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Abstract 

Atrial fibrillation (AF) is the most common cardiac arrhythmia and is associated with 

many well-known risk factors. Within the past decade, there has been a plethora of 

evidence to suggest that genetic factors also play an important role in the genesis of the 

arrhythmia, including the T-box transcription factor gene TBX5 and the paired-like 

homeodomain transcription factor 2 gene PITX2. Both transcription factors are primarily 

known for the roles they play in cardiac development during embryogenesis. The multi-

tier transcriptional network driven by TBX5 and modulated by PITX2 links 7 AF loci. 

This regulates many gene expressions, which play a crucial role in AF susceptibility. The 

exact mechanism underlying AF due to the genetic impairment and mutations is not well 

understood, and an effective clinical approach needed to treat such patients remains to 

be established.  

 

Computational models provide a powerful framework for investigating the electrical 

properties of atrial myocytes. Through the utilization of human atrial myocyte models, 

the mechanism by which the TBX5 network modulate the ionic mechanisms in the atrial 

myocyte can be elucidated. Furthermore, the models can be utilized to simulate the 

effects of different antiarrhythmic treatment options to ascertain the conditions in which 

a specific treatment is effective or prone to adverse effects. Particularly, the 

representative common pool models which can predict the ionic remodelling accurately 

under the TBX5 network, i.e., the Courtemanche, Ramirez, Nattel (CRN) model, the 

Maleckar et al model and the Nygren et al model, and existing spatial models of the 

human atrial myocyte that encompasses both spatial-temporal and structural aspects of 

Ca2+ handling are further adapted and utilised in this thesis. 

 

In this thesis, I first developed a biophysics-based model of the human atrial myocyte 

that is capable of reproducing early and after/spontaneous depolarization (EADs and 

DADs/SDs) by updating the outdated Ca2+ handling of the CRN model with that from 

the more recent Grandi et al model. Under the assumption that changes in the gene 

expressions correlate proportionally to changes in the function of the channel, I 

implemented various combinations of the changes in the ionic and Ca2+ handling 

channels due to impaired TBX5. Simulations showed upregulated ICaL and 

downregulated IK1 to be the main cause of action potential duration (APD) prolongation, 

and impaired TBX5-induced EADs and DADs/SDs due to an elevation of intracellular 

Ca2+ ([Ca2+]i). However, the latter channel also caused unphysiological depolarization of 
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the resting membrane potential (RMP), hence upregulated ICaL is the far more likely 

trigger of impaired TBX5 afterdepolarizations. 

 

The Maleckar et al common pool model was then used to investigate the mechanisms 

underlying the genesis of afterdepolarizations from an upregulation of ICaL and INaCa, and 

downregulation of the sarcoplasmic reticulum Ca2+ transport ATPase (SERCA) due to 

the impairment of TBX5. As it was the case in the Grandi-CRN hybrid common pool, 

upregulated ICaL was also the main trigger of DADs/SDs. Implementing the upregulation 

of INaCa alongside upregulated ICaL on the other hand suppressed these 

afterdepolarizations, as increasing INaCa caused an increase in the threshold [Ca2+]i for 

SDs to occur. Through bifurcation analyses of SERCA with respect to INaCa and ICaL and 

virtual intracellular Ca2+ injection experiments, I also showed that the suppression of 

afterdepolarizations was possible with the elevation of SERCA because within a certain 

parameter range, increasing SERCA also caused the elevation of the [Ca2+]i SD threshold. 

 

Lastly, I conducted a benchmarking study on the Koivumaki et al, Voigt et al, and Sutano 

et al spatial models. Through this study, I discovered that detailed descriptions of both 

the transverse and longitudinal aspects of Ca2+ handling, as well as accurate 

representations of the main internal structures of the atrial myocyte are necessary facets 

in generating frequent DADs and afterdepolarizations with a more physiological 

increase in the conductivity of the L-type Ca2+ channel ICaL (GICaL). With the 

implementation of tubules based on electron microscopy imaging data, the increase in 

GICaL needed to trigger both EADs and DADs decreases to a more physiological 

magnitude. Implementing a distribution of RyRs based on imaging data decreases the 

overall magnitude of the DADs, but increases the frequency in which they occur. 

However, none of the spatial models was able to capture the suppression of 

afterdepolarizations due to the normalization or elevation of SERCA. 

 

In summary, our modelling study suggests that either inhibiting upregulated ICaL or 

restoring SERCA function could suppress impaired TBX5-induced afterdepolarizations. 

Furthermore, it demonstrates that spatial models are necessary in accurately capturing 

the genesis of afterdepolarizations. Our computer models improve our knowledge 

beyond the known limitations of both clinical and animal model studies on the multi-tier 

transcriptional network and provide a powerful framework for testing alternative 

treatment approaches for patients with AF 
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Chapter 1 
 

Background 

1.1 The Cardiac Pump Function 

The human circulatory system functions to transport oxygen and nutrients from the lungs 

to the various organs and tissues in the body (Figure 1.1). Circulation is driven by a 

muscular organ called the heart, which pumps oxygenated blood into the systemic 

arteries so that its contents can be distributed throughout the body, and pumps 

deoxygenated blood returning through systematic veins into the lungs where it can be 

oxygenated.  

 

Figure 1.1: The human circulation system adapted from [1]. Blue represents 

deoxygenated blood, while red represents oxygenated blood.  
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The heart is comprised of four chambers (Figure 1.2) and drives circulation through the 

pulmonary and systemic circulation loops. In pulmonary circulation, deoxygenated 

blood from the tissues returns to the right atrium (RA) through the inferior and superior 

vena cava, then enters the right ventricle through the tricuspid valve. This blood is then 

pumped from the right ventricle to the pulmonary artery through the pulmonary valve, 

where it travels to the lungs to deposit carbon dioxide and to become oxygenated. 

Oxygenated blood then returns from the lungs through the pulmonary vein into the left 

atrium (LA) and enters the systematic circulation loop. Through the bicuspid valve, it 

enters the left ventricle, where it is then pumped up into the aorta through the aortic valve. 

It is through the aorta that oxygenated blood is distributed throughout the rest of the body. 

 

The movement of blood into the subsequent cardiac chambers or into blood vessels only 

occurs once it has filled up the chamber that it is currently in. The valve corresponding 

to the current step in the circulation then opens, and the chamber contracts, pumping 

blood into the next component. Underlying mechanical and electrical mechanisms which 

control these processes in the circulation, and any abnormalities within these 

mechanisms can potentially impair the pump function of the heart.  

 

Figure 1.2: Components of the heart involved in pulmonary and systematic circulation 

adapted from [2]. Blue represents deoxygenated blood, while red represents oxygenated 

blood. 
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1.2 Electrical Activation of the Heart 

For the contraction of a chamber to occur, the myocytes in the chamber need to be 

electrically stimulated and become depolarized. Furthermore, for the heart to be an 

efficient pump, there must be coordinated contractions of the four chambers so that 

deoxygenated blood can be effectively circulated, oxygenated, and delivered throughout 

the rest of the body. In this section, I discuss how the conduction system of the heart 

generates and systematically spreads the electrical impulse required to depolarize the 

myocytes across the four chambers such that coordinated contractions is achieved. 

 

1.2.1 The Membrane Potential 

The membrane of a cardiac myocyte consists of a phospholipid bilayer that acts as a 

barrier to prevent the diffusion of ions from the intracellular to the extracellular space 

and vice versa. Woven into this bilayer are membrane-spanning proteins that form pores 

in the membrane called ion channels. These channels can be selectively permeable to 

only specific species of ions and are active under certain conditions [3, 4].  

In cardiac electrophysiology, the intracellular of cardiomyocytes and the extracellular 

space contains  Na+, K+, and Ca2+ ions (also known as cations). Once an ion channel 

becomes active, ion species for which the channel is permeable to will primarily move 

from a region of high concentration of that species to a region of low concentration. This 

is termed the concentration gradient. In a resting cardiac myocyte, the concentration of 

K+ is greater in the intracellular space compared to the extracellular (145 mM inside 

compared to 5.4 mM outside), so K+ will flow outwards when the membrane is 

permeable to this ion. The opposite holds true for Na+ and Ca2+ ions (10 mM and 0.00012 

mM respectively for the inside of the cell compared to 140 mM and 1.8 mM respectively 

for the outside of the cell) so the concentration gradient favours inward flow [5]. 

Ions also carry electric charge, forming electric potentials in the intracellular and 

extracellular space. As ions in cardiac myocytes permeate across the membrane, there 

will be an unequal distribution of charge across the two regions. As a result, the electrical 

gradient rises to move ions in an attempt to even out the charge distribution.  The 

myocyte eventually settles to equilibrium once balance of both gradients is reached. 
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Hence because of these two gradients, there will be a potential difference between the 

intracellular and extracellular space. The membrane potential therefore is defined as 

potential difference between the two spaces. 

1.2.2 The Cardiac Action Potential 

Most cells in the human body can be classified as either excitable or non-excitable. Non-

excitable cells aim to maintain a stable equilibrium potential. If a current is applied to 

these cells for a short period, their potential would immediately return to its equilibrium 

once the applied current is removed. For excitable cells, such as cardiac myocytes, if a 

sufficiently large stimulus is given, the membrane potential will rise above a critical 

point known as the threshold potential and a large excursion will occur [6]. This 

excursion is called an action potential (AP), a duration in which the membrane is 

depolarized, and occurs because ion channels in the membrane have become active, 

allowing for the net movement of various ionic species across the membrane. 

 

There are five phases to a typical cardio-myocyte AP, and the morphology of each phase 

is determined by the movement of ions from the inside the cell and vice-versa through 

specific ion channels (Figure 1.3): 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.3: Ionic currents in typical myocytes involved in the different phases of the 

human atrial action AP [7]. 
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Phase 4 constitutes the electrical diastolic phase of the atrial myocyte. Here, the 

membrane potential is termed the resting potential, and lies roughly at -80 mV. The very 

negative value of the resting potential is due to the outward flux from the channels IK1 

(inward- rectifier K+ current), IKAch (acetylcholine) and IATP (adenosine triphosphate).  

 

Phase 0 occurs when the stimulus or upstream currents from neighbouring cells excite 

the atrial myocyte. With a sufficiently strong stimulus, the Na+ channels (INa) will open 

and provide a sudden influx of Na+ ions into the myocyte, rapidly depolarizing the 

membrane to positive potentials. Immediately after, INa deactivates. During the rapid 

depolarization, the L-type (long-lasting) Ca2+ channels (ICaL) also begin to activate. 

 

Phase 1 is the slight repolarization of the membrane, and appears as a notch in the AP. 

This is due to the sudden activation of the transient outward K+ channels (Ito), and the 

ultra-rapid rectifier K+ channels (IKur), which provide an outflow of K+ ions. The 

channels then quickly deactivate, ending the repolarization. 

 

Phase 2 is known as the plateau phase. In this phase, the channels ICaL (activated from 

phase 0) and late Na+ channels (INaL) provide an influx of Ca2+ and K+ ions respectively, 

and thus prolonging the duration in which the membrane is depolarized.  

 

Phase 3 is when ICaL inactivates (closes gradually), and ceases to hold the membrane 

potential in a depolarized state. Meanwhile, the rapid (IKr), slow (IKs) delayed rectifier 

K+ channels, and IK1 have increased to the point that it can gradually repolarize the 

membrane back to its resting potential.  

 

From the initial rapid depolarization of the AP, there is a duration where the myocyte is 

refractory to the initiation of new APs. This is termed the effective refractory period 

(ERP), and it occurs because INa requires an ample amount of time to reactivate, and 

therefore cannot be reopened with a stimulus during its recovery. With regard to heart 

contractions, this duration is important as it provides enough time for the cardiac 

myocytes (and hence the muscles in the heart) to complete its contraction and relaxation 

cycle before the myocytes can be excited, thus preventing conditions such as tetanus 

(summation of muscle tension) from occurring. 

 



6 
 

 
 
 
 

1.2.3 Excitation-Contraction Coupling 

Cardiac myocytes are composed of bundles of myofibrils that contain myofilaments. The 

myofibrils have distinct, repeating microanatomical units, termed sarcomeres, which 

represent the basic contractile units of the myocyte. When an AP occurs, the 

myofilaments in the myocyte slide towards the centre of the sarcomere, causing the 

sarcomeres to contract. This contraction of the sarcomeres due to an AP is known as 

excitation-contraction coupling (ECC).  

 

 

 

 

 

Figure 1.4: A cardiac myocyte consists of myofibrils. Inside the myofibrils are the 

myofilaments, each containing a thin filament (actin) and a thick filament (myosin) [8]. 

 

 

 

 

 

 

Figure 1.5: A schematic of a ventricular myocyte showing the components involved in 

excitation-contraction coupling [9]. Insert shows the time-course of the AP, and the 

corresponding time-course of the [Ca2+]i transient and contraction of the myocyte. 

ECC occurs during phase 2 of the AP when there is a large increase of intracellular Ca2+ 

( [Ca2+ ]i) due to the influx of Ca2+ ions from activated ICaL.  This increase in [Ca2+ ]i  

triggers a subsequent release of Ca2+ stored in the sarcoplasmic reticulum (SR) of the 
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myocyte through Ca2+-release channels called ryanodine receptors (RyR), which sharply 

increases [Ca2+ ]i. This sharp increase is termed the [Ca2+ ]i transient (see plot of [Ca2+ ]i 

in insert of Figure 1.5). 

The Ca2+ ions in the intracellular space then bind to troponin on the thin filament. This 

causes a configurational change in troponin, and as a result, tropomyosin moves away 

and exposes myosin binding sites on actin. The myosin heads then bind to actin to form 

a crossbridge. The formation of a crossbridge is the first step in a process known as 

crossbridge cycling. Note that before a crossbridge cycle can commence, the myosin 

heads must be in the activated state. This occurs when adenosine 5’-triphosphate (ATP) 

binds to a myosin head and is hydrolysed to adenosine diphosphate (ADP) and inorganic 

phosphate. The energy liberated from the hydrolysis of ATP is what activates the myosin 

head and forces it into the cocked position. 

Moments after the binding of myosin to actin, the myosin heads release an inorganic 

phosphate, and the bond between myosin and actin is reinforced. ADP is then released, 

and the activated myosin heads pivot, causing a movement between the myosin heads 

and actin such that the actin and myosin filaments slide past each other, thereby 

shortening the sarcomere length. When another ATP molecule binds to the myosin heads, 

the bond between myosin and actin weakens, and the myosin heads detach. Hydrolysis 

of ATP once again takes place to reactivate the myosin heads, and a new crossbridge 

cycle begins to shorten the sarcomere further. Crossbridge cycling repeats so long as 

[Ca2+ ]i remains elevated.  

Figure 1.6: The steps involved in crossbridge cycling [10]. 
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At the end of phase 2 of the AP, Ca2+ inflow into the myocyte is slowed, and Ca2+ is 

pumped into the sarcoplasmic reticulum (SR) by an ATP-dependent Ca2+ pump (SERCA, 

sarco-endoplasmic reticulum Ca2+-ATPase), thus lowering [Ca2+ ]i and removing Ca2+ 

from troponin. The lowering of [Ca2+ ]i is further accelerated due to the Na+- Ca2+ 

exchange pump by transporting Ca2+ out of the myocyte. With Ca2+ no longer binding to 

troponin, it returns to its original configuration, allowing tropomyosin to cover the 

myosin binding sites on actin. Crossbridge cycling is then terminated, and the sarcomere 

relaxes and returns to its original length.    

1.2.4 Differences in the [Ca2+]i Transient Between Species and between 

Atrial and Ventricular Myocytes 

 

The relative contribution of Ca2+ handling channels in the genesis of a [Ca2+]i transient 

and extrusion of [Ca2+]i after a transient varies between different species. For example in 

rats, Ca2+ efflux via the Na+/Ca2+ exchanger (INaCa) is approximately equal to the influx 

via ICaL. In larger mammals such as rabbits and humans however, the contribution of 

INaCa in Ca2+ efflux is around 4-fold greater at 28% to 29% of total efflux. Because of the 

reduced INaCa [11] and sarcolemmal Ca2+ fluxes not contributing significantly to Ca2+ 

handling, Ca2+ efflux in rats is mainly governed by SR Ca2+ reuptake through 

sarcoplasmic reticulum Ca2+-ATPase (SERCA), which is 3-4-fold greater [12-14].  

 

To highlight the differences in the morphology of the [Ca2+]i transient among different 

species, Sutanto et al conducted simulations with different computational animal models 

of the ventricular myocyte. These computational models were derived from experimental 

data of their respective animal species [15]. As shown in Figure 1.7 B, rats exhibit the 

greatest amplitude of the [Ca2+]i transient compared to the other species shown, while 

mouse, rabbit, and dog exhibited the lowest. One of the main reasons for this difference 

is because compared to larger mammals, ICaL activity is greater, hence the magnitude of 

the transient and duration is greater [16].  

 

Across different species, there are also differences in the [Ca2+]i transient morphology  

between atrial and ventricular myocytes. Using rats as an example once more, Walden 

et al showed that the [Ca2+]i transient for atrial myocytes in rats is smaller than in 

ventricular myocytes. Furthermore, the duration of the transient as well as muscle 

contraction and relaxation times were shorter in atrial versus ventricular tissue. This 

corresponded to the former exhibiting a more pronounced Ca2+ uptake and greater Ca2+ 
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SR content [17, 18]. 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.7: Simulations of the AP A) and corresponding [Ca2+]i transient B) in their 

respective computational animal model. APs and transients shown were obtained at 

steady state following 1000 beats of pre-pacing at cycle length of 1000ms. Taken from 

[15]. 

1.2.5 Propagation of AP through Tissue 

Myocytes within the heart are electrically coupled through electrical synapses called gap 

junctions that permit electrical current to flow between neighbouring myocytes. Because 

of these gap junctions, an AP can propagate from myocyte to myocyte within the tissue 

strands and spread throughout the chambers of the heart (Figure 1.8). 
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Figure 1.8: Cardiac myocytes interlinked through gap junctions in a strand of tissue  [19]. 

During diastole, the myocytes are at their resting membrane potential. When the cell 

adjacent of cell A undergoes rapid depolarization (phase 0 of an AP), there will be a large 

inflow of Na+ ions due to the activation of Na+ channels, and the concentration of Na+ in 

that cell becomes greater than that of cell A. Through its concentration gradient, a 

proportion of Na+ ions will flow through the gap junction into cell A.   

Since a number of Na+ ions have now entered into cell A, cell A then depolarizes from 

its resting potential to the membrane potential VA (Figure 1.9). Now that cell A has a 

greater concentration of Na+ than cell B, then by its concentration gradient, a number of 

Na+ ions will flow into cell B. This flow of Na+ through the gap junction constitutes the 

depolarization current between A and B (IAB). By Ohm’s Law, this gives: 

𝐼𝐴𝐵 =
𝑉𝐴−𝑉𝐵

𝑅𝐴𝐵
 =  

Δ 𝑉𝐴𝐵

𝑅𝐴𝐵
 (1.1)  
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Figure 1.9: Subthreshold depolarization of cell A decays with distance [19]. 

where the numerator of Equation 1.1 indicates the flow direction and magnitude of flow 

of Na+. This small depolarization current from A into B depolarizes cell B to VB. In turn, 

current flowing from cell B will then depolarize cell C and so forth.  

This flow of positive charge through the strand of myocytes is also known as the 

intracellular current. As the intracellular current travels through the strand of myocytes, 

extracellular Na+ associated with the membrane from previous myocytes that have 

already generated an AP needs to be replaced. When an intracellular current reaches a 

myocyte and depolarizes the membrane of the myocyte, Na+ associated with that 

myocyte’s membrane will be released and move back to previously excited myocytes. 

This moment of extracellular Na+ is known as the extracellular current, and it will be 

equal and opposite of the intracellular current (Figure 1.8). 

The speed in which an AP propagates through a strand of cells depends on the magnitude 

of the current that passes through the gap junctions and the threshold potential needed to 

generate an AP. Consider a case where a depolarization current coming adjacent to cell 

A can depolarize cell A to the threshold potential, but cell A has not yet generated an AP 

(Figure 1.10, red). In this moment, the depolarization current that passes from cell A to 

cell B cannot bring cell B to the threshold potential. It is only when the AP in cell A 

eventually does occur and has depolarized further that it will be able to pass a stronger 

depolarization current into cell B and bring cell B to its threshold. If however cell A 

receives a stronger depolarization current (Figure 1.10, blue), then it will experience a 

greater depolarization, and can therefore pass a sufficiently strong depolarization current 
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into cell B to bring it to its threshold potential without needing cell A to undergo an AP 

first. However, at this moment, the depolarization current passing from cell B to cell C 

is still not sufficient to trigger an AP in cell C. That can only occur once the AP is 

generated in cell A and propagates down the strand, but the time it takes for this to occur 

is not as long as in the first case (red). 

1.2.6 Spread of Electrical Activity in the Heart 

Figure 1.10: The propagation of the AP increases if cell A is more depolarized, or if the 

threshold potential required to generate an AP is more negative [19]. 

The human heart is largely autonomous, in that it can initiate its own rhythmic beat 

(Figure 1.11). This is due to a specialized group of cells within the heart known as 

pacemaker cells, which are capable of spontaneously generating the electrical impulse 

required to depolarize the myocytes within the heart. The pacemaker that has the greatest 

rate of discharge is the one that controls the electrical activity of the heart and sets the 

heart rate [20].  

In a normal heart, there are three different types of tissues which contains pacemaker 

cells: The sinoatrial node (SA), the atrioventricular node (AV) and the Purkinje fibres. 

Among the three, the fastest pacemaker is the SA node, located on the atrial wall near 

the junction of the superior vena cava and the RA. Electrical impulses are normally 

generated here at a rate of 60 to 100 per minute.  

The SA node serves as the site of origin of the electrical impulses in a normal human 

heart. Impulses spread from the SA node and RA across the inter-atrial septum to the left 
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atrium at a conduction velocity of about 0.7-1 m/sec. This excites the atrial myocytes 

and generates an AP that propagates through gap junctions across other atrial myocytes, 

leading to the depolarization of the atria.  

 

 

Figure 1.11: The sequence of events involved in the conduction system of the heart [19]. 

The electrical impulse then arrives at the atrioventricular node, located just above the 

atrioventricular ring. Conduction at the AV node is slowed to around 0.05 m/sec to allow 

for the ejection of blood from the atrial chambers to be completed before the ventricles 

can contract [21]. As with the SA node, the AV node can also fire electrical impulses, but 

at a slower rate of 40 to 55 per minute, and so the AV node is paced by the electrical 

impulse coming from the SA node. If the SA node should fail, the AV node can take over 

the electrical activity of the heart [19].  

The electrical impulse then travels to the bundle of His located in the ventricular septum 

which is the first part of the ventricular conduction system. Further down, the bundle of 

His branches off into two main branches of conduction. The right bundle continues down 

the right septal wall, and the left penetrates the septum and splits into three further 

branches: the left anterior, left posterior, and septal fascicles. The right bundle will 

conduct the electrical impulse to the right ventricle, and the left bundle will conduct the 

impulse to the left ventricle. 
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Both bundles further subdivide into a complex network of fibres called the Purkinje fibre 

network, located just below the endocardium throughout the ventricular walls. These 

serve as the fast conduction pathways for the ventricles. Here, the electrical impulse 

travels at speeds varying from 1.5 to 5 m/sec, and this fast propagation of the electrical 

impulse causes the entire endocardium to be excited almost simultaneously, ensuring 

heart rhythm is kept consistent by the synchronous contractions of the ventricles.  

1.2.7 The Electrocardiogram 

The electrocardiogram (ECG) is a skin surface measurement of the electrical activity of 

the epicardial surface of the heart [22]. It has become a routine part of any complete 

medical evaluation and is commonly used to detect and diagnose conditions such as 

arrhythmias and myocardial infarctions (heart attacks) [23]. 

An ECG detects the extracellular currents produced by the propagation of APs through 

cardiac myocytes. As such, the technique can only obtain electrical information on the 

conduction pathways of the heart, not of its mechanical function [19]. A standard 12-

lead ECG employs 10 electrodes. Two electrodes are placed on the upper extremities, 

two on the lower extremities, and six on standard locations across the chest (Figure 1.12). 

In a lead, one electrode is treated as the positive side of a voltmeter, and one or more 

electrodes as the negative side.  With the 10 different electrodes, the following 12 leads 

are generated: 

The Limb Leads 

This group of leads consists of 3 initial limb leads, and 3 augmented unipolar limb leads. 

The initial limb leads are known as lead I, II and III. These leads represent the potential 

difference between two of the limb electrodes. Table 1.1 shows the electrodes involved 

for these leads and the perspective of the heart that each gives. 
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Figure 1.12: The ten electrodes and their placements in a standard 12-lead ECG [24]. 

 

 

Table 1.1: Electrodes used in the 3 initial limb leads and the perspective of the heart 

that each gives. 

 

The 3 augmented unipolar limb leads instead are known as aVR, aVL, and aVF, and they 

are used to compare one limb electrode to the average of the other two. Table 1.2 shows 

the electrodes involves for these leads and the perspective of the heart that each gives. 

Figure 1.13 below shows a visual representation of the placement of the 6 limb leads. 
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Table 1.2: Electrodes used in the 3 augumented unipolar leads and the perspective of the 

heart that each gives. 

 
Figure 1.13: Schematic of the configuration of the 6 limb leads [19]. 

The Precordial Leads 

Precordial leads records the heart's electrical activity in the transverse or horizontal plane. 

In total, there are 6 precordial leads, and each one uses one of the 6 chest electrodes as 

the positive electrode, and the negative electrode is given by the average of the 3 limb-

leads. A schematic of the placement of the 6 precordial leads is shown in Figure 1.14. 
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Figure 1.14: Schematic of the configuration of the 6 precordial leads. 

 

How an ECG tracing can arise from a lead can be explained with a simple two-cell model 

(Figure 1.15). The depolarization and AP begin first in cell A. Moments after cell B has 

been depolarized by the depolarizing current from cell A, an AP in cell B is triggered 

(Figure 1.15 A).  

 

Suppose now that the negative electrode from an extracellular voltmeter is placed on the 

left of cell A, and the positive electrode to the right of cell B (forming a lead with an axis 

of 0 degrees). During the phase 0 depolarization of the AP in cell A, while cell B is still 

at rest, the extracellular current is moving towards the positive electrode, and so there 

will be a positive deflection in the extracellular voltage difference. However, once cell 

A begins phase 3 repolarization, since cell B is still depolarized at this moment in time, 

the extracellular current instead travels to the negative electrode, causing a negative 

deflection in the extracellular voltage difference (Figure 1.15 C).  
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Figure 1.15: Two-cell model of the ECG [19]. 

Note that the same extracellular voltage difference graph as shown in (Figure 1.15 B)  

can be arrived by measuring and plotting the AP time-course of the intracellular voltage 

in both cell A and B, then taking the difference between VA and VB. 

 

If the placement of the electrodes is switched, then during 0 depolarization of the AP in 

cell A while cell B is still at rest, the deflection in the extracellular voltage difference 

will instead be negative since the extracellular current is moving away from the negative 

electrode. Once cell B begins phase 3 repolarization while cell B is still depolarized, the 

deflection in the extracellular voltage difference will instead be positive as the 

extracellular current is going towards the positive electrode (Figure 1.15 E).  

 

If a lead with an axis of 90 degrees (i.e: positive electrode above the gap junction, and 

negative electrode below the gap junction) was instead used, then the extracellular 

voltmeter will detect no voltage difference as both electrodes will detect the same voltage 



19 
 

 
 
 
 

throughout the experiment (Figure 1.15 D).   

 

Through consulting the different leads in a standard 12-lead ECG and by varying which 

electrodes are positive and which are negative, the magnitude and direction in which the 

extracellular current is travelling to the positive electrode in a lead through various 

angles and planes can be ascertained. From here, a well-rounded three-dimensional view 

of how the atria and ventricles in the human heart depolarize and repolarize can be 

obtained. 

Figure 1.16: An enlargement of a segment of an ECG tracing highlighting the various 

components of an ECG tracing [8]. 

A typical recording of an ECG from a lead is shown in Figure 1.16. Each ECG tracing 

has several components which represent depolarization and repolarization of the atria 

and ventricles. The first wave of the ECG is the P wave, which represents the 

depolarization of the atria from the SA node to the AV node and is typically 0.08 to 0.1 

seconds in duration. The brief period after the P wave when the voltage is zero represents 

the duration in which the atria is depolarized, and the electrical impulse is travelling in 

the AV node. 

 

From the onset of the P wave to the beginning of the QRS complex, the PR interval, the 

period is normally around 0.12 to 0.2 seconds and represents the time between the onset 

of atrial depolarization and the onset of ventricular depolarization.  
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The QRS complex represents ventricular depolarization. Ventricular depolarization 

typically occurs rapidly, and so the duration of the QRS complex is normally 0.06 to 0.1 

seconds. Following the QRS complex is the ST segment, which corresponds to the 

plateau phase of the ventricular AP. Lastly, the T wave represents ventricular 

repolarization, and generally takes longer to complete than depolarization. 

 

Often, clinicians also take note of the QT interval. During the QT interval, both 

ventricular depolarization and repolarization occur, and as a result, this interval can be 

used to estimate roughly the action potential duration (APD) of ventricular APs. The QT 

interval can range from 0.2 to 0.4 seconds depending on heart rate.   

1.2.8 The Cardiac Cycle 

The cardiac cycle is the sequence of electrical and mechanical events that occur and 

repeat with each heartbeat. As the electrical impulse moves throughout the heart, the 

muscle begins to contract, altering both the pressures within the heart and major blood 

vessels, and the volume of cardiac chambers. These changes can be divided into 4 main 

phases (Figure 1.17): 

Diastasis Period (Middle of Phase 1) 

The cardiac cycle begins with the diastasis period. In this phase, the bicuspid and 

tricuspid valves between the atria and ventricles are open, and the aortic and pulmonary 

valves are closed.  The ventricles are gradually being filled and ventricular volume 

slowly rises, but will eventually reach a plateau. During this phase, the pressures in both 

the atria and ventricles also gradually rise. 

Atrial Contraction (End of Phase 1) 

Once the electrical impulse has spread throughout the atria, it depolarizes, and 

contraction occurs. This causes blood to enter the ventricles, slightly increasing 

ventricular volume. During this time, pressure in both the ventricles and atria also 

slightly increases, while aortic pressure decreases as blood flows out to the periphery. 
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Isovolumetric Contraction (Phase 2)                                                                                             

When the electrical impulse has spread to the ventricles, causing them to depolarize and 

contract, the pressure in the ventricles will exceed that in the atria (first crossover of blue 

and red tracings). As a result, the bicuspid and tricuspid valves close.  

As for the pulmonary and aortic valves, they have been closed this entire time. Since all 

the valves are currently closed, the blood has nowhere to go, and so the result is an 

isovolumetric contraction that causes the pressure in both ventricles to rise rapidly, 

eventually exceeding the pressure in the pulmonary artery and aorta (first crossover of 

blue and red tracings). Because pressure is now greater in the left and right ventricles 

compared to that in the aorta and pulmonary artery, both the aortic and pulmonary valves 

open. 

Figure 1.17: Top half: Tracings of the pressure in the atria and ventricles, and in the 

pulmonary artery and aorta during a cardiac cycle. Bottom half: Tracings of the volume 

for both the left and right ventricles [19].  
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Ejection (Phase 3) 

This phase is divided into two parts. In the first part, pressure in both the left and right 

ventricles continues to rise as blood flows into the aorta and pulmonary artery 

respectively, while ventricular volume decreases. This is followed by an elevation in 

pressure in both the aorta and pulmonary artery.  Eventually, pressure in both the aorta 

and pulmonary artery exceeds that of the left and right ventricles respectively (second 

crossover of blue and red tracings), but both the aortic and pulmonary valves do not 

immediately shut due to the inertia of blood flow which transmits considerable kinetic 

energy to the blood. During the second part of phase 3, there is a decrease in the flow of 

blood from the ventricles as the decrease in ventricular volume becomes less rapid, and 

both the ventricular and aortic pressures fall off. 

Isovolumetric Relaxation (Phase 4) 

Late into the ejection phase, blood flow across the aortic and pulmonary valves continues 

to fall until the flow reverses direction. At this point, the aortic and pulmonary valves 

close, and blood flow in both the aorta and pulmonary artery is briefly in the forward 

direction. This causes a slight upward deflection in the pressure in both the aorta and 

pulmonary artery. Moments later, aortic and pulmonary artery pressure will resume to 

decrease. Since all the valves in the heart are now closed, no blood can enter the 

ventricles, and so pressure decreases rapidly in both those chambers. 

Rapid Ventricular Filling Period (Beginning of Phase 1)  

When the pressure in the left and right ventricles falls below that of the left and right 

atrium (second crossover of blue and orange tracings), both the bicuspid and tricuspid 

valves open respectively. With the opening of these valves, the volume for both 

ventricles begins to increase, while pressure in all four chambers of the heart increases 

simultaneously. Eventually, the filling of the ventricles starts to decrease, and the cycle 

returns to the diastasis period. 
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Chapter 2 

Atrial Fibrillation 

Atrial Fibrillation (AF) is the most commonly encountered arrhythmia in clinical 

practice [25], characterized by the rapid and irregular contraction of the atria [19]. It is 

associated with an increased risk of heart failure, stroke, and mortality, and is becoming 

increasingly prevalent in the elderly population, particularly those with several 

cardiovascular comorbidities. [26, 27]. 

 

There are three primary forms of AF that have been classified based on their duration of 

episode. AF is categorized as paroxysmal if it lasts up to 7 days, persistent if it lasts for 

longer than 7 days, and permanent if it lasts longer than 12 months [26]. While the exact 

mechanisms of AF are still being elucidated, it is thought to involve structural (e.g., 

cardiac fibrosis) and electrical remodelling (e.g., ionic conductance changes) in the atria, 

which affect the way electrical impulses propagate through the heart. These changes can 

cause AF to worsen from paroxysmal to persistent or even permanent AF. Prolonged 

periods of continuous AF can hence detrimentally affect a patient’s ability to restore and 

maintain normal sinus rhythm, and reduce the possibility of spontaneous AF termination 

[28]. 

 

While AF can be fatal if not treated correctly, it is not immediately life threatening as 

ventricular fibrillation (VF) [29]. This is because the main function of the atria is to pump 

blood to the ventricles, but the ventricles themselves are responsible for pumping blood 

and oxygen to the organs throughout the body. Therefore, the rapid and irregular beating 

of the atria due to AF would in the short term only disrupt the pumping of blood into the 

ventricles, but the impaired pumping function of the ventricles due to VF would 

significantly compromise cardiac output and ultimately lead to sudden cardiac death [19, 

29]. 

 

Under AF, the pacemaking activity of the SA is screened out by rapid and disorganized 

activity in different areas within the atria of the heart, causing the SA to no longer be the 

main cotroller of heart rhythm. This disorganized electrical activity can be caused by two 

main mechanisms: re-entry circuits, and ectopic firing [30]. 
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2.1 Electrical Mechanisms  

2.1.1 Re-Entry Circuits 

Re-entry is when an electrical impulse exhibits circus movement in the atria, causing the 

myocytes to be continuously excited without stimuli from the SA. As the pacemaking 

activity from the SA is screened out by these re-entrant circuits, this leads to the initiation 

or maintenance of AF [31].   

 

 

 

 

 

 

 

 

 

Figure 2.1: A cartoon illustrating how re-entry can occur between tissues zone I and II. 

At area I, myocytes are refractory after initial depolarization form an AP. For an electrical 

impulse from area II to be able to re-excite area I, it needs to travel a long enough path 

such that by the time it arrives in area I, the myocytes are no longer refractory. Under the 

right circumstances, area I and area II can then continuously re-excite each other, 

resulting in persistent reentrant activity. Adapted from [30]. 

Re-entry arises from abnormal impulse propagation between different areas of tissue. To 

illustrate this, consider Figure 2.1. Suppose that at area I, the myocytes are initiating an 

AP. After the initial depolarization, INa is inactivated, and so the myocytes cannot be re-

excited until INa recovers from inactivation, which occurs when the membrane potential 

repolarizes to around -60 mV. The duration it takes INa to recover from inactivation is 

known as the refractory period [30].  

 

If say at area II, a premature stimulus occurs and travels to area I. If this electrical 

impulse travels along the shorter path A, it would not be able to re-excite area I, as the 

myocytes are still refractory. 
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If however the electrical impulse travels the longer path B such that by the time it reaches 

area I, the myocytes in this area are no longer refractory, then they can be re-excited. 

Under the right conditions, areas I and II can re-excite each other, leading to sustained 

re-entry [32]. 

 

 

 

 

 

 

Figure 2.2: A) A re-entrant circuit around an anatomic barrier (scar). B) Leading circle 

re-entry. Because the centre of the circuit becomes refractory and unexcitable, re-entry 

can sustain itself despite the absence of an anatomic barrier [33]. 

One of the earliest models of re-entry was developed by Mines et al in 1913. In this 

model, they considered an anatomic obstacle (e.g: fibrosis or some physical cardiac 

structure), and an electrical impulse circuling around this obstacle (Figure 2.2 A). Mines 

et al realized that for re-entry to occur, the electrical impulse must be sufficiently delayed 

such that the refractory period of the myocytes have expired and thus can be re-excited. 

Hence, the conduction velocity of the electrical impulse and the ERP of the myocytes 

would be critical in determining whether re-entry occurs or not .  

 

Therein, they proposed that for re-entry to be initiated and maintained, the circumference 

of the anatomical barrier must be greater than or equal to the wavelength, which is 

defined by the product of the impulse conduction velocity and the ERP of the myocytes 

(tissue). Effectively, the wavelength describes the distance travelled by the electrical 

impulse during the tissue’s refractory period [31, 33]. 

 

When the circumference of the circuit is greater than the wavelength, re-entry will be 

sustained, because there will always be an excitable gap between the front (wavefront) 

and the back of the electrical impulse (wavetail), and so the wavefront will continuously 

re-excite myocytes that have recovered from excitation for some time. If the wavelength 

is instead equal to the circumference, functional re-entry will still be sustained despite 
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the absence of an excitable gap, because the wavefront will re-excite myocytes that have 

just recovered from excitation [33]. 

 

Soon after, Garrey et al discovered that re-entry could occur without the involvement of 

anatomical obstacles or cardiac structures [34]. This phenomenon was reproduced in an 

experimental setting by Allessie et al through application of a properly timed premature 

stimuli in isolated preparations of rabbit left atria [35]. To explain this, Allessie proposed 

the Leading Circle model of re-entry. In this model, circus movement of electrical 

impulse would cause constant centripetal activation of the centre of the circuit, rendering 

the tissue in that region refractory (Figure 2.2 B). This results in the refractory region 

acting much like a functional barrier in sustaining re-entry, much like in Figure 2.2 A 

[33].  

 

Since the electrical impulse itself is what creates the barrier for re-entry to occur, the 

circumference of the circuit would thus equal to the wavelength. As a result, the leading 

edge of the electrical impulse (the wavefront) would always be exciting tissue which has 

just left its refractory period (the wavetail). Hence, the Leading Circle re-entrant circuit 

is the smallest circuit that can sustain re-entry [33].  

 

 

 

 

 

 

 

 

 

Figure 2.3: A) A re-entrant circuit with large wavelength cannot sustain AF. B) Re-

entrant circuits with smaller wavelengths allows for more circuits to exist in tissue, 

which can more easily sustain AF. Adapted from [36].  

The Leading Circle model can be used to explain how re-entrant circuits can sustain AF. 

Suppose the wavelength of the circuits are large in the atria. Due to the size of circuit, 

there will be very few of these re-entrant circuits, so AF can be easily terminated (Figure 

2.3 A)). However, if the wavelength of these circuits was smaller, there will be many 

more re-entrant circuits in the atria, and the tissues would be excited much more 
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frequently, making them likely to be the fastest pacemaker in the atria and overriding the 

SA node as a pacemaker (Figure 2.3 B)). As a result, this makes AF much harder to 

terminate, as a significant number of these re-entrant circuits needs to be terminated to 

have a noticeable effect [36]. 

 

2.1.2 Functional Mechanisms of Conduction Block and the 

Vulnerability Window 

 

In the previous section, the basics by which reentry is triggered and can drive AF were 

outlined. In reality however, reentry can occur in many complex situations, and so to be 

able to better understand the mechanisms by which they occur, researchers make use of 

the notion of the unidirectional block and vulnerability window. 

 

A unidirectional block refers to an obstacle in which propagation of an electrical impulse 

is blocked in one direction, and so it has to circle around it. This can be either in the form 

of an anatomical obstacle, such as with the Miles et al model, or a functional one as in 

the Leading Circle model  [37]. For the latter case, this can also occur when there is a 

difference in the ERP between two tissue regions [38].  

 

Figure 2.4: A 2D sheet of tissue that has been applied a stimulus to a small region at the 

junction between the two tissue regions. A) The stimulus is blocked from propgating into 

the lower tissue region as it is still refractory. B) After the lower tissue region is no longer 

refractory, the stimulus will eventually propgate in the lower tissue region. 

To illustrate this, consider a 2D square sheet of tissue with two different regions, and an 

electrical impulse has propgated through this tissue such that at the top,  a short AP has 
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occurred, and on the bottom a long one AP. Suppose then a stimulus is applied to a small 

region at the junction between these two AP types, timed to be within the refractory 

period of the long region, but outside of the short region. While the stimulus can 

propagate in the top region, it will be temporarily blocked from doing so in the bottom 

region since it is still refractory (Figure 2.4 A)). Once the bottom region has exited its 

refractory period, then the stimulus will eventually propagate in that region (Figure 2.4 

B)). 

 

In the idealized example shown in Figure 2.4, the unidirectional block in the bottom 

tissue region occurred because the stimulus was applied within the refractory period of 

the long region, but outside of the short region. This is the temporal window within 

which a unidirectional block was induced due to a premature extrasystoles from a given 

location (the stimulus in the junction in this case), and it is termed the vulnerability 

window. This metric is generally used to describe the temporal conditions for which a 

unidirectional block or re-entry can occur in homogeneous or heterogeneous tissue [39].  

 

In homogeneous tissue, unidirectional block and re-entry can be invoked by multiple 

extrasystoles [38, 40, 41] through an S1-S2-S3 protocol. In the study by Tran et al [38], 

they systematically investigated the effect that the electrical restitution has on the 

vulnerability window for unidirectional block and re-entry in homogeneous 2D through 

this protocol, whereby S1 was delivered at the lower-left corner, and the premature 

extrastimuli (S2 and S3) from the center of the tissue.  

 

Because the S1 stimulus was applied in the lower-left corner, by the time the S2 stimulus 

started propagating, the lower-left region was coming out of its refractory period from 

the S1 stimulus (Figure 2.5, panel 2). Hence, the S2 stimulus could propagate into the 

lower-left region, but not around the central region and in the upper-right region, creating 

an oval region of non-excitation (Figure 2.5, panel 3). 

 

When the S3 stimulus was applied in the same spot as the S2 stimulus, the oval region 

was coming out of its refractory period from S1, while the lower-left region was still in 

its refractory period from the S2 stimulus (Figure 2.5, panel 4). When the S3 stimulus 

propagates, it could travel to the upper-right region since it was no longer refractory, but 

not to the lower-left region as it was still refractory from the S2 stimulus (Figure 2.5, 

panel 5 and 6), potentially initiating re-entry (Figure 2.5, b)).  
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Figure 2.5: Induction of re-entry by the S1S2S3 protocol in homogeneous tissue. S1 

wasapplied at the lower-left corner, and S2 and S3 was applied at the center of the tissue. 

Figure shows voltage snapshots of unidirectional conduction block a) and re-entry b) 

occurring. Taken from [38]. 

 

 

 

 

 

 

 

 

 

 

Figure 2.6: The vulnerability window of the homogeneous tissue in the experiment by 

Tran et al. Region 2 and 3 shows the parameter space where unidirectional block occurs, 

and Region 3 where the unidirectional block has lead to re-entry. Taken from [38]. 

 

Through repeating the experiment with varying the S1S2 and S2S3 interval, Tran et al 

derived the vulnerability window in which unidirectional block and re-entry occurred in 

the homogeneous tissue. This is shown in Figure 2.6 as Region 2 and 3 respectively. 
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More recently, there have been studies investigating how re-entry could develop in 

heterogeneous tissue. For example, in a prominent study by Colman et al [42], they 

explored the effects of remodelling on electrical heterogeneity and vulnerability to re-

entry. To study this, they utilized a 3D developed by Seemann et al [43], which includes 

distinctive regions for the crista terminalis (CT), pectinate muscle (PM), right atrium 

(RA), and left atrium (LA) and an anatomically accurae description of the SA. The model 

was updated by incorporating multiple data sets to simulate AF-induced electrical 

remodelling.  

 

 

 

 

 

 

 

 

 

Figure 2.7: A diagram of the 3D anatomical model used in the Colman et al study. 

Indicated on the diagram are the locations of the LA/PV and CT/PM junction used in the 

S1-S2 protocols. Taken from [42]. 

 

To measure the vulnerability of the atrial tissue, a S1-S2 pacing protocol was first applied 

in a spherical tissue region of radius 3.3 mm at the LA/PV junction, indicated by the 

asterisks in Figure 2.7. Ten conditioning stimuli were applied at an S1 cycle length of 

350 ms, followed by a short coupled S2 stimulus applied at the same site. The same 

protocol was then repeated at the CT/PM junction. At each junction, the range of S1S2 

intervals for which conduction occurs in one atrial tissue region but does not in the other 

is defined as the vulnerability window for unidirectional block in the respective junction. 

By extension, the range of S1S2 intervals in which the unidirectional block leads to re-

emtramt circuits is defined as the vulnerability window for re-entry. 
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Figure 2.8: The vulnerability window for unidirectional block (red) and re-entry (blue) 

at the CT/PM (Aa) and LA/PV (Ab) junction for control and AF variants of the modified 

3D anatomical model. Ba-Bd: Snapshots of initiated re-entry at the CT/PM junction at 

5ms, 70ms, 115ms, and 175ms after the S2 stimulus respectively.  

 

The vulnerability window for unidirectional block and re-entry for control and AF 

variants of the modified 3D anatomical model at the CT/PM and LA/PV junction is 

shown in Figure 2.8 Aa and Ab respectively. In addition, snapshots of re-entry occurring 

at the CT/PM junction after the application of the S2 stimulus is shown in Figures Ba-

Bd. 

2.1.3 Focal Excitation 

Focal excitation refers to excitation that occurs in an area other than the SA [30]. This 

occurs when myocytes have gained automaticity and become ‘ectopic’ pacemakers. In 

the atria, this mechanism can lead the SA node to become secondary as a pacemaker. 

Automaticity is achieved when the myocyte can self-depolarize without needing stimuli 

from the SA, and can occur during or after an AP. Such events are termed 

afterdepolarizations [19, 44], and typically occur when there is a change in the coupling 

between the kinetics of the inward and outward membrane currents and the dynamics of 

[Ca2+]i.  
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There exist two forms of afterdepolarization: delayed afterdepolarization (DADs) and 

early afterdepolarization (EADs). DADs occur only after repolarization of the myocyte 

(Figure 2.9 A) and are caused by an abnormal diastolic release of Ca2+ from SR Ca2+ 

stores through the specialized SR Ca2+ channels called ryanodine receptors (RyRs) [36, 

44]. During diastole, the RyRs are normally closed, but can open if diastolic [Ca2+]i is 

abnormally elevated, provided [Ca2+]SR is above a minimum threshold [45-48]. With a 

sufficiently large release of Ca2+ from the SR,  the NCX can be stimulated, causing a net 

depolarizing inward current that underlines DADs. If the membrane becomes 

sufficiently depolarized such that INa reactivates, then this can lead to further 

depolarization, causing an SD (spontaneous depolarization) instead of a DAD [49]. This 

SD can thus initiate or sustain AF by propagating in tissue outside of the SA as ectopic 

focal excitation [48].  

 

 

 

 

 

 

 

 

 

Figure 2.9: The mechanisms underlying focal excitation. A) Delayed 

afterdepolarizations are triggered when there is an abnormal elevation of diastolic 

[Ca2+]i, triggering Ca2+ release from the sarcoplasmic reticulum through RyRs. B) Early 

afterdepolarizations occur when there is a prolongation of the APD, allowing the 

reactivation of ICaL to depolarize the myocyte during the plateau phase of an AP. Taken 

from [50].  
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Figure 2.10: The morphology and underlying mechanical differences between phase 2 

A) and phase 3 B) EADs. Taken from [51]. 

EADs on the other hand can causes ectopic focal excitation by depolarizing the 

surrounding tissue to the excitation threshold [50]. These typically occur during the 

plateau phase (Figure 2.9 B, 2.10 A)) and are triggered by a prolonged APD due to 

reduced repolarizing current from K+ channels such as IK1 ,or an elevation in ICaL (termed 

phase 2 EADs) [8, 52, 53].  Because ICaL has a short refractory period, by the time it has 

recovered, the membrane of the myocyte will still be sufficiently depolarized due to the 

prolonged APD. If this membrane potential passes a critical threshold, then ICaL can 

reactivate, leading to a depolarizing current that generates EADs. EADs can also occur 

during the late repolarization phase (Figure 2.10 B)) of an AP (termed phase 3 EADs). 

During this phase, if [Ca2+]i reaches a threshold such that the RyRs open, then 

spontaneous Ca2+ release from the SR through RyRs can also occur, leading to the 

stimulation of the NCX [46].  

2.1.4 Focal Excitations as Unidirectional Blocks for Reentry 

When a TA occurs, the myocyte is rendered refractory because of the inward current 

from INaCa being sufficiently strong to cause suprathreshold excitation of INa. 

Subsequently, this also provides a substrate for re-entry to occur, since myocytes that 

have undergone a TA also act as unidirectional blocks for re-entry to occur [47]. 

 

One of the first studies to investigate the role that DADs/TAs play in generating a tissue 

substrate for re-entry was through a computational study by Liu et al [54]. Using the AP 

model and method of generating DADs by Xie et al [55], they performed simulations on 

2D tissue. In this model, the parameter gspon governs the magnitude of the spontaneous 

SR Ca2+ release. When simulations were conducted on homogeneous  
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Figure 2.11: A) An example of a checkerboard distribution of gspon. B) Voltage snapshots 

illustrating no TA, a TA that did not result in re-entry, and a TA that did result in re-entry. 

C) The probability for a TA to cause re-entry (green), a TA to not cause re-entry (blue), 

and for no TA to occur (red) as checker size is reduced. D) The probability for re-entry 

to occur for different diffusion coefficients as checker size is reduced. E) The probability 

for re-entry to occur for various GNa as checker size is reduced. F) The probability for a 

TA to cause re-entry (green) and for a TA to not cause re-entry as GNa increases. Taken 

from [54]. 

2D tissue (i.e: gspon was the same in all myocytes, and so the DAD amplitude was all 

identical), they found that re-entry never occurred across the more than 10,000 

simulations that they did, each with different parameter settings. They deduced then that 

because in real cardiac tissue, the spontaneous release of Ca2+ from the SR is not 

homogeneous, they decided to instead perform simulations in which gspon was varied in 

random checkerboard patterns, drawing from a Gaussian distribution (Figure 2.11 A). 

Through introducing a large heterogeneity in the spontaneous SR Ca2+ release by 

increasing the checker size, the probability in which a TA also caused re-entry to occur 

increased dramatically (Figure 2.11 B and C). Varying other parameters in the model, 

such as the diffusion coefficient (Figure 2.11 D) and the conductivity of INa (Figure 2.11 

E and F) also impacted the probability of a re-entrant circuit due to a TA [54]. 
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Figure 2.12: Underlying time-course of [Ca2+]SR Ai) and Vm Aii) during sustained re-

entry, followed by self-termination at around 13 sec. The purple line indicates the default 

model used. The blue and orange lines indicate a variant of the model with the SR-Ca2+ 

threshold set at 1.0 mM and 1.125 mM respectively. B) An example of a sustained re-

entry terminating to give multiple focal excitaitons in the 2D sheet model. Taken from 

[48]. 

More recently, Colman et al also showed that focal excitations mediated by spontaneous 

SR Ca2+ release can occur following termination of sustained re-entry under pro-

arrhythmic conditions. This was because prior to termination, the re-entrant circuit 

would cause significant loading of Ca2+ in the SR, as shown in Figure 2.12 Ai. Figure 

2.12 B shows an example of multiple focal excitations occurring following self-

demination of re-entry (termination occurs at 12.95 sec into the simulation and the focal 

excitations start occurring at 13.40 sec) [48]. Together, these studies illustrate the 

complex interplay between re-entry and focal excitations in triggering and sustaining AF. 

2.2 Detecting Atrial Fibrillation from ECG Readings 

Under sinus rhythm, the electrical impulses will first spread throughout the atria before 

arriving at the AV node. After a brief delay, it will then conduct the electrical impulses 

to the Purkinje fibres so that ventricular depolarization can commence. This can be 

represented in an ECG reading as a consistent, one-to-one correspondence between P 

waves and the QRS complex, that is, each P-wave is followed by a QRS complex (Figure 

2.13, top trace). However, under the presence of atrial related arrhythmias, the 

morphology of the ECG reading will differ to that of sinus rhythm. 
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Under atrial flutter, the depolarization of the atria is rapid, but regular, and occurs at a 

characteristic rate of around 250 to 350 beats/min. This rate is too fast to allow every 

electrical impulse to be conducted through the AV node to the ventricles, and as a result, 

ventricular rate increases to roughly half of the atrial rate, as shown by the increased 

frequency of QRS complexes in ECG readings (Figure 2.13, middle trace). 

 

In AF, depolarization from the atria is not caused by the SA node, but rather from the 

many sites throughout the atria, leading to uncoordinated depolarizations of higher 

frequency, but lower amplitude. As a result, the P-wave will not appear as one wave on 

the ECG, but much smaller fibrillatory waves [56]. Under this condition, the ventricular 

rate becomes not only rapid, but also irregular, as evidenced by the QRS complex 

occurring at irregular intervals (Figure 2.13, bottom trace).  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.13: ECG examples of normal, atrial flutter, and AF [8]. 

Traditionally, ECGs have been conducted using the standard 12-lead configuration [57, 

58]. However, because of the rapid and complex mechanisms by which the abnormal 

electrical activity arises during AF, it can be quite difficult for this technique alone to 

locate the origin of atrial focal points [58]. It is therefore crucial to be able to locate the 

origins of atrial foci for AF treatment such as ablation to be successful [59].  

 

Since AF can affect the morphology of the P-wave, an alternate option was to use 

computational models to establish links between the origin of focal activity and changes 

in the P-wave. The idea was to develop two different models. The first model was a 3D 

human atrial model to simulate electrical activity during normal sinus rhythm  
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Figure 2.14: Model of the 3D human atria and torso. A) Simulated APs by the CRN 

equations for different atrial regions. B) Atrial geometry derived from the Visible Female 

dataset. C) An example of a torso mesh with the lungs (blue) blood-masses of the atria 

(grey) and ventricles (red). D) 12-lead electrode placement spots to derive the P-waves. 

Taken from [59]. 
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Figure 2.15: Activation patterns simulated with the 3D human atria and torso model A) 

Activation times from the human atrial model. B) BSP snapshots. C) Corresponding P-

waves. Indicated by the asterisks are the two focal locations which were examined. 

Taken from [59]. 
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and ectopic pacing. The second model was a torso mesh model which incorporates 

geometric representations for the internal organs. The 3D human atrial model was then 

placed into the torso model, and through the boundary element method [57], a body 

surface potential (BSP) of the atrial excitations was obtained [57-59]. The problem of 

simulating the electrical activity of the heart from the cell level to the body surface is 

known as fhe Forward Problem of Electrocardiology [57].  

 

While the Forward Problem provides a mathematical framework as to how we can 

construct the BSP due to excitations in the atria and to investigate how changes in the 

nature of the excitations can affect the BSP, it is not a practical approach to take in a 

clinical setting. This is because it would be computationally expensive to find the correct 

parameters in the 3D atrial model such that it would accurately capture the BSP of a 

patient [57].  

 

In recent years, research has been conducted into addressing the Inverse Problem of 

Electrocardiology (i.e: to reasonably capture the underlying electrical activity in the atria 

given maps of a patient’s BSP). While it is impossible to recreate the electrical activity 

of the atria from just the BSP, it is possible to instead represent the electrical activity 

through an alternate parameter, such as the epicardial potential distribution [57]. 

 

Expanding upon previous work, Alday et al [60] developed an inverse solution. To derive 

the equivalent potential distribution, they utilized a previously developed inverse 

problem algorithm using Tikhonov regularization based on a Generalized Single Value 

Decomposition to obtain an equivalent potential distribution on a closed surface [61]. 

This potential distribution was then used to build the homogeneous heart-torso matrix 

[62]. Through this approach, Alday et al investigated how wall thickness (Figure 2.16) 

and heart rate (Figure 2.17) would affect the excitation of the atria by respectively 

reconstructing the epicardial potentials and obtaining the corresponding activation maps.  
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Figure 2.16: Effects of heart wall thickness on the reconstructed epicardial potentials. 

Figure shows the activation maps from the original A) and reconstructed epicardial 

potentials in the right ventricular lateral wall using Zero, First, and Second order 

Tikhonov regularization B). Taken from [60]. 

 

 

 

 

 



41 
 

 
 
 
 

 

 

Figure 2.17: Effects of heart rate on the reconstructed epicardial potentials. Figure 

shows the activation maps from the original A) and reconstructed epicardial potentials 

in the right ventricular lateral wall using Zero, First, and Second order Tikhonov 

regularization B). Taken from [60]. 
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2.3 Treatment of Atrial Fibrillation 

Treatment of AF revolves around one of two strategies: 1) maintenance of sinus rhythm 

(rhythm-control strategy) 2) and heart rate control during AF (rate-control strategy) [63]. 

Under a rhythm-control strategy, the aim is to maintain sinus rhythm with either 

medication, catheter ablation or, more rarely, surgery. Once sinus rhythm is restored, its 

long-term maintenance is usually attempted with anti-arrhythmic medication, which is 

to be taken regularly or at the onset of symptoms.  If rhythm-control cannot be 

maintained, then a rate-control strategy is implemented instead. 

 

Under a rate-control strategy, there is no attempt to restore sinus rhythm from AF patients. 

Instead, the aim here is to maintain the heart rate to within normal physiological 

conditions with medication (such as β-adrenergic blockers, Ca2+-channel blockers, 

and/or digoxin) to reduce AF-related symptoms and to increase exercise tolerance. If 

heart rate is difficult to control with medication alone, then a pacemaker will be inserted 

in the heart. 

 

Depending on a patient’s risk of stroke, anticoagulation may also be required. This 

treatment involves the thinning of blood using aspirin or warfarin. The type of treatment 

that a patient receives will depend on the type of AF and the associated AF risk factors 

that they have. 

2.3.1 Electrical Cardioversion 

Cardioversion is a medical procedure by which sustained AF is converted back to sinus 

rhythm using direct current shock. Direct current cardioversion results in sinus rhythm 

immediately, whereas AADs (antiarrhythmic drugs) require a larger timeframe to 

terminate AF. In situations where immediate cardioversion is required, the direct current 

approach is preferred. This procedure is performed when restoration of sinus rhythm is 

considered a necessary or desired outcome [63]. 

 

Direct current shock therapy involves the external application of a current through 

electrode pads placed on the chest. This shock must be synchronized to the QRS complex, 

as shocks on the T waves can induce ventricular fibrillation. Therefore, it is important to 

select an ECG lead that has a prominent QRS wave without sensing of T waves [63]. 
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Typically, adhesive gel electrode pads may be placed anteriorly over the sternum (with 

the upper edge at the sternal angle) and posteriorly (just to the left of the spine) to 

maximize the atrial tissue in the path of direct current shock. If cardioversion is not 

successful with this electrode placement, the right anterior-lateral configuration may be 

used instead. 

2.3.2 Catheter Ablation 

 

 

 

 

 

 

 

 

 

Figure 2.18: A cartoon of panoramic contact mapping being conducted with a catheter 

basket to generate an activation time phase map to identify regions of abnormal electrical 

activity. Taken from [64]. 

 

Catheter ablation involves the passing of a catheter through the blood vessels to the heart 

where the abnormal electrical pathways are found, mapped, and then destroyed or 

electrically isolated by damaging (ablating) heart muscle. Traditionally, potential 

ablation targets were identified by panoramic contact mapping with a basket multipolar 

catheter within the atria in-vivo [65]. The catheter basket is used to record the electrical 

activity of multiple points of the whole atrium. The information can then be used to 

generate a phase map of the electrical activation of the atria to identify possible sources 

of focal excitation and/or re-entry (Figure 2.18). Recently, several non-invasive 

techniques are becoming more readily available, such as through ECG readings as 

previously discussed. 

 

Catheter ablation is generally recommended to patients with paroxysmal or persistent 

AF who are immune or intolerant to at least one AAD [63]. When deciding to pursue 

ablation for a patient, procedure-related complications need to be considered, such as a 

patient’s age, degree of symptoms, and presence of structural heart diseases.  
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Figure 2.19: A three-dimensional electroanatomical map of the left (blue) and right (gray) 

atria. PVI involves electrical ablation of tissue (red dots) around the circumference of 

the ostia of the PVs to achieve isolation of the PVs [63].  

Over the last two decades, pulmonary vein isolation (PVI) has been shown to be the most 

effective approach. This was based on a study by Haissaguerre et al that demonstrated 

that rapidly firing atrial impulses in the pulmonary vein (PV) could lead to AF, and 

ablation of these triggers often prevented AF [66].  

 

PVI is typically performed at or near the PV ostium (veno-atrial junction) (Figure 2.19). 

This results in the elimination or dissociation of PV potentials. To optimize the chances 

of success with PVI, ablation is also performed on the wider area around the PV to avoid 

vein stenosis [67]. For such procedures, ablation is typically performed using 

radiofrequency energy as the energy source, which is delivered through the platinum-

iridium tip of an ablation catheter [63].  

Catheter ablation is also an ideal procedure to use for sustained AF due to re-entry 

circuits (spiral waves) in the atria. By ablating the area of tissue which has been rendered 

continuously refractory by the circus movement of the electrical impulse, the reentry 

circuit can be terminated as a result. When performing PVI, it is highly advised that 

ablation is also performed on these reentry circuits as it has been shown to greatly 

improve the outcome of AF treatment compared to just performing PVI by itself [63]. 

 

In the past, PVI was commonly used as a second-line therapy option after failure of at 

least one antiarrhythmic drug [68]. Yet in recent years, there have been growing interest 

in using PVI as a first-line therapy option instead, since there have been increasing 

evidence supporting the efficacy of antiarrhythmic drugs over PVI [69-71]. In addition 
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with the findings by Haissaguerre et al, it was prospected that PVI could be an effective 

long-term solution in maintaining sinus rhythm. However, studies which have followed-

up patients for 3-5 years post-procedure have reported success rates of around 30%-50% 

in maintaining sinus rhythm [72, 73]. Furthermore, there have also been reports that after 

3 years, the recurrence rate of non-paroxysmal AF after PVI was about 70% [74]. This 

brought into question as to why the rate of AF recurrence following PVI was unusually 

high. Studies have shown that this was due to the electrical reconnection of the 

pulmonary veins [73, 75, 76] resulting from incomplete isolation [77, 78] and the early 

post ablation management of the patient [79].  

 

In addition to this, adverse effects have been reported to occur in about 4.5%-6% of PVI 

procedures [80], such as cerebrovascular accident, pericardial effusion or tamponade, 

vascular adverse effects, pulmonary embolism, hemorrhage, and mortality [81]. Because 

of these potential complications, the ideal candidates for PVI are relatively younger 

patients with paroxysmal AF and with only minimal concomitant structural heart disease 

[80]. Hence, PVI should only be considered an option once antiarrhythmic drug therapy 

has been shown to be ineffective for a patient. 

2.3.3 Antiarrhythmic Drug Therapy 

Despite recent advances in catheter-based therapies, AAD therapy remains a frontline 

treatment for the maintenance of sinus rhythm in AF patients, either as a standalone 

treatment or as a supplement for another treatment method (e.g., after catheter ablation 

or cardioversion). AADs for AF are classified under the Singh and Vaughan-Williams 

classification, and are assigned a class based on the predominant ion channel that they 

target (Figure 2.20). There are four classes for AADs: 

 

Class I: These drugs target the Na+ channel and are further subdivided into three other 

classes based on their relative potency and the additional electrophysiologic effects that 

they bring. 

 

Class Ia drugs include quinidine, procainamide, and disopyramide. They are considered 

intermediate blockers to the fast Na+ current and can prolong the APD by blocking 

outward K+ current. 
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Figure 2.20: The different classes of AADs and the ion channels that they target.  

Class Ib drugs, including lidocaine, mexiletine, and tocainide, are the weakest Na+ 

blockers that produce little change in the QRS duration in normal cardiac tissues and 

have a negligible effect on repolarization.  

 

Class Ic drugs such as flecainide and propafenone have a more potent effect on the Na+ 

channel. This class of drug is mainly used to reduce the depolarization during phase 0 of 

an AP, and to slow conduction during tachycardia. 

 

Class II: These drugs, such as propranolol, metoprolol, atenolol, esmolol, and acebutolol, 

act indirectly on ionic currents primarily by inhibiting sympathetic activity through β-

adrenergic blockade. This class of drug is primarily used for sinus rhythm slowing and 

PR interval prolongation. 

 

Class III: This class of drugs target the K+ channel primarily to extend the APD and 

thereby the ERP. This class of drugs include amiodarone, ibutilide, and azimilide.  

 

Class IV: These drugs target the L-type Ca2+ channel primarily. Such drugs include 

verapamil and diltiazem. 
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Figure 2.21: Pharmacologic and nonpharmacologic methods used for each AF treatment 

strategy and in stroke prevention [8]. 

Outside of nonpharmacologic methods, AADs can also be employed in stroke prevention 

and in rate and rhythm control of AF (Figure 2.21). The problems with AAD therapy, 

however, are twofold: firstly, they have variable success rates in maintaining sinus 

rhythm and preventing the recurrence of AF [82], and secondly, they are prone to 

significant adverse effects, including proarrhythmia [83].  The reason for their poor 

performance is due to an incomplete understanding of the underlying pathophysiology 

of AF within the human heart. As a result, current AAD therapy is based primarily on 

the observed characteristics of the arrhythmia, their associated risk profile, and 

convenience of administration rather than efficacy [67, 84].  

 

AADs administrated to patients without knowledge of how it would interact with the 

patient specifically can potentially be proarrhythmic rather than antiarrhythmic. For 

example, dofetilide, a class III K+ channel blocker is clinically used to treat 

tachyarrhythmias associated with AF [85] by increasing the ERP, which subsequently 

decreased re-entrant tendency [1, 86]. However, dofetilide has also been known to trigger 

EADs due to the prolongation in the APD, giving rise to Torsades de pointes with 

prolonged QT interval [87]. In contrast, class I voltage-gated Na+ channel blockers such 

as mexiletine can reduce DAD-induced triggered activity by shortening the APD and 

ERP [87], but can also potentially cause re-entrant tachycardias to occur [88]. 

 

Currently, one of the challenges that drug developers face is developing AADs that can 

enchance ECC without causing an overload of Ca2+ in the SR [89]. One option that is 

currently in development is the use of pharmacological stimulation of the SERCA pump. 
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Such a drug would be ideal in heart failure where SERCA function is reduced and ECC 

is significanty impaired. However, increasing SERCA function could also potentially 

lead to increased diastolic leak or a spontaneous release of SR Ca2+ leak, leading to 

DADs/SDs [87, 89].   

 

Hence, to improve the performance of AADs, it is important to employ both 

experimental and computational approaches to better understand the underlying ionic 

and Ca2+ handling mechanisms of the human heart. Mathematical modelling allows us 

to facilitate the various biological processes that constitute the electrophysiology and 

Ca2+ dynamics of the heart, and how changes in conditions can give rise to AF substrates 

such as re-entry and ectopic firing.   
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Chapter 3 
 

Cell Electrophysiology and 

Mathematical Modelling 

3.1 Basic Cell Electrophysiology 

Within the human heart are two main categories of cells: cardiac pacemaker cells and 

cardiomyocytes. Cardiac pacemaker cells can be found in either in the SA node, AV node, 

or purkinje fibers and can spontaneously generate their own AP. Cardiomyocytes on the 

other hand are found in the atria and ventricles of the heart and are instead responsible 

for the propagation of the AP and in excitation-contraction coupling.  

 

Between atrial myocytes, ventricular myocytes, and the different types of pacemaker 

cells within the heart, they each have their own unique set of ion channels and 

mechanisms by which they are activated. Because of these differences, the morphologies 

of the AP can vary within the heart (Figure 3.1). 

Figure 3.1: Schematic of the heart with the visualization of the typical AP morphologies 

at different regions of the heart [90]. 
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Different computational models were developed for each cell type to describe how 

different ion channels activate and inactivate as the membrane potential changes, and 

how the currents from the different ionic species gives rise to the different phases of an 

AP. Before I go into the details of these models, I will first briefly go over some basics 

in cell electrophysiology. 

3.1.1 The Nernst Potential 

The electrophysiology of cells originates from the separation of ions through the 

membrane between the intracellular and extracellular space (Figure 3.2) Suppose that 

the membrane is permeable to a cation S, and that the concentration of S is greater in the 

intracellular space than in the extracellular (i.e: [S]i > [S]e). Furthermore, suppose that 

there is also an anion S’ in both spaces, and that initially, both spaces are electrically 

neutral (i.e: [S]i = [S’]i , and [S]e = [S’]e). 

 

Figure 3.2: Semipermeable membrane separating the intracellular and extracellular 

space [6]. 

If the membrane is permeable to S, then by its concentration gradient, S will flow through 

the ion channels from the intracellular to extracellular space. This causes S’ to be left 

behind, creating an increase in negative charge. As more S flows into the extracellular 

space, the negative charge will accumulate to the point that an electric field is generated 

that opposes the further diffusion of S through the membrane. Equilibrium is reached 

when the electrical force due to the electric field balances out the (opposite) osmotic 

force due to the concentration gradient. The potential difference at which this occurs is 

termed the Nernst Potential (Vs), and is given by the Nernst equation: 
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𝑉𝑠 =
𝑅𝑇

𝑧𝐹
𝑙𝑛 (

[𝑆]𝑒

[𝑆]𝑖
)  (3.1) 

 

where R is the universal gas constant, T is the absolute temperature, F is Faraday’s 

constant, and z is the charge on the ion S. Using the intracellular and extracellular ionic 

concentrations for Na+, Ca2+, and K+ in [5], at body temperature (37°C) the Nernst 

potentials for these ions will be VNa = 70.53 mV, VCa = 128.49 mV and VK = -87.94 mV 

respectively (all rounded to 2 d.p). 

 

This potential difference across the membrane is also known as the membrane potential 

(Vm), and is defined by: 

 

𝑉𝑚 = 𝑉𝑖 − 𝑉𝑒  (3.2) 

 

where 𝑉𝑖  and 𝑉𝑒  is the intracellular and extracellular potential respectively. When 𝑉𝑚 =

𝑉𝑠 , there is no net current of S, as the diffusion of S is exactly balanced by the electric 

force due to the electric field. 

 

3.1.2 The Goldman-Hodgkin-Katz (GHK) Equation and Resting 

Membrane Potential 

 

The Nernst potential is the equilibrium potential for one ion. In reality, cells contain 

multiple ionic species and various channels. In general, there is no potential at which 

these ionic currents are all zero. However, there is a potential in which the net electric 

current is zero. Such a potential is called the resting membrane potential and can be 

determined by the GHK equation under the assumption that the electric field in the cell 

remains constant throughout. For an ensemble of ions with valance ±1, the resting 

membrane potential can be computed directly by the GHK equation: 

 

𝑉𝑠 = −
𝑅𝑇

𝑧𝐹
ln (

∑ 𝑃𝑗𝑐𝑒
𝑗

+ ∑ 𝑃𝑗𝑐𝑖
𝑗

𝑧=1𝑧=−1

∑ 𝑃𝑗𝑐
𝑖
𝑗

+ ∑ 𝑃𝑗𝑐𝑒
𝑗

𝑧=1𝑧=−1

)  (3.3)  

 

where j represents the species of an ion,  𝑐𝑒
𝑗

  the intracellular concentration of ion species 

j, and 𝑐𝑒
𝑗

  the extracellular concentration of ion species j. 
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 𝑃𝑗 denotes the relative permeability of the membrane to ion species j, defined as 𝑃𝑗 =

𝐷𝑗

𝐿
  , where L is the thickness of the membrane, and Dj is the diffusion coefficient of 

species j in the membrane. This refers to the ease with which an ionic species can cross 

the membrane and is directly proportional to the total number of open channels for a 

given ion in the membrane. In cardiac myocytes, the resting membrane potential is 

around -80mV due to the membrane’s high selective permeability to K+ [91].  

3.2 Basics of Cellular Modelling 

 3.2.1 The Electrical Circuit Model of the Cell Membrane 

The cell membrane can be viewed as being analogous to an electrical circuit consisting 

of a capacitor, resistor, and batteries. This analogy is valid because of the following three 

characteristics that cell membranes have [3, 4]:  

 

1. The phospholipid bilayer of the membrane can accumulate ionic charge, like that 

of a capacitor 

2. The ionic permeabilities of the membrane act as resistors in an electronic circuit 

3. The electrochemical driving forces act as batteries driving the ionic currents  

Figure 3.3: A biological cell membrane analogous to an electric capacitor. A: Positive 

and negative charge due to the ions are separated on the two sides of the membrane, 

while the membrane itself acts as an insulator due to its oily phospholipid bilayer. 

Because the membrane is an insulator, it therefore has the capacity to store charges like 

a capacitor. B: Two conducting plates with opposite charge separated by an insulator 

form a capacitor. 

 

A B 



53 
 

 
 
 
 

The capacitance of the membrane is due to the phospholipid bilayer separating the ions 

on the outside and inside walls of the membrane. Effectively this treats the outside and 

inside walls of the membrane as two parallel conducting plates separated by an insulator 

(Figure 3.3).   

 

Mathematically, the capacitance of an insulator is defined as the ratio of the charge across 

the capacitor to the voltage potential 𝑉𝑚 necessary to hold that charge [90]. This is given 

by 

 

Cm =
𝑄𝑚

Vm
   (3.4) 

 

In the electrical circuit model, the ionic and capacitive currents are arranged in a parallel 

circuit as shown in Figure 3.4.  

Figure 3.4: A parallel electrical circuit diagram representing an electrically active 

membrane. Note that in this diagram, Iion is only due to the Na+ and K+ miscellaneous 

channels, but it is possible to have several different ionic channels and transporters. 

Adapted from [6]. 

 

For an inward current Im passing through the membrane, the amount of charge Qm that 

accumulates over a duration of time t is 

 

Qm = Imt   (3.5) 
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Conservation of charge requires that the rate of charge accumulation is equal to the 

current 

 

𝑑𝑄𝑚

𝑑𝑡
= Im   (3.6) 

 

Using Equation 3.4 and assuming the cell capacitance is constant (which is reasonable 

since the capacitance of the cell membrane is typically at 1.0 µF/cm²), then the inward 

current is 

 

𝐼𝑚 = 𝐶𝑚

𝑑𝑉𝑚

𝑑𝑡
 (3.7) 

 

From Kirchoff’s law of charge conservation in an electric circuit [92], the inward current 

in the membrane must balance with the ionic current and any stimulus currents Ist applied 

to the membrane 

 

                                                         𝐼𝑚 = −𝐼𝑖𝑜𝑛 + 𝐼𝑠𝑡  (3.8) 

 

Substituting (9) into (8), the ordinary differential equation (ODE) for the membrane 

potential through the membrane is obtained 

   

                                                               𝐶𝑚
𝑑𝑉𝑚

𝑑𝑡
= −𝐼𝑖𝑜𝑛 + 𝐼𝑠𝑡     (3.9) 

The term Iion in Equation 3.9 is the summative ionic current from all of the different ionic 

channels in the cell. In cell electrophysiology, it is common to describe the ionic current 

as a linear function of the membrane potential ( i.e: Ohm’s Law, I = V/R)  

 

                                                         𝐼𝑥 = 𝑔𝑥(𝑉𝑚 − 𝑉𝑥)   (3.10)                                                                                                        

where x denotes an arbitrary ion, and 𝑉𝑥  the Nernst Potential of the given ion. The 

parameter 𝑔𝑥  denotes the conductance for that ion, which is given as 
1

𝑅𝑥
   (where 𝑅𝑥 

represents the resistance of that ion). This is defined as the measure of difficulty for an 

electric charge to pass through the conductor. 
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The difference between the membrane potential and the ion’s Nernst potential, (Vm-Vx), 

is the driving force of the ion [8]. This term represents the fact that the membrane 

potential needs to be greater or less than the ion’s Nernst potential for there to be net 

movement of that ion through the membrane (and hence for there to be a current for that 

ion). Note that if the membrane is impermeable to a particular ion, then the ionic current 

will be zero regardless of the magnitude of the driving force, i.e., gx = 0. 

 

3.2.2 Voltage-Dependent Activation and Inactivation Gates 

Up to this point, consideration has been given to how the membrane potential and the 

ionic concentrations on either side of the membrane determine the current though an ion 

channel, but not to how ionic channels open and close in response to changes in the cell. 

It is thought that channels contain gates which regulate the permeability of the channels 

to ions and are controlled by either membrane potential, or by the concentration of 

certain ionic species in the cell (Figure 3.5). 

 

 

Figure 3.5: Voltage-gated channels open when the membrane potential changes [93]. 

Because these gates affect the ionic permeability of the channels to ions (and hence the 

ability for electric charge to pass through the membrane), then the conductance gx for 

any given ion depends on the state in which the gates are in for their respective channels. 

Focus will only be given on channels with voltage-dependent gates as the concepts 

introduced here also apply to different gating types. 

 

A gate that is dependent on the potential of the membrane can be in either the open or 

closed state. This can be represented by a chemical reaction scheme with two states 
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where α(Vm) and β(Vm) are the voltage-dependent rate constants at which a gate goes 

from the close to the open state, and from the open to the closed state respectively. By 

denoting m ∈ [0,1] as the proportion of the gates which are in the open state, then 1-m 

will be the proportion of gates in the closed state [94].  By the law of mass action, the 

rate at which m changes over time is given as 

 

𝑑𝑚

𝑑𝑡
= α(𝑉𝑚)(1 − 𝑚) − β(𝑉𝑚)𝑚 =   (𝑚∞(𝑉𝑚) − 𝑚)/τ𝑚(𝑉𝑚)    (3.11) 

 

where α(Vm)(1-m) represent the proportion of gates going from the closed state to the 

open state, and β(Vm)m the proportion of gates going from the open state to the closed 

state. At steady state, 
𝑑𝑚

𝑑𝑡
 = 0, and so I can derive the steady state expression for m by re-

arranging m in Equation 3.11 to be the subject of the formula. Hence, the term 𝑚∞(𝑉𝑚) 

is given by 

 

𝑚∞(𝑉𝑚) =
α(𝑉𝑚)

α(𝑉𝑚) + β(𝑉𝑚)
  (3.12) 

where the ∞ subscript is added to m to denote that α(𝑉𝑚) and β(𝑉𝑚) need to be stable 

for a relatively long period of time. 𝑚∞(𝑉𝑚) represents the proportion of gates which are 

open at steady state at the membrane potential 𝑉𝑚. 
 

τ𝑚(𝑉𝑚)    is known as the time constant for m and represents the rate at which m 

approaches 𝑚∞(𝑉𝑚) at a membrane potential 𝑉𝑚. This is given by 

 

τ𝑚(𝑉𝑚)  =  
1

α(𝑉𝑚)+β(𝑉𝑚)
  (3.13) . 

 

In the modelling of the voltage dependence of an ion channel, two different types of 

gating variables are employed to capture the activation and inactivation dynamics. For 

Close 

α(𝑉𝑚) 

    β(𝑉𝑚)                         

Open     
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activation gates, they are closed during rest, but shifts to an open state after 

depolarization. Hence for activation gates, the voltage dependency of α(𝑉𝑚) and β(𝑉𝑚) 

is assigned such that depolarizing shift in the membrane potential will cause m to 

increase. In contrast, inactivation gates are open at rest, but closes after depolarization, 

though more slowly than activation. Therefore for inactivation gates, α(𝑉𝑚) and β(𝑉𝑚) 

are instead formulated such that a depolarizing shift will cause m to decrease [95, 96].  

Generally, the gating variables take the form of Equation (3.11) and contains appropriate 

rate functions (depending on whether it’s activating or inactivating). 

 

Before I continue on, it is important to introduce two more gating processes for later 

sections of the thesis and to avoid confusion between the meanings of the different 

processes: deactivation and reactivation. Deactivation refers to the process by which the 

activation gate closes in response to the membrane potential repolarizing. Reactivation 

refers to the process in which the inactivation gate reopens [97].  

 

3.2.3 The Hodgkin-Huxley Model and Voltage-Clamp Experiment 

The Hodgkin-Huxley model published in 1952 [98-101] is the first biophysics-based 

model that explains how an AP is generated in a neuron of a squid giant axon (Figure 

3.6) when excited by an external stimulus. This piece of work is renowned not only for 

its ability in being able to showcase the mechanisms involved in the generation of an AP, 

but also because of an experiment they performed called the voltage-clamp which 

allowed them to gain deeper insights on the ionic conductances in the neuron.  

 

 

 

 

 

 

 

 

Figure 3.6: The squid giant axon is a large nerve fibre that serves as the primary 

transmission line of the squid’s nervous system [102]. 

 

The model is based on the electrical circuit model of the cell membrane containing two 
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voltage-dependent currents, the fast Na+ current, INa and the delayed K+ rectifier IK, and 

a miscellaneous leak current: 

𝐶𝑚

𝑑𝑉𝑚

𝑑𝑡
= −𝑔𝑁𝑎(𝑉𝑚)(𝑉𝑚 − 𝐸𝑁𝑎) − 𝑔𝑘(𝑉𝑚)(𝑉 − 𝐸𝐾) − 𝑔𝐿(𝑉 − 𝐸𝐿) + 𝐼𝑠𝑡     (3.14) 

 

where Cm  is the membrane capacitance, Vm is the membrane potential, gNa, gK, and gL 

are the membrane conductances for INa , IK , and the leak current respectively, and ENa, 

EK, and EL are their respective Nernst potentials. 

 

The crucial step in the Hodgkin-Huxley model is to determine the time and voltage 

dependence of the various conductances, and the number and type of gating variables 

needed to accurately represent each. To address this, Hodgkin and Huxley conducted an 

experiment known as a voltage-clamp to measure the voltage and/or current going 

through the membrane.  

 

For this experiment, two thin internal electrodes are inserted along the axis of the entire 

length of the dissected axon. The internal electrode at a is used to apply an external 

current to the axon while the one at b is used for voltage sensing. The axon along with 

the inserted internal electrode is then placed in a salt solution in a concentric metal 

cylinder of the same length which acts as the external electrodes (e is paired with a, while 

c is paired with b). This ensures that there are no longitudinal voltage gradients on the 

surface of the axon (Figure 3.7). 

 

 

 

 

 

 

 

 

Figure 3.7: A schematic of a voltage-clamp experimental set-up. Current is applied 

through electrodes (a) and (e), while the membrane voltage is measured with electrodes 

(b) and (c) [103]. 

A typical voltage-clamp experiment begins by holding the membrane potential of the 

axon to a holding potential. This is achieved by applying a current of the same magnitude 
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but opposite direction through electrodes (a) and (e) into the neuron to prevent the net 

ionic current (sum of all the ionic currents) in the membrane from changing the 

membrane potential. The membrane is held at this holding potential for a brief duration 

of time.  

 

After, the potential inside the membrane is abruptly changed from its holding potential 

to a more depolarized test potential. Ion channels which open at more depolarized 

potentials are activated by this sudden depolarization in the membrane. This induces a 

change in the net ionic current, which will attempt to bring the membrane potential away 

from the test potential that it is currently clamped at. To keep the membrane at this test 

potential, the electronic feedback device has to adjust the applied external current to 

match and counter the membrane currents such that the membrane potential is kept at 

the test potential [3]. This clamp in the membrane potential is held for a brief duration 

before it is returned to the holding potential. As the applied current must equal the net 

ionic current in order to keep the membrane clamped at the test potential, changes in the 

net ionic current during the duration of this experiment from simply reading the 

measurements of the applied current as recorded by the voltage sensing electrodes (b) 

and (c) can be recorded. 

 

Figure 3.8: The K+ conductance as a function of time. Recorded from a voltage-clamp 

experiment (circle). A:  With a depolarization of 25 mV, the K+ conductance rises as 

shown. B: With repolarization back to the holding potential, the K+ conductance falls as 

shown [6]. 

 

To use this procedure to record the behavior of just one specific type of channel,  
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it is necessary that you block out all but the channel type that you want to measure. This 

can generally be achieved using specific toxins and pharmacological agents. Generally, 

the voltage-clamp experiment is done for a range of voltage-step values. This allows the 

experimenter to accurately ascertain how the conductance of that specific channel 

changes over time after an abrupt change to different step potentials.  

 

In the Hodgkin-Huxley experiments, this procedure was carried out to both the INa and 

IK in the axon. I will first discuss the voltage-clamp results for the K+ conductance first. 

In Figure 3.8, I show the recording of the K+ conductance just right after the membrane 

potential has been depolarized to 25 mV and held for 5 ms before it is returned to the 

holding potential. Note that the conductance reading of an ion channel over the time 

course of the voltage-clamp experiment can be obtained by substituting the membrane 

current (obtained from the reading of the external applied current from the electrodes) 

into Equation (3.10), along with the Nernst potential of the particular ion and the voltage 

at which the voltage-clamp is clamping the membrane at. 

 

To be able to fit the data points shown in Figure 3.8, they assigned the K+ conductance 

𝑔𝑘 to be proportional to the fourth power of an activation gating variable n ∈ [0,1] which 

obeys a first-order ODE of the form of Equation (3.11) 

 

Hence, 𝑔𝑘 is 

 

𝑔𝑘 = 𝑔𝑘̅̅ ̅𝑛4  (3.15) 

 

where 𝑔k̅̅ ̅  is the maximum conductance for the K+ channel, and n satisfies 
𝑑𝑛

𝑑𝑡
=   (𝑛∞(𝑉𝑚) − 𝑛)/τ𝑛(𝑉𝑚)   (3.16) 

 

To explain why Hodgkin and Huxley assigned n to the fourth power, a closer inspection 

of the type of solution curve that Equation (3.16) gives in a voltage-clamp experiment is 

needed. Suppose that at time t = 0, 𝑉𝑚 is depolarized from a holding potential of 0 to an 

arbitrary potential 𝑉𝑎 and then held constant. Furthermore, suppose further that n at t=0 

is 0. Solving Equation (3.16) then gives 

 

n(t)  =  𝑛∞(𝑉𝑎) [1 − exp (
−t

τ𝑛(𝑉𝑎) 
)]   (3.17) 
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which is an increasing solution curve with a monotonically decreasing slope that 

approaches its maximum at 𝑛∞(𝑉𝑎). By raising the function in Equation (3.17) to the 

fourth power, the solution curve becomes a sigmodal curve which is the type of curve 

required to capture the data points of the K+ conductance during the 5 ms that the voltage 

clamp was at 25 mV (Figure 3.8, segment A). 

 

If instead a step decrease in 𝑉𝑚 from 𝑉𝑎 to 0 was incorporated, the solution to Equation 

(3.16) will instead be 

 

𝑛(𝑡)  =  𝑛∞(𝑉𝑎)𝑒𝑥𝑝 (
−𝑡

𝜏𝑛(𝑉𝑎) 
)  (3.18) . 

 

By raising the function in Equation (3.18) to the fourth power, the solution curve instead 

becomes a decreasing exponential with no inflection point, hence capturing the trend of 

the data points of the K+ conductance after the voltage-clamp has returned to the holding 

potential (Figure 3.8, segment B). 

 

All that is left is for Hodgkin and Huxley to determine the functions for 𝑛∞(𝑉𝑚) and 

τ𝑛(𝑉𝑚) . This can be achieved by examining the tail current of a voltage-clamp 

experiment. After clamping a membrane to a specific potential, when the voltage-clamp 

returns to its holding potential, the current in the membrane will also suddenly change 

to a different magnitude. This is known as a tail current.  

 

The amplitude of a tail current can be used to estimate what the value of 𝑛∞ is for a 

specific clamp potential. To explain why this is the case, consider Equation (3.10) once 

more. At the end of the depolarizing step when the voltage-clamp returns to the holding 

potential, 𝐼𝑥 = 𝑔𝑥(𝑉𝑚 − 𝑉𝑥) will suddenly change due 𝑉𝑚 dropping from a depolarized 

potential to the holding potential. However, 𝑔𝑥  instead changes on a much slower 

timescale due to their kinetics, and so the amplitude of the tail current will reflect the 

proportion of channels which are open at the end of the depolarizing step for that specific 

clamp potential.  

 

Current reading at the amplitude of the tail current are taken first at a depolarized step 

potentials, and then subsequently taken at gradually more repolarized step potentials 

until the step potential matches the holding potential. From there, the readings are 
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normalized relative to the reading for the maximum amplitude of the tail current in the 

data set, and data points for 𝑛∞ are generated which takes the form of a sigmoidal shape. 

An example of this voltage-clamp protocol and its associated current tracings is shown 

in Figure 3.9. 

 

From here, a function for 𝑛∞(𝑉𝑚) can be derived by fitting a sigmoid function to the data 

points of the form 

 

𝑛∞(𝑉𝑚) = [1 + exp (
−(Vm −  𝑉0.5)

𝑘 
)   ]

−1

  (3.19) 

 

where 𝑉0.5 is the potential at which 𝑛∞ = 0.5, and k is the slope factor.  

 

The function for the time constant τ𝑚(𝑉𝑎) can then be derived by fitting INa, embedded 

with the full expressions of Equation (3.17) and Equation (3.18) to the current traces 

generated from the voltage-clamp experiments for different depolarization steps while 

allowing n to evolve over time [104]. 

Figure 3.9: A typical example of a voltage-clamp protocol to determine the voltage-

dependent activation of an ion channel. In this example, the neuron is held at a holding 

potential of -80 mV before it is stepped to a more depolarized potential and held there 

for a duration before it is returned back to the holding potential. Figure shows the 

different depolarization steps used in the protocol and their associated tail currents after 

the voltage-clamp is returned to the holding potential [104]. 

 

To verify that this formulation for 𝑔𝑘  is valid, Hodgkin and Huxley computed the 

theoretical solution curves that Equation (3.15) and its associated ODE gives for 

different depolarization steps and overlaid them over their corresponding experimental 
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data for the K+ conductance. This is shown in Figure 3.10. 

 

 

Figure 3.10: Overlay of the experimental data (circles) and model solutions (with 𝑔𝑘̅̅ ̅  =

0.24 m. mho/cm2 ) for different depolarizations for the K+ conductance [98]. 

Experimental data and graphs only show the duration when the neuron is still voltage-

clamped. 

 

For INa, the same voltage-clamp protocol was applied to obtain the Na+ conductance data 

(Figure 3.11, circles). However, Figure 3.11 shows that over the time-course of the 

voltage clamp experiment for different depolarization steps, the Na+ conductance 

initially increases up to a peak amplitude value before decreasing back down to its resting 

value. From this, it can be shown that although Na+ conductance increases, there is a 

second process that eventually inactivates the Na+ channel. Hodgkin and Huxley 

therefore deduced that a Na+ channel must have both an activating gate and an 

inactivating gate.  

 

To fit the data shown in Figure 3.11, they hypothesized that the Na+ conductance requires 

both activation and inactivation gates. After testing for different combinations of 

activation and inactivation gates, they found that 𝑔𝑁𝑎 is best given by 

 

𝑔𝑁𝑎 = 𝑚3ℎ�̅�𝑛𝑎  (3.20) 
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Figure 3.11: Overlay of the experimental data (circles) and model solutions (with 

𝑔𝑁𝑎̅̅ ̅̅ ̅  = 70.7 m. mho/cm2 ) for different depolarizations for the Na+ conductance. 

Voltage-clamp was applied for the entire duration of this experiment [98]. 

 

where 𝑚 is the activation gate and ℎ is the inactivation gate. Each of the gating variables 

is also governed by their own respective ODE that takes the form of Equation (3.11) 

 

𝑑𝑚

𝑑𝑡
=   (𝑚∞(𝑉𝑚) − 𝑚)/τ𝑚(𝑉𝑚)   (3.21) 

𝑑ℎ

𝑑𝑡
=   (ℎ∞(𝑉𝑚) − ℎ)/τℎ(𝑉𝑚)   (3.22) . 

The function for 𝑚∞(𝑉𝑚)  and τ𝑚(𝑉𝑚)  can be determined by the same voltage-clamp 

protocol and procedure as with the activation gate n for the K+ conductance.  

 

However for h, since it is an inactivation gate, a slightly different variant of the protocol 
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introduced for n is required. To determine ℎ∞(𝑉𝑚), the neuron is first held at a specific 

holding potential for a duration of time before it is stepped to a more depolarized 

potential. By maintaining the neuron at different holding potentials and then stepping it 

to a more depolarized potential, observations into how the channel activates with 

different levels of inactivation can be made. An example of this voltage-clamp protocol 

and its associated current tracings is shown in Figure 3.12. 

 

Data points for  ℎ∞(𝑉𝑚) are obtained by measuring the peak current amplitude of the tail 

current for the different holding potentials after it is stepped to a more depolarized 

potential. They are then normalized relative to the maximum peak current amplitude in 

the data set, and fitted with a sigmoid function of the form of Equation (3.19), except the 

negative sign will instead be a positive sign to make it a decreasing sigmoid. With a 

function determined for  ℎ∞(𝑉𝑚),  the same procedure used to find τ𝑛(𝑉𝑚) and τ𝑚(𝑉𝑚) 

can be used to find τℎ(𝑉𝑚). 

 

 

 

 

 

 

 
Figure 3.12: A typical example of a voltage-clamp protocol to determine the voltage-

dependent inactivation of an ion channel. In this example, the neuron is held at a holding 

potential for a brief duration before it is stepped to a more depolarized potential of -30 

mV. Figure shows the different holding potentials used in the protocol and their 

associated current tracings after the step to -30 mV [104]. 

Taking together all the steps above, the following set of differential equations for the 

Hodgkin-Huxley model is obtained: 

 

𝐶𝑚

𝑑𝑉𝑚

𝑑𝑡
= −𝑔𝑘̅̅ ̅𝑛4  (𝑉𝑚 − 𝐸𝐾) − �̅�𝑛𝑎𝑚3ℎ(𝑉𝑚 − 𝐸𝑁𝑎) − 𝑔𝐿(𝑉𝑚 − 𝐸𝐿) + 𝐼𝑠𝑡     (3.23) 

𝑑𝑚

𝑑𝑡
=   (𝑚∞(𝑉𝑚) − 𝑚)/τ𝑚(𝑉𝑚)   (3.24)  
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𝑑𝑛

𝑑𝑡
=   (𝑛∞(𝑉𝑚) − 𝑛)/τ𝑛(𝑉𝑚)   (3.25) 

𝑑ℎ

𝑑𝑡
=   (ℎ∞(𝑉𝑚) − ℎ)/τℎ(𝑉𝑚)   (3.26)  

 

and the functions for 𝑚∞(𝑉𝑚) , 𝑛∞(𝑉𝑚) , ℎ∞(𝑉𝑚) , τ𝑚(𝑉𝑚) , τ𝑛(𝑉𝑚) , and τℎ(𝑉𝑚)  are 

given (in terms of the rate constants αi and βi where i denotes the gating variable in 

question) as  

 

𝛼𝑚 = 0.1
25−𝑉𝑚

exp(
25−𝑉𝑚

10 
)−1 

  (3.27) 

𝛽𝑚 = 4exp (
−𝑉𝑚

18 
)  (3.28) 

𝛼ℎ = 0.07exp (
−𝑉𝑚

20 
)  (3.29) 

𝛽ℎ =
1

exp(
30−𝑉𝑚

10 
)+1 

   (3.30) 

𝛼𝑛 = 0.01
10−𝑉𝑚

exp(
10−𝑉𝑚

10 
)−1 

  (3.31) 

 𝛽𝑛 = 0.125 exp (
−𝑉𝑚

80 
)  (3.32) . 

Through computation of these equations, an AP in a neuron can be simulated. In addition, 

information on how the gating variables and the ionic conductances evolve during the 

time-course of the AP can be extracted (Figure 3.13). 

Figure 3.13: Simulated neuron AP (left), and evolution of the gating variables (middle) 

and ionic conductances (right) during an AP [6]. 
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3.3 Atria-Specific Models 

Much of the formalisms and experimental techniques introduced in the Hodgkin and 

Huxley model are applicable even to this day and have since been extended and applied 

to a much broader variety of excitable cell types, including human atrial myocytes. 

Currently, five models of human atrial electrophysiology have been published, each with 

their own formulations of the ionic currents in the myocyte [105]. These are known as 

the Courtemanche, Ramirez, and Nattel model, the Nygren et al model, the Maleckar et 

al model, the Koivumaki et al model, and the Grandi et al model. Out of the five models, 

two of these models will be discussed in more detail: The Courtemanche, Ramirez, and 

Nattel (CRN) model [106], and the more recent Grandi model [107]. 

3.3.1 The Courtemanche, Ramirez, and Nattel Model 

Early models of the electrophysiology of the atria were primarily based on data from 

rabbit atria. The CRN model, introduced in 1998, builds mostly on the Luo and Rudy 

(LR2 model) [108] to develop the first biophysics-based model of the human atrial AP. 

Prior to the development of the CRN model, models of the atrial myocyte have been 

derived based on animal data [108-110]. With data on the currents in human atrial 

myocytes becoming more available, it was revealed that there was significant 

interspecies differences. For example, in human atrial myocytes, the transient outward 

current recovers from inactivation at least two orders of magnitude faster than in rabbits 

[111, 112]. Hence due to these interspecies differences and with human atrial myocyte 

data becoming more available, it was imperative to develop an AP model based 

specifically on direct measurements of human atrial currents.  

 

In the CRN model, the formulations of the Na+, Ca2+, and K+ currents were based 

primarily on voltage-clamp data recorded from human atrial myocytes. APs simulated 

with the CRN model resemble the spike-and-dome morphology (Figure 3.14) typically 

located in human atrial samples, and can respond to rate changes, L-type Ca2+ current 

blockade, NCX inhibition, and variations in transient outward current amplitude in a 

fashion similar to experimental recordings [106]. 

 

The CRN model follows the electrical circuit model of the cell membrane as in Equation 

3.9, with Iion given by 
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Figure 3.14: A spike-and-dome AP simulated with the CRN model [106]. 

 

𝐼𝑖𝑜𝑛 = 𝐼𝑁𝑎 + 𝐼𝐾1 + 𝐼𝑡𝑜 + 𝐼𝐾𝑢𝑟 + 𝐼𝐾𝑟 + 𝐼𝐾𝑠 + 𝐼𝐶𝑎𝐿 + 𝐼𝑝,𝐶𝑎 + 𝐼𝑁𝑎𝐾 + 𝐼𝑁𝑎𝐶𝑎 + 𝐼𝑏,𝑁𝑎 + 𝐼𝑏,𝐶𝑎   

(3.33) . 

 

Because the electrophysiology of the human atrial myocyte is quite complex, time will 

be taken to explain how the different currents in Equation 3.33, along with other 

components in the model contribute to the generation of the spike-and-dome AP. 

 

1) Fast Na+ Current 

 

This current is termed the fast Na+ current because the inactivation process takes place 

very briefly after phase 0 depolarization of the myocyte to close back down the channel.  

 

The fast Na+ current takes on the formulation as described by Hodgkin and Huxley, 

except that it includes one new gating variable 𝑗, which is the slow inactivation gating 

variable. Subsequently, ℎ is re-labelled as the fast inactivation gating variable.  

 

                                            𝐼𝑁𝑎 = 𝑔𝑁𝑎𝑚3ℎ𝑗(𝑉 − 𝐸𝑁𝑎)    (3.34) 

 

2) Inward Rectifier K+ Current 

 

The inward rectifier K+ current allows K+ outflow into the myocyte and activates during 

phase 3 repolarization to help bring the atrial myocyte back to its resting potential. 

During phase 4, the current remains active to keep the membrane potential at the resting 

potential.  This current is voltage-dependent and has no additional dependence on 

outward K+ concentration.  
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𝐼𝐾1 =
𝑔𝐾1(𝑉 − 𝐸𝐾)

1 + 𝑒𝑥𝑝[0.07(𝑉 + 80)]
 (3.35) 

 

3) Transient Outward and Ultrarapid Rectifier K+ Current   

 

Unlike the inward rectifier K+ current, the transient outward K+ current Ito instead sends 

the K+ ions from the intracellular environment to the extracellular. Ito activates during 

phase 0 depolarization but deactivates rapidly when it enters phase 1. 

 

𝐼𝑡𝑜 = 𝑔𝑡𝑜𝑜𝑎
3𝑜𝑖(𝑉 − 𝐸𝐾) (3.36) 

 

The ultrarapid outward rectifier K+ current IKur is also a current that sends K+ ions out of 

the myocyte. Compared to Ito, IKur activates more rapidly after phase 0 depolarization, 

but inactivates very slowly during the time course of the action-potential.  

 

𝐼𝐾𝑢𝑟 = 𝑔𝐾𝑢𝑟𝑢𝑎
3𝑢𝑖(𝑉 − 𝐸𝐾)   (3.37) 

𝑔𝐾𝑢𝑟 = 0.005 +
0.05

1 + 𝑒𝑥𝑝 [
(𝑉 − 15)

−13 ]
  (3.38) 

4) Rapid and Slow Delayed Rectifier K+ Currents  

 

The rapidly activating delayed rectifier K+ current IKr is characterized by its rapid 

activation, rapid inactivation and strong inward rectification (outward current) at positive 

potentials. IKr is given by 

 

𝐼𝐾𝑟 =
𝑔𝐾𝑟(𝑉 − 𝐸𝐾)

1 + 𝑒𝑥𝑝 (
𝑉 + 15

22.4 )
  (3.39) 

 

In contrast, the slow activating delayed rectifier K+ current IKs actives slowly upon 

depolarization. Furthermore, IKs possesses no inactivation mechanism and deactivates 

during repolarization.   

 

𝐼𝐾𝑠 = 𝑔𝐾𝑠𝑥𝑠
2(𝑉 − 𝐸𝐾)  (3.40) 
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5) L-Type Ca2+ Current 

 

The L-type (long-lasting) Ca2+ current ICaL is a crucial source of Ca2+ entry into the 

myocyte. This channel is voltage-gated and requires a strong depolarization of the 

myocyte to activate. Once activated, the channel provides a long-lasting inward Ca2+ 

current into the myocyte and contributes to the plateau phase of the AP. 

 

Ca2+ influx via ICaL also activates Ca2+ release channels located in the SR, allowing more 

Ca2+ into the cytoplasm. This increase in intracellular Ca2+ initiates excitation-

contraction coupling of the myocyte. Once the concentration of Ca2+ in the cytoplasm 

reaches a certain threshold, the ICaL channel deactivates, reducing the concentration of 

Ca2+ in the cytoplasm. Excitation-contraction coupling terminates once intracellular Ca2+ 

has reduced back down to a sufficient level.  In addition, ICaL  is also a major contributor 

to rate-dependent shortening of the AP. The formulation of ICaL contains both voltage-

dependent activation and inactivation gates, as well as an intracellular Ca2+-dependent 

inactivation gate.    

 

𝐼𝐶𝑎𝐿 = 𝑔𝐶𝑎𝑙𝑑𝑓𝑓𝐶𝑎(𝑉 − 65.0) (3.41) 

 

6) Na+-K+ Pump 

 

The Na+ pump INaK is a membrane protein that provides active transport for Na+ and K+ 

ions.  Using energy in the form of adenosine triphosphate (ATP), for every ATP that the 

pump uses, it imports two K+ ions and exports three Na+ ions against their concentration 

gradient, resulting in a net export of a single positive charge per pump cycle. By keeping 

a low concentration of Na+ ions and a high concentration of K+ ions in the intracellular 

environment of the myocyte, the pump can help maintain the myocyte’s resting 

membrane potential.  

 

7) Na+/Ca2+ Exchanger (NCX) 

 

The Na+/Ca2+ exchanger INaCa is a membrane protein that exchanges three Na+ ions for 

each Ca2+. The direction of ion flux depends on the membrane potential and the chemical 

gradient for the ions. When the myocyte is depolarized and has entered the plateau phase, 

one Ca2+ ion is imported into the myocyte while three Na+ ions is exported out per pump 

https://en.wikipedia.org/wiki/Adenosine_triphosphate
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cycle. This increases the influx of Ca2+ into the cytoplasm, which will contribute to the 

Ca2+-induced Ca2+ release (CICR) from the SR.  

 

When the myocyte is in diastole however, the Ca2+ in the cytoplasm needs to be reduced 

from its elevated level during the plateau phase of the AP back down to its resting value. 

If this excess Ca2+ is not removed, then it will lead to cellular dysfunction. This is when 

INaCa will work in the opposite direction by using the Na+ gradient to pump out the Ca2+ 

out of the myocyte against its concentration gradient.  

 

8) Background Ca2+ and Na+ Currents 

 

The background Ca2+ current Ib,Ca and background Na+ current  Ib,Na are miscellaneous 

currents in the myocyte.  

 

𝐼𝑏,𝐶𝑎 = 𝑔𝑏,𝐶𝑎(𝑉 − 𝐸𝑐𝑎)  (3.42) 

 

𝐼𝑏,𝑁𝑎 = 𝑔𝑏,𝑁𝑎(𝑉 − 𝐸𝑛𝑎)  (3.43) 

 

9) Ca2+ Pump Current 

 

The sarcolemmal 𝐶𝑎2+ pump current Ip,Ca provides an additional mechanism for 

removing Ca2+ ions in the cytoplasm to help maintain intracellular Ca2+ at physiological 

values when the myocyte is in diastole.  

 

𝐼𝑝,𝐶𝑎 = 𝐼𝑝,𝐶𝑎(𝑚𝑎𝑥)

[𝐶𝑎2+]𝑖

0.0005 + [𝐶𝑎2+]𝑖

(3.44) 

 

10)  SR Ca2+ Storage and Release 

 

To implement SR Ca2+ release and uptake, Courtemanche et al modelled the intracellular 

environment of the atrial myocyte by a two-compartment model. In the two-

compartment model, the Ca2+-store (SR) is assumed to have a release compartment 

called the junctional SR (JSR) and the uptake compartment called the network SR (NSR). 

 

Uptake of Ca2+ from the cytoplasm into the NSR is through Iup and is given by 
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𝐼𝑢𝑝 =
𝐼𝑢𝑝(𝑚𝑎𝑥)

1 + (𝐾𝑢𝑝/[𝐶𝑎2+]𝑖)
  (3.45) 

 

Iup is dependent of the concentration of Ca2+ in the cytoplasm. Itr is a channel in the SR 

responsible for the transfer of Ca2+ from the NSR to the JSR.  

 

𝐼𝑡𝑟 =
[𝐶𝑎2+]𝑢𝑝 − [𝐶𝑎2+]𝑟𝑒𝑙

τ𝑡𝑟

(3.46) 

 

Release of Ca2+ from the JSR through the channel Irel into the cytoplasm is triggered 

when there is an influx of Ca2+ from ICaL (Ca2+-induced Ca2+ release) but closes when 

intracellular Ca2+ reaches a threshold value. Courtemanche et al implemented this into 

their model for Irel by having two Ca2+ flux-dependent activation and inactivation gates, 

denoted 𝑢 and 𝑣 respectively, where the Ca2+ flux Fn is dependent on the magnitude of 

ICaL, INaCa, and Irel  itself.  

 

𝐹𝑛 = 10−12𝑉𝑟𝑒𝑙𝐼𝑟𝑒𝑙

5 ∗ 10−13

𝐹
(0.5𝐼𝐶𝑎𝑙 −  0.2𝐼𝑁𝑎𝐶𝑎 ) (3.47) 

 

In addition, Courtemanche at al. also added a voltage-dependent inactivation gate 𝑤 so 

that at positive potentials when the membrane potential approaches the Nernst Potential 

of ICaL, the Irel current amplitude decreases. 

 

𝐼𝑟𝑒𝑙 = 𝑘𝑟𝑒𝑙𝑢
2𝑣𝑤([𝐶𝑎2+]𝑟𝑒𝑙 − [𝐶𝑎2+]𝑖)  (3.48) 

 

11) Myoplasm and SR Ca2+ Buffers 

 

Ca2+ buffering is the process in which proteins bind to Ca2+ to stabilize the concentration 

of free Ca2+ ions in myocytes. The proteins troponin and calmodulin controls Ca2+ 

buffering in the cytoplasm, while calsequestrin controls buffering in the NSR. These 

proteins will try to bind to a free Ca2+ ion to neutralize its ability to interact with ionic 

transporters and channels. 

 

Note that the concentration of Ca2+ in the cytoplasm, JSR and NSR represent the 

concentration of free Ca2+ ions. Hence, only a fraction of the total Ca2+ (free plus 

bounded Ca2+) are free Ca2+ ions. In the CRN model, it is assumed that the transition of 
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Ca2+ ions from free to buffered fractions and vice versa is at equilibrium throughout the 

simulation. The Ca2+ buffers calmodulin, troponin, and calsequestrin are respectively 

given by 

 

[𝐶𝑎2+]𝐶𝑚𝑑𝑛 = [𝐶𝑚𝑑𝑛]𝑚𝑎𝑥

[𝐶𝑎2+]
𝑖

[𝐶𝑎2+]𝑖+𝐾𝑚,𝐶𝑚𝑑𝑛
   (3.49) 

[𝐶𝑎2+]𝑇𝑟𝑝𝑛 = [𝑇𝑟𝑝𝑛]𝑚𝑎𝑥

[𝐶𝑎2+]𝑖

[𝐶𝑎2+]𝑖 + 𝐾𝑚,𝑇𝑟𝑝𝑛

(3.50) 

[𝐶𝑎2+]𝐶𝑠𝑞𝑛 = [𝐶𝑚𝑑𝑛]𝑚𝑎𝑥

[𝐶𝑎2+]
𝑟𝑒𝑙

[𝐶𝑎2+]𝑟𝑒𝑙+𝐾𝑚,𝐶𝑠𝑞𝑛  
(3.51) . 

 

A full schematic of the CRN model is shown in Figure 3.15. 

 

 

 

 

Figure 3.15: Schematic representation of the currents, pumps, and exchangers included 

in CRN model [106]. 

3.3.2 The Nygren, and Maleckar Models 

The Nygren model was based partly on the rabbit atrial model of Lindblad, Murphey, 

Clark, and Giles (also known as the LMCG model) [109]. The development of the model 

was motivated by differences in some of the repolarizing currents between human and 

rabbit atrum, and how this impacted the morphology of the AP.  Particular focus was 

given to the sustained outward K+ current (ISus, also known as IKur), which has a 

prominent role in determining the APD of the human AP [113]. Using this model, they 

were able to very accurately capture the AP waveform as recorded from isolated human 

atrial myocytes in their laboratory. 
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Figure 3.16: Schematic of the Nygren model [114]. A) Electrical equivalent circuit for 

the sarcolemma. B) Fluid compartment model, including intracellular, cleft, and 

extracellular spaces. 

A schematic of the Nygren model is shown in Figure 3.16. The currents INa, ICaL, It (also 

known as Ito), IKur, and IK1 are known to contribute to the AP in human atrial myocytes. 

The currents ICaP, INaK, INaCa, IBNa, and IBCa  are the currents from the Ca2+ pump, the 

Na+/K+ pump, the Na+/Ca2+ exchanger, the Na+ leakage, and the Ca2+ leakage 

respectively. These currents are responsible for maintaining intracellular ion 

concentrations. Except for IK1, IBNa, IBCa, INaK, INaCa, and ICaP, all currents were derived 

from published data from human atrial myocytes. For those currents, they were instead 

derived from the LMCG model with minor adjustements made. In addition, the Nygren 

model has a few key features: 

 

1) The Fluid Compartment Model 

 

To account for the changes in the ion concentration due to current flow across the 

membrane of the myocyte or from Ca2+ handling processes such as Ca2+ uptake into the 
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SR by SERCA or binding of Ca2+ to a buffer, a fluid compartment model from the 

LMCG model was utilized. Formulations for the extracellular and intracellular spaces, 

Ca2+ uptake and release, and the buffering of Ca2+ to calsequestrin, troponin, and 

calmodulin was derived from the LMCG model. Between the extracellular and 

intracellular space is the cleft space. In the cleft space, ions can only travel between the 

extracellular and cleft space through diffusion via the concentration gradient (Figure 

3.16 B). Essentially, this space represents an unstirred layer where accumulation or 

depletion of ions may occur [115]. Note that while the Ca2+ handling of the Nygren 

model is based off the rabbit atrial LMCG, this formulation has also been used in a rat 

model, such as the Pandit model [116, 117]. 

 

2) The Dyadic Space 

 

The dyadic space is located in the intracellular space, and contains only Ca2+. Influx of 

Ca2+ into this space is only through ICaL. The purpose of this space is to capture the 

graded release of Ca2+ from the SR (i.e: the magnitude of ICaL determines the magnitude 

of the release Ca2+ during CICR). This was because Stern et al has shown that for CICR 

in a model to be stable, the trigger Ca2+ has to be separated from that released from the 

SR [118]. With this space, the RyR is formulated such that as an elevation in [Ca2+]d 

occurs, it senses that elevation and opens, releasing Ca2+ into the intracellular space 

(Figure 3.16 B). 

 

3) Bidirectional SERCA pump 

 

The uptake of Ca2+ from the intracellular space follows a bidirectional formulation [119], 

where if the concentration of Ca2+ in the uptake compartment ([Ca2+]up) becomes high 

relative to the concentration of Ca2+ in the intracellular ([Ca2+]i), then the pump will 

operate more prominently in the reverse direction to reduce the net flux of Iup. 

 

While the Nygren model was able to capture very accurately the AP as recorded in human 

atrial myocytes as well as the morphology of a number of currents, it had difficulty in 

capturing the repolarization of the atrial AP at a number of different steady-state 

frequencies of stimulation [120]. This motivated an update to the mathematical 

formulation of atrial AP repolarization in the Nygren model.  

 

The Maleckar model [120], contains all of the formulations for the currents, ion fluxes, 
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and Ca2+ handling, except for a few differences in Ito and IKur, and the addition of the 

acetylcholine-activated K+ current (IKACh). In the Nygren model, the formulation of Ito 

was based on rabbit myocyte experimental data [113]. The activation and inactivation 

properties of the channel were updated to reflect those in human atrial myocytes. 

Similarly, in the Nygren model, the inactivation and recovery kinetics were an order of 

magnitude more rapid than were observed in previous experiments, and so the 

formulation of the channel was completely reformulated [120]. Lastly, IKACh was added 

into the model simply because in many different mathematical models of the mammalian 

myocardium, this channel has been incorporated [121]. A schematic of the Maleckar 

model is shown in Figure 3.17. 

 

 

Figure 3.17: Schematic of the full Maleckar model [120], based off the Nygren model 

[114]. The SERCA pump is bidirectional, and the activation of the ryanodine receptor is 

modulated by [Ca2+]d and [Ca2+]i. 

3.3.3 The Grandi Model 

In recent years, there has been growing experimental evidence that points to abnormal 

intracellular Ca2+ handling as a key mediator in AF pathophysiology [122, 123]. Previous 

models such as the CRN and Nygren [124] focused primarily on how the ion channels 

generate the atrial AP, while the Maleckar model [120] built upon the Nygren model by 

introducing new formulations for Ikur  and Ito  based on new experimental K+ current data. 

However, these models lack a detailed description of the Ca2+ dynamics of atrial 
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myocytes, and it is becoming increasingly clear that Ca2+ handling is also correlated with 

arrhythmias.  

Figure 3.18: A schematic of the Grandi human atrial myocyte which shows the 

similarities and differences between the CRN and Grandi model. The yellow boundary 

in the SR indicates between the CRN and Grandi model. The yellow boundary in the SR 

indicates that in the CRN model, the SR is divided into two separate regions, the NSR 

and the JSR. The up and down arrows on the SR pump for the Grandi model indicates 

that the pump is bidirectional, but its net flux will always be in the inward direction. 

The Grandi model for the human atrial myocyte (Figure 3.18) is the first human atria 

model developed to study the involvement of impaired Ca2+ handling in the morphology 

of APs associated with patients with paroxysmal AF [125]. However, the model was 

originally developed to capture experimental measurements in human ventricular 

myocytes [126], using a rabbit ECC model (Shannon et al model) as the template [127]. 

As with the Shannon model, the Grandi ventricular model includes both a cleft space 

between the SR and sarcolemmal membrane, and a narrow space just under the rest of 

the cell membrane called the SL compartment [126]. To capture the experimental data in 

human ventricular myocytes, INa, ICaL, IKs, IKr, IK1, and Ito  were fitted to the data, and new 

formulations for these currents were derived. Here, I briefly go over the data used to 

derive the new expressions for these channels: 

1) INa (Fast Na+ Current): 

 

The fitting of INa was based on measurements of wild-type human Na+ channels 

expressed in HEK-293 cells from Nagatomo et al [128] and Sakakibara et al [129]. The 
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gating of INa was based on the formulation used in the ten Tusscher et al model [130] 

with slight modications in the activation process. The INa conductance was chosen to 

replicate measurements of AP amplitude as documented in the study by Pereon et al on 

human ventricular myocytes [131]. 

 

2) ICaL (L-type Ca2+ Current): 

 

The voltage and Ca2+-dependent properties of ICaL were fitted against data from Li et al 

[132], Pelzmann et al [133], and Magyar et al [134]. 90% of the L-type Ca2+ channels 

are in the junctional cleft, while the remaining 10% are in the subsarcolemmal space. 

3) IKs (Slowly Activating Delayed Rectifier K+ Current): 

 

The conductance was adjusted to match tail current magnitudes measured in human 

ventricle. IKs was also fitted to match steady-state activation, tail current magnitudes, 

time constants of activation, and deactivation obtained at physiological temperature by 

Virag et al [135]. 

4) IKr (Rapidly Activating Delayed Rectifier K+ Current): 

 

The steady-state activation and inactivation kinetics were derived from Zhou et al [136] 

and Johnson et al [137] respectively, while the corresponding time constants were based 

on an experimental study by Jost et al [138]. The conductance was also set to match 

experimentally recorded tail currents in human ventricular myocytes [139].  

 

5) IK1 (Inward Rectifier K+ Current): 

 

This current was fitted against the experimental current-voltage curves by Magyar et al 

[134] and Jost et al [138]. 

 

6) Ito (Transient Outward K+ Current): 

 

In human ventricle, two components to Ito were found: Ito,fast, which exhibits fast recovery 

from inactivation and Ito, slow, which exhibits relatively slow kinetics of recovery from 

inactivation. The mathematical formulations for these components were derived from 



79 
 

 
 
 
 

the steady-state data from Nabauer et al [140] and the kinetic data from Nabauer et al 

[140], Wettwer et al [141], and Varro et al [142]. 

To adapt the human ventricular model into the human atrial model, Grandi et al 

conducted a literature review to determine what modifications were needed to be made 

in the ventricular model to closely match the human atrial myocyte data. Listed in Table 

3.1 are the modifications made in the human ventricular model to adapt it to the human 

atrial model. 

A major advantage of the Grandi model is that it utilizes recent experimental data to 

provide a more detailed and accurate description of Ca2+ handling in human atrial 

myocytes [143]. The mechanism by which Ca2+ is handled in the Grandi model (as well 

as that of some of the ionic currents, pumps and exchangers) is vastly different to that of 

the CRN model. Here, I will briefly cover the main differences between the two models.  

 

1) The Addition of the Sub-SL and Junctional Cleft Compartments 

 

Compared to the CRN model, this model has an additional layer between the cytoplasm 

and the cell membrane (also known as the sarcolemma) called the subscarcolemmal 

space (sub-sl). The addition of a sub-sl compartment was based on published values for 

Ca2+ affinity of membrane-associated Ca2+-dependent proteins such as the NCX and the 

Ca2+-dependent Cl- channel. Recordings showed that they had a generally lower than 

expected Ca2+ affinity value for proteins which are supposedly dependent on cytosolic 

Ca2+ concentration. Through measuring NCX exchange activity and ICl(Ca), Trafford et al 

deduced that there had to be a Ca2+ concentration difference between the cytosol and the 

region near the membrane [144]. To be able to incorporate these proteins into the model, 

Shannon et al thus included the sub-sl compartment, a region between the cytosol and 

the membrane where a different Ca2+  profile exists.  

Contained in the sub-sl is the junctional cleft, a small compartment where Ca2+  from the 

fluxes of Ical and the ryanodine receptor (RyR) is deposited. From here, Ca2+  can diffuse 

from the junctional cleft to the sub-sl compartment where it is transported by 

sarcolemmal transporters. In addition, embedded in the sarcolemma are the ionic 

currents, which receives Ca2+  from the sub-sl instead of the cytoplasm.  
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Table 3.1: Modifications made to the Grandi human ventricular model to adapt it into 

the Grandi human atrial model. Table also lists changes to the Grandi human atrial 

model needed to simulate cAF and adrenergic stimulation [107]. 

 

2) The Ryanodine Receptor and Ca2+ SR Release 

 

The RyR is the main protein pore where Ca2+ is released from the SR, and is modelled 

using a markovian state model as in Stern et al [145]. There are four states to the model 
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(Figure 3.19): Resting or closed (R), open (O), inactivated (I), and resting inactivated 

(RI). During the time course of an action-potential, the concentration of Ca2+ in the 

different compartments of the atrial myocyte will vary over time, and this influences the 

probability as to which state the RyR will be at.  

During diastole, the RyR is predominately in the resting state (Figure 3.20, top left, blue). 

Once a stimulus is applied to the myocyte, Ical activates and provides a sudden influx of 

Ca2+  into the junctional cleft (bottom right, magenta). Concentration of Ca2+ in the 

junction cleft ([Ca]j ) hence increases, and binds to the junctional cleft activation site, 

resulting into a transition into the open state (top left, red). This is when the RyR opens 

and releases Ca2+ from the SR into the junctional cleft. During this time, Ca2+ also binds 

to the junctional cleft inactivation site, and this results in the transition from the open 

state to the inactivated state (top right, green). Once [Ca]j declines (bottom right, 

magenta), the RyR transitions to the resting inactivated state, and then back to the closed 

state (top left, magenta and blue respectively). 

 

 

 

 
Figure 3.19: A four state markovian chain model of the RyR. [Ca]SR dependence on RyR 

gating is included in the binding and dissociation rate constants as indicated by the black 

arrows [127]. 
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Using the Law of Mass Action [6], a differential equation can be given for each of the 

states. This gives: 

𝑑𝑅

𝑑𝑡
= (𝑘𝑖𝑚𝑅𝐼 − 𝑘𝑖𝑆𝑅𝐶𝑎[𝐶𝑎]𝑗𝑅) − (𝑘𝑜𝑆𝑅𝐶𝑎[𝐶𝑎]𝑗

2𝑅 − 𝑘𝑜𝑚𝑂)   (3.52) 

𝑑𝑂

𝑑𝑡
= (𝑘𝑜𝑆𝑅𝐶𝑎[𝐶𝑎]𝑗

2𝑅 − 𝑘𝑜𝑚𝑂) − (𝑘𝑖𝑆𝑅𝐶𝑎[𝐶𝑎]𝑗𝑂 − 𝑘𝑖𝑚𝐼)  (3.53) 

𝑑𝐼

𝑑𝑡
= (𝑘𝑖𝑆𝑅𝐶𝑎[𝐶𝑎]𝑗𝑂 − 𝑘𝑖𝑚𝐼) − (𝑘𝑜𝑚𝐼 − 𝑘𝑜𝑆𝑅𝐶𝑎[𝐶𝑎]𝑗

2𝑅𝐼)   (3.54) 

𝑑𝑅𝐼

𝑑𝑡
= (𝑘𝑜𝑚𝐼 − 𝑘𝑜𝑆𝑅𝐶𝑎[𝐶𝑎]𝑗

2𝑅𝐼) − (𝑘𝑖𝑚𝑅𝐼 − 𝑘𝑖𝑆𝑅𝐶𝑎[𝐶𝑎]𝑗𝑅)  (3.55) 

Figure 3.20: Profile of the R, RI, A) O, and I B) states during the course of an AP. 

Bottom: Time-course of [Ca] in the different compartments of the model during an AP. 

Plots are obtained at steady state. 

This model differs from the formulation by Stern et al in that an additional binding site 

was included on the SR side of the RyR which affects the inactivation and activation 

cytosolic Ca2+ -dependent binding rate constants. This is embedded into the model by 

having the rate constants in Equations 3.52-3.55 to be dependent on the concentration of 

Ca2+ in the SR ([Ca]SR). When Ca2+  binds to this binding site on the SR side, the RyR 

will be more sensitive to the activation site than the inactivation site on the junction cleft 

side. The greater the Ca2+  that binds to the binding site on the SR side, the more the RyR 

will conform to the activation site than the inactivation site on the junction cleft side. 

Hence, if [Ca]SR increases, then more Ca2+  can bind onto the inactivation site on the SR 

side, and the RyR will have an increased tendency to exist in the open state with Ca2+ 
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binds to the junctional cleft side of the RyR. 

 

The flux through the RyR is given by: 

𝐽𝑆𝑅𝐶𝑎𝑅𝑒𝑙 = 𝑘𝑠𝑂([𝐶𝑎]𝑆𝑅 − [𝐶𝑎]𝑗) (3.56) 

With this formulation, instead of the  Ca2+-induced- Ca2+-release (CICR) of the SR being 

dependent on the Ca2+ flux through ICaL, INaCa, and Irel and the membrane potential as in 

the CRN model, it is now dependent on [Ca]SR , [Ca]j, and the probability that the RyR 

exists in the open state. A transient in O is required for there to be an outflux of Ca2+  

from the SR through the RyR. 

3) The Bidirectional SR Ca2+ Pump and Ca2+ SR Reuptake 

 

The SR Ca2+ pump is responsible for the uptake of Ca2+ from the cytosol into the SR.  In 

the Grandi model, this pump is formulated as bidirectional, in that it can provide Ca2+ in 

both the forward (from the cytosol into the SR) and reverse (from the SR into the cytosol) 

direction. However, the net Ca2+ flux will always be in the forward direction irrespective 

of the conditions in the atrial myocyte.  When intracellular Ca2+ concentration ([Ca2+]i) 

rises and  [Ca2+]SR  falls, the net uptake rate of the pump increases due to the increase in 

the forward flux. As [Ca2+]i falls and  [Ca2+]SR  rises, the backward flux increases and the 

forward flux decreases, resulting in a decrease in the net uptake rate of the pump. 

 

4) L-Type Ca2+ Channel and NCX 

 

In the Grandi model, 90% of the L-Type Ca2+  Channels (Ical) are located in the junctional 

cleft, while the remaining 10% are in the sub-sl (Figure 3.21). When Ical activates, a large 

influx of Ca2+ from the extracellular region will enter the junctional cleft and sub-sl and 

begin binding to the the Ca2+ buffer calmodulin and to Ical in both compartments, causing 

the channels to deactivate. During phase 2, Ical in the cleft remains at a plateau to balance 

out the efflux of positive ions from the K+ channels. Deactivation of Ical continues well 

into phase 3 until the channel is inactivated. 

 

For a brief moment after phase 0 depolarization, the NCX will function to import Ca2+  

and export Na+ ,  but will immediately reverse direction with the increase of [Ca]j and 

[Ca]sl from the activation of Ical and opening of the RyR. Ical then deactivates as [Ca]j and 
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[Ca]sl  sharply decreases. From here, the NCX will gradually close while continuing to 

export Ca2+ out of the cell. 

It is of interest to note that in the Grandi model almost always functions to export Ca2+ 

out during an AP, but in the CRN model, the importation of  Ca2+  is greatly favoured 

during phase 0 depolarization. Furthermore, during the plateau phase in the CRN model, 

Incx will deactivate to the point of almost closing off entirely until phase 3 repolarization 

initiates, whereas in the Grandi model, Incx only deactivates once [Ca]j and [Ca]sl  fall off. 

This is presumably because the Grandi model lacks a plateau phase in the AP, and so it 

does not need to be in the reverse mode (3Na+ in for a Ca2+ out) for a duration of time to 

prevent AP from depolarizing further during that phase. It could also be because of the 

formulation used for Incx (e.g: the Grandi Incx is more complicated than the CRN Incx as 

it has more parameters involved) [107]. 

 

 

 

 

 

 

Figure 3.21: Schematic illustrating the operation and layout of the L-type Ca2+ channel 

(includes Ca2+/Ca2+-calmodulin dependent activation). The black arrows indicate the 

fluxes of Ca2+. Most of the L-type Ca2+ channels are in the junctional cleft. 

The sub-sl and junctional cleft contains Ca2+ pumps which uptake Ca2+ from the cytosol, 

and are dependent on the concentration of Ca2+ in their respective compartments. When 

[Ca]j and [Ca]sl increases due to the activation of Ical and RyR, the flux from these pumps 

undergo a transient increase. Once [Ca]j and [Ca]sl falls, the pumps return to steady state 

to continue providing constant uptake of Ca2+ into the sub-sl. 

5) Miscellaneous Currents 

 

The other components in the model include the addition of Cl- and Cl--dependent 

channels and a plateau K+ channel. The background Cl- current (IClbk) and a Ca2+  
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activated Cl- current (ICl(Ca)) are respectively given as 

 

IClbk = G̅𝐶𝑙𝑏𝑘(V − Ecl)   (3.57) 

ICl(Ca) =
FxCl G̅𝐶𝑙(𝑉−𝐸𝐶𝑙)

1+
𝐾𝑑𝐶𝑙𝐶𝑎

[𝐶𝑎]𝐶

  (3.58) 

and the plateau K+ channel as 

𝐼𝐾𝑝 = 𝐼𝐾𝑝,𝑗𝑢𝑛𝑐 + 𝐼𝐾𝑝,𝑠𝑙  (3.59) . 

A simulated AP by the Grandi model is shown in Figure 3.22. Compared to the AP in the 

CRN model, the AP here lacks the dome morphology during phase 2, and is overall more 

triangular in shape. 

 

 

 

 
Figure 3.22: Simulated AP from the Grandi model [107]. 

3.4 Sinoatrial-Node Models 

 

 

 

 

 

 

 

 

Figure 3.23: Morphology of the slow response AP in SAN pacemaker cells and its 

associated ionic currents [8]. 

Pacemaker cells such as those found in the SA node (SAN) have no resting membrane 

potential, and can spontaneously generate their own AP. Unlike atrial myocytes, the 
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depolarizing current of the AP is carried primarily by the relatively slow ICaL instead of 

by the fast INa. Because of this, APs in such cells are generally termed “slow response” 

APs because of how slow the rate of depolarization is relative to nonpacemaker cells [8].  

 

A typical morphology of a slow response AP is shown in Figure 3.23.  

 

Compared to the AP of atrial myocytes, there are only three phases since phase 1 and 

phase 2 are non-existent in SA node cells.  

 

Phase 0 is the upstroke of the AP, and is primarily due to the increased conductance of 

ICaL. When the membrane is depolarized to -40 mV, ICaL activates and provides a 

relatively slow but steady depolarizing current into the cell. 

 

Phase 3 is the repolarization of the AP. This occurs when the depolarization in the 

membrane has reached a point such that rectifier K+ channels IKur, IKr, IKs, and Ito activate 

and repolarizes the cell towards the Nernst potential. At the same time, ICaL  activated 

from phase 0 inactivates, thereby decreasing the conductance of ICaL and further 

contributing to the repolarization of the cell. When the membrane potential reaches to 

around -65 mV, the repolarization ends. 

 

Phase 4 is known as the period of spontaneous depolarization that leads to subsequent 

generation of an AP. This phase is the most complicated of all the phases and revolves 

around four key events.  

 

1) Early in phase 4, IKur, IKr, IKs, and Ito  activated in phase 3 is still deactivating, and so 

the outflow of K+ ions gradually reduces, contributing to the depolarization of the 

membrane.  

 

2) Around the same time, a mix of a Na+/ K+ current not found in atrial myocytes called 

the funny current (If) activates, providing a depolarizing current involving a slow inward 

movement of Na+ and K+.  

 

3) In the second half of phase 4, another channel also not found in atrial myocytes called 

the T-type Ca2+ channel (ICaT) activates briefly when the membrane potential reaches 

around -50 mV, and further contributes to the overall depolarizing current within the cell. 
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4) As the depolarization begins to reach threshold, ICaL begins to activate, and will also 

contribute to the overall depolarizing current until phase 0 is reached. 

 

In the past, to investigate how automaticity is achieved in human SAN cells, 

computational models were instead primarily based on the large amount of rabbit SAN 

cell data that was available [146]. 

 

It was not until 1997 that the first ever slow response AP was recorded from adult human 

SAN tissue obtained from four subjects affected by left ventricle infarction [147]. Ten 

years later, Verkerk et al was able to characterize the funny current by performing 

voltage-clamp experiments on three isolated SAN cells from a female patient [148]. 

 

Around the same time, Seeman et al [149] presented the first human SAN AP model as 

part of a qualitative study to explain how automaticity is achieved in human SAN cells. 

This model was based on the CRN model, but included the currents found in rabbit SAN 

cells (e.g: If, ICaT, etc). While the model was able to autonomously simulate the slow 

response AP, it was unable to successfully replicate the results as observed 

experimentally in human SAN cells.  

 

As more experimental data for the human SAN became available, models gradually 

moved away from being animal based to more human based. The most current human 

based SAN cell model is the Fabbri et al model (2017). This model was based on their 

recent Severi-DiFrancesco model of a rabbit SAN cell, except the formulations of the 

currents, pumps and exchangers were adapted to reflect the electrophysiological data 

from human SAN cells. A schematic of the Fabbri model is shown in Figure 3.24. 
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Figure 3.24: Schematic of the Fabbri human SAN model [146]. 

Compared to the CRN model of the human atrial myocyte, the Fabbri model has a lot of 

similarities with the former, except that it contains three additional ionic currents found 

exclusively in human SAN cells: 1) The funny current (If) 2) The T-type Ca2+ channel 

(ICaT) and 3) The G-protein gated K+ channel (IK,Ach).  

 

The funny current is given by 

 

𝐼𝑓 = 𝐼𝑓𝑁𝑎 + 𝐼𝑓𝐾(3.60) 

𝐼𝑓𝑁𝑎 = 𝑦𝑔𝑓𝑁𝑎(𝑉 − 𝐸𝑁𝑎)  (3.61) 

𝐼𝑓𝑘 = 𝑦𝑔𝑓𝑘(𝑉 − 𝐸𝑘) (3.62)  

 

where y is an activation gate that enables activation of If when the cell is hyperpolarized 

during phase 4. Here, the funny current is split into the Na+ and K+ component. Fabbri 

et al demonstrated in their model that If has a role in modulating the pacing rate of human 

SAN cells through a functional block experiment on the channel. As shown in Figure 

3.25, as the block on If increases, the phase 4 depolarization rate decreases, and hence 

more time is required for the membrane potential to reach threshold and generate the 

excursion needed for an AP. 
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Figure 3.25: Simulated AP from the Fabbri model under control conditions, and upon 

30%, 70%, 90%, and full block of If  [146]. 

 

The T-type current is described as 

 

𝐼𝐶𝑎𝑇 =
2𝑃𝐶𝑎𝑇𝑉 [𝐶𝑎𝑠𝑢𝑏 − 𝐶𝑎𝑜 exp (

−2𝑉
𝑅𝑇/𝐹 

) ] (𝑑𝑇𝑓𝑇)

𝑅𝑇𝑜𝑛𝐹 [1 − exp (
−2𝑉

𝑅𝑇/𝐹 
)]

  (3.63) 

 

where dT is an activation gate that enables activation of ICaT briefly when the membrane 

potential reaches -50 mV, and fT is an inactivation gate that enables deactivation of ICaT  

as the membrane potential nears threshold. 

 

The third current IK,Ach is given as 

 

𝐼𝐾,𝐴𝐶ℎ =  𝑔𝐾,𝐴𝐶ℎ 𝑎(𝑉 − 𝐸𝐾) (1 + exp (
V + 20

20 
)) (3.64) 

 

where a is an activation gate that is dependent on the concentration of acetylcholine 

(Ach).  Because there is insufficient voltage-clamp data on this current, the parameters 

to this channel were determined by an automatic optimization procedure such that the 

model gave the best fit to the experimental results. When IK,ACh is active, an outflow of 

K+ occurs. Fabbri et al also demonstrated that if ACh is administrated to SAN cells 

allowing the activation of IK,Ach, then pacing rate of human SAN cells also decreases 

because the net depolarization current required has been reduced (Figure 3.26). 

https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=10&cad=rja&uact=8&ved=2ahUKEwjjspz_tPPcAhUW5LwKHWnOArkQFjAJegQIBhAB&url=https%3A%2F%2Fen.wikipedia.org%2Fwiki%2FAcetylcholine&usg=AOvVaw1SU5sKLjpOGgTOioqOOXJ5
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Figure 3.26: Time course of AP under controlled conditions and with 10 mM ACH. 

Graph also shows the time course of AP under 1𝜇M isoproterenol [146]. 

 

With the Fabbri model, the ionic mechanisms behind the autonomous generation of the 

slow response AP can be demonstrated by plotting the time course of a simulated AP and 

the underlying ionic currents associated with the AP (Figure 3.27).  As shown in Figure 

3.27 D, the currents INa, If, and ICaT are active on their own during phase 4 and are 

responsible for the gradual depolarization of the membrane back up to the threshold 

potential. In atrial myocytes however, an external stimulus is required during phase 4 to 

active INa and provide the depolarizing current needed to reach the threshold potential 

and subsequently generate an AP. Essentially, it is because SAN cells are not solely 

dependent on the external activation of one single channel to generate the depolarizing 

current needed for an AP that automaticity can be achieved. 
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Figure 3.27: Time course of simulated AP and underlying ionic currents  [146]. 
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Chapter 4 

Genetics of Atrial Fibrillation and the 

TBX5-driven Regulatory Network 

4.1 Overview of the Genetics of Atrial Fibrillation 

4.1.1 Techniques to Analyze the Genetic Basis of Atrial Fibrillation 

Atrial fibrillation (AF) is a complex disease that is associated with several risk factors 

such as obesity, hypertrophy, structural heart abnormalities, and aging [150, 151]. 

However, there has been increasing evidence over the last decade to suggest a substantial 

genetic basis to the arrhythmia [152, 153].  

 

Figure 4.1: Visual summary of the differences between linkage analysis and GWAS 

(genome-wide association study). The top row highlights the situation in which a 

particular technique should be used. The middle row provides a visualization of how 

each of the two techniques work. The bottom row describes the output that each 

technique generates. Adapted from [154]. 
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For example, in a cohort study by Fox et al where they studied more than 5000 

individuals whose parents were enrolled in the original Framingham Heart Study [83], 

they found that having a parent with AF approximately doubled the risk of developing 

AF over a four-year span [153]. Similarly, the 2006 Icelandic study by Arnar et al 

revealed that the relative risk for AF for first-degree relatives of a family member with 

AF was 1.77 when compared to individuals in the general population, which increased 

to 4.67 when the analysis was limited to subjects diagnosed with AF before the age of 

60 [83, 155]. Further evidence of the heritability of AF has also been demonstrated in 

epidemiological studies [156] and studies from referral populations and in the 

community [153, 155, 157-159]. Researchers hypothesized that the heritability of this 

arrhythmia could be due to mutations or variants in genes of ion channels and have thus 

employed two main techniques to identify the genetic basis of AF. 

 

Linkage analysis for AF is typically performed in families with many affected 

individuals and a clear hereditary pattern [154]. This technique leverages the 

phenomenon that as genes are passed from generation to generation, genetic markers 

which are near a disease-causing gene on the same chromosome are likely to be 

transmitted [83]. In essence, the technique searches for group of markers that are 

transmitted alongside the diseased genes as it passes through a family tree to identify the 

approximate location of a disease-causing region or locus [154]. Subsequently, genes in 

this region are then sequenced to identify the mutations which are responsible for the 

arrhythmia [83]. Through this technique, researchers had been able to identify several 

rare genetic variants in genes encoding ion channels or proteins which alter the kinetics 

of these channels, leading to AF [160, 161]. 

 

The other technique is known as a genome-wide association study, or GWAS. Unlike 

linkage analysis, GWAS instead examines genetic variants across the genomes of many 

individuals with and without AF at a large scale to identify the regions or loci on 

chromosomes that are associated with the arrhythmia [162]. Under a GWAS, individuals 

are first genetically fingerprinted using a genotyping array. The arrays are then examined 

to assess the status of various genetic markers (e.g: genetic variants or single-nucleotide 

polymorphisms), which are then compared between AF and control cases to pinpoint 

regions associated with the arrhythmia [83, 154]. A summary of these two techniques is 

given in Figure 4.1. 
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4.1.2 The Role of Transcription Factor Genes in AF 

With the advent of the GWAS approach, studies were predominantly focused on 

identifying the common genetic variants associated with AF in the general population 

[163]. In 2007, the first GWAS for AF was reported by Icelandic investigators, whereby 

they identified two SNPs (rs2200733 and rs10033464) on chromosome 4q25 to be 

strongly associated with AF [164, 165]. Findings from this group were later replicated 

in studies of the Italian [166] Chinese [167], and Polish population [168]. 

 

At the chromosome 4q25 locus, rs22007733 and the related SNPS associated with AF 

are located within a genomic region that has not reported to encode any genes or 

transcripts. However, the closest gene to this region is the paired like homeodomain 2 or 

PITX2 [169], which is a transcription factor.  Transcription factors are sequence-specific 

DNA binding proteins that control the rate of transcription of genetic information from 

DNA to messenger RNA [170]. Cardiac-specific transcription factors such as PITX2 

govern cardiac development and morphogenesis by regulating cardiac-specific gene 

expression [171, 172]. In particular, PITX2 is responsible for the determination of 

cardiac right-left asymmetry [173, 174] and the suppression of the formation of the left-

atrial sinus node during embryogenesis [175].  

 

Over the years, GWAS have implicated many other cardiac-specific transcription factors 

to be associated with AF [176-180]. One that has also garnered significant attention is 

the T-box transcription factor gene TBX5. TBX5 is known primarily for its role in 

cardiac development and rhythm control during embryogenesis [181] and was first 

implicated in a large scale GWAS study of the Icelandic population to be associated with 

PR interval, QRS duration, and AF [177]. In humans, mutations in TBX5 have been 

reported to underlie Holt-Oram syndrome, features of which include conduction 

abnormalities and AF [182]. 

 

In relation to these findings, there have also been reports that in AF patients, the 

expression for PITX2 and TBX5 is reduced [182, 183]. Following these findings, several 

functional studies in murine models were subsequently conducted, whereby PITX2 and 

TBX5 knockout mice were bred to replicate the condition in AF patients. Experiments 

in these knockout mice demonstrated that diminished expression of either PITX2 [183-

185] or TBX5 [186] increased susceptibility to AF and was associated with pro-
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arrhythmogenic alterations in the AP. Together, these studies suggests that both PITX2 

and TBX5 play some role in the genesis of AF through some underlying mechanism.   

 

4.2 The TBX5-driven Regulatory Network 

4.2.1 The Nadadur et al Study 

 

Figure 4.2: Experimental traces of the AP and [Ca2+]i between control and TBX5 

knockout atrial myocytes. A: AP is prolonged in TBX5 knockout atrial myocytes. B: 

TBX5 knockout atrial myocytes exhibited EADs, DADs, and/or SD (spontaneous 

depolarization), with SD being the least likely to occur. C: In TBX5 knockout atrial 

myocytes, the time to reach the peak of an intracellular Ca2+ transient and time to 50% 

decay of [Ca2+]i after a transient is greater compared to control atrial myocytes. Adapted 

from [187]. 

 

Many GWAS have implicated transcription factor genes to be strongly associated with 

cardiac conduction and AF [179]. These genes are central components in transcriptional 

networks which regulate the gene expressions of ion and Ca2+ handling channels to 

maintain normal electrical conduction [188]. One of the most crucial functional studies 

into PITX2 and TBX5 which investigates this is the knockout mice study by Nadadur et 

al [187]. This was the first study to uncover a multitiered transcription network whereby 

TBX5 and PITX2 work antagonistically with one another in regulating the gene 

expressions associated with Na+ and K+ ionic channels, and Ca2+ handling channels. 

Through their work, several novel findings were uncovered which motivated subsequent 



96 
 

 
 
 
 

studies into the underlying mechanisms by which diminished TBX5 and PITX2 

expression gives rise to AF substrates.  

 

In their experiments, they showed that diminished expression of TBX5 causes the 

prolongation of the AP and abnormal afterdepolarizations in the form of EADs, DADs, 

and spontaneous depolarization (SD). Time-course of APs in TBX5 knockout atrial 

myocytes from mice 7 days after tamoxifen (TM) treatment and paced at 0.5 Hz 

exhibited a greater time to 50% and 90% repolarization, and a slight elevation in the 

resting membrane potential (RMP) compared to wild type mice atrial myocytes (control) 

(Figure 4.2A). EADs, DADs, and SDs were frequently observed in TBX5 knockout 

atrial myocytes, but not in control atrial myocytes (Figure 4.2B). In addition, based on 

recordings of [Ca2+]i, the time to peak for a Ca2+ transient and time to 50% decay of 

[Ca2+]i after a Ca2+ transient is greater in TBX5 knockout atrial myocytes than in the 

control (Figure 4.2C). 
 

To investigate the molecular mechanisms underlying AF, the relative gene expression in 

left atria isolated from TBX5 knockout and control mice one week after treatment with 

TM before the onset of AF was assessed using RNA sequencing. Knockout of TBX5 

resulted in significant down-regulation of SERCA (Atp2a2, Sln), RyR (Ryr2), Na+ 

channels (Scn5a), and various K+ channels such as the ultra-rapid (Kcna5), slowly 

activating (Kcnq1), transient-outward (Kcnd3), and the inward (Kcnj2) rectifying K+ 

channels. Surprisingly, the knockout of TBX5 also caused the down-regulation of 

PITX2c, an isoform of PITX2, and so they hypothesized that TBX5 drives a gene 

regulatory network that also involves PITX2 in regulating atrial rhythm (Figure 4.3). 

Figure 4.3: Relative gene expression of known ion channels which can potentially 

attribute to AF from left atria of control (black) and TBX5 knockout mice (grey). 

Adapted from [187]. 

This motivated Nadadur et al to conduct another series of experiments to examine the 
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relative gene expression in left atria isolated from TBX5, PITX2, and TBX5/PITX2 

heterozygote mice (i.e: bred mice with diminished expression of TBX5, PITX2, and both 

TBX5 and PITX2 respectively). Consistent with results from Figure 4.3, TBX5 

heterozygote mice resulted in the decrease of RyR2, Atp2a2, Scn5a, and a slight decrease 

in PITX2c relative to control. In PITX2 heterozygote mice, those gene expressions 

instead increased, and TBX5 expression was increased. Lastly, in PITX2/TBX5 

heterozygote mice, the expression of RyR2 and Atp2a2 had decreased relative to control, 

but not to the same extent as in TBX5 heterozygote mice, while Scn5a had instead 

increased (Figure 4.4). This shows that changes in gene expression caused by reduced 

TBX5 can be partially rescued by also reducing PITX2. 
 

Figure 4.4: Relative gene expression of known ion channels which can potentially 

attribute to AF in the left atria from TBX5 (black), PITX2 (dark grey), and PITX2/TBX5 

(grey) heterozygote mice. Adapted from [187]. 

Figure 4.5: Experimental traces of the AP in control, TBX5, PITX2, and TBX5/PITX2 

heterozygote mice. Figure shows one AP during the simulation for each case. Adapted 

from [187]. 
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Figure 4.6: The TBX5/PITX2 regulatory network. TBX5 and PITX2 upregulates and 

downregulates key Ca2+ handling and ionc protein gene expressions. Adapted from [187]. 

The time-course of the AP in these heterozygote mice was also examined. In TBX5 

heterozygote mice, the APD50, and APD90 was greater than the control, while the RMP 

was slightly lower. In addition, some left atrial myocytes also exhibited triggered activity. 

In PITX2 heterozygote mice, the opposite occurred, and no triggered activity was 

observed for these left atrial myocytes. In TBX5/PITX2 heterozygote mice, the APD50 

and APD90 was also greater than the control, but the latter is not as high as in the TBX5 

heterozygote mice.  

 

Furthermore, the RMP was lower than in the TBX5 heterozygote mice, and no triggered 

activity was observed among these left atrial myocytes. This further reinforces the notion 

that diminishing the expression of PITX2 alongside diminished TBX5 expression 

partially rescues the changes caused by diminished TBX5 expression alone, as 

TBX5/PITX2 heterozygote mice only has a slightly higher APD90 than the control 

compared to TBX5 heterozygote mice, and triggered activity was only frequently 

observed in heterozygote mice (Figure 4.5). 

 

Based on these main findings, Nadadur et al therefore concluded that TBX5 works 

antagonistically with PITX2 in regulating the gene expression associated with key Ca2+ 

handling and ionic proteins through an incoherent feed forward loop (Figure 4.6). 
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4.2.2 The Dai et al Study 

 

Figure 4.7: A: Time-course recording of the AP and corresponding [Ca2+]i of control and 

TBX5 knockout mice B: Relative gene expression of Ca2+ handling channels in the left 

atrial from control (black) and TBX5 knockout (grey) mice. Adapted from [187]. 

In the Nadadur et al study, the reduction in TBX5 expression corresponded to the 

appearance of AF substrates in the form of EADs, DADs, and SD. Typically, these 

afterdepolarizations occur due to abnormalities in Ca2+ handling. Dai et al hypothesized 

that because the gene expressions for Ca2+ handling channel were altered due to impaired 

TBX5 expression, this will then affect the kinetics of these channels such that 

afterdepolarizations can occur. As a result, following the findings of the Nadadur et al 

study, Dai et al conducted a subsequent study to identify how the impairment of TBX5 

altered the kinetics of these Ca2+ handling channels. 
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Figure 4.8: Time-course recording of the AP and corresponding [Ca2+]i of control A) and 

TBX5 knockout mice B) with nifedipine (grey) and without (black). C: Measured 

APD50 and APD90 values for the corresponding APs shown for control and TBX5 

knockokut atrial myocytes with and without nifedipine. D: Cav1.2 expression in atrial 

myocytes from control (black) and TBX5 knockout mice. E and F: Top figures show the 

current traces of the ICaL for control and TBX5 knockout atrial myocytes generated with 

the voltage-clamp protocol shown below. G: Voltage-current relationship of the ICaL for 

both control (black circles) and TBX5 knockout atrial myocytes (grey circles). Adapted 

from [187]. 

 

As with the Nadadur et al study, recorded APs and [Ca2+]i in the Dai et al study show a 

prolongation of the AP and slower decay of the [Ca2+]i (Figure 4.7A). Furthermore, the 

gene expression associated with RyR (Ryr2) and the gene expressions associated with 



101 
 

 
 
 
 

SERCA (Atp2a2) was lower in TBX5 knockout mice than control. Sarcolipin (Sln), a 

gene that regulates SERCA by reducing the accumulation of Ca2+ in the SR was also 

lower in TBX5 knockout mice. In contrast, phospholamban (Pln), a micropeptide protein 

that acts as an inhibitor of SERCA was greater.  

 

The gene expressions associated with the L-type Ca2+ channel (Cacna1c) and the NCX 

(Ncx1) were also examined in this study. Cacna1c was lower in TBX5 knockout mice 

than control, while Ncx1 was greater. Based on assumption that changes in channel gene 

expression correlates with changes in channel function, it appears that the impairment of 

TBX5 expression causes the conductance of the RyR, the L-type Ca2+ channel (ICaL), and 

the maximum uptake of SERCA to decrease, but the conductance of the NCX to increase. 

Contradictory to this, Dai et al hypothesized that the prolongation of the AP in TBX5 

knockout atrial myocytes was instead due to an increase in the conductance of ICaL, and 

hence assessed the functionality of the ICaL in both control and TBX5 knockout mice 

through an experiment involving nifedipine, an ICaL blocker, and voltage-clamping of the 

ICaL. 
 

In both control and TBX5 knockout mice, nifedipine lowered the APD50 and APD90, 

but the effect was far more pronounced in TBX5 knockout mice such that the 

prolongation was almost completely rescued (Figure 4.8A-C). Under the same voltage-

clamping protocol, in TBX5 knockout atrial myocytes, ICaL was greater than the control 

in the ranges of -20 mV to 40 mV. In particular, at 10 mV where ICaL was at the greatest 

point for both control and TBX5 knockout mice, the latter was around 1.5 times greater 

than the former (Figure 4.8 E-G). 
 

This experiment therefore shows that firstly, the impaired expression of TBX5 causes an 

increase in the conductance of the ICaL, and secondly, changes in channel gene 

expressions do not necessarily correlate to changes in the kinetics of the channel. For the 

latter point, this is also reinforced by western blotting of atrial tissue from both cases 

showing that protein expression for the alpha 1C subunit of the ICaL (Cav1.2) was 

relatively unchanged in TBX5 knockout mice (Figure 4.8D). 
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Figure 4.9: A: Confocal linescans demonstrate that Ca2+ sparks (yellow box) were less 

frequent in TBX5 knockout atrial myocytes compared with control. B: At pacing 

frequencies of 0,1, and 2 Hz, the frequency of Ca2+ sparks was significantly less in TBX5 

knockout atrial myocytes than control. C: Line plot comparing the physiological range 

of Ca2+ values (pCa) against the concentration of 3H ryanodine which have binded to 

the RyR between TBX5 knockout atrial myocytes and control. Adapted from [187]. 

 

The other instance in this study where a change in channel gene expression did not 

correlate with a change in channel kinetics was with RyR. Because Ryr2 expression is 

lower in TBX5 knockout myocytes, Dai et al suspected that this will cause a reduction 

in the release of Ca2+ from the RyR, and thus tested this hypothesis by first measuring 

local spontaneous RyR-mediated Ca2+ release events (Ca2+ sparks) using confocal 

linescans (Figure 4.9 A). This was conducted in both control and TBX5 knockout atrial 

myocytes under pacing frequencies of 0, 1, and 2 Hz. For all pacing frequencies, the 

frequency of Ca2+ sparks was significantly lower in TBX5 knockout atrial myocytes than 

the control (Figure 4.9 B). 

 

RyR function was then directly examined through a 3H ryanodine binding assay, 

whereby the binding of 3H ryanodine correlates with RyR open probability. Despite the 

reduced RyR2 expression in TBX5 knockout atrial myocytes, the open probability of the 

RyR was around the same as in the control over the majority of the physiological range 

of Ca2+ values (pCa) with no shift in Ca2+ sensitivity (Figure 4.9 C). From these 

observations, it was believed that changes in the Ca2+ spark frequency were not due to 

changes in RyR open probability, but due to a diminished SERCA uptake. 

 

SERCA function was assessed by first loading both control and TBX5 knockout atrial  
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Figure 4.10: Time-course of [Ca2+]i in both control and TBX5 knockout atrial myocytes 

for both the Na+-free caffeine A) and Na+ containing caffeine B) solution protocols. 

Bottom inserts show when caffeine and Na+ were present in the solution. C: Peak [Ca2+]i 

caused by the opening of the RyRs due to the application of caffeine and liberating the 

SR Ca2+ load. D: SERCA activity as determined by the maximal rate of decay of [Ca2+]i 

after a caffeine-induced transient in the Na+-free caffeine protocol. E: Because activity 

of the NCX depends on Ca2+, Dai et al plotted [Ca2+]i against the slope of decay of [Ca2+]i 

after a caffeine-induced transient in the Na+ containing caffeine protocol to show how 

NCX activity differs between control and TBX5 knockout atrial myocytes.  Adapted 

from [187]. 

myocytes with Flu-4 AM, then applying a train of stimuli at 1 Hz to pace the myocytes 

to achieve a steady state Ca2+ content in the SR. After pacing to steady state, external 

Na+ was removed, and caffeine was applied to the myocyte to open the RyRs and release 

the stored Ca2+ in the SR (Na+-free caffeine protocol). Because the NCX depends on 

external Na+, it will effectively be blocked during the duration in which external Na+ 

was absent, and so after the intracellular Ca2+ transient, removal of intracellular Ca2+ will 

occur mainly through SERCA. Hence, the steepness of the decay of [Ca2+]i after the 

transient will provide insight into the activity of SERCA. As shown in Figures 4.10 A, 
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and C, the peak caffeine-induced [Ca2+]i transient was lower in TBX5 knockout atrial 

myocytes, indicating a lower Ca2+ SR load. Furthermore, as shown in Figures 4.10 A and 

D, SERCA activity as represented by the steepness of the slope of decay was also lower. 

Altogether, this demonstrates that the maximum SERCA uptake was reduced in TBX5 

knockout atrial myocytes. 

 

Through a similar experimental protocol, the activity of the NCX can also be assessed. 

However in this variant of the protocol, the caffeine is present for far longer, and external 

Na+ is added into the solution two seconds after caffeine was applied (Na+ containing 

caffeine protocol). Hence during the duration that both caffeine and Na+ are in solution, 

net SR uptake will be blocked, and so the slope of decay of [Ca2+]i after the caffeine-

induced intracellular Ca2+ transient will be representative of the activity of the NCX. 

Unlike in the previous experiment, the steepness of the decay slope was greater in the 

TBX5 knockout case than in control for nearly all values of [Ca2+]i, and so the extrusion 

of Ca2+ from the NCX had increased.(Figure 4.10 B and E). Therefore, impairment of 

TBX5 also causes an elevation in the conductance of the NCX. 

 

Figure 4.11: Time-course of APs in atrial myocytes from A) control B) TBX5 knockout 

C) TBX5, PLN heterozygous knockout D) TBX5, PLN homozygous knockout mice. E: 

Corresponding measurements of RMP, AP max, APD50, APD90, and observations in 

EADs and DADs for the aforementioned cases. Adapted from [187]. 
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Dai et al hypothesized that both the reduction in protein expression associated with 

SERCA and elevation in PLN was what attributed to the reduced maximum SERCA 

uptake and proposed that impaired TBX5 AP prolongation and triggered activity could 

be rescued by restoration of normal SERCA uptake through knockout of the SERCA 

inhibitor PLN. This was shown to be the case, as TBX5 knockout atrial myocytes with 

heterozygous and homozygous knockout of PLN had significantly lower APD50 and 

APD90 and exhibited far less instances of EADs and DADs.  

 

4.3 Overview of our Study Design and Proposed Approaches 

 

In summary, the Nadadur et al study revealed that diminished expression of TBX5 causes 

alterations in the gene expressions associated with Ca2+ handling, Na+, and K+ channels, 

prolongation of the APD, and increased susceptibility of the atrial myocyte to 

afterdepolarizations in the form of EADs, DADs, and SDs. These changes can mostly be 

rescued by also diminishing the expression of PITX2, suggesting that TBX5 and PITX2 

work antagonistically with one another in regulating the gene expressions of the 

aforementioned channels (Figure 4.6).  

 

Subsequently, findings by Dai et al suggests that changes in gene channel expressions 

do not necessarily correlate to changes in the kinetics of the channel, as diminished 

expression of TBX5 only caused a reduction in maximum SERCA uptake, a lower SR 

Ca2+ load, and an increase in the conductivity of the ICaL and NCX (Figure 4.12). 

Surprisingly, when reduced SERCA uptake was restored through diminishing the 

expression of unphosphorylated PLN, the prolongation of the APD was mostly rescued, 

and the frequency of afterdepolarizations (particularly DADs) was substantially less. 

This is rather surprising, because classically, DADs and SDs occur in the setting of 

increased SERCA uptake and SR Ca2+ load, and increased open probability of RyRs [36, 

189, 190].  

 

Because TBX5 has been implicated by numerous human GWAS to be associated with 

AF, yet there is an incomplete understanding of how impaired TBX5 can give rise to 

afterdepolarizations, the motivation of our study therefore is to elucidate the mechanisms 

by which this phenomenon can occur. To tackle this problem, I employed the use of 

biophysics-based models, as firstly, I can simulate the various changes in the kinetics of 

the ionic and Ca2+ handling channels to mimic the various possible changes that impaired 
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TBX5 can cause. Secondly, I can dissect the many intertwining factors that can attribute 

to afterdepolarizations and determine the relevance of their contribution under various 

conditions.  

 

Because findings in the Nadadur et al study motivated the study by Dai et al, I will first 

center our investigations around this study. The aim of this part of the study was to 

determine whether changes in gene expressions associated with Ca2+ handling and ionic 

channels as shown in Figure 4.6 alone could give rise to EADs, DADs, and triggered 

activity as shown in Figure 4.2. To achieve this, I assumed that changes in gene channel 

expressions correlated proportionally to a change in the conductivity of the associated 

channel. This assumption was made on the basis that in other studies where a voltage-

clamp was conducted on channels with altered gene channel expression, current density 

was found to have increased in channels with increased gene expression and vice-versa 

[191-193]. Specifically, I used mostly the changes in conductivity as proposed by Bai et 

al [194] on the channels shown in Figure 4.6 to simulate the regulation of ionic and Ca2+ 

handling channels due to homogeneous knockout of TBX5, which were based on the 

relative gene expression changes in TBX5 knockout mice in the Nadadur et al study 

[187].  

 

I commenced the study with the CRN model, as it is the first principal model of human 

atrial myocytes [106]. However, I found that the CRN model cannot generate DADs and 

SDs, because the gating of the RyR is coupled with ICaL. During diastole, the gates of the 

ICaL are closed, and so the gates of RyR will also be closed. For DADs and SDs to be 

initiated, the gates of RyR needs to open even when the gates of ICaL are closed [45]. In 

addition to this, the CRN model also could not generate EADs. As a workaround to this 

issue, using a technique by Cherry et al, [195] I incorporated the Ca2+ handling from the 

more recent Grandi model which has a more detailed and physiologically accurate 

description of this process [107]. With this hybrid model, termed the CRN-Grandi model, 

I ran simulations both under control and TBX5 knockout, and with combinations of 

channels implicated by impaired TBX5 to find the main channels which give rise to 

EADs, DADs, and SDs. I also conducted a series of [Ca2+]i clamping and channel 

blocking experiments to determine the mechanisms which are involved in impaired 

TBX5-induced afterdepolarizaitons. The findings from this study are detailed in Chapter 

5. 

 

In Chapter 6, I turned my investigation towards the recently published Dai et al study 
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and focused solely on the three Ca2+ handling channels implicated by this study. The aim 

of this chapter was to assess the individual and synergistic impact that changes in ICaL, 

the NCX, and SERCA has on the genesis of DADs and SDs, and how SERCA modulates 

this and the underlying mechanisms which are involved. I conducted bifurcation 

analyses with various pairs of ICaL, the NCX, and SERCA to ascertain the various 

parameter ranges where DADs and SDs occur, and Ca2+ injection protocols to assess 

how changes in SERCA and SR Ca2+ content affect the minimum threshold of [Ca2+]i to 

trigger DADs and SDs. These analyses were conducted only on the Nygren [113] and 

Maleckar [120] model, as I found that only this family of models was able to capture the 

phenomenon where the restoration of maximum SERCA uptake was able to reduce the 

susceptibility to DADs and SDs.  

 

In Chapter 7, I investigated whether spatial models can more accurately capture the Ca2+ 

dynamics caused by impaired expression of TBX5, and how different facets of spatial 

models contribute to the genesis of afterdepolarizations. In the previous two chapters, I 

only considered common pool models, which treat the concentration of Ca2+ in the 

intracellular and SR as being homogeneous at each point. Spatial models however take 

into consideration the spatial and structural aspects of Ca2+ handling and are more 

physiologically representative than common pool models. More recent spatial models 

can also incorporate RyR distributions and atrial tubules based on experimental imaging 

data. Throughout this chapter, a benchmarking study was conducted on the Koivumaki 

et al, the Voigt et al, and the Sutano et al models, each with different descriptions of the 

spatial and structural aspects of Ca2+ handling. I explored how changes in the 

conductivity of ICaL and the NCX, and changes in the maximum SERCA uptake affect 

the genesis and morphology of EADs and DADs and SDs, and detailed our findings here. 

Lastly in Chapter 8, I summarized my findings of the previous three chapters, and discuss 

the similarities and differences between these studies and the ramifications that this has 

on future investigations of TBX5. 
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Chapter 5 

 

Early and Delayed 

Afterdepolarizations from Reduced 

Inward-Rectifier Potassium Current 

 

Many GWAS have implicated transcription factor genes to be strongly associated with 

cardiac conduction and AF [179]. These genes are central components in transcriptional 

networks which regulate the gene expressions of ion and Ca2+ handling channels to 

maintain normal electrical conduction [188]. In a crucial knockout mice study by 

Nadadur et al, they found that TBX5 is a vital component in transcriptional networks 

and is required for normal cardiac rhythm [187]. 
 

TBX5 was shown to work antagonistically with PITX2 in regulating the gene 

expressions associated with Na+ and K+ ionic channels, and Ca2+ handling channels 

through a multitiered transcriptional network (Figure 4.6). Diminished expression of 

TBX5 caused a reduction in gene expressions associated with SERCA, RyR, ICaL, and 

multiple K+ channels. This resulted in prolongation of the action potential duration 

(ADP), reduced intracellular Ca2+ transient decay, and increased time for intracellular 

Ca2+ to reach its peak. In addition, several TBX5 impaired atrial myocytes also exhibited 

EADs, DADs, and/or SDs, which can lead to triggered activity and hence AF (Figure 

4.2) [187, 196]. 

 

To investigate how the remodeling of ionic and Ca2+ channels due to impaired expression 

of TBX5 leads to the various forms of abnormal depolarization, it is imperative that I 

utilize a computational model as it provides a powerful framework for investigating how 

impairments in this TBX5-driven regulatory network can impact the electrical properties 

of atrial myocytes through its ability to dissect highly intertwined contributing factors 

systematically and conducting simulations which would be difficult to replicate 

experimentally. 
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In this chapter, I focused on identifying the main ionic and Ca2+ handling channels that 

contribute to the genesis of EADs, DADs, and SDs, and investigated the underlying ionic 

and Ca2+ handling mechanisms that lead to these abnormal depolarizations and hence 

AF. To achieve this, I developed and utilized a model that is capable of reproducing 

afterdepolarizations and captures the qualitative changes in APD and decay rate of 

intracellular Ca2+. 

 

Using this model, I first performed a series of simulations where I individually 

implemented the changes in the channels due to impaired expression of TBX5 to identify 

the main channels responsible for EADs, DADs, and SDs. I then implemented the 

changes in pairs to observe how their interactions affect the genesis of EADs, DADs, 

and SDs. Lastly, to ascertain the mechanisms underlying impaired TBX5-induced 

afterdepolarizations, I conducted a series of [Ca2+]i clamping and channel blocking tests. 

5.1 Methodology  

5.1.1 Derivation of CRN-Grandi Model 

Figure 5.1: Schematic representation of currents, pumps, exchangers, and compartments 

in the CRN-Grandi model. Blue indicates components from the CRN model, while red 

indicates those from the Grandi model. 
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Our investigation initially commenced with the CRN model [106], as it is the first 

principal model of the human atrial myocyte. However, I eventually came to the 

realization that the CRN model by itself is unable to reproduce DADs and SDs. This can 

be explained by examining the mathematical formulations of the release current in the 

CRN model. This is given by 

 

𝐹𝑛 = 10−12𝑉𝑟𝑒𝑙𝐼𝑟𝑒𝑙 −  
5×10−13

𝐹
 (

1

2
𝐼𝐶𝑎𝐿 −

1

5
𝐼𝑁𝑎𝐶𝑎), (5.1) 

 

𝐼𝑟𝑒𝑙 = 𝑘𝑟𝑒𝑙𝑢
2𝑣𝑤([𝐶𝑎2+]𝑟𝑒𝑙 − [𝐶𝑎2+]𝑖),  (5.2) 

 

where Irel is the release current from the release compartment of the SR in the CRN 

model, termed the junctional SR (JSR), u and v are the Ca2+ flux dependent activation 

and inactivation gates, respectively, and w is the voltage-dependent inactivation gate. Fn 

is the sarcoplasmic Ca2+ signal flux for Irel, which is dependent on Irel, ICaL, and INaCa, and 

is embedded into the steady-state relation and time-constant for gating variables u and v. 

Hence, as well as the membrane potential, the opening of the RyR is also dependent on 

the magnitude of ICaL and INaCa. The problem with this formulation of Ca2+ release 

however is that the CRN model will be unable to elicit DADs and SDs. This is because 

during diastole, the membrane potential will be at a repolarized value, and so the gates 

of ICaL will be closed. Since the opening of the RyR in this model is linked with the 

opening of ICaL, then it would be impossible for the RyR to open and generate the 

spontaneous Ca2+ release required to generate a DAD and/or SD during diastole [45].  

 

Because of this, I instead utilized an approach by Cherry et al [195] where I replaced the 

Ca2+ handling of the CRN model with that of the Grandi human atrial model [107], which 

has a more updated and detailed description of Ca2+ handling based on recent 

experimental results [127, 197]. Specifically, starting from the CRN model, all channels 

involving Ca2+ (i.e: INaCa, IbCa, IpCa, ICaL) as well as the SERCA uptake (Iup), RyR (Irel), 

the transfer current (Itr), and the Ca2+ leak on the SR were removed. The remaining 

channels from the CRN model were the Na+ (INa, IbNa) and K+ (IKr, IKs, Ito, IKur, IK1) 

channels and the Na+/K+ exchanger (INaK).  

 

From here, two additional compartments from the Grandi human atrial model were 

augmented onto the CRN model: the junctional cleft and the sarcolemma. The junctional 
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cleft is where the RyR is near INaCa and ICaL, and Ca2+ from the SR is released to this 

compartment. This compartment is needed in the model as experiments have shown that 

the Ca2+ profile in the region where Ca2+ is released from the RyR is higher than in the 

intracellular, and this pool of Ca2+ is sensed by key Ca2+ handling channels such as INaCa 

and ICaL [127, 144, 198, 199]. Similarly, the sarcolemma in the model represents a 

restricted region surrounding the atrial myocyte which has a Ca2+ profile that is different 

to that of the junctional cleft and intracellular. 

 

The CRN Na+ and K+ channels as well as the Na+/K+ exchanger were transferred from 

the intracellar space to the sarcolemma, as with the addition of the sarcolemma, the 

channel fluxes now first arrive at this compartment. Furthermore, the channels involving 

Ca2+ (IClCa, ICaL, ICaNa, IbCa, INaCa, and IpCa) as well as a background K+ channel (IbK)  and 

the Ca2+-activated K+ channel (ICaK) from the Grandi model were also included into the 

sarcolemma. 

 

In the junctional cleft, the Grandi formulations for the channels involving Ca2+ were also 

included in the junctional cleft. In addition, the CRN formulations for INa, IbNa, and INaK 

were also included into the junctional cleft. The reason why the same channel types are 

found in the junctional cleft and sarcolemma was to account for the fact that some 

proportion of those channels are in close proximity to the RyR. As an example, for INaCa, 

11% of the channels are distributed in the junctional cleft and 89% in the sarcolemma, 

while for ICaL, 90% of the channels are distributed in the junctional cleft, while 10% are 

distributed in the sarcolemma. Furthermore, the junctional cleft and sarcolemma each 

have their own unique Ca2+ concentration ([Ca2+]j and [Ca2+]sl respectively). Hence, 

while there are channel types which are found in both the junctional cleft and 

sarcolemma, their formulation will differ by the Ca2+ concentration as well as a 

parameter indicating the proportion of the channel in the respective compartment. 

 

Next, the formulation of the RyR from the Grandi human atrial model is included, 

connecting the SR to the junctional cleft. This RyR is modelled using a markovian state 

model consisting of four states as in Stern et al [145]: resting, open, inactivated, and 

resting-inactivated. During diastole, the RyR will exist in the closed state. Upon 

depolarization and subsequent influx of Ca2+ into the junctional cleft ([Ca2+]j), Ca2+ will 

bind onto the activation site of the RyR on the junctional cleft, causing a transition from 

the closed state to the open state. Ca2+ will also bind to the inactivation site on the 

junctional cleft side, which will cause the transition from an open state to an inactivated 
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state. As Ca2+ decreases back to steady state, the RyR will transition to the resting-

inactivated state, and back to the closed state. 

 

To also account for the fact that the concentration of Ca2+ in the SR ([Ca2+]SR) has a 

significant effect on the release of Ca2+ from the SR [127, 200-202], the formulation also  

includes the dependence of Ca2+ in the SR ([Ca2+]SR) on the state of the RyR. As [Ca2+]SR 

increases, more Ca2+ will bind to the site on the SR side, causing an increase in the 

affinity of the activation site on the junctional cleft side and a decrease in the inactivation 

site. On the other hand, as [Ca2+]SR decreases, there is an increased tendency for the RyR 

to exist in the inactivated state instead.  

 

Thirdly, the unidirectional formulation of the SERCA pump in the CRN model has been 

replaced with a bidirectional formulation [203] from the Grandi human atrial model. 

Under this formulation, once [Ca2+]SR becomes high relative to the concentration of Ca2+ 

in the intracellular ([Ca2+]i), the pump will operate more prominently in the reverse 

direction to reduce the net flux from SERCA. This bidirectional SERCA pump connects 

the intracellular space with the SR. 

 

A schematic of this model, termed the CRN-Grandi model, is provided in Figure 5.1. 

Formulations of channels and compartments from the CRN model are indicated by blue, 

while those from the Grandi human atrial model are indicated by red. The exact 

formulations of the channels, pumps, and exchangers in the junctional cleft and 

sarcolemma from the Grandi human atrial model were taken as exactly from the authors 

source code (https://elegrandi.wixsite.com/grandilab/atrial-cell-models), while those 

from the CRN model were taken as exactly from the CellML Physiome Repository 

(https://models.physiomeproject.org/exposure/0e03bbe01606be5811691f9d5de10b65/c

ourtemanche_ramirez_nattel_1998.cellml/cellml_math) . Through this model, I was able 

to reproduce afterdepolarizations. 

 

In this study, I first defined an SD as any self-depolarization where from the RMP to the 

maximum amplitude of the self-depolarization event, there was an increase of 30 mV. I 

then defined an EAD as any self-depolarization that occurred in the duration after the 

peak of a stimulated AP or SD and before the AP or SD is repolarized to its APD90 value 

that caused an increase of at least 4 mV. 

 

 

https://elegrandi.wixsite.com/grandilab/atrial-cell-models
https://models.physiomeproject.org/exposure/0e03bbe01606be5811691f9d5de10b65/courtemanche_ramirez_nattel_1998.cellml/cellml_math
https://models.physiomeproject.org/exposure/0e03bbe01606be5811691f9d5de10b65/courtemanche_ramirez_nattel_1998.cellml/cellml_math
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5.1.2 Implementation of the Electrical Remodeling due to Diminished 

Expression of TBX5 and Simulation Protocol 

 

Alterations to the ionic and Ca2+ handling channels due to impaired TBX5 were 

implemented into the CRN-Grandi model as listed in Table 5.1. These changes were 

based on a summary of recent experimental and modelling studies for homogeneous 

TBX5 knockout [194]. I also included the remodeling of ICaL as a voltage-clamp 

experiment by Tyan et al revealed that atrial myocytes with impaired expression of TBX5 

inhibited a higher ICaL compared to control [186]. I labeled the collective of these changes 

due to impaired TBX5 expression as the reference TBX5 knockout. In each run of our 

simulations, starting with initial conditions taken from the Grandi model, I applied a 

train of stimuli with a duration of 5 ms and a frequency of 1 Hz till 99.5 sec into the 

simulation where the last stimulus was applied.  

 

Table 5.1: Changes to the conductivity of ionic and Ca2+ handling channels due to 

diminished expression of TBX5. The collective of these changes are labelled as the 

reference TBX5 knockout. 

5.1.3 The Individual Impact of Ionic and Ca2+ Handling Channels in 

the Genesis of Abnormal Depolarizations 

 

I first investigated the impact that individual changes in the channels as listed in Table 

5.1 have on the genesis of EADs, DADs, and SDs by running a series of simulations 

where I individually changed the conductance of each channel to varying levels. 

Specifically, for ICaL, I first varied the conductance of this channel from a range of 100% 

to 200% its control value and identified a parameter range where 1) at least one EAD 2) 

more than one EAD and 3) DADs and/or SDs occurred. I then zoned in to find the 

minimum increase in ICaL which give rise to each of those three phenomena. For the 

Current Conductance Change Reference 

INa -70% [194] 

Ito -65% [194] 

IK1 -58% [194] 

IKur -58% [194] 

ICaL +70% This thesis 

SERCA -58% [194] 

RyR -78% [194] 
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remaining channels which are instead downregulated by the impairment of TBX5 

expression, I performed the same procedure, except the channels were varied from a 

range of 0% to 100% its control value instead.  

 

5.1.4 The Individual and Collective Impact of Ionic and Ca2+ Handling 

Channels on Key Biomarkers 

 

I also individually implemented the changes in the ionic and Ca2+ handling channels as 

shown in Table 5.1 into the model to determine the channels which are responsible for 

the prolongation of the APD50 and APD90, and the increase in the time it takes for 

[Ca2+]i to reach its peak value after the application of an external stimuli, and the time it 

takes for [Ca2+]i to decay down to 50% of the peak value due to the impairment of TBX5 

(Figure 4.2).  

 

The RMP was measured 0.5 sec after the last stimulus was applied. The APD50 and 

APD90 is the duration in which the atrial myocyte becomes to when it reaches 50% and 

90% repolarization respectively, and was measured at the last stimulated AP. On the other 

hand, the time to peak for [Ca2+]i is defined as the time it takes for [Ca2+]i to reach its 

maximum value after the application of the last stimulus, while the time to 50% decay 

for [Ca2+]i is the time it takes for [Ca2+]i to decay to 50% of its maximum value from the 

peak at the last stimulated AP. I only conducted these measurements for [Ca2+]i as in the 

Nadadur et al study, the measurements were only conducted in the intracellular domain. 

5.1.5 The [Ca2+]i Clamp Protocol 

The idea of this protocol was to test how indirectly altering [Ca2+]j and [Ca2+]sl  by fixing 

[Ca2+]i to various levels affects the currents through RyR, NCX, and the L-type Ca2+ 

channel and thus the capacity of the model in triggering afterdepolarizations. In this 

protocol, I first ran the simulation up until 99.6 sec and record the [Ca2+]i at this point in 

time (this is termed the [Ca2+]i,pcol). I then clamped [Ca2+]i to the [Ca2+]i,pcol value by 

setting d[Ca2+]i/dt = 0, then resumed the simulation. Throughout the simulation, I 

recorded the time-course of the membrane potential, as well as the current through the 

RyR, the NCX, and L-type Ca2+ channel since these three channels play a critical part in 

the genesis of afterdepolarizations. 

 

Through this protocol, I then sought for the minimum decrease in [Ca2+]i,pcol needed such 



115 
 

 
 
 
 

that EADs on the stimulated AP are abolished. A series of simulations were conducted 

where I varied [Ca2+]i,pcol from a range of 0 to 100% its original value in increments of 

1% to find the parameter region where EADs were abolished by the [Ca2+]i clamp. The 

adjustment in [Ca2+]i,pcol is done in the same step I set d[Ca2+]i/dt = 0 at 99.6 sec into the 

simulation before it is resumed. With the parameter region identified, I then zoned in to 

find the minimum decrease in [Ca2+]i,pcol to abolish the EADS on the stimulated AP. This 

methodology was then repeated to find the minimum decrease in [Ca2+]i,pcol to abolish 

SDs. 

 

5.1.6 The Inhibition Test on Channels Associated with 

Afterdepolarizations 

 

For each of the identified remodelled channels which give rise to afterdepolarizations, I 

separately assessed the mechanisms by which they are generated by individually 

reducing the conductivity of INaCa and ICaL, and the maximum uptake of SERCA in 

increments of 25%. In addition, because DADs can only become SDs with sufficient 

depolarization of INa, I also performed this approach on this channel.  

5.2 Results 

5.2.1 Steady State of the CRN-Grandi Model at 100 Seconds 

 

I first checked the steady state of the model at 100 sec by running the model up to that 

point in time using the default initial conditions, and plotted the membrane potential, 

[Ca2+]i, and [Na+]i as those were the main variables in the model. I also plotted the APD 

at every 10 sec into the simulation.  
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Figure 5.2: Examining the steady state of the CRN-Grandi model up to 100 seconds. Ai) 

and Aii): Time course of the membrane potential and the APD at every 10 seconds into 

the simulation respectively. B) Time-course of [Ca2+]i. C) Time-course of [Na+]i. 

From inspection, the membrane potential appears to be at steady state as the maximum 

amplitude and RMP were around the value during the time-course of the simulation. 

From looking at the corresponding APD at every 10 seconds of the simulation, during 

the first 20 seconds, the APD was sharply increasing, then the APD was around the same 

value, although slowly decreasing. [Ca2+]i also exhibited a similar trend, whereby in the 

first 20 seconds, the maximum amplitude was sharply increasing, then increased slowly. 

 

[Na+]i on the other hand kept linearly increasing during the 100 sec time-course. Since 

the Na+/Ca2+ exchanger depends on both [Ca2+]i and [Na+]i, the linearly increasing [Na+]i 

could be why the membrane potential and [Ca2+]i are not fully at steady state themselves 

at 100 sec. 

 

5.2.2 Comparison of the Membrane Potential, [Ca2+]i, and [Na+]i with 

the CRN and Grandi Models   

 

To check that the CRN-Grandi model is behaving reasonably, I plotted the membrane 

potential, [Ca2+]i, and [Na+]i at the last stimulated AP (i.e: AP at 100 sec) and compared 

that with the CRN and Grandi models which this hybrid model was derived from. 
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Figure 5.3: Comparing the membrane potential A) [Ca2+]i B) and [Na+]i C) at the last 

stimulated AP (i.e: stimulated AP at around 100 sec) for the CRN-Grandi (blue), CRN 

(green), and Grandi (red) models. The black triangle indicates when the stimulus was 

applied. 

 

The CRN-Grandi model has a triangular morphology for the AP, similar to that of the 

Grandi model. However, the APD50 is greater in the CRN-Grandi model than the Grandi 

model, but the APD90 is instead less. This could be because the CRN-Grandi model 

inherited the properties which gives the CRN model its spike and dome morphology, 

allowing the model to have a wider triangular morphology compared to the Grandi model 

(Figure 5.2 A). 

 

For [Ca2+]i, the CRN-Grandi model has a similar amplitude to that of the CRN model, 

but the rise and decay time of [Ca2+]i is slower than that of the CRN model. Out of the 

three models, the Grandi model has the lowest [Ca2+]i amplitude, but has a relatively 

slow rise and decay time (Figure 5.2 B). For [Na+]i, the CRN model had the highest value 

at the last stimulated AP at around 12.25 mM, while the Grandi model had the lowest at 

around 9 mM. The CRN-Grandi model had a relatively modest value of around 10.25 

mM (Figure 5.2 C).  

 

Overall, based on Figure 5.1 and 5.2, the CRN-Grandi model appears to behave 

reasonably since the characteristics of the membrane potential and [Ca2+]i are similar to 

at least one other model, and the membrane potential and [Ca2+]i are almost at steady 
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state at 100 sec. The only variable of concern is [Na+]i, as it was still increasing linearly 

even after 100 sec. This is likely because the model has inherited the issue from the 

Grandi model, whereby [Na+]i also does not reach steady state even after 100 sec [107].  

 

5.2.3 The Impact of Ionic Channel Remodeling due to Impaired TBX5 

on the Genesis of Afterdepolarizations 

 

I first investigated the impact the remodelling of each current has on the AP by running 

a series of simulations where I individually implemented the remodelling of each current. 

For ICaL, the only channel to be upregulated by an impaired expression of TBX5, I varied 

its conductance from a range of 100% to 200% its control value. For the remaining 

channels which are all downregulated instead, their conductance was varied from a range 

of 0% to 100% its control value instead (Table 5.1). 

 

From these simulations, I identified IK1 and ICaL to be the only channels which can give 

rise to EADs and SDs. When the conductivity of IK1 was at least decreased to 44% of its 

control value, or when ICaL was at least increased to 124%, one EAD occurred on the 

triggered APs. Multiple EADs on the triggered APs occurred when IK1 was reduced to at 

least 37%, or when ICaL was increased to at least 144% of their respective control values. 

Lastly, when IK1 was reduced to at least 21%, or when ICaL was increased to at least 179%, 

the model started to generate not only a run of EADS, but also SDs (Figure 5.3). 

Figure 5.4: Changes in the time-course of the membrane potential due to variations in 

IK1 A) and ICaL B). 

Subsequently, I performed another series of simulations where starting with 21% control 
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IK1 (the minimum decrease in the conductance of IK1 which causes a run of EADs and 

SDs), I individually combine it with the conductance change of the other channels as 

listed in Table 5.1 (e.g: 21% control IK1 and 30% control INa, 21% control IK1 and 25% 

control Ito, etc). This was done to ascertain how their individual interactions could affect 

the genesis of afterdepolarizations caused by a reduction in IK1. The procedure was then 

repeated, but starting with 179% control ICaL instead (the minimum increase in the 

conductance of  ICaL which causes a run of EADs and SDs).  

 

As expected, when changes from the two channels which are responsible for the genesis 

of afterdepolarizations were combined together (i.e: 21% and 170% control IK1 and ICaL 

respectively, and 179% and 42% control ICaL and IK1 respectively), the EADs and SDs 

remained, but the membrane potential unphysiologically oscillated around a range of 

highly depolarized values (Figure 5.4 c i) and ii) ). Similarly, combining reduced Ito with 

reduced IK1 or increased ICaL only shifted the frequency in which SDs occurred, but had 

little impact on abolishing EADs and SDs (Figure 5.4 b i) and ii) ). For the remaining 

channels, their interactions varied depending on whether they interacted with reduced 

IK1 or increased ICaL.  

 

A reduction in IKur suppressed EADs as EADs on stimulated and triggered APs were 

abolished when reduced IKur was combined with reduced IK1, and was mostly abolished 

when combined with increased ICaL (Figure 5.4 d i) and ii) ). Reduced IKur also appeared 

to help suppress SDs, as combining a reduction in IKur alongside increased ICaL had 

abolished the SDs (Figure 5.4 d ii) ). 
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Figure 5.5: Time-course of the membrane potential in the proximity of the last three 

stimulated AP (indicated by the black triangles). In the first series, 21% control IK1 i) is 

individually paired with the changes in the other channels to ascertain how they affect 

the membrane potential. In the second series, the same procedure was used, but was 

conducted with 179% control ICaL ii) instead. 
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In contrast, a reduction in INa has negligible impact in suppressing EADs, but appears to 

have a significant impact in suppressing SDs that are caused by increased ICaL. When 

reduced INa was combined with increased ICaL, there were no occurance of SDs (Figure 

5.4 A ii) ), but reducing INa alongside reduced IK1 had negligible impact in changing the 

morphology of the SD with the run of EADs (Figure 5.4 A i) ). This result is rather 

interesting, because as previously mentioned, for SDs to occur, the inward depolarizing 

current from INaCa caused by a diastolic leak or release of Ca2+ from the SR needs to be 

able to depolarize the memembrane sufficiently such that INa can activate and further 

depolarize the membrane. The fact that reducing INa has such a negligible impact on SDs 

caused by reduced IK1 suggests that SDs generated in this manner occur through a 

different mechanism. 

 

This notion is reinforced by Figures 5.4 E) and F). While reducing SERCA or RyR 

alongside increased ICaL did not suppress EADs, it did abolish SDs (Figure 5.4 E) and F) 

ii) ). However, reducing SERCA or RyR alongside reduced IK1 instead had negligible 

impact in suppressing EADs and SDs (Figure 5.4 E) and F) i) ), and had even caused the 

RMP to become unphysiologically depolarized for the reduced SERCA and IK1 case 

(Figure 5.4 E) i) ). This shows that SDs caused by reduced IK1 can occur without the 

internal Ca2+ handling of the atrial myocyte, which is vastly different to our classical 

understanding of how SDs are initiated. 

  

5.2.4 Contributions to the Prolongation of the APD and Increased 

[Ca2+]i Decay Time 

 

In the Nadadur et al study, as well as observing EADs, DADs, and SDs in TBX5 

knockout atrial myocytes, they also observed a prolongation in the APD50 and APD90 

(but no overall change in the RMP), and an increase in the time to peak [Ca2+]i, and time 

to 50% decay of [Ca2+]i after a transient. To identify the main channel changes which 

attribute to each of these changes, I ran a subsequent series of simulations where I 

separately implemented the channel changes as shown in Table 5.1, except I used 45% 

control IK1 and 123% control ICaL, and measured the above AP and [Ca2+]i biomarkers 

(Figure 5.5). These values were used instead as they were the highest possible 

incremental decreases and increases respectively without causing afterdepolarizations. 

 

The decrease in the conductivity of  IK1 and increase in ICaL are the only two channels 

which significantly caused the prolongation of the APD50 and APD90 (Figure 5.6B and 
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C). Changes in these two channels have also been previously implicated to be the cause 

of EADs, and so this is consistent with our understanding that EADs are initiated by the 

prolongation of the APD due to reduced IK1 and elevated ICaL (Figure 5.3). In contrast, 

the decrease in the conductivity of Ito, IKur, RyR, and maximum uptake of SERCA all 

caused the decrease of the APD50 and APD90 (Figure 5.6B and C). These channels were 

previously implicated to play some role in suppressing EADs caused by decreased IK1 

or increased ICaL. However among these four channels, the reduction in IKur had the most 

impact in suppressing EADs, as it was able to completely abolish all reduced IK1 induced 

EADs, and suppressed elevated ICaL EADs down to just one on each stimulated AP 

(Figure 5.4). From looking at the impact that reduced IKur has on the APD50 and APD90, 

it had the greatest impact in reducing APD90 compared to the other three channels, and 

so it is likely that reduced IKur has the greatest impact in suppressing EADs because it 

reduced APD90 the greatest out of the four channels (Figure 5.6 C). 

 

Afterwards, I performed two additional simulations, one with all the changes in Table 

5.1 implemented except with 45% IK1 and 123% ICaL (this is termed the test TBX5 

knockout) and one with all the changes in Table 5.1 (i.e: the reference TBX5 knockout), 

and measured the aforementioned AP and [Ca2+]i biomarkers in these two cases.  

 

With the aforementioned changes of all the channels were combined together (i.e: test 

TBX5 KO), the APD50 and APD90 were at the same level as in the control case. This is 

because under the test TBX5 KO case, the downregulation of Ito, IKur, SERCA, and RyR 

was able to mostly counteract the prolongation of the APD50 and APD90 due to the 

downregulation of IK1 and upregulation of ICaL. When I instead used the exact changes 

as listed in Table 5.1 (i.e: ref TBX5 KO), which has a much greater conductance value 

for ICaL, the APD50 and APD90 was significantly greater than the control case (Figure 

5.6 B and C). Hence this shows that in TBX5 knockout atrial myoctes, significant APD50 

and APD90 prolongation occurs due to the downregulation of IK1 and/or the upregulation 

of ICaL being greater relative to changes in the other channels. 

 

In regards to the RMP, only the reduction of IK1 caused a noticeable difference. Reduced 

IK1 caused the RMP to be at a more depolarized value, while changes in other channels 

had negligiable impact (Figure 5.6 A). However, as shown in Figure 4.5, TBX5 knockout 

actually causes a very small change in the RMP compared to the control case, and so this 

suggests that EADs, DADs, and SDs are caused mainly by elevated ICaL rather than 

reduced IK1  in the model since elevation of this channel has negligible impact in 
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changing the RMP from the control case. The reason why the latter has such a 

pronounced effect on the RMP in the model was because reducing IK1 reduces the efflux 

of K+, and so the balance of the currents during diastole shifts more in the direction of 

repolarization, hence the elevation in RMP [204]. 

 

Out of the the upregulation of ICaL and the downregulation of Ito, IKur, SERCA, and RyR, 

the downregulation of the Ca2+ handling proteins attributed the most to the increase in 

the time to peak for [Ca2+]i (Figure 5.7 A). Downregulation of Ca2+ handling proteins 

also attributed the most to the increase in time to 50% decay of peak [Ca2+]i after a 

transient. In contrast, the downregulation of IK1 and upregulation of ICaL instead causes 

the time to 50% decay of peak [Ca2+]i to be reduced. However under the test TBX5 KO 

case, the down regulation of IK1 and upregulation of ICaL had little impact in 

counteracting the increase in the time to peak [Ca2+]i and time to 50% decay peak [Ca2+]i 

caused by the downregulation of SERCA and RyR, highlighting the critical role that Ca2+ 

handling channels plays in governing the Ca2+ dynamics of the atrial myocyte. Under 

the ref TBX5 KO case instead, the greater conductance of ICaL decreased the time to 50% 

decay [Ca2+]i to a level that is more physiologically representative of what is observed 

in TBX5 knockout atrial myocytes in the Nadadur et al study  (Figure 5.7 B). 
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Figure 5.6: Time-course of the membrane potential i) and [Ca2+]i ii) at the last stimulated 

AP (indicated by the black triangle) for 30% INa, 35% Ito, 123% ICaL, 42% IKur, 45% IK1, 

42% SERCA, 22% RyR, test TBX5 knockout, and reference TBX5 knockout (A-I) are 

compared with the control case. 
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Figure 5.7: The individual impact of the remodelling of each case on the RMP A) APD50 

B) and APD90 C) at the last stimulated AP. The dotted line indicates the level of the 

control case for each biomarker. 

Figure 5.8: The individual impact of the remodelling of each case on the time to peak 

[Ca2+]i A) and the time to 50% decay of peak [Ca2+]i  for the [Ca2+]i transient 

corresponding to the last stimulated AP. The dotted line indicates the level of the control 

case for each biomarker. 
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5.2.5 The Dependency of Afterdepolarizations on [Ca2+]i  

As shown previously, APD prolongation caused mainly by the downregulation of IK1 or 

the upregulation of ICaL plays a critical part in the initiation of impaired TBX5-induced 

EADs. However, APD prolongation by itself cannot generate a sufficiently strong inward 

depolarizing ICaL current to occur in the CRN-Grandi model. This is because ICaL in both 

the junctional cleft and sarcolemma depends on [Ca2+]j and [Ca2+]sl. Hence, if clamped 

[Ca2+]i is brought down such that [Ca2+]j and [Ca2+]sl is also indirectly reduced, ICaL in 

both the junctional cleft and sarcolemma may no longer be sufficient to trigger EADs. 

 

Similarly, DADs and SDs can also be brought about if there is sufficient elevation of 

diastolic [Ca2+]j to the threshold for CICR to occur. This release of Ca2+ from the SR will 

thus further elevate [Ca2+]j, stimulating the Na+/Ca2+ exchanger in generating an inward 

depolarizing current for DADs and SDs [45-47].  

 

Because only changes in IK1 or ICaL could bring about EADs and SDs in our model, it is 

possible that the downregulation of IK1 or the upregulation of ICaL due to impaired TBX5 

expression brought about both forms of afterdepolarizations through elevating [Ca2+]j 

and [Ca2+]sl with respect to the other ionic concentrations. Hence, to examine if the 

downregulation of IK1 or upregulation of ICaL caused an elevation of [Ca2+]j and [Ca2+]sl 

such that a threshold was reached in triggering impaired TBX5-based 

afterdepolarizations, I performed a [Ca2+]i clamp protocol with only IK1 set at 21% of its 

control value, and another experiment with only ICaL set at 179% of its control value. 

These values were chosen as they are the respective minimum decreases and increases 

in IK1 and ICaL that brings about both EADs and SDs. 

 

I performed the first simulation without applying the [Ca2+]i clamp to record the 

corresponding time-course of Jrel and INaCa. In both cases, because of the absence of 

spontaneous Ca2+ release events from the SR, the inward depolarizing current for EADs 

was generated by ICaL, followed by INaCa. This confirms that EADs in our simulations 

occur mainly due to the prolongation of the APD and subsequent reactivation of ICaL. For 

SDs, these were triggered by the stimulation of the NCX due to spontaneous Ca2+ release 

events from the SR in the form of Ca2+ release transients and ICaL.  
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Figure 5.9: Time-course of the membrane potential A), the release current through the 

RyR B) and the current through the NCX C) and L-type Ca2+ channel D) at the last 

stimulated AP (indicated by the black triangle) for the 21% control IK1 case in the [Ca2+]i 

clamp protocol experiment. The grey bar indicates the interval in which the [Ca2+]i clamp 

was applied. 
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Figure 5.10: Time-course of the membrane potential A), the release current through the 

RyR B) and the current through the NCX C) and L-type Ca2+ channel D)  at the last 

stimulated AP (indicated by the black triangle) for the 179% control ICaL case in the 

[Ca2+]i clamp protocol experiment. The grey bar indicates the interval in which the 

[Ca2+]i clamp was applied. 



129 
 

 
 
 
 

For both cases, when [Ca2+]i was clamped at 100% [Ca2+]i,pcol, the model exhibited 

unphysiological behavior. For the 21% IK1 case, the membrane potential oscillated 

between -10 to -20 mV, which also corresponded to oscillations in Jrel, INaCa, and ICaL. 

For the 179% ICaL case, the RMP went to around -20 mV, and Jrel, INaCa, and ICaL remained 

constant.  

 

At lower values of [Ca2+]i,pcol, afterdepolarizations became more suppressed.  EADs on 

the stimulated AP were abolished when [Ca2+]i,pcol was reduced to at least 28% of its 

original value for the 21% IK1 case, and to at least 19% of its original value for the 179% 

ICaL cases. For both cases, in the region where the EADs on the stimulated AP were 

abolished, Jrel, INaCa, and ICaL were negligible, but in the regions where SDs occurred, 

there was still the stimulation of the NCX due to the Ca2+ release transient from the SR.  

When [Ca2+]i,pcol was further reduced to at least 15% of its original value in the 21% IK1 

case, and to at least 10% of its orginal value in the 179% ICaL case, the SDs also became 

abolished, as well as the currents from the RyR and NCX after the last stimulated AP 

(Figure 5.8 and 5.9).  

 

Together, this demonstrates that the elevation of [Ca2+]i due to the downregulation of IK1 

and upregulation of ICaL due to impaired expression of TBX5 plays some part in 

triggering EADs, DADs, and SDs. In particular, for the latter, changes in these two 

channels causes the elevation of diastolic [Ca2+]j and [Ca2+]sl  relative  to the other ionic 

concentrations to the threshold for CICR, which further raises diastolic [Ca2+]j and 

[Ca2+]sl  and stimulates the NCX to generate a strong inward depolarizing current for 

DADs and SDs. For the former, simulations show that they require a sufficient level of 

[Ca2+]j and [Ca2+]sl  to occur, and so decreases in IK1 and/or increases in ICaL could simply 

increase plateau [Ca2+]j and [Ca2+]sl  relative to the ionic concentrations sufficiently for 

ICaL to generate a strong enough inward depolarizing current for EADs to occur. 

 

5.2.6 The Mechanisms Behind Downregulated IK1 and Upregulated 

ICaL-induced Afterdepolarizations 

 

While both the downregulation of IK1 and the upregulation of ICaL can give rise to all 

forms of afterdepolarizations, the mechanisms by which they occur could be quite 

different. To investigate this, I inhibited INaCa, ICaL, SERCA, and INa, to varying levels 

and observed how this affected the afterdepolarizations caused by changes in either IK1 

or ICaL.  
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Compared to upregulated ICaL-induced DADs and SDs, downregulated IK1-induced 

DADs and SDs seem to not be as dependent on CICR and subsequent simulation of the 

NCX than the former. For example, when the conductivity of the RyR was reduced down 

to 22% of its control value with 21% control IK1, the downregulated IK1-induced SDs 

remained. However, when the same reduction in RyR was made with 179% control ICaL, 

the SDs were abolished (Figure 5.4 F i) and ii) ). 

Figure 5.11: Time-course of the membrane potential with the inhibition of either INa A) 

ICaL B), INaCa C), and RyR D) alongside 21% control IK1 at the last three stimulated AP 

(indicated by the black triangles). 

Furthermore, reduced IK1-induced SDs do not appear to require the reactivation of INa to 

occur. When the conductivity of INa was reduced down to 30% its control value alongside 

21% control IK1, there was almost no change in the morphology of the SD to just 21% 

control IK1. In contrast, when the same reduction in INa was made alongside 179% control 

ICaL, the SDs were abolished (Figure 5.4 A i) and ii) ). 

 

As well as SDs, downregulated IK1-induced EADs and upregulated ICaL-induced EADs 

might also have different mechanisms in which they occur. As shown in Figure 5.4 D i) 
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and ii), reducing IKur down to 42% of its control value alongside 21% control IKur 

abolished the EADs, but not when the same reduction was made under 179% control 

ICaL.  

Figure 5.12: Time-course of the membrane potential with the inhibition of either INa A) 

ICaL B), INaCa C), and RyR D) alongside 179% control ICaL at the last three stimulated AP 

(indicated by the black triangles). 

To better understand the difference in mechanisms between downregulated IK1 and 

upregulated ICaL-induced afterdepolarizations, I probed the relative contributions of the 

Ca2+ handling channels and the Na+ channel in the genesis of these afterdepolarizations 

through an inhibition test. Specifically, I ran two series of simulations (one for 21% 

control IK1, and the other for 179% ICaL) where I separately varied the conductance of 

INa, ICaL, INaCa, and RyR to various levels and observed how this affected the 

afterdepolarizations. 

 

Figures 5.10 and 5.11 A confirm that in the model, downregulated IK1-induced SDs are 

not initiated by the reactivation of INa. Even when INa was completely blocked alonogside 

21% control IK1, there was negligible impact on the original morphology of the SD. In 

the case of 179% control ICaL, reducing the conductivity by just 25% of its original value 
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was sufficient to abolish the SD. These figures also show that with reduced IK1, the 

stimulated APs do not require the activation of INa to occur, as completely blocking INa 

had no effect on the morphology of the stimulated AP or in preventing the AP from occur. 

However, completely blocking INa alongside 179% control ICaL did prevent APs from 

occurring even with the application of the stimuli. 

 

CICR also appears to not be the prominent mechanism which initiates downregulated 

IK1-induced DADs and SDs. Increasing inhibition of RyR only shifted the frequency in 

which SDs occurred, while for 179% control ICaL, reducing the conductivity of RyR to 

75% of its control value was sufficient in abolishing them. SDs were only abolished in 

the former case when RyR was completely inhibited, but this also resulted in the RMP 

being at an unphysiological value of -20 mV. In regards to the role that RyR has on 

downregulated IK1 or upregulated ICaL-induced EADs, the RyR appears to play some 

minor role in this, as further increases in its inhibition did reduce the duration in which 

they occur, particulary when RyR was inhibited to just 25% of its control value alongside 

179% control ICaL (Figure 5.10 and 5.11 D). 

 

Lastly, the importance of having elevated [Ca2+]i in triggering afterdepolarizations was 

also demonstrated with the inhibition tests on ICaL and INaCa. For both 21% control IK1 

and 179% control ICaL, reducing just the conducitivity of ICaL to 75% of its control value 

was able to abolish all EADs and SDs (Figure 5.10 and 5.11 B). This is because inhibiting 

ICaL reduces the influx of Ca2+ needed to elevate it to the threshold for EADs, DADs, and 

SDs. 

 

However, to suppress or abolish EADs and SDs with the inhibition of INaCa instead, the 

channel needs to be at least almost completely inhibited. For both cases, while inhibiting 

INaCa down to at least 75% or 50%  of its control conductivity did have some effect in 

reducing the duration of EADs, it also increased the frequency of SDs. With further 

inhibition of INaCa down to 25% of its control conductivity, downregulated IK1-induced 

EADs and SDs remained, but upregulated ICaL-induced EADs have been abolished, and 

upregulated ICaL-induced SDs were reduced to DADs. When INaCa is completely inhibited 

for both cases, the afterdepolarizations were abolished (Figure 5.10 and 5.11 C).  

5.3 Discussion 

TBX5 is a T-box transcription factor gene that works antagonistically with paired-like 



133 
 

 
 
 
 

homeodomain 2 (PITX2) in regulating the gene expression of ionic and Ca2+ handling 

channels [187, 205-207]. Recent GWAS and mice knockout studies have demonstrated 

that reduction in the expression of TBX5 results in the reduction of gene expressions 

associated with K+, Na+, and Ca2+ handling channels, and the onset of ectopic activity in 

the form of EADs, DADs, and SDs, which are known substrates to AF [187, 205, 206]. 

In this study, I investigated the mechanisms by which changes in gene expressions 

associated with these channels due to impairment in TBX5 can trigger EADs, DADs, 

and SDs as illustrated in the crucial mice knockout study by Nadadur et al. To achieve 

this, I developed a bio-physics based model that was capable of reproducing these forms 

of abnormal depolarization by incorporating the Ca2+ handling in the Grandi [107] model 

into the CRN [106] model. 

 

 For both downregulated IK1 and upregulated ICaL-induced phase 2 EADs, while they 

were initiated by the reactivation of ICaL due to the prolongation of the APD, the [Ca2+]i 

clamping protocol experiments showed that a [Ca2+]i threshold needs to be met for their 

genesis to occur. These experiments also showed that the downregulation of IK1 or 

upregulation of ICaL can initiate SDs by elevating diastolic [Ca2+]i to the threshold for 

CICR to occur, which subsequently further elevates [Ca2+]i, stimulating the NCX to 

generate the inward depolarizing current for SDs to occur.   

 

Following this, I conducted a series of simulations where I separately inhibited INa, ICaL, 

INaCa, and RyR to various degrees, first under the presence of downregulated IK1-induced 

afterdepolarizations, and then under the presence of upregulated ICaL-induced 

afterdepolarizations instead.  Through these inhibition tests, I revealed that the genesis 

of EADs were mainly dependent on ICaL and INaCa, while SDs instead were dependent on 

all four of the tested channels. In both cases, inhibition of INaCa caused proarrhythmic 

increase in the frequency of SDs, caused possibly by the overall decrease in Ca2+ efflux. 

Only near or complete block of INaCa were both EADs and SDs were abolished. In 

contrast, in both cases, a slight inhibition of ICaL was sufficient to abolish both EADs and 

SDs. This is likely because inhibiting ICaL reduces the overall Ca2+ influx, which 

subsequently decreases [Ca2+]i below the threshold for EADs and SDs to occur. The 

inhibition tests on INaCa and ICaL therefore reinforces the importance of elevated [Ca2+]i 

in initiating EADs and SDs. 

 

There are also some mechanistic differences behind downregulated IK1 and upregulated 

ICaL-induced EADs and SDs. Unlike upregulated ICaL-induced SDs, downregulated IK1-
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induced SDs do not require the suprathreshold activation of INa for SDs to occur. 

Similarly, stimulated APs in the presence of downregulated IK1 also do not require the 

suprathreshold activation of INa through an external stimulus to trigger APs. This could 

potentially be because downregulated IK1-induced SDs were already occurring during 

the same duration where the train of stimuli was being applied, and so these stimulated 

APs were instead SDs. 

 

The other main difference in mechanism is that downregulated IK1-induced SDs are also 

not as dependent on CICR than upregulated ICaL-induced SDs. Upregulated ICaL-induced 

SDs were abolished when the RyR was slightly inhibited, whereas downregulated IK1-

induced SDs require the complete inhibition of RyR to be abolished. A plausible 

explanation for this could be because reducing IK1 also reduces the [Ca2+]i threshold for 

CICR, and so the RyR needs to be significantly inhibited to offset the decrease in the 

CICR threshold. 

5.3.1 The Correlation Between Channel Expression and Function 

In this study, we assumed changes in channel expression correlated to changes in its 

function. This was a reasonable assumption to make, as ion channel gene expression 

profiling has been used as a viable technique to probe the mechanisms by which cardiac 

diseases occur [208]. In general, changes in channel gene expression correlated to 

changes in the function of the channel. Various human and animal studies observed 

decreases in the expression of K+-channel subunits related to IK1 and Ito [209-211], Ca2+-

channel subunits related to ICaL [211, 212], and SERCA [211, 213, 214]. This was 

consistent with literature which reported a decrease in function for those channels in 

chronic heart failure patients [215].  

 

Several studies have also applied gene-expression profiling to examine atrial-tissue 

changes associated with AF. One of the most prolific study was by Gaborit et al, whereby 

they reported that Kir2.1 (associated with IK1) and Cav1.2 (associated with ICaL) were 

respectively upregulated and downregulated in AF patients. Similar findings have also 

been made in other studies [216]. These changes corresponded to the functional changes 

in their respective channels in AF patients [217, 218].  

 

In contrast, there have been a few cases where changes in channel gene expression did 

not correlate to functional changes in the channel. For example, in heart failure, some 
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studies report a downregulation in the gene expression associated with the Na+/Ca2+ 

exchanger [211, 214] despite extensive evidence of functional upregulation of the 

exchanger in heart failure [215, 219]. In regards to the PITX2 and TBX5 regulatory 

network, while most changes in the gene expressions due to changes in these 

transcription factors correlated to their functional changes [183, 187, 191, 206], there are 

a few instances where this was not the case. In the study by Pérez-Hernández et al, 

voltage-clamp experiments with HL-1 cells transfected with PITX2 showed an increase 

in ICaL despite no change in the gene expression associated with the channel [191]. In the 

study by Dai et al, despite a downregulation in gene expression associated with RyR, 

there was no overall reduction in the open probability of the channel. Furthermore, 

despite the gene expression associated with ICaL being downregulated in TBX5-knockout 

myocytes, voltage-clamp experiments instead showed an increase in ICaL [206]. Overall, 

while the assumption is true in most cases, there are certain scenarios where it is not the 

case. 

 

5.3.2 The Impact of Remodeled Channels due to Impaired TBX5 on 

Membrane Potential and Ca2+ Handling Biomarkers 

 

In the experimental study by Nadadur et al, a comparison of the membrane potential and 

intracellular Ca2+ handling biomarkers was made between control and TBX5 knockout 

atrial myocytes. For the membrane potential biomarkers, TBX5 knockout atrial 

myocytes exhibited a very slightly depolarized RMP, nearly two and a half-fold increase 

increase in the APD50, and nearly three-fold increase in the APD90 compared to the 

control case (Figure 4.2 A). Prolongation of the APD is to be expected, as it is a crucial 

step in triggering EADs [44, 220, 221]. For the intracellular Ca2+ handling biomarkers, 

the time to 50% decay and the time to peak for [Ca2+]i were respectively nearly two and 

a half and one and a half-fold greater in TBX5 knockout atrial myocytes compared to 

the control case respectively (Figure 4.2 C) [187].  

 

During our simulations where I ascertained the impact that individual changes in 

channels have on the genesis of EADs and SDs, I also measured these biomarkers in 

each case. Out of all the channels, only a reduction in IK1 had a noticeable impact in 

elevating the RMP. This is because IK1 is responsible for the stabilization of the 

membrane potential (Figure 5.6 A) [204, 222, 223]. Furthermore, reduced IK1 also had a 

significant impact on prolonging the APD50 and APD90, followed by ICaL (Figure 5.6 B 

and C). This is consistent with some experimental studies which investigated the impact 
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that reduced IK1 and increased ICaL has on the APD [224-229]. 

 

When all the channel changes under test TBX5 KO were implemented into the model, 

the APD50 and APD90 was around the same level as the control case. However under 

ref TBX5 KO instead which contains a much higher conductance increase in ICaL, the 

APD50 and APD90 was noticeably higher than in the control case (Figure 5.6 B and C), 

although not to the same extent as in the Nadadur et al study. 

 

In contrast, reduced IK1 and increased ICaL only caused a slight increase in the time to 

peak, but significantly decreased the time to 50% decay for [Ca2+]i. Elevation of the time 

to peak and time to 50% decay for [Ca2+]i was mainly due to the reduction of SERCA 

and RyR (Figure 5.7 A and B). Under test TBX5 KO, the time to peak was just over two-

fold greater than the control case, but the time to 50% decay for [Ca2+]i was about four-

fold greater instead, which is much greater than measurements in the Nadadur et al study. 

Under ref TBX5 KO instead, the greater conductivity in ICaL pushed the time to 50% 

decay for [Ca2+]i to a more physiologically representative value of two-times the control 

(Figure 5.7 A and B).  

 

Hence based on these results, it appears that under impaired TBX5 condition, APD 

prolongation is caused mainly by a significant upregulation of ICaL, while 

downregulation of IK1 plays more of a secondary role. This is because upregulation in 

the former channel significantly increases the APD50 and APD90 without depolarizing 

the RMP as is the case with the downregulation of the latter channel. Downregulation of 

SERCA and RyR on the other hand are responsible for the significant increase in the 

time to peak and time to 50% decay for [Ca2+]i as observed in TBX5 knockout atrial 

myocytes, which are kept in moderation by the upregulation of ICaL and downregulation 

of IK1. 

5.3.3 The Nuanced Impact of Inhibiting IKur on the APD 

Through the simulations, I found that amongst the ionic and Ca2+ handling channels, the 

downregulation of IK1 and upregulation of ICaL were responsible for the triggering of 

phase 2 EADs and SDs, while the downregulation of IKur and to a lesser extent INa, 

SERCA, and RyR were responsible instead for opposing the genesis of these 

afterdepolarizations in the CRN-Grandi model. In particular, it is rather interesting that 

the reduction of IKur in this model causes the suppression of EADs, as in the Grandi 
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human atrial model, it was shown that when isoproterenol was administered alongside a 

50% reduction in IKur, the AP exhibited EADs instead [107].  

 

In actuality, the impact that blocking of IKur has on the AP is rather nuanced. In atrial 

myocytes from sinus rhythm patients, 4-Aminopyridine (an IKur blocker) would shorten 

the APD90, but in AF patients, it instead prolongs it [230, 231]. Using a modified Luo-

Rudy model, Wettwer et al revealed that blocking IKur also results in secondary increases 

in ICaL, IKr, and IKs. This increase was greater in AF conditions than in sinus rhythm. 

Furthermore, when 4-Aminopyridine was applied in both the computational model and 

in experiments alongside E-4031, a blocker of IKr under sinus rhythm, the APD90 instead 

prolongated instead of shortened [230].  

 

Whether inhibition of IKur prolongs or shortens APD90 appears to stem from the level of 

electrical remodelling that has taken place, and the type of channels which have been 

remodelled. Specifically, blocking IKur can shift the plateau either into or out of the ICaL 

window [232], and this will determine whether ICaL is larger (APD prolongation and 

EAD promotion) or smaller (APD shortening and EAD inhibition). Thus in the CRN-

Grandi model, it is quite likely that blocking IKur has caused the latter to occur, hence the 

suppression of EADs.  

 

5.3.4 Afterdepolarizations Triggered by Increased L-type Ca2+ 

Channel Conductivity 

 

It is generally accepted that EADs occur when there is an increased inward current, such 

as ICaL. Typically this causes a prolongation of the AP, allowing ICaL to recover from 

inactivation and generate the inward depolarizing current for EADs [46]. Increased ICaL-

induced EADs typically occur when there is adrenergic stimulation of the channel, which 

can potentially lead to the triggering of congenital long QT syndrome (LQTS) [233]. 

Consistent with these experimental findings, our simulations have shown that 

upregulation of ICaL can give rise to EADs due to the prolongation of the APD. 

 

Researchers have demonstrated that the range of membrane potentials in which the L-

type Ca2+ channel could reactivate to give rise to EADs is given by what is known as the 

ICaL window [52, 234]. This window is given by the area when is encompassed by the 

activation or inactivation cuves of ICaL, and within this window the L-type Ca2+ channels 

cycle between closed, open, and inactivated states, constituting the underlying 
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mechanism for EADs [235]. Using a technique known as dynamic clamping in atrial 

myocytes from patients undergoing heart surgery, Kettlewell et al found that by shifting 

the half-voltages of activation to slightly more repolarized values, and inactivation to 

more depolarized values (thus lengthening the ICaL window), this caused the 

prolongation of the APD and EADs to occur. Interestingly, in a subsequent experiment 

in which they increased the conductance of ICaL by three-fold, this had no effect on the 

ICaL window, but did promote APD prolongation and EADs. Narrowing the ICaL with 

elevated ICaL conductance did however rescue APD prolongation and abolished the 

EADs [236]. 

 

Experimental models have also shown that DADs and SDs could be brought about by 

elevating diastolic [Ca2+]i through increased ICaL conductivity [45]. Using the beta-

adrenergic pathway to increase ICaL in canine atrial [237, 238] and human atrial myocytes 

[239], Burashnikov and Antzelevitch, Tseng and Wit, and Chen et al respectively. In line 

with these findings, results from our [Ca2+]i clamping experiment showed that when the 

magnitude in which [Ca2+]i was clamped at dropped below a certain threshold, the SDs 

were abolished. Hence, elevated [Ca2+]i due to the increased Ca2+ influx from increased 

ICaL is the trigger that initiates upregulated ICaL-induced DADs and SDs in impaired 

TBX5 atrial myocytes. 

 

5.3.5 Pacemaking Properties of Reduced IK1 and [Ca2+]i -Vm Coupling 

Gain  

 

In a pioneering study by Miake et al [240], they demonstrated that a biological 

pacemaker could be created from a normal ventricular myocyte through the genetic 

suppression of IK1 [241]. This pacemaker generated spontaneous and rhythmic APs 

which share similar characteristics to natural pacemaking cells found in the sinoatrial 

node (SA node) [242]. Many studies have also reported a reduction in IK1 in ventricular 

myocytes resulted in the depolarization of the resting membrane potential [243], a 

prolongation in the APD [226], and the facilitation of EADs, [244, 245] DADs, and SDs 

[243, 246], and are typical hallmarks of heart failure [247-249] and long-QT syndrome 

[250, 251].  

 

There is a hypothesis that reduced IK1-triggered EADs, DADs, and SDs are caused by a 

decrease in the repolarization reserve. This refers to the redundancy of repolarizing K+ 

currents in cardiac myocytes. Such redundancy exists because it prevents excessive 
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prolongation of the APD which could lead to after depolarizations, in particular EADs 

[252-254].  In computer modelling studies by Voigt et al [255], Song et al [256], and 

Maruyama et al [257], they instead hypothesized that a reduction in IK1 causes an 

increase in the sensitivity of the RMP to elevated [Ca2+]i  (termed [Ca2+]i – Vm coupling 

gain), which thus increases the susceptibility of the myocyte to afterdepolarizations. 

Others such as Sung et al hypothesized that a reduction in IK1 allows for the same INaCa 

to produce a larger DAD and vice-versa [245, 258]. 

 

Based on our simulation results, it appears that both APD prolongation and [Ca2+]i – Vm 

coupling gain are the mechanisms behind downregulated IK1-induced EADs. In the 

[Ca2+]i clamping experiment, when the [Ca2+]i clamp was reduced below a certain 

threshold for downregulated IK1-induced afterdepolarizations, the EADs on the 

stimulated AP were abolished. This can be interpreted as the [Ca2+]i – Vm coupling gain 

being no longer sufficient to elicit EADs. Further reduction of the magnitude in which 

[Ca2+]i was clamped at also abolished downregulated IK1-induced SDs, illustrating that 

[Ca2+]i – Vm coupling gain also holds true for downregulated IK1-induced SDs. 

5.3.6 The Antiarrhythmic Effects of Inhibiting NCX  

In animal models of heart failure or hypertrophy, it was observed that the function of the 

NCX was increased [259]. Researchers hypothesized that this increase in NCX activity 

can trigger the occurrence of EADs, DADs, and SDs, thus giving rise to arrhythmias as 

observed under these conditions [260]. As such, many experiments have been conducted 

to investigate the antiarrhythmic effects of NCX inhibition through pharmacological 

means [261, 262] or genetic knockout of the NCX [263-265]. 

 

To this day, there is still some debate as to whether the inhibition of the NCX can be 

antiarrhythmic. For example, in the study by Chang et al, despite the use of a highly 

selective NCX inhibitor, they were unable to suppress the development of EADs [266]. 

However, in another study by Bögeholz et al in which the genetic knockout approach 

was investigated instead, they found that genetic suppression of the NCX was able to 

suppress EADs, DADs, and SDs [259]. 

 

Through our simulations, inhibiting the NCX had little impact in suppressing 

downregulated IK1 or upregulated ICaL-induced EADs, and only increased the frequency 

of SD, suggesting that NCX inhibition is actually arrhythmic. These afterdepolarizations 
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were only suppressed when the inhibition was nearly a complete block. One possible 

explanation for these observations could be because since the NCX is mostly in the Ca2+ 

efflux position (i.e: one Ca2+ ion is exported in exchange for the import of 3 Na+ ions) 

except during the upstroke of an AP [9], reducing the conductivity of the NCX reduces 

the amount of Ca2+ ions that are being exported out of the myocyte, allowing for the 

[Ca2+]i threshold for EADs, DADs, and SDs to be more easily met. It is only when the 

NCX is almost or completely inhibited that it can no longer generate the inward 

depolarizing current needed for afterdepolarizations to occur. 

 

5.3.7 Antiarrhythmic Effects of Na+ and RyR Channel Blockers under 

Impaired TBX5 Condition 

 

Na+-channel blockers (Class I antiarrhythmic drugs), such as quinidine, lidocaine, and 

flecainide, bind to and block voltage-gated Na+-channels, slowing the rate and amplitude 

of the initial rapid depolarization (phase 0 of an AP), and reducing cell excitability and 

conduction velocity [8, 267-269]. As such, a complete block of INa in our model with 

upregulated ICaL was able to prevent the external stimuli from triggering APs (Figure 

5.11 A), but not with downregulated IK1 (Figure 5.10 A).  There have also been claims 

that Na+-channel blockers can also suppress DADs and SDs [87, 270]. However, based 

on our simulations, a complete block of INa under impaired TBX5 had a negligible impact 

in abolishing these afterdepolarizations.  

 

In line with antiarrhythmic drugs such as propafenone and dantrolene, flecainide is also 

used to reduce diastolic SR Ca2+ leak and spontaneous Ca2+ release, and significantly 

suppress DADs and SDs in human AF cardiomyocytes [87, 271]. Our simulation results 

showed that a complete block of RyR only abolished the EADs, but not SDs. Similar 

observations occurred when I blocked RyR with only the downregulation of IK1. This 

suggests that SDs triggered by downregulated IK1 were not caused by the spontaneous 

release of Ca2+ from the SR. 

 

In another computer modelling study by Bai et al where they also investigated the 

alterations in the ionic and Ca2+ handling mechanisms due to impaired expression of 

TBX5, they also identified the downregulation of IK1 to be responsible for the onset of 

SDs. However, when they simulated the antiarrhythmic effect of dantrolene, they found 

that this was able to abolish SDs as it completely prevented the spontaneous release of 

Ca2+ from the SR [272]. Bai et al also studied the electrical remodelling of ionic and Ca2+ 
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handling channels due to impaired expression of PITX2, which included the 

downregulation of IK1. They investigated the individual antiarrhythmic effects that 

flecainide on INa and RyR. Consistent with their other study on impaired TBX5, the effect 

of flecainide on RyR was able to abolish SDs caused by impaired expression of PITX2. 

However, the effect on flecainide on INa was unable to abolish these SDs [273].  

 

The discrepancy in the results between our model and the models by Bai et al could be 

because our model exhibits much greater [Ca2+]-Vm coupling gain with downregulated 

IK1 compared to the Bai models. As a result, EADs and SDs can trigger without the need 

of spontaneous Ca2+ release from the SR through the RyR. Variation in [Ca2+]-Vm 

coupling due to downregulated IK1 might also explain some of the variations in the 

efficacy of antiarrhythmic drugs and their potential proarrhythmic side effects. 

5.4 Limitations 

In this modelling study, I assumed changes in the gene expression for ionic and Ca2+ 

handling channels correspond to changes in the conductivity of their respective channels 

[194, 273]. This is an appropriate approach as experimental studies in the 

arrhythmogenicity of PITX2 and TBX5 have demonstrated that a downregulation in 

gene channel expression correlates to a decrease in its conductivity and vice-versa [191, 

192, 205, 206, 268, 274]. However, there are a few instances where this is not the case. 

For example, in the study by Dai et al, while there was a reduction in the expression of 

RyR2 due to impaired expression of TBX5, there was no overall reduction in the open 

probability or conductivity of RyR [206]. Instead changes in gene channel expressions 

can result in changes in the activation and inactivation kinetics of the channel [191]. 

Hence, unless the information is available on the electrophysiological changes of a 

channel, I assumed that changes in gene channel expression corresponds to changes in 

its conductivity.  

 

Interestingly, reduced expression of IK1 was mainly reported in ventricular myocytes 

under heart failure and long-QT syndrome [247-251]. In atrial myocytes, an upregulation 

of IK1 took place and was mainly reported in chronic or familial AF patients [226, 275-

278], leading to APD shortening and hence reentry [223, 279]. As a result, it is unclear 

if it is physiologically possible to trigger EADs, DADs, and SDs due to a reduction in 

IK1, and if reduced IK1 due to impaired TBX5 expression is the main cause of these 

afterdepolarizations. In relation to this, Dai et al [206] expanded upon the study by 
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Nadadur et al [187] by probing for the functional changes in the channels responsible for 

the onset of DADs and SDs. Through voltage-clamp and caffeine-based experiments, 

they identified the downregulation of SERCA and the upregulation of ICaL and INaCa to 

be one of the causes of impaired TBX5 triggered DADs and SDs. However, no 

experiment was conducted on IK1 to ascertain if the conductivity of that channel is 

reduced under impaired TBX5 condition and the role it plays in triggering 

afterdepolarizations.  

 

There is also a discrepancy regarding the importance that spontaneous Ca2+ release from 

the SR plays in initiating DADs and SDs due to a reduced expression of IK1. Maruyama 

et al [257] and Voigt et al [280] explained that because a reduction in IK1 causes a 

destabilization in the RMP of the myocyte, the depolarizing current carried by the NCX 

in response to spontaneous Ca2+ release from the SR would thus lead to a greater 

membrane depolarization and subsequently increase the myocyte’s susceptibility in 

triggering DADs and SDs [281]. Our modelling study however predicts that under the 

setting of reduced IK1, spontaneous Ca2+ release from the SR is not the main mechanism 

in triggering SDs, as a complete block of RyR was unable to abolish these 

afterdepolarizations (Figure 5.10 D). Similarly, a complete block of INa under the same 

conditions also had little effect (Figure 5.10 A). Though these findings are interesting, 

they are not consistent with some experimental studies on antiarrhythmic drugs  which 

claim that Na+ or RyR channel blockers have the capacity to suppress DADs and SDs 

[87, 270, 271]. Potentially it raises the issue of how much our computer simulation 

results depend on our unique model.   

 

There have been several studies which have investigated the mechanisms by which a 

reduction in IK1 can give rise to afterdepolarozations. In the study by Bai et al , reduced 

IK1 was studied in the setting of reduced PITX2 expression [273]. Based on their results, 

a Na+ channel block was unable to abolish SDs, but a block of RyR instead was 

successful. This discrepancy warrants further experimental and computational 

investigation to ascertain if reduced IK1 can elevate [Ca2+]-Vm coupling to the point that 

spontaneous Ca2+ release from the SR is no longer compulsory to initiate SDs. 

 

Sung et al investigated how reduced IK1 in Andersen-Tawil syndrome can result in 

arrhythmias. Consistent with this study, they recorded an increase in the RMP, APD 

prolongation, EADs, and SDs. However, those SDs were instead caused by the 

reactivation of ICaL rather than activation of INaCa since INaCa was almost entirely in 
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reverse mode (Ca2+ in, 3Na+ out) [245]. 

 

Campos et al developed a DAD-prone model to study how spontaneous Ca2+ release 

events at the cell level give rise to afterdepolarizations and hence substrates to premature 

ventricular complexes. This was achieved by doubling the conductance of INaCa and 

decreasing the conductance of IK1 to 30% of its control value [282]. Most recently and 

through a similar approach, Colman et al implemented a functional barrier in a patch of 

tissue by reducing the conductivity of IK1, thus causing SDs to occur. This was to study 

the role that focal excitations have in the genesis of re-entry. One major finding of the 

study was that reducing IK1 increased the probability for DADs and SDs to occur at lower 

[Ca2+]SR in single cells, thus increasing the susceptibility of the tissue to focal excitation 

and re-entry [48]. Altogether, these studies show that reduced IK1 can bring about 

afterdepolarizations through various different mechanisms, and so further work needs to 

be conducted to identify the conditions in which they occur and the relationships between 

these conditions. 

 

There are also limitations to the design of the model. Because the CRN model [106] is 

incapable of simulating EADs and SDs, I instead replaced the Ca2+ handling with that of 

the Grandi model, which has a more detailed and accurate description of this. The issue 

with this approach, however, is that because the CRN and Grandi model [107] were 

developed based on different sets of atrial myocyte data, there is a possibility that this 

could lead to predictions that are outside physiological parameters. In addition, because 

our CRN-Grandi model did not incorporate spatial aspects of Ca2+ handling such as in 

the Voigt model [280], then I was unable to investigate how reduced IK1 due to impaired 

TBX5 can affect the incidence and dynamics of Ca2+ and thus trigger EADs and SDs in 

atrial myocytes. 

 

That said, the CRN-Grandi model is capable of capturing certain properties of Ca2+ 

transients and AP morphology in human atrial myocytes. When the simulated AP and 

corresponding [Ca2+]i of the CRN-Grandi, CRN, and Grandi models were compared with 

experimentally observed [Ca2+]i transients in human atrial myocytes, the systolic peak 

of the CRN-Grandi and CRN models was around 0.0007 mM, which was about the same 

magnitude as shown in atrial myocytes under sinus rhythm. However, compared to the 

CRN model, the CRN-Grandi model exhibited a non-monotonic decay in the [Ca2+]i 

transient, which was not observed in those experiments [255, 280, 283].  
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When the APs were compared instead, it was the simulated AP in the CRN model that 

most closely resembles the spike and dome morphology as seen in those experiments 

[255, 280]. Both the CRN-Grandi and Grandi models on the other hand exhibited a 

triangular shaped AP more closely resembling those observed in rats [15], though the 

APD50 was greater in the CRN-Grandi model than the Grandi model, while the APD90 

was instead less. The reason for this morphology is because in the Grandi and CRN-

Grandi models, K+ currents are more active during phase 1 of an AP compared to the 

CRN model [107]. Hence, the CRN-Grandi model generates an AP that lacks a plateau 

phase as typically seen in APs of healthy human atrial myocytes [15], and so further 

investigation needs to be conducted as to what the balance is between inward 

depolarizing and outward repolarizing currents at different phases of an human atrial AP. 

 

Lastly, under 1Hz pacing in the CRN-Grandi model, [Na+]i kept increasing even at 100 

sec into the simulation. The inability of [Na+]i to reach steady state at 100 sec was also 

present in the Grandi model. In fact, the Grandi model needed to be paced for around 

500 sec at 1Hz for [Na+]i to reach steady state [107]. For the CRN-Grandi model, I found 

that under control conditions and at pacing for 1Hz, the model nears steady state after 

1000 sec, by which [Na+]i would be above 14 mM (result not shown).  

 

In hindsight, it would have been better to pace the model for 1000 sec instead of 100 sec. 

However, choosing to pace the model for 100 sec instead of 1000 sec would only impact 

the morphology of the afterdepolarizations, and would not have taken away the capacity 

of the model to reproduce EADs and DADs/SDs. For example, when I paced the model 

for 500 sec at 21%, the model was near steady state, but the train of EADs at each 

stimulated AP had become just one EAD instead of a run of EADs (result not shown). 

5.5 Conclusions 

Based on the assumption that changes in gene channel expression due to impaired TBX5 

directly correlates to changes in the conductivity of the corresponding channel, our 

model pinpoints the downregulation of IK1 and upregulation of ICaL to be possible 

mechanisms behind EADs and SDs as observed in atrial myocytes with impaired TBX5 

expression. Downregulated IK1-induced EADs were caused by the prolongation of the 

APD, accompanied by a mechanism known as [Ca2+]-Vm coupling gain, while SDs were 

caused primarily by the latter. Similarly, upregulated ICaL-induced EADs were also 

caused by the prolongation of the APD, however SDs were instead caused by increased 
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ICaL elevating diastolic [Ca2+]i to the threshold needed for CICR and the subsequent 

stimulation of the NCX. 

 

Interestingly, our study shows that spontaneous Ca2+ release from the SR is not 

compulsory in initiating downregulated IK1-induced SDs, and that Na+ and RyR channel 

blockers have little effect in abolishing them. Further experimental investigation and 

development of the computer model is hence needed to better ascertain the impact that 

reduced IK1 has on Ca2+ handling and on the efficacy of antiarrhythmic drugs. 
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Chapter 6 
 

Afterdepolarizations and Abnormal 

Calcium Handling in Atrial Myocytes 

with Reduced SERCA Uptake: A 

Sensitivity Analysis of Calcium 

Handling Channels 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.1: Simplified schematic highlighting that in the Dai et al study, they found that 

diminished expression of TBX5 results in the downregulation of maximum SERCA 

uptake, but upregulation of INaCa and ICaL. 

Altered Ca2+ homeostasis is strongly implicated in the initiation of AF [280, 284]. In 

paroxysmal AF, self-terminating episodes of arrhythmia occur in structurally normal 

atria. This has been linked with increased diastolic Ca2+ leak from the sarcoplasmic 

reticulum (SR) and triggered activity from upregulated SR Ca2+ ATPase 2a (SERCA) 

and type 2 ryanodine receptor (RyR) dysregulation [36, 190, 280, 285]. In some studies, 

an elevated SERCA uptake was also observed in patients with persistent AF [285]. 

 

In the Nadadur et al study, it was revealed that multiple Ca2+ handling channel gene 
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expressions were altered by the impairment of TBX5, which were accompanied by the 

occurance of afterdepolarizations in the form of EADs, DADs, and SDs [187]. Following 

these findings, Dai et al hypothesized that the afterdepolarizations observed in impaired 

TBX5 atrial myocytes were caused by the remodeling of Ca2+ handling channels, and 

thus conducted a subsequent study to investigate their activity in TBX5 knockout mice. 

Using an experimental protocol with caffeine-containing, Na+-free, Tyrode solution to 

block Ca2+ extrusion through INaCa, and then a protocol with Na+ containing caffeine 

solution to prevent uptake through SERCA in the subsequent experiment, they found 

that the activity of SERCA and INaCa had decreased and increased respectively. The 

conductivity of the ICaL was also shown to have increased through a voltage-clamp 

experiment. Surprisingly, when they examined the function of the RyR through a 3H 

ryanodine binding assay, they found that the open probability of the RyR was around the 

same as in the control case despite RyR2 expression being reported as reduced in TBX5 

knockout atrial myocytes in the Nadadur et al study [206]. 

 

Perhaps the most novel finding in this study was made when they reduced the SERCA 

inhibitor PLN in these TBX5 knockout mice. This caused the restoration of SERCA 

activity, but it also resulted in the abolishment of DADs [206]. These findings are 

intriguing, as this suggests that downregulated SERCA can also be proarrhythmic when 

it was typically thought to be exclusive to upregulated SERCA instead [285-290], and 

secondly, it implicates SERCA as a viable therapeutic target for AF. 

 

In relation to this, experimental studies on heart failure and diabetes have also reported 

alterations in Ca2+ handling channels, including reduced SERCA and increased INaCa 

[291-295], and the elevated occurrence of DADs and SDs [296, 297]. Furthermore, 

restoration of SERCA function through viral transfection of SERCA into cardiac tissue 

in vivo or knockout of PLN has also been shown to improve cardiomyocyte contractility 

and suppress triggered activities in both animal and clinical studies of heart failure and 

diabetes [298-301]. Together, these studies highlight our incomplete understanding of 

the sensitivity of SERCA in the genesis of DADs and SDs as well as its dependence on 

other key Ca2+ handling channels such as the RyR, INaCa, and ICaL. 

 

There has also been much debate into the actual mechanisms by which spontaneous 

diastolic Ca2+ release from the SR can occur to trigger DADs and SDs [45]. Several 

reports have hypothesized that this is due to the overload of Ca2+ in the SR, termed store-

overload induced Ca2+ release [119, 302, 303]. Some experimental studies have instead 
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indicated that a more loaded SR is not the only prerequisite for spontaneous diastolic 

Ca2+ release [304]. Using heart failure as an example, there have been reports that DADs 

and SDs can appear during this condition despite low Ca2+ levels in the SR [305-308]. 

 

Altered Ca2+ handling and its implications on the mechanisms of triggered activity can 

only be explored through a computer model as it is a powerful tool for quantitative 

dissection of the fundamental mechanisms and in investigating their individual role in 

DADs and SDs [194]. In this study, I utilized the Maleckar model [120] to explore the 

complex relationship between SERCA and other Ca2+ handling channels, and how 

changes in this relationship affect the Ca2+ dynamics and the susceptibility of the atrial 

myocyte to DADs and SDs. The Maleckar model was chosen as firstly, reducing the 

maximum SERCA uptake in the CRN-Grandi model only suppressed SDs, and secondly, 

of all the atrial myocyte models I tested as listed in the study by Fink et al [45], only the 

Nygren [114] and Maleckar models were able to trigger SDs with a slight reduction in 

maximum SERCA uptake. Throughout this chapter, I define an SD as a self-

depolarization that has reached -50 mV, and a DAD being a self-depolarization that is 

below -50 mV. Throughout this study, I considered only the occurrence of SDs in our 

results as it is easier to identify in simulation than DADs. However, all our analysis and 

results for SDs are applicable to DADs as well.  

6.1 Methodology  

Currently, the only reported functional changes due to a reduction in TBX5 are from 

experimental studies by Dai et al [206] and Laforest et al [205]. Voltage-clamp 

experiments showed an increase in ICaL in atrial myocytes with reduced expression of 

TBX5, and separate caffeine-based protocols on SERCA and INaCa demonstrated a 

reduction in the decay of [Ca2+]i, illustrating a reduction in SERCA and INaCa activity. 

Similar findings with these techniques have also been reported in the setting of diabetes 

and heart failure [248, 295, 297, 299]. Hence, I modeled functional changes in SERCA 

as simply a multiplicative change in maximum SERCA uptake, and changes in ICaL and 

INaCa as a change in their conductivity. In addition, because the underlying commonality 

behind these conditions is disrupted Ca2+ handling, I have also included RyR in this study, 

and changes in its activity will also be modelled as a change in its conductivity. The 

study will be carried out across a wide parameter space to assess how changes in these 

parameters impact Ca2+ handling. 
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Figure 6.2: Schematic of the Maleckar-CRN model. Circled in red are the components 

taken from the CRN model [106]. 

To check if our results in some of our analyses can be qualitatively reproduced in another 

model, I used the Nygren model to perform the same analyses. Subsequently, to 

investigate if a bidirectional SERCA pump is a necessary component in capturing the 

phenomena where a reduction in SERCA activity initiates SDs, and a normalization or 

elevation instead suppresses them, I replaced the bidirectional SERCA pump in the full 

Maleckar model with a unidirectional formulation taken from the CRN model. Because 

the SERCA pump is now unidirectional,  a generic leak from the CRN model was also 

introduced to the uptake compartment to ensure the model reaches steady state during 

diastole. I termed this hybrid model the ‘Maleckar-CRN model’ (Figure 6.2), and used 

this model to perform the same bifurcation analyses. Throughout our experiments, I 

define the control as the original full Maleckar et model with its original parameters and 

equations, i.e., normal human atrial myocytes under physiological conditions. In each of 

our simulations with the full cellular model, a train of stimuli with a duration of 6 ms 

and magnitude of -15 pA/pF was applied at a frequency of 1 Hz and up to 100 s into the 

simulation.  

 

6.1.1 Bifurcation Analysis and Sensitivity of SERCA at Different 

Pacing Frequencies and SR Diffusion Rates 

 

I first investigated how the individual sensitivity of SERCA compares with that of ICaL, 

INaCa, and RyR in the genesis of SDs by running simulations where I individually varied 
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these channels from a range of 0 to 2 times its control value, then probed for the 

minimum increase or decrease required for each channel for an SD to occur in increments 

of 0.01 until it was identified. 

 

I then conducted a type of analysis known as a bifurcation analysis, which was aimed at 

investigating how changes in the parameter of a Ca2+ handling channel affects that of 

another channel in triggering SDs. The first bifurcation analysis I performed was 

between ICaL and INaCa with SERCA at its control value. I varied the conductivity of ICaL 

from a range of 0.2 to 2 times its control value in increments of 0.2, and for each of these 

values of ICaL, I identified the minimum multiplier that must be applied to INaCa to trigger 

at least one SD. 

 

Following this, I then conducted three other bifurcation analyses: SERCA and RyR, 

SERCA and ICaL, and SERCA and INaCa. For each of RyR, ICaL, and INaCa, I varied the 

conductivity of SERCA from 0.2 to 2 times its control value in increments of 0.2, and 

for each of these values for SERCA, I identified the minimum multiplier that must be 

applied to trigger at least one SD. 

 

Minimum multipliers were determined through a trial and error approach. For example, 

if I were interested in finding the minimum multiplier that must be applied to RyR to 

trigger at least one SD, then I ran simulations of the full Maleckar model with SERCA 

set at a certain condition, e.g., 120% of its original value, for varying levels of RyR until 

I ascertained a rough estimate of the parameter region where the SDs occur. After this, I 

identified this minimum multiplier value for RyR that could cause at least one SD to 

occur for 120% SERCA. Through this approach, I derived the SD boundary lines for 

each of the corresponding bifurcation diagrams which illustrated the relationship 

between Ca2+ handling parameter pairs in the genesis of at least one SD. The same 

approach was then used on the Nygren model and the Maleckar-CRN model.  

 

Using these three models, I also investigated how different pacing frequencies and 

diffusion rates through the SR affects the minimum multiplier for RyR, ICaL, and INaCa in 

triggering an SD for various levels of SERCA. For the former, I repeated the bifurcation 

analyses at 0.5 and 2 Hz for all three models.  For the latter, in all three models I 

introduced a conductivity parameter in Itr (Gtr) which acts as a multiplier to the transfer 

current. I repeated the bifurcation analyses for all three models with Gtr set at 0.5 and 1.5 

and pacing frequency at 1 Hz. Note that for all these simulations, I also recorded the 
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corresponding time-course of [Ca2+]rel and [Ca2+]up. 

6.1.2 Ca2+ Subsystem Analysis 

In the full Maleckar model, it can be quite complex to identify the exact mechanisms to 

trigger an SD since many factors can determine this. However, by reducing the model 

down to only the essentials in Ca2+ handling (i.e., Ca2+ subsystem) (Figure 6.3), I can 

instead probe for the conditions for Ca2+ oscillations instead which is far simpler to 

identify as they only take place when the myocyte is overloaded with Ca2+. These 

conditions can then be applied to the full Maleckar model to investigate the mechanisms 

of SDs as such abnormal depolarizations are triggered by the occurrence of Ca2+ 

oscillations in the Ca2+ subsystem [309-313]. To carry out this Ca2+ subsystem analysis, 

I used the approach developed by Fink et al [45].  

 

Figure 6.3: Schematic of the reduced Maleckar model. Vm, [Na+]i, and [Na+]c were set 

constant to their end-diastolic values after 3000 s pacing in the full Maleckar model. A 

scalar multiplier was applied only to [Na+]i to cause an elevation in total Ca2+ 

concentration and potentially trigger SDs. 

 

To reduce the Maleckar model down to its Ca2+ subsystem, I set all transmembrane 

currents apart from INaCa to zero, and set the membrane potential and intracellular and 

cleft space Na+ concentrations to a constant value as determined by their end-diastolic 

values after 3000 s of 1 Hz pacing in the full Maleckar model. Note that ICaL was also 

removed despite playing an important role in Ca2+ handling in the full model because 

the membrane potential was clamped, ICaL would not activate, and hence would provide 
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a negligible amount of Ca2+ into the reduced model. Since the bulk space and K+ 

concentrations were not required in the Ca2+ subsystem, I removed them from the 

reduced model (Figure 6.3). 

 

To induce an overlord of Ca2+, a multiplier was applied to clamped [Na+]i. This multiplier 

caused a rise in Ca2+ in the myocyte, which triggered INaCa to extrude Ca2+ out of the cell 

and Na+ into the cell. A minimum multiplier was required to sufficiently elevate the total 

Ca2+ in the myocyte (which I defined as [Ca2+]tot = [Ca2+]up + [Ca2+]rel + [Ca2+]d + [Ca2+]i ) 

such as Ca2+ oscillations occurred. During this phenomenon, [Ca2+]up, [Ca2+]rel, [Ca2+]d, 

and [Ca2+]i oscillated between a maximum and minimum value as time progressed. 

These oscillations would persist since [Na+]i remained fixed at that elevated value (the 

original diastolic value clamped for [Na+]i multiplied by the multiplier value).  

I considered the system as having successfully generated Ca2+ oscillations if the average 

range during the simulation time-course of 5000 s was at least 0.2 mM for [Ca2+]up, 

[Ca2+]rel, , and 0.00002 mM for [Ca2+]d, and [Ca2+]i. Note that if the multiplier for [Na+]i 

cannot sufficiently elevate [Ca2+]tot to trigger SDs, then [Ca2+]up, [Ca2+]rel, [Ca2+]d, and 

[Ca2+]i will not oscillate and will immediately reach steady-state instead. 

 

Using the reduced model, I implemented the changes in SERCA, RyR, and INaCa from a 

range of 0.2 to 2 times their respective control values in increments of 0.2 individually. 

For each increment for a particular channel, I then found the minimum multiplier 

required for clamped [Na+]i to subsequently elevate the total Ca2+ concentration in the 

atrial myocyte sufficiently to trigger Ca2+ oscillations. The corresponding minimum 

[Ca2+]tot that triggered Ca2+ oscillations was derived by finding the steady-state for 

[Ca2+]up, [Ca2+]rel, [Ca2+]d, and [Ca2+]i during these oscillations. Steady-state for each 

compartment was obtained by computing their mean value over the simulation time-

course of 5000 s. This approach was then used to investigate how changes in the Ca2+ 

handling channels along the points on the SD boundary line for SERCA-RyR and 

SERCA-INaCa bifurcations impacted the minimum [Ca2+]tot for Ca2+ oscillations and 

hence SDs. 

6.1.3 The Dependency Test of RyR and SERCA on the Genesis of SDs 

As previously mentioned, there is much debate in experimental studies regarding the 

precise mechanisms by which diastolic spontaneous Ca2+ release occurs to trigger SDs. 

However, in the study by Fink et al, the importance of the modulation of [Ca2+]i and 
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[Ca2+]up on SERCA, and [Ca2+]i and [Ca2+]d on RyR in the genesis of SDs was also 

investigated. This investigation which I termed the ‘SD dependency test’ was conducted 

across 37 previously published mathematical models of atrial and ventricular myocytes, 

and they found that in most models, the initiation of SDs was dependent on the 

modulation of the dyadic subspace on the RyR. 

 

I conducted this dependency test on the full Maleckar model to determine the necessary 

properties for the initiation of SDs in this model. To carry this out, I first applied a train 

of stimuli with a duration of 6 ms and magnitude of -15 pA/pF at a frequency of 1 Hz 

and up to 3000 s into the simulation. At 3000 s, I recorded the values of  [Ca2+]up, [Ca2+]i, 

and [Ca2+]d, and labelled this as [Ca2+]up, 3000s, [Ca2+]i, 3000s, and [Ca2+]d, 3000s respectively. 

 

To illustrate the subsequent steps, I then used the RyR as an example, the modulation 

terms of the RyR in the full Maleckar model were given by 

 

rCadterm
 =  

[Ca2+]
d

[Ca2+]d+kreld

  (6.1) 

 

rCaiterm
 =  

[Ca2+]
i

[Ca2+]i+kreli

  (6.2) 

 

rCadfactor
 =  ( rCadterm

) 3   (6.3) 

  

rCaifactor
 =  ( rCaiterm

) 3  (6.4). 

 

To remove the modulation of [Ca2+]i on RyR to test its dependence on the genesis of SDs, 

I substituted [Ca2+]i in Equation 6.2 with [Ca2+]i, 3000s. This gave 

 

rCaiterm
 =  

[Ca2+]
i,3000s

[Ca2+]i,3000s+kreli

  (6.5). 

 

To test the dependence of [Ca2+]d on RyR, I substituted [Ca2+]d in Equation 6.1 with 

[Ca2+]d, 3000s. This gave 

 

rCadterm
 =  

[Ca2+]
d,3000s

[Ca2+]d,3000s+kreld

  (6.6). 
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Using a similar approach, the dependence of [Ca2+]i and [Ca2+]up on SERCA in the full 

Maleckar model was also tested. 

6.1.4 Intracellular Ca2+ Injection Protocols 

The first protocol was designed to investigate if [Ca2+]i acted as a threshold in triggering 

SDs, and whether this threshold followed a biphasic trend as SERCA decreased from 

200% to 20% of its control value.  The second protocol was designed to assess whether 

[Ca2+]up and [Ca2+]rel were also determining factors in [Ca2+]i SD threshold for various 

levels of SERCA, and to ascertain how changes in SERCA impact Ca2+ handling and 

hence gave rise to the biphasic trend in the [Ca2+]i SD threshold.  

 

 

Intracellular Ca2+ injection protocol 1. I applied a train of stimuli with a duration of 6 

ms, a magnitude of -15 pA/pF, and a frequency of 1 Hz up to 100 s into the simulation. 

At exactly 100 s into the simulation, I recorded the value of [Ca2+]i, then applied a 

multiplier to this value. This new value was then used to replace the original value of 

[Ca2+]i, and the simulation was then resumed except no external stimulus was applied. 

This protocol was repeated until I found the minimum multiplier required to increase 

[Ca2+]i to the threshold value needed to trigger an SD at 100 s. The protocol was 

performed for values of SERCA from 20% to 200% control SERCA in increments of 

20%. Subsequently, this protocol was also performed for values of RyR, ICaL, and INaCa 

from 20% to 200% in increments of 20% as a check to see if this approach produced 

results which were consistent with the rest of the results in this study. 

 

Intracellular Ca2+ injection protocol 2. For this protocol, I followed the same steps as 

outlined above, except exactly 100 s into the simulation, I adjusted [Ca2+]up and [Ca2+]rel 

to their value at 20% SERCA at 100 s in protocol 1 before I applied the multiplier to 

[Ca2+]i. The same protocol was repeated but with [Ca2+]up and [Ca2+]rel adjusted to their 

value at 200% at 100 s in protocol 1 instead. 
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6.2  Results 

6.2.1  The Impact of Individual Ca2+ Handling Channels on 

Spontaneous Depolarizations 

Figure 6.4: Time-course of the membrane potential at the last stimulated AP (black 

triangle) from our series of simulations where I probed for the minimum increase or 

decrease for each of the four Ca2+ handling channels in which SDs occurred. Plots show 

samples at 50%, 100%, 150%, and 200% of the control value of INaCa A) ICaL B) SERCA 

C) and RyR D). 

From our series of simulations where I individually implemented the remodelling of each 

Ca2+ handling channel from a range of 0% to 200% of their control value (Figure  

6.4), I identified a minimum value that INaCa, ICaL, and RyR must be increased or 

decreased by to trigger SDs. For INaCa, SDs occurred when it was decreased by 11%, 

while for ICaL and RyR, they instead occurred when they were increased by 13% and 

38% respectively (Figure 6.5 A).  

 

In these three cases, SDs were initiated by the spontaneous release of Ca2+ from the SR 

(Figure 6.5 C), causing a decrease in [Ca2+]rel (Figure 6.5 F). This elevates [Ca2+]i (Figure 

6.5 D), and subsequently triggers an inward depolarizing current from the NCX needed 

for SDs to occur (Figure 6.5 H). To replenish the liberated Ca2+ from the SR, SERCA 

transports some of the Ca2+ back into the SR, thus increasing [Ca2+]up (Figure 6.5 E). 
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Figure 6.5: A. The minimum percentage change to control individual INaCa, ICaL, and 

RyR to trigger SDs. B-H. Time-course of the membrane potential, Irel, [Ca2+]i, [Ca2+]up, 

[Ca2+]rel, ICaL, and INaCa for control and for 89% INaCa, 113% ICaL, and 138% RyR after 

the last stimulated AP (black triangle). 

These results illustrate two key points. Firstly, Figures 6.5A and B demonstrate that the 

downregulation of INaCa and the upregulation of ICaL triggers SDs. However in the Dai et 

al study, both INaCa and ICaL are upregulated in TBX5 impaired atrial myocytes. Hence 

for SDs to occur under impaired TBX5 condition, the upregulation of ICaL needs to 

overcome the suppressing effects of the upregulation of INaCa in the genesis of SDs. 

Secondly, results also show that changes in maximum SERCA uptake alone cannot elicit 

SDs. This is rather surprising as based on the results by Dai et al, SERCA appears to play 

a critical role in the genesis of SDs. The only other possibility is that changes in 
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maximum SERCA uptake does not directly trigger SDs, but rather it modulates the 

capacity in which they appear due to changes form other Ca2+ handling channels. 

 

6.2.2 The Sensitivity of ICaL and INaCa to Spontaneous Depolarizations  

Relative to SERCA 

 

Based on the Dai et al study, under impaired TBX5 condition, both ICaL and INaCa are 

upregulated, yet as shown in Figure 6.5 A and B, it is the upregulation of ICaL and the 

downregulation of INaCa instead that triggers SDs. Because the upregulation of ICaL works 

antagonistically with the upregulation of INaCa in eliciting SDs, as INaCa increases, the 

minimum increase in ICaL must also increase to elicit SDs. Hence to investigate the 

relationship between ICaL and INaCa in eliciting SDs and determine the parameter range in 

which SDs could occur, I first conducted a bifurcation analysis between these two 

channels (Figure 6.6 A).  

 

As shown by the blue SD boundary line in Figure 6.6 A, as I increased the multiplier to 

ICaL, the minimum multiplier for INaCa required to generate SDs also increased. This 

relationship between ICaL and INaCa was shown to take on the form of an increasing 

quadratic (blue line). The region below the blue SD boundary line (shaded light blue) 

illustrates the ranges of parameters between ICaL and INaCa where SDs can occur. 

 

I then tested the hypothesis that SERCA modulates the occurrence of SDs triggered by 

changes in other Ca2+ handling channels. From the blue line of the ICaL-INaCa bifurcation 

(Figure 6.6 A), I chose a data point e.g., 1.4 × ICaL, 1.25 × INaCa, then with those increases 

in ICaL and INaCa, I ran a series of simulations where I changed SERCA from 0% to 200% 

of its control value to ascertain how changes in SERCA affected the capacity of ICaL and 

INaCa in generating SDs in the setting of impaired TBX5. As expected, SDs were observed 

when I kept SERCA at its control value with 140% ICaL and 125% INaCa since I used on 

the SD threshold of ICaL and INaCa. However, SDs were abolished when SERCA was 

reduced below 55% or increased above 106% of its control value (Figure 6.6 B). This 

illustrates an interdependency between SERCA with ICaL and INaCa, as SDs only occurred 

within a certain parameter range for SERCA.  
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Figure 6.6: A. Bifurcation diagram of ICaL and INaCa at 100% SERCA. Shaded region 

shows the ranges of parameters where SDs occur. B-H. Time-course of the membrane 

potential, Irel, [Ca2+]i, [Ca2+]up, [Ca2+]rel, ICaL, and INaCa for control and at 140% ICaL and 

125% INaCa for 100%, 54%, and 107% SERCA after the last stimulated AP (black 

triangle). 
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6.2.3 Bifurcation Analysis between SERCA and other Ca2+ Handling 

Channels in the Three Models 

Figure 6.7: Bifurcation analysis for SERCA-ICaL A) and SERCA-RyR B) respectively. 

C. Bifurcation analysis for SERCA-INaCa. Shaded region illustrates the parameter range 

in which a SD occurs. The blue cross marks roughly where the shift in the Ca2+ handling 

took place. 

Figure 6.8: Bifurcation diagrams of A) SERCA-RyR B) SERCA-ICaL and C) SERCA-

INaCa from the full Maleckar model (blue) and the Nygren model (red). 

As observed in the previous subsection, changes in SERCA can have an impact on its 

interactions with ICaL and INaCa in generating SDs. To investigate this issue systematically, 

I conducted a SERCA-ICaL and SERCA-INaCa bifurcation. In addition, I also conducted a 

SERCA-RyR bifurcation to obtain a wholistic view of the interaction between SERCA 

and the other Ca2+ handling channels.  

 

For both the SERCA-ICaL and SERCA-RyR bifurcations (Figures 6.7 A and 6.7 B), at 

<~80% SERCA, the minimum multiplier for ICaL and RyR required to generate at least 

an SD decreased linearly with increasing SERCA. However, at >~80%, the minimum 

multiplier for ICaL and RyR instead increased linearly with increasing SERCA. For the 

SERCA-INaCa bifurcation, at <~80% SERCA, the minimum multiplier for INaCa instead  
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Figure 6.9: Bifurcation diagrams of A) SERCA-RyR B) SERCA-ICaL and C) SERCA-

INaCa from the full Maleckar model (blue) and the Maleckar-CRN model (red). 

increased linearly with increasing SERCA but decreased linearly at >~80% (Figure 6.7 

C). Together, this implied that at ~80% SERCA, there was a shift in the Ca2+ handling 

of the atrial myocyte since that was roughly the point where the trend changes direction 

for all three bifurcation diagrams. 

 

Afterwards, I conducted the same bifurcation analyses on the Nygren model and 

compared them with those from the Maleckar model to ensure that the suppression of 

SDs due to the inhibition or elevation of SERCA is not exclusively reproducible in the 

Maleckar model (Figure 6.8). Consistent with the Maleckar model, in all three 

bifurcation diagrams, the Nygren model exhibited the same biphasic trend as in the 

Maleckar model. However for the SERCA-RyR and SERCA-ICaL bifurcation diagrams, 

the minimum multiplier to control RyR and ICaL needed to trigger an SD was 

significantly lower for all values of SERCA for the Nygren model compared to the 

Maleckar model. For the SERCA-INaCa bifurcation diagram, the minimum multiplier to 

control INaCa was significantly higher for all values of SERCA instead.  

 

To examine if a bidirectional SERCA pump is necessary to produce the biphasic trend 

in the bifurcation diagrams, I also conducted the same bifurcation analyses on the 

Maleckar-CRN model (Figure 6.9). Through comparing the results of these analyses 

with that of the Maleckar model, I found that the Maleckar-CRN model exhibited a far 

less pronounced biphasic trend. From 120% to 40% of the control value of SERCA, the 

minimum multiplier for RyR and ICaL to trigger an SD increased much more sharply as 

SERCA decreased for the Maleckar-CRN model compared to the Maleckar model, while 

the minimum multiplier for INaCa instead decreased much more sharply.  

 

However, from 120% to 200% of the control value of SERCA, the minimum multiplier 
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for RyR and ICaL only slightly increased as SERCA increased for the Maleckar-CRN 

model compared to the Maleckar model, while the minimum multiplier for INaCa instead 

only decreased slightly. This seems to indicate that a unidirectional formulation of the 

SERCA pump is quite likely unable to capture the phenomenon where an elevation of 

SERCA can suppress SDs as there were only slight changes in the minimum multipliers 

required to trigger an SD as SERCA increased compared to the Maleckar model with a 

bidirectional formulation instead.  

 

6.2.4 The Impact of the Pacing Frequency and the Diffusion Rate 

through the SR in Triggering SDs 

 

Figure 6.10: Bifurcation diagrams of A) SERCA-RyR B) SERCA-ICaL and C) SERCA-

INaCa for the full Maleckar model (top row), Nygren model (middle row), and Maleckar-

CRN model (bottom row) at pacing rates of 1 (blue), 0.5 (green), and 2 (red) Hz. 

In both the Nadadur et al and Dai et al studies, atrial myocytes from mice were paced at 

a frequency of 0.5 Hz [187, 206]. However, because other pacing frequencies were not 

tested, it is difficult to determine from their studies alone as to whether their findings are 

only exclusive of the pacing frequency used. To investigate this, I conducted the 

bifurcation analyses on the Maleckar et al, Nygren et al, and Maleckar- CRN models 

once more, first at a lower pacing frequency of 0.5 Hz, then at a higher frequency of 2 
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Hz, and compared them with the default cases at 1 Hz.  

 

For all three models, reducing the pacing rate from 1 Hz to 0.5 Hz significantly increased 

the minimum multiplier for RyR and ICaL in triggering an SD, and significantly reduced 

the minimum multiplier for INaCa for all values for SERCA. In contrast, increasing the 

pacing rate from 1 Hz to 2 Hz in all three models significantly reduced the minimum 

multiplier for RyR and ICaL, and significantly increased the minimum multiplier for INaCa. 

Based on these results, increasing the pacing rate increased the susceptibility of the 

myocyte to SDs, while reducing the pacing rate instead reduced the susceptibility. This 

was because increasing the pacing rate also increases pacing steady state [Ca2+]up and 

[Ca2+]rel in general. Right before a stimulus is applied, [Ca2+]up and [Ca2+]rel are greater 

than in the control case. As a result, the [Ca2+]i threshold for SDs decreased, and so less 

change in either RyR or ICaL was needed to trigger SDs (Figure 6.10). As to why an 

increase in pacing rate increases steady state [Ca2+]up and [Ca2+]rel, this was explained by 

Wit et al. Because increasing pacing rate reduced the diastolic interval and caused more 

APs to occur, more Ca2+ will enter the myocyte and subsequently increased SR Ca2+ [49]. 

 

Figure 6.11: Bifurcation diagrams of A) SERCA-RyR B) SERCA-ICaL and C) SERCA-

INaCa for the full Maleckar model (top row), Nygren model (middle row), and Maleckar-

CRN model (bottom row) for 1 (blue), 0.5 (green), and 1.5 (red) times its original value 

of Gtr. 
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One other factor that I also investigated is the impact that the diffusion rate has on the 

susceptibility of the atrial myocyte to SDs. For spontaneous Ca2+ release to occur, there 

must be sufficient diffusion of Ca2+ through the SR. This is important since SDs are 

initiated by this particular mechanism. Using the Maleckar, Nygren, and Maleckar-CRN 

models, I simulated the reduction and elevation of the diffusion rate by setting the 

transfer current multiplier Gtr to 0.5 and 1.5 respectively, and conducted the bifurcation 

analyses for SERCA and RyR, SERCA and ICaL, and SERCA and INaCa for both cases 

(Figure 6.11).  

 

For all three models, reducing Gtr to half its control value caused the minimum multiplier 

for RyR and ICaL to increase drastically, and the minimum multiplier for INaCa to decrease 

drastically for all values of SERCA, indicating a reduction in the susceptibility of the 

myocyte to trigger SDs. When Gtr was increased to 150% its control value for all three 

models however, for the Maleckar and Nygren models, the minimum multiplier for RyR 

and ICaL for 140% SERCA and greater were only slightly higher, while the minimum 

multiplier for INaCa was slightly lower. For SERCA values less than 100%, the minimum 

multiplier for RyR and ICaL were slightly lower, while the minimum multiplier for INaCa 

was slightly higher. For the Maleckar-CRN model, increasing Gtr to 150% its control 

value caused little difference to the minimum multipliers for RyR, ICaL, and INaCa for all 

values of SERCA. 

 

In general, reducing the diffusion rate through the SR reduces the susceptibility of the 

myocyte to SDs as greater minimum changes to RyR, ICaL, and/or INaCa were required to 

trigger an SD, while increasing the diffusion rate had a negligible effect.  This could 

likely be because since spontaneous Ca2+ release from the SR is needed to trigger an SD, 

reducing the diffusion rate would impede this aspect of Ca2+ handling, and thus greater 

changes in RyR, ICaL, and/or INaCa is required to compensate for this. 
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6.2.5 The Necessary Components of the Genesis of SDs 

 

Figure 6.12: The dependency test of SERCA and RyR in the genesis of SDs. A. Time 

course of the membrane potential, [Ca2+]up, [Ca2+]rel, and Irel for removed modulation of 

[Ca2+]i on SERCA (green), removed modulation of [Ca2+]up on SERCA (magentia), 

removed modulation of [Ca2+]d on RyR (red) and modulated SERCA and RyR (blue). B.  

Removed modulation of [Ca2+]i on RyR (blue). The black triangle indicates the time 

when a stimulus was applied. 

So far, I have shown that in the Maleckar model, if SERCA is slightly inhibited (i.e: 80% 

to 100% of its control value), then the minimum multiplier that needs to be applied to 

RyR or ICaL to trigger SDs is decreased relative to the control, and increased for INaCa. 

However, if SERCA is more strongly inhibited (i.e: < ~80%), or elevated (i.e: > ~100%)  

then the opposite happens. Because SDs are initiated by CICR, I suspected that as the 

maximum SERCA uptake changes, the Ca2+ threshold required to trigger SDs changing 

in a biphasic manner as SERCA changes, and the resultant different minimum increases 

in RyR and ICaL, or decreases in INaCa were required to meet this Ca2+ threshold for 

various levels of SERCA. 
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To be able to determine if this was the case, I first needed to precisely identify the 

mechanisms by which SDs occur in the Maleckar model. This is because as shown in 

various biophysics-based models of the myocyte, SDs could be initiated either by an 

overload of Ca2+ in the SR or through the elevation of Ca2+ in either the intracellular or 

junctional cleft spaces [45]. To achieve this, I conducted the simulation approach of Fink 

et al which I termed the ‘SD dependency test’, which aims to pinpoint the necessary 

modulation components in SERCA and RyR in triggering DADs and SDs in a particular 

model.  

 

Specifically in the Maleckar model, SERCA is modulated by [Ca2+]i and [Ca2+]up and 

RyR by [Ca2+]i and [Ca2+]d. As detailed in Section 6.1.4, the approach assesses the 

necessity of a modulation component of a Ca2+ handling component by replacing the 

variable with its recorded concentration at 3000 s into a simulation and keeping it 

constant at that value. For example, to assess the modulation of [Ca2+]i on RyR, I replace 

this variable with the constant [Ca2+]i, 3000s in all of the modulation terms which describe 

the function of the RyR. Once this was applied, I then set the parameters in the Maleckar 

model to ones which I knew can trigger SDs (i.e: 1.4 × ICaL, 1.25 × INaCa) and ran the 

simulation. If the model was unable to trigger SDs, then it indicates that the modulation 

component for a particular Ca2+ handling channel was necessary in triggering SDs. 

 

As shown in Figure 6.12 A, removing the modulation of [Ca2+]i or [Ca2+]up on SERCA, 

or the modulation of [Ca2+]d on RyR did not abolish the SDs, but did impact the amount 

of Ca2+ that was liberated from the SR during CICR. However, removing the modulation 

of [Ca2+]i on the RyR did abolish the SDs (Figure 6.12 B), thus proving that in the 

Maleckar model, SDs are triggered by CICR caused by the elevation of [Ca2+]i. 

6.2.6 The Ca2+ Subsystem Sensitivity Analysis of SERCA 

With the SD dependency test, I have demonstrated that it is [Ca2+]i that acts as a threshold 

for SDs. If [Ca2+]i is elevated past a certain threshold, then CICR occurs and triggers SDs. 

The next step is to show that the [Ca2+]i threshold for SDs changed in a biphasic manner 

as the maximum uptake of SERCA decreased from 200% its control value to 40%. 
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Figure 6.13: Comparing the multiplier to clamped [Na+]i  A) and corresponding 

minimum [Ca2+]tot in the myocyte B) for Ca2+ oscillations (and hence SDs) in the reduced 

model due to changes in SERCA (blue), RyR (green), and INaCa (red) alone. 

The first method that I used to test this is known as a Ca2+ subsystem analysis, which is 

based on the approach by Fink et al [45]. Under this approach, I reduced the full 

Maleckar model down to just the essential components required for Ca2+ handling 

(Figure 6.3). In this reduced model, Ca2+ oscillations occur when the myocyte reaches a 

certain threshold. By increasing [Na+]i which is clamped at a constant value in the 

reduced model, this also subsequently increases [Ca2+]i in the model. The idea then is to 

find the minimum multiplier that must be applied to clamped [Na+]i such that the 

myocyte becomes sufficiently overloaded with Ca2+ to reach the threshold for Ca2+ 

oscillations to occur. The condition in which these oscillations happen can then be used 

as an inference as to when SDs occur in the full model. This is because for SDs to occur, 

there must also be the occurence of Ca2+ oscillations in the Ca2+ subsystem [309-313]. 

Note that I excluded the SERCA-ICaL bifurcation diagrams because this approach will 

omit the L-type Ca2+ channel from the Maleckar model. 

 

Using this Ca2+ subsystem approach, I first examined how the minimum multiplier for 

clamped [Na+]i (and subsequently the [Ca2+]i threshold for SDs) as I varied the maximum 

uptake of SERCA to different increments. In addition, I also performed this approach on 

RyR and INaCa to see if it can also explain why an upregulation of RyR or a 

downregulation of the NCX triggers SDs.  

 

For either SERCA or INaCa , in general as it decreased from 200% of its control value to 

40% of its control value, the minimum multiplier to clamped [Na+]i also decreased. In 
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contrast, the minimum multiplier to clamped [Na+]i instead generally increased as RyR 

decreased (Figure 6.13 A). Since the existence of Ca2+ oscillations in the Ca2+ subsystem 

corresponded to the occurrence of SDs in the full model, this showed that reducing 

SERCA or INaCa alone decreased the minimum [Ca2+]tot required for Ca2+ oscillations and 

hence SDs, while reducing RyR instead has the opposite effect (Figure 6.13 B).  

 

For RyR and INaCa, this is consistent with what was shown thus far, because as 

demonstrated in Figures 6.4 and 6.5, a sufficient increase in the conductivity of the RyR 

or decrease in INaCa alone can trigger SDs. For SERCA however, while it does capture 

the decrease in Ca2+ required for SDs to occur, the minimum increase to clamped [Na+]i 

(and hence the minimum [Ca2+]tot) required to trigger SDs as a function of decreasing 

SERCA should have exhibited a biphasic trend as expected, not a linearly decreasing 

trend. 

 

Hence, based on what was shown, the Ca2+ subsystem approach appeared to not be able 

to conclusively explain the cause of the biphasic trend in the SERCA-ICaL and SERCA-

INaCa bifurcations as shown in Figures 6.7 B and C, 6.8 B and C, and 6.9 B and C. As 

such, another approach was needed to determine if the biphasic trend in these bifurcation 

diagrams was because the corresponding [Ca2+]i threshold for SDs also changed 

biphasically as a decreasing function of SERCA in the Maleckar et al.  

 

6.2.7 The Intracellular Ca2+ Injection Protocol and The Impact of 

SERCA on the Intracellular Ca2+ Threshold for SDs 

 

The second approach (termed the intracellular Ca2+ injection protocol) that I used 

involved running simulations where I artificially inject Ca2+ into the intracellular space 

of the full Maleckar model during diastole until I have found the minimum increase in 

[Ca2+]i that triggered CICR and initiated an SD. The level that [Ca2+]i is at when this 

occured therefore corresponded to the [Ca2+]i threshold for SDs at that particular level 

for SERCA. Hence, for various levels of SERCA, I performed the intracellular Ca2+ 

injection protocol 1 to determine if the [Ca2+]i threshold for SDs does exhibit a biphasic 

trend as a function of SERCA.  

 

As shown in Figure 6.14 A, the [Ca2+]i threshold to trigger SDs followed a biphasic trend 

as SERCA decreased from 200% to 20% of its control value. This demonstrates that 

when SERCA is slightly inhibited (i.e: ~80% to 100%), the susceptibility of the atrial 
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myocyte to SDs  increases because the [Ca2+]i threshold is relatively at the lower values, 

but further inhibition of the channel (i.e: < ~80%) will reduce the susceptibility to SDs 

because the threshold sharply increases after that point. In addition, this also 

demonstrates that normalization or elevation of SERCA through PLN abalation or 

SERCA2a gene therapy suppresses SDs because it significantly increases the relative 

[Ca2+]i threshold for SDs to occur. 

 

Figure 6.14: A. The [Ca2+]i SD threshold for various levels of SERCA. B. The [Ca2+]i 

SD threshold for various levels of RyR (green), INaCa (magneta), and ICaL (red) overlaid 

with that for SERCA (blue). The blue crosses represent the point where the trend changed 

for SERCA. The purple star represents the last multiplier increment for INaCa and ICaL 

before it enters the parameter region for SDs. The green star represents the last multiplier 

increment for RyR before it enters the parameter region for SDs. 

I also performed the Ca2+ injection protocol 1 separately for various levels of RyR, INaCa, 

and ICaL, and overlaid their plots with that of the [Ca2+]i threshold plot for SERCA. As 

shown in Figure 6.14 B, the [Ca2+]i threshold for SDs decreased as RyR and ICaL 

increased, while for INaCa, the threshold decreased when it decreased. This is consistent 

with our previous findings that upregulation of RyR and ICaL, and downregulation of 

INaCa triggers SDs. Note that I was only able to perform the protocol up to 100% for INaCa 

and ICaL, and 120% for RyR (as indicated in Figure 6.14 B) as the next increment will lie 

within the parameter region where SDs occur.  

 

Lastly, Figure 6.14 B also supports our hypothesis that for the SERCA-RyR, SERCA-

INaCa, and SERCA-ICaL bifurcation diagrams, the changes in RyR, INaCa, and ICaL which 

gives rise to their respective biphasic SD boundary line as SERCA is varied occurs so 

that the system can meet the biphasic [Ca2+]i threshold for SDs as a function of SERCA. 
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This is because at the last increment for RyR, INaCa, and ICaL before SDs occurs, the 

[Ca2+]i threshold at those points is in close proximity with the [Ca2+]i threshold line for 

SERCA. 

 

Figure 6.15: Values of [Ca2+]up and [Ca2+]rel obtained at 100 s for various levels of 

SERCA under intracellular Ca2+ injection protocol 1. The indicated points for A and B 

show the values for [Ca2+]up and [Ca2+]rel  from 200% and 20% SERCA which were used 

for intracellular Ca2+ injection protocol 2 to test how increasing or decreasing [Ca2+]up 

and [Ca2+]rel  affects the [Ca2+]i SD threshold for various levels of SERCA. 

 

In Figures 6.15 A and B, I show the corresponding values of [Ca2+]up and [Ca2+]rel at the 

[Ca2+]i threshold value for an SD for the SERCA values tested in Figure 6.14. Due to the 

nature of the bidirectional SERCA pump, as SERCA increases, more Ca2+ is transported 

into the SR, increasing [Ca2+]up and [Ca2+]rel. However once [Ca2+]up and [Ca2+]rel 

becomes significantly elevated, the bidirectional SERCA pump will operate more in the 

reverse direction to reduce the net inward flow of Ca2+. Hence, as SERCA increases from 

20% to 200% its control value, the corresponding [Ca2+]up and [Ca2+]rel increases 

asymptotically up to a plateau value close to 0.7.    

 

6.2.8 The Relationship Between Ca2+ Concentrations in the Uptake 

and Release Compartment and the Intracellular Ca2+ Threshold 

 

Having confirmed that [Ca2+]i did act as a threshold for SDs and followed a biphasic 

trend as SERCA decreased, I was then interested in knowing the Ca2+ handling 

mechanisms which gave rise to the biphasic relationship between the [Ca2+]i SD 

threshold and SERCA. This mechanism not only involved SERCA, but also [Ca2+]up and 
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[Ca2+]rel, because as I was conducting the experiment under protocol 1, I noticed that 

they kept decreasing as SERCA decreased (Figure 6.15 A and B).  

 

 

Figure 6.16: The [Ca2+]i SD threshold for various levels of SERCA for three different 

cases. The default case is when no change was made to [Ca2+]up and [Ca2+]rel at 100 s 

into the simulation (blue).  The other two cases when at 100 s into the simulation with 

intracellular Ca2+ injection, [Ca2+]up and [Ca2+]rel were elevated and reduced to their 

values at 200% SERCA (green) and 20% SERCA (red) at 100 s respectively in the 

default case (see Figure 6.15 A and B).  The coloured crosses indicate where a change in 

the trend occurs in the corresponding case. 

 

To investigate this, I conducted two more series of simulations under intracellular Ca2+ 

injection protocol 2. These series of simulations respectively assessed how the [Ca2+]i 

SD threshold is impacted when [Ca2+]up and [Ca2+]rel was reduced or increased beyond 

their intrinsic value for a particular level of SERCA. To test the impact of reduced 

[Ca2+]up and [Ca2+]rel on the [Ca2+]i SD threshold at a particular level of SERCA, at 100 

s into the simulation, before the intracellular Ca2+ injection was applied, I set [Ca2+]up 

and [Ca2+]rel to the value recorded at 100 s at 20% SERCA in protocol 1 (indicated points 

at 20% SERCA for [Ca2+]up and [Ca2+]rel in Figure 6.15 A and B). Similarly, to test the 

impact of increased [Ca2+]up and [Ca2+]rel, I instead set [Ca2+]up and [Ca2+]rel to the value 

recorded at 100 s at 200% SERCA in protocol 1 (indicated points at 200% SERCA for 

[Ca2+]up and [Ca2+]rel in Figure 6.15 A and B). 

 

As shown in Figure 6.16, the [Ca2+]i SD threshold was dependent on [Ca2+]up, and 

[Ca2+]rel. When [Ca2+]rel and [Ca2+]up were elevated to their values for 200% SERCA, the 
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[Ca2+]i SDs threshold decreased relative to the threshold obtained in the default case for 

SERCA values ranging from 20% to 140% its control value. For values greater than 

140% SERCA however, the [Ca2+]i SD threshold was around the same level as the 

unelevated case. In contrast, when [Ca2+]rel and [Ca2+]up were reduced to their values for 

20% SERCA, the [Ca2+]i SDs threshold instead increased relative to the threshold 

obtained in the default case for all values of SERCA.   

 

6.2.9 The Impact of the Ca2+ Concentration in the Uptake and Release 

Compartment on Pacing and Diffusion Rate 

Figure 6.17: Time-course vicinity of [Ca2+]up and [Ca2+]rel for the Maleckar model at the 

last time point where a stimuli is applied (black triangle) for pacing frequencies of 1 

(blue), 0.5 (green), and 2 (red) Hz (A-B) and for Gtr of 1 (blue), 0.5 (green), and 1.5 (red) 

(C-D). SERCA is set at its control value. 

Having established that the [Ca2+]i SD threshold can be regulated by [Ca2+]up and [Ca2+]rel, 

it is worth noting that this important result could potentially provide some explanation 

as to why a decrease in the pacing frequency or diffusion rate would increase the [Ca2+]i 

SD threshold and thus reduce the susceptibility of the atrial myocyte to DADs and SDs. 



172 
 

 
 
 
 

To investigate this, I plotted the corresponding time-course of [Ca2+]up and [Ca2+]rel in 

the vicinity of the last stimulated AP for simulations at 0.5, 1, and 2 Hz, and for 0.5, 1, 

and 1.5 Gtr in the Maleckar model. 

 

As shown in Figure 6.17 A and B, right before the stimuli is applied, [Ca2+]up and [Ca2+]rel 

for the 2 Hz was greater than the 1 Hz case, and so the [Ca2+]i threshold to trigger a SD 

was reduced. However for 0.5 Hz, [Ca2+]up and [Ca2+]rel was instead less than the 1 Hz 

case, and so the [Ca2+]i threshold needed to be greater to compensate. Through a similar 

argument, as shown in Figure 6.17 C and D, reducing Gtr to half its original value caused 

[Ca2+]up to [Ca2+]rel to be lower prior to the application of the stimulus, and so the [Ca2+]i 

threshold was elevated to compensate. On the other hand, increasing Gtr by 50% caused 

the [Ca2+]i threshold to decrease as [Ca2+]up to [Ca2+]rel have been slightly elevated prior 

to the application of the stimulus.  

6.3 Discussion  

It is generally accepted that SDs and DADs are caused by a spontaneous release of Ca2+ 

from the SR due to an upregulation in SERCA uptake and dysfunctional RyR [36, 190]. 

However, recent mice knockout experiments into TBX5 have demonstrated that SDs 

could also occur through a reduced SERCA uptake, and increased INaCa and RyR [187, 

205, 206]. Similar findings have also been reported in experimental and clinical studies 

of diabetes [292, 293] and heart failure [291, 294, 295]. Surprisingly in all these cases, 

the rescue of impaired SERCA uptake through the knockout of PLN or SERCA2a gene 

therapy was able to suppress these SDs [206, 298-301]. To our knowledge, this is the 

first computational study that systematically investigates the sensitivity of SERCA in 

relation to other Ca2+ handling channels in the genesis of SDs and the mechanisms which 

are involved.  

Though the results shown in this study are specific for the occurrence of SDs as they are 

easier to identify in simulations than DADs, the conclusions on the dynamic relationship 

between the key Ca2+ proteins, SERCA, ICaL, INaCa, and RyRs, can be drawn similarly for 

DADs. Generally, in our simulations, DADs occur only in the form of a slight 

depolarization if changes to channels are close to the changes required to trigger an SD 

instead. For example, if I increased ICaL to 112% of its control value instead (Figure 6.5), 

then after the last stimulated AP, a self-depolarization up to -72 mV was observed. In 

contrast, at 113% of the control value of ICaL and greater, SDs were observed. 
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6.3.1 The Susceptibility of the Atrial Myocyte to SDs due to SERCA, 

and the Relationship between SERCA, ICaL, and INaCa 

 

Our bifurcation diagrams of SERCA-RyR, SERCA-ICaL, and SERCA-INaCa 

demonstrated that the myocyte’s susceptibility to DADs and SDs was greatest when 

SERCA was between 80% and 100% of its original value since this is the region where 

changes to RyR, ICaL, or INaCa required to initiate an SD was at a minimal. As I increased 

SERCA above its control value, greater changes in RyR, ICaL, and INaCa were needed to 

trigger an SD, indicating a reduced susceptibility to DADs and SDs. This explains how 

a slight reduction in SERCA under reduced TBX5, heart failure, and diabetic conditions 

can trigger DADs and SDs, and how elevation of SERCA function through SERCA2a 

gene therapy under the same conditions can suppress these DADs and SDs. 

 

Our bifurcation diagrams also illustrate that increased RyR or ICaL triggers DADs and 

SDs, which is consistent with several other experimental and computational studies [186, 

206, 227, 280, 314, 315]. This is to be expected, as increasing RyR or ICaL would increase 

diastolic [Ca2+ ]i and allow for an easier initiation of spontaneous Ca2+ release and the 

activation of INaCa needed to trigger DADs and SDs [47, 316]. In contrast, the SERCA-

INaCa bifurcation diagram indicate that it is a reduction in INaCa that helps to promote 

DADs and SDs. Furthermore, the ICaL-INaCa bifurcation diagram show that for DADs/SDs 

to occur with an elevated INaCa, such as for reduced TBX5, heart failure, and diabetes, 

there must also be a compensatory increase in ICaL. This differs from studies such as by 

Puglisi and Bers [317] and Bögeholz et al [259] which show that increased INaCa increases 

the susceptibility to DADs and SDs. This discrepancy is likely because increasing INaCa 

in the Maleckar model would reduce diastolic [Ca2+ ]i, and so a compensatory increase 

in ICaL must take place to counter this for DADs and SDs to occur [318]. A further 

investigation into the mechanisms behind INaCa is required to ascertain the role that it 

plays in the genesis of DADs and SDs.   

6.3.2 Ca2+-induced Ca2+-release in the Maleckar Model 

CICR refers to the process where an elevation of [Ca2+]i triggers the opening of the RyR, 

and allowing for the spontaneous release of Ca2+ from the SR [319]. This diastolic 

release of Ca2+ is strongly believed to the initial mechanism that triggers DADs/SDs [48]. 
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However, there have been reports which argue that it is instead an overload of Ca2+ in 

the SR which triggers spontaneous Ca2+ release, termed store-overload induced Ca2+ 

release [119, 302, 303]. To address this discrepancy, Fink et al conducted a dependency 

test on 37 previously published mathematical models of atrial and ventricular myocytes, 

including the Maleckar and Nygren models, and found that in most models, removing 

the modulation of the RyR through [Ca2+]SR did not suppress DADs/SDs, but removing 

the modulation of the RyR through Ca2+ in the dyadic space did [45]. Similar findings 

were obtained when I performed the same dependency test on the Maleckar and Nygren 

models, except it is was the modulation of the RyR through [Ca2+]i instead that was the 

necessary component in triggering DADs/SDs as there was no dyadic space in those two 

models.  

 

6.3.3 Regulation of [Ca2+]up and [Ca2+]rel of the [Ca2+]i Threshold for 

DADs/SDs 

 

During our experiment with intracellular Ca2+ injection protocol 1, I observed that 

diastolic [Ca2+]up and [Ca2+]rel at the time point where intracellular Ca2+ is injected to 

trigger spontaneous Ca2+ release decreases as SERCA decreases (Figure 6.15). This is 

consistent with experimental findings by Fernandez-Tenorio and Niggli, where they 

applied a range of pharmacological SERCA stimulators and an anti-PLB antibody to 

mouse cardiomyocytes, and found that mice with non-stimulated SERCA had a lower 

diastolic [Ca2+]SR prior to spontaneous Ca2+ release. Interestingly, they considered 

[Ca2+]SR as being the threshold for spontaneous Ca2+ release, and this threshold increased 

as SERCA was elevated [320]. 

 

With the second intracellular Ca2+ injection protocol, I probed whether [Ca2+]up and 

[Ca2+]rel were indeed also factors in determining the [Ca2+]i  SD threshold. Results from 

this experiment revealed that in general, if [Ca2+]up and [Ca2+]rel are increased above their 

intrinsic value for a particular value of SERCA, then the [Ca2+]i  SD threshold will be 

lowered. However, if [Ca2+]up and [Ca2+]rel are decreased below their intrinsic value 

instead, then the [Ca2+]i  SD threshold will be elevated instead. From the point of view 

of this study, [Ca2+]up and [Ca2+]rel were viewed as regulators of the [Ca2+]i SD threshold 

rather than act as a threshold itself for spontaneous Ca2+ release and hence SDs as 

proposed by Fernandez-Tenorio and Niggli. 

 

There have been many other studies which also demonstrate the role that SR Ca2+ load 
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has on spontaneous activity. DeSantiago et al showed that when beta-adrenergic 

stimulation was applied in-vitro to myocytes from rabbits that have been induced heart 

failure, the number of spontaneous SR Ca2+ release events and magnitude of these events 

increased alongside elevated [Ca2+]SR due to the increased SERCA uptake [321]. In 

relation to the magnitude of spontaneous SR Ca2+ release events, Hobai et al [322] and 

Zhang et al [323] also showed that in animal models of heart failure, the magnitude of 

[Ca2+]i transients was less in heart failure compared to control. This was argued to be 

due to a reduction in [Ca2+]SR caused by a reduction in SERCA and increased INaCa.     

 

Some studies suggests that [Ca2+]SR plays a role in determining the gating properties of 

RyR. Disease-linked RyR mutations can cause RyR to be more sensitive to [Ca2+]SR in 

triggering spontaneous Ca2+ release (i.e: direct SR gating). This process is known as 

luminal activation of the RyR. Myocytes with these mutations exhibted a greater 

frequency of spontaneous Ca2+ release events and increased likelihood of Ca2+ 

oscillations. Through assessment of the luminal Ca2+ response between control and 

myocytes with RyR mutations, the latter exhibited a much greater open probability at 

different concentrations of luminal Ca2+ compared to the former. This has been termed 

store overload-induced Ca2+ release as myocytes with RyR mutations displayed an 

increased propensity for Ca2+ release under conditions of Ca2+ SR overload [303]. The 

impact of [Ca2+]SR on RyR gating has also been explored in other studies such as by 

Sitsapesan et al [324] and Lukyanenko et al [325]. 

 

Some models incoporate luminal activation of RyR by incorporating [Ca2+]SR as a 

variable in determining the rate constants in a markovian chain model of the RyR [127, 

145], such as in the Grandi et al model [126]. However, there is still debate as to whether 

luminal Ca2+ plays a part in the gating of the RyR [326]. This is because feedback of a 

larger Ca2+ flux is sufficient on its own for higher [Ca2+]SR to promote both initiation and 

propagation of spontaneous Ca2+ release and hence sparks and waves [327, 328]. 

Furthermore, SR Ca2+ load and diastolic [Ca2+]i also generally correlate [329], and so the 

probability of a spontaneous Ca2+ release event is generally plotted as a function of 

[Ca2+]SR instead of [Ca2+]i [48].  

 

In this study, we only plotted the minimum [Ca2+]i for at least one SD to occur for 

different increments of SERCA, and how altering [Ca2+]up and [Ca2+]rel affects this. This 

was because the hypothesis as to why restoring or rescuing SERCA function could 

suppress DADs/SD was because there was a biphasic relationship between SERCA and 
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the [Ca2+]i threshold. Furthermore, because the Maleckar model does not incoporate the 

process of luminal activation into the formulation of the RyR, our results appear to 

support the notion of a nonlinear feedback mechanism between [Ca2+]up, [Ca2+]rel, and 

[Ca2+]i in triggering spontaneous SR Ca2+ release and hence DADs/SDs. 

 

6.3.4 Increased Afterdepolarization Susceptibility from Diffusion Rate 

and Pacing through the SR 

 

The diffusion rate through the SR is an important factor in determining the [Ca2+]i 

threshold [306]. In myocytes, the SR is divided into the network SR (NSR) and the 

junctional SR (JSR). There is evidence from experimental studies that where the JSR 

meets the NSR, intra-SR diffusion of Ca2+ can potentially be quite limited, leading to 

heterogeneities in the Ca2+ concentration in the SR [330, 331]. This in turn can reduce 

the local JSR [Ca2+]SR to the point that it falls below the threshold for spontaneous Ca2+ 

release to occur. 

 

To capture the fact that the SR consists of the NSR and JSR, and that Ca2+ release occurs 

in the JSR, the Maleckar model (as well as other common pool models such as the CRN 

[106] and Nygren [113] models) uses the formulation for the SR from the Luo-Rudy 

model [108], whereby the SR consists of a distinct uptake and release compartment. 

 

Under this formulation, there is also a transfer current from the uptake to release 

compartment, which captures Ca2+ diffusion between the NSR and JSR. In the 

bifurcation analyses (Figure 6.11), increasing Gtr (which was akin to increasing the 

diffusion rate through the SR) reduced the [Ca2+]i threshold for SDs, as increasing Gtr 

caused the elevation of [Ca2+]rel (Figure 6.17 C and D). This is consistent with studies 

which show that for spontaneous Ca2+ release to occur, there must be sufficient diffusion 

of Ca2+ between uptake and release compartments in the SR  [306, 332, 333]. 

 

Experiments have also shown that an increase in the pacing rate leads to an increase in 

arrhythmia [334, 335], EADs [44, 336], and DADs/SDs [337]. In particular, modelling 

studies such as by Bai et al [273] and Wit et al [49] have demonstrated that increasing 

the pacing rate also increased the magnitude of the DADs (in which some even become 

SDs) and the frequency in which they occur.  

 

Consistent with these studies, our bifurcation analyses with the Maleckar model also 
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showed that increasing the pacing frequency reduced the minimum multiplier that must 

be applied to RyR, ICaL, and INaCa for them to individually trigger an SD for all values of 

SERCA (Figure 6.10).This corresponded to a reduction in the [Ca2+]i threshold for SDs 

and thus the increase in the susceptibility of the atrial myocyte to SDs. Through a similar 

argument as presented above, this could be because a higher pacing frequency resulted 

in a greater [Ca2+]up and [Ca2+]rel, which subsequently lowered the [Ca2+]i threshold for 

SDs (6.18 A and B).  

 

6.3.5 The Three Phases of Ca2+ Handling in Atrial Myocytes due to 

SERCA 

 

Closer inspection of Figure 6.16 provides some insights as to why the [Ca2+]i  SD 

threshold increases when SERCA is significantly inhibited (i.e., < ~80% SERCA) or 

elevated (i.e., > ~100% SERCA). To illustrate the former situation, consider the default 

case starting at 80% of its control value of SERCA. If SERCA was reduced from 80% 

to 60% of its control value, the [Ca2+]i  SD threshold will increase slightly (80% SERCA 

to 60% SERCA on the blue line). If at 60% SERCA, [Ca2+]up and [Ca2+]rel are artificially 

reduced below its intrinsic value, the increase in the [Ca2+]i  SD threshold from 80% 

SERCA to 60% will be much greater (80% SERCA on the blue line to 60% SERCA on 

the red line). However, if at 60% SERCA, [Ca2+]up and [Ca2+]rel are artificially elevated 

above its intrinsic value, the [Ca2+]i  SD threshold from 80% SERCA to 60% will instead 

decrease (80% SERCA on the blue line to 60% SERCA on the green line). This seems 

to illustrate that in the default case, the [Ca2+]i  SD threshold starts to increase at <~80% 

SERCA because the maximum SERCA uptake is no longer high enough to maintain 

[Ca2+]up and [Ca2+]rel at sufficient levels. As a result, greater [Ca2+]i  is required to 

compensate this for spontaneous Ca2+ release and subsequently SDs to occur. In a similar 

fashion, I can illustrate the latter situation. However, the key difference here is that 

raising [Ca2+]up and [Ca2+]rel has a negligible impact on the [Ca2+]i  SD threshold (160% 

SERCA on the blue line to 160% SERCA on the green line) 

 

This latter situation likely occurs because of the properties of the bidirectional SERCA 

pump. If maximum SERCA uptake is elevated, then this would result in an increase of 

[Ca2+]up and [Ca2+]rel. Because [Ca2+]up and [Ca2+]rel are now elevated, the reverse mode 

of the bidirectional pump activates, reducing the net Ca2+ uptake into the SR by SERCA. 

Further increasing [Ca2+]up and [Ca2+]rel would, therefore, have a negligible effect on the 

net Ca2+ uptake into the SR by SERCA [203, 338]. In this situation, an elevation in 
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[Ca2+]i is required to reduce the reverse direction of SERCA and restore SERCA uptake 

function such as spontaneous Ca2+ release and hence SDs can occur. In Figure 6.9, I have 

demonstrated that by replacing the bidirectional SERCA pump in the Maleckar model 

with the unidirectional SERCA pump in the Courtemanche-Ramirez-Nattel model and a 

generic leak in the uptake compartment, the minimum multiplier for RyR and ICaL to 

trigger at least one SD is significantly less than in the bidirectional case, and significantly 

greater for INaCa for elevated SERCA ( > ~100% SERCA), illustrating that the [Ca2+]i  

SD threshold is much lower with a unidirectional SERCA pump than a bidirectional one. 

 

Based on these findings together, there appears to be three main cases in the Ca2+ 

handling involving SERCA, [Ca2+]up, and [Ca2+]rel which attribute to the [Ca2+]i  SD 

threshold in the full Maleckar model provided the diffusion rate of Ca2+ through the SR 

is sufficient: 1) SERCA is significantly inhibited (i.e: < ~80% SERCA) 2) SERCA is 

slightly inhibited (i.e: 80%-100% SERCA) 3) SERCA is elevated (i.e: > 100% SERCA). 

 

When SERCA is significantly inhibited, the bidirectional SERCA pump becomes too 

inhibited to uptake enough Ca2+ into the SR necessary to aid in the initiation of 

spontaneous Ca2+ release and hence SDs, and so an elevation in [Ca2+]i is required to 

compensate (Figure 6.18 A). On the other hand, when SERCA is elevated (e.g., PLN 

knockout or SERCA2a gene therapy), the properties of the bidirectional SERCA pump 

becomes pronounced. The resultant [Ca2+]up and [Ca2+]rel become relatively high, which 

trigger the reverse direction of the pump. This in turn reduces the net uptake of Ca2+ into 

the SR and disrupts the ability of SERCA in contributing to spontaneous Ca2+ release 

and hence SDs (Figure 6.18 C). To promote the forward direction of the bidirectional 

SERCA pump in this situation, there needs to be an increase in [Ca2+]i such that  [Ca2+]up 

and [Ca2+]rel do not appear relatively high (Figure 6.18 B). 
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Figure 6.18: Simplified schematic illustrating the general differences in Ca2+ handling 

for maximum SERCA uptake ranges between A) ~20% to ~80%, B) ~80% to ~100%, 

and C) >~100% of its control value in the Maleckar model. Pie graph inserts shows the 

relative magnitude of the forward and reverse mode of the bidirectional SERCA pump 

in each range. Bar graph inserts qualitatively highlights the relative magnitude of the net 

SERCA uptake and [Ca2+]SR in each range, and how this impacts the magnitude of the 

[Ca2+]i threshold for SDs. 
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Figure 6.18 B illustrates when SERCA is in the ideal range to trigger SDs (i.e: > 80% 

SERCA and < 100% SERCA. In this range, SERCA has sufficient uptake into the SR 

such that [Ca2+]up and [Ca2+]rel reach appropriate levels without triggering the reverse 

mode of the SERCA pump and without a compensatory increase in [Ca2+]i. As a result, 

the [Ca2+]i SD threshold is at its lowest in this range, and only small increases in RyR 

and ICaL, or decreases in INaCa are required.  

6.4 Limitations  

There are several limitations to this modelling study. The first issue concerns the 

insufficient details of spatial Ca2+ handling in the Maleckar model. The internal structure 

of Ca2+ handling in cardiac myocytes is vastly more complicated than is represented in 

common pool models. The SR is a complex structural network within the myocyte and 

consists of clusters of RyRs which can open and close collectively. RyRs open through 

Ca2+ -induced Ca2+ release triggered by an elevation in [Ca2+]i. Models which can capture 

the dynamics of Ca2+ waves are those that consider both centripetal and lateral Ca2+ 

diffusion and the structural complexity of the SR. To be able to expand the scope of this 

study to include the mechanisms by which a reduction in SERCA can increase the 

incidence and dynamics of Ca2+ waves, and how normalization or elevation of SERCA 

can reduce this, the descriptions of Ca2+ handling in Maleckar model needs to be further 

developed to include these structural and spatial aspects of Ca2+ handling, such as the 

Voigt [280] and Thul et al models [339, 340]. 

 

Throughout this study only the Maleckar and Nygren models were found to be capable 

of capturing the suppression of SDs due to the rescue or elevation of impaired SERCA 

function. Because only those two models could capture this behaviour, the Nygren model 

was used to validate the findings of the Maleckar model. However, the Maleckar is 

essentially the Nygren model with modifications in Ito and IKur, and the addition of IKACh, 

and so it is not an ideal independent model to validate the findings of the Maleckar model. 

In addition, the Ca2+ handling in both models are still primarily based on the rabbit atrial 

LMCG model [109], which has also been used in the Pandit rat model [116, 117]. 

Surprisingly, the systolic [Ca2+]i of the full Maleckar model under control condition 

exhibited a magnitude and morphology which more closely resembled that of the latter 

than the former [15]. Altogether, the Nygren and Maleckar models are not good models 
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to use for human studies [255, 280, 283]. Because in rabbit models the Ca2+ transient has 

a much longer decay time than in humans, this could be why only those models could 

capture this behaviour [15]. 

 

Limited availability of data for SERCA and other Ca2+ handling channels in the setting 

of reduced TBX5, diabetes, and heart failure is also an obstacle of this study. Across 

these settings, studies only provide the voltage-clamp recordings of ICaL and caffeine-

based protocol results of SERCA and INaCa for a select few myocytes [205, 206, 248, 292, 

317], and so it would be difficult to verify if any parameters that I assigned would fall 

under physiological ranges. In our study, I instead conducted a study of how changes in 

the conductivity of ICaL, INaCa, and RyR, and the uptake of SERCA impacts Ca2+ handling 

in the atrial myocyte across a wide parameter space to qualitatively examine the 

mechanisms by which a reduction in SERCA can trigger SDs, and how normalization or 

elevation of SERCA through knockout of PLN or SERCA2a gene therapy can suppress 

SDs. 

 

While this approach provides insights as to how Ca2+ handling is altered as I varied 

maximum SERCA uptake and the relationships between SERCA and other Ca2+ handling 

channels in triggering SDs, it can only make predictions into the physiological ranges 

where these phenomena can occur. This may be where it would be more advantageous 

to use a population-based approach combined with a complementary animal study [341] 

to investigate if deviations from the limited data that I have on Ca2+ handling channels 

under reduced TBX5, diabetes, and heart failure can still give rise to SDs, and for a better 

estimate of the parameter ranges where SDs can be triggered or suppressed. 

 

Modelling the changes in SERCA, ICaL, and INaCa due to impaired expression of TBX5 

simply as a scalar change could also potentially explain why I was not able to trigger 

EADs with the Maleckar model. While increased ICaL conductance can give rise to EADs 

[46], one factor that I did not consider in the model is the ICaL window encompassed by 

the activation and inactivation curves of ICaL. It is possible that EADs could be elicited 

in the model by adjusting the half-voltages of activation and/or inactivation constant to 

shift the activation and inactivation curves of ICaL such that the range of membrane 

potentials in which EADs could be elicited increases [52, 234]. However, no voltage-

dependent activation or inactivation voltage-clamp protocols were conducted in the Dai 

et al study to determine how the activation and inactivation curves of ICaL in impaired 

TBX5 atrial myocytes differ to that of control atrial myocytes (Figure 4.8 E-F) [206]. As 
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such, adjusting the half-voltages of activation and/or inactivation of ICaL in the Maleckar 

model might not be physiologically representative of the impact that impaired TBX5 

expression has on the kinetics of ICaL. 

 

There is also a lack of experimental data concerning how different pacing frequencies 

would affect the electrophysiology and Ca2+ handling under reduced TBX5, diabetes, 

and heart failure conditions. Experimental studies in these settings use one undisclosed 

pacing frequency for their pacing protocols [205, 206, 248, 292, 317] except for the 

studies by Nadadur et al and Dai et al in which it was stated that they used a pacing 

protocol involving 0.5-2 Hz on mice atrial myocytes [187, 206]. In mice, their resting 

heart rate is between 500 to 700 beats per minute (8.33 to 11.67 Hz) [342]. A possible 

reason for choosing such a low pacing rate in the Nadadur and Dai studies could be 

because the experiments were done ex vivo, and the mice myocytes were used as a 

representation of human myocytes, hence a pacing frequency akin to humans was chosen. 

 

Our simulations with the Maleckar, Nygren, and Maleckar-CRN models showed that 

changing the pacing frequencies would affect [Ca2+]up and [Ca2+]rel prior to the 

application of the stimulus and subsequently alter the [Ca2+]i SD threshold. To verify if 

indeed different pacing frequencies would affect the myocyte’s susceptibility to 

DADs/SDs, future experimental studies in these settings with different pacing protocols 

would need to be considered. 

 

In terms of the suppression of SDs due to knockout of PLN, this was regarded as an 

increase in SERCA uptake back to normal or elevated levels. This could be more 

rigorously modelled as changes in the phosphorylation rates of SERCA and could 

potentially shed more insight into the Ca2+ handling mechanisms attributing to the 

suppression of SDs if these parameters were also investigated through a bifurcation 

analysis and intracellular Ca2+ injection protocol to gauge how changes in 

phosphorylation rates impacted the [Ca2+]i threshold. Similarly, the impact of Ca2+ 

buffering on Ca2+ handling warrants investigation through these analytical methods. 

 

The other intermediate pathway that was not considered in the Maleckar model or in our 

mathematical analyses was the Ca2+/calmodulin-dependent protein kinase II (CaMKII). 

A reduction in SERCA uptake would increase diastolic [Ca2+]i, and thus lead to greater 

phosphorylation of PLN on SERCA or RyR. This in turn could mitigate the reduced 

SERCA uptake and increase the open probability of RyR and could potentially also 
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explain the onset of SDs from a reduced SERCA, and the suppression of SDs from PLN 

knockout or SERCA2a gene therapy [318]. More recently, Alsina et al discovered an 

intermediate pathway involving a novel protein phosphatase 1 (PP1)- regulatory subunit 

PPP1R3A (PP1 regulatory subunit type 3A) within the RyR2 channel complex. Through 

the knockout of PPP1R3A, they demonstrated that reduced expression of this novel PP1 

regulatory subunit reduces the binding of PP1 to both RyR2 and PLN, which 

subsequently increases SR Ca2+ release and hence increase the susceptibility of the 

myocyte to SDs [189]. Changes in Ca2+ handling channels can therefore have an impact 

on the dynamics of this intermediate pathway and thus the [Ca2+]i SD threshold, and 

would need to be incorporated along with the intermediate pathway involving CaMKII 

in a future study. 

 

It is generally accepted that EADs occur when there is an increased inward current, such 

as ICaL. Typically this causes a prolongation of the AP, allowing ICaL to recover from 

inactivation and generate the inward depolarizing current for EADs [46]. Increased ICaL-

induced EADs typically occur when there is adrenergic stimulation of the channel, which 

can potentially lead to the triggering of congenital long QT syndrome (LQTS) [233]. 

Consistent with these experimental findings, our simulations have shown that 

upregulation of ICaL can give rise to EADs due to the prolongation of the APD. 

 

Researchers have demonstrated that the range of membrane potentials in which the L-

type Ca2+ channel could reactivate to give rise to EADs is given by what is known as the 

ICaL window [52, 234]. This window is given by the area when is encompassed by the 

activation and inactivation cuves of ICaL, and within this window the L-type Ca2+ 

channels cycle between closed, open, and inactivated states, constituting the underlying 

mechanism for EADs [235]. Using a technique known as dynamic clamping in atrial 

myocytes from patients undergoing heart surgery, Kettlewell et al found that by shifting 

the half-voltages of activation to slightly more repolarized values, and inactivation to 

more depolarized values (thus lengthening the ICaL window), this caused the 

prolongation of the APD and EADs to occur. Interestingly, in a subsequent experiment 

in which they increased the conductance of ICaL by three-fold, this had no effect on the 

ICaL window, but did promote APD prolongation and EADs. Narrowing the ICaL with 

elevated ICaL conductance did however rescue APD prolongation and abolished the 

EADs [236]. 
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Chapter 7 
 

 

The Disruption in Calcium Handling 

and the Genesis of 

Afterdepolarizations due to Impaired 

TBX5 Expression in Spatial Models: 

A Benchmarking Study 

 

In the previous chapters, I have considered only the class of atrial myocyte models 

known as common-pool models to investigate how impaired TBX5 can give rise to AF. 

Such models treat the concentration of Ca2+ as homogeneous in each of the intracellular 

compartments (e.g., SR, cytoplasm, dyadic space, etc) [339]. However, this assumes that 

Ca2+ handling mechanisms are uniform throughout the myocyte and neglects the fact 

that spontaneous Ca2+ release (termed Ca2+ sparks) is a regional phenomenon. This limits 

insight into how Ca2+ sparks cause subsequent opening of neighboring RyR clusters and 

trigger Ca2+ waves [343].  

 

In atrial myocytes, the Ca2+ which triggers CICR enters the cell through L-type Ca2+ 

channels in the surface membrane and is transported toward the centre of the myocyte, 

binding with RyRs in SR organelles as it does so [340, 344, 345]. One of the first models 

to incorporate this phenomenon was the spatial model by Koivumaki et al [346], which 

allowed for the centripetal diffusion of Ca2+ by dividing the cytoplasm and SR into 

several compartments. A model by Voigt et al [280] expanded upon this formulation by 

also including longitudinal compartments as well as stochastic RyR gating to investigate 

the mechanisms of afterdepolarizations and triggered activity in paroxysmal AF [280]. 

 

Despite this, these models utilize largely idealized descriptions of the primary structures 

involved in Ca2+ handling. More recent models have utilized high-resolution 
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experimental data from electron microscopy to replicate realistic structural geometries 

of the SR and tubular structures [347]. Using this approach, Sutano et al [348] were able 

to uncover significant insights as to how alterations in the internal structure of the 

myocyte can impact Ca2+ handling and thus the onset of AF. 

 

With biophysics-based models of the human atrial myocyte now capable of 

incorporating more accurate descriptions of its primary structures and proteins, it was  

important that I expanded our study to include spatial models that provide realistic  

representations of Ca2+ handling. Hence in this chapter, I will first investigate how 

electrical remodeling of Ca2+ handling proteins due to impaired expression of TBX5 

impacts the behavior of Ca2+ sparks, waves, and the potential initiation of 

afterdepolarizations in atrial myocytes through both the Koivumaki et al [346] and Voigt 

et al models [280]. Afterwards, I will conduct the study on the Sutanto et al [348] models 

which incorporate detailed descriptions of the organization of SR and axial tubules to 

determine how this affects results obtained with previous models, and whether such 

details are necessary to accurately describe the mechanisms by which impaired 

expression of TBX5 can disrupt Ca2+ handling and thus lead to afterdepolarizations. 

7.1 Principal Spatial Models 

The aim of this chapter is to determine the impact of spatial and structural aspects of 

Ca2+ handling on Ca2+ handling and afterdepolarizations due to alterations in ionic and 

Ca2+ handling proteins caused by impaired expression of TBX5. For this, I have chosen 

the Koivumaki et al, Voigt et al, and Sutano et al models.  

 

The Koivumaki et al model is a 1D model that introduces heterogeneity in Ca2+ 

concentration by dividing the bulk cytoplasm and SR into different compartments. The 

Voigt et al model is a 2D model that has a more realistic representation of the distribution 

of intracellular Ca2+ handling domains. And lastly, the Sutano et al model is a 2D model 

which enables more realistic representation of the transmural and longitudinal 

distribution of organelles responsible for Ca2+ storage and release. 

 

In the following sections, I will go into further detail of the features and characteristics 

of each of these spatial models. Throughout the remainder of this chapter, I will denote 

the Koivumaki et al, Voigt et al, and Sutano et al, models as the Koivumaki, Voigt, and 

Sutano models respectively. 
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7.1.1 The Koivumaki Model 

Figure 7.1: A schematic illustrating the distribution of the concentration of ionic species 

in the Koivumaki model. The intracellular cytoplasm is divided into the junctional (also 

known as the subsarcolemmal space, ss) and bulk cytoplasm, with the latter divided 

further into four compartments, labelled respectively as bulk1-4. The SR is also divided 

into four compartments, labelled respectively as SR1-4. For K+, there is no compartmental 

distinction in its concentration cytoplasm, and so is treated simply as [K+]i. For Na+, a 

distinction is drawn between its concentration in the subsarcolemmal space and bulk 

cytoplasm, labelled [Na+]ss and [Na+]i respectively. For Ca2+, it exists in both the 

cytoplasm and SR, and is distinguished in its sub-compartments, labelled [Ca2+]i,1-4 and 

[Ca2+]ss, and [Ca2+]SR1-4 respectively. The black arrow indicates the radial direction in 

this schematic. 

The Koivumaki model is based on the Nygren [113] model, but with crucial 

improvements in the formulation of its geometry and Ca2+ handling, and is the first 

model to capture the radial (i.e: direction perpendicular to the subsarcolemmal space) 

diffusion of Ca2+ in atrial myocytes. In this model, the atrial myocyte is treated as a 

cylinder of length lcell, and consists of three main types of compartments: the 

extracellular space, cytoplasm, and the SR. The cytoplasm consists of two regions: the 

junctional cytoplasm or the subsarcolemmal space (ss), which is located beneath the cell 

membrane, and the non-junctional or bulk cytoplasm, which consists of the rest of the 

Radial direction 
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cytoplasm. 

Figure 7.2: A schematic illustrating the ionic currents and spatial Ca2+ handling in the 

Koivumaki model. On each of the SR compartments exists SERCA, RyR, and a generic 

leak of Ca2+. SERCA1,2,& 3, RyR1,2,& 3, and leak1,2,& 3 interact with Ca2+ in bulk1,2,& 3 and 

SR1,2, & 3 respectively, while SERCAss, RyRss, and leakss interacts with Ca2+ in SS and 

SR4. Note there are two components that contribute to the net flux from SERCA: the 

binding of Ca2+ to free SERCA, and the unbinding of Ca2+ from SERCA into the SR. 

Furthermore, as denoted by the white arrows, Ca2+ diffusion occurs between the 

compartments in the cytoplasm and SR. The black arrow indicates the radial direction. 

As with previous models, the Koivumaki model contains three ionic species: K+, Na+, 

and Ca2+. For K+, it is assumed that the concentration of this species is constant 

throughout the cytoplasm (i.e: junctional and bulk cytoplasm). For Na+, a distinction is 

made between junctional cytoplasm concentration and the bulk cytoplasm 

concentrations. For Ca2+, the highest spatial resolution is applied, whereby both the bulk 

cytoplasm and SR are divided into four sub-compartments (bulk1, bulk2, bulk3, and bulk4 

for the cytoplasm, and SR1, SR2, SR3, and SR4 for the SR) (Figure 7.1) with volumes 

respectively given by 

𝑉𝑥 = πlcell [(xΔr)2– ((x − 1)Δr)
2

] · (10−6) · 0.5   (7.1) 

Radial direction 
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𝑉𝑆𝑅𝑥 =  0.0225Vx   (7.2) 

 

where x is 1,2,3, and 4 for the bulk cytoplasm, and 1,2,3, and 4 for the SR, and Δr is 

 

rbulk/N, where N is the number of compartments the bulk cytoplasm and SR has been 

divided by (4 in this case). 

 

On each of VSR1, VSR2, VSR3, and VSR4, there consists a SERCA, RyR, and a leak current. 

In the Koivumaki model, the activity of SERCA is modelled as a binding of cytosolic 

Ca2+ to free SERCA, and the unbinding of Ca2+ from SERCA into the SR. 

                                                                           k4 

𝑆ERCA + 2Cai2+  ⇄ SERCACa2+  ⇄  SERCA + 2CaSR2+   (7.3) 

                                                                          k2                                                  k3 

Equation 7.3 shows that this reaction is reversible. Applying the law of mass action, I 

write expressions for the two components of SERCA pump current - current from the 

cytoplasm into the SERCA (Jx → SERCA) and from the SERCA into the SR (JSERCA → SRx).  

 

𝐽𝑥→SERCA = (k1 · [Ca2+]𝑖𝑥
2  · (cpumps − [SERCACa2+]x) – k2[SERCACa2+]𝑥)V𝑥   (7.4) 

𝐽𝑆𝐸𝑅𝐶𝐴→SR𝑥
= (– k3[Ca2+]𝑆𝑅𝑥

2 (cpumps − [SERCACa2+]x + k4[SERCACa2+]x)V𝑥   (7.5) 

 

where x is denoted as 1,2,3,4, and ss for the cytoplasmic compartments, and 1,2,3, and 

4 for the SR compartments, and cpumps is SERCA concentration in the cytoplasm. 

[SERCACa2+] represents the concentration of Ca2+-bound SERCA, and its change is 

given by 

                                           
𝑑[𝑆𝐸𝑅𝐶𝐴𝐶𝑎2+]

𝑥

𝑑𝑡
=

𝐽𝑥→𝑆𝐸𝑅𝐶𝐴−𝐽𝑆𝐸𝑅𝐶𝐴→𝑆𝑅𝑥

2𝑉𝑥
 (7.6) .   

In the Koivumaki model, the formulation of the RyR includes both Ca2+-dependent 

activation and inactivation gates. This accounts for the fact that the RyR activates and 

triggers CICR when [Ca2+]i  is increased, but deactivates if it becomes too high. This is 

given by 

 𝐽𝑟𝑒𝑙𝑥 = v𝑥RyR𝑜𝑥RyR𝑐𝑥RyR𝑆𝑅𝐶𝑎𝑥([Ca2+]𝑆𝑅𝑥– [Ca2+]𝑖𝑥)V𝑥   (7.7) 

                               

where x denotes 1,2,3, and ss for the cytoplasmic compartments, and 1,2,3, and 4 for the 

SR respectively. Here, vx is the maximum flux of the RyR, and has units s-1. For RyR1-3, 

vx is 1s-1, while for RyRss, vx is 625s-1. This accounts for the difference in the release rate 

between non-junctional and junctional SR.  

k1 
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The gating variables RyRox and RyRcx represent the activation and inactivation of the 

RyR, respectively. The steady-state values associated with these gating variables are 

 

                                                   𝑅𝑦𝑅𝑜∞𝑥 = 1 −
1

1+𝑒

1000[𝐶𝑎2+]𝑖𝑥−(𝑅𝑦𝑅𝑎𝑥+0.22)

0.03

  (7.8)     

 

                                                          𝑅𝑦𝑅𝑐∞𝑥 =
1

1+𝑒

1000[𝐶𝑎2+]𝑖𝑥−(𝑅𝑦𝑅𝑎𝑥+0.02)

0.01

 (7.9)   

 

Equations 7.8 and 7.9 are dependent on cytoplasmic Ca2+ concentration, but also 

incorporate an adaption variable ax for adjusting the steady states of both the activation 

and inactivation gates. The steady state for ax is formulated as 

 

                                                           𝑅𝑦𝑅𝑎∞𝑥 = 0.505 −
0.427

1+𝑒

1000[𝐶𝑎2+]𝑖𝑥−0.29

0.082

 (7.10).  

 

As previously, I assume Hodgkin-Huxley kinetics for these gating variables. Hence, for 

Equations 7.8-7.10 

 

                                                             
𝑑𝑅𝑦𝑅𝑎𝑥

𝑑𝑡
  =

𝑅𝑦𝑅𝑎∞𝑥−𝑅𝑦𝑅𝑎𝑥

𝜏𝑅𝑦𝑅𝑎𝑑𝑎𝑝𝑡
 (7.11)   

                                                             
𝑑𝑅𝑦𝑅𝑜𝑥

𝑑𝑡
  =

𝑅𝑦𝑅𝑜∞𝑥−𝑅𝑦𝑅𝑜𝑥

𝜏𝑅𝑦𝑅𝑎𝑐𝑡
 (7.12)   

 

                                                            
𝑑𝑅𝑦𝑅𝑐𝑥

𝑑𝑡
  =

𝑅𝑦𝑅𝑐∞𝑥−𝑅𝑦𝑅𝑐𝑥

𝜏𝑅𝑦𝑅𝑖𝑛𝑎𝑐𝑡
 (7.13)   

 

where 𝜏𝑅𝑦𝑅𝑎𝑑𝑎𝑝𝑡, 𝜏𝑅𝑦𝑅𝑎𝑐𝑡, and 𝜏𝑅𝑦𝑅𝑖𝑛𝑎𝑐𝑡 are the time constants of the respective gating 

variables. Lastly, there is a generic SR leak flux given by 

 

                                            𝐽𝑆𝑅𝑙𝑒𝑎𝑘𝑥 = kSRleak([Ca2+]𝑆𝑅𝑥– [Ca2+]𝑖𝑥)V𝑥   (7.14) 

 

where kSRleak is a SR leak scaling parameter designed to adjust the SR Ca2+ content to 

physiological values, and x is 1,2,3, and 4. 
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With the mathematical formulation of SERCA and RyR and its fluxes established, I now 

focus on the formulations for the intracellular and SR Ca2+ fluxes. Firstly, the Ca2+ 

diffusion flux between junctional and bulk4 cytoplasm is 

 

                                                   Jj−nj =
𝐴𝑗−𝑛𝑗

𝑥𝑗−𝑛𝑗
([Ca2+]𝑠𝑠 – [Ca2+]𝑖4)  (7.15)         

 

where Aj-nj = πrjunctlcell is the area accessible for diffusion between junctional and non-

junctional cytoplasm, and xj-nj = 
0.2

2
 + 

𝛥𝑟

2
 is the distance between centres of junctional and 

bulk4 compartment. 

 

Using Equations 7.4, 7.5, 7.7, 7.14, and 7.15, the Ca2+ fluxes in the cytoplasm are 

 

JCa1 = −J1SERCA1  +  JSRleak1  +  Jrel1 (7.16) 

JCa2 = −J2SERCA2  +  JSRleak2  +  Jrel2 (7.17) 

JCa3 = −J3SERCA3  +  JSRleak3  +  Jrel3 (7.18) 

JCa4 = Jj−nj (7.19) 

JCass = −Jj−nj  +  JSRleakss − JssSERCA  +  Jrelss (7.20) 

 

while the SR Ca2+ fluxes are 

JSRCa1 = JSERCASR1  −  JSRleak1  − Jrel1 (7.21) 

JSRCa2 = JSERCASR2  −  JSRleak2  − Jrel2 (7.22) 

JSRCa3 = JSERCASR3  −  JSRleak3  − Jrel3 (7.23) 

                                                               JSRCa4 = JSERCASRss  −  JSRleakss  −  Jrelss (7.24) 

 

From here, I can obtain the time-evolution of the concentration of Ca2+ in the five 

different cytoplasmic compartments changes over time. For the ss compartment 

 

𝑑[𝐶𝑎2+]𝑠𝑠

𝑑𝑡
= 𝛽𝑠𝑠 ( 

𝐽𝐶𝑎𝑠𝑠

𝑉𝑠𝑠
+  

−𝐼𝐶𝑎𝐿 − 𝐼𝐵𝐶𝑎 − 𝐼𝐶𝑎𝑃 + 2𝐼𝑁𝑎𝐶𝑎

2𝑉𝑠𝑠𝐹
) (7.25) 

 

where 𝛽𝑠𝑠 is a spatially dependent coefficient for the Ca2+ buffering in the ss. For the 

bulk cytoplasm 
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𝜕[𝐶𝑎2+]𝑖

𝑑𝑡
= 𝛽𝑖(𝐷𝐶𝑎 +  𝛾𝑖𝐷𝐶𝑎𝐵𝑚)𝛻2[𝐶𝑎2+]𝑖 −

2𝛽𝑖𝛾𝑖 𝐷𝐶𝑎𝐵𝑚

𝐾𝑑𝐵𝐶𝑎 + [𝐶𝑎2+]𝑖
 𝛻[𝐶𝑎2+]𝑖 · 𝛻[𝐶𝑎2+]𝑖

+ 𝐽𝐶𝑎𝛽𝑖 (7.26) 

 

where 𝛽𝑖 and 𝛾𝑖 are spatially dependent buffer coefficients for the bulk cytoplasm, 𝐷𝐶𝑎 

and 𝐷𝐶𝑎𝐵𝑚 are the diffusivities of free and buffer-bound Ca2+ in the bulk cytoplasm, and 

𝐾𝑑𝐵𝐶𝑎 is the dissociation constant of the buffer. In terms of physiology, this equation 

describes the diffusion of Ca2+ in the buffered bulk cytoplasm. Equation 7.26 is 

discretized to enable it to be applied to a compartmentalized representation of the 

cytoplasm. By rewriting the Laplace operator in cylindrical coordinates and invoking 

symmetry with respect to the radial axis then replacing the resulting partial derivatives 

with central differences, I obtain 

 

for x = 1 

 

𝜕[𝐶𝑎2+]𝑖𝑥

𝑑𝑡
= 𝛽𝑖𝑥(𝐷𝐶𝑎 +  𝛾𝑖𝐷𝐶𝑎𝐵𝑚) (

[𝐶𝑎2+]𝑖𝑥+1 − [𝐶𝑎2+]𝑖𝑥

𝛥𝑟2

+   
[𝐶𝑎2+]𝑖𝑥+1 − [𝐶𝑎2+]𝑖𝑥

2𝑗𝑥𝛥𝑟2
)

−
2𝛽𝑖𝑥𝛾𝑖𝑥 𝐷𝐶𝑎𝐵𝑚

𝐾𝑑𝐵𝐶𝑎 + [𝐶𝑎2+]𝑖𝑥
 · (

[𝐶𝑎2+]𝑖𝑥+1 − [𝐶𝑎2+]𝑖𝑥

2𝛥𝑟
)

2

+   
𝐽𝐶𝑎𝑥

𝑉𝑥
𝛽𝑖𝑥    (7.27),              

 

for x = 2,3 

 

𝜕[𝐶𝑎2+]𝑖𝑥

𝑑𝑡
= 𝛽𝑖𝑥(𝐷𝐶𝑎 +  𝛾𝑖𝐷𝐶𝑎𝐵𝑚) (

[𝐶𝑎2+]𝑖𝑥+1 − 2[𝐶𝑎2+]𝑖𝑥 + [𝐶𝑎2+]𝑖𝑥−1

𝛥𝑟2

+   
[𝐶𝑎2+]𝑖𝑥+1 − [𝐶𝑎2+]𝑖𝑥−1

2𝑗𝑥𝛥𝑟2
)

−
2𝛽𝑖𝑥𝛾𝑖𝑥 𝐷𝐶𝑎𝐵𝑚

𝐾𝑑𝐵𝐶𝑎 + [𝐶𝑎2+]𝑖𝑥
 · (

[𝐶𝑎2+]𝑖𝑥+1 − [𝐶𝑎2+]𝑖𝑥−1

2𝛥𝑟
)

2

+   
𝐽𝐶𝑎𝑥

𝑉𝑥
𝛽𝑖𝑥    (7.28),   
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and for x = 4 

 

𝜕[𝐶𝑎2+]𝑖𝑥

𝑑𝑡
= 𝛽𝑖𝑥(𝐷𝐶𝑎 +  𝛾𝑖𝐷𝐶𝑎𝐵𝑚) (

−[𝐶𝑎2+]𝑖𝑥 + [𝐶𝑎2+]𝑖𝑥−1

𝛥𝑟2

+   
[𝐶𝑎2+]𝑖𝑥 − [𝐶𝑎2+]𝑖𝑥−1

2𝑗𝑥𝛥𝑟2
)

−
2𝛽𝑖𝑥𝛾𝑖𝑥 𝐷𝐶𝑎𝐵𝑚

𝐾𝑑𝐵𝐶𝑎 + [𝐶𝑎2+]𝑖𝑥
 · (

[𝐶𝑎2+]𝑖𝑥 − [𝐶𝑎2+]𝑖𝑥−1

2𝛥𝑟
)

2

+  
𝐽𝐶𝑎𝑥

𝑉𝑥
𝛽𝑖𝑥    (7.29). 

 

Similarly, the formulation for the diffusion of Ca2+ in the buffered SR is 

 

𝜕[𝐶𝑎2+]𝑆𝑅

𝑑𝑡
= 𝛽𝑆𝑅𝐷𝐶𝑎𝑆𝑅𝛻2[𝐶𝑎2+]𝑆𝑅 − 𝐽𝑆𝑅𝐶𝑎𝛽𝑆𝑅 (7.30) 

 

where 𝛽𝑆𝑅  is a spatially dependent buffer coefficient in the SR, and 𝐷𝐶𝑎𝑆𝑅  is the 

diffusivity of buffer-bound Ca2+ in the SR. Through the approach previously mentioned, 

I can also obtain the compartmentalized formulation of the SR 

 

for x = 1 

 

𝜕[𝐶𝑎2+]𝑆𝑅𝑥

𝑑𝑡
= 𝛽𝑆𝑅𝑥𝐷𝐶𝑎𝑆𝑅 (

[𝐶𝑎2+]𝑆𝑅𝑥+1 − [𝐶𝑎2+]𝑆𝑅𝑥

𝛥𝑟2
+   

[𝐶𝑎2+]𝑆𝑅𝑥+1 − [𝐶𝑎2+]𝑆𝑅𝑥

2𝑗𝑥𝛥𝑟2
)

+   
𝐽𝑆𝑅𝐶𝑎𝑥

𝑉𝑆𝑅𝑥
𝛽𝑆𝑅𝑥    (7.31),              

 

for x = 2,3 

 

𝜕[𝐶𝑎2+]𝑆𝑅𝑥

𝑑𝑡
= 𝛽𝑆𝑅𝑥𝐷𝐶𝑎𝑆𝑅 (

[𝐶𝑎2+]𝑆𝑅𝑥+1 − 2[𝐶𝑎2+]𝑆𝑅𝑥 +  [𝐶𝑎2+]𝑆𝑅𝑥−1 

𝛥𝑟2

+   
[𝐶𝑎2+]𝑆𝑅𝑥+1 − [𝐶𝑎2+]𝑆𝑅𝑥−1

2𝑗𝑥𝛥𝑟2
) +   

𝐽𝑆𝑅𝐶𝑎𝑥

𝑉𝑆𝑅𝑥
𝛽𝑆𝑅𝑥    (7.32),              
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and for x = 4 

 

𝜕[𝐶𝑎2+]𝑆𝑅𝑥

𝑑𝑡
= 𝛽𝑆𝑅𝑥𝐷𝐶𝑎𝑆𝑅 (

−[𝐶𝑎2+]𝑆𝑅𝑥 + [𝐶𝑎2+]𝑆𝑅𝑥−1

𝛥𝑟2

+   
[𝐶𝑎2+]𝑆𝑅𝑥 − [𝐶𝑎2+]𝑆𝑅𝑥−1

2𝑗𝑥𝛥𝑟2
) +   

𝐽𝑆𝑅𝐶𝑎𝑥

𝑉𝑆𝑅𝑥
𝛽𝑆𝑅𝑥    (7.33).      

 

For Na+, only consideration of the time-evolution of its concentration in the ss and bulk 

cytoplasm is needed. For the bulk cytoplasm, the sole Na+ current into or out of this 

space  is diffusion from the ss. As per Ca2+ diffusion in the ss (Equation 7.15) 

 

𝐽𝑑𝑖𝑓𝑓,𝑁𝑎 =
𝐴𝑗−𝑛𝑗

𝑥𝑗−𝑛𝑗,𝑁𝑎

([Na+]𝑠𝑠 – [Na+]𝑏𝑢𝑙𝑘)  (7.34)   

 

where xj-nj,Na = 0.01 + 2𝛥𝑟  is the distance from the middle of the ss to the middle of the 

bulk cytoplasm. It follows that 

 

𝑑[𝑁𝑎+]𝑖

𝑑𝑡
= 0.001

𝐽𝑑𝑖𝑓𝑓,𝑁𝑎

𝑉𝑏𝑢𝑙𝑘
 (7.35),  

 

where 𝑉𝑏𝑢𝑙𝑘 is the volume of the bulk cytoplasm (i.e: V1 + V2 + V3 + V4). For the time-

evolution of [Na+]ss, this is 

 

𝑑[𝑁𝑎+]𝑠𝑠

𝑑𝑡
= −0.001𝛽𝑁𝑎𝑠𝑠 (

𝐽𝑑𝑖𝑓𝑓,𝑁𝑎

𝑉𝑠𝑠
+

𝐼𝑁𝑎 + 𝐼𝐵𝑁𝑎 + 3𝐼𝑁𝑎𝐾 + 3𝐼𝑁𝑎𝐶𝑎 + 𝐼𝑓𝑁𝑎

𝐹𝑉𝑠𝑠
) (7.36). 

 

 

Finally for K+, the kinetics of its concentration in the bulk cytoplasm is 

 

 

𝑑[𝐾+]𝑖

𝑑𝑡
=

−0.001(𝐼𝑡 + 𝐼𝑠𝑢𝑠 + 𝐼𝐾1 + 𝐼𝐾𝑠 + 𝐼𝐾𝑟 − 2𝐼𝑁𝑎𝐾 + 𝐼𝑓𝐾 + 𝐼𝑠𝑡)

𝐹𝑉𝑐𝑦𝑡𝑜
 (7.37) 

 

where 𝑉𝑐𝑦𝑡𝑜 is the volume of the entire cytoplasm (i.e: V1 + V2 + V3 + V4
 + Vss). 
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7.1.2 The Voigt Model 

 

Figure 7.3: A: An illustration showing 1 segment of the myocyte, which is further 

divided into 18 domains. Domain 1 and 18 are right beneath the membrane, while the 

rest lie inside the myocyte. B: A more detailed illustration showing the compartments, 

ionic channels, and Ca2+ handling proteins in the Voigt model and where they are all 

situated. Domain 1 and 18 contain both the ionic and Ca2+ handling proteins, while 

domains 2-17 only contain the Ca2+ handling proteins. The small back arrows indicate 

the direction of diffusion for Ca2+ and Na+, while the dotted arrows show that domains 

2-17 share the same setup. The large black arrows indicate the radial and transverse 

direction in this schematic. 

 



195 
 

 
 
 
 

The 2014 Voigt model [280]  is based mostly on the 2011 Grandi common pool model 

[107], and from more recent work where they updated the formulations of IK1 and IKAch 

to reflect experimental data on basal current and ACh-activated current, respectively 

[255]. Compared to the Koivumaki model, the Voigt model includes both radial and 

transverse aspects of spatial Ca2+ handling. This is achieved by structuring the myocyte 

into 50 2µm wide segments in the longitudinal direction, and 18 ~1µm long domains in 

the radial direction.  

Figure 7.4: A schematic of domain 1 in an arbitrary segment s illustrating the resolution 

of the ionic species in the Voigt model. For Ca2+, because a distinction is made in its 

concentration in the SL, junc, and SRS in domains 1 and 18 in every segment, and cyt 

and SR in each domain for every segment, this has been respectively denoted as 

[𝐶𝑎2+ ]𝑆𝐿
𝑠,1

, [𝐶𝑎2+ ]𝑗𝑢𝑛𝑐
𝑠,1

, [𝐶𝑎2+ ]𝑆𝑅𝑆
𝑠,1

, [𝐶𝑎2+ ]𝑖
𝑠,1

, and [𝐶𝑎2+ ]𝑆𝑅
𝑠,1

. For Na+, a distinction is 

made in the concentration in the SL, junc, and cyt, where for cyt, for each domain in 

every segment, the concentration of Na+ is treated the same. Hence, this has been 

respectively denoted as [𝑁𝑎+ ]𝑆𝐿
𝑠,1

 , [𝑁𝑎+ ]𝑗𝑢𝑛𝑐
𝑠,1

 , and [𝑁𝑎+ ]𝑖 . For K+, it is assumed the 

concentration is homogeneous in all compartments except the SR, and is thus treated as 

[K+]i. The black arrows show the direction of diffusion of Ca2+ and Na+. The large black 

arrows indicate the radial and transverse direction in this schematic. 

Transverse direction 
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Domains 1 and 18 correspond to the region close to the cell membrane. These domains 

therefore contain the membrane currents, the Ca2+ handling proteins and Ca2+ buffers. 

The junctional space (also known as dyadic space), where the L-type Ca2+ channel is in 

proximity with the RyRs,  is denoted here as junc. The junc also contains the NCX and 

Na+/K+ pump, and all the Ca2+ and Na+ channels. The K+ channels instead exist in spaces 

outside of junc called the sarcolemmal space or SL. Spaces where the  RyRs are not 

apposed to the L-type Ca2+ channel are called the sub-sarcoplasmic reticulum space, or 

SRS. Domains 2-17 make up the inner domains of the myocyte, and contain Ca2+ 

handling proteins and Ca2+ buffers. 

 

As with the Koivumaki model, the Voigt model assigns the greatest spatial resolution to 

Ca2+. For every segment, [Ca2+]i is accounted for separately in individual cyt and SR 

compartments for domains 1 and 18, and in junc, SL, and SRS compartments for the 

remaining subsarcolemmal domains. In contrast, [Na+] is specified separately for junc, 

SL, and cyt compartments only, and the latter is assumed to be the same everywhere.  

Because of this arrangement, Ca2+ diffusion occurs among all the compartments in a 

domain, while Na+ diffusion is restricted only within the SL, junc, and cyt spaces. Finally, 

K+ is assumed to be uniformly distributed in each domain in every segment, and 

therefore neither diffuses nor is affected by buffers (Figure 7.4). 

 

For every segment s and domain d, the Ca2+ fluxes are thus given by 

 

 

𝐽𝑑𝑖𝑓𝑓,𝑐𝑦𝑡
𝑠,𝑑 =

([𝐶𝑎2+ ]𝑐𝑦𝑡
𝑠,𝑑−1 + [𝐶𝑎2+ ]𝑐𝑦𝑡

𝑠,𝑑+1 − 2 × [𝐶𝑎2+ ]𝑐𝑦𝑡
𝑠,𝑑 )

𝜏𝑑𝑖𝑓𝑓,𝑑𝑜𝑚,𝑐𝑦𝑡

+
([𝐶𝑎2+ ]𝑐𝑦𝑡

𝑠−1,𝑑 +  [𝐶𝑎2+ ]𝑐𝑦𝑡
𝑠+1,𝑑 − 2 × [𝐶𝑎2+ ]𝑐𝑦𝑡

𝑠,𝑑 )

𝜏𝑑𝑖𝑓𝑓,𝑠𝑒𝑔,𝑐𝑦𝑡
    (7.38) 

 

𝐽𝑑𝑖𝑓𝑓,𝑆𝑅
𝑠,𝑑 =

([𝐶𝑎2+ ]𝑆𝑅
𝑠,𝑑−1 +  [𝐶𝑎2+ ]𝑆𝑅

𝑠,𝑑+1 − 2 × [𝐶𝑎2+ ]𝑆𝑅
𝑠,𝑑)

𝜏𝑑𝑖𝑓𝑓,𝑑𝑜𝑚,𝑆𝑅

+
([𝐶𝑎2+ ]𝑆𝑅

𝑠−1,𝑑 +  [𝐶𝑎2+ ]𝑆𝑅
𝑠+1,𝑑 − 2 × [𝐶𝑎2+ ]𝑆𝑅

𝑠,𝑑)

𝜏𝑑𝑖𝑓𝑓,𝑠𝑒𝑔,𝑆𝑅
    (7.39) 
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𝐽𝑑𝑖𝑓𝑓,𝑆𝑅𝑆
𝑠,𝑑 =

([𝐶𝑎2+ ]𝑆𝑅𝑆
𝑠,𝑑−1 +  [𝐶𝑎2+ ]𝑆𝑅𝑆

𝑠,𝑑+1 − 2 × [𝐶𝑎2+ ]𝑆𝑅𝑆
𝑠,𝑑 )

𝜏𝑑𝑖𝑓𝑓,𝑑𝑜𝑚,𝑆𝑅𝑆

+
([𝐶𝑎2+ ]𝑆𝑅𝑆

𝑠−1,𝑑 +  [𝐶𝑎2+ ]𝑆𝑅𝑆
𝑠+1,𝑑 − 2 × [𝐶𝑎2+ ]𝑆𝑅𝑆

𝑠,𝑑 )

𝜏𝑑𝑖𝑓𝑓,𝑠𝑒𝑔,𝑆𝑅𝑆
    (7.40) 

 

𝐽𝑑𝑖𝑓𝑓,𝑆𝑅𝑆↔𝑐𝑦𝑡
𝑠,𝑑 =

([𝐶𝑎2+ ]𝑆𝑅𝑆
𝑠,𝑑 − [𝐶𝑎2+ ]𝑐𝑦𝑡

𝑠,𝑑 )

𝜏𝑑𝑖𝑓𝑓,𝑆𝑅𝑆↔𝑐𝑦𝑡
 (7.41) 

 

where 𝜏𝑑𝑖𝑓𝑓,𝑑𝑜𝑚,𝑐𝑦𝑡 , 𝜏𝑑𝑖𝑓𝑓,𝑠𝑒𝑔,𝑐𝑦𝑡 , 𝜏𝑑𝑖𝑓𝑓,𝑑𝑜𝑚,𝑆𝑅 , 𝜏𝑑𝑖𝑓𝑓,𝑠𝑒𝑔,𝑆𝑅 , 𝜏𝑑𝑖𝑓𝑓,𝑑𝑜𝑚,𝑆𝑅𝑆 , 𝜏𝑑𝑖𝑓𝑓,𝑠𝑒𝑔,𝑆𝑅𝑆 , 

and 𝜏𝑑𝑖𝑓𝑓,𝑆𝑅𝑆↔𝑐𝑦𝑡  are the time constants for Ca2+ diffusion in-between domains and 

segments in the cyt, SR, and SRS domains. 

 

Similarly, Ca2+ diffuses between segments in both top and bottom SL compartments 

 

𝐽𝑑𝑖𝑓𝑓,𝑆𝐿
𝑠,𝑚 =

([𝐶𝑎2+ ]𝑆𝐿
𝑠−1,𝑚 + [𝐶𝑎2+ ]𝑆𝐿

𝑠+1,𝑚 − 2 × [𝐶𝑎2+ ]𝑆𝐿
𝑠,𝑚 )

𝜏𝑑𝑖𝑓𝑓,𝑠𝑒𝑔,𝑆𝐿
 (7.42) 

 

where 𝜏𝑑𝑖𝑓𝑓,𝑠𝑒𝑔,𝑆𝐿  is the time constant for Ca2+ diffusion in the SL. The changes in the 

concentration of Ca2+ in cyt, SR, and SRS for domains 2-17 in every segment are 

described by 

 

𝑑[𝐶𝑎2+ ]𝑐𝑦𝑡
𝑠,𝑑

𝑑𝑡
= −𝐽𝑢𝑝

𝑠,𝑑 ×
𝑣𝑆𝑅

𝑣𝑐𝑦𝑡
− 𝐽𝐵𝑢𝑓𝑓,𝐶𝑎,𝑐𝑦𝑡

𝑠,𝑑 + 𝐽𝑑𝑖𝑓𝑓,𝑐𝑦𝑡
𝑠,𝑑 + 𝐽𝑑𝑖𝑓𝑓,𝑆𝑅𝑆↔𝑐𝑦𝑡

𝑠,𝑑 (7.43)  

𝑑[𝐶𝑎2+ ]𝑆𝑅𝑆,𝑡𝑜𝑡
𝑠,𝑑

𝑑𝑡
= 𝐽𝑟𝑒𝑙

𝑠,𝑑 ×
𝑣𝑆𝑅

𝑣𝑆𝑅𝑆
+ 𝐽𝑑𝑖𝑓𝑓,𝑆𝑅𝑆

𝑠,𝑑 − 𝐽𝑑𝑖𝑓𝑓,𝑆𝑅𝑆↔𝑐𝑦𝑡
𝑠,𝑑 ×

𝑣𝑐𝑦𝑡

𝑣𝑆𝑅𝑆

(7.44)  

𝑑[𝐶𝑎2+ ]𝑆𝑅,𝑡𝑜𝑡
𝑠,𝑑

𝑑𝑡
= 𝐽𝑢𝑝

𝑠,𝑑 − 𝐽𝑟𝑒𝑙
𝑠,𝑑 + 𝐽𝑑𝑖𝑓𝑓,𝑆𝑅

𝑠,𝑑 (7.45),  

 

where vcyt and vSRS are the respective volumes of cyt and SRS. For domain 1, the Ca2+ 

fluxes and changes in Ca2+ concentration are 

 

𝐽𝑑𝑖𝑓𝑓,𝑐𝑦𝑡↔𝑆𝐿
𝑠,1 = 𝑘𝐶𝑎,𝑐𝑦𝑡↔𝑆𝐿 × ([𝐶𝑎2+ ]𝑆𝐿

𝑠,1 − [𝐶𝑎2+ ]𝑐𝑦𝑡
𝑠,1 )(7.46) 

𝐽𝑑𝑖𝑓𝑓,𝑆𝑅𝑆↔𝑆𝐿
𝑠,1 = 𝑘𝐶𝑎,𝑆𝑅𝑆↔𝑆𝐿 × ([𝐶𝑎2+ ]𝑆𝐿

𝑠,1 − [𝐶𝑎2+ ]𝑆𝑅𝑆
𝑠,1 )(7.47) 

𝑑[𝐶𝑎2+ ]𝑐𝑦𝑡
𝑠,1

𝑑𝑡
= −𝐽𝑢𝑝

𝑠,1 ×
𝑣𝑆𝑅

𝑣𝑐𝑦𝑡
− 𝐽𝐵𝑢𝑓𝑓,𝐶𝑎,𝑐𝑦𝑡

𝑠,1 + 𝐽𝑑𝑖𝑓𝑓,𝑐𝑦𝑡↔𝑆𝐿
𝑠,1 ×

0.5

𝑣𝑐𝑦𝑡/𝑁𝐷𝑜𝑚
 + 𝐽𝑑𝑖𝑓𝑓,𝑐𝑦𝑡

𝑠,1

+ 𝐽𝑑𝑖𝑓𝑓,𝑆𝑅𝑆↔𝑐𝑦𝑡
𝑠,1 (7.48)  
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𝑑[𝐶𝑎2+ ]𝑐𝑦𝑡
𝑠,1

𝑑𝑡
=

−𝐼𝐶𝑎,𝑆𝑅𝑆,𝑡𝑜𝑡
𝑠,1 × 𝐶𝑚𝑒𝑚

𝑣𝑆𝑅𝑆 × 𝐹 × 𝑍𝐶𝑎
+ 𝐽𝑑𝑖𝑓𝑓,𝑆𝑅𝑆↔𝑆𝐿

𝑠,1 ×
0.5

𝑣𝑆𝑅𝑆/𝑁𝐷𝑜𝑚
 + 𝐽𝑟𝑒𝑙

𝑠,1 ×
𝑣𝑆𝑅

𝑣𝑆𝑅𝑆

+ 𝐽𝑑𝑖𝑓𝑓,𝑆𝑅𝑆
𝑠,1 − 𝐽𝑑𝑖𝑓𝑓,𝑆𝑅𝑆↔𝑐𝑦𝑡

𝑠,1 ×
𝑣𝑐𝑦𝑡

𝑣𝑆𝑅𝑆

(7.49)  

𝑑[𝐶𝑎2+ ]𝑆𝑅,𝑡𝑜𝑡
𝑠,1

𝑑𝑡
= 𝐽𝑢𝑝

𝑠,1 − 𝐽𝑟𝑒𝑙
𝑠,1 + 𝐽𝑑𝑖𝑓𝑓,𝑆𝑅

𝑠,1   (7.50)  

𝑑[𝐶𝑎2+ ]𝑆𝐿
𝑠,1

𝑑𝑡
=

−𝐼𝐶𝑎,𝑆𝐿,𝑡𝑜𝑡
𝑠,1 × 𝐶𝑚𝑒𝑚

𝑣𝑆𝐿 × 𝐹 × 𝑍𝐶𝑎
−

1

𝑣𝑆𝐿
 × ( 𝐽𝑑𝑖𝑓𝑓,𝑆𝑅𝑆↔𝑆𝐿

𝑠,1 + 𝐽𝑑𝑖𝑓𝑓,𝑐𝑦𝑡↔𝑆𝐿
𝑠,1   ) + 𝐽𝑑𝑖𝑓𝑓,𝑆𝐿

𝑠,1

−  𝐽𝐵𝑢𝑓𝑓,𝐶𝑎,𝑆𝐿
𝑠,1   (7.51)  

 

where 𝑘𝐶𝑎,𝑐𝑦𝑡↔𝑆𝐿 and 𝑘𝐶𝑎,𝑐𝑦𝑡↔𝑆𝐿 are the rate constants for the Ca2+ flux between cyt and 

SL and SRS and SL respectively, Cmem is the conductance of the membrane, F is 

Faraday’s constant, ZCa is the charge of the Ca2+ ion, and NDom is the number of domains 

used in the model (18 in this case). 

 

 𝐽𝐵𝑢𝑓𝑓,𝐶𝑎,𝑐𝑦𝑡 and 𝐽𝐵𝑢𝑓𝑓,𝐶𝑎,𝑆𝐿 are the flux of buffered Ca2+ in the cyt and SL respectively, 

while 𝐼𝐶𝑎,𝑆𝑅𝑆,𝑡𝑜𝑡 and 𝐼𝐶𝑎,𝑆𝐿,𝑡𝑜𝑡 are the total currents in the SRS and SL in domain 1. For 

brevity, I have omitted the details of the formulations of these fluxes and total currents.  

 

For domain 18, formulations for Ca2+ fluxes and changes in [Ca2+] are omitted because 

they are very similar to those in Equations 7.46-7.51, as a result of symmetry. 

 

Lastly, I will briefly discuss the formulations for SERCA and RyR in the Voigt model. 

They used the representation of SERCA introduced by Grandi [107], but incorporated it 

into every segment s and domain d of their model 

 

                                   𝐽𝑢𝑝
𝑠,𝑑 = 𝐽𝑢𝑝,𝑚𝑎𝑥 × ((

[𝐶𝑎2+ ]
𝑐𝑦𝑡

𝑠,𝑑
 

𝐾𝑚,𝑢𝑝,𝑓
)

1.787

− (
[𝐶𝑎2+ ]

𝑆𝑅

𝑠,𝑑
 

𝐾𝑚,𝑢𝑝,𝑟
)

1.787

) (7.52). 

 

This description of the SERCA pump is bidirectional, because the net forward flux is 

dependent on [𝐶𝑎2+ ]𝑐𝑦𝑡  and [𝐶𝑎2+ ]𝑆𝑅 . When [𝐶𝑎2+ ]𝑆𝑅  becomes higher relative to 

[𝐶𝑎2+ ]𝑐𝑦𝑡, the net forward direction decreases limiting further increase of [𝐶𝑎2+ ]𝑆𝑅.  

 

For the RyR, the 4-state Markov chain used by Grandi et al [50] was employed to 

simulate RyR gating (Figure 7.5). This consists of the closed, open, open inactivated, 
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and closed inactivated state (C,O,OI, and CI respectively). Through this formulation, the 

open probability of the RyR is dependent on both [Ca2+]SR and [Ca2+]SRS (or [Ca2+]junc if 

the RyR is connected to the junc instead). Rate constants kC-O and kO-C, and kCl-OI and 

kOI-Cl are regulated by [Ca2+]SR, while kC-Cl and kCl-C, and kO-OI and kOI-O are regulated by 

[Ca2+]SRS. In short, for an RyR in segment s and domain d, the release flux is determined 

by 

 

𝐽𝑟𝑒𝑙
𝑠,𝑑 = 𝑃[11]𝑅𝑦𝑅2 × 𝑁𝑑𝑜𝑚𝑎𝑖𝑛𝑠  × 𝑛𝑜

𝑠,𝑑/ (
𝑁𝑅𝑦𝑅 

𝑁𝑑𝑜𝑚𝑎𝑖𝑛𝑠 ×  𝑁𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠 
)

×  ([𝐶𝑎2+ ]𝑆𝑅
𝑠,𝑑 − [𝐶𝑎2+ ]𝑆𝑅𝑆

𝑠,𝑑 )   (7.53) 

 

where P[11]RyR2 is treated as the conductance of the RyR.  

 

 

 

 

 

 

 

 

 

 

Figure 7.5: The 4-state Markov chain model of the RyR in the Voigt model, which is 

based on the implementation by Grandi et al [107]. Taken from [280]. 

P[1]-P[10] are used to scale the steady state activation and inactivation variables, 

corresponding time-constants, and the rate constant based on experimental variables.  

 

Embedded in Equation 7.53 is 𝑛𝑜
𝑠,𝑑

, which is the number of RyRs which are in the open 

state in segment s and domain d, and is simulated stochastically, based on a method 

developed by Heijman et al [349]. In short, for a given state i in the Markov model with 

a state occupancy of ni channels at time t, the probability that RyR moves to state j in the 

time interval Δt is given by ki-j · Δt, where ki-j is the rate constant given in Figure 7.5 (e.g: 

the probability for the RyR to move from state C to state O is kC-O · Δt). From here, the 

number of channels leaving state i in the interval Δt can be determined using a random 

number from a Binomial distribution based on the number of channels in this stage and 

the individual rate constants to neighboring states [280]. 
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Physiologically, 𝑛𝑜
𝑠,𝑑

 is needed because RyR clusters open in a stochastic manner, and 

the recruitment of these stochastic local release events is what gives rise to Ca2+ sparks. 

These Ca2+ sparks can then potentially lead to asynchronous Ca2+ release and the radial 

propagation of Ca2+ into the interior of the myocyte. Therefore, to capture arrhythmic 

activity related to Ca2+ handling, it is better to use a stochastic formulation of the RyR 

rather than a deterministic one [339, 350, 351]. 

7.1.3 The Sutano Model 

The Sutano model is an extension of the Voigt model, that is able to incorporate 

experimentally observed RyR expression patterns and idealized arrangements of axial 

tubules. For the latter, while atrial myocytes lack the extensive transverse(t)-tubule 

network that is normally found in ventricular myocytes [344, 352, 353], there is 

increasing evidence in experimental studies of atrial myocytes of the presence of 

rudimentary axial tubules, which is a tubular network that runs down the long axis of the 

myocyte, such as in rat atrial myocytes. There have also reports of well-organized axial 

tubules being found in experimental studies of large animals such as sheep [354]. The 

purpose of these modifications was to investigate if changes in the subcellular 

distribution of Ca2+ handling proteins can influence Ca2+ homeostasis. In our study, I 

utilized aspects of this model to investigate how realistic 3D RyR and axial tubule 

distributions affect Ca2+ handling and afterdepolarizations due to impaired expression of 

TBX5. 

 

 

 

 

 

 

 

 

 

Figure 7.6: A: Confocal image of RyRs in an atrial myocyte. The RyRs are arranged in 

a banded pattern (called z-bands). B: Zoomed in image of these z-bands. Adapted from 

[348]. 

As with the Voigt model, the Sutano model is divided into 50 segments, which each 
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segment being divided further into 18 domains. Across all domains, heterogeneity in 

RyR distribution was implemented by scaling each RyR using an algorithm with a 

Gaussian distribution with mean 1.0 and standard deviation σ (Figure 7.7B). To instead 

implement an RyR distribution that is representative of distributions observed in image 

analyses of human atrial myocytes, the spatial resolution of the model was first increased 

to 100 segments and 18 domains to be able to simulate the experimentally observed RyR 

banded pattern (known as z-bands). Afterwards, the algorithm was adjusted such that the 

RyRs in-between the z-bands was set to zero (except for the first and last domain) (Figure 

7.7C).  

 

 

 

 

 

Figure 7.7: Heat map of the distribution of RyR expression for A) σ = 0.0 B) σ = 0.2 C) 

An RyR distribution that is representative of confocal imaging. A) and B) uses a 50 × 18 

setup, while C) instead uses a 100 × 18 setup. Adapted from [348]. 

A similar approach was used to generate ICaL in four distinct types of axial tubule 

arrangements. 

 

 

 

 

 
Figure 7.8: Heat map of the distribution of ICaL to simulate A) axial tubule B) central 

axial tubule C) parallel axial tubule and D) an ICaL distribution based on confocal 

imaging of ICaL in an atrial myocyte. The ICaL are represented as purple. All axial tubule 

simulations are done with a 100 × 18 setup. Adapted from [348]. 
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7.2 Methodology  

7.2.1 Categorizing Spatial Models 

 

Table 7.1: A simple summary of the three different levels of detail for spatial models 

[343]. 

For this study, I have chosen the Koivumaki, Voigt, and Sutano models as they represent 

Ca2+ handling in the atrial myocytes at increasing levels of detail. I categorized the 

Koivumaki model as the base level formulation since it incorporates a minimal 

description of centripetal Ca2+ diffusion in one direction only. The Voigt model is the 

next level above this and incorporates both transverse and longitudinal aspects of Ca2+ 

handling by vastly expanding the spatial resolution of Ca2+ from just 1 segment with 4 

domains to 50 segments with 18 domains. Furthermore, the Voigt model introduces 

stochastic gating for the RyR which more accurately captures the phenomena of 

spontaneous Ca2+ release and the initiation of Ca2+ sparks and waves. The Sutano model 

includes the most comprehensive spatial and structural representation of Ca2+ handling 

and RyR, and axial tubule distributions from imaging data can be incorporated directly 

into the model. A summary of the differences between these models is shown in Table 

7.1. 
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7.2.2 Individual Impact of Electrically Remodeled Ca2+ Handling 

Channels due to Impaired TBX5 in Spatial Models at each Detail 

Level 

 

In the previous chapter, I drew attention to the study by Dai et al [206], where they 

hypothesized that EADs and DADs in atrial myocytes with impaired TBX5 expression 

are caused by remodeling of key Ca2+ handling proteins. Through caffeine-based 

protocols and voltage-clamping, they confirmed that atrial myocytes with altered TBX5 

expression exhibited increased ICaL and NCX conductance, and decreased SERCA 

uptake.  

 

Using the common-pool model of Maleckar et al [120], I investigated both individual 

and synergistic contributions of these Ca2+ handling proteins and found that SDs could 

be elicited with an increase in ICaL alone. Instead, increased NCX conductance, and 

decreased SERCA uptake regulates the behaviour of SDs. For the former, SDs were 

progressively suppressed as NCX conductance increased. For the latter, a slight decrease 

in SERCA uptake increased susceptibility to SDs, but further decreases in SERCA 

uptake suppressed them. Furthermore, when I increased SERCA uptake to mimic 

SERCA2a gene therapy, SDs were suppressed consistent with the findings of Dai et al 

[120] and Laforest et al [205].  

 

This analysis has several limitations. Firstly, the model was unable to reproduce EADs 

as also observed by Nadadur et al [187]. Secondly, of the common-pool formulations 

tested, only the Nygren[53] and Maleckar [54] models were able to reproduce the SDs 

caused by remodeling of Ca2+ handling and their  suppression with normalization or 

elevation of SERCA uptake. Finally, because this study was only conducted on common 

pool models thus far, the predictions that the Maleckar model yields may be 

physiologically inaccurate and limited in depth. For this reason, I conducted a similar 

study on the three spatial models outlined above. Our objective was to observe how 

model predictions differ with inclusion of increasing detail on spatial and structural 

aspects of Ca2+ handling and to determine how these factors contribute to the genesis of 

afterdepolarizations. 

 

To achieve this, I first incorporated electrical remodeling of the ICaL into the Koivumaki 

model. Starting from 200% control ICaL, I ran a series of simulations in which ICaL 

conductance was progressively increased from 200% - 2000% of its control value. The 
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was repeated with Voigt and a base Sutano model (no experimental RyR or axial tubule 

distribution implemented).  

 

Similarly, the same procedure was used for the upregulation of  NCX. On the other hand, 

because SERCA is downregulated with impairment of TBX5, I conducted a series of 

simulations in which maximum uptake was progressively decremented by 20% of the 

control value.  

 

The purpose of these simulations was to determine 1) the ranges of ICaL and NCX 

conductance, and the maximum uptake of SERCA at which EADs and DADs/SDs occur, 

and 2) whether the parameter combinations needed to elict these afterdepolarizations are 

physiologically reasonable. Large incremental changes in ICaL and NCX conductance 

were used because this was most efficient computationally; I was unable to trigger EADs 

and DADs/SDs with increases of 20 - 200% of control values. For SERCA, I examined 

the narrower range of 0 - 100% of control maximum uptake value and increments of 

20% provided enough data points.  

 

 

 

 

 

 

 

 

 

Figure 7.9: Using the Voigt model under control condition as an example, all examples 

of self-depolarization events were indicated with dotted rectangles. In addition, all self-

depolarization events which were considered DADs were indicated with a black star. 

I defined a self-depolarization event as any non-stimulated depolarization that occurred 

following a  100 sec stimulus train. These were considered to have terminated when the 

difference between initial and present membrane potential was <0.2 mV. I defined DADs 

as events with an amplitude >3 mV (Figure 7.9) and SDs as events with an amplitude 

>50mV.  EADs were defined as any self-depolarization >3 mV that occurred after the 

peak of a stimulated AP or SD and before the AP or SD is repolarized to its APD50 value. 
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Finally, I defined a spontaneous Ca2+ release event (SCaE) as an increase in release 

current (Irel) from RyRs. 

 

In these and subsequent simulations, a 1 Hz stimulus train was applied for 100 s. 

Following this, the simulation was continued for a further 30 sec to allow observation of 

possible DADs/SDs. For each simulation, the time-course of the membrane potential, 

[Ca2] in relevant model compartments, and Ca2+ uptake and release from SERCA and 

RyR, respectively, were recorded from 96 - 130 seconds after the start of simulation. 

 

7.2.3 Synergistic Impact of Electrically Remodeled Ca2+ Handling 

Channels due to Impaired TBX5 in Spatial Models at each Detail 

Level 

 

In the previous chapter, I showed that slight inhibition of SERCA in the Maleckar model 

increased the susceptibility of atrial myocytes to DADs and SDs, while more significant 

inhibition decreased it. On the other hand, increasing NCX decreased susceptibility. 

Using the Voigt and Sutano models, I examined whether upregulation of the NCX and 

reduced SERCA uptake also affects EADs and DADs/SDs caused by the upregulation 

of the ICaL in a similar manner. Note that I omitted the Koivumaki model from this 

analysis because it did not produce DADs and EADs. 

 

In the Voigt and base Sutano models, I first set ICaL conductance to 800% of its control 

value. I then performed a series of simulations starting from control NCX conductance 

and increasing it in increments of 20% of control up to 200%. Similarly, with the same 

set value of ICaL conductance, I performed another series of simulations, in which 

maximum SERCA uptake was decreased from control to 20% of this value in 20% 

increments. 

 

7.2.4 The Impact of the Distribution of the RyR and Axial Tubules on 

the Genesis of Afterdepolarizations 

 

Finally, I incorporated realistic RyR and axial tubule distributions based on experimental 

imaging data into the model to investigate how this affects the capacity of  ICaL to 

generate EADs and DADs/SDs, and the morphology of these afterdepolarizations. I used 

the approach outlined in Section 7.2.2, to investigate the impact that upregulation of ICaL 
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and NCX, and downregulation of SERCA has on the genesis of EADs, DADs, and SDs. 

I then checked how upregulation of INaCa and downregulation of SERCA influenced ICaL 

-induced EADs, DADs, and SDs using the approach as outlined in Section 7.2.3. These 

tests were conducted by first incorporating an experimental RyR distribution into the 

model, then an experimental axial tubule distribution and finally both. The heat map of 

these implementations are shown in Figure 7.10. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.10: Heat map of the A) distribution of RyR expression and B) axial tubules 

which are implemented into the model and are based off experimental imaging data of 

the atrial myocyte. The RyR expression in A) ranges from 0 to 1.6, while the L-type Ca2+ 

channel expression is either 0 or 1, where 1 indicates where the axial tubules are in the 

virtual atrial myocyte. 
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7.3 Results 

7.3.1 Elevated L-type Ca2+ Channel as the Main Trigger for 

Afterdepolarizations in Spatial Models 

 

Figure 7.11: A-F: Time-course of the membrane potential, mean [Ca2+]SR, [Ca2+]i, 

JssSERCA, JSERCASR, and Jrel for control (blue), and for 800% (green), 1000% (magenta), 

and 1200% (red) control ICaL for the last four stimulated AP (black triangle) and 30 

seconds after the last stimulated AP in the Koivumaki model. 

I ran three separate series of simulations for Koivumaki, Voigt and Sutano models to 

determine if upregulation of ICaL or INaCa, or downregulation of SERCA can elicit EADs, 

DADs, and/or SDs. I found that upregulation of ICaL only triggered these 

afterdepolarizations. However, only the Voigt and Sutano models were able to trigger 

afterdepolarizations similar to experimental data reported by Nadadur et al [187] and Dai 

et al [206]. 

 

In the Koivumaki model, mean [Ca2+]SR and [Ca2+]i increased when ICaL conductivity 
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was raised in increments of 200% during pacing (Figure 7.11 B and C), while JssSERCA 

and JSERCASR transients decreased (Figure 7.11 D and E). However, increasing ICaL did 

not result in the occurrence of DADs or EADs, and when ICaL was increased 1400% 

relative to control value, membrane potential became unstable, oscillating between 0 and 

-20 mV (not shown). Hence, I judged the Koivumaki model to be unsuitable for this 

study. 

 

For both the Voigt (Figure 7.12 Ai and Aii and Figure 7.13 A and B) and base Sutano 

(Figure 7.14 Ai and Aii and Figure 7.15 A and B) models, the numbers of self-

depolarization events and DADs following a 100 seconds pacing period also increased 

when ICaL conductivity was raised. The average change in membrane potential caused by 

DADs appeared to increased for the Voigt model (Figure 7.13 C), but there was no clear 

corresponding trend for the base Sutano model (Figure 7.15 C).  

 

In both, DADs were associated with SCaEs from the SR (Figure 7.12 E and Figure 7.14 

E) and both models also exhibited EADs when ICaL was increased by 1200% relative to 

control (Figure 7.12 Aii and Figure 7.14 Aii). When ICaL was raised to 1600% of control 

in the Voigt model and 1400% in the base Sutano model, RMP was depolarized to around 

0 mV (not shown). These simulations indicate that ICaL needs to be substantially elevated 

for both models to replicate TBX5-induced EADs and DADs.  
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Figure 7.12: Time-course of the membrane potential at 96 sec to 126 sec Ai) and at a 

narrower interval from 96 sec to 106 sec Aii), as indicated by the dotted outline for the 

control (blue), 800% (green), 1000% (magenta), 1200% (red), and 1400% (black) 

control ICaL. B-E: Corresponding time-course of the mean [Ca2+]SR, mean [Ca2+]i, Jup, 

and Irel at 96 sec to 126 sec in the Voigt model. The black triangles indicates when a 

stimulus was applied. 
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Figure 7.13: Number of self-depolarization events A) DADs B) and average magnitude 

of DADs C) in the Voigt model for control, and 200%, 400%, 600%, 800%, 1000%, 

1200%, and 1400% control ICaL. 
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Figure 7.14: Time-course of the membrane potential at 96 sec to 126 sec Ai) and at a 

narrower interval from 96 sec to 106 sec Aii), as indicated by the dotted outline for the 

control (blue), 800% (green), 1000% (magenta), and 1200% (red) control ICaL. B-E: 

Corresponding time-course of the mean [Ca2+]SR, mean [Ca2+]i, Jup, and Irel at 96 sec to 

126 sec in the base Sutano model. The black triangles indicates when a stimulus was 

applied. 

 

 

 



212 
 

 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.15: Number of self-depolarization events A) DADs B) and average magnitude 

of DADs C) in the Sutano model for control, and 200%, 400%, 600%, 800%, 1000%, 

and 1200% control ICaL. 
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7.3.2 Upregulated INaCa and Downregulated SERCA Suppresses 

Impaired TBX5-induced Afterdepolarizations in Spatial Models 

Figure 7.16: Time-course of the membrane potential at 96 sec to 126 sec Ai) and at a 

narrower interval from 96 sec to 106 sec Aii), as indicated by the dotted outline for 100% 

(blue), 120% (green), 140% (magenta), 180% (red) INaCa, and 200% INaCa (black) at 

800% ICaL. B-E: Corresponding time-course of the mean [Ca2+]SR, mean [Ca2+]i, Jup, and 

Irel at 96 sec to 126 sec in the Voigt model. The black triangles indicates when a stimulus 

was applied. 

Having identified upregulated ICaL as the main cause of impaired TBX5-induced EADs 

and DADs in spatial models, I ran further simulations with Voigt and base Sutano models 

to determine the effect of INaCa upregulation on these afterdepolarizations. ICaL was set to 
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800% of control value and INaCa was increased incrementally up to 200%.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.17: Number of self-depolarization events A) DADs B) and average magnitude 

of DADs C) in the Voigt model for 100%, 120%, 140%, 160%, 180%, and 200% INaCa 

for 800% control ICaL. 

For both models, increasing INaCa decreased the frequency of DADs (Figure 7.17 B and 

Figure 7.19 B respectively). Elevation of INaCa reduced the number of self-depolarization 

events, resulting in fewer opportunities for DADs to occur (Figure 7.17 A and Figure 

7.19 A respectively). Further increases in INaCa abolished these self-depolarization events;  

at 180% for the Voigt model and 160% for the base Sutano model. 
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Figure 7.18: Time-course of the membrane potential at 96 sec to 126 sec Ai) and at a 

narrower interval from 96 sec to 106 sec Aii), as indicated by the dotted outline for 100% 

(blue), 120% (green), 160% (magenta), and 200% (red) INaCa at 800% ICaL. B-E: 

Corresponding time-course of the mean [Ca2+]SR, mean [Ca2+]i, Jup, and Irel at 96 sec to 

126 sec in the base Sutano model. The black triangles indicates when a stimulus was 

applied. 

The reduction in self-depolarization in both models corresponded to a reduction in 

SERCA uptake activity and SCaEs (Figure 7.16 D and E and Figure 7.18 D and E 

respectively). Increasing INaCa also decreased the mean [Ca2+]SR and mean [Ca2+]i in both 

models (Figure 7.16 B and C and Figure 7.18 B and C respectively). This is because 
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increasing INaCa reduces [Ca2+]i, which reduces the likelihood of CICR and the frequency 

of SCaEs. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.19: Number of self-depolarization events A) DADs B) and average magnitude 

of DADs C) in the base Sutano model for 100%, 120%, 140%, 160%, 180%, and 200% 

INaCa for 800% control ICaL. 
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Figure 7.20: Time-course of the membrane potential at 96 sec to 126 sec Ai) and at a 

narrower interval from 96 sec to 106 sec Aii), as indicated by the dotted outline for 100% 

(blue), 60% (green), 40% (magenta), and 20% (red) SERCA at 800% ICaL. B-E: 

Corresponding time-course of the mean [Ca2+]SR, mean [Ca2+]i, Jup, and Irel at 96 sec to 

126 sec in the Voigt model. The black triangles indicates when a stimulus was applied. 

 

Decreasing SERCA also decreased the number of self-depolarization events in both 
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Voigt and base Sutano models (Figure 7.21 A and Figure 7.23 A respectively), resulting 

in fewer DADs. DADs were abolished with SERCA at 60% and 40% of control value 

for Voigt (Figure 7.21 B) and base Sutano models (Figure 7.23 B) respectively. This was 

also was also associated with fewer SCaEs with decreased magnitude (Figure 7.20 D 

and E and Figure 7.22 D and E respectively). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.21: Number of self-depolarization events A) DADs B) and average magnitude 

of DADs C) in the Voigt model for 100%, 80%, 60%, 40%, and 20% SERCA for 800% 

control ICaL. 
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While downregulated SERCA also reduced the mean [Ca2+]SR in both models (Figure 

7.20 B and Figure 7.22 B respectively), mean [Ca2+]i was elevated (Figure 7.20 C and 

Figure 7.22 C respectively).  

Figure 7.22: Time-course of the membrane potential at 96 sec to 126 sec Ai) and at a 

narrower interval from 96 sec to 106 sec Aii), as indicated by the dotted outline for 100% 

(blue), 60% (green), 40% (magenta), and 20% (red) SERCA at 800% ICaL. B-E: 

Corresponding time-course of the mean [Ca2+]SR, mean [Ca2+]i, Jup, and Irel at 96 sec to 

126 sec in the base Sutano model. The black triangles indicates when a stimulus was 

applied. 
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Figure 7. 23: Number of self-depolarization events A) DADs B) and average magnitude 

of DADs C) in the base Sutano model for 100%, 80%, 60%, 40%, and 20% SERCA for 

800% control ICaL. 
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7.3.3 Impact of Realistic RyR and Axial Tubule Distributions on 

Morphology of Upregulated ICaL-induced Afterdepolarizations 

Figure 7.24: Time-course of the membrane potential at 96 sec to 126 sec Ai) and at a 

narrower interval from 96 sec to 106 sec Aii), as indicated by the dotted outline for 

control (blue), 600% (green), 1000% (magenta), and 1200% (red) ICaL. B-E: 

Corresponding time-course of the mean [Ca2+]SR, mean [Ca2+]i, Jup, and Irel at 96 sec to 

126 sec in the Sutano model with the experimental RyR distribution implemented. The 

black triangles indicates when a stimulus was applied. 

 

I then performed a series of simulations where I individually implemented the increase 

in ICaL and INaCa, and the decrease in SERCA in varying increments for the Sutano model 

with only the realistic RyR distribution implemented, and then with only the atrial tibule 

distribution implemented. The aim of this was to observe the effect the two 

implementations have on the characteristics of SCaEs and afterdepolarizations. 
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Figure 7.25: Time-course of the membrane potential at 96 sec to 126 sec Ai) and at a 

narrower interval from 96 sec to 106 sec Aii), as indicated by the dotted outline for 

control (blue), 400% (green), 600% (magenta), and 800% (red) ICaL. B-E: Corresponding 

time-course of the mean [Ca2+]SR, mean [Ca2+]i, Jup, and Irel at 96 sec to 126 sec in the 

Sutano model with the axial tubule distribution implemented. The black triangles 

indicates when a stimulus was applied, while the black star indicates the occurrence of 

an SD. 

 

As with the base Sutano model, only the upregulation of ICaL was able to promote DADs 

in the model with either implementation. With the implementation of the experimental 

RyR distribution, the frequency of SCaEs (Figure 7.24 E) and self-depolarization events 

at each increment of ICaL (Figure 7.26 Ai) was substantially greater than in the base 

Sutano model, resulting in more self-depolarization events which could be considered as 

DADs (Figure 7.26 Bi). However, the average magnitude of these DADs was much less 

than the base Sutano model at each increment of ICaL (Figure 7.26 Ci).  
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Figure 7.26: Number of self-depolarization events Ai) DADs Bi) and average 

magnitude of DADs Ci) in the Sutano model with the experimental RyR distribution for 

control, 200%, 400%, 600%, 800%, 1000%, and 1200% ICaL. Aii)-Cii) Number of self-

depolarization events, DADs, and average magnitude of DADs respectively in the 

Sutano model with the axial tubule implementation for control, 200%, 400%, 600%, and 

800% ICaL instead. The black lines indicate the corresponding value for the variable in 

the base Sutano model for that increment of ICaL. 

With the implementation of the axial tubule distribution instead, the number of SCaEs 

(Figure 7.25 E) and self-depolarization events (Figure 7.26 Aii) was only substantially 

higher than the base Sutano model for 800% ICaL. All self-depolarization events were 

considered DADs as each had a magnitude which satisfied the condition (Figure 7.26 

Bii). Except at 200% and 600% ICaL, the average magnitude of DADs was greater than 

the base Sutano model (Figure 7.26 Cii). 
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7.3.4 Upregulated ICaL alongside Upregulated INaCa or Downregulated 

SERCA with the Implementation of the Experimental RyR 

Distribution 

Figure 7.27: Time-course of the membrane potential at 96 sec to 126 sec Ai) and at a 

narrower interval from 96 sec to 106 sec Aii), as indicated by the dotted outline for 100% 

(blue), 140% (green), 160% (magenta), and 180% (red) INaCa for 800% ICaL. B-E: 

Corresponding time-course of the mean [Ca2+]SR, mean [Ca2+]i, Jup, and Irel at 96 sec to 

126 sec in the Sutano model with the experimental RyR distribution implemented. The 

black triangles indicates when a stimulus was applied. 

With the implementation of the experimental RyR distribution, upregulation of INaCa and 

downregulation of SERCA continued to suppress afterdepolarizations. While increasing 

INaCa with 800% ICaL increased the number of self-depolarization events (except at 120% 

INaCa) (Figure 7.29 Ai), the number of DADs instead decreased (Figure 7.29 Bi). Elevated 

INaCa also appeared to increase the average magnitude of these DADs (Figure 7.29 Ci). 

 

Also with 800% ICaL, as I reduced SERCA from 80% to 40%, the number of self-

depolarization events in general also increased. However at 20% SERCA, the number of 

self-depolarization events had greatly decreased (Figure 7.29 Aii). Downregulation of 
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SERCA also clearly reduced the number of DADs, and at 20% SERCA, they were 

completely abolished (Figure 7.29 Bii). Reducing SERCA also appeared to in general 

slightly reduced the average magnitude of these DADs (Figure 7.29 Cii).   

 

 

Figure 7.28: Time-course of the membrane potential at 96 sec to 126 sec Ai) and at a 

narrower interval from 96 sec to 106 sec Aii), as indicated by the dotted outline for 100% 

(blue), 80% (green), 60% (magenta), and 40% (red) SERCA for 800% ICaL. B-E: 

Corresponding time-course of the mean [Ca2+]SR, mean [Ca2+]i, Jup, and Irel at 96 sec to 

126 sec in the Sutano model with the experimental RyR distribution implemented. The 

black triangles indicates when a stimulus was applied. 
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Figure 7.29: Number of self-depolarization events Ai) DADs Bi) and average 

magnitude of DADs Ci) in the Sutano model with the experimental RyR distribution for 

100%, 120%, 140%, 160%, 180%, and 200% INaCa for 800% ICaL. Number of self-

depolarization events Aii) DADs Bii) and average magnitude of DADs Cii) in the Sutano 

model with the experimental RyR distribution for 100%, 80%, 60%, 40%, and 20% 

SERCA for 800% ICaL. 
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Figure 7.30: Time-course of the membrane potential at 96 sec to 126 sec Ai) and at a 

narrower interval from 96 sec to 106 sec Aii), as indicated by the dotted outline for 100% 

(blue), 120% (green), 160% (magenta), and 200% (red) INaCa for 800% ICaL. B-E: 

Corresponding time-course of the mean [Ca2+]SR, mean [Ca2+]i, Jup, and Irel at 96 sec to 

126 sec in the Sutano model with the axial tubule distribution implemented. The black 

triangles indicates when a stimulus was applied, and the black star for when an SD 

occurred. 

 

7.3.5 Upregulated ICaL alongside Upregulated INaCa or Downregulated 

SERCA with the Implementation of Axial Tubules 

 

With the axial tubule implementation, increasing INaCa also suppressed the genesis of 

self-depolarization events. As I increased INaCa, the number of self-depolarization events 

decreased, and at 200% INaCa, all self-depolarization events were abolished (Figure 7.32 

Ai). All of the self-depolarization events at all increments of INaCa had a sufficiently high 

magnitude to be considered DADs (Figure 7.32 Bi), but there was no discernible trend 

on the average magnitude of DADs (Figure 7.32 Ci).  

 

Similarly, decreasing SERCA decreased the number of self-depolarization events 



228 
 

 
 
 
 

(Figure 7.32 Aii). For SERCA values from 80%-40%, all of these self-depolarization 

events were DADs, while at 20% SERCA, none of the self-depolarization events were 

DADs. (Figure 7.32 Bii). There was also no clear trend in the average magnitude of 

DADs as SERCA was gradually reduced (Figure 7.32 Cii). 

 

 

Figure 7.31: Time-course of the membrane potential at 96 sec to 126 sec Ai) and at a 

narrower interval from 96 sec to 106 sec Aii), as indicated by the dotted outline for 100% 

(blue), 80% (green), 60% (magenta), 40% (red), and 20% (black) SERCA for 800% ICaL. 

B-E: Corresponding time-course of the mean [Ca2+]SR, mean [Ca2+]i, Jup, and Irel at 96 

sec to 126 sec in the Sutano model with the axial tubule distribution implemented. The 

black triangles indicates when a stimulus was applied, and the black star for when an SD 

occurred. 
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Figure 7.32: Number of self-depolarization events Ai) DADs Bi) and average 

magnitude of DADs Ci) in the Sutano model with the axial tubule implementation for 

100%, 120%, 140%, 160%, 180%, and 200% INaCa for 800% ICaL. Number of self-

depolarization events Aii) DADs Bii) and average magnitude of DADs Cii) in the Sutano 

model with the axial tubule implementation for 100%, 80%, 60%, 40%, and 20% 

SERCA for 800% ICaL. 
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7.4 Discussion 

In this study, the Voigt, and Sutano spatial models were used to investigate the impact 

that different spatial and structural properties of these models have on the genesis and 

morphology of impaired TBX5-induced afterdepolarizations. The motivation of this 

study was to ascertain the importance of spatial models in accurately capturing these 

afterdepolarizations, and the shortcomings that they might have. 

 

Based on our series of simulations, the upregulation of ICaL due to impaired TBX5 

expression was also shown to be the main attributing factor in the genesis of 

afterdepolarizations in these spatial models. In both the Voigt and base Sutano models, 

elevating ICaL increased the number of SCaEs, self-depolarization events, and DADs 

which took place. Further elevation of ICaL to above ten-fold in both models also caused 

EADs to occur. SDs on the other hand only occurred in the Sutano model with the axial 

tubule implementation at 800% ICaL.  

 

Simulations also implicate upregulation of INaCa and downregulation of ICaL to be 

suppressors of upregulated ICaL-induced afterdepolarizations in both spatial models. 

Incremental increases in INaCa or decreases in SERCA reduced the frequency of self-

depolarization events and DADs.  

 

Implementation of the experimental RyR distribution or the axial tubule distribution into 

the Sutano model had pronounced impact in the genesis of  self-depolarization events 

and DADs. This ranged from increasing the frequency of SCaEs and depolarization 

events to increasing the overall magnitude of these events. Under either implementation 

however, upregulated INaCa or downregulated SERCA in general was still capable of 

suppressing upregulated ICaL-induced afterdepolarizations. 

 

7.4.1 Elevation of the Frequency of DADs with the Implementation of 

the Experimental RyR Distribution 

 

SCaEs are one of the main initiators of atrial fibrillation [45, 348]. In AF patients, an 

increased incidence of SCaEs can generate afterdepolarizations, which are a known 

substrate to AF [314]. This has also been demonstrated in computational studies such as 

by Voigt et al whereby an increase in SCaEs in AF atrial myocytes correlated to an 



231 
 

 
 
 
 

increased occurrence of DADs [255, 280]. With the implementation of the experimental 

RyR distribution into the Sutano model, the frequency of SCaEs, self-depolarization 

events, and DADs increased, but their overall magnitude decreased. 

 

These changes are likely due to the experimental RyR implementation introducing  a 

degree of heterogeneity in the RyR expression. In the Sutano et al study, a series of 

simulations was conducted to determine the effect that increasing the heterogeneity of 

RyR expression in the model has on the frequency and magnitude of SCaEs. Similar to 

our results, they demonstrated that increasing the degree of heterogeneity increased the 

frequency of SCaEs, but decreased their overall magnitude [348]. This was because RyR 

heterogeneity was incorporated into the model by scaling the RyR distribution using a 

Gaussian distribution with mean 1.0 and variable standard deviation (σ). Changes in the 

total RyR expression were simulated by scaling both the number of stochastic RyR (NRyR 

parameter) and the total RyR conductance. Increasing the heterogeneity of RyR 

expression thus creates regions where the local RyR expression is high. Sutano et al 

showed that SCaEs mainly occur in those regions. It can then be inferred that having a 

relative high RyR expression increases the probability for SCaEs with lower magnitude 

to occur [348]. 

 

In regards to the suppression of afterdepolarizations from an upregulated INaCa or 

downregulated SERCA, the experimental RyR implementation has no discernible impact. 

With incremental increases in INaCa or decreases in SERCA, in general the overall 

magnitude of SCaEs under the implementation of the experimental RyR distribution 

decreased, leading to a decrease in the number of self-depolarization events and DADs.  

 

Overall, it is important that spatial models can incoporate a more realistic distribution of 

RyRs, as it is a vastly more accurate representation of the mechanisms by which SCaEs 

occur. This extension to the Sutano model can then be leveraged to more appropriately 

probe the changes in the frequency and magnitude of SCaEs, self-depolarization events, 

and DADs with varying impaired TBX5-induced changes in Ca2+ handling channels. 

 

7.4.2 Elevation of the Magnitude of SCaEs and Self-Depolarization 

Events with the Implementation of Axial Tubules 

 

T-tubules are invaginations of the membrane in cardiomyocytes [355, 356]. The most 

prominent function of t-tubules is that it positions the L-type Ca2+ channels deep within 
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the intracellular space of the myocyte such that it is in close proximity with RyRs. As 

such, t-tubles are crucial in excitation-contraction coupling [355].  

 

In ventricular myocytes, these t-tubules are well-developed and form complex networks 

that are interconnected with the cytoplasm, while atrial myocytes have a more 

rudimentary network structure [355, 357]. However, there is increasing evidence of axial 

tubules in atrial myocytes . Similar to t-tubules in ventricular myocytes, the axial tubular 

system in atrial myocytes provide a network of invaginations into the myocyte. In these 

myocytes are L-type Ca2+ channels, and so the tubular system brings the RyR clusters in 

closer proximity to these channels. Thus during the plateau phase of an AP when ICaL is 

most active, as well as Ca2+ influx from sarcolemmal ICaL, there is also Ca2+ from the 

tubular system. This will result in a greater response for spontaneous Ca2+ release and 

subsequently SD generation [348, 354].  

 

In the Sutano model, the implementation of axial tubules was generated based on 

electron microscopy imaging data of the atrial myocyte, and scaled to the dimensions of 

the model. On the domains which are occupied by the axial tubule network, I included 

an L-type Ca2+ channel into the cytoplasm of that domain. Simulation results show that 

while the implementation of the axial tubule distribution only slightly increased the 

frequency of SCaEs and thus self-depolarization events compared to the experimental 

RyR implementation, it also in general increased their overall magnitude. This resulted 

in more self-depolarization events which were considered as DADs.  

 

Because the axial tubule implementation allow for L-type Ca2+ channels to exist in 

various domains within the atrial myocyte, this allowed for more influx of Ca2+ into the 

intraceullar space. This increased [Ca2+]i would increase the number of SCaEs that would 

occur, and cause a greater response from RyRs, leading to a greater magnitude of Ca2+ 

release from the SR. Increases in ICaL would therefore further promote the occurrence of 

these events, which would explain the changes due to this implementation. 

 

This implementation also did not noticeably alter the suppression of afterdepolarizations 

due to an upregulation in INaCa and downregulation in SERCA. With sufficient increase 

of INaCa or decrease of SERCA, SCaEs and self-depolarization events were mostly 

suppressed some time after the last stimulus was applied. Significant decrease of the 

latter channel in particular completely abolished DADs. 
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On the whole, the implementation is critical in capturing the genesis and suppression of 

impaired TBX5-induced afterdepolarizations. Firstly, it allows for a more complete 

description into the mechanisms by which RyRs within the atrial myocyte can 

spontaneously open. With the implementation of the T-system, SCaEs from RyRs during 

diastole can now be triggered by not just CICR via the propagating Ca2+ wave from the 

sarcolemma, but also from local loading of Ca2+ into the SR by L-type Ca2+ channels on 

axial tubules, which increases the probability of spontaneous RyR opening. As a result, 

afterdepolarizations could be triggered with a more modest increase in ICaL.  

 

Secondly, implementation of axial tubules into spatial models could potentially be a 

necessary condition in capturing the suppression of afterdepolarizations due to the 

restoration of impaired SERCA function. Because of the increased influx of Ca2+ into 

the intracellular space from axial tubules, a significant reduction in SERCA could result 

in insufficient removal of [Ca2+]i into the SR during diastole, leading to the elevation of 

[Ca2+]i and thus increased activity from RyRs [206]. In our simulations however, while 

some incremental decreases in SERCA did result in an increase in self-depolarization 

events, it also resulted in a decrease in the number of DADs. Further investigation hence 

needs to be conducted to confirm the necessity of axial tubules into capturing this 

phenomenon. 

 

Lastly, the implementation could also potentially be a necessary condition in the genesis 

of SDs. From our simulations, an SD only occurred under this implementation and with 

a significantly elevated ICaL. Because of the overall increased magnitude of SCaEs under 

this implementation, it would allow the membrane potential to reach the threshold for 

suprathreshold activation of INa and hence SDs. 

7.5 Limitations and Future Work 

Previously, I have shown that in both the Grandi-CRN and Maleckar common pool 

models, an upregulation in ICaL due to impaired expression in TBX5 alone was able to 

elicit SDs, but not DADs. This was because at the [Ca2+]i threshold where CICR occurs, 

the SCaE from the SR only caused a suprathreshold activation of INa, leading to only 

SDs. In both the Voigt and Sutano model with no experimental RyR or axial tubule 

implementation, the upregulation in ICaL increased the frequency of SCaEs and hence the 

number of self-depolarization events and DADs, but was only able to elicit an SD under 

an axial tubule implementation with a significantly elevated ICaL.   
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This discrepancy between the common pool models and spatial models could be due to 

the differences in the architecture of the models. In common pool models such as the 

Grandi-CRN or Maleckar models, the NCX is located in close proximity to the only RyR 

available in the model (in the Grandi-CRN model there are two instead), and so during 

an SCaE, the release of Ca2+ from the SR is localized at this RyR. Hence during diastole, 

the SCaE would stimulate the NCX such that the inward depolarizing current that is 

generated causes suprathreshold activation of INa. In spatial models however, because 

the NCX is located on the membrane and is not in close proximity to the RyRs that are 

further in the myocyte, there is no localized stimulation of the NCX for suprathreshold 

activation of INa for SDs to occur. One possible way in which SDs could occur in spatial 

models is if the conductance of RyR is increased [255]. However, because the Dai et al 

knockout study showed that impaired TBX5 expression had negligible impact on the 

function of RyR [206], further investigation and development of spatial models may be 

required to improve their capabilities at generating SDs. 

 

Spatial models also as of yet are unable to explicitly show the promotion of DADs and 

SDs through a reduction in SERCA, and the suppression of these afterdepolarizations 

through the restoration of impaired SERCA function through approaches such as 

SERCA2a gene therapy or PLN abalation could suppress or abolish them [206]. For 

example, in the computational study by Voigt et al, simulations showed instead that 

increased SERCA uptake was one of the two main contributors to the increased incidence 

of SCaEs and DADs which were observed in AF cardiomyocytes. This is consistent with 

our findings, as a reduction in SERCA for both the Voigt model and all variants of the 

Sutano model only reduced the frequency of SCaEs, self-depolarization events, and 

DADs. 

 

Because of the computational costs of the Voigt and Sutano spatials models, I chose to 

investigate how incremental increases in the upregulation of INaCa, or decreases in 

SERCA impacted upregulated ICaL-induced afterdepolarizations at only 1000% ICaL. For 

a similar reason, I chose to only test in one parameter direction for each of the Ca2+ 

handling channels and with a limited number of increments rather than in both directions 

and with smaller increments. As such, our findings only predict the effect that changes 

in the channels have on Ca2+ handling and genesis of afterdepolarizations rather than 

establishing the relationships between different channels within a parameter region. 
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The high computational cost of these models was also one of the main reasons why I 

chose not to run multiple simulations of the different parameter settings for the Voigt and 

the different versions of the Sutano model despite these models utilizing a stochastic 

implementation of the openings of RyRs in the atrial myocyte [280] instead of a 

deterministic one as in the Koivumaki model and in common pool models [343]. While 

a single set of simulations was sufficient in clearly showing upregulated ICaL to be the 

main initiator of afterdepolarizations and upregulated INaCa and downregulated SERCA 

to suppress these afterdepolarizations in spatial models, multiple simulations could have 

provided more data to more clearly ascertain trends in our results, and in better 

determining the situations in which different forms of afterdepolarizations could occur. 

 

In particular, further simulations could have helped in improving the accuracy in 

determining the number of self-depolarization events, DADs, and average magnitude of 

these DADs for the Voigt model and various versions of the Sutano model. Due to the 

definitions that I used to define these events, possible occurrences of self-depolarization 

events or DADs could be omitted if the membrane potential does not return to a 

difference of at least 0.2 mV of the potential in which the event was initiated. Under an 

experimental RyR implementation in which a substantial amount of SCaEs and self-

depolarizations could occur, it can be more difficult to accurately determine the number 

of these events for different parameter settings. 

 

Further investigations into the disruption of Ca2+ handling due to impaired TBX5 needs 

to also utilize spatials models to investigate the impact that alterations in Ca2+ handling 

channels and implementation of structural features such as the distribution of RyRs or 

axial tubules have on the mechanisms of Ca2+ sparks and waves. To our knowledge, only 

the Dai et al study thus far have examined this to some extent. Through confocal 

linescans in both control and impaired TBX5 atrial myocytes, they observed a lower 

frequency of Ca2+ sparks in the latter relative to the former, and have attributed this to 

the reduction in SERCA uptake [206]. Utilization of spatial models in such a manner 

could therefore provide further insight into the mechanisms by which relative changes 

in Ca2+ handling channels could facilitate EADs, DADs, and SDs, and in identifying 

potential therapeutic options in suppressing or abolishing them in patients with impaired 

expression of TBX5. 

 

Lastly, in the Sutano model, while ICaL on the axial tubules were implemented, the model 

omits other Ca2+ handling channels found on these structures such as INaCa, ICaP etc. A 



236 
 

 
 
 
 

possible reason for their omission could be because if say INaCa was incorporated onto 

the axial tubules, then the model would need to be greatly modified to take into account 

the spatial distribution and diffusion of Na+ in the spatial model. It is difficult to say how 

the inclusion of channels such as INaCa would affect the results. On one hand, INaCa could 

counterbalance the influx of Ca2+ from ICaL, which will make it more difficult for 

DADs/SDs to occur. On the other hand, if there is significant elevation of Ca2+ in the 

myocyte, then the inclusion of INaCa could provide an additional avenue where many 

inward depolarizing currents could occur due to the efflux of excess Ca2+ and influx of 

Na+, thus greatly increasing the susceptibility of the myocyte to DADs/SDs. 

7.6 Conclusion 

Similar to our studies with the Grandi-CRN and Maleckar common pool models, 

findings from the Voigt and Sutano spatial models have identified the upregulation of 

ICaL due to impaired TBX5 to also be the main attributor to afterdepolarizations. Also 

consistent with previous studies, the upregulation of INaCa and downregulation of SERCA 

was also shown to suppress or abolish afterdepolarizations caused by the upregulation 

of ICaL.  

 

Findings also highlighted that it is crucial for spatial models to incorporate both a 

realistic distribution of RyRs based on experimental data and axial tubules, as it more 

accurately describes the mechanisms by which RyRs throughout the atrial myocyte are 

stimulated and the asynchrony of SCaEs due to heterogeneities in the distribution of RyR 

expression. In particular for the latter implementation, findings also showed that it 

allowed for substantial afterdepolarizations to occur at more modest and physiological 

increases in ICaL, and potentially capture the phenomenon as shown in the Dai et al study 

where a sufficient reduction in SERCA could initiate DADs/SDs, and restoration or 

elevation of SERCA could abolish them. 

 

Further studies with spatial models needs to more clearly ascertain the role of SERCA 

as a potential therapeutic target, and the conditions by which these models could also 

generate SDs as well as EADs and DADs due to impaired expression of TBX5. Spatial 

models need to also unravel the roles that Ca2+ handling channels and structural features 

of atrial myocytes have in the initiation of Ca2+ sparks and waves and the mechanisms 

by which they occur and behave. 
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Chapter 8 
 

Conclusions and Future Work 

 

Recent GWASs indicate that the transcription factor gene TBX5 is strongly linked with 

the pathogenesis of AF. However, our understanding of how this genetic mutation affects 

Ca2+ handling in atrial myocytes remains incomplete. The principal objectives of this 

thesis were to investigate the mechanisms contributing to the genesis or suppression of 

impaired TBX5-induced afterdepolarizations, and to explore potential targets for 

antiarrhythmic treatment. To fulfil these objectives, I developed and utilized biophysics-

based models of the human atrial myocyte. I have used these models systematically to 

dissect the factors by which impaired expression of TBX5 could give rise to atrial 

afterdepolarizations.  

 

This thesis has produced three key findings: 

 

1. Upregulation of ICaL due to impaired TBX5 expression causes EADs through 

prolongation of the APD, leading to subsequent reactivation of the channel 

during the plateau phase of an AP. Upregulation of ICaL also initiates DADs and 

SDs through elevation of [Ca2+]i, leading to diastolic CICR and generation of 

inward depolarizing current via the NCX. In contrast, upregulation of INaCa and 

downregulation of SERCA due to impaired TBX5 expression suppresses the 

genesis of afterdepolarizations. 

 

2. Restoration of SERCA function in atrial myocytes with impaired TBX5 

expression suppresses DADs/SDs. Because SERCA is a bidirectional pump, an 

increase in SR [Ca2+] increases the cytosolic [ Ca2+] necessary for DADs/SDs to 

occur. I used bifurcation analysis of SERCA with ICaL and INaCa and an 

intracellular Ca2+ injection protocol in the Maleckar common pool model to 

demonstrate that restoration of SERCA function through PLN ablation in 

impaired TBX5 atrial myocytes suppresses DADs/SDs. 
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3. Modelling analyses of factors that affect the probability of afterdepolarizations 

in atrial myocytes must utilize realistic spatial models.  These should include 

appropriate representations of both radial and transverse aspects of Ca2+ handling, 

and accurate RyR and tubular structure implementations based on imaging data. 

Our study demonstrated that these factors substantially impact the frequency and 

magnitude of SCaE events. Their incorporation in our model has enabled 

simulation of EADs, DADs, and SDs due to impaired TBX5 expression with 

increases in ICaL that are more reminiscent with experimental data. 

 

Note that there was significant disparity in the increases in ICaL needed to trigger 

afterdepolarizations in CRN-Grandi and Maleckar common pool models, and  

Koivumaki, Voigt and Sutano spatial models. In addition, not all models were able to 

trigger all three forms of afterdepolarizations. Only the Maleckar model was capable of 

capturing the suppression of DADs/SDs due to a normalization of SERCA function. 

Specific conclusions and commentary on the impact of these findings are summarized 

below. 

 

8.1.1 Differences in the Genesis of Upregulated ICaL-induced 

Afterdepolarizations between Common Pool and Spatial Models 

 

In common pool models, RyRs are localized at one point on the SR [358], and open with 

sufficient elevation of [Ca2+]i [319]. In atrial myocytes, the L-type Ca2+ channel provides 

the Ca2+ influx during an AP that triggers opening of the RyR [13, 359]. In addition, the 

L-type Ca2+ channel is also responsible for the graded release of Ca2+ from the SR, 

whereby the magnitude of ICaL also affects the magnitude of the release current [360, 

361].  

 

In both the CRN-Grandi and Maleckar common pool models, SCaEs were triggered with 

a minimum increase in  ICaL conductivity. This graded release of Ca2+ from the SR was 

sufficient to depolarize the cell membrane causing suprathreshold activation of INa and 

SDs, rather than DADs. As a result, both models can only generate SDs, and not DADs. 

Furthermore, only the CRN-Grandi model was able to elicit EADs. 

 

In spatial models, RyR clusters are distributed throughout each domain [280, 348, 358], 

and while Ca2+ concentration in the bulk cytoplasm, junctional cleft, sarcolemma, and 

SR can affect RyR open probability, their transition to different states is stochastic [280]. 
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SCaEs can therefore occur without Ca2+ influx from L-type Ca2+ channels. As a result, 

the magnitude of spontaneous Ca2+ release in spatial models is in most cases sufficient 

to elicit self-depolarization events and DADs [358]. 

 

Hence both Voigt and base Sutano spatial models exhibited a few DADs even under 

control conditions. Increasing ICaL conductivity increased the number of DADs observed. 

With the implementation of experimental RyR distributions, the numbers of self-

depolarization events and DADs increased substantially. Incorporation of realistic axial 

tubule arrangement also increased the number of DADs because the magnitude of SCaEs 

and frequency of self-depolarization events were greater . However, EADs only occurred 

in Voigt and base Sutano models when ICaL was increased by twelve-fold. SDs occurred 

in the Sutano model with the axial tubule implementation only when ICaL was increased 

eight-fold.  

 

To the best of my knowledge, the kinetics of the L-type Ca2+ channel in atrial myocytes 

with impaired TBX5 expression have been probed in only two studies thus far. In the 

first of these, Dai et al [206] showed that peak ICaL increased two-fold at most in voltage-

clamp experiments. A second related study reported a very similar result [186]. In both, 

there was no change in steady state inactivation kinetics, and so changes in ICaL kinetics 

were due to increased conductivity. This is within the parameter range where upregulated 

ICaL induced EADs and SDs in the CRN-Grandi model, and SDs in the Maleckar model.  

 

This reinforces the importance of incorporating representative distributions of RyRs and 

axial tubules in models of SCaEs. Such spatial models need to be further refined to 

ensure that they replicate all forms of afterdepolarizations observed experimentally with 

a two-fold increase in ICaL. 

 

8.1.2 The Inability of Spatial Models in Suppressing DADs/SDs due to 

the Rescue of Impaired SERCA Function 

 

Among the common pool and spatial models in this study, improved SERCA function 

suppressed DADs/SDs in the Maleckar common pool model only. Based on our results 

from bifurcation analyses and intracellular Ca2+ injection protocols, I hypothesized that 

this occurred because [Ca2+]SR (divided into [Ca2+]up and [Ca2+]rel in the Maleckar model) 

increases relative to [Ca2+]i. This causes the bidirectional SERCA pump to operate in the 

reverse direction, reducing the net inflow of Ca2+ into the SR. For diastolic CICR and 
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hence DADs/SDs to occur, [Ca2+]i needs to be increased relative to [Ca2+]up and [Ca2+]rel.  

 

As well as other atrial models, I have also tested ventricular models as stated in the Fink 

et al [45] study, and found that only the predecessor to the Maleckar model, the Nygren 

[114] model, also captures this behaviour. I hypothesized that two conditions are 

necessary for this to occur: 1) SERCA is bidirectional, and 2) the occurrence of DADs 

is mainly dependent on the modulation of RyR though Ca2+ concentration on the 

cytosolic side. However, there could be other necessary conditions. A major feature of 

the Nygren and Maleckar models compared with other common pool models is that the 

RyR and SERCA share the same intracellular space. Since I have established that [Ca2+]i 

acts as a threshold for SDs, changes in SERCA in the former would directly affect this 

threshold and alter Ca2+ handling. Further analyses is needed to determine if the shared 

compartment of SERCA and RyR is also one of the conditions in reproducing the 

suppression of DADs/SDs through a normalization of SERCA. 

 

In the Voigt model and in all variants of the Sutano model, I have shown that 

downregulation of SERCA reduces the frequency of DADs. That is, unlike the Maleckar 

common pool model, there is no parameter range in which a reduction of SERCA can 

elicit DADs/SDs. While I did not examine whether upregulation of SERCA suppresses 

the occurrence of DADs/SDs, this was investigated by Voigt et al.  Upregulation of 

SERCA in the Voigt model, slightly increased the frequency of SCaEs, but  significantly 

increased their magnitude [280]. This demonstrates that the Voigt model is unable to 

capture the suppression of DADs/SDs with rescue of SERCA function.  

 

A likely reason as to why only the Nygren [113] and Maleckar [120] common pool 

models could capture the suppression of DADs/SDs with rescued SERCA but a more 

sophisticated model like the Voigt spatial model could not might be because those former 

two models have a significantly higher systolic [Ca2+]i and longer Ca2+ transient decay 

than in human atrial myocytes [15, 109, 255, 280, 283] despite the Ca2+ handling being 

primarily based on the rabbit atrial LMCG model [109]. In this situation, increasing the 

impaired SERCA function would increase the uptake of Ca2+ into the SR, thus reducing 

diastolic [Ca2+]i such that spontaneous SR Ca2+ release for initiating DADs/SDs does not 

occur. However, increasing SERCA does also increase [Ca2+]SR which can increase the 

open probability of RyRs, so there is this delicate interplay between SERCA, [Ca2+]SR, 

and [Ca2+]i that must take place for suppression of DADs/SDs with rescued SERCA to 

occur. Hence for the Voigt model to be able to capture this, the formulation and/or 
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parameters of the RyR may need to be modified such that the Ca2+ transient exhibits a 

longer decay. 

 

8.1.3 The Importance of Spatial Models and Representative 

Implementations of Internal Structures of Atrial Myoctes 

 

In our results for both CRN-Grandi and Maleckar common pool models, I identified the 

minimum increase in ICaL that would elicit an SD. Further increases in ICaL caused SD 

trains that continued indefinitely in some cases. However, this raises a number of issues. 

Firstly, as previously mentioned, common pool models cannot produce DADs, only SDs. 

Secondly, these SDs occur at regular intervals. In atrial myocytes, however,  RyR clusters 

open stochastically and SDs would be expected to be random events.  

 

With spatial models such as the Voigt and base Sutano models, RyR clusters are located 

in each of the domains on the SR network, and the open probability of the RyRs is 

modelled using a stochastic Markov chain model. SCaEs therefore do not occur solely 

from the influx of Ca2+ through L-type Ca2+ channels, allowing for the occurrence of 

DADs. While this implementation allows for self-depolarization events to occur at 

random intervals and the possibility for DADs to also occur, the frequencies at which 

they occur are limited (particularly for the base Sutano model), and EADs occurred in 

both Voigt and base Sutano models only with a twelve-fold increase in  ICaL, much greater 

the two-fold increase required in experimental studies [186, 206]. Furthermore, even 

when axial tubule structure was incorporated in the Sutano model an eight-fold increase 

in ICaL was required to elicit EADs. 

 

Our simulation results demonstrate that incorporating more realistic information about 

the intracellular structures associated with intracellular Ca2+ handling in SCaE models 

markedly improves their capacity to replicate experimental findings. However, the 

impact of different structural features is not always complementary. For example, our 

incorporation of experimental RyR distributions decreased the magnitude of self-

depolarization events and DADs, but both were increased when image-based 

representations of tubular structure were introduced. While it is important that spatial 

models incorporate a more realistic representation of the main internal structures in atrial 

myocytes so that the internal Ca2+ handling and process in which SCaEs can be more 

accurately simulated, these implementations must also allow for more accurate 

regulation of the frequency and magnitude of SCaEs, and thus self-depolarization events 
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and afterdepolarizations.  

8.2 Clinical Perspectives 

One of the objectives was to identify possible antiarrhythmic targets for AF patients with 

diminished expression of TBX5. Throughout this thesis, several possible antiarrhythmic 

targets have been identified. Firstly, because upregulated ICaL was the main cause of 

impaired TBX5 afterdepolarizations, ICaL AADs such as verapamil [362] would suppress 

them. In contrast, while IK1 had been identified as potentially another attributor to 

impaired TBX5 afterdepolarizations, using IK1 AADs by itself would instead be 

proarrhythmic. Secondly, it is not recommended to use INaCa inhibitors as it will only 

exacerbate afterdepolarizations. This was because in our study, reducing INaCa reduces 

the amount of Ca2+ efflux during an AP cycle. And lastly, rescuing or elevating SERCA 

function through PLN ablation or SERCA2a gene therapy could be antiarrhythmic as it 

increases efflux of [Ca2+]i  through SERCA during diastole, and preventing the [Ca2+]i 

threshold for DADs/SDs from occurring. In the following sections, I discuss some of 

these antiarrhythmic options in more detail. 

 

8.2.1 Suppression of Afterdepolarizations from PLN Abalation and 

SERCA2a Gene Therapy  

 

In the Dai et al study, it was shown that ablation of the SERCA inhibitor in impaired 

TBX5 atrial myocytes resulted in the suppression of DADs. There have also been reports 

of therapy options in which normalization or elevation of SERCA function was able to 

suppress afterdepolarizations. SERCA2a gene therapy for example, which involves the 

restoration of SERCA activity through viral transfection of the SERCA2a gene into 

cardiac tissue in vivo [363] is currently being developed as a potential treatment option 

for heart failure [299, 363, 364]. While there were concerns that SERCA2a gene therapy 

would result in increased triggered activity and arrhythmias, studies show that SERCA2a 

gene therapy instead reduced this [299, 365]. 

 

Throughout this thesis, only the Maleckar model was able to capture the suppression of 

afterdepolarizations due to the rescue of SERCA function. Our study demonstrated 

SERCA to be a modulator of the [Ca2+]i threshold for DADs/SDs. Reducing SERCA 

slightly decreased [Ca2+]i threshold, but increasing the channel instead increased the 

threshold. Restoration of SERCA function through PLN ablation or SERCA2a gene 
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therapy could therefore potentially suppress impaired TBX5-induced DADs/SDs as it 

increases the [Ca2+]i threshold in which they occur, and so changes in the other Ca2+ 

channels (e.g: elevation of ICaL) would need to occur for DADs/SDs to be triggered once 

more. 

 

I hypothesized that restoration of SERCA function increases the [Ca2+]i threshold for 

DADs/SDs because of the dynamics of the bidirectional SERCA pump. As SERCA is 

restored to normal function, Ca2+ in the SR increases due to the increased uptake. This 

results in increased [Ca2+] in the SR elevating the diastolic [Ca2+]i required for CICR and 

SCaEs to occur. PLN ablation and SERCA2a gene therapy are potential novel treatment 

options in treating AF patients with impaired expression of TBX5, and further 

investigation is needed to determine if findings from the Maleckar model can be 

reproduced in other spatial models.  

 

8.2.2 Antiarrhythmic Drug Therapy in the Supression of Impaired 

TBX5-induced Afterdepolarizations  

 

AADs are known to have limited efficacy, and can even potentially be proarrhythmic 

[366]. This is due to our incomplete understanding of the precise ionic and Ca2+ handling 

mechanisms within the heart under different conditions. 

 

Computational models can be utilized as effective tools for evaluating AAD treatment 

as it allows for the simulation of the effect of different AADs under different conditions. 

Through our simulations across all models, I have established upregulated ICaL due to 

impaired TBX5 expression to be the main cause of APD prolongation and 

afterdepolarizations. Based on this, L-type Ca2+ channel inhibitors such as verapamil and 

nifedipine [367] can be effective in treating impaired TBX5-induced AF, as it would 

counteract the effects caused by the upregulation in ICaL. In addition, there have also been 

experimental studies which have shown that L-type Ca2+ channel inhibitors can suppress 

EADs and DADs [367, 368].  

 

RyR inhibitors such as dantrolene are another class of AADs which could suppress 

impaired TBX5-induced afterdepolarizations [271]. While it is generally used to treat 

malignant hyperthermia, experiments have shown that dantrolene could also prevent 

spontaneous Ca2+ release and afterdepolarizations [369, 370]. In a related computational 

study, Bai et al [194] reported that DADs/SDs in a human left atrial cell model with 



244 
 

 
 
 
 

impaired TBX5 expression were suppressed by Dantrolene. Our bifurcation analysis 

between SERCA and RyR in the Maleckar model suggests that this is because if RyR is 

reduced, then the model cannot meet the diastolic [Ca2+]i threshold for DADs/SDs to 

occur.  

 

This work also revealed that NCX inhibitors could potentially be proarrhythmic under 

impaired TBX5 conditions. At all increments of SERCA that I examined, decreasing 

INaCa below its control value allowed the model to meet the diastolic [Ca2+]i threshold for 

DADs/SDs to occur. This was because decreasing INaCa resulted in less Ca2+ being 

extruded from atrial myocytes. Interestingly, there have been studies which suggest 

inhibiting INaCa could be antiarrhythmic. Under heart failure conditions in which INaCa is 

upregulated, inhibiting the NCX could therefore decrease the inward depolarizing 

current responsible for DADs [371-373].  

 

Experimental studies have shown discrepancies in the antiarrhythmic potential of 

Na+/Ca2+ inhibitors. While some studies have shown the inhibitor to suppress 

afterdepolarizations [259, 374, 375], there have also been reports that it induced 

afterdepolarizations instead [266, 376]. These discrepancies could possibly be the dual 

role that upregulated INaCa plays. While upregulated INaCa leads to an increase in the 

inward depolarizing current responsible for DADs/SDs, it is also responsible for 

decreasing Ca2+ concentration in the SR and bulk cytoplasm [371]. Because of this, the 

Na+/Ca2+ is a complex therapeutic target, and more sophisticated experimental and 

modellling approaches need to be developed to better understand the conditions in which 

inhibition of the NCX could be antiarrhythmic or proarrhythmic. 

8.3 Future Work 

Simulations with the Voigt and Sutano spatial models have provided the framework for 

future investigations, some examples of which are summarized below. 

 

8.3.1 Investigation into the Mechanisms Underlying Ca2+ Sparks and 

Waves in Impaired TBX5 Atrial Myocytes  

 

Tubular structures in atrial myocytes play a central role in triggering spontaneous Ca2+ 

release from RyR clusters. These events are termed Ca2+ sparks, and are significant in 

ECC and in maintaining Ca2+ homeostasis [377]. However, these sparks can also 
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potentially be proarrhythmic, as the concurrence of several sparks may generate a 

propagating Ca2+ wave [378]. This would induce an elevation of diastolic intracellular 

Ca2+, leading to the activation of INaCa and the generation of the inward depolarizing 

current responsible for DADs and SDs [314]. Ca2+ waves can also lead to the genesis of 

EADs as their occurrence also causes a global membrane depolarization [378], leading 

to the reactivation of ICaL which generates an inward depolarizing current for EADs to 

occur [379]. 

 

Patients with AF have a higher frequency of Ca2+ sparks and waves [314, 380]. However 

under impaired TBX5 condition, this is not the case. Confocal line scans of control and 

impaired TBX5 atrial myoctes in the Dai et al study showed that the frequency of Ca2+ 

sparks was decreased in comparison to control atrial myocytes at different pacing 

frequencies from 0 to 2 Hz [206]. This is a rather surprising result, as despite the reduced 

frequency of Ca2+ sparks, a majority of impaired TBX5 atrial myocytes still exhibited 

EADs and DADs. 

 

A major advantage of spatial models is their ability to capture the genesis of Ca2+ sparks 

within the atrial myocyte and the nature by which these sparks together can generate a 

Ca2+ wave. By leveraging these models, I can determine the precise mechanisms by 

which these sparks and waves can trigger afterdepolarizations in impaired TBX5 atrial 

myocytes. Results from these models can then be used to more precisely define the 

conditions in which current treatment options can be antiarrhythmic or proarrhythmic, 

and potentially uncover other viable treatment options for AF patients with a diminished 

expression of TBX5. 

 

8.3.2 Developments in Spatial Models to Capture the Supression of 

Afterdepolarizations due to the Rescue of Impaired SERCA Function 

 

As the Voigt and Sutano spatial models cannot reproduce the suppression of DADs/SDs 

from a rescue of impaired SERCA function, a subsequent investigation needs to be 

conducted to determine why this is the case. Because our findings suggest that the 

modulation of RyRs by the intracellular Ca2+ concentration needs to be the necessary 

component in the genesis of afterdepolarizations for models to capture this phenomenon, 

it is important to first develop and implement a methodology that can determine this in 

spatial models.  
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One possible approach is to adopt the methodology by Fink et al [45] and test the 

modulation on SERCA and RyR in all of the domains of the model due to concentration 

of Ca2+ in the different compartments of the spatial model.  Once I have determined the 

essential components in the genesis of afterdepolarizations in a spatial model, I could 

then replace the ionic and Ca2+ handling channels with that from the Maleckar common 

pool model, or modify them as deemed appropriate. This would enable us to determine 

whether differences in electrophysiology and Ca2+ handling explain differences in the 

predictions of  variants of the spatial model.  

 

It is important that spatial models can capture this phenomenon, as I can then see how 

this affects the genesis of Ca2+ sparks and waves, and subsequently afterdepolarizations. 

These findings could hence allow us to better understand the conditions in which a 

treatment option is viable, and in developing a treatment framework for AF patients with 

impaired expression of TBX5. 

8.4 Closing Remarks 

In summary, our modelling study suggests that either inhibiting upregulated ICaL or 

restoring SERCA function could suppress impaired TBX5-induced afterdepolarizations. 

Furthermore, it demonstrates that spatial models are necessary to accurately capture the 

genesis of afterdepolarizations. Our computer models improve our knowledge beyond 

the known limitations of both clinical and animal model studies on the multi-tier 

transcriptional network and provide a powerful framework for testing alternative 

treatment approaches for patients with AF. 
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