL)/2]
. (3.2)

25
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Figure 3.1: Plot of nonlinear cavity resonances for di�ering nonlinear strengths:
(a) γL = 0.3, (b) γL = 0.15 and (c) γL = 0. In all cases, ρ = 0.7.

When P = Pmax = Pinθ/(1−ρ)2, corresponding to the peaks of the resonance, the

nonlinear phase shift φNL is maximised and the total phase shift φ = φ0 +φNL =

2kπ where k is an integer. At other points on the resonance the shift is much less

and becomes negligible at the wings. The result is a tilted resonance as shown

in Fig. 3.1 with the maximum nonlinear phase shift being γPmaxL. This tilt can

become large, causing the resonance peak to shift a distance greater than the

resonance width (φNL > 2π/F) as demonstrated by Figs. 3.1(a,b). In this regime

the cavity response becomes multi-valued, exhibiting a feature known as optical

bistability (two stable states linked by an unstable state) that is typical of Kerr

nonlinear cavities [59�61].

3.2 Lugiato-Lefever equation

So far, our analysis of resonator steady states concerns CW �elds. Of course, in

general the intracavity �eld may not be CW, and it becomes necessary to include

the e�ects of group-velocity dispersion in the analysis. In this case, and consider-

ing a Kerr nonlinear resonartor, the evolution of the �eld envelope over one single

round trip (A(m)(0, τ) → A(m)(L, τ)) is desribed by the NLSE, Eq. (2.23). The

boundary condition Eq. (2.28) and the NLSE then form an in�nite-dimensional
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map that together allow the modelling of the change in the intracavity �eld enve-

lope from roundtrip to roundtrip in Kerr nonlinear optical resonators. However,

when very little happens to the �eld envelope from one round trip to the next it is

computationally much quicker to consider a mean-�eld description. This replaces

the cavity map with a single nonlinear partial di�erential equation with driving.

In order to apply this description, we must assume that we have high �nesse and

long nonlinear and dispersive lengths (LNL and LD � L) allowing us to average

all cavity e�ects over a single round trip [56]. Therefore, the electric �eld envelope

will evolve smoothly over long time scales and we may replace the cavity round

trip index m from our map with a slow time variable t = tRm (representing long

time scales over which the envelope evolves) with tR being the round trip time. In

doing this, we arrive at the well documented Lugiato-Lefever equation (LLE)[55,

62]:

tR
∂A

∂t
=

[
−α+ i(γL|A|2 − δ0)− iβ2

2
L
∂2

∂τ2

]
A+
√
θAin. (3.3)

Now A ≡ A(t, τ), with z being removed by the introduction of the slow time

variable t, while τ represents the fast time frame which is moving at the group

velocity of the intracavity �eld. Physically, the slow time describes changes in the

�eld envelope over consecutive round trips, whilst the fast time describes the �eld's

pro�le over a single round trip. The term δ0 corresponds to a phase detuning of

the driving �eld from a closest cavity resonance, and is linked to the round trip

phase shift as δ0 = 2kπ − φ0, where k is the order of the cavity resonance closest

to the driving �eld frequency.. The loss term α represents half of the total loss per

round trip and is related to the coe�cient ρ from Eq. (2.28) by

α ≈ (1− ρ)/2. (3.4)

This LLE can be used to e�ciently perform dynamic numerical simulations of

Kerr nonlinear cavities over long time-scales compared to the cavity round trip

time. Also of note is the exclusion of dispersion of orders larger than two. While

higher-order dispersion terms may be relevant under certain conditions [63, 64],

throughout this Thesis we always assume anomalous dispersion far from the ZDW

such that higher-order dispersion has a negligible e�ect. For the purpose of this

Thesis, it is advantageous to simplify the LLE by casting it to dimensionless form.
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This is achieved through the following variable changes [20, 46]:

t⇒ α
t

tR
, τ ⇒ τ

√
2α

|β2|L
, A⇒ A

√
γL

α
,

∆ =
δ0

α
, S = Ain

√
γLθ

α3
.

Again assuming anomalous dispersion, this produces a dimensionless LLE of the

form
∂A(t, τ)

∂t
=

[
−1 + i(|A|2 −∆) + i

∂2

∂τ2

]
A+ S. (3.5)

Using this form, we are able to model the full dynamics based on only two nor-

malised parameters: the normalised pump strength S and the cavity detuning ∆.

The steady-state solutions (∂A(t, τ)/∂t = 0) can be found by directly solving for

the roots of the right hand side of Eq. (3.5). The CW solutions (∂A/∂τ = 0) are

the simplest as the dispersion term of Eq. (3.5) can be neglected yielding

A =
S

1− i(|A|2 −∆)
. (3.6)

In this case, the normalised intracavity power Y = |A|2 of these solutions describes
the nonlinear resonances which satisfy the cubic polynomial

X = Y 3 − 2∆Y 2 + (∆2 + 1)Y, (3.7)

where X = |S|2 represents the normalised pump power [20, 46]. Plotting the

normalised intracavity power as a function of detuning demonstrates the nonlinear

tilt mentioned previously as shown in Fig. 3.1. As this method only considers

a single period of the Airy function Eq. (2.30), adjacent resonances cannot be

accounted for concurrently. For this reason, the LLE loses validity if the nonlinear

tilt is such that neighbouring resonances overlap [65].

3.3 Numerical methods

The LLE admits analytical solutions only in speci�c cases so we must, therefore,

introduce numerical methods that we use to investigate the dynamics of Kerr

nonlinear cavities. Here we describe two di�erent methods for solving the Eq. (3.5)

that are used throughout this Thesis.
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3.3.1 Split-step Fourier method

In order to observe the evolution of the intracavity �eld as governed by the LLE,

we will be numerically integrating Eq. (3.5) using the split-step Fourier method.

In this scheme, the dispersion and nonlinear steps are assumed to act separately

over small steps. This is done by dividing the total slow time interval of interest

into small sections (steps) of length h. During each step, we assume the dispersive

and nonlinear e�ects to act independently. Using Eq. (3.5) to demonstrate, we

group the dispersive D̂ and nonlinear N̂ terms:

∂A(t, τ)

∂t
= (D̂ + N̂)A(t, τ) + S (3.8)

where

D̂ = i
∂2

∂τ2
, (3.9a)

N̂ = −1 + i(|A(0, τ)|2 −∆). (3.9b)

Over the �rst step of h we ignore the dispersive term and integrate Eq. (3.8)

in the time domain. Equation (3.8) is driven and is therefore an inhomogeneous

di�erential equation known to give the following analytical solution:

ANL(h, τ) =

(
A(0, τ) +

S

N̂

)
exp(N̂h)A(0, τ)− S

N̂
. (3.10)

Then we use the output of Eq. (3.10) as the initial condition for the dispersive

second step. This is easily done in the frequency domain:

∂Ã

∂t
= ˆ̃DÃ(t,Ω), (3.11)

where Ã(t,Ω) is the Fourier transform of the electric �eld F [A(t, τ)] and ˆ̃D = −iΩ2

(F denotes the Fourier transform). When the simulation time window (τmax−τmin)
is chosen as the round trip time, the Fourier frequency grid is spaced by one FSR.

Therefore, each point in the spectrum is spaced by one FSR. Combining the steps

produces the following:

A(h, τ) = F−1
[
exp( ˆ̃Dh) · F [ANL(h, τ)]

]
. (3.12)

With one step complete, we can then use the �nal �eld as the initial condition for

the following step. This process is repeated n times until a desired simulation time

of t = nh has been achieved. This stepping method has been used to perform all

of the dynamic numerical simulations that we reference in this Thesis.
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3.3.2 Newton-Raphson method

The split-step Fourier method is instrumental in our investigations of non-

stationary and dynamically evolving �elds, but when studying stationary localised

structures at steady-state, it becomes useful to be able to solve for the roots of

the LLE. This is done by setting the left hand side of Eq. (3.5) to zero and �nd-

ing the corresponding solutions A(t, τ). The Newton-Raphson method is a handy

root-�nding method that we employ to �nd steady state solutions. Unlike the

split step method, it cannot elucidate evolution dynamics, but it does provide

stability information about the solutions found. To illustrate the idea behind the

Newton-Raphson method, we may consider a simple one-variable function f(x).

To �nd the roots of the function using the Newton-Raphson method, we �rst give

an initial guess for the position of the root, x = x0. According to this method, a

better estimate can be obtained by �nding and extending the tangent to f(x0) in

order to �nd where it crosses zero, x1. Mathematically this is represented as

f(x1) ≈ f(x0) + f ′(x0)(x1 − x0) = 0. (3.13)

With this new estimation of the position of the root, x1, we repeat the above

expression using x1 as our initial guess. This iteration can be repeated until |δx| <
σ, where σ is the required accuracy and δx = xk+1 − xk where k is an integer.

We can now extend this technique to multidimensional problems such as the

dimensionless LLE (Eq. (3.5)). The fast time τ can be discertized into a vector

with N elements and the partial derivatives ∂2/∂τ2 transform the LLE into 2N

real, coupled, ordinary di�erential equations. This system of equations can be

written as

∂A/∂t = G(A), (3.14)

where A is a discretized vector of 2N elements containing the real and imaginary

components of the �eld envelope and G is a vector-valued function representing

the right-hand-side of the LLE. The steady state solutions of Eq. (3.14) satisfy

G(A) = 0. Remembering Eq. (3.13), we choose an initial guess of A0 and linearize

to obtain

G(A0 + δA) ≈ G(A0) + J · δA = 0, (3.15)

where J is the discretised Jacobian matrix of the system at A0. Equation (3.15)

yields δA = −J−1G(A0), which allows us to obtain an improved estimate for the

root of Eq. (3.14) as: A1 = A0 + δA = A0 − J−1G(A0). This process is iterated

until G(An) ≈ 0 at some speci�ed accuracy.
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As stated previously, this method o�ers little dynamical information, though

it enables us to determine the stability of the solutions we �nd by analysing

the eigenvalues of the resulting Jacobian matrix. By solving Eq. (3.5) using this

method, we are able to �nd steady-state solutions, stable and unstable, over wide

ranges of parameters in order to trace out bifurcation curves and branches in

parameter space. All results found using this method in this Thesis were obtained

using a proprietary code produced by my co-supervisor Stéphane Coen.

3.4 Intracavity modulation instability

We will now use numerical simulations to brie�y discuss two key dynamical phe-

nomena associated with Kerr resonators. As discussed above, Kerr resonators are

capable of bistability between two stable CW states. However, in the anomalous

dispersion regime, the upper state is only stable to CW perturbations and will

undergo a pattern forming (Turing) instability in response to periodic perturba-

tions [56, 66]. This instability is often referred to as modulation instability (MI)

and is the time-domain manifestation of degenerate Kerr FWM that occurs via

phase matched SPM and XPM. In the frequency-domain, MI causes the growth

of Stokes and anti-Stokes sidebands about the pump where ωs,a = ω0 ± Ω. The

growth of these sidebands corresponds to the growth of a modulation of the upper

state in the time domain.

In a Kerr nonlinear resonator operating in the anomalous dispersion regime,

maximum MI gain is experienced when the modulation frequency Ωmax [56] sat-

is�es

2Y − Ω2
max −∆ = 0. (3.16)

By performing a linear stability analysis, it can be shown that the upper CW

state can exhibit MI when the normalised intracavity power Y = |A|2 > 1 and

Y > ∆/2. The MI detuning threshold is ∆MI = 1 −
√
X − 1 making X = 1 the

minimum necessary driving power for MI [56].

To illustrate the dynamics of intracavity MI, we have chosen a �xed driving

power of X = 10 which is su�cient to ensure MI of the upper CW branch.

Figure 3.2 shows steady-state intracavity peak powers for a single resonance. It is

shown that above ∆MI ≈ −2, a branch of stable patterned states emerges. At this

point, the growing sidebands are spaced by ΩMI while the �eld in the time domain

corresponds to a stable pattern representing a train of pulses. Figure 3.3 shows

a numerical simulation of the system described above as the detuning is scanned
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Figure 3.2: Plot of the intracavity peak power vs ∆ showing MI and CS branches
over the CW nonlinear cavity resonances. Note that unstable MI corresponds to
patterns that arise via MI and that are unstable, exhibiting �uctuations along the
slow and fast times.

over the resonance, a common practise in experimental applications. In the region

of ∆ = 0 in Fig. 3.3(a) it can be seen that a stable time domain pattern has

formed and coincides with the equally spaced spectral peaks in Fig. 3.3(b). As the

detuning becomes large, the stable MI pattern transitions into an unstable �eld

where the amplitudes of the frequency components evolve chaotically. This can be

observed in Fig. 3.3 between ∆ ≈ 0 and ∆↑ ≈ 4. As the detuning increases beyond

∆↑, the intracavity �eld transitions into a regime characterised by unstable CSs

and breather CSs sitting atop the lower CW branch. Moving further, after ∆ ≈ 6

the system collapses to a regime where stable CSs are supported by the lower CW

�eld before the detuning passes out of resonance with the cavity at ∆max

3.5 Temporal Kerr cavity solitons

We know that degenerate FWM is responsible for MI in Kerr resonators. We also

know that the upper branch MI can coexist with the stable lower CW state. One

can imagine that it is possible to localise this coexistence in time such that the

intracavity �eld corresponds to a pattern in one location with the lower CW �eld

existing elsewhere. When this localised structure forms a single oscillation of the

MI pattern, we are left with a pulse of light in the cavity which is surrounded
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Figure 3.3: LLE simulated evolution of (a) the intracavity electric �eld pro�le and
(b) the intracavity spectral pro�le as the normalised detuning parameter ∆ is
scanned over the resonance.

by a homogeneous �eld, corresponding to a structure known as a temporal cavity

soliton.

Temporal CSs were �rst proposed theoretically in 1993 [22] and only observed

experimentally in 2010 [23]. However, they are rooted into a much longer his-

tory. This is because, by virtue of the analogy between spatial di�raction and

temporal dispersion, temporal CSs are closely related to spatial CSs � persisting

spots of light � that have been extensively studied in the context of di�rac-

tive resonators [67]. Physically, temporal CSs arise from a double balance [44]:

their dispersive spreading is arrested by the Kerr nonlinearity while the losses

they accumulate are compensated for by the parametric (MI) gain from the CW

background �eld. This double balance renders CSs unique attractors: for given

parameters (S,∆), only one type of a CS can exist. This is in stark contrast with

conservative solitons of the NLSE, which form a continuous family with di�erent

durations and peak powers (con�ned by the soliton condition) [68].

As stated above, CSs exist for cavity detunings where an MI patterned state

coexists with the stable lower branch CW state. Figure 3.2 shows the range of ∆

for which CSs exist for a driving power X = 10. As can be seen, CSs exist from

the onset of bistability (∆↑ ≈ 3(X/4)1/3 for X � 1) to the detuning upper limit
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for CS existence of ∆max = π2X/8 [24, 69]. It is easy here, and in Fig. 3.3, to

see the relation between intracavity MI and CSs. As the detuning increases past

∆↑ the intracavity �eld transitions from an unstable MI pattern to an train of

unstable CSs. after this transition, the CSs in the cavity become stable, attaining

their characteristic shape.

Although they correspond to steady-state solutions of the LLE, there is no

exact analytical expression that can describe a CS. However, an approximate so-

lution exists (valid for large detuning), and reads:

Asol(0, τ) ≈
√

2∆sech[
√

∆(τ − τCS)]e−iφS +A↓, (3.17)

where τCS is the fast time location of the CS, φS corresponds to the detuning-

dependent phase of the CS relative to the driving �eld, and A↓ is the stable

lower branch CW solution which supports the CS. As can be seen, this form

corresponds to a particular NLSE soliton (with peak power 2∆ and duration

1/
√

∆) that sits atop the CW background which corresponds to the stable lower

level CW steady-state solution of the LLE. A �eld in the form of Eq. (3.17) is a

close approximation of a CS and will evolve into a CS under the correct set of

parameters (i.e. parameters for which the CS state is a stable attractor).

While a given set of parameters can only sustain a single type of CS, several

of them can coexist, independently circulating around the resonator. Because of

this, CSs (both spatial and temporal) have been proposed as ideal candidates

for bits in optical memories [23, 70]. Moreover, CSs exhibit a feature known as

plasticity [33, 71�73], which allows the solitons to be manipulated and controlled,

making them attractive for applications in all-optical information processing. The

following Section will brie�y describe this key phenomenon.

3.6 Cavity solitons in the presence of driving �eld

inhomogeneities

Since CSs sit atop a homogeneous background, they exhibit full translation sym-

metry. This means that there is no opposing force to restore a CS which is per-

turbed from its position (e.g. along the fast time τ). Therefore, a CS will move

under the in�uence of inhomogeneities in the driving �eld or environment and will

remain displaced.

Inadvertent inhomogeneities can arise due to material defects or imperfections

in the CW driving �eld. This is particularly problematic for spatial CSs in di�rac-

tive resonators as inhomogeneities in the 2-D transverse plane of the resonator
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cause adjacent CSs to experience di�erent local environments [74, 75]. Due to the

one dimensional nature of temporal CS localization, each CS experiences the same

average environment [35]; yet, inhomogeneities of the driving �eld in time can lead

to unwanted motion [72]. For example, excitation of acoustic waves by one soliton

has been shown to give rise to long range interactions between adjacent temporal

CSs[76], thus a�ecting their use as bit elements in all-optical bu�ers[23].

Importantly, CS plasticity can also be leveraged to advantageously manipulate

and control soliton con�gurations. This can be achieved by intentionally imposing

desired inhomogeneities on the cavity driving �eld. In particular, imposing phase

modulations on the cavity driving �eld has been demonstrated as an e�ective

means to control the CSs, allowing the them to be trapped at given positions

(or bit slots) [33, 73]. In what follows we illustrate such dynamics by means of

numerical simulations and demonstrate how the velocity of a CS in the presence

of inhomogeneities can be calculated.

3.6.1 Illustrative numerical simulations of phase modulation

trapping

To illustrate plasticity, and more speci�cally trapping of CSs by phase modula-

tions, we consider a stationary CS sitting atop a CW �eld. This CS is phase-locked

to this driving �eld and will travel around the cavity at a constant group velocity.

We then subject the driving �eld to a phase inhomogeneity:

S(τ) = S0e
iφ(τ), (3.18)

with φ(τ) in the form of a Gaussian pulse:

φ(τ) = φ0 exp

(
τ2

2τ2
G

)
, (3.19)

where τG is the width of the pulse and φ0 is the amplitude. Figure 3.4 shows results

from a dimensionless LLE simulation with a CS initialised at τ = 10, on the edge of

the phase inhomogeneity (for other parameters, see caption). Figure 3.4(c) clearly

shows the CS has moved toward and then trapped at the local maximum in the

phase pro�le at τ = 0. At this trapping position the CS will again travel at the

group velocity of the driving �eld.

We may physically understand the soliton motion in response to phase per-

turbations as follows: when the soliton sits at a position with a non-zero phase

gradient, it experiences a shift in its instantaneous frequency of

δΩ = −dφ
dτ
|τ=τCS = −φ′. (3.20)
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Figure 3.4: Numerical simulation of CS trapping at the peak of a Gaussian phase
inhomogeneity described by Eq. (3.19) with amplitude φ0 = 0.4 and width τg = 10.
The cavity detuning ∆ = 7 and the CW driving �eld amplitude S0 = 2.5. (a) shows
the slow time evolution of the intracavity electric �eld amplitude. (b) shows the
Gaussian phase pro�le φ(τ) which is imparted on the driving �eld, along with the
initial intracavity �eld pro�le showing the CS's initial position at τ = 10 relative
to the phase peak at τ = 0. (c) shows the �nal position of the CS relative to the
phase pro�le and it is clear that the CS has come to rest at the peak.

In dimensional units, a soliton whose frequency is shifted by δΩ from a given

reference frequency ω0 propagating in a waveguide will experience a time-domain

drift dτCS/dz = β2δΩ due to group-velocity dispersion. Thus, the drift over a

single round trip (with length L) is given by τdrift = β2LδΩ. We may thus write

an equation of motion for the CS position over consecutive round trips as

tR
dτCS
dt

= β2LδΩ. (3.21)

In dimensionless units, we have tR = 1, β2 = −2 and L = 1. Remembering

Eq. (3.20) the dimensionless drift is

Vdrift =
dτ ′CS
dt′

= 2φ′. (3.22)

Accordingly, a positive (negative) phase gradient will cause a decrease (increase)

in the group velocity. At the maximum of the phase pro�le, the gradient becomes
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zero and the CS experiences no drift velocity. Therefore, CSs in the presence of

a phase inhomogeneity in the driving �eld will invariably be attracted to and

trapped at the maximum.

Interestingly, if the phase modulation on the driving �eld is made to be slow-

time dependent (φ(t, τ)), we are able to dynamically shift the CS trapping position

as shown in Fig. 3.4. As long as this change occurs slowly, the CS will remain

trapped and will move with the phase peak. At steady state, the CS and phase

peak will again travel at the original group velocity.

3.6.2 Theory of cavity soliton plasticity

The discussion above provided a simple physical description of CS plasticity in

response to driving �eld phase inhomogeneities. The general case, where arbitrary

perturbations can be present, is more complicated. A detailed theory has never-

theless been developed by Maggipinto et al. [72] (see also [77]). It has been shown

that the response to �uctuations in the driving �eld is dominated by the neutral

(or "Goldstone") mode, of the CS. This mode corresponds to the left eigenvector

v0 associated with the zero eigenvalue of the discretized Jacobian of the station-

ary solution, J(A), where A is the discretized vector containing the real and

imaginary components of the steady state �eld envelope found using the iterative

Newton-Raphson method. With all other eigenvectors of a stable solution having

eigenvalues with negative real parts, their e�ects quickly die out as t→∞.

Let us now consider a driving �eld that exhibits a small inhomogeneity P (τ)

along the fast time: S(τ) = S0 +P (τ) where S0 = S(τCS) is the local driving �eld

amplitude at the position of the CS, τCS . We can amend Eq. (3.14) to account for

the perturbation such that
∂E

∂t
= G(A) + P, (3.23)

where P is the discretized perturbation of 2N components containing the real and

imaginary parts of P (τ). According to the general theory behind CS plasticity[72],

a CS will drift in response to the perturbation at a rate given by

Vdrift =
dτCS
dt

=
〈v0|P〉
〈v0|dAdτ 〉

, (3.24)

The inner product here corresponds to a dot product of the vectors with 2N

components. The denominator is a normalization factor and will be denoted as N .

Thus far, we have used vector notation for ease of use with root �nding algorithms

such as the Newton-Raphson method. To facilitate further analyses, we now recast
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the discretized vectors as continuous functions. Separating the real and imaginary

components, we obtain

Vdrift =
〈v0R(τ)|PR(τ)〉+ 〈v0I(τ)|PI(τ)〉

N
, (3.25)

where v0R and v0I correspond to the real and imaginary parts of the left eigen-

vector and PR and PI correspond to the real and imaginary components of the

perturbation, and the inner product now represents multiplication and integration

over the fast time τ . We then perform a Taylor series expansion of the real and

imaginary parts of the perturbation at τCS where P (τCS) = 0 giving

PR(τ) ≈ 0 + (τ − τCS)
dPR(τCS)

dτ
, (3.26a)

PI(τ) ≈ 0 + (τ − τCS)
dPI(τCS)

dτ
, (3.26b)

We can substitute Eqs. (3.26) into Eq. (3.25) to obtain

Vdrift =
dPR(τCS)

dτ 〈v0R(τ − τCS)|τ − τCS〉+ dPI(τCS)
dτ 〈v0I(τ − τCS)|τ − τCS〉

N
.

(3.27)

If we consider the e�ects of a phase pro�le φ(τ) imposed on an otherwise CW

driving �eld, i.e., S(τ) = S0e
iφ(τ). Assuming the phase perturbation amplitude is

small, we may approximate S(τ) ' S0(1 + iφ(τ)). Accordingly, after a �rst order

Taylor series expansion the perturbation can be written as

P (τ) = iS0φ(τ) ≈ iS0
dφ(τCS)

dτ
(τ − τCS). (3.28)

This perturbation is purely imaginary, leaving the expression for the drift velocity

as

Vdrift =
〈v0I(τ − τCS)|τ − τCS〉

N
S0
dφ(τCS)

dτ
. (3.29)

In Fig. 3.5 we have calculated the �rst term on the right hand side b =

〈v0I(τ − τCS)|τ − τCS〉/N for a range of driving strengths S0 and a �xed de-

tuing ∆ = 7. These results were obtained by �rst �nding the steady-state CS

solution of Eq. (4.1) for a homogeneous driving �eld with strength S0 and detun-

ing ∆. We then determine the CS solution's neutral mode (technically, the even

components of the left eigenvector with zero eigenvalue of the system's Jacobian)

before evaluating the inner product [72]. We can see that b ≈ 2/S0, resulting in a

�nal expression for the drift velocity:

Vdrift ≈ 2
dφ(τCS)

dτ
, (3.30)

in accordance with Eq. (3.22).
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Figure 3.5: Plots showing coe�cient b to establish 2/S0 relationship arising from
phase modulation of the driving �eld where (b) is the linearised version of (a).





Chapter 4

Intensity trapping of cavity

solitons

As demonstrated in the previous Chapter, the dynamics of CS plasticity under the

in�uence of phase inhomogeneities in a quasi-CW driving �eld are well understood

and backed by experimental observations. However, any inhomogeneity can give

rise to CS motion, not just in the phase. In contrast to the general understanding of

CS motion due to phase gradients, there has been surprisingly little consideration

for the details of CS motion in the presence of intensity gradients. Although nu-

merous studies have investigated the behaviour of Kerr cavities in the presence of

pulsed or amplitude-modulated driving �elds [57, 78�80], the dynamics of CSs and

their trapping in such con�gurations has not been extensively examined. Theory

detailed by Magginpinto et al. [72] and introduced in the previous Chapter can,

in principle, deal with amplitude inhomogeneities as well as phase modulations.

This theory has been argued to predict dynamics in the presence of amplitude

inhomogeneities which are similar to phase modulation, i.e., CSs moving along

amplitude gradients towards maxima of the driving �eld. Surprisingly however,

anecdotal evidence has surfaced over recent years that CSs may not always be

attracted to extrema of the driving �eld [65, 81]. In particular, it has been shown

in systems with amplitude modulated driving �elds that CSs can come to rest

away from the extrema of the driving �eld, in stark contrast to the phase trapping

behaviours [65].

Before describing the dynamics of CSs in the presence of driving �eld amplitude

inhomogeneities, we brie�y discuss the motivation behind this work. Though CW

driving is arguably the simplest method of sustaining CSs as of yet, it comes with

certain disadvantages. Cavity solitons are localised states which draw energy only

41
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from the portion of the intracavity �eld with which they overlap. Since the CSs are

typically orders of magnitude shorter than than the characteristic round trip time

of the resonator, energy contained in the background �eld that is outside of the CS

pro�le is e�ectively wasted. If the driving �eld is instead intensity modulated into

a train of short pulses, energy can be more e�ciently supplied to the soliton [34]

. An added advantage of such pulsed pumping is the ability to achieve greater

power levels than those possible in pure CW operation as a train of pulses can be

ampli�ed more e�ciently.

As alluded to above, disadvantages of CW driving can be mitigated by pumping

the resonator with a train of short pulses whose periodicity is synchronized with

the cavity round trip time. Such �pulsed pumping� has been widely employed in

both �bre ring resonator and microresonator experiments [57, 78�83] and it has

been shown that CSs supported by a pulse have essentially the same functional

form as those supported by a CW driving �eld [34]. The localised nature of the

driving �eld, coupled with the plasticity of CSs, has an added bene�t of ensuring

that the repetition rate of the CS remains locked to that of the driving �eld.

With growing interest in complex pulsed driving systems, it is important that we

uncover more about the physics underlying CSs and their interactions with pulsed

(or more generally amplitude modulated) driving �elds. In this Chapter, we will

explore, in detail, the dynamics of CSs in the presence of driving �eld amplitude

inhomogeneities.

4.1 Numerical model

In order to study the dynamics of CSs in the presence of driving �eld amplitude

inhomogeneities we rely on numerical simulations of our system. We consider a dis-

persive, Kerr-nonlinear ring-type resonator exhibiting anomalous dispersion that

is being driven by a pulsed pump source. We will assume for this Chapter that the

driving pulse is always synchronised to the cavity round trip time, and therefore

the natural round trip time of the CS [we will discuss CS behaviour without this

assumption in the next Chapter]. The evolution of the slowly varying �eld enve-

lope A(t, τ) can be modelled by the dimensionless LLE, Eq. (3.5), though with

the inclusion of a fast time variant driving �eld S(τ):

∂A(t, τ)

∂t
=

[
−1 + i(|A|2 −∆) + i

∂2

∂τ2

]
A+ S(τ). (4.1)

The lack of slow time dependence of the driving �eld means that the driving pulse

is synchronised to the cavity round trip time. Importantly, we assume that the
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driving pulse width is large when compared to the characteristic width of the CS.

This is done in order to more accurately portray generic parameters achievable in

Kerr resonator systems and to assure that the CS experiences a quasi-homogeneous

background which is perturbed by an approximately constant gradient.

We begin by considering a situation where we drive our cavity with a train of

Gaussian pulses which are synchronised to the cavity round trip time. This yields

the following normalised driving �eld amplitude:

S(τ) = S0 exp

(
− τ2

2τ2
G

)
, (4.2)

where the width of the driving pulse τG = 20 is chosen to be much broader than

the width of the CS (τCS < 1). In order to study the dynamics of CS motion in the

presence of this �eld, we use the split-step Fourier method to numerically integrate

Eq. (4.1). We begin with an initial condition A(0, τ) =
√

2∆sech[
√

∆(τ − τ0)]

which approximates a CS that is temporally o�set from the driving pulse maximum

by τ0. By allowing this split-step simulation to run until the �eld reaches steady-

state, we will be able to draw our conclusions about the behaviours of CSs in such

systems.

4.2 Illustrative simulations

To start our investigation into the motion of CSs in the presence of driving �eld

amplitude inhomogeneities, we �x our normalised cavity detuning to ∆ = 4 and

run simulations for di�ering pulse amplitudes. In Fig. 4.1, we show the results of

CSs which are excited o� peak for two peak amplitudes. Figure 4.1(a,c) correspond

to driving �eld amplitude of S0 = 1.9 while Fig. 4.1(b,d) correspond to S0 = 2.3.

In both instances, the CS is launched in the same position with respect to the

peak (τ0 = 5). For the �rst case, we can see that the CS drifts towards the peak

and comes to rest at τ = 0, at the maximum of the driving �eld. However, when

we increase the amplitude we note that the CS actually moves away from the peak

before coming to rest on the edge of the driving �eld. In this case, the �eld reaches

steady state when the CS reaches a position, τCS ≈ 11, where the local value of

the driving �eld S(τCS) = 1.98.
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Figure 4.1: (a,b) Steady-state intracavity �eld solutions (red curves) for peak driv-
ing amplitudes (a) S0 = 1.9 and (b) S0 = 2.3. Gray dashed curves show the cor-
responding Gaussian driving �eld amplitude pro�les. (c,d) Dynamical intracavity
�eld evolutions corresponding to (a) and (b), respectively. The initial soliton posi-
tion τ0 = 5. Dashed vertical magenta line highlights the position of the maximum
driving �eld amplitude (τ = 0). Note the di�erent x-axes in (c) and (d).

The results above show that the CS can be attracted toward or away from the

driving �eld maximum depending on the value of that maximum. This behaviour

is surprising in that it comes in stark contrast to predictions and observations

of CS dynamics in the presence of phase inhomogeneities, as well as theoretical

calculations presented by Maggipinto et al. [72]. In order to gain more insights into

this behaviour, we �x our cavity detuning and run simulations for a range of values

of the peak driving �eld amplitude S0. We allow each simulation to reach steady

state before extracting the �nal position of the CS and the corresponding local �eld

amplitude S(τCS). In Fig. 4.2(a) we plot the driving �eld value S(τCS) at which
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the CS comes to rest at steady-state for increasing peak amplitude values S0. We

initially observe a region where S(τCS) = S0, corresponding to the CS coming to

rest at the peak of the driving �eld. However, when the peak of the driving pulse

increases beyond a critical value Sc the CS will be attracted towards a position

away from the peak such that the local value S(τCS) = Sc regardless of the peak

amplitude.
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Figure 4.2: (a) Driving �eld amplitude at the steady-state CS trapping position
[St = S(τCS)] as a function of the peak driving amplitude S0. For S0 < Sc, the
CS will trap at the peak, while for S0 > Sc the CS will trap at a fast time value
τCS such that S(τCS) = Sc. (b)�(d) Red curves show steady-state intracavity �eld
pro�les for three di�erent driving amplitudes: (b) S0 = 1.9, (c) S0 = 2.1, and
(d) S0 = 2.5. Gray dashed curves show the corresponding Gaussian driving �eld
pro�les S(τ). Dash-dotted horizontal blue line indicates the critical driving value
Sc = 1.98. A detuning ∆ = 4 was used in all calculations and the driving �eld was
assumed to be a Gaussian with duration τG = 20.

The behaviour described above is clearly demonstrated in Fig. 4.2(b-d) where

we plot the resulting steady-state �eld pro�les when driving with three di�erent

peak amplitudes S0 = 1.9, 2.1, and 2.5 respectively. In Fig. 4.2(b), S0 < Sc and

the CS is attracted to the peak. In Figs. 4.2(c,d) S0 > Sc and therefore the driving

�eld encompasses the critical value Sc. This forces the CS to be attracted to a point

away from the peak of the driving �eld and settle at a position where S(τCS) = Sc.
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The results presented above suggest that CSs in the presence of amplitude

modulated driving �elds are attracted to positions where the driving �eld presents

the nearest value to the critical value Sc. If the driving �eld pro�le does not contain

Sc, the CS will be attracted to the extrema of the �eld (maximum or minimum)

which achieves a local �eld value S(τ) as near to Sc as possible. Extensive addi-

tional simulations (not shown here) con�rm this hypothesis.

Figure 4.3: Steady-state �eld pro�les (red curves) for a co-sinusoidal driving �eld
with modulation frequencies (a) ω = 0.05, (b) ω = 0.1, and (c) ω = 0.2. The
CSs were initially excited at (a) τ0 = 1, (b) τ0 = −1, and (c) τ0 = −1. Gray
dashed curves show the corresponding driving �eld pro�les, while the dash-dotted
horizontal blue curve highlights Sc = 1.98. All calculations use S0 = 2.3 and
∆ = 4. Note the di�erent fast time axes in (a)-(c).

Additional simulations show that the critical value Sc towards which CSs are

attracted does not depend on the driving �eld pro�le or the amplitude gradient

at the position where S(τ) = Sc, assuming the assumptions we stated previously

about the width of the driving pulse relative to the CS remain true. In order to
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show this, we consider a co-sinusoidal driving �eld of the form S(τ) = (S0/2)[1 +

cos(ωτ)]. By changing the frequency of the modulation, ω, while leaving the peak

amplitude constant, we can observe that the critical value Sc does not change

even though the amplitude gradient at τCS is di�erent in each case. This is clearly

shown in Fig. 4.3 where we can see that for three modulation frequencies, the

value of Sc does not change. Because our driving �eld pro�le is symmetric about

τ = 0, there are two locations which satisfy S(τ) = Sc. The position where the

CS will come to rest is dependent on the initial position τ0 of the CS in relation

to the peak of the driving �eld τ = 0 as shown in Fig. 4.3.

The above simulations show that the critical value Sc does not depend on the

pro�le or gradient of the driving �eld for a given value of the cavity detuning ∆.

This raises the question of the dependence of Sc on the detuning ∆. To explore this,

we repeat the simulations described above over a range of detunings, beginning

with the onset of CS existence (approximately ∆ = 2). We must also ensure

that the driving pulse amplitude is su�ciently large to encompass the trapping

value (whatever it may be). Therefore we use a Gaussian pulse with amplitude

S0 which is approximately equal to the upper limit of CS existence for a given

detuning ∆ [23]

S0 ≈ S↑ =

[
2

27

(
∆3 + 9∆ +

√
∆2 − 3

3
)]1/2

. (4.3)

This amplitude corresponds to the upper bound of the homogeneous bistability

cycle of Eq. (4.1), and therefore the maximum driving amplitude for CS existence.

After running a simulation for each value of ∆, we extract the corresponding value

of Sc.



48 Intensity trapping of cavity solitons

2 3 4 5 6 7 8 9 10
1.0

1.5

2.0

2.5

3.0

C
ri

ti
c
a
l
d
ri

v
in

g
v
a
lu

e
S

c

Cavity detuning ∆

Simulated Sc

S↑
Smin

Figure 4.4: Critical driving �eld values Sc as a function of detuning. Red solid
circles correspond to values extracted from numerical simulations, while the solid
black curve highlights the minimum driving amplitude needed for CS existence:
Smin = (8∆/π2)1/2. Dashed black curve highlights the upswitching point S↑ =

[2/27(∆3 + 9∆ +
√

∆2 − 3
3
)]1/2, above which the homogeneous response of the

LLE is monostable. CSs can exist between the dashed and solid curves.

In Fig. 4.4 we plot the critical driving value Sc obtained from our simulations

as a function of the cavity detuning ∆. Also shown are the maximum (S↑, dashed

line) and minimum (Smin, solid line) driving �eld amplitudes between which CSs

can exist. Two di�erent regimes showing qualitatively di�erent behaviour can be

identi�ed. For small values of cavity detuning, (∆ . 2.9) we �nd that Sc ≈ S↑. In
this regime, a CS will always be attracted toward the local maximum of the driving

�eld S0. In contrast, for larger ∆, the trapping level Sc approaches the minimum

driving �eld amplitude Smin. In this regime, the CS will be trapped at the edge

of the driving �eld pro�le, and in the limit of ∆� 1, drift to the lowest possible

local value of S for which it can still exist. This latter behaviour is similar to the

dynamics observed in quadratically nonlinear systems [84], where soliton motion

was explained by their tendency to approach conditions of nonlinear resonance.

Indeed, we �nd that, for a given detuning ∆, our Kerr CSs reach their maximum

amplitude and they are precisely in phase with the driving �eld when S ≈ Smin,

thus evidencing the realization of resonance conditions.

The observation that, for ∆ & 2.9, Kerr CSs can be trapped at the edge of the

driving �eld pro�le is amenable to an interpretation in terms of the spontaneous

symmetry breaking instability [79]. This can be readily seen by plotting the pos-

sible steady-state CS positions τCS as a function of the peak driving strength S0.
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An example of such a bifurcation curve is shown in Fig. 4.5; the steady-state �eld

pro�les were obtained using a Newton-Raphson continuation algorithm with a

Gaussian driving �eld and ∆ = 4. For small S0, the CSs sit stably at the driving

�eld maximum and there is only a single steady-state con�guration (with τCS = 0,

blue curves). However, as S0 increases past the critical level Sc, a clear pitchfork

bifurcation can be observed: the symmetric state with a CS at τCS = 0 becomes

unstable and a pair of new asymmetric stable states emerge that consist of a CS

sitting on either side of the driving �eld maximum.

Figure 4.5: Cavity soliton symmetry breaking bifurcation curve for a Gaussian
driving �eld with τG = 20 and ∆ = 4. Blue and red curves show the steady-state
positions of the CS solutions as a function of the maximum driving amplitude
for symmetric and asymmetric states, respectively, with the dashed part being
unstable. The dash-dotted vertical line indicates the critical driving value Sc.

4.3 Intensity-modulation-induced drift rate

It is somewhat surprising that Kerr CSs can be trapped at a position where the

driving �eld amplitude gradient is non-zero. As described by Maggipinto et. al.

[see also Section 3.6] the CS's drift velocity, to �rst order, can be shown to be

directly related to the local gradient of the driving �eld [72, 85]. Speci�cally, and

as discussed in Section 3.6, the CS drift velocity can be expressed as

Vdrift =
dτCS
dt

=
〈v0|P (τ)〉

N
. (4.4)

A purely amplitude modulated driving �eld can be locally approximated in the

vicinity of a CS at τCS as S(τ) = S(τCS) + P (τ) where P (τ) = dS/dτ(τ − τCS).
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Thus, we may write Eq. (4.4) as

Vdrift = a
dS

dτ
|τ=τCS , (4.5)

where the proportionality coe�cient a is described by

a =
〈v0|τ − τCS〉

N
. (4.6)

Equation (4.5) appears to predict that, as for phase inhomogeneities, CSs

should remain stationary at driving �eld extrema where dS/dτ = 0. The apparent

discrepancy between our �ndings and Eq. (4.5) is explained by the fact that the

CS's neutral mode changes with the driving strength (and detuning). As a conse-

quence (and similarly to quadratically nonlinear systems [84]), the proportionality

coe�cient a in Eq. (4.5) also depends on the driving strength (and detuning), i.e.,

a = a(SH ,∆), where SH = S(τCS). This is illustrated in Fig. 4.6, where we

explicitly show a(SH ,∆) computed for a range of cavity driving strengths and

detunings. This was calculated from the neutral modes of steady-state CS solu-

tions for homogeneous driving �eld of strengths SH which are projected along the

fast time variation represented by the perturbation before being normalised to the

characteristic CS.

As can be seen, the coe�cient a decreases with increasing driving strength

and for ∆ & 2.9 crosses zero within the region of CS existence. Moreover, we see

that the curve a(SH ,∆) = 0 matches exactly with the critical driving �eld values

found through direct split-step simulations of Eq. (4.1) with an inhomogeneous

driving �eld (cf. Fig. 4.4). These �ndings fully corroborate our observations of CS

behaviour in the presence of driving �eld amplitude inhomogeneities. Speci�cally,

when a CS drifts along an amplitude gradient, the coe�cient a it experiences

changes continuously. At the critical level Sc, the coe�cient passes through zero

and changes sign, thus enabling robust trapping at that level. On the other hand,

while the maximum (or minimum) of the driving �eld (with dS/dτ = 0) always

corresponds to an equilibrium position, that equilibrium position is unstable (cf.

Fig. 4.5) if the maximum (minimum) is larger (smaller) than the critical driving

value Sc. There is therefore no contradiction between our �ndings and Eq. (4.5).

The CS velocity is �locally� proportional to the driving �eld gradient [as described

by Eq. (4.5)], but because the proportionality coe�cient changes as the CS drifts,

the overall relationship is more complex. Rigorously speaking, the CS velocity

is proportional to the driving �eld gradient only over short slow time intervals



Intensity-modulation-induced drift rate 51

2 3 4 5 6 7 8 9 10
1.0

1.5

2.0

2.5

3.0

2.0 2.2 2.4 2.6

−0.4

−0.2

0.0

0.2

0.4

−0.4 −0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2

D
ri

v
in

g
s
tr

e
n
g
th

S
H

Cavity detuning ∆

Drift coefficient a(SH,∆)

S↑

Smin

a

SH

∆ = 4

Figure 4.6: Drift coe�cient a(SH ,∆) calculated from the neutral mode of a steady-
state CS solution for a range of homogeneous driving strengths SH and cavity de-
tunings ∆. The solid black curves correspond to Smin and S↑ as de�ned previously.
The black dashed curve shows the critical driving �eld values Sc obtained from
direct numerical simulations of the LLE with a Gaussian driving �eld pro�le. The
inset shows the curve a(SH ,∆ = 4).

during which the local driving strength, and hence the coe�cient a(SH ,∆), expe-

rienced by the CS remains approximately constant. It is also worth highlighting

that, because the drift coe�cient a(SH ,∆) only depends on the local value of the

driving �eld SH and the detuning ∆, the analysis above readily explains why the

critical trapping level Sc does not depend on the precise pro�le of the driving �eld

(provided that the driving �eld varies slowly compared to the CS duration).

4.3.1 Physics of cavity soliton motion

To better understand the physics that underpins the CS behaviour identi�ed

above, we next present results from simulations of an Ikeda-like map[52]. Un-

like the mean-�eld approximation of Eq. (4.1), this approach allows us to isolate

e�ects due to (i) propagation through the Kerr medium over a single cavity round-

trip and (ii) the coherent injection of the driving �eld into the cavity. We write

the map equations in dimensionless form that allows immediate comparison with
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results from Eq.(4.1):

∂Am(ξ, τ)

∂ξ
= i

∂2Am
∂τ2

+ i|Am|2Am, (4.7)

Am+1(ξ = 0, τ) =
√

1− 2αAm(ξ = α, τ)e−iδ0 + αS(τ). (4.8)

Here Eq. (4.7) is the NLSE which describes the evolution of the intracavity �eld

over one cavity round-trip, with ξ = αz/L a dimensionless propagation coordinate,

while Eq. (4.8) is the boundary condition that describes the addition of the coher-

ent driving �eld to the intracavity light �eld at ξ = 0. For high-�nesse cavities, the

loss coe�cient α� 1 and the above map equations can be averaged to the LLE,

Eq. (3.5). To better capture the evolution of the CS over one cavity round-trip,

we have used a comparatively large value of α = 0.15 in the simulations that will

follow.
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Figure 4.7(a) shows a steady-state intracavity �eld obtained from the Ikeda

map with ∆ = 4 and a Gaussian driving �eld pro�le with S0 = S↑ ≈ 2.77 and

τG = 20. One �rst notes that the Ikeda map reproduces the salient result of

the LLE simulation, i.e., the CS trapping at a position where the driving �eld

gradient is non-zero. The precise trapping value Sc ≈ 2.27 is somewhat larger

than the value found in corresponding mean �eld simulations, which we attribute

to the comparatively large value of α. Indeed, we have carefully veri�ed that the

Ikeda map reproduces the LLE result in the limit of very small α.

To gain insights into the interplay between propagation over one round-trip

[described by Eq. (4.7)] and addition of the coherent driving [Eq. (4.8)], Fig. 4.7(b)

shows the evolution of the CS's center of mass in the fast time dimension (calcu-

lated over the CS's half maximum points) over four consecutive round-trips after

steady state is reached. As can be seen, the CS drifts gently downward away from

the driving �eld maximum during propagation, but is pulled back to its original

position at the boundary. This competition between propagation and coherent

driving underpins the behaviour of CSs in the presence of pulsed or amplitude

modulated driving �elds. Speci�cally, if the propagation e�ect is stronger (weaker)

than the driving e�ect, the coe�cient a in Eq. (4.5) is negative (positive) such that

the CS will drift away from (towards) the maximum. In contrast, at the critical

driving strength Sc, the two e�ects are precisely balanced.

The physics behind the two competing e�ects identi�ed above can be qualita-

tively explained as follows. First, the addition of the driving �eld can be intuitively

understood to shift the CS towards its maximum because the two are almost in

phase. In contrast, the CS's drift away from the maximum during propagation

is due to the phase shift between the CS and the intracavity background �eld.

Considering a superposition �eld A(ξ, τ) = As(ξ, τ) + δA(ξ, τ) that consists of an

NLSE soliton As perturbed by a small amplitude background �eld δA, it is well

known that the perturbation can cause the soliton to drift, with the rate of drift

given by the inverse group velocity [86]

∆τS
∆ξ

= − 1

B
Im

∫
∂A∗s
∂τ

δAdt, (4.9)

where ∆τS and B represent the soliton's temporal position and amplitude, respec-

tively. Straightforward analysis of Eq. (4.9) con�rms that, when ∆φ = φS − φδ ∈
[0, π], where φS and φδ denote respectively the phases of the soliton [as seen in

Eq. (3.17)] and the phase of the background, the soliton will drift away from the

perturbation maximum while the opposite is true for ∆φ > π. (We have also con-

�rmed these predictions by means of direct numerical simulations of the NLSE
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Eq. (4.7).) For Kerr CSs, the two phases are approximately (in the mean-�eld

limit) given by [22, 24]

φS ≈ cos−1

(√
8∆

πS

)
, (4.10)

φδ ≈ − tan−1 (∆) . (4.11)

As CSs exist only for ∆ > 0, one always �nds ∆φ ∈ [0, π], explaining the soliton's

downward motion over a single cavity round trip. It is worth noting that, if the CS

sits at an extremum of the driving �eld (where ∂A∗s/∂τ = 0), this motion vanishes

[see Eq. (4.9)]. Because the addition of a parity symmetric driving �eld will likewise

induce no shifts in this situation, we can see how the driving �eld extrema indeed

correspond to equilibria, whose stability is governed by the relative strengths of

the two competing e�ects.

4.4 Summary

We have investigated the dynamics of Kerr CSs in the presence of driving �elds

with inhomogeneous amplitude pro�les. In stark contrast to the case of phase

inhomogeneities, we have shown that the CSs are not in general attracted to

maxima (or minima) of an amplitude-modulated driving �eld. Instead, the CSs

are attracted to, and trapped at, positions associated with particular values of the

driving �eld. We have described the underlying physics in terms of a spontaneous

symmetry breaking instability that arises from a competition between the coherent

addition of the driving �eld and propagation in the Kerr medium [39].



Chapter 5

Impact of desynchronization on

intensity trapping of temporal

cavity solitons

In the previous Chapter we assumed that the driving pulse train was synchro-

nized to the round-trip time of the cavity, allowing us to investigate the dynamics

in the absence of external or undesirable variables. In practice, this synchroniza-

tion is generally di�cult or impossible to achieve. While it is well known that a

mismatch between the pump pulse repetition rate and the cavity round-trip time

can have signi�cant impact on the bistability dynamics of driven passive Kerr

resonators [87], the in�uence of such desynchronization on CSs has not yet been

extensively studied. Parra-Rivas et al. considered the impact of desynchronization

when the driving �eld is composed of a small-intensity perturbation (shorter than

the CSs) atop a cw driving �eld, demonstrating that the resulting temporal drift

can a�ect the stability of CSs [80].

Findings from these early studies [80, 87] cannot, however, be immediately

translated to situations pertinent to recent experiments where the driving �eld

comprises of temporally localized pulses longer than the CSs with no CW back-

ground [81�83]. Preliminary simulations show that, in accordance with the general

behaviour of dissipative solitons in the presence of convective drift [33, 88, 89],

CSs can remain (frequency) locked to the driving pulse train over a �nite range

of desynchronization, but their trapping positions are shifted compared to the

situation of perfect synchronization (as was considered in the previous Chapter).

Due to the signi�cant application potential of CSs in resonators driven by optical

55
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pulses [81�83], there is clearly a need for a more detailed understanding of the

impact of desynchronization on CS dynamics.

In this Chapter we show that, for typical driving pulse pro�les, desynchro-

nization gives rise to asymmetric shifts of the CS trapping positions, which can

in�uence the multiplicity of possible CS con�gurations that the system can sup-

port. In particular, we show that desynchronization can be leveraged to guarantee

operation in the single-soliton regime, which due to the smooth spectral envelope

characteristic of the regime is often most attractive for practical applications, es-

pecially those involvong soliton-based microresonator frequency combs [89]. We

also investigate the interplay between stimulated Raman scattering and pump-

resonator desynchronization, �nding evidence of rich dynamics that explain the

CS behaviors observed�but not fully explained�in recent experiments [81].

5.1 Numerical model

We again consider a Kerr resonator with anomalous dispersion that is driven with

a train of pulses. As detailed in the previous Chapter, under suitable parameter

conditions, a short CS can form atop the driving pulse envelope. In this Chapter,

however, we are interested in situations where the period of the driving pulse

train, tP , is di�erent from the intrinsic cavity round-trip time, tR = FSR−1. As

shown in ref. [77], this can be represented as a slow time varying driving �eld

such that S(τ) → S(τ + d × t) where d describes the drift (in fast time) of the

intracavity �eld with respect to the pump pulse per unit slow time (in the absence

of any trapping). Changing reference frames such that the pump is stationary,

τ → τ − d× t, we can model this system using a dimensionless LLE that includes

a convective drift term [87]:

∂A(t, τ)

∂t
=

[
−1 + i(|A|2 −∆)− d ∂

∂τ
+ i

∂2

∂τ2

]
A+ S(τ). (5.1)

Because Eq. (5.1) is expressed in a reference frame where the driving pulse is sta-

tionary, desynchronization manifests itself as a constant time-domain drift of intra-

cavity features that are not (fully or partially) locked to the driving pulse. The drift

coe�cient d is related to the corresponding dimensional parameter ∆t = tR − tP
through the normalization d = ∆t

√
2F/(|β2|Lπ). Again, we consider a Gaussian

driving �eld pro�le, S(τ) = S0 exp[−τ2/(2τ2
g )], where τg and S0 represent the

duration and amplitude of the driving pulse, respectively. In line with recent ex-

periments and the previous Chapter, we focus on the situation where the duration
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of the driving pulses are (much) longer than the duration of the CSs (τg > ∆−1/2),

though we must emphasize that our general �ndings are not restricted to any par-

ticular driving �eld pro�le or set of parameters.

As noted in Ref. [80], there are numerous distinct mechanisms that can give rise

to desynchronization and drift. In addition to the pump pulse repetition rate being

o�set from the cavity FSR, drifts can arise due to higher-order linear and nonlinear

e�ects (such as higher-order dispersion or stimulated Raman scattering) that shift

the center wavelength of the CS away from the driving wavelength. The drift term

d in Eq. (5.1) can at least qualitatively capture the salient dynamics regardless of

the physical origins of desynchronization. Of course, if the higher-order linear or

nonlinear e�ects are su�ciently strong�such that their impact is not restricted to

simply inducing a drift�then Eq. (5.1) must be augmented with additional terms

that more rigorously describe the pertinent e�ects. We will demonstrate this by

analysing the impact of stimulated Raman scattering (SRS) is Section 5.3.

5.2 Illustrative simulations

As stated in the previous Chapter, for typical parameters of interest (∆ � 1

and S0 � Smin where Smin is the minimum driving amplitude for which CSs

can be supported), only the a(S,∆) = 0 equilibria are stable, in accordance with

Eq. (4.5). Therefore, a CS will be attracted to (and trap at) positions τ for which

a(S,∆) = 0. In the ∆� 1 regime, driving �eld value Sc at this trapping position

approaches the minimum value for supporting CSs Smin. Figure 5.1(a) depicts a

typical drift velocity pro�le due to the intensity gradient in the S0 > Sc regime

(red dashed line), together with the intensity pro�le of the corresponding driving

pulse (blue line) [see caption for parameters]. As expected, there are two stable

trapping positions τc [i.e., positions where S(τc) = Sc] that are symmetrically

detuned with respect to the peak of the driving pulse. In steady-state, a CS can

be trapped at either one of those positions, either singly or simultaneously. This is

illustrated in Figs. 5.1(b)�(g), which show examples of temporal [Figs. 5.1(b�d)]

and spectral [Figs. 5.1(e�g)] pro�les of numerically simulated steady state �eld

con�gurations with no desynchronization present. These results were obtained

by numerically integrating Eq. (5.1) with a split-step Fourier algorithm, assuming

initial conditions that result in the excitation of a CS slightly to the left [Fig. 5.1(b,

e)] or right [Fig. 5.1(c, f)] of the peak of the driving �eld [Fig. 5.1(d, g) was obtained

by simultaneously exciting CSs at both sides of the peak].
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Figure 5.1: (a) Red dashed curve shows the drift velocity due to the amplitude
inhomogeneity of a Gaussian driving �eld (blue solid curve) with amplitude S0 = 6
and duration τg = 10. The cavity detuning ∆ = 7. Red solid circles (black cross)
highlight stable (unstable) trapping positions. CSs do not exist in the gray shaded
area, where the local driving �eld level is smaller than the minimum required
for CS existence. (b�d) Temporal pro�les of the three possible CS states that
can manifest themselves for the parameters listed in (a). (e�g) Spectral pro�les
corresponding to (b�d), respectively.

It is interesting to note that the three con�gurations shown in Fig. 5.1 are

the only CS con�gurations that the chosen simulation parameters support. In

particular, we �nd that excitation of multiple CSs on the same side of the pump

pulse leads to merging or annihilation at the corresponding trapping position [90].

This behaviour appears to be universal as we have not identi�ed parameters that

would permit states with more than two CSs. However, in the presence of strong
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higher-order e�ects that can give rise to bound soliton states [91] we expect this

behaviour to change.

In this Chapter, we are interested in the e�ect desynchronization has on the

trapping positions and overall dynamics of CSs driven by a pulsed driving �eld.

With the introduction of desynchronization, (d 6= 0), a CS will experience an

additional convective drift, at a rate that is governed by the drift coe�cient d [80].

The total drift of the CS relative to the pump pulse is then:

v = a(S,∆)
dS

dτ

∣∣∣∣
τ=τCS

+ d. (5.2)

Because of desynchronization, the stable CS trapping sites are shifted to new posi-

tions where a(S,∆)dS/dτ = −d; at these positions, drift due to desynchronization
is exactly balanced by the motion induced by the inhomogeneity of the driving

�eld. It should be clear that, for typical pulsed driving �elds (with S0 > Sc), both

trapping positions shift in the same direction, thus breaking the symmetry of the

double-soliton state [cf. Fig. 5.1(a)]. Compounded by the localized nature of a

pulsed driving �eld, such shifting can in�uence the number of possible CS con-

�gurations. This is particularly evident at higher detunings (∆ & 5), where the

trapping positions in the absence of desynchronization are already very close to

the minimum driving �eld value for which CSs can exist (Smin) as described in the

previous Chapter. In this regime, even a small desynchronization can cause one of

the trapping positions to fall below this minimum value, hence reducing the num-

ber of possible CS con�gurations from three to one, thus ensuring single-soliton

operation. The advantage of single-soliton operation is highlighted in Fig. 5.1(e�g)

where the contrast between the smooth spectrum of a single CS and the modulated

spectrum of dual CSs is evident.

Figure 5.2(a) shows results from numerical simulations that illustrate the dy-

namics described above [parameters as in Fig. 5.1]. Here, desynchronization is

initially absent (d = 0) and two CSs are excited at either side of the pump pulse.

At a slow time of t = 50, we introduce a desynchronization (d = −0.1) which

causes both CS trapping positions to shift towards the leading (left) edge of the

pump pulse. Signi�cantly, while the trailing (right) CS simply adjusts to its new

trapping position, the leading CS ceases to exist as it is pushed below the minimum

driving �eld amplitude Smin.

A more comprehensive analysis of the impact of desynchronization in the large-

∆ regime is shown in Fig. 5.2(b). Here, the solid blue (dashed red) curves show

steady-state positions of stable (unstable) CSs solutions of Eq. (3.3) as a function
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Figure 5.2: (a) False color plot showing the evolution of the intracavity �eld in-
tensity when de-synchronization with d = −0.1 is abruptly introduced at slow
time t = 50 (highlighted by the horizontal dotted line). Other parameter as in
Fig. 5.1. (b) Solid blue, dashed red, and solid green curves show the positions of
CS solutions of Eq. (5.1) as a function of the drift coe�cient d, obtained using a
Newton continuation algorithm. The solid blue curve corresponds to stable solu-
tions, dashed red curve corresponds to the trivially unstable dS/dτ = 0 trapping
position, while the solid green curves indicate more complex instabilities [see main
text]. An additional branch of trivially unstable CSs that connects the two end-
points is not shown for clarity. Open gray circles show trapping positions found
by directly solving the roots of the equation v = 0, where v is given by Eq. (5.2).

of the drift parameter d, obtained using a Newton continuation algorithm. Also

shown, as open circles, are the trapping positions predicted by directly �nding the

roots of Eq. (5.2). Several conclusions can be drawn. First, we see that the roots of

Eq. (5.2) agree very well with the trapping positions extracted from Newton calcu-

lations. Second, for drift values close to zero, possible stable CS positions exhibit
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bistability (blue shaded area), i.e., all three CS con�gurations demonstrated in

Fig. 5.1 can be sustained. (Note: while the CS positions exhibit bistability, the CS

con�gurations in fact exhibit tristability, as CSs can occupy the possible trapping

positions either independently or simultaneously.) Last, for values of d outside this

region of bistability, only one stable CS con�guration, consisting of a single CS

trapped either on the trailing (d < 0) or leading (d > 0) edge of the pump pulse,

is possible (red shaded areas).
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Figure 5.3: Simulated intracavity dynamics of unstable CSs for (a) d = 0.15 and
(b) d = 0.06 with other parameters as in Fig. 5.1. Both simulations use an initial
condition comprised of a soliton-like perturbation close to its predicted trapping
position. The inset in (a) shows the evolution over a smaller range of slow time
so as to highlight the oscillatory nature of the instability. The dotted vertical
line in (b) indicates the temporal position τmin which satis�es S(τmin) = Smin.
The inset in (b) shows the evolution of the normalized soliton amplitude |E|2 =
|E(t, τmin)|2/max[|E(t, τmin)|2] from slow time t = 150 onwards. Note the di�erent
x-axes in (a) and (b).

In addition to a�ecting the possible CS con�gurations, desynchronization can

also give rise to CS instabilities. In particular, for su�ciently large driving ampli-

tudes, it is possible that one of the trapping positions shifts to a position where the

local value of the driving �eld exceeds the well-known CS Hopf bifurcation thresh-

old [35]. Indeed, this situation can be observed in Fig. 5.2(b), where the CS solu-

tions are found to become unstable for drift values |d| > 0.14 (solid green curves).

Dynamical split-step simulations show that, in this regime, the CSs breathe with
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slow time t (as in the case of CW driving [35]), but do not remain trapped at

a speci�c position. Rather, as shown in Fig. 5.3(a), they become unlocked, pass

over the peak of the driving pulse, and subsequently cease to exist. Interestingly,

instabilities can also arise when desynchronization shifts the CSs away from the

peak of the driving pulse and closer to the minimum driving amplitude Smin. More

speci�cally, we �nd that, for a small range of de-synchronizations, a CS can exhibit

persistent temporal oscillations around the point where their existence would be

expected to cease under conditions of CW driving [see Fig. 5.3(b)]. The range

of desynchronizations where such instabilities manifest themselves (as well as the

magnitude of the temporal oscillations) appears to increase as the pump pulse du-

ration decreases, presumably due to the corresponding increase in the underlying

amplitude gradient.

The behaviour summarized in Fig. 5.2 manifests itself at higher detuning values

(∆ & 5), as it is only in this regime that the trapping positions in the absence of

desynchronization are very close to the minimum value of CS existence. However,

we have found that desynchronization also a�ects CS existence at lower detunings,

though a slightly di�erent mechanism causes this. At these lower detunings, CS

trapping positions in the absence of desynchronization lie between the minimum

and maximum values of CS existence. Accordingly, a CS can tolerate a considerable

shift away from the peak to a lower value of the driving �eld without ceasing to

exist, in stark contrast to the larger detuning case discussed above. A situation

can then arise where the trapping position shifting towards the peak of the pump

pulse ceases to exist before the one shifting away from the peak. In this situation,

if two CSs co-exist initially, desynchronization forces the CSs to collide, leaving

just one CS at the only remaining trapping position.

Figure 5.4(a) shows simulation results that illustrate these dynamics [see cap-

tion for parameters]. The simulation starts from a two-soliton con�guration in

the absence of desynchronization. At a slow time of t = 300, we introduce a small

desynchronization (d = −0.07) and observe how the trailing CS becomes unlocked,

traveling over the peak of the pump pulse towards the one remaining trapping po-

sition. As the leading CS is already occupying this position, the two CSs interact

and merge together. In Fig. 5.4(b), we plot the CS trapping positions as a function

of the drift coe�cient for ∆ = 4 [curves obtained in the same fashion as those

shown in Fig. 5.2(b)]. We again see the S-shape characteristic to bistability; how-

ever, in contrast to the large-detuning case [cf. Fig. 5.2(b)], the sign of the drift

coe�cient required to ensure a single trailing or leading CS is the opposite. This
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Figure 5.4: Numerical results for a cavity detuning of ∆ = 4, driving pulse ampli-
tude S0 = 3, and driving pulse width τg = 10. (a) Evolution of the intracavity �eld
intensity when de-synchronization with d = −0.07 is abruptly introduced at slow
time t = 300 (highlighted by the horizontal dotted curve). (b) As in Fig. 5.2, blue,
green, and red curves show the positions of stable and unstable CS solutions of
Eq. (5.1) as a function of the drift coe�cient d. Open gray circles show trapping
positions found by directly solving the roots of the equation v = 0, where v is
given by Eq. (5.2).

is simply a manifestation of the di�erent mechanism that underpins the removal

of the two-soliton state.

The results reported above show that pump desynchronization can be har-

nessed to ensure single-soliton operation in Kerr resonators via two qualitatively

di�erent mechanisms. Due to the fashion in which the CS trapping positions de-

pend on the detuning, the mechanism shown in Fig. 5.2 (Fig. 5.4) is more likely

to manifest itself for larger (smaller) detunings. Nonetheless, it should be clear
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that the precise pump amplitude and pro�le also play a role in determining which

one of the scenarios prevails (i.e., which of the trapping positions persists longer

as the de-synchronization increases). Moreover, there exists a set of pump and

detuning parameters for which both stable trapping positions disappear simulta-

neously; in this case, protected single-soliton operation cannot be achieved for any

desynchronization.

Regardless of the mechanism, it should be clear that (single) soliton operation

can be sustained only for su�ciently small desynchronizations [within the shaded

regions of Fig. 5.2(b) and Fig. 5.4(b)] so that one of the trapping positions persists,

allowing a CS to remain (frequency) locked to the driving �eld. The locking range,

i.e., the range of desynchronization that a CS can tolerate, can be obtained from

Eq. (5.2). Speci�cally, the maximum desynchronization that can be compensated

for by the pump inhomogeneity is:

|dmax| = max

∣∣∣∣a(S,∆)
dS

dτ

∣∣∣∣ . (5.3)

In dimensional units, this yields a maximum tolerable drift per round trip of

∆tmax = dmax

√
|β2|Lπ/(2F) and a corresponding repetition frequency mismatch

of ∆fmax = FSR2∆tmax. Because the coe�cient a(S,∆) depends on the local

value of the driving �eld, it is not possible to express the locking range as a simple

product involving a constant coe�cient and the maximum slope of the driving

�eld (as is the case for phase modulated driving �elds [33]). Rather, evaluating

the locking range requires knowledge of the full functional dependence of a(S,∆)

as discussed in the previous Chapter.

5.3 Detuning dependent dynamics and e�ect of

stimulated Raman scattering

Our analysis has so far revolved around isolated values of the cavity detuning.

To gain more insights, we next consider how desynchronization a�ects the cav-

ity dynamics as the detuning is continuously (and adiabatically) scanned over a

resonance as this method is commonly used to study CSs experimentally [81].

To facilitate comparisons with prior studies, we consider experimental results re-

ported by Oburzurd et. al. in [81] where pico-second pulses were used to drive

a Fabry-Pérot type microresonator in order to generate soliton-based frequency

combs. The repetition rate of this pulse train could be tuned in order to change the
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repetition rate of the CS: a close analogy to our model of CS trapping is the pres-

ence of desynchronization. Comparing our results to such experimental results can

help us gain a more in depth understanding of the e�ects that desynchronization

can have on CS dynamics in resonators driven with amplitude modulated driv-

ing �elds. To this e�ect, we choose a comparatively short pulse width of τG = 4

and perform simulations for a wide range of di�erent drift coe�cients d. For each

value, we simulate the intracavity dynamics as the detuning is slowly scanned

from negative to positive values, mimicking the experimental procedure employed

in [81]. Figures 5.5(a)�(c) depict the evolution of the average intracavity power

as the detuning is scanned for three di�erent values of the drift coe�cient d [see

caption]. For each value, the evolution of the intracavity power is indicative of the

well-known Kerr cavity dynamics covered in Chapter 3. Indeed, as the detuning

increases, a chaotic modulation instability regime is followed by a distinct �soliton

step� [24]. The length of the soliton step is found to decrease with increasing mag-

nitude of the drift coe�cient |d| � a feature that will be discussed in the following

paragraph. Figure 5.5(d) shows temporal dynamics for the d = 0 case, and we

see how, at a detuning of about ∆ ≈ 5, a single CS forms on the leading edge of

the driving pulse, persisting until the detuning reaches the maximum value of CS

existence, ∆max = π2S2
0/8 ≈ 18.5. It is worth noting that, because for d = 0 the

system is perfectly symmetric, a CS can be expected to form with equal probabil-

ity on the leading or the trailing edge of the driving pulse. In contrast, for d 6= 0,

the symmetry of the system is explicitly broken [92], and the CSs preferentially

form either on the leading (d < 0) or the trailing (d > 0) edge of the pump pulse.

Figure 5.5(e) shows the evolution of the average intracavity power over a much

wider range of drift coe�cients. We can make two important observations. First,

the CS portions of the scan traces are (approximately) symmetric with respect

to d = 0 (as expected based on the symmetry of the driving pulse). Second, the

range of CS existence (in detuning) decreases as the magnitude of the drift coef-

�cient increases. This latter observation can be explained as follows. As detuning

increases, the critical driving �eld value Sc towards which the CSs are attracted

in the absence of desynchronization (d = 0) asymptotically approaches Smin �

the minimum value for which CSs can still exist. For d > 0 (d < 0), the explicit

symmetry breaking induced by the desynchronization favours CS formation on

the trailing (leading) edge of the driving pulse, which is also the direction towards

which the CS trapping positions are shifted. Taken together, as the detuning in-

creases, the desynchronization needed to push the CS below the minimum driving
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Figure 5.5: (a�c) Average intracavity power as the detuning is scanned over the
cavity resonance for di�erent drift coe�cients d as indicated. (d) Dynamical evolu-
tion of the intracavity �eld intensity as the detuning is scanned over the resonance
for d = 0. (e) False colour plot of scan traces as in (a�c) for a range of di�erent
drift coe�cients d. Solid white curves highlight the maximum de-synchronization
that a CS can tolerate when excited by scanning the detuning [as described in the
main text]. The dashed vertical white line corresponds to the absolute maximum
detuning of CS existence, i.e., ∆max = π2S2

0/8. Simulations use S0 =
√

15 and
τg = 4.

level Smin decreases. Accordingly, the range of detunings over which CSs can exist

decreases as the magnitude of desynchronization increases.

To corroborate our explanation, the white curves in Fig. 5.5(e) highlight the

maximum de-synchronization that a CS on the trailing or leading edge of the pump

pulse can tolerate when d > 0 or d < 0, respectively, as a function of detuning ∆.
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These curves were obtained by evaluating the velocity v = a(Smin,∆)dS/dτ |τ=τmin ,

where τmin satis�es S(τmin) = Smin. As can be seen, the theoretical predictions are

in excellent agreement with the range of CS existence observed in numerical sim-

ulations. It is worth emphasizing that the maximum tolerable de-synchronization

depicted in Fig. 5.5(e) does not coincide with dmax given by Eq. (5.3): the latter

represents an absolute maximum, and may require that the CS resides on the

leading (trailing) edge of the driving pulse when d > 0 (d < 0), which is not the

case when the CSs form spontaneously as the detuning is scanned.

It is very interesting to note that the simulation results shown in Fig. 5.5(e)

di�er markedly from corresponding experimental results reported in Ref. [81]. In

particular, experiments show soliton steps that are distinctly asymmetric as a func-

tion of desynchronization. We suspect this discrepancy arises from the presence of

some other mechanism that explicitly breaks the system's symmetry, hence a�ect-

ing the soliton trapping positions. Recalling that the resonator used in Ref. [81]

was made out of fused silica, we may identify stimulated Raman scattering (SRS)

as a potential process that could explain the observations.

To test our hypothesis, we have repeated the simulations shown in Fig. 5.5(d)

with the inclusion of the full Raman response of fused silica. More speci�cally, our

simulations use the following modi�ed LLE [93]:

∂A(t, τ)

∂t
=

[
−1− i∆− d ∂

∂τ
+ i

∂2

∂τ2

]
A+ S(τ)

+ i
[
(1− fR)|A|2 + fR

[
Γ(τ, τs) ∗ |A|2

] ]
A.

(5.4)

Here, fR is the fraction of the instantaneous nonlinearity that is due to SRS and

Γ(τ, τs) is a normalized response function that is related to the usual Raman

response function hR(τ) through Γ(τ, τs) = τshR(τ, τs), where the normalization

timescale τs =
√
F|β2|L/(2π). Modelling the silica �ber Fabry-Perot resonator of

Ref. [81], we have fR = 0.18, τs = 300 fs, and we use the well-known multiple-

vibrational mode model to evaluate the response function hR(τ) [94].

Figure 5.6(a) shows numerically simulated soliton steps as a function of the

drift coe�cient d in the presence of SRS. Comparing the results with those ob-

tained in the absence of SRS [cf. Fig. 5.5(d)], we immediately notice two important

di�erences. First, in accordance with corresponding experimental �ndings [81], we

now �nd the steps to be asymmetric with d. Second, we observe that the soliton

steps manifest themselves only when d < 0. These observations can be under-

stood by recalling that the redshift induced by SRS gives rise to a time-domain
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Figure 5.6: (a) Soliton steps as a function of the drift coe�cient d when SRS is
included in the cavity model. Note the di�erent axes limits compared to Fig. 5.5(e).
(b, c) Dynamical evolutions of the intracavity �eld intensity for drift coe�cients
as indicated. The Raman response function used in the simulations corresponds
to fused silica [94], with fR = 0.18. Other parameters as in Fig. 5.5.

drift [64, 93] that shifts the CS trapping positions towards the trailing edge of

the driving pulse. For the parameters under study, the e�ect is so strong that a

negative desynchronization is required to compensate for the SRS-induced drift

and to push the trapping positions above the minimum level of soliton existence

(Smin). This competition between SRS and desynchronization also explains why

the range of soliton existence initially increases as the magnitude of the drift co-

e�cient increases: a larger drift pushes the trapping positions further away from

the minimum level of soliton existence, thus allowing the solitons to withstand the

opposing e�ect of SRS over a wider range of detunings. (Note in this context that

the SRS-induced soliton redshift is known to grow stronger with increasing detun-

ing [93].) It is worth noting that the interplay between SRS and desynchronization
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can be seen as an example of asymmetric balance, whereby two distinct mecha-

nisms of explicit symmetry breaking (here SRS and desynchronization) compete

and compensate for each other [92].

Another conspicuous e�ect of SRS is the overall reduction in the range of

soliton existence. Indeed, whilst solitons are found to exist up to ∆ ≈ 18.5 in

the absence of SRS [cf. Fig. 5.5(d)], they cease to exist already at ∆ ≈ 7.5 in

the presence of SRS (under optimal de-synchronization). This behaviour agrees

with recent research that shows SRS to limit the range of CS existence [93]. Fig-

ures 5.6(b) and (c) show typical evolutions of the intracavity �eld intensity for

two di�erent values of the drift coe�cient. When the magnitude of the drift co-

e�cient d is small, the CSs are formed on the trailing edge of the driving pulse

due to SRS being the dominant mechanism of explicit symmetry breaking. As the

magnitude of the drift coe�cient increases, this ceases to be the case, and the CSs

begin to predominantly form on the leading edge of the pulse. In both cases, we

see complex dynamics that eventually lead to the CS ceasing to exist.

The results shown in Fig. 5.6(a) are in reasonable qualitative agreement with

experimental results in [81]. In dimensional units corresponding to those exper-

iments, our simulations predict that the CSs can exist over a 27 kHz range of

desynchronization. While smaller than the 100 kHz observed in experiments, we

attribute the discrepancy to di�erences in the driving pulse characteristics (e.g.

peak power and phase pro�le) as well as the rate with which the detuning is

changed. On the other hand, the (reduced) range of detunings over which the CSs

exist in our simulations appears to be in very good agreement with the range

observed experimentally. Taken together, we believe that the interplay between

pump-cavity de-synchronization and SRS underpins the asymmetric soliton steps

observed in Ref. [81]. Of course, we must emphasize that other higher-order e�ects

that give rise to CS drift � such as e.g. higher-order dispersion or self-steepening

� are also expected to give rise to asymmetric soliton steps, provided these e�ects

are su�ciently strong. For the silica resonator used in [81], it is however reasonable

to assume SRS to be the dominant perturbation.

5.4 Summary

We have performed a systematic numerical and theoretical investigation of the

e�ects of desynchronization and drift on Kerr CS frequency comb generation in

the presence of pulsed driving �elds. Our results show that desynchronization
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can impact the positioning, stability, and existence of CSs. In particular, we have

shown that desynchronization can be leveraged to ensure the generation of single-

soliton states via two di�erent mechanisms depending on the cavity detuning.

We have also studied the interplay between SRS and pump-cavity desynchroniza-

tion, obtaining strong evidence that asymmetric soliton steps observed in recent

experiments arise precisely due to such interplay [40].



Chapter 6

Internally pumped optical

parametric oscillation in χ(2)

microresonators

In the preceding Chapters, we focused on the dynamics of structures present in

third-order, Kerr nonlinear resonators. High-Q microresonators exhibiting third-

order nonlinearity have attracted particular attention in the area of frequency

comb generation due to their ability to enable strong nonlinear interactions at low

pump powers [64, 95]. The generation of such microresonator frequency combs is

understood to be intimately related to the temporal CSs described in the preceding

Chapters [24]: a periodic train of CSs extracted from the resonator corresponds to

a frequency comb in the spectral domain.

Interestingly, recent studies have demonstrated that it is also possible to

generate frequency combs in resonators dominated by the second-order χ(2)

nonlinearity: experimental observations have been reported in resonators de-

signed for second-harmonic generation (SHG) [36, 96], parametric down-conversion

(PDC) [97], and the electro-optic e�ect [98, 99]. The �rst experimental demon-

strations of comb generation via SHG were reported in a macroscopic free-space

system under conditions of large phase mismatch [96] � a regime well-known to

mimic the χ(3) Kerr nonlinearity [100]. Later studies [36] unveiled that frequency

combs can be generated even under conditions of perfect phase-matching through

so-called internally-pumped optical parametric oscillation (OPO) [101, 102]: the

second-harmonic signal acts as an internally-generated pump for a PDC process

that produces equally-spaced spectral sidebands around the pump [see Fig. 6.1(a)].
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Second-order resonators o�er speci�c advantages over their third-order coun-

terparts. Indeed, the second-order susceptibility can be orders of magnitude

stronger than the third-order susceptibility, allowing stronger interactions at low

pump powers. These χ(2) resonators also allow access to regions of the electro-

magnetic spectrum which have been hard to explore in χ(3) resonators. Firstly,

because the parametric processes achievable in second-order nonlinear resonators

allow an external pump to be converted in order to internally pump a resonance

in another region of the spectrum. In turn, sidebands are generated around both

the external pump and the parametric signal. Though similar internal pumping

functions can be acheived in third-order resonators via Brillouin or Raman scat-

tering [103, 104], sidebands will not form around the external pump as they do

with second-order cavity systems and the small frequency shifts prevent access to

signi�cantly new spectral regions. Also, whilst generation of frequency combs in

Kerr nonlinear resonators typically requires anomalous dispersion � thus further

limiting the accessible spectra regions � second-order resonators can permit comb

generation even in the regime of normal dispersion [24, 36, 62].

In this chapter, we are interested in comb generaton via cavity-enhanced SHG.

Whilst the initial demonstrations of comb generation in systems designed for

cavity-enhanced SHG were achieved using macroscopic free-space resonators [36],

recent experiments performed in periodically-poled waveguide Fabry-Perot res-

onators have shown strong evidence that the concept can be translated into a

miniaturised format [37, 38]. Interesingly, χ(2) comb generation has not yet been

widely studied in monolithic whispering gallery mode resonators (WGM). Such

WGM resonators correspond to axially-symmetric dielectric structures where total

internal re�ection con�nes the internal �eld to modes around the circumference

of the device. Simple examples include cylindrical resonators [105] and micro-

spheres [106, 107] that can be constructed easily from optical �bre, while shapes

such as microtoroids[108, 109] and microdiscs [26, 110�112] (like the one em-

ployed in our experiement) often require more involved fabrication techniques.

The extremely low scattering loss and potentially low material absorption allow

these resonators to o�er superior �nesses compared to alternative resonator plat-

forms. Coupling high �nesse and a small mode volume enables WGM resonators

to facilitate strong nonlinear interactions [95]. These platforms have been used

successfully to perform SHG and PDC [25�29], though somewhat surprisingly, no

signals of comb formation have been observed as of yet. In this chapter, we will

demonstrate that comb formation via cavity SHG can be achieved in a monolithic

whispering-gallery-mode microresonator.
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6.1 Illustrative simulations of a doubly resonant χ(2)

cavity

The cavity enhanced SHG system we consider in this chapter corresponds to a

so-called doubly resonant con�guration where spectral components around both

the fundamental pump frequency and the internally generated second-harmonic

frequency are resonant in the cavity as shown schematically in Fig. 6.1.

Figure 6.1: Top: Schematic illustration of the doubly resonant χ(2) cavity sys-
tem. Bottom: Schematic showing generation of spectral sidebands around the fun-
damental and second-harmonic frequencies f0 and 2f0, respectively. SFG: sum-
frequency generation.

Accordingly, both �elds obey the associated resonator boundary conditions

which relate the slowly-varying intracavity �eld envelopes Am and Bm at the end

of the mth trip around the cavity to the �eld at the beginning of the next round

trip [113]:

Am+1(0, τ) =
√
ρ1Am(L, τ)e−iδ1 +

√
θAin, (6.1a)

Bm+1(0, τ) =
√
ρ2Am(L, τ)e−iδ2 . (6.1b)

Here, ρ1 and ρ2 represent the portions of the �elds which remain inside the cavity

at ω0 and 2ω0, respectively, while θ is the power transmission of the external

cw driving �eld and δ1,2 represent the respective phase detunings. The detuning

δ2 is related to δ1 and the wave vector mismatch ∆β via the relationship δ2 =

2δ1 + ∆βL [114].

As stated in Subsection 2.5.4, the set of coupled equations Eqs. (2.21) can

be used to model the propagation of light in a second-order nonlinear waveguide
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system [43, 115]. Together with Eqs. (6.1), we can model the spectral and temporal

dynamics of second-order nonlinear resonators. In the mean-�eld limit however,

the high �nesse allows the boundary and propagation equations to be merged into

a set of two coupled mean-�eld equations [113, 114]:

tR
∂A

∂t
=

[
−α1 − iδ1 − i

β2AL

2

∂2

∂τ2

]
A+ iκLBA∗ +

√
θAin, (6.2a)

tR
∂B

∂t
=

[
−α2 − iδ2 −∆β1L

∂

∂τ
− iβ2BL

2

∂2

∂τ2

]
B + iκLA2. (6.2b)

Here, κ is assumed to be real and corresponds to the nonlinear coupling coe�cient

de�ned by Eq. (2.22). Simulations of the coupled mean-�eld equations revealed

that a doubly resonant SHG system can produce optical frequency combs via

internally pumped OPO [113]. The external pump which is coupled into the cavity

�rst undergoes SHG under phase matched conditions (∆β = 0 and δ2 = 2δ1)

whereupon the second harmonic will act as an internally generated pump for a

PDC process which creates side bands about the external pump [see Fig. 6.1].

To illustrate the comb formation dynamics, we have performed numerical sim-

ulations of Eqs. (6.2) using parameters estimated for the experimental parameters

present in our work. Our resonator has a cavity length of L ≈ 11.9mm and a

�nesse of F = 2300 = π/α1. For simplicity we assume α1 = α2 and the cavity is

critically coupled (α1 = θ). We drive our system with 1064 nm light with an input

power of Pin = 100mW chosen to approximate our experiment. Since we do not

have knowledge of the spatial mode in which our experiments operate, we use dis-

persion parameters corresponding to those obtained for bulk lithium niobate using

the Sellmeier equation: β2B = .714ps2/km, β2A = .234ps2/km, ∆β1 = 792ps/m

and κ = 11.14W−1/2m−1 [43]. Figure 6.2 shows spectra around the pump and the

second harmonic resulting from a detuning scan which begins blue detuned and is

stopped at the normalised pump detuning value of δ = −0.002. Scanning speed is

noted not to e�ect the outcome, rather is only used in simulations for congruity

with experiments. This �eld is then allowed to reach an approximate steady state

for 40,000 round trips, after which, a stable temporal pattern has formed, and

spectral sidebands have grown around the pump and the second harmonic.

These results show that a resonator in the mean-�eld limit which is near phase

matching between the pump and second harmonic can indeed support combs

around the fundamental and the internally generated second harmonic. The phase

matching condition for this process, as stated in Subsection 2.5.2, requires that

the wave number mismatch ∆β be very close to zero in order to achieve e�cient
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Figure 6.2: Intracavity �eld pro�les for (a) pump and (c) second harmonic resulting
from detuning scan stopped at δ = −0.002 and allowed to come to steady-state.
(b) and (d) show the corresponding spectra.

frequency conversion. With these results demonstrating the feasibility of comb for-

mation in monolithic WGM resonators, which are well modelled by the mean-�eld

model [113], we developed an experiment in order to demonstrate the phenomenon.

6.2 Experimental methods and results

In this Section, we report on experimental observations of internally pumped OPO

and the initial stages of comb formation in a naturally phase matched lithium

niobate WGM resonator. Our experimental con�guration, which is schematically

illustrated in Fig. 6.3, is similar to the one used previously for observations of

naturally-phase matched SHG in WGM resonators [26], though we note that no

signatures of comb formation were detected in the study reported in ref. [26]. The

resonator used was fabricated from a z-cut, 5% MgO-doped congruent lithium

niobate window via single-point diamond turning and subsequent mechanical pol-

ishing. It has a radius of 1.9 mm, corresponding to a FSR of about 11.2 GHz. We
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measured a typical resonance width to be about 5 MHz at the driving wavelength

of 1064 nm, corresponding to a Q-factor of 5.6× 107 and a �nesse of 2300.

Figure 6.3: Schematic illustration of the experimental setup. ECDL, exernal-cavity
diode laser; YDFA, ytterbium-doped �bre ampli�er; BPF, band-pass �lter; PC,
polarization controller; OSA, optical spectrum analyzer; PD, photodetector.

Our driving source is an external cavity diode laser that is tunable from

1030 nm to 1070 nm. An ytterbium-doped �bre ampli�er is used to amplify the

laser output, and a tunable bandpass �lter is used to remove ampli�ed sponta-

neous emission. The pump is coupled into the resonator using frustrated total

internal re�ection from a rutile prism; a pigtailed ferrule and a GRIN lens is used

to focus the pump on the backside of the prism. The beam input angle and di-

vergence, as well as the size of the beam at the back face of the prism can all

be tuned to achieve optimum coupling of the pump to the cavity. At the output

of the prism, we detect the signals around the pump (near-IR) and its second

harmonic (visible) using two photodetectors connected to an oscilloscope as well

as two optical spectrum analyzers (OSAs) that operate in the near-IR and the

visible, respectively.

To achieve natural phase-matching for SHG, the pump is coupled into an

ordinary polarized mode (polarization perpendicular to the optical axis), whilst

the second-harmonic is generated in an extra-ordinary mode (polarization along

the optical axis). Due to the birefringence of lithium niobate, heating the crystal

structure changes the refractive index experienced by �elds in the orthogonally

polarised modes with respect to each other [116]. This enables us to tune the

temperature until the refractive indices experienced by the pump and the second

harmonic are the same, satisfying the phase-matching condition 2β(ωp) ≈ β(2ωp).

The resonator is mounted on a brass rod whose temperature is stabilized to a set
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level so as to thermally tune the phase-matching condition. We achieve a tempera-

ture accuracy of 0.01◦C by employing a PID controlled resistive heating coil which

is wrapped around the brass mounting rod. By testing several di�erent tempera-

tures, we found that a temperature of approximately 94◦C yielded optimal SHG.

We are con�dent in this value as it is close to the phase-matching temperature

found in [26]. Additional, �ne thermal control is achieved by shining a blue laser

with variable intensity directly onto the resonator mode volume.

Figure 6.4: (a) Fundamental and (b) second harmonic intensity measured at the
resonator output as the laser frequency is linearly scanned in time. Both curves
are normalized to unity. (c) Solid black curve shows the optical spectrum mea-
sured around the fundamental wavelength at the resonator output when the laser
frequency is scanned over a single cavity resonance indicated by the shaded area
in (a) and (b). The open red circles depict the pump spectrum for reference.

With the temperature stabilized at 94◦C, we �nd that several di�erent mode

families produce observable SHG. Figures 6.4(a) and (b) show illustrative oscillo-
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scope recordings of the fundamental and second-harmonic intensities, respectively,

when the laser frequency is scanned over several modes. Here the fundamental

power right before the pigtailed ferrule was measured to be about 100 mW (same

power used in all of our measurements). Losses through the prism coupling scheme

we employed are expected to be large, though a realistic value for the input power

is di�cult to measure and therefore di�cult to extract for comparison to the sim-

ulations shown in Fig. 6.2. Though the realistic input power level is expected to

decrease from the measured 100 mW, at this power level, the SHG produced by

some of the resonator modes is su�ciently strong so as to act as an internally-

generated pump for an OPO process, giving rise to spectral sidebands around the

pump. Indeed, Fig. 6.4(c) shows a spectral measurement around the pump, ob-

tained as the pump frequency is scanned back and forth over one of the cavity

resonances [indicated by the shaded area in Figs. 6.4(a) and (b)]. The genera-

tion of new spectral components around the pump is obvious. Note that the OSA

sweep speed is much slower than the pump frequency scan, and so the spectrum

in Fig. 6.4(c) traces out the envelope of all the di�erent signals that can be gener-

ated at di�erent detunings. Moreover, the resolution of our OSA is larger than the

11.2 GHz FSR of the resonator, prohibiting us from distinguishing the presence

of individual lines with that spacing.
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Figure 6.5: Experimentally measured spectra around the pump obtained for dif-
ferent pump wavelengths: (a) 1064 nm, (b) 1061 nm, (c) 1051 nm. The open red
circles in (a) indicate the pump spectrum for reference.

To observe steady-state signals, we tune the pump laser into selected reso-

nances from the blue, leveraging passive thermal locking [117]. For each resonance,

we �ne-adjust the coupling and resonator temperature so as to optimise nonlin-

ear frequency conversion. Figures 6.5(a)�(c) show illustrative examples of spectra

measured around the pump for di�erent pump wavelengths. We clearly see opti-

cal sidebands generated via the PDC of the internally-generated SHG signal. By

pumping di�erent WGM resonances, we can observe a wide variety of di�erent

sideband frequency shifts, ranging from hundreds of GHz [Fig. 6.5(a)] to almost

50 THz [Fig. 6.5(c)]. Even when pumping a single resonance, we �nd that small

adjustments of the pump-resonator detuning can yield sidebands with noticeably

di�erent frequency shifts.

By optimizing the pump wavelength and polarization, we are able to observe

the cascaded generation of several sideband pairs. Figures 6.6(a) and (b) show

illustrative spectra measured around the pump and the second-harmonic, respec-

tively, when operating under such conditions. We clearly see the emergence of
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second-order sidebands around the fundamental, representing the initial stages of

quadratic comb generation [36]. New frequency components are also generated

around the second-harmonic [Fig. 6.6(b)] via sum-frequency generation and SHG

processes involving the spectral components around the fundamental. We must

note that the resolution of our spectral measurements around the second-harmonic

is limited by the OSA used in that frequency range.

Figure 6.6: Experimentally measured spectrum around the (a) pump and (b)
second-harmonic wavelengths. For reference, the green open circles in (b) show
the second-harmonic (SH) spectrum in the absence of sidebands around the fun-
damental, normalized such that its noise �oor is similar to the main recording
shown as the black solid curve.

Figure 6.7 shows an additional example of the initial stages of quadratic

comb generation. Here we see six pairs of spectral sidebands around the pump

[Fig. 6.7(a)], spaced from one another by about 100 GHz in frequency (corre-

sponding to nine free-spectral ranges). Because of the smaller sideband spacing

compared to results shown in Fig. 6.6, we are not able to resolve the individual

sidebands around the second-harmonic; rather, their presence is manifest in the

broadening of the second-harmonic spectrum [Fig. 6.7(b)].
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Figure 6.7: Experimentally measured spectrum around the (a) pump and (b)
second-harmonic wavelengths. For reference, the green open circles in (b) show
the second-harmonic (SH) spectrum in the absence of sidebands around the fun-
damental, normalized such that its noise �oor is similar to the main recording
shown as the black solid curve.

Quantitative comparison between our experimental �ndings and results per-

taining to theoretical studies of the models described in this Chapter, e.g. [43,

113, 118, 119], is prohibited by poor knowledge over salient model parameters.

In particular, our current experimental con�guration does not allow us to iden-

tify the precise mode families involved in the nonlinear interactions, which results

in signi�cant uncertainty in the nonlinear coupling coe�cients. Moreover, we do

not currently have the capability to measure the value of the pump-cavity detun-

ing nor the residual phase-mismatch, both of which can signi�cantly in�uence the

nonlinear cavity dynamics. We must nevertheless emphasize that the experimental

observations reported above cannot be ascribed to direct χ(3) Kerr nonlinearity.

Indeed, lithium niobate exhibits very large normal dispersion around 1060 nm,

which is prohibitive for the phase-matching of degenerate four-wave mixing. The
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fact that our observations of sideband generation is always correlated with strong

SHG provides further evidence of the sidebands' χ(2) origins.

While our present experimental con�guration permits us to reliably generate

sidebands around the pump and the second-harmonic, we are unable to maintain

stable operation for more than some tens of seconds at a time. In addition to

sub-optimal thermal isolation, the linewidth of our pump laser (∼ 200 kHz) ne-

cessitates sacri�ces with regards to the resonator Q-factor, which in turn leads to

increased pump power requirements that can impede system stability. Recently,

encouraging results with a 2 mW comb generation power threshold was reported

in a system otherwise similar to ours but with a better resonator Q-factor and

pump laser linewidth [120].

6.3 Summary

We have reported on the experimental observation of internally-pumped para-

metric oscillation and initial stages of quadratic comb formation in a χ(2) WGM

microresonator. Whilst our current experimental con�guration has enabled the

proof-of-principle demonstrations reported in this work, there are a number of im-

provements that are left for future work. For example, operation in the fundamen-

tal mode family is envisaged to signi�cantly enhance the nonlinear interactions,

while better temperature control is expected to improve the phase-matching as

well as the overall system stability [41].



Chapter 7

Conclusions

In this Thesis, we have theoretically and experimentally investigated novel dynam-

ics in nonlinear resonators. We �rst investigated the interactions between Kerr CSs

and pulsed driving �elds and detailed the dynamics of intensity trapping of CSs.

We demonstrated via numerical simulations that CSs which are synchronously

pumped with a train of pulses will be attracted toward and trap at a speci�c

"preferred" value of the driving �eld. We showed that this trapping value arises

due to a spontaneous symmetry breaking instability and is determined by the cav-

ity detuning. Assuming a driving �eld pro�le such that the CS can move toward

and be trapped at this value, it will remain at the trapping position inde�nitely.

We built on the ability to trap CS with pulsed driving �elds and extended

it to encompass the e�ects of desynchronization, which is generally present in

experimental con�gurations. We found that small amounts of desynchronization

between the CS and the driving pulse has the e�ect of shifting the steady-state

trapping positions identi�ed in Chapter 4. In fact, we were able to show that

desynchronization can be used to ensure single-soliton operation. By shifting the

trapping positions, you can shift one to a position where CSs cannot exist, leaving

a single position available to be occupied by a CS. We then investigated the in-

terplay of stimulated Raman scattering with desynchronization. We reported on a

strong qualitative agreement with experimental observations which demonstrated

asymmetric soliton steps with respect to desynchronization in a pulsed driving sys-

tem [81]. We demonstrated that the combination of desynchronization and other,

competing e�ects can lead to such asymmetric steps. We numerically investigated

the e�ects of desynchronization on the trapping of CSs and the potential bene�ts

of engineering desynchronization in order to ensure single soliton operation�the

preferred operating scheme for frequency comb applications.
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We then reported on preliminary experimental investigations into frequency

comb generation in χ(2) microresonators. We demonstrated the experimental

observation of internally pumped parametric oscillations in a lithium niobate

whispering-gallery-mode resonator. We were able to produce sidebands around

the pump and the second harmonic, and cascade the processes generating these

sidebands in the initial stages of comb formation. We demonstrated that frequency

comb formation can be achieved in a naturally phase matched microresonator dom-

inated by the second order nonlinearity, greatly increasing spectral access for comb

generation and applications.

As the study into CSs in the presence of pulsed or amplitude modulated driving

�elds is still attracting signi�cant interest, there is naturally still much to be

explored. The investigation into desynchronization and its interplay with SRS

was a step toward accurate models and predictions of real experimental systems,

though there are still many interactions that have not been studied in the context

of pulsed driving. The addition of phase modulations and higher-order dispersion

would need to be investigated in order to gain a more complete understanding of

experimentally achievable systems. Although existing experimental measurements

are in good qualitative agreement with our theoretical predictions, there has yet

to be demonstrations of intensity trapping of CSs that can be directly compared

to the predictions reported in this Thesis. Though anecdotal evidence has been

observed in similar systems, a speci�c experimental investigation into the interplay

of trapping and desynchronization would provide a means by which to improve

current theories.

Our experimental observations of the initial stages of comb formation in a

quadratically nonlinear microresonator, though successful, could be improved in a

number of ways for future work. Knowledge of the coupled mode family, and the

ability to better couple into a desired mode family could greatly increase the non-

linear interactions. More accurate temperature control and measurement would

greatly increase the stability and reliability of the experiment. Our work never-

theless demonstrates the viability of observing and studying cascaded quadratic

nonlinear phenomena in WGM microresonators.

Recent works have also demonstrated the intriguing possibility of merging the

two areas covered in this Thesis. The generation of CS combs in quadratically

nonlinear microresonators has begun to shed light on the dynamics of tempo-

ral localised structures in quadratically nonlinear cavities [119, 121, 122]. These

quadratic CSs bring with them the bene�t of low pumping thresholds due to the
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stronger second-order nonlinearity, while also exhibiting very high conversion e�-

ciency from the pump to the CS state. There has also been an investigation into

the interplay of second and third-order nonlinearities which occur simultaneously

in a cavity [123]. Due to the fact that soliton microcombs have gained immense

interest in Kerr cavities, and the fact that all materials exhibit the third-order non-

linear susceptibility, studies such as these are vital to gaining a full understanding

of comb formation in quadratic media.
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