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Abstract 

Post-earthquake observations have repeatedly shown the failure of liquid storage tanks. The 

likelihood of failure depends on, among other variables, the boundary conditions at the base and top 

of the tank, the aspect ratio (liquid height to tank radius) and the interaction between the liquid 

content, the tank and the surrounding soil (soil-structure-liquid interaction). The main objective of 

this doctoral thesis is to evaluate, through physical experiments, the seismic response of storage tanks 

incorporating soil-structure-liquid interaction. The long-term focus of research in this field is to 

enable a realistic design of tanks under earthquake loadings. The outcome is to derive an understating 

of tank response under simplified conditions that will support the long-term goal.  

A scaled low-density polyethylene tank with six different aspect ratios is tested on a shake table. The 

tank is placed directly on a steel plate, i.e., representing a rigid supporting medium (rock), and on 

sand in a laminar box, i.e., representing a flexible supporting medium (soil site). Uplift defined here 

as the transient partial separation of the base of the tank from the supporting medium is also 

considered. To evaluate the effects of chaotic sloshing on the tank response, a floating lid is utilised 

as a barrier. The results are compared to those from a commonly used nonlinear elastic spring-mass 

model for the seismic analysis of storage tanks. 

The seismic tank response strongly depends on the coincidence between the dominant frequency of 

the excitation and the first-free vibration frequency of the soil-tank-liquid system. It is shown that 

when the coincidence of frequencies occurs, sloshing may become chaotic and the occurrence and 

magnitude of uplift increases, affecting the concentration of stress in the tank wall. It is also revealed 

that the aspect ratio plays a significant role, especially when the tank lies on a flexible supporting 

medium. The comparison between the experimentally obtained response and that from the spring-

mass model reveal that the simplifications made in the spring-mass model are not always adequate to 

represent the tank response. The differences in the results increase when chaotic sloshing occurs.   
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 Chapter 1  1 

1. Introduction  2 

1.1  Motivation and scope 3 

Upright cylindrical liquid storage tanks have gained importance over time due to their versatility in 4 

storing and regulating liquids, e.g., water for human consumption, chemicals for industrial purposes 5 

or liquified natural gas for nuclear power plants. The dimensions of storage tanks have increased 6 

significantly due to a continually growing demand for storing liquids around the globe [1,2]. 7 

However, unpredictable and unique events like strong earthquakes have repeatedly shown the 8 

vulnerability of storage tanks [3–5]. Damage to storage tanks due to strong earthquakes may bring 9 

irreversible negative consequences for the environment, economic loss, and retard the recovery rate 10 

of communities. 11 

In the case of aboveground cylindrical liquid storage tanks, common seismic damage takes the form 12 

of diamond buckling or elephant’s foot [6,7]. Diamond buckling occurs at a distance above the tank 13 

base or at the connection of the tank wall closely adjacent to the base plate. In contrast, the elephant’s 14 

foot usually appears in the lower course of the tank wall. The cause of these forms of damage has a 15 
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common source, i.e., a regional concentration of high axial and hoop stresses due to hydrodynamic 16 

forces. The magnitude and distribution of these stresses vary according to the tank size, shape and 17 

properties, e.g., material stiffness, wall flexibility and aspect ratio (liquid height ℎ to tank radius 𝑟, 18 

ℎ/𝑟). Likewise other factors that depend on the characteristics of the excitation are, e.g., the transient, 19 

partial separation of the base of the tank (uplift) from the supporting foundation, the interaction 20 

between the supporting soil and the tank (Soil-Structure Interaction SSI), and the interaction between 21 

the fluid and tank wall that governs sloshing behaviour (Fluid-Structure Interaction FSI). 22 

The motivation of this doctoral thesis stems from the procedure suggested in the guidelines for the 23 

seismic design of liquid storage tanks, e.g., [8–11]. Those procedures consist of a quasi-static analysis 24 

using a linear spring–mass model proposed by Housner [12]. The model assumes that the essential 25 

nature of the dynamic response of liquid storage tanks can be represented by two distinct vibration 26 

modes, i.e., impulsive and convective. The impulsive mode represents the part of the liquid that 27 

moves in unison with the tank wall, while the convective mode corresponds to the sloshing of the 28 

liquid. In most cases, the first impulsive and the first convective modes are enough for a reasonably 29 

accurate engineering prediction, i.e., design purposes, of the response of anchored cylindrical tanks 30 

on a rigid supporting medium [13–15]. Consequently, the contribution of higher impulsive and 31 

convective modes is usually ignored. However, consequences in major earthquakes have 32 

demonstrated that the seismic response of storage tanks is more complex than initially believed. The 33 

complexity lies in the consideration of the nonlinearities due to simultaneous effects of uplift, FSI 34 

and SSI.  35 

When both FSI and SSI are simultaneously considered (soil-structure-fluid interaction SSFI), the tank 36 

behaviour cannot be easily predicted because the equations to solve are usually based on the 37 

continuous fluid and soil motion equations [16]. These equations are solved independently by the 38 

finite element method, as described in, e.g., [17–22]. Hence, in most cases and for practical reasons, 39 

SSI and FSI are addressed separately. 40 
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The main objective of this doctoral research is to provide a stepping stone in the understanding of the 41 

seismic tank response by conducting a series of shake table experiments designed to show the effects 42 

of three cornerstone factors: 1) the fixity at the base of the tank, i.e., anchored and unanchored; 2) the 43 

flexibility of the supporting medium, i.e., rigid and flexible, and 3) the contribution of sloshing to the 44 

tank response. The experiments are focused on the development of hoop and axial stresses in the tank 45 

wall. The occurrence of uplift, the development of acceleration and displacement of the tank, as well 46 

as the maximum sloshing height are also addressed. The results are then employed to evaluate the 47 

adequacy of a nonlinear elastic spring-mass model in the seismic analysis of liquid storage tanks. The 48 

long-term focus of research in this field is to enable a realistic design of storage tanks under 49 

earthquake loadings. The work of this doctoral research is to derive an understanding of seismic tank 50 

response under simplified conditions that will support the long-term goal. 51 

1.2  Methodology  52 

A series of experiments entailing a low-density polyethylene (LDPE) tank scaled 1:20 was conducted. 53 

In the beginning stage, the selected excitations had either a single frequency, i.e., harmonic, or a 54 

narrow bandwidth of frequencies, i.e., Ricker wavelets, to represent the frequency content of a wide 55 

range of recorded earthquake ground motion. These simple excitations enabled clarity in the 56 

interpretation of the tank response. Three isolated cases were considered: 1) anchored tank on a rigid 57 

supporting medium (Anchored case), 2) Unanchored tank on a rigid supporting medium (Unanchored 58 

case) and 3) Unanchored tank on a flexible supporting medium (Flexible case). In both the Anchored 59 

and the Unanchored cases, the tank was fixed and free-standing directly on a steel plate. In the case 60 

of the Flexible case, the tank lied on sand in a laminar box. The combination of a shaking table and 61 

laminar box, that allows shear deformation between the soil at different depths, enabled a more 62 

realistic determination of the response of the soil-tank-water system.  63 

When the tank was subjected to a single-frequency excitation, it was observed that sloshing may 64 

transform into chaotic sloshing, i.e., where the liquid experiences abrupt velocity changes. An 65 
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example of this transformation of sloshing pattern, observed in upright cylidnrical storage tanks, is 66 

the catalyst leading to generic rotary sloshing. Rotary sloshing occurs when the frequency of the 67 

applied lateral harmonic excitation is close to the lowest frequency of the tank-water system. Thus, 68 

the next step was to elucidate the effects of rotary sloshing on the dynamic response of the LDPE 69 

storage tank. The dynamic response monitored and interpreted included the development of both axial 70 

and hoop strain in the tank wall, and the acceleration at the bottom, middle, and top of the tank. The 71 

influence of rotary sloshing on the tank breathing vibrations, which enhance the development of strain 72 

in the tank wall, was also investigated. A floating lid was utilised as a barrier to impede rotary 73 

sloshing. The results of the tank-water system with and without the floating lid were compared. The 74 

results obtained showed that the strain in the tank wall was significantly affected by the impediment 75 

of chaotic sloshing.  76 

The efectiveness of the floating lid to impede chaotic sloshing under harmonic excitations open the 77 

door to questions regarding the tank behaviour under earthquake loading. The next step aimed to 78 

compare the results of the three mentioned cases, i.e., Anchored, Unanchored and Flexible, subjected 79 

to thirteen ground motions when sloshing can develop freely and when it is impeded using a floating 80 

lid. The results elucidated that a floating lid reduces the development of hoop and axial stresses in the 81 

tank wall, regardless of the flexibility of the supporting medium. The effectiveness of the lid depended 82 

on the characteristics of the excitation, and uplift.  83 

The final stage of this research focused on a comprehensive experimental set-up to elucidate the tank 84 

seismic response considering soil-structure-liquid interaction. The response included: i) uplift, ii) 85 

flexibility of the supporting medium, iii) hoop stress, iv) axial stress v) acceleration, vi) displacement, 86 

vii) sloshing height and viii) aspect ratio. To enable a comprehensive visualisation, which furthers 87 

understanding of the system response, radar plots were used for showing the relationship between the 88 

dependent variables. The results revealed that, depending on the aspect ratio, the supporting medium 89 
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flexibility governs the overall response by activating the rigid-like body motion of the tank-water 90 

system. 91 

In all the cases and conditions, the maximum response obtained from the experiments was compared 92 

with that using a nonlinear elastic spring-mass model for the dynamic response of liquid storage tanks. 93 

The comparison evaluates the adequacy of the simplified model for the analysis of anchored and 94 

unanchored liquid storage tanks on both rigid and flexible supporting mediums. 95 

1.3  Outline 96 

This doctoral thesis compiles journal manuscripts that have either been published or submitted for 97 

publication at the time of writing. Each chapter contains information regarding to one or more 98 

manuscripts. Some information is included in more than one manuscript and, consequently, they were 99 

slightly modified to avoid repetition and maintain coherence in the thesis. In some cases, however, 100 

repetition has been allowed where removing information seemed to directly affect the flow and clarity 101 

of the chapter.  102 

Chapter 2 provides a literature review of the factors that affect the seismic response of liquid storage 103 

tanks, that are: 104 

a) Uplift 105 

b) Fluid-structure interaction (FSI) 106 

c) Physical mechanisms to impede sloshing 107 

d) Soil-structure interaction (SSI) 108 

Chapter 3 presents the characteristics and limitations of a nonlinear elastic spring-mass model to 109 

estimate the seismic response of liquid storage tanks. The model incorporates the effects of uplift, 110 

FSI and SSI on the development of seismic-induced wall stresses in the tank wall.  111 
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Chapter 4 describes the experimental set-up using a low-density polyethylene (LDPE) tank. The set-112 

up entails a shake table, a laminar box with sand and a floating lid. The instrumentation includes 113 

strain gauges, accelerometers, laser transducers and cameras. 114 

Chapter 5 shows the relationship between the frequency content of an excitation with the development 115 

of axial and hoop stresses in the LDPE tank wall. The relationship depends on both the boundary 116 

condition at the base, i.e., anchored or unanchored tank, and the flexibility of the supporting base, 117 

i.e., rigid or flexible. 118 

Included manuscripts: 119 

✓ D. Hernandez-Hernandez, T. Larkin, N. Chouw. Evaluation of the adequacy of the current 120 

spring-mass model in design analyses of liquid sloshing in anchored storage tanks, 121 

Earthquake Engineering and Structural Dynamics (2021), doi: 10.1002/eqe.3539 122 

✓ D. Hernandez-Hernandez, T. Larkin, N. Chouw, Impact of the excitation frequencies on 123 

wall stresses in a storage tank, Engineering Structues, 244 (2021). 124 

112775.doi:10.1016/j.engstruct.2021.112775. 125 

✓ D. Hernandez-Hernandez, T. Larkin, N. Chouw, Experimental investigation of the 126 

excitation frequency effects on wall stress in a liquid storage tank considering soil-structure-127 

fluid interaction, Submitted to Soil Dynamics and Earthquake Engineering.  128 

Chapters 6 and 7 describes the effects of sloshing on wall stresses. A floating lid made of high-density 129 

foam is utilised as a barrier. Chapter 6 focuses on rotary sloshing, i.e., when the water rotates, while 130 

Chapter 7 on the tank response under thirteen different ground motions.  131 

Inlcuded manuscripts:  132 

✓ D. Hernandez-Hernandez, T. Larkin, N. Chouw, Y. Banide, Experimental findings of the 133 

suppression of rotary sloshing on the dynamic response of a liquid storage tank, J. Fluids 134 

Struct. 96 (2020) 103007. doi:10.1016/j.jfluidstructs.2020.103007 135 
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✓ D. Hernandez-Hernandez, T. Larkin, N. Chouw, Effect of sloshing impediment in a water 136 

storage tank on wall stresses: a shake table study. Submitted to Engineering Structures. 137 

✓ D. Hernandez-Hernandez, T. Larkin, N. Chouw, Lid induced sloshing suppression and 138 

evaluation of wall stresses in a liquid storage tank including seismic soil-structure interaction. 139 

Earthquake Engineering and Structural Dynamics (2022), doi: 10.1002/eqe.3697. 140 

Chapter 8 presents the comprehensive seismic response of storage tanks using radar plots and 141 

considering the maximum magnitude of six factors: i) top acceleration and ii) displacement, iii) axial 142 

and iv) hoop stress in the tank wall, v) uplift and vi) sloshing height. The results revealed that the 143 

effects of the flexibility of the supporting base strongly depend on the aspect ratio. The results raised 144 

several questions regarding the contribution of sloshing to stress development, which reaffirms the 145 

conclusions of Chapters 6 and 7.  146 

Included manuscript:  147 

✓ D. Hernandez-Hernandez, T. Larkin, N. Chouw. Shake table investigation of nonlinear soil–148 

structure–fluid interaction of a thin-walled storage tank under earthquake load, Thin-Walled 149 

Structures 167 (2021) 108143. https://doi.org/10.1016/j.tws.2021.108143. 150 

Chapter 9 summarises the relevant findings in preceding chapters and highlights areas where further 151 

research is recommended in the future.  152 



 Chapter 2  153 

2. State of the art 154 

2.1  Vulnerability of liquid storage tanks 155 

Upright cylindrical liquid storage tanks are structures commonly built in both urban and industrial 156 

areas. The size of those structures can be massive, e.g., those built in 2006 with a capacity of 160 000 157 

m3 and diameter larger than 20 m, in Shenzhen, China [1]. Following strong earthquakes, the integrity 158 

of upright cylindrical liquid storage tanks is one of the crucial factors in ensuring the functionality of 159 

communities. Inspections of damage after strong earthquakes, e.g., buckling of the tank wall, rupture 160 

of pipeline connections or even collapse of the structure [3,5,23], confirmed the vulnerability of 161 

storage tanks in many strong earthquakes. The damage cause not only economic loss, and a lack of 162 

liquid supply but also a dangerous subsequent effect in surrounding areas, e.g., explosions. Severe 163 

damage to storage tanks is not limited to a high concentration of both hoop and axial stresses in the 164 

tank wall, but also depends on several factors. The factors among others are the boundary conditions 165 

at the base and top of the tank, the interaction between the fluid and the tank wall, fluid-structure 166 

interaction (FSI), the interaction between the tank and the supporting soil, soil-structure interaction 167 

(SSI), and the ratio of liquid height ℎ to tank radius 𝑟 (aspect ratio ℎ/𝑟). The following sections 168 
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describe studies related to the effects of each of the above-mentioned factors on the seismic response 169 

of storage tanks. 170 

2.2  Effects of uplift on the tank response 171 

Cylindrical liquid storage tanks are classified as either anchored, i.e., the tank is fixed to the 172 

foundation, or unanchored, i.e., the tank is unrestrained on the foundation. According to the current 173 

guidelines for the seismic design of storage tanks, e.g., [8–10], a tank needs anchorage if the design 174 

overturning moment (due to the earthquake) is higher than the restoring moment as a result of the 175 

tank-liquid system self-weight. If the tank is designed as unanchored, i.e., the analysis shows the 176 

restoring moment is larger than the overturning moment, a transient and partial separation of the tank 177 

base from the supporting foundation is almost unavoidable in severe earthquakes. This separation is 178 

defined as uplift in this thesis. 179 

The literature establishes that uplift may be the fore-most factor in the seismic design of unanchored 180 

tanks because it may be accompanied by large deformations of the base plate, modify the distribution 181 

of stresses in the tank wall and may sever the connections of the adjacent pipelines [24–26]. As a 182 

result of significant uplift, breathing vibrations, i.e., a higher-mode vibration of the tank-liquid system 183 

in the axial and circumferential directions, can be activated, causing a concentration of stress in the 184 

tank wall, e.g., [27–29]. Consequently, most design specifications for storage tanks, e.g., [8–10] state 185 

that uplift increases the likelihood of failure. 186 

The effects of uplift on the tank response are difficult to assess due to the number of unavoidable 187 

variables in the phenomenon [30]. Some variables are, e.g., the characteristics of the excitation, tank 188 

wall flexibility, sloshing behaviour, presence of a lid, aspect ratio and the relative stiffness between 189 

the supporting medium and the structural base plate [31]. Several numerical investigations have 190 

incorporated more than one variable from the list above, simultaneously, see e.g., [32–37]. However, 191 

results from such analyses are inconclusive because even the use of two variables creates a data set 192 

from which is impossible to identify the independent effects of each variable. This is a motivation of 193 
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this doctoral thesis. Chapter 5 focuses intentionally on the excitation frequency content. The selected 194 

excitations have either a single frequency, i.e., harmonic, or a narrow bandwidth of frequencies, i.e., 195 

Ricker wavelets, to represent the frequency content of a wide range of recorded earthquake ground 196 

motion. 197 

Experimental research using a shaking table has been conducted to have a more realistic insight into 198 

the tank response. Manos and Clough [38], studied an aluminium tank subjected to a series of scaled 199 

El-Centro earthquakes with a peak ground acceleration of 0.125 g, 0.250 g and 0.375 g. Fang et 200 

al.[39] tested a steel tank subjected to four sine excitations with different frequencies and maximum 201 

acceleration amplitudes. Li et al. [40] reported experimental results of a steel tank subjected to the 202 

1940 El Centro and 2008 Sichuan earthquakes. In these three studies [38–40], only broad (squat) 203 

tanks were considered, i.e., the aspect ratio ℎ/𝑟 < 2. The authors all confirmed that the coincidence 204 

of the frequencies of the excitation and the tank-water system aggravates the sloshing intensity, 205 

leading to a considerable increase of both horizontal and vertical displacements. Cambra [31] and 206 

Clough [41] analysed the response of a tank with an aspect ratio of ℎ/𝑟 < 2. Both these author’s 207 

experimental results revealed that uplift increases the axial stress in the tank wall. It was also pointed 208 

out that uplift can occur even under relatively low levels of excitation acceleration, depending on the 209 

frequency content. Niwa [42] and Manos [43] found that uplift is very sensitive to the frequency 210 

content of the shake table excitation for both squat and tall tanks, i.e., where the aspect ratio is ℎ/𝑟 ≥211 

2.  212 

Following a low-damage design philosophy, that allows the activation of the rigid-like body motion 213 

of the tank-water system [44], Ormeño et al. [45,46] found that uplift does not always increase the 214 

axial stress in the tank wall. On the contrary, depending on the aspect ratio, allowing uplift leads to 215 

lower axial stress with higher displacement and acceleration at the top of the tank. The authors 216 

reasoned that the axial stress depends on both the overturning moment as well as the tank deformation, 217 
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and these are not significantly affected by uplift. In contrast, uplift may increase the horizontal 218 

displacement and acceleration of the whole tank [47,48].  219 

Notwithstanding the contribution to knowledge of references [37-47], none of them give detailed 220 

information concerning the frequency content of the excitations applied and hence the relationship 221 

with tank wall stresses is not investigated. Additionally, several numerical studies, e.g., [49–53],  222 

demonstrate that the characteristics of the excitation, e.g., frequency content, amplitude and duration, 223 

affect the sloshing behaviour significantly. The effects of the frequency content on sloshing behaviour 224 

have not only been studied for storage tanks but also for a wide range of applications, e.g., offshore 225 

vessels with liquid freight, aeronautical fuel tanks and pipelines. These investigations are reviewed 226 

in [54]. 227 

In most cases, the simultaneous effects of sloshing and uplift on the tank response are difficult to 228 

assess [55]. The reason is that uplift can also modify the base shear and natural frequency of the tank-229 

water system [30]. Consequently, the occurrence of uplift can affect the sloshing behaviour and vice 230 

versa, increasing the tank response.  231 

2.3  Fluid-Structure Interaction, FSI 232 

Post-earthquake observations are evidence that sloshing of the water surface may cause the sinking 233 

of the floating roof, and produce instabilities in the tank wall [56,57]. Physical experiments on tank 234 

response under dynamic loads have demonstrated that sloshing innately tends to transform the 235 

response of the upper reaches of the liquid into chaotic motion, even for small displacements of the 236 

tank [58]. To provide solutions and avoid damage to the wall of storage tanks, the designer must 237 

understand the interaction between fluid and tank wall, including the possible consequences of 238 

particular types of sloshing [58]. 239 

As an attempt to simplify the response of the tank-liquid system, the procedures recommended by the 240 

guidelines for the seismic design of tanks, e.g., [8–10] are based on a quasi-static analysis using a 241 

spring-mass model proposed by Housner [12]. The model assumes that the tank response can be 242 
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represented by two distinct vibration modes, i.e., convective and impulsive. The convective mode 243 

represents to sloshing of the liquid, while the impulsive mode corresponds the liquid part that moves 244 

in unison with the tank wall. However, FSI may become difficult to approximate using the spring-245 

mass model due to the inherent nonlinear behaviour of sloshing. The nonlinear behaviour strongly 246 

depends on the aspect ratio, the excitation characteristics and the flexibility of the supporting medium.  247 

Three generic sloshing patterns have been identified in partially filled cylindrical storage tanks 248 

[54,59], i.e., planar, nonplanar, and chaotic, as shown in Figure 2.1. The first pattern is associated 249 

with small oscillations where the free surface remains planar, see Figure 2.1(a). The second pattern 250 

corresponds to higher sloshing heights than in the case of small oscillations, and the free surface is 251 

nonplanar, see Figure 2.1(b). The third pattern refers to abrupt velocity changes with time that lead 252 

to chaotic motion, see Figure 2.1(c). Royon-Lebeaud et al. [59] studied both numerically and 253 

experimentally the transition of the sloshing pattern from planar to nonplanar and from nonplanar to 254 

chaotic in down-sized cylindrical and rectangular tanks. However, their results showed that the 255 

sloshing pattern may be meaning-fully up-scaled to larger containers than employed in their study, if 256 

geometric and frequency similarities are fulfilled.  257 

 258 

A “strong excitation” can be defined as the load that leads to a sloshing pattern that involves a 259 

transition from planar pattern to a nonplanar, or eventually a chaotic liquid motion, i.e., the liquid 260 

   

(a) Planar (b) Nonplanar (c) Chaotic 

Figure 2.1 Generic sloshing patterns in vertical cylindrical tanks 
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surface breaks. If this pattern does not eventuate, then the excitation can be defined as “weak”. Under 261 

weak excitations, the spring-mass model may offer relatively accurate results for tank design.  262 

Physical obstructions, used as a barrier, have been implemented to retain a planar sloshing pattern, 263 

e.g., rigid and flexible baffles in the horizontal and vertical planes, floating roofs and mats. Shekari 264 

[60] theoretically demonstrated that a ring-shaped baffle reduced the response of the tank-water 265 

system in terms of the maximum shear force and overturning moment of the tank. It is emphasised 266 

that the baffle should be located as near as possible to the liquid surface, which transforms the baffle 267 

into a type of a rigid lid. Garza and Abramson [61] and Hosseini et al. [62] also found experimentally 268 

that a suspended ring-shape baffle reduced the maximum sloshing height, but it did not affect the 269 

frequencies of the convective mode. Askari et al. [63] analysed numerically the effect of a rigid empty 270 

cylinder inside the tank on the sloshing frequencies of the tank-liquid system. The internal cylinder 271 

is fixed at the top end and the lower part is partially submerged to suppress sloshing. It was concluded 272 

that if the lower part of the internal cylinder is submerged deeply enough, the free surface could be 273 

divided into two independent regions, resulting in a reduction of the sloshing amplitude. 274 

Floating roofs and mats modify the dynamic response of a tank-liquid system significantly. A floating 275 

roof reduces the sloshing height but may increase the tank wall stress [64,65]. According to some 276 

numerical analyses, e.g., [66–68], the first convective frequency is the same with and without the 277 

presence of a floating lid. Consequently, in the dynamic analysis using a spring-mass model, the 278 

presence of a floating lid is usually ignored.  279 

A motivation of this thesis is to evaluate the applicability of a spring-mass model incorporating both 280 

a floating lid and uplift. To the author’s best knowledge, there is no experimental data that establishes 281 

the cases when the combined effects of sloshing and uplift on the tank response can be ignored. As 282 

previously mentioned, sloshing can damage the tank roof while uplift, the connection between the 283 

tank and adjacent pipelines. Chapter 7 addresses the simultaneous effects of uplift and sloshing on 284 

the stress development in a tank wall.  285 
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Under strong excitations, the sloshing pattern can transform from planar to nonplanar, where the 286 

liquid surface may respond by generating a considerable sloshing height that can lead to a chaotic 287 

sloshing [69,70]. Chaotic sloshing increases the magnitude of stress in the floating roof and the stress 288 

in the tank wall [71–73]. A nonplanar sloshing, that eventually transforms into the chaotic sloshing 289 

observed in circular and rectangular containers is rotary sloshing, i.e., when the liquid rotates. Rotary 290 

sloshing occurs when the frequency of the applied lateral harmonic force is close to the lowest 291 

frequency of the tank-water system [54,74,75]. Dodge et al. [76] and Hutton [77,78] described the 292 

characteristics of rotary sloshing and emphasize the causes. Their numerical results revealed there is 293 

a coupling between the motion of the fluid in directions both parallel and perpendicular to the 294 

excitation direction. The coupling effects were studied by Kana [79,80] and Miles [79–81], who 295 

concluded that, for design purposes, rotary sloshing produces a cross-axis force in the direction 296 

horizontally perpendicular to the excitation that cannot be neglected. The effects of rotary sloshing 297 

on wall strain and breathing vibrations are investigated in Chapter 6.  298 

2.4  Soil-Structure Interaction, SSI 299 

Liquid storage tanks are typically founded on weak compressive soil and low shear strength due to 300 

their proximity to harbours and rivers. Under strong earthquakes, the soil condition implies a 301 

substantial soil-structure interaction (SSI) and uplift. Numerical studies have been carried out to gain 302 

an understanding of the effects of SSI, but opinions disagree on some of the critical features of the 303 

interaction. Some studies, e.g., [18,20,82,83], claim that SSI reduces the response in comparison to 304 

that when the tank is placed on a rigid supporting medium. The reduction comes from the assumption 305 

that, the softer soil, the less energy transmitted to the tank-liquid system. However, Larkin [84] 306 

ascertained that the force reduction depends on the soil and tank properties, mainly due to changes in 307 

the vibration frequencies of the tank-liquid-soil system. If a dominant frequency of the tank-liquid-308 

soil system is in the vicinity of the dominant frequency of the excitation, amplification in the response 309 

occurs, depending on the aspect ratio, see e.g., [85–88]. Haroun and Abou-Izzeddine [89] and Kim et 310 
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al. [17] independently concluded that amplification of the tank-liquid system response due to SSI can 311 

be related to the shear wave velocity and thickness of the soil at the site. Hence, during the design 312 

stage, assuming a rigid support condition does not always guarantee conservative results [90]. 313 

Complex computational finite element analysis have been performed to elucidate some aspects of SSI 314 

[18,90,91]. However, those models are high-time consuming and are still far to be implemented for 315 

the tank design.   316 

In contrast to the vast number of numerical studies in the literature, only limited experimental research 317 

has been reported considering the effects of SSI on tank response. Manos and Clough [38] tested an 318 

aluminium tank with ℎ/𝑟 = 0.8 placed on a rubber mat, which represented a soft foundation. Their 319 

results revealed that a flexible supporting medium increases the tank response in terms of the 320 

maximum wall stresses, uplift and displacement compared to those when the tank is on a rigid 321 

supporting medium. Hori [92] tested a silicone tank under horizontal and vertical excitation. A 322 

composite structure of silicone and urethane foam soaked in water represented a flexible supporting 323 

medium. It was concluded that SSI reduced the response compared to those obtained by neglecting 324 

the soil effects. Ormeño et al. [46,93,94] tested an aluminium and polyvinyl chloride (PVC) tanks 325 

focusing on the acceleration at the tank top and the axial stress in the tank wall. A rigid box with sand 326 

simulated a flexible supporting medium. They found that a flexible supporting medium decreases the 327 

maximum axial stress compared to that when the tank is on a rigid supporting medium. The decrease 328 

on the stress was closely related to both the aspect ratio and the characteristics of the ground motion. 329 

Kirtas et al. [95] analysed the data of a steel water tank subjected to 74 recorded ground motions. The 330 

study focuses on the identification of the natural frequencies of the tank considering soil-structure 331 

interaction. It was concluded that the convective frequencies of the tank-water system could not be 332 

identified with the ratio of the top to base Fourier amplitude spectra of the acceleration records. 333 

Despite well-documented experimental and numerical studies concerning SSI, there is a knowledge-334 

gap regarding the simultaneous effects of uplift, the flexibility of the supporting medium, sloshing 335 

and the presence of a lid on the stresses in the tank wall during earthquake motion. 336 



Diego Iván Hernández-Hernández  

 

16 

 

2.5  Summary 337 

The current literature on the effects uplift, fluid-structure interaction, physical mechanisms to restrict 338 

sloshing and soil-structure interaction on the seismic response of liquid storage tank were reviewed. 339 

The objective of the review was to identify the motivation of the present thesis, which is summarised 340 

as follows:  341 

• The effects of the excitation characteristics, e.g., duration, frequency content, and maximum 342 

peak ground acceleration, on wall stress development in a liquid storage tank is scarce. Most 343 

of the reported numerical studies entailed a storage tank anchored to a rigid supporting 344 

medium, i.e., where uplift and SSI were omitted. Consequently, Chapter 5 focuses on the 345 

effects of the excitation characteristics, i.e., frequency content and maximum peak ground 346 

acceleration (PGA) on the tank response. The research is conducted experimentally and 347 

numerically considering three cases: 1) Anchored tank on a rigid supporting medium 348 

(Anchored case) 2) Unanchored tank on a rigid supporting medium (Unanchored case), and 349 

3) Unanchored tank on a flexible supporting medium (Flexible case).   350 

• Several numerical and experimental studies have investigated the effects of the restriction of 351 

sloshing on the tank response. However, the combined effects of uplift and SSI on the tank-352 

liquid system response when a floating lid impedes sloshing has not been elucidated. Thus, 353 

Chapter 6 focuses on wall strain development of an unanchored tank on a rigid supporting 354 

medium when sloshing is restricted by a floating lid. Additionally, Chapter 7 investigates the 355 

effects of the restriction of chaotic sloshing on wall stress development under thirteen ground 356 

motions. 357 

• Simplified analyses of storage tanks considering soil-structure-liquid interaction and uplift are 358 

far to be included in the guidelines for the seismic tank design. Hence, to reduce the gap and 359 

include more variables in the tank seismic analysis, Chapter 8 explores the combined effects 360 

of fixity, medium support flexibility and aspect ratio on the tank response. 361 



 Chapter 3  362 

3. Nonlinear elastic spring-mass model for the seismic 363 

analysis of liquid storage tanks  364 

The first approximation to study the seismic behaviour of liquid storage tanks was made by 365 

Westergaard [96]. Westergaard [96] analysed the hydrodynamic pressures acting on a rectangular 366 

dam where it is assumed that a part of water moves in unison with the container while the rest is left 367 

inactive, i.e., the impulsive mode. Jacobsen and Ayre [97] experimentally found that the response of 368 

cylindrical storage tanks is governed by the aspect ratio and the characteristics of the ground motion. 369 

Jacobsen [98] calculated the effective impulsive mass as a fraction of the total contained fluid. This 370 

assumption facilitates the analysis because the liquid was replaced by effective masses attached by 371 

springs to the tank wall.  372 

Graham and Rodriguez [99] proposed a mechanical model for analysing sloshing in a fuel aircraft 373 

tank. The model was restricted to small displacements and accelerations of the tank considering the 374 

sloshing mass, i.e., the convective mode. It was assumed that the contribution of higher modes of 375 

vibration to response is neglectable. Thus, the model was reduced to one impulsive mass and one 376 

convective mass. Based on these previous studies, George W. Housner investigated several problems 377 
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related to the seismic response of storage tanks, e.g., the hydrodynamic pressure acting on rigid and 378 

flexible tank wall [100] and sloshing in aboveground and elevated tanks [12,101,102]. The following 379 

sub-chapters describe some implementations of Housner’s model for the seismic analysis of storage 380 

tanks considering a flexible supporting medium as well as uplift.  381 

3.1  Anchored tank on a rigid supporting medium 382 

According to the procedure in the NZSEE 2009 guidelines for the design of storage tanks [8], the 383 

contribution of the impulsive and the convective modes to tank response can be estimated 384 

independently. Thus, two separate systems of a single-degree-of-freedom (SDOF) were initially 385 

considered [14]. The flexibility of the tank wall, as indicated by the thickness ratio (𝑡𝑤/𝑟) and 386 

material properties, affects the tank response significantly [15,103,104]. The reason is that the 387 

impulsive force increases with the acceleration of the tank wall. Haroun and Housner [103] found a 388 

way to uncouple the response and determined the contribution to tank response of the impulsive and 389 

convective modes independently. Hence, the impulsive mass was divided into two masses, i.e., one 390 

representing the case of a tank with an inflexible wall, 𝑚𝑅, the second corresponding to a flexible 391 

walled tank, 𝑚𝐹. The values of 𝑚𝑅 and 𝑚𝐹 depend on both the thickness and the aspect ratio [103]. 392 

The sum of the two impulsive masses 𝑚𝑅, 𝑚𝐹 , and one convective mass (sloshing) 𝑚𝑐 corresponds 393 

to the total mass of liquid in the tank. The magnitudes and heights of these masses are selected to lead 394 

to the same base shear and bending moment produced by the fundamental mode of vibration of the 395 

tank-water system. Figure 3.1(a) shows the conceptual model of the spring-mass system of a fixed 396 

and roofless tank on a rigid supporting medium with one impulsive mass 𝑚𝑖 and several convective 397 

masses 𝑚𝑗, with 𝑗 = 1,2, … , 𝑛. 398 
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 399 

Figure 3.1 Spring-mass model for an anchored tank on a rigid supporting base 400 

 401 

3.2  Unanchored tank on a rigid and flexible supporting medium 402 

The effect of uplift on the tank response can be incorporated by using a modification of Housner’s 403 

spring-mass model. Clough [41] proposed a simplified model based on the equilibrium between the 404 

uplifting force and the external bending moment. A similar model was proposed by Wozniak and 405 

Mitchell [105], where the resistant to the external moment is given by the development of plastic 406 

hinges in the base plate of the tank. The inelastic behaviour of the base plate introduced new variables 407 

to the mathematical formulation, especially because the model is only valid for small deflections. In 408 

order to overcome this limitation, models using second-order beam theory, that are low-time 409 

consuming, were developed, see e.g., [106–111]. The spring-mass model has also been adapted to 410 

incorporating SSI, e.g., [15,82,112]. Several studies, e.g., [16,18,82], pointed out that the influence 411 

of SSI on the convective components of response is neglectable, i.e., the sloshing behaviour is 412 

independent of the flexibility of the supporting medium. In contrast, SSI has a remarkable influence 413 

on the impulsive components of response, i.e., the hydrodynamic force distribution and the 414 

overturning moment [89,95,113,114].  415 

Based on the spring-mass model proposed in [82,110], Figure 3.2(a) shows the spring-mass system 416 

with two independent masses 𝑚𝑖 , 𝑚𝑐 , heights ℎ𝑖 , ℎ𝑐 , stiffness 𝑘𝑖 , 𝑘𝑐  and damping 𝑐𝑖 , 𝑐𝑐  for a tank 417 

placed on a rigid supporting medium. Figure 3.2(b) represents a tank on a flexible supporting medium. 418 
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In both models, the bottom plate is the same, but each mass is independent of each other. The product 419 

ℎ 𝜙 shown in Figure 3.2(c) represents the displacement of the rigid-like body motion of the tank 420 

where 𝜙 is the rotation of the tank and 𝑘𝜙𝑏
 is the rotational spring of the base plate. The material 421 

nonlinearity of the tank is not considered, i.e., it is assumed that 𝜙 is small, being constrained by the 422 

elastic limit of the base plate. Table 3.1 shows the recommended values of masses, and heights, for 423 

an anchored roofless tank for six aspect ratios, i.e., ℎ/𝑟 = 0.5, 1, 1.5, 2, 2.5, and 3 [13].  424 

 425 

Table 3.1 Recommended design values for the first impulsive and convective modes of vibration 426 

ℎ/𝑟 𝐶𝑖 𝑚𝑖/𝑚𝑙 𝑚𝑐/𝑚𝑙 ℎ𝑖/𝐻 ℎ𝑐/𝐻 

0.5 7.74 0.3 0.7 0.4 0.543 

1 6.36 0.548 0.452 0.419 0.616 

1.5 6.06 0.686 0.314 0.439 0.69 

2 6.21 0.763 0.237 0.448 0.751 

2.5 6.56 0.81 0.19 0.452 0.794 

3 7.03 0.842 0.158 0.453 0.825 

 427 

3.3 Equation of motion 428 

In this thesis, only the contribution of the first impulsive and first convective modes are considered. 429 

In the case of an unanchored tank on a flexible supporting medium, Eqs. (3.1) and (3.2) describe 430 

respectively the horizontal force equilibrium for impulsive and convective masses. Eq. (3.3) 431 

corresponds to the moment equilibrium around the centre of the tank base. The total lateral stiffness 432 

    

(a) Unanchored tank on a rigid 

base 

(b)  Unanchored tank on a flexible 

base  

(c)   Configuration when uplift occurs 

Figure 3.2 Nonlinear spring-mass model for unanchored liquid storage tanks  
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𝑘𝑖𝑇
 and 𝑘𝑐𝑇

 correspond to the stiffness of the impulsive and convective mass plus the soil lateral 433 

stiffness 𝑘𝑥. For an unanchored tank on a rigid supporting base, the total rotational stiffness is equal 434 

to the base plate rotational stiffness. The horizontal stiffness 𝑘𝑥 and the damping coefficient 𝑐𝜙 of the 435 

soil are equal to zero. For an anchored tank on a rigid supporting medium, the base rotation is 436 

restricted, i.e., 𝜙 = 0 . Thus, Eqs. (3.3) is irrelevant, and Eqs. (3.1) and (3.2) are the classical 437 

independent equations of an anchored tank on a rigid supporting medium. 438 

𝑚𝑖(ℎ𝑖�̈� + �̈�𝑖) + 𝑐𝑖�̇�𝑖 + 𝑘𝑖𝑇
𝑢𝑖 = −𝑚𝑖�̈�𝑔 (3.1) 

𝑚𝑐(ℎ𝑐�̈� + �̈�𝑐) + 𝑐𝑐�̇�𝑐 + 𝑘𝑐𝑇
𝑢𝑐 = −𝑚𝑐�̈�𝑔 (3.2) 

𝑚𝑖ℎ𝑖(ℎ𝑖�̈� + �̈�𝑖) + 𝑚𝑐ℎ𝑐(ℎ𝑐�̈� + �̈�𝑐) + 𝐼𝑡�̈� + 𝑐𝜙�̇� + 𝑘𝜙𝑇
𝜙 = −(𝑚𝑖ℎ𝑖 + 𝑚𝑐ℎ𝑐)�̈�𝑔 (3.3) 

 439 

The total impulsive 𝑢𝑖𝑇
 and convective 𝑢𝑐𝑇

 displacements are defined by Eqs. (3.4) and (3.5). The 440 

total rotational stiffness 𝑘𝜙 𝑇
 is defined by Eq. (3.6) and is composed by the rotational stiffness of the 441 

soil 𝑘𝜙  and that of the bottom plate 𝑘𝜙𝑏
. For a circular rigid foundation at the surface of a 442 

homogenous soil, the horizontal 𝑘𝑥 and rotational stiffness 𝑘𝜙 are defined by Eqs. (3.7) and (3.8) 443 

[15], respectively. To determine the damping coefficient 𝑐𝜙, the damping ratio of the tank-soil system 444 

𝜉𝜙 is defined by see Eqs. (3.9) and (3.10). The factors 𝛼 depend on the shear wave velocity of the soil 445 

𝑉𝑠  and they are defined in [8]. Similarly, 𝛽𝑥  and 𝛽𝜙  are dimensionless factors for translation and 446 

rocking damping, respectively. 447 

𝑢𝑖𝑇
= ℎ𝑖𝜙 + 𝑢𝑖 (3.4) 

𝑢𝑐𝑇
= ℎ𝑐𝜙 + 𝑢𝑐 (3.5) 

𝑘𝜙 𝑇
=

𝑘𝜙𝑏
∙ 𝑘𝜙

𝑘𝜙𝑏
+ 𝑘𝜙

 (3.6) 

𝑘𝑥 =
8𝐺𝑠𝑟𝛼𝑥

2 − 𝜈𝑠
 (3.7) 

𝑘𝜙 =
8𝐺𝑠𝑟3𝛼𝜙

3(1 − 𝜈𝑠)
 (3.8) 
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𝜉𝜙 = 𝜉𝑠 +
𝜉𝑚

(
𝑇𝑖𝑚𝑝

�̌�𝑖𝑚𝑝

)

3 
(3.9) 

𝜉𝑠 =
2𝜋2𝑚𝑖𝑎

𝑘𝑥�̌�𝑖𝑚𝑝
2  

[
𝛽𝑥

𝛼𝑥
+

𝑘𝑥ℎ𝑖
2𝛽𝜙

𝑘𝜙𝛼𝜙
] (3.10) 

 448 

3.4  Natural frequencies 449 

The impulsive 𝑓𝑖𝑚𝑝  and the convective 𝑓𝑐𝑜𝑛  frequencies of the tank-foundation system were 450 

calculated according to the procedure described by the NZSEE [8] and Malhotra et al. [13], in Eqs. 451 

(3.11) and (3.12), respectively. The convective frequencies for a tank placed on a rigid supporting 452 

medium can be assumed to be equal to a flexible supporting medium. Also, the current guidelines for 453 

tank design do not differentiate between calculating the frequencies of the impulsive and convective 454 

mode of anchored and unanchored tanks [115,116]. Hence, for both anchored and unanchored tanks, 455 

the first frequency of vibration of the impulsive mode 𝑓𝑖𝑚𝑝  for the anchored and unanchored tank on 456 

a rigid supporting medium is calculated using Eq. (3.11) when the denominator is equal to one.  457 

𝑓𝑖𝑚𝑝 =

2𝜋
𝐶𝑖

 
√

𝑡𝑤

𝑟 √𝐸

ℎ√𝜌

√1 +
𝑘𝑓

𝑘𝑥
[
1 + 𝑘𝑥ℎ2

𝑘𝜙 
]

  (3.11) 

𝑓𝑐𝑜𝑛𝑗
=

√𝜆𝑗 tanh (
𝜆𝑗ℎ

𝑟
)

2𝜋√
𝑟
𝑔

 
(3.12) 

 458 

3.5  Maximum stresses 459 

In the case of an anchored tank on a rigid supporting medium, the response spectrum acceleration 460 

𝑆𝑎(𝑇𝑖𝑚𝑝) of each excitation is used to estimate the maximum shear force 𝑄max  and overturning 461 

moment 𝑀max at the section immediately above the base plate by employing Eqs. (3.13) and (3.14), 462 
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respectively. The estimation of the maximum values is obtained by applying the square root of the 463 

sum of squares (SRSS). The values of the assumed rigid, flexible, and convective masses and their 464 

corresponding heights were estimated according to the procedure described in [15,103]. Table 3.2 465 

shows the values for the rigid and flexible masses and their respective heights.  466 

𝑄max = √(𝑚𝑐𝑆𝑎𝑐)2 + (𝑚𝐹𝑆𝑎𝑖)
2 + ((𝑚𝐹 − 𝑚𝑅)�̈�𝑚𝑎𝑥)

2
 (3.13) 

𝑀max = √(𝑚𝑐ℎ𝑐𝑆𝑎𝑐)2 + (𝑚𝐹ℎ𝐹𝑆𝑎𝑖)
2 + ((𝑚𝐹ℎ𝐹 − 𝑚𝑅ℎ𝑅)�̈�max)

2
 (3.14) 

 467 

Table 3.2 Values for the rigid mass 𝑚𝑅, flexbile mass 𝑚𝐹 and heights according to the aspect ratio [15] 468 

ℎ/𝑟 𝑚𝑅/𝑚𝑇 𝑚𝐹/𝑚𝑇 ℎ𝑅/ℎ ℎ𝐹/ℎ  

0.5 0.714 0.482 0.477 0.558 

1 0.886 0.762 0.445 0.498 

1.5 1.026 0.877 0.452 0.512 

2 1.051 0.917 0.45 0.538 

2.5 1.146 0.895 0.455 0.579 

3 1.76 0.868 0.458 0.596 

 469 

In the case of an unanchored tank, the base plate is assumed to consist of an equally divided number 470 

of circle sectors. Each of these sectors is considered to behave like a beam and meet at the centre of 471 

the tank. The resultant force 𝑄edge at the edge of the tank is in equilibrium with the force producing 472 

the bending moment from the tank wall plus the hydrodynamic pressure acting on the base plate 473 

[110]. The maximum axial and hoop stresses are calculated using Eqs. (3.15) and (3.16), respectively. 474 

The product 𝑏 𝑡𝑤 is the tributary area of the tank wall over which the force 𝑄edge is assumed to be 475 

uniformly distributed. 476 

𝜎𝜙 =
𝑄max

𝜋 ℎ 𝑡𝑤
+

𝜈𝑄edge

𝑏𝑡𝑤
 (3.15) 

𝜎𝑥 =
𝑀𝑚𝑎𝑥

𝜋 𝑟2 𝑡𝑤
+

𝑄edge

𝑏𝑡𝑤
 (3.16) 

 477 
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3.6  Maximum sloshing height 478 

The maximum sloshing wave height is required to specify the freeboard, i.e., vertical distance from 479 

the water line to the tank top [117]. The problem of liquid oscillations due to lateral excitations is 480 

highly nonlinear in nature. Hence, an exact solution is practically impossible [118]. It has been shown 481 

that the first sloshing mode is the mode that contributes the most to the maximum sloshing height 482 

[68,71]. Hence, the vertical displacement 𝑆𝑙𝑜𝑠ℎℎ𝑒𝑖𝑔ℎ𝑡 of an arbitrary point at the liquid surface can 483 

be estimated Eq. (3.17), i.e., the hydrodynamic pressure at 𝑥 = ℎ is equal to the weight of the liquid 484 

column above [15,116]. Consequently, the liquid behaviour is assumed to be linear, i.e., the 485 

contribution of chaotic sloshing is not considered.  486 

𝑝(𝑅, 𝜃𝑠, 𝑡)|𝑥=𝐻 = 𝜌𝑤 𝑔 𝑆𝑙𝑜𝑠ℎℎ𝑒𝑖𝑔ℎ𝑡(𝑅, 𝜃𝑠, 𝑡) (3.17) 

 487 

The demonstration of Eq. (3.17) can be seen in Appendix A. It is assumed that the maximum vertical 488 

displacement of the water can be calculated by adding the first two convective modes using SRSS. 489 

Hence, the maximum sloshing height from the at-rest level can be determined by Eq. (3.18) [8]. The 490 

response spectrum acceleration 𝑆𝑎(𝑇𝑖𝑚𝑝) is estimated assuming a damping ratio of 0.5%. In the 491 

calculation, the tank wall flexibility is not considered.  492 

𝑆𝑙𝑜𝑠ℎℎ𝑒𝑖𝑔ℎ𝑡 = 𝑟√[0.84 𝑆𝑎(𝑇𝑐𝑜𝑛1
)]

2
+ [0.07 𝑆𝑎(𝑇𝑐𝑜𝑛2

)]
2
 

(3.18) 

 493 

3.7  Limitations of the spring-mass model 494 

The spring-mass model presented in this chapter is an idealization of the tank response under 495 

earthquake loading. The idealization is based on assumptions of the liquid, tank material and soil 496 

behaviour. Hence, the model has the following limitations: 497 

➢ Only one impulsive and one convective mode are considered to get the maximum tank 498 

response. In the case of the maximum sloshing height, two convective modes are considered.   499 
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➢ The liquid content is incompressible (viscosity remains constant), inviscid (the viscous forces 500 

are small compared to the inertial forces) and irrotational (fluid particles moves in the 501 

direction of the excitation and they do not rotate about their mass centre). The nonlinear 502 

consideration of the spring-mass model refers to the relationship between the bending moment 503 

and the base plate rotational stiffness described in Chapter 4.4.  504 

➢ It is assumed that the tank response (tank wall and base plate) does not go beyond the elastic 505 

limit, i.e., geometrical or material nonlinearities related to the tank are not considered in the 506 

spring-mass model.  507 

➢ The soil response is assumed to be linear elastic.  508 

➢ Breathing vibrations, i.e., vibration in the radial and axial direction of the tank, are not 509 

considered.  510 

➢ Uplift magnitudes are much smaller than the tank radius. 511 

➢ The convective mode response is assumed to be linear, i.e., the breaking wave and chaotic 512 

sloshing are not considered. 513 

➢ It is assumed that uplift does not affect the impulsive and the convective frequencies nor the 514 

maximum sloshing height.  515 

3.8  Summary 516 

A nonlinear elastic spring-mass model used in this thesis has been presented. The model is useful to 517 

analyse the seismic response of tanks in three cases: i) Anchored tank on a rigid supporting medium, 518 

ii) Unanchored tank on a rigid supporting medium and iii) Unanchored tank on a flexible supporting 519 

medium.  Limitations of the model that can lead to disparities between experimental and theoretical 520 

results have been described. 521 

 522 



 Chapter 4  523 

4 Experimental methodology 524 

4.1  Tank model 525 

A cylindrical prototype steel tank of 15 m height and 9 m diameter is represented by a low-density 526 

polyethylene (LDPE) tank of 750 mm height and 450 mm diameter. Table 4.1 shows the properties 527 

of the prototype and model. It is assumed that the tank response remained in the elastic range. Tensile 528 

tests of a strip of the tank wall extracted from the top of the LDPE tank were performed to determine 529 

Young’s modulus and Poisson’s ratio. In each shaking experiment, the measurements of the strain 530 

gauges started and ended with zero values, i.e., no residual deformation was detected in all measured 531 

sections of the tank wall and indicated that the tank wall response remained in the elastic range. The 532 

fundamental period was calculated using Eq. (3.11).  533 

Figure 4.1(a) shows the LPDE tank on an outer steel plate fixed to the shaking table, representing a 534 

rigid supporting medium, i.e., rock. Figure 4.1(b) displays the tank placed on sand contained in a 2 m 535 

cubic laminar box, i.e., a flexible supporting medium representing a soil site. The supporting mediums 536 

lead to three cases: 1) the tank is fixed to the outer steel plate (Anchored case), 2) the tank is merely 537 

standing on the steel plate (Unanchored case), and 3) the tank is freely placed on sand (Flexible case). 538 
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The anchor mechanism is described in Chapter 4.3. The characteristics of the laminar box are 539 

explained in Chapter 4.5. 540 

 

                      

 

(a) Rigid supporting medium (Anchored and 

Unanchored cases) 

(b) Flexible supporting medium (Flexible case) 

Figure 4.1. Physical LDPE model on the two types of supporting mediums 

 541 

Table 4.1. Properties of the LDPE model and steel prototype 542 

Property 

Prototype Model 

Steel LDPE 

Maximum water height* (m) hp = 13.5 hm = 0.675 

Maximum water mass* (𝑘𝑔) mp = 858 835 mm = 107 

Diameter (m) Dp =  9 Dm = 0.45 

Wall thickness (mm) twp
= 9.59 twm

= 4 

Young’s modulus (GPa) Ep = 206.8 Em = 1.115 

Poisson’s ratio (–) νp = 0.3 νm = 0.41 

First impulsive period of vibration* (s) Tp = 0.143 Tm = 0.034 

*Note: For the maximum water height, ℎ/𝑟 = 3 543 

 544 

The tank can be modelled as a single degree-of-freedom (SDOF) system, as initiated by Housner [12], 545 

and refined by Malhotra et al. [13] and Veletsos et al.[119]. The Buckingham 𝜋 theorem [120] along 546 

with the Cauchy number [121] are employed to meet the similitude requirements. For the tank-water 547 

SDOF system, the Cauchy number is defined by the ratio of inertia force 𝐹𝑖𝑛 to restoring elastic force 548 

𝐹𝑒, as presented in Eq. (4.1). In this case, 𝑚𝑖 is the mass of the SDOF system, i.e., impulse mass, �̈�𝑖 549 
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is the impulsive acceleration, 𝑘𝑖 is the impulsive lateral stiffness of the SDOF system, and 𝑢𝑖 is the 550 

impulsive horizontal deflection. 551 

𝜋1 =
𝐹𝑖

𝐹𝑒
=

𝑚𝑖 ∙ �̈�𝑖

𝑘𝑖 ∙ 𝑢𝑖
 

(4.1) 

 552 

The three fundamental independent dimensions used in the analysis are: 𝑁𝑚 – mass, 𝑁𝐿 – length, and 553 

𝑁𝑡  – time. The length scale factor 𝑁𝐿 , given by the ratio of tank radii (prototype/model), also 554 

determines the mass scale factor 𝑁𝑚 because the model and prototype store the same liquid, i.e., 555 

water. The stiffness scale factor 𝑁𝑘 is defined by the mechanical properties of the tank, which depends 556 

on the similitude between 𝑁𝑚, acceleration 𝑁𝑎 and 𝑁𝐿. The dimension of the acceleration scale factor 557 

𝑁𝑎 is determined from 𝑁𝐿 and 𝑁𝑡
2. The time scale factor 𝑁𝑡 is defined by the ratio of the period of 558 

vibration of the impulsive mode 𝑇𝑖𝑝
 of the prototype to that of the model 𝑇𝑖𝑚

. Table 4.2 shows the 559 

scale factors for the experiment. An investigation of a thinner LDPE tank wall of 3 mm was carried 560 

out. However, an unstable dynamic behaviour was observed due to the flexibility of the very thin 561 

wall. The spatially varying time-dependent nonlinearity over the liquid surface is too complex to be 562 

considered using the similitude law. In the case of sloshing, the liquid will not only be accelerated in 563 

all directions, but also randomly partitioning and becoming gas infused liquid with sloshing. 564 

Consequently, it is decided to accept the dissimilarity with respect to the acceleration due to gravity 565 

and the development of sloshing. Satisfying all the similitude requirements in a rigorous manner is 566 

unarchivable task in current state of knowledge. 567 

Table 4.2. Scale factors of the experiment 568 

Physical quantity Similitude Scale factor 

Length (NL) NL = rp/rm 20 

Time (Nt) Nt = TP/Tm 4.2 

Mass (Nm) Nm = mp/mm 8000 

Stiffness (Nk) Nk = Nm ∙ Na/NL 452 

Stress (Ns) Ns = Nm ∙ Na/NL
2 22.6 

Acceleration (Na) Na = NL/Nt
2 1.13 
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4.2  Instrumentation 569 

Due to the material properties limitations, the thickness of the tank wall could not be less than 4 mm 570 

keeping the same diameter and height. Satisfying all the similarity requirements in a rigorous manner 571 

is an uncertainty involved in small scale laboratory studies. However, as a rule of thumb, the wall of 572 

a storage tank (shell structure) can be classified as thick if 𝑡𝑤/𝑟 > 0.05, or thin if 𝑡𝑤/𝑟 ≤ 0.05 [122]. 573 

In this work, both the model and prototype are thin-walled tanks, i.e., twm
/rm < 0.05 and twp

/rp <574 

0.05. A useful simplification for thin-walled tanks is that hoop and axial stresses can be assumed to 575 

be uniformly distributed across the wall thickness, i.e., the axial and circumferential strain of the inner 576 

and outer face are assumed the same for the same elevation. The simplification is justifiable because 577 

the contribution of shear strain is neglectable [123]. Hence, two columns of strain gauges were 578 

attached to the external face of the tank wall, as shown in Figure 4.2. The columns were co-linear 579 

with the shake table motion (0° and 180°). Each column had eight strain gauges for recording hoop 580 

strain 𝜖𝜙 and eight for measuring axial strain 𝜖𝑥. Following thin shell theory, hoop 𝜎𝜙 and axial 𝜎𝑥 581 

stresses on the middle surface of the tank wall can be calculated by employing Eqs. (4.2) and (4.3), 582 

respectively [123]. 583 

𝜎𝜙 =
𝐸

1 − 𝜈2
(𝜖𝜙 + 𝜈𝜖𝑥) 

(4.2) 

𝜎𝑥 =
𝐸

1 − 𝜈2
(𝜖𝑥 + 𝜈𝜖𝜙) 

(4.3) 

 584 

Two vertical laser transducers were placed next to the tank pointing vertically to small plastic pieces 585 

attached to the tank wall to measure uplift, shown in Figure 4.2. Due to the physical location of the 586 

plastic plates, i.e., at 150 mm from the tank base, the laser transducer may record positive and negative 587 

values. A negative value does not mean that the tank is penetrating the steel plate or sinking in the 588 

sand. It means that the horizontally attached plastic piece went downwards due to tank rotation. Two 589 

additional lasers transducers were aiming at the top of the tank, as shown in Figure 4.2. Two 590 

accelerometers were attached to the top of the tank above the columns of strain gauges. An 591 
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accelerometer was placed on the steel plate and one on the shake table to measure the actual input 592 

acceleration. The data acquisition software recorded data from all the instruments. Sandpaper was 593 

attached to the base plate of the tank to eliminate the possibility of tank sliding. 594 

The LDPE model tank was filled with water to form six aspect ratios, i.e., ℎ/𝑟 = 0.5, 1, 1.5, 2, 2.5, 595 

and 3, corresponding to water levels of 113, 225, 338, 450, 563 and 675 mm, respectively. Table 596 

4.3 shows the values of the masses and heights according to Table 3.1 and Table 3.2 for the considered 597 

aspect ratios. A flexible ruler is attached to the inner tank wall aligned with the direction of the 598 

excitation, i.e., 0° and 180° azimuths, to measure an approximation of the maximum sloshing height 599 

by the two cameras located above the tank, as shown in Figure 4.2. A thin plastic sheet covered the 600 

top of the tank to avoid any water loss during the shaking. However, the plastic cover was flexible 601 

enough to allow virtually free displacement at the top of the tank. 602 

 603 

Figure 4.2. Measurement locations: accelerometers, laser transducers, strain gauges and cameras 604 

 605 

Table 4.3. Values of masses and height for the spring-mass model and the considered aspect ratios of the LDPE tank 606 

ℎ/𝑟 𝑚𝑖 𝑚𝑐 ℎ𝑖 ℎ𝑐 𝑚𝑅 𝑚𝐹 ℎ𝑅 ℎ𝐹 

0.5 5.37 12.52 0.05 0.06 12.78 8.62 0.05 0.06 

1 19.61 16.71 0.09 0.14 31.71 27.27 0.10 0.11 

1.5 36.82 16.85 0.15 0.23 55.07 47.07 0.15 0.17 

2 54.61 16.96 0.20 0.34 75.22 65.63 0.20 0.24 

2.5 72.46 17.00 0.25 0.45 102.52 80.07 0.26 0.33 

3 90.39 16.96 0.31 0.56 188.94 93.18 0.31 0.40 

 607 
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4.3  Anchor mechanism 608 

In the Anchored case, the LDPE model tank was fixed to an outer steel plate of 25 mm thickness by 609 

eight M8 bolts. Figure 4.3 shows the bolts distributed circumferentially near the edge of the tank wall. 610 

The outer steel plate was also fixed to the shake table by four M20 bolts, see Figure 4.3(a). An 611 

additional round steel plate of 3 mm thickness was located inside the tank without touching the tank 612 

wall to maintain an anchored condition and avoid damage to the base of the LDPE tank due to the 613 

M8 bolts, see Figure 4.3(b). In the Unanchored case, the tank is placed directly on the outer steel 614 

plate.  615 

4.4  Rotational stiffness  616 

Experimental push-over tests were performed to obtain the 𝑀 − 𝜙 relationship of the tank-water 617 

system [45,46]. The tank was pushed horizontally at the top by an actuator aligned with 0° and 180° 618 

azimuths. The strain gauges at 20 mm from the tank base in 0° and 180° azimuths were calibrated to 619 

enable calculations of the overturning moment. The laser transducers recorded uplift for 620 

determination of base rotation. The push-over test was repeated three times for each aspect ratio, and 621 

the mean values are shown in Figure 4.4, for the tank water-system with the six aspect ratios 622 

considered. The stiffness 𝑘𝜙  increases with the aspect ratio due to the weight of the liquid. No 623 

hysteretic behaviour from plastic deformation is noted, i.e., the load-deformation relationship is 624 

nonlinear elastic. 625 

 

 

(a) Frontal view (b) Top view 

Figure 4.3. Anchor mechanism for the LDPE tank, units in mm 
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4.5   Laminar box 626 

Figure 4.5 shows the  2 m  cubic laminar box used to simulate the earthquake-induced shear 627 

deformation of the sand as a result of seismic action, i.e., the laminar box employs flexible boundaries 628 

in the direction of motion. The laminar box had 30 aluminium layers with a maximum displacement 629 

of 175 mm each [124], aligned with the motion direction of the shake table. The dimensions of the 630 

laminar box compared to the model in the centre of the box provide a zone of significant separation, 631 

which enables attenuation of the transmitted and reflected waves. Hence, much less wave reflection 632 

from the boundaries can be anticipated, significantly reducing the disturbance of the tank from 633 

  

(a) ℎ/𝑟 = 0.5 (b) ℎ/𝑟 = 1.0 

  
(c) ℎ/𝑟 = 1.5 (d) ℎ/𝑟 = 2.0 

  

(e) ℎ/𝑟 = 2.5 (f) ℎ/𝑟 = 3.0 

Figure 4.4. Relationship between overturning moment and rotation of the tank base plate  
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reflected waves. The box is filled to a height of 1 m  with sand with an average dry density 634 

of 1.44 t/m3 from the Waikato River in New Zealand, see Figure 4.5(b). Table 4.4 shows further 635 

characteristics of the sand. After the manual filling and scattering, the sand was preconditioned into 636 

a dense state by successive white noise until no further settlement was measured by a laser transducer. 637 

One accelerometer was buried 50 mm below the sand surface next to the tank base to measure the 638 

acceleration on the sand surface. 639 

Table 4.4. Sand characteristics  640 

Parameter Value 

Dry density (kg/m3) 1440 

Void ratio 0.69 

Relative density 𝐷𝑟 (%) 0.56 

Specific gravity 2.64 

Minimum void ratio 0.55 

Maximum void ratio 0.78 

 641 

The shear wave velocity was measured at the beginning of each experiment by performing an impulse 642 

test to ascertain the shear stiffness of the sand. Figure 4.6 shows the set-up and the recorded 643 

accelerations. A circular steel plate was placed on the sand surface and hit by a hammer. The impact 644 

produces a downward travelling shear wave that was recorded by two accelerometers with a distance 645 

of 300 mm apart. The average shear wave velocity 𝑉𝑠 is estimated by dividing the travel distance Δ𝐿 646 

 

 

(a) Lateral view of the laminar box (b) Sand surface 

Figure 4.5. Laminar box with sand 
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by the travel time Δ𝑡. From Figure 4.6, the travel time is Δ𝑡 = 1.5422 − 1.5408 = 0.0014. The 647 

estimated mean velocity is 𝑉𝑆 = 214 m/s. 648 

An empirical method to estimate the shear wave velocity is by Eq. (4.4) [125] 649 

𝑉𝑠 = √
𝐷𝑟  +  25

100
√0.422 ×  106 (𝜎𝑚

′ )
1
2

𝜌𝑠
 

(4.4) 

 650 

The mean stresses may be estimated by elastic solutions for a uniform surface circular stress, in this 651 

case,  450 kg/m2 . The mean stresses are 𝜎𝑚
′

50
= 447 Pa and  𝜎𝑚

′
350

= 191 Pa. Hence, the shear 652 

wave velocity at 50 mm and 350 mm are 𝑉𝑠50
= 221 m/s and 𝑉𝑠350

= 178 m/s, respectively. The 653 

mean shear velocity is, therefore, 𝑉𝑠𝑚
= 199 m/s. The estimated mean shear wave velocity is similar 654 

to the result obtained experimentally.  655 

 656 

Figure 4.6. Impulse test set-up to determine the shear wave velocity of the sand and the recorded accelerations, units in 657 
mm 658 

 659 

The sand is assumed to behave elastically during the tests, and the Poisson’s ratio is assumed to be 660 

νs = 1/3 [8]. The effective damping ratio is assumed to be equal to that of the tank on an elastic 661 

foundation with a material damping ratio 𝜉𝑚 = 6% for a soil with the measured shear wave velocity 662 
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[8]. The shake table platform is 3.6 m long and 2.4 m wide with a maximum horizontal displacement 663 

of ± 200 mm . The maximum actuator force is 262 kN  operating at the maximum velocity of 664 

0.276 m/s [126].  665 

4.6  Floating lid 666 

Figure 4.7 displays a flexible floating lid made of high-density foam (HDF) of 442 mm diameter and 667 

10 mm thickness. The lid was placed on the free-liquid surface to impede chaotic sloshing during the 668 

shaking. The lid is in contact with the inner wall tank but its contribution to the lateral stiffness is 669 

neglectable. The lid density is small compared to that of the water. The lid is used in Chapters 6 and 670 

7 to address the contribution of sloshing to wall strain and stress development.  671 

 672 

Figure 4.7. Floating flexible lid of high-density foam 673 

 674 

4.7  Summary 675 

The objective of this chapter was to present the experimental methodology for the seismic analysis 676 

of liquid storage tanks. A low-density polyethylene model scaled 1:20 is used to represent a prototype 677 

steel tank. The tank was instrumented with strain gauges, accelerometers and laser transducers. 678 

Additionally, two cameras placed above the tank recorded the sloshing behaviour. To simulate a rigid 679 

supporting medium, the model was placed on a rigid steel plate fixed to the shake table. A laminar 680 

box with sand is utilised to simulate the effects of soil-structure interaction, i.e., a flexible supporting 681 

medium. To restrict chaotic sloshing, a floating lid made of high-density foam was displayed.  682 



 Chapter 5  683 

5 Effects of excitation frequency on the dynamic tank 684 

response 685 

The objective of this chapter is to determine the relationship between the frequency content 686 

and the development of hoop and axial stresses in the LDPE tank wall. This is accomplished 687 

by using time histories and their associated spectrograms. A spectrogram reflects the 688 

frequency content of a signal in a moving short-time window. This graphical medium 689 

enables a visualization of the frequencies involved in the development of stress in the tank 690 

wall. Three supporting base cases are considered: 1) Anchored tank on a rigid supporting 691 

medium (Anchored case), 2) Unanchored tank on a rigid supporting medium (Unanchored 692 

case) and 3) Unanchored tank on a flexible supporting medium (Flexible case). The 693 

maximum stresses obtained from the experiments are then employed to evaluate the 694 

adequacy of the nonlinear spring-mass model for the dynamic analysis of liquid storage 695 

tanks.  696 
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5.1  Excitations 697 

5.1.1 Sine excitations 698 

A series of eight harmonic excitations, each with an initial zero velocity, i.e., a sine 699 

displacement, were generated by the shake table. The duration of each sine excitation was 700 

50 cycles to ensure that a close approximation to the generic steady-state response of the 701 

tank–water system was achieved. To further limit the number of factors with the potential 702 

to affect the tank-water system response, a constant acceleration amplitude of 3 mm/s2 for 703 

all excitations was selected. The excitations had frequencies of (0.6 Hz − 2 Hz), which 704 

covers the first convective frequency of the LDPE model for all the aspect ratios. Table 5.1 705 

displays the properties of the sine excitations.  706 

Table 5.1. Properties of the applied sine waves 707 

# sine wave Frequency 

(Hz) 

Amplitude 

(mm) 

Acceleration 

(mm/s2) 

1 0.6 8.33 

3.0 

2 0.8 4.69 

3 1.0 3.00 

4 1.2 2.08 

5 1.4 1.53 

6 1.6 1.17 

7 1.8 0.93 

8 2.0 0.75 

 708 

5.1.2 Ricker wavelets 709 

Ricker wavelets have been used to study the seismic response of storage tanks [51,53]. Two 710 

sets of Ricker wavelets were employed to assess the influence of low and high dominant–711 

frequency excitations on the development of wall stress. The low dominant–frequency 712 

excitations had frequencies in the vicinity of the first free–vibration frequency of the tank–713 

water system (1.4 Hz).  In contrast, the high dominant–frequency excitations had 714 
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frequencies higher than the first free–vibration frequency of the tank–water system 715 

(4.9 Hz). The low frequency excitations were the driver that first produces a zone of planar 716 

response, progressing to nonplanar response and finally developing into chaotic sloshing. 717 

The high frequency excitations activated only nonplanar sloshing response. The free-718 

vibration frequencies of the tank-water system, identified above, are discussed in the 719 

Chapter 5.2. 720 

Eq. (5.1) is the mathematical definition of a Ricker wavelet. However, because the initial 721 

and final movements of the shake table must be performed smoothly, i.e., rapid change in 722 

velocity is not desirable, Ricker wavelets are then contracted by the continuous one-723 

dimension wavelet transform defined by Eq. (5.2), which essentially provides a smooth 724 

ramp of amplification and attenuation. The correlation between the original wavelet and 725 

the modified wavelet is defined as the integral of their product [127]. 726 

𝑓(𝑡) = (1 − 2𝜋2𝑓𝑀
2𝑡2) exp(−𝜋2𝑓𝑀

2𝑡2) (5.1) 

𝐶(𝐴, 𝜏) = ∫
1

√𝐴
Ψ (

𝑡 − 𝜏

𝐴
) 𝑓(𝑡)𝑑𝑡  (5.2) 

 727 

Figure 5.1 shows the theoretical Ricker wavelets and the modified wavelets due to the one-728 

dimensional wavelet transform. The waveforms in Figure 5.1 are those with the maximum 729 

acceleration of the set of five Ricker modified wavelets for low and high dominant–730 

frequency excitations. Figure 5.2 displays the whole group of waveforms for low and high 731 

dominant frequencies. The excitation with the lowest acceleration amplitude of 0.04 m/s2 732 

is known as Scale one (Sc1); the second excitation (Sc2) doubles the amplitude of Sc1; the 733 

third excitation (Sc3) is threefold the amplitude of Sc1. The remaining two, i.e., Sc4 and 734 

Sc5, scale correspondingly. Figure 5.2(c) and (d) show that the dominant frequency of each 735 

excitation remains the same, but the maximum acceleration of each subsequent excitation 736 
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is increased. In Figure 5.2(c), the highest Fourier amplitude is related to a frequency of 737 

1.4 Hz (vertical solid line). In the case of high dominant–frequency excitations in Figure 738 

5.2(d), the highest Fourier amplitude corresponds to a frequency of 4.9 Hz. 739 

 740 

  

(a) Low dominant–frequency Ricker wavelet (b)  High dominant–frequency Ricker wavelet 

Figure 5.1. Ricker and modified wavelets employed for the maximum acceleration of the set of five, Sc5 

  

(a) Low dominant–frequency Ricker wavelets (b)  High dominant–frequency Ricker wavelets  

  

(c)    Low dominant–frequency Ricker wavelet  (d)  High dominant–frequency Richer wavelet  

Figure 5.2. Employed Ricker wavelets. (a)(b) Time history and (c)(d) their corresponding Fourier 

amplitude 
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5.2  Free-vibration frequencies of the tank-water system 741 

The experimental free-vibration frequencies of the LDPE tank–water system were 742 

determined by a pulse test. The shake table was displaced 20 mm in 1/100 s and abruptly 743 

held in that position. The sharp and rapid single pulse produced a high acceleration of the 744 

tank–water system and caused a subsequent free vibration. The Fast Fourier Transform 745 

(FFT) was applied to the time history records of the 32 strain gauges during the free 746 

vibration. As an example, Figure 5.3 shows the Power Spectral Density (PSD) of four 747 

circumferential strain gauges, located at the top and the bottom for each azimuth for a tank 748 

with ℎ/𝑟 = 2  and normalized by the corresponding maximum intensity. The five 749 

frequencies at the peaks of the PSD are shown in Figure 5.3 and in Table 5.2. They are the 750 

free-vibration frequencies in the Unanchored case for the considered aspect ratio, because 751 

these PSD peaks occur at all 32 measurement locations. In addition to those five peaks, 752 

other frequencies also appear, but not at all measurement locations.  753 

 754 

Figure 5.3. Normalised Power Spectral Density of four strain gauges during the LDPE tank free vibration, 755 
Unanchored case and ℎ/𝑟 = 2 756 

 757 

Table 5.2 shows the free-vibration frequencies of the tank-water system in the Anchored, 758 

the Unanchored, and the Flexible cases. The results show that in the case of ℎ/𝑟 > 1.5, the 759 

first three (3) frequencies do not significantly change, while a bigger scatter appears for 760 
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higher frequencies. This suggests that for a high aspect ratio, the free–vibration frequencies 761 

are less dependent on the water level. The theory establishes that beyond a certain threshold 762 

of the water level, which is a function of the aspect ratio, the magnitude of all the convective 763 

frequencies does not change, e.g., [8,10]. Hence, it is likely that the first three frequencies 764 

correspond to the convective mode. In contrast, both the fourth and the fifth frequencies 765 

vary according to the flexibility of the supporting medium, and they decrease as the aspect 766 

ratio increases. Those frequencies may correspond to the impulsive mode.  767 

A relevant discrepancy between frequencies in the Unanchored and Flexible cases occurs 768 

when ℎ/𝑟 ≤ 1.5, i.e., frequencies #2 and #3. According to Veletsos and Tang [82], for 769 

tanks with low aspect ratios, i.e.,  ℎ/𝑟 ≤ 1.5, SSI affects in a higher degree the impulsive 770 

frequencies than that for tanks with ℎ/𝑟 > 1.5. However, the free-vibration frequencies 771 

should decrease as the flexibility of the supporting base decreases [84]. Hence, the 772 

frequencies in the Flexible case may correspond to higher vibration modes, i.e., breathing 773 

vibrations, due to the unrestrained base and top of the tank as well as the differences 774 

between the tank stiffness and sand.  775 

Table 5.2. Experimentally determined free–vibration frequencies of the tank-water system in Hz 776 

 Anchored  Unanchored  Flexible 

# 1 2 3 4 5  1 2 3 4 5  1 2 3 4 5 

ℎ/𝑟                  

0.5 1.2 2.8 15.4 48.8 64.2  1.2 7.7 15.3 20 24.5  1.2 8.3 12.9 18.1 20.4 

1 1.4 1.9 2.8 15.5 51.0  1.4 1.9 2.7 8.1 17.3  1.4 4.0 8.0 12 16.7 

1.5 1.4 1.9 2.8 15.7 33.5  1.4 1.9 2.8 7.2 14.9  1.4 1.9 2.9 8.0 14.2 

2 1.4 1.9 2.8 15.7 31.6  1.4 1.9 2.8 7.7 12.1  1.4 1.9 2.9 6.5 9.1 

2.5 1.5 1.9 2.8 17.2 30.3  1.4 1.9 2.8 9.7 15.4  1.4 1.8 2.9 6.0 9.4 

3 1.5 1.9 2.8 16.6 30.8  1.4 1.9 2.8 10.3 15.6  1.4 1.9 2.9 5.9 9.3 

 777 

Table 5.3 shows the first impulsive 𝑓𝑖𝑚𝑝  and the first and second convective 𝑓𝑐𝑜𝑛 778 

frequencies of the tank water-system calculated using Eqs. (3.11) and (3.12). The impulsive 779 



Diego Iván Hernández-Hernández  

 

42 

 

frequencies decrease significantly as the aspect ratio increases and they are slightly affected 780 

by the flexibility of the supporting medium. Comparing Tables 5.2 and 5.3, the first and 781 

third free-vibration frequencies correspond to the first and second convective modes, 782 

respectively. It can be inferred that the second free-vibration frequency also corresponds to 783 

the convective mode. In the Anchored case, when ℎ/𝑟 = 3, frequency #5 (30.8 Hz) is 784 

close to the theoretical impulsive frequency of 29.67 Hz. However, for the rest of the aspect 785 

ratios, the impulsive frequencies could not be identified during the tank free vibration, i.e., 786 

the free-vibration of the tank-water system was not strong enough to allow the instruments 787 

to record impulsive frequencies for a perceptible time. 788 

Table 5.3. Theoretically determined frequencies of the tank-water system in Hz 789 

 Anchored and Unanchored   Flexible 

ℎ/𝑟 𝑓𝑖𝑚𝑝 𝑓𝑐𝑜𝑛1
 𝑓𝑐𝑜𝑛2

   𝑓𝑖𝑚𝑝 𝑓𝑐𝑜𝑛1
 𝑓𝑐𝑜𝑛2

 

0.5 161.69 1.21 2.41   161.18 1.22 2.41 

1.0 98.39 1.39 2.43   97.46 1.40 2.43 

1.5 68.83 1.42 2.43   67.53 1.43 2.43 

2.0 50.38 1.42 2.43   48.90 1.43 2.43 

2.5 38.15 1.42 2.43   36.67 1.43 2.43 

3.0 29.67 1.42 2.43   28.36 1.43 2.43 

 790 

5.3  Anchored case 791 

5.3.1 Response to sine excitations 792 

To assess the relationship between the sine excitation frequency and wall stress 793 

development, an aspect ratio of ℎ/𝑟 = 2 , under a sine excitation with a frequency of 794 

1.4 Hz , is selected as an example. The excitation is chosen because it causes the highest 795 

hoop stress for that aspect ratio. The aspect ratio is selected because there is enough space 796 

above the water line for sloshing to develop freely without impacting the plastic cover. 797 



Effects of excitation frequency on the dynamic tank response 

 

- 43 - 

 

Figure 5.4 shows the time history of the hoop stress 𝜎𝜙 and the shake table acceleration 798 

𝐴ST. The hoop stress is determined by Eq. (4.2) using both hoop and axial strain records 799 

located 50 mm above the tank base. The accelerometer on the outer steel plate records the 800 

input acceleration, see Figure 4.2. Figure 5.4 shows that 𝐴ST has a small amplitude of 801 

approximately ± 3 mm/s2 during the experiment. Since the frequency of the excitation 802 

(1.4 Hz) is remarkably close to the first frequency of the tank–water system (1.44 Hz), 803 

rotary sloshing, i.e., rotation of the liquid, occurs. The rotation occurs because the water 804 

accumulates energy due to a narrow band horizontal harmonic excitation, i.e., ± 5% of the 805 

first free-vibration frequency, that leads to a breaking wave. At this stage, chaotic sloshing 806 

may take over, increasing both hoop and axial strains in the tank wall and the acceleration 807 

in the horizontal direction perpendicular to the excitation direction [79,128]. The causes 808 

and consequences of rotary sloshing are further explained in Chapter 6. The maximum hoop 809 

stress (23 kPa) occurs in the first rotary cycle of the response, as indicated by an arrow. 810 

When t ≈ 28 s and ≈ 38 s, the hoop stress development decreases significantly, shown 811 

circled in the figure, caused by a change in the direction of the water rotation. 812 

Figure 5.5 shows the spectrograms of the hoop stress at 50 mm from the base of the tank 813 

with an aspect ratio ℎ/𝑟 = 2, for excitation frequencies of 0.6 Hz, 1.4 Hz, and 2 Hz. A 814 

spectrogram is the short-term time-localised frequency content of the chosen time history, 815 

computed using the PSD, which is a short-time Fast Fourier Transform (S-T FFT). The 816 

colour band at the right vertical axis indicates the PSD intensity in dB/Hz. Since the dB 817 

scale is logarithmic, a lower negative number indicates lower intensity. To enable a clear 818 

interpretation, hoop stress is considered because its magnitude is higher than the 819 

corresponding axial stress.  820 
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  821 

Figure 5.4 Time history of the shake table acceleration 𝐴ST and the hoop stress 𝜎𝜙 near the base of the tank 822 
with an aspect ratio ℎ/𝑟 = 2  due to a sine excitation of 1.4 Hz  823 

 824 

Figures 5.5(a), (c) and (e) show during the entire excitation period the same excitation 825 

frequency of 0.6 Hz, 1.4 Hz, and 2 Hz, respectively. In contrast, Figures 5.5(b), (d) and (f) 826 

display the corresponding hoop stress. Figure 5.5(b) shows a widespread collection of 827 

frequencies over the time window, with two strong frequencies around 0.6 Hz, and 1.4 Hz. 828 

The activation of a wide bandwidth of frequencies, displaying the activated higher modes 829 

(breathing vibrations) of the tank-water system, is caused by the excitation and the 830 

interaction between the water and the boundaries. Figure 5.5(d) exhibits two notable and 831 

intermittent response frequencies of approximately 1.4 Hz, and  2.8 Hz. Table 5.2 shows 832 

these frequencies correspond to the first and second free–vibration frequencies of the tank–833 

water system, respectively. The excitation also activates a widespread group of frequencies 834 

similar to those in Figure 5.5(b). Figure 5.5(f) displays that the highest amplitude of the 835 

spectrogram is associated with the frequency of 2 Hz. The spectrogram also shows standout 836 

intensities for frequencies between 10 Hz  and 15 Hz . The amplitude of the above 837 

frequency band is higher than those shown in Figures 5.5(b) and (d). Hence, the 838 

contribution of other frequencies (in addition to that of the excitation) to the stress 839 

development increases with excitation frequency. 840 
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 841 

5.3.1.1 Maximum tank wall stresses 842 

Figure 5.6 displays the relationship between the excitation frequency and the stress 843 

development for all aspect ratios considered. The maximum absolute magnitudes of both 844 

the hoop σϕ  and axial σx  stresses were extracted from the time history records. The 845 

maximum stresses occur at 50 mm from the tank base for all the excitations. The prominent 846 

peaks of the maximum hoop stress for each aspect ratio shown in Figure 5.6(a) are a 847 

 

  .

 

(a) 𝑓 = 0.6 𝐻𝑧 
(b) 𝜎𝜙 due to the excitation with a frequency of 

0.6 𝐻𝑧 

  

(c) 𝑓 = 1.4 𝐻𝑧 
(d) 𝜎𝜙 due to the excitation with a frequency of 

1.4 𝐻𝑧 

  

(e) 𝑓 = 2 𝐻𝑧 (f) 𝜎𝜙 due to the excitation with a frequency of 2 𝐻𝑧 

Figure 5.5 Relationship between the sine excitation frequency and the development of hoop stress, 

Anchored case 
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consequence of the coincidence of the first free–vibration frequency of the tank–water 848 

system with the excitation frequency. For ℎ/𝑟 = 0.5, the highest maximum hoop stress 849 

occurs when the excitation has a frequency of 1.2 Hz, see the circular dot in Figure 5.6(a). 850 

In contrast, for ℎ/𝑟 > 0.5, the largest maximum hoop stress occurs when the sine excitation 851 

has a frequency of  1.4 Hz . In this case, the magnitude of hoop stress increases with 852 

increasing aspect ratio. 853 

Considering the maximum axial stress σ𝑥, Figure 5.6(b) shows the aspect ratio of 2.5 yields 854 

the highest magnitude of stress for all aspect ratios at the excitation frequency of 1.4 Hz. 855 

The axial stress for ℎ/𝑟 = 2.5 (27.8 kPa) is 12% higher than that for ℎ/𝑟 = 3 (24.7 kPa). 856 

This is because, for ℎ/𝑟 =  3, the occurrence of nonplanar sloshing is interrupted when the 857 

sloshing impacted the plastic cover. In contrast, for  ℎ/𝑟 = 2.5 , the vertical distance 858 

between the water surface and the top of the tank is large enough that sloshing can develop 859 

freely. The plastic cover used in these experiments approximately simulates a cover on the 860 

prototype steel tank. However, the experiments were intentionally designed such that there 861 

is no constraint of the circular cross-section of the tank top. The motivation of this was to 862 

limit the number of variables involved in the experiments. 863 

The results indicate that the occurrence of nonplanar sloshing increases the development of 864 

axial stress considerably. When the tank experiences only planar sloshing, i.e., when the 865 

sine frequency is different to 1.2 H𝑧 and 1.4 Hz, the highest aspect ratio, ℎ/𝑟 = 3 yields 866 

the highest axial stress. Hence, if nonplanar or chaotic sloshing occurs, the contribution of 867 

sloshing to the development of both hoop and axial stress is significant. 868 
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5.3.2 Response to Ricker wavelet excitations 869 

5.3.2.1 Low dominant-frequency excitations 870 

Figure 5.7 shows the time history of both the acceleration of the shaking table 𝐴ST and the 871 

hoop stress 𝜎𝜙
𝐿 , due to low dominant–frequency excitation Sc5 when the tank has an aspect 872 

ratio of 2. Figure 5.7(a) shows the effects of both the excitation, when 0 s ≤ 𝑡 ≤ 5 s, and 873 

chaotic sloshing when 𝑡 > 5 𝑠  on the development of hoop stress. Figure 5.7(b) is an 874 

enlargement of the time window 0 s ≤ 𝑡 ≤ 6 s. 875 

Two key points are observable from Figure 5.7(a). Firstly, using the logarithmic decrement 876 

expression, the damping ratio of the tank-water system during free vibration is relatively 877 

small, i.e., 𝜉 = ln (𝜎𝜙
𝐿

𝑛
/𝜎𝜙

𝐿

𝑛+1
)/(2𝜋𝑛) = 0.9%, where 𝜎𝜙

𝐿

𝑛
 is the hoop stress at which the 878 

nth peak occurs. This damping ratio differs from the spring-mass model assumed for the 879 

convective mode, i.e., 0.5% [13]. Secondly, considering the hoop stress when 𝑡 > 5 s, it 880 

can be inferred that wave mixing is occurring, which suggests that chaotic sloshing occurs. 881 

  

(a) Maximum hoop stress (b) Maximum axial stress 

Figure 5.6  Effect of the sinusoidal excitation on the maximum stresses in the Anchored case 
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Figure 5.7(b) exhibits a delay of 0.25 of a second between the development of cyclic hoop 882 

stress and the acceleration of the shake table. The delay is attributed to the transition to 883 

cyclic sloshing behaviour. Initially, the hoop stress and the shake table acceleration are 884 

anti-phase, followed by a transition that leads into a short period of phase alignment before 885 

the forcing excitation ceases. Figure 5.8 shows the evolution of the sloshing from planar to 886 

chaotic when the tank has an aspect ratio of two, subjected to a low dominant–frequency 887 

Ricker wavelet Sc5. For all aspect ratios, under low dominant–frequency excitations, 888 

sloshing starts as planar, then evolves into nonplanar, which may transition into chaotic 889 

behaviour during the duration of the experiment. The time span for transforming sloshing 890 

depends on the maximum amplitude of acceleration of the Ricker wavelet excitation. The 891 

maximum sloshing height occurs an instant before the wave breaks, i.e., when the energy 892 

in the water is a maximum, see Figure 5.8(b). Figure 5.8(c) shows chaotic sloshing after 893 

the breaking of the wave. Note that the maximum sloshing height does not continue to be 894 

aligned with the direction of the excitation, as given by the measuring tape attached to the 895 

inner side of the tank wall. Because sloshing is still active after the passage of the excitation, 896 

i.e., 𝑡 > 4.5 s , sloshing may be said to dominate the tank response. In this case, the 897 

maximum hoop stress produced by sloshing after the excitation, i.e., −22 kPa, is higher 898 

than that produced during the excitation (+20 kPa), both are indicated by arrows in Figure 899 

  

(a)    Time window 𝑡 = [0 − 15] 𝑠 (b)  Time window 𝑡 = [0 − 6] 𝑠 

Figure 5.7 Effect of low dominant-frequency excitation Sc 5 on the hoop stress when ℎ/𝑟 = 2 
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5.7(b). The results are evidence that the contribution of sloshing to the tank response can 900 

be substantial after the passage of the excitation, i.e., during the tank-free vibration. 901 

 902 
To aid visualization of the relationship between low dominant–frequency excitations and 903 

the development of hoop stress, Figure 5.9 shows the spectrograms of the time history of 904 

hoop stress 𝜎𝜙
𝐻 . Figures 5.9(a) and (b) refer to the Ricker wavelet with the lowest 905 

acceleration 𝐴max = 0.04 m/s2 of the set of five, i.e., Sc1, whereas Figures 5.9(c) and (d) 906 

correspond to the excitations with the highest acceleration 𝐴max = 0.2 m/s2, i.e., Sc5. In 907 

both cases, the data is extracted when the tank has an aspect ratio ℎ/𝑟 = 2. 908 

Figures 5.9(a) and (c) clearly show the excitation frequency at 1.4 Hz . However, the 909 

corresponding hoop stress presents a more complex behaviour. The development of stress 910 

for the Ricker wavelet Sc1 in Figure 5.9(b) shows a dominant frequency of 1.4 Hz and a 911 

widespread collection of frequencies over the central domain of the time window, some of 912 

which last for the duration of the excitation, i.e., 0 ≤ t ≤ 4 s. These frequencies are thought 913 

to be a consequence of the transformation of the sloshing pattern, i.e., planar, nonplanar 914 

and chaotic. When the effects of the excitation end, i.e., t > 4 s, the widespread collection 915 

   

(a) Water level before shaking (b) Breaking wave (c) Chaotic sloshing 

   Figure 5.8 Evolution of sloshing due to low dominant–frequency excitation Sc 5 when ℎ/𝑟 = 2 
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of frequencies vanish, and the frequency of 1.4 Hz is the only one that prevails, which is 916 

the first free–vibration frequency of the tank–water system. 917 

Figure 5.9(d) shows more active frequency patterns that increase with the implementation 918 

of the Ricker wavelet with the maximum acceleration. The amplitude of these frequencies 919 

is higher than those in Figure 5.9(b), which was anticipated. Also, the amplitudes of three 920 

frequencies, i.e., 1.4 Hz, 2.8 Hz and 4.1 Hz, prevail once the excitation finishes, i.e., when 921 

t > 4 s, as indicated by a square box in Figure 5.9(d). Thus, the free vibration is comprised 922 

of more than one frequency. The frequencies of 2.8 Hz  and 4.1 Hz  prevail as residual 923 

frequencies due to the continuation of chaotic sloshing. 924 

  

(a) Sc 1 (b) 𝜎𝜙 due to low dominant–frequency Sc 1 

  

(c) Sc 5 (d) 𝜎𝜙  due to low dominant–frequency Sc 5 

Figure 5.9 Effect of the strength of a low dominant–frequency Ricker wavelet excitation on hoop stress for 

ℎ/𝑟 = 2 
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5.3.2.2 High dominant-frequency excitations 925 

Figure 5.10 shows the time history of the Sc5 table acceleration and the hoop stress under 926 

high dominant-frequency excitation. The hoop stress development 𝜎𝜙
𝐻 does not show an 927 

apparent delay with respect to the table acceleration 𝐴ST. The tank response is probably 928 

dominated by the inertia of the tank–water system. Figure 5.11 shows the evolution of the 929 

nonplanar sloshing for a tank with an aspect ratio of two when subjected to a high 930 

dominant–frequency Sc5 excitation. Under high dominant–frequency excitations, the water 931 

circles concentrically from the tank wall to the centre of the tank for all aspect ratios, see 932 

Figure 5.11(b). The sloshing starts as nonplanar and remains nonplanar for the duration of 933 

the excitation. At the centre of the tank, when the waves collide, water is ejected upwards, 934 

see Figure 5.11(c). The results reveal that planar sloshing, which produces the highest 935 

sloshing, is not activated. The time to suppress sloshing following the excitation is 936 

relatively short due to damping arising from interaction with the tank wall and mixing of 937 

the waves. Hence, the water does not vibrate with a perceptible vertical amplitude once the 938 

excitation ceases, see Figure 5.10 for the period 𝑡 > 2 s. 939 

 940 

Figure 5.10 Effect of high dominant-frequency excitation Sc 5 on the hoop stress for ℎ/𝑟 = 2 941 

 942 

Figure 5.12 shows the spectrograms of the time history of hoop stress under a high 943 

dominant–frequency excitations. Figures 5.12(a) and (b) correspond to the Ricker wavelet 944 

excitation with the lowest acceleration 𝐴max = 0.04 m/s2, i.e., Sc 1 and Figures 5.12(c) 945 



Diego Iván Hernández-Hernández  

 

52 

 

and (d) refer to the excitation with the highest acceleration 𝐴max = 0.2 m/s2, i.e., Sc 5. 946 

The tank has an aspect ratio of 2. 947 

Figures 5.12(a) and (c) show evidence of the effect of the excitation frequency, i.e., the 948 

dominant frequency of 4.9 Hz. In contrast, Figures 5.12(b) and (d) show a similar pattern 949 

of activated frequencies but with different intensities. The intensity is highest for excitation 950 

Sc5 and lowest for Sc1, e.g., the intensity at the frequency of 16 Hz is −134 dB/Hz and 951 

−115 dB/Hz  in Figures 5.12(b) and (d), respectively. Hence, the magnitude of the 952 

maximum acceleration of the Ricker excitation does not affect the presence of the activated 953 

frequencies but does influence the intensity of the response. The limited existence of the 954 

two frequencies 4.9 Hz  and 16 Hz  suggest that tank free vibration is rapidly damped 955 

following the passage of the excitation because there are no substantial frequencies in the 956 

spectrogram after 𝑡 > 2 s.    957 

 958 

   

a) Initial water level (before 

shaking) 

(b) Concentric circles from the tank 

wall to the centre 

(c) Concentric waves colliding at 

the centre of the tank 

Figure 5.11 Nonplanar sloshing due to high dominant–frequency excitation Sc 5 for ℎ/𝑟 = 2 
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5.3.2.3 Maximum tank wall stresses 959 

Figure 5.13 shows the relationship between both the maximum hoop and axial stresses with 960 

the maximum table acceleration of low and high dominant-frequency excitations. Figures 961 

5.13(a) and (b) show that in the case of low dominant–frequency excitations, the 962 

relationship between the maximum hoop and axial stress and the maximum acceleration 963 

depends on the aspect ratio. As the aspect ratio increases, a nonlinear relationship becomes 964 

evident, especially for the maximum axial stress, as seen in Figure 5.13(b). The change in 965 

the sloshing pattern, from planar to nonplanar, and at times to chaotic, causes this nonlinear 966 

relationship. Additionally, as both the maximum acceleration of the excitation and the 967 

aspect ratio increase, more frequencies are involved in the development of stress in the tank 968 

wall due to wave mixing. 969 

  

(a) Sc 1 (b) 𝜎𝜙  due to high dominant–frequency Sc1 

  

(c) Sc 5 (d) 𝜎𝜙  due to high dominant–frequency Sc5 

Figure 5.12 Effect of strength of high dominant–frequency Ricker wavelet excitation on hoop stress for 

ℎ/𝑟 = 2 
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Eqs. (3.15) and (3.16), show the hoop stress is a function of the shear force and the axial 970 

stress arises from the bending moment. In these experiments, the eccentricity of the 971 

resultant hydrodynamic force from the tank base varies according to the type of sloshing 972 

pattern. This eccentricity affects the magnitude of the bending moment, whereas the shear 973 

force remains largely unaffected. The variation of the eccentricity is seen to be dependent 974 

on the aspect ratio because the nonlinear tendency, shown in Figure 5.13(b), is only evident 975 

for aspect ratios of 2.5 and 3. For these aspect ratios, a loss of energy occurred when, due 976 

to sloshing, the water hit the plastic cover. Consequently, the magnitude of the bending 977 

moment and the maximum axial stress decreased. As the amplitude of the excitation 978 

acceleration increased, it is more likely that sloshing would impact the plastic cover, 979 

increasing the loss of energy with time.   980 

  

(a)  σ𝜙
𝐿   (b)  𝜎𝑥

𝐿  

  

(c) σ𝜙
𝐻  (d)  𝜎𝑥

𝐻  

Figure 5.13 Relationship between the maximum stress and the maximum acceleration of the excitation, 

Anchored case 
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Figures 5.13(c) and (d) show the results for high dominant frequency excitations. A linear 981 

tendency of the relationship between the maximum stresses and the maximum acceleration 982 

of the excitation is evident, regardless of the aspect ratio. The slope of the tendency 983 

increases as the aspect ratio increases, i.e., higher aspect ratios lead to higher stresses. This 984 

is supported by observing Figures 5.12(b) and (d) where the activated spectrogram 985 

frequencies are very similar regardless of the maximum acceleration of the Ricker wavelet 986 

excitation. Thus, if the sloshing pattern does not change during the excitation, as observed 987 

in Figure 5.11, the relationship between the maximum stress and the maximum acceleration 988 

of the excitation can be assumed to be linear. 989 

5.4  Unanchored case 990 

5.4.1 Response to sine excitations 991 

Figure 5.14 shows the time history of the hoop stress 𝜎𝜙 at 20 mm above the tank base 992 

(azimuth of 0°), and the shake table acceleration 𝐴ST for the tank with ℎ/𝑟 = 2 and an 993 

excitation frequency of 1.4 Hz.  994 

The time history of hoop stress has two distinct maximums at approximately 23 s and 30 s. 995 

Similar to the results in the Anchored case in Figure 5.4, and because the first free-vibration 996 

frequency is the same, i.e., 1.4 Hz, rotary sloshing also occurs. The maximum hoop stress 997 

(207 kPa) occurs in the second rotary cycle of the response, as indicated by the arrow in 998 

Figure 5.14. When 𝑡 ≈ 27 s , the hoop stress decreases significantly, indicated by the 999 

ellipse.  1000 
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 1001 

Figure 5.14. Time history of the shake table acceleration 𝐴ST and the hoop stress 𝜎𝜙 near the base of the 1002 
tank with an aspect ratio ℎ/𝑟 = 2  due to the sine excitation of 1.4 Hz 1003 

 1004 

Figure 5.15 shows the spectrogram of the axial stress at 20 mm from the tank base for 1005 

ℎ/𝑟 = 2 due to the excitations with frequencies of 0.6 Hz, 1.4 Hz, and 2 Hz. To enable a 1006 

clear interpretation, axial stress is considered because its magnitude is higher than the 1007 

corresponding hoop stress.  1008 

Figures 5.15(a), (c) and (e) show that the activated response frequencies in the spectrogram 1009 

are the same that the corresponding excitation frequency of 0.6 Hz, 1.4 Hz,  and 2 Hz , 1010 

respectively. Figures 5.15(b), (d) and (f), display various activated frequencies, some with 1011 

considerable intensity. Figure 5.15(b) shows scattered activated frequencies between 7 Hz 1012 

and 15 Hz , in addition to the excitation frequency of 0.6 Hz . The intensity of those 1013 

frequencies is higher than that of the excitation frequency. The scattered frequencies shown 1014 

in Figure 5.15(b) are aligned with the frequency band between columns #4 and #5 of the 1015 

Unanchored case in Table 5.2, i.e., 9.7 Hz and 15.4 Hz. These frequencies reflect the 1016 

experimentally determined free-vibration frequencies of the tank-water system. 1017 

Consequently, the scattered frequencies may correspond to breathing vibrations due to the 1018 

unrestricted top of the tank and the interaction between the water and the tank wall.  1019 

 1020 
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Figure 5.15(d) shows several activated frequency bands between 1.4 Hz and 18 Hz with 1021 

intermittent intensity. Table 5.2 shows that the free-vibration frequencies of the tank-water 1022 

system are in the same range. Hence, several frequencies are involved in the axial stress 1023 

development. In the case of ℎ/𝑟 = 0.5, a similar tendency is observed when the excitation 1024 

frequency is 1.2 Hz . As expected, Figure 5.15(f) displays that the frequency of 2 Hz 1025 

presents substantial intensity. The spectrogram also shows frequencies with higher 1026 

intensity between 7 Hz and 17 Hz. The intensity of those frequencies is higher and more 1027 

constant than those shown in Figures 5.15(b) and (d). The number of activated frequencies 1028 

  

(a) 𝑓 = 0.6 Hz 
(b) 𝜎𝑥 due to the excitation with a frequency of 

0.6 Hz 

  

(c) 𝑓 = 1.4 Hz 
(d) 𝜎𝑥 due to the excitation with a frequency of 

1.4 Hz 

  

(e) 𝑓 = 2 Hz (f) 𝜎𝑥 due to the excitation with a frequency of 2 Hz 

Figure 5.15. Relationship between the sine excitation frequency and the development of axial stress, 

Unanchored case 
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increases with the excitation frequency. As the excitation frequency increases, the 1029 

magnitude and occurrence of uplift also increases. Uplift may also be responsible for the 1030 

activation of the scattered frequencies shown in Figures 5.15(b), (d) and (f). However, some 1031 

of activated frequency bands also appear in the Anchored case in Figure 5.5, where uplift 1032 

does not occur. Consequently, some of the activated frequencies correspond to higher 1033 

modes of vibration, which also are more likely to be activated as the excitation frequency 1034 

increases. 1035 

5.4.1.1  Maximum tank wall stresses 1036 

Figure 5.16 shows the relationship between the excitation frequency and the maximum 1037 

hoop and axial stresses 20 mm from the base of the tank for all the aspect ratios considered. 1038 

Similar to the results of the Anchored case shown in Figure 5.6, in Figure 5.16 the stress 1039 

peak occurs because of the coincidence between the excitation frequency and the free-1040 

vibration frequencies of the tank-water system.  1041 

Table 5.4 shows that the values of the maximum stresses do not necessarily occur under 1042 

the full tank condition. The reason is that in the case of ℎ/𝑟 = 3, sloshing is interrupted 1043 

when sloshing impacts the plastic cover, already mentioned. In the Unanchored case, the 1044 

maximum hoop and axial stresses in the tank wall occur when the tank is partially filled.  1045 

Table 5.4. Dependency of the maximum stresses on the aspect ratio, Unanchored case 1046 

ℎ/𝑟 Hoop stress (kPa) 

(corresponding frequency Hz) 

Axial stress (kPa) 

(corresponding frequency Hz) 

0.5  70 (1.2) 74 (1.2) 

1 94 (1.4) 108 (1.4) 

1.5 123 (1.4) 180 (1.4) 

2 207 (1.4) 275 (1.4) 

2.5 254 (1.4) 289 (1.4) 

3 177 (1.4) 213 (1.4) 

 1047 
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5.4.1.2 Maximum uplift 1048 

Figure 5.17 shows the dependency of the maximum uplift on the excitation frequency and 1049 

the aspect ratio. In Figure 5.17(a), when the excitation frequency is 1.4 Hz, the maximum 1050 

uplift tends to increase with the aspect ratio. This is a geometric effect, because uplift is 1051 

more likely to be activated as the aspect ratio increases. The results also reveal that the 1052 

coincidence between the excitation frequency and the frequency of the tank-water system 1053 

triggers an increase in the magnitude of uplift. In a broad sense, the characteristics of the 1054 

maximum uplift can be grouped into three domains: 1) 2.0 ≤ ℎ/𝑟 ≤ 3.0, 2) ℎ/𝑟 = 1.0 and 1055 

1.5, and 3) ℎ/𝑟 = 0.5. In the case of the first domain, the frequencies of the system are 1056 

constant over the first three frequencies (see Table 5.2), and the distribution of the 1057 

maximum uplift is reasonably independent of ℎ/𝑟 . The second domain could be 1058 

characterised as a transition between the regions of high ℎ/𝑟 and low ℎ/𝑟, even though the 1059 

frequency of the maximum uplift remains the same as the first domain. For the lowest 1060 

aspect ratio (ℎ/𝑟 = 0.5 ), the maximum uplift is determined by the proximity of the 1061 

excitation frequency to the frequency of the system.  1062 

 

(a) Hoop stress 

 

(b) Axial stress 

Figure 5.16.  Effect of the sinusoidal excitation on the maximum stresses in the Unanchored case 
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Figure 5.17(b) shows the relationship between the maximum uplift, aspect ratio ℎ/𝑟 , 1063 

excitation frequency 𝑓𝑠𝑖𝑛  and maximum axial stress. The diameter of each data point 1064 

represents the magnitude of the maximum stress. For each aspect ratio, the maximum stress 1065 

is indicated. The maximum axial stress depends upon both the sloshing behaviour and the 1066 

maximum uplift. When sloshing is not interrupted by the plastic cover, which occurs for 1067 

ℎ/𝑟 = 2 and 2.5, the stress is 274 kPa and 289 kPa, respectively. In contrast, in the case 1068 

of  ℎ/𝑟 = 3, where sloshing was observed to be interrupted, the axial stress (213 kPa) 1069 

decreases. Thus, the maximum axial stress depends more on the interruption of sloshing 1070 

than the maximum uplift, even though the maximum uplift increases with aspect ratio, see 1071 

Figure 5.17(a) at 𝑓𝑠𝑖𝑛 = 1.4 Hz. 1072 

5.4.2 Response to Ricker wavelet excitations 1073 

5.4.2.1 Low dominant-frequency excitations 1074 

Figure 5.18 shows, in the case of ℎ/𝑟 = 2, the time history of the shake table acceleration 1075 

𝐴ST,  and both the axial stress σx
L  and uplift UpL,  under the low dominant–frequency 1076 

excitation Sc5. The axial stress, for an azimuth of 180°, is calculated from the strain gauge 1077 

readings 20 mm  above the tank base. Uplift corresponds to the readings by the laser 1078 

transducer orientated at an azimuth of 0°.  1079 

 

(a) Effect of frequency coincidence and aspect ratio 

on the maximum uplift 

 

(b)  Relationship between uplift, aspect ratio, axial 

stress and excitation frequency 𝑓𝑠𝑖𝑛  

Figure 5.17. Dependency of the maximum uplift on the excitation frequency and the aspect ratio 
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Using Figure 5.18(a) to determine the logarithmic decrement during free vibration 1080 

(𝑡 > 4.5 s) , the damping ratio of the tank-water system, determined by 𝜉 = ln (𝜎𝑥
𝐿

𝑛
/1081 

𝜎𝑥
𝐿

𝑛+1
)/(2𝜋𝑛) = 0.9%, is relatively small. 𝜎𝑥

𝐿
𝑛

 is the hoop stress at the 𝑛𝑡ℎ  peak. The 1082 

damping ratio is the same than that obtained in the Anchored case. Consequently, the 1083 

damping ratio is unaffected by the anchor mechanism. 1084 

As indicated by the two arrows, the maximum axial stress of 136 kPa , generated by 1085 

sloshing after the passage of the excitation (𝑡 > 4.5 s), is higher than that during the 1086 

excitation (121 kPa  when 𝑡 ≈ 3 s) . Because the excitation frequency and that of the 1087 

system coincide, at the end of the excitation, the energy stored in the water in conjunction 1088 

with low damping result in continuing the water mass movement including sloshing that 1089 

leads to the maximum axial stress occurring during the free vibration. Thus, frequency 1090 

coincidence can make a major contribution to sloshing resulting in significant axial stress 1091 

development.  1092 

Figure 5.18(b) reveals that the maximum uplift (0.31 mm) and the maximum axial stress 1093 

(136 kPa)  occur simultaneously immediately following the excitation. After the 1094 

excitation, when 𝑡 > 4.5 𝑠 , uplift oscillates between ± 0.3 mm  because of continuing 1095 

sloshing. Multiple episodes of uplift may produce fatigue in the connection between the 1096 

base plate and tank wall, even after the passage of the forcing excitation. 1097 

 

(a) Time history of axial stress 

 

(b) Time history of uplift  

Figure 5.18. Effect of low dominant-frequency excitation Sc5 on the axial stress and uplift when ℎ/𝑟 = 2 
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Figure 5.19 shows the spectrograms of the time history of axial stress. Figures 5.19(a) and 1098 

(b) correspond to the Ricker wavelet with the lowest maximum acceleration  𝐴ST =1099 

0.04 m/s2 of the set of five considered excitations, i.e., Sc1. Figures 5.19(c) and (d) 1100 

correspond to the excitations with the highest maximum acceleration 𝐴ST = 0.2 m/s2, i.e., 1101 

Sc5. In both cases, the tank with ℎ/𝑟 = 2 is considered. 1102 

The spectrograms in Figures 5.19(a) and (c) show the excitation frequency at 1.4 Hz that 1103 

continues over the time window. In contrast, the spectrogram in Figure 5.19(b) shows the 1104 

frequency of 1.4 H𝑧 with strong intensity and scattered activated response frequencies of 1105 

varied intensity beyond 1.4 Hz. These frequencies are a consequence of the interaction 1106 

between the water and the tank wall, incorporating uplift and sloshing pattern 1107 

transformation, see Figure 5.8. Once the excitation ends, i.e., 𝑡 > 5 s , the scattered 1108 

frequencies largely vanish, and the frequencies between 1.4 Hz and 2.8 Hz can be seen to 1109 

prevail. These frequencies cover the first three free-vibration frequencies of the tank-water 1110 

system, see Table 5.2.  1111 

Figure 5.19(d) shows more activated response frequencies due to the increase in strength 1112 

of the excitation, i.e., Figure 5.19(b) pertains to Sc1 (𝐴ST = 0.04 m/s2) and Figure 5.19(d) 1113 

to Sc5 (𝐴ST = 0.2 m/s2). These frequencies are a characteristic of the nonlinear response 1114 

of the water triggered by the high intensity of the excitation, terminating in chaotic sloshing. 1115 

Many activated frequencies, e.g., 1.4 Hz …  2 Hz, of varying intensity become noticeable, 1116 

some continuing beyond the duration of the table excitation, as indicated by the frame in 1117 

right-bottom of Figure 5.19(d). The comparison of the spectrograms in Figures 5.19(b) and 1118 

(d) lead to the realisation that the free vibration contains the sum of many frequencies. The 1119 

degree of the nonlinearity of the response strongly depends on the excitation intensity. 1120 
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Comparing Figures 5.9 and 5.19, it is also corroborated that the anchor mechanism affects 1121 

only the intensity of the activated frequencies.  1122 

5.4.2.2 High dominant-frequency excitations 1123 

Figure 5.20(a) shows the time history of the Sc5 table acceleration and the axial stress under 1124 

high dominant-frequency excitation. The results show a small delay of 0.06 s between the 1125 

shake table acceleration 𝐴ST and the development of axial stress 𝜎𝑥
𝐻. The delay is thought 1126 

to be a consequence of the simultaneous effects of developing sloshing and uplift. Since no 1127 

planar sloshing was observed during any of the high dominant-frequency excitations, see 1128 

Figure 5.11, uplift contributes significantly to the occurrence of delay. The delay in this 1129 

case, due to a high dominant-frequency excitation, leads to the following sequence of 1130 

events and can be described by interpreting Figure 5.20(b). The maximum uplift of 1131 

0.94 mm  occurs 0.06 s  after the maximum table acceleration of 0.2 m/s2 . Thus, the 1132 

sequence is: 1) the maximum acceleration of the excitation is recorded at t = 1 35 s,  2) 1133 

 
 

(a) Sc 1 (b) 𝜎𝑥
𝐿  Sc 1 

 
 

(c) Sc 5 (d) 𝜎𝑥
𝐿  Sc 5 

Figure 5.19.  Effect of strength of low dominant–frequency excitation on axial stress for ℎ/𝑟 = 2 
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the maximum uplift occurs at t = 1.41 s, and 3) the maximum axial stress of 435 kPa at 1134 

t = 1.405 s follows. The idealised displaced tank while uplifting, and its consequences, are 1135 

discussed in Chapter 5.4.2.4. In the Anchored case in Figure 5.10, there is a coincidence in 1136 

time between the maximum table acceleration and the maximum axial stress. This suggests 1137 

that uplift plays a significant role.  1138 

A comparison between Figures 5.18 and 5.20 indicates that the sloshing contribution to the 1139 

development of axial stress is higher when the tank is subjected to low dominant-frequency 1140 

rather than high dominant-frequency Ricker wavelets. This contribution can be seen in the 1141 

continuing harmonic-like fluctuation of the stress (dotted line) following the end of the 1142 

excitation in Figure 5.18(a). However, high dominant-frequency Ricker wavelets provoke 1143 

higher axial stress, which is a direct consequence of the magnitude of uplift. The magnitude 1144 

of uplift under high dominant-frequency excitation (0.94 mm) is threefold that under low 1145 

dominant-frequency excitation (0.31 mm) . The magnitude of uplift depends on the 1146 

maximum acceleration, which is the same in both frequency bands for any equal Sc, and 1147 

the dominant frequency of the excitation as well as the aspect ratio. 1148 

Figure 5.21 shows the spectrograms of the time history of axial stress due to high 1149 

dominant–frequency excitations. Figures 5.21(a) and (b) correspond to the excitations with 1150 

the lowest maximum acceleration, 𝐴ST = 0.04 m/s2. Figures 5.21(c) and (d) concern to 1151 

 

(a) Time history of axial stress  

 

(b) Time history of uplift 

Figure 5.20. Effect of high dominant-frequency excitation of Sc 5 on the axial stress and uplift for the tank 

with ℎ/𝑟 = 2 
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the excitations with the highest maximum acceleration, 𝐴ST = 0.2 m/s2. In both cases, the 1152 

tank with an ℎ/𝑟 = 2 is considered.  1153 

Figures 5.21(a) and (c) show that the excitation frequency at 4.9 Hz continues over the time 1154 

window. In contrast, the spectrograms in Figures 5.21(b) and (d) display the frequency of 1155 

4.9 Hz and other response frequencies with considerable intensity, e.g., 0.7 Hz, 9.5 Hz, and 1156 

14.5 Hz. These frequencies seem to appear in both spectrograms in Figures 5.21(b) and (d). 1157 

Consequently, the maximum acceleration of the excitation does not affect the activated 1158 

frequencies beyond the PSD intensity. The PSD intensity of each band is higher in the case 1159 

of the more intense excitation and extends into a higher frequency range. As an example, 1160 

the amplitude of the frequency of 9.5 Hz  is −128 dB/Hz and −111 dB/Hz in Figures 1161 

5.21(b) and (d), respectively. The limited existence of the two frequencies of 4.9 Hz and 1162 

9.5 Hz indicate that the tank free vibration is rapidly damped following the excitation 1163 

because there are no activated response frequencies in the spectrogram after 𝑡 > 2 s. 1164 

  

(a) Sc1 (b) 𝜎𝑥
𝐻 Sc1 

  

(c)  Sc5 (d) 𝜎𝑥
𝐻 Sc5 

Figure 5.21.  Effect of strength of high dominant–frequency excitation on axial stress for ℎ/𝑟 = 2 
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Comparing Figures 5.12(d) and 5.21(d) are compared, the activated frequency of 9.5 Hz is 1165 

not visible in the Anchored case, see Figure 5.12(d). Hence, it is feasible to assume that 1166 

that activated frequency corresponds to the rigid-like body motion of the tank-water system.  1167 

5.4.2.3 Maximum tank wall stresses 1168 

Figures 5.22(a) and (b) display the relationship between both the maximum hoop and axial 1169 

stresses and the maximum table acceleration of low dominant-frequency excitations. The 1170 

relationship is nonlinear, and this becomes more evident as the aspect ratio increases, 1171 

especially for ℎ/𝑟 = 2.5, and 3. The shape of the relationship is thought to be due to the 1172 

simultaneous effect of uplift and sloshing. In the experiments, the hydrodynamic pressure, 1173 

with respect to the tank base, varies with sloshing. This variation in location affects the 1174 

bending moment, and hence, the development of hoop and axial stresses. In the case of 1175 

ℎ/𝑟 = 2.5 and 3, the variation in the location can be restricted by the sloshing of water 1176 

impacting the plastic cover. The rate of occurrence of sloshing impact increases with the 1177 

maximum acceleration of the excitation. Consequently, as the maximum acceleration of the 1178 

excitation increases, the bending moment and stresses are reduced by the sloshing impact 1179 

compared to those when sloshing can develop freely, i.e., for ℎ/𝑟 < 2.5. Additionally, the 1180 

sloshing pattern transformation, i.e., from planar to nonplanar, and chaotic, also affects this 1181 

nonlinear relationship, see Figure 5.8. 1182 

Figures 5.22(c) and (d) show the relationship between both the maximum hoop and axial 1183 

stresses and the maximum table acceleration of high dominant-frequency excitations. For 1184 

all aspect ratios, the relationship is nonlinear. In the experiments, the water behaved 1185 

similarly to boiling water, see Figure 5.11. Such vibration is described by the activation of 1186 

scattered frequencies, shown in the spectrograms in Figures 5.21(b) and (d). During this 1187 

type of sloshing, observed to be chaotic sloshing of small amplitudes, the hydrodynamic 1188 

pressure does not vary significantly with respect to the tank base. This almost constant 1189 
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pressure is insignificant to the nonlinear relationship between the maximum stress and table 1190 

acceleration. Hence, the nature of the nonlinear relationship is heavily dependent on uplift. 1191 

In the case of low dominant-frequency excitations, the simultaneous effects of sloshing and 1192 

uplift are responsible for the maximum stress. However, in the case of high dominant-1193 

frequency excitations, uplift dominates the maximum stress development. 1194 

5.4.2.4 Maximum uplift 1195 

Figure 5.23 shows the relationship between the maximum uplift (𝑈𝑝) , the maximum 1196 

acceleration of the shake table 𝐴ST, the aspect ratio ℎ/𝑟 and the maximum axial stress. The 1197 

diameter of each data point indicates the magnitude of the maximum stress. For all aspect 1198 

ratios in Figure 5.23(a), subjected to a low dominant-frequency excitation, both the 1199 

maximum uplift and axial stress increase with 𝐴ST . This is because uplift occurrence 1200 

increases with both the aspect ratio and the maximum table acceleration. In the case of the 1201 

highest maximum table acceleration, i.e., 𝐴ST = 0.2 m/s2, the maximum axial stress for 1202 

  

(a) 𝜎𝜙
𝐿  (b) 𝜎𝑥

𝐿 

  

(c) 𝜎𝜙
𝐻 (d) 𝜎𝑥

𝐻 

Figure 5.22. Relationship between the maximum stresses and the maximum table acceleration of the 

excitation, Unanchored case 
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ℎ/𝑟 = 2.5  and 3  is similar, i.e., 273 kPa  and 260 kPa , respectively. As previously 1203 

discussed, in the case of ℎ/𝑟 = 3 , the development of sloshing was observed to be 1204 

interrupted by the plastic cover. However, the magnitude of uplift is higher (1 mm) than 1205 

that for ℎ/𝑟 = 2.5 (0.48 mm). The results reveal that the simultaneous effect of uplift and 1206 

sloshing leads to significantly high axial stress, i.e., recall that low dominant-frequency 1207 

excitations have a dominant frequency in the vicinity of the first free-vibration frequency 1208 

of the tank-water system (1.4 Hz).  1209 

Figure 5.23(b) shows that for high dominant-frequency excitations, the tank with an aspect 1210 

ratio of ℎ/𝑟 = 2.5 experiences, in all the cases except that of the highest maximum table 1211 

acceleration, more uplift and axial stress than those of other aspect ratios. In the case of the 1212 

highest maximum table acceleration 𝐴ST = 0. 2 m/s2, the maximum uplift of both ℎ/𝑟 =1213 

2.5 and 3 is the same, i.e., 4.7 mm. The maximum axial stress for ℎ/𝑟 = 3 (584 kPa) is 1214 

10%  larger than that for ℎ/𝑟 = 2.5  (529 kPa) . Since chaotic sloshing with small 1215 

amplitude was observed under high dominant-frequency excitations, for aspect ratios 1216 

ℎ/𝑟 = 2.5 and 3, the values of the maximum uplift and stress are similar and may be 1217 

explained by considering the geometry of the idealised tank displacement. 1218 

  

(a)  Low dominant-frequency excitation b) High dominant-frequency excitation 

Figure 5.23. Relationship between uplift, acceleration of the shake table, aspect ratio and axial stress 
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5.4.2.5 Uplift mechanism 1219 

Figure 5.24 shows the time history of uplift and both hoop and axial stresses for high 1220 

dominant-frequency excitation with 𝐴ST = 0.12 m/s2 for a tank with ℎ/𝑟 = 3. The value 1221 

of uplift and stress is given by the left and right vertical axes, respectively. The vertical 1222 

dashed-dotted line indicates the time when the maximum uplift occurs. The maximum 1223 

uplift of both 180° and 0° azimuths is marked by the number one and two, respectively. 1224 

The time when the tank recontacts following the maximum uplift (180° azimuth) is marked 1225 

by the number three. Figure 5.25 shows diagrams of the displaced tank and the stress profile 1226 

along the dimensionless tank height 𝑥/𝐻, where 𝑥 is a distance from the base and 𝐻 =1227 

750 mm is the height of the tank, for the times when maximum uplift and recontact occurs, 1228 

indicated in Figure 5.24. In Figure 5.25, the stress profiles in the left and right columns 1229 

show positive values of stress for tension and negative for compression.  1230 

 1231 

Figure 5.24. Time history of uplift under high-frequency excitation Sc 3 for the tank with ℎ/𝑟 = 3 1232 

 1233 

Figure 5.25(a), left column, conveys that the tank experiences an abrupt change of sign on 1234 

the axial stress at 𝑥/𝐻 = 0.07. At the same location, the magnitude of hoop stress is close 1235 

to zero. Similarly, the results on the azimuth of 0° (right column) reveal that the tank may 1236 

experience compressive hoop stress that is larger than the maximum tensile hoop stress in 1237 

the azimuth of 180°. Before explaining the consequences of the idealise tank displacement, 1238 

Figure 5.25(b) is considered. When the tank experiences the maximum uplift on the 1239 
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azimuth of 0°, near the tank base in the 180° azimuth (left column), the tank experiences 1240 

compressive hoop and axial stresses at 𝑥/𝐻 = 0.03. At 𝑥/𝐻 = 0.1, the axial stress changes 1241 

to tensile, reflecting a considerable gradient in the region close to the tank base. In the case 1242 

of the 0° azimuth (right column), the axial stress changes from tensile to compressive. The 1243 

results in Figures 5.25(a) and (b) reveal that the tank wall undergoes both compression and 1244 

tension regardless of the azimuth where uplift occurs. Even though uplift is the same for 1245 

both azimuths (0.9 mm), the idealised tank displacement (2) for 0° azimuth has the highest 1246 

hoop and axial stresses of the entire tank.  1247 

Figure 5.25(c) shows that both compressive and tensile stresses occur when the tank 1248 

recontacts following the maximum uplift. The hoop stress distribution for the 180° azimuth 1249 

(left column) is highly varied with height. The magnitude of both the maximum hoop and 1250 

axial stresses due to the recontact is lower than that when the maximum uplift occurs, i.e., 1251 

compare Figure 5.25(c) with Figures 5.25(a) and (b). 1252 

 1253 
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(a) Maximum uplift at 180  

   

(b) Maximum uplift at 0  

   

(c) Recontact after maximum uplift at 180  

Figure 5.25. Stress profiles for azimuths of 180  (left column) and 0  (right column) when the tank with 

ℎ/𝑟 = 3 under a high dominant-frequency excitation 

 

5.5 Flexible case 1254 

5.5.1 Response to sine excitations 1255 

Figure 5.26 shows the time history of hoop stress 𝜎𝜙 at 20 mm from the base of the tank 1256 

(azimuth 0°) and the shake table acceleration 𝐴ST for the tank with ℎ/𝑟 = 2 due to the 1257 

excitation frequency of 1.4 Hz. In the figure, the cycles of rotary sloshing observed in the 1258 

Anchored and Unanchored cases are also identified in the Flexible case at approximately 1259 

15 s and 30 s. Hence, it can be inferred that rotary sloshing is independent of the flexibility 1260 
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of the supporting medium. This occurs because the first free vibration frequency of the 1261 

tank-water system for the same aspect ratio is the same in the three cases, see Table 5.2. 1262 

The maximum hoop stress (260 kPa) occurs in the first rotary cycle of the response, as 1263 

indicated by an arrow in Figure 5.26. When 𝑡 ≈ 25 s , the hoop stress decreases 1264 

significantly caused by the change in the direction of the water rotation, indicated by the 1265 

ellipse.  1266 

 1267 

Figure 5.26. Time history of the shake table acceleration 𝐴ST and the hoop stress 𝜎𝜙 near the base of the 1268 
tank with the aspect ratio ℎ/𝑟 = 2  due to the sine excitation of 1.4 𝐻𝑧 1269 

 1270 

Comparing Figures 5.4, 5.14 and 5.26, the maximum hoop stress magnitude varies 1271 

significantly according to the fixity condition and the flexibility of the supporting medium, 1272 

i.e., 23 kPa , 207 kPa , and 260 kPa  in the Anchored, Unanchored and Flexible cases, 1273 

respectively. The influence of the supporting base flexibility on the stress development is 1274 

presented in Chapter 8. 1275 

Figure 5.27 shows the spectrograms of the axial stress at 20 mm from the base of the tank 1276 

with h/r = 2 due to the excitations with a range of frequencies, i.e., 0.6 Hz, 1.4 Hz, and 1277 

2 Hz. Figures 5.27(a), (c) and (e) show respectively that during the entire excitation the 1278 

spectrogram has the same frequency band of 0.6 Hz, 1.4 Hz, and 2 Hz. In contrast, Figures 1279 

9(b), (d) and (f), display diverse activated response frequencies with considerable intensity. 1280 

Figure 5.27(b) shows scattered activated frequencies between 7 Hz and 12 Hz, besides the 1281 

260 kPa

Shake table accelerationHoop stress
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excitation frequency of 0.6 Hz. The intensity at some of these frequencies is higher than 1282 

that of the excitation frequency. It is noted that the activated frequencies are aligned with 1283 

the frequency in the column #5 in Table 5.2 of the Flexible case, i.e., 9.11 Hz. Since these 1284 

scattered frequencies appear in the Anchored, Unanchored, and Flexible cases in Figures 1285 

5.5(b), 5.15(b) and 5.27(b), it is deducted that the frequencies may correspond to higher 1286 

vibration modes due to the unconstrained top of the tank. However, uplift and SSI make 1287 

the PSD intensity of the activated frequencies higher than those in the Anchored case. In 1288 

the Flexible case, the activated frequencies correspond to a narrow frequency band between 1289 

7 Hz and 10 Hz while in the Unanchored case the frequency band is wider, i.e., between 7 1290 

Hz and 15 Hz. This is thought to be an effect of the flexibility of the supporting medium, 1291 

which increases the occurrence of uplift for ℎ/𝑟 = 2.  1292 

Figure 5.27(d) shows several frequency bands between 1.4 Hz and 10 Hz with intermittent 1293 

intensity. The intermittency of intensity is caused by the cycle of rotary sloshing, likewise 1294 

in the Anchored and Unanchored cases. Figure 5.27(f) displays the frequency of the 1295 

excitation (2 Hz) and an activated response frequency with strong PSD intensity around 1296 

10 Hz. The intensity at the 10 Hz frequency is considerably higher than those shown in 1297 

Figures 5.27(b) and (d). With increasing the excitation frequency, uplift occurs more often. 1298 

Thus, frequently occurred small uplift may be responsible for the activation of the scattered 1299 

frequencies shown in Figures 5.27(d), (d), and (f). These activated frequencies in the 1300 

response are also identified in the Unanchored case. Hence, the results show that the 1301 

flexibility of the supporting medium can play a significant role in the development of stress.  1302 
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5.5.1.1 Maximum tank wall stresses 1303 

Figure 5.28 shows the relationship between the excitation frequency and the maximum 1304 

hoop and axial stresses for all the aspect ratios considered. As discussed in the Anchored 1305 

and Unanchored cases, see Figures 5.6 and 5.16, the stress peak occurs because of 1306 

frequency coincidence of the excitation and the free-vibration frequencies of the tank-water 1307 

system, i.e., 1.2 Hz in the case of ℎ/𝑟 = 0.5, and 1.4 Hz in ℎ/𝑟 > 0.5. 1308 

  

(a) 𝑓 = 0.6 Hz 
(b) 𝜎𝜙 due to the excitation with a frequency of 

0.6 Hz 

  

(c) 𝑓 = 1.4 Hz 
(d) 𝜎𝜙 due to the excitation with a frequency of 

1.4 Hz 

  

(e) 𝑓 = 2 Hz (f) 𝜎𝜙 due to the excitation with a frequency of 2 Hz 

Figure 5.27. Spectrograms of the relationship between the excitation frequency and the development of 

axial stress 
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Table 5.5 shows that the maximum stresses does not necessarily occur when the tank is at 1309 

full capacity, i.e., ℎ/𝑟 = 3. The reason is that for ℎ/𝑟 = 3, sloshing is interrupted when the 1310 

water impacts the plastic cover. In contrast, in the cases of ℎ/𝑟 = 2.5 and 2, the vertical 1311 

distance between the water surface and the cover is large enough that sloshing develops 1312 

freely for a longer time, storing more energy and generating a higher maximum stress. The 1313 

results reveal that the tank wall is most stressed when the tank is partially filled. This 1314 

tendency is valid for almost all considered excitation frequencies.  1315 

Comparing Tables 5.4 and 5.5, a flexible supporting medium reduces the maximum stress, 1316 

depending on the aspect ratio. The occurrence of uplift, discussed in Chapter 5.4.1.2 and 1317 

5.5.1.2 and the sloshing behaviour discussed can be the reason of the stress reduction.  1318 

 1319 

Table 5.5. Dependency of the maximum stresses on the aspect ratio, Flexible case 1320 

ℎ/𝑟 
Hoop stress (kPa) 

(corresponding frequency Hz) 

Axial stress (kPa) 

(corresponding frequency Hz) 

0.5 44 (1.2) 29 (1.2) 

1 42 (1.4) 46 (1.4) 

1.5 117 (1.4) 107 (1.4) 

2 204 (1.4) 222 (1.4) 

2.5 260 (1.4) 292 (1.4) 

3 148 (1.4) 108 (1.4) 

 1321 

  

(a) Hoop stress (b) Axial stress 

Figure 5.28.  Effect of the sinusoidal excitation on the maximum stresses in the Flexible case 
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5.5.1.2 Maximum uplift 1322 

Figure 5.29 shows the dependency of the maximum uplift on the excitation frequency and 1323 

aspect ratio. In Figure 5.29(a), when the frequency excitation is 1.4 Hz, the maximum uplift 1324 

tends to increase with the aspect ratio. In this case, the maximum uplift occurs when ℎ/𝑟 =1325 

2.5 (0.6 mm), which is 37% higher than that in the case of ℎ/𝑟 = 3 (0.44 mm). Since 1326 

sloshing becomes chaotic when ℎ/𝑟 ≠ 3, the results in Figures 5.28 and 5.29(a) show the 1327 

coupling between uplift and chaotic sloshing, i.e., the more intense the sloshing is, the more 1328 

uplift. These results coincide with those found in the Unanchored tank shown in Figure 1329 

5.17(a).  1330 

In addition to the impact of uplift on wall stresses, the interaction between the tank-water 1331 

system and the soil also dissipates the vibration energy and thus affects the maximum 1332 

stresses.  According to [84], the ratio of energy lost by translation compared to rotation of 1333 

the tank-water system depends on the aspect ratio. Thus, the sine excitation may induce 1334 

enough energy to activate uplift in the case of ℎ/𝑟 = 2.5 but it is not enough to generate 1335 

the same amount of uplift as in ℎ/𝑟 = 3, which is reflected in the results of Figures 5.28 1336 

and 5.29  1337 

 1338 

  

(a) Uplift versus the sine wave frequency 
(b) Relationship between uplift, aspect ratio, axial 

stress and excitation frequency 𝑓𝑠𝑖𝑛  

Figure 5.29. Dependency of the maximum uplift on the frequency of the sine wave and the aspect ratio 
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Figure 5.29(b) shows the relationship between uplift, aspect ratio, excitation frequency and 1339 

axial stress. The diameter of each data point represents the magnitude of the maximum 1340 

axial stress. As already discussed, the maximum axial stress depends upon both the sloshing 1341 

intensity and the maximum uplift. If sloshing does not hit the plastic cover, which is the 1342 

case of ℎ/𝑟 = 2 and 2.5, the maximum axial stress increases from 222 kPa to 292 kPa, 1343 

respectively. In contrast, in the case of ℎ/𝑟 = 3 , where sloshing is interrupted, the 1344 

maximum axial stress (108 kPa) decreases considerably. This tendency is only evident 1345 

when the frequency of the excitation coincides with the first free-vibration frequency of the 1346 

system. For the rest of the frequencies, Figure 5.29(b) does not show a clear pattern.  1347 

5.5.2 Response to Ricker wavelet excitations 1348 

5.5.2.1 Low dominant-frequency excitations 1349 

Figure 5.30 shows that in the case of ℎ/𝑟 = 2, the table acceleration time history 𝐴ST and 1350 

both the axial stress 𝜎𝑥
𝐿  and uplift 𝑈𝑝𝐿, where “L” indicates the low dominant–frequency 1351 

excitation Sc5. The axial stress from the azimuth of 0° is calculated from the strain gauges 1352 

at 20 mm above the tank base. Uplift is measured by the laser transducer orientated at an 1353 

azimuth of 0°.  1354 

In Figure 5.30(a), the maximum axial stress (208 kPa) occurs during the excitation, i.e., 1355 

when 1.5 ≤ 𝑡 ≤ 4.5 s , indicated by an arrow. The result highlights the effects of the 1356 

flexibility of the supporting medium on sloshing because when the tank lies on a rigid 1357 

support medium, see Figures 5.7(b) and 5.18(a), the maximum stress occurs following the 1358 

maximum acceleration amplitude of the excitation. Using Figure 5.30(a) to estimate the 1359 

logarithmic decrement during the tank free vibration, i.e., when 𝑡 > 4. 5 s, the damping 1360 

ratio of the tank-water-soil system is relatively small, 𝜉 = ln (𝜎𝑥
𝐿

𝑛
/𝜎𝑥

𝐿
𝑛+1

)/(2𝜋𝑛) = 2%. 1361 

𝜎𝑥
𝐿

𝑛
 is the axial stress at the 𝑛𝑡ℎ peak. The damping ratio is more than twofold that in the 1362 
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Anchored and Unanchored cases, i.e., 0.9 %, see Figures 5.7(a) and 5.18(a). The result 1363 

embodies the increase of damping proportioned by the sand.  1364 

Figure 5.30(b) shows that the maximum uplift of 0.85 mm occurs immediately following 1365 

the first peak (negative) of the table acceleration. After the end of the table acceleration 1366 

when 𝑡 > 4 s, because of continuing sloshing, uplift oscillates between ± 0.3 mm. Both 1367 

graphs in Figure 5.30 show that uplift and sloshing are coupled. Multiple episodes of uplift 1368 

may produce fatigue in the connection between the base plate and tank wall, even after the 1369 

passage of the ground excitation. 1370 

Figure 5.31 shows the spectrograms of the time history of the axial stress under low-1371 

dominant frequency excitations. Figure 5.31(a) and (b) refer to Sc1, i.e., the Ricker wavelet 1372 

with the lowest maximum acceleration  𝐴max = 0.04 m/s2 . Figures 5.31(c) and (d) 1373 

correspond to Sc5, which are the excitations with the highest acceleration 𝐴max =1374 

0.2 m/s2. In both Sc1 and Sc5, the tank with ℎ/𝑟 = 2 is considered. 1375 

Figures 5.31(a) and (c) show the excitation frequency of 1.4 Hz . In contrast, the 1376 

spectrogram in Figure 5.31(b) displays a considerably PSD intensity at the frequency of 1377 

1.4 Hz and scattered activated response frequencies of varied intensity beyond 1.4 Hz. 1378 

These frequencies are a consequence of uplift and sloshing involving SSI. After the passage 1379 

  

(a) Time history of axial stress (b) Time history of uplift 

Figure 5.30. Effect of the frequency content of Ricker wavelets Sc5 on the hoop stress for ℎ/𝑟 = 2 
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of the excitation, i.e., 𝑡 > 4.5 s, the intensities of the scattered activated frequencies vanish, 1380 

and the frequency band between 1.4 Hz  and 2.8 Hz  prevails. The frequency band 1381 

corresponds to the first three free-vibration frequencies of the tank-water-soil system 1382 

(1.43 Hz), see Table 5.2 for the Flexible case.  1383 

In Figure 5.31(d), the PSD intensity of the activated response frequencies is higher than 1384 

those in Figure 5.31(b), which is anticipated due to the increase in the maximum 1385 

acceleration amplitude. Besides the simultaneous effects of SSI with uplift, these 1386 

frequencies are a characteristic of the nonlinear response of the tank-water-soil triggered 1387 

by a higher amplitude of the excitation, leading to chaotic sloshing. Many activated 1388 

frequencies, e.g., 1.4 Hz … 2.9 Hz , of varying intensity become noticeable, and some 1389 

continuing beyond the excitation duration, i.e., when 𝑡 > 4.5 s. The comparison of the 1390 

spectrograms in Figures 5.31(b) and (d) reveals that the free vibration contains many 1391 

  

(a) Sc 1 (b) 𝜎𝑥  due to low dominant–frequency Sc 1 

  

(c) Sc 5 (b) 𝜎𝑥  due to low dominant–frequency Sc 5 

Figure 5.31. Effect of acceleration amplitude of a low dominant–frequency Ricker wavelet on axial stress 

for ℎ/𝑟 = 2 
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frequencies, which reflects the dependency of the nonlinear response on the excitation 1392 

frequency and amplitude.  1393 

Comparing Figure 5.31 with Figures 5.9 and 5.19, the flexibility of the supporting medium 1394 

does not affect the frequencies activated in the stress development. In the Flexible case in 1395 

Figure 5.31, the intensity of the frequency of 8 Hz  is highest of the three cases. The 1396 

frequency may correspond to the occurrence of uplift because it slightly appears in the 1397 

Unanchored case, but it is not clear in the Anchored case. For this aspect ratio, i.e., ℎ/𝑟 =1398 

2, it seems that a flexible supporting medium increases the axial stress development. 1399 

Another effect of the supporting medium flexibility is that the activated response 1400 

frequencies during the tank free vibration are rapidly damped, i.e., only two frequency 1401 

bands are noticed in the Flexible case compared to three frequency bands in the Anchored 1402 

and Unanchored cases. 1403 

5.5.2.2 High dominant-frequency excitations 1404 

Figure 5.32(a) shows the time history of the Sc5 table acceleration and the axial stress under 1405 

high dominant–frequency excitation. A relatively small delay of 0.012 s occurs between 1406 

the shake table acceleration 𝐴ST  and the maximum axial stress 𝜎𝑥
𝐻 , as it occurs in the 1407 

Unanchored case, see Figure 5.20(a). These results differ from the Anchored case, where 1408 

no delay is observed, see Figure 5.10. They results show that uplift plays a crucial role in 1409 

the development of stress in the tank wall. Figure 5.32(b) displays that both the maximum 1410 

uplift of 1.29 mm and the maximum axial stress occur simultaneously. Both graphs in 1411 

Figure 5.32 shows that sloshing quickly decreases following the excitation, i.e., when 𝑡 >1412 

2 s. As a result, once the excitation ceases, the tank-water-soil system does not vibrate 1413 

significantly. 1414 
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A comparison between Figures 5.30 and 5.32 highlights the substantially higher sloshing 1415 

contribution to the maximum stress when the tank is subjected to high dominant-frequency 1416 

(𝜎𝑥
𝐻 = 376 kPa)  in comparison to low dominant-frequency (𝜎𝑥

𝐻 = 208 kPa)  Ricker 1417 

wavelets. The differences can be extended to the continuing harmonic-like fluctuation of 1418 

the stress (dotted line) following the end of the excitation in Figures 5.30(a) and 5.32(a). 1419 

Moreover, the maximum uplift under high dominant-frequency excitation (1.29 mm) is 1420 

52% higher than that under low-dominant frequency excitation (0.85 mm). The results 1421 

corroborate that the magnitude of uplift, which depends on the aspect ratio, the maximum 1422 

acceleration and the dominant frequency of the excitation, affects the maximum axial 1423 

stresses. 1424 

Figure 5.33(a) and (b) show the spectrograms of the time history of axial stress due to high 1425 

dominant–frequency excitations due to the excitations with the lowest peak acceleration 1426 

𝐴max = 0.04 m/s2. Figures 5.33(c) and (d) correspond to the excitations with the highest 1427 

peak base acceleration 𝐴max = 0.2 m/s2. In both cases, the tank has an ℎ/𝑟 = 2. 1428 

Figures 5.33(a) and (c) show the excitation frequency at 4.9 Hz. Figures 5.33(b) and (d) 1429 

show the activated response frequency of 4.9 Hz and other frequencies with considerable 1430 

PSD intensity, e.g., 1.4 Hz, 10 Hz, 12 Hz, 15 Hz, and 18 Hz. In contrast, Figure 5.33(d) 1431 

  

(a) Time history of axial stress (b) Time history of uplift 

Figure 5.32.  Effect of low-dominant frequency excitation Sc5 on hoop stress for ℎ/𝑟 = 2 
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displays two activated frequencies with standout intensity, i.e., 9 𝐻𝑧, and 12.5 Hz, and a 1432 

frequency band around 20 Hz . The maximum uplift for Sc1 is 0.2 mm  which is 1433 

considerably smaller than that for Sc5, i.e., 1.29 mm, see Figure 5.32(b). Consequently, it 1434 

is likely that the activated response frequencies higher than 10 Hz correspond to the rigid-1435 

like body motion of the tank-water system with SSI. The occurrence of the rigid-like body 1436 

motion increases with the maximum acceleration of the excitation. The limited existence 1437 

of the activated frequencies denotes that the tank free vibration is rapidly damped following 1438 

the excitation because there are no activated frequencies in the spectrograms shown in 1439 

Figures 5.32(b) and (d) after 𝑡 > 2 s. 1440 

Comparing Figures 5.12(d), 5.21(d) and 5.33(d), it can be noted that the intensity of the 1441 

9 Hz frequency band is the highest in the Flexible case. Since this frequency is not visible 1442 

in the Anchored case, where uplift is restricted, it is possible that frequency corresponds to 1443 

uplift. In that case, the spectrogram in the Flexible case indicates that the occurrence of 1444 

  

(a) Sc1 (b) 𝜎𝑥  due to low dominant–frequency Sc1 

  

(c)  Sc5 (d) 𝜎𝑥  due to low dominant–frequency Sc5 

Figure 5.33.  Effect of acceleration amplitude of a high dominant–frequency Ricker wavelet on axial stress 

for ℎ/𝑟 = 2 
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uplift increases as the flexibility of the supporting medium decreases, which is analysed in 1445 

detail in Chapter 8. 1446 

5.5.2.3 Maximum tank wall stresses 1447 

Figures 5.34(a) and (b) show the relationship between both the maximum hoop and axial 1448 

stresses and the maximum table acceleration of low dominant-frequency excitations. The 1449 

relationship is nonlinear and becomes more evident as the aspect ratio increases, especially 1450 

for ℎ/𝑟 = 2.5, and 3. The nonlinear relationship is due to the simultaneous effect of uplift, 1451 

sloshing and SSI. However, for low aspect ratios, i.e., ℎ/𝑟 ≤ 1.5, the relationship can be 1452 

considered linear. The linear relationship is evident because the maximum uplift under low-1453 

dominant frequency excitation is small. For the LDPE tank and for low aspect ratios, the 1454 

nonlinear response of uplift and SSI may be neglectable. Similar to the Anchored and 1455 

Unanchored cases, the hydrodynamic pressure changes according to the sloshing pattern, 1456 

affecting the bending moment and shear force. 1457 

Figures 5.34(c) and (d) display the relationship between both the maximum hoop and axial 1458 

stresses and the maximum table acceleration of high dominant-frequency excitations. For 1459 

all the aspect ratios, the relationship is nonlinear. Due to the sloshing pattern, i.e., that 1460 

observed in Figure 5.11, the hydrodynamic pressure does not vary significantly with respect 1461 

to the tank base. This almost constant pressure is relatively insignificant to the nonlinear 1462 

relationship between the maximum stress and table acceleration. Hence, the degree of the 1463 

nonlinear relationship is heavily dependent on uplift. At the same time, the difference 1464 

between the base plate stiffness and that of the supporting medium affects the magnitude 1465 

of uplift.   1466 

A comparison between Figures 5.13, 5.22 and 5.34 reveals that the effects of the fixity and 1467 

the flexibility of the supporting medium on wall stresses depends on both the characteristics 1468 

of the excitation and the aspect ratio. In both the low and high-dominant frequency 1469 
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excitations, the Anchored case presents the lowest hoop and axial stresses of the three cases. 1470 

In contrast, the differences between the Unanchored and Flexible cases depend on the 1471 

aspect ratio, which is discussed in Chapter 8.   1472 

5.5.2.4 Maximum uplift 1473 

Figure 5.35 shows the relationship between the maximum uplift (Up), the maximum table 1474 

acceleration 𝐴ST, the aspect ratio ℎ/𝑟 and the maximum axial stress. The diameter of each 1475 

data point reflects the magnitude of the maximum stress. Under low dominant-frequency 1476 

excitation shown in Figure 5.35(a), both the maximum uplift and the maximum axial stress 1477 

increase with 𝐴ST, for all the aspect ratios. The maximum uplift occurs when ℎ/𝑟 = 2. 1478 

However, ℎ/𝑟 = 3  presents the highest axial stress (306 kPa) . The reason is that the 1479 

energy needed to produce uplift depends on the water height, i.e., the aspect ratio, as 1480 

  

(a) 𝜎𝜙
𝐿  (b)  𝜎𝑥

𝐿 

  

(c)  𝜎𝜙
𝐻 (d)  𝜎𝑥

𝐻 

Figure 5.34.  Relationship between the maximum stresses and the maximum acceleration of the excitation, 

Flexible case 
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previously discussed. In the case of ℎ/𝑟 = 2.5 and 3, when sloshing hits the top plastic 1481 

cover, i.e., the contribution of sloshing to wall stresses is limited, the maximum uplift and 1482 

axial stress are reduced. It is worth recalling that low dominant-frequency excitations have 1483 

a dominant frequency in the vicinity of the first free-vibration frequency of the tank-water-1484 

soil system (1.4 Hz). 1485 

Under high-frequency excitations, Figure 5.35(b) shows that the tank with an aspect ratio 1486 

of ℎ/𝑟 = 2.5 experiences more uplift than the rest of the aspect ratios except in that of the 1487 

highest maximum table acceleration. In the case of the highest maximum acceleration 1488 

𝐴ST = 0.2 m/s2, the maximum axial stress of 684 kPa occurs for ℎ/𝑟 = 3. Since only 1489 

chaotic sloshing of small amplitude was observed during the experiments, the maximum 1490 

stresses are mainly determined by the rigid-like body motion of the system. Consequently, 1491 

the more uplift, the more stress.  1492 

To assess the effects of the flexibility of the supporting medium, Figures 5.23 and 5.35 are 1493 

compared. In the Unanchored case, the higher the aspect ratio, the higher uplift regardless 1494 

of the excitation frequency. In contrast, in the Flexible case, ℎ/𝑟 = 2 presents the highest 1495 

uplift. Regarding the maximum axial stress, the highest axial stress between the 1496 

Unanchored and the Flexible cases depend on the aspect ratio. This may be a consequence 1497 

of the uplift mechanism presented in Chapter 5.4.2.5, where the differences of stiffness 1498 

between the tank and the supporting medium produces a higher concentration of stress near 1499 

the base of the tank.  1500 
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5.6  Comparison between numerical and experimental results 1501 

5.6.1 Anchored case 1502 

Figure 5.36 shows, for all the aspect ratios, the maximum stresses versus the corresponding 1503 

maximum numerical stresses from the spring-mass model, Eqs. (3.13) and (3.14), under 1504 

sine excitations. The solid line indicates the condition where both stresses are equal. An 1505 

enlargement of the lowest stress range between 0 kPa and 10 kPa is shown for all aspect 1506 

ratios. The highest recorded stress were recorded by the strain gauges at 50 mm from the 1507 

base of the tank.  1508 

Figure 5.36(a) shows that the spring-mass model overestimates the hoop stress when ℎ/𝑟 <1509 

1.5. The dispersion of data with a stress in excess of 20 kPa is due to the coincidence 1510 

between the sine excitation frequency and the first free-vibration frequency of the tank-1511 

water system, i.e., 1.2 Hz for ℎ/𝑟 = 0.5 and 1.4 Hz for ℎ/𝑟 ≥ 1. In the experiments, the 1512 

sloshing transitioned from planar to chaotic, i.e., the sloshing height increases with time 1513 

until the water surface breaks to dissipate the accumulation of energy induced by the 1514 

harmonic excitation. A characteristic of chaotic sloshing is that the water surface 1515 

experiences abrupt velocity changes, increasing stresses in the tank wall. The spring-mass 1516 

model overestimates both stresses because the breaking of the water surface is not 1517 

considered, i.e., the accumulation of energy, due to the coincidence of excitation and 1518 

  

(a) Low dominant-frequency excitation (b) High dominant-frequency excitation  

Figure 5.35. Relationship between the maximum uplift, table acceleration, aspect ratio and axial stress 
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system frequencies, and hence the development of stresses, increased with time as a result 1519 

of resonance-like water surface motion. For ℎ/𝑟 ≥ 2, it was observed that sloshing was 1520 

interrupted by hitting the plastic cover at the top of the tank. The impact dissipates extra 1521 

energy and then the maximum hoop stress is reduced. In those cases, the spring-mass model 1522 

underestimates the maximum hoop stress. For excitations with other frequencies, as the 1523 

aspect ratio increases, the spring-mass model produces lower hoop stress than that from the 1524 

experiments. A reason for the divergence between the theoretical and experimental results 1525 

is that the spring-mass model does not consider the contribution of higher modes of 1526 

vibration in the axial and circumferential directions, i.e., breathing vibrations, which are 1527 

inherent in the experimental results.  1528 

The comparison of axial stress in Figure 5.36(b) reveals that the spring-mass model 1529 

underestimates the maximum axial stress for ℎ/𝑟 = 0.5. However, for the rest of the aspect 1530 

ratios, the model tends to overestimate the maximum axial stress. The interpretation of the 1531 

results suggests that the spring-mass model does not consider properly the contribution of 1532 

sloshing to the development of axial stress for broad tanks, i.e., for tanks with ℎ/𝑟 < 1.5. 1533 

This also has been described by e.g., [38,39] because the water volume that sloshes, i.e., 1534 

the convective mass, decreases as the aspect ratio increases. In theory, in the case of ℎ/𝑟 =1535 

0.5, the spring-mass model amplifies the contribution of sloshing to the maximum axial 1536 

stress. In reality, tank and water are a coupled system, i.e., the convective and impulsive 1537 

modes cannot be separated. Because water and tank form a coupled system, the contribution 1538 

of sloshing to the maximum axial stress cannot be isolated and depends on the excitation 1539 

frequency and the aspect ratio.  1540 
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Figure 5.37 shows the disparity between the maximum experimental and theoretical 1541 

stresses under low and high dominant-frequency excitations. Figure 5.37(a) and (c) show 1542 

that, regardless of the dominant frequency of the excitation, the spring-mass model 1543 

overestimates the maximum hoop stress for ℎ/𝑟 ≤ 2. For ℎ/𝑟 > 2,  the maximum hoop 1544 

stress of the spring-mass model is lower than the corresponding experimental value.  1545 

Figures 5.37(b) and (d) show that the maximum axial stress from the spring-mass model is 1546 

higher than that of the corresponding experimental axial stress for all aspect ratios except 1547 

ℎ/𝑟 = 0.5. These results are similar to those due to the sine excitations shown in Figure 1548 

5.36. The overestimation of both hoop and axial stresses could be anticipated due to the 1549 

simplifications of the spring-mass model already mentioned.  1550 

  

(a) Hoop stress (b) Axial stress 

Figure 5.36 Disparity between the maximum experimental and spring-mass model (a) hoop and (b) axial 

stresses under sine excitations, Anchored case 
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5.6.2 Unanchored case 1551 

Figure 5.38 shows the maximum experimentally obtained stresses versus those from the 1552 

spring-mass model in the Unanchored case employing Eqs. (3.15) and (3.16). The solid 1553 

line indicates the condition where both stresses are equal. Figures 5.38(a) and (b) show the 1554 

maximum stress when the tank is excited by sine excitations. Figures 5.38(c)-(f) display 1555 

the stresses due to Ricker wavelet excitations.   1556 

When the excitation frequency coincides with the first free-vibration frequency of the tank-1557 

water system, i. e. , 1.4 Hz, the spring-mass model overestimates the maximum stresses, as 1558 

delineated by the dashed ellipse in Figures 5.38(a) and (b). For the results involving 1559 

frequency other than 1.4 Hz (see the results outside the dashed domain), the spring-mass 1560 

model results show improved agreement, see the enlargement of the lowest stress range 1561 

between 0 kPa and 150 kPa . The reason of the disparity between results is that the spring-1562 

  

(a)  Low dominant-frequency, hoop stress (b)  Low dominant-frequency, axial stress 

  

(c)  High dominant-frequency, hoop stress (d)  High dominant-frequency, axial stress 

Figure 5.37 Disparity between the maximum experimental and spring-mass model (a)(c) hoop and (b)(d) 

axial stresses under low and high dominant–frequency Ricker wavelet excitations, Anchored case 
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mass model does not consider properly the contribution of sloshing to the development of 1563 

stresses in the tank wall, as already discussed. 1564 

  

(a) Maximum hoop stress under sine excitations (b) Maximum axial stress under sine excitations 

  

(c) Maximum hoop stress under low dominant-

frequency excitations 

(d) Maximum axial stress under low dominant-

frequency excitations 

  

(e) Maximum hoop stress under high dominant-

frequency excitations 

(f) Maximum axial stress under high dominant-

frequency excitations 

Figure 5.38. Disparity between the maximum experimental and spring-mass model hoop (a)(c)(e) and 

axial (b)(d)(f) stresses, Unanchored case 
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When the tank is subjected to low dominant-frequency excitations, see Figures 5.38(c) and 1565 

(d), the differences between the spring-mas model and the experimentally obtained stresses 1566 

increase with the aspect ratio. Even though it is not shown in the figures, the difference 1567 

between the stresses also increases with the maximum acceleration of the excitation. When 1568 

the tank is subjected to high dominant-frequency excitations, shown in Figures 5.38(e) and 1569 

(f), the results from the spring-mass model agree with those from the experiments for low 1570 

maximum table acceleration, i.e., excitations Sc1 and Sc2. However, as both the maximum 1571 

table acceleration and the aspect ratio increase, the spring-mass model cannot capture the 1572 

maximum stress due to uplift, especially for ℎ/𝑟 ≥ 2. 1573 

5.6.3 Flexible case 1574 

Figures 5.39 and 5.40 show, for all the aspect ratios, the experimentally obtained maximum 1575 

stresses versus those from the spring-mass model. Figure 5.39 shows the maximum stresses 1576 

when the tank is subjected to sine excitations. An enlargement of the lowest stress range 1577 

between 0 kPa and 200 kPa is presented. Figure 5.40 displays the maximum stresses due 1578 

to Ricker wavelet excitations. 1579 

When the excitation frequency coincides with the first free-vibration frequency of the tank-1580 

water-soil system, i. e. , 1.4 Hz, the spring-mass model overestimates the maximum stresses 1581 

(𝜎 > 400 kPa), as shown in the upper part in Figures 5.39(a) and (b). For the results due 1582 

to excitations where chaotic sloshing was not observed to occur (see the results inside the 1583 

enlarged-stress window), the spring-mass model results show improved agreement. The 1584 

differences increase with the aspect ratio due to the nonlinear relationship of the base plate 1585 

of the tank that is related with the stiffness of the supporting medium (sand), i.e., the shear 1586 

wave velocity. The difference in stiffness also affects the magnitude of uplift. The spring-1587 

mass model reduces the relationship between the supporting medium and the base plate of 1588 
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the tank to a combination of two rotational springs, i.e., 𝑘𝜙𝑏
 and 𝑘𝜙 in Eq. (3.6) that may 1589 

not be accurate for high aspect ratios under sine excitations.  1590 

  

(a) Maximum hoop stress (b) Maximum axial stress 

Figure 5.39. Disparity between the maximum experimental and theoretical stresses under sine 

excitations, Flexible case 

 

Figures 5.40(a) and (b) shows that, when the tank is subjected to Ricker wavelet excitations 1591 

and regardless of the dominant frequency, the spring-mass model predicts the wall stresses 1592 

obtained from the experiments with a good accuracy. Some discrepancies are evident when 1593 

ℎ/𝑟 ≥ 2. In the case of low dominant-frequency excitations, the sloshing behaviour may 1594 

become chaotic, depending on the table acceleration. However, the maximum acceleration 1595 

and duration of low dominant-frequency excitations are too short to notice the nonlinear 1596 

effects of the braking wave on the development of stresses. In the case of high dominant-1597 

frequency excitations, the combined effects of uplift, chaotic sloshing of small amplitude 1598 

and the consideration of damping may be the reasons of the discrepancies between the 1599 

results.  1600 
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(a) Maximum hoop stress under low dominant-

frequency excitations 

(b) Maximum axial stress under low dominant-

frequency excitations 

  

(c) Maximum hoop stress under high dominant-

frequency excitations 

(d) Maximum axial stress under high dominant-

frequency excitations 

Figure 5.40. Disparity between the maximum experimental and theoretical (a)(c) hoop and (b)(d) axial 

stresses under Ricker wavelet excitations, Flexible case 

5.7  Summary 1601 

A low-density polyethylene cylindrical tank partially filled with water a was tested under 1602 

horizontal excitations. The main goal was to determine the relationship between the 1603 

frequency content of an excitation and the maximum stress in the tank wall. Six aspect 1604 

ratios between 0.5 ≤ ℎ/𝑟 ≤ 3  were considered. Eight sine excitations with different 1605 

frequency, but equal acceleration amplitude, and two sets of Ricker wavelets with two 1606 

dominant frequencies and different amplitudes were applied. In total, 144 experiments 1607 

under sine excitations and 180 experiments with Ricker wavelets have been performed. 1608 

Three cases were considered: 1) Anchored case, i.e., the tank is fixed to the shake table, 1609 

which represents a rigid supporting medium, 2) Unanchored case, i.e., the tank is freely 1610 

standing on the shake table, and 3) Flexible case, the tank lies on sand in a laminar box, 1611 
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which represents a soil site. The experimental results are then compared with those from a 1612 

nonlinear elastic spring–mass model commonly used in the seismic analysis of storage 1613 

tanks to evaluate its applicability. As with any study involving physical experiments, there 1614 

are limitations to the applicability of this work to structures of different geometry and 1615 

material properties to those employed in this thesis.  1616 

The results from applying the sine excitations revealed: 1617 

I. Coincidence of the first free–vibration frequency of the tank–water system with that 1618 

of the excitation increased the maximum hoop and axial stresses considerably. The 1619 

reason is that sloshing transformed from being planar to nonplanar, and at times, 1620 

further transition to chaotic occurred. In the Unanchored and Flexible cases, the 1621 

occurrence and the amplitude of uplift also increased due to the frequency 1622 

coincidence.  1623 

II. Several activated response frequencies played a role in the stress development due 1624 

to the interaction between the water and the tank wall. These frequencies increased 1625 

with the excitation frequency. Uplift and sloshing depended on the excitation 1626 

frequency and activated additional frequencies.  1627 

III. The results from the spring-mass model and those from the experiments diverged 1628 

due to the limitations of the spring-mass model in representing the reality (the 1629 

physical experiments). The limitations were more evident in the estimation of (i) 1630 

the maximum hoop stress when ℎ/𝑟 ≥ 2, and (ii) the maximum axial stress for 1631 

ℎ/𝑟 = 0.5. However, in the Flexible case and the frequencies of the excitation and 1632 

that of the tank-water-soil system did not coincide, the spring-mass model offered 1633 

a good prediction of stresses.  1634 

IV. In the Anchored case, the maximum stresses occur when the tank is full, i.e., ℎ/𝑟 =1635 

3. In contrast, in both the Unanchored and Flexible cases, the maximum stresses 1636 
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occurred when the tank is partially filled, i.e., when sloshing have enough space to 1637 

develop freely, in the cases of ℎ/𝑟 = 2 and 2.5. 1638 

The results due to the Ricker wavelet excitations revealed: 1639 

V. Regardless of both the fixity and the flexibility of the supporting medium, in the 1640 

case of low dominant-frequency excitations, the activated response frequencies 1641 

depended on both the maximum table acceleration and the dominant frequency of 1642 

the excitation. As the maximum table acceleration increases, more frequencies 1643 

contributed to the development of stress, even after the passage of the excitation, 1644 

i.e., during the tank free vibration due to the continuing sloshing that prevails.  1645 

VI. For high dominant-frequency excitations, the activated response frequencies of wall 1646 

stress were independent of the maximum acceleration, even though the PSD 1647 

intensity increased with increasing the excitation magnitude. After the passage of 1648 

the excitation, no significant frequencies are activated. 1649 

VII. In the Anchored case, the relationship between the maximum axial stress and the 1650 

maximum acceleration of low dominant-frequency excitations tends to be 1651 

nonlinear, with the degree depending on the aspect ratio. In contrast, the relationship 1652 

between the maximum hoop stress and the maximum acceleration can, to a 1653 

reasonable degree, be considered linear, regardless of the aspect ratio. The 1654 

relationship between both hoop and axial stresses and the maximum acceleration of 1655 

high dominant–frequency excitations can be taken to be linear, regardless of the 1656 

aspect ratio. 1657 

VIII. In the Unanchored and Flexible cases, both the maximum hoop and axial stresses 1658 

increased nonlinearly with the maximum acceleration of the excitation, regardless 1659 

of the dominant frequency. However, the source of the nonlinear relationship 1660 
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differed, i.e., chaotic sloshing governed the nonlinear relationship for low 1661 

dominant-frequencies, while uplift for high dominant-frequency excitations.  1662 

IX. In the Anchored case, the spring-mass model overestimates the maximum hoop 1663 

stress for ℎ/𝑟 ≤ 2, regardless of the frequency of the excitation. This characteristic 1664 

was reversed for the maximum axial stress where the spring-mass model 1665 

underestimated the stress when the aspect ratio is ℎ/𝑟 = 0.5. In the Unanchored 1666 

case, the spring-mass model overestimated both maximum hoop and axial stresses 1667 

when ℎ/𝑟 ≥ 2, regardless of the excitation frequency. Finally, in the Flexible case, 1668 

the spring-mass model results agreed with those from the experiments. 1669 

X. The maximum axial and hoop stresses occurred near the tank base on the same 1670 

azimuth in the presence of uplift. The tank can simultaneously experience both 1671 

compression and tension at different locations. In the cases considered, when the 1672 

tank recontacted the supporting medium following the maximum uplift, both hoop 1673 

and axial stresses were lower in magnitude than those at the time of maximum 1674 

uplift.  1675 

XI. From the comparison between the three analysed cases, the effects of the fixity and 1676 

the flexibility of the supporting medium highly depend on the excitation 1677 

characteristics, i.e., frequency content and maximum acceleration, which at the 1678 

same time controls the sloshing behaviour and the occurrence of uplift.  1679 



 Chapter 6  1680 

6 Effects of rotary sloshing on the dynamic response of 1681 

storage tanks 1682 

If the sloshing pattern evolves from planar to nonplanar, the liquid surface may respond by generating 1683 

a considerable sloshing height that can lead to a chaotic sloshing pattern. A nonplanar sloshing, that 1684 

eventually transforms into the chaotic sloshing observed in circular and rectangular containers, is the 1685 

catalyst leading to generic rotary sloshing. Rotary sloshing occurs when the frequency of the applied 1686 

lateral harmonic force is close to the lowest frequency of the tank-water system [54,74,75].  1687 

Dodge et al. [76] and Hutton [77,78] described the characteristics of rotary sloshing and emphasized 1688 

the causes. The independent results of those references [76–78] revealed that there is a coupling 1689 

between the motion of the fluid in directions both parallel and perpendicular to the excitation 1690 

direction. The coupling effects were studied by Kana [79,80] and Miles [79–81], who concluded 1691 

rotary sloshing produces a cross-axis force in the direction horizontally perpendicular to the excitation 1692 

that cannot be neglected for design purposes of a tank.   1693 

Opinions concerning the causes of rotary sloshing are divided. On the one hand, the rotation of the 1694 

centre of gravity of the tank-water system may cause an angular moment by producing a rotation of 1695 
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the fluid particles [74]. On the other hand, high modes of vibration of the tank wall in the axial and 1696 

circumferential directions, i.e., breathing vibrations [129], may cause rotary sloshing [130]. In the 1697 

circumferential direction, the tank wall can vibrate in two asymmetric modes that are 1698 

circumferentially 90 degrees out-of-phase with each other. Thus the circumferential mode, excited by 1699 

a harmonic external force, contains what are called the driven mode and the companion mode, see 1700 

e.g., [131,132]. The driven and the companion modes of the tank wall can occur simultaneously. This 1701 

usually occurs when the frequency of the harmonic excitation is close to the lowest natural frequency 1702 

of a tank-water system and the combined vibrations appear like a travelling wave [133]. The effects 1703 

of the travelling wave on the natural frequencies of empty and liquid-filled cylindrical tanks are 1704 

numerically studied by, e.g., [133,134]. However, it is not clear whether rotary sloshing is a cause or 1705 

a consequence of the simultaneous occurrence of the two asymmetric modes. 1706 

Another possible cause of rotary sloshing is the phenomenon called secondary (internal) resonance. 1707 

According to Faltinsen and Timokha [135], when a tank-liquid system is excited by a harmonic load 1708 

with the fundamental frequency of the system, the excited liquid will subsequently excite the system. 1709 

The excited liquid can have a significant contribution to the response of the tank-liquid system. 1710 

Numerical results provided by [72] confirmed that the contribution of the second convective mode to 1711 

the development of axial stress should never be ignored. Consequently, several higher modes are 1712 

needed to adequately reflect the characteristics of rotary sloshing. However, why after a while rotary 1713 

sloshing changes the direction of the rotation is still not clear. 1714 

To the author best knowledge, no experimental data about the effects of rotary sloshing on the tank 1715 

response and the occurrence of breathing vibrations. The objective of this Chapter is to experimentally 1716 

elucidate the effects of rotary sloshing on the dynamic response of a storage tank partially filled with 1717 

water. The dynamic response monitored and interpreted includes the development of both axial and 1718 

hoop strain in the tank wall, and the acceleration at the bottom, middle, and top of the tank. The 1719 

influence of rotary sloshing on the tank breathing vibrations, which enhance the development of strain 1720 
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in the tank wall, is also investigated. A floating lid is utilised as a barrier to impede rotary sloshing. 1721 

The results of the tank-water system with and without the floating lid are compared.  1722 

6.1  Characteristics of rotary sloshing 1723 

The alignment between natural frequencies of the tank-water system and the external force produces 1724 

an extremely complex sloshing response [133]. Solving the mathematical formulation of chaotic 1725 

sloshing in a storage tank under dynamic loads can be very challenging. According to Ohayon and 1726 

Schotté [136], the fluid-structure interaction during rotary sloshing can be idealised as a problem of 1727 

hydro-elastic sloshing. However, in a cylindrical tank, the vibration of a pendulum is analogous to 1728 

rotary sloshing, see e.g., [80,137–139]. The nonlinear differential equation of motion of a pendulum 1729 

without damping and external force is described by Eq. (6.1), based in Figure 6.1. 1730 

𝑑2𝜃

𝑑𝑡2
+

𝑔

𝐿
𝑠𝑖𝑛𝜃 = 0 

(6.1) 

 1731 
Figure 6.1. Classical model of a pendulum 1732 

 1733 

The nonlinear equation becomes linear by assuming that 𝑠𝑖𝑛𝜃 ≃ 𝜃, for small values of 𝜃. Hence, 1734 

equivalent linear mechanical systems were developed to analyse liquid storage tanks [118]. However, 1735 

the pendulum model is seldom used in current design practice of liquid storage tanks.  1736 

Using the nonlinear differential equation, introducing the frequency  𝜔 = √𝑔/𝐿 , and the 1737 

dimensionless time 𝜏 = 𝜔𝑡, Eq. (6.1) becomes into 1738 

�̈� + 𝑠𝑖𝑛𝜃 = 0 (6.2) 
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where the overdot indicates differentiation with respect to 𝜏.  1739 

The phase plane is a useful tool to observe the qualitative features of a system represented by 1740 

differential equations that might not be obvious otherwise. According to Strogatz [140], the cylinder 1741 

phase plane is the inherent phase plane for the differential equation of the pendulum because it 1742 

involves the angular velocity 𝜈 and the angle 𝜃. Hence, the nonlinear system of a pendulum in the 1743 

phase plane is represented by 1744 

�̇� = 𝜇 (6.3) 

�̇� = − 𝑠𝑖𝑛𝜃 (6.4) 

where 𝜇 is the dimensionless angular velocity.  1745 

𝐸(𝜃, 𝜇) =
1

2
𝜇2 − 𝑐𝑜𝑠𝜃 (6.5) 

Introducing the energy function given in Eq. (6.5), Figure 6.2(a) displays the cylindrical phase plane 1746 

for the pendulum differential equation. Horizontal arrows indicate the values of the energy function 1747 

𝐸. In the vertical axis; the angular velocity 𝜇 is plotted; in the horizontal axis, the angle 𝜃. If the 1748 

energy is plotted on the vertical axis instead of the angular velocity, Figure 6.2(b) is obtained [140]. 1749 

The shape of a U-tube indicates that, for the same amount of energy, the pendulum may rotate in the 1750 

clockwise or anticlockwise direction, depending on the zone determined by the cylindrical phase 1751 

space. It gives the impression that the direction of the rotations is drawn incorrectly at the top of the 1752 

U-tube in Figure 6.2(b), i.e., they should go in opposite directions. However, the arrows indicate the 1753 

magnitude of the dimensionless angular velocity instead of the angle 𝜃. 1754 
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The minimum value of energy in Figure 6.2(b) O(0,0) indicates that the pendulum rests in a vertical 1755 

position. The small vibrations of the pendulum around the equilibrium position, called librations, 1756 

occur when the energy is −1 <  𝐸 ≤ 1. For this interval of energy, the pendulum does not rotate. If 1757 

the energy is 𝐸 > 1, the motion of the pendulum increases, and it starts to rotate repeatedly over the 1758 

top. However, it is unrealistic that the pendulum swirls indefinitely. If viscous damping is included 1759 

in the nonlinear differential equation, Eq. (6.2) becomes into 1760 

�̈� + 𝑐�̇� + sin 𝜃 = 0 (6.6) 

 1761 

The U-tube phase plane considering damping looks like the one shown in Figure 6.3. If the initial 1762 

conditions of the pendulum give a value of energy higher than one, i.e., the initial velocity is nonzero, 1763 

the pendulum rotates either in the clockwise or anticlockwise direction. As time elapses, the energy 1764 

decreases due to damping, and the rotation ceases gradually. Once in the librations area, the pendulum 1765 

does not rotate, but it keeps moving until a stable equilibrium is reached.  1766 

  

(a) Phase portrait onto the surface of a cylinder (b) Bent cylindrical phase space (U-tube) 

Figure 6.2. Cylindrical phase space for the nonlinear pendulum model [140] 
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 1767 
Figure 6.3. Effect of viscous damping on the U-tube phase space 1768 

6.2  Description of rotary sloshing 1769 

The LDPE tank shown in Figure 4.1 on a rigid supporting medium, i.e., the Unanchored case, was 1770 

used. The tank was filled with water to form an aspect ratio of two, i.e., ℎ = 450 mm. The aspect 1771 

ratio was selected because the vertical distance from the water line to the top of the tank is large 1772 

enough so that sloshing can develop freely. The tank was roofless and unanchored, i.e., uplift may 1773 

occur. However, in this Chapter, the effect of uplift on the development of strain and acceleration of 1774 

the tank was not analysed. The floating lid shown in Figure 4.7 was utilised as a barrier to restrict 1775 

rotary sloshing. A series of nine single harmonic excitations, i.e., sine excitations, were applied using 1776 

the shake table. These excitations covered a small bandwidth of frequency on either side of the first 1777 

free-vibration frequency of the tank-water system without lid (1.41 Hz) . Table 6.1 shows the 1778 

properties of the sine excitations. The combination of 3 mm  amplitude and  1.41 Hz  frequency 1779 

offered a good combination to observe rotary sloshing. To ensure that the response of the tank-water 1780 

system only depended on the frequency of the sine excitation, a constant acceleration amplitude of 1781 

5.96 mm/s2 was established for all the excitations.  1782 

Rotary sloshing was observed to occur in all experiments. Figure 6.4 shows the history of a floating 1783 

white ball that was used to track the time history of the rotational displacement of a particle on the 1784 

water surface. The ball was light and smooth, and this provides minimal resistance to rotation. The 1785 

water was mixed with red dye to reduce the reflection of light from the roof of the laboratory. The 1786 

pattern shown in Figure 6.4 occurred when the sine excitation had a frequency of 1.41 Hz. The 1787 

phenomenon is described in the following four steps: 1788 
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Table 6.1 Characteristics of the applied sine excitations 1789 

# Excitation Frequency  

(Hz) 

Amplitude  

(mm) 

Acceleration  

(mm/s2) 

1 1.34 3.32 

5.96 

2 1.36 3.22 

3 1.38 3.13 

4 1.40 3.04 

5 1.41 3.00 

6 1.42 2.96 

7 1.44 2.88 

8 1.46 2.80 

9 1.48 2.72 

 1790 

1) The sloshing started being planar, see Figure 6.4(b), until the water surface broke due to the 1791 

accumulation of energy induced by the harmonic excitation. Referring to Figure 6.3, the energy value 1792 

was in the librations zone, i.e., the energy function was between −1 < 𝐸 ≤ 1. Even though the 1793 

frequency and amplitude of the excitation were constant during the experiment, the sloshing height 1794 

increased over time.  1795 

2) The planar sloshing became nonplanar, see Figure 6.4(c). The excessive energy induced by the 1796 

excitation made the liquid rotated in an anticlockwise direction, see Figure 6.4(d-e). It was observed 1797 

that the direction of rotation for all the excitations considered was, at first, in the anticlockwise 1798 

direction. Referring to Figure 6.3, as the rotation of the water started, the energy function must be in 1799 

the rotations zone, i.e., 𝐸 > 1. Consequently, rotary sloshing became even bigger that suggest the 1800 

angular velocity 𝑣 increased until the sloshing became unstable. The interaction between the fluid 1801 

and the tank wall produced a change of phase in the vibration of the tank-water system. According to 1802 

Strogatz, [140], the system reached a point called unstable fixed point.  1803 

3) Due to the change of phase, the free-vibration frequencies of the tank-water system were 1804 

readjusted, i.e., they were not the same as shown in Table 5.2. Consequently, the angular velocity 1805 

started to decrease. The angular velocity of the water decreased until the motion stopped completely, 1806 
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for a few seconds, see Figure 6.4(f). The energy function reached the librations zone, and eventually 1807 

reached the equilibrium state, i.e., the energy function was 𝐸 = −1, i.e., a state of zero rotational 1808 

energy. 1809 

4) Once in a similar condition to the initial state, i.e., the liquid was not moving, the system recovered 1810 

the free-vibration frequencies. Hence, rotary sloshing started over again because the motion of the 1811 

shake table did not stop. However, due to the change of phase, the rotation was on the contrary side 1812 

of the U-tube in Figure 6.3. Hence, the direction of rotation was clockwise, see Figure 6.4(g)-(h). It 1813 

was found that only when the excitation had a frequency of 1.34 Hz and 1.48 Hz, the change in the 1814 

direction of rotation did not occur.  1815 

 1816 
Figure 6.4. Sequence of rotary sloshing when the excitation has a frequency of 1.41 Hz 1817 

 1818 

Rotary sloshing continued periodically until the shake table stopped moving. The rotary sloshing 1819 

cycle of sloshing, stopping, and starting again in the opposite direction depended on the frequency of 1820 
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the excitation. The excitation with a frequency of 1.40 Hz had the shortest duration of rotary sloshing, 1821 

i.e., the motion stopped and changed direction more frequently than the rest of the excitations.  1822 

6.3  Maximum acceleration 1823 

Figure 6.5 shows the acceleration profiles at the time of maximum acceleration, which occurs at the 1824 

top of the tank in all cases, along the height of the tank wall for the azimuths of 0°, 90°, and 180°, for 1825 

all the excitations. The acceleration is normalised with respect to the maximum acceleration of the 1826 

shake table 𝐴max for each excitation, because the actual input acceleration varies within a few percent 1827 

over the range of excitations. The dash-dotted horizontal lines indicate the physical location of the 1828 

accelerometers according to the normalised height 𝑥/𝐻. The continuous horizontal line indicates the 1829 

initial water level. The maximum acceleration when the excitation has a frequency of  1.41 Hz 1830 

(continuous line) is the reference value to compare with those from the rest of the excitations.  1831 

In Figure 6.5(a), the horizontal acceleration profiles in the direction of the azimuth for all the 1832 

excitations are similar in magnitude and shape. In contrast, in Figure 6.5(b) the maximum difference 1833 

of 23% occurs at the top of the tank between the responses due to excitations with a frequency 1834 

of 1.34 Hz and 1.41 Hz. For the azimuth of 0°, in Figure 6.5(c), the largest difference of 13% occurs 1835 

at the top of the tank. The results for the 90° azimuth show that rotary sloshing produces a noticeable 1836 

acceleration in the direction perpendicular to the excitation. At this azimuth, the acceleration at the 1837 

top of the tank is twofold the maximum acceleration of the shake table. In contrast, the acceleration 1838 

at the bottom is insignificant compared to that at the top of the tank. These findings coincide with 1839 

those in references [79–81], who concluded that the perpendicular force generated by rotary sloshing 1840 

could not be ignored.  1841 
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6.4  Maximum strain 1842 

Figure 6.6 shows both hoop 𝜖𝜙 and axial 𝜖𝑥 strain profiles along the dimensionless height 𝑥/𝐻, for 1843 

the azimuths of 0°, 90°, 180°, and 270°. The strain is normalised with respect to the maximum 1844 

acceleration of the shake table 𝐴max. The strain is normalised because the actual acceleration differs 1845 

among all the excitations due to the shake table mechanical actuator. A positive value of hoop strain 1846 

indicates an outward radial deformation of the tank wall, and conversely a negative one, an inward 1847 

radial deformation. In the case of the axial strain, a positive value indicates that the tank height 1848 

enlarges and, a negative one, the tank height shortens. The horizontal lines in each figure indicate the 1849 

initial water level. 1850 

For the azimuths of 0° and 90° in Figure 6.6(a) and (b), the hoop strain profiles seem to be 1851 

symmetrical even though the columns of strain gauges are in different planes. In both azimuths, near 1852 

the base of the tank, the maximum hoop strain occurs. These maximum strains do not occur at the 1853 

same time instant. The maximum water height produced by the rotation determines the side of the 1854 

tank wall that experiences the highest hydrodynamic force. Thus, the sign of the strain profile depends 1855 

on the velocity and height of rotary sloshing.  1856 

  
 

(a) 180  (b)  90  (c) 0° 

Figure 6.5. Acceleration profiles along with the tank height for the three azimuths during rotary sloshing, 𝐴Max =
5.96 mm/s2 
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For the azimuth of 180° and 270° in Figure 6.6(c) and (d), the hoop strain profiles depend on the 1857 

frequency of the excitation. The hoop strain profiles can be divided into two groups according to the 1858 

frequency of the excitation. The first group corresponds to hoop strain profiles when the excitation 1859 

has a frequency lower than 1.41 Hz and the second, when the excitation has a frequency higher 1860 

than 1.41 Hz. For each group, the hoop strain profiles for all the frequencies used have a similar 1861 

shape. Additionally, the results for both groups coincide at the location where the maximum hoop 1862 

strain occurs, and the maximum absolute hoop strain has a similar magnitude, but of opposite sign. 1863 

In Figure 6.6(c), the location of the maximum strain is 𝑥/𝐻 = 0.067, and in Figure 6.6(d), the 1864 

location is 𝑥/ℎ = 0.026. Considering the shape and location of the strain, it is possible to hypothesise 1865 

that the sign of the hoop strain due to rotary sloshing is of secondary importance, i.e., rotary sloshing 1866 

causes both outward and inward radial deformation of the tank wall of an approximate equal 1867 

magnitude.  1868 

Figures 6.6(e)-(h) show that over the narrow range of frequencies applied (Table 6.1) the frequency 1869 

of the excitation has an insignificant impact on the development of axial strain due to rotary sloshing. 1870 

For almost all the azimuths, the tank became shorter than the initial height since a negative axial strain 1871 

prevailed. Near the tank base, at 𝑥/ℎ = 0.026, positive axial strain remains for all the azimuths except 1872 

for those in azimuth 270°, see Figure 6.6(h). The abrupt change on the sign of the axial strain profiles 1873 

may be a consequence of the tank base condition, i.e., the base of the tank is unrestrained, and 1874 

transitory uplift might occur. The change in the sign of the hoop strain in Figures 6.6(c) and (d), and 1875 

the axial strain in Figure 6.6(h), at 𝑥/𝐻 = 0.067 and 0.1, is strong evidence that breathing vibrations 1876 

are activated by rotary sloshing. 1877 
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(a) Hoop strain 0° (b) Hoop strain  90° (c) Hoop strain  180° (d) Hoop strain  270° 

    

(e) Axial strain 0° (f) Axial strain 90° (g) Axial strain 180° (h) Axial strain 270° 

Figure 6.6. Normalised hoop and axial strain profiles 

 

6.5  Breathing vibrations 1878 

Figure 6.7 displays the hoop strain in the tank wall at the heights where the strain gauges were located. 1879 

The strain is extracted from the time history records at the instant of time when the maximum hoop 1880 

strain of the entire tank occurs for each excitation. The red-dotted line indicates the initial 1881 

circumference of the tank wall, 450 mm  diameter. The black-continuous line indicates the 1882 

deformation of the transverse section of the tank, reconciled by the technique that follows.  1883 

At each height, four canonical ellipse equations are employed to determine the four deformed arcs 1884 

constructed by two adjacent azimuths, e.g., the azimuths of 0° and 90° give one equation, and the 1885 

azimuths of 90° and 180° gives another equation. It is assumed that there are no changes in sign 1886 

between the values of two adjacent azimuths. Hence, only the minor and the major axis of the ellipses 1887 

can be drawn, i.e., only one circumferential breathing vibration can be visualised. In the axial 1888 

direction, however, up to eight breathing vibrations can be observed from the eight strain gauges in 1889 

f (Hz) f (Hz) f (Hz)
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each column, see Figure 4.2. The strain was amplified by 3000 to allow appreciation of the scale of 1890 

the deformation.  1891 

The maximum strain usually occurs near the base of the tank, and it can be negative (inward 1892 

deformation) or positive (outward deformation). For most of the excitations, the sign of the maximum 1893 

hoop strain, i.e., compressive or expansive, determines the response of the whole wall. If the 1894 

deformation near the base of the tank is outward, the whole tank is likely to deform outwards, e.g., 1895 

Figures 6.7(a), (b), (d), (h) and (i). In contrast, Figures 6.7(c), (e) and (g) show that the whole tank 1896 

deforms inwards.  1897 

When the frequency of the excitation coincides with the first free-vibration frequency of the tank-1898 

water system, the tank experiences outward radial displacement near the base but inward radial 1899 

displacement in the upper-half of the tank height, as shown in Figure 6.7(f). These results suggest 1900 

that non-homogeneous (mixed-mode) breathing vibrations occur. 1901 

Figure 6.8 shows the sequence of breathing vibrations over eight instances in time, seen looking down 1902 

on the tank, i.e., a plan view from the top, at the height of  75 mm (dashed-line), and  500 mm 1903 

(continuous line), both these locations are shown in Figure 6.7(f). In Figure 6.8(a), nearly one second 1904 

after the start of rotary sloshing, i.e., 𝑡 = 8.55 s, at the height of 75 mm, the tank wall deforms 1905 

outward for an azimuth of 270°. For the other three azimuths, the tank wall deforms inwards. In 1906 

contrast, at the height of 500 mm, the tank wall deforms inwards for the azimuths of 90° and 270° 1907 

but outwards for 0° and 180°. One and a half seconds later, i.e., 𝑡 = 10.08 s, in Figure 6.8(b), the 1908 

tank wall at 75 mm deforms outwards for azimuths of 90° and 180° and inwards on the other two 1909 

azimuths. In Figure 6.8(c), at 𝑡 = 11.95 s, the deformation at both heights of 75 mm and 500 mm is 1910 

outwards on the azimuth of 0°. However, for the azimuth of 180°, the tank wall deformation is 1911 

outwards at a height of 500 mm and inwards at a height of 75 mm. A few seconds after, in Figure 1912 

6.8(d), the shape of the deformation of the tank wall is like that in Figure 6.8(a). In Figures 6.8(e) – 1913 
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(h), the breathing vibrations are also observed. These results show the effect of rotary sloshing on the 1914 

tank breathing vibrations. 1915 

   

(a) 1.34 Hz (b) 1.36 Hz (c) 1.38 Hz 

 
 

 

(d) 1.40 Hz (f) 1.41 Hz (e) 1.42 Hz 

   

(g) 1.44 Hz (h) 1.46 Hz (i) 1.48 Hz 

Figure 6.7. Breathing vibrations as a function of the frequency of the excitation 

 

The direction of rotation can be inferred from the sequence of tank wall deformations shown in Figure 1916 

6.8. In Figure 6.8(a)-(d), from 𝑡 = 8.55 s  to  𝑡 = 13.30 s , the rotation of the water is in the 1917 

anticlockwise direction, as indicated by the “egg shape” rotational displacement. On the other hand, 1918 

in Figures 6.8(e)-(h), from  𝑡 = 26.84 s to 𝑡 = 32.19 s, the rotation of the water is in the clockwise 1919 

direction. However, the existence of breathing vibrations is determined by a change in volume of the 1920 

enclosed space at any non-dimensional depth, not simply a distortion of the cross-section, since the 1921 
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volume could remain constant while deformation takes place. The key is the hoop strain and its 1922 

integration around the circumference.  1923 

    

(a) (b) (c) (d) 

    

(e) (f) (g) (h) 

Figure 6.8. Breathing vibrations at two heights in the tank when the excitation has a frequency of 1.41 Hz 

 

6.6  Effects of the lid on the tank response 1924 

When the floating HDF lid covers the water surface, only planar sloshing was observed. The 1925 

impediment of nonplanar sloshing affects the tank response significantly. Figure 6.9 shows the 1926 

comparison between the acceleration profiles with and without the lid, for the three azimuths of 180°, 1927 

90° and 0°. The profiles are extracted for each azimuth when the maximum acceleration of the entire 1928 

tank occurs. Only results from the excitation with a frequency of 1.41 Hz  are presented. The 1929 

excitation is chosen because it produces nonplanar and chaotic sloshing.  1930 

Figure 6.9 shows that the lid decreases the maximum acceleration along the tank wall by 2%, 12% 1931 

and 9%, for the azimuths of 180°, 90° and 0°, respectively. As expected, the lid suppresses the 1932 

acceleration perpendicular to the direction of shaking by the largest of the three azimuths, i.e., 12%. 1933 

Hence, the lid retards rotary sloshing and, at the same time, reduces the development of acceleration 1934 

in the tank wall. The effect of the lid on the other two azimuths is minimal. 1935 
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Figure 6.10 shows the time history of the hoop and axial strains at 20 mm above the base of the tank 1936 

for the azimuth of 270° and 180°, respectively. The plots are selected because the maximum hoop 1937 

and axial strains occur in those azimuths, at that location. The time-histories display the effectiveness 1938 

of the lid in impeding sloshing. Without the lid, cycles of the rotary sloshing are observed, i.e., the 1939 

magnitude of strain presents a periodic beat (approximately every 15 s). The maximum hoop and 1940 

axial strain occur during the fourth and first cycle, i.e., near 72 s and 21 s, respectively. However, 1941 

with the lid, both axial and hoop strain follow the shape of the excitation, with a constant frequency 1942 

and amplitude. These results imply that a change of sloshing phase does not occur with the lid, which 1943 

indicates that the sloshing remains planar. 1944 

   

(a) 180  (b)  90  (c) 0° 

Figure 6.9. Effects of the floating lid on the development of acceleration 

 

  

(a) Hoop strain, azimuth of 270  (b) Axial strain, azimuth of 180  

Figure 6.10. Effect of the lid on strain development  

Max 𝜖𝜙 = 0.014
Max 𝜖𝑥 = 0.018
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Figure 6.11 compares the development of hoop and axial strain with and without the lid, along the 1945 

normalised tank height 𝑥/𝐻. The values are extracted from both strain time histories shown in Figure 1946 

6.10, when the maximum hoop and axial strain in the whole tank occurs. The circular dots indicate 1947 

the location of the strain gauges, and the horizontal line indicates the initial water level. 1948 

Figure 6.11(a) exhibits that the maximum hoop stain due to the rotary sloshing (0.014%) is fivefold 1949 

the strain with the lid  (0.0028%) . These results indicate that rotary sloshing increases the 1950 

development of hoop stress significantly, especially near the base of the tank. However, the 1951 

differences between the development of strain with and without the lid decreases as the value 𝑥/𝐻 1952 

increases. At the top of the tank, the effects of the lid are not significant. This is an example of the 1953 

far-reaching effect of the boundary condition. 1954 

Figure 6.11(b) shows that the maximum axial strain due to the rotary sloshing (0.018%) is fourfold 1955 

the strain with the lid (0.0048%). The results shown in Figure 6.11 demonstrate that if the sloshing 1956 

remains planar, the maximum hoop and axial strain in the tank wall are considerably less than those 1957 

when nonplanar sloshing occurs. However, the suppression of nonplanar sloshing does not guarantee 1958 

that breathing vibrations are avoided. 1959 

  

(a) Hoop strain, azimuth 270  (b) Axial strain, azimuth 180  

Figure 6.11. Effects of the lid on the development of strain 
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Figure 6.12 demonstrates that breathing vibrations still occur even though sloshing remains planar. 1960 

In Figure 6.12(a) and (c), at times 𝑡 = 23.64 s and 27.25 s, the tank wall at both heights vibrates in-1961 

phase, with different magnitude. However, at times 𝑡 = 24.85 s and 29.61 s, in Figure 6.12(b) and 1962 

(d), at the height of 500 mm the major axis of the ellipse is the direction perpendicular to the shake 1963 

table motion. The lid suppresses the deformation at 75 mm from the base of the tank, but this does 1964 

not occur at 500 mm . Hence, these results demonstrate that breathing vibrations can occur 1965 

independently of the sloshing pattern. 1966 

  

(a) (b) 

  

(c) (d) 

Figure 6.12. Effects of the lid on the tank breathing vibrations 

6.7  Effects of the lid on the response frequencies 1967 

To elucidate the effects of rotary sloshing on the activated response frequencies of the tank-water 1968 

system, Figure 6.13 shows the spectrogram of the time history of hoop strain at 20 mm from the base 1969 

of the tank, with and without the lid. In Figure 6.13(a), for the tank without lid, four activated 1970 

frequencies are identified, i.e., 0.6, 1.41, 3.0, and 4.0 Hz. Additionally, the cycles of swirl sloshing 1971 

are evident. When rotary sloshing stops, near 30 s, 48 s, and 61 s, the spectrogram shows an abrupt 1972 

cessation of the activated response frequencies, implying a time of mode change or change in the 1973 
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direction of rotary sloshing. This feature is evident for all four frequencies, although it is not as 1974 

apparent for the lowest frequency.  1975 

Conversely, when the flexible lid is in place, see Figure 6.13(b), the response frequencies of the tank-1976 

water system remain uninterrupted. In Figure 6.13(b), only three response frequencies are identified, 1977 

i.e., 1.41, 3, and 4 Hz. The frequency of 1.41 Hz is predominant, since it is the frequency of the 1978 

applied excitation. These results show that the floating lid effectively impedes rotary sloshing because 1979 

the activated response frequencies are uninterrupted, i.e., the sloshing pattern remains planar. Thus, 1980 

the floating lid improves the dynamic behaviour of the LDPE tank under harmonic loads in terms of 1981 

acceleration and strain in the tank wall.  1982 

6.8  Summary 1983 

The objective of this chapter was to experimentally determine the effects of rotary sloshing on the 1984 

development of hoop and axial strain as well as the acceleration of the tank wall. The effects of the 1985 

rotary sloshing on the occurrence of breathing vibrations, and response frequencies of the tank-water 1986 

system were also assessed. For some of the tests, a high-density foam (HDF) floating lid was used as 1987 

a barrier to restrict sloshing. Comparisons are made between the results for the tank-water system 1988 

with and without a floating lid. The conclusions of this chapter are: 1989 

  

(a) Free sloshing (rotary sloshing) (b) With the floating lid (planar sloshing) 

Figure 6.13. Influence of the lid on the response frequencies of the tank-water system 
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I. Rotary sloshing increases up to 23% the development of acceleration of the tank wall in the 1990 

direction perpendicular to the excitation. The effects are more noticeable as the frequency of 1991 

the applied excitation gets closer to the first free-vibration frequency of the tank-water system.  1992 

II. Rotary sloshing affects the development of hoop strain in the tank wall considerably. The 1993 

effects of rotary sloshing become more significant as the frequency of the excitation gets 1994 

closer to the frequency of the first free-vibration frequency of the tank-water system.  1995 

III. The maximum hoop strain does not always occur in the direction parallel to the applied load. 1996 

Additionally, the development of axial strain does not present significant changes over the 1997 

range of frequencies considered. 1998 

IV. Breathing vibrations occur regardless of the sloshing pattern. Breathing vibrations were 1999 

identified for both cases, i.e., with and without the lid, where the sloshing pattern was 2000 

nonplanar and planar, respectively.  2001 

V. The lid reduces the maximum acceleration at the top of the tank, for two of the three azimuths 2002 

investigated, i.e., 180° and 90°. The results agree with previous findings where it was stated 2003 

that rotary sloshing increases significantly the acceleration in the direction perpendicular to 2004 

the excitation. 2005 

VI. The lid reduces the maximum hoop and axial strain in the tank wall by 500% and 400% 2006 

respectively when compared to those without lid. Furthermore, the lid suppresses the 2007 

transition of the sloshing pattern from planar to nonplanar. Thus, the results highlight the 2008 

benefits of the impediment of sloshing on the dynamic response of the LDPE tank when rotary 2009 

sloshing occurs.  2010 



 Chapter 7  2011 

7 Effects of the impediment of sloshing on wall stresses 2012 

Most previous experimental and numerical studies focused on the effects of the sloshing restriction 2013 

on the seismic response of anchored tanks on a rigid supporting medium, i.e., where uplift and SSI 2014 

cannot occur. This chapter addresses the simultaneous consideration of the flexibility of the 2015 

supporting medium, chaotic sloshing restriction, and uplift in a single set-up. The Anchored, 2016 

Unanchored and Flexible cases are considered.  2017 

The LDPE model tank in Figure 4.1 was filled with water to a level of 563 mm that forms an aspect 2018 

ratio of ℎ/𝑟 = 2.5. The aspect ratio was chosen because sloshing has enough space to develop freely, 2019 

i.e., the sloshing effects on wall stresses can be evaluated. Also, it has been shown in Chapter 5 that 2020 

the aspect ratio of 2.5 could be the most unfavourable condition of the LDPE unanchored tank. The 2021 

lid shown in Figure 4.7 was utilised as a barrier to evaluate the contribution of chaotic sloshing to 2022 

seismic-induced wall stresses. The results from the experiments were compared to those from the 2023 

nonlinear elastic spring-mass model for the seismic analysis of storage tanks presented in Chapter 3.   2024 
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7.1  Recorded strong earthquakes 2025 

It was assumed that the prototype steel tank is in Wellington, New Zealand. According to Oyarzo-2026 

Vera et al. [141], the seismic zone is known as North NF. Four recorded earthquakes and nine 2027 

stochastically generated ground motions were applied as the excitations. The recorded earthquake 2028 

excitations were chosen on the basis of being representative of similar site conditions to a medium 2029 

stiff site as classified using the New Zealand Loadings Standard, NZS 1170.5 [142]. The nine 2030 

stochastically generated time histories were based on the target spectrum for medium soil condition, 2031 

i.e., class C given in the NZS 1170.5 [142]. The target spectrum was calculated utilizing the New 2032 

Zealand Society for Earthquake Engineering (NZSEE) recommendations for time-domain analysis of 2033 

storage tanks [8] for a medium stiff fine–grained soil. Each stochastically generated ground motion 2034 

represents an earthquake record that encapsulates a sample of the statistical parameters of the records 2035 

used to form the design spectrum in the NZS 1170.5 [142]. Thus, one stochastically simulated ground 2036 

motion has more intrinsic value than one recorded ground motion. Figure 7.1 and Table 7.1 show the 2037 

ground accelerations applied and their characteristics, respectively. The time histories of the nine 2038 

excitations are shown in the Appendix B.  2039 

Table 7.1. Characteristics of the four strong earthquakes applied 2040 

ID Name Country Station 

Magnitude  

Mw Date 

PGA  

(g) 

EC El Centro USA 0117 7.0 10-May-40 0.21 

LU La Union Mexico UNIO 8.1 19-Sep-85 0.17 

TA Tabas Iran 39.6N 56.92E 7.4 16-Sep-78 0.93 

DU Duzce Turkey DUZC270 7.2 12-Nov-99 0.54 

M1 

Stochastically 

generated 
N/A 

0.71 

M2 0.75 

M3 0.75 

M4 1.10 

M5 1.15 

M6 0.98 

M7 1.12 

M8 1.20 

M9 1.02 

 2041 
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Figure 7.2 shows the response spectra of the ensemble of thirteen ground accelerations and the target 2042 

spectrum. Following the recommendation given by Ormeño et al. [143,144], the period range of 2043 

interest for matching the response and the natural period of vibration of the tank assuming a fixed 2044 

base is from 0.4 𝑇𝑝 = 0.044 s to 1.3 𝑇𝑝 = 0.143 s, where Tp is the impulsive period of vibration of 2045 

the prototype steel tank. The nine earthquakes were scaled using the procedure provided by the NZS 2046 

1170.5 with the aim to minimise the difference between the target spectrum and the ground motions 2047 

in the period range of interest. The NZS 1170.5 suggests using and scaling at least three recorded 2048 

ground motions by applying two factors, i.e., 𝑘1 and 𝑘2, that are an individual record scale factor and 2049 

a family scale factor, respectively. It is worth clarifying that the spectra displayed in Figure 7.2 2050 

correspond to the prototype steel tank. Hence, the scale factors in Table 4.2 were applied to get the 2051 

input signal for the shake table.  2052 

  

(a) El Centro (b) La Union 

  

(c) Tabas (d) Duzce 

Figure 7.1. Recorded accelerations of four strong earthquakes applied 

 2053 
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 2054 

Figure 7.2. Range of interest, target spectrum and response spectra of the thirteen excitations 2055 

7.2   Measured characteristics of the excitations 2056 

The recorded acceleration on the steel plate revealed the characteristics of the input excitations. Table 2057 

7.2 shows the ID for each excitation, their corresponding peak ground acceleration (PGA) and the 2058 

frequency with the highest PSD intensity (dominant frequency). It can be argued that excitations with 2059 

a dominant frequency aligned with that of the tank–water system, i.e., 1.44 Hz , would most 2060 

significantly increase the stresses in the tank wall. However, this is not always true because sloshing 2061 

and uplift promote a nonlinear tank response, the magnitude of which strongly depends on frequency 2062 

coincidence and the strength of the excitations, as represented by the PGA value.  2063 

Table 7.2. Recorded characteristics of the excitations 2064 

ID 

Dominant 

frequency 

(Hz) 

PGA 

(g) 
ID 

Dominant 

frequency 

(Hz) 

PGA 

(g) 
ID 

Dominant 

frequency 

(Hz) 

PGA 

(g) 
ID 

Dominant 

frequency 

(Hz) 

PGA 

(g) 

M1 1.49 0.02 M4 1.47 0.10 M7 1.22 0.13 EC 1.55 0.14 

M2 1.38 0.05 M5 1.44 0.09 M8 1.22 0.12 LU 2.9 0.14 

M3 1.47 0.05 M6 1.47 0.07 M9 1.95 0.12 TA 2.84 0.19 

         DU 1.66 0.12 

7.3  Free-vibration frequencies of the tank-water system with and without lid 2065 

Table 7.3 shows the free-vibration frequencies in the Anchored, Unanchored and Flexible cases when 2066 

the aspect ratio is 2.5. The frequencies were determined by the pulse text explained in Chapter 5.2 2067 

The pulse test was performed without the lid (Free sloshing, FSL) and with the floating lid (HDF). 2068 

The results in both the FSL and the HDF cases show that the lid affects the free-vibration frequencies 2069 

significantly. The first three frequencies, i.e., approximately 1.4 Hz, 1.8 Hz, and 2.8 Hz (see the first 2070 
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three rows of the FSL column in Table 7.3) were not present when the lid impedes sloshing. Those 2071 

frequencies were not identified because the pulse test was not strong enough to generate perceptible 2072 

sloshing as a result of the attenuating action of the lid. Analysis of the data in Table 7.3 suggests the 2073 

three first frequencies may belong to the convective mode, while the remainder are associated with 2074 

the impulsive mode.  2075 

According to Table 5.3, the impulsive frequencies are 𝑓𝑖𝑚𝑝 , i.e., 38.15 Hz  and 36.67 Hz  in the 2076 

Anchored and Flexible cases, respectively. These frequencies are higher than the fifth row of FSL 2077 

columns in Table 7.3.  In contrast, for the three cases, the first theoretical convective frequency 𝑓𝑐𝑜𝑛, 2078 

i.e., 1.42 Hz agrees with the first free-vibration frequency.  2079 

Table 7.3 also indicates that the first three experimentally determined frequencies of the tank-water 2080 

system are common to all cases of tank support, and have a similar value, regardless of the support 2081 

condition, which coincides with the results of previous studies, e.g., [16,82]. The rest of the 2082 

frequencies in the sand-supported case are lower than those of the rigid-base case, as anticipated. 2083 

Table 7.3. Free-vibration frequencies of the tank with ℎ/𝑟 = 2.5 2084 

 Anchored  Unanchored  Flexible 

#𝑓 
Free Sloshing 

(FSL) 

Floating lid 

(HDF) 
 

Free Sloshing 

(FSL) 

Floating lid 

(HDF) 

 Free Sloshing 

(FSL) 

Floating lid 

(HDF) 

1 1.45 15.97  1.41 5.69  1.43 6.17 

2 1.85 27.76  1.86 9.74  1.84 9.82 

3 2.78 37.63  2.83 16.06  2.85 14.86 

4 17.17 49.84  9.73 24.82  5.99 21.06 

5 30.31 -  15.38 -  9.44 - 

 2085 

7.4  Effects of sloshing impediment on wall stresses 2086 

Figure 7.3 shows the effect of the lid on the time history stress in the Anchored, the Unanchored and 2087 

the Flexible cases. The results are for the Duzce (DU) excitation, which is chosen as an example of 2088 

one of the earthquakes where chaotic sloshing was observed. The time histories under the rest of the 2089 

excitations are shown in Appendix C. The results are for both free sloshing (FSL), i.e., without the 2090 

lid, and with the lid (HDF). The superscripts “A”, “U” and “F” refer to the Anchored, the Unanchored, 2091 
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and the Flexible cases, respectively. The hoop and axial stresses are shown for the relevant location, 2092 

i.e., 50 mm (Anchored case) and 20 mm from the base of the tank (Unanchored and Flexible cases). 2093 

The maximum stresses are indicated by arrows in each case.  2094 

Figures 7.3(a), (c) and (e) show that, for the duration of the excitation when 𝑡 ≤ 13 s, the lid affects 2095 

the development of hoop stress. In the Anchored and Unanchored cases, the lid increases the hoop 2096 

maximum hoop stress by 13% and 8%, respectively. Conversely, in the Flexible case, the maximum 2097 

hoop stress decreases 22%, i.e., 252 kPa versus 197 kPa due to the lid presence. Hence, the impact 2098 

of the lid on the maximum hoop stress depends on the flexibility of the supporting medium. However, 2099 

the lid influence on the maximum axial stress depends on both the fixity and the flexibility of the 2100 

supporting medium, as shown in Figures 7.3(b), (d) and (f). The lid reduces the maximum axial stress 2101 

in 18%, 5% and 19% for the Anchored, Unanchored, and Flexible cases, respectively. Additionally, 2102 

in the Anchored and Unanchored cases, the time when the maximum axial stress occur is not the 2103 

same, i.e., 𝑡 = 3.2 s and 𝑡 = 6.5 s, for HDF and FSL, respectively. The difference in time is caused 2104 

by chaotic sloshing, that only occurs in the FSL case. The results show that the development of axial 2105 

stress depends on sloshing behaviour, and the lid can control the development of stress with the time. 2106 

This difference in time of the maximum axial stress does not occur in the Flexible case due to 2107 

additional damping provided by SSI, which reduces chaotic sloshing. The results indicate that the 2108 

contribution of sloshing to wall stress is more significant for the axial than the hoop stress. 2109 

When the acceleration amplitude of the excitation decreases (t > 8 s), i.e., the intensity of chaotic 2110 

sloshing decreases, the lid reduces considerably the development of both hoop and axial stress in the 2111 

three cases. The results embody the effectiveness of the lid to impede chaotic sloshing and mitigates 2112 

residual sloshing as soon as the excitation finishes.  2113 

Figure 7.3 also shows that allowing uplift increases the development of both hoop and axial stresses 2114 

considerably, and thus the maximum stresses of the Unanchored and Flexible cases are much higher 2115 

than those of the Anchored case. The result agrees with the recommendation given by the guidelines 2116 
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for the design of liquid storage tanks, e.g., [8–10], regarding uplift, i.e., if possible it should be 2117 

avoided. 2118 

  

 

 

(a) Hoop stress, Anchored (b) Axial stress, Anchored  

  

 

(c) Hoop stress, Unanchored (d) Axial stress, Unanchored  

  

 

(e) Hoop stress, Flexible (f) Axial stress, Flexible  

Figure 7.3. Effect of the sloshing restriction on stress development under the DU earthquake 

 

The contribution of first vibration frequency of the tank-water system to axial stress can be analysed 2119 

in the frequency domain by comparing the corresponding PSD. Recalling the results in Table 5.2, the 2120 

first free vibration frequency may correspond to the first convective mode. Figure 7.4 shows the PSD 2121 

of the time histories of axial stress shown in Figures 7.3(b), (d) and (f). In the three cases, at the 2122 

frequency of 1.45 Hz, the maximum PSD intensity of the FSL case is more than sevenfold that of 2123 
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HDF. In the Flexible case, the lid also reduces the PSD intensity of the 7.75 Hz frequency, which is 2124 

in between the fourth (5.99 Hz) and fifth (9.44 Hz) free-vibration frequencies in Table 5.2. The 2125 

interpretation of the results indicates that the contribution of higher frequencies to the wall stress 2126 

development is also suppressed by the lid. 2127 

Comparing the PSD intensity for each case, the PSD at the first free vibration frequency of the 2128 

Anchored case (1.8 ∙ 107) is considerably less than that of the Unanchored (2.2 ∙ 108) and Flexible  2129 

(2.3 ∙ 108) cases. The difference indicates that uplift significantly increases the contribution of the 2130 

first free-vibration frequency to axial stress. 2131 

  

(a) Anchored case, without and with lid (b) Unanchored case, without and with lid 

 

(b) Flexible case, without and with lid 

Figure 7.4.  Effect of the sloshing impediment on axial stress in the frequency domain due to the DU 

earthquake 

 

The maximum stress may not occur at the same time in the three cases, as shown in Figure 7.3 due to 2132 

the simultaneous effect of uplift and sloshing. This causes differences in the distribution of stress 2133 

along the tank wall. As an example, Figure 7.5 shows the stress profiles due to the DU earthquake. 2134 

The profiles correspond to the time when the maximum stress in the whole tank occurs. The profiles 2135 

are plotted along the dimensionless tank height 𝑥/𝐻, where 𝑥 one of the designated locations of the 2136 
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strain gauges above the tank and 𝐻 = 750 mm is the tank height. The horizontal line indicates the 2137 

initial water level. The circular and rectangular filled marks indicate the location of the strain gauges.  2138 

In FSLA case in Figure 7.5(a), the lid increases the hoop stress near the base of the tank in 14%, 2139 

indicated by arrows, i.e., 24 kPa versus 21 kPa . At the top of the tank, the absolute magnitude of the 2140 

hoop stress also increases, and changes the algebraic sign, i.e., the tensile stress (positive +0.5 kPa) 2141 

becomes compressive stress (negative −4.7 kPa). Similarly, in the Unanchored case, see Figure 2142 

7.5(c), the lid increases the magnitude of the hoop stress near the tank base by 9% but it reduces the 2143 

stress in the middle of the tank by 38%. The effect of chaotic sloshing on hoop stress can be observed 2144 

in Figure 7.5(e), where the maximum hoop stress in FSLF  (−252 kPa) is almost twofold that in  2145 

HDFF (−197 kPa). However, in the upper half of the tank, the tank experiences compressive hoop 2146 

stress of −94 kPa in FSLF and tensile stress of −51 kPa in HDFF. 2147 

In the FSLA and FSLU cases, as shown in Figures 7.3(b) and (d), the lid changes the time when the 2148 

maximum axial stress occurs and thus the profiles with and without lid present significant differences. 2149 

The axial stress profile in the case of FSLA is opposite in sign than that of HDFA, as observed in Figure 2150 

7.5(b). At 𝑥/𝐻 = 0.07, the lid reduces the maximum absolute axial stress by 22% compared to that 2151 

without lid. However, at 𝑥/𝐻 = 0.47, the lid increases the absolute axial stress by 34%. In the case 2152 

of FSLU in Figure 7.5(d), tensile axial stress is predominant along the tank height but near the base. 2153 

In contrast, HDFU presents tensile stress near the base and it becomes compressive stress at the top 2154 

of the tank. In the case of the axial stress in Figure 7.5(f), the axial stress of HDFF is less than that in 2155 

FSLF. However, the profile shape in both the FSLF and HDFF cases is similar, i.e., the lid does not 2156 

affect the axial stress profile considerably. 2157 
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The results show that under the DU earthquake, the lid decreases both hoop and axial stresses near 2158 

the base of the tank, but it increases those in the upper half of the tank. According to Eqs. (3.15) and 2159 

(3.16), the hoop stress depends on the shear force and the axial stress on the bending moment. The 2160 

results indicate that the lid increases both the shear force and the bending moment in the upper half 2161 

of the anchored tank. The lid reduces considerably sloshing and, consequently, the portion of water 2162 

that moves in unison with the tank (impulsive mass) increases. Increasing the impulsive mass implies 2163 

that the distance from the tank base to the mass centroid, i.e., height ℎ𝑖 in Figure 3.2 also increases, 2164 

  

(a) Hoop stress profile, Anchored (b) Axial stress profile, Anchored 

  

(c) Hoop stress profile, Unanchored (d) Axial stress profile, Unanchored 

           

(e) Hoop stress profile, Flexible (f) Axial stress profile, Flexible 

Figure 7.5. Effect of the sloshing impediment on the stress profile due to the DU earthquake 
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which simultaneously increases the bending moment. These results, however, are not applicable for 2165 

all ground motions because not all the excitations provoke the same amount of sloshing. 2166 

7.5  Consequence of sloshing impediment for uplift  2167 

Figure 7.6 exhibits the time history of both the acceleration of the shaking table AST and uplift for 2168 

FSLU and FSLF under the DU earthquake. The acceleration is referred to the left while uplift to the 2169 

right vertical axis. The maximum uplift of 0. 8 mm and 2.3 mm for FSLU and FSLF, respectively, 2170 

occurs with a delay of 0.05 s with respect to the PGA of 0.12 g and 0.13 g, indicated by arrows. This 2171 

result shows the relationship between the PGA and the maximum uplift, which is anticipated. After 2172 

the passage of the excitation, i.e., when 𝑡 > 12 s, the record of the laser transducer shows an up–and–2173 

down vibration (± 0.2 mm) of the tank. The negative value of uplift is due to the physical location 2174 

of the reference measuring, i.e., at 150 mm from the tank base, see Figure 4.2. The continuing 2175 

sloshing is the cause of the up-and-down vibration, since chaotic sloshing was observed after the 2176 

passage of the excitation for a few seconds. The repeated occurrence of uplift can produce fatigue in 2177 

the connection between the base plate and tank wall or cause the failure of connections between tank 2178 

and adjacent pipe systems. 2179 

Figure 7.7 displays the consequence of the lid for uplift. In the Unanchored case, the maximum uplift 2180 

with the lid (0.8 mm) is 5% slightly higher than that without the lid (0.76 mm). Due to the small 2181 

difference, it can be assumed that the lid has no significant influence on the occurrence of uplift. This 2182 

             

(e) Unanchored (f) Flexible 

Figure 7.6. Time history of the shake table acceleration and uplift under the DU earthquake 

 

0.12 g

0.76 mm

0.13 g

2.3 mm
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is an early conclusion that is only applicable for the tank on a rigid supporting medium and under the 2183 

DU earthquake. Conversely, in the Flexible case, the lid decreases the maximum uplift by 14%. Thus, 2184 

the influence of the lid on uplift depends on the amount of sloshing that simultaneously depend on 2185 

the flexibility of the supporting medium. When the excitation ends, i.e., 𝑡 > 12 s, in both cases, the 2186 

lid decreases the occurrence of uplift considerably.  2187 

7.6  Simultaneous effects of the supporting base flexibility and sloshing restriction 2188 

7.6.1. Wall stress development 2189 

Figure 7.8 displays the time history of both hoop and axial stresses when the tank is subjected to the 2190 

DU earthquake in four conditions, i.e., i) FSLF, ii) HDFF, iii) FSLU, and iv) HDFU. The maximum 2191 

stresses of the four cases are indicated in each figure. When the tank is on a flexible supporting 2192 

medium, Figures 7.8(a) and (c) show that, the maximum hoop stress is higher than that on a rigid 2193 

supporting medium, regardless of the sloshing intensity.  2194 

In the case of the development of axial stress shown in Figures 7.8(b) and (d), the lid effectively 2195 

reduces the maximum axial stress, regardless of the flexibility of the supporting medium. In Figure 2196 

7.8(b), the maximum axial stress in FSLF is 7% higher than that in FSLU. Moreover, the time when 2197 

the maximum stress occurs is also affected by the supporting medium flexibility. In the FSLU case, 2198 

the maximum axial stress occurs following the development of chaotic sloshing, i.e., t > 5.5 s. In 2199 

contrast, in the FSLF case, the maximum axial stress occurs during the time where the gradient of the 2200 

             

(e) Unanchored (f) Flexible 

Figure 7.7. Effect of the restriction of sloshing on uplift under the DU earthquake 
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acceleration amplitude is considerable, i.e., 𝑡 < 5.5 s , as shown in Figure 7.8(d). Hence, the 2201 

contribution of sloshing to axial stress is higher in FSLU than FSLF. This is confirmed by observing 2202 

Figure 7.8(d), where the magnitude of axial stress in the HDFU case (219 kPa) is higher than that in 2203 

HDFF (199 kPa). Comparing Figures 7.8(b) and (d), the lid decreases the maximum axial stress by 2204 

7% and 5% for the rigid and flexible supporting mediums, respectively, which can be neglectable.  2205 

  

(a) Hoop stress during free sloshing (b) Axial stress during free sloshing 

  

(c) Hoop stress with a lid present (d) Axial stress with a lid present 

Figure 7.8. Effects of the supporting medium flexibility and sloshing restriction on the time history of stress under 

the DU earthquake 

 

To elucidate the effects of the sloshing restriction on axial stress, Figure 7.9 shows the development 2206 

of axial stress in the frequency domain for both Unanchored and Flexible cases with FSL and HDF 2207 

conditions. In Figure 7.9(a), the PSD amplitude that corresponds to the first free-vibration frequency 2208 

(1.4 Hz) in the FSLF case (2.3 ⋅ 108) is 5% lower than that of the FSLU case (2.2 ⋅ 108). It can be 2209 

assumed that the contribution of the first free vibration frequency of the tank-water system to axial 2210 

stress is the same regardless of the supporting medium of the tank. However, the PSD amplitude of 2211 

the frequency of 7.75 Hz in FSLF(0.5 ⋅ 108) is fivefold that in FSLU (0.1 ⋅ 108). Similarly, in Figure 2212 

7.9(b), the PSD amplitudes for the frequencies of 1.2 Hz and 8.6 Hz in the HDFF case (4.5 ⋅ 107 and 2213 
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2.7 ⋅ 107)  are 160% and 270% higher than that in the HDFU  case (3 ⋅ 107  and 1.1 ⋅ 107) . The 2214 

frequency of  7.75 Hz may correspond to the rigid-like body motion of the tank-water system or 2215 

breathing vibration modes since they were not identified during the tank free-vibration, as already 2216 

discussed.   2217 

  

(a) FSL (b) HDF 

Figure 7.9. Effects of the sloshing restriction and supporting medium flexibility on the PSD of axial stress under the 

DU earthquake 

 

Figure 7.10 shows the stress profile along the dimensionless tank height 𝑥/𝐻 for both the Flexible 2218 

and the Unanchored cases. Figures 7.10(a) and (b) exhibit that, in all the height of the tank, the 2219 

absolute stress magnitude in the FSLF  case is higher than those in the FSLU  case. The maximum 2220 

difference of 500% in the hoop stress profiles occurs at the top of the tank, circled in the figure. In 2221 

the axial stress profiles in Figure 7.10(b), a difference of 9% occurs at the middle of the tank, also 2222 

circled in the figure. The differences between stresses are a consequence of the simultaneous effects 2223 

of uplift and chaotic sloshing.  2224 

Similar to the results in Figure 7.10(a), Figure 7.10(c) shows that the hoop stress profile in HDFF is 2225 

higher than in HDFU along all the tank vertical profile. At the top of the tank, the hoop stress in HDFF 2226 

(−51 kPa) is 460% higher than that in HDFU (+11 kPa). In the axial stress profile shown in Figure 2227 

7.10(d), the maximum difference occurs near the base of the tank. For the rest of the locations, the 2228 

differences between HDFF  and HDFU  (considering the absolute magnitude) are insignificant. The 2229 

stress profiles in the Flexible and Unanchored cases are opposite in algebraic sign because the stresses 2230 
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do not occur at the same time during the excitation. However, uplift affects both the hoop and the 2231 

axial stress profiles, and it is analysed and discussed in Chapter 7.6.2. 2232 

 
 

(a) Hoop stress with free sloshing (b) Axial stress with free sloshing 

  

(c) Hoop stress with lid present (d) Axial stress with lid present 

Figure 7.10. Effects of medium flexibility and sloshing restriction on stress profiles under the DU earthquale 

 

7.6.2. Occurrence of uplift  2233 

Figure 7.11 shows the simultaneous effect of the supporting medium flexibility and sloshing 2234 

impediment on the time histories of uplift, under the DU excitation. In Figure 7.11(a), the maximum 2235 

uplift in FSLF (2.3 mm) is almost threefold that in FSLU (0.8 mm). The result confirms that a flexible 2236 

supporting base increases both the occurrence and magnitude of uplift. Uplift affects the stress 2237 

profiles shown in Figure 7.10 because, in the FSLF case, the maximum hoop and axial stress both 2238 

occur simultaneously with the maximum uplift, see Figures 7.8 and 7.11.  In the FSLU case, the 2239 

maximum uplift and hoop stress occur simultaneously. However, the maximum uplift does not 2240 

coincide with the maximum axial stress. The coincidence in time may indicate that the hoop stress is 2241 

significantly influenced by uplift, while for the axial stress chaotic sloshing is significant.  2242 

+18 kPa

-94 kPa

+161 kPa-252 kPa

-230 kPa

-37 kPa +34 kPa

-246 kPa
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Figure 7.11(b) shows the influence of the lid on the time histories of uplift. The maximum uplift of 2243 

the HDFF  case (1.8 mm)  is 125% higher than that of the HDFU  case (0.8 mm) . Assuming that 2244 

sloshing behaviour is not affected by the flexibility of the supporting base, the differences in the 2245 

results are due to uplift. In both the FSLU and the HDFU cases, the maximum uplift remains the same, 2246 

i.e., 0.8 mm. Thus, the contribution of sloshing to uplift can be assumed to be inconsequential when 2247 

the tank lies on a rigid supporting medium. A flexible supporting medium increases the magnitude 2248 

and occurrence of the rigid-like body motion of the tank-water system, which enhances the 2249 

development of hoop stress. In addition, the maximum hoop stress in each record occurs at different 2250 

times, which may be caused by the occurrence of uplift. 2251 

  

(a) FSL (b) HDF 

Figure 7.11. Influence of the supporting medium flexibility and restriction of sloshing on uplift in the time domain 

under the DU earthquaket 

 

7.7  Consequences of the frequency content and sloshing impediment for wall stresses 2252 

development 2253 

Figure 7.12 shows the ratio of the results of HDF to those of FSL, i.e., HDFA/FSLA, HDFU/FSLU,, 2254 

and HDFF/FSLF , for the thirteen excitations applied. The ratios between the Unanchored to the 2255 

Anchored cases, i.e., FSLU/FSLA as well as the Unanchored to the Flexible cases, i.e., FSLU/FSLF and 2256 

HDFU/HDFF are shown. The average values of the maximum hoop stress, axial stress and uplift are 2257 

indicated by the horizontal dashed-dotted, dotted, and dashed lines, respectively. The solid line 2258 

indicates that the ratio is one.  2259 
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In the Anchored case, Figure 7.12(a) shows that the lid increases the maximum hoop and axial stresses 2260 

under the excitations M7, EC and LU. Those excitations have a PGA higher than > 0.12 g and their 2261 

dominant frequency is not in the vicinity of the first free–vibration frequency of the tank–water 2262 

system, see Table 7.2. The results corroborate that both the frequency content and the PGA are 2263 

essential to determine the contribution of sloshing to the maximum stresses. In the case of M1 – M6 2264 

excitations, the effects of the lid on the tank response are more significant than those of M7 – M9 2265 

excitations and the four recorded accelerations. This is because chaotic sloshing is more likely to 2266 

occur when the dominant frequency of the excitation coincides with the first free-vibration of the 2267 

tank-water system. When the frequencies coincide, the lid suppresses chaotic sloshing and reduces 2268 

the maximum hoop and axial stresses, which is noted observing the average value in Figure 7.12(a). 2269 

In the Unanchored case displayed in Figure 7.12(b), the results show that the lid tends to reduce the 2270 

maximum hoop and axial stresses. However, for excitations M7, M8, M9, EC, LU, and DU, the 2271 

maximum uplift in HDFU is higher than that in FSLU case. This occurs for the same reason already 2272 

discussed, i.e., with the lid, a significant part of the water that sloshes without the lid is now restricted 2273 

and behaves as it is rigidly attached to the tank wall, enhancing the rigid-like body motion of the tank-2274 

water system. However, the effectiveness of the lid to restrict sloshing depends on the characteristics 2275 

of the excitation. When chaotic sloshing occurs, e.g., under M1–M6 excitations, the lid reduces uplift 2276 

effectively. Considering the average values, the lid can reduce the maximum hoop stress, axial stress 2277 

and uplift to 84%, 78% and 91% of those observed in the case without lid, respectively.  2278 

In the Flexible case shown in Figure 7.12(c), the lid reduces the tank response significantly, i.e., the 2279 

average values are under one. The highest influence of the presence of the lid occurs for M2 2280 

excitation, i.e., the lid reduces up to 60% the maximum uplift and 45% the maximum stresses 2281 

compared to those when sloshing can develop freely. The influence of the lid is more noticeable for 2282 

the nine stochastically generated excitations than that of the four recorded ground motions. Table 7.2 2283 

shows that the dominant frequency of six out of the nine stochastically generated excitations, i.e., 2284 
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M1, M2, M3, M4, M5, and M6, are close to the first free-vibration frequency of the tank-water 2285 

system, i.e., 1.4 Hz . Hence, the lid reduces significantly the development of imminent chaotic 2286 

sloshing. However, when an imminent chaotic sloshing is not impeded by the lid, the maximum uplift 2287 

increased by approximately 20% (M8 and LU excitations).  2288 

Figure 7.12(d) shows that the results of the Unanchored case are up to fourteenfold those of the 2289 

Unanchored tank when sloshing can develop freely. These results are similar than those presented in 2290 

Chapter 5, where the Anchored case response is lower than that of the Unanchored case, regardless 2291 

the aspect ratio and the excitation frequency content. The results indicate that fixing the base of the 2292 

tank decreases the tank response significantly.  2293 

In Figure 7.12(e), the FSLU case presents higher axial stress, but less hoop stress and uplift than those 2294 

of the FSLF case. The average values indicate that the maximum uplift and hoop stress are reduced 2295 

by 65% and 20%, respectively. In other words, a flexible supporting medium reduces the maximum 2296 

axial stress, although the maximum uplift increases.  2297 

The results in Figure 19(f) show that the maximum uplift increases when the tank lies on a flexible 2298 

supporting medium. However, the combined effects of both the flexibility of the supporting medium 2299 

and the presence of a lid have a significant impact on the maximum hoop and axial stresses, i.e., the 2300 

maximum stresses occur in the HDFU case, which may be seen by comparing Figures 7.12(e) and 2301 

7.12(f). The results indicate that the flexibility of the supporting medium does affect the sloshing 2302 

intensity, which is, in turn, effectively impeded by the floating lid. Hence, the restriction of chaotic 2303 

sloshing in HDFF, by the presence of a lid, has more relevance for wall stresses than that of the 2304 

HDFU. These results are solely for the LDPE model with ℎ/𝑟 = 2.5. For lower aspect ratios, i.e., 2305 

ℎ/𝑟 < 2,  the contribution of sloshing to the stresses is more relevant because the mass that sloshes, 2306 

i.e., convective mass, increases, which is analysed in Chapter 8. 2307 
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7.8  Comparison between numerical and experimental results 2308 

Figure 7.13 shows the disparity between the experimental stress and those using the spring-mass 2309 

model, shown in Figure 3.2, in both the free-sloshing (FSL) and the high-density foam lid (HDF) 2310 

cases. The solid line indicates that both stresses are equal. Figures 7.13(a) and (b) correspond to the 2311 

Anchored case, Figures 7.13(c) and (d) to the Unanchored case and Figures 7.13(e) and (f) to the 2312 

Flexible case. In the Unanchored and Flexible cases, the magnitude of uplift is amplified by 200 to 2313 

clearly visualise, in a single chart, uplift and stresses. 2314 

  

(a) Anchored case, with and without lid (b) Unanchored case, with and without lid  

  

(c) Flexible case, with and without lid  (d) Unanchored/Anchored during free sloshing 

  

 (e) Unanchored/Flexible during free sloshing (f) Unanchored/Flexible with the lid presence  

Figure 7.12.  Effects of the restriction of sloshing on wall stresses and uplift  

 



Diego Iván Hernández-Hernández  

 

136 

 

In the Anchored case, shown in Figure 7.13(a), the spring-mass model results reasonably agree with 2315 

those obtained from the experiments. The largest difference occurs for the M1 and M2 excitations, 2316 

where the spring-mass model underestimates both hoop and axial stresses by 30% and 25%, 2317 

respectively. In contrast, for the four recorded strong earthquakes, the spring-mass model 2318 

overestimates both the maximum axial and hoop stresses up to 28%.  2319 

From Table 7.2, the dominant frequency of M1-M3 excitations is close to the first free-vibration 2320 

frequency of the tank-water system (1.4 Hz) while those of the EC, the LU, the TA and the DU is 2321 

higher than 1.4 Hz. Appraising Figure 7.4, the first free-vibration frequency is the frequency that 2322 

contributes most to the development of axial stresses. Hence, if the dominant frequency of the 2323 

excitation is not in the vicinity of that of the tank-water system, i.e., chaotic sloshing does not occur, 2324 

the spring-mass model tends to overestimate the maximum stresses in the tank wall. This statement 2325 

is corroborated by examining  Figure 7.13(b), where the stresses from the spring-mass model mostly 2326 

agree with those from the HDF case. Only in the case of the TA earthquake, the hoop stress is twofold 2327 

that from the experiment, i.e., 13 kPa against 26 kPa.  2328 

In the Unanchored case and FSL shown in Figure 7.13(c), the spring-mass model tends to 2329 

overestimate the stresses and uplift. However, like in the Anchored case, the spring-mass model 2330 

underestimates the stress and uplift when the excitation frequency is close to 1.4 Hz, i.e., for M1-M6 2331 

excitations. In the HDF case shown in Figure 7.13(d), the spring-mass model tends to overestimate 2332 

the results regardless of the excitation characteristics. The maximum difference occurs for M7, i.e., 2333 

the stresses and uplift are up to fivefold those from the experiments. The overestimation of the results 2334 

is due to the assumption when the lid impedes sloshing. In theory, it is assumed that the whole mass 2335 

of the water moves as impulsive mass 𝑚𝑖. With more impulsive mass, the height from the base of the 2336 

tank to the centre of mass ℎ𝑖 increases, see Figure 3.2(b). Consequently, the bending moment also 2337 

increases that automatically enhances both the maximum axial and hoop stresses, see Eqs. (3.15) and 2338 

(3.16). Since the rotation of the tank base 𝜙 also depends on the bending moment, see Figure 4.4, 2339 
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uplift also increases with the bending moment. However, in the experiments, the lid effectively 2340 

impedes chaotic sloshing, but it does not suppress the contribution of sloshing to the tank response, 2341 

including uplift. Hence, assuming that the total mass of the water behaves as an impulsive mass is not 2342 

an accurate assumption for the Unanchored case.  2343 

In the FSLF  case in Figure 7.13(e), in most excitations, the spring-mass model overestimates the 2344 

maximum experimentally determined stresses and uplift. The discrepancies are attributed to a 2345 

limitation of the spring-mass model to incorporate the nonlinear sloshing behaviour. One contributing 2346 

factor is that only one impulsive and one convective mode were considered in the model. In the HDFF 2347 

  

(a) Anchored FSL (b)  Anchored HDF 

  

(c) Unanchored FSL (d)  Unanchored HDF 

  

(e) Flexible FSL (f)  Flexible HDF 

Figure 7.13. Disparity between experimental and theoretical stresses for free-sloshing (FSL) and high-density foam lid 

(HDF) cases 
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case in Figure 7.13(f), the spring-mass model results tends to agree with those from the experiments. 2348 

Hence, the assumption that the total mass of the water behaves as an impulsive mass when the lid is 2349 

in place seems reasonable. Considering the results of the three cases, regardless of the boundary 2350 

condition and the flexibility of the supporting medium, the presence of the floating lid should always 2351 

be considered in the seismic analysis of storage tanks. 2352 

7.9 Summary 2353 

The objective of this chapter was to determine the simultaneous effects of the sloshing impediment, 2354 

uplift and the flexibility of the supporting medium on stress development in the tank wall. A low-2355 

density polyethylene (LDPE) tank presented in Chapter 4 with an aspect ratio of 2.5 was tested using 2356 

a shake table. Three cases were considered: 1) Anchored case, i.e., the tank is fixed to a rigid 2357 

supporting medium (steel plate), 2) Unanchored case, i.e., the tank is free standing on a rigid 2358 

supporting medium, and 3) Flexible case, i.e., the tank lies on sand in a laminar box. The cases are 2359 

identified by the superscript “A”, “U”, and “F”, for Anchored, Unanchored, and Flexible cases, 2360 

respectively. A high-density foam (HDF) floating lid was utilised as a barrier to impede sloshing. 2361 

Each case has two conditions: i) when sloshing can freely develop (FSL) and ii) when sloshing is 2362 

impeded by the lid (HDF). Thirteen excitations were applied for each case. The experimental results 2363 

were compared with those using a nonlinear elastic spring-mass model presented in Chapter 3. The 2364 

results revealed: 2365 

I. The first three free vibration frequencies of the tank-water system, that are likely to belong to 2366 

the convective mode, were unaffected by the flexibility of the supporting medium. However, 2367 

when the tank lies on a flexible supporting medium, the free vibration frequencies higher than 2368 

5 Hz, which are likely to correspond to the impulsive mode, decreased compared to those on 2369 

a rigid supporting medium. When the floating lid was used, the first three vibration 2370 

frequencies were not present, regardless of the flexibility of the supporting medium. Thus, the 2371 

omission of those frequencies embodied the effectiveness of the lid to impede sloshing. 2372 
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II. In the Unanchored case, i.e., FSLU and HDFU, the occurrence of chaotic sloshing and uplift 2373 

determined the maximum stresses in the tank wall. The impediment of sloshing could reduce 2374 

the maximum hoop and axial stresses up to 50% and 60%, respectively. The lid reduced the 2375 

maximum uplift even during the tank free vibration, which could prevent fatigue in the 2376 

connections between the tank wall and adjacent pipe systems after the passage of the 2377 

excitation. 2378 

III. In the Flexible case, i.e., FSLF  and HDFF , the lid reduced the stress development and the 2379 

occurrence of uplift. The lid effectiveness depended on sloshing intensity, which also 2380 

depended on the proximity of the dominant frequency of the excitation with the first free 2381 

vibration frequency of the tank-water-soil system as well as the PGA of the excitation.  2382 

IV. In most of the cases, the development of both hoop and axial stresses in the FSLF was higher 2383 

than that in the FSLU case. However, a flexible supporting medium decreased the maximum 2384 

axial stress by increasing uplift. These results support those in the literature where a tank on 2385 

a flexible medium is prone to experience more rigid-like body motion than when it is on a 2386 

rigid supporting medium. 2387 

V. In most excitations, a flexible supporting medium reduced the maximum stresses and uplift 2388 

when the floating lid impeded sloshing. With the lid, a flexible supporting medium increases 2389 

the rigid-like body motion of the tank-water system.  2390 

VI. The spring-mass model results from the nonlinear elastic spring-mass model agree with those 2391 

of the Anchored case. However, the spring-mass model tends to overestimate the results in 2392 

the Unanchored case. The overestimation is thought to be a consequence of the simplifications 2393 

regarding the water behaviour, especially when the lid was present. The results of the spring-2394 

mass model showed reasonable agreement with those in the FSLF and HDFF cases.  2395 



 Chapter 8  2396 

8  Nonlinear fluid-structure-soil interaction of a liquid 2397 

storage tanks under earthquake load 2398 

This Chapter addresses the seismic response of the LDPE tank presented in Chapter 4 in terms of the 2399 

acceleration and displacement at the top of the tank; the development of both hoop and axial stresses 2400 

at several locations of the tank wall; the sloshing height and the occurrence of uplift. The data 2401 

collected, interpreted and analysed is presented through radar plots that enable a comprehensive 2402 

visualisation of the effects of the fixity at the base of the tank, i.e., anchored and unanchored, the 2403 

flexibility of the supporting medium, i.e., rigid and flexible, and the aspect ratio on the tank response 2404 

simultaneously. The maximum response obtained from the experiments is then compared with that 2405 

from calculations using a nonlinear elastic spring-mass model for the dynamic response of liquid 2406 

storage tanks, presented in Chapter 3.  2407 

8.1  Measured characteristics of the input excitations  2408 

In the following sections, only the results from the La Union and the Tabas earthquakes are presented 2409 

and analysed. However, the results of the eleven remaining ground motions are shown in Appendix 2410 

C. Figures 8.1(a) and (b) exhibit the records of the input acceleration given by the accelerometer on 2411 



Nonlinear fluid-structure-soil interaction of a liquid storage tanks under earthquake load 

 

- 141 - 

 

the shake table for the three cases, i.e. Anchored, Unanchored and Flexible. It is shown that the time 2412 

history of the shake table acceleration for the anchored and unanchored tanks is the same. The 2413 

differences between the peak ground acceleration (PGA) among each case are unnoticeable, i.e., the 2414 

shake table reproduces the earthquake record successfully with and without the laminar box. 2415 

Additionally, the frequency content is also replicable, as observed in the PSD for each case in Figures 2416 

8.1(c) and (d). The PSD intensities are normalised with respect to the maximum intensity of each case 2417 

for a more precise visualisation of the frequency content. The plots show that both excitations have a 2418 

similar frequency content, i.e., from 0.9 Hz to 4.1 Hz and from 0.7 Hz to 3.6 Hz, for the La Union 2419 

and the Tabas earthquakes, respectively. Due to the scaling factors and matching requirements, the 2420 

PGA are significantly less than those shown in Table 7.1, i.e., 0.17 g and 0.93 g for the La Union and 2421 

the Tabas earthquakes, respectively. Table 7.2 shows the ID for each excitation, their corresponding 2422 

peak ground acceleration (PGA) and the frequency with the highest PSD intensity (dominant 2423 

frequency). 2424 

8.2  Top acceleration and uplift 2425 

Figure 8.2 displays the time history acceleration at the top of the tank with ℎ/𝑟 = 2.5. The aspect 2426 

ratio is selected because it has the highest response among all the aspect ratios, and sloshing can 2427 

develop freely, for a longer time, without hitting the top plastic cover. The three cases and the 2428 

corresponding maximum acceleration are shown for each earthquake. 2429 

In Figure 8.2(a), the maximum top acceleration of the Flexible case (0.59 g) is 40% and 370% higher 2430 

than that of the Unanchored (0.42 g) and the Anchored (0.16 g) cases, respectively. Similarly, in 2431 

Figure 8.2(b), the maximum top acceleration of the Flexible case (0.63 g) is 220% and 450% larger 2432 

than that of the Unanchored (0.29 g) and the Anchored (0.14 g) cases, respectively. The results 2433 

coincide with previous studies where the tank on a flexible supporting medium experiences more 2434 

acceleration than a rigid supporting medium [46].  2435 
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(a) La Union  (b) Tabas  

  

(c) PSD La Union  (d) PSD Tabas  

Figure 8.1. Measured input accelerations of La Union and Tabas earthquakes 

 

The maximum top acceleration in Figure 8.2(a) occurs simultaneously with the PGA in Figure 8.1(a), 2436 

i.e., 𝑡 ≈ 4.5 𝑠 for both the Anchored and the Unanchored cases. For the Flexible case, the maximum 2437 

top acceleration occurs at 𝑡 ≈ 10.4 𝑠 that does not coincide with the PGA. For Tabas earthquake, see 2438 

Figures 8.1(b) and 8.2(b), the maximum top acceleration of the Anchored case is the only one that 2439 

occurs simultaneously with the PGA. Since the difference between the Anchored case and the other 2440 

two cases is that uplift may occur, uplift may be the cause of the time difference between the PGA 2441 

and the maximum top acceleration.  2442 

To elucidate the relationship between uplift and top acceleration, Figure 8.3 shows the time history 2443 

of uplift. In none of the excitations, the PGA and the maximum uplift coincides, see Figures 8.1(a) 2444 

and (d) and 8.3. The discrepancy in the results suggests that uplift depends on more variables in 2445 

addition to the PGA. When Figures 8.2 and 8.3 are juxtaposed, the maximum uplift does not coincide 2446 

with the maximum top acceleration under the La Union earthquake. In contrast, for the Tabas 2447 

earthquake, both the maximum top acceleration and uplift occur simultaneously, regardless of the 2448 
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supporting medium flexibility. These results are expected because the maximum uplift and top 2449 

acceleration are coupled. In both excitations, the magnitude of uplift in the Flexible case is 2450 

considerably higher than that of the Unanchored case, i.e., a flexible supporting medium increases 2451 

the maximum uplift by 111% and 217% for the La Union and the Tabas earthquakes, respectively. 2452 

An early conclusion is that a tank on a flexible supporting medium is more likely to experience a 2453 

rigid-like body motion than on a rigid supporting medium, as concluded in, e.g., [46]. However, the 2454 

graphs only represent the results of the aspect ratio ℎ/𝑟 = 2.5. The results of the other aspect ratios 2455 

are analysed in Chapter 8.6. 2456 

 
 

(a) La Union earthquake (b) Tabas earthquake 

 Figure 8.2. Effects of the supporting base flexibility on top acceleration for the tank with ℎ/𝑟 = 2.5 

 2457 

  

(a) La Union earthquake (b) Tabas earthquake 

Figure 8.3. Effects of the supporting base flexibility on uplift for the tank with ℎ/𝑟 = 2.5 

 2458 
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8.3  Top displacement 2459 

Figure 8.4 exhibits the time history of displacements at the top of the tank for the tank with ℎ/𝑟 =2460 

2.5. As anticipated, due to the restriction at the base, the top displacement in the Anchored case is 2461 

insignificant compared to that in the Unanchored and Flexible cases. In contrast, the maximum top 2462 

displacement in the Flexible case is 77% and 100% higher than that in the Unanchored case for the 2463 

La Union and the Tabas earthquakes, respectively. These results are consistent with those of the 2464 

maximum top acceleration, i.e., the tank experiences higher displacement on a flexible than that on a 2465 

rigid supporting medium for the aspect ratio considered.  2466 

Comparing Figures 8.3 and 8.4, the maximum top displacement and the maximum uplift 2467 

simultaneously occur on each supporting medium. In this case, the maximum uplift and the maximum 2468 

top displacement are coupled, i.e., the more uplift, the more top displacement. The Unanchored case 2469 

presents a noticeable lateral displacement compared to that in the Flexible case when the amplitude 2470 

of the earthquake acceleration is not considerable, i.e., when 𝑡 > 15 𝑠 and 𝑡 > 6 𝑠 for the La Union 2471 

and the Tabas earthquakes, respectively. This is thought to be an effect of damping of the soil, i.e., in 2472 

the Flexible case, there is an exchange of energy between the tank-water system and the sand that is 2473 

inexistent in the Unanchored case. 2474 
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(a) La Union  (b) Tabas 

Figure 8.4. Effects of the supporting base flexibility on top displacement for the tank with ℎ/𝑟 = 2.5 

 

8.4  Hoop and axial stresses in the tank wall 2475 

Figures 8.5 and 8.6 show the time history of the hoop and axial stresses, respectively. The plots belong 2476 

to the strain gauges located at 20 mm from the base of the tank with ℎ/𝑟 = 2.5. Hoop and axial 2477 

stresses are calculated using Eqs. (4.2) and (4.3), respectively.  2478 

In Figure 8.5(a), the maximum hoop stress in the Flexible case (225 kPa) is 9 %larger than that in 2479 

the Unanchored case (206 kPa). Similarly, for Tabas earthquake in Figure 8.5(b), the maximum hoop 2480 

stress in the Flexible case (180 kPa) is 5 % larger than that in the Unanchored one  (173 kPa). 2481 

Because the difference between the maximum hoop stress is less than 10%, it can be established that 2482 

the development of hoop stress is unaffected by the supporting medium flexibility. However, the 2483 

fixity condition does affect the development of stress, i.e., the Anchored case has the lowest 2484 

magnitude of the three cases. This result, however, cannot be extended to all the aspect ratios, as it is 2485 

analysed in Chapter 8.6. In Figure 8.6, the maximum axial stress in the Flexible case is 23% and 36% 2486 

higher than that in the Unanchored case for the La Union and the Tabas earthquakes, respectively. 2487 

The interpretation of the results suggests that the development of axial stress depends on both the 2488 

fixity and the supporting medium flexibility.  2489 

It is worth mentioning that both the maximum hoop and axial stresses occur at different times, 2490 

depending on the medium flexibility. However, for the tank with ℎ/𝑟 = 2.5, the fixity does affect the 2491 



Diego Iván Hernández-Hernández  

 

146 

 

development of stress, i.e., the Anchored case has the lowest hoop and axial stresses. When Figure 2492 

8.3 is compared to Figures 8.5 and 8.6, the maximum stresses and uplift co-occur in the Unanchored 2493 

and Flexible cases. Consequently, the time variation of the maximum axial stress is caused by the 2494 

sloshing intensity that is reviewed in Chapter 8.5. 2495 

  

(a) La Union earthquake (b) Tabas earthquake 

Figure 8.5. Effects of the supporting base flexibility on hoop stress for the tank with ℎ/𝑟 = 2.5 

 2496 

  

(a) La Union earthquake (b) Tabas earthquake 

Figure 8.6. Effects of the supporting base flexibility on axial stress for the tank with ℎ/𝑟 = 2.5 

 

Figures 8.7 and 8.8 display the stress profiles along the normalised tank height 𝑥/𝐻 at the time when 2497 

the maximum stress occurs, for each case. 𝑥 is an arbitrary distance from the base of the tank, and 𝐻 2498 

is the tank height 𝐻 = 750 mm. A positive value indicates that the tank experiences tensile stress, 2499 

while a negative one, compressive stress. The horizontal line at 𝑥/𝐻 = 0.75 indicates the initial water 2500 

level for ℎ/𝑟 = 2.5. 2501 
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Figure 8.7 shows that, at the top of the tank, a flexible supporting medium increases the hoop stress 2502 

due to the increase of the sloshing intensity. Near the base of the tank, the maximum stresses are the 2503 

same as those in in Figure 8.5. Figure 8.8 shows that the axial stress profile depends on both the fixity 2504 

and the supporting medium flexibility. In both the Unanchored and the Flexible cases, near the base 2505 

of the tank, the axial stress profiles experience an abrupt change of sign when 𝑥/𝐻 = 0.67. The 2506 

change is a consequence of uplift that occurs simultaneously with the maximum axial stress, as 2507 

already mentioned (see Figures 8.3 and 8.4). Further explanation of stress development during uplift 2508 

is given in Chapter 5.4.2.4. For the La Union and the Tabas ground motions, the Unanchored case 2509 

presents the highest maximum axial stress near the tank base. At the top of the tank, the stress profile 2510 

is unaffected by the supporting medium flexibility or the fixity condition. 2511 

  

(a) La Union  (b) Tabas  

Figure 8.7. Effects of the supporting base flexibility on hoop stress profile for the tank with ℎ/𝑟 = 2.5 

  

(a) La Union  (b) Tabas  

Figure 8.8. Effects of the supporting base flexibility on axial stress profile for the tank with ℎ/𝑟 = 2.5 

 2512 
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As already mentioned, both the maximum hoop and axial stresses for the Anchored case in Figures 2513 

8.7 and 8.8 are insignificant compared to those of the unanchored tank, regardless of the base 2514 

flexibility. Thus, for the LDPE tank with ℎ/𝑟 = 2.5, fixing the tank reduces the maximum stress 2515 

considerably. This result coincides with the results in Chapter 5.  2516 

8.5  Sloshing height 2517 

From the recorded videos by the cameras above the tank, Figure 8.9 shows the time history of sloshing 2518 

height for both earthquakes when the tank has an ℎ/𝑟 = 2.5. Since the recording characteristics of 2519 

the cameras are limited, i.e., they are not high-speed cameras, only the maximum and minimum 2520 

sloshing height for each time interval are used to plot the time history response. Thus, the plots 2521 

represent an oversimplification of the actual sloshing behaviour. The results reveal that the maximum 2522 

sloshing height in the Flexible case is threefold that in the Unanchored case for both earthquakes.  2523 

The recorded videos show that chaotic sloshing occurs with more intensity in the Flexible case than 2524 

the other two cases. As an example, Figures 8.10(a) and (c) show the initial water level for the tank 2525 

with ℎ/𝑟 = 2.5, in the Unanchored and Flexible cases, respectively, under the Tabas earthquake. 2526 

Besides each figure, a zoom of the measuring tape is shown. The initial water level, which is referred 2527 

to the measuring tape attached to the inner tank wall, does not coincide in both pictures because the 2528 

maximum sloshing height occurs in different azimuth. 2529 

In the Unanchored case shown in Figure 8.10(b), the sloshing is nonplanar, i.e., the water surface 2530 

does not break. In contrast, in the Flexible case shown in Figure 8.10(d), the water surface breaks, 2531 

i.e., the water jumps, reaching a higher sloshing height. If the water surface breaks, chaotic sloshing 2532 

can take over, and the maximum sloshing height may not be aligned with the direction of the motion 2533 

(see Figure 8.10(d). This condition leads to a change in the distribution of stresses, especially the 2534 

hoop stress at the top of the tank, see Figure 8.7(b).  2535 

 2536 



Nonlinear fluid-structure-soil interaction of a liquid storage tanks under earthquake load 

 

- 149 - 

 

  

(a) La Union earthquake (b) Tabas earthquake 

Figure 8.9. Effects of the supporting base flexibility on sloshing height for the tank with ℎ/𝑟 = 2.5 

 

 2537 

  

(a) Unanchored case, initial water level (b) Unanchored case, maximum sloshing height 

  

(c) Flexible case, initial water level (d) Flexible case, maximum chaotic sloshing height 

Figure 8.10. Initial water level and maximum sloshing height under Tabas earthquake for the tank with ℎ/𝑟 = 2.5  

 

According to Chapters 5.2 and 7.2, the dominant frequency of the La Union and the Tabas 2538 

earthquakes is close to the second free–vibration frequency of the tank-water system, which is likely 2539 

to belong to the convective mode. Additionally, a flexible supporting medium decreased the fourth 2540 
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and fifth free-vibration frequencies, which are likely to correspond to the impulsive mode. Thus, the 2541 

increase of the sloshing intensity may be a consequence of the frequency coincidence that is more 2542 

likely to occur when the LDPE tank lies on sand. It can be concluded that a flexible supporting 2543 

medium does not affect the frequencies of the convective mode, but it may influence the maximum 2544 

sloshing height, depending on the characteristics of the excitation. 2545 

8.6  Seismic tank response 2546 

The effects of both the fixity condition and the supporting medium flexibility on the tank seismic 2547 

response are assessed by plotting, in a single chart, the maximum magnitude of the six factors 2548 

previously analysed, i.e., top acceleration (Accel), top displacement (Displ), hoop and axial stresses 2549 

in the tank wall, sloshing height and uplift. The aspect ratio is also included in the plots. Figures 8.11 2550 

and 8.12 show radar plots of the tank response subjected to the La Union and the Tabas earthquakes, 2551 

respectively. In each radar plot, the three base cases, i.e., Anchored (tank fixed on a rigid base), 2552 

Unanchored (tank free-standing on a rigid supporting medium) and Flexible (tank free-standing on a 2553 

flexible supporting medium) are shown. Besides each experimental response (plots on the left in 2554 

Figures 8.11 and 8.12) the results from using the spring-mass model described in Chapter 3 are shown 2555 

(plots on the right in Figures 8.11 and 8.12). The results of the eleven additional excitations are shown 2556 

in the Appendix D. 2557 

The maximum magnitude of the three cases of each factor is given in brackets. The plots have five 2558 

concentric circles where each circle indicates 20% of the maximum magnitude. For instance, on the 2559 

left of Figure 8.11(a), the maximum top acceleration (0.4 g) indicated by the dotted line represents 2560 

the Unanchored case results. In the Flexible case, i.e., dashed line, the edge is between the fourth and 2561 

the fifth concentric circles from the plot centre, i.e., it indicates 97% of the maximum magnitude. 2562 

Hence, the maximum top acceleration of the Flexible case is 0.4 ⋅ 0.97 = 0.39 g . Finally, the 2563 

maximum top acceleration of the Anchored case (solid line) is on the second concentric circle, i.e., 2564 

40% of the maximum value 0.4 ⋅ 0.4 = 0.16 g. In the case of ℎ/𝑟 = 3, e.g., Figure 8.11(f) left, the 2565 
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sloshing height for the three cases may hit the plastic cover during shaking. Thus, the maximum 2566 

sloshing height is assumed to be the maximum possible, i.e., 70 mm. In the Anchored case, in all 2567 

the plots, uplift is zero. In the case of the spring-mass model results, the sloshing height, calculated 2568 

with Eq. (3.18), has the same value in the three cases, i.e., the maximum sloshing height is assumed 2569 

independent of the flexibility of the supporting medium, depending on the first and second convective 2570 

frequencies.  2571 

  

(a) h/r = 0.5 

  

(b) h/r = 1 

  

(c) h/r = 1.5 
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(d) h/r = 2 

  

(e) h/r = 2.5 

  

(f) h/r = 3 

Figure 8.11. Simultaneous effects of the base flexibility, the fixity and the aspect ratio on the seismic tank response 

under the La Union earthquake. Experimental results (left) and theoretical results (right) 

 

The results of La Union and Tabas earthquakes reveal that the influence of the supporting medium 2572 

flexibility on the response depends on the aspect ratio. For the LDPE tank with ℎ/𝑟 < 2 , called 2573 

"broad tank" hereafter, in Figures 8.11 and 8.12(a), (b) and (c), the Unanchored case presents the 2574 

highest response of the three cases on five of the six factors measured. In contrast, for "tall tanks" 2575 

where ℎ/𝑟 ≥ 2 in Figures 8.11 and 8.12(d), (e) and (f), a flexible supporting medium increases the 2576 

four factors that affect the tank rigid-like body motion, i.e., top acceleration, top displacement, uplift 2577 

and sloshing height. For ℎ/𝑟 ≥ 2, the results are strong evidence that the unanchored tank placed on 2578 

a flexible supporting medium is more likely to experience a rigid-like body motion than that on a 2579 
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rigid supporting medium. The results from the rest of the ground motions, shown in the Appendix D, 2580 

follow a similar tendency. These results corroborate the tendency described in Chapters 5 and 7 for 2581 

the tank with ℎ/𝑟 = 2.5. 2582 

  

(a) h/r = 0.5 

  

(b) h/r = 1 

  

(c) h/r = 1.5 

  

(d) h/r = 2 
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(e) h/r = 2.5 

  

(f) h/r = 3 

Figure 8.12. Simultaneous effects of the base flexibility, the fixity and the aspect ratio on the seismic tank response 

under the Tabas earthquake. Experimental results (left) and theoretical results (right) 

 

The magnitude of uplift and the associated nonlinearity of the rotational stiffness of the base plate of 2583 

the tank shown in Figure 4.4 is thought to be a reason to explain the discrepancies between the spring-2584 

mass model and experimental results. However, Table 8.1 shows that the spring-mass model 2585 

accurately predicts, in most cases, the maximum uplift for the tank on a rigid supporting medium. 2586 

The variance in the ratio for a tank on a flexible base is much larger, as would be expected, due to a 2587 

wider range of waveform frequencies and amplitudes resulting from propagation through the sand. 2588 

 Table 8.1. Ratio of experimental uplift to that using the spring-mass model 2589 

h/r 

Unanchored tank 

on rigid base on flexible base 

La Union Tabas La Union Tabas 

0.5 1.02 0.65 0.77 0.36 

1 0.92 0.89 0.50 0.51 

1.5 0.94 1.04 0.70 1.06 

2 1.13 1.20 0.93 0.57 

2.5 1.11 1.21 1.76 1.33 

3 0.98 0.87 1.33 0.67 
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Even though some disparities can be appreciated between experimentally and theoretically obtained 2590 

results, especially those for the maximum sloshing height, the theoretical results also reflect 2591 

dependency of the tank response on the aspect ratio. In some cases, the spring-mass model predict 2592 

accurately the LDPE tank response. However, in other cases, the overestimation or underestimation 2593 

of the results requires especial attention. In Figure 8.11(a), the maximum sloshing height using the 2594 

spring-mass model (304 mm)  is 61% higher than that from the experiments (120 mm). In the 2595 

experiments, sloshing transitioned from planar to chaotic, i.e., the sloshing height increases with time 2596 

until the water surface breaks to dissipate the accumulation of energy induced by the ground motion. 2597 

The breaking wave decreases the maximum sloshing height. According to Eq. (3.18), the maximum 2598 

sloshing height is the combination of two spectral acceleration of the first two convective modes. 2599 

Since the dominant frequency of both excitations is close to the first three free-vibration frequency 2600 

of the tank-water system, a single value of the spectral acceleration misleads the sloshing height. A 2601 

similar case occurs in Figure 8.12(a), where the difference between the maximum sloshing height is 2602 

71%. Consequently, Eq. (3.18) seems to be inaccurate to predict the maximum sloshing height when 2603 

the frequencies of the excitation and that of the tank-water system coincide. It is also remembering 2604 

that it is assumed that the maximum sloshing height is independent of both the flexibility of the 2605 

supporting medium and the fixity condition. However, as shown in Figures 8.11 and 8.12, the 2606 

supporting medium flexibility does affect the sloshing intensity. Regarding to uplift, the spring-mass 2607 

model accurately predicts the maximum uplift for the LDPE broad tank on a rigid supporting medium 2608 

and for the LDPE slender tank on a flexible supporting medium. Hence, the adequacy of the spring-2609 

mass model is highly dependent on the aspect ratio and the supporting medium flexibility.   2610 

Another difference that requires attention is the maximum hoop and axial stresses in the case of 2611 

slender tank, i.e., when ℎ/𝑟 ≥ 1.5. In these aspect ratios, the spring-mass model overestimates the 2612 

stresses and the discrepancy between results increase as the aspect ratio increases. According to 2613 

Veletsos and Tang [82], the assumption that the tank-water system responds in its fundamental mode 2614 

of vibration as a SDOF system is expected to be accurate for broad tanks with ℎ/𝑟 ≤ 1.5. However, 2615 
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for slender tanks, the contribution of higher modes can be significant. This is a consequence of the 2616 

estimation of the convective mass, which decreases as the aspect ratio increases. The spring-mass 2617 

model reduces the contribution of chaotic sloshing to the tank response because the breaking wave is 2618 

not considered. In other words, the accumulation of energy, due to the coincidence of excitation and 2619 

system frequencies, and hence the development of stresses, increased with time as a result of 2620 

resonance-like water surface motion. Additionally, as described in Chapter 3.8, the spring-mass 2621 

model does not consider the contribution of breathing vibrations. However, as shown in Chapter 6.5, 2622 

breathing vibrations occur during the transient alignment between the frequencies of the tank-water 2623 

system and that of the excitation. The limitations of the spring-mass model explained in Chapter 3.8 2624 

lead to the discrepancies between experimental and numerical results.  2625 

To observe the influence of the aspect ratio on the tank response in the frequency domain, Figure 8.13 2626 

shows the PSD of the axial stress for ℎ/𝑟 = 0.5 and 2.5. The PSD is obtained from the time history 2627 

records shown in Figure 8.6. In the case of ℎ/𝑟 = 0.5 , shown in Figures 8.13(a) and (b), the 2628 

Unanchored case has the highest PSD intensity of the three cases. The most considerable difference 2629 

is the first free–vibration frequency of the tank–water system, i.e., 1.2 Hz. The results indicate that 2630 

the 1.2 Hz frequency contributes the most to the tank response. Additionally, the PSD intensities for 2631 

both the La Union and the Tabas earthquakes show that the contribution of frequencies higher than 2632 

2 Hz is neglectable. In contrast, in the case of ℎ/𝑟 = 2.5 in Figures 8.13(c) and (d), the PSD intensity 2633 

of 1.4 Hz frequency is similar in both the Unanchored and the Flexible cases, i.e., 8.2 ⋅ 107 versus 2634 

8.1 ⋅ 107 and 14 ⋅ 107 versus 11 ⋅ 107 for the La Union and the Tabas earthquakes, respectively. 2635 

In Figure 8.13(c), the PSD intensity of the ∿7 Hz frequency is comparable to that of the 1.4 Hz 2636 

frequency, i.e., 8.1 ⋅ 107  versus 8 ⋅ 107 . The interpretation of the results suggests that the 7 Hz 2637 

frequency contribution is significant to the response of tall tanks placed on a flexible supporting 2638 

medium. However, these results are exclusive for the La Union earthquake. For the Tabas earthquake, 2639 

in Figure 8.13(d), the PSD intensity of the 7 Hz frequency in the Flexible case is not comparable to 2640 
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that of the 1.4 Hz frequency. The results show the dependency of the response on the characteristics 2641 

of the earthquake. As previously discussed, the PSD intensity in the Anchored case is the lowest of 2642 

the three cases, regardless of the aspect ratio. 2643 

  

(a) La Union, ℎ/𝑟 = 0.5 (b) Tabas, ℎ/𝑟 = 0.5 

  

(c) La Union, ℎ/𝑟 = 2.5 (d) Tabas, ℎ/𝑟 = 2.5 

Figure 8.13. Effects of the supporting base flexibility and fixity condition on axial stress in the frequency 

domain 

 

To assess the suitability of the spring-mass model, Figure 8.14 shows the power spectrum density 2644 

(PSD) of the axial stress of the Unanchored and Flexible cases. The Anchored case is omitted due to 2645 

the low PSD intensity. The PSD intensities at the first free-vibration frequency, i.e., 1.2 Hz in ℎ/𝑟 =2646 

0.5 and 1.4 Hz in ℎ/𝑟 = 2.5, are the highest of the spectra, regardless of the supporting medium 2647 

flexibility. Thus, the convective mass response largely governs the axial stress because the La Union 2648 

and the Tabas earthquakes excite the convective mode. Comparing Figures 8.13 and 8.14, the PSD 2649 

of the response obtained from the spring-mass model agrees with the experimental results. However, 2650 
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to obtain more accurate results, higher modes of vibration are needed, for which a more refined 2651 

numerical model is required. 2652 

  

(a) La Union earthquake, ℎ/𝑟 = 0.5 (b) Tabas earthquake, ℎ/𝑟 = 0.5 

  

(c) La Union earthquake, ℎ/𝑟 = 2.5 (d) Tabas earthquake, ℎ/𝑟 = 2.5 

Figure 8.14. Axial stress development in the frequency domain using the spring-mass model  

 

8.7  Summary and chapter conclusions 2653 

The aim of this chapter was to experimentally elucidate the seismic tank response on both a rigid and 2654 

a flexible supporting mediums with six different aspect ratios, i.e., ℎ/𝑟 = 0.5, 1, 1.5, 2, 2.5, and 3. 2655 

The response includes the top acceleration, top displacement, both hoop and axial stresses in the tank 2656 

wall, sloshing height, and uplift. Three cases were considered: 1) the tank is fixed to a rigid supporting 2657 

medium (Anchored case), 2) the tank is free-standing on a rigid supporting medium (Unanchored 2658 

case) and 3) the tank is free-standing on sand in a laminar box (Flexible case). The results are 2659 

presented in radar plots that reveal the dependency of the response on the fixity condition, the 2660 

supporting medium flexibility and the aspect ratio. The conclusions are:  2661 

I. A flexible supporting medium amplified the tank response when the aspect ratio is ℎ/𝑟 ≥2662 

2. However, for lower aspect ratios, i.e., ℎ/𝑟 < 2, a small response resulted. The outcome, 2663 

obtained from an ensemble of four recorded accelerations and eleven stochastically 2664 
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generated ground motions, confirmed a uniform interpretation of the performance of the 2665 

tank using radar plots, i.e., this method was a helpful way of observing the nonlinear 2666 

combined effects of the supporting medium flexibility and aspect ratio on the tank 2667 

response. 2668 

II. The four factors that describe the rigid-like body motion of the tank-water system, i.e., top 2669 

displacement, top acceleration, sloshing height and uplift, gained relevance depending on 2670 

the aspect ratio and the supporting medium flexibility. For ℎ/𝑟 < 2 on a rigid supporting 2671 

medium and ℎ/𝑟 ≥ 2  on a flexible supporting medium, the rigid-like body motion 2672 

affected the response considerably.  2673 

III. For both hoop and axial stresses in the tank wall, the effects of a flexible supporting 2674 

medium depended on both the aspect ratio and the sloshing intensity. Also, higher 2675 

frequencies contributed significantly to the development of stresses of the LDPE tank with 2676 

ℎ/𝑟 ≥ 2 placed on a flexible supporting medium.  2677 

IV. The Anchored case presented the lowest response of the three cases. The results coincide 2678 

with the recommendations of the current guidelines for the seismic design of tanks, i.e., 2679 

uplift should be avoided.   2680 

V. Using the nonlinear elastic stiffness for the base of the tank in the spring-mass model was 2681 

found to provide reasonable agreement with the overall performance of the tank-water 2682 

system observed in the experiments.  2683 

VI. The maximum sloshing height determined, based on the spring-mass model, became 2684 

inaccurate for all the aspect ratios. 2685 
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 Chapter 9  2686 

9 Conclusions and recommendations for future research 2687 

9.1  Conclusions 2688 

The objective of this doctoral research was to provide a better understanding of the seismic response 2689 

of liquid storage tanks considering the effects of four main factors: 1) the fixity at the base of the 2690 

tank, 2) the flexibility of the supporting medium, 3) the effects of chaotic sloshing, and 4) the aspect 2691 

ratio. The effects of the restriction of chaotic sloshing on the tank response were also assessed. A 2692 

low-density polyethylene (LDPE) tank was tested using a shake table and a laminar box with sand. 2693 

Three cases were studied: 1) Anchored case that corresponds to the tank fixed to a rigid supporting 2694 

medium (steel plate), 2) Unanchored case that refers to the free-standing on a rigid supporting 2695 

medium (steel plate), and 3) Flexible case that corresponds to the tank free-standing on a flexible 2696 

supporting medium (sand in a laminar box). A high-density floating lid was utilised as a barrier to 2697 

restrict the development of chaotic sloshing. The results mainly focused on the development of both 2698 

hoop and axial stresses in the tank wall. However, the development of acceleration, displacement, 2699 

uplift and wave height were included in the final chapter of the research. Four types of excitations 2700 

were considered: i) sine excitations, ii) Ricker wavelet excitations, iii) stochastically generated 2701 
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ground motions, and iv) strong recorded earthquakes. The following paragraphs highlights the most 2702 

important contributions to knowledge of this doctoral thesis.  2703 

Chapter 5 revealed that the first three free vibration frequencies of the tank-water and tank-water-soil 2704 

systems, that presumably correspond the convective mode, remained the same for the three cases. In 2705 

contrast, higher frequencies that were likely to belong to the impulsive mode, were considerably 2706 

affected by both the fixity and the flexibility of the supporting medium. In Chapter 7, the first three 2707 

vibration frequencies were not identified when the lid impede sloshing, regardless of the flexibility 2708 

of the supporting medium. In addition, allowing uplift decreased the frequencies of the Anchored 2709 

case and the flexibility of the supporting medium decreased even more the frequencies of the 2710 

Unanchored case.  2711 

Chapter 5, 7 and 8 revealed that the free vibration frequencies of the tank-water system played a 2712 

significant role on the simultaneous effects of sloshing and uplift. The sloshing pattern heavily 2713 

depended on the excitation characteristics, regardless of the fixity and the flexibility of the supporting 2714 

medium. A coincidence between the excitation frequency and the first free-vibration frequency of the 2715 

tank-water system produced a transformation of the sloshing pattern, i.e., from planar to nonplanar, 2716 

and at times, further transition to chaotic occurred. As chaotic sloshing developed, the magnitude and 2717 

occurrence of uplift increased, even after the passage of the excitation due to continuing sloshing. 2718 

This occurs for all the aspect ratios considered.  2719 

Chapter 6 focused on the effects of rotary sloshing on wall strains. The results revealed that the effects 2720 

of rotary sloshing became more significant as the frequency of the excitation got closer to the 2721 

frequency of the first free-vibration frequency of the tank-water system. The floating lid was effective 2722 

to impede the development of rotary sloshing. Additionally, it was found that breathing vibrations 2723 

occurred regardless of the sloshing pattern. Breathing vibrations were identified for both with and 2724 

without the floating lid. 2725 
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The impact of the impediment of sloshing was assessed in Chapter 7. The lid reduced the stress 2726 

development and the occurrence of uplift. The lid effectiveness depended on sloshing intensity, which 2727 

depends on the proximity of the dominant frequency of the excitation with the first free vibration 2728 

frequency of the tank-water-soil system as well as the PGA of the excitation. In most excitations, a 2729 

flexible supporting medium reduced the maximum stresses and uplift when the floating lid was 2730 

present to impede sloshing. When the lid was used, a flexible supporting medium increases the rigid-2731 

like body motion of the tank-water system.  2732 

It was identified that the aspect ratio has an impact on the maximum response depending on both the 2733 

fixity and the flexibility of the supporting medium. Chapter 8 elucidated that a flexible supporting 2734 

medium amplified the tank response when the aspect ratio was ℎ/𝑟 ≥ 2. However, for lower aspect 2735 

ratios, i.e., ℎ/𝑟 < 2, a small response resulted. The outcome confirmed a uniform interpretation of 2736 

the performance of the tank using radar plots, i.e., this method is a helpful way of observing the 2737 

nonlinear combined effects of the flexibility of the supporting medium and aspect ratio on the tank 2738 

response.  2739 

Comparing the outcome from the three cases, the Anchored case presented the lowest response of the 2740 

three cases. The results coincide with the recommendations of the current guidelines for the seismic 2741 

design of tanks, i.e., uplift should be avoided. Furthermore, in the Anchored case, the maximum 2742 

stresses occurred when the tank was full, i.e., ℎ/𝑟 = 3. In contrast, in both the Unanchored and 2743 

Flexible cases, the maximum stresses occurred when the tank was partially filled, i.e., when sloshing 2744 

had enough space to develop freely, in the cases of ℎ/𝑟 = 2 and 2.5.  2745 

The adequacy of a nonlinear spring-mass model commonly utilised in the seismic design of liquid 2746 

storage tanks, especially for the determination of the maximum hoop and axial stresses, was 2747 

evaluated. The results from the spring-mass model and those from the experiments diverged due to 2748 

the limitations of the spring-mass model in representing the reality (the physical experiments). The 2749 

limitations were more evident in the estimation of (i) the maximum hoop stress when ℎ/𝑟 ≥ 2, and 2750 
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(ii) the maximum axial stress for ℎ/𝑟 = 0.5 when the tank was free standing on a rigid supporting 2751 

medium. However, when the tank lied on sand, in most excitations, the spring-mass model offered a 2752 

good prediction of stresses. 2753 

The long-term focus of research in this field is to enable a realistic design of storage tanks under 2754 

earthquake loadings. The outcome of this doctoral research provides a better understanding of tank 2755 

response incorporating soil-structure-liquid interaction. Therefore, the contribution of this doctoral 2756 

thesis supports the long-term goal. 2757 

9.2  Recommendations for future studies 2758 

The presented doctoral research covers the seismic response of storage tanks focusing on the stress 2759 

development in the tank wall. However, the influence of the following additional factors is left for 2760 

future research:  2761 

I. Only unidirectional horizontal excitations were applied in this research. Hence, multi-2762 

directional excitations may reveal additional features to a better understanding of the complex 2763 

nonlinear tank response.   2764 

II. A single tank with a constant thickness ratio, i.e., 𝑡𝑤/𝑟, was utilised. It has been shown that 2765 

the thickness ratio, which determines the flexibility of the tank-water system, may 2766 

significantly affect the seismic response. Thus, tanks with diverse thickness ratios may 2767 

respond in a different way to the results presented herein.  2768 

III. A laminar box with sand was utilised to represent a flexible supporting medium. However, it 2769 

has been revealed that soil-structure interaction depends on the shear wave velocity of the 2770 

soil. Thus, experimental research considering different types of soil are required to understand 2771 

the seismic tank behaviour laying on a flexible supporting medium.  2772 

IV. The research focused on the response of an isolated storage tank. However, storage tanks are 2773 

usually built-in clusters composed of two or more tanks. Because tanks are usually near to 2774 

rivers and harbours where the soil has little resistance to compression, the tank-soil-tank 2775 
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interaction can be substantial. Thus, it is recommended to study the seismic response of 2776 

adjacent tanks.  2777 

  2778 
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 Appendix  2779 

Appendix  2780 

A. Maximum sloshing height  2781 

Considering the coordinate system shown in Figure A.1 and to evaluate the pressure 𝑝(𝑅, 𝜃, 𝑡), the 2782 

convective component of the pressure satisfies Laplace’s equation, see (A.1). The boundary 2783 

conditions are shown in Eqs. (A.2) - (A.4). The solution of Eq. (A.1) may be expressed as Eq. (A.5).  2784 

 2785 

Figure A.1. Coordinate system for a cylindrical storage tank 2786 

𝛻2 𝑝𝑐 = 0 (A.1) 

𝜕𝑝𝑐

𝜕𝑥
⌉

𝑥=0
= 0 (A.2) 

𝜕𝑝𝑐

𝜕𝑟
⌉

𝑅=𝑟
= 0 (A.3) 
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(
𝜕2𝑝𝑐

𝜕𝑡2
+ 𝑔

𝜕𝑝𝑐

𝜕𝑥
)

𝑥=ℎ

= −𝑔
𝜕𝑝𝑖

𝜕𝑥
⌉

𝑥=ℎ
= 0 (A.4) 

𝑝𝑐 = [∑ 𝐹𝑗(𝑡) cosh (𝜆
𝑥

𝑟
) 𝐽1 (

𝜆𝑗𝑅

𝑟
)

∞

𝑗=𝑖 

] 𝜌𝑤 𝑅 cos 𝜃𝑠 (A.5) 

 2787 

The function 𝐹𝑗(𝑡) has units of acceleration that satisfies Eq. (A.4). Hence, substituting Eq. (A.5) into 2788 

Eq. (A.4), a differential equation is obtained, see Eq. (A.6) 2789 

�̈�𝑗(𝑡) + 𝑓𝑐𝑜𝑛𝑗
𝐹𝑗(𝑡) =

𝐷𝑗

𝐸𝑗
 𝑓𝑐𝑜𝑛𝑗

2�̈�𝑠(𝑡) (A.6) 

in which  2790 

𝐷𝑗 =
2

(𝜆𝑗
2 − 1)

 {1 −
1

𝜇𝑗 tanh 𝜇𝑗
[4𝜇𝑗 ∑

(−1)𝑛+1

𝛼𝑛(𝜇𝑗
2 + 𝛼𝑛

2)
− 1 

∞

𝑛=1

]} (A.7) 

𝐸𝑗 = cosh 𝜇𝑗𝐽1(𝜆𝑗) (A.8) 

 2791 

Thus, the solution 𝐹𝑗(𝑡) can be defined as Eq. (A.9) 2792 

𝐹𝑗(𝑡) =
𝐷𝑗

𝐸𝑗
 𝐴𝑗

𝑟(𝑡) (A.9) 

Substituting Eq. (A.9) into Eq. (A.5) and introducing Eq. (A.10), Eq. (A.11) is obtained. 2793 

𝑐𝑗
𝑟(𝑅, 𝑥) = 𝐷𝑗

cosh (𝜆𝑗
𝑥
𝑟)

cosh 𝜇𝑗

𝐽1 (𝜆𝑗
𝑅
𝑟 )

𝐽1(𝜆𝑗)
  (A.10) 

𝑝𝑐(𝑅, 𝜃, 𝑥, 𝑡) = [∑ 𝑐𝑗
𝑟(𝑅, 𝑥)𝑆𝑎 (𝑇𝑐𝑜𝑛𝑗

) 

∞

𝑗=1 

] 𝑝𝑤𝑅 cos 𝜃𝑠 (A.11) 

 2794 

Substituting (A.11) into Eq. (3.17), and evaluating the pressure in the tank wall when 𝑅 = 𝑟, Eq. 2795 

(3.18) is obtained. 𝜃𝑠 is assumed to be the maximum possible, i.e., 0° and 180°, that indicates that the 2796 

maximum sloshing height is always aligned with the direction of the excitation. It is worth clarifying 2797 

that Eq. (3.18) only considers the first two convective modes.  2798 
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B. Stochastically simulated ground motions 2799 

  

(a) M1 (b) M2 

  

(c) M3 (d) M4 

  

(e) M5 (f) M6 

  

(g) M7 (h) M8 

 

(i) M9 

Figure B.2. Stocastically siulated ground motions for Medium Soil (M) Classification C, New Zealand Standard 

1170.5 [142] 

 2800 
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C. Effects of sloshing impediment on wall stress 2801 

Figures C.1 – C.12 show the time history hoop and axial stress respectively for the Anchored, the 2802 

Unanchored and the Flexible cases.  2803 

  

(a) Hoop stress, Anchored (b) Axial stress, Anchored 

  

(c) Hoop stress, Unanchored (d) Axial stress, Unanchored 

  

(e) Hoop stress, Flexible (f) Axial stress, Flexible 

Figure C.3. Effect of the sloshing restriction on stress development under the M1 excitation 

 2804 
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(a) Hoop stress, Anchored (b) Axial stress, Anchored 

  

(c) Hoop stress, Unanchored (d) Axial stress, Unanchored 

  

(e) Hoop stress, Flexible (f) Axial stress, Flexible 

Figure C.4. Effect of the sloshing restriction on stress development under the M2 excitation 

 2805 
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(a) Hoop stress, Anchored (b) Axial stress, Anchored 

  

(c) Hoop stress, Unanchored (d) Axial stress, Unanchored 

  

(e) Hoop stress, Flexible (f) Axial stress, Flexible 

Figure C.5. Effect of the sloshing restriction on stress development under the M3 excitation 

 2806 
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(a) Hoop stress, Anchored (b) Axial stress, Anchored 

  

(c) Hoop stress, Unanchored (d) Axial stress, Unanchored 

  

(e) Hoop stress, Flexible (f) Axial stress, Flexible 

Figure C.6. Effect of the sloshing restriction on stress development under the M4 excitation 

 2807 
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(a) Hoop stress, Anchored (b) Axial stress, Anchored 

  

(c) Hoop stress, Unanchored (d) Axial stress, Unanchored 

  

(e) Hoop stress, Flexible (f) Axial stress, Flexible 

Figure C.7. Effect of the sloshing restriction on stress development under the M5 excitation 

 2808 
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(a) Hoop stress, Anchored (b) Axial stress, Anchored 

  

(c) Hoop stress, Unanchored (d) Axial stress, Unanchored 

  

(e) Hoop stress, Flexible (f) Axial stress, Flexible 

Figure C.8. Effect of the sloshing restriction on stress development under the M6 excitation 

 2809 
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(a) Hoop stress, Anchored (b) Axial stress, Anchored 

  

(c) Hoop stress, Unanchored (d) Axial stress, Unanchored 

  

(e) Hoop stress, Flexible (f) Axial stress, Flexible 

Figure C.9. Effect of the sloshing restriction on stress development under the M7 excitation 

 2810 
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(a) Hoop stress, Anchored (b) Axial stress, Anchored 

  

(c) Hoop stress, Unanchored (d) Axial stress, Unanchored 

  

(e) Hoop stress, Flexible (f) Axial stress, Flexible 

Figure C.10. Effect of the sloshing restriction on stress development under the M8 excitation 

 2811 
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(a) Hoop stress, Anchored (b) Axial stress, Anchored 

  

(c) Hoop stress, Unanchored (d) Axial stress, Unanchored 

  

(e) Hoop stress, Flexible (f) Axial stress, Flexible 

Figure C.11. Effect of the sloshing restriction on stress development under the M9 excitation 

 2812 
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(a) Hoop stress, Anchored (b) Axial stress, Anchored 

  

(c) Hoop stress, Unanchored (d) Axial stress, Unanchored 

  

(e) Hoop stress, Flexible (f) Axial stress, Flexible 

Figure C.12. Effect of the sloshing restriction on stress development under the EC earthquake 

 2813 
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(a) Hoop stress, Anchored (b) Axial stress, Anchored 

  

(c) Hoop stress, Unanchored (d) Axial stress, Unanchored 

  

(e) Hoop stress, Flexible (f) Axial stress, Flexible 

Figure C.13. Effect of the sloshing restriction on stress development under the LA earthquake 

 2814 
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(a) Hoop stress, Anchored (b) Axial stress, Anchored 

  

(c) Hoop stress, Unanchored (d) Axial stress, Unanchored 

  

(e) Hoop stress, Flexible (f) Axial stress, Flexible 

Figure C.14. Effect of the sloshing restriction on stress development under the TA earthquake 

 2815 

Figures C.13 – C.24 show the PSD of the time histories of the axial stress respectively for the 2816 

Anchored, the Unanchored and the Flexible cases.  2817 
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(a) Anchored case, without and with lid (b) Unanchored case, without and with lid 

 

(b) Flexible case, without and with lid 

Figure C.15.  Effect of the sloshing impediment on axial stress in the frequency domain due to the M1 excitation 

 2818 

  

(a) Anchored case, without and with lid (b) Unanchored case, without and with lid 

 

(b) Flexible case, without and with lid 

Figure C.16.  Effect of the sloshing impediment on axial stress in the frequency domain due to the M2 excitation 

 2819 
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(a) Anchored case, without and with lid (b) Unanchored case, without and with lid 

 

(b) Flexible case, without and with lid 

Figure C.17.  Effect of the sloshing impediment on axial stress in the frequency domain due to the M3 excitation 

 2820 

  

(a) Anchored case, without and with lid (b) Unanchored case, without and with lid 

 

(b) Flexible case, without and with lid 

Figure C.18.  Effect of the sloshing impediment on axial stress in the frequency domain due to the M4 excitation 

 2821 
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(a) Anchored case, without and with lid (b) Unanchored case, without and with lid 

 

(b) Flexible case, without and with lid 

Figure C.19.  Effect of the sloshing impediment on axial stress in the frequency domain due to the M5 excitation 

 2822 

  

(a) Anchored case, without and with lid (b) Unanchored case, without and with lid 

 

(b) Flexible case, without and with lid 

Figure C.20.  Effect of the sloshing impediment on axial stress in the frequency domain due to the M6 excitation 

 2823 
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(a) Anchored case, without and with lid (b) Unanchored case, without and with lid 

 

(b) Flexible case, without and with lid 

Figure C.21.  Effect of the sloshing impediment on axial stress in the frequency domain due to the M7 excitation 

 2824 

  

(a) Anchored case, without and with lid (b) Unanchored case, without and with lid 

 

(b) Flexible case, without and with lid 

Figure C.22.  Effect of the sloshing impediment on axial stress in the frequency domain due to the M8 excitation 

 2825 
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(a) Anchored case, without and with lid (b) Unanchored case, without and with lid 

 

(b) Flexible case, without and with lid 

Figure C.23.  Effect of the sloshing impediment on axial stress in the frequency domain due to the M9 excitation 

 2826 

  

(a) Anchored case, without and with lid (b) Unanchored case, without and with lid 

 

(b) Flexible case, without and with lid 

Figure C.24.  Effect of the sloshing impediment on axial stress in the frequency domain due to the EC earthquake 

 2827 
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(a) Anchored case, without and with lid (b) Unanchored case, without and with lid 

 

(b) Flexible case, without and with lid 

Figure C.25.  Effect of the sloshing impediment on axial stress in the frequency domain due to the LU earthquake 

 2828 

  

(a) Anchored case, without and with lid (b) Unanchored case, without and with lid 

 

(b) Flexible case, without and with lid 

Figure C.26.  Effect of the sloshing impediment on axial stress in the frequency domain due to the TA earthquake 

 2829 
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Figures C.25 – C.36 show the hoop and axial stress profiles when the maximum stress in the whole 2830 

tank occurs.  2831 

   

(a) Hoop stress profile, Anchored (c) Hoop stress profile, Unanchored (e) Hoop stress profile, Flexible 

   

(b) Axial stress profile, Anchored  (d) Axial stress profile, Unanchored (f) Axial stress profile, Flexible 

Figure C.27. Effect of the sloshing impediment on the stress profile due to the M1 excitation 

   

(a) Hoop stress profile, Anchored (c) Hoop stress profile, Unanchored (e) Hoop stress profile, Flexible 

   

(b) Axial stress profile, Anchored  (d) Axial stress profile, Unanchored (f) Axial stress profile, Flexible 

Figure C.28. Effect of the sloshing impediment on the stress profile due to the M2 excitation 

 2832 
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(a) Hoop stress profile, Anchored (c) Hoop stress profile, Unanchored (e) Hoop stress profile, Flexible 

   

(b) Axial stress profile, Anchored  (d) Axial stress profile, Unanchored (f) Axial stress profile, Flexible 

Figure C.29. Effect of the sloshing impediment on the stress profile due to the M3 excitation 

 2833 

   

(a) Hoop stress profile, Anchored (c) Hoop stress profile, Unanchored (e) Hoop stress profile, Flexible 

   

(b) Axial stress profile, Anchored  (d) Axial stress profile, Unanchored (f) Axial stress profile, Flexible 

Figure C.30. Effect of the sloshing impediment on the stress profile due to the M4 excitation 
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 2834 

 2835 

 2836 

 2837 

   

(a) Hoop stress profile, Anchored (c) Hoop stress profile, Unanchored (e) Hoop stress profile, Flexible 

   

(b) Axial stress profile, Anchored  (d) Axial stress profile, Unanchored (f) Axial stress profile, Flexible 

Figure C.31. Effect of the sloshing impediment on the stress profile due to the M5 excitation 

   

(a) Hoop stress profile, Anchored (c) Hoop stress profile, Unanchored (e) Hoop stress profile, Flexible 

   

(b) Axial stress profile, Anchored  (d) Axial stress profile, Unanchored (f) Axial stress profile, Flexible 

Figure C.32. Effect of the sloshing impediment on the stress profile due to the M6 excitation 
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 2838 

            

(a) Hoop stress profile, Anchored (c) Hoop stress profile, Unanchored (e) Hoop stress profile, Flexible 

   

(b) Axial stress profile, Anchored (d) Axial stress profile, Unanchored (f) Axial stress profile, Flexible 

Figure C.33. Effect of the sloshing impediment on the stress profile due to the M7 excitation 

 2839 

   

(a) Hoop stress profile, Anchored (c) Hoop stress profile, Unanchored (e) Hoop stress profile, Flexible 

   

(b) Axial stress profile, Anchored (d) Axial stress profile, Unanchored (f) Axial stress profile, Flexible 

Figure C.34. Effect of the sloshing impediment on the stress profile due to the M8 excitation 

 2840 
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 2841 

 2842 

   

(a) Hoop stress profile, Anchored (c) Hoop stress profile, Unanchored (e) Hoop stress profile, Flexible 

   

(b) Axial stress profile, Anchored  (d) Axial stress profile, Unanchored (f) Axial stress profile, Flexible 

Figure C.35. Effect of the sloshing impediment on the stress profile due to the M9 excitation 

   

(a) Hoop stress profile, Anchored (c) Hoop stress profile, Unanchored (e) Hoop stress profile, Flexible 

   

(b) Axial stress profile, Anchored  (d) Axial stress profile, Unanchored (f) Axial stress profile, Flexible 

Figure C.36. Effect of the sloshing impediment on the stress profile due to the EC earthquake 
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 2843 

 2844 

   

(a) Hoop stress profile, Anchored (c) Hoop stress profile, Unanchored (e) Hoop stress profile, Flexible 

   

(b) Axial stress profile, Anchored  (d) Axial stress profile, Unanchored (f) Axial stress profile, Flexible 

Figure C.37. Effect of the sloshing impediment on the stress profile due to the LU excitation 

   

(a) Hoop stress profile, Anchored (c) Hoop stress profile, Unanchored (e) Hoop stress profile, Flexible 

   

(b) Axial stress profile, Anchored  (d) Axial stress profile, Unanchored (f) Axial stress profile, Flexible 

Figure C.38. Effect of the sloshing impediment on the stress profile due to  the TA excitation 
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Figures C.37 – C.48 show the time history of both the acceleration of the shake table 𝐴ST and uplift 2845 

for FSLU and FSLF. 2846 

 2847 

 2848 

 2849 

             

(e) Unanchored (f) Flexible 

Figure C.39. Time history of the shake table acceleration and uplift under the M1 excitation 

  

(e) Unanchored (f) Flexible 

Figure C.40. Time history of the shake table acceleration and uplift under the M2 excitation 

             

(e) Unanchored (f) Flexible 

Figure C.41. Time history of the shake table acceleration and uplift under the M3 excitation 
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 2850 

 2851 

 2852 

             

(e) Unanchored (f) Flexible 

Figure C.42. Time history of the shake table acceleration and uplift under the M4 excitation 

             

(e) Unanchored (f) Flexible 

Figure C.43. Time history of the shake table acceleration and uplift under the M5 excitation 

             

(e) Unanchored (f) Flexible 

Figure C.44. Time history of the shake table acceleration and uplift unde the M6 excitation 
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 2853 

 2854 

 2855 

             

(e) Unanchored (f) Flexible 

Figure C.45. Time history of the shake table acceleration and uplift under the M7 excitation 

             

(e) Unanchored (f) Flexible 

Figure C.46. Time history of the shake table acceleration and uplift under the M8 excitation 

             

(e) Unanchored (f) Flexible 

Figure C.47. Time history of the shake table acceleration and uplift under the M9 excitation 
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 2856 

 2857 

 2858 

Figures C.49 – C.60 show the consequence of the floating lid for uplift.  2859 

 2860 

             

(e) Unanchored (f) Flexible 

Figure C.48. Time history of the shake table acceleration and uplift under the EC earthquake 

  

(e) Unanchored (f) Flexible 

Figure C.49. Time history of the shake table acceleration and uplift under the LU earthquake 

             

(e) Unanchored (f) Flexible 

Figure C.50. Time history of the shake table acceleration and uplift under the TA earthquake 
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 2861 

 2862 

 2863 

             

(e) Unanchored (f) Flexible 

Figure C.51. Effect of the restriction of sloshing on uplift under the M1 excitation 

             

(e) Unanchored (f) Flexible 

Figure C.52. Effect of the restriction of sloshing on uplift under the M2 excitation 

     ©         

(e) Unanchored (f) Flexible 

Figure C.53. Effect of the restriction of sloshing on uplift under the M3 excitation 



 

- 197 - 

 

 2864 

 2865 

 2866 

 2867 

             

(e) Unanchored (f) Flexible 

Figure C.54. Effect of the restriction of sloshing on uplift under the M4 excitation 

             

(e) Unanchored (f) Flexible 

Figure C.55. Effect of the restriction of sloshing on uplift under the M5 excitation 

             

(e) Unanchored (f) Flexible 

Figure C.56. Effect of the restriction of sloshing on uplift under the M6 excitation 
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 2868 

 2869 

 2870 

             

(e) Unanchored (f) Flexible 

Figure C.57. Effect of the restriction of sloshing on uplift under the M7 excitation 

             

(e) Unanchored (f) Flexible 

Figure C.58. Effect of the restriction of sloshing on uplift under the M8 excitation 

             

(e) Unanchored (f) Flexible 

Figure C.59. Effect of the restriction of sloshing on uplift under the M9 excitation 
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 2871 

 2872 

 2873 

Figures C.61 – C.72 display the time history of both hoop and axial stresses in four conditions, i.e., 2874 

i) FSLF, ii) HDFF, iii) FSLU, and iv) HDFU. 2875 

             

(e) Unanchored (f) Flexible 

Figure C.60. Effect of the restriction of sloshing on uplift under the DU earthquake 

             

(e) Unanchored (f) Flexible 

Figure C.61. Effect of the restriction of sloshing on uplift under the LU earthquake 

             

(e) Unanchored (f) Flexible 

Figure C.62. Effect of the restriction of sloshing on uplift under the TA earthquake 
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(a) Hoop stress during free sloshing (b) Axial stress during free sloshing 

  

(c) Hoop stress with a lid present (d) Axial stress with a lid present 

Figure C.63. Effects of the supporting medium flexibility and sloshing restriction on the time history of stress under 

the M1 excitation 

 2876 

  

(a) Hoop stress during free sloshing (b) Axial stress during free sloshing 

  

(c) Hoop stress with a lid present (d) Axial stress with a lid present 

Figure C.64. Effects of the supporting medium flexibility and sloshing restriction on the time history of stress under 

the M2 excitation 

 2877 
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(a) Hoop stress during free sloshing (b) Axial stress during free sloshing 

  

(c) Hoop stress with a lid present (d) Axial stress with a lid present 

Figure C.65. Effects of the supporting medium flexibility and sloshing restriction on the time history of stress under 

the M3 excitation 

 2878 

  

(a) Hoop stress during free sloshing (b) Axial stress during free sloshing 

  

(c) Hoop stress with a lid present (d) Axial stress with a lid present 

Figure C.66. Effects of the supporting medium flexibility and sloshing restriction on the time history of stress under 

the M4 excitation 

 2879 

 2880 
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(a) Hoop stress during free sloshing (b) Axial stress during free sloshing 

  

(c) Hoop stress with a lid present (d) Axial stress with a lid present 

Figure C.67. Effects of the supporting medium flexibility and sloshing restriction on the time history of stress under 

the M5 excitation 

 2881 

  

(a) Hoop stress during free sloshing (b) Axial stress during free sloshing 

  

(c) Hoop stress with a lid present (d) Axial stress with a lid present 

Figure C.68. Effects of the supporting medium flexibility and sloshing restriction on the time history of stress under 

the M6 excitation 

 2882 
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(a) Hoop stress during free sloshing (b) Axial stress during free sloshing 

  

(c) Hoop stress with a lid present (d) Axial stress with a lid present 

Figure C.69. Effects of the supporting medium flexibility and sloshing restriction on the time history of stress under 

the M7 excitation 

 2883 

  

(a) Hoop stress during free sloshing (b) Axial stress during free sloshing 

  

(c) Hoop stress with a lid present (d) Axial stress with a lid present 

Figure C.70. Effects of the supporting medium flexibility and sloshing restriction on the time history of stress under 

the M8 excitation 

 2884 



Diego Iván Hernández-Hernández  

 

204 

 

  

(a) Hoop stress during free sloshing (b) Axial stress during free sloshing 

  

(c) Hoop stress with a lid present (d) Axial stress with a lid present 

Figure C.71. Effects of the supporting medium flexibility and sloshing restriction on the time history of stress under 

the M9 excitation 

 2885 

  

(a) Hoop stress during free sloshing (b) Axial stress during free sloshing 

  

(c) Hoop stress with a lid present (d) Axial stress with a lid present 

Figure C.72. Effects of the supporting medium flexibility and sloshing restriction on the time history of stress under 

the EC earthquake 

 2886 
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(a) Hoop stress during free sloshing (b) Axial stress during free sloshing 

  

(c) Hoop stress with a lid present (d) Axial stress with a lid present 

Figure C.73. Effects of the supporting medium flexibility and sloshing restriction on the time history of stress under 

the LU earthquake 

 2887 

  

(a) Hoop stress during free sloshing (b) Axial stress during free sloshing 

  

(c) Hoop stress with a lid present (d) Axial stress with a lid present 

Figure C.74. Effects of the supporting medium flexibility and sloshing restriction on the time history of stress under 

the TA earthquake 

 2888 
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Figures C.73 – C.84 show the development of axial stress in the frequency domain for the Unanchored 2889 

and the Flexible cases, with and without a floating lid.  2890 

  

(a) FSL (b) HDF 

Figure C.75. Effects of the sloshing restriction and supporting medium flexibility on the PSD of axial stress under the 

M1 excitation 

 2891 

  

(a) FSL (b) HDF 

Figure C.76. Effects of the sloshing restriction and supporting medium flexibility on the PSD of axial stress under the 

M2 excitation 

 2892 

  

(a) FSL (b) HDF 

Figure C.77. Effects of the sloshing restriction and supporting medium flexibility on the PSD of axial stress under the 

M3 excitation 

 2893 
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(a) FSL (b) HDF 

Figure C.78. Effects of the sloshing restriction and supporting medium flexibility on the PSD of axial stress under the 

M4 excitation 

 2894 

  

(a) FSL (b) HDF 

Figure C.79. Effects of the sloshing restriction and supporting medium flexibility on the PSD of axial stress under the 

M5 excitation 

 2895 

  

(a) FSL (b) HDF 

Figure C.80. Effects of the sloshing restriction and supporting medium flexibility on the PSD of axial stress under the 

M6 excitation 

 2896 
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(a) FSL (b) HDF 

Figure C.81. Effects of the sloshing restriction and supporting medium flexibility on the PSD of axial stress under the 

M7 excitation 

 2897 

  

(a) FSL (b) HDF 

Figure C.82. Effects of the sloshing restriction and supporting medium flexibility on the PSD of axial stress under the 

M8 excitation 

 2898 

  

(a) FSL (b) HDF 

Figure C.83. Effects of the sloshing restriction and supporting medium flexibility on the PSD of axial stress under the 

M9 excitation 

 2899 
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(a) FSL (b) HDF 

Figure C.84. Effects of the sloshing restriction and supporting medium flexibility on the PSD of axial stress under the 

EC earthquake 

 2900 

  

(a) FSL (b) HDF 

Figure C.85. Effects of the sloshing restriction and supporting medium flexibility on the PSD of axial stress under the 

LU earthquake 
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(a) FSL (b) HDF 

Figure C.86. Effects of the sloshing restriction and supporting medium flexibility on the PSD of axial stress under the 

TA earthquake 

 2902 

 2903 

  2904 
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Figures C.85 – C.96 show the stress profiles for both the Flexible and Unanchored cases.  2905 

  

(a) Hoop stress with free sloshing (b) Axial stress with free sloshing 

  

(c) Hoop stress with lid present (d) Axial stress with lid present 

Figure C.87. Effects of supporting medium flexibility and sloshing restriction on stress profiles under the M1 

excitation 
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(a) Hoop stress with free sloshing (b) Axial stress with free sloshing 

  

(c) Hoop stress with lid present (d) Axial stress with lid present 

Figure C.88. Effects of supporting medium flexibility and sloshing restriction on stress profiles under the M2 

excitation 
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(a) Hoop stress with free sloshing (b) Axial stress with free sloshing 

  

(c) Hoop stress with lid present (d) Axial stress with lid present 

Figure C.89. Effects of supporting medium flexibility and sloshing restriction on stress profiles under the M3 

excitation 
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(a) Hoop stress with free sloshing (b) Axial stress with free sloshing 

  

(c) Hoop stress with lid present (d) Axial stress with lid present 

Figure C.90. Effects of supporting medium flexibility and sloshing restriction on stress profiles under the M4 

excitation 
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(a) Hoop stress with free sloshing (b) Axial stress with free sloshing 

  

(c) Hoop stress with lid present (d) Axial stress with lid present 

Figure C.91. Effects of supporting medium flexibility and sloshing restriction on stress profiles under the M5 

excitation 
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(a) Hoop stress with free sloshing (b) Axial stress with free sloshing 

  

(c) Hoop stress with lid present (d) Axial stress with lid present 

Figure C.92. Effects of supporting medium flexibility and sloshing restriction on stress profiles under the M6 

excitation 
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(a) Hoop stress with free sloshing (b) Axial stress with free sloshing 

  

(c) Hoop stress with lid present (d) Axial stress with lid present 

Figure C.93. Effects of supporting medium flexibility and sloshing restriction on stress profiles under the M7 

excitation 
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(a) Hoop stress with free sloshing (b) Axial stress with free sloshing 

  

(c) Hoop stress with lid present (d) Axial stress with lid present 

Figure C.94. Effects of supporting medium flexibility and sloshing restriction on stress profiles under the M8 

excitation 
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(a) Hoop stress with free sloshing (b) Axial stress with free sloshing 

  

(c) Hoop stress with lid present (d) Axial stress with lid present 

Figure C.95. Effects of supporting medium flexibility and sloshing restriction on stress profiles under the M9 

excitation 
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(a) Hoop stress with free sloshing (b) Axial stress with free sloshing 

  

(c) Hoop stress with lid present (d) Axial stress with lid present 

Figure C.96. Effects of supporting medium flexibility and sloshing restriction on stress profiles under the EC 

earthquake 
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(a) Hoop stress with free sloshing (b) Axial stress with free sloshing 

  

(c) Hoop stress with lid present (d) Axial stress with lid present 

Figure C.97. Effects of supporting medium flexibility and sloshing restriction on stress profiles under the LU 

earthquake 
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(a) Hoop stress with free sloshing (b) Axial stress with free sloshing 

  

(c) Hoop stress with lid present (d) Axial stress with lid present 

Figure C.98. Effects of supporting medium flexibility and sloshing restriction on stress profiles under the TA 

earthquake 

 2917 

Figures C.97 – C.108 display the simultaneous effect of the supporting medium flexibility and 2918 

sloshing impediment on the time histories of uplift.  2919 

  

(a) FSL (b) HDF 

Figure C.99. Influence of the supporting medium flexibility and restriction of sloshing on uplift in the time domain 

under the M1 excitation 
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(a) FSL (b) HDF 

Figure C.100. Influence of the base flexibility and restriction of sloshing on uplift in the time domain under the M2 

excitation 

 2921 

  

(a) FSL (b) HDF 

Figure C.101. Influence of the supporting medium flexibility and restriction of sloshing on uplift in the time domain 

under the M3 excitation 
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(a) FSL (b) HDF 

Figure C.102. Influence of the supporting medium flexibility and restriction of sloshing on uplift in the time domain 

under the M4 excitation 
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(a) FSL (b) HDF 

Figure C.103. Influence of the supporting medium flexibility and restriction of sloshing on uplift in the time domain 

under the M5 excitation 

 2924 

  

(a) FSL (b) HDF 

Figure C.104. Influence of the supporting medium flexibility and restriction of sloshing on uplift in the time domain 

under the M6 excitation 

 2925 

  

(a) FSL (b) HDF 

Figure C.105. Influence of the supporting medium flexibility and restriction of sloshing on uplift in the time domain 

under the M7 excitation 
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(a) FSL (b) HDF 

Figure C.106. Influence of the supporting medium flexibility and restriction of sloshing on uplift in the time domain 

under the M8 excitation 

 2927 

  

(a) FSL (b) HDF 

Figure C.107. Influence of the supporting medium flexibility and restriction of sloshing on uplift in the time domain 

under the M9 excitation 
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(a) FSL (b) HDF 

Figure C.108. Influence of the supporting medium flexibility and restriction of sloshing on uplift in the time domain 

under the EC earthquake 
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(a) FSL (b) HDF 

Figure C.109. Influence of the supporting medium flexibility and restriction of sloshing on uplift in the time domain 

under the LU earthquake 

 2930 

  

(a) FSL (b) HDF 

Figure C.110. Influence of the supporting medium flexibility and restriction of sloshing on uplift in the time domain 

under the TA earthquake 

  2931 
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D. Radar plots 2932 

Figures D.1-D.11 display the experimental and spring-mass model results due to the eleven additional 2933 

excitations, i.e., 1) nine stochastically simulated ground motions, M1–M9, and 2) the El Centro and 2934 

the Duzce earthquakes. The results of the six aspect ratios considered are shown in each figure. For 2935 

almost all experimental and spring-mass model results, when ℎ/𝑟 < 2, the highest response was 2936 

observed for the unanchored tank on a rigid base. In contrast, when ℎ/𝑟 ≥ 2, the highest response 2937 

occurred for the unanchored tank on a flexible base. The results follow the same tendency to that 2938 

presented in Figures 8.11 and 8.12. 2939 
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(a) h/r = 0.5 

  

(b) h/r = 1 

  

(c) h/r = 1.5 
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(d) h/r = 2 

  

(e) h/r = 2.5 

  

(f) h/r = 3 

Figure D.111. Simultaneous effects of the base flexibility, the fixity and the aspect ratio on the tank seismic response 

under the M1 excitation. Experimental results (left) and spring-mass model results (right) 
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(a) h/r = 0.5 

  

(b) h/r = 1 

  

(c) h/r = 1.5 
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(e) h/r = 2.5 

  

(f) h/r = 3 

Figure D.112. Simultaneous effects of the base flexibility, the fixity and the aspect ratio on the tank seismic response 

under the M2 excitation. Experimental results (left) and spring-mass model results (right) 
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(d) h/r = 2 

  

(e) h/r = 2.5 

  

(f) h/r = 3 

Figure D.113. Simultaneous effects of the base flexibility, the fixity and the aspect ratio on the tank seismic response 

under the M3 excitation. Experimental results (left) and spring-mass model results (right) 
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(a) h/r = 0.5 

  

(b) h/r = 1 

  

(c) h/r = 1.5 

  

(d) h/r = 2 

  

(e) h/r = 2.5 
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(f) h/r = 3 

Figure D.114. Simultaneous effects of the base flexibility, the fixity and the aspect ratio on the tank seismic response 

under the M4 excitation. Experimental results (left) and spring-mass model results (right) 
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(d) h/r = 2 

  

(e) h/r = 2.5 

  

(f) h/r = 3 

Figure D.115. Simultaneous effects of the base flexibility, the fixity and the aspect ratio on the tank seismic response 

under the M5 excitation. Experimental results (left) and spring-mass model results (right) 
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(e) h/r = 2.5 
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(f) h/r = 3 

Figure D.116. Simultaneous effects of the base flexibility, the fixity and the aspect ratio on the tank seismic response 

under the M6 excitation. Experimental results (left) and spring-mass model results (right) 
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(d) h/r = 2 

  
(e) h/r = 2.5 

  
(f) h/r = 3 

Figure D.117. Simultaneous effects of the base flexibility, the fixity and the aspect ratio on the tank seismic response 

under the M7 excitation. Experimental results (left) and spring-mass model results (right) 
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(d) h/r = 2 
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(e) h/r = 2.5 

  

(f) h/r = 3 

Figure D.118. Simultaneous effects of the base flexibility, the fixity and the aspect ratio on the tank seismic response 

under the M8 excitation. Experimental results (left) and spring-mass model results (right) 
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(d) h/r = 2 

  

(e) h/r = 2.5 

  

(f) h/r = 3 

Figure D.119. Simultaneous effects of the base flexibility, the fixity and the aspect ratio on the tank seismic response 

under the M9 excitation. Experimental results (left) and spring-mass model results (right) 
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(f) h/r = 3 

Figure D.120. Simultaneous effects of the base flexibility, the fixity and the aspect ratio on the tank seismic response 

under the El Centro earthquake. Experimental results (left) and spring-mass model results (right) 
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(d) h/r = 2 

  

(e) h/r = 2.5 

  

(f) h/r = 3 

Figure D.121. Simultaneous effects of the base flexibility, the fixity and the aspect ratio on the tank seismic response 

under the Duzce earthquake. Experimental results (left) and spring-mass model results (right) 
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