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ABSTRACT 

Developed by Japanese researchers in the late 1980’s, and first implemented in New Zealand 

in the early 1990’s, Buckling-Restrained Braced Frame (BRBF) systems have achieved 

significant popularity in New Zealand, especially following the 2010/2011 Canterbury 

earthquakes. BRBFs can be designed to be very ductile and, as such, they are potentially 

capable of absorbing significant hysteretic energy during the large inelastic excursions that 

are expected in a major earthquake event. For these reasons, they have recently garnered the 

attention of many researchers and structural engineers. 

Nevertheless, the stability of the BRB connections that are designed in accordance with 

current conventions have been problematic, and this has led to the premature failure of these 

systems during some recent experimental tests. To avoid the instability of this lateral load 

resisting system, the present study has set out to investigate an innovative design method 

that incorporates the key parameters of the BRB members and gusset plate connections into 

ensuring the stability of the overall bracing system. 

The proposed design procedure has been verified with reference to large-scale experimental 

tests and provides a dependable practice in that regard for the stability analysis and design 

of the BRBF system, comprising the brace, gusset plate connection, and the frame into which 

the brace is attached.   
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CHAPTER 1. INTRODUCTION 

1.1 Overview 

New Zealand is situated on the boundary zone of the Australian and Pacific tectonic plates 

that are constantly moving against each other. This is one of the most seismically active 

areas around the world and regularly generates large earthquakes, both strike-slip and 

subduction type. Both types have the potential to significantly damage modern buildings. 

Historically, traditional Concentrically Braced Frames (CBFs) have sometimes been used to 

resist earthquake loads in steel frame systems, although in New Zealand they have been less 

common than Eccentrically Braced Frames (EBFs) and Moment Resisting Steel Frames 

(MRSFs). Even though CBFs provide excellent lateral stiffness to prevent damaging story 

drifts in small to moderate earthquakes, they are not as effective in severe earthquakes, due 

to the system degradation in strength and stiffness from brace bucking in compression and 

limited energy dissipation and ductility. 

In New Zealand, for ductile braced steel frames, the EBF system has been used more often, 

and prior to the Canterbury earthquakes, EBFs were the most common form of a multi-storey 

seismic resisting system. EBFs that allow for a shear hinge (active link) to form within the 

frame to dissipate hysteretic energy while maintaining reasonable lateral stiffness are ductile. 

With bolted replaceable active links, they can be designed and detailed for a post-earthquake 

link replacement. However, the deformation threshold above which the active link requires 

replacement is relatively low, and by adopting EBFs, earthquakes that are considered to be 

smaller than the ultimate limit state design earthquake can result in large inelastic 

deformations of the link, requiring post-earthquake repairs. In fact, the elastic lateral stiffness 
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of an EBF depends not only on the brace length and cross-section, it also depends on the 

length and cross-sectional properties of the active link. 

In past earthquake events, a number of buildings with CBF and EBF systems have 

experienced extensive damage and sometimes high residual displacements requiring 

expensive repairs and upgrading. 

Especially following the Canterbury Earthquake series of 2010/2011, both traditional CBFs 

and EBFs have been largely replaced by Buckling-Restrained Braced Frames (BRBFs), and 

BRBFs have become one of the most used seismic-resisting systems for multi-storey steel 

framed buildings in New Zealand, as in other high seismic areas worldwide (Figure 1.1). 

 

Figure 1.1 BRBF used in the engineering building of the University of Auckland 

(Courtesy of CoreBrace) 

BRBFs have been developed as low damage systems, since in principle they do not need 

repair after a severe earthquake or the repair can be readily undertaken through brace 

replacement to enable the building to be put into service quickly. A structurally effective and 

reliable BRB can be deployed in the erection of the medium/high rise buildings to provide 
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high seismic resistance and produce a structural system that is code compliant and satisfies 

the established performance criteria in active seismic zones. Investigations have shown that 

BRBs can be a good alternative for traditional bracing systems to overcome the problems 

related to the compression buckling of the bracing elements in conventional CBFs and the 

resulting asymmetric stiffness and strength that develops as the braces become increasingly 

weakened in compression under cycles of inelastic loading. Thorough reviews of the BRB 

concept development and how the previous BRB systems have performed are available in 

Uang and Nakashima (2004) and Xie (2005). 

With conventional CBFs, as the lateral inertia forces from a ground motion exceed the design 

level forces, dissipation of the seismic energy takes place through brace buckling in 

compression and brace yielding in tension, with the rest of the system is designed with 

sufficient strength and stiffness to develop the mechanism of brace bucking or yielding. 

(Figure 1.2(a)). 

Therefore, the CBF braces are typically designed to buckle out-of-plane and their 

connections are designed and detailed to accommodate the brace end rotation without 

compromising the load carrying capacity of the connection. 

The overall stiffness and strength of the lateral load resisting system drops significantly when 

the braces buckle, which leads to a degraded seismic performance compared with that which 

will occur if the braces were prevented from buckling (Figure 1.2(b)). 

BRBs typically have smaller core cross-sectional areas and less yield strength compared to 

the classic buckling braces. This means that, compared with a CBF system, for the same 

location (i.e., same seismic zone and soil type) there will be a reduction in the seismic base 

shear of BRBF due to smaller brace core cross-sectional area making the braced system more 

flexible and the larger ductility factor that can be used in design.  
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Figure 1.2 General seismic behaviour comparison: (a) CBF; (b) BRBF 

The extent of seismic performance degradation of CBF braces can be reduced by using 

stocky braces, which have a relatively high post-buckled compression capacity, however, 

even with these, the tension capacity is always higher than the compression capacity. In fact, 

CBFs use steel braces, typically of constant cross-section along their lengths, that are bolted 

or welded into the structural system frame, and are always stiffer and stronger in tension 

than in compression. The compression capacity changes with the brace length, while the 

tension capacity is constant, therefore with longer braces it becomes increasingly difficult to 

develop a much dependable post-buckling compression capacity without using very large 

braces. This means the increased tension strength and the supporting beam and column frame 

and the connections have to be made stronger and stronger (Figure 1.3(a)). 
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Figure 1.3 Design requirements for CBF chevron configuration: (a) maximum forces in connection; 

(b) maximum unbalanced force on the beam 

The system ductility which can be used is one of the major aspects of seismic performance, 

as it dictates the effective elastic threshold of the overall system and the extent of inelastic 

response. The maximum system ductility which can be used in design is relatively low for 

CBF systems, especially in a chevron configuration, in which two braces in an inverted V 

shape meet at the centre of the collector beam. The main cause of the lack of ductility is the 

result of a considerable unbalanced force at the middle of the collector beam after the 

buckling of the brace in compression. If the collector beam is not adequately designed, this 

unbalanced force causes the beam to yield in a low level of lateral drift and concentrates the 

damage at a specific level. 

Therefore, the collector beam strength and stiffness requirements are very severe in the CBF 

chevron configuration (Figure 1.3(b)). In fact, the collector beam is often required to be 

designed for the full tensile capacity of the brace in tension (𝑁𝑦), and the post-buckled 

compression capacity of the brace in compression (0.3𝑁𝑐𝑟), which can result in a large 

vertical unbalanced load on the beam once the braces start to buckle. In order to safeguard 

and prevent the beam being pulled down in the centre by this unbalanced force this has led 

to the installation of large collector beam sizes, even for the relatively modest brace sizes. 

Further, CBFs require opposing braces to be capable of withstanding reversed cyclic 

inelastic deformations and to comply with the building code. Even with the chevron bracing 

1.1NcrNy

(a) (b) 

0.3NcrN  y
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pattern, due to the dropping of the brace capacity under compression, this ends up with a 

single diagonal configuration. 

To compensate for these aspects of poor performance, penalty factors on the design seismic 

load are applied in design standards. In NZS3404:Part 1 (NZS, 1997/2001/2007), they are 

the Cs factors from Section 12.12. These factors make developing cost-effective 

conventional CBF systems difficult in high seismic regions. This has led to the need to obtain 

a more cost-effective design for braced frame systems in high seismic regions. 

The developers of the BRB have aimed to eliminate the loss of strength and stiffness due to 

brace buckling and to improve both the strength and the stiffness of the primary structure. 

As a result, BRBFs have recently been developed to answer this need. They achieve this as 

the brace, in principle, is equally as stiff and strong in compression as it is in tension in both 

the elastic condition and the yielded condition. 

In BRBFs, the key element is the BRB itself. The conventional mortar-filled BRBs comprise 

a yielding steel element (called a core) connected to the building frame at each end, resisting 

the axial loads and dissipating the seismic energy, and in turn is encased within a restraining 

mechanism that is not connected to the building frame, so that the load-bearing steel core 

cannot buckle when subjected to high compression loading in a severe earthquake (Figure 

1.4(a)).  
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Figure 1.4 Conventional mortar-filled BRB: (a) 3D view (Courtesy of Nippon Steel); (b) cross-

section in the middle 

The steel core itself is separated from the restrainer by an air gap (Figure 1.4(b)). The air 

gap, in particular, is sized to accommodate the core expansion because of the Poisson effect 

when the BRB is in compression. The steel core is usually coated by a very thin low‐friction 

debonding material. The intention is to provide effective sliding surfaces to ease the sliding 

of the core and allow for the differential movement between the core surfaces and the mortar, 

creating an isolation zone for the reduction of the axial load transfer to the restrainer. 

Figure 1.5 shows the common BRB assembly. 

 

Figure 1.5 Common BRB assembly 

In Figure 1.5 above, the general geometry of the BRB system is presented with the chosen 

notations defined as follows: 
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𝐿𝑏 = BRB length 

𝐿𝑟 = restrainer length 

𝐿𝑐 = length of BRB-gusset connection zone 

𝐿𝑦 = length of yielding segment of steel core 

𝐿𝑖𝑛 = insert zone length (transition zone length) 

𝐿𝑛 = length of BRB neck 

When a properly designed and detailed BRB is in tension, the yielding segment of the steel 

core stretches inelastically in a stable manner. When the brace is in compression, the yielding 

segment is laterally restrained against the buckling by the restrainer and therefore, in 

principle, it squashes inelastically in a stable manner without global buckling. 

Under compression loading, only a fraction of the compression force in the core will transfer 

into the restrainer, due to the debonding material between the core plate and the restrainer, 

hence the restrainer will have a small axial force compared to the core plate. 

Utilising this concept, the BRB is enabled to yield under both the tension and compression, 

taking advantage of the full material strength from the core, and the full elastic buckling 

strength from the restrainer. In principle, this delivers a very effective compression member 

by decoupling the strength and stiffness of the system. This means the brace can be made 

stiffer by varying the yielding length of the core plate independent of its strength. 

Because the buckling capacity of BRBs exceeds the yield strength of the steel core within 

the brace, there is a noticeable increase in the lateral stiffness and strength of the BRBF 

systems, compared to the ordinary CBFs, making the brace of similar stiffness and strength 
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in tension and compression.  In addition, the overall ductility of the braced frame will also 

increase, and this mechanism will allow more seismic energy to dissipate. 

The expectation is that the appropriately designed BRB systems will be able to withstand 

significant inelastic deformations while subjected to the forces that result from the motions 

of a severe earthquake, improving the general behaviour of the lateral force-resisting system 

under the severe seismic loading. 

The BRBs can be used in a single diagonal pattern all in the same direction, which requires 

fewer connections and fewer braces. However, because the BRB tension and compression 

strengths are not exactly equal in the inelastic range, if there is only one brace along a given 

axis, and if the braces along one axis are oriented in one direction and those along another 

axis for the same direction of seismic loading are oriented in the opposite direction, this 

could cause an inelastic torsional response. 

The BRB system has a much lower impact on the beams in the chevron configurations, 

because the unbalanced load is much smaller for the BRBF system due to the relatively 

similar hysteretic behaviour of the BRB under the tension and compression. 

The braced frame nature of the BRBF building makes it very stiff under normal operating 

conditions, which is advantageous for occupant comfort and prevention of minor non-

structural damage. BRBFs are therefore widely promoted as low damage systems, which are 

stiff and strong under normal conditions and can undergo brace yielding in a severe 

earthquake. 

In the early 1990s in Japan, the first effort to investigate an all-steel BRB as an alternative 

to the mortar-filled BRB led to the development of a double-tube BRB consisting of an outer 
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tube as the axial load carrying core member and an inner tube as the restraining member 

(Imai et al., 1991). 

Since then, a number of innovative configurations of all-steel BRBs have been introduced 

and experimentally tested in Japan (Isoda et al., 2001; Manabe et al., 1996; Narihara et al., 

2000; Shimizu et al., 1997; Suzuki et al., 1994; Usami et al., 2008; Usami & Kaneko, 2001), 

Taiwan (Tsai & Lin, 2003), and China (Zhao et al., 2011). 

Some recent research in Canada has also led to the development of simple all-steel BRBs 

which can be completely manufactured of steel sections connected together by bolts and 

welds (Bolduc & Tremblay, 2003; Dehghani & Tremblay, 2017; Tremblay et al., 2006). See 

Figure 1.6. 

 

Figure 1.6 All-steel BRBs tested at Polytechnique Montréal: (a) assembled specimen (Tremblay et 

al., 2006); (b) preparation of an all-steel BRB for test (Dehghani, 2016) 

The elimination of the mortar inside the brace allows any competent structural steel 

fabricator to accurately fabricate and assemble all of the steel elements that are required to 

construct the system.  

In practice, in buildings, the movements due to the design earthquake are in an inelastic 

range and therefore can have an adverse effect on the BRB residual capacity after an 

earthquake. There are concerns about the replacement of the BRB if and when damaging 

(a) (b)
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earthquakes take place. The bolted all-steel restrainer is made of two halves and can be 

quickly removed for inspection in place post-earthquake so a decision can be made on 

whether the replacement is necessary. It is not possible to directly inspect it in conventional 

BRBs, because of the encapsulation of the yielding core within the mortar-filled restrainer. 

Further advantages of all-steel BRBs include faster and easier fabrication due to no need for 

casting mortar between the core and encasing, and the lighter weight of the brace from the 

elimination of the mortar. 

The applications of BRBFs have expanded in seismically active zones because of their 

balanced hysteretic loop, high ductility, high resistance against fatigue loading, and also to 

deal with minimising the number of beam-column joints that have gussets in order to help 

resolve the code prescriptive rotational requirements. 

However, the desired BRBF seismic performance is very different to that of a traditional 

CBF and it is absolutely critical that the consequences of these differences are recognised 

and accounted for in the design of the connections and the supporting members. 

Traditional CBFs are softening systems. Therefore, after brace buckling occurs, the strength 

demands on the connections and the framing members are diminished. With BRBFs, given 

the brace needs to stay stable through the entire inelastic deformation without buckling, the 

axial demands are continuously increasing with the increasingly larger drifts and, due to the 

additional rotational slack at the restrainer end, the brace in compression can place great 

flexural demands on the connections and onto the beam-column junction where the brace is 

connected and the beam-column junction is being subjected to maximum joint rotation 

demand. 
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The traditional method for designing the brace gusset connection in compression is the 

equivalent column method, which is an effective length approach. It is, however, not 

influenced by the flexibilities and discontinuities of the internal joints of the BRB system. 

In fact, the gusset plate or brace member effective length factor is not capable of considering 

the flexibilities of the internal joints over the bracing system. 

Previous studies have shown that the equivalent column method is not sufficient in the BRB 

connection design and it can at best be a poor solution, and at worst, one where the approach 

is not conservative, which is briefly discussed in the next section. 

1.2 Literature review 

The idea of making a brace of similar stiffness and strength in both tension and compression 

was initially proposed by Yoshino and Karino (1971). To prevent the flat bar brace buckling 

in compression, they placed precast concrete walls on both sides of the brace. Their 

experimental research showed reasonable improvement in the ductility of the system. 

However, the first practical BRB concept was tested by Watanabe et al. (1988), in which the 

precast concrete panels were replaced by mortar-filled steel tubes, resulting in the Unbonded 

Brace. They concluded that the overall instability of the restrainer can be prevented if the 

Euler buckling load of the restrainer, ignoring the infill mortar, is more than 1.5 times the 

yield load of the core (𝑃𝑒 𝑃𝑦⁄ ≥ 1.5). 

Usami et al. (2008), cyclically tested four all-steel BRB specimens with different 𝑃𝑒 𝑃𝑦⁄  

ratios, varying from 2.10 to 6.89, to establish an equation for the overall stability of the 

restrainer, including the initial imperfections, the bending strength of the restrainer, and the 

second-order effect. The experimental results showed that the all-steel BRB specimens 

exhibit stable behaviour when 𝑃𝑒 𝑃𝑦⁄ ≥ 4.46. 
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Dehghani and Tremblay (2017) tested a total of twelve full‐scale all-steel BRB specimens 

to evaluate the seismic performance of the system. They have established two distinct 

stiffness and strength criteria to overcome the global instability issue of the all-steel BRB 

restrainer. For the stiffness design of the restrainer, the deflection amplification factor under 

the maximum adjusted BRB load in compression is limited to 2.0, which is approximately 

equivalent to 𝑃𝑒 𝑃𝑦⁄ ≥ 3 and 𝑃𝑒 𝑃𝑦⁄ ≥ 4, if the maximum compressive load is estimated as 

1.5𝑃𝑦 and 2𝑃𝑦, respectively. Additionally, the flexural strength of the restrainer is assessed 

using an interaction equation that accounts for various parameters including initial 

imperfection, friction force in the restrainer, global and local bending of the restrainer, and 

second-order effect. 

It is worth remembering that in theory, the Euler buckling load of an end-restrained prismatic 

member relies significantly on the effective length of the member. In determining the 

effective length factor, it is very important to appropriately evaluate the degree of rotational 

fixity at two end joints, accounting for the rotational stiffnesses at those locations. This 

means that careful attention must be paid to the rotational continuity at the end of the 

restrainer when recommending the stiffness criterion for the design of the restrainer. 

Gusset plates, which connect the braces to the framing elements in the braced frame seismic 

resisting systems, are a key component of the braced frames. Despite their widespread use, 

there are still significant unanswered questions around their compressive capacity and 

behaviour, and gusset plate failure has initiated some high-profile structural failures in recent 

times. For example, in 2007, the collapse of the I-35W Mississippi River Bridge in 

Minnesota, USA, caused the deaths of 13 people. Subsequent inspections concluded that the 

collapse was mainly due to an overstressed and buckled gusset plate. This disaster highlights 

the risk from inappropriate design of gusset plates. 
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Due to the complexity of stress distribution, boundary conditions, and the different 

geometries in gusset plate configurations, the stress analysis of the gusset plates is difficult 

and their actual compressive behaviour is not well known nor easily determined. For design 

purposes, Thornton (1984) proposed a column-based method for predicting the buckling 

capacity of the gusset plate, based on earlier research conducted by Whitmore (1952). In this 

procedure, the gusset plates were considered as rectangular columns with an effective width 

determined by a 30° stress trajectory (Whitmore’s width), and the Euler buckling capacity 

was determined using an effective length factor of 0.65 with the average of three lengths 𝐿1, 

𝐿2, and 𝐿3 shown in Figure 1.7. 

 

Figure 1.7 Geometry of Thornton equivalent column, based on Whitmore’s work 

For most classic CBF connections, the Thornton method is conservative because it does not 

consider the plate action and the out-of-plane restraint provided by the plate outside the 

boundaries of the effective width. Gross (1990) carried out full-scale tests on braced frame 

subassemblages and noted that the Thornton method, even with the effective length factor 

of 0.5, could considerably underestimate the actual buckling capacity of the gusset plates. 

Higgins et al. (2013), tested six large-scale gusset plate specimens representing the I-35W 

Mississippi River Bridge in the United States, which collapsed due to buckled gusset plates 

in 2007. They found that the largest experimental effective length factor was 0.8, and that 

effective length factors less than unity can be applied to estimate the compressive capacity 

of gusset plates that buckle in sway mode. An important finding was that all six gusset plates 
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failed in sway buckling mode under the yield-line at the brace end (Figure 1.8(a)). This is 

the local buckling of the gusset plate, for which the current codes of practice have adopted 

the Thornton equivalent column approach, to estimate the plate thickness and achieve 

stability in the traditional braced frame. Hereafter, it is called the gusset buckling (GB) mode. 

 

Figure 1.8 Two different failure modes: (a) gusset buckling (GB) mode (Higgins et al., 2013); (b) 

BRB-gusset interactive failure (BGF) mode (Tsai et al., 2008). 

Yam and Cheng (2002) previously reported 13 full-scale tests and found that, owing to the 

stress redistribution in the corner gusset plates, using a stress trajectory angle of 30° could 

be too conservative; and a 45° dispersion angle was shown to give a more accurate prediction 

of the buckling capacity. A more comprehensive approach was suggested by Dowswell 

(2014), in which a variable stress dispersion angle was formulated to estimate the buckling 

capacity of the gusset plates with different configurations and inelastic deformation capacity.  

The most recent American guidelines, such as the AISC Seismic Design Manual (AISC, 

2018), and the AISC 29 Steel Design Guide (Muir & Thornton, 2014), have adopted the 

Thornton method, and by using the AISC column curve, the compressive strength, initial 

imperfection of 𝐿 1500⁄ , and accidental eccentric loading are taken into account. The 

common AISC Manual values for the effective length factor are 0.5 for a corner gusset plate, 

as established by Gross (1990), and 1.2 for a single brace gusset plate that is connected at 

only one edge. In all cases, the middle length to the nearest support point (𝐿1) is used as the 

(a) (b)
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buckling length. As an alternative, the AISC guidelines reference the effective length factors 

and buckling lengths suggested by Dowswell (2006, 2012) that were calibrated for different 

gusset configurations to provide more accurate solutions. Similarly, in the codes of practice 

in New Zealand, the Thornton method is applied along with the column curve presented in 

NZS (1997/2001/2007). 

HERA R4-80 (Clifton, 1994) follows the effective length factor value of 0.5 proposed by 

Gross (1990) with the average buckling length, however in NZS (1997/2001/2007), the 

effective length factor is changed to 0.7 and the clear buckling length used is the middle 

length (𝐿1). 

The BRBF gusset plates have been identified as an area in critical need of more research. As 

mentioned, the current codes do not prescribe the direct criteria for the stability design of the 

BRB connections, and the practising engineers mostly use a method based on the classic 

CBF connection behaviour. However, BRBs have different structural characteristics to 

classic braces, which may lead to gusset plate instability if designed using a method based 

on CBF connection behaviour. Tsai and Hsiao (2008) and Chou and Liu (2012) tested full-

scale BRBFs and reported the out-of-plane buckling of the gusset plate connections. Their 

findings indicated that the effective length factor should be 0.65 for stiffened cases and 2.0 

for the regular unstiffened gusset plates. However, as can be seen in Figure 1.8(b), the 

experimental specimen exhibited a different plastic failure mode over the gusset yield-line, 

hereafter called the BRB-gusset interactive failure (BGF) mode. This means that an 

increased effective length factor would not be the best approach to cover this failure mode.  

The appropriate way to consider the compression failure is with the appropriate failure mode 

as well as the appropriate strength and stiffness considerations, since they are interconnected. 
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Historically, the issue with the strength and stiffness check is the difficulty in undertaking 

the stiffness check for a typical building system. 

In terms of the general stability requirement that a lateral bracing system must be able to 

transfer 2% (2.5% in New Zealand standard) of the axial compression force in the member, 

it originated in the US from the design of the lacing in the built-up members of the trusses 

in the early 1900s and it was first adopted by the New York City building code, in the 1970s, 

to all the stability bracing situations in the absence of any general bracing requirements 

(Ziemian, 2010). 

In fact, the 2% or 2.5% rule is a means of meeting the stability criteria by ensuring the system 

is sufficiently stiff by being sufficiently strong. This is just an approximation to eliminate 

the need for the stiffness check by increasing the strength requirements, so that the lateral 

bracing system when designed for the specified level of strength would be stiff enough. 

However, this requirement only addresses the strength criterion directly but not the stiffness 

criterion, despite the fact that in terms of the stability design, the strength and stiffness 

requirements are intertwined. The requirement is also written for application to systems that 

are behaving principally in the elastic range.  

The earliest stiffness requirement for the lateral relative bracing system was developed by 

Winter (1960). He demonstrated that the stiffness of an adequate lateral bracing system 

needs to be at least twice the ideal stiffness to account for the initial out-of-plumpness and 

to limit the axial force of the lateral bracing system to a small level which is equivalent to a 

deformation amplification factor of 2.0 (Ziemian, 2010). This requirement was later included 

in many building codes and the current recommended values for the upper limit of the 

amplification factor is 2, 1.5, and 1.4, in CSA (2014b), AISC (2016b), and NZS 

(1997/2001/2007), respectively. 
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Kitipornchai et al. (1993), tested 22 specimens of eccentrically connected cleat plates and 

confirmed the validity of applying the fully plastic collapse approach if the amplification 

factor, calculated by the critical buckling load, is used to account for the second-order effect. 

However, the effect of the initial imperfections, such as the out-of-flatness of the cleat plates 

and out-of-plumbness of the bracing member was neglected in the proposed stability 

equations. 

In a similar vein, Clifton et al. (2007), proposed a stability design procedure for the eccentric 

cleats in compression using the 2.5% rule and the moment amplification factor concept. It 

appears to be the first application of the Notional Load Yield Line (NLYL) method in the 

stability design of the brace connection including the second-order analysis, as a way of 

meeting both the strength and stiffness requirements.  

Fang et al. (2015), conducted experimental and analytical studies on the compression 

behaviour of the gusset plate connections with single-sided splice members. A simplified 

full plastic collapse approach was used to develop a series of design equations, based on the 

governing failure mode of each specimen, which account for the initial imperfection, plastic 

moment capacities of critical sections, and second-order effect. Results from experimental 

testing and finite element models confirmed that the proper way to consider instability is 

with proper failure mode considerations. 

The NLYL design concept was extended to different gusset plate connection stability 

situations for the conventional bracing system by Dowswell (2016). This method effectively 

considers many critical parameters that control the compressive behaviour of gusset plates, 

such as the initial imperfection, yielding of the section, reduction in stiffness, large 

eccentricity, second-order effect, and plate action. The study shows that as direct stability 

considerations are applied, then there is no need for other equivalent column considerations 
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or effective length methods, and the stability analysis and design can be undertaken based 

on the actual length of the compression member. However, the method utilises a yield-line 

pattern and buckling length that is not consistent with some experimental observations. 

As an alternative, some engineers include gusset plate stiffeners to prevent the plastic hinge 

formation at the gusset plate and to transfer the lateral load back to the main structure, with 

very little consideration regarding the consequences in terms of the requirements for the 

overall performance of the structural system. A benefit of this arrangement is the reduction 

in the slenderness ratio of the gusset plate that appears to be an issue with the slender 

detailing. That being said, this type of gusset plate adds flexural demands to the beam and 

column, and it is necessary to know they are not being overloaded nor that they are 

overloading the connection that is provided there. 

Recent research has shown that even though the gusset stiffeners can alleviate the flexural 

demands on the brace and gusset connection, the rotation of the stiffened gusset can impose 

great demands on the frame members (Okazaki et al., 2017). This is also supported by 

experimental evidence, where BRBF systems with stiffer gusset plates had lower 

deformation capacity when loaded beyond their elastic limit and suffered more rapid strength 

loss due to localised failures within the beams and columns (Palmer et al., 2016). 

Koetaka et al. (2008), studied the out-of-plane buckling of the BRBs including the full-depth 

stiffened gusset connections in the chevron configuration, and proposed a stiffness-based 

design criterion for preventing the global out-of-plane buckling of the system. The proposed 

stability model was comprised of the elastic bars for the BRB member and connection zone, 

the elastic end restraint for the collector beam, and the internal frictionless pins at the end of 

restrainer. The shortcoming of the proposed method is that it is limited to very specific 

geometric configurations within the elastic range, and do not account for the initial 
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imperfection, material yielding, and second-order effect. The experimental results also 

confirmed the significant concentration of the deformation demand on the collector beam 

when the stiffened gusset connections are used that need to be considered in the design.  

Likewise, Hikino et al. (2013), carried out large-scale experimental tests and investigated 

the out-of-plane stability of the BRBs with the full-depth stiffened gusset connections and 

in chevron configuration. In this study, the stability equation was proposed using a simplified 

model with similar boundary conditions as Koetaka et al. (2008), but the bars representing 

the BRB member and connection zone were considered to be infinitely rigid. This method 

was also developed based on the elastic concept. 

More recently, Takeuchi et al. (2014, 2016), have developed an innovative stability design 

procedure for the BRB connection that is showing promising results and it opens up a new 

way for this research field. In these pioneering studies, the attention has been paid to the 

moment transfer capacity of the restrainer end, and a set of sophisticated equations for BRB 

stability has been developed.  

This method considers many details of the BRB anatomy and the gusset plate connection, 

geometric imperfections, material nonlinearity, and second-order effects. However, this 

method does not take the local gusset buckling (GB) mode into account. In general, this 

buckling mode is not well considered in the Japanese practice for the BRB stability design, 

and the common denominator of the available solutions is that the researchers focus their 

attention on the global instability of the BRB system, ignoring the local gusset buckling (GB) 

mode. This is mainly attributed to the fact that the stiffened gusset connection that they 

include in the applications mitigate the gusset plate buckling, however this is not necessarily 

the case in the USA and New Zealand design practice for BRBs and, as described above, the 
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highly stiffened gusset plate connections may not perform well when subjected to high 

rotational demand. 

In addition, in the method proposed by Takeuchi et al. (2014, 2016), a plastic asymmetrical 

mode (S-mode) has been used with the elastic symmetrical mode (C-mode) to predict the 

ultimate collapse failure load, which is not consistent with the theoretical and experimental 

results presented herein.  

Having said that, this method was found to be a very useful tool for deriving the analysis 

and design criteria in the present research. In fact, the current study presents an extension to 

the existing Takeuchi approach. This extension includes the local gusset buckling (GB) 

mode, direct consideration of the rotational stiffness at the end of restrainer (BRB neck), and 

the appropriate combination of the elastic and plastic collapse modes which may have either 

C-mode shape or S-mode shape. Experimentally verified formulation has also been proposed 

for the rotational stiffnesses of the BRB neck and gusset plate connections. 

1.3 Motivations 

Developed by Japanese researchers in the late 1980’s, BRBFs were introduced to North 

America in the late 1990’s and have recently become a standard seismic lateral resisting 

system in some building codes. New Zealand design standards do not currently recognise 

BRBFs as a structural system. They must be designed as an ‘Alternative Solution’ as per the 

New Zealand Building Code (NZS, 1997/2001/2007). In New Zealand, the design 

procedures for CBFs were developed and initially published in 1994 and have performed 

well in recent severe earthquakes (Clifton, 1994). The key question is whether the gusset 

plate design procedures developed for the CBFs and applied to the BRBFs are suitable? 
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Currently, there is not a generally accepted or uniform approach for the stability design of 

the BRB connections. The BRBs have been extensively experimentally tested to ensure that 

the brace does stretch and squash without buckling, as required. However, the majority of 

this testing has been at a component level, while in practice they are part of a structural 

system. For the building to behave as designed and expected, the whole system must remain 

stable under compression and this is where the limited large-scale experimental research that 

has been undertaken has been reported so that the connections can be the “Achilles Heel” of 

the system, with premature failure occurring in the connections rather than the BRB core 

undergoing confined yielding and high-mode buckling within the constraints of the 

restraining surfaces of the restrainer (Figure 1.9).  

 

Figure 1.9 Possible BRB connection failures: (a) restrainer end and cap plate failure (Lopez et al., 

2002); (b) yielding at the BRB neck outside restrainer (Lin et al., 2015); (c) failure at the restrainer 

end inside the transition zone and mortar cracking at that location (Takeuchi et al., 2014) 

 

(a)

(b) (c)
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Therefore, even though this system is increasingly being used for many multi-level 

construction projects, there are serious concerns over their connections compression 

performance which may lead to a failure of BRB systems in terms of possible instability. 

In fact, the use of the BRB system has to some extent outpaced our understanding of the 

system behaviour and especially the requirements to ensure no compression failure of 

connection occurs. This lack of understanding is of great concern to the profession in that 

the behaviour of BRBs in a severe earthquake may not be as expected. 

To deal with this issue, the latest Seismic Provisions (AISC, 2016a) requires at least one 

individual brace test and one subassemblage test under the inelastic cyclic loading, for every 

project, to ensure the system meets the qualifications, and this system can only be used if a 

satisfactory performance is demonstrated through the prequalification test program. 

While this can quantify the dependable behaviour of the brace itself, it does not quantify the 

dependable behaviour of the overall system. In other words, the performance of the BRB 

itself can be determined by the specified testing regime by the brace manufacturer, however 

the prescribed support conditions for the brace testing can be different to the gusset plate 

support conditions of the BRB when installed in a seismic-resisting system and it is the 

dependable system performance that must be achieved. In addition, the cost of testing for 

every project would be considerable and would not be probable. 

Testing on individual braces has demonstrated that the BRBs can perform very well when 

loaded inelastically in line with the core. However, as mentioned above, the brace system 

can fail prematurely if its connections are not appropriately designed and detailed, and fail 

before the BRB core reaches its maximum capacity in compression. 
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In some respects, this is not surprising, as the existing design procedures for the BRBF gusset 

connections have followed the established CBF gusset plate provisions. The different 

behaviours of the CBF braces and BRBF braces have significant implications on the gusset 

plate design and detailing. In CBFs, the braces are designed to buckle out-of-plane in a 

dependable shape, generating out-of-plane rotation in the gusset plate. This means that, for 

the CBFs, the gusset plates must dependably accommodate the out-of-plane rotation without 

failure in compression. However, in the BRBFs, the global failure modes of the brace as well 

as the gusset buckling are required to be suppressed, to allow the BRB core to dependably 

squash in a severe earthquake. 

With the BRBs, there are many more key parameters affecting the stability and relatively 

limited experimental test results. While recent research has addressed some of the issues, at 

a fundamental basis there is still a level of concern about the stability of the BRBF system 

during major earthquake events. 

The current BRB connection analysis and design recommendations do not capture all the 

appropriate modes of failure observed by the experimental testing and theoretical research. 

Some of the design procedures used in previous large-scale testing have resulted in 

connections which dramatically fail to achieve a stable response in compression, in large 

part because they do not account for the variations in strength and stiffness along the length 

of the brace which are very different in a BRB compared to a conventional prismatic brace. 

With respect to the BRBF systems it is very important that the collapse failure characteristics 

of the overall system are well understood, including the multiple points of potential 

flexibility in the BRB and connection system that may instigate a compression failure. Based 

on the general stability rules, the direct stability considerations for the out-of-plane stability 

of the BRB are the appropriate way to determine this. 
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The actual BRB failure model also requires the reliable estimate of the rotational continuity 

(stiffness and strength) between the BRB neck and the restrainer end as well as between the 

BRB end and the gusset plate. 

1.4 Research objectives 

There are a number of ways the BRB system may fail the acceptance criteria. The significant 

gap in the knowledge of BRB stability design raises the following question: if we had to 

design a BRBF building, how would we do so to be certain that it would work and behave 

as expected? To understand that, this study set out with the aim of understanding the actual 

compression behaviour of the BRB system under strong cyclic motions and obtaining a 

thorough understanding of the issues related to stability analysis and the design of the BRB 

connections. 

For this purpose, experimental and theoretical investigations have been undertaken to study 

the different aspects related to the compression performance of the BRB connections and 

experimentally verify a stability design procedure so that the connection stability issues can 

be dependably but not too conservatively overcome. 

This research programme does not aim at investigating the stability design criteria for BRB 

restrainer. This was based on the findings of related literature that the current design criteria 

are sufficient for the stability of the restrainer. 

Therefore, the focus of this study was to develop a comprehensive yet simple stability design 

method for the BRB connection, which considers the stability criteria explicitly, and provide 

suitable detailing requirements to suppress buckling failure and ensure the stability of the 

BRB systems against the maximum considered seismic actions. 
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The proposed method would simply be used by the design engineer or by the BRB 

manufacturer for the system, as a means of meeting the stability requirements and it would 

be applied in conjunction with the suitable detailing requirements as a means of determining 

the adequacy required to ensure the system is sufficiently stiff and strong. 

1.5 Methodology 

This topic was selected in response to the urgent demand from the national profession for a 

dependable stability design procedure for gusset plate connections in BRBF systems. 

Given the already widespread use and still growing popularity of the system for multi-storey 

building seismic resisting systems, it was very important to develop and publish an interim 

design procedure for the stability of the BRB system for the design engineers. In the course 

of the first year of study, the interim design procedure for gusset connection stability was 

developed from a study of at times contradictory published literature on this topic (Zaboli et 

al., 2018).  

This was done in advance of the testing to meet the demand from consulting engineers for 

such a procedure. Even though it was not the normal way around of developing new design 

procedures, it was necessary in this instance. It meant the verification testing must have been 

completed as soon as possible in order to identify if any changes to this interim design 

procedure are required. 

During the first stage of this research the available design procedures were critically analysed 

and the key experimental results were also collected. The interim design procedure was 

primarily developed based on first principles stability considerations and results from the 

most recent literature related to the topic, particularly the research undertaken by Clifton et 

al. (2007), Dowswell (2016), and Takeuchi et al. (2014, 2016), which includes the key 
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parameters involved in stability design. Particular advice was taken into consideration 

without the designers having to have rotational stiffness data for the gusset plate connections. 

This preliminary study was an essential step towards verification by experimental testing as 

the preliminary findings were used in the assessment of the main affecting parameters 

identified in the stability of the system. Therefore, all the research findings from this phase 

of activity were the basis of the next phase and the key questions were identified that needed 

to be more thoroughly investigated in the experimental and theoretical investigations. 

In terms of evaluating the proposed design procedure and recommendations, a rational 

experimental investigation that focuses on the brace end and the gusset connection effects 

was then required to answer the question as to whether the proposed solution will ensure 

stable, dependable BRBF behaviour through the deformation demands expected from a 

maximum considered event (which the 2010/2011 Christchurch earthquake series was in 

terms of intensity and duration of strong ground shaking), and meet the code-prescribed 

performance criteria of the BRBF systems. 

A series of large-scale experimental testing of BRBF subassemblies was conducted to study 

the different aspects related to the cyclic performance of the system and assess the adequacy 

of the developed stability design procedure. 

The experimental testing programme subjected the provisions of the interim design 

procedure to critical review. Any changes necessary were incorporated into the final design 

procedure and detailing requirements. 

The reliability of the final proposed approach was verified by comparing to the experimental 

tests results, which show that the validated method can provide a comprehensive solution, 
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considering the likely phenomena and which can cover the range of BRB stability parameters 

that will apply for braces built by the current manufacturers. 

It is expected that the experimentally validated design methodology will be able to improve 

the seismic performance of the BRBFs at drifts well beyond the design level earthquake so 

that, in the very large events, it will ensure the connection stability which will be critical to 

the overall behaviour of the system. 

Therefore, the method will enable engineers to reliably achieve the required BRBF brace 

system stability and will result in these systems behaving as expected in terms of generating 

stable, predictable low damage performance in severe earthquakes rather than demonstrating 

unpredictable and undesirable modes of behaviour in such an event. Given the current high 

popularity of BRBF systems, achieving this surety of behaviour is very urgent and important. 

1.6 Organization 

This thesis is presented in five chapters, each chapter describes a distinct step in the research. 

Chapter 1 is devoted to an introduction which includes an overview of the BRBFs and the 

background information on the research subject together with the research objectives and 

the scope of this document. 

Chapter 2 presents the experimental programme for testing twelve large-scale BRBF 

subassemblies considering proper boundary conditions, along with the detailed descriptions 

of the test specimens and BRB preparation. 

Key observations from the experimental testing of BRBF subassemblies are thoroughly 

discussed in Chapter 3, which mainly includes the general seismic performance of the BRB 

system under cyclic loading and the different failure modes of the BRB connections with 
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pictorial details around the performance of the specimens. The experimental results of the 

BRB neck and gusset connection component testing are also presented in this section. 

Chapter 4 provides the proposed design procedure and associated detailing requirements 

based on the nature of each failure mode. Improved idealisations that better consider the 

observed behaviour in the experiments are recommended as a result of this work. The results 

of the experimental testing are then compared to the calculated values for the verification of 

the proposed design procedure. 

And finally, in Chapter 5 the main conclusions and design recommendations for improving 

the seismic performance of BRB system are summarised. 
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CHAPTER 2. EXPERIMENTAL PROGRAMME 

2.1 Test setup 

Considering the complexity of the load path and the difficulty of precisely measuring the 

various combined interaction effects in BRB system, it is prudent to undertake the 

experimental testing of the realistic details of the system that comprises all of the parts of 

the BRB system and the end connection to develop a profound understanding of the complex 

behaviour of the system in the elastic and inelastic ranges. BRBs should be experimentally 

tested in a frame in the vertical plane, since gravity can have an appreciable effect on the 

brace behaviour in compression and on the failure modes, since it can affect the shape of the 

initial imperfection pattern. 

Similar to that used by Dehghani (2016), and Dehghani and Tremblay (2017), a vertical 2D 

test frame laterally restrained to the strong wall was designed and built to install the BRB 

diagonally and incorporate the BRB connection into the framing members for investigation 

of the actual seismic response when the frame actions are involved (Figure 2.1(a)). The 

subassemblage configuration was selected to impose combined axial and rotational demands 

corresponding to the story drift on the specimens especially on the steel core extension just 

outside the restrainer.  

The setup provided realistic boundary conditions involving in-plane rotation of the beam-

brace-column connection due to in-plane deformation of the BRBF and also out-of-plane 

rotation of the connection due to seismic action and deformation in the other principal 

direction of the frame to estimate the impact of the in-plane compatibility demands on the 

out-of-plane stability of the BRB system. 
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Figure 2.1 Test setup (a) test frame elevation; (b) compact gusset connection; (c) noncompact 

gusset connection 

A single hydraulic actuator that had an axial load capacity of 670kN, a total stroke of 760mm 

(+/-380mm) and was capable of conducting tests at seismic dynamic load rates was 

horizontally attached to the pin-ended column to apply the intended displacement protocol. 

The bases of the column and column stub were post-tensioned onto the strong floor by means 

of high-tensile post-tensioning bars in order to prevent movement and slippage in three 

orthogonal directions. 
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In general, the lateral load path of the end of the actuator, where it is connected to the strong 

wall, may not be aligned with the test frame. During assembly, a laser level was used to 

achieve the best possible alignment and apply the actuator load centrally as much as possible. 

To determine the influence of various connection parameters on the BRB system 

compression behaviour and investigate the appropriate brace connection into the framing 

system, the assessment involved key parameters from different gusset plate configurations 

including unstiffened, stiffened, noncompact, and compact gusset connections as shown in 

Figure 2.1(b) and Figure 2.1(c). 

2.2 Specimen description 

The proposed method required validation based on experimental testing that is designed 

specifically for the BRB connections where there is full control over the BRB detailing. 

The literature review, in conjunction with preliminary investigation of the significance of 

each BRB parameter showed that the air gap size between the core plate and restrainer is a 

critical factor for the BRB stability and this factor depends on the method of the construction 

of the BRB. The problems that can occur in conventional mortar-filled BRBs include the 

core not being effectively centred within the restrainer, the debonding material being thick 

on one side and thin on the other side, placement of the mortar causing the debonding 

material to unbond, and the mortar expansion or contraction changing the gap size in 

practice. 

With the all-steel BRB, to be compatible with the specified fabrication tolerances, it is 

necessary to make sure that the fabricators’ product has a uniform quality, particularly in 

regard to the material and the component shape cutting details. 
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A new type of BRB comprised entirely of steel, the manufacture of which does not involve 

the mortar casting and curing procedure, was used in this research programme (Bolduc & 

Tremblay, 2003; Dehghani, 2016; Dehghani & Tremblay, 2017; Tremblay et al., 2006). 

Composition of the all-steel BRB specimens used in this study is shown in Figure 2.2. 

 

Figure 2.2 Composition of all-steel BRB specimens: (a) narrow neck BRB; (b) wide neck BRB 

Given the proprietary nature of the conventional mortar-filled BRB design and manufacture, 

the key information regarding the connection region of the BRB into the restrainer, which is 

critical for the overall brace system stability, was not available to us. The simple-to-fabricate 

all-steel BRB was selected to provide full control over this region. In addition, the bolted 

all-steel BRBs could be readily disassembled for damage inspection after testing. 

It also allows a typical certified steel fabricator to deliver all the steel elements required to 

construct the brace system due to the fact that there is no need for the casting mortar between 

the core and encasing and the provision of a complex slip plane between the steel core and 

the surface of the grout. The intention was to use a general structural steel fabricator so the 

quality of finish was not higher than that which would be achieved in practice by a good 

quality operator. The dimensions of the all-steel BRB specimens are shown in Figure 2.3. 
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Figure 2.3 Dimensions of BRB specimens (dimensions in mm): (a) narrow neck BRB; (b) wide 

neck BRB; (c) cross-sectional details 
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Twelve all-steel BRB (8 narrow neck & 4 wide neck) specimens with similar yielding core 

and restrainer cross-sections yet different details at the end of restrainer were designed and 

detailed for the experimental testing. 

The key variables in the BRB members were the neck width, the insert zone length (length 

of the embedded cruciform part of the core), and the gap size between the core plate and 

restrainer. 

In this experimental investigation, both the global BRB-gusset interactive failure (BGF) 

mode and the local gusset buckling (GB) mode were studied. 

It was expected that the twelve specimens would provide the critical information needed to 

evaluate the proposed method and confirm that the method is dependable in practice. 

Therefore, the majority of test specimens were designed and detailed to promote premature 

instability in order to investigate the developed stability design procedure. 

The all-steel BRB has a 70 x 8 mm yielding core running the length of the brace and the 

average measured yield strength and ultimate strength are 388 MPa and 535 MPa for 

specimens (1) to (8), and 370 MPa and 514 MPa for specimen (9) to (12). Therefore, the 

average actual yield resistance of the BRB core is 217 kN for specimens (1) to (8), and 207 

kN for specimens (9) to (12). 

Similar to the gusset plate strength and stiffness, which are effective in suppressing the out-

of-plane failure of the brace system, increasing the restrainer end continuity will also 

increase the compression capacity of the BRB system (Takeuchi et al., 2014).  Therefore, it 

was desirable to further investigate more flexible restrainer ends in regard to the compression 

capacity of the BRBs. 
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For this purpose, the significantly tapered neck was provided on the narrow neck BRBs to 

ensure the neck strength is consistent with the test objectives of the developing design 

procedure to be able to predict neck failure as a failure mode. 

It should be mentioned that the narrow neck BRBs, specimens (1) to (8), were installed such 

that the core plate was oriented parallel to the plane of the frame, while the core plate of the 

wide neck BRBs, specimens (9) to (12), were placed perpendicular to the plane of the frame. 

The mild steel material was specified for the steel core that can resist a large number of 

inelastic cycles and exhibit excellent ductility. 

The all-steel BRB employs a detachable buckling restraining mechanism (restrainer) that 

encases the core to prevent buckling. The restrainer that is made by two external rectangular 

tubes welded to the face plates and connected together by bolts should be designed in such 

a way that the global instability of the brace does not occur under the adjusted brace strength 

in compression. 

Pairs of 38 x 10 mm and 38 x 12 mm shim plates located on both sides of the core plate were 

detailed to provide 1 mm and 2 mm gaps (each side) between the core plate and restrainer 

allowing core expansion in compression. 

The end of the restrainer was reinforced with extra square bars to enhance the strength and 

stiffness in this critical region. 

A stopping mechanism was adopted at mid‐length of the core plate to prevent the restrainer 

from slipping off and achieve more predictable performance. 

The all-steel BRB parts were cut with the tolerance of ±0.5mm. All of the other plates and 

profiles were cut with the tolerance of ±1.0mm for cost reasons. The standard holes were 
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made by drilling to minimise damage around the holes and a 100% visual inspection was 

performed by a qualified in-house welding inspector to ensure a high-quality weld. 

As mentioned earlier, to determine the connection influences on the BRB system behaviour, 

the assessment included different configurations of the gusset plate connections as they 

relate to the BRB system failure loads (Figure 2.4). 

 

Figure 2.4 Gusset connection specimens (dimensions in mm) 

In fact, this research investigates the effect of the gusset plate compactness on the stability 

of the BRB system by applying both compact and noncompact gusset plates to connect the 

BRBs to the framing elements. 
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It was also essential to increase the extent (slenderness) of the gusset plate to above the 

optimal amount for some of the specimens in order to achieve the gusset buckling (GB) 

during the testing. In this case, the brace angle of inclination is smaller, with respect to the 

horizontal, making the gusset plate large and vulnerable to buckling. 

In addition, it was necessary to stiffen two pairs of the gusset specimens by full-depth 

extended stiffeners to assess the reliability of the proposed design procedure in stiffened 

connections, and also to avoid gusset buckling so that we can investigate the overall seismic 

performance of the all-steel BRB until the code-specified story drift limit. 

In particular, the unstiffened gusset plate with the narrow neck BRB specimens were 

designed to promote the premature instability of unrestrained non-yielding segment of the 

BRB member, i.e., BRB-gusset interactive failure (BGF) mode, while the unstiffened 

noncompact gusset plates with the wide neck BRB specimens were the cases of loading 

sufficient to get the gusset buckling (GB) mode. 

To detect the beginning of the yield-line formation in the gusset plate and to see where the 

plasticity in the BRB system shows up visually, the gusset plates and the restrainer ends 

were coated with a light layer of hydrated lime as the whitewash material. Figure 2.5 shows 

a general view of the test setup used for experimental testing. 
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Figure 2.5 View of BRB test setup 

The detailed drawings for the test setup, BRBs, and corresponding set of connections 

indicating the interface between the BRB and the framing system are given in the 

APPENDIX D. 

2.3 BRB preparation 

These tests required a specific location on the strong floor, with access to both strong walls. 

Due to the busy schedule of the laboratory, the test setup and BRB specimens had to be 

exposed to weather for some time. Therefore, the steelwork should be adequately protected 

to minimise weather damage to the steel surface in the atmospheric environments. For this 

reason, they had been painted with Inorganic Zinc Silicate (IZS) to provide a temporary 

surface protection over this time. 

The IZS primer has been designed to be suitable as an economical single coating in order to 

provide adequate protection for the steel in a severe exposure condition, while it has an 

indicative slip coefficient of 0.5 according to NZS (1997/2001/2007). 
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Due to the high slip factor of the rough interface between the core plate and inside the 

restrainer caused by the painted protective coating, a good treatment was required at the 

surfaces in contact to reduce the axial force transfer into the restrainer as the core buckles 

in-plane and out-of-plane in compression. 

Thus, following surface treatment to the core plate and the inner surfaces of the restrainer 

was carried out, involving the mechanical cleaning of the IZS and applying an anti-friction 

coating to provide the debonding layer between the core and the restrainer (Figure 2.6). 

The cleaning process was done to obtain the smooth condition and also maximise the bond 

strength between the steel surfaces and the anti-friction material. The surfaces were 

thoroughly prepared by grinding the surface, using the soft strip disc, and then wiping down 

the surfaces with cotton swabs and acetone to remove any dust and loose dirt (Figure 2.6(a)). 

 

Figure 2.6 BRB preparation: (a) mechanical cleaning of the core surface; (b) application of the anti-

friction coating 

The air-curing molybdenum disulphide (MoS2) dry lubricant with a commercial brand of 

“Molykote® D-321 R” capable of delivering the average friction coefficient of 0.075 (based 

on the product catalogue) was selected as the anti-friction coating. 

(a) (b)



 61 

According to the manufacturer catalogue, it is suitable for the permanent lubrication of the 

heavily loaded mating surfaces at extreme temperatures and it has a high aging resistance 

which cannot be detrimentally impacted by dust and dirt after the drying time of typically 

five minutes. 

The MoS2 dry lubricant can be applied by spraying, dipping, or brushing. Based on the 

observation during this phase, the spraying method can deliver a uniform surface without 

visible irregularities in the paint surface, and the covering integrity remained almost intact 

as is shown in Figure 2.6(b). Note that the dry film thickness was negligibly thin and can be 

ignored for a typical design in practice. 

All of the BRBs were then carefully assembled with the specified through-thickness and 

through-width gap sizes and the two restrainer halves were connected using fully tensioned 

high strength bolts (Figure 2.7). 

The through-thickness gap size was easily controlled by the thickness of the shim plates. 

However, the exact through-width gap size was achieved by filling the gap via a small piece 

of metal sheet with the intended thickness, prior to the bolt tightening, that was then removed 

after assembly. 

To achieve this, the filler piece and shim plates needed to be held in position, relative to each 

other, during the installation. A good practical option is a direct tie through a C-clamp to 

remove the slack and give a precise gap size as shown in Figure 2.7(a).  
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Figure 2.7 BRB assembly: (a) holding the shim plates in correct position; (b) additional nut rotation 

from the snug-tight condition 

This is also a useful technique to compensate for the construction tolerances since there is 

adequate clearance, provided by the face plate standard holes, to align the shim plates. 

The restrainer bolts were first fastened to a snug-tight condition through a few impacts of a 

regular cordless impact wrench, and after match marking, they were fully tightened using 

the turn-of-nut technique, in which the additional nut rotation was performed with the help 

of a high-torque air impact wrench (Figure 2.7(b)). 

The additional nut rotation from the snug-tight condition was in compliance with the value 

specified in NZS (1997/2001/2007). The calibrated wrench method was then applied to make 

sure the minimum recommended torque value was available on the bolts. 

Each BRB system was finally labelled with the characters, indicating an unstiffened “U” or 

a stiffened “S” gusset plate, the edge length of gusset plate (280mm or 450mm), the gap size 

“G” (1.0mm or 2.0mm each side of the core), the ratio of the insert zone length to the breadth 

of the neck “L” (2.0 or 0.5), and wide neck BRB “W”, respectively. Nomenclature of the 

specimens and their relevant properties are listed in Table 1 to clearly contrast all of the 

characteristics of specimens. 

  

(a) (b)
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Table 1 Specimen nomenclature and characteristics 

Specimen  BRB  Gusset connection 

No. Name        Neck 𝐿𝑖𝑛 𝐵𝑛⁄ [a] 𝑔𝑥
[b] 

(𝑚𝑚) 

𝑔𝑦
[c] 

(𝑚𝑚) 
 Configuration 

Edge length 

(𝑚𝑚) 

(1) S450G2.0L0.5  Narrow 0.5 2.0 2.0  Stiffened 450 

(2) U450G1.0L2.0  Narrow 2.0 1.0 2.0  Unstiffened 450 

(3) U450G2.0L2.0  Narrow 2.0 2.0 2.0  Unstiffened 450 

(4) U450G1.0L0.5  Narrow 0.5 1.0 2.0  Unstiffened 450 

(5) U280G2.0L0.5  Narrow 0.5 2.0 2.0  Unstiffened 280 

(6) U280G1.0L0.5  Narrow 0.5 1.0 2.0  Unstiffened 280 

(7) U280G2.0L2.0  Narrow 2.0 2.0 2.0  Unstiffened 280 

(8) S280G1.0L2.0  Narrow 2.0 1.0 2.0  Stiffened 280 

(9) U280G1.0L1.0 (W1)  Wide 1.0 1.0 1.0  Unstiffened 280 

(10) U450G2.0L1.0 (W2)  Wide 1.0 1.0 2.0  Unstiffened 450 

(11) U450G1.0L1.0 (W3)  Wide 1.0 1.0 1.0  Unstiffened 450 

(12) U450G0.0L1.0 (W4)  Wide 1.0 1.0 0.0  Unstiffened 450 
[a] Ratio of the insert zone length to the breadth of the neck (narrow side) 
[b] Out-of-plane gap size between core and restrainer (each side), when BRB installed. See page 

72 for description. 
[c] In-plane gap size between core and restrainer (each side), when BRB installed. See page 72 

for description. 

2.4 Loading protocols 

BRBFs are a new generation of bracing systems that have only recently been codified in 

some countries, especially Japan, Canada, and the USA. However, this mainly includes the 

general design and performance of the brace system and it does not particularly extend to 

the performance of the brace to framing system, especially the stability of the end 

connections. 

Instead, the current Seismic Provisions (AISC, 2016a) requires the prequalification cyclic 

testing of both the individual BRB members and the subassemblages containing a BRB for 

every project. 

The goal for testing the individual brace is that the BRB member meets the strength and 

inelastic deformation capacity requirements specified by the building code, and also for the 

calculation of the adjusted brace strengths to design the adjacent elements. The brace 
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subassemblage test that has to have rotational consideration, aims to meet the deformation 

and rotation demands of the design. According to the Seismic Provisions, at least one 

subassamblage test and one brace test shall be performed. 

A displacement protocol is a sequence of displacements that represent the effects of an 

earthquake on structural components. The testing protocols are widely used in the evaluation 

of new structural systems, and in the seismic rehabilitation of the existing structures. 

For cyclic testing of BRBs, the AISC Seismic Provisions provides a step-wise standard 

testing protocol that is a sequence of deformation amplitudes, inducing maximum story drift 

of 2% under MCE level seismic input, with a 2% probability of exceedance in 50 years 

hazard level (Figure 2.8). 

 

Figure 2.8 AISC testing protocol for prequalification of BRBs 

The variables of the AISC testing protocol are defined as follows: 

∆𝑏= brace deformation, mm 

∆𝑏𝑦= brace yield deformation, mm 

∆𝑏𝑚= brace deformation corresponding to the design story drift, mm 
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CID = cumulative inelastic ductility 

Note that while computing ∆𝑏𝑚, the design story drift has to be greater than or equal to 1%. 

In this study, the displacement histories of the BRBs were determined in accordance with 

the AISC standard testing protocol. This protocol was selected so the results would be 

comparable to the available testing data and the AISC Seismic Provisions criteria. 

The first two cycles shall run at the first significant yield deformation of the core plate and 

the loading protocol needs to be adjusted using the coupon-tested yield strength of the core 

plate material. Accordingly, the testing protocols were developed based on the measured 

mechanical properties of the core material that were obtained before testing. 

As permitted in the most recent AISC seismic provisions, the cyclic loads can be applied 

slowly in the BRB prequalification testing. Therefore, the subassemblages testing was 

performed quasi-statically at a constant axial strain rate of 0.001 𝑠−1 to allow us to gain a 

more detailed insight regarding the collapse performance of the BRB system, and it was 

much slower compared with the effective duration of plastic work in the braces. 

The schematic deformed shapes of the single diagonal and chevron BRBF configurations 

are shown in Figure 2.9 below. 
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Figure 2.9 Schematic deformed shape of the BRBF (After Kersting et al., 2015) 

From the schematic diagram, the average strain of the steel core can be expressed as 

휀𝑠𝑐 =
𝜃𝑠𝑡 sin 𝜙𝑏 cos𝜙𝑏

(𝐿𝑦 𝐿𝑤𝑝⁄ )
≈

𝜃𝑠𝑡

2(𝐿𝑦 𝐿𝑤𝑝⁄ )
 (2.1) 

where 

𝜃𝑠𝑡 = story drift angle, rad 

𝜙𝑏 = brace angle of inclination with respect to the horizontal, deg 

𝐿𝑦 = length of yielding segment of steel core, mm 

𝐿𝑤𝑝 = brace work-point length, mm 

In a typical building application, if the yielding length of the steel core covers 50% of the 

brace work‐point length, and the brace angle of inclination is assumed to be 45 degree, the 

average strain of the steel core is equal to the story drift angle (Kersting et al., 2015). 

Where there is a small bay or a short floor with a small yielding length to work-point length 

ratio, the strain of the core starts to sharply rise at some points.  
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 Considering the AISC testing protocol is a drift-based loading sequence, it is capable of 

identifying short yielding lengths and the reduced low-cycle fatigue life as a potential issue. 

In fact, with testing to 2% story drift, one forces higher strains in those BRBs and a really 

short core can easily go outside of the permissible range or it will at least demonstrate much 

higher overstrength factors that need to be considered. 

Note that Japanese practice specifies a loading requirement in terms of BRB axial 

deformation up to 3% core strain (Takeuchi & Wada, 2017), and consequently, the short 

yielding lengths are not picked up in testing with the core strain-based loading sequence. 

2.5 Instrumentation 

In this experimental investigation, both the local gusset buckling as well as the interaction 

between the gusset connection failure and the BRB member failure were monitored. 

Considering how little the BRB can deform before failure, in terms of mm in a controlled 

manner, a pair of high-resolution draw wires (DW#1 & DW#2) calibrated prior to testing 

was used for the brace axial deformation measurement and the variation of applied load was 

continuously monitored by means of the actuator load cell (Figure 2.10). The average value 

from the two draw wires was used as the axial deformation of the brace. It should be noted 

that the displacement signal associated with the actuator is not dependable since each part of 

the testing frame has its own deformation and displacement during the testing. 

In addition, a set of six draw wires (DW#3 through DW#8) mounted across a telescopic pole 

was also applied to trace the out-of-plane displacement of the BRB system at the beginning 

of the first compressive excursion. For that, it was necessary to suitably weld appropriate 

studs to the side of BRB system through a capacitor discharge stud welder in order to connect 

the measuring wire with the specimen. 
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Figure 2.10 Instrumentation 

Making a realistic evaluation of the initial geometric imperfection of the BRBs and gusset 

connections is critically important in the investigation of BRB stability. For this reason, a 

good determination of the in-situ geometric imperfection of the system while the brace is 

connected to the gusset plate must be made before the start of the testing. 

The modern and relatively expensive strategies can be either the laser triangulation sensors 

moving along a mounted rail scanning the brace and connection, or the surveying instrument 

Total Station, in order to obtain the coordinates of the intended points. Alternatively, a very 

simple approach is one that directly measures the distance from any given point on the brace 

or connection to a taut diagonal string connected at one connection end and which runs the 

length of the brace and is attached to the other connection end. 

Due to the complexity of the initial imperfection measurements of the BRB system, a 3D 

scanner was used in this study so that the critical information that was needed for the stability 

analysis would be provided, and with the ability to make accurate estimates based upon the 

measured values.  
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CHAPTER 3. EXPERIMENTAL TESTS RESULTS 

3.1 Initial imperfections 

Given that making a realistic evaluation of the in-situ initial imperfections and eccentricities 

of the BRB and gusset connection is critically important in the detailed investigation of the 

stability of the BRB system, considerable care has been taken in the estimate of the initial 

imperfection values. This was primarily targeted by the direct measurement of the initial 

imperfections and the eccentricities utilising an advanced measurement technique, while the 

BRB was connected to the gusset connection before starting the tests. 

All the measuring equipment has a plus or minus tolerance range in terms of the values 

recorded. The laser 3D scanner was very beneficial for these experimental tests, in that it 

enabled the capture of the initial imperfection data with a certain quality and quantity that 

was not possible that long ago. In fact, it is able to deliver a 3D point cloud by correlating 

the individual scans, to a location accuracy for any point of less than 1 mm in the 3D space, 

making it ideal for the precise measurements of the imperfections (Figure 3.1). 

To create the 3D point cloud, two types of artificial targets, Sphere and Checkboard, were 

used to identify the common points, surfaces, or locations among the individual scans. Both 

provided equally accurate results of less than 1 mm yet have individual strong points. The 

Sphere is easily visible from any angle, providing consistency at heights. The Checkboard 

is only applicable at an angle closer to 90 degrees to 45 degrees as an angle that is any sharper 

will cause issues in recognition and triangulation. Although the Sphere has a distance of 20 

meters maximum, the Checkboard can be seen from further distances and all that is necessary 

is to carry out the printing on a bigger piece of paper. 
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Figure 3.1 3D point cloud before testing 

The FARO SCENE software was used for the post-processing and merging the individual 

scans. The results indicated that they can get accurate merging between the scans if there is 

enough overlap. By specifying this method and taking advantage of the increased accuracy 

of modern technology, the end results were highly desirable. The measured initial 

imperfections are shown in Figure 3.2, and Table 2 lists the measured values. 

 
 

 

Figure 3.2 Measured initial imperfection along BRB length before testing 
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Note that the out-of-plane displacements of the BRB system at the beginning of the first 

compressive excursion, measured by draw wires, have been added to the values measured 

by the 3D scanner, and what is presented includes the additional out-of-plane displacement 

at the start of the test before the restrainer is fully engaged with the core. 

Table 2 Measured initial imperfection values along BRB length before testing 

Specimen Measure point 

No. Name 1 2 3 4 5 6 7 

(1) S450G2.0L0.5 -1.5 -0.5 -1.0 -1.5 -2.0 -1.5 0.0 

(2) U450G1.0L2.0 -2.9 -1.2 -9.5 -10.2 -10.9 -3.2 0.0 

(3) U450G2.0L2.0 2.2 5.2 11.2 12.2 13.3 4.8 0.0 

(4) U450G1.0L0.5 2.1 3.0 4.9 7.9 10.9 4.7 0.0 

(5) U280G2.0L0.5 3.0 3.6 9.2 9.2 9.2 0.3 0.0 

(6) U280G1.0L0.5 1.4 2.4 4.8 -0.4 -5.5 -1.6 0.0 

(7) U280G2.0L2.0 4.4 4.6 9.1 1.9 -5.3 -1.3 0.0 

(8) S280G1.0L2.0 -3.6 -3.4 1.0 -1.0 -3.0 -2.0 0.0 

(9) U280G1.0L1.0 (W1) -0.5 -0.6 -2.1 -2.6 -3.1 -1.0 0.0 

(10) U450G2.0L1.0 (W2) -4.5 -3.3 -6.5 -5.9 -5.3 -2.6 0.0 

(11) U450G1.0L1.0 (W3) -1.1 -0.9 -3.2 -6.1 -8.9 -4.0 0.0 

(12) U450G0.0L1.0 (W4) 3.2 3.5 2.9 -0.5 -3.8 -3.0 0.0 

The measurement of critical points by the 3D scanner system was satisfactorily checked by 

comparison with the classic taut wire method. 
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3.2 General performance of the BRB specimens 

Seismic performance of twelve large-scale all-steel BRB specimens with variable transition 

zone details of the stiffened part of the core plate into the restrainer and different gusset 

connection configurations were assessed. 

The test frame was horizontally subjected to the displacement protocol, and the reaction 

force of actuator and deformation of the specimens were monitored under the pseudo-static 

reverse cycles. The criterion for ending the tests was the brace fracture for all specimens 

including the non-buckling specimens and the ones that underwent sidesway failure of the 

neck or gusset plate. The hysteresis response of the BRB systems were then extracted as the 

standard curve for a ductile braced frame, and shown in Figure 3.3 below. 

In Figure 3.3, 𝑁𝑢𝑡 and 𝑁𝑢𝑐 stand for the ultimate strength of the BRB system in tension and 

compression, respectively, 𝜃𝑠𝑡 is the story drift angle at which instability occurred, “BGF” 

represents a BRB-gusset interactive failure mode, and “GB” represents a gusset buckling 

mode. Examples of each of these failure modes can be seen later in Figure 3.7. “No buckling” 

means the system remained stable in plane throughout the test.  

As mentioned before, the specimens (1) to (8), were installed such that the core plate was 

oriented parallel to the plane of the frame, while the core plate of the specimens (9) to (12), 

were placed perpendicular to the plane of the frame. This means that, G2.0 and G1.0 are the 

out-of-plane gap sizes (2mm and 1mm each side of the core) in the specimens (1) to (8), 

while G1.0, G2.0, and G0.0 are the in-plane gap sizes in the specimens (9) to (12).  

It should be noted that for the specimen (12), a filler sheet was used at the end of restrainer 

to fill the in-plane gap and investigate the effect of the in-plane gap size on the out-of-plane 

collapse capacity.  
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Figure 3.3 Axial load vs axial displacement relationship for BRB specimens
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Despite the fact that there was no gap between the out-of-plane restraints and the test frame, 

the proximity of the restraints did not compromise the lateral load performance of the test 

frame. As can be seen in Figure 3.4, due to the snug-tight installation and the anti-friction 

coating application, the transfer of frictional forces onto the out-of-plane restraints were 

insignificant, and there was little friction load applied to the restraints. Nevertheless, the 

friction force in the brace axial force direction was determined by running the testing 

protocol in the absence of the BRB, prior to each test, and the hysteresis loops of the BRB 

systems were adjusted accordingly. 

 

Figure 3.4 Friction load vs axial displacement relationship before testing of specimen (3) 

A brief description of the experimental observations is presented in the following section in 

order of number. 

Specimen (1) S450G2.0L0.5  

The specimen (1) S450G2.0L0.5 was sized and detailed to evaluate the inelastic strength and 

ductility of the brace itself up to the maximum prescribed inter-story drift of 2% and to 

determine the strength adjustment factors. Therefore, the BRB was connected to the framing 

elements with the stiffened gusset plates to provide resistance to the out-of-plane gusset 

buckling.  
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In accordance with the design of this specimen, there was no buckling observed in the gusset 

connection, since the load-carrying capacity on the gusset plate was significantly increased 

by adding the full-depth extended stiffeners. In addition, no visible bulging mechanism or 

local yielding was observed on the restrainer, and the overall buckling related deflection of 

the restrainer was not noticeable. 

The cyclic out-of-plane displacements at the end of restrainer were visible during the testing 

in both the elastic and inelastic ranges. From the beginning of the testing, it was readily 

apparent that as the buckling mode of the core plate changes from one cycle to the other, the 

contact points at the neck of the BRB could be different from that observed in the previous 

cycle (Figure 3.5). 

 

Figure 3.5 Schematic of the first two modes of yielding core buckling and changes in two-point 

contact location at the restrainer end: (a) C-mode shape; (b) S-mode shape 

Prior to entering the inelastic cycles, all of the observed buckling behaviour was elastic 

buckling; this was clear from the repeatability of the load deflection behaviour upon loading 

and unloading. 
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In tension, the brace yielded at 217kN, and had the capacity up to 284kN. Therefore, the 

amount of the strain hardening adjustment factor (ω) was about 284/217=1.3 (i.e., 30% over 

the yield capacity). 

There is a similar effect in compression, and above that, there are usually the friction and 

expansion build up which leads to a larger capacity than in tension. However, for this 

specimen, both of these effects were minimised by providing the sufficient through-

thickness gap size between the core plate and the restrainer as well as by application of an 

effective anti-friction coating there. The very high strength and stiffness of the all-steel 

restraining system may also offer further advantage preventing the restraining surface 

elastically deforming under the very high forces generated by the short wavelength inelastic 

buckled shape of the core in compression. These factors result in an optimal compression 

strength adjustment factor (β) of 285/284=1.004. This means that, the BRB is just 0.4% 

stronger in compression than it is in tension at the given deformation corresponding to the 

code-specified 2% drift, which fits perfectly within the AISC Seismic Provisions criterion. 

The large gap size (2mm each side of the core plate) did not compromise the all-steel BRB 

performance in compression, and yet the brace exhibited a balanced hysteretic loop. This 

could be due to the fact that the enclosed mortar cracking around the core plate caused by 

the imposed normal thrust is not an issue with the all-steel BRBs, and as long as the restrainer 

is sufficiently stiff and strong, the brace member can deliver a stable and substantial energy 

absorption capability. However, with the current limits on knowledge, it is unclear how far 

this can be extrapolated and it is prudent to minimise the gap size. When the gap size 

becomes large, high normal forces can be developed at the points of contact between the 

highly curved buckling waves of the core and the restrainer bearing surface. With a flexible 

restrainer, this can cause the restrainer bearing surface to deform at least elastically and this 
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increases the frictional resistance at each point of contact. However, with the mortar-filled 

restraining system, it is difficult to dependably build a brace with a gap of under 1.5mm each 

side; with an all-steel BRB this gap can dependably be as low as 0.5mm per side, although 

1mm each side was the lowest built and tested in this research. 

The short insert zone length of the specimen (1) S450G2.0L0.5 also did not represent a 

stability issue in the system, since the stiffened gusset connections were able to resist the 

additional destabilising flexural demand from the large imperfection caused by the short 

insert zone length. 

The area under the curve represents how much energy is dissipated throughout the testing 

and it is referred to as the cumulative energy dissipation of the BRB. In the AISC Seismic 

Provisions, the ductility capacity of BRBs is quantified by the cumulative inelastic ductility 

(CID) of yielding core. This is the normalised amount of post-yielding deformation averaged 

over the yielding length of the core that occurs in the core and this plastic deformation, as a 

positive value, is summed to give the cumulative plastic deformation which occurs 

throughout the testing on the core. It is a measure of axial plastic strain and does not account 

for peak fibre plastic strain due to member curvature when undergoing short wavelength 

buckling in compression.  This specimen exhibited more than 849 CID before tensile fracture 

in 25th cycle, which is significantly greater than the minimum required of 200 CID 

prescribed in the AISC Seismic Provisions, and showed a reasonable ductility equal to 14.5 

at 2% story drift and under the average core strain of 2.7%. The results of previous inelastic 

time-history analyses and statistical research have shown that the typical values for the BRB 

maximum ductility demand are 11.1, 13.1, 18.6, and 23.5 at the maximum story drifts of 

1.8%, 2.2%, 3%, and 4%, respectively (Fahnestock et al., 2003). 
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The fact that the core had an effectively incompressible, low friction contact surface to slide 

on is likely to be the biggest contributor to the high CID and also to the compression and 

tension loads being almost equal in this specimen. 

In general, this specimen generated a stable and symmetric hysteretic response and the 

experimental testing indicated that the all-steel BRB can easily meet the criteria of 

prequalification as defined by the AISC Seismic Provisions, with the brace effective in both 

tension and compression. In fact, the particular configuration makes the restrainer 

sufficiently stiff and it is possible to carefully control the gap size in the all-steel BRB. 

While in compression, the core formed a series of high-mode buckling waves under both the 

strong and weak axis bending simultaneously with very low amplitudes across the gap 

between the core and walls of the restrainer and transferred the in-plane and out-of-plane 

forces into the restrainer as shown in Figure 3.6(a). 

The buckling wavelength reduced as the compression load increased and especially once the 

core became inelastic. It is also interesting to note that the final fracture occurred on loading 

reversal from the previous cycle in compression, thereby preserving the compression 

buckled shape in the core at the end of the test. 

Because the core plate is very long and slender, it buckles initially with the Euler buckling 

load. The first buckling occurs with a wavelength close to the full length of the yielding core 

segment, with three contact points between the core and the restrainer, one close to each end, 

and one in the middle. Then as the applied load increases, the higher buckling modes appear 

with shorter wavelengths. These involve increasing points of contact between the core and 

the restrainer. 
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Figure 3.6 Deformed shape of BRB core plate: (a) specimen (1); (b) specimen (9) 

Due to the friction between the surface of the core and the restrainer through the slip plane 

under the compression loading, the local buckling and subsequent yielding first occurs at the 

loaded ends of the core yielding segment and then propagates along the core length causing 

the non-uniform plastic strain within the core length. It was readily visible after the test, 

since the greatest indication of scuff marks from the slippage between the core and the 

restrainer surface occurred at the loaded end.  

At the end of the core yielding segment near the core stiffener toe, premature yielding 

occurred in the compression-controlled region of the core plate. Given the very high CID 

this is not critical, however suitable detailing can be used to avoid the stress concentration 

in this area. There are ways to shape a reduced section on a very shallow arc to gradually 
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reduce the cross-section from moving in from the ends of the transition zone to the yielding 

region, and the core stiffener can be pulled out from the yielding region to guarantee the 

stress concentration will not occur near the core stiffener toe. This detail is shown in Figure 

3.6(b). This is something that is feasible that the manufacturers can do and it can be part of 

the performance advantage of the yielding core plate.  

Specimen (1) S450G2.0L0.5 failure occurred by core plate fracture in tension near the 

cruciform non-yielding segment at the bottom end of the brace. It is practically impossible 

to predict the exact location of tensile fracture even in a simple tensile coupon test, with a 

uniform cross-section, due to the fabrication tolerances and residual stresses. For BRBs, 

there are many more key parameters. Typically, the stress concentrations in the core yielding 

segment are greatest at both ends, and the local strains in the core are very high in these areas 

due to a combination of axial yielding and plastic curvature from the high-mode buckled 

shape. This generates peak local strains on the outer fibre of the core on the concave side of 

the buckle; comprising the axial strains plus flexural strains from the previous local buckle. 

The local buckling induced curvature is greatest where the transition from the end into the 

yielding core starts, because this is a point of fixity for core weak axis rotation, meaning the 

largest flexural induced stresses on the outer edges of the core occurs there. 

Specimens (2) U450G1.0L2.0, (3) U450G2.0L2.0, (4) U450G1.0L0.5, (5) U280G2.0L0.5, (6) 

U280G1.0L0.5, (7) U280G2.0L2.0 

As part of the verification in order to determine what the actual collapse capacity of the BRB 

systems are and how they can change with different connection geometries, specimen (2) 

through (7) were designed to investigate the issues related to the BRB-gusset interactive 

failure (BGF) mode, while weak links exist over the BRB system. 
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As expected, these specimens failed prematurely in compression, by the formation of plastic 

hinges at the BRB neck and gusset plate connection under the combined axial load and out-

of-plane bending moment (Figure 3.7(a)).  

 

Figure 3.7 Two different failure mechanisms: (a) BRB-gusset interactive failure (BGF) mode in the 

specimen (2); (b) gusset buckling (GB) mode in the specimen (12) 
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The experimental data shows that the plastic hinges can be developed at relatively modest 

drifts (see Figure 3.3), which should be avoided or could otherwise lead to compressive 

failure of the unrestrained non-yielding segment of the BRB system when the weak link 

exists at the BRB neck. Looking at Figure 3.3, the impact of this phenomena is immediately 

apparent when we compare the hysteresis curves of specimen (1) S450G2.0L0.5 showing no 

plastic hinge formation with the specimen (2) U450G1.0L2.0 showing the plastic hinge 

formation. 

Note that for typical buildings, Japanese Building Standard Law (BSL) limits the story drift 

ratio to 0.5% under the serviceability limit state, and the ultimate story drift ratio is typically 

limited to a value ranging from 1.5% to 2.5% in most building codes. To establish 

prequalification of BRBs, the AISC Seismic Provisions requires testing to at least 2% drift, 

which corresponds to twice the design story drift of 1% minimum. 

The compressive capacity of the BRB connection depends on the continuity along the full 

length of the brace system and should be considered as a discrete compressive member 

between the critical points (gusset plate and BRB neck) to reflect the discontinuity effects 

over the member. Comparing the results of the specimens (5) U280G2.0L0.5 and (7) 

U280G2.0L2.0 in Figure 3.3 shows how the discontinuity can adversely affect the 

compressive capacity of the BRB system. Moreover, larger initial imperfections result in 

less stability since they produce higher bending moment demands on the connection region. 

This can be seen by comparing the hysteresis curves of specimens (2) U450G1.0L2.0 and 

(3) U450G2.0L2.0 as well as (5) U280G2.0L0.5 and (6) U280G1.0L0.5 in Figure 3.3. 

In all cases, the full plastic hinges formed at the upper gusset plate and BRB neck (i.e., at 

the loaded end), while little or no yielding was seen at the lower (fixed) end. 
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This can be due to the fact that the force is always higher at the loading point which drives 

inelastic action to start there. In practice, as soon as the first significant yielding forms in the 

connection system, the system becomes more flexible at that end and a one-sided mechanism 

follows. In other words, once one connection yields, the reduced stiffness attracts further 

deformations, the inelastic mode shape changes remarkably and can end up with an extreme 

one-sided collapsed shape with a noticeably more out-of-plane inelastic movement at that 

end. 

The compressive failures of the BRBs occurred in both the left-hand side and the right-hand 

side directions. This may indicate that the test frame alignment established before the 

beginning of the tests was completed successfully. Generally, the experimental observations 

showed that the initial imperfection mode shape often dictates the compressive failure mode 

that the BRB systems which underwent compressive failures finally developed. 

The benefit of having a reinforcing square bar welded at the end of the restrainer in reducing 

the local inelastic deformation at the restrainer end was apparent. This is somehow similar 

to having a cap plate in the conventional mortar-filled BRB surrounding the flanges of the 

neck. However, the bearing failure between the BRB neck and restrainer end was detrimental 

to the BRB system performance (Figure 3.8).  

 

Figure 3.8 Bearing failure in the restrainer end zone: (a) BRB neck; (b) restrainer end 

 

(a) (b)

 Bearing failure 

 Bearing failure 



 84 

This is because, once the bearing failure mode happened, the BRB neck interfered with the 

end of the restrainer, and the core member was not able to slide freely relative to the 

restrainer under compression. This bearing failure can also occur against the mortar or cap 

plate where the BRB neck makes contact with the restrainer end. This research indicated the 

need for specific bearing strength provisions and detailing to preclude the bearing failure at 

this point of contact. 

Specimen (8) S280G1.0L2.0  

The connections in the specimen (8) S280G1.0L2.0 were tightened to the snug-tight 

condition, as the most economical installation procedure, to examine the impact of such 

installation on the overall performance of the system. According to the AISC Seismic 

Provisions, the bolts in the BRB connections are permitted to be installed snug-tight and the 

slippage of the bolted connection is not considered to be detrimental to the behaviour of the 

BRBF system. However, comparing the performances of specimens (8) S280G1.0L2.0 and 

(1) S450G2.0L0.5, as shown in Figure 3.3, it can be concluded that the BRB with snug‐tight 

bolted connection shows lower stiffness than the one with fully tensioned bolts. 

The slippage of the bolted connection resulted in smaller plastic strain demands at the core 

plate leading to less strain hardening and reduction of BRB forces until 1% story drift. 

However, the ultimate forces of the BRB at 2% drift was not affected by the slippage, given 

the axial load was transmitted by the bolt bearing on the connected parts at the ultimate limit 

state. The compression adjustment factor (β) was 285/271=1.05, being far smaller than the 

AISC upper limit of 1.5 (AISC, 2016a), which has been developed for the grout restrained 

BRB cores and is due to the reasons given earlier in this chapter. 

The connection portions remained fully elastic and stable over the test and the BRB was able 

to go in compression with core high-mode buckling. However, the buckling wave crests 
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were not as great as they were in the specimen (1) S450G2.0L0.5 which is attributed to the 

slippage of the bolted connection. This specimen did not fail due to the cumulative fatigue 

damage or from the large inelastic strain and the test stopped after the 29th cycle. 

Specimen (9) U280G1.0L1.0 (W1)  

Specimen (9) U280G1.0L1.0 (W1) used a compact unstiffened gusset plate with the wide 

neck BRB. This was a good example of how an identical unstiffened gusset plate connection 

that failed in the previous specimens can remain stable under the maximum compression 

force of the BRB and allow the core to become plastic in compression with high-mode 

buckling waves, when the BRB neck has sufficient strength and stiffness. This is very 

important as most gusset plates are designed as unstiffened, which is the New Zealand 

engineering preference and, as previously reported, the stiffened gusset plates can induce 

severe twisting on the framing members to accommodate the kinking deformation of the 

BRB (Hikino et al., 2013; Koetaka et al., 2008; Okazaki et al., 2017). In addition, the 

unstiffened gusset plates cause less damage to the beam and column under high beam to 

column rotations compared with the edge stiffened gusset plates (Palmer et al., 2016). 

In this specimen, where there was the stopper to prevent the slippage of the restrainer, 

premature tensile fracture occurred (in 9th cycle, the first cycle at 2% drift) in the middle of 

the core yielding segment adjacent to the stopper, leading to a degraded low-cycle fatigue 

performance and a CID of 262, yet larger than the AISC prescribed value of 200. The 

maximum average core strain value was 3.5% at 2% story drift. This premature tensile 

fracture can be attributed to the dominance of the strong‐axis buckling mode shape of the 

core plate, triggered by the presence of the larger through-width gap size compared to the 

through-thickness gap size, resulting in excessive flexural strain localisation adjacent to the 

stopper (Figure 3.6(b)). It seems possible that the smaller through-thickness gap size 
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provided a limited space for a dominant weak-axis buckling mode shape, and therefore the 

core buckled easier in the strong-axis direction under large inelastic deformations.  

Further, the longer non-yielding segment of the core on the wide neck BRB left less yielding 

length. When there is a certain story drift to be achieved, cutting the yielding length increases 

the strains in that steel material to reach to that drift (i.e., the shorter yielding length of the 

core, the more magnification of the strains), which is likely to worsen the accumulation of 

plastic strains in the material adjacent to the stopper.  

Specimens (10) U450G2.0L1.0 (W2), (11) U450G1.0L1.0 (W3), (12) U450G0.0L1.0 (W4) 

In specimens (10) U450G2.0L1.0 (W2), (11) U450G1.0L1.0 (W3), and (12) U450G0.0L1.0 

(W4), the wide neck BRBs were connected to the framing members using the unstiffened 

noncompact gusset connections to promote the gusset buckling (GB) mode (Figure 3.7(b)). 

In all cases, because the BRB neck was sufficiently strong and stiff, then the buckling of the 

gusset plate remained in a sway mode that led to the formation of two plastic hinges (yield-

lines) in one gusset plate. This was the local failure of the gusset plate, while the BRB 

member remained essentially elastic throughout its length and exhibited a nearly rigid body 

out-of-plane rotation. 

Given the compressive failure forces were below the core yield strength, the core plates were 

not able to deform in the high-mode buckling shape. However, the core plates yielded and 

elongated significantly in tension, and the flaking of the mill scale gave a good indication of 

the yielding distribution over the core plate. As can be seen in Figure 3.9, the length of the 

yielding segment was not necessarily reduced by the presence of the stopper in the middle 

of the core plate, and the visible indication of plastic strain in the core shows it is near 

constant across the stopper length. 



 87 

 

Figure 3.9 Core plate of specimen (10), significantly yielded in tension but not in compression 

The frame action induced in-plane rotational demand on the BRB neck especially after the 

buckling of the gusset plate. The whitewash application at the neck region clearly 

distinguished between the in-plane and out-of-plane bending deformations. The whitewash 

flaking indicated that the BRB neck flanges significantly yielded under the in-plane bending 

moment, yet stayed elastic in the out-of-plane direction (Figure 3.7(b)). The experimental 

data also showed that the in-plane gap size and the in-plane bending action have minimal 

effects on the out-of-plane stability of the connection and could, therefore, be neglected 

when the method proposed herein is used. 

When using a central gusset stiffener, careful attention to detail is required to prevent strain 

concentrations in the gusset plate. In combined rotation and compression, the yielding and 

rupture began from the toe of the stiffener and the fracture propagated while the brace was 

in tension (Figure 3.10). 

 

Figure 3.10 Fracture of gusset plate on the yield-line 
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This failure can actually occur at a fairly small level of deformation before yielding of the 

core due to the weld at the toe of the stiffener, which should be detailed as terminating before 

the stiffener toe to prevent stress concentrations and precipitation of an early failure. 

The all-steel designated end region (wide neck) showed a great out-of-plane moment transfer 

capacity with no nonlinearity, so coming up with a conservative, but reasonable moment 

capacity, and the stiffness is easier to achieve than for conventional mortar-filled restrainers. 

It also avoids a complex and difficult-to-fabricate transitioning of the collar-type BRB 

restrainer and provides a better load path through the connection zone. 

3.3 Yield-line patterns in regular unstiffened gusset plates 

Based on the experimental observations, three different patterns of anticipated yield-line can 

be defined for the regular unstiffened gusset plates as shown in Figure 3.11 below.  

 

Figure 3.11 Typical yield-line patterns in unstiffened gusset plates 

When the BRB moves out-of-plane without a plastic hinge at the neck and rotates as a rigid 

body, the gusset buckling (GB) will occur with the formation of two yield-lines in one gusset 

plate, and the first shorter yield-line runs from the middle of the gusset plate edge to the 

underside of the brace and back to the middle of the other gusset plate edge (Figure 3.11(a)). 

When the BRB fails in the out-of-plane direction by forming a plastic hinge at the neck, the 

BRB-gusset interactive failure (BGF) will occur and the yield-line will run from the corner 

of the gusset to the underside of the brace and back to the other corner, as shown in Figure 

(c) Uninterrupted yield-line
(BRB failure) 

(b) Interrupted yield-line
(BRB failure) 

(a) Two yield-lines in one gusset
(gusset buckling)
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3.11(b). If the BRB is not pulled in close to the beam or column, the yield-line will run from 

the line of restraint that occurs at the first re-entrant corner of the gusset to the gusset plate 

edge in a straight line and parallel to the end of the brace (Figure 3.11(c)). The dashed line 

in the figures above shows where the first yielding occurs in the gusset plate. Then, the 

yielding further extends as the lateral deformation increases and during the subsequent 

cycles. 

3.4 Rotational stiffnesses of gusset connection and BRB neck 

To obtain an accurate determination of the BRB collapse capacity, it is very important to 

obtain the accurate rotational stiffnesses of the gusset connection and the BRB neck. 

The magnitude of the rotational stiffnesses required quantifying physically and this was one 

of the key outputs from the experimental programme. 

These parameters were obtained from a simple pull testing on the gusset connection and 

BRB components that remained essentially elastic, at intended locations, after the BRB 

system testing (Figure 3.12). 



 90 

 

Figure 3.12 Test setup used in testing rotational stiffnesses of gusset plates and BRB neck: (a) 2D 

sketch; (b) 3D view; (c) BRB neck testing; (d) gusset connection testing 

As can be seen, the gusset connection and BRB specimens were installed in the horizontal 

position and restrained laterally by means of the out-of-plane restraint. Figure 3.12(c) and 

Figure 3.12(d) show that the lateral point load was applied on the core projection segment, 

near the BRB end for BRB neck testing and near the BRB neck for gusset connection testing, 

and the feedback from the actuator force and displacement were used to record the 

corresponding shear force and out-of-plane deformation of the components at the point of 

lateral load application. 
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The deformation rate was specified using the rate applied in the BRB system testing. The 

equivalent out-of-plane bending moment and rotational angle were then estimated using the 

rigid rotation length. The bending moment vs. rotational angle relationship for the gusset 

plates and BRB necks are shown in Figure 3.13 below. 

 

Figure 3.13 Bending moment vs. rotational angle curve (a) gusset plate, (b) BRB neck 

The slope of the moment-rotation curve in the elastic range can deliver a reasonable estimate 

of the elastic rotational stiffness of the specimens, which can be determined graphically from 

the moment-rotation curve as shown in Figure 3.13 above. 

In this figure, the letters “S” and “U” stand for stiffened gusset and unstiffened gusset; the 

numbers “280” and “450” represent the edge lengths of the gusset plate; and 𝐿𝑖𝑛 𝐵𝑛⁄  is the 

ratio of the insert zone length to the breadth of the neck. 

Note that the presence of BRB end (splice plate) is important for the accurate estimation of 

the gusset plate rotational stiffness as it can change the boundary condition and the stress 

distribution on the gusset plate which usually leads to a larger rotational stiffness especially 

in the compact gusset plates. However, the effect of the splice plates can be insignificant if 

they do not interrupt the gusset plate yield-line. 
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For the full-depth extended gusset connections, the primary failure mode was characterised 

by the local buckling and lateral-torsional buckling of the stiffener in compression and 

yielding of the stiffener in tension as shown in Figure 3.14 below. 

 

Figure 3.14 Failure mode of stiffened gusset connections in the rotational stiffness component 

testing: (a) stiffened compact gusset connection; (b) stiffened noncompact gusset connection 

It is seen that as the local buckling of the stiffener occurs in compression, the gusset plate 

yield-line forms close to the adjacent framing members, and runs nearly from the fixed base 

of the gusset stiffener. This is expected because the behaviour of the stiffener is similar to a 

cantilever spring acting in parallel with the gusset plate. Therefore, the stiffer spring (i.e., 

gusset stiffener) will attract more flexural demand, with the point of maximum bending 

moment at the fixed base of the cantilever.  The visible parts of the yield-lines have been 

shown as dashed lines for ease of illustrating. 

The measured rotational stiffnesses of the gusset plate connections and BRB necks are listed 

in Table 3. 
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Table 3 Measured rotational stiffnesses of the gusset plate connections and BRB necks 

Specimen  Gusset plate  BRB neck 

No. Name  
Elastic stiffness 

𝐾𝑔 (𝑘𝑁𝑚 𝑟𝑎𝑑⁄ ) 

Inelastic stiffness 

𝐾𝑔,𝑖𝑛 (𝑘𝑁𝑚 𝑟𝑎𝑑⁄ ) 
 

Elastic stiffness 

𝐾𝑛 (𝑘𝑁𝑚 𝑟𝑎𝑑⁄ ) 

Inelastic stiffness 

𝐾𝑛,𝑖𝑛 (𝑘𝑁𝑚 𝑟𝑎𝑑⁄ ) 

(1) S450G2.0L0.5  138.4 15.3  14.2 12.3 

(2) U450G1.0L2.0  9.7 3.1  157.0 12.7 

(3) U450G2.0L2.0  9.2 5.4  127.7 12.9 

(4) U450G1.0L0.5  9.9 4.9  33.6 13.6 

(5) U280G2.0L0.5  29.2 12.8  11.2 11.2 

(6) U280G1.0L0.5  29.8 10.9  26.1 12.4 

(7) U280G2.0L2.0  29.7 8.6  102.5 14.0 

(8) S280G1.0L2.0  359.9 27.1  162.4 15.6 

(9) U280G1.0L1.0 (W1)  30.5 11.4  164.1 67.0 

(10) U450G2.0L1.0 (W2)  9.7 4.7  165.2 67.4 

(11) U450G1.0L1.0 (W3)  10.2 4.9  166.3 69.7 

(12) U450G0.0L1.0 (W4)  9.8 5.9  165.1 65.4 
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It is important to note that the values of the rotational stiffness can vary depending on the 

method used to estimate the bending moment and rotational angle as well as the part of the 

curve used to determine the rotational stiffness (the slope of the curve). 

There are different concepts of definition for the joint rotational stiffness, such as initial 

stiffness (linear elastic tangent stiffness), non-linear tangent stiffness, secant stiffness to 

yield point, and secant stiffness to ultimate point.  

Generally, the initial stiffness represents an upper bound solution, and it was found desirable 

for design purposes to employ the secant stiffness to the yield point concept (slope of a line 

connecting the origin of the moment-rotation curve to yield point) as the property of the 

connection stiffness.  

In this study, the secant stiffness to yield point concept was used as the representative 

rotational stiffness to obtain more realistic values and since the curves were slightly 

nonlinear from the start. 

3.5 Material properties 

To make a realistic estimate of the BRB response under cyclic load reversals, it was 

important to obtain the accurate mechanical properties of the materials, especially those 

elements potentially subject to the inelastic demands. 

With respect to the steel core and gusset plate materials, the tensile test of coupons taken 

directly from the corresponding elements was undertaken to determine the exact mechanical 

properties of the materials. 

The tensile coupons were fabricated in accordance with AS 1391-2007 standard (AS, 2007) 

and machined to the specified dimensions as shown in Figure 3.15 below. 
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Figure 3.15 Tensile test coupons: (a) dimensions; (b) coupon cut from the steel core 

The sub-size rectangular test piece dimensions for the flats of thickness that are equal to or 

greater than 3mm were selected to maintain the ultimate capacity of the coupon specimens 

within the maximum capacity of the available loading machines while they were neatly fitted 

into the grip wedges. 

Suitable cutting process is important to prevent the development of the necking zone outside 

the gauge length. With precise cutting, the chance is unlikely, yet due to errors in fabrication 

beyond the prescribed tolerances, it could occur. 

Therefore, precise tools were used in the machining process with special attention to avoid 

undercuts at the base of the shoulders, so any internal stresses generated in the corners during 

testing could be controlled. 

All of the coupons were cut parallel to the longitudinal direction of the core plate. This was 

undertaken to ensure that the force direction in the coupons is approximately the same as the 

force direction in the components and to maintain the continuity in the material properties 

as much as possible.  

The 6 mm gusset plate coupons were tested using the 50kN Instron machine, a photo of 

which is shown in Figure 3.16(a) below. 
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Figure 3.16 Gusset plate coupon testing: (a) 50kN Instron machine; (b) instrumented coupon 

The Instron machine had 50 kN dynamic wedge grips, the alignment unit above the load 

cell, and the clip-on extensometer for the purpose of deformation feedback (Figure 3.16(b)).  

In view of the fact that the rate of strain during the material testing should be relevant to that 

the material endures during the BRB testing, a displacement-control loading condition 

gradually incremented with the constant strain rate of 0.001 𝑠−1 until fracture was dictated 

in the material testing that corresponds to the strain rate of BRB steel core. 

In order to determine the yield strength of the material, the 0.2% offset approach specifically 

referenced in the AISC Provisions (AISC, 2016a) used in this study. 

With respect to the 8 mm core plate, the coupon tests were carried out by the 100kN Instron 

machine that had the capacity to test up to 100 kN under dynamic loading (Figure 3.17(a)). 

(a) (b)
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Figure 3.17 BRB core coupon testing: (a) 100kN Instron machine; (b) instrumented coupon 

Because there was no extensometer on the machine, it was practical to use a pair of portal 

gauges attached to the tensile specimens through suitable studs, spaced on each side of the 

gauge length, that could move with the elongation of the gauge length and enable the 

measurements to be made directly, as shown in Figure 3.17(b) above. 

The portal gauges were successfully tested and gave the capability to monitor small changes 

in elongation up to 35% on the 50 mm gauge length, and effectively replace the extensometer 

that would be in the typical coupon testing. 

The average value from the two installed portal gauges was then used to measure the axial 

deformation, compensating the slight misalignment of the instruments and specimen. The 

measured mechanical properties of materials are listed in Table 4 below. 

 

(a) (b)
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Table 4 Measured material properties 

Specimen  Core plate  Gusset plate  

No. Name  
Yield strength 

𝑓𝑦𝑠𝑐 (MPa) 

Tensile strength 

𝑓𝑢𝑠𝑐 (MPa) 

Elongation 

(%) 
 

Yield strength 

𝑓𝑦𝑔 (MPa) 

Tensile strength 

𝑓𝑢𝑔 (MPa) 

Elongation 

(%) 

(1) S450G2.0L0.5  386.8 530.4 30.8  359.4 506.2 33.3 

(2) U450G1.0L2.0  389.6 532.4 31.2  367.8 514.6 30.8 

(3) U450G2.0L2.0  388.7 536.6 31.4  356.2 505.2 32.2 

(4) U450G1.0L0.5  386.6 537.2 30.1  352.8 492.2 35.0 

(5) U280G2.0L0.5  387.4 536.6 30.4  356.9 504.2 32.1 

(6) U280G1.0L0.5  389.7 535.1 31.5  365.4 505.7 32.6 

(7) U280G2.0L2.0  388.8 537.8 30.8  367.6 514.7 31.8 

(8) S280G1.0L2.0  385.7 533.3 30.7  362.0 510.8 32.3 

(9) U280G1.0L1.0 (W1)  371.1 515.6 31.7  371.4 525.7 31.1 

(10) U450G2.0L1.0 (W2)  370.1 513.8 32.1  371.6 524.2 30.7 

(11) U450G1.0L1.0 (W3)  369.1 515.6 31.8  370.2 526.4 31.3 

(12) U450G0.0L1.0 (W4)  370.4 512.7 32.4  370.1 524.0 30.4 
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The corrosion protection feature of MoS2 dry lubricant was examined after the BRB 

experimental tests. Although it is an effective anti-friction coating for indoor applications in 

service conditions where humidity is likely to be in a modest range, it cannot prevent rusting 

in exterior use where the humidity is high, and further consideration will be required to 

protect the surfaces against corrosion (Figure 3.18). 

 

Figure 3.18 BRB core plate covered with rust when outside after testing 
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3.6 Post-earthquake inspection and fatigue capacity 

BRBs are a recent development and only the 2011 Tohoku earthquake in Japan has yielded 

any braces in practice and even then only to a minor extent, without any significant loss in 

strength (Takeuchi & Wada, 2017). It was apparent that the visual inspection is unreliable 

to assess the maximum local strain and the cumulative strain demand of a BRB. 

Following a severe earthquake event, if the building has self-centred in the direction parallel 

to the brace orientation, the scuff marks on the ends of the restrainer show the maximum 

axial deformation of the core relative to the restrainer. If the elastic component of this 

deformation is subtracted from the total measured deformation, the peak average plastic 

strain can be determined by dividing the plastic deformation by the length of the yielding 

core. When calibrated with the prequalification testing data, a finite element simulation can 

be used to determine the peak local plastic strain magnitude (PEMAG) of the core plate, 

which may work as a simplified decision-making tool as to whether the BRB can be left in 

place or not. 

However, to do this robustly, the cumulative local plastic strain must be determined, which 

requires a realistic estimate of the magnitude of local plastic strains and the number of cycles 

to that magnitude to be made for the given earthquake. This has been determined for EBF 

active links (Clifton & Ferguson, 2016) and relatively similar provisions could be used for 

the BRB core plate. 

The fatigue failure is generally attributed to localised damage caused by plastic strains in a 

cumulative manner, and the fatigue life is highly dependent on the range of the localised 

strains. For a BRB core plate, the local strain amplitudes may vary depending on the yielding 

length to work-point length ratio, the core cross-sectional change anywhere along the 
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yielding length, the gap size to core thickness ratio, the friction of the surfaces in contact, 

and the restrainer flexibility. 

To carry out a dependable post-earthquake evaluation and measure the residual strength, 

deformation, and energy dissipation capacity, this requires knowing the actual longitudinal 

deformation history of the BRB during earthquake by means of displacement monitoring 

devices (Takeuchi & Wada, 2017), then having the means to determine the local plastic 

strain magnitude (PEMAG) of the core plate at each cycle during earthquake, from which 

the cumulative damage in fatigue can be calculated using Miner (1945) equation 

𝐷 = ∑
𝑛𝑖

𝑁𝑓𝑖
 (3.1) 

where 

𝐷 = cumulative damage index 

𝑛𝑖 = number of applied cycles at 𝑖th strain 

𝑁𝑓𝑖 = number of cycles to failure under 𝑖th constant-amplitude strain 

According to the Dehghani et al. (2017), the fatigue life of the typical structural steel under 

constant-amplitude strains up to ±8% can be defined as 

∆휀 = 0.37𝑁𝑓
−0.427 (3.2) 

where 

∆휀 = strain amplitude 

𝑁𝑓 = number of cycles to failure 
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The cumulative damage index value equal 1.0 represents failure. The actual damage index 

value during an earthquake can be used to determine the residual capacity of the BRB, and 

if it can be left in place after the earthquake. 

To investigate this, a finite element model was created in ABAQUS (Dassault Systems, 

2014) for the all-steel BRB (Figure 3.19(a)). The full brace length was built with the exact 

matched brace details that were used in the experimental testing. In order to obtain 

appropriately accurate results, solid elements, in which each node has three translational 

degrees of freedom, were used to model the BRB components, instead of the more 

commonly used and less computationally demanding shell elements. The 20-node C3D20 

quadratic element, that is capable of large deformation, was used for the core member and 

the 8-node C3D8 element was employed in the construction of the remaining members 

which were expected to remain elastic during analysis.  

 

Figure 3.19 FE simulation for specimen (1): (a) BRB model; (b) hysteresis response comparison 

The longitudinal and transverse mesh sizes of the core plate were selected so that there were 

eight elements through the width and two elements through the thickness of the core plate. 

This was important to appropriately capture the local high-mode buckling behaviour that 

develops between the restraining surfaces. The coarser mesh sizes were selected for the 

remaining parts of the BRB where the elastic behaviour was expected. 



 103 

The normal and tangential surface-to-surface type of discretisation were defined for the 

contact pairs between the core and the restrainer, to account for the gap size and the impact 

of the friction. The contact properties were accounted for by defining a tangential Coulomb 

friction model with the frictional slip coefficient of 0.075 and penalty formulation, and a 

normal hard contact allowing an unrestricted gap opening and closing while it is hard under 

the stresses caused by the imposed normal thrust due to the local buckling of the core plate. 

The frictional slip coefficient of 0.075 was selected based on the information provided in the 

catalogue of the anti-friction coating used in the experimental testing. 

In terms of the material modelling, a strain-hardening rule is needed to designate the yield 

surface changes during plastic flow. The most commonly used theory is the combined 

nonlinear isotropic and kinematic hardening model.  

The isotropic hardening component represents the uniform expansion of yield surface in 

each direction without changing shape, which is the expansion of the hysteresis loops due to 

cyclic loading. The kinematic hardening component represents the translation of the yield 

surface in space without changing volume, which is the positive post-yield stiffness of the 

hysteresis loops and accounts for the Bauschinger effects (Bruneau et al., 2011). 

Both the nonlinear isotropic and the nonlinear kinematic hardening components were 

incorporated in the modelling of the material nonlinearity using the rate-independent 

Chaboche model for cyclic plasticity (Chaboche, 1986). 

The strain hardening parameters were calibrated using the relevant BRB test data. For given 

core plate material with the yield stress 𝑓𝑦𝑠𝑐 = 387 MPa and the ultimate tensile stress 𝑓𝑢𝑠𝑐 =

530 MPa, the initial yield surface 𝜎0 = 170 MPa and the elastic modulus 𝐸 = 180 GPa 

were employed. For the kinematic hardening, two backstresses were considered due to the 

fact that more backstresses give better control over the inelastic transition region and the 
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parameters 𝐶1 = 60 GPa, 𝛾1 = 250, 𝐶2 = 3.5 GPa, 𝛾2 = 15 were adopted. The isotropic 

hardening was defined using 𝑄∞ = 40 MPa, and 𝑏 = 5. 

Note that the isotropic hardening parameters are typically limited to relatively narrow ranges 

for most mild structural steels, while the kinematic hardening parameters can be very 

different for each grade of steel. 

The elastic modulus value of 180 GPa was selected as it gives the closest match between the 

finite element results and the experimental test data. It might account for the effects of 

plasma cutting during the fabrication process. Plasma cutting creates very high tensile 

residual stresses up to the yield stress immediately adjacent to the cut edges. These cause 

increased compression residual stresses in the cross-section away from the cut edges to 

balance the stresses across any cut cross-section. These residual stresses are not captured in 

the numerical model and the slight reduction of the elastic modulus could be accounting for 

this. 

To simulate the cyclic response, the free end of the BRB model was subjected to the AISC 

displacement protocol for specimen (1) shown in Table 5, and the reaction force at the 

support was recorded during a nonlinear quasi-static analysis. 

Table 5 Displacement protocol for specimen (1) until 2% story drift cycles 

Cycle  ∆by 0.5∆bm ∆bm 1.5∆bm 2∆bm 

Number of cycles  2 2 2 2 2 

BRB displacement (mm)  2.3 7.7 15.4 23.1 30.9 

Average plastic strain (%)  - 0.6 1.2 1.8 2.5 

Average cumulative plastic strain (%)  - 3.9 13.2 28 48 

Cumulative inelastic ductility, CID  - 21 71 150 258 

The cyclic hysteresis response of the specimen (1) is shown together with the finite element 

modelling in Figure 3.19(b). As can be seen, the finite element model satisfactory replicates 

the test result and can reliably be used in practice. 
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The simulation showed that the peak local plastic strain magnitude (PEMAG) is 8.8% in 

maximum compression, which is 3.5 times larger than the average value of 2.5%, and the 

maximum cumulative local plastic strain (PEEQ) is 90% over tension and compression 

cycles, which is 1.9 times larger than the average value of 48%. These very high local plastic 

strains can be mainly attributed to the large gap size (2mm each side of the core, total 4mm) 

for an 8mm-thick core plate detailed for the evaluation of the proposed stability design 

procedure.  

This shows the significance of the gap size between the core and the restrainer. It also 

highlights the uncertainty in making reliable predictions for a grout-filled BRB, where the 

actual gap size and compressibility of the slip plane in practice are highly dependent on the 

quality of the construction and accuracy of core placement within the brace. Furthermore, 

the relatively high elastic flexibility of the grout layer compared with the high-mode 

buckling wave crests of the steel core in compression may increase the effective gap and 

hence the ratio of the peak to average plastic strains in compression. 

In practice, the gap size of the all-steel BRB can be accurately controlled by using a pair of 

spacer sheets between the shim plate and the restrainer (Dehghani & Tremblay, 2017; 

Tremblay et al., 2006) and the restraining surface stiffness is steel on steel. 

  



 106 

CHAPTER 4. PROPOSED DESIGN PROCEDURE 

BRBFs are a specialist form of CBF system in which the braces are designed not to buckle 

when loaded in compression during a severe earthquake. This is a fundamentally different 

requirement compared to traditional CBFs, where the braces will buckle and the brace to 

frame connections must be designed to cope with this.  

BRBs are designed to behave inelastically in both tension and compression, remaining stable 

in the plane of the frame, while the yielding core of the BRB alternatively stretches in tension 

and squashes in compression under inelastic cyclic loading. Thus, the requirement for 

behaviour in compression is very different to a traditional CBF, in which the braces are 

expected to buckle out-of-plane in compression. This leads to out-of-plane rotation at the 

ends of the brace, so the end connections must be designed and detailed to dependably resist 

the axial force and accommodate the rotation. 

With a BRB system, the connections must not deform out-of-plane, they must remain in 

plane and must keep the BRB in plane during the earthquake. They must do this under 

boundary conditions involving in-plane axial load due to the in-plane deformation of the 

BRBF and also the out-of-plane deformation due to the seismic action in the other principal 

direction. 

The buckling behaviour of even a simply supported normal prismatic member is complex 

and it is backed by many test results that were used to develop various codes of practice. The 

perfect elastic Euler buckling, in which a sudden uncontrolled lateral deformation occurs at 

the bifurcation point when the compressive force exceeds the critical value, is a theoretical 

concept and it does not happen in reality even if the load is applied centrally. 
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Stability analysis and design refers to the prevention of collapse. The stability design 

procedure of a real compression member must incorporate the out-of-plane flexural demands 

that are always present and can be significant due to the geometric imperfections. 

4.1  Initial imperfections 

Real members are imperfect and there is always an initial out-of-plane displacement in the 

system due to geometric imperfections and then by applying the compressive load this 

displacement increases (Figure 4.1). 

 

Figure 4.1 Initial imperfection models for a BRB system 

This means that the actual compressive failure of a real structural member often involves 

incremental lateral elastic/inelastic deformation and flexure until the stability limit, after 

which the load begins to drop, ending up with the full plastic mechanism. In fact, depending 

on the slenderness ratio of the member, there might be more bending stress than axial stress 

at the stability limit. 
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As a general stability rule, a larger initial imperfection means more bending moment and 

less stability. Thus, the accuracy of a collapse capacity approximation depends on the level 

of the initial out-of-plane imperfection and deformation.  

This requires knowing the actual initial geometric imperfections of the BRB system in the 

building for which the structural designers have no accurate information. For this reason, the 

starting point needs to have a reasonable estimate of the in-situ out-of-plane imperfections 

when the BRB is connected to the framing elements. 

The geometric imperfection of the brace system can be assumed as an order of magnitude 

equal to the permissible construction tolerances prescribed by the building codes. That is the 

only rational way of addressing the permissible manufacturing tolerances since it is not 

possible to manufacture the elements with zero tolerances. 

According to Dowswell (2016), the total initial imperfection at the gusset plate end (𝑥𝑖𝑔) can 

be estimated as the combination of the out-of-plumbness of the brace (erection tolerance) 

and the out-of-flatness of the gusset plate (fabrication tolerance). 

In addition, it cannot be assumed that the gusset plate remains perfectly elastic under 

increasing loading until the yield stress is reached. To obtain the correct response, accounting 

for the stiffness reduction is necessary due to the inelasticity and residual stresses from the 

manufacturing process. It is often undertaken by utilising the reduced flexural and axial 

stiffness in the analysis. This causes a reduction in the overall stiffness and leads to more 

second-order effects. 

Alternatively, Dowswell (2016) suggests that the out-of-flatness of the gusset plate is 

magnified by a factor of two to account for the reduced stiffness of the gusset plate due to 
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the nonlinearity. Thus, the total initial imperfection at the gusset plate end is approximated 

as 

𝑥𝑖𝑔 =
𝐿0

500
+

2𝐿𝑔

100
 (4.1) 

where  

𝐿0 500⁄ = out-of-plumbness of the brace (erection tolerance), mm 

𝐿𝑔 100⁄ = out-of-flatness of the gusset plate (fabrication tolerance), mm 

By employing a lateral end offset in the initial imperfection model (in the form of the 

eccentricity), the method also allows the engineer to consider the combined in-plane drift 

and the out-of-plane drift. Based on the typical criteria for design level earthquakes, an out-

of-plane drift of 0.01 radians is suggested in Takeuchi and Wada (2017) for BRBF systems. 

This is consistent with the maximum drifts measured in two medium to high rise structures 

in the February 2011 Christchurch earthquake, which developed the plastic mechanism 

expected in the superstructure of many steel framed buildings designed for ductile response. 

The square root of the sum of the squares (SRSS) method can then be used to estimate more 

realistic maximum demands on the connection, accounting for the fact that the maximum of 

in-plane and out-of-plane drifts do not typically occur simultaneously. Therefore, the total 

initial imperfection at the gusset plate end, considering the out-of-plane drift, can be 

estimated as 

𝑥𝑖𝑔 = √(
𝐿0

500
+

2𝐿𝑔

100
)
2

+ (
𝐿0

100
)
2

 (4.2) 



 110 

Moreover, due to the air gap between the steel core and the restrainer, the BRB is assembled 

with some slack that influences the compressive behaviour of the system. In fact, there is a 

sudden out-of-plane movement at the end of the restrainer, which occurs at the onset of the 

compression cycle, due to the rotational slack at the restrainer end (Takeuchi et al., 2014; 

Zhao et al., 2012, 2014). This was clearly visible in the experimental tests reported in the 

previous chapter.  

Therefore, an additional rigid body rotation is required at the end of the restrainer before the 

restrainer is engaged with the core, which relates to the out-of-plane gap size in the neck 

region and the cruciform embedment length (insert zone length) that can produce a slack 

there (Figure 4.1). This out-of-plane displacement is particularly important in terms of the 

collapse capacity of the BRBs and it needs to be added as the initial imperfection of the BRB 

system (Takeuchi et al., 2014). 

Under this assumption, the total initial imperfection at the BRB neck, taking into account 

the out-of-plane drift, can be estimated as 

𝑥𝑖𝑛 = √(
𝐿0

500
+

𝐿𝑔

100
+ (

2𝑔𝑥

𝐿𝑖𝑛
) 𝐿𝑐)

2

+ (
𝐿0

100
)

2

 (4.3) 

where 

𝑔𝑥 = out-of-plane gap size between the core and restrainer, mm 

𝐿𝑐 = length of BRB-gusset connection zone, mm 

𝐿𝑖𝑛 = insert zone length, mm 
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A comparison with the measured data indicated that these estimates can be fairly 

conservative. This is evident since the estimates are based on the maximum permissible 

construction tolerances and the maximum rotation state of the BRB transition segment. 

Moreover, the effect of the magnitude and shape of the initial imperfection patterns are not 

always in the same direction. For example, the total initial imperfection at the upper BRB 

neck (loading end) is reduced by increasing the end eccentricity in the S-mode shape as 

shown in Figure 4.1. 

Having said that, imposing a reasonably conservative initial imperfection is recommended 

to achieve a desired safety margin against collapse, especially in the presence of the out-of-

plane drift. Essentially, the safety factor should be applied to ensure a reasonable amount of 

reserve capacity left in a real earthquake to resist the unpredictable demands, that arise from 

the unexpected out-of-plane drift, residual stresses, construction tolerances and 

amplification as the collapse load is approached. Because of this, the pattern of the initial 

imperfections shall be such that it provides the greatest destabilising effect. 

From the experimental observations and tests results, the BRB connection is recommended 

to be checked for two potential failure mechanisms, the local gusset buckling (GB) mode 

and BRB-gusset interactive failure (BGF) mode, as discussed in the following sections. 
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4.2 Gusset buckling (GB) mode 

4.2.1 Unstiffened gusset connection 

If the BRB restrainer and neck are stiff and strong enough so the BRB member itself does 

not undergo a compressive failure, then a slender gusset plate may buckle by deflecting 

sideways. This is intuitively obvious, especially if there is an unstiffened gusset plate with 

high slenderness.  

For the gusset buckling (GB) mode, the buckling of the gusset plate typically occur in a sway 

mode that leads to the formation of two plastic hinges (yield-lines) in one gusset plate (Figure 

4.2(a)). 

 

Figure 4.2 Out-of-plane stability model for gusset buckling (GB) mode: (a) corner gusset plate; (b) 

beam-column member model; (c) single braced gusset; (d) chevron gusset 

Accordingly, as shown in Figure 4.2(b), the gusset plate can be modelled as a beam-column 

member, under combined bending and axial compression, with two plastic hinges at the ends 

(Clifton et al., 2007; Dowswell, 2016). 
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The initial imperfection, together with the deflection of the gusset plate that is triggered by 

the brace end, can induce bending moment on the folding line of the gusset, and potentially 

plastify it, if and when sufficient strength is not provided. Creation of the hinge line will 

significantly reduce the elastic buckling capacity of the gusset plate so that as the applied 

bending moment reaches the reduced plastic moment capacity of the gusset, any further 

increase in load may cause failure, even though the gusset plate was designed to remain 

elastic under the prescribed axial load using the traditional calculation method. These justify 

the requirement for the connection to have additional out-of-plane bending capacity, above 

the pure axial demands.  

Under this assumption, the first-order moment on the gusset connection associated with the 

initial imperfection is determined as 

𝑀𝑓𝑔 = 𝑁𝐺𝐵𝑥𝑖𝑔 (4.4) 

where  

𝑁𝐺𝐵 = gusset buckling force, N 

𝑥𝑖𝑔 = total initial imperfection at gusset connection end, mm 

The linear first-order analysis is not sufficient to capture the actual response, and for that, it 

is necessary to carry out a nonlinear second-order analysis. The second-order analysis can 

be either a direct second-order analysis, or an amplified first-order analysis in which the 

second-order response is determined using the amplification factor in accordance with the 

provisions of a limit state standard. 

Therefore, the way the moment amplification factor is seen to be operating on the system is 

that it is applied at the first-order moments caused by the geometric imperfections and 
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generates the higher bending moments that the system is subjected to while the member 

undergoes large inelastic out-of-plane deformations to account for the second-order effects. 

Note that if the initial imperfection is neglected in the analysis, any lateral deformation 

cannot be picked up, regardless of what sort of analysis is carried out. 

The second-order moment on the gusset connection is therefore 

𝑀𝑠𝑔 = 𝑁𝐺𝐵𝑥𝑖𝑔𝛿𝑔 (4.5) 

where 

𝛿𝑔 = moment amplification factor for gusset connection 

In practice, the moment amplification factor in compression members is a function of the 

maximum force in the member and the critical load of the member, as follows: 

𝛿𝑔 =
1

1 −
𝑁𝐺𝐵

𝑁𝑐𝑟𝑔

 
(4.6) 

where 

𝑁𝑐𝑟𝑔 = critical load of the gusset connection, N 

Despite the fact that the Euler buckling load is a theoretical abstraction, this equation can be 

used to have a realistic estimate of the critical load for the amplification factor calculation. 

Therefore, the equation for the critical load of gusset connection is written as 

𝑁𝑐𝑟𝑔 =
𝜋2𝐸𝐼𝑤𝑔

𝐿𝑒𝑔
2

 (4.7) 

in which 
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𝐼𝑤𝑔 =
𝐿𝑤𝑔𝑡𝑔

3

12
 (4.8) 

𝐿𝑒𝑔 =
2𝑐1𝑐2

𝑐1 + 𝑐2
 (4.9) 

where 

𝐸 = modulus of elasticity of steel, MPa 

𝐼𝑤𝑔 = moment of inertia of Whitmore section in gusset plate, mm4 

𝐿𝑤𝑔 = Whitmore’s width in gusset plate, mm 

𝑡𝑔 = thickness of gusset plate, mm 

𝐿𝑒𝑔 = effective length of gusset connection, mm 

𝑐1 = shortest of the three distances from BRB end to the framing members, mm 

𝑐2 = second shorter of the three distances from BRB end to the framing members, mm 

The geometry of the effective length of the gusset connection is shown in Figure 4.2(a).  In 

fact, it is the gusset plate length that is effective in bending. Using two vertical and horizontal 

plate strips of unit width, Dowswell (2006) argued that the out-of-plane restraint to gusset 

buckling is mainly provided by the portion of the gusset plate with the shorter length of the 

two distances (𝑐1and 𝑐2), from the brace end to the framing members. This is consistent with 

the stiffer load path governing the behaviour. 

This concept has proved to be very useful to estimate the effective length of the gusset plate 

in bending as well as in rotation. Based on this concept, the gusset plate can be modelled 

using three cantilevers with different lengths that have identical cross-sections (Figure 4.3).  
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Figure 4.3 Three cantilevers model used to estimate the effective length of the gusset plate 

When cantilevers are subjected to a tip out-of-plane moment from the brace end rotation or 

a lateral point load from the brace end sway deflection, all of the cantilevers deflect out-of-

plane by the same amount, acting as springs in parallel, in which the moment or lateral load 

is distributed to the springs proportional to their stiffnesses (lengths herein). 

𝐾1

𝐾2
=

𝐸𝐼 𝑐1⁄

𝐸𝐼 𝑐2⁄
=

𝑐2

𝑐1
 (4.10) 

As mentioned, if 𝑐3 buckles, the out-of-plane restraint is provided by the portions of the 

gusset plates effective in bending. Then, the effective length of the gusset plate may be 

written as 

𝐿𝑒𝑔 =
𝑐1 (

𝑐2

𝑐1
) + 𝑐2

(1 +
𝑐2

𝑐1
)

=
2𝑐1𝑐2

𝑐1 + 𝑐2
 (4.11) 

which is the average of the lengths 𝑐1 and 𝑐2, considering the stiffness ratio effect. 

Interestingly, this is the harmonic mean of two values which tends toward the small one and 

mitigates the impact of the large one. If the two values are equal, the harmonic mean and the 

average of the two values are always equal to one another. The effect of the length 𝑐3 can 

also be considered using the harmonic mean formula for the special case of three numbers. 

However, this effect is considered small and almost negligible as the final result is always 

dominated by the smallest length and 𝑐3 is typically the greatest one. These are consistent 
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with the results obtained from the analytical study and the experimental tests which are 

discussed in a later section. 

Note that in the single braced gusset connection, which is connected at only one edge of the 

plate, the effective length of the gusset plate for buckling check is determined using just two 

distances from the BRB end to the framing members as shown in Figure 4.2(c). It is also 

seen that when the actual width is smaller than the Whitmore width, this effective width is 

measured from the free edge of the gusset plate (Figure 4.2(c)). 

While knowledge regarding the stability analysis and design of the unstiffened chevron 

gusset plate is limited, if a central stiffener is used (Figure 4.2(d)), for it to effectively provide 

out-of-plane restraint to the gusset plate, it would have to be thick enough (at least 75% of 

the gusset plate thickness). If that is provided, the chevron gusset connection can be 

considered as two corner gusset plates; otherwise, it may be conservatively taken as a single 

braced gusset that is connected at only one edge. The suggestion of the minimum thickness 

of the central stiffener is based on experience from the researchers and the current limits on 

the knowledge that are available in the literature. Further research is required to obtain a 

complete understanding of how the central stiffener affects the overall connection 

performance. 

Generally, the cross-sectional bending strength of a compression member is reduced by the 

axial load, and in practice, the interaction equation is used to quantify this effect (Bruneau 

et al., 2011). To meet the gusset plate stability condition, the resulting second-order moment 

has to be resisted through the reduced plastic moment capacity of the gusset plate. This 

means the second-order member demand, which includes the imperfection and inelasticity, 

is compared with the plastic moment capacity of the critical section of the gusset plate which 

is adjusted for the axial load. 
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Thus, the stability equation of the gusset connection can be expressed as 

𝑁𝐺𝐵𝑥𝑖𝑔𝛿𝑔

2𝑀𝑝𝑔𝑟
≤ 1.0 (4.12) 

where 

𝑀𝑝𝑔𝑟 = plastic moment capacity of gusset connection reduced by axial force, N mm 

By substituting the moment amplification factor from Eq. (4.6), and the axial force-bending 

moment plastic interaction equation of a rectangular cross-section from plasticity theory 

(Bruneau et al., 2011), the stability equation of the gusset connection becomes 

𝑁𝐺𝐵𝑥𝑖𝑔 [1 (1 −
𝑁𝐺𝐵

𝑁𝑐𝑟𝑔
)⁄ ]

2𝑀𝑝𝑔 [1 − (
𝑁𝐺𝐵

𝑁𝑦𝑔
)
2

]

≤ 1.0 (4.13) 

where  

𝑀𝑝𝑔 = plastic moment capacity of gusset connection, N mm 

𝑁𝑦𝑔 = axial yield strength of gusset connection, N 

𝑁𝑐𝑟𝑔 = critical load of gusset connection, N 

To determine the buckling capacity of gusset plate, the stability equation can be numerically 

solved for the buckling load 𝑁𝐺𝐵 with the help of a pocket calculator or using the solver 

function in Microsoft Excel. In terms of solving the equation, it is obvious that 𝑁𝐺𝐵 must be 

less than or equal to 𝑁𝑦𝑔 and 𝑁𝑐𝑟𝑔. 
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In practice, an engineer does not need to solve the stability equation numerically. Given the 

gusset connection stability design is undertaken based on the maximum adjusted BRB 

strength in compression (𝐶𝑚𝑎𝑥), the stability of the system can be simply evaluated as a 

capacity ratio by substituting 𝐶𝑚𝑎𝑥 for 𝑁𝐺𝐵. When that ratio is less than or equal to 1.0, the 

stability is provided. 

The maximum adjusted BRB strength in compression is determined as 

𝐶𝑚𝑎𝑥 = 𝛽𝜔𝑅𝑦𝑁𝑦𝑠𝑐 (4.14) 

where  

𝛽 =  BRB compression strength adjustment factor (determined from the prequalification 

testing for a specific type of BRB system) 

𝜔 = BRB strain hardening adjustment factor (determined from the prequalification testing) 

𝑅𝑦 = 1.0 if the yield stress is obtained from a coupon test; otherwise, the material variation 

factor in an overstrength determination 

𝑁𝑦𝑠𝑐 = axial yield strength of steel core, N 

It is worth repeating that the stiffness requirement is met using the moment amplification 

factor, magnifying the first-order response, to account for the second-order effects to 

determine a reasonable estimate of the actual behaviour. 

If the amplification factor is limited to a sufficient level, it will control the flexibility by 

forcing the system to have a minimum degree of stiffness. This means that a very flexible 

system will not be possible if the amplification factor is less than an upper limit that is 

established by a verified procedure. 
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This requirement has been included in many building codes for a relative lateral bracing 

system and also for control of the frame seismic drift (P-∆ effect) to prohibit sideways 

amplification. The upper limit of the amplification factor is 1.4 in NZS (1997/2001/2007), 

1.5 in AISC (2016b) and 2.0 in CSA (2014b). However, there is no amplification factor limit 

for compression member design in the building codes (i.e., P-δ effect). The same applies to 

the column stability design. Instead, the column curves have been adjusted for typical 

imperfections and residual stresses. This means that if the direct stability design method is 

used including imperfections, residual stresses, reduced stiffnesses, and P-δ effect, there is 

no need to assign the upper limit for the amplification factor. 

4.2.2 Stiffened gusset connection 

The stability design of the stiffened gusset connections would require special considerations. 

As shown in Figure 4.2(a), only the portion of the gusset plate inside the boundaries of the 

Whitmore width is effective in compression, while the portions of the plate outside the 

boundaries can still provide the out-of-plane restraint. For this reason, the Whitmore width 

is used to determine the axial yield strength as well as the Euler buckling capacity of the 

gusset plate, and the yield-line theory is applied to calculate the out-of-plane restraint when 

the out-of-plane deformation of the gusset occurs.  

Under this assumption, a full-depth extended gusset stiffener is effective in both bending 

and compression, however, an edge stiffener can be effective only in bending (Figure 4.4). 
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Figure 4.4 Stiffened gusset connections: (a) full-depth extended gusset connection; (b) full-edge 

stiffened gusset connection 

Additionally, it is essential to take the local failures of the stiffener into account. This 

requires consideration of the local buckling of the stiffener if the stiffener outstand edges are 

noncompact or slender, hence the recommendation is to make the stiffeners meet the 

category 2 provisions of NZS (1997/2001/2007) under stiffener bending in the plane of the 

stiffener, i.e., complies with case number 2 for a category 2 member from Table 12.5 

(corresponding to the plastic compactness limit). If this is not met, then both local buckling 

and lateral tortional buckling failures are possible. 

Accordingly, the stability design of the full-depth extended gusset connection is 

accomplished using the same stability condition as the unstiffened gusset, Eq. (4.13), but 

with the following modifications: 

𝑁𝑐𝑟𝑔 = 𝜋2𝐸(𝐼𝑤𝑔 𝐿𝑒𝑔
2⁄ + 𝐼𝑒𝑠 𝐿𝑠

2⁄ ) (4.15) 

𝐿𝑒𝑔 =
2𝑐1𝐿𝑠

𝑐1 + 𝐿𝑠
 (4.16) 

𝐼𝑒𝑠 = 𝑡𝑠(𝑄𝑠𝑔𝐵𝑠)
3

12⁄  (4.17) 

𝐴𝑔 = 𝐿𝑤𝑔𝑡𝑔 + 𝑡𝑠(𝑄𝑠𝑔𝐵𝑠 − 𝑡𝑔) (4.18) 

𝑆𝑔 = 𝐿𝑦𝑙𝑡𝑔
2 4⁄ + 𝑆𝑒𝑠 (4.19) 
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𝑆𝑒𝑠 = 𝑡𝑠(𝑄𝑠𝑔𝐵𝑠)
2

4⁄  (4.20) 

where 

𝐼𝑒𝑠 = effective moment of inertia of gusset stiffener cross-section, mm4 

𝐿𝑠 = length of gusset stiffener, mm 

𝑡𝑠 = thickness of gusset stiffener, mm 

𝐵𝑠 = total breadth of gusset stiffener, mm 

𝑆𝑒𝑠 = effective plastic section modulus of gusset stiffener, mm3 

𝑄𝑠𝑔 = slender element reduction factor 

Most building and bridge codes, such as AISC (2016a, 2016b), AASHTO (2014), CSA 

(2014a, 2014b), and NZS (1997/2001/2007) have had width-to-thickness ratio criteria for 

years, to deal with the local buckling, by classifying the compression elements into three 

categories compact (plastic), noncompact (inelastic), and slender (elastic). 

This classification along with a linear transition from the full plastification to the yield 

moment over the noncompact (inelastic) range are then used to calculate the local failure 

resistance reduction factor, which is dependent on the slenderness ratio of the element. If the 

cross-section contains slender elements, NZS (1997/2001/2007) allows that the effective 

cross-section is determined by simply omitting the slender elements from the section. 

In addition, according to Timoshenko and Gere (1961) and Black et al. (2004), the elastic 

torsional buckling load of a cruciform member is correlated with the individual flange 
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slenderness, and a derivation of Euler buckling formula can be used to estimate the flange 

resistance to the flexural buckling. 

Based on this information, the slender element reduction factor for the stiffened gusset 

connection (𝑄𝑠𝑔), can be determined so it is equal to the lesser of local buckling reduction 

factor (𝑄𝑙𝑏), and lateral torsional buckling reduction factor (𝑄𝑙𝑡𝑏) as follows: 

𝑄𝑠𝑔 = lesser of {
𝑄𝑙𝑏 
𝑄𝑙𝑡𝑏

 (4.21) 

𝑄𝑙𝑏 = {

0.9                                            𝜆𝑠 ≤ 8
1.43 − 0.066𝜆𝑠          8 < 𝜆𝑠 ≤ 14
0.5                                         𝜆𝑠 > 14

} (4.22) 

𝜆𝑠 = (
𝑏𝑠

𝑡𝑠
)√

𝑓𝑦𝑠

250
 (4.23) 

𝑄𝑙𝑡𝑏 = {

0.9                                          𝜆𝑐𝑠 ≤ 0.3
1 − 0.33𝜆𝑐𝑠               0.3 < 𝜆𝑐𝑠 ≤ 1.5
0.5                                          𝜆𝑐𝑠 > 1.5

} (4.24) 

𝜆𝑐𝑠 = 0.77 (
𝐿𝑠

𝑡𝑠
)√

𝑓𝑦𝑠

𝐸
 (4.25) 

where 

𝜆𝑠 = section slenderness ratio for gusset stiffener 

𝑏𝑠 = breadth of gusset stiffener, mm 

𝑓𝑦𝑠 = yield stress of gusset stiffener material, MPa 

𝜆𝑐𝑠 = member slenderness ratio for gusset stiffener 
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The local buckling reduction factor has been proposed based on the element slenderness 

limits from NZS (1997/2001/2007) for the local buckling reduction factor, and the AISC 

column curve slenderness limits with an effective length factor of 0.7 have been used to 

derive the equation for the lateral tortional buckling reduction factor. The effective length 

factor of 0.7 is from the NZS (1997/2001/2007) recommendation for a braced compression 

member with a fixed-fixed end condition including an allowance for realistic fixity. 

It should be noted that the plastic moment capacity of an edge stiffener welded perpendicular 

to the framing element has two normal and parallel components with respect to the brace 

axis. Only the normal component provides resistance to out-of-plane deformation of the 

brace as shown in Figure 4.5. 

 

Figure 4.5 Definition of normal and parallel moment components in the edge stiffened gusset 

Considering this and given the edge stiffener can be effective only in bending, the stability 

design of the full-edge stiffened gusset connection should be carried out using the same 

stability condition as the unstiffened gusset, Eq. (4.13), with the following modifications: 

𝑆𝑔 = 𝐿𝑦𝑙𝑡𝑔
2 4⁄ + 𝑆𝑒𝑠 cos 𝜑1 + 𝑆𝑒𝑠 cos𝜑2 (4.26) 

𝑆𝑒𝑠 = 𝑡𝑠(𝑄𝑠𝑔𝐵𝑠)
2

4⁄  (4.27) 

where 𝜑1 and 𝜑2 are angles between the brace and edge stiffeners, as shown in Figure 4.5. 

Lyl

Mps

Mpssin( )φ2

Mpscos( )φ2

Mps

Mpscos( )φ1 Mpssin( )φ1

φ1

φ2



 125 

4.3 Collapse evaluation of a two-rigid-bar system 

In the study of global stability of BRB system, a simple two-rigid-bar system supported at 

the ends by frictionless hinges and connected to one another by a rotational spring has been 

adapted from a previous study conducted by Meimand et al. (2013) to represent the basic 

concepts of the collapse evaluation used herein (Figure 4.6).  

 

Figure 4.6 Two-rigid-bar system (adapted from Meimand et al., 2013) 

In the stability analysis and design, the strength and stiffness are intertwined so that they 

cannot be separated. Thus, the collapse capacity of this simplified system typically involves 

the estimate of both the spring stiffness (𝐾𝑠𝑝) and the spring plastic strength (𝑀𝑝). 

The collapse load of the system can be obtained by the application of the virtual work 

method. In this case, the arbitrary virtual displacement corresponding to the degree-of-

freedom shall satisfy all of the geometric or kinematic boundary conditions and it must not 

violate the constraints of the system. 

For the rigid bar-spring model of  Figure 4.6(a), the system is assumed as geometrically 

perfect. Through the principle of the virtual work method, and balancing the external work 

and the internal work of the system associated with the assumed deflected shape 
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𝑊𝑒𝑥𝑡 = 𝑊𝑖𝑛𝑡 (4.28) 

the elastic equilibrium equation can be written as 

𝑁𝑐𝑟𝜃 (
𝐿

2
) (2𝜃) = 𝐾𝑠𝑝(2𝜃)2 (4.29) 

from which the critical load of the perfect elastic system is found as 

𝑁𝑐𝑟 =
4𝐾𝑠𝑝

𝐿
 (4.30) 

Therefore, the critical load of the system is dependent on the elastic rotational stiffness of 

the spring. 

If the rigid bar-spring model has an initial imperfection, 𝑥𝑖, (Figure 4.6(b)), the elastic 

equilibrium equation is expressed as 

𝑁𝑒𝜃 (
𝐿

2
) (2(𝜃 − 𝜃𝑖)) = 𝐾𝑠𝑝(2(𝜃 − 𝜃𝑖))

2
 (4.31) 

Hence, the collapse load for the imperfect elastic system becomes 

𝑁𝑒 =
4𝐾𝑠𝑝

𝐿
(
𝜃 − 𝜃𝑖

𝜃
) (4.32) 

and simplifies to 

𝑁𝑒 = 𝑁𝑐𝑟 (1 −
𝜃𝑖

𝜃
) = 𝑁𝑐𝑟 (1 −

𝑥𝑖

𝑥
) (4.33) 

and can be rearranged as 

𝑥 = 𝑥𝑖 (
1

1 − 𝑁𝑒 𝑁𝑐𝑟⁄
) = 𝑥𝑖𝛿 (4.34) 
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Where 𝑥𝑖 and 𝑥 are the first-order and second-order deflections, respectively, and 𝛿 is the 

amplification factor. 

If the rotational spring is fully plastified at a given rotation and modelled as a plastic hinge 

(Figure 4.6(c)), the equilibrium equation can be written as 

𝑁𝑝𝜃 (
𝐿

2
) (2(𝜃 − 𝜃𝑖)) = 𝑀𝑝(2(𝜃 − 𝜃𝑖)) (4.35) 

and the plastic failure load becomes 

𝑁𝑝 =
𝑀𝑝

𝜃 (
𝐿
2)

=
𝑀𝑝

𝑥
 (4.36) 

This means that the plastic failure load is dependent on the spring plastic strength. However, 

it is not necessary that the full plastic moment is developed at the inelastic stability limit 

point where failure occurs, and the collapse of the BRB does not always generate the full 

plastic hinge formation. As shown in Figure 4.6(d), the inelastic stability limit is associated 

with the intersection of the fully plastic load path and the imperfect elastic load path, taking 

into consideration the initial geometric imperfection. 

To find the intersection point of the two curves, the x-axis value from the imperfect elastic 

equation can be plugged into the plastic equation to obtain the y-axis value corresponding to 

the intersection point which is the ultimate inelastic stability limit as follows 

𝑁𝑢 =
𝑀𝑝

𝑥𝑖𝛿 
 (4.37) 

It is worth noting that the geometric imperfection can be taken into account, either by 

modelling it directly in the analysis, or by applying the so-called notional load. 
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Substituting 𝑥𝑖 = 𝜃𝑖(𝐿/2) into Eq. (4.37), gives 

𝑁𝑢𝜃𝑖 (
𝐿

2
) 𝛿 = 𝑀𝑝 (4.38) 

or 

𝑁𝑖 (
𝐿

2
) 𝛿 = 𝑀𝑝 (4.39) 

where 𝑁𝑖 = 𝑁𝑢𝜃𝑖 is the notional load. 

The notional load is a transverse load that is considered as a fraction of the axial compression 

force, and is applied at the point of axial load application, oftentimes at the end of the 

member that is designed to resist the load. The level of notional load is equivalent to the 

initial imperfection of the system. Therefore, it actually has the same effect on the moment 

and shear within the member, and it is equivalent to including geometric imperfection 

directly in the analysis. 

It is shown in Figure 4.6(d) that the corresponding inelastic stability limit will be much lower 

than that which is indicated by the critical load of the perfect elastic system. In fact, the 

ultimate collapse capacity is primarily dependent on both the elastic and plastic properties 

of the system. In addition, capturing the actual response requires second-order analysis and 

a linear analysis will not capture the actual behaviour of the system. If the system is too 

flexible it often fails with a great deal of out-of-plane deformation. If and when the out-of-

plane deformation is sufficiently great, the P-delta effects can cause a consistent increase in 

the second-order bending moment and may lead to the plastic hinge formation in the system. 
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4.4 BRB-gusset interactive failure (BGF) mode 

Meimand’s (2013) work on the two-rigid-bar system is further supported by Takeuchi et al. 

(2014, 2016), who concluded that a three-bar system can be incorporated to compute the 

collapse capacity of the BRB system including the effect of the gusset plate and the BRB 

system in the elastic and plastic ranges. Based on this, the model shown in Figure 4.7 can be 

used for the out-of-plane stability of the BRB system. 

 

Figure 4.7 Out-of-plane stability model for BRB-gusset interactive failure (BGF) mode 

According to Takeuchi et al. (2014, 2016), the stability of the BRB system requires a 

minimum amount of stiffness and strength either at the gusset connection or the restrainer 

end (neck) in the elastic and plastic ranges. If both the restrainer end and the gusset 

connection are too weak and flexible then the failure mode can involve the compression 

failure of the BRB-to-gusset connection region, as shown in Figure 4.7 above. 

This involves the noticeable out-of-plane movement of the restrainer end, while the point of 

the end restraint of the brace, provided that the gusset connection does not undergo a sway 

failure, will be at the end of the brace connection region into the gusset plate, in other words, 

at the beginning of the gusset equivalent column. The location of the restrainer end after 
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collapse represents the failure mode of BRB which can be a C-mode or S-mode shape 

(theoretically, the first two modes of failure). 

The flexural stiffness of the BRB member must also be taken into account in the model to 

ensure that all major sources of flexibility are considered with reasonable accuracy for 

second-order effect considerations. Therefore, the flexural stiffness of the BRB member is 

accounted for in the elastic model, and the bars are assumed to be infinitely rigid in the 

plastic model. 

Real structural members are of such geometric properties that they generally fail in the 

inelastic range. With the BRB system, the collapse mechanism will typically form with the 

flexural deflection of the restraining system and the rotational deformations of the 

connection components, in combination with the yielding at adequate number of locations. 

The explicit prediction of this type of failure requires special considerations for the 

interaction between the stiffness and strength which are not independent and can influence 

each other. 

For the BRB system, the direct stability approach is critical in determining the level of the 

axial-flexural demands on the connection arising from the incoming brace compression 

force. 

As described earlier, the out-of-plane bending moment demand is always present and can be 

significant in BRB systems. The first-order bending moment is generated from the geometric 

imperfections, which is primarily derived from the erection and construction tolerances as 

well as the BRB transition region detail. 

Accordingly, the first-order bending moment on the BRB neck can be calculated as 
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𝑀𝑓𝑏 = {
𝑁𝐵𝐺𝐹(𝑐)𝑥𝑖𝑛                      C − mode shape

𝑁𝐵𝐺𝐹(𝑠)𝑥𝑖𝑛                       S − mode shape
 

(4.40) 

(4.41) 

where 

𝑁𝐵𝐺𝐹(𝑐) = BRB-gusset interactive failure (BGF) force in C-mode collapse shape, N 

𝑁𝐵𝐺𝐹(𝑠) = BRB-gusset interactive failure (BGF) force in S-mode collapse shape, N 

𝑥𝑖𝑛 = total initial imperfection at the neck, mm 

And, the second-order bending moment on the BRB neck is estimated as 

𝑀𝑠𝑏 = {
𝑁𝐵𝐺𝐹(𝑐)𝑥𝑖𝑛𝛿𝑏𝑐                     C − mode shape

𝑁𝐵𝐺𝐹(𝑠)𝑥𝑖𝑛𝛿𝑏𝑠                      S − mode shape
 

(4.42) 

(4.43) 

in which 

𝛿𝑏𝑐 =
1

1 −
𝑁𝐵𝐺𝐹(𝑐)

𝑁𝑐𝑟𝑐

                            C − mode shape 
(4.44) 

𝛿𝑏𝑠 =
1

1 −
𝑁𝐵𝐺𝐹(𝑠)

𝑁𝑐𝑟𝑠

                             S − mode shape 
(4.45) 

where 

𝛿𝑏𝑐 = moment amplification factor for BRB in C-mode collapse shape 

𝛿𝑏𝑠 = moment amplification factor for BRB in S-mode collapse shape 

𝑁𝑐𝑟𝑐 = C-mode critical load of BRB including rotational stiffnesses of the gusset plate and 

neck, N 

𝑁𝑐𝑟𝑠 = S-mode critical loads of BRB including rotational stiffnesses of the gusset plate and 

neck, N 
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The exact and approximate solutions for the critical loads 𝑁𝑐𝑟𝑐 and 𝑁𝑐𝑟𝑠 are presented later 

in the following section. 

It is important to avoid plastic hinges to form within the connection regions under the 

second-order action and a key aspect is that the critical sections have the minimum required 

strength. In the BRB connections, plastic hinges are assumed at both the gusset plate and the 

BRB neck, as shown in Figure 4.7. 

Similar to the two-rigid-bar system described in section 4.3, the BRB inelastic stability limits 

can be obtained using the virtual work method as 

𝑁𝐵𝐺𝐹(𝑐)𝑥𝑖𝑛𝛿𝑏𝑐

𝑀𝑝𝑔𝑟 + 𝑀𝑝𝑛𝑟
≤ 1.0                               C − mode shape (4.46) 

𝑁𝐵𝐺𝐹(𝑠)𝑥𝑖𝑛𝛿𝑏𝑠

(
𝐿𝑟

𝐿𝑏
)𝑀𝑝𝑔𝑟 + 𝑀𝑝𝑛𝑟

≤ 1.0                       S − mode shape (4.47) 

where 

𝑀𝑝𝑔𝑟 = plastic moment capacity of the gusset connection reduced by axial force, N mm 

𝑀𝑝𝑛𝑟 = plastic moment capacity of the neck reduced by axial force, N mm 

𝐿𝑟 = length of the restrainer, mm 

𝐿𝑏 = length of the BRB, mm 

By substituting the moment amplification factor from Eq. (4.44) and Eq. (4.45), and the axial 

force-bending moment interaction equation from plastic theory for rectangular cross-section, 

the BRB stability equations become 
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𝑁𝐵𝐺𝐹(𝑐)𝑥𝑖𝑛 [1 (1 −
𝑁𝐵𝐺𝐹(𝑐)

𝑁𝑐𝑟𝑐
)⁄ ]

𝑀𝑝𝑔 [1 − (
𝑁𝐵𝐺𝐹(𝑐)

𝑁𝑦𝑔
)
2

] + 𝑀𝑝𝑛 [1 − (
𝑁𝐵𝐺𝐹(𝑐)

𝑁𝑦𝑛
)
2

]

≤ 1.0               C − mode shape (4.48) 

𝑁𝐵𝐺𝐹(𝑠)𝑥𝑖𝑛 [1 (1 −
𝑁𝐵𝐺𝐹(𝑠)

𝑁𝑐𝑟𝑠
)⁄ ]

𝑀𝑝𝑔 [1 − (
𝑁𝐵𝐺𝐹(𝑠)

𝑁𝑦𝑔
)
2

] (
𝐿𝑟

𝐿𝑏
) + 𝑀𝑝𝑛 [1 − (

𝑁𝐵𝐺𝐹(𝑠)

𝑁𝑦𝑛
)
2

]

≤ 1.0      S − mode shape (4.49) 

In which 

𝑀𝑝𝑔 = 𝑆𝑔𝑓𝑦𝑔 (4.50) 

𝑁𝑦𝑔 = 𝐴𝑔𝑓𝑦𝑔 (4.51) 

𝑀𝑝𝑛 = 𝑆𝑛𝑓𝑦𝑠𝑐 (4.52) 

𝑁𝑦𝑛 = 𝐴𝑛𝑓𝑦𝑠𝑐 (4.53) 

where 

𝑀𝑝𝑔 = plastic moment capacity of gusset connection, N mm 

𝑀𝑝𝑛 = plastic moment capacity of neck, N mm 

𝑆𝑔 = plastic section modulus of gusset connection, mm3 

𝑆𝑛 = plastic section modulus of neck, mm3 

𝑁𝑦𝑔 = axial yield strength of gusset connection, N 

𝑁𝑦𝑛 = axial yield strength of neck, N 

𝐴𝑔 = area of the gusset plate cross-section effective in compression, mm2 
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𝐴𝑛 = area of neck cross-section, mm2 

𝑓𝑦𝑔 = yield stress of gusset plate material, MPa 

𝑓𝑦𝑠𝑐 = yield stress of steel core material, MPa 

Like that of the gusset buckling (GB) mode, the stability equations can be solved numerically 

for the failure loads 𝑁𝐵𝐺𝐹(𝑐) and 𝑁𝐵𝐺𝐹(𝑠) to determine the failure capacity of the BRB system, 

and in solving the equations, 𝑁𝐵𝐺𝐹(𝑐) must be less than or equal to 𝑁𝑦𝑔, 𝑁𝑦𝑛, 𝑁𝑐𝑟𝑐; and 

𝑁𝐵𝐺𝐹(𝑠) must be less than or equal to 𝑁𝑦𝑔, 𝑁𝑦𝑛, 𝑁𝑐𝑟𝑠. 

However, in practice, one need not solve the stability equations numerically since the 

stability of the BRB system can be simply evaluated as the capacity ratio by substituting 

𝐶𝑚𝑎𝑥 for 𝑁𝐵𝐺𝐹(𝑐) and 𝑁𝐵𝐺𝐹(𝑠). 

From the stability equations, it can be seen that it is the neck stiffness and strength that is 

tied to the gusset connection status. If the BRB is manufactured in such a way that the 

embedment length within the restrainer is very short or the neck is not strong or stiff enough, 

then the gusset plate connections must be able to resist all the destabilising moment. That is 

intuitively obvious, and it was observed in the experimental testing on the narrow neck BRBs 

reported in the previous chapter. 

The destabilising moment can also be transferred to and resisted by the restrainer end across 

the transition region. This requires the appropriate design and detailing of the transition 

region to ensure there is a reasonable amount of the rotational continuity at the end of 

restrainer. This was the wide neck BRB cases in the experimental programme. 
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Based on the stability equations, the stability is dominated by S-mode shape if the gusset 

connection and the BRB neck are considered as fully plastic hinges, given that this mode has 

a lower failure capacity in the plastic range. 

However, as will be discussed in the following section, the governing failure mechanism of 

the elastic model (the model used to determine the critical loads) can be either of C-mode or 

S-mode shape, depending on the relative rotational stiffnesses of the gusset connection and 

the BRB neck. Hence, for design purpose, it is necessary to check both C-mode and S-mode 

shapes and select the lesser of the two. Considering this, and including the gusset buckling 

(GB) mode, the global stability condition for BRB system is found to be 

𝑁𝑢𝑐 = lesser of {

𝑁𝐵𝐺𝐹(𝑐)

𝑁𝐵𝐺𝐹(𝑠)

𝑁𝐺𝐵       

} ≥ 𝐶𝑚𝑎𝑥 = 𝛽𝜔𝑅𝑦𝑁𝑦𝑠𝑐 (4.54) 

where  

𝑁𝑢𝑐 = ultimate compressive strength of BRB system, N 

𝐶𝑚𝑎𝑥 = maximum adjusted BRB strength in compression, N 

Note that it is practically impossible to predict in terms of the failure mode of the BRB 

system as it can also be affected by the initial imperfection mode shape. 

In fact, including geometric imperfection in the stability considerations makes the situation 

complicated since the failure mode can also be dictated by the initial imperfect shape of the 

system and the test data showed that the major deformation developed under compression 

loading is in the mode in which the initial imperfection predominates.  
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Since the actual data for the initial imperfection does not exist in a practical design, it is not 

easy to answer the question which failure mode these braces could finally develop. However, 

the proposed stability condition can always produce safe designs as it is based on the worst-

case scenario, in which the BRB system has the minimum collapse capacity. However, in 

reality, it may buckle with a different mode shape at a higher load due to the pattern of the 

initial imperfections. 

The established design procedure developed on the basis of determining the ultimate BRB 

compressive capacity gives a peak value that will be comparable to that which the brace 

would withstand during testing. However, the damage control is also important for the 

performance of the BRB. In compression, the core must not bend at the end and “jam up”, 

where it exits the restrainer. That was the observed failure mode in narrow neck BRBs (see 

Figure 3.8) which must be precluded. 

In terms of acceptance criteria, the current building codes are demanding perfect behaviour 

of only the core plate yielding to improve the robustness and performance of the system at 

substantial story drifts, and to avoid the onset of inelastic deformations on the rest of the 

structures. Therefore, it is important not to plastify the connection regions at the ends of the 

BRB due to instability, and yielding must be restricted to within the restrainer.  

Indeed, with the BRB system, the energy dissipation is provided by the yielding steel core 

and the ductile member is inside the brace, thus, there is no need to build ductility into the 

connections to accommodate any out-of-plane rotation of the brace ends. Accordingly, it is 

recommended that for the design of the BRB system, the elastic section modulus is used 

instead of the plastic section modulus so that the system will have sufficient reserve capacity 

to go through the full earthquake series while providing the satisfactory performance similar 

to that when subjected to tensile force. 
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4.4.1 Critical load of the BRB system 

One of the key topics of this study has been trying to ascertain the best approach for the 

elastic critical buckling load of the BRB system, including the rotational stiffnesses of the 

gusset plate and BRB neck as well as the flexural stiffness of the BRB member for the 

determination of the amplification factor, which can be used in daily design office practice 

without the aid of the computer simulation or rough calculations. The perfect elastic model 

of this type is shown again in Figure 4.8, for the sake of ease in understanding, in which a 

BRB made of three elastic segments supported by elastic end restraints (gusset connections) 

and connected to one another by internal rotational springs of zero length at the weakened 

junction (BRB necks) is compressed by force applied centrally at the end. 

 

Figure 4.8 Perfect elastic bars-elastic springs model for BRB system 

In Figure 4.8, 𝐼𝑐 and 𝐼𝑟 are the moments of inertia of the connection zone and restrainer 

cross-sections, respectively, which means the bars are not rigid and the rotational springs are 

internal elements of the system that connect the different segments of the BRB. 
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In terms of the BRB system, there is a challenge related to the determination of the critical 

loads. The BRB situation is not similar to that which is considered to meet the stiffness 

requirements for prismatic members, and it represents a more complicated condition.  

The critical load of the traditional braces as a complete prismatic member is known, and the 

mode of failure can easily be determined. Nevertheless, the subject matter in BRBs is not 

only complicated, it is also difficult to master.  

This is primarily due to the changes in flexural stiffness and the points of spring flexibility 

along the length of the brace and into the supports. So, there are additional potential sources 

of flexibility which the relationships between them are multitudinous and complex. There is 

no closed-form solution for this problem as it has too many parameters. 

The general transcendental equations for the stability of the elastic model can be derived 

using the displacement method of analysis (slope-deflection method or matrix approach), 

modified for axial load, as the member is subjected to axial compression. The slope-

deflection equation is the relationship between the three displacements and three forces at 

the ends of a prismatic member of a plane frame. This is a powerful method especially for 

the second-order analysis (large translations and rotations) and also when the connections 

are non-linear. The matrix approach is the same as the slope-deflection method. The use of 

matrices is simply a way of writing the equations briefly. 

In this model, because the bottom and top segments are of equal length, the system is 

symmetric and in terms of writing the equations, it is only necessary to model half of the 

system. The C-mode buckling mode can be obtained by allowing the lateral translation but 

suppressing the rotation at mid-height, while the S-mode buckling shape can be obtained by 

suppressing the lateral translation but allowing the rotation at mid-height. There are two 

rotational degrees-of-freedom at the point where the internal spring is located, one for the 
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top end of the bottom segment and another one for the bottom end of the middle segment. 

These two rotational degrees-of-freedom are related by the stiffness of the spring. 

Alternatively, the differential equations can be written for each segment of the BRB using 

the proper boundary and continuity conditions to obtain a universal solution to this problem. 

Taking into account the appropriate boundary and continuity conditions, Matsui et al. (2010), 

obtained the following general and comprehensive solution for calculating the critical loads 

of the BRB elastic model using the differential equation method, which covers the features 

of different particular cases. 

𝑁𝑐𝑟 = 𝛼2𝐸𝐼𝑟 (4.55) 

For the determination of the C-mode critical load (𝑁𝑐𝑟𝑐), 𝛼 is found from the equation 

𝛼2(𝐸𝐼𝑟)
2𝑆1𝐶4 + 𝛼𝐸𝐼𝑟 (𝐾𝑛𝑆1𝑆4 −

𝐾𝑔 + 𝐾𝑛

√𝛾𝐽

𝐶1𝐶4) − 𝐾𝑔𝐾𝑛 (
1

𝛾𝐽
𝑆1𝐶4 +

1

√𝛾𝐽

𝐶1𝑆4) = 0 (4.56) 

While for the determination of the S-mode critical load (𝑁𝑐𝑟𝑠), 𝛼 is the solution of 

𝛼3(𝐸𝐼𝑟)
2𝐿𝑏𝑆1𝑆4 − 𝛼2𝐸𝐼𝑟𝐿𝑏 (𝐾𝑛𝑆1𝐶4 +

𝐾𝑔 + 𝐾𝑛

√𝛾𝐽

𝐶1𝑆4) + 2𝛼𝐸𝐼𝑟𝐾𝑔𝑆1𝑆4 

+𝛼𝐾𝑔𝐾𝑛𝐿𝑏 (
1

√𝛾𝐽

𝐶1𝐶4 −
1

𝛾𝐽
𝑆1𝑆4) − 2𝐾𝑔𝐾𝑛 (𝑆1𝐶4 +

1

√𝛾𝐽

𝐶1𝑆4) = 0 

(4.57) 

in which 

𝑆1 = sin(𝛼𝐿𝑐 √𝛾𝐽⁄ ), 𝐶1 = cos(𝛼𝐿𝑐 √𝛾𝐽⁄ ), 𝑆4 = sin(𝛼𝐿𝑟 2⁄ ) , 𝐶4 = cos(𝛼𝐿𝑟 2⁄ ),  

𝛾𝐽 = 𝐼𝑐 𝐼𝑟⁄  

 

 

where  
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𝐾𝑛 = rotational stiffness of neck, N mm rad⁄  

𝐾𝑔 = rotational stiffness of gusset connection, N mm rad⁄  

𝐼𝑟 = moment of inertia of restrainer cross-section, mm4 

𝐼𝑐 = moment of inertia of BRB-gusset connection zone cross-section, mm4 

𝐿𝑏, 𝐿𝑐, and 𝐿𝑟 are the lengths of BRB, connection zone, and restrainer, respectively, as shown 

in Figure 4.8. 

Note that the equations presented at the original paper (Matsui et al., 2010) had a couple of 

typographical errors, that were later corrected in Takeuchi and Wada (2017). 

These equations are complex transcendental equations that must be solved numerically. 

Since the BRB system can be sensitive to the stiffness parameters, it is not unreasonable to 

obtain the critical load using the above transcendental equations. In the author’s experience 

Microsoft Excel is best suited to solve this problem. Once the equations are programmed 

into a spreadsheet, the numerical solution provides a powerful and accurate engineering tool 

to deal with all the cases and configurations. 

Aristizabal-Ochoa (1997) has also studied the stepped columns with semi-rigid connections 

and derived a series of theoretical stability equations for the elastic critical load of such 

systems, using the second-order stiffness matrix of each segment and applying the 

equilibrium and compatibility of translations and rotations at each joint. Because the 

degrees-of-freedom of the system is more than one, the determinant of the coefficients 

matrix of the defined equations must be vanished to obtain the non-trivial solutions. 

However, the proposed stability equations include tangent functions, which may result in 

solutions that would not converge at some points. So, of the methods available, Matsui’s 
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method (2010) appears to be more convenient for design purposes. In fact, the root-finding 

procedure for the sin/cos transcendental equations is much easier than the equations that 

contain tangent functions, in which as the root of characteristic equation approaches nπ (pi), 

either the whole eigenvalue equation or part of that approaches infinity. 

It was found that a simple iteration incremental method until the determinant sign changes 

is the most reliable and fastest way of determining the lowest root of the sin/cos 

transcendental equations (𝛼) Matsui et al. (2010) proposed. 

The iterative solution starts with a small enough initial guess (𝛼𝑖) and the evaluation of the 

characteristic equation. Then, the value of “𝛼” is incrementally increased by a value equal 

to the initial guess, and the evaluation of the expression is repeatedly carried out. The results 

of each pair of evaluation are multiplied each other to determine the location where sign 

changes (value passes through zero). The first (lowest) root is the correct solution to the 

characteristic equation. Once the pair of iterations are identified, a linear interpolation can 

be performed between those two values to determine the point where “𝛼” is equal to zero. A 

snapshot of the Excel worksheet developed for the determination of the critical loads is 

shown in Figure 4.9 below. 
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Figure 4.9 Snapshot of the Excel worksheet for determination of the critical loads 

  

ELASTIC BUCKLING OF BRB SYSTEM

For Determination of the Critical Loads

Input:

I c /I r  = 0.4

L r /L b  = 0.6

E = 200 GPa

I r  = 50 x10
6 

mm
4

I c  = 20 x10
6 

mm
4

L r  = 6 m

L b  = 10 m

ρ g = 0.4 0 < ρ g  < 1

ρ n = 0.1 0 < ρ n  < 1

Solution Parameters:

R g  = 2.000

K g = 4000 kNm/rad BRB elastic model and collapse modes

R n  = 0.333

K n  = 666.7 kNm/rad

L c /L b  = 0.20

C-mode Shape Solution: S-mode Shape Solution:

S 1  = 0.94 S 1  = 0.91

C 1  = 0.35 C 1  = 0.42

S 4  = 0.91 S 4  = 0.88

C 4  = 0.40 C 4  = 0.47

α = 0.385135 α = 0.360540

m = 14.83 m = 13.00

N crc  = 1483 kN N crs  = 1300 kN

Initial Guess, αi = 0.001 Initial Guess, αi = 0.001

Location of Lowest Root of Equation:

Iteration # 385 of 4000 total 360 of 4000 total

Iteration # 386 of 4000 total 361 of 4000 total

Note:

𝑅𝑔 = 𝐾𝑔𝐿𝑐 𝐸𝐼𝑐⁄

𝑅𝑔 = 3𝜌𝑔 1 − 𝜌𝑔⁄

𝜌𝑔 = 1 1 + 3 𝑅𝑔⁄⁄
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Although it is difficult to solve the BRB elastic model analytically, the finite element 

analysis can be readily done to develop simple design tables and graphs for the practical 

implementation. 

Thus, a set of tables and graphs have been presented in APPENDIX A and APPENDIX B 

for the coefficient of stability of the practical cases to facilitate the design process. They can 

also be used to compare different configurations and geometries with various boundary 

conditions and look at which failure mode seems to be the primary failure mode in the elastic 

range. From these tables, it is seen that both C-mode and S-made shapes can govern the 

critical load of the perfect elastic model based on the relative rotational stiffnesses of the 

neck and gusset connection. 

Utilising the coefficient of stability tables and graphs, the critical loads are found from the 

following equations: 

𝑁𝑐𝑟𝑐 = 𝑚𝑐 𝐸𝐼𝑟 𝐿𝑏
2⁄                                       C − mode (4.58) 

𝑁𝑐𝑟𝑠 = 𝑚𝑠 𝐸𝐼𝑟 𝐿𝑏
2⁄                                        S − mode (4.59) 

where 𝑚𝑐 and 𝑚𝑠 are obtained from tables and graphs presented at APPENDIX A and 

APPENDIX B. 

For simplicity, the following two parameters have been defined in the development of the 

tables and graphs (Wang, 1983; Aristizabal-Ochoa, 1994, 1997). 

𝜌𝑔 = 1 (1 + 3 𝑅𝑔⁄ )⁄ ,                    𝜌𝑛 = 1 (1 + 3 𝑅𝑛⁄ )⁄  (4.60) 

𝑅𝑔 = 𝐾𝑔(𝐿𝑐 𝐸𝐼𝑐⁄ ),                         𝑅𝑛 = 𝐾𝑛(𝐿𝑐 𝐸𝐼𝑐⁄ ) (4.61) 
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where 𝜌𝑔 and 𝜌𝑛 are the fixity factors of the gusset connection and BRB neck, 𝑅𝑔 and 𝑅𝑛 

are the rigidity indices of the gusset connection and BRB neck, respectively. 

For a true friction-free pin connection, the fixity factor is zero (𝜌𝑔 = 𝜌𝑛 = 0), and for a 

rotationally fixed connection, the fixity factor is equal to one (𝜌𝑔 = 𝜌𝑛 = 1). However, the 

real connections have fixity factors between zero and one. Given the fixity factor varies 

between zero and one, it is more convenient for use in practice, instead of the rotational 

stiffness that varies between zero and infinity. 

The SAP2000 (CSI, 2021) Open Application Programming Interface (OAPI) has been used 

in the development of the design tables and graphs to automate and speed up the iterative 

process of model updating and finite element analysis. The OAPI is a useful programming 

tool that enables direct connection between a third-party software (herein Microsoft Excel) 

and the SAP2000 finite element analysis and design technology during run-time. It is 

compatible with the most popular programming languages including C#, Python, MATLAB, 

and Visual Basic for Applications (VBA). In this investigation, VBA macro has been used 

to access SAP2000 through the OAPI and create the two-way, concurrent data flow between 

them. A full set of functions has been provided in the OAPI embedded documentation, which 

can control remotely how the SAP2000 works, so the engineer does not need to make 

changes directly in the analysis software. This greatly decreases the time required to build, 

analyse, and design models, especially when dealing with a significant number of models. 

For verification, the finite element results obtained from SAP2000 model are graphically 

compared with the theoretical values calculated using the differential equation method 

(Dinnik, 1932; Timoshenko & Gere, 1961) in Figure 4.10, for three-segment stepped 

columns with pinned ends and fixed ends, and symmetrical with respect to the middle cross-

section. In the SAP2000 model, each segment of the column consisted of ten elements all of 
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equal length, and increasing the number of elements had no significant effect on the accuracy 

of the model. 

 

Figure 4.10 Coefficient of stability values (m) for three-segment stepped columns: (a) stepped 

column with pinned ends; (b) stepped column with fixed ends 
 

Additionally, coefficient of stability values are listed in Table 6 and Table 7, for the three-

segment stepped columns with pinned ends and fixed ends, respectively.  

Table 6 Coefficient of stability values (m) for stepped column with pinned ends 

  𝑎 𝐿⁄  

  0.2  0.4  0.6  0.8 

𝐼1 𝐼2⁄   𝑚𝐹𝐸 𝑚𝐷𝐸  𝑚𝐹𝐸 𝑚𝐷𝐸  𝑚𝐹𝐸 𝑚𝐷𝐸  𝑚𝐹𝐸 𝑚𝐷𝐸 

0.01  0.15 0.15  0.27 0.27  0.60 0.60  2.26 2.26 

0.1  1.47 1.47  2.40 2.40  4.50 4.50  8.58 8.59 

0.2  2.80 2.80  4.22 4.22  6.69 6.69  9.33 9.33 

0.4  5.09 5.09  6.68 6.68  8.51 8.51  9.67 9.67 

0.6  6.98 6.98  8.18 8.19  9.24 9.24  9.78 9.78 

0.8  8.55 8.55  9.17 9.18  9.63 9.63  9.83 9.84 

FE means Finite Element (SAP2000), [each segment divided into 10 elements] 

DE means Differential Equation (Dinnik, 1932) 
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Table 7 Coefficient of stability values (m) for stepped column with fixed ends 

  𝑎 𝐿⁄  

  0.2  0.4  0.6  0.8 

𝐼1 𝐼2⁄   𝑚𝐹𝐸 𝑚𝐷𝐸  𝑚𝐹𝐸 𝑚𝐷𝐸  𝑚𝐹𝐸 𝑚𝐷𝐸  𝑚𝐹𝐸 𝑚𝐷𝐸 

0.01  0.61 0.61  1.08 1.08  2.39 2.39  8.48 8.48 

0.1  5.86 5.87  9.48 9.48  15.46 15.47  17.11 17.13 

0.2  11.15 11.16  16.25 16.26  20.44 20.46  21.04 21.06 

0.4  20.22 20.24  24.86 24.88  26.27 26.31  27.43 27.47 

0.6  27.68 27.71  30.60 30.62  31.04 31.09  32.41 32.46 

0.8  33.97 34.02  35.26 35.31  35.38 35.44  36.31 36.37 

FE means Finite Element (SAP2000), [each segment divided into 10 elements] 

DE means Differential Equation (Dinnik, 1932) 

The finite element values are always less than the differential equation results. This is due 

to the fact that the shear deformation and member shortening are neglected in the differential 

equation method. Similar answers can be obtained if the shear deformation is turned off in 

SAP2000. 

Where the geometric configurations and properties justify the use of more simplifications, 

the following solutions can be applied depending on the relative rotational stiffnesses in the 

system. When the rotational springs are relatively weak, the bars could be assumed to be 

rigid. When the rotational springs are relatively strong, the bars will buckle first. Although, 

in reality, a mixed mode happens which will be much more complicated for the interaction 

mode, in particular configurations, the critical loads may not be too different with one of 

those two extreme solutions. 

If 𝐼𝑐 = 𝐼𝑟 = ∞, the elastic model becomes three rigid bars connected by rotational springs 

in the joints that can easily be solved as an Eigenvalue problem with different buckling 

modes. The three-rigid-bar system has two degrees of freedom and two rotation or 

displacement parameters are required to describe the deflected configuration of the bars and 

write the potential energy of the system. Its derivatives with respect to the two rotation or 

displacement parameters yield a system of two homogeneous linear equations, and its 
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eigenvalues are the two critical load values that correspond to the S-mode and C-mode 

collapse shapes as follows: 

𝑁𝑐𝑟𝑐 =
𝐾𝑔 + 𝐾𝑛

𝐿𝑐
                                                                   C − mode (4.62) 

𝑁𝑐𝑟𝑠 =
(𝐿𝑟 𝐿𝑏⁄ )𝐾𝑔 + (𝐿𝑏 𝐿𝑟⁄ )𝐾𝑛

𝐿𝑐
                                     S − mode (4.63) 

For a practical design, the bars can be assumed to be rigid if both springs are relatively weak 

(𝜌𝑔 ≤ 0.1 and 𝜌𝑛 ≤ 0.1), and the rigid bar model provides fairly accurate results when 

𝜌𝑔 ≤ 0.05 and 𝜌𝑛 ≤ 0.05. 

If 𝐾𝑛 = ∞ and 𝐼𝑐 = 𝐼𝑟, the approximate expressions can be developed by drawing 

polynomial curves which reasonably fit the points obtained from the finite element analysis 

or the transcendental equations as follows: 

𝑁𝑐𝑟𝑐 =
𝜋2𝐸𝐼𝑟

𝐿𝑏
2

(𝜌𝑏
3 + 0.9𝜌𝑏

2 + 1.1𝜌𝑏 + 1)                         C − mode (4.64) 

𝑁𝑐𝑟𝑠 =
𝜋2𝐸𝐼𝑟

𝐿𝑏
2

(3.5𝜌𝑏
3 − 0.6𝜌𝑏

2 + 1.2𝜌𝑏 + 4)                   S − mode (4.65) 

in which  

𝜌𝑏 = 1 (1 + 3 𝑅𝑏⁄ )⁄  (4.66) 

𝑅𝑏 = 𝐾𝑔(𝐿𝑏 𝐸𝐼𝑟⁄ ) (4.67) 

where 𝜌𝑏 is the fixity factor of the BRB and 𝑅𝑏 is the rigidity index of the BRB. 
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These expressions provide results with maximum errors less than 1% for C-mode buckling 

shape and less than 3% for S-mode buckling shape. Alternative approximate solutions to this 

problem can be found in Newmark (1949), Aristizabal-Ochoa (1994), and Takeuchi et al. 

(2014), for C-mode buckling shape. 

If 𝐾𝑛 = ∞, the BRB elastic model becomes the three-segment stepped columns. In this case, 

the approximate solutions can be similarly determined based on curve fitting to the results 

from the finite element analysis or transcendental equations using a nonlinear regression 

analysis. 

For the stepped column with pinned ends (𝐾𝑛 = ∞ and 𝐾𝑔 = 0), the C-mode critical load 

(𝑁𝑐𝑟𝑐) and S-mode critical load (𝑁𝑐𝑟𝑠) can be approximated as 

𝑁𝑐𝑟𝑐 =
𝐸𝐼𝑟

𝐿𝑏
2 [−3.7 + 13.4 (

𝐿𝑟

𝐿𝑏
) + 21.6 (

𝐼𝑐
𝐼𝑟

) − 14.1 (
𝐿𝑟

𝐿𝑏
) (

𝐼𝑐
𝐼𝑟

) − 8.4 (
𝐼𝑐
𝐼𝑟

)
2

] (4.68) 

𝑁𝑐𝑟𝑠 =
𝐸𝐼𝑟

𝐿𝑏
2 [−14.6 + 38.2 (

𝐿𝑟

𝐿𝑏
) + 74 (

𝐼𝑐
𝐼𝑟

) − 27 (
𝐿𝑟

𝐿𝑏
) (

𝐼𝑐
𝐼𝑟

) − 27.9 (
𝐼𝑐
𝐼𝑟

)
2

] (4.69) 

The closed-formed solution for this problem can also be found in Timoshenko and Gere 

(1961) for C-mode collapse shape. 

For the stepped column with fixed ends (𝐾𝑛 = ∞ and 𝐾𝑔 = ∞), the approximate critical 

loads are given by 

𝑁𝑐𝑟𝑐 =
𝐸𝐼𝑟

𝐿𝑏
2 [−3.5 + 21.6 (

𝐿𝑟

𝐿𝑏
) + 63.6 (

𝐼𝑐
𝐼𝑟

) − 23.2 (
𝐿𝑟

𝐿𝑏
) (

𝐼𝑐
𝐼𝑟

) − 21.5 (
𝐼𝑐
𝐼𝑟

)
2

] (4.70) 

𝑁𝑐𝑟𝑠 =
𝐸𝐼𝑟

𝐿𝑏
2 [−26.8 + 80.9 (

𝐿𝑟

𝐿𝑏
) + 148.4 (

𝐼𝑐
𝐼𝑟

) − 74.9 (
𝐿𝑟

𝐿𝑏
) (

𝐼𝑐
𝐼𝑟

) − 47.5 (
𝐼𝑐
𝐼𝑟

)
2

] (4.71) 
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During the curve fitting process, an error optimisation was conducted in regression 

analysis to find the solutions which give the R-square more than 95% in all cases.  

4.4.2 Chevron configuration 

To compute the collapse capacity of BRB with stiffened gusset connections in a chevron 

configuration, the effect of collector beam flexibility is required to be considered in the 

analysis, and if sufficient torsional stiffness is not provided by the collector beam, it is critical 

that adequate lateral bracing is used at the midspan of the beam (Hikino et al., 2013; Koetaka 

et al., 2008; Takeuchi et al., 2016).  

The experimental test programme conducted by Takeuchi et al. (2016), show that the BRB 

failure loads are in good agreement with the Model-2, where the lateral translation at the end 

of BRB is suppressed, and the torsional stiffness of the collector beam is taken into account 

as it is a spring in series with the upper gusset plate connection.  

Based on this assumption, the critical loads of BRBs in a chevron configuration can be 

obtained using the equivalent symmetrical model shown in Figure 4.11 below. 

 

Figure 4.11 Equivalent rotational stiffness model in BRB with chevron configuration 

In this model, the beneficial effects of the secondary beams and floor slab have been 
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laterally while the compression brace will destabilise it. For a more conservative design, the 

possible contribution of the brace in tension to the connection stability can also be neglected. 

Using the equivalent symmetrical model, the chevron configuration can be analysed in the 

same way, as is carried out for the single diagonal configuration.  

To this end, the equivalent rotational stiffness of the upper gusset connection can be 

estimated as 

𝐾𝑔2(𝑒𝑞) =
𝐾𝑔2𝐾𝑏𝑚

𝐾𝑔2 + 𝐾𝑏𝑚
 (4.72) 

where 

𝐾𝑔2 = rotational stiffness of the upper gusset plate connection, N mm rad⁄  

𝐾𝑏𝑚 = torsional stiffness of the collector beam, N mm rad⁄  

Then, for the model lacking symmetry end-restraint condition, conservatively, the harmonic 

mean of the rotational stiffnesses of upper and lower gusset connections is recommended to 

be used in calculation. 

𝐾𝑔(𝑒𝑞) =
2𝐾𝑔1𝐾𝑔2(𝑒𝑞)

𝐾𝑔1 + 𝐾𝑔2(𝑒𝑞)
 (4.73) 

where 

𝐾𝑔1 = rotational stiffness of the lower gusset connection, N mm rad⁄  

Note that Takeuchi et al. (2016) suggest the minimum of 𝐾𝑔1 and 𝐾𝑔2(𝑒𝑞) to be applied for 

the BRB critical load calculation. This is not consistent with the elastic buckling theory. This 
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can be conceived by comparing the effective length factors of prismatic columns with 

pinned-pinned, fixed-fixed, and pinned-fixed end conditions. 

I-section beam elements subjected to concentrated torsional moment at the midspan are 

shown in Figure 4.12 below. 

 

Figure 4.12 Torsion of I-section beam: (a) both ends pinned; (b) both ends fixed (Adapted from 

Salmon and Johnson (1996)) 

For the I-section beams with pinned-pinned and fixed-fixed end conditions, the torsional 

stiffnesses are determined from the equations 

𝐾𝑏𝑚 =
2𝐺𝐽

𝑎
[

1

𝐿𝑏𝑚

2𝑎 − tanh (
𝐿𝑏𝑚

2𝑎 )
]                                Pinned − Pinned (4.74) 

𝐾𝑏𝑚 =
𝐺𝐽

𝑎
[

1

𝐿𝑏𝑚

4𝑎 − tanh (
𝐿𝑏𝑚

4𝑎 )
]                                   Fixed − Fixed (4.75) 

in which  

𝑎 = √
𝐸𝐶𝑤

𝐺𝐽
 (4.76) 

𝐶𝑤 =
𝐼𝑦ℎ2

4
 (4.77) 

ϕtf = 0ϕtf = 0ϕts = 0ϕts = 0

z z

(a) (b)
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𝐽 ≈ ∑(
𝑏𝑡3

3
) (4.78) 

ℎ = 𝑑 − 𝑡𝑓 (4.79) 

where  

𝐸 = modulus of elasticity of steel, 200,000 MPa 

𝐺 = shear modulus of elasticity of steel, 77, 200 MPa 

𝐶𝑤 = warping constant of collector beam cross-section, mm6 

𝐽 = torsional constant of collector beam cross-section, mm4 

𝐼𝑦 = moment of inertia of collector beam cross-section about y-axis, mm4 

𝑏 = breadth of each cross-sectional element of collector beam, mm 

𝑡 = thickness of each cross-sectional element of collector beam, mm 

𝑑 = depth of collector beam, mm 

𝑡𝑓 = thickness of collector beam flange, mm 

The derivation of the equations is omitted for brevity, and since the detailed information has 

been adequately provided in the available literature (Galambos et al., 1996; Lin, 1977; 

Salmon & Johnson, 1996; Seaburg & Carter, 2003; Takeuchi & Wada, 2017).  

For ease of application in design practice, the value of the torsional functions against the 

fraction of the span length (from the left support) have been adopted from the AISC design 

guide 9 (Seaburg & Carter, 2003) and are shown in Figure 4.13 and Figure 4.14 below. 
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Figure 4.13 Torsional function for the simply supported beam (Adapted from AISC design guide 9 

(Seaburg & Carter, 2003)) 

 

 

Figure 4.14 Tortional function for the fixed end beam (Adapted from AISC design guide 9 

(Seaburg & Carter, 2003)) 
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Using the above graphs, the tortional stiffness of the collector beam can be determined as 

𝐾𝑏𝑚 =
𝐺𝐽

𝐿𝑏𝑚
(

1

𝜑𝑠̅̅ ̅
)                                         Pinned − Pinned (4.80) 

𝐾𝑏𝑚 =
𝐺𝐽

𝑎
(

1

𝜑𝑓̅̅̅̅
)                                           Fixed − Fixed (4.81) 

where  

𝜑𝑠̅̅ ̅ = torsional function of the simply supported beam 

𝜑𝑓̅̅̅̅ = torsional function of the fixed end beam 

4.5 Rotational stiffness of gusset connection 

When the simple bar-spring model is used for the stability design of BRB system, there must 

be some ways to determine the elastic rotational stiffnesses of the critical sections. 

Component tests were carried out to obtain the actual elastic rotational stiffnesses of the 

gusset connections and BRB neck. Then, simple formulas were developed for the idealised 

rotational stiffnesses, in terms of their flexural rigidities, to address all tested cases and match 

the experimental data well. 

4.5.1 Unstiffened gusset connection 

Due to the out-of-plane bending moment, induced by the axial load and because of the 

geometric imperfection and eccentricity, as soon as compression is applied, the out-of-plane 

rotation at the end of the brace is encouraged, and the gusset plate starts to move laterally. 

This may lead to a sway gusset buckling (GB) mode or the yield-line formation at the brace 

end depending on the gusset compactness and boundary condition (Figure 4.15(a) and Figure 

4.15(b)). 
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Thus, for calculation of the rotational stiffness of the gusset plate with respect to the brace 

end, the gusset plate can be idealised as a cantilever beam with a bending moment at the free 

end as shown in Figure 4.15(c) below. 

 

Figure 4.15 Geometry of the model used to determine the rotational stiffness of unstiffened gusset 

plates: (a) corner gusset plates; (b) single braced gusset; (c) Euler-Bernoulli cantilever beam model 

 

If the Euler-Bernoulli bending theory is assumed, the rotational stiffness of the gusset plate 

is simply estimated as 

𝐾𝑔𝑝 =
𝐸𝐼𝑏𝑔

𝐿𝑒𝑔
 (4.82) 

in which  

𝐼𝑏𝑔 = 𝐿𝑦𝑙𝑡𝑔
3 12⁄  (4.83) 

𝐿𝑒𝑔 =
2𝑐1𝑐2

𝑐1 + 𝑐2
 (4.84) 
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𝐼𝑏𝑔 = moment of inertia of gusset plate cross-section effective in bending (calculated using 

yield-line), mm4 

𝐿𝑒𝑔 = effective length of gusset connection, mm 

𝐿𝑦𝑙 = length of yield-line in gusset plate, mm 

𝑡𝑔 = thickness of gusset plate, mm 

𝑐1 = shortest of the three distances from BRB end to the framing members, mm 

𝑐2 = second shorter of the three distances from BRB end to the framing members, mm 

It is worth repeating that, according to the three cantilevers model shown in Figure 4.3, the 

shorter distance from brace end to the framing members, provides more bending and 

rotational stiffnesses in the gusset plate, and larger out-of-plane restraint for the brace. 

Hence, the harmonic mean of 𝑐1 and 𝑐2 can be used to determine the effective length of the 

gusset connection which has a tendency toward the small one and alleviates the effect of the 

large one proportional to the length (stiffness) ratio. 

Alternative strategies for the calculation of the rotational stiffness of the unstiffened gusset 

plate can be found in Hsiao et al. (2012); Lanning (2014); Tremblay (2011); Yoo (2006). 

4.5.2 Full-depth extended gusset connection 

Figure 4.16(a) and Figure 4.16(b) show the geometry of the effective length and yield-line 

in the full-depth extended gusset connections. Observations from the experimental program 

indicated that as the gusset stiffener buckles locally in compression, the gusset plate yield-

line forms near the base of the stiffener and runs adjacent to the framing elements. However, 

based on the test data, it seems that a shorter gusset plate fold-line at the end of the brace is 
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more effective in the elastic range, when the lateral deflection and angle of rotation are small, 

which are shown as dashed lines. 

 

Figure 4.16 Model used to determine the rotational stiffness of the full-depth extended gusset 

connection: (a) corner gusset plate; (b) single braced gusset; (c) cantilever beam model 

The data also showed that, the gusset plate and gusset stiffener can be modelled as two 

cantilever springs that are assembled in parallel (Figure 4.16(c)), in which the total stiffness 

of the gusset connection is obtained by combining the individual stiffnesses as follows: 

𝐾𝑔 = 𝐾𝑠 + 𝐾𝑔𝑝 (4.85) 

where 

𝐾𝑠 = rotational stiffness of gusset stiffener, N mm rad⁄  

𝐾𝑔𝑝 = rotational stiffness of gusset plate, N mm rad⁄  

Similar to the unstiffened gusset plates, the rotational stiffness of the gusset plate itself is 

determined using the equation 
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𝐾𝑔𝑝 =
𝐸𝐼𝑏𝑔

𝐿𝑒𝑔
 (4.86) 

in which  

𝐼𝑏𝑔 = 𝐿𝑦𝑙𝑡𝑔
3 12⁄  (4.87) 

𝐿𝑒𝑔 =
2𝑐1𝐿𝑠

𝑐1 + 𝐿𝑠
 (4.88) 

where 

𝐿𝑠 = length of gusset stiffener, mm 

It is important to note that the proposed formula for the effective length of the gusset plate 

(𝐿𝑒𝑔) in the full-depth extended gusset connection is different from that in the unstiffened 

gusset plate. This is based on the fact that, when the springs in an assemblage are in parallel 

with each other, the stiffer spring (i.e., gusset stiffener) would attract less deformation 

demand and provide the larger contribution to the total stiffness. 

As was mentioned earlier, the gusset stiffener must be seismically compact to develop the 

full plastic capacity and form the plastic hinge. With high width-to-thickness ratio, the gusset 

stiffeners may buckle locally before the formation of plastic hinges. As permitted by NZS 

(1997/2001/2007), the slender compression element can be conservatively omitted from the 

calculations of section properties, and the effective cross-section concept can be used for the 

determination of the rotational stiffness if the section is not compact. Thus, the rotational 

stiffness of the full-extended gusset stiffener is estimated as 

𝐾𝑠 =
𝐸𝐼𝑒𝑠

𝐿𝑠
 (4.89) 
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in which 

𝐼𝑒𝑠 =
(𝑡𝑠)(𝑄𝑠𝑔𝐵𝑠)

3

12
 (4.90) 

where  

𝑄𝑠𝑔 = slender element reduction factor (determined from Eqs. (4.21) to (4.25)) 

Similar to that presented in the modern steel design codes for the local buckling and lateral-

torsional buckling resistance calculations, in deriving the above formulations, the focus was 

given to simplicity, not exact solutions. Adjusting the cross-section due to the local failure 

of noncompact or slender elements in compression can lead to a significant reduction in 

calculations and it will also avoid complexity. 

4.5.3 Full-edge stiffened gusset connection 

Geometry of effective length and yield-line of the gusset plate in the full-edge stiffened 

gusset connection are shown in Figure 4.17(a). Given the edge stiffeners do not interrupt the 

yield-line in the gusset plate, the rotational stiffness of the gusset plate itself (𝐾𝑔𝑝) can be 

determined similar to that which is utilised for the unstiffened gusset plate from Eq. (4.82).  

Moreover, based on the assumption that the end of BRB at the gusset plate is rotationally 

free, while the stiffeners deflecting sideway, a cantilever beam with a concentrated load at 

free end can be used to simulate the edge stiffener as shown in Figure 4.17(b). For a unit 

rotation at the end of the brace, the relationship between the bending stiffness of each 

stiffener and its contribution to the total rotational stiffness of the connection will 

approximately be 
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𝐾𝑠 = 𝑊𝑠𝑥𝑚𝑎𝑥
2 = 𝑊𝑠𝑧𝑠

2 (4.91) 

where  

𝐾𝑠 = rotational stiffness of gusset stiffener with respect to the brace end, N mm rad⁄  

𝑊𝑠 = bending stiffness of the gusset edge stiffener, N 

𝑧𝑠 = distance from brace end to the gusset plate edge as shown in Figure 4.17(b), mm 

A comparison between the theory and the finite element simulation conducted by Lanning 

(2014) indicated that the assessment of the bending stiffness of the gusset stiffener should 

be carried out using the Timoshenko beam element with bending and shear flexibility, since 

the shear deformation has considerable influence on the total deflection of the edge stiffener 

when the breadth-to-length ratio is large. However, if the breadth-to-length ratio is not very 

large, the shear effect can be neglected and the evaluation can be done using the Euler-

Bernoulli beam element. 

For the maximum deflection of a cantilever of constant rectangular cross-section with a point 

load at the tip (Figure 4.17(c)), Timoshenko (1944) gives 

𝑥𝑚𝑎𝑥 =
𝑃𝑥𝐿𝑠

3

3𝐸𝐼𝑠
[1 + 0.98 (

𝐵𝑠

𝐿𝑠
)
2

] (4.92) 

in which  

𝐼𝑠 =
𝑡𝑠𝐵𝑠

3

12
 (4.93) 

where 𝐿𝑠, 𝐵𝑠, and 𝑡𝑠 are the length, total breadth, and thickness of the gusset stiffener, 

respectively. 
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Figure 4.17 Models used to determine the rotational stiffness of the full-edge stiffened gusset 

connection: (a) geometry of effective length and yield-line of the gusset plate (b) unit rotation at the 

end of the brace; (c) edge stiffener of constant cross section; (d) tapered edge stiffener 

The second term of Eq. (4.92) represents the effect of shear deformation. It is seen that for 

𝐵𝑠 𝐿𝑠⁄ = 0.5, the influence of the shear deformation on the total deflection is around 25%. 

From Eq. (4.92), the bending stiffness of the edge stiffener with constant rectangular cross-

section can be expressed as  

𝑊𝑠 =
3𝐸𝐼𝑠

𝐿𝑠
3

[
 
 
 1

1 + 0.98 (
𝐵𝑠

𝐿𝑠
)
2

]
 
 
 
 (4.94) 

Further, the analytical derivation of the exact solutions for the tapered cantilever 

Timoshenko beam (Figure 4.17(d)) have been treated by Wong et al. (2019). 

It was shown that the maximum deflection of a tapered cantilever Timoshenko beam can be 

determined from the equation 
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𝑥𝑚𝑎𝑥 =
𝑃𝑥

2𝑎0
2𝐸𝐼𝑠0

(
2

𝑎0
ln 𝛼𝐿 −

3𝛼𝐿 − 1

𝛼𝐿
2 𝐿𝑠) +

𝑃𝑥 ln 𝛼𝐿

𝑎0𝑘𝑉𝐴𝑠0𝐺
 (4.95) 

in which  

𝛼𝐿 =
𝐵𝑠𝐿

𝐵𝑠0
 (4.96) 

𝑎0 =
𝛼𝐿 − 1

𝐿𝑠
 (4.97) 

𝐼𝑠0 =
𝑡𝑠𝐵𝑠0

3

12
 (4.98) 

where 

𝑘𝑉 = shear coefficient in Timoshenko’s beam theory, 2 3⁄  

The substitution of Eqs. (4.96), (4.97), and (4.98) into Eq. (4.95), and rearranging terms yield 

𝑥𝑚𝑎𝑥 =
𝑃𝑥𝐿𝑠

3

3𝐸𝐼𝑠0
[

3 ln 𝛼𝐿 −
1.5
𝛼𝐿

2 +
6
𝛼𝐿

− 4.5

(𝛼𝐿 − 1)3
+ 0.98 (

𝐵𝑠0

𝐿𝑠
)
2 ln 𝛼𝐿

(𝛼𝐿 − 1)
] (4.99) 

from which the bending stiffness of the tapered edge stiffener is obtained as  

𝑊𝑠 =
3𝐸𝐼𝑠0

𝐿𝑠
3

[
 
 
 
 
 

1

3 ln 𝛼𝐿 −
1.5
𝛼𝐿

2 +
6
𝛼𝐿

− 4.5

(𝛼𝐿 − 1)3 + 0.98 (
𝐵𝑠0

𝐿𝑠
)
2 ln 𝛼𝐿

(𝛼𝐿 − 1)]
 
 
 
 
 

 
(4.100) 

Like the fully extended stiffener, the effective moment of inertia should be used if the edge 

stiffener is not compact. 
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An alternative approach for the calculation of the rotational stiffness for the edge stiffened 

gusset connections can be found in Kinoshita et al. (2008), that is based on the plate bending 

yield-line method derived by Kawai and Kondou (1977) and adopted in Japanese BRB 

regulations (Takeuchi & Wada, 2017). 

4.5.4 Comparison of results 

The proposed theoretical formulas for the rotational stiffnesses of the different gusset 

connection configurations have been verified against the finite element results reported in 

Lanning (2014) and Tremblay (2011), as well as the experimental data obtained from the 

component testing herein. These values are listed in Table 8 along with the parameter used 

in the calculations. In addition, the geometry of the effective length and yield-line of the 

gusset plates used for verification are shown in  Figure 4.18 below. 

Table 8 shows that the calculated values have less than 17% differences compared with the 

exact values. For all the gusset connections, the average error and standard deviation are 

6.7% and 7.9%, respectively. 
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Table 8 Comparison of proposed method to the exact results for gusset rotational stiffness 

Gusset specimen  𝑡𝑔 

(𝑚𝑚) 

𝐿𝑦𝑙 

(𝑚𝑚) 

𝑐1 

(𝑚𝑚) 

𝑐2 

(𝑚𝑚) 

𝐿𝑒𝑔 

(𝑚𝑚) 

𝐾𝑔 (𝑐𝑎𝑙𝑐) 

(𝑘𝑁𝑚 𝑟𝑎𝑑⁄ ) 

𝐾𝑔 (𝑒𝑥𝑎𝑐𝑡) 

(𝑘𝑁𝑚 𝑟𝑎𝑑⁄ ) 

Error 

(%) No. Gusset name  

1 Lanning 1 [a] [b]  31.75  1018.54 24.38 53.34 33.47 16234.0 16029.2 +1.3 

2 Lanning 4 [a]  31.75 972.31 31.75 31.75 31.75 16335.9 14697.1 +11.2 

3 Lanning 3P [a]  31.75 860.04 31.75 31.75 31.75 14449.6 13545.7 +6.7 

4 
Lanning 5 [a] [c] 

(Stiffened gusset) 

 
31.75 845.82 53.34 53.34 53.34 57338.7 52231.7 +9.8 

5 Tsai 1 [a]   19.05 490.73 38.10 49.28 42.97 1315.8 1305.0 +0.8 

6 Tsai 3-1 [a]  16.00 811.02 73.66 181.86 104.85 528.2 551.4 -4.2 

7 Tsai 3-3 [a]  16.00 434.59 149.10 205.99 172.99 171.6 165.1 +3.9 

8 Takeuchi [a]  11.94 250.95 25.40 76.20 38.10 186.8 160.4 +16.4 

9 Tremblay [d]  15.88 400.00 32.00 115.00 50.07 533.2 514.0 +3.7 

10 U280 [e]  6.00 414.80 52.30 52.30 52.30 28.6 29.8 -4.0 

11 
S280 [e] [f] 

(Stiffened gusset) 

 
6.00 414.80 52.30 148.9 77.4 302.6 359.9 -15.9 

12 U450 [e]  6.00 447.20 128.40 235.40 166.16 9.7 9.8 -1.0 

13 
S450 [e] [g] 

(Stiffened gusset) 

 
6.00 447.20 128.40 299.90 179.8 149.7 138.4 +8.2 

[a] FE model (Lanning, 2014) 
[b] Edge stiffeners were neglected 
[c] Stiffener details: 𝑡𝑠 = 9.52 𝑚𝑚; 𝐿𝑠 = 584.2 𝑚𝑚; 𝐵𝑠0 = 107.95 𝑚𝑚; 𝐵𝑠𝐿 = 514.35 𝑚𝑚; 𝐾𝑠 = 48880 (𝑘𝑁𝑚 𝑟𝑎𝑑⁄ ) 
[d] FE model (Tremblay, 2011) 
[e] Experimental test 
[f] Stiffener details: 𝑡𝑠 = 6 𝑚𝑚; 𝐿𝑠 = 148.9 𝑚𝑚; 𝐵𝑠 = 150 𝑚𝑚; 𝑄𝑙𝑏 = 0.5; 𝐾𝑠 = 283.3 (𝑘𝑁𝑚 𝑟𝑎𝑑⁄ ) 
[g] Stiffener details: 𝑡𝑠 = 6 𝑚𝑚; 𝐿𝑠 = 299.9 𝑚𝑚; 𝐵𝑠 = 150 𝑚𝑚; 𝑄𝑙𝑏 = 0.5; 𝐾𝑠 = 140.7 (𝑘𝑁𝑚 𝑟𝑎𝑑⁄ ) 
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Figure 4.18 Geometry of effective length and yield-line of the gusset plates used for verification 
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4.6 Rotational stiffness of BRB neck 

One of the key parameters affecting the collapse capacity of the BRB system is the rotational 

continuity at the end of restrainer that will typically change depending on the transition zone 

details as well as the presence or absence of the cap plate on the restrainer end (Figure 

4.19(a)). 

 

 

Figure 4.19 Typical BRB restrainer end: (a) definition of BRB neck length; (b) lever action of the 

non-yielding segment in the insert zone; (c) model used to determine the rotational stiffness of the 

neck 

In conventional mortar-filled BRBs, it is important to include a robust cap plate on the end 

of the restrainer to confine the mortar and avoid the mortar cracking at that location. 

Without the robust cap plate, the mortar close to the free edge is unconfined which causes 

spalling, offering little support to force the plastic hinge to form outside the restrainer at the 

neck, and instead the effective location of the plastic hinge will be at the restrainer end inside 
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the transition zone (Matsui et al., 2010). The inelastic local behaviour and the corresponding 

strength and stiffness predictions of this type of failure are complex due to the complicated 

state of stress around the transition zone and the interaction between core and restrainer. 

The local failure mode of the restrainer end may also involve an extra out-of-plane rotation 

which occurs while the axial compression force is increased that leads to degraded seismic 

performance and a significant reduction in compressive capacity. 

Even if a cap plate is used, for it to effectively eliminate the local damage, it would have to 

have enough bearing strength to dependably act as a fulcrum point for preventing the lateral 

movement of the neck region. This will allow the local yielding to be taken to the face of the 

BRB restrainer, at the neck, and avoid complex calculations and modelling of the various 

combined interaction effects (Figure 4.19(b)). Therefore, the aim is to prevent the local 

yielding at the end of the restrainer by adhering to some strength requirements, such that the 

restrainer end when designed for the specified level of lever action it will be strong enough 

against bearing. To do this, it is recommended that the cap plate is properly designed and 

detailed for the yield moment capacity of the neck and welded all round to the restrainer. 

Provided the cap plate is well designed and detailed, any increase in bending demands at the 

restrainer end under compression loading, should not need to be considered as this transition 

region remains dependably elastic. 

The lever action concept implemented here is similar to that used by Dehghani and Tremblay 

(2017) for the design of the snug‐tight bolts at the end of restrainer, and by Zhao et al. (2012) 

for the calculation of the contact force between the core segment and the restrainer. 

In addition to the cap plate, the insert zone details have a direct effect on the rotational 

continuity at the end of the restrainer (Figure 4.19(c)). If the fixed base of a cantilever is 
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replaced with a rotational spring, the total flexural stiffness of the cantilever can be reduced 

based on the end spring constant value. 

As part of avoiding the local yielding to form within the transition region, Matsui et al. 

(2010) carried out a series of experimental tests on the bending moment-rotational angle 

behaviour of the end of the restrainer and proposed a set of formulas for the strength and 

stiffness estimations of the restrainer end in the absence of the cap plate. The experimental 

results showed that when the ratio of the insert zone length to the breadth of the neck 

(𝐿𝑖𝑛 𝐵𝑛⁄ ) is more than 1.5 to 2, the restrainer end yielding is suppressed, and the neck region 

can be considered to have a fixed end, and when the ratio is less than 0.5, the neck region 

can be considered to have a pinned end. This assumption is further supported by Hikino et 

al. (2013), and Takeuchi et al. (2014). 

In line with the above assumption and by curve fitting to the experimental data, the rotational 

stiffness of the BRB neck can be expressed as  

𝐾𝑛 = 𝑄𝑖𝑛

𝐸𝐼𝑒𝑛

𝐿𝑛
 (4.101) 

in which 

𝑄𝑖𝑛 = {

0                                                                      𝐿𝑖𝑛 𝐵𝑛⁄ < 0.5

0.5(𝐿𝑖𝑛 𝐵𝑛⁄ ) − 0.2𝑔𝑥 + 0.2               0.5 ≤ 𝐿𝑖𝑛 𝐵𝑛⁄ ≤ 2

1                                                                         𝐿𝑖𝑛 𝐵𝑛⁄ > 2

} (4.102) 

𝐼𝑒𝑛 =
(𝑡𝑓𝑛)(𝑄𝑏𝐵𝑛)3

12
 (4.103) 

𝑄𝑏 = {
0.9                𝐵𝑅 ≤ 1
0.45              𝐵𝑅 > 1

} (4.104) 
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𝐵𝑅 =
𝑁𝑏

𝑁𝑐
=

𝑀𝑦𝑛 𝐿𝑖𝑛⁄

𝑡𝑓𝑛𝑡𝑒𝑐(𝑓𝑦𝑛,𝑚𝑖𝑛)
=

𝑍𝑛

𝐿𝑖𝑛𝑡𝑓𝑛𝑡𝑒𝑐
 (4.105) 

where 

𝑄𝑖𝑛 = insert zone length reduction factor 

𝐼𝑒𝑛 = effective moment of inertia of neck cross-section, mm4 

𝐿𝑛 = length of neck, mm 

𝐿𝑖𝑛 = length of insert zone, mm 

𝐵𝑛 = total breadth of neck, mm 

𝑔𝑥 = out-of-plane gap size between core and restrainer (each side), mm 

𝑡𝑓𝑛 = thickness of neck flange, mm 

𝑄𝑏 = bearing strength reduction factor 

𝐵𝑅 = bearing strength ratio at neck 

𝑁𝑏 = required bearing strength at neck, N 

𝑁𝑐 = available bearing strength at neck, N 

𝑀𝑦𝑛 = yield moment capacity of neck, N mm 

𝑡𝑒𝑐 = thickness of cap plate (𝑡𝑐𝑝) or neck flange (𝑡𝑓𝑛), whichever is the smaller, mm 

𝑓𝑦𝑛,𝑚𝑖𝑛 = lesser of the yield stresses of the cap plate and the neck flange materials, MPa 

𝑍𝑛 = elastic section modulus of neck, mm3 
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For mortar-filled BRBs, the bearing strength ratio at neck (BR) can also be used to check 

the bearing capacity of the mortar at point B, by substituting the compressive strength of the 

mortar (𝑓𝑐𝑚
′ ) for 𝑓𝑦𝑛,𝑚𝑖𝑛 and 𝑡𝑓𝑛 for 𝑡𝑒𝑐.  

When the BRB is installed such that the core plate is oriented perpendicular to the plane of 

the frame, and the thickness of neck flange in out-of-plane direction is governed by the core 

plate thickness, the designer may control the bearing demand on the neck by setting the cap 

plate thickness equal to the core plate thickness. In this case, it is recommended that the 

yielding core width-to-thickness ratio does not exceed 7.0, which roughly corresponds to the 

seismic compactness limit of highly ductile plate elements for actual yield stress of 350MPa 

(NZS, 1997/2001/2007), and the ratio of the insert zone length to the breadth of the neck 

(𝐿𝑖𝑛 𝐵𝑛⁄ ) should not be less than 2.0. Note that the yielding core width-to-thickness ratio of 

the specimens tested in this study was 8.75, in which the neck bearing failure was observed. 

4.7 Verification of the proposed method for BRB stability 

The verification of the developed design procedure for the stability of the BRB system has 

been undertaken by a comparison between the failure axial forces from the experimental 

testing, with those predicted using the proposed stability design method as well as the latest 

edition of the New Zealand and American building codes. 

Table 9 and Table 10 summarise the BRB and gusset connection matrix, and the design 

parameters. And, the results from the BRB tests and calculations are compared in Table 11. 

In addition, APPENDIX C gives illustrative examples in order to clearly demonstrate the 

proposed design procedure and how to calculate the available compressive capacity of the 

BRB system. 
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Table 9 BRB and gusset connection matrix 

Specimen  BRB    Gusset connection 

No. Name        
𝐿𝑏 

(𝑚𝑚) 

𝐿𝑟 
(𝑚𝑚) 

𝐼𝑐 

(𝑚𝑚4) 

𝐼𝑟 

(𝑚𝑚4) 

𝐴𝑠𝑐 

(𝑚𝑚2) 

𝐴𝑛 

(𝑚𝑚2) 

𝑆𝑛 

(𝑚𝑚3) 

 𝐴𝑔 

(𝑚𝑚2) 

𝑆𝑔 

(𝑚𝑚3) 

𝐿𝑒𝑔 

(𝑚𝑚) 

𝐼𝑤𝑔 

(𝑚𝑚4) 

𝐼𝑒𝑠 

(𝑚𝑚4) 

(1) S450G2.0L0.5  1960 1200 2.3x106 6.0x106 560 1056 10792  1697 12462 166.2 3850 210938 

(2) U450G1.0L2.0  1960 1200 2.3x106 5.7x106 560 1056 10792  1283 4025 166.2 3850 − 

(3) U450G2.0L2.0  1960 1200 2.3x106 6.0x106 560 1056 10792  1283 4025 166.2 3850 − 

(4) U450G1.0L0.5  1960 1200 2.3x106 5.7x106 560 1056 10792  1283 4025 166.2 3850 − 

(5) U280G2.0L0.5  1960 1200 2.3x106 6.0x106 560 1056 10792  1283 3733 52.3 3850 − 

(6) U280G1.0L0.5  1960 1200 2.3x106 5.7x106 560 1056 10792  1283 3733 52.3 3850 − 

(7) U280G2.0L2.0  1960 1200 2.3x106 6.0x106 560 1056 10792  1283 3733 52.3 3850 − 

(8) S280G1.0L2.0  1960 1200 2.3x106 5.7x106 560 1056 10792  1697 12171 52.3 3850 210938 

(9) U280G1.0L1.0 (W1)  1960 1200 4.6x106 8.4x106 560 2016 73192  1283 3733 52.3 3850 − 

(10) U450G2.0L1.0 (W2)  1960 1200 4.6x106 8.4x106 560 2016 73192  1283 4025 166.2 3850 − 

(11) U450G1.0L1.0 (W3)  1960 1200 4.6x106 8.4x106 560 2016 73192  1283 4025 166.2 3850 − 

(12) U450G0.0L1.0 (W4)  1960 1200 4.6x106 8.4x106 560 2016 73192  1283 4025 166.2 3850 − 
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Table 10 Design parameters 

Specimen  BRB    Gusset connection   

No. Name  
𝑁𝑦𝑛 

(𝑘𝑁) 

𝑀𝑝𝑛 

(𝑘𝑁𝑚) 

𝑁𝑐𝑟𝑐 

(𝑘𝑁) 

𝑁𝑐𝑟𝑠 

(𝑘𝑁) 
𝑥𝑖𝑛 

(𝑚𝑚) 

 𝑁𝑦𝑔 

(𝑘𝑁) 

𝑀𝑝𝑔 

(𝑘𝑁𝑚) 

𝑁𝑐𝑟𝑔 

(𝑘𝑁) 

𝑥𝑖𝑔 

(𝑚𝑚) 

(1) S450G2.0L0.5  409 4.18 389 276 2.0  609 4.47 4905 1.5 

(2) U450G1.0L2.0  412 4.21 391 645 10.9  472 1.48 275 3.2 

(3) U450G2.0L2.0  411 4.20 330 534 13.3  457 1.43 275 4.8 

(4) U450G1.0L0.5  409 4.18 112 158 10.9  453 1.42 275 4.7 

(5) U280G2.0L0.5  409 4.18 106 95 9.2  458 1.33 2778 0.3 

(6) U280G1.0L0.5  412 4.21 145 159 5.5  468 1.36 2778 1.6 

(7) U280G2.0L2.0  411 4.20 329 470 5.3  472 1.37 2778 1.3 

(8) S280G1.0L2.0  408 4.17 1268 1213 3.0  614 4.41 21558 2.0 

(9) U280G1.0L1.0 (W1)  748 27.1 480 727 3.1  476 1.39 2778 1.0 

(10) U450G2.0L1.0 (W2)  746 27.1 427 696 5.3  477 1.50 275 2.6 

(11) U450G1.0L1.0 (W3)  744 27.0 430 702 8.9  475 1.49 275 4.0 

(12) U450G0.0L1.0 (W4)  746 27.1 427 696 3.8  475 1.49 275 3.0 
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Table 11 Comparison of calculated failure compression forces to the physical BRB test results 

Specimen  Building code  Proposed method  Experiment result    

No. Name  

AISC[a]  

𝑁𝐺𝐵 

(𝑘𝑁) 

NZS3404[b] 

𝑁𝐺𝐵 

(𝑘𝑁) 

 
𝑁𝐺𝐵 

(𝑘𝑁) 

𝑁𝐵𝐺𝐹(𝑐) 

(𝑘𝑁) 

𝑁𝐵𝐺𝐹(𝑠) 

(𝑘𝑁) 
 
𝑁𝑦𝑠𝑐

[c] 

(𝑘𝑁) 

𝑁𝑢𝑡
[d] 

(𝑘𝑁) 

𝑁𝑢𝑐
[e] 

(𝑘𝑁) 

Failure 

mode 

BRB 

deformation 

mode 

𝜔2% 𝛽2% 

(1) S450G2.0L0.5  607 609  575 332 248  217 284 285 CF[f] C 1.30 1.00 

(2) U450G1.0L2.0  233 114  202 199 222  218 251 210 BGF[g] C − − 

(3) U450G2.0L2.0  230 113  178 171 192  218 259 184 BGF C − − 

(4) U450G1.0L0.5  230 113  179 91 115  217 229 93 BGF C − − 

(5) U280G2.0L0.5  374 261  444 89 80  217 231 86 BGF C − − 

(6) U280G1.0L0.5  381 264  399 125 133  218 228 129 BGF S − − 

(7) U280G2.0L2.0  384 265  414 228 260  218 281 279 BGF S − − 

(8) S280G1.0L2.0  614 614  572 408 397  216 271 285 None S 1.25 1.05 

(9) U280G1.0L1.0 (W1)  386 266  430 443 476  208 272 318 CF C 1.31 1.17 

(10) U450G2.0L1.0 (W2)  233 114  212 384 477  207 268 203 GB[h] C − − 

(11) U450G1.0L1.0 (W3)  233 114  191 364 475  207 265 214 GB C − − 

(12) U450G0.0L1.0 (W4)  233 114  205 395 475  207 270 218 GB S − − 
[a] Calculated using an effective length of 0.5 times the middle length (𝑙1) 
[b] Calculated using an effective length of 0.7 times the middle length (𝑙1) 
[c] Axial yield strength of steel core 
[d] Ultimate strength of BRB system in tension 
[e] Ultimate strength of BRB system in compression 
[f] Core fracture 
[g] BRB-Gusset interactive failure 
[h] Gusset buckling 
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Comparison between the traditional equivalent column design practice and experimental 

data shows that BRB systems are quite different from the classic buckling braces, in terms 

of collapse mechanisms, and it can be recognised that the equivalent column approach is 

insufficient for use in BRBFs, especially when BRB-gusset interactive failure (BGF) mode 

dominates stability. However, the experimental data shows that when sufficient rotational 

continuity between the BRB neck and restrainer end exists and they remain essentially elastic 

under the maximum brace force, the equivalent column method with the effective length 

factor of 0.7 and the middle length (𝐿1) prescribed in NZS3404 (NZS, 1997/2001/2007) can 

be conservatively used for the gusset buckling (GB) check. 

Although BRB members must be designed for the lesser of C-mode and S-mode collapse 

shapes, it does not mean that every one of them fails in that particular collapse shape, because 

the final collapse mode is mainly governed by the initial imperfection mode, which may 

have a higher failure capacity in that certain mode. 

According to the AISC Seismic Provisions (AISC, 2016a), the ratio of the maximum 

compression force to the maximum tension force (𝛽) shall not exceed 1.5. The results 

obtained from the testing are quite consistent with this requirement. 

In general, the failure axial force of the BRB system is well estimated by the proposed 

method and it can be used for different gusset plate configurations in BRBFs. This procedure 

is logical, comprehensive and captures very well the key aspects of BRB-to-gusset 

connection behaviour which must be considered.  

Figure 4.20 shows the accuracy of the proposed design method for the specimens that failed 

in compression, by which the suitability of the foregoing approach can be judged. 
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Figure 4.20 Accuracy of the proposed design method 

It is seen that the calculations of theory yield results which agree with the experiments within 

10% of the observation values of the ultimate failure compression load. This is sufficiently 

accurate for design purposes and yields very satisfactory results. 
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CHAPTER 5. CONCLUSIONS AND RECOMMENDATIONS 

5.1 Conclusions confirming the previous research  

Conclusions confirming the findings from previous studies are as follows. 

As described in Chapter 1, experimental data from several researchers has shown that, in 

principle, the BRB member can be designed to have sufficient axial capacity to resist the 

design actions from a severe earthquake. The same body of work has identified connection 

stability as an important prerequisite to achieve this, with many BRB systems tested 

undergoing premature failure in the connection region. This calls into question whether the 

BRB system will perform as expected, even when the BRB itself has passed the experimental 

testing regime required to show compliance with the established design procedures.  

Considering that the BRB system acts as a fuse, the connections and framing members must 

be strong enough to resist the maximum capacity of the BRB, and yielding must be restricted 

to the core yielding segment. 

The experimental testing undertaken by previous researchers, as described in Chapter 1 and 

for this project, as described in Chapters 3 and 4, has shown that the BRB connections need 

to be able to resist the combined axial and flexural demands from the ultimate response of 

the BRB and to prevent compression failure of the brace in the out-of-plane direction. They 

must have sufficient strength and stiffness to achieve this. This is very different to the 

connections to the CBF braces, that must be able to rotate out of plane to accommodate the 

expected out-of-plane brace buckling without connection failure. Thus, the gusset plate 

stability and displacement compatibility requirements are fundamentally different for the 

two types of brace-to-frame connections, and the conventional stability design approach for 

the CBF brace connections may not be dependable for use in BRBFs.  
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To ensure that there is dependably little out-of-plane flexural action in the BRB system at 

the point of maximum compression attainment, the size of the gap should be carefully 

controlled. 

The out-of-plane gap size in the neck region and the cruciform embedment length value 

should ideally be provided by the BRB manufacturer for the proprietary produced braces 

and must not be underestimated, as they are key to determining the initial imperfection angle 

of the connection zone which is absolutely crucial in relation to the stability of the BRB. 

The design of the BRB initially carried out by the overall building analysis, and then the 

design forces for the connections and framing elements will be derived using the 

overstrength adjustment factors that the BRB would generate in the prequalification testing, 

and it is important that they are not underestimated. For design practice, careful coordination 

with the manufacturer is key to obtain the best overstrength factors and derive the design 

forces for the connections and framing elements. It is suggested to coordinate with the 

manufacturer early to avoid reanalysing and redesigning the building. 

As described in Chapter 1, the detailing with stiffened gusset plates can improve the BRB 

performance if considered independently. However, this can greatly increase the out-of-

plane demands on the framing members, which may lead to premature frame failure and the 

degradation of the overall BRBF system performance that is predominantly due to the large 

geometric imperfections and the second-order moments in the BRB system. 

In addition, the accommodation of gap opening and closing between the beam and column 

shall be properly considered through detailing (Berman & Bruneau, 2009; Dehghani & 

Tremblay, 2017; Fahnestock et al., 2007; Prinz et al., 2014; Richard & Radau, 2014). 

Dealing with gap opening is a requirement in Clause 12.9.7.4 of NZS3404 (NZS, 

1997/2001/2007) and can involves use of a flexible endplate between the gusset plate and 
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the column. Another way of accommodating the gap opening and closing are to weld the 

gusset plate to both the collector beam and the column then to put a semi-rigid connection 

such as an optimised sliding hinge joint in the collector beam close to the gusset plate 

(Ramhormozian & Clifton, 2020). 

The tested all-steel BRB possesses the capability for fabrication by regular certified steel 

factories and has significant potential as a replacement for the mortar-filled BRBs. However, 

it is essential to perform quality control inspection tasks for the BRB parts and gusset plates 

in order to maintain the fabrication tolerances within the prescribed range.  

This means apart from the good design and detailing, there are also manufacturing and 

reliability constraints that are involved with achieving a high standard in terms of quality 

control and the consistency of the manufacture of the BRBs. The BRBs are high performance 

components that require careful attention in regard to the core and connection region 

manufacture, the material properties of the mortar and the slip layer, and the accurate 

positioning of the core within the brace. 

To achieve the quality standards, it is necessary to make sure that the material that is supplied 

is from a suitably qualified steel supplier, and the fabricators should have quality control 

procedures in place that are similar to those that are carried out for welding with weld 

procedure sheets and independent weld inspections. 

The materials supplied must be verified by an accredited laboratory, to ensure they 

demonstrate conformance with the specified material grade. For that, the coupon detailing 

must be such that the dimensions are not below the specified requirements of an appropriate 

standard. This especially means that the reduced section of coupons cannot be detailed 

smaller than the recommended values since too small specimens could lead to inaccurate 
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results. Moreover, it is necessary to make sure the strain rate in the coupon test and the BRB 

test are approximately the same. 

The debonding material applied to the core plate and inner surfaces of the restrainer must be 

thoroughly inspected in relation to the coverage. Each face should be treated carefully, so 

that there is a complete debonding contact between core and restrainer once the BRB is 

assembled. The debonding material must not limit within the yielding segment of the core 

plate and it is necessary to extend it further until the end of the transition region to alleviate 

the issue with the interfacial friction at this location when the brace is in compression. 

5.2 Conclusions and recommendations based on this research 

The following conclusions and recommendations can be drawn based on findings from this 

research. 

The theoretical and experimental investigations show that the equivalent column method is 

unable to conservatively predict the collapse capacity of the BRB system if the BRB-gusset 

interactive failure (BGF) mode becomes dominant. However, the equivalent column method 

with the middle length (𝐿1) and an effective length factor of 0.7 prescribed in NZS3404 

(NZS, 1997/2001/2007) can be conservatively used for the gusset buckling (GB) check, if 

sufficient rotational continuity between the BRB neck and restrainer end is provided and 

their responses remain essentially inside the elastic zone under the maximum brace force. 

Well-established design and detailing procedures for the stability of the BRB connection 

have been developed to deal with the instability issues. A simplified direct stability approach 

has been adopted as an effective way to reduce the complexity involved in order to achieve 

the robust stability design procedure for this discrete system. 
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There are a number of issues related to the connection at the end of the BRB that have been 

considered, including the initial imperfection, inelastic action, and second-order effect. 

Furthermore, different failure mode shapes influence the compression capacity, which have 

been discernible from each other when designing the BRB connection. 

With regard to the collapse mode shape, the definition of which one is to be applied needs 

to be very clear. It was shown that the governing failure mechanism is the S-mode shape if 

the gusset plate and the BRB neck are considered as fully plastic hinges and can be either of 

the C-mode or S-mode shape if they are modelled by elastic springs. Thus, in addition to the 

plastic condition, it is crucial to know what the corresponding values are for the elastic 

condition in order to determine the appropriate amplification factor and the worst-case 

second-order effects. 

Having said that, there might be a distinct difference between the actual collapse mode shape 

in terms of testing with that assumed, in predicting the failure loads, due to the actual 

geometric imperfections on a particular BRB system. The design procedure uses 

conservative assessments of these imperfections to bound the range that are expected to 

occur in practice. 

In addition, one end is always going to start to yield before the other, and when that happens, 

the loss of elastic stiffness will concentrate more deformation and yielding into that end. 

This is why both C-mode and S-mode collapse shapes typically end up with an extreme one-

sided shape when inelastic compression failure occurs. 

It is important to note that the idealised elastic-plastic approach in which the springs are 

assumed to be either fully elastic or perfectly plastic is straightforward in practice. It involves 

applying a simple criterion and therefore is something that designers could undertake and 

the bracing manufacturers could also get on board and carry it out. 
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To cover all possible strain status of the BRB system and for performance considerations, 

the neck transition region should be sufficiently stiff and strong, so it could be useful to be 

reasonably conservative in the stability design. Accordingly, for practicing engineers, it is 

recommended to use the elastic section modulus rather than the plastic section modulus in 

the stability equations to eliminate the possibility of the plastic hinge formation at both the 

BRB neck and gusset plates and to meet the performance goals. 

The reliability of the proposed design approach has been verified experimentally that will 

ensure the innovative BRB systems deliver their full potential in a severe earthquake. 

This is a comprehensive design model developed for the stability of the BRB connections 

and the accuracy of the proposed model, as described in section 4.7, has elevated the 

confidence that the application of the experimentally validated method can result in the 

design and detailing that meets both of the strength and stiffness requirements. 

The proposed method is practical and secure compared with the conventional approaches 

because it rigorously takes into account the appropriate collapse modes of the BRB system. 

The analytical based design procedure captures the key properties of the BRB member and 

gusset connections, accounts for the observed causes of system instability and is applicable 

to a wide range of brace types and applications. The method also includes some provisions 

for the lateral strength and stiffness of the BRB connection for added resilience. This makes 

sure that there is an analysis routine to ensure the BRB connections will be designed and 

detailed for the proper axial and flexural demands when they are connected to the framing 

members so that the engineers know what the collapse capacity of the BRB connection is 

and ensure the brace will perform satisfactorily during a severe earthquake. 
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5.3 Future research 

Further work can be performed to improve the rotational stiffness formulation at the end of 

restrainer or BRB neck for the conventional mortar-filled BRB available in the market. It is 

important to note that the proposed formulation that is developed based on the component 

testing results corresponds to only one failure mode (yielding of the neck when the end of 

restrainer and cap plate are sufficiently strong). Consequently, this formulation should not 

be used if other failure modes control the performance, such as localised mortar cracking or 

yielding at the end of restrainer in the absence of the cap plate. 

There could also be room for increasing the accuracy of the current rotational stiffness 

formulation for the stiffened gusset connections once further experimental research is 

conducted. The derivation of the proposed formulas has been based on a limited number of 

tests and on a simulation of a specific geometry, and improving it as much as possible will 

be very beneficial, especially when applied to assessing the existing systems and potentially 

showing a need for remedial stiffening of the as built gusset plates. 

Accordingly, further experimental testing of practical-scale specimens with different details, 

taking into account at least 75% of the typical geometric configurations can be carried out 

which may lead to further refinement to the equations. 

The next stage of the research should therefore include the examination of the possible 

improvement of the current formulations for the rotational stiffness calculations of the 

available mortar-filled BRB necks and the stiffened gusset plates.
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Table A.1 Values of the coefficient of stability 

(𝑚𝑐 stands for C-mode shape; 𝑚𝑠 stands for S-mode shape) 

  𝜌𝑔  0.0  0.05  0.1  0.2  0.4  0.7  1.0 

𝐿𝑟 𝐿𝑏⁄  𝐼𝑐 𝐼𝑟⁄  𝜌𝑛  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠 

0.5 0.3 0.0  0.00 0.00  0.71 0.36  1.42 0.72  2.83 1.43  5.54 2.82  9.08 4.79  11.84 6.52 
  0.05  0.67 1.36  1.39 1.72  2.12 2.10  3.57 2.84  6.33 4.30  9.90 6.31  12.65 8.06 

  0.1  1.29 2.68  2.04 3.07  2.80 3.49  4.32 4.31  7.24 5.93  11.04 8.16  13.95 10.08 

  0.2  2.38 5.19  3.17 5.64  3.99 6.14  5.64 7.15  8.83 9.12  13.01 11.86  16.20 14.19 
  0.4  4.04 9.53  4.88 10.10  5.80 10.78  7.64 12.18  11.22 14.99  15.88 19.00  19.33 22.40 

  0.7  5.66 14.17  6.55 14.86  7.54 15.80  9.53 17.74  13.41 21.81  18.33 28.00  21.77 33.43 

  1.0  6.67 17.07  7.58 17.83  8.61 18.93  10.68 21.24  14.68 26.26  19.64 34.30  22.98 41.67 
                        

0.5 0.4 0.0  0.00 0.00  0.95 0.48  1.90 0.95  3.77 1.90  7.38 3.77  12.10 6.38  15.78 8.69 

  0.05  0.89 1.80  1.85 2.29  2.82 2.79  4.74 3.78  8.42 5.72  13.18 8.40  16.84 10.73 
  0.1  1.68 3.54  2.67 4.06  3.68 4.62  5.70 5.71  9.57 7.86  14.60 10.83  18.45 13.39 

  0.2  3.01 6.79  4.05 7.40  5.13 8.06  7.29 9.38  11.46 11.99  16.86 15.61  20.91 18.70 
  0.4  4.91 12.28  6.00 13.03  7.17 13.92  9.50 15.73  13.98 19.37  19.62 24.53  23.62 28.91 

  0.7  6.61 18.03  7.73 18.93  8.95 20.12  11.39 22.57  15.99 27.67  21.56 35.27  25.30 41.81 

  1.0  7.60 21.60  8.73 22.58  9.97 23.97  12.44 26.86  17.04 33.04  22.49 42.62  26.03 51.05 

                        

0.5 0.5 0.0  0.00 0.00  1.19 0.60  2.37 1.19  4.72 2.38  9.23 4.71  15.13 7.98  19.72 10.86 

  0.05  1.09 2.24  2.29 2.85  3.50 3.48  5.91 4.72  10.50 7.14  16.45 10.49  21.01 13.40 
  0.1  2.04 4.38  3.28 5.04  4.54 5.73  7.05 7.10  11.85 9.77  18.08 13.48  22.82 16.67 

  0.2  3.57 8.33  4.86 9.09  6.19 9.91  8.85 11.55  13.93 14.79  20.41 19.28  25.15 23.10 

  0.4  5.62 14.85  6.94 15.77  8.35 16.86  11.14 19.06  16.40 23.47  22.81 29.71  27.17 34.97 
  0.7  7.32 21.50  8.65 22.59  10.09 24.01  12.91 26.91  18.13 32.90  24.24 41.65  28.21 49.04 

  1.0  8.27 25.60  9.59 26.79  11.03 28.42  13.85 31.80  18.99 38.91  24.87 49.56  28.64 58.58 

                        
0.5 0.6 0.0  0.00 0.00  1.42 0.72  2.84 1.43  5.66 2.86  11.07 5.65  18.15 9.57  23.66 13.03 

  0.05  1.29 2.67  2.73 3.41  4.19 4.16  7.06 5.65  12.56 8.55  19.69 12.57  25.15 16.06 

  0.1  2.38 5.21  3.86 6.00  5.37 6.82  8.36 8.46  14.09 11.67  21.46 16.11  26.99 19.93 
  0.2  4.08 9.82  5.60 10.72  7.18 11.70  10.31 13.66  16.25 17.50  23.67 22.84  28.90 27.39 

  0.4  6.21 17.24  7.76 18.32  9.39 19.60  12.59 22.17  18.54 27.31  25.57 34.54  30.19 40.61 

  0.7  7.87 24.62  9.41 25.89  11.04 27.51  14.22 30.82  20.00 37.57  26.57 47.24  30.78 55.28 
  1.0  8.76 29.12  10.28 30.49  11.90 32.34  15.04 36.13  20.68 43.97  26.99 55.34  31.01 64.67 

                        

0.5 0.7 0.0  0.00 0.00  1.66 0.84  3.32 1.67  6.61 3.33  12.92 6.59  21.17 11.16  27.60 15.20 
  0.05  1.49 3.10  3.17 3.96  4.86 4.84  8.21 6.57  14.62 9.96  22.90 14.65  29.22 18.71 

  0.1  2.70 6.02  4.42 6.94  6.18 7.90  9.65 9.81  16.26 13.54  24.70 18.72  30.86 23.16 

  0.2  4.53 11.25  6.29 12.29  8.11 13.43  11.69 15.69  18.42 20.14  26.63 26.32  32.13 31.57 
  0.4  6.70 19.46  8.47 20.71  10.31 22.16  13.90 25.09  20.48 30.91  28.02 39.04  32.83 45.86 

  0.7  8.31 27.43  10.04 28.86  11.86 30.67  15.38 34.33  21.67 41.73  28.69 52.16  33.12 60.69 

  1.0  9.13 32.22  10.84 33.76  12.63 35.78  16.09 39.91  22.21 48.32  28.97 60.18  33.24 69.65 
                        

0.5 0.8 0.0  0.00 0.00  1.90 0.95  3.79 1.91  7.55 3.81  14.76 7.53  24.19 12.76  31.54 17.36 

  0.05  1.68 3.53  3.59 4.51  5.53 5.51  9.35 7.50  16.66 11.36  26.07 16.72  33.16 21.36 
  0.1  3.01 6.81  4.97 7.86  6.96 8.96  10.90 11.14  18.38 15.40  27.78 21.30  34.30 26.37 

  0.2  4.94 12.63  6.93 13.81  8.97 15.10  12.99 17.67  20.46 22.71  29.30 29.70  34.91 35.64 

  0.4  7.12 21.54  9.10 22.93  11.14 24.56  15.10 27.82  22.25 34.27  30.24 43.25  35.20 50.74 
  0.7  8.66 29.95  10.58 31.54  12.58 33.50  16.42 37.49  23.22 45.45  30.67 56.50  35.32 65.41 

  1.0  9.43 34.93  11.32 36.62  13.28 38.80  17.04 43.21  23.64 52.07  30.84 64.28  35.36 73.82 

                        
0.5 0.9 0.0  0.00 0.00  2.14 1.07  4.27 2.15  8.50 4.28  16.61 8.47  27.21 14.35  35.47 19.53 

  0.05  1.86 3.95  4.01 5.06  6.19 6.18  10.48 8.41  18.68 12.76  29.18 18.79  36.75 24.00 

  0.1  3.30 7.59  5.49 8.77  7.72 10.01  12.13 12.46  20.44 17.23  30.64 23.85  37.16 29.55 
  0.2  5.31 13.95  7.53 15.28  9.79 16.72  14.22 19.58  22.38 25.21  31.70 32.99  37.31 39.61 

  0.4  7.48 23.47  9.66 25.01  11.89 26.80  16.21 30.37  23.89 37.43  32.28 47.18  37.38 55.29 

  0.7  8.95 32.21  11.06 33.95  13.23 36.07  17.39 40.33  24.67 48.78  32.53 60.35  37.41 69.57 
  1.0  9.67 37.31  11.73 39.14  13.86 41.45  17.93 46.11  25.00 55.33  32.63 67.78  37.42 77.36 

                        

0.5 1.0 0.0  0.00 0.00  2.37 1.19  4.74 2.39  9.44 4.76  18.45 9.41  30.23 15.94  39.41 21.70 
  0.05  2.04 4.37  4.43 5.60  6.84 6.85  11.61 9.33  20.68 14.16  32.17 20.85  39.41 26.64 

  0.1  3.57 8.36  6.00 9.67  8.46 11.04  13.32 13.75  22.42 19.05  33.25 26.39  39.41 32.70 

  0.2  5.65 15.23  8.08 16.70  10.56 18.28  15.40 21.44  24.18 27.63  33.88 36.19  39.41 43.47 
  0.4  7.80 25.27  10.17 26.96  12.59 28.89  17.24 32.77  25.43 40.39  34.19 50.86  39.41 59.52 

  0.7  9.19 34.26  11.48 36.13  13.83 38.38  18.29 42.90  26.04 51.79  34.32 63.79  39.41 73.27 
  1.0  9.87 39.41  12.11 41.36  14.40 43.79  18.77 48.66  26.30 58.19  34.37 70.83  39.41 80.45 
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Table A.1 Values of the coefficient of stability 

(𝑚𝑐 stands for C-mode shape; 𝑚𝑠 stands for S-mode shape) 

  𝜌𝑔  0.0  0.05  0.1  0.2  0.4  0.7  1.0 

𝐿𝑟 𝐿𝑏⁄  𝐼𝑐 𝐼𝑟⁄  𝜌𝑛  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠 

0.6 0.3 0.0  0.00 0.00  1.11 0.67  2.22 1.34  4.42 2.67  8.65 5.27  14.18 8.88  18.49 11.98 
  0.05  1.02 1.73  2.13 2.40  3.25 3.09  5.47 4.44  9.69 7.05  15.13 10.61  19.27 13.60 

  0.1  1.92 3.40  3.06 4.12  4.23 4.86  6.55 6.33  10.97 9.19  16.64 13.09  20.85 16.35 

  0.2  3.39 6.53  4.58 7.34  5.81 8.20  8.26 9.93  12.88 13.30  18.55 17.93  22.34 21.78 
  0.4  5.36 11.83  6.58 12.79  7.86 13.89  10.37 16.13  14.95 20.59  20.07 26.82  23.16 31.98 

  0.7  6.97 17.47  8.16 18.59  9.44 19.98  11.90 22.85  16.21 28.72  20.79 37.16  23.48 44.08 

  1.0  7.84 21.08  9.00 22.28  10.26 23.87  12.65 27.15  16.77 33.99  21.06 43.96  23.60 51.99 
                        

0.6 0.4 0.0  0.00 0.00  1.48 0.89  2.96 1.79  5.90 3.56  11.53 7.03  18.91 11.84  24.65 15.97 

  0.05  1.33 2.29  2.81 3.19  4.31 4.10  7.26 5.90  12.87 9.39  20.07 14.13  25.44 18.12 
  0.1  2.45 4.48  3.97 5.43  5.52 6.42  8.57 8.37  14.36 12.18  21.51 17.36  26.01 21.69 

  0.2  4.17 8.47  5.72 9.53  7.32 10.68  10.45 12.95  16.20 17.40  22.63 23.50  26.18 28.56 
  0.4  6.24 14.97  7.78 16.22  9.36 17.64  12.41 20.51  17.73 26.19  23.20 34.05  26.24 40.48 

  0.7  7.75 21.56  9.22 22.98  10.74 24.71  13.63 28.22  18.51 35.28  23.43 45.04  26.26 52.73 

  1.0  8.51 25.66  9.93 27.16  11.41 29.07  14.18 32.98  18.83 40.85  23.52 51.61  26.27 59.70 

                        

0.6 0.5 0.0  0.00 0.00  1.85 1.12  3.70 2.23  7.37 4.45  14.42 8.79  23.63 14.79  27.38 19.96 

  0.05  1.63 2.85  3.48 3.97  5.34 5.10  9.02 7.36  16.00 11.71  24.74 17.64  28.11 22.62 
  0.1  2.94 5.52  4.83 6.71  6.74 7.94  10.51 10.38  17.52 15.12  25.35 21.58  28.49 26.98 

  0.2  4.83 10.30  6.72 11.62  8.65 13.03  12.40 15.85  19.01 21.34  25.58 28.85  28.63 35.08 

  0.4  6.90 17.78  8.72 19.29  10.58 21.01  14.10 24.46  19.99 31.24  25.68 40.49  28.69 47.96 
  0.7  8.28 24.99  10.00 26.67  11.76 28.68  15.04 32.72  20.43 40.69  25.71 51.31  28.72 59.38 

  1.0  8.94 29.31  10.60 31.06  12.30 33.23  15.44 37.59  20.61 46.13  25.73 57.20  28.73 65.15 

                        
0.6 0.6 0.0  0.00 0.00  2.22 1.34  4.45 2.68  8.85 5.35  17.30 10.55  27.38 17.75  27.38 23.94 

  0.05  1.91 3.39  4.13 4.74  6.36 6.10  10.76 8.80  19.05 14.03  27.75 21.13  28.67 27.11 

  0.1  3.39 6.53  5.63 7.95  7.90 9.43  12.34 12.35  20.39 18.02  27.78 25.75  29.76 32.22 
  0.2  5.38 12.03  7.60 13.60  9.84 15.27  14.13 18.61  21.38 25.12  27.79 33.99  30.46 41.32 

  0.4  7.40 20.28  9.50 22.05  11.61 24.04  15.54 28.01  21.92 35.78  27.79 46.22  30.83 54.51 

  0.7  8.66 27.85  10.63 29.77  12.60 32.01  16.25 36.50  22.15 45.17  27.80 56.38  30.98 64.64 
  1.0  9.24 32.23  11.14 34.20  13.04 36.57  16.55 41.28  22.24 50.26  27.80 61.46  31.04 69.30 

                        

0.6 0.7 0.0  0.00 0.00  2.60 1.56  5.19 3.13  10.33 6.24  20.18 12.30  27.38 20.70  27.38 27.92 
  0.05  2.19 3.93  4.77 5.50  7.36 7.09  12.46 10.24  21.95 16.33  28.70 24.62  29.12 31.58 

  0.1  3.79 7.51  6.39 9.17  9.00 10.89  14.07 14.29  22.87 20.89  29.29 29.87  30.72 37.38 

  0.2  5.86 13.65  8.38 15.47  10.91 17.40  15.68 21.25  23.39 28.74  29.57 38.90  32.01 47.28 
  0.4  7.80 22.51  10.15 24.53  12.50 26.77  16.81 31.22  23.64 39.86  29.70 51.30  32.78 60.22 

  0.7  8.94 30.26  11.15 32.39  13.34 34.84  17.35 39.69  23.74 48.93  29.75 60.55  33.12 68.93 

  1.0  9.46 34.59  11.59 36.75  13.70 39.28  17.58 44.26  23.78 53.58  29.77 64.89  33.26 72.67 
                        

0.6 0.8 0.0  0.00 0.00  2.97 1.79  5.93 3.57  11.80 7.13  23.06 14.06  27.38 23.65  27.38 31.90 

  0.05  2.45 4.46  5.39 6.25  8.34 8.07  14.13 11.67  24.54 18.63  29.25 28.09  29.55 36.05 
  0.1  4.17 8.47  7.10 10.36  10.04 12.31  15.70 16.19  24.95 23.71  30.40 33.93  31.56 42.48 

  0.2  6.26 15.18  9.08 17.25  11.88 19.43  17.08 23.77  25.13 32.20  31.10 43.59  33.39 52.93 

  0.4  8.12 24.51  10.72 26.75  13.29 29.22  17.97 34.13  25.21 43.54  31.46 55.81  34.59 65.20 
  0.7  9.16 32.29  11.60 34.62  14.01 37.25  18.38 42.43  25.24 52.13  31.61 64.08  35.15 72.55 

  1.0  9.63 36.51  11.99 38.84  14.31 41.51  18.54 46.73  25.26 56.34  31.67 67.76  35.38 75.56 

                        
0.6 0.9 0.0  0.00 0.00  3.34 2.01  6.67 4.02  13.28 8.02  25.94 15.81  27.38 26.61  27.38 35.88 

  0.05  2.70 4.99  6.00 7.00  9.30 9.04  15.76 13.09  26.60 20.91  29.71 31.55  29.97 40.49 

  0.1  4.51 9.39  7.78 11.52  11.04 13.71  17.22 18.06  26.65 26.48  31.32 37.93  32.34 47.49 
  0.2  6.61 16.63  9.72 18.93  12.77 21.36  18.36 26.18  26.67 35.52  32.48 48.06  34.68 58.26 

  0.4  8.38 26.30  11.23 28.76  14.01 31.45  19.04 36.76  26.68 46.87  33.12 59.84  36.31 69.58 

  0.7  9.34 34.02  12.01 36.53  14.62 39.32  19.35 44.79  26.68 54.91  33.40 67.14  37.11 75.70 
  1.0  9.76 38.09  12.35 40.57  14.88 43.38  19.47 48.81  26.68 58.69  33.51 70.26  37.43 78.12 

                        

0.6 1.0 0.0  0.00 0.00  3.71 2.24  7.41 4.47  14.75 8.91  27.38 17.57  27.38 29.56  27.38 39.85 
  0.05  2.93 5.50  6.59 7.74  10.24 10.01  17.33 14.50  28.01 23.19  30.15 35.00  30.38 44.92 

  0.1  4.83 10.29  8.42 12.65  11.97 15.08  18.63 19.89  28.05 29.22  32.15 41.87  33.10 52.43 

  0.2  6.92 17.99  10.29 20.52  13.59 23.19  19.54 28.48  28.06 38.68  33.75 52.30  35.90 63.27 
  0.4  8.59 27.90  11.68 30.57  14.68 33.46  20.05 39.16  28.07 49.89  34.70 63.45  37.95 73.45 

  0.7  9.48 35.51  12.39 38.18  15.21 41.13  20.27 46.86  28.07 57.35  35.12 69.84  38.98 78.50 
  1.0  9.87 39.41  12.68 42.04  15.42 44.96  20.36 50.60  28.07 60.75  35.29 72.50  39.41 80.45 
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Table A.1 Values of the coefficient of stability 

(𝑚𝑐 stands for C-mode shape; 𝑚𝑠 stands for S-mode shape) 

  𝜌𝑔  0.0  0.05  0.1  0.2  0.4  0.7  1.0 

𝐿𝑟 𝐿𝑏⁄  𝐼𝑐 𝐼𝑟⁄  𝜌𝑛  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠 

0.7 0.3 0.0  0.00 0.00  1.98 1.39  3.95 2.78  7.87 5.53  15.38 10.89  20.12 18.22  20.12 24.35 
  0.05  1.72 2.56  3.65 3.92  5.60 5.28  9.42 7.98  16.56 13.14  20.69 20.00  20.78 25.57 

  0.1  3.11 4.99  5.08 6.42  7.06 7.88  10.91 10.79  17.52 16.37  21.23 23.80  21.77 29.82 

  0.2  5.09 9.39  7.02 10.95  8.95 12.61  12.55 15.91  17.99 22.29  21.52 30.81  22.66 37.66 
  0.4  7.12 16.37  8.87 18.14  10.60 20.10  13.69 24.02  18.17 31.61  21.65 41.58  23.26 49.11 

  0.7  8.34 23.16  9.92 25.06  11.46 27.26  14.20 31.65  18.25 39.99  21.71 50.16  23.54 56.94 

  1.0  8.88 27.19  10.36 29.12  11.82 31.42  14.40 35.96  18.27 44.37  21.73 54.02  23.65 59.98 
                        

0.7 0.4 0.0  0.00 0.00  2.64 1.85  5.27 3.70  10.49 7.38  20.12 14.52  20.12 24.28  20.12 32.46 

  0.05  2.21 3.38  4.78 5.19  7.36 7.01  12.39 10.60  20.26 17.48  21.19 26.62  21.26 34.05 
  0.1  3.87 6.51  6.44 8.41  8.99 10.36  13.80 14.21  20.26 21.62  22.29 31.49  22.68 39.48 

  0.2  5.97 11.97  8.39 14.04  10.73 16.21  14.88 20.52  20.26 28.82  23.22 39.80  24.23 48.47 
  0.4  7.82 20.05  9.94 22.30  11.97 24.75  15.47 29.60  20.26 38.79  23.81 50.22  25.46 58.22 

  0.7  8.81 27.15  10.71 29.45  12.54 32.04  15.71 37.06  20.26 46.18  24.09 56.45  26.11 62.86 

  1.0  9.23 31.06  11.04 33.33  12.77 35.91  15.80 40.86  20.26 49.56  24.20 58.87  26.39 64.48 

                        

0.7 0.5 0.0  0.00 0.00  3.30 2.32  6.59 4.63  13.11 9.22  20.12 18.15  20.12 30.34  20.12 40.55 

  0.05  2.67 4.18  5.87 6.44  9.05 8.71  15.15 13.21  21.21 21.80  21.66 33.22  21.74 42.49 
  0.1  4.52 7.96  7.65 10.33  10.70 12.76  16.13 17.56  21.69 26.77  23.17 39.00  23.53 48.89 

  0.2  6.63 14.32  9.47 16.86  12.15 19.53  16.67 24.79  21.93 34.86  24.67 47.93  25.65 57.85 

  0.4  8.28 23.07  10.73 25.74  13.04 28.62  16.92 34.24  22.04 44.59  25.74 56.71  27.46 64.57 
  0.7  9.10 30.08  11.33 32.71  13.43 35.58  17.02 41.06  22.09 50.64  26.28 60.88  28.48 67.07 

  1.0  9.44 33.69  11.57 36.23  13.58 39.01  17.06 44.26  22.11 53.18  26.50 62.40  28.93 67.93 

                        
0.7 0.6 0.0  0.00 0.00  3.96 2.78  7.91 5.55  15.74 11.07  20.12 21.78  20.12 36.39  20.12 48.64 

  0.05  3.10 4.96  6.90 7.67  10.66 10.40  17.51 15.79  21.77 26.09  22.13 39.78  22.21 50.91 

  0.1  5.08 9.34  8.72 12.18  12.19 15.08  17.94 20.81  22.71 31.78  24.00 46.30  24.36 57.90 
  0.2  7.13 16.45  10.35 19.45  13.33 22.58  18.12 28.74  23.32 40.39  25.99 55.03  26.98 65.36 

  0.4  8.59 25.55  11.38 28.61  13.95 31.85  18.20 38.10  23.66 49.29  27.53 61.66  29.33 69.17 

  0.7  9.30 32.26  11.84 35.18  14.22 38.29  18.23 44.14  23.81 54.08  28.33 64.33  30.69 70.43 
  1.0  9.58 35.55  12.03 38.32  14.32 41.29  18.25 46.81  23.86 55.98  28.67 65.29  31.31 70.87 

                        

0.7 0.7 0.0  0.00 0.00  4.62 3.24  9.23 6.48  18.36 12.91  20.12 25.40  20.12 42.44  20.12 56.71 
  0.05  3.50 5.73  7.88 8.89  12.17 12.07  19.27 18.35  22.25 30.36  22.59 46.31  22.67 59.27 

  0.1  5.56 10.66  9.66 13.96  13.49 17.32  19.34 23.96  23.58 36.65  24.80 53.28  25.16 66.16 

  0.2  7.52 18.37  11.09 21.81  14.33 25.38  19.36 32.37  24.58 45.39  27.24 61.01  28.25 70.96 
  0.4  8.83 27.60  11.93 31.01  14.76 34.56  19.38 41.35  25.17 53.16  29.21 65.55  31.09 72.74 

  0.7  9.44 33.94  12.30 37.11  14.95 40.43  19.38 46.62  25.43 56.89  30.27 67.22  32.77 73.32 

  1.0  9.69 36.91  12.45 39.91  15.02 43.05  19.38 48.85  25.54 58.32  30.73 67.82  33.53 73.52 
                        

0.7 0.8 0.0  0.00 0.00  5.28 3.71  10.55 7.41  20.12 14.76  20.12 29.03  20.12 48.48  20.12 64.78 

  0.05  3.86 6.48  8.82 10.08  13.56 13.72  20.46 20.89  22.70 34.59  23.04 52.78  23.13 67.51 
  0.1  5.97 11.92  10.51 15.67  14.62 19.49  20.47 27.03  24.38 41.36  25.57 59.82  25.95 72.96 

  0.2  7.82 20.11  11.74 23.97  15.22 27.95  20.48 35.70  25.74 49.87  28.43 65.90  29.46 75.03 

  0.4  9.00 29.32  12.43 33.04  15.51 36.87  20.48 44.12  26.59 56.40  30.80 68.75  32.75 75.67 
  0.7  9.54 35.25  12.73 38.67  15.64 42.19  20.48 48.68  26.99 59.28  32.10 69.76  34.71 75.89 

  1.0  9.76 37.95  12.84 41.17  15.69 44.48  20.48 50.56  27.15 60.37  32.67 70.12  35.62 75.97 

                        
0.7 0.9 0.0  0.00 0.00  5.94 4.17  11.86 8.33  20.12 16.60  20.12 32.65  20.12 54.52  20.12 72.84 

  0.05  4.20 7.21  9.69 11.26  14.83 15.35  21.29 23.40  23.14 38.79  23.48 59.16  23.58 75.32 

  0.1  6.32 13.12  11.26 17.32  15.62 21.59  21.43 29.99  25.13 45.88  26.32 65.70  26.72 77.62 
  0.2  8.07 21.68  12.32 25.95  16.02 30.31  21.50 38.75  26.84 53.85  29.57 69.84  30.63 78.06 

  0.4  9.14 30.76  12.88 34.77  16.22 38.86  21.53 46.52  27.95 59.18  32.31 71.47  34.32 78.21 

  0.7  9.62 36.30  13.13 39.95  16.30 43.66  21.54 50.46  28.48 61.40  33.83 72.05  36.54 78.26 
  1.0  9.82 38.76  13.22 42.20  16.33 45.69  21.55 52.04  28.70 62.23  34.51 72.26  37.58 78.28 

                        

0.7 1.0 0.0  0.00 0.00  6.60 4.63  13.18 9.26  20.12 18.44  20.12 36.27  20.12 60.56  20.12 80.35 
  0.05  4.52 7.92  10.52 12.42  15.96 16.95  21.94 25.89  23.58 42.94  23.92 65.38  24.03 80.44 

  0.1  6.62 14.26  11.95 18.90  16.51 23.61  22.29 32.85  25.85 50.18  27.06 70.68  27.46 80.46 

  0.2  8.28 23.11  12.84 27.75  16.77 32.48  22.46 41.55  27.89 57.37  30.66 73.02  31.76 80.46 
  0.4  9.25 31.98  13.31 36.27  16.89 40.60  22.54 48.62  29.25 61.62  33.74 73.87  35.81 80.46 

  0.7  9.69 37.16  13.51 41.03  16.94 44.93  22.57 52.03  29.91 63.31  35.48 74.17  38.27 80.46 
  1.0  9.87 39.41  13.59 43.06  16.97 46.73  22.59 53.38  30.19 63.95  36.25 74.28  39.41 80.46 
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Table A.1 Values of the coefficient of stability 

(𝑚𝑐 stands for C-mode shape; 𝑚𝑠 stands for S-mode shape) 

  𝜌𝑔  0.0  0.05  0.1  0.2  0.4  0.7  1.0 

𝐿𝑟 𝐿𝑏⁄  𝐼𝑐 𝐼𝑟⁄  𝜌𝑛  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠 

0.8 0.3 0.0  0.00 0.00  4.45 3.57  8.90 7.13  15.41 14.21  15.41 27.89  15.41 46.28  15.41 61.32 
  0.05  3.45 4.76  7.53 8.09  11.42 11.42  15.91 17.95  16.59 30.23  16.69 45.95  16.72 57.93 

  0.1  5.64 9.07  9.32 12.55  12.46 16.08  16.01 23.01  17.64 36.03  18.12 52.39  18.27 61.44 

  0.2  7.68 16.24  10.57 19.90  12.94 23.66  16.04 30.95  18.62 43.98  19.85 56.70  20.33 61.48 
  0.4  8.87 25.44  11.18 28.98  13.15 32.61  16.06 39.27  19.31 49.55  21.43 57.81  22.42 61.49 

  0.7  9.37 31.73  11.42 34.83  13.22 37.97  16.07 43.48  19.65 51.50  22.37 58.12  23.78 61.49 

  1.0  9.56 34.52  11.51 37.32  13.25 40.14  16.07 45.04  19.80 52.15  22.81 58.23  24.44 61.49 
                        

0.8 0.4 0.0  0.00 0.00  5.94 4.76  11.86 9.51  15.41 18.94  15.41 37.17  15.41 61.57  15.41 61.57 

  0.05  4.30 6.23  9.51 10.67  13.85 15.11  16.65 23.81  17.17 40.16  17.30 61.06  17.34 61.97 
  0.1  6.56 11.63  10.89 16.23  14.11 20.89  17.15 29.97  18.63 46.66  19.15 61.54  19.33 63.55 

  0.2  8.27 19.92  11.61 24.58  14.20 29.28  17.44 38.14  20.12 52.13  21.45 61.55  21.99 64.38 
  0.4  9.16 28.98  11.94 33.12  14.25 37.21  17.60 44.35  21.25 54.30  23.63 61.56  24.74 64.78 

  0.7  9.53 34.20  12.07 37.69  14.26 41.09  17.66 46.89  21.85 54.99  24.96 61.56  26.55 64.95 

  1.0  9.67 36.34  12.12 39.50  14.27 42.57  17.69 47.80  22.10 55.23  25.58 61.56  27.43 65.01 

                        

0.8 0.5 0.0  0.00 0.00  7.42 5.95  14.83 11.89  15.41 23.68  15.41 46.44  15.41 61.57  15.41 61.57 

  0.05  5.02 7.65  11.11 13.19  15.22 18.73  17.22 29.58  17.73 49.88  17.89 62.51  17.94 62.60 
  0.1  7.20 13.97  12.00 19.66  15.22 25.37  18.08 36.41  19.57 55.01  20.14 63.65  20.35 64.71 

  0.2  8.63 22.91  12.40 28.42  15.23 33.86  18.67 43.67  21.51 56.95  22.95 64.15  23.55 66.40 

  0.4  9.34 31.35  12.58 35.98  15.23 40.40  19.00 47.83  23.04 57.55  25.63 64.38  26.85 67.46 
  0.7  9.62 35.69  12.66 39.56  15.23 43.22  19.16 49.37  23.87 57.75  27.29 64.47  29.02 67.95 

  1.0  9.74 37.41  12.68 40.93  15.23 44.28  19.22 49.92  24.23 57.83  28.07 64.50  30.08 68.16 

                        
0.8 0.6 0.0  0.00 0.00  8.91 7.14  15.41 14.27  15.41 28.41  15.41 55.70  15.41 61.57  15.41 61.57 

  0.05  5.63 9.00  12.35 15.64  16.06 22.27  17.76 35.22  18.29 58.55  18.47 63.10  18.53 63.21 

  0.1  7.66 16.09  12.85 22.82  16.11 29.51  18.93 42.17  20.47 59.80  21.10 64.90  21.33 65.75 
  0.2  8.87 25.32  13.07 31.56  16.13 37.56  19.80 47.83  22.81 60.04  24.36 66.11  25.02 68.13 

  0.4  9.45 33.02  13.16 38.07  16.14 42.76  20.33 50.45  24.70 60.12  27.47 66.78  28.76 69.81 

  0.7  9.69 36.67  13.20 40.92  16.15 44.86  20.57 51.39  25.74 60.15  29.40 67.07  31.21 70.67 
  1.0  9.78 38.09  13.22 42.00  16.15 45.64  20.67 51.74  26.20 60.16  30.31 67.19  32.41 71.03 

                        

0.8 0.7 0.0  0.00 0.00  10.40 8.33  15.41 16.65  15.41 33.14  15.41 61.57  15.41 61.57  15.41 61.57 
  0.05  6.13 10.30  13.31 18.02  16.70 25.72  18.27 40.69  18.83 62.25  19.03 63.67  19.10 63.79 

  0.1  8.00 18.02  13.56 25.72  16.88 33.29  19.73 47.09  21.34 62.29  22.02 65.96  22.28 66.74 

  0.2  9.03 27.27  13.66 34.13  16.97 40.54  20.87 51.00  24.05 62.30  25.69 67.78  26.39 69.70 
  0.4  9.53 34.23  13.71 39.67  17.02 44.63  21.58 52.59  26.26 62.31  29.17 68.92  30.51 71.96 

  0.7  9.73 37.37  13.73 41.99  17.04 46.23  21.92 53.16  27.48 62.31  31.31 69.46  33.18 73.15 

  1.0  9.81 38.57  13.74 42.86  17.04 46.82  22.06 53.37  28.03 62.31  32.32 69.68  34.48 73.67 
                        

0.8 0.8 0.0  0.00 0.00  11.88 9.52  15.41 19.03  15.41 37.86  15.41 61.57  15.41 61.57  15.41 61.57 

  0.05  6.55 11.55  14.07 20.34  17.25 29.08  18.77 45.88  19.37 63.29  19.59 64.23  19.67 64.37 
  0.1  8.26 19.77  14.17 28.36  17.58 36.70  20.49 51.09  22.18 63.90  22.91 66.94  23.19 67.70 

  0.2  9.16 28.86  14.21 36.25  17.76 42.99  21.88 53.50  25.22 64.15  26.95 69.30  27.68 71.18 

  0.4  9.59 35.14  14.23 40.97  17.86 46.19  22.78 54.43  27.71 64.27  30.73 70.89  32.11 73.94 
  0.7  9.76 37.88  14.24 42.89  17.89 47.42  23.20 54.77  29.09 64.32  33.05 71.67  34.95 75.45 

  1.0  9.83 38.93  14.24 43.61  17.91 47.88  23.38 54.89  29.71 64.33  34.14 72.00  36.31 76.11 

                        
0.8 0.9 0.0  0.00 0.00  13.37 10.72  15.41 21.40  15.41 42.59  15.41 61.57  15.41 61.57  15.41 61.57 

  0.05  6.90 12.74  14.69 22.58  17.74 32.32  19.26 50.63  19.89 63.98  20.13 64.78  20.22 64.93 

  0.1  8.46 21.34  14.72 30.77  18.24 39.74  21.23 54.22  23.00 65.14  23.76 67.87  24.07 68.62 
  0.2  9.26 30.17  14.73 38.03  18.52 45.04  22.86 55.56  26.33 65.75  28.13 70.71  28.89 72.57 

  0.4  9.63 35.86  14.74 42.06  18.67 47.54  23.92 56.07  29.07 66.06  32.17 72.72  33.57 75.79 

  0.7  9.79 38.27  14.74 43.67  18.73 48.50  24.43 56.26  30.59 66.19  34.62 73.74  36.53 77.58 
  1.0  9.85 39.20  14.74 44.27  18.76 48.86  24.65 56.33  31.28 66.24  35.78 74.17  37.95 78.37 

                        

0.8 1.0 0.0  0.00 0.00  14.86 11.91  15.41 23.78  15.41 47.31  15.41 61.57  15.41 61.57  15.41 61.57 
  0.05  7.19 13.88  15.23 24.74  18.20 35.44  19.74 54.68  20.40 64.58  20.66 65.32  20.76 65.49 

  0.1  8.62 22.75  15.23 32.95  18.86 42.42  21.94 56.66  23.78 66.21  24.59 68.77  24.91 69.52 

  0.2  9.33 31.26  15.23 39.55  19.25 46.79  23.79 57.31  27.39 67.20  29.25 72.04  30.03 73.89 
  0.4  9.67 36.42  15.23 43.00  19.45 48.75  25.01 57.57  30.34 67.73  33.50 74.43  34.92 77.52 

  0.7  9.81 38.58  15.23 44.36  19.54 49.50  25.60 57.66  31.99 67.96  36.06 75.67  37.96 79.56 
  1.0  9.87 39.41  15.23 44.88  19.58 49.78  25.86 57.70  32.72 68.06  37.26 76.20  39.41 80.47 

  



APPENDIX A. STABILITY TABLE COEFFICIENTS 𝑁𝑐𝑟𝑐 = 𝑚𝑐𝐸𝐼𝑟 𝐿𝑏
2⁄  

 𝑁𝑐𝑟𝑠 = 𝑚𝑠𝐸𝐼𝑟 𝐿𝑏
2⁄   

 𝑚𝑠 < 𝑚𝑐 
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Table A.1 Values of the coefficient of stability 

(𝑚𝑐 stands for C-mode shape; 𝑚𝑠 stands for S-mode shape) 

  𝜌𝑔  0.0  0.05  0.1  0.2  0.4  0.7  1.0 

𝐿𝑟 𝐿𝑏⁄  𝐼𝑐 𝐼𝑟⁄  𝜌𝑛  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠  𝑚𝑐 𝑚𝑠 

0.9 0.3 0.0  0.00 0.00  12.18 16.06  12.18 32.07  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67 
  0.05  8.17 14.26  12.96 27.46  14.00 40.07  14.56 49.80  14.84 50.27  14.95 50.36  15.00 50.38 

  0.1  9.20 24.41  13.06 35.99  14.73 44.37  16.07 50.34  16.92 52.32  17.33 52.92  17.50 53.13 

  0.2  9.58 33.25  13.11 40.51  15.24 45.42  17.52 50.56  19.37 54.19  20.38 55.89  20.83 56.58 
  0.4  9.74 37.08  13.13 42.01  15.54 45.75  18.60 50.67  21.58 55.53  23.45 58.54  24.33 59.94 

  0.7  9.80 38.34  13.14 42.50  15.68 45.86  19.17 50.71  22.91 56.21  25.45 60.11  26.71 62.08 

  1.0  9.83 38.78  13.15 42.67  15.74 45.90  19.42 50.73  23.53 56.50  26.43 60.84  27.90 63.12 
                        

0.9 0.4 0.0  0.00 0.00  12.18 21.41  12.18 42.74  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67 

  0.05  8.72 18.08  13.62 34.97  14.76 47.23  15.43 50.73  15.78 51.24  15.93 51.38  16.00 51.43 
  0.1  9.40 28.57  13.87 40.85  15.79 47.57  17.37 51.95  18.39 53.85  18.89 54.56  19.09 54.82 

  0.2  9.66 35.25  14.00 42.82  16.55 47.66  19.24 52.70  21.38 56.43  22.55 58.28  23.06 59.06 
  0.4  9.78 37.82  14.07 43.49  17.03 47.69  20.65 53.12  24.03 58.40  26.08 61.66  27.03 63.18 

  0.7  9.82 38.70  14.10 43.73  17.25 47.70  21.40 53.30  25.60 59.46  28.31 63.70  29.62 65.82 

  1.0  9.84 39.02  14.12 43.82  17.34 47.71  21.73 53.38  26.33 59.93  29.39 64.66  30.88 67.09 

                        

0.9 0.5 0.0  0.00 0.00  12.18 26.76  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67 

  0.05  9.01 21.39  14.22 40.60  15.48 49.33  16.26 51.59  16.68 52.18  16.87 52.37  16.94 52.44 
  0.1  9.51 31.28  14.62 43.52  16.79 49.36  18.59 53.32  19.76 55.30  20.32 56.10  20.56 56.41 

  0.2  9.71 36.33  14.85 44.38  17.79 49.37  20.81 54.56  23.18 58.46  24.45 60.46  25.01 61.30 

  0.4  9.80 38.23  14.97 44.70  18.41 49.37  22.49 55.30  26.13 60.95  28.27 64.39  29.25 65.99 
  0.7  9.83 38.91  15.03 44.81  18.71 49.38  23.37 55.65  27.85 62.31  30.61 66.77  31.90 68.95 

  1.0  9.85 39.15  15.05 44.86  18.84 49.38  23.76 55.79  28.64 62.92  31.71 67.88  33.17 70.37 

                        
0.9 0.6 0.0  0.00 0.00  12.18 32.10  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67 

  0.05  9.19 24.18  14.79 44.10  16.18 50.44  17.06 52.42  17.54 53.08  17.76 53.32  17.85 53.40 

  0.1  9.58 33.07  15.33 45.26  17.75 50.72  19.73 54.59  21.02 56.67  21.65 57.56  21.91 57.91 
  0.2  9.74 37.00  15.66 45.62  18.95 50.85  22.26 56.25  24.78 60.33  26.12 62.44  26.71 63.34 

  0.4  9.81 38.49  15.84 45.76  19.71 50.91  24.14 57.29  27.94 63.24  30.11 66.79  31.09 68.43 

  0.7  9.84 39.04  15.92 45.82  20.08 50.93  25.13 57.79  29.75 64.84  32.48 69.40  33.73 71.59 
  1.0  9.85 39.24  15.95 45.84  20.23 50.94  25.57 58.00  30.57 65.55  33.58 70.62  34.97 73.10 

                        

0.9 0.7 0.0  0.00 0.00  12.18 37.45  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67 
  0.05  9.31 26.50  15.34 46.16  16.85 51.31  17.83 53.22  18.37 53.96  18.62 54.23  18.72 54.33 

  0.1  9.62 34.28  16.02 46.55  18.66 51.89  20.80 55.78  22.20 57.97  22.87 58.93  23.15 59.32 

  0.2  9.76 37.45  16.44 46.69  20.04 52.19  23.58 57.81  26.22 62.06  27.61 64.25  28.21 65.19 
  0.4  9.82 38.67  16.67 46.75  20.92 52.34  25.62 59.13  29.51 65.30  31.67 68.92  32.63 70.57 

  0.7  9.85 39.13  16.77 46.77  21.35 52.41  26.70 59.77  31.36 67.08  34.03 71.68  35.23 73.85 

  1.0  9.86 39.31  16.82 46.78  21.53 52.43  27.17 60.04  32.19 67.88  35.10 72.96  36.42 75.40 
                        

0.9 0.8 0.0  0.00 0.00  12.18 42.78  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67 

  0.05  9.39 28.39  15.87 47.53  17.51 52.08  18.57 54.00  19.16 54.80  19.43 55.11  19.54 55.23 
  0.1  9.66 35.14  16.68 47.62  19.52 52.95  21.81 56.91  23.29 59.21  24.00 60.23  24.30 60.65 

  0.2  9.78 37.77  17.19 47.66  21.07 53.43  24.80 59.27  27.52 63.65  28.93 65.91  29.54 66.88 

  0.4  9.83 38.81  17.47 47.67  22.06 53.69  26.96 60.83  30.89 67.16  33.01 70.81  33.95 72.46 
  0.7  9.85 39.20  17.60 47.68  22.54 53.80  28.10 61.60  32.74 69.09  35.32 73.67  36.46 75.80 

  1.0  9.86 39.35  17.65 47.68  22.74 53.85  28.59 61.92  33.57 69.95  36.36 74.99  37.60 77.36 

                        
0.9 0.9 0.0  0.00 0.00  12.18 48.12  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67 

  0.05  9.46 29.91  16.39 48.55  18.14 52.80  19.28 54.75  19.92 55.62  20.21 55.97  20.33 56.10 

  0.1  9.69 35.78  17.32 48.56  20.35 53.93  22.76 57.99  24.31 60.38  25.06 61.46  25.37 61.90 
  0.2  9.79 38.01  17.91 48.56  22.05 54.61  25.91 60.64  28.69 65.13  30.11 67.44  30.71 68.43 

  0.4  9.84 38.91  18.24 48.56  23.13 54.97  28.18 62.41  32.09 68.85  34.17 72.50  35.07 74.13 

  0.7  9.86 39.26  18.39 48.56  23.65 55.13  29.35 63.29  33.94 70.88  36.41 75.41  37.50 77.49 
  1.0  9.86 39.39  18.45 48.56  23.87 55.20  29.86 63.66  34.76 71.79  37.42 76.74  38.59 79.04 

                        

0.9 1.0 0.0  0.00 0.00  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67  12.18 48.67 
  0.05  9.51 31.14  16.89 49.39  18.75 53.48  19.96 55.49  20.65 56.41  20.96 56.79  21.09 56.94 

  0.1  9.71 36.26  17.94 49.40  21.14 54.87  23.66 59.01  25.26 61.49  26.03 62.62  26.35 63.09 

  0.2  9.80 38.19  18.61 49.41  22.97 55.72  26.95 61.93  29.75 66.51  31.16 68.85  31.77 69.85 
  0.4  9.84 38.99  18.99 49.41  24.13 56.19  29.28 63.89  33.16 70.39  35.17 74.01  36.05 75.62 

  0.7  9.86 39.30  19.16 49.41  24.69 56.40  30.48 64.86  34.98 72.50  37.35 76.94  38.38 78.96 
  1.0  9.87 39.42  19.23 49.41  24.93 56.48  31.00 65.27  35.78 73.43  38.31 78.28  39.41 80.49 
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Figure B.1 Variations of the coefficient of stability, 𝐿𝑟 𝐿𝑏⁄ = 0.5 

(𝑚𝑐 stands for C-mode shape; 𝑚𝑠 stands for S-mode shape)
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Figure B.1 Variations of the coefficient of stability, 𝐿𝑟 𝐿𝑏⁄ = 0.6 

(𝑚𝑐 stands for C-mode shape; 𝑚𝑠 stands for S-mode shape)
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Figure B.1 Variations of the coefficient of stability, 𝐿𝑟 𝐿𝑏⁄ = 0.7 

(𝑚𝑐 stands for C-mode shape; 𝑚𝑠 stands for S-mode shape)
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Figure B.1 Variations of the coefficient of stability, 𝐿𝑟 𝐿𝑏⁄ = 0.8 

(𝑚𝑐 stands for C-mode shape; 𝑚𝑠 stands for S-mode shape)
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Figure B.1 Variations of the coefficient of stability, 𝐿𝑟 𝐿𝑏⁄ = 0.9 

(𝑚𝑐 stands for C-mode shape; 𝑚𝑠 stands for S-mode shape) 
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C.1 Simplified direct analysis method for specimen (4) U450G1.0L0.5 

The required compressive strength of the BRB system is equal to the maximum adjusted BRB 

strength in compression 𝐶𝑚𝑎𝑥 = 𝛽𝜔𝑅𝑦𝑁𝑦𝑠𝑐 = 285 𝑘𝑁 

C.1.1 BRB-gusset interactive failure (BGF) mode 

The available compressive strength for the BRB-gusset interactive failure mode is determined from 

Eqs. (4.48) and (4.49) as follows: 

Whitmore’s width in gusset plate: 

𝐿𝑤𝑔 = 2(90)(tan30°) + 110 = 213.9 𝑚𝑚  

Area of the gusset plate effective in compression: 

𝐴𝑔 = 𝐿𝑤𝑔𝑡𝑔 = (213.9)(6) = 1283.4 𝑚𝑚2 

Axial yield strength of the gusset connection: 

𝑁𝑦𝑔 = 𝐴𝑔𝑓𝑦𝑔 = (1283.4)(353) = 453 𝑘𝑁  

Length of the yield-line in gusset plate: 

𝐿𝑦𝑙 = 176.5 + 150 + 120.7 = 447.2 𝑚𝑚 

Plastic section modulus of the gusset connection: 

𝑆𝑔 = 𝐿𝑦𝑙𝑡𝑔
2 4⁄ = (447.2)(6)2 4⁄ = 4024.8 𝑚𝑚3 

Plastic moment capacity of the gusset connection: 

𝑀𝑝𝑔 = 𝑆𝑔𝑓𝑦𝑔 = (4024.8)(353) = 1.42 𝑘𝑁𝑚 

Axial yield strength of the neck:  

𝑁𝑦𝑛 = 𝐴𝑛𝑓𝑦𝑠𝑐 = [(70)(8) + (70 − 8)(8)](387)(10)−3 = 409 𝑘𝑁 

Plastic moment capacity of the neck: 

𝑀𝑝𝑛 = 𝑆𝑛𝑓𝑦𝑠𝑐 = [(8)(70)2 4⁄ + (62)(8)2 4⁄ ] (387)(10)−6 = 4.18 𝑘𝑁𝑚 

The rotational stiffness of the gusset connection can be determined from Section 4.5 for both 

unstiffened and stiffened gusset connections: 

From Eqs. (4.82) through (4.84): 

Moment of inertia of gusset plate effective in bending: 

𝐼𝑏𝑔 = (𝐿𝑦𝑙) (𝑡𝑔)
3

12⁄ = (447.2) (6)3 12⁄ = 8049.6 𝑚𝑚4 

Effective length of the gusset plate: 
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𝐿𝑒𝑔 =
2𝑐1𝑐2

𝑐1 + 𝑐2
=

2(128.4)(235.4)

(128.4 + 235.4)
= 166.2 𝑚𝑚 

Since it is an unstiffened gusset connection, the rotational stiffness of the gusset connection is equal 

to the rotational stiffness of the gusset plate: 

𝐾𝑔 = 𝐾𝑔𝑝 =
𝐸𝐼𝑏𝑔

𝐿𝑒𝑔
=

(2 × 105)(8049.6)

166.2
= 9.7 𝑘𝑁𝑚/𝑟𝑎𝑑 

Which differs from the experimental rotational stiffness of 9.9 kNm rad⁄  by 2%. 

From Eqs. (4.60) and (4.61): 

Rigidity index of gusset connection: 

𝑅𝑔 = 𝐾𝑔(𝐿𝑐 𝐸𝐼𝑐⁄ ) = (9.9 × 106 × 380) (2 × 105 × 2.3 × 106)⁄ = 0.0082 

Fixity factor of gusset connection: 

𝜌𝑔 = 1 (1 + 3 𝑅𝑔⁄ )⁄ = 1 (1 + 3 0.0082⁄ )⁄ = 0.0027 

The rotational stiffness of the BRB neck can be determined from Eqs (4.101) through (4.105) as 

follows: 

Insert zone length reduction factor: 

Because 0.5 ≤ 𝐿𝑖𝑛 𝐵𝑛⁄ ≤ 2 

𝑄𝑖𝑛 = 0.5(𝐿𝑖𝑛 𝐵𝑛⁄ ) − 0.2𝑔𝑥 + 0.2 = 0.5(0.5) − 0.2(1) + 0.2 = 0.25 

Bearing strength reduction factor: 

𝐵𝑅 =
𝑍𝑛

𝐿𝑖𝑛𝑡𝑓𝑛𝑡𝑐𝑝
=

7195

(35 × 8 × 8)
= 3.2 > 1 → 𝑄𝑏 = 0.45 

 

Effective moment of inertia of the neck cross-section: 

𝐼𝑒𝑛 =
(𝑡𝑓𝑛)(𝑄𝑏𝐵𝑛)3

12
=

(8)(0.45 × 70)3

12
= 20837 𝑚𝑚4 

Rotational stiffness of the neck: 

𝐾𝑛 = 𝑄𝑖𝑛

𝐸𝐼𝑒𝑛

𝐿𝑛
= (0.25)

(2 × 105)(20837)

30
= 34.7 𝑘𝑁𝑚/𝑟𝑎𝑑 

Which is 3% more than the experimental rotational stiffness of 33.6 kNm rad⁄  for the BRB neck. 

From Eqs. (4.60) and (4.61): 

Rigidity index of BRB neck: 
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𝑅𝑛 = 𝐾𝑛(𝐿𝑐 𝐸𝐼𝑐⁄ ) = (33.6 × 106 × 380) (2 × 105 × 2.3 × 106)⁄ = 0.0278 

Fixity factor of BRB neck: 

𝜌𝑛 = 1 (1 + 3 𝑅𝑛⁄ )⁄ = 1 (1 + 3 0.0278⁄ )⁄ = 0.0092 

C-mode critical load (𝑁𝑐𝑟𝑐) and S-mode critical load (𝑁𝑐𝑟𝑠) of the BRB can always be determined 

from the transcendental Eqs. (4.55) through (4.57), or using tables and graphs presented at 

APPENDIX A and APPENDIX B. However, because the gusset connection and BRB neck are too 

weak and flexible (𝜌𝑔 ≤ 0.1 and 𝜌𝑛 ≤ 0.1), Eqs. (4.62) and (4.63) are also applicable.  

From Eqs. (4.62) and (4.63): 

𝑁𝑐𝑟𝑐 = (𝐾𝑔 + 𝐾𝑛) 𝐿𝑐⁄ = (9.9 + 33.6) 0.38⁄ = 114 𝑘𝑁 

𝑁𝑐𝑟𝑠 = [(𝐿𝑟 𝐿𝑏⁄ )𝐾𝑔 + (𝐿𝑏 𝐿𝑟⁄ )𝐾𝑛] 𝐿𝑐⁄ = [(0.612)(9.9) + (1.633)(33.6)] 0.38⁄ = 160 𝑘𝑁 

And from transcendental Eqs. (4.55) through (4.57): 

𝑁𝑐𝑟𝑐 = 112 𝑘𝑁 

𝑁𝑐𝑟𝑠 = 158 𝑘𝑁 

Total initial imperfection at the neck:  

Measured value has been used for comparison with 

the test result; see Table 2.  

𝑥𝑖𝑛 = 10.9 𝑚𝑚 

However, in practice, it can be estimated conservatively from Eq. (4.3). 

From Eq. (4.48): 

𝑁𝐵𝐺𝐹(𝑐)(10.9 × 10−3) [1 (1 −
𝑁𝐵𝐺𝐹(𝑐)

112 )⁄ ]

1.42 [1 − (
𝑁𝐵𝐺𝐹(𝑐)

453
)
2

] + 4.18 [1 − (
𝑁𝐵𝐺𝐹(𝑐)

409 )
2

]

≤ 1.0 

Available compressive strength: 

→ 𝑁𝐵𝐺𝐹(𝑐) = 91 𝑘𝑁 < 𝐶𝑚𝑎𝑥 = 285 kN     N. G. 

From Eq. (4.49):  

𝑁𝐵𝐺𝐹(𝑠)(10.9 × 10−3) [1 (1 −
𝑁𝐵𝐺𝐹(𝑠)

158
)⁄ ]

1.42 [1 − (
𝑁𝐵𝐺𝐹(𝑠)

453
)
2

] (0.612) + 4.18 [1 − (
𝑁𝐵𝐺𝐹(𝑠)

409 )
2

]

≤ 1.0 

Available compressive strength: 

→ 𝑁𝐵𝐺𝐹(𝑠) = 115 𝑘𝑁 < 𝐶𝑚𝑎𝑥 = 285 kN     N.G. 
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C-mode shape failure yields a lower value and governs stability. 

C.1.2 Gusset buckling (GB) mode 

The available compressive strength for the gusset buckling mode is determined from Eq. (4.13) as 

follows: 

Effective length of the gusset connection: 

𝐿𝑒𝑔 =
2𝑐1𝑐2

𝑐1 + 𝑐2
=

2(128.4)(235.4)

(128.4 + 235.4)
= 166.2 𝑚𝑚 

Moment of inertia of Whitmore section in gusset plate: 

𝐼𝑤𝑔 = 𝐿𝑤𝑔𝑡𝑔
3 12⁄ = (213.9)(6)3 12⁄ = 3850.2 𝑚𝑚4 

Critical load of the gusset connection: 

𝑁𝑐𝑟𝑔 = 𝜋2𝐸𝐼𝑤𝑔 𝐿𝑒𝑔
2⁄ = 𝜋2(2 × 105)(3850.2) (166.2)2⁄ = 275.3 𝑘𝑁 

Total initial imperfection at the gusset connection end: 

Measured value has been used for comparison with the test result; see Table 2.  

𝑥𝑖𝑔 = 4.7 𝑚𝑚 

However, in practice, it can be estimated conservatively from Eq. (4.2). 

From Eq. (4.13): 

𝑁𝐺𝐵(4.7 × 10−3) [1 (1 −
𝑁𝐺𝐵

275.3
)⁄ ]

2(1.42) [1 − (
𝑁𝐺𝐵
453

)
2

]

≤ 1.0 

Available compressive strength: 

→ 𝑁𝐺𝐵 = 178.8 𝑘𝑁 < 𝐶𝑚𝑎𝑥 = 285 kN     N.G. 

C.2 Equivalent column method for specimen (4) U450G1.0L0.5 

C.2.1 AISC (AISC, 2016b) (gusset buckling mode) 

The available compressive strength of the gusset plate based on the limit state of flexural buckling is 

determined in accordance with AISC Specification Sections J4.4, E1, and E3 as follows: 

Slenderness ratio: 

𝐾𝑙1
𝑟𝑔

=
0.5(329.9)

6 √12⁄
= 95.2 

Elastic buckling stress: 

𝐹𝑒 = 𝜋2𝐸 (𝐾𝑙1 𝑟𝑔⁄ )
2

⁄ = 𝜋2(2 × 105) (95.2)2⁄ = 217.6 𝑀𝑃𝑎 
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Available critical stress: 

𝐹𝑦 𝐹𝑒⁄ = 353 217.6 = 1.62⁄ < 2.25 

𝐹𝑐𝑟 = [0.658(𝐹𝑦 𝐹𝑒⁄ )] 𝐹𝑦 = [0.6581.62](353) = 179 𝑀𝑃𝑎 

Whitmore’s width in gusset plate: 

𝐿𝑤𝑔 = 2(90)(tan30°) + 110 = 213.9 𝑚𝑚 

Area of the gusset plate effective in compression: 

𝐴𝑔 = 𝐿𝑤𝑔𝑡𝑔 = (213.9)(6) = 1283.4 𝑚𝑚2 

Available compressive strength: 

𝑃𝑛 = 𝐹𝑐𝑟𝐴𝑔 = (179)(1283.4) = 229.8 𝑘𝑁 < 𝐶𝑚𝑎𝑥 = 285 kN     N.G. 

C.2.2 NZS3404 (NZS, 1997/2001/2007) (gusset buckling mode) 

The available compressive strength of the gusset plate based on the limit state of flexural buckling is 

determined in accordance with NZS3404 clause 6.3.3 as follows: 

Slenderness ratio: 

𝜆𝑛 =
𝑘𝑒𝑙1
𝑟𝑔

√𝑘𝑓√(
𝑓𝑦

250
) =

(0.7)(329.9)

1.732
(1)√(

353

250
) = 158.4 

Member section constant (table 6.3.3(1)) and member slenderness reduction factor (table 6.3.3(2)): 

𝛼𝑏 = 0.5 ⟶ 𝛼𝑐 = 0.25 

Available compressive strength: 

𝑁𝑐 = 𝛼𝑐𝑓𝑦𝐴𝑔 = (0.25)(353)(1283.4) = 113.3 𝑘𝑁 < 𝐶𝑚𝑎𝑥 = 285 kN     N. G. 
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